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ABSTRACT

The s ta t i s t i c a l  behavior of a fully ionized p la sm a  is  investiga ted  by m eans 

of n k ine tic  equation , including co ll is ion  t e r m s ,  of the fo rm  of the Krook and 

the F o k k e r -P la n c k  m odels .  T h e se  equations , coupled with the P o isson  equation , 

a r e  solved by the  method of c h a r a c te r i s t i c s  u s in g  the qua s i - l i n e a r  approx im ation  

technique. D isp e rs io n  re la t io n s  fo r  longitudinal o sc il la t io n s  of the  p la sm a  a r e  

obtained; Landau dam ping  coeffic ien ts  of the  waves as well a s  diffusion co­

effic ien ts  in velocity sp ace  a r e  exp lic it ly  evalua ted . T h ese  coeffic ien ts  rev ea l 

e ffec ts  due to the inclusion  of both n o n - l in e a r  and co llis ion  al t e r m s  in the 

k inetic  equations. T e m p o ra l  dec elopm ent of e le c tro s fa i i  energy  fluctuations 

and th i t  of th e  p a r t ic le  d is tr ibu tion  a r e  then exam ined . Application is  m ade  to 

a p la sm a  witn a background d is tr ib u tio n  p o s se s s in g  a bump . Wave growth is 

shown to in c r e a s e  wace diffusion, and consequently , the  bump d isa p p e a rs  

gradually ; a s  a r e s u l t ,  the  e le c t ro s ta t ic  energy  d e c r e a s e s  to z e ro ,  so tha t the 

d is tr ibu tion  tends to  an equ il ib rium  l im it ,  a s  d e sc r ib e d  by th e  o r ig ina l  k inetic  

equation. This  r e su l t  is  not p re d ic te d  by the  q u a s i - l in e a r  theo ry  of a Vlasov 

p la sm a  in which a physica lly  u n re a l is t ic  p la teau  is  fo rm ed .
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I. INTRODUCTION

T h e  study of co llec tive  longitudinal o sc il la t io n s  in a p la sm a  is of g re a t  

im p o rtan ce  and in te re s t  fo r  many physical and techn ical p ro b le m s .  In the 

th eo re t ic a l  study of a p la sm a ,  the  g en e ra l  approach  is  based  on the use  of 

k ine tic  equations d esc r ib in g  the evolution of the  d is tr ib u tio n  functions of the 

p la sm a  p a r t ic le s ,  and M axw ell’s equations defin ing the fie lds caused  by ex te rn a l  

s o u rc e s  as well a s  the  p a r t ic le s  of the p la sm a  i tse lf ,  A solution to the coupled 

equation w as f i r s t  given by Landau [ l ]  and subsequently  extended by 

van Kampen [ 2 ]  and C ase  [3 ]  . In recen t y e a r s ,  the solution has been fu r th e r  

extended in two s ign ifican t d ire c t io n s :  T he con s id e ra tio n  of e ffec ts  due to 

c o l l is io n s ,  and the investigation  of effects  due to n o n - l in e a r  t e r m s .

In the  l in e a r iz e d  reg im e , L enard  and B ern s te in  [4 ]  widened the theory  

by including sm al 1-angle co llis ion  t e r m s  into the k inetic  equations  and solved 

them  by a g en e ra liza tio n  of the  c la s s ic a l  F o u r ie r  t r a n s fo rm  method of L an d au . 

The effect of co ll is ions  w as  re p re se n te d  by a diffusion in velocity  sp ace .  In the 

s a m e  re g im e ,  K arpm an  [5 ]  was able to show that even very  s ligh t co llis ions  

b rought the  d is tr ibu tion  to Maxwellian th rough  this  velocity  sp a c e  diffusion.

By including  c e r ta in  se le c ted  n o n - l in e a r  t e r m s  in the  k inetic  equations > 

D rum m ond  and P in e s  [6 ]  , Vendenov, Velikhov and Sagdeev [7 ]  w e re  ab le  to 

follow th e  in s tab il i t ie s  p red ic ted  by the l in e a r iz e d  th eo ry  into a  n o n - lin e a r  

r e g im e  fo r  co l l is io n le s s  p la s m a s .  T h e se  ca lcu la tio n s  indicated  tha t  n o n - l in e a r  

e ffec ts  tend  to modify the  sp a tia l ly  hom ogeneous p a r t  of the  d is tr ib u tio n  in th e
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reson an ce region in w hich a bump a p p ea rs . C on seq uently , If the bump is  sm a ll 

enough) a plateau is  form ed in the v icin ity  of the phase v e lo c ity , resu ltin g  in a 

sta te  of ^teady o sc illa t io n s  with zero  Landau dam ping. R ecent num erica l 

Investigations of n on -lin ear  e ffe c ts  by Gary C8] and A rm strong [9 ]  p red ict  

the sa m e  r e s u lt s .

Combined n on -lin ear and co llls lo n a l e ffec ts  have been studied  

n u m erica lly , In the one d im ensional c a s e ,  by Rand [ 10] . S im ilar  plateau w as  

found to be form ed when the damping rate o f the w aves is  n eg lig ib le  com pared  

w ith the relaxation  rate of the distribution  in the resonance region .

A s each of the above resu lts  has its  own contribution tow ards better  

understanding of the behavior of p lasm a o s c il la t io n s , it is  In teresting  to find an 

an alytica l solution  including both e ffects  due to c o llis io n s  and th ose  due to 

inclusion  of n on -lin ear  term s in the k inetic  eq u ation s. In th is co n n ectio n , 

further extension  of the ex istin g  q u a sl-lin ea r  theory of p lasm a o sc illa tio n s  to 

the c a se  w h ere co llis io n  e ffe c ts  a re  not neglected  is  attem pted in the p resen t  

d isser ta tio n .

F o r  illu stra tin g  the e ffe c ts  of co llls lo n a l p r o c e s s , com plicated  co llis io n  

operator o f the Boltzm ann type have been avoided; in stead , the Krook m odel and 

the F ok k er-P lan ck  m odel for c o llis io n s  a re  chosen  h ere. T h ese  m odels rep re­

sen t certa in  e s sen tia l fea tu res o f co llis io n s  in p la sm a s , and hence p rovide the 

p o ss ib ilit ie s  of treatin g  n o n -lin ea r  ln itia l-v a lu e  prob lem s of p la sm a s with  

c o llis io n  e ffe c ts  included.
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In Section  II, th e  fundam en ta l  k in e t ic  equations  w ith  co l l is io n  o p e r a to r  

included a r e  in v e s t ig a te d .  A b r ie f  rev iew  of the  b a s ic  a s su m p tio n s  of the  q u a s i-  

l in e a r  th e o ry  is  g iven and th e  k in e t ic  equa tions  r e w r i t te n  in the  m a th em a tica l ly  

m an ag eab le  fo rm s .

In Section III, the  K rook  m odel is  d i s c u s s e d .  Adopting th is  mode*, the 

k in e tic  equation  coupled to  th e  P o is s o n  equation  is  so lv ed  by the  o n v en tio n tl  

F o u r ie r  a n a ly s is  m ethod . T he  equation  show ing diffusion of the p la sm a  in 

ve loc ity  s p a c e  is ob ta ined . T h is  equation  co n ta in s  th e  c o l l is io n  irequenc.v and 

the  Landau clamping coeffic ien t as  p a r a m e t e r s  which a r e  a lso  « ai u lu icd 

ex p lic i t ly .

In Section IV, a  b r ie f  acco u n t of th e  F o k k e r -P la n e k  model is g iven.

T h e  co ll is io n  t e r m s  su g g es ted  by  th is  m odel a r e  then in s e r te d  info the coupled 

kinetic equa tions  and th e  l a t te r  so lved  by th e  m ethod of chara< e r ' s t u  s in m e 

F o u r ie r  t r a n s fo rm e d  co n f ig u ra t io n s  and ve loc ity  s p a c e s .  T r-»osform ed b j  k 

in to  th e  o r ig in a l  s p a c e s ,  th e  Landau d am ping  coeff ic ien t and tb^ diffusion 

co e ff ic ien ts  a r e  ev a lua ted  by an e n e rg y  d ecay  m ethod . T he equ ition repr.isen* 

ing th e  grow th  of e l e c t r i c a l  e n e rg y  and th a t  show ing the  d i s s : ot th** pi i s m  *

in ve loc ity  s p a c e  a r e  then  ob ta ined .

In Section V , th e  d e ta i le d  deve lopm en t of th e  e n e rg y  fluc tua tions  *nd 

th e  d iffus ion  of th e  t ra p p e d  p a r t i c l e s  a r e  in v es t ig a ted  to  illus*r*re the qu« s i-  

1 i n e a r  a s  w ell a s  th e  c o l l ls lo n a l  e f fe c ts  on ve loc ity  s p a c e  diffusion

F in a l ly ,  in Section  VI, th e  m ain  r e s u l t s  of the  p re se n t  d is s e r ta t io n  rJre  

s u m m a r iz e d  and c o m p a re d  w ith  th o se  ob ta ined  by o th e r  a u th o r s .
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g .  FUNDAM ENTAL EQUATIONS

C o n s id e r  a p la s m a  c o n s is t in g  of an  in fin ite ly  ex tended , fully io n i /e d  g a s ,  in 

w hich th e  ions a r e  u n ifo rm ly  d is t r ib u te d  to  fo rm  a background of p o s it iv e  

c h a r g e s .  Such a s y s te m  can  be  d e s c r ib e d  by a o n e - p a r t i c le  d is tr ib u tio n

H e re ,  E ( x ,  t) is the  s e l f - c o n s i s te n t  fie ld  p rod u ced  by the charged  

p a r t i c le s  and is  d e te rm in e d  by the  P o is s o n  equation:

w h e re  n is the  a v e ra g e  e le c tro n  o r  ion d e n s ity .  T he  l im its  of the in teg ra tio n  

a r e  u n ders tood  to be f ro m  to +°° .

In Eq. 12.1), the t e r m  e E d e s ig n a te s  th e  fo rc e  on a given e le c tro n  a r i s in g  

f ro m  a l l  o th e r  p a r t i c le s  a t  d is ta n c e s  g r e a t e r  than the Debye length  while the

of the  d is t r ib u t io n  function a r i s in g  f ro m  c lo s e r  c o l l i s io n s .  P h y s ic a l ly  th is  

co l l is io n  t e r m  c o m e s  f ro m  the  m u lt ip le  s m a l l - a n g le  Coulom b c o l l is io n s  of the  

p la sm a  p a r t i c l e s  w ith a ll  o th e r s  w ithin  Xq .

Of p a r t i c u la r  i n t e r e s t  in th e  c o lle c t iv e  b eh av io r  of a  p la sm a  sy s te m  is  the 

fac t  th a t  i t  p o s s e s s e s  a  p e c u l ia r  d ie le c t r ic  p ro p e r ty  w hich  p e r m i t s  the  p ropaga tion  

of long itud inal e l e c t r o s ta t i c  w av es .  T h e se  p ro p a g a tin g  p la sm a  o s r i l la t io n s  b e a r  a 

c e r ta in  s im i l a r i t y  to a c o u s t ic  w aves  in o rd in a ry  g a s e s ,  excep t tha t th e  f o r m e r  is

function f (x ,  v, t) of th e  e le c t r o n s ,  sa tis fy in g  the k in e t ic  equation:

] t2 .2)

t e r m  (“ ) known a s  th e  co ll is io n  in te g ra l ,  r e p r e s e n t s  the  in s tan tan eo u s  change
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t ra n sm it te d  via the  co llec tiv e  s p a c e -c h a rg e  fie ld  in s tead  of via individual p a r t ic le  

o sc il la t io n s .  An individual p a r t ic le  m oving in the  p la sm a  en sem b le  s e ts  up an 

e le c t r ic a l  p e r tu rb a t io n  and th e re fo re  ex c ite s  som e of th e se  longitudinal o s c i l la ­

t io n s .  In o th e r  w o rd s ,  the  p a r t ic le  e m its  w aves .  C on v erse ly ,  the p a r t ic le s  a lso ,  

in th e i r  random m otion, continuously a b s o rb  en e rg y  from  the wave field and hence 

dam pen the w aves. The net r e s u l t  of th is  p a r t ic le -w a v e  in te rac tio n  is a diffusion 

of the  d is tr ibu tion  function in velocity  sp ace .  Since an individual p a r t ic le  in terac ts 

with o th e r  p a r t ic le s  within a s  w ell a s  beyond the Debye length, one expects  the 

p la sm a  diffusion to ex is t  even in a co ll is io n le s s  p la sm a .

Closely re la te d  to  th is  phenomenon of velocity  space  diffusion is the 

p ro b lem  of Landau dam ping. P a r t i c l e s  moving p a ra l le l  to a longitudinal wave 

with ve loc ities  c lo se  to the p hase  velocity of the wave couple with it and p roduce  

a  re so n an t  t r a n s f e r  of en e rg y ,  the  s lo w e r  p a r t ic le s  p ick ing  up en erg y  from  the 

w ave while the  f a s te r  ones d e l iv e r  energy  to it. If the  p a r t ic le s  which t ra v e l  

s ligh tly  s lo w er  ou tnum ber those  which go a l i t t le  f a s te r ,  one has Landau dam ping. 

On the o th e r  hand, w here  the  r e v e r s e  is  t r u e ,  tra p p in g  in s ta b i l i t ie s  o ccu r .

The m agnetic  fie ld  has been left out in o u r  p ro b lem  s in c e  we a r e  

in te re s te d  only in the longitudinal d is tu rb a n c e s  of the p la sm a  sy s te m

To obtain an o sc i l la to ry  solu tion  fo r  E qs . (2.1) and (2 .2 ) ,  the  d is tr ibu tion  

function f is  sp li t  up into two p a r ts :

-f - 1 . ( 1 * )  + F ( * , * t )
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Her© fD is  a s lo w -v a ry in g ,  sp ace  independent background d is tr ib u t io n ,  

while F r e p re s e n ts  a rap id ly  f luc tua ted , sm a ll  p e r tu rb a tio n  quantity d esc rib in g  

dev ia tions  f ro m  the  sm ooth  background. We a s su m e  that the fluctuation of K is 

such  tha t its  sp ace  a v e ra g e  vanishes; that is

< F >  =  0

As a consequence of th is  a ssu m p tio n ,  we have

<-0 = 0
On m aking F o u r ie r  s e r ie s  t r a n s fo rm  on Eq. (2 ,1 ) .  one obtains

#  +  i t - H  -  - X ( V  (2 .3 ,

w h ere  f^, , and ^ ( f^ )  a r e  given by

.  r —  r  A. R  X

E  -e
h

and ■£(f^) r e p re s e n ts  the co llis ion  t e r m ,  which will be taken in a l in e a r  form  

(Krook and F o k k e r -P la n c k  m o d e ls ) .

Now, Eq, (2.3) is  valid fo r  all values of k and hence can  be sp lit  into two 

p a r t s , one fo r  k = 0 and the  o th e r  fo r  k ^ 0.
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F o r  k -  0 , we have

*£>
3 t

F o r  k /  0 ,

}  '  4

w h ere  F^ is  given by

F ( * , z  k )  -  X  f j ^ O  £
A

A

If the j ; 0 t e r m  is  s ingled out from  Eq. (2 .5 ) ,  it becom es

-

(2.4)

(2 . 5)

The t e r m s  ^  ^ k - j  a r e  r e ferre<* to ky D rum m ond and P in es  [fi]

as  m ode-coupling  t e r m s  and a r e  co n s id e red  to  be sm a ll .  They a r e  thus neglected 

in the q u a s i - l in e a r  theo ry . C onsequently , th is  equation reduces  to

( 2 . 6 )

We sh a ll  fu r th e r  put

A ~ o
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s ince  th e re  is  no ex te rn a l  e le c t r i c  f ie ld . As a r e s u l t ,  Eq. (2.4) read s

s-f. 12.7)

On making F o u r ie r  s e r i e s  t r a n s fo rm  on Eq. (2 .2 ) ,  we obtain

As the  F o u r ie r  com ponent is  obviously p a ra l le l  to the w ave vec to r  k, 

th is  equation can be rew ri t ten  as

Equations (2 .6 ) ,  (2 .7 ),  and (2 81 to g e th e r  fo rm  the  basic  equations d e s c r ib ­

ing the co llec tive  longitudinal o sc illa tion  behav io r  of a p la sm a  in the q u a s i - l in e a r  

re g im e .  The question  a r i s e s  as  to the explicit m athem atica l  fo rm  to take fo r  the

le s s  than the in te rp a r t ic le  d is ta n c e ,  b inary  co ll is ion  t e r m s  of the Boltzmann type 

r e p re s e n t  a good approx im ation . H ow ever, the  m a th em atic s  of it is too co m p li­

ca ted  to handle in p r a c t ic e  b ecau se  of the in tra c ta b le  n a tu re  of the Boltzm ann 

in teg ra l .  We s h a l l ,  in s tead ,  a s su m e  that the p a r t ic le s  obey a model k inetic 

equation which p e rm its  s im p le r  m a th em atica l  t r e a tm e n t .  In the  two sec tions  

that follow, the  Krook and the  F o k k e r -P la n c k  m odels  a r e  chosen  for this  p u rp o se ,  

w h ere  the so lu tions  to  the  above m entioned bas ic  equations a r e  investigated

& fco llis ion  in te g ra l ,  (r~) , which is p hysica lly  m eaningful. At co llis ion  d is ta n c e s
ot c
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m .  TH E KROOK MODEL

In th is  s e c t i o n , we s h a l l  in v e s t ig a te  the  so lu tion  to  the  fundam ental 

equations  of o u r  p la sm a  s y s te m ,  adopting  the  K rook  m odel [1 1 ]  fo r  c o l l is io n s ,  

In th is  m o d e l , th e  co ll is io n  in te g ra l  i s  r e p la c e d  by a t e r m  of the  fo rm

13.1)

w h ere  f0q l v ) th e  e q u i l ib r iu m  value of the d is t r ib u t io n  function and v the  

c o n s ta n t  co l l is io n  f req u en cy .

T h is  model h as  the  d e fec t  tha t p a r t ic le s  a r e  not c o n s e rv e d .  B u t , s in c e  

it e x p r e s s e s  that co l l is io n s  tend  to  r e la x  the d is tr ib u t io n  function to  an e q u il ib r iu m  

value f__ , it s e r v e s  to d e s c r ib e  th e  e ffec t  of co l l is io n s  on Landau d am p in g  in a 

s im p lif ied  fash ion .

U sing th is  k in e tic  m o d e l ,  the fundam enta l equations  fo r  the p la sm a  sy s te m  

red u ce  to the following s e t  of th re e  equa tions

^  <3 -2>

and

13.3)

(3 .4 )
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Equation  (3 .3) can  be in te g ra te d  re a d i ly  w ith  r e s p e c t  to  the  t im e  v a r ia b le

to  give

As a r e s u l t  of the  in te ra c t io n  betw een longitudinal w av es  and p a r t ic le s  in 

the  p la s m a ,  a  g rad u a l  d e c r e a s e  of w ave a m p li tu d es  ta k e s  p la c e ,  known as 

Landau d am ping , a s  w ell a s  a change in the  p a r t i c le  d is t r ib u t io n  function, known 

a s  v e lo c i ty -s p a c e  d iffus ion . T h e se  o c c u r  even in th e  a b se n c e  of co ll is io n s  

C o l l is io n s ,  h o w ev er ,  do c o n tr ib u te  to  the m e c h a n ism  fo r  d is s ip a t io n  of e l e c t r o ­

s ta t ic  f ie ld  e n e rg y  w hich  f u r th e r  dam p s  th e  w aves  and consequen tly  a ffec ts  the 

p a r t i c le  d i s t r ib u t io n . We a r e  in te r e s te d  in th e  com bined  e f fec ts  and sh a ll ,  in 

su b seq u en t  p a r a g ra p h s ,  (a) and (b ) , c a lc u la te  the g e n e ra l iz e d  Landau dam ping  

coeff ic ien t  a s  w ell a s  the  d iffus ion  co e ff ic ien t in the q u a s i - l i n e a r  r e g i m e .

(a) D am ping  C oeffic ien t

T h e  Landau d am ping  c a n  be  s tud ied  by m ean s  of two m ethods: The usual 

m ethod  is  to  in tro d u ce  a L ap lace  o r  F o u r ie r  t r a n s f o rm  of the  sy s te m  of Eqs. (3. 2) 

to  (3 ,4 ) ,  g iv ing  a d i s p e r s io n  r e la t io n ,  w ith  the im a g in a ry  f req u en cy  r e p r e s e n t ­

ing the  g row th  r a t e .  T h is  i s  th e  m ethod u sed  by Landau [ 1 T h is  m ethod is  

not p r a c t ic a l  fo r  n o n l in e a r  p r o b le m s .  T h e re fo re ,  in the  p r e s e n t  w ork  we sh a ll  

u se  the m ethod  of e n e rg y  d e c a y ,  in tro d u ce d  by Tchen [ 1 2 ] ,  T h is  m ethod c o n s is t s

(

d r  A

—
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of ca lcu la ting  the  tim e r a te  of change of the  e le c t ro s ta t ic  energy  as  p roportiona l 

to  the  en ergy  i t s e l f ,  with th e  p roportiona li ty  coeffic ient equal to the 

com bined Landau dam ping and co llis ional dam ping.

F o r  th is  p u rp o se ,  we sh a ll  now eva lua te  the dam ping  coeffic ien t by an 

energy  decay m ethod.

Substituting Eq. (3.5) into Eq. (3 .2),

On d iffe ren t ia t in g  Eq, (3 ,7) with r e s p e c t  to t im e ,  it can be shown 

LAppendix A] tha t the only t e r m  tha t su rv iv e s  is

-

w h ere  j p  is  the  p la sm a  frequency given by

M ultiplying Eq. (3.6) by E ^(t) and tak ing  en sem b le  a v e r a g e ,

< & »■& )

dx A ( t y y  ip. (3 81
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We a s su m e  that fQ is  so  slow ly vary ing  in t im e  tha t it can be put in front 

of the t im e  in t e g r a l . then

ds ("t, (<)

w h ere

S -  t  -  T

With the fu r th e r  assum ption  that the  c o r re la t io n  fo r  a m onochrom atic  wave

be

i  COfi

we obtain

-  - i  j2

w h ere  is  the e le c t ro s ta t ic  e n e rg y  defined by

-  - j f < ? £ ) •% < * > )

But, it can be shown [Appendix B] tha t the dam ping of e le c t ro s ta t ic  

en e rg y  o c c u rs  a t  tw ice the  r a te  of th e  dam ping  of m om entum  , hence the 

g row th  r a te  of the w ave is  given by
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X  (3.9)

Equation (3,9) is  an exploit, e x p re s s io n  fo r  the  to ta l  d am p in g  co e ff ic ien t and r e p r e ­

s e n ts  th e  g row th  r a t e  of longitud inal p la s m a  o s c i l la t io n s  fo r  the  K rook  M odel.

The e x p re s s io n  inc ludes  the  c l a s s i c a l  Landau d am p in g  and  th e  e ffec t of 

c o l l i s io n s .  On a s su m in g  that

/  «  c j  */ «  oJ
A *

and the m ean s q u a re  ve loc ity

v 5 «  ( ^ A  )

s e r i e s  expansion  is  p e r m i t t e d ,  and  we find [A ppend ix  C]

S -  +  *c <3 1 0 >

w h e re  is th e  c l a s s i c a l  Landau d am p in g  co eff ic ien t  g iven by

^  = -f- - | f  ( a  (g * £ ) y.? s((■?- u) o  n )

and y ^ c r e p re s e n t s  the  c o ll is io n a l  d am ping  given by

r  a*TT\ t
(3.12)-  - o [  I +  3 - ^ - ]
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(b) Diffusion Coefficient

On m ultip ly ing  Eq. (3-5) by ^  ^(1) and taking the  en sem b le  a v e ra g e ,  we

obtain

\  j t f i  - ( i$ '*+ ± 'X 4-z)+  - \

Changing the v a r ia b le  f rom  T to s  -  t - T  , and a s su m in g  fQ to be slowly 

vary ing  in t im e  so that it m ay be taken in front of the in teg ra tio n , we have

po

^ f- I ̂
We may fu r th e r  take

-  £ ^ )  J i K j l S

w here  Q  is tne com plex frequency  of the  wave given by

- n « )  =  u ( k )  t  i  rA

Consequently ,

£*(*) *

*•
i(S2~

JL

I
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When th is  e x p re s s io n  is  substi tu ted  into the equation of evolution of the 

background  d is tr ibu tion  function, n am ely , Eq. (3 .4 ) ,  we find

-  ? . ( S -  ? - f . )  -  * ( 4 . - 4 ^ )  (3-13)

w here  is the  diffusion coefficient given by

L ( J l -
(3.14)

With the  assum ption  of sm a ll  co llis ion  frequency v , and sm a ll  mean 

sq u a re  velocity  vz « ( u , / k ) z . Eq. (3,14) can be in teg ra te d  exp lic it ly  [ Appendix D] 

to give

/M K
* * %

J I *  r -  £ 1  e  *  , 3 5»
^  * •  *  ( * - « > *  

f t *  *

It is  to  be noted tha t the d iffusion coefficient is  m ade up of the sum  of 

two t e r m s  r e p re s e n t in g  i ts  values  in two d ifferen t re g im e  of p a r t ic le  v e lo c i t ie s ,  

depending  on w he the r  the  p a r t ic le s  a r e  in re so n an ce  (*«* k * v ) with  the waves 

o r  not (w *ft k ■ v ).
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IV. THE FOKKER-PLANCK MODEL

This section  is  devoted to the  study of the  s ta t i s t ic a l  behav io r  of the 

longitudinal o sc illa tion s of a p lasm a d e sc r ib e d  by the F o k k e r  P lanck  model in 

which the co llis io n  in tegral is r e p re s e n te d  by

14. i)

w here (3 is  a frequency re p re s e n ta t iv e  of f r ic t ion . R is the ra tio  of Holtzniann s 

constant to the m ass of an e le c tro n  and T the abso lu te  t e m p e r j tu r e  This model 

w as orig in ally  proposed by Zakharov and K arpm ann [1 3 ]  and is s im i la r  to th-ii 

used in the theory of Brownian m otion [ 14] .

The co llision  term s in the m odel co n s is t  of two p a r t s  with d is tinc t 

physical Significance: the part p ' (RT t7v f) r e p re s e n ts  the sp read ing  out of
•M#

phase points in velocity  sp ace , the  rem ain ing  p a r t  (3 \7V * [ v f) s ign ifies  the d rag  

of the p artic les  along the direction of motion.

Applying th is m odel, the fundam ental equations (2,6) , [2.7),  and {2.8) oi 

the p lasm a in the q u asi-lin ear  reg im e, when the coo rd ina te  sp* is F o u r ie r -  

transform ed, becom e

%  - (4.2)

i d ,  _  . s .
Vt -  -  $ * - [ * r  (4 .4)

7
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To so lv e  Eq. (4 .3 ) ,  we F o u r i e r - t r a n s f o r m  th e  equation in ve loc ity  sp ace  

so  th a t  It b e co m es

- ll* -  - i f -i t  v r '  y

w h e re

(4,5)

and

To so lv e  Eq. (4 .5 ) ,  it is  conven ien t to  s e t

,  « 
so  th a t  th e  t e r m  p  is  e l im in a te d  f ro m  the  coeff ic ien t  of Fk .

W ith th is  e x p re s s io n  su b s t i tu te d  in to  Eq. (4 .5 ) ,  the  1 l i t e r  r e a d s

- & < ■  + - ¥ * ' ?  -  «  14 B>

w h e re
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and

A

Equal ion 14,G) can  be so lved  by the m ethod of c h a ra c te r is t ic s  [A ppendix E] ,

iel,iing  i ne resu lt

\vhn re

(4.7)

t*  -  f +  - f [ i -  <  ]

( onsequentlv

d r <3(11, fir)Jt
-e>

(4 H)

-i is  to  be rem ark ed  th a t Eq. (4 .8) can  be re w ritte n  in a d im en sio n le ss  

fo rm , tak ing  the follow ing re fe re n c e  o r  unit q u an titie s : the th e rm a l veloc ity  v ^  , 

the D elve length  XD> and the p la sm a  frequency  Up. Then p w ill ap p e a r  in the 

form  p v* which w ill be a ssu m e d  in the  p re se n t tre a tm e n t to  be a sm a ll 

d im en sio n le ss  quan tity . H ence we m ay expand Eq. (4.8) into s e r ie s  and lin e a r ! l e  

with re sp e c t to p . and w ithout going into th e  d e ta ils ,  we obtain
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<<s 4 ■ tf'' $

I - ^ r [ ^ 2 s  -c f . f f  +  T * ’ s 3 ]

w hore

S' =  it -  r

and

^  f  0 - £ s )  +  ? 0 - ^ r ) s

A
By tak in g  F o u r ie r  in v e rs io n  of w ith  re sp e c t  to  ve loc ity  sp a c e , we

obtain

r * ( Z t )  =  ^  ( *  Q f  Z ( f U - s )  f - t

-H

£ | „  t 4 9 >

The in teg ra tio n  w ith re sp e c t to  p  can  be p e rfo rm e d  ex p lic itly  [A ppendix F ]  , 

y ie ld ing

1 <£ (v) (4.10)



20

w h ere

5<s) = i  ( 1 + 3 ^

•+■ f f * )  f-i-$ f-1 ?  f )  +

+  * ? • < £ # * £ ) < { * )  +  i  ) (£ * T * )

T he e x p re ss io n  (4.10) g ives th e  fluc tua tion  in a p la sm a  w ith a d i s t r i ­

bution fQ. It c o n s is ts  of a c o llis io n le s s  and a c o llis lo n a l p a r t  p ro p o rtio n a l to p , 

and enab les us to ca lc u la te  the g e n e ra liz e d  Landau dam ping coeffic ien t a s  w ell as 

th e  diffusion c o e ff ic ie n t, p a ra lle lin g  the ap p ro ach  of Section in in connection  

w ith  th e  K rook M odel.

(a) D am ping C oefficient

We sh a ll now ev a lu a te  the  dam ping coeffic ien t fo r sm a ll v a lu es  of k  by 

the m ethod of en erg y  decay  [12] . T h is  m eth o d , valid  fo r  sm a ll  k , is  equ ivalen t 

to th e  c la s s ic a l  F o u r ie r  t ra n s fo rm  m ethod u se d  fay Landau [ 1] ,

Substitu ting  Eq. (4.10) in to  Eq. (4 .2 ) , w e ob ta in

(4.11)

M ultiplying E q. (4 .11) by E . j^ t )  and taking ensemble a v e ra g e ,

( 2 ^ » l ^ o ) r w 14.12)
4
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On d iffe ren tia tin g  E q. (4 .12) w ith  re s p e c t  to tim e  t .  it can  be shown 

[A ppendix  A] tha t the  equation becom es

/ r  i t 'v s
’ & )  =  r 1 •e" "  " (4 .i3 )

w here

4,(0 = 4(s) + -^ -£ < 0

= (f.  V-f.) [ ( t - t )  -*■ ]

+  ( ? ■ * * )  [ i 3 {  -

+ $rr($v)s

We sh all again  a ssu m e  as b efo re  that the  c o r re la t io n  < E ^ t t )  E ^(t-s)>  

tak es  th e  fo rm
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C onsequently  E q. (4.13) s im p lif ie s  to

i m l  »  L ( u

o

w h ere  e^ it) is  the e le c tro s ta t ic  en e rg y  of th e  k 1*1 m ode.

T h e  dam ping ra te  of th e  w ave , being one half th a t of the decay r a te  of 

e n e rg y , is  thus given by

r* =  ^  <  J W  w .w )

0

W ith the  assum ption  thai fQ is  so  slow ly vary in g  in tim e  th a t it can be 

taken  out in fro n t of the  in te g ra l w ith  re sp e c t to s ,  the  in teg ra tio n  can be 

p e rfo rm e d  exp lic itly  [A ppendix  G] to  y ie ld  th e  re a l  so lu tion

4 4 c
(4.15)

f

m  ~2~ (<?• v s (4.16)
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i  -  4  - # < •  f < * - « > [ - -  t O i S -

+ G t f - )  +  ( * r l /  + 7 T ? 'Z 7 ' ]

+ ? • * ( $ ? £ ) [ -  1 

+ ■ ? • '? (? • '? •< .) [ -  1- ( f J _  w ; ]

+  * < * * [ -  -  i * H = r ]  ■
i

w h ere  P  in d ica te s  the p rin c ip a l values of rhe in te g ra ls .

Equation (4,15) is  an ex p lic it fo rm  of th e  g en e ra lized  Landau dam ping 

coeffic ien t s in c e  the  in teg ra tio n  o v e r  ̂ can be p e rfo rm e d  fo r  a given background 

d is tr ib u tio n  function fQ ( v , t )

It is  no ticed  tha t y^  c o n s is ts  of the sum  of two p a r t s ,  y ^ L and 7 ^ c The 

fo rm e r  p a r t  is  id en tica l to the  c la s s ’cal coeffic ien t of Landau d am p in g  and the 

la t te r  p a r t ,  being p ro p o rtio n a l to  fJ , r e p re s e n ts  the c o llis io n a l dam ping fro m  the 

F o k k e r-P la n c k  equation in the q u a s i- i in e a r  reg im e . T e rm s  involv ing  th ird  o rd e r  

d e r iv a tiv e s  a r e  kept in the  e x p re ss io n  as  they a r e  in g en e ra l no t neg lig ib le  as 

co m p ared  w ith  those  Involving low er o rd e r  d e r iv a tiv e s .

In the  sp e c ia l c a s e  w here  f is M axw ellian , th e  e x p re ss io n  (4.17) fo r 

y ^  can  be co n s id e rab ly  s im p lified  [ Appendix G] , y ie ld ing , in one d im ensional 

c a s e ,  th e  re su lt



w h ere  i s  th e  th e rm a l v e lo c ity  given by

v" = -SX-

Now, th e  d isp e rs io n  re la tio n  of th e  p la sm a  u n d e r c o n s id e ra tio n  can  be 

re a d ily  ob ta ined  by pu tting

-»» — l l i t  —* - i -+ X f
E*(*>) =  E^f<0 A  = £*(o) a

in E q . (4. i '.) and so lv in g  fo r  ^  a s  a function of rea l k , y ie ld in g  [A ppend ix  H] 

th e  a p p ro x im a te  r e s u l t

U sing  th is  r e la tio n , th e  e x p re s s io n  (4,181 fo r  y ^ c fu r th e r  re d u c e s  to

k  =  -  4  ( i +  13 )  i4-2o»

(b) D iffusion C oefficient

W hen E q , (4 .10) is  m u ltip lie d  by E_jc(t) and th e  e n sem b le  a v e ra g e  ta k e n , 

w e have

( f [ < « F , , ( v O >  -  -  r s -*
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W ith the  assu m p tio n

^  ^  S
t * a - o  - jC.

i '« s -
E * fO  -* , - a  * co*- * ^

th is  equation becom es

v°

- e ‘ C n  *  '  [ -  ‘ *<■<>] I4 .2 i)

w here  is the e le c tro s ta t ic  energy  of the It**1 m ode.

F o r  slow ly vary in g  f w ith re sp e c t to t im e , only the f ir s t  te rm  in its  

T ay lo r expansion  is  k e p t , so that it m ay be tuken out in fro n t o f th e  in te g ra l.

The in teg ra tio n  can then be p e rfo rm ed  ex p lic itly  [A ppendix  J ]  to y ield  the rea l 

so lution

( t ^ t )  14 221

w here

0  -  [ y * ( f ' + 7 ^ 7 7  d - r ? ) 3

■pSi?]
5 -  ]  ■ <t « . « > [ -  ]

-2

Coj
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We have a s su m e d , in the d e riv a tio n  of th is  e x p re ss io n , th a t is  sm a ll 

co m p ared  w i'h

On su b stitu tin g  th is  in to  Eq. (4 .4) fo r the  evolution of background d i s t r i ­

bution function, the la t t e r  becom es

-if=- _  J L l £ V7- '5L-£-Zk<0@ + + t - t ]  a -23)

This equation may be rewri'ien in ine form

whe re

14.24)

Z 5.(0

and

T>. = £ i ±  y  1 1  — a —

~  * 7 x  ** ^

a r e  th e  q u a s i- l in e a r  con tribu tion  of the diffusion coeffic ien t in th e  re so n an ce  

and n o n -re so n an ce  reg io n  resp ec tiv e ly
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t - 7

( ( ■ i l )  + [ -  7 ^ T ? 7  ] ? • < ? ( ? •  ?f.)

r e p re s e n ts  th^ conr.r1’bution to iho diffusion oeffic ien t from  both the quasi - 

l in e a r  and th e  eo llis jonu l e ffec t to *he non reso n an ce  reg ion . And finally

X  -  f  [ n 4

is th e  o rig in a l lin e a riz e d  F okker P lanck co llis io n  te rm s  re p re se n tin g  a 

d iffusion ;ind a dynam ical f r ic iio n .



28

V. D EV ELO PM EN T OF PA RTICLE DISTRIBUTION AS A RESULT Q F 
QUASI-LINEAR AND COLLISIONAL E F F E C T S

In th is  s e c t io n , we in v e s tig a te  the d e ta iled  developm ent of the energy  

flu c tua tions and the d iffusion  of the  trap p ed  p a r t ic le s  in the o n e-d im en sio n al 

c a s e  of th e  F o k k e r-P la n c k  M odel, A ssum e th a t, a t th e  in itia l in s ta n t, the 

background d is tr ib u tio n  has a sm a ll trap p in g  in te rv a l (V0 - u ,  VQ) of p o s itiv e  

s lope in the velocity  s p a c e , o th e rw ise  th e  s lo p es  a r e  neg a tiv e . In th is  in te rv a l, 

the p a r t ic le s  a re  sa id  to  be in re so n an ce  w ith th e  w aves and in te ra c t w ith the 

la t te r  by s u rre n d e rin g  th e ir  k in e ti', en e rg y . O sc illa tio n s  begin Lo build up and 

the s p e c tra l  en erg y  d en s ity  of th ese  o sc illa tio n s  in c re a se s  in acco rd an ce  with 

th e  law

&  =

T h e grow th of w aves o r  o sc illa tio n s  in c re a se s  the d ilfusion  of th e  

trap p ed  p a r t ic le s  acco rd in g  to Eq. (4. 24).

O utside the tra p p ed  in te rv a l w here  the f i r s t  d e riv a tiv e s  of the d i s t r i ­

bution function fQ w ith re sp e c t to  velocity  v a re  neg a tiv e  a t a ll p o in ts , th e re  is 

no grow th of longitudinal o sc illa tio n s ; and we shall a ssu m e  the energy  fluc tua tions 

o r  n o ise  th e re  to  be neg lig ib ly  s m a ll .

C onsequen tly , we obtain  th e  follow ing sy stem  of equations govern ing  the 

evolution of energy f lu c tu a tio n s  and of the  diffusion of the  d is tr ib u tio n  function of 

the plasm a p a rtic les
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I f  -  * v £  -  < £  (5 .1 )

3-f. _  _ 2 _

where

0< ± £ mJl
^ k

V

*■ =  ?  ( '  +  / 3  - )

We shall  now rep reseu '  tne dt-uribuiion fum*l)on in (he trapping interval  

(V -  u , V0 ) approximate lv  bv the wjuit in

4 . ( ^ 0  =  A ( t ^ +  b  t5 *3)

w ith  A (0)>  0 and gQ>  0

On su b s titu tin g  E q. (5 ,3 ' m o Eq. (5 ,2) and in teg ra tin g  the  la t t e r  w ithin 

the tra p p in g  in te rv a l (v  -  u ■ Vc ), we ob ta in

- Z F -  =  ~£l> "  ? * T ]  *

-  f - f  ? ' ( S . 4 )
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S im ila r ly , su b stitu tio n  of Eq. (5.3'j in to  Eq. (5 .1) y ie ld s

(5 .5)

By v ir tu e  of th e  sm a lln e s s  of p , E q s. (5.3) through (5. 5) can be so lved  

sim u lraneouslv  [A ppendix K] to  give

A(t) =  ( f - j )
K - r

- i

is. 6)

Z d t )  -

K - i
i

(5.7)

(5..[i)

w here

A . =  * ( « )

£.(0 -  £(v-,o)

yu -  < * •

f  -  [ -  *  + ] < - * « ,  ]  / a «,

 ̂ - [- <9,* J ] / sa,
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~ A  -  f  < V >  ? * r  ~ i5r? '1

» !  -

W ith  ̂ h i lie  a lg eb ra ic  m an ipu lation , it can be shown th a t, at t 0 ,

£ mo

=  £o ( * )

Ao jy [ ! ( ¥ ) ]

and at t -* “  ,

E(v. t) -  o
¥-*»»

>fe_
»v

fo r the in te rv a l (Vc  -  u < V < VQ ).
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d fF u r th e rm o re ,  it can be read ily  d e m o n stra te d  th a t £  ( v , t) and —  a re  

bounded fo r (v 0 - u <- V < and (0 £ t £ ® ), th e  upper limitB of which being

given  r e s p e c t i v e l y  by

-  At

>  £.(v)

F ro m  th e se  r e s u l ts ,  we conclude th a t ,  w ithin th e  trap p in g  in te rv a l,

/d fth e  posifi'-e  s lo p es  f ~  ) g rad u a lly  d e c re a s e s  from  the p o s itiv e  quantityd v
TT If

AQ“  cos ' “  to  a t ra n s ie n t  p la te a u , and th e re a f te r  to  a negative value 

IT v - v Q n
q ”  os ' “ “ ) r  in the a sy m p to tic  l im it ,  a s  shown in F ig . 1 and F ig . 2 on

ftll ^

pages 34 and 35.

F ro m  Eq. (5,8) it is  re a d ily  e s tim a te d  that the tim e fo r the  p o sitiv e  

s lo p e  io develop  into the tra n s ie n t p la teau  is

e  «, <M>

_ t A i l .  
i

We sh a ll take  the c h a ra c te r is t ic  tim e  ^  fo r  developm ent into the  final 

eq u ilib riu m  s ta te  a s  the tim e  when the s lo p e  is  within one p e rc e n t of the final 

va lu e .

D uring  th is  c o u rse  of t im e , the en erg y  sp e c tru m  £ in c re a se s  fro m  a 

sm a ll in itia l value £ (v, 0 ) to  a m axim um  at the  in s tan t when th e  p la teau  is  

fo rm ed  in the  d is tr ib u tio n  function , and then d e c re a s e s  g rad u a lly  to z e ro , as
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shown in F ig . 2 and F ig . 3 on page 35, when th e  d is tr ib u tio n  becom es s ta b iliz e d . 

At the edges and o u ts id e  the  tra p p in g  in te rv a l , £  m ain ta in s  its  z e ro  value  s in ce  

it is not a ffected  by in s ta b il i t ie s .

x is  no ticed  th a t in the sp e c ia l c a s e  w h ere  c o llis io n s  a r e  n eg lig ib le , o r  

w here  p 0 , a ll e x p re ss io n s  in th is  appendix s t i l l  hold tru e  excep t th a t q is  

ze ro  in stead  of a negative  quan tity . C onsequently , the  p o s itiv e  s lo p es  in the  

d is tr ib u 'io n  function develop only into a p la teau  and do not con tinue evolving 

beyond it into negative  s lo p es  a s  in the co llis io n a l c a s e .  At the sam e  tim e  , 

in the ab sen ce  of c o l l is io n s , th e  en erg y  sp e c tru m  w ill reach  an u n stab le  

m axim um  in stead  of converg ing  to  z e ro  in the asy m p to tic  l im it. A co m p ariso n  

of v a rio u s  c h a r a c te r is t ic s  t im e s  and lim its  of co n v erg en ce  is  shown fo r a typ ica l 

p la sm a  s itu a tio n  in T ab le  1 on page 36 .
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(a) t =

,b) t ^

ic) t -

FIG .

V -u

DEVELOPMENT OF NEGATIVE SLOPES IN PARTICLE DISTRIBUTION 
FUNCTION IN TRAPPING INTERVAL
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a v

FIG. 2 TIME EVOLUTION OF SLOPES OF DISTRIBUTION FUNCTION
IN TRAPPING INTERVAL

e 'i

max

oo

FIG. 3 TIME EVOLUTION OF ENERGY DENSITY OF OSCILLATIONS
IN TRAPPING INTERVAL
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Cases of
ch aract2̂ ^ ^  co llis io n s  
e r is t ic  t i m e s ' ^ ' - ^ ^  
and slop es

P = 0 P = O.OOStJp p — 0 .02  Up

V -  1 .6*  10* - 9 , 3 *  io0 ^ 1 - 2 . 0 *  10"’ u"1

‘n — 1 .6  * It)3!*)’ 1 - 1 . 5 *  lO1^ 1 
p

-  3 . 1 * 1 0 °  j £ :

AVERAGE
ASYMPTOTIC
SLOPE

0 -l.O xlO ^n/V ^, -  1.0* lO^n/V^,

TABLE 1 -  SOME TYPICAL VALUES OF CHARACTERISTIC

TIMES AND SLOPES
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VI. CONCLUSION AND DISCUSSIONS

T he b a s ic  r e s u lts  fo r  the  com bined c o lle c tiv e  and co llis io n a l b ehav io r of 

longitudinal o sc illa tio n s  of a  p la sm a  w ill be su m m ariz ed  in th is  sec tio n , All 

equations a r e  w ritten  in one d im ension  to fa c ilita te  d isc u s s io n s .

In a co llis io n a l p la sm a , q u an titie s  like  dam ping coeffic ien t and diffusion 

coeffic ien t have both co n trib u tio n s  from  the  co llec tiv e  as well a s  the co llis io n a l 

e ffe c ts , It is  th e re fo re  of g re a t p h y s ica l in te re s t  to s tudy  the  com bined and 

coupled e ffec ts  by m eans of a k in e tic  equation  of the  K rook and the  F o k k e r-  

P lan ck  m odels.

The K rook m odel is  b a s ic a lly  a re lax a tio n  m odel which e x p re s s e s  the 

hypoihesis  that c o llis io n s  tend to re la x  the  d is tr ib u tio n  function to  an equ ilib riu m  

va lu e . The F o k k e r-P la n c k  m o d e l, how ever, re p re s e n ts  co llis io n s  by a diffusion 

te rm  and a f r ic tio n a l te rm .

in Section in  and Section IV of th is  d is s e r ta t io n , we have a ttem p ted  to 

so lve  the K rook and the  F o k k er P lanck  equations in th e  q u a s i- l in e a r  re g im e .

The b asic  re su lts  can  be su m m a riz ed  a s  follow s:

The equation govern ing  th e  tem p o ra l b eh av io r of the e le c tro s ta t ic  energy  

fluc tua tions is  given by

w h ere  it is  found th a t the  dam ping  coeffic ien t w ill com bine th e  co llec tiv e  and 

co llis io n a l e ffec ts  in a co m p lica te  fo rm . As an approx im ation  sum  of two p a r ts ,  

it can  be w ritte n  as

(6 . 1)
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H e re , y, T is  th e  c la s s ic a l  Landau d am ping  co e ffic ien t w ithout co llis io n  given
i t  .L*

bv

= CJ 16.2)

T h is  co e ffic ien t r e p re s e n ts  th e  g row th  r a te  o r  th e  dam ping  r a te  due to  th e  

c o lle c tiv e  in te rac tio n  of w aves and  p a r t ic le s .  It is noted that th e  sign  of y ^  

depends only on th a t of

s in c e  u l o th e r  f a c to rs  a r e  p o s it iv e . T he re m a in in g  p a r t  *kc is  g iven by

fo r  th e  K rook  m odel, and

4 « - 4{ I +  13 i V l
60j> J

fo r  th e  F o k k e r-P la n c k  m odel.

H ere

(6 .3)

(6 .4 )

p is  the m ean  s q u a re  v e lo c ity  and fQ is  th e  back g ro u n d  d is tr ib u tio n , w hich  m ay 

depend  on th e  w ave e n e rg y  in th e  p r e s e n t  q u a s i- l in e a r  ap p ro x im a tio n .
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T h ere  have been a few a ttem p ts  to  c a lc u la te  th e  jo in t e ffec t of co llis io n s  

and of n o n lin ea rity  on Landau dam ping [ 1 5 - 2 2 ] .  It is  found by a lm o st a ll th e se  

au th o rs  th a t , in th e  long wave length  l im i t , th e  co llis io n a l dam ping has a k z 

dependen e. although they  all obtain co n s id e rab ly  d iffe ren t n u m e ric a l r e s u l ts .

Wu and K ievans [1 5 ] s ta r te d  w ith the  f i r s t  two equations in the 

B . B . G . K . v .  h ie ra rc h y , lin e a riz e d  them  and su b stitu ted  an ap p ro x im ate  

so lu tion  into the  in teg ra l te r m s .  They obtained  so lu tion  of Ihe fo rm

L ^
whi> h a g re e  w ith o u r  re s u lts  in the  k z dependence.

M atsuda [it? ] em ployed the  R ostoker te s t  p a r t ic le  m elhod to obtain 

solution fo r i he sam e  p ro b le m , y ield ing  the re su lt

in which the kz dependence is  a lso  seen .

The lo g a rith m e tic  fa c to r  i s  the re su lt  of an a r b i t r a r y  cu t-o ff fo r  the  

in te g ra l to p reven t a c lo se  co llision  d iv e rg en ce  in the  in teg ra tio n . It should  be 

re m a rk e d  th a t p in th e  F o k k e r-P la n c k  m odel can be w ritten  in the fo rm  [ 10]

*  -

w hich con ta in s th e  sa m e  lo g a rith m e tic  fa c to r .
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C o m isa r  [ 17] u sed  a m odified  F o k k e r-P la n c k  type te rm  fo r  the co llis io n  

in te g ra l and p re d ic te d  th e o re tic a lly  th a t th e  co llis io n  dam ping is  given by

w hich can be co m p ared  w ith o u r re s u l ts  shown in E q s . (6.3) and (6 .4 ), It is 

seen  that they a g re e  in a lg e b ra ic  fo rm  but d iffe ren t only in the n u m eric a l 

co effic ien ts  w hich is to  be expected  s in ce  d iffe ren t m odels have been used .

The lead ing  te rm s  , w hich a r e  independent of k , a r e  e s se n tia lly  the e le c tro n  

se lf -c o llis io n  frequency  due ex c lu siv e ly  to the  dynam ical f ric tio n  m ech an ism .

Shanny, Dawson and G reene  [1 8 ]  in v estig a ted  the co llis io n a l dam ping  

of longitudinal e le c tro n  o sc illa tio n  on a sh ee t m odel fo r  a L o ren tz  p la sm a . The 

r e s u l ts  of th e ir  co m p u te r ex p e rim en t show the  k 2 dependence in the above 

m entioned fo rm  to  be c o r re c t .

The tim e  evaluation  of the  p a r t ic le  d is tr ib u tio n  a r e  found to be governed 

by the follow ing equations:

a) fo r th e  K rook m odel,

(6 .5)

w here

(6 . 6 )

r  — A _____ (6 .7)

b) fo r  the F o k k e r-P la n c k  m o d e l,
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w here

'6 .9 )

( 6 . 10)

H ere  y % v  is  th e  o r ig in a l F o k k e r-P lan ck  co llis io n  te rm  . F u r th e r  DQ

re p re s e n ts  the q u a s i- l in e a r  con tribu tion  to  the diffusion co e ffic ien ts  in the  re so n ­

ance  reg io n , w hile  D t and Dz re p re s e n t the co n trib u tio n s  in th e  n o n -re so n an ce  

reg io n . When the co llis io n a l co effic ien t p v a n ish e s , D2 becom es z e ro ,  but Dj 

red u ces  to a fin ite  value fo r  the diffusion  in the  n o n -re so n an t fo rm .

We have in v estig a ted  in Section V by m eans of a m o d e l, the d e ta iled  

developm ent of the  p a r t ic le  d is tr ib u tio n  function fQ and that of the  en erg y  

fluc tua tions It is  shown that fo r  any gen tle  bum p w ith a p o s itiv e  s lope  on the 

d is tr ib u tio n  function , the com bined  diffusion  and dam ping  e ffec ts  a r e  to  w ipe it out 

g rad u a lly  until it red u ces  to a n eg a tiv e  s lope beyond the p lateau  fo rm a tio n . T h is  is 

in co n trad ic tio n  w ith the  r e s u l ts  [ 6 ,7 ]  ob ta ined  fo r  a c o llis io n le s s  p la sm a  w here a 

p la teau  is  fo rm ed  a s  an  asy m p to tic  l im it. D uring  th e  c o u rse  of tim e , th e  en erg y  

fluc tua tion  is  found to  re a c h  z e ro  when the  fina l e q u ilib riu m  in the  p a r t ic le  d i s t r i ­

bution Is re a c h e d . T h is  is  again  m o re  r e a l is t ic  than the  s im p le r  tre a tm e n t [ 6 ,7 ]  

of c o llis io n le s s  p la sm a s  w here  the final e n e r g y  is  a  la rg e  p o s itiv e  co n stan t.
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APPENDIX A

In th is  appendix, we sh a ll  p rove  E q , (3, 8 ) fo r  the Krook m odel and 

Eq, (4.13) fo r  the  F o k k e r -P la n c k  model.

F o r  the  K rook model, we d if fe ren tia te  Eq, (3,7) with resp ec t  to t,  w h u h  

a p p e a rs  in both the in teg rand  and in the  upper l im it ,  and obtain

w here

I  *  a - <Pv ( e V OA

t
-  (i H v ■+■ **X f “ r )

Now s in ce

we have

1» ~  °
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We now a s s u m e  that < ' E^(T)> is  so  slowly vary in g  in t im e

that

d t
« I - f i p <V-r>

C o n sequen tly ,

Thus we a r e  left with

which is equivalent to Eq. (3*8) .

F o r  the F o k k e r -P la n c k  m odel, we f i r s t  change the independent vnri .'■!** 

from  s to t s  t T in Eq. (4.12) and then d iffe ren tia te  this equation with re-iw- 

to t .  With s im i la r  a rg u m en ts  with which we proved  Eq. (3 .8 i ,  we *111 r e a i t l  

a r r i v e  a t  Eq. (4.13).
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APPENDIX B

We sh a ll  p ro v e  that e le c t ro s ta t ic  en e rg y  of w ave decays  a t tw ice the 

ra te  of dam ping  of m om entum .

We a s su m e  solution of th e  fo rm

F*(7 , t )  =  Ft (7 ,0)  A
- i S l t

fo r  the  flu ^nation of the  d is tr ib u tio n  function. Then, P o is  so n 's  equation can

b e  w r i t t e n  *s

- L S l t
E M  =  S * ±  \ d \  Ek ( 7 0 )

On tak ing  ab so lu te  va lue  and sq u a r in g  each  s id e  of th is  e q u a tio n , w i ih f i  

substitut O by i ts  rea l  and im ag in a ry  p a r ts  given by Q -  l + iy ^ ,  we have

,C T * V
1 - JL

po

D iffe ren t 'a l in g  th is  equation with re sp e c t  to t ,  we obtain

i t

Now, the e le c t ro s ta t ic  en ergy  in th e  k **1 mode is  given by

e k ( t )  =
• T

Hence

2 * 4
vir -



A PPEN D IX  C

We sh a ll  e v a lu a te  th e  in te g ra l  g iven by Eq. (3 .9 ) .  

F m ploym g th e  s ta n d a rd  in te g ra l

d t  JL I
C* + iX

the  integr.-r inn of s in Eq, (3 .9) can be p e r fo rm e d  re a d i ly ,  y ie ld ing

* J *  (W -R-V  )-*-* LS

v is  a s su m e d  to be s m a l l ,  we m ay apply  the  D ira c  F o rm u la

i i f <9)<*oLtw, I ---------- —■
->o I f i t * /

Consequently

<P F ( 6 ) 4 8  
f i t  * f

-

-  y<:

-

>•

/  =  -L -^L f L\  +  jL.i£.\Jv (f,
*  2 ** \  * ? > ■ ,* «  * )

T d u n g  the r e a l  p a r t  of th is  e x p re s s io n
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T he la s t  e x p re ss io n  can be in teg ra te d  by p a r t s  to yield

Gj f .

With the is  sum ption that the av e ra g e  value V2 of the sq u a re  of the 

p a r t ic le  velocity is much s m a l le r  than the  ra t io  u 2/ k 2, th is  e x p re ss io n  can be 

expanded to give

Ihe ( _ 4 j “ L \  [ i  ♦

F o r  iso tro p ic  d is tr ibu tion  f , th is  reduces  to

Now, i' can be read ily  shown that the  d isp e rs io n  re la tio n  for a Krook 

plasm a i« jppruvini:itel> g r  «n by

=  r 3 k  v fc

Heir , the e x p r e s s i o n  for  ;in be rew ri t ten  »s

*Lv LI + 3



47

APPENDIX D

We shall evaluate the integral given by Eq. (3 .1 4 ), nam ely

I j  =  A
i- ( n -

v can be abso rb ed  in D so that the in teg ra l  read s

i to - r-Os
Ij> =  |  j£

O
w h ere

J l '  *

Now, the in teg ra l  can be in teg ra te d  read ily  fo r  s ta b le  p la sm a s  as 

I  *  _  ------!---------

On applying D irac  F o rm u la  to  th is  e x p re s s io n ,  we have , fo rm ally

T _  “  I _  _  £>  z l-   -----------  =  P   h r r -  -  T  J  - w )

C onsequently , the  rea l  value of D in Eq. (3.14) i s  given by

5  =  - 2 £ l £  J I s m i - )



APPENDIX E

We shall so lv e , by the method of ch a ra c ter istic s , the equation

(El)

w h e re

p  =  f t

'r -kKTA1-*- f  t

By th e  m ethod of c h a r a c te r i s t i c s ,  a so lu tion  to Eq. (E l) is  equivalent 

to one to th e  se t

=  =  _  d h  -

I w - * ,  P A ' 4* I

-  -t V  <EZ)

w h ere  p  , p  , p , a r e  the  co o rd ina te  com ponents of p  , and k  , k , k  ,a y a a  y u

th o se  fo r  k  .

F ro m  Eq. (E 2), we m ay  e x t ra c t  a  s e t  of fou r  equations:
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T he solu tion  of Eq, (E3) m ay be obtained by in teg ra tin g  o v er  ap p ro ­

p r ia te  l im i ts .

If, a t t ~ T , p a t ta in s  the  value , then , f rom  Eq, (E 3), we have

* / A

d X
J/t,

prf

P e r fo rm in g  the  in teg ra tion  exp lic itly ,

A “ A
( t  -  tt)  =  '  * " )

A - A*

C o n sequen tly ,

S im ila r ly ,  if Eqs . (E4) and (E 5) a r e  in teg ra te d ,  we sha ll  obtain, 

re sp e c t iv e ly ,

m -B( i -T ' )  j

f t *  - ( f i - ? ) *  + “ f  (EH)

f t -  +  ?  lE 9 )

Combining Eqs. (E7), (E8 ) and (E9) gives

f t  -  I f  -  + 4 - lE10>
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We shall  next so lve  Eq. (E6 ) . It is  obvious that th is  Is a l in e a r

equ jiion  having the solution

- I
- t  C (E l l )

w here  _ is  the in teg ra tion  fa c to r  given by

t

I  =  [ p  d t (El 2)

fin.i r  is tie eonstant of in teg ra tion .

it " ttetl that p and t in the argum en t of Q have been rep laced  by 

o Jiii-J T respec tive ly  s ince  we a r e  in teg ra tin g  along the c h a r a c te r i s t i c  cu rv e , 

n te g ra t in g  Eq. (E l2) exp lic i t ly ,  w e have

I (E13)

Substituting Eq. (E131 into Eq. ( E l l ) ,  we find

■ f**
=  \ d z  Q +  C

Vyw, we have, a t  the  point t on the c h a r a c te r i s t i c  cu rv e ,

^  ,  -4F«V. f  „  - f * V
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T h e re fo re

‘i .

- ¥  * V /-  a, )
tE14)2  *  -* • v " f 1 * V -  ^  )

K - * > ) J L

If t -* ® , the  Iasi te r m  of Eq. ( E l4) v a n ish e s ,  and the equation

becom es

=  je  ‘ ^ V  U t (E1 !Vr
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APPENDIX F

We p e r fo rm  the  In teg ra tion  o v e r  p given by Eq, (4 .9 ) ,  nam ely  

*-

I  “  (FI)

w h ere

-  f  ( i -  ?0  + ( i -  4 r ) s

On changing the  independent v a r iab le  f ro m  p to p 1 and l in ea r iz in g  

w ith  r e sp e c t  to f), we obtain , a f te r  a l i t t le  a lg eb ra ic  m anipulation,

i  .  ; iWi L

[  / -f 3  f S  -  f  -  i f  ■? Si ]

■+ N ITTi-'lF-f'T ‘ j (F2>

Now, in o r d e r  to p e r fo rm  this  in teg ra tio n , we sha ll  u se  the F o u r ie r  

t r a n s f o rm  fo rm u la

4 f «  -  - s p f - y  * r f

f ro m  w hich th e  following fo rm u la s  can be read ily  obtained by d iffe ren tia tions



A -

(STJ‘
-  p*

- * ■ 7  ( ? • ■ * * )  -  - ^ x \ « ' t *  * *  f t p

,9°

H\ -tpplv m g l h e « ‘■ rn'un.-  » Kq. \V < , wtj *bt ■ ■ ri i m m e i i u i e i

- ^ ■ 7 s
X -  -  JZ W CO

where

J ( s )  =  i  ) ( / +■ 3 ^ s  -  ^ * T * V  )

+  ( T - < ^ p ( i f  ?■?») -f ?■ 5KT-<?-f.)(£*7-sa )
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APPENDIX G

We shall evaluate the integral given b> Eq. (4 .14), nam ely

i  = 1 ^  W *  U s  JL % ( * ) (G I)

We a s su m e  that f is so s low l' vary ing  in t im e that it can be taken 

out in fron t of the  s in te g ra l .

’ji o r d e r  to p e r fo rm  th is  in teg ra tio n , we re so r t  to the D irac  fo rm ula

L ~ ,  _ m i e _  _  U .
f-*o \

f(QMo

—

(0 2 )

the  s tan d a rd  in teg ra l

d s  -4
1 (*» - X- Off I

(G3)

and t he identity

% JL
m

{<■) - f j ,r 1 0 'S •*
-  i As

Com bining E q s . (G2), (G3) and (G4), we ha v e

(r+4)

of’ v F(v)  I d *  ff~ JL
i ( t » -  i f  ?  ) S

r*t
(G5)
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T his  fo rm u la  can be applied d i re c t ly  to  Eq. (Gl). Since y ^ is  r e a l ,  

we keep  only the r e a l  v a lu e s , It is  found that the only r e a l  p a r t  containing 

6 - function is

while the  re a l  pari  containing the  p rinc ipa l  values a r e

(G6)

( f -  <?f.)
- 4 ? - ? a i e r ^ T ? )

3 « T ^ *  +  ___________

( f - ' v - t o  f  ( ? ■ ? - < * ' ) *

f1 & ? — >)*

-  A v +
(It'V-4s)1 (&V

+  k  cr- <?-f.) « r (G7)

Hence

* '*L i c KGb)
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T he e x p re ss io n  fo r  y  is co n s id e rab ly  s im plif ied  if fQ is  given 

M axwellian in one d im ension

4  -  I  -  1 -  a ~  ^

w h e re  V. ,̂ is the  th e rm a l  velocity  given by

=  « r/n

All d e r iv a t iv e s  of f can now be e x p re sse d  in t e r m s  of f , and fo ro m

sm a l l  k ,  ra t iona l functions can be expended in s e r i e s .  F u r th e r  applying the 

fo rm u las

f:01 v - L  -  / 
»

We finally  s im plify  Eq. (G7) to

(Q0)

w h e re  only t e r m s  up to th e  second  o r d e r  of k have been k e p t .



57

APPENDIX H

In th is  8 ection> we sh a ll  d e r iv e  the  d isp e rs io n  re la tio n  of the p la sm a  

using  the  F o k k e r -P la n c k  m odel.

We put

—*•  ̂ ~ L -Tit - A. (*tt T 7.t
E /O  -  E „  i  -  *

in Eq. (4 .11), obtaining

w h ere  ♦  (s) i s  given by Eq. (4 ,10).

Taking k to be re a l ,  Eq. (HI) gives a re la tion  between u: and k:

(HI)
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P a r t  of th is  in tegration can be p e rfo rm ed  explicitly  s in c e  the  D irac  

d e l ta - fu n n i  on ap p e a rs  in som e of the t e r m s ,  We shall p e r fo rm  the  in teg ra tion  

and w ri te  t ne resu lt in one dim ension  fo r  s im p lic ity

i =  L *  J M L
A |

- r

^  \  1 3 '  3  e  *v*

We t-ike f to tie Maxwel l ian

and ex'arnss at. dor' - .uuos of f in terms of fm .

t on^aquentl , up To -<t ond order of k, we have

i - - £ [ ' *  ^ I * * _ i

Now, o an bo shown reudii, that the second te rm  on the right hand s ide  

is  mu h s m a l le r  Than the f i r s t  f a r  sm all k, hen :e the d isp e rs io n  re la tion  is 

given approx*matol. b ,

i =  ^ 4 -  [ i +60 L o-J J

Soi ing th is  ro ta tion  fo r  we finail> have
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APPENDIX J

We shall evaluate the integral given by Eq. (4.21) ,  nam ely

( e + V F . K . o )  =  a (Jl)

Again, we assu m e  that i0  is  so slowly vary ing  in t im e  that it can be taken 

out in front of the s in teg ra l

To p e r fo r in  the in teg ra tio n , we sha ll  m ake u se  of the following fo rm u las

L F(6)<*6
\ 8  - * f

— v*
(f°

Fftf) S($)*0
-!>•

o/s J.

m
W A

-  *Xs -

IJ2)

U3)

(J4)

Com bination of Eqs (J2), (J3' , and (J4) yields

. /h
dfSS J.

-*ks-*s I 4) At
f V?. T*- + Tw" * <A)(A-* >)

(J5)

This  ex p ress io n  van be applied d i re c t ly  to Eq. ( J l ) , y ie ld ing  the rea l

re su l t
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($■ * /£) &
-  i. n

[<*v-wv *jy  [up ?-<>-« /j*

t  -+- 11:
4 ]*

< i  ]*

F o r  sm a l l  y ^  com pared  with «:, th is  e x p re ss io n  read ily  red u ces  to

< ^ « F C S O >  =

w h ere

o  -  £ j » ?

-  a g j t r
( ^ - > 7 ) ’ J
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APPENDIX K

In th is  appendix, we a t tem p t to so lve  the  following equations 

- f« (v  O  =  A ( t )

d ±
d t -  - & [ *  +■

-  -  ? * * ■

j£ -  -  « V C ^  K£

(K2)

IK3)

In v ir tu e  of the sm a l ln e s s  of p and u , the function t  lVQ. t) ap p e a r in g  in 

Eq. (K2) can be solved by com bining EqB. (K2) and (K3) to give

E U . t ) ----------- f r ^  ( A ~ A . )  +  £ ( v 0 o )  CK4)

When this is  substitu ted  back into Eq. (K2) we have 

otA
dJt

tK5)

w h ere

A. =  A ( o )

and
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To evaluate A(t) In Eq. (K5), It la necessary to know tto  roots to the 

auxiliary algebraic equation

8, A 0X A -* - -  O (K6)

with

0, a.w

=  - aw

e t  -

The two roots of Eq. (K6) are given by

t
"  <9* ~t lt?i -

2(9, (K7)

I  * (Kb)

Knowing the values of p and q, Eq. (K5) can be solved by quadrature to

give

* < H >
AzJL

* t
+ & -  *

where 6Q is  the constant of integration.
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By In se r t in g  the  in itia l  conditions th is  equation can be rew ri t te n  in the

fo rm

Mt)  -  ( f - y ) A.-f>
IK9)

To obtain an e x p re ss io n  fo r  £  (v, t ) , we may su b s t i tu te  Eq. (K9) into 

Eq. (K3) to obtain

I f  -  |

Again, this  equation can be in teg ra te d  by q u a d ra tu re  to  y ield

-
C ( v ) J t

- r.t

A . - p

w h ere  C(V) is  an a r b i t r a r y  function of V re su lt in g  f ro m  In te g ra t io n .

If the  in itia l va lues  of £  ( v , t) a r e  given f o r  a ll V as  £  l v , o ), the la t te r  

can be in se r te d  as  in itia l  conditions so  tha t the equation can be r e w ri t te n  as

___________

U v ’ * > ~  j~ •i =a ~ ) lK 10)

Equation (K10), to g e th e r  w ith Eq. (K9) fo rm  the  bas ic  s e t  of e x p re ss io n s  

d e s c r ib in g  the  evolution in t im e  of the d is tr ib u tio n  function in the  tra p p in g  in te rva l  

(V0 -  u, and the c o rre sp o n d in g  energy  fluctuation in the s a m e  region .
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The slope of the d is tr ib u tio n  function is  given by

IK11)

At t 0 ,  Eq, IK11) red u ces  to

o

which is the  slope in the  tra p p in g  in te rv a l  a t  the  initia l t im e . This  is pos itive

Let us now inves tiga te  the  t im e -a sy m p to t ic  behavior of &f/&V and £ .

F ro m  Eqs. (K7) and (K8 ) ,  i t  is  read ily  seen that q is  the s m a l le r  of the 

two r o o t s . Hence tp-q) is  p o s i t iv e . Now , 6 3 /®! , which is th e  p roduc t of the  two 

ro o ts  of Eq. (K6 ) , is  negative; th u s ,  we have one positive  and one negative  r o o t . 

q , being the  s m a l l e r  of the  two ro o ts ,  m ust th e re fo re  be negative  This r e n d e rs  

the  a rg u m e n ts  of a ll  the  exponential functions in E qs . (K10) and (K ll)  negative , 

and hence the  exponential functions app roach  z e ro  a s  t app roaches  infinity 

C onsequently . d f/dV  and £ approach  fin ite  l im its  i r r e s p e c t iv e  of the values of V 

w hich v a r ie s  only f ro m  VQ-u to V , as  given by

)— is  bounded between 0 and 1 in th is  in te rv a l ,  and A0  is  givens in ce  cos  (

positive
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( # )  “
< 0

and

t *= O

It i s  left to be shown tha t both d£/3 V and C rem ain  bounded as  t v a r ie s

fro m  0  to ® .

With a l i t t le  -dgebraii- m anipulation , it can be shown that

A. < f

Hence

A . - f

s in c e  q is negative

Consequently  the  far t o r

< /

in Eqs IK 10) and IK il)  is
A0 - P

n e v e r  z e ro .  Thus, no te rm s  in the  two equations blow up. dfc/dV and e  a r e  

th e re fo re  bounded fo r  0  s  t < *  , the upper l im n  ol which being given respec tive ly

by

(IH,
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