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Abstract

COMPUTING NORMALIZATIONS USING NEWTON POLYGONS

by

Jerry Girolamo Ianni 

Advisor: Professor Raymond T. Hoobler

Let A be a unique factorization dom ain th a t is finitely generated as an algebra over 

a field k of characteristic 0, and let K  be the field of fractions of A.  An algorithm is 

presented for computing the integral closure of A  in the ring extension L  =  K  [AT] /  ( / )  

where f  £  A  [AT] is monic and has no repeated roots in an algebraic closure of K.  This task 

is accomplished by replacing the ring A  w ith suitable complete discrete valuation rings 

tha t arise from localizations at height 1 prime ideals of A. In th a t setting, Henselization 

techniques, Newton Polygon factorizations, and Chinese Remainder Theorem decompo­

sitions are employed to  compute an integrally closed separable extension that is then 

used to recover the  desired normalization by algebraic descent. A partial implementation 

of the procedures used in the  algorithm to  MAPLE is given along w ith several examples.
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Chapter 1

Int r o duct ion

1.1 Statement of the Problem and Previous Work

Let A  be a unique factorization domain tha t is finitely generated as an algebra over a field 

k  of characteristic 0, and let K  be the  field of fractions of A.  Suppose tha t f  E A  [X] is 

monic, /  has no repeated roots in an algebraic closure of K , and 9 is the canonical root of 

/  in the ring extension L — K  [X] /  ( / ) .  Our objective is to compute the normalization 

of A  in L.

To motivate our interest in this problem, let B  =  k[yi , . . . ,  ys] be a finitely generated 

reduced algebra over a field k of characteristic 0. Using constructive Noether Normaliza­

tion Techniques, one can find elements u u . . .  , un E B  which are algebraically indepen­

dent and such th a t B  is an integral extension of A  =  . . . ,  un\. If K  — Q F  (B ) and

L  is a  finite extension of K,  then the  integral closures of A  and B  in L  are the same.

1
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For L  =  K  (6 1 , , 9m), we can replace B  with B  J ^ , . . . ,  9m where 9i =  aOi is integral 

over B  for each i. Thus, we may assume tha t L  =  K  =  QF{B).  Since A  can be built up 

to B  through monogenic extensions, we are reduced to  the previous setting.

We will offer an algorithmic approach tha t depends on the computational nature 

of our conditions. For example, the assumption th a t /  has no repeated roots in an 

algebraic closure of K  is equivalent to the statem ent th a t there exist a.b £ K  [X] such 

that a f  +  b f  =  1 . Thus, f  (9) is a unit in the ring L.  This fact will be crucial in finding 

upper and lower module bounds for our normalization.

A. L. Chistov proved a result in 1989 which suggests th a t it is quite reasonable 

to search for a computational solution to our problem. In [Chistov], A  denotes either 

Z or Fp [£], and K  is its field of fractions. He defines the length 1(c) of a nonzero 

element c £ A  by the formulas 1(c) = ( 1  -f- degt (c)) log2p if A  =  Fp [t], and 1(c) =  

min {s £  Z : |c| <  2s-1} if A  =  Z. In both cases, he sets I (0) =  1. Using these definitions, 

he declares the length of a  polynomial f  £ A  [AT] to be the sum of the lengths of all of its 

coefficients, including zero coefficients. We now state  Chistov’s result.

Theorem 1 Let f  £  A[X\ be a monic, separable polynomial, and suppose one knows 

the squarefree part of the discriminant dg of f .  Then in time polynomial in the length 

of f  one can construct an A  — basis of the integral closure of the ring A  in the algebra 

K [ X } / ( f ) .

There axe several methods already known for computing the  desired normalization 

that require assorted additional hypotheses. The most typical constraint is that A  has

2
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Krull dimension 1 . The related problem of computing the  ring of algebraic integers in a 

number field also has been studied and algorithmic procedures have been developed in 

that case. However, no techniques have yet been found th a t are efficient in all circum­

stances.

For example, suppose L = Q (9) is a number field where 6  is a root of the monic 

polynomial /  E Z [X]. Let O l  denote the ring of algebraic integers in L. If O  =  Z [0], 

the idea of the Round 2 algorithm is to systematically “enlarge” D until D L is obtained. 

For this purpose, D is said to be p-maximal for a given prime number p if [£)L : D] is not 

divisible by p. Then D =  On if and only if O is p-maximal for each p. Using the concept 

of the p-radical Ip defined by Ip = {x  E D : 3m  > 1 such that x m E pD}, the following 

enlargement criterion due to- Pohst-Zassenhaus is obtained.

Theorem 2 (Cohen, 6.1.3) Let O be an order in a number field L; i.e., [Dr : D] is 

finite. Let p  be a prime number, and set O ' =  {x  G L  : xLp C Lp}. Then either O ' =  D, 

in which case £) is p-maximal, or O ' 2  O and p | [O' : D] | pn.

A detailed treatm ent of the Round 2 algorithm can be found in [Cohen].

The Round 4 algorithm was developed by Zassenhaus primarily for the purpose of 

improving the  efficiency of the Round 2 method. Experimental computations revealed 

tha t the Round 2 algorithm is relatively inefficient for polynomials of high degree with 

large powers of a given prime p dividing the index [D^ : £)]. Because the power of p 

dividing the index [£>£, : O'] is only guaranteed to decrease by 1 , several iterations may 

be required to  obtain O l - Accordingly, Zassenhaus shifted his attention to reducing the

3
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degree of the  input polynomial. For a polynomial /  E Z [X], the positive generator of the 

ideal Z n  ( ( /)  -+- ( / ') )  in Z is called the reduced discriminant dr ( f )  of / .  In the following 

lemma due to  Zassenhaus, up (m) denotes the exponent of the exact power of p  dividing 

m  E Z, d ( / )  is the discriminant of f ,  6  is a root of / ,  O =  Z 0 , and L  =  Q (o 'j .

L em m a  3 Let k =  min {vv (d ( /) )  -f- 1 ,2vv (dT ( /) )}  fo r  monic, separable polynomials f ,  

f  E Z[X ] o f degree n. I f  f  = f  mod (pK), then the p-maximal overorders of O in  L and 

of O in L  are isomorphic.

The idea is to find a congruence factorization of /  mod (p) and to lift these coprime 

factors to a congruence factorization of /  mod (pK) using Henselization techniques. This 

congruence factorization is / .  In the spirit of the Chinese Remainder Theorem, one 

determines the p-maximal overorders for each of the subalgebras corresponding to the 

factors of /  and stitches them  together. A discussion of the  Round 4 algorithm and its 

interplay w ith the Round 2 algorithm can be found in [Pohstl].

In Ford’s Algorithm [Ford], the ring A is a complete DVR, with uniformizing param eter 

7r and quotient field K . For /  E A  [X] that is monic with nonzero discriminant, it is 

shown th a t it is always possible either

• to construct an integral element a  E L — K  [X] /  ( / )  such that A  [a] is the nor­

malization of A in L; or

•  to factor /  properly in A [X] as /  =  / 1 / 2  so th a t L  = K  [X] /  (f \)  x K  [X] /  (ff)  

as X-algebras.
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In the la tte r case, one iterates the algorithm on f x and on fo- Ford proceeds according 

to the equivalent criteria given in the next theorem. The first statem ent is due to Berwick 

while the second is due to  Zassenhaus. Either an element a  is found such that A  [a] =  

A  [X] /  ( / )  satisfies one of the criteria or an explicit factorization /  =  / 1 / 2  is found.

Theorem 4 Suppose that A  is a complete DVR with uniformizing parameter t t  and 

quotient field K . Let f  £  A  [X] be monic with nonzero discriminant, A f  — A  [X] /  ( /)  , 

a n d L  = K [ X ) / ( f ) .

a. A f  is the normalization of A  in L  i f  and only i f  there exists no decomposition f  = 

g2h0 + xghi -+- tt2ho, with g , ho, h \ ,h 2 G A  [X ], g monic, and deg <7 >  0.

b. Suppose f i ,  f 2, f 3 , f t  €= A  [X] are monic where, upon reduction relative to (ir), f x is

the square-free part of f ,  f x f 2 =  / ,  h  =  Scd (J1J 2), and h ~ =  / •  Set h = - — h l± _
7r

Then A /  is the normalization of A  in L if and only i f  h and fz are relatively prime.

The algorithm by Theo de Jong [Jong] assumes that R is a Noetherian, reduced ring 

and denotes the  integral closure of R  by R. The non-normal locus N N L  is defined to be 

the set {p e  Spec (R) : R p is not normal}. Let I  be an ideal of R  containing a nonzerodi- 

visor. If HcrmR (I , I)  denotes the ring of i?-endomorphisms defined on I ,  then we obtain 

the canonical inclusions R  C H om R (/ ,  I) c  R. The first inclusion is the map that sends 

an element of R  to  multiplication by this element, and the second inclusion is the map
fh  (  - f \

th a t sends <j> £  H o m R ( /, I)  to —- — for any element /  £  I  that is a  nonzerodivisor of R. 

The main result, due to Grauert and Remmert, is the following theorem.

5
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Theorem 5 Assume that the ideal I  C R  contains a nonzerodivisor and satisfies N N L  C 

V  ( / ) , where V  (I) =  (p 6  Spec (R ) : I  C p } .  Suppose also that H ornr  ( / , I)  =

Horn a ( / ,  R) fl R. Then R  = HomR (I , I )  i f  and only i f  R  = R .

Theo de Jong remarks th a t every radical ideal I  containing a  nonzerodivisor satisfies 

H o t u r  (I, I )  =  H o m R  (7 , R ) ( lR .  The idea is to determine an ideal I  w ith N N L  C V  ( / ) ,  

to  replace I  with y/1, and to compute Hom R y/Tj . I f  R  =  HomR ( V i ,  ' / I ' j , then 

stop. Otherwise, replace R  with the larger ring HomR (y/ l ,  \/7^  and repeat. Eventually, 

one obtains R.

In the algorithm of Mark van Hoeij [Hoeij], extensive use of valuation theory and 

Puiseux series is made to compute a  basis for the normalization of A  in L  as an A- 

module. Our algorithm also makes extensive use of valuation theory, bu t it dispenses 

with the complexities of Puiseux expansions by appealing to the simpler and more precise 

theory of extensions of valuations defined on complete discrete valuation rings. Much 

more will be said about this simplification later in this thesis. For now, we will outline 

some facts about Puiseux series and make some brief comments about the role of Puiseux 

expansions in determining integral elements. For proofs of these facts, the reader can 

consult [Ribenboim].

Proposition 6 Let K  be an arbitrary field, and let K  [[X]] be the ring o f formal power 

series in the indeterminate X  with coefficients from  K . Then K  ((X)) ,  the field of 

fractions o f K[[X]], is equal to the field consisting o f all Laurent power series ^  a iX 1
i> io

fo r  any ^  G Z and ai £  K .
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Proposition 7 Let K  be an arbitrary field, and let X  be an indeterminate. Then 

U K  ( ( * " ) )  w a field.

Definition 8 A n element o f the field (J K   ̂̂ X « ̂  is called a Puiseux series.

Proposition 9 |J  K  ^ X * ^  is an algebraic extension of K  ((X )).

Proposition 10 I f  K  is an algebraically closed field of characteristic zero, then 

(J K  zs algebraic closure of K  ((X )).

In  [Hoeij], a Puiseux expansion is a zero of /  in [J K  ^ ̂ X " )  )  - These Puiseux ex­

pansions are used to define valuations on L. A criterion for an element to be integral is 

tha t its image under each of these valuations must be nonnegative. In essence, a finite 

set of “candidates” to be included in the integral basis is given in term s of 9. Then 9 is 

replaced by each Puiseux expansion, and the images of these elements under each valu­

ation is computed. This process can be streamlined by setting up systems of equations 

involving “undetermined” coefficients of the negative powers of th e  “candidates” and 

comparing them  with the coefficients of the negative powers of the Puiseux expansions. 

An im portant point made by M ark van Hoeij is th a t the Puiseux expansions usually have 

infinitely many terms. However, he is able to establish a suitable bound for finite “partial 

sums” of the  Puiseux expansions to be used instead.

Instead of emphasizing Puiseux series approximations of the root 9, we will focus on 

modifying the po lynom ial /  so th a t the root ijj of the modified polynomial and its powers 

will be an integral basis. However, in the process of recovering the normalization in terms

7
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of 6 , we will discover algebraic relations between 6 , if, and the Puiseux expansions of / .  

Moreover, the  “intermediate” polynomials th a t are introduced in our sequence from /  

down to the final polynomial have roots th a t are partial Puiseux expansions.

The algorithm that will be presented in this thesis proceeds along the lines of the 

Round 4 number field algorithm but employs different theoretical machinery to capture 

the information concerning ramification and the Puiseux expansions of / .  It works un­

der the  hypotheses given initially. In particular, it can handle rings of arbitrary Krull 

dimension.

1.2 Heuristics of the Algorithm

In order to demonstrate the fundamental ideas behind the algorithm, we will consider a 

simplified example involving only fields. Trc/K(x)  and N L/K (x) denote the trace and 

norm  of an element x  £ L  over K , respectively. The notation extends in an obvious way 

to subsets.

D efin itio n  11 Let A  be an integral domain with quotient field K , and let L  be a finite, 

separable field extension of K . I f  B  is an additive subgroup of L, then we define the 

complementary set B' of B  by B ' = {x  e  L  \ T r L/K (xB)  C A }.

Observe th a t B ' is an ^4-module whenever B  is an ^4-module (the complementary 

module of B).

8
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Proposition 12 (Lang, pp. 58 - 59) Let A  be an integral domain with field o f frac­

tions K , and let L — K  (9) be a finite, separable field extension. Let f  be the irreducible

polynomial of 9 over K . and let f  be its derivative. Suppose further that f  G A  [X] and

B  1that B  = A[9}. Then B ' =  , the B  -fractional ideal of L generated by .~r.
J  \  /  J  \  J

In the setting of the proposition, we find th a t the normalization of A  in L  is the same 

as tha t of B  in L. This fact follows since B  is an integral extension of A  and the  relation 

of integral closure is transitive. We denote this common normalization by B.  If x  £  B,  

then x B  C B.  Since the trace of an element of L  equals (up to sign) a coefficient of its 

minimal polynomial, it follows th a t T r L/ K (xB)  C A. So, we have obtained the  following 

A-module bounds for B: B  C B  C B '.

Let do be the discriminant of the polynomial f . (When there is potential for am­

biguity, we will write d i s c ( f , X ) instead of do). Then do =  ± N l/ k  ( f  (9)). Since it is 

often easier to compute do than  N l/k  i f  (&))> we substitute these quantities whenever 

the change in sign is not im portant as in the  following remark.

Remark 1 By combining the proposition with the inclusion relations B  C B  C B ', we 

see that B  = B  if f  (9) is a unit in B . Moreover, f  (9) is a unit in B  iff  dg is a unit in 

A.

The broad idea of our approach is to iteratively transform the polynomial /  so tha t 

the following occurs:

9
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•  B  can be recovered from the normalization of A  relative to  the algebra defined by 

adjoining a root of the transformed polynomial.

•  the discriminant of each transformed polynomial is “closer” to being a unit in A.

E x am p le  13 Using the notation that has been established, let A  := Q [£] and 

f  := X 2 — £ 2 — £3. Then de =  4£ 2 ( 1  +  t) is not a un it in A . In  the next chapter, we will 

discuss how to replace the ring A  by appropriate complete discrete valuation rings that 

arise from  localizations at height 1 primes of A . In  this example, only one replacement is 

necessary, and the coefficient ring becomes A* :=  Q  [[£]]. We note that K* :=  Q  ((£)) and 

L* := K* [X] /  ( /)  are introduced at this point as the obvious replacements fo r  K  and L, 

respectively. Based on consideration of the Newton Polygon fo r  f  (also to be discussed 

in the next chapter), we can predict that f  has two roots o f order 1 with respect to the 

uniformizing parameter t  o f A*. Thus, we transform f  by substituting X  = tT  to get 

f  =  t2 f i ,  where f i  =  T 2 — 1 — t. Observe that

K - IX) /  ( / )  =  K - [tT\ /  (f2 / i )  =  K '  [T] / ( / , ) .

So, L* = K* [^x], where ipl is the canonical root o f f \  in K* [T] /  ( /i) . From X  = tT ,
Q

we get the relation ipl =  —. Since d^x = 4  + t is a unit in A*, the normalization o f

A* in K* [-̂ x] is A* [ipi\■ By back substitution, the normalization of A  in L  is A

(Alternatively, it is the A - module generated by < 1, — >.

10
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However, the broad idea stated  previously is loaded w ith technical obstacles! For an 

arb itrary  Noetherian, unique factorization domain, it is not obvious how to measure how 

“close” an element is to being a unit. Example 13 features a replacement of the coefficient 

ring w ith a DVR. In such a ring, we can consider the order of an element with respect to 

a uniformizing parameter. We know th a t the element is a unit iff its order is 0. Then the 

issue becomes that of transforming the polynomial to bring the order of the corresponding 

discriminant down to 0. In the case of a complete DVR, the theory of Newton Polygon 

factorizations will allow us to  achieve the polynomial transform ations. But we still have 

to recover B  from the normalization relative to the final transformed polynomial. Unlike 

the situation in Example 13, we will usually find tha t the  iterative normalizations are not 

isomorphic. Several computational issues arise from this consideration. See below for an 

example that illustrates some of these nuances. Finally, after each of these “iterative” 

obstacles are ironed out, there remains the fact that we have only negotiated a clear path 

in the  case of a complete DVR! Fortunately, as alluded to  in Example 13, some facts and 

identifications from commutative algebra allow us to reduce the problem to this case in 

a relatively painless manner.

Example 14 Continuing with the established notation, let A  :=  Q [i] and

f  := X 2 — t2X  — t3. Then dg =  t3 (4 + 1) is not a unit in A . As in Example 13, we

replace the coefficient ring A  by A* := Q  [[£]] and introduce K* and L*. From the Newton
3

Polygon fo r  f ,  we deduce that f  has two roots of order — with respect to the uniformizing 

parameter t o f A*. We transform f  by substituting X  = t%T to get f  = t3 f i ,  where

11
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/ i  =  T 2 — t* T  — 1. Observe that

K* [X]/  ( /)  =  K * t \ T  /  (£3/ i )  =  IC  \ t i T  X ( / i )  Q K * feil [T ]X  ( / i ) .

So, the coefficient field K* has to be “enlarged” to K* £ 2  =  Q ^ £ 2 ^  to accommodate

the iterated normalization. Moreover, L* ^  K* [XL- where ipl is the canonical root of

f i  in K* £ 2 [T ]X (/i) -  However, d,p

o f A* £ 2 in K* £ 2 [V>i] is A * £ 2

£ 2 . So, the normalization

[Vh]- But the relationship of this normalization to 

B  is not clear! We will return  to this example later ... .

12
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Chapter 2

Reduction to the Case of a

Complete DVR

2.1 Commutative Algebra Results

There axe several results from Commutative Algebra that are used to justify various 

computational aspects of our algorithm. In this section, we collect these facts for future 

reference. The following statem ent is a generalization of Proposition 12 from Chapter 1.

C o ro lla ry  15 Let A  be an integral domain with field of fractions K , let f  6  A  [X] be 

monic with no repeated roots in an algebraic closure of K , and let 9 be the canonical
h

root o f f  in  the ring extension L  =  K  [.Xj /  ( / ) .  Suppose that B  =  A  [9], that f  = Y1 f*
i= 1

where { /i} f=1 C A  [X] is a set of monic irreducible polynomials that are pairwise relatively 

prime, and that f , / f'h are the derivatives of f ,  f i , . . . ,  f h, respectively. I f  9, is the

13
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canonical root o f in the field, extension Li — K  [X ] /  (/*), Bi =  A [0*-], and B'i is the
h

complementary module o f Bi in Li, then the inverse image o f B[ under the canonical

h Bisomorphism L = Li is contained in y - ^  where B  =  A  [0].

C o ro lla ry  16 Let A, B , f ,  K , and L be as in Corollary 15, and set B ' := - - - and
J  \  /

B ' := B ' I B .  Then A nnB (B ') =  / '  (0) B  and A n n a (S ')  D N l/k  { f  (&)) A.

P ro o f . Observe that B ' = jfjQy =>- f  (8 ) c E B  for all c E B'. So, it is clear that 

A n n s  (B 7) 2  f  (9) B . Moreover, if r  E A n n B (JT), then it follows tha t r j ~  = 

£  B . So, r  E f ' (8 ) B  and A n n B (B ') C f ' ( 8 )B .  Thus, A n n B (B 7) = 

f  (8 ) B . Now, note th a t f  (8 ) is a factor of the element N l / k  { f  (9)) £ A-- Thus, 

N l /k  ( / '  (8 ) ) A Q A n n A( W ).

In the following two results, the “h a t” denotes completion with respect to J  (A), the 

Jacobson radical of A.

P ro p o s it io n  17 Let A  be a commutative, finitely generated integral domain over a field, 

and let S  be a multiplicative subset o f A . Then (A [0f /A  [0] ) 5  — A s  [9]' /A s  [9] and 

(A  [8 ]/A  [0 ]) s ~  A s [6 ]/A s [8 ]. Moreover, As [0f /A s  [0] ^  As [9\ / A s  [8 \ and 

A s [8 )j A s  [8 ] ~  As [8 ]J A s  [8 ].

P ro o f . To prove the isomorphisms involving localization at S, we need only observe 

th a t localization is exact and preserves both complementary modules and inte­

gral closures. The isomorphisms involving completions are proven using analogous 

properties.

14
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P ro p o s it io n  IS  Let A  be a semi-local Dedekind domain, and let B , f .  K , and L be as 

above. Then B ' / B  =  B ' /B .

P ro o f. We first note that B ' / B  is a  finitely generated A-module. Next, we see from 

Corollary 16 tha t the nontrivial ideal I  =  dgA C Ann  a {B' /B).  Since A  is a semi- 

local Dedekind domain, the  ideal I  is a product of finite powers of the maximal 

ideals of A. Thus, it is clear that I  and hence, A n n A {B' /B) ,  contain sufficiently 

high powers of J  {A). Suppose th a t J  {A)n C A n n A {B' /  B ). Because ideals of 

A /  J  {A)n are in one-to-one correspondence with ideals of A  containing J  {A)n and 

ideals of A  have unique decompositions as products of powers of maximal ideals 

of A,  it follows that A /  J  (A)n is an Artinian ring. As B ' / B  = F / N ,  where F  is 

a finite direct sum of copies of A /  J  {A)n and A  is a submodule of F,  it follows 

th a t B ' / B  is an Artinian module. The punchline is th a t finitely generated Artinian 

modules are complete! This follows because there is a sufficiently high power of 

J  {A) th a t annihilates each generator. In particular, all limits of Cauchy sequences 

from B ' / B  are in B ' / B  since the  tail end of each such sequence becomes constant. 

Thus, the completion has no additional elements; so, B ' / B  = B ' /B .

We will now sta te  a few results (mostly without proof) concerning integrality, valua­

tion rings, complete DVRs, and normality.

P ro p o s itio n  19 Let A, B , and C  be commutative rings such that A  C B  C C . I f  B  is 

integral over A  and C  is integral over B , then C is integral over A.

15
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P ro p o s it io n  20 Let A, R , R±, ... , Rn be commutative rings such that A  C R , A  C Ri 

for  1 <  i < n , and R =  R i  x ... x Rn via an isomorphism fo r  which the image of A  is 

componentwise inclusion. Then the integral closure o f A  in  R  is isomorphic to the direct 

product o f the integral closures o f A  in Ri for  1  < i < n.

P ro o f. Clearly, the integral closure of the image of A  in R i x . . .  x Rn is isomorphic to 

the integral closure of A  in R. We will complete the proof by showing th a t it is also 

isomorphic to the direct product of the integral closures of A  in Ri for 1  <  i < n. 

Suppose (r1}. . . ,  rn) is integral over the image of A. Then each t\- is integral over A. 

Conversely, suppose th a t f i  (x ) E A  [x] are monic polynomials for which f i  (ri) = 0
71

for 1  < i < n. Set /  (x) =  / t- (x). Then (r l s . . . ,  r n) is integral over the  image of
i=i

A  since each component is a root of /  (x).

P ro p o s it io n  21 A valuation ring is integrally closed.

P ro p o s it io n  22 Let K  be a field, A  C K  a subring, and let B  be the integral closure of 

A in K . Then B  is the intersection o f all the valuation rings o f K  containing A.

T h e o re m  23 Let A  be a normal Noetherian domain. Then we have 

i. all the prime divisors o f a nonzero principal ideal have height 1 ; 

hi. A. — C/i£p=i-/lp*

16
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T h e o re m  2 4  Let A b e  a Noetherian domain. The following two conditions are necessary 

and sufficient fo r  A  to be normal:

a. for  p a height 1 prime ideal. A p is a DVR;

b. all the prim e divisors of a nonzero principal ideal o f A  have height 1 .

P ro p o s it io n  25 Let A  be a complete DVR. and let ir be the uniformizing parameter o f 

A. For each positive integer m , the extension ring A[tv™\ o f A  is a complete D VR with 

uniformizing parameter it m.

T h eo re m  26 (A rtin )  Let A  be a complete D V R , and let f  E A[X\  be monic. I f  

f i  =  f  mod <52m where 8  is the discriminant of f  and m is the maximal ideal o f A . then

A [ X ] / ( f ) ^ A [ X ] / ( f l ).

If v  is a non-Archimedean additive valuation on a field K , we will let R u denote the 

valuation ring of v  and its maximal ideal. In particular, R„ = {x £ K  : is (x ) >  0} 

and mu =  {x  E K  : u (x ) > 0}.

T h e o re m  27  (see W eiss, 2-2-10) Suppose F  is a field that is complete with respect to 

a non-Archimedean additive valuation u, and let E /F  be a finite extension o f degree n. 

Then

a. v has a unique extension to a non-Archimedean additive valuation u on E .

b. v is discrete i f  and only i fu  is discrete.

c. Ru is the integral closure of R v in  E .

17
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We now sta te  and prove our main result, which allows us to perform an algebraic 

descent in the a lg o ri th m .

T h eo re m  28 Let A  be a complete D V R  with uniformizing parameter ir and field of

and let K m be its field offractions K . For each positive integer m , let A m := A  

fractions. Let f  E A  [X] be a monic polynomial o f degree n  that has no repeated roots 

in an algebraic closure of K , and let 9 be the canonical root o f f  in the ring extension 

L  =  K  [X\ /  ( / )  =  K  [0]. I f  03m =  {/J^ . . . ,  p n} C K m [9] is an A m-basis of A m [9] and 

there exist nonnegative integers ai < m such that tt n* /3± E K  [0] fo r  1 <  i < n, then each 

ai is unique and 03 =  ■/3l t . . . ,  7r^ /? n j  c  K  [6 ] is an A-basis of A  [9\.

P ro o f  Suppose th a t for some integer i such th a t 1  <  i < n  there exist integers c, and dt
c * ff *

such tha t 0 < Ci < di < m  and tt^/3,- and t t™ a r e  both in K  [6 ]. Then we obtain
d T-—Cj c t- ^  d{

the contradiction that the element tt ™ tt ̂  (3 i =  vr m both belongs and does not 

belong to K  [9]. So, the integers az- are unique. Observe that a dependence relation 

among the elements of OS over K  implies a dependence relation among the elements 

of 23m over K m, and hence over Am- Thus, 03 is a K-basis of K  [G\. Since Q3m is an 

Am-basis of A m [9], it follows that the elements of 03 belong to A  [9\. Thus, the free 

A-module generated by the elements of 03 is a submodule of A  [9\. To complete
- —    n

the proof, suppose th a t a  E A [6 \. Then a =  ^2 bi(Ii where each E A m- Each
i= i

term can be written as — (tt™/3 A , so a is a hneax combination of the elements
7 T m  \  /

of 03 with coefficients from K m■ Since 03 is a K-basis of K  [0] and also linearly 

independent over K m, it follows tha t E K . Since has nonnegative order
7T

18
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relative to t t  and —  < 1 , we deduce th a t the order of — 3-  relative to t t  is an  integer
7 T I  T f m

greater than  —1. Thus, E A  So, iB is an A basis of A  [#] in K  [0].
7T rn

2.2 Newton Polygon Factorizations

Over a complete DVR, there is a  relationship between the roots of a polynomial and the 

slopes of the line segments from an associated polygon. In this section, we sta te  this 

result as well as a substitution formula th a t will be used in the  algorithm.

D e fin itio n  29 Let A  be a complete D VR with non-Archimedean additive valuation u. 

Let f  = anX n 4- an- i ^ n_l +  • • • +  axX  +  ao E  A  [ X ]  with aoOn ^  0 . The N ew to n  

P o lyg o n  o f  f  w ith  respect to  u is defined to be the lower convex envelope o f the set of 

points S  =  {(z, v (a*-)) | i =  0 , . . . ,  n}.

Example 30 Consider the polynomial f  := X ' — t X A + 13 E Q [[£]] [X\. With respect to 

the additive valuation defined by powers o f the maximal ideal (t), the Newton Polygon of 

f  has vertices at the points (0,3) , (4 ,1 ) , and (7,0). See Figure 1. Note that the slopes 

o f the two line segments are m  =  — ̂  and m =  — | .  Also observe that the slopes o f the 

segments increase from left-to-right. This fact occurs because of the convexity condition 

on the polygon.

19
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Theorem 31 Suppose K  is a field that is complete with respect to a non-Archimedean 

additive valuation v. Let f  E K  [X] be as above. Suppose that (r, v  (ar )) (s, u (as)) is

a line segment on the Newton Polygon o f f  with respect to v with slope —m . Then there 

are precisely s — r  roots Qi, q.2 , .. ■, a s_r of f  with the property that v  (au) =  v (0 :2 ) =
s —r

■ - ■ — v  (a s-r) =  m . Moreover, r i ( *  — di) G K  [X], and this product divides f .
i=  1

Example 32 Continuing to examine the polynomial from  Example 30, we conclude that 

it has 4 roots a.i with the property that u (a,) = |  and 3 roots /3j with the property that 

v  =  1. Moreover, we also can conclude that this polynomial can be factored over 

Q  [[£]]. Of course, its roots do not lie in the field o f fractions of Q [[£]] since the orders 

are not integers. Instead, they lie in some extension field. The fractional orders tell us 

the ramification o f the prime (t ) in a minimal extension of Q [[£]] containing the roots. 

I f  we make the substitution X  =  t sT ,  our polynomial becomes f  = t i  ( T ‘ — T 4  +  .

20
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The polynomial f \  := T 7 — T 4  + 13 E Q ^ ^ j  [T] has Newton Polygon with vertices at 

the points (0 ,2 ), (4 ,0 ), and (7,0). See Figure 2. In contrast to Figure 1, the right-most

line segment has been tilted onto the horizontal axis. Over the extension ring 

there are 4 roots of order |  and 3 roots of order 0.

13

0.8

0.6

0.4

0.2

Figure 2

The following proposition shows th a t the phenomena of the tilting of the right-most 

line segment to  the horizontal axis upon an appropriate variable substitution observed 

in Figures 1  and 2 holds in general. In particular, a polynomial with some unit roots is 

obtained by this process.

21
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P ro p o s itio n  33 Let A  be a complete DVR with uniformizing parameter t t . Let f  E 

A  [X] be a monic polynomial of degree N  with no unit roots. Let —m  be the slope of the 

right-most line segment in the Newton Polygon fo r f . Then upon substituting X  = t t mT  

into f , where m  =  j  in reduced form, we obtain f  =  nmN f \  where f i  E A  ttt  [T]

has unit roots over A 7 T  1 . Moreover, the number o f unit roots is the length o f the 

horizontal projection of the right-most line segment from  the Newton Polygon fo r f .  

Finally, d i s c { f , X )  = TrmN(N~V disc ( f u T).

Proof. Suppose /  =  a 0 +  a \ X  + a2X 2 + ■ ■ ■ +  X N. Upon substituting X  =  7rmT  

into / ,  we obtain f  = ao + a ^ ^ T  -f- a 2 7r2mT’2 + ■ ■ ■ + ■nTnNT N =  TTm‘v f i  where 

/ i  =  a 0 7T-mJV +  a i 7r - m^ - x) r  +  a27r~m N̂- ^ T 2 +  • • • +  aN-i7r-mT N- 1 +  T N. Since 

m  = j  in reduced form, we observe tha t f \  E A  it t  [T]. By working backwards 

along the Newton Polygon for / ,  we observe th a t the order of ay with respect to 

7r is a t least m  (N  — j) .  Moreover, it is strictly greater than  m ( N  — j)  precisely 

when j  is not an abscissa of the right-most line segment. In this case, the coeffi­

cient of T -7 has positive order. However, the order of ay with respect to nr is exactly 

m  (N  — j ) precisely when j  is an abscissa of the right-most line segment. In this

7T l andcase, the coefficient of T 3 has order 0. Thus, f \  has unit roots over A  

the number of unit roots is the length of the horizontal projection of the right-most 

line segment from the Newton Polygon for /  by virtue of Theorem 31. To prove the 

final statem ent, suppose that r \ , r2, . . .  , rN are the  roots of /  and that ord (rz) =  e* 

relative to  7r for 1 <  i < N.  So, for each i, r  ̂ =  UiK&i where Ui is a unit. Since

22
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X  =  7rmT, observe th a t the roots of f L are t t  "V* =  •ui7rei m for 1 <  z <  N . Thus, 

disc ( f , X )  =  J J  (rt- —r 7- ) 2 =  J J  {v.jTvei tZj-7re j ) 2

l < i < j < N  1 < i < j < N

=  J J  7T2 m  ( U i7 r e i - m  -  U j T T ^ - ™ ) 2 =  7 r2 m ( ‘2 )  ( t i I 7Te ' - m  -  U j Tre i ~ m f

l < i < j < N  l < i < j < N

_ ■KrnN N̂-'i-)(iiSC^ fl ^rp).

2.3 Passing from DVRs to Complete DVRs and Re­

covering B

We now return to the general setting. If A, f ,  9, K , and L  are as given in Chapter 1 and 

if B  = A  [6], then our overall strategy for the computation of the normalization of A  in 

L  can be described with the  following steps:

1. Since A is a unique factorization domain, it is normal. So, by Corollary 15 and 

Proposition 20, we have B  Q B  C B 1. We will seek to identify B f B Q  B ' / B  since it is 

clear th a t coset representatives of B  relative to B  completely specify B  as a 5-module. 

We will search locally, using primes p of A  of height 1, for ( B / B ) p C (B ' /B)  .

2. Since (B' )p = from Proposition 17, we have B p = B p whenever f  (9) is a 

unit in B p. Since f  (9) is a unit in B p whenever d g  is a unit in A p, we have the local 

normalization if p is a prime of A  of height 1 tha t does not contain d g .

3. At primes p of A  of height 1 which contain d g ,  we note that (B ' / B ) p =  A p [9]' /  A P [9] 

by first using Proposition 17 and then using Proposition 18.

4. Our ground ring is now reduced to the complete DVR A p. So, we may now

23
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complete the computation for this local piece by using the procedure in Chapter 3.

5. Finally, B  = P| B p as p ranges over all the  height 1  primes of A  by Theorem 23ii.

Before moving to the  technical inner workings of the algorithm in Chapters 3 and 4, 

it is useful to  outline briefly the supporting theoretical framework for the computation 

m entioned in step 4. We know th a t L  is a direct product of fields L,-, each of which is a 

finite separable extension of K . By Proposition 20, our computation is further reduced to 

this field case. By Theorem  27, the problem becomes tha t of identifying the elements of 

nonnegative order relative to a unique discrete valuation in the field Lt-. The algorithm 

resolves this issue by first identifying the elements of nonnegative order relative to a 

unique discrete valuation in a finite extension of Li obtained by introducing fractional 

powers of the uniformizing parameter for A p. This finite extension of Li is determined 

iteratively by modifying the  polynomial /  in various ways to be discussed. The key 

point is th a t each of the  intermediate extensions computed iteratively is also complete 

w ith respect to  a unique discrete valuation by Proposition 25. The integral basis in this 

finite extension of L, consists of powers of the canonical root 0  of the final polynomial 

obtained. Then the desired elements of nonnegative order are found by intersecting back 

to  Li. This intersection computation is facilitated by iteratively applying Theorem 28 

and performing suitable back substitutions through all the intermediate roots so that the 

powers of 0  are expressed as linear combinations of powers of 6. In fact, one is able to 

find the  elements of nonnegative order in any intermediate subfield of this finite extension 

of Li using this approach!

24
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The procedure outputs module generators for each given local piece B p that have 

denominators consisting solely of powers of the corresponding uniformizing parameter 

7TP. Because A is a unique factorization domain, the  canonical pullback of ttp in A has 

order 1  at p and order 0 at each of the other height 1  primes. Since these powers are units 

in each of the other DVRs arising from localizing a t the other primes, we can conclude 

tha t each local generator is in fact a module generator for B  over A. Thus, the final 

intersection in step 5. of the strategy is executed simply by taking the union of each 

of the sets of module generators obtained locally! As long as there is a mechanism for 

computing a prime factorization of the ideal (dg), one can proceed to identify the height 

1 primes containing dg and use this localization strategy.

There is a simplification that can be made based on the following result.

Proposition 34 (Weiss, 3-7-15) Suppose that (oq,. . . ,  a n} and . . .  ,Pn} are bases

fo r L / K ,  and let M  =  AaqH------[-A a n and N  =  A(3x-\ FA/?ra. Denote the discriminants

o f the modules M  and N  by dM and d k , respectively. I f  M  C N , then is the square
div

of an element o f A . Moreover, M  = N  i f  and only i f  is a unit of A.dN

In particular, suppose that p is a prime ideal of A of height 1 that appears in the 

prime factorization of ( d g )  with multiplicity exactly 1. We set M  := B p, N  := B p and 

apply Proposition 34 over the DVR Ap. Since ^  is a  unit of Ap, it follows that B p =  B p. 

So, it is only necessary to use the procedure in Chapter 3 to compute J3p for those primes 

p of A of height 1 th a t appear in the prime factorization of (do) with multiplicity at least 

2 .
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Three examples axe presented in Chapter 5 for the enjoyment of the reader. The first 

example illustrates the process of algebraic descent w ith an elementary usage of Theorem 

28. The second example provides a comprehensive investigation of the computation 

of 1 local normalization. The final example demonstrates the algorithm in its fullest 

generality by featuring a ground ring A  of Krull dimension 2 with computations of 2 

local normalizations and a final intersection according to the  discussion above.

26
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Chapter 3

The Algorithm Over a Complete 

DVR

3.1 The Subroutines

Throughout this chapter, A is a complete D V R  w ith uniformizing param eter 7r and field 

of fractions K . We will denote the  residue field A /  (71-) by A. We begin by establishing 

some terminology.

D e fin itio n  35 Let R  be a commutative ring. The monic polynomial f  G R  [V] is sepa­

rable o ver  R  if  no image ( / ) ,  relative to a homomorphism <p from R  to a field k, has 

repeated roots in an algebraic closure k o f k.

D e fin itio n  36 Let R  be an integral domain, and let S  be an integral extension of R.

a. s G S  is separable o ver R  i f  its minimal polynomial over R  is separable over R.

27
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b. S  is a separable e x te n s io n  o f  R  i f  R  G S  and each x  £ S  is separable over R.

c. The separable c lo sure  o f R  in S  is the largest separable extension of R  contained in

S.

Definition 37 Let E  be a field, and let f  £  E [ X ]. A separable fa c to r iza tio n  of

f  over E  is a decomposition f  = F\ Tf • • • F[ where I is a positive integer, each Fi is 

separable over E , and gcd (F{, F j) =  1 whenever i f 2 j  ■ The integer I is called the pow er  

degree of f .  Note that I only depends on f .

We now present the subroutines used in the algorithm.

•  SepProd: Given a polynomial /  £ A  [X], this routine calculates a factoriza­

tion /  =  F lG over A  where I is a positive integer, F  is separable over A, and 

gcd (F ,G)  =  1 . It also computes a corresponding “partition of unity” ; i.e., it com­

putes a decomposition 1  =  e\ +  eo for use with the Chinese Remainder Theorem.

•  Input: f  £  A[X]  and N  a positive integer.

•  Output: A factorization /  =  F lG where I is a positive integer and F  is 

separable over A, a, and b such that a F l + bG = 1.

•  Hensel: This routine pulls back a factorization into relatively prime factors through 

a nilpotent extension. It also pulls back a corresponding “partition of unity.”

• Input: A, N  a positive integer, f  E A  [X], a,b,g,h £  A  [A'j such that /  =  gh, 

ag  + bh =  1 , deg (a) <  deg (h) , and deg (b) < deg (g).

28
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• Output: g \ , h i ,a i ,b i  E ( ^ A /  (7r)A )  [X] such that /  =  gih\ in { a /  (7r)N j  PH, 

a-igi +  bihi =  1  in ( a /  [X], oT =  a in A  [X], 6 X =  b in A  [X]. g! = g in 

A [A], hi = h in A[X],  deg (<zx) <  deg (hi),  and deg (6 X) <  deg f a ) .

•  Root: This routine pulls back a  root of a polynomial th a t is separable over A  

through a nilpotent extension.

• Input: A separable polynomial F  E A  [A] and a positive integer N.

• Output: fj E A  [A] A  : a P^lback  of the canonical root of F  in 

A  [A] A  (F) such th a t F  (fj) =  0 in A  [A] A  •

•  Extension: This routine constructs the separable closure A x of A  in ( A y  (tta/) ) [9] 

when /  =  F N for some nonlinear separable polynomial F  such that F  (0) ^  0.

• Input: A, f  E A  [A], positive integers M  and N,  and a separable polynomial 

F  E A  [A] such that /  =  F N and F  (0) ^  0.

• Output: Ax :=  ( A y  (tt*1)) [r/j C ( A y  (~A/)) [9] with Ax = A  [rj\ C A  [#] 

(where 77 is obtained from Root and 9 is a  root of / )  and a new / x E  Ax [A] 

such tha t Ai [A] /  ( / x) S* ( A y  (ttm )) [A] /  ( /)  with Ji  = ( X  -  rj)N.

• Substitution: This routine implements Proposition 33.

•  Input: /  E A  [A] where /  is monic of degree N  and has no unit roots and a 

rational number — m  with m  = ~ in reduced form th a t represents the slope of 

the right-most line segment in the Newton Polygon for / .
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• Output: f i  £  A  t t  i [T], a polynomial w ith unit roots over A  tt* such tha t 

disc ( / , X) — 7rTnN(N~1)disc ( f i ,T) .

3.2 The Algorithm

•  Input: A  and a monic polynomial /  £ A  [X] w ith no repeated roots in an algebraic 

closure of K.

•  Output: B,  the integral closure of A  in L  =  K  [X] /  ( /) .

The procedure starts by applying SepProd to  /  to obtain a factorization of /  as 

F lG  where F  is separable over A, I is a positive integer, and gcd (F , G) = 1. It also 

provides elements a,b £ A  [X] such tha t aFl -\-bG  =  1 where deg (a) <  deg (G) and 

deg (6 ) <  deg • The subroutine Hensel is applied to  the outputs of SepProd to 

obtain a factorization F iG i where /  — FXGX £ (ir dg), Fx — F l £  (-tt), and Gi — G £ (ir). It 

also finds elements ax, bx £  ( A /  (7rdg)) [X] such th a t aiFi+bxGj — 1 £ (7rd%),a1—d £  (7r), 

and bi — b £  (7r).

By Theorem 26, we can replace /  with F\G\. Over the ring { A /  (7rd^)) [X], we have 

ciiFi +  biGi = 1 . So, we can apply the Chinese Remainder Theorem to  decompose 

{ A /  (7rd|)) [X] X  (F1G 1) isomorphically to the direct product ( A /  (Trdg)) [ X \ / '  {Ffj x 

(A/(7rdg)) [ X ] /  (Gi). We rem ark that by Corollary 16, the ideal ( t t dg) C (dg) of A  

annihilates B ' / B .  So, we may pass back and forth abstractly between th e  rings A  and 

A /  (Trdg). Thus, by Proposition 20, B  = Bex x B e 2 where ei =  biGx, e-i =  a iF i, Be  1
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is isomorphic to  the  integral closure of A  in K  [X] /  (F{), and B e2 is isomorphic to the 

integral closure of A  in K  [X] /  (Gi).

Thus, the com putation of B  is reduced to the computation of the integral closures in 

the subalgebras since the idempotents e\ and e2 are in hand. The factor involving G\ will 

be handled initially in the same way as our original /  since G is not in general separable 

over A. The factor involving Fy is canonical, and we will now analyze the case F\ =  F l 

with F  separable over A  in detail.

• Case 1 . 1 =  1.

Since the roots are distinct at the residue field level, we find that dg  is a unit in A .

Thus, B  = B  by Remark 1.

• Case 2. 1 ^ 1 .

We split this case into two subcases:

-  Case 2A. F\ = F l and F  (0) ^ 0.

In order to introduce a linear factor we apply the subroutines Root and Ex­

tension which together produce a new Ax =  A  [fj] where F  (fj) =  0, a lift 

A\  C ( A /  (7rdj)) [6] of Ai, and a new Fx € A x [X] such tha t A x [X] /  (-^i) — 

( A X  (ttd%)) [X] X  (-^i) and -^i =  ~  vY- Now set X  :=  X  — fj to  convert to

Case 2B.
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— Case 2B. Fi = X 1.

We apply Substitution to get a new polynomial F l with at least one unit 

root after removing a factor corresponding to an appropriate power of the 

uniformizing parameter.

Each time a pass through Case 2B occurs, we immediately compute th e  integral clo­

sure in each subalgebra corresponding to a  pullback of a separable factor of the resulting 

F i . The computation involving the  other factors either iterates Case 2B or else involves 

Case 2A. Note the repeated uses of SepProd and Hensel as per the discussion about the 

original / .  It is im portant to observe th a t each application of the subroutine Substitution 

produces an output polynomial F i w ith coefficients that belong to a potentially larger 

ring than  A  [9] because of the fractional exponent on the parameter t t .  Proposition 25 

ensures th a t the ground ring remains a  complete DVR. Moreover, the idempotents tha t 

are introduced by the algorithm after each pass through Case 2B will always he in K  [6\. 

This fact will be justified in Section 4.2. Finally, we are able to algebraically descend the 

integral closures to subalgebras of B  by using Theorem 28. This manouver can always 

be accomplished because we can always identify suitable powers of the param eter tr that 

will multiply each generator of the integral closure obtained at the end of the process 

and yield a product tha t belongs to  B .

To see this more clearly, suppose th a t 6 is the canonical root of Fi and we find that 

the algorithm proceeds through three consecutive cycles of Case 2 A followed by Case 2B. 

We will denote the respective translation elements rj by •q1, r}2, and t?3, respectively, while
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the  fractions — and will denote the powers of 7r arising from the monomial
m i 'm 2 m 3

substitutions, respectively. Finally, we will let ip1, ip2i and denote the roots of the 

iterated polynomials, respectively. Then we obtain the following relations:

, 6 ~ V i
•  ^ 1  =  — «T"

TT m 1

0 -  771

/ — “l   ̂ oTpl-Vo  . 7 T " * l  - V i -  Vo* 1
®  r  2  a o  a ?  a ,  , Q?

7 T m 2  T T rn’T. T T ” 1 !  m 2

-21-
Q - V i ~  V2^mi _ 

fp2~V3 _  7T^r + ™|______773 _ 9 -  Vl -  V27r̂  -  V 3 ^  +
a i  , a p  

m o

*  Ip 3 22 . 22- 2X. +  22- +  22-
7 T m 3  7 T m 3  7 T m , i  m 2  m 3

In each case, the denominator of i b j  is a power of t t .  Each numerator is an element 

of the previous intermediate ring. By iteratively applying Theorem 28, we obtain the 

generators of the desired integral closure B.

In Case 2B, the degree of the remaining polynomial drops if there is a separable factor 

of the transformed polynomial in the residue field. In Case 2A, either the degree of the 

extension drops when F  is nonlinear or we obtain a polynomial tha t can be translated 

to  one whose type belongs to  Case 2B. Then, after an iteration of Case 2B, either the 

remaining polynomial has lower degree or else it admits an iteration involving Case 2 A. 

The crucial point is that, in  the worst-case scenario in which the procedure oscillates 

between Case 2A and Case 2B without a drop in either the  degree of the extension or 

in the degree of the polynomial, there is a drop in the order of the discriminants of the 

iterated polynomials by Proposition 33. Thus, the oscillation will terminate with a final 

application of Case 2B th a t yields a polynomial with discriminant having order 0 or 1 .
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In general, each branch of this procedure stops whenever it reaches a polynomial /  with 

discriminant having order 0  or 1 .

34
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Chapter 4

Theoretical Support for the 

Algorithm

4.1 Theoretical Basis for the Subroutines

We now present the proofs of the key propositions tha t support each of the subroutines 

discussed in Chapter 3. Our first result constructively justifies the SepProd subroutine 

over fields of characteristic 0. Recall that this subroutine calculates a factorization 

/  =  F lG over A  where I is a positive integer, F  is separable over A , and gcd (F, (?) =  1. 

By iterating SepProd on each resulting G polynomial, one eventually obtains a separable 

factorization of /  over A. The “partition of unity” is easily obtained from the Euclidean 

Algorithm.
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P ro p o s it io n  38 Let F  be a field o f characteristic 0, and let f  S  F  [X }. Then there exist 

Gi*. 9 2 , ■ • -, 9i in F  [X] such that

a. gi is separable fo r  1 < i < I;

b. gcd (g{, g.j) =  1 f o r i  ^  j  and 1 <  i , j  < I;

c- f  =  9 i9o ' ’ ’ 9i>

d. gcd =  1 for 1 < i <  I.

k
P ro o f. Since F  [X] is a unique factorization domain, it follows that f  = Y \ pT where each

2 = 1
k

Pi is irreducible. Thus, / '  =  X) eiPil ' ’ ' Pi - iPV^Pi+i  ' ' ' PtkPi■ Since gcd =
2 = 1

k f  k
1, we observe that gcd ( / , / ' )  =  11 P?~l - Thus, — , . . =  TTpz. We create a

i=i gcd (/» f  ) “
recursive process as follows: set f Q = / ,  f i  =  gcd ( / 0, f i ) , f 2 =  gcd ( / i ,  ,

fof i + i  — gcd (fi, f f ) , —  We have just seen th a t — =  Since f i  is the same

product as fo with all of the exponents lowered by 1 . we have — =  TT pi.
h  ^>2

f  ■
Continuing in this fashion, we deduce that 3- =  TT p,-. We now compute

f j + l  e i > j + 1

/ o , / i , . . .  until we come to the smallest integer I such that fi  =  1. From our

f  ■
construction, it follows tha t I — max { e i,. . .  , e*,}. Set hj =  J ~ 1 =  p, for

J  e t >j

1 < j  < I and gj =  3 for 1 < j  < I. Since the characteristic of F  is 0, each
hj+1

gj is separable over F  for 1 <  j  < I. Since gj =  Pi for 1 <  j  < I, we have
e.i—j

f  — 9i92 "  ' 9i - Finally, the statem ents about the  greatest common divisors follow 

since the irreducibles are partitioned among the  gj factors.
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We note, however, that separable factorizations over fields of characteristic p  do not 

exist in general. For example, let F  =  Zp (t). The polynomial X p — t e  F  [X] is not 

separable over F.  If 6  is a root of X p — t  in some algebraic closure of F,  then  it is a 

repeated root since X p — t =  X p — bp =  (X  — b)p. However, X p — t  is irreducible over F.  

So, X p — t cannot possess a separable factorization over F.

Our next three results support the Hensel subroutine. The com putational points 

necessary to  consider for iterative usage of Hensel include making sure th a t the  degree 

requirements on a and b relative to h and g, respectively, and the monicity requirements 

on g and h  are satisfied. In this case, we are able to pull back through a sufficiently high 

power of 2 to  arrive a t the nilpotent extension. For greater efficiency, the  pullbacks of 

a, 6 , and h are computed by using the  pullback of g and performing various algebraic 

manipulations on lifted idempotents. We remark th a t other Henselization algorithms 

in current usage do not perform the  same tasks. For example, the procedure given 

in [Pohst2] provides “partition of unity” factors a and  b th a t are not pullbacks of the 

corresponding factors in the previous ring.

L em m a 39 Let A  be a commutative ring, let I  be an ideal of A  such that 12 =  (0), and 

let A  = A X  I- Suppose e £ A is an idempotent element. I f  ex £ A  is any element such 

that e l = e, then E  :=  3e2 — 2e\ is an idempotent element of A  satisfying E  = e.

P ro o f. We first observe that E  — 3e\ — 2ef = 3e2 — 2e3 =  3e — 2e =  e using the fact 

th a t e2 =  e. So, E  is a pullback of e. Since ex ( 1  — e{) — e — e2 =  e — e2 =  0, it 

follows th a t ex (1 — ex) 6  I . Thus,
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E 2 — E  = (3e2 -  2ef)2 -  (3ef -  2e3f} =  e\ ( 1  -  ex)2 (4e2 -  4ex -  3) e  I 2 =  (0).

So, E  is an idempotent element.

L em m a  40 Let A be a commutative ring, let I  be an ideal of A  such that 12 =  (0), 

and let A  =  A / / .  Let g* E A  [X] be a polynomial o f degree n such that g* is monic of 

degree k < n. Then there exist unique elements g ,p  E A  [X] satisfying all o f the following 

conditions: g* = g {1 + p) ,p  E I  [X] , g is monic o f degree k, and g = ~g*.

P ro o f. Since g* is monic of degree k, we can partially factor x k out of g* to obtain 

g* =  (1 +  P\) x k + (f\ where pi E I  [A] has degree n — k and deg (gi) <  k  — 1. Since 

I 2 =  (0), we obtain the factorization g* =  (1 + p i)  \xk + ( 1  — pf) g{ \ . Observe 

that the degree of gi =  x k +  ( 1  — p\) g\ is a t most n — 1  and th a t ~gi is monic 

of degree k. Thus, we can partially factor x k out of gx and eventually obtain 

g* =  ( 1  +p\ )  ( 1  +  P2) <72 where p2 G /[X ] has degree at most n — 1 — k, g2 has 

degree at most n  — 2, and <72 is monic of degree k. We continue in this manner until 

we obtain g* =  ( 1  +  px) ( 1  +  p2) • • • (1 +  pr) gr where px,p2 , . . . , pr E I  [X] and gr is
r r

monic of degree k. Since I 2 = (0), (1 + Pj) =  1 + p  where p = Y2 p3- E I  [X].
7 = 1  j — 1

So, g* — g ( 1  4 - p) where g =  gr and p have all the desired properties since g =  <7* 

follows immediately from the observation th a t p = 0 .

Now, suppose tha t g* =  g (1 +p)  — g (1 +p )  where g and g axe both  monic of 

degree k and p ,p  E I  [A']. Then g = g { l + p ) ( l  —p) = g { \ + p  — p). Since g and g
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both have degree k,  it follows that p — p  is constant. Since g and g are both monic,

we deduce th a t p  — p = 0. Thus, p = p  and g = g.

P ro p o s itio n  41 Let A  be a commutative ring, let I  be an ideal o f A  such that I 2 =  (0), 

and let A  = A / 1 .  Let f  £  A  [X] be monic, and let g ,h  £  A  [X] be monic polynomials 

such that f  = gh. Suppose further that a, b £ A  [X] are such that a g  +  bh = 1, deg (a) < 

deg ( h) , and deg (6 ) <  deg (g). Then there exist unique pullbacks g ,h ,a ,b  £ A [ X } 

o f g ,h ,d ,  and b, respectively, such that g and h are monic, f  =  gh, ag + bh = 1 , 

deg (a) < deg(h), and deg (6 ) <  deg(g).

P ro o f. Let 'g, h £ A  [X] be pullbacks of g and h, respectively. Then a  = f  — gh £ I  [X].

We also note th a t if a, b £  A  [X] are pullbacks of a and b, respectively, then

ag  +  bh - 1 +  w for some w £  /  [X]. Suppose g* = 7j +  ba and h* = h +  da.

Then since a  =  0, it is clear that g* = g  and h* = h. Moreover,

g*h* = (jg +  ba j  (ji +  da  j  =  gh +  (d  g + b h j  a  +  aba2 =  gh + a  = f

since J2 =  (0). From Lemma 40, we can find unique pullbacks g ,h  £ A [X]

of g and h, respectively, such that g* =  g (1 + p) ,p  £ /  [X ], g is monic, h* =

h ( l  + q) ,q  £  / [ X ] ,  and h is monic. The relation /  =  g*h* can be rewritten 

as /  =  gh (1 + p )  (1 +  q). Since /  =  gh  (1 + p)  (1 +  q), gh is monic, deg ( /)  =  

deS (5 ) +  deg (h ), /  =  gh, and (1 +  p) (1 +  q) =  1, we can deduce from the unique­

ness assertion of Lemma 40 that /  =  gh. Since f  = gh and d~g + bh  - 1, the
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element e = a g  is an idempotent in A  [X] X  ( / ) .  We cam use Lemma 39 to pull 

back e to an  idempotent E  £ A [X] /  ( / ) .  The representative of E  of lowest degree 

is ag. Since g is monic, the quotient of ag with g is a and deg (a) <  deg (h). Since 

bh =  1  — a~g. it follows th a t bh = 1 — ag. The quotient of bh with h is b and  

deg (6 ) <  deg (g).

Our next result supports the Root subroutine. The computational points within th is 

subroutine include the  use of Taylor Series expansions to linearize the problem and the  

use of the Euclidean Algorithm  to calculate inverses tha t necessarily exist because /  is 

separable.

P ro p o s itio n  42  Let E  be a field, and let f  £  E  [X] be separable over E . Then fo r  each 

positive integer N , there exists fj E E  [X] X  ( f N) such that f  (fj) = 0 in E  [X] X  ( f N) 

and such that fj is a pullback o f the canonical root of f  in E  [X] X  (/)•  Ln other words, 

fj =  X + A  where : E  [X] X  (f N) — ► E  [X] X  ( / )  is the natural map and A £ ker ipN .

P ro o f. It is sufficient to prove the result when N  is a power of 2 . We shall do so by 

induction. For the base case of N  = 1 , we let 77 =  X. Suppose N  = 2 J where j  is a 

positive integer, and let M  = 2J~1. By hypothesis, there exists rj £ E  [X] X  ( f M) 

such th a t f(j j )  =  0 in E  [X] X  ( f M) and such tha t rj is a pullback of the canonical 

root of /  in E  [X] X  (/)• In other words, rj = X  +  A where

: E [ X ] /  ( f M) ----> E  [X] /  ( / )

40
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is the natural map and A G ker ipM. Let

4, :  E  [X] /  ( / " )  — . E  [X] /  ( / " )

be the  natural map, and suppose th a t rj G E  [X] /  ( f N) is chosen such th a t ip (rj) 

rj. Then

^  ( /  (?)) = f ( f p  (?)) = f i v )  =  0 .

So, /  (77) G ker ip and f 2 (77) =  0 . The Taylor Series expansion for /  aroimd 77 is

/  CO =  /  (if) +  / '  (if) (T — if) +  ^  +

Since /  is separable over E,  we have g c d ( /2, / ' )  =  1 . Thus, a / 2 4 - 6 / '  =  1 for

suitably chosen a,b € E  [X]. So, b (rj) =  *n E  M  /  ( f N) since f 2 (v) — 0.

Let A =  and consider rj — rj + A  = rj — Since A G ker ip, it follows
f  (v) f  (v)

th a t Ar =  0 for each integer r  > 2. Thus,

f" (fi) (jj -  rj)2
/(>;) =  /  (i?) +  / '  ft?) W -  if) +  1 W 2! +

=  m  + r * f)A  +  A | ^ ! +: .

f  (if) +  f  (if) A  =  /  (if) +  f  (if) ( ~ 7 § y )  =  0-

So, /  (77) =  0 in E  [X ] /  ( f N) and 77 is a pullback of the canonical root of /  in 

E  [X ] /  ( /)  since ipN (77) =  (ipM o ip) (77) = xpM (rj) = ipM (x + A^j = X .
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To support the Extension  subroutine, we will first extend the  idea of Proposition 42 

to obtain a pullback of the canonical root of the  nonlinear separable polynomial F  in an 

arbitrary nilpotent approximation of the subalgebra A [X] X  ( / ) .  We then discuss how 

the image of this root in the residue field gives rise to the separable closure A i of A  in 

A  [ 9 ]. As a consequence, we show that 6 is a root of f i , a polynomial that is a power 

of a linear separable polynomial over A i. Finally, we pull back Ax and f i  to obtain the 

separable closure Ax of A in A [0 ] and the polynomial / x.

P ro p o s it io n  43 Let A  be a complete D V R  with uniformizing parameter tr and residue 

field A  = A /  (7r). Let f  E A [X ] be separable over the field of fractions of A, and suppose 

f  = F N where F  is separable over A  and N  is a positive integer. Let F  be any pullback 

of F  to A  [AT]. Then fo r  each positive integer k, i f  f(k) and F(k) respectively denote the 

reductions of f  and F  modulo (tF ) , there exists gk E ( A /  (7rfc)) [X] /  (/(t)) such that 

F(fc) (r]k) =  0 in (A X  ( tF ) ) \ X ] /  (/(£)) and such that gk is a pullback of the canonical 

root o f F  in A  [X] /  ( F ) .

P ro o f. It is sufficient to  prove the result when k is a power of 2. We shall do so by 

induction. For the base case of k = 1 , we let 77 x =  77 where rj is the element provided 

by Proposition 42. Suppose k =  2j  where j  is a positive integer, and let I = 2 -7-1. 

By hypothesis, there exists ry E { A /  C7̂ )) (/(0 ) suc -̂ th a t ?̂(/)(771) =  0 in

(AX (tt;)) [X] X  (/(*)) and such that r]l is a pullback of the canonical root of F  in
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A [ X ) / ( F ) .  Let

r/> : { A /  (**)) [ X ] /  (/<*,) — ♦ ( A /  (*•')) [ X ] /  (/<„)

be the natural map, and suppose that % G ( A /  (tt*)) pf] /  (/(£)) is chosen such 

th a t tJj (rj"k) =  r T h e n

^  (F^ iVk) )  = F(.i)& (Vk)) =  *(/) C7?/) =  0.

So, F(_k)(ifk) ^  ken/) and F ^  (17/.) =  0. The Taylor Series expansion for F(fc) around 

*7fc is

(%) (T  -  ■n'kf
FW (T )  =  Fw  ( * )  +  ®  (T  -  * )  +   +  "  ' ■

Since F  is separable over A, we have gcd ( f 2, f ') =  1 . Thus, a F 2 -r bF  =  1 for 

suitably chosen a,b G A [X], By Hensel, we deduce th a t a^)F?h  ̂ +  fyfc)F^ =  1  

for appropriate pullbacks a ^ , b ^ )  £  ( A /  (yfc)) pf] of a and 6 , respectively. So,

fyfc)(»7fc) =  F / I - n in W / ( / ( * ) )  since Let A =
(̂&) waJ ^

and consider rjk = rfe + A =  ffk -  ^  Since A G ker-0, it
-C(fc) W fcJ  -C(fc) W w

follows that A r =  0 for each integer r >2 .  Thus,

43
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(fc) Wfc) (Vk -  Vk)2 
2 !

H-----

F(fc) (*fc) 
F[k) (Vk)

=  0 .

So, F(fc) (7/fc) =  0 in ( A /  (tt*)) [ X ] /  (/(fc)) and rjk is a pullback of the canonical 

root of F  in A  [X] /  (F ) since ip (r]k) = r]L.

We observe tha t the element rjk constructed in Proposition 43 is also a pullback of

the element rj provided by Proposition 42. In particular, r]1 = rj. It is clear from the

constructions given in  Propositions 42 and 43 that the elements rj and 77 are expressed 

as polynomials in th e  elements 9 and 9, respectively, with coefficients from A  and A,  

respectively. We set A i  :=  A [77] c  A [ 9\. Because Ax is separable over A, it follows that 

Ax is a direct product of fields. So, a map defined out of a factor of Ax is necessarily

monomorphic. Thus, Ax =  A [77] C  A [9].

Since 77 is a pullback of X  and F  (77) =  0 E A [X] /  > we have Ax =  A [X] /  ( F ) .

Since /  =  F A, we have A [0] =  A [X] /  ^ F ^ .  From these two isomorphisms, we 

deduce th a t the ring homomorphism ip : A  [0] — ► Ax satisfies (ker-0)^ =  0 in A [0].  

We note th a t 9 — rj is an element of ker xp because it is a  difference of two pullbacks of X . 

So, we conclude th a t (9 — rj)N =  0. Thus, 9 is a root of the polynomial / x =  (X  — fj)N.

Since Ax C  A [ 9 ], we can define a ring homomorphism cp : Ax [X] — > A [ 9 ] by X  1— ► 9.
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Then ker <p =  (7i) by a dimension count. Thus, Ai [X] /  (Ji) = A  [X] /  ( / ) .  It remains 

for us to pull back f i  to a polynomial f i  e  Ai  [X] having 6 as a root and such tha t

A x [ X \ / t f x) * A [ X \ / { f ) .

As in Propositions 42 and 43, this step is performed inductively by pulling back f x 

through powers of 2  to  a polynomial f\(k) in a  sufficiently close nilpotent approximation 

of A\  [X]. For example, the first pullback will be a polynomial fi^o) £ ^-1(2 ) [X] =  

( A / ( t t 2)) [773] [X]. We find /j(2) by letting / i ( 2) 6  ^ 1(2) [A-] be the canonical pullback 

of f i .  Then / i(2) (#2 ) =  ttI? (02) where 02 denotes the  reduction of 6 modulo (7r2) and 

R  is the canonical pullback of some polynomial in A \ [X] with degree less than N.  Set 

/ i( 2) =  f i(2) ~  tt-R and repeat.

Finally, Proposition 33 in Chapter 2 supports the Substitution subroutine.

4.2 Theoretical Basis for the Algorithm

Let A be a complete D V R  with uniformizing param eter t v  and field of fractions K . 

Suppose th a t /  G A[X] is monic and has no repeated roots in an algebraic closure 

K  of K . As noted in Chapter 1, the key idea in our algorithmic process is tha t the 

discriminant do of the final transformed polynomial must be a unit in some complete 

DVR. Since do = (rl — rj)2 where r l5  r 2, . . . ,  rn are the roots of the polynomial,
l < i < j < n

it follows th a t do cannot be a unit unless at least one of the r; is a unit relative to the 

uniformizing parameter. Observe tha t this condition is not sufficient. For example, the 

polynomial X 2 -  ( f +  2 )X  +  f + 1  £  Q [[f]] [X] has the unit roots 1 and 1 + 1. However,
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dg = t 2 is not  a  unit in Q [[£]]. The problem in general is th a t the  “unit parts” can be 

eliminated when the differences of the roots are computed.

To overcome this difficulty, the appropriate strategy initially is to examine /  €  

{ A /  (7r)) [X]. If /  is separable over A, then  ̂ le  roots of /  have distinct “unit 

parts” . So, dg is a unit in this case. Otherwise, one appeals to  A rtin’s Theorem (Theo­

rem  26) to  justify the approach of applying SepProd to obtain /  =  F lG and then pulling 

back the  factorization via Hensel to  decompose the  algebra A  [A] /  ( /) . Observe that if 

A [ X ] / ( f )  = A [ X ] / { g h )  =  A [ X ) /  (g) x A  [X] /  {h), then /  has no repeated roots 

in K  implies th a t g and h also have no repeated roots in K .  This point allows iteration 

of the algorithm on each subalgebra.

Because of Proposition 20, we focus attention on the case when /  =  F l where F  

is separable over A  and I is a positive integer greater than  1 . If F  is nonlinear, then 

the algorithm directs us to Case 2A. The ring A  is replaced by the separable extension 

A[ 77] in A[Q\, and the polynomial /  is replaced by a polynomial of lower degree that 

can be translated to another polynomial whose analysis belongs to Case 2B. A  [77] is 

the integral closure of A in A” [77], and we rely on Proposition 19 to give us B  once the 

normalization of A i is computed. Since our new polynomial has lower degree than / ,  

we have come closer to term ination because an extension of degree 1  corresponds to an 

integrally closed ring. We should also note th a t the ring A \ =  A  [77] may now be a product 

of complete D V R s. However, because 77 is a separable element and the overall extension 

B  decomposes into a separable extension followed by a totally ramified extension or vice
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versa by commutativity, we can trea t 77 as an indeterminate and work over the complete 

D V R  A  on iteration using the minimal polynomial to  reduce relations involving rj. In 

effect, we are treating A[rj] as a complete D V R .  If the algorithm breaks down, then the 

“minimal” polynomial Fv will split into factors.

If F  is linear, then we translate f  (if necessary) so tha t /  =  X 1 and proceed into Case 

2B. We now perform a monomial substitution based on the Newton Polygon for / .  Upon 

substituting X  =  tt̂ T  into / ,  we obtain  /  =  t t ^  f i  where N  is the degree of /  and 

h e  A  [tt~] [r]. Then K [ X ] / { f )  = K  [tt^T ] /  ( t t ^ )  C K  ( t t£ )  [ T \ / { h ) .  So, 

the coefficient ring A  is extended to the complete D V R  A m = A  7rm . and the field K  is 

extended to the  field of fractions Km = K  ( 7r'" )  ° f  A m for the next iteration. Each pass 

through Case 2B produces a new polynomial f \  with a discriminant of lower order relative 

to 7r than  the discriminant of / .  So, we have again come closer to termination. However, 

as we proceed further through the next iteration, we might introduce idempotent elements 

in Km [#] - A key fact th a t ensures th a t our final normalization can be brought down to 

B  is th a t these idempotent elements always lie in K  [6\.

To see this more clearly, recall th a t idempotent elements arise in the algorithm in 

two ways. If the Newton Polygon contains line segments with different slopes, then the 

factorization provided by Theorem 31 introduces idempotents. Otherwise, if the Newton 

Polygon consists of a single horizontal fine segment, idempotents are introduced when the 

image of the polynomial in the  residue field is a product of different powers of separable 

factors. From Proposition 20, B  factors as a direct product of the normalizations obtained

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



from the irreducible factors of / .  Accordingly, let us assume that /  is irreducible over 

K  of degree d with canonical root 9. f  is not necessarily irreducible over K m. In the 

following discussion, K m (9) denotes a compositum field obtained by adjoining 9 to K m. 

Observe th a t K m (9) is a subfield of K m [0] :=  K m <S>k  K(9).  We will show that the rank 

of B  becomes too large if idempotent elements introduced in K m [9] do not lie in K  (6). 

Consider the following diagram

K m ( 9 )

\ m 2

I K(9)

Km | d

\ m

K

We assume th a t ord{9) =  ^  in reduced form. To carry out the algorithm we need tt™, 

not 6\ On the other hand, ttl = u9m where u  is a unit in the unique discrete valuation 

ring in K(9).  Moreover, Y m — u  €  K{9) is separable and factors precisely as Y m — u 

factors over the corresponding residue field k ' . Let us further assume th a t there is a 

primitive m th root of unity in K .  (If not, we can adjoin such a  root to  K  and proceed 

with impunity.) Then the factorization is completely determined by the largest factor 

m i  | m  such th a t exists in k'. In particular, the polynomial Y m2 — u\ G K(9)[Y]
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is irreducible where m  =  m \  ■ m 2 and u™1 =  u. Note that there are m\  possible choices 

for u x. Thus K{e){uf*)  is a field, K{9){uf*)  = K m(9), and [.Km(9) : K{9 )] =  m 2.
I

Finally, we note th a t the extension K(9)(u™'2) is Galois over K{9)  with Galois group 

Z /m 2Z C Z /m Z . Moreover, K m is Galois over K  with Galois group G = ’L jm L .  Hence,

mi _r_
K m®KK{9)  =  K [ X \ / ( X m-7r)®KK(9) *£ K [X ] / { X m- u ) ® K K{9)  =  J J  K ( 6 ) ( ( ? u x) ^ )

3= 1

where £ is a primitive rn{t root of unity; i.e., there are m  distinct m th roots of u
I

and they may be identified with C m2 for appropriate powers i , j  where ^ is a

primitive root of unity. In fact, C and £ are m f , rrtff- powers of a primitive m th 

root of unity, respectively. These comments explain how th e  Galois group G acts on 

n - L i  TUii K{9)(C  ( ^ u i )  =2 ) via the embedding.

The algorithm proceeds in K m [9] =  n ^ i  ^(9){{^ jui)  m2). Because changing a root 

of unity  does not alter the order of the roots, idempotents th a t arise from line segments 

with different slopes are invariant under the action of G and  he in K  (9). On the other 

hand, if we encounter a factorization f \ = F a - (j  wherein F  and G are invariant under 

the action of G, then K m [9] is a product of at least 2 mi fields because of the transitive 

action of the Galois group. This contradicts the fact that Km [9] is a product of rn\ fields. 

Thus, we likewise conclude th a t idempotents of this type m ust he in K  (9).

A typical sequence of cycles through Case 2A and Case 2B might be analyzed in the 

following way. Let =  K ,  let denote the field
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K  ^7rmi , 7rm2 , . . . ,  7Tm> ^ =  K  ^7rlcm(”11 T7lj) ^ , and let denote the subring

A  \tT , 7T”*2 , . . . , 7T m> j =  / l c m  ^  m . ̂  . ,m.j ^
rj-i

Let Tq =  X ,  and define Tj =  j  l ±.— -  for

1  <  j  <  r  where 77  ̂ e  A ^-1) [0 ] and aj and rrij are relatively prime positive integers and 

the monic polynomial f r has discriminant of order 0 or 1. Let ip0 =  9. and let ijjj be 

the canonical root of f j  in [Tj] /  (/y) for 1 <  j  < r. Then A ^  [ipr] is the integral

closure of A  in the extension [0]. More generally, A ^  [tpT\ H [9\ is the integral 

closure of A  in the extension [0] for 0 <  j  < r. In particular, B  =  A ^  [yjr] (~l [9].

To perform the algebraic descent of A ^  [7jjr] down to  B , observe that A(>) =  A m and 

=  K m where m  — lcm (m i,. . . ,  m r). Compute the powers of ipr and iteratively apply 

Theorem 28. The appropriate powers of -k th a t multiply the generators from [9] into 

AT(j'-1) [9] necessarily exist by examining the monomial substitution formulas!

We note th a t the algorithm decomposes the extension B  into a  separable extension 

A  [t71, . . . ,  77,.] / A  followed by a totally ramified extension since the r\- can be adjoined at 

once at the beginning once they have been determined.

50

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 

Examples

5.1 The Complete Algorithm at Work

We now complete the solution to Example 14 from Chapter 1. Let A := Q [£] and 

/  := X 2 — t2X  — t3 €  A  [X]. Then d g  = t3 (4 + 1) is not a unit in A. The only prime

complete DVR Q [[£]]. From the Newton Polygon for / ,  we find th a t /  has two roots

in A 2 , where is the canonical root of f i  in K 2 [ T ] /  ( / x ) ,  the normalization of Q [[£]] 

in K o  [ ipi ]  is A 2 [ ip i \ -  By Theorem 28, the normalization of A  in K  [9] is the A-module

of A  of height 1 th a t divides dg with multiplicity at least 2 is (£). Replace A  with the

3of order — with respect to  the uniformizing param eter £. Substitute X  = t ^ T  to get 

f  = t3f  1 , where f i  = T 2 —t ^ T  — 1. Observe th a t the coefficient field has been enlarged to 

K 2 =  Q ( ( £ 2  ) ) to accommodate the iterated normalization. Since d^ ,1 =  4 +  £ is a unit
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As a second example, suppose again that A  := Q [t] and let

/  :=  X 10 +  6 X 8 +  14X6 +  (16 - t -  t2) X 4  +  (9 -  21 -  212) X 2 +  2 -  t  - 12 +  £ 3 e  A  [X ].

The discriminant of /  has the prime factorization

dg =  -1024 (2 -  t  -  t 2 + 13) t u  (l08£6 -  34854s +  364t4 +  44443 -  45642 +  1724 -  16)2 .

The primes of A  of height 1  that divide dg with multiplicity at least 2  are (4) and

(10846 — 348545 +  36444 +  44443 — 45642 +  1724 — 16). We will compute the local nor­

malization relative to the prime (4). So, we replace the ring A  with the complete 

DVR Q[[4]]. The Newton Polygon for /  is a  horizontal line segment with vertices at 

(0,0) and (10,0). So, /  has 10 unit roots with respect to the uniformizing parame­

ter 4. Since /  =  (X 2 4 - 1) 4  (X 2 + 2) and dg has order 14, we replace /  by gh where 

f  - g h €  (tdg) = (429),

g =  X 8 +  1597865499616954782220 X 6 428 +  228690017930181778608 X 6 427 

+32799208330073920372 X 6 426 +  4714771784929081612 X 6 425

+679391422688290726 X 6 42 4  +  98159618972161976 X 6 423 +  14223378386178692 X 6 422 

+2067512197755276 X 6 421 +  301581487474306 X 6 420 +  44160056451196 X 6419 

+6493903267490 X 6 418 +  959506755782 X 6 41 7  +  142531476407 X 6 416 

+21300938448 X 6 415 +  3205390236 X 6 414 +  486194632 X 6 413 +  74430470 X 6 t 12 

+11519092 X 6t n  +  1806090 X 6 £ 10 +  287702 X 6 £ 9 +  46743 X 6t8 +  7788 X Qt7
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+1342 X 6t6 +  242 X 6t5 +  47 X 6t4 +  10 X H 3 +  3 X 6t2 +  X H  +  4 X 6 

+4277323548405779551596 X 4t28 +  612114974211968688152 X 4t27 

+87780776346995693700 X 4t26 +  12616616126183156348 X 4t25

+1817790363885091758 X 4t24 +  262598877833600328 X 4t23 +  38044600481885764 X 4t 22 

+5529192536518596 X 4t21 +  806368790163818 X 4t20 +  118049667226620 X 4t 19 

+17355461887034 X 4t 18 +  2563661552614 X 4t u  +  380706468435 X 4t 16 

+56875637904 X 4t 15 +  8555265780 X 4t 14 +  1297057148 X 4t 13 +  198453902 X 4t 12 

+30693036 X 4t n  +  4808514 X 4t 10 +  765206 X 4t9 +  124163 X 4t8 +  20652 X 4t 7 

+3550 X 4t6 +  638 X 4t5 +  123 X 4t4 +  26 X 4t3 +  7 X 4t2 + 2  X 4t + 6 X 4 

+3729983466376863562172 X 2t28 +  533695049172392838308 X 2t27 

+76520699081834324072 X 2t26 +  10996005693377888282 X 2t25

+1583947334317709642 X 2t24 +  228763081936523476 X 2t23 +  33133874807084272 X 2t22 

+4814104470759798 X 2t21 +  701857154091842 X 2t2Q +  102712989687662 X 2t 19 

+15094680086132 X 2t 1& +  2228710123441 X 2t 17 +  330797216317 X 2t 16 

+49390599488 X 2t15 +  7424343144 X 2t 14 +  1124708462 X 2t 13 +  171922398 X 2t 12 

+26559518 X 2t u  +  4155132 X 2t 10 +  660065 X 2t9 +  106857 X 2t8 +  17718 X 2t 7 

+3032 X 2t6 +  541 X 2t5 +  103 X 2t4 +  21 X 2t3 +  5 X 2t2 +  X 2t + 4 X 2 

+1061040591768014433392128 +  151783061291302528840127 

+21757373996786322906126 +  3125729084314700622125 +  450128214370711342124 

+64990446210859768123 +  9410035575935358122 +  1366707198097158121
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+199174072898992£20 +  29134924424180£19 +  4279507132217 £18 +  631505657111£17 

+93671245709£16 +  13975565532£15 +  2099009046 £14 +  317662186£13 +  48500748112 

+7482108 £n  +  1168529 £10 +  185227 £9 +  29903 £8 +  4940£7 +  841£6 +  149£5 +  28 £4 

+6£3 + 12 +  1, and

h =  X 2 -  1597865499616954782220£28 -  228690017930181778608£27

-32799208330073920372 £ 26 -  4714771784929081612£25 -  679391422688290726£24

-98159618972161976 £ 2 3  -  14223378386178692 £ 22 -  2067512197755276 £ 21

-301581487474306 £ 2 0 -  44160056451196 £ 19 -  6493903267490 £ 18 -  959506755782 £ 17

-142531476407 £ 16 -  21300938448 £ 15 -  3205390236 £ 14 -  486194632 £ 13

-74430470 £ 12 -  11519092111 -  1806090 £ 10 -  287702 £ 9  -  4674318 -  778817 -  1342 £ 6

—242 £5 — 47 £ 4  — 10 £ 3 — 3 £ 2 — £ +  2.

Moreover, g =  (X 2 +  l )4, h = X 2 +  2, the  discriminant of g has order 14, and the

discriminant of h is a  unit.

We now search for the normalization of Q [[£]] in K  [X] /  (gh) = K [ X ] / '  (g) x

We have polynomials a and 6  such tha t ag +  bh =  lm od(£29). So, bh

is a  pullback of (1 ,0) and ag is a pullback of (0 ,1 ). Let 9g and Oh be the canonical roots

of g and h, respectively. Since h has unit discriminant, the elements (0 ,1 ) and (0, 6h)

generate the normalization in the second factor. The pullbacks of these elements are ag

and agd, respectively. Both of these elements are already in Q [[£]] [0].

It remains for us to  find the generators of the normalization of Q  [[£]] in the extension

K  [X] /  (g). Since g =  { X 2 +  I)4, we find a root 77 of X 2 +  1  in Q [[£]] [19g] and form the
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separable closure Q  [[£]] [77] of Q [[£]] in <Q) [[£]] [6g]. We obtain

77 =  -  65g36 (109847 d6g +  277823 9* +  224313 02g +  74257) 9gt3

- 2k  (663 +  911 9* -  167 92g -  415) 9gt 2 -  -L  -  7 0j -  17*J -  9)

+ 1/16 (5 e6g +  21 e4 +  35 e2g +  35) 05.

Since Q [[£]] [77] is separable over Q [[£]], it follows that its normalization in Q ((£)) (77) is 

itself. So, it is generated as a Q [[£]]-module by {1 , 77}. By Proposition 19, it now 

suffices to find Bg in Q  ((£)) (9g) with respect to the ground ring Q  [[£]] [77]. Afterwards, 

the  generators for B g over Q  [[£]] are obtained by multiplying the generators over Q [[£]] [77] 

by 1 and 77. The subroutine Extension provides us with both 77 and a polynomial 

Fn e  Q [[t]\ [77] [AT] such tha t Q((t)) (9g) ~  Q  ((£)) (77) [X] /  (Fv) and F^ = ( X  - r j f .  

By considering F  (X )  := Fv (X  +  77), we obtain a polynomial th a t reduces to X 4. We 

find that

Fr, = (3 -  ^ § X 3rj +  ^ X r j  -  ^  X*) 13 +  ( - §  * 3 7 7  +  1 / 2  - g x 2 + m x r i )  t 2 

+  ( -1 /2  X 2 +  1/4 X 7 7  -  1/4 X 3rj) t +  A T 4 -  4 X 3rj +  4 Xrj -  6  AT2  +  1

and

F  =  X 4 +  ( -1 /4 *  -  f f  *> ■- |  *>) + ( | f (= +  | ^  +  1/4 . )  +  1/16**.

We will need to translate back later, but the use of F  instead of Fv brings us to Case 2B

55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of the procedure and Newton Polygon factorization techniques.

In turns out th a t the Newton Polygon for F  has vertices at (0, 3), (2,1), and (4,0). 

The slope of the segment ending at (4,0) is — Thus, we make the substitu tion X  = t%T 

and factor out £ 2  to  obtain F  — t2Fi (T). The polynomial

Fi = T 4 — 1/4 VtrjT3 -  ^  < / 2 T 3 -  ^  r j t ^ T 3 +  ^  t 2T 2 +  t T 2 +  1/4 T 2 +  1/16£
512 64 512 64

is of degree 4 and has unit roots with respect to  the  powers of the uniformizing parameter 

£s in the ring A 2 [77]. We find ourselves in position to  make a second “pass” through the 

procedure in the sense th a t we can factor Fx and pull back to obtain a separable piece 

for which the normalization will be readily computed. The other factor will be of lower 

degree than Fx and will be amenable to the same treatm ent as g.

In this example, we observe th a t Q [[£]] (77) [X] /  (F)  C A 2 (77) [T] /  (Fi) and this ob­

ject is replaced by Ao (77) [T] /  (g*) x  Ao ( t j )  [X1] /  (h*) where both g* and h* have degree 

2. In this example, the  discriminant of both Fx and g* has order 2 w ith  respect to ^£2  ̂

while the discriminant of h* is a unit. We immediately obtain 2  generators for our 

normalization from the second factor and another 2  generators upon multiplication of 

these by 77. The first factor requires one more Newton Polygon substitu tion to convert 

it to  a factor w ith two unit roots. At that point, we obtain 2 generators immediately 

and then the last 2 generators by multiplication by 77. After all of the  pullbacks through 

the various isomorphisms are made as well as some linear translations, we obtain the 

following set of Q  [[£]]-module generators for <Q> [[£]] [0]:
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1 9 92 93 9a 95 2+5g2+4g4+6 g(2+5g2+4g4+6)

t+ 8 2 t —2 —782 —90‘l —5 6 s  —8s  9 [ t+ 8 2 1—2 —782 — 9 0 4  — 586—B
£2  ’ t 2

As a final example, let A  :=  Q [s, t] and

f  X 5 + sAX A -  s3t2X 2 -  s3t X 2 +  s5t3 e A [ X ] .

The ring A is a Noetherian, unique factorization domain of Krull dimension 2  with field 

of fractions K  — Q  (s, t). We will com pute the normalization of A  in L  =  K  [X] /  ( /)  =  

K  [9] where 9 is a root of / .  The discrim inant of /  has the prime factorization

dg =  —s20£7(108 t  +  54012 -  16 s9 -  900 s3t2 -  2700 s3t3 +  128 s 12t  +  108013 

- 6 4  tsQ +  1080 £4 -  96 s9t2 + 256 s 12t 2 +  2000 s6t3 -  64 sQt3 + 128 s 12t3 +  2000 s6t4 

-1 6  s 9 £ 4  -  258515 -  2700 s3tA -  900 s3t5 -  256 s 15t2 +  10816).

Thus, the primes of height 1 tha t divide dg with multiplicity at least 2  are (s) and (£). 

Our generalized algorithm instructs us to split the computation into two local computa­

tions. By localizing a t (s), we find ourselves passing over to  the complete DVR <Q> (£) [[s]]. 

Likewise, by localizing at (t ), we find ourselves passing over to the complete DVR 

Q (s) [[£]]. We can now employ the procedure as described in Chapter 3. In the first
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instance, we obtain the generating set ^1, f , f§, fy, fr  j .  In the second case, we obtain 

the generating set 1 1 , 8 , Q2, - -^ - 3- ). ^ _ °(s 1 ŜJ— The  generators for B  as an A- 

module are obtained simply by taking the union of these two sets.

5.2 Practical Limitations and Weaknesses

We have implemented each of the subroutines in the computer algebra system MAPLE 

over the complete DVR Q [[£]]. A program th a t coordinates the actions of the various 

subroutines has not been created, so it is difficult to assess the overall efficiency of the 

algorithm. Moreover, our codes have been input at the top level using MAPLE worksheets 

rather than  internally. So, the timings th a t are reported in the paragraphs below cannot 

be considered optimal. Nevertheless, it is clear that the weakest link is the subroutine 

Hensel. Our computations were performed on a Packard Bell Platinum  4400 computer. 

This model has an Intel Pentium II processor and operates at a speed of 266 MHz. We 

employed MAPLE V Release 5.

The first example in Section 5.1 only requires the use of the SepProd and Substi­

tution subroutines, and these computations are virtually immediate. The discriminant 

calculation using the procedure incorporated in MAPLE is also immediate.

The second example in Section 5.1 uses all of the subroutines at least once. The 

first usage of Hensel to pull back the factorization of the degree 1 0  polynomial as a 

product of a degree 8  polynomial and a degree 2 polynomial to order 29 requires 9.414 

seconds. By contrast, the computation of rj and Fv only require 1.481 and 1.474 seconds,
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respectively. The second usage of Hensel to  pull back the factorization of a quartic 

polynomial as a product of 2 quadratic polynomials to order 5 requires 1.502 seconds. As 

in the  first example, the computations involving the SepProd and Substitution subroutines 

are virtually immediate.

In  the th ird  example in Section 5.1, the computation of the local normalization of 

Q (£) [[s]] is immediate. After an initial usage of the SepProd and Substitution subrou­

tines, the resulting polynomial has a separable image over the residue field. However, the 

com putation of the local normalization of Q (s) [[£]] is quite inefficient. From SepProd, 

we find tha t /  has the separable factorization X 4 (X  -F s4) over the residue field. To pull 

back this factorization to  order 15, the subroutine Hensel requires 88.387 seconds. Later 

in the  computation, the quartic factor further decomposes as a product of 2  quadratic 

polynomials. It is only required to pull back this latter factorization to order 5. However, 

the subroutine Hensel requires 494.775 seconds! In this example, the computations of 

the discriminants also are not immediate. We have not investigated alternatives to the 

discriminant calculations, however.

The Hensel subroutine makes heavy use of the division algorithm. T he number 

of terms in the intermediate dividends of each division rapidly accumulate and cause 

an explosion in the size of the coefficients. In the dimension 1 setting, there is a cap 

in the  size of the exponents of the variable by the order of the  nilpotent extension. 

However, in the dimension 2 setting, one of the variables acts as a scalar. So, the 

exponents can grow without bound. This complication makes the multivariable division
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calculations especially cumbersome. One source of hope, a t least for the dimension 1  

setting, is to tighten the  bound on the order of the pullback of the factorization required 

in Theorem 26. We have experimented w ith pulling factorizations back only to the order 

of the  discriminant because Corollary 16 suggests tha t multiplication by terms of larger 

order merely drags B '  into B. However, we have not yet successfully organized this 

intuitive idea into a theorem. Moreover, while the overwhelming majority of examples 

have produced identical generators using this lower order, we have come across a couple of 

examples that have yielded different generators. Of course, the 2  sets of generators may 

produce the same module. However, this verification becomes a very tedious exercise in 

linear algebra. For this reason, it is not clear in general tha t this lower order is sufficient. 

So, this conjecture remains open.
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Appendix A 

Implementation in MAPLE Over

We now present an implementation in MAPLE of each of the subroutines over Q [[£]]. 

The first one given is SepProd.

> SepProd: =proc(g::polynom,x::algebraic)

> local h,i,j,k,F,G,f,l;

>  global gtilda,htilda,atilda,btilda;

# # #  WARNING: degree(0 ,x) now returns -infinity

> f:=array(l..degree(g,x)+l);

>  f[i]:=g; h := s; i:= 2;

# # #  WARNING: degree(0 ,x) now returns -infinity

>  while degree(h,x)> 0  do
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> h:=  evala(Gcd(h,diff(h,x)));

>  f[i]:=h; i:= i+ l;

>  od;

>  print (f,i);

>  G:=array(l..i-2);

>  for j from 1 to i-2 do G[j]:=f[j]/f[j+l]; od;

>  F:=array(l..i-2);

>  for k from 1 to i-3 do F[k]:=simplify(G[k]/G[k+l]); od;

>  F [i-2]:=G  [i-2];

> print (F);

>  a tilda:= ‘atilda’; b tilda := ‘btilda’;

>  gtilda:=F[i-2]~(i-2); h tilda := l;

> for 1 from 1 to i-3 do

>  htilda:=htilda*F[l]~l;

>  od;

>  print (gtilda,htilda);

> evala(Gcdex(gtilda,htilda,x,atilda,btilda));

> print (atilda,btilda);

>  end:

The code for Hensel is split into 2 subprocedures: Henselpass and Hensel.

> Henselpass: =proc(f::polynom,gtilda::polynom,htilda::polynom,atilda::polynom,
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btilda::polynom,ntilda::integer,t::algebraic,x::algebraic)

>  local glstar,g2,g3,lc,k,l,el,e2,ell,el2;

>  global a lpha l,be ta l,g l,h l,a l,b l,x i;

>  alphal:=simplify(expand(f-gtilda*htilda));

>  betal:=sim plify(expand(atilda*gtilda+btilda*h.tilda-l));

>  k:=degree(gtilda,x);

>  e 1: =evala(Rem  (atilda*gtilda, t  ~ ( 2 *ntilda). t ));

>  ell:=evala(R em (el*el,t~ (2*ntilda),t));#el-squared

>  el2 :=evala(R em (ell*el,t~ (2*ntilda),t));#el-cubed

>  e l : = 3* e l l - 2* e l 2 ;

> el:=evala(Rem (evala(Rem (el,f,x)),t~(2*iitilda),t)); e2 := l-e l;

>  glstar:=sim plify(expand(btilda*alphal));

>  glstar:=evala(Rem (evala(Rem (glstar,f,x)) ,t~ (2*ntilda) ,t) );

>  gl:=sort(sim plify(expand(gtilda+glstar)),[x,t],plex);

>  n:=2*ntilda;

>  gl:=evala(Rem (evala(Rem (gl,f,x)) ,t~(2*ntilda),t));

>  g3:=gl;

>  l:=k;

>  while l> = k  do

> lc:=evala(Rem(evala(Quo(g3,x~k,x)) ,t~ (2*ntilda) ,t) );

>  g2:=evala(Rem(evala(Rem(g3,x~k,x)).t~(2*ntilda),t));
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>  g3:=evala(Rem(x''k+(2-lc)*g2,t ~ (2*ntilda) ,t) );

>  l:=degree((2-lc)*g2,x);

>  od;

>  g l:= so rt (simplify(expand(g3)), [x,t] ,plex);

>  h i  :=sort(expand(evala(Rem(evala(Quo(f,gl,x)),t ~ (2*ntilda) ,t))), [x,t] ,plex);

>  al:=sort(expand(evala(Rem (evala(Q uo(el,gl,x)) ,t ~ (2*ntilda),t))),[x.t] ,plex);

>  bl:=sort(expand(evala(Rem (evala(Quo(e2,hl,x)) ,t ~ (2*ntilda) ,t))), [x.t] ,plex);

>  alphal:=sort(sim plify(expand(f-gl*hl)), [t,x] ,plex);

>  betal:=sort(sim plify(expand(al*gl+bl*hl-l)),[t,x],p lex);

>  #writeline(default, “g l= ” ) ;# p rin t (g l) ;

>  # writeline(default, “h l= ” ) ;# p rin t(h l);

>  #writeline(default, “a l= ”);# p rin t(a l) ;

>  # writeline(default. “b 1=” ); S p rin t (b 1);

> #writeline(default, “a lp h a l= ” );# p rin t(a lp h a l);

>  #writeline(default, “b e ta l= ”); # p rin t(b e ta l);

>  #w riteline(default.“n = ” );# p rin t(n );

>  end:

>  Hensel:=proc(f::polynom,gtilda::polynom,htilda::polynom,atilda::polynom, 

btilda: :polynom,ntilda::integer,t: :algebraic,x: :algebraic)

>  local i,r,s;

>  global a,b,g,h,alpha,beta;
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>  Henselpass(f,gtilda,htilda,atilda,btilda,l,t,x):

>  g := g l;h := h l;a := a l;b := b l;a lpha:= a lphal;be ta := beta l;

>  if ntilda >  2 then

>  r:=ceil(simplify(log[2] (ntilda)));

>  for i from 1 to r-1 do

>  s:=ceil(ntilda/2~(r-i));

>  g:=evala(Rem (gl,t''s,t));h:=evaIa(Rem (hl,t~s,t));

>  a:=evala(R em (al,t''s,t));b:=evala(R em (bl,t~s,t));

>  Henselpass(f,g,h,a,b,s,t,x):

>  od;

>  g:=sort(expand(evala(Rem(gl,t~ntilda,t))),[x,t],plex);

>  h:=sort(expand(evala(Rem (hl,t"ntilda,t))),[x,t],plex);

>  a:=sort(expand(evala(Rem (al,t ~ ntilda, t ) )), [x,t] ,plex);

>  b: =sort(expand(evala(Rem (bl,t "n tilda,t))),[x,t] ,plex);

>  alpha:=sort(simplify(expand(f-g*h)),[t,x],plex);

>  beta: =sort (simplify (expand(a*g+b*h-l)) ,[t,x] ,plex):

>  fi;

>  writeline(default,“g = ”);print(g);

>  writeline(default, “h—’) ;print(h);

>  #  wr it eline (default, “a = ” );#p rin t(a );

>  # writeline (default, “b = ”) ;#p rin t (b);
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>  #writeline (default, “alpha—’) ;# p rin t (alpha);

>  # writeline(default, “b e ta= ”); # p r in t (beta);

>  if ntilda > = 2  then

>  writehne(default,“power of lift= ”) ;print(ntilda);

>  else

>  writeline(default,“power of lift= ”);print(2);

>  fi;

>  end:

The codes for Root and Extension are spht into 3 subprocedures: Root, Rootext and 

MinPol.

> Root:=proc(fbar,n::integer,indet::algebraic)

>  # n  is the degree of nilpotency and indet is the canonical root

>  local Inv,fbaxn,roottrunc,delta,eps,checkl,check2,i,inv,R,a;

>  global rootlift;

>  D(fbar);#This is the derivative of fbar as a function.

>  fbarn :=x-> fbar(x)''n ;# the root of fbar will be lifted to the  power n

>  roottrunc:=indet;

>  if gcd(fbar(indet),D (fbar)(indet))=l then

> gcdex(fbar(indet),D(fbax)(indet),indet.’a ’,’Inv’);#Inv  is D(fbar)(indet) inverse

>  eps:=expand(fbar(indet)*a);#previously was D(fbar)(indet)*Inv - 1.

>  inv:=expand(D(fbar) (indet)*Inv*Inv);#previously was (l-eps)*Inv
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> i:= l;

>  while 2~ (i-l)< n  do

> R:=rem (fbar(roottrunc), fbar (indet) ~ (2 ~i), indet);

>  delta:=expand(-R*inv);

>  roottrunc:=roottrunc+delta;

>  roottrunc:=rem (roottrunc, fbar (indet) ~ (2 ~i), indet);

# th is  is the  root lifted to  the power 2~i

>  i:= i+ l;

>  eps:=expand(D(fbar)(roottrunc)*inv-l);

>  inv:=expand((l-eps)*inv);

>  od;

>  rootlift:=sort(rem (roottrunc,fbarn(indet),indet),indet);

# th is  is the root lifted to  the power n

> checkl:=rem (expand(fbar(rootlift)) ,fbam (indet),indet);

^checks th a t roothft is a  root of fbar

> check2:=rem(rootlift,fbar(indet),indet);#checks tha t rootlift is a  lift of indet

>  print(rootlift,checkl,check2);

>  else print ( “The input polynomial is not separable.” );

>  fi;

>  end:

>  Rootext:=proc(f,F,n::integer,m::integer,rho::algebraic,t::algebraic)
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# n  is power degree, m is power of lift in t, and rho is the canonical root of F

> local Fp,fm,roottrxmc,checkl,check2,delta,a,Fpinv,inv,eps,i,R;

>  global eta;

>  Root(F,n,rho);

> Fp:=D(F);

> if gcd(F(rho),Fp(rho))=l then

>  gcdex(F(roothft),Fp(rootlift),rho,‘a ’,‘Fpinv’);#Fpinv  is Fprime(roothft) inverse

>  inv:=Fpinv;

>  fm :=(rho,t)->evala(R em (f(rho,t),t~m ,t));#the root of F will be lifted to the 

power m

> roottrxm c:=rootlift;#the root to be lifted is rootlift

> i:=l;

> while 2~(i-l)<m  do

>  eps:=evala(Rem(evala(Rem(expand(Fp(roottrxmc)*inv-l), 

fm(rho,t) ,rho)) ,t ~ (2 ~i) ,t));

>  inv: =evala(Rem(evala(Rem(expand((1-eps) *inv) ,frn(rho,t),rho)) ,t ~ (2 ~ i) ,t));

>  R: =evala(Rem(evala(Rem(expand(F(roottrxmc)) ,fm(rho,t) .rho)) ,t ~ (2 ~i) ,t ));

>  delta:=evala(Rem(evala(Rem(expand(-R*inv) ,fm(rho,t) ,rho)) ,t ~ (2 ~ i) ,t));

>  roottrxmc: =evala(Rem (roottrunc+delta,fm (rho,t),rho));

>  roottrxm c:=evala(Rem (roottrxm c,t''(2~i),t));#this is the root lifted to the 

power 2~i
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>  i:= i+ l;

>  od;

>  roottrunc:=sort(evala(Rem(roottrunc,fm(rho,t),rho)),rho);

>  eta:=sort(evala(Rem (roottrunc,t ~m ,t)), [rho,t] ,plex) ;#this is the  root lifted to 

power m

>  checkl:=sort(evala(Rem(evala(Rem(expand(subs(rho=eta,F(rho))), 

frn(rho.t) ,rho)) ,t~ m ,t)) ,rho);

#checks th a t eta is a root of F

>  check2:=evala(Rem(eta,t,t));#checks th a t eta is a  lift of rootlift

>  print(eta,checkl,check2);

>  else p rin t(“Please change the input polynomial.” );

> 6 ;

>  end:

>  MinPol:=proc(f,F,eta::polynom,n::integer,m::integer,rho::algebraic,

W ::algebraic,X::algebraic,t ::algebraic)#n is power degree, m is power of lift in t, 

X is the current indeterminate, W  is placeholder for eta

>  local error,Fetalift,Fetatrunc,etatail,i,check,Q;

>  global Feta;

>  Fetatrunc:=unapply(simplify(expand((X-W )~n),{F(W )=0}),X,W );

> i:= l;

>  while 2~(i-l)<m  do
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>  etatail:=rem (eta,t~(2~i),t);

>  error:=rem (rem (Fetatranc(rho,etatail),f(rho,t) ,rho),t~(2~i),t);

>  Q:=simpIify(expand(quo(error,t~(2~(i-1)),t)) ,{Fetatrunc(rho.w)==0},{rho});

>  Fetahft:=sim plify(Fetatrunc(rho,w)-(t''(2~(i-l)))*Q,{F(w)=0});

>  Fetatrunc:=unapply(Fetalift!rho,w);

>  i:= i+ l;

>  od;

>  Fetalift: =rem (Fetatrunc (X,W) ,t ~ m .t);

>  Feta:=unapply(Fetalift,W ,X);

>  check: =rem (rem (Feta(eta,rho),f(rho,t ),rho),t~m .t);

>  print(Feta(W,X),check);

>  end:

The code for Substitution is split into 2 subprocedures: NPol_ Slope and NPol_ Sub.

> NPol_Slope:=proc(f::procedure,X::algebraic,t::algebraic,n::integer)

>  description “This procedure takes a multivariable expression given as a 

function of X and t and computes the slope of the final segment of its Newton 

Polygon with respect to the parameter t. All variables other than X and t are 

treated as constants. The global variable m represents the slope.” ;

>  local a,b,i,j,listl,list2,list3,list4.slopes;

>  global m,N;

>  N:=degree(simplify(f(X,t~n),symbolic),X);#N is the largest abscissa among the
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vertices

>  hst2:=coeffs(simplify(f(X,t~n),symbolic) ,X,‘l is t l ’);

>  lis tl:= [lis tl];#T h is list has the powers of X w ith nonzero coefficients

>  hst2:=[list2];#This list has the corresponding coefficients

>  list 1: =m ap (ldegree, hst 1);^replaces lis tl by the  exponents of X

>  Iist2:=map(ldegree,list2,t);#replaces list2 by the  exponents of t

>  list3 := [seq([list 1 [i] ,list 2 [i]] ,i=1..nops(hst 1))];#creates points from h stl and list2. 

However, the  entries in lis tl are not necessarily in ascending order!

This forces us to “reorder” the points in list3 before computing the various slopes.

>  for i from 1 to  nops(list3) do

>  if list3[i][l]=N th e n j:= i; fi;

>  od ;#T he j th  point in list3 is the final point on the Newton Polygon.

>  a: = list3 [j ]; b := list3 [nops (list3) ];

>  list4:=subsop(nops (list3)=a,hst3);

>  list4[j]:=b;#Now, the final point on the polygon is the last point in list4.

So, the “backward” slopes computation can begin.

>  slopes:=[sea(with(student,slope)(list4[i],list4[nops(list4)])[1],i= l..(nops(list4)-l))]; 

#[1] is needed for technical reasons

>  m:=slopes[nops(slopes)];#The last entry in the  hst of slopes is used for comparison 

purposes.

>  for i from 1 to nops(slopes)-! do
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> m:=max(slopes [i] ,m);

>  od;#T his loop identifies the appropriate final slope!

>  m := m /n ;# th is  division compensates for the  scaling when changing param eters

>  writeline(default,“The final slope of the Newton Polygon is” );print(m);

>  end:

>  NPol_Sub:=proc(f::procedure,X::algebraic,t::algebraic,n::integer,T::algebraic)

>  global fl;

>  NPol_Slope(f,X,t,n);

>  if m =0 then fl:=unapply(f(T ,t),T ,t);

>  else fl:=unapply(simplify(expand(t~ (m*N)*f(t~ (-m )*T,t)) ,symbohc) ,T ,t);

> f i ;

>  writeline(default,“The polynomial f l with unit roots is” );print(fl(T ,t));

>  end:
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