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ABSTRACT

RESONANCE EXCITATION OF LINEAR
AND NON-LINEAR SPIRAL DENSITY
WAVES IN A GASEOUS DISK

by
Ye Cheng

Adviser: Professor Chi Yuan

This thesis develops the theory of linear and non-linear density and/or
acoustic waves in a gaseous disk responding to a periodic perturbational force, such
as that caused by a satellite in a ring system, or by a rotating mass distortion in

the central region of a galaxy.

Based on the non-linear formulation devised by Shu, Yuan and Lissauer
(1985), we rederive a fundamental integro-differential equation with the inclusion
of all three factors: pressure, self-gravity and viscosity. To apply this equation,
physical parameters used in various astrophysics problems are examined and
approximations justified. The amplitude relation and the dispersion relation indi-
cate the appropriate replacement for the integro-differential equation by a non-
linear differential equation. These relations also describe the features of the excita-

tion and propagation processes.
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We work out a complete linear theory of density and/or acoustic waves
with viscosity and self-gravity. We study the excitation mechanism by which the
waves are generated in the gaseous disk. The asymptotic solutions to the linearized
equation which are presented along with the numerical solutions help to clarify

several important aspects concerning the nature of the waves in a disk system.

In an application to the 3-kpc arm problem in the Galaxy, we solve the
non-linear differential equation numerically with the aid of the linear solutions.
We ﬁnd that an oval distortion of 5% of the mean gravitational field near the
outer Lindblad resonance can generate a wave in a close resemblance to the

observed 3-kpc arm.

The present theory has potential applications to astrophysical problems such
as the proto-stellar disk of the solar nebula, the possible existence of the cir-

cumstellar disk of a binary, and the structure of barred galaxies.
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CHAPTER I

INTRODUCTION

The theory of density waves has been used successfully in explaining the
spiral structure of disk systems in astrophysics. The self-excited modes have been
studied in great detail by Lin and his associates (Lin and Bertin 1985, Lin and
Thurstans 1984, Bertin, Lin and Lowe 1984) in explaining the quasi-stationary
spiral structure of disk galaxies. Spiral density waves driven by a satellite or an
oval distortion are found to play an important role in shaping the structure of
disk systems in general. Mimas is responsible for the Cassini division in Saturn’s
rings (Goldreich and Tremaine 1978); about fifty wave trains in Saturn’s ring disk
have been detected and identified as waves resonantly excited by external satellites
(Lissauer and Cuzzi 1982). The Milky Way’s 3-kpc arm is interpreted as a part of
a spiral density wave driven by a minor oval distortion in the central regions of

the Galaxy (Yuan 1984).

The theory of spiral density waves driven by a periodic disturbing field was
first studied by Feldman and Lin (1973), and Lin and Lau (1975). Their emphasis
was focused on the resonance effects at the co-rotation circlee A more complete
linear theory has been developed by Goldreich and Tremaine (1978, 1979). Realiz-
ing that the random velocity of the particles in Saturn’s rings is so small that the
effects of pressure can be neglected, Cuzzi, Lissauer and Shu (1981) worked out a
simplified theory. The same theory was used to interpret the bending waves in

Saturn’s rings (Shu, Cuzzi and Lissauer 1983). Another limiting version of the
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theory was considered by Yuan (1984) to account for the large-scale motion of the
interstellar gas in a galactic disk system in which the effect of self-gravity may be
ignored. Yuan has used the theory to interpret the 3-kpc arm. All the theoretical
works quoted above use linear WKBJ-type analysis, based on the hydrodynamic
formulation. Viscous effects were estimated only through the WKBJ dispersion

relation.

Spiral density waves excited at the Lindblad resonances are extremely sensi-
tive to the perturbation field. Small disturbances from the satellites or a central
oval distortion can produce waves of extremely high density contrast and long
wavelength, much more than what the linear theory can provide. Viscosity also
seems to have a strong effect in damping those waves in Saturn’s rings as well as
in galactic disks. A non-linear analysis, using a finite difference scheme, was car-
.ried out for the gaseous disk without self-gravitation (Yuan 1984). Although the
calculations successfully demonstrate that a minor oval distortion at the center of
the Galaxy can excite a wave at a galacto-centric distance of 3-kpc in close resem-
blance to the observed 3-kpc arm, the method, due to the adoption of a local
approximation, cannot be used generally for applications to other similar problems
in astrophysics. Furthermore, it is difficult to extend the theory to include viscosity
and self-gravitation properly in the calculations. The difficulty is resolved by the
formulation proposed by Shu, Yuan and Lissauer (1985, hereafter SYL) who also
obtained the solution for the fully non-linear waves in the inviscid ring disk of
Saturn. The viscous theory of the non-linear density waves was subsequently
worked out by Shu, Dones, Lissauer, Yuan and Cuzzi (1985, hereafter Shu et al.),

using the same formulation plus the results on viscosity studied by Shu and Ste-
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ward (1985, hereafter SS). Borderies, Goldreich and Tremaine (1982, 1983, 1984)
have taken an entirely different approach in treating non-linearity, in which they
place their emphasis on the transport of angular momentum and its relation to the
sharp edges of Saturn’s ring gaps (Porco and Goldreich 1987). The non-iinear
theory for Saturn’s rings developed so far does not, and indeed need not, include

pressure effects in the analysis.

The purpose of our study is to develop a non-linear theory for a gaseous
disk. The theory is still based on the formulation of SYL but all three factors —
self-gravity, pressure and viscosity are being considered. The results of the non-
linear theory are computed in general terms for disk problems in astrophysics,
with the intention of applying this to the 3-kpc arm. The first part of our work
is a thorough treatment of the linear theory. The accurate linear theory is neces-
sary to provide the precise boundary conditions without which the non-linear
equation formulated here can not be adequately integrated. We find that the linear
theory can be represented elegantly by the Airy functions. Important physics
which was obscured in the early treatmehts is now revealed in the present study.
In the second part of our study, we shall present a non-linear analysis. The
results, which may be regarded as an improvement over the early theory on the
3-kpc arm, have potential applications to other problems in astrophysics, including
the proto-solar disk, the possible existence of a circumstellar disk surrounding a
binary and the spiral structure of barred galaxies. Discussions on the advantages
and the limitations of the present non-linear analysis are given in the concluding

chapter.
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CHAPTER 11

MATHEMATICAL FORMULATION

We consider a self-gravitating gaseous disk. The mean rotational motions of
the gas are in balance with the gravitational field provided by the central star (for
the cases of the solar nebula, planetary rings and circumstellar disk of a binary) or
by the background stars (for the case of the gas in disk galaxies). In the case of a
barred galaxy, motions of the gas are completely supported by self-gravity. The
random motions of the gas give rise to the pressure and viscosity (turbulent) in the
system. The random speed of the gas is taken to be constant and the pressure p is

assumed to take the simple isothermal reiation to the density p,
- 2 —_ 2
p =a‘p or P =a‘o, (2.1)

where o is the surface density and P is the pressure integrated over the scale
height H . Furthermore, we use the classical stress-strain relations in representing
the viscous forces. The collision time scale among gas particles therefore is assumed
to be much shorter than the dynamical time scale. The coefficients of the shear and

bulk viscosity, 4 and u', are treated as constants.

The disk is disturbed periodically by an external force field, which may be
due to a circling satellite or an uneven distribution of mass rotating rapidly in the
central regions. In any case, the perturbational field is regarded small as compared

to the mean field. Its strength varies on the scale of the radius of the disk.
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2. 1. The Lagrangian Dynamical Equations

It is shown that the non-linear wave motion in the disk is governed by an
iritegrchdiﬁ‘erential equation (SYL and Shu et al.). For the sake of completeness, we
rederive the equation here, adopting the same procedure and notation as in the two
papers quoted above, with the inclusion of the classic viscous formulae. The gas
motion is assumed to be two-dimensional. The equations of motion for a fluid par-

ticle located at (r ,0) at time ¢ with angular momentum per unit mass J are

2;-2-:_;3-_—67—.6—' (2.26)
d]=_a‘7_r
= ' sTo: (2.2b)
de __ J
= T (2.2¢)

where o is the surface density, and (T',, T g) is the force due to pressure and

-viscosity averaged over the scale height in the z -direction defined as follows:

_ 0P, 1 0Pro 1 _
_ 1 8.2 1 3P g0
TG - _Tr ——ar (r Pr 9) + 7.- a ’ (23b)

where P,. , P,g and Pgg are the elements of the two-dimensional stress tensor
(see SS). The total potential, V , consists of contributions from the central mass or
the background stellar population in the disk, the perturbational mass, and the

mass of the gas itself.
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V)=V + V0 0a)+Vp(r00). 2.4)

In the absence of any disturbance, the gas is in circular motion around the center.

Its angular speed Q(r ) at r = r may be calculated from

-~

dav
o =2, 2.
o (r o) ar ( 5)
and the angular momentum is

Jo=f'02 Q(ro). (2-6)

The periodic potential due to the external perturbational mass may be expressed in

terms of Fourier components,
Vi 8.)= &G dos{et —m6). 27

Therefore, in a frame of reference rotating at pattern speed Qp = / m , 171 is
time-independent and the flow pattern of the gas becomes steady state with respect

to coordinates (r, ¢ ) with
d=0—Qpt . (2.8)

Following SYL, we consider the perturbation quantities r, and ¢; which are

specified as

r=ro+ry, (2.9a)

d=¢+[Q0rgd— Bt +¢,, (2.9b)

where (rq, @) is the unperturbed reference location of the particle. The equations

of motion in terms of perturbation quantities are

dzrl

1% 1%
—T + kHrgr, = ZQ(ro)Q.— 0vi_ 8o _ 1

—T, , (2.10a)
ro or or o
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d
roz% =J 1~ 27’00(7' 0)7‘1 ’ (2.10b)
dj s v, Vo r
= — - -7y, 2.10c)
at Y 3 o ° (
in which
2 2 To d Q(To)
k2=400 ) [1+ TVT Y R o 1, (2.11)
Jy=17 —Jo- (2.12)

It might be noted that these equations are not linear. The non-linear contributions
enter the equations through the self-gravitating terms involving VD and the stress
terms (T,, T o). To understand the situation better, it is useful to distinguish
between the functional dependence of 1% 1 and f’D on r . ‘71 represents the
long range force ; it varies slowly with r. Thus, we may expand ‘71 at ro as
long as r, is small. f’D , however, is expected to vary rapidly with r such that
the corresponding waves are tightly wound. Therefore, VD must be evaluated at
ro+ri, not at ro. On the other hand, both \71 and ‘70 can be evaluated at
d=0ady+[Q0ry)— Qlt . With this approximation, we may rewrite equation
(2.10c) by ignoring §Vp/ b, since 1dVp/ bl < 1rdgVpl or | and

Ira"}D/ or | is comparable with Iraf/l/ or | or Ia‘71/ ool :

dJ P
L = m @ysinpp — L0 2P, ) — L0 20

d Y5, or or o 89 ’ (2.13)

—[o—m Q@)

where
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Yo=mdy—lo—mQ@ryle . (2.14)

For the steady state response, the solutions of r, and ¢, are periodic in ¥s .

With the help of the following (WKBJ) approximations:

1o =10 (2.15)
[

R T T
0P | | LP (2.16)
1or 1 ir o

where P is the stress tensor, we can eliminate J, between equations (2.10a) and

(2.10c) and obtain

2 .
0 |(w-m Q)z%.‘.l’rjl.i-xzrl = i_[gl.;.gb__l_apﬂ' ]+ 2Q 0Pro

o¥o o %o G Oro (o—m Qoo dro '

(2.17)

where g, is the effective perturbational quantity of the external force,
g1(ro,¥o) = ri‘lfl(r oJcostsy , (2.18)

0
with
. 6‘1’1 2m Q(r 0)<I>1(r 0)

Y(ro) = rogre Y oTmaty (2.19)

and gp is the radial self-gravity of the gaseous disk. To the asymptotic (WKBJ)
approximation considered in the study, gp may be expressed in terms of the sur-

face density by an integral (Borderies, Goldreich and Tremaine 1983, Shu 1984):

gD(ro,tbo)=—2G fg-"—‘!:o,—)dr', - (2.20)
b -

with
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r=ro+r1(ro.tlfo). (2-21)

The surface density, o, is to be determined by the equation of continuity in the

Lagrangian coordinates (7 o ,¥so) :
o(r , Wrdrd & = 0o(r o)r odr od W, - (2.22)

Again, we use the asymptotic (WKBJ) approximation in which the variation in r
is much more rapid than that in ¥ . Within this approximation, we have

d ¥ =d ;. The Jacobian of the transformation may be approximated by

r.v) L 8r _ 4 9

= _— 2.23)
olre ¥o) 970 07 o (
Equation (2.22) becomes
oy = 90 (2.24)
LAY
07 o

to the order of accuracy with which we work. Equation (2.20) then may be writ-
ten as

dr '0

ro+rl(ro,tbo)—r'o—rl(r'o,!l:o)' (2'25)

g&p = —-2G Oo(ro)f
0

Replacing gp by equation (2.25) in equation (2.17) gives an integro-

differential equation for r, alone:

0 fewmm op®71, 2 |- 8 |1
e (w mmW+Kr ml?;\lfl(ro)cos\llo

dr 'O 1 6P rr 20 61’ ro
—2G - + .
004,. rotr (ro, Yol=r'o—r {r's W) 0o Oro (w—m Qo o7
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(2.26)

Equation (2.26) is a singular non-linear integro-differential equation for r; (P,
and P,q depend on r; implicitly) with two independent variables (r ¢ W) Our

next task is to reduce it to an equation of a single independent variable.
2. 2. The Integro-Differential Equation

It is convenient at this point to introduce a number of dimensionless vari-
ables. One of the fundamental dimensionless parameters to appear in the equation
is a small quantity,

27G aolry )

= R (2.27)
LD

m
fil

where r; is the distance from the center to one of the Lindblad resonances, 0y is

the surface density at r; and D is defined as

D = roﬂ , (2.28)
dro |ro=r,
with D defined as
D =k ry —lo—m QG P. (2.29)
We define a dimensionless Lagrangian variable,
Xg = :o_r_zi , (2.30)
so that for small X ; we can expand
D =~ =% Dx,, (2.31a)

where the upper sign corresponds to the inner Lindblad resonance, while the lower
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sign, the outer Lindblad resonance.

The natural dimensionless distances in the problem, however, should be (see SYL)

&= € xy,

X = G_%TL_ITI.

Written in terms of them, we have

O |nrk2 (X L xy)|=_08 [ + v
A € I)(_Tatbo P l+§oX S cosdrp
__lj d§0' _ai)rr 20 ai)re
it X —&—X' afo K 9o
where

e p

‘i) - ’
277'GT'L Uoz(rL)

and

I‘Ifl(rL)l

= ZTTGTL O'o(rL ) )
Equation (2.32) may be solved by a series expansion,

X =X+ € X+ ---

Clearly, the lowest approximation gives us

which yields a solution of the form
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X, = AEdeodw, — AE . | (2.37)

It was shown (SYL and Shu et al.) that the conditions for X , free from secular
terms in the series expansion can be used to reduce the problem to an integro-
differential equation of a single independent variable & for a complex dependent

variable,

Z = Ag)e' ¥, (2.38)

The equation is, then,

: Z, * %Z‘, nZ (§o :0 )(2§o)d §o £&HZ )= f , (2.39)
in which
Feh = - g, oo
=
and
F = 0 22P g)e' Yod . (2.42)

Equation (2.39) is the fundamental integro-differential of our formulation.
2. 3. The Pressure and Viscous Term

The term dF | d & in equation (2.39) contains the contribution from the
pressure and the viscosity. It is necessary to express it explicitly in terms of Z.
The lengthy derivation can be found in Appendix A. The results are summarized

here.
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We assume the coefficients of viscosity to be constant and the stress-strain

relation to be of classic Newtonian type. Thus

P, =—P + 2ud¥ gu + (o — _ﬂ)(lr‘. + _gf.;. + 1 ﬁg_) (243a)
Py = u(d g‘r’ 2+ _i.%‘_) (2.43b)
where
u=21 (2442)
v =r(0-0)+rl2 (2.44b)

dt

Under the a;;proximation assumed, we may neglect the ¢ derivatives in equation

(3.43) such that

P, ~—P + (_,L + #)a’r{ , (2.452)

P.g =~ ,ur%(-}). (2.45b)

Following the derivation in Appendix A, we reach the final results,

-2 2
a
F €

e—‘/za 2 )
= : 2,
27Gry, oglry ) Fi 27Gry oo(r. ), [Re(F ) +i Im(F,)] (2.46)

where

dZ (go)

(247
d &

Re(F ) =1(q¢)
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, dZ (&)
with
— 1 f[oos(n ®)d © 1
I - i 2 YWa_
(go) = f1+<IoCOS® g3 (=g )" =gg P11,
n=1,2, - (2.49)
IG@d)=-2100) = (1—g@)*—11 (2.50)
q¢) 70 1Yo q_f[ 0
and
| dz |
= . (2.51)
do :d Z :

It is convenient for the present purpose to introduce a new dimensionless parame-

ter
2/ 3
ok, = [27Gr, o?/(rL) _ 270200 L (2.522)
[ ale " a Y
where
nNYa 2/ 3 .
= |2 ) (2.52b)
a
Thus, equation (2.46) becomes
- dz (&)
= k)Y AT g @) Fi b(gd NEEKe (2.53)

d &

where

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 15 -

blgd) = ?0(;:_)0, {(%p.+u') [7 oq o)—1 g ol + wI (? 2), (254

the limiting value of it as go =0 is

7
bo= — (cpu+u). (2.54b)
O orL)a? 3 Sy
Using new variables
Z'=0Qk)"Z , (2.55)
fo' = (2/2 0)1/2 fo ’ (2.56)

the fundamental integro-differential equation takes the following form,

d s amdZ s 2K0 P 2 ZEN-ZED L s
TV @ @S5t = 22 [ 1D td & &2 &)
w here
fr= -'_a%'_ (2.58)

Therefore, we obtain a non-linear integro-differential equation of second order. The
equation can not be solved with usual techniques. Again, we adopt the method of
solutions used by SYL, in which a non-linear differential equation is constructed
out of equation (2.57). This differential equation will give results which, as shown

in SYL, satisfactorily approximate the integro-differential equation.
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CHAPTER HI

PHYSICAL PARAMETERS

In deriving the integro;differential‘ equation for the non-linear waves in the
preceding chapter, we have used a number of approximations and introduced
several dimensionless parameters. Justifications for using these approximations were
given for the waves in Saturn’s rings (SYL). In this chapter, we want to re-
evaluate these approximations together with the dimensionless parameters for other

similar problems in astrophysics, to which, we hope, our theory can be applied.

For a self-gravitating gaseous disk, there are four basic' time scales which
characterize the physics of the problem. The rate of disk rotation specifies a

dynamic time scale , which we denote as tp ,
tp = or k7. 31

The rotation, for most of the problems considered here, depends mainly on the
gravity of the central mass or the background disk stars. The only exception is the
case of barred galaxies, whose motions are fully self-supported. The time scale

associated with self-gravity may be measured by
tG z((; 00/ r )—1/2 , (3-2)

where G is the gravitational constant, oy is the surface density of the gaseous disk
and r represents a typical radial distance. This indeed is the equivalent Jean’s time

for disk systems. An intrinsic time scale in the gas is the acoustic time,
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where @ is the sound speed and r is, again, a typical radial distance. Using a dis-
tance on the scale of the size of a disk for r, in defining t; and t4 is entirely
appropriate, since the effects of gravity and pressure are to be measured against the
rotation, which becomes important on the scale of r. Viscpsity gives rise to

another time scale in the system, which we define as

~ (ar Y

ty ’ (34)

where v is the kinematic viscosity and Ar is the typical distance over which a
wave train is being attenuated. Although these four time scales represent the four
basical physical components in the dynamics of a self-gravitating gaseous disk, they
do not appear separately in the problem. It is their combinations that govern the

nature of the problem.

In the case of Saturn’s rings, the sound speed is negligibly small. The waves
have no acoustic component. The collective effects of gravity organize ring particles
into spiral waves in balance with the rotation. The waves of this kind are charac-
terized by parameter ¢ [see equation (2.27)}

227G (1)) ~ tR2

= -~ T (3-5)
r.D tG

€ =

where D =~(3k)? [see equations (2.28) and (2.29)} and r; is the radius for the
Lindblad resonance. The term, "density waves", has been used in the past to refer

to such waves.

As for the 3-kpc arm, the effects of self-gravity are relatively unimportant.
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The waves are essentially acoustic in nature. We call them "acoustic waves" in the
limit of zero self-gravity. The parameter

2/ 3

-~

rLDy’
a

2/ 3
(3.6

q

y:

173

appears in the problem (see Yuan 1984).

When the small yet non-negligible effects of self-gravity are taken into
account for the gas in the 3-kpc arm problem, the waves are modified by gravity
effects. Another two parameters, Q and k o, necessarily come into the picture.
The problem no longer differs from the general problem in which all three non-
dissipative factors — rotation, pressure and self-gravity are involved. The prob-
lems of the proto-stellar disk of the solar nebula, the circumstellar disk of a
binary and the spiral structure of normal galaxies and barred galaxies all belong to

this category.

The quantity

2

Ka G
= = 37
Q 7G Op ta tp ( )

introduced by Toomre (1963) to set the stability criterion for a self-gravitating
disk is extremely useful for the classification of waves. It is clear from equation
(3.7) that Saturn’s rings correspond to the case of Q = 0 and the 3-kpc arm
without self-gravitation, to the other extreme, the case of Q = oco. All other cases
lie somewhere between these extremes. For instance, for the self-excited waves in
spiral galaxies, Q remains nearly unity throughout the disk except in regions close

to the center where the surface density of the ever reduced disk component causes
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Q to rise sharply. When self-gravity is taken into account for the 3-kpc arm, Q
would remain much greater than 1 but finite. The values of Q are expected to be
the same also for cases of the proto-stellar disk and the circumstellar disk of a

binary.

The quantity 120 is another parameter involving the three non-dissipative
time scales. Unlike Q which does not appear eiplicitly in the integro-differential
equation, X o is the parameter in front of the integral [see equation (2.57)1 There-
fore, k o directly measures the self-gravity against tlie pressure and rotation. Using
the definition (5.25), we may re-write

kof'L _TIGO'O rr

iéo= re
Y aZ (rLDVZ)2/3

2 32 3
~ 2 - (3.8)

G
where ko is the basic wavenumber used in the density wave theory of galactic
spirals (e. g, Lin and Lau 1979). For Saturn’s rings, k o approaches infinity. Equa-
tion (2.57) reduces to the integral equation of SYL. For the 3-kpc arm, I‘Eo is about
0.1. For a barred galaxy, I?o would be of the order of unity. As for the proto-
stellar disk or the circumstellar disk, although the precise value of IEO is not

known without a realistic disk model, it seems reasonable to assume 0.1 <k o S1L

In deriving the integro-differential equation, three basic assumptions are
used: (1) The excursion of a fluid particle, represented by r,, is small compared

with rg; (2) The parameter € is small such that we may expand our solutions in
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series of €”2 and (3) The WKBJ approximation is assumed to be valid. Thus, the
perturbation quantities vary rapidly with r but slowly with ¥, or Irk | >m
with k being the wave number in the r - direction and m is equal to 2 for an
oval distortion. The last assumption is equivalent to stating that the resulting
waves have a tightly wound spiral pattern. This requirement, which is a
confirmed posteriori in analysis, has been used in almost all analytical Wecins
the density wave theory and has repeatedly proven to be a satisfactory working
hypothesis. Therefore, it is the first two assumptions that we want to examine

carefully.

The first assumption holds perfectly for Saturn’s rings, where ro is about
10° km and r, is about 10 km . For the 3-kpc arm, the validity of this assump-
tion is weaker. In that case, ry = 3 kpc and the excursion, according to the calcu-
lations of Yuan (1984), is r; =03 kpc. Thus, for analyzing the 3-kpc arm prob-
lem using the present formulation, we shall keep in mind that the quantitative
results are limited to an accuracy of £10% . The same degree of accuracy may
be expected for galaxy problems as well, since a typical epicycle of a star would
have a size about one-tenth of its orbital radius. For the proto-stellar disk or the
circumstellar disk, in which the disk mass is tiny in comparison with the mass of
the central star or stars, the situation is somewhat improved. It is more likely to
be closer to the case of Saturn’s rings than té that of galactic disks. Unfortunately,

it is difficult to make a more definite estimate without a realistic model.

The parameter € in the second assumption is about 1078 for Saturn’s rings.
The series in €’ is therefore fully justified. For the 3-kpc arm, if we take

0o =5Mg/| pc? for the gas and D = (188)2km?| sec>—kpc?, ¢ is
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approximately equal to 0.001. The series expansion in €’ = 0.03 yields an accuracy
much less than in the case of Saturn’s rings, but it is small enough to justify our
derivation. Again, using the same reasoning that the proto-stellar and the cir-
cumstellar disks are more likely to be similar to the case of Saturn’s rings than
that of the galactic disks, we should expect that the series expansion is also
justified for them. The assumption, unfortunately, does not hold so well for the
barred galaxy problems unless the galaxy has a relatively large bulge and the sur-

face density of its disk component near the Lindblad resonances is relatively small.

The following table summarizes the above discussions. The numerical
values in the table are calculated according to SYL for Saturn’s rings, Yuan (1984)
for the 3-kpc arm, Cassen and Summers (1983) for the proto-stellar disk of the

solar nebula (the minimum-mass model), and for barred galaxies we use

0o =50My| pc2, ro=11kpc, ry=1kpc,

k=14km | sec—kpc , a =40km | sec , D = 2538 km?| sec’—kpc?,

based on unpublished observations of NGC1300 (Shane and Yuan 1977).

Table 3.1
ril ro € Q k 0 Y
Saturn's rings 107° 107 o oo ©
3—kpc arm 107! 10073 10 0.1 10
proto —stellar disk 1072 10702 >1 0l1~1 -
barred galaxies 107! 107! 1 2 -

The viscosity plays an important role in damping the density waves or

acoustic waves, in all cases except for the barred galaxies. The coefficients of viscos-
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ity for Saturn’s rings have been studied in great detail by Shu et al. (SS; Shu et
al.) and by Borderies, Goldreich and Tremaine (1983). They have showed that the
kinematic viscosity » depends non-linearly on the streamline-crossing parameter ¢ [
see equation (2.41)] and the random velocity of the ring particles. The values of
viscosity for the gas in the proto-stellar or circumstellar disks or in the Galaxy are
unknown, although most .researchers believe that in both cases the viscosity arises
from turbulent motions of the gas. It can be estimated by order-of-magnitude
arguments, which give v = a [ with [ the scale length for turbulent motions
and a , the sound speed. Very little can be said beyond this. In the derivation of
the integro-differential equation, we have simply assumed » to be constant and

adopted the classic stress-strain relation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-23-

CHAPTER IV

EXCITATION AND PROPAGATION
OF THE WAVES IN THE DISK

4. 1. The Linear Equation

In principle, all the information about the density and/or acoustic waves
driven by a periodic disturbance is contained in the integro-differential equation
derived in Chapter IL Solving that equation with proper boundary conditions
should let us understand not only the mechanism that is responsible for generating
the waves, but also the way the waves propagate. The solution to equation (2.57),
however, can not be obtained easily. It involves a complete treatment of a non-
linear singular integral for which no standard technique is available at present. In
order to make the problem mathematically manageable, we follow SYL in replac-
ing the integro-differential equation heuristically by a differential equation which
(1) in the linear limit (o —0) reduces to the linear form of the integro-
differential equation, and (2) reproduces the amplitude relation and the non-linear
dispersion relation in the asymptotic limit & >0, i e, in regions where waves
are fully developed and propagate essentially in free forms. Equation (2.57), how-
ever, is far more complicated than the governing equation in SYL and Shu et al. It
turns out that the second requirement can not be easily\satisﬁed so that the heuris-
tic differential equation reproduces in the WKBJ limit the amplitude relation and
the non-linear dispersion relation simultaneously. Since the amplitude relation

states the conservation of angular momentum carried by the waves, it clearly
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surpasses the importance of the WKBJ dispersion relation. Therefore, we shall
instead choose a differential equation which meets the linearization requirement

and satisfies the amplitude relation.

To write down such a differential equation is not overly difficult if we fol-
low SYL. The process, however, must be guided by a careful study of the proper-
ties of these waves. A great deal of knowledge about the density and/or acoustic
waves, fortunately, can be obtained by analyzing the linear equation of the free
waves and its dispersion relation. As we recall, the appearance of the streamline
crossing parameter ¢ , defined in equation (2.41) as

, 1z -2z P
qg =1 |
I & —& [

and its limit go = 1dZ | d &| in equation (2.57), is the source of non-linearity.
In the limit of small displacements, i. e, when ¢ and ¢, approach zero, those

functions of g2 or ¢¢ in equation (2.57) become constant,

1) -1, 1@8) 1 b@d) »— S (Gutmd=bo. @D
oML

Equation (2.57) then takes a simple form,

d’Z _ 27cof§_Z/d€o
d &f T Yo €0 &0

(1Fi by) déoF&Z =F 1, 4.2)

in which we have dropped the primes of Z and §, for convenience, but we
should keep in mind that &, really stands for £, when we transform our results

back to the dimensional forms. After performing Cauchy integration, we have
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where the upper signs correspond to the inner Lindblad resonance and the lower
sings, the outer Lindblad resonance. We note that the positive sign in the second

term corresponds to trailing waves.
4. 2. Linear Dispersion Relation

The fundamental properties of the density waves can be understood by

~ studying the motions of the free waves in which the inhomogeneous forcing term

f ' and the viscous term containing b, may be ignored. It is easy to show that
equation (4.3) would lead to the well-known linear dispersion relation ( e. g. Lin

and Lau 1979),
a2k?2—=27G oy |k | + 131 —vH=0, (4.4)

in which k& is the local radial wavenumber such that the perturbation quantity is

r1=?1eifkdr , 4.5)
and v is the effective frequency, defined as

, _ mAQ— Q¥ = (mQ-0)

pel =
2 K2

(4.6)

K

The absolute value of ¥ which appears in the second term of equation (4.4) sug-
gests that there are two types of waves possible: trailing waves for ¥ <0 and
leading waves for k >0. It has been shown on physical grounds that trailing
waves give the correct physical results both for Saturn’s rings and for the 3-kpc

arm. If ¥ <0, equation (4.4) has two roots,
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ﬁf_z—-Q‘li(Q"2+ p?— 1%, @.7

Equation (4.7) is one of the most important results because it reveals the nature of
the spiral density waves. First, it states that waves can only exist when
Q2+ »?—1>0. Second, it implies that in the regions »>— 1 >0 only short
waves are allowed, i. e, those corresponding to the negative square root. Third,
both long waves and short waves can exist between the Lindblad resonances

which are lpcated where
¥ —-1=0, (4.8
and the Q -barriers which are located where
Q2+ —-1=0. , (4.9

In the above discussions, we have taken n =1 in the more general definition of

the Lindblad resonances,
m(Q—Q )==%xnk, (4.10)

where the + sign corresponds to the inner Lindblad resonance and the — sign, the
outer Lindblad resonance. The term "inner" and "outer" are in reference to the co-

rotation which occurs at
Qr)—-Q =0. 4.11)

A plot of Q72+ »2—1 versus r proves to be very useful in illustrating various
features of the excitation and propagation of the waves. These curves are drawn
schematically in Figure 4.1, corresponding to Q = oo, 2, 1. The lower light curve
(for Q = o) indeed represents the case of the 3-kpc arm with no self-gravity. It

intersects the abscissa at the inner and outer Lindblad resonances, where
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v2—1=0. Since Q approaches oo, these two points are also the Q -barriers,
according to equation (4.9). Waves, in this case only short waves, can be found in
regions outside the outer Lindblad resonance or inside the inner Lindblad resonance.
Between the two Lindblad resonances, solutions become evanescent. The heavy
curve with Q = 2 intersects the abscissa at the Q -barriers, which now lie
betwéen the two Lindblad resonances. Both long waves and short waves can exist
between a Q -barrier and its neighboring Lindblad resonance. The evanescent region
again lies between the two Q -barriers. Beyond the outer Lindblad resonance or
inside the inner Lindblad resonance, only short waves are allowed. The curve
(which is not drawn in the figure) with Q = 10 corresponding to the case in
which the acoustic effect is modified by the effect of self-gravity such as the 3-kpc
arm with self-gravity, the proto-stellar disk of the solar nebula or the circumstel-
lar disk of a binary, will lie above the curve with Q = oo and below the curve
| with Q = 2. The top light curve with Q = 1 touches the abscissa at the co-
rotation. The two Q -barriers, in this case, move to the co-rotation point simul-
taneously and coincide there. The curve corresponds to a typical situation found in
a disk galaxy in which Q =1 throughout the disk except near the inner Lindblad
resonance, where Q becomes much greater than one as the surface density of the
disk diminishes rapidly. A dashed line is drawn to illustrate this situation.
Another Q —baﬁier results from this, occurring at the intersection of the dashed
line and the abscissa. Both long and short waves exist between this Q -barrier and

the co-rotation, or the double Q -barrier as noted above.

The curve, corresponding to the waves in Saturn’s rings, lies far above the

¢
r -axis and is not drawn here. There is no Q -barrier in this case. Short waves can
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exist on both sides of the Lindblad resonances, but long waves are only allowed
between the two Lindblad resonances. The short waves in this case have
wavelengths even smaller than the size of the ring particles ( see eg. Shu 1984).
Physically, they can not possibly exist. Furtt;ermore, since the sources of distur-
bance, i. e, the moons, in the majority of cases lie beyond the rings, waves in
Saturn’s rings-usually occur only at the inner Lindblad resonances. Thus, we have

a simple case of long waves traveling in regions outside the inner Lindblad reso-

nances and decaying rapidly inside it.

The linear dispersion relation written in equation (4.4) contains both trail-
ing and leading waves. The group velocity, C, , can be obtained by taking deriva-
tive of equation (4.4) with respect to k , which yields the well known result
(Toomre 1969; Shu 1984),

_ 9o _ mGop— |k la?

Ce ok o—m Q

sign(k ). 4.12)

Accordingly, long trailing waves (k <0, #G 0o — |k la?>0) propagate out-
ward from. the inner Lindblad resonance (where @ —m Q= —k ) and inward
from the outer Lindblad resonance (where @ —m Q=+ k ). Conversely, long
leading waves (k >0, #G 0o — |k |a? >0) propagate toward the Lindblad reso-
nances. As the disturbance potential varies on the scale of size of the disk, it is
capable of exciting only the long waves at the Lindblad resonances. The large
torques exerted on the rings by the moons and vice versa transport themselves
through the Lindblad resonances. The necessary conclusion is that only the long
trailing waves are being excited at the Lindblad resonances by the disturbance and

propagate towards the co-rotation, carrying angular momentum (Goldreich and
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Tremaine 1978). The same argument, of course, can be applied to the 3-kpc arm
problem and the waves in the gaseous disk surrounding a stellar mass. It thus

suffices to consider only the excitation of long trailing waves in this study.

When a long wave is excited at the outer Lindblad resonances such as in
the case of the 3-kpc arm, it will propagate inward until it reaches the Q -barrier
beyond which lies the evanescent region. The wave which can not penetrate the
Q -barrier will be reflected as a short trailing wave propagating outward. Indeed,
according to equation (4.12), only short trailing waves are capable of propagating
outward from the AQ -barrier. Thus, we would expect to obtain a solution in which
short trailing waves are seemingly emitted from the Q -barrier. We shall show in
the next chapter that this conjecture is fully confirmed in the linear analysis. A
phase shift in the linéar asymptotic solution, again, found in the next chapter, can
be identified as the phase contribution that the long waves must pay for traveling
from the outer Lindblad resonance to the Q -barrier. The problem of the 3-kpc
arm without self-gravity treated by Yuan (1984) is a special case of this physical
picture in which the long waves excited at the outer Lindblad resonance are

reflected immediately.

The dispersion relation between the effective frequency Iv| and the
dimensionless wavenumber |k la/ k depicted in Figure 4.2 further demonstrates
the overall picture of wave propagation discussed here. We may regard lv| as a
distance indicator, measured from the co-rotation where |v| = 0. The Lindblad
resonances are located at lvl =1. When Iv]l >1, there is only one
wavelength for each |v| at a fixed Q , which undoubtedly corresponds to the

short wave root of the dispersion relation. When vl <1, it is always poésible to
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have both long wave and short wave solutions between the Lindblad resonance
and the Q -barrier. For a fixed Q , the Q -barrier is situated at a point on the
lv1 axis, through which a vertical line is tangential to the dispersion relation
curvee. When Q <1, both long waves and short waves exist throughout the
region between vl =0 and |vl = 1.1t is interesting to observe that the short
wave branch of the dispersion relation curve extends indefinitely beyond the Lind-
blad resonance. This result is significantly different from the case in the stellar
dynamic formulation, in which both long wave branch and short wave branch of
the dispersion relation curve for a certain Q are bounded by the vertical lines of
Q = oo passing through the Lindblad resonances, as depicted in Figure 4.3. There-
fore, even short waves can not propagate beyond their corresponding Lindblad reso-
nances. The spiral waves are completely confined to a region bounded by the Lind-
blad resonances, a result reported in the first paper of the density wave theory

(Lin and Shu 1964)

The foregoing analysis of the dispersion relation has made the boundary
conditions obvious. We should seek a solution behaving like an outgoing wave on
the one end, and decaying rapidly after passing the Q -barrier on the other end.
Moreover, these boundary conditions are not limited to the context of the linear

theory. They can be used for the general non-linear problem.
4. 3. Non-linear Dispersion Relation

The study of the linear dispersion relation gives us deep insight into the
nature of the wave motions — how they are being excited and how they pro-

pagate afterwards. The linear analysis, however, breaks down quickly after the
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wave travels a distance of the order of (27 f 2™, in dimensionless units, from
the Q -barrier (SYL 1985). The wave motions soon become highly non-linear.
Many properties of the fully developed non-linear waves in the regions far away
from the Q -barrier can be extracted from a WKBJ analysis. Following SYL, we
take for granted that the complex displacement Z has a slowly varying amplitude
A (&) and a rapidly varying phase ®(&;). Then, judging from the singular nature
of the integral in equation (2.57), we suppose that the most important contribution
to the integral comes from the immediate neighborhood of &,. Thus, we expand

Z (£,) in Taylor series,

Z (f'o) =7 (go) exp [i K (g'o - go)] ’ (4.13)

where
. dd
K =52__, (4.14)
d &

which is negative for trailing waves. It can be shown that to the WKBJ approxi-

mation,
'717_]1] RK ((gg(;)__ §Z 0)(50) déo~K Z({H (g7 ), (4.15)
in which
'H(%Z)E—:;zol(qz)%id;. (4.16)
¢ = 402512%25 : 4.17)
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g¢ =K?2AZ. (4.18)

The function H (¢ # ) can be expanded in series of ¢ and is evaluated in SYL. It

approaches the following limits

H(g#)~1 as gf -0, (4.19)
HGE) ~— .?_g.ilncl-qg) s qf —1. (4.20)

Applying the same WKBJ approximation to other terms in equation (257), we

obtain
—2koK Hi@)+ &—-I1(@E)K2=0. (4.21)

Equation (4.21) is the non-linear dispersion equation. The forcing term on the
right hand side of equation (2.57) may be ignored because we are interested only
in free waves. In any case, it is much smaller than terms like §&Z where & is
numerically large. In the limit of @ = 0, equation (4.21) reduces to the non-
linear dispersion relation of a pure density wave (SYL). On the other hand, when
the effect of self-gravity is ignored, the equation takes the form of a pure acoustic

wave,
o=1(d)K?2. (4.22)

Using the definition of I [equation (2.50)] and the fact that ¢o= IK |A is
approaching 1 for large &, i. e, waves become highly non-linear, we obtain the

following approximations for equation (4.22)

Kz=_1q 4 ). (4.23)

A2 - 602A4

As expected, the wavelength is proportional to A and only has a weak dependence
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on & .
4. 4. Amplitude Relation

One of the most important results of SYL is the derivation of the conserva-
tion of angular momentum flux of the waves from the integral equation of the
complex displacement. Similar results can be obtained from equation (2.57). First,
the dimensionless torque, 7 . exerted by a satellite or a minor oval distortion on

the disk up to a distance &, is

éo
j(§0)=¥f'flm(2)d§'o; 4.24)

Second, the singular integral in equation (2.57), after multiplying by Z* (Z conju-
gate) and taking the imaginary part, can be shown to be equivalent to the dimen-
sionless angular momentum flux density of the waves in the disk. In other words,

the angular momentum flux at & due to self-gravity, Lg (&), is

éo 7 o
~ 2k 2
Lo () = [a &2 [ L) im (X602 (G0l £o- (4.25)

The above equation under the WKBJ approximation, in the same sense of the

preceding section, can be reduced to

ig (fo) =—2 ;C' 0 Az(fo)L (q 02 ) ’ (4.26)
where
2y = L [7(nsin2 gy . 4.27)
L) ﬂ[ CRRLER (

Function L (¢ ) has similar properties to H (¢ ¢ ). Its functional dependence on
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g ¢ is given in SYL. For the present purposes, we just note that

L(q02)~—12-, | as qgi -0, (4.28a)

3

2\/31n(1—q02), as q02 —1. (4-28b)

With the new notation, we may re-write equation (2.57) after multiplying by Z*

and taking the imaginary part,

d 1oz a2 2 l=+ £ 2
m[zk AL +IA%K ] F'Im(Z)+b694 , (4.29)

or, equivalently,

)
L) =27~ [bgda g, (4.30)
where
L&) =Lc&) + Ly (€D =—2k gAHEJL () — IAK (4.31)
is the total angular momentum flux, and
Log) =—-I1A%K (4.32)

is the acoustic part of the angular momentum flux. Note that K is negative for
trailing waves. Equation (4.30) may be interpreted as the total angular momen-
tum flux at &, is equal to the total torque exerted by the satellite or some minor
distortion at the center on the disk, integrated from the evanescent region all the
way up to & minus the viscous damping over the same region. Without viscosity,

equation (4.30),
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2k JLAZ+ TA2K =T (&), (4.33)

is called the amplitude relation in SYL.

Multiplying equation (4.21) by A? and equation (4.33) by X and adding

them, we have
A%y, =FIK . (4.34)
For large & , equation (4.23) becomes
IK 1A =1. _ (4.35)

From equation (4.34) and (4.35), we obtain

f 1/ 3 |~-| 1/ 3
IKI—>[|~°| and A — _‘g{_l as & —0o. (4.36)
J 0

These two relations are exactly the same as in SYL. Thus, the acoustic effect does
not change the results of pure density waves that A ~& V3 and IK | ~&/3
for large & . This is in contrast to the results of the linear theory where

K | ~&”*and A ~§& ¥ 4.
4. 5. Replacement By A Differential Equation

The non-linear singular integro-differential equation (2.57) cannot be solved
by the usual known mathematical techniques. In order to make it mathematically
manageable, we follow the procedure of SYL in replacing it with a differential
equation. This differential equation has the following properties: It reduces to the
linear differential equation (4.3) in the linear limit and it reproduces the non-

linear amplitude relation, equation (4.33), and finally the non-linear dispersion
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relation, equation (4.21), in the WKBJ asymptotic limit. The presence of the stress
tensor term of pressure and viscosity, however, has made this extremely difficult.
(This is a point overlooked in Shu et al.). It seems unlikely that there exists a sim-
ple way to construct an equation satisfyrigg all the three requirements. The best
we can do is to obtain an equation that satisfies the linear equation requirement
and one of the two non-linear relation requirements. Since the amplitude relation
results directly from the consideration of conservation of angular momentum of

the waves, we decide to have it satisfied first. The equation of our choice is

d

417 Fi 5) %21+ kL™
d &

L"Z)5éZ =7 f'. (4.37)
TE, TE ( )7 & Fr

It is easy to show that equation (4.37) approaches equation (4.3) in the limit
¢o—0, and also it assumes the non-linear amplitude relation (4.33) by multiply-
ing Z ¥, integrating from — oo to &, and taking the imaginary part. When consid-

ering free waves, it takes the following non-linear dispersion relation,
— Ak oKH + & —1K2=0. (4.38)

The only difference of this equation from equation (4.21) is a factor of 2 in front
of the first term. In the case of pure acoustic waves, i. e.,, when the first term van-
ishes, (4.38) would be the same as equation (4.21) in the same limit. To the limit

of pure density waves, the discrepancy of factor 2 shows up. We could have, like

Shu et al., chosen a factor 2L to put in front of the term &Z in equation (3.37),

H

for which equation (3.37) would still satisfy the two requirements as before, but

leads to a dispersion relation,

— a4k oKH +2¢6,—IK2=0. (4.39)
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Equation (4.39) would reverse the results of equation (4.38) in the two limits.
Since our primary interest is to modify the 3-kpc problem by including the self-

gravity effects, equation (4.37) is more appropriate.
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CHAPTER V

THE LINEAR THEORY

S. 1. The Reduced Differential Equation

In Chapter IV we have shown that when the streamline crossing parameter
g is small, the fundamental integro-differential equation (2.57) reduces to the fol-
lowing linear differential equation [see (4.3)]:

2
47 yiokoe Y ve7 =v1 . (5.1)

. d
Fi b
(1+l 0)d§0 df

where we have rewritten f 'as f for simplicity, and as before,

by = Z g#+ w) 20 (5.2

O'o(r L )a 2
is the parameter linearly related to the coefficients of viscosity [see (2.54b)],

o= ..'Z‘.I,";'_ (5.3)

is the external force at one of the Lindblad resonances due to a satellite or a cen-
tral distortion [see (2.58)], and

2/ 3

27Gr, o7 ) >0 (5.4)

a 2 e—’/z

= |
|

is a parameter associated with the self-gravity of the disk mass. In equation (5.1),
the upper signs refer to the inner Lindblad resonance and the lower signs, the

outer Lindblad resonance.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-39-

Equation (5.1) determines the motions of linear density and/or acoustic
waves and it takes into consideration all three factors: pressure, viscosity and self-
gravity. From the discussions in the preceding chapter, the following two boun-

dary conditions should be imposed:

. ZE&) ~0 as & —— o, (55a)
(i)  Z (&) behaves like an outgoing wave with

bounded amplitude as £ — + oo. (5.5b)

To be specific, we will concentraté on the problems associated with the
outer Lindblad resonance. Problems associated with the inner Lindblad resonance
can be treated similarly. Corresponding to the outer Lindblad resonance, equation
(5.1) reduces to

d?z

(1+ibdy TE7

+i2l?oEdzZ—+§OZ=f . (5.6)
0

In order to reduce equation (5.6) to the standard form so that the Airy

functions can be employed, we reverse the direction of the independent variable by

introducing
Mo = — go ’ (5-7)
so that equation (5.6) becomes
. d%Z _ .,z dZ
Q+id —i2k - = f . (5.8)
o) e e nZ = f

We further introduce the following transformations :
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tanB = by, | ‘ (5.9)
Z,=cos"V3Belf 3z , (5.10)
ny = cos'/ 3B et 3n, (5.11)
and
k = cos¥3Be" %38, . (5.12)

Now equation (5.8) can take the following form :

ﬂ;_—iziciz_‘_—mzl=f . (5.13)
d’n] dnl

To eliminate the first order derivative term we further introduce new transforma-

tions,
ny=m —k? (5.14)
and
Z,=e tEmz (5.15)
to obtain
%%zzzz_—n222= foeTikm, (5.16)

We can obtain the real m-axis by rotating the real mg-axis counterclockw ise
by B/3 and stretching it by a factor of cos!/ 38. The real m,-axis is obtained by
translation using equation (5.14) so it is parallel to the real m;-axis (see Figure

f 5.1).
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From Figure 5.1, we see that the real mg-axis on which the boundary condi-

tions are specified may be expressed in the m,-plane as
N2 = Ny +ae —iB/3 (5-17)

where my is the intersection (indicated by 7 ) of the imaginary axis of the m,-
plane and the real my-axis. As we shall see later, T is the turning point or the
Q -barrier separating the wavy part and the evanescent part of the solution, for

the inviscid case. From the geometry of Figure 5.1, we obtain
np =i k¢ cos” 38 [sin(@B/ 3) — cos(4B/ 3) tan(B/ 3)]. (5.18)

The quantity o in equation (5.17) is a real variable, measured from point T . It is

convenient to write

o =cos¥ 38 7,3, (5.19)

N3 = Mo — Moo » (5.20)

where Mg is the distance from the origin of the real mg -axis to 7 (OT in Figure

5.1),

_ k¢ cosB cos(4B/ 3)
Moo = cos(BT 3) '

(5.21)

and 7; is the distance from any point P on the real mgy-axis to 7. When the real
Mo value varies from — oo to + o0, m3 Will change accordingly to cover the whole

real mg -axis.

Any point P on the real mg -axis can also be written in polar coordinates

in the m, -plane as
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—EB/ 3 (5.22)

M =) e

Note that
o) ~a, fBy~B, as Ingl —o0. (5.23)
In terms of n, and Z,, we may translate the boundary conditions (5.5a)

and (5.5b) into the following:

(i) ZZ(’nz) ~0 as ny -+ OO_iB/3, (5.24a)
(i)  Z ,(n,) behaves like an outgoing wave with

bounded amplitude as n, —— oo {8/ 3 (5.24b)

The particular solution of (5.16) can be written as

Z 2p (ny) =— mf I, (ﬂz)Ai('nz) +1, (’ﬂz)Bi(‘nz) ] (5.25)
where
e~ tA/3 o
Lnp= [ Ailn)e  *™any, (5.262)
N2
and
M2 e
Ib (’nz) = f Bi(’nz') e_l ke d 1")2' , (5-26b)
M20

where Ai and Bi are the Airy functions and the integrals are to be carried out
along the real mg -axis. By substituting the asymptotic expansions of I, and I,

as ny —+ coe 1 3 [see (B19) and (B64)],
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2 -
—y4 TPk,
e

7,—‘/2,1.)2
1, ~ = ' (5.27a)
N 2 (l + i k T)z—yz)
2 =
nm, Y 4 32—k,
Iy ~ 7 — Cz (ng), (5.27b)

1 —1i ]-E 7)2_
and the the asymptotic expansions of Ai and Bi in the same limit (Abramowitz

and Stegun 1965),

_2 32 3/ 2
3712

2
1 — N e, - 370
Ailn,) ~ -21-17‘/‘1;2 V4, ,  Bilny) ~a V437 | (5.27¢)

into (5.25), we find as 1, — + cce 718/ 3

< 2,32
—ik _ _ ="M
e ™™~ (nzo)%n' YV e 37 ], (5.28)

~

Zoy ~—mf 770~

where Cy (ny) is a constant, so that we have verified that the particular solution

(5.25) satisfies the boundary condition (i).
The general solution of (5.16) may be written as

Z 2(172) =2 2p ('nz) —7f [C lAi(ﬂz) +C zBi(nz) ] (5.29)

where C; and C, are the arbitrary constants. Since [Bi(ny)| ~c0 as
ny —»ooe *#' 3 we have to set C,=0 to satisfy boundary condition (i). The
constant C; shall be determined by boundary condition (ii), but before we can do

that we must turn first to the asymptotic solution to equation (5.16).

S. 2. Asymptotic Solutions
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S. 2. 1. Case with neither Self-gravity nor Viscosity

This simplest case corresponds to the situation when both the self-gravity of
the disk mass and the viscosity can be ignored leaving the effects of the pressure
only. For this case, the new variables introduced in section 5.1. assume their lim-

iting values :

3=1—E =7)oo=’nzo=0, (530&)
M= =M=n;3, - (5.30b)
Z,=2,=2, (5.30c)

and equation (5.8) reduces to the inhomogeneous Airy equation

2
f_%_(_’gﬂ - T)oz (T)o) = f . (5-31)
d mg

Yuan (1984) first treated equation (5.31) in the context of the 3-kpc arm
problem in the Galaxy. To be more general, we extend mq to its complex plane.

The solution of (5.31) is known (Abramowitz and Stegun 1965):
Z(ng) = — 7 f [Gilng + C,Ail(ng) + C,Bilng) 1, (5.32)

where Ai and Bi are the Airy functions satisfying the homogeneous Airy equation.

The particular solution Gi can be written in terms of Ai and Bi :

To
Gi(’no) = %Bi(’no) + f [Bi('f)o')Ai(T)Q) - Ai('no')Bi('T)o) ] d ‘T)o' ’ (5.338)
0

or
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Gi('no) = Ib Al('no) + Ia Bi('no) (5.33b)

where I, and I, are defined in (5.26) with & = 8=0. The asymptotic expan-

sions of Ai, Bi and Gi for large Imy| and larg ngl < are

1 - __2_7,03/2 2,,03/2
Ailng) ~ -2-77"’170-1/ 4e 3 . Bilng) ~7ngV4e3" | (5.34)
Gi(ng) ~7 1 ngt. (5.39)

Hence, we must set C; = 0 to meet the boundary condition (i).

To meet the boundary condition (ii), let us consider the asymptotic expan-

sions of Ai and Bi for large I1mgl and |arg ng! >_;_7r (Abramowitz and Stegun

1965):

Ailng) ~ 7~ *(—ng)~Y %sin [ %(—no)y 2+ 71, (5.36a)

Bilng) ~ 7~*(=no)™ %cos [ 2(=ng}¥ 2 + 1. (5.36b)
From Appendix B we obtain

I, ~1— 7 (=) 4cos[.32.(—no)3/ +7] (5.372)

Iy ~— 7~ =ng)¥ 4sin[%(—no)3/ +7) (5.37b)
Substituting (5.37a) and (5.37b) into (5.33b) gives
Gi(ng) ~ 7 "(—ng)~V 4cos[%(-—-'no):’/ 2 %] - 7 Y (=n)™! (5.37¢)

We notice that we must take C; = —i such that the solution
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-7t £ 71 Z(ng) = Gilng) — i Ailng) (5.38)

will decrease like ng ! as it approaches the central region from the outer Lindblad

resonance and, together with the phase term e ‘¥ (see Chapter II), will give a
two-arm trailing-wave pattern in the rotating frame from the outer Lindblad reso-

nance. Then, the asymptotic solution to equation (5.8) is

Zno) ~— f mnot, as mo —+ oo; (5.39a)

Z(ng) ~— " f (—mgy V4™t 3 f (=ng)™! as ng—o— o, (539b)

where

£,(=np) = %(—now 2+ Z. | (5.40)

Therefore, the asymptotic solution to equation (5.6) is

Z (&) ~ f Ago‘l , as & —— oo; (5.41a)

Z(&) ~—7tf gV 4e P EE 4 pops1 g &0 —+ oo, (5.41b)

The real part of Z (&) in equation (5.41b) is plotted by dotted line in Fig-
ure 5.2 in comparison with the results of the exact numerical integration. The
agreement is excellent. The imaginary part of Z (&) in equation (5.41b) is plotted
in Figure 5.3, again in comparison with the results of the exact numerical integra-

tion, and also with excellent agreement.
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S. 2. 2. Case with Viscosity, without Self-gravity

Next we consider the case in which the self-gravity can be ignored leaving

only the pressure and the viscosity. For this case,
k =mp=np=0, (5.42)
and
N=Mm,M3=M,2,=2,, (5.43)
and therefore, equation (5.16) becomes

d’z; _ Z, = (5.44)
v ml,= f . .
yp!

Again this is the inhomogeneous Airy equation but the independent variable is
now complex. We similarly conclude that C, = 0 in order to meet the boundary
condition (i) and C, = —i to meet the boundary condition (ii) after examing the
asymptotic expansions of Airy functions of a complex argument 7, as

M3 — tooe A/ 3 [see (5.34) — (5.37)], since now

larg n, | = .g <% for positive mq,
and
- 57 ,
larg m, | —17—[3/3>—6- for negative mq

are always within the domain of the asymptotic formulae. Therefore, the solution

to (5.16) has the same form as (5.38).

The asymptotic solution to (5.44) as 1, —— coe ™! # 3 s
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Zofm) ~— i f (VAT RO ey (5.45)
where
L,(—n,) = %(—nz)sf 2+ 7. (5.46)

Hence, the asymptotic solution to (5.8) as mg —— oo is

2 .
= Z(—n) 2cos*B sin(8/ 2)
Z (770) —~ — ”llzf cosV 43(__ ,no)—l/ 4, 3o

il é-(—w” 20058 cos(B/ 2) — n/ 4 — B/ 4]

e + f (—np? (5.47a)

Therefore, the asymptotic solution to (5.6) as &, — + oo is

2 .
. — &6 Zcos*B sin(8/ 2)
Z(&) ~ —n=f cosY 4B §0—1/ 4, 3

i[—§.03/2cos"‘3008(8/2)—1r/4—3/4]

‘e + f &L (5.47b)

From (5.47) we see that exponential damping occurs when To becomes large
negative or &, becomes large positive and that there is also a phase shift and a

wavelength change due to the viscosity.

The asymptotic results in equation (5.47b) are depicted by dotted lines in
Figures 5.4 and 5.5 in comparison with the real and imaginary parts of the results

from the exact numerical integration.
S. 2. 3. Case with Self-gravity, without Viscosity

Now we include the effects of the self-gravity as well as the pressure but
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neglect the viscosity. This case requires the various parameters to take values as

follows:
B=0,k =kg,mnep=k¢ ;n20=0, (5.48)
mM=me,m=mng—ké =ms, (5.49)
Z,=2,Z,=2 ¢ ko, (5.50)

and equation (5.16) reduces to

d?z ik
—— —mZy=f e 'F,
d'f)3

(5.51)

Notice that the turning point has been moved from mg =0 to mng = 1202, and
keep in mind that m3; measures the distance from the turning point. The general

solution of (5.51) is

V4 2(’173) =-7wf [Ib (‘03)Ai('n3) + 1, (773)Bi('n3) +C lAi(‘ns) + B 1Bi(”f)3)]. (5.52)

where
I, = [Ailngde™ ¥ g g, (5.53)
L1
M3 e,
Ib (7)3) = fBl('n_g') e—l koM d 7)3' . (5-54)
0

Since Bi(n;) goes up exponentially as m; —+ oo, we must set C,=0. The
asymptotic expansions of 7, and I, as m; —— oo are derived in Appendix B; the

results are:
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I, ~(PC.), +m~"ny ¥ 4 ¢~ Fam [ 20T +i K olmmy)™ siny(-ny)]
1- I; 02(—")3)—1

(5.55)

where

ikg/3 if M3 <_;coz

if — ;&02 < N3 <0 (5.56)

and

Ib ~(P.C. )b - C’;'a

— ()Y 4 o Foms [sinZy(—n3) + i k o(—13)™* cosZy(—ny)]
: 1= % (=131

(5.57)
where
(PC.) il ke/3 if m3<—k¢ :
Ch =19 if —kd < m3<0 (338)
and Cy is the constant integral,
c = 17 { r+iio (27'—\/37(0)—11—20 (2r+\/§EO)—l%O }e—r3/3d
_1 Ko _ A _ et r
Ko me TR E Cr—V3k ke Cr +V3k gk g
(5.59)

which can be calculated numerically. It can be seen directly from (5.59) by notic-

ing
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where 8(r ) is the Dirac function, that

Re(C;) ~0, Im(Ci) ~1, as ko—0, (5.61)

which is the case discussed in section 5.2.1.

Substituting (5.55) and (5.57) into (5.52) and recalling (5.36) and (5.37), we
may conclude that in order to get an asymptotic solution as m3; — — oo and

m3 <—k ¢ satisfying the boundary condition (ii), we have to choose C 1 such that

. 3 —~3

or
i kg

Ci=-2ie“"24c; . | (5.63)

The asymptotic solution to equation (5.51) as n; —— oo then is

23 _; _ i3 -
7 f (—my)y V4 ko / 3T E( "’)+f (—mo)te ™ if n; <—k &

Z 2(’1’) )~ 7 3 —ik . 7 2
3 7 f (=) V4 e 5inT (—mp+ £ (—mg)~le X o™ if —k ¢ <mj <O

(5.64)

Hence, the asymptotic solution to equation (5.8) as 3 —— oo is

- , -~ . ~ 2
7 f (—ng)~V 4 o 0/ 3=i By(=n+ik on + f (—np)? if n3 <—kg

Z(ny)~ i i -
YRt (e 4 %O RO (£ (—mg i —k ¢ <m3 <O

(5.65a)

Therefore, the asymptotic solution to equation (5.6) as §€; =&, + 1'202 -+ 00 is

- sz §3—1/4 eiio:’/-a_izl(fs)"’iofs_*_f go—l if §3 >+ zoz

- P . ~ (5.65b)
; ,”.‘/zf §3—1/ 4 eikoa/ 3-ik °E38m21(§3)+f go—l if 0<§&3 <k 02

Z (f3)~
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where we have defined
EE=—my=§&+k¢, (5.65¢)

and where I, has been defined in (5.46), or

(&) = 32-533/ 24 %— . (5.65d)

For small k¢ ( =0.152), we plot the asymptotic results (5.65b) by dotted
lines in Figure 5.6 for real part and in Figure 5.7 for imaginary part. For large .
k ¢ (' = 3?), the asymptotic solution as &3 — + oo has two expressions for different
regions according to equation (5.65b) (one is for &5 >9, or & >0 ; the other is for
0 <§; <9, or —9 <§, <0, in this example). They are depicted in Figures 5.8
and 5.9, again for the real and imaginary parts respectively. The results from the
exact nurherical integration are plotted by solid curves in these Figures. It can be
seen clearly from these figures that the asymptotic solutions approach the exact
numerical solutions very well except in the vicinity of §; = k 02 » Where the poles
of the integrands of I, and I, coincide with the saddle points involved in the

steepest-descent method, as we point out in Appendix B.
S. 2. 4. 'The General Case

We now consider the general case when all the three factors — pressure,
self-gravity and viscosity are included (see section 5.1). The asymptotic solution of
equation (5.16) is treated along the real mg-axis which intersects the positive ima-

ginary m, axis at point m, (point 7" ; see Figure 5.1).
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The general solution to (5.16) can be written as
Zyny) = — 7 f [ I Ailny) + I,Bi(ny) + C,Ai(n,) + C,Biln,) ] (5.66)

where I, and I, are given by (5.26a) and (5.26b). As mentioned in section 5.1,
we must set C, = 0 to satisfy boundary condition (i). To determine C ;, we have
to use boundary condition (ii). To do so, we ~must first determine the asymptotic
expansions of the integrals 7, (n;) and I, (n,). We use the integral representations
of Ai and Bi (Abramowitz and Stegun 1965),

. — 1 T i t3 3+i Myt

- 00

T —13 i ¢3 i - 3 -
Bi(n2)=if[e t3/3+m,t +_:_l_..(ezt/3+t'n2t —e it33 zn,t)]dt ’
7% 2i

(5.68)
and then choose the appropriate contours of integration , employ the method of
steepest-descent, and carefully take into account of the pole contributions in vari-
ous cases. The detailed analysis is presented in Appendix B. The problem is com-
plicated, not only because all variables have .become complex, but also because we
want to include the cases when I.éo2 is large. We derive the asymptotic expres-
sions for different regions: for ny <0, and for 0 <71y <mge ,» Where 7 is a quan-
tity proportional to %02 defined in (5.21). We can show that at the point
separating these two regions, ng = 0, the poles in the integrands of both 7, and
I, coincide with the saddle points involved in the steepest-descent method, so the
steepest-descent method fails near that point. However, away from it, the method

satisfactorily produces asymptotic expressions on both sides.
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The asymptotic expansions of I, and I, as M, —— ooe ~1# 3 are found to

be (see Appendix B):
coeg~18/3

L= [ Ape *™an,
2

[ “COSE](—T)z) +i I‘E (—"nz)_% Sin21(‘—7)2) ]

~(PC.), + mH=m,y ¥ 4o~ ke ~
2 1 =% A=n,)?
(5.69)
where
ol BV 3 ~if mp <0

(PC.), = | g i 0 <mp <Nop (5.70)
and

nz P '

I, = [ e *™Bi(n) d 1) = C; (n) — Cz (myo)
N2

~(P.C.)y — C; ()

—~i kny [sinZ;(—mn,) + i k (=)™ cosZy(—n,)] (5.71)

~Y, -3/ 4

-7 z('-‘nz) e -
l—kz(—'nz)_l
where

i eu”c’/s if me <0

(P-C- )b = 0 if 0 <,n0 <n00 (5-72)

—i kM 2 —t3/ 3+ gt it 3+ imggt — i t3 3—imyyt
C; (nq) =& [ - £ _ - ¢ _ ] dt
k120 T ‘[ t —i k 20 — k) 2@ +%)
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(5.73)
The asymptotic expansions of Airy functions Ai and Bi of a complex argument 7,
as Imyl —ooand where larg(—mny)I <%rr are known to be (Abramowitz and

Stegun 1965)

Ai(ny) ~ 7 Y(—ny)~ V 4 sinL(—n,) (5.74)

Bi(n,) ~ 7~ ¥(—n,)~ V 4 cosE,(—m,) (5.75)

and our largm,| value for mg <mg is well within the domain in which (5.74)

and (5.75) are vaild (see Figure 5.1).

Substituting (5.69), (5.71), (5.74), (5.75) and C, = O into (5.66) gives the asymp-

totic expansion of Z )(n,) as n, - — e~ &3 ;

Z 2(772) ~—af {(PC. )b - C,} ("720) + C,

)-3/ 4 e —i k N [Sinzl(—'f)z) + i ]‘2 (—’nz)—l/z COSEI(—‘nz)]

1- I-E 2(—1')2)_1 }

- .”.—‘/z(__,n2

A7V (=) V4 sinZ (—=n,) }

¥4 i, [—cosE ;(=n ik (—=n,)"sink,(—n,)]

1 - IE 2(—7)2)_1 }

—7 f {(PC.), +77(—np)”

A 7" (=0 V4 cosZy(=ny) } . | (5.76)

In (5.76), we have to choose C; such that when m, —— coce ~*#/ 3 and n, <0,
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(PC.Y —Ci(nyp)+C=~i (PC.), (5.77)
to meet the wavy boundary condition (ii).

Substituting (B70) and (B72) for my <0 into (5.77), we determine the value

of the constant C,:
C,=—2i e“~‘3’3+C7¢(‘nzo)- (5.78)

Now we can reduce (5.76) to

~

. _ . T3 a; _ _;
o) 75 f (=) V4 gt K 312 "’)+f (=n)te™ %™ i q4 <0
Z 5(ny) ~ - . 5 .
T it (o4 e ® 3 siny (—mp)+ £ (—mp)Tle ™™ i 0 <mo <moo
(5.79)
Substituting (5.79) into (5.15) gives

. _ R VI = .
—'ﬂ'/zf (__,nz) 1/ 4 el k3 3—-iZy( "72)+Lk772+f (_,nl)—l if No <0

Z {(ny) ~ i ¥ i
N2 7 (—nz)'l/ 4 etks/ 3+ kn’sin).‘.l(—'nz)+f (=)™ if 0<my<mgo
(5.80)

Finally, we substitute (5.80) into (5.10) and obtain the asymptotic solution of (5.8)

as m, ~—coe LA/ 3 op N3 =7Ng— Noyg — — ©

Z(ny) ~— 7% f (—np)~ V4 cost/ 3g ¢ ¥/ 3+Em—BCm)— 6/ 3

+ f (—no)t, for mo <0, (5.81)

and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-57-

+ f (—me)?, for 0 <mnp <mgo - (5.82)
Therefore, the asymptotic solution to equation (5.6) as &3 =&, — £ — + oo is

1.3 - _ _
Z(&) ~—a"f &V Aot/ 3B et K/ 3~ kb~ T&)— 8/ 3]

+f &7 for & >0, (583a)

and

I3 _ ~ _ . .
7 (52) _ _Trt/zf 52—1/ 4c0sl/ 33 et k3 3-k¢& — B/ 3] fe i (&) _ ezzl(gz)]

+ f &1, for &g <& <0, (5.83b)
where we have defined
€ =—Moo, E2=—12, E3=—m3, (5.84a)

and where I, has been defined in (5.46) or (5.65d),

(&) = -§-§z3/ 2+ % . (5.84b)

When I~coz is small we can further approximate (5.82) for the case when

§0 >0 as

Z(&) ~—7"f &5 VAcosV 4 Bel T+ £ (E3+E00)7 !

= _,n.’/zf &5 V4 o5t/ 4B e ~Im(X)+iRe(Z) 4 f fo—l (5.85)

‘where &3, given by (5.84a), measures the distance from the turning point,
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E3=¢&— &> (5.86)

and

Re(L) =k ¢ cos2B { -%-cos(Z B) + [sin(48/3) — cos(48/3) tan(B/3)] sin(2 B/3)}
- % €3 Zcos™B cos(BI2) — k &3 cos2B

+ k & €7 cos¥ 2B [sin(48/3) — cos(48/3) tan(B/3)] sin(B/6)

_7_ B |
T 7 (5.87)

Im(Z) = — & & cos?B { .é.sin(2 B) — [sin(4B/3) — cos(48/3) tan(B/3)] cos(2 B/3)}
+ % £ 2cos" B sin(8/2) + %z‘c of3 sin(2 B)

+ k & £32cos¥ 2B [sin(4B/3) — cos(48/3) tan(8/3)] cos(B/6) . (5.88)

From this solution it is clear that exponential damping will occur when §&;
becomes large and positive and that there is a phase shift and a wavelength change

due to self-gravity as well as viscosity.

The results of equation (5.85) for & o = 0.15 and b, = 0.127 (corresponding
to an effective kinematic viscosity v = »'=0.2 in the 3-kpc arm problem) are
plotted by dotted line in Figures 5.10 and 5.11, and show very little difference
from the results obtained by means of the exact numerical integration.

f
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"S. 3. Numerical Solutions

in section 5.2 we obtained the general solution of equation (5.16), with the
arbitrary constants C and C, [see equation (5.66)l We have set C, =0 because
of boundary condition (i) [see (5.24a)l. The other arbitrary constant, C,, is deter-
mined by boundary condition (ii) [see (5.24b)] such that the solution behaves like a
bounded outgoing wavé as My —— ccetA/ 3 At this limit, we can safely calcu-
late C; from the asymptotic solutions obtained in the previous sections as [see

(5.78)}k
Ci=—2i e ¥73 4 Ciny). (5.89)
Therefore, Z , equals
Zn) =—=7f {lI,(n)=-2i e! 7 34C; (nyo)l Ailn)+1, (n)Bin)}  (5.90)

with the Airy functions given by their integral representations (5.67) and (5.68)

. _ 1 T i t3 3+i Myt
Ai(n,) = = .fooe *dt , (591a)

. °3 43 .. .3 . s .3 .
Bi('nz)=%f[e t/3+'f)2£+-1—.(elt/3+17)2t_e it33 l'f)zt)]dt ,
0

2i
(5.91b)
and with 7, and I, given by equations (B4), (B16) and (B41) as follows:
—ikn % i tY3+im,t
I, =— 2 — ¢ —dt (5.92a)
2w Y, t — g
I, = C;(ny) — C; (ny) - (5.92b)

Therefore, equation (5.90) can be rewritten as
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where C (n,) is given by (5.73) or (5.59) with m, substituted for m,:

—t3/ 3+ myt i3 3+imy it 3—imgt

) —ikmy %
C"( ).___e e _ € - _ € dt
&2 T ~£[ t —i g 2@ — %) 20 +x) :
for 8 =0, (5.94a)
C,;('nz)—C,;o—

- )
e~ "3 ar

1 j (r +iky @r—vV3kg—ikg (2r +V3k )ik,
? 0 r 2+]; 0? (27' —\/3k 0)2+k 02 (27' +\/§—’E 0)2"'/—2 02

for B =0. (5.94b)
Differentiating (5.93) gives
Z' ) = — wf {IC; (=2 et ¥ 3Ai(n+1, (n,)Bi(n,)} (5.95)
where we have used the facts that
Ci(ny)) = I'y(ny), (5.96a)
and
I (ny)Ai(ny) + I, (n,y)Biln,) = 0. (5.96b)

(5.93) is the exact solution to (5.16) that satisfies the boundary conditions
specified by equations (5.24a) and (5.24b); in principle, it can be calculated numeri-
cally for any point m,, but computer time becomes a constraint. In practice, we
calculate Z ,(n;) and Z')(n;) by (5.93) and (5.95) for only one value of n,. It

turns out that the asymptotic solutions discussed in the early sections can also
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provide accurate initial values for the Runge-Kutta scheme, if v"e choose the initial
point in the regions where the asymptotic solutions are well valid. But in our
calculation, we still use the initial values obtained by calculating (5.93) and (5.95)
numerically at the initial point, so that we not only have more accurate initial

values, but also have more freedom to choose the initial point.

After we obtain 'the accurate initial values of Z, and its derivative by
solving equation (5.16) at one point of m,, we go back to the original variable Z
and its derivative at the same point, now in the mg or &, coordinate, use them as
the initial values, and employ the Runge-Kutta method to integrate equation (5.8)
or equation (5.6) directly. We choose to use the original equation (5.8) or (5.6),
partiy because in the numerical integration, the advaﬁmge of . using the standard
form, i. e., equation (5.16) disappears and partly because for equation (5.8) or (5.6),
we can express our results directly. To be specific, we integrate equation (5.6)

directly. Going back to Z , we have
Z (&) = cosV/ e M 3Tikmy (5.97a)
where 7, is to be expressed in terms of &, as
ny = —cos¥ 3B e H 3¢, — k2 (5.97b)
Differentiating (5.97a) with respect to &, gives

.2 -

Z (&) = cos? 3Be [Z(ny) +i kZ 5(n,)] (5.98)

where m, is to be expressed in terms of &, according to equation (5.97b), and

where we have used
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d‘nz

= _Cosl/ 3B e —-i B/ 3 . (5.99)
d &

Equations (5.97) and (5.98) give the initial values to integrate equation (5.6) from

an arbitrary initial point &;.

To integrate equation (5.6) numerically by, say, the Runge-Kutta method,
we may face parasitic problems. It is clearer to discuss the same difficulties encoun-
tered if we try to integrate equation (5.16) by the same method. Besides the boun-
dary value solution discussed in section 5.2.4., equation (5.16) also admits other

solutions. For instance, if we choose C; to satisfy the following equation:

(PC.)y —Ci(nd+C=+i (PC.), , (5.100)
instead of (5.77), which we rewrite here,

(PC.) —Ciny) +Cy1==—i (PC.), , (5.101)

we would have the solution below (satisfying boundary conditions other than

ours):
—7 F (=) 4 ot k3 3+i21(—1)2)+f (—n)! e LEkMm e no <0
Z ny) ~ £ (ente —ik m, if 0 <mg <moo
(5.102)

If we compare solution (5.102) with the exponentially decreasing (with — m3)
solution (5.79) found in section 5.2.4., we see that (5.102) is a solution which
increases exponentially (with — m3;) due the sign change before I, in the exponent
of (5.102) for my <0. Inaccuracy in initial values or round-off errors in the inter-

mediate steps may produce undesirable quantities of the type of equation (5.100)
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and cause an exponential growth in the calculation and eventually ruin a good

solution. These undesirable quantities are called parasitic components.

If the general solution of the equation has an exponentially increasing term
which is not that one we are looking for, we will have parasitic problem. When
bo=0,iZ, becomes pure imaginary, the solution to (5.6) in the wave region is
not exponential any more, so that we will have much less difficulties in the
integration. But, in the evanescent region, we still have to face the parasitic prob-
lem, since from equations (5.28), (5.29), (5.10) and (5.15) we sec there is an
exponentially increasing imaginary part and an algebraically increasing real part in
the solution far into the evanescent region. The inaccurate initial values and the
round-off errors may produce an undesirable real term which is exponentially

increasing, in addition to the desirable, algebraically varying term.

To suppress parasitic contributions, we must use very accurate initial values
(described in the first part of this section) and double precision calculations for the

Runge-Kutta method.

In Figures 5.2 and 5.3, we give the resuits of our numerical calculation for
k o =0, by = 0 by solid lines, for the real and imaginary parts of Z respectively,
in comparison with the asymptotic solution obtained in section 5.2.2 (by dotted

lines). The agreement is excellent even for moderate values of &, .

In Figures 5.4 and 5.5, we plot the results of our numerical calculation for
I;o =0, by = 0.127 by solid lmeé, for the real and imaginary parts of Z respec-
tively, in comparison with the asymptotic solution obtained in section 5.2.2 (by

dotted lines). The agreement is again excellent even for moderate values of &;.
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For b =0 and small k ¢ (=0.15%), we plot our numerical results by solid
lines in Figure 5.6 for real part and in Figure 5.7 for imaginary part. They also
have excellent agreement with the asymptotic solution (depicted by dotted lines)
derived in section 5.2.3. For large & ¢ (=32 ), the asymptotic solution has two
expressions for different regions (one is for & >0, another is for —9 <&, <0
They are depicted by dotted lines in Figures 5.8 and 5.9, for real and imaginary
parts of Z respectively. We notice that near the singularity &, = 0, both the two
asymptotic expressions fail. It is the numerical solution we obtained in this section
that can cover the whole region we are interested in. The‘numerical results are
plotted in these two figures, by solid lines, for real and imaginary parts of Z
respectively. The agreement between the exact numerical solution and the asymp-
totic expressions is also very well except in the vicinity of &, = 0, where we can

only depend on the numerical solution.

The numerical results for the general case where both b, and I'Eo are
nonzero (k 0 =015 and 5, = 0.127 in this example, corresponding to the case in
the 3-kpc arm problem) are depicted by solid lines in Figures 5.10 and 5.11, for
real and imaginary parts of Z respectively, in comparison with the asymptotic
solution (by dotted lines) derived in section 5.2.4. The agreement, again, is excel-

lent even for moderate value of &, ( > 3).
S. 4. Discussion

Perhaps, the most significant result of the linear theory is to confirm the
conjecture that we put forward in Chapter IV: the long trailing waves are excited

at the Lindblad resonance, and propagate, according to the dispersion relation,
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towards the co-rotation radius. Before reaching co-rotation, they are reflected back

at the Q -barrier as short trailing waves.

This picture is best revealed in the inviscid case with large 1-202 . The solu-
tions presented in sections 5.2.3. and 5.3 are obtained by setting C, = O to elim-

inate the unbounded solution for large negative ¢3=§+ k ¢, and

e 3 ¥
o/ 3'+C,;o to ensure the solution of a bounded outgoing wave for

Ci=—2i e
large positive &3 (&3 >>k &) The solution found in the region £; >l?02 contains
only the outgoing short trailing waves while the solution found in the region
between the Q -barrier (£3 = 0) and the outer Lindblad resonance (£5 = k ¢ ) is a
combination of two waves [equation (5.65b)). The first wave can be identified as

the same outgoing short trailing wave appearing in the region &§; > k 02 , Wwhich we

may write as

i [’203/3"’.2053"‘%-533/2_%]

Z, ~— 7wt f g5V e (5.103a)

The other wave, indeed is a long trailing wave propagating inward towards the

Q -barrier

i [1203/3_1'2053"‘%-633/2"'%’—]

Z, ~+7f £V (5.103b)

Whether the wave is long or short is determined by the sign of the phase function
(2/ 3X£3)¥ 2 The positive sign is for long waves and the negative sign for short
ones. The direction of the wave propagation is determined in agreement with that
of the group velocity, discussed in section 4.2. Clearly, Z; is the long wave that
has been generated by resonance excitation at the outer Lindblad resonance. In

principle, the asymptotic solution represented by equation (5.65b) does not hold at
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£ = k ¢, because the term f &;! becomes unbounded there. The wavy part of
the solution, i. e, Z; + Z, , however, should hold through the point &; = I'Eoz , for
two reasons. First, the exact numerical integration shows the short wave solution
changes smoothly from &; <k & to & >k ¢ according to equation (5.103a) (see
"Figures 5.8 and 5.9). Second, the short wave is responsible for the transport of
angular rﬁomentum which depends only on Im(Z), and Im(Z) has no term of
f & ). Therefore, we can safely calculate the phase of the wave solution by

using the asymptotic solution Z = Z;, + Z;. The phase of the long wave at

& = 7{02 is equal to -g-. while the phase of the short wave at & = 1202,

—%12 o +%m Therefore, the phase difference is

arg(Z, ) — arg(Z,) = —%.I‘Z c + .;L at &=k . (5.104)

On the other hand, the total phase change may also be calculated from the disper-
sion relation, using the conjecture that the long wave originating from &3 = 1202

propagates inward and is reflected out as a short wave. Thus,
rQ re
arg(Z,) —ag(zy) = [kyar + [kodr + & (5.105)
rr I‘Q

where k; and k; are the wavenumbers for long and short waves defined in equa-
tion (4.7), r;, and rg are the radii for the Lindblad resonance and the Q -barrier
respectively and ®p is the phase change incurred at the Q -barrier due to
reflection. By using equation (4.7) and the transformation n = —x /[ xg; With
x =0=ry ) r, and xgo = lrg=rpVlry, Ixg, is also equal to

(7G 6/ (@2D)) it is easy to show that
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ro 1 7 3
- k
fk,dr=ko3 f(l—\/l—n)dn=._3°_. (5.106a)
rr 0
ry 1
jk dr =—k¢ [Q+VT=ndn=-3k¢ (5.106b)
s : 0 - n n —3— 0o - .
()

Therefore,
arg(Z, ) — arg(z;) = —%/2 3+ @ (5.107)

By comparison, we have & = % The identification of —-%—I‘Z ¢ from equations

(5.104) and (5.107) dramatically confirms the conjecture we have put on test.
Equation (5.65b) or the corresponding solution by means of the numerical integra-
tion represents the sum of a long trailing wave excited at the Lindblad resonance
and a short trailing wave resulting from the reflection of the long wave at the

Q -barrier. The amplitude of the wave does not change after the reflection. Only

g

the phase experiences a change of 5 The same amount of angular momentum is

transmitted to the short wave and carried away by it.

The asymptotic solution of equation (5.65b) breaks down near &3 = I'Eoz
because of the term f fo’l. The numerical integration of equation (5.6) in section
5.3, using very accurate initial values, can be carried out without difficulty. Fig-
ures 5.8 and 5.9 show that the short wave propagates outward passing beyond the
outer Lindblad resonance and the long wave decays rapidly there, just as we anti-
cipated in section 4.2 (of Chapter IV). We can also see that the asymptotic expan-
sions are in excellent agreement with the exact numerical solution, except in the

neighborhood of &; = &k &.
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When & ¢ is small, the long waves have wavelengths much longer than
. rp —rg . Their presence becomes unnoticeable. The short trailing waves appear to
be the only wave in the entire region. Since they are reflected waves from the

Q -barrier, they also appear as if they were generated from the Q -barrier.

Overall the self-gravity has three effects. First, it moves the spiral pattern
of short trailing waves closer to the co-rotation radius by a distance of k 02 .
Waves start at the Q -barrier. Second, it causes the spiral pattern to turn an angle
of k 03/ 3 in the positive sense of rotation. Third, it makes the wavelength
shorter by increasing the dimensionless wavenumber by I'Eo as compared to the case

of pure acoustic waves.

The presence of viscosity complicates the calculation greatly. In general,

2 23 2, Hagein B
— & 2cos Bsin
viscosity tends to damp the waves with an exponential factor of e

In addition, it also plays two roles similar to the self-gravity. First, it causes a
negative phase shift of — B/ 4. Second, it tends to increase the wavelength by
stretching it with a factor of sec”’Bsec(B/ 2). Both of these tend to reduce the
self-gravity effects. Strictly speaking, these results are only for the cases without
self-gravity. However, when self-gravity is included, although the viscous terms
appear extremely complicated in the solutions, the viscosity basically still plays the

same role as before.
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CHAPTER VI

THE NON-LINEAR THEORY

6. 1. The Non-linear Differential Equation

The fundamental integro-differential equation (2.57) determines the reso-
nance excitation, propagation and damping of the density and/or acoustic waves.
We would be able to extract all the information it contains if we could solve it
directly, but unfortunately, there is no easy way of doing it. In Chapter IV, fol-
lowing the procedure of SYL, we heuristically replaced the integro-differential

equation (2.57) by a non-linear differential equation (4.37)

d . dz AT 13 d 1> S — '
ﬂ;[(1 +zb)m]+z4koL m(L ZYF&Z =7 [, (6.1)

which approaches the same linear equation (4.3) in the linear limit ¢o —0 and
assumes the same non-linear amplitude relation (4.33), as equation (2.57) does. If
the self-gravity term is relatively small, as in the case of the 3-kpc arm with
self-gravity, equation (6.1) produces a dispersion relation which is not equal to, but
can approximate in the limit of k o — 0, the non-linear dispersion relation (4.21)
deduced from equation (2.57). If the self-gravity term is much more important
than the acoustic term, as in the case of Saturn’s rings, we would rather con-

structed the differential equation as

d

dfo[(l Fi b)

dZ - T | Yy y . 2L I
d§0]+z ak oL dgo(L Z)¥5z6Z =F S, (6.2)

such that it would still satisfy the linear equation requirement and the amplitude
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relation requirement, and can produce a dispersion relation which, although still
not equal to, approximates the dispersion relation (4.21) in the limit of pure den-
sity waves. But when self-gravity and acoustic effects are comparable, neither
equation (6.1) nor equation (6.2). can even approximately satisfy the dispersion
relation requirement. In any case, there is always a factor of 2 difference between
the dispersion relations deduced from the integro-differential equation and the
differential equation, which seems impossible to get rid of by adjusting the
coefficients of the differential equation. SYL do not include the pressure and viscous
term when constructing the differential equation, so their differential equation is
equivalent to equation (6.2) without the second order derivative term, and all
three requirements are satisfied. Shu et al. add the pressure and viscous term into
SYL’s differential equation and take for granted that all three requirements are
still satisfied. Fortunately, since the pressure is small and the viscosity is treated
as a given forcing function, no serious error is involved. Since the differential
equation satisfying all three requirements simultaneously cannot be obtained in
any simple way, we simply choose to have the linear equation requirement and
the amplitude relation requirement (which is related to the conservation of angular
momentum) satisfied for the present study. Furthermore, since we intend to apply
our theory to the 3-kpc arm problem, we adopt equation (6.1) for the integro-

differential equation (2.57).
6. 2. Numerical Solutions
6. 2. 1. Methods of Solution

To fix our ideas, we concentrate on the problem associated with the outer
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Lindblad resonance here. Thus, equation (6.1) becomes

2 —_ ' (
= §o § —T(L Z)+ &Z =+ f'. (6.3)

where 7 , b , and L are complicated but known functions of ¢ as defined in
(2.40), (2.54a) and (4.27), and g is defined as go= 1dZ | d & | in (251). The
presence of these functions makes equation (6.3) highly non-linear and hence
makes the numerical integration of it a nontrivial problem. Even though the
equation of the form of (6.3) is derived in Shu et al, they did not solve the full
equation. The pressure term is dropped for the case of Saturn’s rings. The viscous
term is treated as a forcing term. Thus, the equation solved in Shu et al. is only a

first order differential equation of a complex variable Z .

We solve the second order differential equation (6.3) by the Runge-Kutta

method. It is desirable to write equation (6.3) as a set of first order differential

equations:
d® _ 9o
d—fo = a (6.4a)
dA
—_— = (6.4b)
d & &
dgy J U sin®+d cos®—(I 245 2)ﬂ+4k oL Ug —bq o)—bA &,
= . (6.4¢)
4 &o (Iq o+bg )_..._—(Ig —bq o) +(1 245 2)—2k OIA%
0
798 _ f'cosq>+1q°2—bq°g—412014 oA —(g- g, B 1510 (gaa)
d& A A 0 dgo dgo d&

where, following SYL and Shu et al. in carrying out the numerical calculation, we
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have redefined go to be A(—~d ® d§,) rather than 1dZ [ d &l , where
Z =A ¢'®. This slight readjustment is justifiable since a model equation is
always arbitrary to some extent and it significantly reduces the numerical
difficulties. With this readjustment, the ¢, value at the initial position of our
choice is much smaller so that the solution of the linear equation can approximate
the non-linear equation much better, and the parasitic components can be

suppressed to some extent. We will discuss this further in the following para-

graphs.

To solve the system of equations (6.4), by the Runge-Kutta method, correct
initial values are needed. But it seems impossible to find the exact initial values
due to the high nonlinearity of the equations. Fortunately, we can use the exact
or asymptotic solutions of the linearized equation (4.3), found in Chapter V, to
approximate the solution to the non-linear equation (6.3) at the initial point of our
choice. We choose the initial point of the integration &, to be far away from the
turning point along the negative direction; since the amplitude of waves decays
rapidly into the evanescent region, ¢ is necessarily small there. With the non-
linearity parameter ¢, small enough, the functions 7/, L and b approach their
limiting values such that the linear solution near the thus chosen position can

well approximate the non-linear solution, and provide the initial values we need.

If we consider only the smallness of the ¢ values, it is clear that taking
values deeper into the evanescent region should give us better results. This, how-
ever, will cause greater contributions from the parasitic components to enter our
numerical results. The reason is similar to that we mentioned in Chapter V, sec-

tion 5.3. As we can visualize from the asymptotic solution of the linear theory,
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the solution which satisfys our boundary conditions will have an exponentially
increasing imaginary part and an algebraically varying real part for large negative
£; (the distance from the turning point). But inaccurate initial values and round-
off errors may produce a solution with an additional term which is real and
exponentially increasing. The general solution of (6.3) does contain such a term,
although our boundary condition requires the arbitrary coefficient in front of it be
zero. It is the inaccurate initial values and the round-off errors that makes this
coefficient nonzero. This unwanted real term increases exponentially and eventu-
ally become comparable to the real part of the desired solution, and hence ruins
the whole solution. The farther away the starting point from the turning point,
the more the parasitic components are ampliﬁed in the integration. To balance the
above two considerations, therefore, we should choose an appropriate initial position
which is far away enough from the Q -barrier such that the linear solutions are
valid for equations (6.3) yet close enough not to produce large parasitic contribu-
tions. This requirement cannot be always satisfied, as in the case of large viscosity,
where we also have an exponentially decreasing sblution for large, positive £3. We
will devise special techniques to cope with these numerical difficulties in later sec-

tions.
6. 2. 2. Inviscid Solutions

When neglecting the effect of viscosity, & = 0 and the set of equations

(6.4) reduces to

g;l = - %f_ (6.52)
0
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where f ' represents the dimensionless periodic external forcing due to a satellite
or a central distortion. In this subsection, we take f ‘= 3, corresponding to a 5%
perturbational field relative to the mean field in the 3-kpc arm problem. Since
go=A(—d ® d &) and A increases with f ' the value of f '=3 brinés
about a pretty large go, hence a high non-linearity. According to the discussion
in the previous section, before integrating equation (6.4) by the Runge-Kutta
method, we have to make a proper choice of the starting position for the integra-

tion.

The first example here is for k o = O (neglecting self-gravity). It turns out
that near & = £; =~— 6.5, the linear solution can well approximate the solution
of equation (6.4), and in the region of our interest the parasitic components are not
significantly amplified. We start from & = — 6, using the linear solution
(obtained from Chapter V) there as the initial values to integrate equation (6.4), by
the Runge-Kutta method, up to & = 40. The results are plotted in Figure 6.1, in
which the dotted line represents the real part of Z, while the solid line, the ima-
ginary part of Z. We see that when & is large positive, as we expected, the real

and imaginary parts of Z have a phase difference of 7/ 2. There is a fluctuation
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in the wave amplitude as we can see from the figure, which may be due to the

non-linearity of the equation.

In our second example, we take & o = 0.15, corresponding to the 3-kpc prob-
lem with the self-gravity included. Since 1202 is small in this example, &3 =§;,
we still choose €, = 6 as the starting point in the integration. The results are
presented in Figure 6.2, again, with the dotted line representing the real part of
Z , and the solid line, the imaginary part of Z. As compared with Figure 6.1, we
observe a phase shift, a wavelength change, and a shorter .Wavelength for the

amplitude fluctuation.

The results of this subsection will be used to find the corresponding veloci-

ties and surface densities in the 3-kpc arm problem in section 6.3.
6. 2. 3. Viscous Solutions

When viscosity must be considered, we have to integrate equation (6.4) ’
with non-zero bo. Now we are looking for a wave solution which will decay by
viscous attenuation on the other side of the turning point, and the solution
becomes even more sensitive to the initial values. Since our initial values from the
linear theory are only approximate, the parasitic components entered from the
beginning increase very quickly and are difficult to control. A larger b, value can
cause a more rapidly growing false solution. If b, is large, the requirement set
forth near the end of subsection 6.2.1 can not be satisfied. Even for the best start-
ing position we can use, it is still too close to the turning point to ensure a small
go such that the linear solution can well approximate the non-linear solution of

equation (6.4). On the other hand, it is already too far away from the turning
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point to have the growth of the parasitic terms properly suppressed. To cope with
this difficulty, we notice that deep into the wave region the amplitude of the
wave, and hence ¢, also becomes small due to viscous attenuation. We therefore
try to integrate from both sides of the turning point with both the starting posi-
tions far away from the turning point such that the ¢, values are relatively
small. The parasitic components grow rapidly along bﬂth directions of integration
for reason stated above. If the two solutions match before they are destroyed by
the parasitic terms, we can obtain a good solution by combining these two solu-
tions. In general, they do not match in the overlapped region unless our choice of
the phase at the far end of &, happens to be correct. We can adjust the complex
phase of the initial values there until they match. We will demonstrate this pro-

cedure in the following examples.

The first example is for 1’20 = 0.15, f' = 0.3, corresponding to 0.5% pertur-
bational field relative to the mean field in the 3-kpc arm problem. We integrate
equations (6.4) from &, = —6, along the positive direction (see solid lines in Fig-
ures 6.3 and 6.4, for real and imaginary parts respectively), and also from & = 12,
along the negative direction (see dotted lines in Figures 6.3 and 6.4, for real and
imaginary parts respectively), using the linear solution to approximate the initial
values at both starting points. As we expected, the two solutions match perfectly,
near £ = 2.5, and beyond that, the parasitic contributions manifest themselves.
We can reasonably believe that the true solution is represented by the solid lines

for —6 <§&p <2.5, and by dotted lines for 2.5 <&, <12 in Figures 6.3 and 6.4.

The second example is for I'Eo = 0.15, f' = 0.6, corresponding to 1% per-

turbational field relative to the mean field in the 3-kpc arm problem. Similarly,
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we integrate equations (6.4) from &, = —6 (see solid lines in Figures 6.5 and 6.6,
for real and imaginary parts respectively), and from &, = 12 (sec dotted lines in
Figures 6.5 and 6.6, for real and imaginary parts respectively). A noticeable phase
difference can be seen between the solid and the dotted lines in the overlapped
region. Our experience in the numerical calculation tells us that this phase
difference is not due to the parasitic contribution, but rather due to the non-
linearity of the equation. With larger f's (hence higher non-linearity), larger

phase differences are observed, as in the following example.

This third example is for k o = 015, f' = 3, which is needed in the 3-kpc
arm problem to produce an expansion velocity of 53 km —sec? Very high non-
linearity is involved with such a large f ' value. Now, we integrate equations
(6.4) from & = —6, along the positive direction, using the linear solution as the
initial values; we also integrate equations (6.4) from &, = 12, along the negative
direction, but using a modified linear asymptotic solution at £, = 12 as the initial
values. Since we believe that non-linearity causes a phase shift, we adjust the
complex phase in the linear asymptotic solution (5.83) by trial and error, such that
the two solution curves from opposite directions can match approximately. In Fig-
ures 6.7 and 6.8, for the real part and the imaginary part of Z respectively, we
show the results of integrating along the positive direction by solid lines, and the
results of integrating along the negative direction (with modified initial conditions)
by dotted lines. The agreements of the two curves in the overlapped region is not
entirely ideal, but it is certainly acceptable in view of the degree of approxima-
tions with which we have worked in this study. Furthermore, since we are par-

ticularly interested in the first peak of the solution which is not really affected by
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the above procedure, the results we have just obtained undoubtedly can be used to

intefpret the 3-kpc phenomenon.
6. 3. The 3-kpc Arm Phenomenon

The 3-kpc arm is a coherent armlike feature of gas streaming radially
toward us at a velocity of 53 km/sec in the central region of the Galaxy. The
arm covers a galactocentric sector of about 90° and is located at a distance about
375 kpc (3 kpc in the old scale) from the galactic center. The mass associated
with the high expansion velocity is estimated as about 410’ Mg . It is one of the

most spectacular phenomena observed in the Galaxy.

For years, people had favored a theory based on an expulsion model to
account for the fast expansion of the arm (van der Kruit 1971; Sanders and Pren-
dergast 1974). The model requires frequent explosions at the galactic center for an
energy source. It then needs a replenishment mechanism, as the mass loss due to
the 3-kpc arm is about 1 Mg | year from the central region. Both the energy and

the mass problems are difficult to resolve in the expulsion model.

In 1984, Yuan showed that a minor distortion or a barlike structure, rotat-
ing at a typical angular speed in the central region of the Galaxy can excite an
outgoing acoustic wave which has a close resemblance to the observed "3-kpc arm".
This approach has definite advantages over the expulsion model: it does not require
frequent explosions at the center. Therefore no energy problem exists. Nor there is
any net outgoing mass flux in this approach since the average radial velocity is
zero. Therefore no mass loss problem exists. Furthermore, observations of a central

bar structure are not uncommon in disk galaxies. Thus, it is not unreasonable to
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assume a minor oval distortion in the center of the Galaxy.

According to Yuan’s model, a minor oval distortion in the center with the
ratio of semi-major to semi-minor axes of 1:0.9 can produce a perturbational field
of 10% of the mean field at r = 3kpc. The oval distortion rotates at
Qp = 118 km | sec —kpc. The corresponding co-rotation and the outer Lindblad
resonance are located respectively at r = 1.6 kpc and r = 3 kpc. Using the 1965
Schmidt model and taking a = 10 km | sec, we have x = 103 km | sec —kpc,
D" = 188 km | sec —kpc and vy = 14.115. The oval distortion generates two

trailing spiral waves, with an expanding motion equal to 53 km/sec.

Yuan’s theory was solved out with both linear and non-linear methods.
The linear theory provides a physical picture of the wave generation. It is the
non-linear theory that was used to explain the observational features. The non-
linear theory, however, is based on numerical integration of the hydrodynamical
equations. A local approximation was used to reduce the two-dimensional problem
to a one-dimensional problem. Therefore, the theory, strictly speaking, is only
valid near the resonance. Furthermore, since the one-order scheme was used, the
numerical viscosity arising from the second-order terms automatically enters the
calculations without a proper control. Although the results seem to be reasonable,
it is certainly desirable to have some independent confirmations. Another impor-
tant drawback is that the formulation in that paper cannot be extended to include

the self-gravity effect.

The present formulation is free from these limitations. First, it is formu-

lated for the entire disk. Second, the viscosity terms and the self-gravity terms are
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explicitly expressed in the govel;ning equation. Therefore, we can have a globall};
valid equation, including viscosity and seif-gravity. Using the same model of
Yuan, except for a perturbational field of 5% of the mean field and adopting the
same viscosity estimated there (v = 0.2 km —kpc | sec ), we re-calculate the 3-kpc

arm problem. We find that the results are in qualitative agreement.

For the convenience of illustration, we first calculate the inviscid case with
and without self-gravity. In section 6.2.2, we calculated the complex Lagrangian
displacement Z (&), for k o = 0 and k o = 0.15 respectively. Once Z (&) is known,
we can obtain the physical displacement (in non-dimensional form) as [see equa-

tions (2.37) and (2.38)]:
X (£0,00) = RefZ (&) e~ Yo} (6.6)

from which we can recover the surface density centrast [see equations (2.24),
(2.30) and (2.31)}
O=_1__ 6.7)

0

The radial velocity can be obtained by using [see equation (2.14)k

_drl

dt

=—[o—mAr 0)]-2;—: (6.8)

The observed density contrast and velocity are functions of ¢, =,/ m and the
Eulerian distance r;. In Figure 6.9 we plot the surface density in the case of
k o = 0 while in Figure 6.10 we plot the surface density in the case of k o = 015
(corresponding to 0, = 5.4 Mg | pc?, the average surface density of the gas at 3-

kpc). The direction of the profiles are chosen such that the radial velocity has its
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highest value. The abscissa in the above figures has been transformed back to the
Eulerian distance. The results are similar to those of SYL. The profiles are highly
peaked. The valleys are shallbw with minimum value equal to —0.3 in logarithmic
scale, or equal to 0.5 in linear scale, which is expected. The waves for 7(0 = 0.15
clearly have a shorter wavelength and a phase shift as compared to the waves of
k o = 0. This is again a result expected from the linear theory. The corresponding

radial velocity for both cases are plotted in Figures 6.11 and 6.12.

When the viscosity with by = 0.127 is included, the calculations are highly
complicated as noted in the preceding sections.- With technique of matching from
both sides, we found the complex Lagrangian dispacement Z (&) in section 6.2.3
for /20 = 0.15. Then we can calculate the surface density and radial velocity
using equations (6.7) and (6.8). The results are shown in Figures 6.13 for density
and 6.14 for radial velocity. We find that the present approach does not need a
perturbational field as high as 10% of the mean field. A 5% field is capable of
driving a wave of streaming velocity equal to 53 km/sec. Even with the 5% field,
the density contrast in the first peak as well as the second one is much higher
than the results of Yuan (1984). For the first peak, the present calculation gives a
value of 10:1 while the early one gave 4:1 (see Figure 6.13). The spacings between
the peaks in both cases are roughly the same. The last two profiles correspond to

| the direction ¢y = Y¥y/ 2 = 67% in which the velocity has the largest value. This
is another place where the present result differs substantially from that of Yuan,
which gives ¢, = 100°% Thus, the calculations based on the more accﬁrate formula-
tion lead to a greater phase shift. Those for other ¢, are not presented here. A

contour map of the density with indications of radial velocities is drawn in Figure
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6.15. It should be noted that the radial velocity in Figure 6.14 at large r has a
nonzero value. This is a response to the long-range perturbational field, correspond-
ing to f'¢;! in the linear theory. This is not in contradiction to the result of
Yuan (1984) since there the perturbational force is allowed to drop to zero beyond

5-kpc.

The overall agreement between the results of the two independent
approaches has convinced us that those calculations are reliable and the mechanism
proposed by Yuan for the 3-kpc arm is a feasible one. Since the seif-gravity if
small for the 3-kpc arm, the present result does not modify the early result
significantly in that respect. On the other hand, since the non-linearity has been
handled more accurately here, the required field strength of the perturbation can

be reduced by a factor of two to produce the same result.
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CHAPTER VII

SUMMARY

The purpose of this thesis is to develop a theory which can be used to
study the structure and dynamics of a self-gravitating gaseous disk responding to a
periodic perturbational potential. The potential is derived from either a satellite
exterior to the disk or an asymmetric distribution of mass in the central regions.
The perturbational potential will excite spiral waves at the Lindblad resonances by
a mechanism referred to as .resonance excitation. The waves will carry angular
momentum from the satellite or distorted central mass to the disk and vice versa.
The deposit (or removal) of the angular momentum into (or from) the disk has
profound influence on the structure of the disk. Such wave motions will be
important in the evolution of the system. The nature of these waves is the sub-

ject of our present study.

Since we seek to apply the theory to the 3-kpc arm problem in the Galaxy,
the proto-stellar disk of the solar nebula, the circumstellar disk of a binary and
possibly barred galaxies, acoustic effects are as important as self-gravity. The
waves studied, therefore, consist of both a self-gravity mode and a acoustic mode.
This problem is more difficult than that of Saturn’s rings, which deals only with
self-gravity, and also than the 3-kpc arm problem without self-gravity, which
deals only with the acoustic effect. Since viscosity is also expected to be important
in all these problems, excepting stellar components of barred gala;si&s, we have

included viscous stresses of the classic type in our formulation. The resulting
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equation is a second order integro-differential equation. The acoustic and viscous
effects enter the equation through the second order differential term, while the
self-gravity effect is associated with the non-linear singular integral. Both linear
and non-linear analyses are carried out. In order to make the non-linear analysis
mathematically possible, we have replaced the integro-differential equation by a

differential equation, using heuristic arguments.

The mathematical formulation of the present problem is based on three

assumptions: (1) the excursion of a fluid particle is small compared with the radial

27G O'o(rL) is so

distance of the particle, i e, Ir;l <rg, (2) the quantity e¢= 5
L
small that the solution may be expanded in series of €”, and (3) the waves are
tightly wound, i. e, lkr | >>m, such that the WKBIJ approximation may be
applied. All three aséumptions, which hold perfectly for Saturn’s rings, are also
found valid, but to a lesser degree for the 3-kpc arm problem, the proto-stellar
disk in the solar nebula and the circumstellar disk of a binary. The second condi-
tion does not hold for barred galaxies. Thus, the present study cannot be applied to
barred galaxies. However, the linear equation in this thesis can be derived from
hydrodynamic equations as demonstrated in the work of Yuan (1984); therefore,

the linear theory in this thesis also can be used to analyze the structure of barred

galaxies.

Earlier research shows that the disk wouid respond violently to any minor
disturbance such as in Saturn’s rings or in the gas component of the galactic disk.
Therefore, the validity of the linear theory is very limited in application. The

linear theory itself has laid a solid foundation of understanding for the intricate
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interplay of the highly complicated dynamical processes involved in this problem,
including the excitation, propagation and attenuation of the waves and the tran-
sport of angular momentum. The sclutions of the linear equation suggest the fol-
lowing scenario: The small but long-range external disturbance excites long trailing
waves at the Lindblad resonances. These waves then propagate toward the co-

rotation and are reflected as short trailing waves at the Q -barrier. The amplitude

is not changed while there is a phase gain of 7 in the reflection. The same

2

amount of angular momentum density will be transferred to, and then carried
away by, the short trailing waim in the disk. Where the angular momentum is
deposited in the disk depends entirely on the viscosity. Large viscosity causes the
deposition to be concentrated near the Q -barrier. This would eventually leads to
the clearing of a gap next to the Q -barrier, as the local materials move away due
to gain or loss of angular momentum. Small viscosity will cause the angular
momentum to be distributed over a large region. The effect on the re-distribution

of the disk materials would be less pronounced.

The linear solutions also reveal the roles that self-gravity plays in shaping
the wave pattern. The effect of self-gravity will change a pure acoustic wave pat-
tern in three ways: First, it displaces the wave pattern closer to the co-rotation
radius, that is, it moves the wave from the Lindblad resonance to the Q -barrier.
Second, it rotates the wave pattern by an angle of 1’203/ 3 radians in the same
sense as disk rotation. Third, it shortens the wavelength or packs the wave pattern
more tightly. Besides damping waves, the viscosity also acts to rotate the wave
pattern and change the wavelength, according to the linear theory, except that it

tends to reduce those effects caused by self-gravity. In any case, these effects due to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 86 -

viscosity are usually very weak, unless the viscosity is exceedingly lafge.

The resonance excitation mechanism is extremely effective. A small periodic
disturbance is capable of exciting waves of large amplitude. This makes the linear
theory quite inadequate when applied to real problems. Therefore, developing the
non-linear theory is a real necessity. Following the work of SYL, we adopt a
non-linear differential equation in our calculations, instead of solving the original
non-linear singular integro-differential equation. Even with this differential equa-
tion, we can only claim limited success. Three free parameters are involved,
namely, l?o, b, and f ', representing respectively, the self-gravity, the viscosity
and the strength of the perturbational field. In general, when all of them are
large, i. e., when ko >2, by >0.2 and f' >3, the integration cannot be carried
through. Parasitic components, which enter the calculation by inaccuracy in the
initial values provided by the linear theory and round-off errors in intermediate
steps of integration, may grow exponentially and take over the true solution. The
most troublesome parameter is b,. Without it, it is possible to obtain solutions
with moderate k o and f . Well within the above limits of the three parameters,
we obtained satisfactory results. The calculated density is highly peaked and the
wavelength roughly varies linearly with the amplitude, similar to the results of
SYL. With ko = 0.15, b, = 0.127 (corresponding to v = 0.2 km —kpc | sec ) and
f' = 3 (corresponding to 5% perturbational field relative to the mean field), we
can reproduce, with minor differences, the 3-kpc arm results of Yuan (1984) and

therefore verify his non-linear solution from a completely different approach.
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APPENDIX A

DERIVATION OF THE PRESSURE
AND VISCOUS TERM

In the fundamental integro-differential equation derived in Chapter II [see

(2.39)],
Z (&) —Z (&)
aE L[ 1o 1d & +&Z (&) = (A1)
A _:/; G & £&Z (& o |
the effects of the pressure and viscosity are contained in the term g%_ . Itis
0

necessary that it is spelled out. The function F is twice the complex Fourier

coefficient of a combination of pressure tensor components:

E¥0 7 Wy (A2)

rr

2Q3
K r
where the upper sign corresponds to the inner Lindblad resonance, while the lower
sign, the outer Lindblad resonance, and P is the nondimensional pressure tensor,

PG

P=
27TGTL Uoz(rL )

(A3)

with P, the pressure tensor. We 'consistently adopt the asymptotic approximation
that, except for the periodic perturbational potential, the r derivative of a per-
turbed quantity times r is much larger than either the @ derivative of the quan-
tity or the quantity itself. So we can approximate the components of P as fol-

lows:
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~ - 4 DX | ' 4
P+(3p.+p)ar. (Ad)
— OV _V 1 duy o, 0 (VY
P, —'u(V 7+?-Ew-) Mo r). (AS)

We assume that both the coefficients of the shear .and the bulk viscosity, x4 and w,

are constant. Substituting (A4) and (A5) into (A2) gives

27Gry of(ry )

F =
G_%
1 £ 4 nou 4,20 .9 t¥o A6
?ﬁ[ P+(§#+#)6 +;2 nra( e ™ d . (A6)
Recall that
r =ro+ry, (A7)
ry\=ryg GVZX , (A8)
xp= 0" T2 | (A9)
L
§0 = e—yzxo, (A10)
and
6 =60 — Qpt (A11)

where 6 is the azimuthal angle in the inertial frame and ¢ is the azimuthal angle
measured in a frame rotating with angular velocity Qp =/ m , which can be

written as
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d = b+ Q0o — O 1t + dy(ro W0 C(A12)

where ¢, is a constant and ¢, may be considered to be a small perturbation about

the mean circular motion which can be measured by the angular variable

Vo=may+Im Qlrg—w 1z . (A13)
From (A7) we see that
8 =1 9 . (A14)
or 4 971 070
07 o

The first term on the right hand side of (A6) can be written as

i 2 i
1,=- %ﬁp el Vog g, = —%r_§oe Yog s,
a? g olrode’ ¥ alofro) g et ¥
= < d = - d . AlS
17'§1+ arl(ro.lb‘o) %o T 1+_6_A; Vo ( )
aro a§0
In (A15) we have used the relation
P =a%or), (A16)
and
0o(r o)
olr) = oo , (A17)
r 1+ or 1{r o o)
o7 o

which is derived from the Lagrangian form of the equation of continuity.

To determine the integral in (A15)
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A
I,= f 2 dy,
1+ 8X
FI7%
we use the approximation [see equations (2.35) and (2.37)]

X = A(&) cosl ¥y — A&,

and write it as

X = C (&) cosyy + S (&) sinys,

where
C =A (go) COSqifo) , S =A (fo) Slndfo) )
SO wé have
aX _- ac (§0) as (go) .
086 < d& oo+ — é sino

= ¢ oc0s A cosWp + ¢ sinlg sinip = ¢ gcos(Wo — A) ,

where ¢ and A, are defined as functions of &, and &, through

q ocosBy = dfi éio) , g osindy = d‘z (é°) .
If we further define that
@ =yYo— Lo,
we will have
L= § ey = [ O B e

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

e
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(A25)

_ j cos@cos Ay — sin@sinAy + i [sin@cosAy + cos@sinAy) 46
S 1 + g gcos® R

Noting that the odd parts of the integrand give zero contributions, while (Gradsh-

teyn and Ryzhik)

: =1#cos(n®)d®_ 1 [(1—n 22110
Jn(q)_ﬁ_fﬂqus@ purei o S R (A26)

we obtain
w
cos®cosAy + i cosOsinA,
z 11 = f d

b 1 + g sin® ®

= 271 (g eosto + i 1 ,(goksinAg] = 2T (go)e'®. (A27)

Recalling the definition of Z (§&) (see Chapter I :
2y =AE) '™ =) +i S(&), (A28)

and using the fact that

dz (&)

dfi" = A ICE+i SE=goc' ™, (A29)
we obtain
_ el Vo _ o Iygo)dz (&) _ 5 ~dZ (&)

Ill—¢rm_dwo—2w = 7l(gd) ot (A30)

&

where we have defined
1@@)=-21(g9)= 2 [0—-gdV™"—11. (A31)

90 d0

Substituting (A30) into (A15) gives
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I, = lggP e“‘"“dtbo—a oo(ro) (gd) TE
0

(A32)

The second term on the right hand side of (A6) can be written as

— 1.4 Nk OU i Vo = 1.4 Nk O 4r1 iy
12...—”-(§u+,u)§ye_ d ¥, -;(-3-,u.+p.)§57e d ¥,

K iYo
£ = §ﬂ+ #)gﬁa_m e'¥o d v, (A33)

where we have used (see (A13))

d — -
T—[mQ(ro) o] 2 ‘1’0 (A34)

and
mQ—o =< *k, (A35)

where the upper sign corresponds to the inner Lindblad resonance, while the lower
sign, the outer Lindblad resonance. k is the epicyclic frequency.

The integral in (A33) can be rewritten as

_¢' 6"1 i¢odwo=¢ 1 0 071 i'tl'odwo

r 3%o 1+ 0r1 0ro 9V
070
= L0 08X gy,  (A%)
g€1+ 5% 3 ave - 0
£
Using (A22) and (A24), we see
0 X _ 8 8X _ _ . sin(w,— Ay, (A37)

0o 0¥o Vo 0o
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and

00X ,

. i (O+ 4y
= — ® ' . (A38)
& %o Tosm=e

Again, we switch the integration in (A36) over a complete cycle in ¥, to one in ®
from —7 to 7 and notice that the odd parts of the integrand give zero contribu-
tions. (A36) becomes

_ ]-—-qosin?'@(— sinAg + i cosfy)

1
21 - 1+ g¢cos®

d®

dz (&)

_ on c0s20 —
= 2q0 fwd @ =—inllqqo— Iz(qo)]—T (A39)
where (A26) and (A29) have been used.
Substituting (A39) into (A33) gives
= 1 4 g au i‘l’o
dz
=3i K (—p. + w) I (g o) = I (gl (;0) (A40)
0
The third term on the right-hand side of (A6),
I,=+1 z-.—_p.ra( Ye'Mod g, (A41)
™ or
can be rewritten with the help of (All) and (A12) which lead to
v _do _ do _ d &(r o W)
—=—=0 +7-—9(7‘0)+—E——- (A42)

From one of our perturbational equations, (2.10b), for the orbit trajectories,
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= Jl - 2roQ(ro)r1 ’ (A43)

where J ; is the perturbational specific angular momentum, we see that (A42) can

be written as

J
Y=+ 2t - 2000, Q09— 200or;. (A44)
r ro ro ro

In (A44) we used the assumption that
jl <<Jo=r02 Q(To) (A45)

where J ¢ is the equilibrium specific angular momentum.

Differentiating (A44) with respect to r ¢ gives

B () 280d _ 2 o 01
oro T dro o O3,
- K200, by (A46)
‘ 2r oQ(r o) r'o ) ’
where k , the epicyclic frequency, is defined as
K= 400 1 + 10 420, (A47)
0 2Q0ry) dro
Substituting (A14) and (A46) into (Ad1) and using (A30) give
—_ l 2Q O (VY. iveo
I;= = z__-,ar__r-(T)e d¥p,
1 £i2Q@y) wrg K2 2Q(ry) O 1y iy
~ + [ - (1+ °d
77'¢‘ K arl 20(7'0)7'0 To 1 0)] ¢ wo

aro
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i o i uaQ(r o)
— 4 LMK e 0 ivo 4
s § or 1 o TK § v
1+ ——
07 o
+ fuK etV d W, = ipK g
T Y 4 X 4
0éo
9z &) (A48)

= yiukl (gf) TE,

we substitute (A32), (A40) and (A48) into (A6) and obtain (approxi-

Finally,
mately)
F = €"a’ F,= € "a’ [Re(F)+i Im(F ] (A49)
= 2aGrp ogrL) | ' 2@GrL ofrL) 1 !
where
dz (&)
Re(F ) =1(g¢) , (A50)
! 10 78~

4z (o) (A51)

Im(F 1) =F -—(—-—);2- { (—/1.+/J.) [I o(q 0)"1 2(q 0)] + II-.I (q 02 )} —-a?o—

where the upper sign corresponds to the inner Lindblad resonance, while the lower

sign, the outer Lindblad resonance.

In the linear limit when ¢y —0, from (A26) we have

I(QQ)~1, IQ(QQ)"'I, Iz(Qo) ~0, (A52)

so (A50) and (A51) can be approximated as
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— dzZ (&) .
Re(F ) = € (A53)
and
~ K 7 . dZ (fo)
for g 1.

Substituting (A53) and (A54) into (A49), we obtain an expression for F in the

linear limit when g9 K<1:

277GTL0'0(7'L)(1+1 bO) dgo ( )
where
bo=—F* (Tu+w. (A56)
oo(rL')a 3

dF

Substituting (A49) or (A56) into TE
0

will give the pressure and viscous term in

an explicit form.
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APPENDIX B

ASYMPTOTIC EXPRESSIONS OF 1, AND 1,

I, and I, are defined in Chapter V as (see section 5.1)

coe— 163 .
1, = f Ailn) e ™ gy, B1
M2
and
M2 e
I, = [ Bitnde "*™anm,. - (B2)
N20

The following derivations of the asymptotic expressions of (B1) and (B2) are for
the general case when I?o 50 and B0, but the results are also valid when
either or both of I?o and 3 become zero. Expressions derived directly for the cases
when either or both of IEO and B are zero are consistent with the results given

below.

1. Asymptotic Expansion of I, as m, — + coe ™! ¥/ 3

The integral representation of Airy function Ai ( n; ) is
. - 1 T i3 3+imyt B
Ai(n,y) o :’; e dt (B3)

Substituting it into (B1) gives

Ne—lBia

Ia = f Ai(’nz') e—i kna d 'nz'
M2
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it3/ 3+imt
e N2

fi
~
(]
|
x
3
N
|.-

dt d ny

et kae 183 el tY3+iae"tF3y
= lim - - dt
— oo 2 Yo t —k

—ikm R it¥3+imt
-2 __ € dt . (B4)
2mi —0 t —k

To find the asymptotic expansion of the integral in the first term,

it¥y3+iae 183,

a1(‘02)__l; ¢ - dt , (BS)

as « — + oo, we rewrite it in the complex z-plane as

R iz¥3+ice P 3

Ial(ﬂ2)=! € Z _I_,c, dz . (B6)

To employ the method of steepest descent we introduce the transformation,
z =a”s , B7)
and obtain

fela3/2(s3/3+e 18/ 35 )

s — ko

Ial (7]2) = ds . (BS)

-2

The saddle points are given by
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%[i(s3/3+e""3/3s)]=0. (B9)
or

s2+e"iF3=0, (B10)

Hence, they are located at s = i e "8/ 6,

To determine the asymptotic expansion of (B8), we use the analyticity of the
integrand (except at the pole s =k a~* which is below the real axis when both
k o and B are nonzero) and deform the contour of integration from the real axis
into the contour I that passes through the saddle point s =i e~ 1A/ 6 and that is
a steepest-descent contour (see Figure Bl). The deformation is possible since the
integral decays exponentially in the region between the contours as Is | —oo.

Thus we rewrite (B8) as

ia3’2(53/3+e-'5/3s )

Yz

e
T s —ga”

I,,(ny) = ds . (B11)

Along T, the exponent in (B11) near the saddle point s =i e”# ¢ can be

expanded as

i ¥ s3I 3+4e 1B 3)

=__%a3/28—i3/2__a3/2e—iB/6(s —i e iB/ 62 (B12)

and the direction of the path I near the saddle point will be such that
a3/2e—iB/6(S - e—iB/6)2=72 (B13)

2

where 7° is real and positive. Hence
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ds = ¥ 4eib 12g | (B14)

Figure Bl shows that the direction of the path of integration is 8/ 12, so that we
must take the positive sign in (B14). Hence, for the leading term, we substitute

(B12) into (B11), take the limits of integration from — oo to oo, and obtain

ia¥2(s33+e 1835 )

I (n): ¢ ~ : das
al 2 [ S—kOt_/z -

_2 32 ,-182
-5.01 e

[+ o]
— i —r?
~i :—55/6._,}01—‘/2 a3/4e‘3’12fe L

~00

2 32,-18/2 4
o34, 3C C T LA

_ 7
- i —ro el BB (B15)

Substituting (B15) into the first term of (B4) gives

lim £ _ dt =0. (B16)

a— oo 2mi oo t —k

—i kae i83 7. eit¥3+ia e~ tEl 3

To get (B16) we have used the fact that 8 < % .

Yoo t — &

Substituting 1, = oy e B/ 3 into the integral in the second term in (B4) gives
o ity 3siae
I,np = [ ~ dt , (B17)

which has the same form as /,; with o, substituted for « and B, for B8, hence

y __2_.,,23/ 2

Yo, =3/ 4, 3

7N e

I,:(ny)) ~ - - . (B18)
I — kM

Therefore,
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ccoe—t8/3 .
—_— . ' —-i kny f
Ia = f Al('ﬂz) € M2 dmn,
M
2 3/ 2; d
_ _ —FMY i kT
- ‘/z,r)2 3/ 4 e 3

~ = , (B19)
200 +i gny ™)

as M, —+ cce TR 3,

2. Asymptotic Expansion of I, as n, — —coe™ ! #/3

Now we determine the asymptotic expansion for the integral in the second

term on the right hand side of (B4),

R i t33+int
e T2

Iinp = [ _ ar, (B20)

-0

as M, »—ooe (A3

We rewrite (B20) in the complex z-plane as

o0

iz 3+im:z
In)= [-£ % (B21)

—iBy/ 3

To employ the method of steepest descent we recall n; = o, e , introduce
the transformation ,
z =(—a)?s , (B22)
and obtain
b i(—a‘1)3/2 (sy3-¢ 'A%
I,(m)= [% ds . (B23)

—o0 s - I} (—al)_l/z

The saddle points are given by
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%[i(s3/3—e—iﬁ‘/3s)]=0, - (B24)
or
st—e B30, (B25)
Hence, they are located at s = xe A

To determine the asymptotic expansion of (B23), we use the analyticity of the
integrand (except at the pole s = k (—a;)™) and deform the contour of integra-
tion from the real axis into the contour consisting of I'; and I', that passes through
the saddle points and that is a steepest-descent contour (see Figure B2). The defor-
mation is possible since the integral decays exponentially in the region between the

contours as |s | —oo. Thus we rewrite (B23) as

it~ 2(s% 3-¢ e P

Iaz('f?z)={_1[+_l[}e ds

s - ]-E (—al)—y’

+ Pole Contribution . (B26)

—iBy 6

Along T, , the exponent in (B26) near the saddle point s =—e can be
expanded as
i(—a)¥ A s3 3—e A 3)
=; 2 (—a)¥ 2 e A2 _ ()Y 2 e IR 6 4 TR 62 (B27)

3

and the direction of the path I; near the saddle point will be such that

¢

i(—o)¥ 2e AV O(s 4 o AV OY = p2 (B28)
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2

where 7° is real and positive. Hence

ds = (—q,) Y4 MATIR/ 12y (B29)

Figure B2 shows that the direction of the path of integration is —#/ 4 + B,/ 12,
so that we musf take the positive sign in (B29). Hence, for the ‘leading term, we
substitute (B27) into the first term of (B26), take the limits of integration from
— oo to oo, and obtain

o i (e 2 (5% 3-e¢ A3y

[ - — ds
s s =k (“"Oll) :
i%(-a,)’f 2,7 A2 o
_ . . 2
_ e_i5/6 i} (_041) 34, t1r/4+zBI/12fe ?ar
- e 1 -k (_al)—llz B

i 7(=n,)Y 4 o BT

= = - (B30)
1 + g (—n,)~ g
where
i) =22+ T (B31)
Along T,, the exponent in (B26) near the saddle point s =e A/ can be

expanded as

i(—a)¥ A s3) 3—e "B 3)
= —i %—(—al)yz e IR 4 i(—a)Y 2T IR (s — TR 62 (B3D)

and the direction of the path T, near the saddle point will be such that
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— (a2 B TR b - 12 (B33)

2

where 7< is real and positive. Hence

inl 4 +iBy/ 12

ds = (=) ¥ e dr. (B34)

Figure B2 shows that the direction of the path of integration is 7/ 4 + B,/ 12, so
that we must take the positive sign in (B34). Hence, for the leading term, we sub-
stitute (B32) into the second term of (B26), take the limits of integration from

— oo t0 oo, and obtain

ei(—azl):’/2 (s 3-¢ A%

d
f l)—‘/z S

-t
- ii(—al)sf 2 e ﬂl’ 2
e 3

~——r—= (—al)'y"emuﬂﬁ’/lzfe"zdr
e VP —k(~a)™ Seo

i 77.‘/:(_”2)-3/ 14,” i 23(-np)

1 - ]E (—7)2)_%

(B35)

The contribution to the integral I, , from the pole s = k (—a;)™ depends on the

location of the pole. We can show that when

31_4 _ .4
?.—?B, or arg(ny) =7 -3—3,

—ify/ 6

the pole coincides with the saddle point s =e , S0 our asymptotic approach

fails near that vicinity; for

B _4 4
J APl >r-28,
3 < 3 B or arg(ny) >w 3 B

the pole is within the region enclosed by the contours, while for
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4 B _=x T 4
_3_B<._3_<_2_ or ?<arg('n2)<ﬂ -§B.

the pole is outside the region enclosed by the contours, so the pole contribution is :

_izwéi§3/3+il?‘n2 if arg('nz)>w—g-8
PC. =] o - 4 (B36)
if 5 <arg(n,) <7 — 33

Substituting (B30), (B35) and (B36) into (B26) gives

i Zy(-np) =i Zy(-np)
I,5(ny) ~PC. +ia—n,) ¥4 [—° + %
a2 22 2 14+ g (=n)™ 1 —g(—m)™"

["z (—‘l”)z)_l/z Sl'.n):l(—'nz) + i 00821(—7)2)]
1-—- ]-E 2("'7)2)_1

= PC. + 2 7—n,)"¥ 4 (B37)

where P.C. is given by (B36).

Substituting (B16) and (B37) into (B4) gives

cce- B3 i
I, = f Ailn) e 4™ g ny
N2

—i k 2 [ —cosEl(-‘nz) + i % (—7)2)—% sinZ 1(_7)2) ]

~(PC.), + =)y ¥ %e

1-— % 2(—7)2)-1 .
(B38)
as ny, ——ooe ! B3 yrhere
: 4
el E¥ 3 if arg(n2)>1r—.§.3
(PC.) =] ¢ - 4 (B39)
if 5 <arg(ny) <7#— -3-B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission?



- 106 -

3. Asymptotic Expansion of I, as n, -+ coe~ ¥ 3
The integral representation of Airy function Bi(n,) is

o
-3 ;03 : —_i 3 —_
Bi(n2)=717‘f[e 3 3+mt +—1—7-(ett/3+ln2t—e it33 z’q,t)]dt
0

21 ’
(B40)
Substituting it into (B2) gives
n
—_ ¢ -ikw, i(n.) .
I, = fe Bi(n,)d n,
20
oo M2 e,
=L far =13 [ ¢ 1K 4y
7 0 N2
oo N2
+ L fdt e“”-"f LE kM g oy
2mi 20
1 oo L] ( _)n
— dt -it¥3 —il +k 2'd '
2m'~/0‘ ;,lz;e 2
_ e Ttn,]':I e—z3/3+-q,t _ ol t3 3+in,t _ ¢! t33-imyt »
T 9 t—ifk 2 — ) 20 + %)
—e—i z”cnmj[e—t3/3+nmt _ ol t3/ 3+ inyt _ el 13/ 3—inyt »
T % t —i g 2( — ) 20t + k)
= C; (n3) — C; (ny) (B41)

where we have defined
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Ci(np) = _:;e—iknzlbl(,nz)’

Iy 1(n3) = Iy 1y(ny) — —;—[ Iy 15(ng) + Iy 13(n7) 1,

d —t3 34+ myt
e N2

1(,11(7)2)=‘[ = dt ,

it 3+ingt
e N2

]blz(‘nz): — dat ,
[—=
and
]‘;e—it’/s-inzt
Iy 13(ny) = = dt .
b 13\112 b 7 +k

(B42)

(B43)

(B44)

(B45)

(B46)

In order to determine the asymptotic expansion of (B44) as m, — +ooe ™ 1%/ 3 | we

rewrite (B44) in the complex z-plane as

o —-23/3+m,z2
e M2

Iy 1(np) = f —— dz .
0 zZ —1lk

To employ the method of steepest descent we recall

— ~iBy/ 3
Ny =y e 1 »
and introduce the transformation
Z2 = (111/z S
to obtain
b —a13/2(s’/3—e_'ﬁ1/3s)
Ib 11 (nZ) = f PR e v/ ds .
(i S =l ko ‘

(B47)

(B48)

(B49)

(B50)
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" The saddle points are given by
Li-GY3-e"H % =0, (B51)
or

s2—e A3 o0, (B52)

Hence, they are located at s = e IAVS

To determine the asymptotic expansion of (B50), we use the analyticity of the
integrand (except at the pole s =i k a; %) and deform the contour of integration
into the contour containing I, that passes through the saddle point s = e LR/

and that is a steepest-descent contour, and I, , that consists of the lower half of

the imaginary axis ( see Figure B3 ). Thus we rewrite (B50) as

e—a,”"(s’/.%-e_m‘/as) e—23/3+nzz
Ipqy (n) = [ s + [ dz (B53)
. o~ —1/2 .~
] s —i k oy , Z —1lk

In (B53), when writing the integral along T, , we use the variable z instead of s

for later convenience.

Along T;, the exponent in the first term of (B53) near the saddle point

e—i51/6

s = can be expanded as

—a¥ As3 3 - e 1A 3
= %af/z e TIBE_ 32 o R g —e iR/ by (B54)

and the direction of the path I'; near the saddle point will be such that

¢
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ad 2e AV (g T IR Oy g2 (B55)
where 72 is real and positive. Hence
ds = ta;¥4e B 2, (B56)

Figure B3 shows that the direction of the path of integration is By/ 12, so that
we must take the positive sign in (B56). Hence, for the leading term, we substitute
(B54) into the first term of (B53), take the limits of integration from — oo to oo,

and obtain

-18,/3
—ad2(s33-¢ Ms)

f € ds
2

o) s —i koy
%alsize—lﬂllz oo
o IRl
e ! —i kozl—% —o0

2 32
- N2
77.‘/2 N2 3/ 4 e 3

= - B57)
1—igmy "
as 7Mp -+ ooe"iﬁ/3.
Along T, , the second integral in (B53) can be written as
—23/3+ 1,2 °  itY3+imt
!‘e _,2 dz=fe _ dt . (BS8)
, Z =ik 0 t —k
Substituting (B57) and (B58) into (B53) gives
34 %”23/2 33 ¢
2 - ol it + i ‘nz
Ln~211 ¢ 4+ [ _ ar. (B59)
1 =i gmy ™ 0 t —k
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We notice that

- —%— (75 12(n2) + I 13(n))]

o i 23 : i +3 —
_ lf[ elt/3+l'n2t + e lt/s l'nzt
2% t —k t +k
e - it33+imt
= lt[+f}e dt . (B60)
0 0 -

Substituting (B59) and (B60) into (B43) gives the asymptotic expansion of Ij4(n,):

2 32
o —3/ 4, TN it 3+i Myt
T N2 € 1 e
Ipy(ny) ~ e —dt . (B61)
1 =i gm Seo t —k

The integral in the second term of (B61) equals I,;(m;), for which the asymp-

totic expansion as m, —+ coe "t ¥ 3 is (B18). Substituting (B18) into (B61) gives:

2, 32 _2. 32
3" N
Lo ah 1)2_3/46 3 1 ,”‘/z,nz—3/4e 32
P 1—ikn ? 2 i—kng "
2,32
V. ~3/4 30
T Ny e
~ T (B62)
Substituting (B62) into (B42) gives
2 _3/2_.:%
=N =i kmy
i, YA
C,"é (7)2) ~ 1 — —~1 . (B63)
=1 k7N
Substituting (B63) into (B41) gives
n2 PR '
1, = [ e7 ™ Biln) d ny = C; (n) — Ci (n)
N2
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2 3/ 2 . 7
-T2 —i k",
7—'/: ,nz—3/ 4 e 3

=~ K 1 .~ —i/y - C}} (T)zo) ’ (B64)
=1l kMN

as my —+ coe tA' 3 where C;(ny) is given by (B63) with my substituted for

nz.
4. Asymptotic Expansion of I, as n; —— cce—i B3

In order to determine the asymptotic expansion of (B44) as

n, — —co e !B/ 3 we rewrite (B44) in the complex z-plane as

o —-233+m,2z
e N2

Iy 3(n3) = f —dz . (B65)
(] zZ -tk
To employ the method of steepest descent we recall n, = oy e iR/ 3 , and intro-

duce the transformation z = (—a;)”* s to obtain

0  —(—y2(s¥% 3+ L

Ibll (7)2) = .(/)\e ds . (B66)

s —1i % (_Ol]_)_vz

The saddle points are given by
%[—(s3/3+e‘“31’3s N=0, (B67)

or

s24+e A3 =0, (B68)

Hence, they are located at s = *i e A/ ¢,

To determine the asymptotic expansion of (B66), we use the analyticity (except at

the pole s =i k (—a;)™") of the integrand and deform the contour of integration
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into the contour containing I;, that passes through the saddle point
s =i e "A® and that is a steepest-descent contour, and T, , that consists of the
upper half of the imaginary axis (see Figure B4). Thus we rewrite (B66) as

~18y/3

—(~aM2(s3/ 3+e s) -2 3+ Mz
Iyyy(n) = [ £ = ds + | £ _dz
btz ‘!: s —1 k(—ap) = 'r[, z —ik
+ Pole Contribution . (B69)

When writing the integral along I, in (B69), , we use the variable z instead of s

for later convenience.

Along T,, the exponent in the first term of (B69) near the saddle point

s =i e "% can be expanded as

— (—o))¥ s 3 + e 1R 35)

== %-(—al)yz e T2 (a2 B S — o R/ 62 (BT0)

and the direction of the path I'; near the saddle point will be such that

i(—a)V 2 e B/ 6 —j o iR/ 6y = 12 (B71)

2

where 7° is real and positive. Hence

ds = % (—oy ¥ 4e AT IR 2y, (B72)

Figure B4 shows that the direction of the path of integration is —w/ 4 + B/ 12,
so that we must take the positive sign in (B72). Hence, for the leading term, we
substitute (B70) into the first term of (B69), take the limits of integration from

— oo t0 oo, and obtain




-113 -

e~ (—a,)¥ 2 (s% 3 + e A3

s)
1[;‘ s —i k(—oy)™

—i2(—ayp 2R
e 3

i e RS ik (—a)

- -]
3/ 4 e—z1r/4+zB;/ 12 f e._.,-z dr
-0

. Yy _3/4 —iZ(-mp)
- _imm) e - (B73)
1 — g (=n)™"
where as before
Ey—np) = 2(=n¥2 + T, (B74)
3 4
Along T, , the second integral in (B69) can be written as
—-2z% 3+ Mz it 3+1 Myt
[e _—dz = [-£ ——dt . (B75)
.z —ik 0 t —k
Again, it can be shown that when
B _ 4 4
_§1..= §B, or arg(n,) = 7— gﬁ,
the pole s =i k (—a;)™ coincides with the saddle point s =i e B 6 5o our

asymptotic approach fails in that vicinity; for

B 4 4,
_371.<§.B or arg(n2)>1r—§8,

the pole is within the region enclosed by the contours, while for

4 By T T 4
.§B <?<_2_ or ?<arg('n2)<1r 33.
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the pole is outside the region enclosed by the contours, so the pole contribution to
the integral Jpq; is

o ol BV 34t Em, ifarg(n2)>rr—%_ﬁ
PC. = - 4 (B76)
if = <arg(n,) <7 — 3_3

Substituting (B73), (B75) and (B76) into (B69) gives

(=) 4 e T T e 1334 mye
I 1n(ng) ~— il n2)~ =" + f £ = dt + PC. (B77)
1 — g (=m)™" 0 t —k

where P.C. is given by (B76).

Substituting (B60) and (B77) into (B43) gives the asymptotic expansion of I, ,(n,):

. - — i3y ;.3 A
i 74—, 3/ 4,1 1(—12) it33+imt

1“’ e
Iy (ny) ~— - . + = - dt + PC. (B78)
b 1\M2 T 2!; t — &

as n, —»— oce iR 3 In (B78) P.C. is given by (B76).
The integral in the second term of (B78) equals I,,(m,;), for which the asymp-

totic expansion as my —— ocoe ~#/3 s (B37). Substituting (B37) into (B78) gives:

. i Z,(—np) =i %(-my)
1 1 —3/ 4 el 1 e
Iy (ny) ~ZPC. + —a—ny)) ¥4 [—= - - -
b1iM2 ™~ 5 2 2 1+ g(=n) " 1—f(m) ™"

1 5 4 [SINEy(=nz) + i k (=) ¥icosE1(—n,)]

= Lpc. — #o—my) ' (B79)
2 2 1—% 2("‘772)—1
where P.C. is given by (B76).
Substituting (B79) into (B41) gives
n o
-Ib = f e_l ki Bi (1)2') d 'nz' = C,‘; (T)z) - CI'E (’T)zo)
20
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~(PC. ), — C; (nyp)

)_3/ 4 =i g [sinT,(—n,) + i & (=12~ cosT{(~n)]

=y
— 7 H—n - -
2 1 — % A=ny)™?
as ny —— coe ! B3 where
ks farn) >7— 2B
(PC.) =g

if —211 <arg(ny) <7 - %B

(4

(B80)

(B81)
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FIGURE CAPTIONS

Figure 4.1

The quantity Q 2 — 1 + »? in the dispersion relation versus r. Between the two
Q -barriers, the quantity is less than zero, there is no wave. Inside the inner Lind-
blad resonance (LL.R. in the figure) or outside the outer Lindblad resonance (O.L.R.
in the figure), only short wave exists. Bet\x;een a Q -barrier and its neighboring

Lindblad resonance, both long and short waves can exist.

Figure 4.2

The dimensionless wavenumber |k la/ k from the dispersion relation for gas,
versus |vl. For lvl >1, there is only short wave. For vl <1, both long
and short waves exist. The short wave branch of the curve extends indefinitely

beyond the Lindblad resonance.

Figure 4.3

The dimensionless wavenumber 1k la | k from the dispersion relation for stars,
versus |vl. Both long wave branch and short wave branch of the dispersion
relation curve for a certain Q are bounded by the vertical lines of Q = oo pass-
ing through the Lindblad fesonances. even short waves can not propagate beyond
their corresponding Lindblad resonances. The spiral waves are completely confined

to a region bounded by the Lindblad resonances.
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Figure 5.1

Relations among mng, m1 and m,. The real m;-axis can be obtained by rotating the
real mg-axis counterclockwise by B/3 and stretching it by a factor of cos¥ 38. The
real m,-axis is obtained by translation using equation (5.14) so it is parallel to the
real mj-axis. T is the intersection of the real myp-axis and the upper imaginary
My-axis. It is the turning point (the Q -barrier) when B = 0. mgy and m,, are the
coordinates of 7 in the m¢-plane and in the m,-plane respectively. mj; is the dis-

tance between an arbitrary point P on the real ng-axis and 7.

Figure 5.2
The real part of the complex Lagrangian displacement Z (&,) obtained from equa-
tion (5.6) when ko =0, by = 0. The dotted line represents the asymptotic solution

while the solid, the numerical solution.

Figure 5.3
The imaginary part of the complex Lagrangian displacement Z (&,) obtained from
equation (5.6) when lzo =0, by = 0. The dotted line represents the asymptotic

solution while the solid, the numerical solution.

Figure 5.4
The real part of the complex Lagrangian displacement Z (£&,) obtained from equa-
tion (5.6) when k=0, bo = 0.127. The dotted line represents the asymptotic

solution while the solid, the numerical solution.

Figure 5.5
The imaginary part of the complex Lagrangian displacement Z (§&;) obtained from

equation (5.6) when l:to =0, by = 0.127. The dotted line represents the asymptotic
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solution while the solid, the numerical solution.

Figure 5.6
The real part of the complex Lagrangian displacement Z (£;) obtained from equa-
tion (5.6) when k o = 0.15, b, = 0. The dotted line represents the asymptotic solu-

tion while the solid, the numerical solution.

Figure 5.7
The imaginary part of the complex Lagrangian displacement Z (&) obtained from
equation (5.6) when I~co =0.15,, by = 0. The dotted line represents the asymptotic

solution while the solid, the numerical solution.

Figure 5.8 and Figure 5.9

The real part (in Figure 5.8) or the imaginary part (in Figure 5.9) of the complex
Lagrangian displacement Z (£,) obtained from equation (5.6) when ko = 3,
bo = 0. The abscissa has two scales. The lower one is & and the upper one is
&3 =& + I~co2 . The dotted line represents the asymptotic solution while the solid,
the numerical solution. Since k ¢ is large, the asymptotic solution as &3 —+ oo
has two expressions for different regions according to equation (5.65b) (one is for
£ >09, or § >0; the other is for 0 <&; <9, or —9 <& <0, in the figure). It
can be seen clearly from these figures that the asymptotic solutions approach the
exact numerical solutions very well except in the vicinity of §; = 1202 , Where
the poles of the integrands of I, and I, coincide with the saddle points involved
in the steepest-descent method (see Appendix B). In this example, the turning
point, or the Q -barrier, is located at & = —9 or & = 0. §; is the distance from

the turning point. For the region &, >0, only short wave exists while in the




- 119 -

region —9 <§, <0, the short wave and the long wave co-exist and superpose.

Figure 5.10
The real part of the complex Lagrangian displacement Z (§&;) obtained from equa-
tion {3.6) when I'Eo = 0.15, bo = 0.127. The dotted line represents the asymptotic

solution while the solid, the numerical solution.

Figure 5.11
The imaginary part of the complex Lagrangian displacement Z (£p) obtained from
equation (5.6) when I}O =0.15, by = 0.127. The dotted line represents the asymp-

totic solution while the solid, the numerical solution.

Figure 6.1

The real part (by the dotted line) and the imaginary part (by the solid line) of the
Lagrangian displacement Z (&,) solved from the inviscid non-linear equations (6.5)
with ko =0, f'=3. When &, is large positive the real and imaginary parts of
Z have a; phase difference of 7/ 2. There is a fluctuation in the wave amplitude as
we can see from the figure, which may be due to the non-linearity of the equa-

tion.

Figure 6.2

The real part (by the dotted line) and the imaginary part (by the solid line) of the
Lagrangian displacement Z (£&;) solved from the non-linear equations (6.5) with
k o =015, f'=3 When & is large positive the real and imaginary parts of Z
have a phase difference of 7/ 2. There is a fluctuation in the wave amplitude as
we can see from the figure, which may be due to the non-linearity of the equa-

tion.
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Figure 6.3

The real part of Z (§&,) obtained by integrating the non-linear equation (6.4) with
I'Eo =015 by =0.127 and f'=0.3. The solid line represents the integration
from ¢, = —6 and along the positive direction while the dotted line represents the
integration from &, = 12 and along the negative direction. They match well in
‘the overlapped region (near & = 2.5). The true solution is represented by the
solid. line for —6 <&, <2.5 and by the dotted line for 2.5 <§; <12. The parasi-

tic contributions are obvious in the figure.

Figure 6.4

The imaginary part of Z (§&;) obtained by integrating the non-linear equation (6.4)
with 1.50 = 0.15, by = 0.127 and f'=0.3. The solid line represents the integra-
tion from &, = —6 and along the positive direction while the dotted line
represents the integration from &, = 12 and along the negative direction. They
match well in the overlapped region (near &, = 2.5). The true solution is
represented by the solid line for —6 <§; <25 and by dotj:ed line for

2.5 <&, <12. The parasitic contributions are obvious in the figure.

Figure 6.5 and Figure 6.6

The real part (in Figure 6.5) or the imaginary part (in Figure 6.6) obtained by
integrating the non-linear equation (6.4) with ko= 0.15, bo = 0.127 and
f'=0.6, using initial values provided by the linear solution. The solid line
represents the integration from &, = —6 and along the positive direction while the
dotted line represents the integration from &, = 12 and along the negative direc-
tion. There is a noticeable phase difference between them in the overlapped region

due to non-linearity. The parasitic contributions are obvious in the figure.
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Figure 6.7 and Figure 6.8

The real part (in Figure 6.7) or the imaginary part (in Figure 6.8) obtained by
integrating the non-linear equation (6.4) with k 0=0.15, by =0127 and f'=3,
using initial values provided by the linear solution. The solid line represents the
integration from &, = —6 and along the positive direction while the dotted line
represents the integration from &, = 14 and along the negative direction. The
phase difference between the two curves has been reduced by adjusting the initial
complex phase provided by the linear solution at & = 14, by trial and error. The

combination of the solid and dotted lines can approximate the true solution.

Figure 6.9

The surface density contrast versus the Eulerian dimensional distance r from the
center obtained by solving equations (6.4) with kg =0, bg = 0 and f'= 3. The
plot is made for the radial cut, ¢y = 67° along which the radial velocity has the

highest value.

Figure 6.10

The surface density contrast versus the Eulerian dimensional distance r from the
center obtained by solving equations (6.4) with ko = 0.15, by =0 and f'= 3.
The plot is made for the radial cut, ¢ = 67°, along which the radial velocity has

the highest value.

Figure 6.11
The radial velocity in km | sec versus the Eulerian dimensional distance r from
the center obtained by solving equations (6.4) with I’Eo =0, bp=0and f'=3

The plot is made for the radial cut, ¢y = 67°, along which the radial velocity has
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the highest value.

Figure 6.12

The radial velocity in km | sec versus the Eulerian dimensional distance r from
the center obtained by solving equations (6.4) with ko= 0.15, by =0 and
f=23 Thé plot is made for the radial cut, ¢y = 67° along which the radial

velocity has the highest value.

Figure 6.13

The surface density contrast versus the Eulerian dimensional distance r from the
center obtained by solving equations (6.4) with ko= 0.15, bo = 0.127 and
f'=3. The plot is made for the radial cut, ¢, = 67° along which the radial

velocity has the highest value.

Figure 6.14

The radial velocity in Am | sec versus the Eulerian dimensional distance r from
the center obtained by solving equations (6.4) with 7:0 = 0.15, by = 0.127 and
f'= 3. A velocity of 53 km/sec is produced at the first peak. Beyond that, the
velocity decays rapidly. The first peak of the velocity and the first peak of the
density (see Figure 6.13) are at the same distance from the center. The plot is
made for the radial cut, ¢, = 67° along which the radial velocity has the highest

value.

Figure 6.15
The density contour map of the non-linear solution. The inner contour stands for
pl po = 4, and the outer contour for p/ p, = 2. The arrows are radial velocities

drawn to scale. The largest one is 53 km/sec. The oval distortion is drawn
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schematically. The orientation is chosen such that the maximum radial velocity is
toward us. The oval field is equal to 5% of the mean gravitational field at the

outer Lindblad resonance which is located at r = 3 kpc.

Figure Bl

The contour consisting of I (solid line) in the complex s -plane that is needed to
evaluate the integral I,, as m, —+ coe ~i# 3 s is the saddle point i e~ A6,
I is the path of steepest-descent while the dotted line is the path of steepest-
ascent. The pole so =k (—a)™V 2 is below the real axis. In this figure we use

B = 84°

Figure B2

The contour consisting of I'; and T, in the complex s-plane that is needed to
evaluate the integral I,, as my —— cce ™ B3 s, and s, are the saddle points
+e ' A/6  The solid lines are the paths of steepest-descent while the dotted
lines are the paths of steepest-ascent. The pole so =k (—ory)"V 2 coincides with

s, when £, =10 (or B; = 4B if B520). In this figure we use B; = 84°

Figure B3

The contour consisting of I, that passés through the saddle point s; = g AV 6

and that is a steepest-descent contour, and I',, that consists of the lower half of

the imaginary axis. This figure is for the asymptotic evaluation of I ,(n,) as

n, = +ooe A/ 3 The solid line I, is the path of steepest-descent while the dot-
~¥s

ted line is the path of steepest-ascent. The pole sog =i k aq ? is above the real

axis. In this igure we use 8; = 84°

Figure B4
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The contour consisting of T, that passes through the saddle point s, = i e RV S
and that is a steepest-descent contour, and I, that consists of the upper half of
the imaginary axis. This figure is for the asymptotic evaluation of Ijq,(n,) as
My —»—ocoe ™" /'3, The dotted line is the path of steepest-ascent. The pole
so =i k(=) 2 coincides with s, when & =0 (or B; = 4B if B0.) In

this figure we use B; = 84°
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