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ABSTRACT

RIGOROUS APPROACHES TO CRITICAL PHENOMENA AT PHASE

TRANSITIONS

by

Demetris Nicolaides

Adviser: Professor Alexander A. Lisyansky

The theoretical study of critical phenomena at phase transitions is one of the most
challenging problem in condensed matter physics. As has been shown by renormalization
group (RG) theory, critical fluctuations can cause drastic changes in the nature of the
phase transition which have been observed experimentally. However, there are many
discussions about the reasons for these changes. Since physically different phenomena,
such as additional interactions, or the dependance of system parameters upon temperature
or critical fluctuations, can result in similar effects, it is very difficult to conclusively
ascribe critical fluctuations as the real reason for the some striking effects in phase
transitions. Unfortunately, RG theory is not a big help in settling this dispute. This

theory can only determine the critical asymptotics. For the case of qualitative effects this
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A\
theory does not work very well and can only make intuitive predictions which very often
totally contradict the picture obtained from mean field theory. Consequently, hoping to
find the true description of critical phenomena at phase transitions, we study various
important systems through an alternative approach. We use an exactly solvable model
that takes into account fluctuation interactions partially. It is, therefore, conceptually
somewhere between mean field and RG theories. The advaniage of the model is that it
is exactly solvable, and can therefore provide us with the description of phase transitions
within the whole range of variation of thermodynamical quantities. In systems with
coupled order parameters the model finds the first order phase transition induced by
fluctuations. This type of transition is replaced by a second order when fluctuations are
suppressed. Systems with two interacting order parameters which additionally are
coupled to two random fields exhibit second order transitions. Finally the mode] is
applied to the case of a random field coupled to an order parameter in d dimension and
proves similar critical behavior with the pure case of (d - 2) dimension. At the end we
use the fundamental formalism of RG in systems described by the most arbitrary
symmetry Hamiltonian in order to construct an exact RG equation which contains no

redundant operators.
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1.1 INTRODUCTION

A situation for which interparticle interactions cause correlations between many
particles in a system manifests itself most strikingly in phase transitions. In general the
theoretical study of systems undergoing phase transitions is so complicated that it
inevitably requires some kind of approximation. The three main approaches to critical
phenomena in phase transitions are the mean field (MF) theory [1], the renormalization
group (RG) theory [2-7], and the use of exactly solvable models [8]. MF is a relatively
simpler mathematically and conceptually theory but its results do not hold when they are
considered close to the critical point of the phase transition. The most sophisticated
mathematically as well as conceptually more precise of the approaches is the RG theory
which has, however, a substantial limitation, in that its results are based on various
approximations of general equations which cannot be solved exactly. Therefore, very
often one cannot be absolutely sure about the correctness of some of the theory’s
predictions. In this connection some exactly solvable models were invented which
conceptually lay between MF and RG theories, that allow for exact solutions and
therefore have their results accessible for comparison with those of RG analysis, to
hopefully create a clearer, more established and well organized picture for phase
transitions. This idea is the common thread between the various research topics that we
would like to consider in this thesis. First we will use an exactly solvable model for the
study of the following realistic systems: A system containing two competing order

parameters, another system having a random field coupled to an order parameter, then
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3
a system with a random temperature, a system with two coupled order parameters which
are in addition coupled to two random fields, and finally we will derive an exact RG
equation which contains no redundant operators for a system of the most general type
Hamiltonian. But before we consider these topics in detail, we would like to present a
general discussion of the three approaches to the field of phase transitions in order to

point out similarities, differences and difficulties.
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1.2 FUNDAMENTAL CONCEPTS

The first approach in the physics of phase transitions is Landau’s MF theory [1]
that provided the basis of almost all many-body theories developed prior to 1970. The
basic idea of MF theory is to focus attention on a particular particle in the system and
to assume that all other neighboring particles create a mean field which acts on the one
designated particle. Hence, this approach neglects the effects of fluctuations that may
extend beyond the length scale associated with the designated particle. Since only those
fluctuations that occur within the associated length scale of the particle are included, this
approach has therefore succeeded in reducing the many-body statistical mechanics
problem into a one-body problem. Such procedures can never be exact, but they often
can be accurate and very useful. MF theory is a least accurate for systems near the
critical (phase transition) points where fluctuations extend over large scales. The
theoretical results for transition temperatures can be significantly improved if, for
example, the designated "particle" is really a pair of particles which is influenced by the
mean field of all other particles in the system. Hence the problem is now reduced to a
two-body problem and it accounts for fluctuations on a larger length scale, that defined
by the pair. Still such an improvement is not enough for the prediction of the correct
critical exponents. For example MF always finds B = 1/2 independent of the space
dimensionality d, where 8 is defined through the temperature dependance of the order
parameter which can be expressed as (T, - T)A. T, is a temperature of a phase transition.

Actually for d > 4, MF theory can become correct. This is not so obvious at first but
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5
it is somehow expected since the neglect of fluctuations predicts order-disorder transition
temperatures which are higher than the true ones but their accuracy increases with
increasing dimensionality.

A significantly more sophisticated method that considers all length scale
fluctuations is the RG theory developed in 1971 by Wilson [2]. For reviews of RG
theory see Refs. [3-7]. Wilson’s method is very general and has a wide range of
applications even outside of the field of phase transitions. Within the area of phase
transitions, one might say that Wilson’s theory is an extension of ideas on the subject by
Kadanoff in the 1960s. The first main idea of RG is to remove from the partition
function some degrees of freedom by averaging over them. The second important step
of RG is to try to rewrite the partially summed partition function into the same form as
the original one with obviously fewer degrees of freedom and perhaps different coupling
constants which are related to the old ones through RG equations. These equations are
generated from the RG procedure and they can be used to extract physical results. RG
theory provides a powerful tool of looking at many-body problems. While the theory
was developed to study second order phase transitions, it is being used for the
investigation of other kinds of transitions such as first order phase tfansitions, and in
general other areas of physics as well. Very good results have been obtained from RG
analysis [3,4]. Critical asymptotics were calculated with an accuracy higher than that of
experiment in some cases [9-12]. Despite this however the theory is still not well-
grounded since these results are based on perturbation theory that uses parameters which

are not generally small. This creates the danger that a theoretically calculated result may
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6
be an artifact of an approximation. Among the most known expansions used are the e-
expansion, where € = d - 4, [13], the 1/n -expansion where n is the number of
components of a vector order parameter, [14,15], and the expansion in small coupling
constants in three dimensional space [16,17]. Furthermore, there is another direction in
the field of critical phenomena which uses RG ideas but it is based on the exact
functional RG equation for a system of a general type, first derived by Wilson in 1974
[18]. An important advantage of using this approach is that various other approximation
schemes of the exact equation are constructed to find very good values of critical
exponents [19-25]. On the other hand, these schemes are not well grounded as well.
In spite of the relative success of RG theory and although it is described
mathematically, it must be said in all fairness that our understanding of the theory is not
yet thorough. This is so because all results of RG theory have been obtained using some
form of truncation, such as the small-e truncation, where higher order terms are
neglected, or the n - oo truncation, where 1/n terms are neglected, or in the case of
Wiison’s recursion formula the source of the truncation is the plausibility arguments used
to obtain it. No proof exists that guarantees that the results obtained by a truncated RG
will be the same as those from an exact RG theory. For example, a serious problem
with a RG transformation is that it does not insure the existence of fixed points. Fixed
points are special points of the parameter space defined by the coupling constants of the
Hamiltonian which are invariant under a RG transformation, and critical phenomena are
related to the properties of the RG transformation near them. More specifically, critical

asymtotics are related to the eigenvalues of the linearized RG transformation near fixed
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points. The problem arises from the fact that a simple approximation to the RG
transformation can falsely provide us with a fixed point even when the full transformation
cannot. Therefore, this is a serious reason for lessening the confidence one has in the
correctness and reliability of RG results. Furthermore, questions concerning the term
limit, the convergence or divergence, etc. of expansions are unresolved. In this
connection, we hope that other approaches, such as exactly sclvable models, can provide
a more lucid picture of phase transitions.

In addition to MF and RG theories one has exactly solvable models for the
studying of critical phenomena [8]. Since this approach considers fluctuations in a
limited fashion, conceptually lays somewhere between MF and RG and can be used to
compare its results with both other approaches. For example, having in mind the
unreliability of many of the results of RG analysis due to the various approximations
used, and the impreciseness of MF results due to a conceptually inaccurate theory,
exactly solvable models provide an alternative route to a problem with the advantage that
they are exactly solvable. Because of that such models can provide us with an exact
expression of the partition function which can then be used to obtain thorough pictures
of phase transitions around or at the transition temperature and within the whole range
of variation of thermodynamical quantities. This is one of the benefits of exactly
solvable models over RG theory since within the context of RG theory one gets the
asymptotic behavior of a system only. Very often the interpretation of an asymptotic
behavior does not provide us with a clean cut answer on the true description of the

phenomenon. Therefore, if the appropriate exactly solvable model is developed which
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after using a different point of view among other things can recover RG results, then this
may be strongly suggesting the correctness of RG predictions. In particular, when the
system of competing order parameters or the random field system are considered within
the RG theory that takes into account all fluctuation interactions, demonstrate drastic
changes in the entire picture of phase transitions in comparison with MF. However,
some of the RG results which are intuitively obtained using the perturbation theories
mentioned above are not guaranteed to be correct. Hence, the results of these two
systems obtained within the context of an exactly solvable model may be used to
determine whether indeed the RG results are not artifacts of an approximation.
Furthermore, the RG formalism and consequently the field of phase transitions can be
better understood if the overall picture obtained from exactly solvable models in
comparison to RG analysis is demonstrated to be qualitatively the same.

Let us now review the structure of this dissertation concerning the various
research topics. The exactly solvable model is used in chapters 2 and 3 where we
consider "pure" systems, and in chapters 4, 5 and 6 where we deal with random systems.
In chapter 7 we have a different direction in mind to the field of critical phenomena at
phase transitions. We use the fundamental formalism of RG theory to derive an exact
RG equation of the most arbitrary symmetry Hamiltonian. More explicitly, in the second
chapter we demonstrate the important features of the exactly solvable model that
considers fluctuation interactions partially, and we first apply it in the third chapter to
the problem of two coupled scalar order parameters. The critical behavior of such a

system is interesting even in MF theory. However, the study of the same problem by
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9
RG analysis predicts some significant differences with the MF results, such as the
existence of a fluctuation-induced first order phase transition. Nevertheless, one is not
absolutely sure about the correctness of these predictions, since there is a danger that a
theoretically predicted result may be a consequence of the approximation used by RG.
Having this in mind, we attack the problem within the context of the exactly solvable
model and we show qualitative similarities between the model’s results and RG
predictions, [50,58]. Therefore we can present this as a strong argurment that qualitative
RG results may indeed be a fact.

The exactly solvable model can also be used to study phase transitions in
disordered systems. These problems are considered in chapters 4, 5 and 6. The study
of such systems is of great importance because real systems always contain some
impurities. Perhaps one of the biggest examples of how the physics of a system
drastically changes with the introduction of impurities is semiconductors. The band
structure of these devices is modified when the impurities create another energy level
between the valence and conduction band which consequently results in the increase of
the electrical conductivity of semiconductors.

Different kinds of impurities have different effects. For example, a system may
be randomly distorted which may create a preferred direction of spins which otherwise
are randomly distributed. Also, some sites of a ferromagnetic system may not be
magnetic, and depending on the number of these sites, the phase transition might be
completely destroyed or simply the transition temperature might be lowered, [3]. In the

latter case, the critical exponents may change. It has been proven [26-33] that to all
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10
orders in perturbation expansion, the critical exponents of a phase transition in a d
dimensional (4 <d <6) system with short-range interactions and random quenched field
coupled to the order parameter are the same as those of a (d-2)-dimensional pure
system. More specifically, when the € expansion is performed for random field systems
having space dimension d = 6 - € , one finds the same critical exponents as when it is
performed for pure systems having space dimensiond = 4 - €. In addition, the critical
exponents are identical to all orders when the 1/n expansion is performed with 4 <d <6
for random systems, and 2 <d <4 for pure systems. The effective lowering of the space
dimension was intuitively explained by saying that it is the random field and not the
thermal fluctuations that becomes the dominant cause for disorder near the phase
transition. Also, the lower limit of space dimensionality for which a phase transition is
not possible changes from 2 to 4, and the upper limit for which MF results hold changes
from 4 to 6. A lot of the known results [13,26-36], are obtained using RG technics
which are fairly complicated mathematically and sometimes results are intuitively
interpreted, as for example in ref. [29,34]. Our purpose is to study the effect of random
fields on phase transitions within the framework of the exactly solvable model. Since
the model is exactly solvable, it makes it possible for us to explicitly recover and support
results obtained by RG by means of perturbation methods. Specificly, in chapter 4, we
prove the destruction of a phase transition for d < 4 when a random field is interacting
with the order parameter in a Ginzburg-Landau-Wilson (GLW) type Hamiltonian,
[35,57]. We also show how a phase transition resumes for d >4 as predicted by [29],

how we obtain critical behavior for 4 < d < 6, and how the MF theory exponents of
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the pure ¢* model are again reproduced by the random system whend > 6. In addition
we prove that the critical exponents of the random system of arbitrary dimension d agrees
with those of the pure ¢* model of dimension d - 2. The dimension d = 6 is proven to
be a marginal one. Crossover effects are also discussed. In chapter S we consider the
random temperature problem where the model finds no new changes in the critical
behavior in comparison to the pure case chapter 2, [S7]. Finally the model is used in
chapter 6. There we prove that when random fields are added in the free energy
functional of the two coupled order parameters of chapter 3, the fluctuation induce jump-
like phase transition found in the pure case may be replaced by a continuous one, [59].
The way we attack these random problems is by using the replica method [34,35]. One
of the important advantages of this approach is that it starts with a quenched Hamiltonian
which is not translationally invariant, and derives an effective Hamiltonian which is
translationally invariant, a fact that the ¢ expansion in its standard form [13] assumes.

In chapter 7 we have a relatively different direction in mind as far as critical
phenomena. Unlike the previous chapters where we solve equations for particular classes
of systems and perform relatively practical calculations, in the last chapter we would like
to use the fundamental formalism of RG theory in order to derive an exact RG
transformation equation that contains no redundant operators for a free energy functional
with an arbitrary symmetry. All known results of RG theory can be obtained using this
equation. In general, exact RG equations were derived before [18,37-39,56], which even
though are impossible to solve they are still considered very important because using

them various approximation schemes can be developed [19-22,25]. However, there is
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a very important difference between the RG equation of the most general isotropic
Hamiltonian ref. [39], as well as an anisotropic one derived in chapter 7,[56], and the
rest of equations, ref.[18,37,38]. That is, they do not contain any redundant operators,
which bare no physical meaning and must be transformed away. The task of their
exclusion is very cumbersome, so it is desirable that these operators do not exist in exact

RG transformation equations in the first place. Finally chapter 8 summarizes all work.
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14
2.1 INTRODUCING THE MODEL

In this chapter we would like to demonstrate the features of the exactly solvable
mode] by reviewing the results of the simple ¢* model as derived by MF, RG and by the
exactly solvable model. Therefore we start from the isotropic Ginzburg-Landau free

energy functional with a scalar order parameter ¢(x)

H :lf [rmz(x} +c(Vo (x)? +lgw4(x) —h(o(x)]

dx
He g [4%] 0t remo@)r - aot) how| @D

where 7 o« T - T, with T, being a trial critical temperature, 4 a constant conjugate field,
and c, g are constants of interaction. The physical meaning of c is that it is the scale of
microscopic interactions in the initial system. Functional (2.1) may describe, for
example, a paramagnetic to ferromagnetic phase transition, or a liquid to vapor phase
transition. In these two examples 7, ¢, and g have different values. Our model uses the
approximation

fatxotw > L fadgr) | alpl= [ddxere 2
where V is the volume of the system. This was originally proposed by Schneider [40]
for the isotropic ¢* model and was developed and generalized in Refs [41-50]. In
momentum space such a reduction corresponds to the splitting of the factor of the ¢*
term, é(p, + p, + p; + p,), which provides momentum conservation, into a product of

two é-functions, §(p; + p,) §(p; + p,). This split has a clear physical meaning. While
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the model is preserving the symmetry of the system, it is also considering fluctuation
interactions having equal and opposite momenta only. Using the above reduction the
exponent in the partition function becomes quadratic in the functional a[¢], and after the

use of a transformation analogous to that of Hubbard-Stratonovich,

R e e o R e

which is true for an arbitrary function K, we obtain

Z =fD 9, 7dxdy

2.9
TX + %g)ﬂ -Xxy + %Zq: cq? +y)(pi - _ZhT/(pqzo}}

e {_g

We now perform all Gaussian integrals with respect to the order parameter, except ¢,.,

= ¢, which may condense at the phase transition to obtain

Z = ?d(podxdy

1% 1, 2 1 2.3)
X exp{——z- {rx + ng- -xy +yQg -h @, + I_/Z In(cq? +y)]}

q#0

where ¢, = @/VV and h > h/2VV. First we note that the summation of the kind
Yn(cg® + y) is divergent if we allow the upper limit of the cutoff momentum to tend
to infinity. Therefore, we must keep the cutoff momentum finite. However, critical

asympotics should not depend upon momentum cutoff. When 2 < d < 4 this can be
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handled by renormalizing the summation and then setting the momentum cutoff to be
equal to infinity [41]. For d = 4 the sum becomes nonrenormalizable and we must
maintain the momentum cutoff explicitly. However, as we demonstrate below the
dependance upon the momentum cutoff is absorbed into a renormalization of the trial
value of the critical temperature and into an insignificant constant addition to the free

energy. Let us suppose that the cutoff momentum is equal to 4. Then

Y- In(eq? +y) = [y8(A) + £, 3¢)]V
q

(2.6)
and with S, the surface area of a d-dimensional unit sphere we have
d-2
S ————‘éi %) d+2
0(4) = 0(A4;¢c) = —2—{€\“ -
( ) ( ) (2’1T)d 1+11]CA2) d=2
2c
12
" = k(c)y*”? d # even 2.7)
Fopic) = Sy |actsin| ™4
E(__) Iny = u(c)y*? Iny d =even
¢

Note the requirement y = 0. 6(A) is used to renormalize x, x - x +6(A), which
consequently results in the renormalization of the trial critical temperature 7, ¢t = 7 +1/2

g0(A;c). As a result the partition function becomes

%
Z = [dedydg,expl-LF(xy, 0,)l,
[dxdydg, xp[ 5 (ywo)J 28
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with

gx?

F(xy,@,) = x(t-y) + & +y @3 +f,(0;c) ~h @,

(2.9)

We now note that since V' is a multiplicative constant then in the thermodynamic limit
V - o one can exactly calculate the partition function using the method of the steepest
descend. Hence, all thermodynamic quantities can be calculated. The critical free
energy is found by considering the equilibrium equations dF/dx = 0, dF/dy = 0, and

the equation of state dF/d¢, = 0. After substituting x away we obtain the system

t-y+ [0+ fiyse)] = 0

(2.10.a)
Y@, =h (2.10.b)
with the free energy
F(9,) =t{05 + f17:¢)] + &[0 + f1rs0) [ -
O, [‘Po fab )] 4[ o *Jal )] 0 2.11)

Now we are ready to derive and discuss various results.
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2.2 RESULTS

If h = 0 then, for any d > 2 in order to have a nontrivial ¢, # 0, from Eq.

(2.10.b) one must assume y = 0. The solution of Eq. (2.10.a) gives

Py % 2.12)

When d < 2 the solution y = 0 is incompatible with Eq.(2.10.a). Therefore nontrivial
solution ¢, # 0 does not exist in this case. This demonstrates that d = 2 is a marginal
dimension which agrees with RG analysis. The transition is of the second order with the
critical exponent 8 = 1/2. MF finds the second order phase transition with the same
critical exponent 8 but with no restrictions on d. Furthermore, the model gives more
interesting results when calculating the critical exponent &, which is defined through the
dependance of the order parameter @, on the constant field # at t = 0, that is ¢, < h'°.
More specifically, when the constant conjugate field 4 is small but not zero then at the

critical temperature £ = 0 the system of Eqs. (2.10) gives

d-2 2-d
®° =0  d=even (2.13.2)
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_i+§¢g+_g_(_l) (h) 2 {_1_+11n(_}‘_)J=0 d = even

@ 2\ ¢/ lo, (2.13.b)

One the one hand, for 2 < d < 4 and small & the term -h/g, of Eq. (2.13.a) is
unimportant, and on the other hand, for d > 4 and small & the last terms of Egs.
(2.13.2) and (2.13.b) are unimportant, therefore if for these two cases we solve for the

order parameter we obtain,

2 1
L(C)_‘{)mhs 2<d<4
2
@ = 1 1
11 2.14
(3)3/13 d>4 =19
g

withéd = (d + 2)/(d-2)for2 <d < 4,and§ = 3 ford > 4. The result of MF
theory is 6 = 3 regardless of dimensionality, and the result of RG theory is § = 3 for
d>4andd=d+2-7n)/(d-2+ n)for2 <d < 4, where 7 is the critical exponent
for the correlation function. Since 7 is numerically small, n ~ 0.05, we have a pretty
good agreement between the model and RG theory.  Furthermore, at space

dimensionality 4 = 4, the model finds from Eq. (2.13.b) logarithmic corrections for §,

(2.15)

which also is in agreement with RG analysis. We see how the model, as it is the case
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with RG theory, shows critical behavior for 2 < d <4 and MF results ford > 4. MF
theory derives § = 3 independently of d. In addition, the model finds that the space
dimensionality d = 4 is a marginal one since above it MF results hold.

Furthermore, a crossover effect for 2 < d < 4 where critical behavior is
occurring can be observed. In other words, even though for 2 < d < 4 and 4 small §
= (d + 2)/(d - 2) a crossover to MF behavior can be obtained where § = 3, if #, g and

c are properly chosen together in such a way so that

d+2 3 _d-8
h>g 2@ d) |g(c) |44 22@ D) 2.16)

The above inequality is derived from the system of Egs. (2.10) by requiring that |-y | =
|g/2 fy(y;c)|. We notice how upon suppression of fluctuations, (x(c) - 0), Eq. (2.16)
is always true and the behavior is therefore MF one as expected. Furthermore, we see
from Egs. (2.10) and (2.13) that in this limit the model finds the expected from MF
theory results. Hence we notice that what really causes the critical behavior found by

the model is the effect of fluctuation interactions.
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2.3 CONCLUSION

The above analysis is really a strong indication that the model is a good choice
for use in other systems. It has been already successfully used in a series of papers [41-
50]. It was applied to finite systems [41] and for various crossover phenomena [43-44],
it was generalized for the Ginzburg-Landau-Wilson functionals, containing all even
powers of an order parameter [44]. Within the framework of the model, the possibility
of a first order phase transition induced by fluctuations in cubic systems [43,45] was
demonstrated as it is the prediction from RG theory [51]. After generalization the model
gives critical exponents numerically close to the experimental ones, that is when d = 3
B=13y=1, 6 =5, n =0, [44]. These exponents are defined as follows:
susceptibility « (T, - T)", specific heat « (T, - T)“, correlation length « |T, - T|",
which measures the distance over which fluctuations are correlated, and correlation
function <@(q)p(-g)> o« g2*"*4 at T, for small g. The model was also used to
investigate physical effects in real systems. Consequences of phase transitions in
orthorombic high T, superconducting systems with d-pairing were studied [47] and it was
found that the results are close enough to the ones of the RG theory [51]. The model
also gives reasonable results in studying oxygen ordering near a structural phase
transition in Y-Ba-Cu-O ceramic superconductors [49] Finally RG methods were applied
to the model and it was shown that direct calculation of the partition function and
solution of the RG equation for the model leads to identical results [48]. Even though

RG is a very good theory for the study of critical phenomena near the critical region,
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which is defined by Ginzburg constant, it is however fairly mathematically complicated
theory and can provide us with critical exponents only. RG theory takes into account all
fluctuation interactions. On the contrary, MF which ignores all fluctuation effects, is a
relatively easier theory and as far as the critical exponents, this theory is correct only
away from the critical region defined by the correlation length, or for d > 4. It turns
out that the effect of fluctuations which is such a real effect on the one hand, one the
other hand is such a difficult thing to be considered mathematically something that RG
attempts to do. Therefore it is always desired that we have exactly solvable models that
at least consider fluctuation effects partially and can hopefully support intuitive
predictions of the fluctuation theory. Chapters 3, 4, 5, and 6 are devoted to the

application of the exactly solvable model in different systems.
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3.1 INTRODUCTION

It would have been very fortunate if one could find the critical behavior of any
functional when fluctuation interactions corresponding to all length scales from
microscopic sizes.up to the correlation length are been considered. It can be shown that
ford > 4 fluctuations need not be considered and the Landau picture of phase transitions
is correct [13]. Below dimension 4, however, thek fluctuation effects must be considered,
but as mentioned before, consideration of all fluctuation interactions from the RG theory
stand points may be a fairly complex task for certain systems, and some of the theory’s
predictions may be a result of the approximation. For example, RG theory predicts a
series of qualitative effects, such as the transformation of a continuous phase transition
in some anisotropic systems into jump-like phase transitions due to the fluctuation
interaction [43]. Unfortunately, these transformations cannot be proven rigorously within
the framework of RG. It is just a general belief that a flow of RG trajectories from the
region of stability of a Ginzburg- Landau functional corresponds to a first order phase
transition driven by fluctuations. There is some chance that either such a treatment is
incorrect or that such a flow away is a result of approximations, e.g., the e-expansion.
Therefore, the treatment of these systems with the help of exactly solvable models, which
at least partially take into account fluctuation effects, may clarify the situation. If an
exactly solvable model yields results analogous to the ones of RG theory, it would be a
serious argument in support of the reality of these qualitative effects. Such a system

studied by both RG and MF theories is described by the Ginzburg-Landau functional
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=1

2
Fl9,,9,] = %Id g {Z 7 07) ¢ (Vo ) + %g,- 9;() |+ %W 91) “’g(x)} 3.1)

where 7, = (T - T_)/T;, and T is a trial critical temperature for the order parameter
@{x). This functional can describe transitions in anisotropic antiferromagnetic systems
[52,53]. The MF phase diagram of above functional demonstrates bicritical or
tetracritical points, respectively for negative or positive A = g, g, - w?, see figures (1-3).
Explicitly, lines 7, = 0 and 7, = 0 on the (7,,7;) plane are lines of the second order
phase transitions into phases ¢, # 0, ¢; = 0 and ¢, # 0, ¢, = 0, respectively [52].
On the contrary, RG analysis shows that the phase diagram of this system contains lines
of the first order transition induced by fluctuations [53]. That is, RG theory predicts that
when 7; and 7, are close to each other the disorder-order phase transition may become
of the first order [53]. Our goal is to compare results of the RG theory with results of
the exactly solvable model. In fact, using the exactly solvable model we prove the
existence of first kind order-disorder phase transition. The possibility of first order phase
transitions in systems with cubic anisotropy was analyzed using this model in papers
[43,45]. Results similar to the RG predictions have been obtained in other cases as well

[47,49,50,58].
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3.2 GENERAL RELATIONS

In the functional (3.1) we reduce the terms ¢;*(x) and @,%(x)9,%(x) as follows,

2
fa 4z o) - S0,
[d%% 93(x) @3(x) — __al[(pll/ampl]. (3-2)

where the functional a;[¢;] is defined by Eq. (2.2). As well as in the case of the isotropic
Ginzburg-Landau functional this reduction does not change the svmmetry of the system
but reduces the number of interacting modes to those with equal and antiparallel
momenta.

After the reduction (3.2) the exponent in the partition function becomes quadratic

in form with respect to functionals a{¢,],

Z = [Do,(x) Dg,) exp

}(33)

{{[ (——#{; [d%c,(Vo P + Ml,zg,-a?[cpi]) rwal0)ao]
Using the transformation Eq. (2.3) we obtain

z =fD ¢,,D0,, zdxldx?_dyldyz
=S Vi

vV 1 2 1 2 2 1
Xexp ‘EE T.X; +_g,'-x,' _x,‘y,‘ +'—2<Ciq +yi)l(piq| + Ew’xle °
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We may now perform integrations over all modes except ¢; ,_, which condenses at the

phase transition to obtain,

Z= [do,dy,dxdx,dy,dy,

v 2 (3.5)
X exp —72 [Tx + g,x, -x.y; +y; | @2 + —wxlx2 —Eln(cq yl)}

i=1 qa&O

where we define ¢; = ¢, ,_, /VV. The summation of the kind Y In(cg® + y) is treated
as in chapter 2. 6(4) is used to renormalize x;, x; » x; +60(4;c;), and the trial critical
temperature 7, §; = 7; +1/2 [ g8(A;c;) + wO(A;ci.)] =(T - T)/T;. As aresult we have
the partition function in the form,

Z « [(Mds, dy.-dtp,-)exp[—gF(xpy.-, wi)], 6.6

with function F defined to be,

2

F(x.y,9;) = E

i=1

g[l 172
+
4

X (L -y)+

*Yi ‘P? +fd0’i;ci)}‘ (3.7)

Due to the fact that I is a large multiplicative constant, one can use the steepest
descent method to calculate the partition function exactly. The saddle points with respect
tox;, y; and g; of the integral (3.6) are defined by equations, 0F/dx; = 0, AF/dy; =

0, and the equation of state dF/d¢; = 0. After eliminating x; we obtain the system
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LY +—[cp, +fas )]+%[(P,-2¢,- +fd/(yj¢,.;cj)] =0

¥, 9, =0 (3.8)
with the nonequilibrium free energy
2 2 4 8ir 2 L1 2
Fo) =3 oo} < ariei] + {0} +asei
3.9

« 01 L) 03 +faasen)] + falpise) -yifipise ,)}

Solving the system of Eqs. (3.8) we can find the temperature dependance of the order
parameters. The physical solution of these equations must correspond to the minimal

value of the free energy Eq. (3.9).
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3.3 SOLUTIONS FOR VARIOUS PHASES

There are four different solutions for the system of Egs. (3.8). The first one
corresponds to the disordered phase ¢, = ¢, = 0. The second one is a mixed phase
with both ¢, and ¢, not equal to zero. The third one (and analogously the fourth one)
is when one of the order parameters is not zero and the other one is, say ¢,#0 and
¢,=0. Let us agree to call such an ordered phase, phase 1. Then phase 2 will be the
ordered phase having ¢,=0 and ¢,#0. At first we will demonstrate that regardless of
the existence of fluctuation interactions, systems having space dimension d > 4 always
exhibit second order phase transition. Without any loss of generality we do so by

studying a disorder-order phase transition into phase 1. From the system of Egs. (3.8)

we derive
@-2)
Adx(c 2 wi
(c2)y Yyt -—L =0 d # even
4g, & (3.10.a)
@-2)
Ap(c 2 !
p(C2)Y, (1 + élnyz) —y, 1, - Yhooo d =even (3-10.5)
28, 2 &

where A = g,8, - w>. Now suppose that |,| < <1 and |t,| < <1, then the first terms
of Eqs. (3.10.a) and (3.10.b) may be omitted, and using the system of Egs. (3.8)
separately with (3.10.a) and (3.10.b) we find @,=V(-;/g,) which therefore indicates
always a second order phase transition.

The picture of phase transition for 3-dimensional systems is much more
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interesting. Let us elaborate on that. For the mixed phase Eqgs. (3.8) give y; = 0 and

one arrives at the solution given by mean field theory [52],

(pz - 2(wt, -g,1)

o? - 2(we, -811)

! A T A ’
2wt t, -g L2 -g t2 3.11
F(o,,9,) = 12 A12 21 ( )

This solution exists only when,

A>0; wi-gt >0; we -gt, >0.

(3.12)
The mixed phase free energy does not have a minimum when A < 0.

Using Egs. (3.8) we may solve for phase 1 to obtain two physically possible
solutions,

2+ 1
} & &
. (3.13)

K = ——

! 8w
with the two values for y, given by,

2
y 1/2:*1K2]Ai KZA +t—_‘:vi
2+ 28, 28, 2 2 (3.14)

and the requirement that y,.'? is greater than or equal to zero. The free energy of phase
1 is given by,
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F,=F(p,,#0,p,=0) =
2 2
t wi 2 A,
ot 2Rl e e Sl e — (3.15)

& & 1

The replacement of subscript 1 with 2 (and 2 with 1) in Eqs (3.13) through (3.15) gives
results concerning phase 2.

An interesting observation about Eq. (3.15) is that it is the free energy of phase
1 but does not have x, involved. x; controls fluctuations of order parameter ¢, which by
assumption is the non-zero order parameter of phase 1. In general, the radii of
interactions between the order parameters in the original system which critical behavior
is described by the Ginzburg-Landau functional (3.1), are proportional to ¢;'” or to k2.
Hence, by setting ¢; > o or (x; - 0) we suppress all fluctuations. In this infinite range
of interaction the expressions of the free energy Eq. (3.15), and of the order parameter
Eq. (3.13), become those obtained by MF theory as expected. For a finite range of
interaction, it can be shown that F_ is always a lower than or equal to free energy F..
We will also show that Egs. (3.13-3.15) can correspond to a first order phase transition
caused by fluctuation interactions, in accordance with the predictions of RG theory. The
different systems one can have are the following three: first a system having w> 0 and
A <0, second that of w>0 and A>0, and third that of w<0 and A>0. A system
having w<0 and A<O cannot exist since that would create an infinite value for the

partition function.
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3.3.1 SYSTEM OF w>0,A<0

Let us first deal with the system having w>0 and A<0. The plane (¢; ,5,) is
separated into three regions, (see figure 4). The region for which the disorder phase
occurs, and those that phases 1 and 2 occur. In addition the coexistence line between the
two ordered phases is shown. Such a phase diagram is constructed having in mind that
for say phase 1 ¢,, must be greater than or equal to zero. Then, phase 1 realizes in the

region enclosed by the parabola and straight line,

L= ~ +—t :z(tl)
WoK,y ' (3.16.a)
~WK§A
L= —=b 3.16.b
1 2g1 ( )

simultaneously, as well as in the common region of inequalities

W, KZA-=
L=b , tzag,l—z (Zg]_zl(tl) (3.17)

1
Similarly, phase 2 is physical in an analogous region given by above lines after the
replacement of subscript 1 with 2 (and 2 with 1). The disorder phase occupies only part
of the first quadrant in the (¢,,t,) plane. The coexistence curve between phases 1 and 2
is given by F(¢,, #0,0,=0) = F(¢;=0,9,, #0), and an order-order phase transition
between the two low symmetry phases is of the first kind.

We will now discuss a phase transition into phase 1 from disorder, or from phase

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

1 into disorder. (An analogues discussion can be extended for phase 2). The straight
line ¢, = z,(z,) is tangent on the parabola at (¢;, t,) = ( b, b[w/(2g)) + & /2w)]).
This is an important point because it separates systems that exhibit first kind disorder-
order transitions with those that exhibit second kind. Let us elaborate on that. Having
in mind figure 4, entering phase 1 from disorder by crossing the parabola, dashed line,
which means that the condition ¢, = b is satisfied, the transition is of the second kind.
The transition temperature lays on the parabola ¢, = z(f;). The temperature dependance

of the order parameter is

2 2T N wzkg(g1T1_WT2)T

Q=
ngl 2T T Tcrl 1 WK%A
8t 22, (3.18.2)
o1, WiGA (3.18.b)
T, 2g, ’
where T = T - T,,, with
2.2 2
T =T + W~K‘2T12 _ ALY
el 710 2T, 2
2
L I&lTy Cw? &T, -wli|  4w’(T,-T) (3.19)
2 T2 T2

On the other hand, if phase 1 is entered from disorder by crossing the straight line
t, = z(t), (solid line), which implies that ¢; < b is true, then the transition is of the
first kind. The transition temperature lays on ¢, = z,(¢,) and the temperature dependance

of the order parameter is,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

ol - wiGlAl 2 2T, 27 . ZWKZJ T, -wT,)T
22

g 5 &, &I, & &I, T, ’

2 3.20
T, 2g,
where "= T-T,, and
272
KA
T.T,lg, -w- )
= &1 (3.21)

T
“ &T, -wT))

The above critical temperature corresponds to the first saddle point of the curve
F(9,#0,9,=0) vs @, (see figure 8). The dependance of the free energy on ¢, for a
temperature higher than T, is shown in figure 7 and corresponds to the disorder phase.
T, is the temperature at which the system jumps from phase 1 into disorder, (assuming
it is originally in phase 1 and the temperature is being raised), figure 8. It is now that
F(¢,.#0,0,=0) = F(¢,.#0,9,=0) and ¢,, =¢,, with the disorder free energy
described by a local minimum which is still lower than the free energy of phase 1.
Hence, if for example is now assumed that the system is originally in the disorder phase,
it will still remain so for this first-saddle-point transition temperature T, Eq. (3.21). As
the temperature is lowered the first saddle point slowly changes into a local maximum
and a Jocal minimum corresponding to free energies F. and F, respectively (see figure
9). At the critical temperature for which F. equals the disorder free energy

F(9,=0,¢9,=0), (or equivalently when ¢, = 0), the second saddle point appears
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(figure 10). This critical temperature is given by ¢, = z(t;) or explicitly by T, Eq.
(3.19). Approaching this temperature from above makes the unstable local maximum
corresponding to F. and the local minimum of the disorder phase to shifi towards one

another, and at T,

.1 together they create just one local unstable maximum. Therefore,

the system makes a first order disorder-order phase transition into phase 1 described by

F.. The temperature dependance of the order parameter evaluated close to this critical

point is,
oo 2T, WEET - wI)T  2wxlAl 4 4T,
1~ ~ - - ’
28 T, wic |A| 28, & &
g{Tl T2 - + 1 + 2

1 & (3.22)
TcrI <1+ WK2lA|
T, 2g,

The first order phase transition is in agreement with the predictions of RG theory. In
the limit of x, - 0, or equivalently ¢ » o, (where fluctuations are suppressed), the free
energy F., Eq. (3.15), as well as T,, Eq. (3.19) and T, Eq. (3.21) reduce to MF
expressions. To realize that in this limit Eq. (3.21) indeed reduces to T, which is the
MF result, one must note that the point (¢,, £,) = ( b, b[w/(2g;) + g, /(2w)] ) at which
the straight line ¢, = z,(t;) Eq. (3.17) is tangent on the parabola ¢, = z(t;) Eq. (3.16.2)
becomes (z,, ¢,) - (0,0) which implies that at this particular point 7, = T,. But this point
is the only one which after the limit x, - 0 still separates disorder and phase 1 and in
addition lays on the line ¢, = z,(¢,) where points corresponding to first order transition

may be found. Consequently, the expressions of the order parameter Egs.
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(3.13,3.20,3.22) reduce to expressions of strictly second order transitions with transition
temperature £, = 0. We see that in this limit the jump of the first order phase transition
implied by Egs. (3.20) and (3.22) vanishes. Moreover, in this limit the cumbersome
expression of the coexistence curve becomes the straight line, 2,Yg, = £,Yg, and the
boundaries of disorder and phase 1 and disorder and phase 2 become ¢, = 0 and ¢, = 0
respectively. These are the expected from MF theory results. Hence, we realize that
what really causes first order disorder-order transitions are fluctuation interactions which
in the above limit are suppressed.
An interesting point about the phase diagram ¢, vs ¢,, figure 4, is the following.
The MF theory analysis finds that the first quadrant of the plane corresponds to complete
disorder, figure 1. The model’s first quadrant, however, contains phases 1 and 2 in
addition with the disorder phase. This feature is also in agreement with RG and is
caused by the fluctuations. When these are suppressed the model’s phase diagram
reduced to the MF one figure 1. At a first look of this result one would conclude that
the fluctuations raise the transition temperatures. This is not necessarily so however
because the model’s phase plane is the (,¢,) as opposed to the MF one which is the
(71,7,), and the renormalized temperatures ¢;, are shifted down with respect to 7;.

Let us consider the special case of ¢, = ¢, = 7, and the vertex w greater than both
vertices g, and g,. In MF theory this corresponds to the phase diagram with the bicritical
point at 7 = 0, figure (1). The model shows that this bicritical point is replaced by a
first order transition [50], and the phase diagram given by the model, (figure 4), is quite

different from the MF theory one, and qualitatively agrees with the result of RG analysis.
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Indeed, if inequalities

K8 (W -8) > K18 (W -8); W -8) > g (W ~ &)
(3.23)

are fulfilled then one can show that the lowest free energy corresponds to the phase

transition with the temperature dependance of the order parameter defined by the

. |GAW?-2gw+gg)| 2150w [ -wm7 .
Q] = + -
| 25w-g) | & & &

2
r=r-r0; D= __" a* (3-24)
’ 4g1 (W _g1)

relationship

At the temperature 7.1 the order parameter ¢, has a jump, therefore the phase transition
is of the first order. Since first order phase transitions in systems described by functional
(3.1) in accordance to MF theory do not occur, this means that such transitions are
induced by fluctuation interactions. The inequalities (3.23) together with A < 0 and w
> g; bound the domain in the space of vertices g, g, and w where disorder-order
transition is of the first order.

On the other hand, for the set of inequalities

ww-g)<gw-g); KfAZ < 4K§wg2(w -8)°
(3.25)

we have the second order phase transition into the phase ¢, # 0, ¢, = 0 occurring at

the temperature 7.2 = x> w (W - g,) with the order parameter
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P 2,2 _
%:—ZT [1+K2w (w gl) T’—T" (2)

& | g | . (3.26)

¢

If we interchange indices 1 and 2 in Eqs. (3.23-3.26) we then have conditions for first
and second order phase transitions into the phase ¢, = 0, ¢, = 0.

In conclusion, we rigorously proved the existence of a fluctuation-induced first
order phase transition. In addition, even though within the context of RG theory such
a transition was a mere prediction and not an explicit proof, after the results of the model
one may indeed claim that this is the true behavior of systems with competing order
parameters and that RG results after all are not artifacts of an approximation or of a

wrong interpretation.
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3.3.2 SYSTEM OF w>0, A>0

Systems having w>0 and A>0 exhibit second kind order-disorder transitions.
The plane (¢,,2,) is split into 4 different regions, (see figure 5): Phase 1 occurs in the
joined region enclosed by that part of inequality (3.16.a) that obeys ¢; = 0, and that part
of g, 1, = w, that obeys t; < 0. The analogous result for phase 2 is obtained after
subscripts 1 and 2 are replaced by 2 and 1 respectively. The mixed phase occurs in the
common region defined by inequalities (3.12).

The boundaries of disorder and phase 1 are created by that part of the ¢, = z(z,)
parabola Eq. (3.16.a), that lays in the first quadrant of the (z,,2,) plane, that is when ¢,
= 0. This part of the parabola gives the critical temperature for the second kind
disorder-order transition into phase 1 Eq. (3.19), and the temperature dependance of the
order parameter is given by Eq. (3.18.a). A transition from phase 1 into the mixed
phase occurs through the line g, , = w ¢, ,hence

- Tl TZ(W _g1)
“ wT,-gT,) (3.27)

and is of second order. More explicitly, if T = T - T,; then near the critical

temperature the order parameters of phase 1 are given by

2 2 2Tcr3
wT, -g7T,) T+ = -
AT\ T, & &, (3.28.a)

9,=0 (3.28.b)

@} =
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and the order parameters of the mixed phase are given by Eq. (3.28.a) and

2 2
¢ =———WT,-gT)) T
*ATT, P M (3.29)

Equations (3.28-3.29) show that at criticality (¥=0), the expressions of the order
parameters for phase 1 and the mixed phase coincide indicating a second order phase
transition between the two ordered phases. This result agrees with MF theory. The kind
of such an order-order phase transition cannot be rigorously concluded by RG theory.
Similar results concerning phase 2 are easily obtained. The second kind order-disorder
transition is in agreement with MF theory. RG theory predicts that in addition to a

second order phase transition, a first order may be possible as well.
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3.3.3 SYSTEM OF w<0, A>0

The last type of a system exhibits a second kind order-disorder phase transition.
The phase diagram of (¢,,,) is qualitatively the same as that of w>0, A>0 (see figure
6). Phase 1 occurs in the region that inequalities g, 2, = w¢, , 1, < z(t;)) andf, < §
are simultaneous. Similarly, the analogous result for phase 2 is obtained from the
inequalities g, ¢; = wl, , I, < 0and ¢, < z(t,), where the last inequality is obtained from
the parabola (3.16.a) after subscripts 1 and 2 are replaced by 2 and 1 respectively. The
mixed phase occurs in the common region defined by inequalities (3.12). The critical
temperature for a disorder-order transition into phase 1 is given by Eq. (19), and the
temperature dependance of the order parameter is given by Eq. (18.a). The second kind
order-order phase transition from phase 1 into the mixed phase occurs through the
boundary g, t, = w ¢;. A similar discussion can be extended for phase 2.

The second kind order-disorder transition proven within the model, is in
agreement with the MF analysis. In addition to the second order phase transition, RG
theory predicts a first order as well. Not having an absolute agreement between the
model’s results and RG predictions is somehow expected since the model takes into

account partially fluctuation interactions.
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3.4 PHASE DIAGRAM

By defining y = w/g, and x = g,/g,, and assuming T; > T, one can construct
the phase diagram of a disorder-order phase transition into say phase 1 (see figure 11).
This diagram shows qualitatively how the parameter space is divided into three main
regions, those of the first and second kind order-disorder transitions and the forbidden
regions. When y is negative we have a region of second order transition for relations of
the free energy satisfying A = 0, which is separated from the forbidden region through
line A = 0. When y is positive the regions corresponding to first and second order

transitions are separated through line,

L2y -1)4p pE(Tl“T2)4822

2y -1-p) T,% (3.30)
which is obtained from Eqs. (3.17). The requirement w? - 2wg, + g,g, > 0 follows as
well. This line, Eq. (3.30), runs through the region defined by A < 0, as expected since
we showed that when A <0 systems that exhibit first or second order transitions are
possible. Upon suppression of fluctuations, Eq. (3.30) becomes x = 0 and having in

mind figure (11) this implies that no relationship between the coupling parameters can

create a first order phase transition as expected.
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3.5. CONCLUSION

The fact that our model’s results are in a qualitative agreement with RG
predictions is an encouraging sign for the truth of RG results, which after all do not seem
to be artifacts of approximations. Indeed, on the phase diagram of the RG equations of
functional (3.1) the point g; = g, = w is the stable fixed point corresponding to the
second order phase transition, as it is also inferred by the model from (3.24). Any phase
trajectories started outside of the domain of attraction to this point are interpreted as first
order phase transitions. Within RG the analytical expression for the boundary of this
domain does not exist, so we cannot make quantative comparison of our results and the
results of RG theory. Moreover, we would not expect that these results coincide
quantitatively because our model treats fluctuations in a limited manner. However,
similarly to the RG results the model demonstrates that in the space of parameters g,, g,
and w there is a domain where order-disorder phase transitions are of the first order.

Since the phase transitions obtained here are due to the fluctuation interaction, in
the case when fluctuations are suppressed we must obtain the regular MF transitions.
To test if this is true we must increase the radii of interactions between the order
parameters in the Ginzburg-Landau functional (3.1). Therefore, in the limit x; - 0, (or
¢; > ) all fluctuations are suppressed. Having in mind Eq. (3.13) it is easy to see that
when radii of interactions increase, order parameter jumps decrease and in the limit of
the infinite range of interaction the first order phase transition disappears, therefore the

model’s solutions corresponding to first order phase transitions reduce to the results of
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MF theory as expected. In conclusion, the model’s result of the existence of first order
transition induced by fluctuations may be presented as a strong argument in favor of RG

results which after all do not seem to be artifacts of the approximations.
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4.1 INTRODUCTION

In the previous chapter we have shown how successful the exactly solvable model
was in demonstrating same qualitative results as RG analysis. However, we must add
an essential difference between the two approaches. The existence of first order phase
transition through RG analysis was an intuitive prediction and not an explicit proof. The
main success of the model was in proving such a first order transition initiated by
fluctuations, even though it considers partially fluctuation interactions only. Indeed, in
our model when these fluctuations were suppressed the jump of the first order becomes
continuous as expected. We would like now to examine an effect of a random field on
phase transitions within the context of the exactly solvable model. We do so using the
replica method [35]. Suppose we have the following GLW free energy functional

H- %fd dx[rS2(e) +c (VS ()] +uS*(x) - hS(x) - h(¥)S(x)] -
S(x) is a continuous scalar order parameter, / is constant conjugate field and h(x) is the
random field which is time independent (that is frozen in). A physical system that the
above functional may represent is a ferromagnet where each lattice point is occupied by
a specific type of magnetic moment. Now if another type of magnetic moments, (of
different strength), randomly replaces some of the original moments then we have a
random system described by functional Eq. (4.1). Within the context of MF theory this
random case does not exhibit any new results with respect to the pure case. On the other

hand, RG predicts interesting changes such as 2 shifting in dimensionality by 2 where
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critical behavior occurs. As we see below the treatment of the problem using the model

reveals a qualitative agreement with RG theory.
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4.2 GENERAL RELATIONS

The free energy averaged over the random field has the form

_F- fﬂ [dh(x)]P[A(x)]In Z[A(x)],

lo X

4.2)

where P[h(x)] is a probability distribution function of A(x). Trying to calculate F
directly from Eq. (4.2) creates mathematical difficulties which are overcome when the
replica method is used. Therefore, we replicate n times the partition function Z by

defining an n-component vector @ (x) = [5; (x), .... , S, (¥)]. Hence,

_F = a_an(ﬂj [d"@(x)] exp(- eﬁ'[q)(x)])) =0 >

(4.3)
where H,; [@] is an effective free energy functional given by,
17,4 :
Hyl@@)] = [4 7 @) +c(Vo@)P - Qo] + I [ 0/e) -ho,)] @
-0 i=1 .
with
o % [d dx_:‘zl h(x) 9 L)
e Q@) = f [drx))Plax)]e “= (4.5)

—wo X
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If we suppose that the probability P[k] at site x is independent with that at site x’ such

that, P{h(x)} = ILp{h(x)}, then we have

; %ﬁ; hx) o)
O[9] = [d *xIn|[dh(x) p[h(x)]e * (4.6)
We also assume that the distribution function p[A(x)] is a Gaussian one,
—hz(xz
e 2B
plr()] = (4.7)

v27B
where B is a measure of the random field. The effective Hamiltonian then becomes

n n 2
Hy =~ [d sl |9@)F +c (Vo)) + Y- [u o) "“Pf@>]’3(§ “*‘"’J (4.8)

i=1

We consider the above free energy functional within the framework of the exactly
solvable model which finally puts the partition function in the form

n V n
Z = filjl(D(piquidy,.) exp {-—2—}:

i=1

n,o o n n 4-9)
1 2 2 B (

- = Ty + -B) + — Y . Y o.

> E,, Pig0; +cq* ~B) + T3 (;=1,;¢;(p"’)(-=1,;¢;(p’ q]}

q

TX. + ux-z -X.y. - Zl—({)o]
1 ! 4 V H

We notice that Eq. (4.9) is not diagonal with respect to components of the vector
¢. The nondiagonal part is caused by the strength of the random conjugate field. The

pure ¢* model is repreduced by suppressing the field, that is B » 0. The results of the
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¢* model studied within the context of the exactly solvable model have already been
presented in chapter 2.

Let us now study the random field problem, with a nonzero B in Eq. (4.9). We
define F to be the summation of the exponent of (4.9). To be able to proceed with the
investigation of the critical behavior of the system we first must diagonalize the nxn
matrix defined by the last two summations of F. After diagonalization we require that
y; = y; = y since only this choice reproduces the pure ¢* upon suppression of the
random field. Explicitly, this is so because in the limit of B - 0 the degeneracy of the
eigenvalues of every other choice does not reduce to n-fold as expected from
considerations of the simple ¢* model treated within the context of the replica method.

Hence, when ¥i = y; = y the matrix has two distinct eigenvalues,

Ay = ‘%0’ req)
A, = —-;:(y +cq® -nB) (4.10)

The first one, A,, is (n-1)-fold degenerate. These eigenvalues can be used to diagonalize
the nxn matrix of interest as well as transform ¢, of term h/2) ¢, into a new order
parameter say ;. An orthonormal basis for the solution space of the nxn matrix is

generated by,

IZ; (pio = \/ﬁwno (411)
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The above relationship makes it possible to completely replace ¢;, with ;, in Eq. (4.9)
and to perform all Gaussian integrals with respect to {;,. Therefore, the partition function

becomes

4 =f l’l](dx,.)dyexp ——ZV:E [»rx,. rux] - yx,.] + (—1——;1)—2 Iny +cq?)
i1 i1 g0

nVh? (4.12)

1
- qu:; In(y +cq® -nB) + 2 —nB)

and after treating the summations with respect to g and renormalize 7 as in chapter 2, we

derive

nh?
o -nB) (4.13)

Feyh) = Z[tx,. * uxiz _yxi] - (A -n),pic)+f,0 -nB;c) -
i1

Using 6F/0 x; = 0, we simplify the above equation by replacing x;

Fo) =3 |- 2 2 pye - B fyie) gy -nBic)
T 4w 4w 2w YT y-nBy| YT M T 4.19)
and the saddle point of F is found by considering in addition,
oF (y,h) ny nh?
—2=0=-—= —+n 1D fvse) +f;0 -nBic) + ————— =0
S 2u (= Dfavie) +fab - o -nB?  (4.15)

The solution for y must then be substituted in F(y,h) and the averaged value of the free

energy is given by
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F = lim £07)
0 (4.16)

An expression of an averaged order parameter ®, at zero field is obtained from

tim % _fim P
h—-00h  noy(h) (4.17)

@ =
In order to have a non-trivial solution for ® we must seek a solution for y of the form
y(h) = ah with a a constant to be determined from Eq. (4.15). It can be shown that
when Eq. (4.15) is expanded in powers of n, for any d and up to order n, (which is
sufficient since we consider the n - 0 limit), the solution for y(#) is independent of n.

Respectively, for d not even (including non-integers) and d even the resulting equations

are

@-2) @ -4)
YLLKy Pk x@@-2)By *
2u  2u 2 y? 4
@-2) @-2) ) (4.18.a)
_L _t_ & #{C}d 2 1 2 h__
2u ' 2u 2 4 ny +p()y ! y?
€9 (4.18.b)
1 d d
-u(c)Bd -2y % |=+ +—Iny|=0
w(c)B(d -2)y 2 2@ a™
In addition, the averaged free energy becomes,
2 yr oyt h? /
F=--xF-Z +Z° ¢y - — -Bf,ly;c
du a1 T Blbe) (4.19)

This Eq. must be used to find a possible expression of an order parameter, & Eq.
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(4.17). Notice that Eqs. (4.12-4.19) in the limit of B - 0 reproduce the corresponding

ones of the ¢* model as expected since in this limit the random conjugate field vanishes.
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4.3 RESULTS

From Eqs. (4.17) and (4.18) it is seen that for d < 4 no solution for  exists.
Thus the random field, regardless of how weak it is, does not allow a phase transition
ford < 4. Whend > 4 we get the second order transition occurring for ¢ = 0 as
predicted in Ref. [29] using RG arguments. Furthermore, the critical exponent § for the
random d-dimensional system is exactly the same as that derived for a (d - 2)-
dimensional pure one. That is, for the random 4 < d (=d” + 2) < 6, andd > 6
system the critical exponent § is equal to (d"+ 2) /(d"- 2), and 3 respectively. More
explicitly, this result is obtained from Eqgs. (;1.18) after replacing y with h/® and then
solving in terms of P for small # and with ¢ = 0. In addition, the model derives from
Eq. (4.18.b) the same logarithmic corrections implied by (2.15) for the random 6-
dimensional system, and the simple ¢* 4-dimensional system . Therefore, we note how
the upper marginal dimension where MF theory results hold has shifted from 4 in the
pure case, to 6 in the random case. Moreover, the lower limit of destruction of a phase
transition is 4 for the random case, where it used to be 2 for the pure case. Note that
within the framework of the model the critical exponent 8 is equal to 1/2 whenever a
phase transition is possible. Therefore, using the scaling relations, it is sufficient to
know two of the six critical exponents in order to specify all of them. The crossover

from critical to MF behavior in 4 < d < 6 occurs when

1 3 d
n> [ﬂ%lelx(c)l @-d) (204) 2~ (4.20)
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and it is obtained by requiring that in Eq. (4.18.a) the first term, which is responsible
for MF behavior, is greater than the last one, which is responsible for critical behavior.

Since the dimensional crossover that includes a destruction of phase transitions
by a random field for 4 < 4 occurs due to fluctuation interactions, in the case when
fluctuations are suppressed in the limit of ¢ - o we must recover the regular MF
transitions. Indeed, in this limit Eqs. (4.18.a, 4.18.b) give the MF critical exponents and
the second order phase transition is restored independently of dimensionality or the
presence of random fields. Furthermore, inequality (4.20) is always true. Therefore,
this test shows that the suppression of fluctuations produces a more dominant effect on
the system in comparison to the effect of the random field. This is expected because
when the MF theory is used for the study of the random system, no new results are

derived in the picture of phase transitions.
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4.4 CONCLUSION

In conclusion we have explicitly shown that an arbitrarily small random field
forbids the occurrence of a phase transition for d < 4. The critical exponents of the
random d-dimensional system agree with those of the (d - 2) pure one. Logarithmic
corrections to the critical exponents were found for d = 6. The lower limit of dimension
for which a phase transition is not occurring and the upper limit of dimension for which
MF results hold have increased by 2. When the random field is suppressed all results
are reduced to those of the pure system. The exactly solvable model’s results
qualitatively recover those obtained by RG analysis. MF finds no changes in the critical

behavior of the random field problem.
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CHAPTER 5

RANDOM TEMPERATURE

We will now examine the problem of nonmagnetic impurities that cause local
fluctuations of critical temperature. Such type of disorder is often called "random
temperature" and is described by the free energy functional

H- —;—fddx['rosz(x) L7 (®)S2®) (VS @) +uS*(x) ~hSE) ] o
where 7(x) is a random perturbation of local temperature. A physical system that the
above functional may represent is a ferromagnet for which randomly selected magnetic
moments are replaced by atoms with no net magnetic moment. This creates different
regions in the sample with different phase transition temperatures, and the question we
like to ask is what kind of effect this has on the entire phase transition picture. The
random temperature is assumed to be a §-correlated function of the form, <7(x)7(x")>
= B8(x - x”) which implies no long-range interactions. More specifically, the -
correlated function indicates that one non-magnetic atom does not feel another but all of
them feel the order parameter. After following the steps of the replica method and

treating the problem within the context of the exactly solvable model we derive,

(.2)

!

n 2 n 2
Fe,ysh) =Y |ex, +ux? -x,y, +falyise) - h——} - B(Z x,.]
i=1 Yi i=1
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Using the saddle point equations d F/8 x; = 0 and 0 F/dy; = 0, we obtain y; and x;
which are then used in Eq. (4.16) to find the averaged free energy. Having in mind that
the only physical choice is y; = y; = y, (see chapter 4), which implies x, = x;, = x

the saddle point equations give

2uh?
e

2nBh? -0
»? (5.3)

t+2ufyic) + -y -2nBf;sc) -

Now by writing the solution of the above equation as y= y, + n‘y; with y,

corresponding to the pure case, and having in mind that the order parameter is given by

® -limlim — " -lim 2

h=0n=0 (y, +ny;) k=0, (5.9

we conclude that the random temperature system is identical with the pure ¢* model.
Alternatively, this can be seen by studying the averaged free energy which we argue is
the same as in the pure case. This is so because any possible new contribution to the
random temperature averaged free energy must come from the last term of Eq. (5.2).
But this does not happen since in the limit n > 0 of Eq. (4.16) this term vanishes.
Consequently, the critical exponents of the random temperature problem are the same
with those of the pure ¢* model. This result is rather expected because as we saw in
chapter 4 the critical exponent 8 = 1/2 which is the MF value. f is defined through the
temperature dependance of the order parameter which can be expressed as (7, - T)?. In

other words, the fact that 8 has a classical value may perhaps be interpreted as that
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within the framework of the model temperature dependent functions are less sensitive to
fluctuations than field dependent ones. Therefore, when local fluctuations of temperature
are considered through the second term of functional (5.1) no new changes result in the
picture of phase transition with respect to the pure case which was studied in chapter 2.
This is also the case in MF theory. Of course, the pure case studied by MF theory and
the model present significant differences as was shown in chapter 2. RG theory finds
that when the specific-heat exponent & is negative the fixed point of the pure case is still
stable , that is the behavior of the pure and random cases are the same, and when « is
positive the pure fixed point is unstable and a new fixed point appears, in other words,

there is still a second order phase transition but with different critical exponents, [3,6].
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6.1 INTRODUCTION

The influence of random fields is frequently used as a reason to account for
qualitative differences between experimental results and theoretical predictions concerning
a phase transition. Renormalization group (RG) theory has investigated such systems and
in many cases found interesting results such as a dimensional reduction by 2 [3,26-
32,34]. In some cases exactly solvable models were used to recover and/or clarify RG
results [28, 55]. In this chapter we substantially generalize the study done in chapters
3 and 4. We are interested in the critical behavior of systems with two coupled scalar
order parameters, which in addition are under the influence of two random fields. The
study is done within the context of the exactly solvable model [40]. We explicitly prove
that regardless of the presence of fluctuation interactions which is the reason for the
existence of the first order phase transition in the pure case of two coupled order
parameters [50], (see also chapter 3), the influence of a random field is the cause of the
replacement of the first order by a second order phase transition. In addition, we prove
a destruction of phase transitions by two random fields for d < 4 due to fluctuation
interactions. The suppression of these fluctuations produce MF results independently of

random fields or dimensionality.
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6.2 GENERAL RELATIONS

The Ginzburg-Landau free energy functional of interest is

F[S;,5,] = —Id x{i S76x) + c; (VS,)f +—g,S, ) +—W51 (x) S (x)}

2
> [ASiE) + m)S )] ©-D
where §; is a scalar order parameter with A; and h;(x) being constant and quenched
random fields respectively. If Pijh;(x)] is a probability distribution function of the
random field &;(x) then, using the replica method [35], the averaged with respect to 4;(x)

free energy of the system is obtained from

=

fﬁl DS, (x)) exp(- H[S(x)])J>

= a_‘l(f!;ll [an),.(x) ]exp(—H;ﬁ[(p‘.(x)])) Lo s (6.2)
where @; (x) is an n-component vector, @, (x) = [S;; (x), ... , S;, ()], and H,; [@] is
defined as

_17 4% . (g +
Hl,0) =[4435 9@ + e, + X305 -0,
6.3)

¥ 3 02 ) wij(x)J - Q@]
25
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with

2 Ei ) 9;i(x
Ole) = [dxin\[] ([dh) p;ih)]) e 1O (6.4)

i=1

and where Pi{h(x)} = ILp;{h(x)}. After choosing a Gaussian distribution function,

-h iz(x)
2B;

e :
27, (6-9)

p;lh(x)] =

H_; [¢] takes the form

-]

Hlom] =2 [d%

-0

w n
32 (Pfj(x) (ng(x)
j=1

E[r 9)P (Vo f + 3 (i ) -h..cp,-,-(x))]+

LE cpl,(x)) LE cpz,-(x>]2

(6.6)

The above effective free energy functional is now treated within the context of the

exactly solvable model which reduces the quartic terms as follows [40],

2
a;[¢] —
[ax i) > L2 ajfe;)= [d% o]
a;[0,] 5[0, 6.7
J2% 6@ e ul®ud 2%y 7

When this model was applied to functional Eq. (6.1) with zero random fields, it

demonstrated a rich picture of phase transitions [50]. Explicitly, it proved the existence
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of fluctuation-induced first order phase transition. In this chapter we are interested to
see how the same system behaves under the influence of the two random fields.

After the reduction Eq. (6.7) and the use of a transformation analogous to

Hubbard-Stratonovich (2.3) the partition function becomes

B y n i 2 w i
Z = f' !_]‘1 (D(‘pquxudyu) exp{ _2_ 5 Tx“xij * 4xl} 4x1jx2j x:jyij B ?“pijO}
1 2,1, ) 2, (6-8)
- E l} 7 | [Jql (yij +ciq2 —Bl) + i; ¢E (‘pqu (pu “-q

Functional integrals may be calculated after the diagonalization with respect to
components of the vector @;. For a fixed i, (i=1 or i=2), we notice that only the choice
with all y; equal to one another can reproduce the pure case (B, -» 0, B, - 0). Integrals
with respect to y; = y; and x; may be performed using the steepest descend method, and
the partition function may be obtained. In the thermodynamic limit V- O the calculation
is exact. Explicitly,

2
Z- f|‘|( %) exp[ ZF(x.y;5hyohy) 69)

i=1

with
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2
< & 2 w
F(x;,y::h,h)) = )y [E(tixij Xy T YKt leszj] +(n-Df,;se) +

i=1 |j=1 4
nh,-z
y; ~nB;

(6.10)

f40; -nB;ic) -

The normalized trial critical temperature ¢;is ; = 7, +1/2 [ gf(A;c;) + wh(Asc..)]=(T
- T;)/T,. Expressions of the averaged free energy and order parameter ¢; at zero constant
field h; are given by
F = lim 2F(x,,y,3h,,h,)
n—>on (6.11)
and

h,
- lim a_F = lim ——
h=0 ah’i hi"oyi(hi) (612)

Q; =
with x; and y; obtained from equilibrium Eqs. 0F/d x;=0 and &F/dy;=0. From
0F/ax;=0 it is derived that for a fixed Z all n of the variables x; are equal to one another

hence x;; = x;. After eliminating x; we obtain two Eqs. for y, and y,

-an‘-/ 2nw
3 v -t) - A G-y + (n _1)fd/(yi;ci)
, nh} (6.13)
+ faO; -nB;c) + ———— =0 .
; ‘”Bi)z

with A = g,g, - w? and i##i. When Eq. (6.13) is expanded in powers of n, for any d

and up to order n, (which is sufficient since we consider the n - 0 limit), the solution
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for y;(h;) is independent of n. Respectively, for d not even (including non-integers) and

d even the resulting equations are

d-2)
EK(C) .2
—2g,./y,. 2gi'ti 2Wl,-/ 2wy,./ 9 Vi Vi
+ - + +
A A A A e,
1) (1 * E’Iny,-)
-dd -2)x(c) . L2 (6.14)
2 e e———— , SV N
+ h_‘ + d 4 . =0 for % ~hon -even
2 “a-9 - d =even
j d - -
S A (E . (d22) . d(d4 2) 1ny,.)
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6.3 RESULTS

The most interesting case is when d=3. The random case presents a completely
different picture than the pure case studied in chapter 3. For example, when both B, and
B, are not equal to zero it is derived from Eqs. (6.12) and (6.14) that when ;- 0 no
solution exists for ¢; for d < 4. A phase transition recovers when the fluctuations are
suppressed in the limit ¢; > o even at the presence of random fields, see Eq. (6.14).
In the pure case depending on the system, (defined by w and A), a phase transition into
either one of phases 1 or 2 may occur, (whenw > 0, A < 0), or a phase transition into
either one of the three low symmetry phases may occur, (for A > 0). Specifically, the
system of w > 0, A < O presents a fluctuation-induced first order phase transition into
either phase 1 or 2, see Eqs. (3.20, 3.22). In the random case the situation is quite
different. That is, the mixed phase never realizes as long as at least one of the random
fields is present, and when B; = 0, (with B;.#0), only phase i occurs. For the last case
we will show that the transition is of the second order, that is, the random field replaces
the first order phase transition found in the pure case.

Say B, = 0, then using Egs. (6.12) and (6.14), at zero constant fields, #; - 0, the
temperature dependance of the order parameter ¢, of phase 1 is obtained. Explicitly we

derive
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2
2 _2wig|] |k]A KA wt | 2t
P1s = - 2l *——| —
& 2, & &

= (6.15)

The "plus" solution corresponds to the lowest free energy. In the limit B, - 0, Eq.
(6.15) reduces to the expression corresponding to the pure case, [S0]. The most
interesting question we would like to ask is whether Eq. (6.15) may imply a fluctuation-
induced first order phase transition as it was for the pure case. Unlike the pure case
however, we prove that for arbitrarily small B, Eq. (6.15) corresponds to second order
phase transition only. To do so we think as follows: In general a characteristic feature
of first order phase transitions is the presence of two saddle points in the diagram of the
free energy vs the order parameter see figures (8, 10). The transition temperature
corresponding to the first saddle point is given by equating the two solutions of the order
parameter, ¢,, = ¢,.. Therefore, if Eq. (6.15) were to correspond to a first order phase

transition the transition temperature would have been given by
KA wt,
(P1+=(P1_=’(———) +t,-— -B,=0 (6.16)

and the equilibrium order parameter evaluated at a point (f,, f;) that satisfies
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simultaneously Eq. (6.16) and inequality ¢, < (W x> |A] )/ (2 &) by

o - WelAl 24
Yo & (6.17)

Note that condition ¢, < (w x> |A| )/ (2 g) guarantees the positiveness of the order
parameter. But let us show that Eq. (6.17) does not correspond to a jump as expected
from a first order phase transition, and that it merely is the value of the order parameter
calculated at the point (Z,, ¢;), which corresponds to simply a temperature lower than an
actual second-order-phase-transition temperature. If it did corresponded to a jump, then
the order parameter Eq. (6.15) evaluated at a point (¢, , ¢; + €) where € is positively and

arbitrarily small, should have been imaginary. But this is not the case. Explicitly,

2.2w? Il 2
‘Pi(tz,tl*é) =(‘———\/-w el —£]e+———WKQI '——1

812 \/B_z & 812 & (6.18)

and having in mind that the result of the last two terms is always a positive number, it
can be inferred that for an arbitrarily but finitely small € and a finite B,, ¢,.(%,, {, + €)
has a positive definite value. Hence, Eq. (6.16) does not correspond to a transition
temperature of any kind, and indeed Eq. (6.15) is the temperature dependance of the
order parameter of phase 1 undergoing a second order phase transition. Note how when
B, =0, ¢,.(t, , + €)in Eq. (6.18) becomes imaginary which implies that in this limit
Eq. (6.16) is indeed the first saddle point of a fluctuation-induced first order phase

transition Eq. (3.20).
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6.4 CONCLUSION

We show that, despite a fluctuation-induced first order phase transition proven to
exist in the pure case of coupled order parameters in chapter 3, we see here how the
existence of a random field replaces such a transition by a continuous one. In addition,
unlike the pure case where depending on the system a phase transition into either one of
the three low symmetry phases may be possible, here the result is different: for 3-
dimensional systems if both random fields are present no phase transition is possible.
Furthermore, if one field is present then the mixed phase is unstable and only phase 1
(or 2 depending what random field is zero) exhibits a phase transition of the second kind.
Within MF theory the random case is similar to the pure one and within RG theory is

still an open question.
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7.1 INTRODUCTION

In the previous chapters we have explored critical phenomena using the exactly
solvable model which takes into account fluctuation interactions partially. The fact that
the model’s results are in a qualitative agreement with RG theory is not only considered
a success for the model but also for RG theory since the theory’s results which are obtain
through perturbation were never guaranteed to be correct. This is interpreted as a sign
that RG is indeed an adequate theory for critical phenomena, and therefore, we use its
fundamental formalism to derive an exact RG functional equation from which all known
results of phase transitions should be derivable. The derivation of an exact RG equation
is important for many reasons, for example, unlike exactly solvable models, all
fluctuation interactions are considered, thus providing an alternative approach to the goal
of obtaining well established results on critical phenomena. Even though exact RG
equations were derived before as was mentioned in the introduction, the exact equation
we derive here [56], has the important difference in that it does not contain redundant
operators which have no physical meaning. Their exclusion from the transformation is
therefore a necessary but at the same time a very difficult task, so an exact RG equation

which does not contain any is always very pleasing.
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7.2 FORMULATION OF THE PROBLEM

The Wilson functional RG equation for the Landav type Hamiltonians H can be
symbolically written as dH/dl = R{H}, [18] where R is some nonlinear operator
performing RG transformations and / signifies a transformation of the length scale. The
fact that the correlation function is scale invariant at the critical point suggests that H
must be so at criticality as well, that is dH/dl = 0. This is so because the construction
of R is based on the procedure which changes the scale of H. Hence, the fixed-point
Hamiltonian H* at the critical point of a phase transition is determined by R{H*} = 0.

For a linear deviation from H* the equation dH/dl = R{H} gives

OAH _jam;, L=S3RUD
ol 8H (7.1)

Its solution can be expressed in terms of the eigenvectors O, of the operator L
AH=Y p,e*O,

A (7.2)
where A are the eigenvalues corresponding to the eigenvectors O, with u, the expansion
coefficients [54]. Depending on the sign of A the eigenvectors are classified as relevant
(A>0), irrelevant (1 <0), and marginal (A=0). Critical behavior can be associated with
positive A only. Unfortunately however, for conventional RG transformation equations
there exist many eigenvectors O, having their corresponding eigenvalues greater than
zero, that is, A>0. Only the one defining the critical exponent v is physically

meaningful. The others should be treated as redundant with no physical meaning.
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Wegner [38] suggested some criteria for distinguishing the physical operators. According
to Wegner, those operators whose eigenvalues are dependent on a particular choice of
the RG equation should be treated as redundant. These operators must be excluded from
the RG procedure by imposing additional conditions. In this chapter we show that there
is a formulation of the exact RG equation which leaves no room for additional conditions

and therefore it must not contain any redundant operators.
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7.3 DERIVATION OF RG EQUATION

Suppose we have the most general kind of Ginzburg-Landau-Wilson functional

© n oy 2k 2k «
H[o(@)] =I§)2"2" [ X & @9 @m)'8(Xq,) Lo™4q;)

1

(7.3)

9y-go *r %"

where @ is an n-component vector and = [di/(2w)". The non-local vertices g
p q q k

must have the symmetry

ga‘n:,( .-.,q,-, ---,qj, ) - ga,ﬂ,( s js ,,,,q‘., ) .
(7.4)

We choose to cut off all momentum integrals at an upper momentum A by adding to H,

Hyl9] = 2 [G5'@. 1) lo@) %
2y (1.5)

where the propagator G, is defined by

Gy(g,N) = g2S(gYAY).
(7.6)

Here S(x) is a monotonic function with the properties S(x=0)=1 and lim,, ,,S(x)x"=0 for
any m. Assuming that the vertices g,(q,,....4») do not diverge with increasing g; then the

term H, provides either a smooth cutoff, when S(x) is a smooth function, or a sharp
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cutoff, when S(x) is a step function.
We now perform the following two steps which are standard for the RG theory.
First, apply a Kadanoff transformation to thin out the original Hamiltonian (that is, to
decrease the number of degrees of freedom), by integrating those Fourier components
¢(q) corresponding to momenta within a spherical shell A(1-£)<g<A in momentum
space with £ «1.  The Kadanoff transformation succeeds in bringing down the cutoff
momentum to A(1-f) . Second, all the rest unintegrated Fourier components are
relabeled. In other words, a scale transformation is applied so that the original cutoff
momentum A is restored. To be able to proceed we write
Z - [Doexp(-H[@)) = Z,exp(-H[@D) = Z,W ][9]y 5, .
and the averaging <...>, is performed with respect to the Gaussian functional Hy[¢]
at a given value of A. Furthermore, if we define ¢(q) = 9,(q) + 9,(¢) and Gi(g, A) =

Go(g, Ay) + Gyp(g, A;) then it can be shown that

W@y = Zo' [Dow]@]exp(-Hy[®)])

-1~ 7.8
- Z5! Z;; [D@, D@, w9, 9] exp(-H [ @, 9,]) (7.8)

where
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1/-
Zy = fD‘P,-CXP _EfGOil(q’Ai)I‘pi(q)lz ;
q

- - 7.9
Hie, 9] - 2[Gi@A) le,@F+ L[eiar) @ T
q q

Now by choosing Gy, (g,A,) = Gy(g,A(1-E)) with £ « 1, we make the function Gy, of the

order £,

oG, (q,A
Gp(@:A;) =Gy(g:A) -Gy (g:4,) = EA—%(%—) = 2Eh(g) ,
ha) =g 2 A295@/A) , (7.10)
@) =9 e

as well as @,(¢) are the modes with momenta within a shell A(1-) < g < A which
should be infegrated out. To integrate the short wave modes and have the first step
completed we expand <w[g@,@,]> with respect to the small parameter { and retain
first, nonvanishing terms only. Having in mind the Gaussian nature of H,[¢,,®,] the

completion of the integration yields

2

wle(@)] ) AQL-E)?

Wle@)]a = (1 Eth(Q)E 50%(q) 5¢%(-9) ’ (7.11)

Consequently, the right hand side of Eq. (7.11) contains effectively only modes with g
< A(1-8).
For the second step we must rescale the momentum to restore the original cutoff

A through transformation ¢ = ¢’(1 - £). This rescaling changes H[A] to H,[A(1-£)].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

However we must restore this change because this is essential to the restoration of A, and

we do so by transforming ¢(q)

0%(g) = 233 56 + Ee*P(q) | @Plg(1+E))
- B . v 858 g.9 )|o” 7.12
;[6 E(ﬁ"”(q) 5 a,,)}"’ @ (7.12)

where at present €®#(q) is an arbitrary tensor with the only property e*¥(q) = €*(-q)
which preserves the symmetry (7.4). The above transformation  changes
<w[9(g)]> .05y Of Eq. (7.11), and after keeping terms of lowest order in £ and

remembering that w[@] = exp(-Hj[@]) we derive the RG equation for the functional H,

. oH 1
Aiylo] - 4G - ZI T @) - 3 £ 6i'a) 9°0) -0

d+2 .0 "B(q)) i . sa .ama(q)}SH,[fp]
¥ ¢ -1 +8
}[zl; [( 2 2 )@ o4 |8¢P(q) (7.13)

SHle)  SH][e] 8H|g]
3¢0%(q) 59%(-q) 8¢%(q) 59%(-q)

.

+ [h@ Y
q 4
Here we defined 7*%(q) as

1°8(g) = 8(d +2) -2€%(-q).
(7.14)

This is the generalization (arbitrary symmetry) of the exact RG equation which has no
redundant operators derived in [39]. Note that if we choose n*(g) = 0 then the resulting

RG equation will be similar to the traditional ones, and as in those cases it will contain
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redundant operators. However a proper choice of the tensor #* can make the RG Egq.
(7.13) free of redundant operators. To find this proper choice we think as follows.
Explicitly, the RG transformation Eq. (7.13) generates different vertices g. Some of the
g-dependent part of this renormalization can be incorporated into G,. This means that
the cutoff A is affected which should however remain unchanged. To avoid so, we
define 7°#(g) such that it cancels out the g-dependent renormalization of the vertex g,(q).
In order to achieve this, we use the RG Eq. (7.13) to write explicitly the change of
vertices g,* corresponding to zeroth and first order in ¢*(¢)¢®(-g). Then we require that
&:*® is momentum independent initially and must remain so after the transformation so
that H, which controls the cutoff remains intact. This requirement finds a momentum
dependent expression for tensor (). To see all these, let us carry out the above series
of steps in a relatively detailed manner. First, we extract an explicit equation for the

vertex &,(q) from Eq. (7.13),

£2@) = -1"P(a) Gy (@A) + Y |28°Y - 7*(q) ‘3”"'% "’(q)
Y
- Y 0%(g) - 25 7 (0) 8 (@) h(a), (7.15)
Y Y
where
0*(q) = 3 [h(p)g;"" (¢, 4., -P)-
P (7.16)

We can now split Eq. (7.15) into two equations: one for g, which is the momentum
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independent part of £,(¢), and another for 8,'(q) = 2.(q) — &0,

g =N (287 - 17(0) gl + T Q#(0) -2 g aF h(0);
Y Y Y

(7.17)
. faf - _ . ap -1 ay _ Y _say . 0| ne
4@) - -1%@)Gy (q,A>+E{[28 @) 87020
Y
-[m*7(g) - 1*7(0) Jgs + Q*"'(g) - QPYV0) - 2855’ g Th(g) - h(0)]  (7.18)

B @ B
-2lgi'e(@) + & @&l + 8" @& (@) |h(g) }-
Using Eq. (7.18) we can define the function 7*?(g) such that the derivative of g,’(q) is
equal to zero. This means that if the vertex g,(g) of the initial functional H; is constant
then a g-dependent part of this vertex will not be generated and the functional H, will be

intact within the renormalization procedure. The requirement g,'(¢) = 0 implies that

1*8(g) = 1°(0) - ¥ {n"(0)Gs' (@A) + Y [2[(a) - (O)lgit &b’
v Y

- 7.19
-0="@) + 2O gt + Go (@ 18] o

Eq. (7.19) defines the momentum dependent part of the function 7*(g). We still
have to define n*> components of the tensor 77*#(0). We can use these values to simplify
the RG equations and clarify the physical meaning of n*. To do this, let us diagonalize
the vertex g£,, in the initial functional H,. This can always be done without loss of
generality. The diagonal components of this tensor are trial critical temperatures for the
corresponding components of the order parameter ¢(q). However, as one can see from

Eq. (7.17), even if the non-diagonal part of the tensor g,,* does not exist in the initial
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functional, it will be generated within the renormalization process. We can use the
arbitrariness of tensor % to keep the tensor g,,** diagonal. In order to do this, let us
split Eq. (7.17) into two separate equations, for diagonal and non-diagonal parts of the
vertex g,**. Defining g, = §r* + (1-8®*)r*#, we have
P = (217 + Q(0) - 2(r)*h(0);
(7.20)
PP = (2-n)rf -3t r ¥+ 0°%(0)
Y
-7%rP - 2|reref + roBrf + N revr 8 p(0), (7.21)
Y
where 7%, Q% and 7, O are diagonal and non-diagonal elements of tensors 1*® and
Y, 0, respectively,

1P(0) = 5 + (1-8%)7%;
Sy—: QP (q) = 8 Q%q) +(1 —S“B)QGB(‘I) . (7.22)

MNow by choosing
W - O,

(7.23)
we provide that if the initial functional does not contain non-diagonal parts of the vertex
&1, then this vertex remains diagonal after the renormalization. If at last we require that
the expansion of 1**(q) does not contain g* terms, then the following equation defines the

diagonal part of the tensor n%#(0)
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d
@ - T a —2h )2 .
7 qu[Q (@ @ )]q=0 (7.24)

Function 1%%(g) is now completely defined and there is no more freedom in the exact RG
Eq. (7.13), therefore, it must contain no redundant operators. The physical meaning of
the function n* is suggested by the Eq. (7.20): at the stable fixed point of the functional
(7.3), n* is equal to the critical exponent 7 of the corresponding critical mode ¢°.
Furthermore, one may consider the possibility of constructing a new perturbation theory
using the Fisher exponents 7*(0). In fact this is the only parameter in the theory which
is numerically small for most systems. For the isotropic GLW functional, such a

perturbation procedure was already developed [25].
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7.4 CONCLUSION

We have obtained the exact RG equation Eq. (7.13) for the GLW functional for
a system with an arbitrary symmetry. This equation is expressed in terms of an arbitrary
tensor 11*#(g) which when properly chosen, Egs. (7.19, 7.23, 7.24), leaves no room for
additional conditions and therefore the exact RG equation contains no redundant
operators. Even though the developed procedure may be more cumbersome than the
traditional Wilson approach [18], unlike the case of the traditional approach where the
exact RG equations contain redundant operators, in our scheme such a problem does not

exist since the proper choice of 7(g) leaves Eq. (7.13) free of redundant operators.
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CHAPTER 8

SUMMARY

Let us highlight the results of each chapter of the thesis. In chapter 1 we discuss
three different approaches to the field of critical phenomena at phase transitions. On the
one hand, the rather easy mathematically MF theory is conceptually imprecise therefore
in general gives incorrect results. Despite that, however, MF results are still appreciated
for pedagogical and comparison purposes with results of other approaches. On the other
hand, RG theory which is conceptually precise, at the same time is mathematically
complex and the approximation methods that is using to get results very often do not give
clean cut answers on the most interesting of systems. Unfortunately RG theory can
determine only critical asymptotics. There are many predictions of RG theory that totally
contradict a phase transition picture obtain from MF theory. These predictions, which
are crucial for the understanding of the true critical behavior at a phase transition, cannot
be substantiated within the framework of RG. Consequently, the development of exactly
solvable models which conceptually are somewhere between the MF and RG theories
rose as a natural necessity to shine light on fundamental disagreements between MF
results and RG predictions. This idea motivated and challenged us to develop the exactly
solvable model in chapter 2 in order to investigate important physical systems, pure and
random, to discover and clarify their true behavior at a phase transition. The exactly

solvable model can serve a double purpose: not only it can help create a better
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understanding of RG theory but it can also add to the results. In chapters 2 through 6
we apply the model successfully. In the last chapter we have a different direction in
mind. Since after the use of the exactly solvable model we saw how RG predictions are
true, we are more confident about the theory and, therefore, we apply its fundamental
formalism to construct the exact RG functional partial differential equation of the most
arbitrary symmetry Hamiltonian which contains no redundant operators.'

The exactly solvable model is described in chapter 2. The model considers
fluctuation interactions of equal and antiparalle]l momenta. In this thesis it was first
applied in the ¢* model. In that case it was shown how the exactly solvable model
demonstrates critical behavior for 2 < d < 4 and MF behavior ford > 4. MF theory
finds the same behavior regardless of dimensionality. In addition the model finds
logarithmic corrections for critical exponents at d = 4. At last, crossover effects from
critical to MF are discussed. Since these results were in qualitative agreement with RG
analysis we decided to apply the model in more complicated systems pure and random
in chapters 3, 4, 5, and 6.

In chapter 3 the system of two interacting order parameters is studied. The model
demonstrates many basic features of RG theory. Instead of a continuous order-disorder
phase transition predicted by MF theory the model finds the first order phase transition
induced by fluctuations. This phase transition occurs when w > 0 and A < 0. Because
the model is exactly solvable it is possible to calculate the jump of the order parameter
at the transition point and also the temperature dependance of the free energy which

undergoes transformations typical for first order phase transitions. This was shown in
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terms of graphs of the free energy vs the order parameter for various temperatures.
When radii of interactions c¢;*” increase, order parameter jumps decrease and in the limit
infinite range of interaction the first order phase transition disappears. In this limit the
results of the model reduce to MF theory results as it should be. Since the model takes
into account fluctuations only partially and nonetheless demonstrates results similar to the
RG approach, it shows that such qualitative effects as first order phase transitions
induced by fluctuations are not artifacts of RG theory but real ones.

In chapters 4, 5 and 6 the model is applied to random systems. In chapter 4 we
consider the effect of a random quenched field on the critical behavior of a uniform d-
dimensional system. Since the model is exactly solvable, we are able to explicitly show
that the critical behavior of the random system is similar to the critical behavior of the
pure system of (d—2)-dimension. Namely, for d < 4 the system is unstable with respect
to a random field, i.e. even infinitesimally small field destroys phase transitions. For
4 < d < 6 the random system has the same critical exponents as the pure one for 2 <
d < 4, at d = 6 logarithmic corrections to critical exponents of the random system
appear and for d > 6 the random system demonstrates the mean field critical behavior.
The crossover effects from d-dimensional behavior to (d—2)-dimensional one are
discussed. It is found that the suppression of fluctuations dominate the existence of the
random field, hence in this case the critical exponents are the MF ones even for a
nonzero random field.

In chapter 5 we find that for the "random temperature" type of disorder the model

demonstrates the same kind of critical behavior as MF theory.
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In chapter 6 the system of chapter 3 is substantially generalized when the two
intefacting order parameters are now under the influence of two random fields with short-
range spatial interactions. Using the replica method within the context of the exactly
solvable model it is proven that when one of the random fields is on the fluctuation-
induced first order phase transition shown to exist in the pure case in chapter 3, is now
replaced by a second order. When both fields are on, then a phase transition does not
occur ford =< 4.
In chapter 7 the central ideas of RG theory have been employed to a general type
Hamiltonian with an arbitrary symmetry. Here we derive an exact RG equation free of
redundant operators. Such operators are of no physical meaning and must be

transformed away in the standard approach.
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Figure 1: MF phase diagram with A < 0, w > 0. Dashed lines 7,=0 and 7,=0
separate disorder from phases 1 and 2 respectively, and indicate a second order phase
transition. The intersection point 7,=7,=0 is a bicritical point. The coexistence of the
two phases curve is the solid line 7,Vg,=7,Vg,. A phase transition between the two
phases through this line is of first order. Within the context of the exactly solvable

model the bicritical point is replaced by a fluctuation-induced first order phase transition

and figure 4 is produced.
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Figure 2: MF phase diagram with A > 0, w > 0. The phase transition from disorder
to phase 1 or phase 2 through line 7, =0 or 7,=0 respectively is of second order. Lines
w T,=g, 7, and g; 7, = w 7 define the region where the mixed phase occurs, and a
phase transition from phase 2 or 1 into the mixed phase through these lines is of second

order respectively. The point where all lines intersect is a tetracritical point.
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Figure 3: MF phase diagram with A > 0, w < 0. The phase transition from disorder
to phase 1 or phase 2 through line ;=0 or 7,=0 respectively is of second order. Lines
w T,=g, 7, and g; 7, = w 7, define the region where the mixed phase occurs, and a
phase transition from phase 2 or 1 into the mixed phase through these lines is of second

order respectively. The point where all lines intersect is a tetracritical point.
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Figure 4: The phase diagram of A < 0 and w > 0 obtained by the model. It shows
how the plane (¢,,t,) is separated into phase 1, phase 2, and the disorder phase. It is
obtained by requiring that the expression of the order parameter is greater than zero.
The dashed lines which separate disorder from phase 1 and 2 indicate a second kind
order-disorder phase transition. These lines are parts of Egs. #,=z(¢,) and ¢, =z(f,) which
are respectively the dashed lines that separate phase 1 from disorder and phase 2 from
disorder. On the other hand, the two solid lines t,=z,(t,) and 1, =2,(¢,) separate disorder
from phase 1 and disorder from phase 2 respectively. Entering phase 1 or 2 from
disorder through these lines the phase transition is of the first order. From the
interception point of these two solid lines starts another solid line which is the
coexistence curve between phases 1 and 2 given by F(¢,, #0,9,=0) = F(¢,=0,9,,#0).
Due to the complexity of the coexistence equation, the coexistence line is obtained from
numerical considerations. An order-order phase transition is of the first order. Upon

suppression of fluctuations this diagram reduces to figure 1 as expected.
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Figure 5: Model’s phase diagram of A > 0 and w > 0. The plane (¢,, ¢,) is separated
into the disorder phase, phase 1, phase 2 and the mixed phase. Phase transitions from
disorder to order, or from order to order are of the second order. Egs. #,=z(t,) and
t,=2(t,) are respectively the dashed lines that separate phase 1 from disorder and phase
2 from disorder in the first quadrant. Lines g,¢, = wt, and g,t;, = wr, separate the mixed
phase from phase 1 and 2 respectively, and phase transitions between these low

symmetry phases is of the second order.
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Figure 6: Phase diagram of systems with A > 0 and w < 0. It has the same

qualitative features as figure 5.
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Figure 7: Phase diagram of the non-equilibrium free energy vs the order parameter g,,
(with 9,=0), at a temperature corresponding to the disorder phase. At ¢, =0 the

equilibrium free energy is the one that corresponds to the disorder phase.
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F,.=F.

0 Q1+ =0, 0,

Figure 8: Non equilibrium free energy F(¢, #0,9,=0) vs ¢, at critical temperature T, ,.
If the system is in phase 1 then at temperature T, it makes a first order phase transition
into disorder. The free energy of disorder is lower than the equilibrium free energy of
phase 1. The saddle point is where ¢,,=¢,. and F, = F.. If the system is originally
in disorder at T= T, no phase transition occurs. In that case the transition from
disorder to phase 1 occurs at T = T, figure 10, where the second saddle point exists.
This phenomenon is known as hysteresis and is a characteristic of first order phase
transitions. in ‘:)ther. words, the transition temperatures are different upon heating or

cooling.
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Figure 9: The phase diagram of the non-equilibrium free energy F(¢, #0,9,=0) vs ¢,
at temperature Tsuch that T, < T < T,. T, and T, are the temperatures of the first
and second saddle points respectively, (see also figures 8 and 10). The local maximum
corresponds to the point (F_, ¢,), and right of this point the local minimum corresponds

to the point (F,, ¢;.).
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Figure 10: Non equilibrium free energy F(g, #0,9,=0) vs o, at critical temperature
Ty This is the second saddle point. It is at this temperature that a phase transition

occurs from disorder into phase 1. The equilibrium free energy is F,.
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wlg,

Figure 11: Phase diagram that shows how the parameter space is separated into regions
that correspond to first and second order phase transition from disorder into phase 1.
The parabola is A = 0 and the thick line is Eq. (3.30). The region of first order
transition is between Eq. (3.30) and the horizontal axis. The rest of the region in the
first quadrant as well as the part of the second quadrant that A > 0 is the region of
second order transition. Upon suppression of fluctuations the region of first order
transition disappears and the entire first quadrant becomes a region of second order

transition.
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