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The shades of night were falling fast, 
As through an Alplna village passed 
A youth* who bore* 'mid snow and Ice*
A banner with the strange device* 

Excelsior!

In happy homes ha saw the light 
Of household fires gleam warm and bright) 
Above the spectral glaciers shone*
And from his lips escaped a groan* 

Excelsior!

"Try not the paiss!" the old man saldi 
"Dark lowers the tempest overhead*
The roaring torrent is deep and wide!* 
And loud that clarion voice replied* 

Excelsior!

*0 stay** the maiden said* "and rest 
Thy weary head upon this breast!*
A tear stood In his bright blue eye* 
But still he answered with a sigh* 

ExcelsiorI

Beware the pine-tree's withered branch! 
Beware the awful avalanchel"
This was the peasant's last Good-night* 
A voice replied* far up the height* 

Excelsior!

A traveller, by the faithful hound* 
Half-buried in the snow was found* 
Still grasping in his hand of ice 
The banner with the strange device* 

Excelsior!

Longfellow



ABSTRACT

The thesis is concerned with a assign algotlthm 
for the adaptive control of systems described by non­
linear operator equations*

It is based on Kullkowski's technique as presen­
ted for systems described by Integral operator equations. 
The approach is extended to include bounded input func­
tions and the limited range of performance criteria, 
considered previously, is similarly extended making use 
of the concepts of nonlinear functional analysis. Sys­
tems described by nonlinear differential equations are 
also considered. In both cases the plant operator is 
assumed to be only partially known, with no a priori 
knowledge of either the Volterra Kernels or a vector of 
slowly varying parameters. The optimisation problem is 
formulated as a condltional-minimlration problem and the 
solution is obtained in the form of an Iteration. The 
identification procedure Involves the evaluation of cer­
tain essential plant Characteristics (measurable differ­
entials) i appropriate techniques for the measurement of 
plant differentials and the estimation of their adjoints 
are presented. Whenever on-line measurements are not 
feasible due to input constraint conditions, a plant 
model is used) procedures for modelling the plant dynamics



are th•refora examined. Continuous and discrete, single 
input-output and multivariable cases are studied. Contrac­
tion mapping, Newton's method and Altman's gradient pro­
cedure are three iteration techniques used in the overall 
implementation scheme. Three ease studies with their digi­
tal computer simulation are also Included in the thesis.
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CHAP TOR I 

INTRODUCTION

The thesis la concerned with th« adaptive opti­
misation of systems daacrlbad by nonllnaar integral or 
dlfferantlal aquations. The plant dynamics ara assumed 
to be only partially known containing a vector of un­
known but slowly varying parameters. The apace of Input 
functions la assumed to be bounded. The basic optimisation 
alorlthm utilised In this thesis was introduced by 
Kullkowskl.

I - 1. £h* ^d4ptiye_P£obl^inA
There is not. as yet. a generally accepted definition 

of an adaptive control system. Truxal [l] states " An adap­
tive system is any physical system which has been designed 
with an adaptive viewpoint.M A functional breakdown of an 
adaptive system proposed by G.R. Cooper. J.B. Gibson et.al. 
[2] which clearly places the adaptive nature in evidence 
is the following1 The system must a) provide continuous
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information about tha pramant atata of tha ayatarn or 
idantlfy tha procaaat b) campara preaant ayatam parfor­
ma nca and make a daeiaion to adapt tha ayatam ao aa to 
achiava optimal parformanca( and c) lnitiata a propar 
modification ao aa to drive tha control ayatant to tha 
optimum. With this breakdown than in mind an adaptlva 
control ayatam ia dafined hara aa a control ayatam which 
la capabla of monitoring ita own parformanca or optimum 
condition and modifying ita behavior in such a manner aa 
to optimize tha index of performance or approach tha optimum 
condition. Y.Z. Taypkin [3] aignallng tha beginning of a 
new period in automatic control theory, tha period of 
adaptation, writeai " Tha poaaibllity of controllng objecta 
with Incomplete a priori information (or even no a priori 
information at all) ia baaed on application of adaptation 
and aal-organiration in automatic ayatama that dacraaaa 
tha initial indeterminacy by ualng information obtained 
during tha courae of tha control proceaa."

There ia no ayatamatic approach to tha problem of 
adaptlva control. Many of tha pioneering achamaa had bean 
propoaed with a particular application in mind. Draper and 
Li*a [4] ayatam ldentiflea tha index of performance (which 
aatabllshaa a quality level of ayatam raaponaa) and a 
ainuaoidal perturbation input generatea changaa in the 
index of performance value containing a component at tha 
perturbing frequency. This component after procaaalng la
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fed back as a correction signal to change an adaptive 
parameter* which in turn maintains the value of the IP 
(Index of Performance) within specified bounds. Tslen's 
[5] approach and the principle of peak holding is simi­
lar in concept to the work of Draper and Li. Here the 
system continuously hunts back and forth in the near 
vicinity of the peak IP value. The system of Anderson 
st.al.[6] varies one Independent parameter ro hold tha 
IP constant. The Identification Involves the determina­
tion of the coefficients of ita describing equation 
utilising correlation techniques. Gibson and Medltch [_7] 
Investigated the signal synthesis approach to the adaptive 
control problem. The input signal is synthesised over 
discrete intervals of time on the basis of the system's 
past history and its predicted desired performance over 
the next time interval. Whitaker et.al. Introduced the 
model reference adaptive system and some of the first 
contributions in the optimal-adaptive area were given by 
Kalman* Merriam, Braun and Hsleh. An extensive review of 
adaptive technology up to 1965 is presented in references 
6 and 9.

Three categories which appear to encompass a large 
proportion of adaptive control systems are (1) high-gain 
schemes* (2) model-referenced schemes and (3) optimum 
adaptive schemes. The first has found wide applications 
and is based on keeping the gain in the feedback loop 
around the changing process as high as possible so that 
the input-output transfer is kept close to unity. It
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requires the pratanct of a model and the knowledge of 
a large amount of a priori Information about the process 
because of stability problems arising at high gain.

The model reference adaptive scheme employs a refer­
ence model which is an analog or digital representation 
of the desired dynamic response of the system. In one 
conflguration the actual process output is compared to 
the model output while both are subjected to the same 
input and an adjusting mechanism changes the adaptive 
parameter of the controller according to some criterion 
on the error function. Mathematical programing techniques 
or Lyapunov's direct method are utilized for the functional 
description of the adjusting mechanism. A second approach 
to model reference adaptive control involves the production 
of an augmented control signal by the adaptive controller 
which will cause the output of the process to be the same 
as the output of the reference model. The controller design 
is based on stability criteria derived from Lyapunov's 
direct method.

The general philosophy of optimal-adaptive methods is 
the followingi a control signal is synthesized by solving 
some optimization problem on the assumption that the process 
parameters and states are known. The overall scheme then 
involves state estimation and parameter identification 
procedures so that an expression for tha control signal 
containing only known quantities be made possible. The 
adaptive algorithm described in the thesis belongs to



this general class of optimal-adaptive schemes

1 - 2 .  KuJ,lKo5£*&l^.a_AEP£oacfc to_the_Ada£tiv2 Preble;*.
In 1961 Kulikowskl L10> ll] auggested an approach 

to the problem of the adaptive optimal control of non­
linear systems whose dynamic characteristics are only 
partially known and which vary slowly In time. A performance 
functional of the form

and an unbounded set of control functions X are assumed 
to be given. The minimal value achieved by P^xJ on the 
set X connotes optimal system performance.T is chosen 
to be aqual to the plant settling time for reasons that 
will be explained shortly, and O is assumed to be twice 
differentiable In each of its arguments x and y, the dif­
ferentials taken In the Prechet or strong sense. The over­
all system configuration suggested by Kulikawskl Is shown 
as Figure I-l. The input to the plant is x(t),y(t) is 
the plant output and y**(t) Is the desired output value 
taken to be constant. It Is further assumed thati 
The output-input relation of the plant can be described 
by a nonlinear Integral operator A[x]. This operator, for 
example, can be of the polynomial type with kernels 
generally unknown to the controller.

T
(I
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a[x ] la twice differentiable.
The sats X and y of input and output functions rasp ac­
tively are subsets of L*(0,T) (Hilbert) space.
GtXpy.y3) is chosen such that Equation (1-1) evaluates 
the output behavior of the plant over one period of steady 
state operation. The object Is to construct a periodic 
input signal which forces the plant Into a steady state 
operation and minimizes (or maximizes) the performance 
functional, Equation (1-1).

Kulikowskl*s approach involves the construction of 
a sequence of input functions n*l,2,... in the
space X by alternating periods of Identification with 
periods of optimization. An explicit solution for the 
optimal control signal necessitates the identification 
of the unknown plant characteristics. At this step of 
the adaptive problem lies the attractive feature of the 
approach. The entire plant operator need not be iden­
tified but only essential plant characteristics (mea­
surable differentials). The optimization problem is for­
mulated and a solution is obtained using classical Cal­
culus of Variations techniques. The step by step optimi­
zation and identification procedure is designed to achieve 
optimum performance in the limit as n-»oo . Figure 1-2 
shows on a real time basis the intervals under consider­
ation. During the first interval (o,t^) necessary infor­
mation regarding the plant structure and the values of 
fixed coefficients is obtained by experimentation as it
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is explained in the next section. It is assumed that the 
plant dynamics remain fixed during the time required for 
implementation of the Iterative optimisation procedure, 
i.e. no changes of the kernels or plant parameters occur 
in the interval (0,T*),

1 - 3 ,  The Id^ntification_>Problem^
Pearson and Sarachik L12» 13] hava extended the 

Kulikowski approach to include a wide class of systems 
by reformulating the identification problem to account 
for certain physical considerations associated with the 
plant dynamics. It was recognized that the plant opera­
tor A which maps an input element x into an output ele­
ment y is in general not unique. During an interval of 
time (0,T) the plant operator depends not only on the 
input applied during the same interval but also on past 
inputs. In the adaptive procedure described above a step 
of optimization is accompanied by a period of identifica­
tion and it is essential that identification and optimi­
zation be performed during periods when past inputs have 
a systematic effect on the output. If the plant possesses 
no pure Integrators within its structure it is possible to 
accomplish this by preceding each period of identification 
with a long enough Interval of time during which no input 
is applied and the plant transients are allowed to decay 
to zero. In general, with plants possessing pure integra­
tors, an output steady state is reached by applying a
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suitable test periodic Input. It Is assumed that the system 
Is asymptotically stable with no Jump resonances and there­
fore a periodic input will result In a periodic output of 
the same period. The form and period of the test input 
depend on the plant type* i.e. whether the plant possesses 
none, one, two, etc. pure integrators, and also on the nature 
of the nonlinearity i.e. whether even or odd. Experimentation 
with suitable test signals during the learning period (0,t^) 
will determine the plant type and nature of the nonllnearlty 
together with values of fixed gains and parameters asso­
ciated with the linear and nonlinear parts of the system.
The latter information is utilized in ene specific method 
for the identification of the plant adjoint differential. 
Details of the technique can be found in the above refer­
ences •

The identification procedure is therefore strongly 
dependent on the plant type and the nature of the non- 
linearity.

For type zero plants if a waiting period of length
T, with T equal to or greater than the plant settling
time, preceded the application of any input element all 
transients due to previous inputs will decay to negligible 
values. A second method for systematizing the effect of 
past inputs involves a single repetition of the input 
element x(t), te (0,T), thus forcing the plant into a 
steady state operationi T must again be greater than or 
or equal to the plant settling time.

For plants possessing one pure integrator consider
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the system shown in Flgurs 1-3. and are zero mamory 
odd nonlinaaritlas. Tha odd proparty of tha nonlinaar parts 
of tha system insuras presarvation of tha sign of tha 
input signal at tha output terminals• Given any input x, 
over 0 < t < T. a periodic input x can be constructed by 
setting

x(t) - (-l)i+1 x(t + IT) (1-2)

(i * 0. - lf . . . ,-oo-c t «+oo)

and a periodic output y(t) eventually results with a 
period of length 2T. It was shown by Pearson that the 
steady state output is uniquely characterized in this 
case by the periodic input x(t) as defined above and the 
integrator accumulation due to portion of the input applied 
just prior to t * 0| the latter is systematized to affect 
all the succeeding outputs in the same manner.

If the plant has more than one pure integrator in ita 
structure, the periodic input is constructed similarly with 
the period of the input and output signals increasing as 
the number of pure Integrators present increases.

1 - 4 ,  J>.C._L$vjl_o£ 3yftyn Q^tput.
In some cases system performance depends strongly on 

the D.C. level of the output y(t). The periodic input for 
a type one system constructed according to the rule of the
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previous section can not lead to an optimum because al­
though it establishes proper steady state behavior It 
does not alter the D.C. level of the system output for 
any choice of x(t), Pearson L1*] Introduced as part of the 
optimization a quantity S(t) called the input accumulation 
and defined byt

The value of S(t) together with x(t) is chosen at 
each optimization stage to improve system performance. 
The D.C. level of the system output is altered by ad­
justing S(t) through the addition of a fixed quantity d 
to the first segment of length T of the periodic input
i.e.

1 - 5 .  Sc£p2  &n£ Cont£itou£l2 n£ of_the_Tfte£is.
It is the purpose of this thesis to demonstrate the 

theoretical aspects of a design approach to the adaptive 
optimal control problem and the applicability of the de­
sign algorithm to practical engineering situations.

(1-3)

x(t) + d for i » 1 
{-l)i+1 x(t) for i > 1

t € (0 # T) (1-4)



Chapter II introduces the fundamental tools of func- 
tional analysis which are found to be necessary for the 
formulation and solution of the adaptive problem. The de- 
finltlons and theorems are drawn here from standard text­
books on functional analysis.

Chapter III deals with plants described by integral 
operator equations. The main contributions here arei

a) The extension of the Kullkowskl approach to 
plants whose input-output time functions are elements of 
a general LP(0,T) - apace. This makes possitble the inclu­
sion of a wider class of performance criteria which des­
cribe the quality of system performance.

b) Certain conditions regarding the properties of 
the plant differential have been relaxed, i.e. it is found 
that the linearity of tha differential with respect to the 
input variation Is guaranteed even when the plant dlfferen 
tlal exists in its weak sense only.

c) The conditional optimisation problem is solved.
A bound ia placed on the control function and a Lagrange- 
multlplier method is used to formulate the augmented per­
formance functional. The solution is effected by means of 
classical calculus of variations techniques.

d) The utilization of the Llusternik and Weieratras 
theorems for the solution of the adaptive problem with 
input constraints, and

a) the overall implementation scheme.
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Chapter IV introduces tha conditional optimisation 
problem for plants described by nonlinear differential 
equations. Most practical processes are described by such 
equations and the formulation and solution of the identi­
fication and optimization problems shed additional light 
on the physical aspects of the adaptive mechanism. They 
bring out clearly the major assumptions Imposed on the math­
ematical plant structure and their implications with regard 
to accuracy of the solution. This approach is one of the 
main contributions of the thesis*

Application of the adaptive algorithm to complex pro­
cesses necessitates the use of a digital computer in the 
control loop. Chapter V develops the discrete single input- 
output and multivariable versions of the adaptive problem.

Finally, in Chapter VI three case studies are presen­
ted. They illustrate some basic concepts of all the differ­
ent approaches discussed in the thesis. The computetit 1 
difficulties associated with the implementation of the search 
algorithms limit severely at the present time the range and 
complexity of the examples.
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CHAPTER II 

MATHEMATICAL BACKGROUND

In this chapter some basic concepts of functional 
analysis are presented. The discussion below is intended 
to introduce only elements of functional analysis which 
are used in the thesis. The thesis deals mainly with op­
erators on normed linear spaces) such spaces are there­
fore defined. The adaptive control problem Involves se­
quences of input functions which converge to an optimal 
solution) the convergence of sequences in normed linear 
spaces is being discussed. The identification problem uti­
lises properties of differential operators in the same 
spaces) certain aspects of the calculus of differential 
operators are some of the topics of this chapter. Sources 
from which the definitions and theorems are taken are the 
books by Kolmogorov and Fomin [l]» Liusternik and Sobolev 
[2], C. T. Leondes £3]. Vainberg [4]. and Kantorovich and 
Akilov [5].



II - 1. _Th•_C2n£«Et s 2f_34t_an<5_SE«c«a
The concept of a sat is vagualy general. A set may 

be defined as a collection of its elements. The elements 
of an abstract set can be of a most general sort, but 
for most purposes the elements can be thought of as points, 
numbers, or functions.

The concept of space refers to a set which is taken
to be the universe or set of elements used to compose all
the seta under consideration. By making various assumptions 
or definitions various types of spaces are possible.

A metric space consists of a set X and a non-negative 
real number p(x.y) defined for each pair of elements x and 
y in the set. The number p(x.y) is called the distance be­
tween the elements x and y. and the following three condi­
tions called the metric axioms, holdi

1. f(x.y) ■ 0 if and only if x ■ y (identity)
2. p(x.y) * p(y.x) (symmetry)
3. p(x,y) + p(y,z)a p(x.z) (triangle inequality)

Examples of metric spaces aret

1. The set Dn of ordered n - tuples of real numbers
x * (Xj, x^.... xR) with distance function*

(II

called the Euclidean n - apace Rn.
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2. Ibe set of all continuous functions x(t) on ths 
closed Interval a £ t a b with the distance function

p(x.y) » £f(x “ y)2̂ } * 5

An element x of a metric space M Is called the 
limit of a sequence of elements x^( x^,.,, xn*»* °f M* 
If f(xn* x)-► 0 as n -*• 00 .

Theorem.
If a sequence £xn| °f points of a metric space X

converges to a point x e X, then every subsequence Jx \v. n ^ j
of the sequence converges to the same point. The
proof Is trivial. For, if f(xn» *)<£ for neno (e), 
then for **** no ^ *  A1*° a eequence of points
of a metric space can converge to at most one limit. If a 
sequence [xnj- of points of X converges to a point xeX, 
then It Is bounded in the sense that for every fixed point 
of the space, the set of numbers f(xn»& ) 1* bounded. I.e. 
f(xn,0 )< K for every xn and a unique constant K.

A linear space is a set R of elements x,y,zt... for 
which the following operations are defined*

(II-2)

1. Addition. For each pair of elements x,y there is
a unique element z ■ x + y such that*
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a) x ♦ y * y + x
to) x + (y ♦ z) - (x + y) + z
c) there la an element 0 £ R, x + 0 - x for all xc R.
d) for eadh x(R| thara la an alamant -x e Rfx+(-x)«0.

2. Scalar multiplication* For x c R  thara la an alamant 
ax e Rt

a) a(tax) * (ab)x 
to) 1 x » x

3* Relation toatwaan addition and scalar multiplication! 
a) (a+b)x • ax + fax
to) a(x+y) v ax ay

A normad linear apaca la a linear apace R with a
non-negative number [Jx|J associated with each x£ R.
This number is called the norm of x and must have the 
properties

1* f|x[| * 0  if and only if x ■ 0
2. ||ax|f . |a| ||x||

3. ||**y|| 6  ||* || ♦ J y||
By using f(xty) ■ ||x-y|| it la seen that a normed lin­
ear space is a metric space* Thus the theorems of conver­
gence which apply to any metric space apply in particular 
to the normed linear apace* Convergence in a normed linear 
space la called convergence in norm, or strong convergence* 

A normed linear space X is conveniently defined toy 
specifying a particular norm on that space* The thesis is
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principally concerned with equivalence classes of func­
tions Which comprise Lp(0,T) - spaces and wheee norm is 
defined by

II  x  U p  *  * [  |*<t)|P dt ) ^ p pel 
0

with x(t)» tfc (0,T)t belonging to the space Lp(0,T).
The practical significance of this class of spaces 

lies with the physical Interpretation given to the norm 
as p takes different values.

For p ■ 1 the space L*<0,T) defines the set of all 
functions x(t), t e(0,T) for which the norm

11*11 ■ «
o

exists, i.e. ||xjf<oo.
Equation (II-4) defines the set of all functions 

with bounded "area" specifically the norm of x(t) with 
p - 1 might signify the total output concentration from 
a chemical reactor process or the amount of fuel feeding 
through a valve in the time Interval (0»T).

The space L*(0,T) defines the set of all square 
integrable functions and the corresponding norm is asso­
ciated with the "energy** or "power" content of x(t) .

For p ■ eo the space L^tOfT) defines the set of all 
continuous functions bounded on the interval (0,T)»

(II—4)
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Llusternik and Sobolev, cf, [2] p. 10, define a metric 
In (0,1) by

]|x|| * Max |x(t)|
" pmeo oaial

If the Interval of the Independent variable t 1* (a,b)
then It can be transformed Into the Interval (0,1) by
Introducing a new independent variable ^ m t-a.

b-a
The spaces L1(0,T), L2(0,T) and L c°(0,T) are of 

particular Interest in the conditional optimization 
problem. The distance functions, as defined above, are 
used in order to express analytically a varied class of 
performance indexes and constraint conditions.

Concerning the relationship between different Lp(0,T) 
spaces corresponding to different values of p, any func­
tion x(t), t £ (0,T) which belongs to 1^(0,T) also belongs 
to LP2(0,T) for p2< p1# i.e, the space LP2(0,T) 1s a 
subset of the space LP1(0,T) for p2*

II - 2. £onjple£enessA Convergence &nd the Princlgle gf 
Contraction Magplng,

A sequence {xn| of elements of a metric space X 
is called a Cauchy sequence or fundamental sequence, if 
for every £>0 there is an index N(£) such that 
e(lv  xnK  £ for mi N(£) and n a N(e) .

(II-5)



Theorem. If a sequence {xn} converges to a limit x, 
than it ia a fundamental sequence.
Proof. If {xnj converges to x, then for given £>0 
it is possible to find a natural number N(6) such that 
p(xn. x ) < f o r  all n*N(£). Then

e (xm» xn> * e(xm* x> + e(xn* x)< €

for arbitrary m>N(£) and n^N(e). The converse is false 
for an arbitrary metric space since there exist metric 
spaces in which there are fundamental sequences which do 
not converge to a limit in the space.

A complete normed linear space is also called a Banach 
space. lP(0(T) belongs to the class of Banach spaces. The 
completeness of L^(0,T) is shown in reference [2] pp. 19—20.

As an example of the application of the concept of 
completeness the so-called principle of contraction mappings 
is considered. Let R be an arbitrary metric space. A mapping 
B of the space R into itself is said to be a contraction 
if there exists a number y<l such that

p<Bx# By)f yp(x, y) (II

for any two points x(ye R| every contraction mapping is 
continuous. In fact, if xn-*x, then, by virtue of (IX-6) 
we also have Bxn-» Bx.



Thforarw Every contraction mapping defined In a complete 
matrlc space R has one and only on* fixed point, i.e. tha 
aquation Wm- * x has ona and only ona solution.
Proof, Lot xQ ba an arbitrary point in R. Sat x^ ■ Bxo#x2

2 nBx. « B x , and In genaral lat x * Bx_ . ■ B x^. Than 1 o n n—l o

e ' v  V  ■ e(B"xo' * ye<*o’

£  Hnlelxo‘ x i> + e ( x i* x 2> + * * * + e (x„ - „ - i > x m
* y"e<xo* xi> {l + x *  *’♦•••♦ a ” " ” 1 }
* y e (xo« }

Slnca y<l this quantity is arbitrarily small for suf­
ficiently large n. Therefore tha sequence is
fundamental. Since R is complete lim exists. Setting

n -*op
x * 11m x and by virtue of tha continuity of this mapping

n̂ -oo
B, Bx ■ B lim x ■ lim Bxn - lim x , ^  ■ x. Thus, the

n -*•<» n-* 00 n-K»
existence of a fixed point is proved, Por its unique­
ness consider Bx ■ x, By * y then f(x,y) * yp(x,y) y z  1* 
this implies that f(x,y) ■ 0, i.e. x * y.

The principle of contraction mappings can be applied 
to the proof of the existence and uniqueness of solutions 
obtained by the method of successive approximations. With 
its help approximating solutions of algebraic, differen­
tial, integral and in general nonlinear operator equations 
can be found.
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II - 3. 0p2r£tgr« &nd Functionals on_N2rmed Lin#^r_Sg«c«s.
Let X end Y be two normed linear space* and let the 

set Xle X. If an element y ■ a [x J e Y Is associated with 
each xcil • an operator (or mapping) A is said to be de­
fined on H  , and Is said to transform or map (1 into Y.
The set il is called the domain of definition of the op­
erator A and the apace Y its range. An operator f whose 
range is a set of real numbers is called a functional.

The following definitions distinguish the most import­
ant classes of operatorst
1. Let X and Y be metric spaces and A an operator from
X into Y. The operator A is said to be continuous at the
point x c X if A [ x J . A [ x J  as x_-* x . (x * X).o n o n o n
If X and Y are normed spaces then A is continuous if for
every £ there exists a ? such that

||alx„] - alx0]|| < e 
wh.n ||x„ - x0 || < ?

For all x . x £ X. The norms in (II-7) must be inter- n o
proted according to whether the domain X is involved or 
the rang* Y. [|a[x ])| refers to the norm in the space Y, 
while f|xj| refers to the norm In the space X, If A is 
continuous at every point of a set B£ X, we simply say 
that A is continuous on X.
2. If X and Y are normed spaces an operator A from X
into Y is said to be homogeneous if
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A(>x] - u[x] (x £ X ) (II—8)

A Is described as additive If

A[xx + x ] ■ ALXĵ ] + A[x2] (x 1,x 2c X) (II—9)

3. A is called a linear operator If It is additive and 
continuous on X.
4. An additive operator A mapping a set II of a normed 
space X into a normed space Y is said to be bounded if 
there exists a constant C such that, for all x e O  i

IJa Lx ])) £ C - II X || (11-10)

A necessary and sufficient condition for an additive
operator to be linear is that it be bounded. If C iso
a number defined by■

Co * »UP llAi*]|l < 11-11)
11*11*1

then Cq is called the norm of the linear operator A and 
is written f|A}J . on taking C » CQ * ffA|| in (11-10) 
we get

|| At*] || * || A || ■ ||*|| ( 11—12)

From the above inequality the norm of A is given equiva­
lently by
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IIAII - »up J|a Lx ]|| (11-13)IN- {
If the operator A is a linear functional then its norm 
becomes

|[AII - sup |A(_x]| (11-14)

The simple geometrical significance of the number |j A || 
is that it is the upper bound of the expansion coeffi­
cients of vectors in the transformation produced by the 
operator A.

If A and B are two linear operators defined on a 
normed linear space then the following inequality holdsi

II A * B ll * 11*11 ♦ | H  (11-15)

II - 4. £c>22JS29At2 SPMcMmm  inHB£ £r2^Hcts_and_AdJoint
Operators•

The definition of the norm of a linear functional 
as given above satisfies all of the requirements found 
in the definition of a normed linear space (cf. 11-1, 
p. 62). Thus, the totality of all linear functionals 
on a normed space X itself represents a normed linear 
spacej It is called the conjugate space of X and is de­
noted by X.
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The general form of a linear functional f(x) on 
LP (0,T) apaca is shown to ba (cf. II-2, pp. 102-105)i

f (x) - jx(t)y(t)dt (11-16)

where x(t)e Lp(0»T) and y(t) balongs to tha conjugate 
space of LP(0,T) denoted by Lq(0,T)i p and q are related 
by

1 + i . l  (11-17)
P q

Tha norm of functional (11-16) as determined by 
definition (11-14) in conjunction with Holder's in­
equality is given by

L J  |f(t)J q dt] *  (11-18)

The expression given by the right-hand side of 
equation (II-16) la a bilinear functional of two var­
iables x and y, i.e. it la linear in x and also in y. 
Such a bilinear expression is called an inner product 
between the two elements.

the inner product between two elements xc X, yt X 
is the bilinear functional associated with X and its 
conjugate space X# it is denoted by (x,y) and posaessei
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the following propertiesi
1. (x,y) • (y,x)
2. (x,+x,fy) * (xi ,y) + (x-,y) for all xi,x*e X, y e X

_ (11-19)
3. (x *y1+y2> ■ + <**y2> for mlx x x* Yi»Y2 x
4. (ax,y) ■ (x,ay) * a(x,y) for a any real number

The inner product on the conjugate spaces Lp(0»T) and 
Lq(0,T) where p and q are related by (11-17) is

(*,y) * |x(t)y(t)dt (11-20)

with K(t)e Lp(0,T) and y(t)c Lq(0»T) or vice versa.
If p ■ 2 then q - 2 and L2(0,T) - L2(0#T) and

2the spaces are said to be self-conjugate. L (0,T) is 
a real Hilbert space for which the norm is derived from 
the inner product according to

|| x  J/ *  V < x t x )  ( 11- 21)

If X is a Hilbert space then xt X, and ye X are 
called orthogonal If

(x,y) - 0 (11-22)

Generalising the concept of orthogonality to include 
elements of normed linear spaces the following defini­
tion is consideredi The sequences [ xn j , xne Xt and
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|yn] * yn£ * are called bl orthogonal if for all n and m

<Vn» *»> * ^nm (II-23>

where Is the Kronectcer Symbol ( * 1 for n ■ m
and ■ 0 for n pt m) . If X Is self-conjugate, for
Instance a Hilbert space, then both sequences belong to X,
If £xn ^ Bn<a l ynl coincide, the biorthogonality 
becomes ordinary orthogonality.

Adjoin^ Opgr^tgrs, Let the linear operator A map 
X Into Y, where X and Y are linear and normed. Further­
more, let g(y) be a linear functional defined on Y, i.e. 
g(y)c Y, then g{y) Is defined for y ■ a [x ] where x is an 
arbitrary element in X.
Since

g(y> * g(A[x]) « f(x)

f(x) represents a certain functional defined on X, i.e. 
f(x)£ X. It is obvious that f(x) is linear. Hence there 
corresponds to every functional g« Y a functional f € X.
The collection of all correspondences thus obtained forms 
a certain operator defined on Y and with range belonging 
to 7 .  This operator is designated A* and is called the
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adjoint: operator of A,
If we use the notation (f,x) for the functional 

f(x), we obtain (g»A[x]) * (f*x) or

(g.A[x]) - <A*[g]f xj (11-24)

This relation can be taken as the definition of the ad­
joint operator.

Same basic properties of adjoint operators are listed 
belows
1. The adjoint operator of the sum of two linear opera­
tors is equal to the sum of the adjoint operators

(A + B)* - A* + B* (II-25)

2* The adjoint operator of the operator a A, where A Is 
a scalar multiplier, Is equal to the adjoint operator 
of A multiplied by A i

( A A)* - A A* (11-26)

3. The adjoint of the identity operator on X is the 
identity operator on Xi

*I - I (11-27)
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*Theorem. The operator A , the adjoint of the linear
operator A, which maps the Banach space X into the
Banach space Y is also linear and ||A || * |j*)| * (For
the proof see reference (II-l), p. 103)*

2As an example consider In L (0,1) the Fredholm op­
erator

l
y ■ Kx(t) ■ fK(t,s)x(s)ds (11-28)

with continuous Kernel K(s,t). An arbitrary linear func-
2tlonal f(y) on L (0,1) has the formt

2f(y) * ff(s)y(s)ds f£L (0,1) (11-29)
'o

Therefore

t i
f(Kx) * ĵ f(s) / j K(sft)x(t)dt | da (II-30)

0  ̂ o

9
An interchange of the order of lnt&atlon followed by 
an interchange of the variables s and t results in

i i i
f(Kx) * J  x(s) ^  J  K(t,s)f(t)dtJ  ds *  Jx(a)g(s)ds (11-31)

with

i
g(s) - j K(t,s)f{t)dt (g * K*f) (11-32)

o
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In this case adjoining corresponds to a transposition 
of arguments in the kernel function.

II - 5. Differentials of_OgeratorsA 
If# for some x e X  and every hcX,

lim Al~x+ * hl-AI x ] , dAj.x.h] (11-33)
y

exists, then the operator dA^x.h] is called the Gateaux 
or weak differential of the operator A at the point x in 
the direction h. The limit is understood here as

llm II Z ( ALx* yh]-A[xJ } -dA Ix.hJII « 0 (11-34)
y+o " S i

It follows from the definition that for every real a

dA^x.ah] - adAjLx»h] (11-35)

i.e. dA^x.hJ is a homogeneous operator in h. However. 
dA^x.hJ is not always a linear operator in h. The fol­
lowing theorem gives both necessary and sufficient con­
ditions for the linearity of dA^x.hJ with respect to h.
The proof can be found in reference (I1-4) pp. 39-40.
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Theorem. In order that the Gateaux differential
d&w[xo,hJ of the operator A be a linear operator In h, 
it la neceasary and aufficient that A aatlafy the fol­
lowing conditional
1. A aatiafiea a weak Lipachitz condition at the point 
xq. We aay that the operator A aatiafiea at the point 
xq» & weak Lipechitz condition, if to every unit vector 
h there correaponda a £"(h) > 0 such that if lari <■
then

If a l v  y  h ^ L x 0 J  II -  c  ■ II y h  II
Where C > 0 does not depend upon the vector h•
2. ALx^hj+hjJ - A L x ^ h j ]  - ALxQ+ h 2J + a[xq J * 0

We define below the strong or Frechet differential of 
a [x Ji Let a £x ] be an operator defined on acme normed 
linear space, and let

A A [ h ]  * A[x+hJ - A[xJ (11-36)

be its increment, corresponding to the increment h * h(t) 
of the independent variable x * x(t). If x la fixed,
Ai[h] is in general a nonlinear operator on h. Suppose 
that

AaIXJ -  <»[h] + t || b || (11-37)
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where dA[hj is a linear operator and € -»0 as |Jt>|j~»0* 
then the operator A^x] is said to be differentiable* 
and the principal linear part of the increment AA[h], 
i.e. the linear operator dA[hj which differs from 
A A[hj by an infinitesimal of order higher than one 
relative to ||h|| is called the strong or Frechet 
differential of A[xJ.

Strictly speaking the increment and the variation 
of A[xJ are operators of two arguments x and h and to 
emphasize this fact we might write

Theorem. If the strong differential exists, then the 
weak differential exists and dA£xthJ * dA^x.hJ.
The converse is not always true) for example the operator 
A defined by

AA[x|h] - dALx.h] + £ II b H (11-38)

(11-39)

where x(t)£ L (0,T), possesses the weak differential

(11-40)
Q
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where the sgn(z) is defined by

( 1 *>0
sgn(z) * V (11-41)

(_-l z < 0

However the Frechet differential operator dALx.h] does 
not exist for the operator (11-39).

The majority of the operators considered in the 
thesis will be assumed to be twice differentiable in 
the Frechet sense. However, the analysis will not ex­
clude operators possessing weak differentials only, as 
long as they satisfy the linearity condition with respect 
to hi i unifoem notation will be used throughout the thesis 
and the differential of the operator A^x] will be desig­
nated by dA^x.hj whether it be in the Frechet or Gateaux 
sense.

Suppose that the operator A. from the Banach space X 
into the Banach space Y. has at the point x the differen­
tial dA[x.h]. This linear operator, which is an element 
of the Banach apace consisting of every linear operator 
from X into Y is called the derivative of the operator A 
at the point x and is denoted by A*[x]. Cosequently

dA[x.h] * A'LxJh (11-42)
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The concept of tha derlvativa operator is tha aama in both 
tha Frachat and Gataaux sense.

Higher ordar diffarantials of an oparator A can ba 
obtained by rapaatad application of aquation (11-33) or 
from tha aquivalent expression

(11-43)

than, the nth ordar differential of tha operator A, whan 
it exists, can be obtained from

dn*Lx,h1.h2....hn] - (11-44)

with x,h1,,,hne X,

Tha n̂ *1 order Frachat differential is linear with respect
to each of its a variations h^, h2.**hn.

II - 6, £xtrj«n&.
Let f ba a real functional defined on the Banach

space X, A point x^e X is called an extrema point of f
if thara is a neighborhood ^(x ) on which ona of thao
following inequalities holdsi

1• f(x) * *(*0) 2, f(x) * *(XQ) x € £(xc) (11-45)
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The gradient of a functional f la defined in connection 
with df(x,h) by its relation to the arbitrary variation 
h(t) in the inner product form

Further, a point xq la called a critical point of the 
functional f if gradffx^ ■ ©, the zero element in X.

Theorem. Let the functional f be defined on a region w 
of a Banach apace X, and let xQ be an interior point of 
w, at which f haa a linear Gateaux differential* Then* in 
order that the point xQ be extreme* it ia neceaaary that 
it be critical, i.e. that gradf(xQ) * 0.
Proof* Let h be an arbitrary fixed vector in X. Then 
f(xQ+ 2(h) ia a real function defined in tone neighborhood 
of the point % * 0 and having a derivative at y * 0. 
Hence, if xq la an extreme point of f* then y * 0 !• *n 
extreme point of the function f(x0+ j(h) and therefore

or df(x0,h) * 0 or finally (gradf(x0), h) « 0. Since h 
«• ai arbitrary vector in X* gradf(xQ) » 9, which provea

h(t) ■ (gradf)dt (11-46)
o

Tf = °
- 0
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the theorem.
A sufficient condition for the existence of extreme 

points of certain functionals Involves properties of the 
second differential, for example the following assertion 
is truei

Theorem. Suppose that the functional f, defined on a 
Banach space X, has first and second linear Gateaux 
differentials, and the latter satisfies

d2f<x,h,h) ^ ||ti|| y ( |fhu )

where y C t) is a non-negative continuous function de­
fined for t^O, such that lim y(t) ■ + 00.t -» 00
Then there exists a point at which f has a relative minimum. 
For the proof see reference (XI-4) p. 80.

Let X be a real Banach space, i.e. a complete normed 
linear space whose elements can be multiplied by real 
numbers.

A sequence of elements { xn^ converges weakly to
x if theo

lim f(xn) * f(*0)n-»oo
holds for every linear bounded functional f(x) defined 
on X. Strong convergence in the norm sense has already
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been defined In section 1 of this chapter.
A set v is called weakly closed if it contains all of 

its weak limit polntst i.e. if the sequence { x  ̂] belong­
ing to w, converges weakly to an element xq, then xQ e w.

A set w is called weakly compact in X, if for every 
sequence {Xn ] ther* a »ubsequence  ̂xn%\
which converges weakly to some element xQe X.

A functional f is weakly continuous at the point 
if, for every sequence { xn^ which converges weakly to 
xQt the sequence £ f (xn)J converges weakly to ffx^.

A functional f is called lower (upper) semi-continuous 
If xn-» x Implies

^  f(xn) > f(x) [lim f(xn) * f(x)]
71 n

Let f^(x) a functional to be minimized under the 
condition that f2(x), another functional be smaller or 
equal to a constant R| xQ is defined to be an ordinary 
point of f2 (3c) ■ R if

fj gradf 2<xo)|j > 0 (11-47)

Also, xQ an element of f2(x) * R, is called a condition­
ally critical point of the functional f^(x) with respect 
to f2<x) ■ R if
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gradf1{xQ) « *gradf2(xo) (11-48)

where ^ is a constant multpller.

Lius tarrv^k^s_Theorem^ In order that an ordinary point
of f2(x) * R be a conditionally extreme point of the 
functional f^(x), it is necessary that this point be a 
conditionally critical point of f^(x) with respect to f2(x)*Rj
I.e. Equation (II -48) is satisfied.*

The most interesting case* from a practical point of 
view* is to find the extremum of a functional not on the 
surface f^(x) * R, but in a closed region w f f2(x)£ R. The 
following theorem due to Welerstrass gives a sufficient 
condition for the existence of extreme points with respect 
to w', the bounary of w.

Weierstr&ss Theorem. Let fj(x) be a real functional, de­
fined on a weakly closed and weakly compact set w in a

+
An elementary proof of the theorem for two particular 

cases can be found on page 97 of the reference (II-4)
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Banach space* and having a gradient at every point of w.
Then
1. If f^x) is weakly continuous in w and the condition

j| gradf1<x)|| > 0 (11-49)

holds at every interior point of w, then f1(x) assumes 
its extremum on the boundary w* of w.
2. If f^(x) is weakly continuous In w and Equation 
(11-49) holds at all but one Interior point of w, then 
f^(x) assumes at least one of Its extreme points on the 
boundary w #.
3. If fx(x) is weakly lower (upper) semi-continuous
in w, and Equation (11-49) holds at every interior point 
of wf then f^(x) assumes its infimum (supremum) on w*.
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CHAPTER III 

THE CONDITIONAL OPTIMIZATION PROBLEM

In this chapter the formulation and solution of the 
conditional optimization problem are presented. The dis­
cussion is presently restricted to plants described by 
nonlinear Integral operators} in the next chapter we 
are concerned with plants described by nonlinear differ­
ential equations. The adaptive nature of the problem ari­
ses from the assumption that the plant dynamics are not 
completely known. The method of solution to be followed is 
applicable only when the plant dynamics vary slowly in time. 
(These general remarks will be amplified and take concrete 
form shortly in the course of the presentation.) Thus the 
technique can be applied to complex chemical or manufactur­
ing processes with long enough intervals of operation during 
which the process dynamics, though partially unknown, remain 
unchanged and necessary computational aspects of the optimi­
zation problem are carried out. The overall adaptive control 
scheme is designed for on-line operation with a provision 
for plant modeling and off-line control whenever certain re­
strictive conditions dictate for this kind of operation as 
it will be explained in this chapter. Finally, in order to
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simplify the exposition of basic concepts a one-input* one- 
output plant is considered first with the discussion of the 
multivariable case deferred to a later section.

Ill - 1. Problem Formulation.
It is assumed + that the plant to be controlled is dea 

crlbed by the following operator relationship

y(t) - A[x(t)]

where x(t) is the input variable and belongs to a given 
set X of control signals* y(t) is the output variable and 
A is generally a nonlinear integral operator. The plant 
configuration considered is shown in Figure (III-l). The 
operator A maps elements x from XCL^(0*T)-space into an 
image output space YCL^(0*T). For example* if the process 
is structured as shown in Figure (III-2)* with Nj and Nj 
rero-memory nonlinear devices and L the linear part* its 
input-output relation is

y(t) * N2 £ jjcU.-ONiLxtT) JdT j

+
A minimal set of basic assumptions is presented in this 
sectiont as specific identification and computational tech­
niques are discussed additional assumptions are found to 
be necessary.

(III-l)

(HI-2)
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Here the impulsive response of the linear part of the pro­
cess is considered to toe unknown. One of the two methods of 
identification discussed later in this chapter requires know­
ledge of the form of the nonllnearl^ies and f i.e. 
saturation, cubic, arctan etc., while necessary information 
concerning fixed parameters associated with and are 
obtained during the initial learning intervalt the second 
identification method is more general in scope and does not 
require explicit knowledge of the nonlinearities.

More generally, the integral operator formulation can 
toe of the polynomial typei

ot> -t
ALX] * A0<t) * 2  ' * ' *i(t> « .. T;)x< T4) ...x ( TjJdT^ JT( (III-3)

l-i •'o O

The function AQ(t) represents the initial conditions 
of the plant and the kernels k^(t, Tt,.•■ ) are not spe­
cified completely.

A quantitative measure of the quality of overall sys­
tem performance is given in terms of the performance func­
tional J[x], In generall, j£xJ is considered to be of the 
Integral formt

JLXJ ■ f<5(x, y, yd) dt (III—4)
o

where yd is the desired output state.
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The objective la to determine a control signal x
which belongs to X and minimizes (or maximizes) JLx]t
while

j|xj| * R (II1-5)

i.e. the norm of the control signal is constrained to
be less or equal to a positive constant R.

The following assumptions are held to be truei

1. ALX J iB twice differentiable. The first differential
of A^x] will be denoted by dALx.hJ, where h e x  is an 
arbitrary variation of the input variable x. If the 
Integrand of the operator equation defining A[x] is 
continuous and Al_xJ is bounded, the differential 
dALx.h] is linear with respect to the variation h.
A large class of physical systems exhibit such be­
havior and in the thesis the above linearity condi­
tion will be assumed as being satisfied.

2, The process is asymptotically stable. The scheme can
be extended to classes of processes which are not
asymptotically stable when this condition arises due 
to the presence of pure Integrators in the plant 
structure. Here knowledge of the number of pure in­
tegrators in the linear part of the plant is required.
The identification and optimization procedures are
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modified according to the work presented by Pearson 
and Sarachik as described in the first chapter of 
this thesis* As a result of the stability consider­
ations a periodic input results in a periodic output. 
The nonlinear devices exhibit no jump discontinuities 
thus excluding the presence of subharmonic oscilla­
tions and assuring that the period of the output is 
the same as that of the input.

3* Zero—memory nonlinear devices*

4. G(x, y, yd) is a given positive twice differentiable
function in x and y and yd is the desired output.

5. It is assumed that the dynamic system is optimlsable 
with respect to the given quality functional JLx] 
defined on the given control signal set x in the 
sense that j[xJ assumes at least one extreme value for 
x e X. As a counter-example consider the performance 
criterion)

J[xj - [ i f V  - yUJl'at] ■»

with y**(t) a unit step function* and the plant given
t>y

y(t) * fx(T)dT
o
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2If Xc L (0,T) It is easily shown that the minimum 
value of J[x] is achieved when x(t) * S”(t). But
x(t) - ?(t) i. an infinite power control signal, i.e.
x(t) does not belong to X, therefore the plant is 
not optlmlsable. A general enough criterion of op— 
timizability was given by Kulikowski LlII-l].

III - 2. General Solution.
The unconstrained problem is considered first and the 

functional JLX]P Equation (III-4), is taken as a measure 
of system performance.

The necessary and sufficient conditions that J(_x] 
attain a relative minimum or maximum value with respect to 
the control signal x are that the first differential 
dj[x,h] vanish and the second differential d j[xfh,h] be 
strictly positive for a relative minimum or strictly ne­
gative for a relative maximum value of the performance 
functional (see Chapter II. Section 6).

The first differential of j[x] is given byt

dj[x,h] - + _H_dALx,h]Jdt
O

where h(t)t lP(0,T), dA[xth]c Lr(0,T)

(II1-6)
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and %£«Lq(0*T) * |§CLS(0*T)

with

The second differential of the performance functional 
can be written as

The sufficiency condition* Equation (III-7), for plants 
with partially unknown dynamic characteristics* is dif­
ficult to prove and/or implement and will be considered 
here as being satisfiedi moreover* the problems are phy­
sically motivated and* in general* it shovld be intuitively 
clear whether the performance criterion is minimized or 
maximized.

Making use of the definition of the gradient of a 
functional (section II-6, Equation 11-46) Equation (1II-6) 
can be reformulated in the inner product formi

Since h(t) is an arbitrary variation with respect to x 
in the interval (0,T) the necessary condition for the 
existence of an extremum of j[x] can be restated as 
followsI

(III-7)

T
dJLx,h] = 1 h(t)gradJt_x] dt (II1-8)

'o
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gradJLxJ * 0 £°r t€ (0 #T) (111-9)

In order to express dJLx.h] In the form of Equation 
(III-8) the adjoint differential operator dA*[x,q] ia 
defined by the inner product relationship*

T rT *jglx <t)] dxLx.h] dt * j h(t) dA*Lx.gJ at (iii-io)
o o

with ge YCL*(0,T), where Y is the space conjugate to Yf 
h £ X c L P(0,T)f and dA Lx»g]£ Lq(0,T), i.e. dA maps ele­
ments of L8 (the conjugate of the image space Y) into the 
space Lq (the conjugate to the domain of the operator A).

Letting g ■ and following appropriate substitution® y
in terms of the adjoint differential. Equation (111-6) is 
written as

dJLx.h] « { h(t)|"|^“ + (5A*^x'g^} dt (111-11)
0

The gradient of J^x] is therefore recognized to be

gradj[x] - 4 8 “ + a**Lx.<?] (111-12)<7 ̂

Thus the problem Involves the solution of a generally 
nonlinear operator equation (gradJj^xJ * 0) In terms of 
the control signal x(t). For that purpose the unknown
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adjoint differential dA*Lx*?] 1* related to measurable 
plant output differentialsj two such Identification pro­
cedures are presented below. A number of well-Known iter­
ation schemes for the solution of the operator equation 
are also discussed in subsequent sections.

Let us consider next the constraint problem) We see)c 
a minimum (or maximum) of while an appropriate norm
of the control signal is constrained to be less or equal 
to a positive constant R, i.e.

I M I p *  R (111-13)

Two distinct possibilities present themselves with respect 
to the solution of the constraint problem) Either the norm 
of the control signal is less than R, and therefore the 
solution is identical to the one considered already for the 
unconstraint problem, or the norm of x(t) is greater than 
the value of the constraint. Consider the second case to 
hold true here. In most control problems whenever the control 
signal exceeds the constraint boundary the best possible 
input is found to lie on the boundary of the constraint. By 
recalling the Weierstrass Theorem (Chapter II, Section 6) 
operation on the boundary of the constraint is for all prac­
tical purposes assured whenever the norm of the gradient of 
the performance functional does not become identically equal 
to zero throughout the optimization Interval (0,T). We assume
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operation on the boundary if ||X H p> R especially since
the problems in this thesis are physically motivated* The 
inequality constraint becomes an equality, i.e.

Now, a Lagrangian formulation is used in writing the aug­
mented performance criterion p [ x J

with the Lagrange-multlplier % to be evaluated from the 
constraint condition (111-14).

The necessary condition for the existence of an ex­
tremum of P[xj, i.e. the vanishing of its first differen­
tial, is expressed as

with gradJLx] given by Equation (111-12).
Thus, utilising sane iterative procedure in conjunc-

IMI p ■ R (111-14)

PLxJ - Jfc_x] + a || X || (111-15)

sgnxh dt * 0 (111-16)

or equivalentlyt

gradj[x] + ^ .]x| sqnx (111-17)
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tion with Equation <111-17)# a sequence of Input functions 
can be constructed with each member of the sequence computed 
from the previous one according to the relationship!

together with the constraint condition for the determin­
ation of the Lagrange-multlplier > • The limiting element 
of the sequence constructed from Equation (111-16) results 
In the optimal input x°(t), t£ (0,T),

The Weierstrass condition can be easily tested in a 
digital mechanization of a specific process as it will be 
shown in Chapter VI where applications and their digital 
implementation are taken up.

In order to illustrate the general solution in some 
detail for physically meaningful situations let us consi­
der a regulator problem with the performance criterion 
j[x] of the formi

desired output values. When p^ * 1 a measure of the inte­
gral of the absolute value of the error function is being 
minimised. With p1 * 2 the criterion is the root mean 
squared error and for p^ « oo the maximum amplitude of the

xjj+ j * S(xki dA t . ]* ̂  ) (111-18)

(III—19)

d r ~twhere y - A|_xJ is the difference between the actual and
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difference between the actual and desired output values is 
the subject of minimisation*

Another form of the performance criterion useful in 
practical applications for extremum control problems is the 
following*

Here for p^ » 1 the "area" or total output product is 
maximized! with p^ = 2 we seek an extremum of the out­
put "power" or “energy”* In general* forms similar to 
Equations (111-19) and (111-20) are extremely helpful in 
translating a great variety of qualitative physical cri­
teria into functional relationships. This clearly demon­
strates the usefulness of the extension of the analysis 
into Lp-spaces,

For purposes of an explicit analytical solution it 
will be assumed that the performance functional is given 
in terms of Equation (111-19) with the control signal con­
strained by

(111-20)

1 * 1 * R (III—21)

where p^( pj ^ 1 and R is a positive constant. The con­
straint inequality (111-21) takes on different physical 
interpretations as p^ takes on different values in a slm-
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l i a r  fashion as th a t  described above fo r  JLxJ.

Following the standard procedure the augmented per­
formance functional p£x ] is formed according to the rela­
tion!

*LXJ - IIyd - *LXJ|| p + A ||x|| p (111-2 2)
where > is the Lagrange-multlplier and will subsequently 
be determined from the input constraint condition. PLX] "'ey 
be written alternatively ast

T p i  T p i
PL*] - ( j |y -ALx]| 1 dt)?i + ^ ( ( |x| 2 dt)r‘ (h i —23)

■'o 'o

Then the first differential dP[_xfhj is evaluated to be

dP[x,h] ' p < j |yd^ALxJ|Pldt>T« P l  j |yd-A[xJ|Pl"1sgn(yd-ALx])'
 ̂ ' 0 0̂

4 p» 1<-dA[xfh])dt + j |x| dt) p2 | |x|P2-Asgnx h dt (111-24)

Defining
g ( t )  ■ |yd-A[xj| 1 sgn(yd^ALx]) (111-25)

and introducing the adjoint differential operator dA*l_x,g] 
defined by Bquatlon (111-10), the gradient of PLxJ expressing 
the necessary condition for the existence of an extremum of 
the augmented performance criterion is written asi



57

Pi — --t P2“1 a Pi *|x| dt)T* |x| sgnx-( j  | y  -a£x]| dt)T* dA L X » < ? J
(111-26)

The vanishing of the gradient of P(.xJ leads to the rela­
tion

'X -feL I x l ^ g n x  - !1 4 ^Li
Hx llJ1 ' * If v^-Alx|fyQ-AL:

LdA*Lx,g] (II1-27 )

or

-1 T*'*
|x| 2' .gnx = 1 p i p i t, d * \ » . g ]  (111-28)

tl

Solutions exist for the following cases of particular 
interest with regard to practical applications!
Case_lA Let p2 ~*°° amJ P^ / 00 * Then from Equation (111-28)

l x l  - 1 1 * 1 1  p 2

sgnx * sgn(dA*LX,g]) (111-29)

and

x(t) * max f x(t)l sgn(dA Lx»gJ) t C (0,T) (XII-30)

since by definition

|| x  II p 2  =  m a x  | x  I a s  p 2  o o (II1-31)



58

and 'X » the Lagrange-multlplier, remains always positive* 
g(t) is interpreted according to Equation (111-25).

Let p̂ -» p c and p2 * 2. From Equation (II1-28)
again

x *fc* = \ llXH 2 ^  Lx»g  ̂ *11A

Here g(t) is given by Equation (111-25) and an appro­
priate interpretation of the value of g(t) is necessary 
as pj becomes a very large number. When the upoer bound 
of the time interval (0,T) is unity the spaces correspon­
ding to values of p^ up to N, with N finite, are proper 
subspaces of « oo . The same situation can be realized 
when T / 1 with a change of the independent variable t, 
as it is described in Section 1, Chapter II. Then a value 
for p^ between five and ten will assure an excellent approxi­
mation to the desired expression for g(t).
Case_3A Finally with p^ = p^ = 2 (Hilbert Space) the so­
lution for the control signal is given as

x<t) ' 4a ' '* * LX,qJ <1X

wi th

1-32)

1-33)

g(t) * yd - ALx] (II1-34)



59

A sequence of Input functions can be construetad for 
each of Equations (III—30), (III—32) and (111-33) according 
to Equation (III-1B) and the discussion presented above.

But, for the iterative solution of these nonlinear
* ioperator equations the adjoint differential dA i.x»9J must 

be Identified and the Lagrange-multlplier ^ evaluated. In 
the next two sections two techniques are described each lead­
ing to a solution of the identification problem.

Ill - 3, I.dfintiflcation_of dA_^_x,Biorthogonal
Expansion MethodA

Kulikowski LI11-2] h*s suggested an expansion of the 
operator dA*Lxfg] in terms of orthogonal time functions over 
the time Interval (0,T) whenever all functions considered 
are elements of L (0,T) (Hilbert) space. That is

dA*Lx,gJ ' h^t) t£(0,T) (111-35)I

with

0 1 ji j
(111-36)

1 1 = J

and x,g and he L2(0,T).
Substituting the series representation (111-30) Into the

* ihA (t)hj(t) dt
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*- ,defining Equation (III—10) for the adjoint dA LX,gJ an
expression for the unknown coefficients a^ in terms of
plant differentials is obtained, i.e.

^ |<?Lx(t)j dALx,h1] dt (II I—37)
0 1 - 1, 2, ...

If the time functions considered are elements of a 
more general LP(0,T) - space then the adjoint differential 
dA*j_x,g] may be expressed as the sum of an Infinite series 
of blorthogonal time sequences, i.e.

dA*[x,g] - (111-38)

with the sequences ip̂ (t) and hj(t) being bi- 
orthogonal if

( ^(t), h j (t) ) - ( II1-39)

and h€ Lp(0,T), ^>tLq(0,T) and is the Kronecker
delta function. Substituting again the series representa­
tion (111-38) into the defining Equation for the adjoint

* idifferential dA lx,gj and utilizing the biorthogonality 
property of the sequences (t:) and h^(t) we obtain the 
following expression for the unknown coefficients a^ in
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terms of p lant output d i f f e r e n t i a l s !

.T
l± .  i  j g [ x ( t ) J  dALX*h1] d t  ( I I I —40)

1, 2# • • •

One point should be clarified at this timei In an 
actual process operation the plant differential dA(_xth] 
is approximated by

dA^[x,h] = i | ALx + y hj - ALx] j (III—41)

where y is small but finite* and of course* only a finite 
number m of terms in the expansion formula (I11-38) can 
be used. Thus it becomes necessary to consider the convergence
of dA* LX»<?J» where

g

“ m.y ifitt) (HI-42)

and

s T
a ± = ~ \ g ( t)  i ^ A Lx + y h 1] - ALx] J  d t  (111-43)

o
* Tto the true  value of the ad jo in t  dA Lx*gJ* w il l  be

shown th a t  dA* . Lx»g] converges uniformly to dA*Lx*g] m* y
as m increases and y-»0* independent of x* i . e .  for any 
function x ( t)  and given number £ * numbers M and G e x i s t
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such that

dA* [x.gj - dA*Lxtg]|(i £  <111-44)

when m > M  and ^ <  G. The following two lemmas are proved 
first*

Lemma .1. If A(_x] Is a nonlinear operator* acting in the
tH +space of p integrable functions , having a linear differ-

intial dAĵ x* h J * the following relation holdsi

r T T
i  f g ( t )  {  Y h ]  -  A L x ]  }  d t  *  f g ( t ) d A L x + t j ( h , h J d t
V 'o 1 A  , (111-45)■ I h(t)dA Lx+ tjjh,gjdt

where t  is a number belonging to the interval (0,1).

Proof. Consider the function

T
^(t:) = Jg(t)ALx+ Tjjhjdt (111-46)

+A measurable function x<t) defined on the interval (0*T) 
belongs to Lp{0,T)-space* or otherwise is a function with

tHintegrable p power, if 
rT
J |x(t)| p dt < c o
'o

The integral is to be interpreted in the sense of Lebesque.
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with real argument ^ • The derivative of y(T) la given by

u/(T) - 11m i  tyCc+^x) -tf(x)J T AT-+0 ax ' 1
= Jg( ) l̂ lm »  | AL»+x^h+At jh] - A(_x+jjh Jjdt
* fg(t) dAi_x+T]fhp jjh] dt (II1-47)

s*

Applying the Lagrange formula to vp(T)t

y(l) - y(0) * Vf/(T) Q * T * 1  (II1—48)

we obtain

f<j(t) j ALx+jjh] - ALx] 1 dt * | g( t)dAi_x+TJ(h» jjhjdt (111-49)
o J

Since dALx,h] la a linear operator with reapect to hi

rT rT^ jg(t) | ALx+jfh] - Alx]J. dt * j g( t) dALx+Tjfh,hJdt (111-50)

The second part of Equation (111-45) is obtained by direct 
substitution of the right-hand side of Equation (111-50) 
into the defining Equation for the adjoint differential.

For a more concise presentation of Lemma 2 and the 
main Theorem the following notation will be adoptedt 
Let

BLx] = dA\x»g]
and

dBLxfhJ * d^A*LX,gph]
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It is assumed that the second plant differential d ALx,hlth2]
exists for every x, h^ and h2t L^j then the second adjoint

2 *differential d A Lx»9 »h] exists, i.e.

|| d2A*Lx,g,h] || < 00 (111-51)

when ||x[|< 00 and |lh||< co , because, by definition

T rT *
Jg( t) d2A[_x, h^ ,h2]dt * jh^(t)d2A Lx^.h^jdt (111-52)
0 o

Lemma 2. If B[x] ie a nonlinear operator acting upon
th 0^the p integrable spacel functions and having the linear

with respect to h(t) differential dB^x.h] = B,|_x]h, where
B'[xj is a nonlinear derivative operator acting on h(t),
then the following relation holds 1

| | j  | | B ! ~ * h ] - B l x ] | |  q ^ ^ a u p J l B 'L J C ' - X J f h j l l  q  | | h | |  q ( 1 1 1 - 5 3 )

Proof. If f(t) is an arbitrary function belonging to 
LP(0,T)-space, from Lemma 1 it is true that

r T T
~ | * ( t )  |  BLx+^h]-B[xj| d t  » ff<t)dB(_x+tyh,h]dt (111-54)
0 '0 L J ■'0

when x £(0,1).
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Applying Holder*a Inequality to both aides of 
Equation (III-54)t

T
I | *<*> { BLx+JhJ-BLxjJ dt| £ ||| ||f|| o ||BL**jh]-BLx]||q (111-55)

and

| Tf (t)dBLx+T^h(hJdt j £ jjf || p ||dBLx+iyh,h]|| q (111-56)

The equality sign appears in Equation (111-56) when

f(t) *= K I Btx+yh]-BLx]Jq-1sgn(BLx+^h]-BLx]) (III-S7)

Then from Equation (111-54) with f(t) as in (111-57) the 
following inequality holds truei

I j J  BLx+^h]-BLx]j dt| || f || p f|dBLx+X*h,hj|| q ( H I  —5 8)

or

T

I ̂  f K (BL’c+ifhJ-BLx]^"1 I BLx+)fhj-BLxJl sgn< B|_x+jh J-Bi_x J) 
too t

dt
|1 jK|BLx+)fh]-BLx]|qdt ^

* ( fT|K |BLx+j(hJ-BLx]J q“1sgn( BLx+^h]-BLxJ)| pdt)^||dBl_x+|Jh,h]||
' n ^

(111-59)
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And

>T o r  ~|i f|BLx+)fh]-B[x]jqdt|x ( j |BLx+^h]-BLxJ|qdt)? ||dBLx+Tj(h,hjj|q
0 o (II1-60)

Since r + - * 1 the above inequality reduces to p q

i  [jBL h ] - BL X  ]  [  qd t| ̂  j - 4  xj'll, [ K  i( h  J  - xj|qdt (II1-61)

and therefore

\ z \  | | B L * J ( h ] - B L x J | f  q *  ||dBL*»xj(tl.h]|| q (HI-62)

w i t h

dBLx+r^h,hj * B'Lx+xyh] h (111-63)

we may write (definition of the norm of an operator and 
Reference ^II-l] p. 82)*

|i| | | B l x ^ h J - B L x ] | |  f J|B• Lx+  T]fh] || q  | | h | |  P (111-64)

or

| i |  J K x ^ h J - B c x J H  *  » u p  / / B -L x + tJ fh J H  q |J h | |
0 0  ̂1



which proves the Lemma,

Theorem, If A[_x] is a nonlinear twice differentiable 
operator in Lp-space, then for any given function x^tt) 
of this space and any number £ there exist numbers 
M and G such that*

where m>M, y < G and

b-m Lx*] ■ ^ (°
CD

and

i * yr C g(t> { }  dt
“* - -o

.T
i = T ( h1(t)dA*Lx|c#g(t) ]dt

with 'Pi(t) and h^(t) being biorthogonal
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Proof. Using the Minkowski inequality* we may write* 

||B„(!!Lxk ]-BLxk ]|| q*  | | L - |1-.l]fi (t)n

Since the expansion of the qfc** integrable function 
Bj_xk] into a series of ^(t) functions converges, we can find 
corresponding to any given number £ ^ <  £ a number m such 
that

00 
Iz  »ifi(t)|| £  £4 (111-72)

From Lemma It

TLa^i-ai] * [*i(t) { BLxJC+tyh1]-BLxk] j- dt (111-73)
0

and again making use of the Minkowski inequality together 
with the results of Lemma 2, we may write*

T q* T||||BLX)c.x,h1]-BLXk]|| q
, f V l V V i t V I I  q HtjfhJI p T
< Mm |y|T (111-74)

+See Reference [II-l] PP* 213-214.



where

M * sup llB'Lx + ©1TJfh1]||
0*0^1 K

Assuming that V< *'£* we obtain o M«\T

11 < £ ~ £i

or

IK.* L^l * BLxJII * £
Q • E • D •

Practical considerations call for a proper choice 
of the biorthogonal time functions ip̂ (t). A method uti­
lizing the fewest number of terms and closely approxima

♦ . “Iting the operator dA Lx,gJ makes use of an extension of 
the Gram-Schmidt orthogonalization process.
Let

fk-1(t) = dA*Lxk_i*c?k.i] *nd fkttJ = ^  LX*'gkJ*

k = 1, 2, ... If these two functions are similar in
form and fk_^(t) has been identified in the past, the 
process for identification of fk(t) proceeds as follows
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If h^t) - fk_i<t), h2(t) - •••

h (t) = thenm K— L

V * 1 ■  p i u i n
Take

h*2(t) = h2(t) - u1 f̂ t)
where the number u1 is determined in such a way that 
h*(t) and y>̂ (t) are biorthogonalj application of the 
biorthogonality condition results In the following va­
lue for û i

and

(111-7 7)

u. = ~  (  h2(t) f  (t)dt (111-78)
T  K

« ^ 2 ( )
2 = ,JhI(tT|| (111-7 9)

Analogously the succeeding terms of the truncated series 
can be constructed. This procedure suffers from the dis­
advantage of not being self-starting. It is suggested 
therefore that dA Lx i»9i] k® constructed from ip̂ (t) 
with the biorthogonal functions being arbitrarily chosen
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as sequences of unit vectors in the interval (0,T), or

fx(t) - ( 1, 0, 0, ... )
t) * ( 0. 1. 0» 0. ... )

j (t) — ( 0* Op If 0» Op ... ) etc.

For the second iteration of the overall adaptive
♦ -iprocess, i.e. for the construction of dA Lx2,(̂ 2̂ * the 

function f^(t) is known and the Gram-Schmidt procedure 
can be utilized to advantaqe.

Ill - 4. I d e n t i f ication_of d*J_x»a]z. Reverse Operator
Method^

The biorthogonal expansion method is very general 
in scope and applies to all classes of systems that we 
are considering in the thesis. A disadvantage of this 
method is the length of time required for the evaluation 
of the coefficients of the truncated series* This disad­
vantage is overcome by the second method that we will 
discuss now. In one time interval from 0 to T we have as 
exact expression for the adjoint (in terms of the plant 
differential dAi_x,hj). The price that we pay though is 
that this technique is applicable only to a small class 
of systems for which we require knowledge of the plant
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structure and the form of the non11nearities• It Is based
*on directly relating dA LX*9J to the measurable 

plant differential dA[x,hJ through the use of a reverse 
operator R defined byi

R{z(t)} = z(T-t) t€(0,T) (III — 80)

The operator R represents a device which stores a time 
function z(t) for tt (0,T) and emits it in reverse order 
during the succeeding T-time interval. Some oropertles 
of R are listed belowt

1. R { R { z( t)jj = z(t)

2. R | az^tt) + bz2(t)j. * aR | z^ttjJ + bR j z2(t)j

3. R |u(t) v(t)j = R^u(t)j R^v(t)j-
A  ,T ^

4. R k(t-T) z (T) dTj = jk(T-t) R^z(T)|dX

(III — 81)

The last property is established as followsi 
From the definition, Equation (111-80), reverse oper­
ation means substitution of t by T - t. Then

A  .I A
R i jk(t-T) z(T) d t J  = Jk(T-t-T) z(X) dT (III—82)
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Letting u * T-I the above expression can be written as

.1 c k 
R ) |k(t-T) z(T) dxj ■ - j k(-t-fu) z(T-u) du

f t
(HI-83)

or

t T
R £ j\c(t-T ) z(t) dTj= J*k(u-t) z(T-u) du (II1- 8 4 )

But

z(T-u) = R |z(u)]

which establishes property 4.
The identification method will now be illustrated 

assuming the following form for the plant operator!

t
Al_x] = Aq + J k ( t - T )  N l x (T)] dT (III-8 5 )

where N(_x(t)] represents a twice differentiable zero 
memory nonlinear device. The first differential of A|_xj 
is written as

dA[_x,hJ = jk(t-T) 1_x (t )J h(T) dT (111-06)



Substituting Equation (111-86) into the defining equation 
for the adjoint operatort

fg(t) f [x(T)j-h(x) dtdt = f h(t) dA*Lx,g]dt
K 'o o

For physical system k(t-T) = 0 for z > t, Equation (111-87) 
is written as

T T r T ^
fg(t)  ̂k(t-T) LxtT) ]h(x)dzdt = Jh(t)dA Lx.gjdt
o 0 o

Interchanging the order of integration!

t rT T
j ■" ■ Lx(t)]h(t) j k(r-t)g( t)dtdt * fh( t)dA*|_x,g]dt
Jo o o

But k(T-t) ■ 0 for t > t , therefore

r T T T
J -a5-L*(t)]h(t) ( k(T-t)g(x)dxdt = ^h( t)dA\x#gJdt
n *. n

and

* -i dN t f TLx»gJ = -gj-Lx(t)] j k(T-t) g(t ) dx
t

Applying the reverse operator R to the expression for 
the plant differential dAl_x,hj given by Equation (111-96) 
results in

(111-67)

(III—88)

(II1-89)

(III—90)

(III—91)
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-T
R |dA[_X,h]J - J  k(x-t) R {-|5L|_x(t)] h(T) j dT (111-92)

Now introducing a specific variation h(t) given by i

h (  t )  -  - - - - - i - - -  ( 111 - 9 3 )
gLx(t)]

and by comparison with Equation (111-91) the adjoint 
differential operator dA*Lx,g] ls seen to be given byi

dA*|_x,g] = -32-Lx(t)j R/dALx#h]j (111-94)

Similar expressions can be derived for other types of 
nonlinear plant operators. In general, for plants des­
cribed by the sum of operators, delayed by TQ, of the 
formt

i*T.
ALx] = k(t+TQ-T) NLx(T0+T)] dT (111-95)

the adjoint differential operator can be obtained through 
the reverse operator method. The same procedure can be 
followed for nonlinear operators of the general form (III-3) 
which do not change when we substitute t = T-t, T *  T- 
and interchange the order of integration. When in doubt 
whether a particular plant belongs to the class for which 
the adjoint operator can be determined by reversing in
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time the plant differential a test can be performed ex­
perimentally for every input x(t) using the following 
criterion*

where hj(t) and hj(t) are arbitrary functions.
As it can be seen from Equation (111-94) the non- 

linearity N[_x] should be known within a constant vector 
of parameters which in turn is determined through steady- 
state plant measurements during the initial learning 
period (0»t^) as it is described by Pearson |_III-3], or 
by one of the parameter identification techniques pre­
sented in Appendix I.

Having thus identified the adjoint differential 
operator, methods for solving nonlinear operator equa­
tions will be investigated before the total implementa­
tion scheme, which incorporates the evaluation of the 
Lagrange-multipliar is presented.

The vanishing of the gradient of the performance 
functional. Equation (111-17), represents a nonlinear 
operator equation of the form

(111-96)
oo

QLx(t)] - 0, t € (0,T) (II1-97)
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With an arbitrary initial element xQ(t), te (0,T), being 
specified, a sequence of Inputs xn(t), n * lv 2f ... is 
sought, each element of the sequence being a function of 
time for t € (0,T), so that

P|_xk+l(t) J<PLxk(t) j (III —98)

and the sequence converges strongly to the solution of 
Equation (111-97).

A number of techniques are available for the itera­
tive solution of nonlinear operator equations. The con­
vergence conditions for these techniques are extremely 
difficult to test beforehand for the type of operator 
equations arising in adaptive control problems. This is 
true even when the plant operator ALx] is known explicitly. 

Contraction mapping, Newton's methods and the technique 
introduced by Altman will be discussed in the next sections.

Ill - 5. Contraction Mapping.
For the iterative solution of Equation (111-97) 

using the principle of contraction mapping it is assumed 
that the operator equation under consideration can be 
rearranged in the form

x - B^x ] (111-99)
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where B is an operator mapping every xe X into the same 
space X. The mapping is said to be a contraction if B|_x] 
satisfies the Lipschitz condition

p( Bj_x̂  ] - BLX2]) A ^f(xlfx2) (III-100)

with x^Xj £ X and ^<1.
Then the solution to Equation (111-97) can be found by 
iteration!

x^ ■ B|_xn_^] n E 1, 2, ... (III-101)

according to the following Banach reducing transform
principle t_III-4j.

Th eorem. Let there be given in a complete metric space 
X an operator B which maps the elements of the space X 
into elements of the same space. Suppose further that 
(II1-100) is satisfied, then there exists exactly one point
x° such that b[x°] * x°. The point x° is called a fixed
point of the operator B.

Proof. Starting with an arbitrary but fixed element
xQ€ X, the sequence I xn| is constructed, putting

X 1 * ®LX0J * x2 m ®LX^J* *•• xn “ ®Lxn-lJ •
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It will be shown that the sequence {Xn} *8 ^undam®nta^* 
It is true that

f(xifX2) - p(BLxo],Bl.X1]) £ ^p(x0,X1) » ^p(xo#BLXo])

f(x2>x3) * p(BLx1(B[x2]) x ^p(x1(x2) * ^f(x0.Bl_x0J)

Furthermore

e(xn'x„+p> ‘ e(xn»xM l> + ••• + E ' V p - l ' V p 1

( $  + £  + . . . + *  ) p(x ,Blx J)L  O  O

4'tr . .
■ i - /  e ^ o ’^ o J ’

According to the hypotheeie 4< 1, then

e(xn*xw P> < i^-e(xo'BLx0J>

As n -* 00 , p(x ,x ) —*■ 0f and therefore the sequence*■ n n+p
|xn^ fundamental* Since the space X is complete

there exists an element x°fcX which is the limit of this 
sequencet

x° * lim x„ nn -*o#
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NOW

p(xn,B[x°J)6 p<x°,xn) + p(xnfBLx°]) - e(x°,xn) + ^(BLxn-jJ^BLx0])

£ p<x°*xn) + ^ ^ ’’Si-l*

If £ Is arbitrarily givan and n la sufficiently large, 
then

e<x°»xn - l > < ^  and £<x°,xn) < - L ~

Consequently

p(x°,BLx°]) < £

But £>0 was arbitrary, hence this inequality holds if 
and only if

p(x0fB[x°J) ■ 0, i.e. if B(_x°J * x°.

If there are two elements x°e X, y° £  X for which

B{_x°J ■ x° and BLy°] * y°

then

p(x°,y°) - p(B[x°]tB[y°]) * ̂ x°,y°)
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Assuming that g(x°ty°)> 0 It follows that If this is
however» a contradiction to the hypothesis. Thus unique­
ness of the fixed point has been proved.

An estimate for the error of the nth approximation 
in terms of the initial arbitrary element xq and the 
Llpschitz constant $ is given by

£(xn,x°) A -j&j  p(x°,B[x°]) (III-102)

Prom the results of Lemma 2, Section III-3, it is 
seen that the Llpschitz constant $ may be interpreted 
as the norm of the derivative operator of the operator 
B, i.e.

■ sup II B«Lx]|j ( II1-103)x £ X

If the Llpschitz condition (III—100) is not satisfied the 
theorem does not deny the existence of a solution, it 
merely implies that the sequence {xn} defined by 
Equation (III-101) will not converge to a solution. For 
the special case when X is the real line and the operator 
B is an ordinary function the convergence of the sequence 
based on the contraction mapping principle can be easily 
verified geometrically (see Reference III-4, p. 44).
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III - 6. N«wt2n^B_M£thod.
Nwton'i method or the method of tangents is a well- 

known technique for the solution of real equations* Gener­
alizations of Newton*s method to the solution of operator 
equations in Banach spaces have been made by Kantorovich 
(Reference III-5, Chapter XVIII).

Kantorovich considered equations of the form given 
by (111-97) with Q an operator mapping an open set H  of 
a Banach space X into another Banach space X. Q is as­
sumed to have a zero in SI , i.e. there exists an element 
x° such that

Q[x°] ■ 0 (III—104)

Assuming further that the operator Q has a continuous 
derivative in SI and taking any element xq c A  , the 
element QLX0J B GLXQ] “ Qlx°] can replaced by the 
approximation Q*LX0J txQ-x°)* so that there is a basis 
for assuming that the solution of the equation

dt*e] <x0-x°> * QLX0] (III—105)

will be close to x°. The solution of the linear Equation 
(III-105) is easily found to be

xi * x0 - (Q’Oc,])-1 0Lxo] (m*106)



83

substituting x^ for x° and on the obvious assumption 
that the Inverse operation (Q'LXq ])"1 exists.

Starting from the initial approximation xq and con­
tinuing this process the sequence {xn| 18 obtained*

xn+l " xn " (Q*Lxn])-1 QLxn] (III-107)
n * 0. 1. 2.

Each xn is an approximate solution of Equation (111-97) 
and In general becomes more accurate with increasing n.

Newton's method is not always practicable because 
xn may pass outside the confines of the set 12 for a 
certain n, or the operation (Q'Lxn])_1 way not exist. If 
the sequence {xn} converges to x° and xq is chosen 
sufficiently close to x°, the operations Q'i_xn] end Q*Lxq] 
will differ only by a small amount in view of the contin­
uity of Q*. Thus Equation (III-107) may be replaced by the 
simplified formula*

xA+i * xn “ (Q’LXoJJ^QLx^J (III —108)
n * 0. 1. 2. .i.i x£ * Xq

The process of forming the sequence |xn} is called 
the modified Newton's method) it is much easier to use 
although in general yields worse approximations.
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Kantorovich, in Reference III—5, gives a detailed 
treatment of the conditions under which Newton's method 
{original or modified) is practicable and convergent, i.e. 
the conditions under which the sequences { xn} and 
| xn } converge to the solution of Equation (111-97).

Ill - 7. Altm^n_^s_Method.
Due to the difficulty in obtaining the inverse of a 

linear operator In Lp{0,T) space, as is required by New­
ton's method, M. Altman and P. Szeptycki LHI-6,7] gave 
a different approach to the solution of nonlinear operator

Pequations in L -spaces. The operator equation must be 
again of the form

Q L x]  * 0 (II1-109)

with Q a nonlinear continuous operator defined on the 
sphere S(x0,r) with values in Lp, S(xo,r) is a closed 
sphere in with center xq and radius r,

Altman utilized the distinctive difference be­
tween operators and functionals in order to derive an 
iterative scheme equivalent to Newton's method but not 
requiring the determination of an inverse operator.
Putting F(x) * J/Q[xjj| p, Equation (III-109) reduces to

F(x) - 0 (III-110)



Where F(x) is a functional. Assuming that Q|[xJ Is 
differentiable in the Frechet sense in the sphere S(xQ,r) 
and applying a similar method as that of the previous 
section, an approximate process for the solution of 
Equation (III-109) is obtained as followsi

xi * x° ■ §jfrSHiv y°
l|QLxw]||p 
pllf (xn)pXn+1 * X" " • yn

where

f(x) = Q'Lx] | QLx] j P_1 sgn QLXJ € I*q

Q*[x] is the Frechet differential of Qi_x]

Q*[x] is the adjoint of Q * L X J» *nd
t

= 89nL«<xn)]

Here, a set of conditions for choosing the yn 
elements is sytheslzed first. It is possible to chooBe 
the y^ elements convenient to the particular application 
at hand and then analyze the convergence conditions.
The simplest form for the application to the operator 
equations considered by Altman is constructed by choosing 
yn as the image of the operator Q acting on xn, i.e.
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yn ■ Qf-Xn]

The Iterations, in Hilbert space, take the formi

II oLx n] (I  _

Altman, in a series of papers dealing with the solution 
of operator and functional equations, has presented 
various forms of the basic Iterative algorithm and has 
analyzed the conditions under which the iterations con­
verge to a solution. Of particular interest with regard 
to the class of problems under consideration in the thesis 
the following theorem is proved by Altman.

Theorem. The following conditions are to be satisfiedi

1. The Frechet differential Q'L*J of QL*J exists in 
the sphere S(xQ,r) and satisfies condition

2. The Frechet differential f'(x) exists and satisfies 
condition

(III-113)

//f*(x)/| 4  k for every x of S(xQ,r) (111-114)
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3, The error estimate for the first approximate solution
is known

11*1 - *oll * 1 ^ 4 - * n ° (111-115)

4. The constants BQ, no and k satisfy the inequality*

||Q(.X°]|1|̂ . ^ Bq 71o k « hQ i H (II1-116)W I * ( * o ) | | *
and

ho

Then Equation (III-109) has a solution x° which belongs
to the sphere S{xQ,r) and the sequence of approximate
solutions x defined by process (III-112) converges to n
x°. An estimate of the error between x and the solutionn
x° la given by

II*n - *°H *  “^ = T ' <2ho>2n_1 (111-118)

The recurrence relation <111-111) can be expressed more 
directly, for each particular application. In terms of the 
criteria for optimal performance
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Since Q[xJ * VP[xJ and 

d p [ x , h ]  *  ( h . Q L x ] )

2The second differential d P[x,h,h] may be computed as

d2p[x,h,h] = (h.Q’LxJh)

Thus specifying particular variations of the input var­
iable x(t) the quantities in Equation (III-lll) may be 
expressed in terms of the first and second differentials 
of the performance functional which in turn can be evalu­
ated from plant input—output measurements and Equations 
(III-6) and (III-7).

The techniques described above do not by any means 
exhaust the list of available methods for the iterative 
solution of functional and operator equations. Conjugate 
gradient techniques, Oavidon's method and random search 
procedures in finite dimensional spaces have been exten­
sively studied in recent years. Several accelerating 
algorithms have been applied in some cases.

Comparative studies at the present time tend to 
indicate strong dependence on the particular surface 
over which the search is performed, the dimensionality 
of the variables and the choice of an initial point. 
Second variational procedures like Newton's and Altman's
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methods are more accurate and converge faster than those 
techniques which require the evaluation of the gradient 
of the performance Index only. They are, however, compw- 
tatlonally more difficult to use and sensitive to the 
relative distance between the initial search point and 
the optimum. A discussion of and further comments on 
computational aspects, applicability and speed of conver­
gence of some of these techniques are discussed in 
Chapter VI where applications of the adaptive control 
scheme are presented.

Ill - 8. Th£ imEl2rn£nta£ion_Scheme,
The solution proceeds in the following wayt

1. During the Initial time interval (O.t^ (Figure 1-2) 
test inputs are applied to the plant and such items as 
plant type, nature of the nonlinearities present (whether 
even or oil) and the values of fixed gains and time con­
stants necessary for the identification of the adjoint 
differential operator are determined. Results obtained 
during this learning period are also discussed In Chapter I.
2. The unconstrained problem Is solved numerically, i.e. 
starting with an arbitrary initial input xQ(t), t€ (O.T). 
the next element x^(t) of the sequence {xn^ con-
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structed from the condition of optimality ( VP[x] « 0)
with * ■ 0. Assuming its applicability in a particular
application anyone of the iteration techniques described
in the previous sections may be used for the explicit
solution for the input x^(t). If x^ is the unconstrained
solution then is evaluated fromo

lKll ■ «-0 (111-119)

3. If R i rQ (R ie the value of the input constraint) 
then the solution to the constrained problem is given 
by the unconstrained solution.
4. If R < rQ then operation on the boundary of the 
constraint will dictate that

||x1|| - R (III—120)

and the Lagrange-multiplier ^ is evaluated from Equation 
(III—120)• When operating on the boundary of the constraint 
the variation h(t) can be taken away from the boundary 
towards the constrained region so that inequality (III-5) 
is always satisfied.

When the input variation h(t) is fixed (as for example 
in the case of the identification of the adjoint differential 
through the reverse operator method) or the constraint itself
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Is of the "hard" type allowing for no tolerance band out­
side the constraint surface then on-line application of the 
input test signal is not permitted and provision for a pro­
cess model together with suitable switching instrumentation 
must be made* Means for obtaining the process model are 
described in Appendix I.

Steps two* three and four are repeated at each stage 
of the identification and optimization procedure to insure 
that the input constraint is satisfied throughout the 
operation of the system.

An analog model of the overall implementation scheme 
together with appropriate switching and logical decision 
functions is shown in Figure <111—3)• The scheme employs 
the reverse operator method for the identification of the 
adjoint differential and proceeds under the assumption 
that the adjoint differential may be related to measurable 
plant output differentials and the known function g(t).

A specific process consisting of the cascade of a 
nonlinearity N and a linear part L with an input-output 
relation given by Equation (111-85) is utilized. For iden­
tification purposes the input signal is perturbed by a fixed 
variation as specified by Equation (111-93) and the adjoint 
differential is expressed by Equation (111-94). During the 
first T-time interval switch is in position 1* switch 
is in position 0 as is switch and switch is in position
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1, With the period T assumed to be equal to or greater 
than the anticipated settling time of the process and the 
process Itself being asymptotically stable the effect on the 
plant output of past Inputs decays to zero. Thus, during 
the second T-time interval with S3 and as before
and switch in position 1, the process output depends only 
on xQ or equivalently the operator A is uniquely character­
ized by the process input during the interval (0 fT*) only.
An appropriate delay line stores the output ALxqJ. The 
sequence of events during the third interval is as followsi 

in position 1, S3 in position 2» while S2 and S4 are in 
their zero positions. The orocess output in the next T-time 
Interval depends only on xQ + yh and switch is still in 
position 1 with Sj in position 2 and switch in position
2. The scheme now performs subtraction of Ai_xqJ from 
ALx0 + yh] and devision by y giving a first order appro­
ximation to the output differential. Reversing in time the 
record of the output differential and multiplication of 
this by dN/dx results in an estimate for the adjoint dif­
ferential dA*Lx0 »90 -J* Next the unconstrained problem (a* 0) 
is solved numerically giving x^(t) in terms of the adjoint 
dA*Lx0 »90]* It is followed by testing for the input con­
straint condition* lf [|xif| ^ R switch is set to 
position 1 and to 2 and the constrained solution is the 
same as the unconstrained. If ||xljj } R then the 
Lagrange-tnultipller is evaluated and x^(t) is redeter-
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mined in terms of dA# and Switch S4 is set to posi­
tion 2 in this case. Delay holds x^t) for the next 
cycle of the implementation scheme. The identification 
part of the logical schematic is modified appropriately 
whenever the expansion method is used for the estimation 
of the adjoint.

Ill - 9. Multivariable Systems.
The extension of the adaptive optimal control scheme 

to plants consisting of a multiple of inputs and outputs 
can be made with relative ease. The formulation follows 
the procedure suggested by Pearson^ 111-8,9] . In 
Pearson considers the general plant structure shown in 
Figure (III-4)• and Hj are vector valued operators gen­
erally nonlinear with memory. The identification problem 
for the plant structure of Figure (III-4) dictates a 
partitioning of the input vector into components and a 
knowledge of the manner each component affects the process 
output. That is. some of the inputs affect the outputs in 
a finite memory manner, some others feed directly into pure 
Integrators which are preceded by only zero-memory odd 
functions and the last component feeds into pure integrators 
which are preceded by nonlinear operators possessing memory. 
For each class of input functions the identification problem 
is formulated in accordance with the outline presented in
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Chapter I and this formulation has reciprocal effectson the 
optimization problem [ill-io]. In this section a particular 
plant structure is considered,,shown in Figure (III-5), and 
consisting of n inputs and m outputs with ... Mn and N
being zero—memory nonlinear functions and ... Ln linear
operators of type zero. This assumption simplifies the 
presentation without any substantial loss of generality.

The i ^  component of the output vector is related to 
the input vector through the nonlinear plant operator A 
according to the relationship!

y<(t) * A LX.(t), x7(t),... x (t)J 1 1 1 ^  n (II1—121)
t c (0 , T), i * 1, 2,. . . m

or, in a more compact form*

¥<t) = ALxJ (III— 123)

The vector valued operator A is assumed to have a weak 
differential dALx, hj, given byt

dAlx» h] « + jrlll (III—123)ar =  o
Furthermore the differential dAi x. h] is assumed to be 
linear with respect to the variations Ji(t) and may be



considered as an m x n matrix of derivative operators 
operating on the vector h, or*

dAt x,h] = A =

t • t
A11

*
A12 • *• Aln

•
hl

•
• * • * « •

Aml *m2 *** ^nn hn
_ . _

« .1 1where represents the derivative operator for
Ai[x] corresponding to a variation in Xj only, i.e,

Aj,Lx]hi- llm *?.••• x, ♦ yh,... «„] - AlLxj

The 1th differential of the vector operator A[_x] follows 
from Equation (III-124) ast

11 •
i»] - Z * n L S ] ,hl

J J

1 * 1§ 21 11 ■ m

The performance functional for the multidimensional 
system, in correspondence with Equation (III-4) for the 
single input-output case, is given byi



The differential of Equation (111-127) is written asi

dj[x, h] ■
o

is an n-dimenslonal vector andwhere
m-dimensional vector with components respectivelyi

An n x m matrix of adjoint derivative operators 
will be defined via the following inner product 

relationship so that the vector of arbitrary variations 
h(t) does not appear in the expression for the necessary 
condition of optimality.

The elements of A •*(_£] recognized to be the ad joints
of the corresponding elements of the matrix A'^x] trans-

T

posed. In matrix form, designating the adjoint of



Substitution of Equation (III-130) into Equation (III-128) 
results im

Since h(t) is an arbitrary vector function in the interval 
(0,T) the necessary condition for the existence of an ex­
tremum of JLxj i* written asi

Each component of the n-dimenslonal vector gradient ex­
pressed by Equation (III-133) must vanish in the interval 
(O.T).

Techniques for the identification of the matrix of 
adjoint differential operators and for the Iterative solu­
tion of the vector operator Equation (II1-133) are similar 
to those discussed in previous sections for the one-dimen­
sional case. As it was pointed out already, knowledge of the 
manner in which the input functions will affect the outputs

(II1-132)
o

(III—133)
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Is necessaryr then each input is perturbed separately and 
the corresponding elements of the adjoint matrix are iden­
tified. A multi-dimensional search technique is required 
for the solution of Equation (XII-133).

The formulation, solution and Implementation of the 
conditional optimization problem follows directly from 
the single-input. Single-output case and the discussion 
above. It is only necessary to define an appropriate vector 
norm in Lp-spaces. If x(t)t X (X an Lp-space) is an n- 
dimenslonal vector then

An analogous norm is defined for the output vector y(t). 
The performance criterion may be defined accordingly and 
the formulation and solution utilize the concepts put 
forth above. The detailed analysis is presented in the 
next chapter in connection with the adaptive optimal 
control problem for plants described by nonlinear differ 
ential equations.

P < (III-134)
o
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CHAPTER IV 

DIFFERENTIAL EQUATION FORMULATION

In the previous chapter an integral operator re­
lates the output to the Input function. But realistic 
mathematical models of control processes, in most in­
stances, are given in terms of a set of nonlinear dif­
ferential equations. In this chapter it is assumed that 
the plant is described by such a set of equations. The 
differential equations are assumed to contain a vector 
of slowly - varying unknown Darameters.

The optimization problem is again formulated using 
classical calculus of variations techniques and the solu­
tion is obtained in the form of an iteration. For the 
measurement of plant differentials the procedure sugges­
ted by Pearson and Sarachik (_IV-lj and utilized in the 
integral equation formulation is followed. The identifi­
cation of the adjoint plant differentials (necessary for 
the construction of the sequence of input signals) is 
accomplished using both the biorthogonal expansion method 
and the properties of the reverse operator.

A wide range of performance criteria is again feasible 
through the use of the concepts of nonlinear functional
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analysis, and the case of bounded Input signals Is In­
cluded. Finally, the analysis here Is directly carried 
out for plants characterized by a vector input - output 
relationship.

IV - 1. Statement of_the_ProblemA
It Is assumed that the plant to be controlled is 

described byi

where

x(t) is an n-dlmenslonal input vector 

^(t) Is an m-dlmensional output vector

c(t) Is a vector of slowly varying unknown parameters of 
dimensionality k, and f is differentiable with respect to both 
x and y and these differentials are bounded and continuous 
in a finite time interval (0,T). These conditions will as­
sure the existence of an explicit solution for the control 
signal x(t) in the Interval (0,T).

A performance index is given of the formt

it t > = f(x* c) ( i v - l )

J(x) * (IV—2)
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where ie a fixed vector of desired output values 
(same or lower dimensionality than the output vector 
^(t) ) and G possesses continuous and bounded differ­
entials with respect to all of its arguments x and J(x) 
expresses the quality of system performance in the inter­
val (0 , T) •

The objective is to find a sequence of input signals 
jx*(t)j- , t € (0fT) , so that the limiting element of 

this sequence minimizes (maximizes) the criterion function 
J(x). The latter, being a measure of the overall plant per 
formance, may take different forms deoending on specific 
plant requirements. For example, in regulator problems

J<5> * ||j£a * Y<t>|| p

where j|z|J is the norm of z in Lp-space, and a measure 
of the difference between the desired and the actual out­
put values is minimized. In some applications the total 
output product is to be maximized.
Then i

J (x) ■ | |Y(t) | |  (with p = 1 )

Additionally the input signals will be constrained 
in magnitude to be less than a constant value R, or

||x(t)j| R (with p - + o e  )

(IV—3)

(IV-4)

(IV-5)
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Other forme for the performance index and the Input con­
straint are possible as it is shown in Chapter III. The 
particular expressions of Equations IV-3, 4 and 5 were 
chosen here because they lead to simple and meaningful 
solutions, from a practical point of view. The practical 
implications of this Kind of formulation are investigated 
in Chapter VI.

With the inequality constraint (IV-5) the problem is 
reformulated as followsi Find that value x(t) which maximi­
zes (or minimizes) J(x) while still satisfying (IV-5).

IV - 2 . Method__of So^utionA
It is supposed that a sufficient criterion of performance 

is the maximization of the plant output product, i.e. Equa­
tion (IV-4) is utilized. (The analysis proceeds along simi­
lar lines for other performance criteria). Employing the 
method of Lagrange multipliers, the right - hand side of 
Equation (IV-4) is augmented and the following synthetic 
functional is consideredi

PLxJ - |Jj£<t)|l Pl ♦ A||£<t>|lp2 (IV—6)

where ^ >  0 is the Lagrange-multiplier and p^ = 1, p^-^oo • 
The vector norms are given explicitly byi

(IV—7)
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and

l l s ^ l l p ,  *  < K ( t > l  ” 2  d t ) *  ( I V - 8 )

i

p2
o

Sarachik and Kranc LIV-2] Introduced a more general 
norm which enables each component of ^ and x to be con­
strained separately* but In the present case the more 
simple formulation of (IV-7) and (IV-8) suffices.

The necessary condition for the existence of an ex­
tremum of the performance functional (IV-6) is the vanish­
ing of its first differential. The sufficiency condition 
dictates that the second differential d^PLx, h, hj be 
strictly negative for a relative maximal value of the qual­
ity functional (Chapter II, Section 6). For functionals of 
several variables it is difficult to state such a condition 
explicitly, and of course much harder to prove and/or im­
plement it. It will be considered here as being satisfied) 
moreover the problems are again physically motivated and 
it should be intuitively clear whether the performance 
criterion is minimised or maximized. Finally, the value 
of the performance functional may be checked at each stage 
of the optimization process thus settling the question of 
the nature of the extremum.

The first differential of P[x] is given by*
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dP
■""» p. ^ - 1 rT —[x*ll] “ ( [ jE JyjL^I dt) ( Ŝ Ĵ VLx] h <*)

K  111
,T*» p., -

(  j  %  |xi«t)| dt)*« J h(t) £L*]dt

dt

(IV—9)

where h(t) is an n-dlmensional row vector whose elements 
are arbitrary variations belonging to the input space X. 
And by definition!

n P 2 - 1  P 2 - 1tLxJ ■ ( | >cx | sgnx1# | x2 1 sgnx2,... |xR | “ sgnxn)

Pl-1= < | Vi) sgnyĵ , |y2| * sgny2,.,. | yffl | * B<?nym)PX-1

P2-1 .Tignxn
(IV-10)

Pi-1
sgnymJ

(IV-11)

The symbol ( ) denotes transposition of the rows and 
columns of a vector or matrix* Alsoi

dy[x] hT(t) =

m

dyu [xj dy12L5- • • dynLSJ
• *

hl
•

•

dVmlL2J
4 ,

aym2Lx] .. aymnLx]
4

hn

(IV-12)

In general dy^^Lx] represents the derivative operator 
for y^[x] corresponding to a variation in x^ only, i.e.
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Y l [ x 1 »x 2* • *x  j  + y h j * " x n J “  Y i l x J  

dyi j ^  “ y (iv—13)

Introducing the n x m matrix of adjoint derivative oper­
ators dy*Lx] through the inner product formt

t T (T T
fa (t) dy[xj h (t) dt * I h(t) dy*LxJ fl. (t) dt (IV-14)
'o o

with

d y * [ _ x ]  3 ( t )  =
dyllL--̂  dYi2L2J ••• dYimLx]

ay^LxJ <iy‘2ix] ...

■31
(IV-15)

and defining the gradient of the performance functional byi

T
dPLx, hj * fll(t) gradPlxldt (IV-16)

since h(t) is arbitrary, the vanishing of the gradient is 
an equivalent necessary condition for the existence of an 
extremum of PLXJ»

For * 1 and by substitution of Equation (IV-14)
th* _

into4expression for the first differential of PLXJ» Bqua-
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tion (IV—9), and finally through utilization of Equation 
(iv—16) the vanishing of the gradient of PLxJ is directly 
expressed byt

Each element of the vector gradPLxJ must vanish in the 
interval (0,T). A sequence of input functions can now be 
constructed with each member of the sequence computed from 
the previous one according to the relationship!

The limiting sequence results in the optimal input vector 
x*(t), t( (OfT), which satisfies (IV-17).

For the iterative solution of the vector nonlinear op­
erator equation (IV-17) the matrix of adjoint differential 
operators dy*[x] must be identified and the Lagrange- 
multlplier A evaluated. Before methods for evaluation of ^ 
and the implementation of the adaptive scheme are presented, 
two techniques will be described in the following sections 
leading to a solution of the identification problem.

(IV—17)

* s (*k - dy*Ls*J> (IV—18)
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IV - 3. Identificatlon_of the Adjoint Differential
Op£ratorA

The adjoint differential operator will be Identified 
through direct monitoring of the plant output vector and 
measurement of first order plant differentials. Specifi­
cally, the output vector observed for a period of time 
equal to T with a known vector x(t) applied to the plant 
input, [hiring a subsequent time interval (0,T) the i ^  
element of the input vector is perturbed by the variation
x ^h and a measure of the variation of the Jthi i"i

output component is obtained byi

f y ^ t x ,  = y j ( x i» x2, . . . x 1 + £x1( . . . x n) -  yj(x) (IV-19)

With £x^ = y^i an<̂  division of the expression on the 
right-hand side of Equation (IV-19) by y , while keeping 
 ̂ small, yields a first order approximation to the dif­

ferential dy^(x, h^). The procedure just described is 
applicable only to a small class of systems, i.e. type 
zero, with no accumulation present in the plant and only 
after the latter has reached a "steady state" with respect 
to the input x(t). Pearson and Sarachik L*v~l] have presen­
ted methods for the identification of the differential op­
erator when the plant is of type other than zerot the time 
required for identification increases with increasing number
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of pure accumulators present in the plant structure as it 
is described in Chapter I. For simplicity it is assumed 
here that the plant is of type zero*

Substitution of the variational form for both input 
and output variables into Equation (IV-1) and retainment 
of the first order terms of the Taylor's series expansion 
results int

H^(t) are generally time-varying matrix multipliers in the 
Interval (0,T) functions of the parameter vector c and 
given byi

(IV-20)
for 1 = 1, 2f **.n

where is an m-dimensional column vector and F^(t),

aflL*.x,c] 3flL*.x,c]

a n aVm
F±(t) - (IV—21)

3fmL2»xtc]

avi

and
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o o

Hi<t) ■ 0 a ̂ 2^*— ^
(IV-22)

0 dfmlX*x*£]

d*±

If the parameter vector c is known, F^t) and H^t) may 
be computed from known values of the input and output 
vector functions. The linearized Equation (IV-20) is one 
of a series of vector equations which are obtained as 1 
takes on values from 1 to n, i.e. as each input is separ­
ately excited.

If $(t,T) is the transition matrix corresponding 
to Equation (IV-20) and matrices F^(t) and H^(t) are as­
sumed to be bounded and continuous in a closed finite in­
terval L*v~3]* then the solution to the system of linear 
differential equations (IV-20) may be expressed in the 
following formi

(IV-23)
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or, in a more compact form, ast

*  * £ V n i ( 0 >  *  B £ * l (IV—24)

with A and B representing linear operators* The Inner 
product defined by the left-hand side of Equation (IV-14) 
will be designated byi

To identify the differentials of the plant output It is 
necessary to drive the plant into the “steady state*' con­
dition (for example by applying a sequence of identical 
inputs for successive T-time intervals) resulting in identical 
initial conditions for the same T-time intervals. Thus the 
first term of the right-hand side of Equation (IV-26) will 
vanish*
By definition!

(IV—25)

Utilizing property 2, Equation (11-19), of the inner 
product form. Equation (IV-25) is written asi

<a<*>» B £*!> ■ < B*a(x) > (IV-27)
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With B &xt> in general» given byt

t
B £*i " ^  (t, X }H1(T) fx1(T)dT

*•

the left-hand side of Equation (IV-27) may be written 
explicitly ast

“ aLY(t)] f f  (t»T)H^(T) It) jt dt
Jt. i.

For a physical system the impulse response matrix 
^(t,T)H^(x) is identically equal to zero for 

therefore the upper limit of the inner integral in the 
right-hand side of Equation (IV-29) may be changed to Ti

T
<a<*)»B £*i> ■ faL^(t)J ( ¥  (t,T)H1(T) Sxt(T)

K. *.
dl dt

Next the order of integration is changed resulting lm

<a(^)*B£ki> ■ JjaLitt)] ¥ (tyx)Hi(T) £x1(x)dtdx

Equation (IV-31) may also be written ast

< aty)

(IV—28)

(IV-29)

(IV—30)

(IV-31)

j- Tatax
(IV-32)
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The variables of Integration t and x are Interchangedi

< a ( i )  * B  £ * ! >  =  J  S x jLT ( t ) H 1 T ( t )  |  ^  ( T  , t ) 2T L ^ ( T )  J d T d t
(IV—33)

It Is recognized that the adjoint differential operator 
B*3 (̂ > is given byi

B*3^) = H^(t) j* (T,t)3 T[x(T) ]dT (IV—34)

since the lower limit of integration may be changed from 
t to t ( for x < t  for a physical system).

IV - 4. E.bysical_I]2ter£>rstation of_the_AdJoint_Differ-
ent 1 a 1 jcgera tor.

In order to simplify the exposition a scalar version 
of Equation (IV-20) will be considered, i.e.

^ y  * F<t) £"y + H (t) v IV—35)

Let k(t,T) be the response of this linear system to a 
unit impulse S^(t-T) and let an operator B be defined by

B = |k(tf T )dT (IV-36)
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In the Interval (0,T) the adjoint operator corresponding to 
Equation (IV-36) is given by*

B* * j k (x»t)dT (IV-37)
i

and

B*g(y) = ( k(T ,t)gLy(T) ]dx (IV-38)
t

The solution to the differential Equation (IV-35), drop­
ping the initial condition term, is given byt

t
£y(x, £"x) = jk(t,T) £x(r)dT (IV-39)

o

A reverse operator R is defined by the relatiom

|  X ( t ) j  = x(T-t)»R I X(t) = x(T-t), t € (0»T) (IV—40)

where x(t) belongs to the interval (0,T). Using definition 
(IV—40) in conjunction with Equation (IV-39) results in

t  -t
R | £y(x, £*)| = j" k(T-t,t ) £x(r)dT (IV-41)

This last equation, with a change of the variable of inte­
gration from t to T- X , is written asi
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T

R  |  f y ( x t  £x)J * j "  k(T—t,T—T) Sx(T-T)dT (IV-42)

But

Sx(T-T) * R ^ Sx(T) |
with Tfe(O.T)

(IV-43)

Introducing a specific variationi

fx(t) = R { gLy(t)]j

and since R R
111-81) it follows thati

= x(t) (Property 1 Equation

—  r TR | £y(x, Sx) j  = j k(T-t,T-T)gLy(x) Jdx

(IV-44)

(IV-45)

Since it is assumed that the plant dynamics remain 
time-invariant in the interval (0#T) the coefficients F 
and H of the differential equation (IV-35) do not vary in 
the same interval and the expressions on the right-hand 
side of Equations (IV—38) and (IV—45) are identical} thus, 
through linearization, a first order approximation for the 
adjoint differential dy* is given for t e (0,T) toy running in 
reverse the monitored output differential dy which in turn 
can be obtained approximately as suggested by Pearson and 
Sarachik [iv-l]. This approximate identification of the 
adjoint differential does not require knowledge of the topo-
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logy of the system differential equations. If the topo­
logy is known then dy* may be related exactly for a lim­
ited class of systems to the plant output differentials} 
the procedure is the same as that Introduced in Chapter 
III for processes described by integral operator equations.

A second method for the identification of the adjoint 
differential operator is based on an expansion of the op­
erator dy*[_xtg(t)] in terms of biorthogonal sequences of 
time functions in the interval (0,T). That 1st

<*y*Lx,g] a f t(t) t£(0,T) (IV-46)

with

< fA(t)f h j(t)> = {IV—47)

Theoretical aspects of this kind of representation have 
been Introduced in Chapter III Section 3. An expression 
for the unknown coefficients a^ (in terms of measurable 
differentials) is obtained by substitution of the series 
representation (IV-46) into the defining equation for the 
adjoint. Thust

ai * f | 9Lx(t)JdyLx,h1]dt (IV-48)
0

The choice of the time functions is based here as in
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Chapter III on the Gram-Schmidt orthogonal!zation process 
which utilizes the fewest number of terms and closely 
approximates the adjoint operator*

IV - 5. £mj>l£m£ntation_of Solution^
Having determined the adjoint differential operator 

the evaluation of the Lagrange-multiplier A is incorpor­
ated in the total implementation scheme which is Identical 
to the one presented in Chapter III* Section 0 for the 
Integral operator case* The solution* that is* proceeds as 
follows I
1* The unconstrained problem is solved numerically* i*e*
Equation (IV-17) with A = 0 is solved iteratively for the
control signal xMt) starting with an arbitrary initial
input x (t). Anyone of the iteration algorithms presented -o
in the previous chapter may be used for the evaluation of 
x*(t). Then rQ is determined byi

|| xMt)|| = rQ (IV-49)

2. If R i r the solution to the constrained problemo
is given by the unconstrained solution.
3. If R < rQ then operation on the boundary of the con­
straint will dictate thatt

II a  11 - R (IV—50)



122

and the Lagrange-multiplier Is evaluated from Equation 
(IV-50). Steps onef two and three are repeated at each 
stage of the Identification and optimization procedure to 
Insure that the Input constraint Is always satisfied. The 
discussion pertaining to the Implementation scheme as 
presented In Chapter 111 carries over to the present case 
of plants described by a set of nonlinear differential 
equations•
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CHAPTER V 

DISCRETE SYSTEMS

In the previous two chapters an approach to the pro­
blem of the adaptive optimal control of nonlinear systems 
was presented. The plant was described by a nonlinear con­
tinuous integral or differential operator mapping input 
time functions into output time functions.

The complexity of the operations will most certainly 
require the use of a digital computer to implement the 
adaptive control scheme. The computer through a digital - 
to - analog converter delivers piecewise constant control 
signals, the levels of which may be changed at discrete in­
stants of time only. If the output is monitored at these 
discrete-time Instants the plant can be thought of as being 
characterised by a discrete operator mapping discrete input 
functions into discrete output functions, Bigelow L V - l J  
formulated the sampled version of the continuous case using 
the methods of functional analysis. Sarachik [v“2» 
followed a more straightforward method of analysis using 
calculus of variations techniques in a finite dimensional 
space. In this thesis a more general problem is considered.
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With the tools of functional analysis, the extension la 
made to the multiple input-output discrete case and a 
solution Is presented for the conditional optimization 
problem* A bound is placed on the input time function and 
the Lagrange-multiplier technique is used to formulate the 
modified performance functional. Finally, an v -spacep
analysis is found to be necessary for the inclusion of a 
wide class of performance criteria.

V - 1. The fiiscrete^Single Ingut-Output_5^stern.
It is expedient first to develop the fundamental con­

cepts in terms of signals with only a single component. This 
approach, as in Chapter III, will facilitate a better under­
standing of the basic assumptions, the notion and the me­
thod of formulation and solution of the problem. It is assumed 
that the input x and the output y are discrete time signals. 
Furthermore, the input will be assumed to be unconstrained 
with the treatment of the case with an input constraint de­
ferred for a later section. The results here are similar to 
those reported by Bigelow LV-lj,

The relationship between the plant output y at time 
tn, namely y(tn)t and the discrete-time input x will be 
denoted by*

y(tn> * V - XJ (V-l)



where An is generally a nonlinear summing operator having 
a weak differential at each instant of time tn. The discrete 
levels corresponding t o n =  1, n = 2,... n ■ N extend 
through the whole optimization interval (0,T), starting 
with tj = 0 and ending with tN = Tp and this interval is 
equally subdivided. It is assumed that the plant is a 
combination of linear dynamics and zero-memory nonlinea­
rities j for the identification process the number of pure 
accumulators in the linear part must be known a Driori, and 
also the form of the nonlinearity, whether even or odd, must 
be determined. The following factors are given or assumed)

a) The performance functional, which for the case 
under consideration will be of the formi

N .PLx] = ZiGLx(tn), y(tn), y (tn )J (v
where, by assumption, G is a given twice differentiable 
function in x and y,

b) The desired output state yd(tn) taken to be 
constant,and

c) The control signal set X. The problem is to 
determine a control signal x°(tn), n * 1, 2, ... N, which 
belongs to X and minimizes PLX1-

The necessary condition that PLx] attain an extremum 
with respect to x is that the first differential dPLx»h] 
vanishj M t n) being an arbitrary amplitude variation of
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x ( M t n) is also specified at discrete instants of time tn, 
n = 1, 2, ... t- ). From Equation (V-2) this differential will
be*

dPLx.h] = dALx(tn),h(tn)]j
11* 4, {v-3)

It is more convenient to formulate the necessary condition 
of optimality in a form independent of the arbitrary var­
iation h. with this as a motivation the adjoint differen­
tial operator dA*Lx(t ),g(tp)1 is defined by the inner pro­
duct relationship*

N N
T g(t ) dALx(t ),h(t )j = Z h(t ) dA*l_x( t ) #g( t ) ] {V-4)n  n  n  _. j 11 n  nw.l 11llJ

Recognizing that*

hit ) = . ,n ay(tn)

and substituting Equation (V-4) into Equation (V-3) a 
relative extremum of Pi_x] exists if

i h < V  {-£ifar * d A ‘ L x < t n > -  T 7 T T p -  J j  - 0  < v - 5 »



128

Since by assumption b(tn) is arbitrary in the interval 
n - l to n * N, it follows from Equation (V-5) that PL.x] 
attains a relative extremum when

.. .. + d A  t V  ] = 0a x ( t n ) L a y ^ n )  J
for n = 1, 2, •,. N

(V-6)

An explicit solution for the control signal x(tn) 
will requiret

a) The identification of the adjoint differential 
ODerator dA*[_x( tn) ,g{ tn) ] at all instants of time t̂ , t 
... tn;

b) some iterative scheme for the solution of the 
nonlinear ooerator Equation (V-6).

Two different methods for the identification of 
dA* are given in Chapter III. They will be utilized here 
for the identification of the dicrete adjoint operator.
3oth methods presume Knowledge of the differential 
dA|_x( tn) ,h( tn) ] , and the latter is conveniently approxi­
mated by i

A|_x(t ) + jfh(t )] - ALx(t )]<»Lx(tn),h(tn)] = -----   2--- S- - - - - - - - - - -  (V—7 )

where y is a small number.
The first method, based on the properties of the
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reverse operator, is limited to some classes of systems 
and presumes knowledge of the general plant structural it 
will be illustrated assuming the following form for the 
plant operatori

± -ax(t )*[xj * y_<ti> + 2 Mt1(tn) Li - • ]
*n

with k(t.,t ) an unknown kernel. The differential of i' n
A^xJ Is given byt

i -ax{t )
<SA[x,hJ * 2 k(ti,tn)ae n h(tn)

■n = l

and the adjoint differential operator d**£x(t^) g(tA)J 
is defined by the inner product relationship expressed 
by Equation (V-4) which is repeated here for conveniencei

N N
2_ g(t1) dA[x( t., h( t^) J ■ dA*£x(t^) ,g(ti) J
in

Substituting Equation (V-9) into Equation (V-10) we 
obtaini

n J: -ax(tn) "
2  2  fc(tlttn)ae h(tn) * 2  h(ti)dA*[x(ti)fg(t
i = i *ul U<

( V-8)

(V-9)

(VOO)

)J
(V-ll)
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Since k(t^,tn) = 0 for n > i for a physical system we may 
write Equation (V-ll) in the formt

N  n  N
Z g l ^ )  Z  k<ti»tn) a^(tn)e_ax( tn =̂ Z h <ti)dA*Lx(ti) »g(ti) ]
Kzi ir*

(V-12)

According to the oroperties of the bilinear inner pro­
duct relationship we may interchange the order of sum­
mation resulting ini

N -ax(t 1 £ £Z ah(tn)e n 2. k(tit tn)g( tA) = 2. h(t1)dA*Lx (ti)met i-i i=l
(V—13 )

An interchange of the running indeces n and i results ini 

N . N N
^ a h ( t i)e *X 1 2  X(tn, t1)g(tn) = 2- h (fci ) dA*Lx < t*) ,g (tt) ]
i r I + s i i --1

(V-14)

But k(tn#t1) = o for t^ > t (a physical system is again 
under consideration), soi

N ( . n N
2. h (t±)ae~aX Z  M t  .t^gtt ) * Z  h(t1)dA*Lx{t1),g(t,)]
i-.i

(V—15)
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From the above equation dA* is recognized to bet

N
dA *i_X (t. ) gtt^)] = ae_ax^i^ 2. h(tn, ti)g( tn)

1  X  T » ; l

In general with b|_x] representing a twice differentiable 

zero-memory nonlinear device, and

i
Alx J = Votti) + Z  k <ti»tn) -;Lx (tn)]Hi i

the adjoint differential operator takes the formt

N

Introducing a discrete inverse operator R by the relation­
ship!

R | x( tA) j " xtt.^)

where t^ is an element of the discrete time interval 
t^ to tn and x(tA) belongs to this interval, and apply­
ing this reverse operator to the expression for the 
differential of A[_x], with a change of the summation 
index and proper attention given to discrete differences 
from the initial point, results i m

R j dALx.h]] - 2.t«eH_1.tN._n)ae~BS,(tN-n> h(tN_n)

V-16)

V-17 )

V— 1R)

V-19)

V-20)
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But

..-•x(tN-n) h(tN.n) - R J h(tn)j

With a partia-ular variation h(tn), given byi

R {9(tn)j 
h <tn) - U x U n Tw

and utilizing property 1, Equation (111-81), of the re­
verse operator* Equation (V-20) can be writteni

If the system under consideration has a kernel which is 
not varying in tie time Interval (0,T) then Equation 
(V-23) takes the formi

r - 1 NR j dA[x,hjj » Z. k(tn *tl ^ ^ tn^

It Is recognized that the discrete adjoint differential 
operator dA*[x(t^)tg<t^)J is now given byi

dA*£x(t^)»g( t^) J ■ ae-**^!^ r J dA[x*hJ J

(V-21)

(V—22)

(V-23)

(V—24)

(V—25)

For the more general plant structure of Equation (V-17)
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dA^Cxtt^),g(t^)J is written explicitly ast

- — aJrEj-f R | <J*[x,K] J (V-26)

Experimentally the discrete levels of the adjoint operator 
are found by reversing the order of the discrete levels
of dA[x,hJ and m ultip ly ing each by the  corresponding va-

<5N
lu* of — JETtTT •

The second method for the identification of the ad­
joint operator is based on Kulikowski's expansion tech­
nique j he suggested an expansion of dA*[x#g] in terms of 
orthonoraal time functions for plants described by contin­
uous operator equations. Presently# we may express dA*£x,gJ 
ast

co
<3*0.gj - <fcn> (V—27 )

with

i  £  f  0  1  * 1
r I w W  { ,  l m }  <v- 28>

Substitution of Equation (V-27) into the defining equa* 
tlon for the adjoint operator# Equation (V-4)# results lm

N N
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or i

2_ g{tn)dA[x(tn) »h(tn) J - I  I  * / h<tn)h/ l tn> (V-30)ti.i " I
From the orthogonality condition and Equation (V-30) 
above follows immediately thatt

i N
*/ " S Z  g(tn)dA^x(tn)*h / (tn5j (V-31)
{ y\-.i C

The discrete time functions h ̂ (tn) must form an orthonormal
set and can be chosen conveniently as the unit vectors 
along the orthogonal axes, i.e.

h ̂  (tn) * (0, 0, .••* 1, 0, •••)

where the value of 1 is assigned to the element.
Finally, the discrete nonlinear operator equation 

(V-6) may be solved explicitly for the control variable 
x(tn) utilising a discrete version of any of the itera­
tion algorithms discussed in Chapter III.

The conditional optimisation problem is considered 
next. The plant la again supposed to consist of a single 
input and a single output and the analysis is carried 
out in an ^-space. As it was pointed out by Sarachlk 
[ v - 3j ,  the input and output functions are actually ele­
ments of finite dimensional spacesi this realisation
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leads to simplified rssults regarding the identification 
problem and the Iterative solution of the nonlinear oper­
ator equation [ v - 6j »  Yet, it is found to be convenient to 
formulate the solution with both the input and output

V - 2. Condit^onal Optlmi£* Discreta_S^ste*nsa
For the single input-output case the conditional opti­

misation problem is formulated in the following wayi

where R is a given positive constant and p^, 1*
A regulator problem is presently under consideration.
A wide class of performance criteria may be formulated 
using the same approach and depending on the plant re­
quirements! the analysis proceeds along similar lines. 
The norm of a discrete time function x(tn) in /p-space 
is defined byi

functions assumed to be elements in lp-apace.

The functional || y^ - A^xJ J| is to be minimized subject 
to the constraint

IIx  II p 2*  R (V—32)

(V-33)
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The augmented performance functional p[x J la formed*

p£*J ■ a 11*11 p2* II yd - At*J|lPl (V-34)

where A is the Lagrange-multiplier and will be determined 
from the input constraint condition. Different types of 
physical constraints could be imposed by choofting differ­
ent values for the parameter p2> If p ■ 2 in Equation (V-33) 
the "energy* or *power" of the Input signal is constrained* 
p - 1 corresponds to an area constraint and for p « «o we 
obtain the set of signals bounded in magnitude. It is our 
purpose to determine a sequence of input signals which will 
minimise the performance functional. The necessary condition 
for the existence of an extremum of p [x ] is again expressed 
by the vanishing of the differential of the performance 
functional. The first differential of p[x ] will be evalu­
ated from the defining equation*

dp[x,hj • d Y (V-35)

Substitution of x(tn) + ^ h f̂cn̂  for x f̂cn̂  *n 
(V-34) and differentiation with respect to y yields*
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d p [ x , h j  ■

1
Pi ( I  |yd-A[x j|Tl -p X  |yd-A O J |  * *<jn(yd-A[x(tn ) J

T> - i ^ >1 r 4.
(V-36)

with sgn^eftj^JJ defined by

sgni_r(tn )J - -
+1 for *(*1̂  ^ 0
-1 for * C tn) < 0

(v-37)

As in the previous section the adjoint differential oper­
ator will be introduced, this being motivated by the 
desire of expressing the necessary condition of optimality 
in a form which does not contain the arbitrary variation 
h(t )• For a more concise formulation leti

Then dA*[x(tn),g(tn)J, the adjoint differential operator, 
is defined by Equation (V-10) which is repeated here for 
conveniencei

Substituting Equation (V-39) into Equation (V-36) the nece-

n

£  g ( t n ) d A L x ( t n ) , h ( t n ) J  •  £  h ( t n ) d A * C x ( t n ) . g ( t n ) J (V-39)
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ssary condition for the existence of an extremum can be 
rewritten ast

since h(tn) is arbitrary In the interval n * 1 to 
n - N. Equation (V-41) is similar to the expression de­
rived for the continuous case In Chapter III. For dif­
ferent values of and Equation (V-41) may be solved 
explicitly for the control signal x(tR) utilizing a 
discrete version of anyone of the iteration schemes des­
cribed previously.

Finally* intuitive considerations in most physically 
motivated problems dictate that the norm of the input 
x(tR) lies on the boundary of the constraint* ori

(V-40)

or i

<V—41)
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11*11 P2
* R (V—42)

From Equation (V-42) the Lagrange-multiplier % is eval­
uated « The implamentation achama Involves exactly the same 
steps as those described In Chapters III and IV for con­
tinuous systems.

V - 3 .  Muitipie_Input__-_Ojjt£ut Die C£e t e_Sy s t am sx
Consider the system shown in Figure (V-l). The non- 

linearities N^f ... Nm and N are zero-memory and the linear
parts L.t ... L are of type zero* i.e. the plant possesses-L m
no pure accumulators. The particular plant structure con­
sidered here facilitates a simple presentation of the basic 
ideasi more complicated plant structures may be studied with 
suitable extensions of the identification and optimization 
techniques.

There are m inputs to the plant and k outputs. The 
input vector 2£(tn), at the instant tn, is defined to be 
the column vectort

Similarly the output vector th* column vectori

(V-43)
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x <tn > ■ 001 { y i (tn >> yic(tn>}

The i**1 component of the output vector 1* related to the 
Input vector through the nonlinear plant operator A ac­
cording to the relatlonahlpi

■ AiCxi(V >  x2< V > - "
1 - 1 ,  2, ... k

Or In a more general vector formi

2 <tn) - A[*(tn)J
for n * 1, 2, .,. N

The weak differential of the discrete vector operator 
&[sJ is by definltioni

■“ Cs.aJ - ^ a Ls c o  + yn<tn>J

where h(tn) is a column vector of m arbitrary components 
belonging to the input function set X, The differential 
dx[x ,hj may be considered as a k x m matrix of derivative 
operators operating on the vector h, on

(V—44)

(V-45)

(V—46)

V-47)
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dA[x,hJ

t * t
A 11 A 12 • * * Alm h l

« • » *
A kl A K2 ' ’ • ^ hm

* • r -Iwhere A^j ■ (_xj represents the derivative operator
A^fx I corresponding to a variation In Xj only, i.e.

A.£xi,Xj.a• 
A* X xJh J ■ —— —— — —

with 1 « 1,

The 1th differential of the 
from Equation (V-48) asi

j * ~ *jteJ
y

2 1 * e s k  and J ® X# 2 1 *** in

vector operator a£x ] follows

^ •
^iLx.hJ - Z  Aij CsJsj

1 * 1, 2, ... lc

With the same problem in mind as treated in Section 1 
of this chapter for the single input-output case, the 
performance functional for the multi-dimensional iystftsi 
will bet

(V-48)

(V—49)

(V-50)
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a.F[xJ - 2<3[s(tn).i

And the necessary condition  fo r the ex istence  of an ex- 

tramum is  axpraaaad aai

fc“ n> + * t* (* » ) .a < * „ ij}

a Gwhere ■ Is  an m-dimensional vactor and ■■ la  a3 x  a ̂
k-dlm anslonal vactor w ith components re sp ec tiv e ly i

{-iky} l 

( a l f c r  j  t  •  a 7 7 ^V

2 | a a a in J * 1 | 2f a s *  k
snd n ■ 1̂  2 f a a a N

For the development o f the a d jo in t d i f f e r e n t ia l  op­

e ra to r  # define  an m x k m atrix of d e riv a tiv e  operato rs 
A**£x(tn)J by the lnnar product re la tio n sh ip !

2 a(tn) | A'a(tn)j i(tn)j. 2t(tn> j *'*[s(tn)ia(tn)|

(V—51)

* 0
(V-52)

(V—53)
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Substituting Equation (V-53) Into Equation (V-52) we obtaint

2  t t v  { + A ' * C £ < t » , J i ^ r }

(V

Or* since h is an arbitrary vector function

- o  (v

n ■ If 2f * * * N

The elements of matrix A**£x(tn)J are recognized to 
be the adjolnts of the corresponding elements of the ma­
trix A'[x(tn)J transposed. In matrix form* designating the

t • *adjoint of A by 1

-
• * • * • *

A11
•

A21 * * * ^ 1 *1
•

• * • * • * e
Alm A2m * * * Akm

.

(V

-54)

-55)

-56)

The techniques for the identification of the adjoint are 
the same as discussed for the one-dimensional case with
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each componant of tha Input vactor perturbed aaparataly 
for tha estimation of tha plant differentials. If tha 
Input and output spacaa ara conaidared to be flnlte- 
dlmanaional than tha operator A**[x(tn)J la given by tha

(See Reference (V-4), p. 103).
The discrete operator Equation (V-55) may be solved 

explicitly for tha control vector x(tn). Tha principle of 
contraction mapping, Newton*a method or the technique by 
Altman could be applied for tha solution. For example, if 
Equation (v-55) la written ast

Altman*a method generates tha sequence of input signals 
through the iterationt

transpose of the matrix for the operator A*£x(tn)]

(V-57)

£n*l(tn> - Sm(tn>- (V-58)

n

with the components of £ and y defined as in Section (III-7) 
for the continuous single—dimensional case.

The multi-dimensional conditional optimirationproblem
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follows ths formulation presented in Saction (V-2) with 
sultabla vactor notation, and for lta solution similar 
stops as thosa introducad abova for tha multivariable 
unconstrained problem.

Computer flow diagrams for the digital implementation 
of tha adaptive control algorithms are presented in the next 
dhapter where specific applications are discussed.
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FIGURE V-l
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CHAPTER VI 

CASE STUDIES

In this chapter three case studies are presented.
The examples were chosed for the simplicity of the plant 
equations, the ease of mathematical formulation and in 
some Instances the availability of an explicit solutions 
they illustrate basic concepts avoiding unnecessary de­
tails. It Is assumed that an exact description of the 
plant equations Is available. This la necessary for the 
digital implementation of the adaptive scheme since a con­
tinuous record of the system output Is needed. If the scheme 
were to be applied to an actual process, then direct moni­
toring of the process output would suffice. The approach 
followed here offers a number of distinct advantagesi It is 
possible in some cases to evaluate directly the plant dif­
ferentials thus furnishing a means for comparison with the 
approximate technique and providing useful information re­
garding the choice of values for the parameter ^ . Similar­
ly the identification of the adjoint differential may be 
accomplished in a dual fashion affording the same kind of 
comparison. In one case a mathematical transformation of



the eyatem equation from the integral operator form to the 
differential operator deacrlption la feaaible. The two ap­
proaches described In Chapters III and IV are found to 
lead to Identical results*

At the same time with an a priori knowledge of the 
plant equations and a digital simulation of the overall 
adaptive scheme some of the procedural stept are eliminated 
The Initial learning period is not present herej also the 
initial conditions can be set to the deaired values at the 
beginning of each period simplifying the identification 
problem for plants possessing one or more pure accumulators 

The main stumbling block for the mechanization of any 
complex or multivariable process is the computational pro­
blem associated with the search procedures presently avail­
able. First variational procedures are found not to con­
verge and second variational techniques are difficult to 
implement. A modified Newton*s method was used in most 
cases and reasonably satisfactory results were obtained. 
Numerical results were obtained using an I B M 360 Model 
SO computer at the Computation Center of the City College 
of the City University of New York. The programs were 
written in the FORTRAN IV language and the actual computer 
prlnt-oute are included in Appendix II. In the following 
sections the problem formulation, digital implementation 
and graphical results for the three case studies are des-
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cribed

VI - 1. Number_l
As a first example the plant structure shown In 

Figure VI-1 is considered. The input nonlinearity N is 
given by*

with c and a given constants specifying the nonlinear 
characteristics of N. in an actual process these para­
meters need not be known a priori* but may be deter­
mined through steady-state measurements as it is shown 
in Chapters I and III. Figure VI-2 shows a plot of N(x) 
vs. the input variable x. N(x) is zero - memory.

The linear part L of the plant is assumed to be 
type zero. In its simplest form it has a transfer func­
tion specified byi

Y, . const.-(•) ■  ----V s+b

where b is a constant.
The overall output time response is given byi

N(x) - c[l-e *aX] (VI-1)

o
(VI-3)
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For the computer solution the following values were used 
for the constantsi c* « 1, a * 0.5, b * 0.5. Ths plant 
settling time is given approximately by Tg ■ 5*l/b ■ 10.
The optimization interval (0,T) was chosen to be equal to 
ten time units, i.e. T ■ T with the Interval (0,T) equal-B
ly subdivided into ten subintervals.

We seek to minimize the functionsli

_ , 2
Jtxj « || y ACxJ|| 2 (vi-4)

under the constralnti

2
|| x |J 2 Z R (VI-5)

The constant level of the desired output state was set 
to unity and two different values for the positive con­
stant R were used In the simulation% the first one resul­
ted in an unconstrained optimal solution for x(t) and the 
second forced the system to operate on the constraint 
boundary•

Minimization of the augmented performance criterion 
p[xj, wherei

K * J  ■ || * II \  *  IIyd - A[*J|| 2 (VI-6)
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and ^ being tha Langrange-imiltlplier, raaulta In tha fol­
lowing two implicit aolutiona for x(t)i

For 9i ■ 0 (unconstrained solution)

- dA*[x,gJ * 0

And for ^ > 0 (constrained solution)

x(t)-dA*[x,gJ ■ 0

The adjoint differential dA*[.x,gJ Is evaluated as 
followsi An estimate of the plant differential dA^x,h] 
is obtained first through the relationship!

Q

Values for y utilised in the computer program range 
from ^ ■ 0.001 to ^ * 0.1 In an actual process operation 
of the adaptive scheme noise considerations will limit 
rhe lower bound of y .

According to the results presented in Chapter III, 
the adjoint differential dA*[x,gj is given byi

(VI-7)

(VI-8)

(VI-9)

-ax , ax . -j
<SA*[x,gJ * • R j <5A[x,e R j g | J j (VI-10)



153

with a particular Input variation h(t) glvan by»

h<t) - -Siffiil (VI-11)
<Wdx

and

g(t) • yd - A[xJ (Vi-12)

Thus the adjoint differential la evaluated experimen­
tally by tabulating In reverse order the estimated va­
lues of d&^Xph] and multiplying each by the correspond­
ing value of aax.

It is possible to determine directly the exact ex­
pressions for both the plant differential and its ad­
joint. That is from Equation (VI-3)i

A  -b(t-T) -ax(T) 
dA^XphJ ■ I c'e ae h(x)dT (VI-13)

and

-ax( t) -b(T-t)
dA*[x,gJ ■ e I c'e g(T)dX (VI-14)

The above two equations ware used In a particular simu­
lation and the results compare very well with the appro­
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ximate onta derived from Equations (VI-9) (with y ■ 0.01) 
and (VI-10) respectively*

The computer program incorporates a trapezoidal rule 
for the evaluation of the integrals. It is also possible 
to use other available and more accurate Integration sub­
routines whenever this is deemed necessary.

All three iteration techniques described in Chapter 
III were utilized in the search for the optimal value of 
the control signal x(t).

It was found that tha expressions (VI-7) and (VI-8) 
are not contractions with a Llpschltz constant of 0.5.

Altman's method was applied in the following wayi 
The Iterations of Equation (II1-122) are to be implemen­
ted* Starting with the expression for the augmented per­
formance criterion, Equation (VI-6), the gradient of P^xJ 
is evaluated to bet

V p [ x J  * 2 x  -  2 d A * [ x , g J  (VI-15)

with

g - yd - A[xJ (VI-16)

Next, the second differential of p[xj is calculatedi
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d2p[x,h,h] - 2 | | »h2 + (dA[x,hJ)2 - (yd-ALx])d2A£xfh,h] j dt
(VI-17)

But

d2A[x,hthJ « -adA[x,h2J (VI-18)

and utilizing tha defining equation for the adjoint 
dlfferential, the aeoond differential of the augmented 
performance criterion is written asi

,T
d2P [x ,h fhJ -  2 j | ^ h 2 + (d* [x ,h j )2 |  d t  +

0
rT

2a I h2dA*[x,yd-A|_xJ] dt (VI-19)
*o

With a fixed input variation equal to the gradient of 
p[xj, as dictated by the iteration equation, the above 
expression for d2pQx(h*hJ takes the formt

t
d2p[x,VP[xJ,Vp[xJ J * 2 f £AVp[x])2 + (dA[x,Vp[x] ]}2 I dt +

'o

2a J (VP[xJ)2dA*[x,yd-A[x] ]dt (VI-20)
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Thus* the (n+l)st element of the control sequence Is
thgenerated from th# n •lament according to th# r#latlom

xn+1
(7P[x J. IP[x ]|

x_ -   ------------ • VP[x 1 (VI-21)
2 d 2P [ x n , V P [ x n J ,  7 p [ x n ] J

Th# overall computer flow diagram Is shown at the 
end of this chapter and a listing of the computer pro­
gram Is Included in Appendix II, The results of this 
search procedure are shown in Figure (VI-3) (a) and (b). 
Figure (VI) (a) Is a plot of the plant output and Figure 
(VI-I) (b) shows the control signal as a function of time 
for the unconstrained solution. The output eventually 
reaches the desired level.

Newton's modified method with a fixed stepsize was 
also used in conjunction with this case study. The results 
are shown In Figures (VI-4) and (VI-5). Figure (VI-4)
(a) and (b) shows a plot of the system output and the con­
trol signal as functions of time for the unconstrained so­
lution. Again the output eventually reaches the desired 
level. The speed of convergence depends of course on the 
choice of the arbitrary initial condition level for the 
input function and the magnitude of the fixed step-slze. 
The program was allowed to run for 100 step# and the total 
execution time was 3.70 minutes. The objective output 
level is reached within a reasonable approximation in 
about 30 iteration steps. The last sampling point of each
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T-tlme Interval remains always equal to tha valua set at 
tha start of tha program because it can not be calculated 
exactly when the reverse operator method is used for the 
identification of the adjoint. This may be remedied by 
extrapolating or increasing the sampling points in the 
interval (0»T). The same unconstrained problem was pro­
grammed with a direct evaluation of the plant differential 
from Equation (VI-13) and the same Iteration step-size.
The total execution time was 2.17 minutes and the graphi­
cal results are identical with the ones presented in 
Figure (VI-4).

Figure (VI-5) (a) and (b) shows the results of a
computer run with a severe enough input constraint to 
cause the control signal to operate on the boundary of 
the constraint. The iteration step-size has been increased 
from the previous case by an order of magnitude without af­
fecting the convergence properties of the scheme. The to­
tal execution time was 2.26 minutes and the program was 
allowed to run for 100 steps. The constraint condition is 
treated as a penalty function* A search is performed for 
that value of the Lagrange-multipller that forces the in­
put function to lie on the constraint boundary. Figure (VI-6) 
depicts the objective function | J  yd - A[xj|| v s . the step 
number for both Newton's modified procedure and the tech­
nique Introduced by Altman. It is seen that Newton's me­
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thod with a fixed step-size converges in fewer steps. The 
choice of the step-size value is, of course, extremely cri­
tical as far as the convergence properties of the scheme 
are concerned.

The plant structure considered is shown in Figure 
(VI-7). The general input-output relationship is given byi

where £ is a cost parameter. Both £ and the kernel 
k(t,x) may be thought of as being the unknown but slow- 
ly-varing plant characteristics for the adaptive pro­
blem.

It is desired that the total plant output during 
a period of steady-state operation be maximized. Corres­
pondingly, we seek to minimize the functionsli

The Input norm is constrained to be less or equal to a 
positive constant R, ori

VI — 2. CaseStudyNumber 2.

o
(VI-22)

(VI-23)

(VI-24)
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Two values for the parameter p were chosen for this ex­
ample* p ■ 2 and p -* <x> • For p * 2 the gradient of the 
augmented performance functional la given byt

VP[xJ * 2^x - dA*[x, lj (VI-25)

whereas for p -* oo the vanishing of the gradient of p£xj 
leads to the following solution for the control signali

x(t) « jjx||^—» max | x (t) |

sgnx(t) ■ sgndA*[x, lj

Therefore

A  -a(t-T)
A[xJ ■ Aq + J ae x(x)di- 2

with A • 0, a ■ 3/T, £ ■ 1/4 and T * 3. o

(VI-26)

x(t) « RsgndA*[x* lj (Vl-27)

for operation on the boundary of the constraint.
For computer simulation purposes let us assume 

that the plant is explicitly described byi

(VI-28)
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The first plant differential Is given byi

ri -a(t-T) 
dA[x,hJ * I ae h(x)dx - 2ex(t)h(

* -a(t-T)
h(x)dx - 2 £ x(t)h(t) (VI-29)

o

Making use of the defining inner product form for the ad­
joint plant differential we obtaini

Equation (VI-30) affords a one-step solution for the 
control signal x(t) in the interval (0»T). This solu­
tion corresponds to the vanishing of the gradient of P^xJ 
as it is given by Equation (VI-25) with A * 0. The resul­
tant optimum control signal x°(t) is shown in Figure (VI-7).

Applying the reverse operator to the plant differentia1* 
Equation (VI-29), results ini

(VI-30)

dX - 2 £ R { x(t)h(t)j
(VI-31)

» 1, orh(t) ■ 1 in the interval (0,T)
Then

dA*[x,lJ - R |dA[xflj} + 2£[R | x(t)| - 2£x(t)] (VI-32)
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or

<SA*[x,lJ - R I ax[xflj J + 21 [R { x(t) | - x{t) J (VI-33)

The above expression for dA*[x,lj Is used In tha com­
puter program.

Tha second differential of tha objactlva function, 
or tha first diffarantial of tha gradiant of tha perfor- 
mance indax is danotad by g(x). It is darivad from Equa­
tion (VI-18) aftar substituting for dA*£x,lJ the expres­
sion given by Equation (VI-23). Thust

g(x) - 2* + 21 (VI-34)

Tha step-slee l/g(x) remains fixed throughout tha search 
procedure. Newton*s iteration formula for the constrained 
problem is written asi

- X  - (VI-35)

Whenever tha control signal lias within the constraint 
boundary wa sat A ■ 0 in Equation (VI-35).

In this problem tha number of samples in tha interval 
(0,T) was varied for two computer runs. In one case it was
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set equal to 4 and In another equal to 21. The change 
reflects on the accuracy of the integration subroutines.

With a step-sise equal to l/g(x) the algorithm con­
verges in one step for 7\ * 0. Depending on the density 
of the grid sample points subdividing the Interval (0,T) 
the oontrol signal is given very accurately by Figure 
(VI-8). With 21 samples and a step-sise reduced by a fac­
tor of four* the scheme converges within ten iteration 
steps. With a severe input constraint (p - 2 in Squation 
VI-24) and a reduced step-sise* the control signal reaches 
the boundary in two steps.

When a magnitude constraint is placed on the input 
function the adaptive procedure converges in four steps as 
shown In Figure (VI-9) (a) and (b). In all cases the arbi­
trary Initial value for x(t) in conjunction with the mag­
nitude of the step-sise was found to be very critical for 
the convergence of the search technique.

The computer programs for the case presented above 
are Included in Appendix II.

VI - 3. Ca£S_Study_Nymbejr 3.
We consider the operation of a single* continuous 

stirred-tanx reactor 2J with a first-order exo­
thermic reaction (Figure VI-10). The reaction isi A -♦ B.
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If c is the concentration of A In the product and on the 
assumption that a cooling coll is used to remove the heat 
generated by the chemical reaction, the dynamic or tran­
sient mass balance Is given byi

—e/rt
V ■ Fc - Fc - Vke c (VI-36)at °

and the corresponding heat balance by+ t

-E/RT
v p c  - F p c  (T -T) - AHVke c - U(T-T') (VI-37)L P dt t p o

wherei

V * reaction volune 
F ■ feed flow rate 
k * reaction constant 
E « energy of activation 
f * density of solution 
Cp* heat capacity of solution 
H * heat of reaction
U ■ heat transfer coefficient for heating coll

+ For the derivation of these equations see References 
VI-1 and VI-2,



T*« average coollng-water tamparatura 
TQ« initial tamparatura in raactor
c » Initial conoantration in raactor o

If y la tha output concentration than no mass balance 
aquation la needed for B since

and knowing c, we can calculate y directly from Equation 
{VI-38).

It is ordinarily assumed that p f F and V are con­
stant and perfect mixing occurs i.e. c is the same In the 
raactor and product stream. In reality these parameters 
and the reaction constant k vary with the operation of 
the reactor. It is therefore possible to view the control 
of the stirred-tai* reactor as an adaptive problem.

Equations (VI-36) and (VI-37) can be simplified by 
deflnlngt
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which leads tot

(VI-39)

(Vi-40)

The system is initial value and consists of two first- 
order coupled nonlinear ordinary differential equations.
The reactor temperature is taken as the control variable.
It la assumed that proper monitoring and temperatare trans­
ducing instrumentation is available.

We seek to maximise the output product y in a time 
Interval (0,T) assuming, of course, stable operation. A 
magnitude constraint is placed on the reactor temperature 
which is designated from here on by x, reserving the letter 
T for the optimisation interval. The augmented performance 
functional is therefore given byi

V

and a minimum of PL*J Is sought. The solution leads to 
the following expression for the gradient of p[x Ji

(vi-41)

VP[xJ * x - max fx| sgndy*[x,lj (VI-42)
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For the Identification of tha adjoint wa consider 
Equation (VI-34) in normalized formj with y * ce - c it 
may be written asi

-2JL . -1 * (e0-y) (1+ «"*)

By definition a measure of the output variation 
£y(xt £x)f when the input is perturbed by &”xf is 
given byi

Sy(x, Sx) » y(x + £x) - y(x)

Introducing the output variation £y and the input var­
iation Sx into Equation (VI-43) and Keeping only first 
order terms results in

a r  F(t) £y + H(t)

With a particular variation Sx equal to unity the adjoint 
differential is approximately given byi

dy*[x,lj ■ R £y(x, £x)/y j

with Sx ■ ^h and assuming that F(t) and H(t) remain fairly

(VI-43)

(VI-44)

(VI-45)

(VI-46)
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constant In tha Interval (0,T). The values of 7(t) and 
H(t) are continuously monitored In a computer simula­
tion! mathematically, they are expressed byi

d ay * , _ -4 (VI'47)F(t) - -s- ( ) - -1-eay dt

H ( t )  ■  a i -  < 4r  ’ ”  ‘ v * >  3 -  *  ( V I - 4 8 )

Starting with two arbitrary initial points for the 
concentration c and the reactor temperature x a fourth- 
order Runge-Kutta method, properly expanded to handle two 
dependent variables, is used to calculate the transient 
response of the reactor [VI-3J* The step-sise is set equal 
to 0.5 and six values for x(t) and y(t) are computed. This 
transient solution for x(t), te (0,T), Is used as the ar­
bitrary Initial input xQ(t) that is necessary for the es­
timation of the immediately following element of the Input 
sequence, utilising the adaptive control loop. Thus, Equa­
tion (VI-40) is treated as a differential constraint on 
the Input function and the minimisation of P(_xJ proceeds 
under the assumption that this constraint is satisfied 
always.

A listing of the computer program is included in Ap-
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pendix II. The plant differentials were calculated with 
the parameter ^ set equal to 0.1 A fixed step-sise of 
magnitude equal to 0,1 was used in the iteration algo­
rithm. The input function reached the boundary of the con­
straint in 7 8 iteration steps and the execution time was 
1.95 minutes. The results are found to be satisfactory 
only in the sense that the output product tends towards a 
maximum. The example illustrates the applicability of the 
basic adaptive algorithm without claiming physical consis­
tency for the obtained results.

Figure {VI-11) shows the output and control functions 
vs. time. The multipliers ?(t) and H(t) did not vary ap­
preciably in the Interval (0tT) making any subdivision of 
the identification period unnecessary.

VI - 4. A Compfirisgn^
It is demonstrated below that for the example considered 

in Section VI-1 the integral operator approach leads to iden­
tical results with those suggested by a differential opera­
tor formulation.

Consider Equation (VI-3) which is repeated here for 
conveni ence t

o
(VI-49)



Applying Leibnitz's rule to Equation (Vi-49) results im

dy
dt

-ax(t) -b(t-T) -«x (t )
[l-e ] l  + <-b) I c'e [l-e JdT

(VI-50)

or

dy
dt

-ax(t)
- l-e - b[y(t)-y.J (VI-51)

Equation (VI-51) is recognized to be of the form*

- P ~  - f(x,y,c) (VI-52)dt

and therefore the identification and optimization pro­
cedures introduced in Chapter IV for plants described by 
nonlinear differential equations apply to Equation (VI-51). 
Following the standard procedure we Introduce the var­
iations £y and &x and write the following linearized ver­
sion of Equation (Vl-51)i
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with

■ w  - *n

• xn+i - xn
(VI-54)

and

F(t) - -b

H(t) - a<
-ax(t)

x(t) * xn

y(t) - y,n

(VI-55)

The output variation fy<t) i. found to be equal toi

£y(t> * *<t.0> £y(0) + f ̂ (t,T)H(T) Tx(x)dx (VI-56)

And the adjoint differential B*g(y) la given by Equation 
(IV—34), or

B*g(y)
r T

H ( t) j $>(T, t)g[y(T) Jdx (VI-57)

The adjoint differential for the plant described by the 
integral equation (vi-49) Is written as
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T -b(T-t)
-ax(t) f e g(x)dT (VI-58)

dA*[x#gJ m a* J
I

-ax(t)
It is trus that H(t) “ aa and It can be easily
shown that for the linaar system of Equation (Vi-53)t

. -b(T-t)
I (t »t) - a (Vi-59)

Identical expressions for the adjoint diffarential have 
been established when the input-output relationship for 
the same plant is of the Integral or differential type*
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READ MT J NT .
A l p h a  , B e t a , g a m m a , 

c  , R , Z X ,  Z Y O ,  Z A O

Y«f L r 1
---------C L 6 N T

\  «■ ■ L 4 4

'1.....
J i

Xfi.L) = Z X
YP(0 ; Z YP
AO(L) = ZAP

Yes JTAU r i 
JTAU < r 
J TAU JtAL» + i

Ni

PLNT i(J TAU) = C * £ K P
b e t a  * (r - JTAUJ*

(i -EXP(- ALPHA * *(MfJTAU)))

f N T E O R A T E A ( m , i }  = Jp L« T 1

Yes

M * 1
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r

\  :
2 \  f NT V No
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a (m ,i )
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Ho

s  Y d ( i ) -  a ( m , i )

h f r )  :  £ x p ('a i p h a * x ( p », i ) ) * « s v G

Plnt2(ttau) -
C •  £ X P ( - B t T A  •  f  I  -  

JTAUJ) o ( 1. - CXP 

(. AtPMA *(x{MtXTAll) +

G a m m a  o h ( t t a \j ))))

J T A U  3 1  
I T A W  € t 

f T A V  3 T t A L > +  1

¥*i

I N T E G R A T I

PA(M,I) =  (’A I W C ( n , l ) -  

A ( m , i } /  G A M M A
ArNCfw,l) ■ ZAO*AMC(m,t)
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Y« 1 = 1  
I  4i (VT 
1 = 1  + 1

No

R E V P A ( m , i ) = 
DA ( m  , r JT -  I  )

A P A ( M , t l  E x P ( - A t P M A * x J f R * v p A

S O P ( l )  *

(YO - A(M,rl) * 
(YD - A (M , I } )

S U M S Q p  = 

S U M S Q P  + S Q P f l )

Y«i

& U M S Q D  =  0 .

•r

I
I  +  1

H o

P R  ' N T  

A P A ( m ,i  J

p NO«M = S O R T ( l U M S a D )

CALL S T E  P A

©
DMOAH I O
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GRADP(m.I) = 

2. * ApA(M, I)
Y« 1 = 1 

I  £  NT 
I - I + i *--

No

H N(I) =

GRADPfM,!)

A I NCN( m, 1 )  = 0. 

DA N ( M , 1) r 0.

No
I  = 2  

1 4  N T  
1 = 1  * 1

PRINT 
A ' N C N  . P A N

!

Ai NC n (m  , r)

Ir

DAn (m , 1) = 

(A'NCN - A] / GAMM*

___ . -JL_. .

No

0

Y«J

JTAU = i 
J T A U  *  1  
J T A U  = J T A U  +  1

Y«j

P L N T 3  =  C * E  X P ( -  9 E T *  *  

( l  - J T A U ) )  • ( ! ■  '  E * p  ( 

' Alpha *( x ( w ,  itAv) l 
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Sqc(n) s 
GRAOP * GRftPP N « N + 1

N*

PNORM s .5 ■ SQG(l) + 
S u m  t 0 5 * 5 Q O ( n T t )

r-.... . ■ ~

\'
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i
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  -----
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A L A M ' 001

't

CALL SUB S T E P 8

r
G R A P i  ( m , i )

PNRm (m )
Q n r m (m )

a r e a  --
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PlNG(l) , y“  /  / =
i
NT 
I + 1\  -
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R E T O R N

A R E A  = .0

!r

ALAM -~ 
A U M  + 001

AREA

„ r« /  - \ n*
*- - - - - - <  A R ( A <  R

x (m  + l)
• n . “ -

L

LI+1-------  jI

ENp
PRINT
X (ĥ  t 1)
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CHAPTER VII

CONCLUSIONS

VII - 1. SuTmiary of_ReeultsA
The thesis Investigates a design algorithm for non­

linear adaptive control systems* It is based on Kulikow- 
ski*s concept of adaptive optimal control and utilizes the 
tools of functional analysis. The plant is described by a 
nonlinear vector operator equation of the integral or 
differential type* It is assumed that some a priori know­
ledge of the plant structure is available or can be ob­
tained during an initial learning period* The unknown para­
meters are assumed to vary slowly compared with the total 
time interval required for optimization* A performance 
functional is specified indicative of the overall quality 
of plant performance and a bound is placed on the input 
control signal* The input and output functions are taken 
to be elaments of an Lp-space. The problem is formulated 
as a conditional minimization problem. An extremum of the 
performance index is sought while the input function re­
mains within or on the constraint boundary. The design ob­
jective is the construction of the input sequence whose li­
miting element minimizes the quality functional* The mini-
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mizatlon problem la solved in a straightforward manner 
using calculus of variations techniques. The attractive 
and novel feature of the approach lies with the identi­
fication problem. Steady-state plant measurements and an 
approximate evaluation of first-order plant differentials 
suffice for the identification of the adjoint differentials 
in terms of which minimizing nonlinear operator equations 
are expressed. Thus, assuming asymptotically stable solu­
tions, with a periodic input the plant output is forced to 
reach a steady-state and proper identification of plant 
differentials and their adjolnts is performed. This identi­
fication step is followed by a step of optimization during 
which the next element of the input sequence is constructed 
iteratively. Identification and optimization alternate and 
the complexity of the overall scheme as well as the time 
required for each step are directly related to the plant 
type and its structural make-up.

Chapter III investigates the conditional optimization 
problem, its solution and convergence properties of the 
adjoint differential, and techniques for the iterative 
construction of the input sequence* It is shown that a 
hybrid sdheme is needed for the implementation of the 
adaptive algorithm.

In Chapter IV we Investigate the differential equa­
tion formulation and in Chapter V the discrete version
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of the problem la presented, A number of examples are 
taken up in Chapter VI. With the etnphaaia on the mathe­
matical formulation of the adaptive algorithm* the examplea 
are aimpla and Intended to llluatrate baalc concepts only. 
Unimodality restrictions on the search techniques and both 
mathematical and computational difficulties associated with 
their digital Implementation limit the range and scope of 
the examples. The computer studies of Chapter VI serve only 
as an Initial stimulation towards the realization and even­
tual solution of the problems encountered in the actual 
implementation of the adaptive scheme.

VII - 2. Togics_for_Fjit\jr£ inves t^g&tion.
During the course of this research work a number of 

related problems* which have not as yet found satisfac­
tory solutions* came into focus. Topics for future research 
in the area of adaptive control systems includei

1. Investigation of the cases when a) the plant 
operator is a random operator and b) the observation of the 
output is disturbed by noise. The mean value of plant dif­
ferentials may be obtained by a brute force method namely 
by averaging the results of many observations performed 
for the same input in consecutive time Intervals. This
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approach requires some additional assumptions concarnlng 
ergodldty of tha random procassas. Thus tha basic tech- 
nlqua lntroducad for tha datarmlnistic caaa can ba uti­
lised with soma modifications but tha total optimisation 
time Is graatly lncraasad. Stochastic approximation tech- 
niques saam vary promising. Tha basic Kiefer-Wolfowltz 
procadura as axtandad to tha multldlmansional casa Is na­
turally suitabla to tha stochastic adaptive problam. Tha 
algorithm seeks an axtramum of a regression function whi ch, 
in most casaa pravlously investigated, is mamorylesa and 
unlmodal. The dynamic matura of tha adaptiva problam and 
tha multimodal surfacas consIdarad nacassltata soma modi- 
fications of tha basic algorithm.

2. Invastlgation of tha casa whan tha plant is des- 
crlbad by a sat of partial dlffarantial aquations. Tha dis­
tributed parameter problam encompassas a great number of 
practical situations particularly in tha process control 
Industry. Tha adaptive solution to this problam will en­
hance tha range of applicability of tha algorithm and at 
tha same time provide soma basis for tha nearly "optimal" 
control of more realistic processes.

3. Invastlgation of tha "coat of control" as part 
of tha overall index of performance along lines suggested 
by Feldbaum** work. And

4. Study of both datarmlnistic and stodhastic succe­
ssive approximation algorithms with emphasis on techniques
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that accalarata the rate of convergence of the aearch 
procedure. Digital and hybrid implementation of actual 
adaptive processes utilizing the theoretical results 
is an important segment of the topics for future research.



APPENDIX I

IDENTIFICATION OF PLANT MODEL

AI - a. Naad^for^a^MotJalj.
In tha formulation and solution of the conditional- 

optlmlration problam It Is somatimes found that tha Iter­
atively constructed Input lias on the boundary of tha con­
straint. If x (t), tha nfĉ  step of tha Input sequence* Is n
on tha constraint boundary* necessary for tha construction 
of Is the identification of the differential of
xn(t) i consequently an Input signal *n(t) + yh(t) , te (0,T), 
Is to be applied on-line to the plant. The time function 
h(t) Is either fixed or belongs to a set of orthonormal 
time functions depending on the method used for the ldentlfl 
cation of the adjoint differential operator. In practical 
applications the input constraint may be of either the "soft 
or the "hard" type. With a "soft" constraint a tolerance 
band allows for an increase of the magnitude of the input 
signal and operation within this band may be possible by 
keeping y small or taking the direction of the differential 
towards the constrained region rather than away from it. A 
"hard* constraint with h(t) fixed* necessitates in most 
cases the use of a plant model and off-line measurement of
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plant differentials. Switching occurs from on-line to off­
line operation whenever the input reaches the boundary of 
the constraint. The next member of the input sequence is 
evaluated using the model and this input is applied to the 
plant. A simple model representing the actual plant dynamics 
is therefore sought. Of importance is the time required for 
the estimation of the model parameters. What follows is a dis­
cussion of model identification schemes characterized by sim­
plicity of representation and speed of convergence to the true 
plant dynamics.

AI - b. Some_Gener4l_Remar)cs_t
A great many identification schemes have been proposed 

In the literature. These differ in three fundamental respectsi 
the type of model used, the numerical methods used to ob­
tain the model parameters from the measured process data, 
and the criterion used to determine when the model behaves 
like the process itself.

Two plant model types are used in this thesis. The first 
mathematical model used to describet the process dynamic 
behavior is the differential equation. According to the 
second the input-output relationship is given in terms of 
an integral operator equation. The numerical methods used 
to obtain the model parameters depend on the choice of
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model type. Tha criterion moat commomly used to Judge a 
modal la minimum aquarad arror between actual and modal 
outputs whan both ara aubjactad to tha aama input. Othar 
critarla used in tha litaratura ara zero arror at discrata 
times, tha Impulse Response Area Rule and tha bast Markov 
estimate. Tha mathematical models and the numerical methods 
used to obtain tha modal parameters are discussed belowi

AI - c. Dlff£renti£l_E<{uat£pn Model.
It is assumed that tha plant is described byt

itt) ■ f(x, x* £>

where x> x, £, and f ara as defined in Chapter IV, section 
1.

The unknown parameter vector c is to be identified.
Tha approach to be followed for tha estimation of £ is tha 
learning-modal method.

Two techniques will be pursued in detail both of which 
have bean introduced by Bellman and Kalaba [l» 2ji
a) Differential Approximation. Rewriting Equation (AI-1) 
as

(AI-1)

itt) - f(x, x* £) * 0 for tt (0,T) (Al-2)



It Is seen that tha true value of the plant parameters 
Is the solution ofi

Min y  - f(x, £), £ - f(x, £) j dt (AI

Taking partial derivatives of the Integral with res­
pect to £ and setting them equal to zero yields

r T . .  r T .
foi dt ■ fc - dt (AI

twhere fc is a square matrix of the partial derivatives of 
f with respect to the vector £.

The vector £ is therefore evaluated by direct solution 
of the vector equation (AI-4)•

The differential approximation method is efficient for 
online applications\ however it is necessary to measure 
all the state variables y^(t) of the system and in addition 
some differentiation operations have to be performed on some 
of these variables.
b) Quasilinearization. This approach offers the distinct 
advantage of determining automatically together with the 
parameter vector £ the inaccessible states of the system 
if any.

Zt is assumed thati
a) The input vector x(t) is known in an interval
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0 £ t £ T. If j(t) is a subaet of x(t), Where .j(t) la phy- 
alcally available for measurement, them
b) Obaarvatlona of ,i(t) at certain Inatanta of time ara 
knowni

*<tt) - *t 

i • 1, 2, with t| i T

i. la dhosen so that aquation (AI-5) yields (ra + k) con­
ditions (ra la the dimensionality of tha output vector 
jg(t) and k is tha dimensionality of £) .

Treating tha parameter vector £ as a function of 
time (£ is really a constant in the interval 0 6 t £ T) 
and adjoining to the plant equation (AI-1) the equationt

£ > 0

the problem hae been reduced to the solution of the 
(m + k) first order equations (AI-1) and (AI-6) sub­
ject to the (m + k) boundary conditions represented by 
equation (AI-5).

The method of quasilinearisation is used for the 
numerical solution of this multipoint boundary value pro­
blent A series of approximations to the solution ^(t) and

(AI-5)

(Al-6)
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£ Is ganaratad through tha linaarlsad racurranca ralatlonai

i  - *(* n. a. s  „) + *i.„- Ca n+a-yj ♦ r2,n 'ta  » i - s  „J

£ ■  0 — n+1 (AI-7)

with boundary conditional

(AI-8)

In Equation (AI-7)i

9 fl 
3Vl a a  a

d ±
aym

l*n
i f ™

aym

(AI-9)

£ - £ n
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and i

2,n

3*i
3C1

m

^ fl
3<tc

m

(AI-10)

n

Thus tha solution of aquations (AI-7) and (AI-8) 
yields tha value of tha parameter vector £ and the val­
ues of the inaccessible states. Computational procedures 
for the solution of these equations are included in 
References [lj and [2].

The sequence of approximations converges monotonically
under certain conditions on f, f. _ and f0 _ and their first1, n 2,n
and second differentials, i.e. if is the desired solu­
tion then i

* o< *1< “ •<*°

Also the convergence is quadratic, l.e
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-Y°| * K | * n - y°|
2

n+1 1

a computation advantage raaultlng In rapid convergence.
Explicit mathematics1-relation mathoda aa wall aa 

algorithms baaad on a modified Nawton*s procadura for tha 
eatimation of plant paramatara ara daacribad in tha lit- 
aratura [3j.

AI - d. ini*3rAl_Bau4tl°ll Moda^.
Hara tha mathamatioal ralation for tha system that 

ralataa tha output to tha Input is an lntagral aquation.
A number of approaches have bean suggested for tha solu­
tion of tha parameter estimation problam assuming tha above 
process topology to be known.

Ku and Wolf £4J give recurrence relations for tha 
Volterra Kernels. Their algorithm is rather cumbersome to 
apply in practical situation* and tha impulse response of 
tha linear part of tha process is assumed to be known.

Hslah [5] used a computational algorithm based on tha 
steepest descent method, which was previously employed by 
Balakrlshnan for solving a class of filtering and control 
problems, in order to estimate the various order weighting 
function matrices through the observation of input and out-
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put data of tha nonlinaar procaaa ovar a flnlta tlma in­
terval . A laaat squara criterion was used and an updating 
scheme was devised based on steepest descent as more data 
were available.

Eykoff [6] suggested the following procedural Consider 
the scheme In Pig. (Al-2). Process P is nonlinear and has 
dynamic properties. So model M has to be nonlinear too.
Only the time Invariant case is considered. The model out­
put s(t) is given byi

The series (AI-11) can be approximated by finite sums if 
the process Is stable* i.e. has finite memory. Them

*(t) aj Z«x<t-T.) ♦ 2  2  + I I I  ■ (AI-12)
L 1 ‘ i j V ‘ > ‘ > k

Now consider the diagrammatical representation of 
Pig. (AI-3), where P Is again the process, N is a nonlin­
ear filter the operation of which is given by equation 
(AI-11) and Tg Is a time delay operator. Minimisation of 
the integral squared error B, wherei

(AI-11)

(AI-13)
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and a ■ y - z results in tha following condition for 
everyone of tha coafficiants c< i

A B■2—  0 (Al-14)3*

If » x(t - )

and defining

1 a Bfc * - < a, u. >T1 2 a « t _ s i /

x i a h
h j  ■ 2 = < •' ui“j >

ate.

aa tha components of tha arror vector, tha mechanism in­
volves adjustment of tha coefficients o< so that tha error 
vector becomes equal to zero.

A mechanization of this model is shown in Fi^. (AI-4) 
where the symbol < > Indicates the inner product of tha 
two input quatities. In general a time varying process will 
be assumed to be piecewise time invariant so that a model 
of tha above configuration be possible. For greater or 
lass accurate representation of tha actual process dynamics 
a more complicated or correspondingly simpler modal struc­
ture is available. Details of modal Implementation schemes
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can b« found In tha rafarancaa.
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*(t)

A D J v i T l  N G r
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APPENDIX II

TOiis appendix contains a listing of tha computer 
programs for tha casa studies examined in this thesis 
and referred to in Chapter VI•
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1 H I S PF-U GF a !' f ' VAL  J \ T F S I Ft F A i I V f I V A S I D UI  F-, tD OF CONTROL E U N ^ T l u F ^ S
F CI f ’ A R E G U L A T O R  A i ) A P 1 I V F C U N T P I H  P P C S I C M .

TOP F* t AN I I S  1 H ( CASCADE-  i .F A ' ' K A l  I N I  Ai i  AND A L I N t: A R P a R T .

T Ht  P L A N T  0  P E: R A T U P I S  OF I MF I N1 >  GKAL  T Y P F .

C I F F  P E P f  O K M A \' C F I N ' ) F X  I S  T f 11 I N T CGR \ L  S J U A P F  CJ F THL  O I F F L K L N C l.;
S BE T rtf-E N D F S IV T r.) AND ACTUAL  PLANT O U T P U T S .
r-
k./

C TEN F N I. k  G Y Of  THE I N P U T  F U N C T I O N  I S  C ON S T R A I N I N ' )  TO B F L F S S  UK
C f NUAI  TF A C O N S T A N T  V AL Of .
c
C THE P E V F P S r  U P [ RAT OP MHI HOi )  I S  U T I L I / L l )  I UR THE S O L U T I O N  i i i  TUr.
0 I N FN T I ! I C A T I ON PI- 0 E E V ,
C
C THE U P i r - l A l .  I N P l J I  S L O P  EDM I S  O A T A l N L P  V I A  ALT ' T A N ' S  I T t ' K A T I u N
C I t ( O N I N L  f .
C.
c
C. V A R I A B L E S  O S f l l  I N  T H I S  PRO.". F V ' :
C
C X - C 10 TRI E VAR 1 A U t
C A - PL  A NI  OUTPUT
C A J ,  A I Ni t A I NC N - P L A N T  11L.-T II f . M i l -  E I X ' l i  I NPUT V \  R I A I I ON
C I M N T 1  - I N !  I GO A' JO i r PI  A N I O' JT- ’ Ul  i >. >’ P i  S S I 1
f P L M . R ,  PI. K T A ,  PL N T A  - I N ! ! G K A L ) 0 :' Pi ANT O u i t ' U T  ! X P R ‘D  s 1 u N
[ Hi  1 0 A i I X [ 0 I : >U i V ' ■' I A I ] ON
E H ,  o r ,  ON]  - l i x t o  IF.POT V A P I A 1 1 P N S
C G - I U !  E I U ' l - M N C f  i U D O E N  T E S l O i l  -OJ ) ACTUAL P L A N !  U J l P u K .
C. P \  , T A J ,  t ) A N 1 - PL  A N T O U I ’ UT ; I I I ! ! i N 1 I A I S
C AH A ,  A [Urn , AEiA.Nl  -THE:  A P J E J l N ' i S  OF TI E PL ANT  D l l  ! L P L i \ i  I At. S
C Xl xHRM - T O '  NORM OF THL I N P U T  V A R I A . i t  [
C ONOr ’ -' - T O -  f r . H-U Of  THE P [ R F 0 <f l \  Nf  I C K l T i .  I ON
t  (0 A ) P - T O '  GK A E) I FN T OF 110 PE L. F URN \ M .  E C k l E ; R l U f ,
C. GO A l l  -  T OC G R A D I E N T  U E THE M U O I F I I N  ;N IN 0 P,N UNCI C K I T f :k 1'■ ON
C
( TEE P f S I  01 TO!'  V O N  ATI  E S USED AI M C 0 -10 1N A I K :  MS Ot THE AdiJVu;
C G E V I B A T I O  SOI  - I Y I D  C UMVFISl 1 f ' NCt  .
C.
c
t  CONST AN 1 S USEE) I N T H I S  PROGRAM:
(
C MT - 1 0 1 A L  NU T(. F '■< OF 1 T F R A 1 I ON S T E P S
C NT - W V T F K  OT SA - TI MI NG ^ O I N T S  I N  TUF O P T I M I Z A T I O N  I N 1 LFWAL
C Al  P H A ,  t ' F T A ,  C - C O N S T A N T S  A S S O C I A T I V E  WI T H  THE P L A N T  S I P U C I U R E
C YE) - U f  S I R l !) UL T P L T  L f  VFL
C GAP, '.A - P A R  A MF T t" < USFO I N  THE' f V A L U A T I O N  OF THE: PL ANT
C D I l - F L k i  N i l  Al
C. K -  VA I OF OF I NPUT  C C N S I RSI  NT
C
U  t~ L  >> T ;1 v  t R  ’r ‘![ R  X  *  #  l: -I- '■ if- -l; -i- ■■ -> R  I X- '' '■ T $  ^  J- £  R  v- -I* T: >1= v- R  >t- !; +  v v  R  R  v  R  v  A  -f- A  A  v
c
C T H I S  I S  THE: M A I N  PROGRAM
C
C IT S 1 i s  THF V A ( U f S OF THE" C E N S l / . N i  P \  R V-N-T F f< S , C A L L S  THL
f  S C l ' R U U I  I N I  S AN' )  TOP CCS H R  THE I N P U T  (N > N S f !" L I N E  .
C
r
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01 Mf NS I  ON X ( 10 1 , 1 1 ) f A< 1 l l t l l )  , A I NC ( 1 1 1 , 11 ) , ") A ( 1 0 1 , 1 1 ) , A !) A ( 1 u 1 , 1 1 ) ,

] X NOM-- ( 1 0 I ) , SO t ‘ i ) , H ( 1 1 ) , Ai ( l n  , Y ' H  1 1 )
t i n  -'.i i j  x , a , a 11j c  t ; jA , / o ) a , x r , . 1 f - , y o , u , o * n , u  , n  r , *. l. imi ; .  , i t :  t  a , c / m  m  , l , k ,

1 A ' \  z x  , / 'I El , 7 AO , Sir;c
C D l l .  F O L l O h I N C  SI  A 1 OMEN T S S !r T 1 H f I N I T I A L  C C N T M T K M N  AN 0 t H t!
C I H ' S I H  0 CUT I'vJT I ir VI  1. •
c

I - ' FAD 1 ,  f - T . MT
R f A P  ? ,  At. PHA , BF 7 A , GANVA , C , k 
f U- AU 3 ,  Z X , 7 Y O , 7 A G  
DU A 1 -  1 , M T 
X ( 1 , t ) -- 7  X 
YDI  L ) 7 YU

A AG< L ) : / AU1 f l) PR AT < ̂ I ] fi )
2  I IJK.TA T ( S I  10 . A )
3 f ( P N f\ T ( 7 t 1 0 , /, )

s w = o . onn i oct cm, mt CAM ■'[ i N T 
C A L L  A >J ' J \ T  
CALI  N O C U M

c
('. T H I S  P M  1 J f  THt *  i V M T M S  THt  NiJRf-', ,JT THt  H M ’ u l  OlLmC T I U N
C AN I* T t STS Ti ' f .  C O N S T R A I N T  (. f M i l  t I - I N .
C It (s.-. -1.0)so 0 n:, l o t  n - 1 , j  I

) 0 P  SC ( N ) ■ Y C M  I ' M  M  1 , K )
SU' D C . n 
N T 2  MS M  /uc ?cm n icc/

2 0 0  SC r  S C M S D t N t ] )
X N I M '  ( M 1 ) - 0 , S- ' SO C 1 ) -* SU ' D  0 .  M-  SO ( 'J T >
IT- ( X N O 1! .A ( 1 t I I -  I ) 8 0 0 , 0 0 ^ , 0 0  0

S ) (  L A L I  ( C l .
IT ( S i - c  l . 0 )  H O t M O O M D I G D

e o n  M P _ v | i ]c
C THt  M U M M I N G  S T A I i M TNT M M N T S  THL V M U l S CT T H ; : CONT ROL  C U n u I l u N
C G R T A I N L O  I I M T  1 Hi  M - V I HUS I T H ’ A T I H N  S T f !>,
C

P R I N T  7 ,  t M ’ , N , X(  Ml 5 , N ) , N - I * N T )
7 I Ci RNAT ( 1H , /  ( 1 SX , PHY ( , 1 0 ,  1 I t ,  , I 2 ) - , F ) 3 . A , /  ) )

1 00C C N N T I N L U
2  OUT S1CP

LCD
C

c
S U t i R C U T J N !  P L A N T

Cc.
C T H I S  S ' J C k n U t  I ML o v a l u a t o r  thf OUMHJ T  ARC AY A ( M , N ) AND THL f I RS  T
C P L AN T C I M  LR M M  I A L f) A ( N , N I ,
C

U I C [  N S It. N X ( 1 0 L , 1 1 ) , A ( I O 1 , 1 1 ) , A 1 N( ( 10 1 » 1 I ) , P A ( 1 n 1 , 1 1 ) , A I ; A ( ) 0 1 , 11 ) ,
1 X N t R-: t I ' M  j , Si.M n  ) , I ( 1 1 ) , A j ( J ] ) , Y J  1 I 1 )? ,[J I N [ 1 ( 1 1 ) T P I CM 2 t 1 I) , 0 ( 1 M • 11 ) , P r V(M ) ( 1 , M )
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J XI .  I ■ [ 1 ( 1 ) , SO I ! I I , H(  ) 1 ) , A 0 (  ] I I , Y U I 1 1 )
R, IMVMA( 1 f) , 1 ] )
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1 am . i  < , / Y  ) , /  A i l ,  s o  
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