
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to  photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to  help you understand 
markings or patterns which may appear on this reproduction.

1. The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to  the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

University Microfilms International
300 North Z eeb Road
Ann Arbor, Michigan 48106 USA
St John's Road. Tyler's Green
High Wycombe, Bucks. England HP10 8HR



7816677
rXSGHTHAL# ARNOLD H,THf EXISTENCE OF flQHA.FXNlTE INVARIANT MEASURES FOR CERTAIN HARKOV PROCESSES AND RELATED RESULTS.

CITY UNIVERSITY OF NEW YORK. PH.D.# 1971

University
Miacnlms

International 300n zeebroad ann arbor mi 48io6



The E x i s t e n c e  o f  o - f i n i t e  I n v a r i a n t  M easu res  

f o r  C e r t a i n  Markov P r o c e s s e s  and R e l a t e d  R e s u l t s

by

A r n o ld  H. F i s c h t h a l

A d i s s e r t a t i o n  s u b m i t t e d  t o  t h e  G r a d u a te  F a c u l t y  
i n  M a th e m a t ic s  i n  p a r t i a l  f u l f i l l m e n t  o f  th e  
r e q u i r e m e n t s  f o r  t h e  d e g r e e  o f  D o c t o r  o f  P h i l o s o p h y ,  
T h e C i t y  U n i v e r s i t y  o f  New York

19 7 3



T h i s  m a n u s c r ip t  h a s  b e e n  r e a d  and a c c e p t e d  f o r  t h e  
U n i v e r s i t y  C om m ittee  i n  M a th e m a t ic s  i n  s a t i s f a c t i o n  
o f  t h e  d i s s e r t a t i o n  r e q u ir e m e n t  f o r  t h e  d e c r e e  o f  
D o c t o r  o f  P h i l o s o p h y .

V  n ^/ k ~ ~ ,  "  . /  9 7 t
P r o f e s s o r  R ic h a r d  E. I s a a c

/  y  /  6 to- g

P r o f e s s o r  R ic h a r d  E. I s a a c  
C hairm an, E x a m in in g  C om m ittee

/\

c
P r o f e s s o r  A lp h o n s e  T .  V asq u ez  
E x e c u t i v e  O f f i c e r

P r o f e s s o r  S t a n l e y  K aplan

P r o f e s s o r  R ic h a r d  S a c k s t e d e r  

E x a m in in g  C om m ittee

The C i t y  U n i v e r s i t y  o f  New Y ork



A CKNOW) /FIX i WENT S

I t  i s  w i t h  a d e e p  s e n s e  o f  g r a t i t u d e  t h a t  I  w i s h  t o  e x p r e s s  

my s i n c c r e s t  th a n k s  t o  my a d v i s e r ,  P r o f e s s o r  R ic h a r d  I s a a c ,  w h o se  

p a t i e n c e  and i n v a l u a b l e  a d v i c e  and e n c o u r a g e m e n t  h e l p e d  make t h i s  

p a p e r  p o s s i b l e .

A l s o  I  w o u ld  l i k e  t o  th an k  t h e  F a c u l t y  o f  t h e  M a th e m a t ic s  

D cp a r lm en t  rud Tile C i t y  U n i v e r s i t y  o f  New Y ork f o r  t h e i r  g e n e r o u s  

c o o p e r a c l  o n .

A s p e c i a l  n o t e  o f  a p p r e c i a t i o n  g o e s  t o  my w i f e ,  Hannah B e r l i n e r  

F i s e h i h a l ,  i o r  h e r  m ora l s u p p o r t  and e d i t o r i a l  a s s i s t a n c e  i n  h e l p i n g  

t c  p r e p a r e  t h i s  d i s s e r t a t i o n .

A f i n a l  n o t e  o f  t h a n k s  g o e s  t o  l o n e  H u ts o n  f o r  h e r  e n c o u r a g e m e n t  

and  t h e  e x c e l l e n t  t y p i n g  j o b  sh ' d i d  on  my m a n u s c r i p t .

i i i



ABSTRACT

The E x i s t e n c e  o f  o - f i n i t e  I n v a r i a n t  M ea su res  

f o r  C e r t a i n  Markov P r o c e s s e s  and R e l a t e d  R e s u l t s

by

A r n o ld  F i s c h t h a l

A d v i s e r :  P r o f e s s o r  R ic h a r d  E . I s a a c ______________________________________________

S e v e r a l  th e o r e m s  t o  show t h e  e x i s t e n c e  o f  a o - f i n i t e  m ea su re  f o r  

a g e n e r a l  Markov p r o c e s s  w i t h  s t a t i o n a r y  t r a n s i t i o n  p r o b a b i l i t y  a r e  

e x h i b i t e d .  A g e n e r a l  h y p o t h e s i s  t h a t  i s  a ssum ed  i s  t h e r e  e x i s t s  a s e t  

F w i t h  m(F) >  0 s u c h  t h a t  p ( x n €  F i n f i n i t e l y  o f t e n  |xq= x) -  1 f o r  

a . e .  x £ F and t h a t  f o r  e a c h  x  t h e r e  e x i s t s  an i  s u c h  t h a t

In  a d d i t i o n  t o  t h e  a b o v e ,  t h e  f i r s t  th e o r e m  u s e s  t h e  c o n d i t i o n  t h a t  

f o r  t h i s  s e t  F

A s i m i l a r  c o n d i t i o n  t o  t h e  o n e  a b ove  e x c e p t  u s i n g  t r a n s i t i o n  p r o b a b i l i t y  

f u n c t i o n s  i n s t e a d  o f  i n d i c a t o r  f u n c t i o n s  i s  u s e d  i n  t h e  s e c o n d  r e s u l t .

A n o th e r  e x i s t e n c e  th e o r e m  a ssu m e s  t h e r e  e x i s t s  a 6 » 0 <  6 <  1 , 

f o r  t h i s  s e t  F s u c h  t h a t  f o r  a l l  A c: F w i t h  m(A) >  5 wo h a v e

P1 ( x , F )  > 0

n

exists a.e. V A c  F .

n

m[<n: l i m i n f



w lw iu  n i s  t h e  m ea su re  in d u c e d  on s e q u e n c e  s p n e o  by t h o  i n i t i a l  

m e a su r e  in on s t a t e  s p a c e .  The f i n a l  e x i s t e n c e  th e o r e m  u s o s  a c o n d i t i o n  

s i m i l a r  t o  th o  o n e  a b ove  e x c e p t  t r a n s i t i o n  p r o b a b i l i t y  f u n c t i o n s  a r e  u s e d  

i n s t e a d  o f  i n d i c a t o r  f u n c t i o n s .

A l s o  shown i s  t h o  f o l l o w i n g  r e s u l t  on  t h e  f i n i t c n e s s  o f  t h e  i n v a r i a n l  

m e a s u r e ,  w h ich  i n v o l v o s  t h o  e x p e c t e d  f i r s t  r e c u r r e n c e  t im e  t o  a g i v e n  s e t :

E (T |Xn € A) = oo «  tKX) -  co . 
t t  1 1 0

A th e o r e m  on t h e  u n i q u e n e s s  o f  a a * * £ in ite  i n v a r i a n t  m ea su re  as  w e l l  a s  

l ' e s u l t s  on  t h e  m ix in g  p r o p e r t i e s  o f  a s e t  i n  an i n f i n i t e  s p a c e  a r e  a l s o  

e x h i b i t e d .
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§S ( Summa i-y ) ;

T h i s  p a p e r  d e a l s  w i t h  t h e  e x i s t e n c e  o f  a  a - f i n i t e  i n v a r i a n t  

m e a su r e  f o r  a g e n e r a l ,  d i s c r e t e  t im e  M.P. A l t h o u g h  we a r e  l o o k i n g  f o r  

a - f i n i t e  m ea sx ire s ,  some c r i t e r i a  w i l l  b e  g i v e n  t o  d e t e r m i n e  when su c h  

a measux’e  w i l l  i n  f a c t  bo f i n i t e .  S e v e r a l  c o n d i t i o n s  w i l l  b e  d i s c u s s e d  

t h a t  i n s u r e  t h e  e x i s t e n c e  o f  t h e  d e s i r e d  m e a s u r e .

Much work h a s  b e e n  d on e  t o  show t h e  e x i s t e n c e  o f  f i n i t e  i n v a r i a n t  

m e a s u r e s .  A b r o a d  summary o f  r e s u l t s  i n  t h i s  a r e a  c a n  b e  fo u n d  i n  a 

p a p e r  by It.o j"1® ] .  o n e  c l a s s i c  and w e l l - k n o w n  r e s u l t  o n  i n f i n i t e  m eas­

u r e s  i s  from a p a p e r  by H a r r i s  [ 1 ° ]  w h ere  t h e  e x i s t e n c e  o f  a o - f i n i t e  

i n v a r i a n t  m ea su re  i s  g u a r a n t e e d  by t h e  i m p o s i t i o n  o i  h ± s  c o n d i t i o n  t h a t  

t h e  i n i t i a l  m e a su r e  m s a t i s f i e s  m(A) >  0  =* ^  i n f i n i t e l y

o f t e n  |Xq -  x )  = 1 f o r  a l l  x  6 X . We b e l i e v e  t h e  m a t e r i a l  t o  b e  p r e ­

s e n t e d  h e r e  i s  more g e n e r a l  th a ^  work a l r e a d y  d on e  on  t h e  e x i s t e n c e  o f  

an  i n f i n i t e  i n v a r i a n t  m e a s u r e .  A l s o  t o  b e  d i s c u s s e d  i s  t h e  u n i q u e n e s s  

o f  s u c h  a m e a su r e  a s  w e l l  a s  r e s u l t s  on  m i x i n g  p r o p e r t i e s  o f  t r a n s l a t e s  

o f  s e t s .

We b e g i n  i n  S e c t i o n  0 by g i v i n g  t h e  n e c e s s a r y  d e f i n i t i o n s .  I n  

C h a p te r  1 a  O - f i n i t e  i n v a r i a n t  m e a su r e  i s  shown t o  e x i s t  i f  t h e  f o l l o w ­

i n g  c o n d i t i o n  i s  s a t i s f i e d :

3  a s e t  F € E, m(F) > 0 , s . t .  VA c  F, A €  £

E \  £A<U0 k_0 A *
we h a v e  l i m ----------------------------e x i s t s  a . e . ( m )  .

«-*» nZ 1 e  (co)
k=0 XktI

The t e c h n i q u e  u s e d  h e r o  i s  fo u n d  i n  [ 1 0 ]  and i s  r e l a t e d  t o  a  p r o c e d u r e



u s e d  by Halm os [8  ] w h ic h  i n v o l v e s  p r o v i n g  a f i n i t e  i n v a r i a n t  m ea su re  

e x i s t s  on  a " s u b - p r o c e s s "  and t h e n  e x t e n d i n g  t h i s  m e a su r e  t o  a  o -  

f i n i t e  i n v a r i a n t  m ea su re  on  t h o  o r i g i n a l  p r o c e s s .

A s i m i l a r  a s s u m p t io n  i s  made i n  C h a p t e r  2; h o w e v e r ,  t h e r e  we w i l l  

b e  d e a l i n g  w i t h  t r a n s i t i o n  p r o b a b i l i t i e s  r a t h e r  th a n  i n d i c a t o r  f u n c t i o n  

T he c o n d i t i o n  t o  be im p o sed  t h e r e  i s

T he  m ethod  u s e d  i n  C h a p te r  2  i s  d i f f e r e n t  t h a n  i n  C h a p te r  1 .  H ere  we 

b e g i n  by  d e f i n i n g  a  f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  on  a s u b s e t  o f  E 

w h ic h  w i l l  b e  e x t e n d e d  t o  a a - f i n i t e  i n v a r i a n t  m e a su r e  o n  a l l  o f  £  .

I n  C h a p te r  3 we e x h i b i t  two a d d i t i o n a l  c o n d i t i o n s  t h a t  i n s u r e  t h e  

e x i s t e n c e  o f  a c r - f i n i t e  i n v a r i a n t  m e a s u r e .  The f i r s t  i s

To u s e  t h i s  c o n d i t i o n  i t  w i l l  b e  shown, a s  i n  C h a p te r  1, t h a t  a f i n i t e  

i n v a r i a n t  m e a su r e  e x i s t s  on  t h o  F - p r o c e s s  ( t h i s  w i l l  be d on e  by an  

e n t i r e l y  d i f f e r e n t  p r o c e d u r e  th a n  i n  C h a p te r  1 )  and t h e n ,  a g a i n ,  t h i s

3 a set F  £ E, m(F) > 0 ,  and 3 an x € X

s . t .  VA c  f ,  A €  E t h e  f o l l o w i n g  i s  t r u e

E p k ( x ,A )

e x i s t s .

k=0

3 a set F  € E and a 6, 0 < 6 < 1, s.t.

VA € E, A c  F with m(A) > 6 we have

n

> 0 ,



m ea su re  w i l l  be  e x t e n d e d  t o  a l l  o f  X . The s e c o n d  c o n d i t i o n  i s

3  a s e t  F, m(F) >  0 ,  and a 6, 0 <  6 <  1 ,  s . t .

VA € £ ,  w i t h  A F, m(A) >  6 we h a v e

n k
£  P ( x ,A )

l i m  k=0 ^ ,  v . ^
m(x : ------  --------------------------  > 0 ,  x  €  F )  >  0 .

n n k
£  P ( x , F )

k-0

The p i-oof u t i l i z i n g  t h i s  c o n d i t i o n  f o l l o w s  a l m o s t  p r e c i s e l y  t h e  t e c h n i q u e  

o f  C h a p te r  2 and i s  o u t l i n e d  i n  C h a p te r  3 w i t h  t h e  n e c e s s a r y  m o d i f i c a t i o n s .  

A l s o  i n  C h a p te r  3 we show how t h e s e  f o u r  c o n d i t i o n s  a r e  r e l a t e d .

I n  a p a p e r  by Feldm an [  ̂ ] ,  some r e s u l t s  s i m i l a r  t o  t h e  m ain r e s u l t s

o f  t h e  f i r s t  tw o c h a p t e r s  a r e  show n. H ow ever , h i s  t e c h n i q u e  i s  d i f f e r e n t

and r e l i e s  h e a v i l y  on  t h e  i n i t i a l  m e a s u r e .  A l s o ,  s i n c e  we a r e  e s s e n t i a l l y  

f r e e  o f  t h e  c o n d i t i o n  o f  c o n s e r v a t i v i t y  w h ic h  Feldm an i m p o s e s ,  o u r  

t e c h n i q u e  y i e l d s  a s l i g h t l y  d i f f e r e n t  r e s u l t .  The r e s u l t s  o f  C h a p te r  3 

c a n n o t  be  g o t t e n  by h i s  t e c h n i q u e .

C h a p te r  4 d e a l s  w i t h  a  th e o r e m  d e t e r m i n i n g  when an i n v a r i a n t  m e a su r e

w i l l  b e  f i n i t e  o r  i n f i n i t e  by u s i n g  t h e  r e l a t i o n s h i p  o f  f i n i t e n e s s  w i t h

t h e  e x p e c t e d  f i r s t  r e c u r r e n c e  t im e  t o  a  f i x e d  s e t .

C h a p te r  5 e x h i b i t s  a r e s u l t  on  t h e  u n i q u e n e s s  o f  an i n v a r i a n t  m eas­

u r e  and C h a p te r  6 p r o v e s  some i n t e r e s t i n g  m ix in g  r e s u l t s  o f  t r a n s l a t e s  

o f  a s e t .

§ 0 .  P r e l i m i n a r i e s

We b e g i n  by d e f i n i n g  w hat i s  m eant by a d i s c r e t e  t im e  Markov P r o c e s s

( M . P . ) .  L e t  X be an a r b i t r a r y  s e t  c a l l e d  t h e  s t a t e  s p a c e  o f  t h e

p r o c e s s ,  and l e t  £  be a s e p a r a b l e  ( i . e .  c o u n t a b l y  g e n e r a t e d )  a - a l g e b r a



o f  s u b s e t s  o f  X w i t h  X € £  . The e l e m e n t s  o f  E w i l l  s o m e t im e s  be

r e f e r r e d  t o  a s  " e v e n t s ” . L e t  m be a n o n - n e g a t i v e , c o u n t a b l y - a d d i t i v c

r e a l - v a l u e d  s e t  f u n c t i o n  d e f i n e d  on  E ; m i s  c a l l e d  a m e a s u r e .  L et

P ( x , A ) ,  n = 0 , l , 2 , 3 ..........  b e  a s e q u e n c e  o f  f u n c t i o n s  s a t i s f y i n g  t h e
n

f o l l o w i n g  f o r  e a c h  n

P ( x , * )  i s  a p r o b a b i l i t y  m ea su re  ( i . e .  a m easu re
( o . D  n

o f  t o t a l  m ass 1 )  f o r  e a c h  x  € X .

P ( ’ .A)  i s  a ^ - m e a s u r a b le  r e a l - v a l u e d  f u n c t i o n  
n(0 . 2)

f o r  e a c h  A € E .

T he  f u n c t i o n s  P a r e  c a l l e d  t h e  t r a n s i t i o n  p r o b a b i l i t y  f u n c t i o n s
n

( t . p . f . ) .  The q u a d r u p le  ( X . E . m ^ P ^ } )  c o m p l e t e l y  d e f i n e s  a d i s c r e t e  

t i m e  M.P.

A n o t h e r  way t o  c h a r a c t e r i z e  a M .P. i s  by random v a r i a b l e s .  A

random v a r i a b l e  d e f i n e d  on  X i s  s im p ly  a r e a l - v a l u e d ,  E -m e a s u r a b le

f u n c t i o n .  A s e q u e n c e  o f  random v a r i a b l e s  X g . X ^ . X g ) . . .  d e f i n e d  on

( X ,£ ,m )  i s  c a l l e d  a d i s c r e t e  t im e  M.P. (T he s u b s c r i p t  "n" i n  P^

t  tl
o r  X w i l l  s o m e t im e s  b e  r e f e r r e d  t o  a s  " t im e  n" o r  " th e  n s t e p " )

n

i f  t h e y  s a t i s f y

( 0 . 3 )  P(X € A |x = x  x  = x  , . . . , X = x ) = P(X € A |x = xn n-1 n-1 n -  2 n - 2 0 0y n 1 n-1 n~

[ a . e . ( m )  .

T h e  a b b r e v i a t i o n  a . e . ( m )  ( r e a d :  a lm o s t  e v e r y w h e r e  w i t h  r e s p e c t  t o

t h e  m e a su r e  m) means t h a t ,  e . g . ,  t h e  e q u a t i o n  i n  ( 0 . 3 )  i s  t r u e  f o r

a l l  x  . e x c e p t  p o s s i b l y  t h o s e  i n  a s e t  o f  m -m easure  e q u a l  t o  z e r o ,  
n-1

T h e n o t a t i o n  o f  c o n d i t i o n a l  p r o b a b i l i t y  i n  ( 0 . 3 )  s t a n d s  f o r  a  f u n c t i o n  

m e a s u r a b le  w . r . t .  t h e  a - f i e l d  g e n e r a t e d  by  t h e  random v a r i a b l e s



w h e r e  m i s  t h e  m e a su r e  on  p r o d u c t  s p a c e  t o  b e  i n t r o d u c e d  s h o r t l y .

E s s e n t i a l l y  t h e  c h a r a c t e r i s t i c  o f  a M.P. d e s c r i b e d  by ( 0 . 3 )  i s  

t h a t  i f  we a r e  a f t e r  t h e  p r o b a b i l i t y  o f  an  e v e n t  i n  t h e  p r e s e n t  ( t i m e  

n +1) and t h e  c o m p l e t e  h i s t o r y  o f  t h e  p r o c e s s  i s  known ( t i m e s  

n , n - l , . . . , 0 ) t h e n  a l l  t h a t  i s  a c t u a l l y  n e e d e d  t o  c a l c u l a t e  t h e  r e ­

q u i r e d  p r o b a b i l i t y  i s  t h e  m ost  r e c e n t  p a s t  ( t i m e  n ) .

I f  t h e r e  i s  a s i n g l e  t . p . f .  P ( x ,A )  t h a t  s a t i s f i e s

( 0 . 5 )  P ( x , A )  = Pn ( x , A )  a . e . ( . )  V n

t h e n  P ( x , A )  i s  c a l l e d  a  s t a t i o n a r y  t . p . f .  I t  i s  t h i s  t y p e  o f  M.P.

w h ic h  w i l l  be  d e a l t  w i t h  i n  t h i  p a p e r .  P ( x , A )  g i v e s  t h e  p r o b a b i l i t y

o f  m o v in g  from  t h e  s t a t e  x  i n t o  t h e  s e t  A i n  o n e  s t e p ,  ( p  ( x , A )
n

i s  t h e  p r o b a b i l i t y  o f  m o v in g  from  s t a t e  x  i n t o  t h e  s e t  A i n  o n e  

s t e p  b u t  o c c u r r i n g  a t  t h e  n s t e p ) .

A l l  o f  t h e  t . p . f .  d e f i n e d  s o  f a r  h a v e  b e e n  o n e - s t e p  f u n c t i o n s .

The  p r o b a b i l i t y  o f  m o v in g  from  t h e  s t a t e  x  i n t o  t h e  s e t  A i n  n  

s t e p s  i s  g i v e n  by

( 0 . 6 )  Pn ( x , A ) = P<Xn+k€ A |xR = x )  .

I f  P ( x , A )  i s  s t a t i o n a r y  t h e n  s o  a r e  t h e  pn ( x , A )  . One may a r r i v e  

a t  t h e  pn ( x , A )  r e c u r s i v e l y  by t h e  fo r m u la

( 0 . 7 )  p " ( x ,A )  = J  p” 1 ( y , A ) P ( x , d y )  .

X

F o r  c o m p l e t e n e s s  P ° ( x , A )  i s  d e f i n e d  t o  be i n d i c a t o r



fu n c t io T i ,  w h ic h  i s  d e f i n e d  a s  1 i f  x  €  A and 0 i f  x £  A f o r  

x  € X and A € E .

Q u i l e  o f t e n  i n  t h i s  p a p e r  we w i l l  b e  d e a l i n g  w i t h  t h e  s e q u e n c e  

s p a c e  o f  a p r o c e s s ,  w h ic h  i s  t h e  M.P. (X .E ^ .m .P )  d e r i v e d  from  

(X, E ,m ,P ) by l o o k i n g  a t  t h e  s t a t e  s p a c e  X = X X X X X X . . .  w i t h  

t h e  in d u c e d  c - a l g o b r a  and m e a s u r e .  I n  many i n s t a n c e s  t h e  d i s c u s s i o n  

o f  t h e  p i 'o c e s s  on s t a t e  s p a c e  and t h e  p r o c e s s  on  s e q u e n c e  s p a c e  ca n  

and w i l l  be u s e d  i n t e r c h a n g e a b l y .

The m ea su re  m d e f i n e s  t h e  w e i g h t  o f  e a c h  e v e n t  i n  E a t  t h e  

s t a r t  o f  t h e  p r o c e s s  ( i . e .  a t  t i m e  z e r o ) .  A f t e r  o n e  s t e p  t h e  m a s s e s  

o f  t h e  e v e n t s  w i l l  c h a n g e  a c c o r d i n g  t o  t h e  fo r m u la

(0 . 8 )  m^(A) = J  P ( x ,A ) m ( d x )  .

X

S i m i l a r l y  a f t e r  t h e  s e c o n d  s t e p  t h e  new w e i g h t s  a r e

(0 . 9 )  m2 (A) = J  P (x ,A )m 1 ( d x )  ,

X

and s o  o n .  The m e a s u r e s  m^, i = 0 , 1 ,  2 , . . . , (mQ= m) a r e  a l s o  t h e  c o ­

o r d i n a t e  m e a s u r e s  g o t t e n  from  t h e  p r o j e c t i o n s  o f  m o n  t h e  c o o r d i n a t e  

s p a c e s ,  e . g . ,  m (AXXXXX...) = mQ(A) and ra(XXXXAXXX.. . )  = m2 (A) . The  

i n t e r e s t i n g  q u e s t i o n  t o  b e  a s k e d  i s  u n d e r  w h a t  c o n d i t i o n s  d o e s  t h e r e  

e x i s t  an  i n i t i a l  m e a su r e  tt t h a t  s a t i s f i e s

(0 . 10) tt(A) = J  P ( x ,A ) TT(dx) V A €  E

X

i . e . ,  t h e  d i s t r i b u t i o n  o f  t h o  w e i g h t s  r e m a in s  u n c h a n g e d  t h r o u g h  t i m e .  

Any m e a su r e  s a t i s f y i n g  ( 0 , 1 0 )  i s  c a l l e d  an i n v a r i a n t  m e a su r e  s o  t h a t  we 

h a v e  rt(A) = T^(A) = = • • •  V A . A m e a s u r e  i s  c a l l e d  a - f i n i t e



i f  t h e r e  e x i s t s  a c o u n t a b l e  c o l l e c t i o n  c  £  s . t .  U A  = X and

e a c h  Aj h a s  f i n i t e  m a ss .

On s e q u e n c e  s p a c e  X , a t r a n s f o r m a t i o n  0 can  be d e f i n e d ,  c a l l e d  

the s h i f t  t r a n s f o r m a t i o n ,  a s  f o l l o w s ;  f o r  u) -  ( x ^ . x  , x ^ , . . . )  €  X l e t  

0(ou) = ( x ^ , x^ ,  X g , . .  . ) . 0 a l s o  d e f i n e s  an  o p e r a t o r  on  f u n c t i o n s  o f  X

by G (f (u ) ) )  = f ( 0 ( o ) ) )  . A m e a su r e  m on s e q u e n c e  s p a c e  i s  c a l l e d  i n ­

v a r i a n t  i f  Tt(8 *A) = tt(A) 4 V A 6 .

Any n o n - i n v a r i a n t  i n i t i a l  m e a su r e  t o  be  u s e d  i n  t h i s  p a p e r  w i l l  be  

a ssu m ed  t o  be  e q u a l  t o  1 , s i n c e  any n o n - z e r o ,  a - f i n i t e  m ea su re  ca n  be  

r e p l a c e d  by an e q u i v a l e n t  m e a su r e  o f  u n i t  m a s s .  H e n c e ,  t h e  m ea su re  

i n d u c e d  on s e q u e n c e  s p a c e  by  a u n i t  measure, w i l l  a l s o  h a v e  m ass  o n e .  

W ith o u t  undue  l o s s  o f  g e n e r a l i t y ,  we w i l l  a ssu m e  t h a t  X i s  t h e  s e t  o f  

r e a l  num bers and t h e  random v a r i a b l e s  w i l l  be  t h e  c o o r d i n a t e  r e p r e s e n t a ­

t i o n  o f  t h e  p r o c e s s ,  i . e . ,  X^(iu) = x^ .

N o te  t h a t  t h e  tw o  c h a r a c t e r i z a t i o n s  o f  Markov p r o c e s s e s  a r c  r e l a t e d

i n  t h e  f o l l o w i n g  way; P ( x ,A )  o f  t h e  f i r s t  c h a r a c t e r i z a t i o n  e q u a l s
n

P(X £ A Ix , =  x )  o f  t h e  s e c o n d ,  
n r n-1

G e n e r a l  p r o b a b i l i s t i c  r e s u l t s  and t e c h n i q u e s  u s e d  i n  t h i s  p a p e r  ca n  

b e  found  i n  [ l l , [ 6"J, and [ 16 ]  .
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CHAPTER 1: I n d i c a t o r  L im it  Theorem

The m ain  r e s u l t  o f  t h i s  c h a p t e r  i s  

Theorem  1 . 1 : A ssum e 3  a s e t  F G E, m(F) >  0  , s a t i s f y i n g  t h e

f o l l o w i n g  t h r e e  c o n d i t i o n s :

n

E *X P A (U)) k = 0  A
( 1 . 2 )  lim — n-----------  exists a . e .  (m) V A ci f , A <: J-

k=0 x k t  F

( 1 . 3 )  P ^Xn^ F i n f i n i t e l y  o f t e n  |x^ = x )  = 1 f o r  a . e .  x  <E F

( 1 . 4 )  f o r  e a c h  x  €  X 3 an i  s . t .  P1 ( x , F )  >  0 .

Then 3 a o - f i n i t e  i n v a r i a n t  m e a su r e  f o r  t h e  M .P . (X ,E ,m ,P )  .

T he b a s i c  i d e a  o f  t h e  p r o o f  o f  Theorem  1 . 1  w i l l  be  t o  show t h e r e  

e x i s t s  a  f i n i t e  i n v a r i a n t  m e a su r e  f o r  t h e  " p r o c e s s  o n  f " ( t o  b e  

d e f i n e d  s h o r t l y )  and t h e n  t o  e x t e n d  t h i s  m e a su r e  t o  a o - f i n i t e  i n v a r i ­

a n t  m e a su r e  on a l l  o f  X , w h ic h  w i l l  be  i n v a r i a n t  f o r  t h e  o r i g i n a l  

p r o c e s s .  I n  a p a p e r  by  H a r r i s  [ 1 0 ] ,  h e  sh o w s  t h a t  a  f i n i t e  i n v a r i a n t  

m e a su r e  e x i s t s  on  t h e  F - p r o c e s s  u n d e r  h i s  c o n d i t i o n  C : m(E) >  0

i m p l i e s  P ( xn ^ E i n f i n i t e l y  o f t e n  |Xq-‘ x )  = 1 V x  €  X . He t h e n  show s  

how t o  e x t e n d  t h i s  m e a su r e  t o  a l l  o f  X . T he  a s s u m p t i o n s  made i n  

T heorem  1 . 1  w i l l  b e  shown t o  b e  s u f f i c i e n t  e v e n  th o u g h  w e a k e r  th a n  

H a r r i s ' .  I n  some i n s t a n c e s  o u r  p r o c e d u r e s  w i l l  b e  s i m i l a r  t o  t h o s e  o f  

H a r r i s .

Wo now d e f i n e  w hat i s  m eant by t h o  p r o c e s s  o n  F . C o n d i t i o n  ( 1 . 3 )  

s a y s  t h a t  f o r  a l m o s t  a l l  iu = ( x  , x  , x  , . . . )  i n  s e q u e n c e  s p a c e ,  w i t hV 1 A

x 0 € F , we h a v e  i n f i n i t e l y  many o f  t h o  x^ i n  F . T h e r e f o r e  wo h a v e



t h e  f o l l o w i n g  w o l  J .-dof i r e i i  random v a . i a b l e s  Y ,Y , Y „ , . . .  on  t h e s e  u>0 1 &

d e f i n e d  a s  f o l l o w s :

Y0 ( » ) = x0

Y, ((h) -  x .  w h e r e  i  i s  t h o  f i r s t  s u b s c r i p t  c r e a t o r  th a n
-1 1 l  1

z e r o  s . t .  x  € F 
*1

Y (<i>) -  x .  w h e r e  i _  i s  t h e  f i r s t  s u b s c r i p t  g r e a t e r  t h a n
z  12 *

i ,  s . t .  x .  € F 
1 *8

s o  t h a t  Y^(tu) € F V i .  The r e s t r i c t e d  t o  F i s  e a s i l y  shown

t o  b e  a M.P. ( t h o  F - p r o c c s s ) .  The s t a t e  s p a c e  i s  F . I t s  a - a l g e b r a

E i s  t h e  s u b - o - a l g e b r a  o f  E c o n s i s t i n g  o f  a l l  s u b s e t s  o f  F t h a t  
F

a r e  i n  E . The i n i t i a l  m e a su r e  i s  ro^CA) = m (A ) /m (F )  f o r  a l l  A €  E , 

and a  t r a n s i t i o n  p r o b a b i l i t y  f u n c t i o n  w h ic h  c a n  be  d e r i v e d  from  P ( x ,A )  

by t h e  f o r m u la

( 1 . 5 )  P p ( x ,A )  = P ( x ,A )  + J  P ( x , d y ) P ( y , A ) + J  J  P ( x , d y ) P ( y , d z ) p ( z , A )  + . . .

c  c  c
F F F

Q
w h e r e  F d e n o t e s  t h e  c o m p l im e n t  o f  t h e  s e t  F . Prt( x ,A )  s a t i s f i e s

F

t h e  r e q u i r e m e n t s  ( 0 . 1) and ( 0 . 2) i n  t h e  d e f i n i t i o n  o f  a t . p . f .

We now b e g i n  t h e  p r o c e s s  o f  d e f i n i n g  a  m e a su r e  o n  t h e  F - p r o c e s s .  

A lm o s t  a l l  U) €  X w i t h  x n € F y i e l d  a p o i n t

n

a- j ‘■'i.u “ H>-.int uip — (X q ,x^  , x^ . . . )  6 F ,

t h e  s e q u e n c e  s p a c e  o f  t h e  F - p r o c e s s .  L e t  E l  c (w) -  j  (u>) s o  t h a t
k=0 n

f o r  A c  F we c a n  w r i t e   ̂

n j  n (u>)

< 1 - 6 > a <“ > = , a ( »> •k=0 K k=0 K

T h i s  i s  t r u e  s i n c e  Y. € A i f  and o n l y  i f  some c o r r e s p o n d i n g  X € A .
K J
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U s in g  ( 1 . 6 )  we h a v e

( 1 . 7 )

n JnCw)

E 1 y € a ( uj )  1  V U (U1)
k=0 Xkfc A k=0 Y “ A

n j „ ( ^ )

E  €  F (U)) k=0 Xkfc F

n

C o n d i t i o n  ( 1 . 3 )  i m p l i e s  J n ( U)) “* “  *-o r  a *e . 10 > w i t h  x Q€ F , and i t  

g o e s  t o  i n f i n i t y  t h r o u g h  t h e  n a t u r a l  n u m b ers .  H en ce  J n ( UL)) can  k e  r e ' 

p l a c e d  by r  s o  t h e  r i g h t  s i d e  o f  ( 1 . 7 )  becom es

r

K -01^  * ( "F>( l . s )  - S -2--------------------

N o t i c e  t h a t  t h e  u> ca n  now be r e p l a c e d  by in . C o n d i t i o n  ( 1 . 2 )  s a y s
F

t h a t  t h e  l e f t  s i d e  o f  ( 1 . 7 )  c o n v e r g e s  a . e .  (m) h e n c e  n e c e s s a r i l y  d o e s

t h e  r i g h t  s i d e ,  w h ic h  i m p l i e s  ( 1 . 8) c o n v e r g e s  a . e .  (m ) i . e .
F

j n (w) r

„  kf o  ’ Y‘e A<UI> k f o l y ‘ s  A ‘ "F>
( 1 . 9 )  l i m  ---------------------------------  = l i m  ------------------------------

n -*» j  (u>) r-*00
n

F o r  A c  F l e t  n
E l  ,, (u) )

k - 0  Y A F
( l . i o )  W  = lim ~ :-----------------

n-«° n+1

By ( 1 . 9 )  i s  d e f i n e d  f o r  a . e .  0̂ , t h u s  a l l o w i n g  t h e  f o l l o w i n g

i n t e g r a t i o n  n

E € Ar -  P k=0 Y k t  A( 1 . 1 1 )  J f  dm = I l i m  ----------------------  dm .
n-»00 n+1

F F

S i n c e  t h e  r a t i o  on t h e  r i g h t  s i d e  o f  ( 1 . 1 1 )  i s  bou n d ed  by t h e
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i n t e g r a b l e  f u n c t i o n  1 ( r e c a l l  t h a t  m i s  a  f i n i t e  m e a s u r e )  t h e
F

bounded c o n v e r g e n c e  th e o r e m  c a n  b e  a p p l i e d  t o  ( 1 . 11) y i e l d i n g

n
E f lv c . dm 

P -  w -n  k *
( 1 . 12) f  dm = l i m  —  ------£--------------------—

I  A F n - »  n+1
F

c i s  o n c  P r e c i s e l y  a t  t h o s e  p o i n t s  w h e r e  Y. €  A ; h e n c e  ( 1 . 1 2 )  Yj(V A k

c a n  be  w r i t t e n  a s

E mF (Yk € A)  P -  k=0
( 1 . 1 3 )  I f A dm„ = l i mA T

-  1 n- 00 n+1F

D e f i n i t i o n  1 . 1 4 : L e t  t h e  m ea su re  p, b e  d e f i n e d  a s  f o l l o w s

»(A) - J  fA( V V dV

w h ic h  i s  w e l l - d e f i n e d  f o r  a l l  A €  E .
F

Each f i n i t e  r a t i o  on  t h e  r i g h t  i n  ( 1 . 1 3 )  i . e .

E mF (Yk € A )  k=0
( 1 . 1 5 )  ----------------------

n+1

i s  a p r o b a b i l i t y  m e a su r e  on  E^ , h e n c e  p. i s  a l s o  a f i n i t e  m e a su r e  on  

E p . (T h a t  t h e  s e t w i s e  l i m i t  o f  a s e q u e n c e  o f  f i n i t e  m e a s u r e s  i s  a f i n i t e  

m e a su r e  h a s  b e e n  shown, s e e  e . g .  [ 3  ] ) .  S i n c e  ( 1 . 1 5 )  e q u a l s  o n e ,  f o r  

a l l  n , when A = F, we s e e  t h a t  p, i s  n o n - t r i v i a l .
A

The n e x t  s t e p  i s  t o  show t h a t  p, i s  an  i n v a r i a n t  m e a su r e  w . r . t ,  

t h e  I1' - p r o c e s s ,  i . e .  t o  show

( 1 . 1 6 )  J  Pp ( y ,A ) p , ( d y )  = p,(A) V A €  ^  .
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To a c c o m p l i s h  t h i s  we f i r s t  p r o v e  two l e s s e r  r e s u l t s .  L e t

> V A) = S l  [ V Yoc A) + W  a )  + •••  + V Yn? A)] s o  t h a t

^ n (dy) = nTl [nV (dy0 ) + mF (dyi ) + + V ^ n * ]  ‘

Lemma 1 . 1 7 :  F o r  a l l  A € £  we h a v e--------------------  F

l i m  J PF (y ,A )p ,n (c!y) = | i (A )  .
n-

F

P r o o f :  The m e a s u r e s  m ( d y . )  a r e  t h e  c o o r d i n a t e  m e a s u r e s  i n  s e q u e n c e• F i

s p a c e  g o t t e n  by r e s t r i c t i n g  in t o  e a c h  c o o r d i n a t e  random v a r i a b l e .
F

U s i n g  t h e  d e f i n i t i o n  o f  Pn ( d y )  a b o v e  we w r i t e

J V y’A)Un(dy> = k  [  J PF ( y 'A ) "1F ( d y0 ) + + J  PF ( y *A>;"F( d y n ) ]

= i k i  [ W  A ) + V Y26 A) + + “ F (Yn + l €  A ) ]

mF (Y0 € A ) V Yn + l € A)

= Hn(A)
n+1 n+1

Now t a k i n g  t h e  l i m i t  a s  n  -* »  y i e l d s  t h e  d e s i r e d  r e s u l t .  Q .E .D .

T he f u n c t i o n  P ( y ,A )  , f o r  f i x e d  A , c a n  b e  a p p r o x im a te d  by  
F

s i m p l e  f u n c t i o n s  s ^ y )  s . t .  0  *  S]L £  s 2 £  . . .  £  Pp ( y ,A )  and  

l i m  s  ( y )  = p  ( y , A )  f o r  e a c h  y .
i - c o  1 F

Lenuna 1 . 1 8 ; L e t  ( s ^ C y ) ]  be  t h e  s i m p l e  f u n c t i o n s  j u s t  d e s c r i b e d ,  f o r  

some f i x e d  A . Then



( 1 . 1 9 )  l im
n - 00

s .  ( y ) p ( d y )

F F

i
P r o o f ;  W r i t i n g  s^ a s  E c .  . 1 A and i n t e g r a t i n g  y i e l d s

j -0 1J Ai j

T a k in g  t h e  l i m i t  a s  n -* 00 y i e l d s  ( 1 . 1 9 ) .  Q .E .D .

The n e x t  tw o  more im p o r t a n t  lemmas w i l l  b e  s u f f i c i e n t  t o  p r o v e  

o u r  th e o r e m .

Lemma i . 2 0 ; U nder  t h e  same h y p o t h e s e s  a s  Theorem  1 . 1 ,  a f i n i t e  i n v a r i ­

ant. m ea su re  e x i s t s  f o r  t h e  p r o c e s s  on  F .

P r o o f :  S i n c e  P „ ( y ,A )  i s  a  bounded  f u n c t i o n  ( i t  i s  l e s s  t h a n  o r  e q u a l
■ F

t o  o n e )  t h e  s^ c a n  b e  c h o s e n  u n i f o r m l y  c o n v e r g e n t  ( s e e  e . g .  [ 1 7 ] )  i . e .

V e >  0 3  an  N s . t .  V i , k > N  and a l l  y  we h a v e  | s  ( y )  -  s ^ ( y )  | <

T h e r e f o r e  c h o o s e  any e >  0 a m1 l e t  N b e  a s  a b o v e .  Let. k ?  i  >  N ;

s i n c e  we a r e  s p e c i f y i n g  k ^ i  and t h e  a r e  n o n - d e c r e a s i n g  f u n c t i o n s

a b s o l u t e  v a l u e s  w i l l  n o t  b e  n e e d e d  i n  t h e  f o l l o w i n g .  F o r  f i x e d  j  we 

h a v e

o r

F F

(1 . 21) 0

F F

r e c a l l i n g  t h a t  p .  i s  a  p r o b a b i l i t y  m e a su r e  o n  F f o r  e a c h  j  . F i r s t  
3

t a k i n g  t h o  l i m i t  i n  ( 1 . 21) a s  k -* 00 and u s i n g  t h o  m on oton e  c o n v e r g e n c e  

th e o r e m  y i e l d s
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nnd now t a k i n g  t h e  l i m i t  i n  ( 1 . 2 2 )  a s  j  -J <» and u s i n g  Lemmas 1 . 1 7  

and 1 . 1 8  g i v e s

( 1 . 2 3 )  0 £  (jl(A) -  J  s .  dp, 6 c .

F

F i n a l l y ,  t a k i n g  t h e  l i m i t  a s  i  00 and a g a i n  u s i n g  t h e  m on oton e  c o n ­

v e r g e n c e  th eorem , r e s u l t s  i n

( 1 . 2 4 )  0 £ p ( A )  -  J  PF ( y , A ) ^ ( d y )  £  e .

F

But ( 1 . 2 4 )  i s  t r u e  f o r  a l l  e >  0 , h e n c e

J  pF ( y , A ^ ( d y ) = M'CA) V A ^ * Q .E .D .
F

Lemma 1 . 2 5  ( H a r r i s ) :  U n d er  t h e  h y p o t h e s e s  o f  T h eorem  1 . 1 ,  s i n c e  a

f i n i t e  i n v a r i a n t  m e a su r e  e x i s t s  f o r  t h e  p r o c e s s  on  F , a c - f i n i t e  

i n v a r i a n t  m e a s u r e ,  t t  , e x i s t s  f o r  t h e  o r i g i n a l  p r o c e s s .

A l t h o u g h  t h e  a s s u m p t i o n s  made i n  T heorem  1 . 1  a r e  much w e a k e r  th a n  

t h e  a s s u m p t io n  made by  H a r r i s  (m e n t io n e d  a t  t h e  b e g i n n i n g  o f  t h i s  

s e c t i o n ) ,  c o n d i t i o n s  ( 1 . 3 )  and ( 1 . 4 )  a r e  s u f f i c i e n t  t o  c o m p l e t e l y  c a r r y  

t h r o u g h  t h e  p r o o f  o f  Lemma 1 . 2 5  g i v e n  by H a r r i s  [ 1 0 ;  Lemma 1 ] w i t h o u t  

any c h a n g e s .  He u s e d  h i s  c o n d i t i o n  f o r  tw o  p u r p o s e s  i n  t h i s  Lemma,

( 1) t o  i n s u r e  t h e  e x i s t e n c e  o f  t h e  F - p r o c e s s  b u t  t h i s  i s  a c c o m p l i s h e d  

by o u r  c o n d i t i o n  ( 1 . 3 ) ,  and ( 2 )  t o  show t h a t  t h e  s p a c e  c o u l d  b e  b ro k en

up i n t o  a c o u n t a b l e  number o f  s e t s  o f  f i n i t e  n  m e a su r e  i n  t h e  f o l l o w ­

i n g  way:

( 1 . 2 6 )  S ±j = j x  €  FC: P1 ( x , F) >  1 / j }

and t h i s  i s  a c c o m p l i s h e d  by c o n d i t i o n  ( 1 . 4 ) .

T h e  m e a su r e  Tt , w h o se  e x i s t e n c e  i s  a s s u r e d  by Lemma 1 . 2 5 ,  c a n  be
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d e f i n e d  a s  f o l l o w s :  t h o  d e f i n i t i o n  o f  Pp ( y , A )  f o r  A €  £^ ( s e e  1 . 5 )

sh ow s t h a t  t h e  f u n c t i o n  P ca n  be e x t e n d e d  t o  a l l  o f  £  (h o w e v e r  i t
F

w o u ld  n o t  be  a  t . p . f .  i n  t h i s  i n s t a n c e )  and t h e n  l e t

( 1 . 2 7 )  n(A) = J  Pp ( y ,A ) p , ( d y )  V A €  £  .

F

The d e f i n i t i o n  ( 1 . 2 7 )  sh ow s t h a t  ti(F) = 1 and t h a t  t t (S ^ j)  £  1 f o r  

a l l  i , j  .
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CllAPTFR T r a n s i t  i o n  P r o b a b i l i t y  L i m i t  Theorem

I n  t i l l s  s e c t i o n  we a g a i n  c o n s i d e r  a c o n d i t i o n  u n d e r  w h ic h  i t  w i l l  

b e  shown t h a t  a  a - f i n i t e  i n v a r i a n t  m e a su r e  e x i s t s  f o r  a  g e n e r a l  Markov 

p r o c e s s  (X ,E ,m ,P )  ; The c o n d i t i o n  h e r e  w i l l  be  s i m i l a r  t o  ( 1 . 2 )  o f  

C h a p te r  1 ,  b u t  i n s t e a d  o f  i n d i c a t o r  f u n c t i o n s ,  we w i l l  bo u s i n g  t h e  

t r a n s i t i o n  p r o b n b i.1 i t y  f u n c t i o n .

C o n d i t i o n  2 . 1 ; T h e r e  e x i s t s  a s e t  F €  E, and an x  <E X su c h  t h a t  f o r  

a l l  A € E, A c  F ,  t h e  f o l l o w i n g  l i m i t  e x i s t s :

n  k
E P ( x  ,A )

k=0
l i m  --------------------------
r , —i co ^  k

E P R( x ,F )
k=0

k t  h
R e c a l l  t h a t  P ( x , A )  i s  t h e  k s t e p  t r a n s i t i o n  p r o b a b i l i t y  f u n c t i o n .

i . e .  p ( xI1+k^ ^ lx n= a r r i v i n g  i n  A a f t e r  k

s t e p s  g i v e n  t h a t  we s t a r t  a t  t h e  p o i n t  x  . A l s o ,  s i n c e  we a r e  a lw a y s

t h
a s s u m in g  t h e  f u n c t i o n  P ( x , A )  i s  s t a t i o n a r y  ( s e e  S e c t i o n  0 ) , t h i s  k

s t e p  f u n c t i o n  i s  in d e p e n d e n t  o f  n .

The f i r s t  r e s u l t  t o  b e  e s t a b l i s h e d  i s  a  g e n e r a l  o n e .  By a c o r o l l a r y

o f  t h e  I lah n -B an ach  T heorem , t h e r e  e x i s t s  a g e n e r a l i z e d  l i m i t  (w h ic h  we

w i l l  c a l l  a B anacli  L im i t  ( B . L . 1) )  d e f i n e d  o n  a l l  bounded  s e q u e n c e s  o f

r e a l  num bers a  , a  , a _ , . . .  w h ic h  w i l l  be  d e n o t e d  by  Lim a [ s e e  e . g .x « o n
n

4 , p . 7 3 ] .  Some p r o p e r t i e s  o f  Lim t h a t  w i l l  b e  n e e d e d  i n  t h i s  and

t h e  f o l l o w i n g  c h a p t e r s  a r e

B .L .  1 :  l i n e a r i t y :  Lim ( a a  + Bb ) = or Lim a  + 6 Lim b
n n n n

n n n

B .L .  2: p o s i t i v i t y :  a^ £  0  = >  Lim a^ S 0
n
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B .L .  3: l i m  I n f  a S Lira n £  l i m s u p  an 11 n
n

B .L .  4; i f  l i m  a e x i s t s  t h e n  l i m  a = Lim a 
m n ~  n nn-*°° n-*00 n

L e t  p ^ , (X2> p^, . , .  b e  a s e q u e n c e  o f  f i n i t e  m e a s u r e s  o n  ( X ,£ )  

s u c h  t h a t  l im s u p  Pn (X) <  “  • T h i s  i m m e d ia t e ly  i m p l i e s  l im s u p  P (A) ^

V A €  £  and h e n c e  p ^ ( A ) , p2 ( A ) , p 3 ( A ) , . . .  i s  a bounded s e q u e n c e  f o r  e a c h

A . We w i l l  a ssu m e t h a t  a  B .L .  h a s  b e e n  d e f i n e d  on t h e  s e t  o f  a l l  bounded

s e q u e n c e s  o f  r e a l  num bers ( t h e r e  a r e ,  i n  g e n e r a l ,  more t h a n  o n e  p o s s i b l e  

B . L . ) .

D e f i n i t i o n  2 . 2 . ;  L e t  p (A )  = Lim p (A) .
n

I f  f ( x )  i s  a  bou n d ed , m e a s u r a b le  f u n c t i o n ,  t h e n  t h e  s e q u e n c e

( 2 . 3 )  J  f ( x ) p 1 ( d x ) ,  J  f ( x ) p 2 ( d x ) ,  . . .

X X

i s  a  bounded  s e q u e n c e  o f  r e a l  num bers s o  t h a t  t h e  B .L .  m e n t io n e d  a b o v e

c a n  b e  t a k e n  o f  a l l  su c h  s e q u e n c e s  ( 2 . 3 )  i . e . ,  we c a n  c o n s i d e r

Lim f ( x ) p  ( d x )  . N o te  t h a t  s a y i n g  t h a t  f  € L (p  ) f o r  a l l  n  w o u ld  «i n jl n
n X

n o t  s u f f i c e  s i n c e  t h a t  w o u ld  n o t  im p ly  ( 2 . 3 )  i s  b o u n d e d .

T heorem  2 . 4 :  L e t  p , p _ , p _ , . . .  b e  a s e q u e n c e  o f  f i n i t e  m e a s u r e s  on  t h e
” ■     X /

m e a su r e  s p a c e  ( X , £ )  s u c h  t h a t  l i m s u p  Pn (X ) <  00 . L e t  f ( x )  b e  a

b o u n d ed , m e a s u r a b le ,  r e a l - v a l u e d  f u n c t i o n  o n  X . Then

Lim J f ( x ) p n ( d x )  = J  f ( x ) p ( d x )  .

n X X

(N o t e  t h a t  by B .L .  1 ,  p i s  o n l y  a f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n .  How­

e v e r ,  i n t e g r a t i o n  w i t h  r e s p e c t  t o  i t  ca n  s t i l l  b e  d e f i n e d  [ s e e  e . g . , [ 4 ] ,  

p p .  9 5 - 1 1 9 ] . )



P r o o f ; The d e s i r e d  r e s u l t  w i l l  b e  a r r i v e d  a t  i n  s e v e r a l  s t e p s .

(A) F i r s t  t h e  th e o r e m  w i l l  be shown t o  h o l d  f o r  t h e  c a s e  o f  an  i n d i c a t o  

f u n c t i o n  i . e . ,  l e t  f ( x )  = ! ^ ( x ) *o r  some s e t  A € E . We h a v e

J l d “ n “ J V V  “ I d|*n = •

T a k in g  t h e  B .L .  y i e l d s

Lim fdu, = Lim ll ( A )  =  l l ( A )  , v n n
n X

but p (A )  is just J l.dp, hence the theorem is valid for
X

i n d i c a t o r  f u n c t i o n s .

(B ) Now l e t  f ( x )  b e  a s i m p l e  f u n c t i o n  i . e .  a l i n e a r  sum o f  a  f i n i t e
m

num ber o f  i n d i c a t o r  f u n c t i o n s .  We h a v e  f ( x )  = E a . l ,  ( x )  w i t h
i=l i  Ai

A^^n Aj = 0  f o r  i  ^ j  . I n t e g r a t i n g  a s  i n  p a r t  (A) l e a d s  t o

J  l d *n  '  J  .
X X 1=1

m «
= E a . 1 . dp, 

i = l  1 J Ai 11 
X

m
= E a  |i (A.) 

i = i  1 "  1

and a s  b e f o r e ,  t a k i n g  t h e  B .L .  (and  u s i n g  t h e  f i n i t e  a d d i v i t y  o f  

Lim ) a l l o w s  u s  t o  w r i t e
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n
= j f dp, .

X

H en ce  t h e  th e o r e m  h o l d s  f o r  s i m p l e  f u n c t i o n s .

<c> We c a n  and w i l l  a ssu m e ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  f ( x )  i s  

n o n - n e g a t i v e .  A l s o ,  s i n c e  f  i s  a bounded  f u n c t i o n ,  i t  ca n  be  

a p p r o x im a t e d  u n i f o r m l y  by an i n c r e a s i n g  s e q u e n c e  o f  s i m p l e  f u n c t i o n s  

0  ^  s  £  s  £  s £  . . .  ^ f  s u c h  t h a t  l i m  s . ( x )  = f ( x )  f o r  e a c h  x  .X M u . 1l - * co

A s  w a s  d o n e  i n  C h a p te r  1 ,  we h a v e  t h a t  f o r  any  e >  0 t h e r e  e x i s t s  

a  p o s i t i v e  i n t e g e r  N s u c h  t h a t  f o r  a l l  i  s  j  >  n  we h a v e

0 ^ s ^ ( x )  -  S j ( x )  £  e f o r  a l l  x  . N o t e  a g a i n  t h a t  a b s o l u t e  v a l u e s

a r e  n o t  n e e d e d  s i n c e  we s p e c i f y  i  ^ j  ,  We c a n  now w r i t e

0 *  J  Si  d ^k " I Sj  d^k *  ^ k ( x )  ‘
X X

T a k in g  t h e  l i m i t  h e r e  a s  i  -» “  and a p p l y i n g  t h e  m on o to n e  c o n v e r g e n c e  

t h e o r e m  y i e l d s

( 2 . 5 )  0 £  J  f  dpfc -  J  SjdHk 5 e M^(X) .

X X

I n  ( 2 . 5 )  we t a k e  Lim t o  g e t
k

( 2 . 6 )  0  £  Lim f  dp. -  Lim s  dp £  e p (X )  ,
k J k J
k X k X

and u s i n g  p a r t  (B )  o f  t h i s  th e o r e m  o n  ( 2 . 6 )  r e s u l t s  i n

( 2 . 7 )  0  £  Lim J  f  dpk -  J  s^ dp £  e p (X )  .

k X X

We c a n n o t  t a k e  t h e  l i m i t  i n  ( 2 . 7 )  a s  j  -* 00 and a p p l y  t h e  m on oton e  

c o n v e r g e n c e  s i n c e  p i s  n o t  c o u n t a b l y  a d d i t i v e .  H ow ever ,  t h i s  

d i f f i c u l t y  i s  e a s i l y  b y p a s s e d .



U s in g  t h e  f a c t  t h a t  t h e  s^ a r e  u n i f o r m l y  c o n v e r g e n t  t o  

f  we can  w r i t e

( 2 . 8 )
J

X X

T a k in g  t h e  l i m i t  a s  j  -• 00 i n  ( 2 . 8 )  y i e l d s

( 2 . 9 ) 0  £

r e c a l l i n g  t h a t  s .  t so  t h i s  l i m i t  e x i s t s .  S i n c e  |a(X) <  00 (b y
J

B .L .  3 ,  v/e h a v e  p (X )  = Lim Hn (X) 5 l im su p -p ,  (x) <  »  ) and ( 2 . 9 )

N o t e  t h a t  t h i s  th e o r e m  i s  a l s o  t r u e  w i t h  t h e  r e g i o n  o f  i n t e g r a t i o n  b e i n g  

an y  s e t  A a s  l o n g  a s  l i m  su p  (A) <  00 . T h e  m ain  r e s u l t  o f  t h i s  

c h a p t e r  i s

Theorem  2 . 1 1 :  L e t  (X, E, m ,P) b e  a M.P. A ssu m e t h e r e  e x i s t s  a s e t

F (  E, m(F) > 0 , and an  x Q€ X su c h  t h a t

n

i s  t r u e  f o r  a l l  e we h a v e

A X

Now c o n t i n u i n g  v / i t h  t h e  p r o o f  by t a k i n g  t h e  l i m i t  a s  j  00

i n  ( 2 . 7 )  we c a n  u s e  t h i s  r e .  u l t  t o  g e t

(2 . 10)
X X

S i n c e  ( 2 . 1 0 )  i s  t r u e  f o r  a l l  e > 0 ( |x(X) <  °°) we h a v e

Q. E .D .



e x i s t s  f o r  a l l  A c  F, A € E . A l s o  l e t  t h i s  s o t  F s a t i s f y  

00

£  P  ( x , F )  = “= f o r  a l l  x C X . T h en  t h e r e  e x i s t s  a a - f i n i t c  m ea su re  
k=0

n  s a t i s f y i n g  J  P (x ,A )T i(d x )  = tt(A) f o r  a l l  A €  E .
X

The i d e a  o f  t h e  p r o o f  o f  Theorem  2 . 1 1  w i l l  b e  t o  d e f i n e  a  c o n t e n t ,  

p , on a s u b s e t  o f  E and t h e n  t o  b u i l d  from  p an  i n v a r i a n t  m easu re

o n  a l l  o f  E . L et  p^Cx^.A) b e  t h e  r a t i o  i n  ( 2 . 1 2 ) .  L e t  E be  t h e

s u b s e t  o f  E c o n t a i n i n g  a l l  s e t s  A d  X s u c h  t h a t  l im s u p  M-n ( XQ>A) <  00

n o t e  t h a t  by h y p o t h e s i s  t h i s  i m p l i e s  a l l  A € E w i t h  A ^  F a r c  i n  E . 

F o r  A € E , t h e r e f o r e ,  we h a v e  t h a t  t h e  s e q u e n c e  p ^ ( x Q, A ) , p 2( x 0>A ), . . .  

i s  bounded  and h e n c e  a s s u m in g  a B .L .  h a s  b e e n  d e f i n e d  on  t h e  s e t  o f  a l l  

b o u n d ed  s e q u e n c e s ,  we h a v e

D e f i n i t i o n  2 . 1 3 ;  L et  p ( x , >tA) = Lim p ( x „ ,A )  f o r  A € E .------------------------------ ^ 0 n 0
n

S i n c e ,  by Theorem  2 . 1 1 ,  we a r e  o n l y  c o n s i d e r i n g  t h i s  o n e  v a l u e  xQ ,

we w i l l  w r i t e  p ( x Q,A ) and pn ( x Q,A ) s im p ly  a s  p (A )  and M-n (A) r e “

s p e c t i v e l y .  p i s  o n l y  d e f i n e d  f o r  s e t s  i n  E and i t s  e x t e n s i o n  t o  t h e  

i n v a r i a n t  m e a s u r e  n w i l l  be  a c c o m p l i s h e d  i n  tw o s t e p s .  F i r s t  we e x t e n d  

p t o  a l l  o f  E by

D e f i n i t i o n  2 . 1 4 :  , = p (A )  f o r  A € E
L e t  p (A ) "I __

= co f o r  A )5 E

*
H ow ever  p a s  d e f i n e d  n e e d  n o t  b e  a m e a s u r e .  Wo now show  

♦
Lemma 2 . 1 5 :  p i s  a f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  o n  E .

P r o o f :  F i r s t  i t  w i l l  be  shown t h a t  H i s  c l o s e d  u n d e r  f i n i t e  u n io n s ;

f o r  A ,B  € E i t  must b e  t r u e  (b y  d e f i n i t i o n )  t h a t  l i m s u p  ^ ( A )  <  00 

and l i m s u p  ^n (P )  <  00 > so  c e r t a i n l y  i t  i s  t r u e  t h a t  l im s u p  pn (Al)B) <  03 

h e n c e  AUB 6 E .

To p r o v e  t h e  lemma, l e t  A ,B  €  E w i t h  AflB = 0  . T h e r e f o r e ,
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j|( ]|(
p. (A) = p (A ) and p, (B ) = p,(B) and s i n c e  p, i s  f i n i t e l y  a d d i t i v e

( B .L .  1 ) ,  we l ia v e  p,*(Al!B) -  p,(AUB) = | i (A ) + p ( B ) = p,*(A) + p,*(B) .

I f  e i t h e r  A o r  B ( o r  b o t h )  i s  n o t  i n  E , s a y  A j£ E , th e n

by d e f i n i t i o n  o f  E , l i m s u p  Mn (A) = ; h e n c e  l im s u p  ^^(AUB) -  ro s o

AUB £  E t h u s  p,*(Al)B) = 00 = p * (A )  + p,*(B) . Q .E .D .

Now we move from  a  f i n i t e l y  a d d i t i v e  f u n c t i o n  t o  o n e  t h a t  i s  

c o u n t a b l y  a d d i t i v e  ( i . e .  a m e a s u r e ) .
.  CO CO

j(c
D e f i n i t i o n  2 . 1 6 :  L e t  tt(A) b e  t h e  in f im u m  o v e r  t h e  s e t  E p, ( A . ) ;  U A. — Af

i = l  1 i = l  1

o v e r  a l l  s u c h  c o u n t a b l e  u n i o n s  c o n t a i n i n g  A .

I t  h a s  b e e n  shown by I s a a c  [ 1 2 ]  t h a t  tt a s  d e f i n e d  h e r e  i s  in d e e d  

a  c o u n t a b l y  a d d i t i v e  m e a su r e  on  E . We now p r o v e  a r e s u l t  c o n c e r n i n g  

p, w h ic h  w i l l  b e  n e e d e d  l a t e r  t o  show tt i s  a s u b - i n v a r i a n t  m e a s u r e .

Theorem  2 . 1 7 : Assum e t h e  c o n d i t i o n s  o f  T heorem  2 . 1 1  a r e  i n  e f f e c t .  L e t

A €  E , t h e n

Lim P i ( x ,A ) p  ( d x )  = l l ( A ) ,  i  = 1 , 2 , 3 , , . .  . v n
n  X

P r o o f ; The p r o o f  f o r  t h e  c a s e  i  = 1 w i l l  be  g i v e n ,  t h e  t e c h n i q u e  f o r  

t h e  o t h e r  v a l u e s  o f  i  w i l l  b e  s i m i l a r .  By t h e  d e f i n i t i o n  o f  ^ n (A)

we h a v e  0  1 n
P ( x Q,d x )  + P ( x Q, d x )  + . . .  + P ( x Q)d x )  

p n ( d x )  =   .

n k
£  P ( x n ,F )

k=0

We p e r fo r m  t h e  f o l l o w i n g  i n t e g r a t i o n  ( n o t i n g  t h a t  P ^ ( x Q,d x )  i s  s im p ly

1 (d x )  ) 
x 0 r k

E J P ( x , A ) P  ( x Q, dx)
lr A

J  P ( x , A ) p n ( d x )  =
k=0

11 k
£  p  (X ,F )

k=0



T a k in g  t h e  B .L .  o f  b o t h  s i d e s  o f  t h i s  l a s t  r e s u l t  y i e l d s

Lim P ( x , A ) p  (d x )  = Lim pi (A) = | i (A )  . j  n n
n X

00

To a r r i v e  a t  t h i s  we h a v e  u s e d  B .L .  1 ,  and t h e  f a c t  t h a t  £  p ( x , F )  = «
k=0

f o r  a l l  x  (Xq i n  p a r t i c u l a r  h e r e )  f o r c e s  t h e  f r a c t i o n  i n  ( 2 . 1 8 )  t o  go  

t o  0  . Q .E .D .

C o n d i t i o n  2 . 1  h a s  n o t  b e e n  u s e d  y e t .  C e r t a i n l y  i f  TT i s  t h e  

t r i v i a l  m ea su re  0 i t  w i l l  b e  i n v a r i a n t  (a n d  v e r y  u n i n t e r e s t i n g ) .

C o n d i t i o n  2 . 1  w i l l  show t h a t  t h i s  i s  n o t  t h e  c a s e .

T heorem  2 . 1 9 :  tt i s  n o n - t r i v i a l .

P r o o f :  I t  w i l l  be  shown t h a t  tt( f ) = 1 . C o n d i t i o n  2 . 1  i m p l i e s  p, i s

c o u n t a b l y  a d d i t i v e  o n  F . To s e e  t h i s  n o t e  t h a t  f o r  A c  f , p (A ) =

l i m  p (A) (b y  B .L .  4 )  i . e . ,  |i o n  F e q u a l s  t h e  u s u a l  l i m i t  o f  a  s e q u e n c e  
n —

o f  c o u n t a b l y  a d d i t i v e  f i n i t e  m e a s u r e s  Ip . 1  ) and t h e  V i t a l i - I I a h n - S a k sk > l )
T heorem  f s e e ,  e . g .  [ 7] ; p .  3 2 ]  t h e n  show s t h a t  p i s  a  m e a su r e  (o n  F)

and h e n c e  i s  c o u n t a b l y  a d d i t i v e  (o n  F) . ( I n  o u r  s p e c i f i c  s i t u a t i o n  i t  

i s  n o t  d i f f i c u l t  t o  show p i s  c o u n t a b l y  a d d i t i v e  by d i r e c t  and s i m p l e r  

m e th o d s  t h a n  u s e d  i n  t h e  p r o o f  o f  t h e  VIIS T h e o r e m .)

L ot {A } bo any c o u n t a b l e  c o v e r i n g  o f  F ; l e t  B^ = A^D F s o
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co 2
t h a t  U I3i  = F ; l e t  = B j ,  C2 = Da-13! '  c3 = n3“ U Bt  » and in

n-1
g e n e r a l ,  = Bn ” ^ Hj, s o  t h a t  t h e  a r e  d i s j o i n t  and s t i l l

CD

s a t i s f y  U C. = F . R e c a l l  t h a t  a l l  m e a s u r a b le  s u b s e t s  o f  F a r e  i n  
i = l  1

•  j|(
£  s o  t h a t  ji ( C \ )  = pCC^) by  d e f i n i t i o n  o f  p, . S i n c e  p and p

a g r e e  o n  a l l  m e a s u r a b le  s u b s e t s  o f  F , p i s  a l s o  c o u n t a b l y  a d d i t i v e
00 )J« j|>

o n  F . U s in g  t h i s  c o u n t a b l e  a d d i t i v i t y  we h a v e  £  p ( C . )  = p (F )  =
i = l  1

p ( F )  = 1 ( p ( F )  = 1 by ( 2 . 1 2 )  and 2 . 1 3 ) .  A l s o  p * (A ..)  ^ ( i * ( C . )  s i n c e

A.^> C. by c o n s t r u c t i o n  and i n  g e n e r a l  A . n e e d  n o t  be  i n  £  . T h e r e -
CO CO

f o r e ,  E p ( A . )  s  £  p * ( C . )  = 1 . 
i = l  1 i = l  1

By t h e  p r e c e e d i n g  c o n s t r u c t i o n  i t  i s  p o s s i b l e  t o  o b t a i n  s u c h  a

s e q u e n c e  ^o r  e a c b  s u c h  c o u n t a b l e  c o v e r i n g  {a ^} o f  F , h e n c e
00_ jfc

f o r  e a c h  s u c h  c o v e r i n g  wo h a v e  shown £  p ( A . )  s  1 .  So n e c e s s a r i l y ,
i = l  ’

by t h e  d e f i n i t i o n  o f  tt b e i n g  t h e  in f im u m  o f  t h e s e  su m m ation s  o v e r  a l l  

o f  t h e s e  c o v e r i n g s ,  we h a v e  tt( f ) s i .  i n  f a c t ,  t h e r e  e x i s t s  a  c o v e r

CO 
_  *

su c h  t h a t  £ p  ( A . )  = 1 , n am ely  F i t s e l f .  Q .E .D .
i = l  1

The f o l l o w i n g  c o m b i n a t o r i c  lemma w i l l  b e  n e e d e d  f o r  t h e  n e x t  th e o r e m .  

Lemma 2 . 2 0 :  L e t  a, b e  a c o u n t a b l e  c o l l e c t i o n  o f  n o n - n e g a t i v e  n u m b ers .
--------------------------  n

“  j
T hen  f o r  any B anach  l i m i t ,  Lim, we h a v e  Lim £  a s  l i m  Lim £  a .

n  k = l  n j - 00 n  k = 1  k n

P r o o f :  We h a v e ,  f o r  f i x e d  n , £  a u -  £  a, s o  V k , j  . U s in g
k = l  n k = l  n

B .L .  2 and t h e n  B .L .  1 y i e l d s

00 J
( 2 . 2 1 )  Lim £  a, -  Lim £  a, S O .  

n k = l  k » " k = l  k *
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T a k in g  t h e  l i m i t  a s  j  and u s i n g  t h e  f a c t  t h a t  ( 2 . 2 1 )  i s  t r u e  f o r

a l l  j  g i v e s

00 j
Lim T, a -  l i m  Lim £ a ^ 0 

n k = l  k " »  k = l  k«

w h ic h  i s  t h e  d e s i r e d  r e s u l t .  Q .E .D .

Theorem  2 . 2 2 ; j  P ( x , A ) n ( d x )  £  p ( A ) , A € £, V i  2  0 .

X

(N o t e  t h a t  t h i s  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  Ti i s  a  s u b i n v a r i a n t  

m e a s u r e . )

P r o o f :  F i r s t  we assu m e A €  £  . L e t  B1 = {x :  P1( x ,A )  >  o ]  and l e t

00
B* = {x ;  i  ^ Pi ( x ,A )  >  r ^ r }  f o r  k = 1 , 2 , 3 , . . .  ; n o t e  t h a t  U B* = B*

K  K  K + JL  .  <• Kk = l

and B^ fl b !  = d  f o r  k ^ j  . We now show t h a t  B* €  £  f o r  e v e r y
K  j  K

i , k . We h a v e

-ir- p ( b * )  = f t~  (i ( d x )  c+l p n \  k /  k+1 ^ n vk+1 ~ „ ±

Bk

£ J  P i (x ,A ) |j ,n ( d x )

- i
P i ( x , A ) p n ( d x )  .

X

S i n c e  we h a v e  assu m ed  A €  E , t h e  B .L .  o f  t h i s  l a s t  i n t e g r a l  e x i s t s

(b y  Theorem  2 . 1 7 )  and e q u a l s  u (A )  <  “> . T h e r e f o r e  l i m  su p  u ( bM  <  00
n n \  k /

i m p l y i n g  B* €  £ V i , k  . H e n c e ,  p *^ B *) = <  “  •

U s i n g  t h e  c o u n t a b l e  a d d i v i t y  o f  p we w r i t e

J  Pi ( x , A ) p n ( d x )  = J p i (x ,A ) |j ,n ( d x )

B1
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CO

= £  J P 1 ( x , A ) n n ( d x )  ,

k=1<

SO
oor i  P i

Lim P ( x tA)\x ( d x )  = Lim £  J P ( x ,A ) u  (d x )  
n n n k= l  J i  n

Bk

( 2 . 2 3 )  s  l i m  Lim E f  P * (x ,A )p ,  ( d x )  .
j - c o  n k=1 J ± n

k

To g e t  ( 2 . 2 3 )  we h a v e  u s e d  Lemma 2 . 2 0  w i t h  a, e q u a l  t o
•Si

P (x ,A )p, ( d x )  . C o n t i n u i n g  from  ( 2 . 2 3 )  we u s e  t h e  f i n i t e  a d d i v i t y  o f  . n

>4
Lim t o  g e t  ( 2 . 2 4 )

( 2 . 2 4 )  2: l i m  E Lim f p i ( x ,A ) u  ( d x )
J ~ « k = l  n  i  n

Bk

( 2 . 2 5 )  = l i m  E [ P i ( x ,A ) u , ( d x )
k = l  J i  

Bk

and ( 2 . 2 5 )  com es from  T heorem  2 . 4  ( s e c  t h e  n o t e  a t  t h e  en d  o f  t h e  p r o o f  

o f  2 . 4 ) .  S i n c e  p, = (i on  E we h a v e  ( 2 . 2 6 )

 ̂ f* i  *
( 2 . 2 6 )  = l i m  E j P (x ,A )^ i ( d x )

3-*"1 k = l  g i  
k

( 2 . 2 7 )  2: l i m  E [  P i ( x ,A ) r i ( d x )
k = i  i 1

k

*
w i t h  ( 2 . 2 7 )  t r u e  s i n c e  tt £  ^ by d e f i n i t i o n  o f  tt . C o n t in u in g  from

( 2 . 2 7 )  u s i n g  t h e  d i s j o i n t n e s s  o f  t h e  ( f o r  d i f f e r e n t  k )  we h a v e
K

( 2 . 2 8 )  = l i m  p i ( x , A )  T i(dx)
j  -KD « J —

U B.1 
k = l
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( 2 . 2 9 )  = I p 1 (x,A)TT(dx)

B

and ( 2 . 2 9 )  com es from  t h e  c o u n t a b l e  n d d i v i t y  o f  Tt . So we h a v e  t h u s -  

f a r  shown

( 2 . 3 0 )  Lim f P1 ( x ,A ) | i  ( d x )  £  f P 1 ( x , A ) n ( d x )
n n •' i

X B

= f Pi (x ,A )r r (d x )  .

T h e  l e f t  s i d e  o f  ( 2 . 3 0 )  i s  p,(A) by  Theorem  2 . 1 7  and s i n c e  A € £  we

♦ /- “v'
h a v e  M- (A) = P«(A) , s o  f o r  any A c  £  , we h a v e

( 2 . 3 1 )  n (A) ^ J P1 (x ,A )T i(d x )  .

—  3fe

H ow ever ,  i f  A Jc £  t h e n  by  d e f i n i t i o n  we h a v e  (i, (A) = “  s o

( 2 . 3 1 )  i s  c e r t a i n l y  t r u e  f o r  t h e s e  s e t s  a l s o ,  h e n c e  ( 2 . 3 1 )  i s  t r u e  f o r

a l l  A € £  .  But J p 1 (x,A)TT(dx) is a measure on £ , and it has been
X

shown [ 1 2 ;  p .  9 8 8 ]  t h a t  t h e  m e a su r e  tt a s  d e f i n e d  i s  t h e  l a r g e s t  m e a su r e

*
l e s s  t h a n  o r  e q u a l  t o  p, , t h e r e f o r e  i t  m ust  b e  t r u e  t h a t

r i
■n(A) a j  P (x ,A )T r(d x )  . Q .fe .D .

T heorem  2 . 3 2 ;  tt i s  a O’- f i n i t e  m e a s u r e .

' U
P r o o f :  L e t  W, . = { x :  £  P 1 ( x , F )  >  ~ j  i  = 0 , 1 , 2 , 3 , . . .  , j  = 1 , 2 , 3 , . . ,

00

By t h e  h y p o t h e s i s  £  Pk ( x , F )  = 00 f o r  a l l  x  €  X we h a v e  U W = X .
k=0 i,j 1J

T h e r e f o r e  i t  w i l l  s u f f i c e  t o  show Tt(W ) <  f o r  a l l  i , j  . We h a v e
•J

J  Pi (x ,F )T T (dx) s  J  p i (x ,F )T T (dx)

Wi j



and u s i n g  Theorem  2 . 2 2  a l l o w s  u s  t o  w r i t e

Tt(F) ^ _ _  tt(W. . )
j+ 1

b u t  t t ( f )  = l  h e n c e  00 ^  i , j  • Q .E . l ) .

N o t e  t h a t  t h e  h y p o t h e s i s  E P ( x , F )  = 00 f o r  a l l  x  i s  s t r o n g e r
k = l

t h a n  r e a l l y  n e c e s s a r y  h e r e .  A l t h o u g h  t h i s  c o n d i t i o n  w i l l  be  n e e d e d  i n  

t h e  n e x t  th e o r e m ,  a l l  t h a t  w as  a c t u a l l y  r e q u i r e d  f o r  Theorem  2 . 3 2  w a s  t h e  

e x i s t e n c e ,  f o r  e a c h  x  , o f  a n  i  s . t .  P * ( x , F )  >  0 . T h i s  c o n d i t i o n  

c o u l d  n o t  b e  w ea k en ed  t o  h o l d  o n l y  f o r  a l m o s t  a l l  x  s i n c e  t h e r e  w o u ld  

b e  no a s s u r a n c e  t h a t  tt{x : P1 ( x , F )  = 0  V i )  <  «° , w h ic h  w o u ld  be  n e c e s ­

s a r y  f o r  c - f i n i t e n e s s .

Now t h e  f i n a l  lemma w h o se  c o n c l u s i o n  i s  t h e  d e s i r e d  r e s u l t .

Lemma 2 . 3 3 ; tt i s  an i n v a r i a n t  m e a s u r e ,  i . e . ,

J  P ( x , A ) n ( d x )  = n(A ) V A S E ,

P r o o f :  L e t

s o  t h a t

Tt p (A )  = J P (x ,A )r r (d x )

Tt P ( d y )  = J P ( x , d y ) n ( d x )  .

Theorem  2 . 2 2  s a y s  Tt(A) ^ tt P (A ) . To show tt(A) = tt P (A )  f o r  a l l  A 

we u s e  a p r o o f  by c o n t r a d i c t i o n  and assu m e t h e r e  e x i s t s  a  s e t  A €  E 

s . t .  ti(A ) >  tt P (A ) . We now show t h a t  i t  s u f f i c e s  t o  a ssu m e  

tt(A) <  0 0  . By o f i n i t c n e s s  o f  tt , t h e r e  e x i s t s  a  c o u n t a b l e  c o l l e c t i o n
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{ A . )  d i s j o i n t  su ch  t h a t  UA. = A and n ( A , ) <  «> . One o f  t h e s e  A l  1 i  i

m ust s a t i s f y  i'(A^) >  it P (A ^) , f o r  i f  n o t  wc w o u ld  h a v e  n(A^) =

/ n
T t P ( A . )  f o r  e a c h  i  . T h en , s i n c e  l i m  Tt U A . ) =* TT(A) and  i  n “*co 1 /

l - l

l i m  n PI .U  A. ) = rt P (A ) , Tt(A) = ® w o u ld  im p ly  n P (A )  = 00 , b u t  An -*a> \ l  — 1 1 /

was c h o s e n  s . t .  n(A) >  tt P (A ) .  H e n c e ,  e v e n  i f  n(A ) = 00 an A
i

c o u l d  b e  f o u n d ,  tt(A^) <  »  , t h a t  w o u ld  s t i l l  s a t i s f y  tt(A^) >  rr P(A ^) .

L e t  3 b e  a  c o u n t a b l e  d i s j o i n t  d e c o m p o s i t i o n  o f  X i n t o  s e t s  

o f  f i n i t e  m e a su r e  f o r  b o t h  n and tt P , s u c h  t h a t  = A o f  t h e

l a s t  p a r a g r a p h .  Then f o r  f i x e d  N

1 = tt(F )  £  rr P (F )

£  J P (x ,F )T T (d x)  -  J  PN( x , F ) T P ( d x )

X  X

r N k  r N k= E P (x ,F)TT(dx) -  E P ( x , F) tt P ( d x )  
k = l  „  k = l

00 r» N  00 n N

( 2 . 3 4 )  = E j E p k (x ,F )T T (dx) -  E | E Pk ( x , F ) n  P ( d x )
i = l  „  k = l  i = l  1, k = l

Bi  Bi

<» N
( 2 . 3 5 )  = E I E pk ( x , F ) ( t t  — TTP) (d x )  .

i = l  'L k = l  
Bi

N o t e  t h a t  ( 2 . 3 5 )  i s  w e l l - d e f i n e d  s i n c e  tt and  tt p  a r e  f i n i t e  on  e a c h  

Bi  s o  ( t t -  TTP)(dx) m akes s e n s e .  A l s o  n o t e  t h a t  e a c h  o f  t h e  two  

i n f i n i t e  sums i n  ( 2 . 3 4 )  b e i n g  f i n i t e  i n  v a l u e  i m p l i e s  t h a t  t h e  e n t i r e  

c o l l e c t i o n  o f  e l e m e n t s  i n  ( 2 . 3 4 )  i s  a b s o l u t e l y  c o n v e r g e n t .  I len ce  t h e  

r e a r r a n g e m e n t  o f  t e r m s  y i e l d i n g  ( 2 . 3 5 )  g i v e s  t h e  same sum. S i n c e  

Tl £  ti P , e a c h  e le m e n t  i n  ( 2 . 3 5 )  i s  n o n - n e g a t i v e  s o  ( 2 . 3 5 )  i s
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N
£  

k=l

P N  k( 2 . 3 6 )  >■ \ £ p  ( x , F ) ( n -  Til>)(dx) .
J w .

N k
But by h y p o t h e s i s  £  P ( x , F )  -  co a s  -♦ V x  and B w as c h o s e n

k = l  1

s . t .  (rr -  TTP) (B^) > 0  s o  ( 2 , 3 6 )  n e c e s s a r i l y  g o e s  t o  i n f i n i t y .  H ow ever ,

t h i s  i s  a c o n t r a d i c t i o n  s i n c e  ( 2 . 3 6 )  i s  bounded  a b o v e  by 1 .

H ence  o n l y  e q u a l i t y  c a n  h o l d  i n  tt(A) ^ t t  P (A ) g i v i n g  t h e  d e s i r e d

r e s u l t .  Q .E .t ) .

N o t e s :  ( 1 )  In  C h a p te r  1 t h e  p la n  o f  a t t a c k  w a s  t o  d e f i n e  t h e  F - p r o c e s s

and t h e n  show a f i n i t e  i n v a r i a n t  m e a su r e  e x i s t e d  f o r  t h i s  p r o c e s s .  I n  

t h i s  c h a p t e r  we c o u l d  s t i l l  h a v e  d e f i n e d  t h e  p r o c e s s  on  F , b u t  b e c a u s e  

t h e  d e n o m i n a t o r  i n  c o n d i t i o n  2 . 1  w a s  t h e  sum o f  t r a n s i t i o n  p r o b a b i l i t y  

f u n c t i o n s  i n s t e a d  o f  i n d i c a t o r  f u n c t i o n s  ( a s  i n  C h a p te r  1 ) ,  c o n v e r s i o n  

o f  2 . 1  t o  a c o n d i t i o n  on t h e  F - p r o c e s s  w as n o t  a s  s i m p l e  a s  b e f o r e .

( 2 )  I n  2 . 1  i t  w a s  a ssu m ed  t h a t  t n e  l i m i t  e x i s t e d  f o r  some f i x e d  v a l u e  

Xq . I f ,  h o w e v e r ,  2 . 1  w as  t r u e  f o r  more t h a n  o n e  v a l u e  o f  x  t h e n  t h e  

d e f i n i t i o n  o f  p, i n  2 . 1 3  c o u l d  d e p e n d  on  t h e  x  c h o s e n  when t a k i n g  t h e

B .L .  F i x i n g  a  d i f f e r e n t  v a l u e  o f  x  m ig h t  r e s u l t  i n  a d i f f e r e n t  i n v a r i ­

a n t  m e a s u r e .  The u n i q u e n e s s  o f  an  i n v a r i a n t  m e a su r e  w i l l  b e  d i s c u s s e d  i n  

a l a t e r  c h a p t e r .

( 3 )  The m ea su re  ni i n  C h a p te r  1 w a s  u s e d  i n  a  v e r y  weak s e n s e  b u t  i n  

C h a p t e r  2 i t  w as  n o t  u s e d  a t  a l l .
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CHAiTFR 3: 1, i m i 111 T heorem s

In  t h i s  c h a p t e r  we w i l l  e x h i b i t  two c o n d i t i o n s  s i m i l a r  t o  ( ] , 2 )  

and ( 2 . 1 )  f o r  w h ic h  wo w i l l  a g a i n  show a  a - f i n i t c  i n v a r i a n t  m ea su re  

n e c e s s a r i l y  e x i s t s  f o r  t h e  M .P. (X ,E ,m ,P )  . We b e g i n  w i t h  

C o n d i t i o n  3 . 1 : T h e r e  e x i s t s  a s e t  F €  E, m(F) >  0  , and a 6,

0 <  6 <  1 , su c h  t h a t  f o r  a l l  A c  F, A G E w i t h  m(A) >  6 we h a v e

J o  A<<,,)
m(u); l i m i n f  —  -------------------------->  0 ,  xq € F) >  0  .

11 E 1y  6 F ((0)
k=0 X>'fc F

( R e c a l l  t h a t  a  b a r  o v e r  t h e  m e a su r e  i n d i c a t e s  t h a t  we a r e  r e f e r i n g  t o  

s e q u e n c e  s p a c e . )

To show t h a t  C o n d i t i o n  3 . 1  i m p l i e s  t h e  e x i s t e n c e  o f  t h e  d e s i r e d  

m e a su r e  we w i l l  a g a i n  p r o v e  t h a t  a  f i n i t e  i n v a r i a n t  m ea su re  e x i s t s  f o r

t h e  p r o c e s s  o n  F . To do t h i s  we w i l l  a ssu m e

P(Xq € F i n f i n i t e l y  o f t e n  |xq = x )  = 1 a . e .  x  €  F

t o  make s u r e  t h a t  we ca n  i n d e e d  t a l k  a b o u t  t h e  F - p r o c e s s .

B e f o r e  p r o c e e d i n g  t o  t h e  p r o o f  o f  o u r  s t a t e m e n t ,  we w o u ld  l i k e  t o  

remark o n  t h e  s i m i l a r i t y  o f  C o n d i t i o n  3 . 1  w i t h  C o n d i t i o n  3 . 2  b e lo w ,  

fo u n d  i n  a  p a p e r  by I t o  [ 1 5 ;  C o n d i t i o n  I I I ] :

C o n d i t i o n  3 . 2 ; m(A) >  0 i m p l i e s

n
^  mF (Yk^  

n+1
l i m i n f  k    > 0  .

We make n o t e  o f  t h e  s i m i l a r i t y  i n  t h e  f o l l o w i n g  way; i f  we w e r e  t o  s t a t e  

a c o n d i t i o n  a n a l o g o u s  t o  3 . 1  b u t  o n l y  i n v o l v i n g  t h e  F - p r o c e s s ,  i t  w o u ld  he
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C o n d i t i o n  3 . 3 :  T h e r e  e x i s t s  a 6 , 0 <  6 <  1 , s u c h  t h a t  f o r  a l l  A €  E
F

w i t h  m (A) >  6 we h a v e  n

.  ^
n t p l i m i n f  -------------------:----------  > 0 )  > 0  .

n n+1

( R e c a l l  t h a t  E and m a r e  t h e  a - a l g e b r a  and m e a su r e  r e s p e c t i v e l y  o f
F F

t h e  F - p r o c c s s  i n t r o d u c e d  i n  C h a p te r  1 . )

The d e n o m in a to r  i n  3 . 1  h a s  becom e n+1 i n  3 . 3  b e c a u s e  i n  t h e  F-  

n
p r o c e s s  E l -  ( uj ) w o u ld  j u s t  be  c o u n t i n g  t h e  t o t a l  number o f  s t o p s

k=0 Y k t  F F

m ade. U s in g  3 . 3  and F a t o u ' s  Lemma we c a n  w r i t e
n

r /  \^oy^A\ -0 <  J l i m i n f  y------------------J dm
- n n+1
F

n

f  k=0 Yk^A
s  l i m i n f  | --------------------  dm

_ Fn - n+1
F

k = 0 p
= l i m i n f  ‘(

n n+1

n

, /  ” F (Yk S A> .
( 3 . 4 )  = l i m i n f   )  .

n n+1

T h e r e f o r e  we h a v e ,  by  ( 3 . 4 ) ,  t h a t  ni (A) >  6 i m p l i e s
F

n

* W A>) >  0  .l i m i n f
n n+1

H en ce  we c a n  s a y  t h a t  C o n d i t i o n  3 . 3  (and  3 . 1 )  i s  more g e n e r a l  t h a n  I t o ’ s  

C o n d i t i o n  3 . 2  i n  two r e s p e c t s .  F i r s t ,  and m o s t  o b v i o u s ,  i s  t h a t  h i s  

c o n d i t i o n  must b e  s a t i s f i e d  f o r  a l l  s e t s  o f  p o s i t i v e  m e a su r e  w h e r e a s  o u r
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r e q u ir e m e n t  i s  t h a t  t h e  c o n d i t i o n  b e  v a l i d  o n l y  f o r  a l l  s u f f i c i e n t l y  

l a r g e  s e t s ,  i . e .  m(A) >  6 >  0  . S e c o n d ,  we h a v e  t h a t  3 . 3  i s  t r u e  f o r

A l t h o u g h  I t o  s t o p s  when h e  p r o d u c e s  an i n v a r i a n t  m easu re  t h a t  i s  

n e c e s s a r i l y  f i n i t e ,  and  e q u i v a l e n t  t o  t h e  i n i t i a l  m e a su r e  m , we do  

n o t  r e q u i r e  su c h  a s t r o n g  r e s u l t .  I t  w i l l  s u f f i c e  h e r e  t o  show t h e  

e x i s t e n c e  o f  some f i n i t e  i n v a r i a n t  m e a su r e  f o r  th e  F - p r o c e s s  w h ich  w i l l  

e v e n t u a l l y  y i e l d  a  a - f i n i t e  i n v a r i a n t  m e a su r e  f o r  t h e  o r i g i n a l  p r o c e s s .

We new s t a t e  t h e  f i r s t  main th e o r e m ,  t h e  p r o o f  o f  w h ic h  w i l l  com­

p r i s e  t h e  f i r s t  h a l f  o f  t h i s  c h a p t e r .

T heorem  3 . 5 :  L e t  C o n d i t i o n  3 . 1  h o l d .  L e t

e x i s t s  a f i n i t e  i n v a r i a n t  m e a su r e  f o r  t h e  P - p r o c e s s .

T h e  p r o o f  w i l l  be  g i v e n  i n  s e v e r a l  p a r t s ;

I :  A f i n i t e  c o n t e n t  p, w i l l  b e  d e f i n e d  o n  (F ,  £  ) .

I I :  We show t h i s  c o n t e n t  i s  i n v a r i a n t .

I l l :  An i n v a r i a n t  m e a su r e  w i l l  b e  e x t r a c t e d  from  t h i s  c o n t e n t .

I :  F o r  A c  F , l e t

W ith o u t  l o s s  o f  g e n e r a l i t y  we a ssu m e  m (F) =  1 , s o  Mn (A) ^ 1 f o r  

e a c h  n  . T h e r e f o r e  we c a n  assu m e t h a t  a  B anacli  l i m i t  h a s  b e e n  d e f i n e d  

o n  s e q u e n c e s  o f  t h e  form  ( A ) , M ^(A), M^(A) , . . .  f o r  a l l  A 6 2 ,̂ .

( N o t e  t h a t  o u r  a s s u m p t io n  t h a t  m (l’) = 1 d o e s  n o t  l e a d  t o  any d i f f i ­

c u l t i e s ;  i . e . ,  i f  m (F) <  00 t h e  m e a su r e  m c a n  be  a d j u s t e d  t o  g i v e

t h e  sum o f  i n d i c a t o r  f u n c t i o n s  r a t h e r  th a n  t h e  more s p e c i a l i z e d  m,
F

f u n c t i o n .

P(Xn ^ F i n f i n i t e l y  o f t e n  |xq = x )  = 1 f o r  a . c .  x  € F ; 

a ssu m e  f o r  e a c h  x  t h e r e  e x i s t s  an  i  s . t .  F 1 ( x , F )  >  0  . T hen  t h e r e

n n

F
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m(F) -  1 ( i n  f a c t  m i s  s u c h  a m e a s u r e ) .  I f ,  h o w e v e r ,  m(F) = 00
r

t h e n  m c a n  b e  r e p l a c e d  by an e q u i v a l e n t  ( e v e n  f i n i t e )  m ea su re  m*

s u c h  t h a t  m ; (F )  -  1 . S i n c e  t h e  i n i t i a l  m e a su r e  p l a y s  a somewhat

m in o r  r o l e ,  an e q u i v a l e n t  m e a su r e  r e p l a c i n g  t h e  i n i t i a l  m e a su r e  w o u ld

n o t  i n t r o d u c e  an y  compl i c . a t i o n s . )

D e f i n i t i o n  3 . 6 ;  L e t  p (A )  = Lim M (A) , A €  £  .---------------------------- n  n F

We s e e  im m e d ia t e ly  t h a t  p i s  n o n - t r i v i a l  s i n c e  l i m  M (F )  = 1
n -«a> n

m aking  p ( F )  = 1 by B .L .  4 .  By B .L .  1 we s e e  t h a t  p i s  f i n i t e l y

a d d i t i v e  on L , t h e r e f o r e  by d e f i n i t i o n  i t  i s  a f i n i t e  c o n t e n t .
F

I I :  The t e c h n i q u e  t h a t  sh ow s p i s  i n v a r i a n t  i s  a lm o s t  i d e n t i c a l  t o

t h e  o n e  u s e d  i n  C h a p te r  1 t o  show t h e r e  t h a t  t h e  m e a su r e  p w as i n v a r i a n t .

The o n l y  d i f f e r e n c e  f o r  t h e  p r e s e n t  s i t u a t i o n  i s  t h a t  i n  s e v e r a l  i n s t a n c e s

t h e  B .L .  w o u ld  b e  t a k e n  i n s t e a d  o f  t h e  r e g u l a r  l i m i t ,  b u t  t h i s  w i l l  n o t

a f f e c t  t h e  r e s u l t s  o b t a i n e d .  F o r  c o m p l e t e n e s s ,  we s t a t e  t h e  r e q u i r e d
('

r e s u l t s  h e r e  w i t h o u t  p r o o f .

Lemma 3 . 7 ; ( S e e  Lemma 1 . 1 7 ) .

Lim | P (y ,A )M _ (d y )  = p ( A )  . 
n J F n

F

Lemma 3 . 8 ;  ( S e e  Lemma 1 . 1 8 ) .

Ln m J s i < y)Mn ( d y )  = J ^ ( y ) p ( d y )  .
F F

T he p r o o f s  o f  t h e s e  tw o  Lemmas c a r r y  o v e r  c o m p l e t e l y  s i n c e  B .L .  i s  

f i n i t e l y  a d d i t i v e .

Lemma 3 . 9 ;  ( S e e  Lemma 1 , 2 0 ) .  U nder  t h e  same h y p o t h e s e s  a s  T heorem  3 . 5 ,

p , a s  d e f i n e d  i n  3 . 6 ,  i s  an  i n v a r i a n t  c o n t e n t .

H ere  t o o  t h e  p r o o f  c a r r i e s  o v e r  c o m p i a t e l y  e x c e p t  g o i n g  from  ( 1 . 2 2 )

t o  ( 1 . 2 3 )  w h ere  a B .L .  i s  now r e q u i r e d .
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I I I :  Wc now p r o c e e d  t o  show t h e  e x i s t e n c e  tJf  t h e  i n v a r i a n t  m e a s u r e .

To do  t h i s  we w i l l  n e e d  s e v e r a l  lem m as. The f i r s t  two a r e  d u e  t o  

Y o s i d a  and H e w i t t  [ 1 3 ] ,

D e f i n i t i o n  3 . 1 0; A c o n t e n t  p i s  c a l l e d  p u r e l y  f i n i t e l y  a d d i t i v e  

( p . f . a . )  i f  t h e  r e l a t i o n  0  a ^ p  f o r  a m e a su r e  ( i . e .  c o u n t a b l y

a d d i t i v e )  a  i m p l i e s  t h a t  O' -= 0 . H ere  t h e  i n e q u a l i t y  i s  t h e  s t a n d a r d  

l a t t i c e  o r d e r i n g  o f  s e t  f u n c t i o n s .

Lemma 3 . 1 1 ; I f  p i s  a f i n i t e  c o n t e n t  and i s  p . f . a . ,  and i f  m i s  a

f i n i t e  m e a su r e  w i t h  p and m d e f i n e d  on a a - a l g e b r a  E , th e n  f o r

a l l  c >  0 t h e r e  e x i s t s  an  S € £  s u c h  t h a t  p ( S  ) = 0 and m (S) <  e .

Lemma 3 . 1 2 ; I f  p i s  a f i n i t e  c o n t e n t  on  a a - a l g e b r a  £  , t h e n  t h e r e

e x i s t s  a u n iq u e  d e c o m p o s i t i o n  p = p +u w h e r e  p i s  a m e a su r e  andC I  c

p f  i s  a  p . f . a .  c o n t e n t .

N o t e  t h a t  t h e  m e a su r e  p o f  3 . 1 2  i s  m axim al i n  t h e  s e n s e  o f  t h ec ------------------------- --------------

f o l l o w i n g  lemma.

Lemma 3 . 1 3 :  I f  or i s  a n y  m e a su r e  s u c h  t h a t  p ^ O' , t h e n  pc  ^ O' .

P r o o f : S i n c e  p s  a  we c a n  w r i t e  p = tf+M1 • I f  P^ i s  a p . f . a .

c o n t e n t ,  t h e n  by t h e  u n i q u e n e s s  o f  t h e  d e c o m p o s i t i o n  o f  Lemma 3 . 1 2  we

m ust  h a v e  p = ot . c

I f ,  h o w e v e r ,  p^ i s  n o t  p . f . a . ,  t h e n  by Lemma 3 . 1 1  i t  c a n  b e  decom­

p o s e d ,  t o  w i t ,  p = p + p _ (w h e r e  p i s  t h e  m e a su r e  and p - i sp oc  p a± oc o f

p . f . a . ) .  We a r e  now a b l e  t o  w r i t e  p = a  + p + P - , ,  b u t  a  + p i sr- o c  ^ o f  oc

a m e a su r e  and a g a i n  by u n i q u e n e s s  p f  = p ; or ,  more s i g n i f i c a n t l y . i t

m ust b e  t i m e  t h a t  p = a  + p y i e l d i n g  p £  a  . Q .E .D .C QfC C*
A f a c t  t h a t  w i l l  b e  n e e d e d  l a t e r  i s  m(tr: Y±Z A ) = mF (i«F: Y ^  A) 

f o r  A c  F . R e c a l l  t h a t  t h e  v a r i a b l e s  w e r e  o r i g i n a l l y  d e f i n e d

on  t h e  s p a c e  X so  b o t h  s e t s  make s e n s e .  T h e s e  s e t s  o r i g i n a t e  from  

d i f f e r e n t  s p a c e s  and a l t h o u g h  i t  i s  p e r h a p s  o b v i o u s  t h a t  t h e  e q u a l i t y
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s h o u ld  h o l d ,  a p r o o f  w i l l  bo g i v e n  f o r  c o m p l e t e n e s s .

Lemma 3 . 1 4 : F o r  A c: F , m(u): Y^€ A) = n^,(cu : A) .

P r o o f :  The m ethod w i l l  be i l l u s t r a t e d  f o r  t h e  c a s e  when i  = 1 ( f o r

i  >  1 t h e  t e c h n i q u e  i s  s i m i l a r ) .  The s e t  {10: Y € A} c a n  be b rok en

up i n t o  t h e  f o l l o w i n g  d i s j o i n t  p i e c e s

A 1 = {a>: x q €  F, x . ^  a }

A2 = {(d: x q€ F, x ^  FC, x 2 € a }

A3 = { uj: xq € F, x^  f ° ,  x 2 <E FC , Xg€ a }

by l o o k i n g  a t  o n l y  t h o s e  p o s s i b i l i t i e s  w h e r e  t h e  f i r s t  e n t r y  i n t o  F

( a f t e r  x , . )  o c c u r s  i n  A . N o te  t h a t  t h e  s e t s  A. a r e  i n  £  . We h a v e  0 1

inXY^ A) = m(A1 ) + m(A2 ) + . . .

= J  P ( x ,A ) m ( d x )  + J  J  P ( x , d y ) P ( y , A ) m ( d x )  + . . .

F FC F

= J ^ P ( x .A )  + J P ( x , d y ) P ( y , A )  +

F FC

J  J  P ( x , d y ) P ( y , d z ) P ( z , A )  + . . . l m ( d x )
c  c  

F F

(3 .15 )  = J P j , (x ,A )m (d x )

F

(3 .1 6 )  = J Pp(x,A)nip(dx) = in̂ CŶ  ̂ A) .

We u s e d  t h e  d e f i n i t i o n  o f  P ( x , A )  t o  g o t  ( 3 . 1 5 )  and  t h e  f a c t s
F

t h a t  m(F) = 1 and  in (A) = m (A )/m (F )  t o  g e t  ( 3 . 1 6 ) .  Q .E .D .'
F

Lemma 3 . 1 7 : mp (A )  >  6 i m p l i e s  p (A )  >  0  , f o r  t h e  6 i n  C o n d i t i o n  3 . 1 .
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P r o o * : N o te  t h a t  mp (A) >  6 i m p l i e s  m(A) >  6 nnd C o n d i t i o n  3 .

u s  t o  sa y  t h a t ,  f o r  s u c h  a  s e t  A ,

Xk€  A

n
Z 1_

m^ l i m i n f  —k —-------------- >  0  , X € FJ >  0 .

n E l
lefo *■« P

L e t t i n g  F  = FXXXXX.. .  we c a n  w r i t e

E l  - 
p k=0 Xk€ A

( 3 . 1 8 )  0 <  l i m i n f     dm
J n n

E 1 
k=0 Xk€ F

n

p k _o  A
( 3 . 1 9 )  = liminf -

J  n

F

  dm
n n+1

n

r kf 0 V e A  _
( 3 . 2 0 )  £  l i m i n f    dm

n f  n+1

n
n+1

E m(Y. € A)

l i m i n f
n n+1

/ ,  V ’* 0 ' * 5  A ) \
( 3 . 2 1 )  = liminf   J

n n+1

1 a l l o w s
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( 3 . 2 2 ) £  p (A )  .

The r e a s o n i n g  f o r  t h e s e  s t e p s  a r e  a s  f o l l o w s ;  The s e q u e n c e  o f

r a t i o s  o f  w h ic h  wo a r e  t a k i n g  t h e  l i m i n f  i n  ( 3 . 1 8 )  m ig h t  c o n t a i n

d u p l i c a t e  a d j a c e n t  members f o r  a f i x e d  U) ( t h i s  w o u ld  o c c u r  when

X €  F m aking  1 c  and 1 -  z e r o  s i m u l t a n e o u s l y ) .  T h e s e  d u p l i -n A Xfcv r

c a t i o n s  a r e  e l i m i n a t e d  when we move t o  t h e  s e q u e n c e  o f  r a t i o s  i n  ( 3 . 1 9 ) ,  

h e n c e  t h e  v a l u e  o f  t h e  l i m i n f  i s  u n c h a n g e d .  F a t o u ’ s  lenuna g i v e s  ( 3 . 2 0 ) ;

( 3 . 2 1 )  com es from  u s i n g  Lemma 3 . 1 4 ;  s t e p  ( 3 . 2 2 )  from  t h e  d e f i n i t i o n  o f  p 

a s  a Banach l i m i t  and u s i n g  B .L .  3 .  Q .E .D .

Lemma 3 . 2 3 ; p i s  n o t  p . f . a .

P r o o f :  F o r  a l l  A 6 5̂ , we h a v e  mp (A )  + nip(A )  = 1 . I f  f o r  t h e  s e t

c  c
A i t  i s  t r u e  t h a t  m ^ A  ) >  6 , - t h e n  ^ ( A )  + 6 <  1 o r  e q u i v a l e n t l y

m (A) <  1-6 . S i n c e  m (AC) >  6 , a p p l y i n g  t h e  r e s u l t  o f  Lemma 3 . 1 7  t o
F F
c  cA y i e l d s  p(A ) >  0 , b u t  i f  p i s  p . f . a .  , t h i s  c o n t r a d i c t s  t h e  

c o n c l u s i o n  o f  Lemma 3 , 1 1 .

More p r e c i s e l y ,  we h a v e  shown t h e r e  e x i s t s  a  p o s i t i v e  e (n a m e ly  1 - 6 )

Q
s u c h  t h a t  f o r  a l l  s e t s  A w i t h  m (A) <  e we h a v e  p (A  ) >  0 . H ence

F

p i s  n o t  p . f . a .  Q .E .D .'

F i n a l l y ,  t h e  r e s u l t  we w a n t;

Lemma 3 . 2 4 ;  T h e r e  e x i s t s  a f i n i t e  i n v a r i a n t  m e a su r e  f o r  t h e  p r o c e s s  on

F u n d e r  t h e  c o n d i t i o n s  i n  T heorem  3 . 5 .

P r o o f ;  A p p l y i n g  Lemma 3 . 1 2  t o  p , we w r i t e  p = P£ + p^ . We w i l l  show

t h a t  p i s  t h e  r e q u i r e d  m e a s u r e ,  i . e . ,  i t  w i l l  b e  shown t h a tc

F

f o r  a l l N o te  t h a t  Lemma 3 . 2 3  i m p l i e s  p^ i s  n o n - t r i v i a l

We h a v e
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( 3 . 2 5 )  f  P _ ( x ,A ) u  ( d x )  s;
J F c .

P f ( x , A ) m- ( c1x )

( 3 . 2 6 )  = p,(A) .

The l e f t ,  s i d e  o f  ( 3 . 2 5 )  i s  a m e a su r e ;  ( 3 . 2 5 )  i s  t r u e  s i n c e  Pc s  H .

( 3 . 2 6 )  i s  t r u e  s i n c e  p. i s  an i n v a r i a n t  c o n t e n t  (Lemma 3 . 9 ) .  H ow ever,

( 3 . 2 5 )  s a y s  t h e  m ea su re  J  P (x ,A )p , ( d x )  i s  l e s s  th a n  o r  e q u a l  t o  p, ,
F C

b u t  b y  t h e  m a x im n l i t y  o f  t h e  com p on en t pc  e s t a b l i s h e d  i n  Lemma 3 . 1 3 ,  

i t  m ust be  t r u e  t h a t

( 3 . 2 7 ) J  PF ( x , A ) n c (d x )  £ n c (A) .

A ssum e t h e r e  e x i s t s  a s e t ,  A , y i e l d i n g  s t r i c t  i n e q u a l i t y  i n  ( 3 . 2 7 ) ,

i . e . ,

( 3 . 2 8 )  J  PF ( x , A ) fxc (d x )  < ^ C(A) .

F

B ut i t  m ust a l s o  b e  t r u e  t h a t

( 3 . 2 9 )  J  PF ( x , A C)|ac ( d x )  S ( i c (A ° )  .

F

A d d in g  l i n e s  ( 3 . 2 8 )  and ( 3 . 2 9 )  g i v e s

J  Pp ( x , F ) n c (d x )  <  pic (F )  o r  

F

HC<F) <  HC<F > •

A c o n t r a d i c t i o n  r e s u l t s ,  t h e r e f o r e  we m ust h a v e  e q u a l i t y  i n  ( 3 . 2 7 )  

f o r  a l l  A €  . Q .E .D .

Now a p p l y i n g  Lemma 1 , 1 6  r e s u l t s  i n  a C - f i n i t e  i n v a r i a n t  m ea su re

f o r  t h e  o r i g i n a l  p r o c e s s .
I



The s e c o n d  h a l f  o f  t h i s  c h a p t e r  i n v o l v e s  t h e  same t y p e  o f  c h a n g e  

i n  h y p o t h e s i s  a s  w as made when g o i n g  from  C h a p te r  1 t o  C h a p te r  2 .  T h at  

i s ,  we g o  from a c o n d i t i o n  on  i n d i c a t o r  f u n c t i o n s  t o  a s i m i l a r  c o n d i t i o n  

o n  t r a n s i t i o n  p r o b a b i l i t y  f u n c t i o n s .

C o n d i t i o n  3 . 3 0 ; T h e r e  e x i s t s  a  s e t  F , m (F) >  0 , and a  6 , 0  <  6 <  1 , 

s u c h  t h a t  f o r  a l l  A C  f  , A £ E w i t h  m(A) >  6 , we h a v e

n kE P ( x ,A )

m fx: l i m i n f  —k~ - ---------------- > 0  , x  €  F j  >  0 .
'  n  n k '

E P ( x , F )
k=0

A g a in  we a r e  w e a k e n in g  a c o n d i t i o n  o f  I t o  [15 ; c o n d i t i o n  V I I I ]  

w i t h  t h e  same r e s u l t s  a s  m e n t io n e d  p r e v i o u s l y .

A s we fo u n d  i n  C h a p te r  2, t h e  p r o o f  u s i n g  t r a n s i t i o n  p r o b a b i l i t y  

f u n c t i o n s  i s  n o t  a s  e a s y .  I n  t h e  f i r s t  p a r t  o f  t h i s  c h a p t e r ,  a s  i n  

C h a p te r  1 ,  we w e r e  a b l e  t o  show a  f i n i t e  i n v a r i a n t  m e a su r e  f o r  t h e  F-  

p r o c e s s  e x i s t e d ,  and t h e n  t h i s  m ea su re  c o u l d  b e  e x t e n d e d  t o  t h e  r e q u i r e d  

m e a su r e  o n  a l l  o f  X . F o r t u n a t e l y ,  h o w e v e r ,  much o f  t h e  t e c h n i q u e  t o  

show t h e r e  e x i s t s  a a - f i n i t e  i n v a r i a n t  m e a su r e  from  C o n d i t i o n  3 . 3 0  w i l l  

come d i r e c t l y  from  C h a p te r  2 .  The p r o o f  f o r  t h i s  s i t u a t i o n  w i l l  b e  o u t ­

l i n e d ,  p u t t i n g  i n  t h e  n e c e s s a r y  c h a n g e s .  F i r s t ,  we s t a t e  t h e  m ain  r e s u l t  

t o  b e  e s t a b l i s h e d .
00

Theorem  3 . 3 1 :  L e t  C o n d i t i o n  3 . 3 0  b e  i n  e f f e c t .  L e t  E P ( x , F )  = m f o r
k=0

a l l  x  C X .  T h en  t h e r e  e x i s t s  a  a- f i n i t e  i n v a r i a n t  m ea su re  f o r  t h e  

Markov p r o c e s s .

A s b e f o r e ,  we b e g i n  by d e f i n i n g  a  c o n t e n t  p. . L e t



and l e t  X = {a € £: l im s u p  Mn (A) <  ®°} . Wc c a n  now t a l k  a b o u t  a B anach

l i m i t  o f  s e q u e n c e s  o f  t h e  form  M^(A),M2 ( A ) , . . .  f o r  A 6  E , A l t h o u g h

t h e  d e f i n i t i o n  o f  EE i s  s l i g h t l y  d i f f e r e n t  h e r e  th a n  i n  C h a p te r  2 ,  t h i s

d i f f e r e n c e  w i l l  n o t  i n t e r f e r e  w i t h  t h e  m e c h a n ic s  o f  t h e  p r o o f s .

D e f i n i t i o n  3 . 3 2 :  L e t  p (A )  = Lim M (A) .-----------------------------------------  n n

F o l l o w i n g  t h e  r e a s o n i n g  from  C h a p te r  2;

X

P r o o f ;  Same a s  Theorem  2 . 1 7  e x c e p t  w i t h  t h e s e  s l i g h t  a l t e r a t i o n s  due t o  

t h e  d i f f e r e n t  d e f i n i t i o n  o f  p, .

Theorem  3 . 3 3 :  L ot  A € E, E P ( x , F )  = “  f o r  a l l  x  €! X , th e n
k=0

n

£  Pk ( x , d y )

k=0

s o
£  Pk ( x , d y )

k=0J P (y ,A )M n ( d y )  = J  P ( y , A ) £  J
F E Pk ( x , F )  

k=0

m

X X

w h ic h  b e c o m e s ,  a f t e r  s e v e r a l  s i m p l i f i c a t i o n s

2  Pk ( x ,A )

( 3 . 3 4 )
P k=0

F £  Pk ( x , F )  
k=0

F E Pk£  P ( x , F )  
k=0

h e n c e  t a k i n g  t h e  B anach l i m i t  o f  b o t h  s i d e s  i n  ( 3 . 3 4 )  y i e l d s  t h e

d e s i r e d  r e s u l t . Q .E .D .
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)|(
A s b e f o r e  we d e f i n e  p, on  a l l  o f  E a s  f o l l o w s :

D e f i n i t i o n  3 . 3 5 :
* _  f | i (A )  f o r  A € E 

V ~ I »  f o r  A j I

*
Lemma 3 . 3 6 :  p, i s  a f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n .

P r o o f :  The p r o o f  o f  Lemma 2 . 1 5  c a r r i e s  o v e r  c o m p l e t e l y .

00 00

D e f i n i t i o n  3 . 3 7 ;  L e t  T^A) = i n f  | E p,* ( A . ) :  U A .^ >A r o v e r  a l l  su ch
i = l  1 i = l  1

c o u n t a b l e  u n i o n s  c o n t a i n i n g  A .

The n e x t  lemma, to  p rove  tt i s  n o n - t r i v i a l ,  i s  somewhat d i f f e r e n t

t h a n  i n  C h a p te r  2 s i n c e  t h e r e  we n e e d e d  t h e  f a c t  t h a t
n kE P ( x ,A )  

k=0
l i m
n —*00 ^ kE P ( x , F )

k=0

e x i s t e d  f o r  a l l  A C  p  ,

Lemma 3 . 3 9 : t t  i s  n o n - t r i v i a l .

P r o o f : We f i r s t  show t t  i s  n o t  p u r e l y  f i n i t e l y  a d d i t i v e  on F . L e t  

A b e  any s e t  i n  2 ,̂ s u c h  t h a t  m(A) >  6 . Then by  3 . 3 0  we h a v e

n

£  Pk ( x ,A )

0 £  f l i m i n f  - k ° -------------- m (d x)
J n n  .

E Pk ( x , F )
k=0

n k 
£  P ( x ,A )

l i m i n f  J  J i - 2 -------------- m (dx)
n k

F 2  P ( x ,  F)
k=0

£  Lim M (A) = p,(A) . 
n n

T h i s  l a s t  s t e p  by B .L .  3 ,  h e n c e  m(A) >  6 = >  p,(A) >  0



43

By t h e  same r e a s o n i n g  a s  i n  Lemma 3 . 2 3 ,  p c a n n o t  be p u r e l y  f i n i t e l y  

a d d i t i v e .

U s in g  Lemma 3 . 1 2 ,  p can  be  w r i t t e n  a s  p + p^ • I t  must be  t r u e

t h a t  p, (F) > 0  s i n c e  o t h e r w i s e  p = p i . e .  n w ou ld  b e  p . f . a .
C X

)l(
on F . Hence p (F) = p (F )  ;» ® • T h e r e f o r e ,  f o r  any c o u n t a b l e

*
c o v e r i n g  {C^} o f  F , by t h e  f i n i t e  a d d i v i t y  o f  p , we h a v e

( 3 . 4 0 )  p * ( C . ) ;> U* ( C . D F )  S p ( C . H F )  a n ,  ( C . f l F )  .1 ^ 1  c  1

“  * 00
H ence £  p (C ) > £  p (C 0  F) p (F) >  0 , s o  by t h e  d e f i n i t i o n

i = l  i = l  c C

o f  tt a s  t h e  i n f  o v e r  a l l  s u c h  sums we h a v e  tj(F )  >  0 . Q .E .D .

N o te  t h a t  by u s i n g  t h e  p . f . a .  p r o p e r t y  o f  p t h i s  p r o o f  was much

s i m p l e r  t h a n  t h e  c o r i ' e s p o n d in g  p r o o f  o f  Theorem  2 . 1 9 .

Lemma 3 . 4 1 :  | P 1 (x ,A )  rK^x) g  tt(A) V i  •

P r o o f :

X

Same a s Theorem 2 . 2 2  w i t h  p^ r e p l a c e d  by .

Lemma 3 . 4 2 :  rr i s  a o - f i n i t e  m e a s u r e .

P r o o f : P r o o f  o f  Theorem 2 . 3 2  c a r r i e s  o v e r  c o m p l e t e l y .

Lemma 3 . 4 3 :  tt i s  an i n v a r i a n t  m e a s u r e .

P r o o f : Same a s fox’ Theorem 2 . 3 3 .

T hus we h a v e  p r o v e n  Theorem 3 . 3 1 .

We h a v e  shown s e v e r a l  c o n d i t i o n s  i m p l y i n g  t h e  e x i s t e n c e  o f  a o- 

f i n i t e  i n v a r i a n t  m e a s u r e .  B e f o r e  e n d i n g  t h e  d i s c u s s i o n  on th em , an 

i n t e r e s t i n g  q u e s t i o n  a r i s e s .  D oes  t h e  s i m i l a r i t y  o f  ( 1 . 2 )  w i t h  3 . 1 ,  

and 2 . 1  w i t h  3 . 3 0  i n d i c a t e  t h e y  a r e  somehow r e l a t e d ?  As t h e y  a r e  now 

s t a t e d ,  ( 1 . 2 )  and 3 . 1  a r e  i n  a s e n s e  i n d e p e n d e n t  o f  e a c h  o t h e r .

In  t h o  g e n e r a l  Markov p r o c e s s ,  i f  o n e  o f  t h e s e  c o n d i t i o n s  i s  t r u e ,



t h e  o t h e r  n e e d  n o t  b e .  F o r  e x a m p le ,  f o r  ( 1 . 2 )  t o  h o l d ,  a l l  t h a t  i s

n e e d e d  i s  t h e  e x i s t e n c e  o f  t h e  l i m i t ,  w h ic h  m ig h t  be  z e r o  on  a  s e t  B

( i n  E ) w i t h  m(B) = 1 . T h i s  w o u ld  im p ly  t h e r e  d o e s  n o t  e x i s t  a  6 
r

s a t i s f y i n g  3 . 1 .  On t h e  o t h e r  h a n d , i f  3 . 1  h o l d s ,  th e n  c e r t a i n l y  t h e  

l i m i t  n e e d  n o t  e x i s t  a n y w h e r e ,  s o  ( 1 . 2 )  w o u ld  n o t  h a v e  t o  b e  t r u e .

H ow ever , u n d e r  t h e  f o l l o w i n g  c o n d i t i o n  we w i l l  show t h a t  ( 1 . 2 )  

d o e s  in d e e d  im p ly  3 . 1 .

D e f i n i t i o n  3 . 4 4 :  A Markov p r o c e s s  i s  s a i d  t o  b e  n o n - s i n g u l a r  w i t h

r e s p e c t  t o  t h e  m e a su r e  m i f  ra(A) = 0 i m p l i e s  P ( x ,A )  = 0  a . e .  (m) .

T heorem  3 . 4 5 : L et  t h e  Markov p r o c e s s  ( X ,Z ,m ,P )  b e  n o n - s i n g u l a r  and  

s a t i s f y  h y p o t h e s e s  ( 1 . 2 ) ,  ( 1 . 3 ) ,  and ( 1 . 4 )  o f  T heorem  1 . 1 .  Then t h e r e  

e x i s t s  an  F and a  6 s a t i s f y i n g  C o n d i t i o n  3 . 1 .

P r o o f : The f i r s t  s t e p  w i l l  b e  t o  show t h e r e  e x i s t s  a  6 s u c h  t h a t

m(A) >  6 =* | f (A )  >  0 . R e c a l l  t h a t  t h e  m e a s u r e ,  |x , we a r e  u s i n g  h e r e

co m es  from  C h a p te r  1 s i n c e  we a r e  a s s u m in g  t h e  h y p o t h e s e s  o f  Theorem  1 . 1  

a r e  i n  e f f e c t .

F o r  p u r p o s e s  o f  a  p r o o f  by  c o n t r a d i c t i o n ,  a s su m e  t h a t  f o r  e a c h  6 ,

0 <  6 <  1 , t h e r e  e x i s t s  a  s e t  A F s u c h  t h a t  m(A^) >  6 w i t h

Ji(Ag) = 0 (we a r e  s t i l l  a s s u m in g  m(F) = 1 )  . T h e r e f o r e ,  t h e r e  e x i s t s

a  s e q u e n c e  { 6  } s u c h  t h a t  6 t 1 w i t h  p,(A<. ) = 0  . S i n c e  
1 1 0 ^

(N o t e  t h a t  P ( x , A )  = 0 a . e . ( m )  =» P ( x , A )  = 0  a . e .  m by t h e  d e f i n i t i o n
r F

o f  P ( x , A )  ; s e e  ( 1 . 5 ) . )  T h e r e f o r e ,Jb

h a v e By t h e  n o n - s i n g u l a r i t y  o f

CD

P ( x , A )  , we t h e n  h a v e f o r  a . e .  (m^,)x €  F , f o r  a l l  k
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CO 00

ffiF( Yk € " * 0  ~ J  mF ( d x )

= J  1 mp ( d x )

mF (F )  -  1 f o r  a l l  k .

/  00 \
U s i n g  ( 1 . 1 3 )  and D e f i n i t i o n  1 . 1 4 ,  we  h a v e  p,l U A ,  J = 1 ; b u t  p i s

i = l  1
0 0  CD

c o u n t a b l y  a d d i t i v e  on F s o  |il U A s = £  p,(Ac )  = 0 s i n c e  e a c h
\ = 1  6 l /  i = l

jx( A a )  = 0 by  a s s u m p t i o n .  T h i s  i s  a  c o n t r a d i c t i o n .  I l cnc e  we  h a v e
°i

shown t h e r e  must  e x i s t  a  6 s u c h  t h a t  m(A) >  6 => p,(A) >  0 , and i n

f a c t  o n e  o f  t h e  6  ̂ must  w o r k .  R e c a l l  t h a t  F i s  t h e  s e q u e n c e  s p a c e

o f  t h e  F - p r o c e s s ,  an d P  = FXXXxx... .

We now c o m p l e t e  t h e  p r o o f .  We h a v e  a  6 s u c h  t h a t

m(A) >  6 *  p ( A )  >  0

n
£  1 _ 

p k = 0  Y k €  A
( 3 . 4 6 )  =» l ira  —   dm,  >  0

1 n+1

r ^ a -
l i m  k =0  k dm_ >  0 
n-*<» J — ■■ ■ - ........   F

n+1

' n
£  m or € A)

, .  k=o=> l i m   >  0
*00

“ n+1



4(5

n
E m(YR€ A)

( 3 . 4 7 )  =» l i m    > 0
n-*“  ,n+1

n

** k=0^  A
=* l i m  j   dm >  0

n+1
1’

r l i m  J L £ .
v n-*®

S V , « *
dm >  0

T k = 0
( 3 . 4 8 )  =* l i m  dm >  0v J n -*oa n

~  V  1

F k =0  X *€ F

n+1

-( J o 1* *€ A \=* m( U): l i m    > 0 ,  X„€ F ) >  0
\  n-*03 n  0  /

E 1„ c _ 
k=0

z  a- /  k=0  k A \
=> m( U): l i m i n f  ----------------------  >  0 ,  X^€ FI > 0 .\  n n  0  /

E 1 
k=0 Xk€ F

We g e t  ( 3 . 4 6 )  by  u s i n g  t h e  d e f i n i t i o n  o f  p, ( s e e  1 . 1 4 ) ,  ( 3 . 4 7 )  c o m e s  

f rom Lemma 3 . 1 4 ,  and ( 3 . 4 8 )  b y  u s i n g  t h e  f a c t  t h a t  t h e  s u b s c r i p t  o f  Y 

a c t u a l l y  c o u n t s  t h e  number  o f  e n t r i e s  i n t o  F and f o l l o w i n g  t h e  r e a s o n ­

i n g  i n  t h e  p r o o f  o f  Lemma 3 . 1 7  t h e  l i m i t  i s  u n c h a n g e d .  Q . E . D .

N o t e s :  As  w i t h  ( 1 . 2 )  an d 3 , 1 ,  i t  c a n  b e  shown t h e r e  i s  t h e  same g e n e r a l

i n d e p e n d e n c e  o f  C o n d i t i o n s  2 . 1  and 3 . 3 0 .  H ow ever ,  e v e n  w i t h  t h e  i m p o s i ­

t i o n  o f  n o n - s i n g u l a r i t y  we c a n n o t  g e t  an  i m p l i c a t i o n  h e r e .  Th e  main
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o b s t a c l e  i s  t h a t  t h e  l i m i t  i n  2 . 1  n e e d  o n l y  be  d e f i n e d  f o r  a s i n g l e  v a l u e  

o f  x  .

I t  c a n  be  shown,  a s  w a s  do ne  i n  Theorem 3 . 4 5 , t h a t  3  a 6 s u c h  

t h a t  m(A) >  £> =*ti(A) >  0 , h o w e v e r  t h e  i n t e g r a t i o n  i n  3 . 4 5  may n o t  be  

p o s s i b l e  s i n c e  l i m i n f  o f  t h e  r a t i o  i n  2 . 1  m i g h t  be  z e r o  f o r  a l l  o t h e r  

v a l u e s  o f  x  .
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C1LAPTKR 4: F i n i t c n e s s

In t h i s  c h a p t e r  we c o n t i n u e  o u r  d i s c u s s i o n  o f  i n v a r i a n t  m e a s u r e s  

by e s t a b l i s h i n g  some c r i t e r i a  f o r  d e c i d i n g  i f  t h e  m e a s u r e  i s  f i n i t e  

o r  i n f i n i t e .

A Markov p r o c e s s  w i l l  b e  s a i d  t o  s a t i s f y  C o n d i t i o n  A i f ,  f o r  e a c h  B ^ E ,

P(X E B i n f i n i t e l y  o f t e n  | x  = x )  -  1 f o r  a . e .  x € B . A Markovn 0

p r o c e s s  i s  s a i d  t o  b e  e r g o d i c  i f  n(6  ^A M )  = 0 =* ti(A) = 0 o r

c
tt(A ) = 0 . In t h i s  c h a p t e r  we ass um e t h e  Markov p r o c e s s  i s  e r g o d i c  

and s a t i s f i e s  C o n d i t i o n  A, and rr t o  be  t h e  m eas u re  on s e q u e n c e  s p a c e .

For th e  in v a r i a n t  measure tt , l e  A be a s e t  such  t h a t  

0 <  n(A)  <  00 . For cu in  seq u en ce  sp a c e  d e f i n e

Tq ( cju) = f i r s t  in d e x  i  such  t h a t  X^uu) E A

T^(u>) = s e c o n d  i n d e x  i  s u c h  t h a t  X^(u>) E A

T„(u>) = t h i r d  i n d e x  i  s u c h  t h a t  X. ((«) € A
a  1

•

The q u a n t i t i e s  Ti ~ TV j , f o r  i  = 1 , 2 , 3 , . . .  r e p r e s e n t  t h e  number o f  

s t e p s  ( p o s s i b l y  d i f f e r e n t  f o r  e a c h  u) ) from t h e  f i r s t  s t e p  o u t  o f  A 

( w h i c h  wa s  e n t e r e d  f o r  t h e  f i r s t  t i m e  a t  t h e  Tq s t e p )  u n t i l  r e e n t e r i n g  

A (T^ s t e p ) .  C o n d i t i o n  A and e r g o d i c i t y  a s s u r e s  u s  t h a t  t h e  T^~ 

a r e  w e l l  d e f i n e d  f o r  a . e .  in .

D e f i n i t i o n  4 . 1 :  The  e x p e c t e d  t i m e  o f  f i r s t  r e c u r r e n c e  t o  t h e  s e t  A i s

d e f i n e d  a s

et, [V0* - V“>] “ I (Tr Vd" •
X

F o r  o u r  p u r p o s e s  t h e  c r i t e r i a  t o  bo shown w i l l  work u n d e r  t h e  r e s t r i c t i o n
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T0 = 0 , j . e . ,  i t  w i l l  bo assumed XQ€ A . Und er  t h i s  r e s t r i c t i o n  t h e  

e x p e c t e d  t i m e  o f  f i r s t  r e c u r r e n c e  w i l l  bo w r i t t e n  a s

W V  = V T1 | x 0 €  A )  = ( T j )
A

w h e r e  r e p r e s e n t s  t h e  n o r m a l i z e d  m e a s u r e  i n d u c e d  by A on  n a s

f o l l o w s :

tta (B)  = tt( b ,X0 € A) / n (A ) .

N o t e  t h a t  n„(X)  -  1 . The  main r e s u l t  o f  t h i s  c h a p t e r  i s  
A

Theorem 4 . 2 :  L e t  Tt be an i n v a r i a n t  m e a s u r e .  L e t  t h e  Markov p r o c e s s

s a t i s f y  C o n d i t i o n  A and be  e r g o d i c .  L e t  A b e  a s o t  i n  E s u c h  t h a t

0 <  it(A) <  co . Then ( T ^  = <» «  TT(X) = 00 .
A

P r o o f : P a r t  I .  I t  c a n  be  shown [ l  ; 6 . 3 8 ]  t h a t  i f  tt( x ) <  00 ( w i t h o u t

l o s s  o f  g e n e r a l i t y  we w i l l  as su m e  i n  t h i s  c a s e  t h a t  tt( x ) -  1 ) we h a v e

E (T. . ) = l / n ( A )  . H e n c e  t h i s  g i v e s  o n e - h a l f  o f  t h e  d e s i r e d  r e s u l t ,
A

i . e . ,  n ( x )  <  “  =» ( T j )  <  00 o r  e q u i v a l e n t l y  (T^)  = 00 => r t ( x )  ~ ro .
A A

P a r t  I I :  We now a ss u m e  tt(X) = ®° . To p r o v e  t h e  s e c o n d  h a l f  o f  t h i s

t h e o r e m  we f i r s t  n o t e  t h a t  i n  t h a t  same r e s u l t  £ 1  ; 6 . 3 8 ] ,  i t  w a s  shown

t h a t  t h e  v a r i a b l e s  T., (Tg-  T ^ . T ^ - T g , . . .  a r e  s t a t i o n a r y  u n d e r  t h e  m e a su r e  

tt̂  . S t a t i o n a r i t y  a l l o w s  u s  t o  a p p l y  t h e  e r g o d i c  t h e o r e m  t o

£  ( T . -  T.  , ). , i  l - ll - l
( 4 . 3 )  ----------------------------

n

s o  t h a t  t h e  l i m i t  a s  n -• <® o f  ( 4 . 3 )  i s  E (T ) a . e .  ( T O  . T h i s
TT. X A

A

f a c t  w i l l  be  n e e d e d  l a t e r . -

L e t  6 * 1 .  be  1 (0*io) . I t  w i l l  be  shown t h a t  t h e  e r g o d i c  t h e o r e m
n n

c a n  b e  a p p l i e d  t o  t h e  r a t i o



e v e n  i f  we do n o t  k e e p  t h e  r e s t r i c t i o n  Tq s  0 . F i r s t ,  f o r  f i x e d  U) ,

we l e t  T0 (io) = m and ( 4 . 4 )  b ec om es

T
e" e 1!

( 4 . 5 )  i=m

F o r  i  s u c h  t h a t  0 ^ i  <  m we know = 0 ( s i n c e  TQ i s  t h e  f i r s t

i n d e x  i  w i t h  0 1 (o)) € A)  s o  ( 4 . 5 )  i s

Tn vie  e  i .
( 4 . 6 )  1=0T -  m + 1 

n

S i n c e  f o r  a . e .  tu, Tn i s  an  i n c r e a s i n g  s e q u e n c e  o f  i n t e g e r s ,  we  a r e  

a b l e  t o  s a y  t h a t  f o r  n = 0 , 1 , 2 , . . .  t h e  r a t i o  ( 4 . 6 )  (a nd  h e n c e  ( 4 . 4 ) )  

i s  a s u b s e q u e n c e  o f

k
e e V

( 4 . 7 )  «  *
k -  m + 1

f o r  k = 1 , 2 , 3 , . . .  ( n o t e  t h a t  k S m ) .  S i n c e  m i s  f i x e d  and f i n i t e  

f o r  a . e .  U) , t h e  e r g o d i c  t h e o r e m  can b e  a p p l i e d  d i r e c t l y  t o  ( 4 . 7 )

[ s e e  e . g .  9 ; p .  1 8 ]  and t h i s  r a t i o  must  c o n v e r g e  t o  z e r o  a . e .  ("i)

(a nd  h e n c e  a . e .  ( tt ) )  . T h i s  i s  t r u e  s i n c e  t h e  l i m i t  must  be  an i n t e g r a b l e
A

c o n s t a n t  and t h e  o n l y  s u c h  c o n s t a n t  on  an  i n f i n i t e  m e a s u r e  s p a c e  i s  z e r o .

We now a p p r o a c h  t h e  r a t i o  i n  ( 4 . 4 )  a n o t h e r  way by i n v e r t i n g  i t  t o



We m a n i p u l a t e  ( 4 . 8 )  a s  f o l l o w s ;  we know t h a t  = 1 o n l y  when

Xi ((u) € A and t h i s  o c c u r s  f o r  t h e  f i r s t  t i m e  when i  = TQ , t h e  s e c o n d  

t i m e  when i  = T^ , e t c .  T h e r e f o r e  t h e  s t a t e m e n t  " 8*1A = 1 " w i l l  

be t r u e  p r e c i s e l y  n+1 t i m e s  a s  i  r a n g e s  f ro m  TQ t o  Tfi , s o  ( 4 . 8 )  

be c o m e s

T -  T„ + 1
( 4 . 9 )  — --------------

n+1

W r i t i n g  T -  T_ a s  t h e  t e l e s c o p i n g  sum n 0

T - T  , +  T - T  „ + . . . +  T „ -  T , +  T -  Tn n n - 1 n - 1 n -  2 2 1 1 0

n
o r  £  (T -  T ) , c h a n g e s  ( 4 . 9 )  i n t o  

k = l

, V v  Tk - i > + 1
( 4 . 1 0 )  — ----------------------------  .

n+1

S i n c e  tt(A) < ro we h a v e  tt.  (X) = 1 . T h e r e f o r e  i f  E ( T ^ ) <  “  , t h e n ,A tta 1

a s  was  shown a t  t h e  b e g i n n i n g  o f  P a r t  I I ,  ( 4 . 1 0 )  w o u l d  c o n v e r g e  t o

E (T.  ) a . e .  ( tt ) . But  ( 4 . 7 )  w a s  shown t o  c o n v e r g e  t o  z e r o  a . e .  ( tt )  .  
nA 1 A A

S i n c e  ( 4 . 7 )  and ( 4 . 1 0 )  a r e  e s s e n t i a l l y  i n v e r s e s  o f  e a c h  o t h e r ,  t h i s  i s  a

c o n t r a d i c t i o n .  I l c n c e  n(X) = 00 =» E (Tn ) = 00 . Q . E . D .
" a  1

N o t e s :  The r e s u l t s  o f  Theorem 4 . 2  c o n t a i n  a w e l l - k n o w n  r e s u l t  by  Kac  

[ c f .  7 ,  pa g e  12]  a s  w e l l  a s  t h e  d i s c r e t e  c a s o  f o r  i n f i n i t e  m e a s u r e s  [ c f .  6 ] ,  

Howevor we b e l i e v e  t h e  r e s u l t  f o r  t h e  i n f i n i t e  c a s e  f o r  g e n e r a l  s t a t e  s p a c e s  

i s  new.
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The main r e s u l t  o f  t h i s  c h a p t e r  w i l l  bo a t h e o r e m  o n  t h e  u n i q u e n e s s  

o f  an  i n v a r i a n t  m e a s u r e .

D e f i n i t i o n  5 . 1 :  A s e t  A € £  w i l l  be c a l l e d  c l o s e d  i f  P ( x , A )  = 1 ,

V x € A , i . e . ,  an e l e m e n t  i n  A must  s t a y  i n  A .

D e f i n i t i o n  5 . 2 ;  A Markov p r o c e s s  w i l l  b e  c a l l e d  i n d e c o m p o s a b l e ,  i f  J]

d o e s  n o t  c o n t a i n  two d i s j o i n t  n o n - e m p t y  c l o s e d  s e t s .

T he  t h e o r e m  t o  be  p r o v e n  i s  

Th eore m  5 , 3 :  L e t  ri and h e  two n o n - t r i v i a l ,  i n v a r i a n t ,  a - f i n i t e

m e a s u r e s ,  s a t i s f y i n g  C o n d i t i o n  A [ s e e  C h a p t e r  4 ] ,  on  t h e  same i n d e c o m p o s a b l e  

Markov p r o c e s s .  Then t  lie r e  e x i s t s  a c o n s t a n t  c s . t .  Tt = c t  .«L £*
Th e p r o o f  w i l l  be a c c o m p l i s h e d  v i a  a  s e q u e n c e  o f  l emmas.

Lemma 5 . 4 :  I f  rr i s  a n o n - t r i v i a ]  , c r - f i n i t e ,  i n v a r i a n t  m e a s u r e  and i f

A € E i s  s u c h  t h a t  tt(A) = 0 t h e n  t h e r e  e x i s t s  a n o n - e m p t y  c l o s e d  s e t

c cC c o n t a i n e d  i n  A s u c h  t h a t  n(C ) = 0  .

P r o o f : L e t  AQ-  A

A1 = {x:  P ( x , A Q) >  0}

A2 = {x : P C ^ A j ) >  0 ]

*

By t h e  i n v a r i a n c e  o f  ti we  h a v e

( 5 . 5 )  0 = -n(A) = J  P(x ,A) Ti( d: : )  = J p ( x , A ) t ! ( c ! x )  .

X A1

But A^ c o n s i s t s  o f  t h e s e  x ' s  w i t h  P ( x , A )  >  0  s o  t h e  o n l y  way t o

g e t  t h e  i n t e g r a l  on  t h e  r i g h t  i n  ( 5 . 5 )  e q u a l  t o  z e r o  i s  i f  TT(A )  -  0 .

R e p l a c i n g  A i n  ( 5 . 5 )  w i t h  A , and A w i t h  A„ we s e e  t h a t  by  t h e1 JL <£
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CD

♦
same r e a s o n i n g  tt(A„) = 0  , and s o  o n .  L e t  A = U A.  s o  t h a t

* i = l

TT(A*) = 0 .
c

I f  x  € A t h e n  by  t h e  d e f i n i t i o n  o f  t h e  A.  we  h a v e  P ( x , A . )  = 0

* *C
f o r  a l l  i  , h e n c e  P ( x , A  ) = 0 o r  e q u i v a l e n t l y  P ( x , A  ) = 1 . By D e f i -

* c  * * c  * c  
n i t i o n  5 . 1  A i s  c l o s e d .  S i n c e  tt(A ) = 0 ,  tt(A ) >  0  h e n c e  A

i s  n o t  e m p t y .  So C = A i s  t h e  d e s i r e d  s e t .  Q . E . D .

Lemma 5 . 6 ;  L e t  Tt be  an i n v a r i a n t  m e a s u r e  o n  an

i n d e c o m p o s a b l e  p r o c e s s .  I f  C i s  a n o n - e m p t y  c l o s e d  s e t  t h e n  tt(C) >  0 . 

P r o o f ;  I f  tt(C) = 0 t h e n  by  Lemma 5 . 4  t h e r e  e x i s t s  a c l o s e d  s e t  D c  C° 

w i t h  D n o n - e m p t y .  But  C and D b e i n g  two c l o s e d ,  n o n - e m p t y ,  d i s ­

j o i n t  s e t s  c o n t r a d i c t s  i n d e c o m p o s a b i l i t y , h e n c e  tt(C) >  O . Q . E . D .

Lemma 5 . 7 ;  L e t  and tto be two n o n - t r i v i a l  i n v a r i a n t  m e a s u r e s  on
■ X «

an i n d e c o m p o s a b l e  p r o c e s s .  Then t h e r e  do  n o t  e x i s t  two d i s j o i n t  s e t s

A and A„ s u c h  t h a t  A U A ,  = X and tt (A ) = 0 and tt (A ) = 0 ,X a x A X A x

i . e .  t h e  s u p p o r t s  o f  t̂  and c a n n o t  b e  d i s j o i n t .

P r o o f ;  Assume t h e  c o n t r a r y ,  i . e . ,  as su m e  t h e r e  e x i s t s  A ,A s u c h  t h a t
" • " ■ — 1 X M

Al*“* A2 = X ’ Al ^  A2 = ^ and 1\ ^ A2^ = °* ^ 2 ^ 1 ^  ~ 0 * By Lemma 5 . 4  we

h a v e  t h a t  tt (A ) = 0 i m p l i e s  t h e r e  e x i s t s  a n o n - e m p t y  c l o s e d  s e t
X M

Q
C.c  A .  , and a l s o  tt (A ) = 0 i m p l i e s  t h e r e  e x i s t s  a n o n - e m p t y  c l o s e d  

X A A x
Q

s e t  C C  A . B ut  C and C_ a r e  d i s j o i n t ,  c o n t r a d i c t i n g  i n d e c o m p o s -
A x  X A

a b i l i t y .  Q . E . D .

Lemma 5 . 8 :  L e t  and tt2 b e  two n o n - t r i v i a l  i n v a r i a n t  m e a s u r e s ,

s a t i s f y i n g  C o n d i t i o n  A,  on an i n d e c o m p o s a b l e  p r o c e s s .  Th en  n^(A)  = 0

i m p l i e s  tt2 (A) -  0 .

*  * C
P r o o f :  L e t  A be  a s  i n  t h e  p r o o f  o f  Lemma 5 . 4 .  A i s  c l o s e d  and

n o n - e m p t y  s o  by Lemma 5 . G  we h a v e  )  >  0  . We n o t e  t h a t  t h e  s e t

/  *CN*° *C
( A  ) i s  c l o s e d  and d i s j o i n t  f rom A h e n c e  by i n d c c o m p o s a b i l i t y
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/  *c \*
(A J must  be  e m p t y .  T h e r e f o r e  t o r  e a c h  x  t h e r e  must  e x i s t  an n 

+°
s u c h  t h a t  p n ( x , A  ) >  0 . I f  >  0  ^ h e r e  e x i s t s  a  s e t  A / i n  A

w i t h  )  >  0 s u c h  t h a t  f o r  some N and e >  0  we havfe

c
PN( x ,A* ) >  e f o r  a l l  x  € A / .

C o n d i t i o n  A i m p l i e s  t h a t  p ( xn ^ A f o r  some n >  N |X0= x )  = 1 f o r

- *
a . e .  x  t  A s o  we  h a v e

P(X € A* f o r  some n >  N |x = x )  n 1 0

= J  p (Xn€ A* f o r  90me n >  N |xn= y ) P N ( x , d y )

X

( 5 . 9 )  = J P(Xn ^ A* f o r  some n >  N | x ^  y ) P N ( x , d y )

A*

+ J P(Xn €-A  f o r  some n >  1*1)^= y ) P N( x ,< ly )  .

A*C

c♦ )fC I
S i n c e  A i s  c l o s e d ,  we h a v e  p ( x n ^ A f o r  some n >  N |X = y )  = 0  

f o r  y € A s o  t h e  r i g h t  i n t e g r a l  a b o v e  i s  z e r o  a l l o w i n g  u s  t o  w r i t e

( 5 . 9 )  a s

£ J PN ( x , d y )  + 0

N * 
= p  ( x . A  )

£  1 -  e

f o r  x  € A ' . But  by C o n d i t i o n  A t h i s  c a n n o t  b e  t r u e  e x c e p t  on  a s e t
*

o f  m e a s u r e  z e r o ,  c o n t r a d i c t i n g  t h e  a s s u m p t i o n  ^ ( A )  >  0  . Q . E . D .

Lemma 5 . 1 0 :  U n d e r  t h e  h y p o t h e s e s  o f  Lemma 5 . 8  t h e  m e a s u r e s  tt and

a r e  e q u i v a l e n t .
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P r o o f :  F o l l o w s  i m m e d i a t e l y  from Lemma 5 , 8 .

The  f i n a l  r e s u l t  w i l l  bo p r o v e n  by s h o w i n g  a r e l a t i o n s h i p  b e t w e e n

an i n d e c o m p o s a b l e  p r o c e s s  on s t a t e  s p a c e  and an e r g o d i c  p r o c e s s  on

s e q u e n c e  s p a c e .  Once e r g o d i c i t y  i s  shown,  t h e n  t h e  f o l l o w i n g  t h e o r e m

[ f r o m  13; Theorem l ]  p r o v e s  t h e  d e s i r e d  r e s u l t .  A s  b e f o r e ,  tt and ti
X

a r e  t h e  m e a s u r e s  i n d u c e d  on  s e q u e n c e  s p a c e  by Tt and tt r e s p e c t i v e l y .
X M

R e c a l l  t h e  f o l l o w i n g  f a c t s :  a m e a s u r e  i s  e r g o d i c  i f  f o r  any i n v a r i -

a n t  s e t  A we h a v e  t>(a ) = 0  o r  tt(A ) = 0  ; a  s e t  A € Z^ i s  i n v a r i a n t

i f  tt( 0 *AAA) = 0 ; a s e t  B € Z i s  s t o c h a s t i c a l l y  c l o s e d  i f  P ( x , B )  = i

f o r  a .c . (T T )x  6 B ; and a m e a s u r e  a  i s  a b s o l u t e l y  c o n t i n u o u s  w i t h

r e s p e c t  t o  t h e  m e a s u r e  0 ( w r i t t e n  0 »  01 ) i f  p(E) = 0 =» a ( E )  = 0  .

Theorem 5 . 1 1 :  I f  tt̂  »  tt̂  and Tt̂  i s  e r g o d i c ,  t h e n

some c o n s t a n t  c  .

To show t h a t  t h e  h y p o t h e s e s  o f  T heorem  5 . 3  a r e  s u f f i c i e n t  t o  i m p l y  

t h e  e r g o d i c i t y  o f  tt we  w i l l  r e e d  t h e  f o l l o w i n g  r e s u l t  [ 1 4 ;  Theor em l ] .  

Theorem 5 . 1 2 :  I f  t h e  Markov p r o c e s s  s a t i s f i e s  C o n d i t i o n  A , t h e n  t h e r e

i s  a 1 - 1  c o r r e s p o n d e n c e  X (up t o  e q u i v a l e n c e )  b e t w e e n  t h e  c l a s s  o f  

s t o c h a s t i c a l l y  c l o s e d  s e t s  {v }  i n  s t a t e  s p a c e  and i n v a r i a n t  s e t s  

i n  s e q u e n c e  s p a c e ;  and i f  = X(V) , t h e n  = ^ ( V )  .

Theorem 5 . 1 3 :  I f  n  s a t i s f i e s  t h e  h y p o t h e s e s  o f  Theorem 5 . 3 ,  t h e n

TT̂ i s  e r g o d i c .

P r o o f ;  L e t  V, be  any i n v a r i a n t  s e t  i n  Z^ . By t h e  p r o o f  o f  Theorem
1 " ■i_ ■ ,r X ®

5 . 1 2  [ 1 4 ;  Theorem l ] ,  we s e e  t h a t  = {u>: x ^ €  v )  f o r  some s t o c h a s t i -

c
c a l l y  c l o s e d  s e t  V . A l s o ,  i n v a r i a n t  i m p l i e s  i s  i n v a r i a n t

h e n c e  = {id: x^€ u } f o r  some s t o c h a s t i c a l l y  c l o s e d  s e t  U . The

c
s e t s  V and U must  bo d i s j o i n t  o t h e n v i s e  and w o u l d  n o t  b e

d i s j o i n t .

TT. = c ti f o r
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L e t  U0 = U

Uj = {x €  UQ: P ( x , U 0 ) = 1}  

u 2 = (x ^ U,: P ( x , V  = 1}

00

l e t t i n g  v '  = fl U. we c l a i m  t h a t  U* i s  c l o s e d  ( u n d e r  D e f i n i t i o n  5 . 1 )  
i = 0  1

00

s i n c e  x  € v '  ^ P ( x , V . )  = 1 f o r  a l l  i  , w h i c h  i m p l i e s  P ( x ,  fl U . )  = 1
1 i = 0  1

and h e n c e  P ( x , U  ) = 1 f o r  a l l  x  € U

N o t e  t h a t  s i n c e  U i s  s t o c h a s t i c a l l y  c l o s e d  we h a v e  P^(U) = tt̂ CU7)

By a s i m i l a r  c o n s t r u c t i o n  u s i n g  V , we  g e t  v '  c l o s e d  s u c h  t h a t

Tt^(v) = (V ) . But V / fl U = Cf h e n c e  by i n d e c o m p o s a b i l i t y , o n e  o f

V ' o r  U / must  b e  e m p ty ,  s a y  i t ' s  V* . Th en  ^ ( V )  = 0 , h e n c e ,

tt̂ CV^) = 0 by t h e  f i n a l  s t a t e m e n t  i n  Theor em 5 . 1 2 .  Q . E . D .

Now a p p l y i n g  Theo rem 5 . 1 1  p r o v e s  Theor em 5 . 3  s i n c e  t h e  m e a s u r e s  i n  

s t a t e  s p a c e  and s e q u e n c e  s p a c e  a r e  e s s e n t i a l l y  i n  1 - 1  c o r r e s p o n d e n c e .

Two e x a m p l e s  w i l l  show t h a t  w i t h o u t  e i t h e r  C o n d i t i o n  A o r  in d e c o m ­

p o s a b i l i t y ,  t h e r e  n e e d  n o t  e x i s t  a u n i q u e  m e a s u r e .  The  f i r s t  e x a m p le  

w i l l  s a t i s f y  C o n d i t i o n  A o n l y .

L e t  X = { a , b } ,  P ( a , { a ] )  = 1 ,  P ( b , { b } )  = 1 . H ere  t h e r e  e x i s t s  

t h r e e  d i s t i n c t  n o n - e q u i v a l e n t  i n v a r i a n t  m e a s u r e s :

T^Ca) = 1 Pj ( b )  = 0  ,

n2 ( a )  -  0 TT2 ( b )  = 1 , and

V a> "  ̂ V b) = i *
N o t e  t h a t  t h e r e  a r c  two d i s j o i n t  c l o s e d  s e t s ,  na m ely  { a }  and {b ]  .

The  n e x t  e x a m p l e  i s  a b i t  more  c o m p l i c a t e d .  He ro  we o n l y  h a v e
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i n d c c o m p o s a b i l i t y .  L e t  X = i n t e g e r s ,  P ( a , { a + l } )  = %, P ( a , { a - l } )  = §  . 

The two n o n - e q u i v a ] e n t  m e a s u r e s

( a )  = 1 V a and

TT2 ( a )  = 2 a

a r c  b o t h  i n v a r i a n t :  f o r  we h a v e

( 5 . 1 4 )  TT^(a) = P ( a - 1  , { a ] ) ^ ^ " ! )  + P ( a + 1 ,  { a J j i ^ C a + l )

= I d )  + 5(1) = 1

and f o r  we  h a v e  ( u s i n g  5 . 1 4 )

V a )  = i f ' 1)  + M 2 ^ )  

L( l  +. =  2 a _ 1 '

= 2a_1 (2 )  = 2a .

However  i t  m i g h t  n o t  b e  s o  o b v i o u s  t h a t  t h i s  e x a m p l e  d o e s  n o t  s a t i s f y  

C o n d i t i o n  A.

We f i r s t  n o t e  t h a t  t h e  B o r e l - C a n t e l l i  Lemma g i v e s  t h e  f o l l o w i n g

i m p l i c a t i o n :  P(X  €  A i n f i n i t e l y  o f t e n  |x = x )  = 1 =* £  P ^ ( x , A )  = »  .
“ k=l

00

F o r  o u r  s i t u a t i o n  t h i s  t r a n s l a t e s  i n t o  £  P ( a ,  { a } )  = 00 must  be  t r u e ,
k=l

0 0

i f  C o n d i t i o n  A i s  t r u e .  We now show,  h o w e v e r ,  t h a t  £  P ( a , { a } )  <  00
k=l

f o r  a l l  a . We c h o o s e  f o r  e x a m p l e  a = 0  ( o t h e r  v a l u e s  o f  a p r o d u c e  

s i m i l a r  r e s u l t s ) .

P ° ( 0 , { 0 } )  = 1

P ( 0 , { 0 ] )  = 0  

P 2 ( 0 ,  { 0 } )  *= 4 / 9
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P3( 0 ,  {(>}) -  0

p4 ( 0 , { 0 } )  = 6 ( 2 / 9 ) 2

P2 n ( 0 , { o ] )  = C ( 2 n , n ) ( § ) n ( | ) n

and a  l i t t l e  a l g e b r a  w i l l  show t h a t  t e r m  by t e r m  t h e  n o n - z e r o  e l e m e n t s

°° ki n  t h e  s e r i e s  E P ( 0 ,  { o ) )  a r e  l e s s  t h a n  o r  e q u a l  t o  t h e  t e r m s  i n  
k=0

2 3
1 + 4 ( 2 / 9 )  + 1 6 ( 2 / 9 )  + 64  ( 2 / 9 )  + . . .  ; b u t  t h i s  s e r i e s  c a n  e a s i l y  b e

shown t o  c o n v e r g e  ( i t  i s  a g e o m e t r i c  s e r i e s  w i t h  r = 8 / 9 )  . H e n c e ,

00

£  PK( 0 , { 0 } )  <  00 i m p l y i n g  C o n d i t i o n  A i s  n o t  s a t i s f i e d .  
k=0
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CHAPTER 6 : M i x i n g

A s b e f o r e ,  n r e p r e s e n t s  an i n v a r i a n t  m e a s u r e  on s t a t e  s p a c e ,  tt

t h e  i n d u c e d  i n v a r i a n t  m e a s u r e  on s e q u e n c e  s p a c e ,  and 0 r e p r e s e n t s  t h e

s h i f t  t r a n s f o r m a t i o n  on s e q u e n c e  s p a c e .  N o t e  t h a t  n i n v a r i a n t  means

ti(A) = r[(0_1A )  f o r  a l l  A €  E^ .

The  s t a t i o n a x ' y  p r o c e s s  X g . X j . X g , . . .  c a n  b e  embedded i n  a b i l a t e r a l

s t a t i o n a r y  pi’o c e s s  . . . , X^ , X * , X; , . . .  s u c h  t h a t  X_,X ,X 0 , . . .  and“ X U 1 U 1 c t

xL,X*, xL , . . .  h a v e  t h e  same d i s t r i b u t i o n .  So w i t h o u t  l o s s  o f  g e n e r a l i t yU 1 m

we can t a l k  a b o u t  a b i l a t e r a l  s t a t i o n a r y  p r o c e s s  [ s e e l  ; p r o p o s i t i o n  6 . 5 ] ,  

H e r e  6 w i l l  be  assu med t o  be  i n v e r t i b l e  ( i . e .  0 maps X o n e - t o - o n e  

o n t o  X) and n o n - s i n g u l a r  ( i . e .  tt(A) = 0  =» tt(0A) = tj(0 *A) = 0 )  .

Foi’ ti(X) = 1 and ti in v a i ' ia n t  and e r g o d i c ,  i t  h as  been  shown 

[ s e e ,  e . g . ,  7 ;  page 6 1 ]  t h a t  f o r  0 d e f i n e d  on b i l a t e i ’a l  sp a ce  and any 

s e t s  A , C  we have

1 n_1 -  - k  -  -
l i m  -  E rt(0 A fi C) = tt( A ) p (C)
j-j *—*oo n

k=0

h e n c e  i t  f o l l o w s  e a s i l y  t h a t  f o r  ti(B)  >  0 and n (C) > 0  we h a v e  

n
E ~T(G“ kA H C)

(6<1)  lim .
n_*“  E i ( 0 “ kB n  C) n(B)  

k=0

T he  q u e s t i o n  t o  b e  i n v e s t i g a t e d  h e r e  i s  w h a t  c a n  be  s a i d  i n  t h e  c a s e  o f  

P(X)  = 03 . I n  g e n e r a l ,  ( 6 . 1 )  may n o t  h o l d  i f  P(X)  = 00 . Th e  f i r s t  

p a r t  o f  t h e  a n s w e r  t o  o u r  q u e s t i o n  w i l l  show how s t r o n g  a r e s u l t  s i m i l a r  

t o  ( 6 . 1 )  cun b e  p r o v e n  w i t h o u t  a d d i n g  any f u r t h e r  c o n d i t i o n s .  We f i r s t  

s t a t e  a r e s u l t  c o n j e c t u r e d  by Hopf  [11 ] and pr o v e n  by Chacon and O r n s t c i n

[ s e e  o . g .  2 ] .



Lemma 6 . 2 ; L e t  n(A)  <  ® , 0 <  ti(B)  <  <° w i t h  t h e  m e a s u r e  n i n v a r i a n t  

and e r g o d i c .  Le t  t h e  p r o c e s s  s a t i s f y  C o n d i t i o n  A.  Then

E 10“ kA <<X>)
( 6 . 3 ) l i m

n -<»

k=0

E 1 e “ kB (a,)k=0

n(A)
" (B )

a . e .  (TT) .

T h i s  w i l l  b e  u s e d  t o  p r o v e

Th eorem 6 . 4 ; L e t  A . B , ^  b e  a s  i n  Lemma 6 . 2 .  L e t  N b e  any p o s i t i v e  

i n t e g e r .  Then t h e r e  e x i s t s  a s e t  C , w i t h  tt(C) >  N , s u c h  t h a t

( 6 . 5 )

E Tt(0 A nc)
k = 0 tt(A)

l i m  ------------------------------  =---------

E rt(0kB n C) n(B)  
k=0

P r o o f :  By L u s i n ' s  Theor em [ s e e l 6 ;  p .  13 9  # 6 ] ,  s i n c e  we  h a v e  c o n v e r g e n c e

a . e .  i n  ( 6 . 3 )  and tt i s  C - f i n i t e ,  t h e r e  e x i s t s  a p a r t i t i o n  {a ^} o f  

X-M ( w h e r e  M i s  t h e  s e t  o f  d i v e r g e n c e  o f  ( 6 . 3 ) )  s u c h  t h a t  ( 6 . 3 )  

c o n v e r g e s  u n i f o r m l y  on  e v e r y  e l e m e n t  A^ . T h e r e f o r e ,  g i v e n  e >  0  , 

f o r  e a c h  A^ t h e r e  e x i s t s  an n ^ ( e )  s u c h  t h a t

( 6 . 6 ) k=0 e-kA
n
E l,-k

tt(A)

TT(B)

k~0 e b

f o r  a l l  u> €  A^ a s  l o n g  a s  n >  n^ . We c a n  w r i t e  ( 6 . 6 )  a s

( 6 . 7 )
n -  s n n n -

e E i k + E i k £ E l k s e E l k + _
k=0 tt(B)  k=0 k =0  k=0 tt(B)  k=0

E l._

S i n c e  ii( U A ]  = °> , w e  c a n  f i n d  (many) j  s u c h  t h a t  n f  U A . j  > N 
i = l  '  i = l

o f  t h e  t h e o r e m .  Wo f i r s t  e x a m i n e  t h o  r i g h t  i n e q u a l i t y  i n  ( 6 . 7 )
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( 6 . 8 )  I  1 ,  *  € I  1 „ + " 1 ,  .
k=0 k=0 u TT(B) k=0 "

We n o t e  t h a t  ( 6 . 8 )  i s  t r u e  f o r  a l l  u) € U A. i f  n >  n '  = max(n , n  )
1=1 1 1 2 j

j
L e t t i n g  U A = C we m u l t i p l y  ( 6 . 8 )  by 1 y i e l d i n g

1=1 C

( 6 . 0 )  xc  j o l e . , A *  .  XC k J o Xr . B ♦ f S S j  XC j o X6 . lB  .

T h i s  i s  t r u e  f o r  a l l  tu ( s i n c e  1 = 0 f o r  u) C ) , n >  n* , h e n c e

i n t e g r a t i n g  ( 6 . 9 )  o v e r  X g i v e s

n n
£  tt(C fl 9 A)  £  G £  n(C Cl 6 B)

k=0 k=0

+ z  ti(c n e“kB)
TI(B) k=0

o r  e q u i v a l e n t l y

£  Ti(C 0  0"kA)

( 6 . 1 0 )  ^
£  ii (c 0  9_ k B)  

k=0

j
Now k e e p i n g  C f i x e d  (a nd  e q u a l  t o  U A. ) ,  i f  we  w e r e  t o  t a k e  a

i = l  1

s m a l l e r  e , f o r c i n g  n '  h i g h e r ,  ( 6 . 1 0 )  w o u ld  s t i l l  be  t r u e  a s  l o n g  a s

n >  n /  i . e .  f o r  b i g  eno ug h n . T a k i n g  l i m s u p  o f  ( 6 . 1 0 )  y i e l d s

n  -  - k
£  n(C fl 9 A)

lim sup - - - - - - - - - - - -  £ e + j £ >
n £  TT(C n  0_ k B) TI(B)

k=0

w h i c h  i s  t r u e  f o r  e v e r y  e h e n c e  a l l o w i n g  u s  t o  w r i t e
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n -  - k
e ti(c n e a )

( 6 . 1 1 )  l i m s u p  --------------------------------^ — —  •

" e  tt(c n e"kB) T1(B)
k=0

Now, p r o c e e d i n g  a l o n g  t h e  same l i n e s  w i t h  t h e  l e f t  i n e q u a l i t y  i n  ( 6 . 7 )  

and t a k i n g  l i m i n f  y i e l d s

n -  - l -
E n(C fl 6 ''A)

( 6 . 1 2 )  l i m i n f  -------------------------- s

n e rl(c n e_kB> T1(B)
k=0

bu t  ( 6 . 1 1 )  and ( 6 . 1 2 )  i m p l y

n -  - ke n ( c  n  e  a )

l i m  . q . e .D.

e tt(c  n  e- k B) n(B)
k=0

Theorem 6 . 4  a s s u r e s  u s  o f  t h e  e x i s t e n c e  o f  a s  l a r g e  a f i n i t e  s e t  

C a s  we w a n t  s u c h  t h a t  ( 6 . 1 )  h o l d s .  H ow eve r ,  i f  t h e  s e t  C i s  a l r e a d y  

f i x e d ,  we h a v e  t h e  f o l l o w i n g  t h e o r e m .

Theorem 6 . 1 3 ;  L e t  A, B,  tt be a s  i n  Lemma 6 . 2 .  L e t  C b e  any s e t ,

tt(C)  >  0  , and N any p o s i t i v e  i n t e g e r .  Then t h e r e  e x i s t s  a s e t  D ,

D c  C , s u c h  t h a t  tt( d ) >  N i f  Tt(C) = “  o r  tt(C-D)  <  1 / N  i f

tt(C) <  00 and

n -  - k  E t t (0 A D D)

l i m
n

k - 0 ____________   _  Ti(A)
n
E TI 

k-0^
E Ti(G_ k B 0  D) n(B)

P r o o f : The r e s u l t  f o l l o w s  by a p p l y i n g  t h e  t e c h n i q u e  o f  t h e  p r o o f  o f

Theorem 6 . 4  a s  f o l l o w s :  p a r t i t i o n  X-M a s  b e f o r e  i n t o  {A^} , l e t
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°° \B. = A n  C ; i f  in(c) -  <*> f t h e n  tt{ LI ’3 J = <*> h e n c e  j u s t  r e p l a c e  A.
1 i = 0

CO

w i t h  B. i n  t h e  p r o o f  o f  6 . 4 .  I f  rt(C) < «> , t h e n ,  s i n c e  U B = C
1 i = 0

_ /  n
( e x c e p t  p o s s i b l y  f o r  a s e t  o f  m e a s u r e  z e r o )  we  h a v e  r t l U B . )  t n ( C )  .

i = 0  1

n  \
T h e r e f o r e ,  r e p l a c i n g  w i t h  B^ i n  s u c h  a way t o  h a v e  tt̂ C -  U B^J 1 /N

w i l l  s u f f i c e .  Q . E . D .

Theorem 6 . 1 3  s a y s  t h a t  i f  t h e  s e t  C i s  a l r e a d y  f i x e d ,  we c a n  f i n d  

a ’ l a r g e 1 s u b s e t  o f  C s a t i s f y i n g  ( 6 . 1 ) .  H ow ever ,  t o  g e t  t h e  s t r o n g e r

r e s u l t  o f  h a v i n g  ( 6 . 1 )  b e  t r u e  f o r  more g e n e r a l  A , B , C  we im p o s e  a

f u r t h e r  c o n d i t i o n .  Le t

n  -  - k  
£  n ( 0  A 0  C)

/AN k=0
M A > =

n -  - k  
£  r t ( t '  B 0  C)

k=0

C o n d i t i o n  6 . 1 4 : F o r  s e t s  B, C s u c h  t h a t  tt(B)  >  0 ,  tt(C) >  0  and

CO
E tt(0 B H C) = 00 and f o r  a l l  s e q u e n c e s  o f  s e t s  A.  , A _ , A _ ,  . . .  s u c h  

k=0

t h a t  A . l  0  we h a v e  l i m s u p ( l i m s u p  p, ( A . ) )  = 0  .
i  n

The f i r s t  r e s u l t  t o  b e  p r o v e n  i s  

Theorem 6 . 1 5 : F o r  a l l  A,  B, C, s u c h  t h a t  0  <  tt(B)  <  °°, 0 <  TV(C) ,

A c  B assume C o n d i t i o n  6 . 1 4  i s  t r u e ,  and n  i s  i n v a r i a n t  and e i ' g o d i c .

Then

( 6 . 1 6 )  l i m  p (A) = .
n -«o3 n n(B)

P r o o f :  The  p r o o f  w i l l  b e  a c c o m p l i s h e d  i n  s e v e r a l  s t e p s .

I .  An i n v a r i a n t ,  e r g o d i c  m e a s u r e  p w i l l  be p r o d u c e d .

I I .  p w i l l  be  shown t o  b e  c o u n t n b l y  a d d i t i v e  on  B and h e n c e  n o n - t r i v i a l .
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I I I .  I t  w i l l  be  shown t h a t  p ( A )  = —
n(A)

tt(B)

IV.'  ( 6 . 1 6 )  w i l l  b e  shown t o  be  t r u e .

I .  L e t  n^ b e  any i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s .  Let

"2 = {A € 2: l i m s u p  p (A) <  . D e f i n e  a Banach l i m i t ,  Lim ( w h ic h
n i

n i 1

m i g h t  de pe nd  on t h e  s e q u e n c e  n ) ,  on  t h e  s e q u e n c e s  p -  ( A ) , p  ( A ) , . . .

f o r  A € . A s  wa s  do ne  i n  C h a p t e r  2 ,  p ( A )  = Lim p (A) c a n  bo
n i

e x t e n d e d  t o  a o - f i n i t e  m e a s u r e  p on a l l  o f  Z . R e c a l l  t h i s  wa s  do ne  

a s  f o l l o w s :  f i r s t  l e t

p (A)
p ( A )  f o r  A €  Z 

00 f o r  A jE Z

and t h e n  l e t

f ^
p ( A )  = i n f |  Z p*(A  ) :  U A ^ A f

i = l  i = l

o v e r  a l l  s u c h  c o u n t a b l e  u n i o n s .

To show p i s  an i n v a r i a n t  m e a s u r e ,  we f i r s t  show p i f  an i n v a r i ­

a n t  c o n t e n t  on  Z .  F o r  A €  Z we h a v e

n c e ^ A ) = Lim

n i _ _ k  _ i
Z n [ 9  (G A) 0  C]

k=0______________________
n,

n * z u  [ e “ kB n  c ]
k=0

= Lim

n.
2  "  (G_k A n c )

_k--0 fr (AflC)

n i _  _ k  n i _  _ k
Z t i  ( 0  V l C )  Z T<e BfC)  

k = 0 k=0

+ t | (Q~n>~ 1Anc )
n i _ _ k  
Z II ( 0  BDC) 

k~0
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( 6 . 1 7 )  = p,(A) -  0 + 0  .

The  f i n i t e  a d d i t i v i t y  o f  Lim was  u s e d  t o  g e t  ( 6 . 1 7 ) .  The  z e r o e s  i n

( 6 . 1 7 )  come f rom t h e  f a c t  t h e  d e n o m i n a t o r s  go  t o  i n f i n i t y  h u t  t h e  numer­

a t o r s  a r e  b o u n d e d .  N o t e  t h a t  t h i s  a l s o  s h o w s  t h a t  f o r  A 6 £  we h a v e

6 A € £  f o r  e a c h  k . So p, i s  i n v a r i a n t .

♦ ♦ — 1 ^
By the definition of p, , p, (9 A) = (jt,(© A) = p. (A) = P (A) f ° r

A € £ . If A £ £ , then 0 *A j£ £ ; therefore, p * (A )  = °o = p*(0 *A) .
* -  

H e n c e ,  p i s  i n v a r i a n t .  F i n a l l y ,  by t h e  d e f i n i t i o n  o f  p, ;

-  CO CO

p ( 6 _1A) = i n f |  £  M-*(Ai ) :  U A . 3  e ' M -
i = l  i = l

-  CO CO

(6.18^ = inf| £ p,*(0Ai): U A.=> 0-1a |
i = l  i = l

CO

( 6 . 1 9 )  = i n f j  £  i T ( 0 A  ) : U 0A Ah
i = l  1 i - 1  1

CO CO

( 6 . 2 0 )  = i n f {  £  p * ( B . ) :  U B . ^ a J
i = l  i = l

= p(A> •

♦
Th e i n v a r i a n c e  o f  p i s  u s e d  t o  g e t  ( 6 . 1 8 ) .  I n  ( 6 . 1 9 )  we u s e  t h e

i n v e r t i b i l i t y  o f  0 , i . e . ,  ( U A 3  6  *A J 8 (  U A . )  A ) . A l s o ,
X i = l  i = l  1

by  i n v e r t i b i l i t y ,  any  s e t  B^ c a n  be  r e p r e s e n t e d  i n  t h e  fo rm  0A^ 

w h i c h  y i e l d s  ( 6 . 2 0 ) .  So p i s  i n v a r i a n t .

To show t h a t  p i s  e r g o d i c ,  i t  n e e d  o n l y  b e  n o t e d  t h a t  f o r  an

— -  ( J
i n v a r i a n t  s e t  A , i t  must  be  t r u e  t h a t  T t ( \ )  = 0  o r  rr(A ) = 0  ,

s i n c e  Tt i s  e r g o d i c .  By i n v a r i a n c e  o f  Tt , ti (A) = 0 => ti( 0  kA)  =  0

— - k  —
f o r  a l l  k . H e n c e ,  Tt(© A f t )  = 0 f o r  a l l  k . T h e i ' e f o r o ,  A € £

]j( „ « Q
s i n c o  sup  p (A)  = 0  , s o  t h a t  p( A)  = p (A) = p ( A )  = 0  ( o r  p(A ) = 0 ) .

n i
*

I I .  We w i l l  u s e  C o n d i t i o n  6 . 1 4  t o  show t h a t  p. (an d h e n c e  p

and p. )  i s  c o u n t a b l y  a d d i t i v e  on  H ( lo t s  f i x e d  B ) .  L e t  {A^3 bo



G6

any  c o u n t a b l e  c o l l e c t i o n  o f  d i s j o i n t  s u b s e t s  o f  B . N o t e  t h a t

CO v  CO

pi  U A  j  S ( i ( B )  = 1 . L e t  B. = U A s o  B 1 0 and by 6 . 1 4
i = l  1 j = i  J

l i m s u p ( l i m s u p  p ( B . ) )  = 0 . By d e f i n i t i o n ,  p ( B . )  = Lim p ( B . )  and by
. i i i  i  n < i
i n  n i i

t h e  p r o p e r t i e s  o f  Lim we h a v e  Lim p ( B . )  5  l i m s u p  u, (B ) .
n ,  i  r n , inj  J n 4 i

T a k i n g  l i m s u p  o v e r  i  o f  t h i s  i n e q u a l i t y  y i e l d s

( 6 . 2 1 )  l i m s u p  p ( B . )  s  l i m s u p ^ l i m s u p  p ( B^ ) }  •
i  1 i  n j

The  r i g h t  s i d e  o f  ( 6 . 2 1 )  i s  z e r o  by C o n d i t i o n  6 . 1 4  ( n o t e  t h a t  t h e

l i m s u p  o f  a s u b s e q u e n c e  i s  l e s s  t h a n  o r  e q u a l  t o  t h e  l i m s u p  o f  t h e

e n t i r e  s e q u e n c e ) ,  h e n c e ,  l i m s u p  p ( B . ) = 0 . B ut  p ( B . )  £ 0 f o r  a l l
i

i  (by  B . L . 2 ) ,  s o  l i m  p ( B . )  = 0 . T h e r e f o r e
i  -»CD 1

. C D
0  = l i m  pi U A .  !

i - ®  \  J = . J /

CD i - 1
= l i m  p(  U A . -  U A .  ) 

i - “  j = l  3  3=1 3

00 s i - 1
(6.22) = pi  U A . )  -  l i m  E p ( A . )

j = l  3 1-4 ^  = 1 J

00 . 00
( 6 . 2 3 )  = p( U A )  -  E p(A )  .

j = l  j = l  J

We g e t  ( 6 . 2 2 )  by  t h e  f i n i t e  a d d i t i v i t y  o f  p ( B . L . l )  and ( 6 . 2 3 )  i s  t h e  

d e s i r e d  r e s u l t  o f  c o u n t a b l e  a d d i t i v i t y .  T h i s  a l s o  sh ow s  t h a t  p ( A )  = 

p ( A )  f o r  a l l  A c; b  s o  t h a t  p i s  n o n - t r i v i a l  s i n c e  p ( B )  = 1 ( s e e  

Lemma 2 . 1 9  f o r  t h e  p r o o f  o f  p ( B )  = 1 ) .

I l l ,  T h e r e  a r e  now two i n v a r i a n t  e r g o d i c  m e a s u r e s ,  TI and p .
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By a p p l y i n g  Lomnm 6 . 2  t o  b o t h  m e a s u r e s  we  h a v e

^  10 “ |CA ^
( 6 . 2 4 A )  l i m    = Ti(A) a . e .  ( i i)

n —♦ oo n

k = 0  6 B

( 6 . 24B)  = a . e .  ( p )  .
p ( B )

By t h e  d e f i n i t i o n  o f  p we h a v e  tt »  p h e n c e  i f  {u>: ( 6 . 2 4 A )  c o n v e r g e s }

H {(ju: ( 6 . 2 4 E )  c o n v e r g e s }  = 0  t h e n  ri{a): ( 6 . 2 4 B )  c o n v e r g e s }  -  0 s i n c e  

t h e  empty i n t e r s e c t i o n  s a y s  { id: ( 6 . 2 4 B )  c o n v e r g e s }  c  [ oj. (G .2 4 A )  d i v e r g e s }  

The a b s o l u t e  c o n t i n u i t y  o f  p w i t h  r e s p e c t  t o  n  t h e n  i m p l i e s  

p[<D: ( 6 . 2 4 B )  c o n v e r g e s }  = 0 w h i c h  c o n t r a d i c t s  ( 6 . 2 4 B )  ( r e c a l l  t h a t  

p ( B )  = 1 ) .  H e n c e ,  ( 6 . 2 4 A )  and ( 6 . 2 4 B )  m u st  h a v e  a  n o n - e m p t y  i n t e r ­

s e c t i o n  i m p l y i n g  p ( A )  = -T'^ ^  .
KB)

I V . ’ F i n a l l y  ( 6 , 1 6 )  w i l l  b e  shown t o  b e  t r u e .  F o r  a  f i x e d  s e t

A . A ^ b  , l e t  n .  b e  any s e q u e n c e  a s  i n  P a r t  I s u c h  t h a t  l ira  n,
j  n  j -*“  n j  ’

e x i s t s .  T h e r e  must  b e  a t  l e a s t  o n e  s u c h  s e q u e n c e  s i n c e  M<n (A)  ^  1 f o r

a l l  n . H owever ,  by  P a r t s  I - I I I  we  m u st  h a v e

r  = l i m i n f  p (A) ^  Lim p (A) £  l i m s u p  p. (A) = r
J J &

s o  p ( A )  = r  . B ut  p ( A )  = p (A )  f o r  A C  b s o  p ( A )  = r  = .
K B )

Ho wever ,  t h i s  l a s t  r e s u l t  must  b e  t r u e  f o r  a l l  s u i t a b l e  s e q u e n c e s  n
mm J

h e n c e  a l l  l i m i t s  o f  p (A)  must  b e  i d e n t i c a l ,  na m ely  . s i n c e
K B )

{pn ( A ) }  i s  bou nd ed  and h a s  o n l y  t h i s  o n e  c l u s t e r  p o i n t ,  t h e  l i m i t  o f

p (A)  must  e x i s t  and e q u a l  , Q . E . D .
n KB)

So f a r  ( 6 . 1 6 )  l i a s  b e e n  p r o v e n  o n l y  f o r  s e t s  A i n  B . To show  

t h e r e  a r e  many more  s e t s  s a t i s f y i n g  ( 6 . 1 6 )  wo p r o v e
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Theor em 6 . 2 5: Let  A bo any s o t  i n  £  t h a t  c a n  be  b ro k en  up i n t o  a

f i n i t e  number o f  p i e c e s  A , , A „ ........... A s u c h  t h a t  f o r  e a c h  i  t h e r eL A  n

e x i s t s  a k s u c h  t h a t  0 kA c  B . Then ( 6 . 1 6 )  h o l d s  f o r  t h i s  s e t  A .

Assume t h e  same h y p o t h e s e s  a s  Theorem 6 . 1 5  ( e x c e p t  A ne e d  n o t  b e  i n  

B ) .

P r o o f : F i r s t  p , a s  d e f i n e d  i n  t h e  l a s t  t h e o r e m ,  i s  c o u n t a b l y  a d d i t i v e

on  e a c h  A^ . N o t e  t h a t  t h e  h y p o t h e s i s  o f  t h e  t h e o r e m  i m p l i e s  t h a t

A €  £  s i n c e  e a c h  A ^  £  . L e t  {b *}  be  any d i s j o i n t  c o l l e c t i o n  o f

*** k — k x
s u b s e t s  o f  A. . 0 A B i m p l i e s  0 B . c  B f o r  e a c h  j . We h a v e

i  i  j

00 - \  ' 03 - \ \
( 6 . 2 6 )  p( U B1 ) = pl0 U B*JJ f o r  e a c h  k

j = l  J j = l  J

00

( 6 . 2 7 )

p (  ue"V)
V j = i

z p(e“V )

00 / \
( 6 . 2 8 )  = Z ^ B 1 )  .

j = l  ' 3‘

( 6 . 2 6 )  i s  g o t t e n  u s i n g  t h e  i n v a r i a n c e  o f  p on  £  » ( 6 . 2 7 )  by  t h e

c o u n t a b l e  a d d i v i t y  o f  p on  B , and ( 6 . 2 8 )  by  t h e  i n v a r i a n c e  o f  p

on  £  . T h i s  i s  t h e  c o u n t a b l e  a d d i v i t y  o f  p on  A.  .

To show t h e  c o u n t a b l e  a d d i v i t y  o f  p o n  A , l e t  {d ^ } b e  any

d i s j o i n t  c o l l e c t i o n  o f  s u b s e t s  o f  A . L e t  D-̂  = D.O  A ,  s o  t h a t
i  i  j

CO

,( u 0 - , (  n  u d *))
i = l  i = l  j = l

f

j = l  i = l
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n CO

( 6 . 2 9 ) = £ p ( ,  U1
v 1=1

n CO

( 6 . 3 0 ) = £ £  p
j = l i - 1

00 n
= £

i = l

00

J=1

( 6 . 3 1 ) = 2  p(D ) 
i = l

We g e t  ( 6 . 2 9 )  by t h e  f i n i t e  a d d i v i t y  o f  p on £  , ( 6 . 3 0 )  by t h e  c o u n t ­

a b l e  a d d i t i v i t y  o f  p o n  Aj , and ( 6 . 3 1 )  by t h e  f i n i t e  a d d i v i t y  o f  p 

on £  . T h i s  t h e n  i s  t h e  c o u n t a b l e  a d d i v i t y  o f  p o n  A .

A s  w a s  m e n t i o n e d  a t  t h e  end o f  P a r t  I I  o f  Th eorem 6 . 1 5 ,  t h e  t e c h n i q u e  

i n  Lemma 2 . 1 9  t o  p r o v e  p n o n - t r i v i a l ,  a l s o  p r o v e s  p (A )  -  p (A )  f o r  any 

s e t  A on w h i c h  p i s  c o u n t a b l y  a d d i t i v e .  H e n c e  by t h e  rem arks  i n  

P a r t  IV o f  6 . 1 5 ,  s i n c e  A €  £  , we h a v e  su p ^ n (A) < 00 and a s  w a s  shown 

t h e r e ,  ( 6 . 1 6 )  i s  i m p l i e d  by t h i s  f a c t .  Q . E . D .
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