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Abstract

The harmonically forced complex Ginzburg-Landau equation

by

D. J. Wielaard

Adviser: Prof. George Triantafyllou

The complex Ginzburg-Landau equation 8,¥ — oW + A32¥ + S|U[2¥ =
F(z,t) is studied as a model equation regarding the accomplishment of
spatio-temporal order in extended systems (systems of infinite length) as
a result of a harmonic external forcing F(z,t) = F(z)e*'. Two types of
spatial behaviour of the forcing are considered: a spatially localized forcing
of Gaussian shape, F(z) = Fpe K ’z* and a spatially extended forcing in the

form of a plane wave, F(z) = Fpe'Xt.



For the spatially independent case the lock-in region in the phase diagram
in Fy-w space is obtained analytically. Stable locked-in states (~ e**) become
possible for sufficiently large forcing strength. The only other st?.ble state
observed is a quasi-periodic state. Coexistence of two locked states as well
as a locked and a quasi-periodic state is possible.

For a spatially dependent linear growth rate of the form Reo(z) = 0 +
goe~ 9% where 0y > —0o > 0, the system size is effectively determined by
the width of the growth rate (Q). In small systems the behaviour shows great
similarity with the spatially independent case, although some differences are
observed as function of the location. As the system size is increased, the
similarity with the spatially independent case remains present for where it
concerns phase-locked states. For the other states the behaviour depends
strongly on the location in the system. Local organization becomes possible
with a small forcing (around resonance). States occur which show phase-
locked, quasi-periodic and chaotic behaviour in different spatial regions of

the system.



vi

For the sitation with constant coefficients (Ref > 0 and Reo > 0) and
a plane wave forcing, the region of stability for phase-locked states (plane
waves) is constructed in the Fy-w-K space. Stability requires in all cases
RéA > 0. In the Benjamin-Feir unstable regime for the unforced equation,
stable forced plane wave states become possible for sufficiently strong forcing

with K2

m

m(Fo) < K? < K2,.(Fo), where K%, = 0 for most parameter
choices. It is found that the classification of the different spatio-temporal
chaotic states in the forced system in terms of amplitude chaos and phase

chaos is insufficient, a more elaborate description is needed.
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Chapter 1

Introduction.

This work consists of a study of solutions of the complex Ginzburg-Landau
equation (CGLE) in the presence of an external forcing. The CGLE appears
in many problems in physics. In its general form, for one spatial dimension,

the equation reads

0 0° 2 _
b—t‘I’—O'\I’—/\-aTEE‘I’”i‘,BI‘I’I Weeenns —F(IE,t) (11)

The complex function ¥(z,t) may be related to an order parameter, for in-
stance the magnetization in a magnetic substance. In fluid mechanics ¥(z, t)
may represent an amplitude function or potential related to specific proper-

ties of the original flow. The complex function F'(z,t) represents the external



field or forcing. The coefficients o , A , and § are in general complex and
may be functions of space (z) and time (¢). The ellipses on the left hand
side symbolize higher order terms such as |¥|*¥ and higher order derivatives,
these will however not be considered here. Also, situations for more than one
spatial dimension will not be considered here. The CGLE is known to be a
generic equation for two classes of problems.

The first class of problems in which the equation arises and from which
it actually derives its name, are problems in statistical mechanics concerning
critical phenomena .and phase transitions. The equation in its stationary
form (no time dependence) was first obtained by Ginzburg and Landau in
their phenomenological theory of superconductivity [1] and was found later
on to be of much more universal character in the following sence. To study
phase transitions one tries to write the effective action as a functional of an
order parameter field ¥ (related to a physical property of the system) and
its conjugate field F' (external field, forcing). It can be shown that based on
quite general considerations, the effective action close to a critical point may
always be written in the so called Ginzburg-Landau form, which in the mean
field approximation then precisely leads to the CGLE (real coefficients). In

that sense the equation is a universal equation for an order parameter for



a large class of physically distinct systems close to criticality, their different
physical properties being reflected merely in the interpretations of ¥, F,
o, A, B etc.. Comprehensive discussions of critical phenomena and phase
transitions are given in [2],[3].

Being a mean field equation, the equation gives a description in terms of
”hydrodynamic” quantities, that is the order parameter ¥, external field F’
and the other parameters are to be considered as being averaged over their
microscopic equivalents, thereby eliminating fluctuations on the short space
and time scales. In the general theory however the treatment of the micro-
scopic fluctuations is of fundamental importance. A way to simulate them
i some sense on the Ginzburg-Landau level is to add small stochastic terms
in the equation to F, and possibly the various other parameters dependent
on the specific physical problem under consideration.

The second class of problems in which the equation plays a fundamen-
tal role are problems in fluid mechanics. There the equation appears as a
generic amplitude equation close to a bifurcation in a variety of problems
such as Rayleigh-Bénard convection, Taylor-Couette flow, shear flow, deep
water waves, thin film flows and reaction-diffusion problems . Typically one

performs a perturbation analysis near the critical wave number £, and critical



bifurcation parameter value R = R, where the first Fourier mode becomes
unstable. In general this results in an amplitude equation which is of a
Ginzburg-Landau form. The equation in this case governs the evolution of
the instability in the original problem on its long space and time scales close
to criticality. The instability, and hence the stability of the original physical
system may then further be analyzed on the basis of the CGLE. An extension
of these concepts away from near criticality was given in [8]. The CGLE is
thus again a universal equation, describing the stability close to a bifurcation
for a variety of problems in fluid mechanics, their specific physics again being
contained merely in the interpretation of ¥, F', o, A and S.

For fluid mechanical systems, the external field or forcing does not appear
quite as natural as in problems concerning phase transitions. It is perhaps
therefore that far more is known about the unforced CGLE than about the
forced equation. On the other hand, for problems related to phase transitions
and critical phenomena, the equation appears almost without exception with
real coeflicients.

Besides the already quite impressive universality of the equation it has yet
another useful property. This is that the qualitative features present in the

Navier-Stokes equation believed to be significant in the problem of turbulence



are also present in the CGLE. The equation serves therefore also as a model
in many studies in relation to turbulence. More in general the CGLE serves
as a model equation concerning the chaotic behaviour of spatially distributed
systems with many degrees of freedom. It has been suggested [9] that chaotic
behaviour in the limit of an infinite system, i.e. extensive chaos, might
be understood in terms of concepts derived from statistical mechanics and
critical phenomena. Another idea, which goes back many years [9], is that it
seems to be a general property of continuum mechanical systems that their
assymptotic states are effectively of a finite or even low dimensional nature.
By now this idea has received analytical, numerical as well as experimental
support. In relation to this the CGLE is also frequently used as a model
equation, see for instance [11] or [12].

We will in this work méstly consider the situation in which the bifurcation
is supercritical and the bifurcation parameter is above the critical value (R >
R.). This means that we take Re(3) > 0 and Re(o) > 0 in general. The
subcritical case is sometimes studied with inclusion of a stabilizing fifth order
term |W|*¥, for which case a considerable amount of analytic results are
obtained in reference [13]. The cubic subcritical unforced CGLE has also

been studied quite extensively, see for instance references [14] and [15]. A



confinement to the supercritical case is not a severe limitation, since for
applications in fluid mechanics as well as statistical mechanics it is usually
the physically most relevant case.

Before making our discussion more concrete, it is useful to rescale the
equation. The rescaled versions vary somewhat in the literature, in this

work we will use

t = |Re(0)|t,
_ |Re(@)]'*
Y=k U
_|Re(@)* _,
F=1rap| o
_ (2m)?  Re())
A= RO (1.2)

The parameter A functions in an actual simulation as a cut-off parameter.
In general, the length [ may be taken to be the system length (simulation,
experiment) or any other significant length in the problem. The equation

then becomes

2

0 . ., 0 :
Frie w1l +icr) — A1+ 162)5}3 + po(1 +ic3) [P ¥ - - - = F(x,t). (1.3)

where the primes are left out and




_ Im))
2= Re(N)
__ Im(f)
* " Re(B)’

py = sign(Re()) ,
p2 = sign(Re(f)) - (1.4)

For the supercritical case pu; = pp = +1.

Of course these transformations strictly speaking only make sense when
the coefficients are constants. If the coefficients are not constant, the same
transformation may be used in principle if one can distinguish characteristic
values for the parameters, such as for instance Re(o(z — o0)) or Im(o(t =
0)) etc.. We will see an example of this in chapter 4.

We will exclusively consider the case that the forcing varies harmonically
in time;

F(z,t) = F(z)e™". (1.5)
In this case the parameter ¢; may be incorporated in the forcing frequency
w or vice versa. Also in the unforced equation the parameter ¢; may be
eliminated by a simple transformation. It therefore suffices to consider the

equation with either ¢; =0 or w = 0.



We will first discuss a selection of published results for the CGLE which
are related to it’s role as a model for the study of spatio-temporal chaos, or
which concern the forced equation. After that an outline of this thesis will

be given.

1.1 A selection of other work.

A considerable amount of analytic results were obtained concerning uni-
formly translating solutions of the unforced equation with constant coeffi-
cients [16,17,18,19]. The results usually are valid for (or necessarily involve)
more complicated versions of the equation, by inclusion of higher order non-
linear terms and derivatives. Uniformly translating solutions are obtained

from the ansatz

U(z,t) = A(E)e™,
& =z — v,

A(€) = a(£)e"®, (1.6)



and it turns out to be effective to transform the equation to a set of ode’s in

the pseudo-time variable £ for the quantities

a(§) ,

k() =a "==za. (1.7)

Fixed points and trajectories in the phase space of this dynamical system
correspond to different uniformly translating solutions of the CGLE. Fronts,
pulses and domain boundaries may now be studied in terms of the hetero-
clinic orbits between fixed points of (1.6) {17,18]. Besides this more compli-
cated trajectories such as limit cycles and chaotic orbits were also considered
[16,19]. The method has the drawback that it has little to say about the
stability of a solution of the original pde, but it is a powerful method for
obtaining analytic results regarding the existence of solutions.
Unfortunately, when an external forcing is included in the equation this
approach fails, even for the most simple case of a spatially uniform forcing.
Infact, published results for the externally forced CGLE are scarce, certainly

where it concerns the equation in its truly complex form.
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An example of an application of the forced equation in the theory of
phase transitions can be found in {20]. The equation appears here in highly
simplified form with real coefficients and real constant forcing. The relaxation
of front solutions describes the nucleation of a new phase near the critical
point (first order phase transition). Additive noise is included to simulate a
thermal ensemble. On the basis of this different dynamical properties of the
nucleation process are computed.

Another example of the appearence of the forced equation may be found
in [21]. Here the 8?¥/0z? term is treated in discretized form resulting in a
set of globally coupled identical limit cycle oscillato.rs. This set of equations
can be interpreted as a "mean field” version of the original CGLE. The
equations are numerically analyzed and a chaotic (in time) region is found, in
which the (ordered) configuration of the oscillators is argued to be explained
by the observation that in this region the set of equations may as a first
approximation be replaced by a Landau equation (LE) (space independent
CGLE) with a harmonic forcing.

Both results just mentioned however give a very small part of the picture
for where it concerns solutions of equation (1.3), which is the object of study

of this work. Apparently no systematic studies have been published of the
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CGLE in it’s truly complex form with a truly external forcing (forcing inde-
pendent of solution). A reason may be that when the original system (the
system for which the CGLE is valid around the instability threshold) is ex-
posed to an external forcing, this usually gives rise to terms in the amplitude
equation which are themselves a function of the amplitude.

An example of this is provided by electrohydrodynamic instabilities in
nematic liquid crystals [22]. For nearly resonant forcing with forcing strength
a and wavenumber g = £ . (go + k), with £ small and g the wavenumber
of the instability in the unforced system, the amplitude equation has besides

the usual terms the extra term [23,24]
a™ (P leinkT (1.8)

The amplitude equation relevant here however has real coeflicients, so that
whatever is known for the n» = 1 case in this context, is still negligible for
what concerns the situation we wish to consider in this work.

The closest to a more or less systematic discussion of an equation of the
form (1.3) are some results presented in reference [25]. This paper concerns
the situation of strongly resonant forcing of systems with an oscillatory insta-

bility. For an external forcing in the original problem with forcing frequency
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we = Z(wp — v), where v is small and wp is the frequency at which the in-
stability occurs in the unforced system, the amplitude equation (now with

complex coefficients) has the standard form with the extra term

(TP (1.9)

The parameter -, is proportional to the mt" power of the forcing amplitude.
For n = 1 the supercritical version of equation (1.3) (c1,c2,¢3 # 0) with
a spatially uniform harmonic forcing is recovered. For as far as the results
discussed in reference [25] concern the n = 1 case, they apply to situations
with either a very large forcing amplitude or a very small forcing amplitude
with v, ~ €2, close to the Benjamin-Feir instability (see below) 1 + ¢jcp ~ ¢
and very close to resonance in the CGLE, v—c3 ~ €2. No results are presented
for more realistic values of the forcing parameters. In the strong forcing limit
the locked states are shown to be always stable. We will see in chapter 5 of
this work that this is infact not completely correct for all parameter values.
In the small forcing limit, the emergence of a spatially periodic pattern is
derived on the basis of a phase equation.

Perhaps the most simple nontrivial and best studied solutions of the su-
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percfitical unforced equation are the plane waves
\I’(Q?, t) — ‘Iloeiﬂl+iKz,

|\I’0|2 =1- AK2,
Q= —coAK? — c3(1 — AK?). (1.10)

They are sometime referred to as "rotating waves”. Standing waves are also
possible, they are however always unstable in the supercritical case.

The instability of the plane wave solutions is governed by the so called
Benjamin-Feir (BF) instability [26], sometimes also refered to as the Eckhaus
or modulational instability. This instability consists here in that a plane wave
with wavenumber ¢ and frequency w becomes unstable by resonant excitation

of sidebands with wavenumbers ¢; and ¢; and frequenties w; and w, satisfying

(1 +q) =g,

[T

1
S +w) =0, (1.11)

A detailed stability analyses was performed in reference [27] and [28]. De-
pendence on the parameters ¢, and c3 of the stability criterion can be quite

complicated, but it is always of the form K? < K%p(cy,c3). For 14 ce3 =0
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the band of stable wavenumbers shrinks to zero (Kpr(ce,c3) = 0), and for
1 + ce3 < 0 all plane waves are unstable.

For the behaviour of solutions of the CGLE below the BF instability (1 +
¢yc3 < 0), the system length is important. More precisely, following reference
[9] and [29], the behaviour observed will depend on the length of the system
[ in comparision to the dissipation length [p, the excitation length (g and
the correlation length Ic. The dissipation length is the characteristic length
at which energy is dissipated. The excitation length is the characteristic
length at which ene;gy is injected into the system. The correlation length
is more difficult to define since it requires a rather complete knowledge of
the solutions. The simplest definition is in terms of a correlation function
C(r): if C(r) decays exponentially for large r, C(r) ~ e™"/%, r — o0, one
may define Ic = £. For a spatially uniform state which becomes unstable
for perturbations with wavenumber gq the excitation length Iz ~ g5, the
dissipation length is typically of the same order of magnitude.

Small systems are then systems for which ! &~ [p. The number of excited
modes will be severely restricted by the geometry. If a chaotic state arises
it will be described by an attractor in a low dimensional phase space. The

correlation length is also at least of order of the system length, so that the
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spatial behaviour is dynamically irrelevant.

Large systems are systems for which the system length [ > lp. The
system now has many degrees of freedom. If a chaotic state arises, any
description of it must necessarily take this multiplicity into account, and the
atractor dimension is expected to be correspondingly large.

Obviously, the simplest way to create a large system is to increase the
system length at fixed controll parameter(s) (Ip, g fixed). Chaotic states
obtained in this way are refered to as spatio-temporal chaos [29]. The other
way to reach the large-system limit as explained in reference [29], is to effec-
tively decrease the disipation length [p (fix /, increase R). An example being
strong turbulence in fluids with high Reynold’s number.

As explained above, the dynamics of a small system is effectively low
dimensional. An illustration of this for the (unforced) CGLE is given in [12].
Here the CGLE is considered in the near nonlinear Schrédinger regime for a
system size for which the lowest fourier mode is just within the Benjamin-Feir
stable region. For an expansion of the solution around the spatially uniform
solution (Stokes wave) the CGLE is shown to reduce to a 3 dimensional
Lorenz-like system of equations.

A numerical analyses of the fate of the uniform Stokes wave in the BF
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unstable regime is given in [30]. Here the system size is varied, regulating
the number of possible BF unstable fourier modes allowed to exist in the
system. Two different routes to chaos of the Ruelle-Takens-Newhouse type
are observed, involving a limit cycle and two and three frequency quasi-
periodic motions in time.

For large unforced systems in the BF unstable regime the CGLE was
shown to display two kinds of spatio-temporal chaos, known as amplitude
(defect) chaos and phase chaos [31], [32]. The characteristic difference be-
tween the two is the absence of defects in the phase chaotic states. Defects,or
space-time dislocations, are space-time points where ¥ = 0. The phase of
the solution is not defined at a defect and it shows a discontinuity of m. As
defects occur, a phase description of the solution is believed to break down,
and the transition from phase chaos to amplitude chaos in the CGLE is a
good example of this [33]. Phase chaos is characterized by small amplitude
variations around the uniform solution, whereas defect chaos shows defects
and large amplitude fluctuations.

The phase diagram of the unforced CGLE as function of the parameters
¢z and c3, close to the BF instability, has been constructed in [32]. Further

differences between the two chaotic states were here characterized by means
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of the temporal and spatial correlations. It was shown that the temporal
and spatial correlations decay exponentially for amplitude chaos, whereas
for phase chaos, exponential decay was not observed. Finally, a bistable
region in the phase diagram was obtained in which the two states coexist.
It is suggested in reference [34] that in this bistable region infact a state of
spatio-temporal intermittency may exist. Being well established in reference
[34] to exist in the BF stable regime, the existence of spatio-temporal inter-
mittency in the BF unstable regime remains arguable. The spatio-temporal
intermittency in the CGLE is characterized by laminar (”absorbing” ) patches
consisting of linearly stable plane waves (BF stable regime), separated by tur-
bulent (”active”) regions made up of localized objects such as shocks, defects,
holes etc., with a well defined dynamics. The simplest of these objects were
shown to be members of a family of exact solutions obtained by Nozaki and

Bekki [35], [36).

1.2 Outline of this thesis.

The objective of this work is to study the accomplishment of spatio-temporal

order in spatially extended systems as a result of an external forcing. It has
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been more than justified in the previous discussion that the CGLE may serve
as a useful model for this purpose. We will discuss the behaviour of the CGLE
in or close to the BF unstable regime in the presence of an external forcing.
Since the little that has been published for this situation appears in a rather
unorganized way, any systematic discussion of merely possible solutions is
already useful.

The understanding of spatio-temporal chaos in general is still in a rather
primitive stage. The situations where this behaviour is observed in the CGLE
are in that respect of special interest. The CGLE provides a simple model
which displays spatio-temporal chaos and which can be analyzed relatively
easily. Regarding the forced equation, we will see that it provides a richer and
broader spectrum of behaviour than the unforced equation, without hardly
changing the simplicity of the model. Moreover, as discussed in the previous
section, the forcing is of course besides this also of interest in real experi-
mental situations. With this in mind, the parameter values will be kept as
general as reasonably possible in this work.

The time dependence of the forcing will be taken to be harmonic, F' ~ e**,
or put in an other way, one could say that we will consider a time independent

forcing of equation (1.3) with ¢; # 0. For what concerns the spatial part of
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the forcing, basically two situations will be considered; a localized forcing
of Gaussian shape and a plane wave forcing. The motivation for this is
the wish to study spatially localized as well as spatially extended solutions.
The ultimate goal is to obtain phase diagrams as function of the forcing
parameters (strength, frequency, and wavenumber or width) for different
situations.

First we will demonstrate the derivation of the amplitude equation for
Rayleigh-Bénard convection in chapter 2. This serves as an example of the
derivation of a CGLE in general for a real experimental situation in fluid
mechanics. In the derivation presented here we will closely follow reference
[29].

In chapter 3 the phase diagram for the harmonically forced LE (CGLE
without spatial dependence) will be constructed. The LE is for instance valid
when only one unstable mode is excited in the original system. It appears
also sometimes as a specific approximation of the CGLE, see for instance
reference [21]. As for the CGLE, also for the much simpler LE apparently no
systematic study has been performed of the behaviour in the presence of a
harmonic external forcing. An exception is the case for ¢ = 0, for which the

equation has been extensively analized in relation to van der Pol’s equation,
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see reference [37] and references there. In chapter 3 the region of stability
for phase locked states as function of the forcing strength and frequency will
be derived analytically for all ¢3. The behaviour in regions of parameter
space where phase locked states are unstable will be analyzed carefully by
numerical integration of the equation and a fixed points analyses. Of interest
as they stand, the results of chapter 3 will moreover prove to be useful in
chapter 5.

In chapter 4 we will consider pulse solutions of the CGLE. With a pulse so-
lution is meant a solution ¥(z, t) with the property that ¥(z — %o0,t) — 0.
Unforced stable pulse solutions of the cubic CGLE have not been observed
to exist, neither for the supercrirical nor for the subcrirical case. We will
discuss the findings for the unforced as well as the forced system, the results
will however be negative in both cases: no stable pulse solutions appear to
be possible. The major part of chapter 4 will concern the situation where
1, is spatially dependent and of a Gaussian shape, such that g, > 0 locally
and pu; < 0 elsewhere. For this situation stable pulse solutions become pos-
sible. Other than the fact that it allows one to study pulse solutions of the
cubic CGLE, a space dependent linear growth rate p;(z) has of course also a

physical relevance. It will for instance apply to a situation where the controll
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parameter is space dependent. Since no results were published for a linear
growth rate of the form considered here, not even for the unforced system, a
large part of chapter 4 will consist of an analyses of the solutions occurring in
the unforced system for different growth rate parameters (amplitude, width).
The width of the growth rate in effect determines the size of the system. The
unforced behaviour as the amplitude of the growth rate is varied will be dis-
cussed for a small system, an intermediate size system and a large system.
After having obtained an idea of the unforced behaviour, the forced system
will be discussed. An example of a small system with a Gausian forcing will
be analyzed as well as an intermediate size system with a Gaussian forcing
and with a plane wave forcing. The phase diagram, or at least the outlines
of it, will be discussed as a function of the forcing parameters.

In chapter 5 we will analyze the equation with a plane wave forcing. With
use of the results of chapter 3, the stable region for phase locked states (plane
waves) will be constructed as function of the forcing strength frequency and
wavenumber, for the extended as well as for finite size systems. After this we
will discuss the behaviour in the part of the forcing parameter space where
the plane wave states are unstable. We will consider the situation where the

unforced solution shows amplitude chaos. We will look at the behaviour for
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various parameter choices around resonance (for forcing frequenties and wave
numbers compatible with the free dispersion relation (1.10)), and well away
from resonance.

Chapter 6 gives a summary of the results obtained in this work that

deserve further study.



Chapter 2

A derivation of an amplitude

equation.

In this chapter we will illustrate the derivation of an amplitude equation for
the problem of Rayleigh-Bénard convection. Historically it was for Rayleigh-
Bénard convection that amplitude equations were first derived by Newell and
Whitehead [4]. A more important motivation for us however is that the basic
equations describing the phenomenon are well known and there is in this case
in fact a clear and unambiguous derivation of an amplitude equation possible.
In presenting the derivation here we will closely follow reference [29).
Rayleigh-Bénard convection in its idealistic form involves a fluid placed

23
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between two horizontal plates that are infinite in extend and are perfect
heat conductors. The fluid is driven by maintaining the lower plate at a
temperature AT above the upper plate temperature. For small driving the
fluid remains at rest and a linear temperature profile is set up, this is the
” conducting” or ”uniform” solution. Due to the thermal expansion however,
the fluid near the lower plate is less dense. Of course this layer of fluid
can not rise as a whole, and we encounter an instability at finite wavelength.
This instability occurs when the driving AT is strong enough to overcome the
dissipative effects of thermal conduction and viscosity. The control parameter
describing the instability, the Rayleigh number R, is the dimensionless ratio
of the destabilizing buoyancy force pyagAT and the stabilizing dissipative
force vipy/d;
_ agATd?

R=—=""— (2.1)

KV
where py is the average mass density, o the thermal expansion coefficient, g
the accelaration of gravity, v the kinematic viscosity, k the thermal diffusivity
and d the plate separation. The wave vector g of the instability is of the
order of d™! since d is the only length scale in the ideal problem. Thus one

arrives at the picture of an instability towards a flow in which fluid rises
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in some regions and falls in others, with a characteristic horizontal length
scale d. For the Rayleigh number slightly above the critical value the growth
of this flow is limited because convective flow transports part of the heat
applied, decreasing thereby the temperature gradient and buoyancy force.
In general the fluid settles down to a stationary flow regime near threshold.
The simplest example of such a flow is the familiar convective roll pattern
shown schematically in figure 2.1, but superposition of rolls forming hexagons
and squares are also possible.

The "microscopic” equations describing Rayleigh-Bénard convection are

the Navier-Stokes equation for the velocity field
(O + U -V)(pil) = -VP+ V-0 —pgz, (2.2)

with

2
Oij = 7][6,”(1_.,‘ -+ 6ju,~ - g(gijakuk] + f&ijakuk, (23)

the equation for mass conservation
Op+V: pi=0 (2.4)
and the conservation law for heat

@ +1@-V)(c,T) =V - (KVT), » (2.5)
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where the heat produced by the viscous dissipation is neglected in the last
equation. The variables in these equations are the density p(Z,t), the ve-
locity @(Z,t) = (u,v,w), the pressure P(Z,t) and the temperature T'(Z,t).
The parameters are the shear viscosity 7, the bulk viscosity &, the constant
pressure specific heat ¢,, the thermal conductivity K and the acceleration
of gravity g. To close the equations the dependence of 7, {, K on tempera-
ture and density and the equation of state P(p,T) must be known. In the
”Boussinesq approximation” one assumes temperature dependence only in
the density p = p(1 — (T — T), and otherwise an incompressible fluid. The

Oberbeck-Boussinesq equations are

(B, + @+ V)& = —V(P/p) + vV?i + goT3, (2.6)
(0, + @ V)T = kV?T, (2.7)
V-7=0, (2.8)

where the bars have been dropped on p, v and k and some constants have
been absorbed in the pressure term. The last equation effectively replaces
the equation of state and the pressure may now be eliminated in favor of @

and T.
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In the ideal system the boundary conditions for the temperature are

T(z=0) = T,+AT,

T(z=d) = T, (2.9)
For the velocity we will take free-slip boundary conditions;
8,0, =w=0, atz=0,d, (2.10)

where #, is the horizontal 2D component of 4. In the absence of flow the
conducting solution is given by T' = Ty(z) = T, + AT (1 — 2/d) and also
P = Py(z) to balance the buoyancy force. To study deviations from the
conducting state it is useful to define § =T — T;(z) and p = P — Py(z2).
The dimensionless variables are obtained by introduction of the thermal
diffusion time accross the cell d?/x as the unit time, the cell width d as the
unit length, the Rayleigh number R as the dimensionless temperature differ-
ence and the dissipative force per unit area pvx/d? as the unit of pressure.

The dimensionless equations then become
o0, + @ V)i =~Vp+ 0%+ V2, (2.11)
(0, + 1 - V)8 = Rw+ V20, (2.12)

0,6, =w=0 atz=0,L (2.13)
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The equations now depend on just two dimensionless parameters, the Rayleigh
number or driving strength R and the Frandtl number ¢ = v/x.
To perform the actual derivation of the amplitude equation it is conve-

nient to eliminate the pressure and write the equations in the form

V2% +Rw = 80+ (@ V.)0+wd0, (2.14)
Vie + V4w = o_l[atvzw - 62Vi 4 ((fl:_]_ . VJ_)’II_L + wt?zﬁ_L)

+V2 ((TL - Vi )w + wdw)]. (2.15)

Besides these equations there is an equation for the vertical vorticity €2, =
(V x @).. Once w and 2, are known @ may be calculated from the continuity
equation V - & = 0. The amplitude equation is now in principle derived by
means of a multiple scales expansion of the equations around the conducting
solution # = 4 = 0. We will limit ourselves to ¢ — oo. This implies €2, =0
and also eliminates the terms on the right hand side of (15). Keeping the
Prandt] number finite would introduce some difficulties related to the fact
that €2, # 0 and it would take us too far from our main objective, which is
simply to demonstrate a derivation of an amplitude equation. In the limit
o — oo and the free-slip boundary conditions, the values of the parameters

occurring in the derived amplitude equation can be obtained analytically.
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First we solve the linear threshold problem and look for the neutrally

stable mode (growth rate zero)

0(z,2) = 0(q,2)e""" +c.c.,

w(z,z) = w(g,2)e" +c.c.,
u(z,z) = (g, 2)e'”" +ec.c. (2.16)
That is, we solve
@ -¢")  Rg) 8(g, 2)
=0, (2.17)
¢ —(02-¢")? || w(g,>2)

with the g-dependent Rayleigh number R = R.(q). Keeping in mind the
free-slip boundary conditions we readily find (with an arbitrary overall nor-

malization)
0(q, z) = (4v2/n%)(¢* + 7%)?sin 2,
w(g, z) = (4v2/7?)q* ;sin Tz, (2.18)
(g, z) = (—4iv2/7)gcos Tz,

The minimum R,(q) = R, = 277*/4 occurs for ¢ = gy = 7/V/2.

We write 0(qo, z) = 0, etc. and expand in the small parameter

€= Rc - Rc,O

™ (2.19)
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as follows

0 = €20, +¢€0) +...,

w = el/zwo—f-ewl +...,

u = Pug+eus+..., (2.20)
where

90 = A() ()&,, }/, T)eiqozéo(Z) + c.c.,
we = Ao(X,Y,T)e" wy(z) + c.c.,

uy = Ag(X,Y,T)e"iy(z) + c.c.. (2.21)

The variables X = ¢!/2z, Y = ¢'/4y and T = et are the slow varying variables.
For the differential operators we must make the replacements 9, — 0 +
e'/20x, 8, — 0, + €!/*0y and 8, — O, + edr etc.. The scaling of the slow
variables with ¢ is formally determined by the ultimate consistency of the

expansion. We rewrite the original equations (¢ — 00) as

0 6t0+(uJ_Vl)0+w320
c - , (2.22)

w 0

where £ has the expansion

L=£0+El/2£1+6£2+..., (223)
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with
0 + 02 Reo
EO = )
-2 ~(02+03)?
1 0
Ly, = (20:0x + 6?;),
-1 —2(8%+8?)
1 0
£2 = 63
-1 —2(8% +8?) ]

+ ’ : (2.24)
0 (20,0x + 8%)?

The r.h.s. has the expansion
8,0 + (Ty - V)0 + wd,0 = e[uodyby + wod.0y)
+€3/2 [3T00 -+ (u16z00 <+ uoa,,.é’l) -+ (w16200 -+ w06201)]

+O(?) + O(€?), (2.25)

where the terms O(e/?) not displayed explicitely are not relevant in what
follows.
Up to O(e) we have
0, 0o uo000 + wo0.0p

Eo - "'[,1 + y (226)
w Wy 0
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and we would like to invert this equation to obtain (6, w;). For this to be
possible however we must require the r.h.s. to be orthogonal to all zero eigen-
vectors of LS. The relevant eigenvector is precisely (6o, wo) which depends
on the fast variable = as e**%%. The nonlinear terms on the r.h.s. depend
on the fast variable z as e*2!%% or are independent of z, and they are auto-
matically orthogonal to (6, wp). The linear terms do involve the dangerous
exponential factors e*% and we might expect a solvability condition at this
order. Since we are expanding around the minimum gy of R.(q) however, this
condition is identically satisfied. To see this we use the identity (obtained by

differentiating (17) with respect to q)

)

02 — g Rep 0o (2)
%  —(0:—-d§)? | | wo(2)

1 0 00(Z)

—1 —2(0 - q3) Wo(2)

where ) = 8,0(q) |4=q, €tc., and write

07 L -
6, 6, 0(')(3)
wy | = | @y |+ (20) 7 (20:0x + 8})Aq @h(z) | +ec. (2.28)
| W J U .] i y(2) |
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Then (26) reduces to

él ugOgp + wo0, o
(A 0
which can now be inverted to give
6 | Al2) | fo(2)
! = | Ale%0® + A, e'f + c.c.
W fa(2) Wo(z)
f3(2)
+]Ao|? : (2.30)
fa(z)

We obtain f; = fo = f; = 0 and f; = —18wsin(27z), the function A,
depends on the slow variables and remains unknown at this stage.

We may now proceed with the next order O(e%/2), we obtain

0
L] |=g¢, (2.31)

Wa

where G contains many terms. The requirement that G should not drive any
zero-eigenvalue eigenvector of Lo yields at this order a nontrivial solvability
condition, which in effect gives the amplitude equation. Again we need only

collect terms proportional to e**°% we obtain

-1 0 o |
Gigp = — ([(26z3x + 82)A, + 0% Agle’ ™ + c.c.)

-1 -2 +8) || @
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1 0 /A 1
2 \2 igoT
5 ((20:0x + 83)? Age™ + c.c.)

-1 —2(0% +6?) A

( OrAq R.0Ag o | .
- %% + c.c.

\| 0 (20:0x + 0%Z)? A, Wy

U10-00 + anxél + w,0,0p + woazél
+
0

) . . :tqo

+By + Bye® " + B3e® 0T + c.c. (2.32)

The symbol [.. .}, means that we are only referring to the terms o e

+igozx

The first term in G4, may be eliminated using the same trick as we did for
O(e). The operator Ly is self-adjoint under the following scalar product for

the vectors V, = (0,,w,) and V, = (0, w):

(Va, Vi) = / dz? dz (V06°) - (V106) + Reow?ws). (2.33)

The solvability requires orthogonality of G, under this definition of the
scalar product to the zero eigenvalue mode (6, wg).

The 4 term in G4, is readily evaluated to give

—T2V/212| Ao |2 Age™® + c.c.
(2.34)

0
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and further we have

1 64 (z) _ 42 32
o =
1 @) ™1

sin7z. (2.35)

Finally then, requiring the mentioned orthogonality yields the amplitude

equation in the form

2 8 1 2 8
g;r_zaI‘Ao = AO + '57?2' (aX + '2?1565) Ao - 3—7T-2-|A012A0. (2.36)

If we rewrite the amplitude equation, which itself is of universal form, in the
original variables with A = €!/24, etc., it becomes more obvious in which
way the physical properties of the system enter in its coefficients. We obtain

for the particular case of Rayleigh-Bénard convection discussed here

A = %’ECA +4(0, + ——32)2 A — 4|A]PA. (2.37)

1
—?
27:(]0 y
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Figure 2.1: Schematic flow pattern for Rayleigh-Bénard convection in an
ideal roll state. Shown are the stream lines, in parts of the cell the fluid rises

while in others it falls. The figure is from reference [29)].



Chapter 3

The harmonically forced

Landau equation.

In this chapter we discuss the Landau equation (LE) with an external har-
monic forcing. The most general form of this equation (up to cubic non
linearity) is after elimination of irrelevant parameters and inclusion of the

external forcing F'(t)

(-‘;Z — (L+ie1) + (1 +ic3) |PJ?| ¥ = F(t). (3.1)

37
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The parameters c¢; and c3 are real. We will exclusively consider the case that

the forcing has the simple harmonic form

F(t) = Fye'. (3.2)

3.1 Phase-locked states.

When F(t) has the harmonic form (3.2), the forcing strength F may be taken
to be real and positive without loss of generality. Furthermore, in this case
the constant c; may be incorporated in w or vice versa. The most general

form of the LE with a harmonic forcing therefore becomes

?.% — 1+ (1 +icg) [V U = Fyet, (3.3)

For Fy = 0 (unforced system) the solution of (3.3) will relax on the stable
limit cycle Woo(t) = exp(—icst + i), where « is determined by the initial
condition. We are interested in phase-locked solutions of the form

U, (t) = AL exp(iwt + ig). (3.4)

It is easy to see that such solutions exist for all ¢3, Fy and w, and can be

found from the following equations:

F}=[(-1+ A42)" + (w+ c343)%] 43, (3.5)
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w + CgA%

¢ = - tan‘l (—mj) . (36)

To study the linear stability of these phase-locked states we add a small
perturbation 6¥(¢) to (3.4) and linearize the equation of motion for §¥(t).

The linearized equation of motion for ¥(¢) has solutions of the form
SW(t) = (ae + beP™)e™t. (3.7)

For stability of the phase-locked states we have to require Rep < 0, this gives

the stability criterion

~1+4243 >0 (3.8)
(w+ 2c3A2)2 4+ (-1 +242)2 - (1+c2)A] > 0. (3.9)

The phase diagram, that is, a figure in the Fy — w plane which illustrates
the different possible stable states, may be categorized into three different
classes, the relevant parameter being the natural frequency c; of the unforced
equation. The different classes are c2 < 1/3, 1/3 < c2 < 3 and ¢Z > 3. The
proof of this involves some algebra.

First we observe that (3.5) may be interpreted as defining Fy as function

of Ay with parameters w and c3, let us denote this function by f, ., (AL).
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Figure 3.1: The function f, c,(Ar) for ¢z = 1.1, w = —0.9.

The function f,.,(A) has extrema in

2(1 - C3£¢J) + \/1?(1 — Csw)2 - 3(1 + Cg)(l T w2) 1/2

L= 3(1 + c2)

(3.10)

A plot of f,c,(AL) for ¢ = 1.1, w = —0.9 is shown in figure 3.1. To make
things not more confusing than necessary we asume for now that ¢z > 0.

The extrema of f,,(AL) exist only for w’ < w < W/, and ¢ < 3, or for
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w < W' and ¢ > 3, where

(3.11)

The stability criterion (3.9) implies A2 < A%_ or A2 > A? . Further it is
so that A2, > 1/2 for o’ < w < W), if c3 < 1/V3, for ' < w < wy if
1/V3 < 3 < V3 and for w < wy if ¢3 > V3. Also, A3_ > 1/2 forw < w_ or
w > wy if g < 1/v/3 and for w < w_ if ¢z > 1/\/§ The newly introduced

frequenties w4 are given by

1
W4 = —C3 + 5 1+ Cg. (312)

Finally, the following inequalities hold

W, > w; forallc
(3.13)

W < w_ for e <3

Putting all the observations made above together we deduce that if ¢5 < 1/ V3
two closed bistable regions are present for w’ < w < w_, and w; < w < W,.
Bistable regions being regions in the Fy — w plane in which there exist two
different stable phase-locked states of the form (3.4). For 1/v/3 < ¢3 < V3
one closed bistable region is present for v’ < w < w_. If ¢z > /3 one open

bistable region is present for w < w_. We may, based on the bistable regions,
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classify the phase diagram into three classes: ¢z < 1/ V3,1 / V3 <e3<V3
and c3 > V3.

The different classes of the phase diagram have in common that for
w & —c;3 the line on which bifurcations involving a stable phase-locked state
occur Fy (w) = fu.es(ALs) o |wes|. Forw far away from w, and/or w/, bifur-
cations of the phase-locked state occurs on the line Fi/2(w) = fu e (1/V/2)
lw + 2cs).

Summerizing we can say that bifurcations involving the phase-locked
states occur on the lines F(w), F_(w) and Fj;(w), where F, and Fj,
have been defined above and F_(w) = f, ¢, (AL-). The relevant lines depend
on the actual value of w. The relevant w ranges for the different lines are
given in table 3.1. For some values of w all three lines are present, forniing
the bistable regions.

Typical phase diagrams are shown in figure 3.2. In the regions marked
L there is one and only one stable phase-locked state of the form (3.4). The
regions marked B are the bistable regions. In the regions marked P stable
phase-locked states of the form (3.4) do not exist.

So far, all our observations were made for ¢3 > 0. The inclusion of

the situation for ¢; < 0 can now simply be made by using symmetry ar-
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Bifurcation 2 <1/3 1/3<ct<3 c:>3
Fija(w) W >wp,w<w_ |[wDwy,w<w_ |w>w,,w<w_
Fi(w) W <w< W w <w<wy w< wy
F_(w) w <w<w- w <w<w- w< wo

wp <w < W)

Table 3.1: Lines on which bifurcations occur (left column) and their relevant
w range for the three different classes of the phase diagram. The frequenties
wy and W are given by wy = —c3 £ 34/1+ 3 and W} = —_ic-g‘%%ﬁg—) The

table is for ¢z > 0, to obtain the results for ¢3 < 0 one simply has to change

wi — wg and Wi — Wl
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guments. We observe that the equations on which we based our conclu-
sions, equations (3.5), (3.8) and (3.9), are invariant under the transforma-
tion (w,c3) - (—w, —c3). Therefore our analyses for a ¢z > 0 is unaltered
for é3 = —c3 provided we put &; = w; and @} = w.. This implies that
the phase diagram for a ¢; < 0 is obtained by reflection in w = 0 of the
diagram belonging to ¢ = —¢;. The solution ¥ (¢) belonging to a certain
(—c3, —w) pair is however not the same as the solution belonging to (c3,w)
but undergoes a phase shift; ¢(—c3, —w) = —¢(c3,w). This property may
infact be generelized to hold for any solution of the forced Landau equation
and not just for the phase-locked states ¥y, provided F(t) is of the simple
form (3.2).

The property we have in mind is that if ¥, 4 (t) is a solution of the forced

LE (3.3) belonging to the parameters (Fp, c3,w), then ¥y, _(t) with

Re \I/L’_(t) = Re ‘I/L,+(t)

ImV¥,_(t) = —ImV¥,(t) (3.14)

is a solution of the same equation belonging to the parameters (Fy, —c3, —w).
From the stability conditions (3.8) and (3.9) it follows that ¥, _ has the same

stability properties as ¥y, .. We have already seen the implications of this
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property for the phase-locked states ¥;,. For the phase diagram in general it
means that the bifurcations occurring for ¢; < 0 will be qualitatively the same
as for c3 > 0, with this difference that the trajectories (curves in the complex
plane) will be reflected with respect to the real axis, clockwise oriented cycles
becoming anti-clockwise oriented etc..

The property mentioned above is important for our further analyses of
solutions of (3.3), which will follow in the next section and for which we
almost entirely have to rely on numerical results. Thanks this property it

suffices to analyze the behaviour for ¢ > 0.
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3.2 The complete phase diagram.

Outside the regions L and B, that is in the region P, phase locked states ¥,
do still exist they are however never stable. For a discussion of the phase

diagram of (3.3) in general it is useful to make the transformation
u(t) = W(t)e ™" (3.15)
The equation for u(t) is then autonomous:

% — 1+ iw+ (1 + ics) |[ul*| u(t) = F, (3.16)

and the phase locked states ¥, appear as critical points u;, = Ape' of this
equation.

We have integrated (3.16) numerically using a Runge-Kutta method. In
order to make the search for limit cycles and other possible stable solutions
a responsible one, we have performed a complete analyses of the critical
points of (3.16). The details are given in Appendix A. Our conclusions are
as follows.

In the regions L and B the critical points that are positive attractors are
either nodes or spirals, dependent on the parameters c3, w and Fy. The criti-

cal point with the property A;_ < Ay < A, is a saddle point. Codimension
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two bifurcations occur in the points F_(w_) and F_(w,) for ¢3 < 1/3 and in
F_(w_) and F(w,) for ¢2 > 1/3.

The response of the Landau equation in region P is a periodic state (limit

cycle) up(t) with a period that can be shown to reduce to Tp — |w?+‘7::3| in the
Fy — 0 limit. The proof of this property is given in Appendix B.

Bistable regions B1, B2 and B3 occur, with structurally different flow
patterns, in each of which a stable phase locked state uy coexists with a
stable limit cycle up(t). The regions B1 also occur for ¢z = 0, see []. The
regions B2 and B3 exclusively occur for ¢2 > 1/3. Two BI regions are
present for c2 < 1/3 and one B1 region remains present for all ¢2 > 1/3.
Numerically we find that B1 is bounded by Fj/;(w) and F,(w) presisely
as observed for ¢3 = 0. For one of its boundaries however, we were not
able to find an analytic expression, it is roughly indicated by a dashed line.
Regions B2 and B3 (figure 1.f) are bounded by Fi(w) and Fy/2(w) partially.
Point b is numerically found to coincide with F, (w. ), a point of codimension
two bifurcation. The dashed lines shown as boundaries of B2 and B3 are
obtained numerically.

Details of the various bifurcations occurring for ¢ < 1/3 are not different

from the case that ¢; = 0, which is discussed in [37], and we will refrain from
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further description here. Also the various bifurcations occurring for ¢ > 1/3
for as far as they do not involve B2 or B3, do not qualitatively differ from
the c3 = 0 case and will not be further discussed here. Bifurcations involving
the regions B2 or B3 do present new fearures not present for ¢z = 0 and we
will discuss them in some detail.

Going from L to B2 or B3 (see figure 3.2.f) we observe a bifurcation from
a situation with one sink (phase locked state) to a bistable situation with a
sink and a limit cycle. On a-e-d a saddleloop occurs, on d-c a saddleloop
and saddlenode occur simultaniously. See figure 3.4c and d respectively. In
B2 the region of attraction for the sink is formed by the heteroclinic orbits
between the saddle and the source, figure 3.4f and figure 3.3b for a realistic
plot. In B3 the region of attraction for the sink is formed by a repelling
closed orbit, figure 3.4g and figure 3.3a. Going from B2 to B3 a saddleloop
occurs on b-e, forming the region of attraction for the sink in this case, figure
3.4e.

When entering P from B2, the sink is eliminated on a-b by a saddle-node
bifurcation, leaving only a stable limit cylcle and a source in P. See figure
3.4h and j. The saddlenode does not lie on the limit cycle, contrary to the

situation on F, left of a, where the saddlenode does lie on the limit cycle.
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When entering P from B3 the repelling closed orbit shrinks to a point on
b-c, leaving in P in the region bounded by b-c-f a stable limit cycle, a saddle
and two sources. See figure 3.4i and k. Saddle-node bifurcations occur on -
b-c-f, leaving the limit cycle and a source in P outside b-c-f. An ordinary
Hopf bifurcation occurs on Fj/, right of point c.

Returning to the original equation (3.3) for ¥(¢), the existence of a unique
periodic solution up(t) in the regions B1, B2, B3 and P implies that equa-
tion (3.3) has a unique quasi-periodic state ¥gp(t) = up(t)e™* in these
regions. The state Wqp(t) reduces to a periodic state with a period equal

to n x (period of the forcing) whenever n 2 = m Tp, where Tp is the

|w]
period of the periodic state up and m and n are integers. Frequenty locking
is however not expected to occur because of the following. The equation
(3.16) for u(t) is isotropic in time, a translation in time leaves the equation
invariant. The "natural frequency” of the equation in region P, wp = 27/Tp
is therefore expected to vary continuously as function of w, Fy and c3 ruling
out the possibility of frequency locking. We have tested this hypothesis for
various values of m and n and the result was positive; no frequency locking

was observed within the numerical accuracy.

The situation changes if F(t) is of a more general periodic form. In
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that case it is not possible to transform (3.3) to an autonomous equation.
So besides a "natural frequency” an external frequency will occur in the
equation for ¥(t) or any transformation of it. Therefore frequency locking is
likely to occur in this situation. We have analyzed (numerically) (3.1) for a

forcing of the form

F(t) = Fy(co + €“%). (3.17)

The outlines of the phase diagram were obtained by using a Fast Fourier
Transform, for details see Appendix C.2. The result for ¢g = 0.1, ¢; = 0,
¢z = —1 is shown in figure 3.5.a The shape of the phase locked region is not
too different from the situation for ¢¢ = 0 because we have kept co small.
Close observation of the region P however shows that frequency locking now

does occur, see figure 3.5.b for m =2, n = 3.
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Figure 3.2: (Next page) Typical phase diagrams for the forced Landau equa-
tion. The different panels are for different values of the natural frequency c3
representative for the different classes, panels (a), (b), (c) ¢z = 0.1; panel (d)
c3 = 1.1; panel (e) cz = 2.1. The panels (b) and (c) show the two bistable
regions present for c; = 0.1 in detail. Panel (f) shows the, in the global pic-
ture invisible, bistable regions B2 and B3 for ¢; = 10.1. The diagrams are
for c3 > 0, the corresponding diagrams for ¢; < 0 are obtained by reflection
in w = 0, as explained in the text. In region L there is one stable state ¥,
while in the bistable region B there are two different stable states ¥;. In
the region labeled P the states W, are unstable, here there exists one stable
periodic state (section 3.2). Analytic expressions for the lines Fj;, and F.
are given in the text (see also table 1). The existence of the stable periodic
state extends slightly into region L forming bistable regions B1, B2 and B3
in which ¥ and ¥p are both stable. We find numerically that they are
bounded by Fj/, F, F_ and the dashed lines, for which we have no analytic

expressions available.
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(a) FLOW W REGION B3
T T \ T

Figure 3.3a

Figure 3.3: Flow for the harmonically forced LE in the complex u—plane in
region B3 (panel a) and region B2 (panel b) of the phase diagram (figure
3.2f). The repelling closed orbit occurring in region B3 is represented by a

dashed line.
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In L below F_ : sink, saddle,
source.

In L above F_ : sink.

()

(d)

Figure 3.4a-d

On a-e-d: saddleloop, sink ,source. On d-c: saddleloop, saddlenode,

sink, source.

Figure 3.4: Schematic pictures of the flow in the complex u—plane for the

harmonically forced LE going from a phase-locked state (fixed point) to a

limit cycle, passing through regions B2 and B3 (figure 3.2f).
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On b-e: saddleloop, sink, source,

limit cycle.

In B2: saddle, sink, source, In B3: saddle, sink, source,

limit cycle. limit cycle, repelling closed orbit.

Figure 3.4e-g
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On a-b, saddlenode, source,
limit cycle.

On b-c, saddle, centre, limit cycle,
source.

0)

W 7

In P outside b-c-f, source,
limit cycle.

Figure 3.4h-k

In P inside b-c-f, two sources,
saddle, limit cycle.




60

Figure 3.5a

Figure 3.5: The phase-locked region (region L) and frequency-locked region
(region FL) of the forced LE with forcing F'(t) = Fy(co + e**), for ¢g = 0.1,
¢; = 0, c3 = —1. The shape of the phase-locked region is similar to the
situation for ¢ = 0, i.e. the harmonically forced LE, figure 3.2d. In the

region marked QP there is a quasi-periodic state.
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Chapter 4

Harmonically forced pulse

solutions.

In this chapter we will consider the CGLE for the situation where the forcing
is localized in space and harmonic in time. We recall the general form,

equation (1.1), in the presence of a harmonic forcing,

—Q——-a—/\a—2+ﬁ|\Ifl2 ¥ = Fpe™! (4.1)
ot dz? o '

We will confine ourself to extended systems, which are systems with length
! — oo. Unlike for the LE, where we could rely on analytic results obtained

for the phase-locked states, the analyses of the CGLE presented in this chap-
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ter will be, even for the phase-locked states, almost completely numerical.
In a numerical simulation the system is at best an approzimated extended
system. Therefore to obtain results valid for the true extended system, one
carefully has to verify their dependence on the system length [, or rather
their independence of [ as | = oco. For the analyses in space we will use a
Fourier series expansion which implies periodic boundary condition on say
the interval [—1/2,1/2]. If the results pass the previous test, it is likely but not
however absolutely guaranteed that they do not change if one apprqaches the
limit [ — oo with different (i.e. not periodic) boundary conditions. We will
not dwell on this issue further in this work. Throughout periodic boundary
conditions are assumed. In what follows the presented.results have passed
the previously mentioned test and in that sense may be assumed to be valid
for extended systems.

Let us start the discussion in this chapter on a somewhat more general
level and drop the confinement to the supercrirical case. By introducing the
parameters y; = sign(Rec) and pp = sign(Ref) the CGLE may be written

after appropriate rescaling (z = (2#) 7', t = |Rec| ', ¥ = |Rec/Ref[|/?* W)
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0 & , .
55— M= AL +ie) o + a1+ ics)| U2 ¥ = Fpe*t.  (4.2)

Where the primes are left out and c; = Im\/Rel, ¢c; = Imf3/Ref3, further
Imo is omitted since it may be incorporated in the forcing frequency because

the forcing is harmonic in time. The parameter A is the cut-off parameter

(27)2Re)

A= THReo]

(4.3)

As mentioned already, in order to approximate the extended system, we have
to make ! sufficiently large (or equivalently A sufficiently small) so that the
results do no longer depend on it. This implies in any case that he parameter
[ has to be several times larger than the largest typical length scale in the
problem. This could for instance be an external length scale like the width
of the forcing, but also, which is more difficult to evaluate, a dynamically
established lenth scale in a particular parameter range.

In this chapter an ettempt will be made to give a description of the phase
diagram belonging to (4.2). In section 4.1 we will discuss the impossibility of
stationary pulse solutions, forced or unforced, of equation (4.2) when g, and
o are constants. In section 4.2 we will discuss the situation for a spatially

dependent linear growth rate Reo and the unforced stationary pulse solutions
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of (4.2) for that case. The forced solutions for this situation as well as the

behaviour in the Fy-w plane of the phase diagram will be discussed in section

4.3.

4.1 Stationary and phase-locked pulses for con-

stant linear growth rate.

We will first discuss the unforced equation (4.2) and ask if there are any sta-

tionary pulse solutions, that is, solutions localized in space with a harmonic

time dependence. Inspired by the solutions mentioned in reference [38] for

the nonlinear Schrédinger equation, one finds that the stationary pulses

P(z,t) = Ag [sech(Kz)]'T™
satisfy the unforced CGLE when
K2 = A—lul(QQCQ -1+ 02)_1,

Q= AK?*(2a + c3(1 — o)),
Ag = —K2ﬂ203A(3a + 02(2 - 012)),

a=-A+(2+A%H/?

(4.4)

(4.5)
(4.6)
(4.7)

(4.8)
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3(1 + CQC3)
2(c3 —¢3)

Note that K scales as A~'/2 which make 2 and Ay independent of A, so

A= (4.9)
that the criterion that he solution should not depend on !l as [ — oo is
trivially satisfied in this case. The existence of the pulse solutions (4.4) is not
immediately clear however, because of their rather complicated dependence
on the parameters. We will discuss this first and after that we will discuss
their stability.

The solutions (4.4) are obviously guaranteed to exist whenever
At (2oc, — 1+ 021 >0 (4.10)

and

—u2caA(3a + c3(2 — @?)) > 0. (4.11)

Although these inequalities look rather cumbersome at this point because a
depends on ¢; and c3 in a not very trivial way, it turns out that things are
not that bad. We observe that for validity of (4.10) and (4.11) the location
of a with respect to the intervals (o’ ,c/,) and (o”,a”) is of importance,
where

y(co) =cz £ /2 +1 (4.12)
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and

ol () = % [1 + 1+ gcg} . (4.13)
Let’s from now on refer to the a that actually solves the equation as a., that
is

ar = —-A+(2+A%)2 (4.14)
If we interpret the expressions (4.12), (4.13) and (4.14) as describing curves
in the a-cy plane with c3 as parameter, then it is possible to show that these

curves never intersect if |c3| < 3. If c3 > 3 the curves o/, and a_ intersect in

two points, say c5, and c;_, which are the solutions of
—A—-V2+A%2=cy+/1+E (4.15)

If c < —3 the curves a_ and o' intersect in two points, say ¢4, and cj_

which are the solutions of
—A-V2+AZ=c -1+ (4.16)

One checks easily that cj, = —¢5. This symmetry property was not used
in our reasoning above in order to make things not unnecessarily confusing.
Typical curves oy, o and o/ are shown in figure 4.1 and 4.2 for |c3| < 3

and |c3| > 3 respectively.
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A | peA | les] <3 les| > 3
+ + all Co all Co
+ | - ¢ < cg <y (c3>0)

¢ <cy<cy, (c3<0)

— | = | alleg |ep>dy0orea<cy (c3>0)

cg >y, orcy <cy_ (c3<0)

Table 4.1: Existence of the stationary pulse solutions (4.4) as function of
the parameters cg, c3, 41, 42 and A. Empty fields indicate that a solution

of the form (4.4) does not exist, otherwise the range of existence in the c;

parameter space is given.

Simple book keeping now allows us to derive the regions in parameter
space for which the pulse solutions (4.4) exist. The results are shown in
table (4.1). We see from table (4.1) that for (1A, upA) = (—, +) no pulses
of the form (4.4) exist, while for (uA, poA) = (+, +) pulses of the form (4.4)
exist for all parameter values ¢, and c3. For other choices of (u)A, poA) their
existence is limited to certain regions in (cq, c3) parameter space.

Next we will discuss the stability of the solutions (4.4). We linearize (4.2)
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Figure 4.1: The curves a4, o/, and ¢!, as function of ¢; for ¢3 = 2 (panel a
+ +

and ¢3 = —2 (panel b).
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Figure 4.2: The curves o, o/, and o] as function of ¢; for c3 = 5 (panel a)

and c3 = —5 (panel b).
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around the pulse solutions (4.4),
U(z,t) = P(z,t) + 0¥(z,t). (4.17)

This yields the equation

d 0*

gt- il 7 A(l + iCQ)—a—mE + 2‘11.2(1 + ZCg)|P|2] (5\1/(.’1),2:)

+po(1 + ic3) P26W*(z,t) = 0. (4.18)

This equation may be solved by Fourier transformation via
5U(z, t) = €My (k)@ 4 p(k)er" Rli=ke) (4.19)
k

The dispersion relation p(k) follows from det(S) = 0, where

g (p(k) + 0 — M+ Akz(l -+ iCz))(sk,k’ =+ 2#2(1 + ng)(|P|2)k_kl
kk! =

pa(1 ~ ica) (P*))e-w

pa(1 + icg) (P?) kg
, (4.20)

(p(k) — i — py + Ak%(L — ico)) 0k pr + 2u2(1 — ic3) (|P|?)k-x
where P(z) = P(z,t)e . The requirement for stability is max(Rep(k)) <
0. It is a simple matter to solve this numerically for the parameter values

¢z, C3, M1, M2 and A for which the pulses P(z,t) exist. There are however

a few things one has to be aware of. First, the degeneracy present in table



72

(4.1) with respect- to A is not present in the actual solution. For instance, the
parameter choices (i1, 2, A) = (1,1,—1) and (g, po, A) = (=1,—1,1) are
represented by one field in table (4.1), although they actually correspond to
two different solutions. Since this degeneracy is also not explicitely present
in (4.20) one has to look at these solutions seperately to decide upon their
stability. Second, one has to make sure that the dispersion relation p(k)
converges both when A — 0 and when the number of Fourier components is
increased. For most cases a convergence of at least six significant figures of
maﬁ(Re(p(k))) is achieved when |P((/2)|/|P(0)| ~ 10~ and the number of
Fourier components is 64.

Testing the linear stabililty in the manner just described resulted in a
negative answer in all cases. None of the existing pulses P(z,t) were found
to be stable. This is not too surprising for situations where p;A > 0 since
the trivial solution (¥ = 0) is unstable in such cases. However, there are also
situations for which the trivial solution is stable and all pulses of the form
(4.4) are still unstable, for instance When ¢y =—-land A > 0.

Having been unable to find any analytic stationary pulse solutions that
are stable, there remains the possibility to continue the search for them nu-

merically. In order to minimize the size of the eigenvalue problem, a Fourier
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transformation in space was used rather then a finite differences method.
Anticipating to find at least phase-locked pulses we include the forcing again

in the equation and write the solutions in the form ¥(z,t) = e*!¢(z,t) with

Zd)n e, (4.21)
and
onlt) = o [ ol@ ) ds. (1.22)
Equation (4.2) then becomes
i+ 55 =106 (6 (1 i) (6P (8) = e (423

The phase-locked solutions are then the stationary solutions of this equation
for which 8y¢, = 0. Their stability follows from det(S) = 0 where S is again
given by (4.20) with P — ¢, Q — w.

Details of the numerical solution method for the phase-locked solutions
of equation (4.23) are discussed in appendix C. The results of this numer-
ical analyses are as follows. Other than the analtytic pulse solutions (4.4)
for F' = 0, stationary pulses were not found to exist. In particular, for the
parameter regions where the pulses (4.4) do not exist, also unforced station-

ary pulse solutions were not found to exist numerically. When the forcing
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is included the situation is somewhat different. In the numerical search for

phase-locked pulses a Gaussian shaped forcing was used, given by
F(z) = Fpe @712, (4.24)

The situation for @ = 0 (constant forcing) was also scrutinized. Phase-locked
pulses were observed to exist for all values of u;, ueo, c2, c3, w ,& and suffi-
ciently large Fy. The result for their stability however was always negative;
all puls solutions that were observed to exist were found to be linearly un-
stable. Since a rather extensive parameter range was scanned, we may with
some confidence conclude that the CGLE contrary to the NLSE, has no sta-
ble puls solutions, be it stationary (unforced) or phase-locked (forced). Some
(unstable) pulses are shown in figure (4.3).

The situation is not that extreme if a stabilizing fifth order nonlinearity
is included. In this case stable stationary pulses exist for the subcritical case
(2 = —1) below the bifurcation (u; = —1). There is usually a significant
parameter range for which these pulses exist, see [13].

Rather than taking into account higher order terms in the CGLE, we will
consider in the next section an other situation for which it allows for stable

stationary and phase-locked pulses to exist.
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Figure 4.3: Some (unstable) pulse solutions, unforced (panel a) with ¢ = 4.5,
c3 =1, py = —1, gp = —1 and A = 0.01, forced (panel b) with same c3 and

o and py =1, A = -0.01, w = —-0.69, @ = 0.3 and Fp = 0.001.
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4.2 Space dependent linear growth rate, un-

forced pulses.

In this section we will discuss the situation when the linear growth rate
Reo is space dependent, such that Res > 0 in a confined region of space
and Reo < 0 elsewhere. We will leave out the forcing and only discuss the
unforced solutions in this section. The forced system will be discussed in the
next section. We will take the growth rate to be of a Gaussian shape and we
will exclusively consider the supercritical case (up = 1). The most general

form of u, is then after proper rescaling
pi(z) = -1 + E(z), (4.25)

where

S(z) = See K72, (4.26)

The dimensionless parameter K is the width of the growth rate in factors of

1/2 1/2
%&'ﬁl' ", that is Kum = K IE%@ 72 Where o(o0) = o(x — +00). The

parameter K thus defines an external length scale for energy injection in the
system, lp ~ 1/K.

The parameter K also defines in effect the size of the system. As discussed
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in chapter 1, the system size may be defined in reference to the dissipation
length lp. Small, intermediate size and large systems are then respectively
systems for which the system length | < lp, | = lp and | > lp. In our
case one expects the length scale on which disorder could be present to be at
most of the order of 1/K, which will be also confirmed by the results we will
discuss below. As we will see, the growth rate (4.25) admits pulse solutions
with a width of the order of 1/K to exist. A proper measure to compare the
correlation length with regarding the classification of size is therefore 1/K in
this case and not the system length. From global inspection one finds that
small systems are systems with K ~ 106, intermediate size have K ~ 1072
and for large systems K ~ 10~3. This of course for reasonable (~ 1) values
for the parameters ¢y, c3 and L. To get an impression of the behaviour
for the different system sizes we will consider three different values of the
parameter K; K = 0.3 (small), K = 0.03 (intermediate size) and K = 0.003
(large). One should not confuse the fact that we distinguish different sizes
with the concept of the extended system. Our discussion is for extended
systems, and the convergence of the results as A — 0 has been verified. The
fact that we in spite of this still need to make a classification into different

sizes naturally arises because of the nonuniformity of the equation. This in
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contrast to the situdtion where the equation has constant coefficients, when
the extended system is identical to a large system.

The numerical integration of the CGLE with the growth rate (4.25) was
performed with a predictor-corrector scheme in time. The spatial part was
treated with a pseudo-spectral method combined with Fast Fourier transfor-
mation [39], see appendix C.3. As mentioned already, the Fourier transfor-

mation used implies periodic boundary conditions on a finite interval,
U(x+1,t) =¥(z,t). (4.27)

For each set of parameters considered the equation has been integrated

twice, starting from two different initial conditions given by
U(z,t =0) = Yo N7 4 e, (4.28)

where ¥y = 1, ¥, = 0.2 and ¢ = K or ¢ = 10K. The motivation for these
initial conditions is that starting from various initial conditions one usually
finds that pulses with a width of the order 1/ K exist. By integrating not only
for ¢ = K but also for ¢ = 10K one gets some impression (albeit a severely
limited one of course) of the region of attraction of the solution obtained for

g = K. The long wavelenghth disturbance term ¥,e*® is added in order to
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avoid parity symmetry in the initial condition. Besides its practical insignif-
icance, the presence of parity symmetry in the initial condition sometimes
also unneccesarily introduces long-lived transients.

To analyze the spatio-temporal dynamics of the solutions their power
spectrum [40] P(w) has been computed for various positions x. Another
quantity that was computed when appropriate is the defect distribution func-
tion d(z), the probability distribution for a defect occurrence at position z,
see also chapter 1. Finally, information about the spatial and temporal cor-

relations is obtained from computation of the following correlation functions,

< U*(z,t)¥(x',t) > — < U*(z,t) >< ¥(2',t) >

< |¥(z,t)] >< |¥(z, t)] > (4.29)

D(z,z') =
and

Clz,t,t') =< ¥*(z,t)¥(z,t') > — < U¥(z,t) >< ¥(z,t') > . (4.30)
The brackets < - > stand for averaging over time,

< f(t) —hm—/ f(t+7)d (4.31)

T—oo T

The temporal correlation function C(z,t,t') has the property that it de-

pends on z because of the non-uniformity of the system and on ¢ — t' rather



80

than t and ¢’ seperately because of the time isotropy. A more detailed dis-
cussion of this will be given in the next chapter. Further, C(z,t,t') is quasi-
periodic in t — t' if ¥(z, t) is quasi-periodic in ¢ and |C(z,t,t')| is constant if
U(z,t) is stationary with w # 0, finally C(z,t,t') = 0 if ¥ is time indepen-
dent.

The spatial correlation function D(z, z') does not depend on time because
of the time isotropy. It does however depend on both z and z' and not just
on z — z’ because of the non-uniformity of the system. The denominator
in its definition is included to correct for any structure (decay) that might
occur solely because of the spatial envelope of the solution. Defined as in
(4.29), |D(z,z')] = 1 for stationary states with w # 0 and D(z,2') = 0
for time independent states. In this way it is assured that any structure
(decay) occurring in D(z,z') has to be a result from either quasi-periodic
or chaotic behaviour in time or quasi-periodic or disorderded behaviour in
space or both.

One final remark is in place concerning the definitions of the correla-
tion functions C and D. When applying them to solutions ¥(z,t) of the
forced system (4.2) the time isotropy is not present. However, by making

the transformation ¥(x,t) = e“‘¢(z,t) the resulting equation for ¢(z,t) is
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again isotropic in time. Using this one easily checks that the properties of C
and D mentioned above are valid for the forced solutions as well. It is here
essential that one computes the correlation functions for ¥ rather than for
0.

We will now discuss the results of the numerical integration. We will
discuss the bifurcations observed if we vary the growth rate ¥y while keeping
the remaining parameters K, c; and c; fixed. In our discussion below ¢3 = 1,
¢z = —1. As mentioned earlier, we will look at a small, intermediate size and
a large system. Each system size leads to quite different behaviour and we

will therefore look at them seperately.

4.2.1 Small systems.

As an example for the behaviour in an unforced small system with the Gaus-
sian growth rate given by (4.25), (4.26) we will discuss the situation when the
parameter K = 0.3. A schematic presentation of the bifurcations observed
as X is varied is shown figure 4.4. For 0 < ¥y < 1.4 the trivial solution
¥ = 0 is obtained from both initial conditions. Between ¥, = 1.4 and

¥y = 3.35 a stable stationary pulse ¥(z,t) = ¢(z)e™" exists. The pulse has
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Figure 4.4: Bifurcation sequence of the CGLE with spatial dependent growth
rate given by (4.25) and (4.26) in a small system with K = 0.3, c; = —1,
c3 = 1 as function of X, observed starting from the two different initial

conditions given by (4.28).
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inversion symmetry; ¢(z) = ¢(—z). At Xp = 3.35 the inversion symmetry is
(spontaneously) broken, the solution remains however locked-in in time and
is stable up to £y = 6.4 In the interval 4.1 < ¥p < 5.1 a second solution
exist. This solution is not symmetric in space and displays a two frequency
quasi-periodic motion in time. Some typical plots of solutions obtained for
Yo < 6.4 are shown in figure 4.5.

For £y > 6.4 the stationary solution becomes unstable. A piece of the
time series for z = 0 (center of system) and a snapshot of ¥ are shown
in figure 4.6 for Xy = 7. Figure 4.7 shows the power spectrum for different
locations in the system, from their different appearence we may conclude that
the motion is incoherent in space; ¥(z, t) displays a different time dependence
for different z, disregarding any amplitude and phase differences.

An indication that the motion is however not disordered in space for
o = 7 is provided by the correlation function D(z,z'). A plot of |D(z, z'}|
is shown in figure 4.8 for some positions z. Clearly {D| does not display any
significant decay on a scale comparable with the size of the pulse width. If we
evaluate the correlation length based on exponential decay, |D| ~ e~1e==1/%,
we find £ = 6.5 which is about half the size of the pulse width of the solution

in this case.
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Figure 4.9 shows the power spectrum at = 0 as X, increases. We
observe that the fundamental mode and its harmonics gradually vanish as
Yo becomes larger, indicating the transition to chaotic behaviour in time via
the intermittency route. A stretch of regular behaviour in the intermittency
region is visible in figure 4.6.

The correlation function C(z,t,t') for z = 0 is shown in figure 4.10 for
Yo = 7 and ¥y = 37. The temporal correlations display a sharp decay for
small ¢t — ¢’ which eventually saturates. This behaviour is rather typical and
is I;resent for all £y > 6.4, not only in the chaotic region but also in the in-
termittency region. As the transition to chaos takes place the characteristic
time for the initial decay of C(z,t,t’) strongly decreases. Assuming expo-
nential decay, |C| ~ e~ t=¢l/" we find 7 = 2 for £y = 17 and 7 = 0.2 for
Lo = 37.

As discussed in the introduction, there are in general two ways in which
spatio-temporal chaos can occur. One is by increasiﬁg the system length
to larger and larger values until the correlation length is sufficiently smaller
than the system size. The other way is to increase the controll parameter
(for instance the Reynold’s number in fluid mechanics) to larger and larger

values to achieve the same effect. In our case at hand we may identify the
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controll parameter with . One would therefore expect a transition from
temporal to spatio-temporal chaos as we increase ¥.

Figure 4.11 shows the spatial correlation function D as ¥, increases from
7 to 37. We clearly observe the transition to a correlation function which
decays sharply for small |z — z'| and then saturates, displaying flat shoulders
for large |z — z'|. If we evaluate the characteristic length with which the
initial decay takes place, assuming exponential decay, we obtain £ = 10 for
Yo = 37. This is considerably smaller than the pulse width in this case, so
that we may conclude that a transition to spatio-temporal chaos indeed takes
place as ¥ increases.

We discussed in chapter 1 that as far as the behaviour of the ordinary
supercritical CGLE () = pg = 1) is concerned, two different kinds of spatio-
temporal chaos are observed: ”amplitude chaos” and ”phase-chaos”. The
difference between the two being the presence of defects; space-time events
where ¥ = 0. Defects are not present in a state of phase-chaos. These
classifications require a more or less disordered spatial behaviour. In the
present situation the external length scale for energy injection is obviously
not large enough to allow for spatial disorder for say ¥y < 30. Defects

are however present as soon as the motion shows intermittency, that is for
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Yo > 6.4. They are infact also present in the quasi-periodic state observed
for 4.1 < ¥y < 5.1, but they do not occur in the stationary states.

Some defects are shown in figure 4.12, note the 7 phase jump at he
location of the defect where ¥ = 0. A plot of the defect distribution function
for ¥y = 7 is shown in figure 4.13. From this figure we see that the defects
mainly occur in the region where the gréwth rate is positive as expected.
The defect distribution function however displays a lot of structure and it is
certainly not of a simple Gaussian shape. Defects gradually disappear as we
move into the regions where the growthrate is negative. From the z-¢ plots
of Re(¥(z,t)) = 0 and Im(¥(z,t)) = 0 shown in figure 4.14 we clearly see
that in the tails of the solution where it decays exponentially, the defects
are in fact size effects; they occur because of the boundaries of the system.
Also the regular behaviour in the intermittency is clearly observable in the

structure of the defect locations in the z-t plane (figure (4.14a).
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Figure 4.5: Snapshots of two stationary solutions, ¥y = 3 (panel a) and

o = 5.5 (panel b). The frequenties of the solutions are respectively wy = 1.05

and wy = 1.26.
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Figure 4.6: A typical period of regular motion in the otherwise chaotic time

series of ¥(0,t) for ¥y = 7.
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Figure 4.7: (Next page) Power spectra of Re¥(z,t) at z = 0 (panel a)
and z = —3.8 (panel b) for ¥y = 7. The corresponding temporal correlation

functions C(0, t,t') and C(—3.8,¢,t') are shown in panels ¢ and d respectively.
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Figure 4.8: The spatial correlation function D(0, z') (panel a) and a snapshot

of U(xz,t) (panel b) for ¥y = 7.
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Figure 4.9: Power spectra of Re¥ at z = 0 for £ = 17 (panel a) and 3y = 37

(panel b).
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Figure 4.10: The temporal correlation function C(0,¢,¢') for £3 = 17 (panel
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Figure 4.11: The spatial correlation function D(0,z') (panel a) and a snap-

shot of ¥(z,t) (panel b) for £y = 37.
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Figure 4.12: Typical defects occurring for 3y = 7, note the m phase jumps
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defects occur at intersections. Compare panel (a) and figure 4.6. Defects
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4.2.2 Intermediate size systems.

As example of the behaviour in an intermediate size system we will discuss the
situation where K = 0.03. The sequence of bifurcations observed as function
of ¥ is schematically indicated in figure 4.15. Both initial conditions lead
to the trivial solution ¥ = 0 for 0 < Xy < 1.02. For 1.02 < ¥3 < 1.15 a
stationary pulse solution again exist which is symmetric, ¥(z,t) = ¥(—z, t).
The parity breaking occurs at £y = 1.15 and a stationary non symmetric
pulse solution exist for 1.15 < ¥y < 1.32. This state bifurcates into a two
frequency quasi-periodic state which is of the form Ugp(z,t) = e*¢(z, t)
where ¢ is periodic in f,ime. It remains stable up to o = 1.38. At ¥, = 1.38
intermittency sets in and the motion becomes fully chaotic at ¥y = 1.4. Some
pictures of the behaviour for £y < 1.38 are shown in figure 4.16.

Defects are present in all states other than the stationary states. They
occur as soon as the motion becomes quasi-periodic. The spatio-temporal
behaviour of the chaotic states is quite different from what is observed in
small systems (K = 0.3) as one would expect. Now there appear two distinct
regions in space, each with its own characteristic behaviour.

In the central region where the growth rate is positive, defects are present
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Lo
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Two frequency
1.32 o quasi-periodic puls
Stationary pulse
1.15 (parity broken)
1.02 | Stationary puls, ¥(z,t) = ¥(—z,1)
0 ¥=0
Figure 4.15

Figure 4.15: Bifurcation sequence of the CGLE with a spatially dependent
growth rate given by (4.25) and (4.26) in an intermediate size system with
K =0.03, c; = —1, ¢3 = 1 as function of Xy, observed starting from the two

different initial conditions given by (4.28).
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and the behaviour displays a transition to amplitude chaos via intermittency,
see figure 4.17. It is obvious that this is not the so-called spatio-temporal
intermittency mentioned in chapter 1. In the outer region where the growth
rate is negative and eventually approaches —1 as z — $o00, the amplitude
decays exponentiallly and becomes rapidly extremely small, =~ 10=2° at the
system boundaries in a typical simmulation. Defects occur here only because
of size effects, that is they occur close to the boundaries and because of the
boundary conditions.

Close to thé boimdaries between the two regions shoulders are present
in the outher regions, in which the time behaviour of |¥| for fixed = looks
like |¥(z,t)| = |Yo(z)| + a(z,t) where a(z,t) is small. See figure 4.18b.
Obviously, defects do not occur in these shoulders which are of significant
width, and this is therefore another observation suggesting that the defects
occurring in the outer regions are indeed size effects. As we approach the
boundaries between the central and outer regions from within the central
region the behaviour also changes, we will discuss this a little further on.

The power spectrum of Re¥(z,t) for z in the center of the system and
in an outer region is shown in figure 4.19 for £y = 3. We clearly observe

that the temporal behaviour at each position is very different. In the central
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Figure 4.16: (Next page) Snapshots of a stationary and a quasi-periodic pulse
for ¥y = 1.3 (a) and Iy = 1.37 (b) repectively. Panels ¢ and d (next page)
show the power spectra of ¥ and |¥| for £y = 1.37. The quasi-periodic pulse

may be written as ¥gp(z,t) = e*'¢(z,t), where ¢ is periodic in ¢.
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Figure 4.17: Time series of Re¥(0,t) and |¥(0,t)| in the intermittency region

for ¥p = 1.39.
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Figure 4.18: Snapshot of the chaotic pulse solution (a) and the spatial en-
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region the power spectrum displays chaotic motion. In the outer region the
power spectrum also illustrates chaotic motion with however the dominating
presence of one particular frequency say wg. The temporal correlation func-
tion C(z,t,t') for ¥y = 3 is shown in figure 4.20. For z in the central region
we observe decay for small ¢ — ¢’ and saturation for larger values. When z
is in the outer region no significant decay is present, at least not on a time
scale of the order of 27 /wy.

The spatial correlation function D(z,z') is shown in figure 4.21 for some
positions = and ¥y = 3. Also here the behaviour in the different spatial
regions is obvious. The spatial correlations decay when x and z’ are both in
the central region. If we assume this decay to be exponential we find for the
correlation length & = 5, which is about a factor 10 smaller than the pulse
width in this case. In the outer regions the situation is completely different.
When z and z’ are both in the same outer region D(z,z’) doesn’t show any
decay. When z and z’ are in different outer regions the spatial correlations
show a little ”jump” but also do not decay. Of course the boundary conditions
will have a strong influence on the size of this jump. Infact, one would expect
the behaviour in the left and right outer regions to be essentially uncorrelated

because of the decay of correlations in the central region. The fact that we
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don’t observe this is most likely a consequence of the finite system size and
the periodic boundary conditions.

The above observations lead us to the conclusions that in the central re-
gion a transition to amplitude chaos takes place at about ¥y = 1.4. The
intermitent behaviour occurring between the states of amplitude chaos and
quasi-periodic behaviour appears to be of a complicated nature. It can cer-
tainly not be classified as spatio-temporal intermittency [34], but on the
other hand it is also not clear it is of a simular nature as the intermittency
observed in low dimensional systems and mappings [41]. In the outer regions
the behaviour shows a transition to temporal chaos via quasi-periodicity and
intermittency. Here the intermittency appears to be more simular to what
is observed in low dimensional systems. Also, here the behaviour appears to
be coherent in space. In relation to this one should note that ¥ decays ex-
ponentially in the outer regions and in such a rapid manner that their actual
size is limited by the smallest reliable value allowed for [¥| in the simulation.
In the simulations performed in this work, the size of the outer regions was
too small to observe spatial disorder. We therefore can not make any clear
prediction concerning the possiblity for phase-chaos in the outer regions, al-

though it is certainly reasonable to expect that this behaviour might occur
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under certain conditions.

Fhe defect distribution function for ¥y = 3 is shown in figure 4.22. We
see that he boundaries between the central and outer regions are sharp as
far as the presence of defects is concerned. They are characterized by the
sudden disapearence of defects as we leave the central region. The actual
(analytical) defect distribution function therefore may be expected to have
a non zero value at a boundary. Is the defect presence abruptly ended,
other quantities may vary continuously as we pass it. For example, the
correlation time increases sharply as we approach a boundary from within
the central region (figure 4.20c), indicating a smooth transition to its value
in the outer region, which is expected to be very high but finite. Also, the
power spectrum clearly displays a superposition of the spectra characteristic

for the two regions as we approach the boundary.
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Figure 4.20: (Next page) The temporal correlation function C(z,t,t') for
Yo = 3 at the positions z = 0 (a), z = =9 (b), z = —22 (c¢) and z = —50.
For the location of these positions in the actual solution see figure 4.18, in

particular figure 4.18b.
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in the actual solution see figure 4.18, in particular figure 4.18b.
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Figure 4.22: The defect distribution function d(z) for £, = 3 (a) and the
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Figure 4.23: (Next page) The lines Re¥ = 0 and Im¥ = 0, defects occur
at intersections. The plots are for £y = 3 (a) and ¥y = 1.39 (b),(c). In
(a) the behaviour is chaotic in the central region. In (b) the behaviour
shows intermittency. The change from a period of regular motion to chaotic
behaviour similar to what is shown in figure 5.17a-b, occurs for instance at

t &~ 12400. The picture continues in (c).
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4.2.3 Large systems.

As example of the behaviour in a large system we will discuss the situation
where K = 0.003. The bifurcation sequence for this situation is shown
in figure 4.24. The trivial solution is only stable for negative growth rate.
As soon as p;(z) becomes positive locally ¥ = 0 becomes unstable and a
stationary and symmetric pulse solution emerges. This solution is stable
up to £y = 1.015, when parity breaking occurs. The new stable state is
a stationary non symmetric pulse which is stable up to Xy = 1.035. The
behaviour for X3 > 1.035 dispays features also observed in the previous
cases as well as new phenomena. For ¥y just above 1.035 the behaviour
looks similar to the chaotic behaviour observed for K = 0.3 and large %,.
The shoulders in |\¥| are not present and the decay of the spatial correlation
function is not very convincing. The motion therefore, although not coherent
over the length of the system, which is nbw of course much larger than for
the K = 0.3 case, does not show any spatial disorder. See figure 4.25. For
3o slightlly larger than 1.1 the spatial correlations show a more convincing
decay and shoulders are present in |¥|, the behaviour looks similar to the

chaotic state observed for K = 0.03. See figure 4.26.
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If we increase ¥y further we observe spatio-temporal intermittency [34].
See figure 4.27. A snapshot of |¥| shows a typical smooth behaviour with an
overall pulse shaped structure interrupted by sharp localized irregularities,
typical for spatio-temporal intermittency. The behaviour of |¥| in time is of
a similar nature, an overal constant (stationary) behaviour interrupted by
periods of irregular motion. The shoulders in |¥| however remain present
and the spatio-temporal intermittency therefore is only present in a localized
central region where the growth rate is positive. The behaviour in the outer
regions is as discussed for K = 0.03.

As ¥ is further increased two different correlation lengths appear to
be present, see figure 4.28. There is first a steep decay fore small z — z’
followed by a weaker deacy as z — x’ increases. This might indicate that the
central part of the central region is in a state of ampolitude chaos while the
remaining part is still in a state of spatio-temporal intermittency. I use the
phrase "might indicate” because this behaviour is not obvious from snapshots
of ¥(z,t). On the other hand, an other observation which is in favor of the
above conclusion is that the correlation time, deduced from C(z = 0,t,t)
assuming exponential decay, shows a sharp decrease if £j increases from 1.035

to 1.3, then pauses up to Xy = 2 after which it decreases again. See table
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4.2.
by T
1.05 | 550
1.1 | 300
1.3 | 50
2 50
3 25

Table 4.2: The correlation time 7 for C(0,t,t') as function of ¥y, the values

are obtained assuming exponential decay of |C|.

Defects are not present in the stationary states but were observed to exist
in all other states. Some plots of the lines Re¥ = 0 and ImW¥ = 0 are shown
in figure 4.29.

From the above results we see that there are many qualitative changes
in the behaviour in the systems of different sizes as ¥ is varied. I have not
extensively explored the change in behaviour as function of the parameters c;
and c3. However, the first impresions are that he bifurcation sequences do not
change too much qualitatively. The trend is that the growth rate amplitude

o at which the bifurcations occur, shifts to somewhat higher values when
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2o
Spatio-temporal chaos ?
Spatio-temporal intermittency
Spatio-temporal chaos
1.035 L. Temporal chaos
Stationary puls
1.015 (Parity broken)
1. | Stationary puls, ¥(z,¢) = ¥(~z,t)
0 |- =0
[Figure 4.24

Figure 4.24: Bifurcation sequence of equation of the CGLE with a spatially
dependent growth rate given by (4.25) and (4.26) in a large system with
K = 0.003, c; = —1, ¢ = 1 as function of Xy, observed starting from the

two different initial conditions given by (4.28).
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the product cycs is larger (taking also its sign into account). In the next

section we will discuss the situation in the presence of the forcing.
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Figure 4.25: Snapshot of ¥(z,t) (a) and plots of C(0,t,t') (b), D(0,z') (c)

and the spatial envelope of |¥(z,?)| (d), for £y = 1.05.
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Figure 4.26: (Next page) Snapshot of the chaotic pulse solution for £y = 1.1
(a) and the spatial envelope of |¥(z,t)| (b) for this case. Panels (c) and (d)
(next page) show respectively the temporal correlation function C(0,¢,t')

and the spatial correlation function D(0, z').
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Figure 4.27: (Next page) Snapshots of Re¥ (a), Im¥ (b), |¥| (c) and the
spatial envelope of |¥| (d) for £y = 2. Note the typical spatial behaviour
for spatio-temporal intermittency in panel (c¢). The correlation functions

C(0,t,t') and D(0,z') are shown in panels (e) and (f).
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138

1.6 . . , , , . T . .

14t (2) -

|¥| 12 rA -
1+ i

0.8 | -

0.6 |- -

041 -

0.2 -

0 1 | ! 1 ! 1 | i 1

—-500 —400 -300 -200 -100 O 100 200 300 400 500

0.5 I | i 1 ) I I I I
0 L (b) : .

log|D] -1} ,

—4 H | 1 i 1 | 1] | 1

-500 —400 —300 —200 -100 O 100 200 300 400 500

Figure 4.28¢c-d




139

X
50@ l1ll]l|ll]ll1l|llIl[lllllIIIIIIIII[lIII[IllI]IIII]llll|llll|llll[lll|
400 -
300 -
200 -
120 -
g i
-100 -
-200 S & e s "“‘\"@ SR T
S NS I A S A O A S A e
SN SN ST SN NS e e
\.—\\\__\\K\\ \——\_\\—\\
\\\ g )
-300 ) -
-400 —

lllIlllll|l|IIlllll'lllllllll[llIlllIll'llll'llllll[llllllllllll'lll‘l

S0P08 52050 50100 52150 50208 50252 50320 50350 58400 50450 508500 58552 50600 50650

t
Figure 4.29

Figure 4.29: The lines Re¥ = 0 and ImV¥ = 0 for the situation where the

behaviour shows spatio-temporal intermittency, Xo = 2.
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4.3 Phase-locked pulses, forced solutions.

We will now discuss solutions of the CGLE with the space dependent growth
rate given by (4.25) and (4.26) and non-zero harmonic external forcing. We
will consider three types of spatial forcing shapes; a Gaussian forcing given
by

F(z) = Fye ¥IN™'# (4.32)

a plane wave forcing given by
F(z) = FpelN ™2, (4.33)

and finally a constant forcing
F(z) = F. (4.34)

The variable z is again the dimensionless length, z € (-, 7). Further,
because of the periodic boundary conditions it has to be arranged such that
qJA|~'/? is an integer number. Otherwise we might create behaviour that
would be recognized as a size effect, but is infact present because of the
discontinuity of the forcing at the system boundary.

The first question we will address is : how much forcing does one min-

imally need, given c;, ¢3, £y and K, to create a phase-locked state with
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frequency w around the resonance frequency, for the different forcing types
(4.32), (4.33) and (4.34) ? An answer to this question is given in tables (4.3)
and (4.4) for the parameter choices w = —4, c2 = —1, ¢3 = 1, ¥p = 4, and
K = 0.3, 0.03 and 0.003.

The phase-locked states ¥y (z,t) = ¢ (z)e™* follow from equation (4.23)
with ¢ = ¢ and py — —pr + Zp—p. Numerical details of the solution
method are given in appendix C. The stability of the phase-locked states
folows from det(S) = 0 and max(Re(p(k))) < 0, where S is given by (4.20)
with the obvious substitutions.

The tables (4.3) and (4.4) illustrate the following behaviour, which I
found typical having looked at more parameter choices. For small systems
(K sufficiently large, width of growth rate sufficiently small), the minimium
required forcing remains of reasonable order and does not depend much on its
precise width in case of a Gaussian forcing. For intermediate size and large
systems the minimum required forcing in case of a Gaussian forcing takes on
exorbitantly large values as the forcing width becomes of the order of a few
times smaller than the growth rate width. As the forcing width increases the
minimum forcing takes on reasonable values again and doesn’t depend much

on its width, compare the results obtained for £ = K and k£ = 0. Finally,



K k Fy min
0.3 1.0 6.79
0.5 3.57
0.333 3.01
0 2.39

0.03 0.1 1.62 10°
0.05 28.0
0.0333 6.66
0 2.88

0.003 0.01 |1.8110°
0.005 31
0.00333 | 6.21
0 2.83
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Table 4.3: Minimum forcing strength required to create a phase-locked state

for the parameter choices as shown in the table and c; = ~1, ¢3 = 1, ¥y = 4,

w = —4. The constant forcing is represented by the k = 0 fields.
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K g | Fomin

0.03 || 0.035 | 2.89

01731 3.0
0.346 | 3.22
0.693 | 3.95

Table 4.4: Minimum forcing strength required to create a phase-locked state
in an intermediate size system with a plane wave forcing for the parameter

choices as shown in the table and co = -1, c3 =1, ¥ =4, w = —4.

we observe that the divergence of the minimum required forcing does not
occur for the plane wave forcing. The minimum forcing in this case does
infact depends only slightly on the wavelength of the plane wave and is of
the same order of magnitude as for a constant forcing, or Gaussian forcing
with a width comparable to the width of the growth rate.

Do the above results lead us to conclude that the precise shape of the
forcing has little influence on the minimally requiered forcing for a locked-in
state, provided the forcing is not much more localized then the growth rate,
this is of course not true for the shape of the locked-in state. One finds that

the shape of the locked-in state more or less follows the shape of the forcing
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in the regions where p; < 0 and is puls shaped in the localized region where
1 > 0. A localized forcing gives a locked-in state which is pulse shaped
and vanishes exponentially or faster as z — £o00. A constant forcing gives a
pulse shaped solution superposed on a constant, |¥| = ¢ as x — oo, while
a plane wave forcing results in a pulse shape where y; > 0 and a plane wave
with the same wave number as the forcing for z — +oc.

We will conclude this chapter with a discussion of the phase diagram of the
externally forced CGLE for the different forcing types mentioned previously.
The phase diagram now involves quite a number of parameters, cs, c3, %o,
K, Fy, w and k or q. One may hope that for some of them a discusion in
terms of different classes of the phaée diagram is a useful approach. We have
seen in chapter 3 that this for instance was possible for the LE as far as the
parameter ¢z was concerned. My impressions are from results obtained for
various parameter choices, and also from results to be discussed in the next
chapter, that besides the parameters Fy, w and the parameter K, which is not
a candidate for the above mentioned simplified approach since it determines
the size of the system, the parameters c;, c3, £y and even k or ¢ seem to
be good candidates. Our discussion here will not involve the complete phase

diagram.
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We will confine our discussion to the behaviour in the Fy-w plane of the
phase diagram, for a Gaussian forcing and a plane wave forcing type. We will
discuss two situations with a Gaussian forcing, one for a small system with
K = 0.3 and and one for a intermediate size system with K = 0.03. The
forcing width will be in both cases equal to the growth rate width; £ = K in
both cases. This last choice might appear to be somewhat exceptional but
this is however not true. One observation in this direction is that the shape
of the lock-in region in the Fy-w plane does not change much qualitatively
when the width of the forcing is varied [42], provided that it is not a number
of times less than the width of the growth rate. Furthermore, from some
simulations performed with a uniform forcing, I find the behaviour outside
the lock-in region simular as for a Gaussian forcing with k£ = K. This last
observation will also be illustrated by the third situation we will discuss
below, which is for an intermediate size system with K = 0.03 and a plane
wave forcing with a wavelength which is about five time smaller than the
growth rate width ¢ =~ 5K.

For the results that will that will follow the remaining parameters are
cg = —1, c3 = 1 and ¥y = 4. The lock-in region again does not change

much qualitatively when these parameters are varied. Unforced stationary
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pulse solutions become in general available as one increases the product cyc3
(taking also its sign into account) and decreases Xy [42]. As for the change in
behaviour outside the lock-in region when the parameters ¢z, c3 and X are
changed; one certainly can come to a few guesses by looking at the results we
will discuss and the ones obtained previously for the unforced system. They
will however be little more than that, so we will refrain from doing so.

Having oriented ourselves somewhat concerning the parameter choices
made, we will now discuss the actual results for the three situations men-
tioned.

Like for the situation with constant growth rate, phase locked pulses
were observed for all parameter choices and suffuciently large Fy. The lock-
in region in the Fy-w plane was obtained by computing for a set of w values,
the minimum value of Fj for which the phase-locked state exists and is stable.
The w resolution used is 0.1 ~ 0.5, while the accuracy in the minimum Fp is

0.01.
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Figure 4.30: (Next page) The Fy-w plane of the phase diagram for the CGLE
for a small system with a Gaussian forcing with £ = K = 0.3. Phase locking
occurs in L and L1. In region QP a two frequency quasi-periodic state exist.
Temporal chaos and three frequency quasi-periodic motion is observed in C1
and C2. Note also the outlines of the bistable region for the phase-locked

states.
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Figure 4.31: Snapshots of phase-locked pulses in L (a) and L1 (b). Note the

lack of symmetry in panel (b).
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Figure 4.32: (Next page) A solution in C1 for Fy = 0.65 and w = —0.7.
Shown are (a) the power spectrum of Re(e™*!¥(0,t)), (b) the temporal cor-
relation function C(0,¢,t'), (¢c) The spatial correlation function D(0, z'), and

(d) a snapshot of W.
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Figure 4.33: (Next page) A solution in C2 for F; = 0.15 and w = —2.1.
Shown are (a) the power spectrum of Re(e=**¥(0,t)), (b) the temporal cor-
relation function C(0,t,t'), (c) The spatial correlation function D(0,z'), and

(d) a snapshot of W.
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Figure 4.34: (Next page) The lines Re¥(z,t) = 0 and S¥(z,t) = 0 for a
small system with a Gaussian forcing. The pictures are for a solution in
region QP (two frequency quasi-periodic solution) (a) and region C2 (three

frequency quasi-periodic solution) (b).
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4.0.1 Small systems with a Gaussian forcing.

As a representative small system we take again a system with X = 0.3. In
figure 4.30 the Fy-w plane of the phase diagram is shown for a Gaussian
forcing with k£ = K, the other parameter values are as mentioned. In agree-
ment with results obtained previously [42] the shape of the lock-in region
(region L) shows a remarkable simmularity with the lock-in region for the
harmonically forced LE (chapter 3). We will also observe it for the plane
wave forcing. From this we may conclude that the nonlocal effects in the
CGLE, introduced by the dispersion term, are of minor influence as far as
the lock-in behaviour is concerned. As we shall see, quite the opposite is
true for the behaviour outside the lock-in region. The similarity with the
LE is also of course not always as presise as in the present case, where even
the bistable region is recovered. Some plots of lock-in sates are shown in
figure 4.31. Note that the lock-in states in region L are spatially symmetric;
Uy(zx,t) = ¥y (—2,t). Going from region L to region L1, the lock-in state
bifurcates via a parity breaking bifurcation to a new lock-in state which is
not symmetric. We observed a similar phenomenon in the unforced equation.

Outside L and L1 the dominant behaviour one observes is quasi-periodicity
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in time with two incommensurate frequenties, region QP. If we write the so-

lutions of the forced equation in the form
U(z,t) = e“'(z,1), (4.35)

then ¢(z,t) is periodic in ¢ for solutions in region QP. There are however
small regions here and there within the region QP, in which the behaviour
becomes more complicated. One observes three frequency quasi-periodic be-
haviour in time and also temporal chaos. Somewhat larger sized regions of
this kind are C1 and C2 in figure 4.30. There are however certainly more
regions (not shown in the figure) in QP in which the behaviour differs from
the dominant two frequency quasi-periodic behaviour. The solutions in re-
gion C1 show temporal chaos, see figure 4.32. In region C2 three frequency
quasi-periodic behaviour is possible as well as temporal chaos, see figure 4.33.

Defects occur in all states observed outside L and L1. For the states
in QP the defects occur at fixed positions periodically in time as is obvious
from (4.35). Size effects are present, they do however not contribute to defect
creation and no defects occur at or close to the boundaries for sufficiently
large system length. Some z-t plots showing the lines Re(¥(z,t)) = 0 and

Im(¥(z,t)) = 0 are shown in figure 4.34.
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The two frequency quasi-periodic behaviour in the region QP is another
similarity with the LE. Furthermore, by global inspection one observes just
two different types of bifurcaticns between the region L and QP, which show
characteristic features similar to the Hopf and saddlenode bifurcations ob-
served in the LE. More precisely, for one type of bifurcation one observes,
going from QP to L, a vanishing of the oscillatory part of the periodic func-
tion ¢(z,t) in (4.35), which is typical for a Hopf bifurcation. For the other
bifurcation one observes a divergence of the period of ¢(z,t), which is typical
for a saddlenodé bifl.lrcation.

In the next situation we will discuss is for an intermediate size system
when the forcing type is again Gaussian with the same width as the growth

rate. The other parameters are unchanged.

4.0.2 Intermediate size systems with Gaussian forcing.

As a representative intermediate size sytem we take again a system with
K = 0.03. The forcing width of the Gaussian forcing is again equal to the
growth rate width, £ = K. The Fy-w plane of the phase diagram is shown

in figure 4.35. The lock-in region is again indicated with L and is of similar
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shape as observed for a small system, with this difference that the bistable
region is not present. Some plots of lock-in states are shown in figure 4.36.
Note that they are spatially symmetric. There are no defects present in the
lock-in states.

Solutions outside the lock-in region typically allow for a number of spa-
tial regions to be distinguished in which the behaviour shows qualitatively
different features. We have encountered this also in the unforced system for
K =0.03 and K = 0.003. However, in the forced system the phenomenon is
richer and there is usually a greater variety in the behaviour.

One observes for instance solutions that show quasi-periodic behaviour
in time in certain regions of space while they are locked-in in others. An
other example are solutions that show quasi-periodic behaviour in certain
spatial regions, temporal chaos in others and lock-in behaviour in yet again
other spatial regions. There are some properties which hold for all solutions
outside the lock-in region. First, the locations of the various regions in space
are always symmetric with repect to the origin. Second, all solutions outside
the lock-in region always have regions at the edges of the system in which
the motion is locked-in. They are similar to the shoulders observed in |¥|?

for the unforced system. There is an important difference however; in the
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outer regions in the unforced system, the behaviour is still complex and
certainly not stationary, whereas in the forced system the behaviour in the
outer regions is truly locked-in.

Below the dashed line in figure 4.35, in the region labeled C, the behaviour
shows at least temporal chaos in one or more spatial regions, which may
become spatio-temporal chaos as the forcing strength F decreases. Recall
that the unforced state for ¥y = 4 has a central region in space in which
spatio-temporal chaos occurs. Solutions in the region in between the dashed
line and the solid line in figure 4.35, the region labeled QP, may have different
spatial regions in which the behaviour is locked-in, periodic or quasi-periodic
in time, but not chaotic.

Unlike in the small system, where if one leaves the lock-in region the
solutions are not spatially symmetric and show defects, the situation here
is not so straight forward. The parity breaking does not necessarily occur
immediately as one leaves L, in fact in most cases it does not. However, for
all situations covered by figure 4.35 it does occur somewhere in region QP,
that is, in between the solid and the dashed line. Similar statements are
true for the first occurrence of defects, as one leaves region L. The solutions

usually do not immediately have defects. Particularly for forcing frequenties
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Fy

Figure 4.35

Figure 4.35: The Fp-w plane of the phase diagram for the CGLE for an
intermediate size system, with Gaussian forcing with £ = K = 0.03. Phase
locking occurs in L. In region QP quasi-periodic motion occurs at least in
one spatial region but chaotic behaviour is not present. Chaotic behaviour

occurs in region C.
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Figure 4.36: Phase-locked states for Fy = 2.5, w = -2 (a) and Fy = 9.5,

w = —8 (b). Note that the states are symmetric.



166

Figure 4.37: (Next page) The spatial envelop of some solutions in region QP
close to resonance for w = —2, (a) Fy = 1.9, (b) Fp = 1.5. Defects occur in
the last case but not for F; = 1.9. In (c) (next page) the temporal behaviour
of ¢(—30,1) is shown. A snapshot of ¢(z,t) for Fy = 1.5, w = —2 is shown

in (d), note the symmetry.
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Figure 4.38: (Next page) Snapshot of ¥(z,¢) (a) and the spatial envelop
of |¥(z,t)| (b) for Fy = 1, w = —2. Next pages: Time behaviour of this
solution at = = 0 (c), power spectrum of Re(e *!¥(—38,t)) (d), the temporal
correlation function C(—38,t,t') (e), the spatial correlation function D(0, z')
(f) and the defect distribution function d(z) (g). Note that size effects do

not lead to defect creation.
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Figure 4.39: Spatial envelop of |¥(z,t)| for w = -8, F; =7.75 (a), Fo = 7.5
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Figure 4.40: (Next page) Snapshot (a) of the forced pulse solution for
Fy = 7.75 and w = —8, compare figure 4.39a. Further pictures shown
are the spatial correlation function D(0,z') (b), the power spectrum of
Re(e~**¥(0,1)) (c) and the temporal correlation function D(0,z') (d) for

this solution.
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Figure 4.41: Plots of the lines Re¥ =0 and Im¥ =0 for Fy =1, w = -2

(a) and Fy = 7.75, w = -8 (b).
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well away from the resonance frequency @ for which the minimum required
forcing for lock-in is minimum (in this case @ ~ —1.5).

For forcing frequenties in the viscinity of @, say in the order of a few
times @, defects occur well before one enters region C and usually before
the parity breaking occurs. Here therefore it is no exception, to observe
spatially symmetric states which show quasi-periodic behaviour in time, with
or without defects. See figure 4.37. This was not possible in the situations
we discussed for the unforced system, neither in the previously discussed
forced system. It is also here that one observes the more exotic behaviour.
For instance if one moves down into the region C, then initially states occur
with spatial regions in which the behaviour is quasi-periodic, while in other
spatial regions the behaviour shows temporal chaos, and of course there are
the always present regions at the edges of the system in which there is lock-
in behaviour. Furthermore, the indication is also that there exists a very
small spatial region, or perhaps just a single point, in between the region
in which the behaviour is chaotic and the one in which it is quasi-periodic,
in which the behaviour is locked-in. In any case, the temporal oscillations
in |¥|? become very small in magnitude here, I observed oscillations with

amplitudes less than 107%. Going further down one observes a transition to
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amplitude chaos in the central region (see also the unforced system). Some
pictures of the behaviour just described are shown in figure 4.38.

When the forcing frequency is further away from @ the first occurrence of
defects (as one moves down from region L) takes place closer to the dashed
line bordering region C and even below it. The situation for the occurrence
of the parity breaking and the occurrence of defects is here in fact quite the
inverse of what is obseved when w is in the vicinity of @. Just below the
forcing strength for which the parity breaking bifurcation occurs, one ob-
serves nonsymmetric quasi-periodic states without defects, again something
that was not possible in the unforced system and in the previously discussed
forced system. As one moves further down in region QP the spatial be-
haviour of the solutions can become quite complex before the presence of
defects is observed for the first time, figure 4.39. Infact, the bifurcation af-
ter which defects are present may occur after passing the dashed line, that
is after the onset of chaos. Phase-chaos is characterized by the absence of
defects. Therefore, also given the complexity of the spatial behaviour of the
solutions in the region where there is temporal chaos, the results suggest that
phase-chaotic states exist for negative frequenties right below the dashed line

for w well away from @. See figure 4.40.
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As in the previous case, size effects have no influence on the occurence of
defects. The regions at the edges of the system in which the motion is locked-
in are therefore truly defectless, see also the defect distribution function in
figure 4.38g. Some plots of the lines Re(¥(z,t)) = 0 and /m(¥(z,t)) =01in
the z-t plane are shown in figure 4.41.

In the third and last situation we will discuss the system is again an
intermediate size system but now the forcing is a plane wave forcing. The

other parameters are unchanged.

4.0.3 Intermediate size systems with a plane wave forc-
ing.

In the simulations qJA|~'/2 is kept at an integer value as mentioned earlier.

As we will see this situation will show similarities with the previous case for

which the forcing was Gaussian, which is an illustration of the statement

made earlier that the precise shape of the forcing is not all that important

for certain properties. There are of course also differences.

The Fy-w plane of the phase diagram for this situation is shown in figure

4.42. The region labeled L is again the lock-in region, in which stable phase-
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locked states exist. For some pictures of phase-locked states see figure 4.43.
The phase-locked states are defectless and of course not symmetric. Bistable
regions for phase-locked states are not observed.

As in the previous case, for solutions outside L usually different spatial
regions can be distinguished in which the behaviour shows qualitative dif-
ferences. Below the dashed line in figure 4.40, in region C, there are one or
more of such regions in which the behaviour shows al least temporal chaos.
In region QP the behaviour is at most quasi-periodic in time but not chaotic.

A qualitative difference with respect to a Gaussian forcing is that with
the plane wave forcing the parity symmetry is not present. It is also not
recoverable via a simple transformation as was the case for the time isotropy.
A parity breaking bifurcation is therefore of course not observed. Note also
that for the phase-locked states the inversion symmetry is also not recovered
in |¥|. Furthermore, the different spatial regions observed in solutions outside
L are not located symmetrically with repect to the origin.

All solutions outside L have again in common that at both system edges
spatial regions occur, in which there is lock-in behaviour, that is, they behave
in time as e*!. Further outward in these regions (z — F-oco in the extended

system) the solution more and more approaches a plane wave shape with the
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same wave number as the forcing.

The more exotic behaviour is again observed for frequenties around the
resonance frequency, in this case @ &~ —2. One observes solutions that show
lock-in or quasi-periodic behaviour in certain parts of space while in other
parts they show temporal or spatio-temporal chaos. See figure 4.44 for some
illustrations. The defect distribution function for a solution in this region is
shown in figure 4.45.

For frequenties further away from & on the negative side, the first defects
occur (as one decreases Fy) well below the dashed line. Therefore the con-
ditions for phase-chaos would be even more favourable then for a Gaussian
forcing, were it not that the region in which defectless temporal chaétic be-
haviour occurs turns out to be too small for the frequenties covered in figure
4.42 to observe spatial disorder. See figure 4.46 for results for w = —8. We
can of course not rule out the possibility of phase-chaos for larger negative
frequenties.

For frequenties further away from @ on the positive side, the first defects
occur a little below the solid line and certainly well before entering region C.
The defects in region QP occur at fixed points and periodically in time, see

figure 4.47.
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Finally it is interesting to observe the difference in response to a left and
right traveling plane wave forcing. Let us denote a solution of (4.2) for a plane
wave forcing characterized by ¢ and w as ¥, ,(z,t). Then obviously it is so
that ¥, (z,t) = ¥_,.,(—2,t). Thus the responses to a left and to a right
traveling wave are identical in this case. This is what one naively expects
from equation (4.2) since there is no obvious preference for left or right in
the unforced equation. The left-right invariance is however not present for all
plane wave forcings. As one observes from equation (4.2), there is no apparent
relation between ¥, ,(z,t) and ¥, _,(z,t), although these solutions are the
responses to a to the left and to the right traveling wave respectively. Infact,
from the observed behaviour in the Fy-w plane of the phase diagram, we
know that ¥, and ¥, _, are n general very different solutions. We observe
therefore a dynamical breaking of the left-right symmetry, that is , the forced
equation has a sense of left and right which is of a dynamical origin. From
the results of chapter 3 for the LE, it follows that the unsymmetric behaviour
in the Fy-w plane as function of w is present for all ¢z # 0. One may expect
the left-right symmetry breaking therefore to occur for all values of ¥y, and
not just to be caused by the the fact that in the present case with ¥y = 4

the unforced stable state is nonsymmetric in space.
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This concludes our discussion of pulse solutions of the CGLE with a
spatially dependent growth rate. In the next chapter we will return to the
supercritical CGLE with constant growth rate and we will discuss the phase

diagram in the presence of a plane wave forcing.
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Fy

Figure 4.42

Figure 4.42: The Fy-w plane of the phase diagram for the CGLE in an
intermediate size system with plane wave forcing and Gaussian growth rate
with ¢ = 0.173, K = 0.03. Phase locking occurs in L. In region QP quasi-
periodic motion occurs at least in one spatial region but chaotic behaviour

is not present. Chaotic behaviour occurs in region C.
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Figure 4.43: Snapshots of some lock-in states in region L, for Fy = 1.5,

Note the absense of spatial

w = —2 (a,b) and for Fy = 5, w = 2 (c,d).

symmetry, particularly in |¥(z,?)|, panels (b) and (d).
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Figure 4.44: (Next page) Some pictures of the behaviour close to resonance
outside L. The spatial envelop of the pulse solution for w = —2 and Fy = 0.9
(a), Fo = 0.8 (b). Further are shown for the last solution a snapshot (c), the
power spectrum of Re(e™*!'W¥(z,t)) in z = 0 (d) and in = = 35 (e), the time
behaviour of Re(e **W¥(—25,t)) (f), the correlations function C(0,t,t') (g),

and C(35,t,t') (h), and the correlation functions D(0,z') (i) and D(85,z’)

()
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Figure 4.45: (Next page) The defect distribution function d(z) for w = —2
and Fy = 0.8, compare figure 4.44b. The two peaks on the left correspond to
defects occurring in a region in which the motion is quasi-periodic, the defects
occur here at fixed positions (two) periodically in time. The distribution

function in the chaotic regions is shown more detailed in panel (b).
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and F()

region is too small for spatial disorder to develope.



200

3" D E U S S S St S S e B B s s s M S e M B A S S |

150

LN FATRITREE

102

50

-5¢

LPLENY IV PR Pl SO S N B () BNFY Pt AR B N O |

-100

-150

L BY IR R T IO P |

VRN R N RN YOS NN VRN U SN AN U VOO U T SN TR USUURE VOO U WA DNV YU VU NN NN W N S O SO N M |

[ B N I N A I A A B N A I A A S R BN I A BN N O

S W I I O |

2

500 502 S@4 506 508 518 512 514 516 518 520 522 524 526 528 530 532 534
14

Figure 4.47a

Figure 4.47: Plots of the lines Re¥ = 0 and /m¥ = 0 for F{ = 0.8, w = -2

(a) and Fo =7, w = -8 (b).



201

200|||'||r|||:|rjl]l]1‘|'lll'l'l

150 =

ee ~

-100 |

-150 .

[N TUNEE SN S SRS W N TR NS S N S SN THNN NN TN U W AN S NN W SN W NN TN N A |

1

2
1185¢ 11852 11854 11856 11858 11860 11862 11864 11866 11868 11878 11872 11674 11876 11878

i
Figure 4.47b




Chapter 5

Solutions for a plane wave

forcing.

In this chapter we will return to the CGLE with constant linear growth
rate. We will confine ourselves to the supercritical case. The forcing we will

consider is of a plane wave form,
F(z,t) = Fpetk=tit, (5.1)
For this type of forcing it is useful to make the transformation

U(z,t) = HH g (z, 1) (5.2)

202
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and study the behaviour of ¢ rather than that of ¥. After proper rescaling

(chapter 1) the general equation for ¢ then becomes

¢ = FO) (53)

9 _ N A o
i 1 +dw — A(1 + icp) (% +zK> + (1 + ics)| 9|

where F; may be taken real without loss of generality. The parameter A is

again the cut-off parameter

(2m)2Re())

A= lRe(o)]

(5.4)

In this chapter we will not confine ourselves to the extended system only but
we will include results for finite size systems as well. We therefore define
the length ! occurring in (5.4) to be equal to be equal to the system lenghth
for finite size systems and to be equal to the wave length of the forcing for
extended systems. We will impose periodic boundary conditions for finite

size systems,

U(z +1,t) = U(z,1). (5.5)

For the extended system we will also use periodic boundary conditions in
an actual simulation, but of course the system length has to be taken much
larger than the wavelength of the forcing I. In order to avoid effects caused by

a discontinuity of the forcing at the system boundaries, we take the system



204

length equal to an integer multiple of /, the periodic boudary condition then

becomes

U(z + Ni,t) = ¥(z,t). (5.6)

For size systems the dimensional wavenumber of the forcing is necessarily

equal to an integer times the the wavenumber of the fundamental mode;

1/2
Re(o)|™ i K =0,41,42,... (5.7)

o [A[L/2
Kaim = |A] Re())

For the extended system the dimensional wavenumber of the forcing may
have any real value and it is controlled with the parameter A ,the parameter
K may have the values %1 (left or right propagation). The convergence
criterion for the extended system mentioned in the previous chapter, implies
here that on has to verify that a result does not depend on IV as N — oo in
order to be valid. The K = 0 (spatially uniform forcing) case is of course an
exception, in this case the A — 0 has to be taken. For the finite size system
there are two relevant parameters for the external length scale; the system
size (A) and the modenumber (K). For the extended system there is just
one relevant parameter which is the wavelength of the forcing.

In the first section of this chapter we will discuss the phase-locked states

and we will derive the shape of their region of stability in the phase diagram.
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After that we will look in section 5.2 at the behaviour outside the lock-in

region.

5.1 Phase-locked solutions.

With the term phase-locked solutions we will refer to solutions which are
plane waves with the same wavenumber and frequency as the forcing. In
other words, phase-locked solutions ¢y, are solutions of (5.3) for which 9;¢, =
OipL = 0;

¢1(z,t) = constant. (5.8)

Note that this is the only possible 'plane wave’ solution of (5.3). Furthermore,
there also does not exist any space periodic function consisting of a finite sum
of plane waves with the same frequency that solves (5.3).

Recall (chapter 1) that (5.3) has unforced plane wave solutions for which

o] = 1~ K, (5.9)

with the dispersion relation

w=—coK2, —c3(1—K3,) (5.10)
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Obviously, these solutions do not exist for K%,, > 1. In the forced system
however Ky, is not set dynamically but externally by the forcing. The
question what solutions occur in the forced system for K2, > 1 is therefore
all the more interesting. This is one of the things that will be addressed
below. In the situation we are considering here, that is below the Benjamin-
Feir instability or 1 4 cac3 < 0, the unforced plane wave solutions are always
unstable. Also for 1 + cac3 > 0 they become usually unstable well before
KZ% =1 [28] (see also chapter 1). In our further discussion we wil see how
the BF instability b.ehaves in the forced system.

To obtain the linear stability criteria for the forced PW solutions we put

é(z,t) = ¢ + 6¢(z,t) (5.11)
and linearize (5.3) with respect to d¢. We obtain

2
-% — 14w — A(1 +icy) (-aa—m + iK) +2(1+ z'ca)|¢l,|2] dp(z, 1)
+(1 + ic3)d26¢* (z,t) = 0, (5.12)

where ¢;, follows from

(i(w + AK?) — 1+ AK? + (1 + ics)|¢L?) 61, = Fo. (5.13)
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This last equation is in effect similar to equations (3.5) and (3.6) for the

forced LE. It may be rewritten as
i@ F 1+ (1 +ics) ] b1 = Fo, (5.14)

where ¢, = ¢y, - |1 — AK?)V2, Fy = Fy - |1 = AK?P/? and w = —cpAK? &
@(1 — AK?) and the + (—) sign hold for AK? < 1 (AK? > 1). The similarity
between (5.14) and the relevant equation for the LE is more obvious. The
Hopf bifurcation occurs at AK? = 1.

If one performs a stability analyses based on (5.12) and only allows for
perturbations which are constant in space to develope, 8,0¢(z,t) = 0, the
results are identical to the results obtained in chapter 3 for the LE. The dif-
ference being of course that they are now obtained for the scaled parameters
Fy, @ and ¢;. 1t is straight forward to show that under the same conditions
for AK? > 1 the forced solutions always exist and are always stable. Also,
one shows that bistable regions do not exist in that case. We will see fur-
ther on that for large AK? it are infact the perturbations d¢ with te same
wavenumber as the forcing (solution) that cause the instability. In terms of
the original solution W, this are perturbations 6¥ which are constant and

perturbations with twice the wavenumber of the solution.
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Equation (5.12) is solved by putting
6¢ = a(q)eiqz+p(q)t + b(q)e—iqﬂp‘(Q)t. (5.15)
This gives the following two conditions for stability,
-1+ A(@+ K% +2/é.2>0 (5.16)
and
—(A(¢* + K?) = 1+ 2|61 ")? [(w + Aca(@® + K?) + 2c3]6.*)
H(=1+A(g* + K?) + 26 )? — (1 + )lerl*
~4(1 + A K ]
+8(—1 4+ A(q% + K?) + 2|¢1 ) o A2 K2 (w + ¢ + 2(c3 — ¢2)|bL]?)

+AA?K2q%(w + cp + 2(c3 — ¢2) o) < 0 (6.17)

For the finite size system with periodic boundary conditions, the linear sta-
bility of a certain lock-in mode given by the integer K, is assured if (5.16)
and (5.17) hold for all integer q. For the extended system the linear stability
of a lock-in plane wave solution with wavenumber Ky, is assured if (5.16)

and (5.17) hold for K? = 1 and all real q. The exception being the case of
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a uniform forcing (K = 0), in that case (5.16) and (5.17) should hold for ali
real Q = Ag2.

The condition (5.16) can not hold if A < 0, neither for the extended
system nor for the finite size system. In both cases we therefore need for
stability

A>0. (5.18)

Condition (5.16) further implies that 2|¢;|?> > 1 — AK?, in other words (see

(5.14)) for 0 < AK? < 1 we need

|@P>%. (5.19)

This is similar to condition (3.8) obtained for the LE. For AK? > 1, the
inequality (5.16) is trivially true for all ¢ and ¢. In what follows we confine
ourselves to the case that 1 + coc3 < 0, the case that 1 + cocs > 0 may
however also be analyzed in a similar way. Futher we take c3 > 0, which is
not a real limitation since the stability conditions for solutions belonging to
the parameters {w, c3, ¢z, Fo} and {—w, —c3, —co, Fo} are identical, compare
(3.14).

The condition (5.17) is a fourth order polynomal in A. It does not appear

to be factorizable in general when K # 0. There is one non trivial situation
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however for which the stability conditions may be solved analytically. This is
for the extended system with a spatially uniform forcing. In this case K =0
and (5.17) effectively reduces to a second order polynomal inequality in the

continuous parameter Q2 = Ag?;
QQQ +6Q+v>0, (5_20)

where

a=1+ cg
B =2((1+ ca63) gLl — 1 + wer))
7= (w+2c|0L?)? + (2l — 1) — (1 +¢)|orl*. (5.21)

For stability we need v > 0 and 8 > 0 or 3° < 4ay. The condition § > 0
implies |¢1|? < f(w) where

1—cuw

o) (5.22)

flw)=

Obviously, in the light of condition (5.19), stability on the grounds of 5 > 0,
v > 0 can only occur when f(w) > 1/2, which implies w < —¢3. Stability on
grounds of 3% < 4ay is possible whenever |¢|? > a2 > 1/20r 1/2 < |¢)? <

a? for R > 0 and whenever 1/2 < a2 < |¢.]? < a? for R < 0, where

R =2[3(c2 + c2) — (1 + c&c2) — 8cacs) (5.23)
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and

—4(cs — ca)(w + ¢2) £ 2)w + eoly/E + B + 1 + 3B

= (5.24)

a =

Finally, we have R > 0 for ¢; < é_ or cg > ¢4 if c3 < V3 and R > 0 for

€, <cy<cé_ifez> V3, where

g = 4c3i\/§(1+(§)_

5.25
3= 3 (5.25)

Combining the above results with the results obtained in chapter 3, the
conclusion is that the Fo-w plane of the phase diagram obtained for the forced
LE remains basically also valid for the spatially uniformly forced CGLE for
extended systems as far as the lock-in region is concerned. There are of course
modifications. On the basis of the parameters {cy,c3} one may distinguish
five different classes for the phase diagram. They are given by: (i) ¢z > V3,
—c3 < ¢p < —1/eg; (ii) €5 > V3, &4 < ¢ < —cg; (iii) ez > V3, ¢ < &y (iv)
1<c3 <+v3and (v) 0<cs <1. We will discuss the different modifications
occurring for each of these classes below. The frequenties wy and wy used

there are given by

R/4
2(cs — c2) + /G + B+ 1+ 3

(5.26)

Wy = —C2 —
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, _ —R/4—c(1+c63)[2(c3 — e2) + \/0'5’ +c2+1+c3c?]

W = . (5.27)
(1 -+ 6203)[2(C3 - Cz) + \/C% + c§ + 1 -+ c%c%] - CzR/4

Some realistic pictures of the Fy-w plane for each of the five classes are shown

in figures 5.1 (iv,v) and 5.2 (i,ii,iii).

s Class (i). (Figure 5.2a.) The modification occurs for frequenties wy <
w < wp. Here stable states exist only with |¢.[> > a2 and 1/2 <
|#L|? < A2_ where Ay_ is given by (3.10). The unforced uniform state

is unstable but stable uniform states are created with a little forcing at

arbitrary frequenties.

e Class (ii). (Figure 5.2b.) Modification occurs at frequenties w < wy.
Here stable states have |¢L|? > a2 or 1/2 < |¢|> < A3_. More forcing
is needed than in the previous case to create a stable lock-in state.
When c¢; approaches ¢, the minimum forcing required for lock-in at

resonance frequenties diverges, Fy min — 00.

e Class (iii). (Figure 5.2c.) The lock-in region for the LE is modified
all frequenties. Stable lock-in states exist only with w < w_ where

w_ is given by (3.12), and have 1/2 < |¢1|> < A2_. Lock-in is not
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possible for w > w_, in particular, lock-in is not possible for resonance
frequenties (around —c3). Moreover, lock-in for w < w_ is only possible

for forcing strenths within a certain bounded interval.

e Class (iv). (Figure S.Ia.) Modification occurs for wj < w < wy. The
stable lock-in states have |¢.[> > a2 or 1/2 < [¢|? < A}_. The
bistable region is cut (reduced in size) and is cut heavily as c; increases.
Lock-in around resonance becomes possible with little forcing if ¢, is
small. The minimum forcing required for lock-in around resonance

increases when cs increases but does not diverge for finite cs.

e Class (v). (Figure 5.1b.) As the previous case but with this difference
that the bistable region is not cut. Lock-in states around resonance

remain possible with little forcing, even as ¢; — —oo0.

This concludes our discussion of the lock-in region for extended system
with a spatially uniform forcing. When the system is of finite size, things
become even for a spatially uniform forcing much more complicated. The
reason for this is that, although the stability conditions are still second order
polynomals in A, one now besides the results just obtained also has to verify

if a certain perturbation that is causing the instability is indeed possible in
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Figure 5.1: The Fy-w plane of the phase diagram for extended systems with
K = 0 for systems of classes (iv) (panel b) and (v) (panel a). The parameters

are (a) c2 = —4, cz =1 and (b) ¢ = —10, ¢z = 1.5.
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Figure 5.2: (Next page) The Fy-w plane of the phase diagram for extended
systems with K = 0 for systems in the classes (i), (ii) and (iii), respectively
shown in panels a-c. The parameters are (a) c; = —1.9, ¢z = 2; (b) ¢c; = —4,
c3 = 2; and (c) ¢ = ~20, ¢3 = 2. In panel (d) the frequenties ¢ are shown

as function of cs.
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a finite size system. This is expresed in the fact that the stability conditions
need only hold for integer ¢. It is obvious that in the regions marked U1l in
figures 5.1 and 5.2 that systems lengths exist for which the unstable pertur-
bations are not possible, resulting in stable lock-in states in these regions.
In region U2 this is impossible because of the violation of (5.19) by a ¢ =0
perturbation. Here therefore spatially uniform states will be unstable for
all system lengths. Some pictures of the shape of the lock-in region in the
Fy-A plane of the phase diagram are shown in figure 5.3. The edge of the
lock-in region cénsis.ts for all cases except (iii) of an infinite series of wedges,
starting at around A = 1 and decreasing in size as A — 0. For case (iii)
the wedges are of infinite size and become sharper as A — 0. The small
amplitude states present in the bistable region remian stable for all values
of A and create bistable regions also in the Fy-A plane. Finally, one makes -
a not too surprising but important observation from figure 5.3, which is also
provable analytically. This is that for large A (small systems) one recovers
the lock-in region of the forced LE. To prove this, we deduce from (5.20) that
the dangerous perturbation for large A is the ¢ = 0 perturbation. For that
perturbation however (5.20) reduces precisely to the inequality (3.9), which

together with |¢.|2 > 1/2 determined the lock-in region of the LE, which
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proves our observation. From figure 5.3 we see that “large” A infact means
A ~ 1 -2 for all cases except (iii) where the the lock-in region of the LE will
only be recovered in the limit A — oo.

For the K # 0 cases the lock-in region in the Fy-A plane were obtained
with some numerical help. The roots of (5.18) were obtained using a stan-
dard algorithm. After this the lock-in region was constructed using (5.19)
and (5.14). A few analytic results may be derived which are helpful in this
construction. First, one observes that the relations used to construct the
lock-in region become independent of K as A — 0. This means that the
results for K = 0 have to be recovered for X # 0 in the limit of small
A. Second, for large AK? the instability is caused by perturbations with
wavenumber ¢? = K?, for which the coefficient of A* vanishes. The stability
in that case is determined by the coefficient of A% which for ¢ = K2 reduces
to ~16K®(1 + c3)(—1 + 2|¢1|?). Hence the only stability criterion for large
AK? simply becomes

1

lol® > 5> (5.28)

Recall that the condition (5.16) is trivially satisfied when AK? > 1, so that

the result (5.28) is not something already implied by (5.16). Furthermore,
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Figure 5.3: (Next page) Some typical lock-in regions in the Fy-A plane for
finite size systems with K = 0. The parameters are (a) co = —4, ¢z = 2,
w=-2b)ea=—-4,c3=2,w=+42;(c) cg =—4, 3 =2, w=—T; and (d)

cp=-20,c3=2,w=0.
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6.5

Figure 5.3c-d
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Figure 5.4: The lock-in region in the Fj-A plane for ¢; = —4, ¢; = 2 and
w = —6 for (a) the extended system and (b) (c) (d) the finite size system for

the K =1, K =2 and K = 3 modes respectively.




224

13
12
11

F
® 10

W & Ot O N 00 ©

14
13
12
11

Fo 10

W o v DN O ©

Figure 5.4c-d




225

Fy

25

20

15

10

0 | 1 1 1 1 1 1 | 1

04 05 06 07 08 09 1 11 12 13 14

Figure 5.5a-b

Figure 5.5: The lock-in region in the Fy-A plane for ¢; = —20, ¢3 = 2 in the
extended system for w = —10 (a), w = +4 (b) and in the finite size system

for the K = 1 mode for w = —10 (c) and w = +4 (d).
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Figure 5.6: (Next page) The lock-in region in the Fy-A plane for the K =1
mode in a finite size system with ¢; = -4, 3 =1 and w = -1 (a), w = —2.3
(b) and for the extended system with the same parameters c; and ¢z and

w=-1(c), w=-23(d) and w =3 (e).
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Figure 5.6e
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note also that (5.28) differs from condition (5.19) present or AK? < 1 in the
sense that (5.28) puts a condition on |@;| rather than on |¢y].

Some representative pictures of the lock-in regions are shown in figures
5.4 to 5.6. The first observation one makes is that the wedges present for
small A in the finite size system case, gradually disappear as the wavenumber
K increases. The wedges are not present for the extended system. One finds
that the results for a finite size system rapidly aproach that of the extended
system (same forcing wavelength) as the modenumber increases. For K > 5
there is usually already no visible difference anymore.

We observe from figure 5.6e that resonance also occurs as the wavenumber
of the forcing is varied, similar to frequency resonance. One expects this to

occur at A values compatible with the unforced dispersion relation,

w-+c3

Ares = K2———(C3 — C2) .

(5.29)

Figure 5.6e is in good agreement with this, and also in general one finds good
agreement. Note that (5.29) also explains that resonance is not observed for
w < ¢z if 1+ ege3 < 0. However, (5.29) only makes sense if w < —c¢;, since
unforced plane wave solutions do not exist if AK? > 1. It therefore does not

completely explain resonance occurring for A > K~=2 (A > 1 in the extended
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system) which one actually does observe for certain parameter choices.

In figure 5.5 the lock-in region is shown for a system from the most
unstable class, class (iii). Note that all the wedges have disappeared in the
extended system except the most right one, in which infact also still some
resonance is observable. Further we observe that although spatially uniform
states are impossible for w > w_ in the extended system, forced plane wave
states of sufficiently small wavelength become possible for sufficiently large
forcing. The forcing also has an upper bound. The situation is a litlle better
for w < w_: does the forcing still have an upper and lower bound, lock-in
plane wave solutions are now possible with all wavelengths.

The lock-in region for a system of class (v) is shown in figure 5.6. Com-
paring the reults for the extended system with the lock-in region in the
Fy-w-A = 0 plane, we discover that the bistable region in the complete three
dimensional parameter space infact has the shape of a ring segment, more or
less centered around the w = —c3, A = 0 axis.

From the results presented we see that the BF instability in extended
systems has basically the same nature in forced systems as in unforced sys-
tems, in the sense that stable plane waves exist only with wavenumbers

K32, < K2,.. For systems of class (iii) the situation is a little more com-
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plicated. Here there is also a maximum wavelength with which plane waves
(forced) can exist, K2, < K%, < K2,

We also see that the classifications made as function of the parameters
¢, and c;3 for the case that K = 0 is quite effective in general. By looking at
the lock-in region in the Fy-A plane for a few values of w, and comparing this
with the A = 0 result, one obtains a reasonable picture of the full shape of the
lock-in region in the {Fp,w, A} parameter space. This shape is qualitatively
the same within each class.

Some differences between the classes infact disappear as A is increased.
For large A one may effectively reduce the number of classes again to three
as for the A = 0 situation. Unlike the K = 0 case, where one recovers
the lock-in region of the LE for large A, this is not so for the K # 0 case.
The classification is infact quite different from that of the LE. The first
catagory of systems appearing for large A is the ones for which ¢z > V3,
¢, < ¢3 < —1/c3. The lock-in region in the Fy-w plane is bounded by the
line Fy(w, |#|* = 1/2). A bistable region is present for negative w. Large A
here infact means A ~ 1 — 2. The second catagory of systems is the ones for
which ¢3 > V3, ¢2 < é,. Here the lock-in region region in the Fy-w plane

is bouded by the line Fy(w, [¢|> = 1/2) from below. No stable regions are
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present. There is however for any finite A also an upper bound which only
disappears in the limit A — oo for w < w_ and which eliminates the lock-in
region for w > w_ in that limit. The third class of systems are systems with
cs < /3. Here at large A the lock-in region in the Fy-w plane is simply
bounded by the line Fy(w, |¢|> = 1/2) for all frequenties. No bistable region
appears. For any ¢, large A infact means A ~ 1 — 2.

An important unexpected observation we make is that the difference as
far as the lock-in region is concerned, between the finite size and the extended
system is eliminated as A becomes larger, that is, as the system length of
the finite size system becomes shorter! The explaination of this is that it
is the ¢ = K perturbation that causes the instability at large A, and this
perturbation is of of course always allowed in the finite size system.

Finally, we have seen a little earlier that in the hypothetical case in which
one only allows ¢ = 0 perturbations (K # 0), the system shows a Hopf
bifurcation at AK? = 1. For AK? > 1 phase locked states are always stable,
no bistable regions occur. For AK? < 1 the lock-in region of the LE is
recovered, all be it in the rescaled parameters Fy and @ which are themselves
functions of A. Although our results show that a bifurcation of this kind does

(as expected) not occur if one allows perturbations with g # 0, it’s presence
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does however explain the fact that we observe the transition to “large A”
behaviour in systems of catagories (i), (ii), (iv) and (v) at A values around
1.

This concludes our discussion of the lock-in behaviour. In the next section

we will look at the behaviour outside the lock-in region.

5.2 Not phase-locked solutions.

In this section we will discuss solutions of the CGLE with a plane wave
forcing for parameter values Fp, w and A outside the lock-in region. We will
again rely solely on results obtained by numerical integration of the equation.
The linear stability analyses for the phase locked states is of course still of
use to explain certain properties of a solution, especially when we are close
to the lock-in region.

For the integration of the equation a Split Step Fourier method was used
[l. In this method one splits up the equation in two parts, each of which can
be integrated analytically. In each time step both integrals are computed,
using the result of one as input for the other. This method was shown in []

to give good and fast results for the nonlinear Schrodinger equation. It also
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works also well for the CGLE with constant coefficients. For further details
see appendix C.4.

The results we will discuss are for the extended system, we will not con-
sider the finite size system in this section. It is interesting to look at an
example of “correct behaviour” as we take the limit for infinite system size
(L — o0). Let us consider the situation that the solution is chaotic in time
and disordered in space (spatio-temporal chaos), as is the case for the un-
forced solutions (1 + cpc3 < 0). For large enough systems, the boundary
conditions are not expected to be of influence on the solutions, in particular
also not on the characteristic length scale(s) present in a solution. Therefore

if one computes the quantity
1 rL
<< ¢(z,t) >>=< Z/o dzd(z,t) >, (5.30)

where < - > denotes the time average (4.31), one expects that << ¢ >> will

become independent of the system size for large enough L. We may write

<< ¢p>>=Y <|pplkn, t)* >, (5.31)

where k,, = %” .. Suppose now that we increase the system size with a factor
two, L' = 2L. Then for large enough L one should have < |¢(kn,t)|? >~<

|61/ (2ky,2)|? >. The sum in (5.34) therefore has twice as many significant
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terms when L' = 2L. Since the result has to be independent of L one deduces
that < |@L(kn,t)|? > necessarily scales as A1/2 as L — co. A comparision
of the spectra S(k) = < |¢(k,t)]2 > A~'/2 for two actual unforced solutions
for c; = —2.5, c3 = 2 (amplitude chaos) and for ¢; = —2.5, ¢3 = 0.77 (phase
chaos) is shown in figure 5.7. We see that the infinite system limit is reached
properly in both cases.

From figure 5.7 we further see that for the case of amplitude chaos the
spectra are nearly flat for small k. For larger k£ values there is exponential
decay. The behaviour for small k is typical for spatially disordered solutions
with a finite correlation length much smaller then the system size, and it is

explained as follows [9]. The Fourier components
) 1 (L .
Bk, t) = 7 /0 dz ¢(z, t)e "+ (5.32)

for small £ may be evaluated by deviding the integration interval L into small
subintervals much smaller than L but still much larger than the correlation
length. The exponential factor may be assumed to be piecewise constant on
each interval. A Fourier component thus represent for each ¢ a random walk
in the complex plane and from the central limit theorem it then follows that

the distribution function of ¢(k) will be Gaussian and essentially the same
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Figure 5.7: (Next page) The scaled Fourier spectra S(k) = < lb(k, )2 >
.A~Y2 for a state of amplitude chaos c; = —2.5, ¢3 = 2 (a) and for state of
phase chaos ¢; = —2.5, ¢3 = 0.77 (b). The number of Fourier components
is 102 (solid curve) and 2048 (dashed curve). The cut-off parameters were

A=5.10"*and A=125-10"% (a),and A=2-10"%and A=5-1075 (b).
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for all k£ (small k).

The above reasoning breaks down when the solutions display phase chaos,
as can also be seen from figure 5.7b. The reason is that the spatial (as well as
temporal) correlations are believed to decay less than exponentially in such a
solution so that a correlation length does not exist (is infinite). In the results
for the forced system we will encounter many other examples for which the
ideal situation (amplitude chaos) as discussed above does not apply, we will
see other deviations from the simple flat behaviour of < |@(k, )|? > for small
k.

For the analyses of the not phase locked solutions, quantities such as
the spatial Fourier components, temporal power spectra, appearence and
distribution of defects are evaluated. Information about the spatial and tem-
poral correlations is obtained from computation of the correlation functions

D(z,z') and C(t, 1),

D(z,z') = G(z,t,7,1), (5.33)

C(t,t') =G(z,t,x,t),

where
G(z,t, ', t") =< ¢* (2, ") d(z,t) > — < ¢* (', ') >< P(z,t) >. (5.34)

This correlation function of course vanish for the phase locked states for



241

which 8,¢(z,t) = 9,¢(z,t) = 0. This somewhat unnatural property does
not lead to complications here because of the uniformity of the system, that
is, the local lock-in behaviour as observed in the previous chapter does not
occur here.

Different definitions of correlation functions are used by different people.
Let us therefore discuss some properties of the ones used here with care.
Suppose that ¢(z,t) is a regular solution in the sense that is does not show
chaos nor disorder. Let 7, denote a translation in space with a displacement
z, then it is of course so that T,¢(z,t) = ¢(z— 2, 1) is also a solution since the
equation is invariant under translations. The solution 7,¢(z, t) is obtained by
starting with different initial conditions, different from the ones that resulted
in ¢(z,t). In the light of this observation we have, when {-} denotes the

average over initial conditions,
Te{d* (2, t)¢(z,t)} = {9*(0,t)d(z — ', t)}. (5.35)

If one now believes that in case the solution shows chaotic behaviour in
time, the average over initial conditions is identical to the average over time

(ergodicity), one has the following property

< ¢ (2, 1)d(z,t) > = < ¢*(0,)p(z — ', 1) > . (5.36)
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Since this is now an average over time one may manipulate the time variable

in the same way to obtain
< ¢*(z',t)p(z,t) > = < ¢*(0,0)d(z — 2", t - 1) > . (6.37)

The only assumption to arrive at this result has been ergodicity. This seems
to be quite reasonable because in actual results obtained by numerical inte-
gration one indeed observes the validity of (5.37).

Using property (5.37) we obtain for the Fourier transform of the spatial

correlation function
D(k) =< ¢*(k, 1)d(k,t) > — < ¢*(k, 1) >< d(k, 1) > . (5.38)

This expression is useful since it provides a faster more efficient way to com-
pute the spatial correlation function numerically. In figure 5.8 the results
are shown for D(k) obtained from computation of (5.33) and Fourier trans-
formation, and obtained from direct computation of (5.38). Although the
averaging time for the first result was 10 times as large as for the second, the
first result itself is still much worse. This is understood if one realizes that
when taking the Fourier transform before averaging, one implicitely uses the
translational invariance of the system and in effeét increases the averaging

time by a factor equal to the number of Fourier components. In the example
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shown the number of Fourier components used was 1024. The same situation

occurs in the computation of the temporal correlation function since
Cit—t)=> Gk t—1t) (5.39)
k

Finally, in view of the correlation functions used Lere and there the fol-

lowing observation is important. The Fourier components of

Gz—2t—t)=<< (¢*(2',t')— << ¢*(2', 1) >>)
(5.40)
((z,t)— << ¢(z,t) >>) >>

are given by
G'(k,t —t') =< ¢*(k,t")d(k,t) > — < ¢*(k,t') >< d(k,t) > 6. (5.41)

The correlation function G’ would therefore be identical to G if < ¢(k,t) >=0
for £ # 0. For small k this will hold for solutions which display amplitude
chaos. The situation for intermediate k values or when the solution does not
show amplitude chaos is however not clear. Although numerically one finds
reasonable agreement between (5.38), (5.39) and (5.41) in most cases, the
space averaging is somewhat superfluous and these results are in general not
necessarily equal.

We will discuss the behaviour outside the lock-in region for two parameter

choices {cz, c3}. The first case we will consider is for ¢; = —2.5, ¢z = 2. In
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Figure 5.8: The Fourier components D(k) of the spatial correlation function
computed directly (dashed curve) and via D(z—z') (solid curve) for a state of
amplitude chaos with ¢; = —2.5, ¢3 = 2. The number of Fourier components

used was 1024.
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this case the unforced solution shows amplitude chaos. The second situ-
ation we will consider is ¢; = —20, ¢; = 2. The unforced solution in this case
also shows amplitude chaos. For this parameter choice however the possibil-
ity of phase locked solutions is also severly limited with respect to the first
case.

For the initial conditions the unstable phase locked plane wave solution

was used, perturbed by a random disturbance,
#(z,0) = ¢r, +0.2¢ - v(x) (5.42)

where v(z) is a set of random numbers between —0.5 and 0.5. In case there
are for a certain forcing amplitude three posible phase locked solutions, the
one with the largest modulus was used as initial condition. For the cases tried,
the same results were obtained for sufficiently localized initial conditions or
with a harmonic (e*®) disturbance added to ¢, of sufficiently large q. The
number of Fourier components used was 1024, 2048 or 4096, while the time
step size varied from dt = 0.2 to dt = 0.01. The total integration time was
of the order of 10* to 10°, system lengths necessary varied from the order of
102 to 10%. The disapearance of transients, especially the low wave number

modes, was checked for a (just) stable phase locked state corresponding to the
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w and A value of each case considered. Transients in this way were found to
vary but not to survive integration times of 10%. No apparent contradiction
to this has been observed in the actual integration outside the lock-in region.

We will now discuss the observed behaviour for ¢; = —2.5, ¢ = 2. The
lock-in region in Fp-w-A parameter space is for what concerns the relevant
parts shown in figure 5.9. First we will look at the situation for K = 0
(spatially uniform forcing). We will look at the behaviour as one leaves the
lock-in region for three frequency values; at resonance, w = —2 and well away
from resonance, for w = —10 and w = +2.

For w = —2 phase-locked states exist for Fy > 1.5. For 0.61 < Fy < 1.5
the solution remains locked-in in time, that is, ;¢ = 0. In space however a
periodic pattern appears with a period corresponding the wavenumber of the
maximally unstable perturbation (perturbation with maximum linear growth
rate). See figure 5.10.

At Fy = 0.61 one observes period doubling in space and at the same time
¢(z,t) becomes periodic in time. See figure 5.11. An explaination for the
sudden occurrence of the time dependence is not possible from linear stability
analyses. Onmne shows analytically that the imaginary part of the growth

vanishes for the unstable perturbations. The origin of the time dependence of
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Figure 5.9: Some relevant pictures of the lock-in region for an extended

system with c; = 2, ¢z = —2.5.
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Figure 5.10: (Next page) The spatially periodic pattern (a) observed for

Fy =0.65 and w = —2, ¢y = —2.5, c3 = 2 in the extended system for K = 0.
The linear growth rate of the corresponding (unstable) lock-in solution is

shown in panel (b).
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¢(z,t) must therefore lie in nonlinear effects. The same is true for the period
doubling; no qualitative change of the linear growth rate of the unstable
perturbations as function of their wavenumber occurs.

Some pictures of the behaviour for 0.51 < Fy < 0.6 are shown in figure
5.12. The solution ¢(z,t) is now quasi-periodic in time for fixed z with two
frequenties. The periodicity in space is also disturbed and the question arises
if perhaps quasi-periodicity in space also occurs. Unfortunately, within our
formulation of the problem quasi-periodicity in space can strictly speaking
not be observed; Th'e two frequenties appearing in the quasi-periodic motion
in time are orders of magnitude apart. The Fourier spectrum of the spatial
correlation function ﬁ(k) shows various peaks, which also at quasi-periodic
motion in space. It is also interesting to observe how the coherence of the
pattern decreases as the forcing decreases. On a time scale of the order
of the highest fudamental frequency occurring in the quasi-periodic motion
and on length scales of the order of the smallest length scale ocurring, the
pattern appears to be periodic both in space and time. Deviation of periodic
behaviour only occurs on the large scales.

For 0.45 < Fy < 0.5 the solution ¢(z,t) becomes chaotic in time. The

spatial behaviour does not undergo a significant change at Fy = 0.5 but
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gradually starts showing (more) long range disorder . Pictures are shown
in figure 5.13. There is a clear decay visible of the spatial correlations on
the large scale. Provided the spatial quasi-periodicity indeed occurs one
observes here thus a transition from quasi-periodicity to spatial disorder.
As the forcing drops below 0.5 defects occur for the first time. For Fy just
below 0.5 their appearance in the z-¢ plane is in the form of clusters which
themselves however appear to be randomly distributed over the system. For
smaller Fy the clusters disappear and the defect distribution becomes uniform
as one would expect.

For forcing amplitudes below Fy = 0.45 the solutions display spatio-
temporal chaos. Initially however the Fourier spectrum of the spatial cor-
relation function shows besides the long range disorder also still some short
range order because a small peak occurs (at wavenumber of the maximally
unstable perturbations) just before the exponential decay sets in. A sim-
ilar spectrum is observed for the spatio-temporal chaotic solutions of the
Kuramoto-Sivashinski equation [45] [46]. One therefore may expect a de-
scription in terms of a phase equation to be still possible here despite the
presence of defects. For the unforced solutions, the phase description was

shown to break down when defects occur, being the point where the transi-
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Figure 5.11: Pattern observed after period doubling at Fy, = 0.61.

tion from phase chaos to amplitude chaos takes place. Our results suggests

that this is not the case for the forced solutions. See figure 5.14 for pictures.

Next we will discuss the situation for K = 0 and the two frequenties away
from resonance. Some results for these frequenties are shown in figure 5.15.
A qualitative difference with the situation for frequenties around resonance is

that now immediately as one leaves the lock-in region, the linear instability
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Figure 5.12: (Next page) Snapshot of ¢(z,t) (a), spatial correlation function
D(k) (b) and D(z — z') (c) and the temporal correlation function C(t — t')
for ¢c; = —2.5, c3 = 2 and w = —2, Fy = 0.55 in the extended system with a

spatially uniform forcing.
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Figure 5.13: Snapshot of ¢(z, t) (a), spatial correlation function D(k) (b) and
D(z — 1') (c¢) and the power spectrum of Re¢(0,t) for c; = —2.5, ¢z = 2 and

w = —2, Fp = 0.5 in the extended system with a spatially uniform forcing.
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Figure 5.14: (Next page) Snapshot of ¢(z,t) (a), spatial correlation function
D(k) (b) and D(z — z') (c) and the temporal correlation function C(t — t')
(d) for ¢ = —2.5, ¢ = 2 and w = =2, Fy = 0.5 in the extended system
with a spatially uniform forcing. In panel (e) and (f) a snapshot of ¢ and

the temporal correlation function are shown respectively for Fy = 0.35.
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occurs for perturbations with small ¢, including ¢ = 0. Right below the
lock-in region therefore patterns are observed with a characteristic length
close to the system length if one starts with initial conditions which have a
harmonic perturbation with a small wavenumber. Most initial conditions of
this kind lead to different patterns. For the random initial conditions used
here however this complication does not occur, provided it contains Fourier
components of much larger wavenumber than the largest wavenumber of the
unstable modes. For w = —10 in that case one observes immediately below
the lock-in region sp.atio-temporal chaos. The Fourier spectrum of the spatial
correlation function takes qualitativele the same form as for the unforced
solutions as soon as one leaves the lock-in region, there is no gradual change
as observed for w = —2. An important diference with the unforced solution
is however that now no defects are present. Strictly speaking here the states
therefore should be characterized as phase chaos. However, the behaviour of
D(k) is qualitatively very different for phase chaotic solutions. Also the decay
of the temporal correlations one observes here is not characteristic for phase
chaos, in which case they are believed to decay slower than exponentially.
One therefore arrives at the conclusion that it is better to classify these states

as amplitude (defect) chaos although no defects are present. Is the presence
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of defects a useful criterion for the classification of the unforced chaotic states,
it obviously is not for the forced solutions.

One arrives at the same conclusion by observation of the results for
w = +2, figure 5.16, but this time from a different perspective. Here the
solutions just outside (but not immediately outside) the lock-in region dis-
play spatio-temporal chaos which strictly speaking should be classified as
amplitude chaos because defects are present. However, the correlation func-
tions D and C show behaviour typical for phase chaos. Also in this case thus,
a classification of the forced solutions based on the presence of defects turns
out to be unsuitable.

The appearance of two very different length scales in these solutions, also
typical for phase chaos in unforced solutions, is more pronounced here then
at resonance. It is also reflected by the strong peaks in D(k) and the several
harmonics present. Unlike for the unforced case, their explaination is not
possible on the basis of linear stability analyses. The maximally unstable
perturbation is the ¢ = 0 perturbation, which explains the occurrence of
the large length scale. As ¢ moves away from zero however, the growth
rate gradually decreases and eventually becomes negative beyond a certain

wavenumber. The behaviour just explained sets in somewhat below the lock-
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in region. The behaviour one observes immediately outside the lock-in region
is a state of ordinary phase chaos.

So far our discussion concerned the K = 0 case. We will now look at two
situations for a real plane wave forcing with w = +2 and w = —3. We will not
discuss the complete bifurcation sequence as Fy | 0, but confine ourselves to
a description of the behaviour as one leaves the lock-in region. Forw = +2 we
will look at the situation for two different wavelengths, A =0.2 and A =1.5
(recall that the wavenumber of the forcing is Kaim ~ \/K) For A = 1.5
some of the results are shown in figure 5.17, we are around the resonance
wavelength, just below lock-in. The pattern we observe here looks at a
first glance similar to the quasi-periodic patterns obsereved around resonance
(frequency) for K = 0. Now the spatial oscillations in the pattern are of
much larger amplitude, particularly if one looks at |¢|. Another difference
is that now defects occur. Although the time series is chaotic for fixed =z,
there is a dominant presence of a high and a low frequency (two time scales).
The defect locations in the z-¢ plane reveal some structure and on the short
time scale defectless regions in space are recognized which coincide with the
regions in which the solution is quenched. One wonders if the presence of

the long time scale is infact not a size effect; does it occurs because of the
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Figure 5.15: (Next page) Snapshot of ¢(z,t) (a), spatial correlation function
D(k) (b) and D(z — z') (c) and the temporal correlation function C(t — #')

(d) for c; = —2.5, ¢z = 2 and w = -10, Fy = 6.05 in the extended system

with a spatially uniform forcing.
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Figure 5.16: (Next page) Snapshot of ¢(z,?) (a) (b), a defect (c), the spatial
correlation function D(k) (d) and D(z — z') (e) and the temporal correlation
function C(t — t') (f) for c; = —2.5, ¢z = 2 and w = 42, Fy = 1.95 in the

extended system with a spatially uniform forcing.
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boundary conditions ? Although no change is observed when one doubles the
system size when the original system length is large enough, some response
is observed to to “fine tuning” of the system length.

The Fourier transform of the spatial correlation function is shown in figure
5.17b. Note that unlike for K = 0, D(k) is now of course not symmetric in k.
The major peak occurs at k = — Ky, which in this case happens to be close
to the wavenumber of the maximally unstable perturbation. Furthermore,
one also does not recover symmetry of 15(16) with respect to the £ = — Ky
axis. This fact may be explained from linear stability analyses. It is most
clearly demonstrated if one looks at small perturbations with wavenumber
¢’ of the original solution ¥(z,t); ¥ = eK25p ~ £4'=+P'(4) In general the
growth rate p’(q') is not symmetric with respect to ¢’. This is also true for
this particular case. One may expect because of this in general assymetric
behaviour of D(k) with respect to k = — K.

The shape of '15(/;) again demonstrates significantly more phase chaos in
contrast to amplitude chaos, although defects are present. The absence of a
peak at ¢ = 0 however shows that long range disorder does occur, see also
figure 51.7c. A little more similarity with phase chaos is observed in the

temporal correlation function.
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The situation for a somewhat larger forcing wavelength, A = 0.2, is shown
in figure 5.18. Right below the lock-in region one observes spatio-temporal
chaos. The spatial oscillations in |¢| are large in amplitude, however no
defects are present. The linear growth rate for this case shows two maxima,
figure 5.18f,g,h. This fact is clearly recovered in the Fourier spectrum of the
spatial correlation function. One observes three different characteristic peaks;
two for the wavenumbers of the most unstable perturbations and one for the
wavenumber of the forcing. One does not observe significant exponential
decay of neither the spatial nor the temporal correlations. The presence of
long range disorder is however visible in D(k).

As one decreases Fy further the rather exceptional behaviour of the linear
growth rate quickly disappears. Defects appear and the correlations start
showing exponential decay, see figure 5.19. One also observes a smooth
behaviour of D(k) already quite similar to the behaviour for the unforced
solution. The peak in ﬁ(ls) present for negative £ is located at the negative
wavenumber of the forcing, which again is close to the wavenumber of the
maximally unstable perturbation for which also a much smaller peak occurs
at positive k, no higher harmonics are present.

Finally, rounding of our discussion for the parameter choice ¢, = —2.5,
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c3 = 2, we will look at a solution for a real plane wave forcing with w = ~3
and A = 0.2. Resonance in wavenumber is not expected here and also not
observed, see figure 5.20. The results shown in figure 5.20 are for a solution
just below the lock-in region. Unlike the previous case the phase locked
solutions are now stable for perturbations with wavelengths of the order of
the wavelength of the forcing, resulting in a much more pronounced peak in
ﬁ(k) at k = —K4,. The dominating influence of the forcing is also visible in
D(z —z'), which decays somewhat but this saturates for large |z — 2'|. Also
no significant decay is present in the temporal correlation function, defects
are however present all be it with much lower density than in the unforced
sqlutions.

This concludes our discussion for the parameter choice ¢ = —2.5, c3 = 2.
In the remaining part of this section we will briefly look at the behaviour
for ¢ = —20, c3 = 2 for which the unforced state is severely unstable.
Some illustrations of the behaviour are shown in figure 5.21 for a spatially
uniform forcing () = 0). One observes directly below the wedge shaped lock-
in region already solutions which show similarity with the unforced state

(amplitude chaos). This is particularly obvious in the behaviour of D(k).

Elsewhere one observes spatially periodic patterns, which show phase locked
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Figure 5.17: (Next page) Snapshot of ¢(z,t) (a), spatial correlation function
D(k) (b) and D(z ~ z') (c) and the temporal correlation function C(¢ — #')
(d) for ¢y = —2.5, g =2 and w = +2, Fy = 0.8 in the extended system with

a plane wave forcing with A = 1.5.
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Figure 5.18: (Next page) Snapshot of ¢(z,t) (a) (b), spatial correlation func-
tion D(k) (c) and D(z — z') (d), the temporal correlation function C(t —~ t')
(e) and the linear growth rate (f) (g) (h) for c; = —=2.5, c3 = 2 and w = +2,

Fy = 1.8 in the extended system with a plane wave forcing with A = 0.2.
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Figure 5.19: (Next page) Snapshot of ¢(z,t) (a), spatial correlation function
D(k) (b) and D(z — 2') (c) and the temporal correlation function C(t — t')
(d) for ¢g = —2.5, ¢ = 2 and w = +2, Fp = 1 in the extended system with a

plane wave forcing with A = 0.2.
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Figure 5.20: (Next page) Snapshot of ¢(z,t) (a) (b), spatial correlation func-
tion D(k) (c) and the temporal correlation function C(t—t') (d) for ¢, = —2.5,

c3 = 2 and w = =3, Fy = 1.5 in the extended system with a plane wave forc-

ing with A = 0.2.
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(0w = 0), periodic, quasi-periodic or chaotic behaviour in time. No defects
were observed to eXist in such states. Spatial period doubling is observed
as one decreases Fy, it was not observed to occur more than once for a
specific pattern. After this, the spatial behaviour in all cases considered
became of a more complex nature. However, for futher decreasing Fy (but
still well above the dashed line below which the ¢ = 0 perturbations become
unstable) one usually observes the appearance of a new spatially periodic
pattern which again sometimes undergoes a period doubling. Summarizing,
regions in which spatially periodic patterns exist are separated by regions in
which the solutions show spatial disorder.

For a real plane wave forcing some illustrations of the behaviour are shown
in figure 5.22. For w = —10 the wedge shaped lock-in region covers all values
of A, for w = +2 lock-in is not possible for A < 0.42, see figure 5.5a-b for
an impression. Above the lock-in region for w = —10 and away or above
the lock-in region for w = +2, one again observes spatially periodic pat-
terns for which much the same can be said as for the patterns observed for
K = 0. Just below the lock-in region for w = —10 the spatial correlations
show long range disorder, peaks are again observed for the wavenumber of

the forcing and the maximally unstable mode. The temporal correlations
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also show exponential decay in this case and the solutions are best quali-
fied as amplitude chaos, although no defects are present. For w = +2 the
solutions immediately outside the lock-in region show great similarity with
the unforced solution. Defects ocur and the spatial and temoral correlation

~

functions show exponential dacay, D(k) shows an overall smooth behaviour.

In the next chapter a summary will be given of results presented in this

work that deserve further study.
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Figure 5.21: (Next page) Snapshot of ¢(z,t) (a) (b), spatial correlation func-
tion D(k) (c) and the temporal correlation function C(t—t') (d) for c; = —20,
c3 = 2 and w = —10, Fy = 6 in the extended system with a spatially uniform
forcing. Snapshots of ¢ are shown in (e) and (f) for respectively w = +2,

Fy =5 and w = +2, Fy = 3 while the other parameters are unchanged.
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Chapter 6

Summary and outlook.

In chapter 3 the phase diagram was obtained for the harmonically forced
LE. A classification of the phase diagram based on the value of the natural
frequency was given. Stable phase-locked states were shown to exist in all
cases for sufficiently large forcing. The possible behaviour other than the
lock-in behaviour was scrutinized with care, and it may be said with some
confidence that the phase diagram is complete. Outside the stable region for
phase-locked states the only stable state is a two frequency guasi-periodic
state, of which the analytic form is given by the product of the exponential
factor of the forcing and a periodic function. Close to certain parts of the

boundary of the lock-in region the quasi-periodic state coexists with a stable

298
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locked-in state.

In chapter 4 the main part of the work concerns the behaviour when
the linear growth rate Re(o) is space dependent and of a Gaussian form.
Representative examples of a small, intermediate size and large system were
discussed. Anl attempt was made to obtain the bifurcations occurring in
these systems as the maximum value of the growth rate (Xo) is varied. Ini-
tially (small ), for all system sizes a stationary pulse solution exists, which
undergoes a parity breaking bifurcation but remains stationary (e** time
dependence). The examples of the different systems discussed were for fixed
parameters {ca,c3} = {—1,1}, which would be precisely at the Benjamin-Feir
instability in the spatially uniform system. All systems considered therefore
eventually (increasing ¥,) show a transition to chaotic behaviour.

In small systems, spatial disorder was shown to occur only for very large
o (3o > 30). Except for such large values of ¥, the behaviour is chaotic in
time but not disorderded in space. The transition to this behaviour from the
stationary state takes place via intermittency. A dependence of the temporal
behaviour in the intermittent and chaotic regimes on the position in the
system was shown to exist. Further analyses is necessary for a more precise

description of the parity breaking bifurcation and the intermittency.
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In an intermediate size system the behaviour shows qualitative differences
in the central region (roughly there where the growth rate is positive) and in
the outer regions (roughly there where the growth rate is negative). In the
central region a transition to amplitude chaos is shown to occur via quasi-
periodic behaviour in time and intermittency. Defects are present as soon
as the behaviour becomes quasi-periodic. At the same time in the outer
region the motion also becomes chaotic in time, with however one dominant
frequency close to the frequency of the stationary puls observed for smaller
Y. The solutions decay exponentially in space in the outer regions and their
significant size was too small in the example discussed for spatial disorder
to occur. Defects do not occur in the outer regions except for the ones that
can be contributed to size effects. Interesting for further study are again the
parity breaking bifurcation and the intermittency.

Finally, in large unforced systems also-a central region and outer regions
occur. In the central region a transition to amplitude chaos takes place
which is similar to what is observed in intermediate size systems. For larger
3o however, the behaviour shows spatio-temporal intermittency. Two corre-
lation lengths seem to appear, suggesting a state in which spatio-temporal

intermittency coexist in the central region with amplitude chaos in its central
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part.

A small and an intermediate size system were analyzed in the presence of
a Gaussian forcing. The intermediate system was also analyzed for a plane
wave forcing. The outlines of the phase diagram were obtained as the forcing
strength and amplitude varies. The shape of the lock-in region shows great
similarity with that of the LE. For small systems, the similarity also holds
for what concerns the dominant behaviour outside the lock-in region, which
consists of a quasi-periodic (two frequency) nonsymmetric state. Besides
this, small regions exist in the phase diagram in which the behaviour is more
complicated, three frequency quasi-periodic motion and temporal chaos are
possible.

In the intermediate size system the behaviour for a Gaussian and a plane
wave forcing is shown to be similar. Well away from resonance, two spatial
regions occur; a central region in which spatio-temporal chaos developes as
the forcing strength decreases, and outer regions in which there is lock-in
behaviour. For suitably small forcing phase chaos is expected to occur in
the central region although this was not verified explicitely. For frequen-
ties around resonance, various spatial regions occur in which the behaviour

is qualitatively different. Solutions are shown to exist which show lock-in
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behaviour, quasi-periodicity (time) and temporal chaos at the same time in
different parts of the system. The size of the spatial regions was too small
in the examples considered to observe disorder. Interesting for further study
is the change in behaviour as one passes from one region to the other, and
of course also the behaviour in the large forced system which has not been
addressed here.

In Chapter 5 the supercritical equation with constant coefficients in the
presence of a plane wave forcing was analyzed. The lock-in region for plane
wave solutions was constructed for finite size systems and extended systems
in the Benjamin-Feir unstable regime (1 + cpc3 < 0). A classification of the
phase diagram in terms of the parameters c; and c3 was shown to be possible.
The Benjamin-Feir instability was shown to have the same apearance in the
forced system as in the unforced system: for a given sufficiently large forcing,
stable plane wave solutions are possible with wave numbers K? < KZ ..
In systems with a severely unstable unforced state however, also a lower
limit exists for the wavenumber of stable forced plstable ane wave states;
K2. < K? < K2,. A short wavelength regime was shown to exist for

which the phase diagram simplifies considerably. This regime is reached in
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most cases for finite wave lengths which are of the order of %—2—&%‘ to 2- %% I

The behaviour outside the lock-in region is studied for the extended sys-
tem for the case that the forced solution shows amplitude chaos. Around
resonance, a uniform forcing (K = 0) was shown to produce spatially pe-
riodic patterns with a period equal to the period of the maximally linearly
unstable mode. Period doubling occurs, after which (decreasing forcing am-
plitude) the behaviour shows more and more long range disorder and even-
tually amplitude chaos sets in. It was noted that the results suggest that
quasi-periodicity in space occurs, although this could not be proven because
of the periodic boundary conditions. It was shown that, particularly well
away from resonance, classification of the chaotic states in terms of ampli-
tude and phase chaos is not sufficient.

Most interesting for future research is an analyses of the possible tran-
sition from spatial quasi-periodicity to spatio-temporal chaos, suggested by
the results presented in chapter 5. Also, the behaviour for K? = 1 as the
forcing amplitude decreases to values well away from the lock-in region has
not been very extensively analyzed here and may be interesting for further

study. The same is true for the situation where the unforced solution shows



304

phase chaos which has not been addressed here. It must also be mentioned
that the CGLE with a plane wave forcing involves quite a large number of
possible parameter choices, of which certainly not all relevant ones have been
considered in this work.

Finally, it has been clearly demonstrated by the results presented here,
that the forced CGLE provides a richer model than the unforced equation
with respect to the study of spatio-temporal chaos. Further study of it may

contribute to an understanding of this behaviour.



Appendix A

Analyses of the bifurcations of

fixed points of the LE.

Here we present the analyses of the bifurcations occurring in the forced LE,
given by (3.16) involving the critical points of the equation (local bifurca-
tions).

The linear growth rate p(w, c3, Fp) (eq. (3.7)) for a critical point ug(w, cs3, Fo)

is given by

Pra =1 = 2fugf? £ /(1 + &)luolt — (W + 2es]uol?)2. (A.1)
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A critical point ug is a spiral whenever
u2 < |upf? < u? ife2 <1/3,
|uol? < u? or |ug)® > ud if & >1/3,

—2wes £ |wly/1+ 2
g _ 4w |w] Ca' (A.3)

Y12 3c -1

where

A critical point is a saddle whenever it is not a spiral and
(1 = 2uol?)? — (1 + 2)|uol* + (w + 2e3]uo]?)® < 0. (A.4)

In any other case the critical point ug is a node. Spirals or nodes are sinks if
[ugl? > 1/2.

One immediate observation we make by comparing (A.4) with (3.9) is
that the only candidates for saddles occur for A% _ < |ug|? < A%, . This then
implies, since Ay and Ay, are the extrema of f., . (AL), \that there is at
most one saddle point, and it rules out the possibility of saddle connections.
It is easy to prove that all candidates for saddles are indeed saddles. For
c2 > 1/3 we have for w < 0: u? > A2, w3 < A?_ and for w > 0: u?, u} < 0,
finally: w!, <0 for all w. For ¢Z < 1/3 we have u? < 0 and u} < A} _.

Codimension two bifurcations occur in two points in the phase diagram.

For ¢ > 1/3 they occur in F, (w,) and F_(w_), for ¢Z < 1/3 they occur in
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F_(w,) and F_(w_). In these points many lines come together, on which
other bifurcations (codimension one) occur. Careful bookkeeping enables us
to construct the complete phase diagram analytically as far as local bifurca-
tions are concerned.

On the basis of the above results we have performed an extensive numer-
ical search for other possible bifurcations, using a Runge-Kutta integration
scheme. The result of this search are the bistable regions B1, B2 and B3

discused in chapter 3. Besides these no other bifurcations were observed.



Appendix B

The periodic solution of the LE

in the limit of small forcing.

In this appendix we will show that (3.16) has a stable periodic state up(t)
with period Tp = -Iw_iwc—3| for Fy < d, where d is some positive constant. We
will first show that such a solution up(t) exists.

Write

up(t) = uo + g(t) + f(2) (B.1)

where ug is uniquely determined by
[iw — 1 + (1 + ic3) |uo|*Juo = Fo (B.2)
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and g(t) = /1 — 2|uo|?e**, @ = —(w -+ ¢3). Then the function g(t) satisfies

the equation

d .
iwg + =1 — g+ (1 + ica)2luol’y + |gP’g] = 0 (B-3)

and the equation for f(t) becomes

(iw+ & — 1) f + (1 +ic3)[2[uol*f + uj(g® + 29 + )
+ud(g* + f*) + 2uollgl? + ¢*f + frg + | f1?] (B.4)

+2|g2f + g* 2 + ¢*f* + 29| f* + | 12 f]

We now expand f(t) in a Fourier series
t) =73 ™, , (B.5)

fo= / " f)e ot (B.6)
Tp Jo
and we expand the Fourier components in some small parameter ¢ (to be
identified later),
= ie" Frsi - (B.7)

We have

p-1

(f2 q,P Zz.fﬂlfq —n,p— 1 , )(1 - (sp,l) 3 (B°8)

n i=1
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p—1

|f|2 q:P Z Z fnt g+n,p— 1 611’0)(1 - 61’,1) ’ (Bg)

n i=1
p—1p-1

(fPF)ap = 3_2° D fnifmjform-np-i-i(1=8p0) (1=0p1)(1=6p2) . (B.10)

n,mi=] j=1

If we denote |g| = @ we have in first order

(iw -+ ZQQ —_ l)fq’I

(B.11)

+(1 + ic3) [u3a25 2+ 2uab,0 + 20 fr 4+ a2f1*’2~q] =0,
(—iw — (2— )i —1)f5_

2ol (B.12)
+(1 — ics) [uga0y2 + 2u5®dy0 + 202 f1a g + 02 frg] = 0.

This is a set of linear equations, written in short
f 1 C(q’ 1)
M) | | = (B.13)
f;—q,l C*(2 -4, 1)

In general det M(q,1) # 0 and C(q.1) = 0 for all g except ¢ = 0 or ¢ = 2.

Hence f;; =0 for g # 0,2 and we find

for = —2upa?(1 + ic3)(—iw + 22 — 1 + 2a%(1 — ic3)) + upa® (1 + c2)
O™ (iw — 1+ 202(1 + ics)) (—iw + 210 — 1 + 202(1 — ic3)) — a*(1 + c2) ’
(B.14)
4 : ; 2
_—upa®(l —idcg) = (1~ ics)a’ fo,
fo = e T 14 202 (1 — icy) (B-15)

From this the small parameter appears to be € = |uy|. We will see later on
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that |uo| is indeed a consistent expansion parameter. Second order gives us

(zw + ZQQ - l)fq'z
+(1 + ic3) [2u3afq_1,1 + udady -1 + 2ug[afyrry + afl*_qyl]

+202fp2 + @ Ty fanfamniin + 02 f5 40 + 2050 fasfroininy] = 0.

(B.16)
This is of the same form as (B.10),
f 2 C(Q: 2)
M@ | | = , (B.17)
f;—q,2 c* (2 -4, 2)
moreover, the matrix M(q, 2) is identical to M(g, 1):
M(q,2) = M(q,1) . (B.18)

Since in general det M(q,1) # 0 and C(q,2) = 0 for ¢ # 1,—1,3 we have
that f2 = 0 for ¢ # 1,—1,3. Further we observe that f;2 couples with
itself while f_;2 couples with f3., the constants C(g,2) depend on results

obtained in first order.
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In p** order we obtain

(tw +1ig2 — 1) fop

+(1 + ic3) [2|uof? fop-2 + U502 8g,20p,1 + 2uj0fo-10-1

-2
+ug3n ¥ frifg-np-1-i + uga(S ,~10p,2 + ugf;,p—2

+2“0[a26q,05p,1 +afgrip-1tafigp-1+ 2, ?;12 In,i t;+n,p—l——i]

+202 fop + @ Tn XI2) faifor1onp-i + &2 f3_gp

+2a Zn Z?;ll fn,i ;+n—i,p—i + Zn,m Efz—f E_I;;f n,if:;l,ij+m—ﬂyp—i—j] = 0.
(B.19)

From this equation we first of all observe that € = |uy| is a consistent expan-

sion parameter. The equation is again of the form

fop C(g,p)
Mgp)| 7 | = g : (B.20)
f;—q,p O (2 - qap)

where C(q, p) is determined by results obtained in previous orders and

M(q,p) = M(q,1) . (B.21)
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So in general det M (g, p) # 0 and (B.15) has a unique solution. There always

exists a d; > 0 such that the expansion is uniform convergent for Jug| < dy.

This completes the proof of the existence of the periodic solution up(t) for

F, < d,, where d, is some positive constant.

To test the linear stability of up(t) we write up(t) = ug + G(t), that

is G(t) = g(t) + f(t). This yields an autonomous equation for G(t) which

is simply given by (B.3) if we replace g(t) — G(t). Linearization, G(t) —

G(t) + 6G(t), then gives an equation for 6G(t) of the form

d | 6G .| 9G
. = A(G, G*) ,
0G* 0G*
where
1 —iw + (1 + ic3)[2|uo)? + 2u3G + 2uG* + 2|G?]
A(G,G*) =

(ud)? + 2ufG* + (G*)?

u3 + 2uyG + G2

1+ iw + (1 — ic3)[2|uo|? + 2u3G + 2usG* + 2|G)?]

The characteristic exponents of this equation are A; = 0 and

1 (T
A2~T—P/0 Tr Adt.

(B.22)

(B.23)

(B.24)

(B.25)
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The criterion for stability of up(t) is Az < 0, up to second order in |uo|? we
obtain
—1 — [~2Juo|® + 4Re(u fo,1) + 2| foul? + 2| fou[?
(B.26)
+4Re(f12)(1 — 2|uo>)2 + O(Juol*)] < 0.

There always exists a § > 0 so that this inequality is satisfied for |uo| < 62.
Hence wup(t) is stable for Fy < d; with d, some positive constant. This
completes the proof that the periodic solution up(t) exists and is stable for

Fy < d with d = min[dl, d2]

/



Appendix C

Numerical details.

In this appendix the essential details behind the numerical methods used in
this work will be given. Section C.1 gives a describtion of the solution method
used for equation (4.23). In section C.2 it will be explained how this same
method was used to obtain periodic (time) solutions for arbitrary periodic
forcing of equation (3.1). The fast Fourier transform is briefly discussed in
section C.3. Finally, the Split Step Fourier method is discussed in section

C4.
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C.1 Phase-locked solutions.

Here we will discuss the numerical solution method of equation (4.23). This
equation is an algebraic nonlinear equation in the Fourier components of the
solution of the original partial differential equation. To numerically solve it
the NAG library routine CO5PBF was used. This is an easy to use routine
based on a modification of the Powell hybrid method [47]. Under reasonable
conditions, this guarantees global convergence for starting points far from
the solution and a fast rate of convergence. The Jacobian of the system has
to be providéd and it is updated by the rank -1 method of Broyden. At the
starting point the jacobian is evaluated, but it is not updated until the rank
-1 method fails to give satisfactory progress.

The routine works for real systems with real variables. Let /V be the num-
ber of Fourier components and a; = Re¢; and a; .y = I md3,-, i=1,...,N.

For phase locked solutions d,a; = 0 one then has to solve
fm(a) =0, m,l=1,...,2N (C.1)
where f; = Re(z), fivn =Im(2;),i=1,...,N and

2 = (iw — gy + K2A(L + icp)) s



J
The Jacobian of the system
Ofm

J, ml — Baz

is most easily evaluated if one uses

0 0 0

———
~

+ —,
Qa;  Op; O}

) ( 9 i )
=1} —— — —= .
Oa;, N 0¢; 0

Then
Jij = Re(Aij + B;;)
| 'Ji,j+N = Im(B;; — Aij)
Jirng = Im(Aij + B;;)
Jisnj+n = Re(Aij — Bij),
where

Aig = (iw ~ p + AL+ ie2)k?)8i5 + 2p2(1 + dcs) (|(2) )iy,

Bij = pa(1 +ics)(¢*(2))ij-

The linear stability is tested by writing

am(t) = agm + dan,(t)

N
+ ; p2(1 + ics)(|6(z))i—ib; — B
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(C.2)

(C4)

(C.5)

(C.6)

(C.7)
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where ag, is a solution of (C.1). Writing dam,(t) = dagme**™* the dispersion

relation s,, follows from
det(Jmpn — Smbs,m) = 0. (C.8)

Stability requires s,, <0 forallm=1,...,2N.

Crucial factors in obtaining a numerical solution of (C.1) are the starting
point and the possible vanishing of the Jacobian on the way to or at the
actual solution. If the Jacobian vanishes somewhere on the way, the routine
will end there without obtaining a solution. Being familiar with the Landau
equation (N = 2) for which there are usually two such points in which
J =0, it is not surprising that by actually doing the computation for N > 2
one finds that the vanishing of J,, is a serious obstacle for obtaining a
solution. A simple but effective way of dealing with this problem is to make
use of the property that the routine can find solutions far from the starting
point. We observe from the LE that stable solutions can always be reached
without passing a point where J = 0, either from ¥ = 0 or for ¥ sufficiently
far away from the origin. In some cases both starting points will give a
stable solution, corresponding to solutions in the bistable regions in the phase

diagram. Assuming that such a property is in some way also true for the
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CGLE, the following remedy was used. Whenever the routine stranded at
a point where J = 0, the distance of the starting point to the origin was
increased or the starting point was moved to the origin. This method worked
very well, always at least one solution was obtained and bistable regions
were found to exist. Not a big effort was made however to try to verify the
assumption, that is, it can not be completely ruled out that the CGLE infact
has tristable regions or additional bistable regions besides the ones obtained
in this way. Finally, the criterion ” furher from the origin” is of course rather
vague if we have a reasonable number of Fourier components. Good results
are obtained by starting with a § or Gaussian shaped function (in z-space),
where the amplitude then is used in the ”further from the origin” criterion.
Amplitudes used were typically of the order of 3-300. Results obtained in
this way show very good convergence properties with the actual error in fp,
smaller than 1079 in double precision computations.

In order to minimize the computation time, a pseudo-spectral method
combined with a Fast Fourier Transformation was used [39]. This means
that the nonlinear terms present in f,, and J,, are computed precisely
as indicated, that is as Fourier transformations of |¢(z)|*¢(z) and ¢?(z)

etc.. Since this, dependent on the convergence, may require many back
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and forth transformations, one has to make sure that these back and forth
transformations are exact, that is, that no structural rounding errors occur
in this way. The FFT therefore has to be done with some care, it will be

discussed in section C.3.

C.2 Frequency-locked states of the LE.

We will formulate the method used in chapter 3 for the frequency-locked

solutions of the LE (3.1) with arbitrary periodic forcing
F(t 4+ To) = F(t), T() = 27T/Lu'0. (Cg)

Suppose a frequency-locked states has a period T’ = 27 /w, w = gwo. It may

then be written as a Fourier series,
Up(t) =Y Vyne™, (C.10)
n

I 1 (T —inw
¥pn= = /0 U py(t)e~mdt, (C.11)

and the Fourier components satisfy

(fwm — (1 + z'c;))\ilﬂ,m + (1 + ic3) E(N’ﬂ(t)lz)m—n‘i’ﬂ,n = O g Fp. (C.12)



321

This equation is of the form (C.1) and may be solved as discussed in the

previous section. The Jacobian is given by (C.4) where now
A[’m = (z'wm - (1 + icl))él,m + 2(1 + icS)(lq’ﬂ(t)P)l—m y

Bim = (1 +ica) (Y5 (8))14m- (C.13)

Regarding the stability of the frequency-locked states things are not quite
as straight forward as previously, due to the fact that the forcing does not
have the simple harmonic form. In general, this prevents the transformation
of (C.4) into an autonomous equation; the explicite time dependence can
not be eliminated in general. The resulting equation for stability has time

dependent coefficients with period T,
[0 — (1+ider) + 2(1 + ics) [ ¥ pu(t) ] 5 (2)

+(1 + ic3) W%, (¢)0T*(t) = 0. (C.14)

For the characteristic exponents A; and A, of this equation one has
2 (T 2 .
M+h=1-2 /0 0,(t)2dt  mod2ri. (C.15)
A solution ¥ (t) is therefore unstable whenever

1 (T 0y 1
T/o ¥pt)Pat < 5. (C.16)
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However, if this inequality does not hold it is not gauranteed that W (t)
is stable. A general stability analyses on the basis of (C.14) is difficult.
Floquet’s theorem is available but this does not provide a method to compute
the characteristic exponents. The strategy for obtaining the phase diagram
shown in figure 3.5 therefore has been, to rule out the stability of most of
the frequency-locked states on the basis of (C.16) and tc test the stability of

the remaining states from a time integration as explained in chapter 3.

C.3 Fast Fourier transformation.

In this appendix it will briefly be shown how a Fast Fourier Transformation

is used properly to approximate the Fourier transformation

T 1 L —tknx
Wy, = -L-/O dz¥(x)e (C.17)
and its inverse
+00
U(z)= Y Uete, (C.18)

where k, = 2 .n. By a Fast Fourier Transformation of a series {f ()}

we will mean the transformation

1 2N -1

fn) == X f(j)e2mil2N (C.19)

=0
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with its inverse
2N-1
fG)= 3 fln)emirn, (C-20)
n=0
Below it will be shown how equations (C.17) and (C.18) may be writ-
ten properly in the form of (C.19) and (C.20) preserving the exact relation
between the original transformation and its inverse. More precisely; unavoid-
ably one introduces errors by discretizing (C.17), however, the point is that
this should be the only errors introduced. Once discretized, one should re-
quire the back and forth transformations to be exact so no extra (rouding)
errors are introduced. This is important for the pseudo-spectral method,
where one uses intensively back and forth transformation and rounding er-
rors may build up eventually.
One splits the interval [0, L] into 2N points, z; = 2—’;;,— ,1=0,...... ,2N —
1. Denote ¥(z;) = W(i) and ¥;, = ¥(n) and define ¥(2N) = ¥(0). The
Fourier transformation (C.12) then becomes in approximate discretized form

1 2N-1

U(n) = 5 3 (Ge iy, (C.21)
2N jur
with exact inverse
n=+N _ . ) 1.« . .
() = Y, W(n)e?™/2N - @) + ¥ (=N)](-1). (C.22)

n=—N



However, according to (C.16)

2N1

¥(N) = Z U(5)(—
Therefore if one shifts the summation index in (C.17) one has
2N-1 _ o
() = (-1 3 ¥(n— N)e? /2N,
n=0
Finally then, if one defines
¥'(5) = (-1Y (),

relations (C.19) and (C.20) will hold for ¥’ and ¥,

. 1 2N-1 2enj 2N
V(n) == > W(j)e /=,
oN &
2N-1 _
\I,I(]) — \I,(n)eﬂwnJ/ZN
n=0

C.4 The split step Fourier method.
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(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

The method consists here in that one splits up the equation in two parts, each

of which can be integrated analytically. In each time step then, the solution

is advanced for these parts seperately, using the result of one as input for the

other. The method is first order accurate in At and all order in Az and is

uncondtionally stable according to linear analyses.
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In case of the forced CGLE one has infact two relevant options for separa-
tion of the equation and two options for arrangement of the actual intgration.

The first is where one advances the solution according to

%+z’w— 1+ (1+4ic)|¥|*| ¥ =0, (C.28)
resulting in
(1+iw)At
U,(z, At) = ¥(z,0)e = (C.29)
1+ [¥(z,0)[*(e24 — 1)
after which the solution is advanced acording to
\i’(k, At) — ‘i’l(k, At)e—A(l+ic2)(k+K)2At
+ Fy [1 _ e—A(1+ic2)(k+K)2At] (030)
ALl +ic))(k + K)? ’
or vice versa.
The second is where one advances the solution according to
0 . . 2
-ét—+zw+(l+zc3)|\ll| ¥ =0, (C.31)
resulting in
iwAt
U, (z, At) = V(z,0)e (C.32)

[1+ 2|¥(z, 0) 2AE] 02

after which the solution is advanced acording to

B(k, At) = ¥, (k, At)el-A+e)(k+K)?)At
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- Fo _ J(1-A(1+icg)(k+K)?)At
1= A(l+ico)(k + K)? [1-e ] (C.33)

or vice versa.
All methods were found to provide equal efficienty, the actual method

used was the second one mentioned, given by (C.32) and (C.33).
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