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Abstract 

ON ITERATIVE R E F I N E M E N T / I M P R O V E M E N T OF 

THE SOLUTION T O AN ILL CONDITIONED LINEAR 

SYSTEM 

By 

Abdramane Serine 

Adviser: Professor Victor Y. Pan 

We study additive preconditioning A —> C = A + UVH for preconditioncr UVH 

of a smaller rank r. The SMW formula A'1 = (C - UV11)-1 = C'1 + C - 1 */(/,. -

VHC~1U)~1VHC~1 reduces the solution of a linear system Ax = b to better condi­

tioned linear systems with the matrices S = Ir — VHC~1U and C. The computations 

preserve the structure and the sparseness of the input matrix A. We compute the ma­

trix W — G'_1 U with a. higher precision by applying iterative refinement/improvement 

IV 



to approximate the matrix W closely as a sum Wo + W-\ + . . . + Wk, where the matrices 

Wj. are filled with low precision values. 

\\C—^Fi II 
We prove that if ,\n-iJ » < 1, where Fk = Ck - C\ Xk = W0 + ... + Wk and 

J- 11 ^ r k 11 

X — W, then \\Xk — X\\ < 0(u). By applying forward error analysis, we prove that 

11 !:x,, " < O('u), and by applying backward error analysis that linifc >oc nc-Filvt^ il = 

4ci(fe) 
1— c1(k)cond2Cu 

u, where Ci(A;) and c1(A;) are linear functions in k. 
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Introduction 

0.1 Multiplicative and additive preconditioners 

Solving linear system Ax = b is the central problem of matrix computations. Its accu­

rate solution x = A~xb can be computed readily if the system is well conditioned but 

this requires special care if the system is ill conditioned. We study preconditioning, 

a popular tool that improves conditioning of linear systems. 

All mathematical concepts used in this section are formally defined in Chapter 1. 

0.1.1 Multiplicative preconditioners 

Defini t ion 0 .1 .1 . (Multiplicative Preprocessors (MPPs) and Multiplicative Precon­

ditioners (MPCs)) 

Cond-zA = \\A\\2 | |yl_ 1 | |2 is the condition number of the matrix A in the 2-norm (cf. 

Definition 1.1.12, page 15). 

Any pair of nonsingular matrices M of size m x m and (J of size n x n is an M P P for 

a matrix A of size m x ri. whereas the transition A <— MAC is its A/-preprocessing. 

1 
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Such an M P P is a Multiplicative Preconditioner (MPC) and the 7\/f-preprocessing is 

an M-preconditioning if cond^ A is large, whereas ccmd-2 {MAC) is not (see page 15 

for the definition of cond2A). Such an M P P is a multiplicative compressor if the 

matrix A is rank deficient, whereas the matrix M AC turns into a full rank matrix 

after the deletion of its zero rows and columns. 

The multiplicative preconditioning is the transformation of an ill conditioned lin­

ear system into a better conditioned one by pre- and/or post-multiplying the coef­

ficient matrix by some fixed matrices. In other words, we replace the linear system 

Ax = b with an equivalent one BACy = Bb. where BAG is a better conditioned 

matrix and x — Cy. The matrices B and C are multiplicative preconditioned. 

Remark 0.1.1. The problem with the use of multiplicative preconditioners for an ill 

conditioned input matrix A is tha t they are mostly defined by the Singular Value 

Decomposition (SVD) of A (cf. Definition 1.1.7. page 13), whose computation is 

an expensive task. Furthermore, the help of random multiplicative preconditioning 

against ill conditioning is limited because cond^A < UiCond2 Fi if A = II,; i7). Lastly, 

the multiplicative preconditioning may destroy the structure of the original input 

matrix. 

To get around these problems, we use additive preconditioning to transform the orig­

inal ill conditioned linear system into a better conditioned one. For the transition to 

this better conditioned linear system, some high precision matrix computations are 
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required. We perform them by using iterative refinement/improvement. 

0.1.2 Additive preconditioners 

Defini t ion 0.1.2. (Additive Preprocessors (APPs)) 

For a pair of matrices IJ of size m x r and V of size n x r, both having full rank 

r > 0, the matrix UVH of rank r is an A P P (of rank r ) for any m x n matrix A, 

the matrix C = A + UVH is its yl-modification. The matrices U and V are the 

generators of the APP, and the transition A <— C is an A-preprocessing of rank r for 

the matrix A. An A P P UVH for a matrix A is an additive preconditioning (APC) 

and an ^-preprocessing is an ^-preconditioning if cond2 A ^> cond-2 C (cf. Definition 

1.1.10. page 14). The condition number associated with the 2-norm, condz, is defined 

in Definition 1.1.12. An A P P is an additive compressor (AC) and an yl-preprocessing 

is an .4-complcincntation if the matrix A is rank deficient, whereas the /4-modification 

C has full rank. An A P P UVH is unitary if the matrices U and V are unitary. 

Additive preconditioning consists in adding a matrix UVH, usually of a smaller 

rank, to the input matrix A, to decrease its condition number. The A-modification 

is supposed to generate a well conditioned matrix C. To compute the yl-modification 

C = A + UVH error-free, we fill the generators U and V with short binary numbers. 

Remark 0.1.2. Suppose UVH has rank r. Then, we expect that condi C = cr\{C)/crn{C) 
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has the order a-[(A)/(Tn^r(A), where A is an n X n matrix if the additive precondi-

tioner UVH is 

i) random 

ii) well conditioned, and 

hi) properly sealed, that is ||^4|| / HC/V^* || is not large and not small. 

(Jj(A) (or simply <x,) for j = 1, ... ,n is the j t h largest singular value of the matrix A 

(for the definition of the singular values of a matrix see Section 1.1.6 on page 13). 

Let C = A + UVH. Then, we apply the Sherman-Morrison-Woodbury (SMW) 

formula to the original linear system Ax = b and transform it into better condi­

tioned linear systems of small sizes, with well conditioned matrices VHC~1, C~1U7 

and S = I — VHCVU called aggregates. To compute the Schur aggregate S = 

I — VHC~lU with high precision, we compute W = C~1U using the iterative refine­

ment/improvement algorithm. We prove that we can get very close to the solution 

W of the linear system CW = U. We closely approximate it by working with num­

bers rounded to the IEEE (Institute of Electrical and Electronics Engineers) standard 

double precision (cf. Table 2.2, page 33). The proof of that theorem is provided in 

Chapter 3. We apply additive preconditioning and the SMW formula to prove the 

convergence of the iterative refinement/improvement algorithm. We also use error-

free summation algorithm to derive a more accurate solution of the original linear 

system Ax = b. 
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Our (forward and backward) error analysis in Chapter 3 proves some reasonable error 

bounds for the solution. 



Chapter 1 

Additive preconditioning and the 

Schur aggregation 

In this chapter wc recall some basic definitions of matrix computation and perturba­

tion theory. 

1.1 Matrix computations: Preliminaries 

Most of the definitions and the theorems reproduce or slightly modify the customary 

definitions in [1], [2], [4], [6]. C is the field of complex numbers. Let A be a set in C 

and let m and n be a pair of positive integers. 

6 
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1.1.1 Vectors and matrices 

A — (a,j,j ).™='"„-=1 & / \ m x " i s a 777, x n matrix with the entries in the set A. v = {vi)™=1 

G A " x l is a column vector of dimension n with the coordinates in A. A is called a 

square matrix if m = n. 

AT and v T are the transposes of the matrix A and the vector v, and AH, ~vH are 

their Hermitian or complex conjugate transposes. For a real matrix A and a vector 

v, we have AH = AT and v ^ = v T . 

Ik or simply / is the k x k identity matrix for k E Z+. e« is the ith column vectors. 

The zero matrix O is the matrix whose elements are zero, Ok,k is the k x k zero matrix. 

The m x n system of linear equations 

an.xi + a12x2 + • • • + alnxn = b\ 

a2\X\ + a22x2 + • • • + a2nxn = b2 

^ m l - ^ l ~~r~ Q"mlX"2 ~~r * * * ~t~ QninXri Ojn 

can be written in a compact form as X^"=i aijxj = h, i = 15 2, . . . , m. This last form is 

equivalent to Aa; = b, if we define ,4, x and 6 by 
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A 

(In (112 • • • O-ln 

Cl'21 a-22 • • • d2n 

d m ] Ojlf)2 • • • Ojrrnn 

Xi 

X2 

Jb<n. 

and b 

61 

b2 

b 

The matrix A is a unitary matrix if AHA = / and AAU = I. An rri x n matrix 

A has full rank if its rank equals min{m1 n}. Otherwise the matrix is rank deficient. 

Rank A is the rank of the matrix A. Det A is the determinant of a square matrix A. 

A matrix is singular if and only if its determinant is zero. 

1.1.2 Random matrices 

Random sampling of elements from a finite set A is their selection from this set at 

random, independently of each other, and under the uniform probability distribution 

on A. A matrix is random if its entries are randomly sampled from a fixed finite set 

A. 

L e m m a 1.1.1. [16]. 

For a finite set A of cardinality |A|. and a polynomial p in m variables of total 

degree d, suppose p does not vanish identically on the set Am, and let the values of 

its variables be randomly sampled from, the set A. Then the polynomial vanishes with 

a probability of at most d/ |A| . 
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1.1.3 Rank and nullity 

The linear space generated by a set of vectors is their span. Range(A) is the range 

of a matrix A, that is the span of its column vectors. 

Def in i t ion 1.1.1. Let A E Amxn. The column span of A is the subspace 7Z(A) = 

{Ax : x € A " } . The row space of A is the space d\(AT). Rank (A), the rank of A is 

the integer p = rank(A) = dirn['!j\(A)] = dim[*R(AT)]. 

Def in i t ion 1.1.2. Let A e Amxn. The space m(A) = ?Rm(A) = {x: Ax = 0} is the 

right null space of the matrix A. 

The space £&l(A) = {x: xTA = 0 T } = m(AH) is its left null space. If p = 

rank(A), its left nullity Inul A = n — p and its right nullity rnul A = m — p are 

the dimensions of its left and right null spaces 01(A) and £(A) , respectively. 

Def in i t ion 1.1.3. Let A G A m x n , the nullity of A is denoted 

nul A = min {m. n} — p = vain {Inul A, rnul A}. 

We have nul A = Inul A — n — p for n < m and nul A = rnul A = m — p for m < n. 

The numerical nullity of the matrix A is the number of its small singular values (cf. 

Definition 1.1.7 on page 13). The numerical nullity of the matrix A is denoted nnul A. 

Remark 1.1.1. If a linear system Ax — b has a solution xo, then any solution can be 

expressed as xa + 9T(/i) = {x0 + x: x G 91(A)}. 
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1.1.4 Vector and matrix norms 

The definition and properties of a norm and consistent norm can be found in [4]. 

T h e o r e m 1.1.2. The following three functions on Cn with x = (xi,x-2,... ,xn) are 

vector norms: 

1) \\x\\-, = Y], \xA called the 1-norm. 
/ II 111 Z—J% I l I 

%) \\x\\2 = (52i \xt\ Y^'1 = (xTx)1,/2 called the Euclidean norm or 1-norm. 

3) llxH = maxj IxA called the oo-norm. 
/ II II OO l I l I 

They all verify the following inequalities. 

\\x + y\\ < 11£|| + ||?/11 (called the triangular inequality), 

\\x — y\\ > lxll — IML- and 

if x 7̂  0. then 1, for any pair of vectors x and, y. 

Def in i t ion 1.1.4. A matrix A € A m x n has 

1) the Frobenms norm \\A\\F = (trace(AHA))1'2 = (J2i.j \au\2)1/2-

1) the 1-norm \\A\\X = max^<j<n{Y^Li layl)> 

3) the oo-norm H^H^ = m a x i < j < „ ( ^ = 1 | a i ; | ) , 

4) the 2-norm ||-A||2 = sup\\x\\=1 \\Ax\\ = o~\(A) = crmax(A), also called the spectral 

norm, where o~j(A) denotes the j t h largest singular value of the matrix A (see the 

definition of singular values in Section 1.1.6, page 13). 

Remark 1.1.2. We have 
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1) ||A||2 < \\A\\F < ^i\\A\\2 for A G A m x n , m > n, 

2) ||̂ 4||"F = ^2- a'j ,where Oj for j = 1, 2 , . . . is the j l h largest singular value of the 

matrix A. 

3) \\A\\.2 < H/ll^ < v/ri ||A||2. 

T h e o r e m 1.1.3. An n x n matrix A is nonsingular if and only if it satisfies one of 

the following conditions 

1) rank(A) = n, 

2) nul A = 0, 

3) for any vector b, the system Ax = b has a solution, 

4) if a solution of the system Ax = b exists, it is unique, 

5) for all x. Ax = 0 => x = 0. 

6) the columns (rows) of A are linearly independent, 

7) there is a matrix / i _ 1 such that A-1 A = AA""1 = I. 

8) del A ^ 0, 

9) all singular values of A are nonzero (cf. Section 1.1.6, page Yi). 

Part 5 in the above theorem implies the following corollary. 

Corollary 1.1.4. The product of square matrices A and B is nonsingular if and only 

if A and B are nonsingular. In that case (AB)^1 = B~1A~1. 

T h e o r e m 1.1.5. The 2-norm has the following properties 
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1) 

2) 

3) 

4J 

A\\2 = ma.T|;.T[|=||y||=1 \y
HAx\ = a1(A). 

A\\2
2 = max^=ix

H {AH A)x. 

A\ A U\ 

-̂  119 < \\A\\F, with equality if and only if rank (A) 

A \ \ 2
2 < NAIL IL4II . 

i z — I M i l ! I no 

= 1. 

1.1.5 Absolute norms 

If the absolute values of the entries of a vector x are not greater than the absolute 

values of the entries of a vector y, tha t is, if \x\ < \y\, then should we have ||.x|| < \\y\\ 

for any norm ||.||? Unfortunately, there are simple counterexamples to this appealing 

conjecture. For example, the function ||:r|| = x\ — \x\Xi-\-x\ (with x E M2) is a norm 

but 
1 

0 
1 and 

1 

0.1 
0.96. 

The norms that are monotone in the elements are useful in componentwise error 

analysis, and so wTe recall the following definition. 

Defini t ion 1.1.5. A norm ||.|| is an absolute norm if 

1̂ 1 < \y\ =£* H l̂l < \\y\\ or equivalently if ||x|| < || \x\\\. Here \x\ = (\xi\ , \x-2\ , . . . , \xn\) 

and \xi\ < \yi\ for all i — 1 , . . . , n. 

Defini t ion 1.1.6. For any nonzero matrix P G Cnxn. \P\ \Pij\)i=l,j= 7=1-

file:///x/Xi-/-x/
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Remark 1.1.3. Among the most popular vector norms, the 1-, 2-, and oo-norms are 

clearly absolute. So are the 1-, oo-, and the Frobenius norms of matrices. Unfortu­

nately, the matrix 2-norm is not absolute. However, it does satisfy the relation 

\A\ < li =>• \\A\\2 < \\\A\\\2 < \\B\\2 where |,4| = (kj |)™:". ; = , , \adj\ < biS for 

i = 1, . . . , m and j = 1, . . . , n. 

1.1.6 The Singular Value Decomposition (SVD) 

Defini t ion 1.1.7. [14]. The compact singular value decomposition or SVD of an 

m x n matrix A of a rank p is the decomposition: 

A = S^Y}P)T{P)H = £ £ = i < ^ S j t f where S^> = (sj)p
=1 and T^ = (tj)p

=1 are 

unitary matrices, tha t is, S^HS^ = Ip, T^HT{^ = Ip. J2ip) = <iiag(aj)P
=1 is 

a diagonal matrix, s7 and tj are m- and n-dimensional vectors, respectively, and 

&i > &2 > • ' ' > &p > 0- &j o r aj(A) for j = 1, . . . . p is the j t h largest singular value 

of the matrix A. 

Defini t ion 1.1.8. [14]. Singular Value Decomposition (SVD) 

Let us write / = Inul A = m — p, r = rnul A = n — p. The pair S^nul^ = ( S J ) " 1 + ] 

and T(jlul^ — (tj)'1? +1 of left and right unitary null matrix bases for a matrix A 

define the square unitary matrices S = (S^p\ S^nul^) = (Sj)JLi and T = (T^\T^nul^ 

= (tj)"=] and the m x n matrix ^2 = diag(^/p\ Oi_r). The equation A = S ^TH is 

the Singular Value Decomposition of the matrix A, also called its SVD and full SVD. 
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The scalars (Tj for j > 1 are the singular values of the matrix A. 

Hereafter, we write a.j = 0 for j > p and er,- = +oo for j < 1. 

Defini t ion 1.1.9. The vectors Sj for j = 1,. . . , m and t j for j = 1. . . . . ?i are the left 

and right singular vectors, associated with a singular value a--n respectively. 

The associated right and left singular spaces are the vectors spaces of all the right 

and left singular vectors of that singular value, respectively. 

The null vectors, whose entries are all zero, are the singular vectors associated with 

the singular value zero. 

T h e o r e m 1.1.6. We have Atj = <TJSJ and sf A = <Jjtf for all j . 

An = T j-r sn_ AnA =Tj2TJ2TH, and AAH = S E E ? S11. 

Defini t ion 1.1.10. We write n 3> d when the ratio n/d is large. 

Defini t ion 1.1.11. The Moore-Penrose generalized inverse (also called the pseudoin-

verse) of an m x n matrix A of a rank p is the matrix A~ such tha t 

A~ = {AHA)~1AH if m>n = p 

A" = AH(AAH)~1 if m = p < n 

A~ = A^1 if m = n = p. 

We write A~H for (AH)~ = (A~)H 
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Defini t ion 1.1.12. The condition number, cond^ A of a matrix A of a rank p is 

cond-2 A = ai(A)/ap(A) = \\A\\2 ||^4~~||2. A matrix is said to be ill conditioned if its 

condition number is large, tha t is if o~i(A) ^> ap(A), and is called well conditioned 

otherwise. 

Remark 1.1.4. A matrix A of a rank p > 1 can be ill conditioned where o~i(A) « 

(Tj(A) ^> (Tj+i(A) f» (7p(A) for some j . 1 < j < p. If p is large, the matrix A can 

be ill conditioned even if (TJ(A)/(TJ+I(A) < c for all j and smaller bound c > 1. For 

example cond2{A) = 2100 with c = 2 and p = 101 if aj(A)/aj+1(A) = 2 for all j . 

We recall the following simple theorem [4, 14]. 

T h e o r e m 1.1.7. The matrices AH and A~ have the same right and, left singular 

spaces. Furthermore <jj{AH) = CTJ(A) = l/ap+i_j(A~) for j = l,...,p with p = 

rank(A). whereas GJ{AH) = (Jj(A) = aj(A~) = 0 for j > rank {A). 

1.2 Convergence and per turbat ion theory 

1.2.1 Convergence 

There is a natural way to extend the notion of limit from C to Cn. 

Defini t ion 1.2.1. Let < x^ = (x{ , x2 , . . . , xn ) T > be a sequence of vectors in Cn 

and let x G Cn. The sequence {xk}^° converges componentwise to x and we write 
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{xk}T > x i f 

lim x\ = Xi 
k >oo 

for i = l,2,...,n. 

Here is another way to define convergence in C". L t>^ 

Defini t ion 1.2.2. Let < Xf. = (a^i" , x.2 , . . . , xn ) T > be a sequence of vectors in Cn 

and let x £ Cn. The sequence {xk}°^ converges normwise to x, tha t is 

if and only if 

lim Xk — x, 
k—>oc 

lim \\xk — x\\ = 0. 
k >oo 

Remark 1.2.1. There is no compelling reason to expect the two notions of convergence 

to be equivalent. In fact for infinite-dimensional vector space, they are not, as the 

following example shows. 

Example: Let l^ be the set of all infinite row vectors X satisfying ||J^||00 = 

Supi \xi\ < oo, where H-H^ is the norm on l^. Now consider the following infinite 

sequence: 

3 ! = ( 1 , 0 , 0 , 0 , . . . ) 

x2 = ( 0 . 1 , 0 . 0 , . . . ) 

x3 = ( 0 , 0 , 1 , 0 , . . . ) 
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xA = ( 0 , 0 , 0 . 1 , . . . ) . 

Clearly this sequence converges to the zero vector componentwise since each compo­

nent converges to zero. However, \\xk — 0(1^ = 1 for each k. Hence the sequence does 

not converge to zero in the co-norm. 

Not only componentwise and normwise convergence sometimes disagree, but dif­

ferent norms can generate different notions of convergence. Fortunately, we only deal 

with finite dimensional spaces, in which all notions of convergence coincide. We recall 

here the equivalence of the 1- and 2-norms with the inequality ||a;||2 < 11xâr11-,_ <\/n, | |x||2, 

where i e C " . 

1.2.2 Perturbation of the identity matrix 

The basic matrix operations, tha t is, multiplication by a scalar, matrix addition, 

and matrix multiplication are continuous. The matrix inversion, however, is not 

continuous and needs further investigation. 

Defini t ion 1.2.3. Let | |. | | | n, ||.||Jm, and | | . | |mn be norms on Clxn, Clxm, Cmxn. Then 

these norms are consistent if ||^4£>||fa < ||A||^m ||-B||TOri for all A e Clxm and B E Cmxn. 

Since we identify Cnxl with Cn. the above definition also defines consistency be­

tween matrix and vector norms. 

T h e o r e m 1.2.1. [4]. Let \\.\\ be a matrix norm on Cnxn consistent with a vector norm 

(also denoted \\.\\) and let a matrix X 6 £ n x r e . j_,ei p oe a square matrix such that 
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|P | | < 1. Then 

(i) the matrix I — P is nonsingular, 

(ii) \\(I-P)-'X\\ < ^ L ; and 

\\p\\ 
I-\\P\\-

(Hi) | | ( / - P)-1 - l\\ < - ^ 

Proof. Define a vector norm |.| consistent with the matrix norm ||.||. Xow, let x E Cn 

be a nonzero vector. Then 

||(J — P)x\\ = \\x — Px\\ > \\x\\ — \\Px\\ > ||x|| — | |P | | ||ir|| = (1 — | |P| |) ||a;|| > 0. Hence, 

in virtue of Theorem 1.1.3, the matrix I — P is nonsingular. This proves Part (?'). To 

establish Part (ii), write G = (I - P^X. Then, X = (I - P)G = G- PG. Hence, 

ll^ll ^ ll^ll ~~ ll-P|| ll^'ll; s o l|G|| < i_\\p\\ i a n d we deduce (ii). To establish Part (Hi), 

set H = (I — P)-1 — I. Then, by multiplying by I - P. we find that H - PH = P. 

Hence. | | / J | | > | | / / | | — ||/J | | ||-f̂ ||, and (Hi) follows by solving for | | // | |- D 

The following corollary extends Theorem 1.2.1. 

Corollary 1.2.2. Let A, E e Cnxn. If\\A-]E\\ < 1, then ||(A + ^ ) - 1 | | < J j ^ l ' J ^ . 

Moreover, (A + E)'1 - A'1 = [(I - A^E) - I\A~l, 

\\ A — 1 I I I | A — 1 ZTi I I 

so that \\(A + E)-1 - A-1]] < N X^ ' IU^I ". 

The corollary remains valid if all occurrences of ||Y4"~1£'|| are replaced by | | / iM_ 1 | | . 

The corollary is closely related to the results on the perturbation of the solution of a 

linear system presented in the second chapter. 
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1.2.3 Neumann series 

T h e o r e m 1.2.3. [4]. Let P E Cnxn and suppose that 

lim Pk = 0. 
k >oo 

Then I — P is nonsingular and (I — P)^1 = ^^=0 Pk (this sum is called Neumann 

sum). A sufficient condition for Pk > 0 is that \\P\\ < 1 in some consistent norm,, 

in which case 

\\(i + p + P2 + • • • + pk) - (i- py^l < - Q ^ . 

Corollary 1.2.4. If Pk > 0. then (I — | -P|)_ 1 is nonnegative and \(I — -P ) _ i | < 

( / - I P I ) - 1 . 

Proof. Since \Pk\ < 1^1"' Pk approaches zero along with | / J | . The nonnegativity of 

( / — |-P|)_ 1 and the inequality in the theorem now follow by taking the limits in 

\i+ r+ i>2-\ h i)k\ < i + \P\ + | P | 2 H h \r\k. a 

Corollary 1.2.5. LetX,E E Cnxp. Then\at{X + E) - at(X)\ < \\E\\2,i = 1 ,2 , . . . , p. 

T h e o r e m 1.2.6. [4,14]. Let . | denote a matrix norm and a consistent vector norm, 

and A, E E Cnxn. If the matrix A is nonsingular, Ax = b and 

(i) Ax = b, where x is an approximate value of x, then 

(?,?,) " ..„.. " < \\A E\\. v > | | z | | — II II 

In addition if | |yl - 1 i? | | < 1, then A = A-\- E is nonsingular and 
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Proof. From (?'), it follows that x — x = —A^1Ex, and (ii) follows. Now, assume 

that 11 A - 1 i? 11 < 1. Then, the matrix A is nonsingular if and only if the matrix 

A~]A = I + A~x E is nonsingular. Hence, by Theorem 1.2.1 A is nonsingular, and 

(Hi) follows immediately from (ii) and the following lemma. • 

L e m m a 1.2.7. For a vector norm ||.||, suppose that p — I'I~M < 1-

1 hen " H I," < -r^. 
\\x\\ — 1—p 

1.3 Additive preconditioners and the Schur aggre­

gation 

Suppose A is an ill conditioned nonsingular n x n input matrix, and C = A + UVH 

is its A-modification (cf. Definition 0.1.2, page 3) with a well conditioned additive 

preconditioner (APCJ) UVH of a rank r < n . Consider a linear system Ax = b. 

1.3.1 Sherman-Morrison-Woodbury (SMW) formula 

Bu B12 
Defini t ion 1.3.1. [4,14]. Consider a 2 x 2 block matrix B = 

B21 B22 

The matrices S22 = B22 — B2iByl B12 and Su = Bu — Bi2B22 B2i are called the 

Schur complement of the northwestern block / i n and the Schur complement of the 

southeastern block B22 in the matrix B, respectively, provided B^Bu = I and 

Buil^i — I with its counterpart B22 B22 = I and 1^22^22 — ' [14, page 103]. 
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F X 
L e m m a 1.3.1. Let the above block matrix B be nonsrngular and let B~l 

Y Z 

for some square matrices F, X, Y and Z of the same sizes as Bjj. respectively. Then 

F = Sy\ and Z = S'22 if the blocks £>n and B22 are nonsrngular respectively. 

T h e o r e m 1.3.2. [4, 14]. For n x r matrices U and V and n x n matrix A. let the 

matrix C — A + UVH be nonsingular. Then, the matrices A — C — UVH and 

S = Ir — VHC~lTI are the respective Schur complements of the block Ir and C in the 

matrix W 
C U 

VH Ir 

such that (i) det W = det A = {deb C) {deb S). 

Furbhermore if bhe mabrix A. is nonsingular, bhen so is bhe mabrix S, and we have the 

Sherman-Morrison- Woodbury (SMW) formula 

{ii) {C - UV11)-1 = C-1 + C-1US~1VHC-1. 

Proof [1]. Consider the factorization 
C U 

VH L 

In U 

0 Ir 

A 0 

0 L 

F 0 

VH L 

and we obtain (i). Inverting the above b 

we obtain tha t 

In 0 

VHC~1 F 

c 0 

0 s 

F C-HJ 

0 F 

ock factorization and using Lemma 1.3.1, 

A-" X 

Y Z 

In 

-VH 

~ 
0 

Ir 

A-1 

0 

0 

Ir 

F -U 

0 Ir 
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In -C-HI 

0 L 

c-1 o 

o s-1 

In 0 

F C - ' / r 

C'-1 + 6 , - 7 / 5 - ' ^ C -c^us-1 

-s-lvHc~1 s-1 

The equation (?'?') follows from the matrix equa. 

for some matrices A", Y, and Z. 

itv 

y z 

c,-1 + c-1t/s,-1y^c-1 -c^us-1 

-s-1vHc-1 s-1 
a 

1.3.2 The Schur aggregation 

The aggregation method consists of transforming an original linear system Ax = b 

into linear systems of smaller sizes with well conditioned coefficients matrices VHC~1, 

C-UJ, and S = lr - VHC~1U. 

Remark 1.3.1. Aggregation is a well known technique (of. e.g., [13]), but aggregation 

used here both decreases the size of the input matrix and improves its conditioning. 

One may remark that aggregation can be applied recursively until no ill conditioned 

matrix appears in the computation. 

Remark 1.3.2. For an ill conditioned matrix A, the span of the rows of the matrix 

VHC^1 (respectively, columns of the matrix C,_1C7) approximates the left (respec­

tively, the right) singular space associate with the r smallest singular values of the 

matrix A. The larger the ratio Cn-r+l{A) , the closer the approximation. 

Defini t ion 1.3.2. The r smallest singular values and the associate singular spaces 
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form the r-tail of the SVD of the matrix A. The computation of and with the tail 

aggregates VHC~1 and U~~1U is called the tail aggregations. 

Defini t ion 1.3.3. (The Schur aggregation [1].) 

The Schur aggregation is the process of reducing the linear system Ax = b by using 

the SMW (Sherman-Morrison-Woodbury) formula 

A-1 = {c- uvHyx = cj-1 + c~xu{ir - vHc-1u)-1vHc-1. 

The matrix S = Ir — VHC~'lU, which is the Schur complement (Gauss transform) of 

the block C in the block matrix is called the Schur aggregate. 
C U 

V" Ir 

Remark 1.3.3. If the .4-modiflcation C = A + UVH and the Schur aggregate S are 

well conditioned, then the numerical problems in the inversion of the matrix A are 

confined to the computation of the Schur aggregate S. 

Defini t ion 1.3.4. Suppose A denotes an n x n singular matrix of rank n — r, UVH is 

its APC of a rank r . and the ^4-modincation C = A + UV11 is nonsingular. The null 

aggregate VHC~1 and C~1U are the left and right null matrix bases for the matrix A, 

that is, their columns span the left and right null spaces of the matrix A, respectively. 

The computation of the null aggregates VHC~l and C_ 1?7 is the null aggregation. 

Defini t ion 1.3.5. The nullity of A, nul A — n — rank A, is the smallest integer r for 

which a rank r APC UVH can define a nonsingular A-modification C = A + UVH. 

The nullity of A, which is defined as the dimension of the null space can also be defined 
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as the large integer r for which we have AC~1U = 0 or VHC^1 A = 0, provided C 

is a noiisingular matrix. In this case, C~~1U and VHC~1 are the right and left null 

matrix bases for the matrix A. 

Remark 1.3.4. [1]. If rank(UVH) = nul A where A is ill conditioned, then the A-

modification C = A + UVH is ill conditioned too. In this case, if we compute the 

dimension in Definition 1.3.7 numerically with rounding to a finite precision, then 

we would output nnul A, which is the numerical nullity of the matrix A, that is the 

number of its small singular values. The null matrix bases C^1U and VHC~1 would 

turn into two tail aggregates whose column spans would approximate the associated 

left and right singular spaces. These spaces form the tail of the SVD of the matrix 

A. 



Chapter 2 

Rounding errors and iterative 

refinement / improvement 

2.0.3 Rounding errors 

We recall some basics of perturbation and error analysis [4, 6, 14, 15]. 

Defini t ion 2.0.6. Let x be an approximation of the scalar x. The absolute error in 

x approximating x is the number e = \x — x\. 

Defini t ion 2.0.7. Let x be an approximation of a scalar x 7̂  0. The absolute 

and relative errors of this approximation arc the numbers \x — x\ and p = 'z,~p, 

respectively. If x is an approximation to x with relative error p. then there is a 

number r — :£=J^ such that 1) \r\ = p and 

25 
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2) x = x(l + r ) . 

Remark 2.0.5. The relative error p is independent of sealing, that is the scaling 

and x > ax leave p unchanged. 

T h e o r e m 2.0 .3 . [6]. Assume that x approximates x with relative error p < 1. Then 

x is nonzero and p = |3,T,X| < -e— . 
r \x\ — 1—p 

Proof. From the definition of the relative error, we have p \x\ — |x — x| > \x\ — \x\. 

It follows tha t \x\ > (1 — p) \x\ > 0. Hence, from these inequalities, it follows that 

p \x—x\ -^ \x—x\ I — I 
1-p - (l-p)|a:| - |£| • U 

Defini t ion 2.0.8. The significant digits in a finite precision number are the first 

nonzero digit and all succeeding digits. Thus 1.7320 has five significant digits while 

0.0491 has only three. 

Defini t ion 2.0.9. (The correct significant digits in i; approximating x) 

An approximation x to x is said to have p correct significant digits if x and x agree 

when rounded to p significant digits. Thus if x — 0.9948 and x = 0.9952, then x does 

not have two correct significant digits {x > 0.99, x > 1) but does have one and 

three correct significant digits. 

Remark 2.0.6. If the relative error of x with respect to x is p, then x and x agree 

to roughly — log2(p) correct significant digits. For binary system, if x and x have 

relative error of approximately 2 - * - 1 , then x and x agree to about I bits. 
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Defini t ion 2 .0 .10. The componentwise relative error is defined as: m.xiXi—,—7^ for 

x = (.xi,.r2. . . . ,Xi, . . . ). 

Remark 2.0.7. In numerical computation, one has three main sources of errors. 

1. Rounding errors, which are unavoidable consequences of working in finite precision 

arithmetic. 

2. Uncertainty in the input data, which is always a possibility when we are solving 

practical problems. 

3. Truncation errors, which are due to the omitted terms. One can avoid truncation 

errors by using Maple or Mathematica. 

Defini t ion 2 .0 .11 . Precision is the number of digits in the representation of a real 

number. It defines the accuracy with which the computations and in particular the 

basic arithmetic operations + , — , - , / are performed. For floating point arithmetic, 

precision is measured by the unit roundoff or machine precision, for which we write 

u in single precision and u in double precision. The values of the unit roundoff are 

given in Table 2.1 in Section 2.1. 

Remark 2.0.8. Accuracy refers to the absolute or relative error of an approximation. 

Defini t ion 2 .0 .12. Let y be an approximation of y = f(y) computed with a preci­

sion u where / is a real function of a real scalar variable. 

min{ I Ax I : y = fix + Ax)} is called the (absolute) backward error, whereas the ab­

solute or relative errors of y are called forward errors. The process of bounding the 
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backward error of a computed solution is called backward error analysis. Ax is the 

perturbation of x. 

Remark 2.0.9. 1. Backward error analysis interprets rounding errors as perturbations 

of the data. Therefore, if the backward error is no larger than the uncertainties in 

the data, which is in 0(u), then the computed solution should be the solution we are 

seeking. This is what we show in the third part of this thesis. 

2. Backward error analysis reduces estimating errors to perturbation theory, which 

for many problems is well understood. 

Defini t ion 2 .0 .13 . (Backward stability) 

A method of computing y = f(x) is called backward stable if for any x, it computes 

y with a small backward error, tha t is if y = f(x + Ax) for some small perturbation 

Ax. 

Examples: 

1. The operations x ± y are backward stable operations. 

2. Most algorithms for computing the cosine function do not satisfy y — cos(x + Ax) 

with a relatively small perturbation Ax. 

Defini t ion 2 .0 .14 . A mixed forward-backward error is defined by the equation 

y + Ay = f(x + Ax) where |Ay\ < s \y\, \Ax\ < r\ \x\ with s and r\ small constants. 

Remark 2.0.10. This definition implies that the computed value y differs little from 

the value y + Ay tha t would have been produced by an input x + Ax little different 
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from the actual input x. Simpler, y is almost the right answer for almost the right 

data. 

Defini t ion 2 .0 .15 . An algorithm is called numerically stable if it is stable in the 

mixed forward and backward error sense. Clearly, backward stable algorithm is nu­

merically stable. 

Remark 2.0.11. One may use the following rule of thumb: 

Forward error ;$ condition number x backward error, with approximate equality 

possible. Therefore the computed solution to an ill conditioned problem can have a 

large forward error even if the computed solution has a small backward error. The 

latter error can be amplified by the condition number in the transition to forward 

error. This is one of the motivation for decreasing the condition number of the matrix. 

Defini t ion 2.0 .16. An algorithm is called forward stable if it produces answers with 

forward errors of similar magnitude to those produced by backward stable method. 

Remark 2.0.12. A backward stability implies a forward stability but the converse is 

not true. 
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2.0.4 Impact on solving a linear 

system of equations 

Defini t ion 2.0.17. For an approximation £ to a solution of a linear system Ax = b, 

the forward error is the ratio ,I~M • 
IMI 

Defini t ion 2 .0 .18. For a system of linear equations Ax = b, p(x) = JI^NI^ is called 

the relative residual. The relative residual gives us an indication on how closely Ax 

represents b and is scaling independent. 

L e m m a 2.0.4. [6]. p(x) = min { ^ ^ • (A + AA)X = b\ where AA is the pertur­

bation of the matrix A. 

Proof. If (A + AA)x = b, then by substituting r — b — Ax — AA x we obtain that 

llrlL < IIA/1IL llxIL, and this implies the following bound (i) „ ', 2 > ,, , , ,2,, = 

p{x). On the other hand, we have (A + AA)x — b for A/1 = rx1 /xIx, and then 

| |AA||9 = | | ? ' | | 2 / I|-T||2- So the bound (i) is attainable. D 

Remark 2.0.13. Lemma 2.0.4 says that p(x) measures how much the matrix A (not the 

vector b) must be perturbed in order for x to be the exact solution to the perturbed 

system, that is, p(x) equals the normwise relative backward error. Bounding it is a 

challenge in our third chapter. If the data A and b are uncertain and p{x) is no larger 

than this uncertainty, i.e., p{x) = Oiu) (or p(x) = O(ii)). then the approximate 

solution y must be regarded as very satisfactory. 
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2.1 Floating-point number system 

Defini t ion 2 .1 .1 . [6]. A floating-point number system F is a subset of the real 

numbers whose elements have the form y = zkm x 0e~f. 

The system F is characterized by four integer parameters: 

1) The base [3 (sometimes called the radix) 

2) The precision t 

3) The exponent range emjn < e < em a x 

4) The mantissa m, that is an integer satisfying 0 < m < (3l — 1. 

To ensure a unique representation for each y £ F, it is assumed that m > (3t~1 if 

y 7̂  0, so that the system is normalized. 

The range of the nonzero floating-point numbers in F is given by 

pemzn-l < | j , | < /? e —(l - /?-*). 

Table 2.1 

Machine and arithmetic 

IEEE Single 

IEEE Double 

P 
2 

2 

t 

24 

53 

c-min 

-125 

-1021 

c-max 

128 

1024 

unit roundoff u 

2~24 fa 5.96 x 10~8 

2 - 5 3 fa 1.11 x 10-1 6 

Remark 2.1.1. Any floating-point number y €E F can be written in the form 

= .did2 • • • dt x (±/?e) 
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where each digit d-i satisfies 0 < di < [3 — 1 and d\ =£ 0 for normalized numbers. d\ is 

called the most significant digit and dt the least significant digit. 

Defini t ion 2.1 .2 . The subnormal numbers (also called denormahzed numbers) are 

numbers that can be written in the form 

y = ±m x /?emin~*. 0 < rn < /?*_1 

which have the minimum exponent and are not normalized. 

The system F can be extended to include subnormal numbers. 

Any subnormal number can be written in the form 

y = ±/36min x .did2 . . .dL 

with d\ = 0. 

Subnormal numbers have fewer digits of precision than the normalized numbers. 

Defini t ion 2.1 .3 . The mapping 

R ->• F c R 

x —» fl{x) 

is called rounding. fl(x) denotes an element of F nearest t o x ; it is the rounded value 

of the number x. 

Remark 2.1.2. There are several ways to break ties when x is equidistant from two 

floating-point numbers e.g., taking fl(x) to be the number of larger magnitude (round 
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away from zero) or the one with an even last digit df (called round to even). 

Def in i t ion 2.1.4. The unit roundoff error u is the quantity u = \3X 

Table 2.2 

The two main floating-point formats. 

Type 

IEEE Single 

IEEE Double 

Size 

32 bits 

64 bits 

Mantissa 

2 3 + 1 bits 

52 + 1 bits 

Exponent 

8 bits 

11 bits 

Unit Roundoff u 

2" 2 4 fa 5.96 x 1CT8 

2" 5 3 RJ 1.11 x 10 - 1 6 

Range 

1 0 ± 3 8 

1 0 ±308 

The widely used IEEE standard binary arithmetic has (3 = 2. For the single binary 

precision t = 24. emin = —125, em a x = 128, and u = 2~24, and for the double binary 

precision t = 53. emjn = —1021, em a x = 1024, and u = 2 _ o 3 . The IEEE arithmetic 

rounds to even. 

Remark 2.1.3. The error analysis consists in bounding the error of the computations 

(forward error or backward error), eventually in terms of u. 

The following theorem shows that every real number x lying in F can be approximated 

by an element of F with a relative error no larger than u. 

T h e o r e m 2 . 1 . 1 . [6, page 42]. If x 6 R lies in F then fl(x) = x(l + S) with \S\ < u. 

Proof. We may assume that x > 0. Clearly, the real number x = ft x ,5e~*, /9 t _ 1 < \i < 

j3l — l lies between the adjacent floating-point numbers y\ = |_//_|/3e~f and y2 = [~//|/3e_i:. 
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Then fl(x) = y\ or fl(x) = y2, and we have 

,/,(*)-si < JBLZM < £±. 

Therefore 

/ / (x ) X 

X li(3c i^oF u. 

The last inequality is strict unless /x = (3* , in which case x = fl(x). Hence, the 

inequality of the theorem is strict. • 

Theorem 2.1.1 says that fl{x) is equal to x multiplied by a factor very close to 

1. The representation 1 + S for the factor is a standard choice, but it is not the only 

possibility. The following modified version of this theorem is also useful. 

T h e o r e m 2.1.2 . [6]. If x E Ft lies in F, then 

fl(x) x 
l + <5 

with \8\ < u. 

Both theorems 2.1.1 and 2.1.2 give estimates for fl(x). To carry out the rounding 

error analysis of an algorithm, we need to make some assumptions about the accuracy 

of the basic arithmetic operations. 

Defini t ion 2.1 .5 . (Standard Model) Let x,y E F and let op be one of + , — , - , / . 

Then fl{x op y) — (x op y)( l + S) with |<5| < u. 
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It is usually assumed that this property also holds for the square root operation. We 

are using this standard model and so, from now on / / ( . ) • for an argument that is an 

arithmetic expression, denotes the computed value of that expression, op represents 

floating-point operation in F. 

Remark 2.1 A. Under the model above the computed value of x op y is "'as good as" 

the rounded exact answer, in the sense that the relative error bound is the same in 

both cases. However, the model does not require that 5 = 0 when x op y G F, a 

condition which obviously holds for the rounded exact answer. The model is valid for 

most computers, and, in particular, it holds for the IEEE standard arithmetic. 

Def in i t ion 2 .1 .6 . Hereafter, ^/n denotes the positive number "'" . where u is the 

unit roundoff and n < -. 

L e m m a 2 .1 .3 . [6]. If |d,| < u and pi = ± 1 for i = 1, . . . , n and nu < 1. then 

ii 

TT(1 + 5i)Pi = 1 + 9n, where \9n\ < J^L- = 7 
-*- -*- 1 — nu 
i=i 

In the following theorems, AA is the perturbation of the matrix A, which is 

perturbed into A = A + A A. 

T h e o r e m 2.1 .4 . [6]. If G.E. (Gaussian Elimination) applied to A G R,mx»2 (777, > 77,) 

runs to completion, then the computed LU factors L G R m x " and U G R,m x n satisfy 

LU = A + AA, IA/11 < 7JL | | l> | . 
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T h e o r e m 2.1.5. [6, page 175]. Let A & j{y
nxn

 and suppose the G.E. produces com­

puted LU factors L and, U. and a computed solution x to Ax — b. 

Then (A + AA)x = b. \AA\ < 73 n |L| |?7| . where 3nu < 1 and y6n > 0. 

Proof. We have LU = A+AAr, |AAi | < jn\L\\U\ by Theorem 2.1.4. By substitution, 

and using Theorem 8.5 [6, page 154], we produce y and x satisfying 

(L + AL)y = b, \AL\ < 7 n | L | , 

(U + AU)x = y, \AU\<jn\U\. 

Thus 

b = (L + AL) (U + AU)x = (A + AAX + LAU + ALU + ALAU)x 

= (A + AA)x, 

where 

A.4 = AAX + LAU + ALU + ALAU , and 

|AA| < iZr/n + 1l)\l\\U\ < (7n + 72n)|L||C)-| < 1^\L\\U\. 

n 

Remark 2.1.5. Ideally, we would like to have |A.4| < u\A\, which corresponds to the 

uncertainty introduced by rounding the elements of A, but each entry of A is involved 

into up to n arithmetic operations, and so we cannot expect any better bound than 

I A/11 < cnu\A\. where cn is a constant of order n. Such a bound holds if L and U 



37 

satisfy |L||f/| = \LU\. This certainly holds if L and U are nonnegative because then 

Theorem 2.1.4 gives us 

\l\\U\ = \LU\ = \A + AA\ < \A\ +7„ | /v | | /7 | . 

Therefore, 

\U\0\ < \A\. 

Substituting into the bound in Theorem 2.1.5, we obtain 

(A + AA)x = b, \AA\ < 7 3 n \A\ 

1 - 7 n 

where L > 0, U > 0. 

This result says that x has a small componentwise relative backward error. In 

Chapter 3 we show that x has a small normwise relative backward error, which gives 

us a better understanding of the convergence x —> x. 

2.2 Error-free floating-point summation and mul­

tiplication 

The MSAs, tha t is, the advanced algorithms for floating-point summation and mul­

tiplication, yield a high precision or even error-free output for a sequence of double 

precision additions, subtractions, and multiplications even where the leading signifi­

cant bits of the output are canceled. In this section, we keep writing fl(.) (with an 

file:///U/0/
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argument being an arithmetic expression) to denote floating-point numbers operations 

(cf. [1]). 

2 .2 .1 F l o a t i n g - p o i n t s u m m a t i o n 

Below we provide some summation algorithms with small error bound relative to the 

absolute value \si + S2 + • • • + i>h\ of the output sum versus the error bounds relative 

to the generally larger sum |si | + \s2\ + . • • + \sft\ in other popular algorithms. This 

advantage is important where many most significant leading bits of the summands 

are lost in the sum, which is frequently the case in the Schur aggregation (Chapter 

3). 

We use the Matlab-like notation and assume the IEEE standard representation of 

floating-point numbers as s = cr2ef, where a is equal to — 1 or 1. e is an integer in 

a fixed range [1 — ?\ r] for a fixed positive integer r, and / is either zero or a binary 

number in the range [1,2). / i s represented with p + I bits, including the leftmost 

bit one, which is the leading and most significant bit. 

In particular, r = 127 and p = 23 for single precision IEEE standard floating 

point numbers and r = 1023 and p — 52 for double precision IEEE standard floating 

point numbers. 

Here is a summation algorithm due to D.E. Knuth [5]. 

A l g o r i t h m 2 . 2 . 1 . ERROR-FREE TRANSFORMATION OF THE SUM OF TWO 
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FLOATING POINT NUMBERS 

function[x, y] = Twosum{a, b) 

x = fl(a + b) 

z = fl(x — a) 

y = fl((a-(x-z)) + (b-z)) 

The algorithm transforms two input-floating point numbers a and b into two out­

put floating-point numbers x and y such that a + b — x + y and x — fl (a + b). 

Below is the Kahan-Babushka's [9] and Dekker's [10] classical algorithm which 

outputs the same solution for the same problem provided that \a\ > \b\. It uses fewer 

ops but includes branches, which slow down the code optimization. 

A l g o r i t h m 2.2 .2 . COMPENSATED SUMMATION OF TWO FLOATING-POINT 

NUMBERS 

function[x, y] = Fast Two Sum(a, b) 

x = fl(a + b) 

y = fl((a-x) + b) 

One can extend either of the two algorithms to the summation of h floating-point 

numbers for any h by applying the Kahan-Babushka Cascaded Summation. Below is 

its variant using Knuth 's basic algorithm. 
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A l g o r i t h m 2.2 .3 . [9,5]. THE CASCADED SUMMATION 

Function res = Sum 2s(p) 

7Ti = V\ 

<Ti = 0 

For i = 2 : h 

[7Ti,qi] = Two Sum(7Ti-i,Pi) 

Gi = / / ( o - i _ i + qt) 

res = fl(irh + Gh) 

The algorithm outputs the approximation res to the sum 5Zj=i s-i °f ^ numbers 

with an error of at most I (2p
h-h) ) 5Zi=i lsi|-

2.2.2 Floating-point multiplication 

The floating-point multiplication algorithm by Veltkamp employs a method of Dekker 

to split a floating-point number into two parts. 

Here are the Dekker's and Veltkamp's algorithms. We assume tha t g is an integer 

such that 0 < g < p. 

A l g o r i t h m 2.2.4. [10]. SPLITTING OF A FLOATING-POINT NUMBER INTO 
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TWO PARTS 

Function[x, y] = split(a) 

c = f I (factor • a) factor — 29 + 1 

x = fl{c — (c — a)) 

V = fl(a-x) 

Remark 2.2.1. 1. The shorter precision numbers x and y satisfy the equation a = 

x29 + y. Under the common assumption that 0 < |~|] — g < 1, these are the half-

precision numbers. For any integer g, the output value y = a mod 29 = Y2i<q
 ai ^s 

the residual modulo 29 of a binary number a = 2~2i<e
a'- ae = ^-- obtained by zeroing 

all its bits that represent the powers 2* for i > g. 

2. Algorithm 2.2.4 also computes the remaining leading part x = {^fL in the binary 

floating-point representation of the number a. We have a = 29x for g < e — p — 1, 

where a — ^>2'i=e_p_± «/ and a = y for g > e. 
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A l g o r i t h m 2.2.5 . [10]. TRANSFORMATION OF THE PRODUCT OF TWO FLOATING­

POINT NUMBERS 

function[x, y] = Two Product(a, b) 

x = fl(a- b) 

[0.1,0,2] = split(a) 

[bi,b2] = split(b) 

V = fl[a2-b2-\y{{x-a1b1)-a2b1)-a1b2j] 

The output floating-point numbers x and y satisfy the equation a • b = x + y 

and x — fl(a • b), so that the two latter algorithms reduce the multiplication to 

an addition. By combining the summation and the multiplication algorithm, one can 

handle a sequence of floating-point operations. In particular, one can use this method 

to calculate dot products. 

2.3 Iterative refinement / improvement 

All norms used in this section are the 2-norm unless otherwise stated. 

Defini t ion 2 .3 .1 . The iterative refinement/improvement algorithm is a technique 

for improving the computed approximate solution x of a linear system Ax = b. The 

process consists of three steps [4], [6], [14]: 

1) Compute the residual r = b — Ax. 
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2) Solve Ad = r using some basic solution method such as the Gaussian Elimina­

tion with Partial Pivoting (GEPP) . 

3) Update: y = x + d. 

Repeat steps 1-3 with x replaced by y until the approximation to the solution x is 

accurate enough. 

Remark 2.3.1. 1. If there were no rounding errors in the computation of r, d and 

y, then y would be the exact solution to the system. The idea behind the refine­

ment/improvement algorithm is that if r and d are computed accurately enough, 

then some improvement in the accuracy of the solution is obtained. 

2. The iterative refinement/improvement algorithm can reuse the factorization of A 

in every recursive step of the refinement. 

3. The iterative refinement/improvement algorithm is commonly used with Gaussian 

Elimination (GE), where the residuals r are computed with extended precision. 

Iterative refinement/improvement for GE was used in the 1940s on desk calculators, 

but the first thorough analysis of the method was given by Wilkinson in 1963. 

Describing the next algorithm, we write (u) and (ti) to denote the operations 

performed in single precision and in double precision, respectively. 

A l g o r i t h m 2 .3 .1 . BASIC ITERATIVE REFINEMENT/IMPROVEMENT 

Input: An n x n matrix A, a computed solution x = x\ to Ax = b and a vector b. 



44 

Output: A solution vector Xi approximating x in Ax = b and an error bound 

\\x~Xj I 

Initialize: i <— 1 

Computations: 

1) Compute the residual r» = b — Axi in double precision (u) 

2) Solve Adi = rj in single precision (u) using the GEPP 

3) Update :Ei+i = Xi + di in double precision (u) 

i <— i + 1 

Repeat stages 1-3 tmM x,; Is accurate enough. 

Output Xi and an error bound. 

2.3.1 Error analysis of iterative refinement/improvement 

The iterative refinement algorithm for G E / G E P P usually behaves as follows. 

If double precision is used in the computation of i\ and xi+1 and if A is not too ill 

conditioned, then the iterative refinement/improvement algorithm produces a solution 

correct to the working precision, and the rate of convergence depends on the condition 

number of the matrix A. We assume that the computed solution x to a linear system 

Ax = b satisfies 

(A + AA)x = bJ \\A-^AA\\P<1 

with p = 2 or oc. A.4 is the perturbation of the matrix A, which is perturbed into A = 

A + A A. The computation of ri} di, and xi+i from iterative refinement/improvement 

file:////x~Xj


45 

in Algorithm 2.3.1 relies on the following expressions (cf. Theorem 2.1.5 in Section 

2.1): 

(i) r-i — b — Axi + A?'j where HArjHoo < 77-12.( ||fo||oo + M Hoc Halloo) represents the 

error of computing rf, 

(ii) di = (A + AAj)_1r,- where HAA^I^ < SmtH-LHccHt/Hoo represents the error of 

inverting A; 

(hi) Xi+i — Xi + di + Axj+ i where ||AXJ+IHQQ < ,U|| :EJ+I | |0 0 represents the error of 

computing xi+i. (Recall that u and u arc the unit roundoff or machine precision 

in single and in double precision, respectively). 

As long as A is not too ill conditioned and the solver is not too unstable, we 

estimate (cf. [6]) that the limiting normwise accuracy, that is the minimum of the 

ratio ll^r^'ll-^ is roughlv 2nucondcx> A + u. We can obtain a componentwise relative 

error of order fm that is, mini \\x — Xi\\ < /xuHarHoo for some constant fi. 

In this thesis, we prove that the above bound can be attained with an ill conditioned 

matrix if we use additive preconditioning along with iterative refinement/improvement 

and error-free MSAs. 

In case the solver uses LU factorization, we can derive the following theorem. 

T h e o r e m 2.3 .2 . [6, page 234]. Let iterative refinement/imp'roveme'rit based on LU 

factorization be applied to a nonsingular linear system Ax — b, and let the residuals 
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be computed in double precision. Let r\ = u|| |^4_1 | \L\ |f/| |joc be substantially smaller 

than one where L and, U denote the computed LU factors of A. Then iterative re­

finement/improvement reduces the error by a factor of approximately q at each stage, 

until " I, ,, "— ?a u. 
\\x\\x> 

Remark 2.3.2. This theorem is stronger than the standard results in the literature, 

which have cond00(yl)if in place of 77. We can have 77 <C cond00(A)u, since 77 is 

independent of the row scaling of A (up to the changes in the pivot sequence). 

For example, if |L| |£/| = \A\ in the above theorem then r\ ?a cond(A)w, and cond A 

can be arbitrarily smaller than c o n d ^ A 

2.3.2 Convergence theorem 

We follow [4] and rewrite the iterative refinement/improvement algorithm. We write 

<7o for the error in the computation of r0 and write h0 for the error in the computation 

of x-\. We write A0 — A + E0, where E0 is the perturbation to the matrix A. x0 is a 

computed solution of the linear system Ax = b. 

1) r0 = b- Ax0 + g0 

2) d0 = AQ-VO 

3) Xi = XQ + do + ho 

Repeat stages 1-3. 
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The algorithm yields a sequence of approximate solutions XQ, X,\, . . .. In general, 

the sequence does not converge, but the following theorem shows some sufficient 

conditions for convergence. 

T h e o r e m 2.3 .3 . [4]. Let the above algorithm be applied iteratively to give the sequence 

| A — 1 FT" ! j 

XQ, .XI, . . . . Let e,i = Xj — x and Ei = Ai — A. If -._,, . /U1„ < p < 1, h/J < 7̂  and 

\\hi\\ < Vi> i = 0,1,. . . . Then 

I N | < p * | | e 0 | | + (l + p) | |yl-1 | | (7 i + p7 i_ 1 + . . . + /9
i7o) 

+ (Vi + PVi-\ + • • • + P1VO)-

Proof. By Theorem 1.2.1 (i) of Chapter 1, we have 

(/ + A-xEiYx = I + Fi, where | |^ : | | < p. 

Hence \\(A + E,)-1]] < (1 + p ) ! ! ^ 1 ] ] . 

Now, xi = x0 + (A + EQ)-1^ - Ax0 + <70) + h0 

= x0 + (I + A-XEQ)-XA-X(b - Ax0) + (A + ^ 0 ) _ 1 5o + h0 

= x0-(l + A-lE0)-
leQ + (A + E0)-

1g0 + h0 

= x0-(I + F0)e0 + (A + E0)-
1gQ + h0 

= x - E0e0 + (A + EQ)-'gQ + h0. 



Therefore. e-\ = x-\ — x = —F^eo + (A + EQ) go + HQ. Hence 

INI < ||Fo||||e0|| + \\{A + £0)"1|||MI + ||M 

< p\\e0\\ + (1 H- p)||^4_1 ||TO H- r;0-

Similarly, ||e2 | | < Hleill + (1 + p) | | / l _ 1 ||")i + r/i. So 

||e2 | | < P 2 | | e 0 | | + (l + p ) | | A - i | | ( 7 1 + p 7 o ) + 77i+p'/70. 

The proof is readily completed by means of induction. 



Chapter 3 

The Schur aggregation and linear 

systems, the convergence theorem 

and error analysis 

3.1 The Schur aggregate and its condition number 

Xext we analyze how the singular values (and thereafter the norm and conditioned 

number) of the Schur aggregate depend on the singular values of the matrices A and 

C. 

T h e o r e m 3 . 1 . 1 . [4, 14]. Assume the matrices A, LI. V, and C — A + LIVH of sizes 

m x n, m x r. n x r and m x n. respectively, with full rank where the ratio r/n is 
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sm.all. Then the generalized inverse of A can be expressed as follows. 

A- = c~ + c~u{ir - ync-u)-1 vHc-

where C = A + UV . A A = In for m > n, A A = Im for m < n and S 

I c V H \ 

Ir — VC U is the Sch/a/r complement of the block C of the block -matrix 

yu ir j 
Proof. (Cf. [1].) For m < n, the matrix Im — UVHC is nonsingular, we have 

C = A + UVH, 

A = C -UVH = (Im-UVHC-)C, (3.1.1) 

A- = C-(Im-UVHC-)-1, 

whereas for m > n. the matrix I„ — C UVH is nonsingular and we have 

(3.1.2) 

A = C(In- C~U\ •rr^ (3.1.3) 

A- = (In-C-UV±i)-lC (3.1.4) 

For m < n, substitute C <— Im and VH <— VHC into the SMW formula in Theorem 

1.3.2 to get 

(Jm - UVHC-)~L = Im + U(Ir - V^C'-U)'1 VHC~. (3.1.5) 

For m > n, substitute C <— /„, and U <— C U into the SMW formula to get 

TT /-i-TT\-Urrr (in - c-uvN)-] =in + c~u{iT - v"c-u)-[\ (3.1.6) 
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We complete the proof by combining (3.1.2) and (3.1.5), and (3.1.4) and (3.1.6). We 

have ArA = In for m > n, and AA~~ = Im for n > m. D 

By post-multiplying A~ = C~+ C~U(I-VHC~U)~1VHC~ in the above theorem 

by a vector b, we express the solution of the linear system of equations Ax = b via the 

solutions of some linear systems with the matrix C (^-modification) and the Schur 

aggregate S = Ir — VHC~U, that is 

A~b = C-b + C-(J(Ir - VHC-U)-1VHC-b 

or equivalently 

A~b = C-b^C-US-xVHC-b. 

We consider the case where the matrices C and S are well conditioned, whereas the 

matrices U and V have small rank r, so that we can solve the above linear systems 

with the matrices C and S faster and more accurately than the systems with the 

matrix A (of. [1]). In this case the original conditioning problems for a linear system 

Ax = b are restricted to the computation of the Schur aggregate S. 

Let us follow [1] to supply some technical details. First, we estimate the j U l largest 

singular value of the matrix S'_1 for j = 1, ..., r in terms of the singular values aj(A^), 

o"i(C), and crp(C) of the matrices A~ and C. 

T h e o r e m 3.1 .2 . [1]. Let W denote an m x n matrix of full rank p = min {m, ra}. 

Write a+(W) = a1(\V),a.(W) = ap(W). Then we have a.j(M)(r_(W) < aj(MW) < 
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<Tj(M)tr+(W) and 

o-j(M)a_(W) < <jj(WN) < <7j(N)a+(W), for j = 1, . . . , p and p x p matrices M and 

N. 

Proof. Since the singular values are invariant in multiplication with a unitary matrix, 

it is sufficient to consider the case of a positive diagonal matrix W. In that case, the 

claimed bounds readily follow from the Courant-Fischer Minimax characterization. 

• 

T h e o r e m 3 .1 .3 . Under the assumption of Theorem 3.1.27 we have 

aj(W) — 1 < o-j(W + In) < o-j(W) + 1 for n x n matrix W and j = 1, 2, . . . , n. 

Proof. In [14], Theorem 3.3.3, take E = In. U 

T h e o r e m 3.1.4 . [1]. For positive integers m. n. and v. a normalized rn x n matrix A, 

and, a pair of unitary m,atrices U of size mxr and V of size n x ?\ write C = A-\-UVH 

and S = Ir — VHC~U. Suppose the matrices A and C = A + UVH have full rank 

p > r. Then the matrix S is nonsingular, and we have 

o-^A-yiiC) - a_(C) < cr^S-i) < cr,(A-)o-l(C) + a+{C) 

for a-(C) = ap(C), a+(C) = o i (C) < 2, and a^A') = l/ap-j+1(A) with j = 

l , . . . , r . 

Proof. Let rn > n. from Equations (3.1.3) and (3.1.4), Sn = In — C~UVH is nonsin­

gular. The matrix S is nonsingular as well because det S = det Sn. Xext, combine 
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Equation (3.1.4) with Theorem 3.1.3 for M = S'1. W = C~ and A~ = MW, to 

obtain that 

aj{S-v)a^(C-) < aj(A-) < a :,-(S ,-1)cr+(C-) for j = l , . . . . p . Wc then substitute 

<7_((7_) — l /cr+ (C) and <r+(C~) = l /cr_(C), and obtain that 

ajiA-^iC) < ajiS-1) < <TJ(A-)CT+(C), for j = 1 . . . . . p. (3.1.7) 

Taking W = C~~U and N = S*-1 in Theorem 3.1.3, and using the equation o~j(C~US~'lVH) = 

aj(C~US~1) for j = 1,. . . , r along with the inequalities 

CT-(C-U) > o-_(C-) = l/o"+(C)> a n d v+(C-U) < <r+{C-) = l / a _ ( C ) , we get 

a^S-^/a+iC) < OjiC-US^V11) < cr^S^/a^C) for j = l , . . . , r . Combine the 

latter bounds with Theorem 3.1.4 for W = C-US^V11 and Equation (3.1.6) to de­

duce that a^S-^/o+iC) - 1 < ajiS-1) < aj{S-l)/cr_{C) + 1. Therefore 

((7j(S-]) - l)o-_(C) < (Tj(S-) < ((TjiS"1) + 1)<7+(C) for j = 1, . . . ,r. We obtain the 

claimed bounds in the case of m > n, by combining the latter bound with equation 

(3.1.7). For rn < n, one proceeds similarly using the equations (3.1.2) and (3.1.5) 

instead of (3.1.4) and (3.1.6), replace Sn with Sm = Im — UVHC~. Furthermore, 

recall Theorem 3.1.3 at the first and second time, replace M = S~x with Ar = S^1, 

and replace W = C~U with W = VHC~. D 

Corollary 3 .1 .5 . [1]. Under the assumption of Theorem 3.1.4, we have 

amd-iS = corid-2 (S~) < (cond2C)(a1(A-)a+(C) + l)/(ar(A-)a^(C) - 1), 

11.911 = a-dS) = 1/o-jiS-1) < l/(ar(A-)a2_(C) - a_(0)). 
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Remark 3.1.1. Suppose A is an n x n nonsingular matrix with nnulA = r and UVH 

is a random, well conditioned and properly scaled A P P of rank r. Then the values 

an-j+\ (A)/tj\ (A) arc small for j < r and not small for j > r. whereas the value an(C) 

is expected to be of the order of an_r(A) > > o"ra_r+J (/t). Therefore, all the singular 

values av_7-_|_i(,.S) = l/aj(S~~1) for j = 1, . . . , r are expected to be of the order of at 

most an-j+i(A). Furthermore (cf. Corollary 3.1.5), cond2 S is likely to be of the order 

of at most (cond2C)2an-r+i(A)/crn(sA). whereas \\S\\ = cri(S) is likely to be at most 

of the order of an-r+i(A) / a^(C). We conclude that the matrix S is expected to have 

a small norm if C is well conditioned and nnulA = r > 0. 

The following algorithm highlights the computation of the matrices C, S, and A~^. 

Wc use the matrices U and V whose entries can be rounded to a fixed (small) number 

of bits to control or avoid rounding errors in computing the matrix C = A + UVH. 

In each recursive step, we choose the rank of an APC according to some fixed policy 

RAXK. e.g., in every step we set r = 1 or let r be the minimum rank of an APC 

UVH for which the matrix C = A + UVH is well conditioned. 

A l g o r i t h m 3.1 .6 . Recursive A-preconditioning and Schur aggregation. 

INPUT: a nonsingular n x n matrix A and a policy RANK. 

OUTPUT: the matrix A'1. 

COMPUTATION: 

0. Choose a positive integer r according to the policy RANK. 
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1. Generate the pair of normalized random nxr m.atrices U and V such that \\U\\ 

2. Compute a, crude estimate v for the norm \\A\\. 

3. Compute the matrix U = uU. 

4- Compute the n x n matrix C = A + UVH and its inverse C _ 1 . If this matrix is 

ill conditioned, set A <— C and, reapply the algorithm. 

5. Compute the r xr matrix S = Ir — VHC~A U and its inverse. (The computation 

of the matrix S may require high precision due to the cancelation of the leading 

bits in the representation of the entries.) If this matrix is ill conditioned, set 

A <— S and reapply the algorithm. 

6. Compute and output the nx n matrix A^1 = C~] + C~]US~]VTTC'~1 and stop. 

3.2 Solving linear systems with APC's and itera­

tive refinement/improvement 

Let A and C be nonsingular n x n matrices, and let UVH be an APC of a smaller 

rank r filled with short binary numbers, such that the matrix A is ill conditioned and 

the matrix C = A + UVH is well conditioned. We use the equation A^1 = C _ 1 + 

C~1U(lr — VH(.-~1U)~1VHC~1 to reduce the solution of the linear system Ax = b to 



56 

the computation of the vector C~1b and the matrix C~1U(Ir — VH0~1U)~1VHC~1b 

(or C'!~1US~1VHC/_16), for a well conditioned matrix C. Since the norm \\S\\2 is small, 

we must compute the Schur aggregate S = Ir — VTTC~XU with a higher precision. 

We apply MSAs in this computation. We also use the extension in [1] of Wilkinson's 

iterative refinement /improvement to computing the matrix W = C - 1 U with extended 

precision. In its classical form (see Section 2.3) the algorithm is applied to a single 

system Cw = u. It is easy to extend it to the matrix equation CW = U, but 

in the classical version, also the refinement stops when the matrix W = C~1U is 

computed with at most double precision. Wc apply a variant in [1] where the residuals 

dynamically decrease, which is a must for us. We represent the output value as the 

sum of fixed-precision numbers. Furthermore, we use the error-free floating point 

summation arid multiplication in Section 2.2 to eliminate the rounding errors when 

we compute the residuals and sum W = Wo + W\ + • • • + Wh­

in the next sections we follow [1] to prove convergence of the sum M/o + Wi + ...+Wfc 

to W = C-XU. 

3.2.1 Extended iterative refinement/improvement 

Let us specify and analyze the iterative refinement/improvement extended to both 

solving the matrix equation CW = U and extending the solution from double to 

extended precision. Now the goal is to compute the matrices W = ^Zi=1 Wi and 
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S = Ir - VHW = Ir + YH=I
 Fi f o r a sufficiently large k. We write U0 = U and 

SQ = Ir. and successively compute the matrices 

Ui+1 +- Ui-CWi, 

F. ^ -VHWi} 

Si+i <— Si + Fi for i = 0 , 1 , . . . , k. 

Remark 3.2.1. 1. Theorem 3.1.4 defines a small upper bound on the norm jj.S'll if 

the matrix A is ill conditioned and the matrix C is well conditioned. Therefore, we 

can have Si ~ 0 for i = 0.1, ... ,k and some positive integer k. At the ith step of 

iterative refinement/ improvement for i < k, we need to store; only the most recently 

computed matrix 5r,,+1 overwriting Si. Similarly, we can overwrite the matrices W^-i, 

Ui, and I7}-! with their updates Wj, Ui+i, and Fi, to save memory space. 

2. The matrices U and V are chosen up to a perturbation within a fixed small norm 

as long as this perturbation keeps the /4-modification C = A + UVH well conditioned. 

Likewise, we require that the matrices C _ 1 and Wi <— C~xUi be computed within 

an error bound that ensures the decrease of the residual norms Ui = \\Ui\\ (and 

consequently the error norm eL — \\Ei\\ since Ei = C~1U) by a fixed factor 1/9 

exceeding one in each iteration. 

3. Within the allowed perturbation norm, we vary the matrices U. V. C^1, and Wi 

for all i to decrease the number of bits in the binary representation of their entries. 
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First, we estimate from above the norm of the input perturbation and the precision 

of computing that ensure the output error norm within the fixed tolerance bound. 

Next, we perturb the input within the estimated error norm to represent it with 

fewer bits. In particular, we set to zero the absolutely smaller input entries and 

round every other entry to fewer bits. Finally, we perform the extended iterative 

refinement/improvement and verify that it converges as expected, or otherwise we 

correct our policy of input perturbation. 

The following theorems give us an estimate for the errors Ei and the parameter 

1/0. 

T h e o r e m 3 . 2 . 1 . [1]. Consider the sub-iteration 

Wi +- fliC-1^) = C~Hl, - E, 

ut+1 +- ut-cwt 

for i — 0,1, ... , k and U = UQ. Then 

C(Wo + --- + Wk) = U-CEk. 

Proof. We have CWi = Ui — Ui+i, i = 0, 1,. . . , k — 1. Sum this latter equation to 

obtain that C(WQ + • • • + Wk-i) = Uo — Uk- Substitute the equations UQ = U and 

Uk — CWh + CEk and obtain the theorem. • 

The theorem implies that the sum W0 + • • • + Wk approximates the matrix W = 

C~1U with the error matrix —E\~. It remains to show that the error term Ei converges 
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to zero as i —> oo. 

T h e o r e m 3 .2 .2 . [1]. Assume that Wt = (C - E^Uj = C^U, - Et for all i. 

Write e-i = \\Ej\\. Uj = \\Ui\\, and 6i = Si \\C\\ where 

8i = S(C, E-i) = 2||/J,-||i,-ma:r{||C-1|| , \\(C — i ^ ) - 1 ! ) 2 } . Then we have e-L < SiUi for all 

i, and ei+i < Ojfij,. ui+1 < QiUi for i = 0, 1 , . . . , k — 1. 

T h e o r e m 3 .2 .3 . [1]. We have Ui+\ = CE-, and consequently ui+1 < ei | |C|| for all i. 

Proof. Pre-multiply the matrix equation C~1Ui — W{ = Ei by C and add the resulting 

equation to the equation Ui+\ — Ui + CWi = 0. • 

L e m m a 3.2.4 . Let C and C + E be two nonsingular matrices. Then 

\\{C + E)-1 - C - 1 ! ! < \\{C + E)~ -C~\\F < 2 | | £ , | | F ma.x{ | |G- 1 | ! 2 , | | (C Y - J E)- 1 | | 2 } 

Proof. Sec [14. Section 5.5.5]. D 

Corollary 3.2 .5 . [1]. Assume that Wt = iC-E^U, = C^Ul - FH. Then et < S^ 

where Si =5{C1Ei) = 2\\Ei\\Fm,ax{\\C~^ \\ , ||(C—.E!j)_1 | |2}, et = \\Ei\\, andiii — \\Ui\\. 

Combining Theorem 3.2.3 and Corollary 3.2.5, we obtain ui+i < OiUi and ei+i < 

Qiei for 0i = Si \\C\\ and for all i. 

Remark 3.2.2. For 6 = maXiOi < 1, the theorem shows linear convergence of the error 

norms e,; to zero as / —> oo. This implies linear convergence of the sum Wo + W\ + 

... + Wk to W, !J0 + U\ + ... + Uk to U, F0 + Fi H f- Ek to F. and Sk to S. 
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It remains to estimate 6i. 

C o r o l l a r y 3 .2 .6 . [1]. Assume that the matrix C is well conditioned. Then we have 

linij—xx; Oj = 0 . 

Proof. The matrix C is well conditioned, therefore the ratios r-L = \\E.i\\F/\\C\\F are 

small and cond{C — EA ~ condC (cf. [14, Section 3.3]). Then 

0i = Si\\C\\ 

= 2rimax{cond'1 C, cond2{G - Et)} \\C\\F /\\C\\ 

« 2(condCfrl\\C\\F/\\C\\ 

< 2(condC)2rin < 1, for all/ . 

• 

3.3 The convergence of iterative 

refinement/improvement 

Suppose A is an ill conditioned nonsingular n x n matrix with nnulA = r, UVH 

is a random, well conditioned and properly scaled APC of rank r < n, and the A-

modification C = A + UVH is well conditioned. Surely, a small norm perturbations 

of the generators IJ and V, caused by truncation of their entrees, keep the matrix 
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C well conditioned. We rewrite the iterative refinement /improvement algorithm to 

solve the linear system CW = U with UQ = U. 

A l g o r i t h m 3 . 3 . 1 . 

CWk = Uk (3.3.1) 

£4+i = Uk- CWk (3.3.2) 

Xk = W0 + • • • + Wk, for k = 0,l, 2, . . . . (3.3.3) 

The solution W of the linear system CW = U is computed by means of Gaussian 

Elimination with Partial Pivoting (hereafter GEPP) . It is corrupted by rounding 

errors of the computation of Wk in (3.3.1), so that the computed matrix Wk turns 

into (C + Fk)~
lUk. Fk is the perturbation to the matrix C. Another source of error 

is the computation in (3.3.2), which numerically turns into the equation Uk+\ = 

Uk — CWk + Ek, where Ek is an error matrix. (Recall that the summation (3.3.3) 

is error free (see Section 2.2.1).) Factoring in the above errors, Algorithm 3.3.1 is 

executed as follows. 

A l g o r i t h m 3.3 .2 . 

W0 = C^UQ (U0 = UandC0 = C + F0) 

Wk = (C + Fk)-
1Uk 

' 4+ i = Uk-CWk + Ek 

Xk = W0 + W! + --- + Wk. for k = 0. 1, 2.. . . . 
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Algorithm 3.3.2 generates a sequence XQ, X±, X2, ... of approximate solutions. The 

question that we address next is the following. Does the sequence of approximate so­

lutions X0, X]. X2, ... converge to the solution W of CW = U'l The following theorem 

answers this question. We call this theorem the convergence theorem of iterative 

refinement/improvement with ill conditioned matrix. 

T h e o r e m 3 .3 .3 . Solve the linear system, CW = U, derived from the ill conditioned 

linear system Ax = b, by applying the following additive preconditioning algorithm,. 

W0 = C^Uo (U0 = U and C0 = C + F0) 

Wk = (C + Fky'Uk (3.3.4) 

Uk+1 ^Uk- CWk + Ek (3.3.5) 

Xk = W0 + --- + Wk, for k = 0,h 2,.... 

Denote Fk = Ck — C. 

If 
11 *•—̂ —1 77 11 

1 ,,„_-, „ < f> < land (3.3.6) 
1 — \\C Ll'k\\ 

\\Ek\\ <lk fork = 0,1,..., (3.3.7) 

then 

\\Xk ~X\\< Pk\\*o - X\\ + (1 + p) | |C- 1 | | ( 7 f c + Plk-i +••• + Pk-"lx). 

In other words. \\Xk — X\\ is bounded by 0(jk) for a, certain integer k. 
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Proof. We have 

(/ + C^Fk)-1 = 1 + Ek where \\Ek\\ < f> (3.3.8) 

due to Theorem 1.2.1 in Chapter 1 and the hypothesis (3.3.6) A L , ^ ,, < p < 1. 

Next observe that (/ + C " 1 ^ ) " 1 = [C^iC + F^)]"1 = (C + F^C. 

Since (J + C'1 F^,)"1 = T + Fk from (3.3.8), we have 

(C+Ff^C = l + ltk, 

(C + Fk)-
L = (I + EJC-1 

= C^ + EkC'1, and so 

IKC + Ffc)-1!! < ||L7-1|| + ||Ffe||||C'-1||, 

IKC + Ffc)"1!! < HC"1!! +PHC-11| using ||Ffc|| < p , 

||(C + F f c ) - 1 | | < ( l + p)| |C-1 | | . (3.3.9) 

X0 = W0 = Co'Uo. 

From (3.3.3), we haveXi — WQ + W\ and successively obtain that 

Xi = WQ + C^IA using (3.3.4), 

Xi=X0 + C^(U0 - CW0 + E0), 

Fk = Ck-C so F1 = C1-C and d = Fx + C. 

X1 = X0 + (C + F i ) - 1 ^ - C'VVo + F0), 
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X, = X0 + (C + F1)~
1(U0 - CW0) + (C + F^Eo. 

X, = X0 + [C(I + C - 1 ^ ) ] - 1 ^ - C\V0) + (C + F , ) - 1 ^ -

X1 = X0 + (I + C^F^C-^UQ - CWo) + (C + F^Eo, 

Xl = X0 + (I + C-1F1)-
1{C-1UQ - W0) + (C + F.r'Eo. 

We obtain by using (3.3.8) that 

X1 = X0 + (I + ^(C-H/o - Wo) + (C + F^Eo, 

X1=X0 + (I + E,)(X - Xo) + (C + F^Eo, 

X — Xo — —(XQ — X), 

X1 = X0-(I + A)(Xo - X) + (C + Fj-'Eo, 

XL = Xo - (Xo -X)- A(Xo - X) + (C + i ^ ) " 1 ^ , , 

Xt = X0 -Xo + X-E1(XQ-X) + (C + F.r'Eo, 

X1 = X - EX(X0 - X) + (C + F^-'EQ. 

Taking the norm on both sides we obtain that 

\\Xr-XW = || -E1(Xo-X) + (C + F1)-
1Eo\\, 

\\xx-x\\ < \\Fn\\\\x0- xii + IKC + FX)- 1 unroll. 

file:////Xr-XW
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By using the hypothesis ||i?i|| < p, we have 

| | * i -X\\ < p\\X0-X\\ + IKC + F i ) - 1 ! ! ! !^ ! ! . Due to the bound 

| | ^ | | < 0 A : , (3.3.7) 

the inequality turns into 

| |Xi - * | | < p\\X0- X\\ + IKC + F i ) - 1 ! ^ ! , tha t is 

| | * i - * | | < p\\X0 - X\\ + (1 + /o)| |C_ 1 | |7i, due to the inequality (3.3.9). 

The same argument leads to 

\\X2- X\\ < p\\Xi -X\\ + ( l + p) | |C ,-1 | |72 , so that 

\\x2 - x\\ < p(p\\x0 - x\\ + (i + P) ! !^- 1 ! ! - , ) + (i + p)|!C-1||72. 

11*2 - * | | < P
2\\x0 - x\\ + (i + p ) ! ! ^ - 1 ! ! ^ + poO (3.3.10) 

and 

| |*3 - * | | < p | | * 2 - * | | + (1 + PJUC-^lo-a, 

which gives us 

| |*3 - * | | < P 3 | | * O - * | | + (1 + P) | |C- 1 | | ( 73 + P72 + P27i) 

due to the inequality (3.3.10). By induction, we yield the claimed result 

II** - * | | < Pfc||*o - * | | + (1 + p)||C-1 | |(7fc + Plk-i + ... + P ^ S ' i ) - (3.3.11) 

• 
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Corollary 3 .3 .4 . Under the assumption of Theorem, 3.3.3. if ^k < 7 for oil k then 

II Y V\\ <^ nk\\Y Y" 11 _l_ f 11 r'~111 ~ 
1-p 

In particular if 7 = lini sup j k then 

l i m s u p | | X f c - X | | < p f c | | X 0 - X | | + 2 - t i ! | | c - i | U . . 

1 - P 

Proof. This corollary is a straight-forward consequence of Theorem 3.3.3 as well as 

Theorem 1.2.3 in Chapter 1, which states that if l im^oo pk = 0, then ( / — P ) _ 1 = 

Y2'kLoPk- Using (3.3.11), we deduce that 

\\xk -x\\ < P
k\\x0 -x\\ + (1 + p)||c-1||||(7fe + p7fe+1 +... + p*-^!) 

Applying the bound 7^ < 7, we obtain 

\\Xk - X\\ < pk\\X0 - X\\ + (1 + p ) | |C _ 1 | | ( 7 + P7 + ... + p f c _ 17). Factoring out 7, we 

yield 

\\Xk -X\\< pk\\X0 - X\\ + (1 + p ) | | C - 1 | | 7 ( l + p + ... + pk-1) 

\\xk - x\\ < P
k\\x0 - x\\ + (1 + p)\\c-l\\^ ~ p 

1 - p 

This inequality for larger k turns into 

.,k\\v v\\ , 1 + P | I ^ - H \xk x\\ < P
k\\x0 x\\ + —J^wc-1^. 

1-p 

Next recall that 

7 = limsup7 f c . 
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For all k, we have 7/. < 7 = limsup7fc. Therefore, inequality (3.3.11) in Theorem 

3.3.3 gives us 

ll**-*ll < pk\\x0-x\\ + (i + p)\\c-1\\(n+pn- + ... + P
k-1j) 

\\Xk-X\\ < pk\\X0-X\\ + (l + p)\\C-1\\^(l + p+... + pk-1). 

By using 
fc-i 

w e prove the claim tha t 

" P 

k\\v „\\ 1 1 + ^ll/^-l 

1 - / J 

• 

Remark 3.3.1. 

fell v v l l 1 ^ Z9 I l ^ - l I ll^fc - X\\ < p«\\X0 - X\\ + — ^ - | | C 
1 - p 

states that the error ||Xfc — X | | with which X is approximated decreases geometrically 

by a factor of p < 1 until it gets bounded by 11<TÎ  x11-̂y or 0 ( 7 ) . This fact will also be 

shown in the error analysis in the next section. 

3.4 Error analysis 

In the last part of this thesis, we provide the backward and forward error analysis. 
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Let us consider the linear system CW = U where C is an n X n well conditioned 

nonsingular matrix and U is an n x r matrix (see the previous section). 

We compute the matrices U0 = U and W0 = C~' U0 = X0 by applying Gaussian 

Elimination with Partial Pivoting (GEPP) . We apply Algorithm 3.3.1, which we 

rewrite as follow. 

(1) Solve CWk = Uk using the G E P P 

(2) Uk = £4_i - CWfc_i 

(3) Xk = W0 + ... + Wk, for k = 1, 2, . . . 

The residual Uk in (2) and the new approximate solution Xk in (3) arc computed 

using double precision arithmetic u. The matrix Wk in (1) is computed using single 

precision arithmetic u. 

The algorithm in (1) is backward stable, which means that there exists a matrix 

Ek such that 

(C + Ek)Wk = t/fc where \\Ek\\ < c(k)v\\C\\, (3.4.1) 

that is, \Vk is an exact solution for the approximated problem, c(k) is a linear function 

in k. Here is our error bounds in step (2) performed in double precision arithmetic, 

Uk = /Z(C4-i - CWk-!) = Uk-! - CW^ + AEk (3.4.2) 

where 

\\AEk\\ < Cl(A;>l(||C||||Wfe_i|| + ||£/fc-i||). (3.4.3) 

Xk = fl(Wk-! + Wk) = Wk-! + Wk. (3.4.4) 

We prove the following proposition. 



69 

P r o p o s i t i o n 3 .4 .1 . Let C £ A " x " be nonsingular and consider the linear system 

CWk = Uk- If c(k)co7id,Cu < p < 1, then the matrix {C + Ek) is nonsingular and 

(C + E,)-1 = (I + FJC-1 where \\Fk\\ < c(k)amdCu 

1 — c\k)condCu 

or equivalently. 

(C + Ek)-' =C~\I + Fk). 

Proof. Corollary 1.2.2 states that if Hyl-1^!) < 1 then A — E is, nonsingular. Since 

(C + Ek) is nonsingular, it remains to prove that ||C-1i?fc|| < 1, which is the case 

because 11<̂7~ 1^7fc|j < H C " ^ ^ ^ ! . Therefore 

IIC"1^!! < ye-1!! c{k) u\\c\\ 

due to (3.4.1). Consequently, 

IK',_1£jfc|| < C ( A ; ) | | C , - 1 | | | | C | | M , 

WC^EkW < c(k)condCu, condC =\\C-1\\\\C\ 

I I C " 1 ^ ) ! < c(k)condCu < p < 1. (3.4.6) 

Let us now prove that (C + Eky
l = i1 + Fk)C~x (or (C + Ek)-

X = C'-l(I + Fk)) 

where 

c(k)cond,Cu 
Fk < 

1 — c(k) cond Cu 
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First, we observe that 

(C + Ek)-1 = (c(I + C-lEk^ 

- 1 IT \ - l ^ - Y - l = (I + C-'E^-'C 

Furthermore 

(C + E ^ - C - 1 = (i-C-^C + E^yC + E*)-1 

= -C-^Ek(C + Ek)-\ 

Consequently, 

(C + E,)-1 = C-y-C-lEk(C + Ek)-^ 

= C-^I-EkiC + E-, '-•k) ° 

= Cr1 (/ + Fk) where Fk = -Ek(C + E, 

Taking the norm on both sides we obtain 

\\Fk\\ = \\-Ek(C + Ek)-
]\\ < \\Ek\\ | |(C + £ f c ) _ 1 | 

From Corollary 1.2.2, we deduce 

(C + Ek)~
1= "-' 

k) ^ 

1 - WG-^Ek 



Therefore. 

lie-1! 

\\rk\\ < H-C/fc 

11̂*11 < 

M i l l i e - 1 ! I 

l - H C - ' ^ l l 

Now (3.4.1) and (3.4.6) together imply that 

c^o-ulic'iiiic-1! 

\Fk\\ < 

1 — c{k)cond Cu' 
c(k)condCu 

1 — c{k)condCu 

The same argument is used to deduce that (C + Ek)~
x = (I + i?

fc)C_1. 

(C + E ^ - C - 1 = (C + Ek)-
1(l-(C + Ek)C-1') 

= {C + Ek)-\C - I - EkC-x), 

(C + Ek)-
1 - C-1 = (C + Eky

] (-EkC-'). Hence 

(C' + Ek)-1 = -{C + Ek)-
lEkC-Y + C-1 

= (-(c+^-^fc + ^c-1 

= (i-iC + E^E^C-1 

= (I + Fk)C-\ 

for Fk = -(C + Ek)-
1Ek. 
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3.5 Forward error analysis 

We obtain from Equation (3.4.1) that 

Wk = {C + Ek)-HJk. (3.5.1) 

Therefore, X - Xk = X - Wk-X - Wk. We obtain 

X - Xk = X - Wk^ - (C + Ek)-Hjk by using (3.4.1), 

X - Xk = X - Wk-! - (C + Ek)-\Uk^ - CWk-! + AEk) by using (3.4.2), 

X - Xk = X - Wk_x - ( / + Fk)C-' (C/fc_! - CWk^ + AEk) by using (3.4.5) in 

Proposition 3.4.1, 

X - Xk = X - W V i - (I + Fk){C-'Uk^ - Wk^ + C" 1 AEk) , 

X - Xk = X- MVi -([ + Ffc)(C-1f/fc + C^AEk) by using (3.4.1). 

Therefore, 

xk = wk_x + wk, 

Xk = Wk-1 + C~1Uk, 

Xk - Wfc-i = C-'Uk, 

so tha t X - Xk = X - Wfc_! - ( / + Fk)(Xk - Wk-r + C^AEk), 

X -Xk =X- Wk_x - (Xk- M4_0 - F k ( X k - M4-i) - (I+F^C-1 AEk. Consequently 

X - Xk = X - Wk.t + Xk + Wk_, - Fk(Xk - M4_i) - (I + F^C-'AE,, 

X-Xk = -(X - Xk) - Fk(Xk - Wk^) - (I + Fk)C-]AEk, and so 

2(X - Xk) = -Fk(Xk - Wk-{) -(1 + Fk)C~1AEk. 



Without loss of generality we can assume that 

X - Xk = -Fk(Xk - Wk^) - (/ + F^C-iAE,,. 

Recall that \\Fk\\ < 1. take the norm on both sides, and obtain 

| | ^ - ^ f c | | < | | JF
,
f c | | | |X f c-V^_1 | | + 2||C-1||||AJE;fc||. 

Recalling (3.4.3) and (3.4.4), we deduce that 

\\X-Xk\\ < \\Fk\\\\Xk - WVil! +2||CY-1 | |c1(fc)M(||C||||Wfc_1 | | + 

Recall the following inequalities, 

(3-4-5) \\Fk\\ < 4 $ ^ ^ < 1 

(3.4.4) Xk = M4_x + Wk, so Wk = Xk - Wk^ 

Wk = X- Xk_x + Wk-X + Xk_j 

\\Wk\\ < \\X - Xk_L\\ + \\X\\ 

so \\Xk - R'fc_i|| < ||Wfc|| < \\X - Xk_t\\ + \\X\\ 

(3.4.3) \\AEk\\ < dC^UdlCIIH^-Tll + |K4-i||). 

We also have 

||wfc_i|| < \\x - x^w + \\x\\ 

\\Uk-i\\ < \\C\\\\Wk\\ 

Wk-iW < I I C I I I I X - X ^ . I I + IIC'IHIXII. 
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\X -X k\\ < 

X - Xi 

:{k)condCu 
\X — Xk-\\ 

\X-Xu\\ < 

1 — c{k)condCu 

+ 2 HC^IId^aiCllllX-AVill) 

_i_ 11 C111 11 V 11 _i_ 11C11 11 Y V I i _L 11 f111 11 V I 
-r (..< .A -+- O v \ — -Afc_i -+- C> A | 

c(k) u 

\x-xh\\ < 

1 — c{k)condCv, 

+ 4| |C-1 | | | |C| |ci(fc)u| |X 

c{k)condCu 

+ 2||C- i | | | |C f | |c1(/e)-u-2 IX — Xfc_i| 

\x-xh\\ < 

1 — c(k)condCu 

+ AcondC Ci(/c)'u||X 

c(k) 

+ AcondC c\{k)u \X-Xk 

< 

|_1 — c(k)condCu 

+ AcondC c\{k)u\\X 

c(k) 

+ 4Cl(k) 

+ ACl(k) 
1 — c{k)condCu 

+ AcondC ci(A;)u||X|| 

\X-Xk\\ < a.WX - X^W + a2\\X\ 

condC-uMX - XkA 

condCu\\X - XkA 

where 

Ot\ 
c(k) 

+ 4ci (k) I cond Cu and 
1 — c{k)condCu 

a,2 = AcondC Ci(k)u. 

Assuming |«i | < 1 and 1_
2
b i^ondCu ^ ^ w e deduce that 

\X - X f c _ i | | < ax\\X - X f c _ 2 | | +Q2 | |A"| 
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Therefore. 

\\X - Xk\\ < a\\\X - Xfc_2|| + Q-iCtallXH + o 2 | |X | | . 

We also recall that 

||A' - Xk_2\\ < a i | | X - Xfc_3|| +a2\\X\\, 

so tha t 

\\X -Xk\\ < al\\X - Xfc_3|| + o^o;2 | |X|| + « 2 | | ^ | | , 

and 

\\X - Xk\\ < a\\\X - Xfe_4|| + a\a2\\X\\ + aia2\\X\\ + a2\\X\\. 

\X-Xk\\ < a$-L\\X - XiW + ( a f + « i + • • • + ^)a2\\X\\ 

\X-Xk\\ < a^WX-XoW + (1 + « ! + . . . + a*-3 + ak
1-

2)a2\\X\ 

1 — r > f c _ 1 

| X - X J | < akx'\\X - X0\\ ^ ^ - a 2 | | X | | . 
1 — a-i 
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Therefore. 

(>••> 

lim < —\\X\\ 
k^oc 1 — Q'x 

4:CondC Ci(k)u.. ,,.. 
lim L X - X f c | < -^^\\X\\ 

&—>oc 1 — ax 
IIX — XjJI AcondC cAk)u u 

lim 7——: < < fc^oo \\X\\ ~ 1 — OL\ ~ 1 — Oi\ 
11 v v 11 „. i 

lim —T-— < = 0{k)u, j3(k) = is a constant 
fc^oo \\X\\ 1 — OL\ ' \ — OL\ 

v \X ~~ -^fcll ^ r>( \ lim ——- < U(u). 
k—>oo X | 

These results are in line with Higham's results discussed in Section 2.3.1 in Chap­

ter 2. We deduce normwise errors, which are superior to the componentwise errors 

discussed by Higham in [6]. (cf. [6], page 234, Theorem 11.1). 

3.6 Backward error analysis 

We recall from (3.4.1) that (C + Ek)Wk = Uk, and 

(3.4.4) Xk = Wk-± + Wk. We have 

X-Xk = X-Wk-1 + Wk, 

X — Xk = X — Wk-\ — (C + Ek)~
1Uk. By combining these equations with (3.4.4) 

deduce that 

X - Xk = X - Wk.x - C - 1 (/ + Fk){LJk - CWk_x + AEk). 

By pre-multiplying by C, obtain 

CX - CXk = CX - CWk--L -(1 + Fk)(Uk - C W V i + AEk). 
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CX - CXk = CX- CWk-i - F^Uk-i - CWk-i) - (I + Fk)AEk - Uk^ + CWk.x. 

After cancelation this gives us 

-CXk = -C/fc_, - Fk(Uk^ - CWk-t) - (I + Fk)AEk7 

Uk-! - Cxk = -Fk(Uk^ - CWfc_i) - ( / + Fk)AEk. 

By combining (3.4.3) with the latter equality, we deduce that 

jjk_x _ C(Wk-X + Wk) = -Fk(Uk^ CW*_,) (I + Fk)AEk, 

Uk-! - CWk.x - CWk = -FkiU^ - CWfc_i) - ( / + Fk)AEk. 

Uk-! - CWk-! = Uk from (3.4.2), so that 

Uk - CWk = -Fk(Uk^ - CWfc_,) - ( I - Fk)AEk. 

Taking the norm on both side and using ||-Ffe|| < 1 obtain 

I! Uk - CWk || < 11 Fk 1111 £4-i - CWfc_i 11 + 211 AEk | | 

\\Uk ~ CWk\\ < | | i4 | | | |£4- i - CW fc_i|| + 2c1{k)u(\\C\\ \\Wk-i\\ + IKA-ill) 

\\Uk - CWk\\ < WFkWWUk-^ - CWk-!\\ + 2C l ( /c)u | |C | | | |HVi | | + 2 C l ( f c )« | | ^ - i | | 

\\Uk-CWk\\ < ||Ffc||||*7fe_i ~CWk^\\ + 2c,(k)u\\Uk^1\\+2c1{k)u\\C\\\\Wk^\\. 

Let us write Uk-i = Uk-\ — CWfc-i + CWfc-i- Taking the norm on both side we obtain 

| |£4-i | | < | | E 4 - i - C W f e _ i | | + ||CW fc_i||, 

| | ^ - i | | < l l^-i-CWfc-JI + IICIIIIWfc-JI, 



so tha t 

\\Uk - CWk\\ < \\Fk\W\Uk-i_ - CWk-X\\ + 2cx(k)u{\\Uk-X - CW fc_,|| + ||C||| |W fc-i 

+ 2c1(fc)u||C||||Wfc_1|| 

\\Uk - CWkW < || Ffc|| \\Uk_! - CW fc_i|| + 2c1(k)u\\Uk-1 - CWk^\\ 

+4ci(fc)S||C||| |W fc_i|| 

11% - CWk\\ < (\\Fk\\ + 2c1(k)u\\Uk.1 - CWk-X\\ 

+4ci(A;)it||C||||Wfc_,||. 

Dividing the latter inequality by | |C|| HWfe-ill and using the inequality ||Wfc_i|| 

\\Wk||, we deduce that 

< (j|Ffc|| +2c1(fc)fZ)1 1^-1 " J ^ V 1 1 +4C l(fc)u 
11^ IIII Wk-i II 

/ cx{k)condCu \ \\JJk_v - CWk-V\\ 
\ 1 — Cx\k)condCu ) \\C \\\\\\ k-i\\ 

\\lh -

¥h -

\\Uk ~ 

-cwk^\ 
Wk\\ 
-cwk^ 
II ̂  A-II 
•cwk\\ , \\Uk-! - CWk-! 

\c\\\\wk\\ - -Xl \\c\\\\wk^ ^ tti—ii^iiMT^—n— + a 2 , 

where 

and 

Therefore. 

, d(k)condCu , 
a-, = —— — h zci (k)u = Ci (k)condCu 

1 — Ci(k)condCu 

a'2 = 4ci(k)u. 

\Uk-CWk\\ , Wk-i - CW^W , 

\\c\\\\wk\\ -ai iiciiiim-,ll 2 

file:////Fk/W/Uk-i_
file:////Uk_
file:////Uk-
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and 

Uk^-CWk^l , \\Uk-2 - CWk-2\\ , 
11 f 'I I 11 W II — l 11 ^ 11 11 H r 

IK-' INI Wfc-ill IIMIII14 fc-2 
By combining the last two inequalities we obtain 

\Uk-CWktt ,2\\Uk-2 - CWk-2\\ , , . , 
— a i — n u NTT/ il \- a^a.2 + a2 \C\\\\Wk\\ - i IICIIHWV2! 

\uk — cwk\\ ,k , / f c_i /fc_2 rx 
C W l fc 

Uk-CWk\\ ^ ,*, , 1 - a / * 

l|C||||Wfe|| - ' ^ 1 - a ' i 

At the limit we obtain 

\\Uk-CWk\\ a'2 ±c.Ak)u 
lim " „ , " < 2 - V ' fc-cc ||0|| | |W fc | | ~ l - « i l -c i ( fc )cond6 'M 

r IKA-CWfcll . 4Cl(A-) 
hm —,, „ , ,,— < fc^oc IK-'IHlWfcll 1 — c'^tycondC'u 
v WlJk-CWk\\ 
} n n uruuw 11 - °^u)-

—HDC \\^-' \\\\V*k\\ 

These inequalities confirm the result in Remark 2.0.13 on page 30 in Chapter 2. 

The approximate solution Wo + W\ + W2 + . . . + Wk —> W = C~1U can be regarded 

as very satisfactory. 

Remark 3.6.1. Theorem 3.2.1 and Theorem 3.3.3 along with the error analysis imply 

that the sum W0 + W\ + W2 + . . . + Wk approximates the matrix W = C~1U, solution 

of the linear equation CW — U with an error no larger than the uncertainty of the 

file:////Uk-2
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data A and b. 

We have W = E / = , ^ ' - We successively compute the matrices Fj <— —VHWi, and 

S <- ir + E L i ^t (cf- Remark 3.2.1). 

Finally, we compute the vectors C~1b, C~1US~1VHC~1b and the improved solu­

tion x = A - 1 ft = C - 1 / ) + C~1US~1VHC~1b of the ill conditioned system Ax = b. 

3.7 Stopping criteria 

The extended iterative refinement/improvement process should stop where 

(1) " " ^ j j - 1 " < cu, for c ~ Vk. 

(2) \\Uk\\ < c||C||||Wfc_i||w, f o r c ~ \fk (this is based on ||AEfc | | < c, (A;)M(| |C| | ||Wfc_i|| + 

IKA-ilD-

(3) "^C^V1 < ™ for c ~ Vk. 

3.8 Final comment 

Further research in the direction of our study is likely to reveal additional reduction of 

the upper bounds on the error norms proved in this thesis and thus would lead us to a 

smaller error norm, bound \\Xk — X\\ with which the sum, Xk = Wo + W-i + • • - + Wk • • • 

is approximated. 
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