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Abstract

DIELECTRIC PROPERTIES OF THE MAGNETIC 
SURFACE OF NEUTRON STARS 

by
Joseph Ventura

Adviser: Professor Vittorio canuto

In this work we examine the effect of the pulsar magnetic
12 13field estimated at ~10 - 10 G on the dielectric proper­

ties of the nonrelativistic surface plasma of the neutron 
star. Making use of quantum theory we obtain explicit ex­
pressions for the dielectric tensor 6̂  ̂ which governs the 
propagation of electromagnetic waves. Since the magnetoionic 
expressions for t . have frequently been used in the pulsar

T
literature, emphasis is given to recovering these expressions 
and establishing the domain of their validity. Deviations 
from the magnetoionic theory have been carefully explored in 
the long wave-length approximation. A numerical study is also 
given for a "one-dimensional" electron gas, where only the 
ground state Landau level is occupied. It was possible to 
establish the magnetoionic modes for a surprisingly broad 
range of physical parameters.



The last part of our study is devoted to the effect of 
collisions in the magnetic surface. We find that the geome­
try of a scattering event is drastically affected by the prê  

sence of the magnetic field. In order to incorporate such 
effects, we were led to a one-dimensional multichannel for­
mulation of scattering theory. Explicit and general expres­
sion were obtained for the scattering cross-section and col­
lision frequency in the magnetic field. A reduction of the 
effective collision frequency with increasing magnetic field 
strength is found.
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PART I 
GENERAL INTRODUCTION

1. Anisotropic Emission from Pulsars
The puzzling properties of pulsar radiation has posed, 

since the discovery in 1968, a choice between two general 
classes of possible emission sources. The observed pulses 
could be produced either by the pulsations of a star, giving 
rise to successive increase and decrease of its brightness, 
or by a rotating "lighthouse" type of source. Furthermore, 
the emitting region could be no larger than one hundred kilo­
meters in diameter as evidenced by the sharp detail of the 
observed pulses.^ (Interference would give rise to further 
smoothening of the signal in a more extended source.)

As no possible stellar candidate pulsating at the char­
acteristic period of less than a second could be sustained, 
the discussion soon settled on rotating cosmic sources of 
small dimension, namely dense collapsed stars. The existence 
of such stars as the end products of stellar evolution was
postulated on theoretical grounds in a brief paper by Landau 

2in 1932. The argument used is that a celestial body, which 
has depleted its thermonuclear fuels, is bound to decrease 
its size, and radiate its thermal energy until Fermi degeneracy 
takes effect, and builds up enough pressure to stop any further 

collapse.
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Several years later white dwarfs were identified as
members of nearby binary stars. White dwarfs are made of
normal atomic matter, compressed by their own gravity to

5—8 3characteristic densities of 10 /g cm . Their weight is 
sustained by the pressure of the atomic electrons, which 
form a degenerate, almost relativistic, electron gas. The 
structure and properties of these stars were investigated by

3Chandrasekhar in 1939. Electron degeneracy can hold the 
weight of stars with masses up to a critical mass = 1.2 M^. 
The end of more massive stars may lie in considerable mass 
loss during the Cefeid variable period, or in an explosive
supernova event, with the remaining core becoming a neutron

4 5star, or a black hole. '
In the neutron star state it is neutron degeneracy 

(occurring at nuclear densities) which is responsible for 
holding the considerably increased weight of the star. Just 
as in the case of electron degeneracy, neutron degeneracy can 
sustain stable stars up to a critical mass, which is estimated 
at 1.5 - 3 M0. Beyond this limit the star is unstable. The 
uncertainty in determining the critical mass is due to our 
incomplete knowledge of the equation of state for dense 
nuclear matter.

The third possible state of the black hole is a still 
denser state reached when the star collapses below its
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Schwarzschild radius at which the star's gravitational energy 
equals its rest mass. This represents the state of total 
collapse. At this density, the behavior of the object is

gdescribed by the laws of general relativity.
Pulsars are now identified as rotating magnetic neutron 

stars, and as such, offer the first observational evidence 
for the existence of such objects in space. Quite remarkably, 
this identification is based only on negative evidence, 
namely, that it has been possible to exclude all other pro­
posed candidates on theoretical grounds.7 The microscopic 
mechanism responsible for their characteristically nonthermal 
emission still eludes a satisfactory explanation. Any pro­
posed emission mechanism has, first of all, to account for 
the anisotropy in the radiation, needed in order to produce
a collimated beam. It has been argued that the possible ex-

12istence of enormous magnetic fields, of the order of 10
Gauss, threading these stars could givs rise to anisotropic

. . 8 emission.
Even though the radiation mechanism is still unknown, 

considerable progress has been made in understanding the 
structure and properties of neutron stars. All the knowledge 
thus gained confirms, in what might seem like a series of 
coincidences, the original hypothesis: that the pulsar is a
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7 9rotating magnetic neutron star. * In the next section we 
will review the general properties of neutron stars.
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2. Structure of Neutron Stars3*7
The properties of degenerate matter at high densities 

have been studied for about 40 years, and are summarized in 
Landau & Lifschitz.^ When normal atomic matter is placed 
under high pressure, its electronic structure is disrupted by 
pressure ionization. A plasma results, composed of atomic 
nuclei, which have been stripped of all their electrons, 
and a degenerate electron gas. At densities  ̂~ 2 x 10^

3g/cm the electrons become relativistic. Normal nuclei im­
mersed in a sea of relativistic electrons are unstable to
the inverse beta decay and this results in the formation of

11 3neutron-rich nuclei. At densities of 4.3 x 10 g/cm free
12neutrons begin to appear outside the nuclei, and at £ — 10

3g/cm the matter density becomes dominated by the degenerate
14 3neutron sea. At densities of 3 x 10 g/cm , the swollen

neutron-rich nuclei begin to merge and lose their identity.
Below that level one has neutron matter. Zero temperature
matter thus consists of a degenerate neutron sea with Fermi
energy 30 MeV, and a sea of degenerate protons and electrons,
each of which has about 4% of the neutron abundance. At a

14 3density ~ 4 x 10 g/cm the electron Fermi energy reaches
15 3120 MeV. For densities j> — 10 g/cm the contribution of 

hyperons becomes important, cf. Fig. 1.
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The whole spectrum of densities described above is en­
countered in the typical neutron star, so that the determi­
nation of its detailed structure in hydrostatic equilibrium 
becomes a matter of considerable complexity. The very gener­
al features of a degenerate neutron sphere in equilibrium
under the influence of its gravity, were first studied by

12Openheimer and Volkov in the context of the general theory 
of relativity, as is appropriate for dense and heavy objects 
such as neutron stars. Treating the neutrons as noninterac­
ting Fermi particles at zero temperature, they obtained a

*critical mass M = 0.72 (1 , above which the star would bec © '
unstable. Even though hydrostatically stable, the above 
neutron sphere is not realistic in its composition. Chemical 
equilibrium predicts a considerably richer structure as de­
scribed above, giving rise to deviations in the equation of
state from that of a T = 0 neutron gas. Including these ef-

13fects, more realistic models of neutron stars have revised
the critical mass M upwards to values between 1.6 - 2 M .c 0

Finally, two body forces can have a profound effect on 
the structure of the neutron star. Neutrons with opposite 
spins (in the S state) experience a small attractive force

hM is the solar mass.©
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in the. densities considered. In the degenerate neutron gas
this small attraction is expected to give rise to the forma-

7 9tion of pairs characteristic of the superfluid state. '
13 14This is expected to happen at densities — 10 - 10

. 3g/cm , and temperatures below the critical temperature Tc
estimated 10^ °K. The energy gap A ,  characteristic of the
superfluid state, decreases, however, at higher densities,

14 3 14and finally disappears at  ̂ ~  1,5 - 2 x 10 g/cm .
However, the superfluidity need not vanish at this point be-

14 3cause at p ) 1,5 x 10 g/cm the P state (in the triplet
state with spin 1) becomes attractive. The density 

14 3pn = 1.5 x 10 g/cm corresponds to the neutron density m  

atomic nuclei, the total density in the nuclei being about 
double that value.

The proton liquid is superconducting, and behaves ap­
proximately like the neutron liquid, except that its density 
is smaller by one or two orders of magnitude. As a result of 
the Coulomb repulsion between protons, the energy gap is 
probably smaller by one order of magnitude than for the 
neutron liquid. This results in a critical temperature for 
proton superconductivity Tc ~ 10 °K. The electrons, however,
do not become superconducting. This happens because of their 
highly relativistic nature. For relativistic electrons the 
ratio of the Coulomb energy to the kinetic energy is of the
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order of the fine structure constant a, and therefore, as 
pointed out by Ginzburg,^ is too small for pairing to exist 
at any finite temperature.

The temperature in neutron stars is T < T^, and there­
fore superfluid neutrons and superconducting protons as dis­
cussed above are expected in the interior of the neutron 
star. The point is that due to neutrino and electromagnetic 
radiation the star cools rapidly from its original tempera­
ture of formation (estimated at 1011 °K for a supernova 

16core ). Furthermore, due to its exceedingly high thermal 
and electrical conductivity, the entire star, soon after its 
formation, obtains a temperature lower than 1-5 x 10 °K.

Another many-body feature, characteristic of this low 
temperature, arises near the surface of the star, where a 
solid crust is expected to form.17 This region is populated
by fully ionized nuclei and relativistic electrons. The
melting temperature T is determined from the condition

2 2 -1/3f k T = e Z/r. , where r. = n. is the average distancem ' i ' i x
between nuclei with charge eZ. The numerical factor is 
f  ~ 100-200, i.e. melting sets in when the kinetic energy of 
the ions is about two orders of magnitude smaller than their 
Coulomb interaction. The melting temperature is therefore

- ioY z ** *K
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If Z£10 and (> 2. 10^ g/cm3 the temperature is 2  10^ °K, 
Thus besides a thin plasma (liquid or gas) outer layer, an 
appreciable plasma layer of the star should be solid.

In summary, then, the typical neutron star of mass 
M = 0.5 Mq has a size of approximately 8 km and the following 
structure, cf. Fig. 1:

T>

rWfttn/y ntufroHt

Fig. 1. Cross-section of the typical neutron star.

A. The outer crust. - The nuclei arrange themselves
into a body-centered cubic lattice whose melting temperture

8 10 ranges from 10 °K to near 10 °K. The lattice shear modulus
17li of the crust is enormous, about 10 times stiffer than 

18steel , and its conductivity is temperature dependent and of 
the order 106 times greater than that of copper.
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B. The inner crust. - Is composed of neutron-rich nuclei 
still forming a lattice. The neutron sea between the nuclei 
is probably a superfluid.

C. The superfluid core. - The core consists mainly of
19neutrons. According to some authors the existence of

superfluidity in this region has observable manifestations
seen in the healing of the "glitches" (the sudden speed-ups

18in rotation) of the Crab and Vela pulsars . Their argument 
is based on the observation that the loose crust-core coupling 
due to superfluidity can allow different rates of rotation of 
the two bodies for microscopic periods of time (ranging from 
a week to a year).

D. Neutron crystalline inner core. - A recent calcula-
19tion by Canuto and Chitre has confirmed a previous sugges- 

20tion that there will be crystallization of neutron matter 
at high density. Their calculation based on realistic
nuclear potentials gives a solid neutron phase for densities

15 3above 1.5 x 10 g/cm .
15 3E. The hyperon core. - At densities (» ? 10 g/cm 

hyperons become important constituents. The interactions 
between all the relevant particles are not well known as yet, 
and this results in considerable uncertainty in our knowl­
edge concerning the structure of the neutron star. A recent

21assessment of this problem is found in the current literature.
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3. Huge Magnetic Fields
The results given in the previous section on the struc­

ture of neutron stars have not included the effect of the
12magnetic field 3 of the order of 10 Gauss which, as men­

tioned earlier, seems to be a necessary attribute of the 
pulsar surface. For the bulk of the neutron star, the aniso­
tropy introduced on the electron plasma due to the presence 
of the magnetic field is insignificant, being of the order 
fi cjh /Ep • w^ere <«>„ an{3 EF are the Larmor frequency and 

Fermi energy of the electron, and h is Plank's constant.
Numerically, = 10 x H x KeV (H is the magnetic

" 12 12
12field in units of 10 Gauss.) Since the electrons in the 

main body of the star are relativistic (Ep »  ^ W M)» is 
clear that the thermodynamic properties are not affected by 
the presence of the magnetic field. It also turns out that 
the properties of nuclei remain unaffected by 3 for similar 
reasons.

The presence of the magnetic field, however, is expected
to affect very dramatically the properties of the plasma at
the outer surface of the neutron star, where E„ ^ 10 x H..F 12
KeV. As this outer layer of a few centimeters of thickness 
may prove significant in understanding the features of pulsar
radiation, it has naturally attracted considerable attention

! 4. * 22,23,24m  the last few years.
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The characteristic feature of this medium is its aniso­
tropy. An electron imbedded in a magnetic field 3 can move 
freely in the direction of 3, while its transverse motion is
confined in the lowest quantum orbital of radius ~2.6 x

-10 - 1/2 12 10 x cm. Thus, for H = 10 Gauss the electron
obtains a strongly guided motion along the magnetic lines of
force. What are the macroscopic features which will doubtless
arise due to this anisotropic mobility of the individual
electrons?

Before we enter the more technical details of this ques­
tion, and discuss the recent progress achieved in understand­
ing the properties of the surface, it will be necessary to 
review in a quantitative way the basic properties of an 
electron plasma immersed in a strong magnetic field.

Classical theory. - A nonrelativistic electron in the 
presence of a uniform magnetic field 3 moves along a helix.
Its motion is uniform parallel to 3, i.e., the longitudinal
component of its velocity v = constant, while the compo-II
nent v is that of a uniform rotation with a characteristicl
frequency of gyration

w  =  —  =  1.76 x to H,.H ID C
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-e and m are the charge and mass of the electron, c is the 
velocity of light. Since the radius of gyration,!^ = /<*>h ,
decreases in inverse proportion to H, there is a limiting 
field beyond which the classical picture is no longer valid. 
This happens when becomes comparable to the deBroglie 
wave length 't) /wvA . The classical description is thus 
justified, only when the following condition holds:

It should be mentioned here, however, that even in
cases when this condition is satisfied (classical limit), the
classical theory cannot explain all of the observed phenomena.

25The diamagnetism in metals is one such phenomenon, for ex-
25ample; the de Haas-Van Alphen oscillations observed in the

magnetic susceptibility at low temperatures (for a magnetic
5 4field H~5 x 10 Gauss, w H ~  10 ) is another such ex­

ample of phenomena not explained by the classical theory. 
These are properties which derive from the quantum mechanical 
nature of electron degeneracy, and can be fully understood 
only in the context of quantum theory.

2Quantum theory. - In the opposite limit m v / u>h £  1 , 
which will primarily interest us here, the classical theory 
is altogether meaningless, and again one has to employ
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quantum.mechanics. The Schrondinger equation for an electron in 
a constant and homogeneous field 3 can be solved exactly. A 
number of wave functions have been given in the literature, 
each class depending on the gauge chosen for AQ, the vector 
potential which represents the external field. Details of 
the wave functions will be given in Appendix A and Secs.
112, and III2 as they are needed for our computation. For 
the present it will suffice to discuss the general features 
of the electron's motion.

The Hamiltonian (nonrelativistic) is

# =(2«y' n2 = U«.)''(f+ £ *•) (i)
Here we distinguish between two kinds of momenta appearing in
the theory, £ & ifi 7 is the canonical momentum, while
JT as f> + A 0 is the physical momentum (so the velocity

is v = r = 3T/m). The Hamiltonian is separable into two
X xcommuting parts according to #  - (2m)" ( 3 1 1 + 1 * , ,  )

where and Jf,, stand for the transverse (relative to
H) and the longitudinal components of the momentum. The op-

2 2 2 era tor — Pz b (M \) has a continuous spectrum of
Zeigenvalues corresponding to a free motion parallel to H. jĉ  

on the other hand contributes a discrete harmonic oscillator 
type spectrum of eigenvalues:
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** Z m  fiu)H(n + h ), where n « 0,1,2,3... (2)

The energy spectrum is thus given by

This equation does not include the effect due to the elec­
tron's spin. The spin's magnetic dipole couples to H giving 
an additional term in the energy equation equal to £ 
with the t corresponding to a parallel or antiparallel spin 
alignment respectively. With the addition of this tern one 
obtains

=  ■ * % "  + K  J Z m  > (3)

where all levels except the lowest are doubly degenerate.
The generalization of the above concepts into a rela­

tivistic Dirac theory is simple. The corresponding equation 
for the energy spectrum becomes

The electrons become relativistic at densities 
7 5^ 2 10 j / t m  , i.e. at the neutron star crust, cf. Fig.

1. The properties of a relativistic electron plasma have
26been treated systematically in the literature , and will not 

concern us here.
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Discrete phase-space. - The discrete levels of equation
(2), known as "Landau levels" after Landau's pioneering work

27on the diamagnetism of metals , are equally spaced levels, 
separated by the characteristic energy ~ 11.5? X H-(2 K«V.
This energy exceeds the typical thermal energy at the sur- 
face of neutron stars kT 0.86 KeV for T = 10 °K, and the
situation thus arises (at low densities) in which all of the 
electrons populate the lowest n=0 level. After a brief non­
degenerate region at the surface (less than 1 cm thick for 
the typical equilibrium atmosphere), electron degeneracy
takes over (E_ > 0.86 KeV), and at E_ = ^ a),. the firstF F ”
(doubly degenerate) excited state begins to be populated. 
Higher Landau levels will likewise become populated at still 
higher densities. The phase space here is continuous in the 
z-direction but discrete in the transverse direction, so that 
the energy eigenstates are arranged on the surface of concen­
tric cylinders in phase space, cf. Figure 2.

For isotropic electrons (S = 0), the relation between
1/2the number density and the Fermi momentum p = (2m E )F F

(degenerate case) is easily found by counting the number of 
states inside the Fermi sphere of radius p . The well known 
result is

N = *2 }>* / (27tfc)* .3 'f '



For the anisotropic electrons, however, occupying the lowest 
part of the Landau spectrum one has to count the number of 
states on the cylinders, so that

n t"

N  =  2 _  2n 1  ^  ’ (4)
n»0 -t>n'f

where p n is the Fermi momentum in the n-th Landau level, n F F
is the highest level below the Fermi surface (nF S )
and g^ stands for the degree of degeneracy of the Landau

26level and can be determined either from the quantum theory,
cf. Appendix A, or through the principle of correspondance

28in the classical limit n »  1.
In this limit the discrete levels merge into a continuum 

cf. Fig. 2. We can then write the continuum expression for 
the number density

»  j \ * K  *

where p = mv is the physical momentum here, and the inte- i i 2 2grals are restricted by the constraint p + p^ s 2 
Noting now that p = 2 m h tw^, and writing the integral as 
a limiting sum we find
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h » 4
C*ns+.

Fig. 2. The discrete nature of the phase-space is shown in­
cluding the seven lowest Landau levels. The trans­
verse momentum is quantized according to the law

o< J~y\ . In the limit n »  1 the difference
,

/ n + T - ^ n = £ n ® , and the discrete phase- 
space merges into a continuum.
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n*H>

where a = 1. a =2. (n £ 1). and the Fermi momentum in the o n '
n-th level is given by

v = /2m(' e ~

It is seen from this equation that the value of the Fermi 
momentum is different at each energy level.
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9 10 224. Properties of the Magnetic Surface. ' *
The importance of the probable existence of magnetic

12fields of the order of 10 G was recognized early in the 
history of pulsars, and extensive studies were undertaken by
a number of authors, to determine the structural changes in

2 3 26the medium ' as well as the modifications in many physical
22processes characterizing the plasma. In this section we

shall summarize some of the knowledge thus gained.
Equation of State. - The thermodynamic properties of a

magnetized electron gas at arbitrary density, temperature,
and field intensity H were studied in a series of papers by

26Canuto and Chiu. Their results indicate a qualitative 
modification in the equation of state not predicted classi­
cally. The pressure obtained is anisotropic even in thermo­
dynamic equilibrium. The pressure is defined quantum mechan­
ically as the expectation value of the stress energy tensor 
giving the result (in the nonrelativistic limit)

P  = < r l/ 2 m >  =  * W H <  " >
* (6)

P „  = < ^ a / 2 » i >

The anisotropy is most obvious in the intense field 
limit (low quantum numbers) and tends to disappear in the 
high quantum number regime. Thus classical plasmas, in
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which high n-levels are occupied, are still expected to have 
P^ = P^ in thermodynamic equilibrium.

Cylindrical atoms. - Recent research has indicated that 
atomic physics and chemistry at the surface of the neutron 
star have no terrestial analogue.

In the absence of an external 3 field, the spherical 
symmetry of the Coulomb force determines many properties of 
atomic levels including their degeneracy. This degeneracy is 
lifted in the presence of a magnetic field, and the Zeeman 
splitting of the atomic levels increases proportionally with 
H. At a field of 10^ G the level spacing is about 1 e V, 
and the chemical properties of matter are dramatically 
affected.

12At 10 G electrons in the n=0 Landau level combine
with protons to form "one-dimensional" atomic states. The
magnetic constriction of the electron's transverse motion
makes these atoms more tightly bound than the terrestial
hydrogen atom by a factor of about ten. Rough estimates give
the ground state at E ~  - 133 eV for the hydrogen atom in a 

12field of 10 G. The corresponding electron distribution is 
confined in the transverse direction within the characteris­

tic radius of gyration x ^  cra» anc* exten^s
-9parallel to the field to a distance of ~3.1 x 10 cm from the 

23nucleus. The large binding energy has obvious implications
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on the nature and degree of ionization of the surface plasma 
on the neutron star.

These values of the binding energy and length strictly 
correspond to the ground state, which can be adequately ap­
proximated by a separable wave function in cylindrical 
coordinates

where V — k eH/^c . The atom's transverse dimension is 
thus determined exclusively by the magnetic field, a reason-

is a parameter to be adjusted by the variational principle

order of the Bohr radius and a rather insensitive function of 
the field strength H.

Atomic Spectrum. - Another important qualitative modifi­
cation appears in the spectrum of the hydrogen excited states. 
The cylindrical atom has approximately independent longitudi­
nal and transverse modes of excitation.

To a fair approximation the excited states can also be 
written in a separable form, cf. Appendix B.

(7)

able assumption since the Coulomb energy ft*/ r < < ^ W H

(the atom's length is The resulting length is of the

(8)
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where s and m are positive integers of zero. Here again the 
transverse dependence is that of free electron in the mag­
netic field, cf. Appendix A:

The ground state given in Eq. (7) is recovered from Eqs. (8), 
(8 ') by assigning s=0 , m=0, for the transverse and longitudi­
nal quantum numbers, and by substituting

,  -(S 1*1/ ( 2 ) 3  ^CO

It has been shown that excitations of the orbital quan­
tum number s result in a set of tightly-bound states whose 
z-dependence,

_ & I *|

is again determined from the variational principle. These 
states along with the ground state are characterized by 
large binding energies in the order of 100 eV for hydrogen.

Unlike these tightly-bound states the excitation of the 
longitudinal mode (m > 0) results in a loosely-bound hydrogen­
like spectrum. An in-depth study of the whole hydrogen 
spectrum in an intense magnetic field based on the one-dimen­
sional Schrodinger equation (cf. Appendix B) has been given

29by Canuto and Kelly. In Sections III and IV, we shall

a
(81)
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consider the important problem of Coulomb scattering in the 
magnetic field, which can be treated by extending the above 
problem of the hydrogen bound states to the continuum.

Multielectron atoms were considered by Cohen, Lodenquai 
23and Ruderman. They calculate the ionization energy of the 

last electron E , which shows the surprising trend to in­
crease with Z (the total number of electrons). They have 
explained that this tendency is due to the imperfect screen­
ing of the central charge, when electron correlations are 
taken into account. This effect can have important conse­
quences on the surface plasma in neutron stars. At the typi­
cal temperature T*^10^ °K only the very lightest elements 
(i.e. hydrogen and helium) will be ionized. As most forma­
tion models predict a surface consistency mostly of iron peak 
elements, this means that most of the surface matter will 
remain unionized with the exception of the relatively rare 
light elements.

It should be pointed out, however, that such conclusions 
are only tentative, since the properties of the magnetic 
surface have not been studied exhaustively as yet. It has 
been suggested*^ that in addition to the magnetic fields al­
ready considered, huge electric fields, induced by the fast 
rotation of the magnetic neutron star, may also be present at 
the surface. These fields may provide an alternate mechanism

for ionization.
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Radiation processes. - Both classical and quantum elec­
trodynamics predict a number of processes in a plasma invol­
ving the emission of photons. Classically the acceleration 
of a charged particle alone results in the emission of E.M. 
radiation, while according to quantum theory radiative trans­
itions between states of different energy give rise to the 
emission of photons. While most of these processes are 
severely affected by the presence of an external magnetic 
field, some are entirely due to the presence of such a field 
(synchrotron radiation).

The study of radiation processes in the magnetic field
has traditionally evolved along the lines of the classical
theory, which is strictly not applicable in the conditions
presently associated with the surface of neutron stars.
This has prompted a number of research groups to examine the
modifications in the theory brought about when the full
machinery of quantum electrodynamics is properly utilized.
An assessment of the present status of this effort may be

22found in the recent review articles. Here we shall merely 
summarize the processes involved.

(a) Synchrotron radiation. - An electron in the magnetic 
field can emit a photon through the process
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This process is strictly forbidden in the absence of an ex­
ternal field, as momentum and energy cannot be conserved 
simultaneously. In the presence of 3, however, it becomes 
the main limitation in the design of synchrotron accelerators 
due to the resulting energy losses associated with relativis- 
tic electrons in 3. Because of its importance in this practi­
cal application, this process has been studied exhaustively

31 32xn both classical and quantum approaches. 1 Sokolov and 
Ternov^ in their monograph have demonstrated the merging of 
the quantum and classical predictions in the limit of large 
quantum numbers, i.e. when the electrons occupy high energy 
Landau levels (n>>l). Recovering the classical formulas 
from quantum theory in this case has proven to be a particu­
larly tedious task.

The low quantum number limit of this process has been 
33recently examined in view of the possible application to 

pulsar theory. It turns out from the kinematics that most of 
the radiation will be near the Larmor frequency and its mul­
tiples (in the X-ray region), so that this process is unim­
portant in explaining the radio-emission from pulsars. It 
may, however, be an important X-ray emission mechanism, and
as such is being studied in relation to the newly discovered 

34X-ray pulsars.
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(b) Electron Bremsstrahlung. - An electron in the mag­
netic field collides with an ion making a radiative transition 
from a state n to a state n ' of lower energy

e~ 4- ( z  , A )  - * •  e„~ +  ( Z ,  A )  + y  •

It has recently been suggested that a maser mechanism
involving Bremsstrahlung transitions between low-lying Landau

35levels may be at the heart of the pulsar emission problem. 
Stimulated emission produced by such transitions (operating 
near the magnetic pole of the neutron star) has the attractive 
feature that it can produce a continuous spectrum of radia­
tion, unlike the atomic masers, where only one well-defined 
frequency is emitted. A number of fundamental features of 
the observed radio-pulsars were possible to explain in the 
context of this model such as the surprisingly high radio­
intensity, the double peaked shape of pulses, and linear 
polarization.

It is well-known that the Bremsstrahlung process becomes 
increasingly important in a dense medium. The effect of the 
medium on the process cannot be neglected in such cases, and 
instead of free photons one has to consider the propagation 
of plasma modes (plasmons). This remark, of course, applies 
to other processes as well. All processes involving the
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emission or absorption of photons in a dense plasma are simi­
larly affected by the dispersive properties of the medium.
This question will constitute one of our main concerns later 
on, and will be examined in detail in Section 16, and much of 
parts II and III.

Photon absorption. - Processes involving the absorption 
of photons determine the opacity of the stellar plasma, and 
therefore are essential in calculations of the rate of stellar 
evolution. In the case of neutron stars where all nuclear 
burning has been deployed, these processes, together with 
neutrino processes, determine the cooling rate of the star 
from the initial post-implosion temperature of ~10^ °K.

At the surface the opacity becomes strongly anisotropic 
because of the huge magnetic field. The processes contribu­
ting to the opacity, and the modification in the ionization 
and the cooling induced by the presence of the magnetic field 
have recently been explored.^ For several of these processes, 
it is found, that the absorption cross-section is considerably 
reduced in the direction of the magnetic field, resulting in 
a substantial reduction of the star's cooling rate. Again 
plasma effects are important in evaluating these processes, 
and are introduced in terms of the medium dielectric constant.

The dispersive properties of a magnetized classical 
plasma are reviewed in the next two sections.
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34 355. Propagation of Electromagnetic Waves in a Plasma. '
We here give some general considerations involving the 

dielectric behavior of a fully ionized plasma. An electro­
magnetic wave travelling through a medium of free charges is 
affected by the motion of the charges the wave induces. The 
resulting charge and current densities will either sustain in 
a self-consistent way, or interupt the propagation of the 
wave.

Wave equation. - The exact nature of the induced charges 
and currents will constitute the subject of the next section. 
Here we shall merely accept their presence, and continue to 
describe the macroscopic response of the medium. This is 
done by studying Maxwell's equations (for a fully ionized 
plasma)•34,35

U )  t . e  *  , (jnr) r . - J ’ - o

_  -r _  ^ ^  O)
(IE) ^  j  i  3^ .  ( x n  ~

Here E and B stand for the electromagnetic wave in question; 
f and j are the appropriate charge and current densities.
It follows from these equations, that the E and B fields can 
propagate through the medium in the form of waves with a pre­
dictable speed and dispersion. As this is a very well known 
result we shall only summarize some of the relations invol­

ved for convenient reference.
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The wave equation for the E field is obtained by com­
bining equations II and IV. One finds:

Here the symbol *• stands for the dielectric tensor
. ■*( Kj ft = 1,2,3), and the dot product <f £ represents the

vector t ̂  . This effective dielectric tensor is de­
fined macroscopically in terms of the current density, as 
shown in Equation (10).

ifc. jFor a plane wave e we finally obtain using the oper-
—  ~>ational substitution K-*ik

This equation has a solution only for those values of 
the refractive index n = ck/w , which make the determinant 
equal to zero. Quite generally for a given direction of 
propagation, one finds at least one solution or mode, charac­
terized by its index of refraction n. This is because the 
equation of the determinant (dispersion equation) is at least

For the Fourier component we further find

(10)
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2first order in n depending on the exact form of i . (k,<o).M p
Propagating modes correspond only to positive definite values 

2of n . Examples of these notions will be given in Section 6.
Polarization densities. - The densities , and j appear­

ing in Equation (9) refer in general to the total charge and 
current densities, i.e. the sum of external and induced polar­
ization densities. One may thus introduce the electric dis­
placement O as

3 ) = E  -t 4-* T

where P is the polarization field, which is related to the 
induced densities as follows:

=
Jfol (12)
i -  i  " L ?

In the absence of external charges and currents one has 
p = €pol* We thus find from (91):

It is concluded from this equation that, unless a particular 
propagation mode is transversely polarized (EJLk), there
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will be an induced charge density, such as to off-balance
■* 35the longitudinal part of E, i.e.

, 1 - V  -  o .

This charge density fluctuation will be of the same frequency 
to , and will propagate along with the field E at the same 
speed <0/k.



35 366. Dielectric Constant for a Cold Plasma. '

In the previous section we studied the macroecopic as­
pects of the interaction of an electromagnetic wave and a 
medium containing free charges. We shall now take up the 
problem of determining the dielectric response of the medium 
from the microscopic theory. We shall first examine a one 
component plasma made up of electrons only. Since the effect 
of the ion component is simply additive, this separation is 
convenient.

Isotropic case, H = 0. - In the absence of an external
magnetic field an electron will respond to the wave 
■* -* — itotE(t) = E e according to the equation (classical)

• ~Z. - L w t -
m v =  — c  E  C- j

where e, m, and v stand for the charge, mass and velocity of 
the electron. Fourier transforming this equation we find

r5—  h  t O  •l »T» U3

The corresponding induced current is
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where N is the number density of electrons. According to 
Equation (10), the dielectric constant is now defined
in terms of j from the relation

33 7 £  { • (15) 

We thus find from Equations (14) and (15)

co ̂  sk 4it N  / vn
(16)

(Op is known as the plasma frequency, and takes the value 
4 -1(Op = 5.6 x 10 x N sec . It is seen from Equation (16) 

that ^ is proportional to the unit tensor, thus exhibit­
ing the isotropic Character of the medium. Each direction of 
linear polarization propagates independently in this case, 
and the midium will not be optically active.

It is therefore convenient to examine separately the 
propagation of the transverse and longitudinal polarizations,

(a) Transverse waves. - We find from Eq. (11)

( - «•, ) Ej. -  0 ,60



35

where £ » 1 - co /to . The condition on the determinant c p

gives the dispersion relation

(17)

The case of propagation in the vacuum corresponds to
2£ 0 *  1, so that the dispersion relation becomes n = 1  

giving the expected value for the refractive index. Equa­
tion (17) implies that the medium is transparent only to
waves with frequency co >> <o • 80 that there is a low fre-P
quency cut-off for the transverse waves. This behavior is 
characteristic of the presence of free charges.

(b) Longitudinal waves. - Equation (12) gives in this 
case e E j - 0, which is realized when £ = 0 ,  or by Eq. (17), 
when to - tOp. This implies the possibility of longitudinal 
plasma oscillations at the plasma frequency. Such waves can 
not exist in the vacuum according to the classical theory.
It should be emphasized that these waves are density fluctua­
tions within the plasma unlike the transverse waves, which do 
not involve charge densities.

Let us now state the limitations which were implicit in 
the preceding discussion. Apart from the assumption that the 
electron's motion can be described classically, mentioned in 
the beginning of this section, two additional assumptions
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have been implied: (a) the thermal motion of the electrons
has been neglected, and (b) the effect of collisions has also 
been neglected. The first of these assumptions is justified 
when the electron's kinetic displacement during one period 
2jt/(0 is small compared to the wavelength, or when the 
electron's velocity v < <• to/Tc. This condition is usually 
satusfied by rapidly oscillating fields. The second assump­
tion on collisions is justified when U)»  V , where v is 
the collision frequency. Electron-ion collisions are respon­
sible for the DC resistivity of the plasma, and generally tend 
to damp the motion of the electrons. The evaluation of the 
collision frequency in the presence of an intense magnetic 
field will constitute the subject of Part IV of this study.

Magnetoionic Theory. - We shall now turn our attention 
to the properties of anisotropic plasmas, and will examine 
what new effects are introduced by the presence of an exter­
nal and homogeneous magnetic field under the same simplifying 
assumptions of a cold, collisionless plasma introduced earlier.

The electron's equation of motion is now

-Lwt , . it
m v  -  e L  e  _  | v x H . (18)

This equation is again solved for v, which depends linearly 
on E. The relation, however, is now of a tensor form. The



current is readily defined a s j = - e N v ,  and the dielec­
tric tensor £ is again obtained from the defining equa- 
tion, e.g. Eq. (15). The details of this derivation can be 
found in the textbooks on plasma theory, and will not be re­
peated. The resulting expression for £  ̂ is

£ -  

5 = 1

-2.

U)

Here the z-axis was taken along the direction of the magnetic 
field H. and com are the plasmas frequency, and Larmor
frequency defined earlier. The tensor is hermitian,
and can be put in a diagonal form

-I'D

I'D

6J.
a _- u>H

V  =
- to.
"2. *  to -

toH
(O

(19)
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with the eigenvalues defined as

The constants S and D. The significance of these eigenvalues 
will become apparent in the following. ( ^ •

Faraday rotation. - One of the typical properties of a 
magnetized plasma is that it changes the direction of linear 
polarization of an incident electromagnetic wave. The pres­
ence of the magnetic field makes the medium optically active 
in other words, and, for this reason, the magnetized plasma 
is often called "magnetoactive."

The simplest manifestation of this property occurs for 
parallel propagation, i.e. when jt l| H. Equation (11) now 
takes the form

n * -  S tT> \ I £ ’

-tv 3 J  I cy | = o . (2l)

It is easy to see that the transverse ( £ 1 ^ # and longi-
i ̂  ■* .

tudinal ( t II k ) directions of polarization decouple in 
this case, making this direction of propagation particularly 
easy to describe analytically. Eq. (21) is then separable 
into
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=  0  , (transverse)

(longitudinal)

One readily obtains the requirement for longitudinal 
wave as £0» 0 , implying to — tÔ  . Just as in the field 
free case, we thus have a longitudinal mode at the plasma 
frequency. At any other frequency one can only have purely 
transverse plasmons of circular polarization. The index of 
refraction is found at the zeros of the determinant

-iJ> £

or 2 — T> — Pnt

It is easy to check by direct substitution that the ± signs 
correspond to the polarizations ? i E^.

Perpendicular propagation 111 H . - Without loss of 
generality we can assume k = (0,k,0). Eq. (11) becomes in 
this case
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• \

- i " D • Ey
* n 7- -  £ 0 E .\

=  0

The z-polarization is again separable giving a (transverse) 
mode with dispersion relation

"2.
i - (23)

For the x and y polarizations the vanishing of the correspond­
ing determinant gives

n*- ( ? -  “& * )  / £  *  e+ t- / ^  (24)

This mode has transverse and longitudinal components. One 
finds for this mode

ZL
£»

(25)

Let us remark here that the transverse mode given by Eq. (23) 
has exactly the same dispersion relation we found for the 
field-free situation, cf. Eq. (17). This is not surprising 
since the magnetic field does not affect the motion of elec­
trons in the z-direction.
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Propagation at an arbitrary angle. - Let us now consider 
the more general case of propagation at an angle with respect

The vanishing of the determinant defines two independent 
modes characterized by the dispersion relation

The two modes are customarily labeled ordinary and extra­
ordinary corresponding to the positive or negative sign in 
front of the square root in the solution of Eq. (26).

Special cases of the above expression, corresponding to 
values of the parameters of astrophysical interest, will be 
considered in more detail in Part III.

The magnetoionic theory outlined above has found consid­
erable application in problems related to pulsar theories.
The reason for its popularity is, besides its simplicity, 
that it incorporates the basic feature of anisotropy

to H, i.e. k = (0, sin4* , cos ̂  ). Equations (11) now take 
the form

(26)
sinX fr J 4 t (
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introduced by the magnetic field. Refinements of this 
theory are necessary in order to understand certain plasma 
effects, as the Landau damping and a number of other absorp­
tion mechanisms. The basic features of the propagating 
modes, however, are already present in the magnetoionic 
treatment, with only minor quantitative modifications intro­
duced by the more refined treatments.

In Part II we will investigate the quantum mechanical 
features of the dielectric tensor, which have been ignored in 
the above treatment. It will thus become necessary to treat 
the magnetized electron in quantum theory, and then use the 
methods of quantum statistics to obtain an expression for the 
current density j induced by the external electromagnetic 
field. The thermal motion of the electron will thus also be 
incorporated. Making use of perturbation theory we will then 
arrive at a quantum mechanical expression for the tensor 
having a rather rich and complex structure. In interpreting 
these complexities it will often be useful to refer to the 
magneto-ionic formulae, Eq. (19), as a guideline.

Another very important question to be settled will, of 
course, be to determine the domain of validity of Eqs. (19), 
and the nature of possible deviations from the classical dis­
persion formulae discussed in this section.
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Appendix A. Wave Function for an Electron in a Constant 
Magnetic Field.

In this appendix we give a summary of the quantum mech­
anical description of an electron's motion in the presence of 
an external magnetic field.

The mathematics of solving Schrodinger1s equation has
been given more than forty years ago and is fairly straight- 

37forward. Aside from these early papers, however, there 
have been more recent contributions usually aimed at illumi­
nating the more formal aspects of the theory, and at inter­
preting the various sets of solutions. Most notable in this

38respect is the well known paper of Johnson and Lippman.
Schrodinger Hamiltonian. - We begin our discussion with 

the nonrelativistic Hamiltonian already given in Eq, (1)

The vector potential has been represented here in the so- 
called symmetric gauge Aq= - £ r x  H.

By inspection of the Hamiltonian one readily determines 
two constants of the motion defined by the operators

fit =  (2 m) 3T 2

(A-l)
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2 2 2jr. as rc + 7T. , and It ,= - i e> . Both these operators• y z
commute with the Hamiltonian, , which is thus separable
into independent transverse and longitudinal parts. The

2longitudinal part, being proportional to JT^ , contributes a
i3c zplane-wave factor e to the wave function as follows:

i W  i  i It *■
JCz <t ■=? £  k -e

’ ; M  Jr'l.* . ;V*

2Even though is a constant, it is never possible to
define completely the transverse velocity, as can be seen 
from the commutation relation

L .■’s  1 =  - ^  *-£ = - ‘ *> mK>» ■

This indeterminacy in the velocity represents one of the most 
significant deviations from the classical theory.

Harmonic oscillator spectrum. - The algebra defined by 
the transverse momentum operators and is recognized 
as that of the one-dimensional harmonic oscillator. It is 
thus convenient to introduce raising and lowering operators

J T . =  JC ± i Jt-.i * /
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having the following commutation properties:

[ JT_ , 7 1 ^ ]  =  2  m  k C0U i

[ n * ,  ] -  ±  Jt±
(A-2)

1The eigenvalues of j z are thus readily found to be

jt 2 =* 2 m f t w u (nt'/z), (n- 0,1,2...) x *■*
One further notes that the corresponding eigenfunctions 

can be built from the ground state by the successive applica­
tion of the raising operator Jt+ . This procedure is exactly 
similar to the one used to generate the wave functions of the 
harmonic oscillator.

The ground state is defined by the equation

4 q =  0 . (A-3)

This equation is most easily solved with the help of the co­
ordinate transformation c = x ± i y. One easily finds

jt± s  - i* ( A  +  1 f. ) ,

where j ' * i e H / h c .  One readily obtains the solution of
38Equation (A-3) as

■2.

40 =  + 'it , <A-4>
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2 2 2 where j> = P+ ? = x  + ¥ » and ^ i® an arbitrary func­
tion. The presence of this function corresponds to an infi­
nite degeneracy in the harmonic oscillator energy spectrum 
defined earlier.

Degeneracy of the Landau levels. - In order to resolve
the degeneracy one can ask that be the eigenfunction of0
an additional operator, which commutes with both JT̂ , and

38. Such operators can be defined as follows;

^ j I* / hi0 y ' » ’ (a-5)
^  =  y  4  Jtx /  K n  .

These operators commute with the Hamiltonian, but do not com­
mute with one another,

[ > yo 1 =  1 ^  (A-6)

Johnson and Lippman show by classical correspondence that
x and y can be identified as the position operators for the o o
center of the circular orbit (guiding center). It is thus 
seen that in the quantum mechanical treatment, just as in the 
classical case, a degeneracy is associated with the indefini­
teness in the position of the transverse orbit. This happens
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because two helical orbits of the same size but with differ­
ent guiding centers will have the same energy.

Geometrical interpretation of the wave functions. - 
The size of the transverse orbit can now be identified as

■r = ( - +  ( y-y„)
(A-7)

<-> *z
=■ ( n > + 7 t y ) =  jxx / Cm<oM)

and is, therefore, given exactly in the energy representation 
in terms of the quantum number n

-  J ( n * M y " '

It should further be emphasized that according to
Eq. (A-6) xq and yQ can not be defined simultaneously. If
we thus chose to define x in order to resolve the level de-o
generacy, yQ will remain completely undefined thus giving 
rise to quantum mechanical solutions corresponding to fami­
lies of classical orbits as indicated in Figure A-l.
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Pig. A-l. Family of classical 
orbits corresponding to the 
eigenfunctions of x .

Solutions of this type will be given explicitly in Section 
112.

Another way to resolve the level degeneracy is obtained 
if we seek eigenfunctions of the operator 

■z z "2.
f. -  *. *  y. <A- 8>

The eigenvalue problem contained in Eqs. (A-6) and 
(A-8) is formally identical to that of the one-dimensional
harmonic oscillator. We may thus immediately conclude that

2 -1 the eigenvalues of o are (s + £ ) , where s is any posi-J 0
tive integer or zero.



Angular momentum. - It turns out that the cylindrically
symmetrical solutions thus obtained are also eigenfunctions
of the angular momentum operator L * (r x p) as well as ofz z

2
f • can be expressed in a more suggestive form with the 
help of Eqs. (A-5) and (A-7):

L  =  xjty-yitx-m£Ow (x'l-ty'Z )

After some algebra one finds
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L ,  -  k  R 1 -  f * )
(A-9)

=r f t  (  1  -  s )  .

The last form is of course meaningful only in the parti­
cular (ns) representation defined earlier.

The solution of the eigenvalue problem contained in Eqs. 
(A-6) and (A-8) defines a set of auxiliary functions f, cf.
Eq. (A-4)

s * - i

where a*e the cylindrical coordinates. The ground
state degeneracy is thus resolved by defining an infinite 
set of independent solutions

-  $ -is* -tff2
&  *  Cos f e A * (A-10)os / '

where are normalization constants. From these n - 0 Os
solutions one can generate the eigenfunctions corresponding 
to higher energy states by the successive application of the 
raising operator

4 *  (-Jt) 4
nf o s

(A-11)
-  (r/n) e > . "
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The functions I are an orthonormal set related to the ns
39Laguerre functions as follows:

»-s -^2 (*->0/2 ^  s-n
I ( t ) - c - )  (n.'&o -e t- Q „  < * )ns

s-n t , n-s o- * s
a n i o «  « t i ,

The choice of phases adopted here corresponds to the wave-
39functions of Sokolov rather than those of Johnson and 

Lippman.
The above set of cylindrical wavefunctions will be 

found useful in discussing the hydrogen atom as well as a 
number of scattering problems in the magnetic field calling 
for the use of cylindrically symmetrical solutions.
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Appendix B. One-dimensional Atoms.
The Hamiltonian for the hydrogen atom in the presence of 

a magnetic field (nonrelativistic) as:

It was stressed in the main text that at the typical neutron
star magnetic fields, the electron's motion is dominated by
the magnetic field, so that the Coulomb interaction can be
considered as a perturbation.

It is customary to adopt the so-called "adiabatic ap- 
42proximation", which consists in writing the wavefunction 

in separable form:

The transverse dependence is that of the free electron in the 
magnetic field (as detailed in Appendix A) corresponding to 
the lowest Landau orbital n**0, and occupying a cylindrical 
shell of mean radius f » y  . As a result of
the Coulomb force, however, the z-dependence is no longer 
that of a plane-wave. One should note that there is no mag­
netic force acting along this direction, and therefore the

=  H  ■+■ i  - —x 2 no r
(B-l)

O S (B-2)
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Coulomb force can no longer be ignored. Its effect can be 
determined by inserting the wavefunction (B-2) in the appro­
priate Schrodinger Equation

(to * ±  £ 6 b ’*) (B-3)' 2 m  r 1 Oi

where is given by Eq. (B-l). We also know from the
discussion in Appendix A that

fc* -= 0•» os

for the n=0 level. Multiplying (B-3) by ^ os (.Pj^Oand 
integrating over the variables f t &■ the following equation 
for f(z) is obtained:

u - - * 0

)

(B-4)
- 4

By solving this equation one obtains a discrete spectrum for 
E * 0 corresponding to bound one-dimensional atomic states. 
For E > 0 a continuous spectrum is found corresponding to 
scattering states. In what follows we will discuss only the
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bound states. The problem of Coulomb Scattering will be 
taken up in Part III.

The validity of this procedure can be established as 
follows. The wavefunction, corresponding to an eigenstate 
of the Hamiltonian (B-l) can in all generality be expanded as 
a sum in the Landau spectrum, i.e.

Substitution of this form in the Schrodinger Equation (B-3) 
results - after projecting into a given Landau level (n,s) -

Equation (B-5) should be regarded as a system of coupled
equations in the functions f (z), which reduces to Eq.ns
(B-4) if the off diagonal terms Vn .n (z) with n'^f n vanish. 
This means that in general there would be additive terms on 
the right hand side of Eq. (B-4) which couple the n*0 level

in the following system of equations ( s'* n'-n + s) :
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to higher Landau levels. The presence of such terms indicates
that as a result of the Coulomb interaction, the electron
cannot exist in a "pure" n-0 state, and that there will be
admixtures from higher levels.

The presence of such admixtures, however, is expected
to be in the ratio of vCou  ̂/ ̂7 ~  10^/10^ = 10  ̂ (for a

12magnetic field of 10 G). In other words the admixture from 
higher levels is expected to be minimal, since the energy 
separating these levels from the n=0 level is large as com­
pared with the Coulomb interaction. In addition it is also 
possible to exclude the admixture of different angular mom­
entum states (different s), since the interaction commutes 
with the angular momentum operator, i.e. [vCou  ̂ # Lz3 = 0 • 
as was mentioned in Appendix A. It is on these grounds that 
such admixtures have been neglected in the preceding argument. 

The solution of Equation (B-4) is far from trivial. The
potential U (z) is expressible in terms of the error-function, s
and a rich literature has been devoted to this problem since 
it was formulated by Schiff and Snyder. For a recent assess­
ment, relating to the application to the neutron star surface. 
References 23 and 29 may be consulted.
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PART II

QUANTUM THEORY OF THE DIELECTRIC TENSOR FOR A MAGNETIZED PLASMA

1. Introduction
In Sections 15 and 16 we obtained the magneto-ionic 

(MI) expressions for the dielectric constant of a cold class­
ical plasma. These expressions have been frequently used in 
the recent pulsar literature to account for the plasma ef­
fect in the transport of radiation. The common assumption 
has generally been that MI theory represents a fair approx­
imation at least for the transport of long wavelengths (as 
compared to the dimension of the Landau orbit and the 
de Broglie wavelength).

One is reminded however, that the quantum mechanical 
aspects were found to play a profound role in determining 
the bulk behavior of the magnetic surface. Since the quantum 
theory of transport processes is a subtle subject not tot­
ally understood at the moment, we felt that there was the 
possibility of having missed some quantum mechanical proper­
ties by just adapting an equation that is essentially class­
ical. Besides, we wanted to investigate under what condi­
tions the magneto-ionic theory is reproduced by the quantum 
mechanical treatment.
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After obtaining the quantum mechanical formulae for the 
dielectric constant, we will show that quite independently 
of the specific form of the distribution function, the long 
wavelength approximation reproduces the results of the 
magneto-ionic theory. This puts an end to the question, 
indeed asked many times, as to whether the degeneracy of 
electrons often encountered in problems related to pulsars 
is properly taken into account by the magneto-ionic formulae. 
We also recover the classical polarization tensor 7Ti;j (k , CO ) 
in the limit of large quantum numbers. We want to emphasize 
that our treatment does not rely on the Boltzmann equation 
or Wigner distribution function. It follows from the very 
quantum mechanical definition of

The results thus obtained will be applied in Part III 
to determine the type and extent of possible deviations from 
the magneto-ionic theory that we may expect to find at the 
neutron star surface.
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2. Wavefunction and Eigenvalues of an Electron in a Magnetic

For the sake of completeness, we shall briefly review 
here the quantum mechanical properties of an electron in a
constant and uniform magnetic field H. [For a detailed study

(5,10) _ see' '
In the presence of such a field, electrons are trapped 

in quantum orbits which emerge from the Schrodinger 
Hamiltonian:

Here and in the following M stands for the mass of the elec­
tron. Taking the z-direction to coincide with that of H, one 
has (Landau gauge) AQ = (- yH, 0, 0). The Hamiltonian and 
its eigen-states then take the form:

quency; wn (u) are the normalized harmonic oscillator wave- 
functions, i.e..

Field

(1)

where 4x(4j/Mu}) ; tO »  eH/tac is the cyclotron fre-H H
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=  ( a / i t  2 * ! )  e  H n ^ / a )  (2 )

where stand for the Hermite polynomials.

The energy spectrum is correspondingly given by:

t  Z
=  H ( n * + ’ (3)

The momenta TL and 7C are not constants of the motion, x y
as one can easily check that

L*1* >̂ Cy] =  -* , l7rJ ’jri± l ~  * . 2 ( M * i O * 4

Here, JT+ s it ± i Jtv act as raising and lowering opera- 
— 7

(4)

tors:

C„ | h ± *  (si

with c f  m -  j2M U ( "  + i 1 i  .
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3. The Dielectric Tensor
An electromagnetic wave of frequency <o, applied on a 

plasma, gives rise to induced charge and current densities 
which can either sustain, in a self-consistant way, or damp 
the propagation of the wave. Thus, the plasma will be trans­
parent to the frequency <J , if the set of Maxwell's equations 
(or equivalently, the wave equation) accepts a solution at 
this frequency.

For a particular Fourier component (k,a> ), the wave
. (12) equation is

The dielectric properties of the medium are contained in the 
tensor t , known as the dielectric tensor. The induced

(6)

current density is given in terms of » as (12)

(6a)

as may be easily be proved from Maxwell's equation



64

while the induced charge density is determined from the con­
tinuity equation, = k* j/ <0.

Eq. (6) has the form of an eigenvalue problem having
2 2 . 2  2solutions only for those values of k c / & = n which

make the determinant vanish, i.e.,

[ » * (  -  o  ,
(7)

where n =  ^  ̂| . To each positive definite solution
of the dispersion eq. (7), there is a corresponding wave
which propagates with a refractive index n = kc/oo .

The dispersive properties of the medium thus depend on
the precise form of & . I n  what follows, seeking the-p.
dielectric response of a magnetized quantum plasma to an 
electromagnetic perturbation (A,^ ), we will choose a guage 
such that the scalar potential = 0, and therefore 
E = i(to/c)A. The vector potential will therefore obey 
eq. (6) just like E.

To derive a quantum mechanical expression for •

we shall now evaluate, in perturbation theory, the (1c, u)) 
Fourier component of the current induced by the external 
field
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(8)

A A i tk r - W  t  )AU) = A e «+ c.c.

The current operator in second quantized form is

Jtf.t) =  ( ? +  1 ^ . -  h  A i w ) ^ f 7 )  -*■
-+ cc

The unperturbed Hamiltonian is

2H I  ^  ^ (7H T + I *«) ~  a»+ ft’
where a^ is the destruction operator for an electron of the 
corresponding state in the Landau spectrum, eq. (1). The 
operators a^ obey the usual anticommutation rules, and the 
expansion an was implied in the above
equation.

Treating A(t) as a small perturbation, we write the 
interaction as

© r f ^ t
“ A U  J  (tT-AU-))

(9)

a M [ <«l 5 * A l < n ) T T  ^ A ) m > «  J
nr*i »*
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with

r I , -•> \
71 * 5E ( e  Jt +  T* ^  J (10)

Let the state vector 4^^ represent a quantum state of 
N electrons in the absence of external field, i.e.,

H0 o = ENtf o' In t*le Presence t l̂e perturbation,
one has to first order in A:

£  -  J <-+) /6-> ieot , (11)
% .  -  « + t ,  « + 4h,

N«
(He)

here = $\ ^ Em”En)» an(* ln̂  *-s t l̂e matrix ele­
ment between one-electron states.

It is easy to see that the resulting expression for the 
current is:

y *  j U)( )*,») ja\ kjo) + j *°) (12)
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^ ' w ) J*'r **•)

s a t
M  c

c-0
N o

e* 7  y + t \ <")Jt^k|m><t)-Jt^A) <>
" Mac<i £—  ( *n *» at S /  —

_ k  l 7 t k

»«fl u -  OJ.+ 1

r k r , -k .<?>< 2 " 7  . 4 +  x  ^y»)7TK.a )rw><>)TC ■ )
= zrr Z_ < a» Vi> -----------

H e* W ^ m ,

Comparing this expression with eq. (6a) we obtain the quantum 
mechanical expression for £ . as

i
ft u) ' *|V

(13)
X  a t  T V<nI 7r«r TT^\n)

t  NM* *—  I « . : 5 W , *-----  . ,
" m  _ <"l *A !"»«"< <  <^> f (,- O

f 2 2where we have put g  (  a^any , <ô  s  4tT Ne /to.
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By interchanging the dummy indices in the second term, eq.
(13) can be recasted in the following more instructive form

Either of the expressions (13a) and (13b) will be used 
on convenience in the following. It is worthwhile to notice 
that the statistical factor (1-f ) in eq. (13), which is a
manifestation of the Pauli exclusion principle, has disap­
peared in (13b).

The matrix elements appearing in the expression for 
• may be evaluated by making use of the wavefunctions,
e q. (1). It is easy to see that (k^ *» 0):

T . =■
*f> f

(13a)

<^1̂  |W>
<o-

(13b)
<V>lTT. I I 7 T *  IH>

W  +

m

(14)

where :rrj*v s. ^i Vy /J (. \  ̂  ) • By making
use of eq. (5) one can cast the resulting integrals in the
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i'L y 
<>>| e I n> Ca *«- J  *  r>0 0  -e

iJ:,y

(15)

= c». Imy/La*k')1̂1*1 "»>7

Here

a2+> . w-n
-  — 1 *  C  s tw — y ; mr? i.*l.*\

(16)
-'/X — 0/2 <!*»-" V* <r-sw»-y,( a .

I e f Q » lf>

and ( f ) are the Laguerre polynomials. The functions m *
I (©) of eq. (16) form an orthonormal set and have been mn

(14)studied extensively m  the literature 
One finds

K n t x J *1 ln> =  -i( kfWojJ Cm n l mn

,/v /t  ^  — 1 T  ^  (1 7 )
N O  » C,yi C m „U-ww * /F

=  ()■■►’4 * 1;) C, J . .

'*here Im n *  Imn< “  /" V n - l

1  ■ and *1. *  V
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4. Statistical Averaging
It is now time to examine more closely the nature of the

summations z and of the statistical quantities f appearing 
mn n

in eq. (13). The quantum states may be defined by the quan­
tum numbers n,p ,p of eq. (1) and the spin quantum number,

Z  X

s = ± 1. The inclusion of the spin is straightforward in 
our calculation. It modifies the spectrum eq. (3) by an 
additive quantity, "i V2 , making all but the lowest
Landau levels doubly degenerate. The modified spectrum is

it sr ■+ coM n 
2M

where p —  p . The level degeneracy due to spin is z

a, “ i n - o ,

Cl„- 1 n > ° '

while the additional degeneracy in the quantum number p^ has 
been discussed in the literature.

The density of electrons is expressed by

» - i l  v  -  S v f  -  A  * ■ “ >
nt r s y

where V is a macroscopic normalization volume.
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Turning again to eqs. (13), we note that the summation 
over p , s of the intermediate state | m^ | m # p', 
Px# s'y becomes trivial because of the %  -functions in the 
matrix element eq. (14). The corresponding conservation 
laws are p"̂  = p ± Px = Px, s * = s, the upper and
lower signs refer to the first and second terms in eq. (13b).
We may therefore write eq. (13a) and (13b) as:

n

rn"fh.
J

, 7  f c . ) - _____________ ( Q ~ , _  1 u  )

""IK*

(19)

(20)

with

- K  L<̂ l| Tf ) mXm| Tt xl»> 
~  r

- k
<*) JTkM*C><*0 TT; * »

1 Mfc V

t . W
M k* + 2 M
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Substituting eqs. (17) for the matrix elements, we find for 
the tensor t . :

a.
t s H  I T H  I 2 4 ss W M / T W) -*• I )

xy= 1 ^  * J? ^

2. z
4  ( m  I «.« <2 i >

w Va 1-)
t ax=  " ^

n--* - /r ^

2a VThe argument in the functions I is *x as before.mn
Similar expressions may be easily written for the tensor

The integral over p in eqs. (19) and (20) is performed 
under the analyticity convention
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iim  ------ — 1 -------   —  O  ----    -  t j r ^  ( iO I- tom n )

I-*0 10± ^rnn + irl

Thus the principal value of the integral in question will 
give rise to the hermitian (refractive) part of the tensor 
X  - , while the integral over the S-function gives the
antihermitian (absorptive) part.

The case of propagation along the magnetic field 
(k )| H) is of particular interest because it brings out 
simple properties of the medium. In the following paragraph 
we shall give a detailed study of absorption and refraction 
in this direction.

(22)



5. Longitudinal Propagation k ll H 

In this case (k^ ** 0), one has

Eqs. (21) then give t = t , t = - t  so that we can ^ 3 xx yy xy yx
express all four components by introducing the linearly in­
dependent quantities

t  + =  t- a  * * y
(p+0 coH

z
t = 7“  + (23a)** nf»

t „ -  * , m- o  ,

Similarly, we find
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Accordingly, we find from eg. (20)

i

(24a)

(24b)

where <o m to ± (Ou . We have also introduced (cf. eq. 
(18)) the quantity

n*o

The principal value of the above integrals gives the
refractive part of x_ - in accordance with eq. (22). For«tjb
the absorptive part we note that the integral over the 
% -function in (19) gives quite generally

m  n

with
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+ =  a  { »  - k 1 -

Substituting (23a) we find, accordingly

k T o  n

M 2  [ f( e "t; - f(VI

(25a)

where - k-1 M ,cof ± £ fa k, pQ = k”1 M w  - \ Pi k
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6. Special Cases
a) Classical Limit. In the limit of large quantum

numbers, <T nr > »  I , the discrete spectrum approaches a
continuum. The quantum mechanical formulae then lead to the
corresponding classical expressions by the following

(15)procedure:

v2 v
X

2 + vy
2 so that

dv dv , and therefore: x y '

(26)

3 —3Eq. (18) correspondingly becomes N = 2M (2 jt ft )

In rewriting eq. (19) we have
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where <L s m-n, v s. rt/M, p' = p +' 4ikz
Assuming that -t < < n, 4»k P # we may writez

/ e - V )  - 31 A f  =

_ K / l“ » + L  ^  i - 
*  ( * •Jv> ) '

consequently, eq. (19) becomes:

We can now make use of the asymptotic expression 
(n > > 1) (17) :

I . . I  s  =  V  ^  '

' (27)

to cast eqs. (21) in the following form:
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*  I
/ 2

■*:( ?*) T«'

2L t =  
At 0 ( ^ ) ‘ W ^ ) j t (27a)

v J„*

where f s k^ v± / toH, ^  a ( f ), s  dJe /d ? .
Eqs. (27) and (27a) are identical with the well-known ex-

(18)pressions obtained in the classical kinetic theory.
Jn deriving eq. (27a) we have also made use of the identi- 
ties J / _1 - Jt+1 = 2J^ and + J ^ +1 - 2{lJ^ / ? )

+o write I n »  O  '•

'/»
/ !^V| x  s  -vt j ,v 2 ^ / m n  •*

(28)

The second term in the bracket of eq. (28) has been omitted. 
For strong magnetic fields, this is an excellent approximation
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2except for very short wavelengths. Numerically a /2 =
, —Q 2n /2M fc>h 3 . 3x 1 0 H cm, where H is the magnetic 
field in Gauss.

-8 -1

For long wavelengths when (> * 'jl ' <<  ̂ (num-
3 -1erically, v^ / cô  s  1.7 x 10 (vr /c) H cm), one has 

f (0) = Q . In this case, the tensor t^
becomes independent of the direction of propagation.

For the absorptive part our equations give in this
limit

which coincides with the classical prediction for the Landau 
damping.

b) Degenerate Limit. This limit is of particular
theoretical interest since the description of a many-body
system of interacting electrons in terms of a single-particle

(19)Fermi spectrum (quasi-particles) is known to be very good. 
(Throughout the derivation of eq. (13) we have implicitly 
assumed that only single-particle intermediate states are 
important).

N(2it*y



81

In this limit, the distribution function is f(E) - 
S' (Ej, - E). A Fermi momentum is defined for each Landau 
level as

and eg. (18) becomes

(2-rrt)
7 P. (30)

The integrals in eq. (24) can be evaluated exactly, and one 
finds

(\  (fl
T ± * Z -  T ±n

L + KT.
+ n<o|.

(31)

toV-T  =  I +  73T 7  »» 4 * -P. -̂-

Here Pq is defined through eq. (30).
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f n  \In the limit < k/2p' << 1, it is straightforward to
see that (20)

(*!>
i T -  r  *•%

li <*>± - k Yr
(2 ^ 0

, * I"’

* !*./*») *■ n U+ - k /j.
(31a)

A general and more systematic study of the long wavelength 
limit is reserved for the next paragraph.

For the absorptive part we find from (25a)

“■ I-''I (32)

where np s Ep /^toH # an<3 n i0 ^ gives the number of
occupied levels which can be excited above the Fermi surface 
by the radiation .
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7. Long Wavelength Limit and Magneto-Ionic Theory

We first remark that for a2k2 /2 < < n \  I (a2k2 /2)3mn
I (0) = S’ and therefore eqs. (21) approach the values of mn mn
eqs. (23) in this limit. The tensor Y  . then approachesI
the values given by eqs. (24) and (25a) if we substitute kz
for k.

We now look for the limit of these equations when
k -» 0. The bracket in eq. (24a) may be written as z

4Dropping the k term in the denominator we obtain

(33)

and similarly

Yn  = -  Z * /  '► (33a>
w  n *oo

These expressions approach their k - 0 values providing
that
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(a) •ClfU pj «  w ±

(b) t k  <2 n + I > ̂  ^ to+*2 M 2 M (34)

(c) k <? < }> / ft

Correspondingly, one finds in this limit

3 k^ * t%>X s - —  i T _+ «.« W  /w|

or, by eq. (13)

s  _ ™  «  I , (35)

2
i S  I - ----------  >

w ( C O ± W h )

£ -  I - jVM  2m« U)‘

(35a)

These results are identical with the predictions of the
(8)classical magneto-ionic theory. It is noteworthy that 

eqs. (35a) were derived independently of the form of the 
distribution function f(Enp), and therefore are expected to 
hold equally well for equilibrium or nonequilibrium situations.
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Eqs. (34) may be used to check whether the classical 
results, eq. (35), are applicable in cases of physical inter­
est. Should eqs. (35) give indices of refraction kc/<o in­
consistent with eqs. (34), one would have to use a refined 
theory based on eqs. (24) and (25).
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8. The One Dimensional Gas
(a) General Considerations. At the superstrong magne­

tic fields which are probably associated with neutron stars, 
an interesting situation arises, when the characteristic
energy of the electrons is lower than the excitation energy

2of the Landau levels (p /2M << îtoH ). Only the lowest 
n = 0 level is then populated, and the mobility of the elec­
trons is therefore entirely determined by the value of p ,z
thus giving rise to a one-dimensional electron gas. Low 
density, as well as an intense magnetic field, is necessary
for this situation to be realized, since at densities

28 3/2 —3 12N 10 x cm , where = H/10 Gauss, the Fermi
energy of the electrons becomes as high as • Electron
densities and fields satisfying this condition may arise in
the plasma, which forms the atmosphere of a neutron star.^

Retaining only the n = 0 term in eqs. (24), we find
after a partial integration

T. -
mm

(37)

*  t

= I «
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for the absorptive part of e<3- (25a) give

-C_A ,  i i t  [  * (  -  ■ ? ( £ * . + * w \ ]  >
H *o

T« ’ 'f ( e >’) ' * (V * w) l  ’

Awhile the component x + vanishes in this case. In the case 
of a degenerate electron plasma these expressions reduce to 
the n = 0 term of eqs. (31). We will consider the degener­
ate case in greater detail in Part III. We will establish, 
for this case, the domain of validity of the magneto-ionic 
theory and will also discuss the properties of out­
side this domain.
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PART III

SEARCH FOR NEW MODES OF PROPAGATION

1. Introduction.
In Part II we made use of the machinery of quantum sta­

tistics to obtain general expressions for the dielectric 
tensor. It was then possible, in Section 117, to obtain the 
magnetoionic expressions as the long wavelength limit of

By studying a number of other limits it was further
f

demonstrated that c „ has a much richer structure than is 
contained in the magnetoionic formulae.

In Part III we will turn our attention to the problem of 
a degenerate one-dimensional electron gas, both because of its 
analytic simplicity and because of its relevance to the pulsar 
problem. After defining, in parameter space, the borders 
within which the M.I. theory is valid, cf. Fig. 1, we shall 
embark in a systematic search for new modes of propagation 
not predicted classically.

A simply modified version of the M.I. theory involving 
corrections in the longitudinal component of the
dielectric tensor, is thus found to apply within an extended 
long-wavelength regime (Regions I and II of Fig. 1.). Details 
of the Landau orbits are of no importance in this regime, but
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are expected to become important for the propagation of short 
wavelengths, comparable to the dimension of the Larmor radius,

i.e. } < (*/wcoH) *
Thus, while the description of the propagation of short 

wavelengths becomes relatively complicated, long wavelengths 
can be studied within a very simple framework. We will be 
primarily interested to determine deviations from the magne­
toionic theory within this framework.

The modification of £ from the respective M.I. ex-z z
pression is found to alter considerably the dispersion rela­
tions, giving rise to new plasma modes. These modes, how­
ever, are found to be strongly absorbed due to Landau damping, 
so that we can say in conclusion that the M.I. modes are the 
only propagating modes in the long wavelength region,

</i
\  »  (K/yvua)*)
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2. Domains of Approximation
We now wish to establish numerically the regime of vali­

dity of the magnetoionic formulae, eq. (1135), in applications 
pertinent to the atmosphere of neutron stars. We shall also 
seek new collective modes of propagation in the plasma within 
the framework of the one-dimensional gas model of the previous 
paragraph.

We thus visualize ̂  a totally ionized atmosphere at a
temperature of st 10 °K giving rise to a degenerate electron

27 -3gas of density N s. 10 cm embedded in a magnetic field 
12H = 10 Gauss. Under these conditions the electrons (non­

relativist ic) are confined in the lowest Landau level n - o.
The Fermi momentum for this level, cf. eq. (1130), is

2 2 2 p_ = 2 7T fa N/Mo> giving a Fermi energy E_ = p_ /2M S  .64 x 
F H F  i?
2 27 -3N^7 keV (where 2  N/10 cm ), while the energy of the

first Landau excitation, n = 1, is *  11.58 keV.
It will be convenient for our discussion to introduce the

following dimensionless parameters A ** O p | >  • k/MCo,
B = |P| > • k/M , B + = < ) PI > • k/M , C - k/ <̂ | p i > .
As before, p is the momentum of the "one dimensional" electron
in the z direction.

According to eq. (1134) these parameters must be small
compared to unity for the magnetoionic (M.I.) theory to be
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applicable. This corresponds to the region of small refrac­
tive index and long wavelength, i.e. region I in the n - to 
diagram of Fig. 1. Turning back to our one-dimensional gas, 
we may now ask how the dielectric properties of the plasma 
are modified outside this region. Eqs. (1136), which repre­
sent an exact expression of the dielectric tensor, may be 
written in terms of the above parameters as

x ± =  x
>4 C ± B ± *  2  

t Bj’-2

(1)

t ••
-z -1 .

I ■* %  A c
a - M ' / , C + 2 )

A ' 1  - C / t c - 2 ) *

Numerically we find 2.51 x 10  ̂x
N^7 x Me, CÔ - eH/Mc *  1.76 x 10^ sec ^

A  = '/i i  S  2.51 * )o“ 1 n N  M J
(2)

C =  -LSLti jL  ft s  *5.11 *  lo'*0 n to N  1 H , .
3.SI *7 i t2. SI M e
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Where n = kc/to stands for the index of refraction, and 
= to/10 sec

The domains for the various approximations are summarized 
in Fig. 1. Two such domains are defined for the transverse 
components . In the long wavelength regime B, C <■< 1
the magnetoionic expressions are valid, and the corresponding

relation n ̂  = l - t o / t o ( U >  1 tOM ). in the short wave-
transverse plasmons are given by the classical dispersion

2 . 2 )P
2 2 2 length region B, C >>  1, however, one finds n^ *  1 - to /<o ,

(2)a result, which is independent of the magnetic field.
Correspondingly four separate domains of approximation are
defined for T . Notably in region II (Fig. 1) while zz
are still given by the M.I. theory the longitudinal component
T is not. In fact T becomes quite singular near the zz zz
separation line of regions I and II (see Fig. 3). Approximate 

expressions for T«|& val;*-d in each one of these domains are
given in Appendices A and B.

These approximate expressions as well as the exact ex­
pressions eq. (1) are valid only for propagation along the 
magnetic lines of force (& * 0). In any other direction of 
propagation depends on the angle & as discussed at
the end of the previous paragraph. The tensor , however,
being a manifestation of the details of the Landau orbits of
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Fig. 2. The transverse components of the tensor as a
function of n at 6 = 0  displaying the characteristic fea­
tures of the low frequency regime ( 0) «  . For n < ̂  10^
the functions approach aasymptotically the magnetoionic 
values.
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Fig. 3. The longitudinal component of the tensor as
a function of n at &  ** 0# displaying the singularities and 
assymptotic features characteristic of the low frequency 
regime ( co uk).



98

the electron, becomes essentially independent of the angle,
when the wavelength is long compared to the Larmor radius
i.e. when ak << 1. It is thus concluded, that the region
C < 1 (which includes both regions I and II in Fig. 1) is
free of this dependence. The only remaining dependence on
the angle is found by replacing k = k cos0* instead of kz
in egs. (2). The dependence on the structure of the Landau 
orbits is expected to become important in the short wave­
length regions III and IV.

In the following, we shall take a detailed look at the 
dispersion relations defining plasmons at various angles of 
propagation, with our interest aimed at the modifications to 
the M.I. predictions brought about by the use of the exact 
X. 0 . Plasmons propagating in the direction of the magne-
tic field ( 0- = 0) are thus taken up in the following para­
graph. Long wavelength plasmons at oblique directions of 
propagation are discussed £4, while in § 5 we investigate 
the rather singular properties of propagation at 0* = 90 , 
and the angular dependence of the short wavelength modes.
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3. Transverse and Longitudinal Plasmons at &  » 0.
It is characteristic of this direction of propagation 

that four components of vanish identically. These areOi &
the components , £yZ* T îe transverse and
longitudinal polarizations are thus decoupled in this direc­
tion for precisely the same reasons as in the M.I. theory. 
Two transverse modes of circular polarization are thus de­
fined, as well as a longitudinal mode (plasmon), through the 
dispersion relations

Since the parameters A, B, C of eqs. (1) are functions of 
n and <*> (see eq. 2), each one of the eq. (3) defines a line 
in the (n,to) plane, which represents the corresponding dis­
persion relation. For a given value of <o the structure of 
the functions 7\(n,-to) is shown in Fig. 2 and 3. Their 
assymptotic behaviour and analytic structure is discussed in 
the appendices.

(3a)

2

I ■+ (3b)
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Fig. 4. Dispersion relations for the transverse plasmons 
represented as curves in the (n,tP) plane.
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For transverse plasmons we find from (3a), modes, which 
are essentially identical with the M.I. modes, see Fig. 4.
This result of our numerical computation may be understood in 
terms of Fig. 5 which represents a graphical solution of eq. 
(3a) for a given value of the frequency to .

For the longitudinal plasmons, on the other hand, we pre­
dict considerable deviations from the magnetoionic theory.
The line representing eq. (3b) in the (n,<o) plane is shown 
in Fig. 6. In the low frequency region io we predict
a mode of collective excitation for every value of the fre­
quency oo , while the M.I. theory predicts no longitudinal 
plasmons in these frequencies. It is noted that the branch 
of our solution which enters region I of the (n,to) diagram 
coincides very closely with the straight line to * tô  of the 
classical theory, just as expected.

Characteristically the upper branch of the solution of 
Fig. 6 almost coincides with a branch of the singularities of 
the function T (n, ) cf. Fig. 7. This most important con-

Z Z

nection of the plasmon dispersion relation, and the analytic 
structure of the dielectric tensor, may again be demonstrated 
by representing the solution of (3b) as the intersection of 
two curves, cf. Fig. 8, for a given value of the frequency to. 
The nature of the singularities of r (n,to) near n * 20 is

Z Z
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Fig. 5. Graphical solution .pf Eq. (39a) at ^  « 0 defining 
the transverse plasmon n_. It is seen that this mode is 
well defined within the range of the magnetoionic theory. 
n+ is not defined at this particular frequency.
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Fig. 6. The longitudinal plasmon at ^  = 0 according to the 
exact theory. Of the two branched curve representing the 
dispersion relation, the upper branch is new. The magneto­
ionic mode fc> = o o corresponds here to the long-wavelength 
part of the upper branch. is the electron's deBroglie
wavelength a  7.7 * io"'°cm.
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Fig. 7. Singularities of The numbers on the curves
correspond to the labeling of the singularities according to 
Appendix B.
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such that this function acquires all the values between - ©o
and +©• within a brief interval on the n axis. It is there-

2 2 . .fore bound to intersect the line y = - to /<0 within thisP
neighborhood.

It is worth noting that singularities of the components 
might give rise to a new set of transverse modes, simi­

lar to the longitudinal modes predicted here. The existence 
of such a singularity, however, requires (cf. Appendix B)
that the Fermi energy E , and is thus incompatibleF

(2)with our assumption of a one-dimensional gas.
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4. Long Wavelength Plasmons at Oblique Direct ions ( &  ̂  0)

In the previous paragraph it was found that at £•= 0
the transverse plasmon n remains virtually classical at low
frequencies, since it is found within region II in the n, «o
diagram. It is expected however that this may not continue
to be so, as we deviate to other directions of propagation
&  f4, 0, for the reason that n(d-) is no longer independent
of the value of T . which does not retain its classicalzz
value in region II, as we found previously.

We shall investigate this problem by keeping the M.I. 
expressions for X^ while introducing the exact expression 
of eq. (1) for r . This approximation should adequately

Z  Z

describe the plasma modes in the long wavelength regime 
(B, C <<1). The angular dependence of T is found by sub-

Z Z

stituting n n - n cos£- in the last of eqs. (1). Wez
thus end up with a simple extension of the M.I. theory, the 
consequences of which, we shall now examine in some detail. 

The dispersion equation can be written in the form:

« -  (4) 
* *  n’ c j V -  c o iV ) .

with
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7.

X

$ - »/a ( i- + E+ ) » I +
H

M

Eq. (4) is easily obtained from (126) by replacing *0 “* *»% •

To solve eq. (4) one has in general to make use of
numerical computation. For low frequencies however u> < < ,

it is possible to study this equation analytically. Since
the L. H. S. of eq. (4) is a large number of the order of 

2 2, it turns out that (4) is satisfied very close to 
the poles of the R. H. S. (i.e. the zeros of the denominator).

The only positive root of the denominator occurs approxi­
mately at

cosfr
(5)



109

U) «10 mc"1 CJ »10 mc"1

_ NEW PLASMON C L A S S I C A L  
P L A S M O N  n ( 0 )

-2 wio VCl) “ 10 mc"1

- 3
OBLIQUE PLASMON 

at 6- 45*- 4

- 5
32

L O G  ( n  c o s  Q)

OPig. 9. Graphical solution of Eq. (4) at ^  = 45 . F(n,w) 
represents the R. H. S. of Eq. (4) multiplied by the factor 
I» / « a .
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the next order correction being given by the additive term

— L .  ( +  — ---  ) s i r »  £

/i 2At & - 0 eq. (5) reproduces the expected value n = 1 +
2 - to ), and since S <<. D in eq. (5) we establishP H

the approximate dependence on the angle n ( ) * n_ (cos &) ^

The above analysis turns out to be extremely insensitive
to the exact value of T  insofar as it is a smoothly vary-zz
ing function of n. The extent over which this statement holds, 
may be witnessed with the help of Figs. 9 and 10, and depends 
critically on our assumption of low frequencies. It is seen 
from these diagrams, that the classical M.I. dispersion rela­
tion remains virtually unchanged even though the quantity
f - 1 is modified very drastically from its classical zz

value of - 1 to the small positive values, which this quan­
tity takes in region II of the n, to diagram.

The foregoing arguments, however, do not hold in the
neighborhood of n cos M * 20, where r was found to be

Z Z

singular. A new plasmon, not predicted by the classical
theory, is defined at precisely this value of n, at the in-

(2)tersection of the two curves in Figs. 9 and 10 which
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represent the graphical solution of eq. (4). The dependence
of the refractive index on the angle is now of the form
nQ(^) oi (cos^») As we approach S' = 0 this mode will
fall on the longitudinal plasmon at n * 20 of the previous
paragraph, and correspondingly eq. (4) becomes L =0.zz
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5. Propagation at Q - 90° Short Wavelength Modes
No new modes can be expected in the long wavelength

Oregime B, C «  1 at & - 90 since the substitution k k^ « 0
in the expressions eqs. (1), gives precisely the magnetoionic 
limit for T . • The only new features are thus the short 
wavelength modes associated with the Landau features are thus 
the short wavelength modes associated with the Landau orbits.

The general expressions for the tensor "r0(p are found 
from eqs. (1120) and (1121) which give for n = 0# & = TC/2i

T ^ (6)
w-i co^l

with

■  V - ‘ ^

1 ■a

The remaining elements of v vanish identically.
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For ak 1 the sum in (6) is dominated by the m * 1
term and we recover the M.I. limit. The resonances at
to = m «„ are a characteristic feature of eqs. (6). The H
resulting "oscillatory properties in the refractive index
are a well known effect for weak magnetic fields. For the
strength of the magnetic field visualized here however, these
resonances constitute excitations at very high frequencies,
and their contribution to the physical properties of the
plasma, is expected to be unimportant from thermodynamic

(3)considerations alone.
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6. Absorption
With the aid of the formalism developed in Part I, the 

magnitude of the absorptive part of tM  ̂ is easy to calcu­
late for any given plasmon. Let us first examine the longi­
tudinal plasmons of $3.

From the second of eg. (II25a) we find that whether or 
not there is absorption depends on the magnitude of the 
quantity.

- Ji A c "  (.*- ]'f 1 0

There is no absorption unless the value of this quantity lies 
between zero, and one. This condition defines a region of 
width *$<0 below the Fermi surface; it is only in this region 
that the bracket in eq. (II25a) gives a nonvanishing contri­
bution. In the long wavelength regime this condition is 
satisfied on the horizontal branch of Fig. 6 where we have 
2 - £ c < A  ̂< 2 + £ C. We thus conclude that absorption
occurs for the corresponding plasmon. The magnitude of the 
absorptive part of the dielectric constant is in this case.

A 17C

X xM i-TTUi. -2. -I
? A <- » CO
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The branch in Fig. 6, which falls into the classical plasmon
= Up in region I# can be shown, on these grounds, to have

no collisionless absorption associated with it.
Similarly we find for propagation at oblique directions,

that only the new plasmon associated with the singularity in
t at n ~ 20 (in the long wavelength regime) suffers zz z
collisionless absorption, while none of the classical M.I. 
modes do.

We therefore conclude that the magneto-ionic modes are
the only propagating modes at low frequencies to <<
The new mode found in .§ 4 near the pole of the polarization
tensor T with n ** 20/cos & does not propagate due to zz
strong Landau absorption.
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7. Conclusions.
The longitudinal component of the dielectric tensor 

4 was found in ^  2 to deviate grossly from its classicalZZ
value, obtaining large positive values in Region II of the 
parameter space, cf. (Pig. 1), as opposed to the large nega­
tive values predicted classically. Since t appears ex-ZZ
plicitly in the dispersion relation defining plasmons, cf.
Eg. (4) one might expect to find profound deviations from the 
classical magnetoionic theory. Contrary to such expecta­
tions, however, Eq. (4) was found to be extremely insensitive 
on the value of £ for low frequencies to << io* , so thatZZ i
the magnetoionic dispersion relations remain valid to an
excellent approximation. The new mode which is related to a
singularity in & will not propagate due to strong Landauzz
absorption.

The magnetoionic expressions are thus reliable for the 
propagation of radio waves in the pulsar magnetosphere. For 
optical and X-ray frequencies, however, one should make use 
of the more detailed theory presented in Part II.
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Appendix A. Analytic Structure of T+ (n. U))

Introducing the variable y - 10*° one has from
eq. (36a)

(A—1)

D t ( * , « )  =  -> d c  =  B j '  ( i t  ) >  +  c»3t
-i

(A-2)

with B = .143 x N x H_j?, C = 2.565 x N ^ x H . The de­cs 27 12 O 2/ X2
pendence of the above forms on to is, clearly, very weak at 
low frequencies ( to < < <o__), so that y becomes a convenient 
parameter for studying the properties of this function.

has singularities when D + (y ,<*> ) = 2. This equa­
tion has two roots, which are real if the condition
B (1 i u»/to ) ^ > c is satisfied. For w << thisO H O H
condition becomes essentially

3. % 2/ ™ >  1 (A-3)

and therefore contradicts our initial assumption of a one­
dimensional gas. We thus conclude, that cannot be
singular at low frequencies, so long as only the lowest 
Landau level is populated.
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The following limiting cases are of some interest
(a) Long wavelength Limit y >> 1. One finds &

(1 ± to/w„) so that expanding the logarithm we find o H
= ± (Ojj/(u> ^jj)* (*>) Short Wavelength Limit

y < < 1. Here one finds D ^ ( y , w )  » Cq "X ^ (unless w be-
_2comes very large to — « X ). ConsequentlyII

-\ - 1

T ± a  “E>0 c0 > i (A-4)

The corresponding dispersion relation takes the form
2 2 2 n = 1 - u / to in this limit.P
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Appendix B. Analytic Structure of T  (n,w)

From the second of eq. (36a) it is evident that T  iszz
singular whenever any one of the four conditions A  ̂!

/£C = ( i ) 2 is satisfied. For a given value of <o these con­
ditions yield four values of the refractive index, at which
X is singular, as follows z z

  - »

n  • * »  vi (t*}') — o< ( i t V  i ~  b  u >  )*> ̂
-  , (B-l)

n -ae n (to') —  O ( I + bu1 "± ) )

with a 3  19.93 x x H^2» ** “ 1.02 x 10 ^  x x • 
At n = n (u ), x obtains large negative values, while the

w Z Z

remaining three singular points correspond to positive infi­
nities of T . Eqs. (B-l) define a line in the (n, m ) plane

Z Z

which, as shown in Fig. 8, is composed of three separate 
branches. At low frequencies these curves fall assymptoti- 
cally on the lines n * a and n = 2a/b . At high frequencies 
the first of eqs. (B-l) gives complex values of n, while the 
second one gives two real values, which converge assymptoti- 
cally on the line n = a/(bco)^.
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Approximate expressions for *r can be easily obtained
Z Z

for each one of the assymptotic regions in the (n, w) plane, 
cf. Pig. 1. Here we merely give the leading terms in the 
corresponding expansions

T 1 «  - 4 A2 (l + C2/16) in Reg. I (A, C << 1)zz

-C11 «  1 + \ A-2 in Reg. II (A »  1# C  ̂<• 1)zz

III —2 —2-C 1 + 2 A C in Reg. Ill (A C »  1)zz
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PART IV

COLLISION FREQUENCY AND COULOMB SCATTERING IN AN 
INTENSE MAGNETIC FIELD

1. Introduction
At the neutron-star surface, electrons imbedded in the

huge magnetic fields can move freely in the direction of the
magnetic field lines, while their motion perpendicular to the
field is confined in the lowest Landau quantum orbitals of
radius 2.6 x 10 ^  x H^2 ^ cm, where H^2 is the magnetic

12field in units of 10 Gauss. The strongly guided character
of the electron's motion may be expected to dominate the
dynamics of any collision event in these gigantic fields, and
deviations in the cross-section may result as compared to the
field free case. The effect of the magnetic field on several
processes which characterize the properties of the surface
plasma was summarized in Part I. In Part II we gave a quantum
mechanical description of the dielectric properties of a mag- 

3netized plasma. The effect of collisions however was only 
superficially considered due to uncertainties in the cross- 
section of electron-ion scattering in an intense magnetic 
field, and in the formulation of the collision frequency for 
electrons confined in low lying Landau orbitals.
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In Part IV we shall try to remedy these omissions. We 
shall concern ourselves both with some formal aspects of the 
scattering problem in the magnetic field, which have thus 
far not been emphasized in the literature, and with the spe- 
cific application of Coulomb scattering. In Sections 2 and 3 
we thus examine the assymptotic properties of the scattering 
state, and give an exact expression for the scattering cross- 
section in the magnetic field. A one-dimensional Boltzman 
theory is employed in Section 4, to obtain an expression for 
the collision frequency, which takes proper account of the 
discrete nature of the phase space. In Section 5 we obtain 
general and analytically simple expressions for the Coulomb 
matrix elements in the IMF. Previously known expressions are 
recovered in the classical limit (large quantum numbers).
In the application to the problem of electron-ion scattering 
discussed in Sections 6 and 7, the collision frequency is 
found to exhibit giant oscillations as a function of the 
electron energy in resonance with the discrete Landau levels. 
The reliability of the Born approximation is finally dis­
cussed in Section 8, a brief description of which follows.
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According to the formal considerations developed in 
Section 2, no infinite matrix elements are allowed in the 
theory. The known divergence of the forward matrix elements 
(corresponding to the transmission process nk nk in a given 
Landau level) is accordingly found to be a feature of the 
B o m  approximation not reflected by the exact T matrix.
This is contrary to a well-known property of the field free 
Coulomb scattering, in which case the Born approximation 
coincides with the prediction of the exact theory, and both 
matrix elements become infinite in the limit of zero momentum 
transfer.
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2. Description of the Collision Event
Let the heavy scatterer, placed at the origin of our 

coordinates, be represented by a potential V(r). The elec­
tron, approaching along the magnetic field lines, is described 
assymptotically by the unperturbed Hamiltonian and the corre­
sponding wavefunction^

Here H is the magnetic field, -e and m the charge and mass of 
the electron, and \ eH/^c. n and s are non-negative

ted from the Laguerre polynomials, and given explicitly in 
Appendix A. The magnetic field has been assumed to act along 
the z-direction, and is the momentum of the electron 
along z.

The cylindrically symmetrical solutions of Sokolov were 
chosen here, to match the symmetry of the scattering problem 
at hand. The corresponding energy spectrum is

z

(1)

integers, Ins(t) is an orthonormal set of functions construe-
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(2)

where W„ = eH/mc is the usual Larmor frequency.H

This equation is actually modified by the addition of the spin

doubly degenerate Landau levels, except for the lowest level,
corresponding to n = o and spin anti-parallel to the magnetic
field, which is not degenerate.

Eq. (1) describes a particle which can move freely in
the direction of the magnetic field, while its transverse
motion is bounded in the n-th Landau level within a charac-

- 1/2 1/2teristic radius of gyration Rn = (n+1/2) and located
- 1/2 1/2at a mean distance from the origin $ = V (s+1/2) .

S ”

We shall now formulate the collision problem, keeping 
in mind that the geometry of the outgoing waves changes from

XlClTthe usual spherical waves e /r to the cylindrical waves 
e <Pna (f , & ) defined in equation (1). The scattering 
state is given by an equation of the Lippman-Schwinger type

coupling term <o which gives rise to a spectrum ofH
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As usual, the assymptotic behavior of this wavefunction will 
give an explicit expression for the scattering amplitude in 
the new cylindrical geometry. Substituting the coordinate 
representation of the propagator

- I T  * ik,,)*-*7)
< V ) | r> «  /  4 4 (Pfr) C

/  Z . *»i r**-1
n s *> (4)

. - I 1/!

cf. Appendix B, we find the following assymptotic expression

« :  ^  **> e 'u + 2 .
uh s'

(5)
t*0

A , U ' )  =  r « w  (4 U 4  )\ nVk' * >

where &(z) is the step function.

The last of these equations is an expression of the conserva­
tion of energy in the transition nsk -^-n's'k'. As expressed
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by equations (5) the problem has the form of a multi-channel, 
one-dimensional, scattering event with an incoming cylindri­
cal wave in the state nsk, and outgoing waves n^ s^k * and 
n', s',-k'. According to the results of one-dimensional 
scattering, the relative probabilities for transmission and 
reflection in the state n's'k' are given by the expression

positive values of k' corresponding to transmission and nega­
tive k' corresponding to reflection (backward scattering).

The transition matrix is defined by the equation

where we have introduced the shortened notation o( »(nsk).

The statement that all probabilities add up to one, or equiva­
lently that flux is conserved during the scattering, can take 
the form

with the

(6)

2

(7)
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where q (E t ) stands for the density of states in the inter-
val E , , E , + dE Equation (7) in the last form is rec­ot or or
ognized as the well known optical theorem. Since the partial 
probabilities individually cannot exceed one, we also have 
the following weaker constraint on the matrix element

Is. - £ t , <  w rI ota etot (8)

In view of this equation no infinite matrix elements are 
allowed. These constraints will be found useful later in 
exploring the limitations of the Born approximation.

It should also be noted that the probabilities mentioned 
above are probabilities per single incident particle. The 
transition probability per unit time is obtained by multiply­
ing by the incident flux km \
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3. The Scattering Cross Section
The notion of the scattering cross section has often 

been avoided in the literature, possibly due to an inherent 
difficulty in formally describing an incident beam of uni­
form density in the magnetic field. In this respect it 
should be noted, that the wavefunction of Equation (1)
represents a cylindrically symmetrical beam of current density

This distribution is spacially confined in the transverse 
direction, and corresponds to an impact parameter

ing experiment, however, one has to visualize an incident 
beam of uniform density representing all possible impact 
parameters.

A uniform density beam can only be represented as a 
statistical mixture of electron states of different values of 
s with the same weight. Summing the partial currents in

5Equation (9) over s, and making use of the identity

(9)

[tf-1 (s+l/2)] For the description of a scatter

1
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we obtain a flux ( y/jc)f»km  ̂for this beam. The cross 
section can now be obtained as the total current going into 
the state n'k' according to Equation (5), divided by the in­
cident flux

= ? It') 2  K v C O l 5 <“ >
s's

One can, of course, avoid the notion of the cross section 
altogether, by calculating directly the total transition 
probability per unit time from the partial probabilities.
It should be noted however, that while the value of the 
transition probability depends on the normalization of the 
beam, the cross section is independent of the normalization.

We further note in connection with Equation (10), that 
throughout this paper we shall be dealing with spin indepen­
dent interactions V, so that the spin of the electron will 
always be conserved. Moreover, for cylindrically symmetrical 
potentials V(£,z), s' is determined from the conservation of 
the angular momentum ■ - i ̂  (x 3  - y ~2>x), whose eigen­
value is H (n-s). In this case one has s' = n' - n+s.

6
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4. The Collision Frequency
An external electric field £>, parallel to the magnetic 

field H, tends to accelerate electrons along the magnetic 
flux lines, while collisions with ions give rise to a drag- 
force. The role of collisions in this limited problem can be 
understood by referring to the one-dimensional Boltzman equa­
tion governing the evolution of fn (z,k,t), the distribution 
function in the n Landau level. For a spatially homogeneous 
situation we have

k is the momentum of the electron along H as before. Such 
a one-dimensional kinetic equation has been previously used

disturbances in the motion of the electron acting in the 
direction of H. The collision teffm appearing at the RHS of 
this equation is our next objective.

Collisions give rise to transitions between Landau 
levels. The rate of transitions nk -» n'k* leading out of 
the element n,dk of the phase space is

7>t
(11)

in the literature,7 and found adequate for the description of
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where is the number density of ions. Transitions in the 
reverse direction occur at a rate

w*  = i £  N‘ - * .« ]& * ' '■ " )

Here we have put dk* = (k/Tc')dk as dictated by energy conser
vation, and made use of the microreversibility property

„ , , = • Combining the above results wen'k’-*-nk nk-»n'k' 3
finally obtain for the total rate of transitions per single 
incident particle

( | £ > )  =  S „ c n  -  n , 2  I i (v] M  snk. rfw-
^*',,,11 «'k-

where k 1 is determined up to a sign from the energy conserva 
tion condition. We have thus obtained an expression which,

(12)
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while similar in form to the usual collision term one obtains 
for an isotropic electron gas, also takes proper account of 
the discrete nature of phase space in the IMF. It is easy to 
check that substitution of the Fermi Dirac distribution func­
tion in equation (12) gives zero identically, just as expec­
ted for the case of thermal equilibrium.

Combining equations (11) and (12) we obtain a system of 
coupled differential equations in k and t, which takes the 
place of the usual integrodifferential equation for f(p,t) 
in the isotropic case. A collision frequency can now be
defined for each Landau level in the relaxation time approx-

8 0 imation from the equation ('df /3t) ,, = - \> (f-f),n coll n n
where f° * f°(Enk) is the equilibrium distribution function,
and is a function of the electron energy only. Clearly
will depend on the nature of the deviation from equilibrium
at hand. Here we are interested in investigating the steady
state, which arises as a result of the external field

8Proceeding along the standard Boltzman approach we write
f * f° + f1 and evaluate f* to lowest order in £. Ac- n n n
cordingly, the LHS of Equation (11) becomes
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I La C as — ^  Z  - ^  e  6^ 'li* 7k *

U H S  -  -  ^ ) -  N ; 2  ( V - O

(13)

n'k'

where E = E^. By equating these expressions we obtain a 
linear system of algebraic equations in f^OO

tt- 'if,L  “ 7 T
A .= 2 S’ *"’ + ^7 ( 6',°’’ -►

n n  n n  '  n  n  n »  /

n'**

*■  „  '  n h  n n / )

(13a)

wn

The superscripts ( t ) indicate forward and backward 
scattering respectively. The indices n#n' run over all 
levels which are compatible with a given v£lue of the elec­
tron energy E. In obtaining (13a) use was made of the property 
f^(-k) * - f^(k)# which is a consequence of the reflection 
properties of equation (13).
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Closer inspection of equation (13) reveals the remarka­
ble property

—2—  — Con stem* (14j

The above ratio is independent of n, but does depend on the 
energy E. Accordingly the collision frequencies at different 
Landau levels are also related to one another. It is there­
fore sufficient to have the expression for >> in a particular 
level (n=o, say) and determine as follows

v £>- *-k N<Z (,~ r.k—k •
nk

V tE)  -  V . ( i £ )  k / ( V 0 ^ n k )  ,

(15)

The quantities are determined by solving the system of
equations (13a). From the properties of fn OO mentioned 
earlier however it is easy to deduce that - ^ s

t and f| “ 1. The solution of the system of linear equa­
tions itself is of course straightforward, even though the
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number of the equations involved may become prohibitive in 
the limit E > > £ <*> . In this paper we are mainly interestedII
in the mathematically simple case of electrons energetically 
confined in the low lying Landau levels. The computation of 
the collision frequency in this limit is given in Sections 6 
and 7. Before this can be done, however, it is necessary to 
evaluate the matrix elements for the transitions of interest. 
This will be the subject of the following section.

The collision frequency , as defined above, is 
clearly associated with the D.C. conductivity in the direc­
tion of H. As our one-dimensional formulation does not ac­
count for the balancing of forces in the transverse direction, 
the quantity , associated with the transverse conductivity 
cannot be given along these lines. This problem will be 
treated in a separate communication.
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5. The Matrix Element for Coulomb Scattering
Coulomb scattering in the magnetic field has been previ-

paper, used a W.K.B. approximation of the wavefunctions in 
eg. (1) to obtain manageable expressions for the matrix ele­
ments of the unscreened Coulomb potential in the limit of 
large quantum numbers. A more general derivation of 
Tannenwald's expression, not involving the W.K.B. approxima­
tion, was given by Goldman."^ As none of these results, how­
ever, is applicable in the region of low quantum numbers, 
which is our primary concern in this paper, it will be neces­
sary to take a fresh look at the problem.

In a B o m  type approximation, one finds for a screened 
Coulomb potential V * e ^ r/r

gously dealt with in the literature. Tannenwald, in an early

f i  < « i  w  
, 2  J  Vs' **

(16)

o

where s' = n - n + s
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K is the modified Bessel function and is the result of the
z-integration in equation (16). The parameter ^ is defined

The matrix elements of equation (16) are not independent 
of one another. Those which correspond to negative angular 
momentum n-s > 0 are related to the ones with n-s < 0 sim­
ply by interchanging n with s, and n' with s'. This symmetry 
is easily traced to equation (A2) of the Appendix. Further­
more, the recurrence formula (A4) derived in Appendix A links 
the matrix elements of adjoining indices. Making use of these 
properties it is possible to evaluate exactly the integral in 
equation (16) obtaining the result

o

-1 2 2as (4 T() (|b + K ) where K is the momentum transfer
k-k’, and

(17)

where Qn is the associated Laguerre polynomial, and j! is the
12confluent hypergeometric function. Details of the calcula­

tion are given in Appendix A.
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13In the limit of large quantum numbers one can write

Here I and K are the usual Bessel functions. Using m m
Stirling's approximation for the factorials we find:

, v : \ )  -  2  ( i f  V V *  k*.,(2 ̂
(I 'D

If we also assume that the quantum numbers n,n',s are of the
same order of magnitude in addition to being large, and that

< 1, we recover Goldman's result.^ The condition on %
can be understood in terms of the expression 4 % - 

2(Ea /E )(n'-n) /n, where E A and E^ are the transverse and 
parallel to the field components of the electron's energy, 
and where the screening parameter ^ is assumed to vanish.
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6. collisions in the Lowest Landau Level
Of particular interest for the properties of plasma near 

the surface of a magnetic neutron star, is the case of elec­
trons occupying only the lowest orbital in the Landau spectrum, 
corresponding to n = 0, and the electron's spin aligned anti­
parallel to the magnetic field. The energy of the electron is 

2 2in this case fi k /2m <
r i

The only transitions, which are energetically allowed, 
are of the type 0 s - * 0s, with the possibilities of reflection 
and transmission (k1 = i k) mentioned in section 2. The cor­
responding matrix element according to equation (17) is

backward scattering events (reflections) contribute to the 
collision frequency. The corresponding cross section is from 
equations (5) and (10)

(18)

where depends on the magnetic field, the screening radius
and the momentum transfer in accordance with "5= (4 tf) ^

2 2( k + 4k ). Referring to equation (15), we see that only

S»o

2
(19)
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The quantity 1 = sj ̂  (s+1,1, ̂  ) is a monotonically
decreasing function s. For s = 0 we thus get the largest 
contribution

r  i  f ^ d t  - t
$  (i, l, 1 )  - ^  J T *

expressed here in terms of the exponential integral function. 
The remaining terms can be evaluated with the help of the

4.- 12recurrence equation

{ (x) - G-x) 4,(>o - I

For values of \ ^ 1# the sum in equation (19) is dominated 
by the first few terms. For "%<■< 1 use of the assymptotic 
expressions for the confluent hypergeometric function lead to 
the result

|
s  4 l"' J  d* 1 ; ■ % « )  (2o)

X«© •
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-2For » 1  one finds W("5 ) — "S . Fig. 1 shows the result 
of the numerical evaluation of W(£). Our results can be 
fitted very accurately by the empirical expression W(x) =

“ 2  — o( -  J./Mx” (1+x ) , et = 0.756, which has the same assymptotic
behaviour as described above. The value of the parameter 
is chosen to fit our numerical value at x=l.

From equations (15) and (17) we now find the collision 
frequency

2 4 .12 e  •» N: ,v(t)-     W I £) (21)
* ti’l

— —1 2 2 with * — (4 $ ) (|t + 4k ). Comparing this result to the
value ^ s0 one g©ts for the isotropic case H=0, we find

. i V. kl , W « )
= I- H ( 1 ■+ )

v . J o

where the minimum angle of scattering is the result of 
14the screening.

It is noted that V. diverges logarithmically in theiso
limit of no screening ( ^4= 0), in sharp contrast to the in­
tense magnetic field case, where v*(k) does not diverge for

* 0. Aside from the logarithmic factor, this ratio is of
2 2 order one for k / $ 3  1, and diverges for small values of k /%
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Figure 1. Plot of the numerical evaluation of the strength function W(?).
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7. Giant Oscillations in the Collision Frequency
When the kinetic energy of the electron exceeds the

the collision frequency as given by Equation (15) exhibits 
discontinuities as a function of E in resonance with the dis­
crete levels. In this section we explore the details of this 
oscillatory behavior in the low lying Landau levels. The re­
levant matrix elements were computed numerically along lines 
similar to those detailed in the previous section, making use 
of the appropriate recursion formulae for the hypergeometric 
function. The resulting collision frequencies are shown in 
Figure 2.

The cross sections of interest are given below in terms 
of the dimensionless quantities wn »n (3>) representing the 
strength of a particular transition, and defined by

separation energy between Landau levels, we may rewrite our 
results of equations (10) and (15) in a form more suitable

for numerical evaluation as follows:

separation energy between Landau levels 1 2 xH
12H keV (H. is the magnetic field in units of 10 Gauss)

2Introducing the quantities % *  kR/4 ̂  which are a measure 
of the electron's longitudinal kinetic energy in units of the



z Woo W11 Wl o W22 W21 W2o W33 W32 W31 W3o

0 .0 1 0 4 3 .9 2 1 9 0 .6 1 1 3 .1 1 9 6 6 . o l 7 4 .6 7 3 0 . 4 6 4 115.304 6 .2 3 1 0 .7 4 1 0 .1 6 4
0 .0 2 0 4 6 .3 7 6 4 2 .4 7 7 2 . 4 9 1 3 9 .3 8 5 3 .7 0 O 0 .4 4 1 3 7 .2 9 1 4 .5 7 0 0 .6 8 6 0 .1 6 1
0 .  030 3 0 . 2 8 4 2 6 .8 4 7 2 .1 4 1 2 4 .3 3 4 3 .0 6 7 0 .4 2 2 2 2 .7 5 7 3 .6 9 4 0 .6 4 3 0 .1 5 6
0 .0 4 0 2 2 . 2 0 9 1 9 .2 1 7 1 .9 0 2 1 7 .2 7 9 2 .0 4 6 0 . 4 0 6 1 3 .8 2 9 3 . 1 2 4 0 .6 0 7 0 . 1 5 5
0 .O 3 0 1 7 .4 0 6 1 4 .7 4 1 1 .  724 1 3 .0 7 1 2 . 3 3 9 0 .3 9 2 1 1 .8 5 1 2 . 7 1 3 0 .3 7 7 0 .1 5 3
0 .0 6 0 1 4 . 2 2 9 1 1 .6 2 1 1 .5 8 3 1 0 .3 5 5 * . 1 0 1 0 .3 7 9 9 .3 0 4 2 .4 0 3 0 .5 5 0 0 . 1 5 1
0 .0 7 0 1 1 .9 7 9 9 . 7  76 1 .4 6 6 6 .4 7 3 1 .9 1 0 0 .3 6 6 7 .3 3 4 2 .1 3 6 0 .5 2 6 0 . 1 4 8
0 .0 6 0 1 0 .3 0 4 8 .2 7 6 1 .3 7 1 7 .1 0 2 1 .7 3 2 0 . 3 3 7 6 .2 8 8 1 .9 5 4 0 .5 0 4 0 .1 4 6
0 .0 9 0 9 .0 1 2 7 .1 3 0 1 .2 6 6 6 .0 6 4 1 .6 1 9 0 .3 4 6 5 .3 3 7 1 .7 8 5 0 .4 8 5 0 .1 4 4

0 .  100
t ‘

7 .9 8 3 6 .2 3 0 1 .2 1 6 5 .2 5  o 1 .5 0  5 0 . 3 3 6 4 .  oO l 1 .6 4 3 0 .4 6 7 0 . 1 4 2
0 .2 0 0 3 .5 0 7 2 .4 6 6 0 .7 9 2 1 .9 7 0 0 .8 7 4 0 .2 7  1 1 .6 6 8 0 .8 8 7 0 .3 4 3 0 .1 2 5
0 .3 0 0 2 .1 1 1 1 .3 8 9 0 .5 8 9 1 .0 7 8 0 .6 0 2 0 .2 2 6 0 . 9  00 0 .5 8 4 0 .2 7 1 0 .1 1 2
0 .4 0 0 1 .4 5 2 0 .9 1 2 0 .4 6 7 0 .6 9 7 0 .4 3 1 0 .1 9 7 0 .5 7 6 0 .4 2 3 0 .2 2 3 0 . 1 0 2
0 .3 0 0 1 .0 7 7 0 .6 3 3 0 .3 8 4 0 .4 9 5 0 .33 5 0 . 1 7 3 0 .4 1 0 0 .3 2  5 0 .1 8 8 0 .0 9 3
0 .6 0 0 0 . 6 3 9 0 .4 9 6 C .3 2 5 0 .3 7 4 0 .2 8 9 0 .1 5 4 0 .3 0 9 0 .2 5 9 0 .1 6 2 0 .0 8 6
0 .7 0 0 0 .6 7 o 0 .3 9 4 0 .2 8 0 0 . 2 9 6 0 .  242 0 .1 3 5 0 .2 4 4 0 .2 1 4 0 .1 4 1 0 . 0 7 9
0 . 6 0 0 0 .  339 0 .3 2 2 0 .2 4 4 0 .2 4 1 0 .2 0 6 0 .  126 0 .  199 0 .1 8 0 0 .1 2 5 0 . 0 7 4
0 . 9 0 0 0 . 4 7 1 0 .2 6 9 0 .2 1 o 0 .2 0 1 0 * 1 7 8 0 . 1 1 5 0 .  166 0 .1 5 4 0 .1 1 2 0 .0 6 9

1 .0 0 0 0 .  404 0 .2 2 9 0 .1 9 3 0 .1 7 1 0 .1 5 6 0 .1 0 5 0 .1 4 2 0 .1 3 4 0 .1 0 1 0 . 0 6 4
2 .0 0 0 0 .1 3 9 0 .  060 0 .0 8 4 0 . 0  60 0 . 0 6 3 0 .O 5 5 0 .0 3 0 0 .0 5 2 0 .0 4 7 0 .0 3 8
3 .0 0 0 0 .0 7 1 0 .0 4 3 0 . 046 0 .0 3 3 0 .0 3 3 0 . 0 3 4 0 .0 2 8 0 .0 2 9 0 . 02 6 0 .0 2 5
<*.000 0 . 0 * * 0 .0 2 6 0 .0 3 2 0 .0 2 2 0 .  023 0. 024 0 .0 1 8 0 . 0  19 0 .0 1 9 0 .0 1 8
5 .0 J Q 0 .0 3 0 0 .0 2 0 0 .0 2 3 0 . 0 1 5 U .C 17 ‘1 .0 16 0 .  013 0 .0 1 4 0 .0 1 4 0 . 0 1 4
6 .0 0 0 0 .0 2 1 0 .  015 0 .0 1 7 0 .0 1 2 0 .0 1 3 0 . 0 1 4 0. CIO 0 .0 1 1 0 .0 1 1 0 . 0 1 1
7 .0 0 0 0 .0 1 6 0 .0 1 2 0 .0 1 3 0 .0 0 9 0 .0 1 0 0 .0 1 1 0 .0 0 6 0 .0 0 6 0 .0 0 9 0 . 0 0 9
6 .0 0 0 0 .0 1 3 0 .0 0 9 0 .0 1 1 0 .0 0 8 0 .  006 0 .  009 0 .0 0 6 0 .0 0 7 0 . 0 0 7 0 .0 0 7
9 .0 0 0 0 .0 1 0 0 .0 0 6 0 .0 0 9 0 .0 0 6 0 .0 0 7 0 .0 0  7 0 .0 0 5 0 .0 0 6 0 . 0 0 6 0 . 0 0 6

1 0 .0 0 0 0 .  00b 0 .0 0 6 0 .  00 7 0 .  005 0 .0 0 6 0 .0 0 6 0 . 005 0 .0 0 5 0 .0 0 5 0 .0 0 3

Table 1. Values of the functions W (z) for the lowest four Landau levels.n'n
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-V,

refer to forward and backward scattering as previously, end
the dimensionless quantity "E * "5 * is defined in tense of

the longitudinal momentum transfer as described in Isetioo 5.
The collision frequencies y) ( \ ) are related to V ( Jf )n ' o o o
by Equation (15).

The transition strength quantities wn «n ( D  ***** been
tabulated for convenient reference, cf. Table 1. In TabIs 2
we give the value of the ratios n ■ f*/f* as cosspotsd fronn n o
Equation (14). The resulting collision frequencies are
shown in Figure 2 as a function of the electron energy X 0*

The characteristic collision frequency V is nisaerloallyH
v'jj *  3.1 x 108 x N20 x H“^*sec 1, where



vu
v

n*0 n-2

n»0n*0

0.5

05

Figure 2. The collision frequency v as a function of the electron energy. Hien 2
dependence on the screening parameter 0 /4y  is weak providing that 
02/4y  «  1.
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6- ^  =  ef (-* x (V)
» W H v *  A rj I U N

v» 2 2  ( ' <2 3 >
11 2

6- -  I f — 1 V -  2  iLj-2 N y * V *
h  • »  I  a .  U  ;  )  »  2  a ,  *  4  *

2 2where aQ = ft /m® is the Bohr radius, the superscripts
refer to forward and backward scattering as previously, and
the dimensionless quantity = "5 “ is defined in terms of
the longitudinal momentum transfer as described in Section 5.
The collision frequencies v>R ( )[Q) are related to Vq ( yQ)
by Equation (15).

The transition strength quantities wn in (5») have been
tabulated for convenient reference, cf. Table 1. In Table 2
we give the value of the ratios n - f*/f* as computed from' n n o
Equation (14). The resulting collision frequencies are 
shown in Figure 2 as a function of the electron energy % Q. 

The characteristic collision frequency V„ is numericallyXI
q .i 20 -3v>H *  3.1 x 10 x N20 x H12 sec , where N2Q « N/10 cm ,
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12H^2 * H/10 Gauss. The dependence of on the screening
2

distance is weak so long as the parameter fr/*l < < i.
This parameter is equal to the ratio of the Larmor radius 
over the screening distance, and is indeed expected to be 
small in the limit of H considered. No mention of the elec­
tron's spin was made until this point. This has been possi­
ble due to the spin independence of the Coulomb potential. 
Figure 2 gives the collision frequency for electrons with 
spin antiparallel to H. for electrons with the opposite
spin orientation may be found from the same graph, if we
change the abcissa to read (E —  J/'fito .H xx

A comparison of the quantities ^ to the ratio ^n/kQ 
is also indicated in Table 2, and has the following signifi­
cance. The case rj k /Tcq , according to equation (15), 
represents a situation where the collision frequency is the 
same in any Landau level for a given value of E, i.e.
V (E) = v* (E). This symmetry property resembles the situ- n o

ation, known to occur in isotropic plasmas. In the INF this
situation arises when = G*’/ , i.e., the cross sectionn'n n'n'
displays a forward to backward symmetry. The matrix 
defined in equation (13a) becomes diagonal in this case, and 
the equations for f* become decoupled. In the isotropic 
case a similar decoupling (of the different directions in
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E/hû V ko E/hi»H I"" ........

*1 ^2 V ko V ko
1.05 l .028 .218 2.05 « 565 .015 .716 .156

l.i .111 .302 2 .1 .621 .072 .724 .218

1.2 .373 .408 2 .2 .714 .283 .739 .302

1.2 .604 .480 2 .3 .797 .500 .752 .361

1.4 .750 .535 2 .4 .856 .657 .764 .408

1.5 .837 .577 2 .5 .896 .760 .775 .447

1;6 .889 .612 2 .6 .923 .826 .784 .480

1.7 .921 .642 2.7 .941 .870 .793 .509

1.8 .942 .667 2 .8 .954 .901 .802 .535

1 .9 . 956 .688 2 .9 .963 .922 .809 . 557

2.0 .966 .707 3 .0 .970 .938 .816 .577

Table 2. V alues o f the ra tio s  rt = f 1 / f 1 as a function  o f the e le c tro n  energy.
'n n  o

/
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the momentum p) occurs, and can be traced to the symmetry of
the cross section under the rotation of the vectorP -*P
p' by 180° about the p direction (azimuthal rotation). The
resulting collision frequency V(p) depends on the magnitude

8of p but not on its direction.
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8. Limitations of the Born Approximation
The Bom type approximation used to calculate the matrix 

elements in the last two sections has consisted of substitu­
ting the free particle form exp(ikz) to replace the z- depen­
dence of the scattering state. From general considerations 
one expects to obtain accurate results in this approximation, 
when the kinetic energy of the electron is large compared to 
the effective one-dimensional potential "seen" by the parti­
cle as it moves along the magnetic lines. For electrons in
the low lying Landau levels this effective potential is of

2 1/2 - 1/2 the order Ze | (s+1/2) . I n  view of these qualitative
9 10considerations it has often been stated ' that the B o m  ap­

proximation is expected to improve at high values of n,s, and 
k.

Here we wish to add some remarks motivated from the one­
dimensional picture of scattering developed in Section 2, and 
in particular from the constraint given by Equation (8). A 
brief examination of the matrix element is enough to convince 
us that this inequality is violated for sufficiently small 
values of the quantities k',k, and ^ . The divergence at 
k* = 0 can be understood as a typical resonance behavior, 
since the kinetic energy obtains the value required to excite



one of the higher Landau levels, and the propagator becomes 
infinite at this value of k', cf. Eq. (4). k » 0 corresponds 
to bound states in the incident channel. These atomic states 
in the IMF have recently received attention in connection to 
the opacity and cooling in neutron s tar s.F ina lly  the 
quantity is minimized for zero momentum transfer 
(K *s k'-k = 0) which corresponds to the transmission process 
nsk -*■ nsk. The B o m  matrix element diverges in this case 
logarithmically (for weak screening)

v*\l) -  “ ( l i )  4 •
o

Here ^Hs) 3 p'(s)/p(s) is the logarithmic derivative of
the gamma function. This difficulty was recognized long ago,
and ad hoc assumptions have often been made to cut off the
infinite matrix elements in the computation of total transi-

9 10tion probabilities. ' It is also worth noting that the 
problem persists even at large values of n,s and k, when the 
Born approximation is expected to be accurate.

An improved representation of the scattering state must 
be used in order to understand the source of this difficulty^
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Writing the wavefunction in a separable form^ =
= <<!ns {f'* )f^(z) we find for the matrix element in question,

k ITI nsky = /  ><ns
— O*

2n
V (*) -  J~t*t 1

(24)
lr) .

Here vns(z) i© the effective potential in the z-direction.
The Bora matrix element is just the integrated potential 
which can become arbitrarily large as was pointed out above. 
However, even a slight deviation of f (z) from its Bora valueJv
can drastically alter this situation. This point can be il-

17lustrated by making use of the eikonal approximation.
18Following the standard procedure we write f^(z) = 

exp [i(kz + (z))J , where ^(z) is to be determined by sub­
stitution into the one dimensional SchrOdinger equation

f. (*> - 0 , (25)k

>■ -2where U(z) * - 2m^ V (z). The resulting equation forns
£  (z) is simplified by making the standard assumption of
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smooth behavior in z, whereby the second derivative of 
as well as, the second power of the first derivative can be 
neglected. The result is

<4(ti =  taw"' /
the corresponding expression for the transmission matrix ele­
ment is easily obtained by examining the limit of f.(z) atJC
z-r 'DO, or performing the integral in equation (21). In 
either case one finds

V » - ’ /  » *T  »r»xJt> = - ( I - < ) (26)

-i cwhere = (2k) J dz U(z). The transmission probability
- rt*

is accordingly equal to one. What becomes infinite here is 
not the matrix element but the phase ^ ('*>•). By expanding the 
exponential in the above equation and retaining terms up to 
first order in we recover the B om matrix element.
This expansion is of course not legitimate in our case since 
S(o») diverges. The source of our previous difficulties with 
the Born approximation thus becomes clear. We further note 
that the eikonal approximation predicts no reflection.
Clearly, it is not a sensitive tool for calculating backward
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scattering, which alone contributes to the electrical resis­
tivity in the lowest Landau level, as discussed in Section 6.

For a more complete investigation one can alternately 
ask for the solution of the one-dimensional SchrBdinger equa­
tion (25). This problem has been treated in the literature,
mostly in relation to the bound state solutions mentioned 

15earlier. Since no exact solutions can be found for the
effective potentials vns(z)# a variety of numerical and
analytical approaches have been developed to handle the
problem approximately. These methods can easily be extended
to study the continuum problem of scattering. Calculations
on this line, already in progress, indicate that in the limit 
2k << the transmission probability goes to zero and the wave
is almost totally reflected. This comes in sharp contrast
to the qualitative features predicted by either the Born or
the Eikonal approach. Further work on this line is needed in
order to determine the behaviour of the matrix element in the

2intermediate region of k .

)
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9. Discussion
It is of some interest to review our formulation of the

collision frequency in the light of previous work. A serious
attempt to understand long wavelength features of magnetized
quantum plasmas in the framework of the Boltzmann-Vlasov

19equation has been presented several years ago by Kelly.
The inclusion of binary collisions in this very general ap-

20proach, however, has proved to be no trivial task. The 
discussion of the collision term, presented in Section 4 may 
thus be viewed as a step in resolving this difficulty. Ad­
mittedly, we have limited our discussion to problems involv­
ing only longitudinal external forces, for which it was pos­
sible to account for the effect of electron-ion collisions 
in a simple, as well as rigorous way. The natural extension 
of this work will be to include the effect of transverse ex­
ternal forces, not discussed here. The results already ob­
tained should affect, at least quantitatively, some of the 
transport properties of plasmas in strong magnetic fields.
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APPENDIX A. EVALUATION OF THE COULOMB MATRIX
BT.KMETJ'T

We summarize here the mathematics of evaluating the
4integral in equation (16). The function I (t) is defined asns

-i/i -t/2 > - * V a n n-v 
I  (t) =  (n! s ! )  •£ }

(A-l)

Q  , (t) =  c  -ft'

Q is the Laguerre polynomial and the normalization is such s
that

J it 1 - i

The following symmetry property will be repeatedly needed below

I * t V  (A-2)nt

Consider now the matrix element in equation (16) for the case 
n ^ s. Using (Al) and (A2) we find

Hn o
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with -4 ■ s-n = s’-n'. After one partial integration, and 
making use of the identity » - n we find

|/"'=n o ' 1 ’. - 2  / d t Q ^ i o ^ k . a f V V ' )
wnn' x *

Using the definition of the Laguerre polynomial and remember­
ing that 4,= s-n = s ’-n' we may write Q* ^ 5* *(tS e fc) =n x.
t Qĵ .+2 e and bbe above equation takes the form

After one more partial integration, and making use of the 
identity ^  (t ^ tKQ) = li KQ# we establish the recurrence 
formula

(/” . •'D ̂  U„.lin'-X (A-4)

for n ‘ = 1 the second tern in this equation vanishes so long 
as s1 >  0.

In addition to this formula, which links matrix elements
of different orders, it is possible to write an explicit

s s 1analytic expression for the matrix element , as follows:
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(A-5)
S - » / z  _  -fc X  > / * * )

here s’ = s-n and the last form was obtained after n partial 
integrations, and with the help of the identity

17 — » n/z“n/z
\  " = ( " ) *

The last integral in equation (A5) is recognized as one of
the known integral representations of the confluent hyper-

12geometric function of the second kind , giving the result

no

Using equation (A4) we can now generate the remaining matrix 
elements. The result is:

V S*(i) =  s.'s'! ^ ( s + l ,»„• - - - (A-6>
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where s > n, s-n * s'-n'. The validity of equation (A6) 
becomes apparent, as soon as one notes that equation (A4) is 
independent of the indices s a,s, and actually coincides with 
the recursion formula for the associated Laguerre polynomial

c£'"n (-1).



162

APPENDIX B; Electron Propagator.

To prove equation (4) one expands the propagator in a 
complete set of eigenstates obtaining

5" i k f r - v )

Z  — 1-------
«* "  £-*■*>,*''1

2 2with E ^ = * co ̂ (n+1/2) + fi k /2m. The k integral can now
be performed by complex integration around the poles at 
2 2 .k = kn + i kj , where we have introduced the quantity

k^ = (2m/ ft2) [e - u>R (n + 1/2)J . The result of the
integration is (m/i ft k ) exp (ik I z-z'I ), and equationn n I
(4) is proved.



APPENDIX C. SCATTERING CROSS SECTION

We visualize an electron beam of uniform density in the 
incoming channel nk# as discussed in Section 3. The flux of

in this beam will be scattered into other channels n'k' due 
to the presence of the potential V. The probabilities for 
such transitions were obtained in Section 2.

The total current being scattered into the quantum state 
n's'k* is computed as follows:

the incident beam was found to be ( H/ jt) km \  Electrons

1

2

V'n^s^k' represents the scattered wave
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Use was also made of the normalization condition for the
function ^  ns

06 2 Tf

We thus conclude that the total current flowing into the 
channel n'k' is

n 'k ' 4 z  »Vl' " t T/ n > » r ' cs's £ s

The corresponding cross section is therefore found to be

J«’k' a  2r 1,‘ i Z I
£ S
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APPENDIX D. FUNDAMENTAL JUSTIFICATION OP THE KINETIC EQUATION

We here wish to present an addendum in justification of 
the kinetic equation used in Section 4.

The application of the methods of quantum statistics 
(the grand partition function for example) establishes for 
the magnetized electron gas the following state of thermo­
dynamic equilibrium:

It is only natural then, to attempt to describe small devia­
tions from the thermodynamic equilibrium situation by means
of a statistical distribution function f (z,k,t), which willn '
describe the evolution of the electron gas after a perturba­
tion has been switched on. The function f (z,k,t) will stilln '
be interpreted as the number density of electrons in the state 
n, k at time t after the perturbation was switched on. The 
presence of only the coordinate z suggests that only longitu­
dinal perturbations are being considered.

It is then possible to write a Boltzman-type equation for
f (z,k,t) to study the evolution of the electron gas under the n
influence of an external longitudinal force, as was done in 
Section 4.

(D-l)
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A long debate, started by Wigner in 1932, has existed in 
the theory of quantum plasmas to determine the circumstances 
under which a quantum gas can adequately be described by a 
kinetic equation. Wigner's own method starts with the des­
cription of the system in quantum statistics by means of the 
density matrix, and introducing the so-called Wigner function 
as

where ^(x1, x") is the density matrix. The equation for 
f(x,p,t) is then determined by Fourier transforming the equa­
tion of motion of the ensemble density matrix, p(x', x",t). 
In the classical limit Pi -* 0 this equation becomes identi­
cal with the Boltzman equation. An assessment of this effort

22has been given by Mori, Oppenheim and Ross.
Most of the above studies have dealt with isotropic 

plasmas (H=0). A discussion of the Wigner approach in the
1'presence of a strong magnetic field has been given by Kelly. 

Here we will consider a simpler approach based on the one­
dimensional Schrodinger equation discussed previously (Sec­
tion IV8).
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The equation for f can now be found by taking the Fourier 
transform of Eq. (3). The following integrals result:

(ft)
1

1. J i  u  * 
- L  -8*-

z* hX

where z’ = z-X ; z" ® z + ^ . It is easy to see that

v-V-fc’-vK'v-'O -v* ■
We thus find

t >  = .-l I &  - r d -*)>+>>-t)» m  -/ 2ir ^ * </*, ** ^

where we have made use of a partial integration and have
taken into account that the contribution of the boundaries
is zero.
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In the presence of an external longitudinal force 
by the potential function W(z,t) the one-dimensional 
Schrodinger equation takes the form

where is the appropriate wavefunction.

The corresponding density matrix, defined as

satisfies the equation

We now define the Wigner distribution function as

'.2LA t)

given

(D-2)

(D-4)
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The equation for f can now be found by taking the Fourier 
transform of Eq. (3). The following integrals result:

I 41 =  1 * 3
J  irt - f t  "'3*-o»

—o»

where z' = z-\ ; z" = z+2 . It is easy to see that

We thus find

where we have made use of a partial integration and have 
taken into account that the contribution of the boundaries 
is zero.



170

‘M  | i
(£)* j  d 2  -eZ * (

-e>» 77 ̂

** - 2»AA
, " 3 J A /  f dA - f —  t )
I  ? *  ' * *  *** 1

'BW M )  p  . 2 /

where P = - -—  is the force.^37-
Collecting the three terms together we finally obtain 

the equation

3 *, i i  lla *  i  F • 4 $  -  0
+ m  'I* 'h ' W

n

(D-5)

which precisely coincides with the kinetic equation.
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