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1
INTRODUCTION

CD COIf G is a Lie group and V a C manifold, then a C
COaction of G on V is a C mapping 9 from G X V to V

such that for every v in V and g , g in G,X a

9 < 2 * v ) = cp ( g1, tp ( g2 , v ))

and

9 C e, v ) = v

where e is the identity element of G. Here we will be
n*-1considering the case where G is R and V is a compact 

connected orientable n-manifold.

The orbit of a point p of V under cp is

0  (p) = { v € V  | v = c p ( g ,  p ) , g < E G }  .

The orbit space of cp , denoted by V/cp , is the set of all orbits 

of cp with the quotient topology. The action cp is said to be free 

if whenever cp ( g, v ) is equal to v, g is equal to the identity

element of G. cp is said to be locally free if all orbits of cp

have dimension k, where k is the dimension of G. We will be

concerned only with free and locally free actions.

In the study of linear transformations on a vector space, one 

is primarily concerned not with an individual transformation, but 

rather with its canonical form after choice of some particular basis. 

In the same way, in the case of actions on manifolds one is interested 

not in particular actions, but rather with equivalence classes of 

actions, which give rise to a canonical form. In trying to under­

stand the global behaviour, or orbit structure, of actions of G on
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V, the natural equivalence relation is some type of conjugacy. Smale 

has surveyed results in this area in [7],

Definition: An action cp of G on V is differentiably 

(topologically) conjugate to an action cp' of G on V' if there 

is a diffeomorphism (homeomorphism)

f : V V'

such that

f C cp ( g, v )) = cp’ (g, f ( v ) )

for all g in G and for all v in V.

Differential conjugacy is a strong condition, since conjugating 

by a diffeomorphism preserves eigenvalues of the derivative at a fixed 

point. Thus this type of conjugacy would not admit small perturbations 

of the action. Topological conjugacy defines larger equivalence

classes, and is in general more useful. In fact for discrete groups

it is completely satisfactory.

However the study of actions of non-discrete groups requires a 

third notion, broader than the previous ones. This notion is also 

indicated by considerations of structural stability (that is, one 

would like structurally stable diffeomorphisms to be dense in Diff(V); 

this is only so if structural stability is defined in terms of the 

following notion.)

Definition: Two actions cp and cp' of a Lie group G on manifolds 

V and V' respectively are topologically equivalent if there is a 

homeomorphism f mapping V to V' such that for all v in V,

f ( O  (V)) = £), { f(v)) .cp cp'



f

(That is, f induces a mapping f from the orbit space V/tp to V/cp'

such that the following commutes:

V  S* V/tp

f

V ’ ---- ^  V ’/tp*

where the maps from V to V/(p and V* to V/tp' are projections.)

A good deal is known about actions of compact groups (see [2] ).

Two much studied cases of non-compact groups are when G is equal to 

the integers (and the action corresponds to iterates of a diffeo­

morphism) , and when G is equal to the real numbers (and the action

corresponds to a flow), see [7] . However, relatively little is

known about actions of other non-compact groups.

We will concentrate on a situation which is modelled on non­

singular actions of Rn ^ on the n-torus Tn .

In Part I we begin by summarizing some probably known facts
k xiabout linear actions of R on a torus T , that is, actions

—  _k n _ „na : R X T   T

which are obtained as projections of linear actions
„k n „ n

a : R X R  R

defined by

a(.rtx) = x + Ar

where A is a non-singular n by k matrix. That is, if tt is the

projection of Rn onto Tn (where Tn is defined as Rn/Zn , Zn being

the integer lattice), and tt(x ) equals x, then O' is defined by

o(r,x) = tt(x + Ar) = TT(o(r,x)) .

We show that if a and j3 are non-singular linear actions of R



and Rn ^ respectively on Rn whose orbits are orthogonal, then the 

corresponding actions a and p on Tn are related; a is free if 

and only if p is ergodic. We discuss a canonical form for a plane 

Q, its Plucker coordinates, and how these coordinates relate to 

properties such as freeness and ergodicity of a linear action on a 

torus with tt(Q) as an orbit.

In Part II we consider free actions cp of Rn  ̂on a compact 

orient able n-manifold Y which have no compact orbits. We show that

in some sense most of these are equivalent to linear actions on the
n ^ 

n-torus T . As in the case of diffeomorphisms of the 1-torus S ,

the sense in which they are linear (i.e. the type of equivalence;

topologically conjugate or topologically equivalent) depends on the

degree of irrationality of "rotation numbers". (See [8] .) Definition
1of these rotation numbers involves choice of an embedding of S in V,

denoted by p^ where t is in the quotient R/Z, which is transverse

to the orbits of the action. The action on V induces a pseudogroup

of local diffeomorphisms of the embedded circle. It is known that

there is a Riemannian metric on V which is invariant under this

pseudogroup ( [5] ); this gives rise to a group of rotations of s \

which is'generated by n - 1 real numbers X, , X„,...,X , . (By1 2 n-1
rotations we mean maps which take p to p - for some X.) Fort *t+ A.
each X^, i = 1,..., n — 1 , there is defined a unique return function

1 , n—1r mapping S to R , given by

pt> = pt+x .
1

We show that if at least one of these rotation numbers X. is noti

closely approximated by rational numbers, then it is possible to



deform the original embedded circle in such a way that not only does

the pseudogroup act as a group of rotations, but the return functions

r are constant for each i, 1 = 1 , . . . ,  n — 1. Such an action will

then be topologically conjugate to a linear action on Tn . More

precisely, the condition on the irrationality of the rotation number

is that there exist a positive real number C and an number y

greater than 2 such that for any integers m and n,
C
n Y

(i.e. \ satisfies a Liouville inequality).

However not all free actions on a compact orientable manifold 

with no compact orbits are topologically conjugate to linear actions.

We describe an example (given in [8] ) of an action tp of on
2 2 T such that there is no homeomorphism h of T such that the

action defined by h(cp(r,h 1 (x)) is linear.

In the case of actions which have no rotation numbers satisfying

a Liouville inequality, we can however show topological equivalence

to a linear action if we assume that there is some one-dimensional

subspace L of Rn ^ such that the orbits of cp restricted to this

line are dense in a two-dimensional submanifold of V. This argument,

in Part III, is by induction; we show that there is a basis

r\...,r** of Rn "*■ such that r* generates L, and the closure

of the orbits of the action cp restricted to the span of the first j

basis vectors has dimension j + 1 ; we show that each of these

restricted actions is topologically equivalent to a linear action.
n-1Part IV deals with the case of locally free actions cp of R

on a compact n- manifold V with no compact orbits; we show that
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R n-k-1there is an action ijf of T X R on V for some k such that

the following diagram commutes:

R11-1 X V --- ^ > V

n-k-1 X V)

n-k-1 X V
TTXId 

T**

where tt is the projection of R onto and i is an isomorphism,

and such that \|r is a free action. That is, a locally free action can 

be

for some k.

n-k-1be written as a sum of a free action of R and a free action of



PART 1̂. LINEAR CASE

Consider the n-torus Tn as the quotient Rn/Zn , where Zn is 

the integer lattice. Let tt be the projection map of Rn onto Tn .

In general, we will indicate elements of and actions on Rn by 

symbols x, a ; corresponding elements of and actions on Tn will be 

called x, a .
k nLet a be a non-singular linear action of R on R , k £ n ; 

that is, <x is a mapping
,, _n „nO' : R X R — >  R

defined by

cK r,x) = x + Ar

where A is an n by k matrix of rank k. The orbit of or through

0 is just the k-plane Q spanned by the k column vectors of theil

matrix A; other orbits of cf are translates of Qfl.
k xiAn action ot of R on T is defined from q: by

cvC^x) = TO(r,x)

where x = tt(x ) . We will call such actions a on Tn non-singular 

linear actions. (They are always locally free, since the dimension of 

the orbits of cy in Tn is k.)
kThe action a? is free if for no non-zero r in R and x 

in Tn is it true that <r(r,x) = x ; equivalently, if for no non-zero
k b  M  Br in R is it true that a(r,0) = 0 . This means that the orbit of

a through 0 in Rn contains no element of Zn except 0 (and 

hence no non-zero element of Q*1 where Q is the rational numbers). 

Thus a is free if and only if

QA n Qn = {0} .
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Consider the n - k plane orthogonal to By picking

a basis B , ... ,B for this plane, we can find a non-singular 

linear action [3 o f , Rn k on Rn given by

p(r,x) = x + Br

where B is the non-singular n by n - k matrix with columns 
JL n-kB ,...,B , which has as its orbit through 0. p defines an

action p of Rn ^ on Tn . In the rest of this section, and

will represent orthogonal planes (of dimension k and n - k respec- 

tively), and ct, p will be the corresponding actions of R and R 

respectively on Tn . We use the following Lemma to relate properties 

of cf and p .

LEMMA 1.1. Let B be_ an n by n - k matrix, and let jj, be_ a_

measure on Tn invariant under the action p of Rn k on Tn , where

P(r,x) = rr(x + Br) .

Then the following are equivalent:

i. QA fl Zn = {Oj , where iŝ  the orthogonal complement of

ii. Whenever a function f in L^CT^.ij,) satisfies f = U^f for
n^kevery t ill R , f is_ a_ constant function (where 

Utf(x) = f (p(t,x))), jUe. 3 i£ ergodic.

Relating this to the above situation; p is ergodic if and only if

every orbit is dense, so the Lemma states that a is free if and only 

if p has dense orbits, where a and p are "orthogonal" actions.

Proof: To show that (i) implies (ii), we assume that (ii) is

false; suppose that f is a non-constant function in L^(Tn ,;i) such
n-kthat for all t in R , f = U.(f). If f has the FourierT#



expansion
% E 2TtL(N,x)f(x) ~  a e

Ne z n

(where ( , ) indicates the inner product), then
TT 2 2 tt1(N>x ) 2 tiL(N,B(t))
t ( ~  aNNc Z

Since f is non-constant, there is some non-zero M in Zn such
n-kthat a„ is not zero. We have then that for all t in R .

M
2TTi(M,B(t))

aM = "HI 6 
H“kThus for every t in R , (M,B(t)) is an integer. But (M,B(t)) 

is a continuous integer-valued function of t which assumes the value 

0 for t = 0, hence is identically 0. Thus M  is a non-zero

element of the intersection of G and Zn , which contradicts (i).A
Thus (i) implies (ii).

To see that (ii) implies (i), assume (i) is false, that is

there is a non-zero M in Zn such that (M,B(t)) = 0 for all t in
„n-k 2ni(M,x) „ -i _ „ n, .. r.n“^R , Then if f(x) = e , we have f = U f for all t in Rt
which contradicts (ii), Thus (ii) implies (i).

We would like to generalize Lemma 1.1, to relate properties of 

a and p where neither is necessarily free. To this end we need the 

concept of rational dimension.

Definition: The rational dimension of a set of real numbers is

the dimension of their span when R is viewed as a vector space over Q.

We will first consider the situation when k is equal to 1.

PRQFOSITIOW 1.2. Let a be _a non-singular linear action of R on 

Tn defined by
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a?(t,x) = n(x + tv) 

where x  =  tt(x ) and v = (v^, .,.,v ) is_ iri Rn . Then a/ is_ free if 

and only if the rational dimension of the coordinates of v is 

strictly greater than 1. Jta fact £> ” (x) , the closure of the orbit of 

a through x, is isomorphic to a_ torus TP , where p Is the rational 

dimension of the coordinates of v.

Proofi The first statement is easily seen by noting that a is free

if Rv ft Qn = {0 } , (since ^ ^ 0 )  = Rv ) . So a is free if and only

if v has two coordinates v. and v. / 0 such that v./v. is not1 3 1 J

rational (that is, whenever tv. is a non-zero rational, tv. is not)1 j
Let p be the rational dimension of {v_»...,v }. We canr t 1» j n J

suppose that the basis of Rn is such that [v , ...,v } are
P

rationally independent. Thus for p + 1 = j = n , v. can be writtenJ
as a sum of integral multiples of that is, there exist

integers N. . for p + 1 = j = n and 1 — i = p , such thatJ »1
v , = N v + ,.. + N vp+1 P+l»l 1 P+1,P P

v - N . v ,  + . . . + N  v .n n,l 1 n,p p
Consider the vectors N1, p + 1 = i = n , in Z*1 defined by

N1 = (N. N. , 0 , ... ,-1 , , 0)i,l i,p
"fch.(where 1 is in the i place). These vectors generate a subgroup of

Zn of rank n-p and so (by the proof of the fundamental theorem of

Abelian groups) there are vectors n \...,N p in Zn such that

{N1, ...,Nn } generate Zn and the n by n matrix with i *̂1 row N*
1 nhas an inverse with all entries integers. {N ,...,N } form a basis of 

Rn ; if we define an automorphism I of Rn by this matrix with res-
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1 n npect to {e , ...,e ] , (the standard basis of R ), and extending by

linearity, then I projects to a diffeomorphism of Tn , and I(v) 

has 0 as its j coordinate, for p + 1 = j = n. Thus 0  —  (x) 

is contained in the isomorphic image of Tp , the p—torus generated by 

[e\...,eP }. We claim that in fact 0  — (x) is equal to this isomorphic 

image of Tp . Let I(v) = (v^,. . . . , . , 0 ) ;  note that the

rational dimension of {v’,...,v*} is p. Let o' be the action of Ri. P
on Rp determined by (v’.....v'). We will use Lemma 1.1 to show1 p
that the orbits of a' are dense in Tp (and hence that the orbits of

a are dense in the isomorphic image of Tp ) . Suppose not; let {3'

be an action of RP ^ on Rp with orbits orthogonal to those of a'.

By Lemma 1.1, f3’ is not free, and so there is an M  in Z*1 - fo]

which is orthogonal to the line R(v',,,.,v'); that is, M / 0 and1 P
M*(v^, ...,v^) = 0. But this contradicts the fact that the rational

dimension of fv',...,v'} is p. So 0  —  (x) is isomorphic to T15, and1 P“ a

Proposition 1.2 is proved.

We will use another fact about rational dimension.

PROPOSITION 1.3; If p is_ the rational dimension of the coordinates 

of v = (v ,...,v^) in Rn , and if there are r R-linearly 

independent n-vectors N1 in Qn such that N1 ■ v = 0 for 1 = i = r,

then p = n - r.

Proof: Consider the following diagram of Q-vector spaces;

0 --->  K --- *  Qn — ^  R

where R denotes the reals viewed as a Q-vector space, e (N) = N*v,Q v
and K = Kernel (ey) • The Q-dimension of the image of ev is just the
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rational dimension of { v , } . Since1 n J

n = dim^(Im ev) -i- dim^ (K)

we are done if we note that dim(K) £: dim (K) £ r ; this is becauseQ K
the r vectors N. in K are R-linearly independent which implies1
that they are Q-linearly independent.

We will also use the following fact:

PROPOSITION 1.4: If £2 is_ k-dimensional vector subspace of Rn ,

k s 2, then there is a (k - 1)-dimensional vector subspace r of £2

such that t t ( D  =  tt(£2) .

Proof: We can assume that if m is the dimension of tt(£2) , then m is

equal to n. (The argument is as in Proposition 1.2.) Suppose that 

the conclusion is false, i.e. suppose that every (k - 1)-dimensional 

subspace F of Q has dim (rr(r)) < n . Then by Lemma 1.1, if rJ' 

denotes the orthogonal complement of T, r1- fl Zn + £o} . We can thus 

define a map 9 from the set of (k - 1)-planes in £2 to Z11 - {o} 
such that 9(F) 6 r1 fl Z*1. 0 must be one-to-one because if and

F are distinct (k - 1)-planes in £2, together they span £2; if
a

0(rn) = 0(TJ = N  + 0, then N is orthogonal to £2 which contradictsX 2̂
the assumption that the dimension of tt(Q) is equal to n, again by 

Lemma 1.1. But the existence of such a map 0 is impossible, since 

Zn is councable, but the set of (k - 1)-planes in £2 is uncountable. 

Thus Proposition 1.4 is proved.

—* k nWe nov consider non-singular linear actions a of R on T

which, though not necessarily free, must of course be locally free.
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The following generalizes Lemma 1.1.

*** kPROPOSITION 1.5: Suppose that the non-singular linear action or of R

on Tn is_ defined from â  linear action a o£ R^ on Rn , and Q 

is the k-plane in Rn corresponding to the orbits of a. Let be

the smallest vector subspace of containing fl Zn , and suppose

that the dimension of r * ^et be_ the orthogonal comple­

ment of and let s bê  the dimension of rr(f̂ ) . Then s = n - r.

(Relating this to the notation of Lemma 1,1; condition (i), 

that Q n Zn = {o}, is equivalent in this Proposition to r = 0. 

Condition (ii) , which was essentially that the orbits of the action p 

determined by B are dense, is equivalent to s = n. Since s = n - r, 

r = 0 if and only if s = n.)

Proof: Let {N1 ,...,Nr } be a basis for where N^ € Z11 for

i = 1,...,r. Let be such that 0^ = ©  fic . (Then a linear

action y of R on T which has tt(Ĉ ,) as an orbit will be free,
nwhile Tr(Cy is just an embedding of S X ... X S (r tJimes) in T .

The orbits of a are embeddings of R1 X... x R1 X S3- X. ■. X in Tn .
k - r r

To see that s ^ n - r, we apply Lemma 1.1 to actions represented by 

the planes and . The former is free, so by Lemma 1.1 the

latter has dense orbits, or

dim ^  tt ^ ( T r C f ^  ©  V > ) - n  •

Note that

dim ^ tt 1 (tt(C^)) ̂  = dim ^ rrl(,n(nz))^ = r .

Also
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dim (tt"1 (TT(r^ ©  C y  ) ^ dim(tt"1 ( Trip) + dim (tt“ 1 (tt f y  ) .

Thus

s - dim ( tt c y  = dim

Now to show that s = n — r ; by Proposition 1.4, let v €

be such that dim (tt(Rv )) = s . By Proposition 1.2, the coordinates of

v have rational dimension s. Then by Proposition 1.3, since v
X ris orthogonal to the r basis vectors [N ,...,N } of which

are in Qn , s = n - r. Thus s = n - r and Proposition 1.5 is proved.

There is an obvious algebraic condition on an n by k matrix
k nA equivalent to the corresponding action a of R on T having

Adense orbits; namely that if A , i = l,...,k, are the column

n-vectors of A, then there is a vector v in the span (over R) of

{A1 A*} such that the rational dimension of the coordinates of v

is n. A condition on A equivalent to a being free is obtained

as follows; let be the map of R to R given by

(r) = B1 ■r

where B 1 is the i *̂*1 row k-vector of A, i = l,...,n. Then a

is free if and only if for no r in R^ - {0 } is

Ar = ( D1(r) , ,,Dn (r) j 6 Q& , 
or equivalently, if

n
( i . i )  n d" (q) = {o} .

i=l
It would be desirable to have some other more convenient ex­

pression of a condition for an action either to be free or have dense 

orbits. Such a condition should depend only on the k-plane in

Rn spanned by the vectors A 1, not on the choice of basis in f y  To

( n - ' o t c y )  ^ n - r
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this end, we now consider ways in which to coordinatize k-planes in Rn . 

Let be the set of subsets of with k elements.

Let {e1 ,...,eP ] be the standard basis for Rn . If a G 5^ , let
i (1) , i(k)CD = e A. .. A e o

where i(j) is in a for 1 = j  i k  , i(j) < i(j+l) , and A is the

usual exterior product. Any exterior product of k n-vectors can be

expressed as an R-linear combination of [cd̂  | a 6 . In parti-
1 kcular, if A ,...,A are the column n-vectors of A (and thus a

basis of Q ) then Q corresponds to A^A...A in the sense thatA A
X ka vector v is in fl\ if and only if v A A A...A A = 0 . A simple

computation yields that
.1 . . „k 2A A... A A = „  a cdO 0 I a o

where the real number a is the determinant of the k by k sub-o
matrix of A with rows corresponding to elements of cr. These ( ^ )

numbers a are called the Plucker coordinates of Cl . (Note that thect A
dimension of the space of k-planes in Rn is k(n - k) , so there are

obviously relations on the Plucker coordinates of CL. In [l] there
A

is a description of the method for finding conditions necessary for a 

collection of ( ^ ) rea^ numt>ers to t>e the Plucker coordinates of a 

k-plane.) Changing the basis of C2̂  induces a change in Plucker 

coordinates of multiplication by a constant.

A vector v = (v , ,,,,v ) in Rn is an element of CL if andX U  A
only if

0 = v A (A1 A ... A Ak) 
n

= C 2. V 1 ) A ( %  aa mo )
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which is equivalent to
(1.2)
where

_ c (i) — 0
T a U i  T T

°T " ("1)£(T,;l>VjaT(j)

where f(T,j) is 0 or 1 according to the position of j in T, 

and t(j) is T - {j} € 2^ .

It is possible, by a change of basis in 0  and by a reorderingXl
of basis in Rn , to find a matrix A of the form

A =

1

0

x11

0

1

21

0

0

*kl

*1 (n-k) X2 (n-k) * * * (n-k)

where Q —  = Q , A A Then it is seen that
Ax_ . = -t- fir-* * .*) — t aij ' Rt i j o'

where a is a Plucker coordinate of Q 7  . cr A
Note that if v = (v , ...,v.), thenX K

T  t v 1 vn "k \Av = v*X v*X )
X **where X = (x._ , •.. ,x.-) . Since the first k coordinates of Av areXX lK

the coordinates of v, in order for Av to be in Qn , v must be an
k kelement of Q . Let CL be the map of Q to R given by

C± (N) = XL .N ,

for i = l,..., n - k .  We see that a linear action a with as an
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k tiorbit defines a free action a of R on T if and only if

n-k
(1.3) n c . (Q) = to} .

i=l 1
(This condition, although of the same type as 1.1, is somewhat more

useful, since here there are n - k  (instead of n ) terms in the

intersection, and also since the maps are defined in terms of

Plucker coordinates and are thus independent of choice of basis.)

One way in which condition 1,3 can be satisfied, of course, is

by having C^1 (Q) = 0 for some i. That is, if for some i the set

fx,,,... x., , l] has rational dimension k + 1 , then a is free.L ii, ik’ J 7

This corresponds to saying that there is some T  in such that

the Plucker coordinates {a^ | cr € ^  , a cz t } have rational dimension 

k *f 1 . However this condition is not necessary for o? to be free; 

for example, if
1 0 
0 1 

/2 1 
-1 /2

—  2 4then the corresponding action a of R on T is easily seen to be 

free, but neither {/2, 1 , l} nor {-1, /2, l} has rational 

dimension 3 .

We now summarize the situation for a non-singular linear action 

of Rn on Ttt, There are n = ( n, J Plucker coordinates for an

(n — l)-plane in RD ; denote them by aCT̂ jt) j * = where aa ^ )

is the determinant of A minus its i *̂1 row. Note that by 1.2, a

vector v = (v,,...,v ) is in Q, if and only if I n A^
0 = V A A 1A...AAk = S v.a ... (-l)1+1e1A...A e" , 

i=l 1 a(l)d
or equivalently,



or v*b = 0 , where

b = (aa( 1) ’ “Sa(2) »* * * »i aa(n) 5 ’
Thus b = (bn ,...,b ) is normal to R. . We have the followingI n  A

equivalent statements (if f3 is the action of R on Tn corres-

ponding to b);

i. g has dense orbits .

ii. rational dimension of {b [ 1 I i g n] is n .

iii. rational dimension of [ 1 = i = n} is n .

iv. a is free.

Also the following are equivalent:

i. |3 is free.

ii. rational dimension of {b^ j 1 = i = n} > 1 .

iii. rational dimension of fa II i = n] > 1 .cr(i) 1
iv. or has dense orbits.



19
PART II. ACTIONS CONJUGATE TO LINEAR ACTIONS

n*-1Let cp be a locally free action of R on a compact connected 

orientable n-manifold V with no compact orbits. We begin by 

describing results of Sacksteder in [5].

First, it is known that since no orbit of cp is compact, every 

orbit is dense in V and the holonomy group of each orbit has at most 

two elements ([5], Theorems 8 and 9). Since V is orientable and
IT"-1the action of R orients the orbits of cp, the foliation induced

on V by cp is orientable and the holonomy is thus zero.
00One can find a C embedding of the circle S in V which is

transverse to the orbits of cp; in fact it can be assumed that there

is a Riemannian metric on V such that the intersection is orthogonal.

The orbit of every point p of V must intersect this circle (because

if we let A be the union of the orbits meeting S1 , then by Theorem 4

of [6], either A is equal to V, or there is an orbit in the

boundary of A with infinite holonomy.)

The action cp induces a pseudogroup T of local diffeomorphisms

of S . Theorem 6 of [5] shows that there is a bundle-like metric on

V (that is, a Riemannian metric such that distance between nearby

orbits measured along orthogonal trajectories is "locally" constant)

which is obtained from the original metric in the following way. First
1it is shown that there is a metric on S which is invariant under T. 

The new metric is constructed from this metric on and the original

metric on tangent vectors to the orbits. The metric on S1 need not 

be differentiable with respect to the original atlas; however, possibly 

by changing atlases, one obtains a smooth bundle-like metric
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on V which when restricted to is invariant under the action
1of P. This means that we can assume S to be parametrized as ,

where t is an element of the quotient R/Z , and each element of T 

acts as a rotation. (Since V is orientable, we can exclude the 

possibility of reflections.) That is, for any f in T , there is a 

real number X such that for any in the domain of f,

ffet) = Pt+ X •
We now state a theorem concerning the free case.

co n—1THEOREM 2.1. Let cp be_ a_ free C action of R on a_ compact 

connected orientable n-manifold V . (As described above, there is â 

bundle-like metric on V , and embedded in V such that S'*"

intersects orbits of cp orthogonally, and elements of the pseudo- 

group T induced by cp ori S**- act as rot at ions.) Suppose that there 

is a_ real number X such that for some f in_ F , and p^ in_ the 

domain of f ,

f(pt> = pt+x ’ .
where X satisfies the Liouville inequality

« . u  U  ±  jr I >  n̂
for some fixed positive real number C , fixed number y greater than 

2, and for arbitrary m and n. Then cp is_ topologically conjugate 

to a linear action a of R on the n-torus T .

(It is known that all irrational numbers except a set of 

transcendental numbers of measure 0 satisfy an inequality such as 2 .1.)

The proof will involve a series of Lemmas tin which the conditions 

of Theorem 2.1 will be assumed).
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LEMMA 2.1. If X is such that for some £ in r and some pA in“ “ ̂ * ■',̂ ™ t
the domain of f, ^ P ^  = P-fc-f-X ’ ^ ien ^bere exists an f in̂  r such

that f restricted to the domain of f is_ the same as f, and for all 

Bt in S1, f(pt) = pt+x .

1Proof; Consider an endpoint p in S of an open set of points" t
{ ps | s g (t-e, t) and ps+x S ®(pCps> 3 •

The properties of the metric on V guarantee that the orbit through p̂

will intersect S1 at the endpoint of the set

( Ps+X I s € (t-e, t) }' ,

that is. at ,. Thus it can be shown that the set of pA such that
* t+X t

p, , is an element of (9 (p.) is both open and closed, non-empty,t+X cp t
1hence all of S . So Lemma 2.1 is proved.

Thus given such a X, when cp is free we can define a unique 

"return function”
1 n—1r : S --- > RA

by
<p C T x(t) , pt ) = pt+x .

The function r, is differentiable since it can be described locally A
as the projection onto Rn ^ of the inverse image of under the

differentiable map which sends a point (r,s) in a neighborhood U

of Rn x R to tp(r,ps>. Here U is chosen to contain Wx(s*»e,s+e)

for W an open neighborhood in R of the line determined by the

origen and r (s) , and such that U is mapped diffeomorphically A
into V. The next Lemma states that if one return function is constant, 

then they all are constant.



22
LEMMA 2.2. Let be_ an embedding of a_ circle in V as_ above,

parametrized as p^, where t is_ iii R/Z. Suppose that there is an 

irrational number \ such that for all t in R/Z, P.j.+ ^ is in 

^(Pf) » and the return function is a constant r^ In Rn

Then for any other choice of p, such that P ^ ^  i®. iB. ®cp^t^ ^or 

every t in R/Z, jLf we_ define r^ bŷ  cp(r^,pQ) = p^ , we have

<* V P‘> = pt+n ’
that is, the return function r (t) i£ also constant.

Proof? Consider the closed curve q defined by

= ^ y V
where t is an element of R/Z. Note that

%  - = y  •
Also

= + y  pt>

- ^ y  pt+x)

qt-fr\+ll
Thus the curve q is r.“invariant, and intersects the curve p at"£ A  t
p which is equal to q . Since \ is irrational, the projected

M-
image of the set

{ p, + n\ | n = 1,2 ,.,, } 

is dense in R/Z , and so we can conclude that the curves are the same. 

That is, since

V n X  = tp(nrX- V = V = V n X  '
p, is also r -invariant, or cp(r , p.) = q , = P+ .M , so Lemma 2.2t  |J, p “ tH*],! v-rp.
is proved.



23
For the proof of Theorem 2.1, we will show that there is an 

embedding of in V with all return functions constant. To do

this, we need the following Lemma.

co h mJLLEMMA 2.3. Let F be_ â  C mapping from S to_ R such that

J = 0, Define the map T of_ the set of continuous maps from S to R  

to itself by Tg(t) = g(t -f- X) , for t 6 R/Z . X satisfies the
. CO 1inequality (2.1), then there is a C solution g mapping S to_

R o£ the equation

(2.2) g - Tg = F .

COProof: The mapping F is G if and only if for each k = 1,..., n - 1

and for all integers s greater than or equal to 0 ,
03

(2.3) 2  jS |ak | < 00
j=“°° J

k th k 1where a. is the j Fourier coefficient of the mapping F from SJ
1 n-1to R , where F is equal to (F ,..., F ), ([3], page 26.)

Thus, if the equation (2.3) has a solution g equal to

(g3',...,gn *), where gk has the Fourier expansion
00

n-1

e Ct) ~  bj e
then a simple calculation yields that

b* = ( 1 . ) . n t M M )  ak
3 \ 2 sin jtt\ / j

and so

I -?  I- ( r r a b nEl ) ' aj I ’

Since X satisfies 2.1, we have that for all m and j ,

I * £  T  I > YJ
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and so
| Xjn £  tt m | > B/j

where 6 is y - 1 and B is equal to Ctt . This implies that
.6,

and so

| sin XJtt | > [ sin (B/j ) | ,

| bk j < I a3  ̂ = J K  I B/j6
 ̂ 2 1 sin (B/j6) | 2B |sin(B/j6)|

Thus

(2.4) E I »j I < | b s i5iaj 1 1— ^ T Tj=~» j=-“ |sin(B/j ) |
5If |j j is sufficiently large, then

— e o i .  <  2
sin(B/j6)

and hence the series on the right in (2.4) is bounded, by (2.3). In 

fact, for all s = 1 , 2, ... ,

Z is Ihk l y -is + 6 l.k iI = 2B I j |sin(B//) |
J=-“ 3=-“ 1 1

where the series on the right is bounded, as before. Thus g as 

defined by {b.] is C and a solution to (2.2), and Lemma 2.3 

is proved.

MAIN LEMMA 2.4. Suppose that there is a real number A such that for 

some f in T , ^(P^) = P^+x ’ wkere ^ satisfies the Liouville 

inequality (2.1). Then there is an embedding of the circle q^ iii 

V such that all return functions are constant.



Proof; By Lemma 2.2 it suffices to find an embedding q^ of the circle

in V with just one return function r^ constant, provided that X is

irrational. In some cases one can construct an embedding p of the

circle with constant X—return function from the original embedding p̂ .
1 n«lin the following way. If K is a mapping of S to R , and we define

P.J. by p^ = cp(K(t), p̂ _) , then the return functions r^ and r^ respec*-

tively corresponding to the rotation number X are related as follows;

(2.5) ? x<t) = r^(t) - K(t) + K(t+J0 .

So if r^ is to be a constant C, one must have K(t) « K(t+?0 =

r (t) •- C ; or, differentiating,
X

K ’(t) - K'(t + »  = r '(t) .A,
Since X satisfies the Liouville inequality (2.1), Lemma 2.3 guarantees

cd 1 n«lthe existence of a C mapping K from S to R such that equation

(2.5) is true, p need not be an embedding; however if p = p , , then
1 2

lor all integers n. Pti+nX = , s° for all t, pt = .
One can find an embedding as desired by considering tQ = min[t|p^=pQ}

and representing S"*" as R/Z»tg. We can assume that t^ = 1. Thus the

Main Lemma is proved.

Proof of Theorem 2.1: We can assume that there is an embedding p^ of

R/2 in V with all return functions constant. Such constants form a 

subgroup of RnM^. We can now define an action \|> of R1 on V in

the following way; every point v in V can be expressed as (pCr,p̂ .)
, n-lfor some t in R/Z, r in R . Let

K  s, tf<r,pt)) = <pC r, pt+s) .

In particular,
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The action | is well-defined, because suppose that

cp(r, p t ) =  cp(r', p t ,) ,

or equivalently

Pt , - (pCr « r', pt) .
This means that r - r' is the return constant corresponding to the

I
rotation number t' - t. We see that for every real number s ,

K s ,  cp(r, p t >) =  cp(r, P t+fl>

=  cp(r -  <r-r'), P t+(t ._t ) + s >

= Pt'+s'
= Ks, cp(r ’, Pt .) .

Clearly i[r commutes with cp, and so we have an action § of Rn on 

V defined by

$((r,s) , v) = Ks, cpCr ,v)> = cp(r » Ks,v))

for (r,s) in Rn 1 x R.
The orbit of any point v of V under $ is the whole of V;

thus there is a homeomorphism

h r Rn/I  Vv
induced by the map

h : Rn ---5* V

given by

h(r) = $(r,v) .

Here 1 denotes the isotropy subgroup of v under § ; that is, the 

set of all r in Rn such that $(r,v) is equal to v. Note that if 

e is the vector (0,..,,0,1) in Rn , then e is an element of Iv ; 

also, if r^ in R is a return constant for the action cp 

corresponding to a rotation number then if r^ = (r^,0) in
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n**l <—R X R . then r, - Xe is also in 1 . All elements of I areA. v  v

expressible as a sum of vectors of these two types.

In fact, it is known that the quotient of Rn by a discrete 

subgroup is a compact nMnanifold if and only if the subgroup is iso­

morphic to Zn . This implies that I is generated over the integers 

by n vectors in R11; we can choose a set of free generators

is the{e, r. ~X_e, ... , r. — X ,e} where r. - (r, ,0) and rA, i A. , n—JL A, A. A.1 n-1 i x  x
n—1 ,return constant in R corresponding to the rotation number X^ .

Since is discrete, this set is also linearly independent over R

(and hence the set {r , ...,r } in Rn ^ is linearly independent).
\  n-1

There is thus an isomorphism

I : Zn ---=► Iv
which can be extended to an isomorphism

—  n n
I, : R  >  R

This defines an isomorphism

t : Rn/Zn ---> Rn/Iv ,

which respects the group action of Rn on both spaces. Note that the

action § on V corresponds under the homeomorphism h to the group

action of Rn on Rn/I given by addition.

We have the following commuting diagram;

”  J -  \ i  1 1
Tn = Rn/Zn— Rn/I — 5* V -L v h

If r and w are elements of Rn and tt(w ) = [ w ]  (where tt i s  the

projection of RQ to Tn = Rn/zn) , we have

id
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-t ^h ^$(r, h-L[w]) = ^(r, h£w)

= t  1h ^Kr, $Ctw, v))

= C-t'1 h § ( r  * -fw, v)]

= [-L 1 (r -f- £w]

= [w] + [I^r] ,

which means that § is conjugate (by h£ ) to a linear action.

Since cp(r,v) is equal to $((r,0), v) ( we have

(h-W^cpCr, h£[w]) = [w] + [-^(r.O) ] = [w] + [A(r)] 

where we let A(r) be -t^Cr^). Theorem 2.1 is now proved.

One cannot expect to prove a result like Theorem 2.1 without 

some condition on the degree of irrationality of a "rotation number".

That is, there do exist free actions with no compact orbits for which

there are no circles with constant return functions (hence actions which

are not topologically conjugate to linear actions).
1 2 An example of such an action of R on the 2-torus T is given

in [8]. It is seen that if X is an irrational number which can be well

approximated by rationals (that is, X does not satisfy (2.1)), then
00 J.there is a C function F mapping S to the positive real numbers

such that equation (2.2) has no solution g. The action is
2defined as follows; viewing T as a unit square with sides identified,

orbits are the lines of slope X , and parametrization is such that it 
f* ttakes time J F(s) ds for a point on the line x = 0 to return to 

this line.
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PART III. ACTIONS TOPOLOGICALLY EQUIVALENT TO 

LINEAR ACTIONS

We now prove a partial result for the case when no "rotation 

number" as defined in Part II satisfies a Liouville inequality (2.1). 

The following theorem gives a sufficient condition for an action to be

topologically equivalent to a linear one.

1THEOREM 3.1. Let cp be_ a_ free action of R oil a_ compact connected

n-manifold V . Suppose that there is an injection i^ of_ R into

rI1 ^ such that if is the action of R on V defined by

(3.1) ^(t.v) = cp(i1 (t) , v) ,

then the closure of the orbit of iji through v^ iii V, 0  1 i£.

a submanifold of dimension 2. Then there exists a homeomorphism

f : V --->  Tn

and a linear action

a : R11**1 X Tn  Tn

such that f induces _a map £ on"the orbit spaces.
n —f : V/cp s* T / a

n-1 n_i ,ê . cp is topologically equivalent to sa linear action of R on̂  T ,

We first show that we can assume a stronger hypothesis.

11 “ 1LEMMA 3.1. Let cp be ji free action of R on _a compact n-manifold
n~lV, Suppose that there is _an injection i^ _of R jLn R such that

the action ^  defined by (3.1) _i£ such that 0^ £ two**

dimensional submanifold of V. Then there are injections iJ of R in 
n—1R , j = 2,..., n-1, such that



30
Rn“1 = i.R ©  ... ®  i ,R .1 n-1

and if ij;. i£ the action of R*1 on V defined by
/  ̂ \(3.2) tJi .((r ,.. ,,r.) , v) = cp ( E i (r ) , v }J i  J ' \ _ s s /S—1

then <3 . Cv0) has dimension j + 1 for j = 1 ,..., n - 1 .
j

Proof: First we prove that <3̂  (vQ) is transverse to the action of cp.

Since (3, (v_) is a compact two-dimensional manifold which admits a 
1 1free action of R , there is a diffeomorphism d mapping the 2-torus

2   2 2T to <3̂  (vQ) . Assume that at a point v in d(T ), d(T ) is not

transverse to {3^(v), i.e. the intersection of the tangent space of 
2d(T ) and the tangent space of <3 (v) contains a vector which is notcp

tangent to (3, (v). Let r in R be such that the action cp(t,-)
h

of R on V defined by cp(tr,—) has this vector as tangent to its
~ 2 orbit through v; that is, the orbit of cp is tangent to d(T ) at v.

~ 2 Since i|f and cp commute, cp is tangent to d(T ) at all points in
q _ 2(3, (v). But (3, (v) is dense in d(T ), and so cp is tangent to d(T )

1 1 2 at all points of d(T ), This means that i|/ and cp define an action
2 2of R on d(T ) which must have a periodic orbit, contradicting the

fact that cp is free. Thus (3̂  (v q ) is transverse to the action of cp.

The proof is by induction. We show that if i)r is defined byJ "1
the injections i , ..., i . , such that (3, (v„) is a submanifold of1 j-1 t- T 0\J-1
dimension j transverse to the orbits of cp, then there exists an

n«l m*injection i of R in R such that (3, (v^) is a submanifold of

dimension j + 1 . This will be done by showing that there is an r in

R such that r is not an element of the j - 1  plane P. _•3
spanned by the images of an^ such that cp(r,v^) is in
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6 . (vrt) . (Then we can let i.(t)= tr , and the dimension of ©, (v„) y. - 0 j 0Yj“l Yj
will be j -f 1 , since © (v^) can be viewed as the product space

\j
[0 ,1] x © (vn) , where fo] x ©, (v ) is identified with

fj-1 Vj-i
{l} X ©, (vQ) by the differentiable map cp(r,-) when r is minimal.) 

\J-1
To show that such an r exists, let N be a normal vector to

P . , in Rn Consider the half-planes J *
H = { r £ Rn ^ I r*N = m ]

where m is an integer. Let

J = [ cp(r,v ) | r € H ]m *■ x ’ 0 1 m J
and let

CD

h = n j  .. m m=l
H is non-empty, because the manifold V is compact. We claim that H

is saturated with respect to cp, that is, if v £ H, then cp(r,v) € H
n*-»lfor every r in R . T o  prove this, observe that if v £ H, then

(3.3) v = lim(v ) = lira cp(t ,v_) , t £ Rn ^ , t *N = m .m T nr 0 ’ m ' mm-* a> m-* 60
Consider

m(t,v) = lim cp(t,v ) = lim cp(t + t , v_) ;T 1 m T m um—> co m-» oo
we have

(t + t ) *N = t*N + t -N m m
where t-N is a constant mrt and t aN ^ m « Thus0 m

(t -t- t ) *N = m + m„m u
which means that cp(t,v ) is in J , and so cp(t,v) is in H; soT m m-t-m̂  '
H is saturated with respect to cp .

Since fe. (v ) is transverse to the orbits of cp , it contains
V l

an embedded circle which is transverse to the orbits of cp . As in the
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third paragraph of Part II, every orbit of cp must meet this embedded

circle, thus every cp-orbit must meet 6 , (v„) . Thus H fl © (v )¥■ 0 ■, 0 TJ~1 ¥j-l
contains an element v as in (3,3), Since ©, (v„) is transversedr. , 0YJ-1
to the orbits of cp , there is a neighborhood U of © (vQ) such

\j~l j.
that if w is in U , then there is some bounded r(w) in R such

that cp(r(w), w) is in ©. (v q  ̂• Thus for sufficiently large m,
j~l

fpCtmj^) is in u » and s° 9(r t̂in̂  + tm > v0> is in wherem m 'fj-i
r(t ) + t is not in P . . . Lemma 3.1 is now proved,m m  j —1

We will need the following Lemma in the proof of Theorem 3.1.

LEMMA 3.2. Let h be â  homeomorphism of TJ to itself, and let h be

RJ ; that is,

RJ -
i

h> RJ
|

T  i J, tt
To

commutes. Suppose that there are linearly independent vectors

r \  .,., r^ ^ in R-̂ such that if P ^ iŝ  the span of

{r1,..., r^ 1} , then P_. , fl 7? = fo] and tt(P_. , ) is dense in ,— —  j —i ■ j"*l —  ■ ■■ 1
and such that for each s, s = 1 ,..., j - 1 , h maps translates of the 

line RrS = { trS | t 6 R } t£ such lines in an orient at ion-«preserving 

way. Suppose also that hCP^.^) is not equal to Then h is

isotopic to the projection of a_ translation on RJ .

Proof: Let N be normal to P ^ in R^, of unit length. Then we

can write
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h(v) = v -t- p(v)N + t (v )

where p(v) is a real number, and t (v ) is in P , • Since h mapsJ“1
translates of P. , to translates of P. , , p(v) is constant onj-1 J-1

jtranslates of P . ... Also, since h projects to a map on T , so doesJ
p ; thus p is a continuous real-valued function which is constant

on a dense subset of T^, so p(v) is constant. This constant is not

zero since h ( P . .) is not equal to (The value of p(v) dependsJ — J- J — J-
1on the choice of lifting h.) Let r be p(v)N . Then

h(v) = v 4 rJ + t(v) .

The vectors r*̂  form a basis of R ^ . Suppose that in terms of

this basis, if v is in RJ ,

i i /v = S v.r = (v , ..., v .) .
i=i 1 1 J

Then there are real-valued functions t on R , i = 1,.,., j - 1 ,

such that
j-1 ±

t (v ) = 2 T.(v)r = (t (v),..., t (v), 0) .
i=l x 3

We claim that in fact t\ depends only on v^ and Vj. For example,

taking i = 1 , (and again writing elements of R*̂  in terms of the basis

{r1 , ...lrjJ) if v =  (vlf...,Vj) and v ’ = (v^ v^, ..., vj^, v^) agree

in their first and j *̂1 entries, then we claim that T^(v) = ^(v*).

To show this, consider the vectors

v = w1 = (Vl, v2 , v3, ... , Vj)

w2 = (v1 , v3, ... . V V )

v -  < V  v2> v3  vj - l>  vj >
"tilSince h maps lines parallel to the i axis to lines parallel to the



34
thi axis for i = 1,..., j - 1 , h maps points which differ only in

their i *̂1 coordinate to points which differ only in their i *̂1
s s+1 stcoordinate. Thus since w and w differ only in their (s + 1)

S S+1entry, for s = 1 , . . . ,  j - 2, h(w ) and h(w ) differ only in
s*fctheir (s + 1) entry, and so for some real number z

c cxIh(w ) - h(w ) = (0 , .. .,0 , ^  0 .... 0) ;
s+1

The right hand side is equal to
s j , s. s+1 j , s+1. w + r + t (w  ) - w  — r - t (w  )

s + 1
S  s+1This means that t^(w  ) ** T (w ) = 0 for s = 1,..., j - 2 ,  and so

T (w1) = (w2) = ... = (w'* 1) , and thus t (v ) = (v') . The

argument is the same for each i = 1 ,..., j - 1.

Thus we can write
j-1 ±

t (v ) = s T (v ,v )r
i=l

2 thwhere t\ is a map from R to R, and is the i coordinate of

v in terms of the basis [r'*'......r^},

Consider the homotopy

H : [0,1] x Rj

defined by

Hj.(v) = v +  r^ + t t (v ) .

Note that Hq (v) = v * t that is translation by r^, and

H^(v) = h(v). We claim that this homotopy of maps of R*̂  projects to 

a homotopy of maps of T*^; that is, if v is in R'1 and M is in

Z^ , then we must show that for all t in [0 ,1],



35
H. (v) - H (v + M) 6 Zjv X

or equivalently,

v -f- rJ -£- t t(v) - v - M - rJ - t t(v+M) £ 7? ,

or,
t (t(v) - T(v-t-M)) € ZJ ,

Since is just h, and h projects to a homeomorphisra h of TJ ,

we know that t (v ) - t (v +M) is in 7? ; but by hypothesis,
•j

P fl Z = {o] , and so t (v ) - t (v +M) is in fact zero. Thus there

is a map H such that

[0 ,1] x RJ H > Rj
Id X it ^ |

[0 ,1] x
TT

commutes.

To show that H is an isotopy, we must show that for each t,

H is a one-to-one map of T^ onto T 1̂ .X

TJ is partitioned by projections of translates of P . * *  SinceJ ^
h is a homeomorphism of TJ respecting this partition, h induces a

one-to-one onto map on the sets of the form tt(P . , + sr1̂) for realJ-1
numbers s. Notice that if

h ( r r ( P s r ^ ) )  = tt(P. .. + s'r^) ,J ^ J
then since h(v) and H (v) differ only by an element of P.t J

“t c,n(pj-i+ srJ)) = ^ j - i + svj)
and so IT also induces a one-to-one onto map on sets of the form t
tf(P . , + sr'1) . Thus in order to show that H is a one-to-one map J **1 t
of TJ onto TJ, it suffices to show that its restriction to a set of 

the form tt(P + srJ) is one-to-one and onto.j-1
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j JAlso, since the restriction of tt ; R — > T to any translate

of P is one-to-one, it suffices to show that IT is one-to-one and j-1 t
jonto on any translate of that is (writing vectors in R in

1 1terras of the basis {r r }) on any set of the form

{(v^, ... ,Vj) | Vj is constant} . In fact, since Ĥ _ maps lines
gparallel to Rr to such lines for any s = 1,..., j - 1, it is

sufficient to show that the restriction of H. to some linet

L = {L(u) = (v^,...,u,. . • > j = constant for i ^ s, u € R] 

is one-to-one and onto some other such line. However, on this line L,

H (L(u)) = L(u) + r^ + t (u,v.)rS = h(L(u)) .X S J

Now by hypothesis h is an orientation-preserving homeomorphism of L

onto L + = {-L + r^ | •£, € L}; such horaeomorphisms of a line

correspond to monotonically increasing functions of R onto R, hence 

the map

u — >  u + Tg (u ,v  )

is monotonically increasing from R onto R . The map H of L to

L + r*'* corresponds to the function

u — >  u -t> t  t  ( u , v . )
S J

from R to R. But monotonically increasing naps of R onto R are

convex, and we can write

u + t t (u,v.) = t(u + t (u,v.)) + (1 - t)u s J s j
and so, since the identity function is one-to-one from R onto R,

H is a homeomorphism of L to L + r*̂ . Thus we have shown that H 

is an isotopy, and Lemma 3.2 is proved.

(In the course of the proof we showed that in fact the isotopy 

Hj. from h to the projection of the translation by rJ also has the
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following property; for any t in [0 ,1], H maps translates of thew

Qline Rr to such lines in an orientation-preserving way.)

We can now prove Theorem 3.1.

Proof of Theorem 3.1. Let the action 0. of R on V be defined by-------------------------------------  j

e.(t,v) = cp(i . (t) , v)
J J

where i. for j = 1,..., n - 1 is as in Lemma 3.1. Note that 9.
J J

defines an action of R on ©, (vQ) for any k ; we will also call
it

these actions 9.. The actions 0. commute, and ijr. is equal toJ J J
0n ©  . . . ©  0 ..1 J

Definition: We will say that an action of Rm on V is strongly

topologically equivalent (s.t.e.) to an action ty' of Rm on V',

where ilr = 0, ©  ... ©  0 and ' = 0,’ ©  ... ©  0' , if there exists aT 1 m T 1 m
homeomorphism f : V -*V' such that f carries the orbits of the action

0. of R on V to the orbits of the action 0' of R on V ’, forJ J
j = l , . . . ,  n - 1 .  We also require that f preserve the orientation on 

these lines given by the actions of R . (Note that this implies that 

f maps i|r«orbits to i|r'-orbits also, i.e. ijr and i}(' are topologically 

equivalent.)

The proof of the theorem is by induction; we will show that if 

K  W  is as in (3.2), then cp , which is equal to is

s.t.e. to a linear action a of Rn ^ on Tn by showing that forn—i
every n - 1 , the action

♦ j : rJ * V V  — i*■ v (VJ J
j j*f"lis s.t.e. to a linear action a, of R on TJ
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For j equal to 2, 0. :*'s a comPact two-dimensional manifold.
j-1 _

It is known ([8 ]) that there is a homeomorphism f of Q  (v ) to2 i}r 0
2 2 T and a linear action of R on T given by

CY.̂ (r,x) = x + r

such that f carries i|r orbits to cv orbits and orientation is2i i 1
preserved, i.e. ^  is s.t.e. to a? .

Now suppose that the action
■> j “1f. : RJ X O  (v ) --- =► O  (v )

J 0 0
i—1 jis s.t.e. to a linear action cy.— 1 o£ R on T by a homeo—

morphism f . : O, (v„) > T , We will show that i. is s.t.e.
J ♦j-l 0 . JJ J+lto some linear action q\ of R on T .

Since the actions 9, . k = 1,..., n - 1 ,  commute. 0. maps \|f. nk ’ ’ ' J J-1
orbits to Jf. . orbits: similarly for their closures. There is a TJ“1
real number t such that t 4 0 and

e,(t,v) € O. (v) .
3 *j-l

(If no such t exists, then one has a contradiction to Theorem 2 of

(6],) Since V is compact, there is a minimal such t ; we can

assume that the minimal such t is 1 .

Let the map h. of T^ to itself be defined byJ
h (x) = f 6 .(1 , f /(x)),J J J J

that is,
M l , - )

°tj_1 <vo)---- -------

f . J f . J
h.

TJ ------ i

commutes, h. is a homeomorphism since it has a continuous inverse. J
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Let ([0,1] x T ^ / h ."1 denote the space [0,1] x TJ with the pointsJ
(0,x) and (l,h’.*"1 (x)) identified, with the quotient topology. We J
can define a homeomorphism

g : ([0 ,1] X T ^ / h .-1  ^ . CV
TJ

as follows:

Note that

g(t,x) = 9 (t, f^Cx)) J J

g (0 ,x) = 9.(0, f.1(x)) = f.1 (x)J O  J

- v ^ r y 1 ® ’
= g(l, h ^(x)),j i v  **1so g is well defined. We wish to show that ([0,l] X T )/h. isJ

j-f-1homeomorphic to T in a particular way. We begin by showing that

h. is isotopic to a translation. Consider a lifting h. of h. ;3 J 3
h .

RJ — »  RJ
TT TT

V. h. V.rp J ^

Since ilj. , is s.t.e. to some linear action a. . (and the actions yJ-l J-1
9 of R on V commute), h. maps translates of the (j <- l)-plane s J
P. , which is equal to the span of the vectors r r^ in Rn ,

to translates of P . „ . In fact, h. maps translates of the linej-i j
s sRr to translates of Rr for each s =  1,..., j — 1 . Orientation of

these lines is preserved by h., because the orientation of the lines 
**1 sf . (Rr ) is preserved by 0.(1,**) (since 0* commutes with the J J J

actions 0 , s = l , , , . , j ~ l ) ,  and conjugation of 9.(1,~) by f .s J J
does not change this property. Note also that h (P ) is notJ J
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equal to P since (p is free. (That is. if for some w in P. ,^ j-1 T * J-1
and x in R , h . (x) = x + w , then 0.(1, f . x) would equalJ J J
f (x + w), but f . (x) and f . (x + w) lie on the same Jr. , orbit.)j j J TJ“1
Lemma 3.2 is thus applicable. There is an isotopy of maps from

T*̂  to TJ such that H is h., and HQ 00 = rr(x + rJ), where rJX J
is some fixed element of RJ .

Finally, we must define a homeomorphism from ©^ (vQ) to
1+-1 J T . We have a homeomorphism

g"1 r © (vQ) — ([0,1] x TJ)/ h Ml
where the action on the image of g ̂  induced by rjr. is s.t.e. to3
the action defined by a\ . on TJ and addition in the [0 ,1]J—x
direction. Let the map S of RJ to RJ be defined by 

S(x) = x - r^. We now define a map

K : ([0,1] x Tj) / h "1 — ([0,1] x TJ) / S3
by

Note that

K (t, x) = (t, Ht (x))

K (0,x) = (0, HQ (x)) = (0, S(x)) = (1, x)

= (1, h.h._1 (x)) = (1 , H (h."1 x))J J x J
= K(l, h ^ O O )  .

Thus K is well defined and continuous; since it has a continuous

inverse, K is a homeomorphism.
“1 —  iThe map Kg from © (vQ) to ([0,l] x T ) / S induces an

j _action on the quotient space from the action of ^  on ©^ (v^) ;

the induced action will be s.t.e. to the action given by addition

in the [0,1] direction, and again by <y. on TJ , since HJ — J- •*
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respects the lines TT(Kr~) in TJ .

Finally, we can define a homeomorphism L,

L : ([0,1] X Tj) /  S — ([0,1] X TJ) / id = TJ+1

given by

Note that

L(t, x) = (t, x + trJ)

L(0, x) = (0, x) = (1, x) = (1, x - rJ + r^)

= L(l, x - ? )  = L(l, S(x)) ,

so L is well-defined. Here the induced action will be s.t.e. to the

action a. given by O' on TJ and the linear action in the (1, rJ) J J ***1
direction*

**1   j-f-1Thus we have the composite map LKg from (9, (vQ) to T
—such that the orbits of the action Ji- of R on ©. (v„) correspond

h  t j  0 i(in the required way) to the orbits of the linear action o', of R

on T^*1 . and so Jr. is s.t.e. to a. • So the induction step is * J
completed, and Theorem 3.1 is proved.
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PART XV. LOCALLY FREE ACTIONS

We include a theorem indicating how the previous results give 

considerable information about locally free actions with no compact 

orbits.

n—1THEOREM 4.1: Suppose that cp is_ a_ locally free action of R on_

a compact connected n-^nanifold with no compact orbits. Then

i . The isotropy group I of_ a_ point p in_ V is_ a_ constant

group I , isomorphic to Z for some k <  n-1, and
k nii. There is a free action i|r of̂  T x R oil V such that 

the following diagram commutes

r 11"1 x v  »  V

* /  t
(T^ X Rn“k'1)X V

n—1 k n-k-1(where the map from R to_ T x R iŝ  given by the
k k n™Xprojection of R to T on the first k factors of R ).

Proof; To prove (i), observe that the isotropy group is constant on

each orbit of cp ; since each orbit is dense, we need to show that if

a sequence v in the orbit of some point v is such that v *-» vi ° i
in V , then the isotropy group of v., I , is a subset of I . But by

i
continuity of cp , if r is in Iy , then cp(r,v^) = v, converges to

v, and so cp(r,v> = v, that is, r is in 1^.

For (ii), consider Rn I , where I is the (constant) isotropy
n—1 . k n-k-1group. R / I is isomorphic to T x R for some k, and we can

find an isomorphic image of Rn 1 such that the projection map tt is
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••1as above. ijr is defined as iji(t,s,v) = cpCn (t,s), v) , which is well-

defined. Suppose that \}f<t, s, v> = i(f(t', s ', v) . Then
-1cp(n ( t - t ' ,  s - s'), v) = v ,

**“1 k ntakand so tt (t — t ', s - s ') is contained in I ; thus in T x R

we have that (t « t 1, s -s ' ) = [0] . Thus t - t 1 = [0] and 

s - s' = 0, and so ijr is free and Theorem 4.1 is proved.
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