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ABSTRACT

RIGOROUS APPROACHES TO CRITICAL PHENOMENA AT PHASE

TRANSITIONS

t>y

Demetris Nicolaides 

Adviser: Professor Alexander A. Lisyansky

The theoretical study of critical phenomena at phase transitions is one of the most 

challenging problem in condensed matter physics. As has been shown by renormalization 

group (RG) theory, critical fluctuations can cause drastic changes in the nature of the 

phase transition which have been observed experimentally. However, there are many 

discussions about the reasons for these changes. Since physically different phenomena, 

such as additional interactions, or the dependance of system parameters upon temperature 

or critical fluctuations, can result in similar effects, it is very difficult to conclusively 

ascribe critical fluctuations as the reeil reason for the some striking effects in phase 

transitions. Unfortunately, RG theory is not a big help in settling this dispute. This 

theory can only determine the critical asymptotics. For the case of qualitative effects this
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theory does not work very well and can only make intuitive predictions which very often 

totally contradict the picture obtained from mean field theory. Consequently, hoping to 

find the true description of critical phenomena at phase transitions, we study various 

important systems through an alternative approach. We use an exactly solvable model 

that takes into account fluctuation interactions partially. It is, therefore, conceptually 

somewhere between mean field and RG theories. The advantage of the model is that it 

is exactly solvable, and can therefore provide us with the description of phase transitions 

within the whole range of variation of thermodynamical quantities. In systems with 

coupled order parameters the model finds the first order phase transition induced by 

fluctuations. This type of transition is replaced by a second order when fluctuations are 

suppressed. Systems with two interacting order parameters which additionally are 

coupled to two random fields exhibit second order transitions. Finally the model is 

applied to the case of a random field coupled to an order parameter in d  dimension and 

proves similar critical behavior with the pure case of (d - 2) dimension. At the end we 

use the fundamental formalism of RG in systems described by the most arbitrary 

symmetry Hamiltonian in order to construct an exact RG equation which contains no 

redundant operators.
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1.1 INTRODUCTION

A situation for which interparticle interactions cause correlations between many 

particles in a system manifests itself most strikingly in phase transitions. In general the 

theoretical study of systems undergoing phase transitions is so complicated that it 

inevitably requires some kind of approximation. The three main approaches to critical 

phenomena in phase transitions are the mean field (MF) theory [1], the renormalization 

group (RG) theory [2-7], and the use of exactly solvable models [8]. MF is a relatively 

simpler mathematically and conceptually theory but its results do not hold when they are 

considered close to the critical point of the phase transition. The most sophisticated 

mathematically as well as conceptually more precise of the approaches is the RG theory 

which has, however, a substantial limitation, in that its results are based on various 

approximations of general equations which cannot be solved exactly. Therefore, very 

often one cannot be absolutely sure about the correctness of some of the theory’s 

predictions. In this connection some exactly solvable models were invented which 

conceptually lay between MF and RG theories, that allow for exact solutions and 

therefore have their results accessible for comparison with those of RG analysis, to 

hopefully create a clearer, more established and well organized picture for phase 

transitions. This idea is the common thread between the various research topics that we 

would like to consider in this thesis. First we will use an exactly solvable model for the 

study of the following realistic systems: A system containing two competing order 

parameters, another system having a random field coupled to an order parameter, then
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a system with a random temperature, a system with two coupled order parameters which 

are in addition coupled to two random fields, and finally we will derive an exact RG 

equation which contains no redundant operators for a system of the most general type 

Hamiltonian. But before we consider these topics in detail, we would like to present a 

general discussion of the three approaches to the field of phase transitions in order to 

point out similarities, differences and difficulties.
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1.2 FU N D A M EN TA L CONCEPTS

The first approach in the physics of phase transitions is Landau’s MF theory [1] 

that provided the basis of almost all many-body theories developed prior to 1970. The 

basic idea of MF theory is to focus attention on a particular particle in the system and 

to assume that all other neighboring particles create a mean field which acts on the one 

designated particle. Hence, this approach neglects the effects of fluctuations that may 

extend beyond the length scale associated with the designated particle. Since only those 

fluctuations that occur within the associated length scale of the particle are included, this 

approach has therefore succeeded in reducing the many-body statistical mechanics 

problem into a one-body problem. Such procedures can never be exact, but they often 

can be accurate and very useful. MF theory is a least accurate for systems near the 

critical (phase transition) points where fluctuations extend over large scales. The 

theoretical results for transition temperatures can be significantly improved if, for 

example, the designated "particle" is really a pair of particles which is influenced by the 

mean field of all other particles in the system. Hence the problem is now reduced to a 

two-body problem and it accounts for fluctuations on a larger length scale, that defined 

by the pair. Still such an improvement is not enough for the prediction of the correct 

critical exponents. For example MF always finds f3 =  1/2 independent of the space 

dimensionality d , where j8 is defined through the temperature dependance of the order 

parameter which can be expressed as (Tc - T)$. Tc is a temperature of a phase transition. 

Actually for d >  4, MF theory can become correct. This is not so obvious at first but

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



it is somehow expected since the neglect of fluctuations predicts order-disorder transition 

temperatures which are higher than the true ones but their accuracy increases with 

increasing dimensionality.

A significantly more sophisticated method that considers all length scale 

fluctuations is the RG theory developed in 1971 by Wilson [2]. For reviews of RG 

theory see Refs. [3-7]. Wilson’s method is very general and has a wide range of 

applications even outside of the field of phase transitions. Within the area of phase 

transitions, one might say that Wilson’s theory is an extension of ideas on the subject by 

Kadanoff in the 1960s. The first main idea of RG is to remove from the partition 

function some degrees of freedom by averaging over them. The second important step 

of RG is to try to rewrite the partially summed partition function into the same form as 

the original one with obviously fewer degrees of freedom and perhaps different coupling 

constants which are related to the old ones through RG equations. These equations are 

generated from the RG procedure and they can be used to extract physical results. RG 

theory provides a powerful tool of looking at many-body problems. While the theory 

was developed to study second order phase transitions, it is being used for the 

investigation of other kinds of transitions such as first order phase transitions, and in 

general other areas of physics as well. Very good results have been obtained from RG 

analysis [3,4]. Critical asymptotics were calculated with an accuracy higher than that of 

experiment in some cases [9-12]. Despite this however the theory is still not well- 

grounded since these results are based on perturbation theory that uses parameters which 

are not generally small. This creates the danger that a theoretically calculated result may
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be an artifact of an approximation. Among the most known expansions used are the e- 

expansion, where e =  d  - 4, [13], the 1/n -expansion where n is the number of 

components of a vector order parameter, [14,15], and the expansion in small coupling 

constants in three dimensional space [16,17]. Furthermore, there is another direction in 

the field of critical phenomena which uses RG ideas but it is based on the exact 

functional RG equation for a system of a general type, first derived by Wilson in 1974 

[18]. An important advantage of using this approach is that various other approximation 

schemes of the exact equation are constructed to find very good values of critical 

exponents [19-25]. On the other hand, these schemes are not well grounded as well.

In spite of the relative success of RG theory and although it is described 

mathematically, it must be said in all fairness that our understanding of the theory is not 

yet thorough. This is so because all results of RG theory have been obtained using some 

form of truncation, such as the small-e truncation, where higher order terms are 

neglected, or the n -> oo truncation, where 1/n terms are neglected, or in the case of 

Wilson’s recursion formula the source of the truncation is the plausibility arguments used 

to obtain it. No proof exists that guarantees that the results obtained by a truncated RG 

will be the same as those from an exact RG theory. For example, a serious problem 

with a RG transformation is that it does not insure the existence of fixed points. Fixed 

points are special points of the parameter space defined by the coupling constants of the 

Hamiltonian which are invariant under a RG transformation, and critical phenomena are 

related to the properties of the RG transformation near them. More specifically, critical 

asymtotics are related to the eigenvalues of the linearized RG transformation near fixed
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points. The problem arises from the fact that a simple approximation to the RG 

transformation can falsely provide us with a fixed point even when the full transformation 

cannot. Therefore, this is a serious reason for lessening the confidence one has in the 

correctness and reliability of RG results. Furthermore, questions concerning the term 

limit, the convergence or divergence, etc. of expansions are unresolved. In this 

connection, we hope that other approaches, such as exactly solvable models, can provide 

a more lucid picture of phase transitions.

In addition to MF and RG theories one has exactly solvable models for the 

studying of critical phenomena [8]. Since this approach considers fluctuations in a 

limited fashion, conceptually lays somewhere between MF and RG and can be used to 

compare its results with both other approaches. For example, having in rnind the 

unreliability of many of the results of RG analysis due to the various approximations 

used, and the impreciseness of MF results due to a conceptually inaccurate theory, 

exactly solvable models provide an alternative route to a problem with the advantage that 

they are exactly solvable. Because of that such models can provide us with an exact 

expression of the partition function which can then be used to obtain thorough pictures 

of phase transitions around or at the transition temperature and within the whole range 

of variation of thermodynamical quantities. This is one of the benefits of exactly 

solvable models over RG theory since within the context of RG theory one gets the 

asymptotic behavior of a system only. Very often the interpretation of an asymptotic 

behavior does not provide us with a clean cut answer on the true description of the 

phenomenon. Therefore, if the appropriate exactly solvable model is developed which
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after using a different point of view among other things can recover RG results, then this 

may be strongly suggesting the correctness of RG predictions. In particular, when the 

system of competing order parameters or the random field system are considered within 

the RG theory that takes into account all fluctuation interactions, demonstrate drastic 

changes in the entire picture of phase transitions in comparison with MF. However, 

some of the RG results which are intuitively obtained using the perturbation theories 

mentioned above are not guaranteed to be correct. Hence, the results of these two 

systems obtained within the context of an exactly solvable model may be used to 

determine whether indeed the RG results are not artifacts of an approximation. 

Furthermore, the RG formalism and consequently the field of phase transitions can be 

better understood if the overall picture obtained from exactly solvable models in 

comparison to RG analysis is demonstrated to be qualitatively the same.

Let us now review the structure of this dissertation concerning the various 

research topics. The exactly solvable model is used in chapters 2 and 3 where we 

consider "pure" systems, and in chapters 4, 5 and 6 where we deal with random systems. 

In chapter 7 we have a different direction in mind to the field of critical phenomena at 

phase transitions. We use the fundamental formalism of RG theory to derive an exact 

RG equation of the most arbitrary symmetry Hamiltonian. More explicitly, in the second 

chapter we demonstrate the important features of the exactly solvable model that 

considers fluctuation interactions partially, and we first apply it in the third chapter to 

the problem of two coupled scalar order parameters. The critical behavior of such a 

system is interesting even in MF theory. However, the study of the same problem by
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RG analysis predicts some significant differences with the MF results, such as the 

existence of a fluctuation-induced first order phase transition. Nevertheless, one is not 

absolutely sure about the correctness of these predictions, since there is a danger that a 

theoretically predicted result may be a consequence of the approximation used by RG. 

Having this in mind, we attack the problem within the context of the exactly solvable 

model and we show qualitative similarities between the model’s results and RG 

predictions, [50,58]. Therefore we can present this as a strong argument that qualitative 

RG results may indeed be a fact.

The exactly solvable model can also be used to study phase transitions in 

disordered systems. These problems are considered in chapters 4, 5 and 6. The study 

of such systems is of great importance because real systems always contain some 

impurities. Perhaps one of the biggest examples of how the physics of a system 

drastically changes with the introduction of impurities is semiconductors. The band 

structure of these devices is modified when the impurities create another energy level 

between the valence and conduction band which consequently results in the increase of 

the electrical conductivity of semiconductors.

Different kinds of impurities have different effects. For example, a system may 

be randomly distorted which may create a preferred direction of spins which otherwise 

are randomly distributed. Also, some sites of a ferromagnetic system may not be 

magnetic, and depending on the number of these sites, the phase transition might be 

completely destroyed or simply the transition temperature might be lowered, [3]. In the 

latter case, the critical exponents may change. It has been proven [26-33] that to all
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orders in perturbation expansion, the critical exponents of a phase transition in a d 

dimensional (4 < d < 6 )  system with short-range interactions and random quenched field 

coupled to the order parameter are the same as those of a (d-2)-dimensional pure 

system. More specifically, when the e expansion is performed for random field systems 

having space dimension d =  6 - e , one finds the same critical exponents as when it is 

performed for pure systems having space dimension d = 4 - e. In addition, the critical 

exponents are identical to all orders when the 1/n expansion is performed with 4 < d < 6  

for random systems, and 2 < d  <  4 for pure systems. The effective lowering of the space 

dimension was intuitively explained by saying that it is the random field and not the 

thermal fluctuations that becomes the dominant cause for disorder near the phase 

transition. Also, the lower limit of space dimensionality for which a phase transition is 

not possible changes from 2 to 4, and the upper limit for which MF results hold changes 

from 4 to 6. A lot of the known results [13,26-36], are obtained using RG technics 

which are fairly complicated mathematically and sometimes results are intuitively 

interpreted, as for example in ref. [29,34]. Our purpose is to study the effect of random 

fields on phase transitions within the framework of the exactly solvable model. Since 

the model is exactly solvable, it makes it possible for us to explicitly recover and support 

results obtained by RG by means of perturbation methods. Specificly, in chapter 4, we 

prove the destruction of a phase transition for d <  4 when a random field is interacting 

with the order parameter in a Ginzburg-Landau-Wilson (GLW) type Hamiltonian, 

[55,57]. We also show how a phase transition resumes for d > 4  as predicted by [29], 

how we obtain critical behavior for 4 <  d <  6, and how the MF theory exponents of
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the pure <p4 model are again reproduced by the random system when d >  6. In addition 

we prove that the critical exponents of the random system of arbitrary dimension d agrees 

with those of the pure (p4 model of dimension d - 2. The dimension d =  6 is proven to 

be a marginal one. Crossover effects are also discussed. In chapter 5 we consider the 

random temperature problem where the model finds no new changes in the critical 

behavior in comparison to the pure case chapter 2, [57]. Finally the model is used in 

chapter 6. There we prove that when random fields are added in the free energy 

functional of the two coupled order parameters of chapter 3, the fluctuation induce jump­

like phase transition found in the pure case may be replaced by a continuous one, [59]. 

The way we attack these random problems is by using the replica method [34,35]. One 

of the important advantages of this approach is that it starts with a quenched Hamiltonian 

which is not translationally invariant, and derives an effective Hamiltonian which is 

translationally invariant, a fact that the e expansion in its standard form [13] assumes.

In chapter 7 we have a relatively different direction in mind as far as critical 

phenomena. Unlike the previous chapters where we solve equations for particular classes 

of systems and perform relatively practical calculations, in the last chapter we would like 

to use the fundamental formalism of RG theory in order to derive an exact RG 

transformation equation that contains no redundant operators for a free energy functional 

with an arbitrary symmetry. All known results of RG theory can be obtained using this 

equation. In general, exact RG equations were derived before [18,37-39,56], which even 

though are impossible to solve they are still considered very important because using 

them various approximation schemes can be developed [19-22,25]. However, there is
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a very important difference between the RG equation of the most general isotropic 

Hamiltonian ref. [39], as well as an anisotropic one derived in chapter 7, [56], and the 

rest of equations, ref.[18,37,38]. That is, they do not contain any redundant operators, 

which bare no physical meaning and must be transformed away. The task of their 

exclusion is very cumbersome, so it is desirable that these operators do not exist in exact 

RG transformation equations in the first place. Finally chapter 8 summarizes all work.
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2.1  INTRODUCING THE M ODEL

14

In this chapter we would like to demonstrate the features of the exactly solvable 

model by reviewing the results of the simple <p4 model as derived by MF, RG and by the 

exactly solvable model. Therefore we start from the isotropic Ginzburg-Landau free 

energy functional with a scalar order parameter (p(x)

where r oc T - Tc with Tc being a trial critical temperature, h a constant conjugate field, 

and c, g  are constants of interaction. The physical meaning of c is that it is the scale of 

microscopic interactions in the initial system. Functional (2.1) may describe, for 

example, a paramagnetic to ferromagnetic phase transition, or a liquid to vapor phase 

transition. In these two examples r, c, and g  have different values. Our model uses the 

approximation

where V is the volume of the system. This was originally proposed by Schneider [40] 

for the isotropic <p4 model and was developed and generalized in Refs [41-50]. In 

momentum space such a reduction corresponds to the splitting of the factor of the <p4 

term, S(px + p 2 + p 3 +  p4), which provides momentum conservation, into a product of 

two 5-functions, 8(px + p 2) 5(p3 -1- p 4). This split has a clear physical meaning. While

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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the model is preserving the symmetry of the system, it is also considering fluctuation 

interactions having equal and opposite momenta only. Using the above reduction the 

exponent in the partition function becomes quadratic in the functional a[q>], and after the 

use of a transformation analogous to that of Hubbard-Stratonovich,

exp
2 { V

j = j - f d x d y  exp + " M v ])
(2.3)

which is true for an arbitrary function K, we obtain

x  exp)--^

Z = f  dxdy
-oo

rx + j g x 2 -x y  + (c ^ 2
2 V  q=0

(2.4)

We now perform all Gaussian integrals with respect to the order parameter, except (pq=0 

= <p0 which may condense at the phase transition to obtain

X exp<

Z  = fdi[>0d x d y
-oo

tx + \ g x 2 -xy  +y<Po- h i p0 + -^ £ ln (c t f 2 +y)
q̂ O

(2.5)

where cp0 -* (p0/ W  and h -» h /2 W .  First we note that the summation of the kind 

£qln(cq2 +  y) is divergent if we allow the upper limit of the cutoff momentum to tend 

to infinity. Therefore, we must keep the cutoff momentum finite. However, critical 

asympotics should not depend upon momentum cutoff. When 2 < d <  4 this can be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

handled by renormalizing the summation and then setting the momentum cutoff to be 

equal to infinity [41]. For d >  4 the sum becomes nonrenormalizable and we must 

maintain the momentum cutoff explicitly. However, as we demonstrate below the 

dependance upon the momentum cutoff is absorbed into a renormalization of the trial 

value of the critical temperature and into an insignificant constant addition to the free 

energy. Let us suppose that the cutoff momentum is equal to A.  Then

£ > ( c g 2 +y) = [yO(A) + /d(y;c)]F
9

and with 5d the surface area of a d-dimensional unit sphere we have

(2 .6)

0(A) = 8(A;c)
(2 ir)‘

\d-2

c ( d -  2)
1 + lnfcvl2) 

2c

f d(y>c) =
(29T)‘

Try" 2

d c dasin ird
2

K  y\dn.
Iny =  yn(c)y//2 lny

d ^  2 

d  = 2  

d & even

d = even

(2.7)

Note the requirement y  > 0. 6(A) is used to renormalize x, x  -» x +6(A), which 

consequently results in the renormalization of the trial critical temperature r, t =  r + 1 / 2  

g9(A;c). As a result the partition function becomes

Z  = J  dxdydip0exp
V

0)
(2 .8)
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with

2
F(x>y><p0) =  * ( t  - y )  + ^ f -  +y<f>l+f d(y , c) -h( f>0

(2.9)

We now note that since V is a multiplicative constant then in the thermodynamic limit 

V -» oo one can exactly calculate the partition function using the method of the steepest 

descend. Hence, all thermodynamic quantities can be calculated. The critical free 

energy is found by considering the equilibrium equations dF/d x =  0, dF/d y  = 0, and 

the equation of state dF/dip0 =  0. After substituting x away we obtain the system

(2 .1 0 . a) 
(2 .1 0 .b)y % = h

with the free energy

^ o )  = 4 (Po +/J(y;c)]+ ^[tpo -h<p0
(2 .11)

Now we are ready to derive and discuss various results.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

2 .2  RESULTS

If h =  0 then, for any d  >  2 in order to have a nontrivial cp0 *  0, from Eq. 

(2.10.b) one must assume y  =  0. The solution of Eq. (2.10.a) gives

<Po = ^
2A
g  (2 -1 2 )

When d <  2 the solution y  =  0 is incompatible with Eq.(2.10.a). Therefore nontrivial 

solution <p0 ^  0 does not exist in this case. This demonstrates that d =  2 is a marginal 

dimension which agrees with RG analysis. The transition is of the second order with the 

critical exponent /3 =  1/2. MF finds the second order phase transition with the same 

critical exponent /3 but with no restrictions on d. Furthermore, the model gives more 

interesting results when calculating the critical exponent S, which is defined through the 

dependance of the order parameter <p0 on the constant field h at t =  0 , that is <p0 «  hlls. 

More specifically, when the constant conjugate field h is small but not zero then at the 

critical temperature t =  0 the system of Eqs. (2.10) gives

~ qT + f  ̂  + — f ~d- h 2 <Po2 = 0  d 5* even (2.13.a)
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(2.13.b)

One the one hand, for 2 < d <  4 and small h the term -h/ip0 of Eq. (2.13.a) is 

unimportant, and on the other hand, for d >  4 and small h the last terms of Eqs. 

(2.13.a) and (2.13.b) are unimportant, therefore if for these two cases we solve for the 

order parameter we obtain,

with 5 =  (d +  2) /  (d - 2) for 2 < d <  4, and 8 =  3 for d >  4. The result of MF 

theory is 8 =  3 regardless of dimensionality, and the result of RG theory is 8 =  3 for 

d >  4 and 8 =(d  +  2 - 17) /  (d - 2 + 17) for 2 <  d  < 4 ,  where 17 is the critical exponent 

for the correlation function. Since tj is numerically small, tj ~  0.05, we have a pretty 

good agreement between the model and RG theory. Furthermore, at space 

dimensionality d = 4, the model finds from Eq. (2.13.b) logarithmic corrections for 5,

which also is in agreement with RG analysis. We see how the model, as it is the case

K(C) d \(d +2) s 
2

2 < d  <  A

(2.14)

(2.15)
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with RG theory, shows critical behavior for 2 <  d < 4  and MF results for d >  4. MF 

theory derives 8 =  3 independently of d. In addition, the model finds that the space 

dimensionality d =  4 is a marginal one since above it MF results hold.

Furthermore, a crossover effect for 2 <  d <  4 where critical behavior is 

occurring can be observed. In other words, even though for 2 <  d <  4 and h small 5 

= (d + 2)/(d - 2) a crossover to MF behavior can be obtained where 8 =  3, if h, g  and 

c are properly chosen together in such a way so that

h > g ^ \ K ( c ) \ ^ 2 ^  (216)

The above inequality is derived from the system of Eqs. (2.10) by requiring that |-y | >  

\g/2 fd'(y;c) | . We notice how upon suppression of fluctuations, (k(c)  -* 0), Eq. (2.16) 

is always true and the behavior is therefore MF one as expected. Furthermore, we see 

from Eqs. (2.10) and (2.13) that in this limit the model finds the expected from MF 

theory results. Hence we notice that what really causes the critical behavior found by 

the model is the effect of fluctuation interactions.
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2.3  CONCLUSION

The above analysis is really a strong indication that the model is a good choice 

for use in other systems. It has been already successfully used in a series of papers [41- 

50]. It was applied to finite systems [41] and for various crossover phenomena [43-44], 

it was generalized for the Ginzburg-Landau-Wilson functionals, containing all even 

powers of an order parameter [44]. Within the framework of the model, the possibility 

of a first order phase transition induced by fluctuations in cubic systems [43,45] was 

demonstrated as it is the prediction from RG theory [51]. After generalization the model 

gives critical exponents numerically close to the experimental ones, that is when d =  3 

j8  =  1/3, y = 5 =  5, 7] =  0, [44]. These exponents are defined as follows:

susceptibility «  (Tc - 7)'Y, specific heat oc (Tc - T)'a, correlation length oc 17"c - T |'v, 

which measures the distance over which fluctuations are correlated, and correlation 

function <  cp(?)(p(-9 ) >  « q 2 + ’ + d at Tc for small q. The model was also used to 

investigate physical effects in real systems. Consequences of phase transitions in 

orthorombic high Tc superconducting systems with d-pairing were studied [47] and it was 

found that the results are close enough to the ones of the RG theory [51]. The model 

also gives reasonable results in studying oxygen ordering near a structural phase 

transition in Y-Ba-Cu-0 ceramic superconductors [49] Finally RG methods were applied 

to the model and it was shown that direct calculation of the partition function and 

solution of the RG equation for the model leads to identical results [48]. Even though 

RG is a very good theory for the study of critical phenomena near the critical region,
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which is defined by Ginzburg constant, it is however fairly mathematically complicated 

theory and can provide us with critical exponents only. RG theory takes into account all 

fluctuation interactions. On the contrary, MF which ignores all fluctuation effects, is a 

relatively easier theory and as far as the critical exponents, this theory is correct only 

away from the critical region defined by the correlation length, or for d >  4. It turns 

out that the effect of fluctuations which is such a real effect on the one hand, one the 

other hand is such a difficult thing to be considered mathematically something that RG 

attempts to do. Therefore it is always desired that we have exactly solvable models that 

at least consider fluctuation effects partially and can hopefully support intuitive 

predictions of the fluctuation theory. Chapters 3, 4, 5, and 6  are devoted to the 

application of the exactly solvable model in different systems.
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3.1 INTRODUCTION

It would have been very fortunate if one could find the critical behavior of any 

functional when fluctuation interactions corresponding to all length scales from 

microscopic sizes up to the correlation length are been considered. It can be shown that 

for d >  4 fluctuations need not be considered and the Landau picture of phase transitions 

is correct [13]. Below dimension 4, however, the fluctuation effects must be considered, 

but as mentioned before, consideration of all fluctuation interactions from the RG theory 

stand points may be a fairly complex task for certain systems, and some of the theory’s 

predictions may be a result of the approximation. For example, RG theory predicts a 

series of qualitative effects, such as the transformation of a continuous phase transition 

in some anisotropic systems into jump-like phase transitions due to the fluctuation 

interaction [43]. Unfortunately, these transformations cannot be proven rigorously within 

the framework of RG. It is just a general belief that a flow of RG trajectories from the 

region of stability of a Ginzburg- Landau functional corresponds to a first order phase 

transition driven by fluctuations. There is some chance that either such a treatment is 

incorrect or that such a flow away is a result of approximations, e.g., the e-expansion. 

Therefore, the treatment of these systems with the help of exactly solvable models, which 

at least partially take into account fluctuation effects, may clarify the situation. If an 

exactly solvable model yields results analogous to the ones of RG theory, it would be a 

serious argument in support of the reality of these qualitative effects. Such a system 

studied by both RG and MF theories is described by the Ginzburg-Landau functional
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Ti Vi (X) + Ci (V(P,'W)2 + J g ;  <Pf(x)

where t{ =  (T - Tci)/Tci, and rd is a trial critical temperature for the order parameter 

<P;(je). This functional can describe transitions in anisotropic antiferromagnetic systems 

[52,53]. The MF phase diagram of above functional demonstrates bicritical or 

tetracritical points, respectively for negative or positive A =  gl g2 - w2, see figures (1-3). 

Explicitly, lines r2 =  0 and rt =  0 on the ( t , , t 2)  plane are lines of the second order 

phase transitions into phases cp2 ^  0, (pt =  0 and <pt ^ 0, <p2 =  0, respectively [52]. 

On the contrary, RG analysis shows that the phase diagram of this system contains lines 

of the first order transition induced by fluctuations [53]. That is, RG theory predicts that 

when Tt and r2 are close to each other the disorder-order phase transition may become 

of the first order [53]. Our goal is to compare results of the RG theory with results of 

the exactly solvable model. In fact, using the exactly solvable model we prove the 

existence of first land order-disorder phase transition. The possibility of first order phase 

transitions in systems with cubic anisotropy was analyzed using this model in papers 

[43,45]. Results similar to the RG predictions have been obtained in other cases as well 

[47,49,50,58],
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3 .2  GENERAL RELATIONS

In the functional (3.1) we reduce the terms cp,-4(r) and cp12(jc)tp22(jc) as follows,

\d  dx  <p-(x) 

jd  dx (Pi(x) (p2(x) -
(3.2)

where the functional ajfq);] is defined by Eq. (2.2). As well as in the case of the isotropic 

Ginzburg-Landau functional this reduction does not change the symmetry of the system 

but reduces the number of interacting modes to those with equal and antiparallel 

momenta.

After the reduction (3.2) the exponent in the partition function becomes quadratic 

in form with respect to functionals a,[(p,],

F|
2

Z k (pj(jc) D  cp2(x) exp

E  +^ 3*c.(V(p , ( * ) ) 2 + 7 E _^ «,2[‘P;]
I V

rw«1[tp1]«2[tp2] •(3-3)

Using the transformation Eq. (2.3) we obtain

z=fDlPi9D(P29 / dxxdx2dyxdy2
-oo

x  e x P i ~ j E  T.*,-+ |& * 2 - - w + ^ ( c,?2 + ^ )  I<p,-, I2
(3.4)
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We may now perform integrations over all modes except <p; g=0 which condenses at the 

phase transition to obtain,

Z = f d ( Pj d(p2 dxj,dx2 dyx dy2 
-00

1 2 I X
Ti*,- + ~*Six f  - x j i  + y , l (P/ | 2 + + - £ h i ( c . ? 2 + y . )

(3.5)

where we define cp; =  <p; q=0 H V .  The summation of the kind YJ.n(cq2 +  y)  is treated 

as in chapter 2. 6(A) is used to renormalize x„ x-t -> x{ +9(A;ci), and the trial critical 

temperature r„ tt =  r; +1/2  [ g-fi(A;c;) +  w6(A;ci,^i)] = (T  - 7))/7). As a result we have 

the partition function in the form,

Z °c J |IL£c(.rfy;d(p(.jexp
(3.6)

with function F defined to be,

F ^ i ^ i )  = E
f=i

g . X :  W X .  X -  2

*,-(</ - y , ) + V + +>,i * * + f d M (3.7)

Due to the fact that V is a large multiplicative constant, one can use the steepest 

descent method to calculate the partition function exactly. The saddle points with respect 

to Xj, y,- and cp; of the integral (3.6) are defined by equations, dF/d x-, = 0, dF/dy-t =  

0, and the equation of state dF/d(p; =  0. After eliminating x{ we obtain the system
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2 l -  »/j 2

, f V | - o  (3 -8)

with the nonequilibrium free energy

/r( {p , ) = e  k - K  +/ ^ ;c<)]+ t [ ^  +^ V . ;c -)]2 +
£,r 2 r/, ^ 2

v / i v /  .............

j [ v l  +fd(y2’c2)} +fdtyrci) -yifdfyi>ci)\ ( 3 ’9 )

Solving the system of Eqs. (3.8) we can find the temperature dependance of the order 

parameters. The physical solution of these equations must correspond to the minimal 

value of the free energy Eq. (3.9).
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3.3  SOLUTIONS FOR VARIOUS PHASES

There are four different solutions for the system of Eqs. (3.8). The first one 

corresponds to the disordered phase <Pi =  <p2 =  0. The second one is a mixed phase 

with both q>! and (p2 not equal to zero. The third one (and analogously the fourth one) 

is when one of the order parameters is not zero and the other one is, say (Pi^O and 

(p2= 0 . Let us agree to call such an ordered phase, phase 1. Then phase 2 will be the 

ordered phase having q>1= 0  and (p^O. At first we will demonstrate that regardless of 

the existence of fluctuation interactions, systems having space dimension d >  4 always 

exhibit second order phase transition. Without any loss of generality we do so by 

studying a disorder-order phase transition into phase 1. From the system of Eqs. (3.8) 

we derive

where A =  g xg2 - w2. Now suppose that |/j | <  <  1 and \t2\ <  <  1, then the first terms 

of Eqs. (3.10.a) and (3.10.b) may be omitted, and using the system of Eqs. (3.8) 

separately with (3.10.a) and (3.10.b) we find tyi =  V(-tl/gl) which therefore indicates 

always a second order phase transition.

The picture of phase transition for 3-dimensional systems is much more

(<*-2)o

d  ^  even
(3.10.a)

d  = even (3.10.b)
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interesting. Let us elaborate on that. For the mixed phase Eqs. (3.8) givey,- =  0 and 

one arrives at the solution given by mean field theory [52],

2 2 (wt2 - g 2t j  2 _ 2(wtt - g l t2)
<Pi = ^ , <P2 = ^ >

I w t ^  - g xt l  - g j l  (3.11)
/?(<P1,<P2) = ------LJ— :------ — •

This solution exists only when,

A >  0; wtz - g 2t1 >  0; wtt - g t t2 >  0.
(3.12)

The mixed phase free energy does not have a minimum when A < 0.

Using Eqs. (3.8) we may solve for phase 1 to obtain two physically possible 

solutions,

2
«Pld

2w  |ic,|y2± _ 2 fj

Si Si

K .  =
Ci

-3/2

8  7T

(3.13)

with the two values for y2 given by,

y  2±
1/2 _ h \ ^ L ±

2  gi ^

^ A \2 wt \
h -

__1

Si
(3.14)

and the requirement that y2± 1/2 is greater than or equal to zero. The free energy of phase 

1 is given by,
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F± =  F((p1± * 0 ,<p2 =0 ) =
2 2 WL Ak,

—  + 2 IkjK - t 2)y2±llz + - | K 2 ^ 2±M + ------y 2± (3.15)
Si Si 3 Si

The replacement of subscript 1 with 2 (and 2 with 1) in Eqs (3.13) through (3.15) gives 

results concerning phase 2 .

An interesting observation about Eq. (3.15) is that it is the free energy of phase 

1 but does not have iq involved, iq controls fluctuations of order parameter cpx which by 

assumption is the non-zero order parameter of phase 1. In general, the radii of 

interactions between the order parameters in the original system which critical behavior 

is described by the Ginzburg-Landau functional (3.1), are proportional to ct112 or to K|'1/3. 

Hence, by setting cx -> oo or (iq -* 0) we suppress all fluctuations. In this infinite range 

of interaction the expressions of the free energy Eq. (3.15), and of the order parameter 

Eq. (3.13), become those obtained by MF theory as expected. For a finite range of 

interaction, it can be shown that F+ is always a lower than or equal to free energy F_. 

We will also show that Eqs. (3.13-3.15) can correspond to a first order phase transition 

caused by fluctuation interactions, in accordance with the predictions of RG theory. The 

different systems one can have are the following three: first a system having w > 0  and 

A <0 ,  second that of w > 0  and A >0,  and third that of w < 0  and A>0 .  A system 

having w < 0  and A < 0  cannot exist since that would create an infinite value for the 

partition function.
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3 .3 .1  SYSTEM  O F t v > 0 , A < 0

Let us first deal with the system having w > 0  and A<0 .  The plane ( t x , t 2)  is 

separated into three regions, (see figure 4). The region for which the disorder phase 

occurs, and those that phases 1 and 2 occur. In addition the coexistence line between the 

two ordered phases is shown. Such a phase diagram is constructed having in mind that 

for say phase 1 (p1+ must be greater than or equal to zero. Then, phase 1 realizes in the 

region enclosed by the parabola and straight line,

t
- —  +  —  t ,  = Z ( L )
2J- W 1 1w ‘ k2

-wic,A

2Si
=  b

(3.16.a) 

(3.16.b)

simultaneously, as well as in the common region of inequalities

t x < b
w

8i

KjA
(3.17)

Similarly, phase 2 is physical in an analogous region given by above lines after the 

replacement of subscript 1 with 2 (and 2 with 1). The disorder phase occupies only part 

of the first quadrant in the (t x, t 2) plane. The coexistence curve between phases 1 and 2 

is given by jF((p1+ ^ 0 , tp2= 0 ) = f ’((p1= 0 ,(p2+ ^ 0 ), and an order-order phase transition 

between the two low symmetry phases is of the first kind.

We will now discuss a phase transition into phase 1 from disorder, or from phase
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1 into disorder. (An analogues discussion can be extended for phase 2). The straight 

line t2 =  z y(tx) is tangent on the parabola at (tu t2) =  ( b, b[w/(lg^  + g2 /(2 w)] ). 

This is an important point because it separates systems that exhibit first kind disorder- 

order transitions with those that exhibit second kind. Let us elaborate on that. Having 

in mind figure 4, entering phase 1 from disorder by crossing the parabola, dashed line, 

which means that the condition >  b is satisfied, the transition is of the second kind. 

The transition temperature lays on the parabola t2 =  z(ti). The temperature dependance 

of the order parameter is

<Pi =
2 f

g ' T J 2
1 crl

crl

X
>  1 +

2 . 
»vk2A

28 i

(3.18.a) 

(3.18.b)

where T = T - TcrI with

Tcrr - T , +
0 2 m2 2 rj-iW~*h.Tx ggWKz Tx
2T, 2

2 2 K2W g2T2 - w T l 4 w \ T , - T 2) (3.19)

On the other hand, if phase 1 is entered from disorder by crossing the straight line 

h — z \(h)> (solid line), which implies that tx <  b is true, then the transition is of the 

first kind. The transition temperature lays on t2 =  z 1(tl) and the temperature dependance 

of the order parameter is,
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<p; =
wkI\A\ t 2 2 7 ^  2 r  t 2 WK3 

ft f t^ i f t r i ft \
f t ”

(g ^ - w T j r  

ft  ^1  ^ 2

Z k < 1 + M'K* |A|
2f t

(3.20)

where T' =  T - T„, and

7* 7  ■*1 J 2

T =1 cr2

k̂ A2''
ft -w

4ft J
Cft^i - m'7’2)

(3.21)

The above critical temperature corresponds to the first saddle point of the curve 

7 ,((p1 5*0 ,cp2= 0 ) vs <px, (see figure 8 ). The dependance of the free energy on tpx for a 

temperature higher than is shown in figure 7 and corresponds to the disorder phase. 

Tal is the temperature at which the system jumps from phase 1 into disorder, (assuming 

it is originally in phase 1 and the temperature is being raised), figure 8 . It is now that 

F(tp1+ 5* 0 , ̂ 2= 0 ) =  i 7((p1.? i0 ,q)2= 0 ) and cp1+ =(px., with the disorder free energy 

described by a local minimum which is still lower than the free energy of phase 1 . 

Hence, if for example is now assumed that the system is originally in the disorder phase, 

it will still remain so for this first-saddle-point transition temperature TaZ Eq. (3.21). As 

the temperature is lowered the first saddle point slowly changes into a local maximum 

and a local minimum corresponding to free energies F. and F+ respectively (see figure 

9). At the critical temperature for which F. equals the disorder free energy 

jp((pj=0 ,q)2= 0 ), (or equivalently when cpt. =  0 ), the second saddle point appears
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(figure 10). This critical temperature is given by t2 =  z(ij) or explicitly by Tai Eq. 

(3.19). Approaching this temperature from above makes the unstable local maximum 

corresponding to F. and the local minimum of the disorder phase to shift towards one 

another, and at Tcrl together they create just one local unstable maximum. Therefore, 

the system makes a first order disorder-order phase transition into phase 1 described by 

F+. The temperature dependance of the order parameter evaluated close to this critical 

point is,

2 2 T w24 ( 8 i Ti - w T2) f  2wk£|A| 4  4 Tcrl
+  -----------------------------------1--------------I -----------------  +    +

2 #i
S { T J 2

T, 2  gl

T crl  < 1  +  W l 4 | A |

2Si 8i g J i

(3.22)

Ti 2*i

The first order phase transition is in agreement with the predictions of RG theory. In 

the limit of k2 -» 0,  or equivalently c -> oo, (where fluctuations are suppressed), the free 

energy F+, Eq. (3.15), as well as Tal Eq. (3.19) and Eq. (3.21) reduce to MF 

expressions. To realize that in this limit Eq. (3.21) indeed reduces to 7\ which is the 

MF result, one must note that the point (tu t2) =  ( b, 6[n'/(2^1) +  g2 /(2w )]) at which 

the straight line t2 =  z ^ )  Eq. (3.17) is tangent on the parabola t2 =  z(tx) Eq. (3.16.a) 

becomes (tu t2) -»(0,0) which implies that at this particular point 7) =  T2. But this point 

is the only one which after the limit k2 -» 0  still separates disorder and phase 1 and in 

addition lays on the line t2 =  z ^ )  where points corresponding to first order transition 

may be found. Consequently, the expressions of the order parameter Eqs.
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(3.13,3.20,3.22) reduce to expressions of strictly second order transitions with transition 

temperature t x —  0. We see that in this limit the jump of the first order phase transition 

implied by Eqs. (3.20) and (3.22) vanishes. Moreover, in this limit the cumbersome 

expression of the coexistence curve becomes the straight line, t 2- f gx =  t x- f g2 and the 

boundaries of disorder and phase 1 and disorder and phase 2  become t r =  0  and t 2 =  0  

respectively. These are the expected from MF theory results. Hence, we realize that 

what really causes first order disorder-order transitions are fluctuation interactions which 

in the above limit are suppressed.

An interesting point about the phase diagram t 2 vs t u  figure 4, is the following. 

The MF theory analysis finds that the first quadrant of the plane corresponds to complete 

disorder, figure 1. The model’s first quadrant, however, contains phases 1 and 2 in 

addition with the disorder phase. This feature is also in agreement with RG and is 

caused by the fluctuations. When these are suppressed the model’s phase diagram 

reduced to the MF one figure 1. At a first look of this result one would conclude that 

the fluctuations raise the transition temperatures. This is not necessarily so however 

because the model’s phase plane is the ( t u t 2)  as opposed to the MF one which is the 

( t u t 2), and the renormalized temperatures t „  are shifted down with respect to t {.

Let us consider the special case of t x =  t 2 =  t ,  and the vertex w  greater than both 

vertices g x and g2. In MF theory this corresponds to the phase diagram with the bicritical 

point at r =  0, figure (1). The model shows that this bicritical point is replaced by a 

first order transition [50], and the phase diagram given by the model, (figure 4), is quite 

different from the MF theory one, and qualitatively agrees with the result of RG analysis.
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Indeed, if inequalities

f t f t  (w - ft)  >  f t f t  (w -  Si) ; w (w ~  St) > f t  (w -  ft)
(3.23)

are fulfilled then one can show that the lowest free energy corresponds to the phase 

transition with the temperature dependance of the order parameter defined by the 

relationship

2
«Pl

k^A(w2 - 2gxw + ^ g 2) 2 IkjIvv ( f t - w ) r '  r '

2Si (w  - f t ) f t  N f t  f t
(i). (i) _ f t  A2 (3.24)

4ft (w -g j)

At the temperature rc(1) the order parameter (px has a jump, therefore the phase transition 

is of the first order. Since first order phase transitions in systems described by functional 

(3.1) in accordance to MF theory do not occur, this means that such transitions are 

induced by fluctuation interactions. The inequalities (3.23) together with A <  0 and w 

>  ft bound the domain in the space of vertices ft, g2 and w where disorder-order 

transition is of the first order.

On the other hand, for the set of inequalities

w(w “ ft) <  ft  (w ~St) i f t  A2 <  4i$w g 2(w - g 2)2
(3.25)

we have the second order phase transition into the phase (px ^ 0 , (p2 = 0  occurring at 

the temperature t c(2) =  k22 w (w - g2) with the order parameter
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If we interchange indices 1 and 2 in Eqs. (3.23-3.26) we then have conditions for first 

and second order phase transitions into the phase tpx =  0 , (p2 ^  0 .

In conclusion, we rigorously proved the existence of a fluctuation-induced first 

order phase transition. In addition, even though within the context of RG theory such 

a transition was a mere prediction and not an explicit proof, after the results of the model 

one may indeed claim that this is the true behavior of systems with competing order 

parameters and that RG results after all are not artifacts of an approximation or of a 

wrong interpretation.
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3.3 .2  SYSTEM  OF w > 0 ,  A > 0

Systems having w > 0  and A > 0  exhibit second kind order-disorder transitions. 

The plane (ti,t2) is split into 4 different regions, (see figure 5): Phase 1 occurs in the 

joined region enclosed by that part of inequality (3.16.a) that obeys tx >  0, and that part 

of gx t2 > w  tx that obeys tx <  0. The analogous result for phase 2 is obtained after 

subscripts 1 and 2 are replaced by 2 and 1 respectively. The mixed phase occurs in the 

common region defined by inequalities (3.12).

The boundaries of disorder and phase 1 are created by that part of the t2 =  z(tx) 

parabola Eq. (3.16.a), that lays in the first quadrant of the (tx,t2) plane, that is when lx 

> 0. This part of the parabola gives the critical temperature for the second kind 

disorder-order transition into phase 1 Eq. (3.19), and the temperature dependance of the 

order parameter is given by Eq. (3.18.a). A transition from phase 1 into the mixed 

phase occurs through the line g x t2 = w tx , hence

and is of second order. More explicitly, if T = then near the critical

temperature the order parameters of phase 1 are given by

j ,  _ TxT2(w gx) 
cr3~ (wT2 - g 2Tx) (3.27)

<P
(3.28.a) 
(3.28.b)(p2 = 0
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and the order parameters of the mixed phase are given by Eq. (3.28.a) and

Equations (3.28-3.29) show that at criticality (T=0), the expressions of the order 

parameters for phase 1 and the mixed phase coincide indicating a second order phase 

transition between the two ordered phases. This result agrees with MF theory. The kind 

of such an order-order phase transition cannot be rigorously concluded by RG theory. 

Similar results concerning phase 2 are easily obtained. The second kind order-disorder 

transition is in agreement with MF theory. RG theory predicts that in addition to a 

second order phase transition, a first order may be possible as well.

40

(3.29)
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3.3.3 SYSTEM  OF w < 0 ,  A > 0

The last type of a system exhibits a second kind order-disorder phase transition. 

The phase diagram of (ti,tz) is qualitatively the same as that of w > 0 ,  A > 0  (see figure 

6 ). Phase 1 occurs in the region that inequalities g x t2 >  w tx , t2 <  z(tx) and tx < 0 

are simultaneous. Similarly, the analogous result for phase 2 is obtained from the 

inequalities gz tl >  wt2 , ( 2 <  0  and tx <  z(t2), where the last inequality is obtained from 

the parabola (3.16.a) after subscripts 1 and 2 are replaced by 2 and 1 respectively. The 

mixed phase occurs in the common region defined by inequalities (3.12). The critical 

temperature for a disorder-order transition into phase 1 is given by Eq. (19), and the 

temperature dependance of the order parameter is given by Eq. (18.a). The second kind 

order-order phase transition from phase 1 into the mixed phase occurs through the 

boundary gx tz — w tx. A similar discussion can be extended for phase 2.

The second kind order-disorder transition proven within the model, is in 

agreement with the MF analysis. In addition to the second order phase transition, RG 

theoiy predicts a first order as well. Not having an absolute agreement between the 

model’s results and RG predictions is somehow expected since the model takes into 

account partially fluctuation interactions.
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3.4 PHASE DIAGRAM

By defining y  =  w/g2 and x  =  g j g 2, and assuming Tx > T2 one can construct 

the phase diagram of a disorder-order phase transition into say phase 1 (see figure 1 1 ). 

This diagram shows qualitatively how the parameter space is divided into three main 

regions, those of the first and second kind order-disorder transitions and the forbidden 

regions. When y  is negative we have a region of second order transition for relations of 

the free energy satisfying A >  0, which is separated from the forbidden region through 

line A =  0. When y  is positive the regions corresponding to first and second order 

transitions are separated through line,

which is obtained from Eqs. (3.17). The requirement w2 - 2wgl +  gxgz >  0 follows as 

well. This line, Eq. (3.30), runs through the region defined by A <  0, as expected since 

we showed that when A < 0  systems that exhibit first or second order transitions are 

possible. Upon suppression of fluctuations, Eq. (3.30) becomes x  =  0 and having in 

mind figure (1 1 ) this implies that no relationship between the coupling parameters can 

create a first order phase transition as expected.

t _ T3 - ^ V ( y - i ) 2+p
(2 y  -  1 - p ) Tx k? (3.30)
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3 .5 . CONCLUSION

The fact that our model’s results are in a qualitative agreement with RG 

predictions is an encouraging sign for the truth of RG results, which after all do not seem 

to be artifacts of approximations. Indeed, on the phase diagram of the RG equations of 

functional (3.1) the point gj =  g2 = w is the stable fixed point corresponding to the 

second order phase transition, as it is also inferred by the model from (3.24). Any phase 

trajectories started outside of the domain of attraction to this point are interpreted as first 

order phase transitions. Within RG the analytical expression for the boundary of this 

domain does not exist, so we cannot make quantative comparison of our results and the 

results of RG theory. Moreover, we would not expect that these results coincide 

quantitatively because our model treats fluctuations in a limited manner. However, 

similarly to the RG results the model demonstrates that in the space of parameters gu g2 

and w there is a domain where order-disorder phase transitions are of the first order.

Since the phase transitions obtained here are due to the fluctuation interaction, in 

the case when fluctuations are suppressed we must obtain the regular MF transitions. 

To test if this is true we must increase the radii of interactions between the order 

parameters in the Ginzburg-Landau functional (3.1). Therefore, in the limit iq -> 0, (or 

c; —» oo) all fluctuations are suppressed. Having in mind Eq. (3.13) it is easy to see that 

when radii of interactions increase, order parameter jumps decrease and in the limit of 

the infinite range of interaction the first order phase transition disappears, therefore the 

model’s solutions corresponding to first order phase transitions reduce to the results of
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MF theory as expected. In conclusion, the model’s result of the existence of first order 

transition induced by fluctuations may be presented as a strong argument in favor of RG 

results which after all do not seem to be artifacts of the approximations.
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4.1 INTRODUCTION

In the previous chapter we have shown how successful the exactly solvable model 

was in demonstrating same qualitative results as RG analysis. However, we must add 

an essential difference between the two approaches. The existence of first order phase 

transition through RG analysis was an intuitive prediction and not an explicit proof. The 

main success of the model was in proving such a first order transition initiated by 

fluctuations, even though it considers partially fluctuation interactions only. Indeed, in 

our model when these fluctuations were suppressed the jump of the first order becomes 

continuous as expected. We would like now to examine an effect of a random field on 

phase transitions within the context of the exactly solvable model. We do so using the 

replica method [35], Suppose we have the following GLW free energy functional

H  = — f d  dx [ r S 2(x) + c(VS(x))2 + u S 4(x) - hS(x) -h (x )S(x ) ]
2  (4-1)

S(x) is a continuous scalar order parameter, h is constant conjugate field and h(x) is the

random field which is time independent (that is frozen in). A  physical system that the

above functional may represent is a ferromagnet where each lattice point is occupied by

a specific type of magnetic moment. Now if another type of magnetic moments, (of

different strength), randomly replaces some of the original moments then we have a

random system described by functional Eq. (4.1). Within the context of MF theory this

random case does not exhibit any new results with respect to the pure case. On the other

hand, RG predicts interesting changes such as a shifting in dimensionality by 2 where
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critical behavior occurs. As we see below the treatment of the problem using the model 

reveals a qualitative agreement with RG theory.
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4 .2  GENERAL RELATIONS

The free energy averaged over the random field has the form

-F  = /n  [dh(x)]P[h{x)])aZ[h(x) ] .
(4.2)

where ,P[Vz(j:)] is a probability distribution function of h(x). Trying to calculate F 

directly from Eq. (4.2) creates mathematical difficulties which are overcome when the 

replica method is used. Therefore, we replicate n times the partition function Z by 

defining an ^-component vector <p (x) =  [5, (jc), .... , Sa (*)]. Hence,

l«=0 ’
(4.3)

where Heff [<p] is an effective free energy functional given by,

oo

H e d v (* ) ] s  4  f d  dx T I<p(*) I2 + c (Vq>(x))2 - j2[q»]+ E  [“ vfc) ~ h ViW] 
-0 0  *= 1 (4.4)

with

e Ql*M]= J \~\[dh(x)]P[h(x)]e- » (4.5)
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If we suppose that the probability P[h] at site jc is independent with that at site x' such 

that, /*{/i(x)} =  n.p{fc(*)}, then we have

2[«P] = J d dx]n \Jdh(x)p[h(x )]e j (4.6)

We also assume that the distribution function p[/*(x)] is a Gaussian one,

e 2B

JZFFB (4.7)

where B is a measure of the random field. The effective Hamiltonian then becomes

T  I<p(x) I2 +c(Vcp(x))2 + £  [m <P?(*) -  h  (P ,.(x )l £  tp;(x)
/=i v/=i (4.8)

We consider the above free energy functional within the framework of the exactly 

solvable model which finally puts the partition function in the form

Z = f  n(D(p.dx.dy.) exp
;=1 [ £ ;=1

Z  / , ?  L  q

TX. +UX? - x p . - ^ n

\ /n
E  (0. 1 9V=1 , ‘*J / ,E

(4.9)

We notice that Eq. (4.9) is not diagonal with respect to components of the vector 

<p. The nondiagonal part is caused by the strength of the random conjugate field. The 

pure tp4 model is reproduced by suppressing the field, that is B -» 0. The results of the
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(p4 model studied within the context of the exactly solvable model have already been 

presented in chapter 2 .

Let us now study the random field problem, with a nonzero B in Eq. (4.9). We 

define F to be the summation of the exponent of (4.9). To be able to proceed with the 

investigation of the critical behavior of the system we first must diagonalize the nxn 

matrix defined by the last two summations of F. After diagonalization we require that 

y t =  y} =  y  since only this choice reproduces the pure (p4 upon suppression of the 

random field. Explicitly, this is so because in the limit of B -» 0 the degeneracy of the 

eigenvalues of every other choice does not reduce to n-fold as expected from 

considerations of the simple (p4 model treated within the context of the replica method.

Hence, when y-, =  y, =  y  the matrix has two distinct eigenvalues,

K  = ~ \ ( y + c<? )

X2 = ~^(y +C02 ~nB) (4-10)

The first one, Xu is (n-l)-fold degenerate. These eigenvalues can be used to diagonalize 

the nxn matrix of interest as well as transform <pi0 of term h!2 £<pi0 into a new order 

parameter say t|ri0. An orthonormal basis for the solution space of the nxn matrix is 

generated by,

5 >  . - M *  (411)
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The above relationship makes it possible to completely replace (pi0 with ijri0 in Eq. (4.9) 

and to perform all Gaussian integrals with respect to i|/iq. Therefore, the partition function 

becomes

Z  = f  fl (dxjdyexp  [t x . + uxf  -  yxJ + (X ”) £ )ln (y  + cq2
/ = 1  £  i = j  ^  9 = o

- i - J X y + c ? 2 - n B )  +
2(y -  « S )

(4.12)

and after treating the summations with respect to q and renormalize r as in chapter 2 , we 

derive

n

F(x^,h)  = £  [tx. * uxf  -y*J - (1 -  n)fd<y\c) +fd<y - nB;c) -
i -1

n h 2
i y - n B )  (4.13)

Using dF/d x{ =  0, we simplify the above equation by replacing x{

Ftyfi)  = E
i=l

t 2 y 2 y t f  h 2   x— + x— +f.<y;c)  ------------
4 u 4u 2 u (y -  nB) (4.14)

and the saddle point of F is found by considering in addition,

= 0 -  -22-  + + („ -  l ) / > ; c )  +/J(y -  nB ;c) + = 0
dy 2  u 2 u (y - n B f  (4.15)

The solution for y  must then be substituted in F(y,h) and the averaged value of the free 

energy is given by
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F  = l i m ^ i
n-*o n (4.16)

An expression of an averaged order parameter <£>, at zero field is obtained from

dF h <P = -  lim—  = lim-
h^odh h->oy(h) (4.17)

In order to have a non-trivial solution for $  we must seek a solution for y  of the form 

y(h) = ah with a a constant to be determined from Eq. (4.15). It can be shown that 

when Eq. (4.15) is expanded in powers of n, for any d and up to order n, (which is 

sufficient since we consider the n -> 0  limit), the solution for y(h) is independent of n. 

Respectively, for d  not even (including non-integers) and d even the resulting equations

are

y 1—  +  -----------  - f

2  u 2  u

(a -2]) ( d -  4)

K(c)y 2 + ĥ _ _ K ( c ) ( d - 2 ) B y  2
2 + ^  4

(d-2)

2u 2u 2 y y ’ y 2

r l  J  ~
-f i(c)B(d  -  2)y 2 — + --------------+ —lny

w  V ' 2 2(d  -  2) 4 '
0

(4.18.a) 

(4.18.b)

In addition, the averaged free energy becomes,

4m 4 1 2u (4.19)

This Eq. must be used to find a possible expression of an order parameter, $  Eq.
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(4.17). Notice that Eqs. (4.12-4.19) in the limit of B -* 0 reproduce the corresponding 

ones of the tp4 model as expected since in this limit the random conjugate field vanishes.
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4 .3  RESULTS

From Eqs. (4.17) and (4.18) it is seen that for 4  <  4 no solution for 4> exists. 

Thus the random field, regardless of how weak it is, does not allow a phase transition 

for 4 <  4. When 4 >  4 we get the second order transition occurring for t = 0 as 

predicted in Ref. [29] using RG arguments. Furthermore, the critical exponent 8 for the 

random 4-dimensional system is exactly the same as that derived for a (4 - 2)- 

dimensional pure one. That is, for the random 4 <  4 (= 4 ' + 2) < 6 , and 4 >  6  

system the critical exponent 8 is equal to (4 '+  2) !(d'- 2), and 3 respectively. More 

explicitly, this result is obtained from Eqs. (4.18) after replacing y  with /?/$ and then 

solving in terms of $  for small h and with t =  0. In addition, the model derives from 

Eq. (4.18.b) the same logarithmic corrections implied by (2.15) for the random 6 - 

dimensional system, and the simple q>4 4-dimensional system . Therefore, we note how 

the upper marginal dimension where MF theory results hold has shifted from 4 in the 

pure case, to 6  in the random case. Moreover, the lower limit of destruction of a phase 

transition is 4 for the random case, where it used to be 2 for the pure case. Note that 

within the framework of the model the critical exponent (3 is equal to 1/2 whenever a 

phase transition is possible. Therefore, using the scaling relations, it is sufficient to 

know two of the six critical exponents in order to specify all of them. The crossover 

from critical to MF behavior in 4 <  4 <  6  occurs when

h >
3 d

^  (2u)2<-4-^
(4.20)
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and it is obtained by requiring that in Eq. (4.18.a) the first term, which is responsible 

for MF behavior, is greater than the last one, which is responsible for critical behavior.

Since the dimensional crossover that includes a destruction of phase transitions 

by a random field for d, <  4 occurs due to fluctuation interactions, in the case when 

fluctuations are suppressed in the limit of c -» oo we must recover the regular MF 

transitions. Indeed, in this limit Eqs. (4.18.a, 4.18.b) give the MF critical exponents and 

the second order phase transition is restored independently of dimensionality or the 

presence of random fields. Furthermore, inequality (4.20) is always true. Therefore, 

this test shows that the suppression of fluctuations produces a more dominant effect on 

the system in comparison to the effect of the random field. This is expected because 

when the MF theory is used for the study of the random system, no new results are 

derived in the picture of phase transitions.
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4.4 CONCLUSION

In conclusion we have explicitly shown that an arbitrarily small random field 

forbids the occurrence of a phase transition for d <  4. The critical exponents of the 

random d-dimensional system agree with those of the (d - 2) pure one. Logarithmic 

corrections to the critical exponents were found for d =  6 . The lower limit of dimension 

for which a phase transition is not occurring and the upper limit of dimension for which 

MF results hold have increased by 2. When the random field is suppressed all results 

are reduced to those of the pure system. The exactly solvable model’s results 

qualitatively recover those obtained by RG analysis. MF finds no changes in the critical 

behavior of the random field problem.
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CHAPTER 5

RANDOM TEMPERATURE

We will now examine the problem of nonmagnetic impurities that cause local 

fluctuations of critical temperature. Such type of disorder is often called "random 

temperature" and is described by the free energy functional

/ /  = ^ / r f M T 0 S 2 ( * ) + T ( x ) S 2 ( x ) + c ( V S ( x ) ) 2 + u S 4 ( x )  - f c % ) ]
l J L (5.1)

where r(x) is a random perturbation of local temperature. A physical system that the 

above functional may represent is a ferromagnet for which randomly selected magnetic 

moments are replaced by atoms with no net magnetic moment. This creates different 

regions in the sample with different phase transition temperatures, and the question we 

like to ask is what kind of effect this has on the entire phase transition picture. The 

random temperature is assumed to be a 5-correlated function of the form, <  r(x) t ( x  ' )  >  

= BS(x - x ') which implies no long-range interactions. More specifically, the S- 

correlated function indicates that one non-magnetic atom does not feel another but all of 

them feel the order parameter. After following the steps of the replica method and 

treating the problem within the context of the exactly solvable model we derive,

F (X iM )  = E
i=i

B X > /
V>=i (5.2)
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Using the saddle point equations d F/d x; =  0 and d F/d y-t =  0, we obtain y-, and x{ 

which are then used in Eq. (4.16) to find the averaged free energy. Having in mind that 

the only physical choice is y; =  y} =  y, (see chapter 4), which implies x: =  Xj = x 

the saddle point equations give

. 0  ft.  . 2 u h 2 r, o \  2n B h 2 nt + 2ufd(y;c) + — —  - y  -  2nBfd(y;c)  ----- -—  = 0
y  y 2 (5.3)

Now by writing the solution of the above equation as y =  y0 +  nfyt with y 0 

corresponding to the pure case, and having in mind that the order parameter is given by

4> = lim lim   --------= lim —
h-o»-0 (y0 +n% ) h-*oy0 (5 4)

we conclude that the random temperature system is identical with the pure <p4 model. 

Alternatively, this can be seen by studying the averaged free energy which we argue is

the same as in the pure case. This is so because any possible new contribution to the

random temperature averaged free energy must come from the last term of Eq. (5.2). 

But this does not happen since in the limit n -» 0 of Eq. (4.16) this term vanishes. 

Consequently, the critical exponents of the random temperature problem are the same 

with those of the pure <p4 model. This result is rather expected because as we saw in 

chapter 4 the critical exponent /3 = 1/2 which is the MF value. j8  is defined through the 

temperature dependance of the order parameter which can be expressed as (Tc - T)p. In 

other words, the fact that (3 has a classical value may perhaps be interpreted as that
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within the framework of the model temperature dependent functions are less sensitive to 

fluctuations than field dependent ones. Therefore, when local fluctuations of temperature 

are considered through the second term of functional (5.1) no new changes result in the 

picture of phase transition with respect to the pure case which was studied in chapter 2 . 

This is also the case in MF theory. Of course, the pure case studied by MF theory and 

the model present significant differences as was shown in chapter 2. RG theory finds 

that when the specific-heat exponent a  is negative the fixed point of the pure case is still 

stable , that is the behavior of the pure and random cases are the same, and when a  is 

positive the pure fixed point is unstable and a new fixed point appears, in other words, 

there is still a second order phase transition but with different critical exponents, [3,6].
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6 . 1  I N T R O D U C T I O N

The influence of random fields is frequently used as a reason to account for 

qualitative differences between experimental results and theoretical predictions concerning 

a phase transition. Renormalization group (RG) theory has investigated such systems and 

in many cases found interesting results such as a dimensional reduction by 2 [3,26- 

32,34]. In some cases exactly solvable models were used to recover and/or clarify RG 

results [28, 55]. In this chapter we substantially generalize the study done in chapters 

3 and 4. We are interested in the critical behavior of systems with two coupled scalar 

order parameters, which in addition are under the influence of two random fields. The 

study is done within the context of the exactly solvable model [40]. We explicitly prove 

that regardless of the presence of fluctuation interactions which is the reason for the 

existence of the first order phase transition in the pure case of two coupled order 

parameters [50], (see also chapter 3), the influence of a random field is the cause of the 

replacement of the first order by a second order phase transition. In addition, we prove 

a destruction of phase transitions by two random fields for d <  4 due to fluctuation 

interactions. The suppression of these fluctuations produce MF results independently of 

random fields or dimensionality.
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6 . 2  G E N E R A L  R E L A T I O N S

The Ginzburg-Landau free energy functional of interest is

* jw 5 ? (* )S 2 2w | -

E (V,(*) 'h,(*)S<(x)\ , 
1 = 1

(6 .1)

where 5; is a scalar order parameter with h-t and h{(x) being constant and quenched 

random fields respectively. If / >i[Ai(x)] is a probability distribution function of the 

random field h-Jx) then, using the replica method [35], the averaged with respect to h^x) 

free energy of the system is obtained from

- F  =  In / n ( ^ ( * ) ) e* p ( - t fp ,w ] )  
1=1

(6 .2)
ln=0 ’

where cp: (x) is an n-component vector, cp, (x) =  [5U (*), . . . .  , Sia (jc)], and Htff [q»J is 

defined as

00

, ( x ) ] = U d ‘x
2

E
;= i

r(. |q».(x) | 2 + c,.(Vq>,.(x) ) 2 + £  j<P?j(x) -  hi y.Jx)
j =i '

2 ;-i
■q w

(6.3)
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with

Q[ q>f] = f d dx\n' n  ( f d h i(x )  p i i h i(x ) ] ) e  “ i ; ‘i (6.4)

and where Pi{h(x)} =  n xp;{/z(jt)}. After choosing a Gaussian distribution function,

P,•[&,■(*)] =

-hfa
2B:

(6.5)

He{f [q>] takes the form

00

H d * W m \ S d ‘x

2

E
i=i

Ti I <P,(X) I2 + C/(V<P,-W)2 + E  j ' v j w  -  A. <Py(*)
y=i ))

y E ^ K W
z y=i

(«
A

\2 (6 .6)

J=i

The above effective free energy functional is now treated within the context of the 

exactly solvable model which reduces the quartic terms as follows [40],

f d dx  <pj(*) 

f d dx (p2j(x) (pyfo)

a/y[<P;/] = / rfd*<P,y

a2jlV2j]
V

(6.7)

When this model was applied to functional Eq. (6.1) with zero random fields, it 

demonstrated a rich picture of phase transitions [50]. Explicitly, it proved the existence
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of fluctuation-induced first order phase transition. In this chapter we are interested to 

see how the same system behaves under the influence of the two random fields.

After the reduction Eq. (6.7) and the use of a transformation analogous to 

Hubbard-Stratonovich (2.3) the partition function becomes

Functional integrals may be calculated after the diagonalization with respect to 

components of the vector q>j. For a fixed i, (i= 1 or i = 2), we notice that only the choice 

with all y;j equal to one another can reproduce the pure case (Bt -» 0, Bz -* 0). Integrals 

with respect to y-ti =  y-, and x{j may be performed using the steepest descend method, and 

the partition function may be obtained. In the thermodynamic limit V -* 0 the calculation 

is exact. Explicitly,

(6 .8)

(6.9)

with
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F{xij,yi -,hlh^  = £
1=1

£
Lhi l:xi j+ f xu - y f t j + j V y j + («- i)fjyr>ci ) +

nhl (6 .10)

The normalized trial critical temperature t{ is tt =  Tj + 1/2  [ gfi(A;c{) +  w0(A;c,,^] =  (T 

- T)/Tr  Expressions of the averaged free energy and order parameter (p; at zero constant 

field ht are given by

F = lim -F(p.. ,yi \hx,hJ
n-*0 tl (6 .11)

and

dF<p. = -  lim —  = lim -------
h^odh-i h'-.oy^hi) (6 .12)

with Xjj and y; obtained from equilibrium Eqs. dF/d ^ = 0  and dF/dyx=  0. From 

dF/dx;j=0 it is derived that for a fixed i all n of the variables x;j are equal to one another 

hence x̂  =  xx. After eliminating we obtain two Eqs. for yx and y2

'Zngj' 2 n w . , ~.f /, .
— O'/-*/) “ -^ -(V ~y,') + (n  - W d f y , ^ , )

n h ;

(V, - n B f
0

(6.13)

with A =  g xg2 - w2 and iV F . When Eq. (6.13) is expanded in powers of n, for any d 

and up to order n, (which is sufficient since we consider the n -* 0  limit), the solution
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for _y;(/*j) is independent of n. Respectively, for d not even (including non-integers) and 

d  even the resulting equations are

- 2  g.,y. 2 g.,f; 2 wt;, 2wyv

, < ± z l1

j K(ci)yi 2

^ i  d
K c)y< 2 i + ^ ln -̂

h t  <+   + \
2

y,-

- r f ( d  - 2 ) k ( c ^ )  B y ^ Y 1 (6.14)

4

d + (dz 2 l  + d ( d - 2 )
2 2 4 '

= 0  for =non-even  
= even
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6.3 RESULTS

The most interesting case is when d = 3. The random case presents a completely 

different picture than the pure case studied in chapter 3. For example, when both Bx and 

Bz are not equal to zero it is derived from Eqs. (6.12) and (6.14) that when h-, -» 0 no 

solution exists for (p; for d <  4. A phase transition recovers when the fluctuations are 

suppressed in the limit c; -» oo even at the presence of random fields, see Eq. (6.14). 

In the pure case depending on the system, (defined by w and A), a phase transition into 

either one of phases 1 or 2 may occur, (when w >  0, A <  0), or a phase transition into 

either one of the three low symmetry phases may occur, (for A > 0). Specifically, the 

system of w >  0, A <  0 presents a fluctuation-induced first order phase transition into 

either phase 1 or 2, see Eqs. (3.20, 3.22). In the random case the situation is quite 

different. That is, the mixed phase never realizes as long as at least one of the random 

fields is present, and when B, =  0, (with B,,^0),  only phase i occurs. For the last case 

we will show that the transition is of the second order, that is, the random field replaces 

the first order phase transition found in the pure case.

Say Bx =  0, then using Eqs. (6.12) and (6.14), at zero constant fields, ht -» 0, the 

temperature dependance of the order parameter q>x of phase 1 is obtained. Explicitly we 

derive
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<Pi±
2 w | K 2 1

M

2

W t .
+ L  ------------- -

f t 2 f t N f t  . f t
w \^ \B 2

f t ,

/ k2 A^2

(6.15)

l 2f t j
+ f2 “

f t

The "plus" solution corresponds to the lowest free energy. In the limit B2 -» 0, Eq. 

(6.15) reduces to the expression corresponding to the pure case, [50], The most 

interesting question we would like to ask is whether Eq. (6.15) may imply a fluctuation- 

induced first order phase transition as it was for the pure case. Unlike the pure case 

however, we prove that for arbitrarily small B2 Eq. (6.15) corresponds to second order 

phase transition only. To do so we think as follows: In general a characteristic feature 

of first order phase transitions is the presence of two saddle points in the diagram of the 

free energy vs the order parameter see figures (8 , 10). The transition temperature 

corresponding to the first saddle point is given by equating the two solutions of the order 

parameter, cp1+ = (pt.. Therefore, if Eq. (6.15) were to correspond to a first order phase 

transition the transition temperature would have been given by

<Pi* = <Pi-
^ k 2 A ' ) 2  w t .

^  +t _ L - B o =0
ft  (6.16)l 2f t j

and the equilibrium order parameter evaluated at a point ( t 2 , t x)  that satisfies
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simultaneously Eq. (6.16) and inequality tx <  (w k 2 2  |A | ) /  (2 gx) by

2 _ W ^ I A I  2/ j  
*Pi * _

Si 8i (6.17)

Note that condition tx <  (w k 2 2  | A | ) /  (2 gi) guarantees the positiveness of the order 

parameter. But let us show that Eq. (6.17) does not correspond to a jump as expected 

from a first order phase transition, and that it merely is the value of the order parameter 

calculated at the point (tz, ti), which corresponds to simply a temperature lower than an 

actual second-order-phase-transition temperature. If it did corresponded to a jump, then 

the order parameter Eq. (6.15) evaluated at a point (t2 , tx +  e) where e is positively and 

arbitrarily small, should have been imaginary. But this is not the case. Explicitly,

+ e)
2 y/2w2 l^ l _ 2_

8?JB2
€  +

|A I 2 tx

8i 81 (6.18)

and having in mind that the result of the last two terms is always a positive number, it 

can be inferred that for an arbitrarily but finitely small e and a finite Bz, tp1+(t2, h +  e) 

has a positive definite value. Hence, Eq. (6.16) does not correspond to a transition 

temperature of any kind, and indeed Eq. (6.15) is the temperature dependance of the 

order parameter of phase 1 undergoing a second order phase transition. Note how when 

B2 -* 0 , (p1+(i2, h +  e) in Eq. (6.18) becomes imaginary which implies that in this limit 

Eq. (6.16) is indeed the first saddle point of a fluctuation-induced first order phase 

transition Eq. (3.20).
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6.4 CONCLUSION

We show that, despite a fluctuation-induced first order phase transition proven to 

exist in the pure case of coupled order parameters in chapter 3, we see here how the 

existence of a random field replaces such a transition by a continuous one. In addition, 

unlike the pure case where depending on the system a phase transition into either one of 

the three low symmetry phases may be possible, here the result is different: for 3- 

dimensional systems if both random fields are present no phase transition is possible. 

Furthermore, if one field is present then the mixed phase is unstable and only phase 1 

(or 2  depending what random field is zero) exhibits a phase transition of the second kind. 

Within MF theory the random case is similar to the pure one and within RG theory is 

still an open question.
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7.1 INTRODUCTION

In the previous chapters we have explored critical phenomena using the exactly 

solvable model which takes into account fluctuation interactions partially. The fact that 

the model’s results are in a qualitative agreement with RG theory is not only considered 

a success for the model but also for RG theory since the theory’s results which are obtain 

through perturbation were never guaranteed to be correct. This is interpreted as a sign 

that RG is indeed an adequate theory for critical phenomena, and therefore, we use its 

fundamental formalism to derive an exact RG functional equation from which all known 

results of phase transitions should be derivable. The derivation of an exact RG equation 

is important for many reasons, for example, unlike exactly solvable models, all 

fluctuation interactions are considered, thus providing an alternative approach to the goal 

of obtaining well established results on critical phenomena. Even though exact RG 

equations were derived before as was mentioned in the introduction, the exact equation 

we derive here [56], has the important difference in that it does not contain redundant 

operators which have no physical meaning. Their exclusion from the transformation is 

therefore a necessary but at the same time a very difficult task, so an exact RG equation 

which does not contain any is always very pleasing.
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7 .2  FORM ULATION OF THE PROBLEM

73

The Wilson functional RG equation for the Landau type Hamiltonians H  can be 

symbolically written as dH/dl = R{H], [18] where R is some nonlinear operator 

performing RG transformations and / signifies a transformation of the length scale. The 

fact that the correlation function is scale invariant at the critical point suggests that H  

must be so at criticality as well, that is dH/dl =  0. This is so because the construction 

of R is based on the procedure which changes the scale of H. Hence, the fixed-point 

Hamiltonian H* at the critical point of a phase transition is determined by R{H*} = 0. 

For a linear deviation from H* the equation dH/dl = R{H) gives

dAH ,L A H ;  L a  M i " }
a; 5 H  (7.1)

Its solution can be expressed in terms of the eigenvectors Ok of the operator L

(7.2)

where X are the eigenvalues corresponding to the eigenvectors Ox with fxx the expansion 

coefficients [54]. Depending on the sign of X the eigenvectors are classified as relevant 

(X >  0), irrelevant (X <  0), and marginal (X= 0). Critical behavior can be associated with 

positive X only. Unfortunately however, for conventional RG transformation equations 

there exist many eigenvectors Ox having their corresponding eigenvalues greater than 

zero, that is, X >0. Only the one defining the critical exponent v is physically 

meaningful. The others should be treated as redundant with no physical meaning.
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Wegner [38] suggested some criteria for distinguishing the physical operators. According 

to Wegner, those operators whose eigenvalues are dependent on a particular choice of 

the RG equation should be treated as redundant. These operators must be excluded from 

the RG procedure by imposing additional conditions. In this chapter we show that there 

is a formulation of the exact RG equation which leaves no room for additional conditions 

and therefore it must not contain any redundant operators.
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Suppose we have the most general kind of Ginzburg-Landau-Wilson functional

H,l>P(?)] -  £  2 1-2* /  £
k*° ql..q1kal<-’a2* = 1

_ _ 2k 2k
8k1’"’ (27r/ 5 ( ,0  n  ^“'(tf,)i=l i=l (7.3)

where q> is an ^-component vector and /  ? = /  ddq/(2/rr)d. The non-local vertices gk 

must have the symmetry

v ..X X i-.JO t;.../ \g  > (...,?,., ...,9;,...) = g  > '
(7.4)

We choose to cut off all momentum integrals at an upper momentum A by adding to H,

(7-5)

where the propagator G0 is defined by

G 0(q, A) = q - 2S(q2lh2).
(7.6)

Here 5(x) is a monotonic function with the properties S(x=0) =  1 and lim ^O05(x)xm= 0 for 

any m. Assuming that the vertices £*(tfi, -.,<7«) do not diverge with increasing q.: then the 

term H0 provides either a smooth cutoff, when S(x) is a smooth function, or a sharp
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cutoff, when S(x) is a step function.

We now perform the following two steps which are standard for the RG theory. 

First, apply a Kadanoff transformation to thin out the original Hamiltonian (that is, to 

decrease the number of degrees of freedom), by integrating those Fourier components 

cp(#) corresponding to momenta within a spherical shell A { \ - l ) < q < A  in momentum 

space with \  < 1. The Kadanoff transformation succeeds in bringing down the cutoff 

momentum to A(l-£) . Second, all the rest unintegrated Fourier components are 

relabeled. In other words, a scale transformation is applied so that the original cutoff 

momentum A is restored. To be able to proceed we write

Z  = foqi exp( -H[ q>]) = Z0 (exp(-//y[cp]))A = Z0 (w[cp]>
(7.7)

and the averaging < . . .  >„,A is performed with respect to the Gaussian functional / / 0[<p] 

at a given value of A. Furthermore, if we define <p(q) = <py(q) +  <p2(<7) and G0(q, A) =  

G01(q, Aj) +  GQ2(q, A2) then it can be shown that

W<pPo,a s  ô"1/ £>‘PM ‘P ]ex p (-//0[<p])

= Z0'11 Z(K1|Dq>17)«p2 w[<p1,(p2]exp (-7 /0[cp1,q)2])

where
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z oi = Jd <P. exp

^[<P,><P2] = i / G 0; , (« .A 1)|q>1(9) | 2 * | / G K ( ? , A 2) | 92C?) | ;  ( ? 9 )

Now by choosing G g ^ q ^ )  =  G0(gr,A(l-?)) with £ < 1, we make the function Goz of the 

order £,

Gm(q,A2) - G 0(qlA ) - G 0l(q,Al) - i A ^ ^ .  s  2 \h (q )  ,
cA

h ( q ) = q -2A2dSjqyA)
K dAz

(7.10)

as well as q>2(^) are the modes with momenta within a shell A(l-£) <  q <  A which 

should be integrated out. To integrate the short wave modes and have the first step 

completed we expand >  with respect to the small parameter I and retain

first, nonvanishing terms only. Having in mind the Gaussian nature of / / 0[Vi>*Pz] the 

completion of the integration yields

"[‘POO] W - O ’
(7.11)

Consequently, the right hand side of Eq. (7.11) contains effectively only modes with q

<  A ( K ) .

For the second step we must rescale the momentum to restore the original cutoff 

A through transformation q = q'( 1 - £). This rescaling changes / / 0[A] to / / 0[A(1-^)].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

However we must restore this change because this is essential to the restoration of A, and 

we do so by transforming (p(̂ )

= £ [ 5 ^  + ^ ( ? ) ] < p V i  + 0 )
p

= Y : S ^  + Z ̂(<y) + S ^ q - j - j < ? % ) , (7.12)

where at present £o/i(q) is an arbitrary tensor with the only property eali(q) = ^ a(-q) 

which preserves the symmetry (7.4). The above transformation changes 

< vv[q)(9 ) ]> 0,A(i.{) of Eq. (7.11), and after keeping terms of lowest order in \  and 

remembering that w[<p] =  exp(-Hi[ip]) we derive the RG equation for the functional Hi

+j x
q

d +2 s *>  _

2  ) dq (7.13)

/ m ? ) E

Here we defined 77̂ (q) as

5cp“(?) S(pa(-q) S(pa(q) S(pa(-q)

v«P(q) = §°P (d + 2) -  2ea/i( -q ).
(7.14)

This is the generalization (arbitrary symmetry) of the exact RG equation which has no 

redundant operators derived in [39]. Note that if we choose i]afi(q) =  0 then the resulting 

RG equation will be similar to the traditional ones, and as in those cases it will contain
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redundant operators. However a proper choice of the tensor rf43 can make the RG Eq. 

(7.13) free of redundant operators. To find this proper choice we think as follows. 

Explicitly, the RG transformation Eq. (7.13) generates different vertices g. Some of the 

^-dependent part of this renormalization can be incorporated into G0. This means that 

the cutoff A is affected which should however remain unchanged. To avoid so, we 

define rf {̂q) such that it cancels out the ^-dependent renormalization of the vertex gx(q)- 

In order to achieve this, we use the RG Eq. (7.13) to write explicitly the change of 

vertices g xaP corresponding to zeroth and first order in (p“( )̂(p (̂- )̂. Then we require that 

g i^  is momentum independent initially and must remain so after the transformation so 

that Hq which controls the cutoff remains intact. This requirement finds a momentum 

dependent expression for tensor ifP(q). To see all these, let us carry out the above series 

of steps in a relatively detailed manner. First, we extract an explicit equation for the 

vertex gx(q) from Eq. (7.13),

gi (q) = ~vaP(q) G0 (q, A) + 2 Say - 7f y(q) -  Sayq-
dq 8 i P(9)

+ X) Q a/3YY(?) " 2 X X Y(?) gi (q) h(q),
Y Y

(7.15)

where

Q aPyS(q) = 3 f h ( p ) g f yS(q, ~q,p, -p).
(7.16)

We can now split Eq. (7.15) into two equations: one for g10, which is the momentum
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independent part of ii{q), and another for § i(q )  =  §i(q) — gw,

=Et25“Y-A 0 )t f  + E e ^ T(0)-2l^g^(0);
(7.17)

25“Y - ija\ q )  -  8ayq •—
dq J

- b “r(«) ->l*, (0)]a? *Q^\q)-Q^(0)-2gSgSm  -*(<>)] (7.18)

s i o V / % ) + sla\<i)gw + grifig^iq^Kq)}-- 2

Using Eq. (7.18) we can define the function if^(q) such that the derivative of g x'(q) is 

equal to zero. This means that if the vertex gx(q) of the initial functional H, is constant 

then a ^-dependent part of this vertex will not be generated and the functional H0 will be 

intact within the renormalization procedure. The requirement gx'(q) =  0 implies that

-  7 , ^ ( 0 )  -  5 3  { i T T O G o W )  * £ [ 2 W « )  - A ( 0 ) f e , * „ V o '
V  Y

- Q ° ^ ( q )  + <2“VYY(0)]}[g^ + Go 1(^ A )5^ ]-1. (?'19)

Eq. (7.19) defines the momentum dependent part of the function if^(q). We still 

have to define n2 components of the tensor Tja/3(0). We can use these values to simplify 

the RG equations and clarify the physical meaning of 7 To do this, let us diagonalize 

the vertex g 10 in the initial functional H,. This can always be done without loss of 

generality. The diagonal components of this tensor are trial critical temperatures for the 

corresponding components of the order parameter <p(q). However, as one can see from 

Eq. (7.17), even if the non-diagonal part of the tensor gxoal3 does not exist in the initial
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functional, it will be generated within the renormalization process. We can use the 

arbitrariness of tensor to keep the tensor g lQal3 diagonal. In order to do this, let us 

split Eq. (7.17) into two separate equations, for diagonal and non-diagonal parts of the 

vertex g wafi- Defining g10°̂  =  5°^“ +  (1-5“̂ )/^, we have

r a = ( 2 - i f ) r a + Q a(0) - 2 (ra)2h(0);

r aP = ( 2 -Tia) r af} - £ f 7aYr Y/3 + Q ap(0)

(7.20)

Y
f f*rp -  2 r « r ofi + r aPr P + r a Y r Yf} 

Y
MO), (7-21)

where i f ,  Qa and fjâ , Qap are diagonal and non-diagonal elements of tensors r\ali and 

S rj2aPTY, respectively,

77^ ( 0 )  = 8aP 77“ + ( 1  - 5 ^ ) 77“^;

E  e a m (?) = ^ e a(<7) + ( i  - s ^ ) a a\ q ) .  (7 22)

Now by choosing

^  =
(7.23)

we provide that if the initial functional does not contain non-diagonal parts of the vertex 

gu then this vertex remains diagonal after the renormalization. If at last we require that 

the expansion of 7f a(q) does not contain q2 terms, then the following equation defines the 

diagonal part of the tensor 77̂ (0 )
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t  = ^ [ e " W - 2 / 1(?)(r“)% ,0.
d q 2 q (7.24)

Function Tf^{q) is now completely defined and there is no more freedom in the exact RG

Eq. (7.13), therefore, it must contain no redundant operators. The physical meaning of

the function if# is suggested by the Eq. (7.20): at the stable fixed point of the functional

(7.3), 7j“ is equal to the critical exponent tj of the corresponding critical mode (p“.

Furthermore, one may consider the possibility of constructing a new perturbation theory

using the Fisher exponents qa(0). In fact this is the only parameter in the theory which

is numerically small for most systems. For the isotropic GLW functional, such a

perturbation procedure was already developed [25].
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7 .4  CONCLUSION

We have obtained the exact RG equation Eq. (7.13) for the GLW functional for 

a system with an arbitrary symmetry. This equation is expressed in terms of an arbitrary 

tensor Tf^{q) which when properly chosen, Eqs. (7.19, 7.23, 7.24), leaves no room for 

additional conditions and therefore the exact RG equation contains no redundant 

operators. Even though the developed procedure may be more cumbersome than the 

traditional Wilson approach [18], unlike the case of the traditional approach where the 

exact RG equations contain redundant operators, in our scheme such a problem does not 

exist since the proper choice of rf^^q) leaves Eq. (7.13) free of redundant operators.
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CHAPTER 8 

SUMMARY

Let us highlight the results of each chapter of the thesis. In chapter 1 we discuss 

three different approaches to the field of critical phenomena at phase transitions. On the 

one hand, the rather easy mathematically MF theory is conceptually imprecise therefore 

in general gives incorrect results. Despite that, however, MF results are still appreciated 

for pedagogical and comparison purposes with results of other approaches. On the other 

hand, RG theory which is conceptually precise, at the same time is mathematically 

complex and the approximation methods that is using to get results very often do not give 

clean cut answers on the most interesting of systems. Unfortunately RG theory can 

determine only critical asymptotics. There are many predictions of RG theory that totally 

contradict a phase transition picture obtain from MF theory. These predictions, which 

are crucial for the understanding of the true critical behavior at a phase transition, cannot 

be substantiated within the framework of RG. Consequently, the development of exactly 

solvable models which conceptually are somewhere between the MF and RG theories 

rose as a natural necessity to shine light on fundamental disagreements between MF 

results and RG predictions. This idea motivated and challenged us to develop the exactly 

solvable model in chapter 2  in order to investigate important physical systems, pure and 

random, to discover and clarify their true behavior at a phase transition. The exactly 

solvable model can serve a double purpose: not only it can help create a better
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understanding of RG theory but it can also add to the results. In chapters 2 through 6  

we apply the model successfully. In the last chapter we have a different direction in 

mind. Since after the use of the exactly solvable model we saw how RG predictions are 

true, we are more confident about the theory and, therefore, we apply its fundamental 

formalism to construct the exact RG functional partial differential equation of the most 

arbitrary symmetry Hamiltonian which contains no redundant operators.

The exactly solvable model is described in chapter 2. The model considers 

fluctuation interactions of equal and antiparallel momenta. In this thesis it was first 

applied in the <p4 model. In that case it was shown how the exactly solvable model 

demonstrates critical behavior for 2 <  d <  4 and MF behavior for d >  4. MF theory 

finds the same behavior regardless of dimensionality. In addition the model finds 

logarithmic corrections for critical exponents at d =  4. At last, crossover effects from 

critical to MF are discussed. Since these results were in qualitative agreement with RG 

analysis we decided to apply the model in more complicated systems pure and random 

in chapters 3, 4, 5, and 6 .

In chapter 3 the system of two interacting order parameters is studied. The model 

demonstrates many basic features of RG theory. Instead of a continuous order-disorder 

phase transition predicted by MF theory the model finds the first order phase transition 

induced by fluctuations. This phase transition occurs when w >  0 and A <  0. Because 

the model is exactly solvable it is possible to calculate the jump of the order parameter 

at the transition point and also the temperature dependance of the free energy which 

undergoes transformations typical for first order phase transitions. This was shown in
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terms of graphs of the free energy vs the order parameter for various temperatures. 

When radii of interactions c;1/2 increase, order parameter jumps decrease and in the limit 

infinite range of interaction the first order phase transition disappears. In this limit the 

results of the model reduce to MF theory results as it should be. Since the model takes 

into account fluctuations only partially and nonetheless demonstrates results similar to the 

RG approach, it shows that such qualitative effects as first order phase transitions 

induced by fluctuations are not artifacts of RG theory but real ones.

In chapters 4, 5 and 6  the model is applied to random systems. In chapter 4 we 

consider the effect of a random quenched field on the critical behavior of a uniform d- 

dimensional system. Since the model is exactly solvable, we are able to explicitly show 

that the critical behavior of the random system is similar to the critical behavior of the 

pure system of (d-2)-dimension. Namely, for d <  4 the system is unstable with respect 

to a random field, i.e. even infinitesimally small field destroys phase transitions. For 

4 <  d  < 6  the random system has the same critical exponents as the pure one for 2 <  

d <  4, at d =  6  logarithmic corrections to critical exponents of the random system 

appear and for d >  6  the random system demonstrates the mean field critical behavior. 

The crossover effects from d-dimensional behavior to (d—2)-dimensional one are 

discussed. It is found that the suppression of fluctuations dominate the existence of the 

random field, hence in this case the critical exponents are the MF ones even for a 

nonzero random field.

In chapter 5 we find that for the "random temperature" type of disorder the model 

demonstrates the same kind of critical behavior as MF theory.
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In chapter 6  the system of chapter 3 is substantially generalized when the two 

interacting order parameters are now under the influence of two random fields with short- 

range spatial interactions. Using the replica method within the context of the exactly 

solvable model it is proven that when one of the random fields is on the fluctuation- 

induced first order phase transition shown to exist in the pure case in chapter 3, is now 

replaced by a second order. When both fields are on, then a phase transition does not 

occur for d <  4.

In chapter 7 the central ideas of RG theory have been employed to a general type 

Hamiltonian with an arbitrary symmetry. Here we derive an exact RG equation free of 

redundant operators. Such operators are of no physical meaning and must be 

transformed away in the standard approach.
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Figure 1 : MF phase diagram with A < 0, w >  0. Dashed lines ^ = 0  and r2=0  

separate disorder from phases 1 and 2  respectively, and indicate a second order phase 

transition. The intersection point Ti=rz= 0  is a bicritical point. The coexistence of the 

two phases curve is the solid line TIV,g2 =T2^ i -  A phase transition between the two 

phases through this line is of first order. Within the context of the exactly solvable 

model the bicritical point is replaced by a fluctuation-induced first order phase transition 

and figure 4 is produced.
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Figure 2: MF phase diagram with A >  0, w >  0. The phase transition from disorder 

to phase 1 or phase 2 through line rt= 0  or r2= 0  respectively is of second order. Lines 

w r2—g2 and g Y r2 =  w define the region where the mixed phase occurs, and a 

phase transition from phase 2  or 1 into the mixed phase through these lines is of second 

order respectively. The point where all lines intersect is a tetracritical point.
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Figure 3: MF phase diagram with A >  0, w < 0. The phase transition from disorder 

to phase 1 or phase 2 through line rt= 0  or r2= 0  respectively is of second order. Lines 

w t 2= 8 i t i ar>d gi t 2 =  w Tj define the region where the mixed phase occurs, and a 

phase transition from phase 2  or 1 into the mixed phase through these lines is of second 

order respectively. The point where all lines intersect is a tetracritical point.
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Figure 4: The phase diagram of A <  0 and w >  0 obtained by the model. It shows 

how the plane is separated into phase 1, phase 2, and the disorder phase. It is 

obtained by requiring that the expression of the order parameter is greater than zero. 

The dashed lines which separate disorder from phase 1 and 2 indicate a second kind 

order-disorder phase transition. These lines are parts of Eqs. t2- z { t i) and ty =z{t2) which 

are respectively the dashed lines that separate phase 1 from disorder and phase 2  from 

disorder. On the other hand, the two solid lines f2= z i(*i) and t i= z2(t2) separate disorder 

from phase 1 and disorder from phase 2 respectively. Entering phase 1 or 2 from 

disorder through these lines the phase transition is of the first order. From the 

interception point of these two solid lines starts another solid line which is the 

coexistence curve between phases 1 and 2  given by F(cp1+ 5*0 ,cp2 = 0 ) =  F((p1= 0 ,cp2+ s*0 ). 

Due to the complexity of the coexistence equation, the coexistence line is obtained from 

numerical considerations. An order-order phase transition is of the first order. Upon 

suppression of fluctuations this diagram reduces to figure 1 as expected.
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Figure 5: Model’s phase diagram of A >  0 and w >  0. The plane (tu t2) is separated 

into the disorder phase, phase 1, phase 2 and the mixed phase. Phase transitions from 

disorder to order, or from order to order are of the second order. Eqs. t2=z(tJ  and 

h - K h )  are respectively the dashed lines that separate phase 1 from disorder and phase 

2 from disorder in the first quadrant. Lines g vt2 =  wtx and g2tx =  wtz separate the mixed 

phase from phase 1 and 2  respectively, and phase transitions between these low 

symmetry phases is of the second order.
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Figure 6 : Phase diagram of systems with A >  0 and w < 0. It has the same 

qualitative features as figure 5 .
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Figure 7: Phase diagram of the non-equilibrium free energy vs the order parameter <pj, 

(with <p2= 0 ), at a temperature corresponding to the disorder phase. At (p, = 0  the 

equilibrium free energy is the one that corresponds to the disorder phase.
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Figure 8 : Non equilibrium free energy F(cpt ^0,(p2 = 0) vs q>t at critical temperature Tcr2. 

If the system is in phase 1 then at temperature Tcrl it makes a first order phase transition 

into disorder. The free energy of disorder is lower than the equilibrium free energy of 

phase 1. The saddle point is where (p1+ =  <pi. and F+ =  F_. If the system is originally 

in disorder at T— no phase transition occurs. In that case the transition from 

disorder to phase 1 occurs at T =  Ta3, figure 10, where the second saddle point exists. 

This phenomenon is known as hysteresis and is a characteristic of first order phase 

transitions. In other words, the transition temperatures are different upon heating or 

cooling.
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Figure 9: The phase diagram of the non-equilibrium free energy F((p[ ^0,(p2= 0) vs (p, 

at temperature T such that TCTl <  T <  T̂ _. Tal and Tal are the temperatures of the first 

and second saddle points respectively, (see also figures 8  and 10). The local maximum 

corresponds to the point (F_, (p )̂, and right of this point the local minimum corresponds 

to the point (F+, (p1+).
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Figure 10: Non equilibrium free energy F(<p, ^0,<p2=0) vs <p, at critical temperature

Tal. This is the second saddle point. It is at this temperature that a phase transition 

occurs from disorder into phase 1. The equilibrium free energy is F+.
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Figure 11: Phase diagram that shows how the parameter space is separated into regions 

that correspond to first and second order phase transition from disorder into phase 1 . 

The parabola is A =  0 and the thick line is Eq. (3.30). The region of first order 

transition is between Eq. (3.30) and the horizontal axis. The rest of the region in the 

first quadrant as well as the part of the second quadrant that A >  0 is the region of 

second order transition. Upon suppression of fluctuations the region of first order 

transition disappears and the entire first quadrant becomes a region of second order 

transition.
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