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The shades of night were falling fast,

As through an Alpine village passed

A youth, who bore, 'mid snow and ice,

A bannar with the strange device,
Excelsior}

In happy homes hs saw the light

Of household fires gleam warm and bright;

Above the spectral glaciers shone,

And from his lips escaped a groan,
Excelsior}

"Try not the passi” the old man said;

“Dark lowers the tempest overhead,

The roaring torrent is deep and widel"

And loud that clarion voice replied,
Excelsior!?

*0O stay," the maiden said, "and rest

Thy weary head upon this breasti”™

A tear stood in his bright blue eve,

But still he answered with a sigh,
Excelsior!

Beware the pine-~tree‘s withered branch!

Beware the awful avalanchet!”

This was the peasant's last Good=night,

A voice replied, far up the height,
Excelsiori

A traveller, by the faithful hound,

Half-buried in the snow was found,

Still grasping in his hand of 1ice

The banner with the strange device,
Excelsior}

Longfellow
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The thesis is concerned with a design algotithm
for the adaptive control of systems described by non-
linear operator equations,

It is baszsed on Kulikowski's technique as presen-
ted for systems described by integral operator equations.
The approach is extended to include bounded input func-
tiong and the limited range of performance criteria,
considered previously, is similarly extended making use
of the concepts of nonlinear functional analysis, Sys-
tems described by nonlinear differential equations are
also considered. In both cases the plant operator is
assumed to be only partially known, with no a priori
knowledge of either the Volterra Kernels or a vector of
slowly varying parameters. The optimization problem is
formulated as a conditional-minimization problem and the
solution is obtained in the form of an iteration. The
identification procedure involves the evaluation of cer-
tain essential plant characteristics (measurable differ-
entials); appropriate techniques for the measurement of
plant differentials and the eastimation of their adjoints
are prasented, Whenever on-=line measurements are not
feasible due to input constraint conditions, a plant

model is used; procedures for modelling the plant dynamics



are therefore examined, Continuous and discrete, single
input-output and multivariable cases are studied., Contrac-
tion mapping, Newton's method and Altman‘’s gradient pro-
cedure are three iteration technigques used in the overall
implementation scheme, Threes case studies with their digi-

tal computer simulation are also included in the thesis,
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INTRODUCTION

The thesia is concerned with the adaptive opti-
mization of systems described by nonlinear integral or
differential equations. The plant dynamics are assumed
to be only partially known containing a vector of un~
known but slowly varying parameters. The space of input
functions is assumed t0 be bounded, The basic optimization
alorithm utilized in this thesis was introduced by

Kulikowski.

I -1. $he Adaptiye Problem,

There is not, as yvet, a gensrally accepted definition
of an adaptive control system. Truxal (1] states * An adap-
tive system is any physical system which has been designed

with an adaptive viewpoint,” A functional breakdown of an
adaptive system proposed by G,R, Cooper, J.E. Gibson et,al,
[2] which clearly places the adaptive nature in evidence

is the following: The system must a) provide continuocus



information about the present state of the system or
identify the process: b) compare present system perfor-
mance and make a decisgion to adapt the system so as to
achieve optimum performance, and ¢) initiate a proper
modification so as to drive the control system to the
optimum, With this breakdown then in mind an adaptive
control system is defined here as a control system which

is capable of monitoring its own performance or optimum
condition and modifying its behavior in such a manner as

to optimize the indax of performance or approach the optimum
condition. Y.Z. Tsypkin [3] signaling the beginning of a
new period in automatic control theory, the period of
adaptation, writes: " Ths possibility of controling objects
with incomplete a priori information (or even no a priori
information at all) is based on application of adaptation
and sel-organization in automatic systems that decrease

the initial indeterminacy by using information obtained
during the course of the control process.”

There is no systematic approach to the problem of
adaptive control, Many of the pioneering schemes had been
proposed with a particular application in mind, Draper and
Li's [4] system identifies the index of performance (which
establishes a quality level of system response) and a
sinusoidal perturbation input generates changes in the
index of performance value containing a component at the

perturbing frequency. This component after processing is



fed back as a correction signal to change an adaptive
parameter, which in turn maintains the value of the IP
{Index of Performance) within specified bounds, Tsien's
(5] approach and the principle of peak holding is simi-
lar in concept to the work of Draper and Li, Here the
system continuously hunts back and forth in the near
vicinity of the peak IP value, The system of Anderson
at.al.| 6] varies one independent parameter - Lold tha
IP constant, The identification involves the determina-
tion of the coefficiaents of its describing equation
utilizing correlation techniques. Gibson and Meditch [7]
investigated the signal synthesis approach to the adaptive
control problem, The input signal is synthesized over
discrete intervals of tima on the basis of the system's
past history and its predicted desired pasrformance over
the next time interval. Whitaker st.al. introduced the
modal reference adaptive system and some of the first
contributions in the optimal-adaptive area were given by
Kalman, Merriam, Braun and Hsieh. Ah extensive review of
adaptive technology up to 1965 is presented in references
8 and 9,

Three categorias which appear to encompass a large
proportion of adaptive control systems are (1) high-gain
schemes, (2) model-referenced schames and (3) optimum
adaptive schemes. The first has found wide applications
and is based on keeping the gain in the feedback loop
around the changing process as high as possible s0 that

the input-output transfer is kept closes to unity., It



requires the presence of a model and the knowledge of
a large amount of a priori information about the process
because of stablility problems arising at high gain,

The model reference adaptive scheme employs a refer-
ence model which is an analog or digital representation
of the desired dynamic response of the system. In one
configuration the actual process output is compared to
the model cutput while hoth are subjected to the same
input and an adjusting mechanism changes the adaptive
parameter of the controller according to some criterion
on the error function. Mathematical programing technigques
or Lyapuncv's direct method are utilized for the functional
description of the adjusting mechanism. A second approach
to model reference adaptive control invelves the production
of an augmented control signal by the adaptive controller
which will cause the output of the process to be the same
as the output of the reference model. The controller design
is based on stability criteria derived from Lyapunov’s
direct method,

The general philosophy of optimal-adaptive methods is
the following: a control signal is synthesized by solving
some optimization problem on the assumption that the process
parameters and states are known, The overall scheme then
involves state estimation and parameter identification
procedures so that an expression for the control signal

containing only known quantities be made possible., The

adaptive algorithm described in the thesis belongs to



this general class of optimal-adaptive schemes,

I - 2, Kulikowski's Approgch to_the Adaptive Problem.

In 1961 Kulikowski (10, 11] suggested an approach
to the problem of the adaptive optimal control of non-
linear systems whose Aynamic characteristics are only
partially known and which vary slowly in time. A performance
functional of the form

.
px] = fctx.y.y"mt (1-1)
4]

and an unbounded set of control functions X are assumed
to be given. The minimal value achieved by P_x] on the
sat X connotes optimal system performance.T is chosen

to be squal to the plant settling time for reasons that
will be explained shortly, and G is assumed to be twice
differentiable in each of its arguments x and y, the Adif-
ferentials taken in the Frechet or strong sense, The over-
all system configuration suggested by Kulikowski is shown
as Figure I-1l. The input to the plant is x(t),y(t) is

the plant output and yd(t) is the desired output value
taken to be constant, It is further assumed that:

The output-input relation of the plant can be described
by a nonlinear integral operator A[x]. This operator, for
example, can be of the polynomial type with kernels

gensrally unknown to the controller,



A(x] 1s twice Aifferentiadle.
The sets X and Y of input and cutput functions respec-
tively are subsets of Lz(O.T) (Hilbert) space.
G(x.y.yd) is chosen such that Equation (I-1l) svaluates
the ocutput bshavior of the plant over one period of steady
state operation., The object is to construct a periodic
input signal which forces the plant into a steady state
operation and minimizes (or maximizes) the performance
rfunctional, Bgquation (I-1),

Kulikowski's approach involveas the construction of
a sequence of input functions xn(t) n=1,2,... in the
space X by alternating periods of identification with
periocds of optimization, An axplicit solution for the
optimal control signal necessitates the identification
of the unknown plant characteristics. At this step of
the adaptive problem lies the attractive feature of the
approach, The entire plant operator need not be iden-
tified but only sssential plant characteristics (mea-
surable differentials). The optimization problem is for-
mulated and a solution is obtained using classical Cal-
culus of Variations technigues, The step by step optimi-
zation and identification procedure is designed to achieve
optimum performance in the limit as n+oo , Figure I-2
shows on a real time basis the intervals under consider-~
ation, During the first interval (o,ti) necessary infor-

mation regarding the plant structure and the values of

fixed coefficients is obtained by experimantation as it



is explained in the next section, It is assumed that the
plant dynamics remain fixed during the time required for
imolementation of the jterative optimization procedure,

i.,e. no changas of the kernels or plant parameters occur

in the interval (0,T').

I - 3, The Identification Problem,
Pearson and Sarachik {12, 13] have extended the
Kulikowski approach to include a wide class of systems
by reformulating the identification problem to account
for certain physical considerations associated with the
plant dynamics, It was recognized that the plant opera-
tor A which maps an input element x into an output ele-
ment y is in general not unique. During an interval of
time (0,T) the plant operator depends not only on the
input applied Auring the same interval but also on past
inputs, In the adaptive procedure described above a step
of optimization is accompanied by a period of identifica-
tion and it is essential that identification and optimi-
zation be performed during periods when past inputs have
a systematic effect on the output., If the plant possesses
no pure integrators within its structure it is possible to
accomplish this by preceding sach period of identification
with a long enough interval of time during which no input
is applied and the plant transients are allowed to decay

to zero. In general, with plants possessing pure integra-

tors, an output steady state is reached by applying a



suitable test periodic input. It is assumed that the system
is asymptotically stable with no jump resonances and there-
fore a periodic input will result in a periodic output of

the same period. The form and period of the test input
depend on the plant type, i.e. whether the plant possesses
none, one, two, etc, pure integrators, and also on the nature
of the nonlinearity i.e., whether even or odd, Experimentation
with suitable test signals during the learning period (O,tl)
will determine the plant type and nature of the nonlinearity
together with values of fixed gains and paramaters asso-—
ciated with the linear and nonlinear parta of the system,

The latter information is utilized in ene specifie method

for the identification of the plant adjoint differential,
Details of the technique can be found in the above refer-
ences.,

The identification procedure is therefore strongly
dependent on the plant type and the nature of the non-
linearity.

For type zero plants if a waiting period of length
Ty, with T egqual to or greater than the plant settling
time, preceded the application of any input element all
transients due to previous inputs will decay to negligible
values. A second method for systematizing the effect of
past inputs involves a single repetition of the input
element x(t), t€ (0,T), thus forcing the plant into a
steady state operation; T must again be greater than or
or squal to the plant settling time.

For plants possessing one pure integrator consider



the system shown in Figure I-3, N, and N2 4re Eerc memory

1
odd nonlinearities, The odd property of the nonlinear parts
of the system insures preservation of the sign of the

input signal at the output terminals, Given any input X,
over 0< t«<T, a periodic input x can be constructed by

setting

1

i+] -
x(t) = (-1) x{(t + 1iT) (1-2)

(i - 0, : 1.!!0"'@‘»t -"‘W)

and a periodic output y(t) eventually results with a
period of length 2T, It was shown by Pearson that the
steady state output is uniquely characterized in this
case by the periodic input x(t) as defined above and the
integrator accumulation due to portion of the input applied
juat prior to t = 0; the latter is systematized to affect
all the succeading outputs in the same manner.

If the plant has more than one pure integrator in its
structure, the periodic input is constructed similarly with
the period of the input and output signals increasing as

the number of pure integrators present increases,

I - 4, P.C._Legvel of Sygtem Output.
In some cases system psrformance depends strongly on

the D.C. level of the ocutput y(t). The periodic input for

a type one system constructed according to the rule of the



previous section can not lead to an optimum because al-
though it establishes proper steady state behavior it

does not alter the D.C. level of the system output for

any choice of x(t). Pearson [14] introduced as part of the

optimization a quantity S(t) called the input accumulation

and defined by:

S(t) = fi(t)dt
-0
The value of S(t) together with x(t) is chosen at
each optimization stage to improve system performance.
The D.C. level of the system output is altered by ad-
justing S(t) through the addition of a fixed quantity 4
to the first segment of length T of the periodic¢ input

i.a,

x{(t) + 4 for 1 =1 (
x,(t) = t € (0,T)
1 (-1)1*1 x(t) for i>1 !

I -35. Scope and Sontributions of the Thesis.

It is the purpose of this thesis to demonstrate the
theoretical aspects of a design approach to the adaptive
optimal control problem and the applicability of the de-

sign algorithm to practical engineering situations,

10

(I-3)

(1-4)



Chapter II introduces the fundamental tools of func-
tional analysis which are found to be necessary for the
formulation and solution of the adaptive problem, The de-
finitions and theorems are drawn here from standard text-
books on functional analysis,

Chapter 111 deals with plants described by integral
operator equations. The main contributions here are:

a) The extension of the Kulikowski approach to
plants whosa input-ocutput time functions are elements of
a general LP(0,T) - space. This makes possible the inclu-
sion of a wider class of pearformance criteria which des-
cribe the quality of system performance.

b) Certain conditions regarding the properties of
the plant differential have Ddeen relaxed, i.,e. it is found
that the linearity of the differential with reapect to the
input variation is guaranteed even when the plant differen-
tial exists in its weak sense only,

c) The conditional optimization problem is solved,
A bound is placed on the control function and a Lagrange-
multiplier method is used to formulate the augmented per-
formance functional, The solution is effected by means of
Classical calculus of variations technigues,

a) The utilization of the Liusternik and Weieratrass
theorems for the scolution of the adaptive problem with
input constraints, and

e) the overall implementation scheme.
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Chapter IV introduces the conditional optimization
problem for plants described by nonlinear differential
equations. Most practical processes are described by such
equations and the formulation and solution of the identi-
fication and optimization problems shed additional light
on the physical aspects of the adaptive mechanism., They
bring ocut c¢learly the ma jor assumptions imposed on the math-
ematical plant structure and their implications with regard
to accuracy of the solution. This approach is one of the
main contributions of the thesis,

Application of the adaptive algorithm to complex pro-
cesses necessitates the use of a digital computer in the
control loop. Chapter V develops the discrete single input-
output and multivariable versions of the adaptive problem,

Finally, in Chapter VI three case studies are presan-
ted. They illustrate some basic concepts of all the differ-
ent approaches discussed in the thesis, The computati. 1
difficulties associated with the implementation of the search
algorithms limit severely at the present time the range and

complexity of the examplas.
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CHAPTER 11

TH TICAL BACKGROU

In this chapter some basic concepts of functional
analysis are presented, The discussion below is intended
to introduce only elements of functiconal analysis which
are used in the thesis. The thesis deals mainly with op-
arators on normed linear spaces; such spaces are there-
fore defined, The adaptive control problem involves se-~
quences of input functions which converge to an optimal
solution; the convergence of sequences in normed linear
spaces is being discussed., The identification problem uti-
lizes properties of differential operators in the same
spaces; certain aspects of the calculus of differential
operators are some of the topics of this chapter. Sources
from which the definitions and theorema are taken are the
books by Kolmogorov and Fomin [1], Liusternik and Sobolev
L2], ¢c. T. Leondes (3], Vainberg (4], and Kantorovich and

Akilov {5].



I - 1., _The_Concepts of Set_and Space,

The concept of a set is vaguely general. A set may
be defined as a collection of its elements. The elements
of an abstract set can be of a most genseral sort, but
for most purposes the elements can be thought of as points,
numbers, or functions,

The concept of space refers to a set which is taken
to e the universe or set of elements used to compose all
the sets under consideration, By making various assumptions
or definitions various types of spaces are possible.

A metric space consists of a set X and a non-negative
real number p(x,y) defined for each pair of elements x and
Y in the set. The number p{(x,y) is called the distance be-
tween the elements x and y, and the following three condi-

tions called the metric axioms, hold:

1, p(x,y) = 0 if and only if x = y (identity)
2, plx,y) = p(y,x) (symmetry)
3. e(x.y) + e(y,zhif(x.z) (triangle inequality)

Examples of metric spacea are:

l, The set D" of ordered n - tuples of real numbers

X = (xl. Xoseee xn) with distance function:

Ma

plx,y) = {

=1

x

called the Euclidean n - space rR",

18

(vy = xk)z}" (11-1)
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2. The set of all continuous functions x(t) on the

Cclosed interval ag¢c t£ b with the distance function

pix,y) = {J?x - y)zdt}i’ (11-2)
aQ

An element x of a metric space M is called the

peece X sse OFf M,

limit of a sequence of elements Xy x2 n

if E(xn' x)+0 as n+ o0,

LOM o

If a sequence {xn} of points of a metric space X
converges to a point x ¢ X, then every subsequence {xnk’s
of the sequence {xn} converges to the same point, The
proof is trivial. For, if f(xn, x)<E for neno(el,

then p(x , x)<¢ for ny, & no(e). Also a sequence of points

of a motr:t space can converge to at most one limit, If a
sequence {xn} of points of X converges to a point x ¢ X,
then it is bounded in the sense that for every fixed point
of the space, the set of numbers e(xn. §) is bounded, i.e.
E(xn. ® ) < K for every x, and a unique constant K.

A linear space is a set R of elements x,y,z,,.. for

which the following operations are defined:

1, Addition. For each pair of elements x,y there is

a unique slement z = x + y such that:
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a) X+ y=y+x

b) x + (?'+ z) = (x + y) + =z

c} there is an element 0¢ R, x + 0 = x for all x¢ R.

da) for each x ¢ R, there is an element -x € R,x+(~-x)=0,
2, Scalar multiplication, For x ¢ R there is an element
ax € Rs

a) a(bx) = (ab)x

b) l x = x
3. Relation between addition and scalar multiplications

a) {(a+b)x = ax + bx

b) a{x+y) = ax + ay

A normed linear space is a linear mpace R with a

non-negative mumber | x| associated with each x¢ R,

This number is called the norm of x and must have the

properties
1. Ix]] =9 41f and only if x = 0
2, lax]| = |a] - || x]f
3. eyl & Y=+ gy
By using p{x,y) = "x-y" it is seen that a normed 1lin-

ear space is a metric space. Thus the theorems of conver-

gence which apply to any metric space apply in particular

to the normed linear space. Convergence in a normed linear

space is called convergence in norm, or strong convergence.
A normed linear space X is conveniently defined by

specifying a particular norm on that space, The thesis is
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principally concerned with equivalence classes of func~
tions which comprise LP(0,T) ~ spaces and whese norm is
defined Dby
T
”x”p = []x(t)lp at )P a1 (11-3)
0

with x(t), te (0,T), belonging to the space LP(O.T).

The practical significance of this class of spaces
lies with the physical interpretation given to the norm
as p takes Adifferent values,.

For p = 1 the space 11(0,T) defines the set of all

functions x{(t), t € (0,T) for which the norm

hxll = [ lxce) ae (11-4)

o

exists, i.e. [|x||<co.

Bquation (II-4) defines the set of all functions
with bounded "“area” specifically the norm of x(t) with
p = 1 might signify the total output concentration from
a chemical reactor process or the amount of fuel feeding
through a valve in the time interval (0,T),

The space Lz(O.T) defines the set of all square
integrable functions and the corresponding norm is asso-
ciated with the “energy" or “power* content of x(t).

For p = o© the space Lw(D,T) defines the set of all

continuous functions bounded on the interval (0,T).



Liusternik and Sobolev, cf, [2] p. 10, define a metric

1n .7 (0,1) by

)] = Max |x(t)]
P= 00 okt=4
If the interval of the independent variable t is (a,Db)
then it can be transformed into the interval (0,1) by

introducing a new independent variable o _ t-a.
b-a

The spacas Ll(O,T), Lz(O,T) and Lfn(O,T) are of
particular interest in the conditional optimization

problem, The distance functions, as defined@ above, are
used in order to axpress analytically a varied class of

performance indexes and constraint conditions,

Concerning the relationship between Aifferent Lp(O,T)
spaces corresponding to different values of p, any funce

tion x(t), te (0,T) which belongs to 1LP1(0,T) also belongs

to tP2(0,T) for Po< Pys 1.0, the space LP2(0,T) 18 a

subset of the space Lpl(O,T) for P,% Py

oA — T — Ny —

A sequence {xn} of elements of a metric space X
is called a Cauchy sequence or fundamgntal sequence, if
for avery £>0 there is an index N{(¢) such that

e(x,sxy)<€ for m2 N{¢) and naN(g).

22

(11-5)
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T Om e If a sequence {xn} converges to a limit x,

then it is a fundamental sequence.
Proof. If {xn} converges to x, then for given ¢>0
it is possible to find a naturel number N{£) such that

e(xn,xk% for all n2N(¢). Then

o (Xpe Xp) £ plxgs X) + plx_, x)< €

for arbitrary m> N{g) and n2 N(£). The converse is false
for an arbitrary metric space since there exist metric
spaces in which there are fundamental sequences which do
not converge to a limit in the space,

A complete normed linear space is also called a Banach
space. LP(0,T) belongs to the class of Banach spaces. The
completeness of LP(0,T) is shown in reference L2] pp. 19-20.

As an example of the application of the concept of
completeness the so-called principle of contraction mappings
is considered, Let R be an arbitrary metric space. A mapping
B of the space R into itself is said to be a contraction

if there exists a number g«:l such that

p(Bx, By) < yp(x, y) (11-6)

for any two points x,y ¢ R; every contraction mapping is
continuous. In fact, if x, -+ x, then, by virtue of (I11-6)

we also have an-fax.
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Theocrem. Every contraction mapping defined in a complete
metric space R has one and only one fixed point, i.e, the
equation B = x has one and only one solution,

Proof. Let x, be an arbitrary point in R. Set x, = BX ,X5 =

2 n
Bx, = B x_, and in general let x = Bx, _, = B x, . Then

plxye %) = p(B'x_, B'x_ ) < yPplxg, x )

z X"{E(xoi xl) + 8("1’ xz) Toeet E(xm_n_l’x‘n_n)}

m-n-1 }

N I I T

n t
s Y P(xor "1’{1—3

Since U“l this quantity is arbitrarily small for suf-
ficiently large n. Therefore the sequence {.xn} is

fundamental, Since R is complete 1lim n, exists, Setting

n-»-oo
X = 1im x. and by virtue of the continuity of this mapping
n-» oo
B, Bx = P 1lim x, = 1im an = 1lim Xnpl = Xe Thus, the

n -+o0 nN-e oo N-» &
existence of a fixed point is proved, For its unigque-~-

ness consider Bx = x, By = y then p(x,y) ¢ Xf(x’y)- Y < 13
this implies that pix,y) = 0, 1.8, x = y,

The principle of contraction mappings can be applied
to the proof of the existence and uniqueness of solutions
obtained by the method of successive approximations, With
its help approximating solutions of algebraic, differen-
tial, integral and in general nonlinear operator equations

can be found.
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II - 3. Qperjtors and Functionals on_Normed Linear_Spaces.
Let X and Y be two normed linear spaces and let the
set (le X. If an elament v = A(x]c ¥ 1is associated with
each x¢ {1 , an gperator (or mapping) A is said to be de-
fined on {1, and is said to transform or map {l into Y.
The set (] is called the domain of definition of the op-
erator A and the space Y its range. An operator f whosa
range is a set of real numbers is called a functional.
The following definitions distinguish the most import-
ant classes of operators:
l, Let X and Y be metric spaces and A an operator from
X into Y. The operator A is said to be continuous at the
point x € X if A[xn]-hfxoj as xna-xo.(xne X).
If X and Y are normed spaces then A is continuous if for

every £ there exists a g such that

IaLx,] = ALxo ]l < €
when | %n - x|l < 'y

(I1-7)

For all x, X, € Xo The norms in (IXI-7) must be inter-
preted according to whether the domain X is involved or
khe range Y. "A[x]” refers to the norm in the space Y,
while [/x]| refers to the norm in the space X, If A is
continuous at every point of a set B¢ X, we simply say
that A is continuous on K,

2. If X and Y are normed spaces an operator A from X

into ¥ is said to be homogeneocus if



Alax] = aA[x] (xe X)
A is described as additive 1if
A[xl + x2] = A[xlj + A[xzj (x)4%,€ X)

3, A is called a linear operator if it is additive and
continuous on X,

4, An additive coperator A mapping a set fl of a normed
space X into a normed space Y is said to be bounded if

there exists a constant C such that, for all xe {l

[alxd]] < - x|l

A necessary and sufficient condition for an additive
operator to be linear is that it be bounded. If C0 is

a number Adafined by

Co = 8up l,h[x]”
Nxil« 1

then Co is called the norm of the linear operator A and
1s written ||All . on taking ¢ = ¢, = [[A]| in (1I-10)

we get

fal=1f] « A - If=]]

From the above inequality the norm of A is given equiva-~

lently by

26

(II1-8)

(11-9)

(II-10)

(II-11)

(I1-12)
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"A = ;ﬁ:p J‘ALx]" (11-13)

If the operator A is a linear functional then its norm

becomes

fal = ”lb:p :ILALx]I (11-14)
x| =

The simple geometrical significance of the number [lAl|
is that it is the upper bound of the expansion coeffji-
clents of vectors in the transformation produced by the
operator A,

If A and B are two linear operators defined on a

normed linear space then the following inequality holds:

IIn+ 8l « |all + el (I1-15)

II - 4., Conjugats §races, Inner Products and_Adjoint
The definition of the norm of a linear functional
as given above satisfies all of the requirements found
in the definition of a normed linear space (cf. II-1,
p. 82). Thus, the totality of all linear functionals
on a normed space X itself represents a normed linear
space; It is called the conjugate space of X and is de-

noted by X
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The general form of a linear functional f(x) on

Lp(o.T) space is shown to be (cf, I1I-2, pp. 102-105).

.
£(x) = Sx(t)y(t)dt (11-16)

where x(t)e LP(0,T) and y(t) belongs to the conjugate

space of LP(O.T) denoted by L9(0,T); p and g are related

by

- 1 (I1-17)

o b~
+
QI

The norm of functional (II-16) as determined by

definition (I1I-14) in conjunction with Holder's in-

equality is given by

T i
F = | J |£(e)] T ae]? (11-18)
L]
The expression given by the right-hand side of
equation (II-16) is a bilinear functional of two var-
iables X and y, i1.e, it 1is linear in x and also in vy,
Such a bilinear expression is called an inner product
betweean the two elements.
The inner product between two elements xe€ X, y¢ X
is the bilinear functional associated with X and its

con jugate space X, it is denoted by (x,y) and possesses
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the following properties:

l, {x,y) = (y,x)
2. (x,+X9,¥) = (Xy,y) + (xp,y) for all xj,x,é¢ X, vyeX

_ (11-19)
3. (x ,y)+y,) = (x,y,) + (xX,y,) for all x X, y,,y, X
4, (ax,y) = (x,ay) = a(x,y) for a any real number
The inner product on the conjugate spaces Lp(o,T) and
Lq(O,T) whare p and g are related by (II=17) 1w
T
(x,y) = ‘{x(t)y(t)dt (I1=-20)
0

with x(t)e LP(O.T) and y(t)e Lq(O,T) or vice versa.
If p= 2 then g = 2 and Ez(O.T) = LZ(O,T) and
the spaces are said to be self-conjugate. L2(0.T) is
a real Hilbert space for which the norm is derived from

the inner product according to

Hxll = Vix,x) (11-21)

If X is a Hilbert space then x¢ X, and y¢ X are
called gorthogonal if

(x,y) = 0O (11-22)

Generalizing the concept of orthogonality to include
elemants of normed linear spaces the following defini-

tion is considered: The sequences {xn} s Xp€ X, and
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{yn} » yp€ X are called bjorthogonal if for all n and m
(Yns Xg) = O, (11-23)

where gnm is the Kronecker Symbol ( S;m = )] for n = m
and gﬁm = 0 fornyd m), If X is self=-conjugate, for
instance a Hilbert space, then both segquences belong to X,
1f {xn} and {Yn} coincide, the biorthogonality

becomes ordinary orthogonality,

Adjoint Opgrators. Let the linear operator A map

X into Y, where X and Y are linear and normed., Further-
more, let g(y) be a linear functional defined on Y, i.e,
g(yle Y, then g{y) is defined for y = A{x] where x is an
arbitrary element in X,

Since

gly) = g{A[x]) = £(x)

f(x) represents a certain functional defined on X, i.e.
f(x)e X. It is obvious that f(x) is linear. Hence there
corresponds to every functional g¢ Y a functional fe X.
The collection of all correspondences thus obtained forms
a certain operator dsfined on Y and with range belonging

to X. This operator is designated A" and is called the
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ad joint opsrator of A,
If we use the notation (f,x) for the functional

£(x), we obtain (g,A[x]) = (f,x) or
(g,A(x]) = (A"[g], x) (11-24)

This relation can be taken as the definition of the ad-
joint operator.

Some basic properties of adjoint operators are listed
below:
l, The adjoint operator of the sum of two linear opera-

tors is equal to the sum of the adjoint operators
A+ 8" =a"+ 8" (11-25)
2. The adjoint operator of the operator A A, where A is

a scalar multiplier, is equal to the adjoint operator
of A multiplied by 2

(AA)* = AA* (11-26)

3. The adjoint of the identity operator on X is the

identity operator on X

I = I (I1=-27)



|OXem, The opearator A*, the adjoint of the linear

operator A, which maps the Banach space X into the
Banach space Y is also linear and ||A*" = ‘lA'] + (For

the proof see reference (II-1l), p. 103).

As an example consider in Lz(o.l) the Predholm op-

arator
1
y = Kx(t) = ‘fK(t.s)x(s)d-
[ +]

with continuous kxernel K(s,t). An arbitrary linear func-

tional f£(y) on Lz(o,l) has the form:
1
2
£(y) = Jf(s)y(l)da £e1°(0,1)
fal
Therefore

£(Kx) = f;(s) { ‘[ixtl.t)x(t)dt:} ds
o Q

9
An interchange of the order of intédration followed by
an interehange of the variables 8 and t results in
1 1 1

f{Kx) = j’x(l) { ‘[ K(t,n)f(t)dt} ds = jx(a)g(s)ds

[ -] ]
with

1

g(s) = SK(t,s)f(t)dt (g = K'¢)

o

32

(11-28)

(I11-29)

(I1-30)

(11-31)

(I1-32)
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In this case adjoining corresponds to a transposition

of arguments in the kernel function,

11 - 5, Differentials of Operators,

If, for some x¢ X and esvery he X,

1im Al x+ ¥hi-Aix] . dhwj;x,h] (I1-33)
Y

exists, then the operator dA_ [ Xx,h] is called the Gateaux
or weak differential of the operator A at the point x in

the direction h, The limit is understood here as

;i’g ” -;; {ALx-o- gh]-a[xj} -da_Lx,n]l] =0 (11-34)

It follows from the definition that for every real a
dA, L x,ah] = adAwLx.h] (I1~35)

i,e, dhw[x,hj is a homogeneous operator in h, However,

dhw[x,hj is not always a linear operator in h, The fol-
lowing theorem gives both necessary and sufficient con-
ditions for the linearity of dAwLx,hJ with respect to h,

The proof can be found in reference (II-4) pp. 39-40.
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L em. In order that the Gateaux differential
dhw[xo,h] of the operator A be a linear operator in h,
it is necessary and sufficient that A satisfy the fol-
lowing conditions:

l. A satisfies a weak lLipschitz condition at the point
X.e We say that the operator A satisfies at the point
xo. a weak Lipechitz condition, if to every unit vector
h there corresponds a &§(h)> 0 such that if |y| < 5(h),

then
fAlxgs ynl-alx, I} < ¢ ) ynl

Where C > 0 does not depend upon the vector h.

2. A[x°+h1+hzj - A[x°+h1] - g[xo+h2j + A[xoj = Q

We define below the strong or Frechet dAifferential of
A[(x]s Let A[x] be an operator defined on some normed

linear space, and let
AAh] = Alx+h] - Alx] (11-36)

be its increment, corresponding to the increment h = h(t)
of the independent variable x = x(t)., If x is fixed,
AA[hJ is in general a nonlinear operator on h, Suppose

that

AAln] = aa[h] + ¢ n] (11-37)



35

where dA(h] is a linear operator and ¢ -0 as | h|-0,
then the operator A/ x] is said to be Aifferentiable,
and the principal linear part of the increment AA(h],
i.e. the linear operator AA{h] which differs from
AA(h] by an infinitesimal of order higher than one
relative to |[[h|] is called the strong or Frechet
differential of A[x].

Strictly speaking the increment and the variation
of A(x] are operators of two arguments x and h and to

emphasize this fact we might write

AA{x;h] = aA(x,h] + ¢ |[n]f| (11-38)

Theorem. If the strong differential exists, then the
weak differential exists and dA{X,h] = dA [ Xx,h].
The converse is not always true; for example the operator

A defined by

t
Alx| = I’x(t)f at (11-39)
o

where x(t)e¢ Ll(O.T), possasses the weak Aifferential

t
d.\'[x,hj = Ih(t) -gn{x(t)} at (I1-40)

o



where the sgn(z) is defined by

1 z>0
sgn(z) "{
-1 z<0

However the Frechet differential operator dALx,h] does
not exist for the operator {(II-39),

The ma jority of the operators considered in the
thesis will be assumed to be twice differentiable in
the Frechet sense., However, the analysis will not ex-

clude operators possessing weak differentials only, as

long as they satisfy the linearity condition with respect
to h, A unifoem notation will be used throughout the thesis
and the differential of the operator A[x] will be desig-

nated by dh[x,h] whether it be in the Frechet or Gateaux

sense,

Suppose that the operator A, from the Banach space X

into the Banach space Y, has at the point x the differen-

tial AA{x,h]. This linear operator, which is an element

of the Banach space consisting of every linear operator

from X into Y is called the derivative of the coperator A

at the point x and is denoted by A'[x]. Cosequently

AA{x,h] = A*{x]n

36

(II-41)

(I11-42)
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The concept of the derivative opesrator is the same in both
the Frechat and Gatsaux sense.

Higher order differentials of am operator A can be
obtained by repeated application of equation (1I1-33) or

from the sequivalent expression

AA . h] = M 11-43
U‘Lx' ] 2y f:o ( )

then, the nth order Aifferential of the operator A, vwhen

it exists, can be obtained from

n
dnALxshlnhzn-ochn] = 3%1 ;;‘l“f”éf:lhj- (I11-44)
(Y, - i

with x,hl...hne X

The nth order Frechet Adifferential is linear with respect

to each of its m variations hl’ hz...hn.

I1I - 6, Extremy.

Let f be a real functional defined on the Banach
space X, A point x € X is called an extreme point of £
if there is a neighborhood gixo) on which one of the

following inequalities holds:

1. £ & f(x,) 2. f£(x) = fx) xe o(x,) (11-45)



The gradient of a functional £ is defined in connection
with Af(x,h) by its relation to the arbitrary variation
h(t) in the inner product form
T
af{x,h) = ‘jh(t) - (gradaf)at
o]
Further, a point xo is called a critical point of the

functional f if gradf(x,) = &, the zero element in X,

XOm. Let the functional f be defined on a region w

of a Banach space X, and let x_ be an interior point of

o
w, at which £ has a linear Gateaux differential, Then, in
order that the point Xs be extreme, it is necessary that
it be critical, f.e. that gradf(xo) = Q,
Proof. Let h be an arbitrary fixed vector in X, Then
t(xdrxrﬂ is a real function defined in some neighborhood
of the point Y = 0 and having a derivative at Y = 0.
Hence, 1f xo is an extreme point of £, then Y = 0 is an
extreme point of the function f(x°+ xrﬁ and therefore

&d—'xf(xo + yh) =0

K:O

or df(xo,h) = 0 or finally (qradt(xo), h) = 0., Since h

8 am arbitrary vector in X, gradf(xo) = &, which proves

38

(11-46)



the theorem,

A sufficient condition for the axistence of extreme
points of certain functicnals involves properties of the
second differential, for example the following assartion

is true

sorem. Suppose that the functional f, defined on a
Banach space X, has first and second linear Gateaux

differentials, and the latter satisfies
a2e(x,n,h) 2 ||n]l ¥y € |in]l )

where g(t) {8 a non-negative continuous function de-

fined for ta 0, such that lim Y (t) = +o2,
t

Then there exists a point at which f has a relative minjimum.
For the proof see reference (1I1-4) p, 80,

Let X be a real Banach space, i.,e, a complete normed
linear space whose elements can be multiplied by real
numbers.

A sequence of alaments {xn} converges weakly to

x if the
o

lim f(xn) = f(xo)

n -» oo
holds for every linear bounded functional f{x) defined

on X, Strong convergence in the norm sense has already

39
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been defined in section 1 of this chapter.

A set w is called weakly closed if it contains all of
its weak limit points; 1.e, if the sequence {xig belong-
ing to w, converges weakly to an alement xo, then xoe w,

A set w is called weakly compact in X, if for every
sequence {xn} Cw, there is a subsequence {xnk.g
which converges weakly to some element x,¢ X,

A functional f is weakly continuous at the point x
if, for avery sequence {xn] which converges weakly to

x.s the sequence {f(xn)} converges weakly to f(x,).

o’
A functional f is called lower (upper) semi-continuous

1f x,+ x implies

Hm £(x,) & £(x)  [1Im £x,) £ £(x)]
n n

Let fl(x) a functional to be minimized under the
condition that fz(x), another functional be smaller or
equal to a constant R; X, is defined to be an ordinary
point of f,(x} = R if

”qradfz(xo)" > 0 (11-47)

Also, x_ an eslement of fz(x) = R, is called a condition~

o
ally critical point of the functional f,(x) with respect

to fz(X) = R {1f
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gradfltxo) = ')gradfz(xo) (I1-48)

where » is a constant multplier,

Liusternik's_Theorem, In orcder that an ordinary point
of fz(x) = R be a conditionally extreme point of the
functional fl(x). it is necessary that this point be a
conditionally critical point of fltx) with respect to f,(x)sR;
i,e, Equation (II-48) is satisfiea,’

The most interesting case, from a practical point of
view, is to find the extremum of a functional not on the
surface fz(x) = R, but in a closed region w, fzcx)ﬁ R. The
following theorem due to Welerstrass gives a sufficient

condition for the existence of extreme points with respect

to w', the bounary of w,

Welerstrgss Theorem. Let £,(x) be a real functional, de-~

fined on a weakly closed and weakly compact set w in a

+
An elementary proof of the theorem for two particular

cases can be found on page 97 of the reference (II~4)
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Banach space, and having a gradient at every point of w,
Then

1. It fltx) is weakly continuous in w and the condition
|| graag (x}j| > © (11-49)

holds at every interior point of w, then fl(x) assumes
its extremum on the boundary w' of w,

2, If £1(x) is weakly continuous in w and Equation
{II-49) holds at all but one interior point of w, then
£f,(x) assumes at least one of its extreme points on the
boundary w*,

3. 1f fl(x) is weakly lower (upper) semi-continuous

in w, and Equation (11-49) holds at every interior point

of w, then fl(x) assumes its infimum (supremum) on w’,
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CHAPTER III

THE CONDITIONAL OPTIMIZATION PROBLEM

In this chapter the formulation and solution of the
conditional optimization problem are presented. The dis-
cussion is presently restricted to plants described by
nonlinsar inteqral operators; in the next chapter we
are concerned with plants dascribed by nonlinear differ-
ential equations. The adaptive nature of the problem ari-
ses from the assumption that the plant dynamics are not
completely known, The method of solution to be followed is
applicable only when the plant dynamics vary slowly in time,
{These general remarks will be amplified and take concrete
form shortly in the course of the presentation.,) Thus the
technique can be applied to complex chemical or manufactur-
ing processes with long enough intervals of operation during
which the process dynamics, though partially unknown, remain
unchanged and necessary computational aspects of the optimi-
zation problem are carried out, The overall adaptive control
sCheme is designed for on-line operation with a provision
for plant modeling and off-line control whenevar certain re-
strictive conditions Adicgate for this kind of operation as

it will be explained in this chapter. Finally, in order to
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simplify the exposition of basic concepts a one-input, one-
output plant is considered first with the discussion of the

multivariable case deferred to a latar section,

111 - 1, Problem Formulatjon.

It is assumed + that the plant to be controlled is des~

cribed by the following operator relationship
y(t) = A[x(t)] (I111-1)

where x(t) is the input variable and Lelongs to a given
set X of control signals, y(t) is the output variable and
A is generally a nonlinear integral operator. The plant
configuration considered is shown in Figure (IXI-1l). The
operator A maps elements x from XCLP(0,T)~space into an
image output space YC L'(O.T). For example, if the process
is structured as shown in Figure (IXI-2), with Nl and N,
zero-memory nonlinear devices and L the linear part, its

input-ocutput relation is

t
y(t) = N, {jk(t,t)Nlﬂx(t)]dt} (111-2)

[- -]

+
A minimal set of basic assumptions is presented in thias

section; as specific identification and computational tech-
nigques are discussed additional assumptions are found to

be necessary.



46

Here the impulsive response of the linear part of the pro-
cess is considered to be unknown, One of the two methods of
identification discussed later in this chapter requires kxnow-
ledge of the form of the nonlinearities N, and Noy 1.e,
saturation, cubic, arctan stc., while necessary information
and N, are

1 2
obtained during the initial learning interval; the second

concerning fixed parameters associated with N

identification method is more general in scope and does not
require explicit knowledge of the nonlinearities,

More generally, the integral operator formulation can

be of the polvnomial type:

Alx] = A_(t) + ZI jki(t.ti....t)x(T)...X(T)d'r -dt, (III-3)
in1 ‘0
The function Ao(t) represents the initial conditions
of the plant and the kernels ki(t.T;....Ti) are not spe-
cified completely.
A quantitative measure of the guality of overall sys-
tem performance is given in terms of the performance func-~
tional J x]. In generall, J x] is considered to be of the
integral form:

T

Jix] = jG(x, Vs yd) dat (111-4)
)

where yd iz the desired output state.
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The objective is to determine a control signal x
which belongs to X and minimizes (or maximizes) J| x|,

while
R (11I-5)
=il <

i.e, the LP norm of the control signal is constrained to

be less or equal to a positive constant R,

The following assumptions are held to bes true;

1. Alx] is twice differentiable, The first differential
of A{x] will be denoted by dA{x,h |, where h€ X is an
arbitrary variation of the input variable x, If the
integrand of the operator equation defining A{x] is
continuous and ALx] is bounded, the dAifferential
dA(x,h] is linear with respect to the variation h,

A large class of physical systems exhibit such be-
havior and in the thesis the above linearity condi-
tion will be assumad as being satjisfied,

2. The process is asymptotically stable. The scheme can
be extended to classes of processes which are not
asymptotically stable when this condition arises due
to the presence of pure integrators in the plant
structure, Here knowledge of the number of pure in-
tegrators in the linear part of the plant is required,

The identification and optimization procedures aras
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modified according to the work presented by Pearson
and Sarachik as described in the first chapter of
this thesis, As a result of the stability consider-
ations a periodic input results in a periodic output,
The nonlinear devices exhibit no jump discontinuities
thus axcluding the presence of subharmonic oscilla-
tions and assuring that the period of the output 1is

the same as that of the input,
Zero-mamory nonlinear devices.

G(x, vy, yd) is a given positive twice differentiable

function in x and y and yd is the Qesired output,

It is assumed that the dynamic system is optimizable
with respect to the given quality functional J| x]
defined on the given control signal set X in the

sense that J x| assumes at least one extreme value for
Xe€ X, As a counter-examples consider the performance

criteriom

I(x] = -%f lyd - y(t),zdt] g

with yd(t) a unit step function, and the plant given
by ¢
y(t) = Sx(r)df
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I1f XcC Lz(O.T) it is easily shown that the minimum
value of J_ x] is achieved when x(t) = g}t). But

x(t) = g(t) 1s an infinite power control signal, i.e.
x(t) does not beloig to X, therefore the plant is

not optimizable, A general enough criterion of op-

timizability was given by Kulikowski |[III-1],

I11 - 2, General Solution.

The unconstrained problem is considered first and the
functional J_ x], Equation (I1I-4), is taken as a measure
of system performance,

The naecessary and sufficient conditions that Jix]
att~in a relative minimum or maximum value with respect to
the control signal x are that the first differential
AJ[x,h] vanish and the second Aifferential dzJ[x,h,h] ba
strictly positive for a relative minimum or strictly ne-
gative for a relative maximum value of the performance
functional (see Chapter 1I, Section 6),

The first Aifferential of J x] is given by:

,
aJ(x,h] = 5{-3%4\(1:) . —-g%dhl_x,h]}dt (111-6)
[+

where h(t)e¢ LP(0,T), aA{x,h]€ LT(0,T)
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and lchq(O,T), EQGIF(O,T)
Ix ay

with

T
+
ol [
"
<
"
+
|-
"
[

The second Adifferential of the performance functional

can be written as

T . 2
dzJ[x,h,h] = g{-g%hz + 2 g—;%—; h - ALx,h] +
o

2
G | 2 . 3G 42
+ ‘g?(dth’h]) + Wd ALx.h.hJ}dt (I111-7)

The sufficiency condition, Equation (I1I-7), for plants
with partially unknown dynamic characteristics, is dif-
ficult to prove and/or implement and will be considered
here as being satisfied; moreover, the problems are phy-
sically motivated and, in general, it should be intuitively
clear whether the performance criterion is minimized or
maximized,

Making use of the definition of the gradient of a
functional (section II-6, Equation 1I-46) Equation (III-6)

can be reformulated in the inner product form:
_ T
asx,n] = sh(t)gradJLx] at (111-8)
o

Since h(t) is an arbitrary variation with respect to x
in the interval (0,T) the necessary condition for the
existence of an extremum of J x] can be restated as

follows:
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grldJ[xJ = 0 for te (0,T) (I11-9)

In order to axpress dJ[x,h] in the form of Eguation
(I111-8) the adjoint differential operator A" x,g] is
defined by the inner product relationship:

T T
Jg[x(t)] AA| x,h] At = Sh(t) an’x,g9] at (I11-10)

(2]
with ge.TCZL’(O,T), where Y is the space conjugate to Y,
»_ *
he‘x<:Lp(0,T), and 4A Lx.g]ﬁ Lq(o.T), i.8. AA maps sle-
ments of L® (the con jugate of the image space Y) into the

space LY (the conjugate to the domaim of the operator A).

3G
oy

in terms of the adjoint differential, Equation (III-6) is

Letting g = and following appropriate substitution
written as

T
AJ x,h] = j,h(t)iégé— + da'[x.q]} at (I11-11)
0

The gradient of J x] is therefore recognized to be

gradJ{x] = + aA*Lx,g] (111-12)

2G4
o X
Thus the problem inveolves the solution of a generally
nonlinear operator equation (gradJix] = 0) in terms of

the control signal x(t). For that purpose the unknown
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adjoint Aifferential aA"(x,g] is related to measurable
plant output differentials; two such identification pro-
cedures are presented below, A number of well-known iter-
ation schemes for the solution of the operator equation
are also discussed in subsequent sections,

Let us consider next the constraint problem: We seek
a minimum (or maximum) of J x] while an appropriate norm
of the contrcol signal is constrained to be less or squal

to a positive constant R, i.,e.,
=l o« R (111-13)

Two distinct possibilities present themselvas with respect
to the solution of the constraint problem: Either the norm
of the control signal is less than R, and therefore the
solution is identical to the one considered already for the
unconstraint problem, or the norm of x(t) is greater than
the value of the constraint., Consider the second case to
hold true here, In most control problems whenaver the control
signal exceeds the constraint boundary the best possible
input is found to lie on the boundary of the constraint, By
recalling the Weierstrass Theorem (Chapter II, Section 6)
operation on the boundary of the conatraint is for all prac-
tical purposes assured whenever the norm of the gradient of
the parformance functional does not become identically equal

to zero throughout the optimization interval (0,T). We assume



operation on the boundary 1if nxl|p).R especially since
the problems in this thesis are physically motivated. The

inequality constraint becomes an equality, i.e.

R3] p = R (II11-14)

Now, a Lagrangian formulation is used in writing the aug-

mented performance criterion P/ x] as

Plx] = Jx] + Y E3| 5 (I11-15)

with the Lagrange-multiplier )} to be evaluated from the
constraint condition (IIl-14),

The necessary condition for the existence of an ex-
tremum of P{x], i.e. the vanishing of its first differen-

tial, is expressed as
T 2477 9y
2 2 Py P -
aP(x,h] = A x,h] + A(I}x} at) J}x, sgnxh 4t = O (II11I-16)
0 ]
or squivalently:

gradJ{x] + o [x P=l sgnx = 0 (111-17)
B

with gradJ{x] given by Equation (III-12).

Thus, utilizing some iterative procedure in conjunc-



54

tion with Equation (III-17), a sequence of input functions
can be constructed with each member of the secuence computed

from the previous one according to the relationship:
- -
Xeey = SO @A (x I, A) (111-18)

together with the constraint condition for the determin-
ation of the lLagrange-multiplier 7 . The limiting element
of the sequence constructed from Equation (III-18) results
in the optimal input x°(t), te (O,T),

The Weierstrase condition can be easily tested in a
digital mechanization of a specific process as it will be
shown in Chapter VI where apprlications and their digital
implementation are taken up.

In order to illuatrate the general solution in some
detail for phyaically meaningful situations let us consi=-
der a requlator problem with the performance criterion

J x] of the formi:

ax] = [ly? - ax]f| oy (I11-19)

where yd - A[x] is the difference between the actual and
desired output values, When Py = l a measure of thes inte-
gral of the absolute value of the error function is being
minimized, With P, = 2 the criterion is the root mean

squared error and for P, = the maximum amplitude of the
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difference between the actual and desired output values i=s
the subject of minimization,

Another form of the parformance criterion useful in
practical applications for extremum control problems is the

followings
Jx] = ||A[x]|| oy (111-20)

Here for p; = 1 the "area" or total output product is
maximized; with P = 2 we seek an extremum of the out-
put "power" or "energy". In general, forms similar to
Equations (III-19) and (I11I-20) are extremely helpful in
translating a great varisty of qualitative physical cri-
teria into functional relationships. This clearly demon-
strates the usefulness of the extension of the analysis
into Lp-upace-.

For purposes of an explicit analytical solution it
will be assumed that the performance functional is given
in terms of Bquation (III-19) with the contreol signal con-

strained by
||l p,% R (111-21)
where Py P2 = 1 and R is a positive constant, The con-

straint gnequality (11I1-21) takes on different physical

interpretations as P, takes on different values in a sim-
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ilar fashion as that described above for J. x].
Following the standard procedure the augmented per-
formance functional P{x] is formed according to the rela-

tion:
P x] = llyd - alx]|| 5, + allxll B, (111-22)

where 7 ias the Lagrange-multiplier and will subsequently
be determined from the input constraint condition. P| x| may

be written alternatively as:

T a . p S T op 3
Plx] = ( [,y -ALx]] L ag) e 2 j,x’ 2 ae)™ (111~23)
[

o

Then the first dAifferential 4P(x,h] is avaluated to be

1 T . :.1 T, - |
daP(x,h] = 51( I jyd-ALxJ]pldtJ?‘ Y j]vd-ALxJ[pl tagn(yd-a(x])
] 0

-1 T
P, I'[x,pz-lsgnx h dt (I11-24)

r
. P
(=dA{ x,h]}at + 7\%‘( f [x| 2dt)

0 )

Defining
. py~1 .
g(t) = ’yd—Aijl 1 sgn(yd-ALx]) (I11-25)

and introducing the adjoint differential operator dA"[x,q]
defined by Equation (III-10), the gradient of P_ x| expressing
the necessary condition for the existence of an extremum of

the augmented performance criterion is written as,
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: TP gt -l T4 Py, 3t
gradpP| x]= % g|x| ac)* | x| sgnx-( f,y -Alx]] “ae)t aa | x,q]
° ° (111-26)
The vanishing of the gradient of P/ x] leads to the rela-~
tion
) x py-1 A_A( x
E3RE jx[ sgnx = Py l" Lx,g] (I11-27)
Pl “Y - Lx 1:1
or
P-1
p2-1 ' £ -
1 Lx-k‘_-]—' -
x sgnx = 4 dA | %,q9] (I111-28)
?1
Solutions exist for the following cases of particular
interest with regard to practical applications:
Case_1, Lat p,»c and p; # o , Then from Equation (III-28)
sgnx = agn(dA.Lx,g]) (I11-29)
and
-
x(t) = max [x(t)’ sgn(dA (x,q]) teg (0,T) (I11-30)
since by definition
”x” o, = max |x| as p, —+ oo (111~31)
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and 72 , the lLagrange-multiplier, remaines always positive;

g(t) 1s interpreted according to Equation (IlI-25),

Case 2, Let p,~oo and p, = 2, From Equation (I1I-28)
again
1 *
x(t) = a l'x" 9 AA | X,q ] (I11-32)

Here g(t) is given by Equation (II1I-25) and an appro-
priate interpretation of the value of g(t) is necessary

as p,; becomes a very large number, When the upper bound

of the time interval (0,T) is unity the spaces correspon-
ding to values of Py up to N, with N finite, are proper
subapaces of Py = ® . The same situation can be realized
when T ¥ 1 with a change of the independent variable t,

ag it is described in Section 1, Chapter II. Then a value
for P between five and ten will assure an excellent approxi-
mation to the desired expression for g(t),

Case_3, Finally with p, = P, = 2 (Hilbert Space) the so-

lution for the contrel signal is given as

1 Ix]l

1 — dA"" ) -3
) Ak, W bxes) (111-33)

x(t)

with

g(t) = yd - Al x| (I111-34)
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A sequence of input functions can be constructed for
each of Equations (III-30), (III-=32) and (IXII-33) according
to Equation (III-18) and the discussion presented above,

But, for the iterative sclution of these nonlinear
operator equations the adjoint differential dA*Lx,gJ must
be identified and the Lagrange-multiplier A evaluated, In
the next two sections two techniques are described each lead-

ing to a solution of the identification problem,

III - 3. Identification_of daA’ x,g], Biorthogonal

Kulikowski | III-2] has suggested an expansion of the
operator dA* x,g) in terms of orthogonal time functions over
the time interval (0,T) whenever all functions considered

are alements of Lz(O,T) (Hilbert) space. That 1is

aA* x,9] = 2Zay hy(t) t e (0,T) (II11-35)
i
with
1 (7 0 1 43
r ghi(t)hj(t) at = . (II1I-36)
1=

)

and x,g and hg Lz(O,T).

Substituting the series representation (III-30) into the
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defining Bquation (III-10) for the adjoint AA (x,g] an
exprassion for the unknown coefficients a, in terms of
plant differentials is obtained, i.e,
T
a, = % ggl_x(t)] AA{ x,h, ] At (IT11~37)
° 1 =1, 2, ces

If the time functions considered are alements of a
more general Lp(O,T) ~ space then the adjoint differential

dA"[x,9] may be axpressed as the sum of an infinite series

of bicrthogonal time sequences, i.e,
.r.
A [x,9] = };ai“f’itu (111-38)

with the sequences ?1(t) and hj(t) beaing bi-

orthogonal if

(Py(t)s hyle) ) = 913 (111-39)

and h e LP(0,T), Ppe L9(0,T) and S:j is the Kronecker
delta function, Substituting again the series representa-
tion (I1I-38) into the defining Equation for the adjoint
differential dA'Lx,gJ and utilizing the biorthogonality

property of the sequences ?1(t) and h _(t) we obtain the

1

following expression for the unknown coefficients a; in
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terms of plant ocutput differentials)

T
gq[x(t)l AA[x,h, ] At (111-40)

o

i

84
i = 1. 2’ s e

One point should be clarified at this time: In an
actual process operation the plant differential AALx,h

is approximated by
dAa,[x,h] = % { Al x + Xh] - ALx]} (ITI~-41)

where Y is small but finite, and of course, only a finite
number m of terms in the expansion formula (I1I-38) can

be used, Thus it becomes necessary to consider the convergence

of dn;'x Lx,g], where
- m
Moy LX,g] = Z“xi P, (¢) (I11-42)
21
and
L /T
axi = = j-g(t) % {ALx+ Xhij - ALx]}.dt (I11-43)

o]

»
to the true value of the adjoint dA [ X,g]. It will be
shown that dh;’x Lx,q] converges uniformly to dA*Lx,q]

as m increases and K"O' indepeandent of x, {.e. for any

function x(t) and given number g , numbers M and G exist
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such that

| oA,

- - -
mey [X09) - A Lx,ql|l = ¢ (111-44)

when m>M and ¥ <G. The following two lemmas are proved

first,

a l. If A{x] is a nonlinear operator, acting in the

Lem

space of pth integrable functions+, having a linear differ-

intial 4A{ x,h ], the following relation holds,

¥ fg(t) { Alx+t yh] = ALx]} at = fg(t)dAanxh hjat

(I11-45)
[h(t)d&\ Lx¢+Tyh,glat
where T 18 a number bealonging to the interval (0,1),
Proof. Congider the function
T
y(t) = jq(t)ALm tyhlat (I11~-46)
o

*A measurable function x{(t) defined on the interval (0,T)
belongs to Lp(O.T)-apace. or otherwise is a function with
integrable pth power, if

ﬂx(t)yp at < oo

4]

The inteqral is to be interpreted in the sense of Lebesgque,
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with real argument ¥ . The derivative of \y(t) is given by

vt = lim E}% Ly (T+ AT) —w(T)]
= JTg( ) &tigzl-t{J\Lx*tJh'*ﬂTah] - ALx-i-xh]}dt

" JTg(t) AA[x+Tyh,yh] dt (111-47)
Applying the Lagrange formula to y(T):
y(1) = ¢(0) = mes 0O&Ts1 (111-48)

we obtain

T
I;(t) { ALmBh] - ALx]} at = Jg(t)dALx*txh.xh]dt (I11-49)

o ]

Since AA(x,h] is a linear operator with respect to h:

T
-}‘ I;(t) {Ameh] - ALx]} at = Sg(t)dALmqh.h_ldt (I11-50)
0 0

The sacond part of Equation (III-45) is obtained by direct
substitution of the right-hand side of Equation (11I-50)
into the defining Equation for the adjoint differential.

For a more concise presentation of Lemma 2 and the
main Theorem the following notation will be adooted:
Let

Bl x] = dA.Lx,g]

and

daB(x,h] = dzA.Lx,g,h]



64

It is assumed that the second plant differential dzhi_x,hl,hzj

p

exists for every x, hl and hze L ;3 then the second adjoint

aifferential a?a*{x,g,h] exists, 1i.e.
]IdZA'Lx.g.hjll < o (II1-51)
when “x"(oo and "h”( o , because, by definition

T T .
Iq(t)dzth.hl.hzjdt = jhl(t)dzh Lx.g.hzjdt (I1I-52)
o]

Lermma If BLx] is a nonlinear operator acting upon

mma 2.
the pth integrable npace‘\ofunctions and having the linear
with respect to h(t) differential dB x,h] = B*|x]h, where
B'[x] is a nonlinear derivative operator acting on h(t),

then the following relation holds,

i e gnd-2uedlf ¢ oo flBroeyn]ll o vl (111-53)

Proof, If £f(t) is an arbitrary function belonging to

LP(0,T)=-space, from Lemma 1 it is true that

T T
H f(t){:BLx+Eh]—BLxJ} at = '[f(t)dBLx+txh h]dt (111-54)
o)

when T €(0,1),



65

Applying Holder's inequality to both sides of

Equation (III=54);:

I 1 j £(t) { BLx-thJ"BLx]} dtl |§, el ”BLx-Irxh]-BLx]“q 11-55)
and
’f;(t)dBin-tJh.tht, £ “f“ 5 ”dBLx-o-txh,h]“ . (111-56)

The equality sign appears in Equation (III=56) when
f(t) = K ,BLx+xh]-BLx],q-lsqn(BLx+Jh]-BLx]) (I11-57)

Then from Equation (III-54) with £f{t) as in (I1I1-57) the

following inequality holds true:

’?J;(t){ BLma’h]-BLx]} dt, < ”f” ° [|aBLx+ Tyn,n ]| q (I11-58)
or
’%lfK!BLx+xh] BLx]lq-l{ BLx+xh]-BLx]} sgn(B_ x+§h |-B x |)dt

=,1‘IK,BLx+XhJ—BLx],th
£ ( I]KlBLmth-BLx]]q 1sgn(sLx+3h] BLKJ)Ipdt)‘F“dBLxﬂxh h]l]

(I11-59)



And

1

T T
]id[]BLx+xh]-aLx]|thlg (‘L‘BLx+xh]—BLxJ|thfP"dBLx+txh,h]"q

Since 1., é = ] the above inequality reduces to

P

§ i L+ » T
I% L'BLx+!h]-BLx],thbé%%€§+‘:§T83igﬁ!gaLx+xh]_BLxJ|th

and tharefore
li!'[BLx+5h]-BLxJ” o= "dBLx+tKh,h]” q
with

dB x+Tyh,h] = B[ x+1yh] h

we may write {(definition of the norm of an operator and

Reference | II-1] p. 82):

|§| f| 8L+ yn ]~ x || & [Be L+ Ty ]|l q (|n]! .

or

3 Hogrl-sxdlf o mue oo sgndll o ]

66

(III-60)

(1T11-61)

(II1-62)

(I11-63)

(ITI-64)

(1I11-68)
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which proves the Lemma,

Theorem. If A(x] 18 a nonlinear twice differentiable
operator in Lp-apace. then for any given function x,(t)
of this space and any number g there exist numbers

M and G such that:

B, L] = sl & ¢ (111-66)

where m>M, ¥ <G and

Bm.Xka] = i;aﬁ \P.l(t) (I111~-67)
BLx, ] = gtai‘f’i(t) (111-68)
and
1 T
ayi = T Lg(t) {Aka-t-xhiJ—Aka]} At (111-69)
L (] .
ai = ” fohi(t)dk LKK,Q(t)]dt (III*?O)

with (t) and h,(t) being biorthogonal.
i i
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Proof. Using the Minkowski 1nequa11ty+ we may write:
18, g Lo J=BLm I & 1 2L —ay Jg coaf] ol 2ay o]l (111-71)

Since the sxpanaion of the qth integrable function
B X, ] 1into a series of P, (t) functions converges, we can find
corresponding to any given number £1<g a number m such

that

Q0

| 2 agf(e)]l £ ¢, (111-72)
L3 Mel
From Lemma 1:
. T . -
TLﬂxi“li] = Ihi(ﬂ { Bka’ftxhi]-Bka]} dt (I11-73)

o

and again making use of the Minkowski inequality togather

with the results of Lemma 2, we may write:

T ”%La‘i—ai]tﬁ(t)ll qé Té’]Bkad-txhi]-Bka]” a
£ ?;1"8'“%*9&6*11]” g lTyhgll 5 T

< Mm ly|T (111-74)

*See Reference | II1-1] pp. 213-214,
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where

M = sup B x_+ 0,T¥h, ]l
0‘01<1 k i .4 i

Assuming thatX(Jiﬁl we obtain
MmT

IIEELaai -a, ]P0 < £-¢, (111-75)
or

“em'x ka] - Bka]” £ ¢ (I1I-76)

Q.E.D.

Practical considerations call for a proper choice
of the biorthogonal time functions ?i(t). A method uti-
lizing the fewest number of terms and closely approxima-
ting the operator dA*Lx,q] makes use of an extension of
the Gram=Schmidt orthogconalization process,

Let

- L4
€,_,(t) = aA"Lx ] ana £, (t) = aA (% ,9, ],

k-1" T2
k=1, 2, 440 If these two functions are similar in

form and fk-l(t) has been identified in the past, the

process for identification of fk(t) proceeds as follows:



If hl(t) = fk_ltt), h2(t) = fi-l(t) co e

(m=1)
hm(t) = fk-l {(t), then

hi{t
P, (t) = TPl

Take

*
h 2(t) = hz(t) - v, @l(t)

where the number u, is determined in such a way that
h;(t) and \p,(t) are biorthogonal; application of the

biorthogonality condition results in the following va-

lue for Uy

.
| y
u, = = h,(t) {(t)at
1 r /), 2 ?1
and
n'a(t)
Pple) = moareyy

Analogously the succeeding terms of the truncated series
can be constructed, This procedure suffers from the dis-
advantage of not being self-starting. It is suggested
therefore that dA*Lxl,gl] be constructed from . (t)

with the biorthogonal functions being arbitrarily chosen
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as sequences of unit vectors in the interval (o,T), or

\Fl(t) = ( 1’ 0| O. P )
?2(t) = ( 0' ll 0! O! ee )

( 0, O, 1, O, Op eee )} etc,

?3(t)

For the second iteration of the overall adaptive
*
process, i.,e, for the construction of AdAa LX2.92]- the
function £,(t) is known and the Gram~Schmidt procedure

can be utilized to advantage,

III - 4. Identification of dA”lx,g). Reverse Operator
Method,

The biorthogonal expansion method is very general
in scope and applies to all classes of systems that we
are considering in the thesis., A disadvantage of this
method is the length of time required for the evaluation
of the coefficients of the truncated series, This disad-
vantage is overcome by the second method that we will
discuss now, In one time interval from 0 to T we have an
exact expressjion for the adjoint (in terms of the plant
differential dA; x,h]). The price that we pay though is

that this technigque is applicable only to a small class

of systems for which we require knowledge of the plant



structure and the form of the nonlinearities. It is based
L

on directly relating dA | x,g] to the measurable

plant Adifferential dA[x,hJ through the use of a reverse

operator R defined by
R {z(t)} = z(T-t) t €(0,T)

The operator R represents a device which stores a time
function z{(t} for te¢ (0,T) and emits it in reverse order
during the succeeding T-time interval, Some oroperties

of R are listed below:

1, R{R{z(tJ}} = z(t)

2, R.{azl(t) + bzz(t)} = aR‘{zl(t)} + bR{_zz(t)}

3. R {u(t)-v(t)} = R {u(t)} R {v(t)}

i T
4. R { j k(t=-T) z(T) dr} = J’k(t'-t) R {z(t}} at
o 3
The last property is established as follows:
From the definition, Equation (I1I-80), reverse oper-
ation means substitution of ¢t by T - t, Then

T-¢

t
R { J’k(t-'t) z{(T) dr} = Jrk(T—t-‘t) z(T) AT
0 o
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Letting v = T=-T the above expression can be written as

¢ t

R { Ik(t—‘c) z{(T) d‘l’}- - Jk(-tﬂ:) z(T-u) au (X11-83)
° T

or
t T

R ‘{ gk(t-'t) z(T) dt]= ‘fk(u-t) z(T-u) du (IIrI-84)
o 4

But

z(T=u) = Rl{z(u)}

which establishes property 4,
The identification method will now be illustrated
assuming the following form for the plant operator:
t -
ALxJ = Aj Jk(t-'t) N x(T)] AT (I11-85)
G
whare NLx(t)] represents a twice differentiable zero
memory nonlinear device, The first differential of A x|

18 written as

t
dA[ x,h] = Jk(t-t) —gg- | x{T) ] hiT) AT (111-86)

o
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Substituting Equation (III-86) into the defining equation

for the adjoint operator:

T ¢ T
jQ(t) [k(t-t)—gg— [x(1) ] n{1) arae = fh(t) A" x,g]at (111-87)
[ o o

For physical system k(t-T) = O for <t > t, Equation (III-87)

is written as

T T AN 7 .
g(t) { k(t=-T) Lx(T) Jh(T)azdt = |h(t)AR [ x,q]at (111-88)
dx
(+] o L
Interchanging the order of integration:
TdN T T
j T (x(t) Jhit) rk(r-t)g(t)dtdt = jh(t)dA'Lx,g]dt (I11-89)
] o ]
But kx(T~t) = 0 for t>T , therefore
TdN T 7 "
j—&-—Lx(t)]h(t) J k(T=t)g(T)drdat = Ih(t)dA Lx,qg]dat (I11-90)
o 't -]
and
an T
dA'Lx,q] = = Lx(t) ] Jk(t—t) g(t) 4T (I111-91)
t

Applying the reverse operator R to the axpression for
the plant differential dA|x,h] given by Equation {(III=-B86)

results in
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-
R {&Lx.h]} = J,k('l:-t) R{ g: Lx(t)] h(t)} aT (I11-92)
t

Now introducing a spacific variation h(t) given by .

h(t) = ~ccee-= - (111-93)

and by comparison with Equation (I1I1-91) the adjoint

differential operator dA"|x,g] 18 seen to be given by:

AaN

»
AdA Lxsg] = A

Lx(t)}] R {dALX.F]} (111-94)

Similar expressions can be derived for other types of
nonlinear plant operators, In general, for plants des-
cribed by the Bum of operators, delayed by To» of the
form:
t+To
Alx] = JIk(t+Tb-'t) NLx(TO+‘t)] aT (IT1-95)
[+]
the adjoint differential operator can be obtained through
the reverse operator methocd, The same procedure can be
followed for nonlinear operators of the general form (III-3)
which do not change when we substitute t = T=-t, ?it T- T,
and interchange the order of integration, When in doubt
whether a particular plant belongs to the class for which

the adjoint operator can be determined by reversing in
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time the plant differential a test can be performed ex-
perimentally for every input x(t) using the following
criterion:
v T
Shl(t) aA[x,h, ] dt = ghz(t) R{cu\[_x,hlj} ae (I11-96)
o o
where h;(t} and hy(t} are arbitrary functions,

As it can be seen from Equation (III-«-94) the non=-
linearity NLx] should be known within a constant vector
of parameters which in turn is determined through steady-
state plant measurements during the initial learning
period (0,t;) as it is described by Pearson LI11-3], or
by one of the parameter identification techniques pre-
sented in Appendix I,

Having thus identified the adjoint differential
operator, methods for solving nonlinear operator equa-
tions will be investigated beafore the total implementa-
tion acheme, which incorporates the evaluation of the
Lagrange-multiplier A, is presented.

The vanishing of the gradient of the performance
functional, Equation (I1I-17), represents a nonlinear

operator equation of the form

QLx(t)] =0, te(0,T) (111~-97)
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With an arbitrary initial element xo(t), te (0,T), being
specified, a sequence of inputs xn(t), n= 1, 2, .40 is
sought, each element of the sequence being a function of

time for t € (0,T), so that
Pka+1(tJ]<:Pka(t)J (111-~98)

and the sequence converges strongly to the solution of
Equation (III-97).

A number of techniques are available for the itera-
tive solution of nonlinear operator equations., The con-
vergence conditions for these techniques are extremely
A1fficult to test beforehand for the type of operator
equations arising in adaptive control problems, This 1is
true even when the plant operator ALx] ie known axplicitly.,

Contraction mapping, Newton's methods and the technique

introduced by Altman will be discussed in the next sections,

IIT - 5. Contraction Mapping.

For the iterative solution of Equation (I111-97)
using the principle of contraction mapping it is assumed
that the operator aguaticn under consideration can be

rearranged in the form

x = B x| (111-99)
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where B is an operator mapping every x€ X into the same
space X, The mapping is said to be a contraction 1f B/ x

satisfies the Lipschitz condition
p(BLx; ] - BLxy]) & bplx)ux,) (I11I-100)

with XyoXy € X and g(l.
Then the solution to Equation (III-97) can be found by

iteration:
x = Blxp ] n=1, 2, ... (111~101)

according to the following Banach reducing transform

principle [III-4],

Theorem, Let there be given in a complete metric space
X an operator B which maps the elements of the apace X

into elemaents of the same space. Suppose further that
(III-100) is satisfied, then there exists exactly one point
x° such that B[x°] = x°, The point x° is called a fixed

point of the operator B,

Proof., Starting with an arbitrary but fixed element

X,€ X, the sequence ~[xn} is constructed, putting

xl = B[xo_]' x2 = BLxl]' sy xn = B[xn-lj "o e



It will be shown that the sequence {xn} is fundamental:

It is true that
plx »x,) = p(BLx ],BLx,]) &« fplxyix;) = gg(xo,BLxOJ)

. _ 2 .
p(xy,x5) = p(BLx,,Blxy]) < gE’("l"‘z’ & Bp(x,,Blx5])

— s s s s W s e G S SR ML AN s SN SRR MR AR MR A S S e dr  TEm T W A

- ame e e Em e e e mme AR SR e e MM S EEE EE S EER RS M EE R EEE e M SR der

Furthermore

e(xn'xn-bp) 4 E(xn'xMI) ¥ eee t E(xmp_l,xmp)

"+t weP -4

( 8+ £ + ...+ & ) E(xo,BonJ)
n n+P
= % E""o' Bon]}

According to the hypothesis -g(lq then

n

B(XprXp, ) < 1—_€g-g(xo,8[x°])

AB n -» 00 , P(x 2 X }) —» 0, and therefore the sequence
n n+p
{xn} is fundamental, Since the space X is complete
there exists an element x°e,x which is the limit of this

sequence:

o
X" = 1lim xn

n-ea
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Now

pix_,B(x°]) ¢ p(x%,x.) + plxy,Bx"]) = p(x%,x) + p(Blxpzy],B(x°])

¢ ptx®ixy) + Bp(x®yx )

If ¢ is arhbitrarily given and n ias sufficiently large,

then

[
f(xo.xn_1)<iﬁg- and e(x°,xn)< —

Consequently
p(x°,B(x°]) < €

But £ >0 was arbitrary, hence this inequality holds if

and only if

E(xc’.B[xo]) = 0, 1,0, 1f B x°] = x°,

If there are two elements x°¢ X, y®€ X for which
B x°] = x° and B y®°] = y°

then

e(xo, ©) = e(B[xojoB[YOJ)E €E(XO'Y°)
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Assuming that e(xo,y°)>0 it follows that fe l; this is
however, a contradiction to the hypothesis, Thus unique-
nass of the fixed point has been proved,

An estimate for the error of the nth

approximation
in terms of the initial arbitrary element xo and the

Lipschitz constant é is given by

n
p(xnsx°) & T?Z p(x°, B x°]) (111-102)

From the results of Lemma 2, Section III-3, it is
seen that the Lipschitz constant glmay be intarpreted
as the norm of the derivative operator of the operator

B| 1.2.

£ - sup f| B*[ x]|| (I1I1-103)
xe¢g X

If the Lipschitz condition (III1-100) is not satisfied the
theorem does not deny the existence of a solution, it
merely implies that the sequence {xn} defined by
Equation (III-101) will not converge to a solution, PFor
the special case when X is the real line and the operator
B is an ordinary function the convergence of the sequence
based on the contraction mapping principle can be easily

verified geometrically (see Reference 1II-4, p, 44).
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111 - 6, Newton's_Mgthod.

Neawton®s method or the method of tangents is a well-
known technique for the solution of real equations, Gener-
alizations of Newton's mathod to the sclution of operator
equations in Banach spaces have been made by Kantorovich
(Raference 111=-5, Chapter XVIII).

Kantorovich considered equations of the form given
by (I1I-97) with Q an operator mapping an open set [} of
a Banach space X into another Banach space X, Q is as-
sumed to have a zero in ], i.e, there exists an element

x° such that
ax®] = o (II1-104)

Assuming further that the operator Q has a continuous
derivative in {1 and taking any element x e 1, the
element Q| x ] = Q[xoj - Q. x°] can be replaced by the
%)

approximation Q'on] (x~x%), so that there is a basis

for assuming that the solution of the equation
4 o -
Qon] (xg=x") = Q] (ITI-105)

will be close to x°, The solution of the linear Equation

(III-105) is easily found to be

1

x) = x5 = (@'({x])7" alx,] (111-106)
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substituting x, for x and on the obvious assumption

l
that the inverse operation (f.:i'[xc,:l)'1 exists,
Starting from the initial approximation X and con-
tinuing this process the sequence {xn} is obtained:

1

Xpa1 = X, = (Q'Lxa]) 7 auxg] (111

n= 0. 1. 2. se s

Each x, is an approximate solution of Equation (III=-97)
and in general becomes more accurate with increasing n.
Newton's method 1s not always practicable because
X, may pass outside the confines of the set.ﬂ for a
certain n, or the operation (Q'anj)-l may not exiat, If
the sequence {xn} converges to x° and X, is chosen
sufficiently close to x°, the operations Q'an] and Q‘bej
will dAiffer only by a small amount in view of the contin-

uity of Q*., Thus Equation (I11-107) may be replaced by the

simplified formula:

Xhey = X - (Q'onj)'loanj (111

n =0, 1. 2y esel x& = xo

The process of forming the sequence {xa}. is called
the modified Newton's method; it is much easier to use

although in general yields worse approximations.

83
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Kantorovich, in Reforence 1I1I-5, gives a detaliled
treatment of the conditions under which Newton's method
{original or modified) is practicable and convergent, i,e,
the conditions under which the sequences {xn} and

{xﬁ} converge to the solution of Equation (II1I1-97),

11 - 7. Altman's Mathod.

Due tco the difficulty in obtaining the inverse of a
linear operator in LP(0,T) space, as 1is required by New-
ton's method, M, Altman and P. Szeptycki (III-6,7] gave
a different approach to the solution of nonlinear operator

equations in Lp-spacas. The operator equation must be

again of the form
Qx] =0 (I11-309)

with Q@ a nonlinear continuous operator defined on the
sphere S(x_,r) with values in LP, S(x_,r) is a closed
aphere in LP with canter X, and radius r,

Altman utilized the distinctive difference be-

tween operators and functionals in order to derive an

iterative scheme equivalent to Newton's method but not
requiring the determination of an inverse operator.

Putting F(x) = ”Q[xj” P Equation (III-109) reduces to

F(x) = 0O (IIX-110)
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where F(x) is a functional., Assuming that Q[ x| is
differentiable in the Frechet senge in the sphere S(xo.r)
and applying a similar msthod as that of the previous
section, an approximate process for the solution of

Equation (II1I-109) is obtained as follows:
- x - gL xo]|| P

X =% PHE (x5 1] " Yo
- Qf *w J||P

Xne1 T *n pPl|f (xn)|| © ¥Yn

(ITI-111)

where

£(x) = @' x] - Jax]] P! sgn q(x]e L9
Q'(x] is the Frechet Adifferential of Q x|
Q' x] is the adjoint of Q'(x], and

{ .
Yo = ,f(xn)lftq. Bgan(xn)]

Here, aset of conditions for choosing the Yn
elements is sythesized first, It 1s possible to choose
the Yn elamants convenient to the particular application
at hand and then analyze the convergence conditions,

The simpleat form for the application to the operator
equations considered by Altman is constructed by chocosing

Y, 28 the image of the operator Q acting on x i.e,

n'
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v, = Qlxp]

The iterations, in Hilbert space, take the form:

flolxn]]l * A
1 T *n T Q1 xn] Qlxn], QAxnl) QLxp ]

(I11-112)

Altman, in a series of papers dealing with the solution
of operator and functional equations, has presented
various forms of the basic lterative algorithm and has
analyzed the conditions under which the jterations con-
verge to a solution, Of particular interest with regard
to the claass of problems undar consideration in the thesis

the following theorem 18 proved by Altman.

Theorem. The following conditions are to be satisfied:

1. The Frechet differential Q'|x] of Q| x] existsin

the sphere S{x,,r) and satisfies condition
1/ ] t(x )]} & B, (IT1-113)

2, The Frechet differential f*'(x) exists and satisfies

condition

le*(x)|]| &€ x for every x of s(x_,r) (I11-114)
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3, The error estimate for the first approximate solution

iz known

a %o ll| P
h*1 = %l = If;l‘l'lrrx—om? £ M, (111-115)

4, The constants B, y and k satisfy the inequality:

Q'xo]" P
= h £ -
BIIE (%o £ By, M, k o A (ITI-1186)

and

r= l:—F—Qt'”‘ 1o (111-117)
Then Equation (IXI1-109) has a solution x® which belongs
to the sphere S(xo,r) and the sequence of approximate
sclutions x defined by process (11I-112) converges to
x°, An estimate of the error batween x., and the solution

x° 1a given by

n-1
Iz, - x°ll « -}-;J;-_-I - (2h°)2 (I11-118)

The recurrence relation (I1I-111) can be expressed more
directly, for each partigular application, in terms of the

criteria for optimal performance
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Since Q(x] ® vP[(x] and
ap(x,h] = (h,aQlx])

The second differential dzP[x,h,h] may be computed as
a®p(x,h,n] = (h,Q' x]n)

Thus specifying particular variations of the input var-
iable x(t) the gquantities in Equation (III-111) may be
expressed in terms of the first and second differentials
of the performance functional which in turn can be evalu=-
ated from plant input-output measurements and Equations
(III-6) and (III=7).

The techniques described above do not by any means
exhaust the list of available methods for the iterative
solution of functional and operator equations, Conjugate
gradient techniques, Davidon's method and random search
procedures in finite dimensiocnal spaces have been exten-
sively studied in recent years, Several accelerating
algorithms have been applied in some cases,

Comparative studies at the present time tend to
indicate strong dependence on the particular surface
over which the search is performed, the dimensionality
of the variables and the choice of an initial point,

Second variational procedures like Newton's and Altman's



methods are more accurate and converge faster than those
techniques which require the evaluation of thes gradient
of the parformance index only. They are, howevar, comput -
tationally more difficult to use and sensitive to the
relative distance between the initjial search point and
the optimum, A discussion of and further comments on
computational aspects, applicablility and speed of conver-
gence of some of these techniques are discussed in
Chapter VI where applications of the adaptive control

scheme are presentad,

111 - 8, The Implementation Scheme.

The solution proceeds in the following way:

1. During the initial time interval (O,tl) (Figure 1I-2)
test inputs are applied to the plant and such items as
plant type, nature of the nonlinearities present (whether
even or odd) and the values of fixed gains and time con-
stants necessary for the identification of the adjoint

differential operator are determined, Results obtained

during this learning period are also discussed in Chapter I.

2, The unconstrained problem is solved numerically, 1.e,
starting with an arbitrary initial input xo(t), te(0,T),

the next element x,(t) of the sequence {xn] is con-

89
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structed from the condition of optimality ( VP{x] = 0)
with A = 0, Assuming its applicability in a particular
application anyone of the iteration techniques described
in the previous sections may be used for the explicit
solution for the input xl(t). If xI is the unconstrained

solution then T's is evaluated from

<l = £ (I1I-119)
3. If Ra T, (R is the value of the input constraint)

then the solution to the constrained problam is given

by the unconstrained solution.,

4, If R ¢ r, then operation on the boundary of the

constraint will dictate that
=, =R (111-120)

and the lLagrange-multiplier A is evaluated from Equation
(III-120). When operating on the boundary of the constraint
the variation h{(t) can be taken away from the boundary
towards the constrained region so that inequality (1IXI-5)
is always satiafied,

when the input variation h(t) is fixed (as for example
in the case of the identification of the adjoint differential

through the reverse operator method) or the constraint itself
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is of the “"hard" type allowing for no tolerance band cut-—
side the constraint surface then on-line application of the
input test signal is not permitted and provision for a pro-
cess model together with suitable switching instrumentation
must be made, Means for obtaining the process model are
described in Appendix I,

Steps two, three and four are repeated at each stage
of the identification and optimization procedure to insure
that the input constraint is satisfied throughout the
operation of the system,

An analog model of the overall implementation scheme
together with appropriate switching and logical decision
functions is shown in Figure (III~-3)., The scheme empioys
the reverse operator method for the identification of the
ad joint differential and proceeds under the assumption
that the adjoint differential may be related to measurable
plant ocutput differentials and the known function g(t}.

A specific process consisting of the cascade of a
nonlinearity N and a linear part L with an input-output
relation given by Bquation (III-85) 1is utilized. For iden-
tification purposes the input signal is perturbed by a fixed
variation as spacified by Equation (IIXI-93) and the adjoint
differential is expreassed by Equation (I1I-94), During the
first T-time intarval switch S1 is in position 1, switch B

2

is in position O as is switch S, and switch S; is in position

4
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l, With the period T assumed to be equal to or greater

than the anticipated settling time of the process and the
process itself being asymptotically stable the effect on the
plant output of past inputs decays to zero. Thus, during

the second T-time interval with sl, S, and S4 as before

and awitch 32 in position 1, the process output depends only

on x. or agquivalently the operator A is unigquely character-

o
ized by the process input during the interval (0,T) only.
An appropriate delay line stores the output ALxO]. The
sequence of events during the third interval is as follows:
S1 in position 1, S3 in position 2, while S5; ana S4 are in
their zero positions, The process output in the next T-time
interval depends only on X, + yh and switch S, is still in

position 1 with S, in position 2 and switch S_. in position

3
2. The scheme now performs subtraction of A{x_] from

Alxg + zﬁ] and devision by y giving a first order appro-
ximation to the output differential. Reversing in time the
record of the output differential and multiplication of
this by dN/dx results in an estimate for the adjoint 4if-
ferential dA'on,go]. Next the unconstrajined problem (7 = 0)
is sclved numerically giving xltt) in terms of the adjoint
dA*on.gOJ. It is followed by testing for the input con-
straint conditions 1if ”:-:1” & R switch S, is set to
poasjition 1 and 8, to 4 and the constrained solution is the

same as the unconstrained, If "xlu > R then the

Lagrange-multiplier is evaluated and x;(t) is redeter-
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mined in terma of dA' and ‘Al. Switch 54 is set to posi-
tion 2 in this case, Delay D1 holds xl(t) for the next
cycle of the implementation scheme. The identification
part of the logical schematic is modified appropriately
whenever the axpansion method is used for the estimation

of the adjoint,

IT1 - 9, Multivariable Syst

8 .

The axtension of the adaptive optimal control scheme
to plants consisting of a multiple of inputs and outputs
can be made with relative ease, The formulation follows
the procedure suggested by Pearson{ III-8,9], In | III-9]
Pearson considers the general plant structure shown in
Figure (111-4), H; and H, are vector valued operators gen-
erally nonlinear with memory. The identification problem
for the plant structure of Figure (III-4) dictates a
partitioning of the input vector into components and a
knowledge of the manner each component affects the process
output, That is, some of the inputs affect the outputs in
a finite memory manner, some others fead directly into pure
integrators which are preceded by only zero-memory odd
functions and the last component feeds into pure integrators
which are preceded by nonlinear operators possessing memory.
For each class of input functions the identification problem

is formulated in accordance with the outline presented in



Chapter I and this formulation has reciprocal effectson the
optimization problem [III—lO]. In this section a particular
plant structure is considered,,shown in Figure (1I11-5), and
consisting of n inputs and m outputs with Ml see Mn and N
being zero-memory nonlinear functions and L; ... L, linear
operators of type zero., This assumption simplifies the
presentation without any substantial loss of generality,
The 1th component of the output vector is related to

tha input vector through the nonlinear plant operator A

according to the relationship:

Yi(t) = AiLxl(t)’ xz(t)’... xn(t)_]

te (0,7),

or, in a more compact form:

y(t) = AlLx]

The vector valued operator A

differential dA(x, h], given

AAlx, h] = -2 A(x

Furthermore the differential

i = 1, 2,.-. m

is assumed to have a weak

by1

+yh]
¥=0

AAL X, h] is assumed to be

linear with respect to the variations h(t) and may be

94

(I11~-121)

(II1-123)

(III-123)
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considered as anm X n matrix of derivative operators

operating on the vector h, or:

NEERERE
All Alz vaw Aln hl
' ’- . " ] .
AL x,h] = A [x]*h = ) : , : (I11-124)
L] L L]
Aml Am2 ens Amn hp
L J .

where A;J:n Al}g] represents the derivative operator for

A1[5] corresponding to a variation in xj only, i.e,

1im AiLx.l’ x2’..l xi + th_... xn] - AiLEJ (III"'125)
Y~o - ¥

A;.JL?E] hj =

The 1P Aifferential of the vector operator Al x] follows

from Equation (III-124) as:

n ]
A (x, h] = }ZthijLEJ'hj (III-126)

i""liz’ sss M

The performance functional for the multidimensional
sysfem, in correspondence with Equation (I1I-4) for the
single input-output case, 1is given by

T
JLEJ - JG(Es ¥ zd) at (I11-127)
o
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The differential of Equation (11I-127) is written as:

T
— . 26 2G 4- )
aJ(x, h] J{ X h + 2y dA|l x, h]} at (I11-128)
0
where 26 is an n-dimenaional vector and éﬁi- is an

X 3y
m~dimensional vector with components respactively:

3G 3 a
3% }i 3%, G(X»Ysy )
(III-129)
G
—a—-} = a G(E'Xoxd) i=1, 2,...n
ax j’ aYJ J = 1' 2]..."‘
An n x m matrix of adjoint derivative operators
A'* x] will be defined via the following inner product
relationship so that the vector of arbitrary variations
h(t) does not appear in the expression for the necessary
condition of optimality,
T T -
jg(t) Alx] h at = Jg(t) Aix] g at (111-130)
o o

The elements of A'*[;J are recognized to be the adjoints
of the corresponding elements of the matrix A'[ x| trans-
posed, In matrix form, designating the adjoint of Aij by

Ais t



97

- . .
" X" ‘e
A Ryy oo Ay 93
A'x] glt) = : : : ' (II1-131)
('R L I [ ] *
L 1n Azn ee e Amn gm

Substitution of Equation (III-130) into Equation (III-128)

results in:

,
aJ x,h] = Ih“‘-){
[+

[~

r Avex] 2

g } dt (111-132)

Ix
Qs
1<

Since h(t) is an arbitrary vector function in the interval
(0,T) the necessary condition for the existence of an ex-

tremum of J x] is written as

2G -_.123G
-5-;:- + A’*LE] ——a——z—- = 0 (III-133)

Each component of the n-dimensional vector gradient ex-
pressed by Equation (III-133) must vanish in the interval
{0, T).

Techniques for the identification of the matrix of
ad joint Aifferential operators and for the iterative solu-
tion of the vector operator Equation (IXII-133) are similar
to those discussed in previous sections for the one-dimen-

sional case. As it was pointed out already, knowledge of the

manner in which the input functions will affect the ocutputs
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is necessary; then each input is perturbed separately and
the corresponding elements of the adjoint matrix are iden-
tified. A multi-dimensional search technique is required
for the solution of Equation (III-133),

The formulation, solution and implementation of the
conditional optimization problem follows directly from
the single-input, single-cutput case and the discussion
above, It is only necessary to lefine an appropriate vector
norm in LP-spaces. If x(t)e X (X an LP-space) 18 an n-
dimenasional vector thean

Tn k.
N2fl o = ¢ Y Z Pxg (e)] ¥ ae )? pal (I11-134)
o

1=1
An analogous norm is defined for the output vector y(t).
The performance criterion may be defined accordingly and
the formulation and solution utilize the concepts put
forth above, The datailed analysis is presented in the
next chapter in connection with the adaptive optimal
control problem for plants described by nonlinear differ-

ential equations,
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CHAPTER IV

DIFFERENTIAL EQUATION FORMULATION

In the previous chapter an integral operator re-
lates the output to the input function, But realistic
mathematical models of control processes, in most in-
stances, are given in terms of a set of nonlinear 4if-
ferential equations, In this chapter it is agsumed that
the plant is described by such a set of equations, The
differential equations are assumed to contain a vector
of slowly - varying unknown parameters,

The optimization problem is again formulated using
classical calculus of variations techniques and the solu-
tion is obtained in the form of an iteration, For the
measurement of plant differentials the procedure sugges-
ted by Pearson and Sarachik [1V-1] and utilized in the
integral equation formulation is followed. The i1dentifi-
cation of the adjoint plant differentials (necessary for
the construction of the sequence of input signals) is
accomplished using both the biorthogonal expansion method
and the properties of the reverse operator,

A wide range of performance criteria is again feasible

through the use of the concepts of nonlinear functional
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analysis, and the case of bounded input signals is in-
cluded, Finally, the analysis here is directly carried
out for plants characterized by a vector input - output

relationship.

IV - 1, Statement of _the Problem,

It is aasumed that the plant to be controlled is

described bya
}.{(t) = 2(53 X E) (Iv=-1)

where
x{t) is an n-dimensional input vector
y(t) is an m-dimensional output vector

c(t) 18 a vector of slowly varying unknown parameters of
dimensicnality k, and £ is differentiable with respect to both
x and y and these differentials are bounded and continuous

in a finite time interval (0,T). These conditions will as=-
sure the axistence of an explicit solution for the control
signal x{(t) in the interval (0,T).

A performance index is given of the form:

M a
I(x) = js(;, v, yhat (1v-2)
o
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where xd is a fixed vector of desired output values

(same or lower dimensionality than the output vector

y(t) ) and G possesses continuous and bounded differ-
entials with respect to all of its argquments x and y. J(x)
expresses the quality of system performance in the inter-
val (0,T).

The cbjective is to find a sequence of input signals
{5*(t)} » t€{(0,T), 80 that the limiting element of
this sequence minimizes (maximizes) the criterion function
J{x). The latter, being a measure of the overall plant per-

formance, may take different forms depending on specific

plant requirements. For example, in regqulator problems
a
) = Jl¥° - xterf 5 (Iv-3)

where |iz]| 1s the norm of z in 1P-space, and a measure
of the AdAifference between the desired and the actual out-
put values is minimized. In some applications the total
output product i= to be maximized,

Then:

J(x) = "x(t)" 5 (with p = 1) (1v-4)

Additionally the input signals will be constrained

in magnitude to be less than a constant value R, or

f[x(t)]] o€ R (with p s oo ) (IV-5)
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Other forms for the performance index and the input con-
straint are posaible as it is shown in Chapter III, The
particular expressions of Equations IV-3, 4 and 5 were
chosen here because they lead to simple and meaningful
solutions, from a practical point of view. The practical
implications of this kind of formulation are investigated
in Chapter VI.

With the inequality constraint (IV-5) the problem is
reformulated as follows: Find that value x(t) which maximi-

zes (or minimizes) J(x) while still satisfying (IV-5),

Iv - 2, Method_of Solution,

It is supposed that a sufficient criterion of performance
is the maximization of the plant output product, i.e. Equa-
tion (IV-4) is utilized. (The analysis proceeds along simi-
lar lines for other performance criteria), Employing the
maethod of lLagrange multipliers, the right - hand side of
Equation (IV-4) is augmented and the following synthetic

functional is considered;

PLx] = [Jx(®)]| o, * Al x(e)]] o, (IV-6)

where 3 >0 is the Lagrange-multiplier and p; = 1, p,> 0 .
The vector norms are given explicitly by

T wm %
"y(t)” Py = ( f Z ,yi(t), Pp ae) ™ (IV-7)
121
[
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and

T 1
fxo) = ¢ j éﬂlxitt)lp"’ at)™ (1v-8)

0

Sarachik and Kranc LIV-Z] introduced a more general
norm which enables each component of y and x to be con-
strained separately, but in the present case the more
simple formulation of (IV~7) and (IV-8) suffices,

The nacessary condition for the existence of an ex-
tremum of the performance functional (IV-6) is the vanish-
ing of 1ts first Aifferential. The sufficlency condition
dictates that the second differential d%p(x, h, h] be
strictly negative for a relative maximal value of the qual=-
ity functional (Chapter II, Section 6}, For functionals of
several variables it is difficult to state such a condition
explicitly, and of course much harder to prove and/or im-
plement it, It will be considered here as being satisfied;
moreover the problems are again physically motivated and
it should be intuitively clear whether the performance
criterion is minimized or maximized, Finally, the value
of the performance functicnal may be checked at each stage
of the optimization process thus settling the question of
the nature of the extremum.,

The first differential of P_x] is given by:
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Tm Py 5-1 (T . T
ap(x,h] = ( S Jyy(v)] tan™ fg(t)am;l nT(t)ae
o i:! o
T = P 1.4 7 ]
+ { j :i l xi(t)l 2dtfﬁ J.h(t) £L5]dt {(1v=9)
(ot A
<]

where h(t) is an n-dimensional row vector whose alements
are arbitrary variations belonging to the input space X.

And by definition:

_ P2_1 pz—l P2—1 T
*QLEJ e ( ’xll sgnx, , 'x2] BGNX 0 ees ,xnl sgnxp)
(Iv-10)
pl-l P;-1 P1-
alt) = |y, sgny,, |v,| 89NY3sece |V, | sgny,)
(1v=11)
The symbol ( }T denotes transposition of the rows and
columns of a vector or matrix. Also:
i 7 n
dyll[ﬁj lezLEJ .o dYnLEJ hy
ay[x] nT(e) = : ) ' : (1v-12)

In general dying] represeants the derivative operator

for y1[5] corresponding to a variation in x, only, i.e,

3
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Yi[xlixzocoxj + thtitxn.j = Yj.[.*..]

vy qlxl = ;f?o Y (1v~13)

Introducing the n x m matrix of adjoint derivative oper-

ators dy*_ x] through the inner product form:

T T
‘fs(t) ayl x ] hT<t) at = ‘{h(t} ay*Lx] g?(t) dat (1v-14)
Q o

with

w - » - -
dyllLiJ dylzLEJ L3 lemL£] gl
ay* x] g (t) = (IV~-15)

- - w ]
ay (x] dyolx] ... Ay ix]| g,

e - e

and defining the gradient of the performance functicnal by:

T
alx, h] = Jn(ta arage(x]at (1v-16)
[}

since h(t) is arbitrary, the vanishing of the gradient is
an equivalant necessary condition for the existence of an
extremum of P|{x].

For p; = 1 and by substitution of Equation (IV-14)

the -
intolexpression for the first differential of P(x], Equa-



111

tion (IV-9), and finally through utilization of Equation

(IV-16) the vanishing of the gradient of P(x] is directly

axprassad by

: T T Py, &t
gradP(x] = ay*[x] g (t) + Al g 2 lxi(t)l aty fix] = o
o

1=1
(I1v-17)
Each element of the vector gradP(x] must vanish in the
interval (0,T). A sequence of input functions can now be
constructed with each member of the sequence computed from
the previous one according to the relationship:
) * -
X,y = Sige dyrlx D (Iv-18)

The limiting sequence results in the optimal input vector
x*(t), t€¢ (0,T), which satiafiea (1IV=17).

For the iterative soclution of the vector nonlinear op-
erator equation (IV-17) the matrix of adjoint Aifferential
operators dy‘[;] must be identified and the Lagrange-
maltiplier A evaluated, Bafore methods for avaluation of A
and the implementation of the adaptive schema are presented,
two techniques will be described in the following sections

leading to a molution of the identification problem,
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IV - 3, Identification_of the Adjoint Differential

Opsrator,

The adjoint differential operator will be identified
through direct monitoring of the plant output vector and
measurement of first order plant differentials. Specifi-
cally, the output vector observed for a period of time
equal to T with a known vector x(t) applied to the plant
input. During a subsequent time interval (0,T) the ith
element of the input vector is perturbed by the variation

g*i = 3h1 and a measure of the variation of the jth
output component is obtained by

S;JI(“,'(" gxi) = yj(xl. XopaeeX, *+ gxi,...xn) - v.(x) (Iv=19)

3

with S;i = Xh and division of the expression on the

i
right-hand side of EBquation (IV-=19) by Y » while keeping

5 small, yields a first order approximation to the dif-
ferential dyji(g, hi). The procedure just described is
applicable only to a small class of systems, i.e, type
zero, with no accumulation present in the plant and only
after the latter has reached a "steady state” with respect
to the input x(t). Pearson and Sarachik [ IV~l] have presen-
ted methods for the identification of the differential op-

erator when the plant is of type other than zero; the time

required for identification increases with increasing number



of pure accumulators present in the plant structure as it
is described in Chapter I, For simplicity it is assumed
here that the plant is of type zero.

Substitution of the variational form for both input
and output variables into Equation (IV-=1l) and retainment
of the first order terms of the Taylor's series expansion

results in:

-~ S vy = F () Sy ,* H () bxy

for 1 =1, 2, .+.n

where gymi is an m=dimensional column vector and Fi(t),
Hi(t) are generally time=varying matrix multipliers in the
interval (0,T) functions of the parameter vector ¢ and

given by:

A LYsXsc] af1LYs%sc]
oY1 . dYm
F (t) =
3L LY XsG] 3L LY>%,c]
av, v,

and
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(1v=-20)

(1v-21)



3f1£2n§n_c,_]
axi 0 . . 0
H,(t) = _
t 0 asz!vE'EJ
. ax
0 1 ameX'i’S]
3 Xy

If the parameter vector ¢ is known, Fi(t) and Hi(t) may
be computed from known values of the input and output
vector functions. The linearized Equation (IV-=20) 18 one
of a series of vector equations which are obtained as 1
takes on values from 1 to n, i.e. as each input 18 separ-
ately excited.

If T(t.r) is the transition matrix corresponding
to Equation (IV-20) and matrices F, (t) and Hy(t) are as-
sumed to be bounded and continuous in a closed finite in-
terval (IV-3], then the solution to the system of linear
differential equations (IV=20) may be expressed in the

following formi

:
8yt = P, by 0+ L?(t.x)uicr) §x, (vax

for 1 =1, 2, +.. n

114

(Iv=22)

(Iv-23)
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or, in a more compact form, as:
ggmi(t) = A&rmi(OJ + B&i (IV-24)

with A and B representing linear operators, The inner
product defined by the left-hand side of Equation (1IV-14)

will be designated by:
< 9ly}s &mi(tb = L gly),s A&mito) + B&i> (Iv-25)

Utilizing property 2, Equation (I1-19), of the inner

product form, Equation (IV-=25) is written as;:
< aly), gzm(tb = ¢ gl{y), A &mto» + < gly), ai_?_x_1> (IV-26)

To identify the differentials of the plant output it is
necessary to drive the plant into the "steady state" con-
dition (for example by applying a sequence of identical

inputs for successive T-time intervals) resulting in identical
initial conditions for the same T-time intervals, Thua the
first term of the right=hand side of Bquation (IV-26) will
vanish,

By definition:

<2, BEx> = < 9xi, Begy) > (1v=27)
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with B‘Eéi, in genaeral, given by:

t
35_}_1 = J(P(t,t YR (T) g:_:gi(r)d'c (1Iv-28)

t,

the left=hand side of Equation (IV=27) may be written

explicitly as:

T t
< 9(x),B §1> = Ja[x(t)] ( ‘? (e,T)H, (T) &(T)dt dt
t, t, (Iv-29)

For a physeical system the impulse response matrix
?(t.‘r JH{(T) is 1dentically equal to zero for <T) t;
therefore the upper limit of the inner integral in the
right-hand side of Equation (IV-29) may be changed to T:
T T
(3(1)&&1) = jgix(t)l { ¢ (£, T)H (T) _S:Jsi('t)dt at
t, t, (IV-30)

Next the order of integration is changed resulting in:

T T
< s(x).sgﬁp = ffa[:r:(t)] ‘P(t.r)ﬂitt) &i(t)dtdt
t.

t. (IV=31)

Equation (IV=31) may also be written as:

T T
< g(x).a&_i> = I{Hitt) _&itt)}T j {_q_[_g(t)] ?(t,t)}'rdtdt
t, t. (Iv=-32)
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The variables of integration t and T are interchanged,
T T T
T .
<q(y).B g.’&) = SS_X_iT(t)Hi (t) g T (t.t)gTLx(T)]dtdt
t t (IV=33)

It i58 recognized that the adjoint differential operator
B*q(y) is given byi

.
T ]
Beg(y) = H,(t) g ¢ (z.erg"Ly(t) Jaz (1v-34)
t

since the lower limit of integration may be changed from

t, to t ( ?(T,t)z 0 for 1<t for a physical aystem),

IV - 4, Physical_Interpretation of the Adjoint Differ-
ential Operator.
In order to sBimplify the exposition a scalar version

of Equation (IV-20) will be considered, i,e.
d
o T (OVY = F{t) g-/y + H(t) S\Jx {IV=35)

Let k{(t, T) be the response of this linear system to a
unit impulse g(t—‘l:) and let an operator B be defined by
t

B = )’k(t.'t')d't (IV-36)
[+ ]
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In the interval (0,T) the adjoint operator corresponding to

Equation (IV=36) is given by:

T

B* = jk(t,t)d‘l’ (Iv=37)
t
and
T
B*g(y) = Sk(T.t)gLY(‘t)]dT (1v-38)
t

The solution to the Adifferential Equation (Iv-35), drop-

ping the initial condition term, is given by:

t
g&(x, S&) = gk(t,t) g;(t)dt (IV=39)

-}

A reverse operator R is defined by the relation:
R { x(t)} = x(T-t}, te€ (0,T) (IV-40)

where x{t) belongs to the interval (0,T). Using definition
(IV-40) in conjunction with Equation (1V-39) results in
T -t

R { S’y(x, gx)} = Sk('r—t,t) gJX(t)d'L‘ (IV-41)
]

This last equation, with a change of the variable of inte-

gration from Tt to T-T , is written as,
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T
R { gy(x. gx)} = [k(T-t.T-T) gx(T-r)dt {(IVv-42)
t

Sx(1-1) = r { gx(t)} (1v-43)

with Té(OQT)
Introducing a specific variatiom
gx(t) = R {.ql_y(t)]} (Iv-44)

and since R { R { x(t)} z = x{(t) (Property 1 Equation
III-81) it follows that:
—_— T
R {gy(x, gx)} = jk(T—t,T—T)qu(t)Jd‘r (IV=45)
t

Since it is assumed that the plant dynamics remain
time-invariant in the interval (0,T) the coefficients F
and H of the Adifferential equation (IV-35) do not vary in
the same interval and the expressions on the right-hand
side of Equations (IV-38) and (IV-=-45) are identical; thus,
through linearization, a first order approximation for the
ad joint differential dy* is given for t € (0,T) by running in
reverse the monitored output differential dy which in turn
can be obtained approximately as suggested by Pearson and
Sarachik {IV-1], This approximate identification of the

ad joint differential does not require knowledge of the topo-
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logy of the system differential equations. 1If the topo-
logy 18 known then dy* may be related exactly for a lim-
ited class of systems to the plant ocutput differentials;
the procedure is the same as that introduced in Chapter
II1 for processes deacribed by integral operator equations,
A second method for the identification of the adjoint
differential operator is based on an expansion of the op-
erator dy* x,g(t)] in terms of biorthogonal sequences of

time functions in the interval (0,T). That is:

ay*(x,g] = 2 a, ‘P, (¢) te(0,T) (1V-46)
[
with
S ACTENTCPIER Y (1v-47)

Thecretical aspects of this kind of representation have
been introduced in Chapter III Section 3, An expression
for the unknown coefficients a; (in terms of measurable
differentials) is obtained by substitution of the series
representation (IV-46) into the defining equation for the
ad joint., Thus;

T
I gLx(t) deLX.hildt (1v-48)
0

1

ay

The choice of the time functions ¥, (t) is based here as in



Chapter III on the Gram—-Schmidt orthogonalization process
which utilizes the fewest number of terms and closely

approximates the adjoint operator,

IV - 5. Implementation of Solution,

Having determined the adjoint differential operator
the evaluation of the Lagrange-multiplier A is incoroor-
ated in the total implementation scheme which is identical
to the one presented in Chapter III, Section 8 for the
integral operator case, The solution, that i3, proceeds as
follows:

1, The unconstrained problem is solved numerjically, i.e.
Equation (IV=17) with QA = 0 is solved iteratively for the
control signal x*(t) starting with an arbitrary initial
input ﬁo(t). Anyone of the iteration algorithms presented

in the previous chapter may be used for the evaluation of

x*(t). Then r, is determined by:

"
&l

| x> el °
2, If R2 r, the solution to the constrained problem

is given by the unconstrained solution,

3. If R ( I, then coperation on the boundary of the con=-

straint will Aictate that:

fx) =Rr

121

(Iv=-49)

(1v=50)



and the Lagrange-multiplier is evaluated from Equation
(IV=50), Steps one, two and three are repeated at each
stage of the identification and optimization procedurs to
insure that the input constraint is always satisfied, The
discussion pertaining to the implementation scheme as
presented in Chapter 1I] carries over to the present case
of plants described by a set of nonlinear differential

aequations,

122



IV-l .

IV""?.

IV""3 -

BIBLIOGRAPHY

A.E, Pearson and P.E. Sarachik, " On the Formu-
lation of Adaptive Optimal Control Problems ",

Proc. of JACC, pp. 13 - 22, 1964,

P.E. Sarachik and G.M. Kranc¢, " On Optimal

Control of Systems with Multinorm Constraints ",

Proc. of the 2nd International Congress of

IFAC, 1963,

E, Coddington and N, Levinson, " Theory of
Ordinary Differential Equations ", (book)

Mc Graw-=Hill Book Co., New York, 1955,

123



124

CHAPTER V

DISCRETE SYSTEMS

In the previous two chapters an approach to the pro-
blem of the adaptive optimal control of nonlinear systems
was presented, The plant was described by a nonlinear con-
tinuous integral or differential operator mapping input
time functions into output time functions,.

The complexity of the operations will moast certainly
require the use of a digital computer to implement the
adaptive control scheme, The computer through a digital -
to - analog converter delivers plecewise constant control
signals, the levels of which may be changed at discrete in-
stante of time only, If the output is monitored at thess
discrate~time instants the plant can be thought of as being
characterized by a discrete operator mapping discrete input
functions into discrete output functions, Bigelow |V-1]
formulated the sampled version of the continuous case using
the methods of functional analysis. Sarachik [V-2, 3]
followed a more straightforward method of analysis using
calculus of variations techniques in a finite dimensional

space, In this thesis a mores general problem is considered,
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With the tools of functional analysis, the extension ia
made to the multiple input-ocutput discrete case and a
solution is presented for the conditional optimization
problem, A bound is placed on the input time function and
the lLagrange-multiplier technique is used to formulate the
modified performance functional. Finally, an pb-space
analysis is found to be necessary for the incluéion of a

wide class of performance criteria,

V - 1l., The Discrete _Single Input-Qutput System,

It is expedient first to develop the fundamental con-
cepts in terms of signals with only a single component. This
approach, as in Chapter III, will facilitate a better under-
standing of the basic assumptions, the notaion and the me-
thod of formulation and solution of the problem, It is assumed
that the input x and the output y are discrete time signals,
Furthermore, the input will be assumed to be unconstrained
with the treatment of the case with an input constraint de-
ferred for a later section, The results here are similar to
those reported by Bigelow [V-1],

The relationship between the plant output y at time

t namely y(tn), and the discrete-time input x will be

ni
dencted by:

y(t,) = A [x] nel, 2,06 N (v-1)
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where A, is generally a nonlinear summing operator having

a weak differential at each instant of time t,. The discrete
levels corresponding ton =1, n= 2,,., N = N extend
through the whole optimization interval (0,T), starting

with t. = 0 and ending with tN = T, and this interval is

1
equally subdivided. It is assumed that the plant is a
combination of linear dynamics and zero-memory nonlinea-
rities; for the identification process the number of pure
accumulators in the linear part must be known a oriori, anad
also the form of the nonlinearity, whether even or odd, must
be determined., The following factors are given or assumed:

a) The performance functional, which for the case

under conslideration will be of the form:
_ N 4
PLx] = thLx(tn), y(e )y vy (e)] (v=-2)

where, by assumption, G is a given twice differentiable
function in x and vy,

b) The desired output state yd(tn) taken to be
constant,and

c) The control signal set X. The problem is to
determine a control signal xo(tn). n=1, 2, .., N, which
belongs to X and minimizes P|x].

The naecessary condition that P(x] attain an extremum
with respect to x is that the first differential 4P| x,h]

vanish; h(t, ) being an arbitrary amplitude variation of
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x h(tn) i3 also specified at discrete instants of time tn’
n=1, 2, ees I' })u From Equation (V-2) this differential will

be:s

N
. 3G aG
AP x,h] = “Zi 5xTEs h(t ) + 577 dALx(tn),h(tn)]}

{(v=-3)
It i3 more convenient to formulate the necessary condition
of optimality in a form independent of the arbitrary var-
lation h., With this as a motivation the adjoint differen-
tial operator dA*Lx(tn),g(tn)] is defined by the inner pro-
duct relationship:
N N
S oatt ) aalx(e ),nle )] = 2Zhnle)) ars(x(t),q(t)] (v-4)
ot n n ned n n n

Recognizing that:

h(t )} = 26
n’ = 2yltn)

and substituting Equation (V-4) into Zquation (Vv-3) a

relative extremum of P x| exists if

S h(t.) 9G + A x(t.) -—t—j—"’“G 1t = o (V=5)
éi n axttnj n’?’ ay tn



Since by assumption h(tn) is arbitrary in the interval
n=1¢ton=1, it follows from Equation (V-5) that P| x]

attains a relative extremum when

A . s _
TEETE;T— + da* x(t ), EYICYE ] =0

for n = 1, 2, +e¢¢ N

An explicit solution for the control signal x(t.)
will reguire;

a) The identification of the adjoint differential
overator dA*Lx(tn),q(tn)] at all instants of time STIRTY
eve tpd
b) gsome iterative scheme for the solution of the
nonlinear ooerator Equation (V=6),

Two different methods for the identification of
dA* are given in Chapter I11. They will be utilized here
for the ilidentification of the dicrete adjoint operator.
3oth methods presume knowledge of the differential

dALx(tn).h(tn)J. and the latter is conveniently approxi-

mated by

ALx(tg) + ynlen)] - Aacx(ey) ]

¥

aALx(t ),h(t,) ] =

where X is a small number,.

The first method, based on the properties of the
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(v-6)

(v=7)
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reverss operator, is limited to some classes of systems
and presumes knowledge of the general plant structure; it
will be illustrated assuming the following form for the
plant operator

L -ax(t )
Alx] = y_(ty) + 2 k(t,t) (1 - e "] (v=8)
n-1

with k(ti'tn) an unknown kernel, The differential of

A(x] 1s given by:
‘ -ax(tn)

AA(x,h] = J k(ty,t )ae h(t ) (v-9)
wef

and the adjoint Aifferential operator dh'[x(ti) g(ti)]

is defined by the inner product relationship expressed

by Equation (V-=4) which is repeated here for convenience:

N M
Ziq(ti) an[x(t,,h(t,)] = %““1’ AA*[x(t,),g(ty) ] (V+20)
& :

Substituting Bquation (V=9) into Equation (V=10) we
obtains
N L -ax(t.) N
S g(t,) 2 k(t,,t )ae " n(e ) = 2 n(tg)aas{x(t ) ,a(t) ]

11 n=-1 =1
(v=-11)
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Since k(ti’tn) = 0 for n > 1 for a physical system we may
write Equation (vV-11l) in the form:
N N (t ) N
-ax
2 9(ty) “Zik(ti,tn) ah(tp)e 2% tn/z inh(ti)dA*Lx(ti),g(ti)]
L= T 4

(v-12)

According to the vroperties of the bilinear inner pro-
duct relationship we may interchange the order of sum-

mation resulting in

N N N
=-ax{t
2 an(ey)e™ ) 2 k(egaeate) = 2 ntepansix(e) gt
n: Lz L=
(v-13)
An interchange of the running indeces n and i results in:
N —ax(ty) N N
_Zlah(ti)e 1 nsz(t“’ti)q(t“) = Z{h(ti)dA*Lx(ti)sq(ti)]
ic * L=
(v—~-14)
But k(t,,ty) = 0 for t; > t, (a physical system is again

under consideration), so:

N N N
%h(ti)ae-ax(ti) 2 kgl = g{h(ti)dh‘tx(ti),g(ti)]

(v=-15)
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From the above equation dA* 1is recognized to be:

N
aA* x(t,) glt,)] = ae”ax(ty) Egik(tn'ti’g‘tn’ (v-16)
In general with N x] representiny a twice differentiable

zero-memory nonlinear device, and

i
ALx] = y (tg) + z__-tk(ti,tn) NLx(t,) ] (V=17)

the adjoint differential operator takes the form:

N
aA* x(t,),g(t,) ] = “HQ%EYT' 221 k(t ,ty)gle ) (v=12)

Introducing a discrete inverse operator R by the relation-

ship:

R { x(ti)} = x(t,_y) (v-19)

where t, is an element of the discrete time interval
ty to t, and x(ti) belongs to this interval, and apply-
ing this reverse operator to the expression for the
differential of A x], with a change of the summation
index and proper attention given to discrete differences

from the initial point, results ing

N
R i an[x,h]} = ‘Z_k(tN_i,tN_n)ae'ax(tN-n) h(ty, ) (v-20)

Mmx=i
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But

ae~aX{tN-n) h(ty ) =R g ..-ax(tn) h(tn)} (v-21)

With a partisular variation h(t ), given by:

e R {g(t,)]
h(t ) = - (V-22)
n ae ax{tn)
and utilizing property 1, BEquation (III-8l1), of the re-
verse operator, Equation (V-20) can be written;
N
R {&Ex.hJ} = “Z_‘kttu_‘.tN_nmtn) (v-23)
If the system under consideration has a kernel which is
not varying in the time interval (0,T) then Equation
(Vv-23) takes the form:
_ N
R {alxhl] = 2 ke Lttt (V-24)
N
It 1s recognized that the Aiscrete adjoint differential
operator dh*[x(ti),g(ti)J is now given by:
ane{x(t,),g(ty) ] = ae™®*(*1) g { aa(x,5) | (v-25)

For the more general plant structure of Bquation (V=17)
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dA*[x(ti).q(ti)J is written explicitly as:

ans{x(ty),q(e)) ] = ~—ggrery R { AlxFl] (v-26)

Experimentally the dAiscrete levels of the adjoint operator
are found by reversing the order of the discrete levels

of AA{x,h ] and multiplying each by the corresponding va-

1 of an
ue of —FHTeT

The second method for the identification of the ad-
joint operator is based on Kulikowski's expansion tech-

nique; he suggested an expansion of AA*[x,g] in terms of

orthonormat time functions for plants described by contin-

uous operator equations. Presently, we may express dA*[x,q]

as:
s
AA[x,g] = a, h, (t) (v-27)
Fi ("¢ 'n
with
N 0 14}
1l
= h,(t_)h,(t ) = (V-28)
N ét 1 n) i*tn {1 1= 9

Substitution of Bquation (V=27) into the defining squa=

tion for the adjoint operator, Bquation (V=4), results in

N N
2 gttalxlty) h(tp) ) = 2 nity) > a, hit)h, (t) (v=-29)
m: n:=1 g
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ort

N i,
J gt )aAlx(tn) ,n(t )| = g % a, hit ) hy(t,) (v-30)

ned

From the orthogonality condition and Equation (V=30)
above follows immediately that:

N
a( = % 5%

g(tn)dALX(tn).h( (tn) ] (v-31)
{
The diacretefime functions h.((tn) must form an orthonormal
sat and can be chosen conveniently as the unit vectors

along the orthogonal axes, i.,e.
he(tn) = (0’ O' aeanyp 1’ 0. -co)

where the value of 1 is assigned to the [P element.

Finally, the discrete nonlinear operator equation
(V-6) may be solved explicitly for the control variable
x(tn) utilizing a discrete version of any of the itera-
tion algorithme discussed in Chapter II1I,

The conditional optimization problem is considered
next, The plant is again supposed to conaist of a single
input and a single output and the analysis is carried
out in an [;-npaco. As it was pointed out by Sarachik
[V-3J, the input and output functions are actually ele-

ments of finite dimensional spaces; this realization
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leads to simplified results regarding the identification

problem and the iterative solution of the nonlinear oper-
ator equation [V-6], Yet, it is found to be convenient to
formulate the solution with both the input and output

functions assumed to be elements in fp-lpaca.

vV -2, Conditional Optimigation of Discrete Systems,

For the single input-output case the conditional opti-
migation problem is formulated in the following way:
The functional “yd - Alx]J]| 5, 15 to be minimized subject

to the constraint
||x||pzé R (v-32)

where R is a given positive constant and p,, P, 2 1,

A regulator problem is presently under consideration.

A wide class of performance criteria may be formulated

using the same approach and depending on the plant re-

quirements; the analysis proceeds along similar lines,

The norm of a discrete time function x(tn) in f;-apace

is defined by,

N 1
| x¢en) ] p =2 [xte )| ®) ’p (v=-33)
nz4
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The augmented performance functional P[x] is formed:

Plx) = allxlp, * [¥® = Alxd )l 5, (v-34)

where 7 is the Lagrange-multiplier and will be determined
from the input constraint condition, Different types of
physical conatraints could be imposed by chooking differ-
ent values for the parameter Py If p= 2 in Equation (V=33)
the "energy" or “"power"” of the input signal is constrained;
p = 1 corresponds to an area constraint and for p s ® we
obtain the set of signals bounded in magnitude, It is our
purpose to determine a sequence of input signals which will
minimize the performance functional. The necessary condition
for the existence of an extremum of P[(x] is again expressed
by the vanishing of the differential of the performance
functional. The first differential of P(x] will be evalu-

ated from the defining equation:

aP| x(t_) + hit.)
ap{x,h| = Lty yhitn) (v=35)

Y
¥= 0

Substitution of x(tn) + Y h(t,) for x(t ) in Equation

(V=34) and differentiation with respect to Y yields;
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N Py 3-1 M P, -1
@lxn) = A= (3 |xteg)] % B2 Ix(e)] " sanlx(en) § neey)

wid

S .4 s A hi-t a
C 2 |y alx)l™ p 2 |y-alxl]” sgn(y@-alx(ty) |
“-‘t"‘ [ et i | 1[' i— | = =1 - = = ")J

1l
Pl ) n=1q

(v-36)

with sgn[z(t,) | defined by:

+1 for z(e,) > O

sgn| z(t,) ] = { (v-37)
-1 for z(tn) < 0

As in the previous section the adjocint Aifferential oper-
ator will be introduced, this being motivated by the
desire of expressing the necessary condition of optimality
in a form which does not contain the arbitrary variation

h(tn). For a more concise formulation leat:
a p;-1 a
,y - A[x(tn)_ll sgn(y” - Alx(t))] ) = glx(t )] (V=38)

Then AA*[x(t_),g(tn,)], the adjoint Aifferential operator,
is defined by Equation (V-10) which is repeated here for

convenience:

N
S ale)aalx(ty) hity) ] = S hitg)ahslx(ty) alty) ] (v-29)
n:1

n=1

Substituting Equation {V=39) into Equation (V~36) the nece-
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ssary condition for the existence of an extremum can be

rewritten as:

N p -1
a(x,n] = 3 neey) | Ager—  |%(tn)] 2 sgnlx(tn) ]
1
- AA*[x(t_),g(t )] (v=-40)
|y ADx (e I nT
OoXr:
Pz'l
-1 (t,)
1 fI*¢tn | P2 (V-41)

P2
(t ) [x(t )} =
| xten] S A oalxte ] :1-1
1

since h(tn) is arbitrary in the interval n = 1 to
n = N, Equation (V=41) is similar to the expression de-
rived for the continuous case in Chapter III. For d4dif-
ferent values of p; and P, Equation {Vv-41) may be solved
explicitly for the control signal x(tn) utilizing a
discrete version of anyone of the iteration schemes des-
cribed previously.

Finally, intuitive considerations in most physically
motivated problems dictate that the norm of the input

x(tn) lies on the boundary of the constraint, ori
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IEd| p, " ® (v-42)

From Equation (V=-42) the Lagrange-multiplier } is eval-
uated, The implementation scheme involves axactly the same
steps as those described in Chapters III and IV for con=-=

tinuous systems.

V - 3. Multiple Input ~_Output Discrete_Systems,

Consider the system shown in Figure (V-1), The non-
linearities Nl' v Nm and N are zero-memory and the linear
parts Ll’ ces Lm are of type zero, i.e., the plant possesses
no pure accumulators. The particular plant structure con-
sidered here facilitates a simple presentation of the basic
ideas; more complicated plant structures may be studied with
suitable extensions of the identification and optimization
technigues,

There are m inputs to the plant and k outputs. The
input vuctor‘gttn), at the instant t_, is defined to be

the column vector:
5(tn) = col { xl(tn), xz(tn)... xm(tn)} (v-43)

Similarly the output vector y(t,) is the column vector:
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¥ltn) = ool { yi(t), vpleg)ann. Yic(tn) ] (V~a4)

The ith component of the output vector is related to the
input vector through the nonlinear plant operator A ac-

cording to the relaticnship:

y,(t ) = hifxl(tn), xy(t0) pens "m‘"n)] (v-45)
1= 1' 2' see K

Or in a more genesral vector form:

y(t,) = Alx(t,) ] (v-46)

for n=1, 2, .,. N

The weak differential of the discrete vector operator

A[x] 1s by definition,
SA[x,h| = sayau.(tn) + yhit)] (v-47)

where h(t ) is a column vector of m arbitrary components
belonging to the input function set X, The differential
AA[x,h | may be considered as a k x m matrix of derivative

operators operating on the vector h, or
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[ . . ] ) h
All hlz L] - L] Alm 1
aAlx,h) = (v-48)
' ’ )
Aer o A2 oot A P
where A;J - A;j [5] repraesents the derivative operator
of Ai[gj corresponding to a variation in x, only, i.a.
A [x pXnsseX + h penas _' - A:I.[‘KJ
Aij[g_jhj = 1im 1102 j- ¥ “m (V-49)
Y0 ).4
with {1 =1, 2, ... kand j =1, 2, ,,, m
The 1P aifferential of the vector operator Al x] follows
from Bquation (V-48) as:
m 1
aAlxh) = 2 A [xley (v~-50)
et

1.1.2’ eee K

With the same problem in mind as treated in Section 1
of this chapter for the single input-output case, the

performance functional for the multi-dimensional sSystam

will Dbe:
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N
p(x]) = 5 alx(ty), x(t) x'(e,) ] (v-51)
n=1

And the necessary condition for the existence of an ex-

tremum is expressed as:

aG oG
» = ———————— h e ——" dh =
aP(x,h ] é{agcm Bets) * Syten) [zc.ctnnnctnu} 0
) (v-52)
whare 98 is an m=dimensional vector and 98 is a

oX X

k=dimensional vector with components respectively:

96 2 .
{agc_(tn) } . - FEES) Glx(t,),y(t ),y ()]

26 d a
{—(—5‘31 t, } s * 'a_y;[t_n)' Glx(tp)y(t),x (¢ )]

i = l. 2’ see M j = 1' 2’ [ ] K

.nd n = 1, 2’ a s e N

For the development of the adjoint Adifferential op-
erator, define an m x k matrix of derivative operators

A**[x(t_ )] by the inner product relationship:

N
ale,) { Arx(tr) ] nity )t s ‘Z“h‘tn’ {A"[;(tn)_lg(tn)} (v-53)

2

{
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Substituting Equation (V=53) into Bquation (V=52) we obtain:

N

LER S
(V-54)
Or, since h is an arbitrary vector function
oG 3G
+ A'r t 0 V=55
Satey * Al ey - (v-55)
n=1, 2, ... N
The elements of matrix A°**[x(t, )] are recognized to
be tha adjoints of the corresponding elements of the ma-
trix A'[x(t )] transposed. In matrix form, designating the
]
ad joint of Aij by Aij :
_ - -
*re " " &
Ayl oS WL | 9
Ars(x(e ) lg(ty,) = : : ] (V=-56)
L "W A'. )
S Ix
) . J

The techniques for the identification of the adjoint are

the same as discussed for the one-dimenaional case with
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sach component of the input vector perturbed separately
for the estimation of the plant differentials. If the
input and output spaces are considered to be finite-
dimensional then the operator A'*[x(t,)] 1is given by the
transpose of the matrix for the operator A‘[;(tn)]

({See Refarence (V-4), p. 103).

The discrete operator Equation (V-55) may be solved
explicitly for the control vector g(tn). The principle of
contraction mapping, Newton's method or the technigue by
Altman could be applied for tha solution, For example, if

BEgquation (V=55) is written as:

glx(t)j=o0 (v-57)

Altman’s method generates the sequence of input signals

through the iteration:

el ten) I 5
pugfﬁm(tn’J,'q

X a1(tn) = K, () x(t,) (v-58)

ne=1l, 2, .. N and%-r

ol e

with the components of £ and y defined as in Section (III-7)
for the continuous single~dimensional case.

The multi-dimensional conditional optimizationproblem



follows the formulation presented in Section (V-2) with
suitable vector notation, and for its solution similar
steps as those introduced above for the multivariable
unconstrained problem,

Computer flow diagrams for the digital implementation
of the adaptive control algerithma are preseanted in the next

chapter where specific applications are discussed,
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CHAPTER VI

CASE STUDIEBS

In this chapter three case studies are presented,
The examples were chosed for the simplicity of the plant
equations, the sase of mathematical formulation and in
some instances the availability of an explicit solution;
they illustrate basic concepts avoiding unnecessary de-
tails. It is assumed that an exact description of the
plant equations is available, This is necessary for the
digital implementation of the adaptive scheme since a con-
tinuous record of the system output is needed, If the scheme
weres to be applied to an actual process, then direct moni-
toring of the process output would suffice. The approach
followed here offers a number of distinct advantages: It is
possible in some cases to evaluate directly the plant d&if-
ferentials thus furnishing a means for comparison with the
approximate technique and providing useful information re-
garding the choice of values for the parameter 3’. Similar-
ly the {dentification of the adjoint Aifferential may be
accomplished in a dual fashion affording the same kind of

comparison, In one case a mathematical transformation of



the system equation from the integral operator form to the
differential operator description is feasible. The two ap-
proaches dascribed in Chapters III and 1V are found to
lead to identical results.

At the same time with an a priori knowledgs of the
plant equations and a digital simulation of the overall
adaptive scheme some of the procedural stepg are eliminated.
The initial learning period is not present here; alsoc the
initial conditiona can be set to the desired values at the
beginning of each period simplifying the identification
prokblem for plants possessing one or more pure accumulators,

The main stumbling block for the mechanization of any
complex or multivariable process is the computational pro-
blem associated with the search procedures presently avail-
able, First variational procdedures are found not to con-
verge and seacond variational techniques are difficult to
implament. A modifjied Newton's method was used in mosat
cases and reasonably satisfactory results were obtained,
Numerical results were obtained ueing an I B M 360 Model
50 computer at the Computation Center of the City College
of the City University of New York. The programs ware
written in the FORTRAN IV langquage and the actual c¢omputer
print-ocuts are included in Appendix II. In the following
sections the problem formulation, digital implementation

and graphical results for the three case studies are des-
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cribed,

VI - 1, Case Stydy Number 1.
As a first example the plant structure shown in

Figure VI-=1l is considered. The input nonlinearity N is

given by:

e ] (VI-1)

N(x) = c[l-e

with ¢ and a given constants specifying the nonlinear
characteristica of N, In an actual process these para-
meters need not be known a priori, but may be deter-
mined through steady-state measuraments as it is shown
in Chapters I and 1lI. Figure VI-2 shows a plot of N(x)
vs., the input variable x, N(x) is zeroc - memory.

The linear part L of the plant is assumed to be
type zero. In its simpleat form it has a transfer func-

tion specified by:
(VIi-2)

where b is a constant,

The overall output time response is given by:

t
y(t) = A[x] = A, + Jrc'o_b(t-t) [1-0-'3(1)]61 (VI-3)
[+]
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For the computer solution the following values were used
for the constanta: ¢' = 1, a = 0,5, b= 0,5, The plant
settling time is given approximately by T, = 5*1/b = 10,
The optimization interval (0,T) was chosen to be equal to
ten time units, i.e, T = T. with the interval (0,T) equal-
ly subdivided into ten subintervals.

We smeek to minimigze the functional:
a 2
x] = ||¥® - alxdf|, (VI-4)
under the constraint:
2
<)z »

The constant level of the desired output state was set
to unity and two different values for the positive con-
stant R were used in the simulation; the first one resul-
ted in an unconstrained optimal solution for x(t) and the
second forced the system to operate on the constraint
boundary.

Minimization of the augmented performance criterion

P(x], where:

Plx] = 9 "x" : + "yd - A[x_]” : (VI-6)
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and ) being the lLangrange-multiplier, results in the fol-
lowing two implicit solutions for x(t):

For A = 0 (unconstrained solution)
- AA*[{x,gq] = O (VI=7)
And for 7, >0 (constrained solution)
x(t)~-dA*[x,g] = 0O (VI-B)

The adjoint differential dA*[x,g] is evaluated as
follows: An estimate of the plant differential AA[x,h]

is obtained first through the relationship:

aA(x,h] % _ﬁﬂﬁlb_}‘l_'ﬁ[.fj (VI-9)

Values for X utilized in the computer program range
from = 0.001 to Y= 0.1 In an actual process operation
of the adaptive scheme ncoise considerations will limit
rhe lower bound of Y -

According to the resaults presented in Chapter III,
the adjoint differential AA*[x,g] is given by:

A*x,9| = @ ax R { aA[x,e o R {g} J} (VI-10)



with a particular input variation h(t) given by:

Ri!(t)l

h{t) = aN/ am

and

glt) = y& - Alx]

Thus the adjoint differential is evaluated experimen-
tally by tabulating in reverse order the estimated va-

lues of AA[x,h] and multiplying each by the correspond-

ing value of a®*,

It is posaible to determine directly the axact ex-

pressions for both the plant differential and iteg ad-

joint. That is from Equation (VI-3):

t  b(teT) ~ax(T)

AA[x,h ] = J.c'o ae h(T)aT
o
and
~ax(t) 7 ~b(T-t)
dA*[x,g] = e j'c'e g(T)as

i

The above two equations were used in a particular simu-

lation and the results compare very well with the appro-
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(vi-11)

(VI-12)

(Vvi-13)

(Vvi-14)
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ximate ones derived from Equations (VI-9) (with Y " 0.01)
and (VI-10) respectively,

The computer program incorporates a trapezoidal rule
for the evaluation of the integrals, It is also possible
to use other available and more accurate integration sub-
routines whenever this is deamed necessary.

All three iteration techniques descridbed in Chapter
II1 were utilized in the search for the optimal value of
tha control signal x(t).

It was found that the expressions (VI-=7) and (VI=8)
are not contractions with a Lipschitz constant of 0.5.

Altman®'s method was applied in the following way:
The iterations of Equation (III-122) are to be implemen-—
ted, Starting with the expression for the augmonted per-
formance criterion, Equation (VI-6), the gradient of P| x]

is evaluated to be:
vp[x] = 2 x - 2aA*[x,q] (VI-15)
with
g = y? - A[x] (VI-16)

Next, the second differential of P(x] is calculated



T
a%p(x,h,h] = 2 I

0

But
2 2
A“A[x,h,h] = —adA[x,h“]

and utilizing the defining equation for the adjoint
differential, the second differential of the augmented
performance criterion is written as)

T -
a2p(x,h,h] = 2 f {Ahz + (dALx.h_])z} at +

o

T
2a I.hzdh*[x.yd-ALxJ] at

0
With a fixed input variation equal to the gradient of
P(x], as Aictated by the iteration equation, the above

expression for dzP[x,h,hJ takes the form:
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{Ahz + (alx,n))? - (yd-al_x])dzu[x,n.h]} at

(VI-=17)

(vi-18)

(VI~-19)

a%p[x,vP{x),[x] | = 2 jT{ Ave[x])2 + (dh[x,VP[x]])z} at +

T
2a J.(VP[xJ)sz*[x.yde[x] Jae
0

{(VI=20)
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Thus, the (n+l)st element of the control sequence is
generated from the nth element according to the relation,
(VP[an, VP[an)

s T 2a%p(x,, WP[x,]j, wP[x_]] + Plxa] (vi-z1)

The overall computer flow diagram is shown at the
and of this chapter and a listing of the computer pro-
gram is included in Appendix II, The results of this
search procedure are shown in Figure (VI-3) (a) and (b).
Figure (VI) (a) is a plot of the plant cutput and Figure
{Vi-I) (b) shows the control signal as a function of time
for the unconstrained solution. The output eventually
reaches the desired lavel.

Newton®'s modified method with a fixed stepsize was
also used in conjunction with this case study. The results
are shown in Figures (Vi-4) and (VI-S5), Pigure (VI-4)

(a) and (b) shows a plot of the system output and the con-
trol signal as functions of time for the unconstrained so-
lution. Again the output eventually reaches the desired
level, The speed of convergence depends of course on the
choice of the arbitrary initial condition level for the
input function and the magnitude of the fixed step-size.
The program wvas allowed to run for 100 steps and the total
execution time was 3.70 minutes., The objective output
level is reached within a reasonable approximation in

about 30 iteration steps. The last sampling point of each
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T=time interval remains always equal to the value set at
the start of the program because it can not be calculated
exactly when the reverse operator method is used for the
identification of the adjoint. This may be remedied by
extrapolating or increasing the sampling points in the
interval (0,T). The same unconstrained problem was pro-
grammed with a direct evaluation of the plant dAifferential
from Equation (VI-~13) and the same iteration step-size,
The total axecution time was 2.17 minutes and the graphi-
cal results are identical with the ones presented in
Figure (VI-4),.

Pigure (VI-5) (a) and (b) shows the results of a
computer run with a severe enough input constraint to
cause the control signal to operate on the boundary of
the constraint., The iteration step-size has baan increased
from the pravious case by an order of magnitude without af-
fecting the convergence propsrties of the scheme, The to-
tal execution time was 2.26 minutes and the program was
allowed to run for 100 steps. The constraint condition is
treated as a penalty function: A search is performed for
that value of the Lagrange-multiplier that forces the in-
put function to lie on the constraint boundary. Figure (VI-6)
depicts the objective function ”yd - A[xj" vs. the step
number for both Newton's modified procedure and the tech-

nigque introduced by Altman, It is seen that Newton's me-



158

thod with a fixed step-size converges in fewer steps. The
choice of the step-size value is, of course, extremely cri-
tical as far as the convergence properties of the scheme

are concerned.

Vi - 2, Cage_Study Number 2.
The plant structure considered is shown in Figure
(VviI-7). The general input-output relationship is given by
t - 2
A(x] = A+ [k(t.‘t)x(t)d'r - eLx(t)] (VI-22)
o
where ¢ is a cost parameter, Both ¢ and the kernel
x{t,T) may be thought of as being the unknown but slow-
ly-varing plant characteristics for the adaptive pro-
blem,
It is desired that the total plant output during
a period of steady-state operation be maximized, Corres-
pondingly, we seek to minimize the functional:
.
J(x] = = fh[x_]dt (VI-23)
[+
The input norm is constrained toc be less or equal to a

positive constant R, o

=i o€ R (VI-24)
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Two values for the parameter p were chosen for this ex-
ample, p= 2 and p +»0 . For p = 2 the gradient of the

augmented performance functional is given by:
vplx) = 2Ax - aA*{x, 1] (VI~25)

whereas for p +-o the vanishing of the gradient of P{x]

leads to the following solution for the control signal:

x{(t) = 'le'p_, max 'x(t)i

(VI-26)
sgnx(t) = sgndA*{x, 1]
Therefore
x(t) = RsgndA*[x, 1] (vi~-27)
for operation on the boundary of the constraint,
Por computer simulation purposes let us assume
that the plant is explicitly described by:
t —a{t-1) 2
Alx] = A+ I-ac x(T)dr= g [x(t) ] (V1-28)

-4

with Ao = 0, a=3/T, £E=1/4 and T = 3,



160

The first plant differential is given by:

t ~a(t-1)
AA[x,h ]| = S’ae h{t)dt - 2¢ x{(t)h(t) (Vi-~29)

0
Making use of the defining inner product form for the ad-
joint plant Aifferential we obtain,

T —a(r-=t)
AA*[x, 1] = J’a. AT - 2 € x(t) (VI=30)

t

Bquation (VI=30) affords a one-step solution for the
control signal x(t) in the interval (0,T). This solu-
tion corresponds to the vanishing of the gradient of P[xJ
as it is given by BEquation (VI-25) with A = 0, The resul-
tant optimum control signal x?{t) 1s shown in Pigure (VI-7).

Applying the reverse operator tc the plant differential,
Equation (VI-29), results in,

T ~a(t-t)

R {dh[x,h_}} = jae R {h('l.')} 4T - 2ER { x(t)h(t)}
t (Vvi=31)
Lat R { h(t)} = 1, or hit) = 1 in the interval (0,T).

Then

AA*[x,1] = R {da[x,lj} + ZE[R { x(t)} - 2£x(t)] (VI-32)
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or
dA*[x,1] = R { da[x.l_l} + 2¢[R { x(t)} - x{(t) | (vi-33)

The above axpression for dA*[x,l] is used in the com-

puter program,

The second differential of the objective function,
or the first differential of the gradient of the perfor-
mance index is denoted by g(x). It is derived from Bqua-
tion (VI-18) after substituting for dA*{x,1]| the expres-

sion given by Equation (VI-23)., Thus:
g(x) = 22 + 2¢ (VI-34)
The step-sige l1/g(x) remains fixed throughout the search

procedure, Newton's iteration formula for the constrained

problem is written as:

e v . _22Axj-ans[xp,1] -
*n+) ® *n 2(As2) (VI-35)

Whenever the control signal lies within the constraint
boundary we set A = 0 in Equation (VI-35),.
In this problem the number of samples in the interval

(0,T) was varied for two computer runs. In one case it was
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set equal to 4 and in arother equal to 21. The change
reflects on the accuracy of the integration subroutines,

With a step-size equal to 1/g(x) the algorithm con-
verges in one step for A = 0, Depending on the density
of the grid sample points subdividing the interval (0,T)
the control signal is given very accurately by Figure
(Vi-8)., With 21 samples and a step-sigze reduced by a fac-
tor of four, the ascheme converges within ten iteration
steps, With a severs input constraint (p = 2 in Equation
VI-24) and a reduced step-size, the contrcl signal reaches
the boundary in two steps.

When a magnitude constraint is placed on the input
function the adaptive procedurs converges in four steps as
shown in Pigure (Vi-9) (a) and (b). In all cases the arbi-
trary initial value for x(t) in conjunction with the mag-
nitude of the step-size was found to be very critical for
the convergence of the search tachnique,

The computer programs for the case presented above

are included in Appendix II.

VI - 3, Cage_Study Number 3.
We consider the operation of a single, continuocus
stirred-tank reactor [VI-l, 2] with a first-order exo-

thermic reaction (Figure VI-=10). The reaction is: A -+ B,



If ¢ is the concentration of A in the product and on the

assumption that a cooling coil is used to remove the heat

generated by the chemical reaction, the dynamic¢ or tran-~

sient mass balance is given by:

dc

v dt

-E/RT

= Fco - Fc - Vke c

and the corresponding heat balance by+ s

vfcp

wharei
v
F
x
E
e
c
H
u

+

dat

-E/RT
= Fecp(To-T) - AHVke c - U{(7T-T7')

reaction volune

feed flow rate

reaction constant

energy of activation
density of solution

heat capacity of solution
heat of reaction

heat transfer coefficient for heating colil

FPor the derivation of thase egquations see References

VIi-~1l and VI-2,
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(VI=36)

(vi-37)
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T*= average cooling-water temperature

To® initial temperature in reactor

" initial concentration in reactor

If y is the output concentration then no mass balance

equation is needed for B since
Y = ¥y =€, ¢ (vi-38)

and knowing ¢, we can calculate y directly from Equation
(vi-38).

It is ordinarily assumed that g F and V are con-
stant and perfect mixing occurs i.e, ¢ is the same in the
reactor and product stream, In reality these parameters
and the reaction constant k vary with the operation of
tha reactor, It is therefore possible to view the control
of the stirred-tank reactor as an adaptive problem.

BEquations (VI-36) and (VI-37) can be simplified by

defining:
FCQ FTQ uT?
d = = % * =% * Tpc
P
£ = = 4 J
| =
1 v 2 v Vecp

- (-a8)XK
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vwhich leads tos

~B/RT

dc

2 - - o é’l +Y, o ) (VI-39)
-E/RT (VI-40)

ar

ac ""z"ng"B’z""

The system is initial value and consists of two first-
order coupled nonlinear ordinary differential equations.
The reactor temperature is taken as the control variable.
It ia assumed that proper monitoring and temperatare trans-
ducing instrumentation is available.

We seaek to maximize the output product y in a time
interval (0,T) assuming, of course, stable operation, A
magnitude constraint is placed on the reactor temperature
which is designated from here on by x, reserving the letter
T for the optimization interval., The augmented performance

functional is therefore given by:
T

P(x] = ~ fydt + 9 max 'xl (VIi-41)
0

and a minimum of P(x | is sought. The solution leads to

the following expression for the gradient of P[xjs

v?[x] = x - max [x| sgnay*(x,1] (V1-42)
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For the identification of the adjoint we consider
BEquation (VI-34) in normalized form; with y = €, - € 1t
may be writtan asi

dy —*

T = =1+ (cg-y) (1+ ¢ ™) (VI-43)

By definition a measure of the output variation

g}(x, gi), when the input is perturbed by gi, is

givan byi
g}(x. g;) = y(x + g;) - y(x) (Vvi-44)
Introducing the output variation S} and the input var-
iation g; into Bquation (VI-43) and keeping only first
order terms results in

3%' Q’Y = F(t) Svy + H(t) gx (VI-45)

With a particular variation gi equal to unity the adjoint

differential is approximately given by:
dy*(x,1| = R { S’y(x. z)/x } (VI-46)

with .E; = Bh and assuming that F(t) and H(t) remain fairly
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constant in the interval (0,T). The values of PFP(t) and
H(t) are continuously monitored in a computer simula-

tion; mathematically, they are axpressed by:

C 2 (o aa e
F(t) 3y ( r ) l-o
H(t) = 2 ( _EZ_ ) = (c_~-y) 2 e % (VI-48)
ax at =] x2

Starting with two arbitrary initial points for the
concentration ¢ and the reactor tempsrature X a fourth-
order Runge-Kutta method, properly expanded to handle two
dependent variables, is used to calculate the transient
response of the reactor [VI-3]. The step-size is set equal
to 0.5 and six values for x(t) and y(t) are computed. This
transient solution for x(t), te (0,T), is used as the ar-
bitrary initial input x_,(t) that is necessary for the es-
timation of the immediately following element of the input
sequence, utilizing the adaptive control loop. Thus, Equa-
tion (VI-40) is treated as a differential constraint on
the input function and the minimigation of P[ x| proceeds
under the assumption that this constraint is satisfied

always,

A listing of the computer program is included in Ap-
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pendix II, The plant differentials were calculated with
the parameter X set equal to 0.1 A fixedA step-size of
magnitude equal to 0,1 was used in the iteration algo-
rithm. The input function reached the boundary of the con-
atraint in 78 iteration steps and the execution time was
1.95 minutes. The results are found to be satisfactory
only in the sense that the output product tends towards a
maximum, The eaxample illustrates the applicability of the
basic adaptive algorithm without claiming physical consis-
tency for the obtained results,

Figure (VI-11l) shows the output and control functions
vs, time. The multipliers F(t) and H(t) 414 not vary ap-
preciably in the interval (0,T) making any subdivision of

the identification periocd unnecessary.

Vi - 4, A Comparison,

It i3 demonstrated below that for the example considered
in Section VI-1 the integral operator approach leads to iden-~
tical results with those suggested by a differential opera-
tor formulation.

Consider Equation (VI-3) which is repeated here for
conveniences

t _n(e-T) -ax(T)

y(t) = Yo * .fc'c l-e Jat (VI-49)
0
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Applying Leibnitz's rule to Eguation (VI-49) results ins

_::%_ - [l_e-“(t)]J + (=b) Ltc'o-b(t-.t)[l-a-u(r)_]dt
(VI=-50)
or
-%{— = l-o-nX(t)- bly(t)-y,] (Vi-31)
Equation (VI-51) is recognized to be of the form
-g.ii- = £(x,y,c) (VI-52)

and therefore the jidentification and optimization pro-
cedures introduced in Chapter IV for plants deacribed by
nonlinear differential equations apply to Equation (VI-S1),
Following the standard procedure we introduce the var-
iations gy and S-x and write the following linearized ver-

aion of Equation (VI-51):

.d.%_ S'y = F(t) S} + H(t) gx (VI-53)
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with
Sy = yuy - ¥,
(Vi-54)
gi ® Xpe1l T *n
and
F{(t) = -b
-ax(t) (VI-55)
H(t) = ae
x(t) = x,
y(t) = vy,
The output variation g;(t) is found to be equal to:
t
g;(t) - q’(t,o) gy(o) + f‘P(t.T)H(T) gx(T)d‘C {(VI-56)
]
And the adjoint differential B*g(y) is given by Equation
(I1v=34), or
T
B*g(y) = H(t) ( ‘P(t.c)qu(ﬂ_[d-r (VI-57)
t

The adjoint differential for the plant described by the

inte¢gral equation (VI-49) is written as
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T -b(T=-t)
-ax(t) e g(t)aT (Vvi-58)
aA*(x,g] = ae

i

~ax(t)
It is true that H(t) = ae and it can be easily

shown that for the linear system of Equation (VI-53):

-b(T~-t)
Pit,t) = o (VI-59)

Identical expressions for the adjoint Aifferential have
been established when the input-output relationship for

the same plant is of the integral or differential type.
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CHAPTER VII

CONCLUSIOUNS

Vil - 1. Summary of Rssults,

The thesis investigates a design algorithm for non-
linear adaptive control systems, It is based on Kulikow-
ski's concept of adaptive optimal contrcl and utilizes the
tools of functional analysis. The plant is described by a
nonlinear vector operator equation of the integral or
differential type, It is assumed that some a priori know-
ledge of the plant structure is available or can be ob-
tained during an initial learning period. The unknown para-
meters are assumed to vary slowly compared with the total
time interval required for optimization. A performance
functional is specified indicative of the overall quality
of plant performance and a bound is placed on the input
control signal. The input and output functions are taken
to be elements of an LP-gpace. The problem is formulated
as a conditional minimization problem. An extremum of the
performance index is sought while the input function re-
mains within or on the constraint boundary. The design ob-
jJective is the construction of the input sequence whose li-

miting element minimizes the quality functional. The mini-



mization problem is solved in a straightforward manner
using calculus of variations techniques., The attractive
and novel feature of the approach lies with the identi-
fication problem. Steady-stats plant measurements and an
approximate evaluation of first-order plant differentials
suffice for the identification of the adjoint differentials
in terms of which minimizing nonlinear operator equations
are expressed, Thus, assuming asymptotically stable solu-
tions, with a periodic input the plant ocutput is forced to
reach a steady-state and proper identification of plant
differentials and their adjoints is performed, This identi-
fication step is followed by a step of optimization during
which the next elament of the input sequence is constructed
iteratively, Identification and optimization alternate and
the complexity of the overall scheme as well as the time
raquired for each step are directly related to the plant
type and its structural make-up.

Chapter III investigates the conditicnal optimization
problem, its solution and convergence properties of the
ad joint differential, and techniques for the iterative
construction of the input ssquence, It is shown that a
hybrid scheme is needed for the implementation of the
adaptive algorithm,

In Chapter IV we investigate the Aifferential equa-

tion formulation and in Chapter V the discrete version
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of the problem is presented, A number of examples are

taken up in Chapter VI, With the emphasis on the mathe-
matical formulation of the adaptive algorithm, the examples
are simple and intended to illustrate basic concepts only.
Unimodality restrictions on the search techniques and both
mathematical and computational difficulties associated with
their digital implementation limit the range and scope of
the examples. The computer studies of Chapter VI serve only
ags an initial stimulation towards the realization and aven-
tual solution of the problems ancountered in the actual

implementation of the adaptive schame.

VIl - 2, Topicse_for Futyre Investigation.

During ths course of this research work a number of
related problems, which have not as yet found satisfac-
tory solutions, came into focus. Topics for future research
in the area of adaptive control systems include:

1., Investigation of the cases when a) the plant
operator is a random operator and b) the observation of the
output is disturbed by noise. The mean value ¢of plant 4if-
ferentials may be obtained by a brute force method namely
by averaging the results of many observaticns performed

for the same input in consecutive time intervals. This



approach requires some additional assumptions concerning
ergodicity of the random processes. Thus the basic tech-
nigque introduced for the deterministic case can be uti-
lized with some modifications but the total optimization
time is greatly increased, Stochastic approximation tech-~-
niques seem very promising. The basic Kiefer-Wolfowite
procedure as extended to the multidimensional case is na-
turally suitable to the stochastic adaptive problem. The
algorithm seeks an extreamum of a regrussion function which,
in moat cases previously investigated, is memoryless and
unimodal. The dynamic mature of the adaptive problem and
the multimodal surfaces considered necessitate some modi-
fications of the basic algorithm.

2. Investigation of the case when the plant is des-
cribed by a set of partial differential equations. The dis-
tributed parameter problem encompassas a great number of
practical situations particularly in the process control
industry. The adaptive solution to this problem will en-~
hance the range of applicability of the algorithm and at
the same time provide some basis for the nearly "optimal®
control of more realistic processaes.

3. Investigation of the "cost of control™ as part
of the overall index of performance along lines suggested
by Feldbaum's work. And

4, Study of both deterministic and stochastic succe-

ssive approximation algorithms with emphasis on techniques
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that accelerate the rate of convergence of the search
procedure. Digital and hybrid implementation of actual
adaptive processes utilizing the theoretical results

is an important segment of the topics for future research.
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APPENDIX I

IDENTIFICATION OF PLANT MODBL

Al - a, Need for a_Model,

In the formulation and solution of the conditional-
optimization problem it is sometimes found that the jiter-
atively constructed input lies on the boundary of the con-

th step of the input sequence, is

straint, If xn(t). the n
on the constraint boundary, necessary for the construction
of xn+1(t) is the identification of the Adifferential of
xn(t)l consequently an input signal xn(t) + Xh(t)' te(o,T),
is to be applied on-line to the plant, The time function

h{t) is elther fixed or belongs to a set of orthonormal

time functions depending on the method used for the identifi-
cation of the adjoint differential operator. In practical
applications the input constraint may be of either the "soft"
or the "hard” type. With a “soft” constraint a tolerance

band allows for an increase of the magnituda of the input
signal and operation within this band may be possible by
keeping X small or taking the direction of the differential
towards the constrained region rather than away from it, A
“hard” constraint with h(t) fixed, necessitates in most

cases the use of a plant model and off-line measurement of



plant Aifferentials. Switching occurs from on-line to off-
line operation whenever the input reaches the boundary of

the constraint. The next member of the input sequence is
evaluated using the model and this input is applied to the
plant, A simple model representing the actual plant dynamics
is therefore sought, Of importance is the time required for
the estimation of the model parameters. What follows is a Adis-~
cussion of model identification schemes characterized by sim-
plicity of representation and speed of convergence to the true

plant dynamics,

Al - b, Some_General Remarks,

A great many identification schemeas have been proposed
in the literature. These 4differ in three fundamental respects)
the type of model used, the numerical methods used to ob~-
tain the model parameters from the measured process data,
and the criterion used to determine when the model behaves
like the process itself.

Two plant model types are used in this thesis, The first
mathematical model used to describe: the process dynamic
behavior 1is the differential squation. According to the
second the input-output relationship is given in terms of

an integral operator equation., The numerical methods used

to obtain the model parameters depend on the choice of
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model type. The criterion most commomly used to judge a
model is minimum squared error between actual and model
outputs when both are subjected to the same input. Other
criteria used in the literature are zero error at discrete
times, tha Impulse Response Area Rule and the hest Markov
estimate., The mathematical models and the numerical methods

used to obtain the model parameters are discussed below:

Al - c. Differentigl Equatjion Model.
It is assumed that the plant is described by:

y(t) = £(x, vy, g) (AI-1)

where y, X, ¢, and f are as defined in Chapter 1V, section
1,

The unknown parameter vector ¢ is to be identified.
The approach to be followed for the estimation of ¢ is the
learning-model method,

Two techniques will be pursued in detail both of which
have been introduced by Bellman and Kalaba {1, 2Ji
a) Differential Approximation, Rewriting Bquation (AI-1)

i(t) -f(x, Yy, g) = 0 for t¢ (0,T) (AI-2)
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it is seen that the true wvalue of the plant parameters

is the solution of

T

Min 5 {i - £(%, ¥» S)» ¥ - £(x, ¥, _q)} ac (AI-3)
£ o

Taking partial derivatives of the integral with res-

pect to ¢ and setting them equal to zero yields

T T

j £.3 at = Jf; £ at (AI-4)
[+]

c

where f; is a square matrix of the partial derivatives of
f with respect to the vactor ¢.

The vector ¢ is therefore evaluated by direct solution
of the vector squation (Al-4)},

The differential approximation method is efficient for
online applications; however it is necessary to measure
all the state variables yitt) of the system and in addition
some differentiation operations have to be performed on some
of these variables,
b) Quasilinearization, This approach offers the distinct
advantage of determining automatically together with the
parameter vector ¢ the inaccessible states of the system
if any.

It is assumed that:

a) The input vector x(t) is known in an interval
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0<t&T, If g(t) is a subset of y(t), where g(t) is phy-
sically available for measurement, than:
b) Observations of g(t) at certain instants of time are

rnowni

2(ty) =« (A1-5)

1- 1' 2' ...e Vith t(ﬁT

( is chosen so that equation (AI-5) yields (m + k) con-
ditions (m is the dimensionality of the output vector
y{(t) and k is the dimensionality of g).

Treating the parameter vector g as a function of
time (g is really a constant in the interval 0<¢ t £T)
and adjoining to the plant equation (AI-1l) the equation:

the problem has been reduced to the solution of the
(m + x) first order equations (AI-1l) and (AI-6) sub-
ject to the (m + k) boundary conditions represented by
equation (AI-5),

The method of quasilinearization is used for the
numerical solution of this multipeint boundary value pro-

blem: A series of approximations to the solution y(t) and
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€ is generated through the linearized recurrence relations:

< =0 (AI-~7)

ntl

with boundary conditions

Zneylty) = &% (AI~8)

In Equation (AI-=7):

[ i
of, afy
ayl L L L] aYm
fyn ™ : _ (A1-9)
oYy A¥m
L = x - x n
s= <
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and;
of, of,
acl . & » ack
fz,n = ) : (AI-10)
f o
—-—!_n— - - . m
51 “x
Y= Xx n
=< n

Thus the solution of equations (AI-7) and (AI-8)
yields the value of the parameter vector ¢ and the val-
ues of the inaccessible states. Computational procedures
for the solution of these equations are included in
References [ 1] and [2].

The sequence of approximations converges monotonically

under certain conditions on £, £ and fz,n and their first

l,n
and second differentials, i.e, if xo is the desired solu-

tion then

o
¥ o< X3<oeecX

Also the convergence is quadratic, i.e.
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2

2o, ¥ £ x|y, -y x& 1

a computation advantage resulting in rapid convergence,
Explicit mathematical-relation methods as well as

algorithms based on a modifisd Newton's procedure for the

estimation of plant parameters are described in the 1lit-

erature (3].

Al ~ 4, inteqral Egquation Model,

Here the mathematical relation for the system that
relates the output to the input is an integral equation,

A number of approaches have been suggested for the solu-
tion of the parameter estimation problem assuming the above
process topology to be known,

Ku and Wolf (4] give recurrence relations for the
Volterra Kernels., Their algorithm is rather cumbersome to
apply in practical situations and the impulse response of
the linear part of the process is assumed to be known,

Hsieh [ 5] used a computational algorithm based on the
steepest descent method, which was previously employed by
Balakrishnan for solving a class of filtering and control
problems, in order to estimate the various order weighting

function matrices through the observation of input and out-
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put data of the nonlinear process over a finite time in-
terval. A least square criterion was used and an updating
agheme was devised based on steepest descent as more data
were available.

Eykoff [ 6] suggested the following procedure: Consider
the scheme in Fig., (Al-2). Process P is nonlinear and has
dynamic properties. So model M has to be nonlinear too,.
Only the time invariant case is considered. The model out-
put z(t) is given by

t t ¢
z(t) = jx(r)hltt -T)4T + J Jx(-r‘)x(-rz)hz(t-‘r‘,t-'t;)drid'rz

- ~m -m

(AI-11)

The series (AlI-1ll) can be approximated by finite sums if

the process is stable, i.e. has finite memory. Then:

2(t) x o x(t=T) + 2 5 of x{t=T)x(t=1) + 222 (a1-12)
vt vy 4 4 T
Now consider the diagrammatical representation of
Fig, (AI-3), where P is again the proceas, N is a nonlin-
ear filter the operation of which is given by equation
(AI-11) and Tq is a time delay operator. Minimization of
the integral squared error E, where:
T

E = J.z at (AI~13)
0



and e = y - z results in the following condition for

everyone of the coefficients o :

aB

———— — 0

oo

and defining

L%
]

1l
Fi "2 Tw, = <% Yy 2
‘g - 1 A = e, U u

atc,

as the components of the error vector, the mechanism in-
volves adjustment of the coefficients of so that the error
vector becomes equal to zero,

A mechanization of this model is shown in Fi{. (AI-4)
where the symbol ( > indicates the inner product of the
two input quatities, In general a time varying process will
be assumed to be pilecewise time invariant so that a model
of the above configuration be possible. For greater or
less accurate representation of the actual process dynamics
a more complicated or correspondingly simpler model struc-

ture is available. Details of model implementation schemes

204
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can be found in the referances.
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APPENDIX II

This appendix contains a listing of the computer
programs for the case studies examined in this thesis

and referred to in Chapter VI,
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