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ABSTRACT

The Existence of o-finite Invariant Mcasures
for Certain Markov Processes and Related Results
by

Arnold Fischthal

Adviser: Professor Richard E. Isaac

Several thecorems to show the existence of a g-finite measure for
a general Markov process with stationary transition probability are
exhibited. A general hypothesis that is assumed is there exisis a sct
F with m(F) >0 such that P(Xné F infinitely often ‘on x) =1 {fox
a.c. x € F and that for each x therc exists an i such that
i
P (x,F) >0 .

In addition to the above, the first theorem uses the condition that

for this set F

n
kfolxke A
lim ; exists a.e. YA CF .
Noo
Tl
k=0 Xke F

A similar condition to the one above except using transition probability
functions instead of indicator functions is used in the second result,
Another existence theorcm assumes there exists a §, 0 < § <1 ,

for this set F such that for all A cF with m(A) > § wo have

n
) k?olx" ¢ AW
m(w: liminf —— > O,XOG I‘) >0
n
1l L(w)
k=0 Xx€F



whore nm ig the measure induced on sequoence space by tho initial
mcasure m  on stale space. The final existence thcorem uses a condition
similar to the onc above cxcept transition probability functions are used
instead of indicator functions,

Also shown is tho following result on the finiteness of the invariant

measurc, which involves the expected first recurrence time to a given sct:
E (T X €EA) = o n(X) = «.
7 10

A theorem on the uniqueness of a og—finite invariant mecasure as well as
results on the mixing properties of a set in an infinite space arc also

exhibited,
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§S (Summary):

This paper deals with the existence of a o-finite invariant
mcasure for a general, discrete time M,P, Although we arc looking for
o-finite measures, some criteria will be given to determine when such
a measurc will in fact be finite. Several conditions will be discussed
that insurc the existence of the desired measure,

Much work has been done to show the cxistence of finite invariant
measures. A broad summary of results in this arca can be found in a
paper by ITto [13]. One classic and well-known result on infinite meas-
ures is from & paper by Harris [10] where the existence of a oO-finite
invariant weasure is guaranteed by the imposition oi his condition that
the initial measure m satisfies m(A) > 0 = P(Xne A infinitely
oftenlxo = %) =1 for all x € X . We believe the material to be pre-
sented here is more general than work already done on the existence of
an infinite invariant measure. Also to be discussed is the uniquencss
of such a measure as well as results on mixing properties of translates
of sets.

We begin in Section O by giving the nccessary definitions. In
Chapter 1 a ofinite invariant measure is shown to exist if the follow-

ing condition is satisfied:

9 aset FEZ m(F) >0, s.t. VACPF, A EZ

n
z
- lxkEA(w) )
we have 1lim —— exists a.e.(m) .
n
BT 1, o)
koo Xk

The technique uscd here is found in [10] and is related to a procedurc



usced by Halmos [ 8 ] which involves proving a finite invariant mecasurc
cxists on a "sub-process’ and then cextending this measure to a  o-
finite invariant measurc on the original process.

A similar assumption is made in Chapter 2; however, therc we will
be dcaling with transition probabilities rather than indicator functions.

The condition to be imposcd therc is
4 aset FEZ m(F) >0, and d an x € X

s.t., VACPF, A €L the following is true

n

z Pk(x,A)
lim k=0 exists,
npw 2k
Z P (x,F)
k=0

The method used in Chapter 2 is different than in Chapter 1., Herc we

begin by defining a finitely additive set function on a subsct of I

which will be extended to a oO-finite invariant measure on all of X ,
In Chapter 3 we exhibit two additional conditions that insure the

existence of a o-finite invariant measure, The first is

4 aset FEX anda § 0<58H <1, s,t.

VA €L ACF with m(A) > 6 we have

n
z
-/ 1lim k=0 ree
m\w P = >0, XOG F) >0 .
z 1 (w)
ko XkEF

To use this conditicn it will be shown, as in Chapter 1, that a finite
invariant mecasure exisils on the I-process (this will be done by an

entirely different procedure than in Chapter 1} and then, again, this



measure will be extended to all of X . The second condition is

4 aset F, m(F) >0, and a 6§ 0 < § <1, s.t.

VA € %, with A 2 F, m(A) > § we have

n
z Pk(x,A)
o k:O >0, x €F) >0,
n
T e, m
k=0

The proof utilizing this condition follows almost precisely the technique
of Chapter 2 and is outlined in Chapter 3 with the necessary nmodifications,
Also in Chapter 3 we show how these four conditions are relatced.

In a paper by Feldman [5 ], some results similar to the main results
of the first two chapters are shown. However, his technique is different
and relies hcavily on the initial measure. Also, since we arc essentially
free of the condition of conservativity which Feldman imposes, our
technique yields a slightly different result., The results of Chapter 3
cannot be gotten by his technique.

Chapter 4 deals with a theorem determining when an invariant measure
will be finite or infinite by using the relationship of finiteness with
the expected first recurrcence time to a fixed set.

Chapter & exhibits a result on the uniqueness of an invariant meas-~
urc and Chapter 6 proves some interesting mixing results of translates

of a set,.

§0. Preliminaries

We begin by defining &hat is meant by a discrete time Markov Process
M., P,), Let X be an arbitrary set called the state space of the

process, and let X be a separable (i.e, countably gencrated) o©-algebra



of subsets of X with X € . The elements of £ will sometimes be

referred to as "events"”. Let m be a non-negative, countably-additive,

real-valued sct function defined on ¥ ; m is called a measure. Let
Pn(x,A), n=0,1,2,3,..., bec a sequence of functions satisfying the
following for cach n

Pn(x,') is a probability mecasure (i.ec. a measurc

(0.1)

of total mass 1) for each x € X .

P (*,A) is a Z-measurable real-valued function
n

(0.2)
for each A € T .

The functions Pn are called the transition probability functions
(t.p.f.). The quadruplec (X,E,m,{Pn}) completely defines a discrete
time M,P,

Another way to characterize a M,P, is by random variables. A
random variable defined on X 1is simply a real-valued, Z-measurable
function. A sequence of random variables XO,Xl,Xz,... defined on

(X,Z,m) is called a discrete time M.P. (The subscript 'n" in P

or X will sometimes be referred to as "time n" or "the nth step')

if they satisfy

LXpm xp= POx €Al =x

(0.3) P(Xn€Alxn_ = X X = X 0

17 n-1'""n-2 n-2""°

[a.e.(ﬁ) .
The abbreviation a,e.(m) (read: almost cverywhere with respect to
the measurc m) means that, e.g., the equation in (0.3) is true for

all x except possibly those in a set of m-measure equal to zero,

n-1

n-1

The notation of conditional probability in (0.3) stands for a function

measurable w,r.t. the O-field generated by the random variables

x S.t.

n—l’xn—2""’x0

)



{ —A X e v e =
(0. 4) mX €AX €A X €A L. X EAD)

1 1" *n-2
j POXEAIX | = x 1, e.iXy = X )dm
{x €A _1veeiX €]

where m is the measurec on product space to be introduced shortly,

Essentially the characteristic of a M.P. described by (0.3) is
that if we are after the probability of an event in the present (time
n+l) and the complete history of the process is known (times
n,n-1,...,0) then all that is actually needed to calculate the re-
quired probability is the most recent past (time n).

If therc is a single t.p.f. P(x,A) that satisfies
(0.5) P(x,A) = P (x,A) a.e.(m) Vn

then P(x,A) 1is called a stationary t.p.f. It is this iype of M.P,
which will te dealt with in thi- paper. P(x,A) gives the probability
of moving from the state x into the set A in one step, (P (x,A)
n
is the probability of moving from state x into the set A in one
th

step but occurring at the n step).

All of the t.p.f. defined so far have been one-step functions.
The probability of moving from the state x into the set A in n

steps 1s given by
(0,6) P (x,A) = P(X_ €EAIX = x)
e ! n+k k *

If P(x,A) is stationary then so are the Pn(x,A) . One may arrive

at the Pn(x,A) recursively by the formula

©.7) Peon) = [ P M ay)
X

0
For completeness P (x,A) 1s defined to be lA(x) , the indicator



G

function, which is defined as 1 if x €A and 0 if x £A for
x €X and A €I,

Quite often in this paper we will be dealing with the sequence
space of a prccess, which is the M.P. (i.iégﬁ,ﬁ) derived from
(X,2,m,P) by lookiﬁg at the state spacc X = X X X X X X ... with
the induced O-algebra and measure. In many instances the discussion
of the process on state space and the process on scquence space can
and will be used interchangcably,

The measure m defines the weight of each event in ¥ at the
start of the process (i.e. at time zcro). After onec step the masses
of the events will change according to the formula

(0.8) ml(A) = f P(x,A)m(dx) .
X

Similarly after the second step the new weights are

©.9) m,®) = | PCx,AIm (ax)

X
and so on. The measures mi, i=0,1,2,...,(m0= m) are also the co-
ordinate measures gotten from the projections of m on the coordinate
spaces, e.g., M(AXXXXX...) = my(A) and m(XXXXAXXX...) = m,(A) . The
interesting question to be asked is under what conditions does there
exist an initial measure T that satisfies
(0.10) mA) = I P(x,A) 1(dx) VA EZ

X
i.e., the distribution of the weights rcmains unchanged through time.
Any measure satisfying (0,10) is called an invariant measure so that we

have 7(A) = TE(A) = ﬂéCA) = ,o. VA . A measure is called o-finite



if there exists a countable collection {Ai} cZ s.t. U Ai = X and

each Ai has finitc mass,
On sequence space i , a transformation 6 can be defined, called

the shift transformation, as follows: for o = (xo,x yXopeeo) € X let

12

o(w) = (xl,xz,xs,...) . 0 also defines an operator on functions of X
by 6(f(w)) = f(O(w)) . A measurc m on sequence space is called in-
variant if ﬂ(e—lA) = T(A) 4 VA € Z, -

Any non-invariant initial measure to be used in this paper will be
assumed to be ecqual to 1 , since any non-zero, O-finite measure can be
replaced by an equivalent measure of unit mass, Hence, the measure
induced on sequence space by a unit measure will also have mass one.
Without undue loss of generality, we will assume that X 1is the set of
real numbers and the random variables will be the coordinate ropresenta-
tion of the process, i.e,, Xi(w) = xi .

Note that the two charactecrizations of Markov processes arc related

in the following way: Pn(x,A) of the first characterization equals

P(XnE AIXn_lz x) of the second.

General probabilistic results and techniques used in this paper can

be found in [1],[6], and [16].



CHAPTER 1: Indicator Limit Theorem

The main result of this chapter is
Theoeen 1.1: Assume 3 a set F € Z, m(F) > 0, satisfying the

following threce conditions:

n
z1
1o Xx€ A -
(1.2) lim - exists a.e.(m) VA CPF, A G
n - Z1 (w)
koo Xk€ F
(1.3) P(XnE F infinitely oftenlxo =x) =1 for a.e. x €T
(1.4) for cach x €X ¥ an i s.t. Pl(x,F) >0,

Then ¥ a O-finite invariant measure for the M.P., (X,Z,m,P) .

The basic idea of the proof of Theorem 1.1 will be to show there
exists a finite invariant measure for the '"process on F'" (to be
defined shortly) and then to extend this measure to a o-finite invari-
ant measurc on all of X , which will be invariant for the original
process, In a paper by Harris [10], he shows that a finite invariant
measurc exists on the F-process under his condition C : m(E) > O
implies P(Xne E infinitely oftean0= x) =1 Vx €X . He then shows
how to extend this mecasure to all of X . The assumptions made in
Theorem 1.1 will be shown to be sufficient cven though weakcer than
Harris', 1In somc instances our procedurcs will be similar to those of
Harris.

We now define what is meant by the process on F . Condition (1.3)
says that for aimrosi all ® = (xo,xl,xz,...) in sequence space, with

xOG F , we have infinitely many of the Xy in F . Thereforc we have



D

the following well-dofirocd scandom visiables YO,Y Y on these W

1 2;...

defined as follows:

Yo(w) = Xy
Yl(w) = xi where 11 is the first subscript greater than
1
zero s.t. x, € F
i,
Yz(w) = X where i2 is the first subscript greater than
2
i, s.t. x, €F
1 iy

so that Yi(w) €Fr Vi, The {Yi} restricted to F is ecasily shown
to be a M,P, (the F-process), The state space is F . Its 0O-algcbra
Z% is the sub-o-algebra of X consisting of all subsets of F +that
are in L . The initial measurec is mF(A) = m(A)/m(F) for all A € Z%,
and a transition probability function which can be derived from P(x,A)
by the formula '

(1-5) pF(X,A) = P(x,A) + j P(x,d_v)P(y,A)+ j Jr P(xrdY)P(YJdZ)P(Z)A) +t oee

FC FC FC

where Fc denotes the compliment of the set F . PF(x,A) satisfies
the requirements (0.1) and (0.2) in the definition of a t.p.f.

We now begin the process of defining a measure on the F-process.
Almost all ® € X with xOE F yield a point W, = (xo,xil,xi‘...) €F,

2

n

the sequence space of the F-process, Let X1 (w) = j (w) so that
k=0 Xx€F n

for ACT we can write

% Jngg)
(1.6) 1 (w) = 1 (wy .
k=0 Xx€ A k=0 Y,.EA

This is true since Yke A if and only if some corresponding XJG A
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Using (1.6) we have

n J,,z(w)
1 (w) 1 (w)
TUX€EA N Y €A
(a.7) k=0 _ _k=0 )
n Jn(w)
1 (w)
k=0 X€ F

Condition (1.3) implies jn(w) - o for a.e., W, with xOE F , and it
goes to infinity through the natural numbers. llence jn(w) can be re-
placed by r so the right side of (1.7) becomes

r

z1 (w.)
k=0 Y., €EA'F

(1.8) .
r

Notice that the w can now be rcplaced by wF . Condition (1.2) says

that the left side of (1.7) converges a,c. (ﬁ) hence necessarily does

the right side, which implies (1.8) converges a.c. (EF) i.,e.

Jp (w) ; .

k-)—:o 'y, e AW kzolyké I
(1.9) lim — = 1lim .

n-—w jn(w) o r
For A S F let n
kfolyke A ()
(1.10) f (w) = 1im .
AT
n-—<e n+l

By (1.9) f is defined for a.,e. u% thus allowing the following

A
integration n
z
_ k=0 lyke A _
(1.11) f fA dmr = I lim ——— de .
_ _ hoe n+l
F F

Since the ratio on the right side of (1.11) is bounded by the



11

integrable function 1 (reccall that EF is a finite measure) the

bounded convergence theorem can be applied to (1.11) yielding

n
5 -
‘oo I ly.ea M
(1.12) _ffA du = lim — F .
_ n—® n+1
F
But 1Y €A is onc preciscly at those points where YkG A ; hence (1.12)
K

can be written as

(1.13) jf dm. = 1im —=0 )
F

Definition 1.14: Let the measure |} be defined as follows

h(a) = I £, (@M (du)
F

which is well-defined for all A € Z% .

Each finite ratio on the right in (1.13) i.e.

MB

m_(Y, € A)
ko F K

(1.15)

n+l

is a probability measurc on Z% , hence p is also a finite measure on
;F' (That the setwise limit of a sequence of finite measures is a finite
measure has been shown, see e.g. [3 ]). Since (1.15) equals one, for
all n , when A = F, we sece that p 1is non-trivial,

The next step is to éhow that p is an invariant measurec w,r.t,
the J-process, i.e. to show

(1.16) fPF(y,A)u(dy) = pu(A) VAE X e
F
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To accomplish this we first prove two lesser results, let

=L [mr.c ‘ m
py (A) = [mF(\OC A) + mF(Y1€ A) + ... + mF(YnG A)]

n+l so0 that

1 -— - -
b (a¥) = i [PeCdvg) 4 mCar)d + e w mcay )]

Lemma 1.17: For all A € Z% we have

1im [ P r,00p (ay) = w@A) .
n—ow
F
Proof: The measures BF(dyi) are the coordinatc measures in sequence
space gotten by restricting ﬁF to each coordinate random variable.

Using the definition of pn(dy) above we write

s = [ [ o [ rgor 7
IPF(Y’A)“n(dY) = Eﬁ[ PF(y,A)mF(dyo) + oees + PF(y,A)mF(dyn)]
F F F
1 — - -
= m [mF(YIE A) + mF(Yze A) + eee + mF(Yn+1€ A)]
mF(YOE A) mF(Yn+1€ A)
= pn(A) - + .
n+l n+l
Now taking the limit as n — « yieclds the desired result. Q.E.D,

The function PF(y,A) , for fixed A , can be approximated by
simple functions si(y) s.t. 0 S s1 < 52 £... s pF(y’A) and

1im si(y) = PF(y,A) for each vy ,

i—c
Lcmma 1,18: Let {si(y)] be the simple functions just described, for

some fixed A ., Then
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(1.19) lim J si(y)un(dy) = j si(y)u(dy) .
— O
n ¥
i
Proof: Writing s, as Z c,,6 1 and integrating yiclds
— i §=0 1j I\].J

i
jsi"“n = Loegu @Gy
F 3=0

Taking the limit as n - © yields (1.19). Q.E.D.

The next two more important lemmas will be sufficient to prove
our thcorem. .
L.emma 1,20: Under the same hypotheses as Thecorem 1.1, a finite invari-
ant measure c¢xists for the process on F ,

Proof: Since PF(y,A) is a bounded function (it is less than or equal

to one) the s, can be chosen uniformly convergent (see e.g. [17]) i.e.
Ve>0 @ an N s.t. Vi,k >N and all y we have [s () - s, ()| <e.
Therefore choose any € >0 an’ let' N be as above, Let k 2i >N ;
since we arc specifying k =1 and the si are non-decreasing functions,

absolute values will not be nceded in the following. For fixed j we

have
< - s <
0 J (sk i)dpj f edpj or
F F
1.21 0 S.[ s, du, - f s.dy, =< (F) = ¢
(1.21) Ty jdng S e (F)
F F

recalling that uj is a probability measure on F {for each j . First
taking the 1limit in (1.21) as k — «® and using the monotone convergence
theorem yields

.22y o s [ e @ - [ s s e
F F
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and now taking the limit in (1.22) as j -* @ and using Lemmas 1,17

and 1,18 gives

(1.23) 0 sp@) - J si dy =€,
F

Finally, taking the 1limit as i = @ and again using the monotone con-

vergence theorem, results in

(1.24%) 0 s p(A) - f PF(y.A)u(dy) se€e.
F

But (1.24) is truc for all € > 0, hence

f PF(y,A)u(dy) =pu(A) VAE ZF . Q.E.D.
F

Lemma 1,25 (Harris): Under the hypotheses of Theorem 1.1, since a

finite invariant measure cxists for the process on F , a o-{initve
invariant measure, T , exists for the original process.

Although the assumptions made in Theorem 1.1 are much weaker than

the assumption made by Harris (mentioned at the beginning of tihis
section), conditions (1.3) and (1.4) are sufficient to completely carry
through the proof of Lemma 1,25 given by Harris [10; Lemma 1 ] without
any changes. lec used his condition for two purposes in this Lemma,
(1) to insurc the cxistence of the F-process but this is accomplished
by our condition (1.3), and (2) to show that the space could be brokcn
up into a countable number of sets of finite 17 measure in the follow-
ing way:

(1.26) Sy4 = {x €S Plx,F) > 1/3'}

and Lhis is acconplished by condition (1.4).

The measure T, whose existence is assured by Lemma 1,25, can be



defined as follows: the definition of PF(y,A) for A € ZF (sec 1.5)
shows that the function PF can be extended to all of £ (however it

would not be a t.p.f. in this insfdnce) and then let

(1.27) nA) = J PF(y,A)p,(dy) VA €X.,
F

The definition (1.27) shows that T™T(F) =1 and that ﬂ(SiJ) <1 for

all i,j .
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CHAPTER ;.  Transition Probability Limit Thcorem

g e . e St £+ ke e -

In this scction we again consider a condition under which it will
be shown that a J-finite invariant measure cxists for a gencral Markov
process  (X,Z,m,P) . The condition here will be similar to (1.2) of
Chapter 1, but instead of indicator functions, we will be using the
trangsition probability function,

Condition 2,1: Theore exists a set F € Z, and an xUE X =such that for

all A € Z, A CF, the following limit exists:

Nk
P (x.,A)
k=0 0
lim n .
- O
n b Pk(xo,F)
k=0

Recall that Pk(x,A) is the kth steﬁ transition probability function,
i.e. P(Xn+k€ Alxn= x) , the probability of arriving in A after k
steps given that we start at the point x . Also, since we are always
assuming the function P(x,A) 1is stationary (see Section 0), this kt
step function is independent of n ,

The first result to be established is a general one, By a coroll#ry
of the llahn-Banach Theorem, there exists a generalized limit (which we
will call a Banach Limit (B.L.)) defined on all bounded sequences of

real numbers a which will be denoted by Lim an [scc e.Eg.

1)azva370uo
n
4 , p.73]. Some properties of Lim that will be needed in this and

the following chapters are

B.L. 1: 1linearity: Lim (aan + an) = o Lim a + B Lim b
n n n

B.L. 2: positivity: a, =20 Vi => Lim a, =20
n
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B.L. 3: lim inf a_ < Lim a_ < limsup a
n n 0 n

B.L. 4: if 1im a ¢xists then lima = Lima .
n—® n n—® n n n

Let  pysbgilgsens be a sequence of finite measures on (X,X)
such that 1limsup pn(x) < ®, This immediately implies 1limsup pn(A) <
VA €Z and hence ul(A),uz(A),p3(A),... is a bounded sequence for cach
A, VWe will assume that a B.L. has been defined on the set of all boundcd
sequences of real numbers (there are, in general, more than one possible
B.L.).

Definition 2,2,: Let W(A) = Lim pn(A) .
n

If f(x) is a bounded, mcasurable function, then the secquence

(2.3) I f(x)ul(dX), I f(X)uz(dx), s
X X

is a bounded sequence of real numbers so that the B.L. mentioned above
can be taken of all such sequences (2.3) i,e., we can consider

Lim J f£(x)u (dx) . Note that saying that £ € L () for all n would

n
X

not suffice since that would not imply (2.3) is bounded.
Theorem 2,4: Let ”1’”2’”3"" be a sequence of finite measures on the
measurc space (X,Z) such that 1limsup pn(x) <o, Let f(x) be a
bounded, measurable, recal-valued function on X . Then

Lim f f(x)un(dx) = I f(xu(dx) .

" ox X
(Note that by B.L. 1, p 1is only a finitely additive set function. How-
ever, integration with respect to it can still be defined [see e.g.,[4].

pp. 95-1191.)
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Proof: The desired result will be arrived at in several steps,
(A) PFirst the theorcm will be shown to hold for the case of an indicator

function i.e., let 1(x) = lA(x) for some set A € L , We have

f deJ'n - j 1Ad“n - J dun = un(A) *
X X A

Taking thc B.L. yiclds

Lim J fdpn = Lim un(A) = pn(A) ,
n

but p(A) is just f lAdp hence the theorem is valid for
X
indicator functions.

(B) Now let f£(x) be a simple function i,e. a linear sum of a finite
m

number of indicator functions. We have f(x) = ailA (x) with
i=1 i

Aiﬂ Aj =@ for i #j . Integrating as in part (A) leads to

m
J fdun = I .Z ailA,dp'n
X X

1}
™
o
[N
=
=
”~~
>
[y
A4

and as before, taking the B.L. (and using the finite addivity of

Lim ) allows us to write

~ m
LimJ fdp, = Lim T ap (A.)
n n i=1
X
m
= X aip,(Ai)

i=1
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=J‘ £ dy .
X

HHence the theorem holds for simple functions,

(€¢) We can and will assume, without loss of generality, that f(x) is
non-ncgative, Also, since f is a bounded function, it can be
approximated uniformly by an increasing sequence of simple functions

0 = 515 825 535 .ee S f such that 1lim si(x) = f(x) for each x .
i—w

As was done in Chapter 1, we have that for any € > 0 there exists
a positive integer N such that for all i 2 j > N we have
0= si(x) - sj(x) S ¢ for all x . Note again that absolute valucs
are not needed since we specify i 2 j . We can now write
0 SI S3 diy - .xr Sy iy = 8y (x) .
X X

Taking the limit here as i — © and applying the monotone convergence
theorem yields

(2.5) 0 S.f £ du, - I sjdp,k < ¢ pk(X) .
X X

In (2.5) we take Lim to get
k

(2.6) 0 = Lim J f dy, - Lim I ]
k k J
X X

duk < e px) ,

and using part (B) of this theorem on (2,6) results in

(2.7) 0 SLimffdpk-J‘s dp = e u(x) .
k J
X X
We cannot take the limit in (2,7) as j — @ and apply the monotone
convergence since P is not countably additive, IHowever, this

difficulty is easily bypassed.
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Using the fact that the Sy arc uniformly convergent to

f we can write

(2.8) 0 = r L ody - j Sj dp = e p(X) .
X X
Taking the limit as j — « in (2.8) yields
(2.9) 0 s'f f du - lim f S dp = € p(x)
3 — 00
X I x

recalling that sj f so this limit exists, Since p(X) <o (by

B.L. 3, we have pu(X) = Lim pn(x) < limsup'un(x) <w) and (2.9)
n

is true for all € we have

I f dy = 1im I s,du .
J'—coa ‘j
X X

Now continuing with the proof by taking the limit as j — «
in (2.7) we can usc this re.ult to get

(2.10) 0 S Lim j f dpk - r fdu SepuX .
k v
X X

Since (2,10) is true for all € >0 (u(X) < ®) we have

Lim I f duk = j fdy . Q.E.D,
k
X X
Note that this theorem is also true with the region of integration being
any set A as long as limﬁnplul(A) < @, The main rcsult of this
4
chapter is

Theorem 2,11: Let (X,Z,m,P) be a M,P, Assume there exists a sct

FEZ m(F) >0, and an xOE X such that

nox
(2.12) £ P (xy0)
1im i
n—o
£ PX(xy, 1)
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exists for all ACF, A € Z, Also let this set F satisfy

w©
k
Zp (x,F) = for all x € X . Then therc exists a o-finitc measurc
k=0

T(A) for all A €L .,

m satisfying f P(x,A)ni(dx)
X

The idea of the proof of Theorem 2,11 will be to define a content,
p , on a subset of I and then to build from u an invariant measurc
on all of 3. Let p (x,,A) be the ratio in (2.12). Let Y be the
subset of ¥ containing all sets A C© X such that 1limsup pn(xo,A) < @ ;
note that by hypothesis this implies all A € £ with ACTF arc in T.
For A € £ , therefore, we have that the sequence pl(xO,A),uz(xO,A),...
is bounded and hcnce assuming a B,L, has been defined on the set of all

bounded sequences, we have

Definition 2.13: Let p(xO,A) = Lim un(xO,A) for A € % .
n

Since, by Theorem 2.11, we are only considering this one value xO )
we will write p(xO,A) and pn(xo,A) simply as p(A) and pn(A) re-
spectively, W 1is only defined for sets in E and its cxtension to the
invariant measure 1 will be accomplished in two steps. First we extend
p to all of X by

p(A) for A € E

i

Definition 2.14:

*
Let p (A) { -
= ® for A £ X

*

However as defined need not be a measure, We now show
*

Loemma 2,15: p  is a finitely additive set function on X .

Proof: First it will be shown that L 1is closed under finite unions;

for A,B € £ it must be true (by definition) that limsup pn(A) <
and limsup pn(B) < ® , go certainly it is true that limsup pn(AUB) < w
hence AUB € X,

To prove the lemma, let A,B € £ with AMB =@ . Therefore,
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p*(A) = u(A) aund p*(B) = u(B) and since B is finitely additive
(B,L, 1), we have u*(ALB) = p(AUB) = p(A) + p(B) = u*(A) + u*(B) .

If either A or B (or both) is not in ) , say A £ %, then
by definition of E , limsup pn(A) = ® ; hence limsup un(ALHD = © g0
AUB £ T thus p aUp) = = = u* @) + ¥ m) . Q.E.D.

Now we move from a finitely additive function to one that is

countably additive (i.e. a2 measure),

r® * * .
Definition 2,16: ILet T(A) be the infimum over the sct 1 Zp (Ai): U AiléAj
i=1 i=1

over all such countable unions containing A ,

It has been shown by Isaac [12] that T as defined here is indeed
a countably additive measure on X . We now prove a result concerning
i which will be needed later to show ™ is a sub-invariant measure,

Theorem 2,17: Assume the conditions 0f Theorem 2,11 are in effect., let

AEZ , then
i
Lim f P (x,A)un(dx) = p@), i =1,2,3,...
n
X
Proof: The proof for the case 1 =1 will be given, the technique for

the other values of 1 will be similar, By the definition of pn(A)

we have 0 1 “
P (xO,dX) + P (xo,dx) + ve0 + P (xo,dx)
p,(dx) = .
n
X P(x,,F)
k=0

We perform the following integration (noting that Po(xo,dx) is siwmply

1x (ax) ) n
0 k
z I P(x,A)P (xo,dx)
k=0 X
J P(x,A)un(dx) = =
X = Pk(XO,F)

k=0
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n+l )
z P((xo,A)
_ k=1
n
z Pk(xo,F)
k=0
Pn+l(x0,A) - Po(xO,A)
(2.18) = un(A) + = .
z Pk(xO,F)
k=0

Taking the B.,L. of both sides of this last result yields

Lim I P(x,A)pn(dx) = Linm pn(A) = p(A) .
n n
X

w

To arrive at this we have used B,L. 1, and the fact that z Pk(x,F) = ©
k=0

for all x (xO in particular here) forces the fraction in (2.18) to go
to 0. : Q.E.D.

Condition 2,1 has not been used yet. Certainly if W is the
trivial measure 0 it will be invariant (and very uninteresting).
Condition 2,1 will show that this is not the case. |

Theorem 2,19: 1 1is non-trivial,

Proof: It will be shown that ™F) =1 ., Condition 2,1 implies p 1is

countably additive on F . To see this note that for A CF, p(A) =

lim un(A) (by B.L. 4) i.e., p on F cquals the usual 1limit of a sequence

n—aco

of countably additive finite measures (un\F) and the Vitali-Illahn-Saks

Theorcm [see, e.g. [7] 5 p. 32] then shows that p 1is a measure (on F)
and hence is countably additive (on F) . (In our specific situation it
is not difficult to show y 1is countably additive by direct and simpler
methods than uscd in the proof of the VIIS Theorem,)

Let ﬂAi} be any countable covering of F ; let B, = Aiﬂ F so
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© 2
that Up, =F; let C = By, C, = By~B), C; = By~ UB, , and in
i=1 i=1
n-1 '
general, ¢ =B - U B, so that the €, are disjoint and still
n n 1=1 i i

[ee)
satisfy U Ci = ' . Recall that all mcasurable subscts of F are in
i=1 :

= * * *

Z so that g (Ci) = u(Ci) by definition of p , Since p and
x)

agrec on all mcasurable subsets of F , is also countably additive

[oo]
*
on F . Using this countable additivity we have Z (Ci) = p*(F) =
i=1

*
BCY) =1 (p(¥) =1 by (2.12)and 2.13). Also p' (A) 2p'(C,) since

AiDCi by construction and in gcneral Ai nced not be in % . There-
[+

[2.e]
fore, I p*(Ai) z Z p*(Ci) =1,
i=1 i=1

By the preceeding construction it is possible to obtain such a

sequence {Ci} for each such countable covering {Ai} of F , hence
@

*
for each such covering we have shown T (Aj) 21 , So necessarily,
i=1 )

by the definition of 1 being the infimum of these summations over all

of these coverings, we have TMT(F) 21 . 1In fact, there exists a cover

o )
* R
such that Z (Ai) =1 , namely F itself. Q.E,D.
i=1

The following combinatoric lemma will be needed for the next theoren.

ILemma 2,20: Let ak be a countable collection of non-negative numbers,
- n
© J

Then for any Banach limit, Lim, we have Lim Z a Z21lim Lim Za_ .,
nog=1 Fr 3T R ke Ka

[+

Proof: We have, for fixed n, Za =~ T a =20 VXk,j . Using
k=1 % =1 Kn

B.L., 2 and then B.L., 1 yields

® J
(2.21) Jim Za - Lim Za 20,
nop=y Km0y Ka



Taking the limit ag j - © and using the fact that (2.21) is true for

all j§ glves
J

which is the desired result, Q.E.D,

n N
Theorem 2,22: J P (x,A)T(dx) S T(A), A €X, Viz=0.

X
T 1is a subinvariant

(Note that this is equivalent to saying that

measure.)
Proof: First we assume A € T . Let 131 = {x: Pl(x,A) > O} and let
i 1 i 1 . i
B; = {x: ¢ 2 P (x,A) >} for k =1,2,3,... ; note that U B; = B
k=1

and B}i( n B; =¢g for k #Jj . We now show that Blt €T for every

i,k . We have
1 ( 1) _ f 1
%1 Ma\Bk/ = g K by (d%)
By
i
SJ P (x,A)u_(dx)
1 n

By

s [ Phexmouy o
X

Since we have assumed A € —Z- , the B.L. of this last integral exists

(by Theorem 2.17) and equals p(A) < o, Therefore 1lim sup “'n(Bk) < e
n

- * i
implying Bi €2 Vik . Hence, p (Bk) = p,(Bk> <o,

Using the countable addivity of W, we write

[ Pteamu o = [ oo, o
X Bi



[ <]
z J‘ Pi(x,A)un(dx),
k=1 B
1 or
so Lim [ P (x,A)un(dx) = Lim £ J P (x,A)pn(dx)
no N k=1 .
k
(2.23) 2 1lim Lim Z f P (x, A)p (ax) .
J—° n k=1 _i
Bk

To get (2,23) we have used Lemma 2,20 with akn equal to
f Pi(x,A)un(dx) . Continuing from (2,23) we use the finite addivity of
By
Lim to get (2,24)

J

(2.24) 2 lim X Lim j Pi(x,A)p. (dx)
By
J
(2.25) lim z _f P (x,A)u(dx)
k=t B,

and (2,25) comes from Theorem 2,4 (sec the note at thz end of the proof

*
of 2,4). Since p =W on Z we have (2.26)

J
(2.26) = lim I J Pl (x, A" (dx)
J= k=1 i
K
L
(2.27) 2lm I | P (x,A)T(dx)
37° k=1 Bl
By

*
with (2,27) truec since T s by definition of T ., Continuing from

(2.27) using the disjointness of the B; (for different k) we have

(2.28) = lim f Pi(x,A)ﬂ(dx)
o v
UBk
k=1



27

i
(2.29) = j P (x,A)Tn(dx)
i
B
and (2.29) comcs from the countable addivity of 7, So we have thus—
far shown

Pl e, np @0 = [P e nyax

rl
(2.30) Lim |
n v i
X B

= rPi(x,A)n(dx) .

LY

X

The left side of (2,30) is p(A) by Theorem 2,17 and since A € T we
* —
have K (A) = B(A) , so for any A € ¥, we have
* . |
(2.31) p (A) = J P (x,A)T(dx) .,
X
= *
However, if A £ L then by definition we have p (A) = ©® so

(2.31) is certainly true for these sets also, hence (2,31) is true for

all A € L. But J\Pl(x,A)ﬂ(dx) is a measure on X , and it has been
X

shown [12; p. 988] that the measure T as defined is the largest mecasure

*
less than or equal to pu , therefore it must be true that

ﬂ(A) ZJr Pi(x,A)TT(dx) . Q.EOD.
X

Theorem 2,32: 7 is a 0O-~finite measure.

1 i 1 .
PI'OOf: Let Wij = {x: ‘5 =4 P (X,F) >3.":i} 1 = 011,2,3;010 ’ j = 112,3,000 -

(2]
By the hypothesis z pk(x,p) = o for all x € X we have U wij =X .
k=0 i,J

Therefore it will suffice to show T™T(W,.,) <« for all 1i,j . We have

ij

f Pi(x,F)TT(dx) ZJ Pi(x,F)n(dx)

X W1J
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ZJ. 1
—_— T(dx)
Wy, I+

— 1 ’
oSy 11(\1,’1‘j )

and using Thecorem 2.22 allows us to write

1
(T 2 ——
(F) 341 n(wij)

but T(F) = 1 hence n(wij) <o Vi,j. Q.E.D,
C x
Note that the hypothesis ZP (x,F) = » for all x is stronger
k=1

than really necessary here, Although this condition will be needed in
the next theorem, all that was actually required for Theorem 2.32 was the
existence, for each x , of an 1 s.t, Pi(x,F) > 0, This condition
could not be weakened to hold only for almost all x since there would
be no assurance that T{x: Pi(x,F) = 0V i} < ®, which would be neces-
sary for O-finiteness.
Now the final lemma whose conclusion is the desired result.

L.emma 2,33: 1 is an invariant measure, i,e.,

jP(x,A)ﬂ(dx) = Ti(A) YAEZXL,

X

Proof: Let

h)

T P(@A) = J P(x,A)T(dx)
X

so that
™ P(dy) = I P(x,dy)n(dx) .
X
Theorem 2,22 says T(A) 2 m P(A) . To show Tm(A) = 17 P(A) for all A
we use a proof by contradiction and assume there exists a set A €z
s.,t. T(A) > 7T P(A) . We now show that it suffices to assume

1mMA) <o, By o-finitcness of T , there exists a countable collection
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{Ai] disjoint such that UA, =A and 7(A;) <®. Onc of these A,
’ 1

must satisfy Tl(Ai) > P(Ai) , for if not we would have n(Ai) =

r N .
’nP(Ai) for each i , Then, since xlxﬂgo n\iEJlAi/ = T(A) and

n
lim n P(191A1> = MTP(A) , MA) = ©® would imply W P(A) = @, but A

N~
was chosen s.t. T(A) > 1 P(A) .. Hence, even if Ti(A) = @ an Ay
could be found, TI(Ai) < ® , that would still satisfy ﬂ(Ai) > T P(Ai)
Let {Bi] be a countable disjoint decomposition of X into sets
of finite measure for both T and WP , such that Bl = A of the

last paragraph. Then for fixed N
1 = (F) = n P(F)

> f P(x,F)T(dx) - j PN (x, F) TP (dx)
X X

N
= J\ = P (x,F)n(dx) -~ j ZP (x,F) T P(dx)
X k=1 X k=1

© @® N
z f Z P (x,F)n(dx) - Z f z Pk(x,F)n P(dx)
i=1 i=1 k=1

B B.
i

(2.34)

(2.35)

1l
I oMg

i

f ZP x,F) (7 - 1P) (dx) .
B

Note that (2.35) is well-defined since T and TP are finite on each
B:i. so (m~- TP)AdX) makes scnse, Also note that cach of the two
infinite sums in (2.34) being finite in value impliecs that the entire
collection of elements in (2.34) is absolutely convergent, lence the

rearrangement of terms yielding (2.35) gives the same sum. Since

Mz 1P, each clement in (2,35) is non-ncgative so (2.35) is
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N
k
(2.36) = j ZP (x,FY(m~ 1up)(dx) .
k=1
B1
N k
But by hypothesis TP (x,F) " as N~ ¥V x and Bl was chosen
k=1 .

s.t. (7~ TP) (Bl) >0 so (2,36) necessarily goes to infinity. However,
this is a contradiction since (2.36) is bounded above by 1 .
Hence only equality can hold in T(A) 2 w P(A) giving the desired

result, Q.?E.D..’

Notes: (1) In Chapter 1 the plan of attack was to define the F-process
and then show a finite invariant measure existed for this process. In
this chapter we could still have defined the process on F , but because
the denominator in condition 2.1 was the sum of transition probability
functions inste#d of indicator functions (as in Chapter 1), conversion
of 2,1 to a condition on the F-process was not as simple as before.

(2) In 2.1 it was assumed that {ue limit existed for some fixed value
Xo ° _If, however, 2,1 was true for more than one value of x then the
definition of p  in 2,13 could depend on the x chosen when taking the
B.L., Fixing a different value of x might result in a different invari-
ant measure. The uniqueness of an invariant measure will be discussed in
a later chapter. |

(3) The measure m in Chapter 1 was used in a very weak sense but in

Chapter 2 it was not uszd at all.
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CHAVTER 3: Limint Theorems

In this chapter we will exhibit two conditions similar to (1.2)
and (2.1) for which we will again show a O-finite invariant mcasure
necessarily exists for the M.P., (X,3,m,P) . We begin with

Condition 3.1: There exists a set F € Z, m(F) > 0, and a §,

0 <& <1, such that for all ACPF, ACGZL with m@) > & we have

n
Z 1, ()
K0 X € A

n

z 1 (w)
k=0 X,EF

a(w: liminf
n

>0, XOEF) >0,

(Recall that a bar over the measure indicates that we are refcring to
sequence space.)

To show that Condition 3,) implies the existence of the desired
weasure we will again prove that a finite invariant measure exists {or

the process {Yi} on F ., To do this we will assume
P(x € F infinitely often Ixo =x) =1 a.e. x €F

to make sure that we can indeed talk about the I~process,

Before procecding to the proof of our statement, we would like to
remark on the similarity of Condition 3.1 with Condition 3.2 below,
found in a paper by Ito [15; Condition ITI]:

Condition 3.,2: m(A) > 0 implies

n
z
o mF(YKE A)
liminf —— >0 .
n n+l1

We make note of the similarity in the following way; if we were to state

a condition analogous to 3.1 but only involving the F-process, it would he
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condition 3.3: There exists a 6, 0 < § <1 , such that for all A € EF

with mF(A) > 6 we have n

Z1
k=0 Yke A(wF)

>0) >0 .

EF(wF: 1i:1nf -

(Recall that ZF and m, are the oO-algebra and measurc respectively of
the F-process introduced in Chapter 1.)

The denominator in 3,1 has become n+l in 3.3 because in the F-

n
process z 1 (w_) would just be counting the total number of steps
k=0 YyEF F
made. Using 3.3 and Fatou's Lemga we can write
s k?olykeA -
0 <:f liminf Q—JL———-> dm
= n+l F
¥
n
1
P koo TKEA
< liminf | ————— de
= +1
n F n
n _
%
P 1Yk€ Ade
- k=0 F
= 1liminf ( )
n n+l
n
o=
k~omF(Yk€ A)
(3.4) = liminf ( - ) .
n n+l

Therefore we have, by (3.4), that mF(A) > 6§ implies

n
z
. k:OmF(Yke A)
liminf \ ) >0,
n n+l

Hence we can say that Condition 3.3 (and 3.1) is more general than Ito's
Condition 3.2 in two respeccts, First, wnd most obvious, is that his

condition must be satisfied for all sets of positive measure whercas our
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requirement is that the condition be valid only for all sufficicently
large sets, i.e. m(A) > § >0, Sccond, we have that 3.3 is true for
the sum of indicator functions rathcr than the more specialized mF
function.

Although Ito sfops when he produces an invariant measurce that is
necessarily finite, and equivalent to the initial measurc m , we do
not require such a strong result, It will suffice herc to show the
existence of some finite invariant mecasure for the F-process which will
eventually yield a oO-finite invariant measure for the original process.

We ncw stnte the first main theorem, the proof of which will com—
prise the first half of this chapter.

Theorem 3.5: Let Condition 3.1 hold. Let
P(Xn€ F infinitely ofteanO =x) =1 for a.c, x €F ;

assume for each x there exists an i s,t. Pi(x,F) >0 ., Then there
exists a finite invariant measure for the F-process,
The proof will be given in several parts:
I: A finite content g will be defined on (F,Z%) .
II: We show this content is invariant,
IXI: An invariant measure will be extracted from this content,

I: For ACF, let n

n
1 Zm_ (Y, € A)
k=0 YxEA k=o T K

dx'nF= .

n+l n+1

M (A) = I
F
Without loss of generality we assume m(F) =1 , so Mn(A) s1 for
each n . Therefore we can assume that a Banach limit has been defined
on sequcnces of the form Ml(A)’Mz(A)’Ms(A)"" for all A € Z% .
(Note that our assumption that m(¥F) =1 does not lead to any diffi-

cultiecs; i.e., if m(F) <« the measure m can be adjusted to gilve
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m(F) =1 (in fact M is such a measure), If, however, m(F) = o ,

then m can be replaced by an equivalent (even finite) measure m’
such that mI(F) =1 , 8Since the initial measure plays a somcwhat
minor role, an cquivalent measure replacing the initial measure would
not introduce any complications.,)

Definition 3.6: Let u(A) = Lli]m M (), A € ZF

We see immediately that p is non-trivial since 1lim Mn(F) =1
n—w

making p(F) =1 by B.L. 4. By B.L. 1 we see that p 1is finitely
additive on Z% , therefore by definition it is a finite content,
II: The technique that shows | is invariant is almost identical to
the one used in Chapter 1 to show there that the measure p was invariant.
The only differcnce for the present situation is that in several instances
the B.L. would be taken instead of the regular limit, but this will not
affect the results obtained, For completeness, we state the required

o
results here without proof.
Lemma 3.7: (See Lemma 1,17).

Lin [ PLOAM, @) = )
F

Lemma 3.8: (Sec Lemma 1,18).

-

LlilmJ s; (YIM (dy) = I s; (Muddy) .
F F
The proofs of these two Lemmas carry over completely since B.L. is
finitely additive,.
Lemma 3,9: (Sece Lemma 1,20), Under the same hypotheses as Theorem 3.5,
4 , as defined in 3,6, is an invariant content,
Here too the proof carries over complately except going from (1,22)

to (1.23) where a B,L. is now required.



III: We now procced to show the existence uf the invariant measure.
To do this we will necd several lemmas, The first two are due to
Yosida and Hewitt [18].

Definition 3,10: A content | is called purely finitely additive

(p.f.a.) if the rclation O <« Sy for a measure (i.e. countably
additive) o implies that o = 0 , Here the inequality is the s£andard
lattice ordering of set functions,
Lemma 3,11: If pu 1is a finite content and is p.f.a,, and if m is a
finite measurc with g and m defined on a o-algebra Z , then for
all € > 0 there exists an § € ¥ such that u(Sc) =0 and m(S) < ¢,
Lemma 3,12: If p is a finite content on a OC-algebra X , then there
exists a unique decomposition p = Botue where e is a measurc and
bp is a p.f.a. content.

Note that the measure Fe of 3.12 is maximal in the sense of the
following lemma,
Lemma 3,13: If « is any measure such that p 2 « , then Be 2o,

Proof: Since y 2 a we can write p = O%“a . If By is a p.f.a.

content, then by the uniqueness of the decomposition of Lemma 3,12 we
must have Pe = a .

1f, however, ua is not p.f.a., then by Lemma 3.11 it can be decom-
posed, to wit, by = uac+ ot (where poc is the measurc and Hor is
p.f.a.), We are now able to write pu = o + Hoet Bt but o + e is
a measure and again by uniqueness uf = uaf; or, more significantly,it
must be true that (U = o + pac yielding uc 2o . Q.E.D,

A fact that will be ;ecded later is ﬁ(w: YiG A) = BF(Q%: YiE A)
for A CF . Recall that the variables {Yi} were originally defined

on the space X so both sets make sensc. These sets originate from

differvent spaces and although it is perhaps obvious that the equality
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should hold, a proof will be given for completcness.
Lemma 3.14: For A CF , m(uw: Y,€A) = ;lF((UF: Y,EA)

Proof: The method will be illustrated for the case when i =1 (for

i >1 the technique is similar)., The set {uh Y1€ A} can be broken

up into the following disjoint picces

A

{w: x,€ F, x € A}

C
A, = {o: x €F, x;€F, x,€4]

>
L

c c
{w: xOE F, x1€ F, XZG F, x3€ A}

by looking at only those possibilities where the first entry into F

(after xo) occurs in A . Note that the sets A, are in Z ., We have

m(Yle A) =m(A)) + m(A,) + ...

f P(x,A)m(dx) + j j P(x,dy)P(y,A)u(dx) + ...
F F¢ F

r\
= J‘ [P(x,A) +J P (x,dy)P(y,A) +
F F

I f P(x,dy)P(y,dz)P(z,A) + ;..]m(dx)

Fo F°
(3.15) = I PF(x,A)m(dx)
F
(3.16) = f PLOx,AIM (dx) = m (Y€ A) .

F

We used the definition of PF(x,A) to get (3.15) and the facts

that m(F) = 1 and mF(A) = m(A)/m(F) to get (3.16). Q.E,D,’

Lemma 3,17: mF(A) > 6 implies p(A) >0, for the &8 in Condition 3.1,
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Proof: Note that mF(A) > & implies m(A) > & and Condition 3.1 ullows

us to say that, for such a set A ,

n
Z1
-,' k:O Xke A \
m| liminf — >0, X,€F) >0 .
’ % g€ F
k=0 "k

Letting £ = FXXXXX... we can write

n
z
k=olxke A -~
(3.18) 0 <f liminf ——————— dm
n n
F I |
=0 Xx€F
n
z
oo V€A _
(3.19) = f liminf ————————— dm
n
P n+l
n
z1
‘ koo Yx€ A _
(3.20) < liminf j dm
n
ﬁ n+l
n
z 1 m
k=0 'FF Yi€ A%
= liminf ( )
n
n+l
n -
Z m(Y, € A)
k=0 KX
= limin{
n n+l
n -
lEIOmF(YkG A)
(3.21) = limin{ ( — )



(3.22) S @A) .

The rcasoning for these steps are as follows: The sequence of
ratios of which we are taking the 1liminf in (3.18) might contain
duplicate adjacent members for a fixed w (this would occur when
and

xnﬁ F making 1 zero simultaneously), These dupli-

Xx€ A lxke F

cations are climinated when we move to the scquence of ratios in (3.19),
hence the value of the 1liminf is unchanged., Tatou's lemma gives (3.20);
(3.21) comes from using Lemma 3,14; step (3,22) from the definition of
as a Banach limit and using B.L. 3. Q. E,D,
Lemma 3.23: pu is not p.f.a,

Proof: For all A € Z% we have mF(A) + mF(AC) =1, If for the set

A® it is true that mF(Ac) > 6 ,-then m (A) + 8§ <1 or cquivalently
mFGA) <1-6 . éinCe mF(Ac) > & , applying the result of Lemma 3.17 to
AS yields u(a®) >0, but if j is p.f.a. , this contradicts the
conclusion of Lemma 3,11, '
More precisely, we have shown there exists a positive € (namely 1-06)
such that for all sets A with m (A) < ¢ we have L(A®) > 0 . Hence
* nsage
p is not p.f.a. Q.E.D,!
Finally, the result we want:
Lemma 3.24: There exists a {finite invariant measure for the process on
F under the conditions in Theorem 3.5,
Proof: Applying Lemma 3,12 to p , we write u = pc+ be o We will show
that Be is the required measure, i.e., it will be shown that

IPF(X’A)”c(dx) = uc(A)
F

for all A € Ef . Note that Lemma 3.23 implics Ko is non-trivial,

We have
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(3.25) J PF(X,A)uc(dx) S.f PF(X,A)u(dx)
F F

(3.26) = p(A) .
The left side of (3.25) is a measure; (3.25) is true since pcs 0o,

(3.26) ir true since p 1is an invariant content (Lemma 3.9). Iowever,

(3.25) says the measure I PF(x,A)uc(dx) is less than or equal to  ,
1.1

but by the maximality of the component e established in Lemma 3,13,

it must be true that

(3.27) I PF(x,A)uc(dx) < pc(A) .
F

Assume there exists a set, A , yielding strict inequality in (3,27),

i,e,.,
() <
(3.28) f pF(x,A)uc(dx) ho(A) .
F -
But it must also be true that
c c
S

(3.29) f PF(x,A )pc(dx) ucCA ) .

F

Adding lines (3.28) and (3.29) gives

f PF(x,F)uc(dx) < pc(F) or
F

Bo (F) <p (F) .
A contradiction results, thercfore we must have equality in (3.27)

for all A € ;F . Q.E,D,

Now applying Lemma 1,16 results in a o-finite invariant mecasure

for the original process.
f
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The second half of this chapter involves the same type of change
in hypothesis as was made when going from Chapter 1 to Chapter 2. That
ig, we go from a condition on indicator functions to a similar condition
on transition probability functions.

Ccondition 3.30: There exists aset F, m(¥) >0, anda 6, 0 < § <1 ,

such that for all ACF , A €L with m(A) > § , we have

n

z Pk(x,A)
- k=0
m(x: liminf >0, x € F) >0 .
n T Po(x,F)
k=0

Again we are weakening a condition of Ito [15 ; condition VIII]
with the same results as mentioned previously,

As we found in Chapter 2, the proof using transition probability
functions is not as easy. In the first part of this chapter, as in
Chapter 1, we were able to show(é finite invariant measure for the -
process existed, and then this measure could be extended to the required
measure on all of X . VYortunately, however, much of the technique to
show therec exists a 0O-finite invariant measure from Condition 3.30 will
come directly from Chapter 2, The proof for this situation will be out-
lined, putting in the necessary changes. First, we state the main result
to be established,

o

Thecorem 3.31: Let Condition 3.30 be in effect., Let z Pk(x,F) = o for
k=0

all x € X ., Then there cxists a o-finite invariant measure for the

Markov process,

As before, we begin by defining a content p . Let

n
z Pk(x,A)

=0 m{dx)

f k
Mn(A) Tl
1“‘

i e

}
P((X,F)
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and lel & = {A € Z: limsup Mn(A) < @} ., We can now talk about a Banach
1imit of scquences of the form Ml(A),Mz(A),... for A €L, Although
the definition of I is slightly diffecrent herec tpan in Chapter 2, this

difference will not interfere with the mechanics of the proofs,

Definition 3.32: Let u(A) = Lim Mn(A) R
n

Following the reasoning from Chapter 2:

o
Theorem 3.33: Let A €%, I Pk(x,F) = o for all x € X, then
k=0

Lin [ peenm caxy = paay .
X

Proof: Same 2s Theorem 2,17 except with these slight alterations due to

the different definition of p .,

n ok
L p(x,dy)
1 k=0
Mh(dy) = f R m{dx)
F X P (x,F)
k=0
SO n
£ P¥(x, dy)
[romm ) = [ pomf [ 22 m(ax) |
X ) X F z Pk(x,F)
k=0

which becomes, after several simplifications

nox
Z P (x,A) ne1 0
F T PGP F  Z P(x,F)
k=0 k=0

>

hence taking the Banach limit of both sides in (3,.,34) yiclds the

desired result, Q.E.D,
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*
As before we define on all of Z as follows:

Definition 3.35: x ! L(A) for A € T
L for A £ T

sk
Lemma 3,36: is a finitely additive set function,

Proof: The proof of Lemma 2,15 carries over completely,
o

o
Definition 3.37: Let T(A) = inf { % u*(Ai): U
i i==

A.:’A} over all such
i
=] i=1

countable unions containing A .

The next lemma, to prove T 1is non-trivial, is somewhat different

than in Chapter 2 since there we needed the fact that

n gk
Z P (x,A)
. k=0
lim
-t CO
n r P(x,F)
k=0

existed for all ACF .,
Lemma 3,39: T is non-trivial,

Proof: We first show T is not purely finitely additive on F . Let

A be any set in Z% such that m(A) > 6 , Then by 3,30 we have

n
Zpk(x,A)
0 S.[ liminf -539——————- m(dx)
n no.
F Z P (x,F)
k=0
a .
= PX(x,A)
S liminf j LSl m(dx)
n n k
F X P (x,F)
k=0

SLim M_(A) = p(@A) .
n

This last step by B.L. 3, hence m(A) > § => p(A) >0,
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By the same recasoning as in Lemma 3.23, m cannot be purely finitely
additive,

Using Lemma 3.12, ; can be written as uc+ pe * It must be true
that “c(F) >0 since otherwise g = uf ie. would be p.f.a.
on F ., lence u*(F) = M(F) > MC(F) > 0 . Therefore, for any countable

*
covering {Ci} of F , by the finite addivity of p , we have

* *
3.40) C F c) .
( b (C) =y (CNEF) 23 (C.NF) >y (CNTF)
[+ * o
Hence  pp (€ > Tp (CNF) =y (F) >0, so by the definition
i=1 i=1
of 1 as the inf over all such sums we have {(F) -0 . Q.E,D,

Note that by using the p.f.a. property of i this proof was much
simpler than the corresponding proof of Thecorem 2.19.

Lemma 3.41: IPi(x,A) mdx) < n(A) vi.
X

Proof: Samc as Theorem 2,22 with by replaced hy Mn .

Lemma 3.42: ¢ is a ©O-finite measure.

Proof: Proof of Theorem 2.32 carries over completely.

Lemma 3.43: 1 is an invariant measure.

Proof; Same as for Theorem 2,33.

Thus we have proven Theorem 3.31.

We have shown several conditions implying the existence of a O-
finite invariant measure. Before ending the discussion on them, an
interesting question arises. Does the similarity of (1.2) with 3.1,
and 2.1 with 3.30 indicate they are somehow related? As they are now
stated, (1.2) and 3.1 are in a sense independent of each other.

In tho gencral Markov proccess, if one of these conditions is true,
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the other need not be, For example, for (1.2) to hold, all that is
necded 1s the existence of the limit, which might be zero on a sect B
(in i%) with m(B) =1 . This would imply therc does not exist a §
satisfying 3.1. On the other hand, if 3,1 holds, then certainly the
limit neced not exisf anywherce, so (1.2) would not have to be true.

However, under the following condition we will show that (1.2)

does indeecd imply 3.1,

Definition 3.44: A Markov process is said to be non-singular with

respect to the measure m if m(A) = 0 implies P(x,A) =0 a.,c, (m) .

Theorem 3,45: Iet the Markov process (X,Z,m,P) be non-singular and

satisfy hypotheses (1.2), (1.3), and (1.4) of Theorem 1.1, Then there

exists an F and a 6 satisfying Condition 3.1.

Proof: The first step will be to show there exists a § such that
m(A) > 6 = p(A) >0 . Recall that the measure, p , we are using here
comes from Chapter 1 since we are assuming the hypotheses of Theorem 1.1
are in effect.

For purposes of a proof by contradiction, assume that for each § ,
0 <6 <1, there exists a set .Aé: F such that m(Aé) > 6 with
pcAé) = 0 (we are still assuming m(F) = 1) . Therefore, there exists

a8 sequence {61} such that & t1 with p(A,) =0 . Since
t

1 . By the non-singularity of

n [=e]
m( Ua ) = & , we have m( UA )
1=1 O n 121 O

w

P(x,A) , we then have Pkkx, UA )
FM 4o O

]

1 for a.c. (mF)x €F, for all k.

(Note that P(x,A) =0 a.,e.(m) = PF(x,A) =0 a.e. mF by the definition

of PF(x,A) ; see (1.5).) Therefore,



[s2] w

nly € UA ) = | p ( , UA ) 1
mF( k™ ymy & ¥ A "p ()

=
=

‘[ 1 mF(dx)
F

1t

mF(F) =1 for all k .
/ «w
Using (1.13) and Definition 1,14, we have p.\ U ) 1 ; but p is
countably additive on F so p,( U A6 > = Z ”(A6 ) = 0 since each
1 i=1 i

p.(Aél) = 0 by assumption. This is a contradiction. Illence we have
shown there must exist a § such that m(A) > 6 = p(A) > 0, and in
fact one of the 61‘. must work. Recall that F is Athe sequence space
of the F-process, and F = FXXXXX... .

We now complete the proof, We have a & such that

m(a) > & =) >0

n
z1
o YXEA
(3. 46) = 1im ———— de >0
n—-vCD
- n+l
F
Z
=°11mj k=0 1Y x€ A dm_ >0
n—-vw F
n+l
> n -
kiJOmF(YRG A)
= 1im —— >0
n— o
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n —
I m(Yy, € A)
k=0 X
(3.47) = 1im >0
!)—Qm
n+l
n
o Y €A
= 1im | dm > 0
n : n+l
I’
n
=
oY €A
=2 | 1im ——————— dm > 0
n—-m
o~ n+1
F
n
kfolxke A
(3.48) :J lim ———————— dm >0
n—® n
~ z 1
F ko XxE€F
n
Ll €a

=°;n<w: lim k=0
n—o n

T o1y

> r) >
0, x0€ r) 0

k=0 k€ F
n
) }folxke A
==~m(w: liminf ——————— > 0, X EF) >0,
n n 0
z 1

X

k=0 k€ F

We get (3.46) by using the definition of u (see 1,14), (3.47) comes
from Lemma 3,14, and (3,48) by using the fact that the subscript of Y Kk
actually counts the number of entries into F and following the reason-

ing in the proof of Lemma 3,17 the 1limit is unchanged. Q.E.D,

Notes: As with (1.2) and 3,1, it can be shown there is the same general
independence of Conditions 2,1 and 3.30. llowever, even with the imposi-

tion of non-singularity we cannot get an implication here., The main
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obstacle is that the limit in 2,1 need only be defined for a single value
of x .
It can be shown, as was done in Thcorem 3,45,that d a & such
that m@) > & = p(A) > 0 , however the integration in 3.45 may not be
possible since liminf of the ratio in 2.1 might be zero for all other

values of x .
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CHAPTER 4: TFinitcness

In this chapter we continuc our discussion of invariant measures
by cstablishing some criteria for deciding if the measure is finite
or infinite.

A Markov process will be said to satisfy Condition A if, for cach B
P(Xne B infinitely oftcn|X0= x) =1 for a.e. x € B. A Markov
process is said to be ergodic if n(e—lAAA) =0 = TA) = 0 or
ﬂ(AC) = 0 . In this chapter we assume the Markov process is ergodic

and satisfies Condition A, and 7 to be the measure on sequence space.

For the invariant measure T, le A be a set such that

0 <T7(A) <o, For ®w in sequence space define
To(w) = first index i such that xi(w) €A
Tl(w) = second index i such that Xi(w) CA

Tz(w) = third index i such that Xi(w) €A

The quantities T.- T , for i =1,2,3,... represent the number of
steps (possibly different for each ® ) from the first step out of A

(vhich was entercd for the first time at the 7T step) until reentering

o

A (T step). Condition A and ergodicity assures us that the Ti— Ti—

1 1

are wvell defined for a.e. w .

Definition 4.1: The expected time of first recurrence to the set A 1is

defined as

E, [Tl(w) - To(w)] = I (T~ Tam .
X

For our purposes the criteria to he shown will work under the restriction

€x,
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TO =0, i.e., it will be assumed x0€ A . Under this restriction the

expected time of first recurrence will be written as

E (T ~T,) = E_(T, |x06 A) = EﬂA(Tl)

where Th represents the normalized measure induced by A on 1 as

follows:

TIA(B) = TT(B,XOE A/ 1(A) .

Note that TV(X) = 1 . The main result of this chapter is
X

Thcorem 4.2: et T be an invariant measure. Let the Markov proccss

satisfy Condition A and be ergodic, Let A be a set in X such that

0 <1(A) <w, Then E_(T,) = ® & 1(X) = « ,
ﬂA 1
Proof: Part I, It can be shown [1 ; 6.38] that if ™(X) < = (without

loss of generality we will assume in this case that ™(X) = 1 ) we have
ETT (Tl) = 1/7(A) . Hence this gives one-half of the desired result,
A

i.e., M(X) <@ =E_(T,) <o or equivalently E_ (T.,) = ® = 1(X) = » ,
Tk 1 ﬂA 1

Part II: We now assume T(X) = « , To prove the second half of this
theorem we first note that in that same result [1; 6,38], it was shown

that the variables 7T ,T .~ T,,T.-T

11Ty 1' 137 Tgreee are stationary under‘the nmeasure

nA . Stationarity allows us to apply the ergodic theorem to
n
2 (T~ T, ;)
(4.3)
n

so that the limit as n — o of (4.3) is En (T,) a.e. (ﬂA) . This

fact will be needed later, ”

Let GilA be lA(Giw) . It will be shown that the ergodic thcorcm

can be applied to the ratio



Tn 4
2 0 1A
1=TO
(4.4) T~ T+ 1
n 0
even if we do not keep the restriction T, = 0, First, for fixed w ,

0

we let To(w) =m and (4.4) becomes

Ty
% oh
i=m A
(4.5) Tn- m o+ 1

For i such that 0 <i <m we know 911A = 0 (since T0 is the first

index i with ©7(w) €A) so (4.5) is

i=0

T - m+ 1
n

(4.6)

Since for a.e. w, Tn is an increcasing scquence of integers, we are
able to say that for n = 0,1,2,,.,. the ratio (4.6) (and hence (4.4))

is a subsequence of

K i

Z 91
i=0 ®
k-m+1

(4.7)
for k =1,2,3,... (note that k 2m), Since m is fixed and finite

for a.e. w , the ergodic theorem can be applied dircctly to (4.7)

[see e.g. 9 ; p. 18] and this ratio must converge to zero a.e. (%)

(and hence a.e, (ﬂA)) + This is true since the limit must be an integrable
constant and the only such Fonstnnt on an infinite measure space is zero.

We now approach the ratio in (4.4) another way by inverting it to

give
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T - To+ 1
(4.8) —_—
Ty 4
r 671
i=T A
0

i
We manipulate (4.8) as follows: we know that © 1A = 1 only when

Xi(w) € A and this occurs for the first time when 1 = TO , the seccond

i
time when 1i = T, » etc. Therefore the statement " © 1A =1 " will

be true precisely n+l times as 1 ranges {rom T0 to Tn , so (4.8)
becomes
Tn- T0+ 1

(4.9) —_—
n+l

Writing Tn- T0 as the telescoping sum

T-T + T - T + «o0o + T - T, + T, - T

n n-1 n-1 n-2 2 1 1 0
n
or £ (.- T ) , changes (4.9) into
k k-1
k=1
n
k?l(Tk— T, ;) +1
(4,10) — .
n+l

Since T(A) < «© we have ﬂA(X) =1 ., Therefore if ETI (Tl) < o , then,
A

as was shown at the beginning of Part II, (4.10) would converge to

E (T.) a.e. (1,) . But (4.7) was shown to converge to zero a.,e. (T,) .

Since (4.7) and (4.10) are essentially inverses of each other, this is a

contradiction., Hence (X) = @ =2 E (Tl) = o, Q.E.D.
m
A

Notes: The results of Theorem 4,2 contain a well-known result by Kac
[cf. 7, page 121 as well as the discrete caso for infinite measures [cf. 6].
However we belieove the result for the infinite case for general state spaces

is ncw.



52

GIAPTER §: Uniquaoness

The main result of this chaptcr will be a theorem on the uniquencess
of an invariant measurce.

Definition 5.1: A set A € £ will be called closed if DP(x,A) =1 ,

VYV x €A ; i.c., an elcment in A must stay in A ,

Definition 5.2: A Markov process will be called indcecomposable, if X

does not contain two disjoint non-cmply clored sots.,

The thcecorem to be proven is
Ihggrgﬂ_ﬁlgz Let ﬂl and Tb be two non~-trivial, invariont, o-finite
measures, satisfying Condition A [sce Chapter 4], on ithe same indecomposable
Markov process, Then there exists a constant ¢ s.t. ﬂl = cﬂz .
The proof will be accomnplished via a sequence of lemmas,
ngma 5.,4: If T is a non-trivial, o-finite, invariant measure and if
A € ¥ 1is such that mw(A) = 0 then there exists a non-eupty closed set
C containcd in AC such that TKCC) =0,
Proof: Let AO= A

A= {x: P(x,A,) > 0}

A= {x: PG,A) > 0}

By the invariance of 1 we have

(5.5) 0 = m(A) = j P{x,A)T(dx) = j P(x,A)11(dx) .

X A,
put A consiusts of these x's with Pp(x,A) > 0 so the only way to
get the integral on the right in (56.5) equal to zero is if TKAI) =0 .

Replacing A in (5.5) with Al' and A1 with A2 we sce that by the



(6]
w

w
*
same reasoning TKAZ) =0, and soon. Let A = U Ai so that
i=1
*
A ) =0,
«C
If x €A then by the definition of the A, we have P(x,Ai) =0
c
* *
for all i , hence P(x,A ) = 0 or equivalently P(x,A ) =1 . By Defi-
c c c
*

* * *
nition 5.1 A is closed, Since TA ) =0, (A ) > 0 hence A

c
*
is not empty. So C = A is the desired set. Q.E.D.

Lemma 5,6: Let T be an invariant mecasure on an
indecomposable process. If C is a non-empty closed sct then 1(C) > 0 .

Proof: If T1(C) = 0 then by Lemma 5.4 there exists a closed set p C;cc

with D non-empty. But C€ and D being two closcd, non-empty, dis-

joint sets contradicts indccomposability, hence T™TC) > O , Q.E.D.
Lemma 5,7: Let T& and Tb be two non~trivial invariant measures on

an indecomposable process, Then there do not cxist two disjoint sets
Al and A2 such that AlU A2 = X and T&(Az) = 0 and T%(Al) =0,

i.,e. the supports of 1& and Tb cannot be disjoint,

Proof: Assume the contrary, i.e., assume there exists Al,A2 such that

A1U A2 = X, Alﬂ A2 = ¢ and T&(Az) = 0, Tb(Al) = 0, By Lemma 5,4 we
have that T&(AZ) = 0 implies there exists a non-empty closed set
CICZA; , and also Tb(Al) = 0 implies there exists a non-emply closed

set Céi A; . But C1 and 02 are disjoint, contradicting indceccompos-

ability, Q.E.D.

Lemma 5.8: Let T& and m, be two non-trivial invariant measures,

satisfying Condition A, on an indccomposable process. Then T&(A) =0

implies 112(A) =0 ,
C

* *
Proof: Let A be as in the proof of Lemma 5.4, A is closed and
c
non-cmpty so by Lemma 5.6 we have 15(A* ) >0, We note that the sct

*C C
c *
(A* ) is closed and disjoint from A hence by indecomposability
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c

c .k

K
(A ) must be cmpty. Thorefore for cach x there must exist an n

n *€
such that P (x,A° ) >0 . If T(A) >0 there exists a set A’ in A
with nz(A/) > 0 such that for some N and € > 0 we have
N, *C ‘
P (x,A )>c¢ forall x €A .
sk
Condition A implies that p(xne A" for some n > N|x0= x) =1 for

*
a.e. x €A so we have

%
P(an A for some n > N|X0= x)

* N
= I P(X_€ A for some n > N|XN= y)P (x,dy)
n
X

(5.9) = J P(x € A* for some n > N|XN= yIP (x, dy)
A*

*
+ J P(xne,A for some n > NIXN= y)PN(x,dy) .

c
*
A

c
* *
Since A is closed, we have P(XnG A for some n > NIXN= y) =0

c
*
for y €A so the right integral above is zero allowing us to write

(5.9) as

Sf PN(x,dy) + 0
A*
%
= PN(x,A )
<1l-¢

for x € AI . But by Condition A this cannot be true except on a set

of measure zero, contradicting the assumption ﬂz(A) >0, Q.E.D,

Lenma 5.10: Under the hypotheses of Lemma 5,8 the measurcs T& and ﬂé

arc equivalent,
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Proof: Yollows immediately from Lemma 5,8,

The final result will be proven by showing a reclationship between
an indccomposable process on state space and an ergodic process on

sequence space, Once ergodicity is shown, then the following thecorem

[from]B; Theorem 1] proves the desired result. As before, ﬁi and 1b

are the measures induced on sequence space by TE and ﬂé respectively.

Recall the following facts: a measure is ergodic if for any invari-
ant set A we have T(A) = 0 or ﬂ(Ac) =0 ; a set A € Zm is invariant
if TT(O—IAAA) = 0 ; aset B € X is stochastically closed if P(x,B) =1
for a,c.(Mx € B ; and a measure « is absolutely continuous wiih
respect to the measure B (written B > o ) if P(E) = 0 ® a(E) = 0 .

. 5 . - T T T i T = ¢
Theorem 5,11: If 1 > ﬂ2 and T& is ergodic, then T& ch for

some constant c¢ .

To show that the hypotheses of Theorem 5.3 are sufficient to imply
the ergodicity of T we will reed the following result [14; Theorem 1].
Theorem 5,12: If the Markov process satisfies Condition A , then there
is a 1-1 correspondence A (up to equivalence) between the class of
stochastically closed sets {V} in state space and invariant sets {Va}

in sequence space; and if Va = MV) , then ﬁl(va) = ni(V) .

Theorem §5.13: If T& satisfies the hypotheses of Theorem 5.3, then

T& is ergodic.

Proof: lLet V1 be any invariant set in Zw . By the proof of Theorem

5.12 [14; Theorem 1], we see that V1 = {w: x0€ v} for some stochasti-

c
invariant implies V is invariant

cally closed set V . Also, V 1

1
hence V; = {w: x0€ U} for some stochastically closed set U . The
sets V and U must be disjoint otherwise V1 and V; would not be

disjoint,



Let U, =1U
U = {x € Uyt P(x,U,) = 1}
u, = {x € Ul: P(x,Ul) =1}
=]
letting U' = N Ui we claim that U' is closed (under Definition 5.1)
i=0
[+ o}
since x €y’ = P(x,Ui) =1 for all i , which implies P(x, N Ui) =1
i=0

and hence P(x,U’) =1 for all x €u’ .
Note that since U 1is stochastically closed we have ﬂl(U) = ﬂi(UI) .
By a similar construction using V , we get V’ closed such that
ﬂi(V) = T&(V’) . But v'NU' =4d hence by indecomposability, one of
4

v/ or U’ must be empty, say it's v’ . Then ﬂi(V) = 0 , hence,

M (V.) = 0 by the final statcment in Theorem 5.12, Q.E.D.

Now applying Theorem 5.11 proves Theorem 5.3 since the measures in

state space and sequence space are essentially in 1-1 correspondence.

Two examples will show that without cither Condition A or indecom-
posabilily, there neced not exist a unique measure, The first example
will satisfy Condition A only.

Let X = {a,b}, P(a,{a}) =1, P(b,{b}) = 1 . Here there exists

three distinet non-cquivalent invariant measures:

T&(a) =1 T&(b) =0,
nz(u) =0 né(b) =1 , and
T(a) =% (b)) =% .

Note that there arc two disjoint closed sets, namcly {a} and {b] .

The next example is a bit more complicated. Here we qnly have
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indecomposability., Let X = integers, P(a,f{a+1}) = %, p(a, {o-1}) = % .

The two non-equivalent measures

Y a and

H
o

T, (2)

,(a)

IH
N

arc both invariant: for T& we have

1

(5.11) ™ (a) = P(a-1, {a}>ﬂi<a—1) + P(a+1,{a})ni<a+1>
= 81) + 3(1) =1

and for Tb we have (using 5.14)

§<2a-1> N %(23+1>

i

T, (2)

I
N
]
]
{1
7~ .
Wi
+
(&
L ]
N
S’

22712y = 22 .,

\

1l

However it might not be so obvious that this example does not satisfy
Condition A,
We first note that the Borel-Cantelli Lemma gives the following

o]
implication;: P(XnG A infinitely oftcnlxo= x) =1= Z'Pk(x,A) = o,
k=1

[}
For our situation this translates into = Pk(a,{a}) = ® must be truc,
k=1

w0
k
if Condition A is true. We now show, however, that P (a,{a}) < o
k=1

for all a . We choose for cxample a = 0 (other values of a produce

similar results),
r%c0,{0}) = 1
r(o,{o}) =0

P20, {o}) = 4/9



P, (o} = o

p4(o,{o}) = 6(2/9)2

2 o]
P 0, {o]) = c@n,n) (D" H"

and a little algebra will show that term by term the non-zcro elements
(e o]
in the series

z Pk(O,{O]) are less than or equal to the terms in
k=0

2
1 + 4(2/9) + 16(2/9)" + 64 (2/9)3 + +.. ; but this series can easily be

shown to converge (it is a gcometric series with
w

r = 8/9) .

Hence,
z pk(o,{o}) < o implying Condition A is not satisfied.
k=0



[5]
e

CHAPTER 6: Mixing

As before, M represents an invariant measurec on state space, T
the induced invariant measure on sequence space, and © represents the
shift transformation on sequence space. Note that T invariant mcans
= - oa=1
T(A) = (6 "A) for all A€ Z_.

The stationary process X ,xl,x can be cmbedded in a bilatceral

0 PURE

7

IERER such that X

. ' 7
stationary process ...,X_l,XO,X Xl’XZ"" and

o’
x',x{,x',... have the same distribution. So without loss of generality
we can talk about a bilateral stationary process [seel ; proposition 6.5].
Here 6 will be assumed to be invertible (i.e. © maps X one-to-one
onto &) and non-singular (i.e. T(A) = 0 = T(BA) = ﬂ(e_lA) = 0) .

For ﬁ(i) =1 and © invariant and ergodic, it has been shown

[see, e.g., 7; page 61] that for 6 defined on bilatcral space and any

sets A,C we have

n-1

1im 2 £ 7@ %A n o) = TiayTico)
n—ooan k:O .

hence it follows easily that for ?KB) > 0 and ﬁ(C) > 0 we have

n
£ (6™ A N c) _
(6.1) lim k:O = TA)
Ry R s P
k=0

The question to be investigated here is what can be said in the case of
™X) = ® . In general, (6.1) may not hold if ﬁ(i) = ® , The {irst
part of the answer to our question will show how strong a result similar
to (6.1) cun be proven without adding any further conditions. We first

state a result conjectured by Hopf [11] and proven by Chacon and Ornstein

[see e.g. 2],



Lemma 6.2: Let T(A) < o |

and ergodic.

n
X le—kA(w)
(6.3) 1im K20
n-‘oo n
z le'kB(w)
k=0

This will be used to prove

Theorem 6, 4:

60

T(A)

T(B)

a.e,

Let A,B,T be as in Lemma 6,2,

integer.
2.k
ZmOBANCOQC _
(6.5) lim k:O = JA)
e g wesnce ®
k=0
Proof:

let the process satisfy Condition A,

(m

Let

Then

0 < E(B) < @ with the mecasurc

ﬂ

invariant

N be any positive

Then there exists a set C , with a(C) > N, such that

By Lusin's Theorem [seel6; p. 139 #6], since we have convergence

a,e. in (6.3) and T is o-finite, there exists a partition {Ai} of

X~-M (where M

i

converges uniformly on every element Ai .

for each Ai

n
1.
TUeTkA =
(6.6) k=0 nM)
n (B)
T 1.y
o OB

there exists an ni(e)

Therefore,

such that

€

given

for all w € Ai as long as n > n, . We can write (6.6) as

n -
(6.7) - Xz 19‘*3 + ?(A)
k=0 (B)
©
Since ﬁ( U
i=1

of the theorem.

n
s 21
k=0

6" A

n
=e¢ Z1
k=0

0" *p

is the set of divergence of (6.3)) such that (6.3)

€>0,

= n
+ ;Sﬁl Z1
(B) k=0

We first examine the right inequality in (6.7)

g~kp °

7 J
Ai) = © , we can find (many) Jj such that ﬂ( U Ai) >N
i=1
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(6.8) L1, + T_‘(A) L1
k=0 k=0 (B) k=0

’ J
We note that (6.8) is truc for all @ € UA,  if n>n'% max(n,n,....,n) .

67 °

i=1
J
Letting U Ai = C we multiply (6.8) by 1C yielding
1=1
n n - n
T(A)
(6.9) 1, Z1,., S€1_ X1, x, +— 1. Z 1, g, &
CkzoeA Ck:OGB TB) Ck:OeB

This is true for all ® (since 1C =0 for wg¢C), n> n' , hence

integrating (6.9) over X gives

n -k gy -k
ZmECcNOo A) e ZnEC NGO B)
k=0 k=0
o= n
+ :ﬁ(—Al £ T N 6 p)
m(B) k=0
or equivalently a
= Ficn o7 )
(6.10) L0 < e+ LA
L TN e ) ™B)
k=0
J
Now kceping € fixed (and equal to U Ai ), if we were to take a
i=1

smaller € , forcing n’ higher, (6.10) would still be true as long as

n>n’ i.e. for big enough n . Taking 1limsup of (6.10) yields

o -k
ZnaEcNe A _
limsup k:Q <€+ ?(A)
" £ Tee N o ¥py ™)
k=0

which 1is true for every € hence allowing us to write
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n_ -k
e nNo A

k:=0 M
(6.11) linsup ¢ < )
n n

s Tie n 6By ™(B)
k=0

Now, proceeding along the same lines with the left inecquality in (6.7)

and taking 1limin{ yields

n _ -k
ZnEec No A)

(6.12) liminf k:O p=3 T(A)
n £ nenoky  ®
k=0

but (6.11) and (6.12) imply

n. -k
T n(cNe "A) _
1in 220 = JA) Q.E.D.
R s hene ¥y TR
k=0

Theorem 6.4 assures us of the existence of as large a finite set
C as we want such that (6.1) holds. However, if the set C is already

fixed, we have the following thcorem.

Theorem 6,13: Let A, B, T be as in Lemma 6.2, Let C be any set,

ﬁ(c):>0 , and N any positive integer. Then therc exists a set D

D ©C, such that T(D) >N if T(C) = ©® or T(C-D) < 1/N if

() <o and

1.k
Z1® AND) _
1im X0 = )

1N -— ©

n —
£ 7o s n ) T(B)
k=0"

. Proof: The result follows by applying the technique of the proof of

Theorem 6.4 as follows: partition X-M as before into {Ai} y let
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, ©

B, = ANcC; if ﬁ(C) = o , then ﬁk ums ) = o hence just replace A
i i 1=0 i . i

with Bi in the proof of 6.4, 1If ﬁ(C) < « , then, since U Bi = C
i=0

n N
(except possibly for a set of measure zero) we have ﬁ( U Bi) t n(c) .
=0

i
. L7 n \
Therefore, replacing Ai with B, in such a way to have ﬂ\p - U Bi) <1/N
i=0
will suffice. Q.E.D.

Theorem 6,13 says that if the set C 1is already fixed, we can find
a 'large' subset of C satisfying (6.1). Howecver, to get the stronger
result of having (6.1) be true for more general A,B,C we impose a

further condition. Let

ﬁ(e'kA nc)

M3

k=0

b, (A) =

=¥ Nl

e 8 n ¢)
k=0

Condition 6.14: For sets B,C such that m(B) > 0, ™C) > 0 and

[+
z ﬁ(e'ka NN Cc) = « and for all sequences of sets A such

k=0

,A2,A

1 3100-

that Ail @ we have 1limsup(limsup un(Ai)) =0 .
i n

The first result to be proven is

Theorem 6.15; For all A, B, C, such that 0 < 7(B) < ®, 0 < T(C) ,

A C B assume Condition 6.14 is true, and T is invariant and crgodic.

Then

(6.16) 1im p(a) = Z4)
n—o n(B)

Proof: The proof will be accomplished in scveral steps.
I. An invariant, crgodic measure ﬁ will be produccd.

II. a will be shown to be countably additive on B and hence non-trivial.



IIT, It will be shown that p(A) = —— .
IV, (6.16) will be shown to be truc.

I. Let ni be any increasing sequence of positive integers. Let

T=1{A €% 1limsup b, ) < »} ., Define a Banach 1limit, Lim (which
i
ny

might depend on the sequence ni), on the scqucnces by (A),pn n),...
1 2
for A €%, As was done in Chapter 2, u(A) = Lim pn (A) can be
1

extended to a O-finite mcasure ﬁ on all of X . Recall this was done

as follows: {first let

% n(@) for A€
”(A)"{ ® for A£

Rl

and then let
[o0] (o)
- Lo I * _
p(a) = 1nfL ZpA)): U A.—’A}
. i . i
i=1 i=1

over all such countable unions.

To show u 1is an invariant measure, we first show u {ig an invari-

ant content on X, For A E‘E we have

n‘_ - -
£ 1o e Ay ncl
Lim k=0
ny oy
i zw[e BNC)
k=0

it

w(e™1a)

ni_ -k

LT (6 ANC)
Lim | X0 - T (ANC)
nyg

i

n‘_ -k nl_ -k
Z 1 (8 BNC) 2 (6 BMC)
k=0 k=0
- ~ng=1
+ 1@ Y V8'e))

ng oy
» 1 (8 BNC)
k=0
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(6.17) =u() - 0+ 0.

The finite additivity of Lim was usecd to get (6.17). The zcroes in
(6.17) come from the fact the denominators go to infinity hut the numer-
ators are bounded. Note that this also shows that for A E.E we have
G_RA €L for cach k . So g is invariant.
L * *x =1 -1 *
By the definition of p , p (0 "A) = p(® "A) = u(A) = p (A) for

A€, If A E.E , then B—IA E.E ; thercfore, p*(A) = p*(e_lA) .

I

* -
Hence, is invariant. Finally, by the definition of

ne tay = inf{ zu¥@a): uao e'lA}
i=1 R 1
w * [o0]
(6.18) = ini{ Tuiea): UAD ?A}
-— . 1 . 1
i=1 i=1
(6.19) = inf{ Tufen) @ Uea DA}
. i R 1
i=1 i=1
<] * [+
(6.20) = inf{ Zp (B): U B.:JA}
. 1 . 1
i=1 i=1

= p(a) .

*
The invariance of is used to get (6.18). 'In (6.19) wec use the
., o -1\ , © \
invertibility of 8 , i.e., ( UAD o A @(e( UA;) DA) . Also,
i . i
i=1 i=1
by invertibility, any set Bi can be renresented in the form GAi

which yields (6.20), So p is invariant.

To show that a is ergodic, it nced only be noted that for an

il

invariant set A , it must be true that T@A) = 0 or n@AS) =0,

since T is ergodic. By invariance of T , T (A) = 0 = 7o kA = o
for all k . Hence, ﬁ(B-RArb) = 0 for all k . Therefore, A €72

since sup un (A) = 0, so that u(A) = u*(A) = a(A) =0 (or E(Ac) = 0).
i

*
II, We will use Condition 6,14 to show that g (and hence

and ﬁ ) 1s countably additive on B (Ion fixed B ). Lct {Ai} be
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any countable collection of disjoint subsets of B, Note that

- N ©
‘) S 4 = S
u\ u Ai/ p(B) 1 . Let Bi U AJ $0 Bil ¢ and by 6.14
i=1 j=1
limsup(limsup p (B,)) = O . By definition, u(B.,) = Lim p_ (B.) and by
i n ne i i n, ng i

the properties of Lim we have Lim pn

< 1i
(Bi) limsup Ky (Bi) .
n, ’ n,

d

Taking 1limsup over 1 of this inequality yiclds

(6.21) limsup u(B.) = limsupklimsup v (B.)) .
i * i ng 8t

The right side of (6.21) is zero by Condition 6.14 (note that the
limsup of a subsequence is less than or equal to the limsup of the

entire sequence), hence, limsup p(Bi) =0 . But u(Bi) 2 0 for all
i

i (by B.L.2), so 1lin p(Bi) = 0 , Therefore

joox

0 = lim p\ UAJ.)

i—e

j=i
@ i-1 .
el g A
.o i-1
(6.22) = p\ jiJlAj) - ﬁmmji:l p.(AJ.)
(6.23) = u{ J_lleAJ) - jflumj) .

We get (6.22) by the finite additivity of p  (B,L.1) and (6.23) is the
desired result of countable additivity. This also shows that ﬁ(A) =
p(A) for all A € B so that ; is non-trivial since p(B) =1 (sec
Lemma 2.19 for the proof of p(@) = 1).

III, There are now two invariant crgodic measures, T and p .
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By applying Lemma 6.2 to both measures we have

n
(6.241A) 1lim ; = WA) a.e., (M
n—«° -
Z 1~k () (B)
k=0 6" *B
(6.248) LG N O I
p(B)

By the definition of ﬁ we have T >> ﬁ hence if {w: (6.24A) converges}

N {w: (6.24B) converges} = @ then ﬁ{w: (6.24B) convorgcs} = 0 since

the empty intersection says {w: (6.24B) convcrges} - {w: (G.21A) divergcs} .
The absolute continuity of ﬁ with respect to ﬁ then implics

ﬁ{w: (6.24B) converges} = 0 which contradicts (6.24B) (recall that

ﬂ(B) =1 ). Hence, (6.24A) and (6.24B) must have a non-empty inter-

)

section implying ﬁ(A) = -
Ti(B)

IV, Finally (6.16) will be shown to be true. For a fixed set

A,ACB, let nj be any sequence as in Part I such that %ig'w “na(A)

exists. There nmust be at least one such sequence since un(A) £1 for

all n . However, by Parts I-III we must have

r = liminf an(A) S Lim By (A) = limsup “n (A) = r
J J

so p(A) = r . But pQ@) = E(A) for ACB so ﬁ(A) = r = Y(A) .
B)
llowever, this last result must be true for all suitable sequences nJ
o TI(A) .
hence all limits of pn (A) must be identical, namely ———~ . Since
! B)

{un(A)] is bounded and has only this one cluster point, the limit of

T

p (A) must exist and equal @) . Q.E.D.

n =
™(B)

So far (6.16) has been proven only for sets A in B . To show

there are many more sectd satisfying (6.16) wo prove
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Thecorem 6.%2: .ot A Dbe any set in I that can be broken up into a
finite number of picces Al’Az"'°’An such that for ecach 1i there
exists a k such that e-kAiC B . Then (6.16) holds for this set A .
Assume the same hypothesces as The;rem 6.15 (cxcept A need not be in

B)o

Proof: First g , as defined in the last theorem, is countably additive

on cach Ai . Note that the hypothesis of the thecorem implics that

A € ¥ since cach AiG Z . Let {B;} be any disjoint collection of
-k -k i

subsets of A . 6 ACB implies © B; CB for cach j . We have

w

(6.26) u( j§113§> = u\'e‘k.\' jSIB;» for cach k
= u( jg1e_kB;)

(6.27) | = jiu(enk%i-)

(6.28) = jizolp(s;) .

(6.26) is gotten using the invariance of p on &, (6.27) by the
countable addivity of p on B , and (6.28) by the invariance of
on L. This is the countable addivity of  on Ai .

To show the countable addivity of p on A , let {Di} be any

disjoint collection of subsets of A . Let Di = Diﬂ A, so that

3
. "] . © ., n .
Up.)=ul U{ UD
“K i=1D1/ H& i:l\ J=1D1>>

]

It}

T

N
cB
N
C 8
b

e G
S—”
S~——



‘ j

(6.29) = Zupl UD
J___lki_l )

n ® .

. S |
(6.30) = e
= )

[ n .

= £ %ulp)
I )

(6.31) = Zum,) .

i=1

We get (6.29) by the finite addivity of p on ¥ , (6.30) by the count-

able additivity of p on A, , and (6.31) by the finite addivity of

J
on &£ . This then is the countable addivity of p on A ,
As was mentioued at the ond of vart II of Theorem 6.15, the technique
in Lemna 2.19 to prove E non-trivial, also proves W(A) = ﬁ(A) for any
set A on which p 1is countably additive. Hence by the remarks in

Part IV of 6.15, since A G.f , w¢ have sup pnCA) < @ and as was shown

there, (6.16) is implied by this fact. Q.E.D.
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