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by
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ADVISOR: Prof.B.SAKITA

ABSTRACT

A path-integral formulation is given of the Parisi-Wu method

of stochastic quantization. The connection between the Langevin
and Fokker-Planck equations is rederived in functional form
bringing to light new aspects of these equations. The relation
between this functional method and the recent approach by
De-Alfaro-Fubini-Furlan is clarified. In particular we present
the non-local transformation that connects the two formulations.
In this dissertation we also investigate the hidden supersym-
metry recently discovered by Parisi and Sourlas in Lange-

vin processes. The Kelvin relations, for diffusion processes
out of equilibrium, are shown to be a necessary and sufficient
condition to have supersymmetry.This proves that this symmetry

is a manifesfation, at the path-integral level, of the



(IV)

Onsager principle of microreversibility present in the
stochastic process. We analyze, in particular, the interesting
interplay between forward and backward Fokker-Planck dynamics
and, as an application, we rederive the fluctuation-dissipation

theorem as a Ward-identity of this supersymmetry.
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Hunc igitur terrorem animi tenebrasque necessest
non radii solis neque lucida tela dici discuntiant,
sed naturae species ratioque.

Lucretius

( De Rerum Naturae II 58-61)
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INTRODUCTION AND SUMMARY.

In the last ten years we have witnessed a great advance-
ment in our understanding of quantum field theory. For the
first time physicists have tried to go beyond perturbation
theory to which they were accustomed from quantum electro-
dynamics.

New approximation techniques have been developed like WKB
method, large-N expansion, strong coupling expansion, lattice
and many more. These new methods have revealed that field
theories possess a richer structure than what one suspects
in ordinary perturbation theory. Still, even with all these
new methods, we are far from having an exact quantitative
understanding of the physics involved in many processes.

It is for this reason that physicists continue to struggle

to develop new and more powerful tools to treat field theories.
It was within this effort that, three years ago, G.Parisi

and Y.S.Wul proposed a new and interesting method for the
guantization of physical systems. Their idea was to introduce

a fifth "time" and postulate a stochastic Langevin dynamics
for the system. These authors showed that, at least at the per-
turbative level, the usual quantum theory is reproduced in the

equilibrium limit (> -0 ) of that dynamics.



The first advantage of this method is the possibility to
quantize gauge theories without fixing the gauge. We know that
the procedure of gauge fixing and insertion of Faddeev-~-Popov
ghosts is necessary in usual perturbation theory, but it breaks
down in a non-perturbative regime where the phenomenon of the
Gribov ambiguit19518 appears. The hope of Parisi~-Wu was to
give a new perturbative procedure free of the Gribov problem.
Much work has already been done in this direction to settle
this pointl7.

Another recent application of the Parisi-Wu method is the
use of the Langevin equation for the numerical simulation
of lattice field theory models 20. The computer simulation
of physical systems is usually done using the traditional
Montecarlo methods, but Parisi pointed out that the Langevin
approach has some potential advantages, like the control over
convergence and the possibility of arranging for cancellation
of statistical fluctuations. The recent computer calculations

of hadronic masses20

in QCD have been achieved mainly thanks
to these properties of the Langevin simulation.

The third advantage of the stochastic quantization, and we
hope not the last, has been a better and deeper understanding7

of the so called quenching procedure for the large N expansion

of gauge theory models.



In view of all these applications, and hoping for more to
come, we have reformulated the Parisi-Wu method in a path

integral forml3'2'3’5

and we present it in section I of this
dissertation. The hope is to be able to use all the techniques
developed for functional integration in recent yearslo, and
bring out the rich content, still undiscovered, in this new
approach of Parisi~-Wu. We also hope to be able to put this new
technique on the same firm ground as the two previous methods
of quantization: canonical and path integral one.

One of the first thing we have done, using path-integral
in stochastic processes, is a rederivation of the Fokker-Planck
equation from the Langevin one. The relation between these two
equations was well—knowngin the literature but never before
derived in path integral form. Our derivation helps in
clarifying many aspects (stationarity, boundary conditions etc)
that were somehow hidden in the Langevin approach (I-A).

Around the same time of the Parisi-Wu proposal, other
authors (De—Alfaro,Fubini,Furlan)12 also advanced the idea of
introducing a fifth "time" 7 and a functional formalism in this
extra time. The connection between this method and the one of
Parisi-Wu was not clear at that time., It has been fully clari-

3

fied in some work we have done” and which is the subject of

paragraph I-B. The relation between these two approaches also



helps in understanding, at least at a formal level, the

mechanism of gauge fixing in stochastic quantization (I-C).

The second section of this dissertation is devoted to the
study of another phenomenon recently found in Langevin pro-
cesses., Parisi and Sourlas 13 discovered in 1982 that the
generating functional associated with Langevin equations,
manifests an hidden supersymmetry. This interesting phenomenon
has attracted a lot of interest especially among the experts in

supersymmetryl3r15,16,23

. Their hope was to be able to
convert any supersymmetric generating functional for non-
trivial models (Wess-Zumino, SuperYang-Mills,etc) ip a
stochastic equation or a system of them. Succeeding in doina
this would have meant having at their disposal all the tools
that mathematicians have developed, during the last 60 years,
for stochastic equations. This high hope has been frustrated
lately and not much progress has been made in this problem.
Our interest in this topic lies in a different direction.
Somehow our approach is the opposite of the current one: we
want to understand which feature of the stochastic process

is responsible for this hidden supersymmetry. We have found

the answer analyzing the multicomponent Langevin equation.



o= T

These equations aréﬂthe ones that describe transport pheno-
mena of not one only physical quantity Y9 , but of many of
them at a time, like charge density, heat density, matter
density and so on. It is well known, in fact, that even under
one single drift force, like electric field for example,
we have diffusion of not only charge, but also of heat,
matter and so on.

Building the generating functional associated with these
equationss(see II-B), we found that it manifests a super-
symmetric invariance only if the following relations are

satisfied by the drift forces.

DF - DFT
°¥y  P¢

These relations are known in the literature24 on non-equi
librium thermodynamics as Kelvin relations. They reveal a sort
of cross-phenomenon typical of these multidiffusion processes:
an example is the Peltier-Seebeck effect.

The Kelvin relations, in our scheme, become sufficient and ne-
cessary conditions to have supersymmetry in the Langevin pro-
cess. The Kelvin relations have been tested experimentally long
a9024,and long ago Onsager14 tried to understand theore-
tically their origin. He found the answer in the so called
"microreversibility principle" nowadays known as Onsager

14

principle He proved™ ", in two remarkable papers, that



assuming time reversibility for the microscopic equations
of motion, the Kelvin relations could directly be obtained.
(see II-C). This means that this microreversibility gives
signals of itself even at the level of.the macroscopic-
irreversible processes and the signals are the Kelvin re-
lations,
From our analysis it is clear that the Kelvin relations are
a common feature of supersymmetry and of microreversibility
thus suggesting that our supersymmetry might be a manifesta-
tion on the macroscopic variables f% of the Onsager principle.
This idea is further confirmed in (II-D) where the Ward
identities, stemming from this symmetry, are derived.
They can be read, once the Fermionic variables have been
integrated away, as symmetry relations between forward
and backward Fokker-Planck dynamics, thus confirming
the nature of this supersymmetry as a time symmetry.
This answers our original question of which feature
of the stochastic process is responsible for the super-
symmetry.

As an application we derive (II-D) the fluctuation-
dissipation theorem as a Ward identity in the equili-
brium limit, This derivation throws new light (II-F)
on this important theorem. We think that the connection

we have made between supersymmetry and Onsager principle



might help in further clarifying many still obscure problems in
non-equilibrium thermodynamic524. We feel that the work
presented in this second section of the dissertation is another
interesting example of the cross-fertilization between field
theory and statistical mechanics.

In the last two paragraphs of this thesis (II-E,F) we show
that, even in any quantum mechanical model and not only in
Langevin processes, we have a hidden supersymmetry. Some
speculations on the meaning of this phenomenon and its

relation to the Nicolai mapping are presented in the last

paragraph (II-F).



- -SECTION-I-

FUNCTIONAL METHODS FOR STOCHASTIC PROCESSES

I-A):Path-integral approach to Parisi-Wu stochastic quantization

The quantum correlation functions for a physical
system, described by an Euclidean actionSEY’] , are given by
COPTRGD ---. Yap] & SE¥D

S D e-sc:so]

<O[TP6d - - - phlo> =

(I-1)

Parisi and Wu 1 proposed the following alternative method to

obtain the quantum averages:

i) Introduce a fifth "time" 1", in addition to the usual four
space-time XM , and postulate the following Langevin
equation for the dynamics of the field ¥>in this extra

time

(I-2)

with ﬂl a Gaussian noise
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The angular brackets < :ég_denote Gaussian averages

with respect to the random variable 7

ii) Evaluate the stochastic averages of fields Y%1 satisfying

eq. (I-2) , that are

<O GDO b - - - ol

(1-4)

iii)put Ty=Te= ---=Tin (I-4) and take the limit ¥ —> a0

It is then possible to prove, at least perturbatively,
that

S
X«Op Letd -- - Chg] e o

g&() e~ SL¥]

i%“4‘<fﬂnégﬂ?) - %%7(;27;§3<:

470

(I-5)

We will try first to understand this equation perturbatively
and later on through probabibilistic arguments. For simplicity

let us supposeSCf{Iis a free scalar theory. The Langevin eq.

is then
g_f_:—. ’Qek(_./m? + .
N~ f*+Y

(I-6)

Its solution can be written as
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,r
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where E}‘ is the retarted Green function which satisfies

(I-7)

2 [;Ciﬁf)
g

= (% <vu.2>]:r G+ TAD 5,

(I-8)

L (k) =0 T< O
In (I-7) we have chosen ?ﬁwq)=0.This choice does not affect
the final result thanks to the Markoff character of the
stochastic process (I-6)9(see pag.1ll).

The solution to (I-8) is (X 1l-dim.for simplicity)

65 S g fovcutdoine 08

(I-9)
The next step is to use (I-7) and (I-9) to calculate the
correlation functions
N ¢ o R ~
< Ply‘ [‘5,() \P—n /KIT)_% = b 4 x/ 'r/‘ (1—10)

We find

- °0
D&—xl[ D) = 2 gg”f“ gdg G &-%,?—YD L -y l?.'_,,f_.)

that, in momentum space, is

D (“7T:?B - exp [= (x4 w’Qé"-‘rD].{’»(— exp [—a(ﬂﬁw‘>ﬂ]}

K4S w3

(I-11)
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Following the steps-ii) and iii) (pag.l2) of the Parisi-Wu pre-

scription, we see that

. 4
g’“’“ D (K/'""/'YD: K2 W -
> 0o * (I-12)

and this confirms the relation (I-5), at least for the free
case., It is of course possible to treat also the interacting
case, developing the perturbation theory from eq.(I-2), and

order by order checking that (I-5) holds.

As the ‘ﬁ% , solutions of (I-2), are stochastic variables
another alternative description of their evolution is through
the concept of probability. We can define all a set of "Con-

ditional probability functions "

T4 éé?{>
P2 (‘FOO [%17’4‘)

s (%%, 09 [ D)

where Flébﬂbis the probability to be in configuration \p at

time Vv ;ha (?oo('("?' is the probability to be in configuration

kPi at time V34 , if the system started at © in configuration €.
2z

In the same way 13 (e%, e vl o>t 2. is the probability to be in (%

o

. < .
at time e if it was in Po at vYao and in € ,7°. The connection

between the Y%qthat appears in (I-4), and the probability ?2-
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is through the relifion:

SFLe@) € o %4 gy = STresl R Cacle D eer)
Dm = ?}wWOij

where the %Zq. is solution of the Langevin eq.with initial

configuration &, .

The process described by the Langevin equation is of Markoff

typeg,that means

Re (% - -- @ Tae |GTol)
Pa.t (070 - Gpitiy {%_,'ﬁz.z)

=R @_3@_2{&7@(1-13)

The essence of this relation is that the system forgets its
initial conditions , and all the conditional probabilities
can be derived from ?2 . From now on we will call FE ’
for simplicity, 'F . For this function ® an equation
exists that describes its evolution in time ™', It is called
the Fokker-Planck (F.P.) equation and it has been derived

many times in the literatureg.

2
3—-?——-: o P +3__(p35>

>V > 'PZ D (I-14)

This equation is nothing else than a differential version of the
well-known Smoluchowski relation

S0v Phaoler) Pler(pr) = Pl o[ T0)

(I-15)
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which, on the other-side, is nothing else than an expression

of the Markoff character (I-13).

The F.P.equation (I-14) can be recast in a Schrodinger type form

g ‘ - _2H'l"'¢.{)"
=X
(I-16)

where —p- s S/,?,.

PP 0 ga
and H = ( l—v ’9&(’?- A

[
Because of the form of eq.(I 16), we will call F{ the Fokker-

Planck "Hamiltonian". It is a positive semi-definite operator

Gre- Lqar Ca=(35++ )

2

N

AN - .= : -
H “Le;\ = BEn T y En=> O (I-17)

- _ 572
whose ground-state £4=0 isTb=9 . The general solution of eq.
(I-16) is
Y ler]s 2 eathe

_RELT
(I-18)

Cn normalizing constants. The probability,from eq.(I-18),
PLexr 1= € 72 §E<3M~4{I€3

N
The only term that does not go to zero ,in the 1imit Y>>0 ,is

—xﬁz and so we have
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-5 -35 -3 .
%u PLOA = Coe 72 g7 ™2 o o, g30¥1
Y =P o0
This"formally"proves (I-5).
As we said in the introduction, our goal in this section is to
FP
‘build a generating functional (that we are going to call Z for
Fokker-Planck generating functional) from which the correlation

functions (I-4) can be derived

¢ e
S &,

N -~ S
STkt §m. O (1-19)

<@ ) —--- E, éwe)}qs

We feel that this reformulation of the stochastic quantization
may offer new insights and, in particular, may help in bringing
to light new features, still undiscovered, of the Parisi-Wu
method.

PP
The E? , in (I-19) ,can be built if we retrace the steps i),ii)

iii) (pag.8) of the Parisi-Wu prescription:

Z P K05 o Fle) -t ewe- Srea enp T S ¥

0‘?&“3‘ (I-20)

Qaq; that appears in (I-20) is the solution of the Langevin

Be=u &
ed. (I-2) solved with initial probabilityﬁF(?ﬂQ> : hfh is a
normalizing constant andb“("g“_:oﬁop'eﬂ'g where ‘P&Dare the field
configuration at the time ™ , having sliced the interval O0=1

in N infinitesimal parts 2., . This measure is a product of

the usual four-dimensional path integral measures .
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The 8 (¢- sp,,D. in (I—26_)-- is -“a"formal" Dirac 3¢ D that can be
written as

S Ce-pe)- 3(ér 35 - I 2L (1-21)
where“—é—%-” is the Jacobian of the transformation ’q-f>'(0 in

(I-2)

| 25l = der [ (e ama@/o s )2

With formal manipulations,we can write this as

(3250~ exp TR (ors 25y ster))

W’)Wﬁ_)

= exp D-z Iy (S(«- ™ + lﬂaq?;i/rt)>—‘&‘ (I-22)

-1 . _
where Ot is just to indicate the Green function .T_-}c‘H"Dsolu—
tion of 7
v = 6*4£>=; E;KFJT€:>

(I-23)
The solutions are E’, 6""’5‘ Q(T"TD if we choose propagation forward

in time, or G(’V—""Dh@&‘—(‘) for propagation backward in time .

It is also possible to choose Eﬁ’-‘r_‘):— 96“4“9 -9(‘1"'*"\“) but

we will concentrate on the first two. In the 2f.J'.rst case (pro-
pagation forward in tim.e,p thatf.vis the one chosen by Parisi-Wu)
we get

U—-———l\ Qxp (124 4 T4z O S G-t o °S
p (=3, explh (562D +04 rard) B2
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the term+z§%3y can be dropped, as it cancels with the same term
Fp ZTP
in the denominator of (I-20) once we normalize ’;( ?’ [J_-}

T Fb
so we are left with ;F 563

{ S——{ exp Bz ?{S(«m').r Blrad) 3= Z

S w‘r) d P/r)
With the usual “formal“expansion for the 1ln, we obtain

Tl el fotiyThrry votem pun PR e 1]

= eu (e oo

'S ' Lo &%;
7% +go{'r olr 862N (- >Q?P;;W&) Seb)oel)

The second term in this expression is zero, becauseJ@ﬁq&ﬂ&Lgd‘uo
and the same for all subsequent terms. The only one left is

. . . l *
the first term and regular1z1ng €¥@=_. we get

>Y | - L

agp - Q\"PE gO‘T‘ .aP:‘]
(I-24)

Inserting (I-24) and (I-21) back into (I-20) and performing

the integration over ﬂ?- , we have

% Cy 3 g ﬁf ¥ (o) e"Pg S T (632 %Eg_l:(atr‘q(n) D)

(I-25a)

The regularization ©lo)zY; corresponds to a mid-point
prescription for the path-integral (I-20) (see ref.l1l0 capt.5)
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In (I-25a) we have restricted J(p) to T/@)just because we are
interested, in (I-5), only in correlations at the same time T4,
In (I-25a) we have neglected the normalizing constant fda'
and all the usual four-space integration .It is easy to
reinstate them when necessary.
The Lagrangian in (I-25a), which we call the F.P. lagrangian,
does not seem to have any relation to the hamiltonian in (I-16).
It is not difficult to see the connection :Let us first in
(I-25a) perform the integration of the termg;%‘?%%dr“ é_—CS(fM)—S(wo)D
and seqond %g;lus‘rescglg the time ’T'L4>7T?é_ ¢+ SO that we get
s[@@}/? sCe=>)/ 57-‘@':'*\8(1»' |
7 - goO €0 ?/k%))e DpleD) € Dy e °
(I-25b)

NA

where @'\p @w fl" @Lﬂ(t:)

Mo, V=1
and SJ{ d”‘ g}:@iy Ei 2_ [ %E;é:zokrl

Now it is clear why we called Af - Fokker-Plahck Lagrangian:
o . . e
It is the "Euclidean" Lagrangian for the Hamiltonian { in
FP
(I-16) and, for this same reason, we also call E? the gene-

rating functional of the F.P.dynamics.
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Going back to the derivation of (I-25a) we want to stress what
has been done: we have integrated away the “Q' and replaced

the role it plays in the Langevin eq. with a sort of "effective"
action A?F* .This Lagrangian might look very complicated but

it contains only the field Y’ as a dynamical variable (Fokker-

Planck dynamics) and the noise has disappeared .

With the generating functional (I-25a) we can develop pertur-
bation theory8 using the Feynman rules dictated by¢£>FT.

The number of graphs is very large, due to the extra vertices
contained in —- ?\0 )2 Lapa

The careful reader might ask what happens if in (I-24) we had
chosen E‘(?—T')h@é"'—?‘).'rhen the action in (I-25) would have
been

§ £ e &Ew F G L 82 qar

The only difference from (I-25) is in the sign of the third
term.The corresponding Hamiltonian is known in the literature9
as the Kolmogoroff-Fokker-Planck backward Hamiltonian :
Are o1 3% L1 /dsy\2, +
HBoen z_'&xtoa +'8 910) Q Q

- £ 2
4 ¥ (I-26)
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Before concluding, we want to make a remark concerning the
Jacobian (I-21l). All the steps from (I-21) to (I-25), that we
have done to derive the generating functional Z":P} are possi-
ble only if the Jacobian is not identically zero. If this
happens the t?pp itself is zero. The same Langevin equation
starting point of the stochastic quantization, loses all its
meaning. Infact“é%ﬂ#d’means that there is no field associated
through (I-2) to a particular”? . In technical language this
can be expressed by saying that the winding number of the trans-
formationy~pis zero. This number A has been studied in great

detail in ref. 13 and 15 and it is known as the Witten Index.

Up to know, of the random process (I-2) we have only used the

property that it is Gaussian. Besides this property, there is

another very interesting one: the stochastic process (I-3) is

stationary.

By stationary9 we mean a process whose "momenta" & (’i"al,?‘-~ -Tet>~
€ (T Tad= <MD o S

are functions only of the differencesé&}—?{> . The process

(I-2) ,(I-3) has exactly this feature.A question that raises

naturally is if also the correlation functions

<<‘égé%ﬂ€> - s ¥271;17?>:;; .

(I-27)
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manifest this property. The answer is generally no. Infact the
averages that we perform in (I-20) are not only in "°, but also
on the initial configuration ¥/{(® fof which we give theFY%%é).
It is the form of this?6@%D that determines if (I-27) is a func-
tion only of the differences W~y . The choice of Parisi-Wul
wasf&#®=ﬁﬁ%9-d> (with Y% a definite configuration, even zero)
and the perturbative calculation done by them (see I-1ll) showed
that their choice ofi?@@b does not make (I-~27) stationary. To
find out which is the proper one, let us start supposing that
(I-27) is stationary

<o b)) -+ Bl = 2 (itman- )

fn, Plota)) (I-28)

where we use the notation << EiP" to remind us of the
average over ’Vland-ﬁ@@. From (I-28) we see that, if we

rescale all the T of an amount T , nothing changes on the

R.H.S., so

<‘€'V| 6443'0 T ‘(?.,/\641‘@2? = '4&1 5‘4'/‘\‘*1->° T %6‘61‘“@213

Let us first put on both sides Taele= - - - =rg.
<‘P~, (K(?'{ -_——— \P&Q |?D>M P= (‘PA’] (S‘{,’n*’T == s \PM 6‘4,7‘4*—[—>>,Vil
t

and second let us take the limit of 7fﬁ>‘a9

Bova-
TS D e i = B LG - R, ey, '“—)2,9
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The L.H.S. does not depend on T, while the R.H.S. (see I-5)is

the "guantum" correlatlon function, so we have

Sode--- ¥1 €
<8, Dy - - - Cules, 7'4)>'P Cop oS¢ (I-29)

~STYl

As the L.H.S is stationary, we can rescale all the fields

backward of Y4 , that means
S@UED - s IO - o= RO

and using (I-29) we conclude that

Sogpe--- @1 €S F¥
So@\o e-—S Lo (I-30)

Lyl -~ Oy la D3 =

From this expression we can explicitly derive the form of??@qi)
the L.H.S of (I-30) is atT=0 , so we do not have any random
effect caused by’q ( %1 has not been switched on yet). The
only average is with respect to FK@@D, that means the L.H.S of
(I-30) is

Soew Plaw) Cotud - - - Vhes

Comparing w1th its R.H.S, we get

-S Cwd].
P / -
(e OD ChDplH o-sLeed (I~31)

From (I-29) we can derive a second conclusion:With that
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particular form of P/@h@) » for which the correlation functions
are stationary, we do not need to take the limitThy->.0 . At
every time 7% , we have that the stocﬁastic average is already
the quantum one.

The physicai meaning of this is very clear: from the beginning

sl
and

we put the system in the equilibrium distributionﬂﬂﬂ=-6
the presence of the Langevin dynamics @=~%%fq does not mddify
this. On the contrary, in the case of the choice Plets) =3 (el ~¢y)
we started with every field in configuration yod.and then the
Langevin dynamics was able to spread them to the equilibrium
form as the time T« . This gives us an understanding of how
the Fokker-Planck dynamics works. This was first clarified
by Onsager-Machlup and the x?npis known, in thermodynamics
out—-of-the-equilibrium , as Onsager-Machlup functionszit is a
thermodynamics potential related to the rate of entropy pro-
duction.To understand this let us recall the definition of
entropy >

A(S= ~ L Ap- (this is in infinitesimal form)
From (I-25a) we have Ap= e"fF'PA'r and —C))MA,p: ,{’F'pAT'
50 AS F.P

As. p

That explains why X?ﬁp'is related to the rate of entropy

production.
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Going now back to (I-31) and inserting this in (I-25a), we

obtain -§(?¢ Q) as 5
S {
Zrr = ={pee B expls SE (3% ‘> % ?e‘: ot71 (I-32a)

Voo é%
it o
L = N-—::@ {= z@?ﬂ')

or inserting it in (I-25b) (with the time rescaled) we get

voew F3l- g‘OW‘D _SW@J/Q@PZ'Zﬂ e—-S W,J/Z’W{ __g{"‘ alr (1-32b)
We like to call this the vacuum-vacuum generating functional
of the Fokker-Planck dynamics. The reason is clear if we
remember that the ground-state (vacuum)'of QF'P is —LP;)= e"s/?-
Another way (but less transparent) to get stationary
correlation functions is to start from (I-25a) and take the
limit of'integrétiOn'frOmgate S . What happens is that the
Fokker-Planck dynamics builds ugaa probability, between —-v
and ¢ equal toei-s, that means equal to the one we inserted
at %<0 by (I-31).
Before concluding a word of caution is needed: stochastic
quantization does not compel us to choose (I-31) . Any
normalizable form of.Fﬂ%g)is acceptable: the result, the limit
of ™ 1—>90 + 1s independent of-%¥é) . The particular choice
(1-31) has the advantage that it avoids step iii) (pag. 8) of
the Parisi-Wu prescription. Somehow this QEQEL is another manner
to represent the traditional quantum generating functional.

Its advantages will be described in the next paragraph.
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I-B): The De-Alfaro-Fubini-Furlan functional approach and its

connection to Parisi-Wu method.

Around the same time of the Parisi-Wu proposal, De-Alfaro-Fubini

Furlan12 advanced also the idea of introducing an extra time 77

and a corresponding generating functional. The connection with

the work of Parisi-Wu was not clear at that time. This paragraph

is aimed at clarifying thisB.

The method of quantization proposed by De-~Alfaro et al.12 can

be summarized as follows:

i) Introduce a fifth time T and consider the fields as func-
tions of the four Euclidean variables and of T

ii)The conventional Euclidean Lagrangian XB is interpreted

as a "potential" energy term for a new "Lagrangian" L.
e J_. (.‘a ‘p,. .2 S .
L= 2\ a7 ) 46

The "Hamiltonian" associated to this L_ is
| ? .
He $T°+K
we 24 - 28
?e 27
and the associated "canonical" structure is
g)P‘?fi),?T/Qﬂiigp‘B:: S (%-y)
If we take1%w1 the dimensions of 7 and FF are respectively

1 1:¢ ,‘E’R‘]: Q"z, 4 is for length.

(I-33)

where
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Using this H' , the generating functional can now be written

as the well-known Gibbs-average for equilibrium statistical

mechanics

ZL3)= gonD\o exp T~ Sakx (H+19)
(I-34)

W and Y in the measure 4)&19%’ are configurations at an
sure g}ﬁia ry time 14 . Because of the Liouville theorem, tbe mea-

sure n49%> and G?' itself are completely independent of T4 .

This form of the generating functional is not only formally

very elegant because of its unifying character with statistical

mechanics, but has also some technical advantages over the usual

formulation.The measure of integration ()OT‘DP is, infact, ca-

nonical invariant and this allows us to perform canonical trans-

formation in 5? without ever having to introduce a Jacobian.

One might still object that the addition of the momenta

to the formalism is just a useless complication, because they

can always be integrated away as they enter only as Gaussian

variables ., This objection is really at the root of the problem '

and will help in clarifying the issue:let us infact perform a

transformation of variables
oY _ SF 24

T ,a§ P (I-35)
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The Lagrangian Z_,~ becomes
Zi - J/2F )EZQBQ <
ZN~g Y Lo
The new momenta Wg is

_DF N2 OF
e =GE)" 2%
and the new "Hamiltonian"

= [2F \=2 2 .
*{" C&§'> 'Tr& +‘£?
As the measure of integration does not change in (I-34) under

(I-35), we can write ;?
Z- O 04 e

If we now integrate over'Tzz.,we get

Z= &Oq} (et 357 exef—g"“‘*ﬁi.

This means that the definition (I-34) of%r has automatically

as
— ST (3507 Mg +& Ldho

produced the functional determinant of the transformation

from ¥9 to éE . In doing this transformation we should,of
course, take care of evaluating the Jacobian in the discretized
form of the path integral , and also remember that we are using
(see pag.1l6) a mid-point prescription. All this will produce,
for non linear F: (the well-known'! extra potential AV in

H first derived by J.L.Gervais and A.Jevicki.

The features, that we have just described for the generating
functional (I-34), will help us in understanding why for

this E? we do not need the introduction of the Faddev-Popov

18

determinant to quantize gauge theories. In general the form
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(I-34) is a very powerful tool to get the correct Feynman rules

for systems with constrains like gauge theories.

One might ask, at this point, why the extra Gaussian variables
that enter in(I-34)are momenta. In the brief exposition done so
far, one understands that these Gaussian variables are momenta
because they are"derived" from a Lagrangian L. in the usual
fashion. This Lagrangian, on the other end, has been postulated
*ad hoc“12 so to get that particular form of Z . We would
like, on the contrary, to obtain the generating functional
(I-34) and understand the Gaussian variables'ﬂ’ as momenta not
by postulating L , but deriving all the formalism from more

basic principles. We found3 the way to do this in the

stochastic quantization approach by Parisi-Wu.

In the previous paragraph we have derived a generating func-
tional for the Parisi-Wu stochastic method and it would
F-P
be interesting to compare this ;? with the Z in (I-34).
The Lagrangian that appears in (I-25a)gives momenta that are
fi?_ J_C',t_'as

==z LY ?t@)' (I-37)
but the dimensions of W and 1" are different from the ones
12

of De-Alfaro et al. and the reader might wonder how our

70
generating functional E? can be related to (I-34). It is true
that in both of them there is a fifth time 17 , but there are

also major differences:
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1) The path integration ih E?Fpis a product of four-dimensional
path integrations, each at a particular fifth time slice T} ,
while the patﬁ integration in (I-34) is just one at an arbi-
trary fifth time Ty .
2) In ,?F'P(I—ZSa) the Lagrangian is integrated ingd’i" and Sd"x
while in (I-34) the exponentgﬂd%tis only integrated hagdﬁ .
3) Using E{npwe have to send Tﬂ->qo to recover the quantum
averages, while using (I-34) we directly get them without
taking any limit.
It is clear that we have to specialize ﬁZ’FP so that its 7.
and 7 dependence disappears. We proved in the previous para- -
graph (I-A) that the trick to achieve this is to choose?/@/gD=e—SLF191
so that QfﬁF' becomes stationary or what we called the vacuum-

vacuum generating functional of the Fokker-Planck dyna-

mics (I-32a)

~ o
o = WOOLD xp S0 ] 0 p exel- (L (6354 3% T ohugiryon)

~oeiu 232"‘
~o N (1~38)
( G T Qe
= Uw I Do
06 \0 K-> =4 ~>
With this choice, we have seen previously that:
i) The correlation-functions <@ _ _ . . f;;Q. derived

from (I-38) are stationary, that means they depend only
on the differences Y=Y . As we are interested only in
correlation functions at the same time T4 , the statio-

narity implies that they are independent ofﬁz. If so, we do
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not need to take the limit VY420 to recover the guantum
averages. This means that, at any intermediate time 'ﬁ& ’
the correlation functions derived from (I-38) are already the
quantum ones, as in thelAz of De~Alfaro-Fubini-Furlan.
ii)Because of this property, the expression (I-38) not only
does not depend on 71, but also does not depend on ¥ at
least for theories without internal symmetries.
These two properties i) and ii) are crucial for the the proof
that (I-38) is equivalent to (I-34) but still (I-38) looks much

different than (I-34).

The first step to do in (I-38), as it is independent of , is

to chooseﬂj , SO we have :

o p exe S-SHA B LTI IO 0/0)
N N _ (I-39)
(D p=du T @e@
Moo =1
The second step is the following change of variables

>< - \P 4 O (I-40)

2

Before proceeding, we should observe from (I-40) and the
Y, v

definition of momentum (I-37) that 'nJc.)<yé.
The transformation (I-40) is known in supersymmetry as the
Nicolai transformation16 and in this form it has been
written for the first time by Von Holten 16. This transfor-
mation is non local: infact if we integrate it, we get

X )=+ & S Ceaiolr!

(I-41)
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In any case, the iﬁportant point is that‘X%9=%@)so that in(1-39)
the current is still coupled to {¢(¢) and not to some complicated
non-local object. This is what we wanted to achieve when we
moved T -=0 . In (I-39) we can limit ourselves to analyze only
the part
Sl@\o exP[ g E‘Q (¢ *"és a—Jz-— %2'—%,_10(7’_']

(I-42)

To implement the change of variables (I-41l), we need to cal-

culate the Jacobian
iz
XX,

This can be easily done, as in the previous paragraph, and the

result is - - 2,. . . S

?
j: QKPS é’ "L
0

%4

(I-43)

Inserting (I-43) in (I 42) we get ~+

goQ\PﬂT“ Qyp [ S X/t,d?‘j g'oO‘F l,-—(/ eVP"S XZai‘P‘:
(1-44)
= (B X ewr T-S, % dr]

In the new variables -)( we have a free dynamics. We should not
be misled by this : as it is pointed out in ref.16,‘)< is an
extended object in terms of ﬁ”- . SO0 the free dynamics of

is a free dgnamics of extended objects.

The expression (1444).can now be used in (I-34) and we obtain
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- Sopeyexe[Fsce) 30K, Bk erpd (=034 v 300093
VO Qu X = xCﬁi}

, . (i fo s
The path integration 'AQ)( can be done, as it 1s a free one,

and we get

Uom*dgﬂg(p(@e"?[_&cwigogxfl QXPL @N'X A—rj

voau

(I-45)
o

(I-45) starts looking more like the generating functional by

De-Alfaro-Fubini-Furlan (I-34). First of all we have in (I-45)

as in (I-34) just path integration over two variables(éZ€> and,XNp

and not, as before, all a chain of path integration; second, the

exponent in (I-45) is justS{¥Iplus a Gaussian term in %@r .

From (I-45) we can also observe that ‘ég&is independent of

T , and because of this we can choose I° to be infinitesimald.

Remembering (I~-39)

¥ e Qu KO XD

4.

A=>o “ (I-46)
and reinserting gd“x , We can write (I-45) as
15 S ((Xa ~Xo d‘(
z voew “‘(@W(@e)‘ ol S @) +3/PE 1D N e “A -
U A

(I-47)

=K gQ 000 @x pI=S Coml +TOAS Y7 expl T adh] N
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Since this expression is independent of A , we can

rescale ;ﬁjl’ﬁ;(/_iz—‘iﬁ' so that (I-47) becomes
e Al .
7o = Sopd 0 @) ese- B Fubrameeal

This is exactly the form of the generating functional (I-34) of
De-Alfaro-Fubini-Furlan and we got it directly from stochastic
quantization, without having to postulate any new lagrangian

or other similar things, moreover it is now clear why the M are
momenta and which is their exact derivation.

A word of explanation is needed for the rescaling ﬁ/—a-;:ﬁ“ that
we have done. First of all’ﬁj has not the same dimension as
the momenta that appear in the De-alfaro-Fubini-Furlan
expression, while f? has the same dimension; second, from
(I-46) we can see that stochastically %? is not a well-behaved
o?ifct. We know, infact, that<& ”ﬁf‘ and soﬁ?-v%rwhich means

TC is not defined in the limit 4->0 , while ‘ﬁ’/vQ(D is a well

behaved object.
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I-C): Gauge fixing in stochastic quantization.

Having now established the equivalence of these two formulations
we will use it to further clarify other aspects of the Parisi-Wu
approach. According to these authors one of the advantéges of
the stochastic quantization is the possibility to quantize gauge
theories without fixing the gauge. A lot of work has already

been done in this direction 7,17

but we intend here to further

clarify it using the functional methods just dJdeveloped.

Let us deal, for simplicity, with abelian gauge theory
STAl= L (Ao Suy +Wdy) Ardd) dix

It is well-known that the projector operator@S$, 3.3y is

singular so that we cannot explicitly invert it and obtain the

propagator, unless we fix the gauge in'SCé}.

The stochastic quantization1 offers an alternative way to

obtain the propagator. Repeating the same steps as in(I-2),we

have the Langevin eq.for abelian gauge theory, that is

Y
7;?%': (ﬁ SQV"Q«BV Ayt mld

<N, G My G2 = 2., SE-T) SUG ),

or in Fourier space

) = —K2 - KuH
A te) (S*** _\:?y Ay (e D), (e ,7)

DS -0 (1-48)
<, DMy /«‘,?5>~, = 28, SYhe) S frD),
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solving (I-48) with the initial conditions flu («.0) =0

(we follow Namiki et al.ref.l17) we have
_ %0 .
Ol (“ﬂ") = SO Gy (H;?'-T‘D Ny (6,7'_'50(7“(
where E#y is the Green function solution of eq. (I-48)
Choosing the initial conditions E,a-v («+d)= §“WE¢-(-0)=0 we get that

E’Mv [Kif'?:): g(SMy "'._“"‘_K") e Kz('r_'r') — Huk» % 6 @’—-'KD
e T <e

The propagator in stochastic quantization (we call it from now

(I-49)

on "stochastic propagator") will be
<Au [“'?) Gyﬁ(‘ﬁh% = g;g""“g;g‘*”l:ﬂf(“/ ‘A"'?‘D Eh{ ("\/7""""9( 'V?/e/'('t')"k ﬁf,'r')>
. "
= gL‘ K‘“‘Db,w/ (“‘:T’?D‘ (I-50)
with Puy (<; ""1"5 = A:« /“>Ze— k2 v - e*,'ka (T'*T'J.] +27y wﬁ‘%

T2 is the smaller between T and T
and Q04 = e (2av ‘&“K”/kzb .
AM',, is nothing else than the ordinary
propagator in the Landau gauge. For ’t’='r‘=>ao the b,qy becomes
T
bA?G‘ﬁ;"’) — tA,av + KM:V 2__,,'1'
H (I-51)
so we see that it has a transverse part A;yand a longitudinal

one "_‘_&l(éz: that apparently diverges with 77 . According to Parisi-

Wu this divergence should cancel in gauge invariant quantities.
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The above approach seems really to permit the quantization of
gauge theory without fixing the gauge. The reason for this can
be understood from the character of the operator in (I-49).
Suy - Ku K i

Contrary to the gauge theory operator(.uy “ :;) , this new
operator is not singular and hence its inverse [;avﬁani)can
be explicitly built. We can see this if we also Fourier-trans-
form T in Guv (“}"V’T")‘

I;4M/61</“Q> - oy '

—TUJ?}i$ﬂ

we have —

L Ciwswe)Sup ~Kukip | Ty )= Sav
The presence of twW in the matrixﬁ(—"‘”*"‘f)&)—KMKP] acts as a
mass term for the gauge field and this is what allows us to get
a propagator.
At first sight everything seems quite clear, however we have to
pay particular attention to the special choice that we have made
of the initial conditions in (I-48) F}M{K,o):——O . It was this
choice that gave origin to the Landau propagator for the trans-
verse part of IZKV . It is infact easy to prove that different
initial conditions produce, in the limit V-, , different trans-
verse propagator .7'17. The careful reader might wonder how an
initial condition can give a signal of itself in the propagator.
After all we get the propagator sending1“€ho and, if the process
is Marknffian, it should not bear any memory of the initial

conditions. That is true for most of the variables entering the
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the action<S[A] ,but not for the longitudinal components (if’.
The Langevin edq. in momentum space is
HM () = —-kz(S,,_w - @_K_;/Dﬁv(ﬁﬂ') * qq,u (“/T:)‘
< (I-52)
Introducing the transverse and longitudinal part for f%(
BT (fiD= CSuy —~ Gutiv/gz) Av (&)
Qﬁ( (Kna:;. HMKV &+ @—y‘)

and the same for ’Wu,ﬁmr)‘ ,we get that (I-52) becomes
AT =—<aT T
A M b
- (I-53a)
1N L
ﬁi« =
(I-53b)

The solutions of eq.(I-53a) ,with an arbitrary initial condition
K (. is e
AT (D= BIOhD 8T o e T

where QZ(?BQ"}'D is the solution with initial condition -ﬁ;ﬂ,@:o We
see that for T-w0 ,Q;rtends to (?J?ﬁ)‘y) irrespective of the of ﬁ,;r(n(g
value. This means that the transverse part of the gauge field
does not bear any memory of the initial condition,the reason
being that in (I-53a) there is a damping force-*Kzﬁj'.For FL}“
,on the contrary,there is no damping force,so if we

start with an initial configuration (?:/%@:45“}' ;we have

@,«i /K‘,’?‘): Ko @ &,@—f gz'r"e(r,?_'ﬁfﬂ"(n,?“)
o M

(I-54)
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and for(—>.0 there is no way that, on the R.H.S. of (I-54),
might disappear. This phenomena in stochastic quantization
always happens (See J.Alfaro and B.Sakita ref.7) when the
action has a symmetry and, as consequence of that, there are
ignorable variables Y€ associated with the generators of the
symmetry. These variables, even if necessary to describe the
dynamics of the system, never enter the action and so in the
Langevin eq. the drift force @3 for them is zero.

°JC.

ForK=Ceven the force on the transverse variables (I-53a) is

zero :this is related to the infrared problem and we will not
treat it here.
Going back to gauge theory, if we had calculated the*(&a4£>%‘

vsing (I-54), we would have obtained

St - S5 31 e

The piece \-(a ;z d@[/« that is independent of /IV., modifies the

transverse part-AAn'of the "stochastic propagator".

AL, = Slrend) F‘(—zg Sy ~Haully KMKV B> FD.

44 %
We see that this is not any more in th: g;ndau form. We can
conclude that the gauge fixing really enters through the ini-
tial conditions of the longitudinal part of the Langevin eq.
A second problem that is still open is the role of the
divergent piecez?fﬁﬂﬂan (I-51). Parisi-Wu T claimed that

2 ®
this divergence disappears when we calculate gauge invariant

quantity. A detailed calculation done by Namiki et al.17 show-

ed that this is true at least to second order in perturbation
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theory. Moreover they proved that, using the"stochastic propa-
gator", also a contribution identical to the one of the Faddeev-
Popov ghosts arises. This was something crucial to prove.
Infact, as the gauge fixing somehow enters through the initial
conditions, then also the Faddeev-Popov contribution has to
appear in a way or another to have unitarity.

17 was a perturbative one, we

The proof of Namiki et al.
will present here a"formal" proof based on the functional
methods developed in the previous paragraphs (I-A,B).

Starting from the Langevin eq. (I-53a,b) in position space
AuT kD = TRAT T G (I-55)
Y L
R
; N - QuadV ~
with _QMT(,:‘}D = CS.uv __%_.DAV&,Q
P (D = Ré‘}rﬂvﬂl?b F.p
we can write, as in paragraph (I-A) the corresponding ‘ET
= L A T AT N
5 B 07 Bak Bur Su PAIDT (56) ST 8T
Le

L~ ~Smry _Swry
.S(&:-&dlae "‘/"e “ /4

. T T .
The Jacobian of the transformation Qzu'*¢>ﬁll is the

L 2
usual onejs gesfov)i‘? e_ g % 2:‘2 do!”
d = $¢ly(l_

this is due to the fact thatSLJI is a function only of BT .
S=-SAS 04T dh
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On the other side, the Jacobian '14,“1'.7;9&" is just daf(hsé-@) and can

. Q?RP ;rﬁpn
be dropped in r SO0 the total result for is

NS O3 (1-56)
: Qe ~°

Yorais

We could, of course, develop perturbation theory from this gene-

rating functional, and order by order check that it contains
both the gauge fixing and the Faddeev-Popov ghosts, but we will
limit ourselves to a more "formal"proof.

Let us first of all remember that the system does not remember
the initial condition on QJT , SO in the first term in (I-56) we
can choose 'P(GJ/O)):e_S. This means, as we explained before, that
we make the generating functional stationary. Having done that
we can perform the transformation (I-41) which brings it to the

De-Alfaro-Fubini-furlan form.

The final result will be L2
" \Qu)/Zdr‘dt«)‘
. - W:d" -SCe@{\rx - g?‘
-z?[g@ BIonT ¢ e }2 Barepm)e ~° J

The second term in (I-57) is apparently more difficult to

(I-57)

handle. We showed before that there is no choice of initial
conditions?ﬁﬁﬁg, that the system can forget, so there is no
choice.of P that can make the 2’ﬁpstationary. Nevertheless
the dynamics of'ﬁﬁ is a free one, so the the path integral can

be done :
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_ ! SO 46T
N as P/&ﬁ‘[o» e = &g)&'j/o)o()&ﬁ(@ F (‘%@) e | (
e
0k () =45,

As we said before the dynamics in ﬂul’ is a free one, that means

& L
7TL 4%%@23;2Lé2 . This allows us to substitute in (I1-57,58)
L(@) with jﬂ[}, so that we get
-SC ) ORWAD
S OB 08E ) P o - L BTl
() ;UM (I-59)
( L S 2
= (086> )OI ) 2 7
Here we have not integrated away the i\ , because this part
e, .
of E{ is not stationary and so a dependence on " appears
for particular correlation-functions.
' -
Inserting (I-59) back into (I-56) and integrating the z*rr away,
we obtain qfn'jf,“?o) by
gog () Sl - z .
Q e L L
@ ﬂ”[@ P(‘M@))o@%@ € I 17?;,\« (I-60)

From this expression it is clear why?Yéj@» acts as a gauge

fixing. We can, infact, define

F(’QJ@>= — \[?fvz Fé)‘f‘/@j (I-61)

and rewrite (I-60) as

STl -F*h e O3
Comwe T
Das)0n e (== 1-62)

-
—

T
=
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2 - - -
We see thatF'ﬂ§%§> with its dependence on Q;ﬁb, breaks the gauge
invariance of'scﬁj , and acts as the usual gauge-~-fixing term

18

that we are accustomed to (see B.W.Lee Les Houches '75

lecture notes).
Before proceeding we should remember that P(Q‘."(‘{D does not have
to be just dependent on 9;(0) , it can contain also a dependence
on Qj@. The next step is to bring to light the Faddev-Popov
ghosts. Let us first of all recall that, being Q;' longi-
tudinal, we can write it as

A=, A
BL is nothing else than the group-parameter, on our case the
phase for (,((() Second, let us make the following transformation
from QL to a new Z)\L defined through the relation

AC= FC(%@"XL

. -~
the corresponding momenta |1M change as

fte. S GuP

-

.

L _ SF _Aapl
= T = =
F

Note that 351' is exactly the Faddeev-Popov determinant for

2.
abelian theory with gauge fixing F (B.W.Lee ref.18).

Insert:'_mg now (I-63) in (I-62) we get g"ﬁ:fzgf- -2
7 e SR T n o B,
=N (W Dl (I e "

(I-64)
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Integrating away the we oObtain

~S(#)-F
£ SGT@e >a@@(9>de+ £z )

that is the usual generating functional we are accustomed

(I-65)

with gauge fixing and Faddeev-Popov determinant.

A
In (I-64) theitﬁ played the role of the ghosts. We want to
stress that the é%; has come out naturally just because
we had the Tﬁu , and these ({4 were there because of the
Fokker-Planck dynamics. We feel that this proof clarifies
once and for all the mechanism that is responsible for the

generation of gauge-fixing in stochastic quantization.

It is now easy to understand why gauge invariant quantity do

not have divergences with T : if we had to calculate, for

example, <G (ﬁ )>

_ SErEn
<G 63>+ 5 41087008 o1 = X

we can integrate away the "ghosts" and obtain

_Sw-F

<G> (L 61) 00T ) 08 ger(S

sm

We see that the 7 dependence has disappeared and this very
®p

much depends on the way % enter in (and this is dictated

by the Fokker-Planck dynamics).Let us now see what happens if
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we had to calculate gauge-non-invariant quantity like-<f%@5@;):>
In this case, the presence of Qj‘in G brings down in
(I-57) a dependence on ¥, so

<O BT a> ~ §4)
The steps that we have done from (I~52) to (I-64) rely very
much on the possibilities of defining a transverse ZLF and
longitudinal Qd'part for 4 (I-52). We know that this is not
so easy for non—-abelian theory where the Gauss-Law is non
linear. We think, anyhow, that it should still be possible to
repeat the same steps as here, defining not transverse variables
but gauge invariant ones, and group variables.xz in place of

the longitudinal ones.
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SECTION II

HIDDEN SUPERSYMMETRY IN STOCHASTIC PROCESSES

II-A):Supersymmetric Fokker-Planck dynamics and dimensional

reduction in parabolic stochastic equations.

F-f°
In this section we want to study a different form for EZ . The

expression for the Jacobian that we have derived in (I-22) is
not the only manner to write it. Another way is by using anti-

commuting variables: +7f7

~
2. (Be B exe 3+ 5F (B * Fge DPar

(I1-1)
. . . . . 1// -y/
With this form for the Jacobian, and rescaling the time =2t/ ,
lals
the Ef becomes

7S S~ SJO P OQ‘F 99‘1’ P(f@)exp){ &z (é ~ =§Tp> [z (ar —;’-Q(ij—,— ‘*Jkej

The reason for the index S.S. is that, with a proper choice of
b.c for \P and y,?, this itwr.eveals a hidden supersymmetry
recently discovered by Parisi and SourlaslB.

Let us take?%%%?é@%{ﬁa and periodic boundary conditions

- F-
for %ﬁ\f , then %{ can be written as

g‘a@zozw Gp oxe §- o6 5 (55 )7 F Gk ST
‘D= 2““ W D) (II-2)

The invariance of Eif: is (1n 1nf1n1te51mal form)
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§1p ¥+ 1)
(P EFN)
€ ¢ infinitesimal (I1-3)
=g S
C‘P T@> anticommmuting param.

This symmetry is a "sort" of supersymmetry in the sense that

it mixes commuting with anticommuting variables ¥ — %ﬂ,¥7

and for not breaking the symmetry we have to introduce the same
b.c. for 10 and\(j\)b,

The reader might be puzzled by our choice of b.c.. The one on
the bosonic field t\O ’ 3 [‘P@)-?(f@) seems to constrain the
field inT=0to be equal to ?[z?‘), an apparent contradiction for
stochastic processes, but it is not so . We are, infact, only
interested in the limit of4—o0 and we know that the system
will not remember the initial probability, so it does not
matter the form of P&[@, it is only important that SP@@)dﬂa{o) = 4.
The Lagrangian that appears in (II-2) was first introduced

by E.Witten21 as an example of non-relativistic super-

symmetry. In particular he studied the corresponding Hamiltonian

Fe_ L o (=)0
Hs.s‘ Z 2R g (‘3p> " P’a‘apa
(I1-4)
The Qenerators of the symmetry (II-3) are
- &_ . R . 2s
Qy = iy [ Qe=PLic+£ B

and the H:E can be written as

e {0y, Qs 4
moreover, as Q* and Q.r are generators of a symmetry, they

. . . P T TP
commute with Hgg p [Qflys.sz ~0= | A,
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. F.P
When we quantize the system associated with f*ss,, we have to

require that

— 2_ ~e_— .
.gqc Pj::i ¥ "‘F"-c
A representation ofq%,ﬁT that satisfies this algebra is
q5:16'+ W = g "

with 5 = (gg) (

In this representation |4s§ is

FP—vJ_ L /3s 2 Y%s
H 2}%é+ a ) '51_’574-5-"

(II-5)
<:t1ﬁnul j>
& ({ 4*Soeﬂ
We see that this&@icontalns the two Hamiltonian (I~17)and (I-26)
for the forward and backward Fokker-Planck dynamics, and this
is the reason why we called this paragraph"supersymmetric Fokker
Planck dynamics“.

I3l
Both %’me and NN Boegare positive semi-definite operators, infact

_ +
Hﬁom:-iz'@ g+ (see I-17) with Q= -g'{o“‘z;? and 'Hsoev —;_ =82

As we already explained before, the ground state of{4ﬁm”is at

A Fp
£-z0 and it has the form_‘("' e . Also Hsoen has a state at 4,20

and it is’*{’o'soeﬁ:. ve) e

_ Faow -ﬁé. )
If we assume that %5 = € ""is normalizable (and we assumed
that to garantee that the system had a sensible equilibrium
. . . 3 ew Ya .
distribiutlon/as discussed in I-5) then ", © is not
normalizable and it cannot be accepted as part of the spectrum

definite. These conditions can also be expressed by using the

ke s
This means that the spectrum of‘{m”gs positive -
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language of supersymmetry21: there is only one ground state
for H:; that is s
Ss (fé? A%:)
S.s
The other one (ef»é>cannot be accepted. The ?; is an
invariant state under (II-3). That means that supersymmetry is

unbrokenZl.

EP
Let us now go back to 3.5 (II-2).

—5):\0/ )P (et £ T2 )¢ dar”
S;K)\pigf’ %’ Z?( f%) 2h€;>

(II-6)

(a4
We will drop the ! on,@yﬂfor convenience of notation from now
on. We can in this expression formally perform the integration
over the ¥, ¥ and what we will get is just ¢let {(94,-*% gfajéf?ﬂbi
This determinant can be evaluated in a different way than the

one used in SECT.I. In particular it can be evaluated as a

regularized product of its eigenvalues CKCM>'

det (£ 52) scen)| = T 4

M~ o)
where

<3++ < 5‘?"‘)1{) 0(@0—‘/;' (II-7)

the solution to this eq.is

L ()= [exp g:dr‘@@“),_cz_ %is__D (o)

¥ (I1I-8)
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As we have imposed periodic b.c. on{)(ﬁ:ﬁ@, we get for 0<é“~)'
«6’\): ¢ 2y +_L§vo(1-t_1_ s
> T =0

{ 0((99: o T 2%s =
M=~y “:Ef:w[: i +?§O%?gad?‘ = ’P_L Be.sd {
2 P IVL) T
[:*w(l:th? a~ 2 'ﬁ?« Z} 2
= Sl LT s + =
Moy 332:1« goz Val,,‘lhao ,,\,1—“"“[

“+00 S Vo 5 gt

{ f g 2 p t T AT
= N L 35 y 1+ .

s e [EEgR e bR
(€ is to indicate that we exclude the term ™M= O from the
product)

* a0 T
,UJ 0<@> \ < ( ) Al 3%
3 = %cc4¢?~zr ol1 >
M=-go o Y (II-9)

If we had used antiperiodic b.c. for*?(%) , (but we would break

the supersymmetry in this way) we would have got

“dg .
™ «xto_ ' et .L_S gt S
M=-cp H 99 g (II-10)

> Fp
Inserting (II-9) in ;?;5 , we get
P ’ T . = 2 ,
ZI0e CYSL S eve [-SFR% 4 4(25)™4 T3 -
(II-11)
Mg ) N .
- [SBean T8 o535 Tl §

| : e Ff
Remembering the form of }fﬁmq) and Jeaoew,from SECT.I (I-25),
(I-26a) ,we can write (II-1l1l) as
[ /?T-'-P % Tp
Ss - Bog

Forw (II-12)

If we had chosen antiperiodic b.c., we would have got
3?1:p _ ;?on E?FP
ss T FO Boesy

+
w . (I1-13)
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We see that also at the path integral level, it appears the nice
interplay of forward and backward dynamics already present at
the operatorial level in +(§§- The présence of both dynamics

is very amusing, but it might bother the careful reader who
knows that the Parisi—Wul prescription was to choose the

forward one. It should be remembered, anyhow, that in the sto-
chastic quantization we have to take the limit of integration
VY- in (II-11) to infinity. In this limit only the}?;;Zis left

in (I1-12), infact

. . =P
%;u %:;2 CZ‘W E rcmu- %Boea
e Rl
w Tt o hEr g, oW1 =
1ﬂemm

= F-
Quu [ﬁ ~En T Z e T )=ty ZFa{jw-

~

In the last step we have dropped the éEEM‘ because all the 'E;
are positive, as we proved before. It is also clear from (II-13)
that this limit is insensible to the b.c., infact also starting
from (II-13), we would have got ’Eﬁ:ﬁuin the limit .

In paragraph II-D we will further analyze the significance of
the presence of both dynamics in ;2?? the interested reader is
referred to that paragraph.

Having established this basic notation, we can bring the for-
malism a step further with the use of superfields. Let us first

rewrite (II-6) with an auxiliary field W (that in statistical
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. . - . 2
mechanics is known as response field)

P (s Ao _ T, . | E
50 (B s O70p oxe St -0t 5 -7 Gt 0]

9

Second, let us introduce the scalar supersfield22

=P+ Ty +oA T+ T W
d,&r are elements of a Grassman algebra
gdq=o=§ow Cetax =1=(ada &
Using gy the action in (II-14) can be written as
Qv REE < Qolraluelg [ 4oga -STL3 ]
. ) _ (II-15)
KCFA=D B Dy;d - Dy=n-d

where

and SCQ'—K is the usual Euclidean action of our system ,but
where the place of the scalar field ¢ is taken by the superfieldf
In (II-15) the space of integration (apart the usual (ﬁ“k‘) has
been enlarged to 1,%,{ : this new space is called, in supersym-
metric jargon, superspace and the transformation (II-3) can be
seen as a transformation on the "component"fields W ¥¢;# induced

22

by the following "supertranslation" in the superspace

'§o{ =&
5L=F

ST -(Xsg -z ) (II-16)

Ep

Using (II-15) we can formally write S

as
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Zr. %iwg BF o Saor e d{kc@ 7 §t§31+; 3¢

(II-17)

where 3: 6‘/"‘;;(.,7'3 = 3(") Sé)gé) S(@

In (II-17) we have moved the origin of integration ingd?fromzj
to -T , so that when we send ™->x , the origin -7 goes to - 7
As a consequence we can presume that att=0Othe system is already
relaxed to the equilibrium. It is for this reason that we have
restricted the current in (II-17) to be at *=CQ We have also
introduced in /flé@and S(J) because we are interested only in
correlations of f’fields.

Using only the supersymmetric invariance (II-3), we are now
going to prove that the ',zg in (II-17) is the same as the
usual quantum generating functional.

Let us follow Cardy 19 and introduce an interpolating
generating functional

KT-; :gﬁ § exp ~ (el (olt (ol&'[{}( + 4,05@5@5@35 [ 1-KCd :D

(II-18)

It is immediate to see that forK='1' this is the supersymmetric

generating functional (II-17) , while for K==O'it is the "quan-

tum" one g{: SO(( g-sw)inftact —3 gd { @ o
— Ao ~ Sle \+\aT { da ola KLG T
F e B

s, - -
*-0 = (II-19)

= N EoOwa) oSl
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In the last step of (II-19) we have just performed (remembering
the form of the path integral measure) N-1 path integration for
the \0 field (avoiding the one inT=¢© ) and all the N path

integrations for the V¢, W’

N \ - . \ -~ T‘O"T
Fowy ; Hoved ;fowsd T

These last integrations can be easily done as ¥, §w enter only
in KL:Q_J and this is just the free Lagrangian

golv(dquor KL oc gEW%+ WP -f pldr
We should also notice thatZSi; is still invariant under the
supersymmetry transformation (II-3), because 3'5@3 and ‘ﬂ:glare
separately invariant, and moreovergd’f'dddigﬁ)g@éﬁ)(in (II-18))
can be written as(d'rddd&—eél?a?x that is also invariant.
The next step is to show that the correlation functions derived
from :::( are independent of /( .Let us discuss for sim-

plicity the 2-point function

~ K
CA (i e 0:8) = <& Girmomco) FET>
Its derivative with respect to /( is

%ﬁ? = - golx' (o' (ola( dv‘[?-s(@s(.w%ﬂ<@ﬁ,o> Flo) ST¥iwha «,;,:(><
(II-20a)
Because of the invariance (II-3) <‘§ é@f(_@s &;750(},7/3)'('
can only have the formlgg@,‘:ﬂ,;u)infact the only combination
invariant under (II-16) is@’-t R‘@ .(also EA+EL is in-

variant but it is zero once integrated over gda("O{OT )
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Making now use of the well-known roperty19

S dx gid'i"gdd L q [,cﬁa.,;d) = gd*fg@d?%’.(x,@ =

= Cax(ad- 84\

we obtain for (II-20a)*

ot =- gd X‘?QT'M(dJ'E‘ 5(""9 S&TQSQD] e 6—'033— G X T T

A
= -'{d ! g?obl'r' o¢r) g’(X,x'n'D + (d 8 Gux\0)=
~ 20
= - gd <! SOOH-' 8‘&, x'ﬂ‘D-f Sd x! G, x‘/@ =§d"‘g("/ g
-0

The fields f> at V=-@ can always be chosen to be of any value
(because of the Markoffian character of the Langevin process)

even zero, so that g(wxﬁgo):o and thus

4
°oC"_ 4

L (II-20b)
This means that the correlation functions are independent of
F-p
,( , SO the ones derived from %’S.s,(:\(that is II-17) are the

same - as the ones derived from (that is the quantum one).

Fb
S.5{=0

*The O(-¥)in the first step appears because we choose, as 1n the
Parisi-Wu prescription, the forward green function
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We would like to point out that we have derived this result only
using arguments based on supersymmetry and never made use of the
usual Fokker-Planck arguments (like in section I). This proof
might prove useful when no information is available on the
spectrum of the Fokker-Planck Hamiltonian, or when it is too

hard too deal with the operator formalism.

We like to call the phenomenon we have just described a "di-
mensional reduction",because we have gone from a generating
functional :_z in 442 dim. (4xMand 2 for1Y™ ) to one /?’ in 4

dim. A similar phenomena of dimensional reduction also appears
for elliptic stochastic equations (that are equation of the form
%E%Jﬂq )19. Parisi and Sourlas were the first to point it out.
In their case the "dimensional reduction" was due to an inva-
riance in superspace that had the character of a "superrotation"
leaving invariant a quadratic form X?}IX . The invariance we
have here for Langevin eq. (parabolic stochastic eq.) is a

"supertranslation" in superspace (II-16),but that leaves

invariant a similar "quadratic form"(ﬂ'+£}{>‘
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II-B):Multicomponent Langevin equation and Kelvin relations.

After the discovery of this hidden supérsymmetry by Parisi and
Sourlas, a lot of work has been done by different groups (see
for example ref.13,15,23). The main line of research has
centered on the attempt to associate a stochastic process to
any supersymmetric generating functional (like Wess-Zumino
model or supersymmetric Yang-Mills theories,etc).

This association should in principle be possible thanks to the

23

Nicolai theorem (for details see paragraph II-F). The

success of this line of research has been ,anyhow,very limited.

Our interest, on the contrary, lies in a different direction:
we would like to find out which symmetry, or general feature,
of the stochastic process is responsible for the hidden super-
symmetry of the generating functional 2“?;. We feel that this
supersymmetry is not just a spurious artifact originating from
formal manipulations, but instead it is a signal of something
more fundamental intrinsic of the stochastic process. We have
found the answer to this analyzing the multicomponent generali-
zation of the Langevin equation.

24

Many processes in nature are described ,at least pheno-

menologically,by multicomponent Langevin equations:

e :
"_""'_‘—" - —FI‘( "‘fy)
™ 2 ‘ (II-21
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%3' is to indicate the physical macroscopic quantity of which

we study the diffusion. The index ( ¢ ) is for the different
variables that Yo may represent: heat density, charge density,
matter density, etc.iﬁ‘ is the drift force responsible for the
diffusion: temperature gradient, electric field, gravitational
field, concentration gradient, etc.

ﬂn( is a Gaussian stochastic noise

<UD Mg b D=2 SipsE-t0) (I11-22)

We will restrict ourselves to study quantities %%' even under

time reversal

t = —t
o —= %"2 7 (II-23a)

and drift forces -Fc. invariant under ‘> -t-
- M .
o F-=TF (II-23b)

These kinds of forces are called, in the literature24, irre-

versible forces and the even variables Y2° are known as " "
type variables.

As for as the single component case we can derive the evolution
: B A 1
eq. for the transition probability _P?-C'g‘ﬁ EOI '?ﬁ 3(6)

o . % = N
__(_é_.f__.. —— :.é %’@_T‘lpa'f é ?‘8‘-2 PZ_—- L- Pz

(I1-24)
and it is, as before, called Fokker-Planck eq. Under time-

L4
reversayhe can define a corresponding probability F&
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B fgolSe 30=>R (80 go i1 ) = B (oregol ¥ 140)

and remembering (II-23), we have
Rferrolstde) = & Gerge (gD, o

the evolution eq.for ?é can be easily derived from (II-24)

g?z 2-}: X i g?;;; PURA
'B'f ] %’2‘\0‘ + T\P_-E-;- L'(‘ {)2

¢

(II-26)
It is called, as before, backward Fokker-~Planck edq.
Parallel to all this we can, of course, derive the corresponding

functional formalism as we have done before.
Fp
2

The form of s.s is goén‘/ TPJOCT"
Z - Ngn@'g-ﬁ 0 Flkess) Stats - “’5‘%) 0

and repeating the usual steps, we get oL
Rl

, . B (£ s wmp gt
7::‘:11?8,!?09‘6‘@‘(’,"0@77'?@%‘?‘9@ ° Sz jz (11-28)

(II-27)

where
EP LS (22 TT.A o F,
g Ss d+: g?,:f C?:_ \0(, ‘t‘g';ﬁ - L[)‘ Cgf- S'I .h(f- é-ibg:)‘{j] (II-29)

In the single component case this Lagrangian reduces to

¥ a2 < vy
ss “‘i‘(ﬁ _,_ch "'(V(a“’ 2’5% T

and, as we know, it is invariant under the transformation
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§>f3= SP+eSd
BF = gC@ri )
SY=5 (% _é{:}
Naively we would say that, if this is so for the single com-

ponent case, then the multicomponent should be invariant under
S@ = 2¢+3E
€§¥%‘= i-(%%"+{;¥ii>

S¢ = C‘a‘~..~_(a_-,=‘5§‘ (II-30)
Unfortunately this is not the case unless
_gtfﬁ; = ?3?%‘
ka7 A ' (II-31)

From the structure of the variation%Jazf, it is easy to see that
the (II-31) are not only sufficient conditions to have supersym-
metry,but also necessary ones.

These relations, new for us,are well-known in the literature on
stochastic processes 25 and are called "potential conditions".
They garantee, infact, the existence of a potential function\/
from which i can be derived.

. 2V
F o= =
! 47 (II-32)

This potential \/ is what is called, in supersymmetric jargon,
superpotential for the Lagrangian (II-29).

The reader may argue, at this poig:, that we still have to take
care of the extra spurious term-—Sfﬁ‘\?;O(\L' in (II-28).

In the single component case, this term was just a surface term
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and a proper choice of bound%fy conditions would eliminate it.
In the multicomponent case-—tgsﬁ”éYx*' is not a surface term,
but thanks to (II-32) it becomes one. So (II-32) does not only
garantee the supersymmetry of (II-28), but it is also necessary
to make the spurious term a surface one. To definitively elimi-
nate this term, we need periodic b.c. on the path integral
(I1-28) as before.

In most of the phenomenological case524, the drift forces

in (II-21) are linear in the variables f%'

Fu‘ = ? r’(.'j ka_r

T‘?QX constant matrix

In this case the conditions (II-31l) become
Mt‘j = M:“.
(II-33)
The (II-33) have a well-known physical meaningzszthey are the

celebrated "Kelvin reciprocity relations".

As we said at the beginning,the indices(,J stay for the dif-

ferent macroscopic physical quantities (heat, charge, matter

densities, etc) of which we study the diffusion. Indicating for
example 4  for the heat density , 2.for electric charge den-

sity, the relation (II-33)
M{a = Ha 1.
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means that the coefficientfﬂfz, that gives the response of the
charge to a temperature gradient, is the same as Ma1. the

coefficient for the heat response to an electric field (Peltier
and Seebck effects). These identities have been verified expe-

rimentally24 long ago.

14 26

Onsager in 1931 ",and before him Bohr“ asked himself which
was the theoretical origin of the Kelvin relations (II-33) or in
general of the potential conditions (II-31).

He found 14 the answer in the so-called "Principle of micro-

reversibility”. This principle,as we will see in the next para-

graph,is the sole and unigue hypothesis we need to derive the

Kelvin relations ,and in our picture,it becomes the hypothesis

we need to have the supersymmetric invariance (II~30) for the
;Zin (I1I-28).

It is for this reason that we can say that the "Principle of

microreversibility" is really at the origin of the super-

F.p
symmetry of 2@5.
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II-C):0Onsager principle of microscopic reversibility and super-

symmetry.

The variables %{ that we have used up to now are usually refer-

red as macroscopic variables. These are gross variables suf-

ficient to describe the thermodynamics of the system and they
are a small finite number. They can, of course,only give an
average or gross behaviour of our system, it is for this that
their equation is a stochastic one .

In principle, to have a better description of the system, we
should not use the macroscopic variables but instead the micro-
scopic ones iwh(%_of each individual particle, and from their
law of motion we should be able to rederive all the features
of the system as a whole. This task is, of course, beyond man
and computer capacity but it is the basis of statistical me-
chanics both for equilibrium and non-equilibrium phenomena.
One of the properties of microscopic dynamics, that might
have a reflection also at the macroscopic level, is the fact
that the fundamental equations governing the motion of the
individual particles are symmetric with respect to past and

future:this is the Onsager principle of microreversibility.

This microreversibility will give signals of itself even in
macroscopic irreversible processes:here is the power of this

principle. How it manifests itself at the macroscopic level
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is through some szmﬁetrz between phenomenological coefficients

like the "Kelvin relations.

Following ref.27, let us introduce a complete set{)"’“fi of micro-
scopic variables describing the whole system. As there are so
many of these variables we need to introduce also here the
concept of probability2@“”}0({’“‘fﬁj-This is the conditional
probability that '{J"M‘li is realized if s)'“"'j was realized ¢4.
instants earlier. Due to the reversibility of the microscopic
equations of motion, this probability must be invariant under
time reversal

?2(1;’“40?(0!‘5)’“3*): géa('ﬁ"'% 30} %)’Wi"l‘.) (II-34)
4’@(& are the transformed variables under 'E'->-'f'. Having g; swe
can, of course, derive an expression for the macroscopic joint

probabilityVVQ?Yﬁ}O‘§}?§{> . Let us, first of all, recall the de-

finition of joint probability

W (et 30| £430= RS 02 R Geo30] 630
S s
T \Afwg g d f““"?lcﬁ ﬁ’“oio/{)w}{)i(‘fm@(u-w)
4?% 4?%}

In (II435)§2@M@15 the initial distribution for the variables

The integration in (II-35) cover all values of the microscopic

variables K«ui which fulfill the conditions



-63-

of p‘.%\*‘é ’f ‘(Qf(f’m?)%.é%)(@, ‘+caé(€‘ %
'g,%ip;ijéiL:%%‘yQﬁuéa}fé 4:%39+ (ﬁ%%gf§

~
Changing in (II-15) the integration variables 4ua’3f,"Mo—>wuo

and using the symmetry property (II-34), we can easily

W (e 30l563) = WERRe S5 7-+)

If we remember the definitionof joint probability, we can

(II-36)

rewrite (II-36) as

Py §ee 3) R(Fe30150:39) = Bl DB (J°iolfe1-)
R Feoq) w(Ferze[$830) = v e DR fo 2ol T034)

These relations are the cornerstone for the proof of the poten-

(I1I-37)

tial conditions (II-31l). From (II-37) we have for
o A i }{ 9 (‘ .
Rt - SEWEITGO.
P (e e

Inserting the R.H.S. of (II-38) in the forward Fokker-Planck eq.

(II-24), we get

'aP - Y
2 ) Bf’ F
?‘%%ﬁ <& ‘?%%ﬁ == 3?? %2‘—

where Pi stays forﬁ({’*{j and '%‘ for %(ﬂﬂo o{fr,j%)
Using now the fact that ?1' itself satisfies the forward F.P.

eq., we obtain
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P g’ﬁ‘ S ! o 32-\3‘ B—-—-———% §fa_
= vl "&26"7 ?4}'?‘% +P R Tget ® Ay )’3‘6’{

A% ;
F& obeys the backward F.P.eq., so we can further simplify this

-

expression and reduce it to

2 (5 3, %) << S IEE)=0
Let us now multiply this on the left for an arbitrary functionS@%i)

and integrate over —S"‘Cfl
Q?AKWED [Ps73g « 2R

This eq.holds for any time? even for™=0 T2 as ¥ at %0 are

(II-39)

equal to 5'({\(‘~}-f<€|°f>for the definition itself of conditional
probability. Inserting this in (II-39) and integrating by parts,
we obtain an equation involving gé?‘d) and %@ﬁ) . To satisfy
this equation, as %“’f}) and;’}”i are arbitrary functions, we
have to have the coefficients of g@\’f)and of its first and

second derivative separately equal to zero.
ey

- P41 _ -
P—,{Ft + —»;Tg‘“—-o

The coefficients of is

From this relation it is clear, as E'-’-"I‘S-‘Q—:-Pé—_, that
]
OF  OFr
° ¢ X2 (II-40)

and these are the Kelvin or potential conditions.

To summarize this long proof,we want to remind the reader that

we started from (II-34) that is the Onsager principle .

Of course this is not a proof that the Kelvin relations can
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only be proved assuming (II-34), but no other proof has appeared

in the last 50 years, that does not make use of the microrever-

sibility principle.

In the introduction to this section we stated our goal of di-
scovering which symmetry of the stochastic process is behind the
supersymmetry of ;Z: . After the analysis of the previous
pages we can answer that the symmetry is the microreversibility.
It is true, of course, that to generate the typical super-
symmetric form (II-28) for the action,we needed other
ingredients such as:

1) to start from an eq. first order in QLWLangevin ed.)

2) with a Gaussian noise %)/

These are two ingredients that the Nicolai theorem23 seems to
indicate as necessary feature of any supersymmetric action. They
are anyhow structural properties and not symmetry properties of
the stochastic process. The analysis we have done revealed that
a third ingredient was needed, that are the potential

conditions, and these conditions bring in the signal of a

symmetry. A pure stochastic Gaussian process without the

F.p

(II-40) would not have generated the supersymmetry of s.s °

We can, at this point, state with confidence that the super-

symmetry is a manifestation, at the level of macroscopic

variables ,of the time reversibility present at the level of

the microscopic variables.
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We can now even substitute the "Onsager principle" with the
"Supersymmetry principle". The Onsager principle was, after all,
introduced just to explain the Kelvin relations(II-40), but the
same conditions we get if we impose the invariance (II-30) on
the generating functional of the Fokker-Planck dynamics. This
latter request is a symmetry request on macroscopic variables
and not a symmetry request on "hidden" microscopic variables as
the Onsager principle is. To further tie up the microrever-
sibility with supersymmetry, we are going to analyze ,in the
next paragraph, the Ward identities that stem from the
invariance (II-30). These identities, once the Fermionic degree
of freedom have been integrated away, reveal themselves as
symmetry relations between the forward and the backward
Fokker-Planck dynamics thus unveiling the real character of

this symmetry as a time-symmetry.
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II-D): Ward identities and fluctuation-dissipation theorem.

As we did in (II-A) for the single component case, we can deve-
lop the operator formalism for the supersymmetric Fokker-Planck
dynamlcs associated with ng. (I1-28).
The Hs;for Rss (II-29) is
P I g
ss° T3 2 2g I ¢ J.
(II-41)

Quantizing the system we have to require that
2 -2

g\?t\, “()]-E= S“Q' == o

A representation for Y, and ?? that satisfies this algebra is

8 g ™\
T %+> 5= —j. (II-42)

. + /o ¢ -(O
where the entries of these column "vector" are G~ {evo and 6=(+

SELIS

The product of two "vectors" is done multiplying each element

as matrix. It is easy to check that

v . O
E\Fyl‘f’.‘l: 5\3 S3 6'3: (O -1
| FD
and so in this representation s.s, can be written as

H Fd H Forw
357 HY Boe(ﬁ

Parallel to what we have done for the single component case

(ITI-43)

F.»
we can also represent E?SS (II-28) as in (II-12)
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ZF-P - Fe ?F'P

s.5 FO?W - Boetr

- 2F .z 2 : (I1-44)
. ' Fosl DTN L .
where ZF,} A “SE;CQA*' % (a'a \o‘) “:(0(4-
Four T(AQY% €
and §+2Db7+‘ﬁ‘2/ +(§E¢)Z—Ljd+ (II-45)
%*—.p R % E'\lsg,/ 4
Boeer F(Dﬁ €
e
Up to now we have only rewritten the A3, in different forms,
but not jet made full use of the symmetry that it has.
We know that any time we have a symmetry we can derive what
are called the Ward-identities. To derive these relations from
Fe
we have introduce Fermionic currentsJ,Jjz in gggs_besides lﬂp
and also ,in a perfect supersymmetric fashion, an auxiliary
field Wand its current. The form of ;;:; will be
.{_
= — \
=S L FP*%‘ + Wl e e Fep ldlt
T ? gr
g Bwe YOOt e
(II-46)
. Fp punﬁ P} \%ﬁ
where |.Y=z2&Y, and 065‘ L§ Y"/ \FC\L) *z )*ﬂ
The set of currents 3‘6&“'/4174? must have very particular
transformation laws under (II-30), so that the full action
Ep
in (II-46) and Ag.s is invariant., It is easy to find that,
corresponding to (II-30), the transformations of the currents

must be

Wy g T$,° - A\HS

S — . (I1-47)
?ﬂ < gy’+'§'1hu

Sy = -2 T+,
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Under this transformation
F'P - - .
§;—2(55 Z:IX%JCU,Q*ZI#:T&::C7

In the expression (II-46) we can, as we did before, integrate

(I1-48)

away the Fermionic variables and we will be left with

P A IR C A T FLTav 14

(II-49)

where _ S? —&) Cf>ﬂ—1§"‘_>j C"')OH’OU’(
Flavigl= € Bog= (%S5 +é,§-§)sm D

The invariance (II-48) can now be read as

S %SF 0= SC’:{YFQW F>- =) ( *F"Ouu >

3 — II-50
e F>: S(&re t—>. (11=50)

We can, at this point, apply any operator

or

on the R.H.S. of (II-48) and we get

é S ¥t =0 (I1-51)

Making use of (II-47) and fixing the currents to zero in

(II-51), it is easy to see that (II-51) becomes

_ LR
S) E- [ete) g D) WD f@] o 5

=0
(I1-52)
where‘[}[ t14 are combinations of Green functions.

In field theory language (II-52) are nothing else than the

Ward identities associated with the supersymmetry (II-30).
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Let us now repeat the same steps we have done to derive
(II-56), starting this time from (II-50). Applying the operator

to both sides of (II-50) we have

() (ES Foqu, ;> éfj <f§‘§iBCWQ _:)

and using, once again, (II-47) we get
B g
- J? O("" —-Sf‘;oex
gl:—z: 1e > L e

Due to the structure of (II-49), single Fermion fields never

(II-53)

enter in I} . In their place we have A (entering foriﬂ‘F ).

So we can formally write (II-53) as

CGlowee > (4 rewa

These relations are the most general and complete identities

-116 -g %(II 54)

we can derive when we fully exploit the supersymmetric inva-
riance of .

We see that they express nothing else than a time reversal in-

variance ,thus confirming that this symmetry is a manifestation

of the Onsager principle of microreversibility.

Before concluding we want to analyze the Ward-identities in the
equilibrium limit {%p.0 of the Fokker-Planck dynamics because,
after all, that is the physical regime in which we are inter-

ested,
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Borrowing the formalism (II-43) we can write (II-54) as
{FP 2 e
+2CtrC) oMot 12 4 [T(>e Hhoent |
(II-55)

In the limit +-».0° we have

Q*w S GO | “

w> € _Ent -
e m wlL(ow>e ™ Y

~.
where("">, | and EMIEM are eigenstates and eigenvalues of,

) Arp HFP
respectively, Hey, and Tigeey, . We have proved before that

N .
En2 0 T, 9
so we get from (II-~56)

<Lo[L(Dlo=

(II-57)
where l0> is the ground state of Hronu and in the l\a.>repre—
sentation it is <\€(O§=‘€ /@/2

In path integral formalism (II-57) can be read as
-SPHw_
w
gGC) e =0

The relations (I1II-57,58) are extremely important:they indicate

(II-58)

that, as a consequence of supersymmetry, there are a set of
operators whose vacuum expectation value (vacuum of the rokker-
Planck dynamics or equilibrium average)is zero. These relations

could not have been derived if we had just analyzed the forward

dynamics.Of course the functions I}C:>are not any Green func-
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tions, but very particular ones:they are the only combinations,
which enter in the Ward-identities (II-52).

Let us now explicitely derive one of this relation and analyze
its meanlng Starting from (II-50) and (II-47) we have

- ke F.p
o= 2[ 7ssEg§ *T‘t"i}+ DLse

(270 34205

Wcl

B ?'F'P
;; CéTp. 85,37 B33 +3% 23
P S

Let us choose the operator O and apply it on the

3 ;}ﬁ) S50

R.H.S. of (II-59). Equating to zero the coefficients of S
and € we obtain (after puttlng ‘J—-O) Szr,p
- 32 g¥t / 3 #’ , —
"ty )3T b 3y (D ST, B
P33T 89 )i o Sc)‘aﬂ'as: @D‘go £ 60537 9::0
Fe
s 4 /

ST”T&D SGT t (h_) 3 )

This can be formally written as

" 3% B @ AD> — <Rl Yt = <G MR >

(II-60)

<% O R (h)>=0
As we said before, we are only intersted in the equilibrium

limit £t 2o of (II-60) that is

- 3% <94k gédle> ~<o( gl wid)le> =

(II-6la)

<ol Fetd)o
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It is possible to show that

<o (r) P+ lo> =0 (II-61b)
Infact 4() [ *K (‘-?> \T;T (tD(0> = <0! \ﬁ\ (_@ul{r(fz'rb?r(@ko>
where the evolution operator uKIKf"D can be represented as an
NxN diagonal matrix (remember the form of l4§§ (II-42)) whose

elements are the 2x2 matrices

—HE ) [ yo
Q&r%) e ( I~\I> I:(01>

Going back to (II-6lb), it is immediate to see why that expres-

sion is zero when X’Fwﬂ .In the case SE.B , on the other end, we

have
- -G ufﬁ‘t> O 7z
<o Rl)Htlo> =TP )( = _ﬂeigﬁ.ws (00 ) (QQ Z,)-

that is -%V
_ — /0 O ( ¢ jz
<°(“‘fsl+9¥’n(h)lb>= =z 0 (O e..%(h-#b> 0 .

So in (II-6la) we obtain
-
3h <OlGkD e.aplo>= <o| gtdwlox
(I1I-62)
This relation is well known to people working in thermodynamics

out-of-the-equilibrium , where it is called the fluctuation-
28

dissipation theorem . It relates, infact, the fluctuationley >

of a system with another function<{%?u$> whose meaning we are
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going to explain.
Let us suppose that we perturb our original Langevin system
(II-21) with an external force SF (Switched on at the instant{o

The system will react to this, and all the "averages" will be

changed Peot

WA 49 F
SCEM>s <ed> - <=
We can, if the response of the system is linear, write the fol-
lowing relation between 3<¥> and 3F

S <D= g (K (bt) ST 1y

23 of the sys-~

4(::(\&4.) is what is called the response function
tem. KPJ or better its Fourier transform is related to the

24 of our system: it tells us, infact, how

absorption spectrum
the system reacts to an external pertubation, and so it tells
us how it absorbs or diffuses energy scattered on it. It is,
of course, also related to the rate of entropy production
(dissipation24) that accours while we drive the system out
of its equilibrium with the perturbation SJT{.
Introducing the concept of probability, the L.H.S of (II-63) can
be written as St ‘

5'@.'ﬂ)>= g‘ﬁ‘ PUlpdy S%’,‘Pe?ds@' (II-64)
where thfis the probability after the system has been per-
turbed by %' . It is possible to have a formal expression for
'Fﬂa#

if we go back to the original Fokker-Planck eq.It is

easy to see,from (II-24), that
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(I1-65)
and so o 4
Pt (e St [Lvst pea) =
'C SN ON §@/ eL(MD" 4&-@—“3?“1 (I1-66)

e

= Peg+ S d+‘ 2 8D Peq.

Inserting this in (II-64) and using the definition (II-63) of
K?;(‘“"’D we obtain

ey = 6@-@8@@[\%‘ 0( ‘Sﬂ HTeT (I1-67)

Reminding the reader that P (\(a/ (Y2 ground state of Hﬁ,w)
we can rewrite (II-67) as
Kep(+-4D = OG- w<of LP[Q G) [0 >
(II-68)
From the form of the Lagrangian (II-16), we can rewrite this
relation as

Kig (+4D=-20G~+D <0 & (0 D [0>.

(II-69)

From this equation it is now clear the physical meaning of the
correlation-<bfﬁ%4ﬂq>: it is the response function, and the
fluctuation-dissipation theorem (II-62) can be read (once the

time has been rescaled back ) as

KC: (ﬁ "+1>: O e -+ %_—(:;(o( 96&) %@D (II-70)
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The importance of khis theorem, for the system for which it is
valid, lies in the fact that it relates an experimentally
measurable quantity as KFI (through the absorption spectrum

of the system) to the fluctuation £@¥>. Theoretically this
theorem is a powerful tool to get information on the corre-
lation functions of a systems, when we have no knowledge of
its stochastic or quantum dynamics, but only a knowledge of
how it responds to an external perturbation. In this respect,
it has been widely used recently in lattice field theory.

There are,of course,other manners24'28

to demonstrate this
theorem. We feel that ours is, anyhow, very amusing as it was
derived from a symmetry principle and this might throw a new

light on it .(see II-F).
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II-E): "Ground-state-wave-function representation".

Hidden supersymmetry in quantum mechanics.

In this paragraph we want to show that the hidden supersym-
metry,that we have studied for stochastic processes, is

actually a more general phenomenon4.

Let us start, for simplicity, with a one-dimensional quantum
mechanical system
>
==l 3 ) -
Fl\ ) +U ()

and let us suppose that it has a discrete non-degenerate ground

state {5

A
H- = Boter (II-71)
One of the main properties of the ground-state-wave-function
is its absence of nodes: that meansﬁ¥5‘ has always the same
sign (for simplicity we take'%z-real and positive, if it is
negative we can rotate it by e”ﬁ. Being positive-definite
we can always define the (gﬂﬂfa
V=9
?Mﬂ (I1-72)
that means
oz eV (11-73)

Inserting (II-72) in (II-71) we have that
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Vv \2 v :
~L(BF) £ U =0

so U(can be expressed as
2 <?
, L ,\1’.) L XV
Ut = EO"—Z@x 2 ox%
and the whole Hamiltonian can be put in the form

N
H= (2L)2-L 2L 5o
“2— ’&xa- 2 > z BxE "
A
This is basically another way of writing H once}, is known.

(ITI-74)

(II-75)

We like to call it "Ground-state-wave-function-representa-

tion"4 . .
—. Ideas somehow similar to these have been expressed

long time ago by Coester and Haag 3land from this reference

we derived the title of this paragraph.
A
Subtracting Eo from 'H we can define a new Hamiltonian
e 4 A

—H_v - H -£o°

One realizes the similarity of H-v with the Fokker-

S~
Planck Hamiltonian (I-16). This new 'H-\/ is a positive semi-
definite operator as it can be written (like the F.P.case)
. e :J_ Qq"' . Vv .
in the form H.v*3 with 9=(%( -%;— » and its ground-state

. -V
isT¢¥=¢€ at E,=0 .

v
~ A
as H.y differs from H only for the subtraction of a constant

T, » it is clear that the vacuum-vacuum expectation value of
N AY) r
operators O is the same for both 'H_.\/ and ! . Infact,

going to Euclidean time, we get
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\O (Y;'V> @'w Fe enp (- VTD OA €rp (—ﬁ-v@ =

Tz o0

Quu = exp (#1"*80‘) © 2 exp (m\'*fa?)

We can canceLLexptﬂ’between numerator and denominator as it is

a constant and we have &’ >
A _ Q' 2 exp (A1) 0
¥ {O H:;'V> Yoo t2 exe H?‘_>

This identity can also be expressed by saying that the vacuum-

=<%[ 0[5>

vacuum (ground state4ground state) generating functional asso-

N
ciated with f{,v‘

7= (0x exp (- SEE % J@-L 2% o)

is the same as the one associated with #*

.t L]
/)?: S'OX exp (—- SQOE‘Exe-{-u/)Q_l O(T‘D.
o)
that means

A _
7 £ = 271
A
As in the Fokker-Planck case, H-V'can be generalized to a more

(I1I-76)

complex one proposed by Witten21

LA, LS TF 3V
RN i — — + )
H= 23x27 Z X LRl Soce
(II-77)
where ﬂﬁ and ¥ are anticommuting variables

Forio fBrist

and they,ras usual, can be expressed as

(3% #=(2¢
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. . — "S' . .
Using this form for ¥, ¥ ’ L‘ can be written as a 2x2 matrix

of operators

$.5 2 2 TR e 'a)
2 1 ¥ L 3‘/')___! 331/’__CH—-\/
H Z D& ’Z"a;(‘— E"e Sox® Q/ ,’(;(_‘,J ,

ith
b g LTV
= +3 52

b4V a'a.xa

(ITI-78)
Note the simililarity of this +L¢with the backward Fokker-
Planck Hamiltonian (I-26).

As we know the index 5.8, is due to the fact that +4$$. manifests

a non-relativistic supersymmetry whose conserved charges are
_ (-3 IV . -—;J}(A %

$.S
In the Hamiltonian ‘4 the functionV , related through

(II~72) to the ground-state-wave-function of FT (Plays the

role of the superpotential.The ground state (at Eb’o) of

this H
(5")
s:
(II-79)

It is a normalizable state because “f;=43 was normalizable
. " $s
being the ground-state of I4 . Y5 1is annihilated byé;,_ éQ*J
and so the supersymmetry of this f{is'ls unbroken.
All this is by now familiar to the reader and we will not

spend much time on it.
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Once again the quantities we are interested in calculating

for k{&sare the vaé&um—vacuum expectation values of operators.
Before doing that we have to adapt the operators éS. to the
supersymmetric structure of the system, in the sense that every
operator has to be transformed in a 2x2 matrix of operators as
the 5? itself was in (II-77). The consistent way to do this has

been explained in great detail in ref.33: for bosonic operators

it consists simply in the replacement

A & _

O — ("6 )=0
Using now the ground state (I1I-79), we have that

S.s ad _ — ~ =—
4—\% ( G. ('TQ >— < jo,‘\[ ( O I’Y-Jo’\,> (II"BO)

This equality also holds for correlation functions and not only
for expectation values of operators at the same time. That means

that (II-80) can be expressed by saying that the generating

. . . ¥§=ns‘
functional associated with

S.s ~ +c0
crie Josoor exe CES 5 L0y 5 (20 T4 60
is the same as %’I_V C_J‘l
. A -
/? > L33= .71

)
On the other side we know from (II-76) that ZEIZT- z.vtﬂ,so we

can conclude that

?S.S‘Cfl:: FZ Il (II-81)
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We should remember -that we started from a quantum mechanical
model without any symmetry, and we have discovered that, at the
level of vacuum-vacuum correlations, it is the same as a
supersymmetric model whose superpotential is given by the 1n

of the graund-state of ?F . We found this very amusing !.

Of course only the vacuum~vacuum correlations are the same

in the two models but we know that in field theory this is all

we actually need to build the dynamics of the system.

We have pointed out before the similarity of'H—V'with the

Fokker-Planck Hamiltonian (I-16). The equality (II-76) in

particular means that we can reduce any quantum mechanical

generating functional to the F.P.form (I-25). This means,

on the other side, that it must be possible to associate

a stochastic process to any H . It is easy to see which is

the stochastic process that we have to associate to‘4 if §ﬁn¢-

is the corresponding F.P.generating functional. Repeating

backwards the steps (I-25) to (I-2), we get that the process

is . X:-%_\)/?.,.ry],

that is . -9 (IT-82)
X = 'é?t? +M -

This is a well-known stochastic process: It is the one32

E.Nelson associated to any quantum mechanical model in his
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form of stochastic quantization.

Nelson formulation32 is, of course, much more detailed.In
particular he does not restrict himself to just the ground
state or to real ¥, as we have done here. But, with these
restrictions in mind, we can say that (II-82) is the Nelson
stochastic process for the vacuum. This process is actually

the only one that has been studied during the years, and it has
been used widely to prove many important theorems in constru-
ctive field theory32. The §i¢ , that we have got, can now be
interpreted as the functional integral form of Nelson method of
quantization. F.Guerra said in ref.33 that"a path integral form
for the Nelson stochastic quantization was still missing, after
so many years from its formulation". Now we have it through i%iw-
We think this might help, in the future, to get better insights

on Nelson procedure,
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II-F): Open problems.

In this last paragraph we would like to briefly mention some
problems that are still open and could be attacked with the

methods developed in this dissertation.

The first one is based on the idea of implementing the Nicolai
mapping23 in the "Ground-state-wave-function representation"
just described. The Nicolai mapping is based on a theorem proved
by H.Nicolai in 1980,and it can be summarized in this way:
Given a supersymmetric generating functional
7 5% Cwopovor o "SR RT
(IT-82)

JQJB Bosonic part of the Lagrangian

5?$; Fermionic part of the Lagrangian
with unbroken supersymmetry, a mapping exists (Nicolai mapping)
for the Bosonic variables ‘P — X such that its Jacobian
({%%%“ is the inverse of the Matthew—~Salam determinant (this is

S.
the determinant we get integrating out the Fermions inér& ) this
OB~
S.Sg 3 —_ Soﬁ) L‘PEX-JI
E? = ébd(ggéﬂ Aps €
STl
= SOOX o~ &L (11-83)
Moreover Nicolai proved that, for that particular mapping,

s 2
KBEWD‘]]«\;-KX :in the new variables )( the dynamics is a

free one!. We should not be misled by this: the Nicolai trans-

means
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formation is a non-local transformation, so)((%)‘are extended
objects in term of%ﬂgu For example the Nicolai fransformation

for the é?:szI—Z) is
. S5s
X= ¥t 3%
X(D= PO+ , %%D@(*D]OW

We have explained in II-E that any quantum mechanical model

(I1-84)

can be reduced to a supersymmetric one through the "Ground
state wave function representation"., as a consequence we can
apply now the Nicolai mapping to any quantum mechanical gene-
rating functional. Infact from (II-81) we have

Zril= e o St\bzmi@zau = zsS

s.
Applying the Nicolai mapping to 2? we get ,
5.s - P 4 LB\ T 2V e
Z 7= Coporor & TGP TR )Y o

(_2—‘_@;( e—gkka/z where >2: }0’-\- .%_\%
~ (g x4.
;?[:]il:: §S£9)< e Sjk /Aé

If this is true it means that ,instead of studying the usual

and so

quantum mechanics in term of the local interacting ?9 ,we
can study it as a gas of free extended objects >< . It is
not clear to us, at the moment, if this has any profound

meaning.We feel that we need a better understanding of the

nature of the extended objects represented by )(
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The second open problem that we would like to mention is related

to the fluctuation-dissipation theorem presented in II-D.

We wonder what happens if the hidden supersymmetry, from which

it was derived, is spontaneously brokén. We know21 that this

is the case, for example, for quadratic drift forces F=5{ﬁﬁ in

(II-21). If the symmetry is spontaneously broken the Ward

identities and the detailed balance (II-36) and the Kelvin

relations (II-40) will still be wvalid but not the fluctuation

dissipation theorem. Infact a crucial ingredient in the proof

of this theorem (II-62) was that in (II—61)‘<4T¢ﬁJO>* was

equal to zero. This result was dependent on the fact that the

ground state had the form (Q;%:. When the supersymmetry is

spontaneously broken, the ground state has not this form

anymoreZl. In general both components are different from

zero, so its form is Cﬂnw%>where “Ffmfs the new ground state

of '“ﬂmu, while Yﬁ is the one of #‘Mmh . In this case
<:Ol%ff§(07’ would be different from zero, and this implies

that we have a violation to the fluctuation-dissipation

of the form

Kig = - %;4(0{*6‘&@\(}/@|9> +[<Lom~¢g_/o>j_

The phenomena of breaking of the fluctuation-dissipation

is not new. It appeared before in spin-glasses in connetion

with the breaking of a "formal" symmetry known as replica

30

symmetry~ . In our case it might have a more profound

character as the symmetry involved is not a formal one but
microreversibility.



-87-

REFERENCES

1) G.Parisi and Y.S.Wu Scientia Sinica 24 (1981) 484
2) E.Gozzi Phys.Rev.D 28 (8) 1983 (1922)
3) E.Gozzi Phys.Lett.130B (3,4) 1983 (183)
4) E.Gozzi Phys.Lett.129B (6) 1983 (432)
5) E.Gozzi Phys.Lett.B (i~ -~rint) CCNY 84/3
6) E.Gozzi Phys.Rev.D (in print) CCNY 83/16
7) J.Alfaro and B.Sakita in Proc.of conference "Topical
symposium on high energy physics"
Tokyo Sept.'82. Ed.T.Eguchi and
Yamaguchi . World Scientific '83
J.Alfaro Ph.d.thesis CCNY '83.
8) L.Onsager and S.Machlup Phys.Rev.91 (1953) 1505,1512.
R.Graham Z.Phys. B26 (1977) 281
F.Langouche et al.Physica 95A (1979) 252
9) M.C.Wang and G.E.Uhlenbeck Rev.0f.Mod.Phys.1l7 (1945) 323
M.Wax "Noise and Stochastic Processes" Dover Publ.'54
Y.A.Rozanov "Stationary Random Processes"
Holden-Day ( San Francisco '67)
10)L.S.Schulman "Techniques and applications of path
integration " Wiley New York 1980
11)J.L.Gervais and A.Jevicki Nucl.Phys.B11l0 (1976) 93

12)V.De Alfaro ,S.Fubini and G.Furlan Phys.Lett. 105B (1981) 462



-88-~

13)G.Parisi and N.séurlas Nucl.Phys.206B8 (1982) 321
S.Ceccotti and L.Girardello Ann.of Physics 145 (1983) 8l
1l4)L.Onsager Phys.Rev. 37,(1931) 405
Phys.Rev. 38,(1931) 2265
H.B.G.Casimir Rev.0f.Mod.Phys. vol.17(2,3) (1945) 343
15)S.Ceccotti and L.Girardello Phys.Lett. 110B ,(1982)39
16)J.W.Van Holten Proc.2nd European Study Conference Erice '82
17)D.2Zwanziger Nucl.Phys.B.192(1981)259;1ibid.B193 (1981)163
M.Namiki et al. Prog.of.Theor. Physics. vol 69.N5(1983)
E.G.Floratos and J.Iliopoulos Nucl.Phys.B214(1983)392
18)B.W.Lee in "Lies Houches Lectures '75" North Holland Publ.
L.D.Faddeev and V.N.Popov Theor.Math.Phys. 1,(1970)
V.N.Gribov "Materials for the XII winter school"
Leningrad Nucl.Inst.'77
19)G.Parisi and N.Sourlas Phys.Rev.Lett. 43 (1979) 744
J.Cardy Phys.lett.125B 6 (1983) 470
H.Nakazato et.al. Prog.Theor.Phys. vol.70(1983)298
20)G.Parisi Nucl.Phys.180B (1981) 379.ibid.B205 (1982)337
H. Hamber and G. Parisi, Phys. Rev. Lett. Vol. 47 (1981) 1792
21)E.Witten Nucl.Phys.188B (1981)513
22)A.salam and J.Strathdee Fort.Phys. 25 ,(1977)58
23)H.Nicolai Phys.Lett.89B, (1980)341
Nucl.Phvs. 176B (1980) 419

Phys.Lett.117B, (1982) 408



-89~

24)S.R.De Groot and P.Mazur "Non-equilibrium thermodynamics"
North Holland. 1962
25)R.L.Stratonovich "Topics in the theory of random noise”
Vol.I Gordon and Breach Publ.'63
26)N.Bohr "Studier over metallernes elektronteori"
Copenhagen 1913
27)A.Graham and H.Haken Z.PhysiK 243(1971) 289
28)A.Einstein Ann.Phys. 17 (1905)549
H.Nyquist Phvs.Rev.32 (1928)110
H.B.Callen and Welton Phys.rev. 83 (1951) 24
R.Kubo Phys.Rev.86(1952) 929
29)p.C.Martin,E.Siggia,H.Rose Phys.rev. A 8 (1973)423
30)D.J.Thouless et al. J.of.Physics C 13 (1980) 3271
F.Wegner Z.Phys.B35 (1979)207
31)F.Coester and R.Haag Phys.Rev.117(1960)1137
32)E.Nelson Phys.Rev.150 (1966)1079
F.Guerra Phys.Rep. 77,3,(1981)263

33)P.Salomonson and J.W.Van Holten Nucl.Phys.196B (1982) 509



