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INTRODUCTION

The investigations presented here are motivated by the
following general problems:

A, Given two homeomorphisms t, u of a topological space
X aito itself, when is t conjugate to u? That is, when does there
exist a homeomorphism k of X onto itself such that kt x~t = u?

B. Given a homeomoxphism t from a topological space X
onto itself, when is t embeddable in a flow?

There are certain obvious necessary conditions for an
affirmative answer to problem A, TFor example, the induced maps t;,
u,, on the homotopy groups TT(X) must be conjugate and the crbits of
t must correspond homeomorphically to the orbits of u, Similarly for
an affirmative solution to problem B, it is clear that t, must be the
identity and that it must be possible to decompose X into a disjoint
wmion of curves in such a way that each t orbit is contained in a sin- -
gle curve.

Invariants of these kinds are reasonably well understood.
This paper is an attempt to shed some light on the nature of some less
understood types of invariants by studying special cases in detail.

In particular, we will be concerned with a fixed-point free orienta~ -
tion preserving homeomorphism t of the Euclidean plane R2 onto itself.

Mappings t with these properties are called free mappings. In the case

of problem A the map u will always be the wmit translation in the posi-

tive horizontal direction.



The invariants described above are all useless for de-
termining if t and u are conjugate because TE(RQ) =Q for 121
and the orbits of all points uwnder t and u are all homeomorphic by a
Theorem of Browver (cf. Sperner / 7, p. 14/). Also t. is the iden-~
tity, so the first type of invariant described for problem B is
trivial; however, we shall make some use of the second.

It is well known that there are free mappings which are
not conjugate to tramslations / 4 /. In addition it is shown by an
example in Andrea _L_l, Pe 58_7 that there do exist free mappings
which are not embeddable in flows, A different example with some in-
teresting properties will be given in chapter II.

A free mapping of the plane can also be viewed as a homeo-
morphism of $2 = R2 (J§os3 with a unique Ffixed point at ® ., An
examination of the example in chapter II suggests that all of the ob-
structions to embedding a free mapping t in a flow or to making t
conjugate to a translation may have to do with the properties of t
(extended to $2) near & . Our main purpose here is to investigate
this possibility. To this end, we make the definitions below which

give a more precise meaning to the question.

We shall say that a free mapping t is boundedly conjugate to
a translation if for each bounded subset B of the plane there exists
a homeomorphism h of the plane onto itself such that the restriction
of hth™% to h (B) is the translation (x,y) > (x+1,y).

We shall say that a free mapping t is boundedly embeddable

in a flow if for each bound ' subset B of R2, there exists a family

E Ta:aeRl} of homeomorphisms of the plane onto itself with the pro-



perties:

1, T° = identity;

2, &b - ga  gb,

3, T+ (x,y) = t (x,y) for each (x,y) in Bj

.4, T2 has no fixed points for a# 0;

5. T? (x,y) is continuous in (a,x,y).

We shall call such a family of homeomorphisms a free flow,

Our main concern from now on will be the problems amalogous
to A and B for free mappings and translations of the Euclidean plane:

A', When is a free mapping boundedly conjugate to a
translation?

B', Vhen is a free mapping boundedly embeddable in a flow?

Kamke £§;7.has essentially solved the problem which is
analogous to problem A' for the case of a flow. ‘e will employ his
result imr the first chapter to obtain a relation between the problems
A' and B', By means of this relation we will see that the study of
the problems A! and B' reduces to the consideration of the single
apparently simpler problem BY.

That B! is itself a difficult problem will be showm in
chapter II where an example will be given which illustrates some of
the difficulties encountered in trying to embed a free mapping in a
flow, The example points out how much the global behavior of a free
map can differ from one which is embeddable in a flow. Nevertheless,
we will develop a technique which will boundedly embed the free mapping
under consideration in a flow. Hence that free mapping will be shown

to be boundedly conjugate to a translation.



Finally, in chapters III and 1V an attempt will be made
at boundedly embedding a ¢l free mapping in a flow. Although the
attempt is not successful, we feel that the methods developed are
of some interest and perhaps some variation of them could be used to
solve the general bounded problems.

In this paper Pso> i=1,2 will denote the projection onto
the i™ coordinate axis of the Euclidean plane R2, Z will denote
the integers, d and || will denote Euclidean distance. A, A, A will
denote respectively the closure, interior, boundary of a subset A of
the plane.

A mapping £ of a topological space )cl into a topological
space ZX? is said to be proper if the inverse image by f of each
compact set in ){? is compact in xl. We will be concerned with the
case X3=Rl and “X2=R2. The image of R} by a proper mapping is

said to be properly embedded in the plane.



Chapter I

Bounded Conjugacy and Bounded Embeddebility

In this and the following chapters all homeomorphisms in-
volved in the definitions of "boundedly embeddable in a flow' and "bound-
edly conjugate to a translation" as well as their inverses will be
assumed to be Lipschitz continuous,

Theorem I. 1, A free mapping.of the Euclidean plame is boundedly comjugate

to a translation if and only if it is boundedly embeddable in a flow.

Proof, The proof will be sketched since the details omitted can be
found in Kamke 1_5__7.

Let t be a free mapping of the plane which is boundedly con-
jugate to a translation. Then for each bounded subset B of the
plane, there exists a Lipschitz continuous homeomorphism h of the
plane onto itself such that hth™1l (x,y) =(xtl,y) for each point (x,y)
that belongs to h(B). Let Zta: ag ng be the flow given by
t9 (x,y) = (x+a,y) for each a in R and (xt,y) in R%., Then the
flow ihtah"l: aeRli is easily seen to have the properties required
to show that t is boundedly embeddable in a flow,

Conversely suppose that T is a Lipschitz continuous free
mapping of R? which is boundedly embeddable in a flow. Since each
bounded subset B of the plane is contained in a closed disk, we can
assume that B is a closed disk.

Let gFa:ae ng be a Lipschitz continuous frc: flow in the

plane such that rt agrees with T on B. By part of the proof of



Satz I (Kamke 15', p.2937) there exists a Lipschitz continuocus free flow
gTS:se—Rl}such that T agrees with F® on B and T3(x,y)=(xts,y) for
0ss<l on the exterior of some cpen disk D costaining B. Thus there
exists x, in Rl such that &% implies that TS(x,y) = (x+s,y) for
o<s <l Since §TS: seng is a Lipschitz continuous free flow we have
by the Poincaré-Bendixon Theorem (cf, Kamke /6/) that for each (x,y) in
R® the flow line containing (x,y) (i.e. UéTS(x,y): se le ) is properly
embedded in the plane, Clearly it also follows from the Poincaré-Bendixon
Theorem that to each point (x_ ,t) in the plane (% as above) and real
number s, there exists a point (x,y) in the plane such that TS(X,,t)
=(x,¥). Therefore the mapping h: RZ_5R2 given by h(x,y) = (s,'t:)— ié a
Lipschitz continuocus homeomorphism. Thus for each point (x,y) in B,
hT(x,y) = (pjh(x,y)+1, poh(x,y)). Hence T is boundedly conjugate to a
translation.

Remark I.1l., One could also prove that the free maming T above is
"houndedly conjugate to a translation" by cbserving that the free mapping
T1 above is such that any disk has a non-empty intersection with at most
finitely many images of itself by T, 1 in Z, or by noting that any

arg joining two points is such that at most finitely many images of it-
self by powers of L have a non-empty intersection with a given bounded
setes Then by applying Brouwwer!s Plane Translation Theorem (cf. Sperner
/77, hndrea /1,2/, or Barrar /3, p. 343/ for additional references)

we have that TL is conjugate to a translation of the plane. Using
this approach we prove only that Tl is conjugate to a tramnslation by

a homeomorphism, not by a Lipschitz continuous homeomorphism as was
cbtained using the results of Kamke.

Remark I, 2, If a free mapping T is embeddable in a flow, then clearly

T is boundedly embeddable in a flow. Hence T is boundedly conjugate

to a translation.



Chapter II

Exg_mgles

We begin by describing a well known free mapping which is

not conjugate to a translation.

Example II.1, (cf., Andrea /I, p. 677).

et {Fa: ae Rli be the flow that is defined by the

solutions of the differential equation

Lo . dx (1~ x? for Ixlel o
dt - 0 for 1x121 )
91 "z for lxl <1

Clearly F@ is a Lipschitz continuous mapping of RZ for
each ag O However, no F3, a#0 is conjugate to a translation since
each disk containing E’l_Ll_'/'xgo; has a non-empty intersectien with
each of its images by F2?, a#0. Wevertheless, F?, a#0 is bounded-
ly conjugate to a translation by the remark at the end of the p_r-evious
chapter,

In the next example a free mapping is described which has
glchal properties very different from those of a fiww. In order to
discuss these properties we make the following definition. A bounded
subset B of the plane diverges with respect to a free mapping t of
the plane if at most finitely many images of B by powers of t have

a non-empty intersection with any bounded subset of the plane.



The above definition is motivated by Sperner's version of
Brouwer's Plane Translation Theorem (c.f. Sperner _/_7, p.1+17 or Andrea
/I, ps 71/): A fixed-point free orientation preserving homeomorphism
t of the Euclidean plame onto itself is conjugate to a translation
if and only if every bounded subset of the plane diverges with respect
to t.

The free mapping in the next examplé has the surprising pro-
perty that there is a point in the plane such that no connected set
properly containing the point diverges., Such points are not coentained
in any properly embedded invariant curve. Since the Poincaré-Bendixzon
Theorem implies that every flowline of a fixed-point free mapping is
properly embedded in the plane, the free mapping in the second example
can not be embedded in a flow, Hevertheless, that free mapping will
be shown to be boundedly embeddable in a flow and hence boundedly con-
jugate to a translation,

Ye now proceed to define the free mapping -described abova.

Example II. 2.

Let (p be a ¢! diffeomorphism of the real line satisfying
the following conditions:

1. ®o) = o;

2. Q(x)< x for x 703

3 Q(x) =%~ 3 for Jx+112 2.

It is clear that such a function § can be defined and will
leave no point fixed except 0O,

Let S(x,y) = (x=3) sing‘ﬂ"y +c@(x) cos? TTy.
Define +t(x,y) =(S(x,y), y+tl). Clearly t is a ¢l free mapping of

RZ, Incidentally, t is also conjugate to a translation, since it is



easily seen that every bounded subset of the plane diverges with pve-
spect to t.

We now map the (x,y) plane into the (u,v) plane by defining
k(z,y)=(u,v) for each (x,s_r) in R? where u=arctanx and =y,
Clearly k .is a ¢l diffeomorphism from the (x,y) plane onto the
region G:g(u,v) ‘ l-u!.c-%§ .

Define #£(u,v)= kt (x,y) so that £(u,v)=kt? k=1 (u,v)
for each integer n. Ve then have

1. Lim__(p3f(u,v)) - py{u,v)) = Lim(arctan(x=-3)-arctanx)=Q;

U_-)IT-{: X5k ao
2. Lim_ (po(£(u,v)) = pylu,v))= Lim(y+x-2-(y+x))= -2,

u.-».tg _ X2¥oo
We are now in a position to define a Lipschitz continuous free
mapping on the (u,v) plane with the interesting properties previously
mentioned. We proceed by extending the mapping f +to a Lipschitz con-
tinuous free mapping T defined as follows:

T (u,v) = (u,v-2) for LMZE 3

T (u,v) £ (u,v) for ).u14.;£- .

The properties l. and 2, above imply that T is Lipschitz
continuous.

To see that any bounded connected set properly containing
(0,0) does not diverge we look at T® for large n. In particular
we will show that infinitely many images by T® (n&2) of such a connec-
ted set have a non-empty intersection with L= §(u,v): |u'|:-.'."....£, v:(}&.

Suppose that C is a connected set properly containing
(0,0)., ILet (uo, v,) be a point in the component of C(G containing
(0,00 and different from (0,n) (n in Z) and let (x , yo) = l'c"l(q”v).

We then have wu_ = arctan X, and Vv, =y + X, »
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We now examine mI_;}:L{_anm (u,, v }).

Case 1: ¥, ¢ Zs

For sufficiently large integers m we have p; T (x , Y, )

o

< -1, Then .Lim T (u , v ) = (-, - ).
M-+00 ° *

Case 23 Y& Zy %P 0

Then Lim T™® (u , v ) = (%~ ,+o0 ),
m-- oo e” ® P
Case 3: y & Z, X <0,
Then Lim T (u,, %) = (-Fy-00).

e now observe that for each integer m , P, (T (0,0) )= m.

In case 1,there exists an integer M> 0 such that for each
integer m> 1 py ( ikt (u_, v) )<0. But also pp ( ™ (0,0))>0.

In case 2, there is an integer M>» 0 such that m<-M implies
that p, ( T (u,, v,) )> 0. Here we also have pp ( T" (0,0) )< O,

In case 3, there exists an integer MP» 0 such that m> i
implies that po (r (4, ¥ ))<O0. In this case p, (T" (0,0))>0,

The above three cases imply that for all bhut finitely many
integers ™V (C) contains points both above and be'low the line seg-
ment L. Since ™ (C) is connected and contained in G, the previous
statement implies that infinitely many T" (C) have a non-empty inter-
section with L. Therefore C can not diverge with respect to T.

Thus we see in particular that there is no curve through (0,0)
which is invariant wder T and is properly embedded in the plane.
Therefore as mentioned before, it follows from the Poincaré-Bendixon
Theorem that T can not be embedded in a fiow. Because of this fact,

it is not readily seen that T is boundedly embeddable in a flow.
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Nevertheless, we now show that T is, indeed, boundedly embeddsble
in a flow and hence is boundedly conjugate to a translation.

Qur purpose now is to define for each integer N a free
mapping of the (u,v) plane which is embeddable in a Lipschitz continu~-
ous flow and agrees with T except on the set H= %(u,v): \u|4§{, vy N}.
To do this we define a free mapping t% on the (x,y) plane which agrees
with t on the set k™% (E) where E=G~H:= %(u,v): u.g"{ , (= Ng s SO
that k=1 (E)= %(x,y): \xt+y) QN? .

Clearly there exists a non-decreasing ¢l funetion g on

rl satisfying:

1, g (y) =y for -=N-Ucyel+l;
2. g (y) = 1+8/2 for y> N+3/23
3. g (y) = -N-9/2 for y=- Ul - 9/2.

Put 8% (x,y) = (x=3) sin? (mg (y))+ @ (%) cos? (1T el(y))
where (f is as before. Then we note that

S%(x,y) = 8(x,y) for - N-U<y gli+l, x< -1, or x 2U;

§% (%,y) = %x=3 for y«-N-9/2 or yzN+3/2.
Define t% (x,y) = (8% (x,y), y+1l). Clearly t% is a free mapping of
the (x,y) plane which agrees with t on k™1 (E).

Let B(b) be the intersection of the line y=-{L/Ju+b with
the strip -N-13/2¢y <~N=-11/2, Then t* 1 (B(b))U B(b)VU t* (B(b)) is
a single straight line segment and B% (b) =.6 t#+ (B(b)) is a cl
curve for each real number b. We further olj;;;:ve that if bg -N- 29/6
or b2 N+17/6 ,then B (b) is just the straight line y=-~{1/3)xtb.

He now embed t% in a flow.

let a be a real number. Whenever both y<£-9/2 and



y + a< ~9/2, define F*2 (x,y) = (x~3a, y+a). Then the line segment
joining (x,y) and F%® (x,y) has slope ~1/3. To define F? (x,y) for
any point (x,y) in the plane let M be a non negative integer such
that both y-H £-9/2 and y-M+a<-9/2 and put F3(x,y) = g ped ot
(x,y)e F2 is easily seen to be well defined.

Since Fl=t®, t# is embedded in the flow F3: ae Rli .

3, . - -‘-r k]
Let T% (u,v) = kt¥® k 1 (u,v) for ue 5 and T% (u,v) =

4

T (u,v) for uz

N

. Then T¢ is embedded in the flow §T%:ae Rl}
given by T2 (u,v) = k F¥&~1 (u,v) for uc_%r and T2 (u,v) = (u,v=-2a)
for ua-g.
To check that T2 is Lipschitz continuous recall that for |b|
sufficiently large, B(b) is just a straight line with slope =~-1/3.

We then have as in the computation for Lim ktk™l (u,v) that

ust T
Lim ke~ L(u,v) = (+L ,v-2a). -
u-’iI:E 2

A simple computation shows that the wvector field defined by T is
Lipschitz continucus. But this just means that the flcm%'ra: aeRl% is
Lipschitz continuous,
Since Tt agrees with T on RZ~ H we have that the free
mapping
. T on RZ\H
Y

- Kt L

on H
is embeddable in a Lipschitz continuous flow; hence, T 1is boundedly

conjugate to a translation.
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Chapter III

Minimal Relations

In this and the next chapter, an attempt will be made to

boundedly embed a Cl

free mapping T in a flow. That is,
given a bounded subset B (which can be assumed to be a closed disk)
of the plane and a free mapping T of R2, we will attempt to find a
flow?_Ta: aes Rli such that T agrees with T on B. To explore
this possibility, we will make use of certain equivalence relations
en the plane. The equivalence classes will be either closed strips or
lines. We would hope that each equivalence class belonging to a
minimal relation would turn out to be an orbit of the desired flow.

lLet B be a closed disk and let D be an open disk contain-~
ing B. The equivalence relations employed here will depend only D,
B, real numbers KX>0, and a ¢l function € satisfying:

i, §(p) = 0 if and only if p is in B

2, Q(p)vv as p - D', p in D,

How we let G (K,®) denocte the class of all pairs (Q,X)

2 and a it vector

consisting of an equivalence relation Q@ on R
field X defined on R? which have the following properties:

1. X is a nonwvanishing Lipschitz continuous vector field
with Lipschitz constant K.

2. X is a positively directed horizontal vector field on

the exterior of D. X, and %y will denote real numbers such that

X€¥X, and X 3 ¥ imply that (x,y) is not in D for each y in rl,

It can be assumed that =x 0. Let H denote the half plane
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g(x,y);,R2=x$og and H' denote the half plane g(x,y)eRQ: x;xlg.

3. Each class of Q contains every orbit of X that has
a nonempty intersection with it,

4, Each class in @ 1is connected and closed.

5. For each p in R2 % ( E(p), E(T(p)))&ﬁ@(p), where d%
and E{p), p in R? are defined as follows:

i. if p is a point in the plane, then E(p) 1is the class
of Q which contains 1}

ii.. if E; and E, are classes of Q, then d&* (E1, Ey)
= d (EyNH, EsNH).

We define a partial ordering on G (K,({)) by saying for (Qi’

X3), (Qj, Xj) in G(K,@) that (Qj, X.ﬁ vefines (Q;, X;) or

(Q:, X ) (Q3, X:) 1if Q3# Q; and each equivalence class of Q

is contained in an equivalence class of Qj. In this case we say that
i< .

We will show that each chain in G(K,§ ) partially ordered
by the relation "refines" has a low-ér- bound. To prove this property

we use the following results.

Lemma III.1, Letg(Q.-,, ﬁi): i¢ i be a chain in G (K,®) according

to the relation "refines" defined above. For each p in R?  1et

E(p) = 4 $E{p): i@ I® . Then 0= {E(p): pe R%% is a partition of

R2 such that each element of Q is connected and separates 22 into

at most two wnbounded residual domains.

Proof. It is clear that for two points p, @ in R?, either E(p)
=E(q) or E(p) is disjoint from E(q).

Let H; (p) = E; (p)NH;
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HY; (p) = E; (p)n it
ey (p) = E; (NN @UEN® ),
Then for each p in R  and i, in I we have that

i<j dimplies that Cj (p)< C; (p). For every p in R®

and 1
in I, c, (p) is obviously compact and easily seen to be connected;
hence, C (p) ={}% ¢; (pliie Ig is compact and connected, Furthermore,
it is clear from the definition of H; (p) and H'; (p) that for
every p in R2, H {(p) =ﬂiHi (p): ie Ig and H*t (p)=n§Pl+i (p): ie I%
ave closed and comnected. Since H (p)NC (p) and HT (p)1c (p)

are closed intervals (possibly degenerating to a point), we have that
E () = ¢ (p)UH (p)Y HY (p) is connected and closed.

From the facts that H(p) separates H into at most two
components, H (p) separates H' into at most two components, }?(p) is
connected, and C(p) is compact it follows that there are at most two
AES:?%%B%&% components in RE~ E(p).

In the following we shall assume the hypothesis and notation
of lemma III.l,

Lemma I1I1,2, If E, F are distinct classes of Q, then every naighbor- -

hood of the boundary of the residual domain W of RZ~~ (EUF) that

separates E and F contains points w in W with the property

that every neighborhood of w has a non~empty intersection with wn-

countably many distinct classes of Q.

Proof: Since W is open and all classes of Q are closed, every
neilghborhood of each component of W' contains uncountably many dis-

tinct classes of Q contained in ‘W as cne can verify by standard
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arguments, Applying this fact to two of these classes and the residual

domain in W determined by them, we have the desired result,

Lemma III. 3. Given a chain {(gi, X3 ieI? in G(K,Q), there

exists a countable subset J of I such that for all p in R2,

ﬂij (p): jed? =Q§E.; (p): ieIl.

Proof: Let gon: n=l,2,...§ be a countable collection of open sets
which form a basis for the topology of the plane.

Let i, be any element of I. Swuppose that is il"""
ih-1 have been selected so that i < i< see<i ). Ye define iy as
follows. If Oy E(q) for some q in R2, then let i, be any
element of I such that i >1i_ 4. If 0, ¢ E(p) for any p in RZ,
then there are points a, r in 0, such that E{qa) A E(r) =¢ , and
we can find an i in I such that E; (»)(\ E; (o) =¢ and i>ip-1e
In this case let i, = i.

The above procedure defines igseees ipsess inductively.
Let J =gin: n=O,l,..%.

To see that J has the desired properties suppose that for
some U in RZ F(u)=(\Ej(u) # E(u). Then there exists a v in F(u)
such that v is not]?.er E{u). Let ¥ be the residual domain separat-

ing E (u) from E(Vv)., By lemma III, 2, there is a point w in ¥
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such that each basis element containing w has non-empty intersection
with infinitely many classes of Q. In particular, there is a basis
element O containing w which is contained in Y. By construction
of i, there exist points q, » in O such that Eim(q) is disjoint
from Eim (r)., But the fact that q and r belong to ¥ implies that
q and r belong to F(u)e Hence F(q) = F(u) = F(r). Thus we have

a contradiction and F(u) = E(u).

Lemma III. 4, Given a partition Q =$E(p): pe R2? of the plame as

defined in the hypothesis of lemma III.1l, there exists a non-vanish=

ing unit vector field X on the plane with the following properties:

1., X is a Lipschitz continuous vector field with Lipschitz

constant K;

2. X 1is a positively directed horizontal vector field eon

the exterior of Dj

3. Fereach p in R2 the orbit of X +that contains p,

0(p),is contained in E(p).

Proof: Let J be as in lemma III, 3. Let (xj) be the sequence of
vector fields in the chain g(Qj, Xj): jé& J? .

By Ascoli's theorem, there is a subsequence (Xjn) of (X5),
]',.'7:] (n=1,2,¢e4), which converges uniformly cn compact sets to a
vector field X. Let m=§jn.eJ: n%1,2,40s¢ o Clearly X is a non-
vanishing wnit vector field and satisfies conditions 1. and 2. in
the statement of this lemma since ail the Xj have these properties.

Now we want to show that O0(p) is contained in E(p) for

each p in R®, For each m in M let O, (p) dencte the orbit of
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X, that contains p. Then EOm(p)g is the sequence of orbits con-

taining p which is such that gxmg converges to X wniformly on D.
Since all X are equal on the exterior of D, we have that %)(mé con=-
verges wniformly to X on R?, Clearly (']iElm(p): me Mg =(\iEj(p):

je.Jg; hence by lemma IIX.3 O(p)cCE(p).

Lemma III.5 For every p, 4 in R% Lim d%(E_(p), E {q)) as m -—dsthrough

elements of M, is equal to d% (E(p), E(g)),

The proof is straight-foreward, so we omit it.

Cor‘ollal'y. d*(E('D), E(T(P)))E@(D).

This follows directly from lemma III.5 and the definition of {.
We now have proved the following.

Theorem III,1. Each chain in G{X.{ ) has a lower bound,

Copdllary. G(K,d ) has a minimal element according to the previously

defined relatien "refines."

Procf, Apply Zorn's lemma and theorem III.l.
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Chapter IV

Extensions g_g Minimal Elements

Here we examine the structure of the minimal classes of

the last chapter. We first look at the following result.

Theorem IV. 1. Let T be a Lipschitz continuous free mapping of

R2. Suppose that for each closed disk B in R? and some open disk

D containing B there exist K, @ depending on B, D, and T such

that an element (Q,X) in G(K,@) (as defined in chapter III) has
I

the property that eachelass of Q is a line, Then T is boundedly

conjugate to a translation.

Proof, Let Efa: ae Rl% be the flow induced on R2 by X. Then for
each p in B, T(p) s fa(p) for some a # 0., Since the mapping
A:BdRY given by A(p) = a if T(p) = £3(p) is continuous, and B is
compact and connected, we have that A(B) is compact, connected, and
bounded away from zero, Thus there exist real numbers b, c,
0 «b<.c such that either A(B)CE,E._? or A(B)C_{_:c,-—gf.

We can now extend A to a continuous function on R?

with the following properties:
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1, A(p) = 1 (resp., A(p) = =1) for in R°~Dj;

‘o

2. A(p)>O (resp., A(P) «©Q ) for p in b if A(q)
>0 (resp., A(g) <0) for some g in B,

Define T (p) = £A(p) (p) for each p in R%, Clearly
T# is a free map of R? which agrees with T on B and is trans-

lation by (1,0) (resp., (-1,0)) on the exterior of D,

The proof can be completed in two different ways.

Method 1, Repavametrize the flow {f%: a&RM{ such that A(B)=1.

Then T is embedded in a free flow. Hence by the theorem I. 1.

T 4is boundedly conjugate to a translation,

Hethod 2. Observe that since %fa: acR1? is a free flow every bounded
subset of R?2 diverges with respect to T*. Hence by Brower's Trans-
lation Theorem, T* is conjugate to a translation of the plane.
Therefore T is boundedly conjugate to a translation.

One would like to prove that any free mapping is boundedly
conjugate to a translation by applying theorem IV.1l., Any element
(QyX) satisfying the hypothesis of that theorem is clearly minimal,
Therefore cne is led to ask if every minimal element of G(XK,d)
satisfies the hypothesis if K and @ are suitably chosen. Ve have
not been able to answer this question, but the following theorem gives

some information in this direction.

Theorem 1V, ‘2, Let T be a Cl free mapping of RZ, Suppose

(Q,%) is an element of G(K,{) and that Q contains a class E

which has a non-empty interior amd is such that X is ¢! ona neigh-

borhood of one component E® of E', Then for every A>1 there
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exists a K(®N)> K such that (Q,X) is not minimal in G (K (N}, 2D).

To prove this theorem, we first define a homeomorphism from
the (x,y) plane to the (s,t) plane so that the flow induced by
the vector fleld X on the (x,y) plane transforms to a positively
directed horizontal flow on the (s,t) plane., To define such a
homeomorphism we let %fS:sele be the flow induced by X. Define
h(s,t)= £5 (0,t) for every (s,t) in RZ. By the method in Kamke
_/_75", Ds 29_2_7 we see that each (x,y) in R? can be written (x,y)
= £5(0,t) Ffor a wnique (s,t) in R2, Thus we have that h~l is a well
defined homeomorphism which is the identity on the half plane H
=§(x,y): %<0, Yeng .

We now define the metric d% on the (x,y} plane to be
the metric induced from the Euclidean metric on the (s,t) plane by
the map h. The notation d% is justified by the fact that if p, 4
are points in E'(p), E'(a) resp. such that plh"l (p) = pp h~1i(q)
and the components of E' (p), E' (g) containing p, q bound
a strip which separates E(p) from E (q) then &%(p,q) = d%{(E(p),E(q))
( where d&<(E(p), E(q).) is meant in the sense defined in the
previous chapter),

Now we are in a position to prove the following.

Proposition IV, 1. lLet (Q,X) be in G(K,f)s Tet E be a class of

Q. If » belongs to the intersection with B of one component of

E', then T(p) belongs to the same component of E'.

Proof. If E# %@, let H% be the component of the complement of

E in R? such that p is in E%,

Since cp is a ¢t function on D which is zero on B, (P'is
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also zero on B, Hence for every £>0 there exists a J(&)y 0 such
that p in B and d='-'(p,q)<.§(8) imply that CP(Q)C.E d% (p,q)e
For each £70 let V(E,p) = %qu*: P1 () = p; ™1 (p) and
at* E®(p), E(q) ) = 4% (p,q)cé(e)g « By lemma III. 2. we have
that for each g0 and p in BNE* V (g,p) # § . Since @(p)=0
and @(g)>2 0 we have by the above that  d% € (q), E(T(q))&P(q)
<€d¥% (pyq) = £ d% (E(p),E(q)) for each g in V(£,p). In particu-
lar for ¢ in V(p) = V(1,p) we have that d* (E(q), E(T(Q)))
£3%(E(p) ,E(q)). Since E(q)cH* for each q in V(p), the preceding
inequality means that E(T(g))cH® for each g in V(p). Therefore,
T (p) is in T and T (p) is in H=Q E.

Wle now assume that the lower boundary E% of E' is such
that poh=1l (E%) = 0, Assume also that X is ¢! in a neighborhood

of E%. Let L

plh"l’ (DYE®). For each (s,t) in RZ let u (s,t)
= plh"l‘Th (s,t) and vw(s,t) = pph~L Th (s,t), Ve now prove the
following results, which we will use in the proof of theorem IV, 2,

femma IV. L. <& ( v(s,t) = £) | 400 =0 if@{h (s,0) = 0.

Proof, For sin L and t<0 we have that d*(E(his,t}), E(T(h(s,t))))
€ @(h(s,t)). Since § is a ¢l Function which is equal to
zero only on the closed disk B and h is ¢l in a neighborhood of
the curve +t=0 we have that(Q(h(s,O))=0 implies that (t{ll‘\)t(s,t))lt=0
=0,

Let S=§seL: t{)(h(s,o)kog . Foreach s in S consider
a sequence of points h(s,tn) where t,<0 and hi(s,tp) is in

v( 1‘., h(s,0)). Since h(s,t,) 1is in H¥* we have that d‘(T(h(s,tn)),
n

h(s,ty)) = Iv(s,ty) - t 1< Qlhis,ty)). Thus
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V(s ,tp) @D (h(s,tn))
—een o
l th "ll £ tn = Since cQ(h(s,O)) = 0

implies V(s,0) = 0 we have the desired result.

Lemma IV.2, Let 8 =3 selL: vy (s,0) + (dh)y (5,0 & ;

and VWe = § s € R}t @(his,0))E or sef.L?. Then for a sufficient-

ly small E»0.

1. 8 O W, = R

2, SN wr=g.

Proof, Clearly HE is non-empty. By lemma IV.1. Sz: is non-empty.
let §=$seR': h(s,0) € B} . By the continuity of (@h)y
at t=0 and the fact that S is compact we have that there exists an
a» 0 such that d (s,S)< a implies that h(s,0) is in D and ](Qh)t(s,o).,
+\¢C§o)]>i,1t is clear that for sufficiently small & , 0<g< ¥, there
exists a b>»0, b<a such that if d(s,S)) byginly then @(h(s,0))>g .
It is also easily seen that d(s,5)<%a implies that ‘Vt (s,0) + (@ h)t(s,o)‘
>€ -

From the above facts follow the desired results.

Lemma IV,3. There exists a ¢ fimection g Rlﬁiﬁl,i? such that

g=1 on NGNS, g=0 on NENTY, and osgemrgt

on each compenent of SN W .
Proof., The proof essentially follows from Urysohn's Lemma.

o
Lemma IV, 4. Given \> 1, there exists a dOPO such that for 0% tsl*

we can define Al (s,t) for s in S andﬁ2 {(s,t) for s in Vg

such that AL (s,t)> -1 on S and &2| (s,t)> -1 on Vg In addition,

for h(s,t) in D, 051:&5* implies that V(s,t) - t - M(s,t)c Ai(s,t)
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Proof. On § define n' (s,t) = v(s,t) =v(s,0) - t + P(h(s,t))

- c@(h(s,O)). For t=0 we have A' (s,t) = 0. Hence for sufficiently
small &>0and 0&1:::—.8; we have that h is ¢ at (s,t) and w(s,t) - t -
AD(h(s,t)) € Als,t) £ V(s,t)-t +AQ0(s,T ).  Since also v, (s,0)
-1+ @ (n(s,0))> -1+g for s in S,
and ((Q h)y at t=0 that there exists a §l>0, Slégo such that

we have by continuity of wvi

ve (s,1)-1+ (qﬁh)t (s,t}> -1+ ¢ >-1. Because A% (s,t)=V(s,t) -1
-(Qh)t(S,‘c) we have A% (s,t) » -1 for Oetsgl’ s in § .

On W, (y h=X(D) we define AZ(s,t) =0 for O.été.gl.
Since we have v(s,0) - P(n(s,00)€A%(5,0) & ¥(s,0) +@(h(s,0) we
have for any A>) that v(s,0) - \Q(h(s,0))< A%(s,0)¢ v(s,0) +
)\@(h(S,O)), Hence by continuity of Vs t, h and  we have that there
exists S'-'-‘ >0, S* gcgl such that for Oﬁ-_tsé*, v (s,t) - t ~ AD(h(s,t))
& A 2s,t) = v (s,t) -t +2f(h(s,t)) and A% (s,£)>-1 on

E'Iz b4 AH’ éi?‘l

Lemma IV, 5. There exists a $">0 and a €l Ffunction A defined on

(Seg U W) x /G, '/ such that

l. for 0=t=S" and h (s,t) in D, lw(s,t) =t - A(s,t

2 A® (his,t));

2. h (s+l, t +A(s,t)) is in the interior of E unless t=0;

3. +the map F: h(s,t)r— h(s+l, t+ 8(s,t)) is a ct

di Ffeomorphism from h (RY X /0,4t 7)into a subset of 2,

1 on 1x$0% , both At (s,0) and A2(s,0)

Proof. Since v and«p are C
i i,
are zZero on h(IX§0% ). If we take& sufficiently small, O‘Jz.é“,

then t + |6(s,t){ < 1/3 &% (E*,E '"<\E *) and we have 2 fo¢ Qeted’
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Define A(s,t) = g(s)Al(s,t) + (1-g(=)A?(s,t) for 0 &t< ",
s in R, Since ‘Al is & convex combination of ALl and A2 which
is indeperident of t. we ‘then clearly have i. By the form of F we
see that F is a homeomorphism if A (s,t)> -1, This clearly follows
from the constructién of A.
- We are now in a position to complete the proof of theorem IV,2.
First we take Oécg'gé" such that O<ts (' implies for n in Z that

Po(h=1(F(n(s,t)) NS ",

We embed in a flow the homeomorphism F in lemma IV. 5.

1 e have (s,t) is in the exterior of h~1(D).

For s£0 and t in R
For 0Ost<§' define F3(h(s,t)) = Fl F@ p(h(s,t)) where H is an
integer such that pl(F"l'x(h(s,t))H a0, It is easily seen that
{Fa: a€ leis well defined and Fl=F,

Iet Y =(zl,22) be the vector field induced by the flow
%Fa: ac—,ng. et X = (wl,w?). Since ¥ is non-vanishing at t = 0 and
Y agrees with ¥ at t=0 we can find a 8‘;0, Suéé' such that Y
does not vanish for Oﬁtsgc. Thus for a given s in Rl we have
for either i=1 or i=2 that w3(h(s,0)) # 0 and z;(h(s,0)) # O.
Since wj(h(s,0)) = zj(h(s,0)) we have for one i that w;(h(s,0))

# 2z:(h(s,0))s Hence by the continuity of w; and z; there is a

5 > 0, such that for Of—.t‘_‘:é—

2_“9:_'_£___ wi(h(s,t))# g;t:fL z; (h(s,t)) for this i,

)

Therefore the vector field

X for t&0 and t2d

It

yi Y for 0£ts= l,‘ag

ot - & of~ 2t y

3 X+ g for %Sﬁ-.t 2 5

is a non-~-vanishing vector field on Rz.
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Let gTa: ace Rls be the flow induced by X%, Let Q¥
consist of the orbits of X* (&% (h(s,t))) for 0Lt <4 §5 the
classes of Q other than E, and E \U{O* (h{s,t)): 0;1:5_ ég.
Then clearly (Q¥, X%) belongs to G (K(X), f\(@ }« Therefore

(Q,X) is not minimal in G(K{»), M@ )« This proves Theorem IV. 2.

Perhaps in a further study it would be possible to use the

method developed in Theorem IV. 2 to prove that for suitable K and
@ all equivalence classes belonging to a minimal element of G(K,Q)

are lines.
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