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Section 1. Introduction

This thesis is concerned with the relationship between a line
graph and the eigenvalues of its adjacency matrix. We begin with the
necessary definitions.

A graph G with V vertices is connected if for any two vertices
i

i and in , there exist vertices i

i such that i, and
0 j

7o lpr e g

are adjacent for j = 0,1,...., n-1. The valence of a vertex is

ij+1
the number of edges for which that vertex is an end point. A graph
that has the same valence, d, at every vertex is said to be regular
of valence d.

The adjacency matrix of a graph G, denoted A(G), is a square
0-1 matrix of order V whose rows and columns correspond to the
vertices of G and for which Aij = ] if and only if i and j are
adjacent. We shall consifder only loopless graphs with no multiple edges,
and so A(G) is a symmetric matrix with zeros on the diagonal. The
eigenvalues of a graph are the eigenvalues of its adjacency-matrix,
and since A(G) is real and symmetric, the eigenvalues of a graph are
real. Let G(k, -2) be the set of all regular connected graphs that have
k distinct eigenvalues and whose least eigenvalue is -2.

A graph is strongly regular if it is not only regular, but also
there exist constants Py and P, such that two adjacent vertices are
mutually adjacent to p1 vertices, while two non-adjacent vertices are

mutually adjacent to P, vertices, A graph is m by n bipartite if the

vertices can be partitioned into a set of order m and a set of order n
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such that two vertices are not adjacent if they are in the same set.
A bipartite graph is complete if, conversely, any two vertices that
are not in the same set are adjacent. The complete m by n bipartite
graph is denoted Km, n - A graph with m vertices in which any pair
of vertices is adjacent is called an m-clique. A vertex is isolated if
its valence is zero.

An Hadamard matrix of order n is a square matrix of order n
with every entry 1 or -1 such that any two different rows are ortho-
gonal.

Given a graph G, we can form a new graph, L(G), the line
graph of G, in which the vertices of L{G) correspond to the edges
of G, ‘and in which two vertices of 'L(G) are adjacent if and only if
the corresponding edges in G have exactly one end point in common.
A graph H for which there exists a graph G such that L(G) = H is called
a line graph.

If we have a graph G, the addition or removal of isolated
vertices will obviously leave L(G) unchanged. Thus without loss of
generality we can assume that G has no isolated vertices.

A balanced incomplete block design (BIBD) consists of a set
of v objects together §vith b subsets of these objects such that:

(1) Each subset is of order k.

(2} Each object is in r subsets.

(3) Each pair of objects appears in A D> 0 subsets together.
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The subsets are customarily called blocks. A block design for
which A = r is called trivial. A design for which r =k is called
symmetric and denoted SBIB; if r Fk, the design is asymmetric.
The graph of a BIBD is a b by v bipartite graph where the two sets
of vertices correspond to the subsets and objects of the BIBD, and
two vertices are adjacent if and only if they correspond to an object
and a subset, and the object is contained in the subset.

G(3, -2) has been completely described by Seidel[S] , and
in this thesis we begin the systematic study of G(4, -2) and G(5, -2).
We show, with the help of a theorem of Hoffman and Ray-Chaudhuri

[4] , that if H is in G(4, -2) then, with finitely many exceptions,
one of the following three conditions holds:

(1) H is the line graph of a strongly regular graph.

(2) H is the line graph of a SBIB.

(3) H = L(K ) with m ) n.

m,n
The question of whether a graph that satisfies condition (2)

is characterized by its eigenvalues has been settled [3] . In this thesis

we study the corresponding question for graphs that satisfy condition (1)

or (3). We show that, with finitely many exceptions, a graph that satisfies

condtion (1) is characterized by its eigenvalues unless it is a strongly

regular graph of valence 1:2 with P =Py = t. For a graph that satisfies

condition (3), we ask if it can be characterized as a regular connected

graph with mn vertices which has m+4n-2, m-2, n-2, and -2 as its
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distinct eigenvalues, a question first raised in a different form by
J.WTMoon. We show that if H has these properties, then H = L(Km, )
if any one of the following conditions is satisfied:

(1) H contains an m-clique.

(2) n= 2.

(3 m= n+ 1L

(4) m=5 and n= 3.

(5) mtn Y 18, (m,n) + (2t°+ t, 2t2_ ), tD L
On the other hand, for every (m,n) = (21:2 + t, th - t), L(Km,n)
is not characterized by its distinct eigenvalues if there exists a
symmetiric Hadamard matrix of order 4t2 with constant diagonal.

Now suppose H is in G(S, -2). Then, again with only finitely
many exceptions, H is the line graph of G where

(1) G is a regular graph, or

(2) G is the graph of a non-trivial asymmetric balanced

incomplete block design.

Again we ask the natural question: for a given G in satisfying
condition (2), is H = L(G) characterized by its distinct eigenvalues
among all regular connected graphs with the same number of vertices?
Conditions are given under which H is characterized; in particular

it is shown that the above questior. can be answered affirmatively if

the block design is a Steiner Triple System, i.e., k= 3 and A =1,
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Section 2. G(k, -2) and the Line Graph of a

Balanced Incomplete Block Design.

In this section we study the relationship between BIBDs and
certain graphs in G(k,-2), k = 3,4,5. We show first that if H is
in G(4,-2) or G(5,-2), then, with a finite number of exceptions,

H is a line graph. We next show that if H = L(G) is in G(k, ~2),
then G is either regular or bipartite. We then show that if G is a

bipartite graph, then

(1) L{Q) is in G(3, -2) if and only if G is the graph of a BIBD
which is symmetric and
trivial.

(2) L(G) is in G(4, -2) if and only if »G is the graph of a BIBD
which is either symmetric
or trivial but not both.

(3) L(G) is in G(5, -2) if and only if G is the graph of a BIBD
which is neither

symmetric nor trivial.

We next investigate the graphs of G which are regular. We
first show the relationship between the eigenvalues of G and the
eigenvalues of L(G). Finally we show that if G is regular and L(QG)

is in G(4, -2), then G is strongly regular.
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In order to show that there are only a finite number of graphs
in G(4, -2) and G(5, -2) that are not line graphs, we first need the
following theorem by Hoffman [2] : H is regular and connected
if and only if there exists a polynomial p(x}) such that p(A(H)) = T
where J is the matrix with every entry 1. The degree of p is one less
than the number of distinct eigenvalues, and p is called tﬁe polynomial
of the graph.

A path of length n from iO toi is a sequence of vertices

i such that i.+

11, Ly eeven 1 i+l and 1j are adjacent for j = 0, 1,

., n-1. It is easy to prove by induction that Anij is the number - -
of paths of length n from i to j. Thus if p is of degree m, p{A) = J-
implies that for any i and j, Akij * 0 for some k < m. Thus there
is a path of length less than m 41 from i to j for any two vertices
i and j. Hoffman and Ray-Chaudhuri [5] have proved the following
theorem: If H is a regular connected graph whose least eigenvalue
is -2, and H is regular of valence d ) 16, then there exists a graph

G such that L{(G) = H, or J-A(H) = H where Ht is a square matrix

t
of order 2t witht 2x2 matrices down the diagonal. The 2x2 matrices
have every entry equal to one, and these are the only non-zero entries
in H‘c .A Since A(H) and J are commuting, symmetric matrices, they
can be simultaneously diagonalized by an orthogonal matrix U. H, is

the direct sum of t copies of J where J is square and of order 2. Thus

the eigenvalues of Ht are 2 and 0. Hence we have
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T
U(J-A(H) ) U

(2.1) U(H,C)UT

= usuT - UAE)UT 2t0 0
= J’O-A(H)O where Jo * 0“
0 N
“I
and A(H) = “ 0
0 -,
a

Thus U'(Ht)UT is diagonalized with the eigenvalues of H,_down the
diagonal. Since u = (1, 1, ...., 1) is a common eigenvalue of J

and A, and Ju = 2tu, and Hu = 2u, 051: 2t-2, For any other

eigenvalue, (2.1) tells us that 2 0-« , ie., £ = -2,

or 0 =%
Thus, since Ht has at most 3 eigenvalues, we know that if H is in

G(k, -2) for k #% 3, and the valence of H is greater than sixteen,

then H is a line graph.

Theorem 2.2 All but a finite number of graphs in G(4, -2) and

G(5, -2) are line graphs.
Proof: From the remarks above on the polynomial of a graph,
if H is in G(4, -2) or G(5, -2), any two vertices in H can be joined

by a path of length less than five.
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P.

If H is regular of valence d, and i is any vertex, there are
d vertices which are joined to i by a path of length one, i.e., the
vertices adjacent to i. Each of these vertices is adjacent to at most
d-1 new vertices, and so there are at most d(d-1) vertices connected
to 1 by a path of length two but not by a path of length one. Since each
of these new vertices is adjacent to at most d-1 still uncounted vertices,
there are at most d(d-l)2 vertices connected to i by a path of length
three but not by a path of length two or one. Thus if H is in G(4, -2),
and H is regular of valence d, then H has at most d(d--l)2 vertices,
Similarly, if H is in G(5, -2), H has at most d(d--1)3 vertices. Thus
for any given d, there are at most a finite number of graphs in G(4, -2)
and G(5, -2) that are regular of valence d. Thus there are only a finite
number of graphs in G(4, -2) and G(5, -2) with valence less than seventeen.
Now suppose that H is in G(k, -2) and L(G) = H. What can we

say about G?
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If e, is an edge in G, and the valences of the end points of e; are d
i

1

and d2 , then the valence of the vertex in H that corresponds to ey is
dl-l— d, -2 since for each vertex adjacent to the vertex corresponding
to e; in H, there must be an edge in G that has one end point in common
with e; and there are dj+ d, -2 such edges. Hence H is regular of
valence d;+ d2 -2, If e has an end point in common with e;, then
the valences of the end points of ej are dl and d3. But then by the same
reasoning as before, the valence of the vertex in H corresponding to ej
is dl+d3 -2. Since H is regular d1+d3 -2 = dl+d2 -2, or d3:: dz. Thus
we see that if a vertex in G is adjacent to a vertex of valence d1 , then
it is of valence dz, and vice-versa. If G were not connected, then L(G)
would not be connected and thus not in G(k, -2). Thus G is connected,
and so if we label each vertex with its valence, every verteX must be
labelled d1 or dz. There are two possible cases:

1

(1 d,= d2 in which case G is regular, or

(2) dI# d2 in which case we can partition the vertices into
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the vertices of valence d1 and the vertices of valence d . If two vertices

of valence d1 were joined by an edge, then the corresponding vertex

in H would be of valence Zd1 -2 =d1+d2 -2, or d1 = d2 . Hence we

see that by using this partition of the vertices, G is a bipartite graph.
Now let us look at case (2) a bit more closely. Without loss

of generality, we can assume that dl< dZ' Let m be the number of

vertices with valence d, and n be the number of vertices of valence d..

1 2

Then we have the following situation:

m vertices of valence dl
A —
\V VJ

Y

o )

n verticesof valence d2
Note that dl_<_ n and dz_<_ m, Since each edge has exactly one end point
in the m vertices and one end point in the n vertices, we can conclude
that
dlm = IE' = dzn where E is the set of edges.

Henceforth ‘S‘ will be the cardinality of the set S.
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The incidence matrix of a BIBD is a 0-1 v x b matrix whose
rows correspond to the objects and whose columns correspond to the
blocks such that the (i,j) entry is 1 if and only if the ith object is
in the jth block. Note that a BIBD is trivial if and only if the incidence

matrix is J.

Note that if G is the graph of a BIBD, then

O B

A(G) =

where B is the incidence matrix of the BIBD, Note also that if the
BIBD is a SBIB, then B is square. If the BIBD is trivial, then the

graph of the BIBD is Kb -
2

Theorem 2.3 If G is the graph of a BIBD, ahd H = L(G),

then one of the following holds:

(1) G is the graph of a trivial and symmetric BIBD
and H is in G(3, -2).

(2) G is the graph of a BIBD that is either symmetric
or trivial but not both, and H is in G(4, -2).

(3) G is the graph of an asymmetric and non-trivial
BIBD, and H is in G(5, -2).

Proof: Conclusion (1) has been shown in a somewhat different form

by Shrikhande [ld and [2] . Hoffman and Ray-Chaudhuri [4] have
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shown that the line graph of a non-trivial SBIB is in G(4, -2).

Thus we may assume that G is the graph of an asymmetric BIBD.

Define K as follows:

B*YV
1
objects ) BV = {(B,v) ‘
v B is a block;
B . _
Bz v is an object in B
blocks .
. . . .th )
1 if the object or block in the i row ig one of the
K = elements of the ordered pair in the j column
1]
0 otherwise
. T - .
Notice that K"K = 21 + A(H) while
KKT = 1| B
BT kI

where B is the incidence matrix of the BIBD and
T | :
B  is the transpose of B.

Now if z = (x,y) , x the first r coordinates

y the last k coordinates
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Then KKT(z) = P z <> rx 4+ By = P x
and BTx + ky = Py
<> Bly) = (p -r)x

and BT(x) = | P -k) y

Casel: x = 0

Note that y 3 0 since z # 0

In this case KKT(z) :P z(=> B(y) = ( P -r)x = 0
and 0 = BT(x) = { P -y
= Bly) = 0

1]

and P k

By Fisher's theorem b _,>_ v if b =v, thenk = r and the design
is symmetric (see Hall [1] , p. 103).

Thus, since the design is asymmetric by assumption, by v, i.e.,

B has more columns than rows. Thus there is ay # 0 such that

B(y) = 0. Using this y, we see that k is an eigenvalue of KKT .

Case II: x ¥ 0

Note that if KK?I(z) ‘) z, then

B({(pwy) = (p - B ()

= (p WP -T)x

Now let us suppose that ( P -k) ( f -r) is an eigenvalue of BB T :

BB T (x)

for some P # k, with x as an eigenvector. Then if we define

T T
y = B(x) , wehave B (x) = ( P -k) y by definition, and

P-k
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B(y) = B [ B (x)
(: -k

=-BB T (x)
p -k ! P “k

Putting Case I and Case II together we have the following:

1
I~
o
=
o

-1) x = (P -r)x

P is an eigenvalue of KKT(:‘-) P = k
or ( P -k) ( P -r) is an eigenvalue

of BBT

Since B is the incidence matrix of the BIBD,

BBT = XJ\&(r—)\)I whichhas(r—)‘)and rk as

its eigenvalues.
From the equation ( P -k) (P -r) = rk, we deduce that P =r + k and
P T 0 are eigenvalues of KK T .
Since the discriminant of ( P -k) ( P -r) - (, ~N) = 0is positive,
there exist P; and P, , Pl # PZ such that
(Py - (P -x) = (x-A)

Thus KKT has Pl , PZ , k, r + k, and 0 as eigenvalues. If

P: 0 or P= r + k, then (r -\ ) = (P—r)( P -k) = rk

But then BBT has only one eigenvalue, and since BB is real and
C . T _ \ = -
symmetric, it must be that BB = rkl. But then = 0,

which is a contradiction.

Thus 0, r # k,rl , PZ’ are distinct.
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Now suppose that k, 0, r + k, 91 , and f)'). are not distinct. If
PL=tothen (P-n) (Pr-k) = (r- A ) = 0

and the BIBD is trivial. In this case Fz T r,

Thus we see that if G is the graph of an asymmetric BIBD,
KKT has five distinct eigenvalues 0,k,r +k, Pl, and f 2
if the design is non-trivial, and
KKT has four distinct eigenvalues 0, k, r + k, and r

if the design is trivial.

KTK has the same non-zero eigenvalues as KKT. In the definition of
B *V, 'B * V\ = kb since each of the b blocks contains k objects.
We noted before that b> v, so the number of rows of K = b+ v<Zb
£ kb Z  the number of columns of K. Thus K has more columns
than rows, and so there is a z # 0 such that K(z) = 0.
T

But then KTK(z) = 0 , i.e. 0 is an eigenvalue of KTK, Thus K"K

T
and KK  have the same eigenvalues.

Clearly KTK and A(H) have the same number of distinct eigenvalues.
Now we can say the following:
A(H) has five eigenvalues if the design is asymmetric and
non-trivial, and

A(H) has four eigenvalues otherwise,
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Since KTK is positive semi-definite, 0 is the smallest eigenvalue.
Thus -2 is the smallest eigenvalue of A(H). This completes the
proof of Theorem 2. 3.

In Theorem 2.3 we saw that if G is a non-regular graph
of a BIBD, then L(G) is in G(4, -2) or G(5, -2).

We now show the converse.

Theorem 2.4 If H G(4, -2) or G(5, -2)

H = L(G)
G not regular
then G is the graph of an asymmetric BIBD.
Lemma 2.5 If A is a real symmetric matrix of order n
Au = Au where v = (l....... 1)
/\ a simple eigenvalue and the only other

eigenvalue of A is r

then A = A-p I+ ml
n

Proof: Since A is symmetric and u is an eigenvector,

AT I AJ = JA

Thus there exists an orthogonal matrix U such that

0

T _ “o 0 ,
U = I, - [06“'.?])

If p is any polynomial, then

T M
UAU = A, -~ ol -
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p(A) = I (= plUTA L) = (uTI V)
(= UTp(Ao)U = ulru
<= pA) = J,
=) p(A)=n
and  plp) = 0
If we define  p(x) * n{x-p )

then pla) = J

A =l‘:.l.‘_;r+r1

n
Cor. 2.6 If A is a real symmetric matrix
Aqy = clld2 u s dle a simple eigenvalue

and the only other eigenvalue is dz( n -dl)

n -1
n-1 n-1

Now we can prove Theorem 2.4 :

Since G is not regular, it is bipartite with m vertices of
valence d1 and n vertices of valence d2 . Letl,2,...,m

be the vertices of valence d} and 1%,2',....,n' the vertices

of valence d2 .

M*N = ((i,j') ‘ i and j' are adjacent}
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We now define M* N

]

-‘5.

:I

K = 1

1

2

m

as we did in Theorem 2. 3.

By reasoning as we did in Theorem 2.3, we find that

T
K K = 2I + A(H)
T
and KK = dZI B O B
where A(G) =
T
BT dll B O

Since m ) n, i.e., B has more columns than rows, we can conclude,

as in Theorem 2.3, that

P is an eigenvalue of KK'Ié‘..’.) f = cl1

or ( r _dl)( P —dz) is an eigenvalue

of BBT .

1 1
and if (P -4)( P-d)) ad, ,
then P
T

Therefore d;, dl + d2 , and 0 are eigenvalues of KK".

T
If u = (,....,1), BB u = Bdmu dBu-‘-dldzu

d d = 0
d1+2anP
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BBT. = 0 implies that the inner product of the ith and jth row

ij
of B is zero. But then the inner product of the ith and jth row of A(G)

. . . 2 . .
is zero and, since A(G) is symmetric, A i = 0. Thus in this case

there are no paths of length 2 from i to j.

Now suppose d d2 is not a simple eigenvalue. Then since BBT is

1

symmetric, it is reducible &6 , P 122] i.e., of the form
-):\ 2\\ N'I‘“ +] .. _nu

* O

where the non-zero blocks are square.
»
Since G is connected, there is a path from 1 to n. But this implies

" " " L Ui "
there is a path of length 2 from i € Y1 *«<¥ [ to jé fe+l) oo m

1 2 v m
[e]

o o o 0O | ° .
1u ? iu T" (I"Pl) ] n

T . .
But this implies that (BB )fj' 7 0, which is a contradiction.

Thus dld2 is a simple eigenvalue.
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We now look at two possible cases.

Case I: BBT has two or more distinct eigenvalues
other than dle .

T
Case 2: BB has one other eigenvalue, other than dld2 .

Case 1l: There exist ‘A‘ and rl such that d1 27 r. , and Iul are
distinct eigenvalues of BBT.
Suppose fl and fl are the roots of ( F —dl) ( F —dz) - rl‘

, . : 2 N
P =P if and only if (d; +d,)" -4(d,d, - I ) = 0

2 -
d -d -4 = 0
( 1 2) I""
- 2
pooT -y
4
But d1 # d2 , so that rj‘(O. But r.. is an eigenvalue of a

positive semi-definite matrix, which is a contradiction.
Thus, Pl #Pl
Similarly, if P3 and f‘{ are the roots of ( ‘) —dl)( ‘J -dz) - "l

P37 Pu -

Also Py = Py implies

M PG (P-dy) = (fy-d) (py-a)) =

Therefore P| s P‘ s h , and P\‘ are distinct.

Also, if P\= dl+d2 or P'Z 0

then 'A\= ( r‘ -dl) ( F‘ —dz) = dld2 which is a contradiction.

Thus d, + d, and 0 are distinct eigenvalues of KK
P‘ »P‘. P3| P"' ) 1 2

Thus ?n ,f;, P3. ?q, dj + d, are distinct eigenvalues of KTI{
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Since the number of rows of K = m + n {2m¢¥¢ dlm =
the number of edges in G = the number of columns of K, there
exists a z # 0 such that K(z) = 0. And thus KTK(z) = 0
. T
and 0 is an eigenvalue of K K. Thus P, s P\ , ‘)3 s Pq s dl + d2 ,

and 0 are six distinct eigenvalues of KTK, and since
KTK 221 + A(L{(G)), L(G) = H has at least six distinct

eigenvalues. Thus case l is vacuous.

Case 2: BBT has d.d and rA as eigenvalues. In this case

172
nd = Ty BBT = dd, +» (n-1)
2 12 >
or ,l = d, (n-d,)
2 1
n -1
- T
Now we can apply Cor. 2.6 where A = BB
Thus we get BBT = d2 (d1 -1y J 4 dZ( n - dl) I
n -1 n-1

In addition, JB = le

Thus B is the incidence matrix of a BIBD with parameters

(vbfk)) = (n, m, d, , 4, dz(dl—l) )

n-~1

and G is the graph of that design.

Cor. 2.7 If{H € G(4, -2)
H = L(G) ; G not regular

then G = Kmn
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By Theorem 2.4, G is the graph of a block design.

By Theorem 2.3, G is the graph of a trivial or symmetric design.

Since k = dl) d2 = r, the design is asymmetric and thus trivial.
Since A(G) = B
B
where B = J, G = Kmp
Cor, 2.8 IfH € G(4, -2)
I(G) = H ; G notregular
Then the eigenvalues of H are d1 + d2 -2 = m +n -2
d1 -2 = n-2

Proof: In Theorem 2.4 we saw that
T .
KK™~ had eigenvalues 0, d, + d2 ) d1 ) P. s P‘
where ( P —dl)( P -dz) = r
Since KTK has the same eigenvalues, it must be that
P, , fI , d1 + d2 , d1 , and 0 are not distinct. e
We saw that Pu# f‘; , P. # dl +d, fnt 0

Thus P.Z dl or o= d1

In either case, ,A= 0 . Thus we can say P. == d1 and

fo= o,

T
Thus K K has eigenvalues d1 + dZ’ d1 , d2 , and 0
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SmceOZP = dz(n-—dl) , no= 4
_— 1
n-1
and since md1 = ‘El = nd2 ,
m = d2

Cor. 2.9 IH €& G(5 -2)
L(G) = H ; G not regular

G the graph of a BIBD with parameters (vbrk A)

D=(r_;_1<__)2+r -

2 L
then the eigenvalues of H are r {+ k - 2, D + r+ k-4, k-2,
L 2
-D* 3 r+ k-4, and -2.
2
Proof: H: dz(n—dl)
n -1
(P—dl)(?_dz) = 4, (n\—dl)
n-1
2
P - (d1+d2)P+ dld2 —dz(n—dl) = 0
n-1 iR
= d,+d 2 2
\ 2
P 12 ¢ 172 ((d1+d2) - 44dd, + 4d2(n—dl))
n-1
LR
= 2 2
= d, +d - -
1t % +(d1 dz) L L(n dl))
2 2 n-~1 —
}
= r+k +(r—k)2+ r!v—k[)?
2 2 v -1
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1
Po = zek s D*
2
%
P'l = r+k - D
2 - X 3
Thus the eigenvalues of K K are r +k, k, r+k +D , r+k -D
2 2
and 0.
So far we have been considering the case where L(G) = H and

G is not regular. Ncw let us suppose that G is regular. We form the
matrix K whose rows correspond to the vertices, and whose columns
correspond to the edges. K , = 1 if the vertex corresponding to

1)

the ith row is an end point of the edge corresponding to the jth column.

K . = 0 in all other cases. By the reasoning in Theorem 2.3 we
1)
find that
T
K K = 21 4 A(L(G))
T .
KK = d1I + A(G) where d is the valence of each

vertex of G.

Now suppose o« LA >*1 ? °(3 Y -2 are the eigenvalues of H
then 0(‘+1' cl,+2‘°(1+2.‘(3+2 and 0 are eigenvalues of KTK
Thus %12, ¥#d, %+l :ugland ibly 0 i 1 f KK
us ReTh,  B¥,) W W iMgland possibly 0 are eigenvalues o
and so°(6"2—4’ﬂ'4)_- A,*\Q-J \ dxs-'t Z-A and possibly -d are
eigenvalues of G

But (-d) is an eigenvalue of G if and only if G is bipartite [2]

Thus the following has been proved:
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Proposition 2.10

If H is regular of valence O(o
and the eigenvalues of H are °‘. ,“' s q\', q) , and -2
I{(G) = H G regular

then G is regulalr of valence d = % 2
2

and the eigenvalues of G are d, %, -d +2, ®,- d+2, ©4-d +2.
G also has -d as an eigenvalue if and only if G is bipartite.

Proposition 2. 11

If H = L(G)
G has eigenvalues d, P‘ , Pl, P3 d) 2
then H has eigenvalues 2d-2, P.+ d -2, P"+ d -2, (33+ d -2, and -2.

Proof: 2d, P‘ +d, P,_«»d, P3+d are eigenvalues of KKT

The number of columns of K the number of edges of G = Vd § V
2

the number of rows of K.

Therefore K K has 0 as an eigenvalue as well as

2d, Pl +d, ’31+d, and P3 rd.

Theorem 2.12 IfH = L(G)

H is in G(4, -2)
G regular and not bipartite
then G is strongly regular.
Proof: From Prop. 2.10, G has three distinct eigenvalues. Thus

there is a polynomial p of degree 2 such that p(A) = J.



bl - Taddd

In other words

A2 + aA 4+ bl = cJ for appropriate constants a,b, and c
Thus Pv 2 ¢c - a
and ?I. = ¢ and the graph is strongly regular

(vid. Introduction)

Theorem 2.13 IfH = L(G)

H 1is in G(4,-2) G regular and bipartite
then G is the graph of an SBIB

Proof: Let

O B

AG) =
BT 0

Since A is bipartite, ifel is an eigenvalue, then -% is an eigenvalue.

Since H has four eigenvalues, the eigenvalues of G must be of the form

T
T 4 and 2% . Thus the eigenvalues of BB  are a® and otz

i

If d2 is not simple, then BB  is reducible and, as in Theorem 2.4,
. T 2 2 . . .

G is not connected. Thus BBy = duwuandd is a simple eigenvalue,

Thus we can apply lemma 2.5 and, as in Theorem 2.4, derive that

G is the graph o6f a BIBD with incidence matrix B. But since G is

regular and bipartite, B is square and v = the number of rows =

the number of columns = b)and thus k = r.

Corollary 2.14 If H L(G) and H is in G(4, -2)

then (1) G K mY)» n ,

m,n

or (2) G is the graph of a SBIB ,



or (3) G is strongly regular.
Proof: Cor.2.14 (1), (2), and (3) are proved respectively in
Cor. 2.7, Theorem 2.13, and Theorem 2.12.

Theorem 2.15 If H = IL(G) is in G(3,-2) and G is bipartite,

then G is the graph of a trivial SBIB.
Proof: This theorem can be deduced from a proof of Shrikhande [10]
but it is easier to prove it directly than it is to translate the notation.

Since G is bipartite, the eigenvalues are d, -d, and ® . But

since -® 1is also an eigenvalue, it must be that ol = 0. Thus
2 2 . 2 2
A +dA = 2d” J. Since A = d andAk = 0, d = 2d” or
v A%
V = 2d. But the only possible bipartite graph with V = 2d is Kd a-
2
Theorem 2.16 IfH = L{(G) is in G(3,-2) and G is not bipartite,

the_n G is a clique.

Proof: G has two eigenvalues. Thus G has a polynomaial of degree 1,

so A 4+ bl = cJ. Thusif i #j, a;; = ¢ for all j. Since Aij =1
for some (i,j), A'j =1 for all i # j, or A is an m-clique.

i
Summary

In this section the following has now been proven:
If H = L(G), then
(1) His in G (3,-2) if and only if G is an m-clique m ? 4,
or G = K
m, m
(2) His in G (4, -2) if and only if G is the graph of a SBIB,

or G is strongly regular but not a clique,

or G = K
m,n
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(3) H is in G(5, -2) if and only if G is the graph of a non-trivial
and asymmetric BIBD,
or G is a regular bipartite graph with five eigenvalues,

or G is regular, not bipartite, and has four eigenvalues.

Section 3, Some Lefimas about L(K__ n)

We have seen that if H = L(G) is in G(4, -2) and G is not

regular, then H = L(Km n)' Further, by Corollary 2.8, H has

eigenvalues m +n -2, m -2, n -2, and -2. We now address ourselves
to the following question: is there another graph with mn vertices
in G(4, -2) with the same eigenvalues as L(Krn n)? We shall now

derive some lemmas useful for answering this question.

For any regular connected graph with eigenvalues

d,‘&‘,r_\l, ...... Pt, p(x) = |Vl ‘ﬁ’ x"3\‘115 the polynomial
ksl 4-Pr

of minimum degree such that p(A) = J. [2] Thus if G = L(Km n)'

H

p(x) = _1 (x -(m -2)) (x-(n-2)) (x+2)
m +n
-1 (x - (m -2)) (x° - (n-4)x -2(n -2))
m+4+n .

If A is the adjacency matrix of another graph with the same

eigenvalues as L (Krn n) , then p(A) = J for that matrix also.
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Suppose A is such a matrix. Then let us define B so that

3.1)  (m-n)B = A% -(n-4) A - 2(n-2)1 - 27.
Then 1 (A-(m-2)I)((m -n)B +2J) = J
m +n

(m -n) AB - (m ~n) (m -2} B +2AJ -2(m -2)J =(m+n)J
and since AJ = (m+n -2)J and m # n, we have
(3.2) AB-(m-2)B = J

Since A and J are commuting, symmetric matrices, they have

a common set of eigenvectors. We can let u; = (1, 1, ..... , 1)
and have A(ul) = (m +n -2) u, J(ul) = mnu,

A(uz) = (m -2) u, J(uz) = 0

A(u3) = (n -2) u3 J (u3) = 0

A(u4) = (-2) u, J (u4) = 0
But then from (3.1),

2
(m -n) Bu1 = A u - (n -4) Au.1 - 2(n -2) Iu1 -2J u,

1"

( (m+4n —Z)2 - (n -4) (m+n -2) -2 (n -2) -.-Zmn) u,

11

m(m—n)ul

Thus m is an eigenvalue of B.

Similarly, (m -n) Bu,  ( (m 2y “(n -4) (m -2) -2(n -2) ) w

= m (m -n) u,

(m -n) Bu, = ((n-2)° - (n-4)(n -2) -2(n -2) ) u,
= 0
(m -n) Bu = (4+(n-4)° -2(n-2))u,

= 0



Since the multiplicity of the eigenvalue of u
1
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as an eigenvector of B

is the same as the multiplicity of the eigenvalue of u, as an

eigenvector of A, the only eigenvalues of B are m and O.

T

Thus

B is positive semi-definite and x* Bx 2 0 for all x.

Note that (m -n) B =
kk

T m-n

(m+n-2) +4 0

-2(n -2) -2

and hence Bkk: 1 for all k.

For any i # j, let x' be the following vector:

J
= 2-2B,,
ij
Thus B,, € 1
ij

Now for any i # j,

xtt, =z xt' oz 1
! j
X“ =
k
T
Then 0% x!'!' Byt = Z B,,x”_x”. -
1, Y 1]
= 2 +2B,,
1]
Thus -1< B,
1]
From -1 £ B € 1, we have, using (3.1)
1]

2
-(m -n) £ A g (n -4) Aij -2(n -2) Iij -2 £

Thus if A,., =
1)

2. £
(3. 3) Az,

m -2.

B..
ii

= 0 for all other coordinates k.

J] 1 J1

.}E: Bx'x' = B,,+B,~-B,_ -B,.
1, 1] 1 3 11

since B is symmetric.

let x'' be the following vector:

0 for all other coordinates k.

+B.. +B.. + B.,
JJ 1] Ji

(m -n)

1, Azij -(n -4) -2 <m -n, or
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Now define C such that

(n-m)C = A” - (m -4) A -2(m -2) I - 2J.

By using the same U, U, u3, and u4 as before, we find that

2

(n-m)Culzn(n—m)ul,

(n -m) Cu 0,

2

(n-m)Cu3 n(n-m)u, , and

3

(n -m)Cu 0

4
Thus C is also positive semi-definite.
(n -m) Ckk = (m +n -2) -2(m -2) -2 = (n -m)
Thus Ckk = 1 for all k.

If x! and x'" are as before

T
0€x'" Cx' = C..x'.x', = 2 -2C..
1, 1] 1)
- or c. <1
ij
T
0<x""” Cx'= C.x''" x'"" = 2 4+ 2C,.
) 1 i j 1)
or -1 £ C..
1)
Thus -1 € c. <1
1]
-1 ¢ -C £ 4l
ij
(n -m) & -(n-m) Cijs -(n -m) , or
2
- < . - - '
(3.4) (n -m) & Aij + (m-4) A +2 (m Z)Iij+2..
IfAij = 1
—Azij } m -4 42 { m-n
(3. 5) n -2 £A2.

m

-n
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Putting (3.3) and (3. 5) together, we have

(3.6) =n-2% Azij € m-2 ifA =1
ij

Thus, if Aij = 1, (m -n)B_j = Azij -(n-4) -22 (n-2)-(n-4)-2 = 0
i

and so, if A, = 1, then 0% B, £1
ij ij

Since B has eigenvalues 0 and m, the minimal polynomial for B is

- 2
x(x-m) = x -mx
Thus B2 -mB = 0
B2 = mB

In summation, if the eigenvalues of H are the eigenvalues of L(Kmn)

and B is defined as in (3.1), then we know the following:
() AB -(m -2)B = J

(2) -14£ B €1  foralliandj
ij

(3) B 1 for allk

Kk

(4)If A = 1, then 05 B, €1
ij 1)
(5) B> = mB
(6) If A . = 1, then n -2 £ Azi- £ m-2
ij J
Lemma 3.7 If H is such that
(1) v = mn
2) d = meé$n-2
~ 2 2 . -
(3) A", = m-2 orA .. = n-2 for all (i,j) suchthat A =1
ij 1) ij-
(4) A%, =2 A, =0
ij ij

. . 2
then there exist n(r; ) pairs of adjacent vertices such that A ij = m-2

and there exist m(hz ) pairs of adjacent vertices such that AZ._Z n -2
1)
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Proof: Let(m -n) B = A2 - (n-4) A-2(n-2)1-2J
a = (1, ......, 01
Since Au = (m +n -2) u, by (2) ,

and Ju = mnu, by (1),

(m -n) Bu = ( (m 40 -2)° - (n -4) (m +n -2) ~2mn) u

m(m -n)u
Thus Bu = mu

Since Azkk S m+n-2 andA_kk = 0,

Brge = 1

- . . 2 - . . -
If Aij =0 andi# j, A ij ~ 2 implies that Bij =0
Because of (3), if A,, = 1 thenB,, = 0 or B.,, = 1

1] 1) 1)
Thus for any i, there exist m j's such that Bij = 1
Hence there are (m -1) j's that are unequal to i such that B, = 1
1)
Therefore there are (m -1) j's such that A, = 1 and Azij = m -2
1)

while the remaining (n -1) j's such that Aij = 1 have the property

2
that A, = n -2.

1]

Summing over i, there are mn ( m -1) ordered pairs of adjacent

2
vertices such that A = m -2
1]

and there are mn ( n -1) ordered pairs of adjacent vertices such that

Az.. = n -2
1]
Thus there are nm (m -1) pairs of adjacent vertices such that
2 2
A = m -2
ij
and mn (n -1) pairs of adjacent vertices such that
2
2
A = n -2

i
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Lemma 3.8 The hypothesis of 3.7 implies that H = L(K_ ) .
Proof: J.W.Moon [7] and A.J. Hoffman [3] have proved
that the conclusion of 3,7 implies that H = L(Kmn).
Lemma 3.9 A sufficient condition for H to be L(Kmn) is
(3.10 A, = 0=)B_ 2 0
) i st
Y B, = (7 -A).. B
1A 1] i)
{i\As5=8
= -A) B
(@-2)B),

1]
i

(7B),, - (AB),

1

m-(J +(m-2) B)

= m-1 +(m-2) =1

Since B,, = 1 and A, = O,
JJ JJ
{\A Z Bij = 0 and thus by condition (3.10)
J jj'-‘O,l#J}
B, = 0 ifA, = 0, iF# j
1] 1
C < . . . 2 ¢
Thus 0 & B,, £ 1, which implies that(B, ) = B _,
1 ij 1
with equality if B, = 0 or B = 1

ij 1]
_ - 2 - - 2
Hence m = mB,, = B ke ;Z. Bijjk zz: (Bkj) ZBkj

N

(B

.u)k muy = m

Thus the inequality is actually equality and B is a 0-1 matrix

such that (1) Bkk = 1
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(Z)Bij OlfAij=0 i # o

(3) By 0 or By 1 if Aij = 1

But from the definition of B, this means

(1) d = ma+n -2
j ij

(3) A% =m -2 or A%, = n-2 ifA. =1
ij ij ij

(Z)AZi =2 ifA, =0 i £ j

Since B is of order mn, we can apply (3.8) and imply that H = L(K )

Def. If G is a graph and W is a subset of the vertices, the subgraph
generated by W has W as its vertices with two vertices adjacent if

and only if they were adjacent in G.

Def. The subgraph Gv is the subgraph generated by the vertices

adjacent to v.

For L(Kmn), the v subgraph is the same for every vertex, i.e.,
a complete graph on m -1 vertices and a complete graph on n -1
vertices.

We now show that this property characterizes L(Kmn).

Lemma 3.11 If G is a graph such that for every v , Gv is a

complete graph on m -1 vertices and a complete graph on n -1

vertices, then G = L(Kmn). )
1l

Proof: m -1 clique

n -1 clique
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Suppose Aij = 1, Then there are two possibilities:
(1) j is in the m -1 clique, or

(2) j is in the n -1 clique.
2

In Case (1), A i = m-2 and (m —n)BiJ. = (m -2) - (n -4) -2
= m -n
In Case (2), Az__ = n-2 and (m -n) Bij = (n -2) - (n -4) -2
ij
= 0
Thus we have that Bij = 0 or 1 if Aij = 1,
Thus Z (B..)° = : B, = 2, B, A
) H LT RIS I A
{J|A1j=l}
= (AB)ii = (J + (m -Z)B)ii = m -1
2 2
and Z(B,,) = Z B..B,, = = mB,, = m
ij ij7 i ii ii
Thus ] 2 J
= B.. = B, ¥ B.) + B,
m ( 13) E ( 1) AZ-E, J J]
Ay 1j°
1] .
1%#)
- 2
> m -1 + Z ( 1J) v+ 1
A=
1#)
2
Therefore Z (B..) = 0
A1j=° ij
1%)
Therefore A, = 0 and i # j implies that Bij = 0

ij

Thus by Lemma 3.10 , H = L(K ).

m,n



Page 41

Some Impossible Subgraphs of Graphs in G(k, -2) Yfll

Suppose K is a principal submatrix of A, K(x) = -2x
Then A(z) =-2z where z is the vector which is identical with x
in the coordinates for which x is defined

and 0O in the other coordinates.

Proof: <Az, 22 > -2 with equality if and only if
T
z = Az = -2z
A.. z.z, A, x.x,
But <z ,Az? = 1 R - i RUNRN
T 2 2
z Z 11 VA i 3:;_.‘ X i
= <x, Kx> = -2 11xll =
Z xZ. 11x11
T i
Thus Az = -2z
Since Au = du, u-z = 0 where u = (I, ....., 1)
and Z z, = 0
but then in - 0
Further if j is some vertex that is not a row of K
then (Az)j = 0
Z Ajkzk = 0

= Agr & O
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Figure 1 is a possible subgraph.
_\ The number next to a vertex 1
is the value of xi , so that in
this case the eigenvector =z
| has only four non-zero

coordinates.
Figure 1

The following are impossible subgraphs:

(3.12 )
(3. 13 )
(3. 14 ) J

since in each caseZAjkxk 0
Notice that we are using the term subgraph here to mean the
subgraph generated by some set of vertices.
Now, having proven the lemmas that are needed for
answering the question raised at the beginning of this section, we

proceed to the theorems.
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Section 4. Some Theorems about L (K )
m,n

The eigenvalues of L(Km,n) arem +n -2, m -2, n -2, and -2.
At the beginning of the last section, we raised the following question:
is there another graph G such that H = L(G), and H has the same
eigenvalues as L (Km,n) and H has mn vertices? Obviously G
cannot be Km,n, with (m',n') # (m,n), and Hoffman and Ray-
Chaudhuri [4] have proved that if G is a SBIB, then G is
characterized by its eigenvalues unless v = 4, k = 3, and A= 2.
But in this case the eigenvalues of L(G) are 6,2,0, and -2, and these
are not the eigenvalues of L (K ,n) for any m or n. We saw before
that if d > 16, and H is in G(4, -2), then H = L(G) for some G. Thus
if m +n -2 16, any graph vith the same eigenvalues as L(Km,n)
must be the line graph of a strongly regular graph.

In this section w2 prove first that if any of the following
conditions are satisfied, then H = L (Km,n)
(1) H contains an m-clique
(2) n= 2
(3) m = n+l
(4) m =5 andn =3
() m+n 18, (m,n) # (2t%+4t, 2t° -t) t> 1

We next show that a necessary and sufficient condition for L (Km n)
2
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not to be characterized by its spectrum is that there exist a

symmetric Hadamard matrix with constant diagonal of order m 4n.

Throughout this section we assume that H is a graph with eigenvalues

mi4in-2, m-2, n-2, and -2.

Theorem 4.1 Ifm = n=+1

then H = L(K

m,n

)

Proof: Equation (3.1) now becomes

2
B= A - (n-4)A -2 (n-2)I -27
Thus the entries of B are all integers , i.e., Bij =0orlor -1
LB, = (Bu), = m
U !
2
(B) ZBB =B ., * mB,£ = m
13 ji 11 i1
)
2 » .
Since B, £ (B.) for all i, j
1] 1]
2
m =7 B, £ (B,) = m
1 1] ij
Thus 5
B = (B..) , i.e., B, . is Oor 1
1) 1) 1)

But then condition (3.10) is satisfied and H = L(KIn n)

Theorem 4.2 If H contains an m-clique

then H = L(K
m,n
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Proof: Letl,2,3,.....,m be the vertices in the m-clique.

Define Vi = {v a vector \ v adjacent to i v ¢ {l. ceea m}}
i= 1

....... m
- vl mm 2 - m ) = n

The following are true for all V, and Vj i # ]

(4.2.1) Vv, N v, =¢

j
Proof: If visin V, N v.
j

then i and j are mutually adjacent to the m -2 other

vertices in the clique as well as to v. Thus A, =1
1)
and Azij 2 m -1, contradicting (3. 6).
4.2.2) If v is in V, jis in {1 ...... m} joF i
i
then Avj = 0
Proof: v € V, =) v ¢ {1 ..... m}

thus Ay =1 v €V,

but then v € Vj N Vi , contradicting (4.2.1).

(4.2.3) Vi is an (n ~1) clique
x €V, =) Ay =1
2
Then by (3. 6) Ay 2 n -2

Thus x and i are mutually adjacent to n -2 other

vertices, But i is not adjacent to any of the vertices



in the m-clique by (4.2.2), and the only other

vertices that are adjacent to i are in Vi‘ There

are n -2 vertices in Vi that are not x. Thus for

x and i to be mutually adjacent to n -2 vertices,

it must be that x is adjacent to all the other vertices

of Vi' Since x was arbitrary, Vi must be complete,

‘i.e., an n-1 clique.
Note that (4.2.3) implies that Hi is an m -1 clique and an n-1 clique
fori = 1, ...., m,

(4.2.4) Every vertex that is not in the m-clique is in some \&

Proof: Vl’ VZ’ essey V and {l.......m} are

m

mutually disjoint. Therefore

VIU VZU... UVmU{l......m}\: m{(n -1) -m = mn

(4.2.5) If xis in Vi y,z is in V.
J

then x is not adjacent to both y and z

Proof: If so, we have

( )

: z

which is impossible subgraph (3.12)
Now suppose x 4’: {1 .- m}

then x is in Vi for some i, by (4.2.4)

x is adjacent to 1 and the n-2 other vertices of Vi
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Thus x is adjacent to (m +n-2) -(n -1) = m -1 other vertices.
Let y and z be any two of these vertices. By (4.2.2), (4.2.4)
and (4.2.5), y is in Vj and z is in Vk , with i, j, and k

distinct. If y and z are not_adjacent, we have

1 3

X y A

which is impossible subgraph (3.14)

Thus y and z must be adjacent. Since y and z were arbitrary.
vertices adjacent to x and not in Vi , the m -1 vertices
adjacent to x and not in Vi form an m -1 clique. None of
the vertices in the m-1 clique is adjacent to a vertex in Vi

by (4.2.5). Thus H is an n -1 clique and an m -1 clique.
x )

Thus for any x 4; il ...... m.l ) Hx is an m -1 clique and

an n -1clique. As noted before, the same is true for the

vertices in {l........ m} . Thus by lemma 3.11, H = L(K_ ).
Now If H is a graph, the complementary graph I‘?I is a graph

whose vertices correspond to the vertices of H, and for which

two vertices are adjacent if and only if the corresponding

vertices in H are not adjacent. Clearly

AH) J-A @) -1

Theorem 4. 3 If n =2
H

then
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Proof: The eigenvalues of H are m, m-2, 0 and -2.

As in the previous section, A(H) and J are commuting

symmetric matrices. Thus there exist u, = (l......1), uz, u3 ,
and u  such that
4
A(I—I)u1 = (m+n -Z)u.l J(ul) = mn4= 2m W,
A(H)u2 = (m -Z)u,l J(uz) = 0
A(H)u3 = |n —Z)u3 J(u3) = 0
A(Hu, = (-2) Uy J(u,) = 0
h F A
Thus A(H)u1 = Jul - (H)u1 -1 (ul)
=z (2m -m ~1)u1
= -1
(m -1) u,
~N
A(H)u2 = (0 -(m -2) -1) u,
= - {m -1) u,
~
A(H)u3 = (—1)u3
~ -
A(H)u4 = u,

Thus, since the valence of H is the largest eigenvalue,

we see that d = m -1 and that -d is an eigenvalue.

But then H is bipartite. [2]

Let S and T be the partition of the vertices. Since ‘S\ + \T‘ = 2m,

either S or T contains m vertices ( in fact since H is regular,

sl = |Tl= m).



Page 49

A
Thus we have m vertices in H such that no two of them are adjacent,.

But then the corresponding m vertices in H form an m-clique.

Thus, by Theorem 4.2, H = L(K_ ).

Now let us consider the case where m = 5 and n = 3., In this case,
the eigenvalues of H are ma+n-2 =6, m=-2 = 3, n-2 =1, -2,
As we saw at the beginning of Section 3, if

p(x) = 1 (x-3)(x-1)(x+2) = 1 (x3 --2x2 -5x 46)

8 8

p(A (H) ) = T

Thus A3 -2A% -5A +6I = 8J  where A = A(H)
H is regular since Au = 6u where u = (l....... 1)
A1 2 d = 6 forallk
kk

3 .
Thus A Kk -2+6 -50 46 = 8 for all k

3 _
or A Kk 14 for all k

Thus we see that there are 14 paths of length 3 from k to k.

P

&~

For each path of length 3, k must be a vertex of a triangle. On the
other hand, each triangle of which k is a vertex provides two such
paths. Thus for our case, k is a vertex of 7 triangles. In other words,

H’k has seven edges. The number of vertices of Hy is the valence
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of k which is 6. Now we wish to look at the possible Hk’ and to

do so we shall use the following proposition:

Proposition 4.4

If G is a regular graph of valence D with V vertices;
the smallest eigenvalue of G is =2; k an arbitrary vertex;
X, y, and z distinct vertices in Gk; V(Gk) = vertices of Gk;
d(x) = degree of x in Gk; d(y) and d(z) similarly defined:
no two vertices of x, y, z adjacent
then d(x) + d(y) + d(y) > 4D ~ (V + 2)

Proof:

Define X = {w a vertex : w adjacent to x; w £ k; w not adjacent to k}

Y = {W a vertex : w adjacent to y; w £ k; w not adjacent to k}

Z = {w a vertex : w adjacent to z; w # k; w not adjacent to k}

Then |X|+ d(x) + 1 = D
Y|+ d(y) + 1 =D
172l + d(z) + 1 = D

X, Y, and Z are pairwise disjoint, For if not, say if w is in XNY,

we have
,__,.,.-rfz

k &”______——_,__f_—,__,,.,,—* /

X //

Vd
/
Vs
/
Ve
Ve

/

y YW

If w and z are adjacent, we have impossibde subgraph (3.13).

If w and z are not adjacent, we have impossible subgraph (3.14)

Also X, Y, and Z are disjoint from ik} JV V(Gk) by definition,
Thus .

iXt + 1Y) +12f +1 + D £ V|

3D - (?(x) + d(y) + d(z) + é) +1+D & Vor

d(x) + d(y) + d(z) & 4D - (V + 2)
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In our case,

d(x) + d(y) + d(z) X 4.6 =(15 + 2) = 7

Now let us return to the possible G As we said before, G, has

k* k
six vertices and seven edges, From (3.6) we see that if Aij =1,
1€ A% ¢,
i

Thus if x is a vertex in G , A = 1 and so 1¢ A2 ¢3.
k kx kx

In other words,
1 ¢ d(x)s.S for all x in Gk. In particular, there are no
isolated vertices in G We now classify the G

1
k. k °
polygon that each contains.

Case 1. Largest polygon a hexagon.

There are only two possibilifies for the last edge:

e

: by the largest
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In subcase la, x y and z satisfy the hypothesis of Proposition 4.5
but d(x)+ d(y) + d(z) = 6

In subcase 1lb, the subgraph generated by {1 234 5} is
impossible subgraph (3.14 )

Thus Case 1 is vacuous.

Case 2. Largest polygon a pentagon.

d(x) 2 1 implies that six lines must look as follows
3 Y
A
X
!
\ g

6

If the last line is adjacent to 1, there are two possibilities:

2a 2b
3 4 \
P
// ” L‘
s \Y

If the last line is not adjacent to 1, it is not adjacent to 2

since d(2) = 3 . Thus the possibilities are:



Page 53

2c 2d
3 5
3 V! o
-
1 \ :
6 5 3 %
In 2a, {1 6543 2} forms a hexagon and we are in case 1.

In 2b, él 2 3 4- 5}  generates impossible subgraph (3. 14 ).
In 2c, if x = 6,y = 4, z =1,

d(x) + d(y) + d(z) = 6, contradicting (4.4).
In 24, {1 235 6} generates impossible subgraph (3.14 ),

Thus Case 2 is vacuous.

Case 3. Laargest polygon is a quadrilateral.
Subcase 3a. The quadrilateral has two diagonals. The last

edge must join the last two vertices since no vertex is isolated.

In this case, k and the four vertices of the quadrilateral

form a five-clique and by Theorem 4.2, H = L(K3, 5).

Subcase 3b. The quadrilateral has one diagonal.

(See diagram on next page)
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° 2

If A12 = 1 then the last edge must join an end point of the edge
between 1 and 2 to the quadrilateral, and it must join it at a vertex

of wvalence 2. Thus we get

3b

5 y ]
If A 12 - 0, one of the two remaining edges is adjacent to 1 and

one to 2. In addition, one is adjacent to 4 and one to 6. Thus we

have

3b.. 4 3 X

ii s

In 3b;, let x 1. Then d(x) + d(y) + d(z) = 6

1
»
<

n
>

N

H

In 3b..

2 let x

= 3, Then d(x) +d(y) +d(z) = 5

H)
pt
-
<
IH
™
-
N

In either case, this contradicts (4.4).

Thus subcase 3b is vacuous.

Subcase 3c. The quadrilateral has no diagonals.

(See diagram on next page)
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6 3 o |
S o
4 2
If A, = 0, then without loss of generality, we can assume d{l) = l.

But then {1 345 6} generates impossible subgraph (3. 14 ).

Thus we can assume A12 = 1
g 3 |
5 4 T

If the last two lines have 1 as an end point, either they go to

adjacent vertices in which case Gk contains a pentagon, or they go

to non-adjacent vertices in which case il 345 6} generates
impossible subgraph (3.13 ).

Thﬁs one of the last two lines has 1 as an end point and

one has 2 as an end point, Thus il 345 6} generates impossible
subgraph (3. 14 ).

Thus subcase 3c is vacuous, [N

Case 4. Largest polygon is a triangle,

2 4

0

[
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Subcase 4a. d(l) = 4d(2) = d(3) = 3

If the third edge adjacent to 1 and the third edge adjacent
to 2 have an end point in common, then Hk contains a
quadrilateral, which is case 3. Thus we must have the

following: 5

h oo ‘ o3 o b

But then the last line will form a quadrilateral.

Thus subcase 4a is vacuous.

Subcase 4b. d(l) = d(2) = 3 d(3) = 2

As in subcase 4a, the third edge adjacent to 1 and the third
edge adj acent to 2 can not have an end point in common.

Thus we have the following:

l, _94

3 —r 0 ©

Y 5 b

The last two edges are in the subgraph generated by {4 5 6}

If A45 1, then the figure contains a pentagon.

If A
45

0, then A56 = A46 =1

and Hk contains a pentagon.
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Subcase 4c, d(l) = d(2) = d(3) = 2
Then the subgraph generated by i4 5 6} contains four
edges, which is impossible.

Thus by sy mmetry the last possible case is

Subcase 4d. da(l) = d(2) = 2 d(3) = 3
Then the subgraph generated by {4 5 6} contains three

edges, i.e., we have the following as the only possible

H'k in case 4:

2
3 4 S
Case 5. Hk is a tree.
Then 7 = |\E| = |v| -1 = 5
In summation, ifm = 5 , n = 3, and H has eigenvalues

6, 3, 1, and -2, then for'any vertex v , H can be one of two
v

possible graphs, i.e.,

Figure 1 Figure 2
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But if {or any vertex HV is Figure 1, then H contains an m-clique

and H = L(Km n)' Thus if there is a graph H in H (4, -2) with

15 vertices that has 6, 3, 1, and -2 as eigenvalues, then either HV

is Figure 2 for allv or H = L(K ).
m, n

Now suppose G is such that GV is Figure 2 for all v.

Let 0 be a vertex and 1 - 6 be the vertices adjacent to 0,

0

g

Now 4 is adjacent to two other vertices; call them 7 and 8.

Cr1 looks as follows:

Vv L4

% ' o °3
x and y are adjacent to 4 and to 1 since the above is Gy .
However, they are not adjacent to 0, so x and y must be 7 and 8.
Vertex 3 is adjacent to three other vertices. As can be seen in Gl s

3 is not adjacentto 7 or 8. Let 3 be adjacent to 9, 10, and 11,

Thus we have the following:
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q 10 !l
At this point G3 is

o q

Since 0 and 1 are adjacent to six vertices already, it must be
that 9, 10, and 1l form a triangle with one vertex, say 1l, adjacent
to 2. Two other vertices are adjacent to 2. They are not 7 or 8
because of Gl . They are not 9 or 10 because of G3 . Thus we can

call them 12 and 13,

Now GZ is

[}
| 5 7‘ 13

Thus 11, 12, and 13 form a triangle.
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G4 is now 1 b

Thus we have the following graph so far:

b ©

12

Thus 5 is adjacent to neither 7 nor 8.

Thus Cr5 is of the form

\j since 4 and 0 are already

adjacent to six vertices.
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C‘r2 shows that 11 is adjacent to 12, 13, 3, and 2. Cr3 shows that
11 is adjacent to 9 and 10 also. Thus 1l is not adjacent to 5
sothat z # 1ll. Thus z € %9, 10, 12, 13, 14} , the only

remaining vertices. If z is respectively (9, 10, 12, 13), then G,

0,9,13,12)

18 5 (
t)«/5 °s A (33,2,2)

2
Thus x is adjacentto 5 and 6. A ¢y = 3 since 5 and 6 are

2
mutually adjacent to z, 0, and 4, and by (3.6) A " _(_ 3. Thus

x = 0 or x = 4.

But from G5 we see that x and z are adjacent. From GO and Cr4

we see that for z =9, 10, 12, or 13, this is impossible.

Thus z = 14,

Now we have the following

G5 G6

4 b % J t/\s N/\\r
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Since u and v are adjacent to 6 and not 5, and x and y are
adjacentto 5 and not 6, u v x and y are distinct. So far we
have 0, 1, 2, 3, 4, and 1l are adjacent to six vertices and, in
particular, not adjacent to 14. In addition, G5 and Gé tell us that
u v x and y are not adjacent to 4, so they can not be 7 or 8.
Thus by elimination,

fuvxyl = {9, 10, 12, 13}

Since G11 is the following

9 \3
10
3 2 \2
either uw = 9 andv = 10
or u = 13 andv = 12

In the first case, 9 and 10 are mutually adjacent to 14, 3, 1ll, 6.
In the second case, 13 and 12 are mutually adjacent to 14, 2, 11, 6.
In either case we have a contradiction of (3. 6).

Thus there is no G such that Gv is Figure 2 for all v,

and so G must be L(K_. .).
5,3
Thus we can now say
Theorem 4, 15 If H has eigenvalues 6, 3, 1, and -2, and 15 vertices,

then H = L(K5’3)
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As we stated in the introduction to this section, if there

exists a G such that L(G) has m +n -2, n -2, m -2, and -2

as eigenvalues, then G=K = or G is a strongly regular graph.
b

Now let us look at some of the properties that must be possessed

by such a strongly regular G.

We can now apply Prop. 2.10 with

Since H is regular, the largest eigenvalue of H is equal to its degree

i.e., m +n -2. Thus 2d -2 m +n -2
or d = m+n

2

Thus G has the following eigenvalues:

(m +n -2) 42 - m+n = m +n
2 2
(m -2) +2 - m +n = m -n
2 2
and (n -2) +2 - m +n - n -m
2 2
If G has |V| wvertices and \E‘ edges

= number of vertices in L(G)

\VlI msn = Vv 4 =
4 2
= number of vertices in L(Kmn)
= mn
Thus (vl = 4mn

m+-n
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Thus ° p(x) = vV o( -x— m-2) (x~- n-m)

2 2
2
x - | -n )2
= 4 mn 2
m +n 5
d” - (m -n )2
2
%% - (m —n)2
= 4mn 2
m +n mn
= 4 x° - ( m-n )2
m +n 2
and so
2 2
A = m+n J ( m -n) I
4 4

Thus A is the incidence (caveat: not adjacency ) matrix of a SBIB

with A= m +n
4
v .= b = 4mn
m +n
k = r = d = m #p
2
)\ an integer implies m +n = 4e
r ° m+n = Azii = m4+n + (m —n)4
2 4 2
2
Therefore (m -n) = ma+n = 4e

Therefore e is a square, say e = t



Thus

and

Thus
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m +n = 4t2
m -~n = 2t
m = th +t
n = 2t2 -t

we have the following:

Theorem 4. 6 If m +n -2 Y 16
and (m,n) # (th tt, th -t) t an integer t > 1
then

H = LKy )

Theorem 4.7 If there exists a regular G such that L{G) has

m+n-2, m-2, n-2, and -2 as eigenvalues
then there exists a symmetric Hadamard matrix with
4% =

constant diagonal of order m 4n

A Hadamard matrix is one for which every entry is *1 and also

T
HH

= 4el. It is well known that e must be an integer if the

order of H is greater than 2. {1, page 205]

Proof of Theorem 4.7: We saw in Theorem 4. 6 that

m +n = 4t2
m-n = 2t2
_ 2
\Vi= 4mn = 4t7 -1
m +n
Define B = J -2A Note that the entries of B are all ¥ 1
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NN
and let H = b B

-y U B

T
Then HH

WIS | g

uTB = uT (J -24) = uTJ —ZuTA = (4t2—1 )uT - 2*21:2 uT

- T
= -u

B )
B2 = (J-24)% = 3% -47a -4A% = (at? _)T -4(2t5)T +4 (t°T +t°D)

= -J +4t2 I
T
Thus HH = 4t2 I

H is symmetric since B is, and since Akk = 0, Hkk =1

Theorem 4.8 If there exists a symmetric Hadamard matrix

with constant diagonal of order 4t% , t Y 1

then L(Km n) is not characterized by its spectrum.
b

Proof: Suppose H is symmetric with constant diagonal. Without loss
of generality, we may assume that the diagonal entries are¥ 1,
L

H has two eigenvalues 2e? of multiplicity m; and -2e  of

multiplicity m, .

Then mj +t m2 = 4e
2e (m1 -mz) = 4e
my -m2 = 2e
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if we let t = m; -m,

3
g
H

1 > 0 mod 2 implies that

t is an integer and so J is of order 4t2

If a row or column of a Hadamard matrix is multiplied by -1,

it remains a Hadamard matrix. Thus if we multiply each row by

its first entry and each column by its first entry we get a normalized
Hadamard matrix, i.e., the first row and column entries are all

+ 1. Notice that when we normalize a symmetric Hadamard matrix
with constant diagonal, we still have a Hadamard matrix that is

symmetric with constant diagonal.

If we have a normalized symmetric Hadamard matrix with 1's for
diagonal entries and we delete the first row and column, and then
change the -1's to 1's, and the 1l's to 0's, it is well known that we

obtain the incidence matrix of a block design with parameters

2

v = b = 4t -1
r = k = 2t%
N = {2 [Cf. 1, page 205]

If we call the matrix that results from this process A, then

AAT = ‘cZJ +t21  where A is symmetric

with 0's on the diagonal
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or if  plx) = 1 2 2y o 1 (x 4t)(x-t)
2 2
t t
p(A) = J
Since A2, = 27, -t°1, = 2t°
i1 ii ii

the eigenvalues of A are 2t2 and Tt
If we let G be the graph whose adjacency matrix is A,
then G is regular of valence th
If t> 1 then d = 2t*> 2 and we can use Prop. 2.11
Thus the eigenvalues of H = L(G) are:

2d -2 = 4t7 -2

_ 2
t +d -2 = 2t ¥t -2
-t +d -2 = 2t% -t -2
and -2.

. - 2 - 2
If we define m = 2t7 %t and n = 2t -t
then the eigenvalues of H are m +n -2, m -2, n -2, and -2.

Also, the number of vertices of H is the number of edges of G

2
ivid = (4’c2 -1) 242 = oatt 7 - 2t -t) (2t2 - t)
2 2

mn

This complete the proof of Theorem 4.8

Theorem 4.9 IfH = L(G)

the spectrum of H is m +n -2, m -2, n -2, and -2,
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then H is characterized by its spectrum if and only if there does not
exist a Hadamard matrix of order m #n which is symmetric and has
constant diagonal.

We have shown that if H is a symmetric Hadamard matrix
of order 4t2, then L(Km n) is not characterized by its spectrum among

H

all line graphs in G(4, -2) with mn vertices where m = th +t and

n =2t2

-t. We did this by normalizing the first row and column and
then using the remaining rows and columns to form an adjacency
matrix. But suppose we normalized another row and column. Also,
what if there is more than one Hadamard matrix of order 4t2 ? If

t = 2, then the regular graph whose line graph has eigenvalues

14, 8, 4, and -2 must have 8, 2, and -2 as its eigenvalues by Prop.
2.10 and our previous observation that G is not bipartite. Thus G is
in G(3, -2), which has been completely described by Seidel {8] . He
shows that the only graph in G (3, -2) with 15 vertices is T(6) , which
is the line graph of the 6-clique. Thus for t = 2, there is only one

2 = 21 4427, This

regular graph G with 4t2 -1 vertices such that A
shows that there is only one Hadamard matrix of order 16 which is
symmetric with constant diagonal, The case t = 3 yields quite a
different result. Seidel and Goethals [9] have exhibited a Hadamard
matrix that yields a different graph for the normalization of each of
the 36 rows! The existence of at least 92 different graphs has been

proven, and so there are many different Hadamard matrices that are

symmetric with constant diagonal of order 36.




Page 70

Section 5., Some Remarks on G(5, -2)

As we have seen in Section 2, the line graph of an asymmetric
non-trivial BIBD is in G(5, -2). In this section we consider whether
the line graph of a BIBD is characterized among all connected regular
graphs on the same number of vertices and with the same eigenvalues.
We can not hope to distinguish between non-isomorphic BIBDs with
the same parameters, of course, since the eigenvalues determine
only the parameters. We shall assume the graph to be a line graph
(an assumption satisfied in all but a finite number of cases) , and
derive sufficient conditions for the graph to be characterized. In
particular, it will be shown that the line graph of a Steiner Triple
System satisfies these conditions, so that (with finitely many
exceptions) the line graph of a Steiner Triple System is characterized
by its spectrum among all regular connected graphs with the same
number of vertices.

If G is the graph of a BIBD with parameters (vbrk X ),

then, if we define D = (r -k)z +r - A\
4 L
then the eigenvalues of H = L(G) are r +k -2, r4k +D2 -2,

2
k -2, r+k - D’k -2, and -2.

2 L
By Prop. 2,\0 the eigenvalues of G are r +k , p? , k-r , - D&
2 2
and -~ r ¢k if G is bipartite.

2
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But if G is bipartite, and since there are an odd number of

eigenvalues, k -r = 0, or k = r., But this implies that the design
is symmetric, \ffhich is a contradiction. Thus if H = L(G) has the
same eigenvalues as the line graph of a BIBD, then G is regular and
has four eigenvalues.,

Note that if H is the line graph for which r +k is odd,

then H is characterized by its spectrum among all line graphs in

G(5, -2) ; if not, there exists a regular graph G with degree 1 +k.
- 2

then 1Vl d = the number of edges of G
= the number of vertices of L(G)

= the number of vertices of the line graph of the BIBD

= rv
Thus, since d = r4k ,
2
IVl = 4rv
r+k
Also, if we define t = r -k, tis a positive even integer since the

BIBD is asymmetric.

Thus D =(-t + T-X isan integer.
2 2
Note also that A = d = r+k
kk >
Thus tr A> = r+k (Vi = r+k 4rv = rv

2 2 r +k
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Theorem 5.1 If D is not a square

then r +k 1is an integer and t divides k
r -k 2

Proof: Let m be the multiplicity of k -r
2

Then, since D is not a square, andtr A = 0, D and -D  have

the same multiplicity, and

0 = tr A = r +k +m(k-r)

2 2
Thus m= r+k = 2k +t
r -k t
hence t divides 2k and t divides k
2

Theorem 5,2 Suppose D is not a square

k an odd prime
N £ 2
then the line graph of the BIBD with parameters
(v, b, r, k, )\ )} is characterized by its spectrum among all
line graphs in G(5, -2) with r v vertices.

Proof: By Theorem 5.1

—:17.:.— divides k
Thus t =k or t =1 , i.e.,
2 2
r = 3k or r = k42
If r = 3k, then
m = r +k = 2
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Ivi = 4zrv = 4 +3k v = 3v
r +k 4k

If D has multiplicity m?

then 2m' +m +1 = 1V|
or 2m' = 3v -3 = 3(v -1)
2 2
D = r—k) +r- AN = Kk $3k-)\
2

Then we héve

6kv = 2rv = trA° ) 2m'D
(G)

3 (v-1) (kK% +#3k-N\)

Thus 2v ) (v—l)(k+3- A )
=

= 3(v-1) + (v-]) (k - N
k

ACr =3k & K2 2D K2 -AXN D o

k(k=-_N)>0
k

(k- _AN )30

————

k
Thus 2v > 3 (v -1)

3 » v , which is a contradiction.

Thus it must be that ¥ =k +2.

vr = bk implies that v = 0 modk
Since r Z 2modk, -2 = -r = r(k-1) =\ (v -1) 5—>‘ mod k
and A=z 2modk

Since 0 < A € r = k+2, it must be that A\ = 2

This contradicts the hypothesis and completes the proof of Theorem 5.2
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Cor. 5.3 If H is the line graph of a block design
and if D is not a square

k a prime k 2 3

then unless (v,b,r,k A) = (k (k +1}, (k+1) (k +2), k +2, k, 2)
2 2

H is characterized by its eigenvalues among all line graphs
in G(5, -2) with v r vertices,
Proof: By Theorem 5.2, the only possible G such that L{G) = H

would exist only if A= 2 and £ = k +2.

Proposition 5.4 If H is the line graph of a BIBD

k an odd prime
AN o= k-2
then H is characterized by its spectrum among all regular

connected graphs with the same number of vertices.

(E;k)z -

r -k +1>2 bk - (A +1)

Proof: D.

]

1]

2

2
= r - ¢+1 + 1

2
If D is a square, then there exist two consecutive positive
integers that are squares.
Therefore D is not a square.

Thus there is only one possible exception, as seen in Cor. 5.3

But >\ = 2 implies that k = N\ +2 = 4, which is not an odd prime.



Page 75

Cor. 5.5 If H is the line graph of a Steiner Triple System
then H is characterized by its spectrum among all line
graphs with the same number of vertices.

Proof: 1In this case k = 3 which is an odd prime

and A= k -2 = 1

From Cor. 5,3 we see that if D is not a square and k is
an odd prime, then H is characterized by its spectrum unless there
exists a graph G with the following properties:
(5.6.1) G is regular with valence k +1
(5.6.2) V = k(k +2)
{
(5.6.3): G has eigenvalues k +1, (k +1)-£ , -1, and - (k +l)*
Thus we would like to know if a graph with such propeities exists.
We can show that such graphs do not exist if k is even or k = 1l
We can also show that there exists exactly one such graph for k =
We do not completely understand the situation for odd k, k 2 5, but
we shall present the proof of the uniqueness of the case k = 3 inn
such a way that the properties for general odd k are illuminated.
Ifk = 1,{vl= 3 andd = 2. Thus Gis a

3-clique with eigenvalues 2 and -1, and does not

possess property (5.6.3).

3.
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Now let us look for regular graphs H that have

1
k+1, ¥(x +1)" and -1 as eigenvalues. For such a graph, it must

be that 3 5
AT + A7 -(k+1)A -(k+1)I = (k+1)7J

2 3
Since A7, = d = k+1, A .. = k4l
ii ii

Theorem 5.7 If k is even

then there does not exist a graph with property (5. 6. 3).

Proof: i

A\

-t

For every triangle for which i is a vertex, there are two paths of
length three from i to i. Obviously every path of length three from

i to i determines a triangle of which i is a vertex. Thus the

number of paths from i to i is exactly twice the number of

triangles of which i is a vertex. Thus A3ii is even. Since A3ii = k +1,

property (5.6.3) implies that k is odd.

Theorem 5.8 If a graph has property (5.6.3)

then it has no quadrilaterals.

4 3 2 . 2
AT v A S (k) A® S (kDA = (k4D TA = (k1) T

Therefore A4’i = (k +#1) ( 2k +1)

i

Thus there are ( k +1) ( 2k +1) cycles of the type ( iabc i)

We shall call a cycle degenerate if the vertices in the cycle are not
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all distinct. Let us count the degenerate cycles of length four.

Casel: b = i
There are (k +1)2 such cycles since a and c¢ 'may be any
two vertices adjacent to i.
Case?2: b # i

then a = ¢
There are k (k +1) such cycles since a may be any vertex
adjqcent to i, and b may be any vertex adjacent to a
that is not 1.

Thus the total number of degenerate four-cycles is

(k+D® 4 k(k+l) = (k+1) (ko)) = A%
Thus we see that H has no quadrilateralsand the proof of Theorem 5.8

is complete.

We can derive more properties of graphs satisfying (5.6.1)

4
and (5.6.3). A° + A - (k+) A - (k+) A% = (k)T

Therefore ASii = (k +1)3 + (k +1)

Let us count the number of degenerate five-cycles (iabcdi).
Casel: i= Db
There are ( k +1) choices for a and k +1 choices for the
cycle (i ¢ d i). Therefore there are ( k +1)2 cycles of this type.
Case2: i = ¢

There are (k 4»1)2 cycles of this type since each one is a cycle

of type 1 in the reverse direction.
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Case 3: i fa, i#Db, 1 #c, i #d

There are three possibilities: a = c, b

]
&
[o]
H
o
H
o}

3A: a = ¢, b #d
(a # d since a = ¢ and d are adjacent)

(iadi)is acycle; There are (k #1) choices
for this; b is any vertex adjacent to a but
not i or d, Thus there are (k +1) ( k -1)
of this type.

3B : a = ¢, b =d
(a2 # d since a and b are adjacent)
In this case the cycle is (i a b ab i). Obviously
there is one of these for each three-cycle, i.e.,
k 41 in all.

3C : a £ c¢,b =4d
(a # d since a is adjacent to b)
There are ( k +1) ( k -1) of this type since a
cycle of this type corresponds to a cycle of 3A
in the reverse direction.

3D : a # ¢, b £ d, i.e., a = d
There are k +1 choices for an a adjacent to i.
There are (k -1) cycles a b ¢ that do not contain

i. This is because Hi is
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H is of this form since if two edges
i

are joined, H contains a quadrilateral;

d = k +1 = number of points;
A3..
- = EJ‘_I_ — number of iges
2 2

in Hi . Thus the number of this type
is (k +1) ( k -1).
Since the above cases were mutually exclusive, the number of

degenerate five- cycles is
2(k+1)% -3 (k+1) (k-1) +k+1 =
(k +1) ( 2 (k+1) +3(k-1) +1)= 5k (k+I)
Thus the number of non degenerate five-cycles from ito i is

(k +1) ( (k +1)% + 1 - 5k)

(k +1)3 + (k +1) -5k ( k +1)

(k +1) (k% -3k + 2)
= (k+1) [k -1) (k-2)

Now define Lt = {v vertices ‘ the shortest path from v to i of

length t }
vV = Lou Ll v L, v L3 since H satisfies a poly-
nomial of degree 3.
LO 1 vertex

L k +1 vertices
(k +1) ( k -1) vertices

L k -1 wvertices




Lo contains only i. In L1 are the vertices adjacent to i, and they

are adjacent in pairs, as shown, since H has no quadrilaterals. Each
vertex in L1 is adjacent to (k -1) vertices in L2 since d = k 1.

These ( k +1) ( k -1) vertices are distinct since H has no quadrilaterals.
They are adjacent in paizs as shown for the same reason. Now

suppose we add a new edge joining two vertices in L2 in such a way
that we do not form a quadrilateral. Then we form two non-degenerate
five-cycles from ito i. In fact, it is clear that this is the only way
such a five-cycle can be formed. Thus there are 1/2 (k +1) (k -1) ( k -2)

such edges. Since each edge is incident to two vertices, each vertex

in L, 1is, on the average, adjacent to k -2 such edges.

Let us look at a particular vertex v in L2 ( see diagram on next page).
Now v can not be adjacent to any of the next 2k-3 vertices to the right
of v without forming a quadrilateral. Also, v can be adjacent to

at most one of the next (k -1) vertices for the same reason. The same

is true for each successive set of ( k -1) vertices.
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L, F Y
L, A h y
- —

LD aelice LR=D  yedican

Thus, on the average, each edge is adjacent to one vertex
in L3 , i.e., there are (k 1) (k ~-1) edges from a vertex in L2 to
a vertex in L3 . But there are a total of

k(k+2) - (k +1) (k -1) - (k +1) -1 = k -1vertices in L, .

Thus, since the valence of H is k +1, every edge incident to a vertex

in L3 is incident to a vertex in L i.e. no two vertices in L._ are

2 s

adjacent,

Proposition 5.9 There is at most one G that satisfies (5.6.1) and

(5.6.3) ifk = 3
In this case d = k¢l = 4

Thus we have the following



Vertex 1 is adjacent to four vertices in L3. Without loss of
generality we can say that they are 3, 5, 7, and 9, If 1 and 2
are mutually adjacent t a vertex, say 3, then 1 and 2 are adjacent
because of H_, Thus 2 is adjacent to 4, 6, 8, and 10, Vertex 3

3

is adjacent to another vertex in Lz; "because of G, it must be 5,

1
7, or 9, It can not be 5 since that would form a guadrilateral.
Vertex 7 and 9 are symmetric, so say that 3 is adjacent to 7. Then,

because of G 5 and 9 are adjacent., Now 4 is adjacent to 6, 8, or 10

1’
if it were 6 or 8, a quadrilateral would be formed. Thus 4 is adjacent
to 10 and 6 to 8 also. Now every vertex is of valence 4, so we have
all of our edges. Thus this graph is the only one with k+l, (k+1)%,

-(k+1Y , and =1 as eigenvalues and 15 vertices.,
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The figure below is the Peterson graph:

Notice that there are no quadrilaterals or triangles. Thus if we take
any vertex i, it is adjacent to three vertices which are mutually
non-adjacent since there are no triangles. Thus each of these vertices
are adjacent to two new vertices and these six new vertices are

distinct since there are no quadrilaterals.

We now have ten vertices, the total number. It is now clear that if

1.

- 2 _ . _ 2
A,, = 1, then A iy 0 , and 1:EAij = 0, then A i

1)
Thus if p(x)=x2+x—2=(x+2)(x—1),
then p(A) = J. Thus the eigenvalues of the Peterson graph are
d = 3,1, and -2. Then, by Theorem 2.‘0 ,» the line graph of the
Peterson graph has eigenvalues 4, 2, -1, and -2,

1
Thus, if k = 3, the eigenvalues are k +1, * (k +1)* , and -1.
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Theorem 5,10 If k =3 there is a unique graph with eigenvalues
4
k+1l, *(k +l)l , and -1.

Cor. 5.11 A line graph of a BIBD with parameters
(vbrk )\ Yy = (6, 10, 5, 3, 2) is not characterized
by its eigenvalues among all graphs in G (5, -2)
with 30 vertices.
Proof: If P is the Peterson Graph
L(L(P) ) has 30 vertices and eigenvalues 6,4,1,0 and -2
by Prop. 2‘0
But in this case D-%= 2 andr+k-2 = 6

r +k +D%~ -2 = 4

r +k —D& -2 = 0
2

and -2.

Summary

Thus we have shown that the line graphs cf Steiner Triple
Systems are characterized by their eigenvalues among all regular
connected graphs with r v vertices. In addition, we have given an
example showing that not all asymmetric non-trivial BIBDs are so
characterized; and we have indicated where additional such examples

may be found,
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