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FOREWORD

The theory of n-person games with side payments allowed was first
developed by von Neumann and Morgenstern ﬁﬂﬂ. In the years since their
classic work, the theory has grown and various solution concepts have
been developed., The theory of n-person games without side payments, a )
generalization of the claséical theory, is relatively new, and as yet
not as much is known about such games.

In this dissertation, two well known solution concepts for side
payment games, the core and the bargaining set, are studied in the
context of games without side payments. Roughly, the core is the set
of outcomes of a game for which no coalition can do better by playing
alone., The bargaining set is a set of outcomes which is stable under
given standards of negotiation,

In the first chapter, the problem of determining when a game with-
out side payments has a core is studied. Known sufficient~conditions
are generalized and are shown in some cases to be necessary. Finally
necessary and sufficient conditions are derived. These generalize
known results for side payment games;

The second chapter treats the problem of defining a bargaining
set for all non-side payment games which exists and reduces to the

—classical notion of the bargaining set for side payment games. A gen-
eral existence theorem is proved, and various possible bargaining sets
are discussed. Finally, a particular bargaining set is defined, shown

to exist for all games, and shown to reduce to the known bargaining set

for side payment games.
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CHAPTER I, SOME THEOREMS ON THE CORE OF AN n-PERSON GAME

WITHOUT SIDE PAYMENTS

1. INTRODUCTION

In [13], Scarf proved a theorem on linear inequalities which he
used to derivé.a.sufficient condition that a non-side payment game has
a core., In this chapter, this theorem will be used to derive more gen-
eral sufficient conditions for the existepce of a core, These conditions
will be shown to be necessary for certain classes of games, Finally, a
necessary and sufficient condition for a non~empty core will be derived
for all games whose payoff sets are assumed to be convex, This condi-

tion reduces to Shapley's condition for the core of a side~payment game.

2., DEFINITIONS

Let the set of players be N = {1,...,n} ., For each S C N, let
ES be the Euclidean space of dimension Islwhose coordinates are indexed
by the players in S . If u € EN, then uS will denote its projection
onto ES . Byr X220, x€ EN, we. mean each coordinate is non-negative,

By x20 wemean x =0 and x ¥ 0 ,

Definition: An n-person game without side-payments I = {VS}S c N

is a collection of sets satisfying the following conditions:

1) For each SCN, V is a closed, non~empty subset of ES .

S
2) If x¢€ VS and y € ES is such that y = x, then y € VS .

3) Vg~ Y [interior (V33 X B {i}]

is non~empty and -

bounded,

{1}

Note that since V{i} is considered to be a subset of E ,



{1}

interior (Vti}) is an open interval in E , and interior

N~ {1}

(Vti}) X E is an open half-space in EN . For example, for

n = 2, the set described in 3 would look like the following.

<

VN'V [(int(V{l}) X E{zﬁ) U (int(V{z}) X E{l})]

int(V{l})X E{Z}

int(V{z}) X ﬁ{]j j\\\\

Each VS can be interpreted as the utility levels that the players
in S can achieve by acting cooperatively without outside help. The
game defined above is often called a game in "char;cteristic function"
form, For a discussion of games without side payments and an extensive

bibliography, see Aumann [1].

Definition: A point u € VN is said to be in the core of I' if
for all S CN, u® ¢ interior vy .

This is equivalent to saying u is in the core if and only if for

S S

all S C N, there exists no yS €V, such that y >u"~ ., Since S =N

S
is included here, a point in the core is necessarily Pareto optimal.

Intuitively, no coalition can form and give all its members strictly

more than they get from a point in the core.




3. GENERAL SUFFICIENT CONDITIONS

In this section we will state Scarf's theorem and use it to derive
some sufficient conditions for the existence of a non-empty core. We
need the following definition.

Definition: Let A be an n X m matrix and b an n-vector, é

collection jl,...,jk of columns of A will be called a feasible sub-

basis for the system of linear inequalities

1) the columns jl,...,jk are linearly independent n-vectors, and

2) there exists an x € Rm such that Ax = b and xi = 0 for

i * jl’...’jk ]
We can now state Scarf's theorem,

Theorem (Scarf [13]): ILet A be an n X m_ matrix and b a non-negative

n~-vector such that the convex set

{x € R"| x Z 0, Ax = b}

is bounded, Let C be an arbitrary n X m matrix. Then there exists

a feasible sub~basis for the system Ax = b so that if we define

u, = min{cijlfor all j in this sub-basis},

then for each column k of C, there exists a row 1 corresponding to

m .
a zero slack (i.e., for row i, X a,.x, = b,) such that
1373 i/ ==
=1
ui 2 cik .

Scarf proves this theorem by means of a constructive algorithmn which
yields the required sub-basis,
We will now generalize the notion of a balanced collection and a

balanced game (see Shapley [15], Scarf [13])., Let there be given a set

of vectors {b(s)} such that

SCN



1) b(s) € ES for all SCN

2 ™ >0 i
© 3) for all S # N, b(s) 20,
We will sometimes consider each b(s) to be a vector in EN . having a

zero in each coordinate corresponding to a player not in S .,

(Note: We use the notation b(s) rather than bs~ to point out
that b(s) is not the projection of a fixed vector b € EN for all
SCN.)

Definition: ILet A be a collection of proper, non-empty subsets

of N. M is said to be {b(s)}

—

>
S CN balanced if there exist 6S 0

for all S € A such that
sen S

The numbers GS’ S € A, are called {b(s)} balancing coefficients for

A,

Definition: An n-person game I = [VS}S c.y s said to be

{b(s)}s c N balanced if whenever A is a {b(s)} balanced collection,

SCN
[¢H) (u € EN and uS € VS for all S € A) implies u € Vk .
' (s)

Note that in the case where for each S b is the characteristic

vector of the coalition 8§, {b(S)} balanced means balanced in the sense
of Shapley and Scarf.

Theorem 1: ‘é {b(s)} balanced n~person game always has a core.

SEN

Proof: The proof follows Scarf's proof for balanced games. It will be

in two parts. TFirst the theorem will be proved for games such that for

all S‘% N, VS is generated by a finite number of vectors

k_,S
ul’S,...,u s’ in ES in the sense that



Kk
2) v.= US (v e sSvS = oS

2,8

3,8

v
.

The proof will then be extended to arbitrary games,

Suppose each VS’ S ¥ N, igs of the form (2) above. Let C be the

matrix whose entries are:
J,S

ui if i€s
c =
1, Q.8 oy it ifs
where M 1is chosen so that M > u‘g’s for all i€ 8, j= 1,...,ks, and

for all S ¥ N. Let A be the matrix whose entries are:
bis) if i€ 8

a =
1,0,8) {4 it 1¢s.

For both A and C, i =1,..0,n; J = 1,...,ks;

(s)

and S varies over all

proper non-empty subsets of N . A column b of A 1is repeated

once for each generator of VS .



— 1,s u2,S u s’ b
ul 1 s o = 1
M M « s o M
S
1,s 2,8 s’
u u s o o U
C = a-aa...3 03 .3.....
M M e o o M
L] L[] .k ’S
ul’S u2’S ce ouS
L n n n _
= (s) (s) (s) =
bl bl [ ] - ® bl
0 0 P ¢
_ (s (s) (s)
A - L[ ] L ] L[] L] L ] b3 b3 L] L] L ) b3 » [ ] ® L ] L]
0 0 e ¢« o0
| p{S) p$ ., b
n n n ot

Iet m= X ks . Since each column of A contains at least one
S*N

positive entry, the convex set
{x € ®x 2 0, ax = b®3

is bounded. By Scarf's theorem, there exists a feaslible sub-basis for

the system Ax = so that if we define

u, = minje, for all S in the sub~basis
s {es, ¢l (3,8) }

then for each column (k,S) of C, there exists a row i, corresponding

to a zero slack, such that u Therefore the vector

=
17 %, k8 °
u = (ul,...,un) does not lie in the interior of any VS, S*¥N. If we

can show that u € Vﬁ then any Pareto optimal point v Z u will be in

the core,
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Let Sl,...,Sp be those distinct coalitions which are represented

S

by the vectors of the sub-basis, The vectors u 1 € VS for
i

S,
i=1,...,p since u * is less than or equal to some generator of

S

v which appears in the sub-basis.
i _

By the definition of a sub-basis, there exists x € Rm such that
Ax = b(N) and x(k s) = 0 for all columns (k,S) nct in the sub-
H
basis., If we could show that x in fact satisfies Ax = b(N) then

we would have that the collection {Sl,...,Sp} contains a {b(s)}

SCN
balanced collection. By hypothesis, the game is {b(s)}s c y balanced,
S
and since u i € VS , for i =1,...,p , we could conclude that
i
u € Vﬁ .
*
Suppose i is a row with
. ks
(3) 2 a % X = Z * b(i) ( z x ) < b(z) .
(k,S) i ,(k,S) (k;S) S3 i i j=1 (j,S) i

Consider the column of C corresponding to S = {i*} . It is of the

form

() Heoeoe

1%, {1")

Reee e R

L. —

E
There exists a row 1 corresponding to a zero slack (by (3), i % i)

such that ui ZM. Row i corresponding to a zero slack means



5 b(s)( lz{s

)
x ‘ =b >0
S2i i j=1 (‘j’s)) i

which implies x >0 for some S 2 i and i< jo <k

Hence,

So

column (jo,so) is in the sub-basis. Therefore

u, = min{c | for a11 (j,S) in the sub~basis}

1 i’(j’s)

< ¢, <M.
1’ (jo’so)

The contradiction implies that x =2 0 in fact satisfies Ax = b(N)

This completes the proof for "finitely generated" games.

let T = {VS} be an arbitrary game, and suppose it is

SCN

balanced, Let (rl,rz,.....) be a denumeration of the

rational numbers with r chosen so that for each S ¥ N the |S|-

vector (rl,rl,...,rl) € VS . For each s§,1 <|S|< n and each

Td=1,2,,... define ‘Vg to be the set generated by those vectors in VS

all of whose coordinates are in the set {rl,rz,...,ra} . For ISI = 1l,n

define V% = V. for all o . Let Fa={v°;} 0r @ = 1,250000 o

S S SCEN

For each o, Pa is "finitely generated" and since Vg vy for
S ¥ N, Fa is {b(s)} balanced. Therefore for each «, there exists

a point xa

SCN

in the core of Fd . For all o ,

o . N ~ {1}
x €EV_~ U [interior (Vi,,) X E ] .
N sen {4}

That this éef is compact follows from property 3) in the definition of a

game, Let x be a limit point of the xg o We shall show that x is

in the core of I ,

Suppose for some S C N , there exists a u € VS such that u > xS .

Case 1: Suppose u has all rational coordinates, Then choose @ so

large that u € Vsa and



_x)o

Ixa - x[ <TN where T = min (ui N

i€s
This gives u > xg , 2 contradiction to the fact that %a ig in the
core of T .,
o
€Case 2: Arbitrary u . Let

R={y€ Eslxi <y,su for i € s} .

i

There exists U € R such that @ has all rational coordinates; i.e.,
a> xs, contradicting Case 1.

This completes the proof of Theorem 1, . —
(S)}

We say a collection A is a minimal {b balanced collection

if it is {b(s)} balanced and no proper sub-collection of A is

SCN

{b(s)}s c N balanced. The fo{}owing lemmas are easy to prove.

(S)}

balanced collection A is minimal {b

SCN
balanced if and only if the vectors bfs), S € A (considered as elements
-(S)}

of EN) are linearly independent., Hence a minimal {b balanced

SCN

collection has unique {bs}-balancing coefficieﬁts, and conversely,

Lemma 2: A game I = {VS} balanced if and only if

SCN

balanced collection,

SCN
'(S)}

whenever A is a minimal {b

SCN
(u € EN and uS € VS for all S € A) implies u € Vﬁ .

We now give an example of a game which is not balanced in the sense

(S)} (s)

of Scarf, but is {b balanced for proper phoice'of-bectors b .

SCN
Iet n =3, and let

{x* € E{i}lxi =0}, i=1,23,

Vi) =

Vig = {xlz € E{lz}lx1 = 4, X2 = 3} ,

Vog = {x23 € E{23}|x2 = 4, x5 = 3} ,

s = {x13 € E{13}|x1 = 2, x> = 5} , and

13
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Viog = {x123 € E{lza}lx1 = 4,x2 = 3,x = 0}
U e 5123 5 522 5 4,53 = 3},

This game is not balanced in the sense of Scarf since (2,0,5) f VN .

S N
( )}S c y balanced for p @M _ (1,2,3),

(23) (i)

However the game is {b

b2 C 1,1y, v 2,1, % - ,1), and b*) =1 for
i=1,2,3. In fact, (2,4,3) is a point in the core, as required by

Theorem 1.

4, GAMES FOR WHICH THE CONDITION IS ALSO NECESSARY

From here on we will consider only games I = {VS}S cN for which

VS is a convex set. It is easy to justify the convexity assﬁmption on
the basig that if two points x and y are attainable by a coalition,
then an appropriate lottery could be arranged having any point on the
line segment joining x and y as its expected value,

We will first study a very special class of games which will be

called hyperplane or weighted side-payment games, These are games for

which VS is a half-space in ES y l.e.,

(s)

\') »V(8) ={x € ESIb(S)-x = v(S)} where b(

2 .
S 0

This class obviously includes all side-payment games,

Weighted side payment games can be realized in situations similar
to side payment games, Coalition S has "value" v(S) . If S forms
and agrees on a payoff vector x € VS , the result would be a) player
i € 8 receives X5 b) player i's "agent" receives (bgs)-l)xi .
Intuitively, there is a cost involved in forming the coalition, and its
members must pay according to the benefit they received from its form-

(8)
i

ation. The number b, ‘- 1 is i's "tax rate" in coalition S . It
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may depend on such factors as traveling distance between i and the
other players in S , desirability of i as a partner, etc. Side

payment games may be considered "tax free'.

(S),V(S)}

Lemma 3: A hyperplane game I = {Hb is {b(s)}

(S)}

SCN
balanced if and only if whenever A is a minimal {b

SCN

balanced

SCN
collection and 6§y , S € A, are the {b(s)} balancing coefficients for

A,

(4) v(N) £ X 68 v(s) .
S €A

Proof: Suppose A is a minimal {b(s)} balanced collection and (4)

NE)

holds, Suppose x € EN and xS €H 1 V(8)

for all S € A . Then

for all S €A,

(s)

b ox = v(8) .

Combining with (4), we get
vz % 6. vz 5 6 b g™,
SEA

b(N) , V(N)

Hence x € H

Suppose now that the game is {b(s)} balanced. Let A be a mini-

(s)

mal {b(s)} balanced collection, Since the b , S €A, are indepen~-

dent, the system of linear equations

(s)

b " "ex = v(S), S EA
N S p (5 v(S)
has a solution x € E . Since x €H ! for all S €A, we
(N)
can assert x € Hb V() . Thus v(N) 2 b(N)-x = X 8 b(s)-x =
S
SEA
z 68 v(s) .
S EA

b v(s)

Lemma 4: A hyperplane game I = {H ' } has a core if and

SCN
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(S)}

only if whenever A is a minimal {b balanced collection and

SCN
balancing coefficients for A, (4)

8§, S €A, are the {b(s)}

S,
holds.

SCN

Proof;: Let A be the 2" - 1 X n matrix whose first 2° - 2 rows

are b(s), S # N,# , in any order, and whose last row is -b(N) Let

¢ be the column vector with coordinates v(8), for S # N,0, and
-v(N), ordered as in A ., Thus I has a core if and only if the sys-
tem of inequalitiés Ay Z ¢ has a solution y € Rn . By a transposi-
tion theorem for inequalities, this system has a solution if and only
if the system of linear equations
(5) xA =0, xc=1

n

has no non-negative solution x € R2 -1 . (See Gale [7, p. 461). We

rewrite (5) as:

2 (s) _ ¥ _
(5A) ; E . be be =0

]
(=)

E xsv(s) - xNv(N)

S ¥ N

®) >0

Since each b , any non-negative solution to (5') must have

Xy >0 , Otherwise Xg = 0 for all S C N, which is impossible., If
(5') has a non-negative solution x then it would have a non-negative

basic solution y (Gale [7, p. 50]), i.e.,

V= {(b(S),v(S))IyS > 0}

would be a linearly independent set of vectors in Rn+1 « Let
(s.) (s)
{8)1000,8 N} = {scnlys> 0} . The vectors b * ,...,b T, p®™
n (s,) (s,)
span an r-subspace of R , The vectors b 1o, b must be

linearly independent, This can be seen as follows, Choose a basis for

(s,)

the r-subspace from these vectors, and suppose b is not in this
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basis. By 57) we have

(s) (N)
z y. b -y Db =0,
SN S N
(s,) (s)

must be greater than zero since b yeeesb ,b(N)

y are linearly

5

independent. Since we know already that yN > 0 , the vectors
(s,) (s)
by ysb(s),b 2 yeeayb r span the r-subspace. Hence
S¥N
(s)) (8y) (s)
b b yeesyD are linearly independent. We have shown that if
(5') has a non-negative solution x , then it has a non-negative solution

y where {b(s)|yS > 0}, are linearly independent. Therefore (5') has no

(s)) (s,)
non-negative solution if and only if whenever b seeeyb are
linearly independent and there exists GS >0, i=1,se.,m such that

i
m (8.)
z 6S b * = b(N) , we must have
j=1 i
m
) 6S V(Si)SV(N) .
j=1 i

By Lemma 1, A = {sl,...,sm} is a minimal {b_(s)_

}S c y Palanced collec-

tion and Lemma 4 is proved.
(5

Theorem 2: A hyperplane game I = {H ’V(S)}S c N has a core if and
(s)

only if it is {b }S c y balanced.

Proof: Lemma 3 and Lemma 4,

Lemma 5: let T = {V”;—Vé, S # N} be a game where for each S * N, V

S

is a convex set. Then I' has a core if and only if for each S # N
() 5 0, b ¢ £

there exists a vector b
S)

and a real number v(S) such

o€ B (S)

that H MEC)

»V(8) 5 Vg and ' = {v; H , S # N} has a core,

Proof; Supposé we have such a F', and let x be in the core of I'’ .
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(8)
By definition, x € V, and x° § interior gP o 1v(s)

Then for all S # N, xs f interior (VS) « Hence x "is in the core of

for all S CN,

1-‘ L]

Suppose now that x is in the core of I" , Then x € Vﬁ and xs ¢

interior VS for all S C N . Therefore by the theorem of the separ-

ating hyperplane, for each S ¥ N there exists a non-zero vector
b(S) € ES and a number v(S) such that

xs»b(s) Z v(S) and

u-b(s) = v(8) for all u € VS .

By property 2 in the definition of a game, we must have each b(S) =20

If we define
S)

(
r’ = {vg;  GANEAA GO R

then x is in the core of I'? .

L (N)
be a game where 1) Vk = Hb V() for

>0, 2) Vs is convex for all

Theorem 3: Let I = {VS}S cN
™) . g ey

S+N. Then I' has a core if and only if there exist vectors
p) ¢ g5, p(®

some V(N) and some b

(s)
>0 for all S %N such that T is {b }S cw

balanced, (Note here that b(N) is the normal vector to Vﬁ) .

Proof:  Sufficiency follows from Theorem 1, We will prove necessity.,

(s)

By Lemma 5, if ' has a core then there exist b =20 and v(S)

for S ¥ N such tha£

(N) (S)
- {Hb ,v(N); Hb ,v(S), s # N}
(s)
has a core, where Hb ’V(S):D VS for S ¥ N . By Theorem 2, I/ must
() b (s)
be {b }S c y Palanced. Because H P PRI o vy for all s ¥N,

this implies that I is in fact {b(s)} balanced.

SCN
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The following is an example to show that if Vﬁ is not a halfspace,

then a game may have a core without being balanced for any system of

vectors {b(s)}

scN*
Let N=1{1,2,3} andlet I = {vS}S cx Pe
1 1
—_ = = = = =
Vigs = {(xl’xz’x3)|x1 =3 Xy =3 %320},

=
Vio {(xl,xz)lx1 + x, = 1} , and

vy = (x> € Eslxi S 0_ for all i € S} for all other
T - SCN.
: . 11 (S)
I' has a unique core point 65”5’0) . Suppose I' were {b } balanced

for some {b(S)} . Then thé collection {{12},{3}} must be {b(s)}
balanced., But this implies that
{(xl,xz,xa)lx1 + Xy <1, X5 S 0} ¢ Vo3
which is not the case. Hence I’ is not balanced for any choice of
vectors b(s) :—
This leads us to look for somewhat different conditions which may be

hécessary and sufficient for-all games for which the VS are arbitrary

convex sets, This is done in the next section,

S
We will first discuss the concept of the support function of a con-

5. NECESSARY AND SUFFICIENT CONDITIONS FOR GAMES WITH CONVEX V

vex subset of Euclidean n-space.

Definition: Let C be a convex subset of En « The extended sup~

port function of C is defined for each o« € E' to be

hc(d) = Ssup X-'¢ .
x €C

If hC is defined only where it is finite, it is sometimes called
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the support function of C . For example if C = HB’a ={x € En|x-ﬁ§a}
the support function HC is defined only for vectors of the form cf
where ¢ 1is a non-negative real number, and ﬁc(cB) = ca . On the
other hand, the extended support function _hc is defined on all of
En , and

ca if og=cB, cEO
hc(a) =
o otherwise,
We will however mean extended support function whenever we say support
fﬁnction.

If C is a non~empty closed convex set in En, and if hC is its
(extended) support function, then

ny . - n
C={x€E|xas h () for all « €E }
(valentine [17, p. 59]).

The following lemma gives the support function of a closed convex
polytope (not necessarily compact) in terms of its finitely many defin-
ing halfspaces,

Lemma 6: Suppose al, i=1.,,.,m, are non~-zero vectors in En and

i m ai ci
¢, i=1,,..,m, are real numbers. lLet P = iQI H ' =

m . .
n; i i ..
igl {x€eE |a xS c} ¥% . Then the sSupport function of P is given

by

o i B i
hP(a) =min { 3 lic | % A.a =@, A, 20 and
i=1 i=1 *

{ailxi > 0} is linearly independent}
n _
for all o €E .
(We define the minimum over the empty set to be + = ,)

. n .
Proof: Given o € E , we want to maximize o-'X

subject to: al-x < ci for i=1,...,m.

This is a linear programming problem, The dual problem is



17

. . 1 m

minimize A, € 4+ ..e0 + A_¢C
1 ‘m

m i

Since P # @, the first program always has a feasible vector,
Hence by the duality theorem of linear programming, if the dual problem

is feasible we have

m .
i
max o+ X = min i§1 Xic .

If the dual problem is infeasible, we have by our convention
min igl Kici = ® , But infeasibility of the dual problem impli€s the
first program has no optimal vector, hence
max ¢/¢xX = ©
The dual program is a canonical linear program (see Gale [7,p.84]),

and if it has an optimal vector then it has a basic optimal vector,

Hence we can choose‘the hi so that
i
>0
{a*|r, >0}
is linearly independent, and we have proven

hP(a) = sup qex for all g € .
- x€EP

Definition: We say two convex subsets of En C and D have the

strict separation property (s.s.p) if CN D = @ implies there exists

B € E® such that sup x-B < inf y.B .
x €C yE€ED

For example, if C is compact and D is closed, then C and D

have s.s.p. (See Berge and Ghouila~Houri [3, p. 55].)

ILemma 7: Iet C and D be two closed convex subsets of En with

S.S.pP., and let hC and hD be their support functions. Then

CND%# if and only if for all « € E- ,
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hc(a) + hD(— a) 20,

Proof: Suppose x € CN D . Then for all « € E ,
ox =
o*x = min (hc(d), hDGN))
- gex = - - .
o+*x = min (hc( a), hD( o))

Hence,

0 = min (hc(af),hD(oz)) + min (hc(- o), hD(- @)) = hc(a) + hD(-cv) .

Suppose CN D=0 . By s.s.p., there exists a vector B € E' such

that

—

ho®) = sup xB < inf yB=- sup ye(- B) =~ h (- B) .
x €C y€D YyE€D

Thus

hoB) + b (- B) <O .

Lemma 8: ILet V be a closed non-empty convex set in En such that if

x€V,y€ En, y =x, then y € V. Let P be a closed non-empty con-

vex polytope such that x € P implies x =2 0, Then V and P have

the strict separation property.

EESEE’ Decompose P as the vector sum
P=C+k={y+zly€c, z€x}

where C 1is a closed polyhedral convex cone and K is a compact poly-

hedron (Goldman [8]), Note that if y € C then y = 0, for if C had

a point with a negative coordinate, then it would have points for which

this coordinate was arbitrarily large and negative. This would imply

that P would have points with this coordinate negatiye, contrary to

assumption,

Suppose VN P=@ . Suppose x € VNK . Then x=x+0€ VNP,
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Hence VN K=0 , Since K is compact, V and K have S.S.Pe, i.€.,

there exists B € En such that

sup x.f < inf z.8. .
x €EV z €K

Note that P =2 0 since V has points with arbitrarily large negative
coordinates,

Now

2 inf yef + inf z.B
y €C z €K

2 inf z.p > sup x.B
z €K x €V

since y.p =0 for y €C. Hence V and P have s.S.p..
We are now prepared to give a necessary and sufficient condition for
games with convex V to have a core,

S
Theorem 4: Let I = {Vﬁ; Vg 8 # N} be a game in which Vg is convex

for all SCN, and let h be fﬁe support function of VS e Then T

S

has a core if and only if for each S * N there exists a vector

b € 5% with b >0 and n () <=, such that for each o € EV;

S

(6) h (@) = max {z Ag hS(lo(S))IAS 20, I Ag & -y ,

and {b(s)lhs > 0} is linearly independent} .

Proof: By Lemma 5, I' has a core if and oniy if there exist vectors

b(s) € ES, b(S) 2 0, and real numbers v(S) for each S %# N such that

b v (s)

H D VS and
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has a core. By definition of support function we have hs(b(s)) < v(s).

(S)) since by

It is easy to see that we need only consider v(S) = hs(b
reducing the value of v(S) we make it "easier" to have a core.
Now T/ (with v(S) = hS(b<S))) has a core if and only if

VN NP+g@P where P is the polytope of "undominated points", i.e.,

p= N {x€r|xp® > hS(b(S))}

S*N

n {x¢e€ Ele-(- b(s)) g - hs(b(s)} .
S+ N

We may assume without loss of generality that for all i € N,
V{i} = {x € R{i}lx = 0} « This implies that P is contained in the non-

negative orthant. By lLemma 7, Vﬁ NP+@ if and only if for all

@ € BN , o

(7> he(@) + hy(- @) = 0,

By Lemma 6,

®  meo=mn{ % Aen 0P 2 A e o-a,

S *¥N S¥N

ls Z0, and {b(s)lks > 0} is linearly indepen-

dent}.

-max { X Ash

(b(s))l = Aabp® g, Ag E 0 ,and
S %N

S sEN O
{b(s)lhs > 0} is linearly independent} .
Combining (7) and (8) we get that I' has a core if and only if for all
o € EN, (6) is true., This completes the proof,
Notice that Theorem 4 is a generalization of Lemma 4 which in turn is

a generalization of Shapley's theorem (Shapley [15]). Our first proof of

ILemma 4 is similar to that of Bondareva [4], who independently obtained
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Shapley's results for side-payment games.

It would be interesting to see if Theorem 4 can yield a proof of

Theorem 1 for games with convex V

S

which does not use Scarf's theorem

on inequalities, Thus far the author has not been able to attain this

result,
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CHAPTER II. EXISTENCE OF BARGAINING SETS FOR
COOPERATIVE GAMES WITHOUT SIDE PAYMENTS

1. INTRODUCTION

In [2], Aumann and Maschler introduced the concept of the bargaining

set for cooperative games with side payments. In [5] and [10] the bar-

gaining set M(i) is defined, and it is proved that for every coalition

structure B , there exists a payoff vector x such that the individual-

ly rational payoff configuration (x ;B) € M(i) . In [11], Peleg defines
a bargaining set ﬁ(i) for non-side payment games which generalizes M(i).
He shows, however, that the above existence theorem is not true for ﬁ(i).

In this chapter we prove a general existence theorem for a class of
bargaining sets for games with no side payments. Relatively weak re-
strictions are put on these games; for example, the payoff sets VS are
not required to be convex. In [11], Peleg assumes convexity..~At that
time, he proved that the bargaining set M(i) is always non-empty for

games of pairs, that is, games for which only two person coalitions
—~have power. We shall prove this result without the convexity assumption
as a dohsequence of the general existence theoren,

We shall also define and discuss several different notions of bar-
gaining set for games without side payments. In particular, we define
(€D
1

the bargaining set M which generalizes M and is nohéempty for

all non-side payment games,



23

2. DEFINITIONS AND LEMMAS

Iet the set of players be N = [1,...,n} . For each S CN, let

ES be the Euclidean space of dimension |S| whose coordinates are in-

dexed by the players in S . If u € EN the uS will denote its pro-
Jjection onto ES . If x and y are vectorswe say x2y if x =y
and x ¥y .

For the purposes of this chapter we will use the following definition

of an n-person game with no side payments,

Definition: An n-person game without side payments I = {VS}

SCN
is a collection of sets satisfying the following conditions:

1) For each S C N, VS is a closed subset of ES .

2) I1f x¢€ VS and y € ES is such that y = x, then y € VS .

3) TFor each i € N, V{i} ={x € E{i}lx = 0}

Por a discussion of these and_other possible assumptions, and for an
extensive bibliography, see Aumann [1]; Property 2 is called comprehen-
siveness,

We use QS and Q+ to denote respectively the non-~negative and the

S
strictly positive orthant in ES , 1.e.,

1)

o}

ot = {x e %|x > 0} .

Q,=1{x€ Eslx

Definition: For S CN, V; is defined as follows:

1) If VS N Q; + @, then v; ={x € ESIx € closure (VS n Q;) and

there is no y € closure (Vg N Q;) such that y > x} .,

-+ =t S S
2) I1f vSnQS..ﬂ and vsnnstﬂ, then VS—{O},where 0

Sy

is the origin in ES .
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3) If vSnQS_ﬂ, then vs-ﬂ.

Definition: An individually rational payoff configuration

(i.r.p.c.,) is a pair (x;B) where B is a partition of N into non-

empty mutually disjoint subsets, called a coalition structure, and

x € EN is such that for all S € B, xs € {’; .

We call a coalition structure B acceptable if S € B _implies
VeN O #@ and Vv, NQOg is bounded. o

In [11], Peleg defines an i.r.p.c. differently. In place of Tr;
he uses -\'/'S = {x € VSIx Z 0 and there isno y € Vg such that y > x}.
In Lemma 1 we show V'S' c -\-IS for éll S . Hence any i,r.p.c., that we
consider is also a valid outcome in Peleg's sense,
Lemma 1: {’; c VS for all SCN.
Proof: We need only consider those S8 for which VS n QS ¥0.

Suppose VS n Q; =H . Since VS n QS ¥0, oS € VS by comprehen-
siveness, VS n Q; = f implies there is no y € VS such that y > OS .

Suppose Vs n Q; ¥ 0, and suppose x € -\"; ~ T’S . Then there exists
y € VS ~ closure (VS n Q;) such that

y>x=20 ,
But this imp}ies that
y € VS n Q’; C closure (VS n Q;)

which is impossible. Thus ir; c -\'VS

Lemma 2;  If A n Q"S' ¥ @, then Tr"s' ={x € Eslx € closure (VS n Q;) and

there is no y € closure (VS N Q';) such that y =2 x and if yi =¢xi

then yi =zl = o} .

Proof: {"; obviously contains the set on the right. We show the other

inclusion, Let x € ?r; . Suppose y € closure (VS n Q; )is such that



25

yi>xi for 1 €EPCS, P*FP,

yi=xi=0 for 1 €S~P.,

Iet € = min (yi - xi) >0, lLet Os be the open sphere with center

i€p
y and radius € . Since y € closure (Vs n Q;), there exists

z€0e
y

For i € P, we have

zi-xi=zi-yi+yi-xj'2zi-y1+€>0 .

+
nvgnaQg .

For 1 € S~ P, zi>0=xi. Hence z > x . Since 2z € closure

(V‘S n Q;) we contradict x € V; . Hence '\-f; is also contained in the

right hand set.

Definition: Suppose S is such that VS n QS * # . We define HS

as follows., If VS n Q; ¥ § , then

HS={x€QS| pX xizl}.
i€s
Otherwise
i S
HS={x€QS| S x =0} = {0} .

i€s

lemma 3: Suppose S is a coalition such that VS n QS P and

VS n Q; is bounded. Then there exists a continuous positive real valu-

ed function dS(h) defined for all h € HS such the function

=+
Pgt Hg 7 Vg

defined for h € HS by
@S(h) = dS(h) h,

is a homeomorphism.

+ =+ S =
Proof: If V N Qg =0, then V. =H,= {0”} and dg =1 is the

required function, Suppose Tiow that VS n Q; # § . Define
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—+—’
99 VS HS
for x € V;’ by
8 (%) = x
S N x1
i€s

Since Vé ﬁ—Qg ¥ 9, it is clear that oS 3 V; . Thus es is contin-

uous. It is also clear that for x € V. ’ Gs(x) € HS . Gs(x) is

merely the projection of x onto H along the ray from the origin

S

through x .

and
X - y
= xi z yi
i€s i€s
Then
z xi
i€s
X = I y
oy
i€s

which implies that x and y 1lie on the same ray through the origin,
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Since 0S £ 3; ,

% xi

i€s - + .

z 0y o

i€s

i i

Thus we have either x2y or y2x, and if x =y then
xi = yi =0 . In either case by lemma 1 we have that one of the points

is not in V* , a contradiction. Thus OS is one to one.

We ﬁo&ﬂ;how GS is onto. Let _h'E Hs . We need to show that there
exists x € V; N r(h), where r(h) is the ray from the origin through h,
Let K = closure (VS n Q;) and consider KN r(h) . This is compact

since VS n Q;' is bounded., Hence there exists x € KN r(h) such that

Il = max [Iyl] .
yEKNr(h)

since VS n Q; % @, there is a strictly positive point in VS . There-

fore, by comprehensiveness, KN r(h) # {0} , and we must have “x” > 0,
We show x € Vg N r(h) . Suppose x £ V; . Then there exists

z € K such that z > x . By comprehensiveness again,

{uGQSIuéz}CK.

Choose a real number t such that
i

1<tsmn{-z—i-
x

all i where xi > 0} .

Then for all i, z1 2t x1 20. Thus 0=tx=2z, and hence t x €K .

Since x € r(h), we have also t x € r(h), hence t x € KN r(h) and
x| = ¢ {|=]| > {|=]| .

This contradiction proves x € V; N r(h) . Thus es is onto.

We have GS is continuous, one to ocne and onto, It is easy to see

that V; is closed, hence compact. Thus © is a homeomorphism,

S



28

-1 =+
) g P Hg oV

it must be of the fomm

Let ms =0 Since ¢S is also radial projection,

tps(h) = ds(h) h

for each h € HS’ where dS is a real valued function defined on HS .

Since oS £ V; , we must have for all h € HS ,

> .
ds(h) 0

To complete the proof, we must show that ds is continuous, ILet
pi be the projection map from ES onto the ith coordinate. For

h € HS , max hi > 0 and so

i€s
max hi max d_(h) hi
i€s i€ss
h) = h = i
-ds() ds() o hi max h
i €8 i€s

= max pi (pg(h))
i €8

max pi (h)
i €8s

which is continuous. This completes the proof of Lemma 3.

Let B be an acceptable coalition structure. Define x%(B) = X V* .

seB ©
Equivalently,
xt(@) = {x € ENI(x;B) is an i.r.p.c.} .

Let H(B) = X Hy . The following lemma was proved by Peleg [4].
SEB

Lemma (Peleg [10]): Let El(h),...,EP(h) be n non-negative continuous

real valued functions defined on H(B) . If for each h € H(B) and each

S € B, there is an i € S such that Ei(h) = hl, then there is an

hy € H(B) such that Sj(ho) = hg for all j €N .

The next lemma is an analogue of Peleg's lemma for X+(B) .
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Lemma 4: Tet B be an acceptable coalition structure, and let

cl(x),...,cn(x) be n non-negative continuous real valued functions

defined on X+(B) . If for each x € X+(B) and each S € B there is

an i € S such that cl(x) 2 xi, then there is an X, € X+(B) such

J
o

Proof: Let Pg and d

that cj(xo) 2 x' for all jEN.

be the maps from Lemma 3 for each S € B .

S

Define

@, = X @ : H(B) - X (B)
B geg S

to be the product homeomorphism, Let mg(h) be the ith coordinate of
¢B(h) and notice that if i € S, then

oy = agm) vt .
For each i € N, let

~1
C

H(B) * R

be defined as follows, If i € S, then for h € H(B) ,
i
c (¢B(h))

~i
&) = ————
ds(h)

Since dS >0 and ci is non-negative on x+(B), and all the functions
are continuous, we have Ei ié a continuous non~negative real valued
function on H(B) for all i'g-N .
For each h € H(B) and each S € B, there is an i € S such that
oty ) = gr(n) = d ) b
Thus i :
e (pg(h)) i

i
¢ () = ——————2h |,
ds(h)

Hence the functions 51 satisfy the hypotheses of Peleg's lemma, and

there must be an hO € H(B) such that
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Ejfho) = hg for all j €N .
Suppose j € S . Then
S ) =am) Fmyzam)nl .
B s* 0 0 s 0 0
+ .
Let X, = mB(ho) € X'(B) . We have
J = J _ .J o
c (xo) = ds(ho) h0 = wB(ho) =Xy e
We have shown that for all j €N
J > oJ
| c (xo) = x5 .
This completes the proof,
The next result is also an extension of a result of Peleg. The

proof is similar to Peleg's.

Lemma 5 Iet B be an acceptable coalition structure, and let

A A be closed subsets of X&(B) . If for each i € N,

1’-0-, n
A > {x € X+(B)|xi = 0}, and for each S € B,

U a = xT(B),
i€S

then Ai 0 .
iEN

Proof: For x, y € x&(B), define

i i
p(x,y) = max |x -y .

i€EN
If X'(B) has only one point, it is easy to see that it must be

the origin in EN . By hypothesis, the origin must be in each Ai’

i = l,n.o’n .

If X+(B) has more than one point, define m = max . p(x,y) > 0.
x,y€X (B)
since X'(B) 1is compact, m < , For each i € N, define for
x € X+(B)
i
i i x
e (x) = x" - —— p(x,A;)
where p(x,Ai) = min p(x,y) < m . Each ci(x) is non-negative and

yEAi
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continuous, If x € X+(B) and S € B, there is a j € S such

that x € AJ, hence p(x,AJ) = 0 and cj(x) = xj .

By Lemma 4, there exists an X4 € X%(B) such that c‘j

J

(xo) = X,

for all j € N . This implies that for all j € N either xg =0

or p(xg,Ai) =0, In the first case,,xo € Aj by hypothesis. In the
second case, the compactness of Aj implies xo € AJ . Hence
x. € N A, .

0" jeny J

3. GENERAL BARGAINING SETS

Iet B = {Sl,...,Sm} be an acceptable coalition structure for an
+ 1 ﬁm
n-person game I', For each x € X (B), let R (x),...,8 (x) be m
binary relations defined on S ,...,S  respectively. let 1 € N, ‘and

suppose that i € Sk € B . Then define

E, = {x € X" ®)|1 7 (x) j for all j € 5 _~ {111 .
We assume the relations ﬁl(x),...,ﬁm(x) satisfy the following
properties:
1) For each i € N, Ei is closed,
2) For each i €N, E; D {x G'x”(B)Ixi = 0} .
3) For each x € X'(B), and each S, € B, there is an 1 € §

J J
such that x € E, .

i
Intuitively, we can interpret i ﬁk(x) j to mean thaf Jj has no
justified complaint against i in the payoff x, i.e., J 1is not
"stronger" than i at the point x . Then property 2 says that if
player i gets zero at x, then no player can complain to i ,

Property 3 says that for each payoff x, there is a player in each

S € B who is immune from complaints,
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This treatment is similar to that of Peleg [12], but his relations
Rk(x) are to be interpreted oppositely, i.e., 1 Rk(x) j means i
is "stronger' than j at x .

Finally we define the bargaining set for the coalition structure

B and relations ﬁ;,...,ﬁm to be

[}

M(B; El,...,ﬁm) {(x;B)lx € x%(B) and for each

Sy €B, if i,j € S, then i ﬁk(x),j}

{(x;B)Ix €N Ei} .
i€N

Theorem 1: Let B = {S ..,Sm} be an acceptable coalition structure

1’°
+ 1 ‘ ﬁy
and for each x € X (B) 1let R (x),...,R (x) be binary relationmns

ngined on Sl""’sm respectively so that properties 1, 2, and 3

above are satisfied. Then M(B; ﬁl,...,ﬁm) $0.

Proof: By properties 1, 2, and 3, the Ei satisfy the conditions of

Lemma 5, Hence Ei ¥9.
i€N

Intuitively, Theorem 1 says that if an'acceptable coalition .
structure B forms, and each coalition Sk in B adopts a "reason-
able" standard of stability ﬁ#(x) (i.e., ﬁk(x) satisfies 1,2, and 3),
then there is a point x in X+(B) such that the i.r.p.c, (x;B) is
simultaneously stable for all coalitions in B .,

In the remaining'sections we will define various standards of

stability and investigate the resulting bargaining sets,

4, THE BARGAINING SET M’ AND RELATED BARGAINING SETS

In this—section we shall define a standard of stability of the type
treated in the last section, This will lead to a bargaining set M’

which exists for all non-side payment games, It is shown that in the
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(1)

side~-payment case, M’ contains the classical bargaining set M 1°

An example is given where this inclusion is strict., We will then

consider two closely related standards of stability and their bargain-

ing sets,

Definition: Let (x;B) be an i.r.p.c. Let 1i,] €ESEB. Ve

say i > j in (x;B) 1if and only if

1) there exists a CGTiJ={SCN|i€S,jES} and a

yC € Vo such that yc > xc, and.

2) there exists no DET and zD € Vb such that zD = xD

ji —
e :

and 2 Zy .

Definition: Let (x;B) be an i.r.p.c. lLet i,j€ S€B . We

say 1>>j in (x;B) if and only if x € closure {x € X' (B)|i > j

in (x;B)} .

In other words, we say i > j in (x;B) if i has a justified
objection yC against j in (x;B) in the classical sense (see [10]
and [5]). We say i >>j in (x;B) if arbitrarily close to x there

are points x(k) such that i > j in the i,r.p.c. (x(k)

:B) .
Note that i > j in (x;B) implies i >>j in (x;B) .

Definition: Let (x;B) be an i,r.p.c, Let i,j € SEB . We

say i RY J in (x;B) 1if and only if

1) i>j in (x;B), and

2) there exists no sequence of distinct players

10ig 0001 €8~ {1,3} such that j >> i, > 1,>>.,.5>1 > 1

1
in (x;B) .

We say i B! 3 in (x;B) if and only if j Rl in (x;B) .
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Lemma 6: R’

is an acyclic relation for each i.r.p.c. (x;B), that is,

if 1

el 1,00-,

1, ¢ ’ . :
id € SEB and il R izR ...R id in (x;B) then iaR i1 .

Proof: Suppose ilR""R'ia in (x;B) . Then in particular

. . . )
il D= .. > ia in (x;B), which implies iaR il .
We define the bargaining set M’ to be
M’ = {(x;B)l(x;B) is an i.r.p.c., and for each § € B,
if i,j € s then iR’j in (x;B)} .

Theorem 2: Iet B be an acceptable coalition structure. Then there

exists an x € X (B) such that (x;B) € M’ .
Ezoof: Suppose B = {Sl,...,Sm} is the acceptable coalition structure,
For each x € X%(B), each k=1,...,m and each 1i,j € Sic define

i ﬁk(x) j if and only if i jtad j in (x;B). We wish to show

~

M(B; Rl,...,ﬁm) ¥ 8 . By Theorem 1 we need only show that the rela-
tions ﬁk satisfy the tree properties of the last section,
et 1 € N and suppose that i € S € B . Then define

E, = {x€X'®]|1 8 j in (xB) forall j€s~{i}}.

1) Ei is closed:

let x € X (B) ~E Then there is a j € S~ {i} such that

i L 2
J R’ i in (x;B) . That is, j > 1 1in (x;B), and for every sequence

of distinct players in S of the form i = i, il,...,i , 1 1= J,

0 o o+

there is a Vv, 0 < v < o, such that iv >/> 1v+ in (x;B) .

1

To show that X+(B)'v E, is open in x+(B) we need only show

i
that for any i,j € S € B,

0, ={x€x'®|1> 3 in (x;B)} and

1
0y

{x € x"B)|1>/>j in (x;B)}
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are open in X+(B) . It is clear from the definition that O is open

2
in X' (B)

We now consider 01 . Suppose i,j € S€B, and i > j in
(x;B). Then there exists a C € Tij and a yc € V such that yC > xc,
and 1f D €T, then 2" € v implies z° § (x” C, y™Cy | Let

8 = min il)nf max (;v:l:M::,ymc)i - zi] .
DET Z GV i€Dp
Jji
By the above, 6 = 0 . Suppose 8§ = O , Then for some D € Tji there
exists a sequence z?k) € VD’ k=1,2,,.., such that
D~C HWC i i 1
< <=
0 < m [ " - Zao) <%
Define another sequence ;'lzk)’ k=12,..., as follows, For i € D,
D~C DNC.i i D~C pc, i
-1 " T,y ) ifz(k)z(x y YO )
z =
(k) i
z(k) otherwise,

By comprehensiveness, z D ¢ V, for k=1,2,... . But z D

-
(k) (k)
(x] ymc) as k = o, and since VD is closed, we nust have

( mc) € V , a contradiction, Hence we have 6 > 0 ,

let € be a real number such that

0 < € <min (4, m:'.nIyi - xil)'.
i€C

We will show
={xex'®| |lx-xl <€ co,

and hence O'1 is open in X+(B) . et x €0 . We must show i > j

in (;:;B) .

First note that yc > x c by choice of € . Suppose for some

DET there is a zDEVD suchthatz>(]:: me

31 ) . Then we
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have

(=)
v

max

e [6: D DNCy1 zi]

)

)i _ (XDVC’yDﬂC)i

D~C mc1_21]_

= max [(§ D~C DNC
- i€p 24

+ (7 5,y )

Let io € D be such that

1 |
@2, y0C) T 0 e [P, PG zi:l .

i€D

Then we have
02 max (xD~C’ Dﬂc i i] DﬂC) 0 _ (xD~C nnc
i€b

Ea-€>00

This contradiction shows that x € 01, and we have proven that O is

1
open in X*(B) . This concludes the proof that Ei is closed for
each 1 €N,

2) E, 2 {x¢€ xt ) |x* = o} :

Since O € Vti}, if xi = 0 then there is no j such that J > i in
(x;B) . Therefore there is no j such that j R’ 1 in (x;B) .

3) For each x € X+(B), and each S € B, there is an i € 8
such that x €E :

Suppose not. Théﬁ'for some x € X+(B) and some S € B, for each
i €S there isa j € S such that j R 1 in (x;B) . Thus there

exist players i ,...,id € S such that i, R' i_ Rr’...R’ 1 R' i in

1 2 o 1
(x;B), which is a contradiction to acyclicity,

1

This completes the proof of Theorem 2,
It would have been reasonable to define a game so that for each
SCN, VS n QS ¥ § and compact. Then every coalition structure would

be acceptable, and thus would satisfy Theorem 2, Note that for side
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payment games, if the usual requirement is made that for all SCN ,
v(S) = 0, then every coalition structure is acceptable, Also, in this
case

x*(B) = X(B) = X {x € QSI z xi = v(s)} ’

SEB - i€s
which is the payoff space usually considered for the coalition structure
(see Peleg [10]). )
Recall that the bargaining set M(i) for side-payment games is the_
set of all i.r.p.c.'s (x;B) where for all i,j € S € B, i % jd”;n
(x;B) . Thus for side-~payment games, M’ o M(i) . The following

example shows this inclusion may be strict,

Example 1: et n=7 . Suppose v(1234) = 100, v(15) = 26,

v(1256) = 51, v(367) = 26, and Vv(475) = 26. Let v(S) = 0 for all

other SCN . Let B = {1234,5,6,7}, and let

(x;B)

(25,25,25,25,0,0,0; 1234,5,6,7) .,

To see that (x;B) £ M(i), note that 1 >- 2 via the justified objec~
tion y15 = (25'%, é) » (See the discussion following the definition
of the relation >~ ), To see that (x;B) € M’ , one can first verify
by inspection that there is no other justified objection other than
1> 2, hence for 0 < i, j < 4, (1,j) # (2,1), i %' j . Finally ,

2 8 1 is true since 2>> 3, 3>> 4, 4> 1 in (x;B) . To check

these three, notice that for 0 < €< 25

a) 2> 3 in (25-€, 25-€, 25+€, 25+€, 0,0,0;B) via Y1256=(25'25”§
b) > 4 in (25,25,25-€,25+€,0,0,0;B) via y o' = (25"2’2’1)

475 € €
c) 4> 1 in (25+€,25,25,25-€,0,0,0;B) via y = = (25~3,5,1) .

At this point, two other bargaining sets will be discussed. Both

€
1*21 1)

have the desired property that for side-~payment games, they reduce to M(i).
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The first one, however, does not exist for all nonside-payment games.
The existence of the second is still an open problem.
The first set is defined as M’ was defined, except that R! is

replaced by R’ where i R' j means i > j and j >/> i . To see

(i)
1

a game i R j in (x;B) if and only if i > j in (x;B) . Suppose

that this reduces to M for side-payment games, we show that in such
i > j and also j > 1 in (x;B) . Then there is an open neighbor-
hood of x in X(B) such that i > j in (x;B) for all x in this

neighborhood, By definition, there is an x in the neighborhood such

0
that J > i in (x;B) . Hence 4> j> 4 in (x,;B), which
contradicts the acyclicity of > for side-payment games (see Davis and

Maschler [5]).

Example 2: ILet n = 6, Define

Vigg = {x123|x1 + x2S 1}

V145 = {x145|x1 = 2, x4 = 4, x5 = 3}

Vosg = {x256|x2 =2, x° =4, x° = 3)

Voo = (X000x° 5 2, x* =3, x® = 4

vy ={x° € E°|x° = 0} for a11 other sCN.

Consider the coalition structure B = {123,4,5,6} . It is easy to check

that for any i,r.p.c. (x;B), 1 R' 3 unless xs 0 and

3 R’ 2 unless x2 = 0 and

2 R' 1l unless x1 =0 .

2
Since in any i,r.p.c. (x;B), not all of xl, x and x3 are zero,

there is no stable point with respect to R .

The second set is defined similarly except R’ is replaced by R"'

re?

where for i,j € SE€B, i R j in (x;B) means i > j in (x;B)
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and there is no sequence of distinct players il’ iz,...,id € s~ {i,3}

such that j > il D= i2 D h > id > i in (x;B) . By the acylicity

of > in side-payment games, it is clear that in a side~payment game

i ' j 4if and only if i > j . Hence this bargaining set also re-

duces to M(i) . At this time it is not known whether Theorem 2 is true

for this set for all non-side-payment games, The difficulty lies in the

122
)

fact that the sets Ei (defined for R are not necessarily closed,

5. GAMES OF PAIRS

In this section we extend Peleg's result on games of pairs,

Definition: An n-person game I' = {VS} is called a game of

SCN

pairs if whenever S C N and ISI % 2, then

vy = {x € B°x = 0%} .
The bargaining set M(i) for non~side payment gameé is defined
exactly as M(i) for side-payment games, i.e., the set of all i.r.p.c.'s
(x;B) where for all i,j € S é B, 1 3j in (x;B) .

Theorem 3: ILet ' be a game of pairs and let B be an acceptable

coalition structure for I' ., Then there exists an x € X&(B) such

that (x;B) € ﬁ(i) .

Proof: 1Iet B = {Sl,...,sm} be the acceptable coalition structure,
|

For each x € X&(B), each k=1,,..,m and each i,j € Sk’ define
i ®%(x)j if and only if j ¥ i in (x;B) . Again we wish to show
M(B; R'l,...,'ﬁk) 0.,
Define
E, = {x €X'®)|tor all j€s~{i}, §* 1 in (xB),
where 1 € N is such that i € S € B . In the proof of Theorem 2, we

showed for all i,j € SE€B ,



40
{x € ¥'@®)|1> 3 in (x;B)}

is open in X*(B) . Hence each E, 1s closed. We also showed in the

i
proof of Theorem 2 that if xi = 0, then‘;here is no j such that
J>1i in (x;B) ., Hence
E; 2 {x € X+(B)|xi = 0} forall i €N,
We need only show that for each x € X#(B), and each S € B,
there is an 1 € § such that x € E, . But this is true since in a

game of pairs it is easy to see that the relation > is acycliec.

6, RELATIVE BARGAINING POSITION - THE BARGAINING SET M

In this section we shall®discuss the notion of a player's relative
bargaining position at a given payoff. This will lead us to define
another standard of stability which gives rise to a bargaining set M .

M will be shown to exist for all non-~side—payment games and to

reduce to M(i) in the case of a side-payment game.

1
Let B be an acceptable coalition structure. ILet i € N, and
suppose 1 € SE€EB . If .Vz ¥ {OS}, let o = max 21> 0. Otherwise
Z€EV
. S
let ¢ =1, Also define

F, = {x € X'®|fora11 y€s~{i}, 3 i in (xB)} .

For x,y € X (B), define

(x,y) = 3 |E__:_X_ .
dB i€N ci

dB is a metric on X%(B) (in fact on EN) equivalent to the Euclidean
distance metric.
For x € X (B), let

dB(x,F ) = min d_(x,y) .

i B
yGFi
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Since Fi is compact, we have dB(x’Fi) is a continuous function of

x, and dB(x,Bi)'= 0 if and only if x € n& R

R i i
Notice that the quantity |x 1 M I measures the difference in

(o}

xi and yi relative to the maximum that player i can get as a
member of S . It is easy to see that if each player's utility units
are multiplied by positive scaling factors, then the relative distance
between payoffs in the original game is the same as the relative distance
between the rescaled payoffs in the rescaled game, Since it is also
true that the set Fi for the rescaled game is just a rescaling of Fi
for the original game, we have that dB(x’Fi) is invariant under changes
in the player's utility units,

We can interpret dB(x’Fi) ags follows: it is the least total
relative change that the payoff x must undergo in order for player
i to achieve stability, that is, to have no justified objections
against him, We will consider player i to have a stronger bargaining
position than player j relative to a payoff x if d(x,Fi) < d(x,Fj),
i.e., less total change is necessary for player i to achieve stability
than for player j . In some sense, it is "easier" .for i to arrange

a change to become stable than for j .

Definition: Let B be an acceptable coalition structure, and let

(x;B) be an i,r.p.c. . Let 1,j€ S€B . We say i RJ in (x;B)

if and only if

1) i>j in (x;B), and
2) dg(*,Fy) < dp(x,Fy)

We say 1 B J in (x;B) if and only if j K i in (x;B) .

Thus, 1 RJj means i has a justified objection against Jj at
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(x;B) and, in addition, i can enforce this objection since he has a
better bargaining position relative to the payoff x . Intuitively,
j would not take i's justified objectioﬁ seriously if i was "deep
in debt" while Jj was fairly "solvent".

Lemma 7 R is an acyclic relation for each i.r.p.c. (x;B) .

Proof: This follows immediately from Property 2 in the definition

of R,
We now define the bargaining set for the relation ¥ to .be
M= {(x;B)lB is an acceptable c.s., x € Xf(B), for each S € B,
if i,j € S then i R j in (x;B)} .

Theorem 4: For any acceptable c,s. B, there exists an x € X%(B)

such that (x;B) € M,

Proof: Iet B be an acceptable coalition structure, Define

E; = {x € X&(B)Ii B3 in (x;B) for all j € s~ {i}} .
From earlier considerations with the relation > , it follows that
E, > {x€ xt @) |x* = 6} .
In addition, the continuity of dB(x,FkI for all k €N implies-that
Ei is closed. Also as before, the acyclicity of R implies that for
each x € X+(B), and each S € B, there is an i € S such that x € E, .

Hence by Theorem 1 there is an x € X%(B) such that (x;B) € M.

D
—Ml L

Proof: Since i % j implies i K j , we have M(i) C M. Suppose

Theorem 5: For side-payment games, M

(x;B) E M~ M(i) . Then there exist players i,j € S € B such that
i > j at (x;B) and dB(x,Fi) 2 dB(x;Fj) . But i > j at (x;B)
implies dB(x;FJ) > 0 , hence dB(x’Fi) > 0 ., This implies, however,

that there exists a player k € S such that k > j at (x;B) and
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dB(x,Fk) = dB(x’Fi) > 0 ., This process continues indefinitely (i.e.
there is an 4 > k , etc.), and since there are only a finite number

of players, we obtain a contradiction to the acyclicity of > for side-

(i)

payment games. Thus MCM 1 -

7. CONCLUDING REMARKS

The bargaining set M defined in section 6 offers a solution to

the problem of generalizing M(i) to games without side-payments,

However, new problems now arise, For side~payment games, the bargain-

ing set M(i)(= M) 1led to the definition of two other solution concepts,

the kernel K and the nucleolus ¥V, which satisfy M(i) DKDOv g,
(For the kernel, see Davis and Maschler [6], and Maschler and Peleg

[9]. For the nucleolus, see Schmeidler [14]). One virtue of the
(i)

1 L]
the property that for the coalition structure N, it is a unique point

kernel is that it is easier to compute than M The nucleolus has
which varies continuously with changes in the game.

It would be interesting to know if it is possible to generalize
these and get a kernel or nucleolus for the bargaining set M for all
non-side-payment games. At this time, this question has not been

answered,
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