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Abstract

An unstable variant of the Morava Change of
Rings theorem for K (n) theory

by

Dustin Mulcahey

Advisor: Robert Thompson

We formulate a very general criteria for a base change comonads for Ext
computations. We then use this criteria to prove a generalized version of the

Morava change of rings theorem from stable homotopy theory.
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Chapter 1

Introduction

The aim of the present work is twofold: to give a foundational account of
comonadic techniques in unstable homotopy theory; and to apply this foun-
dation to prove an unstable variant of the celebrated Morava change of rings
theorem from stable homotopy theory.

Comonads have traditionally been used to define resolving objects, and
hence derived functors, in both abelian and non-abelian settings. In recent
work of Bousfield (see [4]), it is shown that a comonad G defines a model
structure on the category of cosimplicial objects over the category of coal-
gebras over (G. In this model structure, the traditional “cobar” resolutions
that have been used to compute derived functors are suitable for computing
Quillen derived functors over this model structure.

One can then inquire as to the effect of morphisms of comonads on these

model structures. Under suitable hypothesis, a morphism of comonads will
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induce a functor on the categories of cosimplicial coalgebras over the respec-
tive comonads that maps resolving objects to resolving objects. This is the
content of our “generalized Shapiro’s lemma’”.

The Morava change of rings theorem states that an Ext computation over
the category of comodules over Brown and Peterson theory can be reduced
to a computation in a simpler, but purely algebraic, theory called ”¥(n)”.
We generalize this theorem from the category of comodules over BP theory
to the category of unstable comodules over BP theory. We then define an
unstable version of ¥(n) and use the generalized Shapiro’s lemma to prove

that the change of rings isomorphism exists in a certain range of dimensions.



Chapter 2

The theory of comonads

2.1 Comonads and coalgebras

We give an overview of the theory of comonads. Of particular interest are
maps of comonads and the functors that they induce. We use the terminology
of [8], and note that much of what is written here can be found in [11], [7],
and [8].

Definition 2.1.1. A comonad is a quadruple (C, G, A, €) where C is a cat-
egory, GG is an endofunctor on C, € : G — 1¢ and A : G — G? are natural
transformations, and the triple (G, A, €) is a comonoid object in the category

of endofunctors over C. In other words, the following diagrams commute:

G2 .2 2.2 62 .x

Ag \\

GS

A Ge

EG\
G G
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Example 2.1.1. Let C' be a counital coalgebra over a base ring R. Then
there is a comonad on the category of R-modules given by M +— C ®g M.

The comultiplication and counit is induced by the coalgebra structure of C'.

Definition 2.1.2. A counital coalgebra (X, x) over a comonad G consists

of an object X in C and a morphism ¢ x : X — G(X) such that the following

diagrams commute:

Yx G(x)
G(X) —2~G(G(X))
X<;<X>

A morphism X — Y between coalgebras over a comonad G is a map

f X — Y in C such that the following diagram commutes:

X Y
J¢X Yy
ax) Y ay)
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Example 2.1.2. A counital coalgebra over the comonad defined by a coal-

gebra C' (as above) is a left C-comodule.

Definition 2.1.3. The category of Eilenberg-Moore coalgebras over a
comonad G has as objects counital coalgebras over G and morphisms as

defined above. It is denoted by C¢.

If G is a comonad on C, then there is a functor C — C¢ defined on objects
by X — (GX,Ax). This is right adjoint to the forgetful functor C¢ — C.
There is another natural algebraic category that arises from a comonad.

It models the “cofree objects” over G.

Definition 2.1.4. The Kleisli category over GG, denoted C¢, has the same
objects as C, and Cu(X,Y) = C(GX,Y). The composite of two morphisms

f:GX =Y and g: GY — Z is defined to be

Ax Gf

GX G2X Gy — 2 -7

The identity of an object X in Cg is given by the counit ex : GX — Y.

The associativity and identity axioms for a category are easily verified,

and are standard exercises in, e.g., [7]. There is also a functor C — Cg given

Gf

by X — X and (X —2>V ) (GX GY —% - V). This is right
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adjoint to the functor C; — C defined by X — GX and (GX N Y)+—

Ax Gf

G*X

(GX GY ).
That the Kleisli category models the “cofree objects” over GG is made

explicit by the following standard proposition.

Proposition 2.1.1. There are adjoint functors i : Cq — C% and j : C¢ —

Cq, with j left adjoint to i, defined by

e (X)=(GX,Ax)

Gf

f Ax

o i(GX Y)= GX X QY
o j(X—1-yv)=cx— gy
x—1 .y

Proof. That i(f) is a morphism of coalgebras (X,Ax) — (Y,Ay) is clear
from the definition. That 7 respects composites is given by the following

diagram:

Ax Gf

GX G2 X Gy
AX J/AGX AY
G2x 8% sy ey 9y
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The upper path is i(g) o i(f) while the lower path is i(g o f).

The following diagram demonstrates that j respects compositions:

GX G2 X G2y
Gex Gey
ax—Y oy Lqz_2 . gy

The top path is equal to j(g) o j(f) while the bottom is equal to j(go f).

The adjunction isomorphism axy : Cq(j(X),Y) ~ C¢(X,i(Y)) is given

f Yx Ax Gf

OéX’y( GX GX GZX GY

V)= X

In other words, the unit 1,¢ — 7 0 7 is given by ¢_, the coaction of the

objects in C¢. The counit j oi — l¢, is €, the counit of G.

2.2 Morphisms of comonads and

induced functors

There are two kinds of morphisms between comonads that are immediately

interesting.
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Definition 2.2.1. A functor of comonads (F,«) : (C,G) — (D, H) consists

of a functor F': C — D together with a natural transformation o : F o G —

H o F such that
1. Aloa = (Hxa)o (a*xG)o (FxA%)
2. (e« F)oa=F Y.
This definition is motivated by the following proposition.

Proposition 2.2.1. A functor of comonads (F,«) : (C,G) — (D, H) induces

a functor o : C& — DH. Moreover, the following diagram commutes:
g g

cG X . pH

|

c—r—~D
Proof. Given a G coalgbra (X, v x) define its image under «, to be (F X, axo

F(vx)). This is a H coalgebra if the following outer diagram commutes:

FX T pax) — - HF(X)
Flbx) FGbx) HF(bx)

FexX) 8 per(x) 24 HRGX)
ax Hax)

HF(X) = H?F(X)
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The upper left diagram commutes since (X, ) is a G-coalgebra. The
upper right diagram commutes since « is a natural transformation. Finally,
the commutativity of the lower box is precisely the first condition on « stated
in definition 2.2.1. It remains to check that (F X, ax o F(ix)) is counital.

Consider the following diagram:

FX Y L FGX —** L HFX

1rpx

FX

The left triangle commutes since (X, ¥x) is counital, and the right trape-
zoid commutes by the second condition on « as stated in 2.2.1.
If f:(X,¥x) — (X',¥x/) is a morphism of G-coalgebras, then F(f) :

(FX,ax o Fix) = (FX' d/y o Fix/) is a morphism of H-coalgebras:

FX FX’
Fix Fapyr

rax 9 paxe
ox oy

orx M grx
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The top square commutes since f is a morphism of G-coalgebras. The

bottom square commutes since « is natural.

There is a dual notion with respect to the Kleisli categories.

Definition 2.2.2. An opfunctor of comonads (U,5) : (D,H) — (C,G)
consists of a functor U : D — C together with a natural transformation

b : GU — UH such that
L (U AH) o8 = (Bx H)o (G B)o (AT D)
2. (Uxell)yop=(e*U).

Proposition 2.2.2. A comonad opfunctor (U, ) induces a functor B, :

Dy — Cg such that the following diagram commutes:

Cf 6* D]H

C D

Proof. Define B,(Y) = (GUY,A%,). If f: HY — Y is a map in Dy, then

By

define p.(f) = GUY vay — vy e Cq. We must verify that

[ respects composites and identities. The latter is given by:
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Guy - - UHY

K
Uy
vy

This diagram commutes by definition of comonad opfunctor.

H
Uey

Now suppose f: HY — Y’ and g : HY' — Y" are composable arrows in

Dy.

G
GUY 20, c2uy . quny —SYL. quy?
By BHY Byt
H
UHY vay vy gy Y yyr

The commutativity of the leftmost rectangle is exactly condition (1) of
the definition of opfunctor of comonads. The upper path is S.g o 8, f, while

the lower path is f.(g o f).

O

We have proven that (3, exists between Kleisli categories. However, we
are particularly interested in S, as a functor of the subcategories of cofree

objects in D, the full Eilenberg-Moore category. We examine the composite

pH_J .p, P e, cH
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By definition,

o (iofBoj)(Y.vy) = (GUY,Afy)

o (iof,0j)(Y f Y')=GUfoGUe 0GBy 0o AG, = GUf

As to be expected, the coaction on any Y is ignored by this functor.
Suppose that one is interested in extending S, to the entire category of
coalgebras over H. Let (Y,1y) by an arbitrary H-coalgebra. Consider the

following split equalizer (the first two stages of the cobar resolution):

H(y)

—_—
Ay

y - gy H2Y

We can “drag” part of this diagram over via G o U and f:

GU (vy)

GUY GUHY

Gﬂy OAgY

If the equalizer of the above diagram exists in C, then we have a decent

candidate for B.(Y,vy).

Proposition 2.2.3. Let (U, 3) be an opfunctor of comonads (D, H) — (C, Q)
such that for all H-coalgebras (Y,1y), the following pair has an equalizer in

C:

GU (vy)

GUY GUHY

Gﬂy OAgY
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Then B, : Dy — C¢ can be extended to a functor B, : DH — DC.

Proof. We first need to demonstrate that the equalizer of the above pair has

a G-coaction. We note that there is a morphism of diagrams:

GU(¥y)
B.Y GUY GUHY
By oA,
Agy AgHY
G2U(yy)
G(8,Y) GAUY GAUHY
GByoGAS,,

This induces a map s,y : 8.Y — G(B.Y). Coassociativity and counital-
ness follow from the the respective properties on the morphisms of diagrams.

0
2.3 Induced adjunctions

Suppose that F' : C «— D : U is an adjoint pair of functors. Furthermore,
suppose that G and H are comonads over C and D, respectively. We are
interested in when this adjunction “lifts” to an adjunction between C% and

DH . The following is essentially a paraphrase of some results in [8] and [11].

Proposition 2.3.1. Suppose (C,G) and (D, H) are comonads,
(F,a) : (C,G) — (D, H) is a comonad functor, and F has a right adjoint U :
D — C. Then there exists f: GU — UH such that (U,B) : (D,H) — (C,QG)

s a comonad opfunctor.
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Proof. We define 3 as follows:

Ulayy)

8y = GUY 2 yrauy 2L yrruy 22 gy

where ¢ and 7 are the unit and counit of the adjunction between F' and U
(we are avoiding the usual notation since € is already taken). We now verify
that (U, 8) is a comonad opfunctor.

We first derive a fundamental relation governing 7, o, 5, F, U, G, and H.

Proposition 2.3.2. As defined above,

(txH)o(Fxp)=(Hx*T1)o(axU)

Proof.
rauy e prprauy 22 ruproy B puny
\ TFGUY THFUY THY
FQUY HFUY — "™ . gy

The top path is the left side of the equation, and the bottom path is the

right hand side. O

Armed with this relation, we will now demonstrate that g satisfies the

relations defining a comonad opfunctor.



CHAPTER 2. THE THEORY OF COMONADS 15

First, we need to verify that

(BxH)o (G*pB)o(A%xU)=(UxAT)op

The strategy is to adjoint both sides over and verify that they are equal

in D. We begin with the adjoint of the left hand side:

(T H*) o (F*BxH)o(FGx*pB)o (F*A%xU)
(Hx7xH)o(axUH)o (FGxB)o (Fx*A%xU)
(Hx71xH)o(HF % f)o(axGU)o (FxAYxU)
(H?x7)o(H*axU)o(axGU)o (FAYxU)
(H?x 7)o (A" x FU) o (ax U)

= Ao (Hx*7)o(axU)

= Aflo(rxH)o(Fx*p)

= (1*H?) o (FUxA)o (Fxp)

The bottom expression is the adjoint of (U * Af) o 3.

We now verify the condition

(Ux e op=(CU)

This is given by the following diagram:

Uay

GU -8V S UFGU UHFU YA g

UFe§
65 UEII:'I*U UGH
ouU U
U UFU U
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Proposition 2.3.3. Suppose that F' and U are an adjoint pair of functors
between C and D, G is a comonad on C, and H is a comonad on D. Fur-
thermore, suppose there is an « such that (F,«) is a functor of comonads,
and that the induced 3 extends to a functor D* — CC.

Under these hypotheses, a is left adjoint to (..

Proof. Let v : C(—,U—) — D(F—, —) denote the adjunction isomorphism
between F' and U with unit ¢ and counit 7. We will proceed by defining lifts
¢ and 7 that define an adjunction 7.
We begin with the unit. Let (X,%y) be a G-coalgebra. We need a map
7 : X — a*(FX). Consider the diagram:
GU(axoF(¢x))

GUFX GUHFX

GBFXOAgFX

o (FX)

G(ox)

X L G(X)

It will be shown that G(ox)o®x equalizes the above pair, and thus factors

through a unique map ox : X — o*F'X. Thus, we need to show that:

GUax o GUFx o G(ox) ohx = G(Brx) o Afpy 0 Gox) o vy

We first note that AC is a natural transformation and that (X,¢x) is a

G-coalgebra.
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G(ox)

X" _ax GUFX
Px A?{ AgFX
2 (e
ax 9, qex ) ey px 9P, qUHEX

We now examine the bottom line of the above diagram, suppressing the

outer application of G:

G(ox)

X . ax GUFX "™ L UHFX

We now use the naturality of 8 and n; and the relation (6% F))o (G*o) =

(U * «) o (0 % G) as proven in proposition 2.3.2.

G(O’X

Xx— " L ox %Y. qUurx
ox oGx BFx
UFX 22 vrax Y UHFX

Therefore,
G(ﬁFX © G(UX) © ¢X) oYy
= GUaxoUFyYxoox)
= GUaxoGUFyYxoG(ox)ovx

as required.

To see that gy is a map of coalgebras, consider the diagram:
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Ga*FX G2UFX
o' (FX) GUFX o)
G(6x)
Gx G(X) Bx G*(X)
/ Gox /
X ox G(X)

The right hand side of the cube is a commutative square of morphisms of
parallel pairs. Therefore, the induced maps on the left hand side commute.
We will now lift the counit 7. Let Y be am H-coalgebra. Then 7y is

induced by:

o a*Y FGUY FGUHY
Uy aQuHY
HFUY HFUHY
Hry Hrgy
by Hyy
Y HY H?*Y
Af

We will now verify that (a, % &) o (7 % ao,) = 1. To this end, let X be a

G-coalgebra. Consider the following diagram:
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FX— ™ _pax

Fox FGox
Fo*a, X FGUFX
aurx

HFUFX

Hrpy

FX XX ppx

We would like to identify the vertical composite H7py o appx o FG(ox)
with ay, thereby showing that the induced map FF.X — FX is the identity.
To this end, consider the following diagram:

FGox

FGX —— FGUFX

ax ayFX

HFox Hrpy

HFX HFUFX ——HFX

This diagram commutes by naturality of «, and the composite of the

bottom is equal to 1ypx sicne o and 7 are the unit and counit, respectively,

of an adjunction.
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2.4 Derived Functors

The construction of derived functors with respect to a monad or comonad
originally appeared in [1]. Here, we will give an overview of the construction
for the category of G-coalgebras for a given comonad G. Our perspective

will be in light of recent work by Bousfield.

2.4.1 The induced monad on the category of coalge-
bras
Given a comonad G over a category C, consider the category C of Eilenberg-
Moore coalgebras over G. The comonad G factors into a pair of adjoint
functors (see [7]):
G

C G-coalg
U

Here, we confuse the comonad G with the right adjoint C — G-coalg. In
fact, the image of X under the right adjoint is simply (G(X), Ax), the cofree
coalgebra over X.

It is worth noting the unit and counit of the adjunction. The unit, o :

1 — GU is simply ox = ¥x, as the following diagram commutes by

G—coalg

definition:
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X —" . G(x)

wX AX

G(¥x)

G(X) G2(X)

Thus, ox is a morphism of G-coalgebras.

The counit, 7 : GU — 1¢, is simply the counit of G considered as a
comonad. That is, 7y = €y for all objects Y in C.

By forming the composite " = G o U : G-coalg — G-coalg, we obtain
a monad on the category of coalgebras over G. We refer to [7] for a proof
of this. It will be advantageous, however, to note the structure maps for 7'

The multiplication p : 7? — T is given by

w=Gx71xU

Of course, in this case, 7 is merely €, the counit of the comonad G. Hence,

at a G-coalgebra (X, 1), the multiplication on 7" is simply:

G2x &

G(X)

We quickly verify that this is a map of G-coalgebras:
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G2X —9X . G(X)
‘/AGX ‘/AX
ax ) ey

This commutes since A is a natural transformation.
Of course, a monad 7" also comes with a unit map v : 1 — 7. In this
case, it is given by vx = 1y : X — G(X), the unit of the induced adjunction

of the comonad G.
2.4.2 Cosimplicial resolutions

We begin with a familiar notion.

Definition 2.4.1. A cosimplicial object in a category C is a functor X* :
A — C, where A is the category of finite ordinals and monotonic maps.
The category of cosimplicial objects over a category C shall be denoted

cC.

We will be primarily interested in cosimplicial objects over the category

of G-coalgebras for the purpose of computing derived functors.

Definition 2.4.2. Let T be the monad induced on the category of Eilenberg-
Moore coalgebras over a comonad G. Given a coalgebra (X, y), we define

a cosimplicial object T*(X) as follows:
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To(X)n — Tn+1(X)
di : T.(X)n — T.(X)nJrl = Til/Tn—z'-t,-l(X)
Sj : T'(X)n — T'(X)n_l = leuTnfjJrl(X)

where v : 1 — T and p : T? — T are the structure maps for T. The
proof that 7°(X) is actually a cosimplicial object can be found in [7], and
only depends on the relations between p and v as monad structure maps.
Of course, its a bit silly to use extra notation when all of this can be
stated in terms of the structure of the comonad G. We will immediately
specialize:
G*(X)" =G"T(X)

di : G.(X)n — G.(X)nJrl = Gi¢Gn—i+1(X)
Sj : G.(X)n — G'(X)n_l = Gj6gn7j+1(X)

Henceforth, we shall not bother with the extra notation (7', u, v) for the
induced monad on C¢.

It is standard practice to then define derived functors via these cosimpli-
cial resolutions. Before doing this, however, we will give an account of work
by Bousfield that shows that these dervied functors give “the right answer”

with respect to a model structure on cosimplicial coalgebras.
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2.4.3 The model structure on cosimplicial coalgebras
over a comonad

In [4], Bousfield shows that, given a left-proper simplicial model category
M and a class G of group objects in Ho(M) such that any object in M
can be “resolved” by an object in G, there is a model structure on the cat-
egory of cosimplicial objects over M in which the weak equivalences are
“G-equivalences”. We shall give an account of a special case of this construc-
tion for the case of a discrete model category with a monad, which is covered
in chapter 7 of [4]. For basic material on model categories, see [6].

Let GG be a comonad on C. We also use G to denote the induced monad

on CC.

Proposition 2.4.1 (The discrete model structure). If C¢ has all finite limits

and colimits, then C% is endowed with the discrete model structure:
o Weak equivelances are isomorphisms
e Fvery map is a fibration and a cofibration

Proof. The first axiom of the model category definition is that the category

be complete and cocomplete. The rest of the axioms follow trivially. O

Since every map is a cofibration, C¢ is also left proper (the pushout of a

cofibration along a weak equivalence is a cofibration). We now with to use
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the objects G(X) as “resolving objects”. If G(X) is a group object for all

G-coalgebras X, then we can apply Bousfield’s machinery.
Theorem 2.4.1. Under the hypotheses that

o C% has finite limits and colimits

e G(X) is a group object for all X in C¢

There exists a G-resolution model structure on the category of cosimplicial

objects over CE (in the sense of [4]) where a map f: X* — Y is
e a weak equivalence if the induced
Homg(Y*,G(Z)) — Homg(X*,G(Z))
is a weak equivalence of simplicial groups for all G(Z),
e a cofibration if f is a Reedy cofibration and the induced
Homg(Y*,G(Z)) = Homg(X*,G(Z))
is a fibration of simplicial groups,
e a fibration when f: X™ — Y™ X ymye M"X® is a G-injective fibration.

Proof. This is a restatement of results in sections 3 and 7 of [4]. O
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In general, it can be rather difficult to identify the fibrant objects in a
model category. However, in section 6 of [4], Bousfield defines the notion of a
weak resolution of an object, which in the case of the model stucture induced
by a monad, coincides with the traditional way of making resolutions, e.g.

in [3]. This is summarized by the following:

Proposition 2.4.2. For a general model category M with a class of G-
injectives, a weak G-resolution of an object A € M consists of a G-equivalence
cst(A) — Y in eM. such that Y™ is G-injective for n > 0. Such a Y* is

called termwise G-injective .

The condition of being termwise G-injective is evidently weaker than being

G-fibrant. The upshot of this is the following:

Proposition 2.4.3. If A — Y* € M is a weak G-resolution for an object
Ae M, and F : M — A is a functor to an abelian category that carries

weak equivalences to isomorphisms, then there is a natural isomorphisms

RGF(A) ~ m°FY*
for s > 0.

Proof. Again, this is from section 6 of [4]



CHAPTER 2. THE THEORY OF COMONADS 27

Applying these propositions with M = G-coalg and the induced monad

G : G-coalg — G-coalg, we have the following:

Proposition 2.4.4. Let F' : G-coalg — A be a functor to an abelian category.

Then the right derived functors of F, evaluated at a coalgebra X, are given

by

RF(X) ~m°FG* X

Proof. We will show that X — G*X is a weak resolution in the G-resolution

model structure defined by GG. We note that G* is termwise G-injective by

construction. We will now show that cst(X) — G*X is a G-equivalence.
An arbitrary G-injective object is a split subobject of G(I) for some I.

We will show that for all G(I),

d° . Homg(G*X,G(I)) — Homg(cst(X),G(I))

is a weak equivalence of simplicial sets. Since the target is constant,
we think of this map as an augmentation of Homg(G*X,G(I)) (hence the
naming).

Let K = Homg(G*X,G(I)) and K_1 = Homg(cst(X),G(I)). The map

d’ : Ky — K_; is an augmentation operator, and we define left contraction
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maps s_1 : K, — Kp11 by s_1(f) = G(er) o G(f). We must verify the
identities for a left contraction, namely that dos_1 = 1, d;1 151 = s_1d; for

1 Z 0 and Sj415-1 = S-15;.

2.5 Ciriteria for Change of Ext

2.5.1 The Classical Shapiro’s Lemma

Here, we recount the statement and proof of Shapiro’s lemma as in [9)].

Proposition 2.5.1 (Shapiro). Let m : (A,I') — (B,%) be a morphism of
Hopf algebroids. Let T' be A-flat and assume that I' ® 4 B is injective as a

right 3-comodule. Then
Ext{.(A,7m*N) ~ FExty,(B, N)

naturally in the ¥-comodule N, in such a way that for a I'-comodules M

the following diagram commutes

Extf (A, M)

T

Exti (A, m*m. M) Exty (B, m.M)
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Proof. We will argue directly using the cobar complex for N. To this end,
let N — »* ® N denote the cobar complex over . We apply the functor
7 = (I’ ®4 B)Og—, observing that for any right ¥-comodule M, MOx3 ®

N =M ®p N.

N '©oa N '®asX®g N

We need to show that homming with any I'® 4 I gives an acyclic complex.
Let K = Homp(I' ®4 2*'®p, T ® I), which, by adjointness, is Hom (T’ ®4
Y l@p, I). Let s*, = 1p ® 157 @ € where ¢ : ¥ — 1 is the counit of ¥.
These are maps of A-modules, and hence induce a contraction s_, on K.

O
2.5.2 Generalized Shapiro’s Lemma

To attempt a generalized version of Shapiro’s Lemma, we must examine the
structure of resolutions over coalgebra categories defined by comonads. As
above, a comonad G defining the category of G-coalgebras gives rise to a
monad G over that same category. Given a G-coalgebra M, a resolution of
M looks like M — G*M where G*M is the cosimplicial G-coalgebra gotten
by iterating the monad G on M.

Let (C,G) and (D, H) as above. Consider the Bousfield G-resolution
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model structures on cosimplicial G-coalgebras and cosimplicial H-coalgebras.

Proposition 2.5.2 (Generalized Shapiro’s Lemma). Let (F,«): G — H be
a morphism of comonads. Suppose that o* has a right adjoint, and suppose
that o*, considered as taking values in C, is a retract of U o X for some
functor X : D — D.

Then

Ext(M,a*N) ~ Ext(a,.M, N)
For M a G-coalgebra and N a H-coalgebra.

Proof. Let N — H*N be the canonical resolution of N. Then,

Exty(a,M,N) = R"D¥(a,M,N) ~ ©'D (a, M, H*N)

By the adjunction of a, and a*,

D (o, M, H*N) ~ 7'C%(M,a*H*N)
We now wish to observe that a*N — a*H°®N is a weak (G-resolution
of @*Y. By the hypothesis that, for all X € D, o*(HX) = GJ for some

J € C, we have that a*H*® is termwise G-injective. It remains to show that

a*N — a*H*N is a G-equivalence.
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Recall that a*H*N is a split subobject of UX(H*N). We then have
CY(a*H*N,GJ) = C(a*H*N, J) is a retract of C(UX(H*N),J). However,

D

UX (eP)* is a contraction for this simplicial set, since € is a contraction of

H* N considered as a cosimplicial object in D. It follows that C¢(a* H*N, G.J)
is contractible.

Hence, a* N — a*H*N is a weak G-resolution, which means that
m'C%(M,a*H*N) ~ R'CY(M,a*N) = Exti,(M,a*N)

and the thereom follows.



Chapter 3

An unstable change of rings

3.1 The Stable Case

We now apply the collection of abstractions of the previous sections to derive

the classical stable change of rings theorem.

3.1.1 Background of the stable change of rings theo-
rem

There are several tools in stable homotopy for computing the stable ho-
motopy groups of the spheres. Among these, there is a cohomology the-
ory, called Brown-Peterson theory, or BP theory, and its associated mod-p

Adams-Novikov spectral sequence:

Extgp,gp(BP,, BP,) = 75(S)

There are various computational advantages of this spectral sequence,

32
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and a full account of it can be found in [10]. In particular, one can filter the
E5 term of the mod p Adams-Novikov spectral sequence by v, periodicity,
where the operators v,, are coefficients in BP theory. The resulting spectral
sequence is called the chromatic sprectral sequence.

A key step in setting up the chromatic spectral sequence is the Morava
change of rings theorem, which reduces a certain Ext computation over BP

to an Ext computation over K (n), which is an algebraically simpler theory.
3.1.2 The Hopf algebroid of stable cooperations in BP

This section is a summary of relevent facts that can be found in, e.g., [10]
and [5].
Given any cohomology theory E with F,FE flat over E,, there is an asso-

ciated algebraic object (F,, E,F) called a Hopf algebroid.

Definition 3.1.1. A Hopf algebroid (A,I') is a cogroupoid object in the
category of rings. That is, for any ring R, Hom(A, R) and Hom(A,I") form

the set of objects and morphisms of a groupoid, respectively.
This implies, via the Yoneda lemma, that there exist maps:

ne,Mr: A—T
e:I' - A
AZA—)F,]R@AWLF
c:I'=T
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such that the following diagrams commute:
In particular, the pair (BP,, BP,BP) of BP coefficients and BP cooper-

ations forms a Hopf algebroid. Given a ring R, the pair

(Hom(BP,,R), Hom(BP.BP, R))

is the groupoid with objects the p-typical formal groups over R and mor-

phisms strict isomorphisms of formal groups. As graded rings,

BP* ~ Z(p)['Ul,’UQ, - ]
BP,BP ~ BP.[h1, ha, .. ]

where |v;| = |h;| = 2(p" — 1).

There are various choices of generators that one can pick for these objects,
and here we use the generators from [5] to facilitate the unstable computa-
tions later.

The unit map 7y, : BP, — BP,.BP is, by this choice of generators, the
inclusion of algebras BP, — BP,BP. We then define ng in terms of 7y, and

the dual of the universal formal group law F' over BP,:

[ .
7 Y2
E vf h; = E h? -

We adopt the convention that the left action of an element v in BP, on
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an element of h in BP,BP is denoted by vh, whereas the right action of v
on h is denoted v - h or hng(v).

In practice, one examines this infinite sum at specific degrees to obtain
expressions for the right action of the v;.

Let K (n) = Zg)|vn, v, and £(n) = K(n)®pp, BP,BP®gp, K(n). Then

n

(K(n),X(n)) is a Hopf algebroid inheriting structure from (BP,, BP,BP).

3.1.3 The stable cotensor

Suppose (A,I') is a Hopf algebroid. The category of left I'-comodules can
be gotten as the category of Eilenberg-Moore coalgebras over the comonad
M — T' ®4 M, where M is an A-module. It is unfortunate that such “co-
modules” arise as “coalgebras” over a comonad, but this is simply one of
those incongruences in notation that arise when two branches of mathemat-
ics collide.

Suppose 7 : (A,T') — (B, X) is a morphism of Hopf algebroids. Note that

this induces an adjoint pair of functors

F: A-mod <& B-mod : U

where F(M) = B ®4 M and U restricts scalars to A along 7.

Define apy : B®a (I'®a M) = X ®p (B ® M) as the B-linear extension
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Of7T®A1MZF®AM—>E®AM.

Proposition 3.1.1. As defined above, the pair (F,«) is a functor of

comonads (I' ®4 —) (X®p—).

Proof. We must verify that the following diagram commutes for all M:

Boa oM 2% pe, Mol M)
W\
onm Y®p (BaT ®4 M)

=
E@B(B@)AF)%Z@E@B(B@F)

O

This diagram amounts to the relation (7 @ 7) o A = A* o 7, which is
holds because 7 is a morphism of Hopf algebroids. Similarly, a is compatible
with the counits.

By proposition 2.3.1, we can recover a Sy : @4 N — X ®p(B®4N) such
that the pair (U, §) is an opfunctor of comonads. According to the formula,

this is:

T N~T@ A0, B 2L S 0y Boyg N
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Since the category of A-modules has all equalizers, by proposition 2.3.3,
there is right adjoint from ¥-comodules to I'-comodules given by the following

equalizer:

TN '®BOXQN

T®B)® N
This is the cotensor product (I'®4 B)Ox N as in, e.g., [9].
3.1.4 Applying Shapiro’s Lemma

In this section, we let

(A,T) = (BP,, BP,BP)

(B, %) = (K(n)., X(n))

B(n). = v;'BP,/I,

K(n).BP = K(n), ®gp. BP,BP
BP,K(n) = BP.BP ®pp, K(n),

There is an evident projection morphism of Hopf algebroids 7 : (A, T") —
(B, %) which induces a functor 7, : I'-comod — ¥-comod. The right adjoint
to this functor is 7 = ((I' ®4 B)Ox—).

We must verify that 7 is a subobject of U o X for some endofunctor X

of B-modules. The following algebraic lemma establishes this.

Proposition 3.1.2. There is a map

K(n).BP — %(n) QK (n). B(n).
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which is an isomorphism of left X-comodules and of B(n). modules and

carries 1 to 1.

This is proven in [9]. If we apply the conjugation ¢ to the above, we get

an isomorphism of right »-comodules:

BP,K(n) ~ B(n). @k ). 2(n)

However, the right adjoint 7* is given by o«*N = BP,K(n)OgN. Thus,

(N) = BP.K(n)OgN
= B(n)* ®K(n)* N

Thus, Shapiro’s lemma applies, and we can conclude that

Exth*Bp(M, CY*N) ~ E{Btz(n) (W*M, N)

3.2 The Unstable Case

3.2.1 The category of unstable BP,-comodules

Let M be a free module over BP,. We define U(M) C I' ®pp, M to be

generated by

{h! @ m|2len(I) < deg(m)}
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where I' = BP,BP. There are maps U — U? and U — 1 induced by the
Hopf algebroid structure of (BP,,I') which form the structure of a cotriple
over the category of free B P,-modules.
Suppose M is an arbitrary (—1)-connected BP,-module. We can extend

U to M by considering a free resolution of M

-2 - F M 0

and applying the functor U to the first two terms:

U(F1)

U(Fy)

We define U(M) to be the cokernel of U(pg). Suppose g : M — N is a

morphism of BP,-modules. Consider the following diagram:

U(F) U(Fo) U(M) 0
Ulg1) U(go)
U(FY) U(Fp) U(N) 0

The vertical maps arise from lifting g to a map of resolutions of M and

N. The desired U(g) now arises from an application of the short 5 lemma.

Remark 3.2.0.1. An element free definition of the category of unstable

BP,-comodules can be found in [3]. The excess condition appears in [2].
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3.2.2 The category of unstable Y (n)-comodules

Consider the category of K(n),-modules. We will define a comonad over this

category whose coalgebras are the unstable ¥(n)-comodules.

Definition 3.2.1. Let N be a K (n)-modules, then

Us(N) = K(n). ®pp, Ur(N)

where N is regarded as a BP,-module for the purpose of applying Ur.

We define a comultiplication as follows.

1AL

Us(N) = K(n). ®gp, Ur(N) K(n). ®pp, UR(N)

AY
N
1®UF(7T®1UF(N))

K(n)« ®pp. Ur(K(n). ®@pp, Ur(N))

The counit is given by

r
1®ey

Uz(N):K<TL)* ®Bp* UF(N) K(’I’L)* ®BP*N:N

Theorem 3.2.1. Uy is a comonad over the category of K(n).-modules.

Proof. We must demonstrate that the coproduct as defined is coassociative.

We examine the diagram:
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(N11@u)In@T)

(N30 @ *(w)31)1n @ *(w) 51

(A% = (W) @ *(w)>1)1n @ *(u) 1)1 ® *(u)3]

(1®r)In®I
(A2 ® (W) 3130 ® *(w) 1

AZVLD®*ASMQ®H

(A)ZFn = (N)IN ® *(w)31)IN ® *(w) 31

(W Inrgu)ineT

(NveT)In®T

(A1 ® *(u)31) 10 @ *(u) 51
(N2 1gu)IgeT
(N)En ® *(w)x

N
Nyt

(N)Fn® *(u) )] =——— (N) I ® *(w) 31 = (N)Zn

N
Ny@t
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That this diagram commutes is a matter of observing that all of the
arrows consist of the comultiplication in BP,BP and changing coefficients

to K(n).. The order of these operations does not matter.

3.2.3 The morphism of comonads Ur — Uy,

We now define a morphism of comonads Ur — Usx. This is given by the pair

(K(n) ®pp, —, ) where

Definition 3.2.2. We define a: K(n), ®pp, Ur(—) = Us(K(n), ®pp, —) as

for M € BP,-mod.

That is, K(n), ® Upr(—) applied to the map M — K(n), ®gp, M. We

must verify that this satisfies the axioms for a morphism of comonads.

Theorem 3.2.2. The pair (K(n), ®@pgp, —, ) is a morphism of comonads

UF — UE.

Proof. We must check that A* o = (Us, % @) o (ax Up) o (F x AL). That is,

for every BP,-module M, the following diagram must commute:
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1AL,
K(n), ® Up(M) —> K(n), ®pp, UZ(M)

2 Us(K (n). @ Up(M))
apg UE(O‘IM)

AZ

Us(K(n). ® M) = UZ(K(n). ® M)

After applying all of the definitions, this diagram reduces to:

1®AL, Us(7®1)

Us(M) K(n). ®pp, UE(M) UZ(M)

an Us:(anm))

1AL T
Us(K(n). ® M) —"2% (n), ® U(K(n), @ M) 22502 (K (n), @ M)

which evidently commutes.
We must now check that e“oa = m,*e". This is expressed by the following

diagram:

K (n), @ Up(M) —— Ux(K(n), ® M)

b
ma(€h)) €rx (M)

K(n),® M ! K(n), ® M
Applying the definitions, this reduces to:
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1®Ur(r®1

K(n), @ Un(M) Us(K (n), ® M)

r r
1®e,, 1®67r*(]%)

K(n),® M ! K(n), @M

which commutes, since the same coefficients are being killed in M in both

paths. O
There is thus a functor «, : Ur-comod — Us-comod.
3.2.4 The unstable cotensor

We will now apply the criterion for the existence of an adjoint to .. Since,
in the stable case, this is given by a certain cotensor product, it is not a

stretch to think of this as an unstable variant of the cotensor product.

Theorem 3.2.3. «, : Ur-comod — Us-comod has a right adjoint o :

Us.-comod — Ur-comod.

Proof. We will check the criterion for the existence of an adjoint to the

functor induced by a morphism of comonads.

1. There is a right adjoint to 7, = K(n),®pp, —. It is the forgetful functor

K(n),-mod — BP,-mod. We do not bother to denote this, in general.

2. We now define a natural transformation 5 : Up — Us.
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N=1T®1: Up(N) —>K(n)*®Ug(N)

3. We now check the compatibility condition. The unit of the adjunction
between K (n), ® — and the forgetful functor is given by 7 ® 1 : M —

K(n), ® M. The compatibility diagram is thus:

UF(7T®1)

Ur(M)

Ur(K(n). © M)

T®1 T®1

1®Ur (7®1

Us(K(n). @ M)

K(n), ® Ur(M)

This diagram is easily seen to commute.

4. The equalizer of

Ur(¥n)
Ur(N) UrUs(N)
Ur(By)oAL,

exists since the category of BP,-modules has all equalizers.

]

Therefore, there is a right adjoint o* that is given by the equalizer of
the above diagram. It now remains to find the subcategory of unstable BP,

modules such that the pair of adjoints induces an equivalence of categories.
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3.2.5 The counit of the adjunction

In the stable case, we have that for any ¥(n)-comodule N,

N ~ K(n). @pp, (I' ®@pp, K(n),)Ogm)N

via the counit of the adjunction between m, and 7*. One would expect

this to happen in the unstable case as well.

Theorem 3.2.4. For an arbitrary Us-comodule (N, y),

N~ K(n), ® «*N
as Us.-comodules

Proof. We first compute a*N for an arbitrary Us-comodule N. It is the

equalizer of the following pair:

Ur(yn)
Ur(N) UrUs(N)
Ur(Bn)oAL

Note that Up(8y) = Up(m ® ly.(v)). Since tensoring by K(n). is flat,
equalizers are preserved, and K(n), ® o*N is the equalizer of the above

diagram tensored with K (n).:
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1®Ur (¢n)
1QUr(r®1)o1®AL

If we recall the definition of Uy and A*, the above is actually:

Us(¥nN)
Us(N) UsUs(N)

A%

The equalizer of the above pair is (N, ¥y).

3.2.6 The unit of the adjunction

We now must determine the right subcategory of Up-comodules for which
the unit of the adjunction between a, and o* is an isomorphism.
We will proceed by “destabilizing” the algebraic argument found in [9].

Some notation will be required.
Definition 3.2.3. Let
o B(n){wu} =v,'BP./I,{u}
o K(n),BP{u}=K(n), @ Ur(BP.{w})

Proposition 3.2.1. Let k > 2p" + 1. Then there is a map
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which is an isomorphism of Us-comodules and of B(n)-modules, and

which carries 1 to 1.

Proof. The stable version of this theorem follows from a counting argument
over the connective case. We thus introduce a “connective” version of Us.
The formal group law in BP,BP gives the following relation between the

left and right actions:

n

nR(Un—i-k) = hg *Un — nghk mod In U (nR(Un—H)a s 777R(Un+k—1))

The idea is to divide out by v, so that any element of k(n),BP{t.} can
be expressed in terms of monomials in A with no power greater than or equal
to p" appearing. This would make k(n).BP{t} free and of finite type. This
is easily done stably, since ng(v,) = v, mod I,.

Unstably, we have

NE(Unik @ 1) = (W v, — 07 hy) ® 1 mod I, U (g (0ns1), - - - R (Un k1))

We examine the excess of hin Uy, R = hin ® vptr. The left hand side of
the tensor is of length p™ and the right hand side of the tensor is of degree
k+ (2p™ — 2). This means that £ —2 > 0, ie, that k£ > 3. Thus, this relation

is valid on the 3-sphere and above.
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Let
o k(0), = Z, C K(0),
o k(n), =TF,[v.] C K(n),
o k(n).BP{u} = k(n). ®pp. BP,BP ® BP,/I,{u}
o b(n){u} = k(n)i[ur,ua, .. J{t} C B(n){u}

where u; = =, We want to make k(n).BP{tt} a b(n){s}-module via

Nr. This would entail defining the map as:

U X L — (hfn — Ugl_lhl) X L
However, we need k > 2(p™) for this relation to exist. We therefore define
the above map for k£ > 2(p").
Hence, k(n).BP{u} is a right b(n){cx}-module for & > 2(p"). It is free
and of finite type, generated by monomials of the form h! where all i; < p™.

Mimicking the proof in the stable case, we now define

o(n){tr} = k(n). BP{tx} ®ppn). i) k(1)-

The pair (k(n)., o(n).{t}) is a Hopf algebroid with structure induced by

BP,BP.
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We claim that k(n),BP{t} is isomorphic to o (n){tx} @km). (11 0(n){tr }-

Define a b(n).{t}-linear map f : k(n).BP{x} — b(n).{tx} by

f(hI) = 1if I =(0,0,0,...)
0 otherwise

By definition, f o ng = Lym). () and f @ lyw), = € : o(n){u} = k(n)..

We lift f to a map of o(n){t}-modules:

k(n).BP{u} o(n)u{u} @ k(n).BP{u}

\
o(n)fn} @ b(n).{u}

We claim that f is an isomorphism. Since both sides are free and of finite

1®f

type over b(n).{tx}, it suffices to prove that f ® 1y, is an isomorphism.

*

Tesoring the above diagram on the right by k(n). (over b(n).{ix}) yields:

o(n){u} —=—=o(n){u} ©o(n){u}

FOLk(n)s

o(n).{u}

Counitarity of Uy, demonstrates that the required map is an isomor-

Uo'(n) (6)

phism.

K(n), ® f now witnesses the isomorphism claimed in the theorem.
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Definition 3.2.4. Let Upr-comod; denote the category of Upr-comodules
which can be exhibited as a colimit of BP.{y} for | > k. We call such a

comodule k-connected.

Proposition 3.2.2. Let M be an unstable Ur comodule of connectivity k.

Then

Up(K(n)« ® M) ~ B(n). @), Us(K(n). ® M)
if k> 2p" + 1.

Proof. We recall the isomorphism of proposition 3.2.1:

K(n) ® Ur(BP{u}) ~ Us(K(n). ® BP,BP.{t+}) ®k@mn) B(n).

We wish to dualize this in the manner of proof of the stable change of

rings theorem. To this end, consider the following computation:

vo(1-v b —v ) v, = (v, 0, = 1) 0,
=uv,—1 v,

That is, the left and right action of v, ! are the same precisely when the

left and right action of v,, are the same. As we observed that the formula
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relating the left and right action exists in dimension 2p™ + 1 and above (see
proposition 3.2.1), it follows that these actions are the same for k > 2p™ + 1.

Therefore, we have the following diagram:

K(n) @ Ur(BPA{u})

Us(K(n) @ BPAu}) © B(n).

coT coT

Ur(K(n) © BP{u}) B(n), ® Us(K (n), © BP{u})

Here, the vertical maps are the conjugation following the twist map. They
have no kernel since the left and right action of v ! are the same, and there-
fore a non-zero element will conjugate to a non-zero element. They are onto

since the map in the stable case is onto, and therefore they are isomorphisms.

We thus have an isomorphism:

Ur(K(n). ®pp, BPA{u}) =~ B(n)s @k (), Us(K(n). ®pp, BP{tx})

for k > 2p" + 1.
Since colim is an exact functor and Ur is defined via a resolution, Ur

commutes with colimits. The same argument holds for Us. Hence, if

M = colimpBP,{i,},
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Ur(K(n), ® M)~ Up(K(n),® colimpBP,{,})
ColimDUp(K(n)* & BP*{L]CZ)}
colimpB(n), @k (n), Us(K(n), @ M)

B(n), @ Ug(K(n). ® M)

11 11

O

Proposition 3.2.3. Let M be an unstable Ur comodule of connectivity k.
Then

a*a.M ~ B(n), @pp, M
ifk> 2"+ 1.

Proof. We examine the equalizer diagram that defines o, M:

oo, M

Ur(K(n). ® M) UrUs(K(n). ®pp. M)

We now apply the isomorphism of proposition 3.2.2:

Oé*Oz*M UFUZ(K(TL)* ®Bp* M)

Ur(K(n). © M)

B(n). ® UA(K (n).M)

[

B(n). ®km) Us(K(n).M)

The coeqeualizer of the bottom parallel pair is

B(n). ®k(m), K(n). @pp, M = B(n), @pp, M
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]

Definition 3.2.5. Let M be a Ur comodule of connectivity k. Then M is

of height n iff B(n), ®pp, M = M

Proposition 3.2.4. Let Ug(N) be a cofree Us,-comodule. Then

a*Us(N) = B(n), ®pp, N
Proof. This follows from proposition 3.2.3. O]

Proposition 3.2.5. Let M be a Ur-comodule of height n and of connectivity
2p"™ + 1. The unit of the adjunction at M, M — o*a, M, is an isomorphism

of Upr comodules.

Proof. By proposition 3.2.3, a*a,M ~ B(n), ®pgp, M. This is an isomor-

phism precisely when M is of height n. ]

Theorem 3.2.5 (Unstable Change of Rings). If M is a Ur-comodule of

height n and connectivity greater than or equal to 2p™ + 1, then

Eaty (BP., M) = Exty, (K(n)., K(n). ®pp. M)

Proof. Since a,oUs, = B(n),®—, the hypothesis of the Generalized Shapiro’s

Lemma are satisfied, and for all comodules M,
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Exty (BP,,a*a.M) ~ Exty,(K(n)., K(n), @pp, M)

If M is of height n and of dimension greater than or equal to 2p™ + 1,

then M ~ o*a, M.
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