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Abstract

Unknown quantum state discrimination

and its physical realization

by

Bing He

Adviser: Professor János A. Bergou

The discrimination of completely unknown quantum states is a difficult problem in

quantum state discrimination. We study the general case of unknown qubit discrimi-

nation, where the input states are constructed with arbitrary number of the unknown

qubits as the reference. The optimal measurements for the unknown qubit discrim-

ination are derived in two different approaches. Implementation of unknown state

discrimination is realized by unitary transformation in the extended space of inputs.

To study the discrimination of unknown single photon states and unknown coherent

states, we present the methods for linear optical realization of the general transfor-

mations on single photon states and coherent state products. Finally, we describe

two physical systems for unknown optical qubit discrimination and unknown coher-

ent state discrimination. One application of unknown coherent state discrimination

is efficient and non-destructive quantum database searching.
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Chapter I

1 Introduction

1.1 Discrimination of unknown quantum states

The discrimination of quantum states is a nontrivial problem since a quantum state

cannot be cloned perfectly if it is unknown to us [1]. There are strategies of achieving

the optimal results in the discrimination of a set of quantum states {|ρi〉}, where

i = 1, · · · , N . The strategy discovered first is minimum error discrimination [2, 3],

where each measurement outcome select one of the possible states and the error

probability is minimized. The other strategy, which has wide applications in quantum

information processing, is optimal unambiguous states discrimination (USD) for the

linearly independent states [4, 5, 6, 7, 8], where unambiguity is paid by the possibility

of getting inconclusive results from the measurement. For the linearly dependent

state sets, there is an analogue of optimal USD–maximum confidence measurement

[9]. In all these approaches, the input states to be discriminated could occur or be

prepared with some a prior probabilities ηi.

When we discriminate a pair of completely unknown quantum states |ψi〉, for

i = 1, 2, the only possible way is to have copies of these unknown states as the refer-

ence. Then we can design the proper measurement that is capable of distinguishing
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the inputs in the form of, for example, |ψ1〉|ψ2〉|ψi〉. In these inputs the data states

|ψi〉 are appended to the reference copies to form the states with the permutation sym-

metry. If we require that the incoming unknown data states should be unambiguously

discriminated, our device will output three possible results: 1 corresponding to the

input being |ψ1〉, 2 to that being |ψ2〉 , and 0 for inconclusiveness. The optimal un-

ambiguous measurement of these symmetric input states has been studied in both the

Bayesian [10] and the minimax approaches [11]. Another feature we need to have for

such a device is the universality: it will perform optimally for any pair of unknown

states. Since the input states are unknown, the quantity we use to indicate how

well the device works is the average success probability over the Hilbert spaces of all

randomly distributed |ψ1〉 and |ψ2〉.

In the original work of two completely unknown states discrimination without

ambiguity [10], the authors used a sort of programmable quantum devices, which

have been studied both theoretically and experimentally in the recent years [12, 13,

14, 15, 16, 17, 43], to relate the program part of the inputs in a simple way to

the unknown states |ψ1〉 and |ψ2〉 one is trying to identify. The total input states

measured by the device are prepared with the extra copy of the unknown states as

|ψ1〉A|ψ1〉B|ψ2〉C and |ψ1〉A|ψ2〉B|ψ2〉C , and the optimal measurement for the USD of

the inputs is designed with the permutation symmetry of the program registers A,C

and the data register B. If the a priori probabilities of the inputs are equal, the
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maximum average success probability of discriminating a pair of unknown qubits can

be as large as 1/6.

1.2 Quantum measurements

In this section, we briefly review the basic measurements in quantum state discrim-

ination. The standard measurement in quantum mechanics is the projection valued

measurement (PVM) or the von Neumann meaurement. In an N-dimensional space

H such a measurement is given as a set of projective operators:

Pi = |vi〉〈vi|, (1.2.1)

where |vi〉, for i = 1, · · · , N , form an orthogonal basis for the space H. These opera-

tors satisfy the relations

P 2
i = Pi;

N∑

i=1

Pi = I. (1.2.2)

If the system is in the state |ψ〉, the probability of obtaining the result Pi is pi =

〈ψ|Pi|ψ〉. There are only two possible eigenvalues 0 and 1 for each operator Pi in the

case of a PVM.

The PVM can be generalized with Pi replaced by contractions Πi (||Πi|| ≤ 1). In

this generalized measurement, the probability of obtaining Πi is pi = 〈ψ|Πi|ψ〉. These
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contractions satisfy

N∑

i=1

Πi = I. (1.2.3)

BecauseΠi take the positive eigenvalue between 0 and 1, the generalized measurement

is termed the positive operator valued measurement (POVM).

If the states we want to discriminate are known, we can use the given information to

find the optimal measurements, which can be either PVM or POVM, to discriminate

the elements in the set of states. If we know nothing about these states, however, the

only information available will be the permutation symmetry with respect to a given

number of the unknown state copies provided to us.

1.3 Outline of dissertation

This dissertation covers the discrimination of unknown states in two different ap-

proaches and its physical realization for unknown optical qubits and unknown coher-

ent states.

In chapter II, we study the discrimination of two unknown qubits with multiple

copies of them as the reference. Moreover, we will provide a method to realize the

optimal USD of unknown quantum states. The related publications to chapter II are

as follows:

• A generalized programmable unambiguous state discriminator for unknown qubit
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systems. Bing He and Janos A. Bergou, Physics Letters A, Volume 359, 103 (2006).

• A general approach to physical realization of unambiguous quantum-state dis-

crimination. Bing He and Janos A. Bergou, Physics Letters A, Volume 356, 306

(2006).

In chapter III, we reformulate the general problem of unknown qubit discrimination

as that of distinguishing between two known mixed states, which are obtained through

averaging over the Bloch sphere of the unknown qubits. We discuss the optimal USD

and the minimum-error discrimination of the averaged or dephased inputs constructed

with the unknown qubits. The material in this chapter is from the following paper:

• Programmable unknown quantum-state discriminators with multiple copies of

program and data: A Jordan basis approach. Bing He and Janos A. Bergou, Physical

Review A, Volume 75, 032316 (2007).

Unknown state discrimination can be of potential value in quantum information

processing, so it is interesting to study its feasible implementations. In this disserta-

tion we study the implementation of discriminating two types of unknown photonic

states–discrete optical qubits and coherent states. In chapter IV we provide the

general tools for processing these two types of signals. All possible transformations

on discrete single photon states and coherent state products are discussed in this

chapter. We will follow the developments in the following papers:
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• Implementation of quantum operations on single photon qudits. Bing He, Janos

A. Bergou and Zhiyong Wang, Physical Review A, Volume 76, 042326 (2007).

• Coherent states engineering with linear optics: possible and impossible tasks.

Bing He and Janos A. Bergou, Physical Review A, Volume 77, 053818 (2008).

The practical unknown state discrimination systems are discussed in chapter V. A

universal unknown optical discriminator and a quantum database searching device to

identify an unknown coherent state are described in detail. The related publications

are the following:

• Universal discriminator for completely unknown optical qubits. Bing He, Janos

A. Bergou and Yuhang Ren, Physical Review A, Volume 76, 032301 (2007).

• Coherent states engineering with linear optics: possible and impossible tasks.

Bing He and Janos A. Bergou, Physical Review A, Volume 77, 053818 (2008).

Finally, we conclude by summarizing the main results in the last chapter.
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Chapter II

2 Unknown state discrimination–approach without dephas-

ing

2.1 Discrimination with multiple reference copies

In this section, we first follow the approach in [10] to study the discrimination of two

unknown qubits |ψ1〉 and |ψ2〉 with multiple copies of such states as the reference.

The results about the optimal discrimination with the general situation of n copies of

reference and their dependence on the input copy number and the a prior probabilities

of the input states are originally presented in [19].

As the general inputs, we place n copies of reference qubits |ψ1〉 and |ψ2〉 in the

program sector of the quantum registers as follows:

|Ψin
1 〉 = |ψ1〉1|ψ2〉2 · · · |ψ1〉2n−1|ψ2〉2n|ψ1〉2n+1

|Ψin
2 〉 = |ψ1〉1|ψ2〉2 · · · |ψ1〉2n−1|ψ2〉2n|ψ2〉2n+1, (2.1.1)

where the data, either |ψ1〉 or |ψ2〉, at the tail is appended to the program. Without

loss of generality in the preparation of the program parts, we place |ψ1〉 in the odd

positions and |ψ2〉 in the even positions of the inputs. We need to find an optimal

measurement to unambiguously distinguish between these inputs, bearing in mind
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the data qubits,

|ψi〉 = cos(θi/2)|0〉+ sin(θi/2)e
iφi|1〉 , (2.1.2)

where i = 1, 2, are randomly distributed on Bloch sphere with no available information

about θi’s and φi’s. Generally these quantum registers are assumed to be prepared

with a prior probabilities η1 and η2, respectively.

The optimal measurement performed by our device is generally achieved by a pos-

itive operator value measure (POVM), and we denote its element of unambiguously

detecting |Ψin
1 〉 as Π1, that of unambiguously detecting |Ψin

2 〉 as Π2, and that corre-

sponding to failure as Π0. They satisfy unit decomposition:

I = Π1 +Π2 +Π0 . (2.1.3)

The probabilities of successfully identifying these two possible input states are given

by

〈Ψin
1 |Π1|Ψin

1 〉 = p1 〈Ψin
2 |Π2|Ψin

2 〉 = p2 , (2.1.4)

and the condition of no error implies that

Π2|Ψin
1 〉 = 0 Π1|Ψin

2 〉 = 0 . (2.1.5)

Without any knowledge about |ψ1〉 and |ψ2〉, what we can make use of in determin-

ing the inputs is their symmetry, i.e. |Ψin
1 〉 is invariant under the action of symmetric

group on the odd positions and the tail position, while |Ψin
2 〉 invariant under the cor-

responding action on the even positions and the tail. To construct Π1 and Π2 that
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perform the UD of the inputs, we define the following orthornormal basis:

|e0〉 =
1

√
C0
n

|0, 0, . . . , 0〉

|e1〉 =
1

√
C1
n

(|1, 0, . . . , 0〉+ |0, 1, . . . , 0〉 + · · ·+ |0, 0, . . . , 1〉)

· · ·

|ek〉 =
1

√
Ck
n

(|1, 1, . . . , 0, 0〉︸ ︷︷ ︸
k′s 1 in n digits

+|0, 1, 1, . . . , , 0〉 + · · ·+ |0, 0, . . . , 1, 1〉

︸ ︷︷ ︸
summation of Ckn terms

)

· · ·

|en〉 =
1

√
Cn
n

|1, 1, . . . , 1〉 , (2.1.6)

where Ck
n is the number of ways to choose k objects from a group of n objects without

regard to order. In terms of this basis, the tensor product of n copies of a qubit is

expanded as follows:

(cos(θ/2)|0〉+ sin(θ/2)eiφ|1〉)⊗n =
n∑

k=0

cosn−k(θ/2) sink(θ/2)eikφ
√
Ck
n|ek〉 . (2.1.7)

Thus we construct the POVM elements satisfying the unambiguity (no error) in mea-

surement:

Π1 = c1(IE,T − PE,T )⊗ IO

Π2 = c2(IO,T − PO,T )⊗ IE , (2.1.8)

where PE,T =
n+1∑

k=0

|ek〉E,T E,T 〈ek| (resp. PO,T =
n+1∑

k=0

|ek〉O,T O,T 〈ek|) is the projection

operator onto the totally symmetric subspace with respect to the n even (resp. odd)

positions and the tail position, IE,T (resp. IO,T ) the direct product of unit matrices
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in these positions, and c1, c2 the non-negative parameters arising from the unequal a

priori probabilities of |Ψin
1 〉 and |Ψin

2 〉. IO and IE are the direct products of the unit

matrices in the odd and the even positions of the input states, respectively.

Using these Πi, where i = 1, 2, we find their detecting probabilities

pi = 〈Ψin
i |Πi|Ψin

i 〉 = ci − ci〈Ψin
i |PR,T ⊗ IS |Ψin

i 〉 , (2.1.9)

where R = E,O but S = O,E. We use two tricks to calculate the average of the

projection operators more conveniently. First, by the expansion

|ek〉R,T =

√
Ck
n

Ck
n+1

|ek〉R|0〉T +

√
Ck−1
n

Ck
n+1

|ek−1〉R|1〉T ,

(2.1.10)

for k = 1, 2, · · · , n, we rewrite the projection operators as

PR,T ⊗ IS = {|e0〉R|0〉T R〈e0| T 〈0|

+
n∑

l=1

(

√
Cl
n

C l
n+1

|el〉R|0〉T +

√
Cl−1
n

Cl
n+1

|el−1〉R|1〉T )

× (

√
Cl
n

C l
n+1

R〈el| T 〈0|+
√

C l−1
n

Cl
n+1

R〈el−1| T 〈1|)

+|en〉R|1〉T R〈en| T 〈1|} ⊗ IS.

(2.1.11)
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Second, we apply Eq. (2.1.7) to expand the input states by two parts:

|Ψin
i 〉 =

n∑

l=0

cosn−l(θj/2) sin
l(θj/2)e

ilφj
√
C l
n|el〉R

(
cos(θi/2)|0〉T + sin(θi/2)e

iφi |1〉T
)

︸ ︷︷ ︸
|Ψ′i〉

×
n∑

k=0

cosn−k(θi/2) sin
k(θi/2)e

ikφi
√
Ck
n|ek〉S

︸ ︷︷ ︸
|Ψ′′i 〉

, (2.1.12)

where i = 1, 2 but j = 2, 1. Putting the expectation values from these parts together,

we obtain

〈Ψin
i |PR,T ⊗ IS|Ψin

i 〉

=
n∑

k=0

(
n− k + 1

n+ 1
cos2(θi/2) +

k + 1

n+ 1
sin2(θi/2)

)
Ck
n cos2(n−k)(θj/2) sin

2k(θj/2)

+
n∑

k=1

2k

n+ 1
Ck
n cos2(n−k)(θj/2)sin

2k(θj/2) cot(θj/2) cos(θi/2) sin(θi/2)

× cos(φi − φj) . (2.1.13)

The total success probability P to discriminate between the two unknown states,

assuming |Ψin
1 〉 is produced with a priori probability η1 and |Ψin

2 〉 with η2, is given by

P = η1p1 + η2p2 . (2.1.14)

Since we have no knowledge about the data states, what we use to indicate how well

the device performs is the average of this success probability:

P =
1

(4π)2

2∏

j=1

∫ 2π

0

dφj

∫ π

0

dθj sin θj(η1〈Ψin
1 |Π1|Ψin

1 〉+ η2〈Ψin
2 |Π2|Ψin

2 〉)

= (η1c1 + η2c2)
n

2(n+ 1)
. (2.1.15)
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We want to maximize this expression subject to the constraint that Π0 is a positive

operator.

Let H be the Hilbert space of the input states given in Eq. (2.2.2), which, as it is

seen fromEq. (2.1.10), is spanned by the orthonormal basis {|el〉O|em〉E |0〉T , |el〉O|em〉E|1〉T },

where l,m = 0, 1, · · · , n. To have a nice matrix representation of the inconclusive op-

erator,

Π0 = I − Π1 −Π2 = (1− c1 − c2)I + c1PE,T ⊗ IO + c2PO,T ⊗ IE , (2.1.16)

we apply the following orthogonal transformations:

|ηlm〉 =

√
Cm
n

Cm
n+1

|el〉O|em〉E |0〉T +

√
Cm−1
n

Cm
n+1

|el〉O|em−1〉E|1〉T

|χlm〉 =

√
Cm−1
n

Cm
n+1

|el〉O|em〉E |0〉T −
√

Cm
n

Cm
n+1

|el〉O|em−1〉E |1〉T , (2.1.17)

where l = 0, 1, · · · , n, and m = 1, 2, · · · , n. The transformed vectors |ηlm〉 and

|χlm〉 satisfy 〈ηlm|χl′m′〉 = 0, 〈ηlm|ηl′m′〉 = δl,l′δm,m′, and 〈χlm|χl′m′〉 = δl,l′δm,m′ . If

we put them together with the untransformed |el〉O|e0〉E|0〉T and |el〉O|en〉E|1〉T , for

l = 0, 1, · · · , n, all these unit vectors form an orthornormal basis,

{|v〉k} = {|ηlm〉, |χlm〉, |el〉O|e0〉E |0〉T , |el〉O|en〉E |1〉T }, (2.1.18)

of H.

With this basis, the operator Π0 is represented by the direct sum of two series of
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block diagonal matrices:

Π0 = Π(1)0 ⊕ Π(2)0 , (2.1.19)

where

Π
(1)
0 =






J0

J1

J2

. . .

Jn






, Π
(2)
0 =






K0

K1

K2

. . .

Kn






.(2.1.20)

These block diagonal matrices are generated regularly; J0 and K0 are 1× 1 matrix 1,

and J1 is a 3× 3 matrix:

J1 =






1− 1
n+1

c2
√
n

(n+1)3/2
c2 − n

(n+1)3/2
c2

√
n

(n+1)3/2
c2 1− n

(n+1)2
c2

n3/2

(n+1)2
c2

− n
(n+1)3/2

c2
n3/2

(n+1)2
c2 1− c1 − n2

(1+n)2
c2






,

(2.1.21)

and then the size of them grows up with the general Jl given as a (2l + 1)× (2l + 1)
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matrix:

Jl =






1− l
n+1

c2

√
l(n+1−l)
(n+1)3/2

c2 −
√

ln(n+1−l)
(n+1)3/2

c2 · · · 0
√

l(n+1−l)
(n+1)3/2

c2 1 + l−nl−1
(n+1)2

c2
(n+2−2l)√n
(n+1)2

c2 · · · 0

−
√

ln(n+1−l)
(n+1)3/2

c2
(n+2−2l)√n
(n+1)2

c2 1− c1 +
(l−1)n+1−l−n2

(n+1)2
c2 · · · 0

...
...

...
. . .

...

0 0 0 · · · 1− c1 +
ln−n−n2
(n+1)2

c2






.

(2.1.22)

The matrices Kl, for l = 1, 2, · · · , n, differ from the corresponding Jl only with the

signs of some off-diagonal elements:

Kl =





1− l
n+1

c2

√
l(n+1−l)
(n+1)3/2

c2

√
ln(n+1−l)
(n+1)3/2

c2 · · · 0
√

l(n+1−l)
(n+1)3/2

c2 1 + l−nl−1
(n+1)2

c2 − (n+2−2l)√n
(n+1)2

c2 · · · 0
√

ln(n+1−l)
(n+1)3/2

c2 − (n+2−2l)√n
(n+1)2

c2 1− c1 +
(l−1)n+1−l−n2

(n+1)2
c2 · · · 0

...
...

...
. . .

...

0 0 0 · · · 1− c1 +
ln−n−n2
(n+1)2

c2





.

(2.1.23)

All these real symmetric matrices can be diagonalized by finding their eigenvalues.

To guarantee the positivity of Π0, we just need to let all its eigenvalues, which are

real due to the symmetry in the above matrices, be non-negative. For any fixed n,

we can analytically solve the eigenvalue problem of every Jl or Kl with Mathematica

or Mathelab. Through the induction on n, we obtained the eigenvalues of Jl or Kl in
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the diagonal of the following diagonalized matrices:

J ′l =






2−c1−c2
2

−
√

c2
1
+c2

2

4
+ (n2−2n−1)c1c2

2(n+1)2
0 · · · 0

0 2−c1−c2
2

+
√

c2
1
+c2

2

4
+ (n2−2n−1)c1c2

2(n+1)2
· · · 0

...
...

. . .
...

0 0 · · · 1






.

= K ′
l (2.1.24)

The constant eigenvalue 1 exists for all Jl’s and Kl’s, where l = 0, 1, · · · , n. All

the rest eigenvalues exist in couples, and the sum of each is 2 − c1 − c2. After

arranging the obtained couples in all J ′l ’s and K ′
l ’s by the members with the minus

sign before the square root in an ascending order, we see that the least couple, 1−

1
2
c1 − 1

2
c2 ±

√
1
4
c21 +

1
4
c22 +

n2−2n−1
2(n+1)2

c1c2, are the common eigenvalues of Jl and Kl for

l = 1, 2, · · · , n, and the second least, 1− 1
2
c1 − 1

2
c2 ±

√
1
4
c21 +

1
4
c22 +

n2−6n+1
2(n+1)2

c1c2, the

common eigenvalues of Jl and Kl for l = 2, 3, · · · .n, and so on. Therefore, if we

require that the least common eigenvalue of all matrices except for J0 and K0, the

eigenvalue of which is the constant 1, be non-negative, i.e.

1− 1

2
c1 −

1

2
c2 −

√
1

4
c21 +

1

4
c22 +

n2 − 2n− 1

2(n+ 1)2
c1c2 ≥ 0 , (2.1.25)

the inconclusive operator Π0 will be guaranteed to be positive.

Since 〈φ|Πi|φ〉 ≤ 1 for ∀|φ〉 ∈ H and all n, we have ci ≤ 1 for i = 1, 2 and a

non-negative number 1 − 1
2
c1 − 1

2
c2. Then, from the above inequality, we express c2
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in terms of c1:

c2 ≤
1− c1

1− 2n+1
(n+1)2

c1
. (2.1.26)

To achieve the maximum success probability, we choose the equal sign, i.e. let the

least eigenvalue of Π0 be 0. Inserting the resulting expression into Eq. (2.1.15) gives

P = (η1c1 + η2
1− c1

1− 2n+1
(n+1)2

c1
)

n

2(n+ 1)
. (2.1.27)

We can easily find c1,opt where the right-hand side of this expression is maximized

and the corresponding c2,opt:

c1,opt =
(n+ 1)2

2n+ 1
(1− n

n+ 1

√
1− η1
η1

),

c2,opt =
(n+ 1)2

2n+ 1
(1− n

n+ 1

√
η1

1− η1
). (2.1.28)

Substituting these optimum values into (2.1.27) gives the optimum result for POVM:

PPOVM (n, η1) =
n

4n+ 2

(
n+ 1− 2n

√
η1(1− η1)

)
. (2.1.29)

Then we have the following optimum POVM elements:

Π1,opt(n, η1) =
(n+ 1)2

2n+ 1
(1− n

n+ 1

√
1− η1
η1

)(IE,T − PE,T )⊗ IO

Π2,opt(n, η1) =
(n+ 1)2

2n+ 1
(1− n

n+ 1

√
η1

1− η1
)(IO,T − PO,T )⊗ IE . (2.1.30)

Here we have assumed that a prior probabilities of the inputs satisfy η1 + η2 = 1, i.e.

no failure in the preparation period.
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2.2 Optimal measurement in different a prior probability ranges

This optimal POVM, however, holds valid only within the range of η1 or η2 where

both 0 ≤ c1,opt ≤ 1 and 0 ≤ c2,opt ≤ 1 are satisfied simultaneously. From Eq. (2.1.26)

we can find the range:

n2

n2 + (n+ 1)2
≤ η1, η2 ≤

(n+ 1)2

n2 + (n+ 1)2
. (2.2.1)

If η1 = (n+1)2

n2+(n+1)2
(η2 = n2

n2+(n+1)2
), Π1,opt = (IE,T − PE,T ) ⊗ IO and Π2,opt = 0.

The continuity to the outside of the POVM’s validity domain requires this structure

remain for 1 ≥ η1 ≥ (n+1)2

n2+(n+1)2
. In other words, when the preparation is dominated

by the first input, the optimal measurement is realized by standard von Neumann

measurement, which projects the input onto the compliment of the totally symmetric

subspace with respect to all the even digits in the program and the data digit. Then,

we get the success probability for each operator: p1,opt = 〈Ψin
1 |(IE,T −PE,T )⊗ IO|Ψin

1 〉

and p2,opt = 0, indicating the second input is sacrificed completely. These results yield

the average success probability,

P 1(n, η1) = η1
n

2(n+ 1)
, (2.2.2)

for η1 ≥ (n+1)2

n2+(n+1)2
. Conversely, for η1 = n2

n2+(n+1)2
(η2 = (n+1)2

n2+(n+1)2
), Π2,opt = (IO,T −

PO,T )⊗ IE and Π1,opt = 0. Also from the continuity, we require this structure remain

for 0 ≤ η1 ≤ n2

n2+(n+1)2
. This is a standard von Neumann measurement projecting

the input onto the compliment of the totally symmetric subspace with respect to all
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the odd digits in the program and the data digit. Since the first input is sacrificed

completely in this case, we have

P 2(n, η1) = η2
n

2(n+ 1)
= (1− η1)

n

2(n + 1)
, (2.2.3)

for 0 ≤ η1 ≤ n2

n2+(n+1)2
. The situation is fully symmetric in the a priori probabilities

of inputs. In the intermediate range, where neither of the input states dominates,

the POVM does the job of discrimination between them better than von Neumann

measurement, while outside the range two full projectors do the work of identifying

them at best. The optimal average success probability of the device working in the

whole range of a priori probability, as the generalization of the result in [10], is

summarized as follows:

P
opt

(n, η1) =






P 2(n, η1) 0 ≤ η1 <
n2

n2+(n+1)2
,

PPOV M(n, η1)
n2

n2+(n+1)2
≤ η1 ≤ (n+1)2

n2+(n+1)2
,

P 1(n, η1)
(n+1)2

n2+(n+1)2
< η1 ≤ 1.

(2.2.4)

It is seen from the above results that the optimal success probability changes contin-

uously at the boundaries of the respective regions of validity for the three measure-

ments.

Some features should be noticed for this device: First, from Eq. (2.2.4), the va-

lidity range of the POVM measurement will become narrower and narrower with the

increase of n, the number of copies used in the program. As n tends to infinity, this

range will shrink to a point at η1 = η2 = 0.5. It means that the optimum measure-
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Figure 1: Optimal average success probability, P , vs. the a priori probability, η1, for n = 2. Dashed

line: P1 from Eq. (2.2.2), dotted line: P2 from Eq. (2.2.3), and solid curve: PPOVM from Eq.

(2.1.29). The optimal P is given by P2 for η1 < 4/13, by PPOVM for 4/13 ≤ η1 ≤ 9/13 and by P1

for 9/13 < η1. The lower bound if the optimal average success probability reaches 0.2.

ment will reduce to only von Neumann in this extreme. Second, if the preparation

probability is fixed, the success probability of the device will increase with the num-

ber of copies of the states stored in the program. The larger size of the program

yields more information about the unknown states. For example, at η1 = η2 = 0.5,

where the identification of the input state is the hardest and the difference between

the POVM and two full projectors is the largest, the average success probability,

PPOV M(n) = n/(4n + 2), increases from 1/6 to 1/4 by 50% as n goes from 1 to
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Figure 2: Optimal average success probability, P , vs. the a priori probability, η1, for n = 6. The

optimal P is given by P2 (dotted line) for η1 < 36/85, by PPOVM (solid curve) for 36/85 ≤ η1 ≤

49/85 and by P1 (dashed line) for 49/85 < η1. The lower bound if the optimal average success

probability reaches 0.23.

infinity. We depict these features with Fig. 1-3 for three different n (n = 2, 6, and

∞).

Another interesting feature is that the optimal measurement operators and the

validity domain depend only on the number of the states we put into the program

and their preparation probabilities. Since they are independent of the information

encoded in a specific pair of unknown qubits |ψ1〉 and |ψ2〉, the device performs

universally. It can be programed with whatever couple of unknown qubits we want



21

Figure 3: Optimal average success probability, P , vs. the a priori probability, η1, for n = ∞. In

this upper bound limit, the optimal scheme reduces to two full projector probabilities P1 (dashed

line) and P2 (dotted line). The minimum value can reach 0.25.

to identify and discriminates between the produced registers with the best chance of

success and no error.

So far we have worked out a scheme for a device that unambiguously discriminate

between pairs of quantum registers produced with more than one copy of unknown

qubits used in the program or reference digits. Its maximum average success probabil-

ity increases with the number of the copies we store in the program, and also depends

on the a prior probability of the states to be distinguished between. Given such an

ideal device, we can tune its parameters, c1 and c2, according to the copy number n
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and the a prior probability η1 or η2, so that it reaches the optimal performance for

the required measurement.

2.3 Implementation of unknown state discrimination

In the optimal USD of nonorthogonal states, we need to use general positive operator-

valued measures (POVMs) instead of orthogonal projectors, and their realization

in the original signal Hilbert space of the measured system is usually impossible.

Through Neumark’s theorem [20], however, a POVM can be realized in the extended

Hilbert spaces by performing unitary transformations and von Neumann projections

together. The necessary unitary operators in the extended space can be constructed

with the success probabilities, pi = Tr(ρiΠk)δi,k, of the POVM elements Πk and the

corresponding inconclusive probabilities, qi = 1 − pi [21]. However, for the USD of

a set of unknown states, we don’t have the information available to obtain these

probabilities and, therefore, are unable to find such unitary transformations in this

way.

Here we present a general method [22] to realize any POVM for USD only with

its elements Πk we have set up to unambiguously measure a particular set of pure

or mixed inputs. The required unitary (orthogonal) transformations are found in an

extended 2N dimensional Hilbert space if the dimension of the original signal Hilbert

space is N .
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We start the direct sum realization of USD with the observation that the incon-

clusive operator Π0 is positive and Hermitian in any of an orthonormal basis {|ei〉},

where i = 1, 2, · · · , N , in our N dimensional Hilbert space H . Then we will find a

unitary transformation U that transforms the general orthonormal basis {|ei〉} to a

unique orthonormal basis {|αi〉} (up to some permutation), where Π0 is diagonalized:

UΠ0U
† =

N∑

i=1

ci|αi〉〈αi|. (2.3.1)

Because Π0 is a positive operator and 〈φ|Π0|φ〉 ≤ 1 for any |φ〉 in H, all its eigenvalues

satisfy 0 ≤ ci ≤ 1. From this fact we obtain the following well-defined operators:

A0 = A†0 = U †

(
N∑

i=1

√
ci|αi〉〈αi|

)

U, (2.3.2)

and

(I − A†0A0)
1

2 = U †

(
N∑

i=1

√
1− ci|αi〉〈αi|

)

U, (2.3.3)

if we represent them with the general orthonormal basis {|ei〉}. With these operators

we construct Σ and other three unitary, or more exactly orthogonal transformation,

operators in the extended 2N dimensional space as follows:

Σ =






(I −A†0A0)
1

2 −A0

A0 (I − A†0A0)
1

2




 . (2.3.4)

The other three such operators are obtained by putting the minus sign in the upper

right sub-matrix of Σ to the other three sub-matrix blocks, respectively. It is straight-

forward to prove Σ†Σ = ΣΣ† = I with the operators defined in Eq. (2.3.2) and Eq.
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(2.3.3). In the most general situation when we have n inputs to be unambiguously

discriminated among themselves, I − A†0A0 in the square root equals Σi∈IΠi, where

I = {1, 2, · · · , n}.

We take Σ to act on a set of states {ρi} (i = 1, 2, · · · , n), which are to be dis-

tinguished between each other in a USD process, in the extended 2N dimensional

Hilbert space:

Σ






ρi

o




Σ† =






(I − A†0A0)
1

2ρi(I − A†0A0)
1

2 (I − A†0A0)
1

2ρiA
†
0

A0ρi(I − A†0A0)
1

2 A0ρiA
†
0




 , (2.3.5)

where the blank blocks and the o sub-matrix represent the parts with all the entries

0. The trace of the upper left diagonal block gives the success probability pi of

unambiguously determining ρi because Tr(ρiΠj) = piδi,j for the Πi’s, and the trace

of the lower right diagonal block gives the failure probability qi in the ancilla space

A, and in the whole extended space K = H ⊕ A we have pi + qi = Trρi = 1.

If {ρi} is a set of linearly independent pure states {|ψi〉}, we will prove that the

parts of their outputs after the action of Σ are mutually orthogonal in the original

signal Hilbert space H . Before the transformation, they are extended to the inputs

|ψin
i 〉 = (|ψi〉,0)T , where (0) represents a N-tuple of zero’s, (0, 0, · · · , 0), in A. The
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output states are obtained as follows:

|ψout
i 〉 =






(I − A†0A0)
1

2 −A0

A0 (I − A†0A0)
1

2










|ψi〉

0






=






(I − A†0A0)
1

2 |ψi〉

A0|ψi〉




 . (2.3.6)

Then the inner product of the outputs for any pair of different |ψi〉 and |ψj〉 in H is

〈ψj|(I − A†0A0)
1

2 (I − A†0A0)
1

2 |ψi〉 = 〈ψj |
n∑

k=1

A†kAk|ψi〉 = 0, (2.3.7)

and in A is

〈ψj |A†0A0|ψi〉 = 〈ψj|ψi〉. (2.3.8)

For the mixed states we act Σ on the products ρiρj (i �= j) in the same way as in

Eq. (2.3.5), and find that the trace of the outputs in H vanishes while in A is the

same as those of the inputs ρiρj . Therefore, the unitary (orthogonal) transformation

Σ in the extended 2N dimensional Hilbert space realizes a scheme to unambiguously

discriminate any set of quantum states {ρi}.
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Chapter III

3 Unknown state discrimination–approach with dephasing

3.1 Introduction

The most general problem of discriminating a pair of unknown states |ψ1〉 and |ψ2〉

is formulated as discriminating the inputs prepared with nA copies of the state of the

program system A, nC copies of the state of the program system C, and nB copies of

the state of the data system B:

|Ψin
1 〉 = |ψ1〉⊗nAA |ψ1〉⊗nBB |ψ2〉⊗nCC ,

|Ψin
2 〉 = |ψ1〉⊗nAA |ψ2〉⊗nBB |ψ2〉⊗nCC . (3.1.1)

We should optimally distinguish between these inputs, keeping in mind that one has

no knowledge of |ψ1〉 and |ψ2〉 beyond their a priori probabilities. In this chapter we

will apply a dephasing approach to study the efficiency of discriminating the inputs

prepared with nA = nC = n and nB = m. As in the related works [23, 24, 25], we

assume that the unknown qubits |ψ1〉 and |ψ2〉 uniformly and independently distribute

over the Bloch spheres, so it is convenient to obtain the averaged or dephased inputs

in Eq. (3.1.1). The efficiency in the discrimination of these averaged or dephased

inputs indicates how well two unknown states can be discriminated.
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Here we demonstrate that the discrimination of the average or dephased inputs

in Eq. (3.1.1) is equivalent to that of two uniformly distributed mixed states. For

the uniformly distributed unknown qubits |ψ1〉, |ψ2〉, the averages of the inputs for

nA = nC = n and nB = m are given in terms of the basis in Eq. (2.1.6) as follows:

ρ1 =
1

(4π)2

∫
dψ1

∫
dψ2|Ψin

1 〉〈Ψin
1 |

=

(
1

n+m+ 1

n+m∑

i=0

|ei〉A,B A,B〈ei|
)

⊗
(

1

n+ 1

n∑

j=0

|ej〉C C〈ej|
)

,

=
1

(n+ 1)(n+m+ 1)

(n+1)(n+m+1)∑

i=1

|vi〉〈vi|

ρ2 =
1

(4π)2

∫
dψ1

∫
dψ2|Ψin

2 〉〈Ψin
2 |

=

(
1

n+ 1

n∑

i=0

|ei〉A A〈ei|
)

⊗
(

1

n+m+ 1

n+m∑

j=0

|ej〉B,C B,C〈ej|
)

=
1

(n+ 1)(n+m+ 1)

(n+1)(n+m+1)∑

i=1

|v′i〉〈v′i|, (3.1.2)

where |vi〉 ≡ |ej〉A,B ⊗ |ek〉C and |v′i〉 ≡ |ej〉A ⊗ |ek〉B,C , and we have also used the

integral:

2

∫ π
2

0

sin2m−1x cos2n−1x dx =
Γ(m)Γ(n)

Γ(m+ n)
. (3.1.3)

In taking this average, we actually realize the one-to-one maps from the unknown

qubit ensembles {|ψ1〉}, {|ψ2〉} (the wave barckets means a set) to two known mixed

states:

{|ψ1〉} �−→ ρ1

{|ψ2〉} �−→ ρ2, (3.1.4)
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for our identification procedure. Generally these mixed states are produced from

the unknown qubit ensembles with some different a prior probabilities η and 1 − η,

respectively, if we suppose there is no failure in the preparation period.

Two uniformly distributed mixed states can be discriminated as two sub-spaces by

Jordan basis method [27] and, in our problem, all the inner products of the Jordan

basis vectors in the supports of these mixed states are derived by finding an inherent

symmetry which exists only under the condition nA = nC. In the limit of very large

numbers of both the program and the data copies, we show that discrimination the

unknown states can be certainly realized for all a priori probabilities. The original

results of the study are given in [26].

3.2 Structure of average inputs

The problem to distinguish between two unknown states is transformed to that of

discriminating the mixed states ρ1 and ρ2 prepared with the probabilities η and 1−η,

respectively. Then we can apply the Jordan basis method [27] to derive the optimal

schemes for it.

Let H1 be the Hilbert space generated by the support of ρ1 and H2 the Hilbert

space generated by the support of ρ2, respectively. We here study the structure of

these spaces. We use the symbol (n,m, n) to represent how many copies of program

digits and how many data digits used in |Ψin
1 〉 and |Ψin

2 〉, e.g. (1,1,1) means 1 copy of
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program and 1 copy of data, and (n,1,n) n copies program and 1 copy data. Counting

the number of the basis |ei〉 in the respective parts, we get dimHi = (n+m+1)(n+1)

(i = 1, 2) in the general (n,m, n) case. Moreover, we have dimH1 ∩H2 = 2n+m+1,

and the dimension of the total Hilbert space H is therefore

dimH = dimH1 ∪H2 = dimH1 + dimH2 − dimH1 ∩H2 = 2n2 + 2nm+ 2n+m+ 1.

For a particular |vi〉 in H1, we need to find out with which members of {|v′j〉}

spanning H2 it has non-zero overlaps , i.e. to find out all |v′j〉’s such that 〈vi|v′j〉 �= 0.

To do it, we first split |ej〉A,B in |vi〉 and |ek〉B,C in |v′i〉 into the summation of a series

tensor-products by parts as follows:

|ek〉A,B =

√
C i
nC

j
m

Ck
n+m

|ei〉A|ej〉B +

√
C i+1
n Cj−1

m

Ck
n+m

|ei+1〉A|ej−1〉B + · · ·

+

√
C i+l
n Cj−l

m

Ck
n+m

|ei+l〉A|ej−l〉B ,

(3.2.1)

where i+ j = k, and l is determined by how many combinations of two non-negative

integers summed up to be k. The derivation of this formula and its usage are given

in the appendix A.

Next, we use [n1, n2, n3] symbol defined as follows to classify the mutually over-

lapped subspaces of H1 and H2. With the help of the above formula, we find that

any basis vector |vp〉 in H1 or |v′p〉 in H2 has a unique representation in terms of this
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symbol:

|vp〉 =

√
Ci
nC

j
m

C i+j
n+m

|ei〉A|ej〉B|ek〉C +

√
C i+1
n Cj−1

m

Ci+j
n+m

|ei+1〉A|ej−1〉B|ek〉C

+ · · ·+
√

Ci+l
n Cj−l

m

C i+j
n+m

|ei+l〉A|ej−l〉B |ek〉C

≡ [i, j, k] + [i+ 1, j − 1, k] + · · ·+ [i+ l, j − l, k], (3.2.2)

|v′p〉 =

√
Ci
nC

j
m

C i+j
n+m

|ek〉A|ei〉B|ej〉C +

√
C i+1
n Cj−1

m

Ci+j
n+m

|ek〉A|ei+1〉B|ej−1〉C

+ · · ·+
√

Ci+l
n Cj−l

m

C i+j
n+m

|ek〉A|ei+l〉B|ej−l〉C

≡ [k, i, j] + [k, i+ 1, j − 1] + · · ·+ [k, i+ l, j − l], (3.2.3)

where the combinatorics number coefficients before the vectors have been absorbed

into the square brackets. Obviously, we see from this expression that any couple of

|vp〉 and |v′p〉 satisfy 〈v′p|vp〉 �= 0 only if they have a common [n1, n2, n3] term.

In the above [n1, n2, n3] representation of |vp〉 or |v′p〉, each term has the same total

number, N ≡ n1 + n2 + n3, in the square brackets, which goes from 0 to 2n + m.

We’ll show that each distinct N corresponds to two closed chains of basis vectors in

H1 and H2, the elements of which may have non-zero mutual overlaps.

Let’s first look at N = 0 and N = 2n + m, the two simplest cases. [0, 0, 0] =

|0, 0, · · · , 0〉 and [n,m, n] = |1, 1, · · · , 1〉 are shared by H1 and H2, and their overlaps

are just 〈v′|v〉 = 1. They are two initial closed chains of basis with only one element.

When N = 1, let’s pick out one basis, [0, 1, 0] + [1, 0, 0], in H1 (in [n1, n2, n3]
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representation all the terms of a basis in H1 have the same last digit n3), and then

one of the basis in H2, which is overlapped with it, is [0, 1, 0] + [0, 0, 1] (the first digit

n1 are the same in [n1, n2, n3] representation). The only other basis vector in H1,

with which [0, 1, 0] + [0, 0, 1] of H2 also has overlap, is [0, 0, 1], while [0, 1, 0] + [1, 0, 0]

in H1 is also overlapped with [1, 0, 0] in H2. Thus we exhausted all basis in H1 and

H2 with N = 1 and obtain such two closed chains of basis in these two spaces:

|v1〉 = [0, 1, 0] + [1, 0, 0],

|v2〉 = [0, 0, 1]; (3.2.4)

|v′1〉 = [0, 1, 0] + [0, 0, 1],

|v′2〉 = [1, 0, 0]. (3.2.5)

These two closed chains have 2 elements and, by retriving the coefficients absorbed

in the square brackets, we can easily find their overlaps:

〈v′1|v1〉 =
C1
m

C1
n+m

,

〈v′1|v2〉 = 〈v1|v′2〉 =
√

C1
n

C1
n+m

. (3.2.6)

For N = 2n+m− 1, we find in the same way the following two closed chains:

|v1〉 = [n,m− 1, n] + [n − 1,m, n],

|v2〉 = [n,m, n− 1]; (3.2.7)
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|v′1〉 = [n,m− 1, n] + [n,m, n− 1],

|v′2〉 = [n − 1,m, n]; (3.2.8)

and, with the combinatorics identities, we find that they have the same overlaps as

in N = 1 case, so we call them the conjugate chains of N = 1.

As N increases to any i ≤ n, the closed chains of basis vectors can be found

inductively in the above way:

|v1〉 = [0, i, 0] + [1, i− 1, 0] + [2, i− 2, 0] + · · ·+ [i, 0, 0],

|v2〉 = [0, i− 1, 1] + [1, i− 2, 1] + · · ·+ [i− 1, 0, 1],

|v3〉 = [0, i− 2, 2] + · · ·+ [i− 2, 0, 2]

· · ·

|vi+1〉 = [0, 0, i]; (3.2.9)

|v′1〉 = [0, i, 0] + [0, i− 1, 1] + [0, i− 2, 2] + · · ·+ [0, 0, i],

|v′2〉 = [1, i− 1, 0] + [1, i− 2, 1] + · · ·+ [1, 0, 1− 1],

|v′3〉 = [2, i− 2, 0] + · · ·+ [2, 0, i− 2]

· · ·

|v′i+1〉 = [i, 0, 0]. (3.2.10)

For every |vj〉 (j ≤ i+1) in a chain of H1, the last index n3 = j−1 increases as j from

0 to i, while for every |v′j〉 a (j ≤ i + 1) in a chain of H2, the first index n1 = j − 1
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increases as j from 0 to i. The number of different terms in a |vj〉 (resp. |v′j〉) is how

many ways the non-negative integers n1 and n2 (resp. n2 and n3) can be added up

to i− j + 1, so it goes down from i+ 1 to 1 as j increases.

The N = 2n+m− i case just has two chains conjugate to those of N = i: the last

index n3 of |vj〉 decreases from n to n− i as j goes up, while the first index n1 of |v′j〉

also decreases from n to n − i as j goes up. The number of different terms in a |vj〉

(resp. |v′j〉) is how many ways the non-negative integers n1 and n2 (resp. n2 and n3)

can be added up to n +m− i+ j − 1.

As we see from the closed chains with mutual overlaps, whenever N increases

its values by 1, the number of the elements in closed chains will increase by 1, if

0 ≤ N ≤ n − 1. On the other hand, the number of the elements in closed chains

increases by 1 as N decreases by 1, if n +m + 1 ≤ N ≤ 2n +m. However, the last

index n3 of the |vi〉 in H1 (and the first index n1 of the |v′i〉 in H2) cannot increase

beyond n or decrease beyond 0 and, therefore, in a closed chain the number of its

elements cannot be larger than n+ 1.

Thus the number of elments in a closed chain increases in two directions from

N = 0 and N = 2n+m and, as N increases to the medium values n− 1 or decreases

to the medium value n + m + 1, the size of a closed chain will be fixed with n + 1

elements. The number of these chains with n + 1 elements in H1 and H2 is m + 1.
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Therefore, the total number of the elements in closed chains in H1 or H2 equals

2× n(n+ 1)

2
+ (m+ 1)(n+ 1) = (n +m+ 1)(n+ 1),

the dimension of the Hilbert space H1 or H2.

After we obtain all closed chains with mutual overlaps this way, we check by

induction that the {|vi〉} in H1 and {|v′i〉} in H2 can be permutated such that they

have symmetric overlaps: 〈v′i|vj〉 = 〈vi|v′j〉, for each couple of i �= j (see Appendix

B). We here call it a mirror symmetry (the prime sign over the shoulders of v’s is

reflected by the perpendicular bar at the center of the inner product like a mirror),

and it is very useful in finding the Jordan basis products in each closed chain.

3.3 Jordan basis for average input state spaces

As it has been proved for any couple of sub-spaces [27], we can find the Jordan basis

{|φi〉} in H1 and {|φ′i〉} in H2 such that

ρ1 =
1

(n + 1)(n+m+ 1)

(n+1)(n+m+1)∑

i=1

|φi〉〈φi|

ρ2 =
1

(n + 1)(n+m+ 1)

(n+1)(n+m+1)∑

i=1

|φ′i〉〈φ′i|, (3.3.1)
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with 〈φi|φ′j〉 = 0 for each couple of i �= j. It is to determine the orthogonal transfor-

mations:

|φ1〉 = a11|v1〉+ a12|v2〉 + a13|v3〉+ · · ·+ a1n|vn〉

|φ2〉 = a21|v1〉+ a22|v2〉 + a23|v3〉+ · · ·+ a2n|vn〉

|φ3〉 = a31|v1〉+ a32|v2〉 + a33|v3〉+ · · ·+ a3n|vn〉

· · ·

|φn〉 = an1|v1〉+ an2|v2〉+ an3|v3〉 + · · ·+ ann|vn〉 (3.3.2)

for all closed basis chains in H1 and the corresponding orthogonal transforms

|φ′1〉 = a′11|v′1〉+ a′12|v′2〉 + a′13|v′3〉+ · · ·+ a′1n|v′n〉

|φ′2〉 = a′21|v′1〉+ a′22|v′2〉 + a′23|v′3〉+ · · ·+ a′2n|v′n〉

|φ′3〉 = a′31|v′1〉+ a′32|v′2〉 + a′33|v′3〉+ · · ·+ a′3n|v′n〉

· · ·

|φ′n〉 = a′n1|v′1〉+ a′n2|v′2〉+ a′n3|v′3〉 + · · ·+ a′nn|v′n〉 (3.3.3)

for all chains in H2.

Let’s first look at the original basis of these two Hilbert spaces. If we permuatate

the basis vectors properly, we will obatin the ordered vectors with the mirror sym-

metry 〈vi|v′j〉 = 〈v′i|vj〉 for any couple of i, j (i = j or i �= j) in a closed chain (more

explanation is given in appendix B).
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By the inverse orthogonal transformations, we can write |vi〉 =
∑

k

aki|φk〉, etc, and

the mirror symmetry implies

∑

k

akia
′
kj〈φk|φ′k〉 =

∑

k

a′kiakj〈φ′k|φk〉, (3.3.4)

so we can choose aij = a′ij for all i and j, i.e. the orthogonal transformations from

the original to Jordan basis in two Hilbert spaces will be the same.

Then we go further to find the transformations toward Jordan basis for all closed

chains of the original basis. Since what are useful to the discrimination of the mixed

states are only the inner products, 〈φk|φ′k〉, of these Jordan basis, we will just derive

these inner products instead of the exact forms of Jordan basis.

For N = 1 and N = 2n +m the Jordan basis are just the original ones, and the

inner product is obviously 〈φ1|φ′1〉 = 1 (they belong to the intersection of two spaces).

In N = 1 (similarly inN = 2n+m−1) case, we first list the original basis arranged

in the order of mirror symmetry:

|v1〉 = [0, 1, 0] + [1, 0, 0],

|v2〉 = [0, 0, 1]; (3.3.5)

|v′1〉 = [0, 1, 0] + [0, 0, 1],

|v′2〉 = [1, 0, 0]. (3.3.6)

For simplicity we use the notations s ≡ sin θ, c ≡ cos θ and t ≡ tan θ. An orthogonal
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transformation T1,2,



|φ1〉

|φ2〉



 = T1,2




|v1〉

|v2〉



 =




c s

−s c








|v1〉

|v2〉



 ,





|φ′1〉

|φ′2〉




 = T1,2





|v′1〉

|v′2〉




 =






c s

−s c










|v′1〉

|v′2〉




 , (3.3.7)

suffices to obtain {|φ1〉, |φ2〉} and {|φ′1〉, |φ′2〉} such that

〈φ1|φ′2〉 = 〈φ′1|φ2〉 = −〈v1|v′1〉sc + 〈v1|v′2〉c2 − 〈v1|v′2〉s2 = 0 (3.3.8)

Using the trigonometry identities:

sin 2θ =
2 tan θ

1 + tan2 θ
,

cos 2θ =
1− tan2 θ

1 + tan2 θ
,

we reduce the last equation to

−〈v1|v′1〉t+ 〈v1|v′2〉(1− t2) = 0, (3.3.9)

a quadratic equation that can be solved easily. Substituting t and 〈v1|v′1〉, 〈v1|v′2〉 into

the following inner products of Jordan basis, we obtain

〈φ1|φ′1〉 = 〈v1|v′1〉
1

1 + t2
+ 〈v1|v′2〉

2t

1 + t2
= 1,

〈φ2|φ′2〉 = 〈v1|v′1〉
t2

1 + t2
− 〈v1|v′2〉

2t

1 + t2
= − n

n+m
. (3.3.10)

Here we select out one of the solutions with |〈φi|φ′i〉| in a descending order (the other

solution is just the permutation of the above results).
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The N = 2 Jordan basis inner products are obtained by first applying T = T1,3T2,3

(a 3× 3 matrix) to seperate one couple of basis in the chains from others, and then

using T1,2 to seperate the remaining couples. The rotation Ti,j in the space of a chain

is defined as an n × n (n is the number of chain elements) identity matrix with the

elements in the positions {i, i}, {i, j}, {j, i} and {j, j} replaced by the corresponding

elements of an O(2) matrix. Following the procedure we obtain the solution with

|〈φi|φ′i〉| in a descending order as follows:

〈φ1|φ′1〉 = 1,

〈φ2|φ′2〉 = − n

n+m
,

〈φ3|φ′3〉 =
n(n− 1)

(n+m)(n+m− 1)
. (3.3.11)

The first two values also exist in N = 1 case, so the recurrence of these inner product

values leads to the multiplicities of them in the whole Hilbert space.

In the cases of still larger N we apply successive orthogonal transformations, T1 =

T1,NT2,N · · ·TN−2,NTN−1,N , T2 = T1,N−1T2,N−1 · · ·TN−2,N−1, · · · , to seperate the basis

and then obtain all Jordan basis inner products. By induction on N , we find that, as

N grows, some inner product values repeat from chain to chain in the same way as

N goes from 1 to 2.

For each closed chain of the original basis, which has been arranged by permuta-

tion such that they satisfy the mirror symmetry 〈vi|v′j〉 = 〈v′i|vj〉, we can prove the
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existence following invariant (see appendix B):

∑

i

〈vi|v′i〉 =
∑

i

〈φi|φ′i〉. (3.3.12)

Moreover, we also show that this invariant sum is only determined by how many

elements in a closed chain. With the recurrence of the Jordan basis inner products,

this invariant allows us to easily obtain their values for all N .

Finally, we list all inner products of Jordan basis and their multiplicities in the

following table.

inner product multiplicity

1 2n+m+1

− n
n+m

2n+m− 1

n(n−1)
(n+m)(n+m−1) 2n+m− 3

− n(n−1)(n−2)
(n+m)(n+m−1)(n+m−2) 2n+m− 5

...
...

± n(n−1)···1
(n+m)(n+m−1)···(m+1) m+ 1

The last inner product’s sign is determined by whether n is even or odd integer. The

inner products 〈φ|φ′〉 = 1 correspond to the intersection subspace of H1 and H2, and

we also see that each closed chain in H1 has a one-dimensional joint space with the

corresponding chain in H2.
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3.4 Unambiguous discrimination of average inputs of unknown qubits

For two uniformly distributed mixed states represented by the Jordan basis,

ρ1 =
∑

i

αi|φi〉〈φi|

ρ2 =
∑

i

βi|φ′i〉〈φ′i|, (3.4.1)

the optimum POVM to unambiguously discriminate them can achieve the success

probability of

P (η) = 1− 2
√
η(1− η)

∑

i

√
αiβi|〈φi|φ′i〉|, (3.4.2)

if the Hilbert spaces generated by their supports only join at the origin. In our

problem, however, there is a non-trivial intersection space of the Hilbert spaces H1

and H2, so this intersection contribute to failure and the summation of the absolute

of Jordan basis inner products only includes those satisfying 0 < 〈φ′i|φi〉 < 1.

In the general (n,m, n) case, the success probabilities is therefore given by

P (η) = 1− 2n+m+ 1

(n+m+ 1)(n + 1)
− 2
√
η(1− η)

1

(n+m+ 1)(n+ 1)

×{n(2n+m− 1)

n+m
+

n(n− 1)(2n+m− 3)

(n+m)(n+m− 1)
+

n(n− 1)(n− 2)(2n+m− 5)

(n+m)(n+m− 1)(n+m− 2)

+ · · ·+ n(n − 1) · · · 1
(n +m)(n+m− 1) · · · (m+ 2)

}. (3.4.3)
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We have

P (η) < 1− 2n +m+ 1

(n+m+ 1)(n+ 1)
− 2
√
η(1− η)

m+ 1

(n+m+ 1)(n+ 1)

×{ n

n+m
+

n(n− 1)

(n+m)(n+m− 1)
+

n(n− 1)(n− 2)

(n+m)(n +m− 1)(n+m− 2)

+ · · ·+ n(n− 1) · · · 1
(n+m)(n +m− 1) · · · (m+ 1)

}, (3.4.4)

and

P (η) > 1− 2n +m+ 1

(n+m+ 1)(n+ 1)
− 2
√
η(1− η)

2n+m− 1

(n+m+ 1)(n+ 1)

×{ n

n+m
+

n(n− 1)

(n+m)(n+m− 1)
+

n(n− 1)(n− 2)

(n+m)(n +m− 1)(n+m− 2)

+ · · ·+ n(n− 1) · · · 1
(n+m)(n +m− 1) · · · (m+ 1)

}, (3.4.5)

Therefore, within the validity range of the optimal POVM, n2

(n+m)2+n2
≤ η ≤ (n+m)2

(n+m)2+n2
,

P (η) will tend to a certain 1 as both n and m tend to infinity, since the summation

inside the wave bracket in these inequalities is a typical convergent series.

We here give some examples when P (η) can be reduced to closed forms:

If (n,m,n) = (1, n, 1), one copy program and n copies data,

P (η) = 1− n+ 3

2(n+ 2)
− 1

n + 2

√
η(1− η); (3.4.6)

If (n,m,n) = (2, n, 2),

P (η) = 1− n + 5

3(n+ 3)
− (

2

3
× 1

(n+ 2)
+

2

3
× 1

(n+ 2)(n+ 3)
)× 2

√
η(1− η); (3.4.7)
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If (n,m,n) = (n, 1, n), n copies program and 1 copy data,

P (η) = 1− 2

n+ 2
− 2

(n + 1)(n+ 2)
× 2
√
η(1− η)

× 1

n + 1
(n2 + (n− 1)2 + · · ·+ 22 + 12)

= 1− 2

n+ 2
− 1

3
× n(2n+ 1)

(n+ 1)(n+ 2)
× 2
√
η(1− η). (3.4.8)

When η = 0.5 and n goes to infinity, it will tend to 1/3. This result is equal to the

optimum IDP average in discriminating |ψ1〉 and |ψ2〉 if they are known to us, but

the difference here is that η indicates how probable one of the uniformly distributed

mixed states can be produced from the unknown qubit ensembles {|ψ1〉} and {|ψ2〉}.

3.5 Minimum-error discrimination of average inputs of unknown qubits

To find the measurement operators Π1 and Π2 (Π1 + Π2 = I) performing with the

minimum error probability,

PE = η1Tr(ρ1Π2) + η2Tr(ρ2Π1), (3.5.1)

in discriminating two mixed states ρ1 and ρ2, Helstrom gave a method by classifying

the eigenvalues of the operator [2],

Λ = η2ρ2 − η1ρ1 =
dimH∑

k=1

λk|ωk〉〈ωk|, (3.5.2)
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which has been decomposed into its eigenvalue spectrum λk’s here. The optimum

measurements are given by two projectors:

Π1 =

k0−1∑

k=1

|ωk〉〈ωk|

Π2 =
dimH∑

k=k0

|ωk〉〈ωk|, (3.5.3)

where Π1 corresponds to the negative spectrum and Π2 to the non-negative spectrum.

The minimum error probability is therefore achieved to be

PE =
1

2
(1− Tr|Λ|) = 1

2
(1− Tr|η2ρ2 − η1ρ1|), (3.5.4)

with |Λ| =
√
Λ†Λ. With the above expression the operator Λ is given as

Λ =
1

(n + 1)(n+m+ 1)

(n+1)(n+m+1)∑

i=1

Λi

=
1

(n + 1)(n+m+ 1)

(n+1)(n+m+1)∑

i=1

(η2|φ′i〉〈φ′i| − η1|φi〉〈φi|) . (3.5.5)

The sub-space spanned by each couple of {|φi〉, |φ′i〉}, where 1 ≤ i ≤ (n + 1)(n +

m + 1), is orthogonal to the rest part of Hilbert space H. In it we introduce in the

following new bases:

|ωi〉 = |φi〉 = |φ′i〉, (3.5.6)

if 〈φi|φ′i〉 = 1; and

|ωi〉 =
1

√
2(1 + 〈φi|φ′i〉)

(|φi〉+ |φ′i〉),

|ω′i〉 =
1

√
2(1− 〈φi|φ′i〉)

(|φi〉 − |φ′i〉), (3.5.7)
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if 〈φi|φ′i〉 �= 1. All these new bases are orthonormal (〈ωi|ωj〉 = δi,j, 〈ω′i|ω′j〉 = δi,j and

〈ωi|ω′j〉 = 0).

With this new basis, the Λi in the second case is given as

Λi =





〈ωi|Λi|ωi〉 〈ωi|Λi|ω′i〉

〈ω′i|Λi|ωi〉 〈ω′i|Λi|ω′i〉






=






1
2
(η2 − η1)(1 + κi) −1

2

√
1− κ2i

−1
2

√
1− κ2i

1
2
(η2 − η1)(1− κi)




 , (3.5.8)

where κi ≡ 〈φi|φ′i〉. We thus obtain the following eigenvalues of the Λi:

λ(i)1 =
1

2
(c+

√
1− (1− c2)κ2i )

λ
(i)
2 =

1

2
(c−

√
1− (1− c2)κ2i ), (3.5.9)

where c ≡ η2 − η1. The eigenvalue spectrum of Λ is therefore obtained as follows:

Λ =
1

(n+ 1)(n+m+ 1)

2n+m+1∑

i=1

c|ωi〉〈ωi|

+
1

2(n+ 1)(n+m+ 1)

(n+m+1)(n+1)∑

i=2n+m+2

(
c+

√
1− (1− c2)κ2i

)
|λi〉〈λi|

+
1

2(n+ 1)(n+m+ 1)

(n+m+1)(n+1)∑

i=2n+m+2

(
c−

√
1− (1− c2)κ2i

)
|λ′i〉〈λ′i|, (3.5.10)

where |λi〉 and |λ′i〉 are the eigen-vectors corresponding to the eigenvalues λ(i) and

λ(i)2 , respectively.

Together with the table of Jordan basis inner products 〈φi|φ′i〉 in Section 3.3,

this eigenvalue spectrum of Λ allows us to obtain the minimum error probability
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for arbitrary n and m in the input states. Here we give two examples when c = 0

(equal preparation probabilities η1 = η2) and compare their results with those of

unambiguous discrimination we obtained previously.

First, we take 1 copy of program and n copies of data (n = 1, m = n). Let’s look

at the limit of the minimum error probability when n tends to infinity. In this case

there is a multiplicity of n+1 for 〈φi|φ′i〉 = −1/(n+1) and none of other Jordan bases

inner product that is not equal to 1. Plugging these results into Helstrom formula

[2], we obtain

PE =
1

2

(
1− 1

2

√
n

n+ 2

)
. (3.5.11)

As n goes to infinity, PE tends to 1/4. In the unambiguous discrimination for this

case, the least failure probability QL has the limit of 1/2 as n tends to infinity. So

we have the limit relation PE = 0.5QL if we have the minimum error discrimination

and the optimum unambiguos discrimination for n = 1 and m = n.

The other example is to have n copies of program and 1 copy data. After substi-

tuting the Jordan basis inner products into the Helstrom formula [2], we obtain the

minimum error probability as follows:

PE =
1

2

(

1− 2

n+ 2

n∑

i=1

√
1− (

i

n+ 1
)2

i

n + 1

)

. (3.5.12)

If n→∞, the limit of the above formula is

PE =
1

2

(
1− 2

∫ 1

0

√
1− x2 x dx

)
=

1

6
. (3.5.13)
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So we have 5/6 as the upper bound of the success probability in the minimum error

discrimination measurements for this case and it is consistent with the result obtained

by other method in [24]. Compared with the corresponding least failure probability

QL = 2/3 in the unambiguous discrimination, we have the limit relation PE = 1
4
QL

if we are dealing with the inputs carrying n copies program and 1 copy data.

In these extreme situations of the above two examples the error probability and

the failure probability of the unambiguous state discrimination satisfy the general

relation 1− 2PE ≥ 1−QL [21]. Moreover, we see from them a prominent difference

of the minimum-error discrimination from the unambiguous discrimination, which is

that more copies of program copies will give higher success probability while in the

unambiguous discrimination more data copies gives higher success probability.
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Chapter IV

4 Tools for physical realization of quantum state discrimina-

tion

4.1 Introduction

Linear optics is considered as one of the promising candidates for quantum computing

(for a recent overview see, e.g., [28]) and can be also applied to many other areas such

as quantum cryptography (for a review see. e.g., [29]). In these applications an essen-

tial technique is the implementation of all possible operations, including generalized

quantum measurements in the form of Positive Operator Value Measures (POVMs),

on the signals encoded as photon states by practical linear optics circuits.

A typical and important case of the signal states is single photon qudits, i. e.,

the linear combinations of the modes a†k|0〉, k = 1, · · · , N (multiple-rail encoding).

It was proposed by Reck et al. [30] that any unitary operator U ∈ U (N) on the N -

dimensional qudits,
∑N

i=1 cia
†
i |0〉, can be realized by an N-port interferometer, which

is an array of beam splitters and phase shifters performing SU(2) elements, because

this unitary operator can be decomposed into the product of these SU(2) elements

(see Fig. 4). This scheme was further studied in [31, 32, 33] and has been applied to
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a variety of research fields in quantum information theory and experiment.

Figure 4: Linear optical module to implement unitary transformations on single photon states. The

unitary transformation module constructed with beam splitters (dark square) and phase shifters

(white square). Any unitary operator U can be decomposed into the product of SU(2) elements

implemented by the beam splitters and the phase shifters, and the maximum number of beam

splitters needed is N(N − 1)/2. The input ports are with unprimed numbers and output ports with

primed numbers.

The generalization of the scheme is the implementation of all possible linear maps

on single photon qudits, which is a fundamental task in processing quantum infor-

mation. It is intimately related to the realization of POVMs that are at the heart

of many quantum information processing protocols. In this chapter, we present the

linear optics schemes (including the photon detection) to realize all possible POVMs

on a single photon qudit [38]. The circuits to perform all the relevant tasks are only

the combinations of some scalable unitary operator modules which have been widely
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applied in quantum information processing. Given current technologies, our schemes

can realize all linear transformations and POVMs on single photon signals in a de-

terministic way.

Another type of photonic states we use to encode information are coherent states,

a typical example of continuous variable (CV) states. In addition to the theoretical

research to apply them as the qubits in computation, coherent states are proposed

to perform other quantum information processing tasks, e.g., quantum cryptography

protocols [34, 35] and quantum database searching [36]. These non-computation

quantum information schemes are much more feasible to realize, since they apply

linear optics only. Recently, the simplest version of unambiguous identification of

coherent states, which is possible to be developed to quantum database searching,

has been experimentally realized with fiber optics [37].

We will also provide a general structure for the transformations of coherent state

products that are realizable with linear optical circuits [39]. Coherent states are

regarded as the antithesis of single photon states. However, as far as the signal

processing with linear optics concerned, it can be shown that there is a correspondence

between the transformations of these two different types of photonic states. If we

process the signals of |ψin〉 =
∏N

i=1 |αi〉, the tensor product of coherent states |αi〉, with

the same setup, the vector (α∗1, · · · , α∗N ) (the star stands for the complex conjugate)

will transform in the same way as (c1, · · · , cN ), the coefficient vector of single photon



50

states. This correspondence between the linear transformations of two types of vectors

shows that the different tasks respectively working with coherent states and single

photon states can be performed by the same setup.

4.2 Implementation of non-unitary transformation and general POVM

on single photon states

A finite-element POVM is a set of non-negative operators {Πi}, where Πi are its

elements, satisfying

n∑

i=1

Πi = I, (4.2.1)

with I being the identity operator. It has been proved that any rank-one POVM

in the form of Πi = k2i |φi〉〈φi|, where 〈φi|φj〉 �= δij and |ki| ≤ 1, can be realized by

the Neumark extension [20], which extends the POVM elements to the orthogonal

projectors in a larger space. For the input signals prepared with single photons,

such a POVM can be implemented with linear optics circuits, performing unitary

transformations, and photon detectors only [40]. The realization of POVMs with

arbitrary rank is, however, much more difficult. Since Πi ≥ 0, it can be decomposed

into Πi = A†iAi [41]. The general POVM will be implemented if we simultaneously

realize the maps,

ρin → ρout,i =
AiρinA

†
i

Tr(AiρinA
†
i)
, (4.2.2)
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and successfully detect these outputs. The detection operators Ai (and their trans-

forms by an arbitrary unitary operator A′i = UiAi) can be any allowed linear map

in quantum mechanics with equal dimensional input and output signal space, i.e., an

N ×N square matrix.

The detection operators of a POVM are, however, only a special case of more

general maps called quantum operations (QOs). A QO connects pair of input and

output states via the map,

ρin → ρout =
E(ρin)

Tr
(
E(ρin)

) . (4.2.3)

E is a linear, trace-decreasing map that preserves the complete positivity (CP), and

generally occurs with non-unit probability Tr
(
E(ρin)

)
≤ 1. The general form of E is

given as [42]

E(ρin) =
∑

i

KiρinK
†
i , (4.2.4)

with the independent Kraus operatorsKi satisfying the bound
∑

iK
†
iKi ≤ I . If a QO

transforms pure states to pure it is called a pure map. In this case there is only one

termKρinK
† in the above equation withK being a contraction, i.e., ||K|| ≤ 1. For an

isolated pure state input ρin = |ψin〉〈ψin| which does not couple to the environment

ρE or any other system to evolve as the tensor product ρin ⊗ ρE , the QOs in Eq. (3)

can be therefore written in the form [43],

|ψin〉 → |ψout〉 =
K|ψin〉
||K|ψin〉||

. (4.2.5)
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The output signal of such a linear map, with K as contraction, is detected with

a probability 〈ψin|K†K|ψin〉 ≤ 1. These contractions can be more general than the

detection operators of a POVM because the input space dimension N1 and the output

space dimension N2 of K can be different, so K is an N2 ×N1 matrix whose entries

are complex numbers. The detection operators Ai of a POVM correspond to a special

case of contractions when N1 = N2 ≡ N .

We now address the problem of how to realize any possible linear map K on

single photon qudits with only three unitary operator modules of the kind shown in

Fig. 4. We realize K by its unitary dilation, U , the unitary operator constructed

from K in a larger space, which we obtain by using the direct sum extension of the

system with an ancilla, HS ⊕ HA. In terms of Hilbert space dimensionality, this

scheme minimizes the physical resources needed to realize a QO [44]. We embed the

state vector (c1, c2, · · · , cN1)T (T stands for transpose) of the input signal, |ψin〉 =

∑N1
i=1 cia

†
i |0〉, into a larger space and map it by U to a vector containing the state

vector of the output, |ψout〉 =
∑N2

i=1 c
′
ia
′†
i |0〉 (unnormalized), of K:






c′1

...

c′N2

...






=






U1,1 U1,2 U1,3 · · ·

U2,1 U2,2 U2,3 · · ·

U3,1 U3,2 U3,3 · · ·
...

...
...

. . .











c1

...

cN1

...

0






. (4.2.6)

It should be noted that we realize this unitary dilation always with a vacum state
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ancilla (0, 0, · · · , 0)T added to the input state vector as a direct sum. Next, we will

derive the algorithm to generate the unitary dilation U of linear map K.

K†K andKK† are positive matrices of N1×N1 andN2×N2, respectively. Suppose

N1 ≥ N2, we choose to diagonalize KK† by a unitary operator U . We can also

construct an N1 ×N1 unitary matrix V to obtain the Singular Value Decomposition

(SVD), K = UΣV †, with the uniquely determined singular values on the diagonal of

the N2 ×N1 matrix Σ. If N1 < N2, on the other hand, we will choose to diagonalize

K†K to get a similar result.

Then we extend the rectangular matrixΣ to the followingmax(N1, N2)×max(N1, N2)

square matrix

Σ′ =






|σ1|
. . .

|σN2 |

1

. . .

1






, (4.2.7)

where the singular values σi satisfy |σi| ≤ 1 since K is a contraction. The extension

of Σ in the case of N1 < N2 also takes the above form except that |σN2 | is replaced by

|σN1|. Using the fact that Σ′ is still a contraction, we can obtain a max(2N1, 2N2)×
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max(2N1, 2N2) unitary dilation

G =






Σ′ (I − Σ′2)1/2

(I − Σ′2)1/2 −Σ′




 (4.2.8)

of it (see, e.g., Ex. I.3.6 in [41]), which acts on a space H ⊕ H with H being

max(N1, N2) dimensional. We also extend U and V tomax(2N1, 2N2) bymax(2N1, 2N2)

matrices by adding the identity matrix I in the diagonal and zero matrices off the

diagonal. A general linear map K is therefore realized by the following unitary dila-

tion:

U = UGV †. (4.2.9)

In our setup, we perform its equivalence by acting U † on the spatial mode vector

(a†1, · · · , a†N1) . The circuits to implement V and U † are the correspondingN1-port and

N2-port modules. After the input spatial mode vector is processed by V , we redirect

the output to a max(2N1, 2N2)-port module of G with the input ports numbered

from N1+1 to max(2N1, 2N2) in Fig. 1 black or a vacuum state. Here is some detail

about the step to implement Σ through its unitary dilation G. Picking out the entries

containing only one of the singular values σi from the matrix of G, we form a 2× 2
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sub-matrix, which can be transformed by a rotation Ti,i+max(N1,N2) to a diagonal one:



|σi| (1− σ2i )

1/2

(1− σ2i )
1/2 −|σi|








cos θi − sin θi

sin θi cos θi





=






1 0

0 −1




 . (4.2.10)

With a series of rotations in the form of Ti,i+max(N1,N2)⊗Irest, for i = 1, · · · ,min(N1, N2),

G can be realized by min(N1, N2) beam splitters with the reflection coefficients

R = 1 − σ2i and phase shifters giving rise to eiπ. Therefore, the upper bound of

the total number of the beam splitters required in the scheme is

Nmax =
N2
1

2
+

N2
2

2
− |N1

2
− N2

2
|, (4.2.11)

which is determined by the dimensions of the input and output Hilbert spaces. In the

whole extended space, we will obtain two outputs after the action of the three unitary

operator modules: one is the exact output (a′†1 , · · · , a′†N2) of the linear map K from

the output ports of U †, and the other is an extra output (a′†N2+1, · · · , a
′†
max(2N1,2N2)

)

from the output ports of G numbered from (N2 + 1)′ to (max(2N1, 2N2))
′. Fig. 5

displays the scheme that realizes the effect of K on the input state ρin.

This linear optics scheme can be directly applied to where we need non-unitary

transformation on photon states, e.g., in the production of single photon qudits in

any form of
∑

i cia
†
i |0〉, where

∑
i |ci|2 ≤ 1 (possibly unnormalized), by multiple-rail

encoding, and in the enhancement of the entanglement of a pair of partially entangled
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Figure 5: The circuit to perform the unitary dilation U of contraction K, the general linear trans-

formation on a pure state input. We will obtain two outputs, ρout = |ψout〉〈ψout| of K and an extra

ρex = |ψex〉〈ψex|, from the corresponding terminals. Because the linear map K is not generally

inversable, we need to add an ancilla |ψex〉 to |ψout〉, i.e., |ψ′in〉 = |ψout〉 ⊕ |ψex〉, if we are to convert

it back to the original |ψin〉 by using the same circuit from the inverse direction.

photons like
∑

i cia
†
i |0〉1a†i |0〉2, with different |ci| unequal, by one party operation.

Now we look in some detail at the realization of POVMs as one important appli-

cation of our scheme. We start with the simplest situation of n = 2, where the two

POVM elements are always commutative, [Π1,Π2] = 0. Suppose that the dimension

of the signal space is N , and the N × N detection operators Ai of the POVM can

be factorized by SVD as Ai = ViΣiUi with Ui, Vi unitary and Σi diagonal. We first

set up a N-port module for U1 and, after the signal leaving U1 module, we process
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it with a 2N-port module to implement the unitary dilation of Σ1. From its output

ports numbered from 1′ to N ′ we get an output |ψ1mid〉 ∼ Σ1U1|ψin〉, while from the

ports numbered from (N + 1)′ to 2N ′ another output |ψ2mid〉 ∼ Σ1CU1|ψin〉, with

Σ21C = I − Σ21. Then we will just redirect them to modules of V1 and V2 and finally

obtain the outputs A1|ψin〉/||A1|ψin〉|| or A2|ψin〉/||A2|ψin〉|| from the corresponding

terminals.

For a POVM with the number of elements n ≥ 3, the situation is much trickier.

Instead of Π2, what we realize from the corresponding output ports of |ψ2mid〉 is the

operator I − Π1. By the diagonalization, all elements of a general POVM can be

factorized into Πi = U †
i Σ

2
iUi, where the different Ui do not generally commute, i.e.,

[Ui, Uj] �= 0 for i �= j.

In the realization of Π2, therefore, we need to consider two different situations:

(1) If ||Π1|| < 1, because I − Π1 > Π2 when n ≥ 3, we can find a diagonal matrix

Σ∗2 with ||Σ∗2|| ≤ 1 and a unitary operator U2L such that

Π2 = U †
1Σ1CU

†
2LΣ

∗2
2 U2LΣ1CU1 = U †

2Σ
2
2U2. (4.2.12)

Since ||UAV || = ||A|| for an arbitary linear operator A and all unitary matrices U

and V , we obtain the following from Eq. (4.2.2):

||Σ∗2|| = ||Σ∗2U2LU1|| = ||Π
1/2
2 (I − Π1)

−1/2|| ≤ 1, (4.2.13)

where we have used Lemma V.1.7 in [41] with the existence of (I − Π1)−1 due to
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the fact that ||Π1|| < 1. These two matrices Σ∗2 and U2L are obtained by a standard

digonalization procedure following the above equation. Then, after performing U2L

with a N-port module, Σ∗2 as a contraction map can be implemented by a 2N-port

linear optics module with at most N beam splitters. To realize A2 completely, we

add one more module of a proper V2.

(2) If ||Π1|| = 1, after the signal goes through the part of circuit implementing

I−Π1, some of the output ports will be black because the corresponding components

have been projected out by Π1. In this case the diagonalized form of a POVM element

with the unit norm, e.g., Σ2j , has some entries 1. From Eq. (4.2.1), on the other hand,

we have

Σ2j +
∑

i �=j
UjU

†
i Σ

2
iUiU

†
j = I,

and then we find that the corresponding entries of Σ2i , for all i �= j, are 0. Then we

will just inverse the remaining (N−D)×(N−D) non-zero part of Σ1C matrix, where

D is the multiplicity of the unit eigenvalue of Π1, in finding U2L and Σ∗2 of this size

in Eq. (4.2.12).

Repeating the above procedure from the output ports where the operator I−Π1−

Π2 is realized, we add all the corresponding modules performing UnL, Σ
∗
n, etc., for

n ≥ 3, to implement the remaining A3, A4, · · · , An, respectively. The total number of

modules of Fig. 4 needed in our scheme to realize a general POVM with n elements

is 3n−2. As an illustration of this general scheme, Fig. 6 shows the setup to perform
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Figure 6: The setup to perform any three-element POVM on single photon states. The seven unitary

operator modules, two of which perform the pairs of operators Σ1 and Σ1C = (I − Σ21)1/2, Σ∗2 and

Σ∗
2C = (I − Σ∗2

2
)1/2, respectively, are designed with the POVM elements. The detectors at the

terminals effect a dephasing to eliminate the interference between Ai|ψin〉 [46], and capture the

outputs ρout,i = AiρinA
†
i/Tr(AiρinA

†
i ), for i = 1, 2, 3, with the probabilities pi = Tr(AiρinA

†
i ). The

outputs redirected to only one set of detectors form a probability distribution as the mixture [47],

∑
i piρout,i =

∑
iAiρinA

†
i , there.

any POVM with three elements.

We have reduced the problem of realizing a POVM to that of finding a sequence of

unitary operators with the POVM elements and realizing them with the ancilla states

of vacuum and then detecting the outputs with the standard projective measurements

on the extended space. The algorithm to obtain these unitary operators is given, and
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the implementation of any POVM, with elements of arbitrary rank, can be therefore

realized for single photon input signals. Using this method, we will directly obtain

the output states of a POVM, which can be tailored by choosing the appropriate Vi

modules, from the corresponding terminals where the signal detectors are placed. If

our signals are just single photon polarization qubits, |ψin〉 = c1|H〉 + c2|V 〉 (polar-

ization modes H and V ), we can use much simpler circuit to implement any POVM

on them as in [45], where a POVM is realized as the decomposition of an identity

operator but the necessary algorithm to obtain, e.g., Σ∗n, UnL for the implementation

of all specified Πi is not given. Given the beyond-linear-optics methods to implement

unitary operations on more complicated quantum systems than single photon states,

this scheme can be applied to more general situations of photonic states as well as

the signals of any other type of radiation.

4.3 General transformation of coherent state products with linear optics

We start with the simple situations of the input

|ψin〉 = |α1〉|α2〉 = D(α1)D(α2)|0〉 (4.3.1)

being sent to a beamsplitter and a phase shifter. D(α) here represents the displace-

ment operator eαa
†−α∗a. With the interaction Hamiltonian

HBS = θeiϕa†1a2 + θe−iϕa1a
†
2, (4.3.2)
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of the beamsplitter, the creation operators of the input modes are transformed to

those of the output modes b†1 and b†2 as a SU (2) map,



b†1

b†2



 =




U11 U12

U21 U22








a†1

a†2





=






cos θ ie−iϕ sin θ

ieiϕ sin θ cos θ











a†1

a†2




 , (4.3.3)

which defines the unitary operation UBS of a beamsplitter [28]. The reflection and

transmission coefficients R and T of the beamsplitter are given in terms of the para-

meters as R = sin2 θ and T = 1 −R = cos2 θ, and the relative phase ϕ ensures that

the transformation is unitary. The input state of the product of two coherent states

is therefore transformed as follows:

|ψout〉 = UBS|ψin〉 = UBSD(α1)D(α2)U
†
BSUBS |0〉

= eα1(U
∗
11b

†
1
+U∗21b

†
2
)−α∗1(U11b1+U21b2)eα2(U

∗
12b

†
1
+U∗22b

†
2
)−α∗2(U12b1+U22b2)|0〉

= e(U
∗
11α1+U

∗
12α2)b

†
1−(U11α∗1+U12α∗2)b1e(U

∗
21α1+U

∗
22α2)b

†
2−(U21α∗1+U22α∗2)b2|0〉, (4.3.4)

where we apply Campbell-Baker-Hausdorff formula eAeB = eA+Be
1

2
[A,B] from the

second line, as well as the unitary transformation in Eq. (4.3.3). If we define





β∗1

β∗2




 =






U11 U12

U21 U22











α∗1

α∗2




 , (4.3.5)

the output state will be given as

|ψout〉 = D(β1)D(β2)|0〉 = |β1〉|β2〉. (4.3.6)
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Eq. (4.3.5) characterizes the transformation of the product of two coherent states

under the action of Eq. (4.3.3).

Another basic ingredient in a linear optical circuit is a phase shifter with the

interaction Hamiltonian H = φa†a. The creation operator a† of an input mode is

mapped to b† = eiφa† by the phase shifter, and one input coherent state is thus

transformed to |β〉 = |eiφα〉. Analogous to Eq. (4.3.5), this relation is also given as

β∗ = e−iφα∗. (4.3.7)

The unit module of any linear optical circuit is an array of beamsplitters and phase

shifters shown in Fig. 4. Sending a single photon state
∑N

i=1 cia
†
i to this array with

the different modes a†i entering the different input ports from i = 1 to N , we will have

the following unitary transformation U(N) of the mode vector,






b†1

b†2

...

b†N






=






U1,1 U1,2 · · · U1,N

U2,1 U2,2 · · · U2,N
...

...
. . .

...

UN,1 UN,2 · · · UN,N











a†1

a†2

...

a†N






, (4.3.8)

since it is the product of SU(2)maps Ti,j = Ti,j⊗Irest and U(1)maps eiφi,j respectively

performed by the single beamsplitters and the single phase shifters, which is obtained

through the iterative decomposition [30]

U(N)TN,N−1 · · ·TN,1 = U(N − 1)⊕ eiφ. (4.3.9)
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The coefficient vector ;c = (c1, · · · , cn) is correspondingly transformed as ;c′ = ;c U †.

Replacing the input with a product of coherent states |ψin〉 =
∏N

i=1 |αi〉, with |α1〉

entering the port 1, |α2〉 entering port 2, and so on, we will obtain the following

transformation





β∗1

β∗2

...

β∗N






=






U1,1 U1,2 · · · U1,N

U2,1 U2,2 · · · U2,N
...

...
. . .

...

UN,1 UN,2 · · · UN,N











α∗1

α∗2

...

α∗N






(4.3.10)

under the action of the map of the creation operators in Eq. (4.3.8), which is gen-

eralized from that of Eq. (4.3.5) under the action in Eq. (4.3.3). If we decompose

the above unitary transformation into the product of SU(2) and U(1) maps to make

the different components of α∗i transform as in Eqs. (4.3.5) and (4.3.7), combining all

these separate maps will give the above transformation of (α∗1, · · · , α∗N)T (T stands

for transpose) exactly.

From this unitary transformation, we also obtain an invariant

N∑

i=1

|αi|2 =
N∑

i=1

|βi|2. (4.3.11)

It is the conservation of the average total photon number 〈ψin|
∑

i n̂i|ψin〉 under the

unitary transformation induced by linear optical circuit. On the other hand, for two

sets of coherent states {|α1〉, · · · , |αN 〉} and {|β1〉, · · · , |βN〉} satisfying this relation,

we can always find a unitary map U realizing the transformations between their
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products.

Next, we generalize this type of unitary transformations to the non-unitary ones. In

[38] we present a method of combining three linear optical modules in Fig. 4 to realize

any non-unitary mapK of contraction (||K|| ≤ 1) on the coefficient vector (c1, · · · , cN )

of a single photon state. It is effectively performed by the unitary transformation

U =






K −(I −KK†)1/2

(I −K†K)1/2 K†




 (4.3.12)

in the extended Hilbert space. K here can be any M ×N matrix with the non-zero

eigenvalues of KK† or K†K being less than or equal to 1. If M �= N , it can be

enlarged by the direction sum with a unit matrix to a square matrix. Following Eq.

(4.3.10), we can implement this extended unitary map on an input of coherent states

by sending |ψin〉 =
∏N

i=1 |αi〉 to the input ports of the module, with |αi〉 entering the

port numbered from i = 1 to N , respectively, and the rest 2×max(M,N)−N ports

being dark. A linear optical circuit modules implementing the unitary transformation

U (2×max(M,N)) thus realizes the following non-unitary map





β∗1

β∗2

...

β∗M






=






K1,1 K1,2 · · · K1,N

K2,1 K2,2 · · · K2,N
...

...
. . .

...

KM,1 KM,2 · · · KM,N











α∗1

α∗2

...

α∗N






(4.3.13)

in a subspace. The output
∏M

i=1 |βi〉 is obtained from the output ports numbered from

1′ to M ′ in Fig. 4, and some other coherent states also output from the remaining
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ports. A contraction map on a product of coherent states can be, therefore, realized

with the same linear optical circuit to implement this contraction map on a single

photon state. It is the primary result of this section and, in the next chapter, we

will apply some special forms of Eqs. (4.3.10) and (4.3.13) in designing the circuit to

discriminate unknown coherent states.
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Chapter V

5 Unknown state discrimination systems

5.1 Introduction

The unknown state discriminators can be of potential value in quantum communi-

cation and quantum computing, so it is interesting to study their feasible physical

implementations. In [22] we propose a pure optical way based on interferometry [30]

to deterministically realize the optimal measurements in [10] under the assumption

that all the symmetric input states can be prepared as single photon states in multi-

rail representation. The quantum circuit to realize the unknown qubits discrimination

without achieving the optimal measurement and the possible implementation of its

ingredient logic gates in ion traps are studied in [48]. The design of the unitary op-

erators to implement the discrimination of a pair of unknown qubits is also discussed

in [49].

In this chapter, we design an experimental setup to unambiguously and optimally

discriminate the symmetric input states |ψ1〉|ψ2〉|ψi〉 (i = 1, 2) prepared with any

pair of linearly independent unknown single photon polarization qubits [50]. This is

a device to process the unknown triple photon input signals, and all the technologies

involved have been experimentally realized thus far. Furthermore, we will apply the
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correspondence between the transformations of the single photon and coherent states

to design a linear optical system to discriminate unknown coherent states. This

system can be a prototypical quantum database searching device.

5.2 Physical basis for unknown optical qubit discrimination

We first give a brief review of the optimal measurements for discriminating any pair

of unknown states we aim to realize for single photon polarization qubits. The input

signals processed by our device are given as follows:

|Ψ1,in〉 = |ψ1〉1|ψ2〉2|ψ1〉3

|Ψ2,in〉 = |ψ1〉1|ψ2〉2|ψ2〉3, (5.2.1)

where |ψi〉 = αi|H〉 + βi|V 〉, for i = 1, 2, and H , V are their horizontal and perpen-

dicular polarization modes. Since |ψ1〉 and |ψ2〉 are linearly independent, there exist

different permutation symmetries in these two inputs, and we can therefore design

the POVMs, with the elements Π1 and Π2 satisfying Π1|Ψin
2 〉 = Π2|Ψin

1 〉 = 0, to un-

ambiguously discriminate them. In the Bayesian approach [10], the optimal POVM

elements for the unambiguous discrimination of the above inputs are

Π1 =
2

3

(
2−

√
η2
η1

)
I1 ⊗ |Ψas

23〉〈Ψas
23|,

Π2 =
2

3

(
2−

√
η1
η2

)
I2 ⊗ |Ψas

13〉〈Ψas
13|, (5.2.2)
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where |Ψas
ij 〉 = 1/

√
2 (|H〉i|V 〉j − |V 〉i|H〉j) and Ii the identity operators, if the a priori

probability η1 of the data |ψ1〉 is in the range of 1/5 ≤ η1 ≤ 4/5. For 4/5 ≤ η1 ≤ 1,

the optimal measurement reduces to the projection valued measurement (PVM) as

Π1 = I1 ⊗ |Ψas
23〉〈Ψas

23|

Π2 = 0; (5.2.3)

and for 0 ≤ η1 ≤ 4/5, the index 1 and 2 of the above PVM operators should be

interchanged to get the optimal measurement. In the minimax approach without the

available a priori information of the input data [11], on the other hand, the optimal

POVM for discriminating the inputs in Eq. (5.2.1) is given as

Π1 =
2

3
I1 ⊗ |Ψas

23〉〈Ψas
23|,

Π2 =
2

3
I2 ⊗ |Ψas

13〉〈Ψas
13|. (5.2.4)

In both approaches, there is inconclusive measurement result corresponding to the

operator Π0 = I − Π1 − Π2.

The physical fundamentals to realize the optimal measurements on the unknown

input signals are the teleportation of unknown quantum states [51] and the deter-

ministic implementation of a POVM on single photon signals [38]. A teleportation

protocol is applied to transform the triple photon input signals in Eq. (5.2.1) to the
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corresponding single photon signals running on different tracks:

|Ψ1,in〉 = |ψ1〉1|ψ2〉2|ψ1〉3

= c1|HHH〉+ c2|V HH〉 + c3|HHV 〉 + · · ·+ c8|V V V 〉

→ c1|0A, 0B, H〉 + c2|1A, 0B, H〉+ c3|0A, 0B, V 〉+ · · ·+ c8|1A, 1B, V 〉, (5.2.5)

where ci are unknown coefficients, and 0A, 1A, 0B and 1B the symbols related to the

which-path degree of freedom of the photon. After some of the input signal’s polar-

ization degree of freedom is mapped this way to the which-path degree of freedom,

we will obtain a single polarization photon running on 4 different tracks (the total

dimensionality of the quantum system is 8) so that any POVM performed on it can

be deterministically implemented by linear optics.

To teleport three input qubits in a combined way, we need to have three entangled

pairs, e.g.,

|Φ+1 〉 =
1√
2
(|H〉|H〉+ |V 〉|V 〉) ,

|Φ+2 〉 =
1√
2
(|H〉|0A〉+ |V 〉|1A〉) ,

|Φ+3 〉 =
1√
2
(|H〉|0B〉 + |V 〉|1B〉) . (5.2.6)

We here define the four Bell states as follows:

|Φ±〉 ≡ 1√
2
(|0〉|0〉 ± |1〉|1〉) ,

|Ψ±〉 ≡ 1√
2
(|0〉|1〉 ± |1〉|0〉) , (5.2.7)
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where 0 can be H, 0A, 0B, etc, and 1 can be V , 1A, 1B , etc. Two of the states in

Eq. (5.2.6) involve both polarization and which-path degrees of freedom. How to

effectively produce them is what we will discuss in the next section.

5.3 Conversion to single photon signal

In this section, we give a rather detailed description of a circuit to map the triple

photon input signals to the corresponding single photon signals as in Eq. (5.2.5).

To begin with, we look at the transformation of a double photon polarization state

|Ψin〉 = |ψ1〉1|ψ2〉2, where |ψi〉 = αi|H〉 + βi|V 〉, to the corresponding single pho-

ton state by a combined teleportation procedure. We use two extra photon sources

1/
√
2(|H〉A + |V 〉A) and 1/

√
2(|H〉B |H〉C + |V 〉B |V 〉C), and let the first photon on

track A control the part B of the second entangled photon pair through a CNOT gate

taking the following action:

UCNOT = (|H〉A〈H| ⊗ IB + |V 〉A〈V | ⊗ σx,B)⊗ IC . (5.3.1)

The above equation means that there will be no action on track B if the photon

component on track A is in the state of |H〉 and there will be a bit flip σx,B of {H, V }

on track B if that photon component is in |V 〉. After the joint unitary map UCNOT ,

the total state on the track A, B and C will be as follows (here we neglect the common
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factors for brevity):

UCNOT

(
|H〉A + |V 〉A

)(
|H〉B|H〉C + |V 〉B|V 〉C

)

= |H〉A|H〉B|H〉C + |H〉A|V 〉B|V 〉C + |V 〉A|V 〉B|H〉C + |V 〉A|H〉B|V 〉C . (5.3.2)

This type of non-destructive optical CNOT gate has been experimentally demon-

strated [52] and, theoretically, a CNOT gate for two independent single photon po-

larization qubits can be realized near deterministically [53].

The output state of the CNOT gate in Eq. (5.3.2) is divided into two sets for part B

and C: the even parity {|H〉B|H〉C, |V 〉B |V 〉C} and the odd parity {|H〉B|V 〉C, |V 〉B|H〉C},

and they can be discriminated near deterministically by a polarization parity quan-

tum non-demolition detection (QND) [53]. The setup to realize this QND includes

a laser probe initially in a coherent state |α〉p and the cross-Kerr nonlinearities,

which have a Hamiltonian H = h̄χa†sasa
†
pap, where the signal (probe) mode has

the creation and destruction operators given by a†s, as(a
†
p, ap) and χ the strength

of nonlinearity which can be weak. Through the interaction in the weak nonlin-

ear cross-Kerr, the photon states on track B, C and the probe evolve together to

|ψT 〉 ∼ (|H〉B|H〉C + |V 〉B |V 〉C)|α〉p + |H〉B|V 〉C|αeiθ〉p + |V 〉B |H〉C |αe−iθ〉p, where

θ = χt with t being the interaction time. |α〉 and |αe±iθ〉 can be distinguished be-

tween each other by a homodyne-heterodyne measurement on the probe.

Then we classically feedforward two actions to the output on track B: if the the

detection result is |αe±iθ〉, we let the photon component on track B go to path B1 and
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denote the action 0A (the index A means the control from track A photon component);

and if the result is |α〉, the photon component on track B is redirected to track B2

with an action named 1A. A bit flip (plus the phase shift redressing due to the QND)

on B1 track is performed to restore the odd parity of the photon components on track

B and C to the even parity, i.e., |HV 〉, |V H〉 → |HH〉, |V V 〉. As the result, we obtain

a state,

|ψent〉 ∼ |H〉A|H〉B1,0A|H〉C + |H〉A|V 〉B1,0A|V 〉C + |V 〉A|H〉B2,1A|H〉C + |V 〉A|V 〉B2,1A|V 〉C

= (|H〉A|0A〉+ |V 〉A|1A〉)(|H〉B|H〉C + |V 〉B|V 〉C), (5.3.3)

which can be factorized into the product of two entangled states. |0A〉 and |1A〉

are defined as two controlling switch actions on the track B photon component from

the photon component on track A. These two fictitious quantum states describe the

effective action of track B photon component to go to different paths B1 and B2 under

the control:

|0A〉|H〉B ≡ |H〉B1,0A, |1A〉|H〉B ≡ |H〉B2,1A,

|0A〉|V 〉B ≡ |V 〉B1,0A, |1A〉|V 〉B ≡ |V 〉B2,1A. (5.3.4)

It is feasible, therefore, to use these two entangle states to teleport |Ψin〉 =
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|ψ1〉1|ψ2〉2 to a single photon polarization state:

|ψ1〉1
(
|H〉A|0A〉+ |V 〉A|1A〉

)
|ψ2〉2

(
|H〉B|H〉C + |V 〉B|V 〉C

)

∼
(
|Φ+〉1,A|ψ1〉ACt + |Ψ+〉1,A(σx,ACt|ψ1〉ACt) + |Ψ−〉1,A(−iσy,ACt|ψ1〉ACt)

+|Φ−〉1,A(σz,ACt|ψ1〉ACt)
)(
|Φ+〉2,C |ψ2〉B + |Ψ+〉2,C(σx,B|ψ2〉B) + |Ψ−〉2,C(−iσy,B |ψ2〉B)

+|Φ−〉2,C(σz,B |ψ2〉B)
)
, (5.3.5)

where the controlling action qubit is defined as |ψ1〉ACt = α1|0A〉 + β1|1A〉, and σx,

σy and σz the Pauli matrices. With a final restoring unitary transformation Urest on

both the tracks B1, B2 and the polarization modes H , V according to the information

fed forwarded after the Bell state analysis on track 1, A and 2, C, respectively, we

will obtain a single photon polarization state running on track B1 and B2 (the total

dimensionality of the outputs is 4 as the inputs):

|Ψout〉 = |ψ1〉ACt|ψ2〉 =
(
α1|0A〉+ β1|1A〉

)(
α2|H〉B + β2|V 〉B

)

= α1α2|H〉B1,0A + α1β2|V 〉B1,0A + β1α2|H〉B2,1A + β1β2|V 〉B2,1A .(5.3.6)

The complete (and close to deterministic) Bell state analysis setups can be found

in [54, 55, 56], and also in [57] a practical method for teleporting optical qubits is

given. These experimental schemes can be modified to realize the operations in our

setup. The whole scheme to realize the transformation from double to single photon

states is given in Fig. 8.

So far we have put together all necessary ingredients of a circuit to transform
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Figure 7: The setup to transform a two-photon state, |Ψin〉 = |ψ1〉|ψ2〉, to a single photon polar-

ization state running on two different tracks, |Ψout〉. We use a BBO to generate an entangled pair

1/
√
2(|H〉B|H〉C + |V 〉B |V 〉C) on track B and C, and put a single photon 1/

√
2(|H〉A + |V 〉A) on

track A. The CNOT gate can be a modified version of the cited, and the QND unit is in [53]. The

results of two Bell state analysis are sent through the classical channels to where the restoration

unitary map Urest is performed. Urest is chosen from a finite set of operations.

the triple photon inputs in Eq. (5.2.1) to the corresponding single photon states.

To teleport the triple photon inputs to the corresponding single photon states, we

just need to continue the above procedure before the Bell state analysis by adding

one more single photon source, 1/
√
2(|H〉D + |V 〉D), and two more CNOT gates and

parity QNDs. We use a 50-50 beam splitter to split the second single photon into two
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Figure 8: The setup to teleport any symmetric unknown three-photon input state |ψ1〉|ψ2〉|ψi〉, for

i = 1, 2, to the corresponding single photon state. One more single photon source is used on track

D, and it is split by a 50-50 beam splitter BS1 (and the necessary phase shifters) into two paths to

control the respective photon components. Another identical beam splitter BS2 merges the photon

components on track D1 and D2 to a single path again.

different paths:

|H〉D + |V 〉D → |H〉D1
+ |V 〉D1

+ |H〉D2
+ |V 〉D2

, (5.3.7)

and the photon components running onD1 (D2) track controls the photon component

on B1 (B2) track through an optical CNOT gate. Then, performing the polarization

parity QNDs on track B1, C and B2, C, respectively, and the necessary bit flips
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and phase redressing, we will seperate the photon components on B1 and B2 to

those on 4 tracks B1,1, B1,2, B2,1 and B2,2, and thus obtain the output state which

can be factorized into the product of three entangled states (similar to the state in

Eq. (5.3.3)). We are now able to teleport 3 unknown qubits together to a single

photon polarization state running on 4 different tracks. The complete scheme of the

teleportation of the triple-qubit to a single photon state is shown in Fig. 8.

5.4 Optimal POVM implementation circuit

The circuit in Fig. 8 generates the following single photon states as the inputs of the

POVM modules to discriminate the data |ψ1〉 and |ψ2〉:

|Ψ′
i,in〉 = |Ψi,out〉 = |ψ1〉DCt

|ψ2〉ACt|ψi〉B

=
(
α1|0D〉+ β1|1D〉

)(
α2|0A〉+ β2|1A〉

)(
αi|H〉B + βi|V 〉B

)

= α1α2αi|0D, 0A, HB〉+ α1α2βi|0D, 0A, VB〉 + α1β2αi|0D, 1A,HB〉

+ α1β2βi|0D, 1A, VB〉+ β1α2αi|1D, 0A,HB〉 + β1α2βi|1D, 0A, VB〉

+ β1β2αi|1D, 1A, HB〉+ β1β2βi|1D, 1A, VB〉

= α1α2αi|H〉B1,1 + α1α2βi|V 〉B1,1 + α1β2αi|H〉B2,1

+ α1β2βi|V 〉B2,1 + β1α2αi|H〉B1,2 + β1α2βi|V 〉B1,2

+ β1β2αi|H〉B2,2 + β1β2βi|V 〉B2,2. (5.4.1)
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With 4 polarization beam splitters (PBS) we can thus obtain the multi-rail single

photon signal states running on 8 tracks. Any POVM with n elements Πi, for i =

1, · · · , n, on such single photon states can be deterministically implemented with at

most 3n− 2 linear optics modules shown in Fig. 4 [38].

The POVM for unambiguously discriminating these states satisfies more condition,

Π1|Ψ′
2,in〉 = Π2|Ψ′

1,in〉 = 0, so we can use a linear optics scheme, which requires fewer

and much simpler modules, to realize the unambiguous discrimination of |Ψ′
1,in〉 and

|Ψ′
2,in〉. Such a scheme works with the following unitary map [22],

Umodule =






(I − Π0)
1

2 −Π
1

2

0

Π
1

2

0 (I − Π0)
1

2




 , (5.4.2)

which is realizable by one 16 × 16-port module shown in Fig. 10. This module

transforms the signals embeded in a larger space of the double of the signal space

dimension, (|Ψ′
i,in〉,0)T , to the components in two orthogonal output subspaces:

Umodule




|Ψ′

i,in〉

0



 =




(I − Π0)

1

2 |Ψ′
i,in〉

Π
1

2

0 |Ψ′
i,in〉



 . (5.4.3)

The component (I −Π0)
1

2 |Ψ′
i,in〉 corresponds to the success of the measurement with

a probability P = 〈Ψ′
i,in|I−Π0|Ψ′

i,in〉 = 〈Ψ′
i,in|Πi|Ψ′

i,in〉, and the component Π
1

2

0 |Ψ′
i,in〉

to the inconclusive result, which occurs with a probability Q = 〈Ψ′
i,in|Π0|Ψ′

i,in〉. It is

easy to verify that |Ψ′
1,in〉 and |Ψ′

2,in〉 are mapped to distingushable orthogonal states

in the first subspace, since 〈Ψ′
1,in|I − Π0|Ψ′

2,in〉 = 0.
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Figure 9: The layout of the optimal POVM for the discrimination of unknown optical qubits. The

input |Ψ′in〉 is the output |Ψout〉 in Fig. 8. The polarization beam splitters (PBS) separate the input

into the 8 dimensional single photon state in multi-rail representation. The Vi are 3×3-port modules,

and Ui 4×4-port modules with two input ports black. Only 4 photon detectors are required to place

on the terminals where the useful information is output. At all other terminals (2 of the PBS, 2 of

Vi modules and 4 of Ui modules), there are only useless signals contributing to the inconclusiveness.

We can set the output in such a pattern: if the detector C1 or C3 clicks, we conclude that the

unknown input is |ψ1〉; and if C2 or C4 clicks, the input date must be |ψ2〉. From each counter, we

detect the photon with a probability 1/12, if the data |ψ1〉 and |ψ2〉 occur with the same a priori

probability.

The linear optics circuit to perform Umodule can be simplified further. We first

decompose the inputs in Eq. (5.4.1) into the components in the orthogonal subspaces

H1 = {|0D, 0A, VB〉, |0D, 1A, HB〉, |1D, 0A, HB〉},H2 = {|1D, 0A, VB〉, |0D, 1A, VB〉, |1D, 1A, HB〉}

H3 = {|0D, 0A,HB〉} and H4 = {|1D, 1A, VB〉}, respectively. We introduce a unitary
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map V1,

|Φ1〉 =

√
1

2

(
|0D, 0A, VB〉 − |0D, 1A, HB〉

)

|Φ2〉 =

√
1

6

(
|0D, 0A, VB〉 + |0D, 1A, HB〉

)
−
√

2

3
|1D, 0A, HB〉

|Φ3〉 =

√
1

3

(
|0D, 0A, VB〉 + |0D, 1A, HB〉 + |1D, 0A, HB〉

)
, (5.4.4)

in H1, and another unitary map V2,

|Φ′1〉 =

√
1

2

(
|1D, 0A, VB〉 − |1D, 1A, HB〉

)

|Φ′2〉 =

√
1

6

(
|1D, 0A, VB〉 + |1D, 1A, HB〉

)
−
√

2

3
|1D, 0A, VB〉

|Φ′3〉 =

√
1

3

(
|1D, 0A, VB〉 + |1D, 1A, HB〉 + |0D, 1A, VB〉

)
(5.4.5)

in H2, respectively. These two unitary maps on the modes of the relevant tracks

correspond to two simple and identical 3 × 3-port modules processing the relevant

components of the input signals. In the subspaces H′
1 = {|Φ1〉, |Φ2〉} and H′

2 =

{|Φ′1〉, |Φ′2〉}, Π0 of the optimal POVM is given as a 2× 2 matrix [10]:

Π(i)0 =





−2
3
(1−

√
η1
η2
−
√

η2
η1
) −

√
3
6
(2−

√
η1
η2
)

−
√
3
6
(2−

√
η1
η2
) 2

3

√
η1
η2




 , (5.4.6)

for i = 1, 2, and the total Π0 is the direct sum,

Π0 = Π(1)0 ⊕ Π(2)0 ⊕ I. (5.4.7)
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Therefore, the signal components outside H′
1 and H′

2 only contribute to the inconclu-

sive results, and we only need to process the signal components in these two subspaces.

For the a priori probabilities η1 = η2 = 1/2, i.e., the most difficult situation to

discriminate the input data, as well as the optimal POVM obtained in the minimax

approach [11], the operator Π
(1)
0 and Π

(2)
0 are therefore reduced to

Π
(1)
0 = Π

(2)
0 =






2
3

−
√
3
6

−
√
3
6

2
3




 . (5.4.8)

The unitary transformations in Eq. (5.4.2) constructed by these two non-unitary

operators are, respectively, implemented by two identical circuits consisting of only 3

beam splitters, one of which performs the unitary map,

Ui,1 =





− 1√

2
1√
2

1√
2

1√
2




 , (5.4.9)

which diagonalizes Π(1)0 and Π(2)0 , and the other two of which perform the unitary

map in the extended space,

Ui,2 =






√
1
3
−

√
3
6

−
√

2
3
+

√
3
6

√
1
3
+

√
3
6

−
√

2
3
−

√
3
6

√
2
3
+

√
3
6

√
1
3
−

√
3
6

√
2
3
−

√
3
6

√
1
3
+

√
3
6






.

(5.4.10)

Through all these unitary transformations the different input signal components from

|Ψ′
1,in〉 and |Ψ′

2,in〉, respectively, have been mapped to the orthogonal states. Adding
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one more 50-50 beam splitter to separate the signals from the different inputs, we

realize the target to discriminate the data input: the input data is determined to be

|ψ1〉 if the output photon is recorded by one single photon detector and |ψ2〉 if the

output photonis recorded by the other. In Fig. 9 we use Ui to represent a whole

package of these unitary maps including Ui,1 and Ui,2.

By a straightforward calculation considering Eq. (5.4.2) and (5.4.3), we see that

in one of the photon detectors in Fig. 9 there is an average probability of 1/12 to

detect the photon. With the detection of the photon, we can draw the conclusion

about which the input data is. Adding together the contribution of another photon

detector placed at one terminal of the other Ui module, we obtain the optimal average

success probability 1/6 in the discrimination of a pair of unknown qubits [10]. The

layout of the optimal POVM implementation is given in Fig. 9.

5.5 Unknown coherent state discriminator–quantum database searching

We demonstrate the principle of quantum database searching with the simplest case

of identifying only two states |α1〉 and |α2〉. The comparison of states can be realized

by a map

K = c






0 0 0

1 −1 0

1 0 −1






, (5.5.1)
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which acts on the input (α∗0, α
∗
1, α

∗
2)
T . The largest parameter, cmax = 1√

3
, is deter-

mined by making the eigenvalues of KK† or K†K less than or equal to 1. We then

apply the following unitary map for the identification of |α0〉:

;β∗ = U;α∗ =






0 0 0 1 0 0
√

1
3
−
√

1
3

0 0
√

1
6

−
√

1
6

√
1
3

0 −
√

1
3

0 −
√

1
6

√
1
6

1
3

1
3

1
3

0
√

1
3

√
1
3

1
3

2+
√
6

6
2−
√
6

6
0 −

√
1
3

0

1
3

2−
√
6

6
2+
√
6

6
0 0 −

√
1
3











α∗0

α∗1

α∗2

0

0

0






=






0

(α∗0−α∗1)√
3

(α∗
0
−α∗

2
)√

3

β∗4

β∗5

β∗6






. (5.5.2)

If there is at least one photon detected form the third output port of the circuit

corresponding to this map, the input |α0〉 will be identified to be |α1〉; similarly, it

will be |α2〉 if at least one photon is detected from the second output port. Except

for the output |γ〉 = |α1−α2√
3
〉 or |α2−α1√

3
〉 consumed in the detection to identify the

unknown data, the remaining output states |β4〉, |β5〉 and |β6〉, which are generated

through a non-unitary map






β∗4

β∗5

β∗6






=






1
3

1
3

1
3

1
3

2+
√
6

6
2−
√
6

6

1
3

2−
√
6

6
2+
√
6

6











α∗0

α∗1

α∗2






, (5.5.3)

can be well preserved in delay lines. If we input them, together with another prepared

|γ〉, to the same circuit but from the inverse direction, the identified data |α0〉, as

well as the reference states |α1〉, |α2〉, will be restored from the initial input ports as
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the result of the U † operation. In the case that |α0〉 is input with the equal a prior

probabilities as |α1〉 and |α2〉, the success probability of this identification process is

Psucc = 1− e−
|α1−α2|

2

3 , (5.5.4)

which is as large as the best probability of identifying |α1〉 and |α2〉 in [36]. Provided

that the distance, |α1−α2|, between two states is large enough, a setup like this will

realize a near deterministic identification, in which the identified input data and the

reference states in the database can be also restored for the further processing and

the second round searching.

Figure 10: Non-destructive quantum database searching setup. The unidentified data |α0〉 is sent

together with the reference states to the circuit, which implemenets the unitary operation U . Half

of the outputs in group A are measured to determine their identities, and the other half in group B

are kept in delay lines. After the measurement results are compared, another set of the determined

states are input to the ports of group A, while the outputs of group B are sent back to the circuit.

The identified data |α0〉 and the reference states are thus retrieved from the initial input ports. Only

photodiodes that are unable to resolve photon numbers are required in the detection.
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For the general situation of arbitrary number of states, the similar contraction

map can be given as

K =
1√

N + 1






0 0 0 · · · 0

1 −1 0 · · · 0

1 0 −1 · · · 0

...
...

...
. . .

...

1 0 0 · · · −1






(5.5.5)

The corresponding setup performs the database searching among the set {|α1〉, |α2〉, · · · , |αN〉}.

Two group of outputs are illustrated in Fig.10: the coherent states in group A will be

consumed in the detection for identifying the input data, while those in group B are

untouched. The consumed coherent states in group A can be replenished from the ex-

tra copies of |αi〉 (i = 1, · · · , N) processed by the same circuit ahead of the searching.

The maximum number of the required linear optical elements for the circuit grows

quadratically with the volume of the database N as (N + 1)(2N + 1).
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Chapter VI

6 Conclusions

Unknown state discrimination and its physical realization are challenging problems in

quantum information processing. Because the only information available in discrimi-

nating a pair of unknown states is the permutation symmetry from using the reference

copies of the states, the space structure of the inputs can be very complicated, and

the realization of such operations in physical systems also involves sophisticated tech-

niques. If the inputs constructed with the unknown states are prepared with some

different a prior probabilities, the problem of optimally discriminating unknown states

will be even harder.

We adopt two approaches to study the theoretical problem of unknown qubit dis-

crimination. First, we design a universal programmable discriminator that directly

processes the inputs prepared with multiple copies of the reference states as the

program part of the setup. The data (unknown qubits) are discriminated with the

permutation symmetry of the program and data parts. We find the optimal measure-

ment for the USD of the general inputs, which are prepared with the different a prior

probabilities. In the different ranges of a prior probability, the optimal measurement

takes the form of PVM and POVM, respectively. In the limit of infinity copies of ref-
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erence states, the optimal measurement is reduced to a pure PVM or von Neumann

measurement.

The second approach to discriminating unknown states is dephasing the unknown

symmetric inputs constructed with the references and the data to the known mixed

states. The dephased or averaged input states inherit the permutation symmetry

from the original ones, and we can find an invariant of the sum of inner products

of the basis vectors if the program parts have the same number of copies. With the

invariant it is straightforward to find the Jordan basis inner products of the input

state space. Then the optimal unambiguous and the minimum-error discrimination

strategies of the dephased inputs can be found for the general case of n copies of

reference and m copies of data.

We also discuss how to implement the USD of unknown states by presenting a

method to realize the necessary POVMs. This method applies to USD of quantum

states in the general situation.

The second half of the dissertation concerns the physical realization of unknown

quantum state discrimination. To study the discrimination of unknown optical qubits

and unknown coherent states, we develop the general methods to process these two

types of photonic states. The general linear transformation and general POVM on

single photon states are realized with linear optics (together with photon detection in

implementing POVMs). We demonstrate a correspondence between the transforma-
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tion of single photon states and those of coherent state products, and show that the

same linear optical setup can be used to perform the different tasks involving these

two different types of states. These methods are also applicable to other quantum

information processing tasks.

Finally we describe two setups to realize the discrimination of unknown optical

qubits and unknown coherent sates, respectively. In the implementation of unknown

optical qubit discrimination, we teleport the input of three photon states to a single

photon state in which-path space, and then use a linear optical circuit to perform

the optimal POVM to identify the unknown data. The unknown coherent state dis-

crimination is much more efficient if their difference is large enough. The setup of

unknown coherent state discrimination can be developed to a non-destructive quan-

tum database searching system.

There are still many interesting further studies of unknown state discrimination,

such as the discrimination of the unknown signals encoded in other states than single

photon and coherent states. Unknown quantum state discrimination could be also

applied in many other areas of quantum information processing. These problems

would be explored in the future works.
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Appendix

A Appendix A: Procedure to Obtain Symmetric Closed Ba-

sis Vector Chains

In this appendix we give a procedure of obtaining the closed basis vector chains

discussed in chapter II. The mirror symmetry, 〈vi|v′j〉 = 〈v′i|vj〉, for any couple of

indices i and j, exists for the input with n1 = n3.

Step 1: Generating the closed basis vector chains of any fixed N ≡ n1 + n2 + n3.

In H1, since each term of a basis vector in this representation has the same digit

n3, we start from n3 = 0 and obtain the corresponding basis vector (that is to find out

all the combinations of non-zero intergers that added up to be N). Then we increase

n3 by 1 each time till n3 = n and obtain in this way all basis vectors in this closed

chain. Similarly we obtain the corresponding chain in H2, each element of which has

the same first digit n1 for all terms.

Step 2: Permutation of the basis vectors, which is given by [n1, n2, n3] representa-

tion, in the obtained closed basis chains.

Remember that [i, j, k] ≡
√

CinC
j
m

Ci+jn+m

|ei〉A|ej〉B|ek〉C inH1 and [k, j, i] ≡
√

CinC
j
m

Ci+jn+m

|ek〉A|ej〉B|ei〉C

in H2. Pick out in a closed chain all couples of basis vectors carrying [l1, l2, l3] and
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[l3, l2, l1] terms (the terms with n1 and n3 interchanged), which are guranteed to exist

by the fact that N is constant for any of a closed chain, and let the basis vector with

[l1, l2, l3] be |vi〉, and that with [l3, l2, l1] be |vi+k〉, where i, k are the integers within

the range of the size for a closed chain, in H1. Correspondingly in H2, we set the

basis vector carrying [l3, l2, l1] to be |v′i〉 instead and that carrying [l1, l2, l3] |v′i+k〉.

Then we proceed from other terms in the basis vectors to obtain two whole chains

with the mirror symmetry. If the number of program copies nA and nC are unequal,

we cannot guarantee the existence of the couples in the form {[l1, l2, l3], [l3, l2, l1]},

and the mirror symmetry of the basis vectors doesn’t exist.

With a not so large N , we here give an example of how to perform the procedure.

For the case of 4 copies of program and 1 copy of data in the input states, suppose

that we need to obtain the chains of N = 4 with the mirror symmetry.

There are 5 elements in the chains as we studied previously. Starting from n3 =

0 and n1 = 0, we see that the couple {[l1, l2, l3], [l3, l2, l1]} in the basis vectors is

{[4, 0, 0], [0, 0, 4]}. Adding the rest terms in these basis vectors, we set |v1〉 = [4, 0, 0]+

[3, 1, 0], |v2〉 = [0, 0, 4] in H1, and |v′1〉 = [0, 0, 4]+ [0, 1, 3], |v′2〉 = [4, 0, 0] in H2. These

two couples of basis satisfy 〈v1|v′2〉 = 〈v′2|v1〉 =
√

C44C
0
1

C45

√
C04C

0
1

C05
.

The basis in H2 carrying [3, 1, 0] is [3, 0, 1] + [3, 1, 0], and we set it as |v′3〉. In

H1 the basis carrying [0, 1, 3] is [1, 0, 3] + [0, 1, 3], which is set as |v3〉. We have
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〈v1|v′3〉 = 〈v′1|v3〉 =
√

C3
4
C1
1

C45

√
C0
4
C1
1

C15
. Then we set |v4〉 = [3, 0, 1] + [2, 1, 1] and |v′4〉 =

[1, 0, 3] + [1, 1, 2], and there is 〈v3|v′4〉 = 〈v′3|v4〉 =
√

C14C
0
1

C15

√
C34C

0
1

C35
.

Finally we consider the terms with [2, 1, 1] and [1, 1, 2]; in H1 we set |v5〉 =

[2, 0, 2] + [1, 1, 2] and in H2 we set |v′5〉 = [2, 0, 2] + [2, 1, 1], and 〈v4|v′5〉 = 〈v′4|v5〉 =
√

C2
4
C1
1

C3
5

√
C1
4
C1
1

C2
5

.

Thus we obtain the following two closed chains having the mirror symmetry.

|v1〉 = [4, 0, 0] + [3, 1, 0],

|v2〉 = [0, 0, 4],

|v3〉 = [1, 0, 3] + [0, 1, 3],

|v4〉 = [3, 0, 1] + [2, 1, 1],

|v5〉 = [2, 0, 2] + [1, 1, 2]; (A.0.1)

|v′1〉 = [0, 0, 4] + [0, 1, 3],

|v′2〉 = [4, 0, 0],

|v′3〉 = [3, 0, 1] + [3, 1, 0],

|v′4〉 = [1, 0, 3] + [1, 1, 2],

|v′5〉 = [2, 0, 2] + [2, 1, 1]. (A.0.2)

Even if N is very large, we can search out all these couples with symmetric inner

product and perform the above procedure by a computer program.
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B Appendix B: Calculation of Invariant Sum of Basis Vector

Inner Products

With the [n1, n2, n3] symbol defined in section 3.2, it is very easy to calculate the

invariants, SN =
∑

i〈vi|v′i〉 =
∑

i〈φi|φ′i〉, for the pairs of closed basis vector chains,

given arbitrary n program and m data copies in the input states. In a pair of closed

chains with the mirror symmetry, only the terms in the form of [i, j, i] (n1 = n3)

contribute to this invariant sum, because |vi〉’s and |v′i〉’s carrying the terms in all other

forms are orthogonal, so it is obtained by picking out the terms of [i, j, i] satisfying

i ≤ n, j ≤ m and summing up the square of the coefficients absorbed in these square

brackets. It can be done easily by a computer program for any pair of closed chains.

Here we use the situation of 4 copies of program and 3 copies of data in the input

states for an example. We calculate the invariant sums for N = 4, 5, 6, 7 chains with

5 elements together as shown previously.

For N = 4 the contribution to the sum come from the terms [2, 0, 2] and [1, 2, 1],

so the invariant sum is

∑

i

〈φi|φ′i〉 =
∑

i

〈vi|v′i〉 =
C2
4C

0
3

C2
7

+
C1
4C

2
3

C3
7

=
22

35
. (B.0.1)

For N = 5 the contribution to the sum come from the terms [2, 1, 2] and [1, 3, 1],



92

so the invariant sum is

∑

i

〈φi|φ′i〉 =
∑

i

〈vi|v′i〉 =
C2
4C

1
3

C3
7

+
C1
4C

3
3

C4
7

=
22

35
. (B.0.2)

For N = 6 the contribution to the sum come from the terms [2, 2, 2] and [3, 0, 3],

so the invariant sum is

∑

i

〈φi|φ′i〉 =
∑

i

〈vi|v′i〉 =
C2
4C

2
3

C4
7

+
C3
4C

0
3

C3
7

=
22

35
. (B.0.3)

For N = 7 the contribution to the sum come from the terms [3, 1, 3] and [2, 3, 2],

so the invariant sum is

∑

i

〈φi|φ′i〉 =
∑

i

〈vi|v′i〉 =
C3
4C

1
3

C4
7

+
C2
4C

3
3

C5
7

=
22

35
. (B.0.4)

All these pairs of chains with 5 elements have the same invariant sum. By induction

on n and m, we see that this invariant sum is determined by the size of the closed

basis vector chains.
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