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Abstracc

THE COMPLEXITY OF DECISION PROBLEMS IN GROUP THEORY

by

Bernard Domanski

Advisor: Prorfessor Michael Anshel

The computational complexity of a number of decision
problems for free groups and the groups of Dehn's algo-
rithm are analyzed. Linear time and logspace bounds
are obtained using a multitape Turing Machine as the
model of computation. Thé underlying tool used to pro-

vide some of these bounds is a linear time pattern

matching algorithm,
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The computational complexity o6f a number of group

theoretic decision problems are analyzed. 1In particu-

lar, linear upper time bounds are obtained for:

A space
Problem

Chapter

the Conjugacy Problem for Free Groups, (c.t.
Chapter 2)

the Power Problem for Free Groups, (c.f.
Chapter 3)

the Power Conjugacy Problem for Free Groups,
(c.f. Chapter 4)

the Word Problem for the Groups of Dehn's Algo-
rithm (the DA groups) (c.f. Chapter 6)

the Conjugacy Problem for the Groups of Dehn's

Algorithm (c.f. Chapter 7)

bound of logspace 1is obtained <for the Word

for the groups of Dehn's Algorithm (c.c.

5).

The model of computation used is a multitape Tur-

ing Machine as defined by Stockmeyer (1974) (c.f. 1.9).

What underlies the solution to some of these prob-

lems is

the use of a linear time pattern matching algo-

rithm, originated by Knuth, Morris, & Practt (1977), and



implemented
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on a multitape Turing Machine by Fischer &

Paterson (1974) (c.f. sections 2.4 -2.10).

Major Results

OQutlined

tions, lemmas

1.

3.

4.

(w)
o
(a1}

|

Theorem:

Lemma:

Algorichm

below is an overview of the key defini-

and theorems in this dissertation.

The Conjugacy Problem for Free Groups
(c.f. 1.6) is deciding in a finite number
of steps whether two words U and V detfine

conjugate elements (c.f. 1.4).

Two words U and V are conjugate elements
in the free group 1ff the cyclic reduc-
tion (c.£. 1.5) of U is a cyclic permuta-
tion (c.f. 1.6) of the cyclic reduction

ot V.

Given two words U and V of equal 1length
where U and V are cyclically reduced.
Then U2 = PVQ iff U and V are cyclic per-

mutations (c.f. 2.3).

to solve the Conjugacy Problem zfor Free

Grougs:

l. Cyclic Reduction of U and V (c.t.

2.1, 2.2).
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2. Apply the Fischer-Paterson pattern
matching Turing Machine to the
string U2, using V as the pattern
(cef. 2.3 - 2.10) in 1linear time.

This makes use of lemma 3 1in using

theorem 2.

The Power-Problem for Free Groups 1is
deéiding in a <finite number of steps
whether a given word V is equivalent to a
power of U; i.e. is v=uX for some finite

value of k? (c.f. Chapter 3)

to solve the Power-Problem for Free

Grougs:

l. Free Reduction of U and V. (c.t.

3.3 - 3.5)

2. Insure that no trivial relators can

occur when creating Uk.

3. Apply the Fischer-Paterson Turing
Machine to V using U as the pattern.
If the length of U is u, then test
whether the kr‘h occurrence of U

occurs at position 55, tor k=1,2,...

(length of V) /u. (c.f. 3.6 - 3.8)



_ix_.

7. Def: The Power-Conjugacy Problem <for Free

Groups 1is deciding in a finite number of
steps whether a given word \' is
equivalent to a conjugate of a power of
U; i.e. is V = wlukW for some word W and

some finite value of k. (c.f. Chapter 4)

8. Algorithm to solve the Power-Conjugacy Problem for

Free Groups:

l., Cyclic Reduction of U and V. (c.f.

4.2)

2. Determine k, where the length of V
is equal to the (length of U)k.

(c.£. 4.3)

3. Apply the Fischer-Paterson Turing

Machine to the string UkUk using V

as the pattern. This makes use of

lemma 3 1in using theorem 2. (c.f.

4.4 - 4.,6)

O
.
lw)
1)
Hl

The Word Problem for the Groups or Dehn's

Algorithm (DA) (c.f. 1.8) is deciding in
a f£inite number of steps whether a given
word W defines the 1identity element.

(c.£. Chapters 5, 6)



10. Det

11. Algorithm:

The complexity bound of logspace

is

defined as deciding a problem involving

an input string of length 2" in space

n,

where space is defined as the number otf

worktape cells visited on a multitape

Turing Machine (c.f. 1.9).

(Space Complexity for the solution

the Word Problem for the DA Groups)

to

1. Form the symmetric set of detfining

relators (c.f. 1.8).

2. Define the tree structure

and

replacement 1list for the relators

(c.f. 5.1).

3. Let m = the number of generating

symbols (including inverses),

let the length of the input be

and

2n

Then k, the base used for determin-

ing the state symbol alphabet,

defined as:

2nlogzm

k=2 D

4, Using lexigraphic order, code

input onto the worktape in base k.

is

the
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5. Whenever a LHS is found, recompute
the encoding on the worktape using
the new RHS. This may be done recur-—

sively.

6. Detfine the combination list for the

state symbol alphabet (c.f. 5.3).

7. Define <the Z-list orf replacement
strings for the state symbol alpha-

bet (c.f. 5.3)

8. Inpuﬁ‘ symbols are encoded in
logspace onto worktapes using the
combination list and the Z-list.
The replacement 1list is wused to
replace encoded subwords with their
corresponding shorter replacements
(c.£. 5.4). The algorithm halcs

when the input is exhausted.

12. Det: Assume a given DA group has m relators

|

(both <trivial and non-ctrivial). Let the
length of the longest Lert-Hand Side

(LHS) (c.f. 6.1) be p.

13. Algorichm: (Time Complexity for the solution <to

the Word Problem for the DA Groups)
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l. In parallel, apply the Fischer-
Paterson Turing Machine to the input
word, where one machine exists for
each pattern. The patterns are the
LHS's of the relators (i.e., m

machines in total). (c.f. 6.1)

2. Replace occurrence of LHS's wicth
Right-Hand Sides (RHS) (c.fL. 6.2)
(and null symbols) thereby shorten-

ing the length of the inpuct.

3. Backup p-1 symbols <from the <first

symbol of the RHS and go to 1 (c.t.

6.2).

4., Complexity is of order m*0 (p* (length

of input)). (c.f. 6.2)

The Conjugacy Problem rfor the DA groups

8

is deciding in a finite number of steps
whether two words U and V are conjugate

(c.f. Chapter 7).

15. Algorithm for the Conjugacy Problem <for the DA

Grougs:

l, Cyclic Reduction of U and V (c.t.
7.2 = 7.3) in time m*O(pz* (length

of input)).
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Apply the Fischer-Paterson Turing
Machine to 02 using V as the pattern
as in algorithms 4 and 7. (c.£f.

7.4)
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1. INTRODUCTION

In 1911, Max Dehn formulated what have now become
the three fundamental decision problems in group
theory, namely the word problem, the conjugacy (or
transtormation) problem, and the isomorphism problem.
(Dehn, 1911, Magnus, Karrass, Solitar, 1966). Today, a
great deal of interest has been shown in the area of
computational complexity where by computational com-
plexity we mean the amount of time and space required
to solve a problem on some mathematical model of compu-
tation, (where, time and space are defined relative to
a given model) (Aho, Hopcroft, Ullman, 1974, Stock-

meyer, 1974).

What is proposed is to tie these two research
areas together; that is, to examine the computational
complexity of some decision problems in group theory.
To do this, a close examination of the problems in
group theory is required. Another requirement is to
examine the notion o computational complexity in terms
of a mathematical model (i.e., a multi-tape Turing

machine).

Complexity results are presented for a number of
decision problems in group theory. These results are
obtained by using techniques <from pattern matching

(Fischer, Paterson, 1974, Knucth, Morris, Pratt, 1977).



l.1 Fundamentals in Group Theory

In order to properly discuss decision problems in
group theory, it seems appropriate to begin wich the
definition of a group and its properties. From Magnus,

Karrass, and Solitar (1966), comes this definition:

Def: A Group (G,.) is a non-empty set G of elements
a,b,¢, ... together with a binary operation .
defined in G for which the following four postu-

lates are satisfied:

l -1If a,b is an ordered pair of elements of G
(a #Hb or a = b), then there is a Qniquely
determined element ¢ ot G éuch that
a.b=oc. ¢ is called the Product of a and
b. Note also that the dot is usually omicted

and so we write ab = c.

2 - The operation defined by . in G 1s associa-

tive, 1i.e., for any elements a,b,c in G we

have (ab)c = a(bc).

3 - There exists an element of G, denoted by 1,
tor which a . 1 =1 ., a = a, where a is any
element in G. 1 is called the identity or

unit element in G.

4 - If a is any element in G, then there exists

. -1 . .
an element 1in G, denoted a tor which



a . a =1 . a ! is called the inverse of a.

In the case that a . b =Db . a, we say elements a
and b commute. If all pairs a and b commute, . is
called a commutative operation, and (G,.) is called a

commutative or abelian group.

Postulates 1 and 2 allow us to define the product
of a sequence of n elements a(l),a(2), ... ,a(n) which

is independent of <the partitioning of the factors,

€.gd., ( a(l)a(2) ) ( a(3)a(4) ) = ( (
a(l)a(2) )a(3) ra(4). In particular, irg
a(l) = a(2) = ... = a(n) = a, the product

a(la(2) ... a(n) is denoted by al, By using postu-

n

lates 3 and 4, the definition of a  can be extended to

the case where n 1s zeroc or a negative integer. Define

0 (-n)

a =1 and a n

as (a-l) for positive integers n. It

R -+ .
follows then that a™ . al = am n and (am)n = amn for

all integers m and n.

1.2 Length and Inverses

Let a,b,c,... be distinct symbols and form the new
symbols a™l, b', ¢!, ... A word W in the symbols

£

a,b,c is a finite sequence fl f2 f3 o o e fn-l n

- where each of the £ (v = 1,2, ...n) is one of the sym-
bols a,b,¢, «.. , a , b, ¢, «...; the length of W
(1w)) is the integer n. For notational convenience,

the empty word of length zero is introduced and it |is




- denoted by 1. The symbols in W are written

W(a,b,C,ee.).

It is customary to write the sequence of W without

commas, 1i.e., £y £, -+« L. It is also customary

to abbreviate a block of n consecutive symbols a by an,

and to abbreviate a block of n consecutive symbols a—l

3 2 p! 272 71 i5 the same as

the word aaabbb—la_la-lc-l, but is different from the

word a3 b a—2 c—l. (For brevity, a is often writcten

by a ; e.g., the word a

rather than al, b rather than bl, etc.) .

2 -1

Thus aa ' is a word of length two, a“ b a b2

b
is a word in a and b of length seven. b2 ¢~ is a word
in a,b and ¢ of length four and a word in b and ¢ of

length four; 1 is a word in a,b and ¢ of length 0.

The inverse W ' of a word W, where W is
£, £, . £ is the word f % g1 £7! where if £
1 -2 * ° Tn n n-1 °°*°°"1 v

(v=1,2, ... n) is a (or a°1), then f—l(v) is a1 (or

a), and similarly if f(v) is b or b’l, c or c_l, etc.

For example,

(aaba b 11"l = (pbab~lala"ly,

Note that the inverse of the empty word is itself:

(aa-'l)"l = aa—l,



Note too, that Wl = Iw'll and (w_l)"l =W,

1 1 -1

(WU)™" = U "W ~, and |WU| = |W| + |U|. For words W and

1 (the empty word), we have W 1l =1 W = W,

1.3 Generators And Relators

The notion of a generator and a relator are now
defined. 1If every element of G defined by some word in
a,a-l,b,b-l,C,C-l,... then a,a_l'b'b-l'c,c-l’ . . .

are called a set of generating symbols or generators

tor G.

A word P(a,b,c,...) which defines the identity

element in G is <called a relator. The equation
P(a,b,c,...) = Q(a,b,c,...) is called a relation if the
word l?Q"1 is a relator, or equivalently, if P and Q

define the same element of G.

In every group G, the empty word and the words

aa =, a a, bb ™, b b, cc ¢ “c, etc. are always

relators; they are called the trivial relators.

Suppose P,Q,R,... are relators of G. The word W
is said to be derivable from P,Q,R,... 1f the following
operations, applied a finite number of times, change W

into the empty word:

4 Insertion of one of the relators P, P"l, Q,

-1 -1 . o
Q °, R, R ~, etc. or one orf the trivial rela-

tors between any two consecutive symbols of



W, or before W, or atfter W.

® Deletion of one of the words P, P-l, Q, Q-l,

R, R—l, etc. or one of the trivial relators,
if it forms a block of consecutive symbols in

We.

It should be clear that if the word W is derivable
trom the relators P,Q,R,..., then W itself is a relator
because the operations defined above, when applied to a
word, do not change the element of the group defined by
the word. Since the empty word is reached, W must
define the 1identity element of G. For example, let
a2 = 1 be a relator rfor a given group element a. Then
the word W = aaa laa ‘a is derivable by the following
steps: W=aalala by the trivial relation,

W=aal 1 by the trivial relation, and W = 1 by the

given relation.

If every relator is derivable from relators P, Q,
R, «eey then the set P, 9, R, ... is called a set of

defining relactors for the group G on the generators a,

b, ¢, ... I£fP, Q, R, ... is a set of defining rela-
tors for the group G on the relators a, b, ¢, ..., the

notation
<a,b,C,..- ; P’Q'Rnon>

is called a presentation of G. A presentation of G is




finitely generated (finitely related) if the number of

generators (relators) in it is finite. 1If a presenca-
tion 1is finitely generated and finitely related, the
presentation is said to be finite, or the group is fin-
itely presented. Note that presentations are often
given using relations instead of relators; and at other
times both relations and relators are used. For exam-

ple,

ab ba >

I

< a,b; a“ =1, b

]
—
-

< a,b; a®, b~, ab ba >

< a,b; a%, b2, aba~ bt >

are all interpreted as the last given presentation.

Theorem: There is a unique group with the presen-
tation < a,b,¢,... ;7 P, Q, R, «.. >, given a set of
distinct symbels a,b,c,... and a set (possibly empty)
of words P,Q,R,... in a,b,¢,... (Magnus, Karrass, Sol-

itar, 1966).

1.4 The Fundamental Decision Problems in Presentations

_g GrouEs

Let G be a group defined by means of a given
presentation. The three fundamental decision problems

in group theory as defined by Dehn are defined below:



I. For an arbitrary word W in the generators,
decide ii. a finite number of steps whether W
defines the identity element of G or not.

This 1is known as the word problem for the

presentation defining G.

II. For two arbitrary words W1 and W2 in the gen-
erators, decide 1in a finite number of steps

whether Wl and w2 define conjugate elements

of G, where wl and W, are called conjugate

2
_elements if there exists a word w3 such that

;l W, Wy = W,. This problem of deciding

W
conjugacy is called the transformation or

conjugacy problem for the presentation defin-

ing G. -

ITI. Given two presentations of groups G and G',
decide in a finite number of steps whether
the groups defined by G and G' are iso-

morphic. This 1is known as the isomorphism

problem for the presentation defining G.

The word problem (I) has been solved <tfor many
classes of presentations of some specialized form
(Magnus, Karrass, Solitar 1966, Cardoza, 1975, Green-
dlinger, 1960a, presentations in which there are no
non-trivial defining relators (this is shown later)).

However, rthere are finite presentations where the word



problem cannot be solved. That is, there exists a word
W over the generators for which one can not decide in a
finite number of steps whether W defines <the identity
element of G (Boone, 1955, Novikov, 1955). Thus, there
is no algorithm for solving the word problem which will

work ror every presentation.

The conjugacy problem is more difficult to solve
than the word problem. Note that by choosing wl to be
the empty word, the solution to the <conjugacy problem
is the solution to the word problem! Therefore, the
classes of groups for which the conjugacy problem has
been solved must include those classes for which the
word problem has been solved. 1In fact, even though the
word problem has been solved for presentations with one
defining relator (Magnus, 1932), the conjugacy problem
is unsolved. Recent work in this area has been done by

Anshel and Stebe (1974).

The isomorphism problem is the most difficult of
the three problems otf Dehn. It has been shown that
even if the presentation 1is obviously the identity,
e.g., < a ; a >, the isomorphism problem is unsolvable
(Rabin, 1958). Thus, it is usually cusctomary to res-
trict the presentations of G and G' to some special
class. For example, i1f the presentations for G and G'
have no non-trivial defining relators, then the isomor-

phism problem can be solved (Magnus, Karrass and
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Solitar, 1966).

1.5 The Word Problem For Free Groups

At this point, the word problem is examined tfor a

special class of groups, called free groups.

The free group, Fn on the n free generators Xy

X5s +e. X, is the group with generators Xir Kop eee X

and no defining relators (other than the trivial rela-
tors). That 1is, Fn = <X1' Xo « o » xn>. The word
and conjugacy problems for Fn are both solved by using
the concepts o©of freely reduced and cyclically reduced

words.

A freely reduced word X1r Xoy e e e Xy is a word
3

where the symbols X3

. xzj do not occur consecutively

for i=1,...n and j=-1,+l. Thus the words x1x§x3 and
-1 -1 - ; 2 .

X]XyX3Xy Xy are freely reduced, while X1 X5 X5 Xq 1S

not.

Two words are called freely equal if each is

derivable <from <the other in the free group. This is

denoted as w1 = W2. There, wl = w2 it Wl can be

transformed into W2 by finitely many insertions or

deletions of <the «trivial relators. For example,
2 =1 -1 2 _ .

Xy Xy X3 X3 X" Xy T Xy Xy X3 X5, Every word in

Xpr Xor o o o X is freely equal <to some freely

reduced word, Dbecause trivial relators can be deleted
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until no more remain (Magnus, Karrass, Solitar, 1966).

Thus, to decide if a given word W defines the
identity in Fn’ treely reduce W. If the result is not
the empty word, then W does not define the identity,

and conversely.

A c¢cyclically reduced word in Xir Xor o e o X is

a freely reduced word which does not begin with xg and

2 -1 .2 -1

1 %o X3 and X7 X5 X3 Xy
-1 -1

are cyclically reduced, while X Xy Xg X507 Xy is not.

‘end with x;J. For example, X

1.6 The Conjugacy Problem for Free Groups

Introduced now is another theorem (Magnus, Karrass
and Solitar) which is used to solve the conjugacy prob-
lem for free groups. Firsct shown is a process 2Z for
cyclically reducing a word. Simply stated, Z first
ftreely reduces the word, and then <cancels <first and

last symbols, if appropriate. For example,

Z(xl Xy X3 x32 le xll)
= x. x, xoF x7t g7t
1 72 73 2 1
_ -1 -1
= Xy X3 X5
= x—l
3 L]

We define Z inductively as follows:
Z(1) =1

Z(Xg) = Xg (i=1'2'o..n' j=—l’+l)
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Z(xg u xg) = xg u xg if i¥p or j#-q
= U if i=p and j = -q

where i,p=1,2,...n; j,q=-1,+1

u is defined a cyclic permutation of
vV = Xp Xy o e xn if U=y or
U= X « ¢+ X X X5 .. %X _; for n>k>l.

Theorem: If Fn is the free group on the generators

X1r¥9r o & o X then U and V are conjugate elements of

n

Fn iff the cyclic reduction 2(U) is a c¢cyclic permuca—-

tion of the cyclic reduction of Z(V).

Proof: First suppose that Z(V) is a cyclic permu—

tation of Z(U). That is

3 3 3 j
Z(U) = Xil . L] L] xis xis+l L) * ] Xip
1 S s+l P
and -
3 3 j 3
Z(V) = xis+l « o o xip xil e o » xis
s+1 P 1 s
where ik =1, 2, ... n for all k; jk = +1,-1 for all
k. Then Z(U) = k z(V) k™t
3 3
where k = x.1 e o o xis.
51 s

Since Z(U) is a conjugate of U, and similarly for Z(V),

define conjugate elements of Fn; i.e., U=TV T-l. We
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show that Z(U) and Z(V) are cyclic ' permutations. Let
T = xg, i=1,2,...n, J = +1, -1. Consider

: . - 3 i .

J -3y = j 01 X,=Jy.
Z(xi v X4 ) Z(xixil e e xirxr ) s

Case I. No cancellation takes place. That is, i # il
s g s : . . g s j -3, -
or J #-3; and i # i or j#-j .. Thus Z2(xj V x,-)
3 J
Lo x T =z
r

. j 3 s
Z(xg xil .o xir xiJ = Xy
1 r 1

Case II. Cancellation takes place at both ends; that

is i=1, =1, and 3= =3y = -3, Thus here
. _s 3 I,
Z(X? \Y X-J) = Z(x.2 e e . %L l). Note that
i i i i
2 r-1
3 J oy -3
Z(V) = Z(x.l x.2 « o . x.t 1 X. l) (by the premise
i i i i
1 2 r-1 1

that cancellation takes place at both ends), which 1is

3 3,
equal to Z(x.2 cee xir l). So again
) r-1
= B =3
Z(V) Z(xi v X4 ).

Case III. Cancellation takes place only at the left

end. That 1is 1 = i1 and j = -jl, but 1 # ir or
L 3, i, 3y
J#£ -3 Z(x3 V x.3) = X, .« o e X. X. , while
r i i i, Y
J1 e 5o = .
Z(V) = x, . e e X. . Here Z(x7 V x.,-”) 1s a cyclic
i, i i i

permutation of Z(V).

Case IV. Cancellation takes place only at the right

end. That is, i = ir and j = jr but i # il or j # -jl.

: 3 J 3 I, -
Thus Z(xg \' xij) = Z(xir x.l « o o xir l) =
r 1 r-1



Jr 1 Jr-1 o ,
Xi Xy « o . X4 , and this is a cyclic permuta-
r 1 _ r-1
3 3 3 3
tion of Z(V) = Z(x:% . . . x.%) =x.% ... x5,
i i i i
1 r 1 r

Thus, in all four cases, Z(xg \' xzj) is a cyclic permu-
tation of Z(V). This shows that Z(V) is a cyclic per-

mutation of Z(T V T_l) whenever T has a length of one.

Assume now the inductive hypothesis that
Z(R V K-l) is a cyclic permutation of Z(V). Then, by
the above four cases, Z(xg K v g1 x;j) is a cyclic
permutation of Z(K V K_l) and so Z(xg R v gt x;j) is a

cyclic permutation of Z(V). Q.E.D.

1.7 Related Problems

The Power-Problem for Free Groups is deciding in a

finite number of steps whether a given word V is

equivalent to a power of a given word U; i.e., is

k

V = U7 for some finite value of k.

The Power-Conjugacy Problem for Free Groups 1is

deciding in a finite number of steps whether a given
word V is equivalent to the conjugate of a power of U;
i.e., is V = Wl UWw for some word W and some finite

value ot k. These problems are examined in later

chapters.



- 15 -

1.8 The Groups of Dehn's Algorithm

In free groups, the solution to the word problem
is obtained by a relatively simple algorithm which can

be described as a monotonic reduction process: given W,

a non-empty word in the generators of G which defines
the identity element, one can replace a subword if W by
a shorter word and thus derive a new word, w', of
shorter length than W which still defines the identity

element. Furthermore, the allowable replacements for

the subword come from a finite list.

Dehn, in 1912, discovered a class of groups (other
than the free groups) whose word problem is also solved
by a monotonic reduction process (see Magnus, Karrass,
Solitar, 1966). Dehn's solution, however, was a
geometric one. Greendlinger (1960), discovered an
algebraic solution to the problem. We introduce here

the concepts that define what we call the groups solv—

able by Dehn's algoricthm, i.e., the DA Groups.

From Magnus, Karrass, Solitar (1966), we get the

following definitions:

Let G be a group on the generators 810 89 o .
and let Ru (uv=1,2,3,...m) be a finite set of defining
relators for G in the generators. The relators Ru have

the following properties:
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t The Ru are cyclically reduced and non-empty.

¢ For every relator Re in Ru’ the set of defining
relators Ru also contains R;l and all the cyclic

permutations of R, and R;l.

We call such a set of defining relators, {Ru}, a
symmetric or symmetrized set. Every <finite set of
relators can be replaced by a symmetric set (invelving
the same generators) as follows: add the missing
inverses to the set of relators, cyclically reduce all
the relators thus far derived, and then add all cthe
cyclic pefmutations. Thus, symmetric sets are closed
under the operations of inverses and cyclic permuta-

tions.

If {Ru} is a symmetric set of defining relators
tor G, where G 1is a DA-group, we can solve the word
problem for G by the following monotonic reduction pro-

cess:

1. PFind a syllable (subword) V of W such that V is
identical with a syllable of one of the relators

1
Rwé{Ru}, such that lVl>7|RW|.

2. Replace V with the inverse of the remaining seg-
ment of the relator Rw’ thus reducing the length

6f the word W.
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3. Continue this process until either

a. the word has been reduced to the identity

element (length 0) in which case W=l, or

b. No subword V of W matches a subword of a
relator R such that lVl>%lRw|. In this

case, W#Ll,

This algorithm describes how W is freely reduced

tor the DA groups denoted as free R-reduction. Green-

dlinger (1960) applied this monotonic reduction process
to certain classes of presentations of groups solvable
by Dehn's algorithm (see Magnus, Karrass, Solitar, 1966

for a discussion of less than 1/K groups).

The Conjugacy Problem is solved in a straightfor-
ward manner for these groups. Words U and V are first
cyclically reduced. This is done by <first free R-
reducing them and then cancelling occurrences of rela-
tors that begin at the right and end at the left. The

remaining word is called cyclic R-reduced. Finally, it

U and V are cyclic permutations, then we conclude that

they are conjugate elements.

1.9 The Model of Computation

The complexity of an algorithm is defined as the
amount of "time" and "space" required by the algorithm

that solves the given problem. To define "time" and



- 18 -

"space", a model of computation is needed. Here, a
multitape Turing Machine as described by Stockmeyer
(1974) 1is used as the model. Note that the multitape
Turing Machine is not the only model of computation
that 1is available (i.e. RAM, RASP, etc.). More infor-
mation concerning these alternative models of computa-

tion is contained in Aho, Hopcroft and Ullman (1974).

For the sake of brevity, a multitape Turing
Machine 1is abbreviated TM. On a TM, the tapes which
handle the input/cutput processes are separated from
the tapes which serve as memory. Every TM consists of
a finite state control and K+2 tapes (K>0): an input
tape, K worktapes, and an output tape. The tape head
that reads the input tape is read-only and moves two
ways (left and right). The worktape heads are read-
write, two way, and the output head write-only, right

moving. See diagram 1.
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5_ wpul ‘tavpe ;
' JAN
R 3
E ‘
worktapes
2 E
AN AN

g o) uit?ult t&?& %

AN AN

Diagram 1

Depending upon the current state of finite control

and the symbol being scanned, the TM may, in one step,

¢ change state,

¢ print new symbols where worktape and output heads

are located, and

® shift tape heads to allowable adjacent positions.
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The time required for a T™M to complete its compu-
tation 1is defined as the number of steps executed by
the TM. The space used by a T™ 1is defined as the
number of different worktape cells visited by the T™

during the computaction.
Given input of length n, we define

linear time (O(n)): The Turing Machine executes c*n

steps in the course of its computaction for

some constant c¢>l.

real time Linear time where c=1.
log space (O(log n)): The Turing Machine wvisits

c*(log n) worktape cells during the course

of its computacion.

1.10 A High-Level Notation for Expressing Turing

Machine Algorithms

This section introduces some standard high-level
language notation which makes the presentation of Tur-
ing Machine algorithms simpler. The reader interested

in work of this kind should consult (Knuth, 1969).

The contents of a Turing Machine (TM) tape W as
denoted as an array of symbols. Thus, the symbol being
scanned by tape head H on tape W is denocted W(H). When

presenting the contents of a TM tape, Hs implies tape
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head H is currently reading the symbol s. For example:

W: 12H34. Here, the contents of tape W is 1,2,3, and

4, and W(H)=3.

Moving a tape head H right one position is denoted

by H=H+l, and moving left one position by H=H-1.

A DO WHILE loop is used to imply repeating a set
of instructions while some condition remains true. For

example:

I=1;
DO WHILE (I<4);
I=I+1;

END;

I will be incremented a total of 3 times during
execution of this loop, leaving I with a final value of

4,

An IF-THEN-ELSE statement is used to denote condi-

tional execution of certain operations. For example:

I=2;
IF I<4 THEN I=I+1;

ELSE I=0;

In this example, I would have a final value of 3. Had
I been initialized to 10, I would have a final value of

0.
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These statements can be combined to define more
complicated operations. For example:
IF I<4
THEN DO; I=I+1;
J=J-1;
END;
ELSE DO WHILE (J>10);
I=I+1;
J=J-5;

END;
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2., THE TIME COMPLEXITY QOF THE CONJUGACY PROBLEM FOR

FREE GROUPS

A linear upper time bound is shown to exist for
the solution to the conjugacy problem for free groups.
The algorithm uses a multitape Turing Machine as the
model of computation, as well as techniques from pat-

tern matching,.

2.1 Cyclic Reduction of Input

The <tfirst phase of the algorithm cyclically
reduces the input words U and V. This is done in
linear time. Assume the input is coded as follows on
the input tape: (blanks) VSUs& (blanks). The input head

initially is positioned under the leftmost symbol of V.

The same algorithm can be applied to cyclically
reduce U as well as V. Thus, an algorithm is described
which cyclically reduces any one word, W of 1length nm,
in vtime O(m). This algoricthm will be modified so6 that

it works on our input string V$U&.

Given the input W$, where $ is a marker symbol,
the algorithm requires two worktapes. This algorichm
consists of two parts: a) freely reducing the input and

b) cancelling first and last symbols wherever possible.

Consider part a, freely reducing W. Assume cthe

input tape and one worktape are coniigured as follows:
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. P yd z
INPUT: IXl X2 o« o . an

WORKTAPE (W): Hb

Let HX denote that tape head (H) 1s currently

scanning the symbol X. Let b denote a blank symbol.

Step 1 of the algorithm copies the first symbol of
the input tape onto the worktape. The input head then

moves right one position.

W(H) = INPUT (I);

I =1I+1;

The following procedure outlines the next m-1
steps of the algorithm. Assume the input symbol
currently being scanned is Xg and the worktape symbol
on the worktape currently being scanned is Xi . Con-

sider the rollowing:

Case a) i=k and j=-1
We want to cancel these two symbols. There~
fore, 1) -erase the current symbol being
scanned on the worktape, 2) move the worktape
head left one position, and 3) advance the

input head right one position.

Case b) ik or j=1

This 1implies adjacent symbols have been
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scanned which do not cancel. Hence, 1)
advance the worktape head right one position,
2) write Xg onto the worktape, and 3)

advance the input head right one position.

In each step, the input head is advanced one posi-
tion to the right, and inverse symbols are erased wher-—
ever possible. The algorithm produces w' , the freely
reduced version of W, on the worktape when the delim-

iter 1s scanned, in this case, the $ symbol. Thus,

this algorithm operates in real time (m steps).

DO WHILE (INPUT(I) # $);
IF W(H) = - INPUT(I)
THEN DO; W(H) = b;
H = H-1;

I

]
(]
+
-

END;
ELSE DO; H = H+l;
W(H) = INPUT(I);
I = I+1;
END;

END;

The action of the algorithm is illustrated below

when
W= x2x2x71%. x.x3%. The cont : both the input and
2X1% 1 XXX, contents of both the input an

worktapes are displayed at the conclusion of each step.
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(I = Input Tape; W = Work Tape)

step 1 INPUT: x21x2x1x1x11x2x3x;lx;l$
W HX2

. -1 -1_-1
step 2 INPUT: X, X IX X X, "X XX, "X, 78
(case b)

W:e XZHXZ
step 3 INPUT: xzxlexxllex2x3x;lx;l$
(case b)

W: X X HX,

, -1 -1,-1
step 4 INPUT: X, X X X IX, "X X X, "X, $
{case b)

W: X, X,X HX;
-1 -1,-1
step 5 INPUT: X X, X X X IX XaX "X "8
(case a)
: X X, HK
-1 -1,-1
step 6 INPUT: X, X, X X X X,IX X "X 7§
(case b)
W: X, X, X HX,
-1 -1,-1
step 7 INPUT: X, X X X X[ X X IX "X "8
(case b)
W: X X,X X, HXg
step 8 INPUT: XXX, X,X:1X.X.X-t1x7ls
P PoM%%1M1% A3t
(case b) -1
W XX X)X X HX,

] -1 -1,-1
step 9 INPUT: X X X X Xy X XX, "X, IS
(case b) -1..-1

Wi X,X X XXX, THX,

At this point, the delimeter symbol $ is scanned,
and the algorithm halts with the freely reduced version

of W, W', on the worktape, which has been produced in
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real time (9 steps).

Next W' is cyclically reduced. This 1is accom-
plished by using a second worktape whose head is called
J. When the $ from the input tape is read, 1) worktape
head 1 and the input head are moved right one position,
and 2) a $§ is written onto both worktapes. A copy -
backwards operation 1is then performed; that is, both
heads are moved left and the symbols from worktape 1
are copied onto worktape 2. This procedure is repeated
until a blank is scanned. This operation requires at

most m+2 steps.

H=H+1;

I=I+1;

W1l (H)=§;

W2(J)=$%;
DO WHILE (Wl(H) # b);

H=H-1;
J=J-1;
W2(J)=W1l(H);

END;

To illustrate, we continue with the present exam-
ple. Only the states of the two work tapes (Wl and W2)

are shown.
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1 1,-1

step 1l: INPUT: X, X, X X X "X X X0 "X, $1
. -1,-1
Wl: x2x2x1x2x3x2 X, HS
W2: J$
Copy~-backwards
. o T |
step 2 Wl: x2x2x1x2x3x2 sz $
-1
W2: sz $
step 8 Wl: HX,X.X,X.X.X2'x71s
: 2%2%1%2%3%2 2
-1.~-1
W2:  JIX5X X X XaX "Ko"$
step 9 Wl: HbX. X XX X-X-txZls
P : 242%1%2%3%) 45
(stop) 1.-1

W2: JbX XX XX, Xo $
(Note: b is % %lén% gq%ar%)

Next, the worktape heads are positioned at oppo-
site ends of the two copies ot w' . This requires
that worktape head J moves right one position at a time
over W  until the delimiter symbol, $, is found.
Worktape head J is then moved lerft one position (scan-
ning the rightmost symbol of W') and worktape head 1 is

moved right one position (scanning the leftmost symbol

of W'). This operation requires at most m+2 steps.
m+z P

DO WHILE (W2(J) # $);
J=J+1;

END;

J=J-1;

H=H+l;
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Continuing with the example, the configuration of

workvape 2 is displayed:

step 1 W2:  JX XX KX X5 RS
step 2 W2: X JX X X,X.Xo X2l
PRI 8% %0%3% A

-1_,-1

step 7 W2: X2X2X1X2X3X2 JX2 S

step 8 W2: X, X,X,X,X.X3 X31J$

: 2%2%1%2%3%2 2

step 9 Wl: HX.X.X.X-X.X- x1s
p : 28281482838 2y
-1_.-1

W2: x2x2x1x2x3x2 IX, $

A third worktape is used which contains the £final
cyclically reduced word W whose head 1is named K.
Recall that the tape heads are positioned at opposite
ends of W'. Xg from worktape 1 is compared with Xi

from worktape 2. Consider the possible outcomes:

Case a) i=k and j=-1
This implies that the two symbols being
scanned are inverses and should be cancelled.
Here 1) worktape head H is moved right one
position, and 2) worktape head J is moved

left one position.
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DO WHILE (Wl (H) # $);
IF W1(H)=-W2(J)
THEN DO; H=H+l;
J=J-1;

END;

ik or j=1

This implies the two symbols being scanned
should not be cancelled. 1In this case 1) the
symbol scanned from worktape 1 is written
onto worktape 3, 2) worktape heads 1 and 3
are moved right one position and 3) worktape

head 2 is moved letft one position.

ELSE DO;
W3(K)=W1l(H);
H=H+1;
K=K+1;
J=J~-1;
END;

END;

$ scanned from worktape 1

This implies each symbol on the worktapes
have been scanned, and thus, the algorithm
halts. Worktape 3 contains W", the cycli-

cally reduced version of W.
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To illustrate, the example is continued, showing
the states of the three worktapes at the conclusion of

each step.

-1,-1
step 1 Wl: X_HX, X,X, X, X, X,”$
(case a) 2772717273 El El
W2: x2x2x1x1x3Jx2 X, $
W3: Kb

step 2 Wl: xzxzaxlx2x3x;lxgl$

(case a) -1 -1
W2: X XX X yTX X "X, $
W3: Kb

step 3 Wl: szleHX2X3X£lX51$

(case b) -1.-1
W2: X X X IX X Xo "X 7S
W3: Xle

step 4 Wl: x2x2x1x23x3x;lx;l$

(case b) -1 -1
W2: XXX X XX "X, $
W3 XlXZKb

-1,~-1
step 5 Wl: X X, X X, X3HXO"X,"$
(case b) -1 -1

W2: X JX X X X X, "X, 78
W3: X1X2X3Kb
step 6 Wl: X2X2X1X2X3X51HX51$
(case a) -1 -1
W2:  JIX X, K X XX, "Xy $
W3:  X;X X Kb
step 7 Wl: X2X2x1X2X3X£lX£lH$
(case a) -1.-1
W2:  JbX, X, X X, X XX, $



W3: Xlx2X3Kb
At this point the $ is being scanned on worktape 1

and worktape 3 contains W".

The complexity of this operation is examined. At
each step, worktape head 1 is moved right one position
until the delimiter symbeol is found. Thus, since work-
'tépe 1 contained at most m symbols, this operation
requires at most m steps. Summarizing, 1f string WS
has 1length m+l, it can be cyclically reduced W in time

at most (m) + (m+2) + (m+2) + (m) = 4m+4 steps.

2.2 Procedure for Determining Cyclic Permutations

The changes required to the above algorithm to
cyclically reduce the input string VSU& are now summar-

ized.

First, V$ is freely reduced -exactly as outlined
above. Worktapes tapes 1, 3, and 5 of the TM are used,
where tape 5 will contain V", the c¢yclically reduced
version of V, with head 5 positioned at the first blank
square past the rightmost symbol of V". Next, the pro-
cessing of the 1input ctape continues by cyclically
reducing U&. Here, tapes 2, 4 and 6 are used as the
three worktapes, with tape 6 eventually containing U",
the cyclically reduced version otf U, As a «trivial
modification to the algorithm, an & is used as the del-

imiter symbol instead of a $. Note that worktape head
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6 is positioned one square past the rightmost symbol of

u".

To illustrate these changes to the algorithm, let
vV = X%XiXIlX2X3X£2 (the value of W in our previous
example) and let
u = xglxzx;lx2x3xlx3. Let the heads of ctapes Wl

through W6 be named H, J, K, L, M, N respectively.

Initially,

-1 -1,-1 1 -1
INPUT: IX,X,X.X,X X2X3X2 X2 XZXZ X2X3X1X3

2%o% %1%y &

$ X3
Wl, W2, W3, W4, W5, W6: b

After cyclically reducing V, the configuration of

the tapes is:

INPUT: x2x2x1x1x11x2x3x;1x;l $ IX51X2X£1X2X3X1X3 &
Wl: x2x2x1x2x3x;1x;lH$
W3: KbX2X2XlX2X3X51X;l$
W5: X X,X3b (v'h)

W2, W4, W6: b

Next, the contents of the tapes atfter cyclically

reducing U is shown below:

INPUT: X.X.X.X I X.x.x.x-txZ! e xTlxox.X. X, &IbX

2X XX X XXX TR T F TR X "X XK Xy
Wl, W3, W5: as before

-1
W2: X3 X2X3X1X3 J&

Wa: LbX- Y. X.X.X.&

3 72737173

3 &Ib
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W6: X, X,.X

Tt
2%3XNb - (U'T)

To proceed with the algorithm, U" and V" must have
equal lengths, say n. As a tirst step, heads 5 and 6
(M,N) are moved left one position so they are posi-
tioned at the rightmost symbols of
V' and U' respectively. Then, the TM scans left
one position at a time on both tapes 5 and 6. This is
continued until a blank square is encountered on either
tape. If a blank is found on one tape and not on the
other, U' and V' are of unequal lengths, and hence

cannot be cyclic permutations; Therefore U and V are

not conjugate elements.

M=M-1;
N=N-1;
DO WHILE (WS(M) # b);
IF W6 (N)=b FAILURE;
ELSE DO; N=N-1;
M=M-1;
END;
END;

On the other hand, if blanks are found on both

L] |}
tapes 5 and 6 at the same time, U and V are of

equal length, and the TM goes on to the cyclic permuta-
tion phase of the algorithm. At this point both tape

heads are moved right one position.
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IF W5(M)=b & W6 (N)=b

THEN DO;

END;

M=M+1;

N=N+1;

To illustrate this "length checking" phase, con-

sider the example acting upon tapes 5 and 6:

Initcially

step

W5:

W6 :

W5:

W6:

W5:

W6

W5

W6:

WS:

W6:

WS5:

Wo6:

1
X1X2X3Mb (Vv )
1

X2X3X1Nb (U )

XlXZMX3

X2X3NXl

(move left when non-

blanks are scanned)

XlMXZX3

X2NX3X1

MX1X2X3

NX2X3Xl

Mb xlx2x3 . (move right when blanks

Nb X, X,X

2 X%y are scanned)

MX1X2X3

NX2X3Xl

The complexity of the checking of the length of U"

]
and V" is simply length of U (or V ), which has an

upper bound of n,

nt+2.

if U] = |V] = n. Thus complexity =
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A slight modification to the length checking phase
of the algorithm is needed to ease the future operation
of the TM. While passing left over tape 6 (U"), the TM
will make a copy of U" on another tape, say tape 2. To
do this, head J is moved in the same direction as head
N and 1s moved whenever head N moves., However, when
head N is reading a symbol, that symbol is written on
tape 2. Recall that worktape head J is positioned at
the & just right of the freely reduced version of U at
the start of this copy operation. Note, we no longer

need the freely reduced word on worktape 2.

Consider the following example:

1

Initially, W2: X3 X2x3X1X3J&
W5: X1X2X3Mb
Wo6: X2X3X1Nb
step
. -1 ;
1 W2: X3 X2X3X1JX3& (move all 3 heads left)
W5: X1X2MX3
W6: X2X3NX1
. -1 .
2 W2: X3 X2X3JX1X1& (Xl ftrom W6 was
WS5: XlMXZX3 written onto W2 betore
W6: inX3Xl moving letft)
-1 _ .
3 W2: X3 szx3x3xl& (X3 from W6 was
W5 MX1X2X3 written onto W2 before

W6: Nx2x3xl moving letft)
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1

4 W2: Xl JX2x2X3Xl& (X2 ftrom W6 was
WS: Mb XlX2X3 written onto W2 before
W6: Nb X2X3X1 moving left)
-1 -
5 W2: X3 bJX2X3Xl& (the b from W6 was
W5: MX1X2X3 written onto W2 before
Wé: NX2X3Xl moving right)
Thus, if |U"] = |V"|, the tapes are configured in

the following manner at the the length checking:

tape 2: Ju & (the head points to the

leftmost symbol of U")

tape 5: MV (the head points to the

leftmost symbol of V")

1 ]
tape 6: NU (the head points to cthe

leftmost symbol of U")

The final operation performed before checking for
cyclic permutations consists of making V" & U"U" the
contents of worktape 1. The reason <for this becomes
clear in the next section. For the moment, recall that
worktape head H is currently positioned at the $ Jjust

right ot the treely reduced version of V.

This phase of the algorithm begins by moving work-
tape head H right, and copying one position of V" at a

time onto worktape 1 until a blank 1is encountered on
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worktape 5. This takes |V"| steps, which is at most n.
Next, an & is written onto worktape 1, taking 1 step.
Next, U" is copied from worktape 2 onto worktape 1,
using the & as the delimeter. This takes |U"| steps,
which 1s at most n. Next, U" is copied from tape 6
onto tape 1, taking at most n steps. Here, the blank
on tape 6 1is used as the delimeter. Finally, tape head
l is positioned at the leftmost symbol of V". This
means passing the head left over V" & U"U" until the $
is found, and then moving tape head 1 right one square.
This last operation requires |V"] + 1 + |u"| + ju"|

steps, which is bounded by n+l+nt+n = 3n+l.

H=H+1;
DO WHILE (W5(M) # b);
W1 (H)=W5(M);

H=H+1;

END;

Wl (M)=&;

M=M+1;

DO WHILE (W2(J) # &);
Wl (H)=W2(J);
J=J+1;

H=H+1;

END;
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DO WHILE (W6 (N) # b);
W1 (H)=W6(N);
H=H+1;

N=N+1;

END;

DO WHILE (W1(H) # $);
H=H-1;
END;

H=H+1;

To illustrate the final phase of the setup algo-

rithm, consider the example below:

Initially W1l: (non-blank symbols) HS$

W2: (non—-blanks) bJX2X3Xl& (U )
]
WS MX X Xg (V)
]
W6 NX2x3Xl (U )

For brevity, the leftmost non-blank symbols on

ﬁapes 1l and 2 will no longer be considered.



step

Wl:
WS:

w2,

Wl:

WS:

Wl
WS:
W2:

W6:

Wl:

W2:

Wl:

W2:

Wl:
W2:

W6:

Wle

W6:

Wl:

Wo6:
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$Hxl

X MX, X4

W6: no change

$X1X2HX3

X1X2X3Mb

$X1X2X3H&
XlXZXBMb

bJX2X3X1&

NX2X3X1

$xlx2x3&Hx2

X2JX3X1

X1X2X3&X2HX3

X2X3JXl

$X1X2X3&X2X3HXl

X2X3X1Jb

NX2X3X1

$xlx2x3&x2x3xlﬂx2

X2NX3Xl

$xlx2x3&x2x3xlxzﬂx3

X2X3NXl

]
(copy V from W5
onto Wl)
({no change)
(X2 copied from
(X3 copied from
(X1 copled from
(X2 copied from
(X3 copied rfrom

W2)

W2)

W2)

W6)

W6)
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10 Wl: $xlx2x3&x2x3xlx2x3ﬂxl (X, copied from W6)
W6: X2X3X1Nb
11 Wl:

$xlx2x3&x2x3xlxzﬁx3x1

. (move head left at each step)

X &X X, X, X,X X

20 Wl: H$X1X 38X XX 1 X XXy

2

21 Wl: $HX1X2X3&X2X3X1X2X3Xl

' ' '
= $HV &U U

Note that on tapes 2, 5 and 6, the heads are now posi-

tioned to the right of the last Xi .

The following summarizes the complexity of cycli-

cally reducing the input:

Reducing V using tapes 1, 3, 5 4n+4
Reducing U using tapes 2, 4, 6 dn+4d
Length checking and copying U' onto tape 2 n+2
Making V'&U'U' on work tape 1 6n+2

Thus, the upper bound on the entire operation is

15n+12.

g ——

2.3 The Cyclic Permutation Problem for Free Groups

For notational convenience, U" and V" of the pre~-
vious section will now be referred to as U and V

respectively.
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Fundamental Lemma: Let U and V be two words in the free

generators of a <free group F. Suppose U and V are
cyclically reduced with |U] = |V| =n. Then there exist

two words P and Q in the free generators of F such that

IP] + 1Q] = n and
U2 = PVQ, iff U and V are cyclic permutations of each
other,

Proof: (1) Given that U and V are cyclic permutations

of each other. There exist syllables (words) P and Q ot

U and V such that U = PQ and P = QP. Thus, U2
= (PQ) (PQ) = P(QP)Q = PVQ. Obviously Pl + 1Q] = n
since |P| + Q] = IPQ| = [U]l = n.
(2) Now suppose that U2 = PVQ. We have
Pl + 1Ql = n since 2n = | u? | = jpvQl| =
P} + IVl + 121 = [P] + n+ |Q]l. Let IP|=p, and |Ql=q.
Since U2 = PVQ the first p symbols of U2 must be

the same syllables as the first p symbols of PVQ,
namely P. Similarly, the last g symbols of u? must be
the syllable Q. Thus U = PQ since P + Q = n. Hence

V=QP since U2 = (PQ) (PQ) = P(QP)Q = PVQ.

The above lemma is used to solve the cyclic permu-
tation problem for free groups freely presented as fol-
lows: given U and V, the algorithm searches <for the

2

existence of V in the string U™ . TIf it exists, U and

V are cyclic permutations, (hence, conjugate elements)



otherwise they are not.

43
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2.4 Pattern Matching on a Turing Machine

What the problem has reduced to is a straightfor-
ward problem in pattern matching: f£inding an occurrence
of one string within another in linear time. Knuth,
Morris and Pratt (1977) present an algorithm which
finds all occurrences of one string within another 1in
running time proportional to the sum of the lengths of
the strings. For the conjugacy problem, this would be
[VI + 2 JU| which is O(n). Fischer and Paterson (1974)
show that the Knuth, Morris and Pratt algorithm can be

implemented on a Multitape Turing Machine in linear

time. What remains to be shown, then, is the Fischer
and Paterson Turing Machine implementation for the con-
jugacy problem. We shall now carry out the application
of that machine. We give an example of the implementa-

tion of this algorithm,

2.5 Backround

Given a text string X=X0xl...Xt » and a pattern
string Y=YO Yl"'Yp , Where both X and Y are words

over the same rfinite alphabet 3 , the task is to find

i, where t<£ip such that
Y=[Xi—p"'xi]; that is, ¥ is a consecutive substring
in the text X. The method traditionally used to search

for a matching pattern meant searching at every start-

ing position of text, abandoning the search as soon as
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an incorrect character is found. When this "mismatch"
occurs, the pattern is "backed up" to its beginning and
the text is "backed up" to the next character to be
used as a start for comparisons. This traditional
algorithm is inefricient, for example, consider aaaab
in aaaaaaaaab. The complexity of this algorithm is

0(n?).

2.6 Knuth, Morris, Pratt Algorithm

The key idea to the Knuth, Morris, Pratt algorithm
is that if a segment of the text (in ocur case

U2

) has successfully been matched with an initial
segment of the pattern (V) before reaching an inequal-

ity, then it is unnecessary to read those symbols of

the text again, since they are the same as the symbols

of the pattern segment. The procedure wused by the

Knuth, Morris, Pratt algorithm carries out the rfirst
comparisons for the next relative position of the pat-
tern V, by comparing V with a segment of itself, and
these comparisons can be precomputed once at the begin-
ning. This precomputation 1is very quick and has the

same form as the main computation ictself.

2.7 A Theoretical Description of the Algorithm

Given a word Z=Zo...Zt . the function P for
i=0,1,...t is defined by P (i) = max {sl

Zoeeely = 24 ool }. It is not difficult to verify
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K

that P gth

(1) = the largest s such that

ZO...Zs = 2 ...Zi, where PK(i) notes the composi-

i-s
tion of P with itself K times. Thus,

PO(1) = 1 ana PX*1(i) = p(PX(i)) . Cconsider <che

following recursive definition for P:

P(0) = -1

e

|= P% (1) + 1 for 0<i<t where k is

= the smallest integer >0 such that
P(i+l) = -

bz = Zipye

| (P(i) + 17

| k

|==1 if P (i) = -1

Described below are the implications orf this
recursive definition for P. Initially, detfine P(0) as
-1. Next, consider P(i+l), to illustrate what the

recursive derinition implies, consider the following

string Z a b a b
position 0 1 2 3
P -1 -1 0 ?

Assume the values for P(0), P(l), and P(2) are
given as above. The value for P(3), will be computed,

which implies i=2,

The recursive definition says to check whether
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Z = Z ?
[Pl(2)+l] 2+1
=> Zrp+1) = 23
=> Z, = 2,
In this case, Z1 = Z3 (b=b). Thus, the defini-

tion for P says Pk(i)+l is wused as the value for
P(i+l), which is

P1(2)+l = 1. Thus P(3) = 1 which implies

ZOZl = 2223! Upon a close examination of the algo-
rithm, one sees that information obtained previously
was used; namely that P(2) = 0, | The wvalue of P(2)
implies that ZO = Zz.
to check whether

Thus, the definition merely says

2, = 12

1 3 which would imply

Consider the outcome when events don't work out

quite so well:

position 0 1 2 3 4 5 6
string z a b a a b a b
P -1 -1 0 0 1 2 ?

In this example, the value for P(6) will be found,
implying <the i of the definition is 5. First we check

to see it

Z Z
[P1(5)+1] 5+1

]
\4
[}

|
™~

3 6° (a¥b) .
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6’ the value of k is incremented

by 1. This implies the algorithm will try to find a

In this case Z3#Z

smaller value of s such that

ZgeeoZ = Zp__Zp.
sz(s)+1] - %
= Z{p(p(5))+1] %6
=>  Z1p(2)+1] 26
= Z1p+1) Zg
=> z,= z,  (b=b)

In this case, Zl=26, thus the wvalue of 1 is
assigned to P(6), implying Zy2; = 252,. What the algo-
rithm made use of in this case was the second largest
value of t such that

ZO...ZS = zi-s"‘zi; namely,

Zgee+Zg = Zg_ge-+2Zg (a=a)! This second largest value
of s was obtained by using

p2(5) = P(P(5)) = P(2) = 0! Recall that the algorithm
is always 1looking for a substring match starting from

the beginning 0f the pattern (ZO).
A complete example is shown below.

position 0 1 2 3 4 5 6 7 8

string 2 a b a a b a b a a

P -1-1 0 0 1 2 1 2 3
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P(2)=0 => Zo = 22 (a=a)

P(3)=0 = 2, =1, (a=a)

P(4)=1 => zozl = Z3Z4 (ab=ab)

P(S)=2 => 2,2,2, = 232,%g (aba=aba)
P(6)=1 => ZOZl = 2526 (ab=ab)

P(7)=2 => zozlz2 = 252627 (aba=aba)
P(8)=3 => 2,2,2,Z5 = ZoZgZq2Zg (abaa=abaa)

Since P(3+1)-1 < P(j)<j <£for all j, the value
ftor P(i+l) may be computed in time less than
C.(P(i) - P(i+l) + 2) for some constant C, provided
that the string Z and the values of P(]j) for j<i are
readily accessible. To show this, consider the worsct
case example: P(i+l) will be assigned the value of -1

because there is no K such that A = Z

K
[P™ (5y+1]

i+l -

Here, the following comparisons are made:

Zp (1) +1 with 2z,
Z with 2, at most

P2 (i)+1 i+l
. . . C.(P(1)+1)

. . . comparisons
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with 2

Zp(0)+1 i+l

When all of these fail, -1 is assigned to P(i+l).
Thus, at most
C.(P(i)+1 +1) = C.(P(i)+2) operations are required.

The expressions yield the following:
C.{P (i) = P(i+1)+2)
=C.(P(i) - (-1)+2)

=C.(P(i)+3) which is greater than C.(P(i)+2).

Therefore, the K of the recursive definition of P
satisfies
P(i)-P (i+1)+2>K>1. Thus, the total running time of the
algorithm is bounded by

C.(P(0) - P(t)+2C(t+l)) = 0 ().

For the original problem, define V as Vl"'vn
and U as Ul"'un° Therefore, to solve the conjugacy
problem, the pattern string V, a new symbol & and the
text string U2 are concatenated in that order and the
values of P for the string V&U2 are computed in time
0(n+2n) = 0(n). Because of the &, P can never have a
value greater than n (=|V]). The values of i for which
P(i)=n mark the positions where V matches a substring

of U2 , Oor more precisely
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P{n+l+i) = n=>0, U, = Vl"’vn

i-(n-1)°°°""1

2.8 The Recursive Algorithm

The linear bound obtained by the Knuth, Morris,
Pratt algorithm depends on the use of a random access
machine as well as assigning unit cost to the operation
of a memory access. Considering that the space
required to represent the P array alone would require
(n log n) bits when represented as a sequence of binary

integers, a linear time Turing Machine implementation

seems quite surprising.

A linear—-time Turing Machine 1is implemented by
representing P as a table, A , of differences in unary
notation rather than an array of binary integers.

Define P(-1) = -1 and let

A (i) = 1+P (i)-P (i+l) -1<i<n

i-1
Then P(i) =i - 3 A, and
i=-1
n-1
3 A(J) = n-P(n).
21
And since n-P(n) < ntl, the delta array can be

represented using unary notation in linear space.

The following is a recursive algorithm for compuc-

ing P. (We will call this algorithm X.)
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Stage (0). Set P(0) =-1; go to Stage (1l,1)

Stage (i+l,K).

1. Iz, =2,,, set P(i+l) = pR(i)+1
P (i)+1 '

and go to stage (i+2,1).

2. It PK(i)=-1, set P(i+l)=-1 and go to stage

(i+2,1).
3. Otherwise, go to stage (i+l, K+l).

The objective 1is now to rewrite algorithm X
without making an explicit reference to P by using the
delta array. To do this, three new variables p, s, and
d are required. At the beginning of stage (i+l1,K),

these variables will satistfy

(X1) p= P(1)
(x2) s= pY(i) - pE¥l(y)
(X3) d= P (i) - PK(i)

Algorichm Y maintains these conditions while computing

the A array.

Algorithm Y

Stage (0) Set A (-1) =1



- 53 -

a=20

go to stage (1l,1)

Stage (i+l,K)

Case 1. 1IF Zp+l = Zi+l
THEN BEGIN; A (i)=d
p = ptl
s=s+ A (p)
d=20

go to stage (i+2,1).

END;

Case 2. ELSE IF p=-1

THEN BEGIN; A (i)=d+l

p=P
s = s
d=20

go to stage (i+2,1)

END;

Case 3. ELSE

BEGIN; pP=p-s
p-1
s=s- 2 A (J)
J=p—s
d=4d+s

go to stage (i+l,K+1).

END;

It remains to be verified <that condicions

(X1)-
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(X3) hold after stage (0), and are preserved atfter the

remaining

stages, and that the A are computed

correctly.

At the end of stage 0:

1

p= P (0 = -1
s= PL(0)-p2(0) = -1 -(-1)=0
= p(0)- pt(0) =0
delta (-1) = 1+P(~1)-P (0)
= 1+(-1)-P (0)
= -(-1) =1
Stage (i+l,K)-
Case 1.0 Zp+l = Zi+l
At the end of this stage, go to
stage (i+2,1). Hence, 1 <- i+l, K <~ 1,
p(i+l) = PX(1)+1 (1.0.1)
= pt+l
1.1 A (i) = 14P(i)-P(i+l) from definition of delta
= 1+p (1)- (PR (1)+1) from (1.0.1)
= p(1)- PR(i)
= d ftrom definicion of d
1.2 p = P¥(i) at end of this stage i <- i+l; K=1, so
= pl(i+1)
= pX(1)+1 from 2 =z
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= p+l

1.3 s = s+ A (p) going to stage (i+2,1),
s = Pl(i+tl) - p2(i+l)  (1.3.1)
s = pX(n)-p¥* (1) + A % (1))
s = X -p**h )1 + e ¥ (i) - peF(0)+1)]
s = pX()-p¥* (1)1 + ¥t (1) - PR (i+1))]
s = pX(i)+1 - P2 (i+1)
s = PL(i+l) - p2(i+l)(1.3.1)

1.4 d=P(i)fPK(i) -> P(i+l)-P (i+1)=0

Case 2.0 P=-1 implies PK(i)=-1 = P(i+l)

and go to stage (i+2,1) => i <- i+l; K K- 1

2.1 A (i) = 14+P (i) - P(i+1)
= 1+P (1) - (-1)
= 24P (i) (2.1.1)

a+1 (P (i) - PR(i)]+1

i

[P(i) - (-1)]1+1

[P(i) +1] +1

P(i) +2 (2.1.1)

Hence A (i) = da+l



2.2 p=p, i K- i+1;
show p = PK(i)
= pl(i+

but PX(i)=-1
and P(i+l)=-1

so p=p!

2.3 s = s, again i

show s = PY(1)
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K <K-1

1)

{- i+l; K <~ 1

-PK+l(i)

= pl(i+1)-p2(i+1)

= -1 -p(
= =1 ~(-
=0
but s = PN(i)-
= -1 - p{
= -1 - p(
=—l—(_
= 0
SC 8§ = s

2.4 d=0 1 <- i+1;
show d = P (i) -
= P(i+l)
=0

theretore d = 0

-1) (P (P (i+l))
1)

PK+l(i)

pK (1))

-1)

1)

K -1
pK (1)

- P(i+l)

P(-1))
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Case 3.0 Otherwise, go to stage (i+l,K+l)

trom (i+l,K)

3.1 p=p-s i <- i; K <= K+1
show p = PX(1)
= pX*tl(y) (3.1.1)
p=p~-s ylelds J
= %) - X0 -pFh ()]
R+1

= P (1) (3.1.1)
p-1
Case 3.2 s = § - S A(J) i<-i;K<=-K+1
j=p-s
show s = PK(i)—pK+l(i)
so s = pFFL(1)-p%*2 4 (3.2.1)
p-1
s =35 - S A(3) vyields
j=p-s

s - ([1+P(p=-s) - P (p-s+1)]
+ [1+P(p=-s+l) - P(p-s+2)]
S

+ [l+p(p-1) - P(p)]

s=(s +P(p-s) =P (p))

P(p) - P(p-s)
pe¥ (1)) - p ¥ (1) -¥(1) -p¥T (1))
K+2

i\

pK+l 4y - pK*+24) (3.2.1)

3.3 d=d+s i <~ i; K <= K+l

show
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a=rp(i) -pK(y)
K+1

P(i) -P (i) (3.3.1)

d = d+s yields

e (i) -PX(1)1 + PX(1) -pK*L (1)1

p(i) -pK*l(4) (3.3.1)

2.9 The Actual Implementation

Still to be shown is the implementation algorichm
Y on a Turing Machine. Fischer and Paterson (1974)
implement the algorithm on a multihead, multitape Tur-
ing Machine using four tapes, each being one way infin-
ite to the right. This algorithm is summarized point-
ing out that tapes with two heads can be replaced by
several tapes with only one head per tape without time

loss. (Fischer, Meyer, Rosenberg, 1972),.

The input tape, (worktape 1 in the working exam-
ple) has two heads, A and B. Worktape 2 has two heads
C and D and holds the values of the A array and the
value of d. Worktape 3 is used as a counter and con-
tains the value of s. Finally, worktape 4 is used as a
scratch tape. Note that p is represented by the posi-

tions of heads A and C on tapes 1 and 2 respectively.

To illustrate how this Turing Machine works, the
previous example is continued. The tapes are config-

ured as follows before starting stage 0. Note that
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heads A and B on Wl are at the position head H was at.
Heads C and D of W2, S on W3 and H on W4 are all moved
right to the first blank encountered. For notational
convenience, the non-blank symbols to the left of these

heads will not be shown.

tape

Wl $ABxlx2x3&x2x3xlx2x3xl
W2  bCD

W3  bs

W4 bH

Note that if I and J are tape heads, IJX denotes X

being scanned both heads.

Continuing with the example:

Wl A$BX1X2X3&X2X3X1X2X3X1
W2 C01D0
W3 S0

w4 H



- 60 -

At the end of stage 0, A is positioned one cell to
the left of the leftmost symbol of V (that is, A is
reading the $), B is positioned under the leftmost sym—
bol of V (just right of the $), C is under the lerftmost
symbol on tape 2, which was set to 0, D 1is positioned
under the rightmost symbol of tape 2, which alsoc is set
to zero, and S is positioned under the lone symbol on
tape 3, which is set to 0. Note that the contents ot
tape 2 at the conclusion of stage 0 are 010, the 1
being the wvalue of A (-1), and the rightmost 0 the

initial value of Q4.

Since p is set to -1, this implies moving head A
left to read the $ on Wl (the -lst symbol), and writing
a 0 onto W2 where head C is. Head C will always be
positioned at the 0 preceeding the value of some A
(i). Head B on W1l did not move. Head D on W2 moved
right one position, writing a 1 (the value of A (-1))
and moved right again, writing a 0 (cthe wvalue of 4d).
Head D writes the 1's that make up the value of A (i)
in unary notation, and then writes the current value of
d. Head S on W3 wrote the value of 8 (0) on the tape.

Finally, head H on W4 did not move.

At the start of stage (i+l1,K), head A is scanning

yA , and B is under Z. . Let 1O

P i
symbol, and let 1k

denote the empty
denote a string of k 1l's. Using

this notation, the contents ¢6f tape 2 at the start of
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stage (i+1,K) is 018(-1) 0180
0110 ... 018(i-1)

Old . Head C is on the 0 immediately before

Fs(p) (which is the (p+2)nd 0 from the left). Head D

is on the rightmost non-blank square. Finally tape 4

contains the value for s.

Next, all the possible operations required during
stage (i+1,K) are analyzed. The test to see whether

2ov1 T 2141

one symbol away from Zp_'_l and head B is only one sym-

is done in 3 steps, since head A is only

bol away from 2 The test for p=-1 becomes a test

i+1
to see if head A is scanning the $. The algorithm ends

when B is scanning a blank symbol while looking at Zi

First consider case 1; A = Z D is
p+l

i+l ¢
shifted right and a 0 is wricten ( A (i)=d,d=0). Heads
A and B are shifted right (p= p+l, i= i+l), and head C
moves right to the next 0 (p= p+l). As C is advanced,

a l is added to tape (W3) and move head S right

(s=s+Ap) .
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DO WHILE (W1(B)} # b);
IF W1(A+l) = W1(B+1)
THEN DO; D=D+1;
W2(D)=0;
A=A+1;
B=B+1; -
C=C+1;
DO WHILE (W2(C) # 0);
W3(s)=1;
S=S+1;
C=C+1;
END;
END;
Next, consider case 2; p=-1., Heads A and C are
left alone (p=p). B moves right one cell (i=i+l), and

D moves right two cells, printing a 1 followed by a

zero ( A (i)=d+1, d=0).
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IF Wl(a) = §

THEN DO; B=B+1;

D=D+1;
w2(D)=1;
D=D+1;
W2(D)=0;

END;

Finally, consider case 3. Since the values of p
and d are modified by the value of s, and since the
contents of s are modified at the same time, the value
cf s 1s <first copied onto tape 4. Then, head C is
moved left over s zeroes (the value of s which 1is on
tape 4). For each 0 passed over by head C, head D
moves one cell right and prints a one (d=d+s) and head
A moves left one cell (p=p-s). Then, for each 1 passed
over by C (delta values), the value of s on tape 3 1is

decremented by one (print a blank symbol and move head

S right).

At the conclusion of this stage, the contents of

tape 4 (the copy of the old value of s) will be erased.
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S=8=~1;

DO WHILE (W3(S) # Db);

W4 (H)=W3(S);

END;

S=5+1;

DO WHILE (W4 (H)=1l);

C=C-1;

DO WHILE (W2{(C)=1l); /*pass over l's*/

W3 (S)=b;

/*pass over 0's*/

D=D+1;

W2(D)=1;

A=A-1;
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END;

H=H+1;

DO WHILE (W4 (H)=1);

W4 (H)=b;

H=H+l;

END;

At this point, the example is continued. The con-

- tents of each tape at the conclusion of each stage is

shown below.

t end g;

—— cm——

stage

X&X X X, X, XX

(1,1) Wl: A$XlBX2 38X X 3X X5 X Xy

(case 2) W2: C0101DO
W3: SO

Wd: H

(2,1) Wl: ASXlX BXL&X ,X X XXX

2737727371723

(case 2) W2: C010101DO
Ww3: SO

Wa4: H



(3,1)

(case 2)

(4,1)

(case 2)

(5,1)

(6,1)

(case 1)

(7,1)

(case 1)

(8,1)

(case 1)

Wl

W2:
W3:

W4:

Wl

W2:
W3:

W4a:

Wl:

W2:
W3:

Wa:

Wl:

W2:
W3:

Wa:

Wl:

W2:
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2X3B&X2X3X1X2X3Xl

ASXlX
C01010101D0
(o)

H

XX, X, XX

ASX XX 38BX X 3X X X9X)

172

C0101010101D0
SO

H

ASX . X X, &X  BXX.X. XX

172737727 7371727371
C010101010101DO0
SO
H

$Ax1x2x3&x2x3axlx2x3xl

01C01010101010D0
1s

H

X, &X XX, BX,X,X

S (AR XJEX X X BR X 3Ky

0101C0101010100D0
118

H

AX L &X X X, X,BX X

X)X AX 38K X 3K X BX X

010101C010101000D0
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W3: 1l11s

W4: H

X, &K XX, X,BX X

273717277371

(9,1) Wl: A$X1X2

3

(case 3) W2: €010101010101000011D1
W3: S

W4: H (it was 1114 => 11H => 1lH => H)

(9,2) Wl: $AXlX2X3&X2X3XlX2X3BXl

(case 1) W2: 01C01010101010000111D0O
W3: 1S

Wd: H

(10,1) Wl: $Axlx2x3&x2x3xlx2x3xls

(case 2) W2: 01C0101010101000011101D0
W3: 18

W4: H

Here, the TM terminates since head B is scanning a

blank on W1,

2.10 Complexity of the Algorithm

The time spent in each of these three cases is now
totaled. For each value of 1, case 2 will be executed
at most one time during stage (i+l,K). Each execution
takes constant time (2 steps), so that the total over

all stages is clearly 0(n), where n is the length of V



and also the length of U.

When case 3 is executed at stage (i+l,K), it takes
time C.s <for some constant C, where s is the value on

tape 3 at the start of the stage (s=(PK(i) - PK+l(i)).
p—-1
Note that s> 2
j=p-s
A (j), so C.s 1s clearly the bound in this case.
Let ki be the largest value of k for which a stage
(i+1,k) is executed. Then stages (i+l,1), ... (i+l,
ki) all execute case 3 and stage (i+l, ky) will
then execute either case 1 or 2. Therefore, the total

time spent in case 3 is

1 k,
s ce®) - = ey T(a))

£ C(P (1) -P(i+l)+1)
Summing over all stages,

C (P(0) - P (1) +1)

+ C (P(1) = P(2) +1)

+ C (P(n-1) -P(n) +1) = C(P(0) -P(n) +n)

< C(n+2)
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The constant C takes into account the time
required to copy the original value on tape 3 onto tape
4, as well as the actual processing time performed dur-

ing each execution of case 3.

The time spent on Case 1 is bounded by the number
of times head C is shifted right. This is at most the
eventual length of tape 2 plus the number of times head
C 1s shifted 1letfrt. But the shifting of head C letft
only occurs in case 3, and 1is therefore bounded by

0(n). Since the eventual 1length of tape 2 is n+2 +
n-1

S A (3) < 2n+3 (which is still O0(n)), the total
j=-1

time spent in case 1 is also 0(n).

At this point, the algorithm has executed on the
string V&UU, where the delta array is contained on tape
2. The final phase ¢0f the algorithm searches <for a
value of 1 where P(i) is equal to n ((length of V)).

This implies V is contained within
2

U®, thus implying that U and V are conjugate ele-
i-1
ments. Recall that P(i)=1i - s A (j) . This
. j=-1
i-1
implies i=n + 2 A (3) if P(i)=n. To make use of
j=-1
this, vtape 5 1is wused as a counter to keep a running
i-1
total of n+ 3 A (j). Tape 5 has two heads, I and
j=-1
N. The essential idea here is to compare the position

of head I (which represents i) to the position of head
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N (which represents the value of n+ 3 A ().

If the two heads are at precisely the same position,

then P(i)=n.

To implement this, head A of tape 2 is positioned
at the $ preceding V&UU, taking at most |V&UU|[+1l steps
(the length of Wl). Note that |V&UU]| is still linear.
Next, heads I and N are positioned under a 0 on work-
tape 5. The value of n (length of V) is put onto work-
tape 5. Head A is moved right until the & is reached.
For each "non-&" symbol scanned, a 1 is written onto
tape 5 and head N 1is moved right. When the & is
scanned, head N is moved left one position and a 0 is
written. Now |V]| is on tape 5. Next, head C of tape 2
is positioned under the leftmost 0 of the tape. Again,
this takes at most linear time since tape 2 contains

the delta array.

To illustrate the final portion of the algorithm,
the example 1s continued. Initially, the tapes are

configured as follows:

Wl: $AX1X Koy &X A X X XAX X

2737727371727 3M

W2: 01C0101010101000011101D0

W5: INO
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After performing the steps outlined above to put

the value 6f n on tape 5:

X A&X X X, X, X, X

Wl:  SX X, X AEK XX X X 3X,

W2: C010101010101000011101DO

W5: I11NO

-1
Here, we begin to check whether i=n + AN
j=-1

(3) . Head C is moved right to the next 0 passing over

M

A (j). For each 1 head C passes over, a 1 1is written
onto tape 5 and head N is moved right one position.
When head C is scanning the 0, a 0 is written onto tape

5 where head N 1is positioned. N is now at position

i-1
n+ 3 A (3). Thus, the TM checks to see whether
j=-1
head I is scanning the 0. If it is, the ™ halts with
i-1
successful results; i.e., i=n + 3 A (3) implying
j=-1

U and V are conjugacte elements. Otherwise, head I is
moved right one position. This part of the algorithm
is repeated until either successful results are
obtained, or until all of the symbols on worktape 2

(the /\ array) have been exhausted.
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DO WHILE (W2(C) # b);

C=C+1;
DO WHILE (W2(C) # 0);

W5 (N)=1;

N=N+1;

C=C+l;
END;

W5 (N)=0;

IF W5(1)=0 SUCCESS;
ELSE I=I+1;
END;
FAILURE;
Continuing the example, the configuration of tapes

2 and 5 is shown when heads I and N are about to be

checked for scanning the same symbol on tape 5.

1. W2: 01C01010101010000111010

W5: I111NO
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2. W2: 0101C010101010000111010

W5: 1I111NO

3. W2: 010101C0101010000111010

W5: 11TI111NO

4. W2: 01010101C01010000111010

W5: 111I111NO

5. W2: 0101010101C010000111010

W5: 1111I111NO

6. W2: 010101010101C0000111010

W5: 11111I111NO

7. W2: 0101010101010C000111010

W5: 1111111I11NO

8. W2: 01010101010100C00111010

W5: 1111111I1NO

9. W2: 010101010101000C0111010

WS: 11111111INO

At this point, heads I and N are both scanning the

0 on tape 5, and thus the T™ halts with successtful



- 74 -

results. Since head I is scanning the 9th symbol on
tape 5, this implies cthat symbols 7, 8, and 9 are
identical with symbels 1, 2, and 3 on W1l. This, 1in

fact, is true since

Wl: $xlxxaxxxxxx

2377273717273

position 0 1 2 34 56 7 8 9 10

The time bound of this final phase of the algo-

rithm is [VI|+1 + length of tape 2. This length is the

|[Vv&UU-1 |
3 A(3) + |VaUUI+1+1
j=-1
(the 0's preceeding

each delta)

Since the sum of the A 's is < |VsUU|+l , this
bound 1is linear in the length o¢f V&UU, and hence makes
the entire algorithm linear. Note, Rivest (1977) shows
that there do not exist pattern matching algorichms
whose worst case behavior is sublinear (that 1is,
linear whose constant 1is less than one). Thus, this

result is the best possible.



- 75 -

3. THE TIME COMPLEXITY OF THE POWER PROBLEM FOR FREE

GROUPS

Given a presentation of a free group, G, on n free

generators X X2, ese Xn' the Power problem for G is

ll
defined as deciding whether a given word V in the gen-
erators 1s derivable from a power of U, another word in
the generators; i.e., is v=UR for some finite value of

K. The existence of a linear upper time bound is shown

tor this problem on a multitape Turing Machine.

3.1 Introduction

The first part of the solution to the Power prob-
1
lem 1is to freely reduce words U and V to words U and

1
V . To illustrate why this is done, consider the fol-

lowing: U=aba and V=abb_lba. When checking to see if V
is a power of U, i.e., if V=U", since [VI|=5 and |U]|=3
(where |W|] is <the 1length of W), the naive algorithm

will halt with failure. But this 1s wrong; V is freely

reducible to aba, thus yielding v=UX where K=1.

The algorithm used to freely reduce U and V is the
algorithm used to solve the word problem for free

groups.

Before continuing, our algorithm must verify chat

no trivial relators can be generated by concatenating U

with itself. To illustrate, ~consider U = aba_l,
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Vv = abba™l, Here U? = aba taba~! = abba~! = V. There-

fore, the algorithm checks whether the first and last
symbols of U are inverses. If so, we check whether the
first symbol of U is equal to the first symbol of V,
and whether the last symbol of U is equal to the last
symboi of V. Note that simple cyclic reduction is not
enough here; consider U = aba~t , and V = a *bba. If we
cyclically reduce U and V, we incorrectly conclude that

\' is\a power of U, We call the above procedure refined

reduction.

| ] 1
Once U and V have been reduced to U and V , we

] ]
determine whether V = (U )K tor some finite, integral
value of K. The linear time pattern matching algorithm

of Chapter 2 is applied.

The pattern matching algorithm finds all
occurrences of one string within another, in our case,
all occurrences orf the word U' within the word V' in
linear time. Assume IU'l = yu, and IV'I = v, Then, it
the first occurrence ot U' in V' occurs at position u
(the <first u symbols of V' match all of the symbols of
U'), and if the second occurrence of U' in V' occurs at
position 2u, etc., and the last occurrence ot Ul in V'
occurs at position Ku, where Ku=v, then a successtful
solution to the Power problem exists, namely V = UK.

We show the application of the pattern matching algo-

rithm to be a 1linear one, thus solving the Power
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problem in linear time on a multictape Turing Machine.
3.2 The Model

The multitape Turing Machine model which solves
the Power problem is shown to have a linear upper bound
for its time complexity. The model makes use of five
worktapes. The input tape and worktapes initially have

the following contfiguration:

Input Tape: U $ V &

Worktapes 1 thru 5: $ blanks

Output Tape: blanks

3.3 Free Reduction of Input

During this phase of the algorithm, U 1is <freely
reduced vyielding U' (the freely reduced version orf U)
on worktape 1, and V is freely reduced, vyielding V'
(the ffeely reduced version of V) on worktape 2. The
free reduction process is the same as the process out-
lined previously (in Section 2.1), using $§ from the
input tape as the delimiter symbol in freely reducing
U, and & as the delimiter in freely reducing V. This
phase requires |U[+|V|+2 computational steps leaving

the tapes in the following state:
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Input Tape: U $V &

Worktape l: $ U

Worktape 2: $ V
Worktapes 3-5: $ blanks

The worktape heads for tapes 1 and 2 are posi-
1 1
tioned under the rightmost symbols 6f U and V respec-

tively.

To illustrate the remaining parts of cthe algo-
rithm, each phase of the algorithm is traced as it exe-

cutes on the ftollowing example:

- -1,2 _ -1,2 . .
U—XlX2 X2X3, V—Xlx2X3XlX2 X2X3. At the conclusion of

Phase 1, the worktapes look like:

Wl: $x1x H1X

2 3

W2: $xlx2x3xlx2H2x3

W3-W5: $ blanks

3.4 Refined Reduction

Recall that we first test whether the first and
last symbols of U are inverses. If so, we test whether

the first symbols of U and V are identical, and whecther
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the last symbols of U and V are identical. To ease the
task of illustration, let head Hl be positioned at the
rightmost symbol of U, head J1 be positioned at the
leftmost symbol of U, head H2 be positioned at the
rightmost symbol of V, and head J2 be positioned at the
leftmost symbol of V. The algorithm ftor refined reduc-

tion is defined below:

DO WHILE (W1 (H1)#$);

IF W1(H1) = -W1(J1) /f INVERSES */
& W1(H1) = W2(H2)
& W1(J1l) = W2(J2)
THEN DO; W1l(H1l) = b; /* blank */

W1l(J1) = b;
W2(H2) = b;
W2(J2) = b;
Hl = H1l-1;
Jl = J1+1;
H2 = H2-1;
J2 = J2+1;

END;
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END;

3.5 Determination Of The Length of U'

)
Here, the number of symbols of U are counted.

This length, called u, is saved on worktape 3.

To do this, the current symbol on tape 1 is read.
If it is not the $, a 1 is written onto tape 3, moving
worktape head 1 (Hl) 1left one position, and moving
worktape head 3 (H3) right one position. If che
current symbol on worktape 1 is the $, worktape head H1
is moved right one position, so that Hl is positioned
under the leftmost symbol of U'. A $ is written onto
worktape 3, and head H3 is moved left one position.
This leaves H3 positioned under the rightmost 1 on tape
3. Phase 2 leaves u, the length of U', expressed in

unary notation on tape 3.
DO WHILE (W1 (H1)#S);

W3 (H3)=1;

Hl1=H1-1;

H3=H3+1;

END;

Hl=H1l+l;



W3 (H3)=5;

H3=H3-1;
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Since at each step of this phase, head 1 moves

left, and finally moves right one position, exactly

1
|U ]+1 computational steps are performed.

To illustrate phase 2, our example is continued.

The states of tapes 1 and 3 are shown below at the con-

clusion ¢f each computation.

step 0 - (How we start phase 2)

Wl:

W3:

step 1 Wl:

W3:

step 2 - Wl:

W3:

Wl:

step 3

W3:

step 4 - Wl:

$xlx H1X

2 3

$H3b (b is a blank)

$X1H1X X

273

$1H3b

$H1X1X2X3

$11H3b

H1$X1X X

273

$11143b

$H1X1X2X3



(last

step)

W3:
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$11H31S$

3.6 Procedure for the Pattern Matching Algorichm

For the Fischer and Paterson Turing Machine

] ]
work, the input must be in the form U &V .

to

To do this,

first recall the contfigurations of the tapes at the end

of Phase 2:

Worktape 1:

Worktape 2:

Worktape 3:

Since our goal

' '
U &v ,

SU

sV

Su

Head 1 1is positioned

]
leftmost symbol of U .

Head 2 1is positioned

1
rightmost symbol of V .

Head 3 is positioned

rightmost 1 of u.

is to make worktape

® head Hl is moved past the rightmost

U

on worktape 1,

® an & is written onto worktape 1, and

under

under

under

1

symbol

the

the

the

contain

ot

L}
® V is copied from worktape 3 onto worktape l.

This entire operation is done in time |U |

+

v

[
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To copy V' onto tape 1, the head on tape 2 (H2)
must be positioned under the leftmost symbol of V'. To
do this, each symbol otf V' is read. If the symbol
being read is not a $, the head is moved left one posi-
tion. When the $ is finally scanned, H2 is moved right

one position. This operation requires IV'I+1 steps.
DO WHILE (W2 (H2)#$);
H2=H2-1;
END;

H2=H2+1;
Initially,

W2: $x1x2x3xlxzﬁzx3

step 1l: W2: $xlx2x3xluzx2x3

X, H2X . X, X

step 2: W2: $Xlx2 3 1%5X3

step 3: W2: $xlx2H2x3xlx2x3

step 4: W2: S$X H2X XX X, X4

step 5: W2: SH2X,.X X, X.X, X

17273717273
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step 6: W2: H2$X1X2X3X1X2X3

(start repositioning)

step 7: W2: $H2X1X2X3X1X2X3

(Last step)

Next, the head on Wl is placed one tape cell past
the rightmost symbol of U'. This is so an & can be
written onto Wl. This is done in real time on the
length of U'. Simply stated, head Hl1l is moved right
one symbol at time until a blank 1is encountered, at
which time <the & 1is written onto Wl and Hl is moved
right one position. Consider the algorithm and example

below:
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DO WHILE (W1l (H1l)#b);

Hi=H1l+1;

END;

Wl(Hl)=¢§&;

Hl=H1l+1;

step 0: Wl: SH1X. X, X

17273
step 1l: Wl: SX1H1X2X3
step 2: Wl: $X1X2H1X3
step 3: Wl: $X1X2X3Hlb
step 4: Wl: $X1X2x3&Hlb

Finally, V 1is copied <from W2 onto Wl. This
leaves W1l containing U'&V', with Hl positioned past the
last symbol of V'. Hl must then be repositioned so
that it 1s scanning the leftmost symbol of U'. This
operation is done in IV'I+|U'|+|V'|+1 steps, as seen

below:
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- 86 -

DO WHILE (W2 (H2)#b);

W1(H1)=W2(H2);

Hl=H1l+1;

H2=H2+1;

END;

DO WHILE (W1 (H1)#S$);

Hl=H1l-1;

END;

Hl=H1l+1;

step 0: Wl:
W2:

step 1l: Wl:
W2:

step 2: Wl:
W2:

$X1X2X3&Hlb

$H2X1X2X3X1X2X3

$xlx2x3&xlalb

$x1H2x2x3xlx2x3

X, &X,X,Hlb

KX X 38K X

$X1X2H2X3X1X2X3



step 3:
step 4:
step 5:
step 6:
step 7:
step 8:
step 9:
step 10:
step 11:
step 12:
step 13:

Wl:

W2:

Wl:

W2:

Wl:

W2:

Wl:s

W2:

Wil

Wl:

Wl:s

Wl

Wl:

Wls

Wl:
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X,&X. . X,X,Hlb

XX X3EX KoK g

X H2X,X,X

X1 X,X3H2K XX g

$xlx2x3&xlx2x3xlﬂlb

$x1x2x3le2x2x3

XL &X ., X, XX, X, H1lDb

S X R38R X XX K

$xlx2x3xlx2H2x3

&X. X, X, X, X, X,Hlb

S X K&K XX X XX g

273

$xlx2x3xlx2x3ﬂzb

X, &X,X,X X, X,H1X

S X X38K X XX, X HIX

X,&X, X, X, X HIX X

$X X X 38K X XX HIX Xy

$xlx2x3&xlx2x3ﬂlxlx2x3

X, X,X

$X. X X, &X 3X1X5X5

1XoX38X X, HIX

X, &X HLIX X, X,X,X

S XX 38X HIX X X, X X 5

$x1x2x3&H1xlx2x3xlx2x3

$X1X2X3H1&X1X2X3X1X2X3
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HIX,&X , X XX, X, X

step 14: Wl: $x1x 38X (X X X Ko Xy

2

X &X XXX, XX

step 15: W1l: $X1Hlx2 38K XXX XXy

step 16: Wl: $H1xlx2x3&xlx2x3xlx2x3

step 17: W1l: Hl$XlX X, &K X X, X.X X

2737717273717°27°3

(all done; move right 1 position)

X XK, X,X

172 1

3.7 Pattern Matching

The Fischer-Paterson pattern matching Turing
Machine of Chapter 2 is applied here. To illustrate
how this Turing Machine works, the example 1is contin-
ued. The tapes are configured as follows Jjust before
starting stage 0. Note, head Hl corresponds to heads A

and B, and head H2 corresponds to heads C and D below.

tape

Wl $ABX1X2X3&X1X2X3X1X2X3
W2 CD

w4 S

W5 H
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At the end of stage 0:

Wl A$BX1X X&X X X, XX X

27377273717 27371

W2 c01lDo
w4 SO
W5 H

Continuing, we show the contents of each tape in
our example at the conclusion of each stage of execu-

tion.

at the end of stage

0 Wl - A$BX1X2X3&X1X2X3X1X2X3
W2 - C01DO
W4 - SO
W5 - H

1 Wl - A$XlBX2X3&XlX2X3XlX2X3

(case 2) W2 - C0101DO

(applied) W4 - SO

W5 - H



(case 2)

{case 2)

(case 1)

(case 1)

Wl

w2

W4

W5

Wl

w2

w4

W5

Wl

W2

wa

W5

Wl

W2

w4

W5

wl
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A$X1X BXL&X 1 XX XX ,X 3

2°737717273717273

C010101DO

SO

A$X1X2X3B&X1X2X3X1X2X3

C01010101DO

SO

$AX1X X, &BX., X X X XX

273 17273717273

01C0101010D0

1s

X &X BX X, X,X,X

SX)AX X 38K BX X X X X3

0101C010100D0

11s

lex AX3&X X,BX X.X,X

2 172773717273
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(case 1) W2 - 010101C01000DO

W4 - 1118

W5 - H
7,1 Wl - ASX X2X3&X1X BX3X1X2X3
(case 3) W2 - C01010101000011D1

W4 - S

W5 - H

(Note that the contents of W5 have also been erased at

the conclusion of this stage.)

7,2 Wl = $AX X X 8K X X.BX,X X,
(case 1) W2 - 01C0101010000111D0

W4 - 1S

W5 - H
8 Wl - $xle2x3&x XX 3K BX X4
(case 1) W2 - 0101C010100001110D0

W4 - 118

WS - H
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9 Wl - XlszX3&XlX2X3XlXZBX3
(case 1) W2 - 010101C01000011100D0
w4 - 1118
W5 - H

1 is a blank (recall 1is represented by

the position of head B on Wl), the Turing Machine halts

Since Zi+

here.

3.8 Procedure For Finding Powers

Next, at most IU'|+IV'I+1 symbols on tape W5 will
be scanned. To insure that this is the maximum number
of symbols scanned, a $ is written on tape W5 at posi-
tion IU'|+IV'I+2. To do this, the number of symbols on
tape W1l (which still contains U'&V') are counted and
the head on W5 1s moved accordingly. Recall the confi-
guration tapes W1 and W5 are in at cthe- conclusion of

the Fischer-Paterson algoritcthm:

X&X X, XX, X,BX

(0) Wl: X)X X3&K ) X,X3X )X, BXy

WS5: bbbbbbbbbbbHb

First a $ is written on tape W5 and H is moved left one

position:
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(1) wl

$xlx2x3&xlx2x3xlx23x3

W5: bbbbbbbbbbHbS

L 1
The $ will correspond to position |U |+|V [+2 when fin-
ished with this phase. Now, if the symbol scanned by B

on W1 is not $, heads B and H are moved left one posi-

tion.
(2) Wl: 99X X,X3&X X X3X BX Xy
W5: bbbbbbbbbHbbS
This "reverse-scan" operation continues until an

encounter with $ on Wl, at which time we halt.



(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

Wl:

W5

Wl

WS:

Wl:

WS5:

Wl:

WS:

Wl:

W5:

Wl:

W5:

Wl:

WS:

Wl:

W5:
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$xlx2x3&xlx2x3axlx2x3

bbbbbbbbHbbb$

$xlx2x3&xlx23x3xlx2x3

bbbbbbbHbbbb$

$xlx2x3&xlsx2x3xlx2x3

bbbbbbHbbbbb$

$xlx2x3&Bxlx2x3xlx2x3

bbbbbHbbbbbb$

$xlx2x3s&xlx2x3xlx2x3

bbbbHbbbbbbb$

$X1X28X3&X1X2X3X1X2X3

bbbHbbbbbbbb$

X, &X X X,X, X X

SXBX X 8X X KX XXy

bbHbbbbbbbbb$

X,&X X, XX, XX

FBX K XX X XX XX g

bHbbbbbbbbbb$
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X &KX XXX, XX

(11)  Wl: BSX X X38X X XX X Xy

(stop) W5: Hbbbbbbbbbbb$

The blank being scanned at the end of this phase
corresponds to position 0 (the $) with respect to the

symbols on tape W1l.

At this point, we want to check that P(i)=u for
. .
all i in V where i=Ku, and K is a positive integer,

To implement this, consider the <following: since
i-1 :
P(i) = i- 3 A (j), and we want to check for values of

2
] i-1 i-1

P(i)=u, then if P(i)=u=i- 3 A (j), i=u+ T A ())! We
=0 j=0
use this in solving the Power problem.

Tape 5 is used as a counter to Kkeep a running
i-1

total of u+ S A(j). Tape 5 will have two tape heads,
3=0

I and SUM. Here, the position of head I (which
)
represents the positions of i of V ) is compared to the

position of head SUM (which represents the value of
i-1

utr S A(J)). If I corresponds to a position Ku, and it
=0

both heads I and SUM are at precisely the same posi-
tion, we <conclude that P(i)=u. Head I is then moved
e@xactly u positions to the right on tape 5. The algo-
rithm continues in this manner until one of the follow-

ing conditions occurs:
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a. P(i)#u and i=Ku for some integer value of K.

This implies failure.

b. If P(i)=u and i=Ku for some integer value of
K, the algorithm continues, unless the delta
array is exhausted, in which case halt with

success.

¢. If the delta array is exhausted, and P{(i)#u,

halt with failure.

Head I must be placed at position 2u+l on tape 5.

1
th symbol of V ). Recall

This corresponds to i=u (the u
that tape 3 contains u expressed in wunary notation.
The tape head, called H3, is scanning the rightmost 1
of U. A $ is written on tape 5, and heads I and SUM
are initially positioned at this $. If the symbol read
by H3 is a 1, head I is moved right one position, and
H3 is moved left one position. This continues until H3
is scanning a $. H3 is then moved right one position,
and head I right one position. Note that head I has
moved right exactly u+l positions. Thus, head I must
be moved u positions more to the right. So we continue
scanning the symbols read by H3, now moving H3 <to the
right, 1instead of left. Again, if H3 is scanning a 1,
heads I and H3 are both moved right one position. Once
H3 is scanning a blank, H3 is moved left one position,

not moving Head I. Head I is now at position 2u+l.
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Presented below is this procedure:

DO WHILE (W3 (H3)=1);

I=I+1;

H3=H3-1;

END;

H3=H3+1;

I=I+1;

DO WHILE (W3(H3)=1);

I=I1+1;

H3=H3+1;

END;

H3=H3-1;

The placement of head I at position 2u+l is illus-

trated below.
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step 0 W3: $11H31

W5: ISUMS$Sbbbbbbbbbb$

1 W5: SUMSIbbbbbbbbbb$

W3: S$1H31l1

2 W5: SUMSbIbbbbbbbbb$

W3: $H3111

3 WS: SUMSbbIbbbbbbbb$

W3: H3$11l1

(start moving H3 right)

4 WS: SUMSbbbIbbbbbbb$

W3: $H31ll

5 W5: SUMSbbbbIbbbbbb$

W3: $1u31ll

6 W5: SUMSbbbbbIbbbbbS

W3: $11H31

7 WS5: SUM$bbbbbbIbbbb$
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W3: $111H3b

8 WS5: SUMSbbbbbbIbbbb$

W3: S$11H31

Next, head SUM is placed at position u on tape 5,
i-1

because the position of SUM represents u+ 3 A(Jj). To
j=0

do this, head SUM is moved right one position for each
1 scanned by H3. H3 will continue reading and moving
left. When the delimiter is found, H3 is moved right,

and thus SUM will be left at position u on tape 5.

Algorithm

DO WHILE (W3 (H3)=1);
SUM=SUM+1;
H3=H3-1;

END;

H3=H3+1;

The placement of head SUM at position u on WS is

illustrated below:
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step 0 W5 - SUMSbbbbbbIbbbb$

W3 - $11H31

1 W5 - 3$SUMbbbbbbIbbbb$

W3 - $1H31l1

2 W5 - $bSUMbbbbbIbbbb$

W3 - S$H31ll

3 W5 - $bbSUMbbbbIbbbb$

W3 - H3S$11ll

4 W5 - $bbSUMbbbbIbbbb$

W3 - $H31l11

3.9 Finding Powers

Now, SUM is 1located at position u, and I is
located ac position 2u+l (which corresponds to the uth

symbol ot V'). To check if P(i)=u, SUM is moved to
i-1 2u

position u + 3 A(J) = u + 3 AI. If I and SUM are
3=0 j=0

then at precisely the same position, I 1is moved <to

position 3u+l (the 2*uth symbol of V') and SUM is moved
i=-1 3u .

to position u + S A(J) = u+r A . In <this case,
320 3=0
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this involves moving head suM right exactly
(Ali=-u)+...+A(i-1)) = A(2u+l)+...+A(3u)) positions.
This procedure continues until one of the following

occurs:

1., P(i)=u (heads I and SUM are at the same position
on WS5) and 1= |+ 1V 1+1 (the last symbol of V').

]
This would imply that V 1is a power of U'.

i-1
2. P(i)#u (iFu+ 3 A(j)) for some position 1i. This
3=0

] ]
implies that V 1is not a power of U .

The final phase o¢f the algorithm is presented

below:
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/* count up the values of the first u delta values

AM) . . . Alu-l)) */

C=C+1l;

DO WHILE W3 (H3)=1;

DO WHILE W2 (C)=1;

C=C+1l; /* add in a value of delta */
SUM=SUM+1;

END;

IF W2(C)=0 /* finished with a delta value */
THEN DO;
C=C+1;
H3=H3+1;
END;

END;

/* add 1 more delta value to the SUM */
DO WHILE W2(C)=1;

C=C+1l;
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SUM=SUM+1
END;
/* advance C */

C=C+1;

/* since H3 is now reading a delimeter, position H3 at the
1l in the direction opposite the direction H was trave-

ling in */ H3=H3~-1;

/* add to SUM

A(i-u) + . . . Ali-1) */

REPEAT;
DO WHILE W3 (H3)=l; /* add to SUM u values
of delta */
DO WHILE W2 (C)=1;
C=C+1;
SUM=SUM+1
END;

IF W2(C)=0

THEN DO; C=C+l;
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H3=H3-1;

END;

END;

H3=H3+1;

/* see if I and SUM are reading the same value;

i,e. P(i) + u */

W5 (SUM) =0;

IF W5(I)=0

THEN DO; /* yes - P(i)=u; see if we're done */

IF W5(I+1)=8

THEN HALT with SUCCESS;

ELSE DO; DO WHILE W3 (H3)=1;

I=I+l; /* If I was at po-

sition Ku, advance I to

position (k+l)u */

H3=H3+1;

END;

H3=H3-l; /*reverse direction*/

W5 (SUM)=b; /*reset to a blank*/
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END;

END;

ELSE /* P(i)#u => FAILURE */

HALT with FAILURE

END; /* End of REPEAT */

Presented below is the action of this algorithm on

our example. The state of the tapes at the conclusion

of each step is shown, plus the statement in the algo-

rithm that got us there.

steg

0 - (initially)

W2 - C010101010000111000

W3 - $H31lllb

W5 - $bbSUMbbbIbbbb$

l - W2 - 0C10101010000111000 /* C=C+l1 */

W3 - $H31lllb

W5 - $bbSUMbbbbIbbbb$



2 - W2

W3

W5

W3

W5

W3

W5

W3

W5

W3

W5

7 - W2
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01C0101010000111000

$H311llb

$bbbSUMbbbIbbbb$

010C101010000111000

$1H311b

$bbbSUMbbbIbbbb$

0101C01010000111000

$1H31llb

$bbbbSUMbbIbbbb$

01010C1010000111000

$11H31b

$bbbbSUMbbIbbbb$

010101C010000111000

$11431b

SbbbbbSUMbIbbbb$

0101010C10000111000

/*

/*

/*

/*

/*

/*

DO WHILE W2(C)=1;

C=C+l

SUM=SUM+1 */

IF W2 (C)=0

THEN C=C+l

H3=H3+1 */

DO WHILE W2(C)=1

C=C+1;

SUM=SUM+1 */

IF W2(C)=0

THEN C=C+l;

H3=H3+1 */

DO WHILE W2(C)=l

C=C+l

SUM=SUM+1 */

IF W2(C)=0
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W3 - $111H3b C=C+1

W5 - SbbbbbSUMbIbbbb$ H3=H3+1 */

/* End of DO WHILE W3 (H3) = 1 */

8 - W2 - 01010101C0000111000 /* DO WHILE W2(C)=1
W3 - $111H3b C=C+1;
W5 - S$SbbbbbbSUMIbbbb$ SUM=SUM+1 */

9 - W2 - 010101010C000111000 /* advance C
W3 - S$111H3b C=C+l1 */

W5 - SbbbbbbSUMIbbbb$

10 - w2 - 010101010C000111000 /* H3=H3-1 */

W3 - S$11H31lb

W5 - S$bbbbbbSUMIbbbb$

11 - w2 - 0101010100C00111000 /* IF W2(C)=0
W3 - $1H31llb C=C+l
W5 - $SbbbbbbSUMIbbbb$ H3=H3-1 */

12 - w2 - 01010101000C0111000 /* IF W2(C)=0



13

14

15

16

17

W3

W5

W2

W3

W5

w2

W3

W5

w2

W3

W5

w2

W3

W5

w2

W3
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$H311llb

$bbbbbbSUMIbbbb$

010101010000C111000

H3$11llb

$bbbbbbSUMIbbbb$

010101010000C111000

$H311llb

SbbbbbbSUMIbbbb$

010101010000Cl1lll000

$H311l1lb

$bbbbbbSUMIObbbS

010101010000C111000

$1H311lb

$bbbbbbSUMO0Ibbb$

0l0101010000C1l11000

$11H31b

/*

/*

/*

/*

C=C+l

H3=H3-1 */

IF W2(C)=0

C=C+l

H3=H3-1 */

H3=H3+1 */

W5 (SUM)=0 */

W5(I)=0

DO WHILE W3 (H3)=1

I=I+1l; H3=H3+l1 */

DO WHILE W3 (H3)=1

I=I+1



18

19

20

21

22

W5

W2

W3

W5

w2

W3

W5

/*

w2

W3

W5

w2

W3

W5

w2

W3
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$bbbbbbSUMObIbb$

010101010000C111000

$111H3b

$bbbbbbSUMObbIb$

010101010000C111000

$11H31b

$bbbbbbSUMbbbIb$

REPEAT FOREVER AGAIN */

0101010100001C11000

$11H31lb

$bbbbbbbSUMbbIb$

01010101000011C1000

$11H31b

$bbbbbbbbSUMbIbS$

010101010000111C000

$11H31b

/*

/*

/*

/*

/*

H3=H3+1 */

DO WHILE W3 (H3)=1

I=I+1

H3=H3+1 */

H3=H3-1

WS (SUM)=b */

DO WHILE W2(C)=1

C=C+1

SUM=SUM+1 */

DO WHILE W2(C)=1

C=C+l

SUM=SUM+1 */

DO WHILE W2(C)=1

C=C+1



23

24

25

26

27

w2 -

W3 -

W2 -

W3 -

W3 -

/* End of DO WHILE W3 (H3)=1

w2

W3

W5

HALT
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$bbbbbbbbbSUMIbS .

0101010100001110C00

$1H311lb

$bbbbbbbbbSUMIb$

01010101000011100CO

$H31l1llb

$bbbbbbbbbSUMIbS$

010101010000111000C

H3$11llb

$bbbbbbbbbSUMIbS

010101010000111000C

$H311l1b

SbbbbbbbbbSUMIOS

with success

since WS (I+1)=$

/*

/*

/*

/*

SUM=SUM+1 */

IF W2(C)=0
C=C+l
H3=H3-1 */
IF W2(C)=0
C=C+l1
H3=H3-1 */
IF W2(C)=0
C=C+l
H3=H3-1 */
H3=H3+1

W5 (SUM)=0 */
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and W5(I)=0

The algorithm is linear in the length of IU'|+|V'I
since at each step of the algorithm either head C is
advanced on tape 2, or head I is moved u positcions to
the 'right on tape 5. Since tape 2 1is of length
O(!U.|+IV'|), and tape 5 is of length exactly

] )
U |+IV |+2, the algorithm is linear.

3.10 A Simpler Algorithm

Since its initiai writing, a simpler algorithm has
been found that tests whether V = Uk. The algorithm
does not make wuse of the Fischer-Paterson Turing
Machine. Instead, it merely compares a symbol of U with
a symbol from V repeatedly, until either the delimeters
on the tapes for U and V are found simultaneously (suc-
cess) or until a mismatch occurs (failure). This 1is
done by re-using the symbols of U for comparisons with

the symbols of V in real-time in the length of V.

Consider the refined reductions of both U and V on
tapes W1l and W2 respectively. Let Hl be positioned at
the rightmost symbol of U, Jl1 be positioned at the
leftmost symbol of U, H2 be positioned at the rightmost
symbol of V, and J2 be positioned at the leftmost sym-

bol of V., The algorithm is presented below:
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/* Initially, let H = J1, and let J = Hl, where H and J are

variables rectaining the names of the worktape heads.*/

DO WHILE (W2(J2) # b);

IF W1(H) = W2(J2)

THEN DO; H = H+l;

J =J-1;

J2=J2+1;

END;
ELSE IF W1l(H) = b /* Reuse U */
THEN DO; T™MP = H;
H=J;
J = TMP;
H = H+1;
J =J3J-1;
END;

ELSE FAILURE;

END;
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SUCCESS
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4, THE TIME COMPLEXITY OF THE POWER-CONJUGACY PROBLEM

FOR FREE GROUPS

Given the free group, G, with <the n generators

xl'x2'-¢o

defined as deciding whether a given word V in the gen-

X the Power-Conjugacy problem for G is

n’

erators 1is equivalent to a conjugate of a power ot U,
another word in the generators; i.e., is v=w‘lukw tor
some finite wvalue of k. A linear upper time bound is
shown to exist for the solution of this problem on a

multitape Turing Machine.

4.1 1Introduction

To determine if V is ; conjugate of a power of U,
we first apply a theorem from Magnus, Karrass, and Sol-
itar (1966): given two words R,S in the n generators of
a <free group freely presented on Xl,Xz,...Xn, R is a

1

conjugate of S (S=W ~RW) iff the cyclic reduction of R

is a cyclic permutation of the cyclic reduction of S.

Thus, both U and V must tfirst be freely reduced to
unique equivalent corresponding words U' and V'. The
algorithm used to reduce U and V comes from the solu-
tion of the Conjugacy problem <for free groups (see

Chapter 2).

Once this is completed, the next portion of the

algorithm 1is started. PFor ease of notation, we shall
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refer to U' as U and V' as V from this point on. Next,
we check to see if IV|=IUkl ftor some integral value of
k. If no such Kk exists, the algorithm halts with
failure. But, 1if V is a cyclic permutation of Uk tor

some value of k, then IVI=lUkI!

Next, the algorithm uses a lemma from Chapter 2.
If U,V are words over the generators xl,xz,...xn, and
|IVi=|U|l=n, then U2=PVQ iff U=PQ and V=QP; i.e., U is a
cyclic permutation of V. Using this lemma for the
Power-Conjugacy problem, we will be checking to see |if

V is a substring of UkUk.

At this point, we have reduced the Power-Conjugacy
problem to a straight forward problem in pattern recog-
nition. We want to use a pattern matching algorithm
which £finds occurrences of one string within anocther;
in our case, the occurrence of V within UkUk. We make
use of the linear pattern matching algorithm originated
by Knuth, Morris and Pratt (1977) and implemented on a

multitape Turing Machine by Fischer and Paterson

(1974).

Summarizing, we demonstrate that each of the above
parts of the algorithm can be implemented in linear
time on a multitape Turing Machine, which therefore
shows the solution to the Power-Conjugacy problem has a

linear upper time bound.
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4.2 Cyclic Reduction of Input

The first phase of the solution to the problem is
to cyclically reduce the input in linear time. The
algorithm used to do this is part of the solution to
the Conjugacy Problem for Free Groups (Chapter 1l).
Rather than repeat the algorithm here, we go on to the
next part of the algorithm. Note that the TM contains
6 worktapes, W1l-W6, and that W5 and W6 contain the

cyclic reductions of V and U respectively.

4,3 1Is |V|=1U5| for some finite value of k

At this point, we must check to see if |Uk|=IVI
for some finite value of k. If not, the ™ halts the
computation concluding that U is not a conjugate of V.
If so, the algorithm goes on to its pattern matching

phase.

The key idea behind this length checking phase is
to insure that £for each symbol in Uk there exists a
non-trivial symbol in V., Symbols from U are compared
with symbols <£rom V until one otf the following condi-

tions occur:

1. Both U and V have been exhaustively scanned.
(The $ delimeters have been found on both

tapes W5 and W6.) This implies IVI=|Uk|.
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2. V has been exhaustively scanned, but U has
not. This implies |Vv|#|UX|, thus yielding

failure.,

Note that in the event of success, tape W1 will
contain $V& and tapes W3 and W4 will both contain a
copy of Uk. Tape heads H3 and H4 will be positioned at
the rightmost symbols on W3, W4 respectively, while

head Hl will be positioned just past the & on tape Wl:

Initiallz

L
Wl: V H1S (V = the free reduction of V)
.
W3: H3bV S

W4: H4bU'$

11
W5: bV H5$ (v is cyclically reduced)

LI |
W6: bU H6S (U is cyclically reduced)

Note the non—-trivial contents of tapes Wl, W3, and
W4 will be ignored by the following algorithm. This is
because the TM no longer has any need for this informa-

tien.
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/* Length Checking algorithm */

/*

/*

Step 1 - Position H5 and

v

]
and U respectively

DO WHILE (W5(HS) # b);

/* pass left over the

H5=H5-1;
END;
H5=HS5+1; /* position HS

DO WHILE (W6(H6) # b);

/* pass left over the

H6=H6-1;
END;
H6=H6+1; /* position H6

H6 at the leftmost symbols of

*/

t
non—-blank symbols of V

at leftmost symbol of V

1)
non-blank symbols of U

*/

*/

*/

)
at the letftmost symbol of U

Step 2 - Position Hl so that is 1s ready to write V

onto tape Wl */

Hl=H1l+1;

/* Hl is now positioned at the next avail-

*/
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able tape cell of Wl */

LI |
/* Step 3 - Compare the non-trivial symbols of U with

L ]
non-trivial symbols of V */

REPEAT;
| I ]
/* "Count off"™ n (where n=|U |) non-trivial

symbols in V */

DO WHILE (W6 (H6) # $);
IF W5(H5) # $

THEN DO; /* non-trivial symbols found

in both U'' and V' - */

W1 (H1)=W5(H5);
/* copy the symbol from V"(WS)

onto tape Wl */

Hl=H1l+1;
/* position Hl at next available

tape cell */

W3 (H3)=W6 (H6);
W4 (H4)=Wb6 (H6);
/* copy the symbol from U" (W6)

onto both tapes W3 and W4 */

H3=H3+1;
H4=H4+1;

/* position H3 and H4 at next
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available tape cells */

H5=H5+1;

H6=H6+]1;

/* position H5 and H6 at next
[} [ ]

symbols of v and U */

END;

ELSE HALT with Failure;
e 1t

/% 1V 1 # 1@ )%l for a finite

integral value of k */

END; /* end of DO WHILE (W6 (H6) # $) */

. LN ]
/* A scan of U has been completed -

Check for a successful completion of the algorithm */

IF W5(H5) = $
THEN EXIT; /* SUCCESS! */
e L}

)
/* Both U and V have been

completely exhausted */

ELSE DO;

/* H6 must be repositioned at the leftmost symbol of

' e
U'' so the TM may continue checking V */

DO WHILE (W6 (H6) # b);
H6=H6-1;
END;

H6=H6+1;
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EXIT;
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]
/* H6 is now positioned at the leftmost symbol of U

END; /* end of ELSE DO */

/* end of REPEAT */

/* This point is reached upon successiful

end of length checking algorithm */

/* The ™ writes the & delimeter symbol onto tape Wl,

and a $ onto tapes W3 and W4 */

Wl (Hl)=&;
Hl=H1l+1; /* position Hl at next available tape
cell on W1 */
W3 (H3)=$ /* write delimeters onto both W3 and W4 */
W4 (H4)=$

Perhaps the easiest way to observe the execution

of this

algorithm is by presenting two examples: one

that illustrates success, and the other failure.

Example 1 - (Success)

Initially:
Wl: XH1Sb (X is extraneous and will no longer be
W3: H3bX illustraced)
W4: H4bX
W5: bX X, X X,H5% ' o= X XX X5)
W6: bX,X H6S W' = x,x,)

*/
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/* step 1 - position H5 and H6 at the leftmost symbols of

V and U respectively */

W5: leX2X1H5X2$ /* DO WHILE (W5(HS) # b);
leX2H5X1X2$ H5=H5-1;
leH5X2XlX2$ END;
bH5X1X2XlX2$ H5=H5+1; */
H5bX1X2XlX2$
bH5X1X2X1X2$

W6: bXZHleS /* DO WHILE (W6(H6) # b);
bHBX2X1$ H6=H6-1;
beX2X1$ END;
beXZXlS H6=H6+1; */

Wl: H1$b /* No change */

W3: H3b /* No change */

Wd: H4db /* No change */

/* Step 2 - reposition head H1 */

Wl: SH1b /* Hl=H1l+1l */

W3: H3b /* No change */
w4: H3b /* No change */
W5: bH5X1X2X1X2$ /* No change */
Wé6: bH6X2X1$ /* No change */

11
/* Step 3 - Compare the non-trivial symbols of U with

LI |
non-trivial symbols of V (REPEAT) */
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1
/* Count off 2 (2=|U |) non-trivials in V */

/*

Wl: $X,X,Hl

172
W3: X2X1H3
Wa: X2X1H4

W5: DbX.X,H5X,X

172
W6: bX2X1H6$
| N )
A scan ot U

/* DO WHILE (W6(H6) # $);
IF W5(H5) # $
THEN DO; W1 (H1)=WS(35);
Hl1=H1+1;
W3 (H3)=W6 (46);

W4 (H4)=W6 (HG);

H3=H3+1;
H4=H4+1;
H5=H5+1;
H6=H6+1;
END;
END; */

(W6) has been completed - atfter

unsuccessfully checking for completion of the

algorithm, reposition H6 at the leftmost symbol of

U (W6) */

W6: bXZbels
bexleS
bexles
bexles

Wl: $X1X2H1

W3: X2X133

Wa: X2X1H4

/* IF W5(45)=$ THEN EXIT; (NO)

ELSE DO; DO WHILE (WG (H6) # b);

H6=H6-1;
END;
H6=HG6+1;
END; */

/* No change */
/* No change */

/* No change */
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/*
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W5: bX.X

1 H5X1X2$ /* No change */

2

The TM now repeats execution of the REPEAT loop */

e
Count off 2 more symbols of V */

Wl: $xlx2xlx231 /* DO WHILE (W6 (H6) # $);
W3: X2X1X2X1H3 IF W5 (H5) # $

wW4: X2X1X2X1H4 THEN DO; W1 (H1)=W5 (45);
WS: leX2X1X2H5$ Hl=H1+1;

W6: bxleHb$ W3 (H3)=W6 (H6);

W4 (H4)=W6 (H6);
H3=H3+1l;
H4=H4+1;
H5=H5+1;
H6=H6+1;

END;

END; */
Again, a check for completion, and EXIT with success */

IF W5(H5) = $ THEN EXIT; */

X,X,H5S

W5: bX 1%5

X

172

Write delimeter symbols onto tape W1l, W3, W4

leaving the Turing Machine in the following state: */

. * -
Wl: $X1X2X1X2&Hl /* Wl(Hl)=¢&

W3: X2X1X2X1H3$ Hl=H1l+1;

Wa: x2x1x2x134$ W3 (H3)=$;
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W5: bX1X2x1X2H5$ W4 (H4)=8; */

Wé6: bX X1H6$

2

Example 2 - (Failure)

Initially
Wl: H1$b
W3: H3b
Wa: H4b
WS:  bX XX H5S V' = X X))
W6: bX,X H6S (' = x,x,)

/* Step 1 - position HS5 and H6 at the leftmost symbols of

[ ] 1t
' and U respectively */

WS: leX2H5Xl$ /* DO WHILE (W5 (H5) # b);
bX1H5X2X1$ H5=H5-1;
bH5X1X2X1$ END;

H5bX1X2Xl$ H5=H5+1; */
bH5X1X2Xl$

Wo: bX2H6Xl$ /* DO WHILE (W6(H6) # b);
bH6X2Xl$ H6=H6-1;

H6bX2Xl$ END;

bH6X2X1$ H6=H6+1 */
Wl:s H1S$b /* No change */
W3: H3b /* No change */

W4: Héb /* No change */
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/* Step 2 - Reposition head H1l */

Wl: $H1b /* Hl=H1l+l */

W3: H3b /* No change */
W4: H4b /* No change */
W5: bH5X1X2Xl$ /* No change */
W6: bH6x2X1$ /* No change */

1t
/* Step 3 - Compare the non-trivial symbols of U

1]
with non-trivial symbols of V (REPEAT) */

t
/* Count off 2 non-trivials in V * /

Wl: S$X,X,H1 /* DO WHILE (W6 (H6) # $);

W3: X, X{H3 - IF W5(H5) # $

W4: X, X H4 THEN DO; W1 (H1)=W5(H5);

W5: bX,X,H5X,$ Hi=H1+1;

W6: bX,X,H6S$ W3 (43)=W6 (46);
W4 (H4)=W6 (H6);
H3=H3+1;
H4=H4+1;
H5=H5+1;
H6=HG+1;

END;
END; */
/* A pass over U'. (W6) has been completed - atfter

unsuccessfully checking for completion of the algorichm,

11
reposition HS at the leftmost symbol of U (W) */



W6: bX2H6X1$
bH6X2Xl$
H6bX2Xl$

bH6X2Xl$

Wl: S$X.X,Hl

172
W3: X2X1H3
W4: X2X1H4
W5: leX2H5Xl$

127 -

/* IF WS5(H5)=$ THEN EXIT; (NO)

ELSE DO; DO WHILE (W6 (H6) # b);

/»
/»
/
/s

" EN
H6

END; °

No change
No change
No change

No change

H6=H6-1;
D;
=H6+1;
*/

*/
*/
*/
*/

/* The TM now repeats execution of the REPEAT loop */

/* Try to count off 2 more symbols of V -

Each step in this execution is shown */

Wwl: $X. X, X,H1

17271
W3: X2X1X2H3
Wd: X XX, H4
W5: DbX;X,X H5$
W6: DbX,H6X,$

/*

DO WHILE
IF W5 (H5)

THEN DO;

END;

(W6 (H6) # $);
£ $);

W1 (H1)=W5(HS5)
Hl1=H1+1

W3 (H3)=W6 (H6);
W4 (H4)=W6 (H6) ;
H3=H3+1;
H4=H4+1;
H5=H5+1;
H6=H6+1;

*/

/* When attempting to execute the DO WHILE (W6 (H6) # $)
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again, W5(H5)=$, and so the T Halts with failure! */

/* DO WHILE (W6 (H6) # $);

IF W5(H5) # $ THEN DO; .

END;

ELSE HALT with failure; */

The complexity of this length checking algorithm

is now analyzed. Step 1, which repositions heads H5

and H6, is performed in real time in the sum of the

]
lengths of U and V. ., Step 2, positioning head H1
just past the $§ requires one operation. Finally, step
3. in the <case of success, (which has a higher com-

plexity than that of tfailure), (2*k) complete passes

"t
over U are made. Hence the complexity of step 3 1is

{8 ] [ ]
(2*k*|{U }), which is linear in the length of U .

Thus, the complexity of the entire length checking

LI ] 1
algorithm is O(lU |) + o(lV ).

4.4 The Cyclic Permutation Problem for Free Groups

L ] 1t
For notational <c¢onvenience, U and V are

referred to as U and V respectively.

At this stage of the algoricthm, V$ on tape W1 and

Uk on tapes W3 and W4. What must be shown now to solve

the Power-Conjugacy problem is that V is a cyclic per-
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mutation ot Uk.

Using the lemma from Chapter 2, the cyclic permu-

tation problem is solved as follows: given V and Uk,

the TM searches for the existence 0of V in the string
UkUk. If it exists, U and V are cyclic permutations of

each other, otherwise they are not.

4,5 V&UEQE on a Turing Machine Tape

Recall from section 3 that the tapes are left 1in

the following state:
Wl: $V&Hlb
w3: u®u3s

wa: UKuas

k so that ic

Tape Wl will contain the string svsu®y
can be used as input to the Fischer-Paterson Turing
Machine. This will require us to reposition heads H3
and H4 at the leftmost non-blank symbols of W3 and W4
(Uk), and then to copy the contents of W3 onto Wl, tfol-
lowed by copying the contents of W4 onto Wl. The
1iﬁear algorithm which will do this is presented below.

/* Position H3 at the lefrmost non-blank symbol of gk */
DO WHILE (W3 (H3) # b);

H3=H3-1;
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/*

/*

/*

- 130 -

END;

H3=H3+1;

Position head H4 at the leftmost non-blank symbol of U

DO WHILE (W4 (H4) # Db):
H4=H4-1;
END;

H4=H4+]1;

Copy Uk from W3 onto W1 */

DO WHILE (W3 (H3) # $);
W1 (H1)=W3 (H3);
Hl=H1+1;

H3=H3+1;

END;

Copy uk from W4 onto W1 */

DO WHILE (W4 (H4) # $);
W1 (H1)=W4 (H4); |
Hl=H1+1;

H4=H4+]1;

END;

k

*/

Finally, position Hl1l at the leftmost symbol of V on W1 */

DO WHILE (W1(Hl) # $);
Hl=H1l-1;
END;

Hl=H1l+1;



- 131 -

The complexity of this algorithm is now analyzed.

Repositioning head H3 at the leftmost symbol of Uk on

tape W3 requires IUkl+l steps. Repositioning head H4
also requires IUKI+1 steps. Copying uk from W3 onto Wl

k from W4 onto

requires lUkl steps, as does copying U
Wl. Finally, positioning Hl1 at the leftmost symbol of
V on Wl requires |V|+2*|Uk|+l steps. Thus, this algo-

rithm is linear in the sum of the lengths of V and Uk.

4.6 Conclusion

At this point, the string V&UkUk has been assem-

bled on tape Wl. The Fischer-Paterson machine is then

run on this string in linear time to determine whercher

or not V is a substring of UkUk, thus determining if V

is a cyclic permutation of Uk. Hence, the Power-

Conjugacy problem <for free groups is solvable in time

linear in the sum of the lengths of V and Uk.
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5. GROUPS SOLVABLE BY DEHN'S ALGORITHM.

The DA-groups are shown to have a word problem
which 1is solvable in logspace on a deterministic

multitape Turing Machine.

5.1 Finite State Control

The algorithm to solve the word problem <for DA~
presentations states that a subword V of the given word
W must be found, where V is identical with a subword of
some relator Rw such that lV|>%lRw|. V is replaced by
the inverse of the remainder ot Rw, thus obtaining the
shorter word -egquivalent to W, This procedure 1is
repeated until W cannot be further reduced by this
process or by free reductions. Consider the following
problem invelving the relators in which the symmetric
set of relators Ru={ab,a2, e « « }. Here, we have two
relators which begin with the same generator ("a").
Let the 1input word W be a2b; when scanning the first
letter of W, (the "a"), it is not known which of cthe
two relators (ab or a2 ) will be used in reducing the

length of W. Only when the next symbol is scanned (the

"a") will we be able to reduce a2b to b.

If the "next state" tfunction in the Turing Machine
is to direct us to a state which corresponds to the
detection of a subword of a relator Rw’ this function

must be defined in such a way as to eliminate all

————
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ambiguity deriving <from the aforementioned problem.

This can be done by defining a tree structure for the

set R of relators {Ru}.

First, a finite list of the subwords of the Ru and
their corresponding replacements must be assembled,
where the lengths of the replacements are less than one
half of cthe lengths of the subwords they are replacing.
For each relator Rwé{Ru}, one entry in the "subword
replacement list" is formed. Assuming that the
relators are in the form Rw (Rw = Xy . . . rm,m>2),

the subword replacement list entry will be

‘, _-1.-1
= —5— +1

Note [X] is defined as the first integer which is
greater than or equal to X. If m=2, the subword

replacement list entry is rlr2=l.

As an example consider the relator b3a—2. The
entry in the 1list for this entry is b3=a2. For the
2, -2 2, -1

relactor a“b “, we form the entry a‘“b "=b.

This list of subwords and their replacements is
tormed by wusing all of the relators in the symmetric

set.

The "subword tree" TL ftor this list L has for its

points all initial segments of subwords in L including
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the subword 1 of length 0. We denote a point by the
inictial segment (sub-subword) it represents. Two points
P and Q are connected by a directed line from P to Q
iff Pl + 1 = |Q| and P is an initial segment of Q.
Note that each subword in our list L is the endpoint otf

a unique path in TL starting at 1,

The notion of a "subword tree" is illustrated with

2 —l>

the rollowing example. Let G=<Ka,b; b~ a . The

symmetric set R for G is:

I 5
:bza l (original relator, (Rl))
:ab-2 (inverse of Ry
| _
|a lb2 cyclic permutations
|
_l .
[ba b of R
1
|
lb_l -1 . .
| ab cyclic permutations
|.-2 e
Ib a oL Rl
I

The finite list of subwords and their replacements

for this symmetric set of relators is

b2 = a ba~l = p~!
ab™! = b b la = b
altp=pt p? =,1

Next, the subwords are partitioned into <classes.
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Each <c¢lass 1is denoted by the dgenerator(s) the members

of the class begin wirth.

a1

Pa = (ab )

Py = (b%,ba"1)

P -1 = (a~lp)

P -l = (b"1ta,b”?)

P _, = (ab™h

ab
2

P2 = (b%)
I

P -l = (bah)
A

-1, = (a 'b)
-1

Pb-la = (b Ta)
)

P-2 = (b72)

Finally, from cthis partitioning, the <following

subword tree is formed:
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Using this subword tree, we will show how to

.define the next state function for our Turing Machine.

5.2 The State Symbol Alphabet

Consider the worst-case example of the word
problem for DA-groups; no reduction of the input W
occurs. Thus, W is encoded onto the worktape using only
n Turing Machine cells. As an illustrative example,
consider only a two symbol input alphabet. Thus, the

number of words of length 27 that can possibly exist is

2( « Thus, for some k, called the base,
(2"
k' = 2 . The Dbase k repesents an encoding and

solving tfor k, we get:

n log k = 2n,
n
2
log k = el
2"
k = 20,
For example, let |W! = 2" = 16, thus n = 4. The

base to be used for encoding W is 16. This implies that
binary strings of length less than or equal to 16 can

be coded in base 156 using only 4 (log 16) symbols.

Generalizing this for an input alphabet of 1length

m which includes the generating symbols and ctheir
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is

5.
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The algorithm for the solution to the word problem

simply described below:

Count Wl = 27, and compute n.

Compute K.

Compute the lexigraphic value of the input, base

Ke

When

LHS's are found:

Delete the LHS already encoded.

Go to beginning of the encoded worktape.

Recompute the lexigraphic wvalue of the

remaining encoding, and the new RHS.

If another LHS is found, repeat this
procedure recursively until no LHS's are

found.

Continue by reading new input symbols.
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5.3 Two Data Structures

Note that when subwords that appear on the subword

replacement list have been replaced, it is possible for

a new subword (also on the replacement list) to appear

that must be replaced. In these cases, the finite

control must contain within it a function which detfines
how two consecutive state symbols are toc be "combined".
Thus, we form a "combination list" - a list of pairs of
state symbols with corresponding replacement state

symbols. The length of the combination list is kz.

At certain times, the Turing Machine examines the
rightmost two state symbols on a worktape to find the
substring of maximum length that lies on a path of the
subword tree. The rightmost two worktape symbols will
(possibly) be recoded so that the rightmost symbol on
the worktape 1is the substring of maximal length
corresponding to a path on the subword tree. We define
for each of the k2 pairs of encoded strings a pair of

replacement strings. This set of definitions is called

the 2-list. As an example, consider the following: the
rightmost twoe symbols on the worktape are (ab) (cde)
(where (X) 1is a one symbol -encoding of X), and a

subtree of the subword tree is
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Note that the TM can enter either of two possible
states: path 1 (bcde) or path 2 (cde), since the
rightmost symbols of cthe wofktape fall on both paths.
In this case, the Z-list will map the encoding (ab)
(cde) to (a) (bcde) because (bcde) is the substring of
maximal length that corresponds to a path on the

subword tree.

5.4 The Turing Machine Algorithm

Initially, symbols from the input tape will be
"combined" onto the worktape, and new states will be
determined depending upon the structure of the subword
tree. New 1input symbols that follow some path on the
subword tree will automatically be combined using che
combination list. If a new input symbol is encountered

which does not follow a path on the subword tree, the
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Turing Machine must determine a new path to follow.

The determination will be done using the Z-list.

If, however, a subword on the subword replacement
list 1is dectected, the Turing Machine must, <first
replace the subword with 1its shorter replacement.
After replacement, the Turing Machine must check to see
if any other subword replacements can be made because
of the introduction of the new symbol., This will be
done by backing up the heads on the worktape and
combining consecutive symbols (if possible). If
another subword to be replaced by a shorter subword is
found, the replacement is made and the Turing Machine
backs up once again. Once no more subword replacements
can be made, the Turing Machine will use the Z-list to

determine the current path on the subword tree it will

tollow to continue reducing the input.

When no more input is encountered, the worktape is
examined to see if any symbols are contained on it. If
the tape is empty, the word problem has been solved tfor

this input word.

5.5 Complexity

Given an input word of length 2n, the number of
symbols encoded on the worktape is less than or equal
to the n. This is the logspace bound we have been

searching for. WNote, too that the running time of this
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algorithm is polynomial in the 1length of the input,
since the worktape heads back up to the beginning of

the worktape whenever subword replacements are made.
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6. THE WORD PROBLEM FOR THE GROUPS OF DEHN'S ALGORITHM

Given a presentation of a group G = <g,R> where 2

is a set of n generators and R is a symmetric set of
relators, the word problem for the DA-groups 1s detfined
as deciding whether or not a given word 1in the
generators in & 1is equivalent =to cthe 1identity. A
linear wupper ctime bound is presented for the soclution
to this problem on a multitape Turing Machine model

which can write symbols of length zero.

6.1 Introduction

The word problem for the DA groups is solvable in
a manner similar to the solution of the word problem
tor free groups (chapter 1). That is, a monotonic

reduction process is used to successively reduce the

length of the word to zero. Given a word W 1in the
generators, the algorithm searches for the occurrence
of a subword of one of the relators. The size of <this
subword 1is greater than half of the relator. The
algorichm replaces this subword with the inverse of the
remaining portion of the relator. Specifically, given

a relator r = 185 « o . 3 (k>2 and k odd), the

algorithm searches for an occurrence ot a185 ¢ ¢ aﬁil
2
: . -1 -1 -1 .
and replaces this with I I N P When k 1is
—§~+1

even, the search 1is for a1385 « + . @ and replace

kK
-§+l
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this with T TR A

Thus, if the relacor was of odd length, the length
of the text would be reduced by one, and if even,

reduced by two. For <clarity, the portion of the

relator that acts as a pattern is denoted as a "left

hand side"™ (LHS), and 1its replacement portion is

denoted as the "right hand side". Also, let the length

of LHS be dencted jr, and let the length of RHS be at

most j-1l.

The algorithm must continue seeking occurrences of
LHS's of relators. Once a LHS has been replaced by a
RHS of length at most j-1 and a null symbol of length
zero, the pointer to the text must then be backed up at
least j-1 positions from the beginning of the RHS.

Consider the following example:
Let LHS = abc j=3
RHS = de

text = xyzabc

replace

LHS with RHS xyzde

backup
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j=1 symbols xyzde

Note the pointer was backed up J-1 positions
because the algorithm must continue searching for LHS
patterns of length 3. Let the number of relators
(including <trivial relators) be m, and let the number
of LHS's be m, and let the length of the longest or
these LHS's be p. Thé algorithm must back up p-1
positions each time a replacement 1is made. This 1is
done to insure that all possible LHS's can be

considered for future LHS searches.

The algorithm continues in this fashion, searching
for LHS's, replacing them with a corresponding RHS, and
backing up p-1 positions each time. Once no more

replacements can be made, the algorithm terminates.

Essentially, 1if there are m relators, m
dynamically changing pattern recognition problems are
being solved in parallel. Each instance of a pattern
recognition problems is solvable in time 0 {1 (length
of a LHS) + length of text} by using a Fischer-Paterson
Turing Machine (see Chapter 2). By careful examination
of the worst case occurrence for this algorithm, <che
algorithm is shown to have an m*0(p*n) upper time

bound, where
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m = # of relators
P = length of longest LHS
n = length of input text

6.2 Complexity

Given input word W of length n, and a symmectric
set with m relators, where the length of the LHS of the
longest relator is p, the complexity of the algorichm
is now examined. Inicially, all LHS's in the symmetric
set are processed in parallel wusing the Fischer-
Paterson T™M in time O0(p). Next, the algorithm searches
the input for the first occurrence of a relator. In
the worst case, this relator occurs at positions n—-p+l
through n. This was found by examining <the n input
symbols in time m*0(n) (for each "sub-machine").

Replacing the LHS with a RHS requires

th

$ backing up from the n symbol to the first

symbol of the <found LHS (backup at most p-1

symbols) .

® copying at most p-1 symbols of the RHS onto the

tape.
® writing 1 null symbol.

This requires at worst 2(p-1)+1 = 2p-1 steps on each of
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the m sub-machines.

Once the LHS has been replaced, the T™ éearches
for more occurrences of LHS's. To insure that all
possible LHS's are lsooked for, the algorithm backs up
the input tape head. Since p is the length of the
longest relator, the algorithm must continue by
analyzing the p-l symbols of text that are left of the
newly inserted RHS, and the first symbol of the RHS.

Consider the following text:

LI XX

1 T

9 * Xp_lrlr2 cee Yool v

{ RHS }

In this example, the algorithm will continue by
analyzing XlXZ...Xp_lrl (p symbols). The algorithm
last wrote a null symbol <to <the right of the RHS.
Thus, we Dback up p-1l positions to Ly and then move

left p—-1l additional symbols to Xy

The process of searching, backup, replacement, and
backup c¢ontinues until the input has been exhausted.

The complexity of the entire process 1s summarized

below:
occurence pattern
of occurs

pattern event at complexicty




0
1
2
i—(Zp—l)+l
n- (2p-2)+1
n-(2p-3)+1

pre scan

pattern

search
backup
replace

backup

search
backup
replace

backup

search
backup
replace

backup

search
backup
replace

backup

search
backup
replace

backup
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n-p+l thru n

n-p thru n-1

p thru 2p-1

p~-1 thru 2p-2

p-2 thru 2p-3

n

p—-1

p~-1+1 (null)

2(p-1)

2(p-1)
p-1
p-1+1

2(p-1)

2(p-1)
p-1
p—-1+1

2(p-1)

p-l+p-1

p-1+1

p-l+p-2

p-1l+p-2
p-1
p-1+1

p-1+p-3



n—- (p+l)+1

n-(p)+1

n-(p-1)+1

search
backup
replace

backup

search
backup
replace

backup

search
backup
replace

backup

search
backup
replace

backup
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2 thru p+l

1 thru p

1 thru p-1

1l thru 2

p-1+2

p-1+1

p—-1l+1

p—-1+1
p-1
p-1l+1

p-1

p-2
p—-2+1

p-2

1+1
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Total = p
+ n+4 (p~-1)+1
+ (n=(2p-1)) (6 (p~1)+1)

+ (p-1) (4 (p-1)+1)

p-1 P2
+ S n+t 3]
i=1 J=1

p-1 p-2
+ S k+(3* 3 1)+ (p-2)
k=2 1=1

= P
+ n+d4p-3
+ (n-2p+l) (6p-5)

+ (p-1) (4p-3)

+ {p=1) (p), (p-2) (p~1)
2 ' 2

+ (P"’é) (P) 1+3*(P‘2; (p-lL%p—Z

n+5p-3

+ 6np-5n—1292+10p+6p—5
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2 +6np+l5p+3p2-Tp-4

]

-4n-8p
= 2
= —-4n+onp-5Sp +8p-4

= 0 (n*p) for each submachine

m*0 (n*p) for the entire machine

6.3 The Machine

Again, assume the number of relators in the
symmetric set is m. The multitape Turing Machine which
solves the word problem for a particular DA group will

have the following properties:

® One input tape, with one right-moving, read-only
head. This tape contains the original, unaltered

input text string we are trying to reduce.

¢ 6m worktapes, partitioned into 6 distinct classes;

each class contains m tapes

!

- Class Z - "Modirfied" Input Tapes

Each tape 1initially <contains a LHS of a
relator, <tfollowed by a delimeter. The text
is concatenated onto each of these ctapes
during <the <tfirst phase of the algorithm.
When LHS's are found, the RHS's will be
writcten onto these tapes. These tapes

contain the "dynamically" changing input
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string. Each tape contains 2 read-write
heads, both moving 1left and right. These
heads correspond to heads A and B of the

Fischer-Paterson Turing Machine.

Class Y - The A Tapes

Each tape contains two heads, both of which
are 2-way, read-wrice, They correspond to
heads € and D of the Fischer—-Paterson

machine. These tapes hold the A and 4 values

for each "submachine".

Class S - The S Tapes

Each tape contains one head, 2-way and read-
write, called S. Each tape 1s used as a
counter and holds the value of s of each

Fischer—-Paterson submachine.

Class T - The Scratch Tapes

Each tape 1s used as a scratch tape analagous
to tape T 1in the Fischer-Paterson machine.
Each tape contains one read-write, 2-way

head.

Class X — More Delta Tapes

These tapes are identical copies of the Y

tapes, wich heads E and F which are
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equivalent to heads C and D of class Y. They
are used in determining whether a LHS has

been matched.

- Class SUM - The "Matching" Tapes

These tapes contain two 2-way, read-wrice
heads, I and N which are used to determine it
P(i)=|LHS]|. Recall that for a string

zozl...zn, the <function P for i=0,1,...n is

defined P(1)=max{t|Zi_t...zi=ZO...Zt}
i-1 -
(-1<t<i) = i- 3 A(J). A(i) is defined as
hS i)

1+p (i)-P (i+l1).

I represents the position in the text, and N
i-1

represents the running sum |LHS|+ 3 A(J).
j=0

When heads I and N are at the same position,
we conclude that a match of a LHS with some
text has been found. (A detailed explanation

ot the Fischer-Paterson machine and its

theoretical background appear in chapter 2).

¢ One "control" tape, which contains one read-wrice,
2-way head. This tape contains the unary value of
m, and is used to synchronize the action of the m

submachines.

Appendix 1 provides a PL/1 implementation of a T
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which solves the word problem for a particular small
cancellation group, <a,b,c,d; a o ltabc ta tea>, as
well as sample output. The program is commented, and
can be read as if it were written in the high-level

Turing Machine language previously presented.
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7. THE CONJUGACY PROBLEM FOR THE PRESENTATIONS OF DA-

GROUPS

Given a DA presentation of a group G = <&, R>
where S 1is a set of generators, the conjugacy problem
for G is defined as deciding whether or not two words U
and V are conjugate elements; that is, does there exist

a word W such that Wt

UW=V?2 A linear upper time
bound 1is shown to exist for the solution to this
problem using a multitape Turing Machine as the
computational model, where null symbols of length zero
can be written. The solution is derived <from the
solution to two other decision problems in cthe theory
of group presentations, namely the conjugacy problem
for presentations of <free groups (Chapter 2) and the

word problem for presentations of DA-groups (Chapter

6).

7.1 Introduction

Given a DA presentation <for a dgroup G = <3, R>

where £ 1s the set of generators and R is a symmertric
set of relators, the conjugacy problem <for G can be

transformed to deciding whether the cyclic R-~reductions

of U and V are cyclic permutations of 2ach other (see

Chapter 1). Then the algorithm to solve the conjugacy
problem is straightforward: cyclically reduce the input

words U and V, and apply the fundamental lemma from the
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conjugacy problem for free groups:

Lemma: Given two words U, V < 3*, |U| = |V| = n, and U
and V are cyclically reduced, then U2 = PVQ iff U and V

are cyclic permutations of each other (Chapter 2).

Thus, once U and V are cyclically R-reduced, the
string U2 is formed on a worktape of the Turing
Machine, and the problem is reduced to <finding an
occurrence of V within the string U2. This is a
straightforward application of the Fischer-Paterson
pattern matching machine of Chapter 2, and its
complexity is linear in the sum of the lengths of V and

u.

Thus, only the analysis of the cyclic reduction of
U and V remains. The inherent difficulties in doing

this for the DA groups are shown.

7.2 Free Reduction of Input

To cyclically reduce a given word W in the DA

group G, W must first be freely reduced. The free
)

reduction W of W is defined as a word which does not

contain the Left Hand Side (LHS) of a relator embedded

within it.

The Multitape Turing Machine which performs this
function is the TM which solves the word problem for

the DA groups (Chapter 6). Given a DA group G with m
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relators, p is the length of the longest LHS, and n is
the length of the input word W, the T™ can freely
reduce W in time m*0 (p*n). Thus, this portion of the

conjugacy problem for DA groups has linear complexity.

7.3 Cyclic Reduction of Input

A cyclically reduced word W in 3* is a <freely
reduced word which does not end with the prefix of a
LHS and begin wich the remaining suffix of that same
LHS. As an example, let abcd be a relator. Then the
LHS = abc and the RHS = 1. 1If a freely reduced word
W is defined as c¢...ab or bc... a, where ... can be any
sequence as long as W is still freely reduced, then W
is not cyclically reduced. This is because W (in both

cases) ends with a prefix of a LHS (ab, a) and Dbegins

with the remaining suffix of that LHS (¢, bc).

Recall that the complexity of freely reducing a

word W has been shown to be m*0 (p*n), where

m = number of relators
P = length of longest LHS
n = length of input word W.

Recall that the complexity of <finding a pattern V

within a string u2 has been shown to be 0 (|V] + 2*|U])

= 0(3n) = 0(n) where n= length of V and U. Thus, the



- 157 -

complexity of the entire problem is reduced to showing
that the complexity of the cyclic reduction phase of
the algorithm is 0(n). We show this complexity is

actually m*O(pz*n) = 0(n).

To cyclically reduce a given word W, we first
treely reduce it using the algorithm of Chapter 6 in
1

time m*0 (p*n). This yields a freely reduced word W of

the form:

2 v v e Kop e e e Kooy s e e XS

More occurrences of LHS's can only occur between the

rightmost p-1 symbols (Xn-(p—Z) thru X_ ) and the
1

leftmost p-1 symbols (Xl thru Xp—l)' since W 1is freely

reduced. Thus, the Turing Machine only considers these

2(p-l) symbols in time m*0 (p*(2(p-1))) = m*O(pZ)!

If a LHS of a relator is <found while scanning
these 2(p-1) symbols, consider what must occur. The
LHS is replaced by a RHS of length at most p-1l. Thus,
further possible occurrences of LHS's must involve
symbols from the newly inserted RHS. Since the 1length

of the longest LHS 1is p, we must consider the p-1

symbols to the left of this RHS, and all the symbols

thru the p-1 symbols to the right of <the RHS.

Therefore, the T™ backs up its heads p-1l symbols to the
left or the RHS, and scans thru the p-lst symbol to the

right of the RHS. This implies scanning at most 3(p-1)
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symbols, Therefore, the complexicy here is

m*0 (p* (3 (p-1))) = m*0 (p2) !

We continue scanning at least 3(p-1) symbols unctil
no more replacements can be made. Each time a LHS is
found, it is replaced by a RHS of shorter length, and
at least 3(p-1) symbols beginning with the p-1lst to the
left of the RHS are scanned. Since at each step, 0(p)
symbols are scanned in time O(p2), and since the length

1
of the freely reduced word W is n, the entire

algorichm has complexity m*O(pz*n) = 0(n)!

7.4 The Cyclic R-Reduction Algorichm

Presented below is the Turing Machine algorichm
that cyclically reduces a string W in time m*O(pz*n).
Section 7.5 shows how this complexity result is

derived.
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CYCLIC: PROCEDURE (RECURSIVE);

/*Turing Machine algorithm to cyclically reduce a

word for the small cancellation groups.

Assume W, the word to be cyclically reduced,

consists of the symbols $X1X2...Xn$.

Let head A initially be positioned under Xn—(p—Z)'

Let head B initially be positioned under Xp—l'

Assume W has been freely reduced. Then the only
possible occurrences of LHS's occur between (in the

. X X wé mark

n l - - . Xp—l.
as the rightmost symbol to be scanned., If X

cyclic sense) Xn-(p—2) .« .

X is

p~-1 p-1l

the symbol x, it is marked as Rx. */

W(B) = RX;

/* Now we begin the major portion of the

algorichm. We scan, srtarting at all the

Xn-(p—2)'
symbols through the rightmost symbol (marked Rx).

Let HEAD be a variable that takes on the wvalue A

if head A is scanning the "current" symbol, else HEAD

B. Note, if HEAD = A, we say HEAD = B, and if HEAD

B, we say HEAD = A,

Note too, that heads A & B will be moving in

opposite directions over the tape containing W. They
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will always be the same number of symbols <from the

opposite delimeter symbols ($). */
HEAD = A; /* initially, A is right moving */

REPEAT;

CALL FORWARD (HEAD);

/* FORWARD scans "right" until a LHS is found. 1IE
no LHS is found, FORWARD will halt the execution of the
algorithm. "Right" implies reversing the value of HEAD

when the delimeter is found.

If a LHS is found, FORWARD recturns leaving HEAD
positioned at the rightmost symbol of the LHS. Thus,

we backup |LHS|-1 symbols. */
CALL BACKUP (HEAD, |LHS| -1)});

/* BACKUP leaves HEAD positioned under the first
symbol of the "found" LHS. Now the LHS is replaced by

the RHS and null symbols */
CALL REPLACE (HEAD, RHS);

/* REPLACE leaves HEAD positioned under the

rightmost null symbol Jjust written.

Next, we must "mark" the new rightmost symbol to

be scanned. This will be at least p-1 symbols to the



"right" of the null symbol just written. Note, if the
Rx is still right of the p-lst symbol to the right,
MARK does nothing. However if MARK passes over Rx, the

p-lst symbol becomes Rx. */
CALL MARK (HEAD, p-1);

/* Finally, HEAD must now be reversed 2(p-1) +
IRHS! =1 non-null symbols in order to consider all

possible occurences of LHS's.*/
- CALL BACKUP (HEAD, 2(p-l1) + |RHS| =1);

END; /* END of REPEAT */
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FORWARD: PROCEDURE (HEAD);
/* subroutine FORWARD scans "right" for Rx until

® a LHS is found, in which case FORWARD merely

returns,
¢ no LHS is found, in which case FORWARD halts. */
DO WHILE (W(HEAD) # Rx )i
IF W(HEAD) = $

THEN DO; /* revefse heads */

HEAD = HEAD;
HEAD = HEAD + 1;
HEAD = HEAD =~ 1;

END;

ELSE DO;
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Scan W(HEAD);
IF (a LHS has been found)
THEN RETURN;

ELSE DO; /* advance the heads */

HEAD HEAD +1;

HEAD HEAD -1;
END;

END;

END;

/* Rx has been found...

IF RX causes a LHS to be found,

return; otherwise halt =

W is fully reduced */

Scan W(HEAD);

IF (a LHS has been found)

THEN RETURN;

ELSE STOP;
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END FORWARD;
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BACKUP: PROCEDURE (HEAD, LENGTH);

/* Subrourine BACKUP reverses the direction of

HEAD and moves HEAD LENGTH symbols "left" */

/* If Rx is found while backing up, a new type of

processing will be done....*/
DO I =1 to LENGTH;
IF W(HEAD) = Rx

THEN CALL NEWSTATE;

i

ELSE DO; HEAD HEAD-1;

HEAD HEAD + 1;

IF W(HEAD) = $

THEN DQ; /* Reverse */

HEAD = HEAD

HEAD HEAD -1;

HEAD HEAD + 1;
END;

END; /* End of ELSE -DO */

END; /* end of DO-I */
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/* HEAD is now correctly positioned */

RETURN;

END BACKUP;



- 167 -

REPLACE: PROCEDURE (HEAD, RHS);
/* Subroutine REPLACE replaces the previously found LHS

with the corresponding RHS (including null symbols)*/

DO I =1 TO |RHSI;

W(HEAD) = RHS[I];

/* letr RHS be an array

of symbols 1 thru |RHS| */

HEAD HEAD + 1;

W

HEAD HEAD -1;

IF W(HEAD) = $ /* reverse */

THEN DO; HEAD = HEAD;

HEAD = HEAD +1;
HEAD = HEAD -1 ;

END;

END; /* End of DO-I */

END REPLACE ;
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MARK: PROCEDURE (HEAD, LENGTH);
/* Subroutine MARK moves HEAD right LENGTH symbols. 1If
the Rx symbol is found in the process, it 1s replaced
by x, and the rightmost symbol found 1is marked Rx.
Conversely, if the Rx symbol is not found, no "marking"

is done. */
DO I = 1 TO LENGTH;
IF W(HEAD) = Rx
THEN DO; FLAG = 1;

W(HEAD) = x;

END;
HEAD = HEAD +1;
HEAD = HEAD -1 ;

IF W(HEAD) = $§ /* Reverse */

THEN DO; HEAD = HEAD;
HEAD = HEAD + 1;
HEAD = HEAD -1;

END;

END; /* end of DO-I1 */
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END MARK;
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NEWSTATE: PROCEDURE;
/* Subroutine NEWSTATE is called by BACKUP 1if Rx is
found. Had BACKUP not called NEWSTATE, subroutine
FORWARD would not scan the proper number of symbols.
This condition occurs when a number of BACKUP's
resulted in causing all of W to have been "reverse-

scanned".

In this situation, W must be freely reduced
(again), followed by having this entire algorithm "re-
execute." This results in minimizing the number of

steps to be executed. */
/* Note, W(HEAD) is Rx, so first...*/
W(HEAD) = X;
Freely reduce W;
Position A and B under
Xn—(p-z) and Xp—l respectively;

CALL CYCLIC;
END NEWSTATE;

END CYCLIC; /* all done */



- 171 -

7.5 Complexity

It seems rather surprising that cyclically
reducing W can be done in time linear in the length of
W. We examine the complexity of this procedure here

via a worst—-case analysis.
Let W (freely reduced) be

X s o0

1 1 XgeeoX X S

Xp— p n—-(p-2)°"*"n

Initially, symbols Xn-(p—z) thru Xn ftollowed by X1
thru xp—l are scanned. Assume no LHS occurs until
symbol Xp-l is scanned. Thus, we are freely reducing
2 (p-1) symbols. From the previous chapter, the
complexity of freely reducing a set of n symbols has

complexity m*0 (p*n).

Thus, freely reducing the 2(p-l) symbols has

complexity m*0(p *(2p-1)) = m*O(pz).

Next, HEAD is backed up at most 2(p-l) symbols,
From here on, 3(p-l) symbols are scanned. Again,
assume the LHS is not found until the 3(p-l)st symbol
is scanned. Replacing the LHS with the RHS results in
this entire operation having complexity m*0 (p* (3p-1)) =

m*O(pz).

Again, HEAD is backed up at most 3(p-l) symbols,

and the process is repeated. Clearly, each iteration
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in the process results in reducing the length of W by
at least 1. Thus, 1f |W|l=n, the complexity of the

: . . . 2
entire cycle reduction process is at most m*0 (p“*n).

Now consider cases other than the worst case,
Assume that the LHS's are found atfter scanning only p
symbols each time. To simplify the explanation, we
write W on a circle, with HEAD pointing to the current
symbol being scanned and R pointing to the rightmost
symbol to be scanned. In the first case, the TM has

the following configuration after scanning p symbols:

- (- *n

\‘\\\\ ® e HEAD
R%X

_ P\

The complexity of scanning these P symbols
(xn—(p—Z) . e anl), replacing them with the
corresponding RHS, marking the new rightmost symbol,
and backing wup is m*0(p*3p-1)) = m*O(pZ). The new T™

configuration will be:

TN

XY\-(\:-Q"(?-\\ Xn-(?-'DQ
depn A

X?v\__ <



- 173 -

The 3(p-1) symbols X thru Xn ftollowed

n-(p-2)-(p-1)
by X1 thru Xo must now be examined.

&

Next, again assume that a LHS is found after
examining only the first p symbols. The complexity of
this operation will again be m*O(pz). Note, however,

the resulting configuracion:

RN

Froedaes) W ED-teD
HEAD

«'——/

At this point, R was not moved, so we must examine cthe
3(p-1) symbols to the right of HEAD, plus the remaining
2p~1 symbols that were not scanned before. By

accounting for previously unscanned symbols in later

steps, we can safely assume <that the complexity of

reducing each symbol in W is m*0 (p* (3 (p-1))!

Note that backing up HEAD can result in "passing"
the rightmost symbol marked by R. Effectively, all of

W must be scanned in this case, because of all che

reduction that has occurred. Rather than count how
many symbols should be scanned, we merely start over by

treely reducing W from left to right, This has
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complexity m*0 (p*n') where n' is the length of W after
all the <c¢yclic reduction (n'<n). Then, the cyclic
reduction algorithm is restarted. This is less complex

than going "around and around" W.

Note this extreme backup case results 1in 1linear
complexity. This 1is because n' can actually be

expressed as a function of p!

7.6 Summary

The steps of the algorithm are:

1 - Freely R-reduce U using the T™M of the word problem

for the DA groups in time m*0 (p*n).

2

]
2 - Cyclically R-reduce U , in time m*0 (p~*n).

3 - Preely R-reduce V as in (1) above 1in time

m*0 (p*n) .

4 - Cyclically R-reduce V as in (2) above in time

m*O(pz*n).

5 - Form the étring $ V & Uz, where V, U are both
cyclically R-reduced and use the Fischer-Paterson
machine of Chapter 1 to find an occurrence of V
within U2 in time O(lUl + {v]). If such an
occurrence exists, the TM halts successtfully,

otherwise failure.
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Each component of the algorithm has linear
complexity, and thus the entire machine runs in linear

time.
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8. CONCLUSIONS

A variety of problems 1in the —theory o¢f group
presentations have been shown to have linear time and
log space complexity bounds. Results were obtained by
using linear +time pattern matching algorithms on

multitape Turing Machines.

A large number of decision problems in the theory
of group presentations still remain to be analyzed for
their computational complexity. For instance, the word
and conjugacy problems for the HNN groups (Anshel and
Stebe, 1974). Perhaps the solutions to these problems
will lead to further research, as d4id Max Dehn's work

+in 1911.
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APPENDIX

SHALL: PRUC UPTIUNSLIAAIND;

STMT LEVEL MESI
1 SHALL: PRUC OPTIONSU{MAIND;

/% TURIHNG MACHINE FUR SHALL
CANCELLATIUN GROUPS [N LINEAR TIME */
/7% DEFINE THE ARRAYS AND STATIC PGINTURS v/
/% THE NUMOBER OF RELATURS = M = 24
ASSUME UP T4 SO SYMBULS CAN 8F PFLACCD UNTD A
Z TAPE — NUTE THIS REQUIRCMENT CAN BE IMCKCASED
AT wWitL.
EACH TEXT SYMUOL I35 REPRESENTED 1Y 2 CHARACTERS:

A IS REPKESENTED By A

-1
A IS REPRESENTED BY A-
*/
2 1 DCL 2024,50) CHAR(2) -STATIC;
3 I DCL (Y (24450}, X{24,501,

S{24450)y SUMI24,50}) CHARLL) STATIC;
/% 1'S AND 0°'S ARE REPRESENTED USING ONE CHAKALTER EACH %/
4 1 DCL (AL24), B(24), C(24), 0D(24), Li24), F(Z@)v

Ni24)y 11024), SSU24)y RU24) )
FIXED BIN(LS) STATICS

/% THE FULLUWING ARE THE HEADS ON THE VARIQUS TAPES:

TAPE HEAD
F4 A8
Y C,0
X EsF
S SS
suM Ngll

NOTE THAT A(l) IMPLIES THAT HCAD A IS CURRENTLY
REAUING THE [-TH SYMUuUL UN A TaApPC.

*/
5 1 DCL (1sJeKeMM) FIXED BINCLYS) STATIC

/% THE CUUNTERS */
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SMALL: PRUC UPTIUNSIMAING:

STMT LEVEL MEST
/4 READ [N THE [HPUT WURD */
6 1 UCL INPUT CHAR(8D) SIATICS
/% UYP TU 40 2-CHARACTIER INPUT SYMBULS ARE ALLOWED.
7 1 UN ENDFILE(SYSIN) GO D END_SHMALL;

9 1 READ_FILE:
READ FILE(SYSIN) INTG(INPUT);

/% ASSUME THAT % SURRGUNDS THE.INPUT TEXT #/

i/
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SHALL: PRUC UPTIUNS(MALII};

STHNT LEVEL NEST

10 1

/% INITIALIZE THE TAPES ==
*/

/%
THE PARTICULAR GROUP USED IN THE LXAMPLE 15 THE GRUyP
WETH THE SYMMETRIC SET UF THE RELATOR

A-8=-A 8 C-0-C D

BELOW ARE THE LHS "RULES"™ FUR THE SYMMLTRIC SET WiTH
DLLIMETERS $ AND &
t/

DCL LHSU24) CHAR{L14) VAR INIT
{(*'$ A-B-A 8 C-& ',
*3 0 A-3-2 1 €
' C D A-B=-A &
'$ 0-C D A-B-8&
' C-U-C U A-&
's B C~b-C D &
's A D C-D-C &
't B-A 8 C-U-¢&
'S
'3
's
.
*s
'3
's
‘s
'$
(3
'$
'3
's
s
'3
's

7

CO(‘IO::G?D?OC'\’I.\G>C(\

]
- w v ---c>=>OﬁCﬂ

[]

I T T R S T T
* W W e e e W e e ® e w . u.ow

B-
C
~D
-C-
L-
A
-8
-A-

]
iﬂ"‘ﬁ"‘ﬁﬁhf‘l

[} t [}
] [}
h‘ﬂﬂcﬂrlﬁ“ﬂ(10=>ci>ct\o

R

QOO0 CTPEPPACOO>0 >
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SHALL: PRUC OPTIONS(MAIN);

STMT LEVEL NEST

/%
BCLOW ARE THE RHS "2ULLS™ FUR THE SYAMETRIL SET
®/

11 1 DCL RHS(24) CHAR(LO) VAR STATIC IMIT
t* p-c-0 ',
* ¢c-0C ¢
* ucCoe-
* C B-A- ¥
' B-A-8 ¢
' oa-B A
* B AD-
* A D-C- *
¢ A-B-A *
* B-a B
lABC- L]
* B C-D-
¢ C-p-¢ ¢
* pco ¢
' C0aA- !
* 1}
{

@ P % e e e w ¢ e W e ww e .
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SHALL: PRUC UPTIUNS{MAIN)

SINT LEVEL WNEST
/%
MURE VARITABLES
*/
12 1 OCL M FIXED BIN(15) STATIC INIT(24);

/% M = THE NUMUBER OFf RELATCRS (= 24) %/

13 1 DCL P FIXED UDIN(L3) STATIC INITUS);

/% P = THE LENGTH GF ITHE LUNGEST KRELATCUR (= ) ¢/

/% NOW INITIALIZE THE Z ARRAY x/

14 1 D01 =1 70 M;
15 1 1 DO J =1 TU LENGTHLLHS(LIY}/2:
16 1 2 Zilyd) = SUBSTRALHSTI)2%2J0~142)3
/* THE LCHTMUST SYMEULS UN EACH 2 TAPE ARL THE LHS WITH
DELIMETERS & AND &, &/
17 1 2 END

/% CONCATERATE THE INPUT TOC 2%/

18 1 L DU K = | TO LENGTH{INPUT)/?2
WHILE L SUDSTRUINPUT j23K=1,2) ~= ¢ )3

/% THE INPUT IS DUNE WHEN A BLAWNK 1S ENCUUNTERED */

19 i 2 i1 eJtK=1) = SUBSTRUINPUT 2%K-1,+2)3
20 1 2 END3
21 1 1 END S

/% NEXTy INITIALIZE THE UTHCR TAPES */

22 1 00 1 = 1 TU M3

23 i i Y(I«L) = '0°%; Y({.2) = *1*3 Y{1,s3) = '0°;
26 ! L ctn = 13 otn = 33

238 1 l Xtisl) = '0'; X{142) = 1% Xt1,3) = '0*;
31 1l L EC1) = 13 FLl) = 33

33 3 1 Sil.1) 0
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SMALL: PROUC OPTIUNS(MAIND ;

STHMT LEVEL NEST

34 l 1 SSt1y = 23

/% INITIALIZE HEADS A AND 8 FUR TUL Z TAPES +/
35 1 1 All) = 13 .
36 L 1 BiL) = 2;

/% AND HEADS 11 AND N FOR THE SUM TAPES %/

a7 1 1 Le1) = 1
38 t i NCI) = 13
39 1 L END;

/% SUM TAPE IMITIALIZATIN (SEE CHAPTER 1| = THt CUNJUGALY

PRUOBLCM FOR FREE GRUUPS) */

40 1 80 = L 10 o
41 1 1 D0 WHILE(Z{L,AlI)rL) ~= *6')3
42 1 2 SUMIL ML) = o1
43 1 2 N(E) = MOL) + 13
44 1 2 ALY = ALY + 13
45 1 2 END;
46 L t NCDY = NOL) =~ 13
47 1 i SUM{T,NI(I}) = *0';
48 1 1 DO WHILEL Z(L1,A(L)} ~= '$7 };
49 1 2 ACL) = ALY - L3
50 1 2 END;
51 1 L END;
52 1 PUT PAGE LIST(*INITIAL CUNFIGURATIUN®);
53 l MM = ~13
5% 1 CALL UUTPUT;



STMT LEVEL

55
56
517

50
57
60
6l

62
63

64
65

066
67
68
69

70

—

—— e

SHaLL:

W NN

w

N

—

HEST
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PRUC OPTIUNS(MALND ;

/% PRUCESS 1 TEXT S5YHiuLL AT A TINE FROM LACH
TAPE GLIVEN THE IMITIAL CONT IGURATIOIN
UNTIL THE G IS FuUND %/

DO I = 1 TU M;
DU WHILE(Z(148(L)) ~= *4° )3
CALL PATTERNS

/7%

THE SUMMATIUN MUST BE INCRENENTED UY
THE HEW VALULE OF UCGLIA (BETWELN THE 0°'S)
AND THE MEADS MUST BE MUVEN RIGHT.

%/

E(L) = EUL) + 13

DU WHILEL X{1, CLL1)) ~= "0¢ };
SUM( Ty N(E)) = "1
NCD) = NUDY » 13

E{T1) = E(I) ¢ 13
END ;

5 = Qg
1+ 13

END S
END; : /% %344 ALL PATTERMS ARE NUw FRUCESSED #%%
PUT PAGE LIST{*ALL PATTERNS ARE PRE-PRULESSCLz');
CALL OUIPUT;

PUT PAGE LISTU{®*TEX] 13 NUW TU BE PROCLESSEL');

*/
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SMALLY PROC UPTIUNSIMAIN}S

SIMT LEVEL MNEST

/% THE FISCHER~PATERSUN PATTERN dATCHING SUBRUUTIME +/

71 1 PATTERN: PROC;
72 2 DCL T FIXED BIN(LYS) STATIC:
/%

T IS EFFECTIVELY THE TAPE CLASS T UF [Tk FISCHLR-PATERSON
*/
73 2 T =03

/% LST TEST */

74 2 TESTL:

FU 200, ALI)*L) = ZUL, BLLI+L) )
75 2 THEN D03

/*

HEADS A AND B ARE READING lUEﬁTlCAL SYNMBILS,y SU»
£/

To 2 1 o) =
17 2 1 Yil, 0Ot

I%
MOVE HEADS D AND F RIGHT ANMD PRINT 'O°

4/
78 2 1 FLIY = F(L) ¢+ 135
79 4 1 Xtly FLL)) = 03
80 2 1 AlL) = Atf) + |3
/®
MUVE HEADS A AND B RIGHT
>/
8t 2 i 8il) = ull) + 13
82 2 L Clty = i) + 13
[*

AOVE C RIGHT TU THLE NEXT O.



S'4ALL:

STMT LEVEL KWEST

83 2 1
84 2 2
85 2 2
86 2 2
87 2 2
88 2 1
8y 2
89 2
90 2
91 2 1
92 2 1
93 2 1
94 2 1
95 2 l
9% 2 1
97 2 1
78 2 t
99 2 1
tov - 2 1
10t 2
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PRUOC UPTIOMSIMALMI G

AS C IS ADVANCED, S IS [NCRCHMENTED
ONCE FOR EACH '1' THAY C© PASSES OVER

*/

= 1103

DU ®BHILE( v(T, CC1)
Sti, SSEIY) =
SSU1) = SS{1) +
Cil) = Cli) + 13

ENDS

EMND3

)
1
1

/% CASE 2 =/
ELSE

IF (201, A(I}) = *3)
THEN DO3

FA

A 1S PUSITIUNED AT THE LEFTHUST SYHEUL UN
A AND T ARE LEFT ALUNE,

& MOVES RIGHT UNE SYMJOL,

D ANU F MUVE RIGHI 2 SYMDULS,
PRINTING A *L*' FOLLOWED BY A 0!

%/
BUI) = B(L) + 13
D(L) = DCL) + 1;
Y(L,DUL1)) = 13
DII) = OUI) + 13
YUL,0t1)) = '0¢;

FUI) = F(1) ¢+ L
X(LoFLL}} = *L*3
FUiy = FL1) + L5
XUL,FLE)) = 2003
ENU 5

/¢ CASE 3 3/

ELSE PO
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SiTALL: PROC OPT LONS{(MAIND;

STAT LEVEL MNEST
/%
"COPY™ THE CUNTENTS UF S [NIU “Tn

C 5 MUVED LEFT OVER S ZCRUES.

FOR EACH '0' PASSED OVER uY C,

HEAD A MOVES ONE SQUARE TU THE LEFT AND
HCADS D AND F MGVE ONE SQUARE TU THE RIGHI
AND PRINT A '1°,

FOR EACH '1' PASSED GVER OY C,

S 15 DECREMGNTED. SIMCE THME VALUE OF S
IS MODIFIED B8Y THIS PROCESS,

1TS CONILNTS ARE FIRST COPIEL LMTU THE
TEMPORARY CUUNTER T whiCH IS THEN
USED TO CONTRUL THE ITERATION.

*/

102 2 L SS{I) = SS(1) - 13
103 2 1 DO WHULEUSUL,55008) = 1Y)
104 < 2 T =T+ 13
105 2 2 SStI) = SSti) -13
106 2 2 END
107 2 1 SS{t) = Ssil) ¢+ 13 /% GO BACK fU aHERE Wl CAME FREUGM */
108 2 3 DO WHILE(S(I,SSU1Y) = *1');
109 2 2 35011 = SStl) + 13
110 2 2 Lhouj
11l 2 1 $S{1) = s5i1) - 13
12 2 13 DU J =170 T;
113 2 2 ciry = ¢ty -1
114 2 2 DU WHILELY(IL())) = *1%);
115 2 3 SUL,SStD)) =+ 5

/4 DECREMENI 5 3%/
116 2 3 $S{4) = SS(i) - 13
117 2 3 ctl) = Ct1) -t;
118 2 3 END;
119 2 2 AlT) = AtL) ~ L3
120 2 2 O(L) = DtL) + 1
121 2 2 Yit.000)) = *1';
122 2 2 F{l) = FLI) #1;
123 2 2 XUIyF(I)) = "1
124 2 2 END;
125 2 1 GU TO TESTL; /% k% GU TY NEXT STAGE *% 2/
126 2 L END; /* LNO OF ELSE DO #/

/% ALL DONE %/
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SMALL: PRUC UPTIUNSIMAIND G

STMI LEVLL NEST

127 2 END PATTERN;
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SMALL: PROC OPTIONS(MAILIN)

STMY LEVEL NEST

/% PROLESS TEXT */
128 1 SCAN:

bu I =1 W0 M

/* TEST IF WUE'RE ALL DUKE */

129 1 1 IF (2008011 +L) = * ¢) [UHEN GG TU EMO_UF_INPUT;
131 1 1 CALL PATTERN;
/%

PROCESS NEXT INPUT SYMJUL

UPDATE SUM —~ ADD NEXT DELTA VALUE UNTU SUM

*/
132 1 1 ECI) = ELI) + 13
133 i 1 DO WHILE(X(I,E(1)) = *L* )3
134 1 2 SUMCL ML) = 1,
135 i 2 NCIY = NUL) #+ 13
136 1 2 Et1) = ELI)Y + 13
137 ) 2 END3
7% XUTLE(LI)) IS NOW 0O %/
138 1 1 SUMCT,NLLIY = Q3
139 1 1 EMND3
/3
WHEN HEADS [I AMU N ARE PCSITICNED
AT PRCULISELY THE SAME SYJABul,
WE'VE GOT A MATCH.
x/
140 1 DU T =1 TL 43
141 1 1 [F SUMIT,1L11}) = 20¢
142 L v © THEN GO T MATCHS
143 | i END;

/€ HU MATCHES = HOVE L1 RIGHT UNE */
/% POSITIUN ON ALL THE TAPES x/
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SHALLS PRUC OPTIUNSIMAIN)

STMI LEVEL HEST

144 1 DU L =1 TY M

145 t l ey = 1ek) + 13
Lat 1 1 END3

/7% START SCANHING NEXT TEXT SYMOUL

tal 1 GO TU SCAN;



STMT LEVEL MESI

148

149

150
151
152
153

158
159
160
101

162
163
164

165
100

—p e e

o

- -

[

SMALL:

NN -~

[

NN

e N -

NNN
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PRUC UPTIUNSIMAIN);

/% MATUCH - %/

MM = 13 ‘
/% THE I=TH MACHINE MATLHED */
DO I = L TO M;

1%

MODIFY THE CUNTENTS GF EAUH TAPE.
BACKUP (JLHS| -~ L) SYMSOLS uUN TAPE 2

*/
DG J = 1 TU LENGTHLLHS{MMI)/2-2;
341) = B8(1) - 13
Zit,8(13) = * *;
END:

/% NOW COPY THE NEW RHS UNTY Z */
D0 J = 1 TO LENGTH{RHSIMM))/2-23

ZE1,801)) = SUBSTRIRHS{MM) ,2%d+1,2);
3(1) = 8(I) + L3
END;

/%

ELIMINATE THE BLANKS THAT ARE LEFT LF THE KEAMAINING TEXT.

THES IS EQUIVALENT TU PLACING M"DONT-CARE"™ SYMBLLS UNT( THE TAPE.
HERE, THE REMAINING TEXT IS BEING AUVED LeFT SU THAT IT Wity

BE ADJACENT TU THE NCWLY INSERTED KHS.

*/

DO WHILGt Zil,880)) = ¢ *);
DU J = BlI)+#]l TU 50 WHILEL Z{14d) ~= *5°');
LUL4d=-1) = Z{14J);
END;

L{leJd=1) = 2ileJd}s
LU1,d) =+ 3
CND;

/% NUW BACKUP B8 ({RUSE=1} SYMUSOLS
SO THE NEW RHS CAN BE SCANNED #*/

B
DU J

301) - L3
L TU LENGTHIRHSIMA)Y/2-2;

o



SHALL:

STMI LEVEL NEST

167 1 2
168 t 2
169 1 1
170 1 2
171 i 2
172 1 2
173 { 3
174 1 3
175 i 2
176 1 t
117 1 L
178 1 2
179 1 2
180 1 1
161 1 ]
182 1 2
183 1 2
184 1 2
185 l 2
186 i 2
187 1 3
L83 1 3
189 1 3
190 1 3
191 i 3
192 1 2
193 1 2
194 1 3
19% 1 3
L96 1 3
197 1 3
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PRUC OPTIUNSIMAIN)

BiI) = ut1) =13
END3

1*
A & C ARLC MUVED LEFT TU PUINT TO THL DEGIUNLIMG UF THE
*/

DU WHILE{ZUL,A(L))
All) = AlL) - L
ct1y = cit) -1
00 WHILEL Y{I[,C

Lil) = Cti
END
END:

/% S MUST BE QO */
StIy1) = *0*;
DU J =2 7O 503
StEsd) = v ¢
END3
$Si1y = 23
/% D4F, 11 & N MU3T GE MUVED LEFT JLHS] SYNMGULS */

DU J =1 TU LENGTHILHSIMM))/2-13

Yii.ot)) =+ o3
oti} = o1y - 13
XULF (1)) = v 73
FUEY = £(1) - 13

00 WHILE(Y(I,0(Ll)) = L'}
/¥ ERASE */

yit,n{1)) = * *;

XUL,FLD)) = v v
/% BACKUR #/

DELY = DL1) - s

F(1) = FL1) - 13

END

/% E MOVES LEFT UVER |LHS| OELTA VALUES 3/
E(L) = ELL)
DU WHILEL X

ENJ;S

PATTERN
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SHALL: PRUC OPTIONSIMALND S

STMT LEVEL MNEST

198 1 2 ey = e = 13
199 l 2 END;
200 1 L e = 1Ly o+ 1

201 1 1 SUMLIWNUL)) = 07
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SMALL: PRUC UPTIUNS(MAIN]):

SIMT LEVEL NEST

/% NOW BACKUP |Pf=-1 SYMBULS OR TO THE

WHICIIEVER COMES FIRST e/

202 i ' DU J = L TU P-L WHILEL

‘ ZUL BUL)) —= & )3
203 i 2 Bel) = Bil) - t;
204 3 2 YULL,001)) = * ¢
205 1 2 D) = Dt1) - 13
205 1 2 X{L,FCE)) = v 0
207 1 2 FUl} = F{1) - 13
20n 1 2 0O wWHELELY (L, ULL)) = *1°);
201 1 3 Yil,nti))y =+ *3
210 i 3 vpeey = vl - 1
21l 1 3 XCLyR{U)) = v 3
212 1 3 FII) = FLL) - 13
2i3 1 3 €
21 L 2 e = 1ty - 1
215 L 2 Ell) = E(I) - 13
216 1 2 DO WHILE (X{L,001)) = *L* )3
217 1 3 SUM{T,NCLYY = * *3
218 L 3 N(L) = N(I) - 13
211 1 3 E{l}) = EC{I) - 13
220 1 3 END 3
221 L 2 END;
222 Ll 1 SUMULWNLLY) = 0
223 1 1 END;

/7% NUW START ALL UVER #*/

224 1 PUT PAGE LISI('AFTER MATCHING®);
225 1 CALL ouulpPuT;
226 i MM = 03

227 1 GO TD SCAN;
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SMALL: PRUL OPTIONSIHALIN)D;

STMT LEVLL NEST

/% ALL DONE - PRINT THE MACLINE STATUS AND IT35 RESULT %/

228 1 EMNO_OF _INPUT:
DO WHEILELD Z00,B801)) »= *4' )3
229 1 l BL{) = B(1) - 13
230 1 1 ENDS
231 1 BOIY = B80L) + L3 /% MOVE QVER (NE 2/
232 1 IF (Z0148L1)) ~= *3¢)
/%

IF TEXT APPEARS UBETWEEN THE § AND TUHE &,
THE INPUT HAS NOT BEEN RCOUCED TU THE ILeWTdTY.

Ol THE OTHER HAND, IF NO TEXT APPEARS BETAEN THE
DELIMETERS, THE INPUT HAS UEEN REDUCED TG THE JUENTITY.

*/
233 1 THEN PUT SKIP(5) EDITU*FATLLRE'){AD;
234 1 ELSE PUT SKIPU5) EUIT('SUCCESS*)(A);

/% REINITIALLZE THE TAPES FOR THE NEXT INPUT wUKD %/

235 1 Linyx) = ¢ 03
236 1 Y{#ys%) = ¢ v
237 1 X(Fy2) = v 03
234 i S{A,%) = ¢ ;5
239 1 SUMIR, %) = ¥ o3
240 1 A(*) = 03

241 1 gt=) = 03

242 1 Ci*) = 03

243 1 D(+) = 03

244 1 E(#) = 03

245 1 Fi#*) = 03

2646 1 NE®) = 03

247 1 [i{*)= 03

249 1 $5(*) = 03

249 1 R(*) = 03

259 1 HA = 03

251 1 GU TQ READ_FILE;
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SMALL : PRUC OPTIUNSIMAIND;

STMI LEVEL NEST

/% UUTPUT RUUTINE %/

252 1 UuUTPUT: PROCS

253 2 1F (MM < 0) THEN

254 2 DO 1 =1 10 M3

255 < 1 CALL uUTPUTZ;

256 2 i END;

257 2 ELSE

257 2 NO;

254 4 l I = M3

259 2 1 CALL UUrPutT2;

260 2 1 END 3

261 2 UuTPUT2: PROUS

262 3 PUT SKIP(2) EDIT

(0L 'l Z(L,J) DU J = 1 10U 50 1) (RIFATL));

263 3 PUT SKIP EDIT(A L) :
[XCALT)%242) 44, SKIPLO) o X{BLIJH242) 4a)5

264 3 PUT SKIP EDITH

) 'Y oot YULWJE QU U =1 TU S0 ) ) (RUFMI_XY));

205 3 PUT SKIP COIT('C'yt0Y)
{XICUTI)#3),AsSKIPLO),XIODLE)42),4) 3

266 3 PUT SKIP EDITH
X stixtl,d) LU J = L TY S500) {RUFMY_XY) )

267 3 PUT SKIP ELDIVUI'E?,'FY)
(XCECTN+3) 4 SKIPCON XUFLL)*]) 7D

268 3 PUT SKIP EDITL!S 2%, {SU1,d) Ou J = 1 TU S00) (KIEMI_XY));

2067 3 PUT SKIP EDLTLS*IIXISS(E)«3),A)%

270 3 PUT SKIP EDLT(*SUM:', (SUMII,J) uvu J = 1 TU 50) )

{RIFAT_XY) )
271 3 PUL SKIP EULIT(*1°,'NY) ]
(XUITCED#3)4A,SKIPLO)»XINCID#3),A)

212 3 FMIZ:
FORMAT( Al4), (500 A(2) 13
213 3 FMT_XY:
FORMAT( Al4), (501 ALL) )3
274 3 ENU OUTPUTZ;
275 2 END OUTPUT;

276 t ENO_SMALL:
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SHALL S PRUC UPTIONSIMAIM);

STMT LEVEL MEST

EMD SMALL;
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INITIAL CONFIGURATIUN

I 3% A-B~-A B C-6 A-b-A B C~-C 0-A-D A $

AW
Y :010
co
X :010
E F
S H
S
SuM:11110
1 N
Z % LD A-B-A B & A-0~A O C-C B-A-B A 3
A DB
Y :010
cCoO
X :010
g F
S 0
S
SUM:LLLLO
i N
I 3 C D A-i3~A & A-B~A B C~C B~-A-B A $
AD
Y :0l0
(W}
X 010
€ F
S 20
S
SUM: 11110
1 N
L :$ D-C U A-B-& A-0-A B C-C B8~-A-B A §
AB
Y :010
cD
X 010
E F
$ 0
S

AB
Y 010
co
X 010
E F
S
S
SUM:11110
1 N

T 30 C-D-C UL & A-B~A B C~C B~A-0 A $
Al
Y 010
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cvo
X :010
EF
S :0
S
SUM:1L1L10
14 N
Z 23 A DB C-D-C & A-8-A 0 C-C B-A-8B A ¢
A3
Y :010
co
X 3010
E F
S H
S
SUM: 11110
I N
Z % 8-A B C-D-& A-8-A B C~-C B8-A-8 A 3
AB
Y :010
[
X 010
E F
S
S
SuM:1l1110
1 N
Z t$ 0-C-U C U-£ A-B-A D C-C 8~-A-03 A ¢
A
Y <010
co
X 2010
EF
S
S
SUM:11110
1 N
Z :$ AD0-C-D C & A-B~A B C-C B-A-B A §
AB i
Y 01V
cCb
X :010
EF
S 0
S

SUM:11110
1 N

Z 38 4 D-C-0 & A-B-A B C~-C B-A-U A 3§

A B
Y :010

co
X :010

E ¢
S :0

)



SUM:LLLLO

t$ A=0 A U-C~8& A-y-A B C-L B—-A=-03 A 3

13 N-A-8 A D= A-B-A B (-C U~A-8 A $

1 N
L
A G
Y :010
[N}
X 010
EF
s
S
suMsittio
I N
z
AD
Y :010
cn
X 010
EF
S 0
S

SUM:LL1L0

S

{ N

e C O-A-8 A &
AR
1010
co
t0tlo
€ F
0
S

SuM: 11110

Z
Y
X

)

[ N

4 O C N-A-8 &

SUM: L1110

<

>

1 N

t$ C-0 C B-A-&
AD
1010

SuM:zLtLLtLo

Z

l ]

18 A A-L A-B-A
Al

A-Bb—A B C-C 0-A-8 A S

A-3-A B C~C B-A-0 A

A-8-A B C-C B-A-8 A $

3 C-C B~-A-0 A $

199
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Y :010
cCDn
X t01L0
E F
S
S
SUM: 10
IN
I 3 A-A & A-8-A B C~C D=-A-D A &
ADB
Y :010
co
X 2010
EF
S 3
S
SUM:10
1
L % B B-& A-0-A B C~C B~A-D A 3
AB .
Y :010
[ )]
X 010
EF
S
S
SUM: 10
IN
Z t$ b= & A~D-A B C~-C B~A-B A S
AD
Y s01lu
cv
X 010
E F
S H
S
SUM: 10

Ad
Y 3010
¢ D
X :010
E F
S
S
SUM:10
IN
Z 3 (-C & A-3—-A 8 C-C B-A-0 A 3
AB
Y :010
cvL
X 010
E F



S
SUM:tO
IN
2 %0
AL
¥ :010
co
X :010
[
S :0
S
SUM: 10

AB
Y :010

co
X t010

£ F
S

S
SUNM: 10

D=+

A-B=A 8 C-C b-A-D A

201



ALL PATTERNS ARE PRE-PRUCESSEN:

T % A-B-A B (-4

A B
Y :0101010101010
C D
X 0101010101019
E F
S :0
S
SUMs1illllLLlO
I N
Z :3 0 A-0-A 0 &
A 8
Y :0101010101010
[ ]
X :0101010101010
EF
S 30
S
SuMs1liiilttiio
I N
L 3 C D A-B-A &
A 8
Y 0101010101010
c o]
X :0101010101010
E F
S 0
S

SuM:tl1llllillo
I M

Z %3 0-C D A-uy-G

A 3
Y :010101010t010
C D
X  :0WNL0L0L0LO10
EF
S :0
S

SuM:s1tillLllllo
i M

Z :%C-D~C D A-G
A

Y :0t0l10i0lul0l0

C D}
X :010l0101l0L010
EF
S 0
S

SuUMsILLLILLLLLN
1 3]

Z %1 C~u-C U &
A 3}
Y 0101010101010

B

A-=3=A 8 C-C B-A-0 A 3

A-8-A 0 C-C B~-A-0 A $

A-3-A B C-C 6-A-8 A 3

A-0B—A B C~-C B-A-0 A

A-B-A B L-C b-A-B A $

A-d=A 8 C-C B-A-8 A 3
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C D
X 0101010101010
. EF
S :0
S
SuMsLLiLLLLLLY
1 N
I $ A8 C-D-C &
A -]
¥ 0101010101010
C v
X :0101010101010
£ F
S 0
S
SuMsitLitLt1tLto
i N
Z % B-A 3 C-U-&
A ]
Y :0101Q10101010
C n
X 0101010101010
E F
S 0
S
SuMsll1tllLtLlLio
i N
Z 3% D-C-0 € bB-&
A -]
Y 0101010101010
C D
X 0101010101010
€ F
S :0
S
SUMs1LLLINLL1O
1 N
Z % AD-C-DC S
A i)
Y :01lp0lvlo0l0l010
c V]
X :0101010101010
E F
S =0
S

SuM:LLItLLLlLLLO
H M

L % B A D-C-U &

A a
Y 2:3inl10lototuin
c 0
X :0lo0tolotloluvlv
E F

S 30

S

A-H-A B C~C D-A-8 A §

A-8-A 0 C-C B-A-H A

A-8=A B C-C B-A-8 A &

A-8-A B C~C 0-A-8 A 3

A-~H#-4 8 C-C 0-A-D A §
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SUM:1ll1lLl1tL10
l N

Z % A-B A D-C-G&

A 8
Y :0101010101010
C D
X :101010101V1ul0
E F
S =0
5
SUMs1LilLiLLllO
I N
I % B-a-0 A D-&
A )
¥ :0101010101010
C ]
X 0101010101010
E F
S 30
S

SUMsLLLLILLlILLO
I N

Z 3% C B-A-8 A &
A

-]
Y :0L0otolulotulo
C [b]
X 0101010101080
E F
S 0
S
SUMsILLLLLILLLD
1 N
Z 30 C B-A-8 &
A 1]
Y :0101010101010Q
C 0
X :0lvl010101010
£ F
S :0
S
SUM:LIL1LLLEL1O
1 N
L 3% C-D C B=-A—G
A #
Y :0lolololoLolo
C ]
X :0l01010101010
E F
S =0
S

SUM:zLLLLLLILLO
| H

I % A AL A-U-A
A B

- 204

A-y-A B C-C B~A-8B A 3

A-3-A 8 C~C U-A-8 A $

A-6-A 0 C-C 8-A-B A %

A-0-A 8 C-C 8-A-B A &

A-3—-A B C-C B~A~-3 A

B C-C i-A-0 A S



Y :olulolo

C D
X :0l01010
E F
S :0
S
SUM:1il110
N
1 3% A-A &
A B
Y 0101010
C D
X 0101010
E F
S :0
S
SuM:1llLlo
IN
I :$ B3 B=-¢
A B
Y :0inl0io0
c V)
X 30101010
EF
S 0
S
SuM:=1ilo
N
7 3% D0-D &
A [t
Y :0101010
C n
X 0101010
EF
S 0
S
SUM:sLitlo
IN
Z % C C-&
A L]
Y $01ul0l0
Cc 0
X 0101010
EF
S :0
S
SuM:11ll0
N
I ::$C-C &
A i
Y :0101010
C n
X :0l01010Q
E F

S 0

h=b=-A B C-C B-A-B A 3

A-B=A B8 C~C B-A-3 A $

A-tl-A B C-C D~A-U A $

A-0-A B C-C B-A-8 A §

A-d-A 8 C-C B-A=0 A §
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S
SUM:1110
IN
Z % 0 D-&
A 8
Y 3:0L01010
C D
X 30101010
E F
S :0
S
SUM:LLl0
IN
Z =% U-D &
A 8
Y :0i01010
C 0
X s:01ulo010
€ F
S 30
S
SuM:lllo0

IN

A-B-A U C-C D~A-D A 3

A-B-A B C-C B8-A-8B A 3
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TEXT 1S NCUW TD BE PRUCESSED
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AFTER MATCHING
L % A-B-A N C-L O~-C-D C B-A-B A 3
-]

A
Y :0101010101010

c o
X :0l0l010101010
€ F
S :0
S

SUM:z1L1111L1110
i N
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AFTER MATCHING

I % D-C-b C B-G A-8B-A A-D A ¢

A U
Y :gtlotowotlotato
c L
X :0lo0t0l0lOtOLO
EF
S :0
S

SuUMs1itllitllo
H N
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AFTER MATCHING

T 3 A A-E A-u-0 A 3

A 8
Y :0101010
c 0
X :0lvlo01lo0
EF
S =0
S
SUM:1110

IN
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AFTER MATCHING

l % B-0 & A-A %

A s
Y :01lul0Olo0
c 0
X 0191010
E F
S :0
S
SuUM:1t10

IN



AFTER HMATCHING

Z % A-A & s
A -]
Y 0101010
C n
X 0101010
€ F
S 20
S
SUM: 1110
IN

SUCCESS

212
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INITIAL CONFIGURAT IUM

4 % A-B-A U L=-& D A-U-A D C D A-U=-A b
A g
¥ :010
cv
X 010
EF
S :0
S
SUMz11110
i N
Z 30 A-0-A U & U A-8-A 0 C U A-G~A $
A D
Y :010
coD
X 010
€ F
S H
S
SuM:lilLlo
I N
Z 8 0L 0 A-0-A K D A-83-A B C D A-B-A $
A Y ’
Y :010
cuv
X :010
EF
S :0
S

suMsltiLa
I M

Z 3 U-C 0 A-8-6 D A~u=-A A C 1 A-0-A §

A B
Y 010
co
X 010
€ F
s
S
SUM:LLLLO
1 N
{ 38 C-0-C 0 A-6 0 A-0=-A 8 C D A-D~-A
AD
Y :010
cov
X 010
[ S
S 20
S
SuM:LltLo
| N

Z %3 0 C-D-L LELUL AM~B=A B LCD A-0B-A1
AD
Y 010



- 214

co
X 3010
ETF
S :0
S
SUMzLLLIOD
1 N
L % ABCLC~D-C E O A-B3-A B C D A~B-A 3
A D
Y :010
co
X 3010
E F
S
S
SUM:1l110
1 N
z 5 N-A B C~U-4 D A-B-A B8 €C D A-U-A
AD
Y :010
cCo
X :0l0
EF
S
S
SuM:s11tl0
1 N
Z % D=C-0 C B-6 U A-8—-A B C 1) A-3—-A ¢
AB
Y 010
cu
X :010
EF
S :0
S
SuM:LLLLO
1 MN
4 3 A D-C~D U € 0D A-~d~A U0 C D A-B~-A §
AH
Y :010
cvu
X 010
EF
S
S
SUM:11110
1 N
4 :$ 8 A D-C-" &V A-D-A B C D A-HB~-A $
Ad
Y :0i0
con
X :010
g ¥
S 0

S
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SUM:21t110

| N
Z % A~8 A D-C-6 D A-u-A B ( ) A-DB~A
A g
Y 010
co
X 2010
EF
S 0
S
SuUM:illlo
1 N
P4 2% B-A~B A -6 D A=-8-A 0 C 1) A-D=~A $
AB
Y :010
cn
X :010
EF
s 30
5
SuUM:LLL1O0
1 N
Z 3 C 0-A-B A GV A-B~A B C 0 A-U-A 3
AD
Y :010
co
X 010
[ g
s
S
suM:tlilo
l N
L 338D C 0-A-0 L D A-D=-A B C U A=8=-A §
A D
Y :010
cCo
X 3010
E F
S H
S
SUMsILL1O
I N
F A t$ C~) C B~=A~-F ) A=U-A B C D A~-8~A
AD ’
Y :010
Co
X 00
EF
S 3
S
SuM:zLillo
1 N
z 2 A-G ) A~1i=A U C D A-U-A
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Y :010
co
X :010
E F
S :0
S
SUM: 10

IN

Z 333 A-A & D A-U-A B C D A-B-A $

AB
¥ 010
co
X :010
E F
S
S
SUM:10
IN
z :$ 8 B~L U A=0~A 3 C O A-B-A &
A8
Y :010
cu
X :010
EF
S 30
S
suM:lo

)]

Z :3$8-8 &0 a~3-A b6 C 0O A-d~-A %

A8
Y :0l0
co
X :01¢
EF
s
S
SUM: 10

N

I 33CC-60D A-B3-A B C ) A-3-A §

A B
Y :010
CD
X :010
EF
S
S
SUM: 10
iN
14 3 C~C 5 D A== 0 C D A-U-A S
AL
Y :010
cv
X 2010
E F
S 0
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S
SUM: D
IN
I %30 0~ 0O N-B=-ADC D A~U)-A §
A B
Y s0L0
(o))
X 010
EF
S =0
S
SUM: LD
IN
I 3 -V & D A-N-ABCL D A-8~-A S
AD
¥ :010
cw
X :010
~ CF
S :0
S
SUM: 10

IN
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ALL PATTERNS ARE PRL-PRUOCESSEN:

I % A-B~A 3 L-&

A B
Y :010to0101v1010
C v
X :0101010101010
EF
S :0
S
SUM:I11L1LLL10
I M
1 :30 A~B-A DB &
A B
Y 0101010101010
C D
X :01010L0L1010UL0
E F
S 30
S
SUMzILLlLLILLLD
I N
Z 3:$C 0 A-3-n §
A 1]
¥ :0101901v0t010t0
o n
X 0101010101010
E F
S ::0
S
SUMs1lillriLto
I N
T % D-C ) A-B-R
A +]
Y :010101010t01LY
c D
X :0L0lo0t0totuio
EF
S :0
S

SUMs1L1l1lllliio
1 1}

Z % C-0-C 0O A-&

A 3]
Y :01010121010t0
C 0
X 0101010101010
E ¢+
S :0
S
SuM:111lLlLtilln
I N

I 38 C-D-C UG
A ]
Y :0tololvulololo

0 A=-B-A B C D A~f-n

D A-8-A B C U A-B-A }

D A-B-A B C D A-83-A

U A-t8=A & C D A-8~A 3

0 A-8-A B C 0 A-B-A %

U A-#—-A B C O A-DB-A 3



c v
X :olototolololo
E F
S 20
S
SUMItLiLLLLLLY
{ N
I :3$ ADC-D-C &
A ]
Y :01010t0101010
c b]
X :0lu0l010101010
EF
S 0
S

SumM:ziLLLiLLLlo
I N

Z % a-A 8 L-D-G
A

. 3]
Y :0101010101Q10
C D
X :0101012101010
CF
S 0
S

SUMs1LLLLTLILLY
I N

Z % L-C~U C D-C

A 8
Y :0l01010101010
c 0
X :0lotoloto0tolo
E F
S 0
S
sumziiLltitiLg
1 N
Z 3 ADC-0C &
A B
Y :Qloloiotorolo
c 0
X 2010101010101V
E F
$ 0
S
SUMzILILLILLLO
i N
Z :$ 8 A D-C-D &
A i}
Y :0tuloivtiolulo
C b
X sol0totoLoLnio
E F
S :0

S

- 219

0 A-83-A B C D A-8-A §

DO A-8-A 8 C U a-0-A $

0 A-8-4 8 C U A-3~A

U A-8=-A 8 C U A-B-A $

D a-¥=-A B8 C 0 A-B-4 3



SUMzLLLRLLLLLD

I N
4 t$ A-B A U-C~-&
A )
Y 0101010101010
C b}
X solototolototo
€ F
S :0
S
SUM:11111111l0
1 N
I 4 :d B-A-8 A D-L
A B
Y 0101010101040
C [H]
X :0l010101l01V10
E F
S 0
S
SuM: 1111111110
1 N
Z 1% C 0-a—-D A &
A i3
Y :0101010101010
C 0
X $0101010101010
E F
S =0
S
SUM:IL111LI1110
I N
Z :3DC B-A-8 &
A B
Y :0101010101010
[ 0
X :0L0L010101010
E F
s :0
S
SUM:11l111LtLlio
1 N

Z :%$ C-D C B-A-&

A 1]
Y s:0t0lotoiotolon
[ )]
X :0101010L010L0
E F
S :0
S
SuM:siLLltllLYO
1 N

- 220

D A~8-A B C D A-8-A 5

0O A-D~A B C D A-b-A $

D A~-A H C D A-B-A 5

N A~-8-A D C D A-b~A $

U A-4-A 6 C U A-DB-A 3

L 1% A A-6E D A--A B C U A-38-2 %

A ]



Y :0101010

c 0
X :0Ll01010
EF
S :0
S
SUMsLl10
IN
Z 8 A=A &
A 8
Y :010t0L190
c ]
X :0101010
E ¥
S :0
S
SuM:1110

N

T % ¥ B-t&

A 8
Y :01i0l1010
C b]
X 0101010
E F
S 0
S
SuMs1Ll0
iN
Z :%$ 89-8 ¢
A B
Y :0101010
C )
X :0i01010
E F
S 0
5
SuM:zl1Llio
IN
I :%$C C-¢
A [+
Y 0101010
c 0
X :0l01010
E ¥
S
S
SUM:LLIO
IN
Z % C-C &
A 3]
Y 20101010
C D
X :otiolo0l0
E F

S z:0

0 A-8-4 0 C 0 A-0-A

D A-3~A B C D A-B-A 3§

D A-D~-A 8 C D A-B-A

0D A-B~A 3 C 0 A-B-A §

U A-3-A 8 C D A-B-A

221



S
SUM: 1110
IN
Z 2% 0D D~&
A 1]
Y 0101010
C. )
X :0l01010
E F
S =0
S
SUM:1tt0
N
Z % 0~-D 8¢
A 2]
Y :01i01010
c 0
X :0lol010
E F
S :0
S
SUM:1110

IN

D A=8~A B C D A-D-A $

D A-8-A 8 € 0O A-0-A

222
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TEXT 1S NUW TU Be PROCESSED
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AFTER MATCHING

L 33 D A-0-A B E&EC~-DCCD A-B-AS

A 8
Y :0101010101010
c )
X :0101010101010
EF
s 20
s

SUMsLL11111LL10
1 N



AFTER MATCHING

I % C D A-B-A L C-0CDC B3

A i)
Y :otolototololy
c V]
X :0loi010101010
E F
S :0
S

SUMz1IL1l111110
| 1

FAILURE

225
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(31

(4]

[5]

[6]

(7]
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(91
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