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Abstract

COMPUTATIONAL TECHNIQUES FOR THE 
EVALUATION OF TOTAL SERVICE TIME IN 
PACKET-SWITCHED STORE-AND-FORWARD 

COMMUNICATION NETWORKS:
CYCLIC ALLOCATION AND BOUNDING PROCEDURES

by
Ira Stephen Rudowsky 

Adviser: Professor Jacob Rootenberg
The research reported herein deals with the problem 

of computing the total service time of packet-switched 
messages that are stored-and-forwarded from source node to 
destination node over computer-communication networks.

Previous results reported on in the literature relied 
exclusively on the Independence Assumption. The research to 
be reported on here divorces itself from the Independence 
Assumption and obtains results regardless of the arrival 
distribution of messages at the source node. This provides 
a more realistic solution to the real-world problem.

Two techniques are presented for the computation of 
total service time— one for an exact solution and one for 
computing upper and lower bounds. The latter technique, 
based upon the novel idea of cyclic allocation, complements 
the former by allowing a quick weeding-out of the infeasible
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solutions by testing if the required total service time falls 
within the bounds. This is done in much less time than 
needed by the exact solution. As the exact solution is a 
recursive algorithm whose complexity grows exponentially, the 
bounding techniques also save time and money for the analyst 
by allowing him to concentrate only on viable configurations. 
Thus, two original tools are provided to enhance the process 
of network analysis and design.

Both techniques have been programmed in interactive 
PL/I and are included in the appendices of the research.
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CHAPTER 1

INTRODUCTION AND GENERAL REVIEW

1.1 Historical Notes
During the 1960s, the field of modern data communica­

tions was conceived. During the 1970s, birth occurred 
(Frank, 19 79). Computers were originally developed to serve 
as fast calculating machines, but soon thereafter their 
usefulness as data processors became evident. Then the 
potential of computers for facilitating communication became 
apparent— but it was essential that they be able to communi­
cate easily with people and with other computers. This 
necessitated the creation of computer communication networks. 
Thus, a new era was born.

The advent of computer networks in the '60s and the 
rapid growth of the computer communication area brought about 
the awareness of the importance of efficient time-sharing 
schemes to the computer community. Such networks provide 
centralized computer service for a large number of remote 
users. The star, loop and tree configurations Csee 
Figures 1.1-1.3) are the most common topologies for centralized 
networks. The resource computer is located at the root and 
the terminals are located at the nodes.

Single-application networks were historically the 
first to appear, examples being the early airline reserva­
tions systems such as the American Airlines SABRE system 
(Perry & Plugge, 1961), the early defense networks such as the
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SAGE (Everett, Zraket 6 Benington, 19571 and BMEWS systems, 
and the prototype in-house time sharing nets such as MIT's 
well-known Project MAC system (Fano, 1965). More general- 
purpose systems such as the first commercial time sharing 
networks of the mid-1960s then followed (Morrisey, 196 5;
Popell, et al., 19661, These systems represented virtually 
the first instances of using telecommunications to inter­
connect suppliers of computer services with their customers 
at remote locations,

In the late 196fls it was recognized that existing 
computer systems could be more efficiently utilized by 
connecting them together (Roberts & Wessler, 1970} , The 
special resources and capabilities developed at each of the 
many separate computer facilities could profit by resource and 
load sharing. Sharing reduces computer related costs by 
eliminating redundancy of hardware, software and data bases. 
This arrangement can be supported by two justifications-— one 
theoretical and one practical. The former is based upon the 
Law of Large Numbers (Kleinrock, 19751. An individual's 
demand on the system is bursty, i.e., unpredictable arrival 
time and size of messages. However, the collective demand of 
a large population of users is well approximated by the sum of 
the average demands required by that population. That is, the 
statistical fluctuations in any individual's demand are 
smoothed out in the large population case so that the total 
demand process is more deterministic. The practical justifi­
cation is based upon the dramatic reduction in the cost of
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computer hardware around 1969. This price decrease made it 
more cost effective to connect into an existing computer 
network than to buy additional hardware and software for in- 
house use only. The above-mentioned factors led to the growth 
of distributed computer-communication networks,

The '70s saw an enormous growth, in distributed net­
works. Banking and insurance firms have extensiye networks 
for electronic funds transfer, credit checking, stock and bond 
sales and other monetary needs. The medical and law fields 
maintain extensive on-line centralized libraries for rapid 
retrieval of information to provide better services. Point-of- 
sales terminals are used by shopping centers for inventory 
control to be more in tune with consumer demand. Airline 
reservations systems, e.g., Societe Internationale de 
Telecommunications Aeronautiques (SITA) (.Chretien, Konig &
Rech, 19 73), provide to its members worldwide data communica­
tions capability for customer service. Commercial time-sharing 
is available via TYMNET (Schwartz, 1977) and General Electric 
Information Services MARK III (Schwartz, 1977), The ARPA 
Network (Walden, 19 75), originally conceived by the Advanced 
Research Projects Agency of the United States Department of 
Defense, interconnects dissimilar computers throughout the 
world, thereby allowing users and programs at one computer 
center to access and interactively use facilities at other 
centers geographically remote from one another.

With the double-digit rate of increase in the cost of 
energy, transportation and personnel and the double-digit rate



of decrease in the cost of computing and communications, the 
demand to bring remote information to users via data networks 
for cost savings and convenience is overwhelming. By applying 
the new technology in microelectronics and digital communica­
tion creatively to public needs, common user data networks can 
be expected to bring about a large variety of innovative 
network services. Future development lies in the adaptation 
of computer networks for individualized, personal services in 
distinction to the present services for large organizations.

Leading the field in research and development for 
advanced computer and communications systems is the Defense 
Advanced Research Projects Agency (DARPA), which seeks 
totally new approaches to data acquisition, processing and 
transmission. One area of special emphasis is computer 
communications technology.

An installation plan is being developed for ARPANET 
for use at Strategic Air Command headquarters. In addition, 
packet radio network technology is being extended to provide 
automated data processing services for airborne use, such 
as in the airborne command post. The packet-communication 
technology program is also exploring computer-based methods 
for controlling, allocating and accessing information 
through a variety of media including mobile radio, broadcast 
satellites, coaxial and optical cable, and leased telephone 
circuits. End-to-end security is a high priority for these 
packet-switched networks as well as for packet-switched voice.

Integrated voice and data communications is seen by
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both the military and private sectors as the means for 
future network design. Integration will serve the purpose 
of network economization as well as network management 
simplification.

Another area of great potential is "voice mailbox" 
service. Voice data are stored-and-forwarded from source to 
destination and saved on disk until the user accesses the 
system at his convenience. Numerous private companies, 
among them Datapoint, IBM and ECS Telecommunications, are 
in the market for providing such systems and the competition 
will intensify as the market develops.

1.2 Network Structure
A computer communication network is a collection of 

nodes, i.e., computing resources, connected through nodal 
switching computers which communicate with each other via a set 
of links, the data communication channels (Kleinrock, 19641. 
Messages, in the form of commands, inquiries, file transmissions 
and the like, travel through this network over the links. At 
the nodal switching centers, the communication oriented tasks 
of relaying messages and of inserting and removing them at the 
proper nodes must be carried out. These tasks are separated from 
the main computing functions required of the node and are rele­
gated to a switching computer which is dedicated to these tasks.

This separation of tasks, communication and computing, 
is a historical result of the extension of centralized networks 
to distributed networks. During the '60s, centralized networks 
developed an expertise in a particular area, e.g., text
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editing, graphics or data base design. For a user of one 
centralized network to access the programs of another network, 
the user either traveled to a terminal linked to the desired 
network or obtained a copy of the software and installed it on 
the mainframe of his network., assuming hardware and software 
compatibility of the two systems. If seyeral networks wanted 
to share their software with each other, numerous copies would 
have to be produced. Besides this redundancy, in order for one 
network to be able to run all the software on its computer, a 
larger and costlier hardware configuration would be required,

The logical course taken to avoid these difficulties 
was to connect the roots of centralized networks so that only 
one computer need have a copy of a software package and each 
user could access any of the other networks from his local 
terminal. Software maintenance is simplified as any change in 
a program has to be made only once since all users access the 
same program. No problems with hardware compatibility arise 
as the program is run on the machine it was written for. Thus 
a distributed network allows a user at a terminal to access the 
needed resources anywhere in the network with the communication 
process being transparent.

Figure 1,4 depicts the general structure of a dis­
tributed computer communication network. The basic elements 
consist of terminals where all user inquiries originate, remote 
concentrators to handle traffic in a localized area and send 
it to a computer resource node (hardware and software configura­
tion) . Here the message is processed and forwarded over a



- -LOW SPEED 
COMM. LINE

NODAL
SWITCHING
CENTER

COMPUTER
RESOURCE
NODE

REMOTE
CONCENTRATOR*

Figure 1.4. General structure of distributed network



10

low-speed communication line to a nodal switching center where 
all message handling is taken care of. The proper path is 
chosen by which it will reach the desired resource node over 
high speed communication lines. A response to the inquiry will 
be returned to the terminal of the user from the resource node, 
Users might be connected to the resource node in either a star, 
loop or tree configuration which is in turn connected to the 
switching center, or a user can be directly connected to a 
switching center. The nodal switching center relieves the 
resource node of message transmission-related tasks as well as 
serves as an interface for the various resource nodes which may 
be of different manufacture. All protocol, error checking, 
translation and statistics gathering is done at the switching 
centers as well as the critical task of path selecting.

Computer-communication networks may therefore be 
partitioned into two separate subnetworks: (a) the communica­
tion subnetwork providing message service, and (b) the user- 
resource- subnetwork which is the collection of computer and 
terminal resources. The communication subnetwork is an area 
of intensive research in the literature. Four optimization 
problems, which are presently solved to various degrees of 
completeness, are being investigated in the literature. They 
are: (a) capacity assignment; (M flow assignment;
(c) capacity and flow assignment; and (d) topology, capacity 
and flow assignment. The objective of each problem is to 
minimize the average message delay, each with respect to a 
different parameter or set of parameters (as the name
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associated with the problem denotesl. The proposed research 
falls under the flow assignment category. For a better under­
standing of the problem, an explanation of how messages are 
switched and routed between source and destination will be 
presented.

1,3 Information Transmission
Upon arrival from a terminal at the local computer 

resource node, the source node, a message requires a method of 
transmission and a path in order to reach the destination 
resource node. The method of transmission, switching technique, 
is an integral part of the design process as it affects part of 
the hardware selection. Similarly, how a path is to he 
determined each time a message arrives at a source node 
governs, in part, the software as well as the hardware choices. 
Both, of these aspects of information transfer, which are 
crucial to the ultimate design of the network, will be dis­
cussed below.

1.3.1 Switching Methods
Communication networks may be classified by three types 

of methods for transmission: circuit—switched, message- 
switched and packet-switched.

A circuit-switched network provides service by setting 
up a total path of connected links (channelsJ from the source 
to the destination. The complete circuit is set up by a 
special signaling message that threads its way through the 
network, seizing links in the path as it proceeds. After the
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path is established, a return signal informs the source that 
the phase of actual data transmission may proceed— all channels 
in the path are then used simultaneously. The entire path 
remains allocated to the transmission, whether or not data are 
being sent over it, until the source node releases the 
circuit. Then, all the seized channels are released and 
returned to the available pool for use in other paths. 
Circuit-switching is the common method for telephone systems.

In message-switching only one line is used at a time 
for a given transmission. The message travels from its source 
to the first intermediate node in its path. When the entire 
message is received at this node, a link to the next 
intermediate node is selected. If all lines to the node are 
in use, the message is queued in a buffer until the line 
becomes available and then transmission resumes. Thus, the 
message "hops" from node to node, using only one channel at a 
time, queueing at a node if the outgoing links are in use, as 
it is successively stored-and-forwarded through the network.

Packet-switching is basically the same as message- 
switching except that each message is decomposed into smaller, 
fixed size pieces called packets. The packets are numbered and 
addressed and make their way through the network in a packet- 
switched store-and-forward fashion. Many packets of the same 
message may be in transmission simultaneously in the network 
along different paths; this "pipelining effect" is one of the 
main advantages of this technique. The transmission delay 
may be considerably reduced over message-switching as a result.
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Digital data transmission, especially when bursty, lends 
itself very nicely to message and packet switching. The 
latter can more efficiently handle small messages than 
message switching in spite of the presence of long messages 
because of the decomposition process. See Figure 1.5 for a 
pictorial comparison of these‘three methods.

1.3.2 Routing Techniques
The second critical decision in network design is how 

to determine the best path over which to send messages or 
packets. Deterministic and stochastic routing are the two 
basic techniques that can be employed.

Deterministic routing is designed to provide 
satisfactory performance, on the average, over a range of 
traffic intensities, One method to provide this performance 
is the least-time delay algorithm (Fultz & Kleinrock, 19 711 
in which routes are chosen to minimize the overall average time 
delay. A second approach (Silk, 1969) involves the shortest— 
route computation using either the path with the fewest number 
of links or weighing each link based on cost, length, propaga­
tion delay, estimated traffic, etc. A central supervisory 
program establishes a route from source to destination possibly 
using one of the above methods. The route may be newly 
determined each time a user comes on the network, remaining 
unchanged during the session, e.g., TYMNET. Or, the route may 
be fixed according to predetermined priorities, e.g., in SITA 
the routes are updated three times a year. In both cases,
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secondary routes can be selected to provide better performance, 
for example a specified fraction of entering messages use the 
secondary rather than the primary route.

Those procedures in which there are fixed decision 
rules as to which neighboring node to visit next based upon 
some probability distribution are known as stochastic (random} 
techniques. Each node has associated with its outgoing lines 
a fixed probability as to where a message should be routed next 
in its journey from source to destination. This random routing 
based upon probabilities is simple to construct Gno source ox 
destination information is required nor is a directory needed^, 
is relatively insensitive to changes in network, structure and 
is highly stable. Kleinrock (19721 has found that for a 
particular class of random routing procedures, the expected 
number of steps a message takes can be computed and an expres­
sion for the expected time spent in the network can be derived. 
This technique, however, is highly inefficient and leads to 
increased time delays. Messages are routed over relatively 
more links than in a deterministic case. As a result, the 
increased internal traffic leads to an increase in network 
overloads. By not taking into account information such as 
traffic patterns, topology, queueing statistics, etc., poor 
response time is the consequence (Prosser, 1962).

A more sophisticated and efficient stochastic routing 
strategy can be found in the decentralized network. The ARPA 
network, for example, employs this technique whereby each node 
carries out least-time estimates and decides, on a
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decentralized or local basis, which outgoing link to use to 
minimize the estimated time delay from source to destination.

Isolated local routing techniques allow for each node 
to make its own routing decisions, independent of the status 
of neighboring nodes. The time delay estimate a node uses may 
be the number of messages waiting in the queue for a particular 
outgoing link or a weighted version of the time delay incurred 
by messages going in the reyerse direction from the destination 
to the source. Though easy to set up, this technique does not 
take into account the status of neighboring nodes to improve 
routing choices and it adapts poorly to damaged networks.

Locally adaptive routing requires that all neighbors 
exchange, on a periodic basis, their own estimates of the 
minimum time required to reach a particular destination. The 
receiving node then adds on its own estimate of the time 
required to go to each neighbor, essentially the queueing 
delay on the appropriate outgoing link, to achieve a better 
estimate of time delay than the isolated technique. This is 
a more complex strategy to implement as communication is 
required between nodes but it adapts more easily to node or 
arc failure.

The analysis of adaptive routing algorithms is extremely 
complex. Various approaches have met with limited success. 
Simulation has been relied upon almost exclusively to investi­
gate algorithms and compare different strategies. The basic 
problem of analysis is that for a distributed network the 
study of adaptive routing involves the time varying behavior
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of a set of interactive queues, work on which is still in its 
infancy (Kobayashi, 19 74). Some analysis of a primitive form 
of adaptive routing, appropriate to centralized communication 
networks, has been carried out (Brown, 19 75; Brown & Schwartz, 
1975).

1.4 The ARPA Network (Kleinrock, 1976? Schwartz, 19 77)
The ARPA network has probably generated more interest 

and excitement in the field of computer networking than any 
other network in the world. It has spawned a tremendous amount 
of research in computer-communications analysis and design.
The development of the ARPA network has led, directly or 
indirectly, to the development of a whole host of large-scale 
computer-communication networks worldwide, both commercial as 
well as government owned.

In 196 7, Roberts (19671 proposed an experimental 
computer network, which was later to become the United States 
Department of Defense Advanced Research Projects Agency 
(ARPA) Network. For a number of years prior to 1967, ARPA 
had been funding the growth and development of many multiaccess 
time-shared computer systems at a number of university and 
industrial research centers across the United States. By 1967 
many of these had shown themselves to be valuable computing 
resources and it was recognized that the Department of Defense 
as well as the scientific community could benefit greatly if 
remote access to all these systems could be made available from 
any terminal. A cost analysis performed at the time indicated
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that the use of packet switching for the ARPA network would 
lead to more economical communications and better overall 
availability and utilization of resources than many other 
methods.

The overall network design considerations included:
Cl) a least-cost network with packet delay of less than two- 
tenths of a second from source to destination resource node;
(2) at least two-connectivity; (31 the ability to respond to 
variations in traffic flow without significant degradation;
041 the ability to grow in an orderly, low-cost manner,

In 1969 the network, began operation with- four nodes 
interconnected? by June 1975 more than one hundred large 
computers of all types were connected into the system. Packet 
switching and store-and-forward technology were employed.
Nodal minicomputer communication processors called Interface 
Message Processors (IMPs) carried out the communication 
functions. IMPs were modified versions of the Honeywell 
DDP-516 machine. Terminal Interface Message Processors (TIPs), 
allow terminals to be connected directly to the network without 
going through a computer system (Hostl. TIPs (Honeywell H-316 
computers) are also used as nodal concentrators. IMPs and 
TIPs, comprising the communication subnetwork, are inter­
connected with wideband communication lines primarily of 50 
kilobits per second (kbps) capacity. In February 1976 the 
geographical map of the network consisted of 56 nodes inter­
connected by 74 links. Two links were 7.2 kbps satellite 
links. There were 23 TIPs and 33 IMPs. From one to four
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Hosts were connected to each. IMF and each, node is connected to 
from two to four other nodes to provide alternate path 
capability.

Messages from Host computers are limited to 8,063 bits 
to avoid congestion and ease the requirements on nodal 
buffers. A message from a Host, transmitted to its IMP for 
processing and forwarding, is segmented at the IMP into at 
most eight packets with a maximum of 1,00 8 bits each. In 
practice the vast majority of messages transmitted are one 
packet long. Control and destination characters are added at 
the source IMP before the packet is released to the network, 
Packets are individually routed through the network to the 
destination node. Once a complete message is received at the 
destination IMP and in turn passed on to the appropriate Host, 
a "ready for next message" tRFNM} packet is returned to the 
source node.

The ARPA network employs locally determined adaptiye 
routing. Each node makes its own decision as to which node to 
next forward a given packet. A routing table is maintained at 
each node which associates the destination nodes with a 
particular outgoing link estimated to provide the shortest 
time path. Estimates are obtained by periodically exchanging 
least-time estimates for each destination node with the 
adjacent nodes and then a given node adds its own time 
estimate to get to the neighboring node Cbased on the queue 
on each outgoing linkl. Updates are performed on the routing 
tables using these numbers. Routing messages are exchanged
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at least every 625 milliseconds.
During one week in August 19 73, some statistics were 

gathered on the performance of the ARPA network. The traffic 
in 1973 was about 4.5 x 10® packets per day, as opposed to 
10® packets per day in 1971, and appears to have leveled off 
at this point. Single packet messages made up between 97 and 
98 percent of all messages, the average message length being 
1.12 packets. The average round-trip message delay (.the time 
a message enters the network until a RFNM is received), was 
93 milliseconds, below the .2 second design requirement. This 
was due to the short length, of most messages, low traffic 
intensity and the very short path, messages were found to 
traverse on the average. Sixteen percent of the traffic 
traveled one hop, i.e., between neighboring nodes, with the 
mean path length being 3,3 hops. Most trips followed a shortest 
path route. The average network, arrival rate was 4 7 messages 
per second with a peak of 110 messages per second, Including 
overhead, this corresponds to a utilization of 7 percent of 
transmission capacity on the average. The maximum utilization 
was 13.4 percent,

1.5 Literature Review
The flow assignment problem has been defined as the 

problem of finding the fixed routing policy which minimizes the 
average delay time (.Frank & Chou, 19 71) . In Frank and Chou 
(19 71) the authors show how the routing problem can be formu­
lated as a variation of the classical multicommodity flow
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problem. The expression to be minimized is the sum of a set 
of convex functions with a convex constraint set. Thus there 
is a unique local minimum, which, is also the global minimum, 
and it can be found using any downhill search technique. 
Several optimal techniques for the solution of the multi­
commodity flow problem are found in the literature (Danzig, 
1963; Tomlin, 1966); however, their direct application to the 
routing problem proves, in general, to be cumbersome and 
computationally inefficient. Frank and Chou (.19 711 present 
a conceptually simple and computationally efficient heuristic 
providing a suboptimal routing procedure for minimizing time 
delay called the minimal link algorithm. Its major drawback 
is that of being rather insensitive to queueing delays and 
therefore possibly far from optimum in heavy traffic condi^- 
tions.

A downhill search algorithm, called the flow deviation 
method, was developed by Fratta, Gerla and Kleinrock (19731 to 
compute the optimal solution for the fixed routing problem.
The step that is most time-consuming, computation of shortest 
routes based on the link flow, requires an amount of computa­
tion between n2 and n2log (n) where n is the number of nodes in 
the network; the flow assignment calculation requires on the 
order of n2 calculations. The flow deviation provides the 
total flow in any link. To determine the individual commodity 
flows in each link, as required for routing assignments, 
additional bookkeeping must be carried out. One possibility 
is to update the individual commodity flows at each iteration.
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It thus compares favorably to tbe minimum link, algorithm in 
computation time. However, its rate of convergence is rather 
slow tBest, 19 75) .

The flow deviation algorithm has given rise to other 
algorithms that attempt to improve upon it. The objective 
function of Frank and Chou (.1971) is strictly convex and, as 
mentioned above, one and only one local minimum exists and it 
is also the global minimum. In order to find the minimum, the 
extremal flows method (Cantor & Gerla, 1974)., applies the 
decomposition method (.Danzig, 19631 to formulate a master 
problem with simpler constraints than those in Frank and Chou 
(19 711 but with an enormous number of variables. The master 
problem is solved first with, a restricted set of extremal 
flows (shortest routesl using the gradient projection method 
(Hadley, 19641 and then this solution is tested to determine 
if it is also the optimal solution to the global problem. The 
gradient-type iteration speeds up the rate of convergence and 
its computational complexity is comparable to that of the flow 
deviation method. However, the cost becomes prohibitive for 
very large nets (more than 100 nodesl. A fourth algorithm 
(Schwartz & Cheung, 19 76), for message—switched store—and- 
forward networks, uses a gradient search modified to account 
for the constraints of the problem. Its rate of convergence 
is generally faster than that of the flow deviation algorithm, 
with the proper initial feasible flows, and it outputs the 
individual commodity routes directly with no additional book­
keeping. Its computational complexity, however, is greater
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than that of the flow deviation algorithm. It appears primarily 
suited to routing computation in small networks or in those 
networks which have only a subset of nodes communicating with 
each other.

1.6 Critique of the Current State-of-Art
As can be seen from the above review of the literature, 

a good deal of work has been done in studying fixed flow 
routing with some promising results. However, both the 
heuristics and exact algorithms are deficient in certain 
aspects. Heuristics provide only sub-optimal solutions, while 
exact algorithms are computationally complex from the point of 
view of computer time and storage. During the model building 
process an algorithm must be run dozens of times to test 
numerous possible network, configurations, straining the 
budgeted time and money an analyst is allocated.

Direct mathematical analysis of the general communica­
tion network and even the simpler class of tandem nets is 
complex and intractable, Kleinrock (19 72) has shown that the 
source of difficulty is the dependence between the inter­
arrival times and the lengths of internal message traffic. One 
way to break the above dependency and thus hopefully simplify­
ing the mathematical description is to make the following 
assumption:

The Independence Assumption: each time a message is
received at a node within the net, a new length v is
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chosen for this message from the following probability 
density functions

ptvl = |4e“tlV 
This assumption removes the dependency and produces a 

model which behaves essentially the same as the original model 
with respect to average message delay. Particularly in light 
traffic situations and in those where external messages enter 
in large enough numbers to wash out the dependence of internal 
messages arriving from other nodes in the network is this 
assumption true. The Independence Assumption essentially 
allows us to ignore queueing dependencies; messages are 
assumed to be independently generated at each node with 
lengths independently chosen from an exponential distribution. 
Thus, each channel satisfies the conditions of the single 
server exponential channel, an M/M/1 queue. This observation 
coupled with, a theorem due to Burke (19 561 (the steady-state 
output of a queue with n channels in parallel, with. Poisson 
arrivals and with lengths chosen independently from an 
exponential distribution is itself Poisson distributed!, 
allows us to consider each channel (or node) separately in 
the mathematical analysis.

Algorithms that seek exact solutions to the fixed 
routing problem include the Independence Assumption as an 
essential part of their analysis. This assumption allows for 
the average delay time of a message traveling from source to 
destination to be expressed in terms of the average flows in
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the channels. The result is:

Call arcs i)
where

T = total average delay per message 
= message rate on arc i 

^ = total message arrival rate from external sources 
= average delay suffered by a message waiting for

arc i (transmission, queueing and propagation delay)
As tempting as it is to say that the flow assignment 

problem has been solved because of the Independence Assumption, 
the problem is far from finished. Fixed routing problems have 
been greatly simplified by this assumption, but the introduc­
tion of various alternate routing procedures may easily 
complicate the mathematics once again. In many cases a 
simulation still has to be relied on for results. In addition, 
the assumption is valid only under the certain circumstances 
mentioned earlier. Other cases revert back, to the simulation. 
In all, the Independence Assumption simplifies the mathematical 
analysis but the exact solutions found in the literature are 
actually inexact due to the approximations made by the assump­
tion .

1.7 Research Objectives
In light of the above, a method for solving the flow 

assignment problem with the following characteristics is still 
lacking from the literature: Cl) it is relatively simple in
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comparison to present solutions; C2) it is a true-to-life 
solution rather than an approximation; and (.3} it is applicable 
for various types of arrival and service time distributions.

The objective of the research is to develop an algorithm 
for computing the exact amount of time a message will require 
to travel from source to destination in a given network with 
capacity constraints on the arcs. This total travel, or 
service, time is composed of two factors: total shipping time
and total queueing time. Total shipping time is the sum of the 
periods during which a message flows from node to node along 
arcs in the path. The time spent waiting for intermediate arcs 
to become available is the queueing time.

To be more realistic in analyzing the message flow, the 
following pattern will be applied. At the source node, a 
message is divided into fixed size packets. These packets 
are sent out over the network, using either one fixed route or 
alternate routes as well. As a packet arrives at an inter­
mediate node, the next arc in its path is checked to see if it 
is available for transmission. If the arc has available 
capacity for the packet, the packet is forwarded to the next 
node, When an arc is being used to capacity, the packet queues 
at the node on a FIFO queue, waiting until the arc becomes 
available. This represents a true description of what happens 
to a packet in traveling from source to destination. The goal 
of the research is to develop a non-simulation procedure for 
computing the exact amount of service time a message, following 
the above flow pattern, will incur in a network given the arc
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distance and capacity parameters and the size of the message 
(in terms of packets1. This procedure could then be incorpo­
rated into an algorithm to compute the total service time over 
all paths and then select the optimal path to minimize total 
service time.

Realizing that the network analyst would need to apply 
this procedure to numerous initial designs, bounding tech­
niques will be developed to aid in the elimination of designs 
that are out of desired service time ranges. This would allow 
a more intensive study of the remaining configurations as 
analyst and computer time and money is saved by reducing the 
number of designs to be analyzed. Only promising networks 
would be analyzed for an exact solution producing the best 
final design in the least possible time.

1.8 Summary of Thesis
The total service time a message incurs from the source 

node to the destination node in a network is a critical design 
criterion. The computation of the exact amount of total 
service time will be analyzed in Chapter 2 by first looking at 
the simplest type of network, a one—arc two-node network.
This analysis will then be extended to a slightly more 
complicated network, one with two arcs and three nodes. Though 
the latter network is not much larger or complicated in design 
than the one-arc two-node network, numerous additional 
insights can be obtained by studying it. These insights can
then be applied to networks with N-l arcs and N nodes and then
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employed in general networks. A recursive algorithm for the 
computation of the exact total service time will be presented 
as a result of this analysis.

To aid in the elimination of designs that do not meet 
the desired service time specifications, bounding techniques 
will be presented in Chapter 3. From a study of two-arc 
three-node networks, upper and lower bounding procedures will 
be derived. Each bound can be computed in linear time so as to 
be a viable option in the design stage. These bounding 
techniques will then be analyzed in the context of an N—l—arc 
N-node network and then extended to general networks so that 
bounds can be produced for all paths in the network.

Thus, methods will be presented and analyzed to aid in 
the design stage of network analysis— bounding techniques for 
a quick elimination of those designs not meeting the required 
specifications and an algorithm for the computation of the 
exact total service time in order to achieve the best possible 
configuration.
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CHAPTER 2

THE EXACT SOLUTION: COMPUTATION OF THE
EXACT TOTAL SERVICE TIME IN A 

PACKET-SWITCHED NETWORK

2.0 Introduction
This chapter is devoted to the analysis of how to

/

compute the exact amount of total service time incurred by a 
message in going from a source to a destination in a network. 
First, a closed-formula solution is presented for the computa­
tion of total service time in a one-arc two-node network. 
Insight is gained into the mechanics of queueing and service 
time between nodes. The flow of packets in a two-arc three- 
node network is then examined via the Cyclic Allocation 
Algorithm. This algorithm allows for easier and faster calcu­
lation of total service time than by a simulation. Speed-up 
techniques allow for a further reduction in computation time.

Finally, a novel, recursive procedure is presented 
that computes the exact service time for an N-l-arc N-node 
network. Its simplicity and flexibility make it a practical 
and powerful tool for network design.

2.1 One-Arc Two-Node Network CRudowsky & Rootenberg, 1979).
As mentioned above, the analysis will begin with the 

study of a one-arc two-node network, as shown in Figure 2,1,
A circle (node) with a number inside represents a nodal 
switching center and the directed arc connecting them 
represents a communication link. In this case, messages go
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Figure 2.1. One-arc two-node directed network
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from node 1 to node 2. Associated with the link is a capacity, 
Ci 2 (maximum number of packets that can be transmitted 
simultaneously between node 1 and node 2}, and a distance, 
di j between the nodes (miles, for example). For purposes of 
analysis, distances will be treated without regard to any 
particular measure. The time, t^ 2 ? to traverse the link is 
equal to the number of units of distance multiplied by one 
unit of time per one unit of distance. Thus, for a packet to 
travel from node 1 to node 2 , the distance being ten units, 
requires 10 units of time. As an example, let Cif2 in 
Figure 2.1 equal 10 packets and equal 8 units of
distance.

The computation of total service time in a one-arc 
two-node network revolves around the last packet of the 
message. The time the last packet reaches node 2 is the total 
service time of the message. Because of the capacity con­
straints and because there is only one link between source and 
destination, arc (1,2), packets are sent in blocks. A block 
consists of at most C^f2 packets. If a message is decomposed 
into 23 packets and the arc capacity is 7 packets, then 4 
blocks will be sent; the first three will consist of 7 packets 
and the fourth block will contain 2 packets. The number of 
blocks can be determined by computing the ceiling of the 
number of packets to be shipped, T, divided by the arc 
capacity, C i f 2* Each block will contain the maximum number of 
packets allowable, determined by the capacity. The last block 
may contain between one and the maximum number of packets.
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This value is the remainder obtained from dividing the number 
of packets by the capacity. If the remainder is zero, then 
the last block contains the maximum number of packets.

and arrives at node 2 at time tif2 * T*1® second block leaves 
node 1 at time t ±f2 and arrives at node 2 at time 2 *tif2* 
Thus, the kth block arrives at time k't^^* A H  that is 
required in order to compute the service time for the nth 
packet is to know which block it is in. But this is just

, the ceiling of the packet number divided by the 

capacity. The total service time is then

What is most interesting is that the total service time for 
the nth packet is a function of n. It can be computed inde­
pendently of the packets that precede it on the link, i.e., 
the total service time of any preceding packet is not required 
to be known in order to compute the service time of the nth 
packet. Given T packets, the total service time is

It is important to note that the formula can be applied
irrespective of how the messages arrive at node 1 , i,e,, what­
ever the arrival distribution is, Messages can arrive Poisson 
or gamma distributed, following a normal distribution, etc.
The only crucial piece of information required to compute the

The first block of packets leaves node 1 at time zero
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total service time is how many packets there are in the 
message. Total service time can he computed assuming an 
arrival time of zero. Then, by adding on the actual clock 
time of the arrival, Â ., to the zero based total service time, 
the actual completion time can be computed. In other words, 
completion time, Ct , equals

a basis for analysis of more complicated networks. The 
concepts of independence of packet flow and the computation of 
total service time based on the arrival of the last block of 
packets at the final destination node form an integral part 
of the study of two—arc three-node networks and eventually 
of N-l-arc N-node networks. In addition, the formula is not 
limited to messages only with Poisson arrivals but is 
applicable to any type of arrival distribution. This is a 
result not found in the literature as much of the analysis 
is based upon the Independence Assumption of Kleinrock.

2.2 Two-Arc Three-Node Network
This section will analyze the computation of total 

service time of messages in a two—arc three—node network,
The network in Figure 2.2 will be used to analyze the shipment 
of a message consisting of 23 packets. Node 1 is the source 
node, node 3 is the destination, and node 2 is the intermediate 
node.

This first result, though seemingly trivial, provides

For simplicity, assume that the total flow, T, of
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Figure 2.2. Two-arc three-node directed network.
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23 packets is at node 1 at time zero. As shipping time is 
part of the total service time, the best strategy is to ship 
as much as possible at all times. Arc Cl,2}, with its 
capacity of three packets, constrains the shipment of flow 
from node 1 to node 2 into blocks of a maximum of three 
packets each. The shipping time of any of these blocks along 
arc (1,2) is two time units. Thus, from time zero to time two, 
when the first block of three packets is using arc (1 ,2), the 
remaining 20 are queued at node 1. Arc (2,3) is idle until 
time two when the first block of three packets arrives at 
node 2. At that time, both arcs are active; along arc (1,2) 
the second block of three packets is flowing from node 1 to 
node 2 while the first block of three packets is now crossing 
arc (2,3). The first arc, arc (1,2), is used to capacity 
but arc (2,3) is not because only three packets have reached 
node 2 while its capacity is eight packets. But, as much as 
is available is being sent over it.

At time four, the second block of three packets arrives
at node 2 and will immediately be sent over arc (2,3) bringing
the total flow over arc (2,3) to six. The third block of
three packets from node 1 reaches node 2 at time six. At
that time, six packets are on arc (2,31; only two more packets
can be accommodated. Until time eight, when the first block

»

of three packets completes its travel over the path and the 
total packet flow over arc (2,3) becomes five, one packet from 
the third block queues at node 2. At time eight the fourth 
block of three packets arrives at node 2. Arc (2,3) has only
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five packets flowing over it, but there are now four packets 
at node 2 to be forwarded to node 3— one queueing from time 
six and the three new arrivals. Thus, three packets will he 
shipped and one will queue. This process continues until all 
packets have reached node 3. Tables 2.1 and 2.2 contain a 
full account of the message flows over the path in detail and 
summary form, respectively.

While Table 2.2 provides an event-oriented history of 
the message flow, Table 2.1 provides a snapshot of the system 
at each time unit. In Table 2.2 the first column provides the 
time, unit by unit. The second column contains the total flow 
shipped from node 1 that has reached node 2 at the specified 
time unit, while column three contains the amount of flow that 
has reached the destination node, node 3. The following 
column is the flow on arc (2,3) and the fifth denotes the 
queue size at node 2. Note that the sum of the last three 
columns equals the cumulative flow from node 1 to node 2 , 
i.e., column 2 .

Similarly, Figure 2.3 shows a plot of the flow versus 
time. Starting from time *ero, three packets, denoted by © .  
are sent over arc Cl,21 every two units of time, except for
the last shipment which is of 2 packets. As arc (.2,31
receives packets at different time intervals, there are three 
lines to represent the parallel flows. The fourth line depicts
the flow that is queued at node 2, For example, a 1 inside a
square, m  means 1 packet is queued.

From these diagrams it is seen that a total of 24 time
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Table 2.1
Detail of Flow versus Time

:-----------

Time Unit
Cumulative flow 

from node 1 
to node 2

Flow at 
node 3

Flow on 
arc (2,31

Flow queued 
at node 2

0 0 0 0 0
1 0 0 0 0
2 3 0 3 0
3 3 0 3 0
4 6 0 6 0
5 6 0 6 0
6 9 0 8 ■ 1
7 9 0 8 1
8 12 3 8 1
9 12 3 8 1

10 15 6 8 1
11 15 6 8 1
12 18 8 8 2
13 18 8 8 2
14 21 11 8 2
15 21 11 8 2
16 23 14 8 1
17 23 14 8 1
18 23 16 7 0
19 23 16 7 0
20 23 19 0
21 23 19 4 0
22 23 22 1 0
23 23 22 1 0
24 23 23 0 0
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Table 2.2
Summary of Flow versus Time

rime Period Amount of Flow Time Period Amount of Flow

0-2 3 2-8 3
2-4 3 4-10 3
4-6 3 6-12 2
6-8 3 8-14 3
8-10 3 10-16 3

10-12 3 12-18 2
12-14 3 14-20 3
14-16 2 16-22 3

18-24 1

Total Flow 23 Total Flow 23
From node 1 At node 3
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Figure 2.3, Plot of flow versus time
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units is required to ship the entire flow of 23 packets from 
source to destination. Even in this simple example, the book­
keeping of how many packets are on each arc is complicated.
In effect, Table 2.1 and Figure 2.3 are complete simulations 
of the flow of the 2 3 packets from node 1 to node 3, As the 
number of arcs and nodes in the network increases, so does the 
complexity of the simulation.

2.2.1 Cyclic Allocation Algorithm
In contrast to this presentation a new approach, which 

greatly reduces the complexity of the problem, will be intro­
duced, To simplify the computation of allocating flow along 
arc (2,3), view its capacity of eight packets as meaning that 
there are eight independent sub-arcs from node 2 to node 3,
each with a capacity of one packet. See Figure 2.4 for the
new network configuration.

When the first block of three packets arrives at 
node 2 , allocate the first three of the eight sub-arcs,
#1, #2 and #3, to carry the packets. The remaining five
sub-arcs are idle. The next block of three packets will be
sent over sub-arcs #4, #5 and #6 , leaving only two of the 
eight sub-arcs free. At time six, when three more packets 
arrive, sub-arcs #7, #8 and #1 will be allocated to transport 
them. Thus, the allocation is done on a cyclic basis, 
reusing one of the eight sub-arcs only when a cycle has been 
completed. It is essential for understanding the algorithm to 
be discussed below that the sub-arcs be selected in the same
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*1

*3

*e

Figure 2.4. New network, configuration viewing
arc (.2,31 as eight independent sub~arcs
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sequence, i.e., #1 to #8, returning to #1 only after #8 has 
been used. Thus, if sub—arcs #1 and #2 are allocated for 
packets, the next suh-arc to be allocated is #3 even though 
#1 or #2 may not be in use when #3 is to be used.

Following these rules, the original problem of shipping 
23 packets over the path will be solved. There are seven 
blocks of three packets each and one block of two packets 
that will flow from node 1 to node 2. This is dictated by the 
capacity constraint of three packets on arc (1 ,2) and the 
total flow of 23 packets; at most three packets may travel 
over arc (1,2) simultaneously. Twenty-three divided by 
three yields a quotient of seven, the number of blocks of 
three packets, and a remainder of two, representing the eighth 
block of two packets.

To demonstrate the effect of the new approach, the 
entire allocation procedure will be examined in detail.
Later it will be shown how a further reduction in the 
procedure can be achieved. What follows is a tabular method 
that shows the assignment of each packet leaving node 1 to a 
specific one of the eight sub-arcs linking node 2 to node 3. 
Using the method of cyclically allocating flow to the eight 
sub-arcs oyer arc (2,3}, the blocks of messages that use each, 
sub-arc can be listed.

Table 2.3 displays the cyclic allocation of the 
messages by block. The first block, denoted by l's, uses 
sub-arcs #1, #2 and #3; the second block denoted by 2's, uses 
sub-arcs #4, #5 and #6 . Sub-arcs #7, #8 and #1 are assigned to
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Table 2.3 
Blocks Allocated to Sub-Arcs 

from Node 2 to Node 3

Sub-arc #1 #2 #3 #4 #5 #6 #7 #8
Cycle 1 1 1 1 2 2 2 3 3

2 3 4 4 4 5 5 5 6
3 6 6 7 7 7 8 8
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transmit packets of the third block, those with. 3's, and so 
on for the remaining blocks. It should be noted that the 
last packet of the eighth block travels over sub-arc #7 .
This same result can be obtained without a full tabular 
listing. By dividing twenty-three, the total number of 
packets to be shipped, by eight, the total capacity of all sub­
arcs connecting node 2 to node 3, a quotient of two and 
remainder of seven are obtained. This means that there are 
two complete cycles of the eight sub-arcs and a third partial 
cycle that ends on sub-arc #7. Thus, the twenty-third packet 
is allocated to sub-arc #7. For flows on each sub-arc by 
packet number, see Table 2.4.

With this information, the next step is to compute 
the time each packet arrives at node 3, the destination. The 
arrival time of the twenty-third packet is the total service 
time required for the entire shipment. The first block of 
three packets arrives at node 2 at time two, having left 
node 1 at time zero and traveled two units of distance. It 
is immediately transferred to arc (2,3) for shipment to 
node 3 as all sub-arcs to node 3 are free. After six addi­
tional time units, the time to travel arc (2,31 being six 
units, the first block reaches node 3. Thus, sub-arcs Jl, #2 
and #3 are in use from time two to time eight. The second 
block of three packets leaves node 1 at time two and arrives 
at node 2 at time four. It reaches node 3 at time ten using 
sub-arcs #4, #5 and #6 . Block three reaches node 2 at time six. 
Two of the eight sub-arcs, #7 and #8, are free to be used.
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Table 2.4 
Flows on Each Sub-arc 

by Packet Number

Sub-arc #1 #2 #3 #4 #5 #6 #7 #8

Cycle 1 1 2 3 4 5 6 7 8

2 9 10 11 12 13 14 15 16

3 17 18 19 20 21 22 23
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However, tire third packet in group 3, which is assigned to 
suh-arc #1 by the cyclic allocation rule, finds suh-arc j)l 
busy. The first packet of block 1 has not reached its 
destination at time six when sub-arc #1 is requested for use 
by packet three of block three; only at time eight will sub­
arc #1 be free. Thus, this packet queues at node 2 from 
time six to time eight.

In a similar fashion, when block four arrives at 
node 2 at time eight, the first and second packets of that 
block are allocated to sub-arcs #2 and #3 which are free.
The third packet is allocated to sub-arc #4 which is busy 
until time ten. Thus, this packet queues from time eight to time 
ten at node 2. Continuing this procedure, the completion time
of all flows can be calculated.

The complete computation for all packets in all blocks 
is shown in Table 2.5. This table is an elaboration of 
Table 2.3 in that next to each packet, the time of flow over 
its sub-arc on arc (2,3) is listed in parenthesis. For 
example, packet 1 of block 1 uses sub-arc #1 from time two to 
time eight, packet three of block three uses sub-arc #1 from 
time eight to time fourteen, and packets two and three of 
block six use sub-arcs #1 and #2, respectively, from time 
fourteen to time twenty. Note that the cyclic allocation rule 
forces the starting time of a packet to be no earlier than the
completion time of a packet directly above it in a column, as
depicted in Table 2.5.

Thus, packet three of block three could not use



Table 2.5 
Blocks of Packets with Time of 
Flow of Sub-arc of Arc (2,3)

Sub-arc #1 #2 #3 *4 #5 #6 #7 *8

Cycle 1 
2 
3

1 (2-8)
3(8-14)
6(14-20)

1 (2-8)
4(8-14)
6(14-20)

1 (2-8)
4(8-14)
7(14-20)

2(4-10)
4(10-16)
7(16-22)

2(4-10)
5(10-16)
7(16-22)

2(4-10)
5(10-16)
8(16-22)

3(6-12)
5(12-18)
8(18-24)

3(6-12)
6(12-18)

•u
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sub-arc #1 at its arrival time at node 2 , which, was time six, 
because the previous user, packet one block one, was using it 
until time eight. Only then, at time eight, could the next 
packet allocated to sub-arc #1 begin its flow. On the other 
hand, if packet three block three were to arrive at node 2 at 
time nine, assuming C ± t 2 was 3 instead of 2 , then obviously 
this packet could not begin its flow over sub-arc #1 until 
time nine. Though the first packet released its hold on sub­
arc #1 at time eight, a packet cannot use a sub-arc if it has 
not reached the sub-arc.

In total, twenty-three computations must be performed, 
one for each packet to be shipped. In general, the starting 
time of a packet allocated to sub-arc #j is the maximum 
between its arrival time at node 2 and the earliest avail­
ability of sub-arc #j. The latter is determined by the 
completion time of the last packet to use sub-arc #j, i.e., 
its arrival time at node 3.

2.2.2 Speed-up of the Cyclic Allocation Algorithm
At this point a procedure will be introduced that 

results in a further reduction of the complexity of the 
solution to the prohlem. By dividing arc C2,31 into eight 
independent sub-arcs, the allocation problem was simplified by 
using a cyclic assignment scheme. However, twenty-three 
computations were required. Concentrating attention on the 
sub-arc that carries the last packet, i,e,, sub-arc J7, a 
reduction in computation is achieved. From the twenty—three 
calculations previously required, only three are now needed to
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achieve the same result.
Because of sub-arc independence, the flows in the 

other seven sub-arcs do not affect the flow in sub-arc #7, 
Only those packets that use suh-arc #7 are needed for calcu­
lating the total service time. The two questions to be 
answered are: which blocks use sub-arc #7, and what is the
arrival time of each of those blocks at node 2. Answering 
the first leads to the result of the second.

Numbering the individual packets that use each of the 
eight sub-arcs (see Table 2.4) by actual packet number 
rather than block number aids in answering the first question 
of which blocks use sub-arc #7. From Table 2.4 one can see 
that the seventh packet is the first to use sub-arc .#7, In 
general, the kth packet is the first to use sub-arc #k. 
Because of the cyclic allocation of flow and the total 
capacity of arc (2,3) being 8 units, sub-arc #7 carries each 
additional eighth packet after the seventh packet. The next 
packed to use sub-arc #7 is the fifteenth, 7 + 8 ,  followed by 
the twenty-third packet, 15 + 8, which is the last. Thus, 
for any of the eight sub-arcs, the k ^ ,  C 2 ,3+kt*S 
2 *C2 f3 + kt^, 3*C2#3+ktl1, . . . and n*G2 3+^^- packet travel 
over sub-arc #k; n*C2 f3+k£ T, the total number of packets to 
be shipped. For sub-arc #7, when n=2 and k=7 we have 
n*C2 ,3+k or twenty-three as the last packet to flow over 
sub-arc #7,

Finding the block eacb packet is contained in is 
achieved by dividing the packet number by Cj.f2 r tIie capacity
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of the first arc, and taking the ceiling of the result. In 
our example, C\t2 equals three. Thus, packet 7 is in the 
T7/3”| block which is the 3rd block, packet 15 is in the J"l5/3”l 
or the fifth block and the last packet, number 23, is in the 
1"23/3"] or the eighth block. This corresponds to the results 
in Table 2.5.

With this result we can proceed to the solution of the 
second question— what is the arrival time of each block using 
sub-arc #7. The flow from node 1 to node 2 is at a fixed
rate of three packets every two time units. Block one arrives
at time two, block two at time four, and in general block k at
time 0nc® at node 2, a packet will leave for node 3
when a sub-arc is available. The availability of these sub­
arcs is not at a constant rate due to the inequalities in the 
arc parameters, i.e., arc distance and capacity. But knowing 
the arrival time at node 2 enables one to calculate the 
completion time of a packet at node 3.

The first packet to use sub-arc #7 arrives at node 2 
at time six as it is in the third block (k=3 and t i f 2 = 2 ,  

thus k-ti^ 126 as described in the preceding paragraph) .
Being the first packet to use sub-arc #7, there is no queueing 
time incurred. It is immediately shipped and arrives at time 
twelve at node 3. The arrival time at node 3 is the sum of 
the departure time from node 2 , six units in this case, and 
t2 ,3?the time to travel between node 2 and node 3, which, is 
six time units. Thus, sub-arc Jf7 will be in use from time six 
to time twelve. The next packet to use sub-arc j)7, packet 
number fifteen, arrives at time ten, being in the fifth block.
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It must wait until time twelve when sub-arc #7 becomes free to 
continue the journey. Its departure time from node 2 is 
twelve, though it arrived at time ten, and its arrival time 
at node 3 is time eighteen, 1 2 + 6 .  The determining factor as 
to when a packet leaves node 2 is the selection of the maximum 
between the arrival time at node 2 and the completion time of the 
last packet to use the same sub-arc, i.e., the arrival time at 
node 3 of the last packet frees the sub-arc for further use.
The last packet to use sub-arc #7, packet twenty-three, 
arrives at node 2 at time sixteen; in the eighth block. As 
sub-arc #7 is being used by packet fifteen until time 
eighteen, packet twenty-three queues from time sixteen to 
time eighteen. It arrives at node 3 at time twenty-four,
1 8 + 6 .  Note that its departure time from node 2 was the 
maximum of eighteen and sixteen.

Having found a method to compute the block number and 
arrival time at node 2 of all packets using the terminal 
sub-arc, in this case sub-arc #7, the problem and its solution 
can be stated as follows:
Problem: Given the network in Figure 2.5, where

di#j is the distance from node i to node j,
Cj^j is the capacity of arc Ci,jl and 
tifj is the time to cross arc (i,jl, 

compute the total seryice time required for T packets to be 
stored-and-forwarded from node 1 to node 3 where packets are 
shipped as soon as sub^arcs are free. For simplicity assume 
t^^j = ci,j 'd  unit time/1 unit distance!.



Figure 2.5, General two-arc three-node 
directed network
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Solution; Cyclic Allocation Algorithm for a two-arc three- 
node directed network.

Define = arrival time, at node 3, of the kth hlock of C i f2
packets that uses the terminal sub-arc, and

Sfc = arrival time, at node 2 , of the kth block of C i f2
packets that uses the terminal sub-arc.

Cl) Compute; R = T MOD (C2 f3l
If T MOD (C2,3l equals 0 then R = C2 r3 .
Q = (T-R)/C2 ,3
(Q will be used in later steps of this algorithm.).

(2) Tj. = t1(2 • [r/C1(H  + t2 ,3
(3) Repeat for k = 1 to Q

(3a) Sk+1 = t1;2 . n r +lc.C2,3l/cT^|
(3b) Tk+1 = Max CSk + 1 , Tk l + t2(3 
C3c) return to step 3

(4) Tq *.! is the total service time required 
Explanation of the algorithm:
Step (1) computes the sub-arc on which the packet flow will 

terminate, call it R.
Step C2) computes the arrival time at node 3 of the first 

packet that uses sub-arc R 
is the block 

*1 ,2- f®/ci73 is the arrival time at node 2
‘1 ,2 - P*/Cl +t2,3 arj:ival time at node 2 +

traveling time to node 3 from node 2.
Step C3) begins the loop for the other packets that use 

sub-arc R?
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Q was calculated in step Cl).
Step C3a) computes the arrival time at node 2 of the kth

Step (3b) selects the maximum of the arrival time at node 2
of the (k+1) st packet, denoted and the arrival
time at the terminal node of the kth packet, denoted 
Tfc, i.e., the earliest time sub-arc R is available 
for the (k+llst packet. Adding ^2,3 to t îe maximum 
results in the earliest arrival time, at node 3, of 
the (k+l)st packet.

Step (3c) repeats the above calculations for all packets

Step (4) the last value of T, Tq +^, is the earliest arrival

The graph in Figure 2.6 will be used as input for the
cyclic allocation algorithm. Let T, the total number of 
packets to be stored-and-forwarded, be 27. Arc lengths and 
capacities are found in Figure 2.6. Following the algorithm 
we find:
(1) Q = 6 R = 3
(2) Tx * 6

The computation of Sk and Tk+1 will be repeated for values 
of k from 1 to Q where Q was calculated in (11 as 6 . The 
results of the iteration are thus:

packet to use sub-arc R where 
gives the group number of this packet

flowing over sub-arc R,

time at node 3 of the last packet or equivalently 
the total service time.

Illustration of the Cyclic Allocation Algorithm



Figure 2.6. Two-arc three-node network 
to illustrate the CAA
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C3) S2 = 4, T2 = Max (4,61 + 2=8
(.41 S3 = 8, T3 = Max (8,81 + 2=10
(5) S4 = 12, T4 = Max (12,101 + 2=14
(6) S5 = 12, T5 = Max (12,141 + 2=16
(7) S6 = 16, Tg = Max (16,161 + 2=18
(8) S 7 = 16, T 7 = Max (16,181 + 2=20
(91 Total Service Time = 20 time units, i.e., T 7

The efficiency of the algorithm is clearly demonstrated 
over a complete simulation of the message flow that would have 
been required if not for the findings of this section. Again, 
note that the Independence Assumption was not invoked in order 
to justify the Cyclic Allocation Algorithm. Messages can 
arrive at the source via any distribution and follow a true- 
to-life flow pattern in going from source to destination.

2.3 N-l-Arc N-Node Network
This section will present the generalization of the 

Cyclic Allocation Algorithm (CAA) for a network with N-l arcs 
and N nodes and its applicability to a general network. A 
novel method of computation of total service time will be 
analyzed and described both algorithmically and graphically.
In comparison to simulation, the current method for obtaining 
an exact, true-to-life solution, this new technique will speed 
up the analysis stage, A simulation would probahly require 
changes in its program code and computer memory requirements 
in order to accommodate varying test designs. The algorithm 
to be presented does not require any coding changes in order
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to examine different configurations and computer memory is 
dynamically allocated based upon the network design para­
meters. This relieves the analyst of programming chores 
enabling him to concentrate on analysis. In addition, 
selective rather than exhaustive calculations and parallel 
computations pointed out by an easily constructed graphical 
representation speed up the algorithm for a faster, final 
solution. The key is to use the CAA to center on those 
packets that are necessary and sufficient to arrive at the 
value for total service time in the network.

This novel approach will provide the network analyst 
with an invaluable tool for selecting the best configurations 
for the network design problem under consideration. Used 
alone or in conjunction with other design tools, it can speed 
up the analysis and help to achieve an optimal or near-optimal 
final design.

2.3.1 General Cyclic Allocation Algorithm
The Cyclic Allocation Algorithm provides a quick and 

exact method for the computation of total service time in a 
two-arc three-node packet switched communication network.
The key to the algorithm, as seen in section 2.2, is to 
trace the packets that flow over the terminal sub-arc that 
carries the final packet. All other packets have no effect 
on the outcome. The extension of the algorithm to a path with 
N-l arcs and N nodes follows the same logic. Start at the . 
last arc in the path and find all packets that flow over the 
terminal sub-arc. To compute the completion time of packet j
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on the terminal sub-arc of arc Ci^-iriN^* s®e Figure 2,7, one 
must know: (.a) the completion time of packet j on the pre­
ceding arc, i.e., arc Cijj-2 r *N-l!-f tt>) t*10 completion time of 
the last packet prior to packet j to use the terminal suh-arc 
of arc (iN-ir^N)' and (.cl the time required to traverse the 
terminal sub-arc of arc Ciu^i•, ijjl • The larger of tal and (b) 
added t o  the value of Cel yields the completion time of 
packet j on arc (.in-i'iNi* T^e values of (al and Cbl, 
necessary for the computation, are themselves computed in a 
similar fashion. Thus, the algorithm can be expressed 
recursively providing the analyst with a compact tool for 
design.

For a better understanding and appreciation of the 
Generalized Cyclic Allocation Algorithm CGCAAl, as this new 
tool v;ill be referred to, an example will be presented and 
extensively analyzed comparing the unwieldy simulation tech­
nique with this simple and faster novel approach. This 
recursive technique will be shown as well as a unique graphic 
representation which simplifies the computation and speeds up 
the algorithm.

Consider the path given in Figure 2.8. Each arc is 
labeled with a pair of numbers. The first of the pair is the 
distance and the second is the capacity. Thus, for example, 
the distance of arc (.4,7). is 5 units, denoted d^^-S, and the 
capacity of arc (.7,3). is 3 units, C7fg=3 , Given that there 
is a message consisting of 14 packets at node 1, the analyst 
would want to know how much time is required for all 14
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N -1N-2

Figure 2.7, N-l-arc N-node directed network
with, last arc shown as a sequence 
of independent sub-arcs



Figure 2,8. Four-arc five-node 
directed network
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packets to arrive at node 9. The following will present and 
compare two methods of determining the total service time. 
Method 1 - Simulation

each of the 14 packets reaches node 2, i.e., the service time. 
These values can be calculated from the formula presented in 
section 2,1. The queueing time of the nth packet on arc (i,jl,

where j is the time required to ship one packet along 
arc (i,j) . The service time of the nth packet , is then

s? . = q” . + t. .. in total, this step requires 14 compu- i O  i,D i,]
tations and 14 units of storage, one for each value of

each packet on the arc and again store these values, The 
computation of service time from this point on is a selection 
of the maximum between the arrival time of the nth packet at 
node 2 and the earliest time the arc is free to transmit the 
nth packet. Then & 2 , 4  is added to the maximum value of the 
above two numbers and the service time is thus computed. For 
example, packet 2 arrives at node 2 at time seven and finds 
excess capacity available on arc C2,41. The service time for 
packet 2 is thus twelve, obtained by adding the value of d2,4 
to seven. Similarly, the service time of packet 14 is computed

Starting at the source node, node 1, compute the time

q?,j ' is

Proceeding to arc (.2,4) compute the service time of



62

as forty, 3 5 + 5 ,  since when it arrives at node 2 the arc is 
not being used to capacity. If when packet 14 arrived, the 
arc was not available until time forty, for example, then the 
service time for packet 14 would be forty-five max C35,40) + 5. 
For the remaining arcs in the path similar type calculations 
must be performed until the last packet arrives at the 
destination node. The service time of the last packet on the 
last arc is the total service time for the path.

A simulation of this type is very complex and time
consuming as each packet must be followed on each arc. In
addition, the service time of each packet on each arc must be
saved. As the number of arcs and packets grows, the space and
time complexity of the simulation increases even faster, 
making it an unwieldy tool for analysis.
Method 2 - Generalized Cyclic Allocation Algorithm

The key to this method is to follow the minimum number 
of packets necessary to compute the total service time in the 
path. Using the method of analyzing an arc as a set of 
independent sub-arcs, Table 2.6 presents the flow of each 
packet over each sub-arc,

The algorithm to be presented can be described as
follows. Begin at the terminal arc and compute the service 
time for packet 14 on arc C7,9)— the notation for this will he

P14 Based upon the analysis presented in Method lf we

have that P ^ ' 9* = max C P ^ ,7  ̂, P ^ ' 9  ̂1 + d7fg where 

P C^7) £s thg completion time of packet 14 on the preceding
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Table 2.6
Packet Flow Oyer Sub-Arcs: 

Circled Packets Are Key Calculations

Sub-
Arc (1,2* 

1 2  3 (2,4)1 2 3 4  5 6 7 8 (4,71 1 2 3 4 (7,9) 1 2  3
packet

# © ® 0© ©©
0 ®  9
® @  12 
13 ©

© © © © © © 0 ®  
9 © ©  12 13 ©

© ® © ©
© © 0 ®
9 ©  @  12

13 ©

1 ©  3 
4 © 6  
7 ® 9  

10 ©  12 
13 ©
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arc, arc C4,7), is the completion time of the last packet,
packet 11, to use the same sub-arc before packet 14 on arc 
(7,9; and d7^g is the time required to traverse arc 17,9.1.

(47)As and P^i'^ are not known, they must be computed

before can be evaluated. This means we must calculate

P14 = max ( P ^ ' 4>, Pio'7)), + d4 f7 and pll'91 =

max (P^#7) t p^7,9)j + d7>g. The algorithm iterates 

backwards until a computation of the form pCl,21 is reached 

in which case Pi.1/2) = | n • di 2 Arc d * 2) is the
I C r l

stopping point because node 1 is the source node. The value

of P^k-l^kJ is equal to 0 if n equals 0 or less; this means 
that there is no such packet on that arc, thus its service 
time is 0. Whenever a point is reached where an absolute 
value can be computed, the algorithm traces back to the 
previous step and continues. In the above example, when 
values have been computed for Pjj.V7  ̂ and then

can fc>e computed and the algorithm is successfully 
terminated.

The circled packets in Table 2.6 point out those 
packets that are necessary and sufficient for the computation 
of P^|f31 as described in the above algorithm. Table 2.6 
also serves as a guide for the computation process by
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illustrating the packets and sub-arcs needed for the computa­
tion. One can see directly from the table that packet 11 
precedes packet 14 on arc (.7,9) and that to compute 
the service times of packets 2 , 6 and 10 must be computed 
first. Of course, these facts can be generated algorithmically 
but this table gives an insight into the procedure.

The recursive nature of the algorithm for the computa­
tion of total service time in a packet switched network can 
be better seen through the following psuedo-code:
Algorithm GCAA 

GCAA (T,N):
If N-l = "source node" then

Else if T - C.- -<1 then returniN-i'iN

(GCAA (T,N—1) + d ± . )•‘■n -i , in
Else return (Max(GCAA (T,N-l 1 , GCAA(T-C£N_^ f iN/Nll +

dj . )N-l, J-n

End GCAA

The name of the algorithm is GCAA and its two para­
meters are T, a packet number, and N, a node. Initially, the 
first call to the algorithm is made with T set to the total 
number of packets to be shipped and N set to the destination 
node. Then the value of T is checked to be less than or 
equal to 0, in which case the value of 0 is returned. If T is
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greater than 0 , it then checks if N-l is a source node, in 
which case the service time can be directly computed and 
returned. If neither of the above conditions is true, then 
two more computations are required, the service time of the 
same packet on the preceding arc and the service time of the 
preceding packet on the same sub-arc. The algorithm computes 
these values recursively by branching until a terminal 
computation is reached (i.e., one of the first two conditions 
is satisfied). Then it backtracks until the initial computa­
tion is completed.

2.3.2 Advantages and Benefits of the GCAA
Apparent outright is the simplicity and adaptability 

of the GCAA over a simulation. A program to simulate the 
flow of packets over a path would require many more lines of 
programming than the algorithm presented above. The service 
time of each packet on each arc would have to be saved during 
execution of a simulation program, some of the calculations 
being superfluous. On the other hand, the recursive algorithm 
remains the same no matter how: many nodes in the path and 
only performs the minimum number of service time calculations 
necessary to solve the problem. Additionally, no data 
storage worries need bother the programmer as the recursive 
calls dynamically allocate and release the exact amount of 
computer memory needed. To get an idea of the complexity of 
the algorithm, the call with the maximum backtracking depth 
can be computed as follows:
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find D = max T  k = N, N-l, N-2, 3,2,

set K equal to the value of k for which D is at its 
maximum and compute max depth. - D+ K-2. (Equation 2.1)

If N equals 2, then there is only one arc in the path and 
only one computation, i.e., s ^  ■*-s nee<3ed 80 t îe maximum 
depth is 1. Here T denotes the total number of packets to be 
shipped. The path in Figure 2.8 has a maximum depth of 8, 
as can be seen by tracing packet 14 up sub-arc 2 on arc (7,9) 
and then tracing packet 2 to arc (1 ,2) where it can be 
computed directly. Basically what equation 2.1 does is to 
follow the terminal packet up each sub-arc and back to the 
source. The maximum number of steps is the maximum depth.

By exploiting the structure of the recursive calls of 
the algorithm, two benefits can be derived that will speed up 
the computation. Figure 2.9 depicts the tree created by the 
branching of the recursive algorithm. Starting with packet 14 
on the top diagonal, representing arc (7,9) , one sees that to 
compute the service time of the calling packet, , the
service times of packet 11 on arc C.7,9.) and of packet 14 on 
arc C4,7) are needed. Similarly, each of these packets 
requires the service times of two other packets; one, of the 
packet on the diagonal of the calling packet Cthe packet 
number is computed by subtracting the capacity o f  the arc, 
noted on the right-hand side of Figure 2.91 and the other 
on the diagonal below the calling packet (the packet number 
is the same as the calling one), The process continues until
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the starting arc is reached in which case no further hranching 
is done.

The first benefit to be exploited is that all computa­
tions on arc (1 ,2) can be done in parallel since they are 
independent of each other. The second benefit is that those 
computations that are duplicated in the tree can be done once 
and the results stored for future reference. For example, 
the calculation of P^2'4  ̂ appears twice, P^2'4* occurs 
three times, P^4 '^ twice, etc. By scanning the bottom 
diagonal, the duplicate computations can be noted since, if a 
packet appears more than once on the bottom line, it will be 
duplicated on the next level and possibly on the level above 
that, and so on. Thus, the selective computation provided by 
the GCAA can now be refined to further reduce the number of 
computations. Comparing the basic two methods along with the 
refinement by their respective number of computations, the 
results are; (.11 simulation - 56; C21 GCAA - 47; C31 GCAA 
with refinements - 38. The refinements of using parallel 
computation and avoiding duplicating calculations speed up 
the algorithm to provide a more useful and practical tool for 
the analyst.

A method to implement the enhancement of selective 
computation involves constructing a linked list for each arc 
in the path. As the algorithm determines the packets 
needed for the computation of total service time, that 
packet is added to the appropriate linked list. Pointers 
are also set up to the right and left sons of the current
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root node.
For example# when packet 14 on arc (7,9). is to be 

computed, the following elements are added to linked lists: 
packet 14 to linked list (7,9) and linked list (4,7) and 
packet 11 to linked list (7,9). Packet 14 on (7,9) will 
have pointers to the other two entries so that it can be 
computed after they are. Packet 2 on arc (4,7) appears 
twice in Figure 2.10 but need only appear once in the 
linked list and it will thus be computed only once.
Similarly, those packets that are needed to compute it need 
only appear once, i.e,, packet 2 on arcs (2,4 ] l and (1,2).

In terms of implementing these linked lists in a 
computer program, the main concern is with the growth and 
thus search time of each list. But this is relative to 
the total computations of the direct simulation for the 
same network and is thus difficult to quantify in general 
terms. However, without these enhancements the GCAA tends 
to be conservative in its computation time because of the 
duplication of calculations, though this is not a steadfast 
rule. This conservative aspect is alleviated with the 
enhancements to the GCAA.

2.3.3 Graphic Representation
The graphic representation of the GCAA algorithm, as 

shown in Figure 2.9, is very simple to construct. The basic 
information needed for the construction is the total number 
of packets to be shipped and the capacities of each arc. Draw
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a diagonal for each arc, label it with the arc and its capacity. 
The top diagonal represents the arc with the destination node, 
the next lower level is the one preceding it, and so on until 
the arc containing the source node is the bottom level. At 
the extreme left of the top diagonal place Pn where n is the 
total number of packets to be shipped. Directly underneath 
this, on the next level down, put Pn and continue until the 
bottom level. Going up one level from the bottom, subtract 
the capacity of the corresponding arc from the packet number 
on that diagonal. If the result is greater than 0, place 
that value on the diagonal to the right of the previous 
packet number, e.g., from P;^'^ go up to P a n d  
subtract 8, the capacity of arc (2,4) from 14, giving 
p^2,4). Repeat the previous process by going down to the 
next level and putting a Pg there until bottom is reached.
Then trace back up again. If a subtraction cannot be 
performed on one level, go up to the next level. The 
construction stops when a subtraction on the top diagonal 
will yield a value less than 1. Figure 2.9 is completed with 

because 3, the capacity of arc (7,9), subtracted from 
2 yields a value less than 1, Then the scanning for duplicate 
calculations can be performed as well as the storing of partial 
computations to speed up the algorithm.

The actual full computation is done by a post-order 
traversal of the binary tree (see Figure 2.1Q). Starting at 
the root of the tree, p£2 '9*' traverse its left subtree, then the 
right subtree, and then visit the root. In Figure 2.10, start at
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PiJ'91 and traverse the left subtree until p|4 r2  ̂ is
reached. Compute the value of P^£'2 ,̂ go up to its root 
(2 4)Pf4 # , and traverse its right subtree until the terminal 

node where the value of P^*?2) is computed. As P^2 '̂ ) has 
no right subtree, the value of p£2,4) equals P ^ ' 2) plus 
^2,4* Now this value and P ^ * 2  ̂ can be used to compute 
P;f4'4) as max (P-fJ'2) , P^2'4>) + d2/4 as presented in 
Algorithm GCAA. When the root node pf4'9  ̂ is computed, 
the calculation is complete. What was referred to as the 
maximum depth of the GCAA is actually the maximum depth of the 
above tree. This is the number of packets on the longest 
path of the tree; in our example p|4 '9  ̂ to p|^?2  ̂ which is 
eight.

Chapter 2 has presented a novel algorithm for the 
computation of total service time in a packet switched store- 
and-forward communication network. Faster results than using 
a simulation are achieved due to selective calculation, 
parallel computation and no duplication of effort. The 
recursive algorithm simplifies the task of the analyst as 
only two parameters change for each design to be tested; the 
number of packets and the destination node. The logic and 
structure of the program is the same. A simulation program, 
however, would require the structure to be changed JEor each, 
test design— a burdensome and time-consuming task for the 
analyst. The graphic representation can be constructed 
quickly and allows for a further speed-up in computation. As 
in the case of a two-arc three-node network, the fact that
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the Independence Assumption, with, its homogenizing effect on 
message flows, is not required to carry out the analysis for 
the computation of exact service time means that a true-to- 
life result is obtained. A unique and powerful new tool is 
thus available to aid in the complex task of network design.

2.3.4 Extension to a General Network
Given a general network as in Figure 2,11, the GCAA 

can be applied to each path from source, node 1 , to destina­
tion, node 9. Assuming that no node is visited twice in a 
path, the path will contain exactly N nodes and N-l arcs. 
Under these circumstances the GCAA will provide the exact 
total service time for each path given a number of packets to 
be shipped.

An analysis of these paths will supply the network 
designer with the best routing configuration. The network 
might contain one optimal path over which all packets should 
be sent, regardless of their number. Or, the optimal path 
might be a function of the number of packets at the source 
node. For example, one path might be the fastest for one to 
thirty packets, another path might be fastest for thirty to 
one hundred packets, and a third for more than one hundred. 
This would entail an analysis of the paths under varying 
traffic loads. If, however, an average number of packets is 
expected at the source node, then the best route for this 
number could be used. If the average increases or decreases



Figure 2.11. General directed network labeled with 
distance and capacity for each arc
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beyond a certain range, then other paths would be selected to 
correct for the new traffic load,

A third possibility for routing is to select alternate 
routes once an optimal path has been decided upon. If, for 
example, path (1 ,2 ,4,7,9) was the optimum, it might be 
possible to further speed up the flow of packets by shipping 
in parallel a portion of the packets over path (1,3,6,8,91. 
This pipelining effect is one of the main advantages of 
packet-switching. An alternate path that intersects the 
primary route and has an arc in common with it, e.g., 
secondary path (1,3,5,7,91, might void the analysis of the 
GCAA performed on the primary route. Either the number of 
packets arriving at node 7 might be more than accounted for by 
the algorithm, or the timing might be off, i.e., the packets 
from the alternate route may arrive later than the GCAA 
expected them. The analysis of this situation remains a 
topic for further research.
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CHAPTER 3

THE BOUNDED SOLUTION:
BOUNDING TECHNIQUES FOR TOTAL 

SERVICE TIME IN A 
PACKET-SWITCHED NETWORK

3.0 Introduction
The previous chapter dealt with finding an exact 

value for total service time in a packet-switched network.
As crucial a tool as it is for network design, finding an 
exact solution is still a time-consuming process to apply to 
all possible configurations during the design stage. A more 
practical approach to take during this stage is to eliminate 
designs from consideration before computing exact service 
time via the GCAA. Of course, this is a viable possibility 
only if the elimination process is faster than the exact 
solution algorithm.

This chapter will present upper and lower bounding 
techniques to help eliminate those designs that do not fail 
into the desired service time range of the initial user 
specifications. In addition, a handle is obtained on those 
networks that do satisfy the seryice time criterion because, 
though the exact value is not known, bounds are known even 
before the GCAA is used. Thus, even among the "passing" 
designs a decision can he made as to which order to apply 
them to the GCAA based upon the spread of their bounds. The 
tighter the spread, the better the idea of what the exact



78

value is and how useful that design is to the analyst.
Those designs that show more promising results can be 
tested first to further speed up the design analysis.

3.1 Two-Arc Three-Node NetWork. (JRudowsky & Rootenberg, 1978) 
Consider the two-arc three—node network, in Figure 3.1. 

To ship one packet from node 1 to node 3 requires eight time 
units, ti2+t23* Three packets would require the same time for 
this trip. In both cases there is no queueing time incurred 
at node 2. As the capacity of arc (1,2) is three units, 
shipping six packets would require that they be sent as two 
blocks of three packets each. The first block of three 
packets arrives at node 2 at time two, assuming it started out 
from node 1 at time zero, and at node 3 at time eight. The 
second block arrives at node 2 at time four, as it cannot use 
arc (1 ,2) before time two since the first block is using it, 
and reaches node 3 after six more time units, i.e., time ten. 
When the second block reaches node 2, arc (1,2) is not used 
to capacity so again there is no queueing. However, to ship 
nine packets would cause queueing to occur. Specifically, at 
time six there would be six packets on arc (2,3), blocks 1 and 
2 , and three packets just arriving at node 2 from node 1 ,
Since the capacity of arc C2,3l is eight units, only two 
additional packets from the third block can be shipped over 
arc C2,3L at time six. This leaves one packet from block 3 
queued at node 2 until time eight when block 1 reaches node 3 
and relinquishes its use of arc C2,3l. A total of fourteen 
time units is thus required to ship nine packets from node 1
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Figure 3.1, Two-arc three-node 
directed network
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to node 3. If there would he no queueing at node 2 (it will 
be explained later under what circumstances this can occur), 
only twelve time units would he required for the flow to 
complete its traversal. This value can be arrived at by 
calculating the number of blocks required to ship the packets 
to node 2 , multiplying by an<̂  adding t2 3 to the result.
When there is no queueing, all that is needed to compute total 
service time is the arrival time of the last block of packets 
to node 2 and then to add on the time to cross arc (2,3), 
t2 ,3* No repetitive algorithm or simulation is required.
What is sought is a method to eliminate queueing and achieve 
an acceptable estimate on the service time.

3.1.1 Queueless Networks
The amount of traffic on an arc and the relationship 

between the parameters of adjacent arcs dictate whether 
queueing will occur or not. For example, if the capacities of 
arc (1,2) and arc (2,3) are equal and the distances are equal, 
case (E,E), then no queueing will ever occur no matter how 
many packets are sent over the path. At the same time that 
block 2 reaches node 2, block 1 reaches node 3, because tif2 
equals t]_ 3 . As long as arc (2,3) is free as soon as or before 
it is needed no queueing will occur at node 2, Thus, when 
capacities of adjacent arcs are equal and d^ f2 is greater than 
<*2,3/ i.e., case (G,E) , there will also never be any queueing 
as arc (2,31 will hecome free even before the next block 
arrives at node 2. In case (E,E), arc (2,3) becomes free 
exactly when the next packet arrives. Two other cases also do
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not incur queueing, they are case (E,L) - <*l ,2^2,3 f
Ci /2 ^ c2,3 an<* case (_G,Li - d;i/2^^2,3f <'l,2<<"2r3* T^e ^act 
that these four cases do not involve the calculation of 
queueing time enables us to compute a reasonable upper and 
lower bound on the total service time in a two-arc three-node 
network..

First a proof will be stated showing that in the four 
cases— CE,E), CE,L), (G,E) and CG,L)— queueing never occurs at 
node 2 during the packet flow. Then the upper and lower 
bound calculations will be stated, analyzed and illustrated 
by example.

In order to prove the lack of queueing in the above 
four cases, the analysis presented in section 2.1 will be 
employed. The basic idea is to treat the second arc of a two- 
arc three-node network as a group of parallel, independent 
sub-arcs each with a capacity of one unit and distance equal 
to the original distance. By cyclically allocating the 
packets from node 2, along these sub-arcs, to node 3 and 
comparing the arrival time at node 3 of a packet using a sub­
arc and the arrival time at node 2 of the next packet to use 
that same sub-arc, it can easily he determined whether queueing 
occurs or not. For example, view the capacity of arc C2,31 
in Figure 3.1, eight units, as meaning that there are eight 
parallel sub-arcs from node 2 to node 3 each with a capacity 
of one unit and distance of six units. The cyclic allocation 
algorithm assigns packet 1 to sub-arc 1 , packet 2 to sub-arc 2, 
. , . packet 8 to sub-arc 8, packet 9 to sub-arc 1, etc. Thus,
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packet 1 , which, uses sub-arc 1 , arrives at node 2 at time two 
and at node 3 at time eight. Packet 9, the next to use sub— 
arc 1, arrives at time six at node 2, It cannot be shipped 
over sub-arc 1 because packet 1 has not arrived at node 3 by 
time six. Only at time eight does sub-arc 1 become free, 
allowing packet 9 to be forwarded; thus packet 9 queues for 
two time units. If, for example, d2f3 was three units instead 
of six, then packet 1 would arrive at node 3 at time five 
rather than time eight. In this instance there would be no 
queueing time incurred for packet 9 because sub-arc 1 would 
be free when it arrives at node 2, i.e., at time six. This 
simple comparison of the arrival time of a packet at node 3 
and the arrival time at node 2 of the next packet to use the 
same sub-arc indicates whether queueing will occur or not.

Given a two-arc three—node network as in Figure 3.2 
with associated capacities and distances, show that for:
Case (E,E) 
Case (E,L) 
Case (G,E) 
Case CG,L)

dl,2 * d2 ,3 and Clf2 = C2(3
dl,2 = d2,3 and cl,2 < c2,3
dl ,2 > d2 ,3 and cl ,2 = C2 ,3
dl, 2 .> d2, 3 and C1 ,2 < c2 ,3

no queueing occurs in the network for any number of packets
shipped. Let T represent the total number of packets.

The method of proof will be to show that for any two 
packets consecutively using the same sub-arc of arc C2,3)l, the 
completion time of the former is less than or equal to the 
arrival time at node 2 of the latter. Completion time refers 
to the arrival time of a packet at the destination node, in this 
case node 3.
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Figure 3,2, General two-arc three-node 
directed network
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As shown by the analysis in section 2,1, the network
in Figure 3.2 can be analyzed by Table 3.1, If T packets are 
to be shipped from node 1 to node 3, the packets that use 
each sub-arc (the coluransl can be listed as in Table 3,1, 
There are ^ 2 , 3  columns as there are C2f3 sub-arcs, one for 
each unit of capacity of arc (.2,3) . First it will be shown 
that for any packet in the first block of packets, the packet 
from the next block that uses the same sub-arc arrives no 
earlier at node 2 than when the sub-arc becomes free, thus 
incurring no queueing. Then it will be shown for any two 
packets, k*C2#3+j and (k+l)*C2 ,3+j (both using the same sub­
arc) , the completion time of the former is no later than the 
arrival time of the latter at node 2 , so again no queueing 
occurs. Thus, by the Induction Hypothesis it is true for any 
two packets consecutively using the same sub-arc. The 
completion time of the k*C2 #3+jt 1̂ packet is

where fa“J is the least integer upper bound of a and |_aj is the 
greatest integer lowef bound of a.

The arrival time at node 2 of the (k+11 *C2 3+jt*x 
packet is

1 - j < c2,3' 0 - k - | T I
LC2,3J

(Jc+l).C2f3+j



T a b l e  3 . 1

Flow of Individual Packets on Sub-Arc3 of Arc {2 ,3)

Sub-Arc 1 2 j REM T *
c2 ,3

• * • C2,3

Block
0 1 2 j • • • REM T 

C2,3
c2,3

1 c2,3+l C2#3+2 c2.3+3 • • *
reA3_t__

C2, 3 2'c2,3

•
• a • ■ • •

- •

k k-C2,3+l k-C2<3+2 k‘C2r3+3 * • • k C2 3+ 
REM T 

C2,3

... (k+l)-C2f3

k+1 (k+11-C2,3+1 (k+1)-C2j3+2 (k+D-Cj.g+j • • • (k+11-C2t3+ 
REM _T_

C2,3

(k+2)*C2f 3

• • « • • •
* •

t h*
(5 2 ,_3

• i •
L .

« 1 1 T

•REM x is the remainder of the division of x by z. 
z

••|xj is the largest integer less than or equal to x.

oo
in
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The goal is to prove that 

k*Co _ i +*i| • ti o H [tk+11 *CP , +j|hnrH
CEquation 3.1) 

for any k t | o  < k 5 |_T_jj • jC^1 - 3iC2 ,3^ and

j,k are integer.
This will be done separately for each group of cases 

having similar distance values.
Cases (E,.E) and (E,L) ;

dl,2 = d2,3' t l , 2  = t2/3 and cl,2< c2,3 
Let C2f3 = w *Clf2, w>^i.

For k=0 (i.e., the first group of C2f3 packets to use arc
(2,3)) we have from Equation 3.1:

R , 3  ^71I C l '2 I
_J__Let Cif2 = v and replace t2f3 with t]^2 as they are equal 

( fvl + 1) -tlf2 < |w+q -t1#2 
(Note that [a + T| = faT + 1 for all a-.) 

fv+ll -t1/2 <: fv + w] »tlf2 
The last equation is true since w£l.

Assume Equation 3.1 is., true for k=l,2, . . ., n-l.
For k = n we have

p ^ C 2,3+^| ’*1,2 + fc2,3* p ^ +liC2,3 +̂  ,fcl,
I cl,2 | I cl,2 I

2
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[ I n •   j + 1 I -t-. - < I Cn+1) *w __  I .t,
\\ Cl ,2 | j 1 '2 | C l ,2 I 11

Let j  = v,
cl,2

Cfn*w+vl +1) *t^^2 i fn-w+v+w] *tl,2

({iT*w+v-n)) *tif2 ±  |n.w+v+w] ■ ’ * 1,2

Again the above equation is valid since w> 1,
Thus, by the Induction Hypothesis, Equation 3.1 is true for 
all k, i.e., for all packets shipped, and no queueing occurs 
Cases (G,E) andlG,L):

dl,2> d 2,3' tl , 2 > t2,3 and cl , 2 ^ c2,3
Let tlf2 “ w;‘t2>3 <'w>1 and c2 ,3 = x *cl,2r * >!•

For k=0 we have from Equation 3.1;

0-11^1,2 + fc2,3 4^2,3 +7] * t]_ t;' lf2' I
Let j = v.

=1.2
M-1,2 + * -2.3 £p -ti,2

Since x is at least 1, substitute 1 for x into the 
right-hand side.

  t
fv] - t lf2 + t2f3 + T|.tlf2

Note; fq + rj • 2 - p q  • :z + z for all q and z .

H  ’*1,2 + t2,3 s S ^ l  »t^^2 + *-1,2 which, is true since 
t l,2>t2,3«

Assume true for k = 1,2 . . . n—1,
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ror k. = n we have

n ‘c2,3+T"[ ’*1,2 + fc2,3
Cl,2 I Cl ,2

• C1 »2 |
Let 2___ = v

n-x +j I -tlf2 + *2,3 Ffll *x +j I
C1 f 2 I

<=1,2

•x+v | *tl ,2
Since x is at least 1, substitute 1 for x  in the 

above equation.

Thus by the Induction Hypothesis, Equation 3,1 holds for 
cases CG,E) and (G,L) and no queueing occurs over such a 
network.

(G,E) and (G,L) no queueing can occur during the packet flow, 
upper and lower bounds to the total service time for the 
remaining five cases, i.e., CE,Gl, lG,Gl , (L,L), CL,El and 
(L,G1, are sought. In those five cases it can he shown that 
queueing occurs under most conditions. Under some restricted 
circumstances, queueing will not Be incurred in some of those 
five cases; restricted enough so as not to be useful for 
purposes of an upper bound calculation.

fn+v| *tlf2 + *-2,3 f ni+v+r] «tlf2

**1,2 + t2,3 l F +V"T + *1, 2
The last equation is true since t ^ > *2,3*

Having shown that in the four cases (E,E), CE,L),



89

3.1.2 Upper Bound Scheme
The scheme for computing an upper hound on the total

service of T packets flowing from node 1 to node 3 in 
Figure 3.2 is as follows:
Cl) set dlf2 = m a x  w l,2 ' d2,3** fcl,2 = max t2,3l

the four cases known not to incur queueing. By setting dĵ 2 
to the maximum of d]^2 an^ d2 ,3 ' dl ,2 is now greater than or 
equal to d2 f3, On the other hand, setting C i f 2 to t îe 
minimum of 2 an<̂  ^2,3 m ®ans ^1,2 less than or equal to 
c2 ,3* To summarize, we have f 2^  ^ 2  , 3 and cl,2 ^ c2,3 which 
is either (.E,E) , CE,L) , (G,E) , or CG,L) . Once it is known
that no queueing occurs, because of step (1), the total 
service time can be computed by finding the arrival time of 
the last block of packets at node 2, i.e., computing! _T__tti 2 .

I d !  '

Since we know that there is no queue at node 2 at any 
time, the arrival time of the last block of packets at node 3 
is calculated by adding t2f3 to the last arrival time at 
node 2. Thus, we have step 12 i, For any of the cases CE,El, 
(E,L), CG,El, or CG,Ll, when applied to the above upper bound 
algorithm, the exact value of the total service time will be 
computed. Approximations will be calculated for the remaining 
five cases. For example, the network with d^ 2 = 5, d2^j = 6 , 
Ci,2 = 8 and C 2 f 3  ~  ̂ *-s case CE,L) . To ship 50 packets, the

cl ,2 = min CClf2, C2 ,3)
(2) Total Service Time

The first step converts the given network into one of
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exact solution from the cyclic allocation algorithm yields a 
value of 45 time units for the total service time. Applying 
the upper hound scheme yields:
Cl) d^ 2 B ^ * ^i r 2 ~ ® and = 8
(2) Total Service Time = |~50~| *6 + 6 = 48 units.

For the example
dj_ 2 ~ d2 f 3 = 10,  ̂2 ~ ®r and ^2,3 = with
T = 50 messages

we find the exact solution to be 50 time units while the upper 
bound approximation is 80. It seems that the closer the 
values of d^ f2 an<  ̂*"1,2 are to t*ie^r original values, dj^ 2 ant* 
cl,2 ' better approximation.

The logic behind the algorithm is that by selecting 
the*maximum value of anĉ  ^2,3 ^or t x̂e value dl,2 ' t^e
shipping time increases because the time to traverse arc Cl, 2) 
has grown. Similarly, by choosing the minimum between C± f2 
and C2 f3 for Ci 2 f the increase in the number of blocks of 
packets delays the departure time of the last block from 
node 1 and thus its arrival time at node 2. It can be seen 
that step Cl) of the procedure increases Cor at hest leaves as 
is) the total service time by selecting the maximum of the 
distances and minimum of the capacities. Thus, an upper bound 
is computed on the total seryice time.

3.1.3 Lower Bound Scheme
The lower bound procedure reverses the process of the 

upper bound technique. Here the goal is to increase the
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number of packets that can travel over the network and decrease 
the length of the arcs while still avoiding queueing at 
node 2, These two changes will speed the flow of packets,
thereby decreasing the total service time and thus provide a
lower bound,
(II Set

d2,3 = min Cdl,2' d2,3>
t2 ,3 = min **1 ,2 ' *2,3*
C2f3 = max CClf2, C2f3l

(2) Total Service time » |~ T  I,ti o + *2 3 *
I Clf2 I

Again, the first step converts the network into a 
non-queueing case as is greater than or equal to d2f3
and C i f2 is less than or equal to C2f3. Based upon the new 
values of t2>3 and C2f3, the total service time can be 
computed with the simple formula in step (2).

Applying this procedure to the examples used in 
section 3.1.2 yields the following results. The network with 
d^ f2 ” ^2,3 = 6 , cl ,2 = ® and c2,3 = 9 changed so that
the new value of d2f3 is 5. This yields a value for total 
service time of 40 units. The second example, with d^ f2 = 5, 
d2f3 = 10, C]^2 = 8 and C2f3 = 13, has a lower bound of 40 
units.

Summarizing our results we find that for a fifty 
packet message the first network, has an upper bound of 48, a 
lower bound of 40 with an exact solution of 45, The second 
example has an upper bound of 80 and a lower hound of 40 with 
50 being the exact solution. Thus, the above procedures for
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an upper and lower bound on total service time provide the 
analyst with, a range to test the initial design specifications 
for this parameter. Given a desired value for the total 
service time, one can quickly test a two-arc three—node 
network to see if the required service time can be provided 
under varying number of packets. If the value falls outside 
of the bounds, then the network can be dropped from further 
study; if it falls within the bounds, the network can he 
ranked for further analysis with, the GCAA, For example, a 
network with close upper and lower bounds within which falls 
the desired service time value might be ranked higher for 
further study than a network with bounds further apart. One 
can be more definite that the network specification will be 
met. The time required to compute the bounds is very small 
in comparison to the time complexity of the CAA— only a simple 
comparison and one-line formula are needed. Thus, the time 
spent in computing bounds is well worth it because much more 
time would be spent if only the CAA were to be applied to 
each network. Bounding and the subsequent elimination of 
infeasible networks from further study can thus lead to a 
savings in time and money during the analysis and design 
stages of network building,

3.2 N-l Arc N-Node Network
The previous section detailed and analyzed novel 

techniques for calculating upper and lower bounds on the total 
service time in a two-arc three-node network. To further 
improve their usefulness to a network analyst, these bounding
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schemes will be extended first to networks of N-l arcs and N 
nodes and then to the general network case Cany number of 
nodes and arcsl. This will allow the analyst to reduce the 
number of designs to be studied by eliminating those that do 
not meet the required operating characteristic of total seryice 
time. This will in turn reduce the time and cost of the design 
process and provide the analyst with an optimal or near 
optimal configuration.

3.2.1 Upper Bound Scheme
In order to extend the upper bound scheme for networks 

with two arcs and three nodes (section 3.1.21 to networks 
with N-l arcs and N nodes, the latter must be viewed as a 
series of.overlapping two-arc three-node paths. For example, 
in the network of Figure 3.3 there are three paths of two 
arcs and three nodes— they are paths (4,7,9), (2,4,7) and 
(1,2,4). The paths have purposefully been listed with the 
destination node, node 9, appearing in the first path of the 
list and the source node, node 1 , appearing last because this 
order must be followed when applying the upper bound scheme. 
This means that the path with the destination node is trans­
formed first, the one prior to it second, and the path with 
the source node is transformed last.

For the network to be non-queueing, the distance 
parameter of each arc, starting from the source node, must be 
no smaller than the one following it. This is insured by 
starting the upper bound scheme from the destination node as 
then the distance of the arc to be changed is equal to the



Figure 3,3. N-l-arc N-node directed network 
labeled with distance and 
capacity for each arc
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maximum of its distance and the distance of the arc that 
follows• But the distance of this latter arc has already been 
set to the maximum of its own distance and the distance of the 
arc that follows it. Thus, adjacent arc distances are non­
decreasing beginning with the source node and moving to the 
destination node. In path (4,7,9) of Figure 3.3 the distance 
of arc (4,7) is unchanged since it is larger than However,
&2t4 is changed to ten which is the maximum of d2 ,4 and d ^ 7*
But d4,7 is already the maximum of d^ 7  and d7 ^g; thus, in 
effect, d2,4 is the maximum of d2 f4 , <34f7 and <̂7^9 - Similarly, 
it can be shown that di,2 is the maximum of d ^ f 2 r <*2 ^4 * ^4,7 
and d7/9. In general dik,ik+1 = maximum (4ik ,ik+1 ,di]c+1#ik+2,
■ * • ^iN-l'iN^ where k is less than or equal to N-l.

The reverse is true for capacity. Since the minimum 
of the two capacities is chosen, the result is that the 
capacity of one arc is no larger than the capacity of the 
following arc. The capacity of the first arc in the path 
will be the smallest capacity in the path and will be used to 
determine the number of blocks of packets into which the 
message will be divided. In this case

C-r, iwi = minimum (C< ■„ Cj, t , Ci. .3-kflk+l xk/1k+l' • k+l^fc+S' -̂N—1 ' N
where k is less than or equal to N~l,

Given the N-l arc N node network in Figure 3,3f hegin 
by converting the two-arc three-node path with node 9 as its 
destination, i.e., path C4,7,9), into a non-queueing case—  

either (E,E) , CE,Ll , CG,E)_ or (G,LI . By employing the upper 
bound technique we find that no change need be made in this
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path as it already is a non-queueing path, i.e., case (G,L). 
Next, the arc containing node 9 is dropped from further 
consideration and the previous intermediate node, node 7, is 
the new destination. The two-arc three-node path (.2,4,7). is 
also converted to a non-queueing case. In this instance the 
capacity of arc C2,4) is decreased to four and the distance is 
increased to ten so that path (.2,4,7) is now case (E,E) . 
Continuing this process, path Cl,2,4) is next examined and 
& l r 2 is increased to ten while remains three so that the
path is case (E,L). Since there is no two-arc three-node 
path with node 2 as the destination node, the conversion 
process ends. Figure 3.4 depicts the transformation of 
Figure 3.3 into a non-queueing network to solve for upper 
bounds.

Having completed the transformation phase, begin the 
computation phase. Given a number of packets at node 1, ship 
blocks of maximum size of the capacity of arc (1 ,2), in this 
case three. No queueing will occur in the path because it has 
been specifically converted to be queueless. For example, to 
ship sixteen packets from node 1 to node 9, block the packets 
into size three. In total there are six blocks, five of size 
three and one of size one. They depart node 1 starting at 
time zero and every seven time units thereafter, as 
equals seven. The last block leaves node 1 at time fifty and 
arrives at node 9 at time 50 + fcl,2 + fc2,4 + t4,7 + *"7,9 or 
time eighty—six.

All that is needed to compute the upper bound of the
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total service time of T packets over path P is the departure 
time of the last block, from the source node and the sum of 
tifj for all arcs in the path. Since no queueing will occur, 
service time is equal to shipping time. The former quantity 
can be computed based upon the analysis of section 2.1 as 
follows: Let Cii,i2 eclual tJve capacity of the first arc, by
the nature of the upper bound procedure it will always be the 
smallest capacity in the path, and let t^^j^ equal the time to 
traverse the first arc. The departure time of the last block 
of packets from node 1 is:

The arrival time at the destination node is computed by adding 
to the above time the sum of traversal time for each arc in 
the path, i.e. ,irt where (im/in) Thus the complete
equation for an upper bound is

Summary for calculating an upper bound on an N-l-arc N-node 
network as illustrated in Figure 3.5:
Phase I - Transformation
(11 Set k = N . (start from the destination node!, if k <3 STOP 

(not a two-^arc thxee^node path!

(31 Set k * k-1 (jnove towards the source nodel
if k-2^1 go to Phase II (no more two-arc three-node paths) 

(41 Go to step (21

minimum (Cxk-2 r ̂ - 1



Figure 3,5. General N-l-arc N-node 
directed network
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Phase II - Computation 
(11 Upper bound =

1 ^ ‘̂ 1,12 + ^~*:im^in

where and in are adjacent nodes in the path.

3.2.2 Lower Bound Scheme
As was the case with the upper bound scheme, the lower

bound scheme of section 3.1.3 can also be extended to a network
of N-l arcs and N nodes. Again, the network of Figure 3.3 
must be viewed as a series of overlapping two-arc three-node 
paths. The paths are (1,2,41, (2,4,7) and (4,7,91— here they 
are ordered starting from the source, node 1, rather than from 
the destination, node 9, as was the case in the upper bound 
scheme.

In order to transform Figure 3.3 into a non-queueing 
network to solve for a lower bound, the distance of an arc 
cannot be less than the distance of the arc that follows it. 
Since the lower bound scheme selects the minimum of the 
distances as the new distance for the second arc in the two- 
arc three-node path, the process must begin at the source 
node to satisfy the non-increasing rule of adjacent arc 
distance parameters. Thus, d2f4 = minimum (di f 2 r ^2,4^- and 
d4 #7 = minimum (d2>4, d4 ,7) = minimum (dlf2, d2,4' ^4,7^— or 
in general d i ^ i ^+1 = minimum (^i-£,i2, dj.2fi3 f . . .,
where k is less than or equal to N-l. The same order of
operation, from source to destination, will have the opposite
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effect on capacity since the maximum of the two adjacent arcs 
becomes the capacity for the second arc of the two-arc three- 
node network. Here = maximum (C^ Cij,^ • • * t

Cik ,ik+i} where k is less than or equal to N-l. The result 
will be that the first arc will have the smallest capacity.
This fact will be used to determine the number of packets in 
a block.

To compute a lower bound for the network of Figure 3.3, 
begin by applying the lower bound procedure for two-arc three- 
node networks to path (1,2,41. The distance of arc (2,41 is 
decreased to seven while the capacity remains the same to 
make path (1,2,41 the non-queueing case (E,L). Dropping 
node 1 and examining path (2,4,71, one sees that 04^7 has to 
be increased to eight and d4^  reduced to seven to arrive at 
case (E,E) for the path. In the next two-arc three-node 
path, path (4,7,9), the capacity of arc (7,9) is increased to 
eight, transforming the path into case (G,E). As there are 
no further paths with two arcs and three nodes, the trans­
formation phase stops. See Figure 3.6 for the new configura­
tion after applying the lower bound procedure in the above 
manner.

The computation for total service time follows the same 
formula as shown for the upper bound, i.e., equation 3,2.
Thus, with sixteen packets at node 1 in Figure 3,6, equation
3.2 yields a lower hound on the total service time of sixty- 
five, The exact value of total service time is sixty-nine.
In this example the lower bound of sixty-five was closer to
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the true solution though this is known only yia the GCAA, not 
through, the bounding procedures.

The network designer can derive from this analysis 
that if a message of sixteen packets (actually eighteen is the 
maximum since the last block can contain up to three packets1 
or less arrives at node 1 every eighty-six time units, it will 
take between sixty-five and eighty-six time units to arrive 
at the destination, node 9. This is useful in that it tells 
the analyst that if a maximum total service time of fifty time 
units is required by the user, then a different configuration 
is required— increase the capacity and/or use higher trans­
mission speeds. In this example, because of the wide gap 
between the upper and lower bounds, the analyst would not be 
able to tell if a maximum of seventy time units for service 
time would be satisfied by the network. Only by applying the 
GCAA and computing the exact service time could this be 
known— in this case the requirement could not be met and the 
time and cost of running the GCAA would be an unprofitable 
expense. However, the closer the bounds are to each other, 
the higher the probability that running the GCAA will be a 
profitable expense.

If the given network is already in the form such that 
all overlapping two-arc three-node paths are non-queueing 
paths, then by calculating either the upper or lower bound the 
exact total service time is known— without using the GCAA,
This is a time and money saver because an upper or lower 
bound can be computed in linear time while the GCAA requires 
an exponential time factor.
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Leaving the generalized, systematic method of 
computing lower bounds as presented above, a tightening1 of 
the bounds is possible in certain cases. For example, given 
a three-arc four-node network with parameters (.10,5) , (5,7) 
and (8,7). for arcs (.1,21, (2,31 and (3,41, respectively, a 
tighter lower bound is possible by viewing path (1,2,31 as 
a one-arc two-node path with, parameters (10,51 but with a 
starting time of five rather than zero. This, in turn, 
would now transform the path into case (G,Ll (parameters 
(10,5) and (8,71) so no queueing would occur in this path. 
The total service time computed via this method is thirty- 
three time units versus thirty for the original lower bound 
procedure.

Further analysis is needed to determine how much 
tighter the bounds are versus the original method. Study 
of numerous examples has not shown any great increase in 
accuracy, only a slight improvement. How conservative the 
bounds are depends on the interrelationship of the para­
meters of adjacent arcs in the network. It is impossible 
to predict a priori how conservative the bounds will be. 
However, the less the distance and capacity are changed by 
the bounding procedures, the better the bounds will be.
In synthesizing a network, from scratch, the analyst, by con-̂  

strutting his network to be non-queueing, can avail himself 
of the exact total service time by use of the bounding pro­
cedure alone at a very inexpensive cost.

1As suggested by Professor Pat Sterbenz.
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Summary for calculating a lower bound on an N-l arc N node 
network as in Figure 3.5:
Phase I - Transformation
(1) Set K = 1 (begin at the source node)

if N < 3 STOP Cnot a two-arc three-node pathl

(3) Set k = k+1 Cmove towards the destination node)
if k+2 > N go to Phase II (no more two-arc three-node 
networks)

(41 Go to step (2)
Phase II - Computation 
(1) Lower bound =

where and in are adjacent nodes in the path

3.2.3 Extension to a General Network
Given a network with any number of nodes and arcs, as 

in Figure 3.7, this section will discuss the application of 
the bounding techniques for networks of N-l arcs and N nodes 
to the general case. Each path from source to destination, 
assuming no node is visited twice in a path, can be viewed as 
an N-l node N arc path. Thus, the bounding techniques of the 
previous two sections can be applied to each, of these paths. 
After computing the upper and lower bounds for each path in 
the network and comparing the sexyice time ranges, i.e., the 
upper and lower bounds, produced for those paths, one of the

(2). Set tijc+i,ijc+2 “ miniraum ^ikfik+l' fcik+l,ik+2* 
Cik+l'ik+2 “ maa£imum tCik ,ik+i, cik+l,ik+2)
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following possiblities may occur. Assuming there are ranges 
that can satisfy the desired total service time parameter, 
if not a new configuration is required, one range may have an 
upper bound that is less than the requirement. For example, 
if the required service time is thirty-two time units and one 
path has a lower bound of ten and an upper bound of twenty- 
five, then it is without question the optimal path. Alternate 
routes can be chosen, if necessary, from those paths within 
whose ranges the desired total service time falls. (The 
following paragraphs will discuss selection of paths whose 
ranges contain the desired total service time.l

A second scenario is one in which no upper bound is 
less than the requirement but instead the requirement falls 
within certain ranges. Thus, if path A has a range of 
(30,351 and path B a range of C25,40), there is a better 
chance that path A will meet the requirement of thirty-four. 
Path A should therefore be tested first with the GCAA even 
though path B has a lower lower bound. The logic behind this 
is that since the upper bound of path A, thirty-five, is closer 
to the requirement of thirty-four than the upper bound of 
path B, forty, there is a higher probability that path A will 
satisfy the requirement, i.e., that the exact service time 
will be thirty-four or less. This is a conservative approach 
in that the path with the lower probability of failure is 
selected. Of course, if the budgetary and time constraints 
permit it, it may be worthwhile to test path B as well since 
it may provide a better solution if its exact value of service
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time is less than the value for path A. The savings due to 
the increase in speed may offset the cost of running the GCAA, 
As this process is more of an art than a science, experience 
will increase the skill of the analyst in determining what the 
best option is. The more ranges there are to choose from, the 
more difficult the decision.

In transforming the network of Figure 3.7 from a 
queueing to a non—queueing configuration, the analyst-can 
analyze each path from source to destination independently.
For the eventual computerization of this procedure it may prove 
worthwhile to compute bounds in a dependent manner.

By viewing the paths independently, in the upper bound 
procedure, for example, those arcs that lead into nodes that 
have a fan-out of two or more are transformed twice. Node 
five of arc (2,5) in Figure 3.7 leads to arc (5,7) and arc
(5.8). Thus, arc (2,5), when viewed as part of path (2,5,7) 
has a distance of twelve and a capacity of six. (Note that 
arc (5,7) was transformed in a previous step so that d5 f7 is 
now twelve and 05,7 is six.) But when viewed as part of path
(2.5.8), d2,5 is ten and C 2 , 5  is two. This means that more 
than one value of distance and capacity has to be calculated 
and stored for each arc that is part of more than one path.
This complicates the programming in that a varying number of 
distance and capacity values can be assigned to an arc rather 
than having a one-to-one relationship, i.e., one arc, one set 
of values. Arc (1,2) would require three sets of values since 
it is part of path Cl,2 ,4,7,91, (1,2,5,7,91 and (1,2 ,5, 8,9).
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A modification will, be introduced to maintain the 
above one-to-one relationship and thereby simplify the 
programming. In effect, it selects from all the arcs leading 
into the node the maximum distance and minimum capacity and 
transforms the arc leading into this node based upon this 
selection. In the above example, arc (2,5) would be trans­
formed as follows. The distance is the maximum of ten, 
twelve and nine, the distances of arc C2,5) , (5,7) and (.5,8}, 
respectively, which is twelve. The capacity of arc (2,5) is 
the minimum capacity of the same three arcs— two. Thus, 
twelve and two as the distance and capacity of arc C2,5) is 
a compromise between twelve and six (if arc (2,5) is looked 
at as part of path C2,5,7)J and ten and two (.if arc (2,5) is 
in path (2,5,8)). What is really happening is that this new 
upper bound is the maximum possible of all three arcs. The 
transformation does not have to be done by comparing all three 
arcs in one step; instead if two are compared and the result 
of the comparison is compared to the third arc, the result 
will be the same. For example, if arcs (2,5) and (5,7) are 
compared, d2 f5 becomes twelve and C2 f5 becomes six. If these 
values are compared to arc (.5,81, & 2 , 5  remains twelye but 
C 2 , 5  decreased to two. Similar results would he obtained 
if the arcs were compared in a different order.

As in the upper bound scheme, the lower .bound 
encounters a similar problem with intermediate nodes that 
have a fan-in of more than one. If the process of trans­
forming the arc in question with regard to all of the fan-in
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arcs is performed, then the one-to-one relationship will be 
maintained for lower bounds as well. The new values of 
distance and capacity would give the arc the lowest lower 
bound of all the choices.

This section has shown that the bounding techniques 
for N-l-arc N-node networks can be applied to networks of any 
number of nodes and arcs. The only restriction is that a 
path cannot contain the same node more than once. This will 
insure that the number of arcs in the path is one less than 
the number of nodes and thus fit into the N-l-arc N-node case. 
The bounding techniques provide the analyst with the tools to 
quickly obtain a handle on the network's performance under 
various traffic conditions. In some instances, the bounding 
techniques may provide a solution that will not require the 
use of the GCAA; in other circumstances, they can narrow down 
the number of paths that require further study via the GCAA 
to allow the analyst to optimally utilize the time and money 
involved in the design process.
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CHAPTER 4 

CONCLUSION

This thesis has examined the problem of computing the 
total service time in a store-and-forward packet-switched 
communication network. Two perspectives of the solution were 
presented:

1. An exact solution: an algorithm was presented and 
analyzed which computed the exact total service time for a 
message to traverse a path from source to destination,

2. Bounding techniques: procedures were introduced
to compute upper and lower bounds in less time than the exact 
solution would require— to provide a quick handle on the total 
service time parameter.

Chapter 2 dealt with the computation of an exact 
value for service time. In section 2.2 the novel idea of the 
Cyclic Allocation Algorithm was introduced. This provided 
a simpler and faster method for computation of the exact 
service time over a typical discrete system simulation. 
Further, the speed-up technique allowed for a reduction in the 
number of computations needed to find the solution. The 
generalization of this method is found in section 2.3 where a 
recursive algorithm is formulated for the computation in N-lr* 
arc N-node networks and the extension to general networks is 
presented, The simplicity and elegance of the algorithm make 
it a yaluahle tool for network designers.

Chapter 3 recognized that bounding techniques aid in
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quickly detecting infeasible network configurations and thereby 
eliminating from further consideration. This enabled the
analyst to concentrate only on those designs that seemed 
promising. The crux of the proof for validity of the bounding 
procedures centered on an induction proof (section 3.11.
This proof showed that four configurations of distance and 
capacity in a two-arc three-node network were queueless under 
any traffic conditions. The extension to N-l-arc N-node 
networks and the applicability to general networks was formu­
lated in section 3.2. Thus, two vital tools were presented to 
enhance the process of network analysis and design— the 
General Cyclic Allocation Algorithm and the bounding tech­
niques.

The bounding procedures are a novel contribution to 
the literature. Published literature is replete with exact 
solutions and heuristics for routing flows in networks to 
minimize average delay. However, these costly and time- 
consuming algorithms must be part of an iterative process to 
find a feasible solution that meets the user's requirement 
for total service time, thereby increasing the costs involved.

The upper and lower bound procedures arrived at as a 
result of this research can eliminate unnecessary testing of 
configurations. By allowing a quick and inexpensive method 
of weeding out infeasible designs, time and money can be 
saved and/or directed to the analysis of feasible configura­
tions for the betterment of the final design. In addition, 
the bounding procedures produce the exact total service time
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if the original network is non-queueing. This, at a great 
cost and time savings over exact solutions.

The exact solutions appearing in the literature 
compute all the flows in a network to minimize average delay 
time. The bounding procedures can be used in conjunction 
with any exact algorithm to first eliminate infeasible con­
figurations. However, there is no simple way to indicate 
to the exact algorithms which paths, if any, to ignore. The 
GCAA can be used only on those paths the user wishes to test, 
thereby reducing even more the computation. Further, the 
GCAA with refinements can supersede direct simulation of the 
packet-by^packet flow on each arc for computation of total 
service time.

Thus, the novel bounding procedures not only allow 
weeding out of infeasible designs and a quick computation 
of exact total service time if the original network is non­
queueing, but can be used in conjunction with published 
algorithms to speed up computation. The GCAA not only pro­
vides a straightforward and compact algorithm for computing 
exact total service time, in comparison to the algorithms in 
the literature, but with the stated refinements it can 
possibly surpass them.

The network designer can use the bounding procedures 
to his advantage in the synthesis of networks from scratch by 
using the non-queueing hypothesis as his guideline* By 
constructing configurations that are originally non-queueing, 
the bounding procedures will produce the exact total service
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time. This will allow for optimal design with very inexpen­
sive costs as compared to the exact algorithms in the 
literature. In general, the closer the transformed network 
is to the original, the better the bounds are.

Further research should be directed to determining the 
applicability and usefulness of alternate routes. This would 
entail the analysis of the merger of simultaneous packet flows 
at common nodes in the network. The analysis presented in this 
thesis treated the paths as independent units having in common 
only the source and destination nodes. If packet merging were 
to occur at intermediate nodes, additional queueing time might 
be incurred that would he unaccounted for in the GCAA or 
bounding schemes. The inclusion of this additional time in 
the current analysis requires further study. However t judging 
by ARPA network statistics, as the average utilization of 
transmission capacity is seven percent and ninety-seven 
percent of all messages are one packet long, packet merging 
does not pose an immediate problem to the network designer.

In addition, the extension of the GCAA and bounding 
procedures to multi-commodity flows and priority messages 
would greatly enhance their utility.

The analysis in this thesis was based on the assump­
tion that the flow from one source was the only flow to be 
considered in determining capacity violations. With the 
introduction of multi-commodity flows, an arc's capacity can 
be affected by flows coming from more than one source. For 
example, in Figure 3.7, one path, Cl,2,5,7,9), carries flow
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from source node 1 to destination node 9, while path (2,5,8) 
carries flow from source node 2 to destination node 8.
Arc (2,5) is common to both paths and its capacity of six 
units is affected by both flows. Given that the analysis 
only considers one flow at a time, there is no guarantee 
that if flows from both sources traverse arc (2,5) simul­
taneously that they might not exceed the capacity constraint 
of six. This must be accounted for in order to determine 
optimal routing for multi-commodity flows.

As in any typical network, certain messages are given 
higher priority than others to utilize arcs during trans­
mission. These messages might be network-generated for 
updating local routing tables or user-generated for a real­
time application that requires a very fast response time.
In either case, lower priority packets traversing the network 
would be queued in order to let these higher priority packets 
transmit first. This extra delay is not accounted for in 
the current analysis and could affect the computation 
of total service time for both the higher and lower priority
messages. Perhaps priority messages can be viewed as an 
extension of multi-commodity flows in that they, in effect, 
bring the capacity up to its maximum, thereby preventing 
lower priority messages from flowing on the same arc.

Continuing to be a major source of funds for packet- 
switching efforts, DARPA, the developer of the first packet- 
switched computer-communications network, has also provided 
impetus to developing packet—radio technology, which mates
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broadcast radio with packet switching (Allan, 1981}. This 
would be a computer-controlled network where internetwork, 
not just point-to-point, communication is needed regardless 
of whether or not line-of-sight conditions are available or 
any particular route between any two points is usable. In
1977, DARPA field-tested the packet radios in an experiment 
in the San Francisco Bay Area to assess the feasibility of 
a geographically distributed network of packet radios, 
controlled by one or more minicomputer-based stations. In
1978, the initial radios were replaced with packet radios 
having electronic counter-counter measure capabilities. The 
upgraded packet radios have verified the viability of the 
packet-radio concept in a tactical military environment.

Much other research and application is going on in 
packet-communication technology. Packet technology is seen 
as a basis for supporting integrated voice and data communi­
cation in a multiple network environment. DARPA officials
feel that it is the only technology capable of achieving 
efficient use of communication capacity while supporting
information exchange between people and computers. Commercial
industry is also in on the ground floor of integrated network
design, particularly Intecom and Northern Telecom, with plans
for integrated business exchanges to carry voice and computer
data at a substantial savings to the user over the currently
separate exchanges needed to transmit these different types
of information.
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In conclusion, packet-switching technology will 
increasingly be turned to as the means to provide more 
economical and diversified communication services for both 
voice and data transmission in future network design.
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g c a a r u n : p r o c  o p t i o n s <m a i n > ;

DECLARE 
SERVICE FIXED BEC(9),
'T » M > F L O A T  »
(C » D )( #) FLOAT CONTROLLED;

DO W H I L E ( ' 1 'B> ;
PUT SKIP L. IS T ( 'ENTER NUMBER OF NODES');
GET LIST(N)»
IF N = -:L THEN LEAVE;
ALLOCATE C(N-l);
A L L OCATE O(N-l);
PUT SKIP LI S T ( ' E N T E R  CAPACITY');
GET LIST(C) ;
PUT SKIP L I S T ( ' E N T E R  DISTANCE');
GET L I S T (D ) ;
PUT SKIP L I S T t ' E N T E R  NUMBER OF PACKETS');
GET L I S T (T ) )
SERVICE = G C A A (T » N );
PUT SKIP E D I K ' S E R V I C E  TIME S '^SERVICE)
(COL(l)t A t F ( 6 ) ) r 

end;
GCAA: PRCC(TrN) r e c u r s i v e ;

DECLARE (T»N) FLOAT;

IF N-l = 1 THEN RETURN 
(D(N-1. ) * C E I L ( T / C ( N - 1 > )) ;

ELSE IF T - C<N-1> < 1 THEN 
RETIJRN(GCAA(T,N-1) + D(N-l))*

ELSE K E T U R N ( M A X ( G C A A ( T » N - 1 )»G C A A <T - C <N - 1 > , N > ) + D<N-1))» 
END g c a a ; 
e n d  g c a a r u n ;
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uplov: procedure options<main> ?

DECLARE
( D I S T p C A P p C O N N p U C pU D p L C p L D ) (#?#) FIXED BIN C O N T R O L L E D » 
NEXTC*) FIXED DEC(3> C O N T R O L L E D »

F'ATH(20*#) FIXED DEC(3) C O N T R O L L E D »
LI 3 T < * > F I X E D  D E C (3) CONTROLLEDr 
( F’ N U M r L A 3 T X » N D X t HIT > F IXED BI NARY *
FI LEIN FILE INPUT}

ON E N D F I L E ( F I L E I N )  GO TO NEXTSTEP}

GET FILE ( F I L E I N )  LIST(LIM))
ALLOCATE B I S T <L I M p L I M > p 
ALLOCATE C A P <L I M pL I M ) p 
ALLOCATE C O N N (L I M r L I M )}
ALLOCATE U C ( L I M p LIM))
ALLOCATE U D ( L I M p L I M ) }
ALLOCATE L C ( L I M p LIM))
ALLOCATE L B (L I M »LIM)}
ALLOCATE N E X T ( L I M - 1 )}
ALLOCATE P A T H ( 2 0 p L I M )}
A L L O C A T E  LIST(LIM)}
LIST = 0} LIST(l) = 1}
DIS T = 0} CAP=0 } C0NN = 0;
UC=Oi U D = 0} LC = 0 } L D = 0 }
PATH = 0} P A T H (#»1) = 1}
F'NUM = 1} NEXT = 0}

DO UHILE < ' i ' B ) }
GET FILE ( F I L E I N )  L I S T (I r J p D I S T (I »J ) r C A P (I p J ))} 
C 0 N N < I p J) = 1}

. E N D )
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N EXTSTEP I
UDfLD= niST; UC.LC - CAP t

/* COMPUTE LOWER HOUNDS */
DO I = 1 TO L I M ;
DO J -■ 1 TO LIMi 
IF CGNN(IfJ) = 1 THEN
d o ;
DO K = 1 TO LIMt 
IF CONN<J*K) = 1 THEN CALL L O U - B O U N D (I »J »K ) i

e n d ;
e n d ;

e n d ;
e n d ;

/'* COMPUTE UPPER BOUNDS */
DO K -- LIM TO 1 BY -i;
DO J = LIM TO 1 BY -i;
IF C 0NN ( J »l< > = 1 THEN
d o ;
DO I = LIM TO 1 BY -l;
IF CONN(IrJ) = 1 THEN CALL UP..BOUND ( I » J t K ) J

e n d ;
END ;

e n d ;
e n d ;

/* PRINT THE ORIGINAL VALUES OF D I S T A N C E  AND C A P ACITY
FOR EACH ARC AS UELL AS THE U PPER AND LOUER BOUNDS */

PUT S KIP < 2 > ED IT < ' I '»'J '»' OD '»'D C '»' UD ' ? ' UC '»'L D ' t'L C ') 
< COL< A ) , A » C 0 L < 8 ) » A F ( 6 ) ( X ( 2 > r A ( 2 > ) ) ;
no i ■■= i t o  l i m ;
DO J = 1 TO LIMr 
IF CQNM(I»J) ■ 1 THEN PUT SKIP EDIT
< I f Jf DIST( T » J) rCAPt I . J) flltK I r J) »UC< I r J ) »LD< I * J) tL.C< I * J) )
(C O L (1> » (Q)F(4> >;

END J
e n d ;



123

/* USING THE C O N N E C T I V I T Y  MATRIX 'CONN' DETERMINE ALL THE 
PATHS IN THE NETWORK AND STORE THEM IN ARRAY 'PATH' FOR 
USE IN THE COMP U T E  STEP BELOW #/

I = If LNDX = i; II = IS
m .m n l o o p :

HO W H I L E < ' 1 'EDr 
HIT ■- o;

log: j :
DO J = 1 1 + 1  TO LIMJ 
IF CONN<IfJ> = 1 THEN 
DO?

h i t  =  i ;
LNDX = LNDX + li
list(lndx) = j ;
LEAVE LOOPJi

e n d ;
e n d ;

IF HIT = 1 .THEN
d o ;
N E X T (I ) = j;
IF J LIM THEN
do; 
ii = i; 
i = j; 

end;
ELSE IF J = LIM THEN
d o ;
NDX = i; K = lr 
DO WHIL E ( K  < L I M ) f 
NDX = NDX + i;
LASTK = K;
K = N E X T (K );
IF K > 0 THEN PATH CPNUMi NDX) = K ‘r

e n d ;
N E X T (L A S T K ) = 0;
PUT SKIP EDIT < 'PATH '»PNUMr' 5 ',
(P A T H (PNUH f J J ) DO JJ^l TO LNDX) )
(C O L ( 1 ) » A r F ( 2 ) » A » ( L N D X )F ( 3 ) ) i



PNUM = PNUM + 15 
LNDX = LNDX - 2r 
II = LIST(LNDX+l)f
I = LIST < L N D X ) »

ENDS /* IF J = LIM */
END f /* IF HIT = 1 #/
ELSE no;
IF I - 1 X J >= LIM THEN LEAVE MAINLOOF' 
ELSE IF J >= LIM THEN 
DO ?
N E X T (I ) = o;
II = If
LNDX = LNDX - li 
I = L 1ST<LNDX)i

e n d ;
else do; 
ii = j; 
i = j ; 

end; 
end;

e n d ; /* MAINLOOF' */
PUT SKIP L 1 S T ( 'ALL PATHS COMPUTED');



/# THE USER ENTERS A VALUE FOR THE NUMBER OF P A C K E T S
TO BE SHIPPED FROM SOURCE TO D E S T I N A T I O N  (NODE 1 AND 
NODE 'LIM' RESPE C T I V E L Y )  AND THE P R O G R A M  C O M P U T E S  THE 
UPPER AND LOWER BOUNDS FOR EACH PATH #/

COMPUTEt
DO W H I L E C ' 1 ' B ) »
PUT S NIP ( 2 ) L.IST('ENTER THE N U M B E R  OF PACKETS');
GET L I S T (P A C K E T S )?
IF PACK E T S  ~ 0 THEN LEAVE COMPUTE;
[10 I s 1 TO PNUM-i;
MINCUP = 9999; MINCLO = 9999;
TSTUP = OS TSTLO = OS
DO J = 1 TO 9 W H I L E (P A T H (I *J + l ) > 0 )»
K PATH(I.J). L = P A T H < I t J+1);
TSTUP = TSTUP + U D ( K » L );
TSTLO = TSTLO + LIKK.L)i
IF UC(K.L) < MINCUP THEN M I N C U P  = UC(K.L)J 
IF L C (K »L ) < MINCLO THEN MI N C L O  = LC(K.L)i

e n d ;
K = PATH(Irl); L = PATH(I.2)9
TSTUP = TSTUP + < C E I L ( P A C K E T S / M I N C U P ) - 1 ) * U D ( K . L ) ; 
TSTLO = TSTLO + <C E I L (P A C K E T S / M I N C L O )-1)* L D C K .L ) i 
PUT SKIP E D I K ' P A T H  M » '  U PPER BOUND i ' » T S T U P »
' LOWER BOUND J '»T S T L O )(C O L (1>»A r F ( 3 > » ( 2 ) ( A »F <6)>) ; 

END ;
e n d ;

UP..BOUNDS P R O C E D U R E ( S T A R T . M I D . F I N I S H ).
D ECLARE ( S T A R T.MID.FINISH) F IXED BIN;
UD(START.MID) = M A X (U D (S T A R T »M I D >.U D (M I D »FINISH ) ) 
UC ( ST ART .MID) * MI N < UC ( START , MID > * IJC ( MI D » FIN I S H  ) )

END U P - B O U N D .

LCIU..BOUNDS P R O C E D U R E ( S T A R T . M I D . F I N I S H )  S
DECLARE (START.MI D . F I N I S H )  F IXED BINARY;
LO(MID»FINISH) = NIN(L D (START.MID).L D (MID»FI NISH)) 
LC(MID.FINISH) = MAX(L C (START.MID).L C (MID.FINISH))

END l.o w _ b o u n d ;
END *UPL[Jw;
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