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1

1 Introduction
The propagation o f classical wave through random media affects many aspects 

o f everyday life . Inform ation carried by sound, lig h t, radio and microwave radia­

tion  is transm itted  through media which, in  general, vary random ly in  tim e and 

space so th a t the am plitude and the phase o f the waves fluctuate random ly in  tim e 

and space, [ l j  E xtracting inform ation from  th is ’’ random ” signal and investigating 

the orig in  o f these fluctuations has been o f interest through the ages. [*2,3] In  this 

thesis we study steady state transport in  m u ltip ly  scattering media consisting of 

random ly positioned scatterers. Interference between scattered waves leads to large 

fluctuations in  key transmission quantities - intensity, to ta l transm ission, and to ta l 

transm ittance, which corresponds to the dimensionless conductance g. Because o f 

the pervasiveness o f fluctuations, a fu ll description o f transport must provide not 

only the averages bu t the variances and the fu ll d istribu tions o f these transmission 

quantities. [4|

Interest in  the problem has intensified w ith  the recognition o f the analogy be­

tween classical and quantum waves in  disordered systems. In the m id-eighties fluc­

tuations o f the electronic conductance o f order o f u n ity  were observed in  disordered 

conductors cooled below 1 K. [5,6] These fluctua tions appeared to be independent o f 

sample parameters such as the conductance itse lf, the size o f the sample or the trans­

p o rt mean free path t  o f the electrons in  the sample and were therefore named uni­

versal conductance fluctuations (U C F). Such fluctuations were explained by consid­
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ering the Interference processes between electron waves. [7,8j The discovery o f UCF 

and the predictions and the observations o f coherent backscattering [9,101: short- 

[11-14] and long-range [15—25] in tens ity  correlation, photon loca liza tion  [26-32], and 

the photonic band gap [33] have been o f pa rticu la r im portance fo r the development 

o f a new fie ld  now known as Mesoscopic Physics. I t  deals w ith  transport in  random 

systems in  which the waves are tem pora lly coherent th roughout the sample.

In  1958, Anderson proposed th a t electrons could become localized by a random ly 

varying poten tia l. [34] In  m ultip le-scattering media, the interference processes may 

become so strong th a t norm al diffusion vanishes w ith  the dimensionless conduc­

tance g becoming sm aller than un ity . Following the analogy between electrons and 

classical waves in  mesoscopic systems, the possib ility  o f loca liz ing classical waves in  

strongly scattering media was suggested. [26-30] In a p roo f o f p rinc ip le  experiment 

o f microwave transm ission in  a three dimensional (3D) period ic m etal w ire network, 

i t  was shown th a t classical wave loca lization due to strong scattering is possible [35]. 

Recently, loca lization o f in fra red  lig h t in  strongly scattering samples o f pure GaAs 

particles was observed by W iersm a et. a ll. [36] Localization due to strong scattering 

was achieved also in  microwave experiments in  quasi-ID  samples o f alum ina spheres 

by Chabanov and Genack [37].

Strong in trin s ic  scattering can be evaluated in  terms o f the product o f the wave 

number k and the transport mean three path I o f the wave in  the system. The 

condition for loca lization due to strong scattering is given by the loffe-R iegel cri­

te rion  kl  <  1 [38], which im plies th a t the wave scatters in  a distance o f order or
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3

smaller than the wavelength. Th is strong condition must be met in  the case o f a 

unbounded 3D system, bu t is no t necessary for samples on w hich spatia l boundaries 

are imposed.

I t  was firs t suggested by Thouless th a t electrons w ill always be localized in  suf­

fic ien tly  long wires a t low  tem peratures. [39] This approach to  loca liza tion  can be 

viewed as a pa rticu la r rea liza tion  o f the localization condition g < 1. In  connection 

w ith  th is, we note th a t the dimensionless conductance, w hich is a central parameter 

in  the description o f the sta tis tics  o f mesoscopic transport [40], can be used in  a 

different context in  the descrip tion o f wave transport. Here, we consider three ways 

in  which the dimensionless conductance is a central param eter in  the description o f 

the s ta tis tica l properties o f transm ission quantities. The d e fin itio n  o f the conduc­

tance o f a pa rticu la r system comes from  the scattering theo ry approach pioneered 

by Landauer [41]. According to  th is  approach, the conductance equals the to ta l 

transm ission when a ll inp u t modes are present. In th is case, the average value o f 

the conductance g is given as g = N i jL .  where N  is the to ta l n u m b er of input 

modes, L is the sample length, and i  is the transport mean free path. The average 

value o f to ta l transm ission for one in p u t mode is i /L .  The loca liza tion  threshold is 

reached a t g =  1 which determ ines the localization length o f the sample £ =  NL  

For L > the transm ission through the sample decreases exponentia lly w ith  in ­

creasing L. [40] Another way to  describe the transition  to loca liza tion  is provided 

by considering the conductance o f the system as the ra tio  between the level w id th  

SE  o f energy states (modes) and the level spacing AE, g = 8 = 8 E / A E  (8 is known
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4

as the Thouless number) [42J. W hen th is  ra tio  is much greater than  un ity, different 

modes (states o f the system) overlap creating a conductance band and the system 

is in  m etallic regime. If, however, the Thouless number is sm aller than one, the 

modes are localized and the sample is an insulator. The loca liza tion  condition is 

again given by g =  1. F inally, in  the p robab ilis tic world, the reciprocal value o f the 

conductance l /g  gives the p ro b a b ility  fo r a wave to re turn  to a coherent volume. 

The firs t two aspects are associated w ith  fin ite systems and re flect boundary condi­

tions and indicate th a t loca liza tion  can be achieved when g ~  1 even when k£ > I. 

The crite rion  k l  <  1 is analogous to  the condition for loca lization associated w ith  

the probab ilistic meaning o f g in  the case o f a 3D system. It is im po rta n t, however, 

not on ly to achieve classical wave loca lization , but also to give a fu ll sta tistica l 

description o f wave transport in  th is  process.

In  th is thesis, we investigate the changing character o f the s ta tis tics o f wave 

transport in  the approach to the loca liza tion  and provide a quan tita tive  description 

o f the d istributions o f in tens ity  and to ta l transmission o f microwave rad ia tion  near 

the localization threshold.

The thesis is organized as follows. In  ch a p te r 2, we give an overview o f wave 

transport in  mesoscopic systems. The key transmission quantities are presented 

using the scattering theory approach o f Landauer. [411 The d iffe rent term s con­

trib u tin g  to the in tensity corre la tion  function, which determ ine the magnitude of 

fluctuations in  transm ission quantities are discussed. In  th is chapter, we describe 

b rie fly  the two theoretical approaches - diagram m atic fie ld  theory and random  ma­
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tr ix  theory (R M T) - the results o f which are heavily used in  the analysis o f the 

measured d istribu tions o f in tens ity  and to ta l transm ission. The diagram m atic ap­

proach uses an expansion in  the sm all param eter 1 jg and is expected to provide an 

adequate description o f wave transport on ly in  the diffusive regime o f propagation 

(g 1). I t  appears, however, th a t th is  approach, when m odified appropriately, can 

describe fluctuations in  samples w ith  sm all values o f g as well. [43] RMT does not 

require the condition g 1 and is p a rticu la rly  useful fo r studying the transition  

to loca lization. This approach, however, uses the isotrop ic approxim ation which 

assumes perfect m ixing o f modes. [44| It  can be used in  describing wave transport in  

quasi-ID  samples in  which the sample length is much greater than its  cross-sectional 

diam eter d. A t the end o f chapter 2 we discuss the possib ilities and the d ifficu lties 

which exist in  microwave experiments.

In  c h a p te r 3. we study the sta tistics o f to ta l transm ission in  quasi-ID  random 

samples w ith  small values of the dimensionless conductance. Recently, an expression 

for the p ro bab ility  d is tribu tion  o f to ta l transm ission in  terms o f g fo r non-absorbing 

samples was obtained by Nieuwenhuizen and van Rossum using diagram m atic tech­

niques combined w ith  RM T [45] and subsequently by Kogan and Kaveh using the 

R M T approach [46]. The d is trib u tio n  was proposed to be Gaussian w ith  a non- 

Gaussian ta il. In optical experiments w ith  samples w ith  g ~  103, de Boer e t. al 

observed sm all but clear deviations from  Gaussian d is trib u tio n . [47| In microwave 

measurements in  samples w ith  sm all values of g (g ^  10), we observe d istinctive ly 

non-Gaussian d istributions. [43] Surprisingly, we fin d  th a t the measured transm is­
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6

sion d istribu tions are adequately described by the theory [45.46] when the measured 

variance o f the d is trib u tio n , which equals the degree o f nonlocal in te n s ity  correlation, 

is used as a characteristic param eter in  the theoretical expression. The variance o f 

the to ta l transm ission d is trib u tio n  norm alized to its  ensemble average value, how­

ever, is found to increase sub linearly w ith  sample length. Th is is in  contrast to the 

superlinear increase expected from  the theory in  the absence o f absorption. This 

result is associated, therefore, w ith  the affect of absorption on the sta tistics o f wave 

transport and raises the question o f whether localization can be achieved in  strongly 

absorbing samples.

In  ch a p te r 4, we present measurements o f in tens ity  d is trib u tio n s  for the same 

samples as those used in  the measurements o f to ta l transm ission. Here, however, 

measurements were made for sample lengths as large as the loca liza tion  length £ 

(more than tw ice as large as the m axim um  length used in  the measurements o f to ta l 

transm ission). [48] These measurements allows us to investigate fundam ental issues 

o f the statistics o f mesoscopic transport. Recently, Kogan and Kaveh proposed a 

relationship between the moments o f in tens ity  and to ta l transm ission. Using this 

re la tion, the in tensity d is trib u tio n  can be obtained as a transform  o f the to ta l trans­

mission d is tribu tion . [46] We confirm  experim entally the re la tionsh ip  between the 

moments of these transm ission quantities and the re la tionship between the corre­

sponding d istribu tions. T h is  allows us to investigate the scaling o f the variance of 

to ta l transm ission using measurements o f the in tensity  d is trib u tio n s  for lengths up 

to the localization length. We fin d  th a t the variance o f the norm alized tra n sm ission
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increases superlinearly w ith  length near the loca liza tion  length  even in  the pres­

ence o f strong absorption. Th is result indicates th a t absorption does not destroy 

loca lization. We also demonstrate th a t fie ld measurements provide means for sta­

tis tic a lly  e lim ina ting  the influence o f absorption on wave transport. This facilitates 

the determ ination o f £ and allows us to clarify the in te rp lay between absorption and 

loca lization. O ur results, show th a t the variances o f in tens ity  and to ta l transmission 

are reliable measures o f the closeness to the localization threshold.

In  c h a p te r 5, we obta in  the absorption length and the d iffusion constant of the 

samples discussed in  chapters 3 and 4 from the fie ld  autocorre la tion  function w ith  

frequency sh ift. We show also th a t the variance o f the to ta l transm ission equals 

the degree o f nonlocal in te ns ity  correlation across the o u tp u t face o f the sample. 

F inally, we present measurements o f the long- (C2) and in fin ite -range (C3) terms o f 

the in tens ity  correlation function  w ith  frequency sh ift.

In  c h a p te r 6, an a lte rnative  approach to localization - photonic band gap (PBG) 

m aterials - is discussed. In  th is  approach, localization can be achieved by tu n in g  

the frequency o f the rad ia tion  through the edge o f the photonic band gap, in  con­

trast to the approach employed in  chapters 3 and 4 in  w hich the sample dimensions 

were changed in  order to achieve localization. The po ss ib ility  o f creating periodic 

d ie lectric structures which possess a photonic band gap (PBG ) was firs t discussed 

by E. Yablonovitch [33] and S. John [49] in 1987. Since then, the band structure 

for various 3D dielectric [50-53] and m etallic [54-56] period ic structures possessing 

band gaps have been calculated and dielectric [50,57-59] and m eta llic  [60] systems
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possessing band gaps have been constructed. I f  disorder is introduced into  a PBG 

m aterial i t  is possible to create a localized state w ith in  the band gap which has 

been demonstrated in  many works. [50] The statistics o f loca lization have not been 

explored, however, fo r states associated w ith  defects. In  a p ro o f o f principa l exper­

im ent, we use a 3D cubic m etal structure possessing photonic band gap and show 

th a t the statistics o f the loca liza tion  transition  can be studied for an ensemble of 

strong scatterers random ly positioned inside the photonic crysta l. [35]

We conclude the thesis w ith  a su m m a ry  o f the main results o f th is work.
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2 Wave Transport in Mesoscopic Systems

2.1 K ey transm ission  quantities - their averages, fluctuations 

and correlations

The term  mesoscopic systems has its orig in  from  the subm icron size o f the disor­

dered conductors in  w hich below 1 EC EJCF have been observed [5,6J. The submicron 

dimensions o f the samples (in  the case of electronic transport) are in the interm e­

diate regime between the  atom ic (microscopic) scale and the everyday macroscopic 

scale, hence the name ’’ mesoscopic” . Mesoscopic systems are sufficiently small tha t 

electrons (or waves) m ain ta in  the ir phase coherence, so th a t the classical description 

o f transport is inadequate. On the other hand, they are su ffic iently  large tha t a sta­

tis tica l description is m eaningful. In  order to m aintain phase coherence, the sample 

must be smaller than the characteristic phase coherence length Lv determined by 

the strength o f ine lastic scattering.

The sta tistica l behavior o f electron transport encountered in  mesoscopic samples 

is on ly quantum mechanical in  th a t i t  derives from  the wavelike behavior o f electrons 

and analogous s ta tis tica l behavior is present in  any system in  which waves propa­

gate by m ultip le  coherent scattering. The analogy between quantum  and classical 

wave transport emerges clearly from  the scattering theory approach pioneered by 

Landauer [41]. In  th is approach, the electronic conductance can be expressed solely 

in  terms o f the transm ission coefficients o f the sample considered as a single, com­
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plex scattering center. Here we present brie fly the arguments leading to the simplest 

expression o f th is type as they appeared in  the work o f Stone et. al on random ma­

tr ix  theory and m axim um  entropy models in  disordered conductors [61). An ideal 

two-probe measurement is considered in  which the sample is attached between two 

perfect reservoirs w ith  electrochem ical potentials Hi and H2 =  Hl +eV, respectively, 

where V  is the applied voltage. These reservoirs serve bo th  as current source and 

sink and as voltage term inals. The to ta l current which flows through the sample 

can be obtained from  a ’’ counting argument” . In  the energy in te rva l eV  between H2 

and Hi electrons are in jected  in to  right-going states emerging from  reservoir 1. but 

none are injected in to  le ft-go ing  states emerging from  reservoir 2. Thus there is a 

net right-going current p ropo rtiona l to  the number o f states in  the interval Hi ~~ 1̂ 2 - 

given by

where lV is the number o f propagating channels in  the sample. Vi is the longitudinal 

velocity for the ith  mom entum  channel at the Fermi surface. Tjj- is the transm ission 

p robab ility  from  i to  j ,  and g is the dimensionless conductance. For a quasi-ID  

system the density o f states is driijde =  l/ZiU j. *

*In  the description o f classical wave transport, the letters a and b are used as subindexes 

to indicate different modes instead o f the letters i and j  as given in  Eq. (1). The ’’classical 

wave” notation w ill be used throughout the rest of this thesis.

( 1)
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This approach can be d ire c tly  applied to  classical wave transport in  random  

media. The key transm ission quantities in  order o f increasing spatial averaging 

are the intensity, Tab, which is the transm ission coefficient for incoming mode a 

in to  mode 6 , the to ta l transm ission for incom ing mode a, Ta =  Tab) and the 

to ta l transm ittance T  =  J2ab^ab- The to ta l transm ittance is equivalent to  the 

dimensionless conductance in  electronic systems, T  = g. Schematic presentation o f 

these quantities is g iven in  Fig. 1 .

In  describing wave transport in  random media, there are im portant characteristic 

lengths which define the regime o f propagation. A  mean free path is a characteristic 

length scale which is generally introduced to  describe the scattering process. In 

m ultip le  scattering processes, the system is characterized by the transport mean 

free pa th  £, which is the average distance in  which the direction o f propagation o f 

the wave is random ized. I f  the sample length L is much larger than the transport 

mean free path, L £, and away from  the loca lization threshold, g =  £ / L I. 

wave transport is described by diffusion theory. The diffusive regime is then given 

by f  C  L <  W hen L becomes comparable to £, localization corrections m ust be 

taken in to  account.

Another length scale o f pa rticu la r im portance is the absorption length La which 

is defined as the trave led length over which the in tens ity  is reduced by a factor o f 1 /e  

due to loses in  the m edium . In  the diffusive regime o f propagation La = (Dra)1/2. 

where 1 j r a is the absorption rate and D is the d iffusion coefficient. A bsorption is 

often neglected in  theoretica l models. In  rea lity, however, absorption is generally o f

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

importance to an extent determ ined by the ra tio  L f  La. Systems then can be consid­

ered as weakly absorbing (L  <  La) or strongly absorbing (L L). In  the la te r case 

the influence o f absorption upon the behavior o f certa in  transport parameters could 

be significant. This is fo r example the case o f the average values o f the transmission 

quantities which fa ll exponentia lly w ith  sample length due to the presence o f ab­

sorption. Because localization also leads to an exponential decay o f transmission it  

can be d ifficu lt to  disentangle the influence o f absorption and localization on trans­

mission. In  th is work, we find, however, tha t absorption affects on ly m arginally the 

statistics o f in tensity and to ta l transmission and the variances o f these quantities 

serve as reliable measures to the closeness to the loca lization threshold.

In the diffusive regime the statistica l averages o f intensity, to ta l transmission, 

and transm ittance are given by <Tab>— Z/NL, < T a >= Z/L. and < T> =  g = 

iVZ/L. Because o f wave interference these transm ission quantities exh ib it significant 

fluctuations from  the ir ensemble average values. T yp ica l spectra o f intensity and 

to ta l transm ission norm alized by their ensemble averages, sab =  Tab/  <Tab > and 

sa =  Ta/  <Ta>, measured in  samples w ith  g «  10 are shown in  Fig. 2.

The in tensity  is the least spatia lly averaged q u a n tity  and exhibits the largest 

fluctuations. Even for g 1, its  variance equals one, whereas the variance o f to ta l 

transmission is o f order o f l/g .  We note also the difference between the w id th  o f 

the peaks observed in  the in tensity spectrum and th a t in  the case o f to ta l transm is­

sion. This illustra tes the well known fact tha t the w ith  o f the in tensity correlation 

function w ith  frequency sh ift is determined by the short-range correlation (C \ term )
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and is much sm aller than the correlation frequency in  to ta l transm ission which is 

determ ined by long-range correlation (C2 te rm ). In  Fig. 3, we show to ta l trans­

mission spectra fo r tw o different sample configurations which illu s tra te  the large 

sample to sample fluctua tions o f the transm ittance quantities. On the contrary, the 

spectrum for a given sample configuration is h ig h ly  reproducible. Th is can be seen 

from  the difference between the two spectra taken for the same sample configuration 

which is shown in  the bo ttom  part o f the figure. S im ilar fluctuations are observed 

when one moves the detector across the ou tpu t face o f the sample w hile keeping 

the frequency o f the rad ia tion  fixed. A  typ ica l example o f spatial fluctuations is the 

spectrum observed when the laser beam is transm itted  through a slab containing 

random scatterers.

The m agnitude o f the spectral and spatial fluctuations in  the transm ission quan­

tities is determ ined by the spectral and spatial correlation o f in te ns ity  inside the 

sample. In  a waveguide geometry in which modes are perfectly m ixed, the ensem­

ble average o f Tab. < Tab>, does not depend on a or b. The correlation m atrix. 

Cabaibi =<STab8Ta,bi > /  < Tab > (5Tab = Tab— <Tab > ), is then the sum o f three 

d is tinct terms, [17,19,62]

C =  C\ +  C2 +  Cz =  Ai5aai8bb’ -j- A 2(5aai +  6bbi) -I- A 3 , (2)

where, to second order in  the small parameter l /g ,  the coefficients A j, A2, and A 3 

are given by A L =  7 ( 1  +  ̂ - ) ,  A 2 = ^ 3  =  7 ^ a  w ith  7  =

. [63] The firs t te rm  describes shot-range corre la tion and dominates fluctuations of
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Tab■ The second term, describes long- range correlation and determ ines fluctuations 

o f Ta. The last term  represents in fin ite -range correlation and dom inates the fluctua­

tions in  T. [ t  is the degree o f nonlocal correlation (C2 +  C3) w hich is the source o f the 

deviations o f in tensity from  negative exponential statistics and o f to ta l transm ission 

from  a norm al d is tribu tion  which have been predicted [45,46,64] and experim entally 

observed [22,43,47,65] in  studies o f the s ta tis tic  o f wave transport in  random me­

dia. As the extent of spatia l averaging increases, the variances o f the normalized 

transm ission quantities , sab, sa and s (=  T / < T > ), are reduced. However, these 

quantities do not self average, as they would i f  spatial correlation were absent. To 

leading order in  l/g , the variances o f sa&, sa, and s arising from  nonlocal correlation 

for d iffusing waves are 1, '2/3g, and 2 /15g2 [17,19] corresponding to enhancement o f 

I, L / i  [16], and (L f i ) 2 [7,8], respectively.
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2.2 T heoretical approaches

rn th is section, we b rie fly  introduce two theoretical approaches, the results o f 

which are used in  the analysis o f the measured in tensity and transm ission d istribu­

tions presented here, nam ely the diagram m atic approach and the R M T approach. * 

In considering the d iagram m atic Green’s function approach we w ill treat the 

stationary fie ld  E (r). The e lectric fie ld  satisfies the tim e-independent Helmholtz 

equation

V 2 £ ( r )  +  ^ - < r ) £ (  r) =  0, (3)

where E( r) denotes one o f the fie ld ’s components, e(r) is the (sp a tia lly  random) 

dielectric constant o f the system, u  is the frequency, and c is the speed o f light in 

vacuum. The wave equation can be rew ritten  as

S7 2E( r )  +  ^ E ( r )  =  V (r)E (r) , (4)

where V(v) is the scattering po ten tia l defined as F"(r) =  —{ui/ c)2[e(r) — 1 ], For a

iThe reader should not expect to see here development o f these approaches in order to 

solve particular problems and the solutions of such. Great deal o f work has been done 

on wave propagation in  random media (mesoscopic systems) using both approaches. The 

author of this thesis is most fam iliar w ith  the work of Th. M. Nieuwenhuizen and M. C.

W. van Rossum on Green’s functions diagrammatic approach (see Ph. D. thesis of M.

C. W. van Rossum [6 6 ] and references therein) and the work o f C. W. J. Beenakker and 

co-authors on RMT approach (for an updated review on RMT see Ref. [67]).
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collection, o f po int-like scatterers w ith  po la rizab ility  £*0 in  a surrounding medium 

w ith  dielectric constant o f unity, the scattering potentia l is given by

V(r) = - ^ - Y ^ S ( r - r  t ), (5)

w ith  Tf denoting the position o f the scatterers.

Introducing the Green’s function  G!o (r1 , r 2) as the solution o f the equation

2

V ^ G 'o (ri,r2) -I- — G 'o (r i,r2) =  —6(r1 — r 2), (6 )

one can w rite  the solution for the fie ld  in  Eq. (4) form ally as

£ ( r i)  =  Ein(r x) -  J d v 2GQ{vx, r 2 )K (r2 ) £ ( r 2), (7)

where Ein(r i )  represents the incom ing coherent wave. G'0 ( r 1. r 2) is also referred 

to as a bare Green’s function and. describes propagation o f the field, in a medium 

w ithou t scatterers. It  is given by

r  (r _ n _  e x p (- ik  | r x — r 2 |)
Co(ri' r 3 ) -  4?r | r i  — r2 [ ' (8)

where k — u /c  is the wave number.

To describe the propagation o f the fie ld  in  the medium independent o f Ein. we 

use the to ta l Green’s function G (r l5  r 2) which is defined as a solution of

V 2G (r1; r 2) -b ^ e ( r ) G ( r i,  r 2) =  - S f a  -  r 2), (9)

The Green’s function G (rL, r 2) describes the fie ld  at any po in t r x in  the medium, 

due to a source at r 2. It  can be presented as perturbation series as
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^ ( r i j r 2 ) — — Jdr^Goivi,  r a)Vr( r a)Gr0 ( ra, r 2) (10)

+  J y r f r arfrbGo(r1, r a)K (ra)Go(ra, r b)K (rb)6 ro (rb, r 2)  .

The firs t term  o f Eq. (10) describes propagation w itho u t scattering, the second term  

equals the stun o f a ll single scattering contributions, the th ird  term  - the sum o f a ll 

double scattering contributions, etc. To s im plify  the no ta tion , Feynman diagrams 

are used. The diagram m atic representation o f the above series is shown in  Fig. 4a. 

The lines represent the bare Green’s function Gfo (r1 , r 2) and the circles represent 

the scattering po ten tia l o f an ind iv idua l scatterer, —a 0(uj/c)26(rx — r 2). Dashed 

lines connect identical scatterers. The above series can be fu rthe r sim plified by 

introducing the single partic le  t-m a trix  £(r1; r 2, o>) (d iagram m atic representation: 

x ) defined as the sum o f a ll repeated scattering events from  one scatterer (Fig. 4b). 

The resulting diagram m atic presentation o f the to ta l Green’s function using the 

t-m a trix  o f a single scatterer is shown in  Fig. 4c. The p e rtu rba tio n  series for the t- 

m atrix  is called the Bom  series. The physical in te rp re ta tion  o f th is  series is tha t the 

incoming fie ld  induces an e lectric po larization (firs t te rm ). T h is po larization changes 

the fie ld around the scatterer, and th is change in  tu rn  affects the po larization again 

(second te rm ), etc. The t-m a trix  o f a po in t scatterer located a t r t is to firs t order 

t(r-L, r 2 ,w ) =  a0(w/c)2S(v2 -  r 1)<5(r1 -  r t).

I f  one considers the fie ld  and takes average over the positions o f the scatterers to 

obtain s ta tis tica l parameters, a ll interference processes are lost. In  order to account 

for wave interference the in tensity  o f the fie ld must be considered. In  terms o f the
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to ta l Green’s function, the in te n s ity  is given by

f(r) =  E(r)E*(r) =  J y ’dr1dr2G(r,ri)CT(r,r2)Ein(r1)E^(r2 ). (11)

The product GG* defines the in te ns ity  propagator R{ri,ro',r3,r4) =  <S'(r: , r 2) x 

G{r3,r±) which describes the  in tens ity  a t any po int in  the system due to  the product 

o f the incom ing waves Ein E'n . The diagram m atic expansion o f R is presented in  

Fig. 5a. The upper line corresponds to C ? (ri,r2 ) and the lower fine to the complex 

conjugate G *(r i, r 2 ). Dashed fines again connect identica l scatterers. The s ta tis tica l 

properties o f transport then are given by the ensemble average < /? (r l ; r 2; r 3, r 4)> . 

where angular brackets denote averaging over disorder. The goal o f th is approach 

is to obtain < /? (rL, r 2; r 3, r 4) > . To lowest order in  scatterers density, the in tens ity  

propagator can be approxim ated as b u ilt up o f the so called ’’ ladder” diagrams (F ig. 

5b). Higher order corrections are included when various term s o f the ’’ most crossed” 

diagrams are taken in to  account some o f which are shown in  Fig. 5c.

W hile the diagram m atic approach attem pts to bu ild  the scattering m a trix  o f 

the system as a whole from  the scattering m a trix  o f an in d iv id u a l scatterer, R M T 

considers the whole system as a single scatterer. In  our presentation we fo llow  a 

recent work by Beenakker [67]. A lthough, th is work deals specifica lly w ith  quantum  

transport in  mesoscopic conductors i t  provides an updated overview o f mesoscopic 

wave transport in  general.

A  mesoscopic conductor is modeled by an e lastica lly sca ttering disordered region 

connected by ideal leads (w ith o u t disorder) to two electron reservoirs (see Fig. 6 ).
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A ll ine lastic scattering is assumed to take place in  the reservoirs, which are in  equi­

lib riu m  at zero tem perature. The ideal leads are ” electron waveguides” . in troduced 

to define a basis for the scattering m a trix  o f the disordered region.

The wave function 'k (r)  o f an electron in  a lead at energy E f  separates in to  

a long itud ina l and a transverse part, ^ “ (r)  =  <$n(y, z)exp(±zknx ) . The integer 

n — 1,2 , N  labels the propagating modes, also referred to as scattering chan­

nels. Mode n  has a real wave number kn > 0 and transverse wave function  (&R. 

(For s im p lic ity  o f notation, the two leads are assumed to be identical.) The nor­

m alization o f the wave function vfr is chosen such tha t i t  carries u n it current. A 

wave incident on the disordered region is thus described by a vector o f coefficients 

cm =  ( a f , a<T,..., a j-, b̂  ,b% , bjf) describing the amplitudes o f the incident modes. 

The firs t set o f N  coefficients refers to  the le ft lead and the second set o f coefficients 

to the righ t lead as shown in  Fig. 6 . S im ila rly, the reflected and transm itted  wave is 

a vector w ith  coefficients c°“ £ =  (a f, a-J,..., a_y, b{ , bo, ..., bj/-). The scattering m a trix  

S is a 2lV x 'IN  m a trix  which relates these two vectors,

w ith  N  x  iV reflection m atrices r  and F (re flection from  le ft to le ft and from  rig h t to

( 12)

I t  has the block structure

S = (13)

\ t  F /

righ t) and transm ission matrices t  and F (transm ission from  le ft to righ t and from
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( \  ( U  0
s =

0 V

\  (  \  
U ' 0

/ 0 V '
(14)

/

righ t to  le ft).

Current conservation requires tha t S is a u n ita ry  m atrix: S " 1 =  Sh [t is a 

consequence o f u n ita rity  th a t the four H erm itian m atrices t t *  1 — n ri. and

1 — r 'rd  have the same set o f eigenvalues 7 \, T2 , .... TV- Each o f these N transm ission 

eigenvalues is a real number between 0 and 1. The scattering m atrix can be w ritte n  

in  terms o f Tn:s by mean o f the polar decom position [17,68|

-V T = T  Vt

Vt  y / l = T

Here U, V. U'. V  are four N  x  N  un ita ry matrices and T  is a N  x N  diagonal m a trix  

w ith  the transmission eigenvalues on the diagonal. *

The scattering matrix relates incom ing to outgoing states. The transfer matrix 

relates states in  the le ft lead to states in  the rig h t lead. A  wave in  the le ft lead can 

be represented by a vector clê 1 =  (a f , a ^ ,..., a%, a f , , —, a^) w ith  the firs t set

o f N  coefficients referring to incoming waves and the second set o f coefficients to 

outgoing waves. S im ilarly, a wave in  the rig h t lead can be represented by a vector 

cm =  (b f , b f , ..., 6J-, bf, b f , ..., bjf). The transfer m a trix  M  is a 2N  x  2N  m a trix  th a t 

relates these two vectors,

(15)

^For the constraints imposed on the scattering m atrix depending on the sym m etry present 

see the work by Beenakker [67]
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The scattering and transfer matrices are equivalent descriptions o f scattering from  

the disordered region. A  convenient property o f the transfer m a trix  is the multi­

plicative com position rule - the transfer m a trix  o f a num ber o f disordered regions in  

series (separated by ideal leads) is the product o f the ind iv idua l transfer m atrices. 

Thus, the transfer m a trix  can be readily used to investigate the scaling o f mesoscopic 

transport. The scattering  m atrix , in  contrast, has a more com plicated com position 

rule (involving m a trix  inversion) and cannot be d ire c tly  used in  a scaling approach. 

By expressing the elements o f M  in  terms o f the elements o f S one obtains the polar 

decomposition o f the transfer m a trix  [17],

/

M  =
V  0

0  V 't

\ /

/

vr-1 - 1

V /

U ' 0 

0  IP

\

(16)

VT~l -  1 V T ^

in  terms o f the same N  x  N  matrices used in  Eq. (14).

The transm ission eigenvalues determine a variety o f transport properties. F irst 

o f a ll is the conductance G =  lim ^_o  7/F7 defined as the ra tio  o f the time-averaged 

electrical current I  through the conductor and the voltage difference V  between the 

two electron reservoirs in  the lim it o f vanishingly sm all voltage. A t zero tem perature, 

the conductance is given by

N
G = GQJ2Tn,O 0 = rf!

h (17)

The factor o f two in  Gq accounts for the tw ofold spin degeneracy.

As an illu s tra tio n  o f the description o f wave transport in  terms o f transm ission 

eigenvalues we give the explanation o f UCF made by [m ry  [69]. Im ry :s argument con-
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trasts ’’ closed” and ’’ open” scattering channels. M ost transmission eigenvalues in a 

disordered conductor are exponentially sm all. These are the closed channels. A frac­

tio n  £ /L  o f the to ta l num ber N  o f transm ission eigenvalues is o f order o f un ity . These 

are the open channels. O n ly  the open channels contribute effectively to the conduc­

tance g iving a value o f the dimensionless conductance g — G/G q = N eff «  N£/L. 

Fluctuations in  the conductance can be in terpre ted as fluctuations in  the number 

N eff o f open channels. The picture o f ’’ closed” and ’’ open” channels o f propaga­

tio n  is described m athem atica lly by the bim odal (Dorokhov [70|) d is trib u tio n  o f the 

transmission eigenvalues p{r) which is shown in  Fig. 7 in  the case o f nonabsorbing 

systems. The d is trib u tio n  p(r) has been used to  calculate the p ro b a b ility  d is tribu ­

tio n  of to ta l transm ission [45,46,73,79|. Consequently, the relationship between the 

statistics o f in tens ity  and to ta l transmission is used in  order to obta in the p robab ility  

d is tribu tion  o f in tensity . [461

To summarize, R M T  o f mesoscopic transport addresses the fo llow ing two ques­

tions. W hat is the ensemble o f scattering m atrices for a particu la r system? How 

does one ob ta in  the s ta tis tics  o f transport properties from  this ensemble?
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2.3 M icrowave experim ents - possibilities and difficulties

In  classical wave experiments i t  is possible in  princip le to measure a ll three trans­

m ission quantities. In  optical experiments one measures readily in te ns ity  in  the far 

fie ld  and to ta l transmission. In  microwave experiments one usually measures the 

near fie ld . Measurements o f conductance, however, in  classical wave experiments 

have not been reported yet. In  contrast, one d irec tly  measures the conductance in 

studies o f electronic transport. In  studies o f the statistics o f wave transport, the 

a b ility  to  create an ensemble o f s ta tis tica lly  equivalent sample configurations is of 

p a rticu la r im portance. An ensemble o f s ta tis tica lly  equivalent sample configurations 

can be easily realized in  the case o f classical waves by physically changing the posi­

tio n  o f the scatterers inside the sample. In  the case o f electrons one does not have 

an ensemble o f different sample configurations. Instead, a varying magnetic field 

is used to sim ulate different sample configurations. In this case, however, the time 

reversal sym m etry o f the system is broken. Th is can lead to some differences in  the 

s ta tis tics o f transport as compared to systems in  which tim e reversal sym m etry is 

preserved.

M icrowave experiments are p ractica lly  w ell suited for studying fundam ental is­

sues o f the sta tistics o f wave transport in  random media among experiments in 

which classical waves are used (lig h t in  pa rticu la r). Because o f the re la tive ly  large 

wavelength o f the radiation, A ~  1 cm, appropriate samples can be easily realized. 

Here, one can readily achieve different regimes o f propagation e ither by changing 

the properties o f the ind iv idua l scatterers or by varying the macroscopic dimensions
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of the system - its  length and/or cross-sectional area for example. The large size 

o f scatterers makes it  possible to produce a sta tis tica l ensemble o f random  sample 

configurations. Using microwave rad ia tion  one can measure both the am plitude and 

the phase o f the fie ld  transm itted through the sample. Thus, such measurements 

provide the complete inform ation necessary to describe wave transport. Th is makes 

it  possible to investigate different aspects o f the statistics o f transport in  mesoscopic 

systems in  d ifferent regimes o f propagation including ba llistic, diffusive, c ritica l, 

and localized regimes. Also, very accurate measurements can be carried out so that 

adequate comparison w ith  theoretical p red iction  can be made. In  th is thesis, we re­

port studies o f the statistics o f wave transport in  the approach to loca lization using 

microwave rad ia tion . Small values o f the dimensionless conductance are achieved 

by increasing the length o f samples w ith  quasi-ID  geometry and by tun ing  the fre­

quency o f rad ia tion  through the edge o f the band gap o f a '’ photonic crysta l” in  

which localized states are created by in troducing  disorder.

Among the realities tha t microwaves experiments encounters the presence o f ab­

sorption is probably the most significant. A  tr iv ia l problem arising from the presence 

o f absorption is the attenuation o f the transm itted  signal, thus making d iffic u lt mea­

surements w ith  low  level signals. A nother problem  which concerns wave loca lization 

is the fact th a t bo th  absorption and loca lization give rise to exponential decay of 

transmission which makes d ifficu lt to  d istinguish localization from  absorption af­

fects on transm ission in  strongly absorbing samples. It  is therefore im po rtan t that 

the influence o f absorption upon s ta tis tica l properties o f wave transport be c lari­
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fied. In  our work we tackle th is question by studying the scaling o f intensity and 

transm issioa d istribu tions in  strongly absorbing samples. We fin d  th a t even strong 

absorption does not affect substantia lly the p ro b a b ility  d is trib u tio n s  o f in tensity and 

to ta l transm ission. Furthermore, we demonstrate th a t i t  is possible to s ta tis tica lly  

e lim inate the influence o f absorption upon the sta tistics o f in te n s ity  which allows us 

c la rify  the in te rp lay between absorption and loca lization.
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3 Total Transmission Distribution in Absorbing 

Random Waveguides

Fluctuations in  transm ittance quantities increase d ram a tica lly  as the ensemble 

average o f the dimensionless conductance, g, approaches u n ity . Low values of g can 

be achieved in  quasi-one dim ensional samples such as conducting wires or m ulti- 

mode waveguides w ith  lengths much greater than the transverse dimensions. In this 

chapter, we report measurements o f to ta l transmission o f microwave radiation in 

long waveguides fille d  w ith  random ly positioned scatterers in  which values of the 

dimensionless conductance as low  as g ss 3 are achieved. The d is tribu tions are ob­

ta ined accurately for values o f sa sign ificantly larger than u n ity  which allows us to 

adequately compare theory and experim ent and investigate the number o f indepen­

dent parameters needed to  capture the character o f the d is trib u tio n  as the sample 

moves tow ard the loca lization transition .

3.1 Background

Nonlocal correlation in  the flu x  transm itted through mesoscopic samples leads 

to  enhanced fluctuations o f in te n s ity  and spatia lly averaged transm ission for both 

classical and quantum waves. [71,72] In  order to examine the scaling and the uni­

versality o f transport, therefore, i t  is im portant to measure the fu ll d is tribu tion  o f
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key transmission quantities as the sample size, and hence g, changes. [4] In  previous 

studies, nonlocal corre la tion  has been shown to lead to higher probab ilities a t large 

values o f the intensity, leading to a deviation from  negative exponential sta tistics for 

polarized microwave ra d ia tio n  in  samples w ith  g ~  10 [22,65|, as well as to discem- 

able deviations from  a Gaussian d istribu tion  and enhanced variance for the to ta l 

optical transm ission when g > 103 [47].

Recently, an expression fo r P(sa) in terms o f g for nonabsorbing samples was 

obtained by Nieuwenhuizen and van Rossum using diagram m atic techniques com­

bined w ith  random m a trix  theory [45] and subsequently by Kogan and Kaveh w ith in  

the framework o f random  m a trix  theory. [46] The diagram m atic calculations neglect 

some terms o f order higher than l /g , whereas com putations based on random ma­

tr ix  theory neglect sample-to-sample fluctuations in  the p ro b a b ility  d is tribu tions o f 

eigenvalues o f the transm ission m a trix  and are expected to be accurate on ly to  order 

I Jg. More recently, van Langen, Brouwer and Beenakker carried ou t a nonperturba- 

tive calculation o f the to ta l transmission d is tribu tion  in  the absence o f absorption. 

[73| An analytic so lu tion is obtained for the case in  which tim e reversal invariance 

is broken (/3 = 2 ) bu t no t for the case o f time reversal sym m etry (/? =  1) considered 

here. However, good agreement is found between the ,/?-independent result fo r P(sa) 

obtained in  Refs. [45,46] and the result for (3 =  2 in  Ref. [73] for g > 10.

The d is trib u tio n  o f to ta l transm ission was firs t measured by de Boer et al. in  

optical measurements in  slabs o f tita n ia  particles. [47] Samples w ith  g >  103 were 

studied and the d is trib u tio n  was found to be Gaussian to w ith in  1%. A  measure of
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the deviations o f the d is trib u tio n  from  a Gaussian is the  value o f the th ird  cumulant 

< s ^ > c which gives the skewness o f the d is trib u tio n  and vanishes for a Gaussian 

d is trib u tio n . For the samples studied, < s „> c was o f order o f 10-6 . In th is work, 

we present measurements o f the to ta l transmission d is trib u tio n  in  samples in  which 

values o f g as small as g «  3 are achieved. The d is trib u tio n s  obtained from  these 

measurements are m arkedly non-Gaussian reaching a value o f the th ird  cum ulant of 

approxim ately 0 .1  for the sample w ith  the m inim um  value o f g.

3.2 Samples and m easurem ents

In  the present work, low values o f g are achieved by placing the sample in  a 

cy lindrica l copper tube in  order to restrict transverse d iffusion and thus the number 

o f modes N. The samples consist o f polystyrene spheres w ith  diameters o f 1.27 cm 

random ly positioned inside a cylindrica l copper tube so th a t transverse diffusion is 

restricted leading to a lim ite d  number o f modes iV. Sample tubes w ith  diameters 

d =  5.0 and 7.5 cm and various lengths up to 520 cm  are used. Because o f the 

difference in  the tube diameters, the samples have s lig h tly  different fillin g  fractions 

o f 0.52 and 0.55 for d =  5.0 and 7.5 cm, respectively. Measurements are made in  the 

frequency range 16.8 - 17.8 GHz using frequency steps o f 4 M Hz. The sample tube is 

ro ta ted between successive measurements to produce new scatterer configurations. 

In  order to e lim inate the instrum enta l response, the spectra are normalized to the ir 

ensemble average to give sa from  which the d is trib u tio n  P(sa) is obtained. The 

microwave rad iation is coupled to the sample by a 0.4 cm wire antenna placed 0.5
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cm from  the fro n t surface o f the sample and the to ta l transm ission is measured by

use o f a Schottky diode detector positioned inside an in teg ra ting  sphere ro ta tin g

about the sample axis a t 2 Hz. A  schematic diagram  o f the experim ental set up is

shown in  Fig. 8 . The in tegra ting  sphere has a diam eter o f 40 cm and is comprised

o f two concentric p lastic spherical shells separated by 2 cm w ith  the space between

them filled  w ith  movable scatterers. The outer shell is covered w ith  alum inum

fo il to  form  an irregu la r reflecting surface. The region between the shells is fille d

w ith  alum inum  cylinders w ith  diameters o f 0.75 cm and typ ica l lengths o f 1 cm. The

cylinders tum ble as the in tegra ting  sphere rotates resu lting  in  a flu c tu a tin g  in tensity

at the detector w ith  a correla tion tim e of ~  2  ms for the sample w ith  a length o f

100 cm. The signal is averaged for 1 s at each frequency g iv ing  an uncertainty o f
\

2.5 % in the measurement o f transmission. A t the m axim um  length o f 200 cm a t 

which to ta l transm ission measurements were made, a trave ling  wave tube am plifier 

(TW T A ) w ith  an ou tpu t power o f 40 W  is used. The transm ission d istribu tions are 

obtained by using the data from  at least 1000  sample configurations.

In  the frequency range o f the measurements, i  ~  5 cm [74]. A  f it  o f measure­

ments of the fie ld  autocorre la tion function w ith  frequency sh ift to theory [63] gives 

La =  3 4 ± 2  cm and D = (3.03 ±0 .21 ) x  10LO cm2 /s . [75] The loca lization length for 

the samples w ith  d = 5 cm is found to be £ =  551 ±  18 cm from  fie ld  measurements 

[48] which w ill be discussed in  the next chapter.
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3.3 R esults and d iscussions

From the measurements o f to ta l transmission made, we ob ta in  the probab ility 

d is trib u tio n  P(sa). The d istribu tions for three samples w ith  dimensions (a) d = 7.5 

cm, L = 66.7 cm, (b) d — 5.0 cm, L — 50.0 cm, and (c) d -  5.0 cm, L =  200 cm are 

shown in  Fig. 9. [n  the absence o f absorption, the dimensionless conductance for 

these samples w itho u t loca liza tion  corrections, g = N £ /L ,  w ould be approxim ately 

15.0, 9.0, and 2.25 fo r samples a, b, and c, respectively. The d is trib u tio n  broadens 

and the deviation from  a Gaussian becomes more pronounced as e ither the sample 

length increases or the cross-sectional area decreases. A  value o f < s^> c as large as 

0.112 ±  0.035 is observed for sample c. Deviations from  a Gaussian d istribu tion  in  

the ta il o f the d is trib u tio n  fo r th is sample can be seen in  the semilog p lo t o f P(sa) 

in  Fig. 10. For values o f sa > 2 the d is tribu tion  is essentia lly exponential.

We compare the theoretica l results from Refs. [45,46| to  the measured trans­

mission d istribu tions. The fu ll d istributions are given by the theory as functions 

o f g for nonabsorbing samples. In  the present case o f strong absorption, the pho­

ton number is not conserved and g cannot be defined in  terms o f the steady state 

transmission, w hile serving as a useful measure o f the p ro x im ity  to the localization 

transition . This can be seen by noting tha t the reduction o f the average transmis­

sion due to the presence o f absorption is associated w ith  a decrease rather than an 

increase o f the degree o f corre la tion in  the sample and to  push the system farther 

from  the localization threshold. A  parameter which characterizes the transmission 

d is tribu tion  as well as the closeness to the localization threshold is the degree o f cor-
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relation o f in tensity in  d iffe rent coherence areas o f the transm itted  speckle pattern . 

<8sab8sabi > . Were this corre la tion  to vanish, fluctuations in  different coherence 

areas would be independent and the transmission d is trib u tio n  would be Gaussian 

as required by the central lim it theorem, w ith  v a r(s a) =  <s2>c= l/N .  As a result 

o f nonlocal correlation, however, the variance o f the transm ission is enhanced. It is 

given by va r(sa) = (v a r(s ab) — 1)/2  =  <6sab6.sab'> ■ [17,19,46,62] The last equality 

is consistent w ith  the results o f Ref. [62] when the cum ulant in tensity correlation 

function is properly normalized, to the renormalized average transmission. [63] In 

tha t case, the crossing param eter found by Shnerb and Kaveh [64] which determines 

the intensity d is tribu tion  is found experim entally to be equal to <5sab8sab>>. [62.65] 

In independent measurements w ith  the sample w ith  L — 100 cm and d =  7.5 cm. we 

find that the in tensity corre la tion  function w ith  space sh ift A x  has a constant value 

o f 0.0646 ±  0.0012 for A x  > 3 which equals w ith in  experim ental error the value o f 

va r(sa) = 0.0656 ±0.0020 fo r th is  sample. [75] The connection between <8sab8sab'> 

and the fu ll transmission d is trib u tio n  can be seen by considering the expression o f

Refs. [45,46] for P (sa) in  the absence o f absorption in  the lim it g 1 ,

/ -H o o  d x
— exp[xsa -  4>(x)], (18)

• to o  21TZ

where

<E>(x) =  gln2(\Jl +  x/g  +  yjx/g)

is the generating function. From Eq. (18) one obtains the expression for var(sa) in

terms o f g,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

2
v a r(s a) = — . (19)

3 9

From these expressions, a general relation for P (s a) in  term s o f v a r(s a)- or equiv­

a lently < 5 s ab6sab> > , can be found by using Eq. (19) to  define a new parameter 

g ' =  2/3va r(sa) which is  substitu ted for g in to  Eq. (18). P lots o f P (s a) obtained by 

follow ing th is procedure w ith  g' determined from  the measured values o f v a r{s a), 

are shown as the solid lines in  Figs. 9 and 10. We fin d  th a t P (sa) is accurately 

given even for the lowest value o f g ' o f 3.06 (sample c). The d is trib u tio n  of Eq. (18) 

w ith  g' substitu ted for g  gives the exponential ta il, P (sa) ~  exp(—g'sa) in  the lim it 

sa »  1. For sa > 2.0, the linear f it  to  the logarithm  o f the measured transmission 

d is tribu tion  for sample c gives a slope of —(2.71 =h 0.06) in  accord w ith  the f it  o f 

an exponential function to the theoretical curve gives a slope o f - 2.70 in  this range 

and is close to its  predicted asym ptotic value o f 3.06 for sa 1.

The extent o f the agreement o f Eq. (18) when g' is substitu ted  for g can also 

be gauged from  the comparison between the calculated (circles) and the measured 

(squares) moments o f the  transmission d is tribu tion  shown in  Fig. 11 for samples 

w ith  g ' =  10.2 ±  0.1 and g ' = 3.06 ±  0.04. The moments calculated from  the theory 

are close to those obta ined from  the measured d is tribu tions. A t n  = 10, these d iffe r 

by approxim ately 10 % w hich is w ith in  the experim ental e rror. Thus i t  appears tha t 

P (s a) can be expressed as a function o f the parameter v a r(s a).

The agreement between theory and experiment indicates th a t the ra tio  o f mo­

ments is accurately reflected in  Eq. (18). The dependence o f the variance itse lf
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upon sample dimensions is shown in  Fig. 12. In the lim it o f g 1 in  the absence 

o f absorption and in te rna l re flection var(sa) = 2L/3N I.  The stra igh t line in  the 

figure is drawn through the firs t data po in t and represents var(sa) ~  As

<7 —*■ 1, the scaling theory o f loca lization [40] suggests th a t g fa lls  exponentia lly and 

hence var(sa) should increase superlinearly w ith sample leng th . Instead, we find, 

th a t var(sa) depends sub linearly upon L. This is presum ably due to  the presence o f 

absorption which dim inishes the degree o f nonlocal co rre la tion . T h is  raises the ques­

tio n  o f whether the transm ission d is trib u tio n  continues to broaden as L increases or 

instead i t  reaches a lim itin g  d is trib u tio n  for particu la r sam ple parameters.

3.4 Conclusions

In  conclusion, we have measured the to ta l transmission d is trib u tio n  o f microwave 

rad ia tion  in  quasi-one dim ensional absorbing samples w ith  sm all values o f g. We 

find  th a t the d is tribu tion  can be described using an expression o rig in a lly  derived for 

nonabsorbing samples in  the lim it g »  1 when th is expression is reform ulated as 

a function o f the single param eter g' = 2 /3var(sa) determ ined from  the measure­

ments. The va lid ity  o f the expression for values o f g' as sm all as 3, well beyond the 

lim its  assumed in  the calculations, may well be associated w ith  the identification 

o f var(sa) w ith  <Ssab5sab>>, the degree o f spatial co rre la tion  in  the sample, which 

is the key microscopic param eter in  mesoscopic physics. The sublinear increase o f 

var(sa) w ith  L in  strong ly absorbing samples, however, raises the question as to
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4 Intensity Distribution in the Approach to 

Localization

In. th is chapter, we focus on the in tensity d is trib u tion , which is the key d is tri­

bu tion  in  sta tistica l optics. [3| We demonstrate its  re lationship to the d is trib u tio n  

o f to ta l transmission, find  the scaling o f the variance o f the in tensity and to ta l 

transm ission up to L =  <f, and determ ine the extent to w hich absorption influences 

localization.

4.1 Background

In  the diffusive lim it, the degree o f long-range in tensity  correlation is small and 

the in tensity d is tribu tion  is w ell approxim ated by the Rayleigh d is tribu tion . [3,22,76| 

For polarized detection, this corresponds to negative exponential statistics. P(-sab) — 

exp(—sab). In  previous work, deviations from negative exponential behavior have 

been observed and ascribed to long-range intensity corre la tion [22,64,65]. In  these 

studies [22,65], fluctuations as large as sab ~  10 ~  g were observed. In the present 

work, fluctuations as large as f if ty  times g are observed in  samples w ith  lengths

The intensity d is tribu tion  is studied in  a quasi-ID  geometry, which is equivalent 

to the electronic case o f a th in  w ire. Thouless argued th a t, the level w id th  5u
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in. a wire at T  =  0 should become smaller than the level spacing A u since Su is 

proportional to the inverse o f the travel tim e and so fa lls as 1/ L 2 in  the diffusive 

lim it, whereas A v  is the inverse o f the density o f states and so falls as 1 jL .  As a 

result, the modes in  adjacent sections o f the w ire should no t overlap, and electrons 

should become localized. [39]

The question arises as to  whether radiation can be localized in  the presence 

o f absorption. In  this case, the level w idth falls as l /L ,  ju s t as the level spacing 

does. In the previous chapter, we showed tha t the variance o f the normalized to ta l 

transmission, var(sa), scales sublinearly w ith  L in  the presence o f absorption. If  the 

attenuation length due to absorption, La. serves as a cu to ff length for localization 

[26,32] then var(sa) w ould approach an asym ptotic lim it as L increases. On the other 

hand, if  localization can be achieved in  absorbing samples, then var(sa). which is 

essentially the degree o f correlation in  the in tensity  o f d iffe rent outgoing modes, 

should increase superlinearly as L approaches £. This m igh t occur, since the wave 

remains tem porally coherent in  the presence o f absorption. [77,78] Weaver has shown 

in  a 2-D sim ulation th a t the in troduction  o f absorption does not d isrup t the spatial 

localization o f acoustic waves in  closed systems, though the overall energy decreases 

exponentially w ith  tim e. [77] In  recent calculations, Brouwer found th a t for diffusive 

waves the prefactor m u ltip ly in g  L/f; in  the expression fo r var(sa) drops from |  to 

^ as the ra tio  L IL a increases. [79] The behavior o f th is  quan tity , however, was only 

considered for lengths considerably less than the loca liza tion  length.

Here we report measurements o f in tensity transm itted  through random waveg­
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uides w ith  L < £, bu t >  L a. We expect th a t modes in  th is  sample are com pletely

Wave propagation in  th is  sample should therefore be described by random m atrix 

theory (R M T). [61] Recently, Kogan and Kaveh used R M T  to  ob ta in  a relationship 

between the moments o f in te n s ity  and to ta l transm ission in  nonabsorbing quasi-ID  

samples. [46] They find ,

This leads to a re la tionsh ip  between the d is tribu tions o f in te ns ity  and to ta l trans­

mission, [46,80]

Since the d is tribu tion  o f to ta l transm ission can be calculated from  the d is tribu tion  

o f the eigenvalues o f the transm ission m atrix, [45,46,73] these relations provide a 

basis for calculating the in te ns ity  moments and d is trib u tio n s  from  RM T.

4.2 Samples and m easurem ents

The samples used in  the measurements o f the in te n s ity  d istribu tions are the 

same as those described in  the previous chapter. Here, however, measurements o f 

in tensity were made fo r sample lengths as large as 520 cm (~  £). D ifferent sam­

ple configurations are created as in  the case o f to ta l transm ission measurements by 

b rie fly  ro ta ting  the sample tube between successive measurements. A t least two 

thousand sample configurations were used for each d is trib u tio n . F ie ld  spectra were

m ixed and the degree o f in te n s ity  correlation between d iffe rent modes is constant.

<Sab>= n\ < s > , (20)

(21)
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taken from. 16.8 to 17.8 GHz in  steps o f 1 MHz using a Hewlett-Packard 8722C 

network analyzer. The rad ia tion  is coupled in to  and out o f the sample by 0.4 cm 

wire antennas placed 0.5 cm  from  the ends o f the sample. Schematic diagram  o f the 

experim ental set up is shown in  Fig. 13. In  order to  ensure th a t the d is tribu tions 

were not d istorted by noise, i t  was necessary to use an am plifier w ith  an ou tpu t 

power o f 40 W  for samples w ith  lengths greater than  200 cm so tha t the average 

intensity was a t least three hundred times the noise.

4-3 R esults and d iscussions

In Fig. 14, we present the in tens ity  d istribu tions for two samples w ith  L/tf ~  0.1 

and 0.4. Calculations fo r diffusive waves in  the absence o f absorption have pre­

dicted tha t for sab ^  9 , the in tens ity  d is trib u tio n  fa lls as exp(—2^/gsab). [451 For 

the samples measured, we fin d  P (sab) ~  exp(—2^/'ysab) in  the ta il o f the in tens ity  

d is tribu tion . The values o f 7  obtained from a f it  to the ta il o f the measured d is trib u ­

tions is w ith in  2 0 % o f the param eter g1 = ^Var(~ ) > which equals g in  the absence 

o f absorption . The f it  o f a negative stretched exponential to  the d is trib u tio n  for 

£■/£ =  0.4 in  the range o f sab from  10 to 18 is shown in  Fig. 15 and gives 7  =  2.9, 

which is close to value o f g' o f 3.06 for this sample.

The measured in te n s ity  d istribu tions are compared to  the transform  o f the mea­

sured transm ission d is trib u tio n s  [43] for the corresponding samples using Eq. (21). 

The transforms shown as solid  lines in  Fig. 14, are in  good agreement w ith  the
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measured in tensity  d is tribu tions. A comparison o f the moments o f in te ns ity  and 

transmission is shown in  F ig. 16. We fin d  an increasing deviation o f the ra tios 

<sab> / n - < sa > from  the value of u n ity  expected from  Eq. (20) as n  increases. 

We find, however, th a t agreement w ith  Eq. (20) is d ram atica lly  improved when the 

moments are calculated using the asym ptotic expressions in  the diffusive lim it for 

the intensity and transm ission d istributions beginning from  the point at which the 

measured d is trib u tio n  have th e ir firs t zero. The asym ptotic expressions for the in ­

tensity d is trib u tio n  exp(—2 ^/g'sab) is substitu ted for the measured d is trib u tio n  for 

values o f sab between20 and 150, whereas the asym ptotic exponential expression 

exp(—g'sa) [43,45,46] is substitu ted for the measured transm ission d is trib u tio n  for 

values o f sa between 5 and 25. The improved agreement indicates that the extent to 

which the measured ra tio  o f moments is in  accord w ith  Eq. (20) is largely lim ite d  

by the range o f in te ns ity  and transmission values measured, which depends on the 

number o f configurations on which measurements were made.

Applying Eq. (20) to  the second moments gives

var(sab) =  2 var(sa) + 1 . (2 2 )

The same expression can be obtained from  a p e rtu rba tion  calculation up to order 

l /g  [17,46]. Our measurements confirm  the p red ic tion  o f R M T tha t Eq. (22) is 

independent o f the value o f g and is correct up to order 1/N . In  Fig. 17 we p lo t the 

ra tio  var(sab)f[2 var(sa) + 1 ] obtained from  the measurements o f to ta l tra n sm issio n  

and intensity. For a ll samples for which th is comparison is possible agreement to
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w ith in  3% is found between experiment and theo ry (Eq. (22)).

In tensity s ta tis tics  a t the localization threshold are studied in  measurements a t 

L = 520 cm and d. =  5 cm (L /£  ~  1.0) and shown in  Fig. 18. Values o f sab as 

large as 50 are observed. The d is tribu tion  for th is  sample is seen in  Fig. 19a to 

be nearly log-norm al, in  agreement w ith  predictions fo r localized rad ia tion  [73,79|. 

A comparison to the d is trib u tio n  obtained for a sample w ith  L /£  ~  0.1 (F ig. 19b) 

indicates the tra n s itio n  to  a log-normal d is trib u tio n  as L /£  —* 1 -

Using Eq. (21), we compare these measurements o f the in tensity d is trib u tio n  

to random m a trix  calculations of the transm ission d is trib u tio n  in  the presence o f 

absorption [79]. Tn order to compare the in te ns ity  d is trib u tio n  to theory, however. 

£ must be determ ined. We recall, tha t far from  the loca lization threshold, in  the 

absence o f absorption and in terna l reflection, var(sa) and are related by Eq. (19) 

[17.45.46,79].

To find  £ in  samples in  which corrections due to absorption, localization and 

internal reflection cannot be ignored, we firs t ob ta in  the in tens ity  d is trib u tio n  for the 

equivalent samples w ith o u t absorption using the measured spectra in  our absorbing 

samples. We firs t ob ta in  the time response E ( t ) to  a narrow Gaussian pulse in  

time by Fourier transform ing  the product o f the measured spectrum and a broad 

Gaussian in  the frequency domain. The tim e dependent fie ld  is then m u ltip lied  by 

exp(t/'2ra), where ra = La2/D  = (3 .8 l±0 .70 ) x  10- 8  s is the exponential a ttenuation 

tim e due to  absorption. The m odified tim e spectra are then transformed back in to  

the frequency dom ain. The spectra in  frequency and in  tim e domain as obtained
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from  the measurements (th ick  line) and as corrected fo r absorption (th in  line ) are 

shown in  Fig. 20. The peaks in  the frequency spectrum  obtained a fte r correcting 

for absorption are c learly narrower as compared to  those observed in  the measured 

spectrum. Th is is consistent w ith  the affect o f absorption which reduces the average 

dwell tim e o f photons and thus broadens the level w id th  o f modes. From the fie ld  

spectra corrected fo r absorption, we now ob ta in  in tens ity  d istribu tions. In  F ig. 21. 

we compare these w ith  the measured d is tribu tions. A t high in tens ity  values, the 

measured d is trib u tio n  appears lower than the one obtained from  the data corrected 

for absorption. T h is is consistent w ith  the influence o f the presence o f absorption 

upon in tens ity  s ta tis tics . The in tensity d is trib u tio n s obtained in  th is way are in  

good agreement w ith  transform s o f the d iffusive resu lt for the d is tribu tions o f to ta l 

transm ission calculated in  Ref. [45,46] (see the insert in  Fig. 21) and give values 

for the param eter g' [43] equal to the value o f g. as expected in  the absence o f 

absorption. We also fin d  th a t the average transm ission obtained from  the spectra 

corrected fo r absorption is consistent w ith  the expected scaling as (L -r 2z6)~ l . . 

where Zf, is the d iffus ion  extrapolation length due to in terna l reflection [81]. These 

results confirm  the a b ility  o f th is  approach to s ta tis tic a lly  elim inate absorption in  the 

diffusive lim it. We do not expect the procedure to  be effective for localized waves. 

In  th is  case, the presence o f gain is predicted to  lead to an overall suppression 

o f transm ission, [82,83] whereas an extension o f the present approach w ould lead 

to enhanced transm ission. Th is indicates the im portance o f dispersion as w ell as 

am plifica tion or loss in  th is case. The influence o f in te rna l reflection upon var(sa)
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in  the absence o f absorption can be accounted for by substitu ting  L =  L +  2zb for 

L in  Eq. (19). We next account fo r the leading order correction to var(sa) due to 

nonlocal correlation. In  the absence o f absorption, the variance is increased by an 

additional factor o f (1 ±  |£ ) [63,84] to  yie ld,

f '2L AL2 
v a r M  =  ^  +  (23)

A fit  o f Eq. (23) to  the data corrected fo r absorption using f  and zb as fittin g  

parameters gives £ =  551 ±1 8  cm and zb = 5.25 ±0.31 cm. The value o f zb obtained 

is consistent w ith  the values o f th is param eter fo r the same samples in  the frequency 

range between 18 and 19 GHz. [74]

The dependence o f var(sa) upon L w ith  and w ithout absorption is shown in 

Fig. 22. The so lid  curve represents the result o f the calculations in  the diffusive 

regime (L /£  <C 1) by Brouwer [79] w hich account for absorption and the dashed 

curve shows the f it  o f Eq. (23) to the data corrected for absorption. The values 

o f var(sa) are calculated from  var(sab) using Eq. (22). For lengths up to  200 cm, 

the result from  the measurements, show sublinear behavior which is consistent w ith  

the results from  to ta l transmission measurements [43] and the calculations in  Ref. 

[79]. The deviation from  the solid fine increases for larger lengths and may reflect 

localization corrections tha t were not included in  the theory. For strong ly absorbing 

samples (L La), Brouwer finds a log-norm al d is tribu tion  for the to ta l transm ission 

w ith  <LnTa>= —L /L a — 3 fr/4£  — InN  and var{lnTa) =  L /2£. [79] T h is  allows us 

to calculate the values o f var(sa) fo r the two samples w ith  L >  10Ta for which
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measurements were made. These are presented as the squares in  the figure and 

indicate s ign ificant corrections due to loca lization in qualita tive  agreement w ith  the 

results from  the measurements. Thus, we can associate the increase o f £var(sa)/ L 

for these samples w ith  the transition to localization.

We now com pute P(sab) for the sample w ith  L =  520 cm using the transmission 

d is trib u tio n  calculated in  Ref. [791 and the values o f £ and La found here. The 

calculated in te n s ity  d is tribu tion  is presented as the solid line in  F ig. 18 and is in 

good agreement w ith  the measurements.

We also test the extent to which the theoretical calculations in  the diffusive 

lim it and in  the absence o f absorption [45,46] agree w ith  the measurements for this 

sample for w hich L /£  ~  1 and L /L a 15. Using Eq. (18), we calculate P(sa) 

w ith  g' obtained from  the measured variance o f intensity. The calculated transm is­

sion d is trib u tio n  is then transformed to give the corresponding in tens ity  d is trib u tio n  

which is shown by the dashed line in  Fig. 18. Surprisingly, even in  the presence 

o f strong absorption and at the localization length the diffusion theory in  the ab­

sence o f absorption when properly m odified (the d is tribu tion  obtained from  theory 

is calculated so th a t it  has the right variance) s till provides good agreement w ith  the 

experiment. A  comparison w ith  the calculations in  which absorption and localiza­

tion  corrections are included (the solid line in  the figure) shows devia tion between 

these two results on ly  for large values o f in tensity. In contrast, the transmission 

d istribu tions from  which the intensity d is tribu tions are calculated can be v is ib ly  set 

apart (see the inse rt). In  order to describe quan tita tive ly the difference between
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these two results, one has to consider higher moments in  to ta l transm ission (or in ­

tensity). The diffusion theory in  the absence o f absorption predicts th a t the ra tio  

C(L ) = < s „ > c fvar(sa)2, where <s^>c is the th ird  cumulant o f the d is trib u tio n , 

has a constant value o f 12/5 in  the case o f an incident plane wave. [451 In  R M T 

calculations in  the diffusive lim it in  w hich absorption is included, Brouwer found 

tha t the value o f th is parameter changes from  12/5 in  the absence o f absorption to 

3 in  strong ly absorbing samples. [79] In  F ig. 23, we p lo t the values o f C (L) obtained 

from  the in tens ity  measurements via Eq. 20 which show a qua lita tive  agreement 

w ith  the theoretica l result o f Brouwer (so lid  curve). Because o f the small values o f 

<s2>c fo r samples w ith  small L (large values o f g), the error bar in  the results from  

the measurements is very large and a quan tita tive  comparison w ith  theory is not 

possible. For L ~  however, the value o f the th ird  cumulant increases and the 

accuracy o f the experim ental results is im proved significantly. For these samples, 

we find  values o f C(L ) greater than the theoretica lly predicted value o f 3. This 

can be associated w ith  the approach to loca lization. We calculate C(L)  using the 

expressions for the to ta l transm ission from  Ref. [79] in  which localization corrections 

are included. The results are shown as squares and, as in  the case o f var(sa), show 

the same trend which is found in  the experim ent.
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4.4 C onclusions

In  conclusion, we fin d  that the in te n s ity  d is tribu tion  for sab ^  g is described by 

a negative stretched exponential to  power 1 /2  and tha t the d is trib u tio n  for L ~  £ 

is close to log-norm al. We confirm  experim enta lly the re lationships obtained by 

Kogan and Kaveh between the moments and fu ll d istribu tions o f in te ns ity  and to ta l 

transmission. These relations un ify  the s ta tis tica l description o f loca l and spatially 

averaged transm ittance quantities. O ur measurements dem onstrate th a t the statis­

tics o f wave transport is on ly m arg ina lly affected by absorption and th a t absorption 

does not substan tia lly  in h ib it loca liza tion . The a b ility  to reach the localization 

threshold using a quasi-one-dimensional sample is an extension to  classical waves of 

the suggestion by Thouless tha t electrons w ill always be localized in  su ffic iently long 

wires a t low tem peratures. These results show th a t the variances o f the in tensity or 

transm ission are reliable measures o f the im pact of loca lization upon transport in 

random media.
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5 Field and Intensity Correlations in Random  

Waveguides

In  th is chapter we obtain the absorption length and the d iffusion constant o f the 

samples discussed in  chapters 3 and 4 from  the fie ld  auto correlation function w ith  

frequency sh ift. We show also th a t the variance o f the to ta l transm ission equals 

the degree o f nonlocal in tensity corre la tion across the ou tpu t face o f the sample. 

Finally, we present measurements o f the long- (C 2) and infin ite-range (C 3 ) terms o f 

the in tens ity  correlation function w ith  frequency sh ift. To the best o f our knowledge, 

measurements o f the frequency dependence o f the C3 correlation term  are reported 

for the firs t tim e in  this work.

5.1 F ield-field  correlation function w ith frequency shift

The fie ld  autocorrelation function  w ith  frequency sh ift 6u  is defined as 

Alj)>=<E(uj)E*(uj - f Acj)>. I t  reflects the short-range in tens ity  correlation 

which is s im p ly Ci(u. Auj) =\<I(u), A c j) > | 2 

Inside the sample

< /( r ,c j, A o j)> =  Sinh[ir<* ~ iri- )(L  ~  z)l (24)
1 , 1  ;  s in h [ ( 'Y + - i ' y - ) L ]  ’  K }

where 7 ^  =  \ f a A+(3A ±  a 2, a  = L~l is the absorption coefficient, and 8  = 

(A u /D ) 1/2. [63] For samples for w hich a£, ^  <  1 and Zf, w  I  the fie ld  auto corre­
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la tion  function  a t a po in t at the ou tpu t face o f the sample is given by

< I ( u  A u ) > =  K  (7+ , 2 5 ,
1 — i’7_)L [ s in /i[(7 i — Z7_)£]

When the function  is normalized to the outgoing average in te ns ity

— sinh(aL) , ,  .<1 (w, Au; )> =  -A-------- '---— ■ 26
a  s z n h [(7 + — i 7 _ ) L |

We ob ta in  <I{u>, Au)>  from  the measurements from  w hich the in tens ity  d is tri­

butions (discussed in  chapter 4) were obtained. In  Fig. ‘24 we present its  real part 

for the sample w ith  L/£  w O .l. From a f it  o f Eq. (26) to the data, using a  and D as 

fittin g  param eters, we obtain La — 34 ±  ‘2 cm and D = (3.03 ±  0.‘2 l)  x  101Q cm’2/s. 

The result from  the f it  is shown on the p lo t as a solid line.

5.2 In ten sity -in ten sity  spatial correlation function

In  th is section we demonstrate experim entally tha t the variance o f the tota l 

transm ission d is trib u tio n  equals the degree o f nonlocal corre la tion  across the output 

face o f the sample. In  microwave measurements of the in tens ity  d is trib u tio n  and the 

in tens ity-in tens ity  correlation function w ith  frequency sh ift. Genack and Garcia have 

shown tha t the variance of the d is trib u tio n  is d irectly  related to  the C x(= C2 + C 3) 

term  o f the corre la tion  function at zero frequency sh ift which represents the degree 

of nonlocal in te n s ity  correlations in  the system. [65,62] Here we confirm  th is relation 

in  a more d irect way by measuring the intensity-in tensity corre la tion  function w ith 

displacement.
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This is done by measuring the transm itted  fie ld as the detecting antenna is 

moved to  different positions along the diam eter o f the sample o u tpu t. The in tensity- 

in tens ity  correlation function, C w ( r ,  r ')  = < 6 I{J(r)6 I<Jj(r,)>, consists o f three con­

tribu tions C = Ci + C2 + C3 . For tw o observation points at the o u tpu t plane which 

are separated by a distance A R. the short-range part C\ is given by [63|

sin(k0 AR)
exp(—A R/£),  (27)

k0A R

where ko is the wave number in  a ir and A R  is the distance between the two points 

o f detection. Norm alizing to  the outgoing average intensity and taking  u  =  u>' leads 

to

sin(k0 A R )
C i {  R ,R )  = exp(—A  R /i) .  (28)k$AR

The long-range term, C2 , in  the in tens ity -in tens ity  correlation function also depends 

on the displacement. In  the quasi-ID  geometry, however, th is term  is dom inated 

by the zero-mode con tribu tion  w hich is spa tia lly  independent and is equal to the 

relative fluctuations in  to ta l transm ission (var(sa)). [63| The C3 term  is o f order 

1/<72(<C 1 ) and is considered to be constant.

The in tensity correlation function  w ith  displacement is obtained for the 

polystyrene sample w ith  L /£  ~  0.1. The transm itted fie ld  is measured as the 

position  o f the detecting antenna is changed in  steps o f 1 mm to cover a distance 

o f 5 cm across the ou tp u t face o f the sample. Field spectra between 16.8 and 17.8 

GHz are taken for each sample configura tion and for each position  o f the detecting 

antenna. Measurements are made fo r 600 different sample configurations. From the
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data we obta in  the in tens ity-in tens ity  corre la tion  function w ith  displacement (F ig . 

25) We f it  the expression fo r C (A i? ) = C\ + C2 w ith  C\ given by Eq. (28) and 

Co =  constant to the experim ent. The term  C<i represents the spa tia lly  independent 

part o f C<i and includes the in fin ite -rangc co rre la tion  (C3 ) term  as well. We use ko, 

I, and C2 as fittin g  parameters. The resu lt o f the f it  is presented on the p lo t by 

a solid  fine. We note th a t the value o f ko =  4.22 obtained from  the f it  gives an 

index o f re fraction n  =  1.16 w hich is between the value o f n  in  a ir and the effective 

index o f refraction in  the sample o f n  1.35. This can be associated w ith  the 

fact tha t close to the ou tpu t face o f the sample, the speckle pa tte rn  has already 

begun to  ” broaden1’ as compared to the p ic tu re  inside and its characteristic length 

is d ifferent from  the wavelength in  the sample. The value o f the constant term , 

however, is not affected in  any way. We o b ta in  C2 =  (6.46 ±  0.12) x  10-2  which, 

w ith in  experim ental error, equals the value o f the variance o f the to ta l transmission 

for th is sample, var(sa) =  (6.56 ± 0 .2 0 ) x  10-2 . The excellent agreement between 

the results o f these independent measurements (we recall that var(sa) is obtained 

from  the measurements o f to ta l transm ission d istribu tions) confirms tha t var(sa) is 

given by the degree o f nonlocal correlation. In  fig h t o f the results presented in  the 

previous chapter, th is indicates th a t the degree o f nonlocal in tensity correlation is 

a key param eter which determ ines the s ta tis tics  o f mesoscopic transport.
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5.3 Total transm ission m easurem ents o f  long- and infinite- 

range intensity correlation

Here we present measurements of the C<i and C3 term s o f the intensity correla­

tio n  function w ith  frequency sh ift. A lthough the analysis o f the results from these 

measurements are s till in  progress, we present our results, because o f the sign ificant 

interest toward these quantities. C3 is o f pa rticu la r in terest, since it  is the analog 

o f UCF in  the case o f classical waves. The frequency dependence o f the long- (C->) 

and infinite-range (C3) correlation terms has been considered in  various theoretical 

works (fo r a comprehensive review on the subject we refer to  the work o f van Rossum 

and Nieuwenhuizen [8 6 ] and the references therein) and the frequency dependence 

o f C2 has been observed experim entally [62,65]. In  these experiments, however, the 

con tribu tion  o f C3 in  the in tensity  correlation function  was found to be sm all as 

compared to the other terms and in  the analysis o f the data was considered to  be 

frequency independent. In measurements o f to ta l transm ission we obtain the cross- 

correlation function between two input modes w ith  frequency sh ift in which the C3 

term  is dom inant. [75]

T o ta l transmission measurements w ith  a polystyrene sample w ith  L/E, ~  0.1 are 

made as described in  chapter 3. In  order to observe the infinite-range correlation, 

however, two identical w ire antennas are used as independent sources o f excita tion. 

These were placed 0.5 cm in  fron t o f the inpu t face o f the sample and were separated 

by a distance o f 3.0 cm which is approxim ately tw ice the wavelength. Transmission 

spectra for a single sample configuration are taken separately for each antenna by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

using a microwave sw itch which couples radiation to  one o f the antennas on ly  while 

isolating the other. Measurements for four thousand sample configurations were 

made. From these measurements, we obtain the autocorre lation function  in  to ta l 

transmission w ith  frequency sh ift using spectra taken w ith  the same antenna and 

the cross-correlation function  between spectra taken w ith  different antennas.

We firs t tu rn  our a tte n tio n  to  the to ta l transm ission autocorrelation function 

which is shown in  F ig. ‘26. Tt is much broader as compared to the in tens ity  auto 

correlation function (w hich is dom inated by the short-range correlation term ) which 

explains the difference between the average peak w id th  in  in tensity  and to ta l trans­

mission as discussed in  the beginning o f chapter ‘2 .

To order 1/iV , the to ta l transm ission autocorrelation function equals the G> term  

of the in tensity auto corre la tion  function. In the presence o f absorption th is term  is 

given by [85]

3 tT Q;2 _ 0(7^
Co(i1) =  A cos (2b L) — cosh(2aL))~l x  [—— --------—sinh(2aL)

2 a r tA  a{a*  — o r )

' a  ~sin(2bL) +  Q o  ̂ , 2, sinh{2aL)\, (29)b(a2 + b2) (a2 — a 2)(a2 + b2)

where Q — A u /D , a — (a 4 + Q 2) 4 cos(9?/2 ), b =  (aA + Q.2)*sin((p/2), and tamp = Or. 

As before, the role o f in te rn a l reflection is accounted fo r by substitu ting  L = L + 2zb 

for L in  th is expression. We calculate C2 (Q) from  Eq. (29) using the values o f 

La and D determ ined from  the fie ld  autocorrelation function. The result from  the 

calculations is presented by the solid fine in  Fig. 26 and shows good agreement 

w ith  experim ent. O nly fo r large frequency sh ift s ligh t deviations between theory
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and experiment are observed. We p lo t also the theoretica l curves in  the absence 

o f absorption and in te rna l reflection (dashed line) and when absorption is included 

on ly (dotted line). The comparison shows tha t absorption affects C2 in  two ways: 

firs t, it  decreases the m agnitude o f the degree o f long range correlation (Co(0 )) which 

is consistent w ith  the results fo r var(sa) in  chapters 3 and 4 second, the presence 

o f absorption broadens the frequency w id th  o f the corre la tion  which is associated 

w ith  the reduction o f the average dwell tim e o f photons in  the sample.

Finally, in  Fig. 27a, we p lo t the cross-correlation function w ith  frequency sh ift 

obtained from  these measurements. We find  tha t its  value at zero frequency sh ift o f 

is comparable to the value o f ‘2/log2 as predicted by theory [62,87|. The behavior 

o f the to ta l transm ission cross-correlation function measured is in  qualita tive agree­

ment w ith  the theoretica l calculations by van Rossum et al. [87] in  the presence o f 

absorption (F ig. 27b). A  detailed quantitative analysis considering the con tribu tion  

o f long-range correlation which are expected to be comparable to the C3 con tribu tion  

in  the measured cross-correlation function are in  order.

sWhen we used Eq. (29) to calculate C3(0) in the presence o f strong absorption, we 

found the same reduction from 2/3 to 1/2 as predicted by Brouwer [79 [.
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6 Microwave Transmission Through a Periodic 3D 

Metal Wire Network Containing Random Scatterers

6.1 Background

Band gaps exist in  the electrom agnetic spectrum  in  a variety o f period ic struc­

tures in  analogy w ith  the electronic band gaps in  crystals [33,49,50]. In  the photonic 

band gap (PBG ), electromagnetic waves are evanescent. When disorder is in tro ­

duced in  a PBG structure, modes can be created in to  the gap bu t they are localized 

and again propagation is inh ib ited . Such localized states could be associated w ith  a 

single defect in  the photonic crystal which are analogous to localized electron states 

on isolated im purities in  semiconductors [8 8 ] o r to localized v ib ra tiona l modes asso­

ciated w ith  defects in  crystals [89,90]. They may also be associated w ith  scattering 

from a s ta tis tica lly  homogeneous random d is trib u tio n  of scatterers. John predicted 

the existence o f a m o b ility  edge separating localized from propagating electrom ag­

netic waves w ith in  the pseudogap for nearly periodic systems [491. He proposed tha t 

introducing disorder would lead to strong Anderson localization for photons [34]. In  

the present study, we measure transm ission through a nearly periodic copper w ire 

network w ith  a structure close to sim ple cubic. A  PBG is found in  th is structu re  

both when it  is em pty and when it  is fille d  w ith  Teflon spheres producing a Teflon- 

a ir medium. B y substitu ting  a luminum spheres for some o f the Teflon spheres, we
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create a succession o f random, scatterer configurations inside the structure. The 

transmission is measured in  an ensemble o f random  scatterer configurations fo r var­

ious degrees o f disorder introduced w ith in  the periodic m etal m a trix . The band 

structure fo r various 3D dielectric [50-53] and m etallic [54-56] periodic structures 

possessing band gaps have been calculated and die lectric [50,57-59] and m etallic [60] 

systems possessing band gaps have been constructed. Localized states have been 

created by adding to, removing or displacing pa rt o f the structure in  d ie lectric PBG 

materials and by cu ttin g  selected wires in  m etal systems [58,60]. These defects are 

introduced in  a contro lled manner so tha t i t  is possible to associate specific modes 

w ith  pa rticu la r defects. O ur interest here is to  create an ensemble o f equivalent ran­

dom configurations o f scatterers w ith in  the PBG structure. We introduce disorder 

in  a nearly periodic m etal wire network by fillin g  i t  w ith  m ixtures o f Teflon and 

aluminum spheres. The Teflon and alum inum spheres have diameters o f 0.47 cm. 

This is approxim ately h a lf the la ttice  constant o f the wire network o f a = 1 cm and 

the spheres readily penetrate the in te rio r o f the w ire structure. The Teflon sphere 

medium has a scattering length which is much greater than the dimensions o f the 

metal structure. Consequently, the Teflon spheres serve as an ideal support m atrix  

in to  which scatterers can be substituted.

Sigalas et al. calculated the band structures for 3D periodic m etal systems 

consisting o f isolated m etal scatterers and o f m etal wares which form  a continuous 

network [56]. Periodic systems composed o f isolated metal scatterers show behavior 

sim ilar to th a t o f d ie lectric PBG m aterials and do not exh ib it a cu to ff frequency
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below which transm ission is sharply reduced. Calculations for metal networks w ith  

simple cubic and diam ond type structures pred ict a PBG in  both systems. The 

cubic structure  considered is in fin ite along the x  and y directions and has a th ick­

ness along the r-ax is  o f L — 4a w ith  a la ttice  constant a o f 1.27 [i m. The volume 

fraction occupied by the metal wires is 0.03. A  band gap is found below a cu to ff 

frequency uc = "fc/a. where c is the speed o f lig h t in  vacuum and 7  =  0.4445. A t 

uc/2, the a ttenuation  is approxim ately 15 dB per u n it cell.

6.2 Sam ples and m easurem ents

The m etal s tructure  used in  our experim ent is a network o f 1 mm diam eter 

copper wires. The system has a geometry close to simple cubic structure w ith  a 

lattice constant o f 1 cm. The sample has a length o f 8 cm on each side. Square 

wire meshes are created by overlaying one set o f paralle l wires onto another set o f 

parallel wires oriented in  the perpendicular d irection. S tra ight wires are extended 

through para lle l 2D w ire meshes in  the long itud ina l d irection. W ires oriented in  the 

three direction are connected by a lig h t solder applied a t the vertices o f the un it 

cells. The la ttice  is not perfectly periodic because o f sligh t bending o f the wires and 

because o f variations in  the solder jo in ts. The volume o f the copper wires is 6 % o f 

the to ta l volume o f the system. The front and back o f the structure are open and 

copper plates are placed on the sides.

The transm ission is measured in  the frequency range between 4.0 and 10.4 GHz 

using a H ew lett-Packard 8722C network analyzer. Antennas, consisting o f 1 .5  cm
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pins, coupled the rad ia tion  to the m eta l netw ork and detected the transm itted  ra­

d ia tion . The in p u t antenna and the fro n t surface o f the netw ork are enclosed in 

an absorbing chamber and the detector and the output surface o f the  sample are 

w ith in  another chamber w ith  absorbing walls. The antennas were placed 0.5 cm 

from the in p u t and ou tpu t faces o f the sample. They are placed close to  the sample 

to enhance the signal so that the measurements can be perform ed w ith  an adequate 

dynamic range. As a result, however, the incident and detected waves cannot be 

approxim ated by plane waves.

6.3 R esu lts and discussions

The results o f the measurements in  an em pty metal network are shown in  Fig. 

28a. There is a sharp reduction in  the transm ission coefficient a t a cu to ff frequency 

o f 9.33 GHz. Th is gives 7  =  0.31 fo r the constant o f p ro po rtion a lity  in  the relation 

uc =  7 c/a. There is a difference between the value o f 7  observed and the value 

calculated theo re tica lly  [56] which maybe due to  the difference in  the fillin g  fractions 

of m etal wires in  the sample used in  the experim ent and in  the theoretica l model. 

For frequencies below uc, the transm ission is sign ificantly suppressed. The average 

value o f the a ttenuation  in  the gap from  6 GHz to uc is approxim ate ly 30 dJ3. A t 

frequencies around 5 GHz, however, a transm ission peak occurs in  w hich attenuation 

is reduced to approxim ately 10 dB. T h is  peak in  transmission may arise because of 

deviations o f the structure from  sim ple cubic symmetry or it  m ay be associated 

w ith  surface sates [91]. The sharp peaks in  the spectrum observed above the cutoff
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frequency are a result o f the interference between partia l waves propagating through 

the system and reaching the de tecting antenna. When the antennas are far from 

the sample only modes w ith  sm all transverse components o f the wave vector are 

detected and the spectrum appears re la tive ly  fla t above the gap.

W hen the network is fille d  w ith  Teflon spheres at a volume fillin g  fraction  o f 0.57 

which is measured as a fraction o f the to ta l volume free o f metal, the cu to ff frequency 

shifts to 7.58 GHz (Fig. 28b). The frequency o f the transm ission peak in  the gap 

undergoes the same fractional sh ift. Th is confirms that the peak is in trin s ic  to the 

m etal structure. Since vc ~  vph ja, where vPh is the phase ve locity in  the medium 

. we expect tha t the fractional s h ift o f the cu to ff frequency is p ropo rtiona l to the 

ra tio  o f the phase velocities in  a ir and in  the medium o f random Teflon spheres and 

a ir.

In  order to determine the phase ve locity in  the medium o f Teflon spheres and 

a ir. we have measured the fie ld  transm itted  through a sample o f Teflon spheres 

contained in  a 7.5 cm diam eter copper tube w ith  a length L =  10 cm. In these 

measurements, the fillin g  fraction o f the Teflon spheres is 0.60 w hich is s ligh tly  

higher than it  is in  the m etal netw ork. We firs t determine the index o f refraction 

n fo r th is sample at a frequency uq =  6.45 GHz to be n =  1.26, by measuring the 

frequency sh ift o f a resonant ca v ity  mode in  a medium o f Teflon spheres relative 

to th a t in  air. The absolute phase o f the fie ld  transm itted through a sample w ith  

length L is =  kL  =  27rvL/vph. Here vph is the phase velocity in  a copper tube 

contain ing the Teflon spheres and is g iven by v'ph = vpk[l — (u^9 /u ) 2 ] ~ l / 2  [92|, where
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vph = c/ n  is the phase velocity in  an unbounded medium o f Teflon spheres and 

is the cu to ff frequency o f the cylindrica l waveguide. The value o f — ‘2.06 GHz 

in th is case was determ ined experim entally from  measurements o f the transmission 

through the copper tube filled  w ith  Teflon spheres from  1 to 4 GHz. Using these 

relations and the index o f refraction measured a t uq we determ ine the absolute phase 

ifo = 'IttvqL / v'ph. Then, starting  from  th is frequency, we measure the frequency 

dependence o f the fie ld  transm itted through the sample o f Teflon spheres contained 

in a copper tube. Transmission spectra were obtained fo r 1000 different sample 

configurations. The small variation between configurations o f less than 1% o f the 

field am plitude indicates that the scattering due to the Teflon spheres is extremely 

weak. Th is explains the persistence o f the band gap when the netw ork is filled  w ith  

Teflon spheres. The real part o f the ensemble average com plex fie ld  <Ecosip> is 

shown in  F ig. 29. The well defined sinusoidal frequency dependence o f <Ecosip> 

allows us to fo llow  the phase ro ll-up w ith  frequency. By fo llow ing  the increase in  the 

phase o f the transm itted  field when the frequency is changed in  small increments 

of 2.5 MHz, we are able to obtain the phase A (p accum ulated between 6.45 and 

10.0 GHz. B y adding the accumulated phase A  cp to  the absolute phase we 

determine the absolute phase in  th is frequency range. From th is  phase, we calculate 

the phase ve locity vPh in  a medium o f Teflon spheres and a ir contained in  a copper 

tube. The frequency dependence o f vPh is shown in  Fig. 30. Using Maxwell-Garnet 

approxim ation [93], sm all corrections to i iph are made to determ ine the phase velocity 

in  the Teflon-a ir medium w ith in  the metal network. A t a frequency equal to the
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cu to ff frequency for the m etal s tructu re  fille d  w ith  Teflon spheres, the phase velocity 

is 2.39 x  1010 cm /s. This gives vvh/c  =  0.80 which is close to the ra tio  o f the cu to ff 

frequencies o f the network in  Teflon and in  a ir o f 0.81.

When some o f the Teflon spheres are replaced by alum inum  spheres, transm ission 

peaks appear below the band edge. Measurements have been made fo r two fillin g  

fractions o f alum inum spheres f aL =  0.05 and f ai =  0.10. A  typ ica l transm ission 

spectrum  a t a fillin g  fraction o f the alum inum  spheres o f 0.05 is shown in  Fig. 31. 

The peaks below the cu to ff frequency are reminiscent o f modes associated w ith  

donor” defects which have been observed in  3D dielectric PBG m aterials [58|. 

However, the radius o f the scattering spheres in  the present case is a t least an order 

o f magnitude smaller than the wavelength. Thus these transm ission peaks are more 

like ly  associated w ith  random configurations o f many metal spheres ra th e r than w ith  

ind iv idua l scatterers.

We characterize the strength o f the disorder o f the scattering medium a t an 

alum inum  fillin g  fraction o f 0.10 by measuring the scattering length £s o f the Teflon - 

alum inum  m ixture apart from  the m etal la ttice . The scattering length is determ ined 

by measuring the in tensity associated w ith  the average fie ld  [cofl =\< E  >\2 as a 

function o f the sample length L. In  a sample tube w ith  a diam eter w hich is larger 

than the wavelength in  the medium, the coherent in tensity fa lls exponentia lly  w ith  

an attenuation length which is close to  the scattering length, once the sample is long 

enough th a t a single waveguide mode predominates or has a large enough diam eter 

so th a t the incident wave can couple effectively to  a large number o f modes w ith
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sm all components o f transverse m omentum. In this case, 7co/t ~  [0exp(—L/£s). 

The average fie ld  for ‘2000 sample configurations in  the frequency range from  4 to 

10 GHz was obta ined for various thicknesses. By averaging over an ensemble of 

samples, the diffusive com ponent o f the fie ld  tends towards its  average value o f zero. 

From measurements w ith  sample length from  7.5 to  '25 cm we fin d  th a t l 3 >  ‘20cm 

a t 4 GHz and th a t i t  decreases to  l s =  4.5 ±  0.5 cm at 10 G Hz. Since i s > L 

where i  is the transport mean free path, the measurements show th a t k i  is greater 

than 10 over the entire  frequency range. Since localization in  samples w ith o u t long- 

range order is expected when ki. ~  1 th is  indicates tha t microwave rad ia tion  in  the 

m ixtures o f Teflon and alum inum  spheres apart from  the m etal netw ork is fa r from 

the loca lization threshold. The values o f k used in the estimate are calculated using 

the phase ve locity in  a random  m edium  o f Teflon spheres.

fn  Fig. 32, we present the average transm ission spectra for *200 sample config­

urations for the two concentrations o f a lum inum spheres. In  these measurements, 

d ifferent sample configurations were created shaking the sample by hand. In  the 

average spectrum  the band edge is broadened relative to th a t o f the m etal network 

in  a ir and w ith  Teflon spheres inside. The band gap becomes less pronounced as the 

density o f m etal scatterers increases. The frequency o f the peak in  the transm ission 

at low  frequencies, however, is not affected. This indicates th a t the phase velocity 

is not changed substan tia lly  by the insertion  o f metal spheres in to  the netw ork. The 

fluctuations in  the phase ve locity due to  the presence o f m etal scatterers does not. 

therefore, appear to cause a smearing o f the band edge.
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We recall tha t var(sab) was found to  be a reliable measure o f the approach to 

localization. We investigate the behavior o f the second moment. <sab> = var(sab) + 

1, o f the in tensity transm itted through the structure fille d  w ith  m ixtures o f Teflon- 

a lum inum  spheres as the frequency is tim ed through the band gap edge. A  sharp 

increase is observed w ith  a m axim um  value o f approxim ately 4.5 which indicates 

loca lization transition.

6.4 Conclusions

In  conclusion, we have observed a band o f attenuated microwave transm ission 

through a 3D periodic m etal netw ork. We have shown tha t fillin g  the m etallic 

netw ork w ith  dielectric scatterers. which are small compared to the electromagnetic 

wavelength, shifts the band edge to  a value proportional to the phase velocity in  

the medium. This demonstrates th a t a w ell defined band gap can be produced in  a 

structu re  which deviates from  perfect p e rio d ic ity  and suggests th a t useful photonic 

devices can be produced using structures which are not pe rfectly  periodic. The 

extent o f disorder tha t can be introduced before the band gap is s ign ifican tly  altered 

can be studied by introducing a varie ty o f defects in to  the period ic la ttice . In 

th is  study, we have measured transm ission through a periodic m etal w ire structure 

w ith  various concentrations o f random ly positioned m etallic spheres. We observe a 

broadening of the band edge which is associated w ith  the presence o f localized states 

in  the gap. Because the systems stud ied are small, the transm ission peaks observed 

may no t be associated w ith  sharply defined localized states w hich can be seen in  

larger structures. Studies in  larger systems would make it  possible to  investigate the
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loca lization trans ition  in this system. For such samples the a b ility  to observe sharp 

transm ission peaks associated w ith  ind iv idua l localized modes would be lim ited by 

the absorption o f the sample.
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Summary

In  a series o f independent microwave experiments, we s tu d y  the sta tistics o f in­

tensity and to ta l transm ission in  mesoscopic systems in  the approach to localization.

In  measurements using long waveguides w ith  volume disorder, we were able to 

reach the localization threshold. Th is is the realization using classical waves o f the 

Thouless idea o f loca lization o f electrons in  long wires. We fin d  th a t, near the lo­

calization length, the p ro b a b ility  d istribu tions o f in tens ity  and to ta l transmission 

deviate significantly from  negative exponential statistics and from  a norm al d istribu­

tion, respectively. For large values o f these quantities, the corresponding d is tribu tion  

decay instead as a negative stretched exponential to the power 1 /2  and as a simple 

negative exponential.

We confirm  experim entally the relationships between the moments o f intensity 

and to ta l transm ission and th e ir fu ll d istributions derived from  R M T calculations 

for samples w ith  quasi-ID  geometry. These relations un ify  the s ta tis tica l description 

o f local and spatia lly  averaged transm ittance quantities.

The results o f these measurements show that the d is trib u tio n s  o f in tensity  and 

to ta l transm ission are not s ign ifican tly  affected even by the presence o f strong ab­

sorption. In contrast, the ensemble average value o f the transm ission falls exponen­

tia lly  as a result o f absorption. The presence o f absorption o n ly  postpones somewhat 

the approach to localization, b u t does not destroy loca liza tion . We fin d  th a t the
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variances o f in tens ity  and to ta l transm ission are d ire c tly  re lated to  the degree o f 

nonlocal in tens ity  correlation and serve as a reliable measure o f the approach to 

loca lization.

We have obtained the au to- and cross-correlation function  w ith  frequency sh ift 

o f the to ta l transmission. These functions are dom inated by the long- and in fin ite - 

range correlation terms o f the in te n s ity  correlation function  and allow  us to experi­

m enta lly determ ine the frequency dependence o f the in fin ite -range correlation term  

for the firs t tim e.

In  a p roof o f princip le experim ent o f microwave transm ission in  a 3D periodic 

m etal w ire network possessing a photonic band gap. we dem onstrate tha t, by creat­

ing  an ensemble o f random scatterer configurations w ith in  the ” photonic crysta l", 

i t  is possible to investigate the sta tis tics o f the loca lization tra n s ition .

In  conclusion, in  th is thesis we have established the nature o f in tens ity  and to ta l 

transm ission sta tistics and show how these can be used to  study the localization 

trans ition .
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