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Abstract:

THE COMPLEXITY OF DECISION PROBLEMS IN GROUP THEORY
by

Bernard Domanski 

Advisor: Professor Michael Anshel

The computational complexity of a number of decision 
problems for free groups and the groups of Dehn's algo­
rithm are analyzed. Linear time and logspace bounds 
are obtained using a multitape Turing Machine as the 
model of computation. The underlying tool used to pro­
vide some of these bounds is a linear time pattern 
matching algorithm.
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Preface

The computational complexity of a number of group 
theoretic decision problems are analyzed. In particu­
lar, linear upper time bounds are obtained for:

* the Conjugacy Problem for Free Groups, (c.f. 
Chapter 2)

A the Power Problem for Free Groups, (c.f. 
Chapter 3)

^ the Power Conjugacy Problem for Free Groups, 
(c.f. Chapter 4)

* the Word Problem for the Groups of Dehn's Algo­
rithm (the DA groups) (c.f. Chapter 6)

ib the Conjugacy Problem for the Groups of Dehn's 
Algorithm (c.f. Chapter 7)

A space bound of logspace is obtained for the Word 
Problem for the groups of Dehn's Algorithm (c.f. 
Chapter 5).

The model of computation used is a multitape Tur­
ing Machine as defined by Stockmeyer (1974) (c.f. 1.9).

What underlies the solution to some of these prob­
lems is the use of a linear time pattern matching algo­
rithm, originated by Knuth, Morris, & Pratt (1977) , and
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implemented on a multitape Turing Machine by Fischer & 
Paterson (1974) (c.f. sections 2.4 -2.10).

Major Results

Outlined below is an overview of the key defini­
tions, lemmas and theorems in this dissertation.

1. Def

2. Theorem:

The Conjugacy Problem for Free Groups 
(c.f. 1.6) is deciding in a finite number 
of steps whether two words U and V define 
conjugate elements (c.f. 1.4).

Two words U and V are conjugate elements 
in the free group iff the cyclic reduc­
tion (c.f. 1.5) of U is a cyclic permuta­
tion (c.f. 1.6) of the cyclic reduction
of V.

3. Lemma; Given two words U and V of equal length
where U and V are cyclically reduced. 

2Then U = PVQ iff U and V are cyclic per­
mutations (c.f. 2.3).

4. Algorithm to solve the Conjugacy Problem for Free
G roups;

1. Cyclic Reduction of U and V (c.f. 
2.1, 2.2).



-  v i i i  -

Apply the Fischer-Paterson pattern
matching Turing Machine to the 

2string U , using V as the pattern 
(c.f. 2.3 - 2.10) in linear time.
This makes use of lemma 3 in using 
theorem 2.

5. Def: The Power-Problem for Free Groups is
deciding in a finite number of steps 
whether a given word V is equivalent to a

* jfpower of U; i.e. is V=U for some finite 
value of k? (c.f. Chapter 3)

6. Algorithm to solve the Power-Problem for Free
Groups;

1. Free Reduction of U and V. (c.f.
3.3 - 3.5)

2. Insure that no trivial relators can
Jfoccur when creating U .

3. Apply the Fischer-Paterson Turing 
Machine to V using U as the pattern. 
If the length of U is u, then test 
whether the kc^ occurrence of U 
occurs at position kju, for k=l,2,... 
(length of V)/u. (c.f. 3.6 - 3.8)
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7. D e f ; The Power-Conjugacy Problem for Free
Groups is deciding in a finite number of
steps whether a given word V is
equivalent to a conjugate of a power of

-1 kU; i.e. is V = W U W for some word W and 
some finite value of k. (c.f. Chapter 4)

8. Algorithm to solve the Power-Conjugacy Problem for
Free Groups;

1. Cyclic Reduction of U and V. (c.f.
4.2)

2. Determine k, where the length of V
is equal to the (length of U) . 
(c.f. 4.3)

3. Apply the Fischer-Paterson Turing
k kMachine to the string U U using V 

as the pattern. This makes use of
lemma 3 in using theorem 2. (c.f.
4.4 - 4.6)

9* D ec; The Word Problem for the Groups of Dehn's
Algorithm (DA) (c.f. 1.8) is deciding in 
a finite number of steps whether a given 
word W defines the identity element, 
(c.f. Chapters 5, 6)
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10. Def; The complexity bound of logspace is
defined as deciding a problem involving 
an input string of length 2n in space n, 
where space is defined as the number of 
worktape cells visited on a multitape 
Turing Machine (c.f. 1.9).

Algorithm; (Space Complexity for the solution to 
the Word Problem for the DA Groups)

1. Form the symmetric set of defining 
relators (c.f. 1.8).

2. Define the tree structure and 
replacement list for the relators 
(c.f. 5.1).

3. Let m = the number of generating 
symbols (including inverses), and 
let the length of the input be 2n . 
Then k, the base used for determin­
ing the state symbol alphabet, is 
defined as;

2nlog2m

4. Using lexigraphic order, code the 
input onto the worktape in base k.
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5. Whenever a LHS is found, recompute 
the encoding on the worktape using 
the new RHS. This may be done recur­
sively.

6. Define the combination list for the 
state symbol alphabet (c.f. 5.3).

7. Define the Z-list of replacement 
strings for the state symbol alpha­
bet (c.f. 5.3)

8. Input symbols are encoded in
logspace onto worktapes using the 
combination list and the Z-list. 
The replacement list is used to 
replace encoded subwords with their 
corresponding shorter replacements 
(c.f. 5.4). The algorithm halts
when the input is exhausted.

12. D ef: Assume a given DA group has m relators
(both trivial and non-trivial). Let the 
length of the longest Left-Hand Side 
(LHS) (c.f. 6.1) be £.

13. Algorithm; (Time Complexity for the solution to
the Word Problem for the DA Groups)
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1. In parallel, apply the Fischer- 
Paterson Turing Machine to the input 
word, where one machine exists for 
each pattern. The patterns are the 
LHS1s of the relators (i.e., m 
machines in total). (c.f. 6.1)

2. Replace occurrence of LHS1s with
Right-Hand Sides (RHS) (c.f. 6.2)
(and null symbols) thereby shorten­
ing the length of the input.

3. Backup £-l_ symbols from the first 
symbol of the RHS and go to 1 (c.f. 
6.2) .

4. Complexity is of order m*0(p*(length 
of input)). (c.f. 6.2)

De^ : The Conjugacy Problem for the DA groups
is deciding in a finite number of steps 
whether two words U and V are conjugate 
(c.f. Chapter 7).

15. Algorithm for the Conjugacy Problem for the DA 
Groups:

1. Cyclic Reduction of U and V (c.f.
7.2 - 7.3) in time m*0(p2* (length 
of input)).
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2. Apply the Fischer-Paterson Turing
2Machine to U using V as the pattern

as in algorithms 4 and 7. (c.f.
7.4)
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1. INTRODUCTION

In 1911, Max Dehn formulated what have now become 
the three fundamental decision problems in group 
theory, namely the word problem, the conjugacy (or 
transformation) problem, and the isomorphism problem. 
(Dehn, 1911, Magnus, Karrass, Solitar, 1966). Today, a 
great deal of interest has been shown in the area of 
computational complexity where by computational com­
plexity we mean the amount of time and space required 
to solve a problem on some mathematical model of compu­
tation, (where, time and space are defined relative to 
a given model) (Aho, Hopcroft, Ullman, 1974, Stock- 
meyer, 1974) .

What is proposed is to tie these two research 
areas together; that is, to examine the computational 
complexity of some decision problems in group theory. 
To do this, a close examination of the problems in 
group theory is required. Another requirement is to 
examine the notion of computational complexity in terms 
of a mathematical model (i.e., a multi-tape Turing 
machine).

Complexity results are presented for a number of 
decision problems in group theory. These results are 
obtained by using techniques from pattern matching 
(Fischer, Paterson, 1974, Knuth, Morris, Pratt, 1977).
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1.1 Fundamentals in Group Theory

In order to properly discuss decision problems in 
group theory, it seems appropriate to begin with the 
definition of a group and its properties. From Magnus, 
Karrass, and Solitar (1966), comes this definition:

Def: A Group (G,.) is a non-empty set G of elements
a,b,c, ... together with a binary operation . 
defined in G for which the following four postu­
lates are satisfied:

1 - If a,b is an ordered pair of elements of G
(a 5* b or a = b) , then there is a uniquely 
determined element c of G such that 
a . b = c. c is called the Product of a and 
b. Note also that the dot is usually omitted 
and so we write ab = c.

2 - The operation defined by . in G is associa­
tive , i.e., for any elements a,b,c in G we
have (ab)c = a(be).

3 - There exists an element of G, denoted by 1,
for which a . 1 = 1 . a = a, where a is any 
element in G. 1 is called the identity or 
unit element in G.

4 - If a is any element in G, then there exists
an element in G, denoted a  ̂ for which



-  3 -

a . a-"*- = 1 . a-  ̂is called the inverse of a.

In the case that a . b = b . a, we say elements a
and b commute. If all pairs a and b commute, . is
called a commutative operation, and (G,.) is called a 
commutative or abelian group.

Postulates 1 and 2 allow us to define the product 
of a sequence of n elements a(l),a(2), ... ,a(n) which 
is independent of the partitioning of the factors, 
e.g., ( a (1)a (2) ) ( a(3)a(4) ) = ( (
a(l)a(2) )a(3) )a(4). In particular, if
a(l) = a(2) = ... = a(n) = a, the product
a(l)a(2) ... a(n) is denoted by an . By using postu­
lates 3 and 4, the definition of an can be extended to 
the case where n is zero or a negative integer. Define
a0 = 1 and a^ as (a ^)n for positive integers n. It

,, j. m n m+n , , m. n mnrollows then that a . a = a and (a ) = a tor
all integers m and n.

1•2 Length and Inverses

Let a,b,c,... be distinct symbols and form the new 
symbols a-'1', b ^ , c 1 , ... A word W in the symbols
a,b,c is a finite sequence f^ f2 f^ . . .  ^n_]_
where each of the f (v = 1,2, ...n) is one of the sym­
bols a,b,c, ... , a~^, b ^ , c-^, ...; the length of W 
(IWI) is the integer n. For notational convenience, 
the empty word of length zero is introduced and it is



denoted by 1. The symbols in W are written 
W(a,b,c,...).

It is customary to write the sequence of W without 
commas, i.e., f2 . . .  It is also customary
to abbreviate a block of n consecutive symbols a by an ,
and to abbreviate a block of n consecutive symbols a™^

n 3 ? -1 2 1by a ; e.g., the word a b~ b a c is the same as
the word aaabbb ^a ^a ^c but is different from the 

3 -2 -1word a b a  c (For brevity, a is often written
rather than a \  b rather than b^, etc.).

-1 . 2 - 1  -2 Thus aa is a word of length two, a b a  b b
2 -2is a word in a and b of length seven. b e  is a word

in a,b and c of length four and a word in b and c of
length four; 1 is a word in a,b and c of length 0.

The inverse W 1 of a word W, where W is
f, f0 . . . £„ is the word f""1 £_1, ...fT1 where if f1 2  n n n-1 1 v
(v=l,2, ... n) is a (or a- 1 ), then f-1 (v) is a”*1 (or
a), and similarly if £(v) is b or b*"1 , c or c- 1 , etc.
For example,

(aaba"1b_1b“1 )“1 = (bbab“1a“1a"1 ),

Note that the inverse of the empty word is itself:
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Note too, that |W| = |W~^| and = W,
(WU)  ̂ = U ^ , and IWUI = IWI + |UI. For words W and 
1 (the empty word), we have W 1 = 1 W = W.

1.3 Generators And Relators

The notion of a generator and a relator are now 
defined. If every element of G defined by some word in 
a,a \ b , b  \ c , c  \ . . .  then a,a ^,b,b \ c , c  \  . . . 
are called a set of generating symbols or generators 
for G.

A word P(a,b,c,...) which defines the identity 
element in G is called a relator. The equation 
P(a,b,c,...) = Q(a,b,c,...) is called a relation if the
word PQ 1 is a relator, or equivalently, if P and Q
define the same element of G.

In every group G, the empty word and the words
-1 -1 UK-1 .-1. - 1 , - 1  .aa , a a, bb , b b, cc ' c c, etc. are always 

relators; they are called the trivial relators.

Suppose P,Q,R,... are relators of G. The word W 
is said to be derivable from P,Q,R,... if the following 
operations, applied a finite number of times, change W 
into the empty word:

£ Insertion of one of the relators P, P- -̂, Q, 
Q 1 , R, R etc. or one of the trivial rela­
tors between any two consecutive symbols of
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W, or before W, or after W.

* Deletion of one of the words P r Q, Q~^,

R, R-"*-, etc. or one of the trivial relators, 
if it forms a block of consecutive symbols in 
W.

It should be clear that if the word W is derivable
from the relators P,Q,R,..., then W itself is a relator
because the operations defined above, when applied to a
word, do not change the element of the group defined by
the word. Since the empty word is reached, W must
define the identity element of G. For example, let 
2a = 1 be a relator for a given group element a. Then 

the word W = aaa ^aa ^a is derivable by the following 
steps: W = aa 1 a ^a by the trivial relation,
W = aa 1 1 by the trivial relation, and W = 1 by the
given relation.

If every relator is derivable from relators P, Q, 
R, ..., then the set P, Q, R, ... is called a set of
defining relators for the group G on the generators a, 
b, c, ... If P, Q, R, ... is a set of defining rela­
tors for the group G on the relators a, b, c, ..., the 
notation

^a,b,c,... f P ,Q ,R ...>

is called a presentation of G. A presentation of G is
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finitely generated (finitely related) if the number of 
generators (relators) in it is finite. If a presenta­
tion is finitely generated and finitely related, the 
presentation is said to be finite, or the group is fin­
itely presented. Note that presentations are often 
given using relations instead of relators; and at other 
times both relations and relators are used. For exam­
ple,

< a,b; a2 = 1, b2 = 1, ab = ba >

< a,b; a2 , b2 , ab = ba >

2 2 - 1 - 1< a,b; a , b , aba b >

are all interpreted as the last given presentation.

Theorem: There is a unique group with the presen­
tation < a,b,c,... ; P, Q, R, ... >, given a set of
distinct symbols a,b,c,... and a set (possibly empty)
of words P,Q,R,... in a,b,c,... (Magnus, Karrass, Sol- 
itar, 1966) .

1  ̂ The Fundamental Decision Problems in Presentations 
of Groups

Let G be a group defined by means of a given 
presentation. The three fundamental decision problems 
in group theory as defined by Dehn are defined below:



I. For an arbitrary word W in the generators, 
decide in a finite number of steps whether W
defines the identity element of G or not.
This is known as the word problem for the
presentation defining G.

II. For two arbitrary words and W 2 in the gen­
erators, decide in a finite number of steps
whether and W 2 define conjugate elements
of G, where and W 2 are called conjugate

. e-lements if there exists a word such that 
= W 2. This problem of deciding 

conjugacy is called the transformation or
conjuqacy problem for the presentation defin­
ing G.

III. Given two presentations of groups G and G', 
decide in a finite number of steps whether
the groups defined by G and G' are iso­
morphic. This is known as the isomorphism
problem for the presentation defining G.

The word problem (I) has been solved for many
classes of presentations of some specialized form
(Magnus, Karrass, Solitar 1966, Cardoza, 1975, Green-
dlinger, 1960a, presentations in which there are no
non-trivial defining relators (this is shown later)). 
However, there are finite presentations where the word
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problem cannot be solved. That is, there exists a word 
W over the generators for which one can not decide in a 
finite number of steps whether W defines che identity 
element of G (Boone, 1955, Novikov, 1955). Thus, there 
is no algorithm for solving the word problem which will 
work for every presentation.

The conjugacy problem is more difficult to solve 
than the word problem. Note that by choosing to be 
the empty word, the solution to the conjugacy problem 
is the solution to the word problem! Therefore, the 
classes of groups for which the conjugacy problem has 
been solved must include those classes for which che 
word problem has been solved. In fact, even though che 
word problem has been solved for presentacions wich one 
defining relacor (Magnus, 1932), the conjugacy problem 
is unsolved. Recent work in this area has been done by 
Anshel and Stebe (1974).

The isomorphism problem is the most difficult of 
the three problems of Dehn. It has been shown chat 
even if the presencacion is obviously the identity, 
e.g., < a ; a >, the isomorphism problem is unsolvable
(Rabin, 1958) . Thus, it is usually customary to res­
trict the presentations of G and G' co some special 
class. For example, if the presentations for G and G' 
have no non-crivial defining relators, then the isomor­
phism problem can be solved (Magnus, Karrass and
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S o l i t a r , 1 9 6 6 ) .

^ The Word Problem For Free Groups

At this point, the word problem is examined tor a 
special class of groups, called free groups.

The free group, F^ on the n free generators x^, 

x2 ' *** xn' t^e <3rouP w ith generators x^, x2 , ... x^ 
and no defining relators (other than the trivial rela­
tors) . That is, F = <x,, x«, . . .  x >. The word

I I  il

and conjugacy problems for Fn are both solved by using 
the concepts of freely reduced and cyclically reduced 
words.

A treely reduced word x^, x2 , . . .  xn is a word
where the symbols x?, x ^  do not occur consecutively

2for i=l,...n and ]=-l,+l. Thus the words x^x2x^ and
-1 -1 2 -2 X1X2X3X2 X1 are treely reduced, while x^ x2 x2 x3 is

not.

Two words are called freely equal if each is 
derivable from the other in the free group. This is 
denoted as = W 2 . There, = W 2 if can be
transformed into W 2 by finitely many insertions or
deletions of the trivial relators. For example,

2 - 1 - 1 2  „ ,X1 x2 x3 x3 x2 x2 — X1 x2 x3 x2 * Every word m
x^, x2 , . . .  xn is freely equal to some freely
reduced word, because trivial relators can be deleted



-  11 -

until no more remain (Magnus, Karrass, Solitar, 1966).

Thus, to decide if a given word W defines the 
identity in F , freely reduce W. If the result is not 
the empty word, then W does not define the identity, 
and conversely.

A cyclically reduced word in x^ , x^, . . .  xn is
a freely reduced word which does not begin with x? and

-i 2 - 1 2  -1end with • For example, x^ x2 x^ and x^ x2 x^
are cyclically reduced, while x^ x2 x^ x2  ̂ x ^  is not.

1♦6 The Conjugacy Problem for Free Groups

Introduced now is another theorem (Magnus, Karrass 
and Solitar) which is used to solve the conjugacy prob­
lem for free groups. First shown is a process Z for 
cyclically reducing a word. Simply stated, Z first 
freely reduces the word, and then cancels first and 
last symbols, if appropriate. For example,

We define Z inductively as follows:

Z (1) = 1

Z(x?) = xj (i=l,2,...n, j=-l,+l)
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Z(x? U xg) = x? U x^ if i^p £r j^-qi p  i p  '"

= U if i=p and j = -q 

where i,p=l,2,...n; j,q=-l,+l

U is defined a cyclic permutation of
V = x, x_ . . . x if U = V ori 2. n
U = x. . . .  x^ x. x0 . . .  x, , for n>k>l.k n 1 2 k-1

Theorem: If is the free group on the generators 
x^,X2 * . . . x^ then U and V are conjugate elements of 
Fn iff the cyclic reduction Z(U) is a cyclic permuta­
tion of the cyclic reduction of Z(V).

Proof: First suppose that Z(V) is a cyclic permu­
tation of Z (U) . That is

1 S S+l ^DZ (U) = x .1 . . .  x . x.s x . . .  x.p
X1 s s+l p

and -

S + l  D  1 SZ (V ) = X. S 1 . . .  X. P  X . X . . .  X . S
xs+l xp X1 1s

where i^ = 1, 2, ... n for all k; j = +1,-1 for all
k. Then Z(U) = k Z(V) k-1

jl jswhere k = x. . . . x. .
X1

Since Z(U) is a conjugate of U, and similarly for Z(V),
define conjugate elements of Fn ; i.e., U = T V T-^. We
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show chat Z(U) and Z(V) are cyclic ' permutations. Let
T = x?, i = 1,2,...n, j = +1, -1, Consider

Z (x? V xTj) = Z(xlxj1 . . . x^rx"j):1 i l, r

Case I. No cancellation takes place. That is, i i- i^
or j / -j1 and i / if or j / -j . Thus Z (x3 V x”3) =

*i l r____n 1 rZ(x^ x x ... x.x x.J) = X . ... X . = Z(V).
I 11 r X1 r

Case II. Cancellation takes place at both ends; that
is i = i, = i and j = -j. = -j . Thus here 1 r J J1 Jr

i -i 3 2 -̂ r-1Z(xJ. V x.J) = Z(x. . . .  x. ). Note thac
I I  z2 r-1

Z (V) = Z (x.1 x.^ . . . x.r”''' x. '1‘) (by the premise
X1 X2 Xr-1 X1

that cancellation takes place at both ends), which is
32 3 r-1equal to Z(x. ... x. ). So again
x2 1r-l

Z (V) = Z(x3 V xT^) .

Case III. Cancellation takes place only ac the left
end. That is i = i^ and j = “ j^r but i 5* i or

"i —i 2 r 1j i- -j . Z(xi V x . ) = x. . . .  x. X. , whiler 1 x i2 1 r 1

Z (V) = x.1 . . . x.r. Here Z[x3 V x.-̂ ) is a cyclic1 4 X X X1 r
permutation of Z(V).

Case IV. Cancellation takes place only ac che righc
end. Thac is, i = ir and j = j but i ¥ i^ or j i- ~j]_-

r l  ̂r-1Thus Z{x\ V X.3) = Z(x. x . . . .  x . x) =
1 1  xr X1 r-1
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jr jl 3 r-1x. x. . . .  x. , and this is a cyclic permuta-
X1 1r-l

jl jr ji jrtion of Z(V) = Z(x. . . . x. ) = x. . . . x. .
X1 r X1 r

Thus, in all four cases, Z(x? V xT-̂ ) is a cyclic permu­
tation of Z(V). This shows that Z(V) is a cyclic per­
mutation of Z(T V T -^ ) whenever T has a length of one.

Assume now the inductive hypothesis that
Z(K V K-1) is a cyclic permutation of Z(V). Then, by

“1 — 1 — -nthe above four cases, Z(x^ K V K x^J) is a cyclic 
permutation of Z (K V K ^ ) and so Z(x? K V K  ̂ x ^ )  is a 
cyclic permutation of Z(V). Q.E.D.

1.7 Related Problems

The Power-Problem for Free Groups is deciding in a 
finite number of steps whether a given word V is
equivalent to a power of a given word U; i.e., is
V = U for some finite value of k.

The Power-Conjugacy Problem for Free Groups is
deciding in a finite number of steps whether a given
word V is equivalent to the conjugate of a power of U;

-1 ki.e., is V = W U W for some word W and some finite 
value of k. These problems are examined in later
chapters.
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1•® The Groups of Pehn's Algorithm

In free groups, che solution to the word problem 
is obtained by a relatively simple algorithm which can 
be described as a monotonic reduction process: given W, 
a non-empty word in the generators of G which defines 
the identity element, one can replace a subword if W by

Ia shorter word and thus derive a new word, W , of 
shorter length than W which still defines the identity 
element. Furthermore, the allowable replacements for 
the subword come from a finite list.

Dehn, in 1912, discovered a class of groups (other 
than the free groups) whose word problem is also solved 
by a monotonic reduction process (see Magnus, Karrass, 
Solitar, 1966). Dehn's solution, however, was a 
geometric one. Greendlinger (1960) , discovered an 
algebraic solution to the problem. We introduce here 
the concepts that define what we call the groups solv­
able by Dehn1s algorithm, i.e., the DA Groups.

From Magnus, Karrass, Solitar (1966), we get the 
following definitions:

Let G be a group on the generators a^, a2, . . .
and let Ru (u=l,2,3,...m) be a finite set of defining 
relators for G in the generators. The relators Ru have 
the following properties:
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The R u are cyclically reduced and non-empty.

A For every relator Rq in Ru , the set of defining
relators R u also contains RQ  ̂ and all the cyclic
permutations of R and R-'*'.e e

We call such a set of defining relators, a
symmetric or symmetrized set. Every finite set of 
relators can be replaced by a symmetric set (involving 
the same generators) as follows: add the missing
inverses to the set of relators, cyclically reduce all 
the relators thus far derived, and then add all the 
cyclic permutations. Thus, symmetric sets are closed 
under the operations of inverses and cyclic permuta­
tions .

If is a symmetric set of defining relators
for G, where G is a DA-group, we can solve the word 
problem for G by the following monotonic reduction pro­
cess :

1. Find a syllable (subword) V of W such that V is 
identical with a syllable of one of the relators 
RW^(RU}, such that IVl>jlRw l.

2. Replace V with the inverse of the remaining seg­
ment of the relator R , thus reducing the length 
of the word W.
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3. Continue this process until either

a. the word has been reduced to the identity
element (length 0) in which case W =1, or

b. No subword V of W matches a subword of a
relator R such that |V|>i|R I. In thisw 2 w
case, W ^ l .

This algorithm describes how W is freely reduced 
for the DA groups denoted as free R-reduction. Green- 
dlinger (1960) applied this monotonic reduction process 
ro certain classes of presentations of groups solvable 
by Dehn's algorithm (see Magnus, Karrass, Solitar, 1966 
for a discussion of less than 1/K groups).

The Conjugacy Problem is solved in a straightfor­
ward manner for these groups. Words U and V are first 
cyclically reduced. This is done by first free R- 
reducing them and then cancelling occurrences of rela­
tors that begin at the right and end at the left. The 
remaining word is called cyclic R-reduced. Finally, if 
U and V are cyclic permutations, then we conclude that 
they are conjugate elements.

1.9 The Model of Computation

The complexity of an algorithm is defined as the 
amount of "time" and "space" required by the algorithm 
that solves the given problem. To define "time" and
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"space", a model of computation is needed. Here, a 
multitape Turing Machine as described by Stockmeyer 
(1974) is used as the model. Note that the multitape 
Turing Machine is not the only model of computation 
that is available (i.e. RAM, RASP, etc.). More infor­
mation concerning these alternative models of computa­
tion is contained in Aho, Hopcroft and Ullman (1974).

For the sake of brevity, a multitape Turing 
Machine is abbreviated TM. On a TM, the tapes which 
handle the input/output processes are separated from 
the tapes which serve as memory. Every TM consists of 
a finite state control and K+2 tapes (K>0): an input
tape, K worktapes, and an output tape. The tape head 
that reads the input tape is read-only and moves two 
ways (left and right). The worktape heads are read- 
write, two way, and the output head write-only, right 
moving. See diagram 1.
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*\V\ -tcx-pe.
A

A .

"ZS“

worktapes

ou t p u t .

Diagram 1

Depending upon the current state of finite control 
and the symbol being scanned, the TM may, in one step,

to change state,

* print new symbols where worktape and output heads 
are located, and

■to shift tape heads to allowable adjacent positions.
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The time required for a TM to complete its compu­
tation is defined as the number of steps executed by 
the TM. The space used by a TM is defined as the 
number of different worktape cells visited by the TM 
during the computation.

Given input of length n f we define

linear time (0(n)): The Turing Machine executes c*n
steps in the course of its computation for 
some constant c>l.

real time Linear time where c=l.

log space (0(log n)): The Turing Machine visits
c*(log n) worktape cells during the course 
of its computation.

1.10 A High-Level Notation for Expressing Turing 
Machine Algorithms

This section introduces some standard high-level 
language notation which makes the presentation of Tur­
ing Machine algorithms simpler. The reader interested 
in work of this kind should consult (Knuth, 1969).

The contents of a Turing Machine (TM) tape W as 
denoted as an array of symbols. Thus, the symbol being 
scanned by tape head H on tape W is denoted W(H). When 
presenting the contents of a TM tape, Hs implies tape
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head H is currently reading the symbol s. For example: 
W: 12H34. Here, the contents of tape W is 1,2,3, and 
4, and W(H)=3.

Moving a tape head H right one position is denoted 
by H=H+1, and moving left one position by H=H-1.

A DO WHILE loop is used to imply repeating a set 
of instructions while some condition remains true. For 
example:

. -1= 1 ;

DO WHILE (I<4);
1=1+1 ;

END;

I will be incremented a total of 3 times during 
execution of this loop, leaving I with a final value of
4.

An IF-THEN-ELSE statement is used to denote condi­
tional execution of certain operations. For example:

1=2 ;
IF I<4 THEN 1=1+1;

ELSE 1=0;

In this example, I would have a final value of 3. Had 
I been initialized to 10, I would have a final value of 
0.
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These statements can be combined to define 
complicated operations. For example:

IF I <4
THEN DO; 1=1+1;

J=J-1;
END;

ELSE DO WHILE (J>10);
1=1+1 ;
J = J - 5 ;

END;

more
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2* THE t i m e  c o m p l e x i t y  o f t h e  c o n j u g a c y  p r o b l e m  f o r 
FREE GROUPS

A linear upper time bound is shown to exist for 
the solution to the conjugacy problem for free groups.
The algorithm uses a multitape Turing Machine as the
model of computation, as well as techniques from pat­
tern matching.

2.1 Cyclic Reduction of Input

The first phase of the algorithm cyclically 
reduces the input words U and V. This is done in
linear time. Assume the input is coded as follows on
the input tape: (blanks) V$U& (blanks). The input head 
initially is positioned under the leftmost symbol of V.

The same algorithm can be applied to cyclically 
reduce U as well as V. Thus, an algorithm is described 
which cyclically reduces any one word, W of length m, 
in time 0 (m). This algorithm will be modified so that
it works on our input string V$U&.

Given the input W$, where $ is a marker symbol,
the algorithm requires two worktapes. This algorithm
consists of two parts: a) freely reducing the input and 
b) cancelling first and last symbols wherever possible.

Consider part a, freely reducing W. Assume the 
input tape and one worktape are configured as follows:
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INPUT: IXP X3 . . . X 2$1 2  n

WORKTAPE (W): Hb

Let HX denote that tape head (H) is currently
scanning the symbol X. Let b denote a blank symbol.

Step 1 of the algorithm copies the first symbol of 
the input tape onto the worktape. The input head then 
moves right one position.

W(H) = INPUT (I);
I = I +1;

The following procedure outlines the next m-1 
steps of the algorithm. Assume the input symbol
currently being scanned is X? and the worktape symbol 
on the worktape currently being scanned is X^ . Con­
sider the following:

Case a) i=k and j=-l
We want to cancel these two symbols. There­
fore, 1) erase the current symbol being 
scanned on the worktape, 2) move the worktape 
head left one position, and 3) advance the
input head right one position.

Case b) i^k or j=l
This implies adjacent symbols have been
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scanned which do not cancel. Hence, 1) 
advance the worktape head right one position, 
2) write X? onto the worktape, and 3) 
advance the input head right one position.

In each step, the input head is advanced one posi­
tion to the right, and inverse symbols are erased wher-

I
ever possible. The algorithm produces W , the freely 
reduced version of W, on the workcape when the delim­
iter is scanned, in this case, the $ symbol. Thus, 
this algorithm operates in real time (m steps).

DO WHILE (INPUT (I) f $);
IF W (H) = - INPUT (I)

THEN DO; W(H) = b;
H = H-l;
I = I +1;

END;
ELSE DO; H = H+l;

W(H) = INPUT (I) ;
I = 1+1;

END;
END;

The action of the algorithm is illustrated below
w h e n

2 2 - 1  -2W = x 2X lXl X 2X 2X 2 . The contents of both the input and 
worktapes are displayed at the conclusion of each step.
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(I = Input Tape; W = Work Tape)

step 1 INPUT: X 2IX2X 1X1X^1X2X3X21X~1$
W: HX„

step 2 
(case b)

INPUT: X2X2IX1X1X“1X2X3X21X21$
W: X2HX2

step 3 
(case b)

INPUT: X2X 2X 1IX1X"1X 2X3X21X 21$
W: X2X 2HX x

step 4 
(case b)

INPUT: X2X 2X1X1IX"1X 2X3X21X 21$
W: X2X 2X1HX1

step 5 
(case a)

INPUT: X2X 2X1X1X^1IX2X3X21X 21$
W: X2X 2HX x

step 6 
(case b)

INPUT: X2X 2X1X1X"1X 2IX3X21X 21$
W: X 2X2X1HX2

step 7 
(case b)

INPUT: X2X 2X 1X1X”1X 2X3IX21X 21$
W: X2X2X1X2HX3

step 8 
(case b)

INPUT: X2X2X 1X1X“1X2X 3X21IX21$
W: X2X 2X 1X2X3HX2-1

step 9 
(case b)

INPUT: X2X2X1X1X“1X 2X 3X“1X21I$
W: X2X2X 1X2X3X21HX21

At this point, the delimeter symbol $ is scanned, 
and the algorithm halts with the freely reduced version 
of W, W ' , on the worktape, which has been produced in
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real time (9 steps).

Next W' is cyclically reduced. This is accom­
plished by using a second worktape whose head is called 
J. When the $ from the input tape is read, 1) worktape 
head 1 and the input head are moved right one position, 
and 2) a $ is written onto both worktapes. A copy 
backwards operation is then performed; that is, both 
heads are moved left and the symbols from worktape 1 
are copied onto worktape 2. This procedure is repeated 
until a blank is scanned. This operation requires at 
most m+2 steps.

H=H+1;
1=1+1 ;

W1 (H) = $;
W 2 (J ) = $;

DO WHILE (W1 (H) ? b) ;

H=H-1;
J=J-1;
W2 (J)=W1 (H) ;

END;

To illustrate, we continue with the present exam­
ple. Only the states of the two work tapes (W1 and W2) 
are shown.
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step 1: INPUT: X ^ X ^ X ’- ' -X^X^X"1 $1
Wl: X2X2X 1X2X3X~1X“1H$
W2: J$

Copy-backwards
step 2 Wl: X2X 2X1X2X3X 21HX21$

W2: JX21$

step 8 Wl: HX2X2X1X2X3X 21X21$
W2: JX2X2X1X2X3X-1X;1$

step 9 Wl: HbX2X2X 1X2X 3X 21X21$
W2: JbX^X^X,X0X 0X“1X”1$

(stop)
2 2 1 2 3 2  2(Note: b is a Blank square)

Next, the worktape heads are positioned at oppo-
Isite ends of the two copies of W . This requires 

that worktape head J moves right one position at a time
f

over W until the delimiter symbol, $, is found. 
Worktape head J is then moved left one position (scan­
ning the rightmost symbol of W ' ) and worktape head 1 is 
moved right one position (scanning the leftmost symbol 
of W' ) . This operation requires at most: m+2_ steps.

DO WHILE (W2 (J) 7* $) ;
J=J+1;

END;
J = J -1;
H=H+1;
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Continuing with the example, the configuration of 
worktape 2 is displayed:

step 1 W2: JX2X2X1X 2X 3X 21X“;L$

step 2 W2: X ^ X ^ X ^ X ^ X " 1 $

step 7 W 2 : X ^ ^ X ^ X ^ J X ^

step 8 W2: X ^ ^ X ^ X ^ X " 1 J$

step 9 Wl: HX2X 2X1X2X3X21X21$
W 2 : X 2X 2X 1X2X3X21JX21$

A third worktape is used which contains the final 
cyclically reduced word W whose head is named K.
Recall that the tape heads are positioned at opposite
ends of w1 . X? from worktape 1 is compared with X?;X K
from worktape 2. Consider the possible outcomes:

Case a) i=k and j=-l
This implies that the two symbols being 
scanned are inverses and should be cancelled. 
Here 1) worktape head H is moved right one 
position, and 2) worktape head J is moved 
left one position.
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DO WHILE (Wl(H) f $) ;
IF Wl (H)=-W2(J)

THEN DO; H=H+1;
J=J-1;

END;

Case b) i^k or j=l
This implies the two symbols being scanned 
should not be cancelled. In this case 1) the 
symbol scanned from worktape 1 is written 
onto worktape 3 f 2) worktape heads 1 and 3 
are moved right one position and 3) worktape 
head 2 is moved left one position.

ELSE DO;
W3 (K ) =W1 (H) ;

H=H+1;
K=K+1;
J=J-1;

END;
END;

Case c) $ scanned from worktape 1
This implies each symbol on the worktapes 
have been scanned, and thus, the algorithm 
halts. Worktape 3 contains W " , the cycli­
cally reduced version of W.
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To illustrate, the example is continued, showing 
the states of the three worktapes at the conclusion of 
each step.

step 1 Wl: X 2HX2X1X 2X 3X21X 21$
(case a)

W2: X jX jX ^ X jJ X ^ x ;1?
W3: Kb

step 2 Wl: X 2X 2HX1X2X3X21X 21$
(case a)

(case b)

(case b)

W 2 : X2X2X1X 2JX3X21X21$
W 3 : Kb

step 3 Wl: X 0X„X. HX0X-1X“1X“1$
(case b) z z 1 ^ J * *

W2: X2X2X1JX2X3X;iX;i$
W3: X ^ b

step 4 Wl: X 2X 2X1X2HX3X21X 21$
W 2 : X2X2JX1X2X3X21X21$
W3: X 1X2Kb

step 5 Wl: X 2X 2X1X2X 3HX21X 21$
W2: X j J X j X j X jX jX ^ X ^ S

W3: X 1X2X3Kb

step 6 Wl: X X0X1X9X7X"1HX~1$(case a) t t s t t
W2: JX2X2X 1X2X3x;iX-i$
W3: X xX2X3Kb

step 7 Wl: X 9X9X 1X 9X-.X“1X 91H$(case a) * a i * j z *
W 2 : JbX2X2X1X2X3X2 X^ $
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W 3 : X 1X2X3Kb
At this point the $ is being scanned on worktape 1 

and worktape 3 contains W ”.

The complexity of this operation is examined. Ac 
each step, worktape head 1 is moved right one position 
until the delimiter symbol is found. Thus, since work­
tape 1 contained at most m symbols, this operation 
requires at most m steps. Summarizing, if string W$ 
has length m+1, it can be cyclically reduced W in time 
at most (m) + (m+2) + (m+2) + (m) = 4m+4 steps.

2.2 Procedure for Determining Cyclic Permutations

The changes required to the above algorithm to 
cyclically reduce the input string V$U& are now summar­
ized.

First, V$ is freely reduced exactly as outlined 
above. Worktapes tapes 1, 3, and 5 of the TM are used, 
where tape 5 will contain V", the cyclically reduced 
version of V, with head 5 positioned at the first blank 
square past the rightmost symbol of V". Next, the pro­
cessing of the input tape continues by cyclically 
reducing U&. Here, tapes 2, 4 and 6 are used as the 
three worktapes, with tape 6 eventually containing U", 
the cyclically reduced version of U. As a trivial 
modification to the algorithm, an & is used as the del­
imiter symbol instead of a $. Note that worktape head
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6 is positioned one square past the rightmost symbol of 
U".

To illustrate these changes to the algorithm, let 
2 2 - 1  -2V = X 3X^X3 X2X 3X 2 (the value of W in our previous 

example) and let 
U = X 3‘*'X2X2'*'X2X 3X 1X3. Let the heads of rapes Wl 

through W 6 be named H, J, K, L, M, N respectively. 
Initially,

INPUT: IX2X2X1X 1X-1X 2X3X^1X-1 $ X ' ^ X ^ X ^ X ^  &

Wl, W2, W3, W4, W5, W 6 : b

After cyclically reducing V, the configuration of 
the tapes is:

INPUT: X j X j X j X j X ^ X j X j X ^ x '1 $ I X ^ X j X ^ X j X j X ^ j  &
Wl: X jX j X ^ X j X ^ X ^ H S

W3: KbX2X2X 1X2X 3X 21X21$
W5: X 1X2X 3b (V")

W2, W4, W 6: b

Next, the contents of the tapes after cyclically 
reducing U is shown below:

INPUT: X ^ X ^ ^ X ^ X ^ ^ 1 $ ^ X ^ ' ^ X - j X ^  &IbX3 &Ib 
Wl, W3, W5: as before 

W2: X“1X2X 3X 1X3 J &
W4: LbX31X2X 3X 1X 3&
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W6: X 2X3X1Nb (U")

To proceed with the algorithm, U" and V" must have 
equal lengths, say n. As a first step, heads 5 and 6 
(M,N) are moved left one position so they are posi­
tioned at the rightmost symbols of

I IV and U respectively. Then, the TM scans left 
one position at a time on both tapes 5 and 6. This is 
continued until a blank square is encountered on either 
cape. If a blank is found on one tape and not on the

I Iother, U and V are of unequal lengths, and hence 
cannot be cyclic permutations. Therefore U and V are 
not conjugate elements.

M=M-1;
N=N-1;
DO WHILE (W5 (M) f b);

IF W6(N)=b FAILURE;
ELSE DO; N=N-1;

M=M-1;
END;

END;

On the other hand, if blanks are found on both
I Icapes 5 and 6 ac che same time, U and V are of 

equal length, and che TM goes on co che cyclic permuta­
tion phase of the algorithm. Ac this point both tape 
heads are moved right one position.
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IF W5(M)=b & W6(N)=b 
THEN DO; M=M+1;

N=N+1;
END;

To illustrate this "length checking" phase, con­
sider the example acting upon tapes 5 and 6:

Initially W5: X-^X-jMb (V')
W 6 : X 2X 3X 1Nb (U *)

step
1 W5: X^X2MX3 (move left when non-

W6: X 2X 3NX3 blanks are scanned)

2 W5: X 1MX2X 3
W 6 : X2NX3X1

3 W5: MX1X2X3
W 6 : NX2X3X1

4 W5: Mb X^X2X 3 (move right when blanks
W6: Nb X 2X3X^ are scanned)

5 W5: MX1X2X 3
W 6 : NX2X3X1

The complexity of the checking of the length of U"
I Iand V" is simply length of U (or V ), which has an

upper bound of n, if |U| = |V| = n. Thus complexity =
n+2.
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A slight modification to the length checking phase 
of the algorithm is needed to ease the future operation 
of the TM. While passing left over tape 6 (U"), the TM 
will make a copy of U" on another tape, say tape 2. To 
do this, head J is moved in the same direction as head 
N and is moved whenever head N moves. However, when 
head N is reading a symbol, that symbol is written on 
tape 2. Recall that worktape head J is positioned at 
the & just right of the freely reduced version of U at 
the start of this copy operation. Note, we no longer 
need the freely reduced word on worktape 2.

Consider the following example:

Initially, W2: X“1X2X 3X1X3J&
W5: X1X2X3Mb
W 6 : X2X 3X1Nb

step
1 W2: X3^X2X 3X^JX3& (move all 3 heads left)

W 5 : X1X2MX3
W 6 : X2X3NX1

2 W 2 : X31X2X 3JX1X1&
W5: X lMX2X 3
W6: X2nX3X 1

(X^ from W6 was 
written onto W2 before
moving left)

3 W 2 : X31X 2JX3X 3X1&
W5: MX1X 2X 3
W6: NX2X 3X 1

(X3 from W6 was 
written onto W2 before
moving left)
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4 W2: X ^ J X ^ j X ^ X ^ S  (X2 from W6 was
W5: Mb X^X2X^ written onto W2 before
W6: Nb X 2X3X l moving left)

5 W2: X^bJX^^X^St (the b from W6 was
W5: MX^X2X^ written onto W2 before
W6: NX2X^X^ moving right)

Thus, if |U"I = |V" |, the tapes are configured in 
the following manner at the the length checking:

t
tape 2: JU & (the head points to the

leftmost symbol of U")

I
tape 5: MV (the head points to the

leftmost symbol of V")

Itape 6: NU (the head points to the
leftmost symbol of U")

The final operation performed before checking for 
cyclic permutations consists of making V" & U"U" the 
contents of worktape 1. The reason for this becomes 
clear in the next section. For the moment, recall that 
worktape head H is currently positioned at the $ just 
right of the freely reduced version of V.

This phase of the algorithm begins by moving work­
tape head H right, and copying one position of V" at a 
time onto worktape 1 until a blank is encountered on
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worktape 5. This cakes IV"I steps, which is at most n. 
Next, an & is written onto worktape 1, taking 1 step. 
Next, U" is copied from worktape 2 onto workcape 1, 
using the & as the delimeter. This takes |U"I steps, 
which is at most n. Next, U" is copied from tape 6
onto tape 1, taking at most n steps. Here, the blank
on tape 6 is used as the delimeter. Finally, tape head 
1 is positioned at the leftmost symbol of V". This
means passing che head left over V" & U"U" until the $
is found, and then moving tape head 1 right one square. 
This last operation requires |V"I + 1 + |U"I + |U"I 
steps, which is bounded by n+l+n+n = 3n+l.

H=H+1;
DO WHILE (W5(M) ^ b);

Wl (H)=W5 (M) ;
H=H+1;
M=M+1;

END;

Wl (M) =&;
*1=M+1;
DO WHILE (W2 (J) j- &) ;

Wl (H)=W2 (J) ;
J=J+1;
H=H+1;

END;
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DO WHILE (W6 (N) J b) ;
Wl (H) =W6 (N) ;
H=H+1;
N=N+1;

END;

DO WHILE (Wl (H) ? $);
H=H-1;

END;
H=H+1;

To illustrate the final phase of the setup algo­
rithm, consider the example below:

Initially Wl: (non-blank symbols) H$
W2: (non-blanks) bJX2X^X^& (U )
W5: M X 1X 2X 3 (v')
W 6 : NX2X 3X1 (u')

For brevity, che leftmost non-blank symbols on 
tapes 1 and 2 will no longer be considered.
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step
1

3

4

5

6 

7

8

Wl: $HX1
W5: X 1MX2X 3
W2, W 6: no change

Wl: $X1X2HX3
W5: X1X 2X 3Mb

Wl: $X1X2X 3H&
W5: X 1X2X3Mb
W2: bJX2X 3X 1&
W 6 : NX2X 3X 1

Wl: $X1X2X 3&HX2
W2: X2JX3X 1

Wl: X1X2X 3&X2HX3
W2: X2X 3JX1

Wl: $X1X 2X 3&X2X3HX1
W2: X2X 3X 1Jb
W 6 : NX2X 3X x

Wl: $X1X2X 3&X2X 3X 1HX2
W 6 : X2NX3X 1

Wl: $X1X2X 3&X2X3X1X 2HX3
W 6 : X2X3NX1

(copy V from W5 
onto Wl)

(no change)

(X2 copied from W2)

(X3 copied from W2)

(X^ copied from W2)

(X2 copied from W 6 )

(X3 copied from W 6)



10 wl: $X1X2X 3&X2X3X1X 2X 3HX1 ^  copied from W6)
W6 : X2X3X 1Nb

11 Wl: $X1X2X3&X2X3X1X 2HX3X 1

(move head left at each step)

20 Wl: H$X1X2X 3&X2X 3X1X 2X 3X1

21 Wl: $HXn X0X 0&X_X0X,X_X0X.1 2  3 2 3 1 2 3 1

= $H v' & u' u'

Note that on tapes 2, 5 and 6 , the heads are now posi­
tioned to the right of the last X^ .

The following summarizes the complexity of cycli­
cally reducing che input:

Reducing V using tapes 1, 3, 5 
Reducing U using capes 2, 4, 6

ILengch checking and copying U onco Cape 2
I I IMaking V &U U on work cape 1

Thus, Che upper bound on Che enCire operaCion
15n+12.

2.3 The Cyclic Permucacion Problem for Free Groups

For nocacional convenience, U ” and V ” of che pre­
vious secCion will now be referred Co as U and V
respeccively.

4n+4
4n+4
n+2
6n+2
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Fundamental Lemma: Let U and V be two words in the free
generators of a free group F. Suppose U and V are
cyclically reduced with |U| = IV| =n. Then there exist
two words P and Q in the free generators of F such that
IP I + IQI = n and 

2U = PVQ, lft U and V are cyclic permutations of each 
other.

Proof: (1) Given that U and V are cyclic permutations
of each other. There exist syllables (words) P and Q of

2U and V such that U = PQ and P = QP. Thus, U
= (PQ) (PQ) = P(QP)Q = PVQ. Obviously |P| + IQI = n

since |P| + |Q| = IPQ| = |U| = n.

2(2) Now suppose that U = PVQ. We have
IP1 + IQI = n since 2n = | U 2 I = |PVQ| =
IP I + IV| + |Q| = |P| + n + |Q|. Let |P|=p, and lQl=q.

2 2 Since U = PVQ the first p symbols of U must be
the same syllables as the first p symbols of PVQ,

2namely P. Similarly, the last q symbols of U must be
the syllable Q. Thus U = PQ since P + Q = n. Hence
V=QP since U2 = (PQ) (PQ) = P(QP)Q = PVQ.

The above lemma is used to solve the cyclic permu­
tation problem for free groups freely presented as fol­
lows: given U and V, the algorithm searches for the

2existence of V in the string U . If it exists, U and 
V are cyclic permutations, (hence, conjugate elements)
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otherwise they are not.
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2.4 Pattern Matching on a Turing Machine

What the problem has reduced to is a straightfor­
ward problem in pattern matching: finding an occurrence 
of one string within another in linear time. Knuth, 
Morris and Pratt (1977) present an algorithm which
finds all occurrences of one string within another in 
running time proportional to the sum of the lengths of 
the strings. For the conjugacy problem, this would be 
IV| + 2  |U| which is 0(n). Fischer and Paterson (1974) 
show that the Knuth, Morris and Pratt algorithm can be 
implemented on a Multitape Turing Machine in linear 
time. What remains to be shown, then, is the Fischer
and Paterson Turing Machine implementation for the con­
jugacy problem. We shall now carry out the application 
of that machine. We give an example of the implementa­
tion of this algorithm.

2.5 Backround

Given a text string X=XQX 1...X^ , and a pattern
string Y=Y. Y....Y , where both X and Y are words0 1 P
over the same finite alphabet 2 t the task is to find 
i, where t£i<p such that 
Y=[X. ...X.]; that is, Y is a consecutive substringi p i
in the text X. The method traditionally used to search 
for a matching pattern meant searching at every start­
ing position of text, abandoning the search as soon as
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an incorrect character is found. When this "mismatch" 
occurs, the pattern is "backed up" to its beginning and 
the text is "backed up" to the next character to be 
used as a start for comparisons. This traditional 
algorithm is inefficient, for example, consider aaaab 
in aaaaaaaaab. The complexity of this algorithm is 
0 (n2) .

2.6 Knuth, Morris, Pratt Algorithm

The key idea to the Knuth, Morris, Pratt algorithm
is that if a segment of the text (in our case 

2U ) has successfully been marched with an initial 
segment of the pattern (V) before reaching an inequal­
ity, then it is unnecessary co read those symbols of 
the text again, since they are the same as the symbols 
of the pattern segment. The procedure used by the 
Knuth, Morris, Pratt algorithm carries out che first 
comparisons for the next relative position of the pat­
tern V, by comparing V with a segment of itself, and 
these comparisons can be precomputed once at the begin­
ning. This precomputation is very quick and has the 
same form as the main computation icself.

2.7 A Theoretical Description of the Algorichm

Given a word Z=Zq...Zc , the function P for 
i=0 ,l,...t is defined by P (i) = max {sI
Zg...z = Z i_s ...Zi }. It is not difficulc to verify
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K r hthat P (i) = the K largest s such that
Zn...Z_ = Z. ... Z . , where PK (i) notes the composi- u s i - s  1 ’

tion of P with itself K times. Thus,
P°(i) = i and PK+1 (i) = P(PK (i)) . Consider che 

following recursive definition for P:

P (0) = -1

1= P (i) + 1  for 0£i£t where k is 
I the smallest inceger >0 such that

p(i+1) * z = zk i + 1 *
I [p ( i )  + 1 ]' 1 1

lcl=-l if P (i) = -1

Described below are che implicacions of chis
recursive definition for P. Initially, define P(0) as 
-1. Next, consider P(i+1), to illustrate whac the
recursive definition implies, consider the following

string Z a b a b
position 0 1 2 3

P - 1 - 1 0 ?

Assume the values for P(0), P(l), and P(2) are
given as above. The value for P(3), will be compuced, 
which implies i=2 .

The recursive definition says to check whether
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[P1 (2 ) + l ] 
= > Z [0+l] Z3

In this case, Z^ = Z^ (b=b). Thus, the defini-

Zq Z^ = Z2Z3 i uPon a cl°se examination of the algo­
rithm, one sees that information obtained previously 
was used; namely that P(2) = 0. The value of P(2)
implies that ZQ = z2« Thus, the definition merely says 
to check whether 

Z1 = Z3 would imply

Consider the outcome when events don't work out 
quite so well:

position 0 1 2  3 4 5 6
string z a b a a b a b

In this example, the value for P(6 ) will be found, 
implying the i of the definition is 5. First we check 
to see if

tion for P says P (i)+l is used as the value for
P (i+1) , which is 
P*(2)+l = 1. Thus P(3) = 1 which implies

P - 1 - 1 0  0 1 2  ?

Z
[P1 (5) +1 ] Z 5+1

= > Z3 Z6 (a^b)
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In this case Z ^ Z r , the value of k is incremented
3 o

by 1. This implies the algorithm will try to find a 
smaller value of s such that

z 2 P (5 ) +1 ]
=> Z [P (P (5 ) ) +1 ]
=> Z [P(2)+1] =
=> Z [0+l] = Z
=> Z 1 " Z 6

In this case, Z1=Zg, thus the value of 1 is
assigned to P(6 ), implying ZgZ^ = z 5Zg. What the algo­
rithm made use of in this case was the second largest 
value of t such that
Zn ...Z = Z. ...Z.; namely,0 s l— s i 1

Zg. ..Zq = Z5_Q..,z5 (a=a) ! This second largest value
of s was obtained by using
P Z (5) = P (P (5)) = P(2) = 0 1 Recall that the algorithm
is always looking for a substring match starting from
the beginning of the pattern (ZQ).

A complete example is shown below.

position 0 1 2 3 4 5 6 7 8
string Z a b a a b a b a a
P -1 -1 0 0 1 2 1 2 3
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P (2)=0 => ZQ = Z2 (a=a)

P (3) =0 => ZQ = Z3 (a=a)

P (4) =1 => ZQZ1 = Z3Z 4 (ab=ab)

P (5 ) =2 => zqZ1Z 2 = z3Z4Z5 (aba=aba)

P (6 )=1 => ZQZ1 = Z5Zg (ab=ab)

P (7) =2 => ZnZ.Z„ = ZJLcZn (aba=aba)U 1 £. 3 0 /

P (8 ) =3 => Zoz lz 2Z3 = Z5Z6Z7Z8 (abaa=abaa)

Since P(j+1)-1 < P (j)<j for all j, the value
for P(i+1) may be computed in time less than
C.(P(i) - P(i+1) + 2) for some constant C, provided
that the string Z and the values of P (j) for j<i are
readily accessible. To show this, consider the worst
case example: P(i+1) will be assigned the value of -1
because there is no K such that Z T, = z . ,.rpK 1+1.

LĴ (i) +1 ]
Here, the following comparisons are made:

ZP(i)+l wlth Zi+1

Z „ with Z.,. at most
p 2 (d + i  1+1

C.(P(1)+1)

comparisons



-  50 -

ZP (0) +1 With Zi+1

When all of these fail, -1 is assigned to P(i+1). 
Thus, at most
C.(P(i)+l +1) = C.(P(i)+2) operations are required. 

The expressions yield che following:

C. (P (i) - P (i+l)+2)

=C . (P ( i) - (-1) +2)

=C.(P(i)+3) which is greater than C.(P(i)+2).

Therefore, the K of the recursive definition of P 
satisfies
P ( i)-P (i+1 )+2>K>d.. Thus, the total running time of the 

algorithm is bounded by
C.(P(0) - P (t)+2C(t+l)) = 0 (t) .

For the original problem, define V as V....Vl n
and U as U^...Un . Therefore, to solve che conjugacy
problem, che pattern string V, a new symbol & and the

2text string U are concatenated in that order and the
2values of P for the string V&U are computed in time

0 (n+2n) = 0 (n). Because of the &, P can never have a
value greater than n (=|V|). The values of i for which
P(i)=n mark the positions where V matches a substring 

2of U , or more precisely
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P(n+l+i) = n=>U. = V ,...Vl-(n-1 ) x l n

2 •8 The Recursive Algorithm

The linear bound obtained by the Knuth, Morris, 
Pratt algorithm depends on the use of a random access 
machine as well as assigning unit cost to che operation 
of a memory access. Considering that the space 
required to represent the P array alone would require 
(n log n) bits when represented as a sequence of binary 
integers, a linear time Turing Machine implementation 
seems quite surprising.

A linear-time Turing Machine is implemented by 
representing P as a table, A  , of differences in unary 
notation rather than an array of binary integers. 
Define P(-l) = -1 and let

A (i) = 1+P (i)-P(i+1) -1 <i<n

i-1
Then P (i) = i - 2 A( j) , and

j=-x
2 A( j) = n-P (n) . 
j=-l

And since n-P (n) <_ n+1, the delta array can be
represented using unary notation in linear space.

The following is a recursive algorithm for comput­
ing P. (We will call this algorithm X.)
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Stage (0). Set P(0) =-1; go to Stage (1,1)

Stage (i+1,K) .

1. If Z = z . . .  set P (i+1) = PK (i)+l
P (i) +1 1 '

and go to stage (i+2 ,1).

2. If PK (i)=-l, set P(i+1)=-1 and go to stage
(i+2 ,1) .

3. Otherwise, go to stage (i+1, K+l) .

The objective is now to rewrite algorithm X
without making an explicit reference to P by using the 
delta array. To do this, three new variables p, s, and 
d are required. At the beginning of stage (i+l,K), 
these variables will satisfy

(XI) p= PK (i)

(X2) s= PK (i) - PK+1 (i)

(X3) d= P (i) - PK (i)

Algorithm Y maintains these conditions while computing 
the A  array.
Algorithm Y

Stage (0_) Set A  (“1) = 1
p =-1
s = 0
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d = 0
go to stage (1 ,1)

Stage (i+l.,K)

Case 1. IF Z .. = Z .., p+1 l+l
THEN BEGIN; A  (i)=d

P = P+1
s = s + A  (P) 
d = 0
go to stage (i+2 ,1).

END;

Case 2. ELSE IF p=-l
THEN BEGIN; A  (i)=d+l

P = P
s = s
d = 0
go to stage (i+2 ,1)

END;

Case 3. ELSE
BEGIN; p=p-s

p-1s=s- 2 A  (j) 
j=P~s

d=d+s
go to stage (i+1 ,K+l).

END;

It remains to be verified that conditions (XI)-



-  54 -

(X3) hold after stage (0), and are preserved after the 
remaining stages, and that the A  are computed 
correctly.

At the end of stage 0: 
p= P 1 (0) = -1 
s= P 1 (0)-P2 (0 ) = -1 - (-1)=0 
d= P (0)- P1 (0) = 0 
delta (-1) = 1+P(-1)-P(0)

= l+(-l)-P(0)
= - ( - 1) = 1

Stage (i_+l>,K)-
Case 1.0 Z , . = Z . , .p+1 l+l

At the end of this stage, go to
stage (i+2,1). Hence, i <- i+1, K <- 1.
P (i+1) = PK (i)+1 (1.0.1)

= p+1

1.1 A  (i) = 1+P (i)-P (i+1) from definition of delta 
= 1+P (i) - (PK (i)+l) from (1.0.1)
= P (i) - PK (i)
= d from definition of d

tr1.2 p = P (i) at end of this stage i <- i+1; K=1, 
= P1 (i+1)
= PK (i)+1 from Z = Z. .

P (i)+1 1+1

so
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= p+1

1.3 s = s+ A  (P) going to stage (i+2,1),
s = P 1 (i+1) - P 2 (i+1) (1.3.1)

s =  PK (i)-PK+1 (i) + A  (PK (i) )
s =  [PK (i)-PK+1 (i) ] + [l+P(PK (i)) - P (PK (i) +1) ]
s = [PK (i)-PK+1 (i) ] + [1+PK+1 (i) - P (P (i+1)) ]
s = PK (i)+l - P 2 (i+1)
s = P 1 (i+1) - P 2 (i+1) (1.3.1)

1.4 d=P(i)-PK (i) -> P (i+l)-P (i+l)=0

Case 2.0 P=-l implies PK (i)=-l = p(i+l)
and go to stage (i+2,1) => i <- i+1; K <- 1

2.1 A (i) = 1+P (i) - P (i+1)
= 1+P(i) - (-1)
= 2+P (i) (2.1.1)

d+1 = [P (i) - PK (i) ]+l
= [P(i) - (-1)]+1 
= [P (i) +1] +1 
= P (i) +2 (2.1.1)

Hence A  (i) = d+1
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2.2 p=p, i <- i+1; K <- 1 
show p = P (i)

= P 1 (i+1) 
but PK (i)=-l 
and P(i+1)=-1 
so p=p!

2.3 s = s ,  again i <- i+1; K <- 1 
show s = PK (i)-PK+1 (i)

= P 1 (i+l)-P2 (i+1)
■ -1 -P(-l) (P (P (i+1)) 
= -1 -(-1)
= 0

but s = PK (i)-PK+1 (i)
= -1 - P( PK (i) )

= -1 - P(-l)
= -1 - (-1 )
= 0 

so s  = s

2.4 d=0 i <- i+1; K <- 1 

show d = P (i) - PK (i)
= P(i+1 ) - P(i+1 ) 
= 0

therefore d = 0

P (-1))
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Case 3.0 Otherwise, go to stage (i+l,K+l) 
from (i+l,K)

3.1 p=p-s i <- i; K <- K+l
show p = P (i)

= PK+1 (i) (3.1.1)
p=p-s yields 
= PK (i) - [PK (i)-PK+1 (i) ]
= PK+1 (i) (3.1.1)

p-1
Case 3.2 s = s - 2 A ( j )  i<-i;K<-K+l

j = p - s
show s = PK (i)-PK+1 (i)

so s = PK+1 (i)-PK+2 (i) (3.2.1)

p-1
s = s -  2 A ( j )  y i e l d s

j = p - s
= s - ([l+P(p-s) - P (p— s+1) ]

+ [1+P(p— s+1 ) - P(p-s+2 )]
+ ...
+ [l+p(p-l) - P(p)]

= s- (s +P (p-s) -P (p) )
= P (p) - P (p-s)
= P (PK (i) ) - P(PK (i) - (PK (i) -PK+1 (i) )) 
= PK+1 (i) - PK+2 (i) (3.2.1)

3.3 d=d+s i <- i; K <- K+l 
show
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d = P(i) -PK (i)
= P(i) -PK+1 (i) (3.3.1)

d = d+s yields
= [P (i) -PK (i)] + [PK (i) -PK+1 (i)]
= P (i) -PK+1 (i) (3.3.1)

2.9 The Actual Implementation

Still to be shown is the implementation algorithm 
Y on a Turing Machine. Fischer and Paterson (1974) 
implement the algorithm on a multihead, multitape Tur­
ing Machine using four tapes, each being one way infin­
ite to the right. This algorithm is summarized point­
ing out that tapes with two heads can be replaced by 
several tapes with only one head per tape without time 
loss. (Fischer, Meyer, Rosenberg, 1972).

The input tape, (worktape 1 in the working exam­
ple) has two heads, A and B. Worktape 2 has two heads 
C and D and holds the values of the ^  array and the 
value of d. Worktape 3 is used as a counter and con­
tains the value of s. Finally, worktape 4 is used as a 
scratch tape. Note that p is represented by the posi­
tions of heads A and C on tapes 1 and 2 respectively.

To illustrate how this Turing Machine works, the 
previous example is continued. The tapes are config­
ured as follows before starting stage 0. Note that
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heads A and B on Wl are at the position head H was at. 
Heads C and D of W2, S on W3 and H on W4 are all moved 
right to the first blank encountered. For notational 
convenience, the non-blank symbols to the left of these 
heads will not be shown.

tape

wi $abx1x2x3&x2x3x1x2x3x1

W2 bCD

W3 bS

W4 bH

Note that if I and J are tape heads, IJX denotes X 
being scanned both heads.

Continuing with the example:

Wl a$bx1x 2x 3&x 2x 3x1x 2x3x 1

W2 C01D0

W3 SO

W4 H
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At the end of stage 0, A is positioned one cell to 
the left of the leftmost symbol of V (chat is, A is 
reading the $), B is positioned under the leftmost sym­
bol of V (just right of the $), C is under the leftmost 
symbol on cape 2, which was set to 0, D is positioned 
under the rightmost symbol of tape 2 , which also is set 
to zero, and S is positioned under the lone symbol on 
tape 3, which is set to 0. Note that the contents of 
cape 2 at the conclusion of stage 0 are 010, the 1 
being the value of A  (-1 )/ and the rightmosc 0 the 
initial value of d.

Since p is set to -1, this implies moving head A 
left to read the $ on Wl (che -1st symbol), and writing 
a 0 onto W2 where head C is. Head C will always be 
positioned at the 0 preceeding the value of some A  

(i). Head B on Wl did not move. Head D on W2 moved 
right one position, writing a 1 (che value of A  ("!)) 
and moved right again, writing a 0 (che value of d) . 
Head D wrices che l's that make up the value of A  (i) 
in unary notation, and then writes the current value of 
d. Head S on W3 wrote che value of s (0) on che tape. 
Finally, head H on W4 did not move.

At the start of stage (i+l,K), head A is scanning
Z , and B is under Z. . Let 1^ denote the empty p xIrsymbol, and let 1 denote a string of k l's. Using 
this notation, the contents of tape 2 ac the start of
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stage (i+l,K) is OlA(-l) OlA(O)

oAl jo  . . . o A i - i )
01d . Head C is on the 0 immediately before
l^(p) (which is the (p+2)nd 0 from the left). Head D

is on the rightmost non-blank square. Finally tape 4
contains the value for s.

Next, all the possible operations required during 
stage (i+l,K) are analyzed. The test to see whether 
Zp+1 = Z i+i done 3 steps, since head A is only 
one symbol away from Zp+i anc  ̂head B is only one sym­
bol away from z +̂ ]_ • The rest for p=-l becomes a test
to see if head A is scanning the $. The algorithm ends 
when B is scanning a blank symbol while looking at Z^

First consider case 1; Z = Z ... . D isp+1 l+l
shifted right and a 0 is written ( A  (i)=d,d=0). Heads 
A and B are shifted right (p= p+1, i= i+1), and head C 
moves right to the next 0 (p= p+1). As C is advanced,
a 1 is added to tape (W3) and move head S right
(s=s+<Ap) .
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DO WHILE (Wl (B) ft b);

IF Wl(A+l) = Wl (B+l)

THEN DO; D=D+1;

W2 (D) =0 ;

A=A+1;

B=B+1;

C=C+1;

DO WHILE (W2(C) f 0);

W3 (S) =1;

S=S+1;

C=C+1;

END;

END;

Next, consider case 2; p=-l. Heads A and C are 
left alone (p=p). B moves right one cell (i=i+l), and 
D moves right two cells, printing a 1 followed by a 
zero ( A  (i)=d+l, d=0 ) .
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IF Wl (A) = $

THEN DO; B=B+1;

D=D+1;

W2 (D) =1;

D=D+1;

W2(D)=0;

END;

Finally, consider case 3. Since the values of p 
and d are modified by the value of s, and since che 
contents of s are modified at the same time, the value 
of s is first copied onto tape 4. Then, head C is 
moved left over s zeroes (the value of s which is on 
tape 4). For each 0 passed over by head C, head D 
moves one cell right and prints a one (d=d+s) and head 
A moves left one cell (p=p-s). Then, for each 1 passed 
over by C (delta values), the value of s on tape 3 is 
decremented by one (print a blank symbol and move head 
S right) .

At the conclusion of this stage, the contents of 

tape 4 (the copy of che old value of s) will be erased.
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S=S-1;

DO WHILE (W3 (S) ? b) ;

W4 (H)=W3 (S) ;

H=H+1;

S=S-1;

END;

S=S+1;

DO WHILE (W4(H)=1);

C=C-1;

DO WHILE (W2(C)=1); /*pass over l's*/

W3 (S)=b;

S=S+1;

C=C-1;

END;

/*pass over 0 1 s*/

D=D+1;

W2 (D)=l;

A=A-1;
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H=H-1;

END;

H=H+1;

DO WHILE (W4(H)=1) ; 

W4 (H)*b;

H=H+1;

END;

At this point, the example is continued, 
tents of each tape at the conclusion of each 
shown below.

at end of 
stage

(1,1) Wl: A$X1BX2X 3&X2X3X 1X2X3X 1

(case 2) W2: C0101D0
W3: SO 
W4: H

(2,1) Wl: A$X1X2BX3&X2X3X1X2X 3X1

(case 2) W2: C010101D0
W3: SO 
W4: H

The con- 
stage is
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(3.1) 

(case 2)

(4.1) 

(case 2)

(5.1)

(6 .1) 

(case 1)

(7.1) 

(case 1)

(8 .1) 

(case 1)

Wl: A$X1X2X 3B&X2X 3X1X2X3X1

W2: C01010101D0 
W 3 : SO 
W4: H

Wl: A$X1X2X3&BX2X3X1X2X3X1

W2: C0101010101D0 
W3: SO 
W4: H

Wl: A$X1X 2X3&X2BX3X 1X2X3X 1
W2: C010101010101D0 
W3: SO 
W4: H

Wl: $AX1X 2X3&X2X 3BX1X 2X3X 1

W2: 01C01010101010D0 
W3: IS 
W4: H

Wl: $X1AX2X3&X 2X 3X1BX2X3X 1

W 2 : 0101C0101010100D0 
W3: U S  

W 4 : H

Wl: $X1X 2AX3&X2X 3X1X 2BX3X1

W2: 010101C010101000D0
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W3: 111S 
W4: H

(9,1) Wl: A$X1X 2X 3&X2X 3X1X2BX3X 1

(case 3) W2: C010101010101000011D1
W3: S
W 4 : H (it was 111H => 11H => 1H => H)

(9,2) Wl: $AX1X 2X 3&X2X3X 1X2X3BX1

(case 1) W2: 01C01010101010000111D0
W3: IS 
W4: H

(10,1) Wl: $AX1X 2X3&X2X 3X1X2X3X1B

(case 2) W2: 01C0101010101000011101D0
W3: IS 
W 4 : H

Here, the TM terminates since head B is scanning a 
blank on Wl.

2.10 Complexity of the Algorithm

The time spent in each of these three cases is now 
totaled. For each value of i, case 2 will be executed 
at most one time during stage (i+l,K). Each execution 
takes constant time (2 steps), so that the total over 
all stages is clearly 0(n), where n is the length of V
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and also che length of U.

When case 3 is executed at stage (i+l,K), it takes
time C.s for some constant C, where s is the value on

K K+ltape 3 at the start of the stage (s=(P (i) - P (i)).
p-i

Note that s>_ 2
j=p-s

A  (j) / so C.s is clearly the bound in this case.
Let k^ be the largest value of k for which a stage 
(i+l,k) is executed. Then stages (i+1,1), ... (i+1,
k^_^) all execute case 3 and stage (i+1, k^) will
then execute either case 1 or 2. Therefore, the total 
time spent in case 3 is

V 1 kk k + l i2 C (P ( i) -PK A (i)) = C (P (i) -P (i) )
k=l

< C (P (i) -P(i+l)+l)

Summing over all stages,

C (P (0) - P (1) +1)

+ C (P (1) - P (2) +1)

+ .

+ C (P(n-l) -P (n) +1) = C(P(0) -P (n) +n)

< C (n+2)
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The constant C takes into account the time 
required to copy the original value on tape 3 onto tape 
4, as well as the actual processing time performed dur­
ing each execution of case 3.

The time spent on Case 1 is bounded by the number
of times head C is shifted right. This is at most the
eventual length of tape 2 plus the number of times head
C is shifted left. But the shifting of head C left
only occurs in case 3, and is therefore bounded by
0 (n). Since the eventual length of tape 2 is n+2 + 
n-1
1 A  (j) < 2n+3 (which is still 0 (n)), the total

j=-l
time spent in case 1 is also 0 (n).

At this point, the algorithm has executed on the
string V&UU, where the delta array is contained on tape
2. The final phase of the algorithm searches for a
value of i where P(i) is equal to n ((length of V)).
This implies V is contained within 

2U , thus implying that U and V are conjugate ele-
i-1

ments. Recall that P(i)=i 2 A (j)• This

implies i=n + 2 A  (j) if P(i)=n. To make use ofj=-l
this, cape 5 is used as a councer to keep a running

i-1
total of n+ 2 A (j). Tape 5 has cwo heads, I and 

j=-l
N. The essential idea here is to compare the position 
of head I (which represents i) to the position of head
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i - 1
N (which represents the value of n+ 5 A  (j) ) •

j=-l
If the two heads are at precisely the same position, 
then P(i)=n.

To implement this, head A of tape 2 is positioned 
at the $ preceding V&UU, taking at most IV&UUI+1 steps 
(the length of W l ) . Note that |V&UU| is still linear. 
Next, heads I and N are positioned under a 0 on work­
tape 5. The value of n (length of V) is put onto work­
tape 5. Head A is moved right until the & is reached. 
For each "non-&" symbol scanned, a 1 is written onto 
tape 5 and head N is moved right. When the & is 
scanned, head N is moved left one position and a 0 is 
written. Now |V| is on tape 5. Next, head C of tape 2 
is positioned under the leftmost 0 of the tape. Again, 
this takes at most linear time since tape 2 contains 
the delta array.

To illustrate the final portion of the algorithm, 
the example is continued. Initially, the tapes are 
configured as follows:

Wl: $AX1X2X 3&X2X 3X 1X2X 3X 1

W 2 : 01C0101010101000011101D0

W 5 : INO
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After performing the steps outlined above to put 
the value of n on tape 5:

Wl: $X1X 2X 3A &X 2X 3X1X 2X 3X1

W 2 : C010101010101000011101D0

W5: I U N O

i-1
Here, we begin to check whether i=n + 2 A

j=-l
(j). Head C is moved right to the next 0 passing over
A (j) • For each 1 head C passes over, a 1 is written
onto tape 5 and head N is moved right one position.
When head C is scanning the 0, a 0 is written onto tape
5 where head N is positioned. N is now at position 

i-1
n + 2 A  (j)• Thus, the TM checks to see whether

j=~l
head I is scanning the 0. If it is, the TM halts with

i-1
successful results; i.e., i=n + 2 A  (j) implying

j=-l
U and V are conjugate elements. Otherwise, head I is 
moved right one position. This part of the algorithm 
is repeated until either successful results are 
obtained, or until all of the symbols on worktape 2 
(the A  array) have been exhausted.
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DO WHILE (W2(C) 1 b) ;

C=C+1;

DO WHILE (W2(C) 1 0);

W5 (N) =1;

N =N +1;

C=C+1;

END;

W5 (N) =0 ;

IF W5(I)=0 SUCCESS;

ELSE 1=1+1;

END;

FAILURE;

Continuing the example, the configuration of tapes 
2 and 5 is shown when heads I and N are about to be 
checked for scanning the same symbol on tape 5.

1. W2: 01C01010101010000111010

W5: I111NO
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2. W 2 : 0101C010101010000111010 

W5: 1I111NO

3. W2: 010101C0101010000111010

W5: 111111NO

4. W 2 : 01010101C01010000111010 

W 5 : 111111IN0

5. W 2 : 0101010101C010000111010 

W 5 : 1111111IN0

6. W2: 010101010101C0000111010

W5: 11111111IN0

7. W 2 : 0101010101010C000111010 

W5: 111111I11NO

8. W2: 01010101010100C00111010

W5: 1111111I1NO

9. W2: 010101010101000C0111010

W5: 11111111INO

At this point, heads I and N are both scanning the 
0 on tape 5, and thus the TM halts with successful
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results. Since head I is scanning the 9th symbol on 
tape 5, this implies that symbols 7, 8, and 9 are 
identical with symbols 1, 2, and 3 on Wl. This, in 
face, is true since

Wl: $X1X 2X3&X2X 3X1X 2X 3X 1

positionO 1 2 34 5 6 7 8 9 10

The time bound of this final phase of the algo­
rithm is |V|+1 + length of tape 2. This length is the

IV&UU-l |2 A(j) + IV&UUl+l+l j=-l
(the 0 's preceeding 

each delta)

Since the sum of che A  1s is < IV&UUl+l , this 
bound is linear in the length of V&UU, and hence makes 
che entire algorithm linear. Note, Rivest (1977) shows 
that there do not exist pattern marching algorichms 
whose worse case behavior is sublinear (Char is, 
linear whose conscanc is less Chan one). Thus, chis 
result is the best possible.
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3 * THB TIME COMPLEXITY OF THE POWER PROBLEM FOR FREE

GROUPS

Given a presentation of a free group, G, on n free 
generators X^, X ... X^, the Power problem for G is 
defined as deciding whether a given word V in the gen­
erators is derivable from a power of U, another word in 
the generators; i.e., is V=U for some finite value of 
K. The existence of a linear upper time bound is shown 
for this problem on a multitape Turing Machine.

3.1 Introduction

The first part of the solution to the Power prob-
Ilem is to freely reduce words U and V to words U and

I
V . To illustrate why this is done, consider the fol­
lowing: U=aba and V=abb ^ba. When checking to see if V 
is a power of U, i.e., if V=U , since IV1=5 and |U|=3 
(where |W| is the length of W ) , the naive algorithm 
will halt with failure. But this is wrong; V is freely 
reducible to aba, thus yielding V=U where K=1.

The algorithm used to freely reduce U and V is the 
algorithm used to solve the word problem for free 
groups.

Before continuing, our algorithm must verify that 
no trivial relators can be generated by concatenating U 
with itself. To illustrate, consider U = aba ^ ,



V = abba ^ . Here = aba ^aba  ̂ = abba  ̂ = V. There­
fore, the algorithm checks whether the first and last
symbols of U are inverses. If so, we check whether the
first symbol of U is equal to the first symbol of V, 
and whether the last symbol of U is equal to the last 
symbol of V. Note that simple cyclic reduction is not 
enough here; consider U = aba”  ̂ , and V = a”^bba. If we 
cyclically reduce U and V, we incorrectly conclude that
V is (a power of U. We call the above procedure refined 
reduction.

I IOnce U and V have been reduced to U and V , we
i i j?determine whether V = (U ) for some finite, integral 

value of K. The linear time pattern matching algorithm 
of Chapter 2 is applied.

The pattern matching algorithm 
occurrences of one string within another,

Iall occurrences of the word U within the
I 1linear time. Assume |U | = u, and |V | =
I 1the first occurrence of U in V occurs at
I(the first u symbols of V march all of the symbols of

I I IU ), and if the second occurrence of U in V occurs at
I Iposition 2u, etc., and the last occurrence of U in V 

occurs at position Ku, where Ku=v, then a successful 
solution to the Power problem exists, namely V = U . 
We show the application of che pattern matching algo­
rithm to be a linear one, thus solving che Power

finds all 
in our case,

Iword V in 
v. Then, if 
position u
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problem in linear time on a multitape Turing Machine.

3.2 The Model

The multitape Turing Machine model which solves 
the Power problem is shown to have a linear upper bound 
for its time complexity. The model makes use of five 
worktapes. The input tape and worktapes initially have 
the following configuration:

Input Tape: U $ V &

Worktapes 1 thru 5: $ blanks

Output Tape: blanks

3.3 Free Reduction of Input

During this phase of the algorithm, U is freely
Ireduced yielding U (the freely reduced version of U)

Ion worktape 1, and V is freely reduced, yielding V 
(the freely reduced version of V) on worktape 2. The 
free reduction process is the same as the process out­
lined previously (in Section 2.1), using $ from the 
input tape as the delimiter symbol in freely reducing 
U, and & as the delimiter in freely reducing V. This 
phase requires |U|+|V|+2 computational steps leaving 
the tapes in the following state:
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Input Tape: U $ V &

IWorktape 1: $ U 

Worktape 2: $ V

Worktapes 3-5: $ blanks

The worktape heads for tapes 1 and 2
ttioned under the rightmost symbols of U and 

tively.

To illustrate the remaining parts of 
rithm, each phase of the algorithm is traced 
cutes on the following
U=X1X2^X2X3 ' V=X3X2X 3X3X 2^X2X 3 • tl:ie conclusion of
Phase 1, the worktapes look like:

Wl: $X1X2H1X3

W 2 : $X1X 2X 3X 1X 2H2X3

W3-W5: $ blanks

are posi-
f

V respec-

the algo- 
as it exe- 

example:

3.4 Refined Reduction

Recall that we first test whether the first and 
last symbols of U are inverses. If so, we test whether 
the first symbols of U and V are identical, and whether
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the last symbols of U and V are identical. To ease the 
task of illustration, let head Hi be positioned at the
rightmost; symbol of U, head J1 be positioned at the
leftmost symbol of U, head H2 be positioned at the
rightmost symbol of V, and head J2 be positioned at the 
leftmost symbol of V. The algorithm for refined reduc­
tion is defined below:

DO WHILE (Wl(Hl)^$) ;

IF Wl (HI) = -W1(J1) /* INVERSES */

& Wl (HI) = W2 (H2)

& Wl (Jl) = W2 (J2)

THEN DO; W1(H1) = b; /* blank */

W1(J1) = b;

W2(H2) = b;

W2 (J2) = b;

HI = H 1-1;

Jl = J 1+1;

H2 = H 2-1;

J2 = J2+1;

END;
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END;

3• 3 Determination Of The Length of U 1

IHere, the number of symbols of U are counted. 
This length, called u, is saved on worktape 3.

To do this, the current symbol on rape 1 is read. 
If it is not the $, a 1 is written onto tape 3, moving 
worktape head 1 (HI) left one position, and moving 
worktape head 3 (H3) right one position. If the
current symbol on worktape 1 is the $, worktape head HI 
is moved right one position, so that HI is positioned

I
under the leftmost symbol of U . A $ is written onto 
worktape 3, and head H3 is moved left one position. 
This leaves H3 positioned under the rightmost 1 on tape

f3. Phase 2 leaves u, the length of U , expressed in 
unary notation on tape 3.

DO WHILE (W1(H1)^$);

W3 (H3) =1;

H1=H1-1;

H3=H3+1;

END;

H1=H1+1;



-  81 -

W3 (H3) = $;

H 3=H 3-1;

Since at each step of this phase, head 1 moves 
left, and finally moves right one position, exactly

IIU |+1 computational steps are performed.

To illustrate phase 2, our example is continued. 
The states of rapes 1 and 3 are shown below at the con­
clusion of each computation.

step 0 - (How we start phase 2)

Wl: $X1x 2H1X3

W3: $H3b (b is a blank)

step 1 - Wl: $X1H1X2X 3

W3: $lH3b

step 2 - Wl: $H1X1X2X 3

W3: $11H 3b

step 3 - Wl: H1$X^x2X 3

W 3 : $lllH3b

s t e p  4 -  Wl: $h i x 1x 2 x 3
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(last

step) W3: $11H31$

3 •6 Procedure tor the Pattern Matching Algorithm

For the Fischer and Paterson Turing Machine to
i iwork, the input must be in the form U &V . To do this, 

first recall the configurations of the tapes at the end 
of Phase 2:

IWorktape 1: $U. ■ Head 1 is positioned under the
fleftmost symbol of U .

IWorktape 2: $V Head 2 is positioned under the
frightmost symbol of V .

Worktape 3: $u Head 3 is positioned under the
rightmost 1 of u.

Since our goal is to make worktape 1 contain
i iU &V ,

ib head HI is moved past the rightmost symbol of
VU on worktape 1,

■to an & is written onto worktape 1, and

I^ V is copied from worktape 3 onto worktape 1.

I IThis entire operation is done in time |U | + |V |.
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f
To copy V onto tape l r the head on tape 2 (H2)

Imust be positioned under the leftmost symbol of V . To
fdo this, each symbol of V is read. If the symbol 

being read is not a $, the head is moved left one posi­
tion. When the $ ijs finally scanned, H2 is moved right

Ione position. This operation requires IV 1+1 steps.

DO WHILE (W2(H2)t*$);

H2=H2-1;

END;

H2=H2+1;

Initially,

W2: $X1X 2X3X1X 2H2X3

step 1: W2: $X;LX 2X3X 1H2X2X 3

step 2: W2: S X ^ X - ^ X ^ X - j

step 3: W2: $X1X 2H2X3X 1X 2X3

Step 4: W2: $X1H2X2X 3X 1X 2X 3

s t e p  5: W2: $H2X1X2X3X1X2X3
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s t e p  6: W2:

(start repositioning)

step 7: W2: $H2X1X2X3X 1X 2X3

(last step)

Next, the head on Wl is placed one tape cell past
Ithe rightmost symbol of U . This is so an & can be 

written onto Wl. This is done in real time on the
Ilength of U . Simply stated, head HI is moved right 

one symbol at time until a blank is encountered, at 
which time the & is written onto Wl and HI is moved 
right one position. Consider the algorithm and example 
below:
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DO WHILE (Wl(Hl)^b);

H1=H1+1;

END;

Wl (Hi) =&;

H1=H1+1;

step 0: Wl: $H1X1X2X 3

step 1: Wl: $X]LH1X2X3

step 2: Wl: $X1X2H1X3 

step 3: Wl: $X1X2X 3Hlb

step 4: Wl: $X1X2X 3&Hlb

1Finally, V is copied from W2 onto Wl. This
I Ileaves Wl containing U &V , with HI positioned past the

Ilast symbol of V . HI must then be repositioned so
tthat it is scanning the leftmost symbol of U . This

I t (operation is done in |V |+|U |+|V 1+1 steps, as seen 
below:



-  86 -

Algorithm

DO WHILE (W2{H2)^b);

Wl (HI) =W2 (H2) ;

H1=H1+1;

H2=H2+1;

END;

DO WHILE (W1(H1)^$);

H1=H1-1;

END;

Hl=Hl+l;

step 0: Wl: $X^X2X 3&Hlb

W2=

step 1: Wl: $X^x2X 3&X3Hlb

W 2 : $X1H2X2X 3X 1X2X 3

step 2: Wl: $X1x2X 3&X1X 2Hlb

W2: $X1X2H2X3X 1X2X 3



s t e p

step

step

step

step

step

step

step

step

step

s t e p
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3: Wl: $X1X2X3 &X1X2X3Hlb

W2: $X1X2X3H2X1X2X3

4: Wl: $X1X2X3&X1X2X 3X1Hlb

W2: $X1X2X3X1H2X2X 3

5: Wl: $X1X 2X 3&X1X 2X 3X 1X2Hlb

W2: $X1X2X 3X 1X2H2X3

6 : Wl: $X1X 2X3&X1X2X3X 1X2X3Hlb

-W2: $X1X2X3X 1X 2X3H2b

7: Wl: $X1X 2X 3&X1X2X3X1X 2H1X3

8 : Wl: $X1X2X 3&X1X 2X3X 1H1X2X3

9: Wl: $X1X 2X 3&X1X2X 3H1X1X2X3

10: Wl: $X1X2X 3&X1X2H1X3X1X 2X3

11: Wl: $X1X2X3&X1H1X2X 3X 1X2X 3

12: Wl: $X1X 2X 3&H1X1X2X 3X1X 2X 3

13:  Wl: $X1X2X3H1&X1X2X3X1X2X3
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s t e p  14:  Wl: $X1X 2H1X3SX1X2X3X 1X2X3

step 15: Wl: $X1H1X2X3&X1X2X3X1X2X3

step 16: Wl: $H1X1X2X 3&X1X 2X 3X1X2X1 2  3 1 2  3

step 17: Wl: H1$X1X2X3&X1X2X3X1X2X3

(all done; move right 1 position)

Step 18: Wl: $H1X 1X 2X 3&X1X2X 3X1X2X3

3.7 Pattern Matching

The Fischer-Paterson pattern matching Turing 
Machine of Chapter 2 is applied here. To illustrate 
how this Turing Machine works, the example is contin­
ued. The tapes are configured as follows just before 
starting stage 0. Note, head HI corresponds to heads A 
and B, and head H2 corresponds to heads C and D below.

ta£e

Wl $ABX1X2X 3&X1X2X3X 1X 2X 3

W2 CD

W4 S

W5 H
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At the end of stage 0:

wi a $b x 1x 2x 3&x 2x 3x 1x 2x 3x 1
W2 C01D0 

W4 SO 

W5 H

Continuing, we show the contents of each 
our example at the conclusion of each stage 
tion.

at the end of stage

wi - a $b x 1x 2x 3&x 1x 2x 3x 1x 2x 3
W2 - C01D0 

W4 - SO 

W5 - H

wi - a $x 1b x 2x 3&x 1x 2x 3x 1x 2x 3
(case 2) W2 - C0101D0 

(applied) W4 - SO 

W5 - H

tape in 
of execu-



2

(case 2

3

(case 2

4

(case 1

5

(case 1
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wi - a $x 1x 2b x 3&x 1x 2x 3x 1x 2x 3
W2 - C010101D0 

W4 - SO 

W5 - H

wi - a $x 1x 2x 3b &x 1x 2x 3x 1x 2x 3
W2 - C01010101D0 

W4 - SO 

W5 - H

wi - $a x 1x 2x 3&b x 1x 2x 3x 1x 2x 3
W2 - 01C0101010D0 

W4 - IS 

W5 - H

wi - $x 1a x 2x 3&x 1b x 2x 3x 1x 2x 3 
W2 - 01Q1C010100D0 

W4 - U S  

W5 - H

wi - $x 1x 2a x 3&x 1x 2b x 3x 1x 2x 3



(case 1 

7,1

(case 3

7,2

(case 1 

8

(case 1
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W2 - 010101C01000D0 

w4 - m s  

W5 - H

Wl - A$X1X2X 3&X1X2BX3X1X 2X 3 

W2 - C01010101000011D1 

W4 - S 

W5 - H

(Note that the contents of W5 have also been erased at 

the conclusion of this stage.)

wi - $a x 1x 2x 3&x 1x 2x 3b x 1x 2x 3
W2 - 01C0101010000111D0 

W4 - IS 

W5 - H

wi - $x1ax2x3&x1x 2x 3x1bx2x3
W2 - 0101C010100001110D0 

W4 - U S  

W5 - H
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9 wi - x 1x 2a x 3&x 1x 2x 3x 1x 2b x 3
(case 1) W2 - 010101C01000011100D0 

w4 - m s
W5 - H

Since is a blank (recall is represented by
the position of head B on W l ) , the Turing Machine halts 
here.

3.8 Procedure For Finding Powers

I INext, at most |U |+|V 1+1 symbols on tape W5 will 
be scanned. To insure that this is the maximum number 
of symbols scanned, a $ is written on tape W5 at posi-

I ftion IU I+IV 1+2. To do this, the number of symbols on
I  Vtape Wl (which still contains U &V ) are counted and

the head on W5 is moved accordingly. Recall the confi­
guration tapes Wl and W5 are in at the-, conclusion of 
the Fischer-Paterson algorithm:

(0) Wl: $X1X2X 3&X1X2X3X1X2BX3

W5: bbbbbbbbbbbHb

First a $ is written on tape W5 and H is moved left one 
position:
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(1) Wl: $X1X2X 3&X1X 2X3X1X 2BX3

W5: bbbbbbbbbbHb$

I 1The $ will correspond to position |U |+|V |+2 when fin­
ished with this phase. Now, if the symbol scanned by B 
on Wl is not $, heads B and H are moved left one posi­
tion.

(2) Wl: $X1X2X 3&X1X2X3X1BX2X 3

W5: bbbbbbbbbHbb$

This "reverse-scan" operation continues until an 
encounter with $ on Wl, at which time we halt.



(4)

(5)

(6)

(7)

(8 )

(9)

(10 )
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Wl: $X1X2X3&X1X2X3BX1X2X3

W5: bbbbbbbbHbbb$

Wl: $X1X2X 3&X 1X2BX3X 1X2X 3

W 5 : bbbbbbbHbbbb$

Wl: $X1X2X 3&X1BX2X 3X1X2X3

W5: bbbbbbHbbbbb$

Wl: $X1X 2X 3&BX1X 2X 3X 1X2X 3

W5: bbbbbHbbbbbb$

Wl: $X1X2X3B&X1X 2X 3X 1X2X3

W5: bbbbHbbbbbbb$

Wl: $X1X2BX3&X1X2X 3X1X 2X 3

W5: bbbHbbbbbbbb$

Wl: $X]BX2X 3&X1X2X 3X1X 2X 3

W5: bbHbbbbbbbbb$

Wl: $BX1X 2X 3&X1X2X3X1X 2X 3

W5: bHbbbbbbbbbb$
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(11 )

(stop)

The blank being scanned at the end of this phase
corresponds to position 0 (the $) with respect to the
symbols on tape Wl.

At this point, we want to check that P(i)=u for
I

all i in V where i=Ku, and K is a positive integer.
To implement this, consider the following: since

i-1
P(i) = i- 2 A (j) r and we want to check for values of 

j=0
i-1 i-1

P(i)=u, the n  if P(i)=u=i- 5 A  (j)  r i = u+ 2 A  (j)  I We
j=0 j=0

use this in solving the Power problem.

Tape 5 is used as a counter to keep a running 
i-1

total of u+ 2 A( j) • Tape 5 will have two tape heads, 
j=0

I and SUM. Here, the position of head I (which
Irepresents the positions of i of V ) is compared to the

position of head SUM (which represents the value of 
i-1

u+ 2 A(j)) • If I corresponds to a position Ku, and if 
j=0

both heads I and SUM are at precisely the same posi­
tion, we conclude that P(i)=u. Head I is then moved 
exactly u positions to the right on tape 5. The algo­
rithm continues in this manner until one of the follow­
ing conditions occurs:

Wl: B$X1X2X3 SX1X2X3X1X2!(3

W5: Hbbbbbbbbbbb$
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a. P(i)^u and i=Ku for some integer value of K. 
This implies failure.

b. If P(i)=u and i=Ku for some integer value of 
K, the algorithm continues, unless the delta 
array is exhausted, in which case halt with 
success.

c. If the delta array is exhausted, and P(i)^u, 
halt with failure.

Head I must be placed at position 2u+l on tape 5.
fch *This corresponds to i=u (the u symbol of V ). Recall

that tape 3 contains u expressed in unary notation.
The tape head, called H3, is scanning the rightmost 1
of U. A $ is written on tape 5, and heads I and SUM
are initially positioned at this $. If the symbol read
by H3 is a 1, head I is moved right one position, and
H3 is moved left one position. This continues until H3
is scanning a $. H3 is then moved right one position,
and head I right one position. Note that head I has
moved right exactly u+l_ positions. Thus, head I must

be moved u positions more to the right. So we continue
scanning the symbols read by H3, now moving H3 to the
right, instead of left. Again, if H3 is scanning a 1,
heads I and H3 are both moved right one position. Once
H3 is scanning a blank, H3 is moved left one position,
not moving Head I. Head I is now at position 2u+l.
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Presented below is this procedure:

DO WHILE (W3 (H3) =1) ;

1=1+1;

H3=H3-1;

END;

H3=H3+1;

1=1+1;

DO WHILE (W3(H3)=1);

1=1+1 ;

H3=H3+1;

END;

H 3=H 3-1;

The placement of head I at position 2u+l is illus­
trated below.



s t e p  0

1

2

3

4

5

6
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W3: $ 1 1H31

W5: ISUM$bbbbbbbbbb$

W5: SUM$Ibbbbbbbbbb$

W3: $1H311

W5: SUM$bIbbbbbbbbb$

W 3 : $H3111

W5: SUM$bbIbbbbbbbb$

W3: H3$lll

(start moving H3 right)

W5: SUM$bbbIbbbbbbb$

W3: $H 3111

W5: SUM$bbbbIbbbbbb$

W3: $1H311

W 5 : SUM$bbbbbIbbbbb$

W3: $11H31

W5: SUM$bbbbbbIbbbb$
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W3: $1 l l H 3 b

8 W5: SUM$bbbbbbIbbbb$

W3: $11H31

Next, head SUM is placed at position u on tape 5,
i-1

because the position of SUM represents u+ 2 A ( j ) • To
j=0

do this, head SUM is moved right one position for each 
1 scanned by H3. H3 will continue reading and moving 
left. When the delimiter is found, H3 is moved right, 
and thus SUM will be left at position u on tape 5.

Algorithm

DO WHILE (W3(H3)=1);

SUM=SUM+1;

H3=H 3-1;

END;

H3=H3+1;

The placement of head SUM at position u on W5 is 
illustrated below:
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s t e p  0 W5 -  SUM$bbbbbbIbbbb$

W3 - $11H 31

1 W5 - $SUMbbbbbbIbbbb$ 

W3 - $1H311

2 W5 - $bSUMbbbbbIbbbb$ 

W3 - $H3111

3 W5 - $bbSUMbbbbIbbbb$ 

W3 - H3$l11

4 W5 - $bbSUMbbbbIbbbb$ 

W3 - $H3111

3•9 Finding Powers

Now, SIM is located at position u, and I is
located at position 2u+l (which corresponds to the uth

Isymbol of V ). To check if P(i)=u, SUM is moved to
i-i 2u

position u + 5 A(j) = u + 5 A(j) • I£ 1 and SUM arej=0 j=0
then at precisely the same position, I is moved to

aposition 3u+l (the 2*uth symbol of V ) and SUM is moved
i-1 3u

to position u + 5 A(j) = u+ 1 A(j). In this case,j=0 j=0
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this involves moving head SUM right exactly 
(A(i-u)+...+A(i-1)) = (A(2u+1 )+...+A(3u)) positions. 
This procedure continues until one of the following 
occurs:

1. P(i)=u (heads I and SUM are at the same position
on W5) and i=|U |+|V 1+1 (the last symbol of V ).

I IThis would imply that V is a power of U . 

i-1
2. P(i)7*u (i^u+ 1 A(j) ) for some position i. This

j=0I Iimplies that V is not a power of U .

The final phase of the algorithm is presented
below:
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/ *  count  up t h e  v a l u e s  o f  the  f i r s t  u d e l t a  v a l u e s  

( A( 0 ) . . . A ( u - l ) )  * /

C=C+1;

DO WHILE W3(H3)=1;

DO WHILE W2(C)=1;

C=C+1; /* add in a value of delta */

SUM=S UM+1;

END;

IF W2(C)=0 /* finished with a delta value */

THEN DO;

C=C+1;

H3=H3+1;

END;

END;

/* add 1 more delta value to the SUM */

DO WHILE W2 (C)=1;

C=C+1;
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SUM=SUM+1 

END;

/ *  advance C */

C=C+1;

/ *  s i n c e  H3 i s  now read ing  a d e l i m e t e r ,  p o s i t i o n  H3 a t  the  

1 in  the  d i r e c t i o n  o p p o s i t e  the  d i r e c t i o n  H was t r a v e ­

l i n g  in  * /  H3=H3-1;

/* add to SUM

A ( i - u )  + . . .  A ( i - D  * /

REPEAT;

DO WHILE W3(H3)=1; /* add to SUM u values
o f  d e l t a  * /

DO WHILE W2(C)=1;

C=C+1;

SUM=SUM+1

END;

IF W2 (C)=0

THEN DO; C=C+1;



END;

H3=H3+1?

/* see if I 

W5(SUM)= 

IF W5 (I) 

THEN
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H3=H3-1;

END;

and SUM are reading the same value; 
i.e. P (i) + u */

0 ;

=0

DO; /* yes - P(i)=u; see if we're done */

IF W 5 (1+1) = $

THEN HALT with SUCCESS;

ELSE DO; DO WHILE W3(H3)=1;

1=1+1; /* If I was at po­

sition Ku, advance I to 

position (k+l)u */ 

H3=H3+1;

END;

H3=H3-1; /*reverse direction*/ 

W5(SUM)=b; /*reset to a blank*/
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END;

END;

ELSE /* P(i)^u => FAILURE */

HALT With FAILURE 

END; /* End of REPEAT */

Presented below is the action of this algorithm on 
our example. The state of the tapes at the conclusion 
of each step is shown, plus the statement in the algo­
rithm that got us there.

step

0 - (initially)

W2 - C010101010000111000

W3 - $H3111b

W5 - $bbSUMbbbIbbbb$

1 - W2 - 0C10101010000111000 /* C=C+1 */

W3 - $H3111b

W5 - $bbSUMbbbbIbbbb$
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2 - W2 - 01C0101010000111000 /* DO WHILE W2 (C)

W3 - $H3111b C=C+1

W5 - $bbbSUMbbbIbbbb$ SUN1=SUM+1 */

3 - W2 - 010C101010000111000 /* IF W2(C)=0

W3 - $lH311b THEN C=C+1

W5 - $bbbSUMbbbIbbbb$ H3=H3+1 */

4 - W2 - 0101C01010000111000 /* DO WHILE W2(C)

W3 - $lH311b C=C+1;

W5 - $bbbbSUMbbIbbbb$ SUM=SUM+1 */

5 - W2 - 01010C1010000111000 /* IF W2(C)=0

W3 - $ H H 3 1 b  THEN C=C+1 ;

W5 - $bbbbSUMbbIbbbb$ H3=H3+1 */

6 - W2 - 010101C010000111000 /* DO WHILE W2 (C)

W3 - $ H H 3 1 b  C=C+1

W5 - $bbbbbSUMbIbbbb$ SUM=SUM+1 */

7 - W2 - 0101010C10000111000 /* IF W2(C)=0
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W3 - $lllH3b C=C+1

W5 - $bbbbbSUMbIbbbb$ H3-H3+1 */

/* End of DO WHILE W3 (H3) = 1 */

8 - W2 - 01010101C0000111000 /* DO WHILE W2(C)=1

W3 - $lllH3b C=C+1;

W5 - $bbbbbbSUMIbbbb$ SUM=SUM+1 */

9 - W2 - 010101010C000111000 /* advance C

W3 - $lllH3b C=C+1 */

W5 - $bbbbbbSUMIbbbb$

10 - W2 - 010101010C000111000 /* H3=H3-1 */

W3 - $llH31b

W5 - $bbbbbbSUMIbbbb$

11 - W2 - 0101010100C00111000 /* IF W2(C)=0

W3 - $lH311b C=C+1

W5 - $bbbbbbSUMIbbbb$ H3=H3-1 */

12 - W2 - 01010101000C0111000 /* IF W2(C)=0
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W3 -  $H3111b C=C+1

W5 - $bbbbbbSUMIbbbb$ H3=H3-1 */

13 - W2 - 010101010000C111000 /* IF W2(C)=0

W3 - H3$llib C*C+1

W5 - $bbbbbbSUMIbbbb$ H3=H3-1 */

14 - W2 - 010101010000C111000 /* H3=H3+1 */

W3 - $H3111b

W5 - $bbbbbbSUMIbbbb$

15 - W2 - 010101010000C111000 /* W5 (SUM)=0 */

W3 - $H 3111b

W5 - $bbbbbbSUMIObbb$

16 - W2 - 010101010000C111000 /* W5(I)=0

W3 - $lH311b DO WHILE W3(H3)=1

W5 - $bbbbbbSUMOIbbb$ 1=1+1; H3=H3+1 */

17 - W2 - 010101010000C111000 /* DO WHILE W3(H3)=1

W3 - $llH31b 1=1+1
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W5 - $bbbbbbSUMObIbb$ H3=H3+1 */

18 - W2 - 010101010000C111000 /* DO WHILE W3(H3)=1

W3 - $lllH3b 1=1+1

W5 - $bbbbbbSUM0bbIb$ H3=H3+1 */

19 - W2 - 010101010000C111000 /* H3=H3-1

W3 - $1lH31b W5 (SUM)=b */

W5 - $bbbbbbSUMbbbIb$

/* REPEAT FOREVER AGAIN */

20 - W2 - 0101010100001C11000 /* DO WHILE W2(C)=1

W3 - $llH31b C=C+1

W5 - $bbbbbbbSUMbbIb$ SUM=SUM+1 */

21 - W2 - 01010101000011C1000 /* DO WHILE W2(C)=1

W3 - $llH31b C=C+1

W5 - $bbbbbbbbSUMbIb$ SUM=SUM+1 */

22 - W2 - 010101010000111C000 /* DO WHILE W2(C)=1

W3 - $llH31b C=C+1
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W5 - $bbbbbbbbbSUMIb$ «.

23 - W2 - OlOlOlOlOOOOlllOCOO 

W3 - $lH311b 

W5 - $bbbbbbbbbSUMIb$

24 - W2 - OlOlOlOlOOOOlllOOCO 

W3 - $H3111b 

W5 - $bbbbbbbbbSUMIb$

25 - W2 - 010101010000111000C 

W3 - H3$lllb 

W5 - $bbbbbbbbbSUMIb$

/* End of DO WHILE W3 (H3)

26 - W2 - 010101010000111000C 

W3 - $H3111b 

W5 - $bbbbbbbbbSUMIO$

27 - HALT with success 

since W5 (1+1) = $

SUM=SUM+1 */

/* IF W2(C)=0 

C=C+1

H3=H3-1 */

/* IF W2 (C)=0 

C=C+1

H3=H3-1 */

/* IF W2(C)=0 

C=C+1

H3=H3-1 */

1 */

/* H3=H3+1

W5 (SUM) =0 */
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and W 5 ( I )=0

i i
The algorithm is linear in the length of |U |+|V | 

since at each step of the algorithm either head C is 
advanced on tape 2, or head I is moved u positions to 
the right on tape 5. Since tape 2 is of length

I I0 (IU |+|V I), and tape 5 is of length exactly
I f|U I + 1V |+2f the algorithm is linear.

3.10 A Simpler Algorithm

Since its initial writing, a simpler algorithm has 
been found that tests whether V = U . The algorithm 
does not make use of the Fischer-Paterson Turing 
Machine. Instead, it merely compares a symbol of U with 
a symbol from V repeatedly, until either the delimeters 
on the tapes for U and V are found simultaneously (suc­
cess) or until a mismatch occurs (failure). This is 
done by re-using the symbols of U for comparisons with 
the symbols of V in real-time in the length of V.

Consider the refined reductions of both U and V on 
tapes Wl and W2 respectively. Let HI be positioned at 
the rightmost symbol of U, J1 be positioned at the 
leftmost symbol of U, H2 be positioned at the rightmost 
symbol of V, and J2 be positioned at the leftmost sym­
bol of V. The algorithm is presented below:
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/* Initially, let H = Jl, and let J = HI, where H and J are 

variables retaining the names of the worktape heads.*/

DO WHILE (W2 (J2) / b) ;

IF W1 (H) = W2 (J2)

THEN DO H = H+l

J = J-l

J2=J 2+1

END

ELSE IF W1(H) = b /* Reuse U */

THEN DO TMP = H;

H = J

J = TMP

H = H+l

J = J-l

END

ELSE FAILURE

END



SUCCESS
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4 * THE t i m e  c o m p l e x i t y  o f t h e  p o w e r -c o n j u g a c y  p r o b l e m

FOR FREE GROUPS

Given the free group, G, with the n generators 
X^,X2 ,...X , the Power-Conjuqacy problem for G is 
defined as deciding whether a given word V in the gen­
erators is equivalent to a conjugate of a power of U,

-1 kanother word in the generators; i.e., is V=W U W for 
some finite value of k. A linear upper time bound is 
shown to exist for the solution of this problem on a 
multitape Turing Machine.

4.1 Introduction

To determine if V is a conjugate of a power of U, 
we first apply a theorem from Magnus, Karrass, and Sol- 
itar (1966): given two words R,S in the n generators of 
a free group freely presented on X^,X2 ,...X , R is a 
conjugate of S (S=W_'1'RW) iff the cyclic reduction of R 
is a cyclic permutation of the cyclic reduction of S.

Thus, both U and V must first be freely reduced to
t Iunique equivalent corresponding words U and V . The 

algorithm used to reduce U and V comes from the solu­
tion of the Conjugacy problem for free groups (see 
Chapter 2).

Once this is completed, the next portion of the 
algorithm is started. For ease of notation, we shall
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I Irefer to U as U and V as V from this point on. Next,
we check to see if |V|=|U | for some integral value of
k. If no such k exists, the algorithm halts with

J,;failure. But, if V is a cyclic permutation of U for
some value of k, then |V|=|U |!

Next, the algorithm uses a lemma from Chapter 2.
If U ,V are words over the generators X_,X0,...X , and3 1' 2 ' n '
IV|= |UI=n, then U 2=PVQ iff U=PQ and V=QP; i.e., U is a
cyclic permutation of V. Using this lemma for the
Power-Conjugacy problem, we will be checking to see if

lrV is a substring of U U .

At this point, we have reduced the Power-Conjugacy 
problem to a straight forward problem in pattern recog­
nition. We want to use a pattern matching algorithm 
which finds occurrences of one string within another; 
in our case, the occurrence of V within U U . We make 
use of the linear pattern matching algorithm originated 
by Knuth, Morris and Pratt (1977) and implemented on a 
multitape Turing Machine by Fischer and Paterson 
(1974) .

Summarizing, we demonstrate that each of the above 
parts of the algorithm can be implemented in linear 
time on a multitape Turing Machine, which therefore 
shows the solution to the Power-Conjugacy problem has a 
linear upper time bound.
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4.2 Cyclic Reduction of Input

The first phase of the solution to the problem is
to cyclically reduce the input in linear time. The
algorithm used to do this is part of the solution to
the Conjugacy Problem for Free Groups (Chapter 1).
Rather than repeat the algorithm here, we go on to the 
next part of the algorithm. Note that the TM contains 
6 worktapes, W1-W6, and that W5 and W 6 contain the 
cyclic reductions of V and U respectively.

4.3 Is IV| — 1U— I for some finite value of k

At this point, we must check to see if |U |=|V| 
for some finite value of k. If not, the TM halts the 
computation concluding that U is not a conjugate of V. 
If so, the algorithm goes on to its pattern matching 
phase.

The key idea behind this length checking phase is 
to insure that for each symbol in U there exists a 
non-trivial symbol in V. Symbols from U are compared 
with symbols from V until one of the following condi­
tions occur:

1. Both U and V have been exhaustively scanned. 
(The $ delimeters have been found on both 
tapes W5 and W 6 .) This implies |V|=|U^|.



-  117 -

2. V has been exhaustively scanned, but U has 
not. This implies |V|^|U |, thus yielding 
failure.

Note that in the event of success, tape W1 will
contain $V& and tapes W3 and W4 will both contain a 

]/copy of U . Tape heads H3 and H4 will be positioned at 
the rightmost symbols on W3, W4 respectively, while 
head HI will be positioned just past the & on tape Wl:

Initially

f IWl: V Hl$ (V = the free reduction of V)

W 3 : H 3 b V '$

W 4 : H4bU'$

W5: bV H5$ (V is cyclically reduced)

II II
W 6 : bU H 6$ (U is cyclically reduced)

Note the non-trivial contents of tapes Wl, W3, and 
W4 will be ignored by the following algorithm. This is 
because the TM no longer has any need for chis informa­
tion.
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/* Length Checking algorithm */

/* Step 1 - Position H5 and H6 at the leftmost symbols of
I I IIV and U respectively */

DO WHILE (W5(H5) f b) ;

/* pass left over the non-blank symbols of V */ 

H5=H5-1;

END;

I IH5=H5+1; /* position H5 at leftmost symbol of V */

I I

I I

DO WHILE (W6 (H6) 1 b) ;

/* pass left over the non-blank symbols of U */ 

H6=H6-1;

END;

t IH6=H6+1; /* position H6 at the leftmost symbol of U */

I I
/* Step 2 - Position HI so that is is ready to write V

onto tape Wl */

H1=H1+1; /* Hi is now positioned at the next avail-
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able tape cell of Wl */

f I
/* Seep 3 - Compare the non-trivial symbols of U with

I Inon-trivial symbols of V */

REPEAT;
t I

/* "Count off" n (where n=|U I) non-trivial
I I

symbols in V */

DO WHILE (W6 (H6) ^ $) ;
IF W5(H5) f $

THEN DO; /* non-trivial symbols found

in both U'' and V - */

Wl (Hi) =W5 (H5) ;
I I/* copy the symbol from V (W5) 

onto tape Wl */

H1=H1+1;
/* position HI at next available 

tape cell */

W3 (H3)=W6 (H6) ;
W4 (H4)=W6 (H6 ) ;

I f/* copy the symbol from U (W6) 
onto both tapes W3 and W4 */

H3=H3+1;
H4=H4+1;
/* position H3 and H4 at next
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available tape cells */

H5=H5+1;
H 6=H6+1 ;
/* position H5 and H6 at next

II IIsymbols of V and U */
END;

ELSE HALT with Failure;
/* |V I ¥ I(U )k l for a finite

integral value of k */

END; /* end of DO WHILE (W6 (H6) ? $) */

I I/* A scan of U has been completed -
Check for a successful completion of the algorithm */

IF W5(H5) = $
THEN EXIT; /* SUCCESS! */

■ f ii/* Both U and V have been
completely exhausted */

ELSE DO;
/* H 6 must be repositioned at the leftmost symbol of

I IU'' so the TM may continue checking V */

DO WHILE (W6 (H6) ? b) ;
H 6=H 6-1;

END;
H6=H6+1;
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I I
/* H 6 is now positioned at the leftmost symbol of U */

END; /* end of ELSE DO */

END; /* end of REPEAT */

EXIT; /* This point is reached upon successful
end of length checking algorithm */

/* The TM writes the & delimeter symbol onto tape Wl, 
and a $ onto tapes W3 and W4 */

Wl (HI) = &;
Hl=Hl+l; /* position Hi at next available tape

cell on Wl */

W3(H3)=$ /* write delimeters onto both W3 and W4 */
W4 (H4) = $

Perhaps the easiest way to observe the execution 
of this algorithm is by presenting two examples: one 
that illustrates success, and the other failure.

Example 1_ - (Success)

Initially:
Wl: XHl$b (X
W3: H3bX i
W4: H4bX
W 5 : bx1x2x 1x2H5$
W 6: bX2X 1H6$

(V = X ^ ^ X j )
(u" = x2x1)
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/* step 1 - position H5 and H6 at the leftmost symbols of
II IIV and U respectively */

W5 bXlX 2X lH5X 2$
bX1X2H5X1X 2$
bX1H5X2X1X2$
bH5X1X2X1X2$
H5bX1X2X1X2$
bH5X1X2X1X2$

/* DO WHILE (W5 (H5) i- b) ; 
H 5 =H 5 -1 ;
END;
H5=H5+1; */

W 6 : bX2HbX1$
bHBX2X 1$
HbbX2X 1$
bHbX2Xx$

/* DO WHILE (W6 (H6) j- b) ; 
H6=H6-1;
END;
H6=H6+1; */

Wl: Hl$b /* No change */
W 3 : H3b /* No change */
W 4 : H4b /* No change */

Step 2 - reposition head HI */

Wl: $Hlb /* Hl= Hl+1 */

W 3 : H3b /* No change */
W4: H3b /* No change */
W5: bH5X1X 2X 1X 2$ /* No change */
W 6: bH6X 2X,$ /* No change */

Seep 3 - Compare the non- trivial symbol
non- trivial symbols of v' (REPEAT) */



/* Count off 2 (2 = IU |)
Wl: $x1x2hi
W3: X2X 1H3
W4: X2X 1H4
W5: bX1X 2H5X1X 2$
W 6: bX2X 1H6$

I I/* A scan of U
unsuccessfully checking 
algorithm, 
u "  (W6) */

W 6 : bX2HbX1$
bHbX2X1$
HbbX2X 1$ 
bHbX2X1$

Wl: $X1X2H1
W3: X2X1H3
W4: X2XxH4

123 -

I I
non-trivials in V */
/* DO WHILE (W6 (H6) f $); 

IF W5(H5) ? $
THEN DO; Wl (HI) =W5 (H5) ; 

H1=H1+1;
W3 (H3)=W6 (H6) ; 
W4 (H4) =W6 (H6 ) ; 
H3=H3+1; 
H4=H4+1; 
H5=H5+1; 
H 6=H6+1 ;

END;
END; */

END;
H 6=H6+1 ;

END; */
/* No change */
/* No change */
/ *  No c h a n g e  * /

(W6 ) has been completed - after 
for completion of the 

reposition H6 at the leftmost symbol of

/* IF W5(H5)=$ THEN EXIT; (NO)
ELSE DO; DO WHILE (W6 (H6) ^ b) ; 

H6=H6-1;
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W5: bX1X2H5X1X2 $ / *  No c h a n g e  * /

/* The TM now repeats execution of the REPEAT loop */

I I/* Count off 2 more symbols of V */

Wl: $x1x 2x1x2hi /* DO WHILE (W6 (H6) ¥ $);
W3: X2X iX2X iH3 IF W5(H5) ¥ $
W4: X 2X 1X2X1H4 THEN DO; Wl (HI) =W5 (H5) ;
W 5 : bXlX 2X lX2H5$ H1=H1+1;
W 6: bX2X 1Hb$ W3 (H3) =W6 (H6);

W4 (H4)=W6 (H6) ; 

H3=H3+1; 
H4=H4+1; 
H5=H5+1; 
H6=H6+1;

END;
END; '/

/* Again, a check for completion, and EXIT with success */

/* IF W5(H5) = $ THEN EXIT; */
W5: bX1X 2X1X 2H5$

/* Write delimeter symbols onto tape Wl, W3, W4
leaving the Turing Machine in the following state: */

Wl: $X1X 2X 1X 2&H1
W3: X2X 1X2X 1H3$
W4: X2X1X2X1H4$

/* Wl (Hl) = & 
H 1=H1+1; 
W3 (H3) = $;
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W5: bX1X2X1X2H5$ W4(H4) = $; * /

W 6: bX2X 1H6$

Example 2̂ - (Failure)

Initially
Wl: Hl$b
W 3 : H3b
W4: H4b
W5: bXlX 2X lH5$ (v'' = x1x2x1)
W 6 : bX2X 1H6$ (u" = x2xx)

/* Step 1 - position H5 and H6 at the leftmost symbols
i iV 1 1and U respectively */

W5: bX1X 2H5X1$ /* DO WHILE (W5(H5) ? b) ;
bX1H5X2X1$ H5=H5-1;
bHSX-jX^S END;
H5bX1X2X 1$ H5=H5+1; */
bHSX-^X.^

W 6: bX2H 6X 1$ /* DO WHILE (W6 (H6) ? b) ;
bH6X 2X 1$ H6=H6-1;
H6bX2X 1$ END;
bH6X 2X 1$ H6=H6+1 */

Wl: Hl$b /* No change */
W3: H3b /* No change */
W 4 : H4b /* No change */
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/* Step 2 - Reposition head HI */ 

Wl: $Hlb /* H1=H1+1 */

W3: H3b /* No change */
W4: H4b /* No change */
W5: bH5X1X2X1$ /* No change */
W 6 : bH6X 2X 1$ /* No change */

I I/* Step 3 - Compare the non-trivial symbols of U
I twith non-trivial symbols of V (REPEAT) */

I I/* Count off 2 non-trivials in V */

Wl: $x1x2hi /* DO WHILE (W6 (H6) 1 $);
W3: X2X 1H3 IF W5 (H5) ¥ $
W4: X2X1H4 THEN DO; Wl (HI) =W5 (H5) ;
W5: bX1X 2H5X1$ H1=H1+1;
W 6 : bX2X 1H 6$ W3 (H3)=W6 (H6) ;

W4 (H4)=W6 (H6 ) ;
H3=H3+1;
H4=H4+1;
H5=H5+1;
H 6=H6+1 ;

END;

END; */
I I

/* A pass over U (W6 ) has been completed - after
unsuccessfully checking for completion of the algorithm,

I treposition H6 at the leftmost symbol of U (W6) */
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W 6 : bX2H6X1 $

bH6X 2X1$
H6bX2X1$
bH6X 2X1$

/* IF W5(H5)=$ THEN EXIT; (NO)

ELSE DO; DO WHILE (W6 (H6) ^ b); 
H6=H6-1;

END;
H 6=H6+1 ;

END; ‘ */

Wl: $x1x 2hi /* No change */
W3: X2X1H3 /* No change */
W 4 : X2X 1H4 /* No change */
W5: bX1X 2H5X1$ /* No change */

The TM now repeats execution of the REPEAT loop
Try to count off 2

f 1
more symbols of V

Each step in this execution is shown */

Wl: $X1X 2X 1H1 /* DO WHILE (W6 (H6) ^ $);
W 3 : X2XiX 2H3 IF W5 (H5) j* $) ;
W 4 : X2X 1X 2H4 THEN DO; Wl (HI) =W5 (H5)
W5: bX1X 2X 1H5$ H1=H1+1
W 6: bX2H6X 1$ W3 (H3)=W6 (H6) ;

W4 (H4)=W6 (H6 ) ;
H 3=H3+1;
H4=H4+1 
H5=H5+1 
H6=H6+1 

END; */

/* When attempting to execute the DO WHILE (W6 (H6) f $)
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again, W5(H5)= $r and so the TM Halts with failure! */

/* DO WHILE (W6 (H6 ) ? $);
IF W5(H5) ? $ THEN DO;

END;

ELSE HALT with failure; */

The complexity of this length checking algorithm 
is now analyzed. Step 1, which repositions heads H5 
and H6 , is performed in real time in the sum of the

II IIlengths of U and V . Step 2, positioning head HI 
just past the $ requires one operation. Finally, step
3. in the case of success, (which has a higher com­
plexity than that of failure), (2*k) complete passes

I Iover U are made. Hence the complexity of step 3 is
it it(2*k*|U I), which is linear in the length of U

Thus, the complexity of the entire length checking 
algorithm is 0(|U I) + 0 ( IV |).

4.4 The Cyclic Permutation Problem for Free Groups

ii itFor notational convenience, U and V are
referred to as U and V respectively.

At this stage of the algorithm, V$ on tape Wl and
U on tapes W3 and W4. What must be shown now to solve
the Power-Conjugacy problem is that V is a cyclic per-
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mutation of U .

Using the lemma from Chapter 2, the cyclic permu-
tation problem is solved as follows: given V and U ,
the TM searches for the existence of V in the string 
Ic KU U . If it exists, U and V are cyclic permutations of 

each other, otherwise they are not.

4.5 V&U^Uk on a Turing Machine Tape

Recall from section 3 that the tapes are left in 
the following state:

Wl: $V&Hlb

W3: UkH3$

W4: UkH4$

Tape Wl will contain the string $V&U 
can be used as input to the Fischer-P 
Machine. This will require us to reposit 
and H4 at the leftmost non-blank symbol 
(U ), and then to copy the contents of W3 
lowed by copying the contents of W4 
linear algorithm which will do this is pr

kUk so that it 
aterson Turing 
ion heads H3 
s of W3 and W4 
onto Wl, fol- 
onto Wl. The 

esented below.

/* Position H3 at the leftmost non-blank symbol of U */ 
DO WHILE (W3 (H3) j b) ;

H3=H 3 - 1 ;
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END;
H3=H3+1;

/* Position head H4 at the leftmost non-blank symbol of U */ 
DO WHILE (W4 (H4) f b) ;

H4=H4-1;
END;
H4=H4+1;

/* Copy Uk from W3 onto Wl */
DO WHILE (W3(H3) ^ $);

Wl (HI) =W3 (H3) ;
H1=H1+1;
H3=H3+1;

END;

/* Copy Uk from W4 onto Wl */
DO WHILE (W4 (H4) ^ $) ;

Wl (HI) =W4 (H4 ) ;
H1=H1+1;
H4=H4+1;

END;

/* Finally, position HI at the leftmost symbol of V on Wl */ 
DO WHILE (Wl (HI) i- $) ;

H1=H1-1;
END;
H1=H1+1;
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The complexity of this algorithm is now analyzed.
• kRepositioning head H3 at the leftmost symbol of U on

tape W3 requires |U 1+1 steps. Repositioning head H4
k kalso requires |U 1+1 steps. Copying U from W3 onto Wl

k krequires |U I steps, as does copying U from W4 onto
Wl. Finally, positioning Hi at the leftmost symbol of
V on Wl requires |V|+2*|U 1+1 steps. Thus, this algo-
rithm is linear in the sum of the lengths of V and U’ .

4.6 Conclusion

k kAt this point, the string V&U U has been assem­
bled on tape Wl. The Fischer-Paterson machine is then
run on this string in linear time to determine whether

k kor not V is a substring of U U , thus determining if V 
is a cyclic permutation of U . Hence, the Power- 
Conjugacy problem for free groups is solvable in time 
linear in the sum of the lengths of V and U .
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5 - GROUPS SOLVABLE BY PEHN'S ALGORITHM.

The DA-groups are shown to have a word problem 
which is solvable in logspace on a deterministic 
multitape Turing Machine.

5.1 Finite State Control

The algorithm to solve the word problem for DA-
presentations states that a subword V of the given word
W must be found, where V is identical with a subword of
some relator R^ such that | V | >—■ |R^| . V is replaced by
the inverse of the remainder of R^, thus obtaining the
shorter word equivalent to W. This procedure is
repeated until W cannot be further reduced by this
process or by free reductions. Consider the following
problem involving the relators in which the symmetric

oset of relators R u={ab,a , . . . } .  Here, we have two
relators which begin with the same generator ("a").

2Let the input word W be a b; when scanning the first
letter of W, (the "a"), it is not known which of the

2two relators (ab or a ) will be used in reducing the
length of W. Only when the next symbol is scanned (the

2"a") will we be able to reduce a b to b.

If the "next state" function in the Turing Machine 
is to direct us to a state which corresponds to the 
detection of a subword of a relator R , this function 
must be defined in such a way as to eliminate all
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ambiguity deriving from the aforementioned problem. 
This can be done by defining a tree structure for the 
set R of relators •

First, a finite list of the subwords of the R andu
their corresponding replacements must be assembled,
where the lengths of the replacements are less than one
half of the lengths of the subwords they are replacing.
For each relator R^-SfR^}, one entry in the "subword
replacement list" is formed. Assuming that the
relators are in the form R (R = r.r« . . . r ,m>2),w w 1 2  irr '
the subword replacement list entry will be

r l r 2 • • • r [ 2 + r j  ’

Note D O  is defined as the first integer which is 
greater than or equal to X. If m=2, the subword 
replacement list entry is r^r2=l.

3 —2As an example consider the relator b a . The
3 2entry in the list for this entry is b -a . For the

2 -2 2 -1 relator a b , we form the entry a b =b.

This list of subwords and their replacements is 
formed by using all of the relators in the symmetric 
set.

The "subword tree" T for this list L has for itsLi
points all initial segments of subwords in L including
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the subword 1 of length 0. We denote a point by the 
initial segment (sub-subword) it represents. Two points 
P and Q are connected by a directed line from P to Q 
iff IPI + 1 = IQ I and P is an initial segment of Q.
Note that each subword in our list L is the endpoint of 
a unique path in TL starting at 1.

The notion of a "subword tree" is illustrated with
2 -1the following example. Let G=<a,b; b a >. The 

symmetric set R for G is:

bV1
-2ab

- 1,2 a b
ba^^b

b"’1ab-1
b"2a

(original relator, (R^))

(inverse of R^^

cyclic permutations 
of R^

cyclic permutations
of r 7

The finite list of subwords and their replacements 
for this symmetric set of relators is

= a ba"1 = fa'1

ab-1 = b b-1a = b

a-1 b = b"1 b"2 = a"1

Next, the subwords are partitioned into classes.



-  135  -

Each class is denoted by the generator(s) the members 
of the class begin with.

= (ab- 1 )

= (b2 ,ba-1)

Pa-1 = (a-1b)

V 1 = (b-1a,b-2)

ab-1
(ab-1 )

Pb2 (b2 )

'■ba'1 “ ‘ba_1>

‘ (b'la>

Pfa-2 = (b-2)

Finally, from this partitioning, the following
subword tree is formed
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Using this subword tree, we will show how to 
define the next state function for our Turing Machine.

5.2 The State Symbol Alphabet

Consider the worst-case example of the word 
problem for DA-groups; no reduction of the input W 
occurs. Thus, W is encoded onto the worktape using only 
n Turing Machine cells. As an illustrative example, 
consider only a two symbol input alphabet. Thus, the 
number of words of length 2n that can possibly exist is 

( 2n )2' . Thus, for some k, called the base,
, 2n ik - . The base k repesents an encoding and

solving for k, we get:

n log k 

log k

k

For example, let |W| = 2n = 16, thus n = 4. The 
base to be used for encoding W is 16. This implies that 
binary strings of length less than or equal to 16 can 
be coded in base 16 using only 4 (log 16) symbols.

Generalizing this for an input alphabet of length 
m which includes the generating symbols and their



The algorithm for the solution to the word problem 
simply described below:

Count IWI = 2n , and compute n.

Compute k.

Compute the lexigraphic value of the input, base
k.

When LHS's are found:

* Delete the LHS already encoded.

Go to beginning of the encoded worktape.

ib Recompute the lexigraphic value of the
remaining encoding, and the new RHS.

* If another LHS is found, repeat this
procedure recursively until no LHS's are
found.

Continue by reading new input symbols.
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5.3 Two Data Structures

Note that when subwords that appear on the subword
replacement list have been replaced, it. _is possible for
a new subword (also on the replacement list) zo appear
that must be replaced. In these cases, the finite
control must contain within it a function which defines
how two consecutive state symbols are to be "combined".
Thus, we form a "combination list" - a list of pairs of
state symbols with corresponding replacement state

2symbols. The length of the combination list is k .

At certain times, the Turing Machine examines the
rightmost two state symbols on a worktape to find the
substring of maximum length that lies on a path of the
subword tree. The rightmost two worktape symbols will
(possibly) be recoded so that the rightmost symbol on
the worktape is the substring of maximal length
corresponding to a path on the subword tree. We define

2for each of the k pairs of encoded strings a pair of 
replacement strings. This set of definitions is called 
the 2-list. As an example, consider the following: the 
rightmost two symbols on the worktape are (ab) (cde) 
(where (X) is a one symbol encoding of X ) , and a 
subtree of the subword tree is



-  139

Note that the TM can enter either of two possible 
states: path 1 (bcde) or path 2 (cde) , since the
rightmost symbols of the worktape fall on both paths. 
In this case, the Z-list will map the encoding (ab) 
(cde) to (a) (bcde) because (bcde) is the substring of 
maximal length that corresponds to a path on the 
subword tree.

4 The Turing Machine Algorithm

Initially, symbols from the input tape will be 
"combined1' onto the worktape, and new states will be 
determined depending upon the structure of the subword 
tree. New input symbols that follow some path on the 
subword tree will automatically be combined using the 
combination list. If a new input symbol is encountered 
which does not follow a path on the subword tree, the
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Taring Machine must determine a new path to follow. 
The determination will be done using the Z-list.

If, however, a subword on the subword replacement 
list is detected, the Turing Machine must, first 
replace the subword with its shorter replacement. 
After replacement, the Turing Machine must check to see 
if any other subword replacements can be made because 
of the introduction of the new symbol. This will be 
done by backing up the heads on the worktape and 
combining consecutive symbols (if possible). If 
another subword to be replaced by a shorter subword is 
found, the replacement is made and the Turing Machine 
backs up once again. Once no more subword replacements 
can be made, the Turing Machine will use the Z-list to 
determine the current path on the subword tree it will 
follow to continue reducing the input.

When no more input is encountered, the worktape is 
examined to see if any symbols are contained on it. If 
the tape is empty, the word problem has been solved for 
this input word.

5.5 Complexity

Given an input word of length 2n , the number of 
symbols encoded on the worktape is less than or equal 
to the n. This is the logspace bound we have been 
searching for. Note, too that the running time of this
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algorithm is polynomial in the length of the input, 
since the worktape heads back up to the beginning of 
the worktape whenever subword replacements are made.
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6 .  THE WORD PROBLEM FOR THE GROUPS OF PEHN'S ALGORITHM

Given a presentation of a group G = <2rR> where 2 
is a set of n generators and R is a symmetric set of 
relators, the word problem for the DA-groups is defined 
as deciding whether or not a given word in the
generators in 2 is equivalent to the identity. A
linear upper time bound is presented for the solution 
to this problem on a multitape Turing Machine model 
which can write symbols of length zero.

6.1 Introduction

The word problem for the DA groups is solvable in
a manner similar to the solution of the word problem
for free groups (chapter 1). That is, a monotonic
reduction process is used to successively reduce the
length of the word to zero. Given a word W in the
generators, the algorithm searches for the occurrence
of a subword of one of the relators. The size of this
subword is greater than half of the relator. The
algorithm replaces this subword with the inverse of the
remaining portion of the relator. Specifically, given

a relator r = a^a2 * * * ak and k odd) , . the
algorithm searches for an occurrence of a^a2 • • . a)<+i

~2~

and replaces this with a^lak-i • • • a^+i • When k is
2 •fl

ev en, the search is for a^a2 . . . and replace
2+1



Thus, if the relator was of odd length, the length 
of the text would be reduced by one, and if even, 
reduced by two. For clarity, the portion of the 
relator that acts as a pattern is denoted as a "left
hand side" (LHS) , and its replacement portion is
denoted as the "right hand side". Also, let the length 
of LHS be denoted 2., and let the length of RHS be at 
most j-l_.

The algorithm must continue seeking occurrences of 
LHS's of relators. Once a LHS has been replaced by a 
RHS of length at most j-1 and a null symbol of length 
zero, the pointer to the text must then be backed up at
least positions from the beginning of the RHS.
Consider the following example:

Let LHS = abc j=3

RHS = de 

text = xyzabc

replace

LHS with RHS xyzde

backup
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j-1 symbols x^zde

Note the pointer was backed up j[-l_ positions 
because the algorithm must continue searching for LHS 
patterns of length £. Let t*16 number of relators 
(including trivial relators) be m, and let the number 
of LHS's be m, and let the length of the longest of 
these LHS's be £. The algorithm must back up £-l_ 
positions each time a replacement is made. This is 
done to insure that all possible LHS's can be 
considered for future LHS searches.

The algorithm continues in this fashion, searching 
for LHS's, replacing them with a corresponding RHS, and 
backing up p-1 positions each time. Once no more 
replacements can be made, the algorithm terminates.

Essentially, if there are m relators, m 
dynamically changing pattern recognition problems are 
being solved in parallel. Each instance of a pattern 
recognition problems is solvable in time 0 {1 (length 
of a LHS) + length of text} by using a Fischer-Paterson 
Turing Machine (see Chapter 2). By careful examination 
of the worst case occurrence for this algorithm, the 
algorithm is shown to have an m*0 (p*n) upper time 
bound, where
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m = # of relators 

p = length of longest LHS 

n = length of input text

6•2 Complexity

Given input word W of length n, and a symmetric 
set with m relators, where the length of the LHS of the 
longest relator is jo, the complexity of the algorithm 
is now examined. Initially, all LHS's in the symmetric 
set are processed in parallel using the Fischer- 
Paterson TM in time 0 (p). Next, the algorithm searches 
the input for the first occurrence of a relator. In 
the worst case, this relator occurs at positions n-p+1 
through n. This was found by examining the n input 
symbols in time m*0 (n) (for each "sub-machine"). 
Replacing the LHS with a RHS requires

backing up from the n symbol to the first 
symbol of the found LHS (backup at most p-1 
symbols).

copying at most p-1 symbols of the RHS onto the 
tape.

4> writing 1 null symbol.

This requires at worst 2(p-l)+l = 2p-l steps on each of
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the m sub-machines.

Once the LHS has been replaced, the TM searches 
for more occurrences of LHS's. To insure that all 
possible LHS's are looked for, the algorithm backs up 
the input tape head. Since p is the length of the
longest relator, the algorithm must continue by
analyzing the £-l_ symbols of text that are left of the 
newly inserted RHS, and the first symbol of the RHS. 
Consider the following text:

... XiXa ... X  .r,r„ ... r . ...1 2 p-1 1 2 p-1

{ RHS }

In this example, the algorithm will continue by 

analyzing x iX2***Xp-lrl ^  symbols). The algorithm 
last wrote a null symbol to the right of the RHS.
Thus, we back up £-l_ positions to r^, and then move
left p-1 additional symbols to X-̂ .

The process of searching, backup, replacement, and 
backup continues until the input has been exhausted. 
The complexity of the entire process is summarized 
below:

occurence
of

pattern event

pattern
occurs

at complexi ty
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0 pre scan - p
pattern

1 search n-p+1 thru n n
backup p-1
replace p-1+1 (null)
backup 2 (p-1)

2 search n-p thru n-1 2 (p-1)
backup p-1
replace p-1+1
backup 2 (p-1 )

n-(2p-l)+l search p thru 2p-l 2 (p-1 )
backup p-1
replace p-1+1
backup 2 (p-1 )

n-(2p-2 )+l search p-1 thru 2p-2 p-l+p-1
backup p-1
replace p-1+1
backup p-l+p-2

n-(2p-3)+l search p-2 thru 2p-3 p-l+p-2
backup p-1
replace p-1+1
backup p-l+p-3
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n-(p+l)+l search 2 thru p+1 p-1+2
backup p-1
replace p-1+1
backup p-1+1

n-(p)+l search 1 thru p p-1+1
backup p-1
replace p-1+1
backup p-1

n-(p-l)+l search 1 thru p-1 p-1
backup p-2
replace p-2+1
backup p-2

•

•

n-1 search 1 thru 2 2
backup 1
replace 1+1

backup 1
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Total = p

+ n+4 (p-1 )+l 

+ (n- (2p-l)) (6 (p-D+l)

+ (p-1) (4 (p-D+l)

p-1 p-2
+ 5 n+ 1 j

i=l j-1
p-1 P-2

+ 2 k+(3* I l)+(p-2)
k=2 1=1

P

+ n+4p-3 

+ (n-2p+l) (6p-5)

+ (p-1) (4p-3)

+ (P-1)(P),(P-2)(p-1)
T  2

+ ip-i) (P) .1+3,.têieiu+p.2
= n+5p-3

+ 6np-5n-l2p^+l0p+6p-5 

+ 4p^-3p-4p+3

+ | ! - | . 1 + 3 E i | E , 3 +p- 2
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= - 4 n - 8 p 2+ 6 n p + 1 5 p + 3 p 2- 7 p - 4

2= -4n+6np-5p +8p-4 

= 0 (n*p) for each submachine 

= m*0(n*p) for the entire machine

6.3 The Machine

Again, assume the number of relators in the 
symmetric set is m. The multitape Turing Machine which 
solves the word problem for a particular DA group will 
have the following properties:

tb One input tape, with one right-moving, read-only 
head. This tape contains the original, unaltered 
input text string we are trying to reduce.

tb 6m worktapes, partitioned into 6 distinct classes; 
each class contains m tapes

J

“ C3-ass Z - "Modified1' Input Tapes

Each tape initially contains a LHS of a 
relator, followed by a delimeter. The text 
is concatenated onto each of these tapes 
during the first phase of the algorithm. 
When LHS's are found, the RHS's will be 
written onto these tapes. These tapes 
contain the "dynamically" changing input
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string. Each tape contains 2 read-write 
heads, both moving left and right. These 
heads correspond to heads A and B of the 
Fischer-Paterson Turing Machine.

- Class Y - The A  Tapes

Each tape contains two heads, both of which 
are 2-way, read-wrice. They correspond to 
heads C and D of the Fischer-Paterson 
machine. These tapes hold the ^  and d values 
for each "submachine".

“ C3-ass S. “ The S Tapes

Each tape contains one head, 2-way and read- 
write, called S. Each tape is used as a
counter and holds the value of s of each 
Fischer-Paterson submachine.

- Class T - The Scratch Tapes

Each tape is used as a scratch tape analagous 
to tape T in the Fischer-Paterson machine. 
Each rape contains one read-write, 2-way
head.

“ C3-ass £ “ More Delta Tapes

These tapes are identical copies of the Y
tapes, with heads E and F which are
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equivalent to heads C and D of class Y. They 
are used in determining whether a LHS has 
been matched.

- Class SUM - The "Matching" Tapes

These tapes contain two 2-way, read-write
heads, I and N which are used to determine if
P(i)=|LHS|. Recall that for a string
ZgZ^...Zn , the function P for i=0,l,...n is
defined P (i)=max{11Zi_ fc...Zi=ZQ ...Zt }

i - 1
( - 1 < t<i )  * i -  5 A ( j )  . A ( i )  i s  d e f i n e d  as 

j = - l
1+P (i)-P (i+1).

I represents the position in the text, and N
i-1

represents the running sum |LHS|+ 5 A ( j ) •
j=0

When heads I and N are at the same position, 
we conclude that a match of a LHS with some 
text has been found. (A detailed explanation 
of the Fischer-Paterson machine and its 
theoretical background appear in chapter 2).

One "control" rape, which contains one read-write, 
2-way head. This rape contains the unary value of 
m, and is used to synchronize the acrion of the m 
submachines.

Appendix 1 provides a PL/1 implementation of a TM
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which solves the word problem for a particular small 
cancellation group, <a,b,c,d; a-1b”1abc~1d~1cd>, as 
well as sample output. The program is commented, and 
can be read as if it were written in the high-level 
Turing Machine language previously presented.
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7 .  THE CONJUGACY PROBLEM FOR THE PRESENTATIONS OF DA-

GROUPS

Given a DA presentation of a group G = <2, R> 
where 2 is a set of generators, the conjugacy problem 
for G is defined as deciding whether or not two words U 
and V are conjugate elements; that is, does there exist 
a word W such that W  ̂ U W = V? A linear upper time 
bound is shown to exist for the solution to this 
problem using a multitape Turing Machine as the 
computational model, where null symbols of length zero 
can be written. The solution is derived from the 
solution to two other decision problems in the theory 
of group presentations, namely the conjugacy problem 
for presentations of free groups (Chapter 2) and the 
word problem for presentations of DA-groups (Chapter 
6) .

7.1 Introduction

Given a DA presentation for a group G = <2, 
where 2 is the set of generators and R is a symmetric 
set of relators, the conjugacy problem for G can be 
transformed to deciding whether the cyclic R - reductions 
of U and V are cyclic permutations of each other (see 
Chapter 1). Then the algorithm to solve the conjugacy 
problem is straightforward: cyclically reduce the input 
words U and V, and apply the fundamental lemma from the
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conjugacy problem for free groups:

Lemma: Given two words U, V < 2* r IU| = |V| = n, and U 
and V are cyclically reduced, then = PVQ iff U and V 
are cyclic permutations of each other (Chapter 2).

Thus, once U and V are cyclically R-reduced, the 
2string U is formed on a worktape of the Turing

Machine, and the problem is reduced to finding an
2occurrence of V within the string U . This is a 

straightforward application of the Fischer-Paterson 
pattern matching machine of Chapter 2, and its 
complexity is linear in the sum of the lengths of V and 
U.

Thus, only the analysis of the cyclic reduction of 
U and V remains. The inherent difficulties in doing 
this for the DA groups are shown.

7.2 Free Reduction of Input

To cyclically reduce a given word W in the DA 
group G, W must first be freely reduced. The free

t
reduction W of W is defined as a word which does not 
contain the Left Hand Side (LHS) of a relator embedded 
within it.

The Multitape Turing Machine which performs this 
function is the TM which solves the word problem for 
the DA groups (Chapter 6). Given a DA group G with m
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relators, £ is the length of the longest LHS, and n is 
the length of the input word W, the TM can freely 
reduce W in time m*0(p*n). Thus, this portion of the 
conjugacy problem for DA groups has linear complexity.

7.3 Cyclic Reduction of Input

A cyclically reduced word W in 2* is a freely 
reduced word which does not end with the prefix of a 
LHS and begin with the remaining suffix of that same 
LHS. As an example, let abed be a relator. Then the 
LHS = abc and the RHS = d- "̂. If a freely reduced word 
W is defined as c...ab or be... a, where ... can be any 
sequence as long as W is still freely reduced, then W 
is not cyclically reduced. This is because W (in both
cases) ends with a prefix of a LHS (ab, a) and begins
with the remaining suffix of that LHS (c, be).

Recall that the complexity of freely reducing a 
word W has been shown to be m*0(p*n), where

m = number of relators

p = length of longest LHS

n = length of input word W.

Recall that the complexity of finding a pattern V
2within a string U has been shown to be 0(|V| + 2*|U|) 

= 0 (3n) = 0 (n) where n= length of V and U. Thus, the
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complexity of the entire problem is reduced to showing
that the complexity of the cyclic reduction phase of
the algorithm is 0 (n). We show this complexity is 

2actually m*0(p *n) = 0 (n).

To cyclically reduce a given word W, we first 
freely reduce it using the algorithm of Chapter 5 in

I
time m*0(p*n). This yields a freely reduced word W of 
the form:

$x1 x2 . . . xp_1 . . . xn_ (p_2) . . .  xn$
More occurrences of LHS1s can only occur between the 
rightmost p-1 symbols (Xn_^p_2 ) thru X^ ) and the

I
leftmost p-1 symbols (X. thru X , ), since W is freelyX X

reduced. Thus, the Turing Machine only considers these
22 (p-1) symbols in time m*0(p*(2(p-1))) = m*0(p )!

If a LHS of a relator is found while scanning 
these 2 (p-1) symbols, consider what must occur. The 
LHS is replaced by a RHS of length at most p-1. Thus, 
further possible occurrences of LHS's must involve 
symbols from the newly inserted RHS. Since the length 
of the longest LHS is p, we must consider the £-l_ 
symbols to the left of this RHS, and all the symbols 
thru the £-l_ symbols to the right of the RHS. 
Therefore, the TM backs up its heads p-1 symbols to the 
left of the RHS, and scans thru the p-l£t symbol to the 
right of the RHS. This implies scanning at most 3 (p-1)
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symbols. Therefore, the complexity here is
m*0 (p* (3 (p-1)) ) = m*0 (p2) !

We continue scanning at least 3 (p-1) symbols until
no more replacements can be made. Each time a LHS is
found, it is replaced by a RHS of shorter length, and
at least 3 (p-1) symbols beginning with the p-lst: to the
left of the RHS are scanned. Since at each step, 0 (p)

2symbols are scanned in time 0 (p ), and since the length
f

of the freely reduced word W is n, the entire
2algorithm has complexity m*0(p *n) = 0 (n) !

7.4 The Cyclic R-Reduction Algorithm

Presented below is the Turing Machine algorithm
2that cyclically reduces a string W in time m*0(p *n). 

Section 7.5 shows how this complexity result is 
derived.
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CYCLIC: PROCEDURE (RECURSIVE);

/*Turing Machine algorithm to cyclically reduce a 
word for the small cancellation groups.

Assume W, the word to be cyclically reduced, 
consists of the symbols $X1X2-..Xn$.

Let head A initially be positioned under X , 0 ..n-(p-2)
Let head B initially be positioned under Xp_]_ •

Assume W has been freely reduced. Then the only
possible occurrences of LHS's occur between (in the
cyclic sense) X^ . . . . . .  . X X .  . . .  X . . We markJ n— (p-2 ) n l p-i
Xp_^ as the rightmost symbol to be scanned. If Xp_^ is 
the symbol x, it is marked as R x . */

W(B) = Rx;

/* Now we begin the major portion of the
algorithm. We scan, starting at X , , all thev ' * n- (p- 2) '
symbols through the rightmost symbol (marked Rx).

Let HEAD be a variable that takes on the value A 
if head A is scanning the "current" symbol, else HEAD = 
B. Note, if HEAD = A, we say HEAD = B, and if HEAD = 
B, we say HEAD = A.

Note too, that heads A & 3 will be moving in
opposite directions over the tape containing W. They
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always be the same number of symbols from the 
opposite delimeter symbols ($). */

HEAD = A; /* initially, A is right moving */

REPEAT;

CALL FORWARD (HEAD);

/* FORWARD scans "right" until a LHS is found. If 
no LHS is found, FORWARD will halt the execution of the 
algorithm. "Right" implies reversing the value of HEAD 
when the delimeter is found.

If a LHS is found, FORWARD returns leaving HEAD 
positioned at the rightmost symbol of the LHS. Thus, 
we backup |LHS|-1 symbols. */

CALL BACKUP (HEAD, 1LHS ! -1);

/* BACKUP leaves HEAD positioned under the first 
symbol of the "found" LHS. Now the LHS is replaced by 
the RHS and null symbols */

CALL REPLACE (HEAD, RHS);

/* REPLACE leaves HEAD positioned under the 
rightmost null symbol just written.

Next, we must "mark" the new rightmost symbol to 
be scanned. This will be at least p-1 symbols to the
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"right" of the null symbol just written. Note, if the 
Rx is still right of the p-l£t symbol to the right, 
MARK does nothing. However if MARK passes over R x , the 
p-1st symbol becomes Rx. */

CALL MARK (HEAD, p-1);

/* Finally, HEAD must now be reversed 2 (p-1) +
IRHS i -1 non-null symbols in order to consider all 
possible occurences of LHS's.*/

CALL BACKUP (HEAD, 2 (p-1) + |RHS| -1);

END; /* END of REPEAT */
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FORWARD: PROCEDURE (HEAD) ;

/* subroutine FORWARD scans "right" for Rx until

to a LHS is found, in which case FORWARD merely 
returns,

to no LHS is found, in which case FORWARD halts. */

DO WHILE (W(HEAD) ^ Rx );

IF W (HEAD) = $

THEN DO; /* reverse heads */

HEAD = HEAD;

HEAD = HEAD + 1;

HEAD = HEAD - 1;

END;

ELSE DO;

/
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Scan W(HEAD) ;

IF (a LHS has been found)

THEN RETURN;

ELSE DO; /* advance the heads */ 

HEAD = HEAD +1;

HEAD = HEAD -1;

END;

END;

END;

/* Rx has been found...

IF Rx causes a LHS to be found, 

return; otherwise halt - 

W is fully reduced */

Scan W(HEAD);

IF (a LHS has been found)

THEN RETURN;

ELSE STOP;



END FORWARD;

164 -
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BACKUP: PROCEDURE (HEAD, LENGTH);

/* Subroutine BACKUP reverses the direction of 
HEAD and moves HEAD LENGTH symbols "left" */

/* If Rx is found while backing up, a new type of 
processing will be done....*/

DO I = 1 to LENGTH;

IF W(HEAD) = Rx

THEN CALL NEWSTATE;

ELSE DO; HEAD = HEAD-1;

HEAD = HEAD + 1;

IF W(HEAD) = $

THEN DO; /* Reverse */

HEAD = HEAD 

HEAD = HEAD -1;

HEAD = HEAD + 1;

END;

END; /* End of ELSE -DO */

END; / *  end o f  DO-I * /
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/* HEAD is now correctly positioned */ 

RETURN;

END BACKUP;
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REPLACE: PROCEDURE (HEAD, RHS);

/* Subroutine REPLACE replaces the previously found LHS 
with the corresponding RHS (including null symbols)*/

DO I = .1 TO |RHS | ;

W (HEAD) = RHS [I ] ;

/* let RHS be an array

of symbols 1 thru IRHS | */

HEAD = HEAD + 1;

HEAD = HEAD -1;

IF W(HEAD) = $ /* reverse */

THEN DO; HEAD = HEAD;

HEAD = HEAD +1;

h e a d  = H e a d  - i ;

END;

END; /* End of DO-I */

END REPLACE ;
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MARK: PROCEDURE (HEAD, LENGTH);

/* Subroutine MARK moves HEAD right LENGTH symbols. If 
the Rx symbol is found in the process, it is replaced 
by x, and the rightmost symbol found is marked Rx. 
Conversely, if the Rx symbol is not found, no "marking" 
is done. */

DO I = 1 TO LENGTH;

IF W(HEAD) = Rx

THEN DO; FLAG = 1;

W (HEAD) = x;

END;

HEAD = HEAD +1 ;

HEAD = HEAD -1 ;

IF W(HEAD) = $ /* Reverse */

THEN DO; HEAD = HEAD;

HEAD = HEAD + 1;

HEAD = HEAD -1;

END;

END; / *  end o f  DO-I * /



END MARK;

169 -
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NEWSTATE: PROCEDURE;

/* Subroutine NEWSTATE is called by BACKUP if Rx is 
found. Had BACKUP not called NEWSTATE, subroutine 
FORWARD would not scan the proper number of symbols. 
This condition occurs when a number of BACKUP'S 
resulted in causing all of W to have been "reverse- 
scanned” .

In this situation, W must be freely reduced 
(again), followed by having this entire algorithm "re­
execute." This results in minimizing the number of 
steps to be executed. */

/* Note, W(HEAD) is R x , so first...*/

W(HEAD) = X;

Freely reduce W;

Position A and B under

xn_(p_2 ) and x p-i respectively;

CALL CYCLIC;

END NEWSTATE;

END CYCLIC; /* all done */
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7 • 5 C o m p l e x i t y

It seems rather surprising that cyclically 
reducing W can be done in time linear in the length of 
W. We examine the complexity of this procedure here 
via a worst-case analysis.

Let W (freely reduced) be

X ...X„ . X ...X^ . Xw $1 p-1 p n- (p-2) n

Initially, symbols Xn_^ 2 ) thru xn followed by X^ 
thru X .. are scanned. Assume no LHS occurs untilp-1
symbol is scanned. Thus, we are freely reducing
2 (p-1) symbols. From the previous chapter, the 
complexity of freely reducing a set of n symbols has 
complexity m*0(p*n).

Thus, freely reducing the 2 (p-1) symbols has
2complexity m*0(p *(2p-l)) = m*0(p ).

Next, HEAD is backed up at most 2 (p-1) symbols. 
From here on, 3 (p-1) symbols are scanned. Again, 
assume the LHS is not found until the 3(p-l)s_t symbol 
is scanned. Replacing the LHS with the RHS results in 
this entire operation having complexity m*0(p*(3p-l)) = 
m*0(p2) .

Again, HEAD is backed up at most 3 (p-1) symbols, 
and the process is repeated. Clearly, each iteration
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in the process results in reducing the length of W by 
at least 1. Thus, if |W|=n, the complexity of the

Now consider cases other than the worst case. 
Assume that the LHS's are found after scanning only £ 
symbols each time. To simplify the explanation, we 
write W on a circle, with HEAD pointing to the current 
symbol being scanned and R pointing to the rightmost 
symbol to be scanned. In the first case, the TM has 
the following configuration after scanning p symbols:

The complexity of scanning these p symbols

corresponding RHS, marking the new rightmost symbol,

2entire cycle reduction process is at most m*0(p *n).

(Xn-(p-2) * * • XnX l) ' replacing them with the

2and backing up is m*0(p*3p-l)) = m*0(p ). The new TM
configuration will be:

*v\-C
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The 3 (p-1) symbols X^ , 0 . . , . thru X followedn- (p-2 ) - (p-1) n
by X, thru X must now be examined.1 P

Next, again assume that a LHS is found after
examining only the first p symbols. The complexity of

2this operation will again be m*0(p ). Note, however, 
the resulting configuration:

^  v\- ^ VN' -ft

At this point, R was not moved, so we must examine the 
3 (p-1) symbols to the right of HEAD, plus the remaining 
2p-l symbols that were not scanned before. By 
accounting for previously unscanned symbols in later 
steps, we can safely assume that the complexity of 
reducing each symbol in W is m*0(p*(3(p-1))!

Note that backing up HEAD can result in "passing" 
the rightmost symbol marked by R. Effectively, all of 
H must be scanned in this case, because of all the 
reduction that has occurred. Rather than count how 
many symbols should be scanned, we merely start over by 
freely reducing W from left to right. This has
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complexity m*0(p*n') where n' is the length of W after 
all the cyclic reduction (n'<n). Then, the cyclic 
reduction algorithm is restarted. This is less complex 
than going "around and around" W.

Note this extreme backup case results in linear 
complexity. This is because n' can actually be 
expressed as a function of p!

7.6 Summary

The steps of the algorithm are:

1 - Freely R-reduce U using the TM of the word problem
for the DA groups in time m*0(p*n).

1 22 - Cyclically R-reduce U , in time m*0(p *n).

3 - Freely R-reduce V as in (1) above in time
m*0(p*n).

4 - Cyclically R-reduce V as in (2) above in time
m*0(p^*n).

25 - Form the string $ V & U , where V, U are both
cyclically R-reduced and use the Fischer-Paterson
machine of Chapter 1 to find an occurrence of V 

2within U in time 0(|U| + |V|). If such an
occurrence exists, the TM halts successfully, 
otherwise failure.
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Each component of the algorithm has linear
complexity, and thus the entire machine runs in linear 
t ime.
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8 * CONCLUSIONS

A variety of problems in the theory of group 
presentations have been shown to have linear time and 
log space complexity bounds. Results were obtained by 
using linear time pattern matching algorithms on 
multitape Turing Machines.

A large number of decision problems in the theory 
of group presentations still remain to be analyzed for 
their computational complexity. For instance, the word 
and conjugacy problems for the HNN groups (Anshel and 
Stebe, 1974). Perhaps the solutions to these problems 
will lead to further research, as did Max Dehn1s work 
-in 1911.
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APPENDIX

SMALL: PRUC OPT IUNS(MAIN) ;

STM! LEVKL NEST
1 SHALL: PRUC OPT IONS(HA IN);

/* TURING MACHINE FUR SMALLCANCELLATION GROUPS IN LINEAR TIME
/* DEFINE THE ARRAYS AND STATIC POINTERS *7
/ * THE NUMDER OF RELATURS = M = 24ASSUHE UP TO 50 SYMIJUtS CAN OF PLACED ONTO AZ TAPE - NIJTt THIS REQUIREMENT CAN BE INCREASEDAT WILL.

EACH TEXT SYMBOL IS REPRESENTED IlY 2 CHARACTERS:
■ A  IS REPRESENTED UV A -XA IS REPRESENTED BY A-
*/

2 I DCL Z I 24,50) CHAR (2) -STATIC;3 X DCL IY(24 * 50), X(24,50 I,S(24,50), S U M ( 2 4, 5 0 )) CHAR(L) STATIC;
/* X’S AND O'S ARE REPRESENTED USING ONE CHARACTER EACH */

4 X DCL I A(24), 0(24), C<24), 0(2,1, LI 24), r(24),N (2 4 I , 11(24), SSI24), R(24 I )FIXED B1N( 15) SIA I lc;

/«= THE FOLLOWING AWE THE HEADS ON THE VARIOUS TAPES:

TAPE HEAD

Z A ,UY C,0X E,FS SSSUM N,I I
NOTE THAT A(I) IMPLIES THAT HEAD A IS CURRENTLY READING THE I-TH SYMBOL UN A TAPE.
*/

5 X DCL ( I , J, K, MM) FIXED 8INU5J STATIC;
/ * THE CUUNTERS */
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SMALL: PROC OPTJUM3IMAIN)S 

STMT LEVEL NEST
/* READ IN THE INPUT WURU */

S I UCL INPUT CHAR 130) SIAI1C;
/ * UP TU AO 2-CHARACTER INPUT SYMOULS ARE ALLOWED. */

T 1 UN ENOHLEISYSIN) GO TO ENI)_S.'lALL;
*T 1 REAO_F ILE:REAU FILEISYSIN) INTOIINPUT);

/* ASSUME THAT S SURRUUNOS THE. INPUT TEXT *■/
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SMALL: PRUC UP!IUNSIMA(Ml;

STMT LEVEL NEST
/* INITIALIZE THE TAPES —  */

/*THE PARTICULAR CROUP USED IN THE EXAMPLE IS THE GP-UUP HI HI THE SYMMETRIC SET UE THE RELATOR A-B-A B C-O-C U
BELOW ARE THE LHS "RULES" EUR I HE SYMMETRIC SEI WITH OLLI METERS t ANO G </
OCL LHSI2A) CHARI IA ) VAR INITI * * A-ll-A B C-G

• t 0 A-B-A d G
• i C D A-IJ-A &  • ,
• i O-C 1) A-b-G
• * C-U-C U A-6  • ,
• i U C-U-C D C * ,
• i A 0 C-U-C E  • ,
• t B-A 1) C-U-G • ,
• % O-C-D C U-G *,
• * A O-C-U C G • ,
• s B A U-C-0 G • ,
• * A-U A O-C-f.
• $ 0-A-U A U-& * ,C B-A-B A G ’,
• s U C O-A-B G ’ ,
• t C-0 C 0-A-G • ,
• $ A A— G ’ ,
• * A-A G • ,
• * B B-G ’ ,
• i 0-U G
’ t C C-G ’ ,
• * C-C G * ,
• J 0 O-G ’ ,
• $ O-U G • I;
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SMALL: PRUC OPTIONS(MAIN);

STMT LEVIiL NEST
/*8CLOH ARE THE RHS "RULES" PUH THE SYMMETRIC SET */

11 1 DCL RHS(2A) CHAIM 10) VAR SIAT1C 1 MlT<• O-C-O ' ,• C-D C • ,• U C B-• C B-A- • ,• B-A-B • ,• A-8 A • ,• 0 A 0- • ,• A D-C- • ,■ A-B-A• B-A B • ,
' A B C -• 0 C-D- • .• C-D-C • ,
• D-C 0 *,• C 0 A- ',» D A-B- • ,{31 (4) • • ):
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STMT

12

13

141516

17

10

1920
21

222326
2031
33

SMALL: PRUC DPT IGNSIMAIN)S 

LEVEL Mb ST
/*
MURE VAR IAULES 
*/

I OCL M FIXED UIN ( 15 ) STATIC INTTI24);
/* M = TUK MUMUER OF RELATCKS (= 24 1 */

I OCL P FIXED 131N( 13) STATIC 1NIT15);
/ * P = THE LENGTH CF IIIE LONGEST RELATOR I - 61 *■/

/* NOW INITIALIZE THE Z ARRAY */
I 00 I = 1 TO MI1 1 DO J = 1 TU LENG TIII LHS I 1 I ) / 2 •1 2 Zll.J) = SUtiSTR«LHS(I),2*J-l,2):

/* THE LET TMUST SYMBOLS UN EACH Z TAPE ARE THE LHS WITH DELIMETERS * AND S. */

I 2 END!
/* CONCATENATE THE INPUT TOC

I I  DU K = 1 TO LENGTH!INPUT)/?WHILE I SUI1STKI INPUT ,2*K-l ,2) • •);
/* THE INPUT IS DONE WHEN A BLANK IS EMCUUHTEREO */

I 2 Z1 I ,J + K-1 ) = SU8SIRIINPUT,2*K-l,2);I 2 ENU;
1 1 END;

/* NEXT, INITIALIZE THE OTHER TAPES */

1 00 I * 1 TU M;
I I Y CI , 11 = • 0 * i Y(l,2) a *1'; Y! 1,3) = 'O' ;I L C11J = 1; Dll) » 3;
I I X(I,1) = 'O'; XII,2) = XII,3) * 'O';I I Ell) a I ; Ell) a 3 ;
1 1 SI I,I) = 'O';
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SMALL: PROC OP TIUNSIMAIN Ii 

STMT LEVEL NLST
3A I 1 SSI I ) = 2J

/* INITIALIZE HEADS a AND t) EUR THE I TAPES35 I 1 All) - I ;
36 I t  OUI = 2!

/* AND HEADS II AND N TOR THE SUM TAPES37 1 1 IlIU = I;39 I I Nil) * li39 I 1 END)
/* SUM TAPE INITIALIZATION (SEE CHAPTER I - THE PROBLEM FOR FREE GRUUPS) */

AO I DO I = I TO M;AI I I DO WHILE (Zl I ,.U I ) *• t ) -.= 's'):A 2 I 2 S UM 11,1-4(1)) = 'I*;A3 I 2 Nil) = Mil) *• 1;AA I 2 All) = All) + l:A5 1 2 END;
A6 1 I N( II = Nil I - l:A7 1 I SUM!I(NI I II = »0* :A8 1 1 DO WHILE I ZI I, All ))-.= •*• );
A9 1 2 A I D  = A M I  - li50 I 2 END;
51 1 1  END;52 I PU1 PAGE LIST!'INITIAL CUNI-IGURATIUN* ) ;5 3 I MM = -t;5A 1 CALL UUTPUT;

*/

CUNJUGACY



-  183 -

SMALL: PRUC 0PT1UN3IMAIN) i

SIMT L L: V I- L NEST •
/* PRUCESS 1 TEXT SYMBOL AI A 11 fit TRUM tACH TAPE 0 1V (£N Tilt- INITIAL CONGIGURA7 I ON UNI IL T UG t. IS FIJIJNI) */

55 1 DO I » 1 TO HI56 1 1 . 0 0  WHILGIZI l.BI I) 1 ->= *i;« J;5/ I 2 CALL PATTERN;
/*

THE SUMMATION MUST 8E INCR EilENTGD I3Y TUG NEW VALUE OH UGLIA (BETWEEN THE O'S) ANO TUG HEADS MUST BE HOVE IT RIGHT.
*/

50 I 2 Eli) = EIII + li50 1 2  0 J WIULEI XII, Gill) '()• ) ;60 1 J SUM! I, N(ll) = •1• ;61 I 3 Nil) = Nil) * 1;
62 1 3 Ell) = Eli) t 1;63 I 3 END;
64 I 2 SUM I I, N(I ) ) = 'O' I65 1 2 11(I ) = 11(I 1 ¥ I;
66 1 2 END;67 L I END; /* **«•<• ALL PATTERNS ARE NUW PROCESSED *** */
60 I PUT PAGE LIST!'ALL PATTERNS ARE PRG-PRUCESSED:•);69 I CALL OUIPUT;
70 I PUT PAGE LISTI'TCXl IS NUM TU BE PROCESSED');



-  184 -

SI MT

7172

7J

75

7(j77

787980

8182

SMALL! PROC OPT 10NSIMAIN) ;

LEVEL HESI
/* THE FISCHER-PA TLK SUM PA TTEKf4 HATCHING SUORUUTlMt «■/

1 PAT TERN: PKOC;2 OCL T FIXED 0IN115) STATIC:
/*
T IS EFFECTIVELY THE TAPE CLASS T LiF IHb F1SCHLR-P AT EP.5UN 
*/

2 T = 0?
/* 1ST TEST */

2 TESIl:IF C Z( I, A! I) U) = 211. d( ll + l > I 2 THEN DO;
/*

HEADS A AND 0 ARE READING IDENTICAL SYMHOLS, SJ,
*/

2 I Dill = 0(11 ► l:2 1 Y(I, 01 I )l = 'O';
/*
MOVE HEADS 0 ANO F RIGHT AMO PRINT 'O'
*/2 I FID = Fill *■ I;2 1 XII , F( in = 'O':2 I A( I ) = AIM + I;
/*
MOVE HEADS A AND 8 RIGHT 
*/

2 l oil) = u(i) *■ l;2 I C (I > = CII) ♦ l;
/*
MOVE C RIGHT TU 1 HE NEXT 0.
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smalls pruc upt ujnsimainj;

STMT LEVEL NEST

89
8990

AS C IS ADVANCED, S IS IMCRC -IENTED (JNCIi FOR EACH • 1 • THAI C PASSES OVER

83 2 I UU nil I LEI Y ( I , Cl I II =
O'* 2 2 SI 1 * SSI III = • l* ;
05 2 2 ssi 11 = s s u  ) * i;06 2 2 Cl 11 = Cl 11 ♦ l;
0? 2 2 ENU;
88 2 I END;

/* CASE 2 */
ELSE
IF III I , AID I = • i' ITHEN 00;
/*
A IS POSITIONED AT THE LEFT Ml) SI SYHHUL UN I

A AND C APE LEFT ALUNE,& MOVES RIGHT UNE SYMOOL,D AND F MOVE RIGHI 2 SYMDOLS,PRINTING A ’I* FOLLOWED OY A 'O'
*/

91 2 1 0(1) = 8(1) l;92 2 I 0(1 ) = 01 I ) ♦ i;
93 2 I Y(I ,01 1) ) = • l';9'* 2 1 0 (1) x oil) *• i;95 2 I Y(1,01 I ) ) = *o*;
96 2 1 Fill = FII) ♦ U97 2 I XI 1 , F I I )) = ' l*;
90 2 I FI 11 = FU) *■ l;99 2 I Xll'FII)) = 3O';
100 2 I END ;

/* CASE 3 */
101 2 ELSE DO;
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SMALL: PROC OPT tONSIMAINI ;

STMf LEVEL NEST
/*

"COPY" THE CUNTENTS OF S INIU "T"
C IS MOVED LEFT OVER S ZEROES.FOR EACH 'O' PASSED OVER i)Y C,HEAD A MOVES ONE SOUAP.E r(I THE LEFT AND 
HEADS D AND F MOVE ONE SOOARE TO THE KIGHI ANO PRINT A •1'.
FOR EACH •1' PASSED OVER OY C,S IS DECREMENTED. SINCE THE VALUE OF S IS MODIFIED BY THIS PROCESS,ITS CUN1LNTS ARE FIRST COPIED INTO THE TEMPORARY CUONTER T HHIUI IS THEN USED TO CONTROL THE ITERATION.

102 2 1 */SSIII = SSI I) - 1;103 2 I DO WHILE ISI I,SS<II) = • 1’ I;I 0 A z 2 T = T *• 1;105 2 2 SSIII = SSIII -1;10A 2 2 end;10/ 2 I SSIII = SSIII * 1; /* DO BACK TO rtHERE V,E10*1 2 I DO WHILE!SI I ,SS(11) = *1*1;10«* 2 2 SSIII = SSI 11 * l;110 2 2 LNij;111 2 I SSI 1) = SSI 11 - 1;112 2 I DO J = I TO T;113 2 2 Cl I 1 = C( I I -I;
11'* 2 2 DO WHILE I Yt I ,C! 1 11 = * l» I ;I 15 2 3 si I,ssi I) i = • •;
I 16 2 3 /* DECREMENT 3 */ SSI 11 = SSIII IS117 2 3 Cl 1 I = Cl I I -l;lit) 2 3 END;I 19 2 2 All) = Alt! - l;120 2 2 011 I = 011 I «■ I ;121 2 2 YU ,D( III = • I • ;122 2 2 FI I I = Fill u ;123 2 2 XII,FI 111 = •l’;
12A 2 2 END;
125 2 I C.0 TO TEST l; /* ** DU TU NEXT STAGE ** */
126 2 I END; t* END OF ELSE DO */

/* ALL DONE */
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SMALL: PRUC UPTlUMS(MAlN); 

STMf LEVEL NEST
127 2 tNO PATTERN;



STMT

120

129131

13213313'*135136137

138139

160161162162
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SMALL: PROC OPT 10NS1MAIN);

LfcVL'L NEST
/* PROCESS TEXT */

1 SCAN:
OU I = 1 TO M;

/ * TEST IE rill1 RE ALL OUNc */
I 1 IE (21 1,81 II U  I = • 'I fllEN GG to EMO_UF_ 1 MPU 1 iI I CALL PATTERN;

/*
PROCESS NEXT INPUT SYMduL
UPDATE SUM - A00 NEXT OELTA VALUE LiNTJ SUM 
*/

I I El II = El 11 ♦ l;1 1 00 WMILE1X11,E< I) I = • l* ) ;1 2 SUM!I,M( II) = •1•;I 2 Nil) * Nil) *■ 1;1 2 El I) * El I> + 1;t 2 ENOS
XI I ,El I II IS NOW 0 */

I 1 SUM!I,N( 1)I = *0* ;1 l end;

WHEN HEAOS II AMU N ARE I'CSITICNED AT PRECISELY THE SAME SYMUuL*HE'VE COT A MATCH.
*/

I DU I = I TU MlI I IF SUM! I, III in = *0*I I THEN GU TU MATCH;I 1 END;
/* MU MATCHES - HOVE 11 RIGHT CNE </ 
/* POSITION ON ALL THE TAPES ♦/
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STM I
144145
l ' t * .

14 r

SMALLS PRUC OPTIONS(MAIN)5

LEVEL MUST
1 OJ I = I TJ Mii i i m  ) = m  u *■ i;
I I UNO»

/* START SCANNING NEXT TEXT SYHOUl */ 
I GO TU SCAN;
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SMALL: PRUC UPTIUNS1MAIN);

STMT LEVEL NES1
/* MATCH - */

148 I MATCH:MM = I;
/* THE I-TH MACHINE MATCHED */149 I DO I = I TO M;
/*
MODIFY THE CONTENTS OF EACH TAPE.BACKUP ULHSI - 1) SYMBOLS UN TAPE 2
*/

150 I I DO J * 1 10 LEND TU(LHSIMMI)/2— 2{151 1 2 Dll) = 01 I I - I ;152 I 2 21 1 ,B( ID = • • ;153 L 2 END!
/* NOW COPY THE NEW RHS UNTU 2 *t

154 I 1 00 J = 1 TO LENGTH1RHS1MM)1/2-21
155 I 2 211,BID) = SUi)STRlRHS(MM) ,2*Jfl,2) 5156 I 2 BlI ) = Bill + l;157 1 2 END;

/*
ELIMINATE THE BLANKS THAT ARE LEE 1 L>F IMF REMAINING IL-Xf.THIS IS EQUIVALENT TU PLACING "DUNT—CARF." SYMBOLS UNTO THE TAPE. HERE, THE REMAINING TEXT IS BEING MOVED LETT SO THAT IT WILL BE ADJACENT TO THE NCWLY INSERTED F.HS.
*/

150 I 1 DO WHILE! 211,B1I)) = • • ) ;159 1 2 DU J = B1D+1 TU 60 WHILE!160 1 3 /. 1 I, J -1) = 211 ,J) ;161 1 3 END;
162 1 2 211,j-l) = 211, J);16J 1 2 211 ,J) = * •;164 1 2 end;

/* NUW BACKUP B I 1PKSI- 11 SYMBOLS SO THE NEW RHS CAN BE SCANNED */
165 I
100 1 II 0(11 = 3(1) - 1;DU J = I TU I.ENGTH(RHSIMM) 1/2-2;



STMT
167I6fl

I 6917017117?
1731 76
I 7 3

176I 771701 79100

101

18?183106
185106
187188
189190191

19?193196195196
1 9 7
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SMALL: PKUC OPT1UNS1MAIN);

LEVEL NEST
o m  = ix 11 - i ;ENI);

/*

A 6 C ARE MOV tO LETT TO PUINT TCI THC BEG I UN I III. OF THE PATItRN 
*/

DU WHILEU1 I ,A1 I ))-,= '*') ;All) = All) - l;
c m  - c11) -  i ;
00 WHILE! YU,CM I) = * I' ) ;m i  = c m  - l;
end ;END;

/* S MOST BE 0 */
Si I, l) -= ’O';DU J = 2 TO 50;S1I.J) = • 'i 
eno;s s m  = 2 ;
/* D,F,U C N MUST liE MOVED LEFT ILHSI SYMBOLS */
DU J = 1 TU LUNGTIULHSIMM))/2-I;
Y U , D I D )  =  • ' ;  
o m  = o i l )  -  i ;  
x u  ,F( 111 = ' ';
M l )  =  M i )  -  l ;

0 0  w h i l e  ( Y U  , 0 ( 1 ) )  =  ' I ' ) ;
/* ERASE */

Y U  ,nu )) = ' ■;
X U  , M  l)) = • •;

/* BACKUP */
Oil) = DU) - t;Fill = Fll) - l;END;

/* E MOVES LEFT UVER ILHSI DELTA VALUES 4/2 till = Eli) - 1!
2 DU WHILE 1 X U ,  Ell) ) = '1' );3 SUM!I,N(I)) = • • ;
3 NIII ’ Nil) - li
3 Etll = E U )  - L;3 end;
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SHAU: PRUC OPT t ONS I HA (NI 5

STMT LEVtL ME s r
190 I 2
199 I 2
200 1 I
201 1 1

UU) = 11(0 - 1; 
END;

H I  1 1  =  1 1 ( 1 )  t  1 ;
sum i,m i )) = *0 *;
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SMALL: PRUC UPTIUNSIMAIN);

SfMT LkVEL NEST

202
20 J204205 20b 207 200 20') 
2 10 211 212 213 
2 1 > 215 
2 lb 217 2 It)2 n220
221
222
223

/* NOW BACKUP I P | -1 SYMUULS UK TU Tilt C WHICIIt'VER COMES MRST «/

DU J « I TU P-l WHILCl211,1)1 11) -.=> • t* ); u(1) a Bill - I;Y11 ,(>( 11) = • •;DU ) = Oil) - 1: x (I, FI I)) = • • ;F(11 = f(i) - i;
00 WHILE1YU ,UIII 1 *•!•);YlI,0(I ) I = * * io m  = Din - i;XII.MUI = • •; 

f i x) = Fin - i:Cnu;lill) = lllll - l;Eli) = El 1l - l;oo while lx<1,L(1)) = •i• );SUM(1,N(1)) a * •;Nil) = Nil) - Ii E<1) a E(I) - l;
end;

end;
SUM t It N( 1 )) a 'O’;

END;

/* NUW START ALL OVER */
224 1 PUT PAGE L1SK'AFTER MATCHING*);
225 I CALL OUTPUT;226 I MM a o;
227 I GO TO SCAN;
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$ IM T

228

229230
231
232

2 33 2 36

2 33236237 
233 239
260 261 262 
263 266 263 266 26 7 2 63 
2 6 9  2 50 251

SMALL! PRUC OPT 10NSIMAIN) *,

LEVLL WEST
/* ALL DONE - PRINT THE MACHINE STATUS AMD ITS RESULT */

I ENO_OF_INPUT:
DU WHILEl Z( I ,01 I) ) -■= ' 6' ) ;I I BII I = UII I - 151 I' ENO:

I Util = 811) ♦ 1; /* MOVE UVEK ONE */
I IF 1211,0111) )

/*

IF TEXT APPEARS BETWEEN I HE ( AND THE C,1HE INPUT HAS NOT UEEN RCUUCtO TU THE iDtNMIY.
ON THE OTHER HAND, IF NO TEXT APPEARS bETwEN THE OELIMETERS, THE INPUT HAS UEEN REDUCED TU THE IDENTITY.
*/1 THEN PUT SKIP15) ED 11 I *FA(LUKE 1 )I A I ;I ELSE PUT SK1PI 5) EU 111•SUCCESS*)I A I;
/* REINITIALIZE THE TAPES FOR THE NEXT INPUT wUKO */

I 21*,*)=•• ;L Y( *,* I = *I XI*,*1 = * ' ;1 SI*,*) = *I SUM!*,*) = * •;
I AI *) = 0:I 01*) = o;1 Cl*) = o;I D(* I = 0;1 EI * I = 0;I Fl*) = o;1 N!*> = o;I !!!*)= 0;l SSI*) = o;I RI *) = 0;
1 FIM = o;l GU TO P.EAD.FILE;
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STMT

2 52253254255 2 54
257 257 2 5U 2 59 2 60

261
262
263
264
265
266
267
260 269 2 70
271

2 72

273

274

275

SMALL ! PP.UC OPTlUNS(MAlN);

LEVEL NEST
/< OUTPUT RUUTIN): */

1 UUTHUT J PRllCi2 IF (MM < 01 THEN2 00 I = 1 TO M;2 I CALL UUTPUT2!2 1 END;
2 ELSE
2 00;2 1 I = MM;
2 I CALL (JUf PUT2;2 1 ENO;

2 UUTPUT2! PROCJ3 PUT SKIPI2) EDIT
( ' 2 :•»( Z( I,JI 00 J = I IU 50 I) I" I F M T 2 ) ) >3 PUT SKIP EDIT!'A*,'O')IX! Ad ) *2 *2) ,A, SKI P(0) ,X( Dll )*2*2) ,A) ;

3 PUT SKIP EUITt
■ Y :'.( Y(I,JI L?U J = 1 TU 50 1 1 (K (F M1 XT));

3  P U T  S K I P  E O I T I ' C ' , ' O '  1(XIClI ) *3) ,A, SK IPIO) ,X(Od )OI ,A) ;3 PUT SKIP EOITt’X : ' i (X I I f J I UU J = I TO 501) (P.IFMT XY 1 ) ;3 PUT SKIP EUdl'E’ »* F ’ )
I X ( E I I J * - 3 ) . A , S K l P ( 0 ) f X ! F ( l ) * - 3 ) f A ) ;

3 PUT SKIP EDITI'S (S(1,J) 00 J = I IU 50)1 ( KI f- M I _ X Y i J;3 PUT SKIP EDIT t ' S’) (X(SSd>*3 ) ,A) ;
3 PUT SKIP EU11('SUM:•i (SUM(I,J) 0 0  J * 1 TU 50) )(IT I PM T_XY ) ) ;
3 PU1 SKIP EUITd 1 ' » 'N* )

( X I  l i t I ) * 3 ) » A , S K I P ( 0 ) t X ( M ( I ) * 3 ) « A ) ;

3 FMU: FORMAT! A(4) i (50) A(2) );
3 F M T_XY ;FORMAT! A(4), (501 All) I;
3 ENU 0UTPUT2;

2 END OUTPUT;
2 76 I ENO_SMALL:
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s m a l l : PWOC O P T  I O N S  I M A I M ) ; 

S TMT L E V E L  M E S I

EMD S M A L L ;
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INITIAL CONF ICUP.ATIUN
I :* A-B-A 0 C-G A-B-A B C-C B-A-B A i A I)
Y 5010C D X : 010 E F 
S :0

SSUM:III 10 I N
Z S t I) A-B-A B G A-O-A 0 C-C B-A-B A t

a a
Y s 010C 0 X : 0 10 

6 F S : 0SSUM:III 10 I N
Z St C 0 A-ll-A & A-B-A U C-C U-A-B A $ 

A BY ! 01 0C 0 X : 010 E F S s 0sSUM: 11110 
1 N

Z :t 0-C U A-8-G A-O-A B C-C B-A-B A i A B
Y : 010

C D X :010 
E F S : 0
SSUM: 11110 I N

Z :i C-D-C 0 A-G A-B-A B C-C O-A-B A t  A B
Y JOIO

C 0 X :010 
E F S :0SSUM:11110 
I N

Z St 0 C-D-C U C A-B-A U C-C B-A-0 A $ A B 
Y SOKI
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c uX : 010 E F S : 0SSUM : lino 
I N

Z si A B C-O-C C A-0-A 0 C-C B-A-B A i A 8Y : 010C 0 X : 010 
6 F S SOSSUM: 1.U 10 I N

I si a-A 0 C-O-C A-B-A B C-C B-A-B A * A BY S010
C 0 X S010 
6 F S : 0
S

sum: linoI N
I si O-C-U C B-C A-B-A 0 C-C .-B-A-B A t A BY SOlO

C 0 X SOlO E F 
S SOSSUM: llllO 

I N

I si A D-C-0 C C A-B-A B C-C B-A-B A i A BY SOlOC 0 X SOlO 
E F S SO
sSUM:11110 I N

I i t U A D-C-0 C A-B-A B C-C U-A-0 A i A 0Y SOlO
C 0 X SOlO 
E F S SOS
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SUM: 1 1 1 1 0 1 N
£ :* A — 0 A U - C - 6  A - O - A  U C - C  II— A - U  A t

A II
Y SOlO

C 0 
X : 010  

E F 
S :o

S
SUM: 11 U O  I N
£ :t H - A - U  A n - G  A - B - A  B C - C  B - A - B  A t  

A 11
Y :oio

C I) x :oio 
E F 

S !0
S

SUM!til 10 ( N
£ !* C 3 - A - U  A G A— II— A U C - C  B - A - B  A «

A II
Y !010

C 0 
X ! 010 E F 
S ! 0

S
SUM: III 10 I N
£ st I) C B - A - B  G A - B - A  B C - C  B - A - B  A i 

A B
Y :010

C D 
X SOl O  

E F 
S :0

S
S U M : 1 1110 I N
£ :i C - 0  C O - A - G  A - B - A  B C - C  B - A - B  A J 

A B
Y : 010

C U 
X : 010  E F 
S : 0

S
SUM: llUO 

I M
£ !t A A-G A - O - A  0 C - C  B - A - B  A t 

A I)
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Y :oio
C o 

x :oioE F S SO
sSUM:10 IN

I St A-A C A-B-A B C-C B-A-D A * A UY SOlOC 0 X SOlO E F 
S SO

SSUMS 10 IN
I st B Q-G A-O-A I) C-C O-A-O A $ A B
Y SOlOC 0 X SOlO E F S SO

S
SUMS 10 

IN
I St U-U G A-O-A U C-C B-A-B A $ A UY SOlO

C 0 X SOlOe f
S SO

s
SUMS 10 IN
I st C C-C A-O-A 0 C-C B-A-B A t A 0Y 5010C 0 X SOlO E F 
S soSSUMS 10 IN
I St C-C G A-I5-A 0 C-C B-A-U A t A BY SOlO

C U 
X S 0 1 0 E F 
S so
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s
SUM: to 

I N

i n o  a-r. a - o - a  u c-c u-A-n a  iA 0Y : 010C D 
X : 010 

E F S : 0
SSUM:to 

I N

I :t U-D C A-O-A 0 C-C B-A-B A $ A UY : 010C 0 X : 010 
E F S ! 0SSUM:10 
I N
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ALL PATTERNS ARE PP.E-PHUCE SSEO:
I it A-B-A U C-C A-B-A 8 C-C B-A-B A S A BY SOIOIOIOIOIOIOC 0X SOIOIOIOIOIOIO E FS : 0

SSUM: llllllUlO I N
I : *  0 A-O-A 0 C A-B-A 0 C-C B-A-B A tA 3Y SOIOIOIOIOIOIOC L)X :0101010101U10t FS : 0

SSUM: lUllll HO I N
L St C D A-O-A £ A-O-A 0 C-C B-A-B A 1A 0Y SOIOIOIOIOIOIOC 0X SOIOIOIOIOIOIOE PS :0SSUM: 111 1111110 1 N
L :1 O-C 0 A-U-C A-O-A 0 C-C B-A-B A t

a  a
Y :010L010101010C DX SOIOIOIOIOIOIO

E F
S so

sSUM: ill 111ll10 
I M

I : t C-D-C 0 A-£ A-B-A » C-C B-A-B A *A BY SOIOIOIOIOIOIOC 0X SOIOIOIOIOIOIOE r-S so
sSUM: llll111 110 

I N

I : 1  I) C - U - C  U £  A - U - A  11 C - C  B - A - B  A t 
A 11

Y S O I O I O I O I O I O I O



-  203 -

c o
X S O I O I O I O I O I O I O

c rS : 0
sSUM: UUlllUO I N

Z S t  A B C - O - C  S A - H - A  B C - C  U - A - U  A i
A B

Y S O I O I O I O I O I O I O
C 0

X S O I O I O I O I O I O I OF FS : 0
SSUM :lllllllHO 

I N
Z S t  B - A  A C - O - a  A - B - A  0  C - C  B - A - H  A t 

A 0
Y : 0 1 0  L O 1 0  1 0  L U 1 0

C 0
X : 0 1 0 1 0 1 0 1 0 1 0 1 0  

£  FS : 0
SsuMsiimimo I N

Z : t  U - C - 0  C 6 - S  A - B - A  B C - C  B - A - B  A t  
A B

Y S O I O I O I O I O I O I O
C 0

X S O I O I O I O I O I O I O  E F
S :0

SSUM sllllllllIO 1 N
Z : t  A O - C - O  C S A - B - A  0  C - C  0 - A - U  A t  

A U
Y S O I O I O I O I O I O I O

C U
X S O I O I O I O I O I O I O  

E F
S SO

sSUM sllllllllIO 
I n

i : t  o a u - c - u  a A - i i - A  a c - c  o - a - b  a t
A Q

Y S O I O I O I O I O I O I O
C I)

X S O I O I O I O I O I O I O  E F
S  SO S
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S U M :  l l l t l l U l O  
I N

Z : t  A - 8  A U - C - C  A - U - A  8  C - C  0 - A - U  A i  
A 0

Y : 0 1 0 1 0 1 0 1 0 1 0 1 0  
C 0

X S O I O I O I O I U I U I O
e fS : 0

s
S U M :  U l U l l U O  

I N

I : t  U - A - 0  A D - C  A - U - A  8  C - C  U - A - B  A *  
A 8

Y : 0101010 1010 10 
C 0

X : UIOLOIOIOIOIO 
E F

S  : 0
S

S U M:  llUlllllO 
I N

Z : $  C B - A - 0  A £  A - U - A  (1 C - C  U - A - B  A t  
A 8

Y : O l O l O l O t O t O l O  
C 0

X : O I U I O I O I O I O I O
e f

S  : 0
S

s u m  : i  m u  m o
1 N

Z : *  U C B - A - U  £  A - O - A  6  C - C  B - A - B  A *  
A 0

y :<noioioionuo
C 0

X : 0 1 0 1 0 1 0 1 0 ] o t o  
C F

S : 0
s

S U M :  l U U L i l l U  
I n

Z : t  C - D  C B - A - t  A - B - A  0  C - C  B - A - 0  A i 
A 8

Y : 0 1 0 1 0 1 0 1 0 1 0 1 0  
C 0

X :  0 1 0 1 0 1 0 1 0 1 0 1 0
e f

S :  0
S

S U M :  H I L U I L I O  1 II
I : *  A A - C  A - U - A  II C - C  i l - A - U  A 1 

A H
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y : o i o i o i o  c D
X 5 0 1 0 1 0 1 0  E FS : 0 S
S UM 5 1 1 1 0  

I N

Z S I  A— A & A—I I -  A B C - C  O - A - U  A f  
A 0

Y 5 0 1 0 1 0 1 0
C I)

X : 0 1 0 1 0 1 0  
E F

S  : 0
S 

SUM:1110 
I N

Z :t D 0 - C  A - H - A  U C - C  H - A - 0  A t 
A 0

y s o i m o i o
C 0  

X 5 0 1 0 1 0 1 0  E F
S : 0

s
S U M : 1 1 1 0  

IN
Z : t  O - i l  f. A - t l - A  0  C - C  U - A - b  A $ 

A 0
Y 5 0 1 0 1 0 1 0

C ()
X 5 0 1 0 1 0 1 0  

E F
S :  0

S
S U M :  1 1 1 0  

I N

I : % C C - C  A - Q - A  8  C - C  B - A - U  A S 
A 0

Y : 0 1 0 1 0 1 0
C 0

X 5 0 1 0 1 0 1 0  E F
S : 0

S
S U M :  1 1 1 0  IN
Z it C - C  C A - B - A  B C - C  U - A - U  A t 

A 0
Y : 0 1 0 1 0 1 0

C IJ 
X : 0 1 0 1 0 1 0  

E F
S  5 0
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sSUM: 1110 IN
Z :% 0 0-C A-B-A 0 C-C O-A-O A t A 0Y 50101010C !)X 50101010 E FS 50

sSUM: 1110 (N
Z 5 S U-D C A-B-A B C-C B-A-B A i  A 0Y :0101010

C 0 X 50101010 6 FS 50SSUM:1110 IN
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TEXT IS NOW TO HE PROCESSED
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AFTER HATCHIMG
i s$  a-a- a n c - c  o - c - o  c u-a-u a *A dY :OIOICHOIOIOIO C 0X :010LOl01UtQ10 

6 FS :0
Ssum: mnnno1 N

f
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AFTER MATCHING
I  : i  D - G - L t  C ll-r. A - H - A  A-0. A t  

A U
r :OtOlOlOlfMOlO C 0
X :  0 1 0 1 0 1 0  LO 1 0 1 0e rs s o

ss u M t i m u m oI N
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APTER MATCHING 
I :* A A-E A-U-0 A i

a aY JOIOIOIO C 0X :01U1010 
E PS :0SSUMJ1110 IN



AFTER MATCHING

I : »  13-fl G A - A  
A 0

Y S0101010 
C DX : 0101010 

E  F
S SO

SSUM: 1110 IN



AFTER HATCHING
Z S t  A-A 6. * A tS
Y SOIOIOIO C 0X SOIOIOIO S FS so

sSUMS U  10 IN

SUCCESS
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INITIAL CUNF-1UIJK AT I UN
I : t A—13- A U L-C U A- a-A 0 C 0 A-O-A i A 0
Y :0I0C 0 X ! 010 F. F 
S : 0

SSUM: llUO I N
Z :t U A-II-A u t U A-a-A 0 C 0 A-O-A *

a  aY :010
C 0 X : 010 6 F S : 0SSUM: llUO I N

Z : i  L 0 A-O-A f. 0 A-O-A B C D  A-U-A t  A IIY : 010C 0 X : 010 
E F S :0
SSUM:11110 I N

I : i D-C D A-B-C 0 A-O-A B C I) A-O-A * A 0
Y : 010C 0 X : 010 E F 
S : 0SSUM: llUO 1 N
Z :t C-U-C (1 A-C 0 A-U-A B C D  A-U-A i

a  aY : 010
C L)X : 010 
E F S : 0SSUM: 11110 I N

Z : t  U C-U-C I) C 0 A-U-A B C D  A-O-A 1 A 0 
Y 5 0 1 0
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c o
X J O I O

e r
S :  0

s
sumi l i n o

I N
I : t  A a C - D - C  £  0  A - a - A  B C D  A - B - A  i 

A U
Y :  0 1 0

C 0  
X :  0 1 0  

E F 
S : 0

s
SUM:  1 1 1 1 0  1 N
I : t  II— A 8  C—0 - £  D A - I I - A  Q C 0  A - O - A  * 

A 0
Y : 0 1 0

C t)
X : 0 1 0  E F 
S :  0

S
SUM:  1 1 1 1 0  

I N
I : t  U - C - 0  C 0 - £  U A - b - A  8 C I )  A - B - A  i  

A 13
Y : 0 1 0

C U 
X : 0 1 0  E F 
S :  0

S
S U M : 1 1 1 1 0  

I N
I : t  A D - C - l )  U £ 0  A - B - A  B C D  A - 8 - A  $ 

A 8
Y :  0 1 0

C U 
X : 0 1 0  E F 
S :  0

S
S U M : 1 1 1 1 0  1 N
I : *  8 A O - C - 0  £  0  A - 13-A B C !) A - B - A  $ 

A U
Y :  O l r t

C 0  
X : 0 1 0  

E I- 
S : 0

S
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s u M i i m o  i m
l  i t A-U A O-C-6 0 A-O-A B C D  A-U-A t A UY SOIOC 0 X : 010 E F S : 0

SSUM: llUO 1 N
I :* H-A-G A ll-C D A-B-A 0 C I) A-U-A i  A U
Y : 010C 1)X : 010 6 F S :0

sSUM:tl110 1 N
I : i C O-A-B A £ I) A-B-A 11 C U A-U-A t A DY : 010

C 0 X : 010 C P S : 0SSUM:111 10 I N
I :l II C O-A-B r. 0 A-O-A U C U A-U-A i A 0Y :010

C 0 X : 010 E F S J 0
SSUM: 11110 I M

L : s  C - 0  C  I I - A - C  U  A - O - A  0  C  0  A - O - A  I  
A  UY : 010C U 

X :010 E F 
S :0SSUM: 11110 I N
Z :t A A-C 11 A-II-A U C 0 A-B-A t A 0
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Y : 010
C 0 X : 010
e  rS :0
sSUM:1U 
IN

Z :$ A-a E I) A-O-A U C 0 A-H-A J A BY : 010C 0 X : 010 E F S : 0SSUM:10 
IN

I :$ B B-S 0 A-O-A B C D  A-B-A $ A B
Y : 0 1 0C U X : 010 t F S : 0SSUM:10 

IN
Z :$ 0-0 t 0 A-O-A B C 0 A-O-A $ A 0Y : 010

C 0 X : 010 E F S :0SSUM:10 
IN

Z : 1 C C-& 0 A-B-A B C II A-B-A 4 A B
Y : 010C D X :010 E F S : 0SSUM:10 

IN
z : l C

A B
Y : 0 1  0

C 0
X : 0 1 U

E F
s :  0
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sSUM:10 IN
I :t 0 0-C. 0 A-II-A 0 C 0 A-il-A * A B
Y : 0 1 0

C I)X : 010 E F S : 0
SSUM:10 IN

I :S IJ-U £ 0 A- A-A d C D A-B-A $ 
A 0

Y : 010C I)X : oio e fS : 0
sSUM: 10 IN
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ALL PATTERNS ARE PRE-PRUCESSEO:
Z : t A-O-A il t-C 0 A-O-A U C 0 A-H-rt t A BY :0101010ioi0 to C 0X :0101010101010 E FS : 0

SSUM: 111 Ull 110 I M
Z :$ 0 A-O-A B S D  A-B-A 0 C U A-B-A 1 A B
Y :0101010101010 C UX :0101010101010 E FS :oSSUM: l i m m i o  I N
Z :i C 0 A-O-A £ 0 A-B-A » C 0 A-O-A i A 0Y :0101010101010C 0X :0101010101010 E F
S :0SSUM: 1111111110 

I N
Z : t 0-C I) A-B-F. U A-H-A B C D  A-U-A * A 0Y *.0101010101010

C DX :OIOIQIOIOIUIO 
E FS : 0SSOM: llllllll10 I ft

Z i t  C-O-C 0 A-6 U A-B-A B C D  A-O-A t  A BY :0101010101010 
C UX :0101010101010 

E FS : 0SSUM: lit 1111110 I N
Z :* » C-O-C 0 £ 0 A-U-A 13 C 0 A-O-A i A IIY : Oil) 101010101 0
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c u
X riHOtOllHOKHO6 FS :0

SSUM: llUUUlt)
( N

I i t  A 0 C-O-C r. I) A-O-A 3 C 0 A-B-A tA 3Y SOIOIOIOIOIOIOC 0X :OIOIOIOIOIOIOE FS : 0SSUM:lllllllllO 
t H

I :t a-A 8 C-D-C 0 A-B-A B C U A-U-A tA U
r roioioioioioto

c ox :oioioioioioioE FS : 0
SSUM: UllllUlO I M

I :S U-C-U C n-C O A-B-A 0 C U A-U-A t 
A 0Y : 010 LO10 LOl 010
C 0X :0L01010101010 E F

S : 0
SSUM: UllllUlO 

1 N

I :* A IJ-C-t) C C U  A-B-A U C 0 A-B-A S A 0Y tOlOLOlOlOlOlO
C 0X :OIOIOIOIOIOIO 

E F
S :0SSUM:1111 111 110 

1 M
I i t  B A D-C-0 C 0 A-U-A » c 0 A-B-A t  A 3Y :OtUlOlOiOU)lO

C 0X :OIOIOIOIOIOIO E F
S : 0

S



-  220  -

S U M :  U l l l l l l i O  
I N

Z : 4  A— 0  A O - C - G  0  A - a - A  0  C □  A - a - A  $ 
A U

Y : O I O I O I O I O I O I O
C D

X : O I O I O I O I O I O I O
e fS :0S

S U M :  l l l l l l l l l O  
I M

I : 4  B - A - B  A D - G  D A - O - A  D C 0  A - b - A  *
a  a

v  S O I O I O I O I O I O I O
c u

X : O I O I O I O I O I O I Oe f
S  :  0

s
S U M:  l l l l l l l l l O  I N
Z : *  C B - A - Q  A G D A - G - A  B C D  A - B - A  4

A 0
Y : 0 1 0 1 0 1 0  1 0 1 0 1 0

C 0
X : O I O I O I O I O I O I O6 F
S  :  0

S
S U M : l l l l l l l l l O  

1 N

Z : »  0  C B - A - G  G I) A - B - A  B C D  A - B - A  t
A B

Y : 0 1 0 1 0 1 0 1 0 1 0 1 0
C 0

X : O I O I O I O I O I O I OE F
S :  0

S
S U M : l l l l l l l l l O  

1 M

Z : 4  C - D  C B - A - G  U A - O - A  B C U A - O - A  4
A b

Y : 0 1 0 1 0 1 0 1 0 1 0 1 0
C D

X : O I O I O I O I O I O I O
E F

S : 0 S
S U M :  l l l l l l l l l O  I N
Z :  4  A A-F.  0  A - I I - A  B C D  A - B - A  4  

A D
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Y SOIOIOIO
C 0 X SOIOIOIO

E F
S : 0 ssuMsino

IN
I si A- A  G 0 A-B-A 0 C 0 A-O-A 1

A Q
r soioioioc o X sotoioioE IS s 0 s
S U M : 1110 IN
Z Si 0 tl-E 0 A-O-A B C 0 A-B-A i 

A 0
Y SOIOIOIO

C 0 
X SOIOIOIO 

E F
S SOs
SUM: U l O  

IN
Z S$ 0-8 G 0 A-D-A B C D  A-B-A i A B
Y SOIOIOIO

C 0 
X SOIOIOIO 

E F
S SO5S U M : 11 10 

IN
Z si C C-G I) A-O-A U C 0 A-O-A i A 8
Y SOIOIOIO

C 0 X SOIOIOIO  
E F

S SOs
SUM : 1110 

IN
Z si C- C  G I) A-O-A B C D  A-U-A * 

A 0
Y SOIOIOIO

C I)
X SOIOIOIO 

E F
S SO



sSUM:1110 IN
I si 0 D-C D A-B-A B C D  A-B-A i A 0Y S0101010 C . D X SOIOIOIO E FS SOSSUM s 1.110 IN
I i t 0-0 6 0 A-B-A B C 0 A-O-A t A 0
r  s o i o i o i o  

c n
x SOIOIOIO 

E F
S soS
s u m s  m o

IN
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TEXT IS NUW U) Dc PROCESSED
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A F T E R  MATCH I MU

I : t  0  A - O - A  B G C - 0  C C D A - O - A  t  
A 8

Y :0101010101010 
C D

X : 0 1 0 1 0 1 0 1 0 1 0 1 0  
E F

S : 0
S

SUM;  1 U 1 1 U U U  
I N
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AFTGK MATCHING
I :t C 0 A-Q-A C C-0 C U C  B-i A 0
Y : 0 1 0 1 0 1 0 1 0 1 0 1 0  C UX :0I0L010101010 E F
S :0SSUM illlllllllO I tl

FAILURE
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