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Abstract

Numerical solution of linear transport equations with scattering operators of

integral and differential type

by

Kevin G. Phillips

Advisor: Professor Carlo Lancellotti

We revisit the PN -method and demonstrate its ability to provide accurate

and timely solutions to transport equations with scattering operators whose only

restriction is having spherical harmonics as eigenfunctions. Such operators include

the integral scattering operator characterized by a scattering kernel and forward-

scattering approximations thereto involving functions of the Laplacian restricted

to the unit sphere. Solutions obtained with the PN -method are shown to converge

exponentially as the number, N , of Legendre polynomials used to approximate

the solution is increased. The computation time is shown to grow slowly with

increased number of polynomials used. Moreover the solution technique is shown

to be stable as N increases. The primary result of this work is the use of the

PN -method to carry out prompt side-by-side comparisons of radiative transport

equations with different tissue-light interactions. Comment is made on the ability

of the forward-scattering approximations to describe the transport properties of

light in biological media as determined by the radiative transfer equation with

Henyey-Greenstein phase function.
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Chapter 1

Introduction

The radiative transfer equation (RTE) is a linear transport equation of

Boltzmann type [15] that describes the propagation of light in a scattering media

on a mesoscopic scale. Depending on the specification of the underlying mi-

croscopic dynamics of light, different transport equations can be derived. Those

depending on the Maxwell equations are more recent [53] and use variations of the

refractive index of the background medium to describe the microscopic scattering

process. In this study we shall adopt a phenomenological point of view [27, 16]

in which electromagnetic wave propagation is approximated by the flow of neu-

tral particles we refer to as photons, though no quantum or classical wave effects

shall be considered. In this approximate model, photons undergo straight line

motion through the scattering media until they are either absorbed or scattered

into another straight line trajectory.

Scattering in this picture is determined by an ad hoc specification of the

probability density, termed phase function in the optics literature [27], to scatter

from one direction into another. The exact form of the probability density is

typically derived from experiment, eg. the Henyey-Greenstein phase function

[28], or heuristic arguments, eg. the exponential phase function [48]. While it

may seem that a theory of mesoscopic light propagation based on first principles

would be better than a phenomenological theory, we make no argument to the
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contrary, the phenomenological theory is more accessible to numerical studies

with computer and analytical methods with pencil and paper. Most importantly,

the phenomenological RTE has been shown to accurately reproduce the intensity

distributions observed in biomedical applications [18, 1, 51], the scenario in which

this study rests.

Light propagation through scattering media using a transport equation

based on a phenomenological viewpoint was first studied at the beginning of the

twentieth century by Schuster [54]. Since that time, linear transport equations

have been studied extensively in diverse fields such as neutron transport [14, 21],

electronic transport in semiconductors [56], the energy density of acoustic and

electromagnetic waves in random media [53], and tissue optics [58]. The present

study concerns the application of the RTE to tissue optics in which non-ionizing

near-infra-red (NIR) photons are used to optically probe tissues for the diagnosis

of pathologies, such as cancer, and the monitoring of functional properties such as

oxygenation and hemodynamics [19, 1, 24]. Our specific aim will be the prediction

of backscattered and transmitted light intensities from scattering materials.

Due to the low energies of the NIR photons, scattering events with the

underlying media strongly influence the trajectories of the photons. The tissue-

light interaction is believed to be dominated by forward scattering in which the

trajectories of the photons are changed only slightly during each scattering event.

Due to the large number of such events, the collective effect of multiple scattering

has drastic effects on photon propagation by essentially randomizing the photon

trajectories. As a result, NIR photons provide very poor spatial resolution and

are not easily used to form images like their x-ray counterparts. NIR photons can,

however, distinguish absorption characteristics of tissues which other modalities,

such as x-ray, cannot. Absorption characteristics of tissues are a key parameter in

the non-invasive diagnosis of tissue pathologies and the monitoring of functional
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properties such as oxygenation and hemodynamics [19, 1, 24]. Typically tissue

health is determined by comparing transmission and backscatter of light in normal

and diseased tissues. Theoretical studies of light propagation are important in

aiding future diagnostic developments using NIR light. It is hoped that numerical

solutions of the RTE can be used to guide experiments and clinical applications

of NIR light as well as aid in the continuing endeavor to accurately describe the

tissue-light interaction.

Studying NIR photon propagation numerically is a difficult task. In typical

calculations, complicated tissue geometries are approximated as finite slabs: sec-

tions of scattering media with finite depth and infinite width. Both deterministic

and nondeterministic studies of the RTE and linear transport models in general;

primarily in neutronic applications, have been pursued vigorously since the 1940’s.

A simple heuristic argument [47] shows why both deterministic and nondetermin-

istic methods are difficult to apply in practical situations: as photons propagate

through a scattering media, the average distance a particle travels between scat-

tering events, ls, is very small, ie. ls ¿ 1. Each scattering event tends to change

the propagation direction of the photons only slightly on the average (as men-

tioned earlier biological tissues scatter strongly in the forward direction), thus for

any appreciable changes in the propagation direction of a photon to be observed,

an O(1) distance in the material must be considered. To apply deterministic nu-

merical methods to the RTE one must consider mesh sizes on the same scale as

ls, a daunting computational task. In non-deterministic methods, such as Monte

Carlo simulations, a large number of iterations updating the trajectory of scat-

tered photons must be considered to achieve statistically stable, realistic results.

These methods are widely used in spite of their inherent difficulty [60, 39, 4, 2]

To circumvent these computational problems, the time-asymptotic diffusion

limit of the RTE is commonly studied [36, 20]. In this macroscopic picture, pho-
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tons undergo a great many scattering events taking on a random walk behavior

in the material, ie. on the scale of O(1) distances. Diffusion is computationally

cheaper with regard to deterministic numerical methods than the RTE. The ma-

jor drawback of diffusion theory is that it fails in the presence of clear layers,

embedded objects, and small source-detector separations. Adjustments to the

diffusion theory in these situations has been addressed through domain decompo-

sition methods [6, 5] in which the transport equation is coupled to the diffusion

equation.

Another class of approximations to simplify the numerical treatment of the

RTE consist of forward-scattering models in which the strong forward scattering

of light in biological media is utilized to formulate alternatives to the integral

scattering operator. The majority of such efforts have resulted in generalized

Fokker-Planck equations in which differential operators in the angular variables

[32] describe scattering. Roughly, these models can be said to describe diffusive

behaviors in the direction space variation of the photon density. These models

were first developed in the neutron and electron transport communities [47, 48,

49, 37, 38] where forward-scattering is pervasive at high energies. These models

allow one to simplify the methods used for angular desensitizations of the RTE

while at the same time accounting for the dominant physical behavior.

Previous deterministic studies of the RTE have centered around two different

numerical schemes regarding the angular dependence of the radiance: the discrete

ordinates method and the PN -method. In the discrete ordinates method [39], the

radiance is evaluated at discrete angular points in the direction space (colloca-

tion). The integral term in the RTE is evaluated through Gauss quadrature and

as a result the unknowns, ie. the photon density ψ evaluated at discrete points

in the direction space, are all coupled. If the integral term can be replaced with

a differential operator in the direction space variables, based on some forward-
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scattering approximation, then finite-differences can be brought to bear which

couple at most three terms [42] . The trade off is that one obtains less computa-

tional troubles at the expense of having to develop model-specific finite-difference

methods for the scattering approximation considered.

In contrast, the PN -method treats the angular dependence of the radiance

and scattering operator by approximating the exact angular dependence with a

truncated sum of Legendre polynomials. The treatment of the integral scattering

operator, and any scattering operator whose eigenfunctions are the spherical har-

monics, leads to de-coupled expansion coefficients. Two-term coupling does occur

however, as a result of the presence of the direction space variables as pre-factors

to the spatial differential operators in the RTE. The PN -method provides the same

amount of coupling regardless of the scattering operator used. For this reason,

the PN -method can be used as a tool to explore different tissue-light interactions

without recourse to model-specific numerical methods.

The goal of this dissertation will be the appraisal of forward-scattering mod-

els that currently exist in the transport literature by assessing their ability to

provide accurate replacement of models with integral scattering operators. We do

this in the slab geometry, in which a scattering media occupies a semi-infinite half

space composed of discrete spherical scatterers characterized by a single-scattering

phase function. Infinite plane wave illumination is considered.

The organization of the dissertation is structured as follows: in Chapter 2

the RTE is deduced by considering the conservation of photons in an arbitrary

volume of scattering media, Chapter 3 presents the derivation of the Fokker-

Planck and generalized Fokker-Planck type forward-scattering approximations to

the RTE. In Chapter 4 a development of the PN -method is presented for transport

equations with general scattering operators whose eigenfunctions are the spherical

harmonics.
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In Chapter 5 the convergence of the relative error of numerical solutions ob-

tained with the PN -method is investigated. The presentation highlights the abil-

ity of the PN -method to obtain converged solutions in the presence of anisotropy

for each of the forward scattering operators considered in Chapter 3. In Chap-

ter 6 numerical results for the infinite plane wave illumination of a semi-infinite

slab are presented. The forward-scattering models are compared to the integral

scattering operator with Henyey-Greenstein phase function in predicting: steady-

state angularly resolved backscatter and transmitted radiance, backscattered and

transmitted flux, and depth-dependent fluence. We conclude in Chapter 7 with a

summary of the main results along with an outlook for future work.



Chapter 2

Derivation of the Radiative Transfer Equation

2.1 Basic Definitions

Radiative transport theory provides a mesoscopic description of multiply

scattered light propagating in a random media using a linear Boltzmann-type

equation for the specific intensity. The specific intensity, also called the radiance,

is a fundamental quantity in tissue optics and is defined as the radiant power per

unit of solid angle about a unit direction vector ω and per unit area perpendicular

to ω. The specific intensity is denoted by I(t, ω, r) where t ∈ (0,∞) is the time,

r ∈ R3 is the spatial position, and ω ∈ S2 is the direction of propagation. The

units of radiance are watts per meter squared per steradian (units of solid angle).

To aid in the development of the RTE through particle conservation arguments

the correspondence between the density of photons and the radiance is introduced.

The density of photons, ψ(t, ω, r), is the number of photons in the volume

element dr about r whose propagation directions lay in the solid angle dω about

ω at time t. Assuming the photons propagate with frequency ν, assumed to be

unchanged during scattering events with the underlying media, the radiance and

photon density are related through:

I(t, ω, r, ν) = chνψ(t, ω, r, ν), (2.1)

where c is the speed of light in vacuum and h is Planck’s constant. A transport



8

equation for the density will be developed in the following section.

The interaction of light with the underlying media is modeled through three

mechanisms: streaming, absorption, and scattering. In radiative transfer theory,

light is treated as a stream of non-interacting photons (quantum effects are as-

sumed negligible) that travel along straight lines until they are either scattered

(with no change in frequency) or absorbed by the underlying material (resulting

in heating).

The absorption cross section, σa(t, r), defines the probability, pa, that in

traveling a distance ds, a particle will be absorbed

pa = σa(t, r)ds. (2.2)

Similarly, in traveling a distance ds particles have a probability, ps, of being

scattered given in terms of the scattering cross section, σs, by

ps = σs(t, r)ds. (2.3)

In both definitions, the cross sections have dimensions inverse length and are as-

sumed to be independent of any directional dependence on ω. This implies that

the interaction of photons with the underlying material is isotropic- photons inter-

act in the same way with the material regardless of their propagation direction.

As well, we assume that the spatial and temporal variations of the cross sec-

tions are sufficiently small so as to treat these interaction coefficients as constants

independent of (t, r).

The scattering cross section can be further defined in terms of the scattering

kernel, f(ω ·ω′), also known as the phase function, which expresses the probability

density that in traveling a distance ds a photon with propagation direction ω′

before the collision scatters into the direction ω after the collision. Because it is a

probability density, the phase function is a non-negative function of its argument



9

and is normalized to either one or σs. In most theoretical discussions, the phase

function is taken to depend only on the cosine, ω · ω′, of the scattering angle as

opposed to depending on ω and ω′ separately. This is a result of the isotropic,

in space, nature of the scattering material taken to be composed of spherical, on

average, medium constituents. Throughout we normalize the phase function to

σs such that

σs =
∫

S2
f(ω · ω′)d(ω · ω′). (2.4)

The scattering process determined by the phase function can be characterized by

the anisotropy factor, g, defined as the average cosine of the scattering angle for

each scattering event. g has the following definition

g = 2π
∫ 1

−1
(ω · ω′)f(ω · ω′)d(ω · ω′). (2.5)

g ranges from zero, for isotropic scattering, to 1, for completely forward scattering.

In biological media the anisotropy factor ranges [17] from 0.7 to 0.95.

The phase function is specified based on either empirical grounds, as in the

case of widely used Henyey-Greenstein phase function [28],

fHG(ω · ω′) =
σs(1− g2)

4π(1− 2g(ω · ω′) + g2)3/2
, (2.6)

or on physical arguments [35] as in the case of the exponential phase function,

fexp(ω · ω′) =
σs

2πε

exp(−(1− (ω · ω′))/ε)
1− exp(−2/ε)

. (2.7)

The parameter ε is related to the anisotropy factor through [35] g = coth(ε−1)− ε.

For reference, the isotropic phase function fiso(ω·ω′) = σs/4π, Henyey Greenstein,

and exponential phase functions are plotted on a semi-log scale in Figure 2.1.

A glaring omission from the above definitions of the scattering and ab-

sorption coefficients in the context of tissue optics is their non-trivial frequency

dependence. It is well known that different cell structures scatter light differ-

ently depending upon the frequency of the illuminating beam. The underlying
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assumption regarding frequency dependence that will pervade the remaining dis-

cussion is that light illumination and detection takes place at the same frequency

and that scattering events are elastic in that they do not change the frequency

of the propagating light. Hence our discussion is limited to monochromatic light

propagation.

2.2 Particle Conservation in an Arbitrary Volume

We now employ the assumptions of the previous section concerning the basic

mechanisms that influence photon propagation in a scattering media to derive the

RTE. Consider the number, N , of photons with propagation direction in the solid

angle dω about ω located in the volume element, V , about point r, see Figure 2.2.

Denote the surface of V by S. The number of photons propagating in direction

ω at time t in the volume V is related to the photon density, ψ(t, ω, r), through

the integral relation

N(t, ω) = dω
∫

V
ψ(t, ω, r)dr. (2.8)

The differential change in the number of photons in volume V , dN(t, ω) in time

dt is

dN(t, ω) = dω dt
∫

V

∂ψ(t, ω, r)

∂t
dr. (2.9)

The change in the photon density inside V is accounted for physically by

taking account of, one, photons streaming out of V by traveling along straight-

line trajectories without scattering or absorption, two, photons scattered out of

V entirely, three, photons absorbed within V , and lastly four, photons in V scat-

tered from direction ω′ to ω as governed by the phase function. We cast these

contributions into the following meta equation

dN(t, ω) = − (# of photons streaming out of S in dt)
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Figure 2.2: An arbitrary volume, V , of scattering material in which photon con-
servation is considered. S denotes the boundary of V while r denotes the position
in space and ω denotes the propagation direction.
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− (# of photons scattered out of V in dt)

− (# of photons absorbed in V in dt)

+ (# of photons scatt. from ω′ to ω in V in dt). (2.10)

Equation (2.9) is used to replace dN(t, ω) above, and each of the terms on the

right hand side above are represented mathematically as follows

dωdt
∫

V

∂ψ(t, ω, r)

∂t
dr = − dωdt

∫

S
j(t, ω, r) · n̂ dS

− c(σs + σa)dωdt
∫

V
ψ(t, ω, r)dr

+ cdωdt
∫

V

∫

S2
f(ω · ω′)ψ(t, ω′, r)dω′dr. (2.11)

In the above j(t, ω, r) ≡ c ωψ(t, ω, r) is the current density of photons, c σsψ(t, ω, r)dt

represents the photon density scattered out of V as photons travel length c dt,

and c σaψ(t, ω, r)dt represents the photon density absorbed in V as photons travel

length c dt. Lastly, f(ω ·ω′)ψ(t, ω, r)dω denotes the photon density scattered from

direction ω′ to ω at time t.

To obtain the RTE from equation (2.11) we apply the divergence theorem

to the surface integral of the current, drop the integration over V , as V was

arbitrary. We also drop the arbitrary angle-time volume dωdt from both sides of

(2.11), divide by c, and with a slight rearrangement of terms obtain the RTE

1

c

∂

∂t
ψ(t, ω, r)+∇·

(
ω ψ(t, ω, r)

)
+σaψ(t, ω, r) =

∫

S2
f(ω·ω′)ψ(ω′, r)dω′−σsψ(t, ω, r).

(2.12)

We verify that the RTE for the photon density, ψ, can easily be transformed into

an RTE for the specific intensity, I, by scaling both sides by chν as governed by

equation (2.1). Boundary and initial conditions for the RTE will be considered in

the next section.

One aspect concerning the general appearance of the RTE we bring attention

to is the presence of the divergence operator in (2.12). In Cartesian coordinates it
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is customary to employ the identity ∇ · j = ∇ · (ω ψ) = ω · ∇ψ + ψ∇ ·ω = ω · ∇ψ.

However, in general curvilinear systems ∇ · ω 6= 0, and the form of the RTE

presented in (2.12) should be kept in mind, ie. the presence of the divergence

instead of the gradient.

For convenience, we will write the RTE as

∂

∂t
ψ(t, ω, r) +∇ · ( ω ψ(t, ω, r) ) + σaψ(t, ω, r) = L[ψ(t, ω, r)], (2.13)

where L[·] represents the scattering operator and we have taken c = 1. For now we

take the scattering operator to be the integral scattering operator in (2.12), though

in Chapter 3 we will consider approximate scattering operators characterized by

the presence of differential operators in the direction-space variable ω.

2.3 Specialization to Plane-Parallel Geometries

Throughout the presentation to follow we focus on the plane-parallel prob-

lem in which the RTE is used to model light propagation in a random media

bounded by two infinite planes a distance L apart. A normally incident probing

beam is used to illuminate the scattering media, entering the plane at z = 0 and

exiting through the plane at z = L, see Figure 2.3. This scenario is of special

significance as the plane-parallel picture is commonly used to approximate the

geometry of tissue samples studied in biomedical optics applications. The scat-

tering media is further assumed to be index-matched to the surrounding vacuum

so that reflection, and hence the application of Snell’s law at the boundaries, can

be omitted.

Steady-state infinite plane-wave illumination will be investigated. This cor-

responds to the boundary condition in which an infinitely wide beam illuminates

the entirety of the surface at z = 0. Infinite plane wave boundary conditions

impose planar symmetry on the solutions of the RTE. In the next section this
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symmetry will be exploited to re-write the RTE in a reduced number of variables.

2.3.1 RTE for Infinite Plane-Wave Illumination of a Half-Space

Due to the infinite extent of the normally incident light source, the radiance

will exhibit dependence only on the depth, z, and the cosine, µ, of the angle

between the direction vector ω of propagation and the ẑ direction, ie. µ = ω · ẑ.

To develop a transport equation in this scenario, one need only eliminate the x

and y derivatives in the divergence operator of equation (2.13) and replace ω with

µ = ω · ẑ. This results in

(
∂

∂t
+ µ

∂

∂z
+ σa

)
ψ(t, µ, z) = L[ψ(t, µ, z)], (2.14)

with the following steady-state angular boundary data on the faces of the slab

ψ(µ, z = 0) = ψ0δ(µ− 1), for µ ∈ [0, 1], (2.15)

ψ(µ, z = L) = 0, for µ ∈ [−1, 0]. (2.16)

2.4 Fluence and Flux

The quantities we determine from a knowledge of the steady-state photon

density, ψ(µ, z) include the backscattered and transmitted integrated flux at the

boundaries of the slab, along with the fluence rate. Each is defined in the case of

infinite plane-wave illumination. Here W stands for Watts.

Backscattered and transmitted flux

R = −
∫ 0

−1
µψ(µ, 0)dµ [W/cm2], (2.17)

T =
∫ 1

0
µψ(µ, L)dµ [W/cm2]. (2.18)

The fluence rate

F (z) = 2π
∫ 1

−1
ψ(µ, z)dµ [W/cm]. (2.19)



16

Figure 2.3: The plane-parallel problem. The scattering material extends infinitely
in the x and y directions and is bounded in z. Due to normal incidence of the
infinite plane-wave illumination, the radiance depends on depth, z, and cosine,
µ = ω · k̂, of the scattering angle.
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These quantities will all be compared and contrasted as the tissue-light inter-

action in the radiative transport equation is varied to incorporate large-angle scat-

tering (Henyey-Greenstein) to small-angle scattering (generalized Fokker-Planck

equations). In Chapter 3 all of the different scattering models to be studied are

introduced.

2.5 Characteristic Length Scales and the Diffusion Approximation

In an effort to further reduce the complexity of the transport equation,

researchers have considered transport on “large” length and time scales to utilize

the diffusion approximation. In the next sections we qualify the term “large” by

introducing the characteristic length scales, the scattering and transport mean

free paths, used to describe transport and diffusive behaviors of light propagation

in scattering materials, respectively.

2.5.1 Scattering and Transport Mean Free Path

There are two characteristic length scales that are used to describe light

propagation in random media. The first is ls, known as the scattering mean free

path (mfp). It is defined as

ls =
1

σs

[cm]. (2.20)

The scattering mfp is the average distance photons travel before being scattered.

Media in which ls ¿ 1 are termed “optically thick”, while those in which ls À 1

are considered transparent (for sufficiently small absorption). The scattering mfp

is the length scale upon which the transport equation is valid as particles travel

along straight lines until scattered or absorbed. This scale is mesoscopic as ls

ranges from 0.001 to 0.01 [cm].

The second characteristic length scale is known as the transport mean free
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path though it describes the length scale of the diffusion approximation to be

discussed. The transport mfp is given by

lt =
ls

(1− g)
=

1

σs(1− g)
[cm]. (2.21)

As a comparison, we consider the following example characteristic of tissue optics:

if g = 0.99 and ls = 0.01 [cm], then lt = 1 [cm]. Hence lt and ls can easily differ by

several orders of magnitude. In the presence of absorption, some authors define

the transport mfp as

lt =
1

σs(1− g) + σa

[cm]. (2.22)

The transport mfp is the distance photons must travel so that their initial trajecto-

ries are completely randomized. As an example, if g = 0.99, σs = 100 [ cm−1], and

σa = 1 [ cm−1], lt = 50 ls. Note that as the scattering becomes more anisotropic,

lt increases. This is as result of the forward scattering delaying the onset of the

diffusive behaviors so that diffusion takes place on a large scale.

2.5.2 The Diffusion Approximation

In the limit of long propagation times without extinction of the photon

distribution due to absorption, photons scatter numerous times giving rise to a

random walk-like behavior in space. For this time-asymptotic picture to hold, the

photon density must be far from sources and boundaries, though perturbations to

the diffusion approximation have been analyzed when these requirements are not

satisfied [20, 6, 5, 50].

As a result, the diffusion equation is used to describe the photon density far

from sources. “Far” in this case depends intimately on the scattering media at

hand. For suspensions of latex beads suspended in water, Alfano and researchers

[61] have shown that the diffusion approximation is valid for distances beginning

at 7 lt.
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The diffusion approximation is typically derived in two ways: either as a

sum of the first d + 1 spherical harmonics of the projection of the photon density

on the spherical harmonics in the direction space variables [14] (here d is the num-

ber of spatial dimensions) or as an asymptotic expansion in the limit of vanishing

scattering mfp [36]. Here we give a brief exposition using the asymptotic argu-

ment as ls → 0. To ensure scattering dominates absorption we define the scaling

parameter ε (scattering mfp) and the total scattering cross section, σtot, as

ε =
1

σs

, σtot = σs + ε2σa. (2.23)

Hence, as ε tends to zero, σs À σa. In addition we define the macroscopic variables

(t′, r′) = (ε2t, εr). The scaled transport equation is

ε∂t′ψ + ε∇′ · (ωψ) + εσaψ =
1

ε
L[ψ], (2.24)

and we simplify the treatment by considering the above with angularly inde-

pendent boundary conditions. Otherwise, a treatment of the initially angularly

dependent radiance would have to be accounted for [20]. Next, the asymptotic

expansion

ψε = ψ0 + εψ1 +O(ε2) (2.25)

is substituted into the scaled transport equation. Equating like powers of ε we

find that at O(1/ε), ψ0 is independent of the direction space variable, ω. At O(1)

∇′ · (ωψ0) = L[ψ1] =
∫

S2
f(ω · ω′)ψ1d ω′ − σsψ1. (2.26)

We use the identity [14], pg. 198,

∫

S2
ω′f(ω · ω′)d ω′ = g ω (2.27)

with g given by (2.5), to express the solution to (2.26) as

ψ1 =
−1

σs(1− g)
∇′ · (ωψ0) or = −lt∇′ · (ωψ0). (2.28)
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The solution obtained can be verified by direct substitution, though we refer to [20]

for rigorous details of its determination. Lastly the O(ε2) equation is integrated

over S2 to give

∂tψ0 − lt∇′ ·
∫

S2
ω(∇′ · (ωψ0))

dω

4π
= 0. (2.29)

The identity [14], pg. 198,

∫

S2
ω(A · ω)dω =

4π

3
A (2.30)

allows

∇′ ·
∫

S2
ω(∇′ · (ωψ0))

dω

4π
=

1

3
∇′ · ∇′ψ0 (2.31)

in (2.29) to yield the diffusion equation

(∂t′ + σa)ψ0 = ∇′ · (D∇′ψ0), (2.32)

with diffusion constant

D =
1

3σs(1− g)
. (2.33)

The diffusion approximation is widely used in tissue optics given its rel-

atively cheap computational costs in large complex domains compared to the

radiative transport equation. The primary use of the diffusion equation is its use

in optical tomography [1] as a forward model to predict the radiance at detector

locations. The inverse problem is then solved to determine the absorption and

scattering properties of the medium. Inverse models of this type are being pursued

to infer tissue pathologies [1] using NIR light sources.

2.6 Summary

The radiative transport equation was derived from a phenomenological point

of view based on particle conservation in an absorbing and scattering media. All

wave and quantum aspects of light propagation were ignored. The tissue-light
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interaction is determined by the phase function in the integral scattering operator.

The phase function is specified ad hoc based on empirical arguments. The diffusion

approximation of the radiative transport equation was derived as an asymptotic

expansion of the photon density in the limit of vanishing scattering mean free

path.

In the next chapter we introduce forward scattering approximations to (2.13)

and (2.14) developed in the neutron and electron transport literature. These

approximations give rise to generalized Fokker-Planck type equations in which the

integral scattering operator is replaced by a differential operator in the direction

space variables given by ω.



Chapter 3

Forward Scattering Approximations of the Radiative Transfer

Equation: Generalized Fokker-Planck Equations

3.1 The Case for Forward Scattering Approximations

Forward scattering occurs when the trajectories of particles injected into

a material are nearly unchanged during a single scattering event with the fixed

background material through which the particles propagate. Examples of this can

be seen in high energy neutron and electron transport as well as light propagation

in biological media [17]. Researchers have attempted to exploit this phenomena

to simplify the general transport equation (2.12) to account for the dominating

forward scattering behavior as g → 1. These considerations were begun in the

neutron transport literature [47, 48, 49, 8, 37, 38] and recently adapted by Arnold

Kim and researchers to study light propagation in tissues [32, 34, 31, 35]. We

expand on Kim’s work by considering a wider range of forward scattering mod-

els from the neutron transport literature. In addition we focus on the ability

of the forward scattering models to approximate the integral scattering opera-

tor with Henyey-Greenstein phase function and not on numerical simplifications.

The PN -method, as discussed in the introduction, affords the same amount of

computational ease regardless of the scattering theory employed.

Forward scattering approximations serve two roles: first, to describe the

dominating forward scattering behavior and second, to simplify the RTE. The
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simplification is drastic if one is intent on solving the RTE through the use of

collocation methods. For instance, if one considers the use of collocation methods

in the direction space, known as the discrete ordinates method [39], the integral

term in the RTE is evaluated through Gaussian quadrature. Then the vector of

unknowns, ie. the photon density ψ evaluated at discrete points in the direction

space, are all coupled. If the integral term can be replaced with a differential

operator in the direction space variables, then finite differences can be brought to

bear which couple at most three terms [42] . The trade off is that one obtains less

computational trouble at the expense of having to develop model-specific finite

difference methods for the scattering approximation considered.

In contrast we employ a spectral method, known as the PN -method, in

which the photon density is expanded in Legendre polynomials to solve the RTE

and the forward scattering approximations to be considered. The main result of

this dissertation is the discovery that the PN -method leads to uncoupled expan-

sion coefficients for any scattering operator provided the scattering operator has

spherical harmonics as eigenfunctions. The forward scattering approximations in-

troduced in this chapter all satisfy this requirement. We remark that the direction

space angle dependent pre-factors of the spatial derivatives do lead to coupling-

though they couple only two coefficients at a time, see Chapter 4. Using the PN -

method we may shift our perspective of forward scattering approximations from

one of computational shortcuts to a study of the ability of the different forward

scattering models to reproduce the physics determined by the integral scattering

operator with Henyey-Greenstein phase function.

The degree to which the forward scattering approximations are accurate

in predicting all aspects of light propagation, including backscatter, transmission

and fluence rate, will be assessed in Chapter 5. In the next section we pro-

vide an introduction to Fokker-Planck type equations and go on to consider the
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generalized Fokker-Planck equations which arise naturally in forward scattering

approximations.

3.2 What are generalized Fokker-Planck equations?

The Fokker-Planck equation [52] arose as a means to describe the time

evolution of the single particle phase space density function for a particle immersed

in a heat bath of fixed temperature. In one dimension, the Fokker-Planck equation

is of the form

∂

∂t
f(t, x) =

(
∂

∂x
D1(x) +

∂2

∂x2
D2(x)

)
f(t, x). (3.1)

The coefficients D1(x), D2(x) characterize the drift and diffusive properties, re-

spectively, of the stochastic particle trajectory described probabilistically by f(t, x).

We take Fokker-Planck type equations to be PDE or ODE that describe diffusive

behaviors with or without the presence of drift. Hence the familiar diffusion equa-

tion is a “Fokker-Planck” equation.

In the coming discussion we will discover equations that describe diffusive

behaviors of the photon density, ψ(t, ω, r), in the direction space variable ω. These

equations are generalized Fokker-Planck equations. The term “generalized” is

used because diffusion takes place in the direction coordinates and does not cor-

respond to the description of an underlying random process taking place in the

spatial coordinates as in say, the diffusion equation. It is possible as well to de-

scribe diffusive behaviors of the photon density in the position space variables,

see [14, 36, 20] and § 2.5.

The forward scattering approximations to be presented can all be repre-

sented generically as

∂

∂t
ψ(t, ω, r) +∇ · ( ω ψ(t, ω, r)) + σaψ(t, ω, r) = F (4ω)ψ(t, ω, r). (3.2)

This is an example of a generalized Fokker-Planck equation (GFPE) due to the
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presence of the second order differential operator 4ω, known as the Laplace-

Beltrami operator1 ,

4ω =
∂

∂µ
(1− µ2)

∂

∂µ
+ (1− µ2)−1 ∂2

∂ϕ2
. (3.3)

F (·) is a continuous function defined on the spectrum of 4ω. The eigenfunctions

of the Laplace-Beltrami operator are the spherical harmonics [25]

Ynm(θ, ϕ) = (−1)(1/2)(m+|m|)
(

2n + 1

4π

(n− |m|)!
(n + |m|)!

) 1
2

Pn|m|(cos θ)eimϕ, (3.4)

and the eigenvalues of 4ω are

λn = −n(n + 1) for n = 0, 1, 2, . . . . (3.5)

The development of a precise form of F (·) such that

F (4ω)ψ(t, ω, r) ≈
∫

S2
f(ω · ω′)ψ(ω′, r)dω′ − σsψ(t, ω, r), (3.6)

will be the goal of the various forward scattering approximations we consider

in the ensuing sections. Mathematically, the ability to define such an F (·) is

supported by the spectral mapping theorem for linear operators, see §6.2 of [43],

and references therein.

3.3 Approximating the spectrum of the integral scattering operator

Researchers have pursued the approximation of the eigenvalues of the in-

tegral scattering operator to devise forward scattering operators that retain the

spectral behavior but are computationally less expensive alternatives to integral

scattering operators.

The eigenvalue relation of the integral scattering operator with arbitrary

phase function f(ω · ω′), is

L[Ynm(ω)] =
∫

S2
f(ω · ω′)Ynm(ω′)dω′ − σsYnm(ω) = −(σs − f̂n)Ynm(ω), (3.7)

1 Also known as the restriction of the Laplacian to the unit sphere or spherical Laplacian.
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with

f̂n = 2πσs

∫ 1

−1
f(ω · ω′)Pn(ω · ω′)d(ω · ω′). (3.8)

In practice, f̂n can be computed using Gauss-Legendre quadrature[12] when closed-

form formulas are not available. For the case in which f(ω · ω′) is the Henyey-

Greenstein phase function, f̂n = σsg
n. Letting ξ = ω · ω′, this can be seen by

inserting the Legendre polynomial series representation

σs(1− g2)

4π(1− 2gξ + g2)3/2
= σs

∞∑

n=0

2n + 1

4π
gnPn(ξ). (3.9)

into (3.8). The eigenvalue relation for integral scattering with Henyey Greenstein

phase function is thus

LHG[Ynm(ω)] = −σs(1− gn)Ynm(ω). (3.10)

Five approximations of the spectrum will be considered in the ensuing sec-

tions. The first is the development of the high order Fokker-Planck equation,

devised by Pomraning [48]. As a by-product the standard Fokker-Planck equa-

tion, (3.2) with F (4ω) = 4ω, can be obtained by truncating the high order

Fokker-Planck operator. Next, two approximations due to Larsen [37, 38] are de-

veloped. The first is the expansion of gn in (3.10) about g = 1, and the second

is the approximation of the spectrum of the general integral scattering opera-

tor, ie. without a specific choice of f(ω · ω′), using a rational approximation,

F (4ω) = α4ω(1 − β4ω)−1. The rational approximation is considered here in

the context of tissue optics in which Kim’s modification [32] enters. Lastly, we

make a further modification of the rational approximation useful for numerical

applications using the PN -method developed in the next chapter.

All of the approximate spectra will be compared to the spectra of the integral

scattering operator with Henyey-Greenstein phase function. This will provide

insight into their success in approximating the exact formulation of scattering in

tissue optics.
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3.3.1 High order Fokker-Planck operators

With an eye on approximating the spectra of the integral scattering oper-

ator, the development of the high order Fokker-Planck equation starts from the

assumption that scattering events only slightly change the trajectories of parti-

cles. This assumption can be formalized by assuming that the phase function,

f(ξ), satisfies

for ξ ∈ [−1, 1), f(ξ) ¿ f(1) and f(ξ) ¿ 1. (3.11)

The utilization of this assumption is made in the expression of the Legendre

moments of the phase function by noting the integrand in (3.8) is roughly zero

except near ξ = 1. The ξ dependence of the Legendre Polynomials in the definition

of f̂n is expanded in a Taylor series about ξ = 1,

Pn(ξ) =
∞∑

l=0

(−1)l

l!

(
dl

dξl
Pn(ξ = 1)

)
(1− ξ)l. (3.12)

We remark that because the Legendre polynomial of order n only possesses n-

derivatives, the sum above can really only be carried out to l = n. Pomraning

[48] showed that for 1 ≤ l ≤ n,

dl

dξl
Pn(ξ = 1) =

1

2ll!

l−1∏

i=0

(
n(n + 1)− i(i + 1)

)
. (3.13)

For l = 0, P (0)
n (1) = 1. Equation (3.13) is substituted into (3.12). This expression

is in turn substituted into the definition of f̂n which is placed in (3.7) to give

L[ψ] = 2π
∞∑

n=0

+n∑

m=−n

ψ̂nm(t, r)Ynm(ω)
n∑

l=0

(−1)l

2l(l!)2

l−1∏

i=0

(
n(n+1)−i(i+1)

) ∫ 1

−1
(1−ξ)lf(ξ)dξ−σsψ.

(3.14)

At this point we have approximated the spectrum of the integral scattering op-

erator. An important question to ask is what operator gives rise to this approx-

imation? The answer is arrived at by recognizing that the product of n(n + 1)

and Ynm(ω) can be replaced by -4ωYnm(ω). The final high order Fokker-Planck
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equation can be written succinctly with the definitions

Hl =





1, l = 0,

(−1)l+1

2l(l!)2
∏l−1

i=0

(
4ω + i(i + 1)

)
, 1 ≤ l ≤ n.

and

Tl = 2π
∫ 1

−1
(1− ξ)lf(ξ)dξ (3.15)

allowing

L[ψ] =
∞∑

l=0

HlTlψ(t, ω, r)− σsψ (3.16)

The use of equation (3.16) in the RTE results in a GFPE of high order. For

reference we list the high order Fokker Planck equation (HOFP)

∂

∂t
ψ(t, ω, r) +∇ · ( ω ψ(t, ω, r) ) + σaψ(t, ω, r) =

∞∑

l=0

HlTlψ(t, ω, r), (3.17)

with Hl and Tl given by (3.3.1) and (3.15), respectively.

3.3.2 The standard Fokker-Planck equation

Asymptotic arguments concerning the value of Tl based on the degree of

forward scattering, ie. the value of g, can be employed to truncate the sum in

(3.16) at some finite value of l. We verify that T0 = σs, T1 = σs(1 − g), H0 = 1

and H1 = 4ω/2. Defining ε = 1 − g, we can expand (3.16) to order ε assuming

ε ¿ 1

L[ψ] = σs

(
1 +

ε

2
4ω +O(ε2)

)
ψ − σsψ

=
σsε

2
4ωψ. (3.18)

This scattering operator substituted into the RTE gives the “standard” Fokker-

Planck equation

∂

∂t
ψ(t, ω, r) +∇ · ( ω ψ(t, ω, r) ) + σaψ(t, ω, r) =

σs(1− g)

2
4ωψ(t, ω, r). (3.19)
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In Appendix A the compatibility of the HOFP and the standard Fokker-

Planck equations with the integral scattering operator using the Henyey-Greenstein

phase function is assessed. It is found that neither the HOFP nor the standard

Fokker-Planck equation are valid in the limit ε → 0 for the integral scattering

operator determined by the Henyey-Greenstein phase function. This is a result of

the violation of (3.11) by the Henyey-Greenstein phase function. Nonetheless, we

explore the predictive power of these equations for tissue optics in Chapter 5. We

remark that the exponential phase function (2.7) does satisfy (3.11).

3.3.3 A standard Fokker-Planck operator in combination with a

pseudo-differential operator

The end product of this particular treatment will be the development of an

equation that captures the spectral properties of the integral scattering operator

in the limit of high optical thickness and forward-peaked scattering.

Optically thick media are those in which the average distance between scat-

tering events, given by ls, see §2.5, tends to zero. Forward scattering here refers

to the limit that the anisotropy, g, tends to one. No assumption of the form (3.11)

is made. Let: ε = 1 − g and σs = σ/ε. Then in the limit ε → 0 the following

situations occurs: ls = σ−1
s → 0 and g → 1. The eigenvalues of the integral

scattering operator with Henyey-Greenstein phase function are

LHG[Ynm(ω)] = −σs(1− gn)Ynm(ω) (3.20)

Replacing g and σs with the new definitions above gives

LHG[Ynm(ω)] = −σ

ε
(1− (1− ε)n)Ynm(ω). (3.21)

Expanding the rhs in a Taylor series about ε = 0 and retaining only quadratic

terms in ε yields

LH.G.[Ynm(ω)] =
(
σ(1 + ε)[−n]− εσ

2
[−n(n + 1)] +O(ε2)

)
Ynm(ω). (3.22)
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Lastly, the eigenvalue relation, 4ωYnm = −n(n+1)Ynm, is employed to introduce

the Laplace-Beltrami operator in the direction space variable, ω. The product

−nYnm(ω) is replaced with the pseudo-differential operator, L3/2, defined in Ap-

pendix B, owing to

L3/2[Ynm(ω)] =
1

4π
√

2

∫

S2

Ynm(ω′)
(1− ω · ω′)3/2

dω′ = −nYnm(ω). (3.23)

We remark that the above equation is to be interpreted as a principal value for

the integral to exist. The steady-state GFPE involving the pseudo-differential

operator to first order in ε is

∇·( ω ψ(t, ω, r) )+σaψ(t, ω, r) = σs(1−g)(2−g)L3/2[ψ(t, ω, r)]−σs(1− g)2

2
4ωψ(t, ω, r).

(3.24)

This equation is a linear combination of the standard Fokker-Planck operator

and the pseudo-differential operator L3/2. The term L3/2 incorporates large angle

scattering while the standard Fokker-Planck term describes forward scattering.

Note that the eigenvalues of this operator can become positive for 1−g sufficiently

greater than zero. See Figure 3.1.

3.3.4 The modified Leakeas-Larsen equation

To approximate the spectrum of the integral scattering operator, Leakeas

and Larsen [38] proposed a rational function of the Laplace-Beltrami operator

with two free parameters α and β of the form

F (4ω)Ynm(ω) = α4ω(1− β4ω)−1Ynm(ω) (3.25)

= −α[n(n + 1)](1 + β[n(n + 1)])−1Ynm(ω). (3.26)

α and β are chosen such that −(αn(n + 1))(1 + βn(n + 1))−1 approximates the

RTE eigenvalues −(σs − f̂n) as well as possible.
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Kim and Keller noted [32] that for the Henyey-Greenstein phase function,

f̂n = σsg
n tends to zero as n →∞. Then in the limit n →∞, it is desirable that

α/β = σs, so that the asymptotic behavior of the eigenvalues can be captured by

the parameters α and β. This is the “modification” that specializes the work of

Leakeas and Larsen to tissue optics, hence the name “modified Leakeas-Larsen

equation”. If in addition the parameters α and β are forced to capture the n = 1

eigenvalue−(σs−f̂1), as n = 0 is implicitly satisfied by construction, two equations

for α and β are obtained allowing for their determination. This results in 2

α =
σs(1− g)

2g
, β =

1− g

2g
. (3.27)

The modified Leakeas-Larsen equation (MLLE) is thus

∂

∂t
ψ(t, ω, r)+∇·( ω ψ(t, ω, r) )+σaψ(t, ω, r) = α4ω(1−β4ω)−1ψ(t, ω, r). (3.28)

3.3.5 The second modified Leakeas-Larsen equation

In the next chapter, the PN -method will be developed to solve the RTE

with Henyey-Greenstein phase function as well as the GFPE’s developed in the

present chapter. One feature of the PN -method that will become evident is the

use of the first N -eigenvalues of the scattering operator under consideration to

generate solutions. Computationally, one would never be able to use the full

infinite set of eigenvalues of the scattering operator at hand. With N = 46, it

has been shown that six digit accuracy can be obtained for solutions of the RTE

in the semi-infinite slab subject to plane wave illumination, see [44] as well as

Figure 5.1 of § 5.3. With this in mind, the asymptotic properties of the integral

scattering operator eigenvalues used to determine the parameters α and β of the

Leakeas-Larsen rational approximation should be adjusted.

2 We remark that these expressions are different than those obtained by Kim and Keller [32]
but we assume that (14) is what they had in mind.
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For a given calculation using the PN -method, in which N -eigenvalues of the

scattering operator are used, the highest order eigenvalue of the integral scattering

operator to be approximated in the Leakeas-Larsen equation is

λN = −σs(1− gN). (3.29)

This is of importance as for specific values of g it will not be the case that gN = 0.

An example of this is g = 0.9 with N = 100, so that (0.9)100 ≈ 0.366. Thus,

for a given calculation, a more accurate approximation of the first N eigenvalues

of the integral scattering operator with Henyey-Greenstein phase function by the

rational approximation of Leakeas and Larsen can be obtained by requiring that

α

β
= σs(1− gN). (3.30)

In this case α and β are defined according to

α = σs(1− gN)β, β =
1− g

2(g − gN)
. (3.31)

This adjustment will be shown to improve the accuracy of the Leakeas-Larsen

approximation in the limit as g tends to unity.

3.4 Comparison of scattering operator spectra

Having recalled the forward scattering approximations due to asymptotic

and spectral approximation arguments we close with a comparison of the eigen-

values of each scattering operator derived. All of the scattering operators have an

eigenspace defined by the set of spherical harmonics, an essential feature that will

be exploited in the sequel when we formulate the PN -method to solve the RTE

along with the GFPE’s. For completeness the eigenvalues of each of the scattering

operators derived in the previous sections are listed below.

(1) Integral scattering operator with arbitrary phase function

λn = −σs(1− f̂n) (3.32)
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(2) Integral scattering operator with Henyey-Greenstein phase function

λn = −σs(1− gn) (3.33)

(3) High order Fokker-Planck scattering operator (3.16)

λn =





0, l = 0,

2πσs
∑n

l=1
(−1)l

2l(l!)2
∏l−1

i=0

(
[n(n + 1)]− i(i + 1)

) ∫ 1
−1(1− ξ)lf(ξ)dξ, 1 ≤ l ≤ n.

(3.34)

(4) Standard Fokker-Planck scattering operator (3.19)

λn =
σs(1− g)

2
[−n(n + 1)] (3.35)

(5) Standard Fokker-Planck scattering operator with L3/2 (3.24)

λn = (1− g)(2− g)[−n] +
σs(1− g)2

2
[n(n + 1)] (3.36)

(6) Modified Leakeas-Larsen rational approximation (3.28)

λn =
α[−n(n + 1)]

1 + β[n(n + 1)]
(3.37)

In Figure 3.1 we present a typical comparison of the spectra over the range

n = 0 up to n = 25 for g = 0.9. To assess the accuracy of the approximations,

the spectra of the scattering operators is compared over the range of relevant

optical properties that characterize the tissue optics regime: g ∈ [0.7, 1). Defining

λH.G.(n) to be the eigenvalues of the integral scattering operator with Henyey-

Greenstein phase function and λGFP (n) to be the eigenvalues of the generalized

Fokker-Planck operators, the error

E(g; N) = max
n∈[0,N ]

|λHG
n (g)− λGFP

n (g)|
|λHG

n (g)| (3.38)
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Figure 3.4: Error in GFP scattering operator spectra for N = 50.
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in the discrete maximum norm is presented for all the GFPE (except for the

HOFP) in Figures 3.2-3.5, for N = 10, 20, 50, 100 and with g ∈ [0.7, 1). The error

is by construction independent of σs. HOFP errors are reported in Figure 3.6.

The progression of figures illustrates that the modified Leakeas-Larsen scat-

tering operators do the best job in reproducing the eigenvalues over the most

values of g, particularly as the number N of eigenvalues considered increases. Be-

cause the eigenvalues of the Fokker-Planck equation are unbounded, they provide

a poorer representation of the true spectra- though they improve as g approaches

one. The figures demonstrate the existence of a threshold in g beyond which the

the Fokker-Planck operator in combination with L3/2 reproduces the spectra best.

This threshold value of the anisotropy shifts to larger g with increasing N as a

result of the unbounded behavior in N exhibited by the eigenvalues in (3.36).

As well, the figures indicate that the correction to the modified Leakeas-

Larsen equation to capture the “locally” asymptotic eigenvalue, ie. the highest or-

der eigenvalue λN = −σs(1−gN), of the integral scattering operator with Henyey-

Greenstein phase function, reduces the error in the spectra for g near one. This

correction is more noticeable at lower values of N where the locally asymptotic

eigenvalue and the true asymptotic eigenvalue of the RTE with Henyey-Greenstein

phase function differ by the greatest magnitude.

The HOFP eigenvalues reproduce the spectrum extremely well for N ≤ 20.

Unfortunately, these eigenvalues become unbounded for N > 20. For calculations

involving up to N = 20 eigenvalues, no differences in the predicted photon density

should be observed when using the HOFP spectra. However, typical calculations

of the photon density when g = 0.9 require N = 30 eigenvalues to obtain converged

solutions when using the PN -method [44], see § 5.2.
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3.5 Summary

Forward scattering approximations to the integral scattering operator of

the RTE were derived. These approximations introduce functions of the spherical

Laplacian by attempting to reproduce the eigenvalues of the integral scattering

operator. The high order Fokker-Planck scattering operator was found to repro-

duce the spectra of the integral scattering operator over the appropriate optical

range of anisotropies characteristic of tissue optics the best for N ≤ 20 eigen-

values. However, calculations involving greater than N = 20 eigenvalues become

suspect as the HOFP spectra becomes unbounded. For calculations requiring

more than 20 eigenvalues, a suitable replacement for g ≤ 0.95 is the modified

Leakeas-Larsen equation, corrected to capture the locally asymptotic behavior of

the integral scattering operator eigenvalues. For sufficiently strong anisotropy, ie.

g > 0.95, the standard Fokker-Planck operator in combination with the pseudo-

differential operator L3/2 provided the best approximation to the spectrum of the

integral scattering operator.

In the next chapter a spectral method, known as the PN -method, will be

applied to the RTE to generate solutions for the cases of infinite and collimated

plane wave illumination of a semi-infinite half space. First a presentation of spec-

tral methods will be presented and then specialization to the tissue optics problem

will be considered.



Chapter 4

The PN-Method

4.1 Introduction to Spectral Methods

Spectral methods [12, 57] are a class of discretization schemes for differential

equations. The key components of a spectral methods’ formulation are the trial

functions, also known as the expansion or approximating functions, and the test

functions, also known as weight functions, used. The trial functions are used

to express the variable dependence of the unknown solution of the differential

equation through projection. The test functions are used to enforce the differential

equation in a weak sense; through integration against the test function. The choice

of trial/test functions used in the discretization scheme distinguishes the spectral

method. Examples of spectral methods with different test/trial functions include

Galerkin, collocation, and tau-spectral methods and the finite element method.

For Galerkin spectral methods, the space of test functions and trial functions

are the same. The choice of a set of test functions is made so that the members of

the set individually satisfy all or some of the boundary conditions. The differential

equation is enforced by requiring that the integral of the residual times each

test function be zero, accounting in the process of integration for any remaining

boundary conditions. The trial functions in a Galerkin method are typically a

complete orthonormal set of polynomials over the domain of the problem and arise

as solutions (eigenfunctions) to singular Sturm-Liouville problems. Examples are
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the Legendre polynomials, Chebyshev polynomials, etc.

In collocation methods, the trial functions are translated Dirac delta func-

tions centered at the collocation points. This approach requires that the differ-

ential equation be satisfied in the strong sense, ie. pointwise, at the collocation

points. Tau methods are essentially the same as the Galerkin method however,

the trial functions need not satisfy the boundary conditions. Instead the bound-

ary conditions are enforced through a supplementary set of equations called the

“tau-conditions”.

Finite element methods divide the domain of the problem into small ele-

ments and the trial/test functions are low-order functions specified in each ele-

ment. The low-order functions are (nearly) locally orthogonal and are used to

describe local properties of the solutions as opposed to the global description of

test functions in the Galerkin method. Finite-elements are well suited for complex

geometries owing to the local character of the trial functions.

Higher dimensional problems in all of the methods above are treated us-

ing tensor products of trial functions [13]. These methods result in large sparse

matrices that are typically in need of pre-conditioning to determine the unknown

expansion coefficients of the solution. This procedure has been carried out exten-

sively in fluid dynamics [11] and various other fields [9].

Alternatives to the use of tensor products of trial functions are composite

methods in which a spectral approach in one variable is combined with Fourier

or Laplace transform, finite differences, or normal mode expansions in the other

variables. For the case of the radiative transport equation, composite methods

which employ, for example, collocation in angle and normal mode expansions

(real exponentials) in space have been more common [7, 33, 32]. We mention

as well composite Galerkin methods in space using Chebyshev polynomials in

combination with collocation in angle [33, 3]. The use of tensor products of trial
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functions and the ensuing analysis of the (typically ill-conditioned) large sparse

system of coefficients remains a relatively unexplored avenue.

The most widely used discretization schemes used to treat the angular de-

pendence of the photon density in the radiative transport equation are the discrete

ordinates method [14, 39] and the PN -method [14, 23], though these are not the

only methods, see [55] for example. The discrete ordinates method is a collocation

method in angle due to Wick [59] and Chandrasekhar [16] while the PN -method is

a Galerkin spectral method due to Jeans [29]. In treating the generalized Fokker

Planck equations of Chapter 3, the PN -method is readily applicable to all of the

models [44] while the discrete ordinates method requires model-specific adapta-

tions to treat the scattering operators [32]. Additionally, the discrete ordinates

method leads to strong coupling when treating the integral scattering operator

through Gauss quadrature. The PN -method on the other hand treats the scatter-

ing operator without coupling the expansion coefficients of the Legendre series.

Moreover, the PN -method is applicable to any scattering theory provided the

eigenfunctions of the scattering operator are the spherical harmonics. It is for

these reason that we pursue calculations of the photon density in the semi-infinite

slab using the PN -method.

In the next section a general overview of Galerkin methods is presented. We

then apply the PN - method in detail to the RTE for the case of infinite plane wave

illumination.

4.2 The Galerkin Spectral Method in Detail

Suppose we have an equation of the form

∂

∂t
u(t, x) = M[u(t, x)] s.t (t, x) ∈ [0, T ]×D, (4.1)
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with [0, T ] the time interval and D the spatial domain s.t. D ⊂ R. For simplicity

we assume D is (0, L) with L > 0. M[u(t, x)] is an operator of linear or nonlinear

type that encompasses spatial derivatives of the solution, u. We assume suitable

boundary and initial conditions on u are specified.

In a Galerkin method the solution u is approximated as the projection onto a

set of complete orthogonal polynomials over (0, L). We denote these polynomials

φk(x), and assume their orthogonality with respect to the weighted inner product

∫ L

0
w(x)φk(x)φk′(x)dx = δkk′ . (4.2)

The projection of u onto the set of polynomials, φk is then

u(t, x) =
∞∑

k=0

ûk(t)φk(x), (4.3)

with

ûk(t) =
∫ L

0
w(x)u(t, x)φk(x)dx. (4.4)

Ultimately, the infinite sum in (4.5) must be truncated for some k = N . This

truncation is denoted

uN(t, x) =
N∑

k=0

ûk(t)φk(x) (4.5)

The degree to which uN approximates u is well studied for specific model problems

[12]. For instance if u is continuous, periodic, and of bounded variation on (0, L),

then uN is uniformly convergent to u on (0, L). The situation improves beyond

uniform convergence if u and uN possess greater regularity. Specifically if u is

m-times continuously differentiable, m ≥ 1, in (0, L) and if u(j) is periodic for all

j ≤ m−2 then ûk = O(k−m), speeding up the convergence of the series (4.5). We

refer to Chapters 5 and 6 of [12] for rigorous details.

Upon substitution of uN into the generic model problem (4.1) we define the

residual

∂

∂t
uN(t, x)−M[uN(t, x)] = 0. (4.6)



46

If we apply (4.6) pointwise in (t, x) we enforce the strong form of (4.1). In con-

trast, the Galerkin approximation is obtained by selecting a test function Tk and

requiring

∫ L

0

( ∂

∂t
uN(t, x)−M[uN(t, x)]

)
Tkdx = 0, k = 0, 1, 2, . . . (4.7)

This integral requirement is termed a discrete weak formulation as opposed to

(4.6). The term weak results from the integration. In addition if one integrates

by parts in (4.7), the regularity properties of Tk are increased by requiring their

derivatives to be well defined, while the regularity of uN is relaxed. Solutions to

pde are often obtained in this way [22].

The test functions Tk are chosen to be the same as the trial functions in the

Galerkin method so that orthogonality can be brought to bear. One obtains the

system

∂

∂t
ûk′ −Mkk′ûk′ = 0, (4.8)

that is solved when supplemented with initial conditions. The matrix

Mkk′ =
∫ L

0
w(x)M[uN(t, x)]φk′dx. (4.9)

is in general sparse and couples the indices of the expansion coefficients ûk′ . The

sparsity arises from the recursion relations for the spatial derivatives of the trial

functions. Time dependence is typically handled through any number of finite-

differencing methods including Runge-Kutta and Adams-Bashforth schemes [12]

or matrix exponentiation [41].

With an understanding of the general mechanics of the spectral Galerkin

method, the machinery of the method is brought to bear on the steady state RTE

describing the illumination of a semi-infinite half space subject to plane wave

illumination. The Galerkin method is used as a piece of a composite method

consisting of a normal mode expansion in the depth dependence, z. The trial
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functions of the Galerkin approximation will ultimately be Legendre Polynomials

though a preliminary analysis using spherical harmonics is a necessary first step.

The great utility of the Galerkin method using Legendre polynomials to treat the

directional dependence of the RTE is in its ability to treat arbitrary scattering

operators provided they possess spherical harmonics as eigenfunctions.

4.3 PN-Method Applied to the General Transport Problem

Having discussed the RTE and generalized Fokker-Planck models of interest

in §3.3, we now dicuss a general framework in which numerical solutions to each of

them can be obtained using a composite Galerkin spectral method. We begin by

specifying the time-independent transport problem in the semi-infinite slab with

a general scattering operator, L[·],

(µ∂z + σa) ψ(µ, z) = L[ψ(µ, z)], (µ, z) ∈ [−1, 1]× [0, L]. (4.10)

The infinite plane-wave boundary conditions on the faces of the slab are

ψ(µ, z = 0) = δ(µ− 1), µ ∈ [0, 1], (4.11)

ψ(µ, z = L) = 0, µ ∈ [−1, 0]. (4.12)

The scattering operator L[·] can be any of the scattering operators considered in

§3.3 though one is of course not limited to these examples! The only requirement

of the scattering operator is that it possess spherical harmonics as eigenfunctions.

The method we outline consists of three steps: treating the z-derivative through

an exponential ansatz (normal modes), expanding the remaining µ dependencies

in spherical harmonics- and then performing some algebra to obtain an expansion

in terms of Legendre polynomials. Lastly, the boundary conditions (4.11-4.12) are

applied by collocation to solve for the expansion coefficients of the normal modes

in z.
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4.3.1 Normal mode expansion in z

The z-dependence of the radiance is addressed via z-exponential ansatz

[14, 21], exploiting separability of the angular and spatial variables

ψ(µ, z) = φ(µ)eγz. (4.13)

We remark that Kim [33] and Asadzadeh [3] have both used Chebyshev polynomi-

als to treat the z dependence. Upon substituting (4.13) into the general transport

equation (4.10) we obtain the following eigenvalue problem

(µγ + σa) φ(µ) = L[φ(µ)], µ ∈ [−1, 1]. (4.14)

In the next section this differential equation will be reduced to a set of algebraic

relations after expanding the angular dependence in Legendre polynomials.

4.3.2 Expansion in (spherical harmonics) Legendre polynomials

To begin, we replace µ by ω·k̂ in the eigenvalue problem (4.14). Then φ(ω·k̂)

is expanded in spherical harmonics on both sides of (4.14). We concentrate on

the rhs of (4.14) to elucidate the generality of the method as it applies to different

scattering operators. We have

L[φ(ω · k̂)] = L
[ ∞∑

n=0

+n∑

m=−n

φ̂nYnm(ω)Y ∗
nm(k̂)

]
, (4.15)

where

φ̂n = 2π
∫ 1

−1
φ(µ)Pn(µ)dµ. (4.16)

We now operate with L[·] on Ynm(ω) in (4.15) keeping in mind

L[Ynm] = λnYnm, (4.17)

where λn is given by any of the expressions in §3.4 depending on the choice of scat-

tering operator L[·]. Substituting (4.17) into (4.15), substituting that result into
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the rhs of (4.14) and applying the addition theorem gives the following equation

for the Legendre expansion of φ(µ)

(γµ + σa)
∞∑

n=0

2n + 1

4π
φ̂nPn(µ) =

∞∑

n=0

2n + 1

4π
λnφ̂nPn(µ). (4.18)

We note that the sums are infinite and the φ̂n cannot be determined for all n.

Instead the sums are truncated at some finite value N − 1 (There are a total

of N Legendre polynomials used, including n = 0, hence the name PN -method).

Specifically

φ(µ) ∼=
N−1∑

n=0

2n + 1

4π
φ̂nPn(µ). (4.19)

The PN -method has been criticized because it has long been thought that the

number N of Legendre polynomials needed to obtain accurate numerical solutions

is restrictively large. While this may be true for the three dimensional RTE with

no inherent symmetries, we will show this not to be the case for the semi-infinite

slab problem with azimuthal symmetry considered here.

As described in the previous section, the Galerkin method is made complete

by enforcing the equation (4.18) via integration against a test function, chosen

here to be the Legendre polynomials. The integration against Pk(µ) requires some

recursion relations that we omit by referring the reader to [14] for an explanation

of the steps involved. This integration results in the following set of algebraic

constraints that couple only three of the Legendre coefficients, φ̂k

γ

2k + 1

[
kφ̂k−1 + (k + 1)φ̂k+1

]
+ (σa − λk)φ̂k = 0 for k = 0, 1, . . . , N − 1. (4.20)

We rewrite the above in matrix form

(γA + D) φ̂ = 0 or − A−1Dφ̂ = γφ̂. (4.21)

where φ̂ is now a vector of Legendre coefficients, φ̂ = (φ̂0, φ̂1, . . . , φ̂N−1)
T , and the
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N ×N matrices A and D have the following structure

A =




0 1 0 0 · 0

1/3 0 2/3 0 · 0

0 2/5 0 3/5 · 0

· · · · · 0

· · k/(2k + 1) 0 (k + 1)/(2k + 1) ·
· · · · · ·
· · · · 0 N/(2N − 1)

0 0 0 0 N/(2N + 1) 0




,(4.22)

D = diag(σa − λ0, σa − λ1, . . . , σa − λN−1). (4.23)

We remark that A is non-singular when N−1 is odd [21]. The eigenvalue problem

(4.21) can now be solved for the N eigen-pairs (γ, φ̂).

4.3.3 Imposing boundary conditions

Following Kim and Keller [32], the solution to the general transport problem

is represented as a superposition of normal modes

ψ(µ, z) =
N/2∑

l=1

clφ
+
l (µ)eγ+

l
(z−L) +

N/2∑

l=1

dlφ
−
l (µ)eγ−

l
z. (4.24)

We note that the sums are finite as a result of our truncation of the sum of Legen-

dre polynomials in µ. The number of Legendre modes determines the number of

normal modes. The truncation of (4.19) at N results in N distinct normal modes.

The eigenvalue problem (27) admits N/2 distinct eigen-pairs (γl, φ̂l) in which the

eigenvalue γl > 0 for l = 1, 2, . . . , N/2. We denote the eigenvalue then as γ+
l and

the corresponding eigenvector as φ̂+
l . Likewise there are N/2 negative eigenvalues

and we denote these eigen-pairs as (γ−l , φ̂−l ). In this way we can split the sum over

z-exponential modes as in (4.24). In general we observe that −γ+
l = γ−l for each l.
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This property emerges in the discrete ordinates method where it can be utilized

in reducing the number number of computations necessary to produce numerical

solutions [32]. Note that the vector of Legendre coefficients, φ̂, is now indexed by

l corresponding to the eigenvalue γ±l . We thus denote φ̂ by φ̂±l and note that this

vector of coefficients is related to φ±(µ) through

φ±l (µ) ∼=
N−1∑

n=0

2n + 1

4π
φ̂±lnPn(µ). (4.25)

The coefficients cl and dl are furnished through the boundary conditions (4.11)-

(4.12) by collocation in µ over [0, 1] at z = 0 and collocation in µ over [ -1, 0] at

z = L. This results in the system of equations

ψ(µi, z = 0) =
N/2∑

l=1

cle
−γ+

l
Lφ+

l (µi) +
N/2∑

l=1

dlφ
−
l (µi) = h(µi), µi ∈ [0, 1],(4.26)

ψ(µi, z = L) =
N/2∑

l=1

clφ
+
l (µi) +

N/2∑

l=1

dle
γ−l Lφ−l (µi) = 0, µi ∈ [−1, 0]. (4.27)

The collocation points µi are chosen to be the zeros of the N th-order Legendre

polynomial[12], µi s.t. PN(µi) = 0.

4.3.4 Summary of the PN-method: Numerical Procedure

To recap we overview the numerical procedure on a step-by-step basis.

(1) Specify the eigenvalues, λn, of the scattering operator of interest when

acting on the spherical harmonics, see § 3.3. These eigenvalues may be

determined analytically, as in the case of the FPE and MLLE, or using

Gauss-Legendre quadrature- as in the RTE with any phase function de-

pendent only on ω · ω′. These eigenvalues populate the diagonal matrix

D in (4.21).

(2) Solve the eigenvalue problem (4.21) for the eigen-pairs (γ−l , φ̂−l ) and (γ+
l , φ̂+

l ).

(3) Solve (4.26), (4.27) for the coefficients cl and dl.
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The backscattered light distribution at z = 0 can then be constructed ac-

cording to (4.26), using collocation points in [ -1, 0]. Similarly for the transmission,

(4.27) can be used however with collocation point in [0,1]. For completeness we

report these expressions

Backscatter

ψ(µi, z = 0) =
N/2∑

l=1

cle
−γ+

l
Lφ+

l (µi) +
N/2∑

l=1

dlφ
−
l (µi), µi ∈ [−1, 0], (4.28)

Transmission

ψ(µi, z = L) =
N/2∑

l=1

clφ
+
l (µi) +

N/2∑

l=1

dle
γ−

l
Lφ−l (µi), µi ∈ [0, 1]. (4.29)

Results for (4.28), (4.29) are presented in Chapter 6 for scattering given by the

Henyey-Greenstein phase function and the various GFPE for values of anisotropy

in the tissue-optics range. The angular boundary condition is a Gaussian of the

form

h(µ) =
1

ls
√

2π
e−(µ−1)2/4l2s . (4.30)

In the next chapter the convergence properties of the PN -method are inves-

tigated.

4.4 Summary

Spectral methods, with an emphasis on Galerkin methods, were introduced.

The PN -method was demonstrated to be a Galerkin type spectral method and

can used in combination with a normal mode expansion to solve the depth and

angle dependent RTE. The PN -method is applicable to any scattering operator

provided the eigenfunctions of the scattering operator are the spherical harmonics.

Three term coupling of the expansion coefficients was observed. The PN -method
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provides the same amount of coupling regardless of the scattering operator used.

For this reason, the PN -method can be used as a tool to explore different tissue-

light interactions without recourse to model-specific numerical methods.

In the next chapter the converge rate of the solutions is investigated as the

number of Legendre polynomials used in the calculation is increased and as the

anisotropy ranges through the tissue-optics range: g ∈ [0.7, 1). As well, the effect

of increasing the number of polynomials kept in the solution on the computation

time to produce solutions is explored. It will be seen that the time required

to solve the depth and angle dependent problem is conducive to multiple side-

by-side comparisons of transport equations with varied tissue-light interactions.

In Chapter 6 solutions to the RTE with Henyey-Greenstein phase function are

compared to the generalized Fokker-Planck models considered in Chapter 3.



Chapter 5

Convergence Properties of the PN -method

5.1 Introduction

In this chapter we investigate the impact of the truncation order of the

Legendre polynomial series, (4.25), and hence normal mode expansion, (4.24), on

the relative error of solutions of the transport equation, the time required to obtain

these solutions, and the condition number associated with the matrix form of the

boundary conditions, (4.26) and (4.27), used to obtain the expansion coefficients

of the normal mode expansion. Additionally, the role anisotropy, g, plays in the

convergence behavior is also investigated. The optimal truncation, n∗, for each

scattering theory is identified for each g in the range [0.7, 0.999], given a specified

tolerance in the realtime error.

These results are of an empirical nature and no attempt at a theory of con-

vergence, computation time, and condition number for the PN -method is made.

This appears to be an open problem of numerical analysis. In contrast, the con-

vergence properties of the discrete ordinates method is well documented, see [30]

for instance.

5.2 Definition of the Relative Error

Solutions to the transport problem obtained using different orders of trun-

cation in the Legendre series (4.25) used to define the photon density in (4.24) are
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expressed on different Gauss-Legendre points. For example, if the highest order

Legendre polynomial used in a calculation is N − 1, then the optimal grid points

in µ are the zeros of the N th-order Legendre polynomial: µi s.t. PN(µi) = 0 for

i = 1, 2, . . . , N [12]. Resolving the solutions over any other grid, eg. a uniform

grid, than the optimal quadrature points introduces oscillatory errors into the

solutions [57].

Instead of comparing the solutions at different orders on a pointwise basis,

we present the relative error in the calculation of the reflected current, Rn, termed

reflectance, and transmitted current, Tn, termed transmittance, computed using

n Legendre polynomials. These quantities are defined as direction space integrals

in ω of the backscattered and transmitted radiance, respectively. In this way we

circumvent the pointwise incompatibility of the solutions at different truncation

orders. The reflectance and transmittance are computed using Gauss-Legendre

quadrature [12] and are defined

Rn = −
∫ 0

−1
µψn(µ, 0)dµ, (5.1)

Tn =
∫ 1

0
µψn(µ, L)dµ. (5.2)

The relative error is defined

ER(n, g) =
|RN −Rn|
|RN | , n = 2, 4, . . . , N − 2, (5.3)

ET (n, g) =
|TN − Tn|
|TN | , n = 2, 4, . . . , N − 2, (5.4)

where the index N denotes the number of Legendre polynomials used in the high-

est order, and presumably most accurate, numerical solution of the RTE. The

index n is the number of Legendre polynomials used in a lower order solution.

The g dependence denotes the level of anisotropy of the material specified in the

calculation. We recall that the anisotropy enters through the eigenvalues of the

scattering operator, see (4.21), and influences the normal mode eigenvalues, γ, in
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(4.24). We expect that as n approaches N ,

lim
n→N

ER(n, g) = 0 lim
n→N

ET (n, g) = 0. (5.5)

Important questions are: How quickly does the convergence to zero occur? What

role does anisotropy play in slowing down / speeding up the convergence? Are

solutions with a desired tolerance of the relative error computable in a short

enough amount of time? These questions are addressed in the subsequent sections.

5.3 Convergence of the Relative Error in Truncation Order, n

Figures 5.2 through 5.11 present the convergence profile of the RTE with

Henyey-Greenstein phase function and the various generalized Fokker-Planck op-

erators of Chapter 3 for strong levels of anisotropy: g = 0.9, 0.99, 0.999. Due

to the singular nature of scattering as g tends to one, the need to include more

Legendre polynomials in the solution is expected. We expect then that anisotropy

slows down the convergence rate. Convergence in the presence of less anisotropy

is explored in § 5.4.

In each of the Figures 5.2-5.11, a benchmark reflectance/transmittance using

N = 100 Legendre polynomials is used. A semi-log-y scale is employed to infer

the convergence rate of the relative error profiles. All of the plots were generated

under the same material conditions: σs = 100 [ cm−1], σa = 1 [ cm−1], L = 1 [cm].

One striking feature of Figures 5.2-5.11 is the non-constant rate of decay

of the relative error. The local variations of the relative error possess minima

that provide higher order accuracy at lower order truncations. A rather extreme

example of this can be seen in the decay structure of the RTE with g = 0.9 in

Figure 5.2, in which the N = 46 relative error is equal to that of the N = 98

relative error. This same behavior pervades most of the decay curves, albeit to a

lesser degree.



57

Secondly, the decay rates exhibit a transition from a faster average rate of

decay over part of the truncation range, typically 2 ≤ n ≤ 40, to a slower average

rate of decay over the remaining truncation range. An example of this can be seen

in Figure 5.1 which displays the convergence profile of the relative error for the

transmitted flux at the incident surface of a slab computed with the RTE with

Henyey-Greenstein phase function. The average convergence behavior in the fast

range is fitted on the semi-log-y scale with a line using a least squares procedure in

Matlab [26]. The slower convergence is fitted with a second-order polynomial. In

all of the profiles, the faster convergence in n is found to be proportional to exp(-

αn). For Figure 5.1, α = 0.282, with fast convergence over the range of truncation

2 ≤ n ≤ 44. The slower convergence in n is found to be proportional to exp(-

γn2 + δn) for all of the operators over roughly the second half of the truncation

range. Exceptions to this are the profiles for the second modified Leakeas-Larsen

operator whose convergence rate is slow (∝ exp(-γn2 +δn)) for approximately 3/4

of the truncation interval. In Figure 5.1, slow convergence occurs over the range

48 ≤ n ≤ 98 with (γ, δ) = (0.001974, 0.2262).

In Tables 5.1-5.2 the convergence behavior characterized by α for fast con-

vergence of the relative error for both the reflected (Table 5.1) and transmitted

(Table 5.2) flux at the surfaces of the slab for g=0.9, 0.99, and 0.999 are pre-

sented for each of the scattering operators. Additionally the maximum value n

for which fast convergence occurs is also presented. These data are inferred from

Figures 5.2-5.11 using the fitting process described for Figure 5.1. In general, the

fit lines for fast convergence of the relative error suggest an exponential behavior

in n though the convergence is slower than exp(-n). Exponential convergence is

characteristic of spectral methods in general [12].

Both the local variations of the relative error and transition from fast to

slow average convergence are advantageous to computation as both behaviors fa-
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vor truncation of the Legendre series in the range 40 ≤ n ≤ 50. This means less

memory requirements and due to the pointwise implementation of boundary con-

ditions, a smaller matrix to invert to find the normal mode expansion coefficients

in (4.26) and (4.27), see § 5.7.

Lastly, we remark on certain shortcomings of the solutions obtained as in-

dicated by the presence of slow convergence rates. Slow convergence is seen over

all truncation orders in the second Modified Leakeas-Larsen equation for g =

0.99 and 0.999. The relative error 10−4 is obtainable only in the limit of keeping

N = 98 Legendre modes for transmission and is unobtainable at N = 98 modes

in reflection. The error does decay at a comparative rate to that of the RTE and

standard Fokker-Planck operator for g = 0.9 in both reflection and transmission.

The slow convergence rate of solutions to the second modified Leakeas-

Larsen equation is attributed to the slow convergence of the eigenvalues of this

scattering operator to −σs as n increases. By design, the second modified Leakeas-

Larsen operator matches the highest order integral scattering operator eigenvalue,

not −σs. See § 3.3.5. For instance, with g = 0.99 and n = 20, the n = 20

eigenvalue is −100(1−0.9920) = −18.209 while the n = 100 eigenvalue is −100(1−
0.9920) = −63.397. These eigenvalues in turn change the spectra, γl, used in

the normal mode expansion. This is in contrast to the first modified Leakeas-

Larsen operator whose n = 20 and n = 100 eigenvalues are -67.96 and -98.077

respectively. These eigenvalues converge faster to −σs and thus provide a similar

set of eigenvalues λn used in the matrix equation (4.21) to determine the normal

mode spectra γl in (4.24).

The standard Fokker-Planck operator in combination with the pseudo-differential

operator L3/2 exhibits trouble converging at g = 0.9 for both transmitted and re-

flected fluxes, see Figures 5.9 and 5.10. This is attributed to the positivity of

the eigenvalues λn of this operator at g = 0.9, see Figure 3.1. As g increases
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Figure 5.1: Convergence of the transmitted current computed using the RTE with
HG phase function reported for g=0.9. The function exp(-αn + β), α = 0.282,
(dashed) provides a fit of the faster convergence, with exp(-γn2 + δn − ε), (γ, δ)
= (0.001974, 0.2262), (solid) fitting the slower convergence.
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g = 0.9 g = 0.99 g = 0.999
RTE+H.G.

α 0.2937± 0.0412 0.2525± 0.0219 0.25± 0.0296
n 46 46 38

F.P.
α 0.2912± 0.0358 0.2825± 0.0433 0.1918± 0.0215
n 48 48 74

Mod. L.L.
α 0.2745± 0.0287 0.2805± 0.0378 0.2096± 0.0274
n 50 50 64

Mod. L.L.#2
α 0.26± 0.0336 0.05934± 0.00457 0.05164± 0.00824
n 36 98 98

F.P. + L3/2

α - 0.2526± 0.0219 0.2563± 0.0322
n 2 46 36

Table 5.1: Reflected Flux: Convergence rate, α, with 95% confidence bounds, of
the exponential decay of the relative error. The value n denotes the point at which
the convergence rate becomes sub-exponential.

g = 0.9 g = 0.99 g = 0.999
RTE+H.G.

α 0.282± 0.0307 0.2766± 0.0348 0.2789± 0.0293
n 56 48 56

F.P.
α 0.2835± 0.0247 0.2769± 0.0351 0.2899± 0.0253
n 56 48 60

Mod. L.L.
α 0.2851± 0.0325 0.266± 0.0406 0.2906± 0.0254
n 48 42 58

Mod. L.L.#2
α 0.2562± 0.0328 0.3264± 0.1619 0.2606± 0.0488
n 36 26 30

F.P. + L3/2

α - 0.2817± 0.0375 0.2789± 0.0293
n 2 48 54

Table 5.2: Transmitted Flux: Convergence rate, α, with 95% confidence bounds,
of the exponential decay of the relative error. The value n denotes the point at
which the convergence rate becomes sub-exponential.
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away from 0.9, the eigenvalues of this operator become purely negative and the

corresponding solution becomes more regular. This is evident in the decay rates

at g = 0.99 and 0.999. In the next section, a more exhaustive study of the influ-

ence of the anisotropy factor on the convergence properties of the relative error is

carried out over g ∈ [0.7, 1).

5.4 Dependence of the Relative Error Convergence on Anisotropy

Factor, g

The relative error is presented as a function of the anisotropy factor g for

various truncation values, n, in figures 5.12-5.21. The most desirable dependence

of the relative error on g would be a weak dependence as g tends towards one,

where more Legendre modes are required to describe the forward-scattering be-

havior of the photons.

Weak dependence indeed predominates for the RTE with Henyey-Greenstein

phase function, Figures 5.12-5.13, the standard Fokker-Planck operator, Figures

5.14-5.15, and the modified Leakeas-Larsen equation, Figures 5.16-5.17. One pe-

culiar property is the existence of anisotropy factors that give rise to local minima

in the relative error. See Figures 5.13, 5.15, and 5.17. This “resonant” behavior

occurs systematically for N = 60, 80 and only for the transmitted flux. A suitable

explanation for this behavior has not been found.

Lastly we remark the large growth in error, as g tends to one, present in the

second modified Leakeas-Larsen profiles, Figures 5.18 and 5.19. This is attributed

to the change in the ‘local asymptotic eigenvalue’ mentioned in § 3.3.5 and the

previous section. The opposite behavior occurs for the Fokker-Planck operator

in combination with the pseudo-differential operator, L3/2. The eigenvalues of

this operator become purely negative as (1-g) approaches zero and the solutions

become more regular. The accuracy of this operator improves as g tends to 1.
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Figure 5.21: Convergence of the transmitted current computed using the Fokker-
Planck operator in combination with L3/2 reported for N = 20, 40, 60, 80.
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Figure 5.2: Convergence of the reflected current computed using the RTE with HG
phase function reported for g=0.9 (circles), g=0.99 (triangles), g=0.999 (squares).
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Figure 5.3: Convergence of the transmitted current computed using the RTE
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Figure 5.4: Convergence of the reflected current computed using the standard
Fokker-Planck equation reported for g=0.9 (circles), g=0.99 (triangles), g=0.999
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Figure 5.5: Convergence of the transmitted current computed using the standard
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Figure 5.6: Convergence of the reflected current computed using the modified
Leakeas-Larsen equation reported for g=0.9 (circles), g=0.99 (triangles), g=0.999
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Figure 5.7: Convergence of the transmitted current computed using the modified
Leakeas-Larsen equation reported for g=0.9 (circles), g=0.99 (triangles), g=0.999
(squares).
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Figure 5.8: Convergence of the reflected current computed using the second mod-
ified Leakeas-Larsen equation reported for g=0.9 (circles), g=0.99 (triangles),
g=0.999 (squares).
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Figure 5.9: Convergence of the transmitted current computed using the second
modified Leakeas-Larsen equation reported for g=0.9 (circles), g=0.99 (triangles),
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Figure 5.10: Convergence of the reflected current computed using the Fokker-
Planck + L3/2 operator reported for g=0.9 (circles), g=0.99 (triangles), g=0.999
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Figure 5.11: Convergence of the transmitted current using the Fokker-Planck +
L3/2 operator reported for g=0.9 (circles), g=0.99 (triangles), g=0.999 (squares).
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Figure 5.13: Convergence of the transmitted current for RTE with HG phase
function reported for N = 20, 40, 60, 80.
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Figure 5.14: Convergence of the reflected current computed using the standard
Fokker-Planck equation reported for N = 20, 40, 60, 80.
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Figure 5.15: Convergence of the transmitted current computed using the standard
Fokker-Planck equation reported for N = 20, 40, 60, 80.
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Figure 5.16: Convergence of the reflected current computed using the modified
Leakeas-Larsen equation reported for N = 20, 40, 60, 80.
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Figure 5.17: Convergence of the transmitted current computed using the modified
Leakeas-Larsen equation reported for N =20, 40, 60, 80.
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Figure 5.18: Convergence of the reflected current computed using the second
modified Leakeas-Larsen equation reported for N = 20, 40, 60, 80.
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Figure 5.19: Convergence of the transmitted current computed using the second
modified Leakeas-Larsen equation reported for N = 20, 40, 60, 80.



80

5.5 Optimal Truncation Order, n∗, for each g

In Figures 5.22-5.26 the optimal truncation order is found for each scattering

model for the reflected and transmitted flux over the range of anisotropies g ∈
[0.7, 1). The criteria for choosing an optimal operational value of the Legendre

truncation, denoted n∗, should provide a good compromise between accuracy and

computational requirements. Though, as we will see in the next section, the

computation time associated with truncation in n even at n = 100 is not at all

prohibitive of prompt side-by-side comparisons of scattering theories. However,

we would still like to do the least amount of work possible!

The optimal truncation order, n∗, is determined by specifying a tolerance,

TOL, such that when n = n∗

ER(n∗, g) ≤ TOL, (5.6)

TR(n∗, g) ≤ TOL. (5.7)

In Figures 5.22-5.26 TOL is set to 10−3 and 10−4 for both the reflected and

transmitted flux. n∗ is found to be below 40 for the integral scattering operator,

the Fokker-Planck operator, and modified Leakeas-Larsen operator for both tol-

erances. For the second modified Leakeas-Larsen operator and the Fokker-Planck

operator in combination with L3/2, both require many more modes to account for

reflection than transmission. This suggests that these operators are better suited

for small angle scattering calculations. The second modified Leakeas-Larsen equa-

tion is unable to obtain a relative error of 10−4 for n ≤ 100.

5.6 Computation Time

In Figure 5.27 we illustrate the time required to compute solutions to the

linear transport equation as the number of Legendre modes used in the solution
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Figure 5.22: Optimal truncation order, n∗, of the RTE determined for g ∈
[0.7, 0.99] and for both the reflected (TolR = 1E-3, 1E-4) and transmitted (TolT
= 1E-3, 1E-4) flux.
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Figure 5.23: Optimal truncation order, n∗, of the Fokker-Planck equation de-
termined for g ∈ [0.7, 0.99] and for both the reflected (TolR = 1E-3, 1E-4) and
transmitted (TolT = 1E-3, 1E-4) flux.
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Figure 5.24: Optimal truncation order, n∗, of the modified Leakeas-Larsen equa-
tion determined for g ∈ [0.7, 0.99] and for both the reflected (TolR = 1E-3, 1E-4)
and transmitted (TolT = 1E-3, 1E-4) flux.
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equation determined for g ∈ [0.7, 0.99] and for both the reflected (TolR = 1E-3)
and transmitted (TolT = 1E-3) flux. For this scattering theory, a tolerance level
of 1E-4 is unobtainable for n ≤ 100.



85

0.7 0.75 0.8 0.85 0.9 0.95 1
10

20

30

40

50

60

70

80

90

100

g

 n
*

Tol
T
 = 1E−3

Tol
T
 = 1E−4

Tol
R

 = 1E−3

Tol
R

 = 1E−4

Figure 5.26: Optimal truncation order, n∗, of the Fokker-Planck operator + L3/2

operator determined for g ∈ [0.98, 0.999] and for both the reflected (TolR = 1E-3,
1E-4) and transmitted (TolT = 1E-3, 1E-4) flux.
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increases. Data for the RTE with Henyey-Greenstein phase function, the standard

Fokker-Planck equation, and the modified Leakeas-Larsen equation are presented.

The RTE time profile was generated under the assumption that we had not known

f̂n = gn in the expression for the eigenvalues −σs(1 − f̂n). Gaussian quadrature

was used to determine the f̂n. Indeed, the RTE calculations are slower as a result

of the Gauss quadrature needed to determine the eigenvalues, however, solutions

are still quickly obtained, eg. 2.52 seconds for n = 98 Legendre polynomials. Both

the FPE and MLLE eigenvalues are coded using their exact expressions given in

§3.4 and take the same amount of time, eg. just over half a second for n = 98

Legendre polynomials. Computations were carried out on an Intel Dual Core

machine.

Time requirements for the PN -method are negligible for generating solutions

with relative errors in the range 1E-4.

5.7 Condition Number of Boundary Condition Matrix

The last area of numerical concern is the determination of the normal mode

expansion coefficients, see § 4.3.3. The coefficients are obtained through colloca-

tion in µ at the boundaries of the slab z = 0 and z = L. The boundary conditions

at z = 0 and z = L were introduced in (4.26) and (4.27), respectively, and admit

the matrix form

V




~c

~d


 =




V1 V2

V3 V4







~c

~d


 =




~h

0


 . (5.8)

For 1 ≤ l ≤ N/2 and 1 ≤ k ≤ N/2, the sub-matrices Vi of V are defined

{V1}lk =
N−1∑

n=0

2n + 1

4π
φ̂+

lnPn(µk)e
−γ+

l
L, µk ∈ [0, 1], (5.9)
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{V2}lk =
N−1∑

n=0

2n + 1

4π
φ̂−lnPn(µk), µk ∈ [0, 1], (5.10)

{V3}lk =
N−1∑

n=0

2n + 1

4π
φ̂+

lnPn(µk), µk ∈ [−1, 0], (5.11)

{V4}lk =
N−1∑

n=0

2n + 1

4π
φ̂−lnPn(µk)e

γ−
l

L, µk ∈ [−1, 0]. (5.12)

With

~c = (c1, c2, . . . , cN/2)
T , (5.13)

~d = (d1, d2, . . . , dN/2)
T , (5.14)

~h =
(
h(µ1), h(µ2), . . . , h(µN/2)

)T
, µk ∈ [0, 1], (5.15)

0 = (0, 0, . . . , 0)︸ ︷︷ ︸
N/2−terms

. (5.16)

The inversion of the matrix V is essential to the PN -method. It is desirable that

V remain both invertible as the truncation order of the Legendre series increases

and that it remain well-conditioned. The condition number of a matrix provides

a gauge on how numerically well-posed a problem is. Moreover, the number of

significant digits in the coefficients of the normal mode expansion can be inferred

from the exponent of the resulting number when multiplying the condition number

by the machine precision, ε [40]. Well-conditioned matrices are always invertible

[40], thus the condition number will allow us to classify both desired properties of

V.

5.7.1 Definition of the Condition Number

When solving matrix equations of the form

A~x = ~b (5.17)

it is natural to ask how sensitive the solution ~x is to changes in both ~b and A.

Systems in which small changes in ~b or A produce large changes in ~x are said to
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be ill-conditioned. The condition number is defined [40]

κ(A) = ||A−1||1 · ||A||1 (5.18)

where the matrix 1-norm is defined

||A||1 = max
j

∑

i

|Aij|. (5.19)

In Figure 5.28 the condition number of the matrix V is determined up to

truncation N = 200 in the Legendre series. The maximal value of the condition

number is 275. Using single precision arithmetic, a 24-bit mantissa is used for

number storage providing a machine accuracy ε = 2−23 = 1.19 ∗ 10−7. The

number of significant digits in the numerical values of the expansion coefficients is

roughly, see [40], 7−log(275) = 4.561 ∼ 4. The situation improves if less Legendre

modes are used. For instance at N = 100, in Figure 5.28, κ(V) = 80.38, hence

7− log(80.38) ∼ 5 digit accuracy is obtained in the expansion coefficients.

5.8 Summary

The condition number of the boundary value matrix V is sufficiently small

to allow application of the PN -method to order N = 200 with 4 digit accuracy

in the expansion coefficients, see (4.26) and (4.27). The convergence of the rel-

ative error for solutions obtained using the PN method was shown to converge

exponentially in the truncation order, n, of the Legendre series. The decay rate

of the relative error is not constant. It exhibits local minima that can be em-

ployed to obtain accuracies at lower order truncations obtainable at higher order

truncations. The optimal truncation order, n∗, of the PN -method was identified

for each scattering operator in the range g ∈ [0.7, 0.999]. The computation time

required for truncations ≤ 100 were found to be conducive to prompt side-by-side

comparison of scattering theories.
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In the next chapter we compare and contrast the scattering theories. Our

main goal will be in the assessment of the ability of the generalized Fokker-Planck

equations of Chapter 3 to describe transport as modeled by the integral scattering

operator with Henyey-Greenstein phase function over the range of anisotropies

characteristic of tissue optics.



Chapter 6

Accuracy of Generalized Fokker-Planck Equations in Tissue Optics

6.1 Introduction

Using the PN -method, the ability of the generalized Fokker-Planck equations

to describe transport in anisotropic media is investigated. Typical solutions are

presented for the angularly resolved backscattered and transmitted radiance, the

reflectance and transmittance, and depth-dependent fluence rate. Solutions to the

transport equation with Henyey-Greenstein phase function and the generalized

Fokker-Planck equations are then compared in a quantitative fashion through the

L2-error. It is found that the radiance, flux and fluence are best described by the

pseudo-differential operator L3/2 in combination with the spherical Laplacian in

the limit g → 1. However, for values of the anisotropy in the typical tissue optics

range of g ∈ [0.7, .9], the modified Leakeas-Larsen equation is found to be the best

model.

6.2 Solutions: Backscattered and Transmitted Radiance

The backscattered and transmitted radiance are presented in Figures 6.1-

6.10 for various values of the anisotropy factor in the range g ∈[0.7, 0.9]. A

slab thickness of 1 [cm] is assumed throughout along with the standard material

properties σs = 100 [cm−1], σa = 1 [cm−1].
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For the backscattered radiance, the modified Leakeas-Larsen approxima-

tions agree best with the Henyey-Greenstein curve at g = 0.7 and g = 0.8, see

Figures 6.1 and 6.2, respectively, though deviations are seen as scattering be-

comes more anisotropic at g = 0.9 and above, see Figures 6.3-6.5. For values

of anisotropies greater than 0.9, Figures 6.4-6.5, the backscattered radiance is

best described by the pseudo-differential operator L3/2 in combination with the

spherical Laplacian.

In the transmission profiles, the Fokker-Planck model and modified Leakeas-

Larsen equations compare favorably to the transport equation with Henyey-Greenstein

phase function for anisotropies g = 0.7, 0.8 and 0.9, see Figures 6.6-6.8. As in

the case of backscatter, the pseudo-differential operator L3/2 in combination with

the spherical Laplacian does the best job above g = 0.9, see Figures 6.9-6.10.

In general as g becomes closer to one, the Fokker-Planck and modified Leakeas-

Larsen radiances in both transmission and backscatter begin to converge. This is

attributable to the similarity of the analytical form of their scattering operator

spectra as g tends to one. See §3.4.

In the next section, the agreement of the radiances for all anisotropies in

the tissue optics range will be studied through an L2-error analysis.

6.3 L2-Error of RTE and GFPE Solutions: Radiance

In this section we present the relative error of the backscattered and trans-

mitted radiances of the generalized Fokker-Planck equations in the L2-norm. We

refer simply to “the error” or L2-error from hence forth and define the L2-error

between solutions to the RTE with Henyey-Greenstein phase function, ψRTE, and

the GFPE, ψGFP , as

||ψRTE − ψGFP ||L2(a,b)(z) =
( ∫ b

a
|ψRTE(µ, z)− ψGFP (µ, z)|2dµ

)1/2
. (6.1)
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Figure 6.1: Backscattered Radiance, g = 0.7, N = 100
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Figure 6.2: Backscattered Radiance, g = 0.8, N = 100
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Figure 6.3: Backscattered Radiance, g = 0.9, N = 100
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Figure 6.4: Backscattered Radiance, g = 0.99, N = 100
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Figure 6.5: Backscattered Radiance, g = 0.999, N = 100
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Figure 6.6: Transmitted Radiance, g = 0.7, N = 100
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Figure 6.7: Transmitted Radiance, g = 0.8, N = 100
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Figure 6.8: Transmitted Radiance, g = 0.9, N = 100
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Figure 6.9: Transmitted Radiance, g = 0.99, N = 100
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Figure 6.10: Transmitted Radiance, g = 0.999, N = 100
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We consider only z = L in which a = 0 and b = 1 for transmission, and z = 0

in which a = −1 and b = 0 for backscatter. Figures 6.11 and 6.12 present the

L2-error for the backscattered radiance and Figures 6.13 and 6.14 present the

L2-error for the transmitted radiance.

In the backscattered error profile we find again that the modified Leakeas-

Larsen equations are the best choice for anisotropies in the range g ∈ [0.7, 0.9],

with the pseudo-differential operator in combination with the spherical Laplacian

being the best choice in the case of scattering with anisotropies in the range g >

0.9. Note that for forward-scattering in the range 0.99 to 0.999, the Fokker-Planck

and modified Leakeas-Larsen equations are indistinguishable. This is attributed

to the similarity of their scattering operator eigenvalues as g tends towards one.

In the transmission profiles the same behaviors occur: the modified Leakeas-

Larsen equations again dominate the Fokker-Planck equation over the range of

tissue anisotropies [0.7, 0.9]. The pseudo-differential operator is again the best

choice for stronger forward-scattering characterized by g > 0.9. Note as well that

because the integral scattering operator with Henyey-Greenstein phase function

does not possess an asymptotic Fokker-Planck limit as g tends to one, the L2-error

continues to grow in the range of 0.99 < g < 0.999. In general all of the GFPE

are more accurate in predicting the transmitted intensity distribution over the

range of anisotropies in [0.7, 0.9] as opposed to backscatter over the same range

of g. From Figures 6.11 and 6.13 we see the L2-error in transmission is bounded

by 3×10−4 in transmission as opposed to 3×10−1 in backscatter for g ∈ [0.7, 0.9].

6.4 Relative Error of RTE and GFPE Solutions: Surface Currents

The relative error of the backscattered and transmitted currents are pre-

sented in Figures 6.15-6.18. The backscattered and transmitted surface currents

were introduced in §2.4. The relative error in the surface currents of the GFPE
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Figure 6.11: L2-error of the RTE and GFPE Backscattered Solutions vs. g,
N = 100
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Figure 6.12: L2-error of the RTE and GFPE Backscattered Solutions near g = 1,
N = 100
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Figure 6.13: L2-error of the RTE and GFPE Transmitted Solutions vs. g, N = 100
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Figure 6.14: L2-error of the RTE and GFPE Transmitted Solutions near g = 1,
N = 100



109

are determined according to comparison to the current of the RTE with Henyey-

Greenstein phase function according to

R(N ; g) =
|RRTE −RGFP |

|RRTE| , T (N ; g) =
|TRTE − TGFP |

|TRTE| . (6.2)

N denotes the number of Legendre polynomials used in the calculation. g is the

anisotropy factor of the scattering material.

The accuracy of the GFPE in predicting the surface currents is found

to be dominated by the modified Leakeas-Larsen equations over the range of

anisotropies [0.7, 0.9] in both backscatter and transmission, with the pseudo-

differential operator in combination with the spherical Laplacian being the best

model over the range of strong forward-scattering, g > 0.9. Again we find that

the modified Leakeas-Larsen equations predict the same result as the standard

Fokker-Planck equation as g tends to one.

6.5 Solutions: Depth-dependent Fluence

In Figures 6.19-6.22 the fluence rate, introduced in §2.4, is presented for

anisotropies 0.7, 0.8, 0.9, 0.99 respectively. The GFPE are all quantitatively sim-

ilar to the fluence predicted by the RTE with Henyey-Greenstein phase function.

For g =0.7, 0.8 and 0.9 the Fokker-Planck equation overshoots the peak in the

fluence rate while the modified Leakeas-Larsen equations match the peak of the

RTE with Henyey-Greenstein phase function. Again we observe that the Fokker-

Planck and modified Leakeas-Larsen equations give identical results as g ∼ 1. In

the next section the relative errors of the fluence rates is compared in the L2-norm.

6.6 L2-Error of RTE and GFPE Solutions: Fluence

The L2-error of the fluence is presented in Figures 6.23-6.24. The modified

Leakeas-Larsen equations are found to be the best approximate models over the
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Figure 6.15: Relative Error of the Reflected Current vs. g, N = 100
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Figure 6.16: Relative Error of the Reflected Current near g = 1, N = 100
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Figure 6.17: Relative Error of the Transmitted Current vs. g, N = 100
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Figure 6.18: Relative Error of the Transmitted Current near g = 1, N = 100



114

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

3.5

F
 (

z)
 [W

/c
m

]

z [cm]

RTE

FP

Mod. LL

Mod. LL 2

0 0.05 0.1
1.5

2

2.5

3

3.5

F
 (

z)
 [W

/c
m

]

z [cm]

Figure 6.19: Fluence, g = 0.7, N = 100
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Figure 6.20: Fluence, g = 0.8, N = 100
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Figure 6.21: Fluence, g = 0.9, N = 100
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Figure 6.22: Fluence, g = 0.99, N = 100
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range of anisotropies [0.7, 0.9] with the pseudo-differential operator in combination

with the spherical Laplacian being the best approximate forward-scattering theory

in the range of forward-scattering anisotropies [0.99, 0.999].

6.7 Summary

Using the PN -method, the ability of the generalized Fokker-Planck equations

to describe transport in anisotropic media was investigated. Typical solutions were

presented for the angularly resolved backscattered and transmitted radiance, the

reflectance and transmittance, and depth-dependent fluence rate. Solutions to the

transport equation with Henyey-Greenstein phase function and the generalized

Fokker-Planck equations were then compared in a quantitative fashion through

the L2-error of their solutions. It was found that the radiance, flux and fluence rate

are best described by the pseudo-differential operator L3/2 in combination with

the spherical Laplacian in the limit g → 1. However, for values of the anisotropy

in the typical tissue optics range of g ∈ [0.7, .9], the modified Leakeas-Larsen

equation is found to be the best model.
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Figure 6.24: L2-error of the Fluence near g = 1, N = 100



Chapter 7

Summary and Outlook

The main result of this dissertation is the discovery that the PN -method pro-

vides accurate and timely solutions to linear transport equations with scattering

operators of integral and differential type. More generally, the PN -method is appli-

cable to any scattering operator whose eigenfunctions are the spherical harmonics.

Operators that satisfy this requirement are integral scattering operators with any

scattering phase function, such as the Henyey-Greenstein phase function, and

functions of the Laplace-Beltrami operator- characteristic of forward-scattering

approximations. The PN -method was used to compare forward-scattering ap-

proximations of the RTE with Henyey-Greenstein phase function. Such approx-

imations include the Fokker-Planck equation, the modified Leakeas-Larsen equa-

tion and the standard Fokker-Planck operator in combination with the pseudo-

differential operator L3/2. It was found that the radiance, flux and fluence rate

are best described by the standard Fokker-Planck operator in combination with

the pseudo-differential operator L3/2 in the limit g → 1. However, for values

of the anisotropy in the typical tissue optics range of g ∈ [0.7, .9], the modified

Leakeas-Larsen equation was found to be the best model.

One open area of research is the extension of the PN -method to collimated

illumination of a semi-infinite half-space. Collimated illumination has been in-

vestigated numerically by Kim [34] using the Fokker-Planck equation and subse-



122

quently investigated using the Electric Field Monte Carlo (EMC) method applied

to the RTE by the author [45]. The Fokker-Planck equation predicts the formation

of a halo about the point of illumination in the backscattered light. The halo is

believed to result from near forward scattering events of photons as they traverse a

scattering medium; giving rise to semi-circular trajectories that allow the photons

to exit the surface through which they entered in a characteristic circular pattern.

Using EMC, the author observed the halo only for the case of pulsed collimated

illumination while the standard Fokker-Planck equation predicts a steady-state

halo formation.

Halo formation has yet to be seen experimentally though it appears to have

been ruled out in the lab for steady-state collimated illumination [10]. Time-

resolved experiments are ultimately needed to establish the existence of halo for-

mation. Should the halo exist, it would be of great use for non-invasive charac-

terization of biological materials. Using the EMC, the author has shown that the

time-dependent halo behavior is sensitive to absorption [46] and anisotropy factor

[45].
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Appendix A

Incompatibility of the Henyey-Greenstein phase function and

Fokker-Planck equations

Researchers have been concerned with the compatibility of forward-scattering

approximations and accurate models of tissue-light interactions. The most widely

used, empirically tested, phase function is the Henyey-Greenstein phase function,

presented in Chapter 1.

fHG(ω · ω′) =
σs(1− g2)

4π(1− 2g(ω · ω′) + g2)3/2
, (A.1)

The compatibility of the Henyey-Greenstein phase function may be tested

by considering the weighting factors, Tl, of equation (3.15) that determine the

truncation order of the high order Fokker-Planck equation given in (3.16). Specif-

ically we assess their value in the limit as ε = (1− g) tends to zero.

Fortunately, the Henyey-Greenstein phase function is closely related to the

generating function of the Legendre polynomials and can be represented as the

following infinite sum, let ξ = ω · ω′,

σs(1− g2)

4π(1− 2gξ + g2)3/2
= σs

∞∑

m=0

2m + 1

4π
gmPm(ξ). (A.2)

Putting (A.2) into (3.15) one finds that in the limit ε = (1− g) → 0 [48],

lim
ε→0

Tl =

(
2l−1

2l − 1

)
ε, l ≥ 2. (A.3)
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This finding shows that all of the terms in the series are of order ε and cannot be

omitted. Thus we find that not only does the standard Fokker-Planck equation

fail but also the higher order Fokker-Planck equation fails[48] when using the

Henyey-Greenstein phase function. This results from the violation of (3.11) by

the Henyey-Greenstein phase function. The Henyey-Greenstein phase function

falls off algebraically from ξ = 1, and hence too slowly, for (3.11) to be satisfied.

See [47, 48].
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Derivation of the eigenvalue relation L3/2Ynm(ω) = −nYnm(ω)

amsmath

In Chapter 3 the pseudo-differential operator L3/2, see (3.36), was intro-

duced. Some insight is provided into its definition and to the origin of the eigen-

value relation

L3/2Ynm(ω) = −nYnm(ω). (B.1)

The origin of L3/2 is a scaling argument made on the integral scattering operator

with Henyey-Greenstein phase function. Recall for ξ = ω · ω′,

f(ξ) =
σs(1− g2)

4π(1− 2gξ + g2)3/2
= σs

∞∑

n=0

2n + 1

4π
gnPn(ξ). (B.2)

In the context of § 3.3.3 we consider the above under the scaling ε = 1 − g and

σs = σ/ε in the limit of high optical thickness and forward scattering

1

σ
lim
ε→0

σs(1− g2)

4π(1− 2gξ + g2)3/2
=

1

σ
lim
ε→0

σs

∞∑

n=0

2n + 1

4π
gnPn(ξ). (B.3)

For convenience, each side is considered separately. The lhs

1

σ
lim
ε→0

f(ξ) =
1

σ
lim
ε→0

σs(1− (1− ε)2)

4π(1− 2(1− ε)ξ + (1− ε)2)3/2

=
1

4π
√

2(1− ξ)3/2
. (B.4)

The rhs

1

σ
lim
ε→0

σs

∞∑

n=0

2n + 1

4π
gnPn(ξ) =

1

σ
lim
ε→0

σs

∞∑

n=0

2n + 1

4π

(
1− εn + ε2n(n− 1) +O(ε2)

)
Pn(ξ)
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= lim
ε→0

1

ε

∞∑

n=0

2n + 1

4π
Pn(ξ) +

∞∑

n=0

2n + 1

4π
(−n)Pn(ξ) (B.5)

= lim
ε→0

1

ε
δ(ξ − 1) +

∞∑

n=0

2n + 1

4π
(−n)Pn(ξ). (B.6)

Putting these results together in the context of the integral scattering operator

with Henyey-Greenstein phase function, LHG,

1

σ
lim
ε→0

LHG[Ynm(ω)] = lim
ε→0

1

ε

∫

S2
δ(ω · ω′ − 1)Ynm(ω′)dω′

+
∞∑

n=0

(−n)
m=n∑

m=−n

Ynm(ω)
∫

S2
Y ∗

nm(ω′)Ynm(ω′)dω′. (B.7)

For this integral to exist, it must be interpreted as a principal value: one takes

the limit as γ goes to zero of the integral over the unit sphere excluding the small

disk γ > ω · ω′ − 1. With this principal value interpretation, the above integral

exists and the pseudo-differential operator is well defined by

L3/2[ψ(ω)] =
1

4π
√

2

∫

S2

ψ(ω′)
(1− ω · ω′)3/2

dω′. (B.8)



Appendix C

OneDrtePn.m: A Matlab M-file Implementation of the PN -method

The following M-file was used to determine solutions of the radiative trans-

port equation for all of the scattering theories presented in chapter three. The code

is organized as follows: oneDrtePn.m is the main program file with dependencies

amatrix.m, dmatrix.m, Gauss.m, legendre associated.m.

At the time of writing, the M-files Gauss.m and legendre associated.m

are available at the Mathworks website: http://www.mathworks.com/matlabcentral/.
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function [BackRad, TransRad] = oneDrtePn(n,g,sigs,siga,L,modelNum)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Determines the solution of the one-dimensional RTE in slab geometry.

% Input:

% n = the number of polynomials in the Pn-method, must be even.

% g = anisotropy factor.

% sigs = scattering cross section.

% siga = absorption cross section.

% L = slab thickness.

% modelNum = 1 for RTE w/ HG, 2 for FP, 3 for MLL,

% 4 for MLL2, 5 for FP+L3/2

% Output:

% BackRad = backscattered radiance at z = 0.

% TransRad = transmitted radiance at z = L.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Insure that an even number of Legendre polynomials are used

% so that the matrix ‘A’, in (4.22), isn’t singular.

if ( mod(n,2) = 0 )

fprintf (1,’n has to be even!!! ’);

error (’dmatrix - Fatal error!’);

end

A = amatrix(n);

D = dmatrix(n,g,sigs,siga,modelNum);

H = -inv(A)*D;

[Evec,Evl] = eig(H);
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% Construct V1, V2, V3, V4 matrices of (5.8)

% Quadrature points and weights

[mu, wt] = Gauss(n);

% Matrix representation of the Legendre polynomials.

for l=1:1:n % loop over order of Leg. poly.

for imu = 1:1:n/2 % loop over quad. pts.

% Use abscissa from Gauss-Legendre quadrature

% mu > 0

W1(l,imu) = (2*l-1)*legendre associated (l-1,0,mu(imu+n/2))/4/pi;

% mu < 0

W2(l,imu) = (2*l-1)*legendre associated (l-1,0,mu(imu))/4/pi;

end

end

% Select positive eigenvalues, put the associated eigenvectors in P1,P2

kpos = 1;

for i=1:n

if Evl(i,i) > 0

P1(:,kpos) = Evec(:,i)*exp(-Evl(i,i)*L); % z = 0

P2(:,kpos) = Evec(:,i); % z = L

kpos = kpos + 1;

end

end

kpos = kpos - 1; % Number of positive eigenvalues

% Select negative eigenvalues, put the associated eigenvectors in N1,N2

kneg = 1;

for i=1:n

if Evl(i,i) < 0
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N1(:,kpos) = Evec(:,i); % z = 0

N2(:,kpos) = Evec(:,i)*exp(Evl(i,i)*L); % z = L

kneg = kneg + 1;

end

end

kneg = kneg - 1; % Number of negative eigenvalues

% Construct V1, V2, V3, V4 matrices of (5.8)

V1 = P1’*W1; % see, (5.9)

V2 = N1’*W1; % see, (5.10)

V3 = P2’*W2; % see, (5.11)

V4 = N2’*W2; % see, (5.12)

% Define the matrix V (5.8)

V = cat(1, cat(2,V1’,V2’),cat(2,V3’,V4’));

% Define angular boundary conditions

% mu > 0, z = 0

param = 1/sigs;

for imu = 1:n/2

BCmuPos(imu) = exp(-(mu(imu+n/2)-1)∧2/(param∧2)/4)/param/sqrt(pi);

end

% mu < 0, z = L

BCmuNeg = zeros(1,n/2);

BC = cat(1,BCmuPos’,BCmuNeg’);

% coeff are the normal mode expansion coefficients

coeff = linsolve(V, BC);

% Define

for ii=1:kpos

c(ii) = coeff(ii);
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end

for ii=1:kneg

d(ii) = coeff(ii+kpos);

end

% Construct the solutions

BackRad = a*(P1’*W2) + b*(N1’*W2); % z = 0, mu < 0

TransRad = a*(P2’*W1) + b*(N2’*W1); % z = L, mu > 0

function A = amatrix(n)

% Program to compute the ‘A’ matrix, (4.22)

for i = 1:n

for j = 1:n

if i == j + 1

A(i,j) = j./(2*j+1);

elseif j == i + 1

A(i,j) = (i)./(2*i-1);

else

A(i,j) = 0;

end

end

end
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function D = dmatrix(N,g,sigs,siga,modelNum)

for in = 1:N

if modelNum == 1 % RTE w/ H.G.

lambda = -sigs*(1-g.∧(in-1));

end

if modelNum == 2 % FP

lambda = -sigs*(1-g)*(in-1)*(in)/2;

end

if modelNum == 3 % Mod. L. L.

beta = (1-g)/2/g;

alpha = sigs*(1-g)/2/g;

lambda = -alpha*in*(in-1)/(1+beta*in*(in-1));

end

if modelNum == 4 % Mod. L. L. 2

beta = (1-g)/(2*(g-g∧N));

alpha = sigs*(1-g∧N)*beta;

lambda = -alpha*in*(in-1)/(1+beta*in*(in-1));

end

if modelNum == 5 % FP + L3/2

lambda = -sigs*(in-1)*(1-g)*(2-g) + sigs*(1-g)∧2*(in-1)*in/2;

end

D(in,in) = siga - lambda;

end
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