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A bstract

NEW  ALGORITHMS FO R CONVOLUTIONS AND FFTs

Hongyi Liu 

Adviser: Professor Richard Tolimieri

The FF T  algorithm with prime size is a  key to develop the general FFT  
algorithms. The basic tool of computing the prime size FFT  is the use of 
the cyclic convolution algorithm. Unfortunately, in many cases, the trad i­
tional algorithms for cyclic convolution are not very efficient and the com­
putational structures with these algorithms are not flexible for the parallel 
implementation on different architectures.

By introducing the new concept half-cyclic convolution, the cyclic convo­
lution can be treated as a  special case of the new concept. Some half-cyclic 
convolution algorithms with general case and some special cases have been 
designed. The new algorithms for cyclic convolution with different purposes 
then can be developed, which can be very efficient and well-structured for 
both sequential and parallel processing. In particular, the prime case FFT  
algorithms can be improved a  lot by using these new cyclic convolution al­
gorithms. In addition, the algorithms for multi-dimensional FFT  and some 
special computations such as symmetrized FF T  can also be improved or 
redesigned. Furthermore, most of the algorithms for convolution and FFT  
could be benifited from this development.
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C H A P T E R  1

IN T R O D U C T IO N  

1.1 In trod uction

The computation of Discrete Fourier Transform (DFT) [1,2] has be­
come more and more im portant in the application world [3], applied to 
such things as weather forecasting, image processing and so on. All of 
them  require that the computation be as fast as possible, which could 
be carried out by the development in both hardware and software. In 
hardware, fast computers and parallel computers with various architec­
tures should be built up; in software, new algorithms for DFT should 
be developed, which, usually, may deal with the Fast Fourier Transform 
(FFT) [3,4]. Two basic efforts can be made on the algorithm design. 
The first effort is to design fast algorithms for sequential execution, usu­
ally, this is concerned with small size. As result, a  few efficient libraries 
for different purposes could be established, which, as sequential subrou­
tines, can also be used in parallel environment. The second effort is to 
develop parallel algorithms. These, in general, will deal with large size. 
The algorithms should have very good parallel features so tha t they can 
be efficiently implemented on the machines with different architectures. 
The books [6] by R. Tolimieri aiid the book [5] by R. Blahut cover most 
of the algorithms developed so far. Some of the details can also be found 
in [7,8,9].

The algorithms for prime size are very im portant for any dimen­
sional FFTs. The non-prime size algorithms can be built up by m ulti­
plicative algorithms using the prime case algorithms as building blocks. 
Any development for the prime case can benefit the non-prime case also. 
In this thesis, we focus on the prime case FFTs. As we know, there is a  
very close relation between the computations for the FFT  and for cyclic 
convolution, which is further evidenced in this thesis.

1.2 F F T  A nd C yclic C onvolution

The n-point cyclic convolution [10] is defined as

y = Cx, (1 )
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where x  and y are the input and output vectors of order n, and the 
computational m atrix C  is circulant [11],

C  =

/  <*0 On-1 * • • fll \
a i a o 02

\ a n_ i a n _ 2  ••• o q /

(2)

One of the relationships between the cyclic convolution and DFT 
is described by the the Convolution theorem [6],

C  = F { n ) D F ( n ) - \  (3)

where F (n)  is the n-point Fourier transform and

D  =  (4)

is a  diagonal matrix. W hich means th a t the n-point cyclic convolution 
can be carried out by n-point Fourier transform. On the other hand, 
the p-point Fourier transform can be designed by using p '-point cyclic 
convolution algorithm, where p is a  prime number and p' =  p — 1.

By the knowledge of linear algebra [12], for a prime num ber p, a 
generator z  of Z /p  can be found such that the indices of input and 
output can be reordered to

0 ,1 ,Z ,22,- - - ,2 P“ 2. (5)

Then, by the Rader’s algorithm [13],

F(p) =  P ? F 9PW, (6)

where P„ is the perm utation m atrix corresponding to the ordering (5). 
And

F ,  =  (1 ® C(p))A(p), (7)

where

*p)=(-v % )' (8)
1 pi means a p' — tuple m atrix of all Is and Ip< is p ' x p' identity matrix. 
And

C (p )=  ['>*i+k]0<jtk<p- v  v = -exp {2 m /p )  (9)
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is a  p' x  p' skew-circulant m atrix and is called the W inograd core.

A circulant m atrix C  can be changed into a  skew-circulant m atrix 
H  by

do ai
ai a2 * * • On_2

¥
•
»

atl — l GtO • ‘ ’ Ora-2 /

H  = CPc =

where Pc is the perm utation m atrix

/  1 •

Pc =

(10)

( 11)

/

and also,
P  =  P ~ l - P 2 — TJ T c  —  J T  c  ,  I T c  —  l n . (12)

Obviously, an algorithm for computing either C or H  can be applied 
to each other. Since

P ( n ) - 1 Pc = F (n ), (13)

the variant form of the Convolution theorem in (3) w ith skew-circulant 
m atrix becomes

i f  =  F (n)D F (n),  (14)

where
D  =  F (n )~ xH F (n ) (15)

In this thesis, we introduce some new algorithms for prime case 2- 
dimensional and symmetrized FFTs. It turns out that since the most of 
computational matrices are also skew-circulant, the algorithms have to 
be designed based on the convolution algorithms.

As we know, the Winograd cyclic convolution algorithm [6] is very 
efficient for small size. But when the size grows the W inograd algorithm 
quickly becomes more complicated, the entries of the pre-addition and 
the post-addition matrices are no longer small integers, and the number 
of additions increases rapidly. For large size, either a  multiplicative 
algorithm or the Convolution theorem has to be used.
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Now consider the Agarwal-Cooley algorithm [14], a  multiplicative 
algorithm for cyclic convolution. For n  =  5 • r, where s and r  are relative 
prime, by the Chinese Remainder Theorem (CRT), a perm utation Pe can 
be found such that the matrix

c, = p-'cpr' =
(  ho ha-1 • • ♦ hi \

h\ ho • • • hi
•  •
•  •
•  •

\ h a- i  ho ••• ha- 2 !

(16)

becomes a s x  s block circulant m atrix and each h;, 0 <  i < s, is a  r  x  r  
circulant m atrix. Then we can carry out the computation by nesting 
s-point cyclic convolution inside r-point cyclic convolution.

To use this algorithm on the skew-circulant m atrix C(p) we have to 
use the perm utation (10) in the corresponding place. In addition, C(p) 
is complex, and after the perm utations, each hi is also complex. As we 
know, for any size except 2 and 3, the W inograd algorithm is not efficient 
than the Convolution theorem on complex matrices. In general, for 
the purpose of computing the Winograd core C(p), the Agarwal-Cooley 
algorithm can’t take the advantage of the Winograd algorithm, and the 
Convolution theorem in (3) with sizes s and r  has to be used. We see that 
the formula (3) uses both F’(n) and F (n )~ l , which is not so convenient. 
To change this by formula (13), more perm utations would be involved. 
Even if the algorithm provides parallel structure, the data  flow can’t  be 
well-organized. In this way, the algorithms for cyclic convolution and 
prime case FFT  seem to be dead-locked. It follows tha t by developing 
new algorithm for cyclic convolution, new algorithm for prime FF T  can 
be easily obtained and the non-prime case FFT  can also be benefited. 
The Convolution theorem, finally, feeds the gains back to the cyclic 
convolution.

The following properties of C(p) of the Winograd core C{p) are 
helpful, where p is a  prime number.

(i). Because
p '

£ y = o ,
i= 0

then

p ' - i  p ' - i

^ 2  a% =  ^ 2  v *' =  v ~  ~exp(2Tri/p). (17)
;=o i=o
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(ii). The size p' =  p  — 1 is an even number except where p =  2. 
Then p' can be w ritten as the form

p' =  2* • r; k  >  0, (18)

where r  is an odd number.

(iii). Because

then the entry

sL . 2 2 =  —1,

which we will call the Conjugate property throughout this text.

The property (i) has been used to obtain the algorithm (7), and 
later it is used further to reduce the computation of A{p) in (8). The 
size property suggests tha t the multiplicative algorithm is one of the keys 
to compute the C(p). W hat the conjugate property interests us is that 
a,- 4- a* is a  real number and a,* — a* is a  pure imaginary. Unfortunately, 
by the Agarwal-Cooley algorithm, the conjugate property cannot be 
utilized because of the permutations.

We mentioned that the computational matrices in the new algo­
rithm s for prime 2-dimensional FFT and symmetrized FFT  are also 
skew-circulant. In addition, we have proved that these skew-circulant 
matrices at least keep all the three properties of the W inograd core C(p) 
in the above. Because we will mostly deal with the skew-circulant matrix 
in this thesis, whenever we mention the cyclic convolution we mean that 
the computational m atrix is skew-circulant unless otherwise indicated.

1.3 C yclic C o n v o lu tio n  A n d  N on-C yclic  C o n v o lu tio n

To use the conjugate property of C'(p), a  basic idea is to block- 
diagonalize C(p) by 2-point cyclic convolution algorithm without any 
perm utation. C(p) can be written as the block form

c ^ = ( t  £ )■  <2°)

C(p) is 2 x  2 block skew-circulant, bu t each block hi is not circulant. It
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has the form

H °  =

(  b0 
hi

bi
bi

br—l \
b'o

(21)

\fe r- l b> V,r-2 /
which seems to be a  computational m atrix in between cyclic convolution 
and linear convolution. We will call H °  in (21) Half-circulant matrix and 
the corresponding computation defined by H ° will be called Half-cyclic 
convolution throughout this thesis.

More general, for p ' =  s • r, where s is an even number, if we block- 
diagonalize C(p) by s-point Winograd algorithm, the resulting blocks 
in the block-diagonal m atrix are closed in the group of half-circulant 
m atrix under the addition. Sometimes, There is a  relationship between 
all of bi and &'•,

b'i =  A6,-; A f  0. (22)

The m atrix H °  now has the form

(  bo bi br—l \

h a  =
b i &2 A&o

Kbr-1 o<

A6r_2 /

(23)

The m atrix H A in (23) is called A -Half-circulant. In (22), if A =  0, 
then H A becomes the m atrix

H° =

( bo bi * • 1 &r-l N
bi b2 . . .  o

r—1 0 o 
••

(24)

which is called Zero-half-circulant
Obviously, the set of circulant matrices is only a  subset of A-half- 

circulant matrices with A  =  1 and is also a  subgroup of half-circulant 
matrices. However, the set of A-half-circulant matrices is a  subset 
but not a  subgroup of half-circulant matrices because the result un­
der the addition could produce a matrix with A  =  0, which is not 
A-half-circulant by our definition. The set of zero-half-circulant m atri­
ces, is another subgroup of half-circulant matrices. For example, in (20), 
ho +  h\ is also skew-circulant, but ho — hi would be A-half-circulant,
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where A =  — 1. To develop new multiplicative algorithm without per­
m utation, the algorithm for half-cyclic convolution m ust be designed. 
According to these new concepts, the algorithms for cyclic convolution 
should be included in the algorithms for half-cyclic convolution. Some 
algorithms for convolutions can be found in the references [15] to [21], 
bu t none of them uses the concepts we defined here.

1 .4  A b o u t T h is  D is s e r ta tio n

In this thesis, we will use the words Real-type and Complex-type to 
distinguish the algorithms for convolutions. If the computational m atrx 
is real, all the computation steps by the Real-type algorithm are in the 
real field, as with the W inograd algorithm; while by the Complex-type 
algorithm some computation steps may be changed into the complex 
field. For example, applying the Convolution theorem to a  real circulant 
m atrix H , the resulting diagonal matrix may be complex. However, 
this does not mean that the real-type algorithm is always efficient for 
computing the real matrix.

In the real-type algorithm, sometimes the pre-addition or the post­
addition m atrix contains the elements with the values of either 0 or ±1. 
For convenience, we call this kind of m atrix Uni-valued in this thesis. 
The Uni-valued m atrix is easy to implement. In our new algorithms, 
most of the pre-addition and post-addition matrices are Uni-valued.

Sometimes, we design or apply an algorithm on a m atrix in block 
format, which implies tha t each block is treated as a single element 
by the algorithm. The definitions about the general m atrix can also 
be applied to the m atrix in block format, for examples, Block-circulant 
matrix, Block-half-circulant matrix and so on. But we have to notice that 
a  m atrix with certain type may have a different type in block format, 
so does in the other way. For example, a  block-circulant m atrix itself 
may be not circulant. In this work, one of the techniques we frequently 
used is the transformation between the matrices and the transformation 
between the forms of a  m atrix. In general, all of the algorithms on a 
certain type m atrix can also be applied to the m atrx in block format 
with the same type. But, there are some algorithms on the m atrix with 
special block format, which may not be applied to the general m atrix. 
By developing algorithms on various type matrices or on different forms 
of block matrix, many problems in cyclic convolution and FFT  can be 
solved. The terminologies Block-diagonalize or Partially-diagonalize are
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usually used in such a  situation. The resulting diagonal matrix is called 
Block'diagonal matrix.

This dissertation is organized into 13 chapters including this intro­
duction. A brief summary for each chapter is presented in the following.

In chapter 2 we briefly describe some m athematics and notations 
used in this topic, such as Abstract algebra, special matrices and their 
operations. Some development and a few of new concepts are included.

In chapter 3, an im portant algorithm for half-cyclic convolution is 
discussed and some interesting properties of the algorithm are proved. 
The algorithm is very efficient and well-constructed. In chapter 4, two 
algorithms for computing zero-half-circulant m atrix and another algo­
rithm  for half-cyclic convolution are also presented.

In chapter 5, similar to the Convolution theorem, an im portant 
relation between A-half-circulant m atrix and circulant m atrix has been 
found. By this theorem, a  A-half-circulant m atrix can be computed 
based on cyclic convolution algorithm, sometimes without extra cost. 
The multiplicative algorithms for A-half-circulant m atrix are presented 
by combining the theorem with the algorithms for both cyclic and half- 
cyclic convolutions. In addition, another theorem on the block half- 
circulant m atrix with special shift form is introduced.

In chapter 6 we present three new algorithms for the prime case 
cyclic convolution. One of them is built up based on half-cyclic convo­
lution algorithm and 2-point cyclic convolution algorithm. The other 
two, called (p ±  l)-algorithm, are built up by the algorithm for zero-half- 
circulant m atrix and the pr-point cyclic convolution algorithm.

Some new multiplicative algorithms for cyclic convolution are de­
veloped in chapter 7 and chapter 8. First, a  new algorithm for relative 
prime cyclic convolution is introduced, which is designed based on the 
theorem in chapter 6. The result is similar to the Agarwal-Cooley algo­
rithm  except that the perm utation in this algorithm can be implemented 
in parallel also. For the non-relative prime case, applying both Convo­
lution theorem and A-theorem, a complex-type algorithm is created 
without any perm utation, therefore, it is good for parallel processing. 
Chapter 8 concerns w ith the designing of the real-type algorithms. In 
addition to the relative prime case, the algorithms for the cases of 2k 
and 2k • r  are developed, which are identical to the size of C(p). The 
2k -algorithm is the same efficient as the Winograd algorithm but is well- 
structured, and the 2k *r-algorithm is even faster than the relative prime
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case algorithm. The conjugate property of C(p) can be used by the 
two algorithms and no perm utation is necessary. The improvement of 
performance can be obtained straightforwardly in two ways, one is the 
algorithm itself and the other is the use of the conjugate property of 
C(p).

Based on the new algorithms for cyclic convolution, the new algo­
rithm s for prime case 1-dimensional FF T  have been designed in chapter 
9, for both sequential and parallel processing. A more efficient library 
can be established; The performance can be improved from 20% up to 
50% than  the traditional algorithms.

In chapter 10, new prime case algorithms for 2-dimensional FFT  
are illustrated. The computational matrices are all the same as the 1- 
dimensional prime case. In addition, from the point view of parallel 
processing, these algorithms provide more flexibility based on the new 
algorithms for cyclic convolution.

In chapters 11 and 12, the prime case algorithms for 2-dimensional 
symmetrized FFTs with 90°-rotation and 120°-rotation are discussed. 
The algorithms are designed based on Richard Tolimieri’s works and 
some development has also been made. It turns out tha t the two kinds 
of symmetries have the same computational structure, which is also 
similar to the 1-dimensional prime case FFT . The gains can be obtained 
from both data  symmetry and the new algorithms.

Finally, in chapter 13, some techniques used to  implement these 
algorithms are mentioned. A procedure of minimizing the num ber of 
additions for Uni-valued matrix,is briefly described. A few libraries will 
be briefly introduced and some future work will be proposed, but, which 
is not covered by this dissertation.
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CHAPTER 2

SO M E M A T H E M A T IC S A N D  N O TA TIO N S  

U S E D  IN  TH IS T H ESIS

2.1 A bstract A lgebra

Some objects of abstract algebra have been used in this thesis. For 
example, the knowledge of group, ring and field; some special rings 
such as the ring Z /n  of integers mod n, the quotient polynomial ring 
F ( x ) / f ( x )  and the special finite field Z /p .  In addition, the Chinese Re­
mainder theorem (CRT) and the transformations between the algebraic 
structures such as isomorphism are also im portant tools. We do not de­
scribe them  in detail. The details and some of the notations used in this 
thesis can be found in Tolimieri’s book [6] or B lahut’s book [5], some of 
them  can also be found in [12]. As an exception, a  theorem about the 
ring Z /p  is proved here.

T heorem  2.1 For p a prime, denote by U(p) the non-zero el­
ements in the ring Z/p .  If a, 6 € U(p), then for any positive integer 
m,

(a ±  b)p =  a ±  6. (1)

P r o o f By the Theorem 2.24 of chapter 2 in [5], we have that

( a ± b ) pm = a pm±V>m. (2)

Let z be a generator of Z/p .  Because a  ^  0, then a = z k for some 
k, 0 <  k <  p  — 1. Now we have

ap = a ' ap_1 =  a • z k p̂~ ^  =  a. (3)

Furthermore,

apm =  (ap)pm~l = ap m l  =  a; V>m =  b. (4)

Replacing the result in (4) into (2), the theorem is proved.

This theorem will be used in chapter 10 to find a  generator of a  field. 
In addition, some special ring-structures will be introduced in chapter 9 
for direct use.
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2.2 M atrices

The matrix language has been frequently used in this text. Some
times, a new algorithm could be created by using the operations and

circulant matrix are more im portant, they will be discussed in separate 
sections.

(i). A Few Operations

If A  is a  n X s m atrix and B i s a n x r  m atrix, the operation A \-  B  
is defined as

which is a  n x (a +  r) matrix.
If A  is a  s x n m atrix and B  is a r  x n  m atrix, the operation A  J_ B  

is defined as

transformations between matrices. In addition to the general opera­
tions such as addition and multiplication, some special operations on 
matrices will be defined. These operations are very useful for represent­
ing the characters of matrices and the relations between matrices. Also, 
the definitions and the notations for some special matrices will be given. 
Because the tensor product and the perm utation m atrix as well as the

A \ - B  = ( A  B ) ; (5)

(6)

the result is a (s -f r) X n  matrix.

The direct sum of matrices A  and B  is a  block diagonal m atrix

(7)

and the operation

(8)

It is not difficult to prove that the following properties will hold for 
the operations h and ± ,

A (B  h  C) =  A B  b AC] (9)
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(A 1  B )C  = A C  JL BC\

If A  and C  are n x  s matrices, B  and D  are n x  r  matrices,

(A h B )  +  (C  h D ) =  (A  +  C)  h (B  +  D);

If A and C  are s x  n  matrices, B  and D  are r  x  n  matrices,

( A 1 B )  +  ( C 1 D )  =  (A +  C ) 1 ( B  +  2?).

A m x n  m atrix A can be written as
m —1 n —1 n —1 m —1

=  J. h a *'.i =  h -L ahi‘

(10)

( i i )

(12)

(13)
ibO ;bO ; b O  i' b O

The addition
— m —1 n —1 . . n —1 m —1 . . .  . ..

A + B =  J_ J_ {a,i,j + bitj)  =  +  (14)
i«0 ; bO ;'bO i'bO

and the multiplication of a m  x s m atrix A and a s x  n  m atrix B ,  by 
the formulas (9) and (10)

A B  =  V 1 V  ^2(a i,kbkj) .
3 - 1

(15)
j m 0 im O k - 0

Let A =bJ_Q a* and B  =J-*=o hfc, which is the special case of (15) with 
i =  7 =  l ,  then we have that

A B  = ( ' ?  ak) - ( ' x l l t ) = Y , ° k h -
*= 0

a—1
(16)

*s0 ItaO

In fact, formula (15) can be derived directly by the definition for 
multiplication with formula (13). Here we can see the use of these new 
operations.

(ii). Some Special Matrices And Their Notations 

A n-tuple matrix of all Is is denoted by l n,

1 n =  V 1 =
isO

m
i

V i )

(17)
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A n-tuple m atrix of all Os except that the first element is 1 is denoted 
by <*n,

a„ =  l ± ( nJ 20) =
i s O

A n x n  identity m atrix is denoted by I n ,  

In = @  i ;
i=0

The m atrix of all Is is denoted by /(n ) ,

n  \ n_1 n -1 iJ ( n ) =  j_ |_ 1;
i' b O j s s O

The m atrix 

/

In  =

\  1

i \

/

=  ePJo1!

(18)

(19)

(20)

(21)

is a special skew-circulant m atrix and has the following property

I 2 =  Ii n — Jn, (22)

The transpose of a m atrix A  is denoted by A*. Sometimes, we may 
use the vector formed by the first column (or the first row) to represent 
a  skew-circulant m atrix, the indices of the elements use 1-dimensional 
notation, i.e., a,-. In the above, all definitions, operations and properties 
dealing w ith single element are also true for block format if we replace 
the element by a corresponding block.

2.3 Tensor P rod u cts

If A  is a  m  x n m atrix with the entries and B  is a s x r  m atrix, 
the tensor product [6,22] is defined by

A ® B  =

(  a o to B  o,q%\ B

a 1>0B  a i fi  B

t

'O m -l.O# O-m-\ , \B

a o , n - i B  \  

a x .n - 1  B

Q-m—l , n —1-® '

(23)
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which is a  (ms)  x (n r) matrix. By (13), the m atrix in (23) can be written 
as

— m —1 n —1 n —1 m —1 ,
A ® B  =  [- a i j B =  h  J .  a * i (24)

1 = 0  }  = o  j  = o  <=o

The tensor product is bilinear in the following sense,

( A  + B ) ® C  =  A ® C  +  B ® C ;  (25)

A ® ( B  +  C ) = A ® B  + A ® C .  (26)

Also, by the definitions for the operations in the above, it is easy 
to prove tha t

( A  h B )  ®  C  =  ( A  ®  C )  h ( B  ® C ) ;  (27)

( A  ±  B )  ®  C  =  ( A  ®  C )  JL ( B  ®  C ) ;  (28)

( A  ©  B )  ®  C  =  ( A  ®  C )  ®  ( B  ®  C ) \  (29)

( A @ B )  ® C  =  ( A ®  C ) @ ( B  ® C ) .  (30)

T heorem  2.2 The associative law holds for tensor product,

( A  ®  B )  ®  C  =  A ®  ( B  ®  C ) .  . (31)

It can be easily proved by the new definitions with some of the above 
properties.

P r o o f Using the formula (24) as the definition for A ®  B  and 
then applying the properties (28) and (27), the proving procedure is 
listed below,



But it is not commutative. In general, A ®  B  ^  B  ® A .

T h e o re m  2.3 If A  and C  are m  X m  matrices, and B  and D  are 
n  X n matrices, then

(A  ® B )(C  ® D )  = A C ®  BD .  (33)

P r o o f  We again use the new way to prove this. Using the defi­
nition (24) for both A ®  B  and C ® D, doing the block multiplication 
based on formula (10), we have

x < __. . . tu—1 m “■*X . . t n “ X t n X  .
(A  ® B )(C  ® D )  = ( j_ |_ a ,tJ;J5)( (_ ±  cMD)

• » 0  j  etO I n  0 kmtQ

m — l  m — l  . m —1 m —1
=  ±  ( h  h J. °k,lD )

( b O jm O  ImO Ii b O

m —1 m —1 m —1 . m —1
-  -L h ( h ±  c*,*-0 )

fnO  InO  /  nO fc=0

i i m _1m —1 m —1 v--n ,  _  _ .
=  J. b

I b O foO  J = 0

. m —1m —1 m —1 1 ^ \  _  .
=  ±  h ( E w W

ioO  ImO i = 0

= A C  ® BD .

(34)

In fact, the property (33) holds for non-square matrices too.

T h e o re m  2.4 If Ao,Bo,Co and Do are m  x s ,s  x n ,m i x r  and 
r  x  n i matrices respectively, then

(Ao ® 2?o)(Co ® Do) = AqCq ® BqDq. (35)

P r o o f  It can be easily proved by replacing the size m  with s or 
n  a t the corresponding places in the procedure (34). Therefore, the 
theorem (33) now is only a  special case of (35).

A special application of (35) is that

(A ® B )  =  (A  ® I s)(In ® B )  =  (Im ® B){A  ® I r ), (36)

where A is a m  X n m atrix and B  is a  s x  r matrix.
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T h e o re m  2.5 If both A  and B  have inverses, then A ®  B  has 
inverse, and

(A  0  B ) - 1 =  (A - 1 ® B ~ l ). (37)

P r o o f  It can be proved by directly using theorem 2.3,

{A  0  B ){A ~X 0  B ~ l ) =  (Im ® I n) =  I mn. (38)

Now we can see that some special matrices in section 1. can be 
represented by using the tensor product. For example,

I (n )  =  1 „ 0  l*n =  1*„ 0  1„,

and if n  =  sr, then
***>

In =  la 0  lr5 In =  la 0  Ir j In ~  Is 0  I r5 =  &a ® ^r*

2.4 P e rm u ta tio n s

A perm utation functions as an isomorphism mapping between ma­
trices, which can be used to change the computation structure. The ma­
trix of implementing a perm utation is called permutation matrix. The 
operations and transformations on perm utation matrices may help us 
to reduce computation and may result in well-organized data  flow for 
different purpose. Obviously, a  perm utation m atrix is a  square matrix 
and there is only one non-zero constant 1 in each column and in each 
row in a perm utation matrix. In this section, we only introduce some 
properties and some special perm utation matrices. Some new ideas are 
also included.

(i) Two Basic Properties

For two perm utation matrices P\ and P2 , a  direct computation 
shows th a t the product P  =  P i P2 is still perm utation matrix.

The inverse of a perm utation matrix P  exists, and

P " 1 =  P*, (39)

which is also a perm utation matrix and can be obtained by straightfor­
ward computation.
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(ii). Circulant Shift Matrices

The name Circulant shift matrix means tha t it is a  circulant per­
m utation m atrix. We will simply call it Shift matrix. The n-point shift 
m atrix is defined as

S n

f  1 \
1

/
=  I® In-1- (40)

For a vector A  =_L-lr0 a,-, the action of S n on A  is

=  S „ (  " I 1 < n) =  " I 1 a ,* + i , ( 4 1 )

<>0 i» 0

where i + 1 takes modulo n. Obviously, the action of S„ on A  is the 
result of replacing i +  1 by i -f k  in (41). Then we have

W  =  In. (42)

The shift m atrix is very useful for describing the relations between 
matrices and changing the structures of computation.

(iii). Stride Perm utations

The Stride permutation is one of the powerful tools in representing 
parallel structures. The stride perm utation itself can be implemented 
by either parallel or vector processing. Suppose th a t n  =  rs, the n-point 
stride s permutation matrix P (n ,s )  can be defined as

P(n , s) =  1 ‘ ( I .  ® < 4 )S -‘ =  V  ® “ r). (43)
jssO  i'b O

The action of P (n ,s )  on the m atrix A  — j _ a; can be obtained by

direct computation,
«s0

__ * . . . » /  fl ■“ 1 . 3  ™ 1 Tf% “  1 /  .
P (n ,s )A  = P {n ,s)(  ±  a t) =  ±  aj+ka. (44)

1 = 0  j m  0  *  =  0

An im portant property of the stride perm utation is described as 
follows. The proving procedure can be found in the reference [6] by 
different method.
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T h e o re m  2.6 If n — sr t , then

P (n , s )P (n , r) =  P ( n , s r) =  P (n , r)P (n , 5 ). (45)

If t  =  1, a  direct corollary can be derived. Because 

P (n , s )P (n , r) =  P (n , n) =  J„,

then
P (n , s) =  P (n , r ) - 1 . (46)

The stride perm utation is defined on a  factor of n, now we will
extend the definition to  the relative prime case. Suppose that (n, s) =  1, 
the perm utation matrix of n-point Stride s modulo n  can be defined as

P ( n ,s /n )  =  " I V . S - " ' )  =  (47)
I m O  i a O

The action of P (n ,s /ra ) on the m atrix A  =-l-”_r01 a; can be obtained by 
direct computation,

P (n , s /n )A  =  P (n , s)( a ,) =  " j /  aja, (48)
(■o j - 0

where j s  takes modulo n. Suppose that (n, sr) =  1, the property (45) 
holds for this case too.

T h e o re m  2.7  If n =  s rt, then

P ( n ,s /n ) P ( n ,r / r )  = P (n ,s r /n ) .  (49)

P r o o f  By (48), we have

P ( n ,r /n ) P ( n ,s /n ) A  = P (n ,r /n ) (  aja)
•=o

n —1 
=  J. aj*r

1=0

=  P ( n ,s r /n ) A ,

(50)

which proved the theorem. A direct corollary can also be derived by 
(49). Because

P(n,s/n)P(n,s_1/ n) = P(n, 1) = I„,
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we have th a t

P ( n ,s /n )  =  P (n ,3 ~ 1/n ) “ 1. (51)

T heorem  2 .8  If n  =  sr and A , B  are s X s and r x  r matrices 
respectively, then

( A ®  B )  =  P ( n , s ) (P  ® A )P(n , r). (52)

The proof can be found in [6]. Now we extend the above theorem to the 
case of non-square matrices.

T heorem  2 .9  Suppose tha t A  and B  are so x -si and ro x r i  
matrices respectively, and no =  soro, n i =  s i n ,  then

( A ® B )  =  P (n o ,so )(P  ® A )P (n i,r i) . (53)

P r o o f Let n  = SiTq. By direct computation, we have that 

( A ®  I r o )  =  P (n 0,so )(/r0 ® A ) P ( n , s i )  (54)

and

( I ai ® B )  =  P (n , r0 ) ( B  ® I a i  )P (m , r i ). (55)

Then, by (36) and (45) we have 
( A ®  B )  =  ( A ®  I r o ) ( I ai ® B )

=  P (n 0, s0) ( /ro ® ^)-P (n ,5 i)-P (n ,r 0 ) ( B ® I a i )

=  P ( n 0 , S o ) ( i r 0 ®  A ) ( J B  ®  I a i ) P ( m ,  r i )

=  P (n 0, s0)(P  ® A )P (n i, n ).

T h e o re m  2.10 The transpose of the tensor product of matrices 
A  and B

( A  ® B Y  =  (A* ® B f ).  (57)

P r o o f Using the notations in theorem 9, by some properties we 
have proved in the above, we have

= ( h , ® B ) ' ( A ® I n )‘

=  ( I „  ® B t ) ( P ( n 0 , s 0 ) ( / . ,  ® A ) P ( n i , r i ) y  

= (I., ®B'XB(m,r,y(In ®AyP(no,s0y (58)
=  ( / . ,  ®  B ' ) P ( n i , S i ) ( I n  ® 4 ' ) P ( n o , r o )  

=  ( ! . ,  ®  B ' ) ( A ‘ ®  I r a )  

=  ( A '  ®  B ‘ ) .
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By using the above properties and notations, some perm utation 
matrices can be clearly represented for different purposes. For example 
the perm utation Pc in (6) of chapter 1,

Pc =  P (n ,  (n  -  1 ) /n )  =  1 © 7n_i. (59)

In fact, the m atrx

S lJ „  = I k S> / „ .*  (60)

is also a  special kind of perm utation matrix.

2.5 C irculant M atrix  A nd Skew -C irculant M atrix

T heorem  2.11 For two circulant matrices C a and C b , the prod­
uct C a C b  is also circulant.

P r o o f By the Convolution theorem,

C a  =  F (n )D aF (n )~ l \ C b =  (61)

Then

C a C b =  F (n )D aD bF ( n ) - 1 =  F (n )£> F (n )-1, (62)

where D  is also a diagonal matrix, which implies th a t C a C b is also 
circulant.

Some corollaries can be derived from this theorem.

If H a and H b are both skew-circulant matrices, then H a H b is cir­
culant. Because by the relation (11) in chapter 1, then we have

H a H b  =  H a P ^ H b  =  ( H a P c) { P c H b ) ,  (63)

where both H a P c and P cH b are circulant matrices, so is H a H b .

If H a is skew-circulant and C b is circulant, then H a C b is skew- 
circulant. Because

tf.C 'i =  P ?H .C t = Pc((PcHa)Cb),

20
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where PcHa is circulant, so is (PcH a)Cb. Then H aCb is skew-circulant. 
The result is also true for CbHa.

Because the shift m atrix S k is circulant, for a  skew-circulant matrix 
H  of the same size, S kH  is also skew-circulant. Then we have

S kH  =  (S kH Y  =  H *(Sky  = H S ~k. (65)

Because I n is skew-circulant, for a circulant m atrix C of size n, I nC  
is also skew-circulant. Then

skc = sk?Jnc = Tns~k(Tnc) = T„(Tnc)sk = csk.
(66)

In addition, for a symmetric matrix T , we have that

T l = T. (67)

If T  can be factorized by

T  = C G M , (68)

then
T  =  T ‘ =  M 'G 'C *,  (69)

which is another factorization of T  if M l C  and C x ^  M .  We know 
that the DFT matrix is symmetric. According to the definitions for 
skew-circulant and half-circulant matrix, all of them are symmetric, but 
the circulant m atrix is not. Whenever we have a  factorization for a 
symmetric m atrix, another factorization can also be obtained by (69). 
In addition, if we prove some property on the factor m atrix C  (or M ), the 
same property m ust be true for the matrix M* (or C x), which simplifies 
the proving procedure.

2.6 T h e M easurem ent o f  Perform ance

In the algorithm design and implementation, we often need to mea­
sure the performance or make comparisons between algorithms, which, 
usually, is quite complicated [23]. A traditional m ethod is to use the 
arithmetic count, i.e., the numbers of multiplications and additions re­
quired by the algorithm. They are denoted by M (n) and A ( n )  for n- 
point algorithm, respectively. The arithmetic count can basically mea­
sure the performance for an algorithm with the implementation in se­
quential and in high level language. But, it may not give an accurate
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measurement for parallel purpose. In this topic, we assume th a t the 
input data  are always complex numbers. For the real-type algorithm, 
we usually suppose th a t both input the computation m atrix are real. If 
the input is complex the arithmetic count can be simply doubled. For 
the complex-type algorithm, we may face the problem with the trade 
off between the complex operations and the real operations. A complex 
addition is implemented by two real additions, but a  complex multiplica­
tion can be implemented in two ways. One is using 4 real multiplications 
and 2 real additions, the other is using 3 real multiplications and 3 real 
additions. We adopted the first approach in this text unless indicated.

Sometimes, we also need to make a  trade off between the additions 
and multiplications, however, it is machine dependant. To do so, we 
take a  param eter R  in our evaluation,

« = 7 1, (70)
I  a

where t m and t a are the execution times of a  real multiplication and a 
real addition on a given machine. The values of R  for some machines axe 
given in the last chapter. Now the performance for a n-point algorithm 
can be measured by

E (n)  =  A(n)  +  R M (n).  (71)

The comparisons can be made based on the values of E(n).
The param eter for complex operation can be obtained by

R  C =  2 tm *  4 t“ = i l  +  2. (72)&ta

Usually, the number of multiplications can be easily figured out from 
the expression of an algorithm, but, sometimes the num ber of additions 
is not obvoius, especially, the minimum number. In the last chapter, 
a  procedure to find the minimum num ber of additions for Uni-valued 
m atrix will be described, Most of our addition matrices are Uni-valued 
matrices. Denote by A m [J3] the minimum num ber of additions for com­
puting the addition m atrix B  and suppose that for any single addition 
m atrix B  the value of A m[B\ is known, now the difficulty comes from 
the following fact, the pre-addition matrix or post-addition m atrix of an 
algorithm, sometimes, is represented by several addition matrices with 
certain operations, such as addition, multiplication and especially, the
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tensor product. For example, if C  =  CqC\, from the view of m athem at­
ics,

A m[C\ = A ^ C o C ^  (73)
but, it may be not convenient to implement CqCi in one step, instead,
two separate steps could be used. Denote by A{[CqC\] the number of
additions required by this implementation. Then

A t[CoCi) =  A m[C0] + AmlCx]. (74)
In general,

AmlCoCt] < AilCoCt). (75)

If C  is represented by the operations of a few matrices in the final 
version of an algorithm, we will adopt the formula (74) for our measure­
ment, unless indicated.

If C  =  Co +  Ci and C  is a  m x  n  matrix, then 
Ai[C) =  /Li (C„ +  C,]

=  -Am [Co] +  A m [Ci] +  m.

If C = Ca®Cn  where Ca is a  s x m a m atrix and Cr is a  r x m r matrix, 
the measurement for this case is a  little complicated. In practical, by 
the experience in the implementation, the tensor product of Ca ® Cr is 
either implemented by (CV® Jr )( /m< ® C r) or by (Ia ® Cr)(Ca ® I mp), 
which may result in different performance. Because

Ai[(Ca <8> I r){Im, ® CV)]
=  A m[Ca ® I r] +  A m[Im, ® Cr] (77)

=  r A m \Ca] -j- m ai4m[Cr],
and

Aj[(/a ® Cr)(Ca ® 7mr)] =  Wr-^m[Cj] -f- <sAm[C7r], (78)
in general,

rA m[Cs] +  m aA m [Cr] ^  m r Am[Ca] -f sA m[Cr]. (79)

This is why the different orders of factorization may result in dif­
ferent implementations, therefore, the different performance. From the 
view of mathematics, to obtain the minimum number of additions for C  
by (77) and (78), we need to prove that

A m[C] =  M I N { r A m [Ca] +  m .A TO[Cr],m rAm[C J +  sA m[Cr]}.
(80)

We did not give a  proof for (80), but we have assumed that it is 
true in our evaluation.
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C H A P T E R  3 

T H E  W IN O G R A D -L IK E  A L G O R IT H M  F O R  

H A LF-C Y C LIC  C O N V O L U T IO N

3.1 In troduction

In chapter 1, we have introduced the new concepts Half-cyclic con­
volution and Half-circulant matrix. We will use the symbol o in denot­
ing half-circulant m atrix and the matrices in the corresponding factor­
izations as well as the arithmetic count in measurement. The n-point
half-circulant m atrix H °  is defined as

ao a i • • • an-2
a i 0.2 • * * f l n - l

O-n- 2 Q”n —1 * ‘ • a n - 4
O’ti—1 <*0 • ”  a n - 3

«0
(1)

a n - 3  
a 'n- 2 /

and the computation
y = H °x (2)

is called the Half-cyclic convolution. W here x  and y represent the input 
and output vectors.

As we see, any subm atrix of is also half-circulant, and a  sub- 
m atrix of a  skew-circulant m atrix may be also half-circulant. The set of 
half-circulant matrices forms an additive group, which is closed under 
addition. In this sense, the large size algorithm for half-cyclic convo­
lution can be build up by small size half-cyclic convolution algorithms, 
bu t the large size algorithm for cyclic convolution cannot be built up by 
only small size cyclic convolution algorithms, it has to combine the half- 
cyclic convolution algorithms. Therefore, the half-cyclic convolution is 
not only practical, but im portant. Unfortunately, so far there is no any 
general algorithm for half-cyclic convolution. In this chapter we will 
design a  basic algorithm for half-cyclic convolution, which is called the 
Winograd-like algorithm in this text because it is similar to the Wino- 
grad algorithm. Another algorithm for half-cyclic convolution and some 
special techniques will be discussed in the following chapters.
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3.2 T h e B ase case o f  n =  2

W hen the size n  =  2,

* ) •  (3 )

the direct computation of H% will use 4 multiplications and 2 additions. 
Now we describe a  new method to compute H %. Let

* - ( ?  - i ) (4)

and set
ttII   pro ttI _  ( oo +  f l i  0  \

0 a , + 0 J .

which is a  diagonal m atrix. Then

H% = H'2 + HZ, (5)

and it can be factorized as

h z  = c z g 2m z , (6)

where

<?2 = O. o +  Qi
a[> + a i

(7)

Now we see th a t the computation of i f f  will use 3 multiplications 
and 3 additions, which is 1 multiplication less and 1 addition more than 
the direct computation and is 1 multiplication more and 1 addition less 
than  the 2-point W inograd cyclic convolution algorithm. Notice tha t 
the m atrix H2 in (4) can also be set as

* = ( : ; : )  m
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and

* ? - ( t  A ) -  (9 )

The corresponding matrices in the factorization (6) becomes

« - ( !  o  ? ) '  m =

ai
@2 =  I ao — a i

(10)

a{, -  a i

The algorithm based on the factorization (6) is called 2-point Neg­
ative algorithm and the second is called 2-point Positive algorithm. The 
two ways have the same performance for the general case. In some ap­
plications, we may use either of them  optionally. For example, if the 
matrix

H l  = ( a° Cl ^  ,
1 \ a i  - a x ) '

then, by the negative algorithm i f f  can be computed by only 2 m ulti­
plications and 2 additions instead of 3 multiplications and 3 additions 
by the positive algorithm.

3.3 T h e W inograd-like A lgorithm

Now we are ready to  construct an arbitrary point algorithm based 
on the 2-point algorithm. Because the negative algorithm has some 
interesting properties, we would use this m ethod in the following discus­
sion. A recursive procedure of building the arbitrary n-point algorithm 
is described as follows.

(i). For the base case of n  =  2, as we discussed,

=  H'2 +  HU =  CZG$MZ, (11)

where, by writing in regular form,

=  C I G 'M  (12)

and HZ is a  diagonal m atrix of size 2. Then,

C£ =  (CJ h  ) = C ^ I 2] (13)
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M i  =  ( " * )  =  M'2 ±  J2; (14)

G2 =  G’2 ® HU. (15)

(ii). If n  >  2, the following two rules can be alternatively used 
during the recursion.

a). If n =  p, where p  is a  prime, let p ' =  p — 1, we see that the 
m atrix H °  has the form

/  ao a\ • • • ap»\

where H°, is a  half-circulant m atrix of order p '. Denote by a the vector
formed by the first column of H °  excluding the element ao> SL =-1-^=1 a«. 
By (16), Hp can be w ritten as

Suppose that H°, can be factorized by the same forms from (11) to (15),

(16)

\ a p> /

(17)

(18)

where

and Hp, is the diagonal m atrix,

(19)

(20)
1 = 1

Then Hp in (17) becomes

(21)

Let

/  ao ai • • • dpi \
ai 9i

(22)
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We see that h consists of p' 2-point half-circulant matrices. Set

a
a =  ^ a , ;  h0 =  ( j

i=0 .0

O'

0,
(23)

and for 0 <  i <  p, set

/ - a t  ai ••• 0 \
ai g[ • • • 0

hi = •  •  •  
•  •  •• o• o• o

/  —a,- • • • a,- • • •

hi = #ai • • • g\

\  :

(24)

Then, we have
p'

h = ' £ / h i. (25)
;=o

Observe tha t each 0 < i <  p, is a special 2-point half-circulant 
matrix. By the negative algorithm,

hi =  hf -\-h"] 0 <  i < p, (26)

where h\ is formed from hi by replacing g[ with — a,-, and h" is the diag­
onal m atrix with the only non-zero element a,- +  g\ in the t-th  position. 
Set

P* P*

h" =  h0 +  ^ 2  h" = a 0  ( ^ ( a ;  +  p-)), (27)
»=i i=1

which is a diagonal m atrix, and also set

* = X > : = ( \ - a  <2s )
«=i n '

where diag.(—a) is the diagonal format of —a. Then, h! can be factorized

h! =  (29)
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where

By (25), we have

Now, set

and

C' =  - l< ,  -Lip.; 
G' = diag.(a)]

M* =  1 pi h —/p».

=  fc' +  fc".

=  /i"

(30)

(31)

(32)

(33)H'p = (0 ® H'pl) + h ' = C'pG'pM'p.

Then, by (19) and (29), we have that

C' =  (0m' t 1  C ’p,) h C";

M; =  (0m. h M ; , ) l M ' ;  (34)

G'p = G'p, ®  G'\ m 'p ,  =  M ° ( p ' )  -  p ' .

Finally, by (21) and from (31) to (33), we obtained

h ;  = h 'p +  (3 5 )

which has the same regular forms as the base case.

Compared with p '-point algorithm, the extra computation for p- 
point algorithm comes from the computation for the m atrix h, which 
uses p  multiplications and 2p' additions, plus p' additions for the final 
sum, we have

M ‘ (p) =  M V )  +  P; (36)

X »  =  X V )  +  3 ( P - 1 ) .  (37)

b). If n  =  s • r , then, break H °  into s x  s blocks,

ho h i • • • h a- 1  \
h i /l2 h'o

«

h g —1 K

•

• •' K - 2  )

(38)

which is a  s x s block half-circulant m atrix having r  X r  half-circulant 
blocks. First block-diagonalize H„ by s-point algorithm,

H Z  =  ( C : ® I r ) G ' ( M t ® I r ) ,  
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where ra,—1
G  =  0  g ; ; m . = M \ s ) ,  ( 4 0 )

1 = 0

is a  block diagonal m atrix with size m a. Each G\ is also a half-circulant 
m atrix of size r  and can be further diagonalized by r-point algorithm,

G'i =  (41)

Then,
G' =  ( I m. ® Cr*)G(Jm. ® M *), (42)

where
m, —1

a  =  0  G i .  ( 4 3 )

i = 0

P u t (42) into (39), we have the result

K  =  (c: ® C t)G {M t  <g> M?). (44)

The arithmetic count can be measured by

M °(n) =  M °(«) • M *(r); (45)

A \ n )  =  r  • A°(s) + M °(s) • A°(r). (46)

However, to prove th a t the factorization of if*  has the same form 
as the base case, we have to make some modification to formula (44).
The purpose of doing this is to meet the requirements by the recursive
rules and for the later proving. But it is not necessary to do so in the 
practical applications.

According to the recursive assumptions, we have that

C? = C'a b I a\ C* =  C'r b Jr , (47)

then,

c t  ® C*r = {C\ b Ia) ® C'r = (CJ ® C*) b (Ia ® C*). (48)

Observe tha t

I a ® d  — P (n ,r )(C °  ® I a)P (sm r , m r) 
= P(n,r)((C{. ® I a) b (Ir ® I a))P (sm r ,m r) 

=  ((P(n ir)(C'r <8> I a)) b P (n 1r))P (sm r , m r)
=  C "P(sm r ,m r ),
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where
m r =  M °(r), m'r =  m r — r, 

and C'r is r x m'r matrix. Similarly, we have

J , <g> =  P (sm n  s)(((M ' ® I ,)P (n ,s ) )  J. P (n ,a ))
=  P (sm r, s ) M ' .

(50)

Now set

1 m , —1

G (l) =  0  G,-; G(2) =  0  G.-. (51)
i=0 i= m '

By (43), we have G =  G (l)  © G(2). Set

ff (i) = (c; a  c?)G(i)(Afi ® m?): 
H( i )  =  (j. a  c?)G(2)(/, a  m?).

(52)

By (49) and (50),

H{ 2) =  C 'P {sm r , m r)G (2)P(sm r, s )M ' = C 'G 'M \  (53)

where
C?' =  P (sm r ,m r)Cr(2)P(smr ,s )  

is also a  diagonal matrix. Again break G' into two parts,

G1 =  G '(l)  © G'(2), (54)

where G '( l)  has the size am!r and G'(2) has the size n. Then, by (49), 
(50) and (54), H (2) in (53) can be rewritten as the sum

H (2) =  P (n , r)(C ; <g» / a)G '(l)(M ; <g> I s)P (n , s)
+  P (n ,r)G '(2 )P (n ,s )  (55)

=  h' +  h",

where hn is also a diagonal matrix with the size n. Finally, set

H ’n = H{ l )  +  h'; # "  =  />". (56)

We have that
K  =  K  +  K  =  C G „ A C  (57)

31



where

C l  =  (C' 0  C l)  h (P (n , r)(C'r 0  / , )  h I n =  C'n h Jn;
M* =  (M^ 0  M r°) _L (M ; 0 1 ,)P (n , s) JL /„  =  ±  (58)

<?„ =  G (l) ® G '(l)  ® H i  = G'n ® H ".

The recursive procedure now is completed. Any point algorithm 
can be constructed by the procedure based only on the half-cyclic con­
volution algorithm. The algorithm can be built up by three ways, based 
only on the 2-point negative algorithm or only on the 2-point positive 
algorithm, or mixing them  during the construction, which are called 
Negative, Positive or Mixed Winograd-like algorithm, respectively.

3.4  Som e P rop erties o f  T he W inograd-like A lgorithm

The Winograd-like algorithm, by our informal definition, is real- 
type algorithm. It has some more interesting properties than the Wino- 
grad algorithm. For example, all the addition matrices are Uni-valued, 
which is very easy for implementation. Also, every element in the diag­
onal m atrix is a  sum of some elements in H% w ithout any other coef­
ficients. In particular, for negative algorithm, the sums consist of only 
additions, which is easy for pre-computation. In the following, we will 
discuss some properties of negative algorithm, which are useful in the 
later discussion. Finally, the performance of the Winograd-like algo­
rithm  will be analyzed.

(i) Some Properties of The Negative Algorithm

P r o p e r ty  1. For the n-point algorithm, where the post-addition 
m atrix C l  = C'n h I n and the pre-addition m atrix M% =  M'n ±  
denote by c,-j and m /(* the entries of the m atrix C'n and the m atrix M'n, 
respectively. Then,

n —1 n —1

S  Ci>j =  °« X )  m i>k =  °5
«=0 k=0

0 < j ,  I < M °(n )  — n.

P r o o f  We only give a proof for C'n, the same procedure can be 
applied to M'n. Obviously, it is true for n  =  2. If n  is a prime number
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p, by (34) we have

Suppose that the property (59) holds for C'pl, then

Y c*,j = 0 ;  0  < j < m p>= M °(p '). (60)
*=o

By (30), we have
C" =  - l j ,  JL Ip:

It is very clear that

p'
Yt c ».i =  0; m P' ^  j < M c{n). (61)
1 = 0

Putting  (60) and (61) together, we proved the property for prime case.

Suppose tha t the property holds for both C'a and C'r. It is easy to 
prove that for any m atrix A, if the property holds for m atrix B  then 
the property holds for the matrices A ®  B  and B  <E> A, too. Also, the 
perm utation m atrix P(n, r )  does not change the property. Therefore, 
the m atrix C'n satisfies the property (59).

P r o p e r ty  2. For the n-point algorithm, where H% =  H'n +  i f " ,  
denote by biiji the elements in and by gi the elements in the diagonal
m atrix i f " .  Then

P r o o f  The base case of n =  2 is obvious. If n  is a prime num ber 
p, by (32) and (27), we have

If n  =  sr, by (58)

C'n = (C'a ® C ? )t- (P (n ,r ) (C 'r ® I a).

n —1

0 <  i' < n. (62)

i=i
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Because

■tfp' = © » ! ’
:=1

suppose tha t the property holds for if" ,, then we have

9i = ai +  g\ =  6I)0 +  ^  bij = Ki'> 0 < i < p. (63)
j=i j=o

By (23), a =  £ £ = 0  a,- also satisfies the property.

If n  =  sr, redenote by hk,i the block entries of H °  in (38). Suppose 
tha t the property holds for s-point algorithm, so does for s-point block 
format. Then the blocks G\ in (41), where m a < i < m a, can be written 
as

i-1
G'i =  ^ 2  hk,i; 0 < k  < m a, i  = k + m'a, (64)

1=0

which was factorized by r-point algorithm. Denote by g i j  the j - th  
element in the corresponding-diagonal m atrix (?,- in (41), where 0 <  j  < 
m r. By the property for r-point algorithm, it is easy to find that

n —1

9*,j ~  ^ 2  bi'<3't 
i '= 0

where

m a < i  < m a\ m'r < j <  m r ; i' =  (i — m a)r + (j  — m'r ).

By the settings of (51), (54) and the perm utation in (53),

G' =  P (sm r ,m r)G (2)P(sm r ,s )  =  G '(l)  +  G'( 2),

where
m, —1

^ (2) =  ©  
i= m '

Observe that
m P —1 m , —1

G '(2 )=  © ( © » « ) .  (66)
j= m 'r i=m'l
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finally, by (55) and (56),

t f "  =  P (n ,r )G '(  2 )P (n ,s )
m , —1 mP —1

=  ©  (  ©  9 i , j )
i=m't j= m 'r (67)
n —1 n —1

i '= 0  j ' = 0

The proof for the property (62) now is completed.

The property 1. is similar to the property of the D FT m atrix. It 
may be used to reduce the computation for m atrix A(p) in prime case 
F F T  algorithm, which has been mentioned in chapter 1. The property 
2., sometimes, may give some special values which can also reduce the 
computation, or by the block format, may give some special matrices 
such as circulant matrix. We will see some applications of them.

(ii). The Performance of The Winograd-Like Algorithm

In the construction procedure, we have measured the performance 
for each particular case by the means of arithm etic count. However, 
if we think the procedure carefully, we may find something ambiguous. 
For example, if n  is a  non-prime odd number, the algorithm can be built 
up by either rule; if n  =  sr =  s i r i ,  the algorithm can also be built up by 
either using the factorization n =  rs or using n  =  s \r i .  We will discuss 
these problems.

For the first question, we have proved tha t only when n = p2 the 
two rules are equivalent, where p is a  prime. Otherwise the second rule 
is always better than the first one for non-prime size. We are not going 
to  write the proof here because it is a  little tedious. For the second 
question, we will prove tha t all factorizations are equivalent in the sense 
of performance measured by equations (45) and (46). We begin with the 
proving for a property about the arithmetic count for this algorithm.

T h e o re m  3.1 The number of additions A°(n) and the num ber of 
multiplications M °(n) required by the n-point Winograd-like algorithm 
satisfies

A°(n) =  3(M °(n) -  n). (68)

35



P r o o f  For n =  2, we have that

A°(2) =  3 =  3(M °(2) -  2). (69)

If n  =  p, suppose tha t (69) holds for p'-point algorithm. Then by 
the formula (37) and (38), we have

A°(p) =  A V )  +  3p' =  3M °(p') =  3(M °(p) -  p). (70)

If n  =  s r , suppose th a t the property holds for both s-point and 
r-point algorithms. By (45) and (46),

A°(n) =  r  • A°(s) +  M °(s) • A°(r)

=  3rM °(s) -  3rs +  3M 4(s)M °(r) -  3rM °(s) (71)
=  3(M °(n) -  n).

Now consider the different factorizations of n. Denote by M^a^ ( n )  
and A*a rj(n) the arithmetic count corresponding to the factorization 
n =  sr. Then, by (45) we have

A4?,,.)(») =  A f  ( r ) J IH .)  =  A $ ,r)(n). (72)

Now by the property (68),

4 r . . ) ( " )  =  (73)

For the factorization n  =  s i r i ,  because s can not be relative prime 
to both si and r i , otherwise, s is relative prime to n, there must exist 
a  number k such that

s i =  ks (or si =  kr)\ 
kr\  =  r  (or kr\ =  s).

(74)

Again by (45), we have

Mfaiiri)(n) =  M^(fcs)M<>(ri)

=  M <>(s)M <>(k)M <>(r1) (75)
=  M °(s )M <>(krl ) =  M °(s)M °(r).

So,

A*...n)(») =  A (.,r)(")- (76)
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Therefore, for any factorization of n  the arithm etic count is unique and 
can be obtained by (45) and (46). This property will give us a  flexible 
way of designing non-prime size algorithms.

The recursive procedure for non-prime case can be extended to any 
factorization of n  with more than two factors. In general, by the theorem 
in Number theory, n  can be factorized by

The property (68) shows a  relation between A°(n)  and M *(n),

(77)

where p,- is a  prime number. Then

(78)

(79)

which is much close to the values of the param eter R  on some machines. 
A better load balance could be achieved.

3 .5  T h e  S p ec ia l C ase  o f  n  =  2*

W hen n =  2fc, if we build up the 2*-point algorithm by recursively 
using 2-point algorithm, then for the factorization

(80)

we have
k

i = l (81)1

where
ti =  3i—1 (82)

P r o o f  We will use the inductive m ethod and only prove the equa­
tion for C®, the proof for M °  can be made in the same way. W hen k  =  1, 
it is obviously true. Suppose that for n  =  2fc_1, we have



Then when n  =  2*, by the construction rule, we have

c j *  =  ( C £  ®  I a * - i ) ( I ,  ®  C 2° fc_ 0 .  ( 8 4 )

Because

Jk - l

I K 1-.
1 = 1

J k - l

—• J3 ®  (/t<  ®  ^ 2  ®  ^ * - - 0
«=1
Jfc-1 (85)

— J J ( i3 t ;  ® C/ 2  ® -Z"2fc-«-i)
i = l
J k - l

= JJ(7t,-+i ® Ci2 ® ^fc-i-l),
»=1

placing (85) into (84), we obtained tha t

Jk - l

C 2* =  (C J ® ^2k~l ) ' ][J(^<i+i ® ^ 2  ® i^*-*'-1)
« '= i

Jk

=  ® ^2 ® K2*-i).

(86)

*=1

The formula (81) provides a  way to build up the 2fc-point algorithm 
for sequential purpose. The result will be used in the later chapters also. 
For parallel or vector processing, we can choose any factorization of n. 
For nay factorization, by (78), the arithmetic count would be

M °( 2*) =  M*( 2)fc =  3*, (87)

and by the Theorem 3.1,

A°(2fc) =  3(3fc -  2*) =  3*+1 -  3 • 2*. (88)

3 .6  S u m m ary

In the following table we list the arithmetic counts for both Wino- 
grad cyclic convolution algorithm and the Winograd-like half-cyclic con­
volution algorithm with the sample points from 2 to 9. Notice tha t
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when the size is prime (2,3,5,7) the Winograd-like algorithm uses a  few 
more multiplications than  the Winograd cyclic convolution algorithm, 
bu t uses less additions with at least the same num ber as increased in 
multiplication.

In addition, the algorithm has very good features for parallel or 
vector processing. By the construction rule for non-prime case, there 
is no any perm utation involved, and the factorization of n  is not neces­
sarily relative prime, which provides a  flexibility for parallel or vector 
processing. For prime size, the algorithm is constructed also based on 
non-prime case algorithm. As we proved all the factorizations will result 
in the same performance in sequential manner, which can also benefit 
the implementation by parallel or vector processing.

T ab le  3-1

Size Winograd-cyclic Half-cyclic
k M (k) m M °( k) A*(*)
2 2 4 3 3
3 4 11 6 9
4 5 15 9 15
5 10 31 14 27
6 8 34 18 36
7 16 70 25 54
8 14 46 27 57
9 19 74 36 81
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C H A P T E R  4

T H E  A L G O R IT H M S F O R  Z E R O -H A L F-C IR C U L A N T  

M A T R IX  A N D  A N O T H E R  A L G O R IT H M  

F O R  H A L F-C Y C L IC  C O N V O L U T IO N

4.1 In trod u ction

The n-point Zero-half-circulant matrix is defined as

/  a o a i • • • a n _ 2 a „ _ i \
a i a 2 • * ’ C tn-l 0

O-n-2 1 . . .  o 0
\ a „ _  1 0 0 0 /

which is a special case of half-circulant m atrix as we mentioned. But, we 
see tha t the m atrix H °  is more like a  half of the computational m atrix in 
Linear convolution. Therefore, the zero-half-circulant m atrix has very 
close relation with linear convolution and half-cyclic convolution or even 
cyclic convolution.

Consider the base case of n =  2,

« ) •  ®
which can be computed by 3 multiplications and only 1 addition instead 
of 3 additions for general half-cyclic convolution. Therefore, it is neces­
sary to use separate algorithm or technique to do the computation on 
zero-half-circulant m atrix. There are many ways to reduce the computa­
tion for this case. In this chapter, two algorithms on zero-half-circulant 
m atrix have been designed. Then, an algorithm for half-cyclic convolu­
tion, which is based on the cyclic convolution and the computation on 
zero-half-circulant m atrix, will be introduced. We will use the symbol o 
in the corresponding notations for zero-half-circulant matrix.

4.2  T he B inary-R ecursion A lgorithm

In the definition (1), we see tha t the non-zero submatrices of a 
zero-half-circulant m atrix are either zero-half-circulant or half-circulant
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matrices in the general form. The idea of this algorithm is to apply half- 
cyclic convolution algorithm on the maximum half-circulant submatrix,
which is about half size of n. The zero-half-circulant submatrices then 
can be computed on recursion. The algorithm is described as follows.

(i). If n is an even number, where n > 2, set k  =  j ,  H°  can be 
written in the block form

There are k more additions needed for the summation of C% and in 
C°. But, because there some common additions in both C° and M®,

convolution algorithm.

However, when k is an odd number, there is a  better way. Set 
ko =  k + 1  and k\ = n  — ko. Instead of picking up H% as the maximum 
half-circulant submatrix, we may pick H%0 which is one more row and 
one more column added to  H%. But, H%q will contain one zero element 
at the lower-right corner. Now the m atrix H°  in (3) can be w ritten as

(3)

where H% is a  fc-point half-circulant m atrix and H I  is a  fc-point zero- 
half-circulant m atrix. If

(4)

then
(5)

where
Cn = (C t  b C°k) © CX;

G°n =  G % ® G l  ©  G f c

M l  =  ( M l  ©  M l )  ±  ( M l  h  0 m .  ®  O i) .

(6)

The number of multiplications

M °(n )  =  M °(k)  -j- 2M °(k). (7)

A°(n) < A*(k) +  2A°(k)  +  k, (8)

where M°(fc) and A <>(k) are the arithmetic count for fc-point half-cyclic



where
h° =  ( K ,  0) =  hjl l-(0t l ®0<2) (10)

has the size ki X ko and is a  k \ -point zero-half-circulant m atrix. Set

C” =  Cl l ± ( 0 ,® 0 l 1)i
M °  =  M h  I- (O it, ®  0 5 ) .  '  1

The matrices in (6) now become

G°n =  G J0 ®  i (12 )

K  = ® Mi,)  J- ( « •  0m!i ® 0t l).

The arithmetic count

M °{n)  =  M°(fc0) +  2M°(fci); (13)

A°(n) <  A°(*0) +  2A°(fci) +  A*. (14)

By this modification, the result could be better. For example, n =  
6. By the first way, we need 16 multiplications and 18 additions, while 
by second way only 15 multiplications and 19 additions are needed.

(ii). If n  is odd, then set ko =  sdi. and k\ =  n  — ko. The m atrix 
H “ can be w ritten as the same form as in (9) except tha t the subm atrix 
h° consists of and one column ,

h° = h°kl H0 t l . (15)

The corresponding factor matrices can be derived from (12). The arith­
metic count is the same as (13) and (14).

The n-point algorithm can be built up based on Appoint or Ap­
point algorithm for both half-circulant and zero-half-circulant matrices. 
Because k or ko is about half size of n , the algorithm is called Binary- 
recursion algorithm.

4 .3  T h e  B ase -2 -R ecu rs io n  A lg o rith m

Instead of breaking H°  into the blocks of about half size, we can 
divide it into the blocks of size 2. Then, H°  seems to be a  block zero- 
half-circulant m atrix of about half size. We call this algorithm Base-2- 
recursion algorithm, which is described below.
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(i). If n  is an even number, then set k =  W riting H °  as

K  =

(  h0 h
h\ h2

U * _  i 0(2)

hk- i  
0(2)

0(2) }
(16)

where each hi is a 2-point half-circulant m atrix except that hk- i  is also 
zero-half-circulant. We will treat hk- i  as general. By the positive 2- 
point Winograd-like algorithm,

hi =  h'i +  h'/,

where
K  =  a2i+i ® ^(2); 0 <  i <  fc;

h i  — (a* — f l2 i+ i )  ©  (a2*+2 -  o,2i+ i) .

Notice that when i = k — 1, we have th a t a2 i+ 2  =  0 in h'i_1. Set

(17)

(18)

Then

=

v— ĥ  • • •
h'2

K .-1 \  
0(2)

ff„(2) =

W - i
(  K  

K

0(2) . . .  
h'{
h'i . . .

0(2) /

K - i \
0(2)

W -i 0(2) . . . 0(2) /

K =  i f n( i)  +  irn(2).

(19)

(20)

By (18) and the properties for tensor product, H n{ 1) can be written as

t f n( l)  =  tf*°(0)® /(2), (21)

where



Suppose th a t if£ (0) is factorized by

H£( 0) =  C I G I M I

Then

= (C |® l,)G 5(M ?® lJ).

(23)

(24)

Now look at H n(2). Denote by g[ and g" the two elements in each 
h" in formula (18) and set two zero-half-circulant matrices

* 2 ( i )  =

f  9o s '! • ‘ ’ 9 k - 1 \

9 i
•

02 0
•

•

W - i 0

•
•

• • •  0  )

f  90 9 ? 9 k - i \

9 2 92 0
■

W - i 0

*

• • •  0  )

*2(2 ) =

It is easy to find that

H n(2) =  P(n , k)(H°k( 1) ffi H J(2 ))P (n ,2). 

Suppose tha t *£ (1 ) and H k(2) are factorized by

*2(1 ) =  C°kG°M°k] H°k { 2) =  C I G I M I

Then the factorization for H n ( 2) is

* n(2) =  P(n, k){I2 ® <?£)(<?£ © G°2){I2 ® M £)P (n , 2) 

=  (Cfc ® h )P { n ,  2){Gl © G°2)P {n , fc)(M£ <g> J2).

Finally, by (20) and (24) with (28), we have

H °  =  C°nG°nM ° ,

where

=  (C? ® h )  I- (C i  ® h );

G l  = Gl<5) P (n , 2)(Gj © G°2)P(n, k).

(25)

(26)

(27)

(28)

(29)

(30)
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The arithm etic count would be

M °(n) =  3 M°(fc); (31)

A°(n) <  3A°(k)  +  k  +  n, (32)

where the k additions are needed by the tensor product M£ ® 1 |, and 
the n  additions are for implementing the sum f fn( l)  -f H n{2) in C°.

(ii). If n is an odd number, set k =  and ko = n — k — k + 1. 
The m atrix if® can be w ritten as

o ) +?! (33)

where H ° _ 1 is a  (n — l)-poin t zero-half-circulant m atrix and

T  =  a n- i - fn - i ‘ (*^)

Because n — 1 is even, by the m ethod used in (20) for set

ff„(2) =  (#„_,(2) ® 0 ) + f .

We see tha t H n(2) is similar to H n- 1(2 ) except that now n  is odd. 
Because (n, 2) =  1 and 2 • ko =  1 mod n, by the n-point stride 2 mod n 
perm utation, we have tha t

Hn{2) =  P(r», k„ /n )(H l( l)  ® « l t (2))P(n, 2/n )

=  P (n , *!0/n )(C J 2 /n).

(36)

Finally, we have

c °  = ((C l  ® 12) X O i..) I- P ( n , h / n ) ( C l  ffiCJ,);

K  =  ((*/*“ ® 1$) I- On,;) X (M l  ® M lo)P(n,2/r>); (37)

g ;  =  g s ® g ; ® g 5,

where =  M°(fc). The arithmetic count

M °(n )  = 2M °(k)  +  M°(ko)') (38)
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A°(n) <  2A°(k) +  A°(ko) +  3A:, (39)

where k additions are needed by ® 1 | and 2k =  n  — 1 additions for 
implementing Hn( l)  +  H n(2) in C°.

4.4  T he C yclic-B ased  A lgorithm  For H alf-C yclic C onvo­
lu tion

In the Winograd-like algorithm, the computation is based on the 
half-circulant matrix. By the definition for half-circulant m atrix in (1) of 
chapter 3, if we replace the elements aj by a*, the half-circulant m atrix 
becomes skew-circulant. We may consider to write the n-point half- 
circulant m atrix H °  as the sum of a  n-point skew-circulant m atrix H n 
and one or more zero-half-circulant matrices. There are many ways to 
do this because the skew-circulant m atrix H n can be formed by either 
replacing a\ by a,- or replacing a,- by a\ for each i, 0 <  i <  n — 1. 
Obviously, the best way is to have the minimum replacements. Then 
the computation of H °  can be carried out based on the algorithm for 
cyclic convolution and the algorithm on zero-half-circulant matrix. We 
will call this algorithm Cyclic-based algorithm, which is described in the 
following.

(i). If n  is even, set k =  j ,  otherwise set k =  12f^ .  Let ko =  n —k —1. 
For 0 <  i < k, replace a,- by a{, for k < i < n  — 1, replace a[ by a,-. It is 
easy to prove that by this way the number of replacements is minimum. 
Now the half-circulant m atrix H°  becomes the skew-circulant m atrix

/  «o «Jfc-l a h 

a* ajfc+i
1 \

(40)

an- 2 /
Set

(41)

The m atrix H'n has the form

(42)
where

/ b 0 b\ ••• \

•  •

\6ib-1 0 ••• 0 /
(43)

bi =  a,- — aj, 0 <  i < fc,
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is a  fc-point zero-half-circulant matrix, and

H k0 ~

0 bk \
h  6jfc+i

(44)
\b k  ••• fen-3 bn- 2 /

b{ = a\ — a,-, fc <  t <  n — 1,

which, by our definition, is not zero-half-circulant. But, observe that

K  =  ( « )

where if£0 is a  &o-point zero-half-circulant matrix. Then, by the algo­
rithm  we introduced in the preceding sections, if

HI =  CIGIM^ HI  =  Cl0G l M l ,  

we have a factorization for

=  G°G°M °,

where

(46)

(47)

— (C l  X 0m«) ® Ik0C%0;

^ •  =  ( ^ 1 - 0 ^ . ) ® ^ * . !  (48)

g ° =  g ? © g j 0.

Especially, when n  is odd, &o =  If the skew-circulant m atrix is 
factorized by

ITn =  C„G„M n , (49)

then, we have the factorization for

where

H I  =  C ;G * A C

G£ =  Gn b C°\ 
MZ = M „ ±  M °\  

G® =  G„ ® G°.

(50)

(51)

The arithm etic count

M °(n) =  M (n) +  M°(fc) +  M°(Jb0); 
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^°(»0 <  -A(^) +  A°{k) +  A°(k0) +  n  — 1. (53)

4.5  S u m m a ry

In table 4-1, we list the arithmetic counts from 2 to 9 for both 
binary-recursion and base-2-recursion algorithms. W hen the size is even, 
the binary-recursion algorithm is better, while the base-2-recursion al­
gorithm is be tter if the size is odd. This is because in base-2-recursion 
algorithm with even size, we treated the 2-point zero-half-circulant m a­
trix  hk - 1  in formula (16) as half-circulant m atrix. We may combine 
the two algorithms into one recursive procedure, when n  is even, use 
binary-recursion while n  is odd the base-2-recursion can be used. The 
arithm etic count in table 4-1 could be improved by doing so. The algo­
rithm  on zero-half-circulant m atrix will uses about the same number of 
multiplications and about half number of additions than the Winograd- 
like algorithm with the same point.

T ab le  4-1

Size Binary-recursion B ase-2-recur sion
k M °(k) A’ (fc) M °(k) A°(k)
2 3 1 3 1
3 5 4 5 4
4 9 7 9 7
5 12 13 11 12
6 15 19 15 21
7 19 24 19 24
8 27 31 27 33
9 32 43 29 38

The arithmetic counts from 2 to 9 for Cyclic-based algorithm has 
been listed in table 4-2. The expressions within the parenthesis means 
some common additions have been saved. The algorithm is not efficient 
than the Winograd-like algorithm. If the algorithm for cyclic convolution 
Eire improved the Cyclic-based Eilgorithm can be improved also. It may 
be useful for some special applications.
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T ab le  4-2

Size Additive-half-cyclic
k M °(k) A*{k)
2 3 5
3 6 13
4 9 19
5 16 37
6 16 42 (44-2)
7 26 80 (84-4)
8 28 62 (64-2)
9 37 93 (96-3)
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C H A P T E R  5 

T H E  A L G O R IT H M S F O R  A -H A L F-C Y C L IC  

C O N V O L U T IO N  A N D  T H E  A L G O R IT H M S  

O N  T H E  M A T R IX  IN  BLO C K  FO R M

5.1 In trod uction

In this chapter, we will introduce the A -Half-circulant matrix and 
the corresponding algorithms with it. Using the symbol A for this case, 
the n-point A-Half-circulant matrix H A , can be w ritten as

ao ai a n _ 2

ai a 2 • • • A • a n_i

a n - 2 a n- i •• • A • a n _ 4

0>n—1 A • ao • • • A  • a „ _ 3

O n - l  \
A • ao

A • a „ -3 
A • a n _ 2 /

A ^ O (1)

and the corresponding computation

y = H Ax (2)

is called the A-Half-cyclic convolution, where x  and y are the input and 
output vectors.

In chapter 1, we have mentioned tha t the computation for cyclic 
convolution may contain the computation for the half-cyclic convolution 
including the A-half-cyclic convolution. For example, to compute the 
W inograd core C'(p), we may first block-diagonalize C(p) by 2 -point 
algorithm,

p -  1
C{p) =  (F (2) ® I r)(D0 © D i)(F (2 ) ® I r ); r =

(3)
where Do and D \ are r  x  r  blocks. As we know, the block D q is also 
skew-circulant, bu t D\ is not. In fact, D\  has the form

(  a 0

ai
•

ai
a2 • • •

a r- i  \  
-ao

\ a r - 1 —ao - a r - 2 /

(4)
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which, according to  our definition, is a  A-half-circulant m atrix with 
A =  —1. By the conjugate property of C(p), Do is a  real m atrix and 
D \  contains only pure imaginary entries. It is reasonable to  develop the 
algorithm for A-half-cyclic convolution.

Certainly, the A-half-cyclic convolution can be carried out by the 
half-cyclic convolution algorithm, such as the Winograd-like algorithm. 
However, an im portant relation between A-half-circulant m atrix and 
skew-circulant matrix has been found such tha t the computation for A- 
half-cyclic convolution can be carried out based on the algorithm for 
cyclic convolution, which is called A -Theorem in this text. Sometimes, 
the computation may have no extra cost.

If the size n  =  s • r, by applying the A-theorem to the block 
form of a n-point A-half-circulant m atrix, the computation can also 
be carried out by nesting the r-point half-cyclic convolution algorithm 
inside the s-point cyclic convolution algorithm, which we call the Mixed- 
multiplicative algorithm. In certain cases, it is much better than using 
the A-theorem on n-point directly.

There is another special case concerning with the block form of 
half-circulant matrix, which we have not mentioned yet. Consider the 
n-point half-circulant m atrix with s X s block form in formula (38) of 
chapter 3. Instead of A, the blocks hj and h{ may have the relation

h\ = S -  h i , (5)

where S  is a  constant matrix. Especially, if S' is a  circulant shift m a­
trix, the m atrix with this form is called (s X r)-point Shifted-Block half- 
circulant matrix. The interesting thing is that the shifted-block half- 
circulant m atrix can be changed into block circulant m atrix if each of 
hi is circulant, which is called the Block-shift theorem.

So far, the  block forms of matrices have been frequently used in 
many places. We will make a  brief discussion on the properties of the 
block forms w ith certain types and on the relations between the algo­
rithm s with th e  block forms.

5.2 A -T h eo re m

T h e o re m  5.1 For a  n-point A-half-circulant m atrix there
exists a diagonal m atrix T  such tha t the m atrix H n generated by the 
products

H n =  T ~ xH ^ T ~ l (6 )
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is a  n-point skew-circulant matrix.

P r o o f  Set
n—1

r  =  0 5 f; 0 < i < n .  (7)
i=0

Denote by H[i,j]  the entries of the corresponding m atrix H .  By the 
definition (1), the entries of can be written as

=  (8) 

where i + j  takes modulo n  for the index of a ,+ j,

I * +  J | _  /  0 t +  j  <  n;
*■ n * \ l  if i + j > n ,

and the entries of T -1 ,

T  a  i =  J-

Then, by direct computation,

=  £  H *\i ,  k] ■ T - ' [ k , j )
k = 0

n —1

k=Q

Now, set 

and fix

(9)

=  • ( 8 { 6 j ) ~ l  • a i + j .

8\ =  8\ Si = 8 \  (10)

i + j  =  k mod n, (11)

then, the result in (9) with the entries of t + j  =  k  would be

i t  \ :  ; i  _  J  6 ~ k a k  if 0  < * +  i  <  n;
n \  (A • 8~n) • 8~kak if n < i  + j  <  2n — 1.
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The condition for H n to be a skew-circulant matrix is that

A • 6~n =  1. (13)

Then

* =  A i ;  r  =  ® « ‘, (14)
»'=0

is one of the solutions. The theorem is proved. In general, there are at 
least n  solutions. And

6i = b • b £  0, (15)

will also make H n skew-circulant. The relation established by (6) is 
called A -Theorem.

By this theorem, the n-point A-half-cyclic convolution can be car­
ried out by the n-point cyclic convolution plus multiplying two diagonal 
matrices,

= T H nT. (16)

In general, the computation with two Ts will need 2(n — 1) multiplica­
tions. The arithmetic count can be roughly described by

M A(n) =  M (n ) + 2(n -  1); 
AA(n) =  A(n).A / - \  ^  (17)

But this count may be modified based on the following different situa­
tions.

(i). i f A is complex and T  is complex;

(ii). H A is real and T  contains real or pure imaginary entries;

(iii). H A is complex and T  contains real or pure imaginary entries;

(iv). H A is real but T  is complex.

For the situations from (i) to (iii), the A-theorem behaves like real- 
type algorithm, but in the situation (iv), the matrix H n by (6) will 
become complex. In this case, we may prefer using the half-cyclic con­
volution algorithms or developing new algorithms.

Because the solution of T  is not unique, by selecting the solution 
of 6 carefully, the computation could be reduced. We prefer that the 
value of S is either real or pure imaginary. The more special case is that
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A =  —1. By (14), if n  is an odd number then T  consists of only ±1 as 
its diagonal elements. The computation with T  has no cost a t all. We 
will take an example.

E x am p le  1. Take n  =  3 and A =  —1. Then by (14) and (7), we 
would take

8 =  - 1 ;  T  =  1 ©  —1 ® 1,

and by (6),

( aQ — a\ 02  

- a i  a2 a0 
02 Uo -  0-1

is a  real skew-circulant m atrix. Notice that in such case,

T " 1 =  T. (18)

However, if n  is an even number and H„ is real, then the computa­
tion falls into the situation (iv). We will give further discussion for this 
case in the following sections.

5.3 T h e M ultip licative A lgorithm s For A -H alf-C yclic Con- |
vo lu tion

If n  =  s • r , the n-point A-half-circulant m atrix can be written 
in the block form

/  h0 hi ha- 1 \
hi h2 A h 0

•
• l

\  hs—i Aho A h a- 2 J

which is a  s x  s block A-half-circulant m atrix, bu t each block hi is r x r  
half-circulant m atrix. Applying the A-theorem to the block form in (19) 
with the size s, we have

^  =  (20)

where
a—1

r  =  ® « , ;  *■ =  A , (21)
i=0
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and H[ .. is the block circulant matrix'■a.r

H ’„r = ( T - 1 ® I r) H ? ( T - 1 ® I r)
/  ho S_1hi •

8~l hi 8~2h,2 ••• ho
•  •

u - < * - ‘>fc.-i h0 ■■■ y

(22)

where is also half-circulant. But notice tha t H'a r is different from 
H n in (6), it m ay be not skew-circulant. Block-diagonalize H'a r by s- 
point cyclic convolution algorithm,

K r  =  ® I r ) G \ M a ® I r),

where G° is a block diagonal m atrix

m , — 1

G ° =  ©  G?; m . = M(»),
i=0

(23)

(24)

and each G f  is a r  x r  half-circulant matrix. Using r-point half-cyclic 
convolution algorithm for each G f ,

then,

where

Gf =  C fG .M f,

=  ( Im. ® C ?)G (Im. ® M r°),

m, —1
G =  ©  G, .

1 = 0

Replacing (26) into (23), we have that

K r  =  (C. ® C°r )G{Ma <g> Mr°). 

Finally, by (20), we obtained

H *  = ( T ®  I r)(C, ® C?)G(M . ® M ?)(T  ® / r ). 

The arithmetic count in this case would be

M £ r ( n )  =  M ( s ) W ( t )  +  2 (n  — a); 

^ r(n) =  rj4(s) +  M(s)A>(r).

(25)

(26)

(27)

(28)

(29)

(30)

55



Here we apply the A-theorem with the block size s instead of n, 
the solution of 6 may be much better. Because this algorithm combines 
both cyclic convolution and half-cyclic convolution algorithms, we call 
it Mixed-multiplicative algorithm for A-half-cyclic convolution, which is 
different from the m ethod that applies the A-theorem first, then uses 
the multiplicative algorithm based on cyclic convolution.

Notice th a t the algorithm provides parallel structure. For the pur­
pose of parallel or vector processing, we may prefer the flexibility. We 
may set n  =  r  • s, or n  =  so • ro. In this case, the performance could be 
different from the factorization of n =  s • r. In general, the best way is 
to have the maximum size for cyclic convolution.

In addition, the algorithm has another version. If we make the 
stride perm utations P (n , r) and P (n ,s )  on both sides of H A in (1), 
then the m atrix H„ will becomes a  r  x r  block half-circulant matrix,'

H * = P ( n , r ) H * P ( n , s )

/  K  h t * * * fcr-l \
h? h f -  ho' (31)

1

V /if_i hfr' • • ’ hr-2 )

where each / i f  and /if* is a s x s  A-half-circulant m atrix. First, use the 
r-point half-cyclic convolution algorithm on this block form,

H*'a =  ( C ? ® I a)GA( M ? ® I a),

where ’
m£—1

GA =  ©  G f ; m% = M *(r
s=0

and each G f  is also A-half-circulant and keeps the same A as H „ .  
Second, apply the A-theorem to each G f ,

G f  =  T G jr , (34)

where T  is the same as in  (21), and each G\ is a s x s skew-circulant 
m atrix. Now, by s-point cyclic convolution algorithm,

G'i = CsGiM a, (35)

),

(32)

(33)
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then, we have

GA =  (Jm.  ® T  • C ,)G (Im.  ® M , ■ T),  (36)

where
m * - l

G =  ©  Gi -
t=0

Finally, we obtained

H A =  P (n ,s ) ( I r ® T)(C? ® C.)G(JW? ® A f.)(/r ® T )P (n , r).

(38)

By this way, the arithm etic count becomes

=  M °(r)M (s)  + 2 { n - r  

A *  =  sA*(r) +  M <>(r)A(s).

Notice tha t this way is different from the factorization of n =  r*s without 
perm utation, where H„ is r  x r  block skew-circulant m atrix. Because 
the number of multiplications for half-cyclic convolution is more than  
tha t for cyclic convolution, usually, this way is not better than the first 
approach.

5 .4 T h e  S p ec ia l C ase  o f  A =  —1

W hen A =  — 1, the solution of S will depend on the size n. If n is an 
odd number, the A-theorem can be directly used, and the performance 
is the same as the n-point cyclic convolution, but if n  is an even number 
the situation is a little complicated. We will focus on this case in this 
section.

An even number n can be written as

n  = s - 2 k = S ‘ r; r  =  2 * ,0 < & ,

where s is an odd number.

(i). If s =  1, then n =  2k. Because there is no real solution for 6, 
by the A-theorem the computation for should be in complex field. 
If H„ is complex, usually, this way is better. But, if is real, we 
have to make a comparison between the 2*-point half-cyclic convolution

(40)

(37)
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algorithm on real m atrix and the A-theorem with the 2*-point cyclic 
convolution algorithm on complex matrix. By the Convolution theorem, 
the 2fc-point cyclic convolution can be carried out by two 2*-point FFTs 
plus the multiplications with a  2fc-point diagonal matrix. The arithmetic 
count of 2fc-point Cooley-Tukey algorithm [5] is given by

M ,(  2‘ ) =  2 *+1(fc -  3) +  8;
A /(2 k) =  3 • 2k(k  — 1) +  4, 1

which is calculated by real operations. The diagonal m atrix, translated 
into real count, will need

M d( 2k) =  2‘« ;
A i ( 2 k )  =  2 k + \  (  ’

Then, the arithmetic count for 2*-point complex cyclic convolution is 
the sum of (42) and (41) multiplied by 2,

M c(2k) =  2k+ \ k  -  2) + 16 ;
A c(2k) = 2*+1(3fc — 2) +  8. 1

For computing H „ ,  the extra multiplications with two diagonal matrices 
Eire needed. Because there are two elements 1 and i in T, the arithmetic 
count by real operations is

M ,(2‘ ) =  2*+s -  16;
A,(2k) =  2‘+2 -  8. ( ’

Plus (43) and (44) together, the arithmetic count in total for computing 
i f *  is

AfA(2‘ ) =  t - 2 ‘+2;

Aa (2*) =  3fc-2*+1. 1 '

Now, if we compute i f A by negative algorithm, then by (79) and (80)
in chapter 3,

M »(2‘ ) =  3‘ ;

A k{2k) = 3(3* -  2*).

If we take the param eter R  — 1, then,

E °(2*) -  E a (2k)

=  (M °(2fc) +  A°(2fc)) -  (M a {2k) +  aA (2k)) (47)

=  4 • 3* -  2fc(10Jfc +  3).
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It is easy to figure out th a t the condition for (47) to be negative is tha t 
k > 7, which implies that when k  <  7, the negative algorithm is better. 
If we take R  =  2, the answer is the same. The range is enough to  build 
a  library for sequential purpose.

(ii). If s > 1, then take 6 =  —1. No computation is necessary for 
the m atrix T. The factorization (29) now can be rew ritten as

H *  = ( T  ‘ Ca ® C t ) G \ M a • T  ® M t) .  (48)

The arithm etic count for (48) is

M fa n )  =  M ( s ) M \  r); 

Atr (n) =  r-A(a) +  M(s)A°(r).

If the m atrix is real, the advantage of this algorithm is obvious.

If s is not prime, say s =  so • $i, where so and s i  m ust be odd 
numbers too. Set tq = s\  • 2*, the factorization (40) can be changed 
by n =  so • ro. As we mentioned, we would keep the maximum size for 
cyclic convolution, certainly, the factorization (40) is the best choice.

We can also do the computation by the second approach described 
in the preceding section. Then, deleting 2(n — r) multiplications from 
(39), the arithmetic count now is

M %  (n) =  M \ r ) M ( s )  =  M ^y,

^ ( " )  =  +  M °(r)A (s).

We see that the number of multiplications is the same as the first ap­
proach, bu t the number of additions may be different. We can choose 
either of the two approaches by making a  comparison between the for­
mulas (49) and (50). Usually, the first approach, which uses the cyclic 
convolution first, is better than the second.

5.5 T h e  B lock-S h ift T h e o re m

A (s x r)-point Shifted-block half-circulant matrix, denoted by 
is defined as

(51)

/  ho hi ha- i  \

J3
3c« v- II

hi hi Sjtho
•99

 ̂ha—i S*h0 ••• 5 r% _ 2/
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where each h,-, in general, is a  r  x r  half-circulant m atrix, and S r is the 
r  x  r  shift circulant m atrix, S* =  (S r)k. W hat we are interested in is 
th a t each hi is circulant or skew-circulant. In such cases, the m atrix 

r can be changed into s x  s block circulant by a theorem similar to 
the A-Theorem.

T h e o re m  5.2 For a  (s x r)-point shifted-block half-circulant m a­
trix H \ r, if each block hi inside is a  skew-circulant m atrix and if there 
exists an integer e such tha t

e • s =  k  mod r, (52)

then, there exist a  block-diagonal m atrix T«,

r. = ©sr, (53)
«=0

such tha t the matrix
H . , r  =  (54)

is a  s X s block skew-circulant m atrix having r  X r  skew-circulant blocks.

P ro o f . It can be proved by a similar procedure to the proof for 
A-theorem. Here, we treat each r  x  r  block as a  single element. Set

r .  =  0 s ; - * \  (55)
i=0

Denote by H[i,j] the block entries of the corresponding m atrix in s X s 
block form. Then the entries of H \ r can be written as

•O'..?'] = S r b ■ fti+j. (56)

where i + j  takes modulo s for the index of h,+j, and

, f 0  if i + j < s ;  .
\ 1  if i + j > s .

Then, by direct computation,

H .A i , ) ]  =  S - i'l »+‘ -4 • hi+iS>-k°. (58)
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Because hi+j is skew-circulant, by the property (65) in chapter 2, we 
have

where ko is the required integer e by the theorem.

For example, if s and r  are relative prime, there m ust exists an 
integer ko which satisfies (64). The special case is that k =  s • ko. Notice 
tha t the solution m ay be not unique in some cases. In the later chapters, 
we will see some applications of this theorem.

Instead of skew-circulant m atrix, if each block hi of H ar in (51) is 
a  general circulant m atrix, a  corollary of the theorem can be directly 
derived. Because for circulant m atrix hi, we have that

is a  s x  s block skew-circulant m atrix having r  X r  circulant blocks.

(59)

the result in (58) now becomes

f l . , ,[«,;] = • hi+j (60)

Now, fix
i +  j  =  k' mod s , 

then, the result in (60) with the entries of i +  j  =  k' would be

(61)

The condition for H a,r to be a s x s block skew-circulant m atrix is that

(63)

which implies that
s -ko = k mod r, (64)

hiSj. = S ’ hi. (65)

If we replace the m atrix Ta by Ta 1 and follow the proving procedure in 
the above, then the m atrix
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5.6 T h e B lock Form  A nd Its  A lgorith m  - A  Sum m ary

So far, the block form of matrices have been frequently used in many 
places. The multiplicative algorithm can be designed based on the types 
and the properties of the m atrix  in block format and the blocks inside.

If n  =  sr, a  m atrix can be broken into s X s block m atrix having 
r  x r  blocks as we did many times. For half-circulant m atrix, the type 
of the block form and the type of the blocks are all half-circulant, which 
are identical. For A-half-circulant m atrix, as we see, the block form 
is A-half-circulant bu t the blocks inside are half-circulant. For Skew- 
circulant matrix, as we introduced in the first chapter, it  has skew- 
circulant block form and the blocks have half-circulant type. Recall 
tha t in the mixed-multiplicative algorithm for A-half-cyclic convolution 
in the section 3 of this chapter, there is a  m atrix H ar  in (20), which is 
also a  block skew-circulant m atrix with half-circulant blocks, but itself is 
not skew-circulant. Therefore, the skew-circulant m atrix can be treated 
as a  special case of JJ' r . It reminds us th a t the circulant convolution 
can be carried out based on the algorithm for H'a r tha t we discussed in 
this chapter.

The form of a  m atrix can be changed by using the stride perm u­
tation as we did by the second approach for mixed-multiplicative al­
gorithm in this chapter. In general, the block form and the blocks will 
interchange their types. The computation procedure is also changed and 
the performance could be different. In addition, after the perm utations, 
the resulting m atrix may have a  special form. For example, after the 
stride perm utations, a  skew-circulant m atrix becomes a shifted-block 
half-circulant m atrix with skew-circulant blocks, which may be further 
changed by the Block-shift theorem. We will make further discussion on 
it in the later chapters.

We have made a  lot of discussions on the new concepts of convolu­
tions and the corresponding algorithms as well as the relations between 
them. Now, we are ready to  design the new algorithms for cyclic convo­
lution and FFTs.
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C H A P T E R  6

N E W  A L G O R IT H M S F O R  T H E  P R IM E  

C A SE  CYCLIC C O N V O L U T IO N  

6.1 In trod uction

So far, there are two basic algorithms to  do the cyclic convolution 
when the size is prime. As we already mentioned in the first chapter, 
when size is small the Winograd algorithm is very efficient for the real 
matrix, while the size is large or the m atrix is complex we have to 
use the Convolution Theorem. If the circulant m atrix is real, by the 
Convolution theorem the diagonal m atrix will contain one real element 
and p — 1 complex entries, for complex input the performance can be 
measured by

M(p) =  2M f (p) +  4p -  2;
A(p) =  2A f (p) +  2p -  2,

where M f(p)  and A /(p) are the arithmetic count by real operations 
for F(p), but based on the complex input. If the circulant m atrix is 
complex, there would be no big difference.

In addition, both algorithms can not provide any parallel structures. 
In this chapter, we will describe three new real-type algorithms for the 
prime case cyclic convolution. The first is constructed by (^ p )-p o in t 
Negative algorithm for half-cyclic convolution and 2-point cyclic convo­
lution algorithm, which is called Negative-based algorithm. The other 
two are built up by the algorithm on zero-half-circulant m atrix and 
the (p dh l)-point cyclic convolution algorithm. We call them  (p — 1)- 
Algorithmov (p+1)-Algorithm  respectively. We continue using the skew- 
circulant m atrix in the cyclic convolution.

6.2 T h e N egative-B ased  A lgorithm

Recall the method we used to build the prime case Negative algo­
rithm  for half-cyclic convolution, a  p-point skew-circulant m atrix can be 
w ritten as
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where a is the vector formed by the first column of Hp excluding the 
first element ao and Hp, is a  p '-point half-circulant m atrix, p' = p  — 1.

Set s =  and write H°, in s x 2 block format,

( ho,o hoti • • • ho,*-i \
hi,o h i ti ••• h i t8-i  I , (3)

h a - l . o  h a - 1,1 • • •  h a- l , a - l j

where each h i j  is 2 x 2 half-circulant m atrix, and

h u  =  (  a2(i+i+i) a2(«+i+D+i V 0 <  i , j  < S. (4)
\ a2(i+j+l)+l a2(i+j+2) /

Here the index of a takes modulo p. We use this notation for convenience 
in the later proving.

Instead of using p '-point negative algorithm, we block-diagonalize 
Hp, by the s-point Negative algorithm. By (39) and (40) in chapter 3,

Hp, = (C? ® I2)G'(Mt  ® I2), (5)

where

(c? ® h )  =  « c ; H I .)  ® h )  = (Cl ® h )  \- h . \
(Mp ® J2) = ((Ml  ± I .)  ® I2) = (Ml  ® J2) X J2„  

and use the new notation G\  instead of G\ in (40) of chapter 1,

m, —1 m ' — 1 m , —1

=  ©  G t =  ( ©  GJ) +  ( ®  G l) = G*( 1) ® G»(2);
fc=0 fc=0 k=m't

m a =  M °(s), m ' =  m a — s. (7)

Each G% is a  2-point half-circulant matrix. Applying 2-point Negative 
algorithm to each block in G °(l), then we have

Now set

Then

G*( 1) =  (la ® C Z )0 (1 )( I ,  ® JWJ). (8)

H 'p ,  =  (C 'a  ®  J 2 ) G ° ( l ) ( M i  ®  I 2 )

=  (CJ ® C |)G '(1 )(M ' ® M2°). 0 )

JSS =  HI, +  G*( 2), (10)P
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where G°(2) is a  s x  s block diagonal m atrix having 2 x 2  half-circulant 
blocks. By the property 2 in (62) of chapter 3, each block G% in G°(2) 
can be obtained by

a—1

£ ? + m '  —  _  ^  C j b '  ^  ’ 0  ^  i  <  s >

where the elements 6 j ,  and c; can be obtained by (4),
s - l

&i =  y^a2(x+j+i); 
j=o
a—1

C* =  ^  a2(»'+J-f!)+!»
j=0
j-1

b'i =  ^  a2(«+j+2)*
i=o

(11)

(12)

Now set

' ‘ “ ( a  0 (p ') )  +  ( °  G °(2))
f  ao 0\ 0,2

a\ bo Co
02 Co b'Q

Opi-i 0 0
0 0\  ap>

Op' —X Opt \
0 0
0 0 (13)

ba—i ca—i 
c*-i b’a_ x /

We see that h is similar to  the form (22) of chapter 3, where we built 
up the prime case negative algorithm, which consists of p' 2-point half- 
circulant matrices. Here, a, a* and the diagonal elements of h also form 
p' 2-point half-circulant matrices. We can follow the procedure from 
(22) to (31) of chapter 3. Set

“ =  ! >  ft' = ( “° 2 a d i a f ( - a ) ) '

where d iag (-a )  is —a in diagonal form. And set

r i .  _  (  a 2 i + l  +  b i  C i  \  #

* V C» a2i+2 +  b \ )  ' 

G(2) —

(14)

(15)

i= 0
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Then we see th a t
h = h! +  (0 ® (7(2)), (16)

where h' can be factorized by

h' =  (—1 pi ±  Ipi)diag(a){lpi h — Ip>). (17)

Now we prove tha t each block Gi in G(2) is a  2-point circulant m atrix.
From (15), for the block Gi to be circulant, we need to prove that

021+1 +  =  a2i+2 +  (18)

Because p  = 2s +  1, by (12), we have

5 -1

fl2«+i +  h =  a 2({+ j+ i)  +  a 2( i+ j+ i)
j = o

3

=  S a2(*+J+1);
j - o

3  —  1

02i+2 +  b\ =  a 2(,_1+2) +  ^  a2(l+J+2) (19)
i=o

3 -1

=  ^ 2  0 2 ( i+ j+ 2 )
j ' = - 1  

3

— 5 3  a2(,"+j,+1)’
i'=0

which proves the equation (18). Then, G(2) can be computed by

G(2) =  (I9 <g> C'2)G,(2)(/a <8» M 2). (20)

From (13)and (16), the skew-circulant m atrix Hp in (2) now be­
comes

Hp =  (0©  H'p,)) + h = (0®H'pl) + h' + (a®  G(2)). (21)

Relating to the corresponding factorizations of (9), (17) and (20) for 
each subm atrix in (21), set

Cp =  (0*m, J_ (Cl ® CD) h ( - V  l i p ' ) K  1 © V* ® C2));

M p  =  (0 m! b ( M l  ®  M D )  ±  ( V  I" - V )  J- (1  ©  (* . ®  M 2));

=  G °(l) © (diag(g)) © a 0  G'(2).
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Then
Hp =  CpGpMp.

(22)

(23)

In fact, we just replaced s 2-point half-cyclic convolutions by s 2- 
point cyclic convolutions in the p-point Negative algorithm. Then, s 
multiplications are decreased but s additions are increased to the count 
for p-point half-cyclic convolution. We have

M ( p )  =  M ° ( p )  -  s ;

A(p) =  A°(p) +  s.

If we take R  =  1, then, the two algorithms have no different in the 
performance. The relationship between A(p) and M (p) can be found as 
follows,

Alp) 3M°(p)  — 3p +  s _ , x
m — m (p ) s  < 3 ;  *>> 2 - <25>

Because the num ber of additions is increased and the number of mul­
tiplications is decreased than  the Negative algorithm, we have another 
bound that

A{p) > 3( M ( p )  -  p ) ;  p  > 2. (26)

By the winograd algorithm, we will see tha t the number of additions 
is even more and the number of multiplications is even less than  this 
algorithm, the unequation (26) holds for general.

We call this algorithm Negative-based algorithm. In Table 6-1, we 
list the arithmetic counts of some sample points for both Winograd and 
Negative-based algorithm.

T ab le  6-1

Size Winograd Winograd-like
k M (p) M p ) M (p) A(P)
3 4 11 5 10
5 10 31 12 29
7 16 70 22 57
11 48 131
13 61 168
17 90 251
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6 .3  T h e  (p — 1)-A lg o rith m

Sometimes, for a prime number p, the p '-point cyclic convolution 
algorithm may be very efficient. Recall the Cyclic-based algorithm for 
half-cyclic convolution tha t we introduced in chapter 4, where the al­
gorithm is designed based on circulant matrix. Then, the idea and the 
techniques can be used here also.

Again, write Hp as the same form as (2) in the preceding section. 
But for the half-circulant m atrix H p ,  we will use the Cyclic-based al­
gorithm. But notice tha t H p  has special form than  the general case. If 
we denote its entries by c,- and c{ as usual for half-circulant matrix,

/  Co C1 ••• Cp>-1 \

Hp =
Cl C2 c'o

•
•

\CPI- 1 co * • • Cpi- 2 /

(27)

then, we can find that 

c,- =  aj+2 ; Cj — Si-fl — C{— 0 <  i <  p', (28)

where the index of a takes modulo p.

Now we will follow the procedure from (40) to (51) of chapter 4. 
Because p' is even, set fc =  ko — k — 1. After the replacing procedure,
H p  can be written as the sum

H p  = Hp, + H '„ (29)

where Hp> is p'-point skew-circulant matrix. The vector formed by the 
elements in the first column of it, denoted by c,

=  (a i, • • • ,ajfc,afc+2 , • • • ,ao).
(30)

The element a*+i is not in the matrix. Observe that the first k elements 
of both vectors c and a in (2) are the same. Set

6* =  a* — c* =  (0, • • •, 0 ,6jt, • • •, bpi - i ) ,

where

‘• =  { a  ( flifli+1 — a«+2
if
if

0 <  i < k] 
k < i  < p '.

(31)

(32)
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Now, set

H ^ = { 1  £ . ) ’ * « * > - ( ?  I ) -  <33>

Then, the skew-circulant m atrix Hp in (2) can be rew ritten as

Hp = H p(l)  + Hp{2). (34)

We first take a  look a t Hp{\). Set the m atrix

A  =  (ofp» /p>) =  ocp> h /pi. (35)

Because c* is the same as the first row of Hp> and c is the same as the 
first column of Hpi , then

Hp{ 1) =  A'Hp'A. (36)

Suppose that
Hpi — CpiGpiMpi. (37)

Then
Hp( 1) =  ( A 'C f ) G p,(M r,A), (38)

which needs only one more addition than the p'-point cyclic convolution.

Now look at the m atrix Hp(2). Set

H'p(2) = S ~ lHp(2)Sp. (39)

By (33),

d ) -
(40)

The m atrix H'pl was described from (42) to (45) in chapter 4,

h 'p, =  jy*°®o©jy*Y (41)

Because the first k elements of 6 are zeros, for convenience, we 
denote by 6' the vector formed by the last k non-zero elements of 6. 
Prom (31), (32) and (27),

=  (42) 
bi =  etj+i — a 1+2 =  c\ — c,-; k < i  < p'.
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Then, set
h i  - f ( o ® x &  t1)

1+1 {  a y  « , ) ’

which, by the formula (44) of chapter 4, has the form

(43)

H U  i =

/  o 
0

0 bk+i \  
h + i bk+2

'  &*+l • ‘ * bp-2 00 J
bi = c\ — Cj, k  <  i <  p \

(44)

We see th a t it is also a  variant form of a (k  +  l)-point zero-half-circulant 
m atrix. By setting

H U i  =  I k + iH U ih + n  (45)

we have that H%+1 is a  (fc +  l)-p'oint zero-half-circulant m atrix. Now by 
(39) and (41), we have that

H„( 2) =  S pH'p,(2 ) S ; 1 =  Sp( H £ ® B i + t) S - ‘ . (46)

By the fc-point and the (k  -f l)-point algorithms on zero-half-circulant 
m atrix, if

H i  =  C iG iM i-, H i +l = C°k+lG l+tM i+ll (47)

then

- lH ,(2) =  Sr (C i  ® I t + iC i+ i)(.Gi ffi G?+ i ) M  ® W ?+ i*+ i)5 , 

=  ( S * + i  ® I t ) (C i  ® d +l)(G l  ® G l+l){M i  ® M i+ l) ( S ^  ® I * ) .

(48)

Finally, by (34), (48) and the factorization (38) for ffp( l) , we have that

Hp = CpGpMp, (49)

where

Cp = (A 'C p.) I- ((S*+i 0  h ) ( C i  ® Ct“+1)); 

M p = (MpiA) X  ( (M i  ffi M iV ,) (S t-+, © ?*)); 
Gp = Gp> 0  GI ffi G°h+l.

(50)
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The arithmetic count can be given by

M(p) =  M (p ') +  M°(fc) +  M °(k  +  1); 

A(p) < A(p') -f A °(k)  -f- A°(k  +  1) +  p +  1.

(51)

(52)

6 .4  T h e  (p 4- 1)-A lg o rith m

Instead of (p — 1), we may change Hp into (p +  l)-point skew- 
circulant matrix if the (p +  l)-point cyclic convolution algorithm is effi­
cient. First, set

& =  | - ; p ' =  p -  1; P o = P  +  l ,  (53)

. .  =  /  a « - i  
'* ( a,_2

if 0 < * < J b  +  l;
if k  +  1 <  i <  po

and define the vector of length po by setting its elements

(54)
n —z  IX I J. ^  x ^

Then, the vector

c* =  (ap/ , ao, - - ' , afc, aj t , - - - , ap»_i). (55)

Notice tha t the two elements

Cfc+i =  c*.+ 2 =  ajk. (56)

Build up the po-point skew-circulant m atrix Hpo by using c as its first
column and write it as

(f ) .  (57)

where the vector c' is formed by deleting the first element ap> from the 
vector c, and Hp is the p-point half-circulant m atrix,



Now set
H> _  ( aP' (c')*V  n*> ~ \ d  Hp )  ’ 
h ';o = h'po- h p o =o<& (hp - h ; ) .

Then, we have tha t
H 'Pq = H P0+ H ^ .

If we set the matrix
B  = Op JL Jn,

then by (59) we can find tha t

Hp =  B*H'poB .

Now look at the m atrix Hpo. Denote the subm atrix Hp 
Hp. By (54) and (58), we have tha t

h 'p =  ^ © o e o e t f ^ j ,

where H% is the fc-point zero-half-circulant matrix

(59)

(60) 

(61)

(62) 

H°p by

(63)

H l  =

(  bo b\
bi 62

bk-i \  
0

(64)
\ 6fc- 1  0  ••• 0  /

b{ — Of — CL £ j 0 ^  X ̂  A),

and H%_x is the variant (k  — l)-point zero-half-circulant m atrix

H°k- X =

(  0  
0

0 bk+i \  
bk+i bk+ 2

(65)
1 bk+ 2 '*• bpf -  2 /

6 ,- =  a,+i — a,-, fc <  t <  p1 — 1 .

Then, the m atrix Hpo in (59) can be written as

= O ® ^ 0 O © O © ^ _ 1,

and can be factorized by

K ; =  c ; 0G'P0M i0,Po Po P o 1
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where

c'n  =  CO*,- x  Cl) ® ((02 0 0*m; i ) x  J i-iC iU );
M'po = (0m. I- M l)  ® ((02 0  0m! i ) I- M U h . , ) ;  (68)

G'r t = G l e G } _ i; m l = M ° ( k ) ,  m l_ l = M ° ( k - 1).

Finally, if the skew-circulant m atrix HPo is factorized by

Hpo — CpoGpoMp0, (69)

then by (62), we obtained

Hp =  B \ H r„ +  H ”, ) B  = CPGPMP, (70)

where

c p =  b \ c Po h c ; 0)

=  B tCPo I- {Cl  ©  ( (0 a  ®  O ^ . J  ±  Ik - iC U ));

M P =  (MPo ±  Mp0)B

=  MpoB ±  {M°k © ((02 <g> 0m U ) h M ^ - i ) ) ;

Gp =  Gpo © G'po

=  GPo © GI © Gfc-i.

The number of multiplications

M{p) =  Mpo +  M \ k )  +  M °{k  -  1). (72)

Because the first column of MPo and the first row of are deleted, 
the number of additions

A{p) <  A{p0) +  A°{k) + A°{k -  1) +  2k -  1. (73)

6.5 S u m m a ry

In this chapter, we have introduced three new algorithms for prime 
case cyclic convolution. The Negative-based algorithm can be applied 
to any size, and is not too difficult to build up. The (p ±  l)-algorithm  
will depend on the size (p ±  1). If the (p ±  l)-point cyclic convolution 
algorithm is very efficient such as the power’s of 2, the (p ±  l)-algorithm
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is efficient. In the sense of performance, the Negative-based algorithm 
even covers a larger range than the Winograd algorithm. Also, because 
there is no big difference between the Negative-based algorithm for cyclic 
convolution and the Negative algorithm for half-cyclic convolution, we 
may use the later instead so th a t we can obtain a  parallel structure in 
part for certain environment.

In Table 6-2, we list the arithmetic counts for (p ±  l)-algorithm  
with some prime sizes. Compared with the arithm etic counts in Table 
6-1 by the Winograd algorithm and the Negative-based algorithm, we 
see th a t the performance are better than the Negative-based algorithm 
and even better than the Winograd algorithm when the size is a  little 
large. Because these two algorithms depend on the (p ±  l)-poin t cyclic 
convolution algorithm, like the Cyclic-based algorithm for half-cyclic 
convolution, whenever the (p ±  l)-point cyclic convolution algorithm is 
improved, so is the (p ±  l)-algorithm  for p-point. In Table 6-2, we use 
the traditional method for cyclic convolution. In the later chapters, we 
will develop new algorithms for cyclic convolution which is faster than 
the traditional way, the performance measured in Table 6-2 could be 
further improved.

T ab le  6-2

Size p ±  1 (p — l)-algorithm (p + 1 ) -Algorithm
P po or p' M(p) A(p) M(p) A(P)
3 p -l= 2 6 9
5 p -l= 4 13 26
7 P + l = 8 22 52
11 p + l= 1 2 46
13 p-l=12 54 148
17 1 II 1—

» 
OS 97 221

The reason tha t we develop these real-type algorithms for prime 
case cyclic convolution comes from the following fact, if the computa­
tional m atrix Hp is real and the size p  is neither ‘too small’ nor ‘too 
large’, both Winograd algorithm and the Convolution theorem are not 
so efficient. By the Convolution theorem, we need two F (p )s plus the 
computation with a diagonal m atrix of length p which is complex. Each 
F(p), by the Rader’s algorithm, consists of at least a  p '-point cyclic con­
volution. By the Negative-based algorithm, the computation is based
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on p'-point half-cyclic convolution plus the computation w ith a  diago­
nal m atrix of also length p bu t real. Roughly speaking, if the p'-point 
half-cyclic convolution algorithm is faster than  twice the p '-point cyclic 
convolution algorithm on the Winograd core C(p), the p-point Negative- 
based algorithm m ust be better than  the Convolution theorem, so m ust 
the (p ±  l)-algorithm s for certain points. The Table 6-3 lists the arith­
metic counts for both Convolution theorem and the real-type algorithms, 
where p from 3 to 17. The real-type algorithms here mean tha t we may 
use different algorithms for different size p. For k < 7 we use the Wino­
grad algorithms for both  F(p) and convolution, and for K  > 7, we use 
the reduced form of the Rader factorization for F(p)s and the Negative- 
based algorithm for prime case cyclic convolution. By the Convolution 
theorem, there is a real number in the diagonal m atrix, which is also 
taken into the consideration. The performance were obtained by setting 
R  with values 1, 2 and 3 respectively, where the param eter R  is defined 
in the section 6 of chapter 2. We see tha t the performance can be im­
proved about 30% on the average. In fact, the real-type algorithms are 
efficient for most of the prime sizes under 100.

T ab le  6-3

Size Convolution Theorem Real T:fpe Algorithm The Improvement (%)
P M (p) A(P) M(p) A(p) R=1 R=2 R=3
3 18 28 8 22 35 41 44
5 38 76 20 • 62 28 33 36
7 58 156 32 140 20 25 28

11 198 412 96 262 41 44 45
13 206 456 122 336 31 33 35
17 270 688 180 502 29 10 15

Average (%) 28 24 34
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C H A P T E R  7

N E W  A L G O R IT H M S F O R  N O N -P R IM E  C A SE  

CY C LIC  C O N V O L U T IO N  I -  T H E  C O M PL E X  T Y P E

7.1 In trod uction

The basic tool of computing the cyclic convolution is the Convolu­
tion theorem, which we have introduced in chapter 1. W hen the size is 
large and the computational m atrix is complex the Convolution theorem 
is efficient. But, when the  size is very large, we may prefer parallel or 
vector processing. So far, the only multiplicative algorithm for cyclic 
convolution is the Agarwal-Cooley algorithm [14] for the relative prime 
case. If n  =  s • r, for a  n-point circulant m atrix H n, a  perm utation P  
can be found such that the matrix

H a,r = P H np - 1 = H a ® H r (1)

is a  block-circulant m atrix of size s with circulant blocks of size r. W hich 
turns 1-dimensional n-point cyclic convolution into 2-dimensional cyclic 
convolution. Applying the  Convolution theorem to both circulant m a­
trices H a and H r, then

H n =  P _1(F(s) ® F (r))D (F (r)~ l <S> (2)

Notice that here the circulant m atrix H n is not skew-circulant. If we 
apply this algorithm to the skew-circulant m atrix, more perm utations 
should be added.

Another way of obtaining a parallel structure is the use of the mul­
tiplicative algorithm for FFTs. By the Good-Thomas Prime Factor 
Algorithm (PFA) [24,25],

F(n)  =  (F (s) ® I r)T (Ia ® F(r))Po , (3)

where Po is a  perm utation matrix and T  is a  diagonal m atrix or twiddle 
factor. If s and r  are relative prime, one form of the Good-Thomas PFA 
is given by the factorization

F (n ) = Q ,(F (3 )® F ( r ) )0 2, (4)
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where Q\ and Q2 are perm utation matrices. An obvious advantage of 
(4) is tha t the multiplications required in the twiddle factor stage of (2) 
are no longer necessary. Now, to compute a  skew-circulant m atrix H n 
by using (3) or (4) instead F(n)  in the Convolution theorem, we have

H n =  (F (s) ® J r )T (/a ® F(r))P0D(F{s)  ® I r)T ( Ia ® F (r))P 0,

(5)

or if s and r  are relative prime,

H  =  Q i(F (s)  ® F{r))Q2D Q i{F{s)  ® F{r))Q2. (6)

We can see from (5) and (6) that the computation of H n has some 
parallel features which are expressed by tensor products. However there 
are so m any perm utations involved in different stages of the computa­
tion, which will be much costly for parallel or vector processing. In fact, 
the formula (6) is a  variant form of the Agarwal-Cooley algorithm in 
(2).

In this chapter, we will introduce a  few new algorithms for non­
prime case. For the  relative prime case, an algorithm is designed based 
on the Block-shift theory described in chapter 5, which is called Shifted- 
block algorithm. This algorithm, in natural, is the same as the Agarwal- 
Cooley algorithm bu t working with the skew-circulant m atrix, and the 
perm utation can be implemented in parallel way. Another general al­
gorithm has been designed based on both  Convolution theorem and 
A-theorem, which we call the Block-convolution algorithm. By this al­
gorithm, the computation structure is similar to the formula (5) but 
no perm utation a t all. W hen s and r  are relative prime the result is 
the same as using the Block-shift theorem. We also use skew-circulant 
m atrix in the discussion.

7.2 T he Sh ifted-B lock  A lgorithm

Given a  n-point skew-circulant m atrix H n, if n  =  s • r , by adding 
the stride perm utations P (n ,s )  and P (n ,r )  to both sides of H nt then 
the matrix

/  ho hi • • •  ha- i  \

hi h2 h'o
=  P (n ,s )H „ P (n ,r )  = ••

^ hg-l K to
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is a  s-point block half-circulant m atrix. But each block hi and hj here 
is a  r-point skew-circulant matrix,

hi =

a,*
a«+«

' a ( r — l ) * + i  ai
(  O’t+i 0-2a+i *

0 -2  a + i  f l 3 a + i  •

® ( r —1 ) * + «  ^  

a;

®(i—2)a+«'
ai \

Oa+i

(8)

\  ai ® a + i * * a (r-l)a+ »  '

It is not difficult to find out the relationship between h{ and h1̂

h\ =  S - Xhi, (9)

which implies that if we replace each by S ~ l hi in (7) the m atrix 
HgfT. becomes a  s x  r-point shifted-block half-circulant matrix, which we 
introduced in chapter 5. Because each block hi is skew-circulant, by the 
Block-shift theorem tha t we have proved in chapter 5, there may exist 
a  block-diagonal m atrix Ta such tha t the m atrix

T T  __ r p — 1 T j b  r n
— -La -«a,rJ * (10)

is a  s-point block skew-circulant m atrix having r-point skew-circulant 
blocks. The condition is tha t there must exist an integer e such that

e • s =  — 1 mod r. (11)

It is easy to find that if s and r  are not relative prime there is no 
solution for e. If s and r  are relative prime, by the Chinese Remainder 
theorem, there exists an integer ei, called idempotent, such that

ei =  0 mod s\ e\ =  1 mod r.

Set
e =  —ei

(12)

(13)

we obtained a solution. By the formula (53) of chapter 5, we have

r .  =  ©  S i" . (14)
i = 0
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Set
P  = P (n ,r )T „

then
T ,- l P (n ,s )  = p - \

By (7) and (10), we have tha t

J J „ = P ( n , r ) f f i , r P (n ,« )
= P {n ,r )T .H ,,rT : 'P ( n , s )  (15)

=  P H .tr P - \

E x am p le  1. Take n =  6 =  2 x 3. Then

= P (6 ,2 )1 /6P ( 6 ,3 ) =  £,‘ ) ,

where

(
a 0 0.2 ^4 \  /  fl2 c*4 ao
02 04 Oo I j hg =  I 04 Oo 02

0 4  Oo 0 2  /  \  Oo 0,2 0\

Because the integer e may be not unique, we would keep that 
0 <  e <  r  in the practical application. The result is really similar 
to the Agarwal-Cooley algorithm except th a t the m atrix H n here is 
skew-circulant and the perm utation is different. The perm utation in 
(15) consists of two steps, one is shift operation and the other is stride 
perm utation. Both of them  can be implemented easily. In fact, we can 
pu t them into one step.

In fact, the perm utation P (n , r)Ta in (15) has the similar structure 
to the CRT mapping used by Temperton in [26] for two-dimensional 
FFTs, where Temperton called it S e l f  — sorting  and I n  — place. We 
can find tha t the perm utation in our algorithm can be implemented by 
the same way.

E x a m p le  2. Consider the size n  =  42 =  7 x 6 and take the idem- 
potent ei =  7, then e =  7 /7  =  1. The perm utation P ~ l =  Ta_1P (n ,s )  
maps the 1-dimensional da ta  into the 2-dimensional arrayf 0 7 14 21 28 35 \

36 1 8 15 22 29
30 37 2 9 16 23
24 31 38 3 10 17
18 25 32 39 4 11
12 19 26 33 40 5
 ̂6 13 20 27 34 41J
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which is the same as the mapping implemented by Temperton in [26].

More interesting, the perm utation in (15), when combined with the 
perm utation p K in the Rader’s algorithm for the prime case FFT , can 
also be implemented in parallel. To distinguish this algorithm from the 
Agarwal-Cooley algorithm, it is called Shifted-block algorithm.

7.3 T he B lock-C onvolu tion  A lgorithm

In this section, we will consider the general case by using the Con­
volution theorem, where s and r  are not necessary to  be relative prime. 
Again, denote by hi the r-point block entries of the skew-circulant m a­
trix  H n. Then each half-circulant block hi can be written as

m atrix because each block hi in H n is half-circulant. Now, we prove 
th a t each is also A-half-circulant. By direct computation on (19), 
we have that

f bi,o 6*,i • • • &i,r—l ^
bi, i bi% 2 • • • b'i0

0 <  i < s, (16)

where
K i  ~  a ir+i» o <  j  <  r, 

b'i,j =  a (i+ i)r + j5  0  <  j  < r -  1.
(17)

Applying the Convolution theorem to  this s-point block skew-circulant 
form, we have

Hn  =  (F(s) ® I r)Db(F(s)  ® / r ), (18)

where

(19)

is a  block diagonal m atrix, each block Df* is a  r-point half-circulant

k=o

v — exp(—2 m / s ) } 0 <  i < r. (20)
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Denote by Cij and c{ j  the  entries for the corresponding half-circulant 
m atrix D as we did for each /i,\ By (16), (17) and (20), then

j - i  , «-i

Ci,i =  ^ X ) u % s s “ E * " rtfl|k^ ; 0 < j < r ,  
k=Q k=0

°i,i =  7 E  " “ ' X i  = 7 E  «“ ,fc«(fc+i)r+i; 0 <  j  < r -  1.
5 Jk=0 5 fc=0

(21)

Set =  k  +  1 and replace k by k1 for the equation of c ' j  in (21), then

c'iJ =  ~ E  V r + ;
3 *'=i

=  “  ^ E  u ‘* V r + i  +  u " ,aa ar+ i ^  

=  T  E  v ak'r+j

(22)

S * '= 0  

=  u'Ci.j.

Then, each is a A-half-circulant matrix, where

Ai =  v \  (23)

By the A-theorem introduced in chapter 5, for each D f ,  there is a 
diagonal m atrix T{ such th a t

D f  =  TiDjTi, (24)

where
D\ =  T r ' D f T f 1 (25)

is a skew-circulant matrix and Tj is a  diagonal matrix,

r—1

r ,  =  ® < / l  Sf = A (. (26)
}=0

If we set
6 = 6!= vr,  (27)
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then it is easy to find that

r—1

i i  =  6‘; Ti =  T;  =  © « y . (28)
J=0

We see th a t when i =  0, then To =  I a and Dfr = D'Q is always 
skew-circulant. Now, applying the Convolution theorem to each r-point 
skew-circulant block then

D \  =  F ( r ) D i F ( r ) \

D i = F { r ) - l D ' i F ( r ) - 1 . 1 '

Combining (24) and (29), the block-diagonal m atrix D b  in (19) can be 
factorized by

Di =  © ( D F M A F  ( r ) r f)
«=o \ au)

=  T { I r  <g> F ( r ) ) D ( I r  ® F (r))T ,

where

T = 0 r fi D =  0 D i .  (31)
i= 0  i= 0

Putting  (30) into (18), finally we obtained the factorization

H n  =  ( F ( s )  ®  I r ) T ( I a ®  F ( r ) ) D ( I a ®  F ( r ) ) T ( F ( s )  ®  I r ) .

(32)

The result is similar to  the factorization (5), but there is no per­
m utation a t all in the factorization (32). So the factorization has very
good features for parallel or vector processing.

If s  and r  are relative prime, we can modify the factorization (32) 
so tha t the result is the same as (15) where the Block-shift theorem is 
used. Again, take an idempotent ei of s  and r ,

ei =  1 mod s; ei =  0 mod r; e =  e i / r .  (33)

Then, by the equation (26),

6r = = v  =  uei =  ve'r.
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Instead of the solution 6 — v r in (27), we can choose that

6 =  v ^  =  ve. (34)

Set
T'  =  P (n , r )T P (n , s )  (35)

and observe tha t by (31) and (28) T'  can be written as

r '  =  © r ; ,  (36)
j - 0

where

T; = © < '  =  © « " ,  (37)
1=0 »=o

and
TI =  (T{y .  (38)

Define the diagonal m atrix < by

3 — 1

1 = 0

Then the matrices T[ can be written as

T[ =  <e; T/ =  t ei. (40)

Now look at the product F (s) t , it easy to  prove that

F(s)t  =  S T lF(s) ,  (41)

where S a is the circulant shift m atrix of order s. Then

t = F ( s ) - 1S; 'F(s)- ,  t* = F(a)~1S - t F(s).  (42)

Which implies that

F(s)Tj  =  F(s) tei  =  S T eiF(s).  (43)

Set

2V =  ® S r ' e- (44)
i= 0
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Then we have tha t

r—1
(/r®p(s))r = ® p (s)t;

j = 0

=  ©  s ; i ‘ F(s) 
>=«

=  T,(I ,  ® P(e)).

(45)

(46)

By the Theorem 2,8 in chapter 2,

(P (s) ® Jr ) =  P (n , s){Ir ® F (s ))P (n , r);
( I ,  ® F(r))  = P (n ,s ) (F (r )  ® I , )P (n ,r ) .

Based on the above procedure, we can obtain the following result,

(F (s) ® I r)T ( I ,  ® F(r))
=  P (n , s) ( Ir ® F ( s ) ) T ( F ( r )  ® I . )P (n ,  r)

=  P (n , s)Tr(Ir ® P (s ) ) (P (r )  ® I .)P (n , r)

=  P (n , s)Tr(F(r)  ® F(s))P(n ,  r).

Similarly,

( / .  ® P (r))T (P (s )  ® I r ) =  P (n , s )(P (r)  ® P(s))T ->  P (n , s).

(48)

Setting

D ' =  P (n , r)D P (n , 5 ); P  =  P (n , s)Tr , (49)

where P '  is also a  diagonal m atrix. Then the factorization in (32) now 
becomes

H n =  P (F(s)  ® P(r))£> '(P (s) ® P ( r ) ) P " 1, (50)

which is the same as the result in (15) except tha t here we used the 
different order for the factorization.
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7.4 Summary

Because most of the cyclic convolution involved in the FF T  compu­
tation would be on the skew-circulant m atrix, for the case th a t s and r 
are relative prime, the Block-shift theorem is more convenient than  the 
Agarwal-Cooley algorithm. The perm utation is very easy to  be imple­
m ented as we discussed. Notice th a t the relative prime case algorithms 
can be used to build up the real-type algorithms also, which we will 
discuss in the next chapter.

In addition, when s and r  are relative prime, by using the Convo­
lution theorem, either one of the factorizations (50), or (32) which is 
for general case, can be used. The advantage of (50) is th a t it uses the 
perm utation P  instead of the computation T  in (32). Sometimes, for the 
purpose of parallel or vector processing, we may prefer the factorization 
(32) which has no perm utation a t all. Also, recall tha t in the discussion 
for the A-theorem in chapter 5, the computation of T  may cost nothing 
for some special cases, such as 8 =  dbl,

For the purpose of sequential processing, it is also possible to reduce 
the computation of T  even if s and r  are not relative prime. We will 
take an example.

E x a m p le  3. let n  =  24 and chose s =  6 and r  =  4. By (27), one 
of the values of 6 is

6 — v «; v = exp(—2m/4).

We see tha t 12 out of to tal 24 entries in T  are ±1 or ± i. But if we take

6 = v f,

which is also a  solution because

S6 =  u9 =  v.

Now 18 entries in T  become d b l or ± i, which reduce the computation.

In general, to find an optional solution for

Sr =  v] v  =  exp(—2ni /s )} (51)

we can use the following procedure. Denote the greatest common divider 
of s and r  by

g =  gcd(s, r). (52)
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If g =  s or g =  r , we can not make any further improvement. Suppose

g < M I N ( s , r ) ,  (53)

then s and r  can be w ritten as

s = gsQ\ r =  gr0. (54)

Now ro and s are relative prime. Take an idempotent of So and r,

e i= 0 m o d r o ;  ei =  1 mod s, (55)

we have that
ei c

Sr = v = ve i; S = v sr o = y J ;  e =  e i/ro . (56)

We see that if g = r  then ro =  1, formula (56) becomes (27). Also, 
if g =  1, which means th a t s and r  are relative prime, then (56) becomes 
(34) as we discussed for relative prime case. Therefore the formula (56) 
is the optional solution for general case.
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C H A P T E R  8

N E W  A L G O R IT H M S F O R  N O N -P R IM E  C A SE  

CY C LIC  C O N V O L U T IO N  II  -  T H E  R E A L  T Y P E

8.1 In troduction

In the preceding chapter, we used the Convolution theorem to carry 
out the non-prime case cyclic convolution, we call it Complex-type algo­
rithm . In this chapter, we will focus on the Real-type algorithms for the 
same case. As one of the real-type algorithm, the W inograd algorithm 
can solve some special cases such as 2’s power. But it is only efficient 
within very limited range, and is complicated to  be implemented when 
the size is a  little large.

If n  =  s • r , where s and r  are relative prime, the n-point real-type 
algorithm can be build up based on s-point and r-point real-type al­
gorithms by using the Agarwal-Cooley algorithm or the Shifted-block 
algorithm. But, perm utations must be used, which will destroy the con­
jugate property of the W inograd core C(p). For some special cases, such 
as n = 2 - r where r  is an odd number, an algorithm has been designed 
with the same performance as the relative prime case algorithms but 
without perm utation. Which combines the cyclic convolution algorithm 
and the A-theorem. Also, a  general algorithm, where s and r  are not 
necessarily relative prime, will be described, which uses both cyclic and 
half-cyclic convolution algorithms. W hen n = 2fc, the 2’s power case, 
a  2* - Algorithm is developed with at least the same performance as the 
W inograd algorithm. Finally, another algorithm will be introduced for 
the general case of n  =  2* • r, which is even better than the relative 
prime case algorithms.

8.2 T he R elative P rim e Case A lgorithm

If s and r  are relative prime, by the Shifted-block theorem (or the 
Agarwal-Cooley algorithm), the n-point real-type algorithm on skew- 
circulant m atrix (or circulant m atrix) can be built up based on the 
s-point and r-point real-type algorithms,

H n  =  P ( C a ® C r ) G ( M a ® M r ) P ~ \  (1)
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where Ca, Cr and M a, M r are the post and pre addition matrices for 
s-point and r-point real-type algorithms, respectively. The arithmetic 
count

M a,r(n) =  M(s)M(r);  (2)

4*,r(n) =  rA(s) + M(s)A(r) .  (3)

As we already discussed, for different factorization of n  the perfor­
mance may be different for implementations. Therefore, to obtain the 
‘best’ result by these algorithms, we have to find the ‘best’ factorization 
of n  so tha t the equations (2) and (3) are minimum. It means that

M (n )  = M I N { M atr(n) : n  =  s • r, ( s ,r )  =  1}; (4)

A(n) = M I N { A a>r(n)  : n  =  s • r, (s ,r )  =  l} . (5)

Obviously, if n = r  • s , then

M r,.(n) =  M (r)M (s)  =  M a,r (n). (6)

Otherwise, if n  =  sq *ro and (so,ro) =  1, then there m ust exist a  number 
k  such tha t either sq = ks  and r  =  kro (or s =  kso and ro =  kr), where 
k m ust be relative prime to both s (or so) and ro (or r), otherwise, 
s and r  are not relative prime. If so-point and r-point algorithms are 
also built up by the relative prime case algorithms corresponding to the 
factorization sq = k • s and r  =  kro, then by (4) we have

M ao,ro(n) =  M (s ) M ( k )M ( r 0) =  M (s)M (r) .  (7)

This proving procedure, in fact, is inductive. Then the result in (7) 
implies that the result in (4) is

M{n)  =  M (s)M (r). (8)

In chapter 6, the unequation (26) for prime case holds for this case too. 
Suppose tha t both s and r  are prime numbers, by (26) of chapter 6, we 
have

A(s) <  3(M (s) — s); A(r) <  3(M (r) — r). (9)
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Then by (3), we have

■Aatr(n) <  3r(M (s) —s) + 3M(s)(M(r)  — r) =  3(Af(n) — n).

(10)

It is easy to see tha t for any factorization of n the result is the same as 
(10).

The ‘best’ result can be obtained only depending on the formula 
(5), i.e, the num ber of additions required. Later we will find tha t the 
‘best’ result obtained by the relative prime case algorithms may be not 
the best.

8 .3  T h e  A lg o r ith m  F o r T h e  G e n e ra l N o n -P r im e  C ase

If n  =  s • r, recall th a t the n-point skew-circulant m atrix H n can 
be written as the s-point block skew-circulant form with r-point half- 
circulant blocks. Block-diagonalize H n by s-point real-type algorithm,

H n =  (<Ca <g> I r ) G » { M a ®  J r ) ,  (11)

where
m ,  —1

&  =  ©  Gf; m .  =  M(s) ,  (12)
«=0

and each C?f is a  r-point half-circulant matrix. Applying r-point half- 
cyclic convolution algorithm to each G f, then

G? =  C*G;M ?. (13)

Putting (13) into (12) and then into (11), finally we have the result

Hn =  ( C 3 ® C ° ) G ( M a <g> M r°), (14)

where
m , —1

G  =  ©  G i .  (15)
;=o

The arithmetic count now is

M a,r(n) =  M (s)M °(r);
^ a . r ( r c )  =  r A ( s )  +  M ( s ) a ° ( r ) .
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If we take n — r • s in this case, unfortunately, in general,

M rta =  M{r)M*(s)  £  M„,r. (17)

Also, if we make the perm utations P(n,  r) and P (n , s) on both sides 
of H n as we did in the discussion for the Block-shift theorem, the m atrix 
H ^ s — P (n , r )HnP(n,  s) is a  r-point block skew-circulant m atrix having 
s-point half-circulant blocks. Then, we can compute H r^  by applying 
the r-point half-cyclic convolution algorithm first, then using the s-point 
cyclic convolution algorithm on each block. By this way, the arithmetic 
count becomes

Mry n )  =  M \ r ) M ( s )  =  M.,r(n); (18)

K . M )  =  s^ ( r) +  M"(t)A(s). (19)

We see tha t the number of multiplications are the same as the factor­
ization of n  =  s • r  by the first approach, but the number of additions is 
different. Because in general,

M°(fc) >  M (k)  >  fc. (20)

Usually, A® a(n) in (19) is greater than A air(n) in (16).
We are not going to make further discussion on the performance 

of this algorithm, because the advantage of this algorithm is its parallel 
structure. If H n is real, we should make the comparison between this 
algorithm and the complex-type algorithm with the same parallel struc­
ture tha t we discussed in the preceding chapter. In many cases, this 
real-type algorithm is better than the complex-type algorithm. We will 
not discuss it in further detail.

Recall the Mixed-multiplicative algorithm for A-half-cyclic convolu­
tion tha t we introduced in chapter 5, where the n-point A-half-circulant 
m atrix H„ can be changed into the m atrix H a r which is a  s-point block 
skew-circulant m atrix with r-point half-circulant blocks. The procedure 
(from (20) to (28) of chapter 5) of computing H'a r , in fact, is general. 
The skew-circulant m atrix H n with the s x r  block form is only a  special 
case of H a r which is not skew-circulant on n-point. But the algorithm 
is the same on the block format. Because H n is skew-circulant, some 
blocks Gf of G° in (12) could be skew-circulant or A-half-circulant. 
The performance can be improved. The following algorithms will use 
this fact.
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8.4  T h e  C ase  o f  n =  2*

For n =  2*, set s =  2 and r  =  2* 1. Block-diagonalize J?n by 
2-point cyclic convolution algorithm, we have tha t

H n — (G2 ® / 2k-i)(Go © G i)(M 2 ® J2k-i), (21)

where Go is a  2*-1 -point skew-circulant m atrix and Gy is a  2* 1-point
A-half-circulant m atrix with A =  —1. In section 5.4 of chapter 5, we 
have discussed the algorithms for the special case of A =  — 1. Suppose 
that we use the Negative algorithm to compute Gy , then

Gi = C$k. t G^MSk-i. (22)

If Go is computed by 2fc_1-point cyclic convolution algorithm, i.e.,

Go =  G2*-i GM2*-i , (23)

then
H n =  G„GnM n, (24)

where

Gn — {G2 ® / 2fc-i)(C2k-i © G îk-i);
M n =  (M2k-1 ©M£fc_i)(M 2 ® / 2k-i); (25)

G„ =  G © G°.

Actually, the procedure here is recursive. The 2fc_1-point algorithm 
for cyclic convolution should be built up by 2-point algorithm also. Now 
we are going to prove the following properties of the 2*-algorithm.

(i). The pre-addition and the post-addition matrices can be written 
in the product form,

C 2* =  T T ((G 2 ©  ( I ti ®  G |) )  ®  / 2k-. );

(26)

■ ^ 2* = n « *  ®  ®  ^ 2 ) )  ®  ^ 2 * - 0 >
i—k

where Gf and are the post and pre addition matrices of the 2-point 
Negative algorithm, and

t, =  | ( 3 —1 -  1). (27)
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P r o o f  We will only prove the equation for Cn. W hen A: =  1, then 
< 1 = 0  and 2k~l =  1, we see tha t (26) is true for C2. Suppose tha t for 
n =  2fc_1 we have that

Jfc-i
C2*-i = JJ((C?2 0  (if,. ® C 2 )) ® /2*-<-i);

1=1

U =  -  1). (28)

Then for n  =  2fc, by the 2*“ 1-point negative algorithm in (81) of chapter 
3, we have tha t

fc-i
C^k-i =  J[(i<( ® C% ® / 2t- i- i ) ;  

i= 1

(29)

Because

+  <5 =  1 (3 —* -  1) +  3— 1 =  | ( 3 ‘ - 1 )  =  ti+ i. (30)

then
C 2 k - 1 0

/fc-i \  /fc-i >
=  ( n ^  ® ® c 2)) ® i2 * -< -o j © f B(/,i® C£®I2*-i-i)

Jt—1

® C|)) ® I 2k - i - 1 ) 0  ((it;. ® C£) ® ))
i=l
Jfc-1

=  n  ( ( c 2  ®  ( ( ^ i  ®  7 i ; )  ®  C D )  ®  . 1 - 1 )
1=1 
Jt—1

= n ( ( c 2 ® ( v .1 = 1

(31)

Putting  the result (31) into (25), we can obtain tha t
fc-i

(?2k =  (C2 ® J2*-l) * J J ( ( C 2 © (if,-4.1 ® ^ 2 )) ® ijjk -i-l)

* <=1 (32)

= n « f t  ® (/«,+, ® c ? ) )  ® ).
i=l
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The computation consists of n  contiguous steps, and each step con­
tains some forms of tensor products which can be implemented either 
by parallel ways or by loops in sequential.

(ii). If we denote by c,(y and mt)J- the entries of the post-addition 
m atrix Cn and the pre-addition m atrix M „, respectively, then

(33)

• 2 * —1 

2  C ,' J  =  '
f  2 k 

1 0

i f

i foII■H

2 fc—1

£  m «'.i =  ’
( 2 k

1 0

i f

i fOII

P r o o f  When k  =  1, (33) is true. Suppose that when n — 2k~1 
the formula (33) is true. Then when n =  2*, by direct computation on 
(25) we have

Cn = (C*2 ® i2*-1)(Cf2*_1 ® C%k-l)
= ( C C*._, \  (34)

^ C ^ k -l  — C ^ k -l J

The answer can be found straightforwardly. So does the answer for M n.

(iii). The first element of Gn in (25), say, go, has the following 
format

1
9o =  6 • ^ 2  a» b =  > (35)

«=o

and go is the only element in G which has the format (35) with any 
value of b.

P r o o f  When k  =  1, we have that

0o =  ^ ( a o + a i ) .  (36)

Suppose tha t n  =  2fc_1, the property is true. Then when n =  2*, the 
m atrix H n can be w ritten as the 2 x 2  block form,

* ■ - ( £  £ ) •  (37)

By the property for 2-point algorithm on the block form, we have that

Gq =  -(ho  +  h i). (38)
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Then by the assumption for n = 2k~1 on Go, the first element go in G 
of (23) is the only one th a t satisfies the property. And by (25), <70 is also 
the first element of Gn.

(iv). The arithmetic count can be calculated by the following func­
tions of fc,

M (  2‘ ) =  | ( 3 ‘ + 1 ); (39)

A(2k) = i(2*+1 +  3*+1 -  5). (40)

P ro o f  W hen k =  1 we see th a t M ( 2) =  2 and A{2) =  4, which 
is true. Suppose that (39) and (40) are true for n  =  2k~ l . Then for 
n =  2fc, By (25), the arithm etic count can be represented by the recursive 
functions,

M ( 2 k) =  M ( 2 * -1) +  Jlf°( 2*"1); (41)

A{ 2k) =  2k~1A(2)  +  A(2k~ l ) +  A°(2fc" 1). (42)

By the Negative algorithm, we have that

M <>(2k~1) = 3k~1\ 

A°(2fc_1) =  3fc — 3 • 2k~l ,
(43)

Then

M (2 k) =  +  1) +  3fc- J =  i(3* +1);

A{2k) =  4 • 2k~l +  i(2* +  3fc -  5) +  3* -  3 • 2fc"1 (44)

= '1 ( 2*+1 +  3*+1 -  5).

In the above discussion, we took the factorization of s — 2 and r  =  
2*-1 . We may also set s = 2kl and r  =  2*J instead, where k = ki  +  &2 . 
Thus,

H n =  (C^kj ® /2*2 )^6(-^2fci ® ^2*2 )*

For the purpose of parallel processing, we may use the general algorithm 
described in the section 3. But if we still want the optional result, we can 
use the above m ethod to  compute each 2*s-point block in Gb of (45), in 
another words, use cyclic convolution algorithm for the skew-circulant
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m atrix instead of half-cyclic convolution algorithm. By the property
(iii) in the above, the first block Go in Gb

- 2*1-1
G° =  p r  E  h ‘> Gt =  Go ® G \  (46)

»=0

is the only skew-circulant m atrix. Applying this 2*-algorithm to Go and 
the negative algorithm to the rest blocks of Gb, we have that

Gn — (^2*1 ® •f2*a)(^2fc2 © ® ^ 2*2 ))*
M n — (iWj2*2 © (fm' ® ^ 2*2 ))(^2*i ® -̂ 2*2 )j (^7)
m! =  M ( 2 kl) — 1.

Now we prove th a t the performance by this way is the same as the 
measurement in (39) and (40).

P r o o f  By (47), the arithm etic count

M ( 2 k) =  M(2*a) +  (M(2*») -  l)M °(2*a)

=  g tf* ’ +  1) +  i(3 * ' -  1) • 3*» (48)

=  5 (3 * + 1 )

and

A(2k) =  2*aA(2fcl) +  A(2*a) +  (M(2*») -  l)A °(2fca)

=  2*a-1(2*l+1 +  3*,+1 -  5) +  i(2 * a+1 +  3*2+1 -  5)
2

+  ^(3*1 -  l)(3*a+1 — 3 • 2*a)

=  ^(2*+1 +  3fc+1 -  5).St

(49)

Therefore, for the purpose of sequential implementation, any fac­
torization of n  has the same performance measured by (39) and (40). 
The relationship between A(n)  and M (n) can also be figured out,

A(2k) =  3M(2*) +  (2* — 4), (50)
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and we can also prove th a t

2 i ^ ) < 4 ’ 0 < * < ° ° • <51>

Because
A(2k) -  3(M (2fc) -  2k) =  2k+2 -  4 >  0, 

so the unequation
A(2k) >  3(M(2*) -  2k) (52)

holds for this case too.

The algorithm is called 2k-Algorithm in this text. In the table 8-1 
we have listed the arithmetic counts for both W inograd algorithm and 
the new 2*-algorithm, where k from 1 to 5. We can see th a t the new 
algorithm has the same performance as the Winograd algorithm (2, 4, 
8) so far we have known.

T ab le  8-1

Size Winograd-cyclic New-cyclic
n  =  2* k M (2k) A{ 2fc) M (2 k) A(2k)

2 =  21 2 4 2 4N<NII 5 15 5 15

00 II to w 14 46 14 46
16 =  24 41 135
32 =  25 122 394

8.5 T h e  C ase  o f  n  =  2 • r ,  W h e re  r  Is  A n  O d d  N u m b e r

For this case, block-diagonalize H n by 2-point algorithm as we did 
in (21). W here the block Go is r-point skew-circulant m atrix, bu t G\ is 
r-point A-half-circulant m atrix with A  =  — 1. Because r  is odd number, 
by the A-theorem on this special case we discussed in chapter 5, we have 
tha t

r—1
G, =  TrC rGAM rTr; Tr =  ® ( - l ) ‘. (53)

i=0
Then

Hn =(<?2 ® / r ) ( / r  © Tr )(J2 ® Cr)G
{ h  ® M r)(Ir ® Tr)(M2 ® I r).  ̂ ^
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Because (2, r)  =  1, the relative prime case algorithms can be used 
for this case too. The performance would be the same. But there is no 
perm utation in the factorization (54). Simply, we call it 2 • r-Algorithm.

8 .6  T h e  C ase  o f  n  =  2* • r ,  W h e re  r  Is  A n  O d d  N u m b e r

ceding discussions. Again, block-diagonalizing H n by 2-point algorithm 
as we did in (21) and setting n ' =  2k~1 • r ,  now the block Go in (21) is a  
n '-point skew-circulant m atrix, which can be computed by the following 
recursive procedure. The block G\ is a  n '-point A-half-circulant m atrix, 
where A =  —1. Set s = 2k~l and use the factorization n ' =  r  • s. Then 
Gi  can be w ritten in r  x r  block A-half-circulant format. By the Mixed- 
multiplicative algorithm for this special case, which we introduced in 
section 4 of chapter 5, G\ can be factorized by

Now we are ready to build up the 2k • r -Algorithm based on the pre-

(55)
«=0

where G\. a is r-point block skew-circulant m atrix having s-point half- 
circulant blocks. Then

G i,, =  (CV ® C?)G ',(M r ® Mi). (56)

Placing (56) into (55), we have tha t

G , =  (Tr ® I .)(C r ® Ci)G\(Mr ® Mi)(Tr ® I.)
(57)

Suppose that
Go =  Cn'G'0M ni. (58)

Then by (21), we obtain the factorization

H n =  CnGnM ni

where

C n  =  (C2 ® I n ' ) { C n , © ( T r C r  ® C?)); 

M n =  (M„» © (M rTr ®  ®  I n ')]
G n  =  G ' ® G '=  G'0 ©G'1.

(59)
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The arithmetic count can be obtained by the following recursive 
functions,

M (2kr) =  M ( 2*“ 1r)  +  M A(2fc“ 1r); (60)

A(2kr) =  2k~1rA(2) + A(2k~l r) +  AA(2*_1r), (61)

where M A(2fc-1r)  and A A (2k~l r) are the arithm etic count for 2k~l r- 
point A-cyclic convolution algorithm with the special case of A  =  — 1. 
The equations (60) and (61) can be computed by the following functions,

M ( 2 k • r) =  i(3 *  +  l)M (r) =  M (2fc)M (r); (62)
£t

A(2k • r )  =  ?(3* -  2k+1 + l)M (r)  +  2kA{r) +  4r(2* -  1).
St

(63)

P r o o f  When k =  1, by the 2r-algorithm, we have

M (2r) =  2M (r);
A(2r) =  2A(r) +  4r,

which satisfies (62) and (63). Suppose that both (62) and (63) are true 
for n  =  2*-1 • r. Then when n  =  2k • r , by (49) of chapter 5 and (87), 
(88) of chapter 3, we have tha t

M A (2k~1r) =  M (r)M °(2 fc- 1) =  3*“ l M (r);

AA(2fc-1r) =  2*-1 A(r) +  M (r)A °(2fc" 1) (65)

=  2*"1 A(r)  +  (3* -  3 • 2*“ 1)M (r).

Then by (60) and (61) w ith our assumption,

M (2 kr) =  i (3 * _1 +  l)M (r)  +  3fc" 1M (r)
S

= 1(3* + l)M(r)
=  M(2*)M(r);

A(2kr) =  4r2fc“ 1 +  ( f ^ * - 1 -  2k +  l)M (r)  +  2fc-1A (r)+  

4r(2fc_1 -  1)) +  (2*-1A(r) +  (3* -  3 • 2*"1)M (r)) 

=  §(3* -  2fc+1 +  l)M (r)  +  2*A(r) +  4r(2* -  1).
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The unequation

A(2kr) >  3(Af(2*r) -  2kr) (67)

holds for this case too. Because

A(r)  > 3 (M (r) — r).

Then by (63),

A(2kr) >  ?(3* +  l)M (r)  -  3r2* +  4r(2* -  1) =
& (68)

3(M (2*r) -  2*r) +  4r(2* -  1).

We call this algorithm 2* • r-Algorithm. Now we can see tha t the 
2*-algorithm is only one of the special cases where r  =  1, and the 2r- 
algorithm is another special case of k =  1. Placing these values into the 
above functions in turn, we can obtain the arithm etic count for those 
special cases respectively.

Now we are going to prove tha t the 2* • r-algorithm  is better than 
the ‘best’ result obtained by the relative prime case algorithms. From 
the equation (62), we found th a t the number of multiplications is the 
same as the result derived by the relative prime case algorithms. But 
the num ber of additions will be saved a lot.

P r o o f  By the function (5) in the discussion for the relative prime 
case algorithms, we have to  make comparisons, for all the relative prime 
factorizations of n. First, suppose tha t r  is prime. The only two relative 
prime factorizations of n  is (2*,r) and (r,2*). To avoid confusing with 
the notations, we use M ( n ) and A(n)  to stand for the arithm etic count 
by the 2* • r-algorithm and use the notations with the index for the 
corresponding factorization by the relative prime case algorithms. The 
arithm etic count for 2* case can be found in (39) and (40), we will not 
specify in each place where we use. For the factorization (2*, r), we have

A i - A ”)  ~  A (n )

=  rA{2*) +  M (2 k)A(r)  -  2(3* -  2*+1 +  l)M (r)
2 *

-  2kA(r)  -  4r(2* -  1) (69)

=  1(3* _  2*+! +  i)(X (r) -  3(M (r) -  r))

>  0.

99



Because A(r) >  3(M (r) — r), which has been proved in (26) of chapter
6, and observe tha t (3* — 2*+1 +  1) >  0 except th a t when k = 1 the
result is 0. Then we proved that

A ( n )  <  A2 V (n). (70)

Now consider the factorization (r, 2fc),

A r,2 k ( n ) - A ( n )  

=  2k A ( r )  +  M { r ) A ( 2 k )  -  §(3* -  2 k + l  +  l)M (r)
£t

-  2k A ( r )  -  4r(2* -  1) (71)
=  4(2* -  l) (M (r)  -  r)

> 0 ,

because for any r  >  1 we have tha t M (r) — r  >  0.
If r  is not prime, say, r  =  r o n , where ro and r i  are relative prime. 

Obviously, both ro and r i  are odd numbers. Again suppose th a t both ro 
and r i  are prime numbers. Set si =  2*ro. Then, two new factorizations 
of n  would be ( s i , r i )  and ( r i ,s i ) ,  the expressions of both A a i i r i ( n )  and 
ArilJl(n), by the relative prime case algorithm, will contain the positive 
items A (s i), which is also non-prime case, as we proved in the above,

A ( s i )  < M I N { A 2 k ,r o ( s i ), A ro>2k ( s i )}, (72)

which implies that if the si-point algorithm is built up by the relative 
prime case algorithms, then

ji(n ) <  M I N { A . u r i ( n ) , A n , , ,(n)}. (73)

By the inductive method, the result is true for general. Then we can 
conclude tha t

A(n) <  M I N { A a t r ( n ) : n  =  sr, ( s ,r )  =  1). (74)

We complete the whole proof.

There is a final problem. In the discussion for the computation of Gi 
in (55), we used the first approach of the Mixed-multiplicative algorithm. 
Recall tha t there is the second approach we described in chapter 5, which 
makes the stride perm utation on G\ first. Now we prove tha t the first
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approach is better than  the second. We already proved tha t the number 
of multiplications are equal for both approaches. The difference of the 
numbers of the additions by the second approach and the first approach,

A 2>,r(n ) ~  A r,*k(n )
=  (rA °( 2*) +  M*(2k)A(r)) -  (2kA (r ) +  M (r)A °( 2*))

=  ( 3 * - 2 * ) ( A ( r ) - 3 ( M ( r ) - r ) )
> 0,

which implies tha t the first approach is better, so is the 2k • r-algorithm 
we just introduced.

The table 8-2 lists the results for some sample points. Correspond­
ing to the ‘best’ results obtained by the relative prime case algorithm, 
we see that when k >  1 a  lot of additions can be saved by this new al­
gorithm, which is more than  11% on average. Also, because there is no 
perm utation at the beginning stage of the computation (in fact, a  stride 
perm utation implied by the tensor product), the conjugate property of 
the Winograd core C(P)  can be completely used.

T ab le  8-2

Size Relative Prime Case 2* • r  case
n i X r M(n) A(n) 2 x n' M(n) A(n)
6 2 x 3 8 34 2 - 3 8 34
10 2 x 5 20 82 2 - 5 20 82
12 4 x 3 20 100 2 - 6 20 92
14 2 x 7 32 168 2 - 3 32 168
20 4 x 5 50 230 2-10 50 212
24 3 x 8 56 272 2-12 56 244
28 4 x 7 80 455 2 -1 4 80 412
40 8 x 5 140 664 to to o 140 566
48 3 x 1 6 164 716 2 -2 4 164 656
56 7 x 8 224 1296

00 224 1042

8 .7  T h e  C o m p a riso n  B e tw een  T w o  T y p e  A lg o rith m s

We have introduced both  complex-type and real-type algorithms 
for cyclic convolution of non-prime size. For a  given n  there are many
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ways to build the n-point algorithm. The analysis on the performance 
will also depend on a t least the following two factors, the environment of 
implementation and the field of the computational m atrix. We already 
assumed th a t all the input is complex. In this section, we will make a 
comparison between the two types of algorithms briefly.

(i). For Parallel Processing.

Because the Descrete Fourier transform is square m atrix the data  
flow in the complex algorithm is well-organized. In the real type algo­
rithm , the pre-addition m atrix and the post-addition m atrix are not the 
same, we need more subroutines if we want to do so. The analysis on the 
performance for parallel or vector processing is quite complicated. In 
general, when the size is very large, the complex-type algorithm is effi­
cient even if the computational m atrix is real. The large size is also good 
for parallel or vector processing. The new algorithms we introduced in 
the preceding chapter also provide a  flexibility for this purpose. Some 
real-type algorithms, such as the algorithm discussed in section 3 of 
this chapter, has parallel feature too. However, as we will prove, when 
the size is very large the algorithm is not efficient than  the complex- 
type algorithm even if the computational m atrix is real. For small size, 
the benefit from the parallel processing is trivial. A disadvantage of the 
complex-type algorithm is th a t the multiplications are distributed in dif­
ferent steps while the real type algorithm collect all the multiplications 
in only one step which is be tter for long vector processing.

(ii). For Sequential Processing

If the m atrix H n is complex, in general, the complex-type algorithm 
is efficient except for n  <  3. We will focus on the real m atrix H n. 
Denote by M f ( n ) and A f(n )  the real arithmetic count. To compute 
the n-point cyclic convolution on real H n, the Convolution theorem will 
use two jF(n)s plus the multiplication’ with a  n-point complex diagonal 
matrix. Take into the consideration that there are two real elements in 
the diagonal m atrix, then the arithmetic count in real operations with 
the complex input, denoted by M c(n) and A c(n), is

M c(n) =  2 • M f (n) +  4n -  4;
Ac(n) =  2 • A f(n )  + 2n — 4.

By the real type algorithm we only simply double the count for real
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input, i.e.,
M r(n) =  2 -M (n );
A r(n) =  2 • A(n).

The performance can also be represented by one param eter, that
is,

E (n )  = A(n)  +  RM {n).

The improvement can be measured by

„  _  E c(n) -  E r(n) ,„ oN
E "  E A n )  ’ (7 8 )

where E c{n) and E r(n) stand for the performance of complex-type and 
real-type algorithms respectively. We will discuss several cases in a  little 
detail as follows.

a). The Case of n = 2k.

By the Cooley-Tukey radix-two algorithm,

M f( 2 k) = 2k+1(k — 3) +  8; 
A f ( 2 k) — 3 • 2k(k — 1) 4- 4.

(79)

Then,

M r(2k) =  2k+2(k -  3) +  16 +  2k+2 =  2k+2(k -  2) +  16; 
A r(2k) =  3 • 2k+1(k -  1) +  8 +  2fc+1 =  2k+1(3k -  2) +  8.

By the 2k algorithm, double (39) and (40), we have

M r( 2k) = 3k +  1;

Ar(2fc) =  2fc+1 + 3 fc+1 - 5 .

Then

E c(2k) =  (2fc+1(3fc -  2) +  8) +  E (2t+2(k -  2) +  16); 
E r(2k) =  (2‘ +1 +  3*+1 -  5) +  R(3k +  1).

(80)

(81)

(82)

Assume th a t R  =  1, we have

E 2k =  E r(2k) -  E c(2k) = 2 - 3 k -  2k(5k -  7) -  14. (83)
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To determine the value of k so th a t E r{2k) < E c(2k), we have to  find 
the solution to the unequation

2 * 3 * — 2*(5k -  7) -  14 <  0. (84)
The answer is k < 6. We have checked tha t the result is the same for 
R  < 3 which is the general value on most machines. The table 8-3 
gives the real arithm etic counts for both complex-type and real-type 
algorithms with the values of k  up to  6. W hen k  <  4 the Winograd 
small FF T  algorithms are used. The improvement E n corresponds to 
each of R  =  1 ,2 ,3 . The improvement is about 20% on average.

T ab le  8-3

Size Convolution theorem 2k case algorithm E n (%)
n = 2k M c(n) Ac(rc) M r(n) A r(n) R=1 R = 2 R=3

4 12 36 10 30 17 17 17
8 36 116 28 92 21 21 22
16 100 324 82 270 17 17 17
32 396 836 244 788 16 22 25
64 1036 2052 730 2310 2 8 13

Average E n (%) 15 17 19

b). The Case of n = 2k • r

There is no general conclusion for this case. The table 8-4 lists the 
results for some sample points. The F ( n ) is generated by the factoriza­
tion of 2k X r. The improvement E n is about 21% on average.

T ab le  8-4

Size Convolution Theorem 2* • r  A1gorithm En (%)
n =  2fcr M c(n) ^c(n ) M r (n) Ar (n) R=1 R = 2 R =3

6 36 80 16 68 28 34 38
10 76 192 40 164 24 29 32
12 76 212 40 184 22 28 31
14 116 368 64 336 17 23 26
20 156 468 100 424 16 20 23
24 180 548 112 488 18 22 24
28 236 852 160 824 10 14 17
40 356 1140 280 1132 6 9 11
48 436 1364 328 1312 9 12 14

Average E n (%) 17 21 24
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From the above tables, including Table 6-3 of chapter 6 for prime 
case, we can see th a t the improvement is more than  20% on the average. 
In particular, the sample points we used cover most of the im portant 
points for the library, which can be used to build the large size algo­
rithm s. In the later chapters we will find the applications of these new 
algorithms, especially for computing the W inograd core C(p) and the 
similar matrices in 2-dimensional FFTs and symmetrized FFTs.
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C H A P T E R  9

N E W  A L G O R IT H M S F O R  O N E  D IM E N SIO N A L

P R IM E  C A SE  F F T

9.1 In trod u ction

As building blocks, the algorithms for prime size are very im portant.

solve the F(p). As we discussed, the m atrix C(p) is complex but has 
the conjugate property. By the traditional real-type algorithms, the 
conjugate property can not be fully used. In general, C(p) is computed 
by Convolution theorem [27]. A variant form of the Rader’s algorithm 
[13] has been derived to reduce the number of additions of A(p) by using 
the Convolution theorem. Let

The basic idea is the Rader’s algorithm, which we already introduced 
from (5) to (9) in chapter 1,

F(p) =  P - ' F „ P ,  =  p - \  1 e  C(p))A(p)P„ (1)

where the Winograd core

C(p) =  [vx'+k] v = -exp&iri/p) , (2)

is p '-point skew-circulant matrix, p ' =  p — 1. And

(3)

The cyclic convolution algorithm of computing C(p) is the key to

C(p) =  F(p')DP'F(p')]

Then,
F(p) = P ~ l F D B (p )F P „ (5)

where
F  =  (1 © F (p '); D = ( 1 ® D P.). (6)
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Now the m atrix B(p)  needs only 2 additions plus 1 rational multiplica­
tion which is less than  2p' additions for computing A(p).

We have discussed the cyclic convolution algorithms for m any dif­
ferent cases in the preceding chapters. The traditional algorithms can 
neither provide good features for parallel processing nor provide good 
performance for sequential processing in many cases. First, look a t the 
W inograd core C(p), it has the following properties which may be useful.

(i). For the element a,- in C(p), we have tha t

p'
E  « .• = - 1 .  (?)
«=o

which implies tha t the sum  in each column or each row is —1.

(ii). The conjugate property which we already mentioned,

a • i P (8)

(iii). The size of C(p) can be written as

p '  =  2‘ • r ,  (9)

where r  is an odd number except p =  2.

The first property has been used in deriving the variant form (5). 
Unfortunately, the other two properties have not been used sufficiently. 
By the new algorithms we developed for cyclic convolution in the pre­
vious chapters, the W inograd core C ( p )  can be computed efficiently for 
both sequential and parallel processing. The new algorithms for prime 
case FFT  then can be designed.

9.2 C o m p u tin g  C ( p )  B y C o m p lex -T y p e  A lg o rith m s

Let p' =  s • r. By the formula (32) in Chapter 7,

C ( p )  =  (F (s) 0  I r ) T ( I s 0  F ( r ) ) D p . 
( / .  0  F ( r ) ) T ( F { s )  0  Ir),

where D p > and T  are diagonal matrices,

D p i  =  ®  I r ) T - ' ( I ,  ®  F - ' ( r ) ) C ( p )

( / .  ® F - 1( r ) )T - l ( f ’- ‘(«) ® I r)
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and g—i *—1

T  =  ® T i; I)  =  ® f « .  (12)
i= 0  jf=0

The value of S can be obtained by finding a solution for the equation

6r =  w; w = exp{—2ni/s) .  (13)

The procedure of finding an optional solution is described from (51) to
(56) of chapter 7. Simply, we can take

S =  w; oj = exp(—27ri/p'). (14)

Now, a new form of the Rader’s algorithm is

F(p)  =  p - ' F . , rDF,,rPm  (15)

where

F , , r  =  (1 © (F(s)  ® I r)T (Ia ® P ( r ) ) ) ; 
D = 1 @DP>.

(16)

If s and r  are relative prime, as we discussed in chapter 7, C(p) can 
be factorized as

C(p) =  P (P (s )  ® F(r))D'p, (F(s)  ® F ( r ) ) P " 1, (17)

where P  = P (p ',r )T s is a  perm utation m atrix and

=  ( F - ^ s )  ® F - 1( r ) ) P - 1C '(p )P (P -1(s) ® F ~ l (r)).

(18)

Then, the corresponding factorization of F(p) is

F (p) =  P0F',irD F ^ P „  (19)

where Po is the perm utation matrix,

Po =  P “ l ( l  © P )  =  1 © P - 'P ,  (20)

and
P ( s , r '= ( l © P ( P ( s ) ® P ( r ) ) ) ;  

D  =  !©£>;,,.
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Now formulas (15) and (19) contain parallel feature. The reduced 
form can also be obtained by these algorithms. Now we will prove tha t

B(p)  =  F„rA (p)F - i ,  (22)

and for the case tha t s and r  are relative prime,

B(p) =  F^rA(p)(Flr)~l . (23)

The equation (23) can be treated as a  special case of the equation 
(22), where T  — Ip>. We only make the proof on (22).

P r o o f  The item

1 ® (( f (3 )  ® /,)T (I . ® F (r ) ) ) -1 =
(1 ffl (I. ® -FM )"^! ® T -‘)(l ffi (F(a) ® /.)- ') .

(24)

We will make the proof step by step. First,

A o = A ( p ) ( l ® ( / , 0 F ( r ) ) - 1 )

_  f  1 1* 0  at*. \
~ { - l p, (Is ® F ( r ) ) - ' J -

(25)

Because T  consists of s diagonal blocks of size r  and the first element of 
each block is 1, we have

(la ® a£ )T -1 =  (1* ® a*). (26)

Then

A l = M l ® T - ' ) = ( _ \ pi (27)

Because

(I!  ® <*'r)(F(s)  ® / r )-> = a ; ® a ) =  a p. , (28)

then,

A ,  =  4 ,(1  ® ( F ( s ) 0  / .) ) -> )

_  (  1 A (29)
V - V  ( I r ® F ( r ) ) - ' T - i ( .F (s )® Ir) - ' ) '  
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The following steps now become easier, 

B 2 = ( l ® ( I , ® F ( r ) ) ) A 2

=  (  1 'IV - a  - 1 , 0  a .  T ~ 1(F(s)  ® / r )~ l /  ’

and

=  (F(4 V ) -

Finally,

Bo =  (1 ® (F(s)  ® I r) ) B t =  (  _ p,* ap, )  =  B(p).

We complete the proof.

The formulas (15) and (19) now become

(30)

(31)

(32)

and

F(p)  =  p - ' F , , rDB{p)F.,rPm  

F(p) =  PoF'^DB(p)F ' trP o \

(33)

(34)

respectively.

The perm utation P„ seems to be more simple than the perm utation 
Po in (20) because Po is a  product of three perm utations. In fact, Po 
still can be implemented in simple and parallel way. We take the input 
perm utation P0-1 as an example.

Po-1  =  1 © TaP(p' t s)Pn.

The m atrix of input indices after P (p ',s )P ff would be

(35)

X  =

I  1 z a •••
2  2 ®̂"̂  • • •

\ Z a _ 1  Z 2 a ~ l ,a i—1

(36)

/
We see th a t the element in row i can be obtained from the corresponding 
element in row i by

=  X[i  - 1 ,  j ]  X z. 
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Because
Tt =  J r ® 5 c ® - - - © 5 (*“ 1)e

is a  block diagonal matrix with shift blocks each of which corresponds 
to a  row of X , it shifts the i-th  row of X  by i • e positions to the right. It 
is not difficult to find that these shift operations are circulant. Denote 
by X 1 the index matrix after the shift operation Ta, then

X'[i, j] =  x (38)

Combining (37) and (38) together, we have that

= (39)

which means tha t if the elements in any row are pre-defined the elements 
in the rest rows can be obtained in order (take modulo s) by (39). 
Therefore, The perm utation Po and P0-1  can be implemented in parallel, 
which is identical to the computation structure in (19).

9.3  C om puting C(p ) B y R eal-T ype A lgorithm s

The size property of C(p)  reminds us that the multiplicative algo­
rithm  can be used to solve C(p). In traditional way, the ‘best* one would 
be the relative prime case algorithm. For p' = 2k • r , if r  >  1 there must 
exist a  pair tha t p' = sqTo and (so, ro) =  1, then C(p) can be computed 
either by the Agarwal-Cooley algorithm or by the Block-shift theorem. 
Unfortunately, bo th  of them can not use the conjugate property because 
of the perm utation. For example, take p — 7, then p' =  6 =  2 x 3. Then, 
the vector a* formed by the first row of the m atrix after the perm utation 
on C{p) would be, by the Agarwal-Cooley algorithm,

a* =  (ao, 04,02; 03,04,05),

and by the Block-shift theorem,

a* =  (0 0 , 0 2 , 0 4 5 0 3 , 0 5 , 0 1 ).

Even if there is a  pair satisfying the conjugate property, but for the 
whole m atrix the conjugate property no longer exists. The computation 
has to be taken on complex field, the real-type algorithms have no more 
advantages. Now we will discuss how the new algorithms can work 
perfectly.
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First, we will prove th a t the conjugate property holds for the block 
format, too, if the block size is also even. Break C{p) into s x  s blocks, 
where s is an even number, and denote the blocks by hi. As we know 
tha t each hi is a  half-circulant m atrix, denoting its entries by cl(y and 
c\ j  as we used to do, then we have

c i ,j  — a ir+ j]  Ci,jf — a ( i+ l ) r + j?

0 <  * <  5, 0 <  j  < S — 1.

Then for the elements in the block h i + L ,  we have

c *'+f ,3 =  a ir + j+ £  =  a ir+ j  =  c i ,j i  

C*+ f,i  =  a ( i+ i)r+j+^L =  a («+l)+j =  (c «,j) • 

So we have that

(40)

(41)

h i+L =  h*\ 0 < i <  s. (42)

By the new 2k • r-algorithm  including the special cases of k =  1 
and r  =  1, the first step is breaking C(p) into 2 x 2  block format, then 
applying the 2-point algorithm,

C{p) = (C2 ® I  si )(G0 ® Gx )(M 2 ® ^ ), (43)
2 2

where, by the conjugate property with block form,

Go =  |(Ad +  h i )  =  |(A 0 +  K )  =  [co.(* '+*9)];

G , =  |(A 0 -  hr) = i(fco - * ; )  =  •• [« n ( r '+ ‘ 9 ) ] ; (44)

0

where Gq is a  real skew-circulant m atrix and G\  is a  A-half-circulant 
m atrix with A =  — 1, but has all pure imaginary entries. Which can be 
found by

cos(zi+IT6) =  cos(—z J0) = cos(zJ0); ^

sin(zj*%~0) = s in (—z*0) =  —sin(z*0).

Go and G\  now can be computed by corresponding real-type algorithms. 
This result can be extended to any factorization of p' — s.ro, where s

112



is an even number. W hich means tha t if we block-diagonalize C(p) by 
s-point (also 2k • r  case) algorithm, the blocks in block-diagonal m atrix 
should be either real or pure imaginary. Because after the first step, the 
computation will continue on either real or pure imaginary matrices.

If C(p) can be factorized by one of the cases of the 2k • r-algorithm
as

C(p) = Cp.Gp'M P', (46)

then
F(p)  =  P - ' C , G , M , A ( p ) P (47)

where
C / =  ( i  © c P0 ;
G f  =  (1 ® Gpi); (48)

M f  =  (1 ® M pi).

If the property (33) of chapter 8 holds for the pre-addition matrix 
Mp>, then the computation of A(p) can be reduced in the same way as 
(34) by the real-type algorithm. Set

B ’{p) =  (  1 ' S ~l ^  ;
{P) \ - p ' - S ' - amp, I mpl ) '

m P> = M (p '), (49)

where S  is the m pi X m p> circulant shift matrix. If the position of the 
row having the only non-zero sum of its elements is t, i.e., the z-th row, 
then, by direct computation it easy to prove that

(1 ® Mp,)A{p) =  B \p ) {  1 ® M p,). (50)

Then, the similar variant form to (5) can be obtained for the real-type 
algorithms, too,

F(p)  =  P ; 'C , G , B ' ( p ) M , P „ .  (51)

The arithmetic count, denoted by M /(p) and A /(p), now can be mea­
sured by

M ,(p )  = M(p')  + 1;

A ,(p )  = A(p') + 2.

The one more multiplication comes from the m atrix B'(p). In fact, this 
multiplication with an integer can be saved in the implementation. If 
the input is complex, the count should be doubled. But if the input is
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real the number of additions can be further saved from (52). Because
the last step in the post-addition m atrix Cp> is C2 ® which does the

2
additions between the real numbers and pure imaginaries, therefore, no 
computation a t all. The to ta l number of additions now is

A fr (p) = A ( p ' ) + 2 - £ .  (53)

We now give a  further discussion on each case.

(i). The Case of p' =  2*

By the property (33) for 2*-algorithm, the param eter i in (49) is 1. 
Then the m atrix B'(p)  is the same as the m atrix B(p) in (4) except that 
the size is different. Let p' = 2 * . The arithmetic count for this case is

M ,(p )  =  i ( 3 ‘ +  3);
? (54)

A ,(p )  =  — (2fc+l +  3*+l -  1).

Set

(ii). The Case of p ' =  2r

By the 2r-algorithm, we have that

Mpi =  (M r © M rTr)(M2 ® Ir). (55)

^ ’• ) = ( - 2 1. l r / ! ) •  (56)

Then

(1 © M 2r ) A ( p )  

=  (1 © M r  © M rT )( l  © ( M 2 ® I r ) ) A ( p )  

= (1 © M r  © M rT )(A (r ) © Jr )( l © (M2 ® I r )) 

=  ((1 © M r)A(r) © M r T )( l  © (M2 ® / r )).

(57)

Now the problem is tha t we have to assume tha t the property (33) of 
chapter 8 holds for the r-point algorithm. If r  is prime, by the Negative- 
based algorithm introduced in chapter 6, we know th a t there are 
rows which do not satisfy the property. It implies tha t the computa­
tion of A(r)  can be reduced to integer multiplications and 2r — 1
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additions. But we found th a t by the Winograd algorithm the property
holds for all the sample points so far we have known, but the row having 
the non-zero sum may be not in the first position. For convenience, we 
assume that the property is true for all the prime case.

If r  is not prime, say, r  =  ro ri, we have proved that the property 
holds for r-point algorithm if, a), ro and r\  are relative prime; b). the 
property holds for both ro and r\ point algorithms; and c). the r-point 
algorithm is constructed by the relative prime case algorithm. By the 
inductive procedure, the property will hold for the general r, where r  is 
an odd number.

Based on the assumption and the above discussion, we have that

(1 ® M r)A{r) =  A '(r)( l ® M r ), (58)

where
(59)

Now the formula (57) becomes

(1 ® M P.) = (A '(r) ® Jr ) ( l  © M r © M rT )(M 2 ® I r ).

(60)

The arithm etic count for this case is

Mf(p)  =  2 M (r) +  1; 
A/(p)  =  2A(r) + 4r +  2.

(61)

(iii). The Case of p' = 2* • r

Based on the discussion for 2r case, we can prove the 2kr case by 
using the inductive method. Set s =  2fc-1r  and

(62)

Suppose that the property holds for s-point algorithm. Which implies 
that

( l© M a)X(s) =  B (s ) ( l© M 3), (63)

where
1



Thus,

( 1  ®Mpi)A(p)  
=  (1 © M a © M A)( 1 © (M2 0  I a))A(p) 

=  (1 © M a © M a )(1 © A(s)  © 10(1 ® (M2 0  / , ) )
=  ((1 © M a)A(s) © M A)(1 © (M 2 ® / , ) )  C

=  ( £ ( s ) © J a) ( l© M p,)
= B ' ( p ) ( l ® M p.).

The arithmetic count for this general case is

M f(p)  =  i(3*  +  l)M (r)  + 1 ; (66)

A j ( p )  -  | ( 3 ‘ -  2 t+ 1  +  l )M (r )  +  2 k A ( r )  +  4r(2* -  1 )  +  2.

(67)

9.4  S u m m a ry

The above two approaches give us more choices than the traditional 
way for the computation of F(p). For the large size, the complex-type 
algorithm can be used for efficient and parallel processing, while the 
size is not too large the real-type algorithm with different cases can be 
applied. As we analyzed in the preceding chapter, the performance can 
be improved even more than 20% percent. The gains come from two 
parts, one is that the new algorithms are better than  all the existing 
algorithms at least for some cases, another is the perfect use of the 
conjugate property of C(p). Because the performance of the prime case 
FFT algorithms depends on the p '-point cyclic convolution algorithm, 
the tables 8-3 and 8-4 can also be used as reference for prime case FFT  
algorithms.

By the multiplicative algorithms for FFTs, the non-prime case al­
gorithms are built up by the prime case algorithms, the gains then can 
be transferred to all of these non-prime case algorithms. In addition, 
for multi-dimensional FFTs and symmetrized FFTs with the prime size, 
it will be found that the computational m atrix likes the Winograd core 
C'(p), and at least keeps all the properties of C(p). The computation 
procedures and the algorithms are much alike.
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CHAPTER 10

N E W  A L G O R IT H M S  F O R  T W O  D IM E N S IO N A L  

P R IM E  C A S E  F F T

10.1 In tro d u c t io n

The 2-dimensional n  X n  finite Fourier Transform [28] is defined by

1=0 j —0

v =  ea;p(27ri/n), 0 <  k, I < n, (1)

where A  is input da ta  and B  is output data.

In general, to compute the 2-dimensional Fourier Transform F(n  X 
n) we would first change the 2-dimensional input and output data  into 
one dimension and then use 1-dimensional FFT  algorithms. The basic 
algorithm is the Nested transform algorithm or called Row-column algo­
rithm . By which one can compute the 2-dimensional Fourier transform 
by computing a  one-dimensional Fourier transform along every column, 
then along every row, or the other way around. Using the tensor product 
formulation,

F (n  x  n) =  F(n)  ® F(n).  (2)

Obviously, the arithmetic count for computing F (n  X n) is 

M ( n  x n )  =  2nM /(n);
(O j

A (n  x n) =  2nA /(n).

This algorithm has good parallel feature, but no flexibility. In this 
chapter, we will describe some new algorithms which do not depend 
on the one-dimensional F F T  but cyclic convolution algorithm. We will 
focus on the prime case F(p  x  p). By using algebraic transformation 
on the indexing set, for some prime numbers the resulting computation 
structure is completely the same as 1-dimensional prime case. First, 
we will introduce some algebraic structures of the indexing set for 2- 
dimensional array, then the algorithms for the cases of p — 3 mod 4 and 
p  =  2 mod 3 will be discussed. The new algorithms are more efficient in 
some cases.
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10.2 The Algebraic Structure Of The Indexing Set

Professor Tolimieri has represented the algebraic structures of the 
indexing set for 2-dimensional array in several paper [31]. Based on 
these algebraic structures, the computation structure of F (n  x n) can 
be easily changed for different purpose. We will give a  brief description 
for some of them.

The data  indexing set Z / n  X Z / n  has a  natural ring-structure as 
the direct product of the ring Z / n  with itself. Denoting a  typical point 
by a =  (ao, a i)  we have

a - f  6 =  (a0 +  &o,ai +  M ; (4)

ab =  (ao&o,ai6i). (5)

A second ring-structure can be defined by first forming the quotient 
polynomial ring

Z /n [x ] /(* 2 +  l )  (6)

consisting of all polynomials a(x) = ao + a ix  where addition and m ulti­
plication are taken mod (x 2 + 1 ). Identifying the point a =  (d o ,  d i )  with 
the polynomial a(x) =  do +  d ix  we have a  second ring-structure in the 
indexing set

d * 6 =  (do&o — d i& i , do&i ■+■ di&o)* (7 )

Another ring-structure can be also defined by a  similar way as the 
second,

Z / n  [x] / { x 2 +  x +  1), (8)

here the operations are taken mod (x 2 +  x  -f- 1) and the multiplication 
now is

a o b  = (do&o — ai& i,d0&i +ai&o — ai&i)* (9)

Denote by L { Z /n  x  Z / n )  the set of all complex-valued functions F  
on Z / n  x  Z /n ,  We can view F a s a  2-dimensional array of data

i r =  [/0',fc)]> 0 < j , k < n .  (10)

The 2-dimensional n  x n  finite Fourier Transform can be defined by

*■(/)(»)=  £  v = exp(2ni/n),
a £ Z / n x Z / n

b t Z / n x Z / n ,  <  d , 6 > =  do&o +  d i& i. (1 1 )
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If we set
<f>: Z / n  X Z / n  — ► Z / n

and define

G ( f ) ( b ) =  5 Z  / ( « y (“‘6); b e Z / n x Z / n .  (12)
aGZ/nxZ/n

Then the computation of (11) can be replaced by (12) which is related 
to a  certain ring-structure with the multiplication •. For example, set

<f>(a) =  a0; a  =  (a0,a i) ,  (13)

and take the second or the third ring-structure. Then

<j>(a,*b) = <f>(aob) = aobo — aibi. (14)

A direct computation shows that

G (/X 6) =  n f ) (& o ,-6 ,) ;  b €  Z / n  x  Z /n , (15)

which implies th a t G ( f ) and F ( f )  are related by the output perm utation

C o - l ) -  <16>

We may use these different ring-structures and define different map­
ping <f>, then the computation of G (f)  would be different, so does the 
output perm utation. Many different algorithms can be obtained by us­
ing algebraic transformation.

10.3 T h e  P r im e  Size p =  3 mod 4

Denote by R(p ) the indexing set Z f p  X Z / p  and by Ui{p) the non­
zero elements in R{p). In this case, the order of the set U(p) of non-zero 
elements in Z /p

p* = p  — 1 =  2 mod 4,

there is no tt € U(p) such that u2 =  — 1. Therefore, x 2 + 1  is irreducible 
over Z / p  and Z /p [x ] /(x 2 +  1) is the field G F(p2), and the set Ui(p) is 
a  cyclic group under multiplication. Set

a m+1 =  a * am; a 6 R(p), m >  1. (17)
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Then, a  generator w of 172 (p) can be found and input and output can 
be ordered by

0 ;l,ty , •••;tupS“ 2. (18)

Denote the m atrix of the mapping G  introduced in (15) relative to  (18) 
by G, again. Then

° - ( v  <&)); p"=p2- 1' (19)
where

C2(p) =  [ »«» '♦ *> ], 0 <  j ,  fc <  p2 — 1, (20)

is a  skew-circulant matrix.
We see now that G has the same structure as one dimensional prime 

case and C ^p) keeps the same properties as G(p). First,

p - 2

) = - 1, (21)
«=o

then G  can be rewritten as

<7 =  (1 ® C2(p))A2(p), (22)

where

A’ W  =  ( - v  % ) ■  (23)

Let p =  4n +  3, then p" =  8(2n2 +  3n +  1), the size of C ^ p )  can 
also be represented as

p" =  2* • r; k > 3.

Finally, because <{>(—a) =  — <f>(a) the conjugate property holds for 
Clip)  too. Denote by Pw the perm utation m atrix generating the order­
ing sequence in (18), then

F(p  x  p) =  Pt Pw( 1 0  C2( p ) ) A i ( p ) P ; \  (24)

where Pb is the output perm utation described in (16). Here we treat 
input and output da ta  as 1-dimensional. F(p  X p) is completely com­
puted by 1-dimensional prime case FFT  algorithms. The computation
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of A 2 (p) can also be replaced by ^ ( p )  which is similar to B(p)  in (4) 
of chapter 9,

* o > ) = ( _ / « , .  f : ) -  (2 5 )

One way to  find the generator w is described as follows. For a  
generator z  of Z / p , a  generator w of R(p) can be found such that

Set

then

Let

wk — z\ k = p"/p '  =  (p +  1). (26)

i =  (0,1), (27)

i4 =  1. (28)

w = (a, 6) =  a + ib; a, 6 6 U(p). (29)

By the Theorem 2.1 of chapter 2, we have tha t

w k = (a +  ib)p(a +  ib)
=  (aP +  (ib)p)(a + ib) 

=  (a — ib)(a +  ib)
= a2 + b2

(30)

Set
a2 +  b2 =  z. (31)

Under the addition in Z / p  except 0 and 2 , there must have p '—\  different 
pairs (<*,/?) such tha t a  +  (3 =  z. Because the number of elements with 
even power of z  is one more than the number of elements with odd power 
of z,  there must exist a  pair such that

a  = z 2kl; /3 = z2k2. (32)

Set
a = ± z kl; b = ± z ka, (33)

or
a = ± z k*] b = ± z kl .

Then, one value of w can be found from these solutions by satisfying

(a -f ib)* z*\ 1 <  * <  p. (34)
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E x a m p le  1. Take p =  3 and z  =  2. The pair (1,1) satisfies 
1 +  1 =  2 and 1 =  l 2. Set a = b =  1, which also satisfies the condition 
(34), then w =  (1,1) is a  generator of U2(3). The table 10-1 listed one 
of tw’s for each p  from 3 to  59.

T ab le  1 0 - 1

p : 3 7 11 19 23 31 43 47 59
z : 2 3 2 2 5 3 3 5 2
w .  (1,1) (1,3) (2,3) (2,6) (1 ,2) (1,8) (5,8) (1,2) (2,23)

By the way we find a generator, the input and output perm utations 
can be implemented very efficiently. Let the ordered set

Ao =  1, tu, • • •, w k~l . (35)

Then the ordering (18) can be rewritten as

Ao,zAo,  • • • zp ~^Aq. (36)

Suppose tha t the 2-dimensional array D ( p \  k)  holds input data, and for 
w> = (z>1 ,z>2), define two 1-dimensional arrays W \(k)  and W 2(k) by

W i ( j ) = j n  W2( j ) = j 2, (37)

except tha t w k/ 2 =  (0, — z 1!2) and w k = (z,0). Let another array Z
holds the powers of z  by Z{i) =  z*. To avoid the modulo operation on
p', double length can be defined for Z.  the following program implements 
the input perm utation.

INTEGER Wi(0 : K  -  1), : K  -  1), Z (0 : 2p' -  1),*, j ,  k0
•  •  •

ko =  k /2
DO 10 i =  0 ,p ' — 1

£ M o )  =  / (0 ,Z ( i  +  W2(fco))- 
D (i t k) = f ( Z ( i  + W l (k)),0)
DO 20 j  =  l,fc0 - 1  

D ( i J )  = f ( Z { i  +  Wx(i), Z(i  +  W 2(j))
20 CONTINUE

DO 10 j  =  h  +  1, k — 1 
D ( i J )  =  f ( Z ( i  +  W xU ),Z { i  +  W 2(j))

10 CONTINUE
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We see that only additions for index addressing are needed. Also,
set

c„ =  [» « “ '+,)]oSW<», (38)

the computation m atrix C2(p) in (20) now can be rew ritten as

C2(p) = C(p) ® c0, (39)

where C(p) is the W inograd core.

E x a m p le  2. Now we continue the example of p =  3 to illustrate 
the whole algorithm. Take z — 2 and to =  (1,1), the corresponding 
ordering and mapping for A q are listed below,

We have that

input
Ao

(1, 0) (1, 1) (0, 2) (1, 2)

C2(3) = v
V
2

V ‘

1

\ u 2

V  

1

V 
V2 
V2
1

o2

V

V  

V 2 

V2
1

u2

V

V

101 

1

V  

V2 
V2
1

o2
V

V  

1

V*
V

V  

1
V

u r
0

V‘ 
1

o2
V

V  

1
V  
„2

0“
V

V  

1

V  

V2 
V2

v2 \
V

V  

1
V  
2V  

V2 
1 /

If we directly use 8-point algorithm to compute C2(3)} it would 
need 14 multiplications and 46 additions (in fact, some of them  may be 
trivial operations). Instead, we use our 2* algorithm for C2(3). First, 
partially diagonalizing ^ ( 3 )  by 2-point algorithm,

C2(3) =  (C2 ® /4 )0 (M 2 ® J4), 

where D = D q © D \ y and

Do =  cos{9)

D\ =  t • sin(0)
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where
0 =  27r/3; c o s (0) =  —

<w

We see that Do and D\  can be directly computed without any algorithm, 

(1 ® D q  © D i ) ( M 2 0 /4)^2(3) = (D 'q © D i ) ( M 2 0 4̂),

where

« - ( ;  a ) -
Now the computation of D'0 needs 14 additions and 4 rational multipli­
cations and the computation of D\  needs 8  additions and 4 multiplica­
tions. The to ta l count for computing F (3 X 3) would be 8  multiplications 
and 38 additions. It is better than the Nested algorithm which uses 12 
multiplications and 36 additions.

10.4 T h e  P r im e  Size p =  2 mod 3

In the case of p = 2 mod 3, the order of U(p) is

p ' =  p — 1 =  1 mod 3,

there is no u £ £7(p), where u ^  1 , such tha t u 3 =  1. Then, u3 -  1 ^  0
implies tha t u 2 -f- u +  1 ^ 0 .  Therefore, x 2 +  x +  1 is irreducible over
Z /p  and Z/p[x]/{x2 +  x + 1 ) is the field GF(p2). Set

a o a  =  a2; a m+1 = a o a m; a € R(p). (40)

The computation structure for this case is the same as the case of p =  
3 mod 4.

The generator 7  can be found by a similar way to finding w in the 
preceding section. Set

P =  (0,1). (41)

We see that
/  =  1. (42)

Let
7  =  (a, b) =  a +  bp\ a , b e U  (p). (43)

Again by the Theorem 2 . 1  of chapter 2, we have tha t

7 * =  (a + bp)p(a +  bp)

=  (a* +  & V )(a  +  bp) ( u )
— (a + bp2)(a +  bp)
— a2 + b2 — ab
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Set
a = a2 -+■ b2\ (3 =  —a6, (45)

and take
a  + fi — z; a , (3 e U (p ) .  (46)

Then
(a +  b)2 =  a  — 2(3. (47)

If
a - 2 /?  =  ag; a 0 G Z / p ,  (48)

the condition th a t the set of equations

( a + b = 
\ a b = -

= ± z k'
P

(49)

have solution is
oc +  2/? =  bo G Z / p .  (SO)

Then, the solutions would be

a =  ± i ( a 0 ±6o); 6 =  ±^(ao =F So)- (51)

To be a generator, the condition

(a +  bpy ^  z ’ \ 1 <  i < p, (52)

should also be satisfied.

E x a m p le  3. Take p =  5 and z — 3. The pair (2,1) satisfies

c* +  /? =  2 +  l  =  3; 

a -  2(3 =  2 -  2 =  0; 

a  +  2/3 =  2 +  2 =  22.

By checking the condition (52), one of w is (1, —1). The table 10-2 listed 
one of the values of 7  for each such p from 5 to  59.

T ab le  10 - 2

P
z
1

5 11 17 23 29 41 47 53 59
3 2 3 5 2 7 5 2  32

(1,4) (3 ,-1 )  (3,7) (4,6) (5,6) (3,1) (2,8) (6,26) (2,19)
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The procedure of implementing the input and output perm utation 
is all the same as the case of p =  3 mod 4, except that ko is either j  
or The computation m atrix (^ (p ) can also be written as the same 
form as (39).

E x a m p le  4 . Now we continue the example of p =  5. Take z — 3 
and 7  =  (1, —1), the ordering and mapping for A q are listed below,

input  (1,0) (1,4) (0,2) (2,4) (1,1) (2,1)
A q 7° 7 1 7 2 7 3 74 7 5

<f>( Y )  1 1 0  2 1 2
C?2 (5 ) is 24 x 24 skew-circulant m atrix. The 2k • r-algorithm can be used 
to compute C?2 (5 ). In fact, if we do the computation one step by one 
step, the computation can be further saved. For convenience, we write 
C*2 (5 ) in block format of 2  x  2 ,

‘ w - f e  z ) .

where c\ — cj. Block-diagonalizing C2(5 ) by 2-point algorithm,

^ ( 5) =  (C2 ® I\2)(Dq © Di)(M2 ® ^12)*

We will only discuss the com putation of Do to see how the computation 
can be saved. Let a =  cos(B) and b =  cos(20), then

( a a 1 b a b b b 1 a b
a 1 b a b b b 1 a b a a
1 b a b b b 1 a b a a a
b a b b b 1 a b a a a 1

a b b b 1 a b a a a 1 b
b b b 1 a b a a a 1 b a
b b 1 a b a a a 1 b a b
b 1 a b a a a 1 b a b b
1 a b a a a 1 b a b b b
a b a a a 1 b a b b b 1

b a a a 1 b a b b b 1 a
Ka a a 1 b a b b b 1 a b)

Continuing to block-diagonalize Do by 2-point algorithm, because cos9+ 
cos(29) =  — t he two blocks

/  1 1 - 4 1 1 1 \
1 - 4  1 1 1 1

1 - 4 1 1 1 1 1

4 1 1 1 1 1 - 4
1 1 1 1 - 4 1

\  1 1 1 - 4 1 1 /
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D q =  cosO — cos(29))
Zt

D q can be rew ritten as

( 1 1 0 - 1 1 - 1 \
1 0 - 1 1 - 1 - 1
0 - 1  1 - 1 - 1 - 1

- l 1 - 1  - 1 - 1 0
i - 1  - 1  - 1 0 1

V- l - 1  - 1  0 1 - i j

/ I 1 0 1 1 1 \ / ° 0 1 0 0 ° \
1 0 1 1 1 1 0 1 0 0 0 0

1 0 1 1 1 1 1
+

1 0 0 0 0 0

4 1 1 1 1 1 0 0 0 0 0 0 1

1 1 1 1 0 1 0 0 0 0 1 0

\ 1 1 1 0 1 1 / \ 0 0 0 1 0 0 /

which can be computed by only 16 additions and 6  multiplications by 
— j .  D q needs 6  multiplications and 18 additions. Plus the additions 
for 2 -point algorithm, the to tal are 1 2  multiplications and 58 additions. 
Directly using 12-point 2* • r-algorithm we need 20 multiplications and 
92 additions. A lot of savings can be made by this way.

10.5 Sum m ary

Prom the above discussion, we can see that the flexibility for par­
allel processing can be obtained by changing 2-dimensional FFT  into
1-dimensional FFT . By the Nested transform algorithm the degree of 
parallelism is completely determined by size p, while the new algorithms 
are more flexible. Notice th a t for some p both algorithms can be used, 
only the case of p  =  1 mod 3 can not be covered.

By these algorithms, we see that the computational m atrix ^ ( p )  
is the same as the W inograd core C(p) except tha t the C*2 (p) has the 
large size p2 — 1, and C2 (p) keeps all the properties of C(p). The new 
algorithms for computing F (p) can be completely used here. In particu­
lar, from the examples 2 and 4, we can find tha t by the 2*r-algorithm in 
chapter 8  for cyclic convolution, the two blocks Do and D\  have very spe­
cial format, the computation can be further reduced. For some points, 
the new algorithms may be more efficient than  the Nested transform 
algorithm. But, when the size is a  little large the size of C ^p ) increases 
very fast, the real-type cyclic convolution algorithm may be no long ef­
ficient. In general, the complex-type multiplicative algorithms can be 
used for parallel processing, which we already discussed in chapter 7.

Because t4 =  1 and p3 =  1 correspond to 90° and 120° symme-
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tries respectively, the computation structures can be applied to the 2 - 
dimensional 90° and 120° symmetrized FFTs.
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CHAPTER 11

SY M M E T R IZ E D  F F T  A L G O R IT H M S  

W IT H  90° R O TA TIO N  

11.1 In trod uction

In many application fields, the input and output d a ta  for the com­
putation of DFTs admit some kind of symmetry [29,30]. Since the data  
is redundant, it seems reasonable tha t the 2-dimensional n  X n Fourier 
transform of this data  can make use of this redundancy to reduce the 
computation. However, by traditional way, the Nested transform or 
the Cooley-Tukey algorithms operate on the complete n2 d a ta  points. 
Except in certain cases where data  redundancy can be interpreted as 
redundancy along a coordinate axis these algorithms can not be directly 
applied. Several im portant works by Richard Tolimieri have made use 
of this type redundancy.

In this chapter we will only discuss the prime case which admits 90° 
rotational symmetry based on Tolimieri’s work [31]. Some development 
has been made in the discussion. The cyclic convolution also plays an 
im portant role in these computations.

Suppose that F  denotes input da ta  and is invariant under 90°- 
rotation. Then

/ ( a 0 ,a i )  =  / ( —a i ,a 0); a0,a i  G Z /n .  

Setting i =  (0,1) and corresponding to  the ring-structure

Z/n[x]/(x2 +  1),

(1)

we have
i * a =  ( - a i ,a o ) ;  i4 =  1 , 

a =  (ao ,a i) G Z / n  x Z /n , (2)

which corresponds to 90°-rotation. Then

/(* * a) =  /(a ), (3)

and also
/ ( -« )  = /((-*) * a) = /(«)• (4)
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From (12) of chapter 10, direct computation shows

G(f)(b)  =  G (/)( t  * 6) =  <?(/)(-&) =  * 6);

b G Z / n  X Z / n , (5)

which implies the output d a ta  keep the same symmetry.

E x a m p le  1 . T akep =  2. Because t* ( l ,  1) =  (1,1) and t* ( l,0 )  =  
(0,1), we order the input by (0,0), (1,1) and (1,0). The computation 
m atrix now is

1 1 2

1 1 - 2  

1 - 1  0

which can be computed by 5 additions.

We will discuss two basic cases of p  = 3 mod 4 and p =  1 mod 4 in 
the following sections.

11.2 T h e  C ase  o f  p  =  3 mod 4

In this case we have proved that Z/p[x)/(x2 +  1) is the field GF(p2). 
A generator of the set U2 (p) of non-zero elements in R(p)  can be obtained 
by

wr =  t; r  =  ( p  ~  l ) / 4 . (6)

By the 90° symmetry in (3), /  is completely determined by its values in 
the set

0 ; l , t u ,  • • • , t y r —1 (7)

and C2 (p) in the computational m atrix G  can be rew ritten as block 
format

' Co Cl C2 C3 '

C2(p) =  I C1 CJ Cs 00 , ,
1 C2 C3 Co C l  1

>C3 Co Ci C2 ,

where C2 =  cj and C3 =  cj by the conjugate property. Now setting

(8)

(  1 \
I t

X  =  I r
I r

\  I r /

=  1  0  ( I 4 ®  i r ) , (9)
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we have

/  =  X

/  m \
/(i)
f (w ) (10)

V / K " 1) /

where /  denotes input d a ta  linearly ordered by (7).
O utput data  g =  G ( f )  is also invariant under 90°-rotation, which 

reduces the computation to

(  ff(°) \
4g(l)
4 g(w) = X tG X

t m \ 
m
f ( w ) (11)

\4flf(u)r_1) /  \ / ( tw r -1 ) /

Direct computation shows that

x ‘GX= { i \ r
where

■ffo =  Co +  Cl +  C2 +  C3 

is a  real skew-circulant m atrix of order r. Set

T  =  1 © 7  • I r 
4

and

Then

9 = Tg =  G4 (p )/. 

Gt(P) = T X ' G X  = ( l

(12)

(13)

(14)

(15)

(16)

Now the computation m atrix G^(p) is similar to  the 1 -dimensional 
prime FFT . The Hq is skew-circulant and the size has the format 2* • r  
too. Because Ho is already real, any real-type algorithm can be applied 
directly. A variant form of G±(p) can also be obtained by the similar 
way we used before. Let

M i (17)
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Because the property (21) of chapter 6 holds for Ho too, then

If we compute Ho by corresponding cyclic convolution algorithm, as we 
already proved,

which needs one more rational multiplication by 4 than the m atrix B(p)  
in 1-dimensional case.

By the way we find a generator w of E/ 2 (p) in the preceding chapter, 
we have tha t

which does not change the symmetry. Therefore, the way can also be

perm utations have no big difference.

W hen the size p is small, by the approach we used for Cz{p) in the 
preceding chapter, the computation for Ho can be further saved.

E x a m p le  2. Take p =  3. Recall this example we used in the last 
chapter for 2-dimensional FFT  without symmetry. We have that

GA(p) = (1 ® H 0)A ' . (18)

G,(p)  =  (1 ® C r)D B '( l  e  Mr) (19)

where

(20)

then by (6 ),

r £—
U)  =  XV < =  (u>‘ » ) £  =  ( - z i > ) £  =  ± t , (21)

applied here. The procedures of implementing the input and output

which can be directly computed by using to tal of 9 additions.

11.3 T h e  C ase  o f  p  =  1 mod 4

In this case, there exists u EU(p)  such tha t

u2 =  — 1 mod p, (22)
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and the polynomial x 2 +  1 is not irreducible over Z/p .  In fact,

x 2 +  1 =  (x — u)(® +  u), (23)

and Z/p[x] / ( x 2 +  1 ) is not a  field. Denote by R(p) the indexing set 
tjZ/p X Z / p  with this ring-structure. By the Chinese Remainder theorem, 
we have a  ring-isomorphism ip

R(p)  =  Z / p  x Z / p  (direct product), (24)

given by

ip{a) =  (a0 +  ai u, ao — a i u), a  =  (ao, a \ ) G R{p). (25)

The operation

tj){a * b) — tj>(a)ip(b) =

((a0 6o -  a i h )  +  (ao^i +  aibo)u,(a0b0 — ai&i) -  (a0 6 i +  a i 60 )u).

(26)

By the definition for 2 -dimensional DFT,

<  ij>(a),ij>(b) > =  2(a0 6o -  a i h ) ,  (27)

set
<f>(a) =  2 a o ;  a =  (ao,ai) e  R(p).  ( 2 8 )

Then
<  tp(a), rf)(b) > =  <f>(a * b), (29)

and the output
<?(/)(&) =  F(/)(2& „,-2 6 ,) , (30)

the output indexing perm utation

- ( !  - . ) ■
(31)

Denote by D\  and Di  the subsets of R(p) which under ip correspond 
to (0) X U(p) and U(p) X (0), respectively. And denote the unit group 
of R(p) by Uz(p). Under ip, we have the group-isomorphism

U2(p) S* U(p) x U{p). (32)
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Then, a  partition of R(p) is give by the subsets

0 ;  D 2 , D i ; U i ( p ) . (33)

The group U ( p )  is cyclic, it can be ordered by the powers of a 
generator z  of ?7(p),

l , z , - - - , z p~2; (34)

then D\  and D 2 can be ordered related to this ordering for (0) x  U(p) 
and U ( p )  x (0) under ip, respectively. We will order U 2 ( p )  consistent 
with the 90°-rotation by the following way. Set

<*i = { z , z~ l )\ a 2 = ( l , z ) .  (35)

Then, by direct product every element in U ( p )  x U ( p )  can be written 
uniquely as

<*1<*2 > 0 < j , k  < p — 1 .

Set
A i  = {a{: 0 <  i  <  p — 1};

A 2 =  {«2 : 0 < f c < p — 1 }.

We order U ( p )  x U ( p )  by

A2,Q!ii42,*“ , a f “ 2 i42i (37)

where A 2 is ordered by the powers of ot2i and order U 2 ( p )  relative to 
this ordering under rp- 1 .

Finally, we order R ( p )  by (33). Relative to this ordering in input 
and output, and taking the operation and the function <p in R ( p ), or by 
the equivalent operation (29) in Z / p  X Z / p , the m atrix of G  is

\
C ( p )  ®  1J,, 

( i ; .  ® c ( P) ) s  
■ W l s c w i s /

(38)

where p' =  p — 1 , C{p) is the skew-circulant Winograd core

C ( p )  =  ] ; 0 <  j ,  k < p ', v =  e x p ( 2 m / p ) ,  (39)
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and S  is the m atrix direct sum

S  — Ip> © Spf © • • • © s * ,2,

with Sp> the p' x p' cyclic shift matrix.

Now we consider the symmetry of the input data. Let

r  =  p '/ 4,

a generator z  in U{p) can be found such th a t z r =  u. Then 

a[ = {zr , z ~ rJ  =  (u, - u )  =  rp(i).

The action of a f  on (0) x U(p):

= (0,^-r); 0 < i < p - l .

It follows tha t on (0) X U(p)

/ ( 0 , ^ )  =  / ( 0 , ^ '+ r) =  / ( 0 , ^ +2r) =  / ( 0 , ^ +3r). 

Denoting by /  the r-dimensional vector

(  m i )  \
m z )

(40)

we have
/ ( 0,1) \  
f ( 0 , z )

[ / ( 0 , z P - 2) J

(41)

(42)

(43)

(44)

(45)

(46)

Related to U(p) x (0) and U(p) xU(p) ,  denoting by f 2 and in the 
same way, respectively. Then the vector formed by the linear ordering 
of R(p) with the indexing under tp

f  = X (47)
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where

X  = 1 © (14 ® Ir) ©  ( I 4  ®  / r )  ©  ( I 4  ® ( 4 8 )

and /  is the vector formed from F  by the linear ordering of R(p). In 
particular, F  is completely determined by its values on the points

0; (1,0), • • • , ( z r~l ,0); (0,1), • • •, (0 ,z r~ l ); As, * * *,ati~lA 2 . (49)

The output d a ta  g = G ( f )  also can be w ritten as in (47), and the 
computation can be reduced by

X * G X l .  (50)

A scaler multiplication by j  for each output in g except 0 is necessary. 
Set

T  =  (1 © -  • Ip i - i )  (51)

and
£  =  Tg  =  T X ' G X f  =  G4 (p )/. (52)

We now describe the matrix G^(p). Set

g =  ( 1  0  Ip. © Ip. © S).  (53)

Then the m atrix G in (38) can be rewritten as

G =  ^“ 1 lG i3 , (54)

where G\ the m atrix removing all the items S  and S ~ l from G. Now 
set

S o  =  Ip .  © S p .  © • • • © ST” 1;l p '  0 7  U p '  0 7  ' ' ' 0 7  U p

v l /  \ ~ r  o  u p t

and observe that S  can be written

S i  =  ( I r  ® I p >) © ( I r  ®  S rp . )  © ( I r  ®  S*T) © ( I r  ®  S 3p [ ) ,
(55)

S  =  S i ( I i  ® S o ) .  (56)

Set
ft> =  ( l © I r © / r ©  5 o ) ;

$i =  (1 © Ip .  © Ip .  © S i ) .  
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Then

X * ? - 1 =  X \ 1  © Ip. © Ip. © (J4 ® ô" 1 ) ) ^ 1 =  t o ' X ' f c 1

and
Gi(p)  =  T & ' X ' f t ' G & X f o .

W rite the Winograd core C(p) in block format,

(58)

(59)

C ( p )  =

'Co C l C2 C j

C l C l  C3 Co

c2 C3 Co Cl
. C3 Co C l C 2 ,

and set
H o  =  Co +  Ci +  C2 +  C3.

(60)

(61)

By direct computation,

T X % l G ^ xX  =

(  1 4-1* 4 • 1*
l r Ho 4 • J(r)
l r 4 • J (r) Ho

^ 1 rp' JT0 ® lp» ® ifo

4-1* , \rp'

l J , ® 2J0 

Jo )

where

Jo = (co ® C(p)) +  (ci <g> C'(p)5p,)+
(c, ® c(P)s‘r) + (c3 ® c(p)sj:r).

(62)

(63)

The m atrix (62) can be decomposed into the action of a pre-addition 
m atrix followed by a  ‘multiplications’ m atrix

T X t$ i 1G1$1X  = H 'A ' ,  

a  direct computation shows that

H ' =  1 © H 0 ® H q © Jo

and

A 1 =

(64)

(65)

f  1 4 * l r 4 - l* r 4  • U p '  )
- l r I r - 4  • J (r) J r  ® lp»

- l r —4 • J(r) I r l j .  ®  J r
^ l r p ' —I r  ®  lp* lp* ®  J r  
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Now we consider how to compute H ’. By the property of 90° rota­
tion, all the entries are real in H H q is skew-circulant, but J q is not. 
Because any m atrix having the form a • C(p)S*, is also skew-circulant, 
where a is any constant number. From (63), we see tha t J q is r x r  block 
half-circulant having p' x  p' skew-circulant blocks,

Jo =

/  ho hi • • • h r- 1 \
hi h2 ••• K  

••

 ̂ht—i h'o

•

-  K . J

(67)

where hk and h'k are all skew-circulant m atrix of order p'. Now we try  
to figure out the relation between hk and h'k. If we represent the entries 
of C(p)  by u*', from (63),

A* =  +  v * k+r C(p)Sp, + ®*‘+” C(p)S*r + v ‘ t + , r  C(p)sp;

h't  =  v ^ rc(p)+ v-t+” C(p)s:,+ « ',+* 'c (p )5 ? r+ v -hc ( p ) s y ,

(68)

then we have that
ft'* =  A*s*r =  s ; ,rhk. (69)

By the Block-shift theorem we discussed in chapter 5, the m atrix Jo can 
be changed into block skew-circulant if there is a  solution Sa satisfying

K  s ; ,r = i P:

Obviously, one of the solutions is

6 a =  S p i .

Then,

where

t .  =  ( I ,. ® s p* ® s i ,  ffi • • • e  s : r ‘ ) =  s 0,

(70)

(71)

(72)

(73)

and Jq is r  x r  block skew-circulant having p' x  p' skew-circulant blocks. 
Denote by the blocks in Jq by h " } 0 <  t <  r  — 1. By (6 8 ) and (69), we 
have

K  =  =  ^ « ‘ ‘+,'C (p )5 ‘+J>.
j = 0

(74)
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Set

then

H  —  1 0  H q 0  H q 0  J q ,

H '  =

The m atrix Gi(p) in (59) now can be rew ritten as

G4 (p) =  = H A ,

where

A  =

(75)

(76)

(77)

/ I  4 • lj. 4-1*
- l r  Ir —4 • 7(r)
—l r —4 » I( r ) Ir

\  lrp ' Ir  ® lp' ~&Q *(lp' ® Ir)

4 - \
I r  ®  1J.

(1‘ . ® 7r)So
lrp' )

(78)

Like the l-dimensional case, the computation of A  can also be re­
placed by a  m atrix B . Set

F  =  ( l©  F(r)  © F(r)  0  (F(r)  ® F(p'))).

Then
G4(p) = F D F A ,  

where D  =  F ~ l H F ~ x is the diagonal m atrix. Let

B  = F A F ~ l .

Direct computation shows tha t

(79)

(80)

(81)

B  =

4 • ot{ 4 • al 4 - a ‘p, N(  1 

—r  • a r I r
- r  • a r - p r(a r <S> a*r) I r

V rp1 • a rpi —p'(Ir  ® ap>) - p '( o y  ® a*r) I rp> }

~ p \ a T ® a*) I T <g> a fp, 
a r <g> a*p,

(82)

which can be computed by (r +  5) rational multiplications and (2r +  6 ) 
additions. The formula (80) now becomes

Gi(p) = F D B F.  
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Because H  is real, we may prefer to use real-type algorithm for 
be tter performance. To compute Jq, we may perm ute it into p' <g> p' 
block format if it is better. Also, If the pre-addition matrices of r-point 
algorithm and p '-point algorithm have the property (33) in chapter 8 , as 
we discussed in chapter 9, a  similar variant form as (83) can be obtained 
also.

The input and output perm utation for this case is a  little compli­
cated, because it is the combination of the ordering (37) and the function 

in (25). Some effort has been made to  reduce this overhead. Let two 
1-dimensional arrays D i(r) , D i(r)  and one 2-dimensional array D (r,p ')  
hold input d a ta  corresponding to the indexing set of D \ , D i and q \A 2 

respectively. Suppose that

ZMO =  /(« i ,* i) ;  JMO =  / ( « 2 , 6a); D ( iJ )  =  / ( a ,  6). 

Then, we have

a. = h  =  — 1z *;

a2 =  62 =  I " " 1*'*;

a =  !(** +  * ' - ) ,  6 = i u - 1( ^ - ^ ' - ) .

Suppose tha t

1 =  ^ ° ;  ^ u _ 1  =  ***; - i u " 1 =  **’ .
2 ’ 2 ’ 2

Now the two perm utations have been taken into one. The following 
program of implementing this perm utation can reduce the computation.

INTEGER Z (0 : 2p' — l ) , i , j , t o , j o , i i , j i , t 2 , j 2 
• • •
DO 10 t =  0, r  — 1 

t o  =  k o + i  
i2 = ko — t  

jo =  h  +  i 
32 =  h  -  i
D i ( 0  =  /(3 (io ),Z (* *  +  *a))
Da(0 = /W o).^(io))
DO 10 j  =  0 ,p ' - 1  

*1 =  Z ( i 0 ) +  Z ( j  +  *2 )
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IF (ti .GE. p ) ii =  *! — p 
h  = Z(io) -  Z ( j + j 2)
I F  ( j i  .L T . 0 )  j i  = j  + p 
D («',;) =  / ( i i .J i )

10 CONTINUE

Only additions and IF  statem ents are used instead of MODulo func­
tion. The IF operation is much faster than  the MODulo function.

E x a m p le  3 . Take p  =  5 and use z  — 2, the ordering (49) and the 
corresponding input and output are listed below,

D i Dt A-i
input (3,4) (3,1) (1 , 0 ) (4,1) (0,3) (2 , 2 )

xj, [1 , 0 ] [0 , 1] [1 , 1] [1 , 2 ] [1,4] [1,3]
input (3,1) (3,4) (1 , 0 ) (4,4) (0 , 2 ) (2,3)

Because r  =  1, then H q =  —1 , So =  I t  and

4  = Jo =
'2 ( l+ c o s (2 0 )  4cos(20) 2(1 + cosd) AcosO

4cos(20) 2(1 +  cosd) AcosQ 2(1 +  cos(20)
2(1 +  cosd) 4 cosd 2(1 +  cos(2d) 4cos(20)

4 cosd 2(1 +  cos(2d) 4cos(20) 2(1 cosd)

which is a  real skew-circulant m atrix. By a 4-point real-type algorithm,

Jo =  C \D M \ .

Now look at the pre-addition m atrix A ,

( 1 4 4
- 1  1 - 4

- 1  - 4  1
I 4  — 14 “ 14

In this case, a  matrix B  can be found such that

1

- 1

- 1

Af4 ,

where

B  =

4 4 4 « 5  \
- 1 4
4 - 1 “ « 5  1 '

—4a5 —4as Is /
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Here we take the computation of H q =  —1 into A. Notice tha t M 4 is 
5 x 4  m atrix. The computation of B  needs 4 multiplications by 4 and 8  

additions. The final version of C?4 (5 ) would be

G4(5) =  (I3 © C4)(Is © D )B (Is  © M 4).

The to ta l arithm etic count is 9 multiplications and 23 additions. Com­
pared w ith the 5-point 2-dimensional FF T  without the symmetry, by the 
row-column algorithm 50 multiplications and 170 additions are needed. 
About 80% of performance can be saved by using this data  redundancy.

11.4 S u m m a ry

The use of the data  redundancy makes the computation reduced a 
lot. For the symmetry with 90°-rotation, usually, the computation is 
more than  5 times faster than  the computation without the symmetry. 
There may have many ways to use this d a ta  redundancy. By the algo­
rithm s we discussed in this chapter, for the case of p =  3 mod 4, we can 
find that, like the 1-dimensional prime case FFT  algorithm, the compu­
tational m atrix H q is also skew-circulant and keeps all the properties of 
the W inograd core C (p)} but here H q is real m atrix. And, the m atrix Ho 
has the same special form as the block Do in the example 2  of chapter 
10. By using the 2*r-algorithm on H q, the computation can be further 
reduced. For the case of p  =  1 mod 4, the computational m atrix Jq is r- 
point block skew-circulant matrix having p'-point skew-circulant blocks, 
the multiplicative algorithm can be used without any perm utation, but 
notice tha t here r  and p' are not necessarily relative prime. Because the 
m atrix Jq is also real, the real-type algorithm will play an im portant 
role, too. By the new algorithms we developed in chapter 7 and chapter 
8 , the symmetrized FFT  can be computed more efficiently.
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CHAPTER 12

SY M M E T R IZ E D  F F T  A L G O R IT H M S  

W IT H  120° R O TA TIO N

12.1 In trod u ction

Suppose tha t F  denotes input data  and is invariant under 120°- 
rotation. Then

/ (a0,ai) = / ( - a i , a 0 - a i ) ;  a0,a iG Z /n .  (1)

Setting p =  (0 ,1 ) and corresponding to the ring-structure Z/n[®]/(a;2 +  
x  +  1 ), we have

p o a  = ( - a i , a 0 -  a i); 

p3 =  1 , a  =  (a0 ,a i )  G Z /n  x  Z /n ,  (2)

which corresponds to 120°-rotation. Then

f ( p  oa) = / ( a ) ,  (3)

and also
f ( p 2 o a) =  f ( p  o a) =  /(a ) . (4)

From (12) of chapter 10, direct computation shows

<?(/)[»] =  G (/)|((.„-& o -  &i]) =  G (/)[(—&o -  6i,4o)];

6 =  (bo,bi) G Z /n  x  Z /n , (5)

which, unfortunately, is different from input symmetry. We begin with 
the discussion of the relationship between two symmetries.

Corresponding to the ring-structure Z /n [x]/(x2 — x  +  1 ), the mul­
tiplication is defined as

(ao,ai) •  (&0, &i) =  (ao&o ~  aj6i,ao&i +  aibo +  aif>i). (6)

Set po = (0,1), then

pi =  - i ;  ( -p o ) 3 =  i  (7)
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under the multiplication •. We have

(—po) •  (6 0 , &i) =  (&i,— bo — 6 1 ), (8 )

which corresponds to the output symmetry in (5), it now can be rewrit­
ten as

G u m  =  .  6] = G(f)\pl .  (,]. (9)
An isomorphism between the two ring-structures Z /n [x]/(x2 +  x  +  1 ) 
and Z fn [x)/{x2 — x  +  1) can be established by setting

ipo(a) =  (a0, — ai); a  =  (a0 ,a i )  € Z /n  x Z /n , (10)

because
tpo(a ob) =  V»o(a) • ^ 0 (6 ). (11)

If we set

<f>(a) = ao, a = (ao,ai) e  Z /n  x  Z /n ,  (12)

then
^(a 0 6 ) = ^(a • 6) =  ao&o — ai^ ij (13)

which implies th a t under either ring-structure the output perm utation 
is equivalent to the  function ipq. Because

V’o (p) =  -po , (14)

then the output symmetry is identical with the input symmetry under 
V’o.

E x am p le  1 . Take p =  3. Because p o (1 ,2) =  (1,2), p 0 (2 ,1 ) =  
(2 , 1 ) and (1 , l ) 2 =  />, we order the input by

(0, 0), (1, 2), (2, 1); (1, 0), (1, 1); (0 , 1), (2 , 0); (2 , 2), (0, 2).

Then, the input d a ta  is determined by the values in the set

(0, 0), (1, 2), (2, 1); (1, 0), (1, 1);

the corresponding output sequence under tpo is

(0, 0), ( 1, 1), (2, 2); (1, 0), ( 1, 2).
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Applying the input and output symmetries, the computation matrix is

l 2 c0

1 1 | 3-1*
12 1(2) 3c0

l 2 c0 0

which can be computed by 12 additions and 5 multiplications.

We will discuss two basic cases of p  =  2 mod 3 and p = 1 mod 3 in
the following sections.

1 2 . 2  T h e  C ase  o f  p  =  2 mod 3

In this case we have proved tha t Z /p[x]/(x2 +  x  +  1) is the field 
G F(p2). A generator 7  of the set l/2 (p) of non-zero elements in R(p) 
can be obtained by

By the 120° symmetry in (3), /  is completely determined by its values 
in the set

7 r =  P\ r =  (p2 - 1)/3. (15)

(16)

and Cz{p) in the computational m atrix G  can be rew ritten as block 
format

/  Co ci c2\
O2 (p) =  I ci c2 c0 1 . (17)

V c2 Co ci /

Now setting

(18)

we have
/  m  \

/ ( i )  
f  = x  / M (19)

\ / ( 7 r- 1) /
where /  denotes input data  linearly ordered by (16).
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O utput d a ta  g — G ( f ), as we discussed, is identical with 120°- 
rotation under i/»o, which reduces the computation to

/  <7(0) \  
3^(1) 
3^(7) = X *G X

\ M y r- x) f

Direct computation shows that

( /(°) N
m
fly)

*

(20)

^ = ( 3 . 1  33 1 ) -

where
•ffo =  Co +  ci +  C2 

is a  skew-circulant m atrix of order r. Because

then

,ya"H =  —'y2r+i; I t*y 2 * ss —*y <yTT + * — _,yr+i>

(21)

(22)

(23)

(24)

Denote by a,- and ar.+,- the i-th element and ( |  +  i)-th  element in the 
same row of H q, it is easy to find tha t

a t + i  =  a f ,

which implies tha t H q keeps the conjugate property. 

Now set
1

(25)

and

Then

T  =  1 © -  • I r

g = Tg =  G3(p ) /.

G3(p) =  T X ‘G X  =  ( 11r 3„ f )  .

(26)

(27)

(28)

Now the computation matrix C?3(p) is really similar to the m atrix 
G±(p) in the preceding chapter. T he H q is skew-circulant and the size
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has the format 2 fc-r too. The variant forms of Go(p) can also be obtained 
by

G3(p) = ( l@ H 0) A \  (29)

where

A' = ( X  3 / r1‘ ) ’ (30)

and also, by the corresponding r-point cyclic convolution algorithm,

Gs(p) =  (1 © Cr)D B '(  1 © M r ), (31)

where

B ' = { - r \ r 3 i f ) '  <32>

By the way we find a  generator 7  in the preceding chapter, we have
that

y  =  (2p ') i  = l £  (3 3 )

the value of which is either p or p2, the input symmetry is unchanged.
The output perm utations would have to add the mapping rpo. Instead,
we may set

To =  ^ 0 (7 ) (34)

which is the generator of the output sequence under the ring-structure 
Z /p[x]/(x 2 — x  +  1 ), and is identical with the ordering (16) under xpq. 
The implementing procedure would be the same as for the input except 
th a t the pre-stored data  for W 2 is different.

E x a m p le  2 . Take p  = 5. Recall this example in the section 4 of 
chapter 10, and by the conjugate property (24), we have tha t

Ho

where

c =

/  1 -1- 1; +  v4 2v + 1;3 1 +  v2 +  v3 2v2 +  v
2v + v3 1 +  v2 +  v3 2 t>2 +  v 1 + v  +  u4 

1 +  v2 +  v3 2v2 +  v 1 +  v +  v4 2v4 +  v2 
V 2v2 + v  l  + v + v4 2 u4 +  v2 l  +  ^ + u S .

which is a  half-circulant m atrix.

Directly applying the 8 -point Winograd algorithm on Ho, because 
some multiplications and additions can be saved, 41 additions and 13
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0 a 0 b
a 0 6 0

0 b 0 —a
b 0 —a 0

multiplications are used, which is less than 46 additions and 14 m ulti­
plications for general case. But, notice th a t the elements 1 +  v +  u4 and 
1 +  v 2 -f v3 are real numbers, which implies tha t their conjugates in c* 
will be the same as these two elements. If the 2 *-algorithm is used we 
only need 39 additions and 13 multiplications, which is even better.

Denote by Do and D i the two blocks in the block-diagonal matrix. 
By 2 -point algorithm, then

D . =  | ( c  +  e*); D , =  i ( c - c * ) ,  

where Dq is a  real skew-circulant matrix. Our interest now is in D \,

D\ — i

a =  2 sin9 — sin(26), b =  2stn(20) +  sin6 ,

which consists of two half-circulant matrices. By 2-point negative algo­
rithm , only 6  multiplications and 6  additions are needed, which makes 
a  lot of savings. The form of D \ is in general, we now prove tha t it is 
one of the properties of H q.

First, denote by a,- the t-th element in the first row of H q. Then 

a.- =  +  „ « 7 ' + ‘> +  ( 3 5 )

If 7 * =  bp, then
7 r+i =  bp2; 7 2r+i =  b. (36)

Because

* (ip) =  0; 0(ty>2) =  - 6  =  - * ( 6 ), (37)

obviously, a,- is a real number. Now set

L - P  +  1 (38)

Then

7 r+fc+l =  (bp) - j  3 =  (bp) • z s =  (bp) • z  s . (39)
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by the way we find the generator 7 ,

(z*p)3 = z] or (z»p2)z — z , (40)

the value of (39) is either ap2 or a, a  =  62  £. Then

7 2r +*+.‘ =  a (or ap), (41)

which implies tha t the element ajt+i is also real. Because

7 p+ 1 _  7 3*ss (42)

we have the following result,

ajk  =  a, (43)

where a  is a real number. This property can be used to reduce the
computation of Ho.

12.3 T h e  C ase  o f  p  =  1 mod 3

In this case, there exists u &U(p) such that

u3 =  1 mod p, (44)

and the polynomial x 2 +  x  +  1 is not irreducible over Z /p . In fact

x 2 +  x  +  1 =  (x — u)(x — u2), (45)

and Z /p  [x] /(x 2 +  x  +  1) is not a  field. Denote by R(p) the indexing set 
Z /p y  Z /p  with this ring-structure. By the Chinese Remainder theorem, 
we have a  ring-isomorphism

R(p) — Z /p  x  Z /p  (direct product), (46)

given by

xj)(a) =  (ao +  a iu ,a 0 +  a itt2); 0  =  (a0 ,fli)  6  fl(p). (47)

Because u +  u2 =  — 1, The operation

ip(a 0 6 ) =  tj>(a)rj>(b) =  (a , , 6/);

a' =  ((ao&o — ai&i) +  (aoh  +  aib0 -  a ib^u]  (48)

b' =  (a0 6o -  OL\b\) +  (ao&i +  ai&o — ai&i)«2).
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By the definition for 2-dimensional DFT,

<  xp{a), xp(b) >= a0(2b0 -  &i) -  ai(60 +  61), (49)

which shows tha t

G (f)(b) =  F (/)(2 6 0 -  6 1 , - 6 0  -  61 )• (50)

The output indexing perm utation m atrix would be

(51)

Now we can use the same way as we did for the case of p  =  1 mod 4 
in the preceding chapter. Partition  R ( p )  into the subsets

0 ; D 2 ] D i ; U 2 ( p ) ,  (52)

corresponding to the subsets 0, U ( p )  x (0), (0) x  U ( p )  and U ( p )  x U ( p )  

under rp respectively. And also set

<*1 =  (z ,* - 1 ); « 2  =  (1, 2 ). (53)

Order R ( p )  as we did in the preceding chapter, by the operation (49), 
the m atrix of G is the same as (38) of the chapter 1 1 . Let

r  =  (54)

a  generator z  in U ( p )  can be found such th a t z r  =  u .  Then

ot\ =  ( * r , z ~ r )  =  (u, u 2 )  =  xp(p). (55)

The input symmetry now is

X  =  1 © (1 3 ® I t) © (13 ® I t) © (la  0  Irp> )• (56)

The computation m atrix after symmetries would be

1
G3(p) = T X tG X ] T  =  ( l © ^ . / J,a_ 1). (57)

W rite the W inograd core C(p) in block format

Co Cj C2

C(p) =  ( ci c2 c0 ) , (58)
C2 Co Ci
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and set 

Then

H q =  C o  +  C l  +  C 2 . (59)

(?3(P) =  ft, 1

f  1 4-1* 4-1*
l r Ho 4 • I ( r )
l r 4 • I ( r ) Ho

^lrp ' H q ® 1 pi 1 pi ® H q

4 - 1 ^  ^

1{,®  #o  
Jo )

ft),

where

Jo =  (Co ® C(p)) +  (Cx ® C (p)Srpl) +  (C 2 ® C (p)5 jr). 

The variant form of Gz(p) is

where

and

A' =

where

G3 (p) =  K l H ’ A % ,

H '  =  1 © H o  © H q ©  Jo

/  1 3 - 1 *  3 - 1 *  3 •  l ^ p ,  \

- l r I r  - 3  . J ( r )  I r ® l J ,

- l r —3  • I ( r )  J r  l J , ® J r

\  Irp' —I f  ®  lp* ~lp* ®  I f  I r p '  )

re proved
G , ( p )  =  H A ,

A  = f c ' A ' f o  =

(  1 3  l j  3  1 '  3 'Up'
- l r I r  - 3  ■ I (r )  J r ® l ‘ ,

- l r —3  • J ( r )  I r  ( l J , ® I r ) S »

V lrp' —I r  ® lp' — S Q 1 ( lp- ® I r ) I r p 1

and
H  = l@ H 0 ® H q ® Jq. 
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In this case, Ho is not real. But by (24) th a t we have proved, Ho 
keeps the conjugate property. Now we prove th a t the conjugate property
holds for J q too. Denote by h ”  the blocks in J q . By (74) of chapter 11,

h? = 2 2 » ‘‘“ 'C (p)S»ir. (68)
i=o

Because of the following facts

z*+§ =  -* * ; (69)

C(p)S*+ * =  (C (p)S ‘ ) '  =  C (p)’ S * ; (70)

a 'b ' = (a i)", (71)

then

w,(«+ir)+5 Cr(p)5 (;+i'')+f =  C (p)Sj,tJ’r)*. (72)

Also because
a* +b* = ( a  +  6)*, (73)

we have that

h i+i = £  C(p)S<:+'V)+5 =  ft-, (74)
j =o

which implies th a t the conjugate property holds for J q . We see that the 
2* and 2* • r-algorithms also play a  very im portant role in this case. By 
the corresponding algorithm, the computation of A  in (6 6 ) can also be 
replaced by a  m atrix B  as we did in chapter 1 1 .

The input and output perm utation for this case is a  little compli­
cated, too. For input data , Let

D i(t)  =  / ( a i , 6 i);

D 2 (t) =  / ( a 2 ,&2 ); (75)
D ( i , ; )  =  / ( a , 6).

Then under r/)-1 , we have



Suppose tha t

1 ~ U  -  Jbn .  u 2 ~ u  -  Jfci.  1 ~  “ V  -fc,
3 ~~ ’ 3 ’ 3 '

Then the program in chapter 11. can be modified to implement this 
perm utation.

The output perm utation would be the combination of the above 
perm utation and the perm utation (51). Denote the corresponding out­
put indices by (a(-,6J). The action of the perm utation (51) after the
above mapping will give the following results,

a[ =  2a\ — bi = z ',  b\ =  — a\ — b i=  uz'\

a'2 =  2 d2 — 62 =  2 *, b2 =  — 0 2  — 62 =  u2z (77)
a' = 2a — b = z ' + zJ~ \  V — —a — b — u z l +

which is even simpler than the input permutation.

E x am p le  3. Taking p  =  7 and the generator z  =  3, the ordering
(52) with the symmetry and the corresponding indices of input and 
output are listed below.

d 2 D 1

input (2,3) (6 , 2 ) (6,4) (4,5)
\j) H ,0 ] [3,0] [0 , 1 ] [0,3]

output (1 , 2 ) (3,6)
A 2

(1,4) (3,5)

input (1 , 0 ) (6 , 1 ) (0,4) (3,6) (5,5) (4,2)
[1 , 1] [1,3] [1 , 2 ] [1 , 6 ] [1,41 [1,5]

output (2 , 6 ) (4,0) (3,3)
a j A 2

(0,5) (5,4) (6 , 1 )

(1 , 1 ) (5,6) (3,0) (4,3) (0,5) (2,4)
[3,5] [3,1] [3,3] [3,2] [3,6] [3,4]
(1,5) (4,3) (6,4) (5,0) (2 , 2 ) (0 , 1 )

=  2 , then

H 0 = ( v  +  u 2

V 3 - f  V6

+  V4

+  0 5

u3 + « 6 +  1̂  
) '

which is a 2 -point skew-circulant matrix with conjugate property. 4  

additions and 2 multiplications are needed for the computation of Hq. 
J q can be written as the block form,



Using 2* • r-algorithm, a t the first step, we have

(OLO 0 a i 0 a 2
°  >0 a i 0 a 2 0 — ao

a i 0 a 2 0 - a 0 0

0 a 2 0 — ao 0 - a l

a 2 0 — ao 0 - a i 0

\  0 - a o 0 - a i 0 — a 2 /

A> =  i ( c  +  c-); =

where Do is also skew-circulant. Again by the 6 -point 2* • r-algorithm, 
Do can be computed by 8  multiplications and 34 additions. Now look 
at D \ ,

D \ =  i

where
ao =  sin{29) — 2 sin9\ 
ai =  sinO +  2sin(Z9)\ 

a2 — —(sin(30) +  2sin(29)).

By ^-algorithm, D \ can be computed by two 3-point cyclic convolution 
algorithms, which need 8  multiplications and 22 additions. The whole 
computation of J'Q will use 16 multiplications and 80 additions. It is 
even better than the general 1 2 -point 2k • r-algorithm  which needs 2 0  

multiplications and 92 additions. The computation of £ 3 (7 ) now can be 
computed by (65) or by its variant form.

The m atrix D \ has the same form as the m atrix D \ in the example 
of p  =  5 in the preceding section. Now we prove that a similar property 
to (43) holds for J q too. Denote by a* the k - t h  element in the first row 
of J q . Then for some i, k \

k  =  ip' -f- k1.

By the formula (6 8 ) for the blocks /i", we have that

- i  - - • + * '  z i + r  _ i _ r + k '  z » + 2 r  - i - J r + k '
a* =  v • v +  v -v - f  v 'V

There must be a  pair i, k \  such that

z i + z -i+*’ =  o ,

then,

k' = 2t +  y .

(78)

(79)

(80)

(81)
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By z t  =  —1, we have tha t

(*‘‘+r +  2 -*'-r+fc')  +  ( z ^ 2r +  * " ‘‘- 2r+*')

=  z i+r + z i+$ +  z i+2r +  z {~ *
=  z i+ r  _  z i+ 2r +  z '+ 2r  _  ^ i+ r

= 0,

which implies tha t a* is real. Let ki =  fc -f r , then

* i+ 2 r  +  =  z i+2r +  z i - r + £

=  z '~ r — z '~ r

(82)

(83)

= 0,

which by (82) implies tha t a is real. Because

zr + z~r+> = z r - z r = 0, (84)

i.e., is real, the following result is then obtained,

<*2i± ir =  a; 0 < ; <  p '. (85)

The use of this property can also reduce the computation of J q .

12.4 S u m m a ry

The use of the data  redundancy with 120° symmetry also makes 
the computation reduced a lot. We see that the algorithms discussed in 
this chapter are almost the same as the symmetrized algorithms with 
90°-rotation introduced in the preceding chapter. But here the compu­
tational m atrix Hq for the case of p = 2 mod 3 and the computational
m atrix Jq for the case of p =  1 mod 3 are not real, but also keep the
conjugate property. In addition, the elements of the matrices Ho and 
J q here have very interesting property that we have proved in (43) and 
(85). The conclusion is tha t, by the use of 2*r-algorithm or the half- 
cyclic convolution algorithm, the computation can be further reduced.
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CHAPTER 13

T H E  IM P L E M E N T A T IO N S OF T H E  A L G O R IT H M S

13.1 In trod uction

To implement an algorithm on a given machine seems to be a  simple 
work. But, there are also many problems involved from the represen­
tation of an algorithm to its implementation. For example, for a given 
algorithm, we have to decide what kind of machine is be tter for its im­
plementation; on the other hand, if the machine is fixed, we may have 
to chose an algorithm which may have the best performance on the ma­
chine if the algorithm is not unique. An good algorithm for sequential 
execution may have no parallel feature and a  parallel algorithm may be 
not good in sequential. Certainly, the architecture and some parameters 
of machine will affect the performance of the implementation of an algo­
rithm . In such sense, we can say th a t the performance of an algorithm 
is machine dependant.

In the previous chapters, we used the arithmetic count to evaluate 
the performance of an algorithm. Sometimes, a param eter R  is used,

E  = A  + R M , (1)

where A  and M  are the numbers of additions and multiplications re­
quired by the algorithm, and R  is the ratio between the operation speeds 
of multiplication and addition on a  given machine. The value of R  can 
be obtained either from the manual of the machine or by testing. The 
values of R  for a  few machines are listed below,

V A X / 780 M IC R O  - V A X  I I  C R A Y - X M P  A S P E N  
3.5 2.3 1.6 1.0

(2)

For example, the W inograd 7-point cyclic convolution algorithm uses 
16 multiplications and 70 additions, while our Winograd-like 7-point 
cyclic convolution algorithm uses 22 multiplications and 54 additions. 
On VAX/780, the W inograd algorithm is better, but on the rest of 
machines the new algorithm is better.

For parallel machine, the architectures are too complicated to  de­
scribe by some formulas. In addition to the param eter R , the degree of
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the parallelism and the type of the parallel processing such as SIMD, 
MIMD and etc., will also affect the implementation.

The measurement by arithmetic count based on addition, in fact, 
corresponds to the programming in high level language. If we use as­
sembly language, the performance can be further measured by including 
the times of the memory accessing. The size of cache memory and the 
num ber of general registers would be the two main parameters which 
aifect the memory accessing. A programmer can deal w ith neither the 
physical segmentation nor the use of registers in high level language. In 
assembly, some efforts can be made to  decrease the num ber of memory 
accessing.

To obtain the arithm etic count for an algorithm, sometimes, we 
have to find the minimum number of additions for a  given m atrix such 
as pre or post addition matrices. A procedure of doing this will be briefly 
described in the later section. But another procedure that tries to figure 
out the minimum num ber of memory accessing for assembly language 
program may not be introduced in detail because it is too complicated. 
In addition, some programming techniques are very helpful for our im­
plementations, we will mention a few of them. Finally, as results, a  new 
library for small sizes 1-dimensional has been established, and the sim­
ilar libraries for non-cyclic and cyclic convolutions, 2 -dimensional and 
symmetrized FFTs will be considered. The timing results and some 
conclusions on MICRO-VAXII and IBM 3090 will be reported.

13.2 A  P rocedure o f  F inding T he M inim um  N u m b er o f  
A d d ition s For U ni-V alued M atrix

For a  given matrix, even an Uni-valued m atrix, i.e., all entries are 
either 0  and ± 1 , to find the minimum number of additions required, if 
by hands, we can not guarantee tha t the result is minimum even if the 
size is not too large. For example, the following matrix

/ ° 1 1 1 1\
1 0 1 1 1
1 1 0 1 1
1 1 1 0 1

\ 1 1 1 1 0 /

may be considered to use 9 additions. In fact, the minimum num ber is 
8 , not 9. Denote by a,- and *,■ the input and output respectively. First
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compute
ao =  xi +  x2 +  x3 +  Xi

and then set
a =  ao +  X4 . 

Then, the rest 4 outputs can be obtained by

Ctj “  CL “  Xj*

There is no general algorithm that can find the  minimum number of 
additions for a  given m atrix, even if the matrix is Uni-valued. Instead, 
searching techniques can be used for this purpose. Because most of the 
pre and post addition matrices in our algorithms are Uni-valued, we 
only consider this case.

computational m atrix is m  x n, then a,- can be defined as a  vector

and then, the computation matrix can be defined as a set of such vectors,

where n  is the size of A. An upper bound of generating a,- can be set by

where 0 (a ,)  is the number of non-zero elements in aj. And

£(A ) =  £ £ ( « < ) .  (6 )
i=0

Obviously, for £(a,*) =  0, which implies that a,- contains only one non­
zero element, we can delete it from A. Denote by M (A )  the minimum 
num ber of steps to compute A. Then

Using the above notation for input and output, if the size of the

ai =  {bjxj : bj 6  0 , ± 1 ; 0  <  j  <  n}; 0  <  j  < m. (3)

A  =  {a,-: 0 <  i < m}, (4)

L(a{) =  0 (a ,)  -  1 (5)

M (A )  =  M (A  -  B ), (7)

where
B  =  {a* : L(ajt) =  0}. (8)
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If an element ±®,* is only contained in a  vector a*, then set

fljfc =  ®jfc T  ®i) (9)

and we have

Af(A) = M ( A  U {a'*} -  {a*}) +  1; L ( a k )  > 0. (10)

After repeating the above two procedures, all the elements will have 
tha t L { a i )  >  0. Notice tha t the set A  has been changed. For conve­
nience, we keep this notation. If two elements,

at = ± a j, (1 1 )

we call them  2 -linearly dependant. Then one of them  can be deleted, 
which implies tha t

M (A) =  M ( A  -  {a,}). (12)

Now partition A  into Ao and A \ , where

Ao =  (a,- : L(di) =  1} (13)

is called indecomposable m atrix. Here we mean tha t it is not necessary 
to decompose a;, because

M ({a,}) =  L ( d i )  =  1. (14)

If Ai =  0, the empty set, then we have

M ( A )  =  M ( A 0 )  =  Y , L ( a j )  =  0 ( ^ 0 ) ;  a j  e  A ) ,  ( I S )

where O(Ao) is the number of elements in Ao, because L ( d j )  =  1 for all 
d j  6  Ao-

If Ai is not empty, then we can pick up any element a,- from A \  

and decompose it by setting

d i = a ' j + d  jk, (16)

and
A' =  A U {o'-, -  {a,}. (17)
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Notice tha t a'- and a'k are not unique, we have to try  all the possibilities. 
Denote by Mj(A) the minimum number of steps to  compute A  with first 
picking up a,-, we have th a t

M i ( A )  =  M I N { M ( A ' ) }  +  1 , (18)

where M I N  means the function Minimum. However, if a,- with other 
two elements in A  satisfy

a* =  i a ,  rfc a*; a,- e  A \ \  a j , a * e A ,  (19)

which we call 3-linearly dependant, then by (17),

A '=  ,4 - { a ;} ,  (20)

which is the minimum set for all possibilities. Then we have

M i ( A )  =  M (A '). (21)

Therefore, by checking the 3-linearly dependant property before decom­
position the searching procedure can be reduced.

Repeating all the above procedures on A ', Mj(A) can be obtained 
by (18) for each t. Finally we have

M ( A )  =  M I N { M i ( A ) } .  (22)

The searching is implemented by recursive procedure with back­
tracking and is written in structural PASCAL. Because the convergence 
of the procedure is very slow, some other techniques me also used, such 
as establishing evaluation functions for A 1 in different stages, modifying 
the constraint bound L ( A )  during the procedure and the efforts to  avoid 
unnecessary repeating. The procedure will give both the minimum num­
ber and the corresponding computation steps in pseudo-language. We 
have applied this procedure in building the small libraries and in some 
other implementations. For example, the 9-point Winograd FF T  algo­
rithm  by Richard E. B lahut in the Appendix B of [5] uses 44 additions, 
bu t by using our program, a  result with 36 additions was found, which 
is the minimum.

The disadvantage of this program is too slow for large size. It will 
take hours even days for the size over 16. But in our new algorithms,
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the pre or post addition matrices w ith large size are usually represented 
by tensor products of small matrices. For example,

Cn — Ca ® Cr , (23)

where n =  s • r. If Ca is s x  m a m atrix and Cr is r  x m r m atrix, then 
as we stated  in chapter 8 ,

M {C n) =  M IN { r  • M (C a) +  m a • M (C r) ,s  • M (C r ) +  m r • M (C a)},

(24)

which implies th a t M (C n) can be obtained by applying the procedure 
on the small size matrices C a and Cr.

13.3 S om e O th e r  P ro g ra m m in g  E ffo rts

(i). The Implementations of the permutations

In high level language, One of the difficulties to implement these 
algorithms could be the perm utation if there is. Some perm utations 
are very simple such as Stride permutation. In many cases, the perm u­
tations have to  be implemented by certain functions, which need some 
computations including multiplication, addition and in particular, Mod­
ulo function. Sometimes the IF structure is also needed. In fact, these 
computations should not be ignored from the measurement if they are 
really time wasted. To reduce these computations, Two polices have 
been used here, 1 ). replacing higher level computation such as multipli­
cation and Modulo operation by lower level operation such as addition 
and IF  operation; 2). replacing mathematical operation by correspond­
ing addressing mode. A basic technique to  do so is the trade-off between 
the space and time. For example, to  implement the indices z %, where 
z  is a  generator for some prime p, an array Z (i)  can be defined as we 
did in many examples before. Again, if the indexing function is z * • zJ\  
a modulo operation on (i + j,p )  is needed. In this case, we may define 
Z (i)  with double length. For the perm utation in parallel algorithms, the 
policies would be a little different. Recall that we did for the perm uta­
tion T ~ 1P (n ,s )  in the section 2. of chapter 7, We may prefer tha t the 
perm utation has parallel feature too.

(ii). The Efforts on Minimizing The Number of Memory Accessing
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In assembly, two basic efforts can be made to reduce the number 
of memory accessing. One is to  segment program physically as identical 
to the logical segmentation as possible, so that the page faults can be 
reduced. The cache memory size of the machine is a  relevant param eter 
for this purpose. The other effort is to  well-organize the computation 
sequence so that the memory accessing can be reduced. However the 
minimizations for both items are very complicated. We have made a 
procedure to  minimize the number of memory accessing for the second 
purpose.

For a  given computation structure, the implementation sequence is 
not unique. To find a computation sequence which uses the minimum 
number of memory accessing, the searching techniques has to be used 
again. The relevant param eter is the number of the general-purpose 
registers in the machine. Because the procedure is more complicated 
and less significant than  the above procedure, we are not going to give 
it further discussion here. By applying this procedure on some samples, 
more than 30% of memory accessing can be saved, which may result 
in about 1 0 % improvement of performance than the corresponding pro­
grams w ritten in FORTRAN. The procedure may take time. too.

(iii). A Special M ethod to Multiply a  Power of 2

Another advantage of using assembly is tha t we may utilize some 
special characters of the machine to reduce the computation. A typical 
example is the multiplication with the powers of 2. In general, a  floating­
point number a is represented by two parts,

a =  a m *2°‘ ; 0 <  am <  1 ; (25)

where am is called m antissa and ae is exponent. Then

a * 2 1 =  am * 2 °e+', (26)

where i is an integer. The floating multiplication now is changed into
integer addition. To do this we have to  know how the data  is represented
in binary on the given machine. On VAX/780 and MICRO VAXII this 
integer addition can be carried out only on the first two bytes of the 
floating data, which is about 15 times fast than the floating multiplica­
tion. Further, the floating-point multiplication

a * (2* ±  1) =  a * 2* ±  a (27)
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can be carried out by one 2 -byte integer addition and one floating-point 
addition, which may be also faster than  one floating-point multiplication 
on some machine.

In our algorithms, many multiplications consist of constants 2 * or 
2* ±  1. For example, one half multiplications required by 3-point 1- 
dimensional FFT  and 2-dimensional FFT  by new algorithm contain — 
Using this approach about 20% of improvement can be obtained.

13.4 T h e Libraries and Som e Sam ple Program s

By combining the new algorithms with the existing algorithms, 
some libraries can be established on any machine. We are going to 
implement a few of them  on both MICRO VAX II and IBM 3090. Be­
cause this work is beyond the scope of this dissertation, we will only 
give a  brief introduction for these implementations.

(i). The Library For Half-Cyclic Convolution

This library will use the negative algorithm. Only the points which 
are necessary to build the library for cyclic convolution are sampled.

(ii). The Library For Cyclic Convolution

This library will contain the two types algorithms, the real-type 
and the complex-type algorithms for both real input and complex input. 
The samples in the library will cover the need by the 1-dimensional FFT  
library.

(iii). The Library For 1-Dimensional FFT

Using the new algorithms for cyclic convolution and some imple­
m entation techniques in the above, a  new library for 1-dimensional FFT  
is going to  be established. This would be one of the im portant results of 
the whole work. The range is from 2-point to 61-point. First, the prime 
case algorithms will be written, which then can be used to build up the 
multiplicative algorithm.

(iv). Some Other Programs

In addition to the libraries in the above, some other sample pro­
grams for 2-dimensional FFT  and symmetrized algorithms will also be 
w ritten for sequential execution.
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All of the above projects are seperated from this dissertation and 
the results will be reported in the later papers.
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