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ABSTRACT

The statistical behavior of a fully ionized plasma is investigated by means
of 4 kinetic equation, including collision terms, of the form of the Krook and
the Fokker-Planck models. These equations, coupled with the Poisson equation,
are solved by the method of churacterisuics using the quasi-linear approximation
tec hnique. Dispersion relations for longituuinal oscillations of the plasma are
obtained; Landau damping coefficients of the waves as well as diffusion co-
efficients in velocity space are explicitly evaluated. These coefficients reveal
effects due to the inclusion of both non-linear and collisional terms in the
kinetic equations. Temporal des elopment of electrosfati energy fluctuations
and that of the particle distribution are then examined, Application 1s made to
4 plasma with a background distribution possessing a bump . Wave growth 1s
shown to increase wave diffusion, and consequently. the bump disappears
gradually; as a result, the electrosiatic energy decreases to zero, so thut the
distribution tends to an equilibrium limit, as described by the origmnal kinetic
equation, This result is not predicted by the quasi-linear theory of a Vlasov

plasma in which a physically unrealistic piateau is formed.
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1, INTRODUCTION

The study of collective longitudinal oscillations in a plasma is of great
importance and interest for many physical and technical problems. In the
theoretical study of a plasma, the general approach is based on the use of
kinetic equutions describing the evolution of the distribution functions of the
plasma particles, and Maxwell's equations defining the fields caused by external
sources as well as the particles of the plasma itself. A solution to the coupled
equation was first given by Landau [ 1] and subsequently extended by
van Kampen [ 2] and Case [3]. In recent years, the solution has been further
extended in two significant directions: The consideration of effects due to
collisions, and the investigation of effects due to non-linear terms.

In the linearized regime, Lenard and Bernstein [ 4] widenad the theory
by including small-angle collision terms into the kinetic equations and solved
them by a generalization of the classical Fourier transform method of Landau.
The effect of collisions was represented by a diffusion in velocity space. In the
same regime, Karpman [ 5] was able to show that even very slight collisions
brought the distribution to Maxwellian through this velocity space diffusion.

By including certain selected non-linear terms in the kinetic equations,
Drummond and Pines [6), Vendenov, Velikhov and Sagdeev [ 7] were able to
follow the instabilities predicted by the linearized theory into a non-linear
regime for collisionless plasmas. These calculations indicated that non-linear

effects tend to modify the spatially homogeneous part of the distribution in the



resonance region in which a bump appears. Consequently, if the bump is small
enough, a plateau is formed in the vicinity of the phase velocity, resulting in a
state of steady oscillations with zero Landau damping. Recent numerical
investigations of non-linear effects by Gary [8) and Armstrong (9] predict

the same results.

Combined non-linear and collisional effects have been studied
numerically, in the one dimensional case. by Rand [ 10]. Similar plateau was
found to be formed when the damping rate of the waves is negligible compared
with the relaxation rate of the distribution in the resonance region.

As each of the above rosults has its own contribution towards better
understanding of the behavior of plasma oscillations, it is interesting to find an
analytical solution including both effects due to collisions and those due to
inclusion of non-linear terms in the kinetic equations. In this connection,
further extension of the existing quasi-linear theory of plasma oscillations to
the case where collision effects are not neglected is attempted in the present
dissertation.

For illustrating the effects of collisional proceas, complicated collision
operator of the Boltzmann type have been avoided; instead, the Krook model and
the Fokker-Planck model for collisions are chosen here. These models repre-
sent certain essential features of collieions in plasmas, and hence provide the
possibilities of treating non-linear initial-value problems of plasmas with

collision effects included.



In Section II, the fundamental kinetic equations with coliision operator
included are investiguted. A brief review of the basic assumptions of the quasi-
linear theory is given and the kinetic equations rewritten in the mathematically
manageuable forms,

in Section III, the Krook model is discussed. Adopting this modes. the
kinetic equation coupled to the Poisson equation is solved by the “onventional
Fourier analysis method. The equation showing diffusion of rhe plusma in
velo«ify apsce is obtained. This equation contains the cotlision frequency and
the Landau damping coefficient as parameters which are ail2o caf: ulaled
explicitly.

In Section IV, a brief account of the Fokker-Planck model is givan.
The collision terms suggested by this model are then inserted inio the coupled
Kinetic equations and the latter solved by the method of churu :er’stw s 1n the
Fourier transformed configurations and velocity spaces. Tr.vsformed bi K
into the original spaces, the Landau damping coefficient and the diftusion
coefficients are evaluated by an energy decay method. The equtinn reprvgent
ing the growth of electrical energy and that showing the diss’ .s7inr of the plasma
in velocity space are then obtained.

In Section V, the detailed development of the energy fluctuations und
the diffusion of the trapped particles are investigated to iliusirire the quasi-
linear as well as the collisional effects on velocity spuce diffusion

Finally, in Section VI, the main results of the present disnsertation are

summarized and compared with those obtained by other authora,



II. FUNDAMENTAL EQUATIONS

Consider a plasma consisting of an infinitely extended. fully ionized gas. in
which the ions are uniformly distributed to form a background of positive
charges. Such a system can he described by a one-particle distribution

function f(;, v, t} of the electrons, satisfying the kinetic equation:

2 4 (v.oorf - 2Eof =(2) 2.1)

at

Here. E (;. t) is the self-consistent field produced by the charged
particles and is determined by the Poisson equation:

V-E = 4Tme[ | - SdJV-F ] (2.2)
where n is the average electron or ion density. The limits of the integration
are understood to be from -= to +« .

In Eq. (2.1), the term e E designates the force on a given electron arising
from all other particles at distances greater than the Debye length Ay . while the
term (%{ . known as the collision integral, represents the instuantaneous change
of the distribution function arising from closer collisionsa. Physically this
collision term comes from the multiple amall-angle Coulomb collisions of the
plasma particles with all others within >‘D'

Of particular interest in the collective behavior of a plasma svstem is the
fact that it possesses a peculiar dielectric property which permits the propagation
of longitudinal electrostatic waves. These propagating plasma oscillations bear a

certain similarity to acoustic waves in ordinary gases. except that the former is



transmitted via the collective space-charge field instead of via individual particle
oscillations. An individual particle moving in the plasma ensemble sets up an
electrical perturbation and therefore excites some of these longitudinal oscilla~
tions. In other words, the particle emits waves. Conversely. the particles also,
in their random motion, continuously absorb energy from the wave field and hence
dampen the waves. The net result of this particle-wave interaction is a diffusion
of the distribution function in velocity space. Since an individual particle interacts
with other particles within as well as beyond the Debye length, one expects the
plasma diffusion to exist even in a collisionless plasma.

Closely related to this phenomenon of velocity space diffusion is the
problem of Landau damping. Particles moving parallel to a longitudinal wave
with velocitieas close to the phase velocity of the wave couple with it and produce
a resonant transfer of energy, the slower particles picking up energy from the
wave while the faster ones deliver energy to it. If the particles which travel
slightly slower outnumber those which go a little faster. one has Landau damping.
On the other hand, where the reverse is true, trapping instabilities occur.

The magnetic field has been left out in our problem since we are
interested only in the longitudinal disturbances of the plasma system

To obtain an oscillatory solution for Eqs. (2.1) and (2.2). the distribution

function f is split up into two parts:

f@v ey =f6t) + FRTe)



Here f, is a slow-varying, space independent background distribution,

while F represents a rapidly fluctuated, small perturbation quantity describing

deviations from the smooth background. We assume that the fluctuation of F is

such that its space average vanishes; that is

(FYy = o

As a consequence of this assumption, we have

(4) = o

On making Fourier series transform on Eq. (2.1}, one obtains

,:% + (BT - %Z(Eﬁ_j?%) =Z{¢) ey

7

where fi , Ek . and t(fk) are given by

oo
f@vt) = Zw‘.(it)-ﬂ‘ "

LR
SE® e

&

E (%,t)

(%)

I

-y

2 £ &) ’Qzl’-x

I

and o (fy) represents the collision term, which will be taken in a linear form

(Krook and Fokker-Planck models) .

Now, Eq. {2.3) is valid for all values of k and hence can be split into two

parts, one for k = 0 and the other for k # 0.



For k = 0, we have

- T v) - L 2.
For k # 0,

A.F:t+;z’.?F __L-Z(E-V.F)—ofp (2.5)

at & nw;, * vl = (.) .

If the j - 0 term is singled out from Eq. {(2.5). it becomes

2 iRV - A B -*73‘”%(%7:‘35)

= L(R) , Ak wo

The terms }; Ek-j -V, F; are referred to by Drummond and Pines [ 6]
JfFo
a8 mode-coupling terms and are considered to be small. They are thus neglected

in the quasi-linear theory. Consequently, this equation reduces to

%.ﬁ& +LZ’-3E,—%{-_—':-2-F, =l (f,) ,4#0 2.6

We shall further put



since there is no external electric field. As a result, Eq. (2.4) reads

o _ 23 (%.ge) = L) (2.7)

ot fro

On making Fourier series transform on Eq. (2.2). we obtain
. = L 3
' Ex = 4T me d v Fnt

- —

As the Fourier component E, is obviously parallel to the wave vector k,

this equation can be rewritten as
—_
4Tme . 3
Ek = "—‘éLs' A F gd v F;

Equations (2.6), (2.7), and (2 8} together form the basic equations describ-
ing the collective longitudina} oscillation behavior of a plasma in the quasi-lineur
regime, The question arises as to the explicit mathematical form to take for the
collision integral, (-g-tE o which is physically meaningful. At collision distances
less than the interparticle distance, binary collision terms of the Boltzmunn type
represent a good approximation. However, the mathematics of it is too compli-
cated to handle in practice because of the intractable nature of the Boltzmunn
integral. We shall, instead, assume that the particles obey a model kinetic
equation which permits simpler mathematical treatment. In the two sections
that follow, the Krook and the Fokker-Planck models are chosen for this purpose,

where the solutions to the above mentioned basic equations are investigated.



III. THE KROOK MODEL

In this section, we shall investigate the solution tv the fundamental
equations of our plasma system, adopting the Krook model [ 11] for collisions,
In this model, the collision integral is replaced by a term of the form

: = ‘”[‘F _ﬁg] @

[

where feq(:) is the equilibrium value of the distribution function and v the
constant collision frequency.

This modei has the defect that particles are not conserved. But, since
it expresses that collisions tend to relax the distribution function to an equilibrium
value feq' it serves to deacribe the effect of collisions on Landauu damping in a
simplified fashion.

Using this kinetic model, the fundamental equations for the plasma system

reduce to the following set of three equations
£ . 3 .
E* = _fg;;_,(fsotv Fo (3.2)

e
+i®Vh - =g ¢

+
I
|
Q

»T

S
o

2k
at
2 %;(E_j-ee) = o (d4fy) e
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Equation (3.3) can be integrated readily with respect to the time variable

to give
+
(iR v )(t-T)s
= tlae SETTE TR ey
= po

As a result of the interaction between longitudinal waves and particles in
the plasma, a gradual decrease of wave amplitudes takes place. known as
Landau damping. as well as a change in the particle distribution function, known
as velocity-space diffusion. These occur even in the absence of collisions .
Collisions, however, do contribute to the mechanism for dissipation of electro-
static field energy which further damps the waves and consequently affects the
particle distribution. We are interested in the combined effects and shall, in
subsequent paragraphs, (a) and (b). calculate the generalized Landau damping

coefficient as well as the diffusion coefficient in the quasi-linear regime.

(a) Damping Coefficient

The Landau damping can be studied by means of two methods: The usual
method is to introduce a Laplace or Fourier transform of the system of Eqs. (3. 2)
to (3.4), giving a dispersion relation, with the imaginary frequency represent-
ing the growth rate. This is the method used by Landau [ 1 ]. This method is
not practical for nonlinear problems. Therefore, in the present work we shall

use the method of energy decay, introduced by Tchen [12]. This method consists
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of calculating the time rate of change of the electrostatic energy as proportional
to the energy itself, with the proportionality coefficient equal to the
combined Landau damping and collisional damping.

For this purpose. we shall now evaluate the damping coefficient by an
energy decay method.

Substituting Eq. (3.5) into Eq. (3.2},

LR +0)(t-T)n
Es

gk(f') = {{- v |dT 2 @k 2f (<) (3.6)

-

where “p is the plasma frequency given by

( 4Tmer T
2 me* V'
@ X 7

- e

Multiplying Eq. (3.6) by f_k(t) and taking ensemble average.,

¢
KD Xt
<Z*(*)-a(t}> = _(:z i T ﬂ__( Eorext 0(2‘&)-2(1'))1'. ¢4.(3e) (3.7)

On differentiating Eq. (3.7) with respect to time, it can be shown

LAppendix A] that the only term that survives is

LS

;%(g#).gm) - = -%—(d’v (i&7 +vo)

+
~(B3 ra)t-T)
Sdr £ (E.a»} EGHE: 3o (3.8

-
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We assume that {, is so slowly varying in time that it can be put in front
of the time integral, then
a2 [

F @) = ~i e\ (RTr)Tvhap

o

po
P CRORACE)

where

With the further assumption that the correlation for a monochromatic wave

be
Lol
- ':"'.Gt-s)) = (E® Bw)ae )
we obtain
. (w-FV)s —us
Fao = - %‘d"f(imw)l'%(w ds 2 £©)

where g, (t} is the electrostatic energy defined by

&) = +v(q®-R®)

But, it can be shown [ Appendix B] that the damping of electrostatic
energy occurs at twice the rate of the damping of momentum Yk hence the

growth rate of the wave is given by



13

e
. 2 ‘ . (. -zq)s-u‘
ho= -4 S\ RT)Refanlas T (3.9)

0
Equation 43.9) is an explcit expression for the total damping coefficient and repre-
sents the growth rate of longitudinal plasma oscillations for the Krook Model.
The expression includes the classical Landau damping and the effect of

collisions, On assuming that

Xk«cq , PYEER (AN

and the mean square velocity

Vo« (w/)’

series expansion is permitted, and we find [ Appendix C]
7& = ) 4 + );c (3.10)
where kL is the ciassical Landau damping coefficient given by

Yo = & —:—E—gdsv (#of) BV S(RV-) (3.11)

and ‘ykc represenis the collisional damping given by

Ye = —u[{ + 3—&(—:;;] (3.12)
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(b) Diffusion Coefficient

On multiplying Eq. {3.5) by E_k(t) and taking the ensemble average, we

obtain
‘ g
~({ RV pu)t-T)
EgoRED) = :5 ac e R Ao (B0 )
-

Changing the variable from T to s = t-T , and assuming f; to be slowly

varying in time so that il may be taken In front of the integration, we have

po
-(i&'-? +a)$
@ R E) = —:1%- F-efoe\ds 2 (o Bee-»)

L]
We may further take

Bws = Ew 2

where §? is tne complex frequency of the wave given by

L2(k) = wk) + 1);

Consequently,
»”
(-8 )s~us
(E(6FR@DY = —i[g—s,«) Z.of |ds 2

[-]
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When this expression is substituted into the equation of evolution of the

background distribution function, namely, Eq. (3.4), we find

% -2 (T -24) - 4/(4.-421) (3.13)

P

where T)" is the diffusion coefficient given by

|
> (N-R- Vs - ws
T - —’2?2%’& ds o ’ (3. 14)
1

o

With the assumption of small collision frequency v , and small mean

square velocity v? << (w/kj?. Eq. {3.14) -an be integrated explicitly { Appendix D]

to give

¢

b S(EV-w)

© AR z
D - S &
® % K

ACRY & h ¢
o) e & TRy oo
ky %

It is to be noted that the diftusion coetficient is8 made up of the sum of
two terms representing its values in two different regime of particle velocities,
depeanding on whether the particles are in resonance (.~ kv ) with the waves

ornot (wahk: v).
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IV ~-PLANCK MODEL

This section is devoted to the study of the statisticil behavior of the
longitudinal oscillations of a plasma described by the Fokker -Planck model in

which the collision integral is represented by

G - e efersd +vs] =

where £ is a frequency representative of friction. R is the ratio of Boltzmann’s
constant to the mases of an electron and T the absolute temperature. This model
was originally proposed by Zakharov and Karpmann [ 13] and is similar to tha
used in the theory of Brownian motion [14].

The collision terms in the model consist of two parts with distinct
physical significance: the part p ¥, - (RT {7, f) represents the spreading out of
phase points in velocity space, the remaining part g/, - {:I) gignifies the drag
of the particles along the direction of motion,

Applying this model, the fundamental equations (2.6}, (2.7), and {2 .8 of
the plasma in the quasi-linear regime, when the coordinate spa e 18 Fourier-

transformed, become

f. - _"Tf‘,.‘_ e 4 Sd’v Fe (4.2)

?a-rl + i&VF, - i—ﬁ gf, = @‘Z-[ﬂsz?ﬁ] (4.5

2h %:;(E--?Fj) -~ GQ-[kr V!-Fo‘*v":o] (4.9)
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To solve Eq. (4.3), we Fourier-transform the equation in velocity space

so that it becomes

f -» 4 a 2o L 2. n
%;‘ -(F-(’f)-—:—? T @RT P h = = %EI'E‘;{. (4.5)
where
RpH = -(;'-7,“4% PR ACHS
and

APV
v 2 f £o (¥ £)

A

e

I
gh

To solve Eq. (4.5), it is convenient to set

- rée* — 18 .
Bgo - Shpe o 7 L

A
s0 that the term p? is eliminated from the coefficient of |

With this expression substituted into Eq. {4.5). the Isiter reads
A
% r(@F-B -5 + B & - q (a.6)

where

0@t - L epfgope S EFT
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and

_ kB
A

Equ4tion ‘4, 6) can be solved by the method of characteristics { Appendix EJ],

vielding 1he result

1

2 - KL 4't - &
G EL) = 2 ¥ AT Q(¥, 4,0 _QJSL ¢ (4.7)

—p
where

TZ- _ F._Q-Q(f-z) ‘eﬁ [‘* _(<t-r>]

( onsequently

r
A ety Rl p - 2t-0)
F;(ﬁt) =g TETP TF: dr Q@ﬁ/f)ﬂ. Froae (4 1)

i1 i3 to be remarked that Eq. (4.8) can be rewritten in a dimensionless
form. t4king the foilowing reference or unit quantities: the thermal velocity v, .
the Delve length }‘D' and the plasma frequency W Then B will appear in the
form 3 ;) which will be assumed in the present treatment to be a small
dimens.onless quantity., Hence we may expand Eq. (4.8) into series and linearize

with respect to B, and without going into the details, we obtain
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»
{
~ ~
(BB = :f% ds &, L) {,(pt0 7 R
o
f
= QRT['PZS + FQIs’ + —;’_*153]8
\
whe:re
S = f-
and
/
f - FU-e) + k(- %)s
By taking Fourier inversion of %k with respect to velocity space, we
obtain
F .
: AP T ¢
R0 = = -L—q‘j-ggas e a‘p.eF "RFts PR
o —-p

[1-garfs -grf R d?] o

The integration with respect to p can be performed explicitly [Appendix FJ,

yielding
po

_ iRV
E(vt) - — L ‘ds Q2 BE.“‘-I)E(S‘) (4.10)
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where

6 = ((F-vf) (1+ 385 - HRTAS)
+(R- L)L TTS) + & o (R eh)(prrs)
+HiTYURDLGS) + i € (R-2f)(gRTS)
The expression {4.10) gives the fluctuation F, ina plasma with a distri-
bution f . It consists of a collisionless and a collisional part proportional to 3,
and en4bles us to calculate the generalized Landau damping coefficient as well as

the diffusion coefficient, paralleling the approach of 8ection III in connection

with the Krook Model.

(a) Damping Coefficient

We shall now evaluate the damping coefficient for small values of k by
the metnod of energy decay [12]. This method, valid for small k, is equivalent
to the classical Fourier transform method used by Landau [1].

Substituting Eq. (4.10) into Eq. (4.2), we obtain
vs
[j::(t) - 9 By \ds & a(f-s) $¢s) (4.11)

Multiplying Eq. (4.11) by E_, (t) and taking ensemble average,

[

L - t '\:l’
E®E®) - %‘; Sd’v (ds 2 (R Be ) EW (4.12)
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On differentiating Eq. (4.12) with respect to time t, it can be shown

[ Appendix A] that the equation becomes

"
- -':'?S -
2 (B Gy = {F(ﬂ’v ds 2 (B0 BwE @ (4.13)
where
2 (s) = — (R aG) + ‘?ag”f(f)

(3'. %) [(p.-g) + 48Rs --‘,Le.rr(b'-v)*‘,s ]

+(F-f) [isg ~ iper ks ~ite®ReTS |
+Ra(Ref) [ agers - (gar RO
+Te(bef)| g @i + ig]

+ % Rah)[ gar @5 + 4 geT |

We shall again assume as before that the correlation < E_k(t) . -ék(t—sp

takes the form

(Byo Ba0) = (B0 E®)) 2 ‘e
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Consequently Eq. (4.13) simplifies to

P
A '(u-?-")s'
ELCI. _6;:;(4 gds-ﬂl‘- " g0 L®

Q

where g, (t) is the electrostatic energy of the kth mode.
The damping rate of the wave, being one half that of the decay rate of

energy, is thus given by

L(w-RDs
B (ds 2 & (s) (4.14)

-]

y, = L
k-zkﬂ'

With the assumption that f, is so slowly varying in time that it can be
taken out in front of the integral wiih respect to 8, the integration can be

performed explicitly [ Appendix G] to yield the real solution

+ (4.15)

e = %% Ly (i'-w{.)i'-'\?S(&'-?—u) (4.16)
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s g :'R"k(f?v:)_
L - —g- —i{l-f’ [(I‘Z'F)['i;_)_ (R7-u ]

3 2 K7k #)

+ (TQ‘F.) [(‘?-W) + (3"-“) * (R7-0) ]
(R-7)

+7e'-tz(£v,fn)[— zf:,) ’ :rg-i)’ ]

. (R7) [
v 2(8'%)[— Fr-oy T Fa-w) ]

2 » RT(RV) _RT__
% (R<h) [" ®o-r T @-w ] A

where © indicates the principal values of rhe integrals.

Equation (4.15) is an explicit form of the generalized Landau damping
coefficient since the integration over . can be performed for a given background
distribution function f (v, t)

It is noticed that Yk consists of the sum of two parts, kL and ykc‘ The
former part is identical to the classical coefficient of Landau damping and the
latter part, being proportional to P, represents the collisional damping from the
Fokker-Planck equation in the quasi~iinear regime. Terms involving third order
derivatives are kept in the expression as they are in general not negligible as
compared with those involving lower order derivatives.

In the special case where f, i8 Maxwellian, the expression (4.17) for
Yko 8D be considerably simplified [ Appendix G] . yielding, in one dimensional

case, the result
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4 - ——g—(ﬁf-)z[! + b —%‘-’{t] (4.18)

ot

where Vo is the thermal velocity given by

Vr" KT

————

Y/

Now, the dispersion relation of the plasma under consideration can be

readily obtained by putting

— — — —d'wf ¢
EL(¢) = E© 2 = Eo) T

in Eq. (4.1} and solving for & as a function of real k. yielding [ Appendix H]

the approximate result

2 x

A - W, + 3k (4.19)

Using this relation, the expression (4,18 for Yke further reduces to

T %

L/ =—-%(|+!3%E‘-) (4.20)

(b) Diffusion Coefficient
When Eq. (4.10) is multiplied by -I:l_k{t) and the ensemble average taken,
we have

po
. Y
AeF s o ‘{é.w-;(n)) (0

[+

(E®FRGH) = -

rf®
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With the assumption

Af2s
-9 = E®) =2
—a L6)S — 7S
= EQ“’) ’..Q-cuf-;rk
this equation becomes

po P

g a.(ﬂ-' v)S L

EOREH) = ﬂﬁ_ GO \ds 2 [- { 9_(:)] (4.21)
o]
kth mode.

where &y 1) is the electrostatic energy of the
For slowly varying fo with respeci to time. only the first term in its

Taylor expansion is kept, so that 11 m4y be taken out in front of ihe integral.

The integration can then be performed explicitly [ Appendix J] to yield the real

solution
(E.(t)ﬁ(?,;)) - ‘9 ‘z 212R 0 €0 (4.22)

where

Y &
6 - (?’?;-)[T‘(m'“) xS cj.?ﬁ) (75'73?

- i) ¢ #2555



26

We have assumed, in the derivation of this expression, that ¥, is small
compared with “p-
On substituting this into Eq. {4.4) for the evolution of background distri-

bution function, the lutter becomes

e L 0. S £ )0 v g erf 4] (4.23)

ot ~ &

This equation may be rewririen 1n the form

;i“ = Q'(‘ﬂ-‘?ﬁ) + Q'(‘ﬁ'qﬂ) (4.24)
+ %3 + w3
where
b = 1L 5 XF g0 s(k7-w)
' T 4
and
v > £z Y
D - 1€ o T
, pr gy L GO 57

are the quasi-linear contribution of ihe diffusion coefficient in the resonance

and non-resonance region respectivei,
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— _ i &9 _ 3 N i’ 7
% - 2 o3k (b e

- T ) +[- D R e(ta)

+ [~ e o) + [ ]

represents th~ conrribution to 1he diffusion oefficient from both the quasi-~

linear and the collisionul effect in the non - resonunce region. And finally

—»

3~ ¢letad 04|

is the original linearized Fokker Plunck collision terms representing a

diffusion :and a dynamicul friciion,
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V. DEVELOPMENT QF PARTICLE DISTRIBUTION AS A RESULT OF
QUASI-LINEAR AND COLLISIONAL EFFECTS

In this section., we investigate the detailed development of the energy
fluctuations and the diffusion of the trapped particles in the one~-dimensional
case of the Fokker-Plun-:k Model. Assume that, at the initial instant, the
background distribution has a small trapping interval (V_-u. V) of positive
slope in the velocity space, otherwise the slopes are negative. In this interval,
the particles are said to be in resonance with the waves and interact with the
latter by surrendering their kineti: energy. Oscillations begin to build up and
the speciral energy densityv of thaese oscillaiions increases in accordance with
the law

24,
o _
rie 2 % Ek

The growth of waves or oscillations in-reases the diffusion of the
trapped particles according to Eq. (4.24).

Outside the trapped intervul where the first derivaiives of the distri
bution function f, with respect to velocity v are negative at all points, there is
no growth of longitudinal oscillations; and we shall ussume the energy fluctuations
or noise there to be negligibly small,

Consequently, we obtain the following system of equations governing the
evolution of energy fluctuations and of the diffusion of the distribution function of

the plasma particles
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%?‘ -“Véqff—‘—- % E (5.1)
e — 2. 34 by
o= [ de 3k g h] g [pua]
where
ol e 4 M-Z"
R
2
A - - ,”1‘5
%
n = @ (1+13 w;)

We shall now represen’ tne (disiritbanion funection in the trapping interval

Vo~ 4. Vgy) approximatels by the equat-on

f@ey = At) M[Ix(%’?‘)] t 7 (5.3)

with A(Y> 0 ana g,> 0.

On substituting Eq. (5.3 1 o Eq. ‘5.2 and integrating the latter within

the trapping interval {V -u, V,), we obtain

s IO = RE P

-eT (L p-eta

(5.4)
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Similarly, substitution of Eq. (5.3) into Eq. (5.1) ytelds

) .
-;‘;'— = cxvs[—;% m—}(-\’-ﬁ)}q- 7, (5.5)

By virtue of the smallness of B, Eqs. /5.3) through (5.5) can be solved

simulraneouslv [ Appendix K] to give

- t
Alt) = (f-g) [ —gff?- ¥4 T ! ] + P (5.6)

XF Mgt Bt
E.(y)[:—‘:g—-l] P a M8
E@4)

]

[ At A ]*r o
A-p

oV

Ae = A(o)

Ev) = &(v0)

poo= e [ F(E)]
o= e f@me]/ae
I R ERTN VAL



- - I _ I A _ T T
01 dVoA. 4@ X E(Va’o) s eET Zuev"

With 2 linle algebraic manipulation, it can be shown that, at t - 0,

E(v t) = £, (V)
f=o
2
24 = adealT()
and at t - =
Elvt) L = 0
+p

- §a o [F%)] <o

;- -

for the interval (Vo—u < VcV,).
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Furthermore, it can be readily demonstrated that £ (Vv ,t) and 'g"‘{ are
bounded for {(V -u< V<V ) and {0 £t < =), the upper limits of which being

given ruspodctively by

av‘)m,, - A
50\'4 > Eo(v)

From these results, we conclude that, within the trapping interval,

the pogirive sinpes (2—5) gradually decreases from the positive quantity
V-V
il

il .
Ao-éa cos [ ===}~ to a trunsient plateau, and thereafter to u negative value
T NVN-Vom . . . v
qz E BN 5 in the asymptotic limit, as shown in Fig. 1 and Fig. 2 on

pages 34 and 35.
From Eq. (5.8) it is readily estimated that the time for the positive

slope 1) develop into the transient plateau is

|
;éf 8,9 Lo

] A

_P__A-.'_L‘
r

We shall take the characteristic time t, for development into the final
equilibrium state as the time when the slope is within one percent of the final
value.

During this course of time, the energy spectrum ¢ increases from a
small initial value € (v, 0) to a maximum at the instant when the plateau is

formed in the distribution function, and then decreases gradually to zero, as
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showan in Fig. 2 and Fig. 3 on page 35, when the distribution becomes stabilized.
At the edges and outside the trapping interval, £ maintains its zero value since
it is not affected by instabilities.

t is noticed that in the special case where collisions are negligible, or
where B - 0, all expressions in this appendix still hold true except that q is
zero instead of a negative quantity, Consequently, the positive slopes in the
distribu ton function develop only into a plateau and do not continue evolving
bevond it into negative slopes as in the collisional case, At the same time,
in the absence of collisions, the energy spectrum will reach an unstable
maximum instead of converging to zero in the asymptotic limit. A comparison
of various chiracteristics times and limits of convergence is shown for a typical

plasma situation in Table 1 on page 36.
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F1G. 1 DEVELOPMENT OF NEGATIVE SLOPES IN PARTICLE DISTRIBUTION
FUNCTION IN TRAPPING INTERVAL
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FIG. 3 TIME EVOLUTION OF ENERGY DENSBITY OF OSCILLATIONS
IN TRAPPING INTERVAL
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‘Cuu of
charact- collisions
eristic times =0 P =0.005uw, p=0.02uwp
and slopes
% ~1.6710% W ! ~8,3%10° w7 | ~2.0x107" !
P P
3 -1 1, ~t ~ o -
tn ~ 1,6x10 “’p ~1.5x10 up 3.1x10 qp
AVERAGE
ASYMPTOTIC ~1.0x 10"n/vfr ~1.0x 10"n/v1T
SLOPE

TABLE 1 ~

TIMES AND SLOPES

SOME TYPICAL VALUES OF CHARACTERISTIC
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VI, CONCLUSION AND DISCUSSIONS

The basic results for the combined collective and collisional behavior of
longitudinal oscillations of a plasma will be summarized in this section, All
equations are written in one dimension to facilitate discussions.

In a collisional plasma, quantities like damping coefficient and diffusion
coefficient have both contributions from the collective as well as the collisional
effe.ts, 1t is therefore of great physical interest to study the combined and
coupled effects by means of a kinetic equation of the Krook and the Fokker-
Planck models.

The Krook model is bagically a relaxation model which expresses the
hypothesis that collisions tend to relax the distribution function to an equilibrium
value, The Fokker-Planck model, however, represents collisions by a diffusion
term und a frictional term.

in Section IR and Section IV of this dissertation, we have attempted to
solve the Krook and the Fokker Planck equations in the quasi-linear regime.

The basjc results can be summarized as follows:
The equation governing the temporal behavior of the electrostatic energy

fluctuutions is given by

%? - 2% & (6.1)

where it is found that the damping coefficient ¥ Will combine the collective and
collisional effects in a complicate form. As an approximation sum of two parts,

it can be written as
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); = 4 )‘;‘
Here, L is the classical Landau damping coefficient without collision given
by
=
_ ATme 24
o N e W 3v 6.2)

v %

This coefficient represents the growth rate or the damping rate due to the
collertive hteraction of waves and particles. It is noted that the sign of YkL

depends only vn that of

>4

av

ve %X
sinve 1l olther factors are positive, The remaining part Yke is given by
& v

F )
7&: = —U[I+3~E}—'] (6.3)

for the Krook model. and

he = ——@2—[1+:3% (6.9)

c

for the Fokker-Planck model.

Here
-

v = gdv v fa v, t)

e

is the mean asquare velocity and f, is the background distribution, which may

depend on the wave energy in the present quasi-linear approximation.
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There have been a few attempts to calculate the joint effect of collisions
and of nonlinearity on Landau damping [15-22]. It is found by almost all these
authors that, in the long wave length limit, the collisional damping has a k°
dependen. e¢. although they all obtain considerably differen’. numerical results.

Wu and Klevans [ 15] started with the first two equations in the
B.B.G.K .Y hierarchy, linearized them and substituted an approxi mate

solution into the integral terms. They obtained solution of the form

o Wt Lk‘w‘) o~V
);c = ,S-TH. my, \w; l,.(o-?o? 2 w,

whi~h sgree with our results in the k’ dependence.
Matsuda [ 1] employed the Rostoker test particle meihod to obtain

solution for 1he same problem, yielding the result

7 a a
= - &y [k ) L, (>~
i'- ‘TK mvrz \ u; ( 2'a, )

in which the k? dependence is 1lso seen.
The logarithmetic factor is the result of an arbiirary cut-off for the
integral to prevent a close rollision divergence in the integrution. It should be

remarked that B in the Fokker-Plunck model can be written in the form [ 10]

O = ey () A (2 5

which contains the same logarithmetic factor.
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Comisar { 17] used a modified Fokker-Planck type term for the collision

integral and predicted theoretically ihat the collision damping is given by

- __8 e KW
= 35["*395”;

which can be compared with our results shown in Eqs. (6.3) and (6.4). It is
seen that they agree in algebraic form but different only in the numerical
coefficients which is to be expected since different models have been used.
The leading terms, which are independent of k ., are essentially the electron
gself-collision frequency due exclusively to the dynamical friction mechanism.
Shanny, Dawson and Greene [ 18] investigated the collisional damping
of longitudinul electron oscillation on a sheet model for a Lorentz plasma. The
resuits of their computer experiment show the k* dependence in the above
mentioned form to be correct.
The time evaluation of the particle distribution are found to be governed
by the following equations:

a) for the Krook model,

2 .E-(pzfm)+3%(1>—>£n)—a(4.—f.,) (6.5)

2t av °2v ' av

D = fg“z%ﬁ s(hkv—-w) (6.€)

2 P A
D = m{ ;x En (et ) (6.7)

b) for the Fokkesr-Planck model,

A o ()4 2,24

o 2
at av :;y)+ + 508

v av



41

where

A

e O A b, - E L 6.9)
Pery

g
I

” (o-av)? - ((ﬂ—br)" (- kvt 3V

[Tk - ol (] 2|

+ (-av) (Ao [v-#v)" | 27

S = Q[eﬂrgvﬁ + v{o] (6. 10)

Here % is the original Fokker-Planck collision term . Further D,
represents the quasi-linear contribution to the diffusion coefficients in the reson-
ance region, while D; and D, represent the contributions in the non-resonance
region. When the collisional coefficient § vanishes, D, becomes zero, but D,
reduces to a finite value for the diffusion in the non-resonant form.

We have investigated in Section V by means of a model, the detailed
development of the particle distribution function f and that of the energy
fluctuations €, . It is shown that for any gentle bump with a positive slope on the
distribution function, the combined diffusion and damping effects are to wipe it out
gradually until it reduces to a negative slope beyond the plateuau formation. This 13
in contradiction with the resuits {6,7] obtained for a collisionless plusma where a
plateau is formed as an asymptotic limit. During the course of time, the energy
fluctuation is found to reach zero when the final equilibrium in the particle diatri-
bution i8 reached. This is again more realistic than the simpler treatment {6,7]

of collisionless plasmas where the final energy is a large positive constant.



42

APPENDIX A
In this appendix, we shall prove Eq. (3. 8) for the Krook model and
Eq. {4.13) for the Fokker-Planck model.
For the Krook model, we differentiate Eq. (3.7) with respect to t, which

appears in both the integrand and in the upper limit, and obtain

2(BW- W) = Ta+ L * L

where

I, = 4 —‘;’Z Fv (Cut)y. ) B w00

t -
I =« —“;?-(d’v (dr 2 Mwwx{_t{;%(é.r»-?;a) P R ANCAY
-k
N t RV s)(t-T) s
I, = 1% gﬁv \dt 2 (E,u)-i,‘cr))(ti-wo)%'- v LV e)
-r
Now since
»e
g 2v Bofe) = 0
e

we have
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We now assume that < E_k(t) ‘ -lfik('r)> is 80 slowly varying in time

that

/
(B 40§D

I —é'P-aﬁ-u)({—?)
_Q-‘ Ve i # -2

;;. (B0 Ep| <«

Consequently,
I, <« L

Thus we are left with

:()-at—(é'.(+)—§{t)> = L

which is equivalent to Eq. (3.8).

For 1he Fokker-Planck model, we first change the independent vari;hle
from s tot - &+ T in Eq. (4,12) and then differentiate this equati m with re~p«
to t. With similar arguments with which we proved Eq. {3.8i, we %11l reat:)

arrive at Eq. (4.13).
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APPENDIX B

We shall prove that electrostatic energy of wave decays at twice the
rate of damping of momentum,

We assume solution of the form

-cN¢
F;(v{) = F*(v;o) £

4

for the flu.-fuation of the distribution function. Then, Poisson’s equation cun

be wrirtea 18

o
-iNt
E*(f) = ﬂ*m_'e,;i Ay F (V0)
r

On taking absolute value and squaring each side of this equation, with

substitul »1 by its real and imaginary parts given by 2 =« + iy, . we have

2 21 1 Yt r 2
2 :
‘E* L KN Rd% F, (% 0)
%
2

Differentiating this equation with respect to t, we obtain

a

2
ot

&l

2 % | &,
Now, the electrostatic energy in the kth mode is given by

] PT

Hence

a¢,
-'3;" - 2’!’061:
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We shall evaluate the integral given by Eq. (3.9).

F mploving the standard integral

ot — LAT /
Sait 2 _
K+ LA

]

the integrainn of s in Eq. (3.9) can be performed readily, yielding

|
A

A’y (‘rv+a)(r Zﬂ) (w—r-;’:)-fa'u

As v is assumed to be small, we may apply the Dirac: Formula

L F(8)d46 - P Fl6)48 __ . 9
_g:vg g ___—81-4‘}’ et S "rt F(8)s(®46
b

Sy

Conseaeguanily

P
% = 4 ey (RLDFSh | L 2 \dy boaf)RT 50T
W) + ¢

T iking the real part of this expression

A = rkt. t rﬁc
"
A V-
Yoo = “%“Tg{‘ \",v (R-2f.) B3 s (RV -w)
A - H!rq;ﬂ)
e ki \dlv (w-22

—~ -

45
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The last expression can be integrated by parts to yield

-

N w fa
¥ - _ oo Oy T2
#c “ p (w-T0)

- pe

With the 1ssumption that the average value V* of the square of the
particie velocity is much smaller than the ratio w?/k*, this expression can be

expanded 10 give

e = — 4 (—fgﬂ)z v £ ) [r + 3(EY) +(,(1§)‘¢,]

For 1sotropic distribution fo’ this reduces to

1 E ST T

P £ i IR
w '

Now, i cun be readily shown that the dispersion relation for a Krook

plasmd is approximaiely gi- en by

s Y . 3 =
a} = ) -+ 3 'k v
4
Hens o, the expression for Vi N he rewritten s

<

- e B

w

~w ¥
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We shall evaluate the integral given by Eq. (3.14), namely

i(N-k3)s — vs
ds g

[

v can be absorbed in 2 so that the integral reads

1, =

e 7 -
(N~ BVv)s
ds £

47

Now, the integral I, can be integrated readily for stable plasmas as

|
L TR 53

On applying Dirac Formula to this expression, we have, formally

I, = —L__— - ¢ "l _F5(RV-w)

A(-RY) L(n-R¥)

Consequently, the real value of ‘ﬁ in Eq. (3.14) is given by

s L

-

> —l & 5BV -w)
kt%

t Z _%‘He* (w—i'?)

T4
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APPENDIX E

We shill solve, by the method of characteristics, the equation

—_%;L +(Q?—Z)-—$§— + PG = Q (E1)
where
- RL 4
P = 3 4
- : ~ e+ B PR
QF F.t) = 5% Fl el o A

By the method of characteristics, a solution to Eq. (El) is equivalent

to one to the set

o« _ _dh __dp %A
) ¢h-4 3R -4 Bf -4,
_ _d§
= "&-rg (E2)
where Py py. p,. are the coordinate components of 5 , and kx, ky, kz'
those for k .
From Eq. {E2), we may extract a set of four equations:
o
dt = & (E3
e 4 )
At = A (E4)
Eh- 4,
A
gt = —h E5
dtf e 49 (E6)

&- PG
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The solution of Eq. {E3) may be obtained by integrating over appro-
priate limits,

If,att=1, E aftains the value B,r , then, from Eq. (E3), we have
Pr

{.
ar = P
RP -4,
T ﬁ“.

Performing the integration explicitly,

A=A
(t-7) = § La(CA-4)
P fe
Consequently,
_((t-t)
A L <7
Similarly, if Eqs. (E4) and (E5) are integrated, we shall obtain,
respectively,
& _Q(f—t) A .
Fre "'(fr'—pl)" +_éL (EH)
4y o Y0 &
fe = (p-¢)2 + (E9)

(E10)
¢



We shall next solve Eq. (E6). It is obvious that this is a linear

equ +11on having the solution

.y

A ~-T +]
T(Bp2) = [ (dr URATI2e +C (E11)

where . is the integration factor given by

€
I = &pau: (E12)

andg 18 'he constant of integration.,
1t s ened that Band t in the argument of Q have been replaced by

L:T ant T respectively since we are integrating along the characteristic curve.

ntegrating Eq. (E12) explicitly, we have

I = f@L £t (E13)

Substouting Eq, (E13) into Eq. (El1l), we find

2 't-t

r 44"
a(f,}',ﬁﬁjgi = \dt Q(X. R T2 + C

Vow, we have, at the point t, on the characteristic curve,

t-‘".

LA T rRl{" ¥
C = G-(kﬁ,f.)_ﬂ.% - dta(ﬁl,z)-l-i[*t

i



51

Therefore
f.
-~ - *1‘t :
G(RF L) = & € dt a(g;,;);‘?*‘
»"ﬂ
2 - o o YOS
+ G(R,p . b)2 LIS (E14)

If t, -, the last term of Eq. ({E14) vanishes, and the equation

becomes
.t.

@fl’,ﬁt) = j‘%"—kt AT G(F,?:,T),Q'%*r (E15,

—po
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APPENDIX F

We perform the integration over p given by Eq. (4.9}, namely

I = (T;)'K_ gdzf ;f’"-'f:(f)fz[i—qm(f‘sff-ls‘rn‘s‘)} (F1)

where
'f';" - '?7(:-(55) + & (1- -35’—)5

On changing the independent variable from p to p’ and linearizing

with reapect to ., we obtain, after a little algebraic manipulation,

-iRV VP ) y
1 = 2 . Lp 7{.,(?)1’-?

( [ | + 385 ~ £ QRTEs® —i%q?-?s‘]
1Ly gl 2
+ [eg-r; k'f -r[esv-f ]—GRTS,V( (F2)
Now, in order to perform this integration., we shall use the Fourier

transform formula

-~

PV - ij(,ﬁ, UF Fp>

from which the following formulas can be readily obtained by differentiations



—i(Fvp) = d%emfl’;stm
r)k
V. % (¢ e, s Fanen g
- ?, v¢) = (9'»'1')}4 f v f (F
—_ ’ 3 ‘eiv'f ;-r 3 5( )
—F-w(Rewe) = ok \ AP TG PF
2 ) ‘T‘?? 2 . -
. i 3 ]
i v, (B -g¢) = g Sdfz pEPSPE)
Iy 4pelyIng thes: resab = o Fyg, (F 2, we obt v ormmend i tedy
LR Vs
I = - X P (s)

where

Fes) = L(&-2) (1 +3¢s - La-7&75")
+(F-of)(£@R7s) + R a(F qf)(pers’)

+i V-2 (Regfy(es) + i C(R-2f)(gars)

53
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APPENDIX G
We shall evaluate the integral given by Eq. (4.14), namely

C-BV)s

L =3 —‘:f (at’v AS % (s) (G1)

We assume that fo is 80 Blowl: virving in time that ii can be taken
out in front of the s integral.

'n order to perform this integrafion, we resort to the Dirac formula

pe
_Fede L. _F@te o, .
fts0 Gret €0 ¢ O+4% Te\Fe)s (09 (G2)
- p —p 2
the standard integral
v -
Ha-K Vs |
ds 2 . (G3)
i (RV~-w)
+]
and ‘he identity
o ve
- “LAs - Bm —LAs
[+ ] L]
Combining Eqs. (G2), {G3) and (G4), we ha.e
b »
(- B-¥)s
Pv Fev) \ds s7 2
— o pe »
Ao sl EGD K ~
= GL) Flay T +@) T lvF(R)S ®2-w) (GH)
(‘-v ""v)
>

-
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This formula can be applied directly to Eq. {Gl). Since Yk is real,
we keep only the real values. It is found that the only real part containing

6-function is

%

- _}%(d:v (R- o) &7 S(RT-w) (GS)

while the real part containing the principal values are

- —a RV 2RT 4(ET)
% =i% ( [“V{' ! ®R3-w) fr.v-wf]

aRtk® ()
i q“[(ﬂ—u) T @vear m.*-w;’]

. _ 2 RT aRTEY)
+&'Q(TQ‘F- )[ (‘.‘.v._w): + (I:_w)i ]

*&

v i
% (k P*)[(F?—u) M (i’?—u)‘

2 -“»
+ % (F-of)| L&), RT G7
[ (B -w) (;:-—m) (67
Hence
- A+ & =
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The expression for Yo is considerably simplified if f  is given
Maxwellian in one dimension
1
~ VA

!
-t - o7

where V_, is the thermal velocity gi.en by

T

All derivatives of fo can now be expressed in terms of tn 4and for

small k, rational functions cun be exp inded in series. Furiher -ipplving the

(dv s

“w

formulas

’

dv V. = (am-y 1T
| o

We finally simplify Eq. (G7) to

28]

- ——Q(—%)a[l-r:é -*:%’L] (G9)

where only terms up to the second order of k have been kept.
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APPENDIX H

In this section, we shall derive the dispersion relation of the plasma

using the Fokker-Planck model.

We put
Eo - F % oY
in Eq. {4.11), obtaining
6\}‘ i(ﬂ—f?)s _
j = _*f. ddv lds &2 P(s) (H1)

where @ (s8) is given by Eq. (4,10}.

Taking k to be real, Eq. {Hl) gives a relation between . and k:

2

it
> L}:"

oLV {(1’- ) [ w(t.;_“) - 3@‘[‘11’-?—“)
- _;_Qm*a_r SW(R?"') - -&el’? T S?T-?—u)]

+ & '-:(l?-v,{.)[— eeT T s'r&’-i’-m)]

+V -‘z(l’-a{.)[— 6 5 (R-V-w) ]

+ (K9l [- gRT f’(?-?-u)] }
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Part of this integration can be performed explicitly since the Dirac
delta-funciion appears in some of the terms, We shall perform the integration

and wrile tne result in one dimension for simplicity

| = “p dv (%é)
&’ fev—~c)
-

4
P
av™® & ot

W, N T o, v 3, T W AT
+eT ik el b o3
We 1. ke fn 1o e Maxwelbhian

1

i
-
?

H
q
=4
X

ard exaress ai. Jder acie2s of 1'0 in farms of fm'

Conzayuentl -, up to ~ocond order of k, we have

2 1 1 2 3 -
€J 3 vV 1 ol )[_J_ QJ‘ _ & ] 2‘\4
= 'Z%['* %‘L]“'e‘{?(*s; I8y C Ry £

Now, v an h: shown readil thai the second term on the right hand side
is mu h smualter rhan the first for smull k, hen :e the dispersion relation is

given dappros~'matl b,

Sot ing this relation for ., we finatly have

) w;[t + ————3'_:); ]
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APPENDIX J

We shall evaluate the integral given by Eq. (4.21), namely

Aw-BMs—%sp
(B, 0REt) = {I,f,lg,(r) ds 2 [**W} 31

Again, we s+ssume that f; is so slowly varying in time that it can be taken
out in front of the s integral.

To perform the integration, we shall make use of the following formulas

po e >
Lom | F0246 L, p) EOXE 4 700 Fi8) 5(6) 40 (92)
T4o g-«7f $r0 g-4¢
— pe =i —p
P
—tAE - 7S {
ds = - S (3)
po .
-(AS"S - " -{)\S - rs
2A
o o

Combination of Eqs. (J2), (I3, and (J4) yields

po M
—dXg - : m M
Adss 4 o = (a :;{ -+ T(:’) 5 (A) {(J5)
-

This expression can be applied directly to Eq. (J1), yielding the real

result



@y - Lk g ( (R gf)T 5 (R7-)

_L _ 3¢
+ R of) & [ (Fro g [Riemenl
2 gRTA (F7

_— + Y
FERVEREN A S B Ry

I QQRT

r- v . Ke
+ v (x ‘C‘ﬁ) [(.‘.:_—w) . rl]J

_ ]
v. v —L
+ V-9 (R.2f) & i [(@z-)-« 8T J

L - eRT
+ ¥, (K2 ﬁ'[ [®3-wr-¢ 4" ]

For small 'yk compared with «, this expression readily reduces to
; p2k
<f_'_‘(:‘) F(u)) = ”—0%77 ® Ex(t)
where

. p 3¢ eRy
B =& %)[Ts(ﬂv-w)+(:’ﬁ.)- T @B (w8

R I B

+V.q (8 ef.) [—;—%—:)—} + V'(F-V.{.J[ ﬂ_]
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APPENDIX K

In this appendix, we attempt to solve the following equations

folve) = A m[—}(ﬁg’"—)] + 7 (K1)
% - _4_.?{)\ E(\élf‘) + €£r]A

*Q‘}[—:’“"]A - 8% 4 (K2)
% = xve IE“’C”H’(-‘%&)}"SE (K3)

In virtue of the smallness of p and u, the function & (Vo. t) appearing in

Eq. {K2) can be solved by combining Eqs. (K2) and (K3) to give

E(w ) = — 2L u (4-a)+ £(y,0) (K4)

When this is substituted back into Eq. (K2) we have

3

AA L 2 _ T
R BY +{ M-«\«.A.—f{;-.-%g,,

al
- Fer-Een e - deg )
where
A, = A(o)
and

Eoo - E(K'O)
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To evaluate A(t) in Eq. (K5), it is necessary to know the roots to the
auxiliary algebraic equation

A + 6,A + 8 = 0

(K6)
with
9, = %‘(Vo
* A P
6, = = —:.E"V‘Ao 4_'!1 v, Cee ~ —‘E\'Q’r ‘%'QV.
6, = —+¢
The two roots of Eq. (K6) are given by
-6 + 19:-44@: —_—
F - 28 oen
'
3 - "6\ - j 6. 'M (Kb)
28,

Knowing the values of p and q, Eq. (K5} can be solved by quadrature to

“| 45

Q(H)

where 90 is the constant of integration,
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By inserting the initial conditions this equation can be rewritten in the

form

u—‘
A._ 'Q(H)r—
Ao = (o)Lt r] . p 9)

To obtain an expression for £ (v, t), we may substitute Eq. (K9) into

Eq. (K3) to obtain

-

) —G.Hw

35_ = dv%m[—n(—l)] ((H)[ -;]+r}-);g
Again, this equation can be integrated by quadrature to yield

dv[ﬁmf-}-’%ﬁ)h( -nt
C(v) L
A-f EPE |% ety i)

Aq*P

E(ve)

where C(V) is an arbitrary function of V resulting from integration.
If the initial values of & (v, t) are given for all V as & (v, o). the latter

can be inserted as initial conditions so that the equation can be rewritten as

E(vo)[-f';' '] £
€lye) = SPYAPYSIEY PPy A an 217 (K10)
[A.;g' Pl ]

Equation (K10), together with Eq. (K9) form the basic set of expressions
describing the evolution in time of the distribution function in the trapping interval

(Vg-u, VO) and the corresponding energy fluctuation in the same region.
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The slope of the distribution function is given by

24 = A(t)%m[-}(v—;'")] (K11)

v

.‘
- - 6,(p-¢)
(g 0 el
At t - 0, Eq. (Kl1) reduces to

2o

oV

= A 4 [—11-(1?‘3')] -
=0

which is the slope in the trapping interval at the initial time. This is positive

V-V,

u

since cos ( )_;_r is hounded between 0 and 1 in this interval. and A, is given
positive

Let us now investigate the time-asymptotic behavior of 3f/dV and ¢

From Egs. (K7) and (K8), it is readily seen that q is the smaller of the
two roots. Hence (p-q) is positive. Now, 8,/8, , which is the product of the two
roots of Eq. (K8), is negative; thus, we have one positive and one negative root.
q. being the emaller of the two roots, must therefore be negative This renders
the arguments of all the exponential functions in Eqe. (K10) and (K11) negative,
and hence the exponential functions approach zero as t approaches infinity.

Consequently, 3f/dV and e approach finite limits irrespective of the values of V

which varies only from V,;-u to V. as given by
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and

~
i.

e
#
O

It is left to be shown that both 3f/3V and ¢ remain bounded as t varies
from 0 to = .

With a little slgebrai.- manipulation, it an be shown that

A, < ¢
Hence
A-§
A.-f <
since q ia negative.
Consequently the factor [%z—:% e_9 ip-q)t_ I:l in Eqs. (K10) and (K11} is

never zero. Thus. no terms in the two equations biow up. 3&/3V and € are
therefore bounded for 0 £ ¢ - ® , the upper limn of which being given respectively

by
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