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Abstract

STUDIES IN ALGORITHMS FOR FAST RECTANGULAR
MATRIX MULTIPLICATIONS AND THEIR APPLICATIONS

by

Xjaohan Huang

Advisor: Professor Victor Y. Pan

The first part of the dissertation describes the studies and results in developing the
algorithms for fast rectangular matrix multiplications. In this part, we present two algo-
rithms for the problem < n,n,n? > of computing the product of an n X n matrix by an
n x n? matrix, supporting the asymptotic arithmetic complexity bounds O(n*) with the
exponents 3.33984 - - - and 3.333953 - -, respectively, which are better (less) than previously
known record exponent 3.375477 - - - by 0.036 and 0.042 respectively. Then, we present fast
algorithms for rectangular matrix multiplications for matrix pairs of arbitrary dimensions
and deal with the algorithms as the functions of the dimensjons. Finally, we have discussed
the optimization of the algorithms for rectangular matrix multiplications. Under “majority”
situations, our algorithms achieve better matrix exponents than the known ones.

The second part of the dissertation describes the applications of our results of the
first part on two topics. In particular, we improve the processor efficiency of fast parallel
evaluation of the determinant, the characteristic polynomial and the inversion of a given
square matrix, that is, we improve the processor complexity of the problem from O(n?5%) to
O(n?%%7). In another application, we have yielded the acceleration of univariate polynomial

factorization over a finite field.
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Part 1

Algorithms for Fast Rectangular Matrix

Multiplications
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1 Introduction

Acceleration of matrix multiplication is a major subject of theory and practice of
computing (see [Pan], [Pan,a], [GL89/96]). In this dissertation, we study some theoretical
aspects of this problem, that is, we improve the known upper estimates for the asymptotic
complexity of multiplying rectangular matrices of large sizes. We show further applications
of our results to the improvement of the known upper bounds on the deterministic asymp-
totic parallel complexity of some of the most fundamental matrix computations, such as
the evaluation of the determinant, the inverse, and the charateristic polynomial of an n x n
matrix and solving a nonsingular system of linear equations and to the improvement of the
known algorithms and complexity estimates for the computation of the polynomials of the
composition and the known estimates for the computational complexity of the factorization
of univariate polynomial over finite fields, which is a major problem of algebraic computing.

Asymptotic arithmetic complexity of square n X n matrix multiplication has been studied
very extensively and intensively (see e.g. [St69], [Sc81], [CW82], [Pan], [Pan,a], [St86],
[St87], [St88], [CW90]). So far, this study has culminated in the record upper bound Oo(n%),
w < 2.376 (in terms of the number of arithmetic operations involved) [CW90], which marks
a long but still uncompleted way from the classical w = 3 (before 1969) down towards the
best lower bound 2.

Less attention has been paid so far to the complexity of rectangular matrix multiplica-
tion, where the most important results are [BD76], [Co82] and [Co96].

The asymptotic complexity of m X n by n X p matrix multiplication can be expressed in
terms of A(m,n,p) denoting the minimum number of arithmetic operations involved. There
is a good motivation, however, to confine the study to bilinear algorithms, which consist

of linear operations (additions and multiplications by scalars) and bilinear multiplications
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(also called nonscalar or essential multiplications), which multiply pairs of linear forms in
the entries of the two input matrices (see more details in the next section). The minimum
number M(m,n,p) of bilinear multiplications used in all bilinear algorithms for m x n by
n X p matrix multiplication is an appropriate measure for the asymptotic complexity due

to the following known bound (cf. e.g. [Pan]):

A(m",n?,p*) = O((M(m,n,p))*) as h — co. (1.1)
Besides, presently and historically, all the known algorithms supporting the record asymp-
totic complexity estimates for matrix multiplication have been devised as bilinear algo-

rithms.

We have the following simple known estimates (cf. e.g. [Pan]):
M(m,n,1)=mn, (1.2)

M(m,n,p) < M(m/q,n/q,p/[9)M(q,9,9) (1.3)

for any q that divides m, n, and p. Furthermore, we have

M(m,n,p) = M(m,p,n) = M(n,p,m) = M(n,m,p) = M(p,n,m) = M(p,m,n) [Pan72],
| (1.4)
M(n,n,7(n)) =n®+o(n) if r(n)=o(logn), n—>oc0 [BD76],
A(n,n,n") = O(n?*) forany €>0 if r<0.197, n—o0  [Co82],
A(n,n,n") = O(n?*¢) forany €¢>0 if r<0.294, n —o00  [Co96] .
By extending (1.3), we obtain that
M(m,n,p) = O(¢”) max(mn, np,pm)/q*>, ¢=min(m,n,p) = ,

provided that M(q,q,q) = O(g”). The latter bound asks for improvement for larger ¢. The

goal of this paper is to extend the techniques and the estimates of the paper [CW90], so as to
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obtain such an improvement. Having achieved this goal, we will show the resulting improved
estimates for the deterministic parallel asymptotic complexity of the cited fundamental
matrix computations, as well as of many other matrix computations reducible to them
(cf. [BP94]). Our resulting complexity estimates are theoretical: they only apply to very
large input matrices; furthermore, we will also in detail show the acceleration of polynomial
factorization over finite fields such as the problems of composition of polynomial, polynomial
factorization over a finite field, and Fast Black Box Berlekamp Algorithm.

We organize our presentation as follows. In section 2, we recall some basic concepts,
definitions and results on matrix multiplicatins. In sections 3 and 4, we modify slightly
the technique of section 6 of [CW90], which gives us an algorithm for < n,n, n? > having
complexity O(n333%). This will be a basic pattern for our further study. In section 5, we
extend the technique of section 7 of [CW90], improve our algorithm for < =, n, n2 > and
yield the bound O(n3333%), In section 6, we show a basic algorithm for < nf,n,n" > for
an arbitrary pair of non-negative rational numbers ¢t and r. In section 7, we present an
improved algorithm for < n*,n,n" > for an arbitrary pair of non-negative rational numbers
t and r. In section 8, we compare the algorithms developed in our paper with various other
effective algorithms and optimize the process of combining all these old and new algorithms
together. In section 9, we extend our improvement of rectangular matrix multiplication to
the improvement of the known upper estimates for the parallel complexity of matrix compu-
tations. In section 10, we extend our improvement of rectangular matrix multiplication to
the improvement of the known upper estimates for the univariate polynomial factorization

over finite fields.
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2 Definitions and Some Background.

In this section, we will introduce some basic concepts and definitions concerning matrix
multiplication, define some new concepts and definitions we need to use in this paper, and
recall some basic results.

The problem of multiplying an m X n matrix by an n X p matrix (so as to produce an mXxp
matrix) will be denoted < m,n,p >. Indices i, 7,k have ranges from 0 tom—1, n—1, p—1

respectively.

Definition 2.1, bilinear algorithms for matriz multiplication. Given a pair of m x n and
n X p matrices X = [z;;], Y = [y;], compute XY in the following order: First evaluate

the linear forms in the z-variables and in the y-variables,
Lo =Y fijq®ij » L= firgUik » (2.1)
18] Ik

then the products P, = L,L} for ¢ = 0,1,---,M —1, and finally the entries 3 z;;y;x of

XY, as the linear combinations

M-1
Zz,-,-y,-k= 3 fnLeLy (2.2)
7]

q=0

where fijq, f3, and fi7, are constants such that (2.1) and (2.2) are the identities in the
indeterminates z;j, yjk, for i =0,1,---,m -1, =0,1,---,n - 1; k=0,1,---,p—-1. M,
the total number of all multiplications of L, by L, is called the rank of the algorithm, and
the multiplications of L, by L; are called the bilinear steps of the algorithm or bilinear

multiplications.

The notation L —< m,n,p > indicates the existence of a bilinear algorithm requiring

L essential (bilinear) maltiplications in order to compute the indicated matrix product.
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If the algorithm is an “any precision approximation (APA) algorithm” [BCLR}, we write
LA« m,n,p >. lf k disjoint matrix products of the size < m,n,p > are computed (sharing
no variables), we write L — k <m,n,p >.

In this part, we study the problems of matrix multiplication of the form < n",n%,nt >
with positive integers n and non-negative rational numbers r, s, and £. Let O(nv{rst))
denote the bilinear complexity of < n",n®,n? >, that is, O(n*(%)) bilinear multiplications
suffice for solving the problem < n”,n*,n' >. The exponent w(r,s,t) will be called the

(matrix multiplication) exponent for < n", n®,nt >. Due to (1.4), we have
w(r, s,t) = w(t,r,8) =w(s,t,1) = w(nt,s) = w(s,nt)= w(t,s,T) . (2.3)

Therefore, it suffices to estimate any one of the six latter exponents for given n, r, s and t.

The exponents w(r, s,t) satisfy the following homogeneity equation:
w(ar,as,at) = aw(r,s,t)

since

0 (nw(ar.as,at) ) = O((na )u(r.s,t) ) =0 (nau(r,a,t) ) .

There is the straightforward information lower bound:
w(r,s,t) > max{r+s,s+t,t+1}. (2.4)

i r = s =t, then < »",n°,n* > represents the problem < n",n",n" > of multiplication
of a square matrix by a square matrix. Computing its bilinear complexity is reduced
to computing the exponent w(r,r,r) = 7 -w(l,1,1), that is, to computing w(1,1,1), by
homogeneity. Current record upper bound w(1,1,1) = w < 2.376 is due to [CW90].

If two values among r, s and ¢ are equal to each other, say,if r = s # t, then

<n",n%nt>
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represents the problem of multiplication of a square matrix by a rectangular matrix. Com-

puting its bilinear complexity is reduced to computing the exponent
w(r,rt) =r-w(l,1,t/7),
that is, to computing w(1,1,¢/r), by homogeneity. We recall the upper bound
w(l,1,¢/r) =2+ 0(1) for t/r<0.294, [Co96],

which matches the lower bound w(l,1,t/r) > 2 of (2.2), up to the term o(1).

If r, s and t are distinct from each other, < n",n®,nt > represents the problem of
multiplication of a rectangular matrix by a rectangular matrix. In addition, < n",n%,n" >
(s # r) also represents the problem of multiplication of rectangular matrix by rectangular
matrix. In this paper, we will present algorithms for multiplication of matrices of such sizes.

We will need the following basic results.

Theorem 2.1 (Schonhage [Sc81]) Assume given a field F, coefficients a; jn 1y Bikhils Vihd
in F()\) (the field of rational functions in a single indeterminate X ), and polynomials f,

over F, such that

£ (5t (gont) (5t

=1 \iJjh Lk .5k

- (zzz ‘f;’yﬁ’zs:)) £ A, 4, )

1=1 j=1k=1 g>0

is an identity in zfz), yﬂ), z,(c,:), A. Then, given € > 0, one can construct an algorithm to

multiply N x N square matrices in O(N37+¢) operations, where T satisfies

L=) (munnpn)" -
h
Theorem 2.1 enables us to estimate w(r,s,t) from above as soon as we obtain a bilinear

algorithm for a disjoint matrix multiplication, in particular, for & disjoint problems

<m,n,p>.
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Theorem 2.2 (Salem and Spencer [SS42]) Given € > 0, there ezists M, =~ 2/ such that

for all M > M., there is a set B of M’ > M'~¢ distinct integers,
0<by<by<---<byr < MJ[2,

with no three terms in an arithmetic progression: for any triple of b;, b;, b € B, we have
bi +bj =2bp iff bi=b;=b.

In our presentation, we will closely follow the line of [CW90]. In particular, as in [CW90],
we will use theorem 2.2 in order to transform tensor product construction into the form

k < m,n,p > for sufficiently large k, m, n and p.

3 Basic Algorithm for < n,n,n? >

In this and the next sections, we will extensively use the techniques of [CW90] (compare
[Pan] and [St86] on some preceding work). We begin with a basic algorithm from [CW90],
equation (5), which gives us one of the most effective examples of the trilinear aggregating
techniques first introduced in [Pan72] (cf. also [Pan] and [Pan,a]). For a given value of the

integer ¢, we will call this construction D,.

9 A~2 1+ 2z + Ayl + A
C RO RE DT > Rt C R I L
+12=3 — x~2(=B )

,_1(1:[01 (1 [1] + z[ll [0] [1] + z[ll [1] [01) +O(A).
The z-variables in (3.1) consist of two blocks: X = {z} and x11! = =0, , 2y,
Similarly, the y-variables consist of blocks Y and Y[, and the z-variables consist of blocks

2z and 20,
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Our next goal is to estimate the exponent w(1,1,2).

Consider the 4N* tensor power of (3.1). Each variable zE-[] in the tensor power is the
tensor product of 4N variables :1:5-‘)1, one from each of 4N copies of the original algorithm
(3.1). 7 ranges in {0,1,2,---,q}. The subscript i is a vector of dimension 4N formed by the
4N subscripts j. J ranges in {0,1}. The superscript [I] is a vector of dimension 4N having
entries in {0, 1}, formed by the 4N superscripts [J]. Clearly, [1] is uniquely determined by
i.

In our tensor power, there are 3tV triples (X N, yWl, ZIK]); each of them is a matrix
product of some size < m,n,p > with mnp = ¢N. We will eliminate some triples by
setting to zero some blocks of variables z, y and/or z, so as to stay with some triples of
the form < qV,q",¢*" > sharing no variables. Then we will estimate the number of the
remaining triples, which will define the exponent w(1,1,2). When we zero a block X1

(respectively, vy, 2), we will set to zero all the z-(respectively, y-, z-) variables with the

given superscript pattern.

Q

Hereafter, (
Q11Q21 i 1Qs

) ' for positive integers Qa QI, Q2a M } Qs Sa'tiSfying

GL+Q24+---+Qs=@Q,

denote the multinomial expansion coefficient. Qur presentation will closely follow section 6
of [CW90].

For all 7 and I, set zE-” = 0, unless I consists of 2N indices of 0 and exactly as many
indices of 1. For all j and J, set yg‘n = 0 unless J consists of N indices of 0 and 3N
indices of 1, and similarly for z,[:q. When we complete this procedure, there still remain
(2N41; N) blocks of triples (X!1,YW1, ZIK]l). The blocks are compatible, which means

that the locations of their zero indices are disjoint, i.e. among the superscript vectors of

XUy W1ZIK] there is one and only one zero in the location of the same component. (For
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example, for N = 2, the block X (10110100}y-{11011011] Z{01101111] j5 compatible). Among them,
N
for each block of variables ZX1, there are ( ) pairs (X (1, Y1) sharing this block; for
2N,N
3N
each block YK, there are also ( ) pairs (X, ZIK]) sharing it; and for each block
2N,N

2N 3N

XU, there are ( ) pairs (YW1, Z[K]) sharing it. Set M = 2 ( ) + 1. Select

N,N 2N,N
a sufficiently small positive € and a sufficiently large N, so that the latter value M would
satisfy the assumptions of the Salem-Spencer theorem for this €; construct a Salem-Spencer
set B (cf. [SS42], [Be46], and [CW90]), where the cardinality of B is M' > M'~<. In the
next section, by revisiting the techniques of section 6 of [CW90], we obtain at least
, 4N
H%.g;( ) 82
2N,N,N

non-zero block products represented by the triples (X {ly W1ZIX]) and pairwise sharing no

variables X1, Y] or ZIK],

The fine structure of each block scalar product represents a matrix product of the size

< qN7qN7(qN)2 > .

For ¢V = n, this turns into < n,n,n? >. For example, for N =1, the fine structure of the

compatible triple X[1010ly{t101] Z{o111] jg

X'[;gtl)q}l'glollm] ngll ’ i: j’ k7l =12,---,4,
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which represents the matrix product

( 20111

Ti010 °°° Zq010 tor - Y1901 [o--- [ Y10q - Yiq0q 20q11
|-

T10q0 °°° Tq0q0 Yq101 " Ygq01 | --- | Yq10q °°°  Yqq0q 2011¢

kzOQIQ

We deduce from the above algorithm and from theorem 2.2 that

(g+2)* 2 cHn*01)

11

20141 \

20qq1

201qq

20qqq )

3-3)

where ¢ is the overhead constant of O(n“('12)) and H is defined by (3.2). By applying

Stirling’s formula

lim \/27m'(%)'l =1
n— n.

in order to estimate H, we obtain

N Ne
AN 44 22
(g +2)W > N30 (3—3) (55) gvetd)

(3-4)

(3.5)

where ¢ is a constant. Let € — 0, N — 0o, take the N** roots and then logarithms of both

sides of (3.5), and obtain that

4
(@+2)'2 (:;3) )

1 27(q + 2)*
< .
w(1,1,2) < 1qulog( 256

The right-hand side is minimized for ¢ = 10:

w(1,1,2) < 3.339848783 --- < 3.3399 .
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12
4 The Number of Disjoint Nonscalar Block Products

In this section, we will proceed again along the line of section 6 of [CW90] modified
slightly so as to estimate w(1,1,2), rather than w(1,1,1).
Choose integers w; at random in the interval from 0 to M-1,forj=0,12,---,4N,

and compute the integers

4N
bx(I) = _ ILiwj (mod M),

=1

AN
by(J)=wo+ Y Jjw; ( mod M ),

=1

4N
bz(K) = (wo + Y (2 — K;)w;)/2 (mod M ) ,

i=1

where I = (I1,---,I4n) € {0,1}*N, I;isOor1,j=1,---,4N. Asin [CW90], obtain that
bx(I)+by(J)—2bz(K) =0 mod M ,

for any triple of blocks (X (1, YW, z{K]l) whose product X (yW1z(K] appears in the trilinear
form. [Indeed, examine the contribution of each w; and observe that for each of the three
terms

ONCREN O NCRO RN NN

2 i Y %0

o8y

we have I; + J; + K; = 2 in the basic construction.]

Set X1 = 0 unless bx([) is in the Salem-Spencer set B, set Y/ = 0 unless by(J) € B,
and set ZIK] = 0 unless bz(K) € B. Then, for each triple (1, J, K), where XUy 12{K1 3£ o,
we have

bx(I) +by(J) = 2b7(K) mod M , bx(I), br(J), bz(K)€ B,

and therefore,

bx(I) = by(J) = bz(K) ,
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by the virtue of Salem-Spencer’s theorem.

We recall that the block X1 is the set of ¢*V variables zE-I], with nonzero indices
in 2N specified places, that is, sharing a common superscript I, a nonzero block is one
which has not yet been set to zero; blocks X (1, yW¥1, Z[K] are compatible if the locations
of their zero indices are pairwise disjoint. Let us complete the pruning procedure, as in
[CW90]. Make lists of triples (x0,y W] ZIK]) representing compatible nonzero blocks,
with bx(I) = by(J) = bz(K) = b for all b € B. If any triple (X[,Y¥, ZIX1) on the List
shares a block (say, Z [Kl) with another triple (X 'yl K1) occurring earlier in the list,
then eliminate the former triple by setting to zero one of the other blocks (say, X ). Now,

we apply the counting argument of [CW90] and extend the lemma of section 6 of [CW90]

as follows:

Lemma 4.1 The ezpected number of triples remaining on each list, after pruning, 8 at

AM? \ 9N N, N

AN

least

Proof: Compare the expected number, ( ) M2, of triples in the list before

2N,N,N
pruning, for each b € B, with the upper estimate

Hanwon) (i) )

for the expected number of unordered pairs of compatible triples sharing a Z-block, a Y-
block, or an X-block. The latter number is an upper bound on the expected number of
eliminated pairs of triples, which is easily showed to be not less than the expected number

of eliminated triples. Comparison of the two upper estimates gives us Lemma 4.1. (|
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It follows from Lemma 4.1 that the expected number of triples remaining on all lists
after pruning (average over all the choices of w;) is at least H of (3.2). Therefore, we may
fix a choice of w; that achieves at least as many triples on the list.

The procedure of computing H can be summarized in the following way:

Procedure 4.1
Step 1: First compute the number of triples of blocks, having a fixed patern <
n',n®,nt > among all the triples (X (1 y /1, ZIK]) that we have after taking the tensor power

of a given basic trilinear algorithm [like (3.1)]. In section 3, < n",n*,n* >=< m,n, n? >,
4N
and there are ( ) special triples among a total of 34N,
9N,N,N

Step 2: Compute the numbers of pairs (X (1, y 1) sharing a single block ZIK], of pairs
(X1, ZK1) sharing a single block Y1, and of pairs (Y], Z[X]) sharing a single block X

(in section 3, these numbers are

( 3N ) ( 3N ) (2N)
ON, N an,n) \w,N

3N
respectively). Determine the largest of them ( here, the largest is ( ) )-
2N,N
Step 3: Perform the pruning procedure extending the one presented in this section in

the straightforward way and show that there still remain at least

the number from step 1

= 4 x the largest from step 2

triples (X!, YW1, Z[K]) sharing no variables.

The latter procedure will be repeatedly applied in the next sections.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

5 Improved Algorithm for < n,n,n? >

In this section, we will improve our upper bound on the exponent w(1,1,2) from 3.3399
to 3.333953 by combining the technique of Section 7 of [CW90] and the same ideas as in
the previous section. The improvement will be due to using a more complicated starting

algorithm, that is, the basic algorithm from [CW90], equation (10):

2, A7 + 22l + xafh + 2

=1

A2 2 L e+ 2 m L G 2 A

+00-3 = a2 4 2328 ) + 3G + A=) (5-1)
= 5L, Dy + 2Pyl 4 2yl

+2([,01y([101 z‘[ﬁ']_ L+ zg)]yﬁ], . z([)o] + z([;]_ . y([)o] z([;)] +0(A).
The subscripts now form three classes: {0}, {g + 1} and {1,2,---,q}, which will again be
denoted i. Again, the subscripts uniquely determine the superscripts (block indices).

Take the 4N** power of this construction. Each variable zE-n in the tensor power is the
tensor product of 4N variables zg-"], one from each of 4N copies of the original algorithm
(5.1). Its subscript ¢ is a vector of dimension 4N with entries in {0,1,2,---,¢,q + 1},
formed by the 4N subscripts j. Its superscript [I] is a vector of dimension 4N with entries
in {0,1,2}, formed by the 4N superscripts [J].

Set L = [BN], where § is a small positive number (which will be specified later on,
roughly at the level of 0.02). As in the previous section, we currently have 64V triples
(x10, yV1, zIK), Set zl11 = 0, unless I has exactly 2N indices of 0, exactly 2N — 2L indices
of 1, and exactly 2L indices of 2; set y}‘n = 0, unless J has exactly N + 2L indices of 0,

exactly 3N — 3L indices of 1, and exactly L indices of 2, and similarly for z,EIq. When we

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

complete this procedure, there still remain

4N
(L,L,2L,2N —-2L,N-L,N -L)
blocks of triples (X (1 y1, ZK]). Namely, among the 4N copies of construction (5.1), we
pick
zg’]y,mz?] from 2N — 2L copies,
z?]ygo]zpl from N — L copies,
z?]y?]z([)o]) from N — L copies,
zg]]ygolzﬂl from L copies,
zg) ]ygl_lz([,o] from L copies and
z([ﬂ,l y([)01 z([,ol from 2L copies.
They are compatible, which means that the sum of indices at the same locations of their
superscripts I, J and K is 2. Among them, for each ZIK1 there are
3N -3L N +2L
(2N—~2L,N— L) (N—L,2L,L)
pairs (X (1, YW1y sharing it; for each YIX], there are as many pairs (X (7, K1) sharing it;

but for each X!, there are only

( 2N )( 2N -2L )
2N -2L,L,L N—-L,N-L

pairs (Y], Z[X) sharing it.

Select the larger (that is, the former) of the two numbers of pairs and set

3N -3L N+2L
M=2 )( )+1 .
2N -2L,N-L N-L,2L,L

Construct a Salem-Spencer set B. Select random integers 0 < w; < M, j=0,1, 2,---,4N.

Then, by following the lines of section 7 of [CW90] and of our section 4, in particular, by
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applying Procedure 4.1, we obtain at least

1 M ( 4N )
=T
4M?\ [ [ oL, 2N —2L,N~L,N~1L

non-zero triples (X, YW, ZIKl), which share no variables with each other, where M ">

Ht

M1-<, for a fixed positive ¢, is the cardinality of B. Each of these triples corresponds to a

matrix product of size
<@L (>,
which turns into < n,n,n? > for n = ¢V~L. Letting M(n,n,n?) = O(n¥(11:2)) and

summarizing our estimates, we obtain
(q+2)4.N > cth(N—L)w(l,l,‘Z) .

Applying Stirling’s formula to the value H*, we obtain that

4N ~143e 256 N N _N(1-8)w(1,1,2)
(g+2)™ 2 N2 [ﬂﬁ(g Z3p)C-R(1 + 2ﬂ)(l+2ﬂ)] (YN gVUmpia).

Let ¢ — 0, N — oo, take Ntk roots and then logarithms on both sides and deduce that

256
4 (1—5)’#(1,1,2)
(@+2)" 2 B35 —3p)e( + 28)+ 0 ’

1 o ﬂﬁ(3 — 3ﬂ)(3-3ﬁ)(1 + 2ﬂ)(1+25)(q + 2)4
(1—PB)logg © 256 '

¢ = 9 and § = 0.016 minimize the right-hand side of the latter inequality, and we obtain

w(1,1,2) <

that

w(l,1,2) < 3.333953--- < 3.334 .

6 Basic Algorithm for < n",n®,n’ >

In this section, we will combine the ideas and techniques of sections 3 and 4 so as to

develop the basic algorithms for estimating the exponents of rectangular matrix multipli-
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cations of arbitrary shape, that is, for the problem < n",n°%, n* >. For convenience, we first
classify the triples < n",n*,n* >, for all rational r, s, ¢ as follows:

(1) <n",n,n > with r > 1;

(2) < n,m,n*>with0<t < 1;

(3) <n",n,nt > withr >1>¢>0.

Indeed, we have three respective classes of triples:

(1) Among r, s, t, two are equal and the third one is larger. In this case, we may assume
r > s =t[cf. (2.1)]. Then, by homogeneity of the exponent, w(r,s,t) = sw(r/s,1,1),
r/s> 1.

(2) Among r, s, t, two are equal and the third one is not larger. In this case, we
may assume 7 = s > t. Then, by homogeneity of the exponent, w(r,s,t) = rw(l,1,t/r),
0<t/r<l.

(3) Among r, s, t, all three are pairwise distinct. In this case, we may assume r > s > t.

Then, by homogeneity of the exponent, w(r,s,t) = sw(r/s,1,t/s), r[s > 1> t/s>0.

6.1 The case <n",n,n> withr >1

Due to (1.4), we may assume that < n,n,n" > is case (1). We begin with the construction
(3.1) again. Take the (2+r)N th tensor power of (3.1), where N is sufficiently large so that
(2 4+ r)N is an integer. Each variable :z:E-[] in the tensor power is the tensor product of
(24 )N variables ::E-"l, one from each of (2+ r)N copies of the original algorithm (3.1). Its
subscript i is a vector of dimension (2 4 r)N with entries in {0,1,2,---,q}, made up of the
(2 + r)N subscripts j. Its superscript [I] is a vector of dimension (2 + r)N with entries in
{0, 1}, made up of the (2 + r)N superscripts [J]. Clearly, [1] is uniquely determined by i.

In our tensor power, there are totally 3N (2+7) triples (X Ny, Z[K]). We will eliminate
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some triples and preserve those of dimension < 7v,qV,(¢") >, sharing no variables with
each other. Then we will estimate the number of the remaining triples.

Set zE’l = 0 unless I has exactly rN indices of 0 and exactly 2N indices of 1, set yg-"] =0
unless J has exactly N indices of 0 and exactly (1 + r)N indices of 1, and similarly for

(2+r)N

z,[:q. When we complete this procedure, there still remain ( ) blocks of triples

N,N,rN
(x4, yWl, ZIK]). They are compatible, which means that the locations of their zero indices
(1+r)N

are disjoint. Among them, for each ZK1 there are ( ) pairs (X1, Y1) sharing

N,*N

it; for each Y{X], there are as many pairs (X (1, zIK1y sharing it; for each X (. there are
2N

only ( ) pairs (Y], ZIK]) sharing it. We select the larger (former) of the two latter

N,N
estimates and set
(1+r)N
M=2( )+1.
N,TN

Construct a Salem-Spencer set B (cf. [SS42] and [Be46]), where the cardinality of B is

M’ > M. In the same way as in the previous sections, we obtain at least

- 1M ((2+r)N)
H=-—
2

AME\ N N,oN

non-zero triples (X1, YW, ZIK]) sharing no variables with each other, that is, our algorithm

computes at least H block products (X 1 yWl, zIK1), The fine structure of each block

product is a matrix product of size
<q",d". "y >,
which is < n,n,n" > for ¢V = n. It follows that
(g +2)@IN > cfpwlttn) |

where c is the overhead constant of O(r“(I't)). Applying Stirling’s formula to approximate
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H, we obtain

g (@ + NN 11
(g+2)2+IN > N300 (EIT-%W ()Veghuann |

where ¢ and ¢ are constants. Let € = 0, N — 0o, take N*? roots, and obtain

24+ (2+r)PN s

By solving for w(1,1,r), we obtain

(1+ )0+ g+ 2)(2+r)) ‘ 6.1)

1
<
w(l,1,7) £ g o8 ( 2+ )@
6.2 The Case <n,n,n*>with0<t<1

We replace ¢ by r, for convenience. In this case the algorithm is almost completely the

same as in the case 7 > 1. The small difference is that we now set

2N
s )+1,
N,N

2N (1+7)N
since ) exceeds ( ) . We proceed as in subsection 6.1 and obtain that
N,N N,rN

2rr(g+ 2)“*")

1
< .
QJ(]., 1, 1’) = lqu I.Og ( (2 + ,,.)(2+r) (6 2)

for0<r<1.

6.3 The Case <n",n,n*> withr>1>t>0

Due to (1.4), we may assume that < nf,n,n” > withr > 1>t >0, instead of
< a",n,nt> with r > 1 >t > 0. In this case, we take the (¢ + 1+ r)N** tensor power of
(3.1), where N is sufficiently large so that (t + 1+ )N is an integer. In our tensor power,

there are a total of 3N(t+1+7) ¢riples (X1, Y], ZIKl). As before, we will eliminate some
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triples and preserve those of the dimension < (¢™)t,¢V,(¢V)" > sharing no variables with
each other. Then we will estimate the number of the remaining triples.

Set zE-I] = 0 unless I has exactly rN indices of 0 and exactly (¢ + 1)N indices of 1, set
yE-J] = 0 unless J has exactly tN indices of 0 and exactly (1+r)N indices of 1, and set z,[:q =0

unless K has exactly N indices of 0 and exactly (¢ + r)N indices of 1. When we complete
t+1+4+7)N
this procedure, there still remain ( ) blocks of triples (X1, Y ¥, ZIK1). They
tN,N,rN

are compatible, which means that the locations of their zero indices are disjoint. Among
(t+r)N

them, for each ZIK1 there are ( ) pairs (X (1, y /1) sharing it; for each YW, there
tN, TN

(1+r)N (t+1)N
are ( pairs (X1, ZIKl) sharing it; for each X (1, there are ( pairs
N,rN tN,N
(YW1, ZIK]) sharing it.
Since r > 1 >t > 0, the second of these three estimates is the largest. So we set
(1+r)N
M= ( ) ‘1.
N,*N

Similarly to subsection 6.1, we obtain that

1 (]_ + 1-)(1+")tt(q + 2)(‘+1+T)
w r)<

(t + 1+ r)EF40) (6.3)

7 Improved Algorithm for < n",n°,n* >

In this section, we will improve our algorithm of section 6 for the problem < =™, n?, nt >
by combining the ideas from sections 5 and 6. We break this section into three subsections

and respectively discuss the three cases, as in section 6.
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7.1 The case <n,n,n” > withr>1

We begin with the construction (5.1). Take the (2 + r)N** tensor power of this
construction, where N is sufficiently large so that (2 + )N is an integer. Each variable
:z:E-n in the tensor power is the tensor product of (2 + r)N variables a:g-'n, one from each of
(2 + )N copies of the original algorithm (5.1). The subscript i is a vector of dimension
(2 + r)N with entries in {0,1,2,---,q,q + 1}, made up of the (2 + r)N subscripts j. The
superscript [I] is a vector of dimension (2 + r)N with entries in {0, 1,2}, consisting of the
(2 + )N superscripts [J].

Set L = [AN], where § is a small number to be determined later on (roughly at the
level between 0.005 and 0.05). We currently have 6+ triples (X1, YW, zIK]). Set
zE-n = 0 unless I has exactly r(N — L) + 2L indices of 0, exactly 2(N — L) indices of 1
and exactly rL indices of 2; set ygfn = 0 unless J has exactly N + rL indices of 0, exactly

(14 r)(V — L) indices of 1 and exactly L indices of 2, and similarly for z,[:q. When this

procedure is completed, there still remain

2+ )N
(L,L,rL,r(N -L),(N-L),(N - L))
blocks of triples (X i yWl, Z[K]), which means that, among the (2 4+ r)N copies of con-
struction (5.1), we pick
zg) ]y‘mz‘m from r(N — L) copies,
a:E-llyt[,olzP] from (N — L) copies,

z?]y?]zgol from (N — L) copies,

:z:g) ]y‘[)o]zt[:*]_1 from L copies,

zg) ]ygllzt[,ol from L copies, and

z?l_ly([lolzc[,ol from 7L copies.
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They are compatible, which means that the sum of indices at the same locations of their
superscripts I, J and K is 2. Among them, for each ZIK1, there are
(1+7)(N-1L) N+rL
((N - L),r(N -L)) ((N —-L),L,rL)
pairs (X[“,Y["]) sharing it; for each Y(K], there are as many pairs (X [l],z[K]) sharing it;
for each X!, there are only
(N —-L)+2L 2(N - L)
(r(N - L), L,L) ((N -L),(N - L))
pairs (Y[‘I],Z[Kl) sharing it.
We select the larger former bound and set
(L+r)(N-L) N+rL
M:Q( )( )+1.
(N-L),r(N-1L) (N-L),L,rL
Construct a Salem-Spencer set B. Select random integers

0<w; <M, j=0,1,2,---,(2+r)N.

As before, we obtain at least

' 2+r)N
= 1M
H=-—
s )

L,L,rL,(N—L),(N-L),(N -
non-zero triples (X n yl z [K]), which share no variables with each other, where M’ is the

cardinality of B and M’ > M!'~¢. Each of them corresponds to a matrix product of size
< ¢N-D), gN-D) gN-L) 5

For n = qW=D), this turns into < n,n,n” >. Letting M(n,n,n") = O(n*("7)) and

summarizing, we obtain

(g+2)@ W > | gN-Dh(LLr)
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Applying Stirling’s formula to approximate the value of right-hand side, we have

(2+7) N
(247N -1+3 2+r) neN  N(1-B)w(1,1,r)
(a2 2 eV [ﬂ"((l TR ARG | (T

Letting € — 0, N — oo, and taking N** roots, we obtain

2+ .,.)(2+r)

(1-B)w(1,L,7)
BB((L+ r)(1 — B))THA=-A)(1 + rf)1+h) q .

(g +2)@*) >

Taking logarithms on both sides and solving for w(1,1,7), we obtain the estimate

1 BP((L+ r)(1— B)+01 4 rg)i+eE)g 4 2)(347)
w(l, 1, T) < (1 — ﬂ) lqu ( (2 + r)(2+r) .

(7.1)

7.2 The Case <n,n,n">with0<r<1

We treat this case similarly to the case r > 1. The small difference is that now
( (1+r)(N-L) ) ( N+rL ) (r(N—L)+2L) ( 2(N-1L) )
< .
(N-L),(N-1L) (N-L),L,rL r(N-L),L,L (N-L),(N-1L)

Therefore, we set
r(N-L)+2L 2(N-L)
M=2 ( ) ( ) +1.
(N-L),L,L (N-L),(N-1IL)

In the same way as in the preceeding subsection, we obtain the exponent bound

w(l,1,7) <

log ((rﬂ)(”’)(2(1 - B))20-B)(r(1 - B) 4 28)r(1-A)+2b)(q 4 2)(2+r))
(1-B)logg 2+ )@+ .
(7.2)

7.3 The Case <n",n,n'> withr>1>¢t>0

Due to (1.4), we will discuss < nrf,n,n" > with r > 1 >t > 0, instead of < n",n,nt >
with # > 1 > t > 0. In this case, take the (¢ + 1+ r)N*® tensor power of (5.1), where N is

sufficiently large, so that (¢ + 1 + r)N is an integer. Each variable z in the tensor power

:
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is the tensor product of (t + 1 + r)N variables zg.‘n, one from each of (t + 1 + )N copies
of the original algorithm (5.1). The subscript i is a vector of dimension (¢ + 1+ r)N with
entries in {0,1,2,---,9,q+1}, made up of the (£+1+r)N subscripts j. The superscript (/]
is a vector of dimension (¢t + 1 4+ r)N with entries in {0,1,2}, made up of the (¢t + 1+ )N
superscripts [J].

Set L = [N, where a small number 8 will be determined later on (roughly at the level
between 0.005 and 0.05). We currently have 6(+1+")¥ triples (X1, YW1, Z(K1), Set 2 =0
unless I has exactly tL + L + r(N — L) indices of 0, exactly (¢ + 1)(V — L) indices of 1 and
exactly rL indices of 2; set yg-"] = 0 unless J has exactly ¢{(N — L) + L + rL indices of 0,
exactly (14 r)(V — L) indices of 1, and exactly tL indices of 2; set z,[‘K] = 0 unless K has

exactly tL + (N — L) + rL indices of 0, exactly (t + r)(N — L) indices of 1 and exactly L

indices of 2. When we complete this procedure, there still remain at least

t+1+1)N
(tL, L,rL,t(N - L),(N - L),r(N — L))

blocks of triples (X1, Y], ZIK])_ In accordance with this estimate, among the (t+1 +7)N
copies of construction (5.1), we pick

zg’ ]y?]z,[ll from (N — L) copies,

z?]y([,o]z,m from t(N — L) copies,

:z:E-l]y?]zt[,ol from (N — L) copies,

zg’]y([,olzﬂl from L copies,

z?lyﬂlz([,o] from tL copies, and

zgﬂly([,olz‘[)o] from rL copies.

They are compatible, which means that the sum of indices at the same locations of their
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superscripts I, J and K is 2. Among them, for each block Z[K], there are
( (t+r)(N-L) )(tL+(N—L)+rL)
t(N~-L),r(N~-L) tL,(N - L),rL
pairs (X1, Y1) sharing it; for each YKl there are
( 1+r)YN-L) ) (t(N—L)+L+rL)
(N -L),»(N - L) t(N-L),L,rL
pairs (X1, Z[X]) sharing it; for each X ], there are
( (t+1)(N -L) ) (tL-i-L-!—r(N—L))
t(N-L),(N-1L) tL,L,r(N - L)
pairs (Y], ZIK) sharing it.
Since r > 1 >t > 0, the largest of these three bounds is the second one. So, we set
(1+r)(N-1L) t(N-L)Y+L+rL
M=2 ( ) ( +1.

(N — L),r(N — L) t(N — L),L,rL

Along the line of subsection 7.1, we now obtain the exponent bound

1
(1-p)logq .

log ((tﬂ)“’((l + r)(1L = B)HIAN(H(1 - B) + (1 + r)B) A+ (AN 4 2)(+17) )

w(t,1,r) <

(t +1+ r)(H-l-H‘)
(7.3)

8 Discussion on Optimization of Algorithms for Fast Rect-

angular Matrix Multiplications

In this section, we will compare our algorithms for rectangular matrix multiplication of
this paper with other possible effective algorithms and will choose some combination of our

designs so as to optimize the exponents. We will discuss three cases, as in sections 6 and 7.
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8.1 The case <n,n,n” > withr >1

In this case, if we apply square matrix multiplication algorithm (cf. [CW90]), we obtain
M(n,n,n") = 0"~ M(n,n,n) = r~10(n¥) = O(n™"1+v) .

Due to w < 2.376 ([CW90]), w(1,1,r) =7 — 14w < r + 1.376. Let g(r) = r + 1.376, then
g(r) is an increasing linear function in the interval [1,00) and passes through the points
(1,2.376) and (2,3.376), where g(1) = 2.375477 - - - agrees with the result of section 8 of
[CW90].

Let f(r) denote the right-hand side of (7.1), that is, the exponent estimate for <
n,n,n" > based on the algorithm of subsection 7.1. By combining the results of sec-
tion 5 and 7, we obtain that f(r) is an increasing function in the interval [1,+o0) passing
through the points (1, 2.38719) and (2, 3.334). Forr =1, f(1) = 2.38719 agrees with
the result of section 7 of [CW90], and f(2) = 3.334 agrees with the result of section 5.
Near the point * = 1.171, we have f(r) = g(r) = r+1.376. For g =7 and 8 = 0.0336,
F(L171) = 2.546462806 - - - < g(1.171) = 2.546477 -- .

According to this examination, (7.1) minimizes the exponent for r > 1.171 —¢ for an

appropriate small positive €.

8.2 The Case <n,n,n" > with0<r <1

In this case, we let f(r) be the right-hand side of (7.2). f(r) is a monotone increasing con-
tinuous function in the interval [0, 1] passing through the points (0, 2+¢) and (1, 2.38719).

The exponent estimate given by f(r) for r € [0,1] is not yet the best, however. A better
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exponent bound for r € [0, 1] is given by

2+ 0(1), 0<r<02%4 = a,
“’(17 1, T) = (8'1)
ortlr-ade | g294<r<1.

Here is its derivation:

w(1,1,7) £2+0(1), 0 <7 <0.294 = a comes from [Co96], and we also have

2l-r)+(r—aw

l—«a

w(l,1,7) < , a=024<r<1.

Indeed,
M(n,n,n")

1—r r—a 1—r r—a ! 1 —f‘!c r—a
:M(nl—c -pl—e pl-a .pl-a,p I-a -nl—a)

I—r 1—r (1-r)a r—a r—a r—a
S M(nl—c’nl—a’n T—a ) . M(nl-a’nl-a,nl—a)

1—r r—a
= O((n1==)**<(n1==)")
2(1—r )4( r—a)w
=0(n 1-a .
Summarizing the two cases above, we have the optimal choice of our parameters repre-

sented by the curves of Figure 1.

8.3 The Case <nf,n,n" > withr>1>¢t>0

In this case, we first deduce a small upper bound on the exponent w(t,1,r). [For lower

bound, see (2.4).]

Theorem 8.1 Let w(t,1,r) be the ezponent of < nt,n,n" >. Then

r+l+e, 0<t<024 =«a,
w(t,1,r) = (8.2)

r(l—a)+(1—t)+(w—1)(t—
(-aj+(1-fte-U(-a) = 204 <t<1.
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w(1,1,r)
| w(1,1,r) = r +1.376
4 upper bound is 2+ r lower bound is 1 4+
ifr>1,and is 2 if
(6.1) 0<r<l1.
3t (7.1)
(6.2)
2 \
\ ‘ (7.2)
(8.1)
Notes:
1 1. The curve of w(1,1,7) = r + 1.376 is parallel to the lower bound 1 +r
forr 2> 1;
2. (6.1) and (7.1) have the lower bound 1 + r as an asymptote as 1 — 00;
3. w(1,1,r) = r + 1.376 is existing record upper bound for r > 1.
1
00) I ) ¥ 1 -7

Figure 1: (6.1), (6.2), (7.1), (7.2) and (8.1) refer to the respective equations of this paper.
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t
[ s
|1 (1.171,1)
(7.3) f(n1)
9(r,0.204 <t < 1)
0.294
g(r,0<t<0.204)=1+r1+e€ )
(0,0 ¥ -

Figure 2: the three areas are, respectively, the optimal region of the three exponent fanctions
for < nf,n,n" },0 <t<l<r.
Proof: For 0 <t < 0.294 = o, we have
M(nt,n,n")
= n""'M(n,n,nt)
< n™'M(n,n,n%*)
=n""10(n%*¢) (cf. [Co96])
= O(nrH1te) |
that is, w(t,1,r) =7+ 1 +e€
For a = 0.294 < t < 1, the current best exponent estimate can be derived as follows:

M(nt,n,n") = M(n",n,nt)

t—a t=a 1—¢ t—a (1t t—a
= M(nr—l-c -pi=a,pli=a .pi-a,n 1-a . nl—a)

_t-a 1—t !l—t!c t—a t—a t~a
< M(nr 1-—a,pi-a,p 1-a ).M(nx—a’nl—a,nl—a)

= O((w IR (ai))
= O(nr—{%:"*"ll%;"*'wlt: )

r(1—a)+(1—t)+(w—1)(t=a)
l-a

=0(n
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Let f(r,t) denote the right-hand side of (7.3), let g(r,0 < ¢t < a)=14+r1+¢, and let

rl—e)+(1-t)+@w-1)(t-a) (8.3)
l-a

grra<t<l)=

We combine these relations, and in figure 2, we represent the resulting exponents in this

parameter range.
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Part II

Applications of Algorithms for Fast
Rectangular Matrix Multiplications to
Accelerations of Parallel Matrix
Computations and of Composition and
Factorization of Polynomials over Finite

Fields
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9 Acceleration of Parallel Matrix Computations

In this section, we will apply the results of section 8 in order to improve the record
complexity estimates of [GP89] for parallel solution of the three following problems:
1) compute the determinant and the characteristic polynomial of a given n X n rational,
real, or complex matrix A4;
2) solve a linear system Az = b;
3) invert A.
We first repeat some basic definitions from [GP89], which are used in the main theorem

and its corollary in [GP89].

Definition: P(n) is the minimum number of arithmetic processors supporting O(log? n)
parallel time bound for solving problems 1), 2) and 3) under the EREW PRAM model
of parallel computing; P(*,m,n,p) is the minimum number of arithmetic processors sup-
porting O(log(mnp)) parallel time bound for multiplication of m X n by n X p matrices;
P(*,n) = P(*,n,n,n).

The following theorem and its corollary are from [GP89}:

Theorem 9.1 The solution to Problem 1) and 2) can be computed by using O(log® n) par-

allel steps and simultaneously
P(det, n) = max{P(*, "%, n,n1?), P(¥,n%%,n2%,n%)}

pProcessors.

The solution to Problem 3) can be computed by using O(log? n) steps and

P(n) = IBi!Pma.x{P(det, n), P(*,u + 1,v,n%), P(*,n,nu,n)}
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processors, where the minimum is over all pairs v and u such that
vunt+l<(v+1l)u.

Substitute the bound P(#,n) = O(n?3) and obtain
Corollary 9.1 The solutions to Problems 1), 2) and 3) can be computed by using O(log? n)

steps and P(n) = O(n*85!) arithmetic processors.

We will also need the following result, which extends Proposition 4.3.2 of [BP94] from

the case of square to rectangular matrices:

Theorem 9.2 The product XY of an n'* X n® matriz X by an n° X n™* matriz Y can be
computed by using parallel time O((t +r+ 1)slogn) and O(n®&17)3) arithmetic processors,
where n > 1, s — o0, and T(t,1,r) is any number ezceeding the value w(t,1,r) defined in

section 2.

Proof: With no loss of generality, we may assume (see, for instance, [BM75], section 2.5,
or [Pan]) that an ¢ X n by n X " matrix product XoYp is computed by means of a bilinear
algorithm (cf. Definition 2.1).

Now we apply the tensor product construction to such a bilinear algorithm, that is, we
apply this algorithm recursively in order to multiply the matrices X and Y whose entries
are nt x n and 7 X n” matrices, respectively. This will give us a recursive bilinear algorithms

for multiplication of nf* X n* by #° X n™ matrices, for s = 1,2,---, and we have
ts41 < ts + (1 + max(r,t))log,n +logo, M +4,
Dst1 < max {n(r+t+2)(3+1), n(r+t)(s+1) M, Ds M} ,

where N = nmax(1+n1+tr+t) ¢ and p; denote the parallel time and the number of arithmetic

processors used in the above recursive bilinear algorithm for n! x n! matrix multiplication.
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Since M < n@®17) the latter recursive relations immediately lead to Theorem 9.2. o

Next, we will apply the results of our section 8 in order to improve the bound on P(n)
from O(n?251) of [Corollary 9.1] to O(n?537). Due to Theorems 9.1 and 9.2, it suffices to
improve the upper estimate O(n?%37) for the sequential complexity of the four following

problems of rectangular matrix multiplication

<alB anl® > <alPa¥als < P>, <n% n%n% >,

defined by the four following exponents:
w(1.25,1,1.25), w(1/3,2/3,2), w(1,4/3,1), w(0.5,2,0.5) .
By applying the results of section 8, we obtain that
w(1.25,1,1.25) = 1.25w(1,1,0.8) = 2.8368--- < 2.837 ( by applying (8.1) forw = 2.376),
w(1/3,2/3,2) = §w(0.5, 1,3) =2.7398---  ( by applying (8.2) for w = 2.376 ),
w(1,4/3,1) = w(1,1,1.33---) = 2.6093---  ( by selecting ¢ =7, #=0.033 in (7.1) ),

(0.5,2,0.5) = 0.5w(1,1,4) = 2.6390---  ( by selecting ¢ = 14, § = 0.0026 in (7.1) ).

Combining the four latter bounds with Theorems 9.1 and 9.2, we arrive at the bound

P(n) = O(n?87).

Remark 9.1 The bound P(n) = O(n?%%7) can be decreased if w = w(1,1,1) is decreased
below 2.376 and also if a is increased above 0.294. Namely, our argument above, together

with (8.1) and (8.2) implies that

P(n) = O(max{P1(n), Py(n), Ps(n), Pa(n)}) ,
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where

Pi(n) =n"t, w =w(1.25,1,1.25)= 1.250'4 +§0;8a— ) [cf. (8.1)],
2\ 3(1 - a) + 0.5+ (w~1)(0.5—a)

Pulm) =1, = w(1/3,2/3,2) = 26(05,1,3) = (3) +

[cf. (82)],

P3(n) = n*3, w3 =w(1,4/3,1) < 2.7,
Py(n) = n**, w4 =w(0.5,2,0.5) < 2.64.

Clearly, w; and w, decrease as w decreases and /or c increases.

10 Acceleration of Composition and Factorization of Poly-

nomials over Finite Fields

10.1 Introduction

In this section, we will apply the results of Part I on fast rectangular matrix multiplication in
order to improve the known estimates for the computational complexity of the factorization
of univariate polynomials over finite fields, which is a major problem of algebraic computing.
We refer the reader to [KS95] on the background of this fundamental problem and to Part

I on the background of fast rectangular matrix multiplication.

10.2 Some Notations and Prerequisitic Results

In this subsection, we state some definitions and results of Part I, that we will apply in
this section. Hereafter, “ops” will stand for “arithmetic operations” and “bms” will stand
for bilinear multiplications. < m,n,p > will denote the problem of multiplying a pair of

m x n by n X p matrices. We will represent the complexity of < n”, n®,n' > by the number
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of bilinear multiplications (bms) required, which we will denote M (n7,n*,nt). This is an

adequate measure since
A(n",n%,n*) = M(n", n*,nt)- ntHstt)e 35 n—o oo,

provided that r,s,t are positive and A(m,n,p) denotes the number of ops required for

< m,n,p>.

Theorem 10.1 (Part I, section 5). The problem < n,n,n® > of Rectangular Matriz Mul-
tiplication can be solved by using O(n333%9%3) bms, that is, the ezponent of the arithmetic

complezity of < n,n,n? > isw(1,1,2) < 3.333953 -- -.

Theorem 10.2 (Part I, section 7). The problem < n,n,n" > of Rectangular Matriz Mul-
tiplication can be solved by using O(n#(L17)) bms, where r > 1 is a rational number, the

matriz ezponent w(l,1,r) is bounded as follows:

w(l,1,7) < BO((L + r)(1 — )"0 (1 4 rb)(H78)(] 4 2)(z+r’)

M T 5y logl B ( @+ )&

where [ > 2 is an integer and 0 < b < 1.

Theorem 10.3 (Part I, section 8). The problem < nt,n,n" > of Rectangular Matriz

Multiplication (where 0 <t <0.294, r > 1) can be solved by using O(n"*1%¢) bms.

10.3 Complexity of Polynomial Composition over Finite Fields

Let

p(z) =po+ Mz + P2z + - + Pz,

‘I(z)=¢lo+q11:+qu2+...+qnzn
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be two polynomials. Algorithm 2.1 of [BK78] for computing

p(¢(z)) mod z™+!

has complexity dominated by the complexity of the problem < =, v, /n > (cf. [BK78]),

which can be reduced to /n blocks of square matrix multiplication, so that

M(n,\/n,vn) < V/rM(Vn,/n,V/n) .
The paper [KS95] cites the record estimate for the complexity of < n,/n,/n > based on
this inequality and on the currently best exponent
w=w(l,1,1) = 2.375477 - - -

for square matrix multiplication, which lead to the bound

M(n, /7, V) = VaM(v/5, /7, /7) = O(r“T") = O(n}*#)

that is, 1.688 is the currently best exponent known for < =, V1,/n >. On the other hand,

if the matrix exponent .

w(1,1,2) < 3.333953 - - -

of theorem 2.1 of section 2 for rectangular matrix multiplication problem < n,n, n? > is
employed, then

M(nv \/-7:7\/—) = 0(17.3“334/2) = O(nl'w) .

which is an improvement by 0.021 over 1.688.

10.4 Complexity of Polynomial Factorization over Finite Fields

In this subsection, we will apply the results of subsection 2 for fast rectangular matrix
multiplication in order to improve several complexity results of [KS95] on polynomial fac-

torization over finite field F,. In particular, in section 2 of [KS95], it is pointed out that
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the equal-degree factorization problem in 2 field Fg can be solved on a degree n input by
means of the probabilistic algorithm of von zur Gathen and Shoup (cf. [GS92]) using the

expected number of

o ( n(w-f-l) [2+0(1) + nl+o(1) log q)

or
0(n1.688 + n1+o(1) log Q)
operations in F,. Here, n(“+1)/2+°(1) i5 used as the estimated complexity of < n,v/n,v/n >.

Due to the results of our Theorem 2.1, the bound on the complexity of the equal-degree

factorization problem can be immediately improved to
0(n1.667 + plte(l) logq) -

Section 2 of [KS95] presents a (deterministic) algorithm (Algorithm D) for the distinct-

degree factorization problem that uses

O(n(w+1)/2+(l—ﬂ)(w—l)/2 + pltB+o(1) log q)

operations in Fy, for any § in the interval 0 < 8 < 1 (see Theorem 2 in [KS95]).

By choosing w < 2.375477 and minimizing the exponent of n, we obtain the estimate
of O(n!#*4log q) operations in Fy. On the other hand, n(@+1)/2 in the above estimate is a
bound on the complexity of < n,/n, /n >. By using the results of Part I, we may replace
(w + 1)/2 by w(1,1,2) < 3.333953 and minimize the exponent of n, so as to achieve the
bound O(n'#33log ¢), which improves the known exponent by about 0.0105.

The current record complexity bound O(n!-®!® log q) for Algorithm D is given in Theorem
3 of [KS95]. Theorem 3 relies on the fact that Algorithm D can be implemented so as to

use

O(n(w+1)/2+(l—ﬁ)(w-l)/2 + nl+ﬁ+o(1) log q)
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operations in Fy. If we choose w < 2.375477 and minimize the exponent of n, we will arrive
at the bound of O(n!#15log q) operations in F,. By applying the results of our theorems
10.2 and 10.3, we will improve the bound O(n'%'% log q) to O(n!#%%%log g). Doing this, we
will follow the proof of Theorem 3 of [KS95]. As is pointed out in [KS95], the conclusion of
Theorem 3 of [KS95] is an immediate consequence of two lemmas, that is, Lemmas 3 and 4
of [KS95]. Let us next recall and improve these lemmas.

Lemma 3 of [KS95] states: Given a polynomial f € K[z] of a degree n over an arbitrary
field K and k + 1 polynomials g1, g2,---, gk, b € KIz], all of degrees less than =, where

k = 0(n%), 0 < § < 1, we can compute
g1(h) mod f,---, gi(h) mod f € Klz]

by using

O(n(“’+1)/2 k(w-l)/2)
operations in K.

In the proof of Lemma 3 of [KS95], the latter complexity bound relies on the estimates

for the complexity of the problem < n,vnk,vnk >, for which [KS95] uses the bound
O(n/Vnk)M(Vnk,Vnk,Vnk) .

We may replace this estimate by M(n, Vnk, \/173-) As is pointed out in section 8 of Part
I, for most of the selections of k, our direct algorithm for rectangular matrix multiplica-
tion achieves better result than that achieved by applying the algorithm for square matrix
multiplication.

Lemma 4 of [KS95] states: Let f € Fy[z] be a polynomial of a degree n. Suppose that

we are given 27 mod f € Fy[z]. Then we can compute

27 mod f, 2" mod f ,---,:z:"Kr mod f € Fyfz],
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for K = O(n‘), 0 < 6 <1, by using

O(n(w+1)/2K(w-—I)/2)

operations in Fg.
For convenience, let us repeat the proof of Lemma 4 here.
Proof of Lemma 4: For i > 1, let G; = 27" mod f € F,[z]. Assume that we have

computed Gy,---,Gm. Then we can compute Gm+1, - »G2m by computing
GI(Gm) mod fv MR | Gm(Gm) mod f

by means of the algorithm of Lemma 3. Therefore, to compute Gi1,---,Gk given Gi,
we simply repeat the above “doubling” step O(log K) times, and then achieve the stated
running-time estimate.

The procedure above can be explained in the following way (so as to apply our updated
version of Lemma 3):

Step 1. For a given Gy, computing G1(G1) mod f = G, is equivalent to solving the
problem < n,/n,y/n > (i.e. k=1 in Lemma 3).

Step 2. For a given G; and G? from step 1, computing
G1(G2) mod f=G3 and G2(G2) mod f =Gy

is equivalent to solving < n,v2n,v2n > (i.e. k=2 in Lemma 3).

Step log K — 1. For Gi,---,Gkys from the previous steps, computing
G1(Ggyg) mod f = Grekyss =" » GK/s(GK/s) mod f = Gky4

is equivalent to solving < n, Vr(K[4%),/n(K[4) > (i.e. k= K/4in Lemma 3).
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Step log K. For Gy, -+,Gk/4 from the previous steps, computing

G1(Gkys) mod f = Giyk/as -+ » Gk/a(Gkys) mod f = Gkp

is equivalent to solving < n, /a(K/2), /n( K/2) > (i.e. k= K/2in Lemma 3).

Since

M (n, V(KT [uK[2+1)) < 5 (n, VK2, [a(K[)) , i=1,2,-- log K,
by summing the complexity estimates from step 1 to step log K, we arrive at the overall

complexity bound of

(geer +++3) M (. VK, VoK) < M (n, V2K, V3E) -

Therefore, we may replace O(n“t1V/2K(w=1)/2) by M (n, vnK,VnK ) .
According to Algorithm D, K = n!—#_ which leads to the result of Theorem 3 of [KS95].

Then, by replacing K by n'~f in M(n,vnK,VnK), we deduce the bound of
M(n, Va8, Vri-B) = M(n,n'~#/2,n}~PI2) = O(n~1-B/21-012))
By using the results of Lemmas 3 and 4 of [KS95], we may replace

plw+1)/2+(1=B)(w—1)/2

nw(l,l—ﬁlz,l—ﬂlz)
in Theorem 3 of [KS95] and extend Theorem 3 of [KS95] so as to yield the bound of

O(nu(l,l-ﬁlz.l—ﬁﬂ) + pltB+e(1) loggq) .

To minimize the latter exponent, we choose = 0.805347. Furthermore, in Theorem 10.2

of subsection 2, we choose b = 0.023 and ! = 8 and thus arrive at the estimate

w(l,1— /2,1 —B[2) < 1.805346859 - - - < 1.805347 .
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Since 8 +0(1) is bounded from above by 0.80535, we finally arrive at the complexity bound
O(n!#%5% |og q), and this yields a new record complexity estimate for the distinct-degree

factorization.

10.5 Complexity of Fast Black Box Berlekamp Algorithm

In. this subsection, we will follows [KS95]. As in the preceding subsection, we will recall the
results of Theorems 2 and 3 of [KS95]. By utilizing the latest results of Part I on rectangular
matrix multiplication, we will improve the results of Theorems 4 and 5 of [KS95] on the
complexity of the fast Black Box Berlekamp Algorithm.

First, let us recall the result of Theorem 4 of [KS95], which states that for any constant
B with 0 < 8 < 1, Algorithm B of [KS95] can be implemented so as to use an expected

number of

0(n(w+1)/2+(3—w)lﬁ—1/2l+°(1) + n@t1)/2+(1=F)+o(1) 4 pl+h+o(1) |og g) (10.5.1)
operations in Fy. By choosing w < 2.375477 and minimizing the exponent n, we get
O(nl.880 + n1.808 lOg q)

operations in Fy, which is the bound stated in [KS95].

We will improve the latter bound to the minimum of
O(n'2% 4 n1¥%logq) and O(n'***Flogg).

Note first that O(n!#% + n!8%logq) is obtained by choosing # = 0.808; also note that
n(@+1)/2 comes from the complexity bound for < n,/n,\/n >, which we will set to
O(n3334/2) = O(n1967), due to Theorem 10.1 of subsection 2. Then, we will bound the

exponents of the first and the second terms by 1.8591--- and of the third term by 1.808,
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that is, we have the overall complexity bound of O(n!*% + n!808]og g). Next, in order to
yield the estimate O(n'33% log q), we first note that it is the same as our updated results
for Theorem 2 of [KS95] (see the preceding subsection) and that the second and the third
terms,

n(w+1)I2+(l‘ﬁ)+°(1) + n1+ﬂ+°(l) log q,

are almost same as one of Theorem 2 of [KS95]. Therefore, it suffices to prove that the
exponent of the first term can also be decreased to 1.8335. For this reason, let us follow the
proof of Theorem 4 of [KS95] so as to cover Step AE2 of Algorithm AE and the calculation

of its complexity. The bound

0(n(w+1)/2+(3—W)lﬁ-1/2l+0(1))

comes from the complexity estimate for rectangular matrix multiplication problem < m,¢,n >,
where m = n'~8 and t = n?, or conversely, t = n'~# and m = n®, that is,
0(n(w+1)/2+(3-‘a')Iﬁ—1/21+0(1))
comes from the bound
M(n'P,nf n) = O(nA—A:B1)) |
For 8 = 0.8335 — o(1), among 1 — 3, B3, and 1, the value 1 — B = 0.1665 + O(1) is the
smallest, 1 is the largest, and (1 — 8)/8 < .294. By applying our Theorem 10.3, we get
w(l-38,8,1)=1+p+0(1) =1.8335.

Therefore, we achieve O(n1%3 log ), thus improving Theorem 4 of [KS95].
Our improvement will enable us to improve the result of Theorem 5 of [KS95].
Theorem 5 of [KS95] states: For any constant B with 0 < B < 1, Algorithm B can be

implemented so as to use an expected number of

O(nlr I 2+E-0)IB=1/2140(1) 4 pwtD/24(-B)(w-1)/24o(D) 1 pl+B+ellogg)  (10.5.2)
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operations in Fg.

By choosing w < 2.375477 and minimizing the exponent of n, we obtain the bound of
(o) (n1.852 + n1.763 log ‘I)

operations in F,. Furthermore, for w = 2.375477, by making use of the techniques for
fast rectangular matrix multiplication, the estimate (10.5.2) of Theorem 5 of [KS95] can be

reduced to

O(nle+D/24+(1-B)w—1)/2+(1) | pl+A+e(l) og q) (10.5.3)

and, in particular, to O(n'#'%log q) for an appropriate choice of 8.
We will respectively improve the bounds O(n!5% 4 n!"®logq) on the complexity on
Algorithm B of [KS95] to O(n!#3% 4+ n17® log g) and O(n!815log q) to O(n?805% log q).

In the first case, noting that 8 = 0.763 — o(1) and that the second term
0(n(w+1)/2+(1—ﬂ)(w-l)/2+°(1))
comes from

(as we discussed this when we improved the result of Theorem 3 of [KS95] in the preceding
section), we choose 8 = 0.763—o(1). In theorem 10.2 of subsection 2, by choosing b = 0.023

and [ = 8, we arrive at
w(l,1 - B/2,1— B/2) < 1.835532965-- - .
In the proof of Theorem 5 of [KS95],

O(rl+ ) 2+1=B)w=1)/2+o(1))

is an upper bound on

M(m,n,t) = M(nl‘ﬁ,n,nﬁ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



46

For 8 = 0.763 — o(1), we have

M(n'~5,n,nP)
— M(n0.237+o(1) , M, n0.763—o(1))
(10.5.4)
= n0013 pf(n0-224+0(1) n0-763~0(1))

- 0.0130(nw(0.224+o(1),1.0.763-0(1))) .

On the other hand,

(0.224 + 0(1))/(0.763 — o(1)) < 0.294

(compare the first term of (5.1) in Theorem 4 of [KS95]). Consequently, by applying The-

orem 10.3 of subsection 2, we deduce that
w(0.224 + 0(1),1,0.763 — o(1)) = 1 +0.763 — o(1l) = 1.763 .

Therefore,

n0.013 f0) ( nw(0.224+o(1) ,1,0.763—0(1)) ) =0 ( n0.013+1.763) =0 (n1.776)

bounds the first term, which is dominated by the second term. This enables us to improve
the bound O(n1#52 + n17% log q) to O(n!¥% + 21" logg).

Finally, we discuss the improvement from O(n!®%logq) to O(n!*****logq). Since the
second and the third terms of Theorem 5 of [KS95] [cf. (10.5.2)] are the same as in the
Theorem 3 of [KS95], that is, O(n'#%3logg), it remains to prove that the first term is

dominated by O(n}89535). Noting that 8 = 0.80535 — o(1) and that (as we mentioned
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above) the first term comes from the bound

M(m,n,t)
= M(n'~#,n,nf)
= M(n®19465+0(1) p 080535-0(1))
= O(n(0-19465+0(1),1,0.80535~0(1))

— O(nl.so535) ,

due to the bound

(0.19465 -- 0(1))/(0.80535 — o(1)) < 0.294

and the application of our Theorem 10.3, we arrives at a new bound of O(n1#05%|og q),

thus improving one of Theorem 5 of [KS95].
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