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Abstract

INTEGER SEQUENCES ASSOCIATED WITH TREES
by

Ronald Skurnick

Advisor: Professor Joseph Malkevitch

The weight a(v) of a vertex v of a tree T is the size (i.e.,
number of edges) of a maximal subtree T, of greatest size which
starts at v in T. The centroid of T is the set of all vertices of T of
minimum weight.

A non-increasing finite sequence A = {ay, a2, ..., an} (n22) of
positive integers is said to be the centroid sequence of a tree
if there exists a tree T of order n whose vertices can be labeled
V1, V2, ..., Vpsuch that a(v;) =g foreachi=1, 2, ..., n. The centroid
sequence of a tree of order n > 2 is characterized and properties
of the centroid sequence of a tree are presented.

A caterpillar C is a tree on n = 3 vertices such that if all the
1-valent vertices of C are removed, the resulting graph is a
(possibly degenerate) path. The centroid sequence of a caterpillar
is characterized.

The eccentricity e(v) of a vertex v of a connected graph G is
the maximum distance in G from v to any vertex of G. The center
of G is the set of all vertices of G of minimum eccentricity.

Several characterizations of the center of a tree are given.
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A non-decreasing finite sequence E = {ej, €2, ..., ep} (n22) of
positive integers is said to be the eccentricity sequence of a tree
if there exists a tree T of order n whose vertices can be labeled
V1, V2, ..., Vp Such that e{v;) =e; foreachi=1, 2, ..., n. A new proof
of and results related to Lesniak's characterization of the
eccentricity sequence of a tree on n = 2 vertices are presented.
Additional results and aigorithms concerning centers, centroids,
and their associated sequences are also provided. In particular,
results are obtained for when a vertex v in a graph G is in the
centroid or center of some spanning tree of G, or is the centroid or

center of some spanning tree of G.
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CHAPTER 1 INTRODUCTION

1.1 Preliminaries

The focus of the present study is on a special class of graphs
called trees. Trees are important because of their many
applications to a variety of fields, including facility location
within a network and cost minimization in the construction of
communication and railway networks, as well as the special role
they often play within graph theory itself [3]. The concepts of
centroid and center, ideas designed to capture the notion of
“central location,” as they apply to trees, are discussed in some
detail in Chapters 2, 3, and 4. A good portion of the present study
deals with the centroid sequences of trees which, heretofore,
have been unexplored in the literature.

Chapter 2 presents the concept of the centroid of a tree in
terms of its branch-weight definition. Several theorems are
proved about the centroid of a tree, and an algorithm for locating
the centroid of a tree of order n > 3 is presented. In addition, the
centroid sequence of a tree is defined. Necessary and sufficient
conditions are established regarding whether a given finite
sequence of positive integers is realizable as the centroid
sequence of a caterpillar, which is a special kind of tree, and,
more generally, of a non-trivial tree. A theorem characterizing
the frequency distribution of the centroid sequence of a tree is

discussed. The relationship between the branch-weight definition
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of the centroid of a tree and P. Slater's definition of the centroid
of a connected graph [12], as applied to a tree, is then explored,
and several observations are made.

Chapter 3 treats the concept of the center of a tree. Some
properties of the center of a tree are discussed, and the
eccentricity sequence of a tree is examined. Necessary and
sufficient conditions for a finite sequence of positive integers to
be the eccentricity sequence of a caterpillar and of a non-trivial
tree are discussed. A significant difference between the centroid
sequence and eccentricity sequence of a tree is considered.

Chapter 4 presents necessary and sufficient conditions for
each vertex of a graph G to be (in) the centroid (respectively,
center) of some spanning tree T of G. There are also several
examples of trees that are noteworthy because they either
ilustrate a specific concept discussed in Chapter 2 or Chapter 3
or they show the relationship (or lack thereof) between the
concepts mentioned in these two chapters. In addition, several
theorems are proved about the centroid, centroid sequence, center,
and eccentricity sequence of a tree. Chapter 4 concludes with a
list of open problems related to the subject matter of the present
doctoral dissertation.

As for the remainder of the present chapter, we will define
the terms and notation that we will need for this thesis, and state
some needed results of graph theory. We will follow the
terminology of Gary Chartrand's and Linda Lesniak's Graphs and
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Digraphs [4], and Fred Buckley's and Frank Harary's Distance In
Graphs [3].

1.2 Graphs, Plane Graphs, Graph lsomorphism,
and Valence of a Vertex

A graph G is 2 finite non-empty set of objects, called
vertices (singular: vertex) or nodes, together with a (possibly
empty) set of unordered pairs of distinct vertices of G, called
edges. We shall denote the vertex set of G by V(G) and the edge
set of G by E(G). A graph His a subgraph of a graph G if
V(H) € V(G) and E(H) < E(G); in this case, we also say that G is a
supergraph of H. We denote the fact that H is a subgraph of G by
writing H < G. If W is a non-empty subset of the vertex set V(G)
of a graph G, then the subgraph <W> of G induced by W is the graph
having vertex set W and whose edge set consists of those edges of
G incident with two elements of W. A subgraph H of G is called
vertex-induced, or induced, if H = <W> for some subset W of
V(G).

If e = (u, v) is an edge of a graph G, then e is said to join
vertices u and v, and u and v are adjacent vertices. In addition,
edge e is incident with vertex u and with vertex v.
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The cardinality of the vertex set of a graph G is called the
order of G and is denoted by 1V(G)I, while the cardinality of the
edge set of G is called the size of G and is denoted by IE(G)l. A
(p,q) graph G is a graph whose order IV(G)| = p and whose size
IE(G)] = q..

A graph G is said to be embeddable in the plane, or planar,
if it can be drawn in the plane so that its edges intersect only at
their endpoints. A drawing in the plane of a planar graph G whose
edges meet only at their endpoints is called a planar embedding
of G. A planar embedding of a planar graph is referred to as a

plane graph.
Example 1.2.1: The graph G of Figure 1.2.1(a) is a planar graph
because there exists an embedding G~ of G in the plane, as shown

in Figure 1.2.1(b). G~ is a plane graph.

Figure 1.2.1:

Graph G Graph G~
(@ (b)

A graph Gj is isomorphic to a graph G; if there exists a one-

to-one mapping f, called an isomorphism, from V(G1) onto V(G>)
such that f preserves adjacency of vertices; that is, (u, v) € E(G1)
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if and only if (f(u), f(v)) € E(G>). If G is isomorphic to G, then
we say that Gy and G; are isomorphic and write G =G,. = isan
equivalence relation on graphs.

If v is a vertex in a graph G (i.e., v e V(G)), then the valence of
v in G, denoted val(v) (or valg(v)), is the number of edges of G
incident with v. A vertex of valence 0 in G is called an isolated
vertex and a vertex of valence 1 in Gis called a 1-valent vertex
or an end-vertex or a leaf. Some authors use the words
"valence" and "degree" interchangeably. A fundamental theorem of
graph theory, sometimes referred to as "The First Theorem of

Graph Theory", follows.

Theorem: Let G be a (p,q) graph, where V(G) = {v1, vz, ..., vp}. Then,
o]

Y val(v) = 2a.
i=1

For a proof, see [2].
The valence sequence of a graph G on n vertices is the
sequence S = {s1, S, ..., Sn} whose elements are the valences of the

vertices of G, arranged in non-increasing order.

Example 1.2.2: The valence sequence of the graph of Figure
1.2.1(b)is S=1{3,2,1,1, 1L
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Given a finite sequence S of non-negative integers, when is S
realizable as the valence sequence of a graph G? This question is

answered by the following theorem of Havel and Hakimi.

Theorem (Havel-Hakimi): A sequence S = {s1, S2, .., Sn} (n22) of
non-negative integers withs; > s>2 «- 2 s, and s = 1 is graphical
if and only if the sequence $* = {s, -1 s3-1 . S5, 51 -1, Sg42, ...,

Sn} is graphical.

For a proof, see [4, pages 20 and 21].

The Havel-Hakimi Theorem provides motivation for much of the
work that appears in Chapter 2 concerning the centroid sequence

of a tree.

1.3 Paths and Connectedness

Let u and v be (not necessarily distinct) vertices of a graph G.
A u-v walk of G is a finite, alternating sequence u = up, €1, uj,
e2, ..., Un-1, €n, Un = v Of vertices and edges, beginning with vertex
u and ending with vertex v, such that e; = (ui.1, y;) fori = 1,2,..., n.
The number n (which is the number of times that edges occur in
the sequence) is called the length of the walk. Frequently, only
the vertices of a walk are indicated (and the edges are omitted)

since the edges present are then evident. A trivial walk contains
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no edges (i.e., n = 0). A u-v walk is open or closed depending on
whether u = v oru =v. A u-v trail is a u-v walk in which no edge
is repeated, while a u-v path, denoted Py, is a u-v walk in which
no vertex is repeated. The trivial u-u path Py, consists of simply
the vertex u. Clearly, every path is a trail. Two u-v paths (u = v)
in a graph G are said to be internally disjoint if the sets of

vertices other than u and v of these two u-v paths are disjoint.

Example 1.3.1: In the graph of Figure 1.3.1, fgcbgcde is an f-e
walk, bgcdefdh is a b-h trail, and abcgfde is an a-e path.

Fiqure 1.3.1:

A non-trivial closed trail of a graph G is known as a circuit of
G, and a circuit v1, v2, ..., Va, V1 (n 2 3) whose n vertices v; are
distinct is called a cycle. An acyclic graph is one with no
cycles. A cycle is called even if its length is even; otherwise, it
is called odd. A cycle of length n is an n-cycle; a 3-cycie is
usually called a triangle. A cycle of a graph G which contains
every vertex of G is called a hamiltonian cycle of G; a
hamiltonian graph is one that contains a hamiltonian cycle. A

vertex u is said to be connected to a vertex v in a graph G if
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there exists a u-v path in G. A graph G is connected if every pair
of its vertices is connected. A graph which is not connected is
disconnected. A component of a graph G is a subgraph of G that
is maximal with respect to the property of being connected. A
vertex v of a graph G is called a cut-vertex of G if the number of
components of G-vis > the number of components of G. A
connected graph of order p 2 3 with no cut-vertices is called a
cyclic block. A graph G is n-connected (n = 1) if the removal of
fewer than n vertices from G results in neither a disconnected
graph nor the trivial graph (i.e., the graph consisting of one
vertex and no edges). The following theorem of Whitney gives an

equivalent formulation of the concept of n-connectedness.
Theorem (Whitney): A non-trivial graph G is n-connected if and
only if for each pair u, v of distinct vertices of G there are at

least n internally disjoint u-v paths in G.

For a proof, see [4, pages 159 and 160].

1.4 Distance and Eccentricity

For a connected graph G, we define the distance d(u,v)
between two vertices u and v of G as the minimum of the lengths

of all u-v paths in G. The vertex set V(G) of G is a metric space

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



under this distance function. The eccentricity e(v) of a vertex v

of a connected graph G is given by e(v) = max d(u,v). The radius
ue V(G)

rad G of G is defined to be min e(v), while the diameter diam G
ve V(G)

of G is defined as max e{v). A vertex v is a central vertex of G
v e V(G)

if e(v) = rad G and the center Z(G) of G consists of its central

vertices.

Example 1.4.1: In the graph G of Figure 1.4.1, d(u,v) = 1, e(u) =1,

e(v)=2, radG=1, diam G =2, and Z(G) = {u}.

Graph G
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1.5 Trees

A tree is a connected graph which contains no cycles. The
graph T of Figure 1.5.1 is a tree. Observe that IV(T)I= 12 and
IE(T)I = 11, so the order of T is exactly 1 greater than the size of
T. The generalization of this observation leads to the following

theorem.

Theorem: If Tis a tree, then IV(T)I =IE(T)I + 1.

For a proof, see [2, page 25].

We generally use the letter T (rather than G, which is used to

refer to a more general graph) when referring to a tree.

Figure 1.5.1:

Tree T

Every tree T is a planar graph. Every tree on n > 2 vertices
contains at least two 1-valent vertices. A non-trivial path P is a

tree that contains exactly two 1-valent vertices. If a 1-valent
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vertex v (as well as the unique edge e of T incident with v) of a
tree T on n 2 2 vertices is removed from T, we say that v has been
pruned from T. We refer to the removal of all the 1-valent
vertices of a tree T on n = 3 vertices as a pruning of T. The graph
resulting from a pruning of a tree T on n > 3 vertices is a (possibly
trivial) tree T*, and T* is called the pruned tree of T. Astar$S

is a tree whose pruned tree S* is the trivial tree. The pruned tree

T* of the tree T of Figure 1.5.1 is shown in Figure 1.5.2.

Tree T*

A spanning tree T of a graph G is a spanning subgraph of G (i.e.,

T contains all the vertices of G) that is a tree. Note that, by
definition, only connected graphs have spanning trees. Figure

1.5.3 shows a connected graph G and one of its spanning trees T (in
which the edges of T are indicated with solid line segments, while
the edges of G\E(T) are indicated with dotted line segments).
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Graph G

The following theorem greatly simplifies the study of

distance-related questions concerning trees.

Theorem: In atree, any two vertices are connected by a unique
path.
For a proof, see [2, page 25].

So, given any two vertices x and y in a tree T, there is one and
only one path Pyy joining vertices x and y in T. Therefore, to
compute d(x,y) in T, we simply measure the length of path Pyy.
That is, d(x,y) = length(Pxy).

1.6 Centrality in Trees

There are several different notions of centrality within a tree.

The center of a tree T consists of all vertices of T of minimum

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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eccentricity. A well-known theorem of Jordan characterizes the

center of a tree.

Theorem (Jordan): The center of a tree consists of either a single

vertex or a pair of adjacent vertices.

For a proof, see [3, page 32].

Remark 1.6.1: When the center of a tree consists of two adjacent

vertices u and v, we will say that the center of the tree is the

edge (u, v).
Example 1.6.1: The center of the tree Ty of Figure 1.6.1(a)

consists of adjacent vertices x and y, while the center of the tree

T, of Figure 1.6.1(b) consists of the single vertex z.

Figure 1.6.1:

Tree Ty Tree T2

(a) (b)
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The concept of centroid was defined originally to apply only
to trees. A branch at a vertex v of a tree T is a maximal subtree
of T containing v as an end-node. Therefore, the number of
branches at v is val(v). The weight (or centroid number) at a
vertex v, denoted a(v), of a tree T is the maximum size of any

branch at v.

Exampie 1.6.2: In the tree of Figure 1.6.2, there are 4 branches at
vertex v. Also, a(w) = 6 because a branch of T of greatest size at

w has size 6.

Definition 1.6.1: A vertexvofatree Tis a centroid vertex of T
if v has minimum weight, and the centroid of T consists of its
centroid vertices.

Jordan also proved the following theorem.

Theorem (Jordan): The centroid of a tree consists of either a

single vertex or two adjacent vertices.
A proof will be provided in Section 2.1.
Remark 1.6.2: When the centroid of a tree T consists of two

adjacent vertices vi and vz, we will say that the centroid of T is

the edge (v, v2).
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Figure 1.6.2: The centroid of T is vertex v, while the center of T

is vertex w.

:>t{v — e .

Tree T

Example 1.6.3: The centroid of the tree T of Figure 1.6.2 consists
of the single vertex v, while the centroid of the tree of Figure

1.6.3 consists of the adjacent vertices ¢ and d.

Figure 1.6.3:
c d

—t——

Although the centroid and center of a tree may coincide (e.g., in

the case of a path P on 5 vertices), they may also differ (as in the
case of the tree of Figure 1.6.2). In fact, as we shall see in
Section 4.3, given any non-negative integer n, there exists a tree
T such that if u is a vertex in the centroid of T and v is a vertex in
the center of T, then dt(u,v) =n.

Slater [12] later extended the concept of centroid so that it is
now defined for all connected graphs. Much more will be said
about this in Section 2.6.
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if G is a connected graph, then the status s(v) of a vertex vin
G is the sum of the distances from v to eacn other node in G [3].
The median M(G) of a graph G is the set of vertices of G of
minimum status. The following result of Zelinka [13] shows that

the centroid and median of a tree coincide.

Theorem (Zelinka): Vertex v is a centroid vertex of a tree T if and

oniy if v is a median vertex of T.

For a proof, see [13].

Thus, the median of a tree consists of either a single vertex or a
pair of adjacent vertices. An algorithm for locating the median

(or centroid, by the theorem of Zelinka) of a tree is presented in
Section 2.1.
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CHAPTER 2 THE CENTROID AND
CENTROID SEQUENCE OF
A TREE

2.1 The Centroid of a Tree

Recall that a tree is a connected graph which contains no
cycles. Each tree T has associated with it a centroid. As we
saw in Chapter 1, the centroid of a tree consists of all of its
vertices of minimum weight, and it was proved by Jordan that the
centroid of a tree consists of either a single vertex or a pair of
adjacent vertices. Jordan obtained this result without any
reference to the concept of the weight (or centroid number) of a
vertex within a tree.

We now present a proof of Jordan's theorem (see Theorem
2.1.1) in terms of the weights of the vertices of a tree. Our proof
differs from that given by Jordan, and requires the following two

lemmas concerning the centroid of a tree.

Lemma 2.1.71: Let T be a tree, let vbe a vertex of T, and let ¢ be a
vertex in the centroid of T. If T\~ is a subtree of T which starts
at v such that size(T\+) = size(Ty#) for all subtrees Ty of T which

start at v, then vertex c lies on Ty».
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Proof: If v = ¢, then the theorem is obviously true. So, assume
that v and ¢ are distinct vertices of T. Then, either vertex c lies
on T+, or it doesn't. If vertex c lies on T+, there's nothing to
prove. So, suppose that vertex ¢ does not lie on Ty». Then, c lies
on a subtree, say, Ty, of T which starts at v such that T, = Ty
Hence, the unique path P, in T which joins vertices ¢ and v is
contained completely in subtree T,,. So, the unique subtree T, of
T which starts at vertex ¢ and contains vertex v is such that

size(Tc) 2 length(Pey) + size(Tw+) 2 1 + size(Ty») > size(Ty). Thus,

18

a(c) = size(T¢) > size(Tw) = a(v), i.e., a(c) > a(v), contradicting the

hypothesis that vertex c is in the centroid of T. Therefore, vertex

¢ does, in fact, lie on subtree T+, and we are done. O

Lemma 2.1.2: Let T be a tree, and let vq,v2 € V(T). Then, v1 and v»

are in the centroid of T if and only if they have the same weight in

T and are adjacentin T.

Proof: (=) Suppose that (distinct) vertices v; and v, are in the
centroid of T. Then, by definition, vertices v, and v, have the
same weight in T. So, all that we have to show is that v; and v,
are adjacent in T. We'll do this by contradiction. Suppose that v,
and v, are not adjacentin T. Let Py, denote the unique pathin T
joining vertices v7 and v,. Then, there exists a vertex z lying on
Pv,v, With z = v; and z = v, (i.e,, z lies strictly between the
endpoints v; and v, of path Py,y,). By Lemma 2.1.1,if T,is a
subtree of T which emanates from z such that size(T,) 2 size(Tg)
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for all subtrees Ty that emanate from z in T, then vertices v4 and
v, must both lie on T,. But, since vertex z lies between endpoints
v; and v, of path Py, y,, vertices v; and v, in fact, lie on two
distinct subtrees of T which emanate from z. And, these two
subtrees share only vertex z. Hence, assuming the existence of
vertex z leads to a contradiction. This implies that no such vertex
z exists in T. Thatis, v and v, must be adjacent in T, and we are
done. [

(<) Conversely, suppose that vertices v and v, have the same
weight in T and are adjacent in T. Let Ty, be a subtree of T which
starts at v; such that size(Ty,,) 2 size(Ty) for all subtrees Ty that
start at v; in T. Also, let Ty, be a subtree of T which starts at v,
such that size(Tvz) > size(Tyy) for all subtrees Ty that start at
vz in T. Then, since a(v;) = a(vy), we have size(Ty,) = size(Ty,).
Observe that vertex v, lies on Ty, for if it did not, then the
subtree T.. of T which starts at vertex v, and is determined by
vertex v, would be such that size(T.)2 1 + size(Ty,) = 1 + a(vp) =
1 + a(vq). This implies that size(T~) > a(v,), contradicting the
definition of a(v,). Similarly, vertex v, lies on Ty,..

Now, let ¢ be a vertex in the centroid of T. Note that such a
vertex c exists in T since the centroid of a tree is non-empty. By
Lemma 2.1.1, since size(Tv1) 2 size(Ty) for all subtrees T, that
start at v; in T, vertex c lies on Ty,. Similarly, ¢ also lies on Ty,
So, c lies on both Ty, and Ty,. But, the only vertices of T that lie

on both Ty, and Ty, are v; and v,. This implies that either v; is in
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the centroid of T, or v, is in the centroid of T, or both v; and v,
are in the centroid of T. Suppose vertex v, is in the centroid of T.
Then, since a(vy) = a(vq) < a(v) for all v e V(T), vertex v, is also in
the centroid of T. Similarly, if v, is in the centroid of T, then v,
must also be in the centroid of T. Hence, vertices v; and v, are

both in the centroid of T, proving the theorem. L]

Theorem 2.1.1 (Jordan): The centroid of a tree consists of either

a single vertex or two adjacent vertices.

Proof (not Jordan's): We'll prove this theorem by contradiction.
Suppose there exists a tree T whose centroid does not consist of a
single vertex and does not consist of a pair of adjacent vertices.
As a consequence of the definition of the centroid of a tree, T has
a non-empty centroid, so the centroid of T must consist of gither
a pair of non-adjacent vertices or three or more vertices. But,

the centroid of T cannot consist of 2 non-adjacent vertices, by
Ltemma 2.1.2. So, there is no tree whose centroid consists of 2
non-adjacent vertices. Now, suppose there exists a tree T whose
centroid consists of 3 or more vertices. Let c1, ¢z, and c3 be 3
distinct vertices in the centroid of T (there may or may not be
other vertices, as well, in the centroid of T). Then, by Lemma
2.1.2, ¢1 must be adjacent to cz, ¢c2 must be adjacent to c3, and c3
must be adjacent to ¢; in T. This means that vertices c¢; and ¢
must be joined by an edge e1 = (c1, ¢2), vertices ¢z and ¢z must be

joined by an edge ez = (c2, ¢3), and vertices c3 and c1 must be
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joined by an edge e3 = (c3, ¢1),in T. And, since ¢, C2, and c¢3 are
distinct vertices of T, e1, €2, and e3 are distinct edges of T. But
then, T contains a cycle (i.e., triangle ¢1czc3), which contradicts
the hypothesis that T is a tree. Therefore, the centroid of T
cannot consist of 3 or more vertices. Hence, since there is no tree
whose centroid consists of a pair of non-adjacent vertices and
there is no tree whose centroid consists of 3 or more vertices, we
have the result that the centroid of a tree consists of either a

single vertex or a pair of adjacent vertices. O

Remark 2.1.1: Each path of odd order is an example of a tree

whose centroid consists of a single vertex. Each path of even
order is an example of a tree whose centroid consists of a pair of

adjacent vertices.

With Jordan's characterization of the centroid of a tree in mind,
we now consider the following question: Given a tree T (that is,
given a planar embedding of T), how can we locate its centroid?
One way to locate the centroid of T is to first compute the weight
of each vertex of T. The centroid of T consists of that vertex or
that pair of adjacent vertices of T of lowest weight. There is
also another more geometric method besides this approach for
locating the centroid of a tree of order n > 3. This new method
locates the centroid of a tree T without expilicitly requiring the
determination of the weight of any vertex of T and is presented

below in the form of an algorithm.
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Algorithm 2.1.1: (Locating The Centroid of a Tree of Order n > 3)

Let T be a tree on n = 3 vertices. The following algorithm provides
a method for finding the centroid of T.

(1) Starting from each 1-valent vertex v of T, move to the unique
vertex w which is adjacent to v in T, and wiggle edge (v, w).

(2) If every edge of T was wiggled in step (1), then every
1-valent vertex v of T is adjacent to the same vertex w

inT,so T is astar. In this case, vertex w is the centroid of T,

and we stop here.
(3) If the number of edges of T that are still unwiggledis = 1,

then for each vertex u such that u is an endpoint of an edge that
has not been wiggled yet, let N, denote the number of edges (i.e.,
the size) of the largest completely wiggled subtree T, of T rooted
at u. Locate all vertices y of T such that the number of wiggled
edges incident with y, at this time, is (val(y) - 1). [Note: There
must be at least 2 such vertices y in T!] Compute Ny for each of
these vertices y. Let y; be any one of these vertices y such that
Nyj < Ny for all such vertices y.

(4) I, at this stage, every edge of T except one has been wiggled,
then, starting from y;, move to the unique vertex z; which is
adjacent to y;in T such that edge (yj, ;) has not already been
wiggled. Do not wiggle (yj, ;). In this case, if Ny, = N;;, then edge

(¥j» Z;) is the centroid of T. However, if Nyj < sz, then vertex z;j is
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the centroid of T, and we stop here.

(5) If, on the other hand, twe or more edges of T have not yet
been wiggled, then wiggle edge (y;, z;) now.
(6) Go back to step (3).

Proof: (that Algorithm 2.1.1 locates the centroid of a tree of

order n > 3)

If T is a tree of order n = 3, then the centroid of T does
not include any 1-valent vertex of T. Also, T has one or more
non-1-valent vertices. Since we know that none of the 1-valent
vertices of T is in the centroid of T, we can eliminate the
1-valent vertices of T from consideration as vertices which are
possibly in the centroid of T and start with the vertices of T that
are adjacent to these 1-valent vertices of T. If there is only one
such vertex w which is adjacent to all the 1-valent vertices of T,
then T is a star and w is the centroid of T. Otherwise, T is not a
star, so T has 2 or more vertices y such that y is adjacent to
exactly (val(y) - 1) 1-valent vertices of T. Let y; be one of these
vertices y such that Nyj < Ny, for each such vertex y. Note that
subtree Tyj of T consists of all branches of T emanating from y;
other than a branch Byj of greatest size which emanates from y;,
since T is not a star. And, since Nyj < Ny for each such vertex y,
size(Byj) 2 size(By) for each such vertex y. Therefore, a(y; = a(y)
for each such vertex y, which implies that y; is not in the centroid

of T unless there is exactly one other vertex y, amongst these
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vertices y such that Nyj = Ny, and y, is adjacent to y; in T, in
which case T is simply a "double-star" (i.e., a tree whose centroid
is an edge and whose only non-1-valent vertices are its centroid
vertices) and the centroid of T is edge (y;, yx)- Since y;is not

in the centroid of T if T is not a “double-star,” and (val(y) - 1)

of the vertices (all lying in Tyj) adjacent to y; in T have

strictly greater weight in T than y;, the weight a(x) of the only
non-1-valent vertex x adjacent to y; in T must be strictly less
than a(yj). That is, a(x) < a(yj).

Now that we've eliminated all the 1-valent vertices of T and
vertex y; from consideration as vertices which are possibly in the
centroid of T, we can look at the subtree T~~ of T cobtained by
first pruning all the 1-valent vertices of T (producing subtree T~
of T), and then pruning vertex y;, which is 1-valent in T~, from T~.
T~~ is a tree with one or more vertices. If x is the only vertex of
T~~, then x is the centroid of T. Otherwise, T~~ has 2 or more
1-valent vertices. That is, T has 2 or more non-1-valent vertices
y* such that each such vertex y* is adjacent to exactly 1 vertex
of T that is neither a 1-valent vertex of T nor vertex y;. Let y;* be
one of these vertices y* such that Nyj* < Ny* for each such vertex
y*. Note that subtree Tyj* consists of all branches of T emanating
from y;* other than a branch Byj* of greatest size which emanates
from y;*, by the way we selected y;*. So, in exactly the same way
that we argued above conceming vertex y;, we can show that y;*
is not in the centroid of T unless there is exactly one other vertex

yi* in the set of vertices y* such that Nyj* = Ny, * and y,* is
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adjacent to y;* in T, in which case the centroid of T is edge

(yi*, y«*). Again, as we saw for vertex yj, in case y;* is not in the
centroid of T, (val(y;*) - 1) vertices (all lying in Tyj*) that are
adjacent to y;* in T have weights in T that are strictly greater
than a(y;*). So, the weight a(x*) of the only vertex x* which
doesn't lie in Tyj* and is adjacent to y;* in T must be strictly less
than a(y;*). Thatis, a(x*) < a(y;*).

After i iterations of this procedure, we obtain a subtree T;of T
which is the result of first pruning all the 1-valent vertices of T
(to produce T~), then pruning a 1-valent vertex Yj of T~ (to
produce T~~), then pruning a 1-valent vertex y;* of T~~ (to
produce T~~~), where the total number of vertices pruned, one at
a time, is (i-1). And, subtree T; of T contains the centroid of T.
Since T contains only a finite number n of vertices, the number of

possible iterations of this procedure is finite, so the procedure

must end. Note that the ith iteration of this procedure finds a

vertex v; of T; of strictly lower weight in T than a vertex v;.; of
T;i.q which is a 1-valent vertex of T;; such that Ny, ; < Ny# for all

1-valent vertices v# of T,y and which is adjacent to v; in T. If

T is a star, the procedure terminates after just 1 iteration. In
this case, T~ consists of a single vertex which is the centroid of
T. If T is not a star, the procedure terminates after some finite
number i« Of iterations such that T;, is simply an edge (v, v5).
If Ny, = Ny, then a(v;) = a(v;), which implies that edge (v, v,)
is the centroid of T. If Ny, <Ny, then a{v4) > a(v,), which

implies that vertex v, is the centroid of T. Similarly, if Ny, < Ny,
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then a(v;) > a(v4), which implies that vertex v, is the centroid

ofT. I

In Example 2.1.1 below, the centroid of the tree of Figure 2.1.1
is located by an implementation of Algorithm 2.1.1.

Example 2.1.1: The centroid of the tree of Figure 2.1.1 is located
in a sequence of 6 steps by implementing Algorithm 2.1.1.
Observe that at each successive step of the procedure, more and

more edges of the tree are wiggled until, finally, exactly one

unwiggled edge remains in the last step (i.e., step 6). Since, in
this last step, Nyj =5<7= sz, vertex z; is the centroid of the
tree of Figure 2.1.1.

Step 1 tep 2
Used Algorithm 2.1.1 (1) Used Algorithm 2.1.1 (3), (5)
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Step 3 Step 4
Used Algorithm 2.1.1 (3), (5) Used Algorithm 2.1.1 (3), (5)

Step 5 Step 6
Used Algorithm 2.1.1 (3), (5) Used Algorithm 2.1.1 (3),
(5), and then (4)

Algorithm 2.1.1 provides another proof of the fact that the
centroid of a tree consists of either a single vertex or a pair of
adjacent vertices, since the procedure terminates only when
either no edges or exactly one edge of the tree remains unwiggled.
Additionally, Algorithm 2.1.1 provides a method for locating the
median of a tree (which is identical to its centroid, by the
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theorem of Zelinka [13]) which does not require the determination

of the status of each vertex of the tree.

2.2 The Centroid Sequence of a Tree

In Section 1.6, we defined the weight of a vertex v in a tree T.

We now define the centroid sequence of a tree.

Definition 2.2.1: Let T be a tree on n 2 2 vertices. We define the
centroid sequence A = {a;, az, ..., 2} of T to be the sequence of
weights of the vertices of T, arranged in non-increasing order

(i.e., 312 az 2 == ap).

Example 2.2.1: The centroid sequence of the tree in Figure 2.2.1
isA=16,6,6,6,5,5, 2}.

Figure 2.2.1: The weight of each vertex in the tree below is
indicated next to that vertex.
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An immediate consequence of the definition of the weight of a
vertex in a tree is that the weight of each 1-valent vertex in a

tree Ton n = 2 vertices is (n-1). Moreover, since each tree T on

n = 2 vertices has at least two 1-valent vertices, the positive
integer (n-1) appears at least twice in the centroid sequence A

of T.

Remark 2.2.1: The number of times that the positive integer (n-1)
appears in the centroid sequence A = {a;, az, ..., an} of a tree T on
n 2 2 vertices is exactly the same as the number of 1-valent

vertices of T.

Another property of the centroid sequence of a tree is

presented in the following thecrem.

Theorem 2.2.1: Let T be a tree on n 2 2 vertices, and let
A = {ay, ay, ..., an-1, an} be the centroid sequence of T. Then,

an-‘] + an =1n.

Proof: Recall that the elements of A are arranged in non-
increasing order, so an < ajforeachi=1, 2, .., n. So, an is the
weight of a vertex vy in the centroid of T. And, by definition, an

is the size of a branch By of T which starts at vertex v, such that
size(B,) 2 size(B) for all branches B of T that start at v,. Now, let
x be any vertex of T other than vertex v,, and let By be a branch of
T which starts at vertex x such that size(Bx) = size(B#) for all
branches B# of T which start at x. According to Lemma 2.1.1,
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vertex vy, lies on branch. B,. Therefore, a vertex vp.1 € V(T)\{vn}
such that a(vp-1) = an1 < a{v) for each vertex v e V(T)\{vny} must
be as close to vertex v, as possible in T and lie on a branch B~ of T
which starts at v such that size(B~) = size(B) for all branches B
of T that start at vn. (Note that branch B~ may be different from
branch By, since Bp is not necessarily the only branch of T which
starts at vp whose size is > the size of each branch of T which
starts at v,). Thus, vy1 must be adjacent to v, in T and lie on

a branch B~ of T which starts at v, such that size(B~) 2 size(B)
for all branches B of T that start at vn. S0, an-1 is the size of

the unique branch Bn.1 of T which starts at vertex vn.1 and
contains vertex vn. Therefore, an.; = (the sum of the sizes of

all branches of T which start at v, other than branch B~) + 1

= size(T) -size(B~) + 1 =(n-1)-an+ 1 =n-a, Thatis,

an-1 = N - an, which implies that a,.; + a, =n, and we are

done. [ ’

Coroliary 2.2.1: Let T be a tree on n 2 2 vertices, and let

A = {a1, az, ..., an-1, an} be the centroid sequence of T. Let vpq be
the vertex of T whose weight in T is an-1, and let v, be the vertex
of T whose weight in Tis a, (i.e., a(vn-1) = an-1 and a(vp) = ap).
Then, vertices vn-1 and v, are adjacent in T. Moreover, if

an-1 = an, then vertices v,.1 and v, are the centroid of T.

Proof: See the proof of Theorem 2.2.1 above. |
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Remark 2.2.2: If A = {a1, @, ..., @n-1, a@n} (n = 3) is the centroid
sequence of a tree, then it cannot be that the last 3 or more

elements of A are all equal to each other, by Theorem 2.1.1.

Our next goal is to obtain a characterization of the centroid
sequence of a tree. There is a special kind of tree, called a
caterpillar, whose centroid sequence will be characterized

first. This is is the focus of the next section.

2.3 A Characterization of the Centroid
Sequence of a Caterpillar

We begin this section with the following definition.

Definition 2.3.1: A caterpillar C is a tree on n = 3 vertices
which satisfies the following property:

if all the 1-valent vertices of C are pruned, the

resulting tree is a (possibly degenerate) path.

Remark 2.3.1: A star S on n 2 3 vertices is an example of a
caterpillar since the pruned tree S* of S is a single vertex,

which is a degenerate path.
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Example 2.3.1: The tree C of Figure 2.3.1(2) is a caterpillar
because its pruned tree C* is the path shown in Figure 2.3.1(b).

32

Figure 2.3.1
> \ @ &
Tree C*
Tree C
(a) (b)
Definition 2.3.2: Let C be a caterpillar on n 2 3 vertices. Then,

the backbone of C, denoted by B, is the (possibly trivial) path

that remains after all the 1-valent vertices of C have been pruned.

Example 2.3.2: The path C* of Figure 2.3.1(b) is the backbone of
the caterpillar C of Figure 2.3.1(a).

Definition 2.3.3: Let T be a tree on n = 2 vertices, let v be a
vertex of T, and let w be a vertex that is adjacent to vin T. Then,
the branch B of T which starts at v and is determined by w is

the unique branch B of T which starts at v and contains vertex w.

The following lemma concerning the weights of the vertices of

a tree will be used in the proofs of Theorems 2.3.1 and 2.3.2.
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Lemma 2.3.1: Let T be a tree on n 2 2 vertices, let v be a vertex of
T, and let a(v) be the weight of vin T.

(i) If vis not in the centroid of T, then there is exactly one vertex
w that is adjacent to v in T and whose weight a(w) in T is strictly
less than a(v). In addition, the unigue branch By of greatest size
which starts at v in T is determined by vertex w. The weight a(x)
in T of each vertex x = w that is adjacent to vin T is strictly
greater than a(v).

(ii) If vis in the centroid of T, then the weight a(y) of each
vertex y that is adjacent to v in Tis greater than or equal to a(v).
A branch B, of greatest size which starts at vin T is determined
by any vertex z that is adjacent to v in T and whose weight

a(z) < a(y) for each vertex y thatis adjacent tovin T.

Proof: (i) Suppose v is not in the centroid of T. Then, for each
vertex u that is adjacent to vin T, a(u) = a(v), by Lemma 2.1.2. So,
for each vertex u that is adjacent to v in T, either a(u) > a(v) or
a(u) < a(v). Let By be a branch of greatest size which starts at v in
T. Then, a(v) = size(By). Let w be the unique vertex of T which

lies on By and is adjacent to vin T. Then, w determines branch B,..
Now, if ¢ is a vertex in the centroid of T, then c lies on By, by
Lemma 2.1.1. Let By be a branch of greatest size which starts at
win T. Then, vertex c also lies on By, again by Lemma 2.1.1. fw

is not in the centroid of T, then By, is a sub-branch of By. And,

since (v, w) is an edge of By but not of By, size(By) < size(By).
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Thus, a(w) < a(v). If wis in the centroid of T, then again
a(w) < a(v), this time because v is not in the centroid of T, by
hypothesis. Hence, in either case, a(w) < a(v).

To prove that branch By is the unique branch of greatest size
which starts at vin T, let B be any branch of greatest size which
starts at vin T. Then, vertex c lies on B, by Lemma 2.1.1. But,
vertex ¢ lies on branch By, which starts at vin T. And, since each
vertex of V(T)\{v} lies on one and only one branch which starts at
vin T, we see that B = B, (i.e., B and By are one and the same
branch).

Finally, let x = w be a vertex that is adjacent to vin T. Then,
since x does not lie on branch By, x is not a vertex in the centroid
of T. Now, let By be a branch of greatest size which starts at x in
T. Then, vertex c lies on By, by Lemma 2.1.1. And, since vertex ¢
also lies on branch B, which starts at v and is determined by w, By
is a subtree of B,. Also, since (x, v) is an edge of By but not of By,
size(By) < size(By), which implies that a(v) < a(x). Since x = w is
an arbitrary vertex which is adjacent to v in T, we are done.

(ii) Suppose, now that v is in the centroid of T. Then, the weight
a(v) of vin Tis < the weight of each vertex of T. In particular,
a(v) < a(y) for each vertex y that is adjacent tovin T. Let By be a
branch of greatest size which starts at vin T. If there is another
vertex z = v in the centroid of T (note that there is at most one
more vertex in the centroid of T, by Theorem 2.1.1), then z must

lie on By, by Lemma 2.7.1. And, vertices v and z must be adjacent
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in T, by Lemma 2.1.2. Hence, branch B, is determined by vertex z.

And, since vertex z lies on one and only one branch of T which
starts at v, By is the unique branch of greatest size which starts
atvin Tin case z = v is also in the centroid of T. !f, on the other
hand, the centroid of T consists of only vertex v, then for each
vertex y which is adjacent to vin T, y is not in the centroid of T.
So, by (i) above, the unique branch By of greatest size which
starts at y in T is determined by vertex v. And, size(By) = size(T)
- (the size of the branch of T which starts at v and that vertex y
lies on) + 1. This implies that (the size of the branch of T which
starts at v and that vertex y lies on) = size(T) - size(By) + 1.
Thus, the size of a branch By, of greatest size which starts at v in
T = size(T) - size(B;) + 1, where z is a vertex that is adjacent to v
in T such-that size(B;) = a(z) < a(y) = size(By) for each vertex y
that is adjacent to v in T. That s, a branch of greatest size which

starts at vin T is determined by a vertex z that is adjacent to v in

T such that a(z) < a(y) for each vertex y that is adjacent to vin T.

Since there may be more than one vertex adjacent to v in T whose
weight in T is < the weight in T of each vertex that is adjacent to
v in T, there may be more than one branch of greatest size which
starts at vin T in case v is the centroid of T. O
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Theorem 2.3.1: Let C be a catemillar on n = 3 vertices, and let v
be a vertex lying on the backbone B of C. Let A = {a;, a, ..., an} be
the centroid sequence of C, and let a(v) be the weight of vin C.
(i) If B consists of only vertex v, then C is the star on n vertices,
so the number of 1-valent vertices that are adjacenttovin Cis
(n-1).

(ii) If length(B) = 1 and v is an endpoint of B, then the number of
1-valent vertices that are adjacent to v in Cis (n-1) - a(v).

(iii) If length(B) = 2 and v is a vertex of B which is adjacent

to the two distinct vertices w and x which also lie on g and

whose weights in C are a(w) and a(x), respectively, then

either a(w) > a(v) or a(x) > a(v) or both and the number

of 1-valent vertices that are adjacent tovin Cis

max {a{w) -a(v) - 1, a(x) - a(v) - 1}.

Proof:

(i) Since n > 3, C contains at least one vertex v which is not
1-valent (i.e., val(v) 2 2). Therefore, if we prune all the 1-valent
vertices from C, the resulting path B (i.e., the backbone of C)
contains at least one vertex v. Now, if B consists of only vertex v,
then every vertex of C other than v must be a T-valent vertex of C.
Hence, the number of 1-valent vertices of C that are adjacent to v

in Cis (n-1), and C is the star on n vertices.
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(i) Now, if length(B) = 1, then B contains at least 2 distinct
vertices. Suppose v is an endpoint of B. Then, there is a vertex
(say, x) which lies on B, is distinct from v, and is adjacent to v on
B. And, since x lies on B, val(x) in C must be = 2. Now, since v is
an endpoint of B, all vertices of C that are adjacent to v in C, with
the sole exception of vertex x, must be 1-valent vertices of C. So,
the branch B of greatest size which starts at v in C is determined
by vertex x (because B is the only branch which startsatvin C
such that size(B) > 1). Hence, a{v) = size(B) [i.e., the weight of
vertex v in C = size(B)]. And, since Cis a caterpillaronn > 3
vertices, size(C) = n - 1. Since branch B contains a(v) of the (n-1)
edges of C, the set of branches of C other than B which start at v
contain a total of (n-1) - a(v) edges. But, each branch of C which
starts at v, other than branch B, is of size 1. Therefore, there are
exactly (n-1) - a(v) 1-valent vertices adjacent to vertex v in C.
(iii) if length(B) = 2, then there is a vertex v lying on B which is
adjacent to two other vertices w and x which aiso lieon B (i.e.,

v lies between w and x on B). Let's consider the weights in C of
vertices w and x relative to the weight of vertex v in C.

Is it possible that the following two inequalities hold
simultaneously in C: a(w) < a(v) and a(x) <a(v)? If a(w) < a(v)
and a(x) < a(v), then vertex v cannot be in the centroid of C, by
Theorem 2.1.1. Therefore, there is exactly one vertex, say, v~,
that is adjacent to v in C whose weight in C is strictly less than
that of v, and each vertex other than v~ that is adjacent tovin C
is such that its weight in C is strictly greater than a(v), by
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Lemma 2.3.1. Hence, it is impossible that a(w) < a(v) and

a(x) < a(v) hold simultaneously in C.

Can it be that, in C, a(w) < a(v) <a(x) (or a(x) < a(v) <a(w))?

This is possible, as illustrated by Figure 2.3.2.

Fiqur .2: In caterpillar C below, the weight of each vertex in
C is indicated next to that vertex. Note particularly vertices w, v,
and x which all lie on the backbone B of C.

10

10 10 10
Caterpillar C

In Figure 2.3.2, the branch B, of greatest size which emanates
from x in C is determined by v (note that a(v) < a(x)) and

the branch By of greatest size which emanates fromvin C

is determined by w (note that a(w) < a(v)). Observe that

size(Bx) = a(x) and size(By) = a(v). Furthermore, B, is a subtree of
Bx. In fact, By = By U (v, x) U {all branches of length 1 emanating
from vin C} U {x}. Thus, a(x) = a(v) + 1 + (the number of 1-valent
vertices adjacent to v in C), which implies that (the number of

1-valent vertices adjacent to v in C) = a(x) - a(v) - 1. Therefore,
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if a(w) < a(v) < a(x), then the number of 1-valent vertices that are
adjacent tov inCis a(x) - a(v) - 1. If, instead, a(x) < a(v) < a(w),
then by exactly the same kind of argument, the number of 1-valent
vertices that are adjacent tovin Cis a(w) - a(v) - 1. So, in case
vertex v is adjacent to 2 vertices w and x on B, one of whose
weights in Cis > a(v) and the other of whose weightsin C is <
a(v), the number of 1-valent vertices of C that are adjacent to v in
C is given by max {a(w) - a(v) - 1, a(x) - a(v) - 1}.

Finally, can we have a(w) > a(v) and a(x) > a(v) in C? The
answer is yes, provided that v js the centroid of C. In this
case, a(v) + min {a(w), a(x)} = n [because a(v) =a, and
min {a(w), a(x)} = ap-1, since either vertex w or vertex x (or both)
determine(s) a branch of greatest size which emanates from v in
C, and because an.1 + an = n]. Suppose, without loss of generality,
that a(w) <a(x). Then, the branch By of greatest size emanating
from x in C is determined by v, the branch B, of greatest size
emanating from w in C is determined by v, and a branch By, of
greatest size emanating from v in C is determined by w. Hence, By
is a subtree of By. So, By = By U (v, x) U {all branches of length 1
emanating from v in C} U {x}, which implies that (the number of
1-valent vertices adjacent tovin C) = a(x) - a(v) - 1. If, on the
other hand, we had assumed that a(x) < a(w), then our resuit would
have been: (the number of 1-valent vertices adjacent tovinC) =

a(w) -a(v) - 1. So, in case a(w) > a(v) and a(x) > a(v), vertex vis
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the centroid of C and the number of 1-valent vertices that are
adjacent to v in C is given by:
max {a(w) -a(v) -1, a(x) -a(v)-1}.

Hence, we have shown that if v is adjacent to both w and
x on B, then either a(w) > a(v) or a(x) > a(v) or both inC,
and the number of 1-valent vertices adjacenttovin Cis
max {a(w) - a(v) - 1, a(x) - a(v) - 1}. This completes the
proof. O

The task of deciding whether a given finite sequence A of
positive integers is realizable as the centroid sequence of a
caterpillar can be accomplished by applying the statement of the

following theorem.

Theorem 2.3.2 (Characterization of the Centroid Sequence of a
Caterpillar):

The finite sequence A = {a1, a2, ...,, an} (n = 3) of positive integers,
arranged in non-increasing order (i.e., aj = az = - 2 ap), is
realizable as the centroid sequence of a caterpillar C if and only
if all of the following conditions are satisfied:

@i a1 <=n-1;

(i) an1+an=n;

(i) for each aje A such that g<n - 1, there

is at most one aje Awith aj=ajbuti=j.
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Remark 2.3.2: The caterpillar of Figure 2.3.2 provides an example
of a caterpillar which satisfies condition (iii). This caterpillar

has n = 11 vertices, and its centroid sequence is
A={10,10,10,10,10,10,10,9, 7, 7, 4}. Note that each positive
integer strictly less than 10 that appears in A occurs at most

twice in A, and "7" occurs in A exactly twice.

Proof (of Theorem 2.3.2):

(=) Suppose that A = {2, az, ..., an} (n = 3) is realizable as the
centroid sequence of a caterpillar C. Since C is a non-trivial tree,
conditions (i) and (ii) are clearly satisfied. So, if we can prove
that condition (iii) also holds, we will be done. Condition (i)
states that each positive integer k < n - 1 which appears in A
occurs at most twice in A.

We shall use the method of proof by contradiction to prove
condition (iii). So, suppose that it is not the case that each
positive integer k < n - 1 which appears in A occurs at most
twice in A. Then, there is a positive integer j < n -1 that appears
in A such that j occurs three or more times in A. Observe that j
cannot be the weight in C of a vertex in the centroid of C, by
Theorem 2.1.1. Therefore, j must be the weight in C of 3 or more
distinct vertices of C, all of which lie on the backbone B of C and
none of which are in the centroid of C. Let x, y, and z be any three
of these 3 or more vertices of C each of whose weights in C is j.
Then, a(x) = a(y) = a(z) = j. Let c be a vertex in the centroid of C.
Observe that c also lies on B, a(c) < j, and c is distinct from x, y,
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and z. So, if we draw caterpillar C so that its backbone B is
horizontal, vertex ¢ divides B into two sides - a left side and a
right side. Therefore, at least 2 of the vertices x, y, and z must
lie on the same side of ¢ on B. Suppose, without loss of
generality, that vertices x and y both lie to the right of ¢ on B.
Note that the weights of the vertices to the right of c on B

must appear in strictly increasing order, from left to right, by
Lemma 2.3.1. But, then, it is impossible that both x and y lie to
the right of ¢ on B, because x and y both have the same weight j
in C. Hence, assuming that there is a positive integer j < n -1
that appears in A such that j occurs 3 or more times in A leads to
a contradiction. So, each positive integer k < n - 1 which appears
in A occurs at most 2 times in A. This proves condition (iii), and

we are done. |

(<) Conversely, suppose conditions (i), (ii), and (iii) hold. Let S
be the subsequence of A consisting of all elements of A that are <
n-1. Note, in particular, that a,e S since ap <n-1 when n2 3.
Since ISI < »= and since no positive integer occurring in S appears
more than twice, the elements of S can be arranged (i.e., ordered)
in such a way that those elements appearing to the left of a,in S
appear in strictly decreasing order and those elements appearing
to the right of an in S appear in strictly increasing order.

(Observe that there may be several different such orderings of the
elements of S.)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43

Claim: There exists a caterpillar C whose centroid sequence is A
and whose backbone B contains exactly ISI vertices whose weights
in C are simply the elements of S arranged in the same order as
they appear in S.
Proof of Claim: We will prove the existence of such a caterpillar
C by actually constructing C. First of all, note that conditions (i)
and (ii) are necessary conditions for A to be the centroid sequence
of a tree on n vertices. Condition (iii) allows for the construction
of a backbone B for C. Before we begin the construction of C, we
should note that since Cis to be a caterpillar on n > 3 vertices, it
will have at least two 1-valent vertices. Thatis, if A is to be the
centroid sequence of C, then we must have a; = n ] 1 = a;. But,
condition (i) states only that a; < n - 1. We will prove that
conditions (i), (ii), and (iii) together imply that a; =n -1 = a;.
Condition (i) implies that a2 < n - 1 since the elements of A are
arranged in non-increasing order. Condition (ii) implies that
an-1 2 n/2. Forn 2= 3, a1 and ap-1 are distinct elements of A
(although they could represent the same positive integer). So, for
n23,ifapy=n-1,thena; =az=..=2ap1 =n-1, and we are done.
If an-1 = n-1, how can we minimize the number of times that the
integer (n-1) appears in A? The answer to this question is:
Minimize ap.1 and maximize the number of times positive integers
< (n-1) appear in A. Recall that according to condition (iii), each
positive integer < (n-1) can appear at most twice in A.

If n is even, then the smallest possible value for an.1 is n/2.

Consider the sequence A = {as, ap, ..., an-1, an}. Al = n, so the
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number of elements of the subsequence A~ = {az, a3, ..., an-1} of A
is (n-2). And, we would like A~ to contain as many positive
integers that are < (n-1) as possible. So, suppose an-1 = n/2 and
az < n- 2. Note that the number of integers in the set
X=1{n/2,(n/2) + 1, (n/2) + 2, .., n-2} is (n/2) - 1. In addition,
observe that every element of X may appear at most twice in A~,
with the exception of n/2 which may appear only once in A~
[because an-1 = n/2 implies that a, = n/2 (by condition (ii)), so n/2
already appears twice in A]. So, if each element of X appears in

A~ as many times as it possibly can, then 2((n/2) -1)-1=
n-2-1=n-3 elements of A~ will be accounted for. But,

IA~! = n - 2. This means that even if we allow every possible
positive integer < (n-1) to appear in A~ with its greatest possible
frequency of occurrence, there will still be one element of A~
(namely, az) which is unaccounted for. This implies that it must
be the case that a; = n - 1. By condition (i), a1 = n - 1, as well.

If, on the other hand, n is odd, then the smallest possible value
for an-1 is (n+1)/2. In this case, ap = (n-1)/2 (by condition (ii)).
As before, if we would like A~ = {ap, a3, ..., an-1} to contain as
many positive integers that are < (n-1) as possible, we let
an1 = (n+1)/2 and az < n-2. Note that the number of integers in
theset Y= {(n+1)/2, (n+1)/2 +1, ...,n-2}is(n-1)/2 - 1. And, this
time, every element of Y may appear at most 2 times in A~
(because an-1 = an). So, if each element of Y appears twice in A~,
then 2((n-1)/2-1)=n-1-2=n-3 elements of A~ will be

accounted for. But, since |A~l =n - 2, one element of A~ (namely,
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az) will still be unaccounted for. This implies that az=n-1. So,
even in case every possible positive integer < (n-1) appears in A~
twice, it must stiii be that a = n- 1. By condition (i), a; =n-1,
as well. Hence, whether nis even or odd, a; =n-1=ap, whichis
a necessary condition for A to be the centroid sequence of a tree.
Now, we'll proceed with the construction of a caterpiilar C
whose centroid sequence is A. We now know that the positive
integer (n-1) appears at least twice in A. Suppose the number of
times that (n-1) appears in Ais i, where i 2 2. Then, there are
(n-i) elements of A, each of which is < (n-1). That is, if S is the
subsequence of A consisting of ali elements of A that are < (n-1),
then ISI=n-i. Since n>3, an <n-1, soape S. If we arrange
(i.e., order) the elements of S so that those elements appearing to
the left of a, in S appear in strictly decreasing order and those
elements appearing to the right of a, in S appear in strictly
increasing order, then we can draw a path B (which will be the
backbone of C) with ISl = n - i vertices and assign the elements of
S to be the weights in C of these vertices, in the same order, from
left to right along B, that the elements of S have been arranged in
above. Note that such an ordering of the elements of S is possible
(and may not be unique) because each positive integer appearing in
S occurs at most twice. And, the weights in C of the vertices
along B can appear in the same order as they now appear in S, by
Lemma 2.3.1. Now, we know from Theorem 2.3.1 that each vertex
v lying on B will have a specific number of 1-valent vertices

attached to it in C, depending on its weight and the weight
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(respectively, weights) of the vertex (respectively, vertices) that
is (respectively, are) adjacent to v on B. The question that we
must address is: Is the number of times (namely, i) that (n-1)
occurs in A the same as the number of 1-valent vertices needed to
complete the construction of the caterpillar C, starting with B as
backbone for C? We’ll use Theorem 2.3.1 to compute the total
number of 1-valent vertices needed to construct C from B. There
are 3 cases to be considered.

First, if B consists of only a single vertex v, then C must be a
star and the weight of v in C must be 1. So, in this case, the
number of 1-valent vertices needeed to construct Cis (n-1). So,
it must be that i = n- 1. And, this, indeed, is the case if ap = 1
because thenap.1=n-1. Thus,a;1=az2=...=ap1=n-1. This
implies that the positive integer (n-1) occurs (n-1) times in A.
Hence,i=n-1.

Second, if length(B) = 1, then B has 2 endpoints (call them q
and r, respectively) and possibly some vertices which are not
endpoints between q and r. If q and r are the only vertices of B,
and a(q) and a(r) are the weights of q and r, respectively, in C,
then the number of 1-valent vertices needed to construct C is
((n-1)-a(q)) + ((n-1) -a(r)) = 2n- 2 - a(q) - a(r). And, in this
case, one of a(q) and a(r) is an and the other is ap-1 because these
are the only 2 vertices of C whose weights in C will be < n-1. So,
the number of 1-valent vertices needed to construct C, in this
case,is 2n-2-a(q) -a(r) =2n-2-(a(q) + a(r)) =
2n-2-(an1+a) =2n-2-n=n-2. And, if q and r are the only
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vertices of g, then ISI = 2, which implies that the number of times
that the positive integer (n-1) occurs in A is also (n-2) [i.e.,
i=n-2]

Finally, if there are vertices other than q and r lying on B, then
let ¢ be the vertex whose weight in C will be a, and let d be the
vertex whose weight in C will be a,-1. Note that q, r, ¢, and d may
not all be distinct (although g = r and c = d). Let’s re-label the
vertices of g from left to right as follows, where we assume,
without loss of generality, that q is the left endpoint of g and r is
the right endpoint of B: by =q, bz, b3, ..., by-j = . Then, the number

of 1-valent vertices needed to construct C in this case is:
n-i-1

((n-1) - a(@)) + ((n-1) - a(r)) + 21 (bj - bzl - 1) - (@n-1 - @n - 1)
j:

=2n-2-a(q)-a(r) + [(a(q) +a(r)) - (@& +a-)] - (n-i-2)
=2n-2-al@-a(nN+a(gd+a(M-ap-ap1-n+i+2
=nN-a8-a1+i=n-(@r+ap1)+i=nN-n+i=1i

And, i is precisely the number of times that the positive integer
(n-1) occurs in A.

So, in each of the 3 cases discussed above, the number i of
times that (n-1) occurs in A is the same as the number i of
1-valent vertices neeeded to construct C from 8. Hence, in each
case, if we attach the appropriate number of 1-valent vertices to
each vertex of g (as determined by Theorem 2.3.1), we will use a
total of i 1-valent vertices, each having weight (n-1) in C. That
is, the (n-i) vertices of 8, each of weight < (n-1) in C, will require

the attachment of a total of i 1-valent vertices, each of weight
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(n-1) in C, to construct C. Itis clear that Cis a caterpillar since

C was constructed from path B by attaching i 1-valent vertices to
the vertices of B. And, for each vertex of C, the element of A
assigned to that vertex is, in fact, its weight in C, by

construction, and because the number i of times that (n-1) occurs
in A is exactly the same as the number i of 1-valent vertices
needed to attach to the vertices of B according to the
specifications of Theorem 2.3.1. So, Cis a caterpillar whose
centroid sequence is A and whose backbone B contains exactly ISI
vertices whose weights in C are simply the elements of S
arranged in the same order as they appear in S, by the way we
constructed C. ] |

Example 2.3.3: A=1{7,7,7, 6, 6, 6, 5, 3} is not realizable as the
centroid sequence of a caterpillar because the number "6" appears
in A more than two times, which violates condition (iii) of

Theorem 2.3.1 above. Note, however, that A is realizable as the

centroid sequence of the tree of Figure 2.3.3.

~

Fiqure 2
‘@
6 5
7® 6
/® P 3
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Remark 2.3.3: Note that if either condition (i) or condition (ii) of
Theorem 2.3.1 is violated, then A = {a, a, ..., ap} cannot be
realized as the centroid sequence of a caterpillar, since each of
these two conditions is a necessary condition for a sequence of

n = 3 positive integers to be the centroid sequence of a tree (see
Section 2.4).

Algorithm 2.3.1: Construction of a Caterpillar from a Finite
Sequence A = {aq, az, ..., an} (n = 3) of Positive Integers which is

Known to be the Centroid Sequence of a Caterpillar

(i) Let S be the subsequence of A which consists of all elements
of A that are strictly less than (n-1). Observe that since n 2 3,
an € S.

(ii) Order the elements of S in such a way that those elements of
S that are on the left side of a, appear in strictly decreasing
order, from left to right, and those elements of S that are on the
right side of a, appear in strictly increasing order, from left to
right. (Note that there may be several ways to do this, with each
way leading to the construction of a caterpillar whose centroid
sequence is A which is not isomorphic to any caterpillar obtained
from a different ordering of the elements of S.)

(iii) Draw a path B of order ISI. Label the ISI vertices of B with the
elements of S, from left to right, in exactly the same order as

these elements appear in S in step (ii) above.
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(iv) For each vertex v which is an endpoint of B, let a(v) be the
element of S that was used to label v in step (jii) above. Attach
((n-1) - a(v)) 1-valent vertices to vertex v.

(v) For each vertex v of B which is not an endpoint of B, let w and
x be the 2 distinct vertices of B that are adjacent to v on 8. Let
a(w) be the element of S that was used to label w in step (jii)
above, and let a(x) be the element of S that was used to label x in
step (iii) above. Attach max {a{w) -a(v) - 1, a(x) - a(v) - 1}
1-valent vertices to vertex v.

(vi) Label each 1-valent vertex of the resulting graph C with any
element of A\S (since each element of A\S equals (n-1)).

{vii) The graph C of step (vi) above is a caterpillar whose
centroid sequence is A since the weight in C of each vertex of C
which lies on B is given by the element of S that was used to label
that vertex in step (iii) above, the weight in C of each 1-valent
vertex of Cis (n-1) (i.e., an element of A\S), the number of
vertices of C that lie on B is ISI, and the number of 1-valent
vertices of C is IA\SI.

Example 2.3.4: Suppose we are given the sequence
A=1{9,9,9,9,8,7, 7,6, 6,4}. Notice that Al = 10 and that A
satisfies conditions (i), (ii), and (iii) of Theorem 2.3.2. Therefore,
A is realizable as the centroid sequence of a caterpillar. Now,
the elements of A that are strictly less than 9 can be ordered as
follows: S=1{7,6, 4, 6,7,8} (see step (ii) of Algorithm 2.3.1

above). In Figure 2.3.4, we construct a caterpillar C whose
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centroid sequence is A by first drawing a path B of order IS| = 6
and labeling the vertices of B, from left to right, with the
elements of S, in exactly the order in which they appear in S, from
left to right. We then attach two 1-valent vertices to the left
endpoint (whose label is “7”) of B, no 1-valent vertices to the
vertex labeled “6” that is adjacent to the left endpoint of B, one
1-valent vertex to the vertex of B which is labeled “4”, no
1-valent vertices to the vertex labeled “6” which is to the right
of the vertex labeled “4” on B, no 1-valent vertices to the vertex
labeled “7” which is adjacent to the right endpoint of § (whose
label is “8”), and one 1-valent vertex to the right endpoint of B
(whose label is “8”). Finally, we label each of the four 1-valent
vertices of the resulting graph with a “9”. This produces a
caterpillar C whose centroid sequence is A. Note that the label

given to each vertex of C is the weight of that vertex in C.

Eigure 2.3.4: The caterpillar C constructed in Exampie 2.3.4
above. The weight of each vertex of C is indicated next to that
vertex.

9

9
>0J0ﬂ/
7 6 4 6 7 8

Caterpillar C
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A question that arises naturally at this point is:
if A = {a, az, ..., an} is the centroid sequence of a caterpillar C, can
A also be the centroid sequence of another caterpillar C~ which is

not isomorphic to C? The next theorem answers this question.

Theorem 2,3.3: Let A= {ay, a3, ..., an} (n =2) be the centroid
sequence of a caterpillar C. Let S = the subsequence of A
consisting of all elements of A that are = (n-1), and let i = the
number of positive integers = a, appearing in S exactly one time.
Then:

(i) if i = 0, there is exactly one caterpillar (namely, C), up to
isomorphism, whose centroid sequence is A;

(ii) if i 2 1, there are exactly 2i-1 distinct caterpillars, up to
isomorphism, such that A is the centroid sequence of each of

these caterpillars.

Proof:

(i) Note thatif i = 0, then a, is the only positive integer in A that
may appear exactly once in S. So, every positive integer k such
that an < k < n-1 appears either exactly twice in A or exactly zero
times (i.e., not at all) in A. Hence, there is no way to re-arrange
the weights of the vertices lying on the backbone B of C to
construct a new caterpillar C~ which is not isomorphic to C.

Thus, Cis the unique caterpillar, up to isomorphism, whose

centroid sequence is A.
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(ii) We will prove this part by induction on the number i of
positive integers = a, that appear in S exactly one time. Ifi= 1,
then there is exactly one postive integer k = a, that appears in S

- exactly one time. Observe that we can view the vertex v, of C
whose weight in C is a, as a "fixed" vertex of g which separates
the "left side" of B from the "right side" of B. Then, we can think
of each vertex of C whose weightin Cis k, where a, <k <n-1,as a
vertex of B which can be moved from one side of a, to the other
along B. Suppose, without loss of generality, that the unique
vertex of C whose weight is k (in case i = 1) lies to the right of
the vertex whose weight is a, on B. Since the set of weights,
other than k, of the vertices to the right of the vertex whose
weight is ap is the same as the set of weights of the vertices to
the left of the vertex whose weight is an, and since the set of
weights of the vertices along B to the right of a, must be arranged
in strictly increasing order, from left to right, and the the set of
weights of the vertices along B to the left of a, must be arranged
in strictly increasing order, from right to left, we see that k is

the only weight along B that can be re-located (i.e., moved from
one side of aj to the other). But, if we move k (and the vertex of B
whose weight in C is k) from its original position along B, we can
only re-locate k to the identical pesition on the left side of ap,

that k used to occupy on the right side of a,. So, this "new"
arrangement of the weights along B is actually just the
mirror-image of the original arrangement of the weights along B.

That is, the caterpillar corresponding to this re-location of k is
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isomorphic to C. Since there is no other way to re-arrange the
weights along B to render a new caterpillar which is not
isomorphic to C, we see that when i = 1, there is one and only one
caterpillar, up to isomorphism, whose centroid sequence is A. So,
wheni =1, there is 21-1 = 20 = 1 caterpillar whose centroid
sequence is A, verifying the statement of the theorem for the case
i=1.

In case i = 2, there are exactly 2 distinct positive integers
j1 = an and j2 = a, that each appear exactly one time in S. So,
either both j; and j> appear on the same side of a, on B or one of
them appears to the right of a, on B and the other appears to the
left of a, on B. And, since the weights to the right of a, on B
strictly increase, from left to right, and the weights to the left of
an on B strictly increase, from right to left, there is one and only
one way that both j; andj> can appear on the same side of a,, up to
isomorphism, and there is one and only one way that j; and j> can
appear on opposite sides of an, up to isomorphism. Hence, there
are exactly 2 non-isomorphic caterpillars whose centroid
sequence is A. That is, when i = 2, there are 2i-1 = 22-1 = 2
non-isomorphic caterpillars such that A is the centroid sequence
of each of these caterpillars, verifying the statement of the
theorem for the case i = 2. Now, we introduce our induction
hypothesis. Suppose that fori=k (k = 1), there are exactly 2k-1
non-isomorphic caterpillars such that A is the centroid sequence
of each of these caterpillars. Then, we must show that for

i = k+1, there are exactly 2(k+1)- = 2k non-isomorphic caterpillars,
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each having A as its centroid sequence. When i = k+1, there are
exactly (k+1) distinct positive integers, each = a,, that each
appear exactly once in S. Now, if we remove one of these (k+1)
positive integers (say, z), from A and replace it in A with an extra
occurrence of the positive integer (n-1), there will be exactly k
distinct positive integers, each = a,, that each appear exactly one
time in S# (where S# is the sequence obtained from S by removing
z from S). And, according to our induction hypothesis, there are
2k-1 non-isomorphic caterpillars such that A# (i.e., the sequence
obtained from A by removing z and replacing it with an extra
occurrence of {n-1)) is the centroid sequence of each of these
caterpillars. Note that the order in which the elements of S#
appear along the backbone of any one of these 2k-1 non-isomorphic
caterpillars differs from the order in which these elements

appear along the backbone of any of the other (2k-1 - 1)
non-isomorphic caterpillars. Let C~ be any one of these 2k-1
non-isomorphic caterpillars, and let B~ be the backbone of C~.
Now, re-introduce the integer z that had been removed from A and
eliminate the extra occurrence of (n-1) in A which was used to
replace z. Since z appears exactly once in S, z can be added to
exactly one side of a, along f~. Note that the right side of B~ and
the left side of B~ are not mirror images of each other because, by
hypothesis, k 2 1 (i.e., there is at least one positive integer x = a,
that appears exactly once along B~ and, therefore, appears on
exactly one side of a, along B~). Also, the integer z does not

already appear along B~ because, by hypothesis, the integer z
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occurs exactly once in S and z was not used along the backbone of
any of the 2k-1 non-isomorphic caterpillars discussed above.
Hence, there are exactly 2 ways to add the integer z along B~ --
either place z on the right side of a,, or place z on the left side of
an. Since the right side of B~ and the left side of B~ are not mirror
images of each other, these 2 ways to add z along B~ are distinct
and, therefore, give rise to 2 non-isomorphic caterpillars. And,
since the weights to the right of a, must strictly increase, from
left to right, and those to the left of a, must strictly increase,
from right to left, in order for these weights to be the weights of
the vertices lying on the backbone of a caterpillar, there is

exactly one way to add z to the right of a,, and exactly one way to
add z to the left of a,. So, for each caterpillar C~ of the 2k-1
non-isomorphic caterpillars whose backbones each contain k > 1
elements of S# (other than a,) that appear exactly one time in S#,
there are exactly 2 non-isomorphic caterpillars that can be
constructed by the addition of z to S# (thereby recovering S).
That is, for each caterpillar C~ in the collection of the 2k-1
non-isomorphic caterpillars mentioned above, there are exactly 2
non-isomorphic caterpillars C1~ and Ca~ that can be constructed
from C~ by placing the positive integer z on B~. Thus, since there
are 2k-1 such non-isomorphic caterpillars C~, and each of these
gives rise to 2 non-isomorphic caterpillars C1~ and Co~ (when z is
placed on B~), there are exactly 2k-1.2 = 2k non-isomorphic
caterpillars when i = k+1 (i.e., when there are exactly (k+1)

positive integers, each = ap, that each appear exactly one time in
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S) whose centroid sequence is A. This completes the proof by
induction. O

Since the centroid sequence A of a caterpillar C may also be
the centroid sequence of a caterpillar C~ which is not isomorphic
to C, can A also be the centroid sequence of a tree T which is not a
caterpillar? The following theorem shows that A may, in fact, be
the centroid sequence of a non-caterpillar tree T, and sets down

the conditions under which this is possible.

Theorem 2.3.4: Let A= {a1, @, ..., an} (n=3) be the centroid
sequence of a caterpillar C and let A« = {aie Alaj=n-1}. Also,
let a; € A~ be such that a, 2 a; for all a; € A«. Then, A is also the
centroid sequence of a non-caterpillar tree T if and only if:
(i) 1A{ = 4; and
(i) there is a caterpillar C~ whose centroid sequence is A and
such that there is a pair of adjacent vertices, say, v, and vs,
respectively, along the backbone B~ of C~, whose weights a;
and as, respectively, in C~ satisfy the following conditions:
a) ar, as € As\{z;}; and

b) Iar' asl >n- az.

Proof: (=) Suppose that [A+l 2 4 and that there is a caterpillar
C~ whose centroid sequence is A such that there is a pair of
adjacent vertices v; and vg along the backbone B~ of C~ whose
weights satisfy conditions (ii)a) and (ii)b). Let the pair of
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adjacent vertices vy and vs along B~ be chosen so that

lar - agl = la; - gjl for each pair of adjacent vertices v; (whose
weight in C~ is a;) and v; (whose weight in C~ is a;) along B~ such
that a;, aj e A-\{a;}. Note that a = a5, by condition (ii)b), since
n-az > 0. Assume, without loss of generality, that a, > as. Then,
since C~ is a caterpillar, the number of 1-valent vertices

adjacent to vertex vgin C~is a, - as - 1, by Theorem 2.3.1. Now,
since az 2 g; for all a; € A+, the vertex v; whose weight in C~ is

a; must be an endpoint of backbone (i.e., path) B~. Therefore, the
number of 1-valent vertices of C~ adjacent to vertex v in C~ is
n-az;- 1. By condition (ii)b), ar-as=lar-aj>n-a; =
ar-as-1>n-az-1 = a-a-12n-a, since a, ag, n, and
a are all positive integers. That is, the number of 1-valent
vertices adjacent to vertex vs in C~ is 2 the number of 1-valent
vertices adjacent to vertex v, in C~ plus 1. So, we can remove
from C~ (n-az) of the 1-valent vertices (and the (n-a;) edges
incident with them) that are adjacent to vertex v and also remove
from C~ the branch T+ that starts at the unique vertex (say, vy)
which is adjacent to v; along B~ and is determined by vertex v,
except for vertex vy itself (i.e., don't remove vertex vy), and then
attach the (n-az) 1-valent vertices (with their edges) to vertex vy
and also attach branch T« (minus vertex vy) to vertex vs. These
removals and subsequent attachments produce a tree (say, T~)
whose centroid sequence A is the same as that of C~. There are

now 3 cases to be considered.
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(1) Iif vx = v, then T~ is not a caterpillar because, by the
adjacency of vertices v, and vg along B~ and conditions (i) and
(ii)a), there is a vertex v, with v¢ = v, and v; = vz, which is
adjacent to vs along B~. This proves the theorem in this case.
(2) If vy = vs, then T~ = C~, so T~ is a caterpillar. Now, by the
adjacency of v and v, along B~ and conditions (i) and (ii)a), there
is a vertex vy, with vy = vg and vg = vz, such that v is adjacent to
v, along B~. Since a, > a5, we have a; > a,, because a; < a, implies
that a; is in the centroid of T~, contradicting the fact that a, > as.
So,az2a> ar > as.

If a, > at, there is a caterpillar C~~ whose backbone B~~
contains the following ordered sequence of vertices, starting
from endpoint vz of B~~: V2, Vg, Vs, V. Observe that the number of
1-valent vertices that are adjacent to vertex vs in C~~ is
at-as-1>ar-as-12n-az since ay> a,. So, we can remove
from C~~ n-a, of the 1-valent vertices (and the (n-a;) edges
incident with them) that are adjacent to vertex vg and also remove
from C~~ branch T« that starts at vertex v, and is determined by
vertex vy, except for vertex vy itself (i.e., don't remove vertex v;),
and then attach the (n-a;) 1-valent vertices (with their edges) to
vertex vy and also attach branch T« (minus vertex v;) to vertex vs.
These removals and subsequent attachments produce a tree T~~
which is not a caterpillar since vertices vz, v, Vs, and v, do not all
lie on a single path in T~~. And, by the way we constructed T~~,

A (the centroid sequence of C~, T~, and C~~) is also the centroid
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sequence of T~~. Hence, T~~ is the required tree which is not a
caterpillar.

if, however, a, = a;, then we can remove from C~ (n-a;) of the
1-valent vertices (and the (n-a;) edges incident with them) that
are adjacent to v and also remove from C~ the branch T« that
starts at vertex v; and is determined by vertex v, except for
vertex v, itself (i.e., don't remove vertex v;), and then attach the
(n-a;) 1-valent vertices (with their edges) to vertex v, and also
attach branch T« (minus vertex v;) to vertex vs. The resulting
graph is a tree T which is not a caterpillar, since vertices vz, vs,
vy, and v do not lie on a single path in T. In addition, the centroid
sequence A of T is the same as that of C~, by the way we
constructed T. Hence, we are done in case (2).

(3) If wx= vy and vy = vs, then B~ contains one of the following
two ordered sequences of vertices, starting from endpoint v, of
B~: either wvg, vy, Vs, Vi OF Vg, Vx, Vp, Ve.

If B~ contains the ordered sequence of vertices vy, vy, Vs, Vr,
then there are again at least (n-a;) 1-valent vertices adjacent to
vertex vs in C~. So, we can remove from C~ (n-az) 1-valent
vertices (and the (n-a;) edges incident with them) that are
adjacent to v and also remove from C~ branch T« that starts
at vertex vy and is determined by vertex v, except for vertex vy
itself (i.e., don't remove vertex vy), and then attach the (n-a;)
1-valent vertices (with their edges) to vertex v, and also attach

branch T« (minus vertex vy) to vertex vi. This construction
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produces a tree T~~~ which is not a caterpillar, and we are done
in this case.

If, on the other hand, B~ contains the ordered sequence of
vertices vz, Vx, V, Vs, then a; > a, > a, > as. If there is a vertex
(say, vy) other than v, which is adjacent to vs along B~, then, in a
manner similar to that presented in case (1), case (2), and the
second paragraph of case (3) above, vertex v; can be removed from
B~ and attached directly to vertex vs, producing a non-caterpillar
tree T~. If, however, vs is an endpoint of B~, then a new
caterpillar C~~~ can be constructed whose backbone B~~~
contains the following ordered sequence of vertices, starting with
endpoint vz of B~~~: vz, vp, Vg, Vx. Hence, C~~~ is a case (1) type
caterpillar, and we can construct from C~~~ a non-caterpillar
tree T~~~~, just as we did in case (1) above, completing the proof
in this direction. 1

(<) Conversely, suppose that A = {a1, a2, ..., an} is the centroid
sequence of a non-caterpillar tree T. Let v, be the vertex of T
whose weight is an, and let vn.1 be the vertex of T whose weight is
an-1. Then, vy is in the centroid of T, and vp-1 is adjacent to v, in
T. Thus, (Vn, Vn-1) is an edge of T. Let P be alongest pathin T
which contains edge (vn, vn-1). Since T is not a caterpillar, and by
our choice of P, P contains at least 3 intemnal (i.e., non-endpoint)
vertices. Furthermore, at least one of these 2 3 internal vertices
of P is at distance = 2 from each endpoint of P and is adjacent to

a non-1-valent vertex of T which does not lie on P. Let v; be an
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internal vertex of P which is at distance = 2 from each endpoint of
P and which is adjacent to a non-1-valent vertex (say, v;) of T
which does not lie on P whose weight a; (of vertex v)) in Tis < the
weight of any other non-1-valent vertex of T which does not lie on
P and is adjacent to an internal vertex of P which is at distance >
2 from each endpoint of P. Note that we can think of the subpath
P* of P whose vertex set is the set of all intemnal vertices of P

as a kind of “backbone” of T (aithough, strictly speaking, the
term “backbone” has been defined only for caterpillars). That

is, if T were a caterpillar (although, by hypothesis, T is a
non-caterpillar), then for each internal vertex v* of P*, the
number of 1-valent vertices adjacent to v* in T would be
determined by the weight a** in T of a vertex v** of P* which is
adjacent to v* along P* and has greatest weight in T, as well as
by the weight a* in T of vertex v* itself. Specifically, the number
of 1-valent vertices adjacent to v* in T would be a**-a*- 1.
Now, since T is not a caterpillar, a** determines, instead, the

sum of the sizes of all branches of T that start at v* other than
the two branches that are determined by the two vertices that are
adjacent to v* along P*. So, since vertex v; is an internal vertex
of path P*, there is a vertex (say, vi) adjacent to v; along P*
whose weight ax in T, together with the weight a; in T of vertex v,
determines the sum of the sizes of all branches that start at v;
other than those two branches determined by the two vertices

that are adjacent to v; along P*. So, the sum of the sizes of these
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(val(v;) - 2) branches that startat v;inTis ax-aj- 1. (Note that
ax > aj, by our choice of vertex vi.)

We now consider all possibilities for the size of g; relative to
the sizes of a and ak. If a; < gj < a, then we can place vertex v;
between vertices v; and vk along P and all other non-1-valent
vertices of T can be placed on P in such a way that the weights of
the vertices along the resulting path P~ strictly increase as we
move away from vertex v, along P~, with the sole exception that
the weight ap in T of vertex v, may be equal to the weight an-1in T
of vertex vn.1. Note that by the minimality of aj, no vertex of T
which did not originally lie on P has a weight in T which is
strictly between a; and a;. Hence, after each non-1-valent vertex
of T is placed along P (to form P~) in the manner mentioned above
and labeled with its weight in T, and then each vertex of this
newly formed backbone P~ is joined to an appropriate number of
1-valent vertices determined by the labeled weights of these
vertices of P~, we obtain a caterpillar C~ in which vertices v; and
vj are adjacent. Note that the centroid sequence of C~ is the same
as that of C and of T (namely, A = {a;, a2, ..., an}), since the set of
weights of the vertices of C~ that are < n-1 is the same as A-.

So, lA«l 2 4. Also, since ax-a;-1 = n-aj, we have

lgj-al = aj-a; =2 n-ag+ 1, which implies that

laj-ajl > n-ax 2 n-az where a; is the weight in C~ of the
vertex of greatest weight which lies along the backbone of C~.

Additionally, note that a; < aj < a, which implies that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



64

aj, 3j € A«\{az}. So, in case g < 3; < a, the theorem is proved,
since caterpillar C~ satisfies conditions (i) and (ii).

Observe that it is impossible that a; = g, since gj = 3; implies
that edge (v;, v;) is the centroid of T, contradicting our choice of
path P. It is also impossible that a; < a;, because either vertex v;
is in the centroid of T, in which case a; < asfor all a, € A, or
vertex v; is not in the centroid of T, in which case there is a
vertex (say, vm, Where v, = Vi) which is adjacent to v; along P
such that an < gj (where ap, is the weight of vertex v, in T), since
the unique branch of T which starts at v; and contains the centroid
of Tis the only branch starting at v; which is determined by a
vertex whose weight in T is strictly lower than that of v;. Thus,
gj 2 a;, contradicting the hypothesis that g; < a;.

If aj = ax, then no non-1-valent vertex of T which did not
originally lie on P has a weight which is strictly between g; and
ak, by the minimality of a;. Therefore, lak-al=ax -aj=3aj- g;
>n-ag2n-a, So, if we place all of the non-1-valent vertices of
T, labeled with their weights in T, on P in such a way that the
weights of the vertices along this new path P~~ strictly increase
as we move away from vy along P~~ (with the one exception that
it is possible that an-1 = a,), and then join each vertex of P~~ to an
appropriate number of 1-valent vertices determined by the labeled
weights of these vertices of P~~, we obtain a caterpillar C~~
whose centroid sequence is A. And, C~~ satisfies conditions (i)
and (i), since vertices v; and v are adjacent aiong P~~ and since
ax < a; implies that g;, ax € A+\{a;} (because we can take j = z if
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ax = a;), and we are done. Finally, if a; > ak, again no non-1-valent
vertex of T which did not originally lie on P has a weightin T
which is strictly between a; and a, by the minimality of a;.
Hence, lax - al = ax-a > n-a; = n-a; Thus, as before, we can
construct a caterpillar C~~~ whose centroid sequence is A which
satisfies conditions (i) and (ii), since v; and v are adjacent along
P~~~ and since aj > ax implies that aj, ax € A-\{a;}.

Therefore, since there is a caterpillar whose centroid sequence
is A such that this caterpillar satisfies conditions (i) and (ii),
regardless of the size of g; relative to the sizes of a; and ay, the

theorem is proved. O

Example 2.3.5: Theorem 2.3.4 may be applied as follows. Let
A={17,17,17,17,17,17,17,17,17, 15, 14, 14, 12,11, 10, 10,
9, 9}. Then, A is realizable as the centroid sequence of a

caterpillar, by Theorem 2.3.2. Also, A« = {15, 14, 14, 12, 11, 10,
10,9,9},s0 IAdl =9 >4 and a; = 15. Observe that A is the
centroid sequence of the caterpillar C~ of Figure 2.3.5(a). Note
that vertices v, and vs are adjacent along the backbone B~ of C~,
ar=14 and as=10. So, &, age A+\{az} and la;-asl =114 - 10!
=4>3=18- 15 =n - a;. Hence, by Theorem 2.3.4, there is a tree
T which is pot a caterpillar such that A is also the centroid

sequence of T. Note that T is obtained from C~ by removing the
branch By, (except for vertex w) of C~ which starts at vertex w

and is determined by vertex v; (whose weight in C~ is az = 15) and

removing 3 of the 1-valent vertices that are adjacent to vertex vs
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in C~, and then attaching branch B,, (minus vertex w) to vertex vg
and attaching the three 1-valent vertices that were removed to

vertex w. See Figure 2.3.5(b).

Figure 2.3.5: In (2), the weight in C~ of each vertex of caterpillar
C~ is indicated next to that vertex. In (b), the weight in T of each

vertex of tree T is indicated next to that vertex.
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We have just looked at several results concerning the centroid
sequence of a caterpillar. What can be said about the centroid
sequence of a tree? We will look into the issue of characterizing
the centroid sequence of a tree in Section 2.4.

2.4 A Characterization of the Centroid
Sequence of a Tree

The task of characterizing the centroid sequence of a tree is
more difficult than that of characterizing the centroid sequence
of a caterpillar. To facilitate the characterization of the centroid

sequence of a tree, we introduce the following definitions.

Definition 2.4.1 : Let vbe a vertex of atree T on n 2 2 vertices,
and let a(v) = the weight of v in T. We define the complementary
weight of vin T, denoted b(v), by the following equation:

b(v) = n - a(v).

Remark 2.4.1: Observe that b{v) may be interpreted geometrically
as the sum of the sizes of all branches of T that start at v except
for one specific branch B of greatest size which starts at v,

pius 1.
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Proof: b(v) =n-a(v)
=(n-1)-a(v) +1
= size(T) - size(B) + 1. n

Definition 2.4.2: Let T be a tree on n 2 2 vertices, and let
A = {ay, az, ..., an} be the centroid sequence of T. We define the
complementary sequence of T (and of A) to be the sequence

B = {by, by, ..., bn}, where bj=n-g foreachi=1,2,..,n.

Example 2.4.1: Suppose T is a tree whose centroid sequence is
A=18,8,8,8,7,7,7,7, 2} (see Figure 3.2.2). Since A contains 9
elements, n = 9. Hence, the complementary sequence of T (and of
A)isB={1,1,1,1,2,2,2,2,7}.

Remark 2.4.2: Since the centroid sequence A of a tree T is
arranged in non-increasing order, the complementary sequence B

of T (and of A) is arranged in non-decreasing order.

We now develop some new vocabulary that will be used in the

statement and proof of Theorem 2.4.1.

Definition 2.4.3: Let B = {b,, by, ..., bn} be a sequence of positive
integers arranged in non-decreasing order (i.e., by < by < -+ < bp),
and let b; e B. We say that b; is satisfiable if there exists a
(possibly empty) subsequence B; of B\{bn.1, bn} such that

2 bk = bi- 1. We call B; the satisfaction subsequence
by € B;
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for b;, and the elements of B; are said to satisfy b;. The element
b € B is said to be satisfied when the elements of B; have all

been crossed out from B.

Example 2.4.2: Suppose B = {1, 1,1, 1, 2, 3, 4}. Observe that

3 € B is satisfiable because, for example, the sum of the elements
of the subsequence {1, 1} of Bis 1+ 1=2= 3 - 1. In this case,

{1, 1} is the satisfaction subsequence for 3 and the elements 1

and 1 satisfy 3. 3 is satisfied when the two elements of {1, 1}
have been crossed cut from B, as follows: B = {1, /Tf /1’, 1, 2, 3, 4}.

Definition 2.4.4 : | Let B = {bs, by, ..., by} be a sequence of positive
integers arranged in non-decreasing order (i.e., by <bz <-- <bp).
We call B a satisfiable sequence if:
(i) each element b; € B can be satisfied in such a way that
once an element by of the satisfaction subsequence
Bi ¢ B for by has been crossed out, bk cannot be used again
to satisfy any element b; ¢ B with j = i; and

@) U B = B\{bn-1, b}

i=1

Example 2.4.3: Let's look once again at the sequence
B=11,1,1,1, 2, 3, 4} from Example 2.4.2 above. Note that IBl = 7
and 3 + 4 = 7. Additionally, each of the 1's in B is automatically
satisfied and requires no crossing out of other elements of B. We
can cross out the first 1 for the 2, the second and third 1's for the
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3, and the fourth 1 and the 2 for the 4. That is, each element of B
can be satisfied in such a way that each element of B\{3, 4} which
is crossed out along the way is not used again and such that the
only non-crossed out elements of B are the 3 and the 4. Therefore,

B is a satisfiable sequence.

Before characterizing the centroid sequence of a tree in
Theorem 2.4.1, we first state and prove the following two

lemmas.

Lemma 2.4.1: Let T be a tree on n = 2 vertices, and let v and w be
distinct, adjacent vertices of T such that a(v) < a(w). Then, the
unique branch of T emanating from v determined by w has size

(n - a(w)).

Proof: First, suppose v is not in the centroid of T. Since w is
adjacent to v and a(v) < a(w), we must, in fact, have a(v) < a(w), by
Lemma 2.3.1. So, the branch By emanating from v determined by
w is a not a branch of greatest size which starts at vin T. Hence,
size(Bw) < a{v). Now, since a(w) > a(v), branch By, which
emanates from w and is determined by v is the unique branch of
greatest size which starts at win T, and thus, size(Buyy) = a(w).
Hence, the sum of the sizes of all branches of T other than By,
which emanate from wis (n-1) - a(w). But, size(Byww) = (the sum

of the sizes of all branches of T other than By, which emanate

from w) + (length of edge (w, v)) = (n-1) - a(w) + 1 =n - a(w).
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Suppose, now, that v is a vertex in the centroid of T. Then, for
each vertex w which is adjacent to vin T, a(v) < a(w). Ifw lies on
a branch B,,, emanating from v which is not of greatest size, then
a(w) > a(v). In this case, the proof proceeds exactly as it did in
case v was not in the centroid of T, and, again, size(Bw,) =
n - a(w). However, if w determines a branch B~ of greatest size
which emanates from v (note that there may be more than one
such branch B~ of greatest size emanating from v in T since v is
in the centroid of T), then the value of a(w) must be the same as
that of ap.1 (i..e., a(w) = an.1 as positive integers) because the

branch B# of greatest size which emanates from w must be

determined by v and, hence, size(B#) = a(w)=(n-1)-(a(v) - 1)
n-a(v) =n-a,=axn1 (note that a{v) = a, as positive integers
since v is in the centroid of T). So, size(B~)=a(v)=an=n-2ap1 =

n - a(w), and we are done. O

Lemma 2.4.2: LetT be a tree on n = 2 vertices, and let ve V(T).
Let W = {w1, wp, ..., wi} be the set of all vertices that are adjacent
to vin T, where k = val(v), and let w; e W be any vertex of W such
that a(w;)) <a(w;) forallj=1, 2, ..., k. Then,

Y a(w) - a(v) -1 = n(valv) - 2).
wj e W\{w;}

Proof: Note that if vis a 1-valent vertex of T, then IW! = 1, which
implies that W\{w;} = @. So, in this case, the statement of the

theorem requires that 0 - (n-1) -1 =n-(1-2). Thatis, -n+ 1 -1

= -n = n+(-1), so the statement is true for each 1-valent vertex of
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T. Now, suppose val(v) = 2. Let W = {wq, wo, ..., wi} be the set of
all vertices of T that are adjacent tovin T. Let w; € W be any
vertex of W such that a(w;) < a(w;) forallj=1, 2, ..., k. Then, we
know that a(v) < a(w;) for each wj e W\{wi}, since each vertex of T
that is adjacent to v, with the possible exception of w;, must have
strictly higher weight in T than v. So, by Lemma 2.4.1, for each
vertex w; € W\{wi}, the size of the unique branch B~ of T which
starts at v and is determined by w; is (n -w;) [i.e., size(B~) =
n - wj]. Now, the branch B of T which starts at vand is
determined by w; is a branch of greatest size which starts at v, so
size(B) = a(v). Hence, since size(T) = n -1, we have

2 (n-awp)) + a(v) =n-1.

wj e W\{w;}
Noting that IWI = k = val(v), we have
n-(val(v) - 1) - 2 a(w)) + a(v) = n-1. Thus,
wje W\{Wi}
Y aw) - a(v) -1 =nal(v)-2). O
Wj € W\{Wi}

We now have all the tools that we need in order to characterize

the centroid sequence of a tree in Theorem 2.4.1 below.

Theorem 2.4.1 (Characterization of the Centroid Sequence of a
Tree):
Let A = {a1, @z, ..., an} (n = 2) be a sequence of positive integers

arranged in non=increasing order (i.e., a1 2 az 2 -~ = a,), and let
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B = {by, by, ..., bn} be the complementary sequence of A. Then, A is
realizable as the centroid sequence of a tree T if and only if the
following two conditions are satisfied:

(i) bp.q +by=n; and

(ii) B is a satisfiable sequence.

Proof: (=) Suppose that A = {a, a2, ..., 3} (n 2 2) is realizable

as the centroid sequence of a tree T. Then, IAl = n = IV(T)Il. Since A
is the centroid sequence of T, an-1 +an=n. So, by-1 +bp=
(n-ap1) +(n-2a,) =2n- (ap-1 + ay) = 2n - n = n, proving condition
{(i). To prove condition (ii), let g be the weight of vertex v; of tree
Tforeachi=1,2, ..., n. Letv; € V(T), and let W\{w;} be the set of
all vertices that are adjacent to v; in T, with the exception of any
one vertex w; of lowest weight that is adjacent to v; in T. Then,
by Lemma 2.4.2, we know that

2 aw) - a -1 = n(vai(vy) - 2),
w € W\iw;}

where a(w) is the weight of vertex w in T. Solving this equation
for -aj;, we find that

-3 = n-<(val(v) - 2) - Y aw) +1

w e WA\{w;}

= n<val(v;) -1) - Y a(w) +1-n

w e W\{w}

= 2 (n-aw)) +1-n
w € W\{iw;}

= > bw) +1-n
w € W\iw;}

(where b(w) = n - a(w) is the complementary weight of vertex w
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in T).
So, n - g = S bw) +1 = b= 2 bw) +1
w e W\iw;} w e W\{w}
or
*) Y bw) = b - 1
w € W\iw;}

(where b; is the complementary weight of vertex v; in T).

That is, the sum of the complementary weights of the vertices of
W\{wi} is 1 less than the complementary weight of vertex 'vi.
Since v; = v; implies that W\{w;} n W\{w;} = o, for each vertex

v; € V(T), the complementary weight b; ¢ B of vertex v; can be
associated with a satisfaction subsequence B; of B, which is
determined by the set of vertices W\{w;} adjacent to v; in T, with
the exception of any one vertex w; of lowest weight which is
adjacent to vijin T, in such a way that by € B;. Thus, bx ¢ B; if j = i
(although an element of B which represents the same positive
integer as that represented by by may be an element of B;). Thus,
if B = {bq, by, ..., ba} is the complementary sequence of A, then each
b; € B (corresponding to vertex v; of T) can be satisfied by
crossing out from B the elements of the subsequence B; of

B\{bn-1, bn} determined by the vertices of W\{w;} that are adjacent
tovjin T. (Note that if bj= 1, thenv; is a 1-valent vertex of T, so
W\{w;} = 2.) So, we can rewrite equation (*) as follows:

(**) Y bg=b-1.
bk € B

. n n
And, since U W\{w;} = V(T)\{vn-1, vpo}, we have U B; = B\{by.1, b}

i=1 i=1
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(note that the symbol U means "disjoint union" here). Hence, B is
a satisfiable sequence, proving condition (ii), and completing the

proof in this direction. O

(=) Conversely, suppose that conditions (i) and (ii) hold. By
condition (i), we have n = bp-1 + by = (n-ap-1) + (A-apy) =

2n - (an-1 + an). Thatis, ap-1 + ap = n, which is a necessary
condition for A to be the centroid sequence of a tree on n vertices.
By condition (ii), each element b; € B can be satisfied in such a
way that once an element by of the satisfaction subsequence B; of
B\{bn-1, bp} for b; has been crossed out, bx cannot be used again to
satisfy any element b; € B with j = i, and

n
U Bi = B\{bp-1, bp}. So, for each b; ¢ B,
i=1

2 by=b-1 = ¥ (n-a) =n-a-1

by € B ag € A
[where A; < A is defined as A; = {ax = (n-by) | bk € B;}]
= Al - Y ag = n-g-1 =
ak € A
*) 2ak -3-1= n(lAl-1). Therefore, for each a; € A,
ak € A

there is a subsequence A; of A\{a,.1,2,} whose elements satisfy
equation (*) above and such that ax € A; implies that ay ¢ A; if

j = i (although the positive integer represented by a; may appear
in both A; and A;). In addition,

i

n .
A; = A\{an-1, an} (because of the corresponding property of
=1
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the union of the Bi's). Now, if we draw n vertices, iabel each
vertex v; (i = 1,2,...,n) with a distinct element g; of A, and join a
pair of these labeled vertices (labeled, say, a; and aj, where i = j)
with an edge if and only if either: (i) aje A;, or (ii) aje A;, or
(iii) {a;, 2;} = {an-1, an}, we obtain a tree T on n vertices.

Claim: A = {aj, a2, ..., an} is the centroid sequence of the tree T
constructed abové.

Proof of Claim: Note that for each vertex v; of T (whose label is
a;), equation (*) above holds. And, each ax € A; is the label of a
vertex v which is adjacent to vertex v;in T. In fact, by our
construction of T, IA]l = val(v;) - 1, so for each a; € A, equation (*)
can be rewritten as

**) 2 ak -a-1 = n(val(vi) - 2), which, by Lemma 2.4.2, is
ake A

a necessary condition for A to be the centroid sequence of T. To
show that A is, indeed, the centroid sequence of T, we will show
that for each vertex v; of T, the label a; assigned to v; in the
construction of T is the weight of v;in T. Note that sincen = 2,
T has at least two 1-valent vertices. For each 1-valent vertex v;
(whose label is ;) of T, Ai =D and ai=n - 1 (by the way we
constructed T and by equation (**)). Thus, for each 1-valent
vertex v; of T, the label a; = n - 1 of v; coincides with the weight
of viin T. Now, by pruning all the 1-valent vertices from T, we
obtain a new (possibly degenerate) tree T~. If T~ consists of just
a single vertex (say, vj), then T is a star and the weight of vjin T
is 1. Also, by (**),
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aj= Y a -n(val(vy) -2)-1 = (n-1)(n-2) -n:(n -1 -2) -1
ake A

=n2-3n+2-n2+3n-1=1. Thatis, g; =1, so aj coincides with
the weight of vertex vjin case T is a star, and we are done.
Otherwise, T~ is a non-degenerate tree, so T~ has at least two
1-valent vertices. Let v; be a 1-valent vertex of T~ whose label
ar is 2 the label of any other 1-valent vertex of T~. Then, v;is
adjacent to val(v;) - T 1-valent vertices in T. Thus, the weight of
viinTis (n-1)-(val(vy) - 1) = n-val(v;). Also, by (**),

ar= ) ax -n(val(v)-2)-1=
ake A

(n-1)(val(vy) - 1) - n-(val(vy) -2) -1 = n-val(v;). Thatis,

ar = n - val(v;), so a, coincides with the weight of vertex v, in T.
Next, prune vertex v, from T~ to obtain another (possibly
degenerate) tree T~~. As before, if T~~ is a degenerate tree, it
can be shown that the weight in T of the sole vertex (say, vg) of
T~~ coincides with the label ag assigned to vertex vgin T. And, if
IT~~l 22, T~~ has at least two 1-valent vertices. As we did
above, we can show, using Lemma 2.4.2 and equation (**), that if
viis a 1-valent vertex of T~~ such that a;, the label assigned to
vertex v¢ in T, is 2 the label assigned to any other 1-valent vertex
of T~~, then a; = the weight of vertex v; in T (because we already
know that the label ax of each vertex vi such that ax € A coincides
with the weight of vertex v in T, since v is a 1-valent vertex of
either T or T~). By iterating this procedure, we can verify that

for each vertex v; (i=1, 2, .., n) of T, the label a; assigned to v;
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coincides with the weight of v; in T. Hence, A is realizable as the

centroid sequence of tree T, and the proof is complete. O

Theorem 2.4.1 gives rise to the following algorithm.

Algorithm 2.4.1: (Determining Whether a Given Finite Sequence
of Positive Integers is Realizable as the Centroid Sequence of a
Tree)

1) Given a finite sequence A = {ay, az, ..., an} (n 2 2) of positive
integers, construct the sequence B = {b4, by, ..., bn}, where
bi=n-aforeachi=1,2,..n.

2) If bn1 + by = N, stop here because A is not the centroid
sequence of a tree. Otherwise, by.1 + by = n, and we move on to
step 3) below.

3) For each element b; € B with b; >1, locate a subset B; of
elements of B\{bn-1, bn} such that the sum of the elements of B;
is (b; -1).

4) After locating subset B; described in step 3) above, cross out
the elements of B; from B so that these elements will not be used
again.

5) if steps 3) and 4) above can be carried out successfully for
each bj e B with b; > 1 in such a way that at the end of this
procedure, by-1 and by, are the only elements of B that have not
been crossed out, then A is realizable as the centroid sequence of
a tree. If, on the other hand, steps 3) and 4) above cannot be
carried out successfully for each b; e B, or if steps 3) and 4)

cannot be carried out in such a way that all the elements of
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B\{bn-1, bn} will be crossed out by the end of the procedure, then A

is not realizable as the centroid sequence of a tree.

Example 2.4.4: IsA=1{7,7,7,6, 6, 6, 4, 4} realizable as the
centroid sequence of a tree? Here, B={1,1,1, 2, 2, 2, 4, 4}.
Note that although 4 + 4 = 8 (= n), there is no way to cross out the
first six entries of B such that each entry of B is satisfied. Thus,

A is not realizable as the centroid sequence of a tree.

Example 2.4.5: Is the sequence A=1{9,9,9,9,9,8,7,7,7, 3}
realizable as the centroid sequence of a tree? Observe, first of
all, that A is not realizable as the centroid sequence of a

caterpillar since the number “7” appears three times in A (see
Theorem 2.3.1). To determine whether A can be realized as the
centroid sequence of a tree, we first consider the complementary
sequenceB={1,1,1,1,1, 2,3, 3, 3, 7} of A, obtained by
subtracting each entry of A from 10 (because 10 is the value of n
here). Since we can cross cut the first 1 to satisfy the 2, then
cross out the second and third 1's to satisfy the first 3, then
cross out the fourth and fifth 1’s to satisfy the second 3, then
cross out the 2 to satisfy the third 3, then cross out the first and
second 3’s to satisfy the 7, and since the last two entries of B add
up to n = 10 and they are the only non-crossed out entries of B at
the end of this "crossing out procedure", we conclude that A is,

indeed, realizable as the centroid sequence of a tree.
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Remark 2.4.3: The problem of finding a satisfaction subsequence
Bi of B\{bp-1, ba} for each bje Bsuchthat BinBj=Q if i=]j

and

n
U Bi = B\{bp-1, bn} is a variation of the so-called "bin packing"

i=1

problem [5]. Observe that for the sequence
B={1,1,11,1,2,2,2,2,2,3,3,3,3,4,4,4,5,8,10, 11}, the
"best fit" and "worst fit" bin packing algorithms, working from

left to right in B, both fail to show that B is a satisfiable

sequence, even though B is, indeed, a satisfiable sequence. Also,
for the sequence
B={1,1,1,1,1,1,2,2,2,2,2,2,3,3,3,4,4,5,9, 10, 11}, the
"best fit" and "worst fit" bin packing algorithms, working from

right to left in B, both fail to show that B is a satisfiable

sequence, even though B is, in fact, a satisfiable sequence.

Hence, it is not clear just how difficult it is to decide, in general,
whether a given finite sequence of positive integers is a

satisfiable sequence. We shall leave the determination of the
computational complexity of Algorithm 2.4.1 as an open problem
(see Section 4.5).

Given a finite sequence A of positive integers that is known to
be realizable as the centroid sequence of a tree, can we actually
construct a tree T whose centroid sequence is A? Algorithm 2.4.2

below shows that, in fact, we can.

80
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Algorithm 2.4.2: (Construction of a Tree From A Finite Sequence
of n > 2 Positive Integers which is Known to be Realizable as the
Centroid Sequence of a Tree)

(i) LetA = {ay, az, ..., an} (n = 2) be the centroid sequence of a
tree. Then, the complementary sequence B = {by, by, ..., by} of Ais
a satisfiable sequence. So, for each b; € B, there is a satisfaction

subsequence B; of B\{bn-1, bn} such that i = j implies that
n
Bi N Bj = @ and U Bi = B\{bn—], bn}-

=1

(ii)) To construct a tree T on n vertices whose centroid sequence
is A, first draw a pair of vertices and join them with an edge.

Label one of these vertices b, and the other by.;. Let B, be the
satisfaction subsequence for b, and let B,-1 be the satisfaction
subsequence for bp-1. Draw IByl vertices and join each of them via
a single edge to the vertex labeled b,. Label each of these IB,l new
vertices with an element of By, using each element of B, as a labe!l
once and only once. Then, draw IB,.1l vertices and join each of
them via a single edge to the vertex labeled bn.1. Label each of
these IB,.1l new vertices with an element of Bn.1, using each
element of B,.1 as a label once and only once.

(i) lterate this procedure for each vertex that is drawn. That is,
if v is a vertex that has already been drawn and the label given to
v is b;, draw IBjl vertices and join each of them via a single edge to
vertex v. Label each of these IBjl new vertices with an element of

B;, using each element of B; as a label once and only once.
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(iv) The graph which results after completing steps (ii) and (iii)
above is a tree T on n vertices such that for each vertexv of T,
the label assigned to that vertex is the complementary weight
b(v) of vin T. This implies that B is the complementary sequence

of T. Thus, A is the centroid sequence of T.

Example 2.4.6: We can apply Algorithm 2.4.2 to construct the tree
T of Figure 2.4.1 from the sequence A=1{9,9,9,9,9,8, 7, 7,7, 3},
which was shown to be realizable as the centroid sequence of a

tree in Example 2.4.5 above. Recall that the complementary
sequenceof AisB=11,1,1,1,1,2,3,3,3,7}.

We start the construction of T by drawing two vertices and
joining them with an edge. Label one of these vertices "7" and the
other "3". Then, draw two new vertices next to the vertex labeled
"7" and join each new vertex via an edge to the vertex labeled "7".
Label each of these two new vertices "3". Now, draw a single
vertex next to the first vertex that was labeled "3" and join this
new vertex via an edge to the first vertex that was labeled "3".
Label the new vertex "2". Then, draw a single vertex next to the
vertex labeled "2" and join the new vertex via an edge to the
vertex labeled "2". Label this new vertex "1". Now, draw a pair of
vertices next to one of the vertices labeled "3" in the fourth
sentence of this paragraph, and draw another pair of vertices next
to the other vertex labeled "3" in the fourth sentence of this
paragraph. Join each of the first pair of new vertices via an edge

to the vertex labeled "3" that each of these two new vertices has
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been drawn next to. Label each of these two new vertices "1".
Similarly, join each of the second pair of new vertices via an edge
to the vertex labeled "3" that each of these two new vertices has
been drawn next to. Label each of these two new vertices "1", as
well. The resulting graph is the tree T of Figure 2.4.1. Observe
that each vertex of T has been labeled with its complementary
weight in T. Hence, B is the complementary sequence of T, which

implies that A is the centroid sequence of T.

Figure 2.4.1: In the tree below, the complementary weight of

each vertex is indicated next to that vertex.
1 1 1 1

Tree T

In the next section, we continue our study of the centroid

sequence of a tree by considering its frequency distribution.
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2.5 The Frequency Distribution of the Centroid
Sequence of a Tree

In this section, we will relate the concept of a partition of a
positive integer n to the frequency distribution of the centroid
sequence of a tree. Specifically, we will see which partitions of
a positive integer n can be realized as the frequency distribution
of the centroid sequence of a tree T on n vertices. To do this, we

start with the following definitions.

Definition 2.5.1: Let n be a positive integer. A partition P of n
is an (unordered) collection of positive integers whose sum is n.
(Note that a positive integer k appearing in a partition P of n may

occur more than once in P.)

Example 2.5.1: The partitions of 5 are: {5}, {4, 1}, {3, 2}, {3, 1, 1},
{2,2,1}4{2,1,1,1},and {1, 1, 1,1, 1}

Definition 2.5.2: Let K = {ki, k2, ..., kn} (n > 1) be a sequence of n
not-necessarily distinct positive integers. Then, the frequency
distribution of K, denoted f(K), is defined to be the unique
unordered collection of positive integers that satisfies the
following two conditions:

(i) y e f(K) if and only if there exists a positive
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integer x e K which occurs exactly y times in K;
and
(i) if yq, y2 € f(K) such that y; = y2, then there must
be distinct positive integers x7 and xz each of

which occurs exactly yq times in K.

Example 2.5.2: Suppose K ={1,2,1, 3, 2, 2, 4}. Then,

f(K) = {2, 3, 1, 1} because "1" occurs twice in K, "2" occurs three
times in K, "3" occurs once in K, and "4" occurs once in K. Note
that since f(K) is, by definition, an unordered collection of

numbers, we could, for example, have counted the number of 3's of
K first, and then the number of 1's of K, etc., when we were

computing f(K).

With these definitions in place, we can now specify which
partitions of a positive integer n 2 3 arise as the frequency

distribution of the centroid sequence of a tree on n vertices.

Theorem 2.5.1: Letn = 3 be a positive integer, and let

P = {p1, p2, -.., Px} (k2 1) be apartition of n, where the elements
of P have been ordered so that p; 2 p2 2 - 2 px. Then, P is
realizable as the frequency distribution of the centroid sequence

A = {ay, az, ..., an} of atree T (i.,e., P = f(A)) if and only if:

(i) 2 <IPl=k =< [(n+1)/2], where [{n+1)/2] is the greatest integer
which is £ (n+1)/2; and
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(i) either 1 e P or 1e Pbut?2e P andthe sequence
B~ = {b~1, b~2, ..., b~n} which consists of p1 1’s,pz 2’s, p3 3’s, ...

prk-1 (k-1)’s,and px= 2 (n/2)’s is a satisfiable sequence.

Proof: (=>) Suppose that P is the frequency distribution of the
centroid sequence A = {a1, az, ..., an} of atree T (i.e., P = f(A)).
Then, IV(T)l = n. By the theorem of Jordan (Theorem 2.1.1), the
centroid of T consists of either a single vertex or a pair of
adjacent vertices.

If the centroid of T consists of a single vertex v, then the
weight a(v) = a,-1 of vin T is < the weight of any other vertex of T.
This implies that the positive integer 1 e P, proving condition (ii).
Now, since n = 3, by hypothesis, A contains at least 2 elements
besides ap-1, €ach of which is > an-1. Thus,

(1) Pl > 2.

Also, since the centroid of T consists of a single vertex v, we

have 1<ap <[(n-1)/2]. Therefore, [(n+2)/2] £ a,-1 < n-1, which
implies that

(2) Pl < [(n+1)/2],

where [(n+1)/2] is the number of positive integers from [(n+2)/2]
to (n-1), inclusive, plus 1 (where the “1” counts the positive
integer represented by an). Combining inequalities (1) and (2), we
have

(3) 2 2Pl < [(n+1)/2],

proving condition (i), and finishing the proof in case the centroid

of T consists of a single vertex.
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If the centroid of T consists of a pair of adjacent vertices v,
and vz, then ap-1 = ap < 3; for each a; e A\{an-1, an}. (Note that
A\{an.1,an} is not empty since n > 3.) Hence, the positive integer
2 e P. Also,

(4) Pl > 2.

Observe that, in this case, n must be even, since an.1 = a, and

ap-1 + ap =n. So, ap = n/2 = an.1. Therefore,

(5) IPl £n/2 = [(n+1)/2]

(since n is even), where n/2 is the number of positive integers
from n/2 to (n-1), inclusive. Combining inequalities (4) and (5),
we obtain

(6) 2 2Pl £[(n+1)/2],

proving condition (i) in this case. Now, if any positive integer
occurring in A appears exactly once in A, then the positive integer
1 e P, satisfying condition (ii), and we are done. If not, then the
smallest positive integer which occurs inPis 2 (i.e., 1 ¢ P but

2 € P), so px = 2 < p; for each p; € P, where pyx counts the number of
times the positive integer n/2 appears in P. To complete the
proof, we must show that the sequence B~ = {b~1, b~7, ..., b~p}
which consists of p1 1’s, p2 2’s, p3 3’s, ..., pk-1 (k-1)’s, and
Pc=2 (n/2)sis a satisfiable sequence. Now, by hypothesis, P is
the frequency distribution of the centroid sequence

A = {a1, az, ..., an} of T. This implies that P is also the frequency
distribution of the complementary sequence B = {b1, by, ..., bn} of T.
So, if B = B~ (as multi-sets), then B~ is a satisfiable sequence

since it is the complementary sequence of tree T, and we are done.
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If, however, B = B~ (as multi-sets), then note that since Bis a
satisfiable sequence, the sequence B#, obtained by leaving each
“1” of B intact and leaving each of the two occurrences of “n/2”
in B intact, and replacing each appearance of the second smallest
positive integer that occurs in B by a “2”, and by replacing each
appearance of the third smallest positive integer that occurs in B
by a “3”, and by replacing each appearance of the fourth smallest
integer that occurs in B by a “4”, etc., is also a satisfiable
sequence since at each stage s of the crossing-out procedure used
to verify that B is a satisfiable sequence, each element of B which
is < the element bs € B being satisfied at stage s and which has
not yet been crossed out at stage s is realizable as the sum of one
or more elements of B# which are < the element bs# e B# being
satisfied at stage s and which have not yet been crossed out at
stage s. That is, B satisfiable = B# satisfiable.

Now, B~ can be obtained from B# by leaving each “1” and each
“n/2” of B# intact, and by replacing each appearance of a positive
integer > 1 which occurs most frequently in B# by a “2”, and by
replacing each appearance of a positive integer > 1 which occurs
second-most frequently in B# by a “3”, etc. (where “ties” for
“most frequently”, “second-most frequently”, etc., are settled
randomly). If B# = B~ (as multi-sets), then we are done.
Otherwise, B# = B~ (as multi-sets). But, observe that B#
satisfiable = B~ satisfiable because each element b~ € B~ such
that 1 < b~ < n/2 can be satisfied by another element b~~ € B~

such that b~~ = b~ - 1 (since the number of elements of B~ that
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are equal to b~~ is 2 the number of elements of B~ that are equal
to b~). And, at the stage t of the crossing-out procedure (used to
verify that B# is a satisfiable sequence) where the first “n/2” is
being satisfied, B# contains a subset of non-crossed out elements
whose sum is (n/2) - 1. This impiies that at the same stage t

of the crossing-out procedure for B~, there is a subset of non-
crossed out elements of B~ whose sum is also (n/2) - 1, since
each non-crossed out element of B# at stage t is realizable as a
sum of one or more non-crossed out elements of B~ at stage t.
This implies that the second “n/2” of B~ can also be satisfied,
since the sum of the non-crossed out elements of B~ at stage t
(not including the first “n/2”) is (n-2). So, after the second “n/2”
of B~ has been satisfied, the only non-crossed out elements of B~
that remain are bn-1 and b,. Thus, B~ is a satisfiable sequence.
Hence, B satisfiable = B# satisfiable = B~ satisfiable,

completing the proof. O

Example 2.5.3: B=1{1,1,1,1,1,1,1,1,1,1, 2,2, 4, 4, 4, 4,9, 9}
is a satisfiable sequence. Therefore,
B#=1{1,1,11,1,1111,12233,3,3,9, 9

is a satisfiable sequence. Hence,
B~=1{1,1,1,1,1,1,1,1,1,1,2,2,2,2,3, 3,9, 9}

is a satisfiable sequence.

(=) Conversely, suppose that conditions (i) and (ii) hold. By (i),
2 <IPl < [(n+1)/2].
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Claim: If 1 e P (which is one of the two possibilities provided by
condition (ii)), then P is the frequency distribution of the centroid
sequence A = {ay, a, ..., an} of a tree T whose complementary
sequence B = {b,, b, ..., bp} consistsof p1 1’s, p2 2’s, ...,

pk1 (k-1)s,andpk=1 (n-(k-1)).

Proof of Claim: We need to show that B really is the
complementary sequence of a tree T on n vertices. Observe that a
necessary condition for B to be the complementary sequnce of a
tree T on n vertices is that bp-1 + bh = n. And, according to our
construction of B, bp-1 = k-1 and bp=n- (k- 1). This implies
that bp.i + bn=(k-1) +n-(k- 1) = n. Another necessary
condition for B to be the complementary sequence of a tree T on

n vertices is that the elements of B must be arranged in non-
decreasing order. Note that, by our construction of B, we need
only check that b1 < bn. Now, by condition (i), 2 <Pl < [(n+1)/2].
This implies that 1 <bp1=k-1 < [(n+1)/2] -1 = [(n-1)/2]. Thus,
[n/2] + 1 = [(n+2)/2] £ bs=n- (k-1) < n -1, which implies that
bp-1 £ bn (actually, bn-1 < bp), since n 2 3, by hypothesis. To show
that B is the complementary sequence of a tree T on n vertices,

we will show that B is a satisfiable sequence. Note that for each
positive integer i > 1 which appears in B, the number of times pi-1
that the positive integer (i-1) appears in B is = the number of

times p; that i appears in B (i.e., pi.1 2 pi for eachi =2, 3, ..., k).
Therefore, each element bs of B\{bs} which is > 1 (of which there

is at least 1, since n 2 3) can be satisfied by a single element

bt € B\{bp-1, bn} such that b; = bg - 1 since the number of
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occurrences in B of the positive integer represented by by = the
number of occurrences in B of the positive integer represented by
bs. Also, by, is satisfied by exactly the sum S of the elements of B
that have not already been crossed out, because this sum is:
S=(1p1 - 1p2) + (2pz - 2p3) + (3p3 - 3p4) + ... +
((k-2)pk-2 - (k-2)Pk-1) + ((k-1)pk-1 - (k-1)-1)
[Note that by our construction of B,
each set of parentheses in the sum S
contains a non-negative integer.]

= P11+ P2+ P3 + oo + Pi-1 - (k-1)

k
=3P -pPk-(kN=n-1-(k-1)=n-(k-1)-1 = b,-1.
j=1

Hence, B is, indeed, a satisfiable sequence, and B is the
complementary sequence of a tree T on n vertices whose centroid
sequence A is obtained from B by subtracting each element of B
from n. Note that two vertices u and v of T are adjacent on T if
and only if either by € By, or by € B, or the complementary
numbers of vertices uand v in T are bn.1 and by, not necessarily
in that order. And, by our construction of B, P is the frequency
distribution of B, and, therefore, of A, as well (i.e., P = f(B) =
f(A)).

If, on the other hand, 1 ¢ P but 2 € P and the sequence
B~ = {b~1, b~, ..., b~p} which consists of p1 1’s, p2 2’s, p3 3’s, ...,
prk-1 (k-1)s,and pxk =2 (n/2)’sis a satisfiable sequence, then,
since b~p.1 + b~n=n/2 + n/2 = n and the elements of B~ are

arranged in non-decreasing order (note that, by condition (i),
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1<b~p2 = k-1 2 [(n-1)/2] < n/2 = b~yp1 = b~p), B~is the
complementary sequence of a tree T on n vertices whose centroid
sequence A is obtained from B~ by subtracting each element of B~
from n. As before, two vertices x and y of T are adjacent in T if
and only if either b~y € By, or b~y € B~y, or the complementary
numbers of vertices x and y in T are b~n.1 and b~ , not necessarily
in that order. And, by the definition of B~ here, P is the frequency
distribution of B~, and, hence, also of A (i.e., P = f(B~) = f(A)), and

we are done. O

Remark 2.5.1: Suppose P is a partition of a positive integer
n=3suchthat 1 ¢ Pbut2 e P. IfPis realizable as the frequency
distribution of the centroid sequence A = {a1, a, ..., an-1, an} Of 2
tree T of order n, then the centroid of T must consist of a pair of
adjacent vertices (since 1 ¢ P but 2 e P). Therefore, an-1 = an.
And, since ah-1 + @n =n, we have ap-1 = n/2 = ap. This implies
that n must be even, since each element of A is a positive integer.

Compare Theorem 4.4.13.

In effect, Theorem 2.5.1 states that if P is a partition of a
positive integer n 2 3 and 1 e P, then it is the number of elements
of P and not the size of these elements that determines whether P
can be realized as the frequency distribution of the centroid
sequence of a tree T on n vertices. However, if 1 ¢ Pbut 2 € P,

then both the number and size of the elements of P play a role in
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determining whether P can be realized as the frequency
distribution of the centroid sequence of a tree T on n vertices.
Theorem 2.5.1 can be applied as follows. Given a sequence
S = {sq, sy, ..., Sn} Of N = 3 positive integers, we can compute f(S)
and check whether f(S) satisfies the conditions of Theorem 2.5.1.
If it does not, then S is not realizable as the centroid sequence of
a tree. Ifit does, then S may or may not be realizable as the
centroid sequence of a tree, so another "litmus test" (e.g.,
Theorem 2.4.1) must be applied to S to determine whether S is

realizable as the centroid sequence of a tree.

Example 2.5.4: LetS = {5, 5, 4, 4, 3, 2}. Can S be realized as the
centroid sequence of a tree T? Observe that since S has 6

elements, n = 6. And, f(S) ={2,2, 1, 1} isapartitonof n=6
whose elements are arranged in non-increasing order. Now, by
condition (i) of Theorem 2.5.1, a necessary condition for f(S) to be
the frequency distribution of the centroid sequence of a tree is

that 2 <If(S)l < [(n+1)/2] = [(6+1)/2] = 3. Thatis, it must be the
case that 2 < If(S)I < 3. However, in our example, If(S)l = 4. Hence,
we conclude that f(S) is not realizable as the frequency

distribution of the centroid sequence of a tree. This implies that

S cannot be realized as the centroid sequence of a tree.
Remark 2.5.2: We could have also shown that S is not realizable

as the centroid sequence of a tree by simply noticing that

Sp-1+Sh=N (i-e., 3 +2 = 6).
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In the next section, we will see how the work of Peter Slater
has extended the concept of centroid from the rather limited

realm of trees to the much broader world of connected graphs.

2.6 Slater's Extension of the Concept of
Centroid to Connected Graphs

Up to this point, we have considered the concept of centroid
only as it applies to trees. Thanks to the work of Peter Slater in
1975 [12], we can now talk about the centroid of ény connected
graph G.

Definition 2.6.1: Let G be a connected graph with n = 2 vertices
and let v be a vertex of G. The Slater number c{v) associated
with vertex v in G is defined as follows:

c(v) = min f(v,w),
w e V(G)\{v}

where f(v,w) = (the number of vertices of G closer to v than to w)

- (the number of vertices of G closer to w than to v).

Remark 2.6.1: Each vertex v of a connected graph G is closer to
itself than to any other vertex of G.

Example 2.6.1: In the connected graph G of Figure 2.6.1,
flvyw)=1-2=-1.
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Example 2.6.2: The Slater numbers of the vertices of the
connected graph G of Figure 2.6.1 are: ¢{v)=1-3=-2,

cw=1-2=-1,c(X)=1-2=-T,andc(y)=2-1=1.

igur: 1
\
y
w X
Graph G

Note that since a tree T is, by definition, a connected graph,
each vertex v of T has a Slater number c(v) associated with it. It
tumns out that there is a rather simple relationship between the

weight a(v) and the Slater number c(v) of a vertex v in a tree T.

Theorem 2.6.1: Let T be a tree with n 2 2 vertices and let v be any
vertex of T. If a{v) is the weight of v in T and c(v) is the Slater

number of vin T, then c(v) = n - 2-a(v).

Proof: If vis a vertex of T, a vertex v~ (= v) of T that minimizes

the quantity f(v,w) in the definition of the Slater number c(v) of v

(i.e., a vertex v~ e V(T)/{v} satisfying f(vv~)= min f(v,w)) is
we V(T\{v}

a vertex that is adjacent to vin T and which determines a branch
B of T which emanates from v such that size(B) = size(Bg) for all

branches Bg which emanate from vin T. The reason that such a
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vertex v~ minimizes the quantity f(v,w) is that f(v,v~) = (the
number of vertices on all of the branches of T emanating from v
other than branch B, counting vertex v itself just one time) - (the
number of vertices on branch B minus 1, since we don’t count
vertex v here). Each vertex w e V(T)\{v} which differs from that
(respectively, those) vertex (respectively, vertices) v~ described
above will produce a value of f(v,w) which is > f(v,v~).

Now,c(v) = min f(v,w) = f(v,v~)
we V(M\{v}

= (n-a(v))-a(v)=n-2-a(v). [J

Example 2.6.3: The weight a(v;) and Slater number c(v;) of each
vertexv; (i=1, 2, 3, 4) of the tree T of Figure 2.6.2 are indicated
below. Note that for eachi, c(vi) =n - 2-a(vi) = 4 - 2-a(v)).

c(vi) =1-3=-2; a(vy) = 3. c(v2)=3-1=2; a(v2) =1.
c(vz) =1-3 =-2; a(v3) =3. c(vq) =1-3=-2; a(va) = 3.
Figure 2.6.2:

V.

3

VZ V4
Yy
Tree T

Remark 2.6.2: Observe that Theorem 2.6.1 implies that for each
vertex v of a non-trivial tree T, c(v) = n (mod 2), since c(v), n,

and a(v) are all integers in case T is a non-trivial tree. This
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means that for each vertex v of a non-trivial tree T, the Slater

number c(v) of v in T is of the same parity as the order n of T.

Let A = {a1,25, ..., an} (n = 2) be the centroid sequence of a tree
T on n vertices. Since the weight a(v) of a vertexv e V(T) is
related to its Slater number c(v) by the equation c(v) = n - 2-a(v),
we can write down a new sequence C = {c, ¢2, ..., Cn}, where
ci=n-23;foreachi=1, 2, ..., n. We call C the Slater sequence
of Tsinceeachcie C (i=1, 2, ..., n) is the Slater number of the
vertex v; e V(T) whose weight in T is a;. Observe that since A is
arranged in non-increasing order, C is arranged in non-decreasing
order.

The following four corollaries follow immediately from
Theorem 2.6.1.

roll .6.1: If C = {cy, c2, ..., Cn-1, Cn} is the Slater sequence of
atreeT, then ¢cp-1 +C=0.

Proof: €p1 +cn=(n-2-ap1) + (n - 2:an) = 2n - 2(an-1 + an)
=2n-2n=0. O

Corollary 2.6.2: Let T be a tree with n 2 3 vertices and let
C = {c1, ¢z, ..., Cn-1, Cn} be the Slater sequence of T. If i and j
are positive integers such that 1 <i,j<n-1 and i=j, then

ci+¢ <O0.
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Proof: If i and j are positive integers such that 1 <i, j <n-1 and
i =j, then &+ a2 an-2 + @n-1 > an+ an1 = n. This implies that

ci+ci=(n-2-a)+(n-2-3)=2n-2(a+a) <2n-2(an + an-1) =

2n-2n=0. Thatis, ¢; + ¢; < 0, and we are done. O
Corollary 2.6.3: Let T be a tree on n 2 3 vertices, and let

C = {c1, c2, ..., Cn-1, Cn} be the Slater sequence of T. Then, C

contains at least one negative integer.

Proof: From Corollary 2.6.1, we know that cph.1 = -Cp. ifch= 0
(i.e., if cp > 0, since cp = Cp-1), We are done, since ¢, = 0 implies
that ch-1 < 0. So, suppose ¢y, = 0. Then, ch-1 = 0. Let cx € C with
k = n-1 and k = n. Note that such an element ci exists in C because
n = 3. And, ck + Cp-1 < 0, by Corollary 2.6.2. But, ch-1 = O implies
that ¢k < 0, and the proof is complete. O

Corollary 2.6.4: If C = {cy, c2, ..., Cn} is the Slater sequence of a

tree T, then:

(i) the number of positive integers contained in C is at most 1;
and

(i) cn 2 0.

Proof: (i) Suppose that C contains 2 or more positive integers.
Then, since the elements of C are arranged in non-decreasing
order, cn-1 > O and ¢, > 0. But, this contradicts Corollary 2.6.1,

which states that ch-1 + ch = 0.
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(ii) Suppose ¢, < 0. By Corollary 2.6.1,¢cp-1 +Cn=0
implies that cn1 > 0, contradicting the fact that ¢cp-1 < ¢h.
Hence, ch 2 0. O

The following application of Slater's work involves extending
the branch-weight definition of the centroid number (i.e., weight)
of a vertex of a tree T to apply to a vertex of any connected graph
G. Here's our definition.

Definition 2.6.2: Let G be a connected graph on n vertices, and let
v be a vertex of G. Then the branch-weight centroid number
a(v) of v in G may be defined in terms of the Slater number c(v) of

v in G as follows: a(v) = (n - c(v))/2.

The following theorem relates the concepts of Definition 2.6.2
to those of Definition 2.6.1.

Theorem 2.6.2: Let G be a connected graph on n vertices, and let v
be a vertex of G. Then, the branch-weight centroid number a(v) of
vin G is given by the equation: a(v) = xy,v + (1/2)-yu,v,

where xy,v = the number of vertices of G that are closer to u than

to v for some vertex u e V(G)\{v} such that f(v,u) = min f(v,w),
we V(M\{v}

and yy,v = the number of vertices of G that are equidistant from v

and any vertex u satisfying the definition of xy above.
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Proof: a(v) = (n-c(v))/2 = (n - f(v,u))/2 [for some
u e V(G)\{v}
that satisfies
the definition of
Xy,v above]

= (N - Xyu + Xyv)/2 [where xy,y is
the number of
vertices of G
closer to v than
to u, and xyy is
the number of
vertices of G
closer to u than
tov]

= [(Xv,u + Xuyv + Yuv) - Xv,u + xu,v]/ 2 = (Z'XU,V + YU,V)/ 2
= Xyv + (1/2)yuv-
That is, a(v) = xyv + (1/2)-yyy, and we are done. O

We have the following immediate corollary of Theorem 2.6.2.

Coroliary 2,6.5: If G is a connected graph on n = 2 vertices and v
is a vertex of G, then a(v) is either a positive integer or half of a
positive integer.

Proof: If Gis a tree, a(v) must be a positive integer because

yuv = 0 for a tree. If G is a connected graph that is not a tree,
then a(v) = xyyv + (1/2)-yyv. Since xyve Z+andy,ye ZtU {0},
where Z+ = the set of positive integers, we see that a(v) is either

a positive integer or half of a positive integer. O
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Remark 2.6.3: Note that if G is a non-trivial connected graph
which is not a tree, it is not necessarily the case that for each
vertex v of G, the Slater number ¢(v) of vin G is of the same
parity as the order n of G, since a(v) may not be an integer.

Compare Remark 2.6.2.

In the proof of Theorem 2.6.1, we saw that for a vertex v of a
tree T, a vertex u e V(T)\{v} that minimizes f(v,u) in Slater's
definition of c(v) must be adjacent to vin T. The following
remark points out the fact that the existence of cycles within a
connected graph G makes the calculation of the Slater numbers of
the vertices of G more complex than the calculation of the Slater

numbers of the vertices of a tree.

Remark 2.6.4: If Gis a connected graph on n = 3 vertices which is
not a tree and v € V(G), then a vertex u e V(G)\{v} that minimizes

f(v,u) in Slater's definition of c(v) need not be adjacent to v in G.

Proof: The proof here is by example. Observe that in graph G of
Figure 2.6.3, f(v,u) < f(v,w) for each w e V(G), but vertex u is not

adjacent to vertex vin G. If G were a tree, on the other hand, u

would have to be adjacent to vinG. O
Figure 2.6.3: The Slater number of each vertex of graph G (at the

top of page 102) is indicated next to that vertex.
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Graph G

Slater called the set of all vertices v of a connected graph G

for which c(v) 2 c(x) for all x e V(G) the security center,
denoted C(G), of G. Observe that vertex u is the security center of
graph G of Figure 2.6.3. Slater proved the following theorem [12].

Theorem (Slater): If Tis a tree, then the security center C(G) of
G is the centroid of G.

Therefore, the centroid of a tree T consists of all of its vertices
of maximum Slater number. Slater also defined a function g on

the vertex set V(G) of a connected graph G, as follows.

Definition 2.6.3: Let G be a connected graph, and let v be a vertex
of G. Define the function g: V(G) — Z by the following equation.

glv) = z  flvw),
we V(G\{v}

where Z is the set of integers and f(v,w) is defined in Definition
2.6.1.
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Slater then went on to define the security centroid, denoted
C1(G), of a connected graph G to be the set of all vertices of G at
which function g takes its maximum value. F. Buckley and F.
Harary have referred to the work of Peter J. Slater with respect
to Slater’s extension of the concept of a centroid so that it is
now defined for all connected graphs (see [3, pages 34 and 35]).
Buckley and Harary have mistakenly written that: “The centroid
of a graph G is the set of all nodes for which g(u) is maximum.”
if this were correct, then the centroid of any tree T, which, by the
above theorem of Slater, coincides with its security center, would
also coincide with its security centroid. That s, for any tree T,
the concepts of centroid, security center, and security centroid
would all coincide if Buckiey's and Harary’s statement were
correct. However, Slater showed that for any natural number n,
there is a tree T whose security centroid consists of n
independent vertices (in fact, no three of which are on one path)
[12]. Hence, by Theorem 2.1.1 (Jordan), the security centroid
cannot coinicide with the centroid of such trees T, with n = 3.
Therefore, it is suggested that what Buckley and Harary probably
should have written is: “The centroid of a connected graph G is
the set of all nodes u of G for which c(u) is maximum.” (Note that
Slater uses the notation f(u) rather than c(u) in his paper). in

other words, the centroid of a connected graph G coincides with
its security center C(G).
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CHAPTER 3 THE CENTER AND
ECCENTRICITY SEQUENCE OF
A TREE

3.1 The Center of a Tree

The concept of the center of a graph has been explored in the
literature much more extensively than the concept of the centroid
of a graph. One reason for this may be that, until Peter Slater's
paper of 1975 [12], the concept of centroid had been defined only
for trees. The concept of center, on the other hand, was defined
originally to be applicable to any connected graph. In this section,
we will look at some fundamental results concerning the center of
a tree.

It was already known to Jordan in 1869 that the center of a
tree consists of either a single vertex or a pair of adjacent
vertices [8]. His proof of this fact made use of the following
observation:

if you prune all the 1-valent vertices froma tree T

on n = 3 vertices, the resulting tree T* has the same

center as the original tree T.
One should note that if the word "center" is replaced by the word
"centroid" in the above statement, the new statement obtained is
not true in general. So, while the center of a tree T can be located
by simply pruning all the 1-valent vertices of T, and then of T*,
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etc., until only a single vertex or a single edge and its endpoints
remain, the centroid of T can be located only by carefully taking
account of which 1-valent vertices have already been pruned and
which one should be pruned next (see Algorithm 2.1.1).

Some of the ideas developed in the present section were known
to D. Konig in 1950 [9, 10]. However, the material of this section,
in its entirety, was discovered independently of Konig's work. The
statements and proofs provided below of the theorems that were
known to Konig are different from those given by Konig.

The following theorems provide several different

characterizations of the center of a tree.

Theorem 3.1.1: Let T be a tree onn 2 3 vertices, and let v e V(T).
Then, v is the center of T if and only if two longest internally

disjoint paths in T emanating from v have the same length.

Proof: (=) Suppose that vis the center of T. Note that since

n 2 3, v cannot be a 1-valent vertex of T, for if it were 1-valent,
then the unique vertex w adjacent to v in T would be such that
e(w) < e(v), contradicting the hypothesis that v is the center of T.
So, val(v) = 2. Hence, there are at least two branches emanating
from v in T, and, thus, at least two intemally disjoint paths
emanating from v in T. Let P and P2 be two longest internally
disjoint paths in T emanating from v, where P4 lies on branch B4
emanating from v, and P2 lies on branch B; emanating from v.

Suppose, without loss of generality, that length(P1)=a>b =
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length (P2), where a and b are positive integers and b > 1. Then,
e(v) = a. Now, consider the unique vertex v~ which is adjacent to
v on path P1. Note that d(v~,x ) £ a- 1 for each vertex x = v lying
on branch B,. Also, d(v~,y) <b + 1 for each vertex y lying on
branch B, (note that v is one of these vertices y). And,

d(v~, 2) <b + 1 for each vertex z of T lying on a branch B
emanating from v such that B = B1 and B = B;. (Note that such
branches B do not exist in case v is 2-valent in T.) Thatis, d(v~,u)
< max (a-1, b+1) for each vertex u € V(T). And, since b < g,

b + 1 <a. Thus, e(v~) < a. But, this contradicts the fact that v is
the center of T, since e(v) = a. Hence, assuming that

length(Py) = a > b = length(P2) leads to a contradiction. Note
that assuming that length(P2) > length(P;) leads to a similar
contradiction. So, length(P¢) = length(P2) (i.e., a=b), and we are
dorne. [l

(<) Suppose, conversely, that two longest intemally disjoint

paths P1 and P2 in T emanating from v have the same length, where
P4 lies on branch B1 emanating from v, and P- lies on branch B>
emanating from v. Say, length(P1) = a = length(P2). Then, e(v) = a.
Let w = v be a vertex of T. If w lies on branch B4, then there are
one or more vertices of Pz at distance 2 (a+1) fromwinT. So, in
this case, e(w) =2 a + 1. Similarly, if w lies on branch B, then

there are one or more vertices of Py at distance 2 a+1 fromwin T.
So, again, e(w) = a + 1. Finally, if w lies on a branch B emanating

from v such that B = B; and B = B, then there are one or more
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vertices of P; and Pz at distance = a+1 fromw in T. Hence,
e(w) 2 a + 1in this case, as well. So, for each vertex w = v of T,
e(w) > e(v), which implies that v is the center of T. O

Theorem 3.1.2: Let T be a tree on n = 2 vertices, and let (v, w) be
an edge of T. Then, (v, w) is the center of Tif and only if a
longest path P; emanating from v and a longest path P> emanating

from w have the same length.

Proof: (=) Suppose edge (v, w) isthe centerof T. if n = 2, the
result is obvious. Otherwise, if n 2 3, e(v) = e(w) < e(x) for each

x e V(T)\{v,w}. In particular, e(v) = e(w) means that a longest
path P; emanating from v has the same length as a longest path P,

emanating from w, and we are done. O

(<) Conversely, suppose that a longest path P; emanating from
v and a longest path P> emanating from w have the same length.
Then, by definition, e(v) = e(w). If n = 2, the result is clear.
Otherwise, for n > 3, if we can show that for any vertex

x € V(T)\{v,w}, e(v) = e(w) < e(x), we will have proved that edge
(v, w) is the center of T. Note that path P1 must pass through
vertex w, for if it did not, there would be a path P# emanating
from w, obtained by juxtaposing edge (w, v) with path P; at verto
v, such that length(P#) = 1 + length(P1) > length(P2), contradicting
the defintiton of P,. Similarly, path P, must pass through vertex

v. Now, let x € V(T)\{v, w}. Then, vertex x lies either on the
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unique branch B,y in T emanating from v determined by w, oron a
branch B = By, of T which emanates from v. If x lies on branch
Bww, then, since x = v and x = w, d(x,w) = 1, and the unique path
Pxw in T joining vertices x and w is such that E(Pyw) N E(P2) =@
and V(Pxw) N V(P2) = {w}. Hence, if we juxtapose paths Py and P>
at vertex w, we obtain a new path P~ in T such that

length(P~) = 1 + length(Pz), which implies that e(x) = 1 + e(w).
Thus, e(x) > e{w) = e(v). On the other hand, if x lies on a branch

B = B,w of T emanating from v, then d(x,v) = 1 and the unique path
Py in T joining vertices x and v is such that E(Pw) NnE(P1) = &
and V(Px,) n V(P1) = {v}. Thus, if we juxtapose paths Py, and P4
at vertex v, we obtain a new path P~~ in T such that

length(P~~) 2 1 + length(P;), which implies that e(x) = 1 + e(v).

Hence, e(x) > e(v) = e(w), and the proof is complete. O

As we saw in Lemma 2.1.1, if v is any vertex of a tree T, then
a branch of T of greatest size which starts at v must contain the
centroid of T. Itis, therefore, not surprising that a longest path

which starts at vin T must contain the center of T.

Lemma 3.1.1: LetT be atree on n 2 2 vertices, and let v be any
vertex of T. If wis a vertex of T such that d(v,w) = e(v), then the
unique path Py in T joining vertices v and w must contain the

center of T.
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Proof: If n =2, the resultis obvious. So, suppose n = 3. We’ll
prove the theorem by considering the foliowing 2 separate cases:
(i) the case in which the center of T is a singie vertex, and

(ii) the case in which the center of T is an edge.

Case (i): Suppose that the center of T is a single vertex c. If

v = ¢, the result is immediate. So, consider any vertexv = c of T.
Since v = ¢, v lies on a unique branch B of T emanating from c. Let
w = v be a vertex of T such that d(v,w) = e(v). Note thatw = ¢
since w must be a 1-valent vertex of T. If w lies on a branch

B~ = B of T emanating from ¢, then the unique path Pywin T
joining vertices v and w contains vertex ¢, and we are done. So,
suppose instead that w lies on branch B. Then, branch B is the
unique branch of T emanating from ¢ which contains path Py,,.
Now, since vertex ¢ does not lie on path Py, there is a unique
vertex x of path Py, such that d(c,x) < d(c,y) for each vertex y = x
lying on Pyw. Note that x = w, since w must be a 1-valent vertex
of T. Also, d(c,x) is, by definition, the distance in T from vertex ¢
to path Pww, and d(c,x) 2 1.

At this point, we would like to determine an upper bound on
the length of path Pyw. Recall that ¢ is the center of T. Thus, by
Theorem 3.1.1, two longest internally disjoint paths emanating
from ¢ must have the same length L. Now, d(c,v) + d(c,w) =
d(c,x) + d(x,v) + d(c,x) + d(x,w) = 2-d(c,x) + length(Pww). Therefore
length(Pww) = d(c,v) + d(c,w) - 2-d(c,x) < d(c,v) + L - 2. [Note that
vertex x may coincide with vertex v (i.e., x = v), in which case

d(x,v) = 0.] But, since cis the center of T, there is a vertex z lying
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on a branch B* = B of T emanating from ¢ such that
d(c,z) = e(c) = L. So, length(P,;) = d(v,c) + d(c,z) = d(c,v) + L. This
implies that length(P.) > length(P\w), contradicting the
hypothesis that d(v,w) = e(v). So, assuming that vertex w lies on
branch B leads to a contradiction. This implies that w must lie on
a branch B~ = B of T emanating from c¢. Thus, P,w must contain the
center c of T.
Case (ii): Suppose, now, that the center of T is an edge (c;, c;).
If v =cq, then let w = v be a vertex of T such that d(v,w) = e(v).
Consider the unique path P,,, in T joining vertices v and w. Since
vV = ¢, vertex cq lies on (in fact, is an endpoint of) path P,,. So, it
remains to show only that vertex ¢, also lies on path P,.
Suppose that ¢, does not lie on path P,,,. Then, if we join edge
(cz, €1) to path P, at vertex v (= ¢;), we obtain a new path Pc,
joining vertices ¢z and w in T. And, length(Pc,w) = 1 + length(P,,,)
=1 + e(v). Thatis, there is a path Pc,\ in T emanating from c,
whose length is > e(v). This implies that e(c,) > e(v) = e(cy),
contradicting the hypothesis that edge (¢4, c,) is the center of T.
Hence, vertex ¢, must, in fact, lie on path P,, in case v = ¢;.
Similarly, we can show thatif v=c,and x = vis a vertex of T
such that d(v,x) = e(v), then vertex c; must lie on the unique path
Pw in T joining vertices v (= ¢,) and x.

Finally, suppose v = c1 and v = c2. Then, one of ¢y orcz is
strictly closer to v in T than the other. Assume, without loss of
generality, that c; is closer to v than ¢z is. Then, v lies on a

unique branch B of T emanating from ¢1 that is not determined by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111

Co. Let w = v be a vertex of T such that d(v,w) = e(v). Note that
w = C; and w = C,, since w must be a 1-valent vertex of T. If w
lies on branch Bg,¢, of T emanating from ¢; determined by c;, then
the unique path Pw in T joining vertices v and w contains edge

(¢4, €3), and we are done. Otherwise, w lies on a branch B~= B, ¢,
of T emanating from ¢, which is not determined by ¢,. If B~= B,
then the unique path P, in T joining vertices v and w is contained
completely by branch B. In this case, the proof proceeds almost
the same way that it did in Case(i) above, because any longest
path P emanating from ¢4 in T must pass through ¢,. So, P is
contained completely by branch Be,¢,. Therefore, w cannot lie on
branch B, so, in fact, B~ = B. So, w must lie on a branch B~ of T
emanating from ¢, such that B~ = B¢,c, and B~ = B. Hence, vand w
lie on two different branches which emanate from ¢4, neither of
which contains c,. This implies that the unique path P, in T
joining vertices v and w contains ¢y but does not contain c,. Note
that path Py, is obtained by joining path Py, which lies
completely on branch B, with path Py, which lies completely on
branch B~, at vertex ¢, since V(Py¢,) 0 V(Pyc,) = {c1} and
E(Pvc,) " E(Pwc,) = @. So, length(Pyy,) = length(Pyc,) +
length(Pyc,) = d(v,c1) + d(w,cq). Now, since w does not lie on
Be,c,py d(ce,W) < e(cy). Let z be a vertex of T lying on B, ¢, such
that d(c,,z) = e(c;). Then, since Py¢, and Py, lie on different
branches of T which emanate from ¢, we can join these 2 paths at
vertex.c1 to obtain a new path P, joining verticesvand zin T.
And, length(P,;) = length(Pyc,) + length(P,¢.) = d(v,c;) + d(z,¢¢) =
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d(v,cq) + e(cy) > d(v,cq) + d(w,c;) = length(P,,,). That s,
length(P,,) > length(P,,,), contradicting the hypothesis that
d(v,w) = e(v). Hence, w cannot lie on a branch B~ of T, emanating
from cq, which is different from B¢,c,. So, w must lie on B ¢,.
This implies that P,,, must contain the center (cq, c;) of T, and we

aredone. [

Lemma 3.1.1 will be needed for the proofs of Theorems 3.1.3
and 3.1.4 below. These two theorems make reference to the
concept of a diameter of a connected graph, which can be defined

in terms of geodesics within a connected graph.

finiti : Let G be a connected graph, and let u and v be
vertices of G. A u-v geodesic of Gis a path Py in G joining

vertices u and v of minimum length.

Definition 3.1,2: Let G be a connected graph. A diameter D of G
is a longest geodesic of G. That is, D is a path in G whose
endpoints are, say, x and y such that length(D) = d(x,y) and

d(x,y) = d(u,v) for each pair of vertices u and v of G.

Recall that in a tree T, for each pair of distinct vertices
u, ve V(T), there is one and only one path Py, in T joining vertices
u and v. Hence, Pyy is a u-v geodesic of T. Therefore,inatree T, a
diameter D is simply any longest path in T. It is not difficult to

see that the endpoints of a diameter of a non-trivial tree T must
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both be 1-valent vertices. We are now ready to characterize the

center of a tree T in terms of a diameter D of T.

Theorem 3.1.3: Let T be a tree on n 2 3 vertices, let v be a vertex
of T, and let D be a diameter of T. Then, v is the center of T if and
only if D has even length and v is the midpoint of D (i.e., v is the
unique vertex of the path D that divides D into two subpaths of
equal length).

Proof: (=) Suppose vis the center of T. Let the endpoints of
diameter D be vertices x and y. Since D is a diameter of T, D is a
longest path in T. Thus, d(x,y) = e(x), which implies that D must
contain vertex v. That is, vertex v lies on D. Note that vertex v
divides D into two subpaths D¢ and D,. Let length(D1) = dq and
length(Dz) = d2, where, without loss of generality, di = dz. Then,
e(v) 2 dy. Since v is the center of T, two longest internally
disjoint paths in T emanating from v must have the same length.
Hence, there exists a path P in T such that length(P) = 2d1. Now,
D is a diameter of T and length(D) < 2d. And, since

length(D) 2 length(P), we have 2d; 2 length(D) = length(P) = 2d;.
Therefore, length(D) = length (P) = 2d1, which implies that

dy = dz. Thus, vis the midpoint of D, and D has even length
(namely, 2d1). O

(<) Conversely, suppose D has even length and v is the midpoint

of D. Then, v has 2 internally disjoint paths (call them P; and P,
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respectively) of equal length emanating fromitin T (namely, the

2 halves of D). If P; and P, are two longest internally disjoint

paths emanating from v in T, then v is the center of T, by Theorem
3.1.1, and we are done. So, suppose they are not. That is, suppose
that there are 2 longest internally disjoint paths Py~ and P>~
emanating from v in T such that either length(P;~) > length(P;) =
length(P2), or length (P2~) > length(P1) = length(P2), or both. Then,
the path P obtained by joining paths Py~ and P>~ at vertex v is
such that length(Pg) > length(D), contradicting the hypothesis that
D is a diameter of T. Hence, P and P are two Jongest internally
disjoint paths emanating from v in T, and since length(P7) =
length(P2), vertex v is the center of T. O

Theorem 3.1.4: Let T be a tree on n 2 2 vertices, let (v, w) be an
edge of T, and let D be a diameter of T. Then, (v, w) is the center
of T if and only if D has odd length and (v, w) is the "mid-edge" of
D [i.e., (v, w) is the unique edge of the path D whose removal
(frofn D) divides D into two subpaths of equal length].

Proof: (=) Suppose edge (v, w) is the center of T. Let the
endpoints of diameter D be vertices x and y. Since D is a diameter
of T, D is a longest path in T. Thus, d(x,y) = e(x), which implies
that D must contain edge (v, w) (the center of T). Thatis, (v, w) is
an edge of path D. Note that the removal of edge (v, w) divides D
into two subpaths D and D such that length(D1) = di and

length(D2) = d2, where we can assume without loss of generality
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that Dy = Py, D2 = Pwy, and dq 2 d2. So, e(v) = e(w) 2 d; + 1, since
path D; does not contain vertex w. Since (v, w) is the center of T,

a longest path P; emanating from v in T must have the same length
as a longest path P, emanating from win T. This implies that

there exists a path P in T such that length(P) =

(di+1)+(dy + 1) -1 =2d; + 1 (since wmust lie on P; and v must
lie on P2). Now, D is a diameter of T and length(D) < 2d; + 1. And,
since length(D) = length(P), we have 2d; + 1 2 length(D) 2 length(P)
> 2dy + 1. Therefore, length(D) = length(P) = 2d; + 1, which
implies that di = dz. Hence, edge (v, w) is the "mid-edge" of D and
D has odd length (namely, 2dy + 1). [

(<) Conversely, suppose D has odd length and (v, w) is the
“mid-edge” of D. Then, v has a path P; (containing w) of length
(length(D) + 1)/2 emanating fromit in T, and w has a path P>
(containing v) of length (length(D) + 1)/2 emanating fromitin T.
If P1 is a longest path in T emanating from v, and P; is a longest
path in T emanating from w, then edge (v, w) is the center of T,
by Theorem 3.1.2. Suppose not. That is, suppose that there is a
longest path P1~ emanating from v and a longest path P>~
emanating from w in T such that either length(P1~) > length(P7) =
length(P>), or length(P2~) > length(P2) = length(P1), or both.
Suppose, without loss of generality, that !éngth(P1~) > length(P1).
Note that vertex w must lie on P;~, for if it did not, then path P#
obtained by joining paths Pi~ and Py at vertex v would be such
that length(P#) = length(P1~) + length(P;) > 2:length(P1) =
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2(length(D) + 1)/2 = length(D) + 1, contradicting the fact that D is
a diameter of T. So, vertex w lies on P;~. Consider path P##
obtained by joining path P1~ and path P; at vertex v. [Note that
V(P1~) nV(P2) = {v, w} and E(Pi~) n E(P2) = {(v, w)}.] Length
(P##) = length(P1~) + length(P2) - 1 > length(P;) + length(P2) - 1 =
2(length(D) + 1)/2 - 1 =length(D). Thatis, length(P##) >
length(D), again contradicting the definition of D. Hence, P is a
longest path emanating from v in T, P; is a longest path emanating
from w in T, and since length(P;) = length(P2), edge (v, w) is the
center of T. O

The theory developed in the present section shows how
intimately the center of a tree T is related to "eccentric" (i.e.,
longest) paths within T. This relationship can be quantified by
examining and analyzing the eccentricity sequence of T, which is

the subject of the next section.

3.2 The Eccentricity Sequence of a Tree
in Section 1.4, we defined the eccentricity e(v) of a vertex v in
a connected graph G. In the present section, we shali restrict our

attention to the eccentricities of the vertices of a tree T.

Definition 3.2.1: Let T be a tree on n > 2 vertices. Then, the

eccentricity sequence E = {es, ey, ..., ep} of T is the sequence of
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eccentricities of the vertices of T, arranged in non-decreasing

order (i.e., e1 < ez < - < ep).

Example 3.2.1: The eccentricity sequence E if the tree of
Figure 3.2.1iskE={2,2, 3, 3, 3, 3, 3}.

Figure 3.2.1: The eccentricity of each vertex in the tree below is

indicated next to that vertex.

3@ ®3

Much of the research concerning the eccentricity sequences of
connected graphs was carried out by Linda Lesniak in her paper of
1975 [11]. Amongst other things, Lesniak characterized the
eccentricity sequences of connected graphs, in general, and of
trees, in particular. What follows was developed independently of
Lesniak’s work. The proof given below differs from that provided

by Lesniak in her paper.

Theorem 3.2.1 (Lesniak): LetE = {e1, €2, ...,e} (n=3) bea
non-decreasing finite sequence of positive integers. Then, E is

the eccentricity sequence of a tree T if and only if:

(i) either en=2-e1andej <ez or en=2-e1-1ande; =e; < e3;
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and
(ii) each positive integer i such that e + 1 <i < e, appears in E at

least twice.

Proof: (=) Thereis exactly 1 tree of order 2, up to
isomorphism, and its eccentricity sequenceis E = {1, 1}. Now,
suppose that [El = 3 and E is the eccentricity sequence of a tree T.
Since E contains n 2 3 elements, the order of T is n. Now, T may
be a central tree (i.e., a tree with exactly one central node) or a
bicentral tree (i.e., a tree whose center consists of a pair of
adjacent nodes). We’ll consider each of these two possibilities
separately.

Suppose, first, that T is a central tree, and let c € V(T) be the
center of T. Then, e(c) = e1. We have already shown in Theorem
3.1.3 that for each diameter D of T, D must have even length and
¢ must be the midpoint of D. Since T has at least one diameter D,
there are at least two vertices x, y e V(T) (namely, the endpoints
of D) such that d(x,y) = length(D) 2 d(u,v) for each pair of vertices
u, ve V(T). Moreover, d(x,y) is even and d(x,y) = d{x,c) + d(y,c).
Since D is a diameter of T, d(x,c) = d(y,c), and x and y are both
eccentric nodes for c. Hence, d(x,y) = e(x) = e(y) = 2-e(c). Since
e(c) = eq, we have e(x) = e(y) = 2e1. And, since e(x) = e(y) = e(v) for
eachve V(T), en= en1=e(x) =e(y) =2e;1. Thatis, e, = en.1 = 2e1.
Also, since T is, by hypothesis, a central tree, e(c) = e1 < e for
each j =2, ..., n. So, in particular, e < e, completing the proof of

condition (i). As for condition (ii), note that diameter D of T is a
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longest path of T whose length is even and whose midpoint is c.
Thus, D contains an odd number of vertices, and the eccentricity
sequence Ep of D is a subsequence of E, where
Ep={ei,e1+1,e1+1,e1+2,e1 + 2, .., 2e1, 2e1}. Since every
positive integer i such that e1 + 1 <i < 2e; = e, appears exactly
twice in Ep, every such positive integer i appears at |east twice in
E (since Ep is contained in E), and we aredonein case T is a
central tree.

Now, suppose that T is a bicentral tree, and let (c1, ¢2) € E(T)
be the center of T. Then, e(c1) = e(c2) < e(v) for each vertex
v e V(T)\{c1,c2}. Suppose, without loss of generality, that
e(cy) = eq and e(cz) = ez. For each diameter D~ of T (of which there
is at least one), D~ must have odd length and (c¢1,c2) must be the
“mid-edge” of D~. This implies that there are at least two
vertices r, s € V(T) (namely, the endpoints of D~) such that d(r,s)
= length(D~) = d(u,v) for each pair of vertices u, ve V(T). In
addition, d(r,s) is odd and we can assume, without loss of
generality, that ¢, is closer to r than to s in T. This implies that
d(r,s) = d(r,c2) + d(s,c1) - 1. Since D~ is a diameter of T,
d(r,cz) = d(s,c1), ris an eccentric node for ¢z, and s is an eccentric
node for ¢c1. Therefore, d(r,s) = e(r) = e(s) = d(r,c2) + d(s,c1) -1 =
e(cz) + e(c1) - 1 = 2-e(cq1) - 1, since e(c1) = e(cz). Since e(cq) = e
and e{c2) = ez, we have e(r) = e(s) = 2e1 - 1. And, since
e(r) = e(s) = e(v) for each v e V(T), en = en-1 = e(r) = e(s) = 2e; - 1.
That is, e = en-1 = 2e1 - 1. Also, since T is, by hypothesis, a

bicentral tree, e; = e(c1) = e(c2) =e2 <exforeach k = 3, ..., n. So,
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in particular, e; = €2 < e3, and we have finished the proof of
condition (i). To prove condition (ii), recall that diameter D~ of T
is a longest path of T whose length is odd and whose “mid-edge”

is (c1, c2). Hence, D~ contains an even number of vertices, and the
eccentricity sequence Ep. of D~ is a subsequence of E, where
Ep.={e1,er,e1+1,e1+1,e1+2,61+2,..,2e1-1, 2e1 -1},
Since every positive integerisuchthat e;1 +1 <i<2e;-1=¢y
appears exactly twice in Ep., every such positive integer i appears
at least twice in E (since Ep. is a subsequence of E), completing
the proof in case T is a bicentral tree. Since T is either central or

bicentral, we are done. [

(<) Conversely, suppose that conditions (i) and (ii) hold. To
show the existence of a tree T such that E is the eccentricity
sequence of T, we shall actually construct T. There are 2 cases
to consider: either e, is even, or e, is odd.

If ey is even, construct a path P of length e,. Note that if x
and y are the endpoints of P, then e(x) = e(y) = en (in P). So, the
eccentricity sequence Ep of path P is
Ep={en/2,en/2 +1,en/2+ 1,en/2+ 2 ,en/2 + 2, ..., €n, €n}. Note
that since ep, is even, ey = 2e1, by condition (i). This implies that
e1 = en/2. Also, e1 < ez, by condition (i), and for each positive
integer i such that e + 1 <i < e,, iappears at least twice in E, by
condition (ii). So,ez2=e1+1=e,/2+ 1,andez =en/2 + 1. In
fact, every positive integer i such that e; + 1 <i < e, appears

exactly twice in Ep and at least twice in E. Moreover, the positive
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integer represented by e,/2 = e appears exactly once in both Ep
and E. Note, particularly, that m ¢ Z+ appears in E if and only if m
appears in Ep. Since Ep is the eccentricity sequence of path P, we
can add 1-valent vertices (so-called “leaves™) to the vertices of P
(if necessary) in order to produce T from P. So, if E = Ep, then

T =P, and we are done. However, if Ep is strictly contained in E,
then for one or more positive integersi such e+ 1 <i<e,

i occurs in E three or more times, while i occurs in Ep exactly two
times. So, if i occurs k = 3 times in E, we add (k-2) 1-valent
vertices to P at a vertex v of P such that e(v) =i -1 (in P) [note
that P contains at least one such vertex v] to obtain a tree T# in
which the eccentricity of each vertex that was also a vertex of P
remains unchanged and in which the number of vertices of
eccentricity i is k. Iterating this procedure of adding 1-valent
vertices to the vertices of our original path P where necessary,

we never alter the eccentricity of any vertex that was already
present at a previous stage of the procedure, and we finally
produce a tree T whose eccentricity sequence is E, completing the
proof in this case (in which ep is even). Note that at each stage of
the above procedure, we produce a tree which consists of path P
together with a number of 1-valent vertices that have been added
to one or more of the vertices of P. In particular, T is such a tree.
Recall that we call this type of tree a caterpillar. Observe that

if all the 1-valent vertices of T are pruned, the resulting tree is
simply a path P* = P, since each 1-valent vertex added to P to

produce T was added to an internal vertex (i. e., non-endpoint) of
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P. Note further that no claim has been made that T is the only
tree whose centroid sequence is E.

Now, we consider the case in which e, is odd. In this case,
construct a path P~ of length e,. The eccentricity sequence Ep.. of
path P~is Ep. = {(en+ 1)/2, (en + 1)/2, (en + 1)/2 + 1,
(en+1)/2 +1,..,en en}. Sinceeyisodd, e, = 2e; - 1, by
condition (i). Thus, e; = (en + 1)/2. Also, e1 = ez < e3, by condition
(i), and for each positive integeri such that e + 1 <i<ey,

i appears in E at least twice, by condition (ii). So, e2 = (en + 1)/2,
and ez =(en+ 1)/2 + 1. And, every positive integer i such that
e1 + 1 Li< e, appears exactly twice in Ep. and at least twice in E.
Additionally, the positive integer represented by (e, + 1)/2 =e1 =
e appears exactly twice in both Ep. and E. Note, in particular,
that j e Z* appears in E if and only if j appears in Ep.. So, since
Ep. is the eccentricity sequence of path P~, we can, exactly as we
did for path P in the preceding paragraph, add suitable numbers of
1-valent vertices to appropriately selected vertices of P~ to
produce a tree T~ whose eccentricity sequence is E. And, T~ is a
caterpillar and is not necessarily the only tree whose eccentricity
sequence is E. O

The next corollary follows immediately from the proof of the

converse direction of Theorem 3.2.1.
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roll 2.1: IfE = {eq, ez, ..., en} (n = 3) is the eccentricity
sequence of a tree T, then E is the eccentricity sequence of a

caterpillar C, as well.

Proof: First, note that T is a tree on n = 3 vertices. If T is itself
a caterpillar, then C = T, and we are done. Otherwise, if Tis not a
caterpillar, then the eccentricity sequence E of T satisfies
conditions (i) and (ii) of Theorem 3.2.1. So, just as we did in the
proof of the converse (<) direction of Theorem 3.2.1, we can
construct a path P (if e is even) or a path P~ (if e, is odd) of
length e,. Then, we can, as before, add suitable numbers of
1-valent vertices to appropriately selected vertices of P (or P~)
to produce a caterpillar C whose eccentricity sequence E is the
same as that of T. d

Thus, the eccentricity sequence of a tree can always be

realized by a caterpillar.

Remark 3.2.1: The centroid sequence of a tree is not, in general,

realizable by a caterpillar, as the next example shows.

Example 3.2.2: The centroid sequence A=148,8,8,8,7,7,7,7, 2}
of the tree T of Figure 3.2.2 is not realizable as the centroid
sequence of a caterpillar, by Theorem 2.3.1, since the number “7”
appears in A more than two times. Note, however, that the

centroid sequence of the pruned tree T* of T, obtained by pruning
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all the 1-valent vertices of T, is realizable by a caterpillar, since
T* is, itself, a caterpillar. More generally, for each positive
integer r, there is a tree S, whose centroid sequence is not

realizable by a caterpillar. See Theorem 4.3.3.

Eigure 3,2.2: The figure depicts a tree T whose centroid sequence
cannot be realized by a caterpillar. The weight of each vertex of T

is indicated next to that vertex.

h 8
57
12

Tree T
Remark 3.2.2: Observe that the eccentricity sequence of the tree

T of Figure 3.2.2isE=1{2, 3,3, 3, 3, 4, 4, 4, 4}, and E ¢can be
realized by a caterpillar. See Figure 3.2.3.

Eigure 3.2.3: A caterpillar that realizes the eccentricity
sequence E of the tree T of Figure 3.2.2.

0/ JQ\Q
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So, while caterpillars alone generate the set of all possibie
eccentricity sequences of a tree, they clearly do not generate the

set of all possible centroid sequences of a tree.

Given a finite sequence E = {e1, €3, ..., ex} of positive integers
which is known to be the eccentricity sequence of a tree T, we
may like to know, in light of Corollary 3.2.1, how many non-
isomorphic caterpillars there are whose eccentricity sequence is

E. Theorem 3.2.2 below provides the solution to this problem.

Theorem 3.2.2: LetE = {e, e, ..., en} be the eccentricity sequence
of a tree T. Let xx be the number of times that the positive
integer k appears in E, and let N be the number of non-isomorphic

caterpillars whose eccentricity sequence is E.

(i)Ife; <ez, then N = [( If (x-1) + 1)/2];

k=e+2
€n
(iiyIfer =ez,then N = [( II (x-1) + 1)/2],
k=e;+1

where [t] denotes the greatest integer < t.

Proof: By Corollary 3.2.1, we know that E is the eccentricity
sequence of at least one caterpillar C. Let D be a diameter of C.
Then, the eccentricities in C of the vertices of D are all the
positive integers from e; to e,, where each positive integer k such
that e1 + 1 £k < e, is the eccentricity of two distinct vertices of

D, and the positive integer represented by e is the eccentricity of
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either one or two distinct vertices of D, respectively, depending

on whether the length of D is even or odd, respectively.

Case (i): If length(D) is even, then e < e;, and the center of

C consists of a single vertex c. Since Cis a caterpillar, each
1-valent vertex v of C which does not lie on D is such that e(v) =
the eccentricity of 2 other distinct vertices of C that lie on D, and
these 2 vertices of D are equidistant from the center (vertex c¢) of
C. Note that if v is a 1-valent vertex of C which does not lie on D,
then e(v) = e(v~) + 1, where v~ is the unique vertex of D which is
adjacent to v in C. Now, since vertex c is the only vertex lying on
D whose eccentricity (e1) is = the eccentricity of any other vertex
lying on D, the only 1-valent vertices v of C not lying on D that
cannot be pruned from C and then attached to a vertex w = v~ of D
without changing the original eccentricity of v in C are those v
whose eccentricity in C is equal to e + 1. So, each 1-valent
vertex v of C that doesn't lie on D and whose eccentricity e(v) is
such that e; + 2 < e(v) < e, can be pruned from C and attached to
a new vertex w = v~ of D such that d(v~,c) = d(w,c). Therefore,
the number N of non-isomorphic caterpillars whose centroid
sequence is E is obtained by calculating the number of different
ways that the 1-valent vertices v of C not lying on D such that

e1 + 2 £ e(v) < en can be attached, each via a single edge, to a
vertex of D without changing the criginal eccentricity of v in C.
The number N of non-isomorphic caterpillars whose eccentricity

sequence is E is, therefore,
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*) N=[C T e-1) + )21,

k=e+2
where x¢ = the number of times that the positive integer k
appears in E. The reason for this is as follows. For each k such
that e; + 2 <k < e, there are (xx - 2) 1-valent vertices v of C
that do not lie on D whose eccentricity in C is k, since there are 2
distinct vertices of eccentricity k which lie on D. And, the
attachments of 1-valent vertices of unequal eccentricities to the
vertices of D are independent of one another (i.e., the attachment
of a 1-vaient vertex of eccentricity e« is unrelated to the
attachment of a 1-valent vertex of eccentricity e« if e+ = e~).
Observe that if there are (xx - 2) 1-valent vertices v of C that do
not lie on D whose eccentricity in Cis k, then there are (xx - 1)
ways to attach the (xk - 2) vertices v to one of the two possible
attaching locations (i.e., vertices) of D (i.e., from attaching none
of them at that location to attaching all (x - 2) of them at that
location). However, because of the symmetrical arrangement of
the vertices of equal eccentricity along D,
€n
k nI;-:[1+§Xk o )
counts each non-isomorphic caterpillar whose eccentricity
sequence is E twice, except for exactly one of these caterpillars,
provided that (xk - 2) is even for each k such thate; + 2 <k < ep, in
which exactly (xx - 2)/2 1-valent vertices v are attached at each
of the two possible attachment sites along D for each k such that

e1 + 2 £k £ en. The result (*) follows from this discussion.
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Case (ii): If length(D) is odd, then e1 = e, and the center of C
consists of a pair of adjacent vertices, say, ¢ and ¢z, which both
lie on D. Observe that in this case, each positive integer k such
that e; < k £ e, is the eccentricity in C of 2 distinct vertices of C
that lie on D. Since C is a caterpillar, each vertex v of C which
does not lie on D is a 1-valent vertex of C which is adjacent to a
vertex v~ of C which lies on D such that e(v) = e(v~) + 1in C. Let
xk denote the number of times that the positive integer k appears
in E. Then, there are exactly (xx - 2) 1-valent vertices of C which
do not lie on D whose eccentricity in Cis k. Since the positive
integer (k-1) is the eccentricity in C of exactly 2 distinct

vertices of C that lie on D, there are (xx - 1) ways to attach one of
these (xk - 2) 1-valent vertices of C of eccentricity k which do

not lie on D to one of the 2 vertices of D of eccentricity (k-1) in C
without altering the eccentricity of any of these vertices. By the
symmetrical arrangement of the eccentricities in C of the

vertices of D and the fact that each positive integer from e to e,
appears as the eccentricity in C of exactly 2 distinct vertices of

D, there are

[( H (xe-1)  + 1)/2]

k=e+1
non-isomorphic caterpillars whose eccentricity sequence is E in
case length(D) is odd, since
en

IT (xc-1)
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counts each non-isomorphic caterpillar whose eccentricity
sequence is E twice except for exactly one of these
caterpillars provided that (xx - 2) is even for each k such
thate; + 1 £k L e,. O

Example 3.2.3: SupposeE={3,3,4,4,4,4,5,5,5,5,5,5,5}. 1t
can be verified that E is realizable as the eccentricity sequence of

a tree by applying Theorem 3.2.1. Then, E is also realizable as the
eccentricity sequence of a caterpillar, by Corollary 3.2.1. LetC

be a caterpillar whose eccentricity sequence is E, and let D be a
diameter of C. Then, since e, = 5, length(D) = 5, which is odd.
Therefore, in order to determine the number N of non-isomorphic
caterpillars whose eccentricity sequence is E, we can apply part

(ii) of Theorem 3.2.2. Note thate1 =3,e1+ 1 = 4, and
e1+2=en=>5. Also, x4 =4 and x5 = 7. Hence, N = [((3)(6) + 1)/2] =
[19/2] = [9.5] = 9. That s, there are exactly 9 non-isomorphic

caterpillars whose eccentricity sequence is E.

The following theorem establishes the conditions under which
the eccentricity sequence of a caterpillar is also realizable as the

eccentricity sequence of a tree which is not a caterpillar.

Theorem 3.2.3: LetE = {ey, e, ..., en} be the eccentricity sequence
of a caterpillar C. Then, E is also the eccentricity sequence of a

tree T which is not a caterpillar if and only if there is a pair of
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consecutive integers each of which appears in E three or more

times.

Proof: (=) Suppose that E is also the eccentricity sequence of
a tree T which is not a caterpillar, and let D be a diameter of T.
Then, length(D) = 4. Let vertices x and y be the endpoints of D.
Since T is not a caterpillar, there is apathPoflength2 in T

which starts at a vertex v of D such that d(v,x) 2 2 and d(v,y) = 2
and which includes no other vertex of D and no edge of D. Lett
be the vertex of P that is adjacent to v, and let u be the vertex

of P such that d(u,v) = 2. Now, since D is a diameter of T, the
eccentricities in T of the vertices of D are all the positive

integers from e; to e,, where each positive integer k such that

e1 + 1 <k £ e, is the eccentricity of two distinct vertices of D,
and the positive integer represented by e, is the eccentricity of
either one or two distinct vertices of D, respectively, depending
on whether the length of D is even or odd, repectively. Also,

e(t) = e(v) + 1 and e(u) = e(v) + 2, so neither vertex t nor vertex u
is in the center of T. That is, e(t) > e; and e(u) > e, so the
positive integer represented by e(t) is also the eccentricity in T

of 2 distinct vertices of D, and the positive integer represented by
e(u) is also the eccentricity in T of 2 other distinct vertices of D.
Hence, the positive integer represented by e(t) appears at least 3
times in E, and the positive integer represented by e(u) appears at
least 3 times in E. And, since e(t) = e(v) + 1 and e(u) = e(v) + 2,
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the positive integers represented by e(t) and e(u) are consecutive

integers, so we are done in this direction. O

(<) Conversely, suppose that there is a pair of consecutive
integers each of which appears in E three or more times. By
hypothesis, E is the eccentricity sequence of a caterpillar C. Let
D be a diameter of C, and let vertices x and y be the endpoints of
D. Then, the eccentricities in C of the vertices of D are all the
positive integers from e to e,, where each positive integer k such
that e; + 1 £k < e, is the eccentricity of two distinct vertices of
D, and the positive integer represented by e, is the eccentricity of
either one or two distinct vertices of D, respectively, depending
on whether the length of D is even or odd, repectively. Now, since
there is a pair of consecutive integersiandj =i+ 1 each of

which appears 3 or more times in E, there are at least 2 distinct
1-valent vertices, say, r and s, in T, neither of which lies on D,
suchthate(r) =iand e(s) =j =i+ 1. Let vertex r be adjacent to,
say, vertex R which lies on D, and let vertex s be adjacent to, say,
vertex S which lies on D. Note that sincei = j, verticesRand S
are distinct. Then, e(r) =i=e(R)+1 and e(s)=j=i+ 1=

e(S) + 1. This implies that e(S) =i, so e(S) = e(r). Therefore, we
can prune 1-valent vertex s from C and then attach s to vertex r
via an edge to obtain a new tree T whose eccentricity sequence is
the same as that of C (namely, E). Observe that in tree T, there
is a path P (namely, the path from R to r to s) of length 2 which

starts at vertex R on D and includes no other vertex of D and no
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edge of D. And, since e(r) > e(R) and e(s) > e(R), the positive
integer i represented by e(r) is the eccentricity in T of a pair

of distinct vertices of D, and the positive integer j=i+ 1
represented by e(s) is the eccentricity in T of another pair of
distinct vertices of D. Since one vertex from each of these two
pairs of vertices lies on one side of R along D, and the other

vertex from each of these two pairs of vertices lies on the other
side of R along D, we see that, in T, d(R,x) 2 2 and d(R,y) = 2, where
x and y are the endpoints of D. Hence, T is a tree which is not a

caterpillar, and the proof is complete. O

The next chapter contains more results concerning the
centroid, centroid sequence, center, and eccentricity sequence

of a tree.
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CHAPTER 4 SPANNING TREES, THE
CENTROID, AND THE CENTER

4.1 Spanning Trees of a Connected Graph
and the Centroid

Recall from Section 1.5 that a spanning tree T of a connected
graph Gis a spanning subgraph of G that is a tree. Note that if a
graph G~ is not connected, then G~ does not have any spanning
trees.

We consider in this section the following questions: Are
there necessary and/or sufficient conditions for each vertex of
a connected graph G to be in the (or to be the) centroid of some
spanning tree of G? Theorems 4.1.71 and 4.1.2 below provide
answers to these questions. The following pair of lemmas is

needed for the proofs of these two theorems.

Lemma4.1.1: Avertexcinatree T onnz2 2 vertices is one of
a pair of adjacent vertices in the centroid of T if and only if the
size of a branch of greatest size emanating from c is exactly
one greater than the sum of the sizes of all the other branches

emanating from c.
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Proof: (=) Suppose cis one of a pair of adjacent vertices in the
centroid of T. Let A = {a4, ay, ..., @n-1, an} be the centroid sequence
of T, where n 2 2 is the order of T. Then, the weightofcin T is
either a, or an-1. And, since the centroid of T consists of a pair of
adjacent vertices, an = ap-1 = /2 (since ap-1 + ap =n). Thatis, a
branch B of greatest size emanating from c in T has size n/2.

Since the size of T is (n-1), the sum of the sizes of all branches
other than B which emanate fromcin Tis (n-1) - n/2 =

(2n -2 -n)/2 = (n-2)/2. And, since n/2 = (n-2)/2 + 1, the theorem
follows. [

(<) Suppose, conversely, that T is of order n = 2 and that the size
of a branch B of greatest size emanating from c in T is exactly one
greater than the sum of the sizes of all branches other than B
emanating from ¢ in T. Let size(B) = k. Then, k + (k-1) =n-1,
where (n-1) is the size of T. That is, 2k = n, so k =n/2. Thus,
size(B) = n/2, so the weight a(c) of ¢ in T is n/2.

Claim: Vertex cis in the centroid of T.

Proof of Claim: Suppose not. Let v = ¢ be a vertex in the centroid
of T. Since ¢ is not in the centroid of T, a(v) < a(c) =n/2. If

A = {aj, a, ..., an-1, an} is the centroid sequence of T, then either
a(v) =an or a(v) =ap1. And, since an.j+an=n and a1 ap, it
must be that a(v) = an (since a(v) < n/2), which implies that

an1 > n/2. But, ap <n/2 and ap1 > n/2 togetherimply that

aj = n/2 for each a; € A, since A is arranged in non-increasing

order. This contradicts the fact that a(c) = n/2. Hence, assuming

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



135

that c is not in the centroid of T leads to a contradiction. So,
vertex c is in the centroid of T, as claimed.

To finish the proof, we must show that c is one of a pair of
adjacent vertices in the centroid of T. Since c is in the centroid
of T, either a(c) = a, or a(c) = ap.1. And, since a(c) = n/2, we have
an = ap.1 = /2. This implies that there is a vertex c~=c of T
which is also in the centroid of T. Since T is a tree, the centroid
of T consists of exactly the 2 vertices ¢ and c~, which must be
adjacent in T, by Theorem 2.1.1. ]

Lemma 4.1.2: A vertexcinatree T onn2 2 vertices is the
centroid of T if and only if the size of a branch of greatest size
emanating from c is < the sum of the sizes of all the other

branches emanating from c.

Proof: (=) Suppose vertex cis the centroid of T. Let

A = {a1, a2, ..., an-1, an} be the centroid sequence of T, where n > 2.
Then, the weight of cin T is ap, and an < ap-1. Since an-1 + ah=n,

we have ap + an < n. Thus, ap < n/2. Thatis, the size of a branch B
of greatest size emanating fromcin Tis < n/2 (i.e.,

size(B) < n/2). Since size(T) = n - 1, the sum of the sizes of all
branches other than B which emanate from cin Tis > (n-1) -n/2 =
(2n-2-n)/2 = (n-2)/2. This means that if n is even,

size(B) < (n-2)/2, and the sum of the sizes of all branches other
than B which emanate fromcin Tis 2 n/2. Also, if nis odd,

size(B) < (n-1)/2, and the sum of the sizes of all branches other
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than B which emanate fromcin Tis = (n-1)/2. So, if c is the
centroid of T, the size of a branch B of greatest size emanating
from c is < the sum of the sizes of all branches other than B
emanating from c, with equality possible if and only if the order
n of T is odd. 1

(<) Conversely, let T be of order n 2 2, and suppose that the size
of a branch B of greatest size emanating from a vertex cof T is <

the sum of the sizes of all branches other than B emanating from

c. Let size(B) = k. Since size(T) = n-1, we have

size(B) = a(c) =k < (n-1)/2. Thatis, a(c) < {(n-1)/2.

Claim: Vertex c is the centroid of T.

Proof of Claim: Suppose not. Let v = ¢ be a vertex in the centroid
of T. Then, a(v) £ a(c) £ (n-1)/2. Let A = {a1, a, ..., an-1, an} be the
centroid sequence of T. Then, either a(v) = a, or a(v) = an.1.

Since an-1 + an=n and ap1 = ap, it must be that a(v) = a, (since
a(v) = (n-1)/2 implies that an-1 2 (n+1)/2). But, a(v) =a, < (n-1)/2
and an-1 2 (n+1)/2 together imply that a; 2 (n+1)/2 for each

aj e A/{an}, since A is arranged in non-increasing order. This
contradicts the fact that a(c) < (n-1)/2, since ¢ = v implies that

the weight a(c) in T of vertex c is an element of A\{an}. Hence,
assuming that c is not the centroid of T leads to a contradiction.

So, vertex c is the centroid of T, and we are done. O
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Theorem 4,1.1: Let G be a graph on n 2 3 vertices. Then, each
vertex of G is jn the centroid of some spanning tree of G if and

only if G is 2-connected.

Proof: (=) Suppose G is 2-connected. Let v be a vertex of G.
Then, for each vertex w e V(G)\{v}, there is a cycle Cy in G that
both v and w lie on. Let C be a cycle of maximal size in G which
contains vertex v (i.e., if C~ is any cycle of G containing v, then
size(C) 2 size(C~)). Note that since C is a cycle, order(C) = 3. Let
the two vertices of C that are adjacent to v in C be called x and

y, respectively.

Claim: For each vertex z € V(G)\{v,x,y},

(i) there exists a path Py, joining vertices x and z in G, which

does not contain vertices vand y; and

(i) there exists a path Py, joining vertices y and z in G, which
does not contain vertices v and x.

Proof of Claim: If z lies on C, the result is obvious. So, suppose z
is a vertex of G which does not lie on C. Since G is 2-connected,
there are 2 internally disjoint paths in G joining vertices x and z.

If at least one of these 2 paths contains neither v nor y, then we
are done. If not, then one of these paths (say, P1) contains v but
not y, and the other (say, P2) contains y but not v (because if
either P1 or P2 contains both v and y, then the other contains
neither v nor y). Since P is a path in G from x to z which contains

v but does not contain y, let a be the last vertex of C which lies
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on P; as we traverse P1 from x to z. Note that it is possible that
a=vw.

If a = v, there is a path P~ from x to a along C which contains
neither v nor y. And, by our choice of a, there is a path P, in G
from a to z which contains no vertex of C\{a}. So, if we join paths
P~ and P, at vertex a, we obtain a new path Px from x to z which
contains neither v nor y, proving part (i) of the claim.

If, on the other hand, a = v, then there is a subpath P, of P1in G
from v to z which contains no vertex of C\{v}. Now, we turn our
attention to path P,. Since P; is a path in G from x to z which
contains y but not v, let b be the last vertex of C which lies on P,
as we traverse Pz from x to z. Note that it is possible that b = y.

if b=y, there is a path P~~ from x to b along C which contains
neither y nor v. And, by our choice of b, thereis a pathPp in G
from b to z which contains no vertex of C\{b}. So, if we join paths
P~~ and Py, at vertex b, we obtain a new path Pgx from x to z
which contains neither y nor v, again proving part (i) of the claim
(incase b = y).

Finally, we consider the case in which b = y. Recall that we
are simultaneously assuming that a = v, for, as we have seen
already, if a = v, we are done with the proof of the first part of
the claim. If b =y, then there is a subpath Py of P2 in G from y to
z which contains no vertex of C\{y}. Note that paths Py and Py
have only vertex z in common since Py is a subpath of Py, Py is a
subpath of P2, and Py and P2 are two internally disjoint paths that
join vertices x and z in G. Consider the cycle C+ in G obtained by
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removing edge (v, y) from C and adding paths Py and Py. Since
length(Py) 2 1 and length(Py) 2 1, size(C+) = (size(C) - 1) +
length(Py) + length(Py) 2 (size(C) - 1) + 1 + 1 =size(C) + 1. That
is, size (C+) > size(C), contradicting our choice of C as a maximal
cycle of G which contains vertex v. (Note that C« contains vertex
vl) So, it cannot be that a =v and b =y. Hence, eithera = v or

b = y or both, in which case there is a path, say, Py, in G from x to
z which contains neither v nor y. This completes the proof of part
(i) of the claim. Part (ii) of the claim is proven in exactly the

same way as part (i).

Now, construct a spanning tree T of G as follows. First, recall
that the order of G is n, and n = 3. Then, the size of any spanning
tree of Gis (n-1). To begin the construction of T, draw cycle C
(mentioned above) in red ink. (The spanning tree T will be drawn in
blue ink.) Then, starting at vertex x, using blue ink, draw edge
(x, v) as well as each edge incident with vertex x except for those
that have an endpoint on C\{x}, one by one, such that the total
number of edges drawn does not exceed [(n-1)/2]. If the number of
edges drawn in blue is [(n-1)/2], stop here for a moment. If,
however, the number of edges drawn in blue is < [(n-1)/2], choose
an endpoint other than x and v of any edge drawn previously in blue
and draw each edge incident with that endpoint except for those
that have an endpoint on C, one by one, such that the total number
of edges drawn in blue does not exceed [(n-1)/2]. lterate this
procedure for all vertices x~ that are adjacent to x in G but that

do not lie on C, then for all vertices x~~ that are adjacent to a
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vertex x~ from the previous step but that also do not lie on C such
that no vertex that has already been visited is re-visited, etc. If
the number of vertices drawn in blue is still < [(n-1)/2], draw
edge (x, u) in blue, where u is the only vertex of C besides v that
is adjacent to x on C. If the number of blue edges drawn is now
[(n-1)/2], stop here for a moment. If the number of blue edges
drawn is still < [(n-1)/2], repeat the above "blue-edge-adding"
procedure using u as the starting point this time. Keep adding
blue edges until a total of exactly [(n-1)/2] blue edges have been
drawn. Note that this is possible by the claim (part (i)), since for
each vertex q of G which does not lie on C, there are at least 2
internally disjoint paths in G which start at q and end at non-
adjacent vertices of C (the reason for this non-adjacency is the
maximality of C). Note that a new edge of C is drawn in blue only
when all "neighbors" (that have not already been visited and that
are not on C) of the last vertex that was visited on C have been
exhausted (i.e., visited) and the number of edges drawn is <
[(n-1)/2]. Moreover, note that the above procedure produces a
branch B of G which is rooted at v such that size(B) = [(n-1)/2].
Now, the number of vertices of G that do not lie on B is
n-({[(n-1)/2]1 +1). Ifnisodd, n- ([(n-1)/2] + 1) =n-(n-1)/2 - 1
=(2n-n+1-2)/2 =(n-1)/2 is the number of vertices of G that
donotlieonB. Ifniseven, n-([(n-1)/2] + 1) =n-(n-2)/2-1 =
(2n-n+ 2 - 2)/2 =n/2 is the number of vertices of G that do not
lie on B.
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Now, construct a branch B~ rooted at v which is disjoint from
B except for vertex v by following the same procedure as that
followed in constructing branch B above, but this time start by
drawing edge (v, y) and continuing until no new edge can be drawn
without creating a cycle. (Note that the restriction in the
construction of B that size(B) = [(n-1)/2] has been lifted in the
construction of B~; i.,e., there is no special requirement on the
size of B~.) If the construction of B~ exhausts all the vertices of
G, then branches B and B~ together form a spanning tree T of G. If
there are vertices of G that lie on neither B nor B~, then there
must be one or more branches B~~, B~~~, etc. that can be
constructed, starting at v, which are pairwise disjoint from each
other, B, and B~, except for vertex v, and such that every vertex of
G lies on exactly one of these branches. The reason for this is
that for each vertex t € V(G) which does not lie on branch B, there
is at least one path P in G from t to either a vertex of C that does
not lie on B or to v, such that V(Py) nV(B) =3 or {v} (if not,
either the 2-connectedness of G would be violated or t would have
to lie on branch B). If t also does not lie on B~, then t must lie on
a branch emanating from v which is determined by neither x nor vy,
since t was not reached by B and could not be reached by B~. Note
that in this case, each vertex on the path in T from t to v, other
than vertex v, does not lie on branch B or branch B~, by the way we
constructed these 2 branches. Hence, every vertex of G lies on a
unique branch of T. So, T is a spanning tree of G rooted at vertex
v. Recall that size(B) = [(n-1)/2]. If nis odd, then size(B) =
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(n-1)/2. This implies that the sum of the sizes of all branches
other than B emanating fromvin Tis (n-1) - (n-1)/2 = (n-1)/2.
By Lemma 4.1.2, vertex v is the centroid of T (in case nis odd). If
n is even, then size(B) = (n-2)/2. This implies that the sum of the
sizes of all branches other than B emanating from vin Tis
(n-1)-(n-2)/2=(2n-2-n+ 2)/2 =n/2. Now, if the number of
branches of T, other than branch B, which emanate from vis 1,
then there are exactly two branches of T which emanate from v:
one (namely, B) of size (n-2)/2, and one of size n/2. Since n/2 =
(n-2)/2 + 1, v is one of a pair of adjacent vertices of T in the
centroid of T in this case, by Lemma 4.1.1. If, instead, the number
of branches of T, other than B, is > 1, then the size of any one of
these branches is at most (n-2)/2, and the sum of the sizes of all
of them is n/2. Hence, by Lemma 4.1.2, v is the centroid of T in
this case. So, whether n is odd or even, vertex v is in the centroid
of T. That s, the tree T that we have constructed is a spanning

tree of G such that vertex v is in the centroid of T, and we are

done. O

(<) Conversely, suppose that G is a graph on n = 3 vertices which
is not 2-connected. Then, G is not a cyclic block, so G is either a
disconnected graph or a 1-connected graph.

If G is disconnected, then the number of components of Gis > 1.
This implies that G contains no spanning tree, so the theorem is
clearly true in this case.
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If, on the other hand, G is ‘l_—connected, then either G contains
one or more 1-valent vertices, or it doesn't. If x is a 1-valent
vertex of G, then x must also be a 1-valent vertex of any spanning
tree T of G. And, since the order of G is 2 3, the order of any
spanning tree T of Gis 2 3. This implies that vertex x is not in the
centroid of any spanning tree T of G, since the centroid of any
tree of order > 3 does not contain any of its 1-valent vertices.
That is, if G contains a 1-valent vertex, then that vertex is not in
the centroid of any spanning tree of G. Otherwise, the valence of
each vertex of Gis 2 2. Since G is only 1-connected, G contains a
cut-vertex v. So, G-v is disconnected (and non-trivial since the
order of G is > 3). Note that we can partition G into a set of 2 or
more induced subgraphs of G as follows. For each component Q of
G-v, consider the subgraph Q~ of G induced by V(Q) U {v}. Note
that G can be recovered by simply amalgamating all such induced
subgraphs Q~ of G at vertex v. Now, since n = 3, at least one of the
induced subgraphs mentioned above must be such that its order,
excluding vertex v, is <n/2. Let Q;~ be such an induced subgraph
of G of minimum order. Note that since G contains no 1-valent
vertices, the order of Q;~, including vertex v, is at least 3.

Claim: If wis any vertex of Q,~ which is adjacent to v in Qi~,
then there is no spanning tree of G such that w is in the centroid
of that spanning tree.

Proof of Claim: Note that any path from w to a vertex

y € V(G)\V(Q1~) must pass through vertex v. If T is any spanning

tree of G, then the size of a branch B of greatest size emanating
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from w in T is > n/2, since B contains every vertex of V(G)\V(Qi~)
U {v}. Thatis, size(B) > n/2. So, the weight a(w) of vertexwinT
is > n/2. Now, consider vertex v. Since each branch emanating
from v in T is contained in one and only one of the induced
subgraphs Q~ mentioned above (since v is a cut-vertex of G), the
maximum possible size of a branch B, of greatest size emanating
from v in T is given by (the number of vertices of an induced
subgraph [say, Q2~, where Qz~ = Q;~] of G of greatest order) - 1,
since v is the vertex of T from which branch B, emanates.
Therefore, size(B,) < order(Q>~) - 1 < order(Q>~) < size(B), since
branch B, which emanates from win T, includes every vertex of
each induced subgraph Q~ = Qi1~ of G, and vertex v is one of these
vertices. That is, size(By) < size(B), and since By, is a branch of
greatest size emanating from v in T and B is a branch of greatest
size emanating from w in T, we have, by definition, a(v) < a{w) in
T, which proves that w is not in the centroid of T. Hence, we have
shown that if T is any spanning tree of G, vertex w is not in the
centroid of T. Note that we could have concluded that w is not in
the centroid of T much earlier in the proof, when we proved that
a(w) > n/2in T, since we could have, at that point, invoked the
fact that the weight of a vertex in the centroid of atree Tonn = 2

vertices must be < n/2. O

The following theorem provides a sufficiency condition for

each vertex of a graph G to be the centroid of some spanning tree
of G.
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Theorem 4.1.2: If Gis a 3-connected graph, then each vertex of G
is the centroid of some spanning tree of G.

Proof: Letv e V(G). Since Gis 3-connected, there are at least 3
internally disjoint paths in G from v to any other vertex of G. In
particular, this means that val(v) = 3.

We'll show now how to construct a spanning tree T of G for
which vertex v is the centroid of T. Let w be any vertex which
is adjacent to v in G. Consider the graph G-w. Since Gis
3-connected, G-w is 2-connected. So, by Theorem 4.1.1, there is a
spanning tree T* of G-w such that vertex v is in the centroid of
T*. Note that this means that the size of a branch B of greatest
size emanating from vin T* is either exactly 1 greater than or <
the sum of the sizes of all the other branches emanating from v in
T*.

Now, consider graph G once again. G is obtained from G-w by
replacing vertex w and all the edges of G that were incident with
vertex w in G. In particular, recall that v and w are adjacent in G.
So, draw tree T* (described above) in G, and then add edge (v, w)
to T*. This produces a new tree T which contains all the vertices
of G and is, therefore, a spanning tree of G. In addition, edge
(v, w) constitutes a branch of size 1 emanating from vin T, so the
size of this branch is < the size of each branch of T emanating
from v. Thus, by the way we constructed T, a branch B of greatest

size emanating from vin T* is also a branch of greatest size
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emanating from v in T. And, since size(B) in T* is either exactly 1
greater than or < the sum of the sizes of all the other branches
emanating from v in T*, we have size(B) in T is < the sum of the
sizes of all the other branches emanating from vin T. This
implies that vertex v is the centroid of T, by Lemma 4.1.2,
completing the proof. ]

Remark 4.1.1: Observe that the converse of Theorem 4.1.2 is
clearly false, since each vertex of any odd cycle Czn41 (€.9., @
triangle or a pentagon), which is only 2-connected, is certainly
the centroid of some spanning tree of Czn.1. In fact, the unique
spanning tree of which it is the centroid is a path, symmetrically
placed with respect to that vertex. See Figure 4.1.1.

Fiaure 4.1.1: Each vertex of triangle ABC is the centroid of the
spanning tree obtained by deleting the side (edge) opposite that
vertex from triangle ABC.

In Section 4.2, we will see whether theorems similar to those
proved in the present section hold true when the word "centroid"

is replaced by the word "center".
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4.2 Spanning Trees of a Connected Graph
and the Center

in this section, we will discover that 2-connectedness is a
sufficient, but not necessary, condition for each vertex of a graph
G to be in the center of some spanning tree of G. Here's the formal
statement and proof of this theorem.

Theorem 4.2.1: if G is a 2-connected graph, then each vertex of G
is in the center of some spanning tree of G.

Proof: Let G be 2-connected, and let v € V(G). Since G is
2-connected, each pair of vertices of G lie on a common cycle of G.
S0, given any vertex w € V(G)\{v}, there is a cycle in G that both v
and w lie on. Let C¢ be a cycle of greatest size (= k) within G that
vertex v lies on. Since k = 3, there is a vertex x € V(Cx) such that
d(v,x) = d(v,y) in Ci for all y € V(Cy). If k is even, then d(v,x) = k/2
in Cx. If k is odd, then d(v,x) = (k-1)/2 in Cx. Note that Cy consists
of 2 internally disjoint paths joining vertices v and x. Let P;bea
geodesic in Cy joining vertices v and x. Let P, be the path in Cy
which starts at v, is internally disjoint from P4, and which
terminates at the uniquely determined vertex r which is adjacent
to x in Cx and which does not fie on Py (see Figure 4.2.1). Note that
length(P41) = length(P2) + 1, if k is even, and length(Py) =
length(Py), if k is odd. In addition, d¢, (v,x) = eg(V).
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Figure 4.2.1: Path Py starts at vertex v, moves down the left side
of cycle Ci, and terminates at vertex x. Path Pz starts at vertex v,

moves down the right side of Cy, and terminates at vertex r.
v

Cycle Cg

We will now construct a spanning tree T of G such that vertex
v is in the center of T. Starting from vertex v, draw paths Py and
P2 in G. Note that if paths Py and P, together contain all the
vertices of G, then we are done and v is either one of a pair of
adjacent vertices in the center of T, if k is even, or the center of
T, if k is odd. Otherwise, draw all edges of G that are incident
with v and do not intersect Cy at any vertex other than v. if no
such edge exists in G, skip the remainder of this paragraph and
proceed to the next paragraph. If none of these paths (of length 1)
just drawn is of length > [k/2], where [k/2] = the greatest integer
< k/2, then at each endpoint reached by an edge drawn in the
previous step, draw all edges that are incident. with that endpoint
(i.e., vertex) other than those that have an endpoint on Cy or those
that re-visit a vertex that has already been visited by an edge. ‘
iterate this process until either there is a path in G\E(Cy) of
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length [k/2] or no edge can be drawn without either intersecting
Cx or visiting a previously visited vertex of G.

Now, starting at the unique vertex (say, b) which is adjacent
to v on path P4, do the same thing that we did in the previous
paragraph (in which we started at vertex v), but this time stop
when the length of any path drawn in this step which emanates
frombis [k/2] -1 (since the corresponding path which starts at
vertex v would have length [k/2]). Note, of course, that at no time
do we ever re-visit any vertex of G which has already been visited
by an edge.

Next, we start at the unique vertex (say, d) which is adjacent
to v on P2 and do the same thing that we did starting at vertex b in
the previous paragraph. We then move to the unique vertex b~
which is 2 units away from v on P71 and iterate the above
procedure, always stopping when the length of any path drawn,
starting from v, has length [k/2] (or less, if this process produces
only paths of length < [k/2]). Then move to the unique vertex d~
which is 2 units away from v on P2 and iterate the above
procedure. Continue this process, moving alternately from the
unique vertex b~~ which is 3 units away from v on P4, then to the
unique vertex d~~ which is 3 units away from v on P2, etc., until
either all vertices of G have been visited by an edge or until we
have performed this iterative procedure at every vertex of both P,
and P,.

Claim: The above procedure produces a spanning tree T of G.
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Proof of Claim: Lett e V(G). If t lies on either Py or P,, then t
clearly lies on the subgraph of G produced by the above procedure.
If t lies on neither P1 nor P2, then there must be at least 2
internally disjoint paths in G from t to 2 distinct vertices of
cycle C, by the 2-connectedness of G. This means that vertex t
lies on a cycle C together with vertex v in G which includes one or
more edges of cycle Cy. By the maximality of cycle Cy, size(C) < k.
This implies that d(v,t) on cycle Cis < [k/2]. Thus, vertex t lies on
the subgraph of G produced by the above procedure. That is, for
each vertex t € V(G), t lies on the subgraph of G generated by the
above procedure. So, the subgraph of G so generated is a spanning
subgraph of G. And, because the algorithm used to construct this
spanning subgraph of G calls for the addition of one or more new
edges, at each stage, from a vertex of G already visited to one or
more vertices of G that have not been visited previously, the
spanning subgraph of G produced is a tree (say, T). So, the above
procedure produces a spanning tree T of G, proving the claim.
Finally, note that vertex v is an endpoint of both paths P4
and P. If size(Cy) = kis even, then length(P1) = k/2 and
length(P2) = (k/2) - 1. If size(Cx) = k is odd, then length(P;) =
(k-1)/2 =length(P2). And, by the way we constructed the spanning
tree T of G, every path emanating from vertex vin T is of length <
[k/2] (where [k/2] =k/2 if k is even, and [k/2] = (k-1)/2 if k is
odd). This means that if k is even, two longest internally disjoint
paths emanating from v in T either differ in length by exactly 1,
or have exactly the same length (namely, k/2). And, if k is odd,
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two longest internally disjoint paths emanating from v in T have
exactly the same length (namely, (k-1)/2). Hence, by Theorems
3.1.1 and 3.1.2, v is in the center of T, regardiess of the value of k.

This completes the proof of the theorem. O

Remark 4.2.1: Note that if a graph G is 2-connected, it is not
true in general that each vertex v e V(G) is the center of some
spanning tree of G. For example, if G = Cg (or if G is any even
cycle), then for any vertex v e V(G), v is not the center of any
spanning tree of G (although v is in the center of the spanning tree

T of G shown below in Figure 4.2.2).

Figure 4.2.2: Vertex v is jn the center of the spanning tree T
(whose edges are indicated with solid line segments) of Cg.

Observe that v is not the center of any spanning tree of Cg.

v

Ce and one of its spanning trees T

Remark 4.2.2: The converse of Theorem 4.2.1 is false, as
exemplified by the graph G of Figure 4.2.3.
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Figure 4.2.3: Graph G is only 1-connected (since v is a cut-vertex
of G), but each vertex of G is in the center of some spanning tree
of G.

Graph G

The next theorem indicates that 3-connectedness is a
sufficient condition for each vertex of a graph G to be the center
of some spanning tree of G.

Theorem 4.2.2: If G is a 3-connected graph, then each vertex of G
is the center of some spanning tree of G.

Proof: If G is 3-connected, then G is certainly also 2-connected,
so we can repeat the construction of paths Py and P2 found in the
first paragraph of the proof Theorem 4.2.1.

Now, if size{Cy) = k is odd, then size(Py) = (k-1)/2 = size(P3).
in this case, simply repeat the construction of the spanning tree T
of G found in the first four paragraphs of the proof of Theorem
4.2.1 (which, again, is possible because G is 3-connected). Note
that since k is odd, two longest internally disjoint paths
emanating from v in T have the same length (namely, (k-1)/2), so
by Theorem 3.1.1, v is the center of T. Hence, in case k is odd, we
are done.
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If, on the other hand, k is even, we modify the construction of
spanning tree T of G as foliows. First, repeat the construction of
paths P; and P, found in the first paragraph of the proof of
Theorem 4.2.1. Since k is even, length(P1) = k/2 and length(P;) =
(k/2) - 1. Next, repeat the procedure described in the second,
third, and fourth paragraphs of the proof of Theorem 4.2.1, but do
not alternate back and forth from a vertex of P4, then to a vertex
of P2, then back to a vertex of Py, etc. Instead, this time start at
vertex v, and move along only the vertices of path P>, one by one,
at each step making sure that each path generated, starting from
v, is of length k/2, or less than k/2 if the construction does not
allow for any path from v of length k/2. The reason for this
modification in the procedure is that we would like, if possible,
to construct a spanning tree of G which contains a path P3
that starts at v and is internally disjoint from P4 such that
length(P3) = k/2. After carrying out this procedure at each
vertex of path P2, perform the same procedure at the vertices
of path Py, moving along P1 from vertex v to vertex x. Note that
this modified procedure produces a spanning tree (say, T~) of G
for the same reasons that the original procedure produces a
spanning tree T of G. Furthermore, if any path starting from v in
T~ is internally disjoint from path P; {(which also starts from v)
and has length k/2, then v is the center of T~, by Theorem 3.1.1,
and we are done. If there is a path = Pq of length k/2 in T~ which
is internally disjoint from path P2, then remove the unique edge of

P1 which is incident with vertex x and add the unique edge of
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cycle Cy which is incident with vertex x and the endpoint r = v of
path P,. This produces a spanning tree of G in which 2 longest
internally disjoint paths which start at v both have length k/2, so
v is the center of this tree. If there is no path of length k/2 in T~
which starts at v and is internally disjoint from P¢, then each

path starting at v in T~ which is intemally disjoint from path P,

is of length < (k/2) - 1.

If each path besides path P> which starts at vin T~ and is
internally disjoint from path Py is of length < (k/2) - 1, then we
can modify the construction of T~ as follows. First, remove the
unique edge (say, e) of path P; which is incident with endpoint x
of path P;. Since G is 3-connected, val(x) = 3 (in G). Thus, there
must be an edge (say, e~) incident with vertex x such that e~ is
not an edge of cycle Cx (although it is possible that both endpoints
of e~ lie on Cy). After removing edge e from T~, add edge e~.
Note that this produces a new spanning tree T~~ of G. And,
since 2 longest internally disjoint paths which start at vertex v
in T~ (namely, P71 - x and P2) have the same length (namely,
((k/2) - 1)), vertex v is the center of tree T~~, and we are done in
this case.

If, however, the length of each longest path which starts at v
in T~ and is internally disjoint from path P; is exactly ((k/2) - 1),
then remove the unique edge e of path P; which is incident with
endpoint x of path P;. Since val(x) 2 3 in G, there is an edge e~
incident with vertex x such that e~ is not an edge of cycle Cx. So,

X is one endpoint of e~, and let y be the other endpoint of e~. That
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is, e~ = (x,y). After removing edge e from T~, add edge e~ to
produce a new tree T~~ which also spans G. If the unique path in
T~~ from vertex v to vertex x is of length < (k/2) - 1, then v is the
center of T~~, and we are done. If, however, the unique path in
T~~ from vertex v to vertex x is of length exactly k/2, then
remove edge e~ and join x to any vertex of G to which it is
adjacent such that the unique path from v to x in the resulting
spanning tree of G is of length < (k/2) - 1, if possible. If this is
possible, then v is the center of the spanning tree T~~~ of G so
constructed, since the lengths of two longest paths in T~~~ which
start at v {namely, paths Pq - x and P5) are the same (namely,
(k/2) - 1). Otherwise, return to spanning tree T~~ in which d(v, y)
is ((k/2) - 1). Since G is 3-connected, val(y) = 3. This implies
that vertex y is incident with at least one edge e~~ of G which is
not an edge of T~~, since y is a 2-valent vertex in T~~. Let t be
the only vertex besides x which is adjacent to y in T~~. Also, let
e~~ = (y, z). Note that although e~~ is not an edge of T~~, bothy
and z are vertices of T~~, since T~~ is a spanning tree of G.

Now, if d(v, z) in T~~ is < (k/2) - 2, remove edge (Y, t) from
T~~ and add edge e~~ instead. Also, remove the unique edge of
T~~ that is incident with vertex x and add edge e~ instead. This
produces a new spanning tree of G such that 2 longest internally
disjoint paths which start at v in this tree are both of length
((k/72) - 1). Hence, v is the center of this spanning tree.

If d(v, 2) in T~~is ((k/2) - 1), remove edge (Y, t) from T~~ and

add edge e~~ instead. This creates a new spanning tree T# of G.
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if vertices y and x lie on different branches of T# which start at
v, then v is the center of T# because 2 longest internally disjoint
paths in T# which start at v have the same length (namely, k/2).
If, however, vertices y and x lie on the same branch of T#, remove
the unique edge of path Py which is incident with vertex x and add
an edge from the endpoint r of path P, which is 1-valent in T#
(i.e., the endpoint of P, which = v) to vertex x. This produces
another spanning tree T## of G in which 2 longest internally
disjoint paths which start at v have the same length (namely,
k/2). Hence, v is the center of T##, and we are done in this case.
Finally, if d(v, z) in T~~ is ((k/2) - 2), there are 2 cases to be
considered.
Case (i): If vertex z does not lie on cycle Cy, then add edge e~~
and remove the unique edge of T~~ which is incident with z and a
vertex u of T~~ such that d(v, u) = (k/2) - 3 in T~~. This creates a
spanning tree T+ of G in which a longest path P4 which starts at v
has length either k/2 or ((k/2) + 1). If length(P4) = k/2 and paths
P4 and Py are internally disjoint, then v is the center of T+
because length(P4) = length(P7) = k/2. If paths P4 and P; are not
internally disjoint, then remove the unique edge of P; which is
incident with vertex x and add an edge from the endpoint r = v of
path P, to vertex x. This produces a spanning tree T++ of G in
which 2 longest internally disjoint paths in T++ which start at v
have the same length (namely, k/2). Thus, v is the center of T++.
If, on the other hand, length(P4) = ((k/2) + 1), then either P4 and

P1 are intemally disjoint, or they are not. If P4 and P are
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internally disjoint, remove the unique edge of P2 which is incident
with endpoint r of P> and add edge (x, r) instead. The spanning
tree of G thus constructed is such that 2 longest internally

disjoint paths which start at v in this tree have the same length
(namely, (k/2) + 1)), so v is the center of this tree. If P4 and P4
are not internally disjoint, remove the unique edge of path P4
which joins the vertices that are at distances ((k/2) - 1) and
((k/2) - 2), respectively, from v on P and add edge (r, x). This
produces a spanning tree of G in which 2 longest intemally

disjoint paths which start at v have length ((k/2) + 1),so vis

the center of this tree.

Case (ii): If vertex z does lie on cycle Cy, then either vertex t also
lies on Cy or it does not. If t does not lie on Cy, we can remove the
unique edge of T~~ which is incident with t and a vertex of T~~
which is at distance ((k/2) - 3) from v in T~~. We can then add
edge (y, z), producing a spanning tree of G such that a longest path
in this tree starting at v has length either k/2 or ((k/2) + 1). So,
just as we did in Case (i) above, in either case we can construct a
spanning tree of G whose center is vertex v. If, on the other hand,
t also lies on Cy, let g be the unique vertex of Py which is adjacent
to vertex x on P1. Then, by the 3-connectedness of G, there is an
edge e; incident with g in G but not in T~~. Similarly, there is an
edge e; incident with r in G but not in T~~. If e1 is also incident
with any vertex of G other than the vertex g at distance ((k/2) - 2)
from v on P> or if e; is also incident with any vertex of G other

than the vertex h at distance ({(k/2) - 2) from v on P4, a spanning
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tree of G whose center is v can be constructed by strategically
adding certain edges to and removing certain edges from T~~. If,
however, e1 = (q, g) and ez = (r, h) and there are no other edges of G
incident with either q or r in G but not in T~~, observe that gither
vertex y is adjacent in G to a vertex other than g, h, and x, or
vertex x is adjacent in G to a vertex other than q, r, or y, or both,
by the 3-connectedness of G. In any case, a spanning tree of G can
be constructed in which 2 longest internally disjoint paths which
start at v have the same length (namely, either ((k/2) - 1), k/2, or
((k/2) + 1)). Hence, v is the center of this spanning tree. This
completes the proof, since every possibility has now been
addressed. L1

The graph H of Figure 4.2.4 demonstrates that
3-connectedness is definitely not a necessary condition for
each vertex of a graph to be the center of some spanning tree

of that graph, since H is only 1-connected!

Figure 4.2.4: Graph H is only 1-connected (since wis a
cut-vertex of H), but each vertex of H is the center of some

spanning tree of H.

Graph H
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Before moving on to Theorem 4.2.3, we state the following
definition.

Definition 4.2.1: A rooted tree T is a directed tree (i.e., a tree,
each of whose edges is directed with an arrow) with some

distinguished vertex r (called the root) of T such that T contains
an r-v (directed) path for each vertex v of T. Note that a rooted
tree T with root r contains no v-r (directed) path for each vertex

v = rof T. Figure 4.2.5 illustrates the concept of a rooted tree.

Figure 4.2.5: T is a rooted tree with root r. Note that when ris
placed at the top of T, it is customary to omit the arrows (which

all point downward) on the directed edges of T.
r

Tree T

Definition 4,2.2: The height h(T) of a rooted tree T with root ris
given by: h(T) = max (length (Pn)).

ve V(T)

Therefore, the height of the tree T of Figure 4.2.3 is 2 (i.e.,
h(T) = 2).

We are now prepared to state and prove Theorem 4.2.3.
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Theorem 4.2.3: If G is a connected graph, then a minimum height

rooted spanning tree of G must be rooted at a central vertex of G.

Proof: Suppose that v is a vertex of G which is not in the center
of G such that there is a minimum height spanning tree of G rooted
at v. Let e(v) be the eccentricity of v in G. Also, let ¢ be a vertex
in the center of G, and let e(c) be the eccentricity of ¢ in G. Then,
since v is not in the center of G, e(v) > e(c). Hence, any spanning
tree of G rooted at v must have height 2 e(v). On the other hand,
there exists a spanning tree of G rooted at ¢ of height e(c). Since
e(v) > e(c), we see that a minimum height spanning tree of G could
not possibly be rooted at v, and the theorem is proved. O

In the following section, we shall present a variety of
examples of trees in order to illustrate several facts about the

centroid and center of a tree.

4.3 Examples of Trees, Their Centroids
and Centers

The purpose of this section is to present several specific
examples of trees and connected graphs that further illuminate
the concepts of centroid, centroid sequence, center, and

eccentricity sequence.
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Figure 4,3.1:

Caterpillar C

Example 4.3.1: Figure 4.3.1 shows a catempillar C, i.e., a tree of
order n = 3 whose pruned tree is a (possibly degenerate) path.
Observe that the centroid (vertex c) of C lies on the backbone of C.

In fact, the centroid of any caterpillar must lie on its backbone.

Figure 4.3.2:

Tree T
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Example 4.3.2: The tree T of Figure 4.3.2 illustrates the point
that the centroid of a tree need not lie on any diameter of T. Note
that vertex c is the centroid of T, but c lies on no diameter of T.
Recall that the center of a tree lies on every diameter of that tree
(see Theorems 3.1.3 and 3.1.4).

y
—® ———0

Tree T

Example 4.3.3: Figure 4.3.3 contains a tree T whose centroid
(vertex x) and whose center (vertex y) are not adjacent in T. This
example provides the motivation for the following theorem, which
shows that for each non-negative integer n, there is a tree whose

centroid and center are at distance n from each other.

Theorem 4.3.1: For each integer n = 0, there exists a tree T, such
that the centroid of Ty, consists of a single vertex x, the center of
Tn consists of a single vertex y, and x and y are at distance n from

each other in T, (i.,e., d(x,y) = n).
Proof: If Tnis constructed by first drawing a path P of odd length

(2n+1) and then attaching (2n+1) leaves to one of the endpoints of

P, then the centroid of T, will consist of a single vertex x, the
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center of Ty, will consist of a single vertex y, and d(x,y) = n. Why?
The reason is that the centroid of T, will be the unique vertex x
that has (2n+1) leaves attached to it (since its weight is (2n+1),
which is strictly less than the weight of any other vertex in Tp),
and the center of T, will be the unique vertex y which divides each
of the (2n+1) diameters D of T,, consisting of path P together
with one of the (2n+1) leaves that were attached to one of the
endpoints of P to form T, into 2 paths, Py and P2, of equal length.
Note that such a vertex y exists and is unique in T, because each
of the (2n+1) diameters D of T, has length (2n+1) + 1 =2n + 2,
which is even, so there exists a unique vertex y which lies on D
and divides D into 2 paths Py and P2, each of length (n+1). And,
y is the center of T, because e(y) < e(v) forall ve V(Tn)\{y}.
Finally, since the distance from y to any of the (2n+1) leaves

attached to x is (n+1), we have d(x,y) = n. See Figure 4.3.3. ]
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Figure 4.3.4: Each vertex of Tree T; below (left) is labeled with
its eccentricity in T1. Each vertex of Tree T, below (right) is
labeled with its weight in Ta.

5 5
®
5 4 5 6
‘!03
€
4
3 4 1 13
0 5 6 ?12
Tree T1 13 13
9
o
Tree T,

Example 4.3.4: The two trees of Figure 4.3.4 have the same
centroid sequence {13, 13, 13,13, 13, 13,13, 12,12, 12, 10, 10,
9, 5}, eccentricity sequence {3, 4, 4, 4,5,5,5,5,5,5,5, 6, 6, 6},
and valence sequence {4, 3,3,3,2,2,2,1,1,1, 1,1, 1, 1}, but
these two trees are not isomorphic. This example demonstrates
that a centroid sequence, an eccentricity sequence, and a valence

sequence (all 3 together!) are not sufficient to uniquely determine
a tree.
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Figure 4.3.5: In Tree T and Tree T2 below, the weight of each
vertex is indicated next to that vertex.

11 13 U . o

9 a b >:| 9 L 8
b 4 @— o—& —©

e 1 11 1 n @

Tree T, Tree T

Example 4.3.5: The two trees of Figure 4.3.5 have the same
valence sequence S ={4,3,3,2,2,2,1, 1,1, 1, 1, 1}, but these
trees are of different centroid type (i.e., the centroid of T,
consists of a pair of adjacent vertices a and b, while the centroid
of T, consists of a single vertex ¢). Thus, a valence sequence

alone is not sufficient to uniquely determine the centroid type of
a tree.

Before moving on to the next example, we make the following
definition.

Definition 4.3.1 : Anr-star §; (r > 0) is a tree which is obtained
as foliows:

(i) draw the star on 4 vertices;

(ii) now, place r new vertices on each of the 3 edges of
the star drawn in (i).
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Figure 4.3.6:
®
®
®
& \ & S S oD
Tree Sz is called a 2-star.
Example 4.3.6: The tree S; of Figure 4.3.6 is a 2-star. Note that

Sz must be pruned two times in order to reduce it to a caterpillar.
More generally, an r-star must be pruned r times in order to
reduce it to a caterpillar. The following two theorems make

connections between an r-star and its centroid sequence.

Theorem 4.3.2: If A = {ay ,ay, ..., an} is the centroid sequence of
an r-star S; (r 2 0), then S; is the only tree, up to isomorphism,
whose centroid sequence is A.

Proof: The r-star S; (r2 0) is a tree on n = 3r + 4 vertices. Its
centroid sequence is

A = {3r+3, 3r+3, 3r+3, 3r+2, 3r+2, 3r+2, ..., 2r+3, 2r+3, 2r+3, r+1},
where each positive integer j such that 2r+3 < j < 3r+3 appears
exactly 3 times in A, and the positive integer (r+1) appears

exactly once in A. So, the complementary sequence of S, is
B=1{1,1,1,2,2,2,..,r+1, r+1, r+1, 2r+3}, where each positive
integer k such that 1 <k < r+1 appears exactly 3 times in B, and

the positive integer (2r+3) appears exactly once in B. Note that B
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is clearly a satisfiable sequence, since each positive integer k > 1
which appears in B three times can be satisfied by the positive
integer (k-1) which also appears in B three times. And, the
positive integer (2r+3), which appears exactly once in B, can be
satisfied by two of the three occurrences of the positive integer
(r+1) in B, leaving one occurrence of (r+1) and the (2r+3) as the
only non-crossed-out elements of B. And, this is the only way
that B can be a satisfiable sequence, because the three 2's
(present if r = 1) require the three 1's for satisfaction, then the
three 3's (present if r = 2) require the three 2's for satisfaction
(since the three 1's have already been crossed out to satisfy the
three 2's), etc., then the three (r+1)'s require the three r's for
satisfaction (since all elements of B that are < r have already

been crossed out), and finally the single (2r+3) requires two of
the three (r+1)'s for satisfaction (since all elements of B that are
< (r+1) have already been crossed out), leaving one occurrence of
(r+1) and the (2r+3) as the only non-crossed-out elements of B.
Since there is only one way for B to be satisfied, there is only one
tree, up to isomorphism, whose complementary sequence is B, and,
hence, whose centroid sequence is A. And, since A is the centroid

sequence of the r-star S¢ (r = 0), we see that S; is the only tree,

up to isomorphism, whose centroid sequence is A. O
Theorem 4.3.3: For each positive integer r, there exists a finite

sequence of positive integers A = {ay, a, ..., an} which is realizable

as the centroid sequence of a tree such that every tree T whose
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centroid sequence is A must be pruned exactly r times to reduce T

to a caterpillar.

Proof: Let r be any positive integer, and let A = {as, &z, ..., an} be
the centroid sequence of an r-star S;. Then, by Theorem 4.3.2, S,
is the only tree on n vertices, up to isomorphism, whose centroid
sequence is A. And, S; must be pruned exactly r times to reduce it
to a caterpillar (more specifically, to reduce it to the star on 4
vertices). |

13 13 3 13

Caterpillar T4
(a)
13
1
13
12
13
13
Tree T»
(b)
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Example 4.3.7: The two trees of Figure 4.3.7 have the same
centroid sequence A = {13, 13, 13, 13, 13, 13, 13, 13, 12, 11, 10,
8,7,7% but Ty is a caterpillar and T2 is not a caterpillar. For a
more detailed discussion of this phenomenon, see Theorem 2.3.4.

Figure 4.3.8:
u @
y ¢ ®
z
\'%
Graph G Tree T
(@ (b)

Exampie 4.3.8: In the connected graph G of Figure 4.3.8(a), the
endpoints (e.g., vertices x and y) of any diameter of G are not
1-valent vertices, even though G contains 1-valent vertices a
and b. Thus, the endpoints of a diameter of a connected graph
which is not a tree need not be 1-valent vertices. Ry contrast,
the endpoints of a diameter of a non-trivial tree T must both be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



170

1-valent vertices. See Figure 4.3.8(b), in which 1-valent vertices

u and v are endpoints of a diameter of T.

Eigure 4,3.9: In Square Q and Graph G below, the Slater number of
each vertex is indicated next to that vertex.

0 0
0 0
Square Q
(a)
Example 4,3.9: The centroid of a connected graph which is not a

tree may consist of more than 2 vertices. In fact, the centroid of
the square Q of Figure 4.3.9(a) consists of all of its 4 vertices.
Additionally, the centroid of a connected graph which is not a
tree can consist of a pair of pon-adjacent vertices, as in the
graph G of Figure 4.3.9(b), in which the centroid of G consists

of non-adjacent vertices u and v.
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Y

Vo~

Tree T Tree T~
(a) (b)

Example 4.3.10: In Figure 4.3.10(a), the centroid of tree T is
vertex v, and ar{v) = 2. In Figure 4.3.10(b), the centroid of tree T~
is vertex v~, and at.(v~) = 2. That is, at(v) = 2 = at~(v~). Also, by
the theorem of Zelinka (see Section 1.6), vertex v is the median of
T and vertex v~ is the median of T~. Note, however, that while
at(v) = ar~(v~), s1(v) = st.{v~), since st(v) = 5 and st-(v~) = 6.
This example illustrates the fact that given two trees, each

with the same number of vertices, a vertex v in the centroid (or,
equivalently, in the median) of the first tree and a vertex v~ in

the centroid of the second tree may have the same centroid
number, and yet have different statuses (i.e., the status of v in

T may differ from that of v~ in T~).
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Figure 4.3.11: In tree T below, vertex c is the centroid of T.
Observe that there are 5 branches that start at ¢, and these

branches have sizes 2,1,1,1, and 1, respectively.

(]

& —D < S
@
Tree T

Example 4.3.11: |If Tis a tree on n = 3 vertices whose centroid
consists of a single vertex ¢ € V(T), then two branches B; and B;
of T which start at ¢ and whose sizes are greatest amongst the
sizes of all branches of T which start at ¢ need not be of the
same size [i.e., size(B1) need not = size(B2)], as in the tree T of

Figure 4.3.11. Compare Theorem 3.1.1 and Theorem 4.3.4.

Theorem 4.3.4: LetT be a tree on n = 3 vertices, and let v e V(T).
If there are two distinct branches B1 and Bz of T which start at v
such that size(B1) = size(B2) and size{B1) = size(B) for all branches
B of T that start at v, then v is the centroid of T.

Proof: Suppose, on the contrary, that v is not the centroid of T.
Let A = {a;, az, ..., an-1, 2n} be the centroid sequence of T. Then,
a(v) = ap-1 2 an > 0. And since, by Theorem 2.2.1, ap-1 + a5 = n, we

have a(v) 2 n/2. This implies that a branch B~ of T of greatest
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size emanating from v must have size at least n/2. So, the sum of
the sizes of all branches other than B~ emanating from vin Tis <
(n-1)-n/2=(2n-2-n)/2 = (n-2)/2. In particular, the size of
any single branch B# = B~ of T emanating from vis < (n - 2)/2,
contradicting the hypothesis that there are two distinct branches
B1 and B; of T which start at v such that size(B1) = size(B;) and
size(B1) 2 size(B) for all branches B of T that start at v. Hence, v
must be the centroid of T. O

We now define a new sequence which can be associated with
the 1-valent vertices, or leaves, of a tree on n = 2 vertices.
Recall that a tree of order n = 2 has at least two 1-valent

vertices.

Definition 4.3.2: Let T be a tree on n 2 2 vertices, and let

X = {Xq, X2, .., X} (k £ n) be the set of leaves of T. Observe that
there are | C, (i.e., "k choose 2") ways to choose a pair of distinct
vertices x; and x; from X such that 1 <i, j < k. Define the leaf
distance sequence D = {d;, dp, ..., d,c,} of T to be the sequence of
distances in T between each pair of leaves of T, where D is

arranged in non-decreasing order (i,.e., d; £d, £ ... < d.c,)-
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Figure 4.3.12:
e%‘\\;:;,/’;’

L >IK

®
Tree Tj Tree T
(a) (b)

Example 4.3.12: The tree Ty of Figure 4.3.12(a) contains six
leaves, so the leaf distance sequence D of Tq contains ¢C2 = 15
elements. The leaf distance sequence of T1is D = {2, 2, 2, 4, 4, 4,
4,4,4, 4,4, 4,4, 4, 4}. Observe that D is also the leaf distance
sequence of the tree T2 of Figure 4.3.12(b), but T> is not
isomorphic to T1. This example illustrates the fact that the leaf
distance sequence of a tree is insufficient to uniquely determine
that tree.
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Figure 4.3.13

M N
@ —® ®
®
A -]
Tree T Tree T~
(a) (b)

Example 4,3,13: Tree T of Figure 4.3.13(a) and tree T~ of Figure
4.3.13(b) have the same leaf distance sequence D = {2, 2, ..., 2, 4,
4, ..., 4}, where "2" occurs 17 times in D and "4" occurs 61 times in
D, and the maximum valence of any vertex of T is the same as the
maximum valence of any vertex of T~ (namely, 6), but T and T~ are

non-isomorphic trees.

We conclude this section with one more example. Before doing

so, we make the following two definitions.

Definition 4.3.3: Let T be a tree on n vertices, and let v be a
vertex of T. We define the mean branch weight at v, denoted
MBW(v), as follows: MBW(v) = IE(T)I / val(v). Thatis,
MBW(v) = (n-1)/ val(v).
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Definition 4.3.4: Let T be a tree on n vertices, and let v be a
vertex of T. Define the total branch weight deviation from

the mean at v, denoted TD(v), as follows:
val(v)
TD(v) = 2 IMBW(v) - size(By,)l,

i=1
where size(By,) is the size of the ith branch of T which starts at v.
Thus, TD(V) is the sum of the deviations from the mean branch

weight at v of the size of each branch of T which starts at v.

Example 4.3.14: Refer, once again, to the tree T of Figure 4.3.2.

Note that vertex c is the centroid of T.

TD(c) = (7)(14/8 - 1) + 114/8 - 71 = (7)(3/4) + 21/4 =42/4
= 10.5.

Vertex d is a non-1-valent vertex of T which is not in the centroid

of T, and TD(d) = (2)(114/3 - 31) +114/3 - 8l=(2)(5/3) + 10/3 =

20/3 =~ 6.67. So, TD(d) < TD(c). This example demonstrates that if

a vertex c isin the centroid of a tree T, then it need not be true

that TD(c) < TD(v) for each v V(T). In fact, given any 1-valent

vertex we V(T), TD(w) =Il(n-1) - (n-1)l = 0 < TD(v) for each

v e V(T). So, the total branch-weight deviation from the mean at

a vertex v of a tree T does not necessarily take its minimum value

at the centroid of T.
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4.4 More About the Centroid, Centroid
Sequence, Center, and Eccentricity
Sequence of a Tree

We now present a collection of theorems that provide more
information about the centroid, centroid sequence, center, and

eccentricity sequence of a tree.

Theorem 4.4.1: Let A= {a1, @z, ..., an-1, an} (N = 2) be the centroid

sequence of a tree T. Then, the sum of any two elements of A

exceeds any single element of A.

Proof: Since A is the centroid sequence of tree T, IV(T)l = n and
the elements of A are arranged in non-increasing order (i.e.,

a1 2 az 2+ = an-1 2 ap). Also, an.1 + @, = n. Hence, for any

bje {1,2,...,n}suchthati=j, g +a; = ap.1 +an = n > afor
allk e {1, 2, ..., n}, since the weight of each vertex of T is bounded

above by (n - 1) = the weight of each 1-valent vertex of T. ]

We will need to recall the following two definitions from
Section 1.5.

(i) AstarSis atree onn 2 3 vertices whose pruned tree S* is
the trivial tree.
(ii) A non-trivial path P is a tree on n > 2 vertices that contains

exactly two 1-valent vertices.
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We now introduce the following notation to facilitate the
statement and proof of Theorems 4.4.2 through 4.4.5.

Definition 4.4.1: Let T be a tree on n vertices, and let
At = {a;, a2, ..., an} be the centroid sequence of T. Define ¥ (AT) to

be the sum of the elements of Ar. Thatis, (A1) = ) ai
gj € AT

Theorem 4.4.2: If Sis the staron n = 2 vertices, then

Y (As) = Y (At) for any tree T on the same number n of vertices.

Proof: If n = 2 or 3, the result is clear because the star is the
only tree, up to isomorphism, onn = 2 or 3 vertices.

If n 2 4, there are n elements in the centroid sequence A of any
tree T on n vertices, so therearen-2 > 4 -2 = 2 elements in
A\{an-1, an}. For the star Son n2 4 vertices, aj=n - 1 for all
ai € A\{an-1, an}. And, since the greatest possible weight that any
vertex of any tree on n vertices can have is (n-1), we see that for
n 2 4, the ith element g; of the centroid sequence Ag of the star S
on n vertices is 2 the ith element a;~ of the centroid sequence At
of any tree on n vertices foreachi= 1, 2, ..., n-2.

That is,

(1) (n-1)=2a2ag~ foreachi=1,2,..,n-2.
Also, the sum of the last two elements of the centroid sequence
of any tree (including the star) on n > 4 vertices is n, so

(2) an-1 + an=N=2an1~ + an~.
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nequality (1) and equation (2) together imply that } (As) = ) (At)

in case n 2 4, and the theorem is proved. O

Remark 4.4.1: Observe that equality ¢an hold in Theorem 4.4.2
even if T is pot a star. For example, if S is the star on 4 vertices
and T is the path on 4 vertices, then )} (As) = 10 = Y (A7).

Theorem 4.4.3: If Sis the star on n = 2 vertices, then
2(As)=(n-1)2+1=n2-2n+2.

Proof: If Sis the star on n = 2 vertices, then _
2(Ae)=1T+1=2=(2)2-2(2) + 2. ifSisthestaronn2>3
vertices, then the centroid sequence of S is

As = {n-1, n-1, ..., n-1, 1}, where the positive integer (n-1) occurs
(n-1) times in As because S contains (n-1) 1-valent vertices. So,
JAs)=(-1n-1+1=(-1)2+1=n2-2n+2. [

Corollary 4.4.1: If Tis any tree on n = 2 vertices, then
YA S(n-1)2+1.

Proof: Combine the results of Theorems 4.4.2 and 4.4.3. O

Theorem 4.4.4: If Pis the path on n vertices, then }(Ap) < Y (Ay)

for any tree T on the same number n of vertices.
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Proof: We'll prove this theorem by induction on the number n of
vertices of T. The theorem is clearly true forn =1, 2, and 3,

since the only trees, up to isomorphism, on n = 1, 2, and 3 vertices
are paths. So, assume that ) (Ap) < }(Ar) is true for all trees on

n = k vertices, where k 2 3. To complete the proof, we must show
that ) (Ap) < ) (Ar) continues to hold true for all treesonn=k + 1
vertices. So, let P be the path on (k + 1) vertices, and let T be
any tree on (k + 1) vertices. Observe that since k = 3, path P and
tree T each have at least two 1-valent vertices (actually, P has
exactly two 1-valent vertices). Let u be a 1-valent vertex of P,
and let v be a 1-valent vertex of T. Then, if we prune u from P,

we obtain the path P~ on k vertices, and if we prune v from T, we
obtain a tree T~ on k vertices. And, by our induction hypothesis,

Y (Ap.) £ Y (At.). Now, we can re-attach vertex u to path P~ to
recover path P. If the order k of path P~ is even, then the weights
of k/2 of the k vertices of P~ increase by 1 in P, and there is a

new vertex {namely, u) of weight k in P which wasn't in P~, so
2(Ap) = Y(Ap.) + 3k/2. If the order k of path P~ is odd, then the
weights of (k + 1)/2 of the k vertices of P~ increase by 1in P, and
there is a new vertex (namely, u) of weight k in P which wasn't in
P~,s0 Y(Ap) = 2(Ap.) + (3k+ 1)/2. Similarly, we can re-attach
vertex v to tree T~ to recover tree T. Note that the smallest
number of vertices of T~ have their weights in T~ raised by 1

in T if vis a 1-valent vertex of T which lies on a branch B,

which starts from a vertex c in the centroid of T such that

size(B.) 2 size(B) for all branches B of T which start at c. And,
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the greater the size of B, the smaller the number of vertices of

T~ whose weights in T~ will be raised by 1 in T. Therefore, since
the size of branch B¢ in T~is < k/2 ifkisevenand < (k- 1)/2 ifk
is odd, the minimum number of vertices of T~ whose weights in
T~areraised by 1inTis k/2,ifkiseven,and (k+ 1)/2,ifk is
odd. And, since T has a vertex (namely, v) of weight k which
wasn'tin T~, we see that (A1) = Y(Ar.) + 3k/2,if kis even,
and Y (A7) 2 Y(AT.) + (Bk+1)/2,if kisodd. Hence, if k is even,
we have }(Ap) = X(Ap.) + 3k/2 < Y(Ar.) + 3k/2 £ Y (A7),
which implies that ) (Ap) < Y(At). And, if k is odd, we have

2(Ap) = 3(Ap.) + (Bk+1)/2 < Z(Ar-) + (3k+1)/2 = 3(A7),
which implies that Y (Ap) < 2 (At). Hence, whether k is

even or odd, Y(Ap) < X (AT), which is exactly what we needed

to show. LI

Theorem 4.4.5: If P is the path on n 2 2 vertices, then:
(i) 2(Ap) = (3n2 - 2n)/4, if nis even;

Gii) 2(Ap) =(3n2-2n-1)/4, if nis odd.

Proof:
(i) IfPis a path on an even number n 2 2 of vertices, then its

centroid sequence is {n-1, n-1, n-2, n-2, ..., n/2, n/2}. So,

n-1
2(Ap) = 2 2i = (3n2-2n)/4, ifniseven.
i=n/2
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(i) If Pis a path on an odd number n = 3 vertices, then its
centroid sequence is
{n-1, n-1, n-2, n-2, ..., (n+1)/2, (n+1)/2, (n-1)/2}. Thus,

n-1

2(Ap) = (n-1)/2 + ¥ 2i=(3n2-2n-1)/4, ifn
i={n+1)/2

isodd. [

Theorems 4.4.2 and 4.4.4 together show that the sum of the
weights of the vertices of the star S on n vertices provides an
upper bound, and the sum of the weights of the vertices of the
path P on n vertices provides a lower bound for the sum of the
weights of the vertices of any tree T on n vertices (i.e.,
2(Ap) < Y (A1) £ 2(As)). What can be said about the sum of the
eccentricities of the vertices of a tree on n vertices? The answer
to this question can be found in the three theorems that follow

our next definition.

Definition 4.4.2: Let T be a tree on n vertices, and let ET = {e1, ey,
..., €n} be the eccentricity sequence of T. Define } (ET) to be the
sum of the elements of Er. That s, (ET) = ) e

: i ) ecEr

Theorem 4.4.6: The sum of the eccentricities of the vertices of a

tree on n vertices is bounded below by the sum of the

eccentricities of the vertices of the star on n vertices and
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bounded above by the sum of the eccentricities of the vertices of
the path on n vertices (i.e., Y(Es) < Y(E) < X(Ep)).

Proof: Ifn=1, 2, or 3, the result is clear because there is only
one tree on n vertices, up to isomorphism, foreachn=1, 2, or 3.
Forn 2 4, the eccentricity sequence of the star S on n vertices
is Es = {1, 2, ..., 2}, where the number of times that "2" occurs
inEis (n-1). Now, let T be any tree on n > 4 vertices. If
Et = {e1, ez, ..., en} is the eccentricity sequence of T, theneq 2 1
because each element of Er is a positive integer. Furthermore,
ez > 1 because the only tree whose eccentricity sequence contains
more than one "1" is the star on 2 vertices. So, €2 = 2. And, since
the elements of Et are arranged in non-decreasing order, we see
that e; > 2 for each ¢j e E withi = 2, 3, ..., n. Therefore, each
element e; of Et is 2 the corresponding (i.e., the ith) element of Eg,
which implies that Y (Es) < Y(Ey).

To complete the proof, we must show that for each tree on
n = 4 vertices, Y(Et) < Y(Ep). We'll do this by induction on
the number n of vertices of T. We have already seen that
2(Er) < Y(Ep) holds forn =1, 2, or 3. Suppose that }(Er) < Y(Ep)
also holds for n = k, where k 2 3. We must then show that
2(Et) < 2(Ep) also holds forn =k + 1. So, let P be the path on
(k+1) vertices, and let T be any tree on (k+1) vertices. Sincen > 3,
P and T each contain at least two 1-valent vertices (actually, P
contains exactly two 1-valent vertices). If we prune a 1-valent

vertex u from P, we obtain the path P~ on k vertices, and if we
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prune a 1-valent vertex v from T, we obtain a tree T~ on k
vertices. And, by our induction hypothesis, Y (Et.) < }(Ep.).
Now, if k is even, then the eccentricity sequence Ep. of P is given
by Ep. = {k/2, k/2, (k+2)/2, (k+2)/2, ..., k-1, k-1}. And, if k is odd,
then the eccentricity sequence Ep.. of P~ is given by
Ep. = {(k-1)/2, (k+1)/2, (k+1)/2, (k+3)/2, (k+3)/2, ..., k-1, k-1}.
This implies that the eccentricity sequence Ep of P is given by
Ep = {k/2, (k+2)/2, (k+2)/2, (k+4)/2, (k+4)/2, ..., k, k}, if k is even,
and by Ep = {(k+1)/2, (k+1)/2, (k+3)/2, (k+3)/2, ..., k, k}, if kis
odd. This implies that 2 (Ep) = }(Ep.) + k + k -k/2 =
Y(Ep.) + 3k/2,ifkis even, and ) (Ep) =
2(Ep.) + k + k - (k-1)/2 = Y(Ep.) + (3k+1)/2,if k is odd.
Now, what is the greatest possible difference between } (Et)
and ) (Et.), where T is any tree on (k+1) vertices and T~ is the
tree obtained by pruning a 1-valent vertex from T? Observe that T
may be recovered from T~ by replacing the 1-valent vertex, say, v,
that was pruned from T. Note that the eccentricities of the
greatest number of vertices of T~ will be raised if vertex v is
re-attached to an endpoint of a longest path which emanates from
a vertex in the center of T~. There are 2 cases to be considered.
Case (i): If the center of T~ consists of a single vertex c, then
there are at least 2 paths in T~ which emanate from c, are
internally disjoint (i.e., share no edge and share only vertex c), and
each of which has length e(c). So, if we attach 1-valent vertex v
to the 1-valent endpoint of any of these 2 or more internally

disjoint paths in T~ which emanate from ¢ and have length e(c),
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where e(c) is the eccentricity of ¢ in T~, we can at best increase
the eccentricity of every vertex of T~, with the exception of all
the vertices that lie on path P, (which joins verticescandvin T)
other than the endpoints ¢ (whose eccentricity is raised by 1) and
v (which is a vertex which was not present in T~ and whose
eccentricity in Tis 1 + e(c) + e(c) = 1 + 2-e(c)), by 1. The reason
for this is that in a tree, a longest path which emanates from a
vertex in that tree must include the center of that tree. So, in
this case, the greatest possible value for } (Et) is given by:
Y(ET) = X(Et.) + (k-e(c)) + (1 + 2-e(c))
= J(ET.) +k+e(c) +1 [where (k - e(c)) is the number of
vertices of T~ whose
eccentricities are raised by 1,
and (1 + 2-e(c)) is the
eccentricity of vin T]

A

2(Er) +k+(k-1)/2 + 1 [because the center of T~ consists

of a single vertex]

= ) (Et.) + (3k+1)/2.

And, since } (Et)is aninteger, 2 (ET) < J(Et.) + [(3k+1)/2],
where [(3k+1)/2] = the greatest integer in (3k+1)/2.

Case (ii): [f the center of T~ consists of 2 adjacent vertices c;
and cz, then there is a longest path P; which emanates from ¢ in
T~ and a longest path P, which emanates from ¢z in T~ such that
length(P1) = e(c1) = e(c2) = length(P2). So, if we attach 1-valent
vertex v to the 1-valent endpoint of P1 (or P2), we can at best
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increase the eccentricity of every vertex of T~, with the
exception of all the vertices that lie on Py (or P2) other than
vertex ¢ (or ¢z), whose eccentricity is raised by 1, by 1. Also,
e(v) = {1 +e(c1)) + (e(c2) - 1) = e(cy) +e(c2) = 2-e(cy). Again,
the reason underlying the above is that in a tree, a longest path
which emanates from a vertex of that tree must contain the
center of that tree. Therefore, in this case, the greatest possible
value for } (Et) is given by:
2(E7) = 2(Er.) + (k- e(c1)) + 2-e(c1) = Z(Er.) + k + e(c1)
< J(ET) +k+k/2 [because the center of T~ consists
of 2 adjacent vertices]

= Y (E1.) + 3k/2.
And since ) (E7) is an integer, }(ET) < )Y(Et.) + [3k/2], where
[3k/2] = the greatest integer in 3k/2.

Hence, in either case,
2(Ep) = Y(Ep.) + [(3k+1)/2] 2 F(Er.) + [(3k+1)/2] = X(Ey).
Thatis, 2(Ep) = }(Er), and we are done. ]

Theorem 4.4.7: If Sis the star on n = 3 vertices, then
S(Es)= 2(n-1) + 1= 2n-1.

Proof: If n 2 3, then the eccentricity sequence E of the star S
on n vertices isE = {1, 2, ..., 2, 2}, where the number of times
that the positive integer 2 occurs in E is (n-1), since S contains
(n-1) 1-valent vertices, each of which is adjacent to the only
non-1-valent vertex v of S. Hence, J(Es)= 2(n-1) + 1
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=2n-2+1=2n-1. 0O

Theorem 4.4.8: if P is the path on n > 2 vertices, then:
(i) 2(Ep) = (3n2-2n)/4, ifnis even;

(ii) X(Ep) = (3n2-2n-1)/4, if nis odd.

Proof: Let v be any vertex of P. Since Pisapathonn>2
vertices, a longest path Py which starts at vin P is the same as

a branch B, of greatest size which starts at vin P. Therefore,

the eccentricity e(v) and the weight a(v) of vertex v in P are the
same (i.e., e(v) = a(v)). Since v is an arbitrary vertex of P, we

have e(v) = a(v) for each v € V(P). Thus, the eccentricity sequence
E = {e1, ey, ..., en} and the centroid sequence A = {ay, ap, ..., an} of
P are equal multi-sets (i.e., E = A as multi-sets). Hence,

2 (Ep) = }(Ap), and the theorem follows, by Theorem 4.4.5. L]

The following theorem relates the sum of the eccentricities of
the vertices of a tree T of order n > 3 to the sum of the valences

of the vertices of that tree.

Theorem 4.4.9: The sum of the eccentricities of the vertices of

a tree Ton n = 3 vertices exceeds the sum of the valences of the

vertices of that tree.
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Proof: According to Theorem 4.4.6, if } (Es) = the sum of the

eccentricities of the vertices of the star S on n 2 3 vertices and

2 (ET) = the sum of the eccentricities of the vertices of any tree T

on the same number n of vertices, then Y(Es) < }(E7). And,

according to Theorem 4.4.7,forn2> 3, }(Es)=2(n-1)+1=2n-1.
Now, the sum of the valences of the vertices of any tree T on

n vertices is given by 2:[E(T)I=2(n- 1) = 2n - 2. And, since for

n>3wehave 2n-2 <2n-1=)(Es) < J(E7), the theorem is

proved. O

Our next theorem provides a new way to characterize a path.

Theorem 4.4.10: A tree Tonn = 2 vertices with centroid sequence
A = {ay, az, ..., an} and eccentricity sequence E = {e1, €2, ..., en} is a

path if and only if A = E as multi-sets.

Proof: (=) Suppose T is a path on n = 2 vertices. Then, for

each vertex v of T, each subtree of T which starts at v is actually

a maximal subpath of T which has v as an endpoint. Therefore, a
subtree T~ of T which starts at v such that size(T~) = size(T#)

for all subtrees T# of T which start at v (of which there are

at most 2) and a path P~ in T which starts at v such that
length(P~) = length(P#) for all paths P# in T which start at v are
actually cne and the same. Hence, a(v) = e(v) for each vertex v of
T, which implies that A = E as multi-sets (note that by the way

we defined A and E, the elements of A and the elements of E do not
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appear in the same order unless T is the path on n = 2 vertices),

and we are done in this direction. O

(«<=) Conversely, suppose T is a tree on n 2 2 vertices which is not
a path. Then, T contains at least three 1-valent vertices, say, x,
y, and z. And, the weight in T of each of these three 1-valent
vertices of T is (n-1). Therefore, the positive integer (n-1)
appears at least 3 times in the centroid sequence A of T.

Now, let Px be a path in T which starts at vertex x such that
length(Py) = length(P) for all paths P in T which start at x.
Since T is not a path, path Py does not include every edge of T.
Therefore, e(x) <n- 1. Similarly, e(y) <n-1, e{(z) <n-1, and
the eccentricity in T of any other 1-valent vertex of Tis < n-1.
And, if v is any non-1-valent vertex of T, e(v) is clearly < n - 1
because each path in T which starts at v contains only 1 of the 2
or more edges of T that are incident with v. Thus, the positive
integer (n-1) does not appear in the eccentricity sequence E of T.

Since the positive integer (n—i) appears at least 3 timesin A

but does not appear at all in E, A = E as multi-sets. n

Theorem 4.4.11: Let T be atree onn > 2 vertices. Let

A = {a;, az, ..., an} be the centroid sequence of T and let

E = {e7 ,e2, ..., €n} be the eccentricity sequence of T. Then,

2a 2 Eei,

i=1 =1

with equality holding if and only if T is a path.
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Proof: According to Theorem 4.4.10, A = E as multi-sets if an
only if T is a path. So, if T is a path, then A =E. This implies
that

If T is not a path, then A = E as multi-sets. Let w be a vertex
of T. We'll compare e(w) with a(w). Now, e(w) = the length of a
longest path P in T which emanates from vertex w. On the other
hand, a(w) = the size of a subtree T~ of T which starts at vertex w
such that size(T~) 2 size(T#) for all subtrees T# of T that start at
w. If P is a longest path in T emanating from vertex w, then P
must terminate in some vertex x = w of T. Note that path Pis
contained in one and only one subtree, say, Tw, of T which
emanates from vertex w. Now, if size(Ty) = size(T~) and if
subtree Tw and path P coincide, then e(w) = a(w). Otherwise, if
size‘(Tw) < size(T~) or if subtree Ty, contains one or more edges
which do not lie on path P (or both), then a(w) > e(w). Putting
these results together, we have a(w) = e(w). Since w is an
arbitrary vertex of T, we see that for each vertex w e V(T),
a(w) 2 e(w). Hence, if V(T) = {vi, vz, ..., Vn}, where a(v;) =a; and

e(vi) = g for each v; e V(T), then

n n
Ja = ) e.
im1 i=1

Now, recall from the proof of Theorem 4.4.10 thatif Tisnot a
path, then for each 1-valent vertex y of T, a(y) > e(y). And, if T is
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not a path, V(T) contains at least three 1-valent vertices. So, for
at least 3 distinct vertices vy, y2, y3 € V(T), we have a(yy) > e(yk)
(k= 1, 2, 3). Hence,

Ye = ) ew = 2 e(w) + (e(yr) +e(y2) + e(ys3))

< > a(w) + (e(y1) + e(y2) +e(ys)

wE V(T)/{Ypyz,ys}

< 2 a(w) + (a(yq) + alyz2) +alys))

wE€ VU)/{Y1.Y2»Y3}

- Taw =3 aw)

w e V(T) i=1
That is, if T is not a path, then
n n
2 e(vi) < X a(vi).
i=1 i=1
This gives us the desired conclusion that
n n
Y a(v) 2 ) e(w),
i=1 i=1

with equality holding if and only if T is a path. LI

The following theorem indicates a relationship between the
number of 1-valent vertices of a non-trivial tree and the number

of vertices of any weight k of that tree.
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Theorem 4.4.12: Let T be a tree of order n 2 2, and let
A = {a1, ap, ..., an} be the centroid sequence of T. For each positive
integer k, let xx = the number of elements of A that are equal to k.

Then, xn-1 2 X for each positive integer k.

Proof: Observe that each element of A is a positive integer.

Also, the number of elements of A that are equal to (n-1) is at
least 2 (i.e., xn-1 = 2) since T has at least two 1-valent vertices.
Therefore, if k is a positive integer such that either no element,
exactly 1 element, or exactly 2 elements of A are equal to k, then
clearly xn.1 2 xx. So, suppose k is a positive integer such that
there are 3 or more elements of A that are equalto k. Ifk=n-1,
then obviously xp-1 = xx. So, suppose k = n-1. Then,k<n-1, so
each vertex v of T whose weight a(v) = kin T is a non-1-valent
vertex of T. Since there are 3 or more elements of A that are
equal to k, there are 3 or more vertices of T each of weight kin T.
So, each vertex of weight k in T is not in the centroid of T, by
Theorem 2.1.1. Therefore, each vertex of weight kin T has a
unique branch of greatest size k which starts at that vertexin T,
by Lemma 2.3.1. Let v be any vertex of T such that a(v) = k. Then,
there is a unique branch By of greatest size k that starts at vin T,
and there is (are) one or more branch(es) other than By which start
at vin T, each of which contains at least one 1-valent vertex of T.
Also, let w be any vertex other than v of T such that a(w) = k.
Then, there is a unique branch By, of greatest size k which starts

at win T, and there is (are) one or more branch(es) other than
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B, which start at w in T, each of which contains at least one
1-valent vertex of T. Moreover, the set of vertices that lie on all
branches other than B, that start at v in T is disjoint from the set
of vertices that lie on all branches other than By, that start at w
in T, because if these two sets of vertices of T were not disjoint,
then T would contain a cycle (i.e., there would be two intemally
disjoint paths joining vertices v and w in T). Hence, for each
vertex of weight k in T, there is at least one 1-valent vertex
{which lies on one of the one or more branches that are not of
greatest size which start at that vertex of weight kin T) of T.
And, for each pair of distinct vertices v and w of weightkin T,
the set of 1-valent vertices that lie on all branches other than B,
which start at v in T is disjoint from the set of 1-valent vertices
that lie on all branches other than By which start at win T. In
addition, there may be one or more 1-valent vertices of T that
lie(s) on no branch of non-greatest size which starts at a vertex
of weight k in T. Hence, the number of vertices of weight (n-1)
in T (i.e., the number of 1-valent vertices of T) = the number of
vertices of weight k in T. This implies that xn-1 = Xk, and we

are done. Ol

Theorem 4.4.13: LetT be a tree of ordern 2 2, and let

A = {a1, az, ..., an} be the centroid sequence of T. For each positive
integer k, let xx = the number of elements of A that are equal to k.
If Xn-1 = xx for some positive integer k = n - 1, then X, = x; for

eachjsuchthatk<j<n-1.
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Proof: Suppose xp-1 = xx for some positive integer k = n - 1. Then,
k <n-1. Letv be any vertex of weight k in T, and let B, be a
branch of greatest size k which starts at v in T. Then, each vertex
which lies on a branch other than B, which starts at vin T is of
weight > k in T, by Lemma 2.3.1. The total number of vertices that
lie on all branches other than B, which start at v in T and are of
weight > k in T is (n-1) - k. Moreover, if v and w are distinct
vertices of weight k in T, then the set of (n-1) - k vertices of
weight > k in T that lie on ali branches other than B, which start
at v in T is disjoint from the set of (n-1) - k vertices of weight >
k in T that lie on all branches other than B,, (where B, is a branch
of greatest size which starts at w in T) which start atwin T
(because if these sets of vertices were not disjoint, then T wouid
contain a cycle). Thus, since there are xx elements of A that are
equal to k, there are at least x.((n-1) - k) distinct elements of A
that are > k. (We say "at least" here because there may be one or
more vertices of weight > k in T which lie(s) on no branch of
non-greatest size which starts at a vertex of weight k in T.) Now,
by Theorem 4.4.12, we know that x,.1 2X; for each positive integer
i, and, in particular, for each positive integer j such that

k <j <n-1. Hence, for each positive integer j such that

k <j<n-1, there are at most x,-1 elements of A that are equal

to j. Since the number of positive integers j such thatk <j<n-1
is (n-1) - k, we see that there are at most x,-1((n-1) - k) elements
of A that are > k. Since xp.1 =Xk, by hypothesis, there are at least
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xn-1({n-1) - k) elements of A that are > k and at most

xn-1{(n-1) - k) elements of A that are > k. This implies that there
are exactly xp-1((n-1) - k) elements of A that are > k. Hence, for
each positive integer j such that k <j < n - 1, there are exactly
Xn-1 elements of A that are equal to j. This implies that for each
positive integer j such thatk <j < n -1, xn.1 = X;, proving the
theorem. L]

We now turn our attention to some results that relate the

order of a tree to its centroid type.

Theorem 4.4.14: If T is a tree on an odd number of vertices, then

the centroid of T consists of a single vertex.

Proof: If Tis the trivial tree, the result is obvious. So, assume
that T has n = 3 vertices, and let A = {a;, a2, ..., an} be the centroid
sequence of T. Then, a, £ an1 and ap-1 + a, = n. Since each
element of A is a positive integer and since n is odd, an-1 and an,
must be distinct (i.e., an-1 = an). Thus, a, < ap-1, which implies that
an < g for each aj € A\{ap}, since the elements of A are arranged in
non-increasing order. So, there is a vertex (say, vy) in T whose
weight ap in T is strictly lower than the weight of any other

vertex in T. Hence, the centroid of T consists of a single vertex

(namely, vp), and we are done. O
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Remark 4.4.2: The converse of Theorem 4.4.12 is false. The star

on 6 vertices provides a simple counter-example.

Theorem 4.4.15: If the centroid of T consists of a pair of

adjacent vertices, then the order of T is even.

Proof: Let A = {a4, az, ..., an-1, an} be the centroid sequence of T.
Note that since the centroid of T consists of a pair of adjacent
vertices, IV(T)I=n2=2 and an1 = a;. And, because A is the
centroid sequence of T, ap.1 + an=n. Thus, an.1 = an, = n/2. Since
each element of A is a positive integer, in particular, an-1 and a,

are both positive integers. Therefore, n/2 is a positive integer,
which implies that n is an even positive integer. Hence, the order
of T is even. O

Remark 4.4.3: The converse of Theorem 4.4.13 is false. The star

on 6 vertices again provides a simple counter-example.

Example 4.4.1: The tree T of Figure 4.4.1 illustrates that no
relationship such as those described in Theorems 4.4.11 and
4.4.12 exists between the order of a tree and its genter type
(i.e., whether its center consists of a single vertex or a pair of

adjacent vertices).

Figure 4.4.1: The center of tree T below consists of adjacent
vertices u and v. Note that [V(T)I=5 (i.e., the order of T is odd).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



197

Tree T

Our last theorem of this section shows that there is a
relationship between the last (i.e., greatest) element e, in the
eccentricity sequence E = {eq, €, ..., €5} of a tree T on n vertices
and the center type of T.

Theorem 4.4.16: LetE = {eq, €2, ..., ey} be the eccentricity
sequence of a tree T on n 2 3 vertices. Then:
(i) the center of T consists of a single vertex if and only if e,
is even;
(ii) the center of T consists of a pair of adjacent vertices if
and only if e, is odd.

Proof :

(i) (=) Suppose the center of T consists of a single vertex.
Then, e; <ez2. By Theorem 3.2.1, we must have e, = 2-e1, and since
e; is a positive integer, en is even.

(=) Conversely, suppose that e, is even. By Theorem 3.2.1,

e, = 2-e1 and e1 <ez. Therefore, the center of T consists of a
single vertex.
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(i) (=) Suppose, now, that the center of T consists of a pair of
adjacent vertices. Then, e; = €2 < e3. By Theorem 3.2.1, we must

have e, = 2-e4 - 1, and since e, is a positive integer, e, is odd.

(<) Suppose, conversely, that e, is odd. By Theorem 3.2.1,

en = 2-¢1 - 1 and e; = e2 < e3. Hence, the center of T consists of a
pair of adjacent vertices. .

4.5 Open Problems Related to the Subject
Matter of the Present Dissertation

As is generally the case in the world of mathematics research,
consideration of certain questions and, quite often, their answers
has led to the formulation of new questions, not all of which have
been addressed in this thesis. We conclude this section with an
(incomplete) list of open problems related to the subject matter
of the present doctoral dissertation.

1) What is the computational complexity of Algorithm 2.1.1 for
locating the centroid of a tree?

2) What is the computational complexity of the problem of
determining whether a given finite sequence of positive integers

is realizable as the centroid sequence of a tree?
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3) Is there a set of necessary and sufficient conditions for each
vertex of a connected graph G to be:

a) the centroid of sofne spanning tree of G?

b) in the center of some spanning tree of G?

c) the center of some spanning tree of G?
4) What can be said about the Slater sequence of an outerplanar
graph? a complete graph? an r-regular graph (i.e., a graph whose
vertices all have the same valence r)?
5) Under what conditions is the centroid sequence of a
non-caterpillar tree T also the centroid sequence of another
non-caterpillar tree T~ which is not isomorphic to T?
6) What other sequences can be associated with the vertices of a
tree? a connected graph? any graph?
7) Can we construct an algebra of centroid sequences? of
eccentricity sequences? For example, for each n 2 1, is there a
well-defined way to define a binary operation of "addition" of two
centroid sequences A1 and Az that each contain the same number n
of elements?
8) Is there a pair of non-isomorphic trees, each of order n > 2,
that have the same leaf distance sequence?
9) Can the leaf distance sequence of a tree be characterized?
10) For each positive integer n 2 2, is there a way to generate all
possible centroid sequences of a tree of ordern ?
11) For which trees T does the operation of pruning preserve the
centroid? That is, which trees T have the property that the

pruned tree T’ of T has the same centroid as T?
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12) Is there an “interpolation theorem” of the following type?
Let n > 4 and let ) (As) = the sum of the weights of the
vertices of the star of order n, Y (Ap) = the sum of the
weights of the vertices of the path of order n, } (Es) = the
sum of the eccentricities of the vertices of the star of
order n, and } (Ep) = the sum of the eccentricities of the
vertices cf the path of order n. Then,

(i) for each positive integer j such that Y (Ap) < j < X (As),
there exists a tree T of order n such that } (A1) = j;

(ii) for each positive integer k such that Y (Es) < k < 2 (Ep),
there exists a tree T of order n such that Y (E1) = k.

13) Which centroid sequences are realizable by a unique tree, up

to isomorphism?

14) Is there an analogue of the Havel-Hakimi Theorem for centroid

sequences?

15) Can two non-isomorphic (k,1) trees have the same leaf

distance sequence? (Note: A (k,1) tree is a tree all of whose

vertices have valence 1 or k, where k is a positive integer = 2.)
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