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INTRODUCTION

The in v e s t ig a t i o n s  p re s e n te d  h e re  a re  m o tiv a te d  by th e  

fo llo w in g  g e n e r a l  p rob lem s:

A. Given tw o homeomorphisms t»  u o f  a to p o lo g ic a l  sp ace

X cn to  i t s e l f ,  when i s  t  conj u g a te  t o  u? T h a t i s , when does th e r e

e x i s t  a  homeomorphism k o f  X o n to  i t s e l f  such  t h a t  k t  k“ ^ = u?

B. Given a  homeomorphism t  from a to p o lo g ic a l  sp ace  X 

o n to  i t s e l f ,  when i s  t  em beddable in  a  flow ?

There a re  c e r t a in  obv ious n e c e s s a ry  c o n d it io n s  f o r  an 

a f f i r m a t iv e  answ er t o  problem  A, F o r exam ple, th e  in d u ced  maps t * ,  

u* on th e  homotqpy groups \ T(X) m ust be c o n ju g a te  and th e  o r b i t s  o f

t  m ust co rre sp o n d  hom eom orphically  t o  th e  o r b i t s  o f  u , S im ila r ly  f o r

an a f f i r m a t iv e  s o lu t io n  t o  problem  B, i t  i s  c l e a r  t h a t  t ft must be th e  

i d e n t i t y  and t h a t  i t  must be p o s s ib le  to  decompose X i n t o  a  d i s j o i n t  

union o f  curves in  such  a  way t h a t  each  t  o r b i t  i s  c o n ta in e d  in  a  s i n ­

g le  c u rv e .

I n v a r ia n ts  o f  th e s e  k in d s  a re  re a so n a b ly  w e l l  u n d e rs to o d .

T his p a p e r  i s  an a tte m p t t o  sh ed  some l i g h t  on th e  n a tu re  o f  some le s s  

u n d e rs to o d  ty p e s  o f  in v a r ia n t s  by s tu d y in g  s p e c i a l  c a se s  in  d e t a i l .

In  p a r t i c u l a r ,  we w i l l  be co ncerned  w ith  a f ix e d - p o in t  f r e e  o r ie n ta ­

t i o n  p re s e rv in g  homeomorphism t  o f  th e  E u c lid e a n  p la n e  o n to  i t s e l f .  

Mappings t  w ith  th e s e  p r o p e r t i e s  a re  c a l l e d  f r e e  m appings. In  th e  case  

o f  problem  A th e  map u w i l l  alw ays be th e  u n i t  t r a n s l a t i o n  in  th e  p o s i ­

t i v e  h o r i z o n ta l  d i r e c t io n .
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The in v a r ia n t s  d e s c r ib e d  above a re  a l l  u s e le s s  f o r  de­

te rm in in g  i f  t  and u  a r e  c o n ju g a te  because  T T 'tR 2) = 0  f o r  i  ^  1 

and th e  o r b i t s  o f a l l  p o in ts  u n d e r t  and u a re  a l l  homeomorphic by a  

Theorem o f  Brouwer ( c f .  S p e m e r [_ 7 , p .  147). A lso  t.-; i s  th e  id e n -  ' 

t i t y ,  so  th e  f i r s t  ty p e  o f  in v a r i a n t  d e sc r ib e d  f o r  problem  B i s  

t r i v i a l ;  how ever, we s h a l l  make some use o f  th e  seco n d .

I t  i s  w e l l  known t h a t  t h e r e  a re  f r e e  m appings which a r e  

n o t c o n ju g a te  to  t r a n s l a t i o n s  f_ 4 _ / .  In  a d d i t io n  i t  i s  sh a m  by an 

example in  Andrea /  1 ,  p .  58_ f  t h a t  th e r e  do e x i s t  f r e e  mappings 

which a r e  n o t  em beddable in  f lo w s . A d i f f e r e n t  exam ple w ith  some in ­

t e r e s t i n g  p r o p e r t ie s  w i l l  be g iv e n  in  c h a p te r  I I .

A fre e  m apping o f  th e  p la n e  can a ls o  be viewed as a  horneo- 

morphism o f  S2 = R2 w ith  a  unique f ix e d  p o in t  a t  Oo . An

ex am in a tio n  o f  th e  exam ple in  c h a p te r  I I  su g g e s ts  t h a t  a l l  o f  th e  ob­

s t r u c t io n s  to  em bedding a  f r e e  m apping t  in  a  flow  o r  t o  making t  

c o n ju g a te  t o  a t r a n s l a t i o n  may have to  do w ith  th e  p r o p e r t ie s  o f  t  

(e x te n d e d  t o  S2) n e a r  &> , Our main purpose h e re  i s  to  in v e s t ig a te  

t h i s  p o s s i b i l i t y .  To t h i s  en d , we make th e  d e f in i t i o n s  below  w hich 

g ive a  more p re c is e  m eaning t o  th e  q u e s t io n .

He s h a l l  s a y  t h a t  a f r e e  mapping t  i s  boundedly  c o n ju g a te  t o  

_a t r a n s l a t i o n  i f  f o r  e ach  bounded s u b s e t  B o f  th e  p la n e  th e re  e x i s t s  

a  homeomorphism h o f  t h e  p lan e  o n to  i t s e l f  such  t h a t  th e  r e s t r i c t i o n  

o f  h th **1 t o  h (B) i s  th e  t r a n s l a t i o n  (x ,y )  > ( x + l ,y ) .

We s h a l l  s a y  t h a t  a f r e e  mapping t  i s  boundedly  em beddable 

in  a  flow  i f  fo r  e ach  bound s u b s e t  B o f  R2 , t h e r e  e x i s t s  a  fam ily  

|  Ta :aeRp-? o f homeomorphisms o f  th e  p lan e  o n to  i t s e l f  w ith  th e  p ro -
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p e r t i e s ;

1 . T° = i d e n t i t y ;

2 . Ta+b = Ta o Tb ;

3. T1 (x ,y )  = t  ( x ,y )  f o r  each ( x ,y )  in  B;

■ 4. Ta h a s  no f ix e d  p o in ts  f o r  a  0;

5 . Ta (x ,y )  i s  co n tin u o u s  in  ( a , x , y ) .

We s h a l l  c a l l  such a  fam ily  o f  homeomorphisms a  f r e e  f lo w .

Our main concern  from now on w i l l  be  th e  p rob lem s analogous 

t o  A and B f o r  f r e e  mappings and t r a n s l a t i o n s  o f  th e  E u c lid e a n  p la n e :

A ',  Vfhen i s  a  f r e e  mapping boundedly  c o n ju g a te  t o  a 

t r a n s l a t i o n ?

B ',  When i s  a  f r e e  mapping boundedly  em beddable in  a flow?

Kamke / T _7 has e s s e n t i a l l y  s o lv e d  th e  problem  w hich i s  

analogous t o  problem  A' f o r  th e  case o f  a  flow . We w i l l  employ h is  

r e s u l t  i n  th e  f i r s t  c h a p te r  t o  o b ta in  a r e l a t i o n  betw een th e  problem s 

A1 and B1. By means o f  t h i s  r e l a t i o n  we w i l l  s e e  t h a t  t h e  s tu d y  o f  

th e  problem s A1 and B* re d u c es  t o  th e  c o n s id e ra t io n  o f  th e  s in g le  

a p p a re n tly  s im p le r  problem  B*.

T h a t B1 i s  i t s e l f  a  d i f f i c u l t  p roblem  w i l l  be  s h a m  in  

c h a p te r  I I  where an example w i l l  be  g iv en  w hich i l l u s t r a t e s  some o f  

th e  d i f f i c u l t i e s  e n co u n te re d  in  t r y in g  to  embed a  f r e e  m apping in  a 

flo w . The exam ple p o in ts  o u t how much th e  g lo b a l  b e h a v io r  o f  a f r e e  

map can d i f f e r  from one w hich i s  em beddable in  a  flo w . N e v e r th e le s s ,  

we w i l l  develop  a  te c h n iq u e  which w i l l  boundedly  embed th e  f r e e  mapping 

u n d er c o n s id e ra t io n  in  a  f lo w . Hence t h a t  f r e e  mapping w i l l  be shown 

t o  be boundedly  c o n ju g a te  t o  a  t r a n s l a t i o n .



t+

F in a l ly ,  i n  c h a p te rs  I I I  and  IV an a tte m p t w i l l  be made 

a t  b o u n ded ly  em bedding a  C-*- f r e e  m apping in  a  flo w . A lthough  th e  

a t te m p t i s  n o t  s u c c e s s f u l ,  we f e e l  t h a t  th e  m ethods d e v e lo p e d  a re

o f  some i n t e r e s t  and  p e rh ap s  some v a r i a t i o n  o f  them  c o u ld  be  u sed  t o

s o lv e  th e  g e n e ra l  bounded  p ro b lem s.

In  t h i s  p a p er p ^  , i = l , 2  w i l l  deno te  th e  p r o j e c t io n  o n to  

th e  i ^  c o o rd in a te  a x is  o f  th e  E u c lid e a n  p la n e  R ^. Z w i l l  deno te
•— O |

t h e  i n t e g e r s ,  d and  I | w i l l  d en o te  E u c lid e a n  d i s t a n c e .  A, A, A w i l l  

d en o te  r e s p e c t iv e ly  t h e  c lo s u r e ,  i n t e r i o r ,  boundary o f  a s u b s e t  A o f  

th e  p la n e .

A mapping f  o f  a  to p o lo g ic a l  space  i n t o  a  to p o lo g ic a l  

sp a c e  X 2 i s  s a id  t o  be p ro p e r  i f  th e  in v e r s e  image by  f  o f  each

com pact s e t  in  X 2 i s  compact in  X 1 . VJe w i l l  be  c o n ce rn e d  w ith  th e

c a se  and 7 t2=R2 * The image o f  R1 by a  p r o p e r  m apping i s

s a i d  t o  be p ro p e r ly  embedded in  th e  p la n e .
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C h a p te r  I

Bounded Conjugacy and  Bounded E m b ed d ab ility

In  t h i s  and th e  fo l lo w in g  ch ap te rs  a l l  homeomorphisms i n ­

volved  in  th e  d e f in i t io n s  o f  "bounded ly  em beddable in  a flow " and  "bound­

ed ly  c o n ju g a te  t o  a t r a n s l a t i o n "  as w e ll as t h e i r  in v e rs e s  w i l l  be 

assumed to  b e  L ip sc h itz  c o n tin u o u s .

Theorem I « 1> A f r e e  m a p p in g -o f th e  E u c lid ean  p la n e  i s  b o u n d ed ly  co n ju g a te  

to  a  t r a n s l a t i o n  i f  and on ly  i f  i t  i s  boundedly  em beddable i n  a  flo w .

P ro o f. The p ro o f  w i l l  be s k e tc h e d  s in ce  th e  d e t a i l s  o m itte d  can be 

found in  Kamke /_ 5 _ /.

L e t t  be a f r e e  m apping o f  th e  p la n e  w hich  i s  b o u n ded ly  con­

ju g a te  t o  a  t r a n s l a t i o n .  Then f o r  each bounded s u b s e t  B o f  th e  

p la n e , t h e r e  e x i s t s  a L ip s c h i tz  continuous homeomorphism h o f  th e  

p lan e  o n to  i t s e l f  such t h a t  h t h - 1  (x ,y )  = ( x + l ,y )  f o r  each p o in t  (x ,y )

th a t  b e lo n g s  t o  h (B ). L e t £ t a : a £ R ^  be t h e  flaw  g iven  by

1 2 t a  (x ,y )  = (x + a ,y )  f o r  each  a  in  R and ( x ,y )  in  R . Then th e

flow  ^ h t ah " l :  a e R 1 ^ i s  e a s i l y  seen  to  have th e  p r o p e r t ie s  r e q u ir e d

t o  show t h a t  t  i s  bounded ly  embeddable in  a  f lo w .

C onverse ly  suppose t h a t  T i s  a L i p s c h i tz  co n tin u o u s  f r e e
n

mapping o f  R which i s  b o u n d ed ly  embeddable i n  a  flow . S in c e  each  

bounded s u b s e t  B o f  th e  p la n e  i s  co n ta in ed  i n  a  c lo se d  d i s k ,  we can 

assume t h a t  B i s  a c lo s e d  d is k .

L e t ^ Fa : a £  be  a  L ip sc h itz  c o n tin u o u s  f r e e  flow  in  th e

p lane  such  t h a t  F-*- ag rees  w ith  T on B. By p a r t  o f  th e  p r o o f  o f
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S a tz  I  (Kamke /eT, p . 2 9 2 /)  th e re  e x i s t s  a  L ip s c h i tz  co n tin u o u s  f r e e  flow  

^Ts :seR *^such t h a t  Ts a g re e s  w ith  F3 on B and Ts (x ,y )= (x + s ,y )  f o r  

0<s on th e  e x t e r i o r  o f  some open d is k  D c o n ta in in g  B. Thus th e r e  

e x i s t s  xc in  R"*- such  t h a t  xo«.x im p lie s  t h a t  Ts ( x ,y )  » (x + s ,y )  f o r  

o< s  < 1 . S ince  ^Ts : s  a  R**j i s  a L i p s c h i tz  co n tin u o u s  f r e e  flow  we have 

by th e  P o in ca re -B en d ix o n  Theorem ( c f ,  Kamke / $ / )  t h a t  f o r  each  ( x ,y )  in  

R2 th e  flow  l i n e  c o n ta in in g  (x ,y )  ( i . e .  (J^Ts ( x , y ) : s e R 1 ^ ) i s  p ro p e r ly  

embedded in  th e  p la n e .  C le a r ly  i t  a l s o  fo llo w s from th e  P o in ca re -B en d ix o n  

Theorem t h a t  t o  each  p o in t  (xo , t )  in  th e  p la n e  (xo as above) and r e a l  

num ber s ,  t h e r e  e x i s t s  a  p o in t  ( x ,y )  in  th e  p la n e  such  t h a t  Ts (x0 , t )  

= ( x ,y ) .  T h e re fo re  th e  mapping h : R2~^R2 g iv en  by h ( x ,y )  ■= ( s , t )  i s  a 

L ip s c h i tz  c o n tin u o u s  homeomorphism. Thus f o r  each  p o in t  (x ,y )  in  B, 

h T (x ,y ) = ( p j h ( x ,y ) + l ,  p 2h ( x ,y ) ) .  Hence T i s  boundedly  c o n ju g a te  t o  a  

t r a n s l a t i o n .

Remark 1 .1 .  One c o u ld  a ls o  prove t h a t  th e  f r e e  m atping T above i s  

"boundedly  c o n ju g a te  to  a  t r a n s l a t i o n "  by o b se rv in g  t h a t  th e  f r e e  mapping 

T̂ - above i s  su ch  t h a t  any d isk  has a  non-em pty in t e r s e c t io n  w ith  a t  m ost 

f i n i t e l y  many im ages o f  i t s e l f  by Tn , n  in  Z , o r  by n o t in g  t h a t  any 

a rc  jo in in g  tw o p o in t s  i s  such t h a t  a t  m ost f i n i t e l y  many im ages o f  i t ­

s e l f  by powers o f  T-*- have a  non-em pty  in t e r s e c t io n  w ith  a  g iven  bounded 

s e t .  Then by a p p ly in g  B rouw er's  P la n e  T r a n s la t io n  Theorem ( c f .  S p e m e r 

f l ? , Andrea /T > 27 , o r  B a r ra r  / 3 ,  p .  3R37 f o r  a d d i t io n a l  r e f e r e n c e s )  

we have  th a t  T1 i s  co n ju g a te  t o  a  t r a n s l a t i o n  o f  th e  p la n e .  U sing 

t h i s  approach  we p rove on ly  t h a t  T1 i s  co n ju g a te  t o  a  t r a n s l a t i o n  by 

a homeomorphism, n o t  by a  L ip s c h itz  co n tin u o u s  homeomorphism a s  was 

o b ta in e d  u s in g  th e  r e s u l t s  o f  Kamke.

Remark I .  &, I f  a f r e e  mapping T i s  em beddable in  a  f le w , th e n  c le a r ly  

T i s  boundedly  em beddable in  a  f lo w . Hence T i s  bounded ly  c o n ju g a te  

t o  a  t r a n s l a t i o n .
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C h ap te r I I  

Examples

We b e g in  by d e s c r ib in g  a w e l l  known f r e e  mapping w hich i s  

n o t  c o n ju g a te  t o  a  t r a n s l a t i o n .

Example I I . 1. ( c f .  A ndrea / l ,  p .  6 7 / ) .

L e t ^F a : a €  be th e  flew  t h a t  i s  d e f in e d  by th e

s o lu t io n s  o f  th e  d i f f e r e n t i a l  e q u a tio n

dx _ ( 1 -  x2 f o r  1x 1 < 1  •
d t  £ 0 f o r  1x 1 >, 1 3

x f o r  1x 1 1
1 f o r  | x l  £.1

C le a r ly  Fa  i s  a  L ip s c h i tz  co n tin u o u s m apping o f  R2 f o r  

each  a ^  Qi However, no  Fa , a / 0  i s  c o n ju g a te  t o  a t r a n s l a t i o n  s in c e  

each  d isk  c o n ta in in g  / - I , ! 7  X ^0  ̂ has a non-em pty in t e r s e c t io n  w ith  

each  o f  i t s  images by Fa , a  A) . N e v e r th e le s s ,  Fa , a^Q  i s  bounded­

ly  c o n ju g a te  t o  a t r a n s l a t i o n  by th e  rem ark a t  th e  end o f  th e  p re v io u s  

c h a p te r .

In  th e  n e x t exam ple a  f r e e  mapping i s  d e s c r ib e d  w hich h as  

g lo b a l  p r o p e r t i e s  ve ry  d i f f e r e n t  from th o s e  o f  a  flo w . In  o rd e r  t o  

d is c u s s  th e s e  p r o p e r t i e s  we make th e  fo llo w in g  d e f in i t io n *  A bounded 

s u b s e t  B o f  th e  p la n e  d iv e rg e s  w ith  r e s p e c t  t o  a  f r e e  mapping t  o f  

th e  p la n e  i f  a t  m ost f i n i t e l y  many im ages o f  B by powers o f  t  have 

a non-em pty i n t e r s e c t i o n  w ith  any bounded s u b s e t  o f  th e  p la n e .
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The above d e f in i t io n  i s  m o tiv a te d  by S p e m e r 's  v e rs io n  o f  

B rouw er's  P lane  T r a n s la t io n  Theorem ( c . f .  S p e m e r / 7 ,  p . 47 / o r  Andrea 

/ l ,  p , 7 1 /) :  A f ix e d - p o in t  f r e e  o r i e n t a t i o n  p re s e rv in g  homeomorphism 

t  o f  th e  E u c lid ean  p la n e  onto  i t s e l f  i s  co n ju g a te  t o  a  t r a n s l a t i o n  

i f  and only  i f  e v e ry  bounded s u b se t o f  th e  p lan e  d iv e rg e s  w ith  r e s p e c t  

t o  t .

The f r e e  mapping in  th e  n e x t  example has th e  s u r p r i s in g  p ro ­

p e r ty  t h a t  th e r e  i s  a  p o in t  in  th e  p la n e  such t h a t  no connected  s e t  

p ro p e r ly  c o n ta in in g  th e  p o in t d iv e rg e s .  Such p o in ts  a r e  n o t  c o n ta in ed  

in  any p ro p e r ly  embedded in v a r ia n t  c u rv e . S ince th e  P o incare-B end ixon  

Theorem im p lie s  t h a t  e v e ry  f lo w lin e  o f  a  f ix e d - p o in t  f r e e  mapping i s  

p ro p e r ly  embedded in  th e  p la n e , th e  f r e e  mapping in  th e  second example 

can n o t  be embedded in  a  flow . N e v e r th e le s s ,  t h a t  f r e e  mapping w i l l  

be shown t o  be boundedly  embeddable i n  a  flow and hence boundedly con­

ju g a te  to  a  t r a n s l a t i o n .

Vie now p ro c e ed  to  d e f in e  th e  f r e e  mapping d e sc r ib e d  above. 

Example I I .  2 .

Let <p be a  C1 d iffeom orphism  o f th e  r e a l  l i n e  s a t i s f y i n g  

th e  fo llo w in g  c o n d i t io n s :

1 . (fiCo) = 0 ;

2 . (£Kx) <  x  f o r  x ^0 ;

3. (x )  = x -  3 f o r  J.x+l|!>  2 .

I t  i s  c l e a r  t h a t  such a  fu n c tio n  can be d e fin e d  and w i l l  

leav e  no  p o in t  f ix e d  ex cep t 0 ,

Let S (x ,y )  = Cx-3) s i n 2 TT y + (^ (x ) cos2 JT y .

D efine t ( x , y )  = (S (x ,y ) ,  y+D* C le a r ly  t  i s  a  C1 f r e e  mapping o f  

R2 . I n c id e n ta l l y ,  t  i s  a lso  c o n ju g a te  to  a  t r a n s l a t i o n ,  s in c e  i t  i s
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e a s i l y  seen  th a t  e v e ry  bounded s u b s e t  o f  th e  p la n e  d iv e rg e s  w ith  r e ­

s p e c t  t o  t .

We now map th e  (x ,y )  p la n e  i n t o  th e  ( u ,v )  p la n e  by d e f in in g  

k (x ,y )  = ( u ,v )  f o r  each  (x ,y )  .in  where u = arc tan x  and v=y+x.

C le a r ly  k i s  a  C1 d iffeom orphism  from th e  ( x ,y )  p lan e  o n to  th e  

re g io n  G r  £ (u ,v )  * J .u t< ^ £ ^  .

D efine f ( u ,v )  = k t  ( x ,y )  so  t h a t  f1̂  u ,v )= k tn k “ ^ ( u ,v )  

f o r  each  in t e g e r  n .  We th en  have

1. Lirn ( p i f ( u - v ) ) -  D i(u , v ) ) = L im (a rc ta n (x -3 ) -a rc ta n x )= 0 ;

2 . Lim (p 2 ( f ( u ,v ) )  -  p 2( u ,v ) )=  L im (y+ x-2-(y+ x))= - 2 .
u .-*  J  x**f «>

We a re  now in  a p o s i t io n  t o  d e f in e  a L ip s c h itz  co n tin u o u s  f r e e  

mapping on th e  (u ,v )  p la n e  w ith  th e  i n t e r e s t i n g  p r o p e r t ie s  p re v io u s ly  

m en tioned . We p ro c e e d  by e x te n d in g  th e  mapping f  t o  a L ip s c h i tz  con­

tin u o u s  f r e e  mapping T d e fin e d  as fo l lo w s :

T .< u ,v ) = (u ,v - 2 )  f o r  ;

T (u ,v )  = f  (u ,v )  f o r  .

The p r o p e r t i e s  1. and 2 . above im ply t h a t  T i s  L ip s c h i tz  

c o n tin u o u s .

To se e  t h a t  any bounded co n nec ted  s e t  p ro p e r ly  c o n ta in in g  

( 0 ,0 )  does n o t  d iv e rg e  we look a t  Tn f o r  la r g e  n .  In  p a r t i c u l a r  

we w i l l  show th a t  i n f i n i t e l y  many im ages by Tn (n fcZ ) o f  such  a  connec­

t e d  s e t  have a  non-em pty i n t e r s e c t i o n  w ith  L= £ ( u ,v ) :  | u j i ^ I ,  v=0

Suppose t h a t  C i s  a  co n n ec ted  s e t  p ro p e r ly  c o n ta in in g  

( 0 ,0 ) .  L et (u &, vft) be a  p o in t  in  th e  component o f  CflG c o n ta in in g  

(0 ,0 )  and d i f f e r e n t  from ( 0,n )  ( n in  Z) and l e t  (x o , yo ) = k ' ^ H , , ^ .

We th e n  have u& = a rc ta n  xo and vo = ^  .
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He now examine Lim T*11 (u  , v ) .

Case 1: yo Z.

F o r s u f f i c i e n t l y  la rg e  in te g e r s  n we have t n (xo , ^  )

<  - 1 .  Then . Lira Tm (u  , v  ) = ( -  ~  , -  oo ) .
c '*•

Case 2 : 3̂  € . Z , 0

,» N -  fThen Lim T1" ( u  , va ) = (■? t *co ) .
m - > - 0 0

Case 3: y  & Z , x ^ o .
■■ J o  ’  o

Then Lim T111 ( u e , v ) = ( - — > -co).
m->+oo

We now observe  t h a t  f o r  each  in t e g e r  m , p2 C Tm ( 0 ,0 ) )= m.

In  case  l j  th e r e  e x i s t s  an in t e g e r  H> 0 such t h a t  f o r  each  

in te g e r  M p2 ( Tm ( u o , v )  ) < 0 .  But a l s o  p2 ( T™ ( 0 , 0 ) ) > 0 .

I n  case 2 ,  t h e r e  i s  an i n t e g e r  M> 0 such t h a t  m<C-M im p lie s  

th a t  p2 ( Tm (u 0 , vo ) )>  0 . Here we a lso  have  p2 ( Tra ( 0 ,0 )  ) <  0 .

In  case 3, t h e r e  e x i s t s  an in t e g e r  H >0 su ch  t h a t  m> M

im p lie s  t h a t  P2 (T™ (uo , v0 ))< *0 . In  t h i s  case  (T™ ( 0 . ,0 ) } > 0 .

The above th r e e  cases  im ply  t h a t  f o r  a l l  b u t  f i n i t e l y  many 

in te g e r s  T*^(C) c o n ta in s  p o in ts  b o th  above and below  th e  l in e  s e g ­

ment L. S in ce  'Irt'  (C) i s  co n n ec ted  and c o n ta in e d  in  G, th e  p re v io u s  

s ta te m e n t im p lie s  t h a t  i n f i n i t e l y  many T*11 (C) have a  non-em pty i n t e r ­

s e c t io n  w ith  L. T h e re fo re  C can n o t  d iv e rg e  w ith  r e s p e c t  t o  T.

Thus we see  in  p a r t i c u l a r  t h a t  th e r e  i s  no cu rve  th ro u g h  ( 0 ,0 )

which i s  I n v a r ia n t  u n d er T and i s  p ro p e r ly  embedded i n  th e  p la n e . 

T h e re fo re  a s  m entioned  b e f o r e ,  i t  fo llo w s from th e  P o in care -B en d ix o n  

Theorem t h a t  T can n o t  be embedded in  a flo w . B ecause o f  t h i s  f a c t ,  

i t  i s  n o t  r e a d i ly  seen  t h a t  T i s  boundedly  embeddable in  a  flow .
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N e v e r th e le s s ,  we now show t h a t  T i s ,  in d e e d , boundedly  em beddable 

in  a  flow  and hence  i s  boundedly  c o n ju g a te  t o  a  t r a n s l a t i o n .

Our p u rp o se  new i s  t o  d e fin e  f o r  each  in te g e r  N a  f r e e  

m apping o f  th e  ( u ,v )  p la n e  w hich i s  em beddable in  a L ip s c h itz  co n tin u ­

ous flow  and a g re e s  w ith  T e x c e p t on th e  s e t  H= £ ( u ,v ) :  |u |< J T ,  \ v |^ N ^ .  

To do t h i s  we d e f in e  a f r e e  m apping t *  on th e  (x ,y )  p la n e  which ag rees  

w ith  t  on th e  s e t  k _1 (E) where E=G '•sH- ^ ( u , v ) : u < ^ I , , so

t h a t  k -1  (E )= ^ ( x ,y ) :  \x ty ] 4  N j  .

C le a r ly  th e r e  e x i s t s  a  n o n -d e c re a s in g  C-5- fu n c tio n  g on 

R*- s a t i s f y i n g :

1» S (y)  = y f o r  - N - ^ ^ y t .H + l ;

2 . g (y )  = N+3/2 f o r  y ^ N + 3 /2 ;

3. g (y )  = -H -9 /2  f o r  y ^  -  H -  9 /2 .

P u t S* ( x ,y )  = (x -3 )  s i n 2 (~TTg Cy))+ 4J. (x ) cos2 ( Tf g(y))  

where i s  as  b e f o r e .  Then we n o te  t h a t

S * (x ,y )  = S (x ,y )  f o r  -  N -H < y < H + l, x £ - l ,  o r x 

S" C x,y) -  x -3  f o r  y ^ -M -9 /2  o r y^ .N + 3 /2 .

D efine  t *  ( x ,y )  = (S* ( x , y ) ,  y t l ) .  C le a r ly  t -i i s  a  f r e e  mapping o f

th e  (x ,y )  p la n e  w hich a g re e s  w ith  t  on k “ l  (E ) .

L et B (b) be th e  i n t e r s e c t i o n  o f  th e  l in e  y=-^L/^x*b w ith  

th e  s t r i p  -N -13/2< y  < - N - l l / 2 .  Then t 5*” ^ ( B ( b ) ) U  B ( b ) U t‘" (B (b ))  i s
00

a s in g le  s t r a i g h t  l in e  segm ent and Bs* (b ) = 0  t**- (B (b )) i s  a  C-*-
i=-o»

curve  f o r  each  r e a l  number b . He f u r t h e r  observe  t h a t  i f  b £  -N- 29 /6  

o r  b ^ N + 1 7 /6  ,th e n  B* (b ) i s  j u s t  th e  s t r a i g h t  l i n e  y = -(l/3 )x + b .

We now embed t*  in  a  flow .

Let a  be a r e a l  num ber, W henever b o th  y ^ - 9 / 2  and
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y  + a  -  9 /2 ,  d e f in e  F*a ( x ,y )  = (x~ 3a , y + a ) .  Then th e  l i n e  segm ent 

jo in in g  ( x ,y )  and  F*a ( x ,y )  h a s  s lo p e  - 1 / 3 .  To d e f in e  Fa  (x ,y )  f o r  

any p o in t  ( x ,y )  in  th e  p la n e  l e t  M be a non n e g a tiv e  i n t e g e r  such 

t h a t  b o th  y-H £ - 9 / 2  and y -H + a ^ - 9 /2  and p u t  Fa ( x ,y )  = t * M F*a t* “ M 

( x , y ) .  Fa  i s  e a s i l y  seen  t o  be w e l l  d e f in e d .

S in ce  F ^ = t* , t*  i s  embedded in  th e  flow  ^ F a : .

Let T* (u ,v )  = Jet* k " ^  ( u ,v )  f o r  u < ,~ ^  and T* ( u ,v )  =

T ( u ,v )  f o r  U £  Then T* i s  embedded i n  th e  flew  ^T a : a g  R ^  

g iv e n  by Ta ( u ,v )  = k Fak "^  ( u ,v )  f o r  u c  -g' and Ta ( u ,v )  = (u ,v - 2 a )  

f o r  u £  -O'.

To check t h a t  Ta i s  L ip s c h i tz  c o n tin u o u s  r e c a l l  t h a t  f o r  |b |

s u f f i c i e n t l y  l a r g e ,  B(b) i s  j u s t  a s t r a i g h t  l i n e  w ith  s lo p e  - 1 / 3 .

We th e n  have a s  i n  th e  co m p u ta tio n  f o r  Lim k tk - ^ (u ,v )  t h a t
n-fcf-t- TT

Lim k t * ak"-1-(u ,v )  = ( + .5  ,v - 2 a ) .  “  3-
u->+ I t

— SL
A s im p le  co m p u ta tio n  shows t h a t  th e  v e c to r  f i e l d  d e f in e d  by Ta  i s

r q 17 *

L ip s c h i tz  c o n tin u o u s . B ut t h i s  j u s t  means t h a t  th e  flow  t  T : a e R ^ f  i s  

L ip s c h i tz  c o n tin u o u s .

S in c e  T’1* ag re es  w ith  T on R2 n  H we have t h a t  th e  f r e e

m apping

f T on R2 \ H

T* = }  - 1/ k t i; k on H

i s  em beddable i n  a  L ip s c h i tz  c o n tin u o u s  f lo w ; h e n c e , T i s  boundedly  

c o n ju g a te  t o  a  t r a n s l a t i o n .
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C h ap ter  I I I

M inim al R e la tio n s

In  t h i s  and th e  n e x t  c h a p te r ,  an a t te m p t  w i l l  be made t o  

bounded ly  embed a f r e e  mapping T in  a flow . T h a t i s ,

g iv en  a bounded s u b s e t  B (w hich  can be assum ed t o  be a  c lo s e d  d is k )
9

o f  th e  p la n e  and a f r e e  m apping T o f  R , we w i l l  a tte m p t to  f in d  a  

f lo w ^ T a : a £ E ^  such t h a t  T1 ag rees  w ith  T on B. To e x p lo re

t h i s  p o s s i b i l i t y ,  we w i l l  make use o f  c e r t a in  e q u iv a le n c e  r e l a t i o n s  

on th e  p la n e .  The e q u iv a le n c e  c la s s e s  w i l l  be  e i t h e r  c lo s e d  s t r i p s  o r  

l i n e s .  Vie w ould  hope t h a t  e ach  e q u iv a le n c e  c l a s s  b e lo n g in g  t o  a 

m in im al r e l a t i o n  would t u r n  o u t t o  be an o r b i t  o f  th e  d e s i r e d  flo w .

L e t B be a c lo s e d  d isk  and l e t  D be an open d is k  c o n ta in ­

in g  B. The eq u iv a len c e  r e l a t i o n s  employed h e r e  w i l l  depend onT^ D,

B , r e a l  num bers K > 0 , and  a  C1 f u n c t i o n ^  s a t i s f y i n g :

1 . (p )  -  0 i f  and  on ly  i f  p i s  i n  Bj

2 ,  (QCpjH’Oo a s  p —? D1, p i n  D.

Mow we l e t  G ( K ,( ^ )  deno te  th e  c l a s s  o f  a l l  p a i r s  (Q,X)

2c o n s is t in g  o f  an e q u iv a le n c e  r e l a t i o n  Q on R and a  u n i t  v e c to r  

f i e l d  X d e f in e d  on R2 w hich  have th e  fo l lo w in g  p r o p e r t i e s :

1 . X i s  a  n o n v a n ish in g  L ip s c h i tz  co n tin u o u s  v e c to r  f i e l d  

w ith  L ip s c h i t z  c o n s ta n t K.

2 ,  X i s  a p o s i t i v e l y  d i r e c te d  h o r i z o n t a l  v e c to r  f i e l d  on 

th e  e x t e r i o r  o f  D. xo an d  x 1 w i l l  d en o te  r e a l  numbers su ch  t h a t

and  x  ^  Xĵ  im ply  t h a t  ( x ,y )  i s  n o t  i n  D f o r  each  y  in  R1 .

I t  can be assum ed t h a t  xq = 0 . Let H d e n o te  th e  h a l f  p la n e
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£(x,y)feR2 :xiO^ and H+ den o te  th e  h a l f  p la n e  ^ ( x ,y ) £ R 2 : x ^ x . ^ .

3. Each c la s s  o f  Q c o n ta in s  e v e ry  o r b i t  o f  X t h a t  has

a nonempty in t e r s e c t io n  w ith  i t .

4. Each c la s s  in  Q i s  co n n ec ted  and c lo se d .

5 . For each  p in  R2 d* ( E ( p ) ,  E ( T ( p ) ) ) iC ^ ( p ) ,  where d*
r\

and E ( p ) ,  p in  R a re  d e f in e d  as fo llo w s :

i .  i f  p i s  a p o in t  in  th e  p la n e ,  th en  E (p ) i s  th e  c la s s  

o f  Q w hich c o n ta in s  p ;

i i .  i f  E-̂  and E2 a re  c la s s e s  o f  Q, th e n  d:V (Ej_, E2 )

= d ( E 1 r \ H,  E2 A H ) .

We d e f in e  a  p a r t i a l  o rd e r in g  on G (K,<$ ) by s a y in g  f o r

X i) ,  (Q j ,  X j) in  G(K,($ ) t h a t  (Qj , X j  ) r e f in e s  (Q ^, XO o r

<Qj. X± ) >  (Q j, X j) i f  Qj[  ̂ Qj and each  e q u iv a le n c e  c la s s  o f  Qj 

i s  c o n ta in e d  in  an e q u iv a le n c e  c la s s  o f  Q^, In  t h i s  c a se  we say t h a t  

i<- j .

He w i l l  show t h a t  each  ch ain  in  G(K,(^ ) p a r t i a l l y  o rd e red  

by th e  r e l a t i o n  " r e f in e s "  h a s  a low er bound. To prove t h i s  p ro p e r ty  

we use th e  fo llo w in g  r e s u l t s .

Lemma I I I . l .  L e t ^(Q^, X ^): i f e  be a  chain  in  G (K , $  ) a cco rd in g
2

to  th e  r e l a t i o n  " r e f in e s "  d e f in e d  above. For each  p in  R l e t  

E (p) -  fl fE K n ); j<t . Then 0= ^ F (p ): p £  R2 % i s  a  p a r t i t i o n  o f

R2 such  t h a t  each  e lem en t o f  Q i s  co n n ec ted  and s e p a r a te s  R2 i n t o  

a t  m ost two unbounded r e s i d u a l  dom ains.

P ro o f . I t  i s  c l e a r  t h a t  f o r  two p o in ts  p ,  q in  R2 , e i t h e r  E(p)

=E(q) o r  E (p) i s  d i s j o i n t  from E (q ) .

L e t H. (p )  = Ei  ( p ) 0  HJ
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H+± (p ) = E i (p ) n H+S

CL (p ) = K± ( p )(1 ( r 2 \ ( h O h + )° ).

Then f o r  each  p in  R2 and i , j  in  I  we have  t h a t
o

i c . j  im p lie s  t h a t  Cj ( p ) c  ( p ) .  For e v e ry  p in  R and i

in  I* (p )  i s  o b v io u s ly  compact and e a s i l y  seen  t o  be c o n n ec ted ; 

h e n ce , C (p )  =fj^ ( p ) : i  e l j  i s  com pact and c o n n ec te d . F u rth e rm o re , 

i t  i s  c l e a r  from th e  d e f i n i t i o n  o f  H> (p ) and H+i  (p )  t h a t  f o r  

e v e ry  p in  R2 H (p ) = H ^ Hi  ( p ^ : i&  and ( p ) “ f)£{'I+i  C p); 

a re  c lo s e d  and co n n ec ted . S in ce  H (p ) f \  C (p ) and H+ ( p ) f i c  (p ) 

a re  c lo s e d  i n t e r v a l s  ( p o s s ib ly  d e g e n e ra tin g  t o  a p o i n t ) ,  we have t h a t  

E  (p ) = C (p )U  H ( p )vj H+ (p )  i s  co n n ec ted  and c lo se d .

From th e  f a c t s  t h a t  H(p) s e p a r a te s  H i n t o  a t  m ost two

com ponents, H+(p ) s e p a r a te s  H+ i n t o  a t  m ost two com ponents, E(p ) i s

c o n n ec te d , and C(p) i s  com pact i t  fo llo w s  t h a t  th e r e  a re  a t  most two

^SSnnec^ic^ components in  R2 "n. E (p ) .

In  th e  fo llo w in g  we s h a l l  assume th e  h y p o th e s is  and n o ta t io n  

o f  lemma I I I . l .

Lemma I I I . 2 . I f  E , F a r e  d i s t i n c t  c la s s e s  o f  Q, th e n  e v e ry  n e ig h b o r­

hood o f  th e  boundary o f  th e  r e s id u a l  domain VJ o f  R2 "*̂  (E O F ) t h a t  

s e p a ra te s  E and F c o n ta in s  p o in ts  w in  W w ith  th e  p ro p e r ty  

t h a t  e v e ry  n e ig h borhood  o f  w has a  non-em pty in t e r s e c t io n  w ith  un­

count a b ly  many d i s t i n c t  c la s s e s  o f  Q.

P ro o f : S in ce  W i s  open and a l l  c la s s e s  o f  Q a re  c lo s e d ,  e v e ry  

n e ig h b o rh o o d  o f  each component o f  W’ c o n ta in s  un co u n t a b ly  many d i s ­

t i n c t  c la s s e s  o f  Q c o n ta in e d  in  W as one can v e r i f y  by s ta n d a rd
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a rg u m en ts . A pply ing  t h i s  f a c t  t o  tvfo o f  th e s e  c la s s e s  and th e  r e s id u a l  

domain in  V/ d e te rm in e d  by them , we have th e  d e s i r e d  r e s u l t .

Lemma I I I .  3 , G iven a  ch a in  i € : l ?  in  G(K,<Q), th e r e
2

e x i s t s  a  c o u n ta b le  s u b s e t  J  o f  I  such  t h a t  f o r  a l l  p i n  R ,

Q fo j < p ): j £ J ?  =f)$ E- ( p ) :  i £  I ?  .

P ro o f :  L e t^ O n : n = l , 2 , . . . ^  be  a c o u n ta b le  c o l l e c t io n  o f  open s e t s

w hich fonn a  b a s i s  f o r  th e  to p o lo g y  o f  th e  p la n e .

L e t i Q be any e lem en t o f  I .  Siippose t h a t  i o ,

i ^ q  have been  s e l e c t e d  so  t h a t  i Q< i^<. We d e f in e  as

fo l lo w s . I f  0n c  E (q ) f o r  some q  in  R , th e n  l e t  i n be any

e lem en t o f  I  su ch  t h a t  i n >  i n _i*  I f  O n ^  E^P) f o r  “ V  P in  r2  *

th e n  th e r e  a re  p o in ts  q ,  r  in  such  t h a t  E (q ) 0  E ( r )  =(? , and

we can f in d  an i  in  I  such t h a t  E. ( r )  f\ E. (o ) and  i ^ i n_ i .
A t

In  t h i s  c a se  l e t  i n = i .

The above p ro c e d u re  d e f in e s  i c , . . . ,  i n , . . ,  i n d u c t iv e ly .

L e t J  * ^ : n=0  , 1 , . .  .

To s e e  t h a t  J  h as  th e  d e s i r e d  p r o p e r t i e s  suppose  t h a t  f o r

some u in  R2 F (u )= /lE ^ (u )  4 E ( u ) .  Then th e r e  e x i s t s  a  v  in  F(u)
jfeJ

such  t h a t  v  i s  n o t  in  E ( u ) .  L et VJ be th e  r e s id u a l  domain s e p a r a t ­

in g  E (u ) from  E ( v ) .  By lemma I I I .  2 . t h e r e  i s  a p o in t  w in  VJ
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such t h a t  each  b a s i s  e le m e n t c o n ta in in g  w h as  non-em pty i n t e r s e c t i o n  

w ith  i n f i n i t e l y  many c la s s e s  o f  Q. In  p a r t i c u l a r ,  th e r e  i s  a  b a s is  

e lem en t 0m c o n ta in in g  w w hich i s  c o n ta in e d  in  W. By c o n s t r u c t io n  

o f  i ^  t h e r e  e x i s t  p o in t s  q ,  r  in  0m su ch  t h a t  ( q )  i s  d i s j o i n t  

from  E ^  ( r ) .  B ut th e  f a c t  t h a t  q an d  r  b e lo n g  t o  W im p lie s  t h a t  

q and r  b e lo n g  t o  F ( u ) .  Hence F (q ) -  F (u) = F ( r ) .  Thus we have 

a  c o n t r a d ic t io n  and F (u ) = E (u ) ,

Lemma I I I , h . Given a  p a r t i t i o n  Q =5 E ( p ) : p € R 2 £ o f  th e  p la n e  as

d e f in e d  in  th e  h y p o th e s is  o f  lemma I I I . l ,  t h e r e  e x i s t s  a  n o n -v a n ish ­

in g  u n i t  v e c to r  f i e l d  X an th e  p la n e  w ith  th e  fo llo w in g  p r o p e r t i e s :

1 . X i s  a L i p s c h i t z  co n tin u o u s  v e c to r  f i e l d  w i th  L ip s c h i tz  

c o n s ta n t  K;

2 . X i s  a p o s i t i v e l y  d i r e c t e d  h o r i z o n ta l  v e c to r  f i e l d  on 

th e  e x t e r i o r  o f  D;
2

3. F o r each p in  R th e  o r b i t  o f  X t h a t  c o n ta in s  p , 

Q ( p ) , i s  c o n ta in e d  in  E ( p ) .

P ro o f ;  L e t J  be as i n  lemma I I I ,  3 , L e t (Xj) be th e  sequence  o f  

v e c to r  f i e l d s  in  th e  c h a in  X j) :  j e  .

By A s c o l i 's  th e o re m , th e re  I s  a  subsequence  (X^ ) o f  (X ^ ), 

( n = l ,2 , w hich converges u n ifo rm ly  cn compact s e t s  t o  a  

v e c to r  f i e l d  X, L et H = ^ € J :  n = l , 2 , . . , ^  , C le a r ly  X i s  a non­

v a n ish in g  u n i t  v e c to r  f i e l d  and s a t i s f i e s  c o n d itio n s  1 .  and 2 , in  

th e  s ta te m e n t  o f  t h i s  lemma s in c e  a l l  t h e  Xj have th e s e  p r o p e r t i e s .

Now we want t o  show t h a t  0 (p )  i s  c o n ta in e d  i n  E (p ) f o r  

each  p in  R , For each  m in  M l e t  0m (p ) d en o te  th e  o r b i t  o f
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Xro t h a t  c o n ta in s  p .  Then £om(p )^  i s  th e  sequence  o f  o r b i t s  con­

t a i n i n g  p w hich i s  such t h a t  ^ X ^  converges t o  X un ifo rm ly  on D. 

S in c e  a l l  Xjjj a re  e q u a l  on th e  e x t e r i o r  o f  D, we have t h a t  ^ X ^  con­

v e rg e s  un ifo rm ly  t o  X an R^. C le a r ly  / ^ m( p ) :  m'£ tlj = f l ^ E j ( p ) :  

j  6. ; hence by lemma I I I .  3 0 ( p ) c £ ( p ) -

Q
Lemma I I I . 5 F o r e v e ry  p ,  q in  R? Lim d»(Ew( p ) ,  E ^ q ) ) as m —>»through 

e le m e n ts  o f  M, i s  e q u a l  t o  d* ( E ( p ) ,  E (q )) .

The p r o o f  i s  s t r a ig h t - f o r e w a r d ,  so  we om it i t .

C o ro l la ry .  d * (E (p ) ,  E (T (p )))£ < $ (p ) .

T h is  fo llo w s  d i r e c t l y  from lemma I I I , 5 and th e  d e f i n i t i o n  of<f 

We now have p ro v ed  th e  fo l lo w in g .

Theorem I I I . l . Each ch a in  in  G(K,<p ) h a s  a  lo w er bound.

C o r o l la r y . G(K,(ff ) h as  a  m inim al e lem en t a cc o rd in g  to  th e  p re v io u s ly  

d e f in e d  r e l a t i o n  " r e f i n e s . "

P r o o f .  Apply Z o rn 's  lemma and theo rem  I I I . l
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C h ap te r  IV 

E x ten s io n s  o f  M inimal E lem ents

Here we examine th e  s t r u c tu r e  o f  th e  m inim al c la s s e s  o f  

th e  l a s t  c h a p te r .  We f i r s t  look  a t  th e  fo llo w in g  r e s u l t .

Theorem IV. 1 . L e t T be a  L ip s c h i tz  co n tin u o u s  f r e e  mapping o f

2 9R . Suppose t h a t  f o r  each  c lo s e d  d isk  B in  R* and some open d is k

D c o n ta in in g  B th e re  e x i s t  K, (p depending  on B, D, and T such

t h a t  an e lem en t (Q,X) in  G(K,(^)) (a s  d e f in e d  in  c h a p te r  I I I )  h a s

th e  p ro p e r ty  t h a t  each c la s s  o f  Q i s  a  l i n e .  Then T i s  boundedly

c o n ju g a te  t o  a  t r a n s l a t i o n .

P ro o f .  L e t ^ f a : a £  R1^  be th e  flow  in d u c ed  on R2 by X. Then f o r

each  p in  B, T (p) * f a (p )  f o r  some a  ? 0 .  S ince  th e  mapping 

AjB-tJR1 g iv en  by A(p) = a  i f  T(p) = f a (p )  i s  c o n tin u o u s , and B i s  

compact and c o n n ec te d , we have th a t  A(B) i s  com pact, co n n ec ted , and 

bounded away from z e ro . Thus th e r e  e x i s t  r e a l  numbers b ,  c ,

O ^ b ^ c  such t h a t  e i t h e r  A ( B ) C /b ,^ /  o r  A (B )C A -c ,-b /,
o

We can now e x te n d  A t o  a  co n tin u o u s  fu n c tio n  on R 

w ith  th e  fo llo w in g  p r o p e r t i e s :
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1 . A (p) = 1 ( r e s p . ,  A(p) = -1 )  f o r  p in  R2"~D;

2 .  A(p) > O ( r e s p . ,  A ( p ) O ) f o r  p in  D i f  A(a)

> 0  ( r e s p . ,  A ( q ) < 0 )  f o r  some q in  B.

D efine  T* (p ) = fA (p) (p )  f o r  each p in  R2 . C le a r ly

T* i s  a  f r e e  map o f  R2 which a g re e s  w ith  T on B and i s  t r a n s ­

la t io n  by ( 1 ,0 )  ( r e s p . ,  ( - 1 ,0 ) )  on th e  e x t e r i o r  o f  D.

The p ro o f  can be com pleted  in  two d i f f e r e n t  ways.

Method 1 . R ep a ram e trize  th e  flow  ^ fa : as.R-*-j such  t h a t  A(B)=1.

Then T* i s  embedded i n  a  f r e e  flo w . Hence by th e  theorem  I .  1.

T i s  bounded ly  c o n ju g a te  t o  a  t r a n s l a t i o n .

Method 2 . O bserve t h a t  s in c e  a&R^| i s  a f r e e  flow, ev ery  bounded

s u b se t o f  R2 d iv e rg e s  w ith  r e s p e c t  t o  T'-’:. Hence by B rouw er's  T ran s­

l a t io n  Theorem , Ts* i s  c o n ju g a te  t o  a t r a n s l a t i o n  o f  th e  p la n e . 

T h e re fo re  T i s  boundedly  c o n ju g a te  t o  a t r a n s l a t i o n .

One w ould l i k e  t o  prove t h a t  any f r e e  napp ing  i s  boundedly  

co n ju g ate  to  a  t r a n s l a t i o n  by a p p ly in g  theorem  IV .1 . Any e lem en t 

(QjX) s a t i s f y i n g  th e  h y p o th e s is  o f  t h a t  theorem  i s  c l e a r ly  m in im al. 

T h e re fo re  one i s  le d  t o  ask  i f  e v e ry  m inim al e lem en t o f  G (K ,4>) 

s a t i s f i e s  th e  h y p o th e s is  i f  K and  ^  a re  s u i t a b ly  chosen . We have 

n o t  been a b le  t o  answ er t h i s  q u e s t io n ,  b u t th e  fo llo w in g  theorem  g iv e s  

some in fo rm a tio n  in  t h i s  d i r e c t i o n .

Theorem IV . ‘2 . Let T be a  C1 f r e e  mapping o f  R2 . Suppose 

(Q,X) i s  an e lem en t o f  G(Ka (p) and th a t  Q c o n ta in s  a  c la s s  E

which has a  non-em pty i n t e r i o r  and i s  such t h a t  X i s  C on a  n e ig h ­

borhood o f  one component £* o f  E 1. Then f o r  ev ery  A > 1 th e r e
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e x i s t s  a  K(X)^ K such t h a t  (Q,X) i s  n o t  m in im al in  G (K  (>Q, >v(p).

To prove t h i s  th eo rem , vie f i r s t  d e f in e  a  homeomorphism from

th e  ( x ,y )  p lan e  t o  th e  ( s , t )  p lan e  so  t h a t  th e  flow in d u ced  by 

th e  v e c to r  f i e l d  X on th e  ( x ,y )  p lan e  tra n s fo rm s  t o  a  p o s i t i v e ly  

d i r e c te d  h o r iz o n ta l  flew  on th e  ( s , t )  p la n e .  To d e fin e  such  a  

homeomorphism we l e t  ^ j s f e R 1  ̂ be th e  flow  in d u ced  by X. D efine  

h ( s , t ) =  f 3 ( 0 , t )  f o r  e v e ry  ( s , t )  in  R2 . By th e  method in  Kamke 

/ 5 ,  p ,  2 9 2 / vie see  t h a t  each  (x ,y )  in  R2 can be w r i t te n  ( x ,y )

= ^ ( O j t )  f o r  a unique ( s , t )  in  R2 . Thus we have t h a t  h"-1- i s  a v ie ll

d e f in e d  homeomorphism vrhich i s  th e  i d e n t i t y  on th e  h a l f  p la n e  H 

= £ ( x , y ) :  y& R1! .

We now d e f in e  th e  m e tr ic  d* on th e  ( x ,y )  p la n e  to  be 

th e  m e tr ic  induced  from th e  E u c lidean  m e tr ic  on th e  ( s , t )  p la n e  by 

th e  map h .  The n o ta t io n  d* i s  j u s t i f i e d  by th e  f a c t  t h a t  i f  p ,  ^ 

a re  p o in ts  in  E 'C p)) E 'C q) r e s p .  such  t h a t  P jh "^  (p ) = 02 h” ^-(q)

and th e  components o f  E ' ( p ) ,  E 1 (q ) c o n ta in in g  p ,  q bound 

a  s t r i p  w hich s e p a ra te s  E (p ) from E (q )  th e n  d " (p ,q )  = d * (E (p ) ,E (q ) ) 

( where d-r(E (p ) ,  E ( q ) , )  i s  meant in  th e  se n se  d e fin e d  in  th e

p re v io u s  c h a p te r ) .

How we a re  in  a  p o s i t io n  to  p ro v e  th e  fo llo w in g .

P r o p o s i t io n  IV. 1. Let (Q»X) be in  G(K,(p). L e t E be a  c la s s  o f  

■ Q. I f  p b e lo n g s t o  th e  i n t e r s e c t io n  w ith  B o f  one component o f  

E1, th e n  T(p? belongs t o  th e  same component o f  E 1.

P ro o f . i f  E 5* 0 , l e t  H* be th e  component o f  th e  complement o f

E in  R^ such  t h a t  p i s  in  H*.

S ince  (p i s  a  fu n c tio n  on D which i s  z e ro  on B, (f)' i s
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a l s o  z e ro  on B. Hence f o r  e v e ry  £ > o  th e r e  e x i s t s  a  <£(£)> 0 such  

t h a t  p in  B and d:- ( p sq)  <-£(8 ) im ply  t h a t  C ^ q ) ^  £. d* ( p , q ) .

F o r each  £> 0  l e t  V(£ ,p )  = £ q e H ;,;: pj_ h"^* (q )  = p ^  h _1 (p )  and

d* ( E ( p ) ,  E (q )  ) = d* (p ,q ) < ( § ( £ ) ^  . By lemma I I I .  2 . we have

t h a t  f o r  each  £ > 0  and p in  b 0 e - : V ( £ ,p )  & & , S in c e  <£)(p)=0

and 0 we have by th e  above t h a t  d* (E (q )  9 E(T ( q ) ) ) £;(^(q)

< £ d *  ( p ,q )  = £  d*  ( E ( p ) , E ( q ) )  f o r  each  q in  V (£ ,p ) . In  p a r t i c u ­

l a r  f o r  q in  V(p) = V(1 ,p )  we have t h a t  d^CECq), E (T (q )) )

< d * (E (p ) ,E (q ) ) ,  S in c e  E ( q ) c H “ f o r  each  q in  V (p ), th e  p re c e d in g  

in e q u a l i t y  means t h a t  E (T (q ) )c :  f o r  each  q in  V (p). T h e re fo re ,

T (p ) i s  in  Ip - and T (p )  i s  in  H:* fl E .

We now assume t h a t  th e  lo w er boundary  E* o f  E 1 i s  su ch

t h a t  p2h” 1 (E*':) = 0 .  Assume a l s o  t h a t  X i s  in  a n e ig h b o rh o o d

o f  E*. L e t L = p^h- ! 1 (D f)E * )• F o r each  ( s , t )  in  l e t  u ( s , t )

= p jh ” l  Th ( s , t )  and v ( s , t )  = P2h” -1- Th ( s , t ) ,  We now p ro v e  th e  

fo llo w in g  r e s u l t s ,  w hich we w i l l  u se  in  th e  p ro o f  o f  th eo rem  IV . 2 .

Lemma IV . 1 . ( v ( s , t )  -  t )  |  t= Q =0 i f  c^(h ( s ,0 )  -  0 .

P ro o f . F or s  in  L and t £ ,0  we have t h a t  d * ( E ( h ( s , t ) ) , E ( T ( h ( s , t ) ) ))  

£  < |) ( h ( s , t ) ) .  S in c e  ^  i s  a  fu n c t io n  w hich i s  e q u a l  t o

z e ro  o n ly  on th e  c lo s e d  d is k  B and h i s  C-*- in  a  n e ig h b o rh o o d  o f  

th e  cu rv e  t =0 we have th a t ( ^  ( h ( s  ,0 ))=0 im p lie s  t h a t  0$ ^ ( s  , t ) ) | t= 0  

=0 .

Let S= £ seL : t^)(h(s ,0 ))= 0 ^  . F o r each  s in  S c o n s id e r

a  sequence  o f  p o in ts  h ( s , t n )  where tfjC O  and h t s , ^ )  i s  in

V( h ( s , 0 ) ) .  S in c e  h ( s , t n ) i s  in  H* we have t h a t  d* (T (h (s  , 1 ^ ) ) ,  
n

h C s j t j j ) ) = | v ( s , t n ) -  t n |<; Thus
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I —y j s ^ n l . , I ^  < ? .(h ( s , tn ))
| t n j — t n * S in ce  ( ^ ( h ( s ,0 ))  = 0

im p lie s  v ( S jo) = 0 we have th e  d e s i r e d  r e s u l t .

Lemma IV .2 . . Let Sp = 5 s fcL: vf  ( s ,Q )  + (<^h)+. (s .,0?  > g  i?

and Wp =  ̂ s  €  R~*~; <ft(h(s,Q ))>£ o r  s^. L ^ . Then f o r  a  s u f f i c i e n t ­

ly  s m a ll £ > 0 .

1. SF. Q W, = R1 ;

2 . Sr' 0  WJ = 0 .

P ro o f . C le a r ly  Vf£ i s  non-em pty . By lemma IV . 1 . S i s  non-em pty .

L et S = h ( s ,0 )  £  B^ . By th e  c o n t in u i ty  o f  (^ h )^

a t  t= 0  and th e  f a c t  t h a t  S i s  compact we have t h a t  th e r e  e x i s t s  an 

a>  0 such t h a t  d ( s , S ) < a  im p lie s  t h a t  h ( s ,0 )  i s  in  D an d  K $ h )  c s , o ) -  

i s  c l e a r  t h a t  f o r  s u f f i c i e n t l y  s m a l l  £  , 0 c£< i th e r e

e x i s t s  a  b >  0 , b < ia  such t h a t  i f  d ( s ,S ) ^  b 3 s  in L> th e n  < ^(h(s,0 ) ) > £ .

I t  i s  a ls o  e a s i ly  seen  t h a t  d ( s , S ) ^ a  im p lie s  t h a t  jv^ ( s , 0 ) + Cfl^h)t ( s , 0 ) |  

> £  •

From th e  above f a c ts  fo llo w  th e  d e s i r e d  r e s u l t s .

Lemma IV . 3. There e x i s t s  a C~*~ fu n c tio n  g : R- -̂ ^ / 0 , 1/  su ch  t h a t

— —  - i  t_  m r  -  i  .  . r —  ^ ~ y  -  - r  -  a  r

on each  component o f  W,. .

P ro o f . The p ro o f  e s s e n t i a l l y  fo llo w s  from U ry so h n 's  Lemma,

Lemma IV. *h. G iven \ >  1» th e r e  e x i s t s  a tf&>0 such t h a t  f o r  Q£ t s S "
i  2

we can d e f in e  £>x  ( s , t )  f o r  s in  Sg and £  ( s , t )  f o r  s  in  Wg.

such t h a t  ( s , t ) >  -  1 on SF and ( s , t > >  -  1 on Vf .̂ In  a d d i t i o n ,

f o r  h ( s , t )  in  D, im p lie s  t h a t v ( s , t )  -  t  -  ^ < $ ( s , t ) ^  & ^ ( s , t )
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^ v ( s , t )  - t+  X $ (s9t ) . ,  i  = 1 ,2 .

P r o o f . On S^ d e f in e  ( s , t )  = v ( s , t )  - v ( s ,0 )  -  t  + < ^ (h (sst ) )

-  < ^ ( h ( s ,0 ) ) .  F o r t=0  vie have ( s , t )  = 0 . Hence f o r  s u f f i c i e n t l y  

s m a l l  ^ > 0 and O e tS :^  vie have t h a t  h i s  a t  ( s , t )  an d  v ( s , t )  -  t  -

X < ^ (h ( s 9t ) ) £  A ^ C s j t )  £  v ( s , t ) ~ t  -♦*Ad}(.h(s, t  ) .  S ince  a l s o  vt  ( s , 0 )

- 1+ < P ( h ( s ,0 ) ) >  - H £  f o r  s  in  S£ we have by c o n t in u i ty  o f  vt

a n d  (( )̂ h ) t  a t  t =0 th a t  th e re  e x i s t s  a ^ 1~  such th a t

v t  C s , t ) - 1 +  ( ( ^ h ) t  ( s 4t ) >  - l + £ > - l .  B ecause A t  ( s , t ) - vt ^ s » t) - 1  

- ( i^ h J ^ C s j t )  vie h av e  ( s , t ) >  - 1  f o r  O ^ t ^ ^  s  i n  ^  .

On W 0  h “ -L(D) we d e f in e  A 2( s , t )  =0 f o r  O ^ t ^ i t .C "

S in c e  vie have v ( s , 0 ) -  C^(h(s ,0) ) £  A ^ ( s  »0) ^  v ( s ,0 )  + c |K h (s ,0 )  we

h a v e  f o r  a n y X > l t h a t  v ( s , 0 ) -  A < ^ (h (s ,0 ))< . A ^ ^ s »°i*C.v t s »0) +

X < p(K s,o )), Hence by  c o n tin u ity  o f  v ,  t ,  h and  <̂ ) we h av e  t h a t  th e r e  

e x i s t s  y  0 , f :c ^ i such th a t  f o r  0 ^ t £ r ^ * ,  v ( s , t )  -  t  -  X ^ C h C s j t ) )

^  A  2( s , t )  v ( s st )  -  t  + A ^ ( h ( s , t ) )  and A 2 ( s , t ) > - l  on

\  *  /?> J £ 7 .

Lemma IV . 5. T h e re  e x i s t s  a <£'*> 0 and a Ĉ - f u n c t io n  A d e f in e d  on

( S F O  VJP > x AP ■» <£l!/ such t h a t

1. f o r  0 ^ t < rV' and h ( s » t )  in  D, l v ( s , t )  -  t  -  ^ ( s 9t ) l  

^  A<$ ( h ( s , t ) ) ;

2 . h ( s + 1 , t  t A ( s , t ) )  i s  in  th e  i n t e r i o r  o f  E u n le s s  t= 0 ;

3. th e  map F; h ( s , t ) * —» h ( s + l ,  t + A ( s , t ) )  i s  a

d iffeo m o rp h ism  from  h (rA  X / 0 * j ft_ / ) i n to  a  s u b se t o f  R^»

P r o o f .  S in ce  v  and<p a re  C"*" on L X ^ o | , b o th  JA’*' ( s , 0 )  and ^ 2 ( S jo)

a r e  z e ro  on h (I} x £ of ) .  I f  we ta k e  & s u f f i c i e n t l y  s m a l l ,

th e n  t  + l & ( s , t ) l ^  1 /3  d* (E  * ,E  1 ^  E *) and we have  %. f o r  0 - t  —
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D efine  A ( s , t )  = g C s J ^ C s j t )  + ( l - g ( s ) ) A 2 ( s , t )  f o r  0 

s  in  r \  S in ce  '& i s  a  convex com bination  o f  ^  ^ and J*y^ which 

i s  in d ep en d en t o f  t -  we th e n  c l e a r ly  have 1 . By th e  form o f  F we 

se e  t h a t  F i s  a  homeomorphism i f  ^ t ( s , t ) >  - 1 ,  T his c l e a r ly  fo llo w s  

from th e  c o n s tr u c t io n  o f  & .

• We a re  now in  a  p o s i t io n  to  com plete th e  p ro o f  o f  theorem  IV ,2 . 

F i r s t  we ta k e  such t h a t  O ^ t^ J j ’' im p lie s  f o r  n in  Z th a t

P2 (h “ ^(Fn ( h ( s t t ) ) ) ) ^ <£ M.
Vie embed in  a flow  th e  homeomorphism F in  lemma IV, 5 ,

For s ^ O  and t  in  R1 we have ( s , t )  i s  in  th e  e x t e r i o r  o f  h_ 1(D ).

For d e f in e  Fa ( h ( s , t ) )  = F1'1 Fa  F"H(h ( s  , t ) ) where H i s  an

in t e g e r  such  t h a t  p ^C f^C h C s, t ) ) )+ a<0 . I t  i s  e a s i ly  seen  t h a t

^Fa : a C R ^ i s  w e ll  d e f in e d  and F ^ F ,

L e t Y = (s 19z2 ) be th e  v e c to r  f i e l d  induced  by th e  flow

^F a : a ^ R 1}, Let X = (w ^ W j). S ince  X i s  n o n -v a n ish in g  a t  t  = 0 and

Y ag re es  w ith  X a t  t  = 0 we can f in d  a  ^ > 0 , such  t h a t  Y

does n o t v an ish  f o r  0 ^ t £ ^ .  Thus f o r  a  g iv en  s  in  R̂ " we have

f o r  e i t h e r  i = l  o r  i =2 th a t  v;i ( h ( s , 0 ))  4 0 and z i ( h ( s , 0 ))  4 0 .

S in ce  w i ( h ( s ,0 ))  = z i ( h ( s s0 ) )  vie have f o r  one i  t h a t  w ^ liC s ,0 ) )

4  2 s . ( h ( s , 0 j ) ,  Hence by th e  c o n t in u i ty  o f  w^ and z . th e r e  i s  a
2,

<S > 0 , such  t h a t  f o r

■ ■ W i ( h ( s , t ) ) /  —  z ^ h C s j t ) )  f o r  t h i s  i .

T h e re fo re  th e  v e c to r  f i e l d

X f o r  t  ̂  0 and t  ^  £

X* -  ■'J Y f o r  0 < t <  h .S

■2 t  i -  x t  2 L l « _ y f o r  S . k t ‘ 5
<y o

2
i s  a n o n -v a n ish in g  v e c to r  f i e l d  on R .
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L e t ^T a : a  £  be  th e  flow  in d u c e d  by X*. L e t Q* 

c o n s is t  o f  th e  o r b i t s  o f  X* ( 0 "  ( h ( s , t ) ) )  f o r  0 < ^ t ^  & * th e  

c la s s e s  o f  Q o th e r  th a n  E , and E v. \J  £ o *  ( h ( s  , t ) ) : 0 ± t  £

Then c l e a r l y  (Q *, X*) b e lo n g s  t o  G ( K( > 0  , ) .  T h e re fo re

(Q SX) i s  n o t  m in im al in  G (K (?0 ,A (^  ) .  T h is  p ro v es  Theorem IV . 2 .

P e rh ap s  in  a  f u r t h e r  s tu d y  i t  w ould be p o s s ib le  t o  u se  th e  

method d ev e lo p ed  in  Theorem IV. 2 t o  p ro v e  t h a t  f o r  s u i t a b l e  K and 

<f) a l l  e q u iv a le n c e  c l a s s e s  b e lo n g in g  t o  a  m in im al e lem en t o f  G(K,<^) 

a re  l i n e s .
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