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Abstract

Models based on space-time symmetries in transitional film flows and 

turbulent wall-bounded shear flows

by

Fernando G. Carbone

Advisor: Prof. Nadine Aubry

Falling film flows and tu rbu len t shear flows are modeled by means of biorthogonal 

decom position techniques and space-tim e sym m etry considerations. The analysis of 

experim ental d a ta  shows th a t fluid films falling down an inclined plane are subject 

to  spatio-tem poral m odulations as the  Reynolds num ber is increased; this leads to a 

process of sp litting  and coalescence of front waves in physical space. The study of the 

system  in its subharm onic regime clearly shows the convective natu re  of the insi ability 

as well as in term ittency in both space and tim e. It is shown th a t inhomugi-ncoiis 

wall-bounded shear turbulence can be decomposed in term s of families of spatial and 

tem poral orthogonal modes. In each family there exists a  m other function from which 

all the other modes can be generated by successive stretchings of the  m other, and 

whose energies are exponentially related to th a t of the m other. This corresponds to 

an exponentially decaying spectrum  law. Due to  the presence of a  wall, t he stretching 

sym m etry m ust adap t by acting across the  spatial dom ain (in the direction normal 

to the wall) in a  non-homogeneous m anner which is explicitly com puted analytically.



The previous argum ents are tested on sta tistical d a ta  obtained by direct numerical 

sim ulation of tu rb u len t channel flow. A good agreem ent is found within the "inertial 

range” of the spectrum , excluding the first five modes or so. W ithin this range, two 

families of self-similar modes can be ex tracted  and deduced from a m other mode via 

stretching. The la tte r persists among the first five modes, but the  stretching law is 

slightly different from th a t valid in the  “inertial range” of the spectrum .
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C hapter 1 

Introduction

The relevance of sym m etries in physical system s is well-known in science. The 

conservation of energy in Ham iltonian system s, selection rules for atom ic ami un­

clear spectra, the  Buckingham  Pi theorem in fluid mechanics are ju st a few examples 

of physical properties determ ined by the invariance of th e  involved variables under 

particu lar transform ations applied to  the governing equations. Although the above 

results can be obtained by working out the equations directly, group theoret ical tech­

niques make the task  considerably simpler. Given the corresponding ordinary differ­

ential equations (O D E) or partial differential equations (PD E) describing th e  system 

considered, there is a  large b attery  of tools available to  reduce the original m ath ­

em atical problem to  a simpler one and classify the possible solutions according to 

their sym m etries [1 , 2J. Sim ilar techniques can be applied to m atrix  operators [3]. 

Although the knowledge of the sym m etries m ay not suffice, in most cases, it leads to 

the derivation of a simpler model which describes the observed phenom ena. While 

such techniques have been developed m ostly in th e  framework of tem poral dynamics 

only, the aim of the  present work is an extension to space-tim e dynam ical systems.

O f technological and scientific im portance, hydrodynam ic system s provide a  par­
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ticularly  in teresting opportun ity  to  study space-tim e dynam ics. Such system s are rich 

sources of space-tim e phenom ena and appear to  exhibit com m on routes to  spatio- 

tem poral com plexity such as those involving defects, sym m etry-breaking, and m odu­

lations. The m ajor difficulty in understanding fluid flows, even when they are incom­

pressible, lies in the  fact th a t the dimensionless governing equations

^  +  (U .V )«  =  -■V p  +  ^ V Ju  , ( i . l a )

V .u  =  0  , ( 1 . 1b)

the Navier-Stokes (NS) equations [4, 5], are nonlinear and very difficult to  so lve ,  

especially as Reynolds num ber increases. Here, u  represents th e  velocity field, p the 

pressure, and He the Reynolds num ber. W hile at low Reynolds num bers, linearization 

procedures are available, this is no longer th e  case a t high Reynolds num bers when 

the  fluid becomes tu rb u len t and nonlinear term s are im portan t.

Sophisticated experim ents and com puter sim ulations provide us w ith an increas­

ingly large am ount of d a ta  exhibiting intriguing phenom ena which raise challenging 

questions to  theorists. Until now, two m ajor theoretical approaches have been used  

for the tre a tm e n t of complex fluid dynam ical system s, the first one concentrating on 

a s ta tis tica l description of the flow, the  o ther one using dynam ical system s theory. 

Both have their lim itations. S tatistical m ethods, m ainly intended for the trea tm en t of 

fully developed turbulence, present closure problem s in th e  derived (sta tistical) equa­

tions. In addition, they do not address th e  description of the space-tim e dynam ics. 

Dynam ical system s theory has had a large im pact on the understanding of complex 

system s, but it has concentrated on either tem poral dynam ical phenom ena or weakly 

nonlinear stages. No theoretical approach is available yet for spatio-tem poral nonlin­

ear dynam ics. Although great advances have been achieved, the problem  a t the PDE 

level, due to  its complexity, is far from being resolved.
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The purpose of this work is to  derive simple models which cap ture the space-tim e 

behavior of two unsteady fluid dynam ical systems. The first one is a  film flow falling 

down on an inclined plane [6 , 7] for which the film thickness h (x, f) is m easured exper­

im entally. The second system  is a  fully developed tu rbu len t channel flow numerically 

sim ulated by Kim et at. [8 ] (see also [9]). In both  cases, I concentrate on the identi­

fication of th e  involved sym m etries and the characterization of th e  dynam ics, which, 

in tu rn , will be used in the  derivation of appropriate models.

1.1 The A nalysis o f Com plex System s

The above discussion raises the  question of how to ex trac t meaningful information 

from systems in which both  the spatial behavior and th e  tem poral evolution m ust be 

taken into account. More precisely, how to analyze and model a function u ( j \ t )  

in order to  cap ture  the  dynam ics, identify coherent structures, detect bifurcations, 

etc.? Several methodologies have been used to  address this issue, one of the oldest 

techniques being the  Fourier decom position; more recently wavelet analyses have a t­

tracted  th e  a tten tion  of m any scientists. They both lack the  ability to adapt to a 

general situation and m ust be used in particu lar cases. In this work I address the  pre­

vious issues by using biorthogonal decompositions (BOD), which have been proposed 

by A ubry et. at [10, 11, 12] and used as a tool for studying spatio-tem poral dynam ics 

(see [13] for instance). Its m ajor feature consists in providing a determ inistic  method 

for space-tim e d a ta  analysis (in the  sense of keeping track of space and tim e variables 

sim ultaneously), which leads to th e  extraction of order, structures and sym m etries 

from space-tim e complexity. The functional operators are defined by the  signal itself 

and therefore its applicability is general, in contrast with the two a lte rn a te  m ethods 

previously m entioned. Indeed, having its analytical foundation in linear operator
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theory, th e  BOD allows the  introduction of sym m etry operators (in space-tim e). The 

m ajor features of the  BOD, including its capability  to detect space-tim e sym m etries, 

necessary for the  present work, are outlined in C hapter 2.

As in any num erical analysis, understanding the effects of the discretization of a 

given signal is of fundam ental im portance. Besides th e  euristic argum ent th a t the 

signal defined on the discretization grid m ust resemble the original function, one 

m ust also investigate the effect of discretization on the decom position itself. In o ther 

words, how are the spectrum  and functions of the  decom position affected? A detailed 

analysis addressing these questions in the  framework of biorthogonal decom positions 

is given in C hapter 3. There, a result sim ilar to  the  Nyquist condition for the Fourier 

analysis is derived.

1.2 Film  Flows

The system  under study is an incompressible Newtonian liquid flowing on an 

inclined surface th a t makes an angle f3 w ith the  horizontal. Thin liquid films flowing 

on an inclined surface are frequently found in engineering and natural processes. 

The coordinates are chosen such th a t x  is the downstream  (or flow) direction, y is 

the transverse coordinate in the  film plane, and z is perpendicular to the film plane 

(x ,y ). The Reynolds num ber Re  =  uokofis is based on the unperturbed film thickness 

h0, the fluid velocity u0 at th e  surface, and the  kinem atic viscosity v. The Weber 

num ber W  = ^ / { p h ^ g sin/?) is used to represent the  effect of surface tension, where 

7  is th e  surface tension itself, p is the density, and g is the gravitational acceleration. 

The boundary conditions for this problem are:

u  =  0  at z =  0  , ( 1 .2 a)
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f ( n  <r) =  0  at z = h { x , y , t ) , ( 1 .2 b)

n ( n  « ? ) + / * +  7 ( — +  — ) =  0  at z =  h ( x , y , t ) , (1 -2 c)
ri r 2

where n  and t  are the normal and tangential unit vectors at the free su r fa c e ,  th e  

atm ospheric pressure, r i  and r 2 are th e  surface principal radii of curvature defined 

positive when directed toward the film, and the stress tensor <r is defined by

£ =  - p T + i?(v 3  + ( v i ) T) .

Equation ( 1 .2 a) represents the no-slip boundary condition. Equations ( 1.2 b) and 

( 1,2 c) express th a t at the  liquid surface, the tangential stress m ust vanish, and the 

normal stress balances th e  induced pressure by the surface tension. The relation 

between the velocity and the film thickness is given by

&h
+  u . V h  at z = h ( x , y , t ) .

a t

The initial instability  of th e  system  occurs for sufficiently long waves a  <  a e(/?e) 

when He is above the critical Reynolds num ber R ec = (5 /4) cot (3, where a  =  ‘InhofX  

is the dimensionless wavenumber, and A is the wavelength. The neutral wavenumber 

Qc(^ e )  is determ ined by surface tension, which dam ps the short wavelengths. Careful 

experim ents showed th a t the linear stab ility  analysis is successful in predicting the 

onset of instability, the  growth rates, and the wave velocities of small (infinitesim al) 

am plitude waves [7]. The waves are spatially developing: they grow as they travel 

downstream . For the  experim ent analyzed in this work, the typical wavelength is 

several centim eters while the  average film thickness is about one m illim eter.

Initial waves are two-dimensional (i.e., invariant in the  {/-direction) and can be 

described by the film thickness h = h {x , t )  as a function of one space dimension and 

tim e, otherwise they are called three-dim ensional. Because th e  prim ary instability
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is convective and sensitive to  noise a t the source [7, 14, 15], the  spontaneous waves 

due to  am bient noise are always irregular. To investigate the evolution of initially 

sinusoidal waves, it is common to apply a  small sinusoidal forcing. The perturbation 

frequency /  then becomes an experim entally controlled param eter.

The nonlinear developm ent of initially sinusoidal waves depends strongly on their 

frequency {or wavenum ber). At low frequencies, the  nonlinear interaction leads to 

the developm ent of localized solitary waves, each consisting of a large m axim um  and 

several bow waves in front (see Fig. 1.1a). At high frequencies, satu rated  nearly sinu­

soidal waves occur close to  the neutral frequency f c(Re).  A t interm ediate frequencies, 

nonlinear effects m ay still be sufficiently strong to produce several subsidiary m ax­

im a in one period, but separate  pulses cannot be formed and the  prim ary wavefronts 

are close together (see Fig. 1.1b). A boundary in the ( H e , / )  plane separating sa t­

u rated  single peaked waves from m ultipeaked and solitary waves has been identified 

experim entally [7].

Both two- and three-dim ensional instabilities can occur, they are frequency de­

pendent and they both lead to  a transition to  spatiotem poral chaos dow nstream . In 

the  two-dimensional (high viscosity) case, Jun  et al. [16] showed the occurrence of 

secondary subharm onic and sideband instabilities, but for different ranges of frequen­

cies. Subharrnonic instabilities appear a t low frequencies, while sideband instabilities 

predom inate a t high frequencies. Using a center manifold analysis, Cheng et al. [17] 

predicted th a t finite am plitude m onochrom atic s ta tes become unstable to subhar­

monic instabilities. Lin [18, 19] carried out a  sideband stability  analysis of sinusoidal 

waves by deriving a  complex Ginzburg-Landau equation. A more general and mod­

ern approach using center manifold analysis were performed by Cheng et al. [20] and 

Fujim ura [21]. A t lower viscosities and high Re,  the wavefronts are subject to trans­

verse instabilities: a spatially synchronous instability  dom inates over a wide range



of frequencies, while subharm onic transverse m odulations are found close to the neu­

tra l frequency [22]. After sufficient nonlinear evolution, the flows are dom inated by 

solitary waves w hether they are forced periodically or not [23].

An equation th a t can cap ture  m ost of the nonlinear phenom ena accurately is not 

available. The full NS equations (1.1) with nonlinear free surface boundary conditions 

(1.2b) and (1.2c) are extrem ely com plicated. Most investigations have been based on 

model equations which are much sim pler than  the NS equations [24, 25], One ap­

proach is a  long wave expansion requiring small wavenumbers a  <£I 1 and low He. 

Two im portan t model equations are the Benney equation [26] and the  K uram oto- 

Sivashinsky equation (KS) [24]. They have been used to predict the existence of 

solitary waves at small frequencies and nearly sinusoidal waves close to the  neutral 

frequency. Some secondary instability  analyses have also been based on these equa­

tions. However, their applicability is lim ited, for instance, the Benney equation can 

produce singularities at finite tim e [27, 28, 29], and the  KS equation is lim ited to Re 

very close to criticality  and small wave am plitudes.

A nother approach, known as the boundary-layer (BL) approxim ation, was used 

by Chang et al. [24, 30], for instance, who investigated travelling waves on vertical 

falling films. Assuming long wavelength and strong surface tension, the BL [31] con­

siderably simplifies the  NS equations and boundary conditions into another group of 

equations th a t is appropiate for m ost flows with Re  <  500, and is m ore convenient to 

study numerically. As Re  approaches zero, stationary  wave solutions of the BL equa­

tions collapse into those of the KS equation. Their approxim ation does not assum e a 

self-similar velocity profile as in the  boundary layer model of Trifonov and Tsvelodub 

[32, 33], then providing a  be tte r description. Chang, Demekhin and Kopelevich [30] 

found tw o nonlinear stationary  wave families (7 j and 7 3 ) in the BL equations. A 

wave denoted 7 j has a velocity sm aller than the  linear one of the sam e wavenumber,
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while another one, denoted 7 3 , travels faster. The 71 waves are nearly sinusoidal for 

wavenumbers close to  the  neutral curve while the 72 family possesses no such sinu­

soidal shape. T he com puted solitary wave profiles on vertically falling films compare 

well with those reported experim entally [30]. Because of the com plication of the  BL 

equations, a  reduced version, known as the  integral-boundary-layer equations [24], is 

som etim es used to  obtain a  qualitative p icture of various secondary instabilities. Liu 

and Gollub [23] found their experim ental results on inclined films to be in qualita­

tive agreem ent with Chang et ai.'s work to  a certain ex ten t, but m any experim ental 

results rem ain unexplained [34]. Furtherm ore, finite elem ent calculations of t he NS 

equations by Salam on, A rm strong and Brown [35] seem to  question the validity of 

the  BL equations over a certain  range of W eber num bers.

In C hapter 4, I analyze two phenom ena concerning the two-dimensional waves 

regime. The first one, not described elsewhere, consists of the sp litting  and coalescence 

of front waves as they travel dow nstream . The second one refers to the subhai monic 

instability, previously m entioned.

1.3 Turbulent Flows

The Navier-Stokes equations (1.1) establish th a t once the flow geom etry is fixed, 

the fluid dynam ics is com pletely characterized by a unique param eter, the Reynolds 

num ber Re = V L f u  and the initial condition. Here U and L are any characteristic 

velocity and length of the system s, and v  is th e  kinem atic viscosity. If, for example, 

we consider a  je t flow, U is the mean velocity and L is the  d iam eter at the  je t exit.

As Re  increases, flows lose their sm ooth and lam inar structu re  to become chaotic, 

in both  space and tim e. T he fluid is said to  have become turbu len t. In this general 

picture, for all fluids a t high R e , large and small scale properties are observed. Large
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scale fluctuations (e.g. big eddies) are geom etry dependent and are of high in terest for 

technological purposes. T he sm all scale fluctuations are R t  dependent and influence 

the  large scale behavior.

Much of the (lim ited) understanding of fully tu rbu len t flows lies on simple scaling 

laws. T he first one was derived by Kolmogorov (K41) for the  spatial Fourier spectrum  

of homogeneous turbulence (the universal law). Its success has been such th a t

any new model of turbulence is com pared with this result. Kolmogorov assumed the  

existence of a  length scale interval,

if <r r  <£ L ,

th e  so-called inertial subrange, where 17 is referred to as the Kolmogorov microscale. 

In this range, since r  <§; L, the flow is considered isotropic, and since if i\  the 

effect of viscosity is neglected. The average ra te  of energy dissipation per unit mass 

e plays a  fundam ental role. It governs the  dynam ics of the energy transfer from large 

scales to sm all scales. Kolmogorov’s theory then predicts, through sim ple dimensional 

analysis, th a t the energy spectrum  Et(k )  is given by th e  scaling law

E i(k )  =  £ ^ 3k - s/3f(krf)

where /  is an unknown function. In this energy transfer from large to  small scales, the 

energy dissipated ra te  is constant for all scales, which is a self-similarity assum ption.

The above model does not account for the strong in term ittency  observed in the 

local rate of energy dissipation. For explaining these fluctuations, Obukhov (37) 

and Kolmogorov [38] introduced the  log-normal model, nam ely a  refined sim ilarity 

hypothesis. M andelbrot [39] and Frisch et al. [40] introduced fractal and m ultifractal 

m odels of turbulence giving a  geom etrical in terpretation  of th e  interm ittency.

The hypothesis of homogeneity is fundam ental in Kolmogorov’s derivation. For 

inhomogeneous flows, the  above argum ents no longer hold and th e  expansion into
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Fourier modes is no longer valid. There is no universal scaling theory for in homoge­

neous tu rbu len t flows.

In this work I a ttem p t to address the  above question by m eans of sym m etry 

considerations. If there is a universal law com prising all fluid system s, it m ust lie, 

as in o ther areas of physics (e.g. quantum  mechanics) and in m athem atics (e.g. 

dynam ical system s theory), in the concept of invariance. In C hapter 5, I apply the 

spatio-tem poral scale sym m etry properties of NS as a s ta rting  point for a  scaling 

theory of wall bounded turbulence.
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Figure 1.1: Space-tim e evolution of the film flow thickness for different perturbation  

frequencies, (a) /  =  2Hz and Re  =  37.9 th e  initial sinusoidal waves develop to  solitary 

waves, (b) /  — 5Hz and Re = 30.3 the prim ary wave fronts are close together.
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C hapter 2 

Space-T im e A nalysis

W hen analyzing a function, it is often convenient to  expand the  la tter in term s 

of basis modes adapted  to  the  sym m etry of the  function considered. Two classical 

exam ples are furnished by the  Fourier analysis, convenient for expanding periodic 

functions, and the  expansion into Bessel functions, often used in cylindrical geometry. 

A more general approach is to  seek a set of modes which necessarily adapts itself to 

th e  sym m etry of the  function considered. Biorthogonal decom positions (BOD), which 

are considered a t th e  beginning of this chapter, achieve this goal in space and tim e 

[2 ] by introducing linear operators defined from the  function itself.

In this linear operator framework space-tim e sym m etries, which incorporate the 

powerful techniques of group theory, are naturally  introduced. In the  present chapter 

I consider three exam ples of such sym m etries. The first one consists of the group 

of space-tim e translations, a group particularly  useful for traveling waves. The sec­

ond sym m etry group arises from the  consideration of space-tim e m odulations of a 

given (referential) dynamics. T he la tte r will be fundam ental in the study of signal 

discretization in the  BOD framework (C hapter 3). It wilt also lead to  a model of the 

coalescence and splitting of wave fronts observed in the film flow experim ent when
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m odulated traveling waves are assum ed (C hapter 4). Finally, the  group of dilations 

(in space-tim e) will be crucial in modeling inhomogeneous turbulence in general and 

tu rbu len t channel flow in particular (C hapter 5).

2.1 Biorthogonal decom positions

Such decom positions [1] consist in expanding the  dynam ics u(x, t) considered into 

spatial and tem poral orthogonal modes in 'W(X)©'W(7’) (x € X , and t € T )  for which 

there  is an isomorphic correspondence between th e  spatial and tem poral modes. Here 

"H(X) and 7i(T)  are appropriate Hilbert spaces of spatial and tem poral functions 

respectively. Such expansions correspond to  th e  spectral decom position of the self- 

adjoint m atrix  operator

(  0  U ' \
V  =  I , ( 2  1 )

\ v  o )
which acts on W (X) Q)'H(T) where 0  is the  null operator, and U the  linear operator

from M {X )  to 7 i(T)  defined as

e  t t (X ) ,  (U<p){t) = j  u(x ,t ) i f i{x)dm(x)  (2 .2 )

w ith dm (x) th e  m easure defining th e  scalar product in “W(X). U * is the adjoint 

operator of U . Clearly from the definition (2.2), the  obtained modes are associated 

with u(x,<) itself. If the space-tim e domain is discretized, then u ( x j , / t ) tan  he seen

as a  m atrix , and the  operator V  takes the form

/  O utx .-.ij)

\  u(xj»t,-) O

W hen the spectrum  of eigenvalues of V  is discrete (the trea tm en t of a  continuous 

spectrum  is also possible [3]), then the eigenvalue/eigenfunction problem can be w rit­
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ten  as

V $ „  =  A nQn,

or, equivalently,

U y  „ =  A»tf>» (2.3a)

y > «  =  AnVn (2.3b)

where the eigenvectors of V  are $ n =  The previous spectral decomposition

perm its a  btorthogonalexpansion of the flow into spatial modes of 'H{X)  and tem poral 

orthogonal modes of H{T):

N

u(x, t) = Y i  (2.4)
n ± ]

with

A x > A 2 >  . . .  >  A N >  0  ,

and

(< ^ n |¥ > m ) t t ( J r )  =  ( 0 n | 0 m ) « ( T )  =  ^ n .m  •

The brackets denote th e  scalar products in 'H{X)  and 'H (T), respectively. The spatial

functions are called topos and the tem poral functions ipn chronos. W hen some

eigenvalues are degenerate, such functions are not unique, nor is the decom position 

(2.4). The topos tpn and the chronos are related by an isom orphism  given by the 

operator U itself, U(pn =  A n^ n. The choice of the H ilbert spaces "HfX )  and 'W(T') 

depends on the  particular situation. For d a ta  analysis purposes, C2( X )  and C2{T) 

can always be used, bu t o ther choices may be more convenient an d /o r  necessary, in
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particu lar when the operator U is an unbounded operator, possibly w ith a singular 

kernel (see [3]).

T he spatio-tem poral dynam ics can then be studied in the characteristic space 

X ( T )  =  I\er(U*)'L spanned by the  chronos and the characteristic space X (X ) = 

h'er{U)x spanned by the topos. These spaces are the equivalents of the notion of 

phase space in tem poral dynam ical system s theory since the orbit tjx (described as x 

varies) in X ( T )  is defined as

V f € T,  T}r (t) = h (x , t ) ,  (2.5)

and, similarly, the  orb it (described as ( varies) in X (X ) is defined as

V x €  X, £((x) =  h{x, t) . (2-6)

In addition, th e  subspace X { T )  (resp. X (X ))  is the  sm allest linear subspace of 'H(.Y) 

(resp. 'M(T’)) th a t contains the orb it tjx (resp. £() and these subspaces, related by the 

isomorphism (/, have the  sam e dimension N.

It is conventional to  define a  global quantity, the entropy, by

1 N
H = v E p n liip n ’ (2-7)

I

where pn =  A ^ f  S j l i  A *. The entropy H  describes the distribution  of the eigenvalue 

squares along the  spectrum , or equivalently the  distribution of the energy (in the 

sense of the  norm s of the  Hilbert spaces "H(X) and “H{T))  am ong the biorthogonal 

term s of (2.4). Such a  global quan tity  can be used to detect spatio-tem poral changes 

and bifurcations [1, 4].

W hen th e  norm s used are the  £ 3-norm , the spectral decom position of the  operator 

U*U (acting on ^ ( X ) ) ,  coincides w ith the  probability theory tool called th e  proper 

orthogonal decom position (PO D ), Karhunen-Loeve expansion or principal com ponent



20

analysis [5, 6 ], when the  (sta tistical) averaging procedure in th e  la tte r is the tim e 

average. T hen, th e  problem  reduces to

(l/-(7)V„ =  Alv„ , (2.8)

where U*U is the  spatial tw o-point correlation operator whose kernel is

f l(x ,x ')  =  j  u (z ,t)u (z ',t)d m (t) .

In this analogy, the  d a ta  need to be m easured at m ultiple positions instantaneously 

(which is not necessarly the case for the  POD). The application of the  POD to 

turbulence was first proposed and developed by Lumley [7, 8 ]. It was used in a 

dynam ical system s perspective in [9, 10, 11] to  explain in term ittency  in the wall 

region of a tu rbu len t boundary layer, and has been applied to a  large num ber of flows 

(see [1 2 , 13] and references therein). Similarly, th e  decom position of the  tem poral 

tw o-point correlation reads

(UlT)4>n = „ , (2.9)

where UU* is the  spatial tw o-point correlation operator whose kernel is

L { t , t f) = J u (x ,f)u (x , /')rfm (x).

Briefly the  difference between the  spectral decom positions of the operators UU* 

a n d /o r U*U and th e  spectral decomposition of V , is th a t the la tte r m aintains the one- 

to-one correspondence between space and tim e, which is not the case for the  former. 

In o ther words, the  dynam ics u(x , () is uniquely defined from the operator V and 

its spectra] analysis, which is not the  case when the  operators U U * an d /o r U*U are 

considered: one can find all space-tim e functions which have the  sam e correlations, 

nam ely all operators U for which UU* an d /o r U*U coincide [14].



21

2.2 Space-tim e sym m etries

Space-tim e symmetries  are introduced in the biorthogonal decom positions context

[2 ] in term s of a com m utation relation between the m atrix  operators

V S  =  7 S V  , (2 .1 0 )

w ith 7  € R , V  being defined as in (2.1), and

acting on M ( X )  © 'H{T). The pair of operators, 5  acting on 7 i (X )  and S  acting on 

'H (T), defines a  spatio-temporal symmetry.

2.2.1 Space-tim e translations

Consider now a function invariant under the  group of translations in two variables, 

th a t is a wave traveling a t constant velocity c

hQ(x -  x0 ,f)  =  h0( x , t  +  /0) (2 .1 1 )

for all x , x0 €  A”, t , f0 €  T  such th a t x0 +  ct0 = 0.

In this case (see [2]), the sym m etry operators are regular representations of the 

group of real num bers R , nam ely translations:

{St0<p)(x) = <p(x -  x0)

(St0ij>)(t) =  -  t0)

such th a t x0 +  ct0 =  0 ; the  m atrix  sym m etry operator is then
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so th a t VRo =  RoV. The spectrum  of V is then degenerate of order two and a  set 

of topos and chronos can be identified w ith Fourier modes.

2.2.2 Space-tim e m odulations

A possible route toward space-tim e complexity as a control param eter varies con­

sists of m odulations of an original s ta te  of the system A0 (x ,/ ) ,

hmoi{x, 0  =  0  .

where ffi(x) is a  spatial m odulation and #s(t) is a  tem poral m odulation, both bounded 

and real functions. T he consideration of spatial as well as tem poral m odulations 

seems natural from a spatio-tem poral viewpoint. Such a scenario can be seen as a 

consequence of nonlinear interactions. Spatially and tem porally m odulated dynam ­

ics hmoj ( x , /) have been compared with the  reference dynam ics A0 (x ,i)  by means 

of biorthogonal decom positions in [15]. I sum m arize here some results particularly 

relevant to  the present work.

The in troduction of the operators G\  acting on 'H(A') such th a t [G[(v?)](x) = 

(/i{x)y?(x), and Gj  acting on “H { T ) such th a t [G j(^ )](0  =  perm its a descrip­

tion of the dynam ics hmo<t (x , t )  in term s of the reference dynamics A0 (x, /). The m atrix 

dynam ic operator V moj  of Am^ ( x ,f )  can be w ritten  as the product V moj  =  G  V q G , 

where V 0 is th e  m atrix  operator corresponding to  Ao(x, t), and G  is

The orbits described by the  vectors and r;™* in the  spatial and tem poral charac­

teristic  spaces A'm04 (X )  and X mo<i(T)  are expressed in term s of the  reference dynam ics 

in ASn(X) and X 0(T)  by

(2 . 12)
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and

i)?od = g M G r t l  (2.13)

I lie action of th e  operator G i in (2 .1 2 ) corresponds to a  change ol coordinates in H( X )  

which conserves the dim ension [15] but not the  orthogonality. In this new coordinates 

system , the dynam ics is, of course, topologically unchanged. It corresponds to  a 

stretching  and a rotation of the original phase space dynam ics. Once the orbit has 

been globally deformed by the action of G i, the  new orbit Iff""1*, t €  T }  undergoes a 

tem poral m odulation ffa(0 with respect to the reference orbit / € /'} . A similar 

geom etrical description can be given for the orbit x  € A'}.

T he above m odulations not only affect th e  phase space dynam ics, but also have a 

significant im pact on th e  original sym m etries. The extent of change have been fully 

analysed in [15]. It has been proven th a t under the non-resonant condition (NR) and 

th e  local isotropy condition (LI), the  original sym m etries get deformed bu t not broken, 

in a sense th a t will be m ade clear below. The NR condition can lie m athem atically 

expressed in the form:

[V„G1V „ ,V o) =  0 ,  (2.U)

where [4 , B] =  A B  — B A  denotes the com m utator of A  and B.  It basically means 

th a t the “sidebands” created in each eigenspace of V 0  by the  action of G  do not 

intersect. Even if this com m utation relation is satisfied, the action of (1 may still 

break some degeneracies present in V 0. This effect can be avoided by imposing the 

following LI condition: fo r  each n, there exists a unique pair o f  real numbers  (cfc,ct) 

such that

€  l » X o ( X ) ,  ||G lV, ; i | = c 4 ||v > X (2.15a)
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and

6  t» X * {T ) ,  | |C ,* : i | =  C tll^ ll . (2.15b)

The operators, and are the  projectors onto  the spatial and tem poral eigenspaces 

in rTo(A') and X q{T)  associated with the eigenvalue A°.

T he above (2.14) and (2.15) conditions guarantee th a t the  images of the eigen­

spaces of V 0 by th e  m odulation operator G  are invariant. Therefore V mod m aintains

a block s tructu re  and satisfies the sym m etry

T V mod =  V modT  . (2.16)

Here T  denotes th e  m atrix  operator

where

T  =  £  PkTkPk ,
k

f  = Y , h f k h .
k

and

Tk = g ; ‘s „ g , , 

n  = G2s lkG ; ' .

In this case, the  topos and chronos of V mod are the  m odulations of the topos and 

chronos of Vo,

C ,v £ , (2.17a)
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(2.17b)

and

- C *  = (2.17c)

The operator T  thus acts on each eigenspace differently. However, it is interesting to

note th a t, independently of the non-resonant or resonant condition, V mod intertw ines 

( T — *)" and T , so th a t ( T -1 )* V moa =  V mo<jT .  For the resonant case, ( T - 1 )* may be 

different from T  and the  sym m etry may no longer hold. The loss of the space-tim e 

sym m etry  in th e  sense of the com m utation relation (2 . 1 0 ) is due to the fact th a t, 

in general, T  is not a unitary  operator. Under the  (2.14) and (2.15) conditions, T  

becomes unitary. The intersection of the spatial an d /o r tem poral sidebands, under the 

resonant condition, creates spatio-tem poral resonances which couple the equations of 

the  biorthogonal decom position, so th a t the block s truc tu re  of the reference dynam ic 

operator is not m aintained. This is equivalent to  a ro tation  of the  topos in .V0 (A ') 

and a ro tation  of the  chronos in Ao(X).

Consider now a particular case in which the original dynam ic function is a t ravel­

ling w aveof constant speed c, say ho(i\  t ) =  g o (x -c t ) .  Also assume th a t the dynamics 

of /tn,0d (x ,/)  and ko(x , t )  are defined in a finite space-tim e dom ain X  x 7 \ such th a t 

the lengths of the  intervals |A | and ITj satisfy A |A [ — c M \ T \, where N  and M  are 

integers, and ^ i(x ), are periodic with periods |X | and |X |, respectively. I can 

then decompose <jo, 9\ and gj into Fourier series such th a t

g0{x — ct) — OM/IA'I t
k

» j(o  = y ' . 9 i
m
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and the  m odulated dynam ics Amod (x ,l)  can be decomposed as

Amoj(x, 0  =  £  9 ?  ei7wlMk+l)x/w (2.18)
k,l,m

Although it is clear from (2.18) th a t the  m odulation increases the num ber of Fourier 

m odes, as m entioned before, the num ber of topos and chronos (2.4) of the  m odulated 

function is smaller than or equal to th a t of the non-m odulated function. The term s 

M k  + l and N k  + m  in (2.18) express th e  interactions between th e  Fourier modes of g0y 

g i, and g2. The term s containing M k  + I, for fixed k  and all I, and those containing 

N k  +  m  for fixed k and all m , are often referred to as sidebands in the litera tu re  

when / and m  are small. Various sidebands correspond to various wavenumbers k 

and frequencies /. W hether the  wavenumbers and frequencies of the m odulations are 

small or not, I keep this terminology and refer to  spatial and temporal sidebands. For 

this particu lar case, the above NR condition (2.14) can be re-form ulated saying that: 

g i is non-resonant with respect to  g0 if,

V jfe, *' 6 1C (k ?  *'), and V /, /' € C (/ ?  1% M k  + l ?  M k 1 + /' , (2.19)

and resonant  otherwise. Similarly, I say th a t g2 is non-resonant  with respect to gQ if,

V k, k* €  K  (A: ?  fc'), and V m, m f 6  M  (m  ?  m '), N k  + m  ?  N k '  +  m ‘ ,

( 2 .20 )

and resonant  otherwise. Here, 1C, £ ,  and A4 are the sets of integers k, 1, and m, for 

which the corresponding Fourier coefficients of g0, g |,  and g2 are non-zero, respectively.

It has been proved [15] th a t, in the non-resonant conditions (2.19) and (2.20), the 

local isotropy condition is also true in a global sense. The cn and c„ are independent 

of n. For every set of topos and chronos decomposing ha, the  corresponding set of 

m odulated spatial and tem poral functions

? : * ( * )  =  (2.21a)
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a n d

VC"'(<) =  i* » ( 0 * S ( 0 ,  (J-21b)c

is a set of topos and chronos decomposing k mod~ Recall th a t, since /iq is a  uniformly 

traveling wave, there is always a set of topos and chronos th a t coincides with Fourier 

modes, i.e. y3°(x ) ~  e,2wMknx^ x  ̂ and V>°(i) ~  e*2 wNkt/\T\ M oreover, the (norm alized) 

biorthogonal spectra of the m odulated and non-m odulated traveling waves stay  the 

same. In particu lar, the  spectrum  stays degenerate of order two and hmod(x, 0  still 

satisfies a space-tim e symm etry.

Finally, suppose th a t the m odulation functions gi and g3 are wavenum ber depen­

den t and the  non-resonant condition still holds. In this case, both the sym m etry and 

the expression (2 .2 1 a), (2 .2 1 b) of the  topos and chronos are still valid if g\ and gi are 

respectively replaced by gk and g k. However, the norm alized spectrum  is no longer 

invariant under the  action of the  m odulation.

2.2.3 Space-tim e dilations

The Navier-Stokes equations (1.1) are invariant under the  following scale trans­

form ation

*  — * A*

t — ► A l~ht
( 2 .22)

v — > Xi+hv

u  — ► Xhu

for all A 6  R>o and h €  R. Although this invariance does not ineau th a t all solutions 

of the Navier-Stokes equations are self-similar under the  above transform ations, it is 

reasonable to assum e th a t fluid flows, in a  certain “inertia l” range of their spectrum , 

do satisfy such a scale invariance in their fully developed tu rbu len t regime [3, 17). 1
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thus consider a  function with the  following sym m etry

u ( * , 0  =  V *  6  R 3, t  €  R- (2.23)

For the sake of simplicity, I now consider the stretching of one com ponent of the  veloc­

ity, say u (x ,/) ,  in one spatial direction (the generalization to full three-dim ensionality

is straightforw ard bu t m akes the notation more complex [18]). T he operator com m u­

tation  relation (2.10) is then rew ritten in the case of (2.23) ([2, 3]) as

V S a =  AaS aV . (2.24)

and the sym m etry operators are the spatial and tem poral dilations

(SavH*) =  < (̂A_ ,j ), (2.25a)

(5 a^ ) ( 0  =  ^(A -<1-^ ) .  (2.25b)

This implies th a t there are self-similar families for which the spectrum  of eigen­

values A n is exponentially decaying

-  (A', )'V- 'M /V (2.26)

and all the  modes y>n and are images of two basic functions and t/’/v by the 

action of S \  and S \ :

tpn =  (5 a )w- V n ( (2.27a)

=  (Sa)w“V at, (2.27b)

where N  denotes the  index of the  last mode w ithin the family. The sequence generated 

by equations (2.26) and (2.27) leads to a hierarchy of modes [3].
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The existence of a  space-tim e sym m etry (2.10) (including the  case where 7 = 1 )

implies statistical sym m etries, in the sense th a t S  can be seen a t the level of the

spatial correlation (2 .8 ), and, similarly, S  can be seen a t the level of the tem poral 

correlation (2.9). This property  is due to th e  com m utation relation of U*U w ith S  

and the  com m utation of UU* with S , in the sense th a t

S ~ l U*US = y 2U*U, (2.28a)

S - ' U t r S  =  7  2U U m, (2.28b)

which are direct consequences of (2.10). Conversely, we can now suppose th a t a spatial 

(statistical) sym m etry is detected a t the level of the spatial correlations. In this case, 

there exists a  spatio-tem poral sym m etry (5 , $)  satisfied by th e  flow itself. T he same 

rem ark is tru e  if a  tem poral (statistical) sym m etry exists for the tem poral correlations. 

S tatistical sym m etries thus reflect the presence of determ inistic sym m etries [3, 14). 

In the sta tistical context of the  POD, sym m etries are sometim es included in the 

“ensem ble average” needed to  com pute the  correlations. This was proposed to enlarge 

the statistical ensem ble of d a ta  [12). Such a  technique is not adapted  to  the present 

purpose since it does not perm it the  detection of the  sym m etries satisfied by the flow. 

Moreover, it would lead to the system atic (artificial) scaling of the ru t in  spectrum .

The fact th a t the correlation operators U*U and U{fm possess the sym m etries 

(2.28) implies th a t their spectral decomposition consist of hierarchical collections of 

modes in the  sense of (2.26) and (2.27). In particular, for the case of th e  spatial 

correlation, we have

A l  =  (A!‘ )Ar- ’M t .  (2.29)

and

(2 .3 0 )
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Such a generation of eigenvalues and eigenvectors from a basic one is a  well- 

known feature of the spectral decom position of linear operators which are invariant 

under a  Lie group. The harm onic oscillator and angular m om entum  are well-known 

exam ples from elem entary Q uantum  Mechanics having sim ilar properties. R eturning 

to  the  dilation sym m etry (2.23), it is formally valid in case of infinite boundary 

conditions. T he effect of the  presence of finite boundary conditions is unknown and 

will be investigated in C hapter 5. This question is fundam ental for understanding 

the s tru c tu re  of bounded flows. Some deform ation of (2.23) is expected.

W hen various sym m etry groups are present in the flow, the above formalism is 

easily extended. Each sym m etry defines invariant subspaces in 'W(A') ® 'H(T) on 

which the  o ther sym m etries act. Suppose, for exam ple, th a t, in addition to (2.23), 

th e  flow possesses a spatial reflection symmetry. Because the reflection group has 

two irreducible representations of character one, A e r(V ) 1 is split into two subspaces 

invariant under the  spatial reflection sym m etry operator, thus satisfying (2 .1 0 ) with 

7 = 1 . In o ther words, in one (space) dim ension, there is always a set of topos which 

are either odd or even. The subspace spanned by odd (resp. even) topos satisfies the 

dilation sym m etry (2.27a) [18].
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C hapter 3 

D iscretely  Sam pled D ata

Inherent to  any num erical calculation or experim ental m easurem ent is the  problem 

of discretization. Although the functions are assumed to  be defined on a continuous 

dom ain, the signals are recorded on a discrete dom ain given by the  mesh, the position 

of the  probes, the acquisition frequency, etc. This problem , intrinsic to numerical 

analysis, cannot be avoided. Particularly  when the discrete signal is analyzed, it 

is crucial to  isolate the effect of the discretization. Obviously, we expect th a t the 

refinem ent of the  grid will allow us to  recover an increasing num ber of details present 

in the  original function, i.e. improve th e  accuracy. This expectation , however, is not 

always m et.

One can get an idea of the possible effects by using the discrete Fourier analysis. 

In this case, the lack of adequate resolution can m ake the observed Fourier t ransform 

erroneous, in which case the  Fourier modes are aliased. The Nyquist. Jl] condition 

establishes the  m inim al sam pling required to  prevent aliasing from occurring. Only 

under such a  condition, the discretized Fourier transform  is sim ply the  discretized 

version of the  continuous (Fourier) transform . In this chap ter I show th a t a similar 

criterion can be derived for biorthogonal decom positions. More precisely, I will prove
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th a t there exists a m inim al grid size required such th a t the BOD of th e  discretized 

function coincides with the discretization of the BOD of the  continuous function. This 

chap ter is organized as follows. I s ta rt by setting  up the problem in the appropriate 

m athem atical framework. I then consider the particu lar case of traveling waves before 

generalizing to any space-tim e function.

3.1 The M athem atical Problem

Consider a space-tim e function u (x ,f)  defined on the space-tim e domain -V x T.  

As in C hapter 2 , th e  £ * {X )  and C2{T)  Hilbert spaces are used for the numerical

im plem entation of the biorthogonal decomposition. 1 now assume th a t, as it is usually

the case for most experim ental d a ta  and m any numerical com putations, the space­

tim e signal describing u (x ,( )  is sampled over a  uniform spatio-tem poral mesh (x ,, / t ) ,  

such th a t

=  \ < i < N X  (3.1)

and

tk =  r k ,  \ < k  < N T  (3.2)

where N X  and N T  denote the  num ber of discretized points in space and tim e respec­

tively, A  =  \ X \ f N X ,  t  = \T \ fN T ,  and fA" j and 17*1 refer to  the size of the space and 

tim e domains.

I now show th a t the values of the sampling frequencies in space and tim e. 1 /A  and 

1 / r ,  are critical for the correct interpretation and understanding of u (x ,()  through 

its discretized version u (x j,t* ). For this purpose, we write the discretized function in 

term s of Dirac de lta  functions, i.e.

d i (x )d2( t )u (x , t )  ,



:jrj

with

N X

‘M 1 ) = “  *i) - (3-3 )
i=l

and

N T

<M<) =  X > ( < - < » )  (3.4)
* = 1

It is then clear th a t the problem is equivalent to  m odulating u ( i ,  <) with the particular 

spatial and tem poral m odulations (3.3) and (3.4). In Section 2.2.2, it was shown 

th a t, as proven in Reference [2), under the non-resonant condition (2.14) and the 

local isotropy condition (2.15), th e  sym m etries of the m odulated signal get deformed 

bu t not broken, and the  topos and chronos are the m odulated topos and chronos of 

the reference dynam ics. In the present situation, it is thus fundam ental to determ ine 

a criterion which guarantees the non-resonant and local isotropy conditions, in which 

case we can find a  set of topos and chronos of the  discretized function which are 

simply the  discretized topos and chronos of the continuous signal. O therwise, a 

m ajor distortion, due to a  rotation in phase space (described earlier in Section 2.2.2), 

will occur in the resulting eigenmodes of equation (2.3) where u (x ,,/jt) ra ther than 

u ( x , t )  is used.

In w hat follows, unless otherwise noticed, I assum e th a t the  size of the ,Y and 

T  domains, (|A ”| and IT'D, are large enough com pared with the characteristic length 

and tim e scales of the analyzed function such th a t the  term s of order C?(1/|.Y[) arid 

0 ( l / |X j )  can be neglected (see Fig. 3.1). The m athem atical reason for such an as­

sum ption will be clear in the next sections.
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In this section I consider th e  case of u(x , f) being a  uniform  traveling wave moving

at constant speed c, th a t is u (x ,/)  =  g(x  — ct). The following general lem m a will be 

useful:

L e m m a  3.1 The decomposition

orthonormal functions and is a sequence of strictly post/ire numbers.

P ro o f: The first im plication is trivial. Conversely, supposing th a t the j \ ' s ami 

( are orthonorm al, we now show th a t they are eigenvectors of the operator / ’. 

Using the  definition of the la tte r (2.2) and the  orthonorm ality  hypothesis, we can 

w rite

u (x ,( )  =  y '  0 kf k(x)ek(t)
k

is the biorthogonal decomposition o f  u i f  and only i f  the sets and {ctJfcgN ut (

#t/fc(x)efc( / ) / n{x)dm (x)

and, similarly

W e n(t)  =  & U ( x ) .

Since /?* >  0 Vn G N, then the  /* ’s and e*’s are solutions of the biorthogonal equations 

(2-3).

Q.E.D.

P r o p o s i t io n  3 .2  Let u (x ,/)  =  g(x  — ct) be a uniformly traveling wave dejineil on 

X  x T  complete domains such that the lengths o f  the intervals |JV| and  j7"| satisfy
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JV|A'| =  cM \T \ ,  where N  and M  are integers. Let (x;,tfc) i, k € N be a uniform 

spatio-temporal mesh defined by equations (3.1) and (3.2). I f  d\ and d 2  are defined as 

(3.3) and (3.4), and kmax is the largest integer for  which the k-ih Fourier coefficient 

g is non-zero, then the following conditions are equivalent:

i. the BO D o f  d i(x)d 2 ( t )u (x , t )  is the discretization o f  the BOD o f  u

ii. d i (x )d 2 ( t ) u ( x , t )  is non-resonant

" j ^  <  £  a n d  U f a *  <  ±  .

P ro o f: Since the functions d\ and d2  are periodic, Fourier modes are th e  nat ural 

basis. The Fourier transform  of the m odulations (3.3) and (3.4) are given bv t 

expressions

1/l-V| If q j k l N X

1 /A  if q =  l N X
rfj =  < (3 -r>H)

and

t 2  ( l  f \T \  if p ?

\  l / r  if p =  m AT.

m N T
(3.51.)

As sta ted  before I neglect, in (3.5a) and (3.5b), the Fourier coefficients whose values 

are 1 / 1A”| and \ / \ T \  corresponding to wavenumbers and frequencies which are not 

m ultiple num bers of N X  or NT.  I recall from C hapter 2 equation ('2.18) which 

becomes

„(X ,()<*,(*)*(() =  £  (:U1)
k,l,m

for this particu lar case. In virtue of Lemma 3.1, the above decom position (3.6) is the 

BOD of u (z , t)d i(z )d 2(f) if and only if the sets W|X| ancj e- t 2 *(Nk+m NT)t/\'i\

are orthonorm al sets of functions, or, equivalently, if th e  spatial wavenumbers M  k  +  / A'A



(resp, the tem poral sidebands N k  + m  A/71) do not coincide for any pair of (k , /) (resp. 

(Jr,m )). This is fulfilled if and only if

M k  + I N X  M k '  + t ' N X
1*1 \x\

and

N k  + m  N T  N k '  +  m ' N T
k = k \ m  = in' ,

i n  m

which are precisely the  non-resonant conditions (2.19) and (2.20). By rewriting the 

spatial term , we obtain

,; ,7)

If kmax is th e  largest integer k  for which g* is non- zero, it follows th a t a  necessary

and sufficient condition for spatial non-resonance is

M  2kmax \l' -  f|

1*1 A

A sim ilar expression for the tem poral non-resonant condition can be derived in the 

sam e m anner. T he non-resonant conditions are thus fulfilled if and only if

M k  1 N k  1j«  >. 1 j  1 1 - 1 / o o x

—  -  2A a n i  —  -  5T • (J'8)

Q.E.D .

R em ark 3 .3  If the  term s of order Q { \} \X \ )  and 0 { \ f \ T \ )  had not been neglected, 

all term s would have been resonant, but the  energy content and therefore the influence 

of such term s would have been ra ther insignificant (see Fig. 3.1).

R em ark 3.4 Equation (3.6) is general and shows all th e  possible Fourier com ponents 

of u(x , f)d](x)d3(f), w hether they are resonant or not.
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Example: Before generalizing the previous result, let us consider a sim ple example 

illustrating our point. Suppose the following traveling wave:

u(x, t) =  eos(2jr(.17x — 5f)] +  .6cos[27t{.34x — 10f)] . (3.9)

For this case, we have

^ = J  ± 1 7  and I  ± S  .
I'*’! 1  ± 3 4  l7 l ± 1 0

If we take a  spatial sam pling wavenumber 1 /A  =  12.12 and a  tem poral sampling 

frequency 1 /r  =  30, proposition 3.2 guarantees a  faithful biorthogonal decomposition. 

In con trast, if we now fix 1/A  to the previous value and consider 1 /r  =  15, I lien 

there* should be resonant tem poral term s since the tem poral limit l / 2 r  is 7.5. The 

spatial sam pling is well below the  lim it condition (3.8), therefore there is no need to 

worry 'about possible intersections of th e  spatial Fourier sidebands. W hether there 

are resonances or not can be clearly seen from Tables 3.1 and 3.2 below, in which 

the  term s N w ( \T \  +  m / r  involved in expression (3.6) are explicitly given for this 

exam ple. Note th a t, although there  is no intersection between the spatial sidebands, 

the topos may still get deformed. In Table 3.1 in which 1 /r  is 30, the values in 

th e  different possible tem poral sidebands do not coincide. There is no resonance. 

Instead, in Table 3.2 corresponding to  1 / r  =  15, the appearance of equal values for 

different sidebands indicates th a t the  la tte r intersect due to  insufficient sampling. 

Figures 3.2 and 3.3 show th e  corresponding biorthogonal spectra, as well as topos 

and chronos in both their physical and Fourier representations. In Figure 3.2, 1 hr 

biorthogonal spectra  display tw o pairs of degenerate eigenvalues ( the rem aining values 

being due to num erical noise). The topos and chronos associated with each pair of 

eigenvalues are single Fourier modes (with well defined waves num bers .17 and .34, and
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m - 1 0  +  m / r —5 +  m / r 5 +  m /r 10 +  m / r

-2 -70 -65 -55 -50

-1 -40 -35 -25 -20

0 -10 -5 5 10

1 20 25 35 40

2 50 55 65 70

Table 3.1: 1 / r  =  30. All exponents are different.

m - 1 0  +  m / r —5 +  m / r 5 -1- m / r 10 +  m / r

-2 -40 -35 -25 -20

-1 -35 -20 -10 -5

0 -10 -5 5 10

1 5 10 20 35

2 20 25 35 40

Table 3.2: 1 /r  =  15. There are resonant term s, some of the exponents coincide.

frequencies 5 and 10). W hen an insufficient tem poral mesh size is used, the description 

is incorrect. More precisely, only one degenerate subspace (of dimension two) is 

obtained, and neither topos nor chronos are well defined. Consistently witli fable

3.2, the  frequencies 5 and 10 are resonant and both frequencies (resp. wavenumbers) 

appear in the  Fourier representation of individual chronos (resp. topos) (see also 

Rem ark 3.4).
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Note th a t the proof in the previous section is particu lar to a function whose topos 

and chronos are Fourier modes so th a t the NR conditions (2.19) and (2.20) can he 

applied. In order to  extend it to  any function, we need to  go back to  the  more 

general non-resonant and local isotropy conditions (2.14) and (2.15). Note th a t the

NR condition can be expressed in term s of th e  operators U and U* as

u ; i h G \ v ;  =  u - g \ v 0u - , < :i.hm

and

UoWGlVo  =  U0 G\UoUo • (3.10b)

T h e o re m  3 .5  Let u(x,<) be defined on X  and T  complete domain o f  lengths |.Y| and 

|7’| and let ( i , , ^ )  i, k € N be a uniform spatio-temporal mesh defined by tyuation .i 

(3.1) and  (3.2). I f  d\ and d? are defined as (3.3) and (3.4), and the pair wtnnj )

are the largest integers for  which the spatial and temporal F ourier coefficients o f  g

are non-zerot then d t (x )d3(/)u (x , t) satisfies the non-resonant and local isotropy con­

ditions (2.14) and (2.15) i f  and only i f

kmax ,  1 . ^  1
W - 2A  a n d  “j r T  57  ' ('U 1 )

P ro o f: It is sufficient to  check conditions (2.19) and (2.20) for any basis of .V( .Y)■.] ■ 

X ( T ) t in particular for the topos and chronos of the biorthogonal decomposition of 

u (x ,f) . We then introduce ^ “ (x) and ^ £ ( 0  such th a t

Ug>an = A n,l,an , (3.12a)

, ( 3 . i2 b )
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where a  is a num ber labeling the possible degenerate eigenmodes, a  =  1 , , . , ,  oJ|taT.

Once again, the periodicity of the functions d\ and m akes the  use of Fourier ex* 

pansions natu ra l and I neglect th e  term s of order 0 ( \ / \ X \ )  and 0 ( l j \ T \ )  in equations 

(3.5). Topos and chronos are then expressed as

< ( * )  =  Y . ^ k '>c'1’k' nx[
k

to

The strategy  then consists in seeking conditions under which equations (3.10) 

hold. S tarting  on the left hand side of (3.10a) we can write

(ir;u„G ]u;)  « ( )  = An v>:<x)

=  An ((/„-«,) *"<*)

=  A n (U^Uo)
p i

J 2 <fi(k)ca *k*/ W
k

= ^  e'2' [iP+q]NX+k]XnXi#<*>

=  ~  ^ 2  Uo ( J  u ( x , 0 e - ^ ^ fcW |- | d x )  ^ " ( f c )  .

Hence

(C0-f/0G ?t/0-) =  5 2 u ; u U p - K , ) N X + k , t ) t t ( k ) ,  (3.13a)
P.9.*

where i i ( (p + q )N X  + k, t)  denotes the  spatial Fourier transform  of u. Now, by working 

ou t the  right hand side of (3.10a), one obtains

{UqG IV oU!)  « ( ! )  =  5 3  «(*.(>■+  x)Afr +  u . ) « ( u . ) , (3.13b)
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where u(x , (r + s ) N T + w ) denotes the  tem poral Fourier transform  of u. By developing 

(3.10b) in a sim ilar m anner, one can write

{UqUqGIUq) =  £ t / 0 u (x ,( r  +  s ) A T +  «,)</>(«,}, (T I3c)

M W )  = £  u((p + q ) N X  + k , t ) ^ J k ) .  (3.13.1)
p.».fc

S ubstitu ting  equations (3.13) in conditions (3.10) leads to  th e  non-resonant con­

dition in term s of <,?£(x) and which can be equivalently w ritten as the following 

system

£ £ “ (*) [ ^ o t / ;« ( (p  +  9 ) ^  +  * * o - ^ « ( ( p  +  v ) ^  +  ^ o ]  = o  v / t . v .
p.fl.*

(3.11a)

( r  +  s)ATT +  u,) _  4̂= u(a-, ( r  H- H- «-) ] = 0  VI € T  .
r.J.u-

(3.11b)

The above system  (3.14) has a solution if and only if

UqUq u(x , ( r  +  s) AT +  u>) =  A* u(x, ( r  +  s)A T  +  uj) V r, s, w  e  Z ,

and

UoUZuiiP + l ) N X  +  Jfc, t) =  ^ « ( ( p  +  q ) N X  +  *,t )  Vp, </, k € Z .

Hence, u (x , (r-)-s)A T +  u;) and ^ ((p  +  gJ./VJf +  k, t ) are solutions of the BOD equations 

(3.12), and therefore they m ust be linear com binations of topos and chronos of the 

subspace associated with the eigenvalue A n, i.e.

u (x ,( r  +  s ) N T  + w)  =  cav?“ (x) , (3.15a)
a= 1
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u((p  +  q ) N X  +  k, t) =  5 3  co0 “</) . (3 .15b)
a = l

In addition, by using the  definition of u and the  BOD of u, we can write

f i(j ,(r  +  i ) iv r  + ui) =  ~  / « ( a : , 0 e ’3,rt(r+,)OT+*1W|T|dt
1^1 / r

a 0mas *

=  t f t I X  E v4 ( * )  /

0 m*t
u(j-,(r +  s )JST T  +  w )  =  5 ^  Vm(x ) 4 > t ( ( r  +  s ) ^ r  +  “0 ■ (3.1Gh)

m (3= 1

A sim itar procedure results in the  identity

Pmmi
i ( ( p  +  , )JVX  +  k, t ) =  Y ,  <  £  < W  t t « P  +  1 ) N X  +  k ) . (3. Hib)

m 3 — 1

Equations (3.15) and (3.16) m atch sim ultaneously if and only if

0£((p + ? ) A ^  + Jfc) = O V*,p,9 e Z  

V m ^ n  an d  (3.17)

t^m((r  +  s ) f W  +  “>) =  0  V r, s ,  ie €  Z ,  

nam ely th e  Fourier sidebands do not intersect for m  ^  n. If km and w m are integers

associated with the  Fourier com ponents of y?^ and 0 ^ ,  then the sidebands do not

intersect if and only if

km ^  (p +  q ) N X  +  k and wm ^  ( r  + s ) N T  +  w

or,

km (p + q) k  wm {r + s) w
\X\  *  A  +  \X\  |T | r  +  | r |  *

Now setting  kmax =  max„{yt„} and u>m«* =  max„{ujn}, we conclude that condi­

tions (3.17) hold if and only if

kmax j  1 j  UJmol 1
W  5  2 S  and  I t T  s  27 -



There rem ains to  prove th a t under (3.11), the  LI condition is also valid. The 

procedure is very similar; by expanding in Fourier series, we calculate the norms

=  f  ( r f i t f i n * ) < * * ; ) ( * )  **
J x

=  Y 1  i ( ^ n ( m )) ' /  c -ia»I*W* + m]r/|Jf|c . a ^ X  + *]r/|A'|r/j.

=  ^ 2  ^ N X + m , p N X  + k

-  E s i p r f l W * ) ! *
*.p

where (3.11) has been used. Finally by Parseval’s equality, we obtain

V i * a '  = IK H J , (3-18»)

and sim ilarly

l l-W II’ =  ^  I K i r  . (:*.l»b)

Q .F.D .

R e m a r k  3 .6  T he two inequalities (3.11), which are the equivalents of the  Nyquisi 

lim it for the  Fourier analysis, establishes th e  m inim al value of the mesh size required

for a correct in terpretation  of the  biorthogonal decomposition of the  function u ( .r, /).

U nder (3.11) not only do we know th a t the discrete BOD is the discretization of 

the BOD, but also we have the exact deform ation undergone by the (space-time) 

sym m etries due the discretization process (see equation (2.16)).

R e m a r k  3 .7  T he theorem  establishes th a t, under conditions (3.11), the local isotro­

py is valid globally as shown in equations (3.18). This implies th a t the entropy will 

be unchanged as proven in Reference [2].
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R e m a r k  3 .8  In general, given a signal, we know a priori neither its wavelength nor 

its frequency content. A t first, we thus have to  guess the discretization to  use. Both 

the Nyquist lim it for Fourier decom positions and its counterpart for biorthogonal 

decom positions establish a m inim al mesh size required so th a t if the real values of I In- 

wave num bers and frequencies to m easure are below th a t threshold, then they will In­

correctly observed. The converse is not true for e ither th e  Fourier expansion, or the 

biorthogonal decom position. In o ther words, if the  condition (3.11) is not satisfied 

and the observed frequency and wavenumber values fall below th e  lim it, th is does 

not mean th a t they are correct. We have seen such an exam ple in Section 3.2 in 

which the  sam pling frequency was 15 and therefore the highest readable frequency 

is 7.5. However, we have observed th a t the observed value of 5 was incorrect. This 

problem originates in the above proof itself where we have seen th a t the position of 

the  Fourier com ponents wilt change unless the condition (3.11) is fulfilled. This point 

can be detected by varying the  mesh size: if different meshes m ake the decomposition 

vary, the  sam pling has to be refined. O f course, from the  experim ental point of view, 

filtering the signal before the analysis is a  much sim pler solution.

Examples: I now give two illustrations of the previous theorem . F irst, as in Sec) ion

3.2, I perform  the  BOD of th e  function

u ( x , t )  =  cos[2x(.2x)] cos[2jt(.5 x — 2/)]

+ .6 cos[2jt(.3x )] [1 +  cos(2^rf)] cos[2tt( . 17x — 131)] , (3.19)

under two different tem poral meshes. I recall th a t the above function is not a  traveling 

wave, bu t a superposition of distinct (spatially and tem porally) m odulated waves  

propagating at various speeds. The meshes are 1 /A  =  10 and 1 / r  =  30, in the first 

case and 1 /A  =  10 and 1 /r  =  15, in the  second case. Figures 3.4 and 3.5 display the 

decom position for both samplings, the results are sim ilar to  those reported in Sect ion
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3.2. For 1 /r  =  30, the right decomposition is obtained, while the resonances due to 

the  tem poral grid mesh frequency a t 15 d isto rt th e  original subspaces. Note th a t here 

there  is no decrease in the  signal dimension as observed in Section 3.2.

The second case illustrates the convergence of th e  biorthogonal entropy (2.7) to­

wards its tru e  value as the tem poral mesh is refined. For this purpose, I add a 0.5‘X 

uniform noise to the  above signal (3.19). Figure 3.6 shows th e  variation of the entropy 

with 1 /r :  a  good agreem ent with equation (3.6) and Reference (2] is found.
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co

Figure 3.1: D iagram  showing the  Fourier coefficients of the functions d t and d2 in 

equations (3.3) and (3.4) in (fc,u>) space. The large arrows represent coefficients at 

m ultiples of N X  or ATT, th e  small arrows correspond to the term s of order C?( 1/|.V |) 

and £7(1 /|T |) which are neglected in Sections 3.1, 3.2 and 3.3.
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Figure 3.2: BOD of the  traveling wave (3.9) in Section 3.2 for th e  sam pling waveuuin- 

ber 1 /A  =  12.12 and frequency 1 f r  =  30; in agreem ent with condition (3.11) the de­

scription is correct, (a) T he biorthogonal spectrum ; next page (b) topos and chronos 

in their spatial and tem poral representations; (c) topos and chronos in their Fourier 

representation.



Figure 3.2 continued.
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Figure 3.3: BOD of the traveling wave (3.9) in Section 3.2 for the sam pling w a v e u m n -  

ber 1 /A  — 12.12 and frequency 1 /r  =  15 showing th a t the  resonances i n t r o d u c e d  

by the discretization process d istort the  eigenspaces. (a) T he biorthogonal spectrum  

showing a  decrease in the signal dimension; next page (b) deform ed topos a n d  c h r o n o s  

in their spatial and tem poral representations; (c) topos and chronos in their Fourier  

representations displaying a m ixture of the  involved frequencies and w a v e n u m b e r s .
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F ig u r e  3.3  c o n t in u e d .



Figure 3.4: BOD of the  signal (3.19) for the  sam pling wavenum ber 1 /A  =  10 and fre­

quency 1 / r  =  30; in agreem ent with condition (3.11), the description is correct. The 

function (3.19) is the superposition of two m odulated m onochrom atic plane waves, 

(a) The biorthogonal spectrum ; next page (b) topos and chronos in their spat ial and 

tem poral representations; (c) topos and chronos in their Fourier representations.



F ig u r e  3.4 c o n t in u e d .



Figure 3.5: BOD of the  function (3.19) for the sam pling w avenum ber 1 / A  =  1(J 

and frequency 1 /r  =  15, showing th a t the insufficient tem poral sam pling p r o d u c e s  

resonances, (a) The biorthogonal spectrum ; next page (b) topos and ch r o n o s  in 

their spatial and tem poral representations; (c) topos and chronos in I heir Fourier  

representation. Note the appearance of all involved w avenum bers and f r eq ue nc ie s  in 

all eigenvectors.



F ig u r e  3 .5  c o n t in u e d .
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Figure 3.6: The biorthogonal entropy as a  function of the  tem poral s a m p l i n g  fre­

quency 1 / r  of the signal (3.19), showing convergence as 1 / r  increases.
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C hapter 4  

Falling F ilm  Flow s

As described in C hapter 1 when the Reynolds num ber (Re)  is larger than a » ritii al 

value, flowing films are unstable for sufficiently long wavelength d i s t u r b a n c e s .  The 

observed interfacial waves show solitary waves, various secondary instabilities, a n d  

complex disordered pa tte rns [1, 2, 3, 4, 6]. The great variety of nonlinear p h e n o m e n a ,  

and the fairly low flow ra te  at which they occur m ake the system ideal fur s tu d i e s  

o f  dynam ical com plexity in open flows. In addition, the  flow m a y  be speci f ied by  a 

single scalar field, the  film thickness which greatly simplifies the a na ly s i s .

In this chapter I present a  q uan tita tive  analysis of spatio-tem poral e x p e r i m e n t  al 

d a ta  of the  above system . I focus on two different phenom ena both concerning two-  

dimensional waves. For the first one, the waves, initially travelling at c o n s t a n t  speed ,  

become unstable as Re  is increased. Above the instability  onset, the w a v e  f ron ts  

split a n d  coalesce and no single propagation speed can be identified; t h e  or ig inal  

space-tim e translation sym m etry no longer holds. The second p h e n o m e n o n  is l In- 

secondary instability the system undergoes due to the nonlinear interaction b e tw e e n  

the harm onic and subharm onic com ponents present in the  flow. In the subhanuoiiir 

instabifity the fundam ental mode and its harm onics (e.g. k y2k> e tc .) an -  r e sona n t



with their subharm onic (Jt/2,3Jb/2, etc.).

The experim ental d a ta  were studied at a variety of Reynolds num bers and per­

turbation  frequencies, via both Fourier and biorthogonal decom positions. I find that 

the free-surface evolution can be described by a spatio-tem poral m odulation nf a uni­

formly traveling wave which develops gradually above a  threshold. The <out i ilml mu 

to the flow evolution originating in the subharm onic instability  is captured by the 

biorthogonal analysis which also shows its convective nature.

4.1 Experim ental Considerations

4.1.1 Experim ental M ethod

The experim ent perform ed by Jun  Liu and J. P. Gollub a t Haverford College is 

described as follows; a  detailed description can be found in [5, 6, 7], A schem atic 

diagram  of the experim ental apparatus is shown in Fig. 4.1. The film plane is 200 < m 

long by 50 cm transverse to the  flow; relatively small inclination angles from 1° 1o 10° 

are employed. T he entrance flow rate is perturbed  at frequency J and amplil ud* .1 

by applying small pressure variations to the entrance manifold. Aqueous solutions of 

glycerin (about 52% by weight) are used in this experim ent; the kinem atic viscosity 

and surface tension are 5.55 ±  0.10 cs and 67 ±  2 dyn /cm , respectively, a t 22.5°C. 

The control param eters varied in this experim ent are the  external forcing frequency 

/  and the Reynolds num ber Re.

A fluorescence imaging m ethod is used to m easure the film thickness in

real tim e with a sensitivity of 8-10 pm . Initially two-dimensional (i.e., invariant in 

the  y-direction), the  waves can be described only as a  function of one space dimension 

and tim e. In th is regime, the d a ta  h (x , t )  were taken along the center strip  of the 

film plane. There are 640 pixels in the flow direction with a  spatial resolution U.0G5
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cm /p ixel. The tim e step is 1/60 s and 1536 images were taken for each set of data. 

The Nyquist wavenumber and frequency are 7.75 1/cm  and 30 Hz, respectively. (In 

C hapter 3, I have derived th e  equivalent of th e  Nyquist condition in the  biorthogonal 

decomposition context).

4.1.2 Secondary Instability o f M ultipeaked W aves

As m entioned in Section 1.2 the nonlinear evolution of initially sinusoidal waves 

depends strongly on the frequency / .  A boundary f , ( R e )  separates two types of 

nonlinear evolution. Solitary and m ultipeaked waves appear below f a{ R t ), while 

single-peaked, nearly sinusoidal waves occur above the  boundary. Subtle differences 

between various m ulti peaked and solitary waveforms have been illustrated by Liu and 

Gollub [7],

For a fixed R e , when /  is increased from th a t of a  solitary wave tra in , the solitary 

wavefronts become closer to each other. As the  frequency is increased further, sepa­

rated pulses are not formed. Instead, subsidiary waves develop through the growth 

of small depressions on the prim ary peaks: each prim ary peak splits into two peaks. 

The phenom enon can also be observed by increasing Re  with a fixed frequency near 

f t (Re).  In Fig. 4.2, we present the d a ta  at f  =  5 Hz and /? =  6.4°. The spaliotem po- 

ral d a ta  of film thickness h (x ,l)  are taken in a  window of length 41.6 cm cenleied al 

x = 82 cm from the  entrance. A t Re — 25.6, we observe waves which travel at a con­

s tan t velocity w ithout deform ation (Fig. 4.2a). When Re  is larger than  30, the small 

depressions described above can be observed (Fig. 4.2b for Re  =  35.2). It appears 

th a t the wave crests split and coalesce as they travel dow nstream . As lie  increases 

further, the  position where the  splitting-coalescence process begins moves upstream . 

At Re = 67.7 (Fig. 4.2c), the  wave structure inside th e  sam pling window becomes 

substantially  more complex: the large waves have steep fronts and stretched  tails.
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and their shape is close to  th a t of solitary waves. In addition, th e  nonlinear in ter­

actions lead to  strongly disorganized waves dow nstream . In all cases, the  space-tim e 

translation  sym m etry  characteristic of sta tionary  waves at Re  =  25.6 is lost as l i t  is 

increased.

Jun  and Gollub have reported th a t periodic waves are unstables to suhli am  ionic 

instability  over a  wide interval of pertu rbation  frequencies [8]. I illustra te  the insta­

bility in the space-tim e representation of Fig. 4.3, th a t correspond to a perturbation  

frequency /  =  7Hz, Re  =  37,4, and /? =  6.4°. As the  waves travel down the plane 

the wavelength of the waves is roughly halved: an apparen t spatial period doubling 

occurs.

4.2 The Splitting and Coalescence o f the Front 

W aves

In this section I focus th e  a tten tio n  on the  understanding of the instab ility  from 

a spatio-tem poral viewpoint. I use several different techniques for this purpose: the 

Fourier decom position, a biorthogonal decom position, and entropy considerations ft)]. 

A lthough th e  study was perform ed for m any Reynolds num bers and perturbation 

frequencies, the discussions em phasize the d a ta  obtained at Re  =  25.6, fit = 35.2 

and Re  =  67.7, a t /  =  5Hz (Fig. 4.2).

4.2.1 Fourier analysis

I first study  the  flows displayed in Fig. 4.2 by Fourier d e c o m p o s i t i o n ,  a c o m m o n  

tool for the study of wave propagation phenom ena. Specifically, I c o m p u t e  t in '  n o r m  

of the  one-dimensional spatial Fourier transform  of 5(x ,t)*  and average
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in tim e, assum ing stationarity . Similarly, I calculate the  one-dimensional t e m p o r a l  

Fourier spectra  of a t two different spatial locations: X| =  10.H and x 2 = 11.1

cm. These tem poral and spatial points are chosen to belong to  the  X  x T  window 

of the  biorthogonal analysis described in th e  next section. The resulting s p e c t r a ,  

corresponding to Re  =  25.6, Re  =  35.2 and Re =  67.7, are shown in Fig. 4.4. The 

spatial spectra present high peaks a t a fundam ental value and its h a rm o n ic .s up 

to the  th ird  one. A s  Re  increases, new Fourier com ponents appear, and t h e  s p e d  rum  

eventually becomes quite broad.

The tem poral Fourier spectra present peaks a t the forcing frequency (5 Hz)  a n d  

its harm onics, independently of the Reynolds num ber considered. As l i t  is 111<Teased, 

the relative energy of the peaks changes betw een the  forcing frequency ami its first 

harm onic, the  la tte r becoming dom inant dow nstream  at Re  =  35.2.  T h i s  o b s e r v a t i o n ,  

particularly  clear in the  last panel of Fig. 4.4b, indicates the  increased spl i t  t ing  o f  I In- 

wave fronts a t the end of the spatial window. At Re  =  67.7, the  forcing frequency is 

dom inant once again and the  broad spectral background is much larger: tin- flow is 

now weakly tu rbu len t.

In view of Fig. 4.2a and Fig. 4.4a the assum ption of a unique propagation speed, 

i.e. h ( x , t )  = 9 ( 2  — ct),  seems reasonable for the lowest Re.  But the a p p e a r a n c e  of 

new peaks in ||A(&)|| a t the higher Re's  may correspond to  various possible s<m ,trios 

from a spatio-tem poral viewpoint. The Fourier analysis carried above ca n n o t  discern 

am ong the different possibilities. I show below how the biorthogonal decomposition 

tool allows to  identify the particu lar form for h ( x , t )  after the secondary in.si a b i l i t y  

has occurred.



4.2 .2  Biorthogonal D ecom position Analysis

In this section I characterize the wavefront splitting  and coalescence process us­

ing the  biorthogonal decomposition. Figure 4.5 presents the first fifteen normalized 

eigenvalues for the  Re  investigated Section 4.2.1. Since the first five inodes capture 

m ore than  99.7% of the  energy of th e  flows, I concentrate on these modes hereafter. 

T he eigenvalues Aj, A3 , and A4, A5 are degenerate (w ith good numerical accuracy) 

(note th a t this feature seems to  rem ain valid up to  the fifteenth eigenvalue), Tlic* 

first five topos and chronos are shown in Fig. 4.6. The first topo anti chrono ^1  and 

ipi are constants, and the  term  A n ^ i(x )^ i( t)  of (2.4) represents th e  spatio-tem poral 

average of the film thickness (the mean of all o ther topos and chronos, t herefore, 

being zero [10]). A t Re  =  25.6 (Fig. 4.6a), topos and chronos are sinusoidal and 

regrouped by pairs (9 3 , ^ 3 )* (v^iY^s)* ( ^ 2 , ^ 3 ), and (0 4 ,^ s ) ,  each pair corresponding 

to  a degenerate eigenvalue. As shown in Section 2.2.1 of C hapter 2, t h i s  is a c h a r a c ­

teristic  property of traveling waves, as well as the fact th a t topos and chronos of a 

given pair are translations of each o ther [10, 11], As Re  is increased to 35.2, t he pairs 

( ^ 2^ 3 ) and (v,4 ,V’s) become m odulated in am plitude (see Fig. 4.6b). Meanwhile, 

their corresponding chronos remain sinusoidal. A t Re — 67.7, both th e  topos and the

chronos are m odulated in am plitude. T he flow, at Re =  25.6, can thus l«> w ritien as
N  N

h {x , t )  = A nipn(x)xlfn{t) =  -  c t ) =  g{x  -  cl),
n = l  n = l

where the topos ipn and chronos are Fourier modes. The functions f/„(.r — cl) 

are th e  various uniform ly traveling sinusoidal waves characterizing each biorthogonal 

eigenspace. For Re  =  35.2 and Re  =  67.7, the flow becomes
N  N

h ( x j )  = ^ 2  A'ng ln( x ) g l ( t ) ^ n(x)}p'n(t) = ^ 2 g ln(x)gl(i)g'tl(-r -  f-0* (-1-1)
n = ]  n = i

where the  and if>'n rem ain Fourier modes and g'n(x  — ct) is a  sinusoidal stationary 

wave. A t Re — 35.2, the tem poral functions j* ( t)  are close to  one. In (4.1), the
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fact th a t th e  functions {fn(z)<p‘n{x) and ff*(t)0 n(O rem ain topos and chronos (as in 

equations (2.21a) and (2.21b)) is due to  the fact th a t the Fourier sidebands generated 

by the m odulations do not intersect and, therefore, do not interact: the  non-risotiant 

condition (2.19), (2.20) in C hapter 2 is satisfied. Here, the spatial m odulations g\ 

have long wavelengths of (or larger than) the  size of the spatial window. The persis­

tence of the order-tw o degeneracy of the spectrum  at higher Reynolds num ber in (-1.1) 

indicates th a t there still exists a  spatio-tem poral sym m etry satisfied by the flow; this 

is also consistent with th e  presence of a m odulated uniformly traveling wave satisfying 

the non-resonant condition. The spatio-tem poral sym m etry of the  m odulated trav ­

eling wave with non-resonant sidebands is not a  sim ple pair of translations in space 

and tim e, it involves the m odulations as well (see equation (2.1C}). The space-tim e 

sym m etry satisfied by the uniformly traveling wave observed at Re = 25.(i is then 

deformed at Re  =  35.2 and Re — 67.7. At Re =  35.2 the m odulation can be seen 

am ong the topos only; it seems to  be uniquely spatial a t this Reynolds num ber (equa­

tion (2.21a) has a  m odulation different from a constant function). At Re = 67.7 the 

m odulation is bo th  spatial and tem poral (both equations (2 .2 1 a) and (2 .2 1 b) have a 

m odulation different from a constant function).

These features of the  waves a t different Reynolds num bers can also be observed in 

phase space. A t Re  =  25.6 the  projection of the normalized tra jecto ry  //., (2 .5 ) onto 

the subspace spanned by the  vectors 1 ^ 2  and 0 3, i.e.

PiAV* = + 3̂(1 )0 3 ,

and sim ilarly the projection onto the subspace spanned by $ 4  and V’5 < t-°-

/ W  =  ?«(x)04 +  Vb(*)^>.

are both quasi-circles (Fig. 4.7a). This behavior is a clear indication of the spatial 

translation  sym m etry. However, a small am plitude m odulation, responsible for the



broadening of the  tra jecto ry  around the circle, can already be observed. Tlie pro­

jections of the  o rb it r]x onto  the subspaces spanned by t/>j, i/ ’3 and ii'4, v \  at both 

Re =  35.2 and Re =  67.7 (Figures 4.7b, c) display, from a geom etrical point, of view, 

the changes which have occurred in the  dynamics: quasi-circles, due to the spatial 

m odulation, have significantly thickened (equation (2.13)). Likewise, in order to ob­

serve the  effect of the  tem poral m odulation in phase space, 1 consider the projection 

of the norm alized tra jec to ry  £( (2 .6 ) onto  the subspace spanned by the  vectors ami

^3, be.

A ,3 f (  =  ^ 2 { z )0 2  +  ¥>3(ar)03,

and sim ilarly th e  projection onto the subspace spanned by <^4 and Fig. I.Td, e 

display quasi-circles a t both  Re  =  25.6 and Re  =  35.2 while Fig. 4.7f shows that a 

considerable thickening of the circles occurs a t Re = 67.7. T he la tte r is due to the 

effect of the  tem poral m odulation, which appears at a higher value of R< than does 

the spatial m odulation.

The reconstruction of th e  flow with the first five term s of (2.4) only is shown in 

Fig. 4.8. W hile uniformly traveling wave fronts are observed in Fig. 4.8a at Re = 25.6, 

the  sp litting  and coalescence of the waves a t Re =  35.2 are clearly reproduced in Fig. 

4.8b. These phenom ena are thus due to the developm ent of spatial m odulations in 

the  flow. T he reconstruction with only the  second and th ird  modes in Fig. 4.Sc shows 

neither splits nor coalescences of the wave fronts, the profile beiny modtihitt >1 .^putiolh) 

as a whole. (The same picture with a different wavenumber and frequency is obvi­

ously obtained by restricting the  reconstruction to another (degenerate) biorthogonal 

eigenspace.) This observation shows th e  complex effect of the  m odulation on a t ravel­

ing wave in physical space. Both the m odulation and the  presence of harmonics in the 

carrier wave are therefore crucial in reproducing basic features of the  dynam ics such as 

sp litting  and coalescence of wave fronts. Moreover, the spatial m odnlation (unctions
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g\  seem to be different for the  various harm onic term s in (4.1). The more com plicated 

spatial and tem poral m odulations a t Re =  67.7 are also easily represented using the 

first five term s (Fig. 4.8d).

The use of biorthogonal decom positions allows to  identify the instability  in con­

tra s t with the  Fourier analysis. In the later the modes are already prescribed and 

therefore the inform ation is carried in the energy of the  modes only, they cannot adapt 

them selves to the  particu lar sym m etries of the system in study, as it is the case for 

th e  biorthogonal modes.

4.2.3 Entropy Considerations

Since the previous pointwise description through topos and chronos is of a “micro­

scopic" nature , it is interesting to know w hether or not there is any indication of the 

dynam ical change described earlier in the  global entropy defined in (2 .7 ) .  F o r  that 

purpose, I calculate the  entropy as a function of Reynolds num ber for I lu*

interval 25.6 <  Re < 67.7. Because the first mode (representing the  spatio-tem poral 

average of the  film thickness) contains a  large percentage of th e  to tal energy, its in­

clusion in the  entropy will hide th e  contribution of the dynam ically im portan t, but 

less energetic, modes. For this reason, exclude the first m ode in (2.7) and calculate

1 N 
H  = - i ^ r r r ) ^ ln p -

with pn =  A 2J  A)- F igure 4 .9a shows th a t the global entropy increases with lie 

until it reaches its m axim al value (w ithin the range of Reynolds num bers studied in 

this paper) at about Re  =  54. Note th a t the  growth of two different types of mod­

ulation, spatial and tem poral, are evident as two d istinct rises in Fig. 4.9a. In order 

to understand the  connection (if any) between the entropy and the “microscopic" 

behavior of the dynamics in phase space, we have com puted the average distance to
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th e  origin of th e  projection Pi,3 f)x of th e  vectors Tfx onto  th e  plane (0 2> ) in the

tem poral phase space A'(T'), and th e  standard  deviation a  around this average (set* 

Fig. 4 .9 b). This gives us a q uan tita tive  m easure of the deform ation exhibited by the 

orb it in the  A'fT'J-phase space as Re increases. The same procedure was applied to 

the vectors Pa. ^ x- It is interesting to note th a t the entropy and the standard  devi­

ation corresponding to  the  projection onto the ( ^ 2 t^ 3 )-plane both increase with Re 

up to  Re  = 4 4 .  T he entropy increase is associated w ith a  more uniform distribution 

of energy am ong the eigenvalues as the  spatial m odulation develops and deforms the 

dynam ics in X ( T )  only. This effect does not persist when the orbit gets also deformed 

in A '(X ), under the  action of tem poral m odulations. This occurs at higher Heynolds 

num bers (Re  >  44).

4.3 The Subharmonic Instability

Jun and Gollub [8 ] have carried out an extensive analysis of the subhannonic 

instability, but their q uan tita tive  m easurem ents are restricted  to local wave slope 

da ta . T he objective of this section is to  study the instability  from a spal iotemporal 

point of view.

The m ethodology is sim ilar to th a t followed in Section 4.2. The d a ta  set cont aining 

records at m any Re  values are analyzed by Fourier and biorthogonal decomposit ions, 

bu t th e  discussion is restricted  to  the  signals of Fig. 4.10. They correspond to an 

inclination angle =  6.4°, a perturbation  frequency /  =  7Hz, and three fit values, 

Re  =  30.3, Re = 39.6 and Re  =  67.7. In the first two cases (see Fig. 4.10a and b), the 

interfacial waves are seen to  travel at constant velocity and the wavelength is roughly 

halved as they travel dow nstream  (the effect can only be seen at th e  end of the spatial 

window for Re  =  30.3). As Re  is further increased, the flow evolves to space-tim e
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com plexity as seen Fig. 4.10c. A t this stage the sp litting  and coalescence of the  front 

waves is observed again. Several questions then arise: can the  instability  be captured 

by a  finite num ber of modes? Is the instability  of the convective or absolute type? 

How is the process of sp litting  and coalescence of waves related to this instabilit y?

4.3.1 Fourier Analysis

As in Section 4.2.1, I com pute \\h(k, t0)|| and ||fi(xj,w )j| corresponding to the  wave 

profiles in Fig. 4.10 for the sam e location of the spatial window. The spatial Fourier 

spectra, displayed in Fig. 4.11, show peaks at the first and second harm onics, as well 

as m oderate hum ps around the subharm onics. As Re increases the subharm onies fade 

in the  background noise and the  Fourier spectra  become quite broad,

The tem poral Fourier spectra deserve similar considerations. They present peaks 

a t the  forcing frequency (7 Hz) and its harm onics, independently  of th e  Reynolds 

num ber and the location of the  spatial windows a t Xj =  10.3 and x 2 =  41.1 cm as in 

Section 4.2. Weak subharm onic hum ps are seen at Re  =  30.3 and x i =  1 1 . 1 , and for 

both  spatial positions when Re — 39.6. At higher Re the background noise renders 

any fu rther com m ents difficult. The increased im portance of the  noise as Rt  increases 

is consistent with Liu et at. ’s [5, 8 ] observation th a t the  subharm onic instability is 

convective and therefore sensitive to  noise.

4.3.2 Biorthogonal D ecom position Analysis

I now carry out the corresponding BOD analysis. Figure 4.12 presents I lie first 

fifteen normalized eigenvalues for the  previous Reynolds num bers. As in Section 4.2.2, 

in the th ree  cases, the eigenvalues Aa, A3 , and A4, A* are degenerate (as well as A$, 

Ay for Re = 39.6), For reasons th a t will be clear below, I extend the study of the 

eigenvectors up to  the th irteen th  one. Fig. 4.13 displays topos and chronos in both
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their spatial and tem poral representations and their Fourier transform s. The first 

topo  and chrono are constant a t all Re's  as in Section 4.2.2; they have thus identical 

in terp reta tions and are not plotted. T he picture is sim ilar as th a t obtained in Section 

4.2.2, Figures 4.13a, c, e, for the  part of the flow consisting of the  inodes 2 to 5 display 

topos and chronos th a t are m odulated sinusoids and regrouped by pairs:

(y ^ i^ s h  (0a, 0a), a °d  (0 4 , 0 s), each pair corresponding to a degenerate eigenvalue. 

T he in terpretation  will be clear when I reconstruct the  flow with these modes only. 

The Fourier representation in Figures 4.13b, d, f, supports the sinusoidal nature of 

these topos and chronos, and the  presence of the  (long wavelength) m odulations 

cannot be detected  from these Fourier transform s. Chronos (0 j, 03) present peaks a t 

7Hz, and chronos (0 4 ,0 s)  at the  first harm onic, MHz.

Although it is difficult to characterize topos and chronos six to thirteen from their 

space and tim e representation, their corresponding Fourier representation 0 ^ ,. ..  , 0>|3 

and 0 6 , . . .  ,0 i3  clearly enlights their natu re  (see Figures 4.13b, d, f). Broad subhar­

monic peaks are observed in both  th e  wave num ber space and the frequency space. 

In addition, the am plification of the background noise at Re  =  67.7 is evident.. The 

biorthogonal analysis has thus clearly detected and identified the subharm onic insta­

bility.

The previous discussion differenciates two sets of modes: the first set (from modes 

1 to  5) is of the  kind seen in Section 4.2.2, the  second one (from modes 6 to 13) is 

characterized by the  subharm onic modes. Fig. 4.14 shows th e  (partia l) reconstruction 

of the  flow for each one of the tw o previous sets at the  three Re's  . Figures 4. Ma, c, e 

encounters the first five term s of (2.4) only. The physical in terp re ta tion  is clear: at 

tie  =  30.3, the flow consists of a  traveling wave moving a t constant speed; the growth 

of ^ 3 , ar)d iph w ith x  represents the global growth in am plitude of the waves 

as they travel dow nstream  (see Figures 4.10a and 4.14a). A t Re =  39.6, although the
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topos and chronos become weakly m odulated, this m odulation can hardly be captured 

in physical space (see Fig. 4.14c). Instead, at Re  =  67.7, the  topos and chronos are 

strongly m odulated (see Section 4.2.2) and the  splitting and coalescence of the waves 

are clearly observed in Fig. 4,14e,

Figures 4.14b, d, f, represent the sum (2.4) of modes 6 to 13. The reconstructions 

cap ture  both th e  spatio-tem poral period doubling and the  convective nature of the 

flow, two characteristic features of the secondary subharm onic instability  in film flows. 

The waves grow in am plitude as they travel dow nstream , and the effect becomes 

increasingly im portan t as Re increases. Figures 4.14b, d, f, support the Fourier 

spectra  in Fig. 4.11: a t Re =  30.3, the  am plitude of the flow restricted to subharm onic 

modes only is close to zero in the upstream  part of the window; this phenomenon 

is consistent with the  absence of subharm onic peak in the Fourier spectrum  at the 

(selected) upstream  location. This is not the case for either Re — 39.6 or IU — 67.7 

for which broad subharm onic peaks are detected both upstream  and downstream . 

The increased noise level a t Re  — 67.7 renders th e  part of the  flow exhibiting the 

subharm onic instability  fairly complex in both space and tim e, as shown in Fig. 

4.14f.

Two features deserve particular atten tion . F irst, despite the space-tim e com plex­

ity  exhibited by the  waves as Re  increases, the la tte r travel a t a  roughly constant 

speed. Second, th e  spatio-tem poral in term itten t behavior is a solid feature of the 

subharm onic instability, clearly exhibited in the  three previous examples.

Finally, it is im portan t to note th a t th e  BOD analysis has shown that the instabil­

ity  is present a t all Reynolds numbers. W hat changes as Reynolds num ber increases 

is th e  relative energy of the (subharm onic) modes com pared w ith th a t of the prim ary 

waves (see Fig. 4.12).
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4.4 Conclusions

In this chapter, I have shown th a t uniformly traveling waves on falling films be- 

come spatially m odulated as Reynolds num ber increases. A t higher Reynolds num ­

bers, the  m odulation becomes spatial and tem poral. This m odulation, which is re­

sponsible for the  deform ation of the tra jectory  in phase space, produces the split­

ting and coalescence of the initially periodic wave fronts. T he process is gradual 

and it is difficult to  establish a precise threshold. The m odulation was more easily 

distinguished from other types of deform ation via the biorthogonal decomposition 

than  by using Fourier analysis. A nother significant point is th a t the presence of the 

m odulation does not increase the  num ber of degrees of freedom (i.e. modes) in the 

biorthogonal approach although the num ber of Fourier modes does increase.

The change in character of the  m odulations from spatial to spatiotem poral is 

clearly revealed by this analysis. 1 have also shown th a t the Fourier sidebands pro­

duced by th e  m odulations are non-resonant and th a t the  m odulated wave thus enjoys 

a space-tim e symmetry. This sym m etry is different from the sim ple space-t ime trans­

lation invariance of the stationary  wave observed at low Reynolds num ber.

The analysis of the onset of the  spatiotem poral chaos via the  subharm onic insta­

bility confirms the  convective origin of the  instability and its period doubling effect 

in space and tim e, as previously described in References [5, 8]. In addit ion, it shows 

a space-tim e in term itten t behavior.
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Figure 4.1: Schem atic diagram  of the film flow apparatus used by Jun and Gollub.
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Figure 4.2; Spatio-tem poral representation of the film thickness in a portion of the 

tim e dom ain used in this work, for /  =  5Hz, f3 = 6.4° and three Reynolds numbers,

(a) Re — 25.6: the wave fronts travel a t constant velocity; (b) Re  =  35.2: the  wave 

fronts split and coalesce as they travel, (c) Re  =  67.7: the  sp litting  and coalescence 

of wave fronts are m ore dram atic.
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Figure 4.3: Spatio-tem poral representation of the film thickness, for /  =  711 z, .1  =  6.1° 

and Re  =  37.4; th e  wavelength profiles roughly halve as they travel dow nstream  in 

an apparent period doubling.
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Figure 4.4: One-dimensional spatial Fourier spectra  of the film thickness h{.i\ t ) aver­

aged in tim e (top), and tem poral Fourier spectra at fixed positions Xj — 10.3 cm , and 

x 2 =  41.1 cm. (a) Re =  25.6, (b) Re =  35.2, (c) Re =  67.7. The spatial spectrum  

broadens as Re increases while both  th e  harm onic content and the broad background 

of the tem poral spectrum  are augm ented.
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Figure 4.5: F irst fifteen eigenvalues of the  normalized biorthogonal spectra. The 

crosses correspond to Re = 25.6, th e  asterix to  Re = 35.2 and the circles to Re = 67.7.
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Figure 4.6: Topos and chronos ^ i ,  V’a, 03, 04, V's- (a) /fe =  25.6: the

and 0 n are sinusoids. Next pages, (b) Re = 35.2: the  <̂>n are spatially m odulated 

sinusoids, while the 0„ are not m odulated. (c)/ie  =  67.7: both  the  y?n and the are 

m odulated sinusoids. The tim e domain for the representation of the chronos includes 

only 4 s of the 25.6 s experim ental record.
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Figure 4.6 continued.
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a  quasi-circle, (f) Re  =  67.7: the quasi-circle is considerably thickened, under the 

effect of the tem poral m odulation.
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Figure 4.10: Spatio-tem poral representation of the  film thickness, for /  =  7Hx, = 

6.4° and th ree Reynolds num bers, (a) Re  =  30.3: the  waves travel a t constant 

velocity; (b) Re  =  39,6: the  halving of the wavelengths is clearly exhibited; (c) 

Re = 67.7 the  signal becomes complex in space and time.
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Figure 4.14: Reconstruction of the spatio-temporal representation of the film thick­

ness for three Reynolds numbers, (a) Re  =  30.3, modes 1 to 5, the  wave fronts grow 

in am plitude as they travel downstream a t constant velocity; (b) Re = 30.3, modes 0 

to  13, the  flow is amplified a t the end of the spatial window, the convective c:hara< ter 

of the subharmonic modes is clear. Continues in next pages.
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Figure 4.M continued, (c) Re  =  39.6 modes 1 to 5, the waves move at constant speed 

without deformation; (d) Re — 39.6 modes 6 to  13: the  spatio temporal period doubling 

now becomes clear.
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Kigure *1.14 continued, (e) reconstruction of the film thickness with the first five terms of l lie 

biorthogonal decomposition a t Re = 67,7: the  split and coalesce of the waves is captured; (f) 

Re — 67.7 modes 6 to  13: spatiotemporal structures are greatly amplified in an intennitent 

process.



97

C hapter 5 

W all B ounded  Shear F low s

The Navier-Stokes equations (1.1) are invariant under various symmetries, hi this 

chapter I concentrate on the already studied spatio-temporal scaling invariance (see 

Chapter 2):

X — > A*

t — ► A‘- fc

V — » A1+A

u 3<T

for all A €  R>o and h e  R. Note th a t  the transformation includes the rescaling of v , 

which keeps the  Reynolds num ber constant, i.e. scale invariant. This properly implies 

tha t,  if u { x ,  t) is a  solution, then A*u(Ac, A,-Af) is also solution, at the same Reynolds 

number. It is then reasonable to  assume tha t the flow itself u ( x , t ) ,  in its I m indent 

stale, is self-similar: it satisfies the stretching sym m etry (5.1) in the ‘'inertial i.mge" 

(see eq. (2.23)). As recalled in the introduction, this is consistent with Kolmogorov’s 

conception of turbulence and the  energy cascade: as the length and tim e scales stretch 

(or compress), the  flow, together with its energy, are renormalized. This property was 

explicitly used in the derivation of Fourier spectral laws of homogeneous turbulence
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(see, e.g., references [1, 2}). This is a generalization of dimensional analysis using Lie 

group theory [3, 4]. The two-parameter stretching group of symmetries (5.1) is also 

discussed by Cantwell [5] who shows th a t  the flow from a round je t is self-similar al 

all Kcynulds numbers.

1 now assume the How invariant under the scale transformations (5.1) ((>). Alt hough 

the  Navier-Stokes equations are invariant under all transformations (5.1) correspond­

ing to  any exponent h and any (spatial) stretching factor A >  0, 1 suppose, without 

loss of generality, tha t A > 1. In addition, a  specific sym m etry  group determined by 

a specific value of h (A being the  group element) can be selected by a conservation 

law which leaves a certain quantity  invariant under the  scale transformations (5.1). 

If this scale invariant quantity  is the energy transfer (or, equivalently, the dissipation 

rate), then h =  1/3 in (5.1) [7]. In case of an homogeneous flow, this leads, as we 

recalled in the introduction, to  Kolmogorov’s spectrum law. This scaling holds only 

in the so-called inertial range of length scales /:

T) <  / <  L

where tj and L are the Kolmogorov length scale and the  integral length scale.

Even when the translation sym m etry  hypothesis no longer holds (non-homogeneous 

turbulence), the previous scaling argum ent still holds [8]. But, due to the inhomo­

geneity of the flow, the Fourier basis is, however, no longer adapted to  the dynamical 

stretching of the  flow (5.1). Instead, an alternative spectral space directly related 

to u (a ;,f)  needs to be considered [9]. As seen in Chapter 2, the bases  p r o v i d e d  by 

biorthogonal decompositions are the  best suited for this task. In fact dynamical func­

tions with the above sym m etry (5.1) are already studied in Section 2.2.3. In this 

case, there exists a  hierarchy of orthogonal modes (2.4) which are all generated by 

stretching a  basic “mother" mode (see equations (2.26) and (2.27)).
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Iti this chapter, I extend the  results from Section 2.2.3 to  the  case of finite bound­

ary conditions. I thus obtain two scalings: the first one along the modal spectrum , the 

other one within each eigenfunction as the wall is approached. The dilation operator 

(2.25) is then explicity given, and the extended model of non-homogeneous. wall- 

bounded shear turbulence is tested on a direct numerical simulation of a  t u r b u l e n t  

channel flow.

5.1 The Stretching Sym m etry for W all-bounded  

Shear Flows

5.1.1 Scaling, along the spectrum

T h e  s y m m e t r y

In this section I investigate the influence of a finite spatial domain, such as that 

confined between walls, onto the scaling sym m etry previously discussed. In other 

words, can the  spatial eigenmodes of a  turbulent boundary layer be deduced from 

a few basic mother modes and what is the expression of the mapping leading to 

a recurrence relation among the eigenvalues and eigenmodes? In the following, I 

concentrate on one m other and its images by symmetry. In order to  orient the analysis 

toward the channel flow which will be analyzed in the next section, I concentrate on 

an antisymmetric (or symmetric) mode and its family. (Very few modifications need 

to be made for other wall-bounded flows such as boundary layers, pipe flows, etc.) 

For the sake of simplicity, I consider one component of the mode considered. As 

recalled in Chapter 2, I can always assume th a t  this mode is either odd or even in 

the direction (y) normal to the  wall (see Fig. 5.1). Although the modes tpn depend 

on x , y, and z , I now concentrate on their variation with distance to  the wall only.
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Without, loss of generality, I suppose tha t the  walls are located at y =  ±1.

Since stretching occurs as an inverse energy cascade process (as the mode index 

decreases), the operation needs to  be applied from the least energetic mode (at the 

tail of the inertial range), which will, hereafter, be considered as the mother mode, 

say The* la tter has its smallest length scale (adjacent to the wall) of (lie order 

of the Kolmogorov’s length scale of the flow, tj. Successive stretchings of r\ \  are 

now considered in the y-direction. More precisely, I dilate the mother ;p s  in order 

to obtain v’Jv-i, the mode ipN-\ in order to  obtain V n - i * etc. Since stretching in a 

finite domain takes a part of the function outside of the  domain, dilation needs to be 

carried out toward the boundaries, i.e. toward the  walls. In addition, the presence of 

the (statistical) reflection sym m etry makes this action invariant under reflection with 

respect to  the center of the channel. Stretching thus carries a part of r*„ + i beyond 

the walls, in a m anner which must guarantee the no-slip boundary condition at the 

wall, i.e. <pn{y =  ± 1 )  =  0, namely the  dilation is applied until the zeroe closest to the 

wall in ^n+i reaches y =  ±1 in ip„. In this process, each wall absorbs a  zeroe at each 

iteration of the  mapping so tha t the mode has two zeroes less than (Note

tha t ,  for a boundary layer, only one zeroe will be absorbed.)

I now concentrate on the odd mode series only (the extension of t he analysis to i he 

even mode series is straightforward). Each function has at least three zeroes,

two a t the walls (due to the  no-slip boundary condition) and one at the center of the 

channel (due to the  oddness of the functions considered). In addition, the first mode 

in this set, characteristic of large scale structures, has only the three previous zeroes. 

This point, together with the absorption of two zeroes by the walls at each step of t lie 

iteration process, implies th a t  mode <pni0<td has exactly 2 n + 1 zeroes (similarly, even
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modes have 2n zeroes). These properties can be summarized in the following form

W aul*!”*) = 0. - n <  i < n

4 " '  =  0 (5.2)

*£! =  ± 1 .

where I have indexed the  zeroes, zj" , from the center of the  channel and i C Z

I t hen return to  the stretching procedure, s tarting from tpsMd-  I’°r  this, I consider 

a  point P  of located at distance from the center of the channel, y — 0.  Under 

the  stretching action, the corresponding point in ips-\,odd ' s located at a distance 

y(jv-i) from y _  Qi larger than by a factor precisely equal to the stretching

factor, say A. The same operation can be repeated N  times until the  first mode is 

reached, so tha t all the points issued from P  and belonging to all modes in the series 

considered, can be drawn. I now reiterate the procedure for all points in In

particular, I consider a point P'  of v?/v,ocM very close to the wall. It is clear th a t  t In­

st, retching factor there, limited by the presence of the wall, has to be close to one. 

This remark results in the  dependency of the stretching factor on the location of the 

point considered in the  mother. This dependency of the dilation coefficient on the 

index of the point considered indicates tha t the original dilation sym m etry (2.2*1)

and (2.25) gets deformed under the influence of the wall boundary coridil ions. While

the process perm itting the deduction of a function of order n from its predecessor of 

order (n — 1) consists in stretching, the la tter depends on the  location of the [joint 

considered in the  mother.

Although the previous remarks are valid independently of the  point considered 

within zeroes play a particular role since two of them coincide with the bound­

ary conditions of the  problem. In addition, it is difficult, in practice, to follow a n y  

point through the stretching process. In contrast, zeroes are easy to identify and fol­

low. Indeed, the image of the t-th zeroe in the n-th  mode through stretching remains
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the r-tli zeroe in the  (n — l)-st tnode (for — {n — 1) <  i < (n — 1), i G Z). This 

property allows to compute the stretching factor as a function of the zeroe index. 

The distance corresponding to  any other point located between the  i-th zeroe and 

the  (i +  l)-st zeroe will be denoted where )  is a  real number  between i and i + 1. 

Note tha t when j  is an integer, yj"* coincides with In all cases, j  is an index

which permits to  identify a point in the  m other and follow it through the stretching 

process. According to  our previous discussion, the  ratio  between the distance of the 

i-th zeroe in two consecutive modes <pn-i,odd and <pn,odd is independent of u. It is, 

however, a function of the zeroe index i, so that

z((n- “  =  A, *!"*, n e N  * € Z.  (5.3)

More generally, the stretching factor, for any point, is a  function of the generalized 

index j ,  so that

vjn_I) = » € N  j e  R. (5,1)

I now assume th a t  Aj leads to  an invertible function yjn-1*0) which permits the 

derivation of an indexation procedure j(y*"*). This will be used below in 5.1.3.

T he location  o f th e  zeroes

While all formulae in this paragraph can be written for any point y \n\  the analyt­

ical expressions are slightly more complex than in the  case of zeroes. For this reason, 

I concentrate on the zeroes only. By applying the stretching (5.3) (« — i) times and 

using the  no-slip boundary condition (5.2) at the walls, I obtain a relation connecting 

the locations of the zeroes and the stretching factors A,
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which is an exponential law in n, for a fixed t. This relation, linking the  shape of the

modes to  the sym m etry itself, is crucial.

T he logarithm of (5.3) gives the  following linear law in n

/n(zfn)) =  na, +  A,, (5.6)

where Aj =  e -<*’ and 6j =  — ta,-. Equation (5.3) implies th a t  there is a direct relation

between the location of the zeroe closest to  the wall, in the n-th  mode and the

stretching factor An_ i :

z n — A-1ri — 1 — n—I '

Note that

/ — I _  J n) -  l _
<n — I 1 -  1 An - l

is the distance to  the  wall of the  first zeroe, or, equivalently, the smallest length scale, 

in the n-th mode. As we mentioned earlier, it should coincide with the Kolmogorov 

length scale, 77, for the mother (n =  TV), th a t  is //v =  ij.

5.1.2 Scaling, as the wall is approached

I now use the similarity between the cascade of energy to small scales down the 

energy spectrum and the  compression of scales in physical space, as the wall is ap­

proached [10]. This analogy implies that stretching also takes place at each energy 

level. In other words, the length scale increases with distance to the wall w i t h i n  mc/i 

eigenmode. Again, I restrict the analysis to  the  zeroes only and identify a length scale 

with the distance between two consecutive zeroes (although a  generalization can he 

extended to  all points). The compression, a t  constant energy level, can be expressed 

as

=  (5.7)
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where c„ is the  compression factor (cn < l ,V n  €  N). Exactly like A depends oil the 

index i of the zeroe, c depends on the index n of the  mode. In particular, as A, tends 

to 1 as the  wall is approached ( i tends to  infinity), c„ tends to 1 in the tail of the 

spectrum (n tends to  infinity).

Applying the compression rule (5.7) (n — i) times, I obtain the  difference between 

two consecutive zeroes as a function of /„ =  1 — the smallest length scale (or

distance of the  last zeroe to  the wall) within the mode of order n:

2,"" -  2,(: i  =  (<„)-'• L ,

which is an exponential law in t, for a  fixed n. This implies tha t the location of each 

zeroe can be expressed as a  function of the smallest length scale and the  compression 

factor cn , i.e. zf"* =  /n(cn)1-n((cn)‘ — l) /(c„  — 1). Now, using the relation between lri 

and c„,

_ -  D W '
(cn ) « -  1 ’ (58)

and the boundary conditions at the wall (5.2), I can write the locations, z,-'**. of all 

zeroes as a  function of the compression factor cn:

in)  ( Cn)* ~  1 , r

( C n ) " - 1   ̂ ’

or, equivalently, as a  function of the smallest length scale /„ per mode, /„ being the 

unique, real positive root of (5.8). This equation is the equivalent of (5.5): its links 

the  sym m etry  as the wall is approached (within each mode) to  the  shape of the  inodes. 

Therefore, all the  zeroes in a  given mode can be deduced from the  zeroe closest 1o 

the wall, or, equivalently, from the stretching factor of order (n — 1), A„_j (acc ording 

to (5.5)). In each mode, the ratio between the smallest length scale and the largest 

one can be expressed as a function of cn, i.e. z { / l n = c^- n . T he relation between



the spectral stretching factor A; and the compression factor c„ within each mode is 

given by the equation

( A i r - M *  -  K v  + 1 -  (A;r n =  o • ( 5 io )

In particular, this can be applied to the m other (n =  N )  for which the smallest 

length scale is the Kolmogorov length scale tj.

Equation (5.9) is valid for odd modes only since the  existence of a zeroe at the 

center of the  channel has been used. For even modes, the boundary condition at 

the center can also be written. Since the latter does not correspond to a zeroe, the 

derivation of an expression similar to  (5.9) for even modes needs the consideration of 

all points.

5.1.3 Proposed form o f the mapping betw een the m odes

The next step in understanding the sym m etry along the spectrum is the charac­

terization of the operator 5  mapping 4>n,0dd into (f>n- i , 0 dd- For this purpose, 1 need 

to express the stretching factor A; , or equivalently, the exponent a;, as a function of 

i. Here, 1 recall that as one approaches the wall and the smallest length scale (/„) 

tends to  the Kolmogorov length scale, the stretching factor A, tends to one, or the 

exponent a, tends to  zero as t tends to  infinity. The simplest law which realizes such 

an asymptotic behavior is the inverse proportionality:

a, =  J — (5.11a)
o t  +  p

6; =  — i a { .  (5.1 l b )

where two parameters (most likely Reynolds num ber dependent) are involved. While 

the consistency with equations (5.10) is difficult to  check analytically, it can lie guar­

anteed numerically for given values of the parameters (see, e.g., Section 5.2).
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I now return to the stretching property (5.3) which expresses the fact that, in the 

(i,n)-space, the stretching factor A is a  function of t only. Writing the  operator .S’, 

however, requires A as a function of y, which is obtained by mapping the ( i,n )-spare  

to the (y, »)-space. Equations (5.6) and (5.11) imply tha t

<«) _  » ~  nIn z =
a t  + 0

(Note tha t,  formally, if /? 0, then the previous formula is not valid at the center

of the channel. In numerical applications (see, e.g. Section 5.2). the results are not 

very affected by this inconsistency.) I now use (5.4) to extrapolate this relation to 

any point and obtain as a function of j

. <«) 3 ~ n
l n Vj =3 a j  + p

which, upon inversion, leads to the indexation process

n +  (3 In y*n*
j  =  , , U1 -  o l n j -

By substitu ting (5.12) into (5.4), 1 obtain

A„( y)  =  , ( 5 . 13 )

where I have dropped the subscript and superscript for y. The two-parameter s tre tch­

ing operator then becomes

(S< t>n ,odd ) ( y )  =  4>n,odd{ 7""7“ r ) — <t>n- l ,Qdd{y ) ,  ( 5 . 14)

where A„ ( y )  is given by (5.13).

Remark:  from eq. (5.11a) and considering as above the index N  of the

m other function can be resolved as a function of the  Kolmogorov length scale:

1
jV = 1 -  — 

o 0  +
ln( 1 -  V).
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5.2 Analysis o f a Num erically Com puted Turbu­

lent Channel Flow

I now use d a ta  likely to  exhibit the  scaling laws of Section 5.1. Since full, well- 

resolved, three-dimensional, temporally evolving turbulent fields would require a  huge 

am ount of d a ta  storage on computers, it is reasonable to  s ta rt  the investigation on a 

simpler, more tractable problem. Furthermore, since the main purpose of this work 

is to show tha t self-similarity is present in a (strongly) inhomogeneous direction of 

the flow, I concentrate on such a  direction only, setting aside for the moment the 

study of the symmetries in tim e and in the  other directions. One of the advantages of 

the space-time symmetries recalled above is tha t they can be detected on the spatial 

two-point correlation when the latter is defined with a tim e average. The elimination 

of the other directions, say x  and z,  is less straightforward. One way to achieve 

this consists in including the plane (x and z)  average so tha t the two-poinl velocity 

correlation tensor becomes

R'}(y,y) = f U i { x , y , z , t ) u j { x \ y ' , z \ t ) d ( x  -  x ) d ( z  -  z')dt . (5.15)
J X Z T

The spectral decomposition of the operator whose kernel is (5.15) coincides with 

the proper orthogonal decomposition (POD) technique in the {/-direction. A similar 

method was applied to  experimental turbulent wake flow d a ta  [11, 12] and the track 

of a stretching sym m etry was identified, although the lack of well-resolved data did 

not allow a quantita tive study.

A well-resolved database is tha t extracted from Kim et a/.’s [13] direct numer­

ical simulation of a  turbulent channel flow. The flow geometry and the system of 

coordinates are shown in Fig. 5.1. The POD was computed for this flow by Moin 

and Moser [14], in both one dimension (as in (5.15)) and three dimensions. Many 

other analyses of the same d a ta  have been performed [15, 16, 17] (see also references
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[18, 19, 20] for the analysis of similar flows). Using the  same da ta  kindly provided to 

us by Moser, Moin and Kim, we repeat the PO D  computation in one dimension, the 

only difference being the domain considered. Here, I consider the full chainiel flow 

domain while Moin and Moser considered half of the channel only. For this reason, 

our ei gen modes are different from those of reference [14]. The Reynolds number based 

on the centerline velocity U0, and the channel half-width, 6 , is 3300. The channel 

centerline corresponds to  a distance from the wall y+ =  yu r / u  =  180 where u T is the 

shear velocity. Hereafter, all velocity and length scales are normalized with uT and 

respectively. The computation was performed using Fourier modes in the si reamwise 

jt and spauwisc 2 directions, and Tchebishev polynomials in the normal (//) direction, 

over 128 x 129 x 128 grid points. The periods of the computat ional box are 4jt̂ > in 

the  x-direction and 2ir6 in the 2 -direction. The grid-points in the normal direction, 

given by

’ *0 ' -  U 'y} =  -  cos
N  -  1

are used in the computation of the two-point correlation (5.1b). The total averaging 

time is about 190£/tV  More details can be found in references [13, Uij.

The POD (eigen)modes, solutions of the  eigenvalue/eigenfunction problem

f  R .A » .  i f l W W  =  £ „ * ? ( , ) ,  (5.16)

are required to  be orthonormal, i.e.

dy — $ntn ■
If y

The kinetic energy (defined with an average over the  three spatial directions and 

time) corresponding to each mode is given by the eigenvalue B n. The sum of the 

eigenvalues,
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represents the total turbulent energy. Figure 5.2 shows the  first 100 eigenvalues of the 

spectrum  of (5.16) capturing 99.9% of the total energy. The s tructure  of this spectrum 

is not discussed in detail here, since it corresponds to the three velocity components. 

1 only point out that, in logarithmic scale, the eigenvalues, except t h e  first few ones, 

have the tendency to align on a straight line, indicating th a t  the  spectrum law decays 

exponentially and th a t  the  corresponding part of the velocity field is self-similar (set* 

Section 2.2.3). In what follows, I concentrate on the streamwise component of the 

eigenmodes, i.e. 0 ln, referred to  as 0n. As discussed earlier, it is always possible to 

choose either odd or even eigenfunctions. Figure 5.3(a) displays twenty odd modes 

which seem to be recurrently related. In the following, we refe r  t o  t h i s  f am i ly  of  

modes as {^n,odd}*=j,  keeping in mind tha t n is now the index w i t h in  the se t .  An  

analogous family of nineteen even modes, {<^n,even}i=i* *8 displayed in Fig. 5.3(b). 

Although more similar modes of the same families could be extracted (further down 

the  spectrum ), they are not represented here. The displayed modes are sufficient for 

the  confirmation and derivation of the similarity law; once this is achieved, additional 

modes can be easily generated. T he extracted modes contain 86% of t h e  t o t a l  e n e rg y  

contained in Ri} , i , j  =  1,2. T he reconstruction of the correlations from t h e s e  t w o  

series of modes and the original eigenvalues is shown in Fig. 5.4. Figure 5.4 also 

displays a reconstruction based on the first pair of modes (<j>tl0 dd, 0i,eve«).

I now study the two previous families of functions. Figure 5.5(a), (b) show the 

eigenvalue spectra in logarithmic scale corresponding to  each subset. Although both 

curves have some small concavity, particularly in the energy containing range of the 

spectra  (i.e. consisting of the first few eigenvalues), straight lines are good approx­

imations, the slopes from least mean square fits being -0.414 and -0.417. The fact 

th a t  the two slopes are nearly the same is confirmed by Fig. 5.5(c) which displays 

the  two spectra. In addition, the regular interlacement of the eigenvalues shows that
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the .selected modes a lternate  in parity. Next I explore whether these families obey 

stretching laws as those described in Section 5.1. Figure 5.3 displays the selected 

eigenvectors and shows how the  la tter are qualitatively related: starting from the 

last mode of each series, n =  20 or n =  19, and stretching <f>n ,odd from the center of 

the channel toward the walls until the zeroes closest to the walls reach y — ±1. we 

obtain Q n - i . o d d i  stretching 4>n ~ i ,o<w, we obtain 4>n -2 . o d d ,  etc. All modes can thus be 

deduced from the last one by a stretching action. The odd modes 0 n ,odd have thus 

2n +  1 zeroes and the even modes <f>niCVCn have 2n zeroes. As showed in Section 5.1, 

the  stretching can be represented by an operator S  mapping 4>n ,odd >n t °  4>n-i ,odd-  I 

investigate the  nature  of this mapping by first studying the  zeroes of the  functions. 

For this, I restrict my study to half of the functions (0 <  y <  1), the other half being 

recovered by reflection symmetry. In Fig. 5.6, the location of the zeroes and

z!,"Ln f°r values of « and i is displayed in logarithmic scale.

The fact th a t  the  i-th  zeroe remains located on a straight line as the  mode index 

n varies (except for low order modes) confirms the existence of a recurrence relation 

J » + i )  ___. _<») ___. ___ . ___. J O  _  ,
Zi,odd * Z t ,odd f  Z i,odd * ' ' ' f  Z i,odd — 1 •

of the form (5.6). This can be observed in Fig. 5.6(b) which is a zoom of l he top 

right hand corner of Fig. 5.6(a) in which the first five zeroes are excluded. Here, it 

is also clear th a t  the  slopes of each line depends on the index i of the zeroes,

or equivalently on the position of each zeroe in the last mode <j>2 o,odd or This

dependency of the  exponent or, equivalently, th a t  of the  dilation coefficient,

with i confirms tha t the original dilation sym m etry (2.25) adapts to the wall 

boundary conditions (as in (5.3)). Close to the wall, i.e. as values of i increase, 

straight lines tend to  become parallel to the wall, or, equivalently, the stretching factor 

tends to one. The subplot of Fig. 5.6(b) shows th a t  the exponent a ,iC,dj is inversely 

proportional to  i, confirming the two-parameter model (5.11) where q 0j j  =  I .GO and
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0add =  7.29 are computed from a least mean square fit. Pig. 5.6(c), (d) show the 

same property for the even mode family where the  two param eters take the values 

=  1.59 and =  8.27. While the  numerical values of or are very close in

both cases, the  discrepancy between flodd and is due to the  fact tha t the zeroes

z!,o!m ai)d r !."Ln ,lot coincide, especially in the vicinity of the  center of the channel. 

T he stretching factors themselves are represented in Fig. 5.7. The locations of the 

zeroes computed from the stretching factor, A,, (5.5) is compared with the original 

positions in Fig. 5.8 for t >  5. A good agreement is found. Returning to  Fig. 5.6(a), 

I observe th a t  the previous features persist for the  first zeroes (close to the center of 

the  channel), for relatively high order modes. The range of values of n over which 

(5.3) is valid extends fast to low values as i increases: at i =  6, (5.3) holds for alt /t. 

In the complementary part of the  (t, n) plane, the stretching factor depends on both 

t and n. More precisely, it increases as n decreases, so th a t  stretching is larger than 

th a t  given by (5.3). This adjustm ent of the  symmetry to  the  center of the channel 

(located at finite distance from the walls) will also be clear when modes are generated 

from the mapping (5.14),

In the part of the  ( t ,n )  plane where (5.3) is valid, I investigate the stretching 

property of the flow as the  distance from the wall is increased, in each mode. In 

order to test equation (5.7), I study the location of the  zeroes in each mode. Fig. 

5.9 clearly confirms the compression law (5.7) (for n >  5) for both the  odd and even 

mode families. The compression factor cn, independent of i, clearly varies with u, 

tending to  1 as n increases. This dependency on n is displayed in the subplots of Fig. 

5.9.

T he next step consists in computing the  zeroes of the odd modes from equation 

(5.9) where is deduced from the  distance to the  wall of the (n-l)-st zero in the 

n-th mode, /„ =  1 — and equation (5.8). The extraction of /„ from the modes
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compared with the original location in Fig. 5.10(b). As an intermediate step, the one- 

to-one relation between the  length scale /„ and the compression factor c,t obtained by 

solving (5.8) can be read in the subplot. This computation compares well with that 

obtained in Fig. 5.8(a).

I show now th a t  the modes can be generated from one odd mode and one even 

mode by the operator (5.14) in which the stretching factor is taken of the form (5.13). 

The values of the two parameters a  and /? are those previously found by the data  

analysis. In Fig. 5.11(a), the original functions are compared with

those obtained by successive applications of S  starting from the last mode (ft =  '20 or 

n = 19). Fig. 5.11(b) displays the same comparison for the even mode series. As the 

previous study of the  location of the zeroes showed, the com putation gives reliable 

results for n >  5 for the  two families. In the “energetic range" of the spectrum 

(« < 5), the stretching factor is larger in the original flow.

5.3 A R evised M odel

From the analysis of the previous numerical simulation, it is clear that the st retch­

ing law (5.13) is not the correct one for large eddies, i.e. small values of n. M athe­

matically speaking, the  stretching is not large enough, or, physically speaking, these 

high energy modes, in direct contact with the walls, have to “bend” more than (5.6) 

to  adjust to  the boundary conditions. This can be confirmed from either Fig. 5.6, or 

Fig. 5.11. T he adjustm ent of the large eddies to  the wall no-slip boundary condition 

manifests itself as a  departure from the  linear equation (5.6) and a higher order re­

lation is obviously needed. The degree of the polynomial characterizes the influence 

of the  wall on the large eddies in a somewhat quantitative manner. This question is
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answered in Fig. 5.12, where the zeroes of the functions (for small values of «) are 

fitted accurately by means of quadratic polynomials in n whose coefficients are only 

functions of the index i. Although a  procedure similar to  th a t  described in Section 

5.1.3 can be performed, the  inversion achieved in the derivation of the mapping now 

involves a high order polynomial in *. Consequently, the  expression of the  stretching 

factor (5.13) cannot be given in a  compact form. Note th a t  the new stretching factor 

depends on both the  location in the channel and the index of the mode considered.

5.4 Conclusions

Kolmogorov's scaling laws for homogeneous turbulence can be ext ended to in homo­

geneous flows by using the scaling symmetries of the Navier-Stokes equal inn.-, and 

assuming tha t the flow is itself self-similar. As seen in Chapter 2, this self-similarity 

manifests itself In the description of the flow by families of modes. Each of these 

families is characterized by a  spatio-temporal m other mode from which the  rest of 

the  set can be deduced (see equations (2.26), (2.27), (2.29, and (2.30)). The former 

model, only valid in an infinite spatio-temporal domain, was extended in this chapter 

to the case of wall-bounded shear turbulence. The stretching action persists, but gels 

deformed by adapting itself to  wall boundary conditions. The stretching factor is in­

dependent of the  mode index, n, but depends on the index j  of the point considered 

in the mother. As there is a  cascade of energy down the spectrum, there  is a  cascade 

toward smaller scales also as the wall is approached a t each energy level, namely in 

each eigenmode. The stretching there is independent of the distance to the  wall, hut 

depends on the mode index n. 1 have derived an explicit relation connecting both 

stretching factors and shown tha t,  within a  self-similar family, i) all modes can be 

deduced from their mother and ii) the shape of the modes is related to the symmetries
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themselves. In particular, the  positions of all zeroes of all functions (within the same 

family) can be deduced from the stretching symmetries.

The analysis of statistical d a ta  obtained from direct numerical simulation of a 

tu rbu len t channel flow by Kim et at. [13] agrees with the model. Two self-similar 

families of modes were extracted, due to the reflection sym m etry  of the flow about 

the  centerline, one set of odd modes, one set of even modes. In each set, both dilation 

symmetries, the first one along the spectrum of energy and the other one as the wall 

is approached, were confirmed, in an “inertial” range of the spectrum, excluding the 

first five eigenmodes. The expression of the symmetries is similar for both sets. In the 

energy containing range of the spectrum including the  first five modes of each series, 

dilation is still present but the precise sym m etry laws are not as simple as in the 

inertial range: the stretching factors depend on both the distance from the wall and 

the mode index as shown in Section 5.3. There, the symm etry has to adjust to the 

center of the channel (located at finite distance from the  walls), independently of the 

Reynolds num ber considered. 1 have shown th a t  this ad justm ent can be performed 

by means of second order polynomials. W hether the scaling in the inertial range 

discussed here depends on Reynolds num ber or not is an open question. It seems 

likely th a t ,  as Reynolds number increases, stretching varies through the precise values 

of the two parameters a  and 0  introduced in Section 5.2. This point, of course, will 

require further investigations.
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Figure 5.1: Coordinate system in the channel
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Figure 5.2: POD spectrum  corresponding to  the two-point correlation tensor

only the first one hundred eigenvalues are shown.
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Figure 5.4: The streamwise correlation (a) the original correlation

R \ \ (b ) tha t restricted to the two families of modes studied in this paper, 

next page (c) the  autocorrelation /?u(j/ ,y ): the  original autocorrelation (solid line), 

the  autocorrelation reconstructed with the first pair ^ u „en) (dashed line), the

autocorrelation reconstructed with the odd mode and even mode families studied in 

this paper (dotted line).
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Figure 5.6: Location of the  zeroes of the modes, versus n : (a) for ( lie odd

m ode family, (b) zoom on the top right hand corner of (a) (i >  5) showing that, in 

this domain, the i-th zeroe remains on the same straight line for all n, indicating a 

linear stretching (see equation (5.6) in the text) as n increases ; the subplot s h o w s  the 

linear relation between the inverse of the  slope 1 / a ,  of each straight line and t h e  index  

t of the zeroes; next page (c), (d): the  same as (a), (b) for the  even mode family.
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Figure 5.8: Com putation of the zeroes from the  stretching factor, A,, using equation 

(5.5) in the  text (crosses). The reconstructed zeroes can be compared with the original 

ones (circles): (a) zeroes of the odd mode series, (b) zeroes of the even mode series.
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Figure 5.9: The location of the (i +  1 )-st zeroe, 2 J+1, versus the location of the i-th 

zeroe, (distances are measured with respect to  the center of the channel) for

n =  5 (crosses), n =  10 (stars) and n =  20 (for (a)) or n =  19 (for (b)) (circles): (a) 

for the odd mode family, (b) for the even mode family. The straight lines show the 

existence of a compression factor r„ as the wall is approached. The subplot displays 

(■„ versus 1 / ji .
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zeroe closest to the  wall in the n-th  mode, /n , or equivalently, the compression factor.

cn, as the wall is approached: (a) /„ versus n; (b) locations of the zeroes for the

odd mode family: original zeroes (circles), computed zeroes (crosses); here, we use 

equation (5.9) in the text (in which we obtain c„ as a  function of /„ from (5.8) (see 

the subplot).
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Figure 5.11: Comparison between the  original families of modes (full line) and thost- 

obtained by successive applications of the operator 5  (dotted line) from the last 

function in each series, showing th a t  the sym m etry operator leads to  a good recon­

struction, except for the  first few modes. On the left hand side: the set of odd 

functions; on the  right hand side: the  set of even functions.
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Figure 5.12: The location of the zeroes, versus n, are well fitted by quadratic

polynomials in n, for each i: (a) for the odd mode family; (b) for the  even mode 
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C hapter 6 

Sum m ary and C onclusions

In this work I have concentrated in the understanding of the  spatio-temporal dy­

namical behavior of two complex unsteady fluid systems: a falling film flow ing down 

an inclined plane, and a turbulent wall-bounded shear flow. In both cases ,  the uni­

versal character of spatio-temporal symmetries have played an essential role. The 

determ ination of the invariant groups involved in these two flows, together with the 

“deformation’1 or “breaking” these symm etry groups may undergo, led to the deriva­

tion of simple quantita tive models describing their dynamics. These models, based on 

biorthogonal decompositions, were tested on specific spatio-temporal data. Hiurl hug- 

onal decompositions, having their foundations in linear operator theory, led to the 

introduction of the concept of space-time symmetries as operators. This method that 

defines an isomorphism between space and time, leads also to  the identification of 

spatio-temporal patterns or structures.

Due to  the relative novelty of biorthogonal decompositions (compared with more 

classical d a ta  analysis methods like Fourier decompositions), there was no understand­

ing regarding the effect of numerical discretization on the analysis. In this work, I 

have derived new results equivalent to the  sampling theorem of the Fourier analysis.



Indeed, there exists a minimal sampling frequency/wavenumbei (the counterpart of 

the  Nyquist condition) such th a t  the  biorthogonal decomposition of the discretized 

function coincides with the  discretization of the biorthogonal decomposition of the 

continuous function.

Regarding the study of falling film flows, I have focussed my attention on the 

spatio-temporal translation invariance of uniformly traveling waves ami its defor­

mation via modulational instabilities, as a  route toward space-time complexity. The 

biorthogonal analysis of experimental d a ta  proved tha t ,  as Reynolds num ber increases, 

uniformly traveling interfacial waves become modulated, first only spatially, and then 

both spatially and temporally as Reynolds num ber is increased further [1]. These 

modulational processes, manifesting themselves in phase space by the thickening of 

the original trajectories, translate into the splitting and coalescence of wave fronts 

in physical space. The non-resonant character of these modulations implies (hat the 

original space-time translation symmetry present at low Reynolds numbers is not bro­

ken but deformed; in addition, the number of biorthogonal modes does not increase. 

In contrast, the  (comparative) Fourier analysis shows a clear increase of the number 

of modes involved due to the modulations. The biorthogonal decomposition was also 

able to  provide us with a space-time description of the  subharmonic instability the 

system undergoes at higher perturbation frequencies [2]. In particular, the convec­

tive character, the spatio-temporal period doubling, and the  space-time interm ittent 

behavior of such an instability could be clearly established.

The starting point for the model of wall bounded shear turbulence is the space­

time dilation symmetry (5.1) of the Navier-Stokes equations (1.1) already studied 

in the biorthogonal decomposition context by Aubry et at. [3) in their extension of 

Kolmogorov’s scaling law to inhomogeneous turbulence. For wall-bounded flows, the 

above sym m etry no longer holds; in this work, I have presented an extension of the
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former theory to the case of finite boundary conditions [4]. The new arguments still 

predict the  existence of families of modes as in [3]; within each family, all modes are 

hierarchically generated by a  basic one (the “m other” ) through generalized dilation 

sym m etry operators in which the stretching factor is independent of the mode index, 

n, but depends on the  index j  of the  point considered in th e  mother. In addition to the 

previous energy cascade generated by the  dilation operator along the (biorthogonal) 

spectrum , there is also a cascade toward smaller scales as the boundary is approached 

within each eigenmode. The proper biorthogonal decomposition of stat istical da ta  

obtained from direct numerical simulation of a turbulent channel flow by Kim ft til. 

[5] confirms the model within the inertial range of the spectrum . Higher energy inodes 

still display a  dilation relation but the latter is slightly more complex: in this range 

of the spectrum , the  walls of the channel have a strong influence on the modes as 

shown by studying the location of the zeroes of the  modes in logarithmic scale. Here, 

the linear behavior of the  inertial range is replaced by quadratic  polynomials.

The significance of these findings lies on a somewhat paradoxical situalion: an 

extremely chaotic system in physical space has a  very ordered and simple description 

in a (well-chosen) functional space. The knowledge of both the symmetries and the 

m other functions ( th a t  are also sym m etry dependent) suffices to  generate the com­

plex flow. Besides its intrinsic theoretical importance, this result may greatly simplify 

(and, in some cases, render possible) the numerical simulation of high Heynolds num ­

ber flows.
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