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S e c t i o n  1. I n t r o d u c t i o n

T h i s  t h e s i s  is  c o n c e r n e d  w i th  the  r e l a t i o n s h i p  b e t w e e n  a  l ine  

g r a p h  and  the  e i g e n v a l u e s  of i t s  a d j a c e n c y  m a t r i x .  We b e g i n  w i t h  the  

n e c e s s a r y  d e f i n i t i o n s .

A g r a p h  G w i th  V v e r t i c e s  is  c o n n e c t e d  if f o r  an y  two v e r t i c e s

L  and i , t h e r e  e x i s t  v e r t i c e s  i_, i , . . . . , i s u c h  t h a t  i. andO n ’ 1’ 2 n-1  j

i  ̂ a r e  a d j a c e n t  f o r  j = 0 , 1 , . . . . ,  n-1 .  The  v a l e n c e  of a v e r t e x  is

the  n u m b e r  of e d g e s  fo r  w h i c h  t h a t  v e r t e x  is  an  end  p o in t .  A g r a p h  

t h a t  h a s  the  s a m e  v a l e n c e ,  d,  a t  e v e r y  v e r t e x  i s  s a i d  to  b e  r e g u l a r  

of v a l e n c e  d.

T he  a d j a c e n c y  m a t r i x  of a  g r a p h  G, d e n o t e d  A(G),  is a  s q u a r e  

0-1 m a t r i x  of o r d e r  V w h o s e  r o w s  and  c o l u m n s  c o r r e s p o n d  to  the  

v e r t i c e s  of G and  f o r  w h ic h  A..  S i  if and  on ly  if i and  j a r e
ij

a d j a c e n t .  We s h a l l  c o n s i d e r  on ly  l o o p l e s s  g r a p h s  w i th  no  m u l t i p l e  e d g e s ,  

and  so  A(G) is  a  s y m m e t r i c  m a t r i x  w i t h  z e r o s  on the  d i a g o n a l .  The 

e i g e n v a l u e s  of a g r a p h  a r e  t h e  e i g e n v a l u e s  of i t s  a d j a c e n c y - m a t r i x ,  

and  s i n c e  A(G) is  r e a l  and  s y m m e t r i c ,  the  e i g e n v a l u e s  of a g r a p h  a r e  

r e a l .  L e t  G(k,  -2 )  b e  the s e t  of a l l  r e g u l a r  c o n n e c t e d  g r a p h s  t h a t  have  

k  d i s t i n c t  e i g e n v a l u e s  and w h o s e  l e a s t  e i g e n v a l u e  i s  -2,.

A g r a p h  is  s t r o n g l y  r e g u l a r  if i t  is no t  on ly  r e g u l a r ,  b u t  a l s o  

t h e r e  e x i s t  c o n s t a n t s  p^ and  p^ s u c h  t h a t  two  a d j a c e n t  v e r t i c e s  a r e  

m u t u a l l y  a d j a c e n t  to  p^ v e r t i c e s ,  w h i l e  two n o n - a d j a c e n t  v e r t i c e s  a r e  

m u t u a l l y  a d j a c e n t  to p^ v e r t i c e s ,  A g r a p h  is m  by n b i p a r t i t e  if the  

v e r t i c e s  c a n  be  p a r t i t i o n e d  in to  a  s e t  of o r d e r  m  and  a s e t  of o r d e r  n
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s u c h  t h a t  two v e r t i c e s  a r e  no t  a d j a c e n t  if th e y  a r e  in  the  s a m e  s e t .

A  b i p a r t i t e  g r a p h  is  c o m p l e t e  if, c o n v e r s e l y ,  any  two v e r t i c e s  t h a t  

a r e  no t  in  the  s a m e  s e t  a r e  a d j a c e n t .  T h e  c o m p l e t e  m  by n b i p a r t i t e  

g r a p h  is  d e n o te d  ^  . A g r a p h  w i th  m  v e r t i c e s  in w h i c h  any  p a i r

of  v e r t i c e s  is  a d j a c e n t  i s  c a l l e d  an m - c l i q u e .  A  v e r t e x  is  i s o l a t e d  if 

i t s  v a l e n c e  is  z e r o .

An H a d a m a r d  m a t r i x  of o r d e r  n  is a s q u a r e  m a t r i x  of o r d e r  n 

w i t h  e v e r y  e n t r y  1 o r  -1 s u c h  t h a t  any  two d i f f e r e n t  r o w s  a r e  o r t h o ­

g o n a l .

G iv e n  a  g r a p h  G, we c a n  f o r m  a  new  g r a p h ,  L(G) ,  the  l ine  

g r a p h  of  G, in w h i c h  the  v e r t i c e s  of L(G) c o r r e s p o n d  to t h e  e d g e s  

of  G, and  in  w h i c h  two v e r t i c e s  of :L(G) a r e  a d j a c e n t  if  and  on ly  if 

t h e  c o r r e s p o n d i n g  e d g e s  in G h ave  e x a c t l y  one end  p o i n t  in  c o m m o n .

A  g r a p h  K f o r  w h i c h  t h e r e  e x i s t s  a g r a p h  G s u c h  t h a t  L(G) = H is c a l l e d  

a  l in e  g r a p h .

If  we h a v e  a g r a p h  G, the  a d d i t i o n  o r  r e m o v a l  of i s o l a t e d  

v e r t i c e s  w i l l  o b v io u s ly  l e a v e  L(G) u n c h a n g e d .  T h u s  w i t h o u t  l o s s  of 

g e n e r a l i t y  we  c a n  a s s u m e  t h a t  G h a s  no i s o l a t e d  v e r t i c e s .

A  b a l a n c e d  i n c o m p l e t e  b lo c k  d e s i g n  (BIBD) c o n s i s t s  of a  s e t  

of v  o b j e c t s  t o g e t h e r  w i t h  b  s u b s e t s  of t h e s e  o b j e c t s  s u c h  th a t :

(1) E a c h  s u b s e t  is  of o r d e r  k.

(2) E a c h  o b j e c t  i s  in r  s u b s e t s .

(3) E a c h  p a i r  of o b j e c t s  a p p e a r s  in  X ^ 0 s u b s e t s  t o g e t h e r .



T h e  s u b s e t s  a r e  c u s t o m a r i l y  c a l l e d  b l o c k s .  A b l o c k  d e s i g n  fo r  

w h ic h  X — r  is  c a l l e d  t r i v i a l .  A d e s i g n  f o r  w h i c h  r  =  k is  c a l l e d  

s y m m e t r i c  and  d e n o t e d  SBIB; if r  £ k ,  t h e  d e s i g n  is a s y m m e t r i c .

The g r a p h  of a  B IBD  is  a b b y  v  b i p a r t i t e  g r a p h  w h e r e  the  two s e t s  

of v e r t i c e s  c o r r e s p o n d  to the  s u b s e t s  and  o b j e c t s  of th e  BIBD ,  and  

two v e r t i c e s  a r e  a d j a c e n t  if and  on ly  if th e y  c o r r e s p o n d  to  an  o b j e c t  

and a  s u b s e t ,  and  th e  o b j e c t  is  c o n t a i n e d  in  the  s u b s e t .

G(3,  -2 )  h a s  b e e n  c o m p l e t e l y  d e s c r i b e d  by  S e i d e l  [ 8 ]  , and  

in  t h i s  t h e s i s  w e  b e g i n  th e  s y s t e m a t i c  s tudy  of G(4 , -2 )  and  G(5, -2 ) .

We show ,  w i th  tha  h e lp  of a t h e o r e m  of H o f fm an  and  R a y - C h a u d h u r i  

jX] , t h a t  if H is in  G(4 ,  -2 )  t h e n ,  w i th  f i n i t e l y  m a n y  e x c e p t i o n s ,  

one of the  fo l lo w in g  t h r e e  c o n d i t i o n s  h o ld s :

(1) H is  th e  l ine  g r a p h  of a s t r o n g l y  r e g u l a r  g r a p h .

(2) H is  the  l ine  g r a p h  of  a SBIB.

(3) H = L(K  ) w i t h  m  > n.'  ' '  m ,  n '  '

T h e  q u e s t i o n  of w h e t h e r  a  g r a p h  t h a t  s a t i s f i e s  c o n d i t i o n  (2) 

is  c h a r a c t e r i z e d  by  i t s  e i g e n v a l u e s  h a s  b e e n  s e t t l e d  [3] . In  t h i s  t h e s i s  

we s tu d y  the  c o r r e s p o n d i n g  q u e s t i o n  f o r  g r a p h s  t h a t  s a t i s f y  c o n d i t i o n  (1) 

o r  (3). We show  t h a t ,  w i t h  f i n i t e l y  m a n y  e x c e p t i o n s ,  a  g r a p h  t h a t  s a t i s f i e s

c o n d i io n  (1) is c h a r a c t e r i z e d  b y  i t s  e i g e n v a l u e s  u n l e s s  i t  is  a  s t r o n g l y

2
r e g u l a r  g r a p h  of v a l e n c e  t  w i t h  p^ -  p^ =  t.  F o r  a  g r a p h  t h a t  s a t i s f i e s

co n d i t io n  (3) , w e  a s k  if i t  c a n  b e  c h a r a c t e r i z e d  a s  a  r e g u l a r  c o n n e c t e d

g r a p h  w i t h  m n  v e r t i c e s  w h i c h  h a s  m-f-n-2,  m - 2 ,  n - 2 ,  and  -2  a s  i t s



d i s t i n c t  e i g e n v a l u e s ,  a  q u e s t i o n  f i r s t  r a i s e d  in  a  d i f f e r e n t  f o r m  by 

J . W . M o o n .  W e show t h a t  if H h a s  t h e s e  p r o p e r t i e s ,  t h e n  H = L(K m ,  n

if any  one  of th e  fo l lo w in g  c o n d i t i o n s  is  s a t i s f i e d :

(1) H c o n t a i n s  an  m - c l i q u e .

(2) n  = 2.

(3) m  = n -f 1.

(4) m  =  5 and  n =  3.

(5) m + n 'y  18, (m ,  n) (2 t^ 4 -  t ,  2t^ — t) , t J  1.

? 2On the  o t h e r  h and ,  f o r  e v e r y  (m ,  n) =  (2t t ,  2 t — t ) ,  L (K m  n )

is  n o t  c h a r a c t e r i z e d  by  i t s  d i s t i n c t  e i g e n v a l u e s  if t h e r e  e x i s t s  a

2
s y m m e t r i c  H a d a m a r d  m a t r i x  of o r d e r  4 t  w i th  c o n s t a n t  d i a g o n a l .

Now s u p p o s e  H is in  G(5 , -2 ) .  T h e n ,  a g a in  w i t h  on ly  f i n i t e ly  

m a n y  e x c e p t i o n s ,  H is the  l in e  g r a p h  of G w h e r e

(1) G is  a  r e g u l a r  g r a p h ,  o r

(2) G i s  the  g r a p h  of a  n o n - t r i v i a l  a s y m m e t r i c  b a l a n c e d  

i n c o m p l e t e  b l o c k  d e s i g n .

A g a in  w e  a s k  the  n a t u r a l  q u e s t i o n :  f o r  a  g iv e n  G in  s a t i s f y i n g  

c o n d i t i o n  (2), is  H = L(G) c h a r a c t e r i z e d  by  i t s  d i s t i n c t  e i g e n v a l u e s  

a m o n g  a l l  r e g u l a r  c o n n e c t e d  g r a p h s  w i t h  th e  s a m e  n u m b e r  of v e r t i c e s  

C o n d i t i o n s  a r e  g iv e n  u n d e r  w h i c h  H is  c h a r a c t e r i z e d ;  in p a r t i c u l a r  

i t  is  sh o w n  t h a t  the  ab o v e  q u e s t i o n  c a n  be  a n s w e r e d  a f f i r m a t i v e l y  if 

the  b l o c k  d e s i g n  is  a  S t e i n e r  T r i p l e  S y s t e m ,  i. e .  , k  =  3 and  X =1.
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S e c t i o n  2 . G(k ,  -2 )  and  th e  L ine  G r a p h  of a

B a l a n c e d  I n c o m p l e t e  B lo c k  D e s i g n .

In th i s  s e c t i o n  w e  s tu d y  th e  r e l a t i o n s h i p  b e t w e e n  B IB D s  and 

c e r t a i n  g r a p h s  in G ( k , - 2 ) ,  k  - 3 , 4 , 5 .  We sh o w  f i r s t  t h a t  if H is 

in  G(4 ,  -2)  o r  G(5 ,  - 2 ) ,  t h e n ,  w i th  a  f in i t e  n u m b e r  of e x c e p t i o n s ,

H is a  l ine  g r a p h .  W e n e x t  show  t h a t  if H = L(G) is in G(k ,  -2 ) ,  

t h e n  G is  e i t h e r  r e g u l a r  o r  b i p a r t i t e .  We th e n  show t h a t  if  G is  a 

b i p a r t i t e  g r a p h ,  then

(1) L(G) is  in G(3 , -2 )  if  and  on ly  if G is  the  g r a p h  of a  BIBD

w h ic h  is  s y m m e t r i c  and  

t r i v i a l .

(2) L(G) is  in G(4 , -2)  if and  on ly  if G is  th e  g r a p h  of a BIBD

w h ic h  is e i t h e r  s y m m e t r i c  

o r  t r i v i a l  b u t  n o t  b o th .

(3) L(G) is  in G(5 , -2)  if and  on ly  if G is  th e  g r a p h  of a BIBD

w h ic h  is  n e i t h e r  

s y m m e t r i c  n o r  t r i v i a l .

W e n e x t  i n v e s t i g a t e  the  g r a p h s  of G which a r e  r e g u l a r .  We 

f i r s t  s h o w  the  r e l a t i o n s h i p  b e t w e e n  the  e i g e n v a l u e s  of G an d  the  

e i g e n v a l u e s  of L(G) .  F i n a l l y  w e  show  t h a t  if G is r e g u l a r  and  L(G) 

is  in  G(4 ,  - 2 ) ,  t h e n  G is s t r o n g l y  r e g u l a r .



In o r d e r  to show  t h a t  t h e r e  a r e  only  a  f in i t e  n u m b e r  of g r a p h s  

in  G(4 , -2)  and G(5, -2)  t h a t  a r e  n o t  l ine  g r a p h s ,  w e  f i r s t  n e e d  the  

fo l lo w in g  t h e o r e m  by H o f fm a n  [ 2 j  : H is  r e g u l a r  and  c o n n e c t e d

if  and  on ly  if  t h e r e  e x i s t s  a p o l y n o m i a l  p(x) s u c h  t h a t  p(A(H)) — J  

w h e r e  J  is  the  m a t r i x  w i t h  e v e r y  e n t r y  1. T h e  d e g r e e  of p is one  l e s s  

t h a n  the  n u m b e r  of d i s t i n c t  e i g e n v a l u e s ,  and  p is  c a l l e d  the  p o l y n o m i a l  

of the  g r a p h .

A  p a t h  of l e n g t h  n f r o m  i^ to in  is  a  s e q u e n c e  of v e r t i c e s

i , ,  i _ , . . . . ,  i . s u c h  t h a t  i. , and  i.  a r e  a d j a c e n t  f o r  j — 0, 1,T 2 ’ n-1  j+1 j J

. . . . , n-1 .  I t  is  e a s y  to  p r o v e  by  i n d u c t io n  t h a t  is  th e  n u m b e r

of p a t h s  of l e n g t h  n f r o m  i to j .  T h u s  if p is  of d e g r e e  m ,  p(A) =r J

k  ii m p l i e s  t h a t  f o r  any  i and  j ,  A  jj i  0 f o r  s o m e  k  — m .  T h u s  t h e r e  

i s  a  p a t h  of l e n g th  l e s s  t h a n  m  4- 1 f r o m  i to  j f o r  any  two v e r t i c e s  

i an d  j .  H o f fm a n  and R a y - C h a u d h u r i  jjf] h a v e  p r o v e d  th e  fo l low ing  

t h e o r e m :  If H is  a  r e g u l a r  c o n n e c t e d  g r a p h  w h o s e  l e a s t  e i g e n v a l u e

i s  -2 ,  and  H i s  r e g u l a r  of v a l e n c e  d ^  16, th e n  t h e r e  e x i s t s  a  g r a p h  

G s u c h  t h a t  L(G) - H, o r  J - A ( H )  r r  Ht  w h e r e  H^ is  a  s q u a r e  m a t r i x  

of o r d e r  2 t  w i th  t  2x2 m a t r i c e s  dow n  the  d i a g o n a l .  T h e  2x2 m a t r i c e s  

ha v e  e v e r y  e n t r y  e q u a l  to  one ,  a n d  t h e s e  a r e  the  only  n o n - z e r o  e n t r i e s  

in Hj. . S in c e  A(H) and J  a r e  c o m m u t i n g ,  s y m m e t r i c  m a t r i c e s ,  they  

c a n  b e  s i m u l t a n e o u s l y  d i a g o n a l i z e d  by  a n  o r t h o g o n a l  m a t r i x  U. H^ is 

th e  d i r e c t  s u m  of t  c o p i e s  of J  w h e r e  J  is  s q u a r e  and of o r d e r  2. T h u s  

th e  e i g e n v a l u e s  of Ĥ_ a r e  2 and  0. H e n c e  w e  h a v e
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(2. 1) U(Ht )U = U ( J -A (H )  ) U 

= U J U T - U A (H )U T 

= J Q - A (H )0 w h e r e  J Q =

an d  A(H) =

T h u s  U(H^)U ' is  d i a g o n a l i z e d  w i th  th e  e i g e n v a l u e s  of Ĥ_ dow n  the  

d i a g o n a l .  S in c e  u  = (1, 1, . . . . , 1) is  a c o m m o n  e i g e n v a l u e  of J

and  A ,  and  J u  = 2 tu ,  and  H^u = 2u, z 2 t - 2 .  F o r  an y  o t h e r

e i g e n v a l u e ,  (2.1) t e l l s  u s  t h a t  2 = 0 - , i.  e .  , <£ = -2  ,

o r  0 = .

T h u s ,  s i n c e  Ĥ . h a s  a t  m o s t  3 e i g e n v a l u e s ,  w e  know  t h a t  if H  is  in  

G(k , -2 )  f o r  k  4= 3, and  t h e  v a l e n c e  of H is g r e a t e r  t h a n  s i x t e e n ,  

t h e n  H is a  l i n e  g r a p h .

T h e o r e m  2. 2 A l l  b u t  a  f i n i t e  n u m b e r  of g r a p h s  in G(4 ,  -2 )  and  

G ( 5 , - 2 )  a r e  l ine  g r a p h s .

P r o o f :  F r o m  the  r e m a r k s  a bove  bn the  p o l y n o m i a l  of a  g r a p h ,

if H is  in G (4 ,  -2 )  o r  G(5 ,  - 2 ) ,  any  tw o  v e r t i c e s  in  H c a n  b e  j o i n e d  

b y  a  p a t h  of l e n g th  l e s s  t h a n  f ive .
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t

1

If H is r e g u l a r  of v a l e n c e  d ,  a n d  i is  any  v e r t e x ,  t h e r e  a r e  

d v e r t i c e s  w h ic h  a r e  j o i n e d  to  i by  a  p a t h  of l e n g t h  o n e ,  i .  e. , th e  

v e r t i c e s  a d j a c e n t  to i, E a c h  of t h e s e  v e r t i c e s  is  a d j a c e n t  to a t  m o s t  

d-1  new  v e r t i c e s ,  and  so  t h e r e  a r e  a t  m o s t  d (d - l )  v e r t i c e s  c o n n e c t e d  

to i by  a p a t h  of l e n g th  tw o  b u t  n o t  by  a  p a th  of l e n g th  one .  S in c e  e a c h  

of t h e s e  new  v e r t i c e s  is  a d j a c e n t  to  a t  m o s t  d-1 s t i l l  u n c o u n te d  v e r t i c e s ,  

t h e r e  a r e  a t  m o s t  d (d - l )  v e r t i c e s  c o n n e c t e d  to i by  a  p a t h  of l e n g th

t h r e e  b u t  n o t  by  a p a t h  of l e n g t h  two o r  one .  T hus  if H is in G(4 , -2 ) ,

2and  H is r e g u l a r  of v a l e n c e  d ,  t h e n  H h a s  a t  m o s t  d (d - l )  v e r t i c e s .  

S i m i l a r l y ,  if H is in  G(5 , -2 ) ,  H  h a s  a t  m o s t  d(d--l) v e r t i c e s .  T h u s  

f o r  any  g iv e n  d ,  t h e r e  a r e  a t  m o s t  a  f i n i t e  n u m b e r  of g r a p h s  in G(4 , -2) 

and  G ( 5 , - 2 )  t h a t  a r e  r e g u l a r  of v a l e n c e  d. T h u s  t h e r e  a r e  only  a f in i t e  

n u m b e r  of g r a p h s  in G(4 ,  -2)  and  G (5 ,  -2 )  w i t h  v a l e n c e  l e s s  t h a n  s e v e n t e e n .

Now s u p p o s e  t h a t  H is  in  G(k , -2 )  and  L(G) = H. W h a t  c a n  we 

s a y  a b o u t  G?



P a g e  13.

If  e. is  a n  e d g e  in G, and  the  v a l e n c e s  of the  end  p o i n t s  of e., a r e  d^

and  d , t h e n  the  v a l e n c e  of the  v e r t e x  in H t h a t  c o r r e s p o n d s  to  e.  is 
2 1

d^-f- -2  s i n c e  f o r  e a c h  v e r t e x  a d j a c e n t  to the  v e r t e x  c o r r e s p o n d i n g

to  e^ in H, t h e r e  m u s t  b e  an  edge  in G t h a t  h a s  one end p o i n t  in  c o m m o n

w i th  e^ and t h e r e  a r e  d ^ +  d^ -2 s u c h  e d g e s .  H e n c e  H is  r e g u l a r  of

v a l e n c e  d ^  d^ -2 .  If ej h a s  an  end  p o i n t  in  c o m m o n  w i t h  e^, t h e n

the  v a l e n c e s  of th e  end  p o in t s  of e.  a r e  d and  d . B u t  th e n  by  the  s a m e
J 1 ^

r e a s o n i n g  a s  b e f o r e ,  t h e  v a l e n c e  of th e  v e r t e x  in  H c o r r e s p o n d i n g  to  e^

is  d^-hd^ -2 .  S in c e  H is r e g u l a r  d^- fd^  - 2 =  d^-hd^ - 2 ,  o r  d ^ =  d^.  Thus

we s e e  t h a t  if  a  v e r t e x  in  G is a d j a c e n t  to  a  v e r t e x  of v a l e n c e  d^ , t h e n

i t  i s  of v a l e n c e  d^ ,  and  v i c e - v e r s a .  I f  G w e r e  no t  c o n n e c t e d ,  th e n  L(G)

w o u ld  n o t  be c o n n e c t e d  and  th u s  n o t  in G(k ,  -2 ) .  T h u s  G is  c o n n e c t e d ,

and  so  if  we l a b e l  e a c h  v e r t e x  w i t h  i t s  v a l e n c e ,  e v e r y  v e r t e d  m u s t  b e

l a b e l l e d  d, o r  d . T h e r e  a r e  tw o  p o s s i b l e  c a s e s :
1 2

(1) d . =  d o in  w h i c h  c a s e  G i s  r e g u l a r ,  o r  
2

(2) d ^ £  d^ in  w h i c h  c a s e  w e  c a n  p a r t i t i o n  th e  v e r t i c e s  in to
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t h e  v e r t i c e s  of v a l e n c e  d and  the  v e r t i c e s  of v a l e n c e  d . If  tw o  v e r t i c e s
1 2

of  v a l e n c e  d^ w e r e  j o i n e d  b y  an  e d g e ,  th e n  the  c o r r e s p o n d i n g  v e r t e x

in H w o u ld  b e  of  v a l e n c e  2d  - 2 = d  Hhd - 2 ,  o r  d =  d . H e n c e  w e
1 1 2  1 2

s e e  t h a t  by  u s i n g  th i s  p a r t i t i o n  of th e  v e r t i c e s ,  G i s  a  b i p a r t i t e  g r a p h .

Now l e t  u s  look  a t  c a s e  (2) a  b i t  m o r e  c l o s e l y .  W i t h o u t  l o s s  

of g e n e r a l i t y ,  w e  c a n  a s s u m e  t h a t  d ^ < d ^ .  L e t  m  b e  the  n u m b e r  of 

v e r t i c e s  w i th  v a l e n c e  d^ and  n  b e  th e  n u m b e r  of v e r t i c e s  of v a l e n c e  d^.  

T h e n  w e  h a v e  the  fo l lo w in g  s i t u a t i o n :

m  v e r t i c e s  o f  va lence  d,

n v e r t i c e s  of  va lence

N o te  t h a t  n  and  d m .  S in c e  e a c h  e d g e  ha s  e x a c t l y  one  end  p o in t

in  th e  m  v e r t i c e s  and  one en d  p o i n t  in the  n  v e r t i c e s ,  w e  c a n  c o n c lu d e  

t h a t

d^m = [e | = d ^ n  w h e r e  E  is  th e  s e t  of e d g e s .

H e n c e f o r t h  |s| w i l l  b e  the  c a r d i n a l i t y  of the  s e t  S.



The  i n c i d e n c e  m a t r i x  of a BIBD is a 0-1 v  x  b m a t r i x  w h o s e  

r o w s  c o r r e s p o n d  to the  o b j e c t s  and  w h o s e  c o l u m n s  c o r r e s p o n d  to  the  

b lo c k s  s u c h  t h a t  the  ( i , j )  e n t r y  is  1 if and  only  if the  i th  o b j e c t  is  

in  the  j t h  b lo c k .  N o te  t h a t  a  B IB D  is  t r i v i a l  if and  only  if t h e  i n c i d e n c e  

m a t r i x  i s  J .

N o te  t h a t  if G i s  the  g r a p h  of a B IB D ,  th e n

A(G) =

0 B

TB O

w h e r e  B is the  i n c i d e n c e  m a t r i x  of th e  B IBD .  N ote  a l s o  t h a t  if the  

BIBD is a  S B IB ,  th e n  B is  s q u a r e .  If t h e  BIBD is t r i v i a l ,  t h e n  the  

g r a p h  of th e  B IB D  is

T h e o r e m  2. 3 I f  G is  the  g r a p h  of a B IB D ,  ahd  H = L(G),

t h e n  one  of th e  fo l lo w in g  h o ld s :

(1) G is th e  g r a p h  of a  t r i v i a l  and  s y m m e t r i c  B IB D  

and  H  is  in G(3 ,  -2) .

(2) G is  t h e  g r a p h  of a  B IB D  t h a t  is  e i t h e r  s y m m e t r i c  

o r  t r i v i a l  b u t  n o t  b o th ,  and  H is  in G(4 , -2 ) .

(3) G is th e  g r a p h  of an a s y m m e t r i c  and  n o n - t r i v i a l  

B IB D ,  and  H is in G(5 ,  -2 ) .

P r o o f :  C o n c l u s i o n  (1) h a s  b e e n  show n  in a  s o m e w h a t  d i f f e r e n t  f o r m

by S h r i k h a n d e  [l(  ̂ and  [2] . H o f fm a n  and R a y - C h a u d h u r i  [4]  h ave



sh o w n  t h a t  th e  l ine  g r a p h  of a  n o n - t r i v i a l  SBIB is  in  G(4 , -2 ) .

T h u s  w e  m a y  a s s u m e  t h a t  G i s  the  g r a p h  of a n  a s y m m e t r i c  BIBD. 

D ef ine  K a s  f o l l o w s :

B * V

o b j e c t s

b l o c k s

B * V 

B is a b lo c k ;  

v  is  an o b j e c t  in B
}

K
ij

r th1 if the  o b j e c t  o r  b l o c k  in th e  i r o w  i ^ o n e  of the  
e l e m e n t s  of th e  o r d e r e d  p a i r  in th e  j c o l u m n

0 o t h e r w i s e

N o t i c e  t h a t  K ^ K  = 21 + A(H)

TKK = r l B

-

T
B k l

w h e r e  B is  th e  i n c i d e n c e  m a t r i x  of th e  BIBD and 

T
B is th e  t r a n s p o s e  of B .

Now  if  z :  (x, y) f x  t h e  f i r s t  r  c o o r d i n a t e s

y the  l a s t  k  c o o r d i n a t e s



T h e n  K K ^ ( z )  = p  z r x  4 By = p

and
T

B x  4 ky  - p y

and

B ( y )  = ( p  - r )  x  

B T (x ) = ( p  - k )  y

C a s e  X: x  - 0

N ote  t h a t  y 0 s i n c e  z ^  0 

In  t h i s  c a s e  K K ^ ( z )  = p  z( :S2^  B(y) = ( p  - r )  x  = 0

and  0 = B ^ ( x )  = ( p  -k )  y

B(y) = 0 

and  p  - k

B y  F i s h e r ’s t h e o r e m  b v;  if  b -  v,  t h e n  k  - r  and  t h e  d e s i g n

is s y m m e t r i c  ( s e e  H a l l  fl] , p.  103).

T h u s ,  s i n c e  th e  d e s i g n  is  a s y m m e t r i c  b y  a s s u m p t i o n ,  b  }  v ,  i . e . ,

B h a s  m o r e  c o l u m n s  th a n  r o w s .  T h u s  t h e r e  i s  a  y #  0 s u c h  t h a t

TB(y) = 0. U s i n g  t h i s  y,  w e  s e e  t h a t  k  is  an e i g e n v a l u e  of KK

C a s e  II:  x  ^  0

N ote  t h a t  if K K ^ ( z )  = p  z,  t h e n

B B T (x) = B ( (  p  -k) y ) = ( p  -k) B (y)

= ( p  -k) ( p  - r )  x

f t  TNow l e t  u s  s u p p o s e  t h a t  ( p  -k) ( p  - r )  is  an  e i g e n v a l u e  of B B  ,

f o r  s o m e  p  f  k,  w i th  x  a s  an  e i g e n v e c t o r .  T h e n  if w e  d e f in e

T T
Y = B (x) t We h a v e  B (x) = ( p  -k) y by  d e f in i t i o n ,  and

p  - k 1



j r a g e  1 0 .

B ( y )  = B ( B r (x)

\ P  "k

- ■ B B T (x) = ( P -k )  ( P - r )  x  = ( P - r ) x
p  - k  1 p  ' k 1

p  is  an  e ig e n v a l u e  of  K K '  ̂ 3  P

P u t t i n g  C a s e  I  and  C a s e  II  t o g e t h e r  we h a v e  th e  fo l low ing :

T 2S )
o r  ( p  -k)  ( p  - r )  is  an  e i g e n v a l u e  

Tof BB

S in c e  B is  th e  i n c i d e n c e  m a t r i x  of the  BIBD,

B B ^  = X  J  + (r  - X  ) I  w h i c h  h a s  (r  - X ) a n d  r k  as

i t s  e i g e n v a l u e s .

F r o m  th e  e q u a t i o n  ( p -k )  ( p - r )  - r k ,  we  d e d u c e  t h a t  p  = r  4 k H i d

p  S  0 a r e  e i g e n v a l u e s  of KK 

S in c e  t h e  d i s c r i m i n a n t  of  ( p -k )  ( p  - r )  - ( r  -X ) = 0 is p o s i t i v e ,

t h e r e  e x i s t  p  j and  ? 2  > f 1 ^  P 2 s u c h  th a t

( P  i -k) ( p  i - r )  = ( r  - X  ).

T
T h u s  KK h a s  p i -  p  2 , k, r  4- k,  and  0 a s  e i g e n v a l u e s .  If

P  :  0 o r  p  -  r 4 k ,  th e n  ( r  -X  ) = ( p  - r )  ( p  -k )  =  r k

T TB u t  t h e n  BB h a s  only  one  e i g e n v a l u e ,  and  s i n c e  BB is  r e a l  and

T \s y m m e t r i c ,  it  m u s t  be  t h a t  BB =  r k l .  B u t  t h e n  0 ,

w h i c h  i s  a  c o n t r a d i c t i o n .

T h u s  0, r  t  k ,  f i  ■ P a r e  d i s t i n c t .



Now s u p p o s e  t h a t  k ,  0, r  + k ,  ^  , and  ^ 2  a r e  n o t  d i s t i n c t .  If

^  = k ,  t h e n  ( - r )  ( j>, -k) = ( r  - X ) =  0

and th e  B IB D  is t r i v i a l .  In t h i s  c a s e  - r  .

T h u s  w e  s e e  t h a t  if G is  the  g r a p h  of an  a s y m m e t r i c  B IBD ,

TKK h a s  f ive  d i s t i n c t  e i g e n v a l u e s  0 , k ,  r  +-k,  p  and  ^  ^

if  the  d e s i g n  i s  n o n - t r i v i a l ,  and

TKK h a s  f o u r  d i s t i n c t  e i g e n v a l u e s  0,  k ,  r  + k ,  and  r

if t h e  d e s i g n  is  t r i v i a l .

T  T
K K  h a s  t h e  s a m e  n o n - z e r o  e i g e n v a l u e s  a s  K K  . In the  d e f i n i t i o n  of

B * Y, | B  * V |  = kb  s i n c e  e a c h  of t h e  b b l o c k s  c o n t a i n s  k  o b j e c t s .

We n o te d  b e f o r e  t h a t  b > v,  so the  n u m b e r  of r o w s  of K - b + v<- 2b

4=. kb  - th e  n u m b e r  of c o l u m n s  of K. T h u s  K h a s  m o r e  c o l u m n s

t h a n  r o w s ,  and  so t h e r e  i s  a  z ^  0 s u c h  t h a t  K(z) - 0.

T T TB u t  t h e n  K K(z) = 0 , i. e .  0 is  an  e i g e n v a l u e  of K K .  T h u s  K K

T
and  KK h a v e  the  s a m e  e i g e n v a l u e s .

T
C l e a r l y  K  K and  A(H) h a v e  th e  s a m e  n u m b e r  of d i s t i n c t  e i g e n v a l u e s .  

Now we c a n  s a y  the  fo l low ing :

A(H) h a s  f ive  e i g e n v a l u e s  if th e  d e s i g n  is  a s y m m e t r i c  and 

n o n - t r i v i a l ,  and  

A(H) h a s  fo u r  e i g e n v a l u e s  o t h e r w i s e .



TS in c e  K K is p o s i t i v e  s e m i - d e f i n i t e ,  0 is  the  s m a l l e s t  e i g e n v a l u e .

T h u s  -2 i s  th e  s m a l l e s t  e i g e n v a l u e  of A(H).  T h i s  c o m p l e t e s  the  

p r o o f  of T h e o r e m  2. 3.

In  T h e o r e m  2. 3 w e  s a w  t h a t  if G is a n o n - r e g u l a r  g r a p h  

of a  B IB D ,  t h e n  L(G) is  in G(4 , -2 )  o r  G(5 , -2 ) .

We now show  th e  c o n v e r s e .

T h e o r e m  2. 4 If  H G(4 ,  -2 )  o r  G(5 , -2)

H = L(G)

G n o t  r e g u l a r  

t h e n  G is  th e  g r a p h  of an  a s y m m e t r i c  B IB D .  

L e m m a  2. 5 If  A  is  a r e a l  s y m m e t r i c  m a t r i x  of o r d e r  n

A u  = X u  w h e r e  u  - (1..................1)

^  a  s i m p l e  e i g e n v a l u e  and  the  only  o t h e r  

e i g e n v a l u e  of A  i s  M

t h e n  A = V / 4 J  *  /*  1
n

P r o o f : S in c e  A is s y m m e t r i c  and  u  is an  e i g e n v e c t o r  

A J  - X J  = J AJ A

T h u s  t h e r e  e x i s t s  a n  o r t h o g o n a l  m a t r i x  U s u c h  t h a t

UAU

0
o  s

If p is  any  p o l y n o m i a l ,  t h e n



P(A)

If  w e  d e f in e  p(x)

< = > p(  U T A oU) = (u t j ou )

< - >
T

U p ( A o) U  - U T J oU

< = » P(A q) “ J Q

A II V p( X  ) = n

and !J)
>

S
T 11 o

1 .x - u  )

X - u

th e n  5  (A) = J

n ( A- y t f )  = J

a  = v  £ - j  +- j* i
n

C o r .  2. 6 If  A is  a  r e a l  s y m m e t r i c  m a t r i x

A u  = *^^2 u * ^1^2 a s *m P^e e ig e n v a lu e

and the  only  o t h e r  e ig e n v a l u e  is  d ( n  -d^)

th e n

n -1

d 2 (d1 -1) J  f  d 2 ( n - d j  ) I

n - 1  n - 1

N ow  w e  c a n  p r o v e  T h e o r e m  2 . 4  :

S in c e  G is  n o t  r e g u l a r ,  i t  is  b i p a r t i t e  w i t h  m  v e r t i c e s  of 

v a l e n c e  d^ and  n v e r t i c e s  of v a l e n c e  d^ . L e t  1, 2 , . . . , m

be  th e  v e r t i c e s  of v a l e n c e  d^ and  V , ! 1.......... .. n ‘ t h e  v e r t i c e s

of v a l e n c e  d.2

M  * N = H i , } ' )  I i  and  j '  a r e  a d j a c e n t  j



W e now  d e f in e  M  * N
, -----------------------------

2'

1
2

m  -------------------------------------------------

a s  we  d id  in  T h e o r e m  2. 3.

By r e a s o n i n g  a s  w e  d id  in  T h e o r e m  2. 3,  w e  f ind  t h a t

K T K = 21 + A(H)

and K K T = d 2J B O B

w h e r e  A(G) =

b t V
T

B O

S in c e  m  ^ n ,  i. e .  , B h a s  m o r e  c o l u m n s  th a n  r o w s ,  we  c a n  conclude ,  

a s  in  T h e o r e m  2 . 3 ,  t h a t

T
p  is  an  e ig e n v a l u e  of KK

o r  ( p  - d j i  ( p  - d 2 ) is  an  e i g e n v a l u e

Tof BB .

T
If u  = (1, . . . . .  1) , BB u  = Bd^u = d^Bu - d 1d 2u

and  if ( p  -d j )  ( p  -d ^ )  = d . ^  ,

t h e n  p - d i + d 2 and  p  = 0
TT h e r e f o r e  d]̂  , d^ d , and  0 a r e  e i g e n v a l u e s  of KK .



T t h  tliBB = 0 i m p l i e s  t h a t  the  i n n e r  p r o d u c t  of th e  i and  j r o w

of B is z e r o .  B u t  t h e n  th e  i n n e r  p r o d u c t  of  the  i^^1 and  r o w  of A(G)

2is  z e r o  and ,  s i n c e  A(G) is  s y m m e t r i c ,  A .j = 0 . T h u s  in t h i s  c a s e

t h e r e  a r e  no  p a t h s  of l e n g t h  2 f r o m  i to j .

T
Now s u p p o s e  djd~, is  n ° t  a  s i m p l e  e i g e n v a l u e .  T h e n  s i n c e  BB is 

s y m m e t r i c ,  i t  i s  r e d u c i b l e  \6  , p.  1221 i . e . ,  of the  f o r m
-i" v' ii V. 11 v,h

* o

o *

w h e r e  t h e  n o n - z e r o  b l o c k s  a r e  s q u a r e .

* i iS in c e  G is  c o n n e c t e d ,  t h e r e  is  a  p a t h  f r o m  1 to  n.  B u t  t h i s  i m p l i e s

"  f  i l  111 H f ,  _  .11 H I

t h e r e  i s  a p a t h  of l e n g th  2 f r o m  i £  i l  * • c r  I to j £  | ( r + 1) • • t l  j

TQ

T
B u t  t h i s  i m p l i e s  t h a t  (BB )„ ,  t  0 , w h i c h  is  a  c o n t r a d i c t i o n .

T h u s  d jd  i s  a s i m p l e  e i g e n v a l u e .



. t ' age  Z4.

We now look  a t  two p o s s i b l e  c a s e s .

TC a s e  1: BB h a s  tw o  o r  m o r e  d i s t i n c t  e i g e n v a l u e s

o t h e r  t h a n  .

T
C a s e  2: BB h a s  one  o t h e r  e i g e n v a l u e ,  o t h e r  t h a n  d^d^

C a s e  1: T h e r e  e x i s t  and  s u c h  t h a t  d^d^, , and a r e

Td i s t i n c t  e i g e n v a l u e s  of BB .

S u p p o s e  and  a r e  th e  r o o t s  of ( f  ( f  - d 2» - P '

f i  r  ^  and  only  if ^  4 d ^ ) 2 - ^ ( d ^  - |A, ) = 0

<dx - d 2 )2 -4  r , = 0

2
"^d l “ d 2^

B u t  d^ t  d^ , s o  t h a t  But  |JL, is  an e ig e n v a l u e  of a

p o s i t i v e  s e m i - d e f i n i t e  m a t r i x ,  w h i c h  is  a c o n t r a d i c t i o n .

T h u s ,  p ( t  p*

S i m i l a r l y ,  if p 3 and  pl̂  a r e  th e  r o o t s  of ( p -d^) ( p - d 2^ ” f*"L

Ph •

A l s o  Pi = P3 i m p l i e s

J V  ( f .  A ’ < f .  -d2> = <.fl-dl ) < f , - d 2)
T h e r e f o r e  ( W ‘ , ^  , and  P x  a r e  d i s t i n c t .

A l s o ,  if = d^ 4- d ^  o r  pj - 0

t h e n  = ( p, - dj) ( p, “d^) = d id 2 wh*0 *1 i s a  c o n t r a d i c t i o n .

T h u s  G A ft ft d, t  d and 0 a r e  d i s t i n c t  e i g e n v a l u e s  of KK
p  P  I f s  > 1 2

T h u s  ^ i , p * ,  p*  d l + d 2 a r e  d i s t i n c t  e i g e n v a l u e s  of K ^K .



S in c e  th e  n u m b e r  of r o w s  of K  = m  + n  ^  2 m  £  ”

th e  n u m b e r  of e d g e s  in G = th e  n u m b e r  of c o l u m n s  of K, t h e r e

e x i s t s  a  z  ̂ 0 s u c h  t h a t  K(z) = 0. And th u s  K ^ K ( z )  = 0

T
and  0 i s  a n  e i g e n v a l u e  of K  K. T h u s  P '  ’ f *  ’ ^5 ’ pH * d l + d 2

Tand  0 a r e  s i x  d i s t i n c t  e i g e n v a l u e s  of K K, and  s i n c e  

TK K - 2 I + A(L(G))  , L(G) = H h a s  a t  l e a s t  s i x  d i s t i n c t  

e i g e n v a l u e s .  T h u s  c a s e  1 is  v a c u o u s .

T
C a s e  2 : BB h a s  d^d^ and  |UL a s  e i g e n v a l u e s .  In t h i s  c a s e

n d 2 = T t  B B T = d ]d 2 + ( n - l ) ^

o r  z d^ (n - d^)

n  - 1

TNow w e  c a n  a p p ly  C o r .  2 . 6  w h e r e  A = BB

T h u s  w e  g e t  B B T = d 2 (dj_ - 1) J  + d 2 ( n - dj) I

n - 1 n - 1

In a d d i t io n ,  J B  = d^J

T h u s  B is t h e  i n c i d e n c e  m a t r i x  of a  B IBD  w i th  p a r a m e t e r s  

( v  b r  k  > ) = ( n,  m ,  d 2 , d x , d £ ( d - 1) }

n -  1

and  G is  the  g r a p h  of t h a t  d e s i g n .

C o r .  2 . 7  If  H € G( 4 ,  -2)

H = L(G) ; G n o t  r e g u l a r

th e n  G = K m n



By T h e o r e m  2 . 4 ,  G is t h e  g r a p h  of a  b l o c k  d e s i g n .

By T h e o r e m  2. 3, G is th e  g r a p h  of a  t r i v i a l  o r  s y m m e t r i c  d e s i g n .

S in c e k = d n
d 2 = r ,

S in c e n0<

B

I w h e r e  B J, Krryi

C o r .  2. 8 If  H £  G( 4 ,  -2)

L(G) = H  ; G n o t  r e g u l a r  

T h e n  the  e i g e n v a l u e s  of H a r e  d^ 4 d^ - 2

d x -  2

d 2 - 2

and

m  + n

n - 2 

m  - 2 

-2

P r o o f :  In T h e o r e m  2 . 4  w e  s a w  t h a t

T
KK had  e i g e n v a l u e s  0, d^ + d^ , d^ , f .  . p .

w h e r e  ( p  -d j )  ( p - d 2 ) = p.

TS in c e  K K  h a s  the  s a m e  e i g e n v a l u e s ,  it  m u s t  b e  t h a t  

p, , p^ , d^ f d^ , d^ , and  0 a r e  n o t  d i s t i n c t .

We s a w  t h a t  Pi t  P i  > f*'  ̂ + ^2 P«£ 0

T h u s  p ,  = d^ o r  p* = d^

In  e i t h e r  c a s e ,  p  = 0 . T h u s  w e  c a n  s a y  p t =  d̂ ^

h =  *2
T

T h u s  K  K h a s  e i g e n v a l u e s  d^ + d 2> d^ , d , and  0

and



Jr’a g e  zy .

S in c e  0 = IX = d 9 ( n  “ d n)I_______J:_____ L » n = d
n -  1

and  s i n c e  m d j  = l E l = nĈ 2 ’

m  = d2

C o r .  2 . 9  If H £ G(5, -2)

L(G) = H ; G n o t  r e g u l a r

G t h e  g r a p h  of a  B IB D  w i th  p a r a m e t e r s  ( v  b r  k  X )

D = | r  - k  j  + r  - X

t h e n  th e  e i g e n v a l u e s  of H  a r e  r  { k  - 2 ,  Dl  + r  f  k  - 4 , k  - 2,

2
- D *  4- r  + k - 4 , and  - 2 .

2

P r o o f :  |1  = d ? ( n - d,)

n  - 1

( -d j )  ( f  "d 2 ) = d 2 (n . “ d x)

n  - 1

p - ( i !  + d2 ) P 4- djd2 - d 2(n -  dt) =  0

n - 1

Pv = d l  + d 2 « 1 /2 4 d2)2 -  4 d jd2 1 4d2 ( n - d 1) V

I

'  d l t d 2 J ( d  l ~ d 2 ) 2 4- d2 < n ~

r
2

I
+ k  ~ k ) 2 +  r ( v  - k)

S in c e  r  - X = r  - r (  k  - 1) = r (  v - k)
v  - 1 v - 1
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f><
r  + k  4 D X

i .

P i  = r  + k  - D 1
* 2  L LT I  i

T h u s  the  e i g e n v a l u e s  o f K  K a r e  r  + k ,  k ,  r  + k  + D , r  + k  - D
2 2

an d  0.

So f a r  w e  h a v e  b e e n  c o n s i d e r i n g  the  c a s e  w h e r e  L(G) = H and

G is  n o t  r e g u l a r .  Now l e t  u s  s u p p o s e  t h a t  G is r e g u l a r .  We f o r m  the

m a t r i x  K w h o s e  r o w s  c o r r e s p o n d  to  the  v e r t i c e s ,  and w h o s e  c o l u m n s

c o r r e s p o n d  to  th e  e d g e s .  K = 1 if the  v e r t e x  c o r r e s p o n d i n g  to
ij

ttr thth e  i r o w  is  an  en d  p o i n t  of the  e d g e  c o r r e s p o n d i n g  to  the  j c o l u m n .

K = 0 in a l l  o t h e r  c a s e s .  B y  the  r e a s o n i n g  in T h e o r e m  2 . 3  we
ij

f ind  th a t

T
K K = 2 I 4 A(L(G) )

T
KK - d I + -A-(G) w h e r e  d i s  th e  v a l e n c e  of e a c h

v e r t e x  of G.

Now s u p p o s e  *<0 > ^  ^  -2 a r e  th e  e i g e n v a l u e s  of H

th e n  and  0 a r e  e i g e n v a l u e s  of K ^ K

T h u s  p o s s i b l y  0 a r e  e i g e n v a l u e s  of KK '

and  so  ̂ 0 ^ 4  2-* A  a n d  p o s s i b l y  - d  a r e

e i g e n v a l u e s  of G 

B u t  ( -d )  is  an  e i g e n v a l u e  of G if an d  on ly  if G is  b i p a r t i t e  |2]

T h u s  t h e  fo l lo w in g  h a s  b e e n  p r o v e d :
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P r o p o s i t i o n  2. 10

If H is r e g u l a r  of v a l e n c e

and th e  e i g e n v a l u e s  of H a r e  , » , ~ v , ^3  , and  -2

L(G) = H G r e g u l a r

t h e n  G is r e g u l a r  of  v a l e n c e  d = • + 2
2

and  th e  e i g e n v a l u e s  of G a r e  d,  - d  +2, d + 2, d +2.

G a l s o  h a s  -d  a s  a n  e ig e n v a l u e  if and  on ly  if G i s  b i p a r t i t e .  

P r o p o s i t i o n  2. 11

If H = L(G)

G h a s  e i g e n v a l u e s  d,  P- ■ h ’ h  d > 2

t h e n  H h a s  e i g e n v a l u e s  2 d - 2 ,  p,+ d -2 ,  j$x+ d - 2 ,  |i^+ d - 2 ,  and  -2 .

P r o o f :  2d ,  ji ,  +d, j ^ d ,  ji3 vd  a r e  e i g e n v a l u e s  of K K ^

T h e  n u m b e r  of c o l u m n s  of K = the  n u m b e r  of e d g e s  of G = Yd ^ V
2

= the  n u m b e r  of r o w s  of K.

T
T h e r e f o r e  K K h a s  0 a s  an  e i g e n v a l u e  a s  w e l l  as

2 d, j i ( +d, p t +d, and  ^  r d .

T h e o r e m  2. 12 If  H = L(G)

H is in  G(4, -2 )

G r e g u l a r  and  no t  b i p a r t i t e  

t h e n  G is s t r o n g l y  r e g u l a r .

P r o o f :  F r o m  P r o p .  2 .10 ,  G has  t h r e e  d i s t i n c t  e i g e n v a l u e s .  T h u s

t h e r e  is  a  p o l y n o m i a l  p of d e g r e e  2 s u c h  t h a t  p(A) = J .



In o t h e r  w o r d s  

2A 4 aA  -f- b l  = c J  fo r  a p p r o p r i a t e  c o n s t a n t s  a , b , a n d  c 

T h u s  "p! - c - a

and  = c and  the  g r a p h  is  s t r o n g l y  r e g u l a r

(vid.  I n t r o d u c t i o n )

T h e o r e m  2. 13 If  H = L(G)

H is in G(4 , -2)  G r e g u l a r  and b i p a r t i t e  

t h e n  G is the  g r a p h  of an  SBIB 

P r o o f :  L e t

A(G) =

o B

TB O

S in c e  A is  b i p a r t i t e ,  if  is  a n  e i g e n v a l u e ,  t h e n  -*C is  an  e i g e n v a l u e .  

S in c e  H h a s  f o u r  e i g e n v a l u e s ,  the  e i g e n v a l u e s  of G m u s t  b e  of the  f o r m

t  d and  . T h u s  the  e i g e n v a l u e s  of BB a r e  d and  ot

2 TIf d is  n o t  s i m p l e ,  t h e n  BB is r e d u c i b l e  and ,  a s  in T h e o r e m  2 . 4 ,

T  ̂ 2G is  n o t  c o n n e c t e d .  T h u s  BB q, = d u, and  d is  a s i m p l e  e i g e n v a l u e .

T h u s  w e  c a n  ap p ly  l e m m a  2. 5 and ,  a s  in  T h e o r e m  2 . 4 ,  d e r i v e  t h a t

G is  t h e  g r a p h  of a  B IB D  w i t h  i n c i d e n c e  m a t r i x  B. B u t  s i n c e  G is

r e g u l a r  and  b i p a r t i t e ,  B is  s q u a r e  and  v  = th e  n u m b e r  of r o w s  =

th e  n u m b e r  of c o l u m n s  = b and  th u s  k  = r .
)

C o r o l l a r y  2. 14 If H = L(G) and  H is  in G(4 ,  -2)

t h e n  (1) G = K m  > n ,
m ,  n

or  (2) G is the  g r a p h  of a  SBIB ,



o r  (3) G is  s t r o n g l y  r e g u l a r .

P r o o f :  C o r .  2.  14 (1), (2), and  (3) a r e  p r o v e d  r e s p e c t i v e l y  in

C o r .  2 . 7 ,  T h e o r e m  2. 13, and  T h e o r e m  2. 12.

T h e o r e m  2. 15 If H = L(G) i s  in G(3 ,  -2)  and  G is  b i p a r t i t e ,

t h e n  G is the  g r a p h  of a  t r i v i a l  SBIB.

P r o o f :  T h i s  t h e o r e m  c a n  be  d e d u c e d  f r o m  a p r o o f  of S h r i k h a n d e  ^Loj

b u t  i t  is  e a s i e r  to  p r o v e  i t  d i r e c t l y  t h a n  i t  is  to  t r a n s l a t e  the  n o t a t i o n .  

S in ce  G is  b i p a r t i t e ,  the  e i g e n v a l u e s  a r e  d, - d ,  and  . B u t  

s i n c e  is  a l s o  an  e i g e n v a l u e ,  i t  m u s t  be t h a t  = 0. T h u s

2 . , A _ A, 2  T . 2  _ , A A , _ o , 2
kkA + dA = 2d J .  S in c e  A , v = d and  = 0,  d = 2d or

V V
V = 2d.  B u t  the  only  p o s s i b l e  b i p a r t i t e  g r a p h  w i th  V = 2d is

T h e o r e m  2. 16 If H = L(G) i s  in  G(3 ,  -2) and  G i s  n o t  b i p a r t i t e ,

th e n  G is  a c l i q u e .

P r o o f :  G has  tw o  e i g e n v a l u e s .  T h u s  G h as  a  p o l y n o m i a l  of d e g r e e  1,

so  A + b l  — c J .  T h u s  if  i i  j , a .-  = c f o r  a l l  j .  S in c e  A . . = 1
J iJ ij

f o r  s o m e  (i ,  j ) , A,.  = 1  f o r  a l l  i t  j ,  o r  A is  an  m - c l i q u e .

S u m m a r y
In  th i s  s e c t i o n  th e  fo l low ing  h a s  now b e e n  p r o v e n :

If  H = L(G),  th e n

(1) H is in  G (3, -2 )  if an d  only if  G i s  a n  m - c l i q u e  m  )  4 ,

o r  G = K m ,  m

(2) H is  in  G (4,  -2} if an d  on ly  if G is the  g r a p h  of a  SBIB,

o r  G is  s t r o n g l y  r e g u l a r  b u t  n o t  a c l i q u e ,

o r  G = Km ,  n



i^age s l

(3) H is  in  G(5 ,  -2)  i f  and on ly  if G is  t h e  g r a p h  of a  n o n - t r i v i a l  

and  a s y m m e t r i c  B IB D ,  

o r  G is  a  r e g u l a r  b i p a r t i t e  g r a p h  w i t h  f iv e  e i g e n v a l u e s ,

o r  G is r e g u l a r ,  n o t  b i p a r t i t e ,  and  ha s  fo u r  e i g e n v a l u e s .

S e c t i o n  3. S o m e  L a i m a s  ab o u t  L (K  )' m ,  n 7

W e h a v e  s e e n  t h a t  if H = L(G) is  in  G(4 ,  -2 )  and  G is n o t  

r e g u l a r ,  t h e n  H = ^ ) .  F u r t h e r ,  by C o r o l l a r y  2 . 8 ,  H h a s

e i g e n v a l u e s  m  +n - 2 ,  m  - 2 ,  n  - 2 ,  and  -2 .  We now a d d r e s s  o u r s e l v e s  

to  the  fo l lo w in g  q u e s t i o n :  is  t h e r e  a n o t h e r  g r a p h  w i t h  m n  v e r t i c e s

in G(4 ,  -2)  w i th  the  s a m e  e i g e n v a l u e s  a s  L ( K ^  )? We s h a l l  now 

d e r i v e  s o m e  l e m m a s  u s e f u l  f o r  a n s w e r i n g  th i s  q u e s t i o n .

F o r  an y  r e g u l a r  c o n n e c t e d  g r a p h  w i th  e i g e n v a l u e s

............................ f t ’ P<x) = *VI  J J -  X ~ P *  is  th e  p o l y n o m i a l

of m i n i m u m  d e g r e e  s u c h  t h a t  p(A) = J .  [2] T h u s  if  G = L(Km  J ,

P(x ) = 1 (x  "(m  "2) ) (x - ( n - 2 ) ) ( x  +2 )
m  +n

1 (x - (m  -2) ) ( x^ - ( n -4 ) x  -2 (  n  - 2 ) ]  
m  + n

If A  is  th e  a d j a c e n c y  m a t r i x  of a n o t h e r  g r a p h  w i t h  the  s a m e  

e i g e n v a l u e s  a s  L  ( K ^  , t h e n  p(A) = J  f o r  t h a t  m a t r i x  a l s o .
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S u p p o s e  A  is  s u c h  a  m a t r i x .  T h e n  l e t  u s  d e f in e  B so  t h a t  

(3. 1) ( m  -n )B  - A 2 - (n -4) A - 2( n -2)  I - 2J .

T h e n  1 (A - (m  -2)  I ) ( (m  -n) B +■ 2J) = J
m  +n

( m  -n)  AB - ( m  -n)  ( m  -2) B + 2 A J  - 2 ( m  -2 )  J  = ( m-*-n) J  

and s i n c e  A J  = (m  -t-n -2) J  and  m  f  n ,  we h a v e  

(3. 2) AB - (m  -2)  B = J

S in c e  A  and J  a r e  c o m m u t i n g ,  s y m m e t r i c  m a t r i c e s ,  t h e y  have  

a c o m m o n  s e t  of e i g e n v e c t o r s .  W e c a n  l e t  Uj = (1, 1 , ............ , 1 )

A(Uj) = (m  +n -2)  u^ = m n u
1

A'»2> = (m  -2) u
2 J ( u 2 ) = 0

A(u 3 ) = (n -2 )  u^ J ( u 3 ) = 0

A(u4 ) z ( -2 )  u 4 J  (u4 ) - 0

B u t  t h e n  f r o m  (3. 1),

2
(m  -n )  Bu^ = A u^ - ( n  -4)  Au^ - 2 (n  -2 )  I u^ - 2 J  u^ 

= ^ ( m + n  -2 )^  - (n -4)  (m  4-n -2 )  -2  ( n -2 )  * -2mn)  u^

= m  ( m  -n)  u^

T h u s  m  is  an  e ig e n v a l u e  of  B.

2
S i m i l a r l y ,  (pa -n )  B u  r ( (m  -2)  - (n  -4)  ( m  -2)  -2 ( n  -2)  ) u

>' 2 2

= m  ( m  -n)  u^

( m  -n)  Bu^  z ( ( n - Z ) 2 - (n -4) ( n  -2 )  -2 (  n  -2 )  ) u^

= 0

( m  -n)  B u  = ( 4  i  ( n  - 4 ) 2 -2  ( n  -2 )  ) u .
4 4

= 0
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S in c e  the  m u l t i p l i c i t y  of t h e  e ig e n v a l u e  of u  a s  a n  e i g e n v e c t o r  of B

is  the  s a m e  a s  th e  m u l t i p l i c i t y  of the  e ig e n v a l u e  of u  as  an

e i g e n v e c t o r  of A, the  only  e i g e n v a l u e s  of B a r e  m  and 0. T h u s

T sB is  p o s i t i v e  s e m i - d e f i n i t e  and  x  Bx '  0 f o r  a l l  x.

N ote  t h a t  (m  -n )  B = ( m  + n -2)  +  0 - 2( n -2) -2
kk

= m  - n and  h e n c e  1 f ° r  a l l  k.

F o r  any  i /  j ,  l e t  x '  be  the  fo l low ing  v e c t o r :

x» = -1
j

x '  = 0 f o r  a l l  o t h e r  c o o r d i n a t e s  k.
k

T h e n  0 < x ,T  B x 1 = . £ b . . x '  x ! = B + B  - B  - B . .
*»J k) i j i i  jj  ij J1

= 2 - 2I3-j s i n c e  B i s  s y m m e t r i c .

T h u s  B . .  < 1
k)

Now f o r  any  i t  j ,  l e t  x "  b e  th e  fo l low ing  v e c t o r :

x " .  = x "  = 1
1 j

x "  = 0  f o r  a l l  o t h e r  c o o r d i n a t e s  k.  
k

T h e n  0 ^ x , | T  Bx" = J 2  B . . x " x "  = B .. 4- B . . + B .. + B . .
i j j  ij i j 11 JJ kJ J1

= 2 + 2B .
kJ

T h u s  -1 < B . .
ij

F r o m  -1 6  B — 1, we  h a v e ,  u s i n g  (3.1)
ij

- ( m  -n)  <• - ( n  -4)  A . .  -2 (  n  -2 )  I . .  -2  ^  (m  -n)
ij ij ij “

T h u s  if A . .  = 1, A 2 .. - ( n  -4) -2 £  m  - n ,  o r
kJ ij

(3. 3) A 2 .. ^  m  -2 .
 ------   ij
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N ow  d e f in e  C s u c h  t h a t

(n - m )  C = - ( m  -4) A - 2 ( m  -2)  I  - 2 J .

By u s i n g  th e  s a m e  u^, u ^ ,  u ^ ,  and  u ^  a s  b e f o r e ,  w e  f ind  t h a t

(n - m )  C Uj :  n ( n  - m )  u^ ,

(n - m )  C u 2 = 0,

(n - m )  C u^ - n  ( n - m )  u^  , and

(n - m )  C u  = 0
4

T h u s  C is  a l s o  p o s i t i v e  s e m i - d e f i n i t e .

(n - m )  ~ (m  +n “2 ) - 2 (m  - 2 ) - 2  = (n - m )

T h u s  C = 1 f o r  a l l  k.ACiC

If x '  and  x "  a r e  a s  b e f o r e

0 ^  x 1 C x 1 = X j  C x ' .  x ' . = 2 - 2 C . .
I j  ij i J

— o r  C . .  < 1
ij

0 i x , , T Ck '  = , E  C . , x "  x "  - 2 + 2 C .
*0 IJ i  iJ

o r  -1 ^  C
ij

T h u s  -1 ^  C . .  H 1 
ij

-1 < - C  £  *1
ij

(n - m )  £ - (n —m )  C . <  - ( n  - m )  , o r
ij

( 3 . 4 )  (n - m )  £ ~ ^ i j  + ^  ^  + ^ ( m  ~2 ) + ^ — m  -n

If A . .  = 1 
ij

- A  y  + m  -4  +2 m  - n

(3. 5) n  -2  i  A 2 .. 
  ij
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P u t t i n g  (3. 3) and  (3. 5) t o g e t h e r ,  w e  h ave

(3. 6) n -2  -  A £  m  -2 if A = 1
1J ij

T h u s ,  if A „  = 1, (m  - n ) B _  = A 2 _ - ( n  -4 )  -2  i  (n -2 )  - (n -4)  - 2 - 0  

and  so ,  if A . = 1, t h e n  0 ^  B ^ . 1
iJ ij

S in c e  B ha s  e i g e n v a l u e s  0 and  m ,  the  m i n i m a l  p o l y n o m i a l  f o r  B is

t  ̂ - 2x  ( x  - m )  - x  - m x

T h u s  B 2 - m B  = 0

B 2 = m B

In  s u m m a t i o n ,  if the  e i g e n v a l u e s  of H a r e  th e  e i g e n v a l u e s  of ^ ( K m  ) 

and  B is  d e f in e d  a s  in  (3 .1 ) ,  t h e n  we know  th e  fo l low ing :

(1) AB - (m  -2)  B = J

(2) -1 ^  B ~  1 f o r  a l l  i and  j
ij

(3) B .= 1 f o r  a l l  kxCxC

(4) I f  A = 1 ,  t h e n  0 ^  B ..  £  1
ij

(5) B 2 = m B

(6) If  A = 1 ,  t h e n  n  -2  < A 2 -- m  -2
ij 1J

L e m m a  3. 7 If H i s  s u c h  t h a t

(1) |V  | = m n

(2) d = m - f  n  -  2

2 2(3) A = m  -2 o r  A .. = n  -2  f o r  a l l  ( i, j ) s u c h  t h a t  A - 1
ij 1J ij

(4) A 2 .. = 2 if A . = 0
ij ij

rr\ 2t h e n  t h e r e  e x i s t  n ( ^  ̂ p a i r s  of a d j a c e n t  v e r t i c e s  suc$» t h a t  A  ^  = m - 2

and  t h e r e  e x i s t  m (  ) p a i r s  of a d j a c e n t  v e r t i c e s  s u c h  t h a t  A2 -  n -2
* ij
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2
P r o o f :  L e t  (m  -n )  B = A - (n -4) A  -2(  n  -2 )  I -  2 J

u = (1, . . ------ ,1)

S in c e  A u  = (m  + n  -2) u  , b y  (2) ,

a nd  J u  :  m niL ,  by  (1) ,

2
(m  -n)  B u  = ( ( m  +n -2 )  - ( n -4 )  (m  + n  -2)  - 2 m n )  u

= m  ( m  -n) u

T h u s  Bu = m  u

2
S in c e  A = m  + n -  2 and  A ^  = 0,

Bk k = 1
2If A. .  = 0 and  i f  j ,  A •• = 2 i m p l i e s  t h a t  B . .  = 0

ij ij

B e c a u s e  of (3), if A . .  - 1 t h e n  B . .  = 0 o r  B . .  = 1
ij ij !J

T h u s  f o r  an y  i, t h e r e  e x i s t  m  j ' s  s u c h  th a t  B^. = 1

H e n ce  t h e r e  a r e  (m  -1) j ' s  t h a t  a r e  u n e q u a l  to  i s u c h  t h a t  B = 1
ij

2
T h e r e f o r e  t h e r e  a r e  ( m  -1) j ' s  s u c h  t h a t  A = 1  and A .. = m  -2

ij XJ
w h i l e  t h e  r e m a i n i n g  (n -1) j ' s  s u c h  t h a t  A.j  = 1 h a v e  the  p r o p e r t y  

2
t h a t  A .. = n -2 .

ij

S u m m i n g  o v e r  i, t h e r e  a r e  m n  ( m  -1) o r d e r e d  p a i r s  of a d j a c e n t

2
v e r t i c e s  s u c h  t h a t  A  = m  -2

ij
and  t h e r e  a r e  m n  ( n  -1) o r d e r e d  p a i r s  of a d j a c e n t  v e r t i c e s  s u c h  t h a t

A 2 OA  .. - n -2 .  
ij

T h u s  t h e r e  a r e  n m  ( m  -1) p a i r s  of a d j a c e n t  v e r t i c e s  s u c h  t h a t

2 2
A = m  -2

ij
a nd  m n ( n -1) p a i r s  of a d j a c e n t  v e r t i c e s  s u c h  t h a t

2 2
A = n -2

ij



P a g e  38

L e m m a  3. 8 T h e  h y p o t h e s i s  of 3. 7 i m p l i e s  t h a t  H = L (K m n ) .

P r o o f :  J . W . M o o n  [ 7) and  A. J .  H o f f m a n  [ 3J h a v e  p r o v e d

t h a t  the  c o n c l u s i o n  of 3. 7 i m p l i e s  t h a t  H = L(K ).m n

L e m m a  3 . 9  A s u f f i c i e n t  c o n d i t i o n  f o r  H to be  L(K ) is-------------------  v m n

(3 .10)  A =  0 = > B  £  0
  13 '  ij

T  B . .  = 4-1 ( J  - A ) . .  B
^  ij i  v ij ij

= ( ( J  -A)  B ) ..

( JB ) . .  - (AB). .
11 ii

= m  - ( J  + ( m  -2 )  B) „

= m  -1 +■ ( m  -2)  = 1 

S in c e  B . .  = 1 and  A = 0 ,
JJ jj

„  7 ,  B . .  = 0 and  th u s  b y  c o n d i t i o n  (3.10)

B = 0 if A  . = 0, i t  j
ij ij

T h u s  0 ^  B , .  — 1, w h i c h  i m p l i e s  th a t (B  ) — B.
XJ ij ^

w i t h  e q u a l i t y  if B _ = 0 o r  B. = 1

H e n c e  m  = m B ^  = B 2^  = I ,  B k .Bjk  = J  (Bk j )2 £  Bk j

= (B ^ |  U)k  = m  Uk  = m

T h u s  th e  i n e q u a l i t y  is  a c t u a l l y  e q u a l i t y  a n d  B is a 0-1 m a t r i x  

s u c h  t h a t  (1) B = 1
1C1C
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(2) B . .  = 0 if A . .  = 0 i i  j
i j  i j

(3) B . .  = 0 o r  B . .  = 1 if A . .  = 1
J 1J i j

B u t  f r o m  the  d e f in i t i o n  of B ,  t h i s  m e a n s

(1) d :  m  + n  - 2

(2) A 2 = 2 if A „  = 0 i i  j
i j  i j

(3) A 2 .. z m  -2  o r  A 2 .. = n -2  if A . .  = 1 
V ij iJ iJ

S in c e  B is  of  o r d e r  m n ,  we  c a n  ap p ly  (3. 8) a n d  i m p l y  t h a t  H = L|(Km n )

D ef .  If  G is  a  g r a p h  an d  W is a  s u b s e t  of th e  v e r t i c e s ,  th e  s u b g r a p h  

g e n e r a t e d  b y  W h a s  W a s  i t s  v e r t i c e s  w i th  two v e r t i c e s  a d j a c e n t  if  

and  only if t h e y  w e r e  a d j a c e n t  in G.

Def .  T h e  s u b g r a p h  G v  is  th e  s u b g r a p h  g e n e r a t e d  by  the  v e r t i c e s  

a d j a c e n t  to  v.

F o r  L (K m n ), t h e  v  s u b g r a p h  is  the  s a m e  f o r  e v e r y  v e r t e x ,  i. e .  , 

a  c o m p l e t e  g r a p h  on m  -1 v e r t i c e s  and  a  c o m p l e t e  g r a p h  on n -1 

v e r t i c e s .

We now sh o w  t h a t  t h i s  p r o p e r t y  c h a r a c t e r i z e s  L (K m n ).

L e m m a  3. 11 If G is a  g r a p h  s u c h  t h a t  f o r  e v e r y  v  , G^ is  a  

c o m p l e t e  g r a p h  on m  -1 v e r t i c e s  and  a c o m p l e t e  g r a p h  on  n -1

P r o o f :

n  -1 c l iq u e

m  -1 c l i q u e
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S u p p o s e  A y  = 1. T h e n  t h e r e  a r e  tw o  p o s s i b i l i t i e s :

(1) j is  in the  m  -1 c l i q u e ,  o r

(2) j is  in the  n -1 c l i q u e .

In C a s e  (1), z and  (m  - n ) B y  = ( m  -2) - (n -4 )  -2

= m  - n

2
In  C a s e  (2), A = n -2  and  ( m  -n)  B . .  = (n -2)  - (n -4 )  -2

ij iJ
= 0

T h u s  w e  h a v e  t h a t  B . .  = 0 o r  1 if A,.  :  1.
ij

T h u s  /  ( B . . ) 2 = E , B  = H  B . . A

{ j u i j . . } ij j 1J ij
= (AB) = (J  + ( m  -2)  B ) ..  = m  -1

i i  11

and  Y "  ( B . . ) 2 = V  B . . B . .  = B 2 .. = m B . .  = m
C . ij 4-j xj J1 11 11

J jT h u s  7 7

m  = ( B i /  = E  ( B i i } '  ^ ( B i i } + B -  
J i  i 1J A = 0  1J J J

Ai i = l A*3.°

.2m 1 + £  (B y )  t  1

Aij*°
1+3

T h e r e f o r e  (B .. )  - 0

9 ir f j

T h e r e f o r e  A..  = 0 and  i t  j i m p l i e s  t h a t  B . .  = 0
*J ij

T h u s  by  .Leirutia. 3 . 10 , H = I"«(K ).
XXX j  IX
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S o m e  I m p o s s i b l e  S u b g r a p h s  of G r a p h s  in  G(k , -2)

S u p p o s e  K is  a p r i n c i p a l  s u b m a t r i x  of A, K(x) = - 2 x

T h e n  A(z) = - Z z  w h e r e  z is  t h e  v e c t o r  w h i c h  is  i d e n t i c a l  w i t h  x 

in the  c o o r d i n a t e s  f o r  w h i c h  x  i s  d e f in e d  

and  0 in  the  o t h e r  c o o r d i n a t e s .

P r o o f : < A z , z

T z z

> -2  A

B ut 4 z , Az  ^ =
/ .  A . . z . z .
I j  1J 1 J

T z z F  2z .
1 i

<1 x ,  K x  >

E
i

T h u s Az - - 2z

S in ce Au z du ,  u* z = 0 w h e r e

and  /  , z .1 i
= 0

b u t th e n  /  . x.*—* l -- 0

Az - -2  z

f A. ,x .x
ij 1 j

I x

-2 11x11

11x11

(1, , 1)

F u r t h e r  if j is  s o m e  v e r t e x  t h a t  i s  n o t  a  r o w  of K

th e n (Az) .

T  A., z.j k  k

X > i j k Xk

0

0

0



Jr'age

I

F i g u r e  1 is  a p o s s i b l e  s u b g r a p h .

T h e  n u m b e r  n e x t  to  a  v e r t e x  i

is  th e  v a l u e  of x  , s o  t h a t  in 
1

t h i s  c a s e  the  e i g e n v e c t o r  z

h a s  only f o u r  n o n - z e r o

c o o r d i n a t e s .
F i g u r e  1

T h e  fo l low ing  a r e  i m p o s s i b l e  s u b g r a p h s :

(3. 12 )

1

(3. 13 )

(3. 14 ) j

Ajk * k  * 0

N o t i c e  t h a t  w e  a r e  u s i n g  the  t e r m  s u b g r a p h  h e r e  to  m e a n  the  

s u b g r a p h  g e n e r a t e d  by  s o m e  s e t  of v e r t i c e s .

Now,  h av in g  p r o v e n  th e  l e m m a s  t h a t  a r e  n e e d e d  f o r  

a n s w e r i n g  the  q u e s t i o n  r a i s e d  a t  th e  b e g in n in g  of  t h i s  s e c t i o n ,  we  

p r o c e e d  to  the  t h e o r e m s .

s i n c e  in  e a c h  case^T
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S e c t i o n  4 .  S o m e  T h e o r e m s  a b o u t  L  (K )
m ,  n

T h e  e i g e n v a l u e s  of L (K  ) a r e  m  f n  -2 ,  m  - 2 ,  n - 2 ,  an d  -2 .m ,  n

At the  b e g i n n i n g  of th e  l a s t  s e c t i o n ,  w e  r a i s e d  th e  fo l low ing  q u e s t i o n :

is  t h e r e  a n o t h e r  g r a p h  G s u c h  t h a t  H = L(G) ,  and  H h a s  th e  s a m e

e i g e n v a l u e s  a s  L  (K ) and  H h a s  m n  v e r t i c e s ?  O b v io u s ly  G 
6 m ,  n '  7

c a n n o t  b e  K ,n , w i th  ( m ' , n ' )   ̂ ( m , n ) ,  and  H o f fm a n  and R a y -

C h a u d h u r i  [4] h ave  p r o v e d  t h a t  if G i s  a SB IB ,  then  G is

c h a r a c t e r i z e d  by  i t s  e i g e n v a l u e s  u n l e s s  v = 4 ,  k - 3,  and X = 2.

B u t  in t h i s  c a s e  the  e i g e n v a l u e s  of L(G) a r e  6 , 2 , 0 ,  and  -2 ,  and  t h e s e

a r e  n o t  the  e i g e n v a l u e s  of L  (K ) f o r  any  m  o r  n .  W e saw  b e f o r e
m ,  n

t h a t  if d > 16, and  H is  in G(4 ,  - 2 ) ,  t h e n  H = L(G) fo r  s o m e  G. T h u s

if m  +n -2 16, any  g r a p h  w i t h  th e  s a m e  e i g e n v a l u e s  a s  L (Km  n )

m u s t  b e  th e  l ine  g r a p h  of a  s t r o n g l y  r e g u l a r  g r a p h .

In  t h i s  s e c t i o n  w e  p r o v e  f i r s t  t h a t  if any  of t h e  fo l low ing

c o n d i t i o n s  a r e  s a t i s f i e d ,  t h e n  H = L  (K )’ m , n

(1) H c o n t a i n s  an  m - c l i q u e

(2) n  = 2

(3) m  = n +1

(4) m  = 5 and  n  = 3

(5) m  -fn 18, (m ,  n) /  ( 2t^ -ft, 2t^ - t )  t  > 1

We n e x t  show  t h a t  a  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  f o r  L  (K )m  9 n
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n o t  to  b e  c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  is t h a t  t h e r e  e x i s t  a 

s y m m e t r i c  H a d a m a r d  m a t r i x  w i t h  c o n s t a n t  d i a g o n a l  of o r d e r  m + n .

T h r o u g h o u t  t h i s  s e c t i o n  we a s s u m e  t h a t  H i s  a  g r a p h  w i t h  e i g e n v a l u e s  

m  { n  -  Z, m - 2 ,  n - 2 ,  and  -2 .

T h e o r e m  4.  1 I f  m  — n + 1

th e n  H = L (K  ) ' m ,  n '

P r o o f :  E q u a t i o n  (3 .1) now b e c o m e s

B = A 2 - (n -4)  A -2  (n -2 '(n -4)  A -2  (n -2)  I - 2 J

T h u s  th e  e n t r i e s  of B a r e  a l l  i n t e g e r s  , i.  e .  , B ^  - 0 o r  1 o r  -1

X B  = (Bu).  = m
i ij  1

m B
ii

m

S in c e
x 2B ■v. (B ) f o r  a l l  i, j

ij ij

m
2

m

Thus 2
B . .

ij
(B ) i. e .  , B , . is  0 o r  1

B u t  t h e n  c o n d i t i o n  (3 .10) is  s a t i s f i e d  a n d  H -  L (K m ,  n

T h e o r e m  4 . 2  If  H  c o n t a i n s  an  m - c l i q u e

th e n  H = L(K m ,  n



P r o o f :  L e t  1, 2,  3 , ............   m  b e  the  v e r t i c e s  in  the  m - c l i q u e .

D e f in e  V. =l

i = 1................ m

j j v j  = (m  +n -2) - (m  -1) = n  -1 

T h e  fo l low ing  a r e  t r u e  f o r  a l l  and  V. i /  j

( 4 . 2 . D  v .  n  y j =

P r o o f :  If  v  is  in V. f) V
1 j

th e n  i a n d  j a r e  m u t u a l l y  a d j a c e n t  to  th e  m  -2  o t h e r  

v e r t i c e s  in  th e  c l i q u e  a s  w e l l  a s  to v .  T h u s  A = 1
ij

2
an d  A  ., )  m  -1 , c o n t r a d i c t i n g  (3, 6).

(4. 2. 2) If  v is  in j is  in  | l ...............m ^  j t  i

t h e n  A vj  = 0

P r o o f :  v  £  ZZ} v  $ [ l  m j

t h u s  Ayj = 1 v £ V .

b u t  t h e n  v  G V f )  V. , c o n t r a d i c t i n g  ( 4 . 2 . 1 ) .
J i

(4 . 2 . 3 ) V is a n  (n -1) c l i q u e  

x  €  y .  = )  - 1
l

T h e n  b y  (3. 6) -A-xl — n -2

T h u s  x  and  i a r e  m u t u a l l y  a d j a c e n t  to  n  -2  o t h e r  

v e r t i c e s .  B u t  i i s  n o t  a d j a c e n t  to any  of th e  v e r t i c e s

a v e c t o r  | v  a d j a c e n t  to i £  0 - m



N o te  t h a t  (4.  \ 

f o r  i  = 1, . .

( 4 .2

(4 .2

Now s u p p o s e  

th e n  

x  is

in the  m - c l i q u e  by  ( 4 . 2 . 2 ) ,  and  th e  on ly  o t h e r

v e r t i c e s  t h a t  a r e  a d j a c e n t  to i a r e  in  V\.  T h e r e

a r e  n -2  v e r t i c e s  in V. t h a t  a r e  no t  x .  T h u s  fo r
i

x  and  i to  be  m u t u a l l y  a d j a c e n t  to n -2  v e r t i c e s ,  

i t  m u s t  b e  t h a t  x  i s  a d j a c e n t  to a l l  t h e  o t h e r  v e r t i c e s  

of Y^. S in c e  x  w a s  a r b i t r a r y ,  m u s t  be  c o m p l e t e ,  

i. e .  , an  n-1  c l i q u e .

3) i m p l i e s  t h a t  H. is  an  m  -1 c l i q u e  an d  an n-1  c l iq u e  

. . , m .

. 4) E v e r y  v e r t e x  t h a t  is  no t  in the  m - c l i q u e  i s  in s o m e  V-

P r o o f :  V,,  V-,, . . . . ,  V and  i l ..................m> a r el c m  <• J

m u t u a l l y  d i s j o i n t .  T h e r e f o r e  

!V1 U Y 2 ' “  ^ Vm U .............
- m  ( n  -1) - m  - m n

. 5) If x  i s  in y,  z is  in V_

th e n  x  i s  no t  a d j a c e n t  to b o th  y and  z 

P r o o f :  If  so ,  w e  h a v e

1
w h i c h  is  i m p o s s i b l e  s u b g r a p h  (3 .12)

x  j l ................... m j

x  is  in V. f o r  s o m e  i, b y  ( 4 . 2 . 4 )  

a d j a c e n t  to  i and  th e  n - 2  o t h e r  v e r t i c e s  of V,
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T h u s  x  is  a d j a c e n t  to  (m  +n-2)  - (n  -1) = m  -1 o t h e r  v e r t i c e s .

L e t  y a n d  z be  any  tw o  of t h e s e  v e r t i c e s .  By (4. 2.  2),  (4. 2. 4)

and  (4. 2. 5), y is  in V. and  z is  in  V , w i th  i ,  j ,  and  k
J k

d i s t i n c t .  If  y an d  z a r e  not a d j a c e n t ,  w e  have
i  i

w h i c h  i s  i m p o s s i b l e  s u b g r a p h  (3.14 )

T h u s  y  and z m u s t  b e  a d j a c e n t .  S in c e  y and  z w e r e  a r b i t r a r y ,  

v e r t i c e s  a d j a c e n t  to  x  and  not in  "V\ , the  m  -1 v e r t i c e s  

a d j a c e n t  to  x  a n d  no t  in  V. f o r m  an  m  -1 c l i q u e .  None  of 

th e  v e r t i c e s  in th e  m - 1  c l i q u e  is  a d j a c e n t  to  a  v e r t e x  in V\ 

b y  ( 4 . 2 . 5 ) .  T h u s  H i s  a n  n  -1 c l i q u e  an d  an m  -1 c l i q u e .

T h u s  f o r  any  x  (J: 

a n  n  -1 c l i q u e .  As  n o t e d  b e f o r e ,  t h e  s a m e  is  t r u e  f o r  the

v e r t i c e s  in  £ l .................. m j  . T h u s  by l e m m a  3 .11 ,  H = L f K ^ ) .

Now If H is  a  g r a p h ,  the  c o m p l e m e n t a r y  g r a p h  H is a  g r a p h

w h o s e  v e r t i c e s  c o r r e s p o n d  to  the  v e r t i c e s  of H, and  f o r  w h ic h  

two v e r t i c e s  a r e  a d j a c e n t  i f  and  on ly  if  the  c o r r e s p o n d i n g  

v e r t i c e s  in H a r e  n o t  a d j a c e n t .  C l e a r l y

A(H) = J -A  (H) - I

T h e o r e m  4 .  3 I f  n  = 2

t h e n  H  = L (K  )'  m ,  n 7

j l ...............m ] ,  Hx  i s  a n  m  -1 c l i q u e  and
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P r o o f :  T h e  e i g e n v a l u e s  of H a r e  m ,  m - 2 ,  0 and  -2 .

As in the  p r e v i o u s  s e c t i o n ,  A(H) a n d  J  a r e  c o m m u t i n g  

s y m m e t r i c  m a t r i c e s .  T h u s  t h e r e  e x i s t  u^ = ( 1 . .............1 ), u ^ ,  u^

s u c h  t h a t

A(H)u^ = ( m + n  - 2 )  u ( J ( u x) = mnU(

A ( H ) u 2 = (m - 2 ) U l j <u 2 ) = 0

A ( H ) u 3 = In - 2 ) c l 3 J ( u 3) = 0

A ( H ) u 4  = ( - 2 ) U h J (u 4 ) = 0

A (H )u ][ = J u 1 -A (H )u - I  (u 1)

= (2 m  - m  -l)u^

= (m  -1)

A(H)u  = ( 0 - ( m  -2)  -1) u
2 ^

= - ( m  -1) u 2

A(H)u^ = (-  l)u

A(H)u4 = u 4

3

T h u s ,  s i n c e  t h e  v a l e n c e  of H is  th e  l a r g e s t  e i g e n v a l u e ,  

we  s e e  t h a t  d = m  -1 and  t h a t  - d  i s  an e i g e n v a l u e .

B u t  t h e n  H i s  b i p a r t i t e .  [2]

L e t  S and  T b e  t h e  p a r t i t i o n  of the  v e r t i c e s .  S in c e  | s j  +■ | t | =

e i t h e r  S o r  T  c o n t a i n s  m  v e r t i c e s  ( in f a c t  s i n c e  H i s  r e g u l a r ,

|s| = | T| = m).

2 m ,
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AJ
T h u s  w e  h a v e  m  v e r t i c e s  in  H s u c h  t h a t  no  two of t h e m  a r e  a d j a c e n t .  

B u t  th e n  the  c o r r e s p o n d i n g  m  v e r t i c e s  in H f o r m  a n  m - c l i q u e .

T h u s ,  by  T h e o r e m  4 . 2 ,  H = L(K m > n ).

Now l e t  u s  c o n s i d e r  the  c a s e  w h e r e  m  — 5 and n  = 3. In t h i s  c a s e ,

th e  e i g e n v a l u e s  of  H a r e  m  +n -2 = 6 ,  m - 2  = 3, n  -2  = 1, -2 .

As we s a w  a t  the  b e g in n in g  of S e c t i o n  3, if

p(x) = 1 (x -3)  (x -1) (x +2) = _1__ (x3 - 2 x 2 - 5 x  + 6 )
8 8

p (A (H) ) = J

T h u s  A 3 - 2 A 2 - 5 A  +61 = 8 J  w h e r e  A = A(H)

H is r e g u l a r  s i n c e  Au = 6u w h e r e  u  = (1................. 1)

A^- = d = 6 f o r  a l l  k
kk

T h u s  A 3kk  -2*6 - 5*0 +6 = 8 f o r  a l l  k  

3
o r  A , , = 1 4  f o r  a l l  kkk

T h u s  we s e e  t h a t  t h e r e  a r e  14 p a t h s  of l e n g th  3 f r o m  k to  k.

F o r  e a c h  p a t h  of l e n g th  3, k  m u s t  b e  a  v e r t e x  of a  t r i a n g l e .  On t h e  

o t h e r  h an d ,  e a c h  t r i a n g l e  of w h i c h  k is  a v e r t e x  p r o v i d e s  tw o  s u c h  

p a t h s .  T h u s  fo r  o u r  c a s e ,  k  i s  a v e r t e x  of 7 t r i a n g l e s .  In  o t h e r  w o r d s ,  

Hĵ . ha s  s e v e n  e d g e s .  T h e  n u m b e r  of v e r t i c e s  of Hk  is t h e  v a l e n c e
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o f  k which i s  6.  Now we wish to  look at the  p o s s i b l e  H^, and to  

do so we s h a l l  use  th e  f o l l o w i n g  p r o p o s i t i o n :

P r o p o s i t i o n  4 . 4

I f  G i s  a re g u la r  graph o f  v a le n c e  D w ith  V v e r t i c e s ;

the  s m a l l e s t  e i g e n v a lu e  o f  G i s  -2;  k an a r b i t r a r y  ver te x ;

x,  y ,  and z d i s t i n c t  v e r t i c e s  in  G ; V(G ) = v e r t i c e s  o f  G ;
K K K

d(x)  = degree  o f  x in  G ; d(y)  and d (z )  s i m i l a r l y  d e f in ed:

no two v e r t i c e s  o f  x,  y,  z adjacent

then  d(x)  + d(y) + d(y)  ^  4D -  (V + 2)

Proof:

Def ine  % — £w a v e r t e x  : w adjacent  to  x; w /  k; w not adjacent  to  k

Y = a v e r t e x  : w adjacent  t o  y; w /  k; w not  adjacent  to  k

Z  = £w a v e r t e x  : w adjacent  to  z; w /  k; w not  adjacent  to  k

Then |X |  + d(x) + 1 = D

|Y|+  d (y)  + 1 = D

|Z| + d (z )  + 1 = D

X, Y, and Z are p a ir w i s e  d i s j o i n t .  For i f  n o t ,  say i f  w i s  in  XfiY,  

we have

UJ

I f  w and z are a d ja c e n t ,  we have im p o s s ib le  subgraph ( 3 . 1 3 ) .

I f  w and z are not a d ja cen t ,  we have im p o s s ib le  subgraph (3 .1 4 )

A lso  X, Y, and Z are d i s j o i n t  from ^kj VJ V(G ) by d e f i n i t i o n .  

Thus

fX| + IY| + | Z| +1 + D & IVI 

3D -  ^ i (x )  + d(y )  + d (z )  + I ^ + 1  + D ' 6  V o r  

d(x) + d(y)  + d (z )  1  4D -  (V + 2)



In our c a s e ,

d(x) + d(y)  + d (z )  ^  4*6 - ( 1 5  + 2) = 7

Now l e t  us return  t o  th e  p o s s i b l e  G . As we s a id  b e fo re ,  G hasK K
s i x  v e r t i c e s  and seven  e d g es .  From ( 3 .6 )  we s e e  th a t  i f  A = 1,

1 £  A2 . . ^  3.
i j  2

Thus i f  x i s  a v e r t e x  in  G , A = 1 and so 1^  A i . 3 .JK KX iCX
In o t h e r  words,

1 £ d ( x ) i  3 f o r  a l l  x in  G . In p a r t i c u l a r ,  th e r e  are noK
i s o l a t e d  v e r t i c e s  in  G We now c l a s s i f y  the  G ' s  by th e  l a r g e s txC • K
polygon  t h a t  each c o n t a i n s .

Case 1 .  Largest  polygon a hexagon.

There are o n ly  two p o s s i b i l i t i e s  f o r  the  l a s t  edge:



In  s u b c a s e  la ,  x  y and  z s a t i s f y  th e  h y p o t h e s i s  of P r o p o s i t i o n  4 .  5 

b u t  d ( x ) +  d(y) + d(z) = 6

In  s u b c a s e  lb ,  the  s u b g r a p h  g e n e r a t e d  by  ^1 2 3 4 5^ is  

i m p o s s i b l e  s u b g r a p h  (3.14 )

T h u s  C a s e  1 is  v a c u o u s .

C a s e  2 . L a r g e s t  p o ly g o n  a  p e n t a g o n .

d(x) ^  1 i m p l i e s  t h a t  s i x  l i n e s  m u s t  lo o k  a s  fo l l o w s

If th e  l a s t  l ine  is  a d j a c e n t  to  1, t h e r e  a r e  two p o s s i b i l i t i e s :

2 a 2b

If  th e  l a s t  l ine  is  no t  a d j a c e n t  to 1, i t  is  n o t  a d j a c e n t  to  2 

s i n c e  d(2) = 3 . T h u s  the  p o s s i b i l i t i e s  a r e :
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2c

S

2d

In 2a ,  {l 6 5 4 3 2} f o r m s  a  h e x a g o n  and  w e  a r e  in  c a s e  1.

In  2b ,  jl 2 3 4 5} g e n e r a t e s  i m p o s s i b l e  s u b g r a p h  (3. 14 ).

In  2 c ,  if x  = 6 , y = 4 ,  z = 1,

d(x) 4 d(y) 4 d(z) = 6 , c o n t r a d i c t i n g  ( 4 .4 ) .

In 2d ,  {1 2 3 5 6} g e n e r a t e s  i m p o s s i b l e  s u b g r a p h  (3 .14 ).

T h u s  C a s e  2 i s  v a c u o u s .

C a s e  3 . L a r g e s t  p o ly g o n  is a q u a d r i l a t e r a l .

S u b c a s e  3a .  T h e  q u a d r i l a t e r a l  h a s  tw o  d i a g o n a l s .  T he  l a s t  

ed g e  m u s t  j o in  the  l a s t  two v e r t i c e s  s i n c e  no  v e r t e x  i s  i s o l a t e d .

T

X X b

In t h i s  c a s e ,  k  a n d  the  f o u r  v e r t i c e s  of the  q u a d r i l a t e r a l  

f o r m  a  f i v e - c l i q u e  an d  b y  T h e o r e m  4 .  2,  H  - L ( K 3 5 ).

S u b c a s e  3b.  T h e  q u a d r i l a t e r a l  h a s  one  d i a g o n a l .  

(See  d i a g r a m  on n e x t  p a g e )
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© 1

If  = 1 t h e n  t h e  l a s t  e d g e  m u s t  j o i n  an  end  p o in t  of th e  e d g e

b e t w e e n  1 and  2 to  the  q u a d r i l a t e r a l ,  and  i t  m u s t  j o in  i t  a t  a  v e r t e x  

of v a l e n c e  2. T h u s  w e  g e t

3b.

5

If  A = 0, one  of the  two r e m a i n i n g  e d g e s  is  a d j a c e n t  to  1 and
Xl i

one  to 2.  In a d d i t i o n ,  one i s  a d j a c e n t  to  4 and  one  to 6. T h u s  we 

h a v e

3b . .l i

s

In  3b^ , l e t  x  = 4 ,  y  = 6, z = 1. T h e n  d(x) + d(y) + d(z) = 6

In  3b.^ , l e t  x  = 1, y = 2, z = 3. T h e n  d(x) +d(y) +d(z) z 5 

In  e i t h e r  c a s e ,  t h i s  c o n t r a d i c t s  ( 4 .4 ) .

T h u s  s u b c a s e  3b is  v a c u o u s .

S u b c a s e  3 c . T h e  q u a d r i l a t e r a l  h a s  no  d i a g o n a l s .

(See d ia g ra m  on n e x t  p a g e )
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© I

°  2

I f  A ĵ2 = 0, t h e n  w i th o u t  l o s s  of g e n e r a l i t y ,  we c a n  a s s u m e  d( l )  = 1. 

B u t  th e n  ^1 3 4 5 6^ g e n e r a t e s  i m p o s s i b l e  s u b g r a p h  (3. 14 ).

T h u s  w e  c a n  a s s u m e  = 1

1

I f  the  l a s t  tw o  l i n e s  h a v e  1 a s  a n  en d  p o in t ,  e i t h e r  t h e y  go  to  

a d j a c e n t  v e r t i c e s  in w h ic h  c a s e  G^. c o n t a i n s  a  p e n t a g o n ,  o r  t h e y  go 

to  n o n - a d j a c e n t  v e r t i c e s  in  w h i c h  c a s e  ^1 3 4 5 6 j  g e n e r a t e s  

i m p o s s i b l e  s u b g r a p h  (3.13 ).

T h u s  one  of the  l a s t  two l i n e s  h a s  1 a s  an  end  p o in t  and

one  h a s  2 a s  an  end  p o in t .  T h u s  j 1 3 4 5 6 j  g e n e r a t e s  i m p o s s i b l e

s u b g r a p h  (3. 14 ).

T h u s  s u b c a s e  3c i s  v a c u o u s .

C a s e  4 .  L a r g e s t  p o ly g o n  i s  a  t r i a n g l e .

3
c
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S u b c a s e  4 a . d( 1) = d(2) = d(3) = 3

If th e  t h i r d  edge  a d j a c e n t  to  1 a n d  the  t h i r d  edge  a d j a c e n t  

to  2 have  an  end  p o i n t  in  c o m m o n ,  th e n  c o n t a i n s  a

q u a d r i l a t e r a l , w h i c h  is  c a s e  3. T h u s  we m u s t  h a v e  th e  

fo l low ing :

H

B u t  th e n  th e  l a s t  l in e  w i l l  f o r m  a  q u a d r i l a t e r a l .

T h u s  s u b c a s e  4 a  i s  v a c u o u s .

S u b c a s e  4 b . d( l)  = d(2) = 3 d(3) = 2

As in  s u b c a s e  4 a ,  th e  t h i r d  edge  a d j a c e n t  to  1 and  the  t h i r d  

ed g e  ad j a c e n t  t o  2 c a n  n o t  h a v e  an  end  p o i n t  in  c o m m o n .  

T h u s  we h a v e  the  fo l lo w in g :

4

—Q.
3 ° 6

T h e  l a s t  tw o  e d g e s  a r e  in t h e  s u b g r a p h  g e n e r a t e d  by  ^4 5 6^ 

If  A 4.5 = t h e n  th e  f i g u r e  c o n t a i n s  a  p e n t a g o n .

0, t h e n  A tIf  A
45 L56 " A46 = 1

and c o n t a i n s  a  p e n t a g o n .
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S u b c a s e  4 c . d(l)  = d(2) = d(3) = 2

T h e n  the  s u b g r a p h  g e n e r a t e d  by  ^4 5 6^ c o n t a i n s  f o u r

e d g e s ,  w h i c h  is  i m p o s s i b l e .

T h u s  by  s y m m e t r y  the  l a s t  p o s s i b l e  c a s e  is

S u b c a s e  4 d . d(l)  = d(2) = 2 d(3) = 3

T h e n  t^e  s u b g r a p h  g e n e r a t e d  b y  ^4 5 6^ c o n t a i n s  t h r e e  

e d g e s ,  i .  e. , w e  h a v e  the  fo l lo w in g  a s  the  only  p o s s i b l e  

in c a s e  4:

2

H is  a t r e e .

T h e n | e |  = |v(  -1

In s u m m a t i o n ,  if m  = 5 , n  = 3, an d  H h a s  e i g e n v a l u e s

6, 3,  1, and  - 2 ,  t h e n  f o r  an y  v e r t e x  v , H c a n  b e  one of two
v

p o s s i b l e  g r a p h s ,  i . e . ,

F i g u r e  1 F i g u r e  2



B u t  if  f o r  any  v e r t e x  Hv is  F i g u r e  1, t h e n  H c o n t a i n s  a n  m - c l i q u e

and  H = L(K m  n ). T h u s  if t h e r e  i s  a  g r a p h  H in  H (4, -2)  w i th

15 v e r t i c e s  t h a t  h a s  6, 3, 1, and  -2 a s  e i g e n v a l u e s ,  t h e n  e i t h e r  Hv

is  F i g u r e  2 f o r  a l l  v  o r  H = L (K  ).
m ,  n

Now s u p p o s e  G is s u c h  t h a t  i s  F i g u r e  2 f o r  a l l  v.

L e t  0 b e  a  v e r t e x  and  1 - 6 b e  t h e  v e r t i c e s  a d j a c e n t  to  0.

Now 4 i s  a d j a c e n t  to  two o t h e r  v e r t i c e s ;  c a l l  t h e m  7 and  8.

G lo o k s  a s  f o l l o w s :
1

Tt

x  and  y a r e  a d j a c e n t  to  4 and  to  1 s i n c e  the  ab o v e  is  G j  .

H o w e v e r ,  t h e y  a r e  n o t  a d j a c e n t  to  0, s o  x  and  y m u s t  be  7 and  8.

V e r t e x  3 i s  a d j a c e n t  to  t h r e e  o t h e r  v e r t i c e s .  As  c a n  b e  s e e n  in  G^ ,

3 i s  n o t  a d j a c e n t  to  7 o r  8. L e t  3 be  a d j a c e n t  to  9, 10, and  11.

T h u s  we  h a v e  the  fo l lo w in g :
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0

A t  t h i s  p o i n t  is

S in c e  0 and  1 a r e  a d j a c e n t  to  s i x  v e r t i c e s  a l r e a d y ,  i t  m u s t  b e  

t h a t  9, 10, and  11 f o r m  a t r i a n g l e  w i t h  one v e r t e x ,  s a y  11, a d j a c e n t  

to  2.  T w o  o t h e r  v e r t i c e s  a r e  a d j a c e n t  to 2. T h e y  a r e  not 7 o r  8 

b e c a u s e  of . T h e y  a r e  n o t  9 o r  10 b e c a u s e  of G^ . T h u s  w e  c a n  

c a l l  t h e m  12 a n d  13.

Now G„ is  
2

13

T h u s  11, 12, and  13 f o r m  a  t r i a n g l e .



G is  now 
4

%

T h u s  w e  h a v e  th e  fo l lo w in g  g r a p h  so  f a r :

5

T h u s  5 i s  a d j a c e n t  to  n e i t h e r  7 n o r  8.

T h u s  G_ is  of th e  f o r m  5

s i n c e  4 and  0 a r e  a l r e a d y  

a d j a c e n t  to  s i x  v e r t i c e s .
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G s h o w s  t h a t  11 i s  a d j a c e n t  to  12, 13, 3, and  2.  Go s h o w s  t h a t  z ^

11 is  a d j a c e n t  to  9 and  10 a l s o .  T h u s  11 is  no t  a d j a c e n t  to  5 

so  t h a t  z i  11. T h u s  z j,9> 10> 12, 13, 14^ , the  only-

r e m a i n i n g  v e r t i c e s .  If  z is  r e s p e c t i v e l y  (9, 10, 12, 13), t h e n  G z

is

( i o ,  V U * )

T h u s  x  i s  a d j a c e n t  to  5 and  6. A = 3 s i n c e  5 and  6 a r e

2
m u t u a l l y  a d j a c e n t  to  z,  0, and  4 ,  and  by (3. 6) A  . 4. 3. T h u s

56 ”

x  = 0 o r  x  = 4 .

B u t  f r o m  G we s e e  t h a t  x  and  z a r e  a d j a c e n t .  F r o m  G n and  G 
5 u 4

we s e e  t h a t  f o r  z r 9, 10, 12, o r  13 , t h i s  is  i m p o s s i b l e .

T h u s  z = 14.

Now w e  h a v e  th e  fo l lo w in g
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S in c e  u  and  v a r e  a d j a c e n t  to  6 and  n o t  5, and  x  and  y  a r e  

a d j a c e n t  to  5 and  no t  6,  u  v  x  an d  y a r e  d i s t i n c t .  So f a r  we  

h a v e  0,  1, 2,  3, 4 ,  a n d  11 a r e  a d j a c e n t  to s i x  v e r t i c e s  and ,  in 

p a r t i c u l a r ,  no t  a d j a c e n t  to 14. In a d d i t i o n ,  Gg a n d  t e l l  u s  t h a t  

u  v  x  and  y a r e  n o t  a d j a c e n t  to  4 ,  s o  t h e y  c a n  no t  be  7 o r  8. 

T h u s  b y  e l i m i n a t i o n ,

^ u  v x  y^  = ^9, 10, 12, 13

S in c e  G ^  is the  fo l lo w in g

to

e i t h e r  u  = 9 and  v  = 10 

o r  u  = 13 an d  v = 12

In the  f i r s t  c a s e ,  9 an d  10 a r e  m u t u a l l y  a d j a c e n t  to  14, 3, 11, 6.

In  the  s e c o n d  c a s e ,  13 and  12 a r e  m u t u a l l y  a d j a c e n t  to  14, 2 ,  11, 6.

In  e i t h e r  c a s e  w e  h a v e  a c o n t r a d i c t i o n  of (3. 6).

T h u s  t h e r e  i s  no  G s u c h  t h a t  Gv i s  F i g u r e  2 f o r  a l l  v ,  

and  so G m u s t  b e  L(K^ ^).

T h u s  w e  c a n  now s a y

T h e o r e m  4. 15 If H  h a s  e i g e n v a l u e s  6, 3, 1, and  -2 ,  and 15 v e r t i c e s ,

t h e n  H = L  (K _)
5 , 3



P a g e  63

As w e  s t a t e d  in the  i n t r o d u c t i o n  to  t h i s  s e c t i o n ,  if t h e r e  

e x i s t s  a  G s u c h  t h a t  L(G) h a s  m  4-n - 2 ,  n - 2 ,  m  -2 ,  an d  -2

a s  e i g e n v a l u e s ,  t h e n  n  o r  G i s  a  s t r o n g l y  r e g u l a r  g r a p h .

Now l e t  u s  lo o k  a t  s o m e  of the  p r o p e r t i e s  t h a t  m u s t  b e  p o s s e s s e d  

b y  s u c h  a  s t r o n g l y  r e g u l a r  G.

W e c a n  now a p p ly  P r o p .  2. 10 w i th  °<© = m  +n -2

**1 - m  -2  and

- n -2

S in c e  H i s  r e g u l a r ,  the  l a r g e s t  e ig e n v a l u e  of H is  e q u a l  to  i t s  d e g r e e

i. e .  , m  +n - 2 .  T h u s  2d -2 = m  +n -2

o r  d = m  fn
2

T h u s  G h a s  th e  fo l lo w in g  e i g e n v a l u e s :

(m  t n  -2 )  +2 - m  +n = m  +n
2 2

(m  -2)  +2 - m  4-n = m  - n
2 2

a n d  (n -2 )  +2 - m  t n  - n - m

If G h a s  \vl v e r t i c e s  an d  \ e |  e d g e s

\ V |  m  4n = V <L_ = n u m b e r  of v e r t i c e s  in  L(G)
4 2

= n u m b e r  of v e r t i c e s  in L.(K  )'  m n

= m n

T h u s = 4 m n  
m  -f-n
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T h u s  p(x) = V ( x  - m  -2  ) ( x  - n - m  )
 2 2

(d - m  - n } ( d - n - m  )
2 2

2 2 x  - ( m  - n  )
4 m n  
m  +n

d^ - ( m  - n

2 / x2x  -  ( m  -n)
4 m n
m  +n \  m n

m  +n

2 . 2 x  ( m  - n  )

an d  so
2 2

m  + n  J  +■ ( m  -n )  I

T h u s  A is the  i n c i d e n c e  ( c a v e a t :  n o t  a d j a c e n c y  ) m a t r i x  of a  SBIB 

w i th  X z m  +n

4 m n
m  f n

m  4-n
2

X an i n t e g e r  i m p l i e s  m  +n - 4 e  .

2 4r  - m 4 n  = A . .  = m + n +  ( m  -n)----------- i i  --------- ---------
2 4 2

2
T h e r e f o r e  (m  -n )  = m  + n  = 4e

2
T h e r e f o r e  e is  a s q u a r e ,  s a y  e = t



T h u s  m  f n  = 4 t 2 

m  ~n = 2t  

m  = 2 t 2 t  t

a n d  n = 2t^  - t  

T h u s  w e  h a v e  the  fo l lo w in g ;

T h e o r e m  4 .  6 If  m  +n -2 ^  16

? 2and  ( m , n )  i  (2t  f t ,  2 t  - t )  t  an  i n t e g e r  t

t h e n  H = L (K m > n )

T h e o r e m  4 .  7 If t h e r e  e x i s t s  a r e g u l a r  G s u c h  t h a t  L(G) h a s

m  ♦- n  - 2 ,  m  - 2 ,  n  - 2 ,  and  -2  a s  e i g e n v a l u e s

th e n  t h e r e  e x i s t s  a s y m m e t r i c  H a d a m a r d  m a t r i x  w i th

2
c o n s t a n t  d i a g o n a l  of o r d e r  4 t  = m  n

A H a d a m a r d  m a t r i x  is  one  f o r  w h i c h  e v e r y  e n t r y  i s  ± 1 and  a l s o  

TH H  r 4 e l  . I t  is  w e l l  k n o w n  t h a t  e m u s t  b e  an  i n t e g e r  if th e

o r d e r  of H is  g r e a t e r  t h a n  2. ^1, p a g e  205 ]

P r o o f  of T h e o r e m  4 .  7: W e s a w  in T h e o r e m  4 . 6 t h a t

m  t n  = 4 t

9 4-2m  - n  = 2t

and  \ V |  = 4 m n  = 4 t 2 -1
m  f n

D e f in e  B = J  - 2 A N ote  t h a t  the  e n t r i e s  of B a r e  a l l  ^  1
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an d  l e t  H =

I uT

u 3

T h e n  HH '
l***UTu uT+ utB

2 Tu  B = u  ( J  -2A) - u  J  - 2 u  A = (4t -1 )u - 2 « 2 t  u

T-u

B 2 = ( J  - 2 A ) 2 2 -  I A J*J  - 4 J A  - 4 A  = ( 4 r  -1)J  - 4 ( 2 t  )J  +4 (t J  +  t  I)

- J  -+-4t I

T h u s  H H T = 4 t 2 I

H is  s y m m e t r i c  s i n c e  B i s ,  and s i n c e  = 0 ,  H - 1
kk

T h e o r e m  4 .  8 If t h e r e  e x i s t s  a  s y m m e t r i c  H a d a m a r d  m a t r i x

w i t h  c o n s t a n t  d i a g o n a l  of o r d e r  4 t 2 , t  ^  1

t h e n  L (K  n ) is  n o t  c h a r a c t e r i z e d  by  i ts  s p e c t r u m .

P r o o f :  S u p p o s e  H i s  s y m m e t r i c  w i th  c o n s t a n t  d i a g o n a l .  W i th o u t  l o s s

of g e n e r a l i t y ,  we  m a y  a s s u m e  t h a t  th e  d i a g o n a l  e n t r i e s  a r e 4 "  1.
l

H  h a s  tw o  e i g e n v a l u e s  2 6 *  of m u l t i p l i c i t y  m^ and  - 2 e  of 

m u l t i p l i c i t y  m ^  .

T h e n  m^ t  m ^  = 4 e

2e  (m  - m  ) = 4 eJL w

m ,  - m  
1 2

2e
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if w e  l e t  t  = m ,  - m ?
1 c -  e
2

n i j  f m ^  = 0 m o d  2 i m p l i e s  t h a t

2
t  is  an  i n t e g e r  and  s o  J  is  of o r d e r  4 t

I f  a  r o w  o r  c o l u m n  of a  H a d a m a r d  m a t r i x  is  m u l t i p l i e d  by  -1,

i t  r e m a i n s  a  H a d a m a r d  m a t r i x .  T h u s  if w e  m u l t i p l y  e a c h  r o w  by 

i t s  f i r s t  e n t r y  and  e a c h  c o l u m n  by  i t s  f i r s t  e n t r y  w e  g e t  a n o r m a l i z e d  

H a d a m a r d  m a t r i x ,  i. e .  , the  f i r s t  r o w  a n d  c o l u m n  e n t r i e s  a r e  a l l  

+ 1. N o t i c e  t h a t  w h e n  w e  n o r m a l i z e  a  s y m m e t r i c  H a d a m a r d  m a t r i x  

w i t h  c o n s t a n t  d i a g o n a l ,  w e  s t i l l  h a v e  a  H a d a m a r d  m a t r i x  t h a t  is 

s y m m e t r i c  w i th  c o n s t a n t  d i a g o n a l .

If w e  h a v e  a  n o r m a l i z e d  s y m m e t r i c  H a d a m a r d  m a t r i x  w i th  l ' s  f o r  

d i a g o n a l  e n t r i e s  and  w e  d e l e t e  the  f i r s t  r o w  a n d  c o l u m n ,  an d  t h e n  

c h a n g e  th e  - l ' s  to  l ' s ,  and  the l ' s  to  0 ' s ,  i t  is  w e l l  k n ow n  t h a t  we 

o b t a in  the  i n c i d e n c e  m a t r i x  of a  b l o c k  d e s i g n  w i t h  p a r a m e t e r s  

v  = b  = 4 t 2 -1

r  - k  = 2 t2

X  = t 2 j^cf. 1, p a g e  205^

If  we  c a l l  the  m a t r i x  t h a t  r e s u l t s  f r o m  t h i s  p r o c e s s  A, t h e n

T 2 2A A  = t  J  + t  I  w h e r e  A  i s  s y m m e t r i c

w i th  0 ' s  on  the d i a g o n a l
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T h u s  A 2 - t 2I  = t 2 J

o r  if  p(x) = J _ _ (x2 _t 2 ) = J _ (  x  + t )  ( x  - t )
2 2 t  t

p(A) = J

S in c e  A 2 .. = t 2 J  - t 2 I . .  = 2 t2
l i  l i  ii

2 +t h e  e i g e n v a l u e s  of A  a r e  2 t  a n d  -  t

If w e  l e t  G b e  the  g r a p h  w h o s e  a d j a c e n c y  m a t r i x  i s  A,

2
then G is  r e g u l a r  of v a l e n c e  21

If t  > 1 t h e n  d = 2 t 2 ^  2 and  w e  c a n  u s e  P r o p .  2. 11

T h u s  th e  e i g e n v a l u e s  of H = L(G) a r e :

2d -2  = 4 t 2 -2

t  +d  -2  = 2 t 2 +-t -2  

- t  + d  -2  = 2 t 2 - t  -2

and  - 2 .

2 ?If w e  d e f in e  m  = 2 t  + t  an d  n  = 2 t  - t

t h e n  t h e  e i g e n v a l u e s  of H a r e  m  +n - 2 ,  m  - 2 ,  n  - 2 ,  and  - 2 .

A l s o ,  the  n u m b e r  of v e r t i c e s  of H  is  th e  n u m b e r  of e d g e s  of  G

= \ y \  d = (4 t2 -1) 2 t 2 = 4 t4 ~t2 = (212 - t )  (2t2 - t )
2 2 

= m n

T h i s  c o m p l e t e  the  p r o o f  of T h e o r e m  4 .  8

T h e o r e m  4 .  9 If  H = L(G)

the  s p e c t r u m  of H is  m  +n  - 2 ,  m  - 2 ,  n  - 2 ,  and  - 2 ,



t h e n  H i s  c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  if  and  on ly  if  t h e r e  d o e s  n o t

e x i s t  a  H a d a m a r d  m a t r i x  of o r d e r  m  +n w h ic h  i s  s y m m e t r i c  and  h a s

c o n s t a n t  d i a g o n a l .

W e  h a v e  sh o w n  t h a t  if  H is a  s y m m e t r i c  H a d a m a r d  m a t r i x

of o r d e r  4 t  , t h e n  L ( K ^  n ) is no t  c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  a m o n g

2
a l l  l ine  g r a p h s  in  G (4 ,  -2) w i t h  m n  v e r t i c e s  w h e r e  m  = 2 t  +t and  

2n  =2t - t .  We d id  t h i s  by  n o r m a l i z i n g  the  f i r s t  r o w  an d  c o l u m n  an d

t h e n  u s i n g  th e  r e m a i n i n g  r o w s  and c o l u m n s  to  f o r m  a n  a d j a c e n c y

m a t r i x .  B u t  s u p p o s e  w e  n o r m a l i z e d  a n o t h e r  r o w  and  c o l u m n .  A l s o ,

2
w h a t  if t h e r e  is  m o r e  t h a n  one H a d a m a r d  m a t r i x  of o r d e r  4 t  ? If  

t  = 2, t h e n  th e  r e g u l a r  g r a p h  w h o s e  l in e  g r a p h  h a s  e i g e n v a l u e s

14, 8,  4 ,  and  -2  m u s t  h a v e  8,  2,  and  -2  a s  i t s  e i g e n v a l u e s  by  P r o p .

2.  10 and  o u r  p r e v i o u s  o b s e r v a t i o n  t h a t  G is  n o t  b i p a r t i t e .  T h u s  G is  

in  G ( 3 , - 2 ) ,  w h i c h  h a s  b e e n  c o m p l e t e l y  d e s c r i b e d  by  S e i d e l  1̂ 8] . He 

s h o w s  t h a t  the  on ly  g r a p h  in  G (3,  -2)  w i t h  15 v e r t i c e s  is  T(6) , w h ic h

is  t h e  l in e  g r a p h  of t h e  6 - c l i q u e .  T h u s  f o r  t - 2,  t h e r e  is  on ly  one

2 2 ? 7r e g u l a r  g r a p h  G w i th  4 t  -1 v e r t i c e s  s u c h  t h a t  A = t  I -ft J .  T h i s

sh o w s  t h a t  t h e r e  i s  only  one  H a d a m a r d  m a t r i x  of o r d e r  16 w h i c h  is

s y m m e t r i c  w i t h  c o n s t a n t  d i a g o n a l .  T h e  c a s e  t  = 3 y i e l d s  q u i te  a

d i f f e r e n t  r e s u l t .  S e i d e l  an d  G o e t h a l s  [9] h a v e  e x h i b i t e d  a  H a d a m a r d

m a t r i x  t h a t  y i e l d s  a  d i f f e r e n t  g r a p h  f o r  th e  n o r m a l i z a t i o n  of e a c h  of

th e  36 r o w s !  T h e  e x i s t e n c e  of a t  l e a s t  92 d i f f e r e n t  g r a p h s  ha s  b e e n

p r o v e n ,  a n d  so  t h e r e  a r e  m a n y  d i f f e r e n t  H a d a m a r d  m a t r i c e s  t h a t  a r e

s y m m e t r i c  w i t h  c o n s t a n t  d i a g o n a l  of o r d e r  36.



S e c t i o n  5 . S o m e  R e m a r k s  on  G(5 ,  -2)

As w e  h a v e  s e e n  in  S e c t i o n  2,  t h e  l ine  g r a p h  of an  a s y m m e t r i c

n o n - t r i v i a l  B IB D  is  in  G(5 , -2 ) .  In  t h i s  s e c t i o n  we c o n s i d e r  w h e t h e r

th e  l in e  g r a p h  of a  B IB D  i s  c h a r a c t e r i z e d  a m o n g  a l l  c o n n e c t e d  r e g u l a r

g r a p h s  on  th e  s a m e  n u m b e r  of v e r t i c e s  and  w i t h  the  s a m e  e i g e n v a l u e s .

We c a n  n o t  ho p e  to  d i s t i n g u i s h  b e t w e e n  n o n - i s o m o r p h i c  B IB D s  w i th

th e  s a m e  p a r a m e t e r s ,  of c o u r s e ,  s i n c e  t h e  e i g e n v a l u e s  d e t e r m i n e

on ly  th e  p a r a m e t e r s .  We s h a l l  a s s u m e  the  g r a p h  to  be  a  l in e  g r a p h

(an  a s s u m p t i o n  s a t i s f i e d  in  a l l  b u t  a f i n i t e  n u m b e r  of c a s e s )  , and

d e r i v e  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  g r a p h  to  be  c h a r a c t e r i z e d .  In

p a r t i c u l a r ,  i t  w i l l  be  s h o w n  t h a t  th e  l in e  g r a p h  of a  S t e i n e r  T r i p l e

S y s t e m  s a t i s f i e s  t h e s e  c o n d i t i o n s ,  s o  t h a t  (w i th  f i n i t e l y  m a n y

e x c e p t i o n s )  th e  l ine  g r a p h  of a  S t e i n e r  T r i p l e  S y s t e m  is  c h a r a c t e r i z e d

b y  i t s  s p e c t r u m  a m o n g  a l l  r e g u l a r  c o n n e c t e d  g r a p h s  w i th  the  s a m e

n u m b e r  of v e r t i c e s .

If G is  the  g r a p h  of a  B IB D  w i th  p a r a m e t e r s  ( v  b r  k  X ),

2t h e n ,  if w e  d e f i n e  D = ( r  - k ) +  r  - \
4 X

t h e n  th e  e i g e n v a l u e s  of H = L(G) a r e  r  +k - 2 ,  r  -Vk •+ D 2 - 2 ,

X 2
k - 2> r  -fk - D *  - 2 ,  and  -2 .

2 ^  ^
By P r o p .  10 th e  e i g e n v a l u e s  of G a r e  r  +k  , D *  , k  - r  , - D

2 2
and  - r  *-k if G is b i p a r t i t e .

2



irage u

B u t  if G is  b i p a r t i t e ,  an d  s i n c e  t h e r e  a r e  a n  odd n u m b e r  of

e i g e n v a l u e s ,  k  - r  = 0 , o r  k  = r .  B u t  th i s  i m p l i e s  t h a t  the  d e s i g n  
2

i s  s y m m e t r i c ,  w h i c h  i s  a  c o n t r a d i c t i o n .  T h u s  if H = L(G) h a s  the

s a m e  e i g e n v a l u e s  a s  t h e  l ine  g r a p h  of a B IB D ,  t h e n  G is  r e g u l a r  an d

h a s  f o u r  e i g e n v a l u e s .

N o te  t h a t  if H is the  l ine  g r a p h  f o r  w h i c h  r  -*-k is  odd ,

t h e n  H i s  c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  a m o n g  a l l  l ine  g r a p h s  in

G(5 ,  -2 )  ; if  n o t ,  t h e r e  e x i s t s  a  r e g u l a r  g r a p h  G w i th  d e g r e e  r  4-k.
2

If |v |  = th e  n u m b e r  of v e r t i c e s  o f  G

t h e n  I v l  d = t h e  n u m b e r  of e d g e s  of G
2

- th e  n u m b e r  of v e r t i c e s  of L(G)

= th e  n u m b e r  of v e r t i c e s  of th e  l ine  g r a p h  of t h e  B IB D

= r  v

T h u s ,  s i n c e  d = r  4 k  ,
2

| V| = 4 r  v
r  -4-k

A l s o ,  if  w e  d e f in e  t  = r  - k ,  t  is  a p o s i t i v e  e v e n  i n t e g e r  s i n c e  t h e

B IB D  is  a s y m m e t r i c .

T h u s  D ~ / t  \  +  t  - \  is  a n  i n t e g e r .

\ 2 /  2N o te  a l s o  t h a t  A = d = r + k
k k  2

T h u s  t  r  A 2 = r  4-k |V |  = r  + k  4 r  v  =  r  v
2 2 r  +k
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T h e o r e m  5 .1  If  D is  n o t  a  s q u a r e

t h e n  r  »k is  a n  i n t e g e r  and_t  d i v i d e s  k
r  - k  2

P r o o f :  L e t  m  b e  th e  m u l t i p l i c i t y  of  k  - r
2

T h e n ,  s i n c e  D is  no t  a  s q u a r e ,  and  t  r  A  = 0, D and  - D  h a v e

th e  s a m e  m u l t i p l i c i t y ,  and

0 = t r  A = r  4-k *+- m / k  - r \
2 \  2 /

T h u s  m  = r  + k  = 2k  + t
r  - k  t

h e n c e  t  d i v i d e s  2k an d  _t_ d i v i d e s  k
2

T h e o r e m  5. 2 S u p p o s e  D is  n o t  a  s q u a r e

k a n  odd  p r i m e

X £  2

t h e n  the  l i n e  g r a p h  of th e  B IB D  w i t h  p a r a m e t e r s  

(v, b ,  r ,  k ,  X ) i s  c h a r a c t e r i z e d  by  i t s  s p e c t r u m  a m o n g  a l l  

l i n e  g r a p h s  in  G(5 ,  -2 )  w i t h  r  v  v e r t i c e s .

P r o o f :  By TfcenT-em 5. 1

t
2 d i v i d e s  k

T h u s  t  = k  o r  _t_ = 1 , i. e .  ,
2 2

r  = 3k o r  r  = k  +2

If r  = 3k,  t h e n

m  = r  +k - 2
r  - k



(V | = 4 r  v  = 4  » 3k v  = 3v
r  4-k 4 k

If  D h a s  m u l t i p l i c i t y  m ’

th e n  2 m '  -+-m +1 = |V |

o r  2 m 1 = 3v -3 = 3( v  -1)

D = / r - k  \  -t- r  - X = k^  + 3k - X
( ^ )

T hen w e have

2 v
6 k v  = 2 r v = t r A /  2 m ' D

= 3 ( v  -1) ( k 2 4- 3k - X  )

Thus 2 v X ( v  ~1) ( k +3 - X )
k

= 3 ( v  -1) + ( v  -1) ( k - X )
k

X < r  = 3k <, k2 = >  k2 - X > 0

k ( k  - _ X _ )  > 0 
k

( k - _JX _ ) > 0
k

Thus 2v > 3 (v -1)

3 X v  > w h ich  is  a co n tr a d ic t io n .

Thus it m u s t  b e  that T = k + 2 .

v  r = b k im p l ie s  that v  = 0 m od  k

S in ce  r = 2 m od  k , -2  = - r  = r ( k -1) = X (v -1) = m od k

and X = 2 m od  k

S in ce  0 < X (  r = k 4-2, it m u s t  be that X = 2

T h is  c o n tr a d ic ts  the h y p o th e s is  and c o m p le te s  the p ro o f  of T h e o r e m  5 .2



C o r .  5. 3 If  H is  t h e  l in e  g r a p h  of a  b l o c k  d e s i g n

and  if  D i s  n o t  a  s q u a r e

k  a  p r i m e  k  ^  3

th e n  u n l e s s  (v, b , r , k  X )  = ( k ( k  4 l ) > ( k ± i L C k J i ) »  k  k > 2 '
V  2 2

H is  c h a r a c t e r i z e d  b y  i t s  e i g e n v a l u e s  a m o n g  a l l  l ine  g r a p h s  

in  G(5 ,  -2 )  w i th  v  r  v e r t i c e s .

P r o o f :  B y  T h e o r e m  5. 2, t h e  on ly  p o s s i b l e  G s u c h  t h a t  L(G) = H

w o u ld  e x i s t  on ly  if X =  2 a n d  f  = k  +2.

P r o p o s i t i o n  5. 4 If H is  t h e  l in e  g r a p h  of a  B IB D  

k an  odd  p r i m e

X  = k  -2

th e n  H i s  c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  a m o n g  a l l  r e g u l a r

/  V 2  \P r o o f :  D. = / r  - k \  -f- r  - X

c o n n e c t e d  g r a p h s  w i t h  th e  s a m e  n u m b e r  of v e r t i c e s .

(¥*)
r  - k  + l j  + k  -  ( \  1)

(ir^ 1)2 41
If  D is  a  s q u a r e ,  t h e n  t h e r e  e x i s t  two c o n s e c u t i v e  p o s i t i v e  

i n t e g e r s  t h a t  a r e  s q u a r e s .

T h e r e f o r e  D is  n o t  a  s q u a r e .

T h u s  t h e r e  i s  on ly  one  p o s s i b l e  e x c e p t i o n ,  a s  s e e n  in  C o r .  5. 3

B u t  \  = Z i m p l i e s  t h a t  k  = X + 2 = 4 , w h i c h  is  n o t  an  odd p r i m e .



C o r .  5.  5 I f  H  is th e  l in e  g r a p h  of a  S t e i n e r  T r i p l e  S y s t e m

t h e n  H is c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  a m o n g  a l l  l in e

g r a p h s  w i t h  t h e  s a m e  n u m b e r  of v e r t i c e s .

P r o o f :  In t h i s  c a s e  k = 3 w h i c h  i s  a n  odd p r i m e

and  X = k  -2  = 1

F r o m  C o r .  5, 3 w e  s e e  t h a t  if D is  n o t  a  s q u a r e  and  k  is 

a n  odd p r i m e ,  t h e n  H is  c h a r a c t e r i z e d  b y  i t s  s p e c t r u m  u n l e s s  t h e r e  

e x i s t s  a  g r a p h  G w i t h  t h e  fo l l o w in g  p r o p e r t i e s :

( 5 . 6 . 1 )  G is  r e g u l a r  w i t h  v a l e n c e  k  +1 

(5. 6 . 2 ) V = k  ( k  42)

x i( 5 . 6 . 3 ) G h a s  e i g e n v a l u e s  k t l ,  (k 4-1) , -1, and  - (k 4d)

T h u s  w e  w o u ld  l ik e  to  know  if a  g r a p h  w i t h  s u c h  p r o p e i t i e s  e x i s t s .

W e  c a n  s h o w  t h a t  s u c h  g r a p h s  do no t  e x i s t  if k  is  e v e n  o r  k  = 1.

We c a n  a l s o  s h o w  t h a t  t h e r e  e x i s t s  e x a c t l y  one  s u c h  g r a p h  f o r  k  = 3.

W e do n o t  c o m p l e t e l y  u n d e r s t a n d  th e  s i t u a t i o n  f o r  odd  k ,  k  ^ 5, b u t

we s h a l l  p r e s e n t  t h e  p r o o f  of t h e  u n i q u e n e s s  of t h e  c a s e  k  = 3 in 

s u c h  a  w a y  t h a t  the  p r o p e r t i e s  f o r  g e n e r a l  odd  k  a r e  i l l u m i n a t e d .

If  k  = 1, |V| = 3 and  d ■ 2.  T h u s  G is  a 

3 - c l i q u e  w i t h  e i g e n v a l u e s  2 and  -1, and  d o e s  n o t  

p o s s e s s  p r o p e r t y  ( 5 . 6 . 3 ) .



Now l e t  u s  lo o k  f o r  r e g u l a r  g r a p h s  H  t h a t  h ave  
1

k  +1, - ( k  +1) and  -1 a s  e i g e n v a l u e s .  F o r  s u c h  a  g r a p h ,  i t  m u s t

b e  t h a t
A 3 -t A 2 - ( k  +1) A - ( k  +1) I  = ( k  +1 ) J

S in c e
3

d = k  *1, A . i = k  +1

T h e o r e m  5 . 7  If k  i s  e v e n

th e n  t h e r e  d o e s  n o t  e x i s t  a  g r a p h  w i t h  p r o p e r t y  (5. 6. 3).

P r o o f : i

F o r  e v e r y  t r i a n g l e  f o r  w h i c h  i i s  a  v e r t e x ,  t h e r e  a r e  two p a t h s  of 

l e n g t h  t h r e e  f r o m  i to  i. O b v i o u s l y  e v e r y  p a t h  of l e n g t h  t h r e e  f r o m  

i  to  i d e t e r m i n e s  a  t r i a n g l e  of w h i c h  i i s  a  v e r t e x .  T h u s  th e

n u m b e r  of p a t h s  f r o m  i to  i is  e x a c t l y  t w i c e  t h e  n u m b e r  of

3 . 3t r i a n g l e s  of w h i c h  i is  a v e r t e x .  T h u s  A ^  is  e v en .  S in c e  A ^  = k

p r o p e r t y  ( 5 . 6 . 3 )  i m p l i e s  t h a t  k  is  odd.

T h e o r e m  5. 8 If  a g r a p h  h a s  p r o p e r t y  (5. 6. 3) 

t h e n  i t  h a s  n o  q u a d r i l a t e r a l s .

T h u s  t h e r e  a r e  ( k  +1) ( 2k +1) c y c l e s  of t h e  type  ( i a  b c i )

W e  s h a l l  c a l l  a  c y c l e  d e g e n e r a t e  if th e  v e r t i c e s  in the  c y c l e  a r e  n o t

A4 ♦ A 3 - ( k  4l) A 2 - ( k  f 1) A = (k 41) J A  = (k +1)2 J

T h e r e f o r e  A4 .. = ( k f l )  ( 2k  4l)
i i
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a l l  d i s t i n c t .  L e t  u s  c o u n t  the  d e g e n e r a t e  c y c l e s  of l e n g t h  f o u r .

C a s e  1: b = i

2T h e r e  a r e  (k +1) s u c h  c y c l e s  s i n c e  a  and  c m a y  b e  any  

tw o  v e r t i c e s  a d j a c e n t  to  i.

C a s e  2; b i  i

t h e n  a = c

T h e r e  a r e  k  (k +1) s u c h  c y c l e s  s i n c e  a  m a y  b e  a n y  v e r t e x  

a d j a c e n t  to i ,  and  b m a y  be  any  v e r t e x  a d j a c e n t  to  a

t h a t  is  n o t  i.

T h u s  t h e  t o t a l  n u m b e r  of d e g e n e r a t e  f o u r - c y c l e s  is  

(k +1)2 + k ( k  +1) = (2k +1) ( k +1) = A4 ^

T h u s  w e  s e e  t h a t  H h a s  no  q u a d r i l a t e r a l s  an d  th e  p r o o f  of T h e o r e m  5. 8 

i s  c o m p l e t e .

W e c a n  d e r i v e  m o r e  p r o p e r t i e s  of g r a p h s  s a t i s f y i n g  ( 5 . 6 . 1 )

p ^  3 2 3
and  ( 5 . 6 . 3 ) .  A + A  - (k +1) A - ( k  +1) A = ( k +1) J

5 3
T h e r e f o r e  A  „  = ( k  +1) + ( k  -+1)

L e t  u s  c o u n t  the  n u m b e r  of d e g e n e r a t e  f i v e - c y c l e s  ( i a b c d i ) .

C a s e  1: i = b

T h e r e  a r e  ( k  +1) c h o i c e s  f o r  a  and  k  -tl c h o i c e s  f o r  th e

2
c y c l e  (i c d i ) .  T h e r e f o r e  t h e r e  a r e  ( k f l )  c y c l e s  of t h i s  ty p e .  

C a s e  2 : i = c

p
T h e r e  a r e  (k +1) c y c l e s  o f  t h i s  t y p e  s i n c e  e a c h  one  i s  a  c y c l e  

of ty p e  1 in t h e  r e v e r s e  d i r e c t i o n .
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C a s e  3 : i  /  a  , i  ̂ b , i /  c , i  ̂ d

T h e r e  a r e  t h r e e  p o s s i b i l i t i e s :  a  = c ,  b = d,  o r  a  = d.

3A : a = c,  b  ̂ d

(a j- d s i n c e  a - c and  d a r e  a d j a c e n t )

( i a  d i ) is  a c y c l e ;  T h e r e  a r e  (k +1) c h o i c e s  

f o r  t h i s ;  b i s  any  v e r t e x  a d j a c e n t  to a b u t

n o t  i o r  d.  T h u s  t h e r e  a r e  ( k  +1) ( k  -1)

of t h i s  t y p e .

3B : a = c ,  b = d

(a $ d s i n c e  a  a n d  b a r e  a d j a c e n t )

In  t h i s  c a s e  t h e  c y c l e  is  ( i a  b a  b i) .  O b v io u s ly

t h e r e  i s  one  of t h e s e  f o r  e a c h  t h r e e - c y c l e ,  i. e .  , 

k + 1  in  a l l .

3C : a  i  c ,  b = d

( a   ̂ d s i n c e  a  i s  a d j a c e n t  to  b)

T h e r e  a r e  ( k  -vl) ( k  -1) of t h i s  type  s i n c e  a  

c y c l e  of t h i s  ty p e  c o r r e s p o n d s  to  a c y c l e  of 3A 

in th e  r e v e r s e  d i r e c t i o n .

3D : a  j- c ,  b /  d, i. e .  , a  - d

T h e r e  a r e  k  *1 c h o i c e s  f o r  a n  a  a d j a c e n t  to d. 

T h e r e  a r e  ( k  -1) c y c l e s  a  b c t h a t  do n o t  c o n t a i n  

l. T h i s  is  b e c a u s e  is



H i s  of t h i s  f o r m  s i n c e  if  two e d g e s  
i

a r e  j o i n e d ,  H c o n t a i n s  a  q u a d r i l a t e r a l

d = k +1 = n u m b e r  of p o i n t s ;

n u m b e r  of l in®s
A 3 .

11 =  k  +1
2

in  . T h u s  th e  n u m b e r  of t h i s  ty p e

i s  ( k  +1) ( k  -1).

S in c e  th e  a b o v e  c a s e s  w e r e  m u t u a l l y  e x c l u s i v e ,  t h e  n u m b e r  of 

d e g e n e r a t e  f i v e -  c y c l e s  i s

2 ( k  +1)2 -3  ( k +1) ( k  -1) + k t  1 =

(k *1) ( 2 ( k + l )  + 3( k  -1) 4 - 1 ) =  5k ( k  +1)

T h u s  the  n u m b e r  of no n  d e g e n e r a t e  f i v e - c y c l e s  f r o m  i to  i is

( k  +1)3 t  ( k  +1) - 5 k  ( k  +1) = ( k  *1) ( ( k  + 1)2 4 1 - 5k)

= ( k  +1) ( k 2 - 3 k  4 2)

= ( k  4l) |  k  - 1) ( k  -2)

N ow  d e f in e  L .̂ = ^ v  v e r t i c e s  |  the  s h o r t e s t  p a t h  f r o m  v  to  i  of

le n g th  t  .J

V = L  U L .  U L 7 U L  s i n c e  H s a t i s f i e s  a  p o l y -  o 1 c. 3

n o m i a l  of d e g r e e  3.

L  1 v e r t e x  o

k  f l  v e r t i c e s

O  o  o  c>
L.  ̂ k -1 v e r t i c e s



o  0

L q c o n t a i n s  on ly  i. In  a r e  t h e  v e r t i c e s  a d j a c e n t  to  i, and  th e y  

a r e  a d j a c e n t  in p a i r s ,  a s  s h o w n ,  s i n c e  H h a s  no  q u a d r i l a t e r a l s .  E a c h  

v e r t e x  in  is  a d j a c e n t  to  (k -1) v e r t i c e s  in L^ s i n c e  d = k  +1.

T h e s e  ( k  +1) ( k  -1) v e r t i c e s  a r e  d i s t i n c t  s i n c e  H h a s  no  q u a d r i l a t e r a l s .  

T h e y  a r e  a d j a c e n t  in  p a i r s  a s  show n  f o r  t h e  s a m e  r e a s o n .  Now 

s u p p o s e  we  add  a  n e w  e d g e  jo in in g  two v e r t i c e s  in  L^ in s u c h  a  w a y  

t h a t  w e  do  n o t  f o r m  a  q u a d r i l a t e r a l .  T h e n  we f o r m  tw o  n o n - d e g e n e r a t e  

f i v e - c y c l e s  f r o m  i to  i .  In  f a c t ,  i t  is  c l e a r  t h a t  t h i s  is  th e  on ly  w ay  

s u c h  a  f i v e - c y c l e  c a n  b e  f o r m e d .  T h u s  t h e r e  a r e  1/2 (k +-1) (k -1) ( k -2 )  

s u c h  e d g e s .  S in c e  e a c h  e d g e  is  i n c i d e n t  to  two v e r t i c e s ,  e a c h  v e r t e x  

in  Lig i s ,  on th e  a v e r a g e ,  a d j a c e n t  to  k  -2  s u c h  e d g e s .

L e t  u s  look  a t  a  p a r t i c u l a r  v e r t e x  v  in  L^  ( s e e  d i a g r a m  on n e x t  p a g e ) .  

Now v c a n  n o t  b e  a d j a c e n t  to  any  of th e  n e x t  2 k - 3 v e r t i c e s  to  th e  r i g h t  

of v  w i t h o u t  f o r m i n g  a  q u a d r i l a t e r a l .  A l s o ,  v  c a n  be  a d j a c e n t  to 

a t  m o s t  one of the  n e x t  (k -1) v e r t i c e s  f o r  the  s a m e  r e a s o n .  T h e  s a m e  

is  t r u e  fo r  e a c h  s u c c e s s i v e  s e t  of ( k  -1) v e r t i c e s .
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T h u s ,  on th e  a v e r a g e ,  e a c h  e d g e  is  a d j a c e n t  to  one v e r t e x

in  L  , i. e .  , t h e r e  a r e  ( k  +1) ( k -1) e d g e s  f r o m  a v e r t e x  in  L  to
3 L

a v e r t e x  in  . B u t  t h e r e  a r e  a  t o t a l  of

k  ( k  +2) - ( k  +1) ( k  -1) - ( k  +1) -1 = k  -1 v e r t i c e s  in  L 3 .

T h u s ,  s i n c e  t h e  v a l e n c e  of H i s  k  +1, e v e r y  edge  i n c i d e n t  to  a  v e r t e x

in  Lg i s  i n c i d e n t  to  a  v e r t e x  in  L^, , i . e .  no  tw o  v e r t i c e s  in  a r e

a d j a c e n t .

P r o p o s i t i o n  5. 9 T h e r e  i s  a t  m o s t  one  G t h a t  s a t i s f i e s  (5. 6. 1) and

(5. 6. 3) if  k  = 3 

In  t h i s  c a s e  d = k  t-1 = 4

T h u s  w e  h a v e  th e  fiiallowing



V ertex  1 i s  ad jacen t t o  fou r  v e r t i c e s  in  L . Without l o s s  o fu
g e n e r a l i t y  we can say th a t  they  are 3 , 5 , 7 ,  and 9 . I f  1 and 2 

are  m u tu a lly  ad ja cen t  t  a v e r t e x ,  say 3, th en  1 and 2 are ad jacent

because o f  H . Thus 2 i s  ad jacen t  to  4 , 6 , 8 ,  and 10 . V ertex  3O
i s  ad ja cen t  to  another  v e r te x  in  L ; because o f  G i t  must be 5,Ct X
7 ,  o r  9. I t  can not be 5 s in c e  th a t  would form a q u a d r i la t e r a l .

V ertex  7 and 9 are symmetric, so say th a t  3 i s  ad jacen t  to  7 .  Then, 

because o f  G^, 5 and 9 are a d ja c e n t .  Now 4 i s  a d ja cen t  to  6 ,  8 ,  o r  lOj 

i f  i t  were 6 o r  8 ,  a q u a d r i la t e r a l  would be formed. Thus 4 i s  ad jacen t  

t o  10 and 6 t o  8 a l s o .  Now every  v e r te x  i s  o f  v a le n c e  4 ,  so we have 

a l l  o f  our e d g e s .  Thus t h i s  graph i s  the  o n ly  one w ith  k+1, (k+1)^ ,

-< k + l^  , and -1  as  e ig e n v a lu e s  and 15 v e r t i c e s .



T h e  f i g u r e  b e l o w  is  the  P e t e r s o n  g r a p h :

N o t i c e  t h a t  t h e r e  a r e  no  q u a d r i l a t e r a l s  o r  t r i a n g l e s .  T h u s  if w e  t a k e  

a n y  v e r t e x  i ,  i t  i s  a d j a c e n t  to  t h r e e  v e r t i c e s  w h i c h  a r e  m u t u a l l y  

n o n - a d j a c e n t  s i n c e  t h e r e  a r e  no  t r i a n g l e s .  T h u s  e a c h  of  t h e s e  v e r t i c e s  

a r e  a d j a c e n t  to  two n e w  v e r t i c e s  a n d  t h e s e  s i x  n e w  v e r t i c e s  a r e  

d i s t i n c t  s i n c e  t h e r e  a r e  no q u a d r i l a t e r a l s .

W e  now h a v e  t e n  v e r t i c e s ,  t h e  t o t a l  n u m b e r .  I t  i s  now c l e a r  t h a t  if

2 2 A  . = 1, t h e n  A  = 0 , and  if  A . .  = 0,  t h e n  A  . = 1. 
ij ij iJ

T h u s  if p(x) = x 2 + x  - 2 = ( x  +2) ( x  -1) ,

t h e n  p(A) = J .  T h u s  t h e  e i g e n v a l u e s  of th e  P e t e r s o n  g r a p h  a r e  

d = 3, 1,  a n d  - 2 .  T h e n ,  by  T h e o r e m  2 .1 0  t t h e  l in e  g r a p h  of the  

P e t e r s o n  g r a p h  h a s  e i g e n v a l u e s  4 ,  2 ,  -1,  an d  - 2 .
1

T h u s ,  if k = 3, th e  e i g e n v a l u e s  a r e  k +1, - (k +1)* , an d  -1.



T h e o r e m  5. 10 If  k  = 3 t h e r e  i s  a  u n iq u e  g r a p h  w i t h  e i g e n v a l u e s

k  +1, - ( k  +1) , an d  -1.

C o r .  5. 11 A l in e  g r a p h  of a  B IB D  w i t h  p a r a m e t e r s

(v b r  k  X  ) = ( 6,  10, 5 ,  3,  2) is  n o t  c h a r a c t e r i z e d  

b y  i t s  e i g e n v a l u e s  a m o n g  a l l  g r a p h s  in  G (5, -2) 

w i th  30 v e r t i c e s .

P r o o f :  If  P  i s  the  P e t e r s o n  G r a p h

L. ( L. (P)  ) h a s  30 v e t t i c e s  an d  e i g e n v a l u e s  6 , 4 , 1 , 0  an d  -2

b y  P r o p .  2.. 10

4
B u t  in  t h i s  c a s e  D* = 2 a n d  r  +. k  - 2 = 6

r  +k + -2 - 4
2

k  -2  = 1

r  f k  - D ^  -2  = 0
2

a n d  - 2.

S u m m a r y

T h u s  w e  h a v e  s h o w n  t h a t  the  l in e  g r a p h s  of S t e i n e r  T r i p l e  

S y s t e m s  a r e  c h a r a c t e r i z e d  b y  t h e i r  e i g e n v a l u e s  a m o n g  a l l  r e g u l a r  

c o n n e c t e d  g r a p h s  w i t h  r  v  v e r t i c e s .  In  a d d i t i o n ,  w e  h a v e  g iv e n  an  

e x a m p l e  s h o w in g  t h a t  n o t  a l l  a s y m m e t r i c  n o n - t r i v i a l  B IB D s  a r e  so  

c h a r a c t e r i z e d ;  and  w e  h a v e  i n d i c a t e d  w h e r e  a d d i t i o n a l  s u c h  e x a m p l e s  

m a y  b e  found .
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