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Abstract

A CLASSICAL AND QUANTUM NOISE MODEL
by
Yejun Yang

Adviser: Professor Leon Cohen

We develop detailed statistics of a noise model that consists of N independent harmonic
oscillators where the total force is given by the sum of the individual forces. This model
was first proposed in the paper by Ford, Kac, and Mazur that was aimed at deriving the
Langevin equation from first principles. We extend the model and calculate relevant prob-
ability distributions and other statistical quantities such as the autocorrelation function. In
the usual model one assumes that the initial position and momentum values are stochastic
variables that determine the statistical features of the force by ensemble averaging over those
quantities. We extend that by also treating the mass and frequency as statistical quanti-
ties. We consider both the equilibrium case, that is the canonical distribution for the initial
positions and momenta, for the but we also consider other initial distributions and show
that this leads to non-stationary autocorrelation functions. One of our basic aims is to also
develop this model for the quantum case and compare the results with the classical case.

The general approach we use for the calculation of the statistical quantities is by way of
the characteristic function. We use the characteristic function approach because the oscil-
lators are independent of each other. However, the quantum characteristic function present

unique difficulties because the initial momentum and position operators do not commute.



We use the Weyl correspondence to define the quantum characteristic function and we de-
rive explicit expressions for both the pure case and mixtures. We show that many of the
statistical quantities can be expressed in terms of the Wigner distribution.

In addition, we consider the time-frequency Wigner spectrum of momentum governed
by the Langevin equation when the random driving term is quantum noise. We obtaine an
explicit equation. The equation is solved exactly and includes both the transient and the
stationary part. The time-dependent Wigner spectrum generalizes the result of Wang and
Uhlenbeck wherein they showed that for the white noise driving force the power spectrum in
the stationary state regime is Lorenzian. We show that our solution reduces to the classical
solution when the parameters of the quantum noise are such that the white noise limit is

approached and when the long time limit is taken.
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Chapter 1

Introduction and Aims

One of the most general models for the study of noise is the independent harmonic oscillator
model [1, 2]. This model encompasses many important physical problems because for those
problems the equations can be transformed into the model [3]. The model consists of N
independent harmonic oscillators where the total force is given by the sum of the individual
forces. Such models originated in the classic paper by Ford, Kac, and Mazur [4] aimed at
deriving the Langevin[5] equation from first principles and where the harmonic oscillators
constitute a heat bath. Often such models are called FKM models.

We now briefly review the harmonic oscillator equations. For each harmonic oscillator

the force, f;, is

fi=—kig (1.1)

where ¢ is used to distinguish between different oscillators in the bath. We assume all
oscillators are attached to the origin via a spring constant k; and the displacement of the

oscillator is ¢;. We also assume there are no other forces on the oscillator and therefore, the



equation of motion for each oscillator is

=tk (1.2)

my; my;

were m; is the mass of each oscillator. As standard, we use k; = mw? giving

The solution is
1:(0) .
¢;(t) = ¢:(0) cos w;t + 4:(0) sin w;t (1.4)
Wi
Defining p; as usual,
pi = mig; (1.5)
we have
pi(0) .
¢i(t) = ¢;(0) cosw +miwismw (1.6)
Substitute this result into Eq. (1.1) to obtain
fi(t) = mw?lqi(t) = mw?q;(0) cos wit + w;p;(0) sinw;t (1.7)

The force from an individual oscillator is independent of the other ones and is only a function
of the initial conditions, the mass, m, and the spring constant or w;. That is it is a function
of m;, w;, ¢;(0) and p;(0).

The total force due to N oscillators, F(t), is the sum of individual forces f;(¢), and is

given by
N N
F(t) =Y fi(t) =) [mw!q:(0) coswt + w;p;(0) sinw;t] (1.8)
=1 i=1

In our considerations we will use this model to study noise issues by taking m;, w;, ¢;(0) and



pi(0) to be random variables. We will develop a general noise model where all the statistical
properties of the force can be calculated exactly. This will allow one to test ideas regarding
noise and examine the accuracy of statistical methods that have been proposed.

In particular our aim in this thesis is the following. If one considers the initial conditions
as random variables we aim to obtain

a) The probability distribution of the force, f;(t).

b) For N oscillators we will find the probability distribution of the total force, F'(t)

¢) The corresponding autocorrelation functions

d) Other relevant random quantities.

e) In addition one of our basic aims is to also do the above for the quantum case and
compare the results with the classical case. For the quantum case we define the total force

operator, F(t), at time ¢, by

0= ( cosw]t+p]<o>sm“’jt) (1.9)

j=1 m;wsj

N

=Y (mwiq;(0) cosw;t + p;(0)w; sinw;t) (1.10)
7=1

where q;(0) and p;(0) are the initial position and momentum operators.

Also, we consider the time-frequency Wigner spectrum of momentum governed by the
Langevin equation when the random driving term is quantum noise[6]. We will obtain an
explicit equation for the Winger spectrum and we will solve it exactly[7]. Our solution will
include both the transient and the stationary part. The time-dependent Wigner spectrum
generalizes the result of Wang and Uhlenbeck wherein they showed that for the white noise
driving force the power spectrum in the stationary regime is Lorenzian. We will show that
our solution reduces to the classical solution when the parameters of the quantum noise are

such that the white noise limit is approached and when the long time limit is taken.



Chapter 2

Characteristic Function Method

Since the total random force is a summation of independent random forces the standard
method in probability theory is to calculate the probability of the force by way of the char-
acteristic function [8]. In this chapter we explain the method for the classical case. Quantum
characteristic functions [9] present unique features and we will treat them in a subsequent
chapter. We first consider the one variable case. If we have a probability distribution, P(z),

the characteristic function, M(0), is the Fourier transform of the density

M) = / e P(z)dr = (") = Ele"] (2.1)

In Eq. (2.1) we have written (e?*) and E[e?*] to mean the expectation value of ¢ since

both notations will be used. The characteristic function is the average of €®, where 0 is a

parameter. By expanding the exponential one has

o

M(9) = / ¢ P(z) do — / > WD) playde =3 20 any (2.2)

n! 4 n!
=1




which is a Taylor series in 6. Hence the moments are given by

(a%) = =2 M(6) (2.3)

0=0

There are two fundamental reasons for the use of the characteristic function. First, the
moments are more easily calculated from the characteristic function since differentiation is
easier than integration. The other is that often a characteristic function can be obtained
from physical considerations without knowing the distribution and once that is done the

probability distribution can be obtained by way of

Pz) % /_ T M(0)e " dg (2.4)

For the two variable case the characteristic function M (6, 7), is the average of e®*+imy,

MG, 1) = (P Tv) = // 0TI P (g y) d x dy (2.5)

and the distribution function is given by

Plz,y) = 4%2 / / M0, 7) =057 g dr (2.6)

Further, by expanding the exponential in Eq. (2.5) one has
- @)™,
M(Q,T):ZZ—(:UZ/ ) (2.7)

and therefore




We now explain the main idea that will be used for the calculation of the probability
distribution of the random force. The basic idea is that the characteristic function method is
that it can be used to calculate the probability distribution of a quantity when the quantity
is the sum of individual quantities. Specifically, suppose F'(t) is the sum of individual

quantities, f;(),

E(t) =) filt) (2.9)

and that we know the statistical properties of f;(t) and we want to obtain the probability
distribution of F'. For example, we will want to calculate the probability distribution of force

at a given time when

F(t) =) [mw!q;(0) coswt + w;p;(0) sinw;t] (2.10)

=1

and where we are given the probability distribution of ¢;(0) and p;(0). (This will be done
in the next chapter and here we just describe the general method). What one does is to

calculate the characteristic function of F' by way of
Mp(8;t) = (7)) = (ePXm /i) (2.11)

where

(02t n 0y = [ [SROP Gy fofri ity (212)

where Py(f1, fo...fn;t) is the probability distribution of (f1, fo...fn). The probability dis-

tribution of F' is then obtained from

1 )
P(F;t) = %/Mp(ﬁ;t)eﬂw de (2.13)



However, if the joint probability is of the form

N
Px(f1, forefnst) = [[P(firt) (2.14)
i=1
in which case one has that
N N
(W iz Filh)y — H O P, t)df; (2.15)
i=1
and therefore
Mp(0;t) = M7 (6) (2.16)
The distribution is then
1 —i
P(F;t) = %/ M7 (60;t) e~ " df (2.17)
Also, if M}Y() is written as
M (6) = &5 (2.18)
one has
P(F;t) = 2i / eNE1O) o= 0F qg (2.19)
T

We emphasize that often f is a function of random variables in which case the probability
distribution P(f,t) is just a symbolic way of expressing the probability distribution over
those variables. For example, in Eq. (2.17) f is a function of the random variables position,

x1, Z9...Ty, and momentum, py, ps...py, then by P(f,t)df we shall mean that

P(f7 t) df = P(xb$2-~-$N;p17p2---pN)dSU17dxz---de;dphdpQ---de (2-20)



The same idea will be used to calculate the joint distribution at two different times. One

defines
N N

F(t) =Y _filth) ; F(t)=)_ filt) (2.21)

i=1 i=1

and we obtain the two variable characteristic function by way of

Mp, (i, ) = (e HBrR)) (2.22)
= <ei06 YL fit)+iB Y, fi(t2)> (2.23)

N
_ H <€io¢f(t1)+iﬁf(t2)> (224)

i=1
= MY (. ) (2.25)

where

thfz(a,ﬁ) _ <€iaf(t1)+zﬂf(t2)> _ /\/ei@fi(tl)"riﬁfi(tQ)P(fl’ fg;tl,tg)dfldfg (2.26)

The probability distribution at two different times is then

1 , .
P(Fy, Fyjty, ta) = 4—7T2//M}Y7f2(a,ﬁ) e =B dod (2.27)

Similarly, we will be able to calculate the N time joint probability distribution. We define

N
F(ty) =Y filty) (2.28)
i=1
and the N time characteristic function is then

Mg, gy p (1, Qo ) = eiszzlaka\’:1f¢(tk) 9.99
1,42 K



If we assume dependence as in Eq. (2.28) we have that

MFl,Fg..AFK(O‘hOQa ----OéN) = <€iaF(tl)+wF(t2)> (2-30)

_ <eiz,§;1akz£21 fi<tk>> (2.31)

N
= H <ei2i(=1 akfi(tk)> (2.32)
i=1
The probability distribution at K different times is then

1\" ke
P(Fl,Fg...FK;tl,tQ...tk) = (%) / MFLF%‘FN(OQ,OQ,....OéK)€_ZZk:1aka (233)

doy, do, ... dog (2.34)

These are the basic equations we will use but, of course, for the quantum case the situation

is totally different and that will be considered in a subsequent chapter.
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Chapter 3

Ensemble Averaging

The standard FKM harmonic oscillator models [4], assumes that ¢;(0) and p;(0) are stochastic
variables that determine the statistical features of the force by ensemble averaging over those
quantities. It treats m; and w; as fixed variables. To make this problem more general,
we treat all these four variables as stochastic variables with a joint distribution function

P;(m;,wi, qi(0),p;(0)). However, generally, we assume that
Pi(mi, wi, ¢:(0), pi(0)) = P(my, w;) Pi(q:(0), pi(0)|[mi, wi) (3.1)

where P;(¢;(0), p;(0)|m;,w;) is the conditional probability distribution of (¢;(0),p;(0) for a
given m;,w; and where P(m;,w;) is the probability distribution of m;,w;. We note that
P(m;,w;) is independent of ¢;(0), p;(0).

Here we assume the conditional probability distribution of ¢;(0) and p;(0) satisfies the

canonical distribution [8]

e*ﬁHi(mi»wi,Qi(O)vpi(o))

[ e—ﬁHi(mi,wi,qi(O),m(O))dqi(O)dpi@))

Fi(i(0), pi(0)[ms, wi) = (3.2)

where k is the Boltzmann constant, T is temperature, and H; is the Hamiltonian of an
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individual oscillator given by

2 2 9
b; miw; q;

H; = 3.3
The integral inside Eq. (3.2) can be carried out
1 2rkT
/ekTH’L(miywiy%(o)vpi(o))dqi(O)dpi(())) _ T (3.4)
Wi
and therefore
Pi(g:(0), ps(0) |y, wi) = —— e Hilmiswn ai()p:(0) (3.5)

2rkT

For example, we can calculate the mean value and variance of individual force. For the

mean we have that

(fi) = /[miwz‘QQi(O) cosw;t + w;p;(0) Sinwz‘t]Pi(muwi)e_kiTHi(m"’wi’qi(o)’pi(o)) (3.6)
—0 (3.8)

and for the second moment,
< fi>= kT/miwiQPi(mi,wi)dmidwi (3.9)

= kT < mw? > (3.10)

In the next chapter we explicitly calculate the probability distribution function of the

force.
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Chapter 4

Probability Distribution of Force of

One Oscillator

To obtain the probability distribution of force we first calculate the characteristic function.

We substitute Eq. (2.10) into Eq. (2.2), to obtain
My, (0) = /ewfiPi(m,»,wi,qi(O),pi(O))dmidwidqi(O)dpi(O) (4.1)

Here we again assume the initial condition ¢;(0) and p;(0) are in a thermal equilibrium
state, so we use the probability distribution function, Eq. (3.2), as discussed in the previous

chapter. Substituting Eq. (3.2) into Eq. (4.1) we have

My, (0) = /eiefi%6_leHi(miawia‘]i(O)vpi(O))PL(mi’wi)dmidwidqi(O)dpi(O) (4.2)
™

where

1
H;(m;,w;, ¢i(0),p;(0)) = §miwi2%2(0) +

PO (43)
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Substituting for f;, as given by Eq. (2.10), we have

Mfz<0) = Q:I;T /eié)(miwfqz‘(o) cos wit+w;p;(0) s1nw1t)f H;(mj,w;,q:(0),p;(0)) <4.4)

Integrating over ¢;(0) and p;(0) one obtains

My, (0) = / / “ORTmT2 D (g, w;)dimgde, (4.6)

This is the characteristic function of an individual oscillator. It is easy to see this will
become Gaussian if the probability distribution function P;(m;,w;) is a delta function. That
is, if

P,(my,w;) = 0(m; —m;)o(w; — w;) (4.7)

(A (A
in which case we have

My, (0) = e Tmier/2 (4.8)

which is the characteristic function of a Gaussian distribution.
Therefore under stochastic oscillator model, the probability distribution of a single force

is not necessarily a Gaussian distribution. The probability distribution is given by

Pi(fi) = —/// —0fie= GQkTm’“’Q/QP(ml,wl)dmzdwldG (4.9)

s (1, w; ) dmydw; (4.10)

e
2rkT m;w;

This, in general, is not a Gaussian distribution function unless P;(m;,w;) is a delta function
as per Eq. (4.7).

We can calculate the mean and variance using Eq. (3.5) and compare to what we obtained



14

in Eq. (3.8) and Eq. (3.10). For the average force we have

< fi>= / JP(f)df: (4.11)
/ fZ =€ ~ s i Py(my, w;)dmdw;df; = 0 (4.12)
V2rkT
and for the second moment we have

- / F2P(f)df; (4.13)
_ /00 f? = e_%Tf“iiM P;(my, w;)dm;dw,;df; (4.14)

V2rkT J-os ™" \/miw? o
= kT/miwai(mi,wi)dmidwi (4.15)
= kT < mw; > (4.16)

These are the same as Eq. (3.8) and (3.10).

An important property of the distribution of force, Eq. (4.9), is that it is time inde-
pendent. The reason for this is because of the peculiar form of the distribution of initial
velocities. In the next chapter we explicitly calculate the force with different initial distri-

butions, that is other then Eq. (3.5) and explicitly show the time dependence.
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Chapter 5

Classical Distribution with

Non-Cononical Initial Distribution

We now take probability distributions other then Eq. (3.5). We do two different cases. For

convenience we repeat Eq. (4.1) here
My, (6) = /ewfiP,»(qi(O),pZ-(Oﬂmi,wi)P,-(mi,wi)dmidwidqi(())dpi(()) (5.1)

We take two different probability distributions for P;(q;(0), p;(0)|m;,w;) and call them case

1 and 2.

Case 1

We take the probability distribution of ¢;(0) to be uniformly distributed between —@

and @ , and p;(0) to be normally distributed. In particular,

e—p? (0)/02 (m7 7wi)

PAa0) O ) = 5 e (5.2)
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For the characteristic function we have

0o rQ
Mf' (9) — / 1 / / eiG(miw?q,‘ (0) cos w;t+w;p; (0) sin u)q;t)fp?(O)/U2 (mg,wi) (53)
' 2Q 7TU2(mi,wi) —o0 J-Q

dg;(0 dpz() (mz,wz)dmzdwz (5.4)

62w} sin® wito® (miwi) go o w;t sin(m;w?Q0 cos wit) Pi(my, w;)dmydw; (5.5)

leﬁw

and hence the probability distribution is

P(f) = / My, (0)e™"7:d0 Py (m;, wi)dm;dw; (5.6)
1 —fi + miw?Q cos wit fi + mw?Q cos wit
= erf - + erf .
4mw? Q) cos w;t |o (M, w;i )w; sin w;t| |o (1, wi )w; sin w;t|
(5.7)

where erf(z) is the error function,

erf(z \/_/ e dx (5.9)

Note that the probability distribution is now not time independent.

For this case the mean and second moment are respectively

< fi >= /_Oo fiP(fi)dfi =0 (5.10)



<fi2> = /_OO fiQP(fi)dfi
e~ Pi/o}

2Q\/mo?

Pi(mi, wz)dm,dwz

o rQ
= / / (miw?q; cos wiat + w;p; sin w;at)?
—00J-Q

B /w?(Qm?Q2wi2 cos? w; + 30% sin® w;at)
N 6

Pi(m;, w;)dm;dw;dqdp

Case 2

We take

vV AB A2 a2
Pi(¢i(0), pi(0)|ms, w;) = ¢ EORE

17

(5.11)
(5.12)

(5.13)

(5.14)

where A and B are positive constants and functions of m and w. The characteristic function

1S

VAB [ [~ |
Mfz(e) = / / ele(mi“’? COSwt-i—wqs1nwt)—Ap2—Bq2dpdq

™

& & 202 sin? w m2w? cos? w
= / / e i (RIS Py w)dmdw
The probability is therefore

1 [ ot
PUR) =5 [ My () nap

B / / AB
B Am?rw! cos? wit + Brw? sin’ wit

AB
fiQ P(mz,w,)dm,dwz

exp |- :
{ Am2wi} cos? wit + Bw?sin® wit

Notice that again the solution is time dependent. If we take

B = Amiw?

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)



then the solution is independent of time and in particular we obtain

| B B
P(f@-) = // I €xp {—Wff} P(miawi)dmidwi

The mean and the second moment are

(fi) =0

VAB

B o o0
- / / (miw?q; cos wiat + w;p; sin wiat)Qe_Apz_Bq2 dqdp

w? [ Am?2w? cos? wiat + B sin® wat
2 AB

<fi2> -

The canonical distribution case, Eq. (3.5), is obtained when we set

1 mw?

A= l

2kT

in which case

{fi) =0

(f}) = mw’kT

18

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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Chapter 6

Probability Distribution of Force Due

to NN Oscillators

If we assume there is no external field at the origin, the total force due to the bath is the sum
of the individual forces. In the case where there are N oscillators connected to the origin
and each one has its own distribution function of m; and w;, the total force is
N N
F = Z fi= Z [miw?q;(0) cosw;t + w;p;(0) sinwit] (6.1)

i=1 i=1
If we assume all the oscillators are independent of each other, the joint distribution

function of all oscillators is the product of individual oscillator

P(my..., w0, i(0)..., pi(0)) = [ | Pi(ms, wi, 4:(0), p;(0)) (6.2)

i=1
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Using Eq. (3.5) this becomes

N
Wi L H(msws.a ,
P(my...,w;.... ¢;(0)..., p;(0)) = Hpi(mi’wi)%rkTe 7 Hi (m3,wi,0:(0),pi 0)) (6.3)
=1
1 N Y
- - _iZi:lHi(mi7wi7qi(0)7pi(0))H P, (my, w;) (6.4)
e kT W m;,w .
N 1+ 1 (2] 1
(27kT) pale

Because of the assumption that all oscillators are independent, we can treat the individual
force as independent random variables. Therefore the characteristic function of the total force

can be calculated by using Eq. (4.8)

N N
Mp(0) =[] Mp00) =] / e~ RTma /2 P my w;)dmidw; (6.5)
i=1

i=1

We rewrite the product as a summation in the exponent to obtain

N
My (0) = / e it TT P (i, wr)dmd (6.6)

i=1

We now calculate the probability distribution function of the total force. Using Eq. (2.4)

the probability distribution function is

1
o

N
P(F) / eTi0F =025 Y mjw] H Pi(m;, w;)dm;dw;dO (6.7)

i=1
The integral over # can be carried out without explicitly knowing P;(m;,w;),

F2 N

1 / 1 Tors N moo?
_ e 3=1"3% H Pi(mi, wi)dmidwi (6'8)
V2orkT \/Z;,VZI mjw? i—1

P(F)
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From this result we can see that if

N
Z mw? = constant, (6.9)
i=1

the total force would be always be Gaussian function regardless of individual P;(m;, w;).

The probability distribution function of the total force can also be carried out by cal-
culating the convolution of the probability functions of the individual forces. This is well

known and is derived from the characteristic function. For simplicity we consider two forces.

The probability function of summation of this two forces is

PN = [ RUIRG - ), (6.10)

Pl(ml,wl)P(mg,wg)dmldwldmgde (611)

) \2mkT (myw? + mow?)

where we have used the fact that

o 9 5 AB y2
/ o2/~ (y—2)2/B g _ /2+ e A (6.12)

If we extend this method to N forces, the result is same as Eq. (6.4).




Chapter 7

Probability distribution of Force:

Statistical Properties

22

In the last chapter we found the distribution function for the total force, Eq. (6.4). We now

calculate the mean value and variance of the total force. We have

1 e
e 2kTZ§.V:1 mjw.? H PZ<TTLZ, w,)dmzdw,dF

1 /Oo
- | p——
V/ N
27kT ) —o0 \/ 2o i W5 i=1

This is seen to be zero,

< F>

< F>=0
Now consider
<F2> 1 /OO F2 1 _QszlgimeﬂP( )d dw:dF
— - ¢ J=1"3"; My, Wi )Jamy;aw;
V2TET J oo Z;VZI mjw? i=1

J

(7.1)

(7.3)
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Doing the integral results in

N N
< F? >= /{;T/ijwjz- H P;(m;, w;)dm;dw; (7.4)
=1

=1

Since P;(m;,w;) is a probability distribution function, we assume it is normalized

and therefore, for each term when i # j , the integrals are equal to one. Hence,

N
/mjw?HPi(mi,wi)dmidwi = /m,-w?Pi(mi,wi)dmidwi (7.6)
i=1
N
< F? >= k:TZ/miw?P,-(mi,wi)dmidwi (7.7)
i=1
N
= kTZ < miw? > (7.8)
i=1

This result is the summation of individual forces since we assumed individual oscillators
are independent.
We now assume that
N
Z m;w; = constant=c=Nm,w? = N < mw; > (7.9)

i=1

This assumption is often used [1], in which case we have

P(F) = ———¢ 7wt (7.10)



and we have that

< fi>= / FP(f)df; = 0

< f? >:/ fEP(f)df; = kT < mw? >

24

(7.11)

(7.12)
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Chapter 8

Joint Distribution Function for Force
at Two Different Times and the
Autocorrelation Function Due to N

Oscillators

In the previous chapter we have calculated the probability distribution function of force due
to one particle and total force due to N particles in the independent oscillator model. The
result shows that the random force in this model is first-order stationary random process
because the distribution function is time independent. To prove that this process is also
second-order stationary, we need to show the joint distribution function of two forces at two
different times only depends on the time interval.

Similar to the method used to obtain single force distribution function, we now calculate

the joint distribution function by first calculating the characteristic function. Consider the
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two time characteristic function of F(t). We write

N N
F(t) =Y _fith) ; F(t)=)_ filt) (8.1)
i=1 i=1
and the joint characteristic function is
My, iy (@, B) = (T 0HPEE)) (8.2)
_ <emz£ilfl-<t1>+wziil fi(t2)> (8.3)
N
= H <ei0‘fi(t1)+iﬁfi(t2)> (8.4)
i=1
If all oscillators are independent of each other
MFth(aaﬂ) = M}]”\lf,h(auﬁ) (85)

where

]thf2 (a,ﬁ) _ <€iaf(t1)+iﬁf(t2)> _ //eiaf(tl)‘Fiﬁf(m)P(fl’ fz;t1,t2)df1df2 (8.6)

The joint probability distribution of the force at two different times is therefore

1 .
P(Fy, Fy;ty, ty) = H// M} ¢ (o, B) e =P dg dr (8.7)

We can simplify this further. Consider the two time characteristic function for a single

oscillator. We have

f(t)) = gmw? coswt; + wpsinwt, (8.8)

f(ty) = gmw? cos wty + wp sin wty (8.9)
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and further

af (t)) + Bf(t2) = algmw?® coswt, + wpsinwt;) + Bgmw? cos wty + wpsin wt, (8.10)

= gmw?(a coswt; + Beoswty) + wp(asinwt; + Bsinwty) (8.11)

Therefore, the characteristic function, My, f, (o, 3), is

My, p,(c, B) = 27:1ng / / exp (8.12)
H(g,p) . . . .

{—T + igmw”(acoswty + B coswty) + iwp(asinwt; + B sin th)] dqdp

(8.13)
2( ) i - 2
~ exp [ QC(C)(}S;;ZZ—Tﬂ coswty)®  wi(a Sm;j;;;é sin wts) } (8.14)
= exp [—imkTw® {(a coswt; + Bcoswty)® + (asinwt; + Bsinwity)?} | (8.15)
= exp [—imkTw® {o® + 3% + 2a8(cos w1 B cos wiy + sinwty sinwts) } | (8.16)
= exp [—imkTw® {o® + 5% + 2af cosw(ty — t1)} ] (8.17)
or

My, 1, (o, B) = exp [—imkTw® {a® + 3% + 2B cosw(ty — t1)} ] (8.18)

Now making the assumption that all the oscillators are independent of each other we use

Eq. (8.4) to obtain

Mp(a, B) = M}V(a, B) = exp —%Nmk:ng {a2 + 3 + 2aB cosw(ty — tl)} (8.19)



The random variables are m;,w;, ¢;(0) and p;(0) and hence
M(a, B) = /eiaF(t1)+iﬁF(t2)Pi<miawi7Qi(o)vpi(()))dmidwid%(o)dpi(o)

substitute for both forces from Eq. (8.1),

N
Mp(a, B) = / expli Z miw? (o coswit; + 3 coswitz)g;(0)
i=1
N
+1 Z wi(asinw;ty + Bsinw;ts)p;(0)]

=1

Pi(mi, wi, ¢i(0), pi(0))dm;dw;dg;(0)dp;(0)

N
=1

The summation in the exponent can be rewritten as a product, giving

Mr(on ) =1 Z:I;T /

i=1
explimw? (o cos wity + B coswits)q;(0) 4 dw; (o sinwity + Bsinw;ty)p;(0)

1
— k_THi<mi> wi, ¢i(0), pi(0))] P (mi, w;)dm;dw;dg; (0)dp;(0)

The integral over ¢;(0) and p;(0) yields
N kTm;w? - o | oo
MF<Oé, 6) _ H/ez[a +8 +2aﬁcoswi(t17t2)]Pi(mi7wi)dmidwi
i=1

We now rewrite the product as a summation in the following way,

N
M(O{’ /6) — /ezg\il kT'IZLUiQ [02+ﬁ2+2aﬁCOSwi(t17t2)] H R(mz, Wl)dmldwz

i=1
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(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

This joint characteristic function is only a function of the difference in time, t;— %5, and
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therefore this is a second-order stationary random process.

The joint distribution function is

1 , .
P(Fy, Fy) = Ehe / M(a, B)e =2 dnda3 (8.28)
1 -2 M[a2+ﬁ2+2aﬁcosw~(t —t2)]—iaF1 —iSF: a
= W (& i=1 2 i\ ! 2 H ]Dz(mz; wz)dmzdwldadﬂ
7
i=1
(8.29)
We now rewrite this in terms of the standard 2-D joint Gaussian distribution,
! @=a)? | (=02 o (z—a)y=b)
P(ZE,y) = 1 2(1—7‘2){ o? + of 2 ooy (830)

2no,oyV1 — 12

where r is correlation coefficient which satisfies |r| < 1, a and b are the mean value of z
and y, and where o, and o, are the corresponding standard deviations. The characteristic

function of this Gaussian distribution is

M(a, B) = eioatibB=j(oto 2o aB+o56%) (8.31)

Comparing the standard Gaussian characteristic function with the function inside our

integral, Eq. (8.29), we have that

a=0 (8.32)

b=0 (8.33)
N

o’ =0l =0, = kTZ miw; (8.34)
i=1

Zﬁil miwf COS W; (tl — tg)

Zij\il miw;

T =

(8.35)
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Using this result in our integral, the joint distribution function, Eq. (8.27) can be written

as
N

¢ s (FLHFE =2 F) [ 7 mi, wi)dmide; (8.36)

=1

1

2wo2y/1 — 12

P(Fy, Fy) = /

This distribution function has only two parameters ¢ and r.

Autocorrelation function.

We now calculate the the autocorrelation function, < FF; >, between the two forces
< FlFQ >= /Flep(Fl,Fg)dFldFQ (837)

If we do the integral over F} and F5 first, the result is similar autocorrelation function of

two Gaussian correlated variable.

N
< F12 >= /7”0'2 H R(mz, wz)dm,dwz (838)
i=1
N N
< F >= k:T/ZmeJQ COSu)j(tl — tg) H Pl(mz,wl)dmzdwl (839)
j=1 =1

Because the P;(m;,w;) is a normalized probability distribution function, when i # j, the

integral equals one, and we have that

N
< FFy >= ]{ZTZ/T)’Z,WZQ COSu)i(tl — tg)Pz(mz,wz)dmzdwz (840)
=1
N
= kTZ < miw? cosw;(t; — ty) > (8.41)

=1

This result is a summation of expected value of single oscillator autocorrelation. So the

result is determined by what is summation and what is the expected value of miwf coswj(t; —
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ts). Now we separate this problem into two different cases, where the result is only affected

by one of these two calculations.

Case 1. The first case is that each individual oscillator has constant values of m; and wj.

Therefore the probability distribution function P;(m;,w;) is a delta function.
Py(my, w;) = 0(w; — w;)d(m; —m) (8.42)

and the autocorrelation function is
N
< FiFy >= NkTZm’w’2 coswi(t; — to) (8.43)

[3ad)
i=1

When N goes to infinity, this summation can be written as an integral. If we assume the

density function of m; and w;] is D(m,w) we have

< F >= Nl{:T/D(m,w)mu)2 cosw(t; — tg)dmdw (8.44)

Case 2. In the second case, we assume all the expected values of the individual oscillators
have the same value, which means all individual oscillators have same distribution function

P;(m;,w;) which we write as P(m,w). The summation in Eq. (8.43) then becomes

< F\Fy > = NEKT < mw?cosw(t, — t3) > (8.45)

= NkT // P(m,w)mw? cosw(t; — ty)dmdw (8.46)

Comparing Eq. (8.43) with Eq. (8.46), the above two cases would have the same autocorre-



lation function if D(m,w) and P(m,w) satisfies

D(m,w) = P(m,w)

White noise.
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(8.47)

We now ask whether Eq. (8.46) can yield white noise. For white noise the autocorrelation

function should be a delta function of ¢;— ;. For that to be the case P(m,w)mw? should

be a constant. We assume this constant is C' and write

C

mw?

P(m,w) =

However this can be satisfied by the follwing condition on P(m,w)

/P(m,w)dmdw:/ ¢ dmdw =

mw?

1 1
= 2C[In Mgz — MMy |[— — =1
Wmin Wmaz
Therfore
1
O —
2[; — L] I Mnae — 10 M)

Wmin Wmax

Hence we see w can have no upper bound. When w gooes to infinity

w .
C — mwn
2[In Mgz — I M40 ]

(8.48)

(8.49)

(8.50)

(8.51)

(8.52)
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Chapter 9

Statistical Properties

We now list some standard properties of two dimensional Gaussian distribution and apply
them to our case as developed in the previous chapter. We repeat here the standard two

dimensional Gaussian distribution

_ 1 1 (z—a)* (y=0?* _ (x—a)(y—b)
Pla,y) = 27T0'z0'ym P [_2(1 —1r2) { o2 * o2 o OO0y }

T Y

(9.1)

In Eq. (9.1) r is the correlation coefficient and satisfies |r| < 1. The characteristic function
of P(x,y) is

M(0,7) = exp [iad +ibr — 5(020° + 2ro,0,07 + 0.7°) | (9.2)

and the marginals are
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The conditional distribution, defined by

Plle) = 5 9.5
is given by
P(y|z) = \/Ta;\/m exp [—m (y —b— TZ—z(ac — a)> ] (9.6)

In addition, we list some other standard properties,

El(x —a)(y — b)) =ro,o, (9.7)
Elylz) = b+ rj—z(x —a) (9.8)

Ely*|lz) = o2(1 —r?) + {b—i—rj—i(m—a)} (9.9)

Elolz) = o.(1—17) (9.10)

We now apply these formulas to our case. Comparing Eq. (8.17) with Eq. (9.2) we have

that

1

1
P(Fy, Fyity,ty) = ———F—— "1 — r2)g2
(Fi, Faite, o) = o XD 2(1—r2)a2(

FP+ F; —2ri ) (9.11)
with

r = cosw(ty — t1) (9.12)

0? = NmkTw? (9.13)
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Eq. (9.11) can be written as

1
P(Fl,FQ;tl,t2> = (914)

27 [sinw(ty — t,)] 02

1
P {_2 sinw(ty —t1)] 02

[Ff + F22 —2cosw(ty — tl)Fle] } (9.15)
Also, we have that the conditional distribution is
E[F5|Fy) = cosw(ty — 1) F} (9.16)
and the autocorrelation function is
(F\Fy) = NmkTw? cosw(ty — 1) (9.17)

which shows that it is a stationary process. The conditional distribution is given by,

1 1
exp | ————
V2msin? w(ty — t)0? 202 sin® w(ty — t1)

P(Fy|Fy) = (Fy — cosw(ty — t1)Fy)?

(9.18)
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Chapter 10

Multi-Time Distribution for N

Classical Oscillators

We now derive the multiple time distribution function. That is we aim at getting the joint
probability distribution of force at K different times. We calculate the N force — K different

time characteristic function defined by way of

M(a)=E (10.1)

exp [ Z%F tr)

/ i ZZ 1 Miw? 3", o coswitrg; (0)+i vazl Dok o sinw;typi (0) (102)

N

H (M, wiy ¢;(0), pi(0))dm;dw;dg; (0)dp;(0) (10.3)

=1



where « is a M dimension vector and «y is component of it

N
M(Oé) _ Wi eaimi‘*}? S 0k coswitgq; (0)+iw; 3 o sinwitypi (0)— 5 Hi (m ,w;,q:(0),p; (0))
N n 2rkT
1=

Pi(my, wi)dm;dw;dg;(0)dp; (0)

ETm; w2 .
7 (e awcoswiti (o awsinwit)’) p (. o) dimdo

KTmye] > agoy coswi(tr—t;)
2 k.l * P,(ml, wl)dmldwl

:iljj/e_

-2 KT} 2k, Qb coswi(ty—1)
= [ e 2Xi ol i Hﬂ(mi,wi)dmidwi

i=1
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(10.4)

(10.5)

(10.6)

(10.7)

This is the characteristic function of multivariate Gaussian distribution with Covariance

matrix
N

Okl = kZTZmeE COS wi(tk — tl)

=1

The distribution of multiple forces can be written as

1 1 T _—1 a

i=1

(10.8)

(10.9)
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Chapter 11

Quantum Characteristic Function

Method

The quantum case presents a number of new features [10, 11, 12, 13, 14, 15]. The fundamental
issue is that we have operators instead of ordinary functions. That presents no problem when
we have one variable, but presents significant difficulties for the two variable case when
the operators do not commute. In such a case one uses the concept of quasi-probability
distribution. In particular, for the quantum case the total force operator, F(t), at time t, is

given by

N :
it
Zm ( cosw]t—i—p](O)Slan ) (11.1)

= mjw;
N

= Z (m; jqj ) cos wjt + p;(0)w; sinw;t) (11.2)
7=1

where q; and p; are the standard position and momentum operators that satisty the com-

mutation relation

[9;, p;] = if (11.3)
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where m; and w; are the masses and frequencies. Many properties of the model have been
developed and in particular the autocorrelation of the force has been obtained [4, 16, 17, 18].
First we discuss the general concept of a quantum characteristic function operator. If we

have an operator, A, then one defines the characteristic function operator by
M(9) = oA (11.4)
and the characteristic function is then the quantum mechanical expectation value
M) = (M) = [ v (@) ila) dy (115)
The probability distribution is then given by
Pla) = % / M(8) e da (11.6)

Equivalently, of course, one can calculate P(a) in the usual quantum mechanical proce-

dure where the probability distribution is given by

P(a) = |6(a)]? (1L.7)

where

mwz/@@wwm (118)

and where u,(z) are the eigenfunctions of the operator A with eigenvalues a,
Au, () = auy(x) (11.9)

That the P(a) given by Eq. (11.6) and Eq. (11.7) are the same is given in reference
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[19]. Hence there is no difficulty for obtaining quantum distributions for a single quantum
operator.
The difficulty comes in when we have one or more operators. For two variables one defines

the characteristic function operator by [13, 10, 11, 15] way of

M(a, 3) = e'*ATiB (11.10)

However, now, there are many other choices such as,

M(a, B) = e B (11.11)
or "B claA (11.12)
or ¢'@A/2i0BglaA/2 (11.13)

among many others. The characteristic function is then the expectation value of the char-

acteristic function operator for A, B

M(0,9) = (M@, ) = [ 7(M(a.5) vla) dy (11.14)

Each of the choices gives a different answer for the characteristic function and the distri-
bution. Once a particular choice is explicitly obtained an infinite number of others can be

obtained by way of [13, 10, 11, 15, 12]

B 1
 4q2

P(a,b) / / (o, B)M (a, B)e™ " =P dad3 (11.15)

where ®(a, 3) is the kernel function [11]. In this thesis we consider the case given by Eq.
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(11.10). The probability distribution is given by

P(a,b) = # / / M (o, B)e~ =P dad (11.16)

where M(a, 3) is given by Eq. (11.14).
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Chapter 12

Quantum Characteristic Function and

Distribution for f(t) = a(t)q + b(t)p

Many of our subsequent calculations can be cast in the form where we have to find the

characteristic function of

f(t) =a(t)g+b(t)p (12.1)

Different cases will involve taking particular forms for a(t) and b(¢) and therefore we will
do this general case first and specialize appropriately as needed. We want to calculate and

simplify the quantum characteristic operator of f(t),

ci0F(t) _ pi0{a(t)atb(t)p} (12.2)

When two operators, A and B satisfy

[A’ [A’ BH = [B7 [A7 BH =0 (12-3)



one has that

A+B _ e—%[A,B] A B
For our case we have

[A, B] = [ifa(t)q, i0b(t)p] = —0*a(t)b(t)[q, p| = —i6>a(t)b(t)h
and hence the quantum characteristic operator for f(¢) is

Mf(@) t) — ei@f(t) — €i92a(t)b(t)ﬁ/2ei0a(t)q ei@b(t)p

We note that e?®®P is the displacement operator

ePOP £ (1) = f(x + 0b(t))
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(12.4)

(12.5)

(12.6)

(12.7)

Now consider the characteristic function which is the expectation value of the character-

istic function operator,

My(6;t) = (My(6;1))
/ U ()e”" ) (q)dg
/ ¥ () PO ida(d)a L8Oy () dg
/ 07 (g) €% HOMON2 9903 (g 1 Gb(t)h)dg
N / U (q = 0b(t)/2) €9y (g + 0b(t)h/2)dg

(12.8)

(12.9)
(12.10)
(12.11)

(12.12)
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The distribution of f is then

P(f;t) = % / M (6;t) e~ dp (12.13)
= % / / V*(q — 0b(t)h/2) 0D (q 4 Ob(t)h/2) e~ dgdf (12.14)
= % / / V*(q — 0b(t)h/2) e U0V (g + Ob(t)h/2) dgdf (12.15)
= #@ / / V(g — OR)2) e PU=aOD/00) o 1 01 /2) dgdd (12.16)

This is the answer but we now show that it can be cast in an interesting way by the use

of the Wigner distribution [20] which is defined by

Wi(q,p) = % /@b*(q — %hr) e (g + %hT)dT (12.17)

Comparing Eq. (12.16) with Eq. (12.17) we have that

P(fit) = %t)/w (q, f;)(—igm) dq (12.18)

Density matriz and miztures

We point out that the Wigner distribution can be written in terms of the density matrix

[21]. The density matrix in the coordinate representation is given by

p(a,d) = pit" (@) (q) (12.19)

and the Wigner distribution is then

W(g,p) = %/p(q — 3T, q + shr) e "™dr (12.20)
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The same derivation that has led to Eq. (12.16) can be used to show that Eq. (12.17) ap-

plies to Eq. (12.20). Hence, Eq. (12.18) applies to both pure cases and mixtures. Explicitly

P(fit) = %/W <q, f_b(—igm) dq (12.21)

we have
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Chapter 13

Quantum Joint Distribution Function
of Single Force at One Time for the

Pure Case

The force is
F(t) = qmw? cos wt + pw sin wt (13.1)

and our aim is to find the characteristic function and the probability distribution of F(t).

We repeat here the main results from the previous chapter. If
f(t) =a(t)q+b(t)p (13.2)
then the characteristic function is given by

My(0:1) = [ " (a = 80(0)/2) €O (q + 8b(0)h/ 2y (13.3)



47

and the distribution in terms of the wave function and Wigner distribution is, respectively,

P(f / V*(q — Oh)2) e PU=aD/OO 4y (q + OR/2) dgdh (13.4)

QN

We now specialize to our case where. Comparing Eq.(13.1) with Eq.(13.2) it is clear that

we have to take

a(t) = mw? cos wt (13.6)
b(t) = wsin wt (13.7)
Therefore

My(858) = [ 47(q = O(OR/2)e™ O w(q -+ 0b(e)h/2)dy (13.8)
= /@Z)*(q — Oh/2w sinwt) 0T S (g 4+ Oh/2w sin wt)dg (13.9)

and the distribution of force is
PUst) = o [ (0 15590 ) ag (13.10)

b () '
1 _ 2
AR P
|w sin wt| w sin wt

In terms of the wave function we have

(f — gmw? coswt)

P(f;t) =

/ V(g — OR/2) exp [—ie ] W(q + Oh/2) dgdd

(13.12)

27 |w sin wt| w sin wt

In the last section of this chapter we give an alternate derivation of these results.
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We note that if all the algebra was done correctly the distribution should be automatically

normalized. That is, we expect that for all time

/P(f, Hdf =1 (13.13)

To show that this is the case consider,

(f — gmw? coswt)

1 . ,
/ P(f,t)df = sl / / W*(q — 0h/2) exp [—ze e b(q + 0h/2) dgdodf

(13.14)
1 . 1
B |w sinwt|//¢ (9= 0h/2) 6(6wsmwt)w(q + 0h/2) dqdd (13.15)
_ / / W (g — 0R)2) 5(6)d(q + Oh/2) dgdf (13.16)
= /w*(q) ¥(g)dg =1 (13.17)
It is also of interest to do it by way of the Wigner distribution, Eq.(12.20),

_ 1 [ — gmw? cos wt

/P(f, t)df = //mw (q, sl )dqdf (13.18)
_ 1 f

B //|w sinwt!w (q, wsinwt) dadf (13.19)
— [[w (0.5 dadr =1 (13.20)

The last step follows because the Wigner distribution is normalized to one if the wave function

18.



We now calculate the first and second moment

B f f — qgmw? coswt
/fP(f’ tdf = // |w sin wt| Wi w sin wt dadf

B f + gmw? coswt f

B / |w sin wi| W w sin wt dacf

= //(pw sinwt + gmw? cos wt)W (q, p) dgdp

= wsin wt//pW (q,p) dgdp + mw? cos wt//qW (q,p) dqdp

=wsinwt < p > +mw? coswt < ¢ >

=0
2 _ 2
[rpaar = [[ i (o LIRS gy
|w sin wt| w sin wt
= //(pw sin wt + gmw? cos wt)?*W (q,p) dgdp

= w? sin® wt//pZW (q,p) dqdp
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(13.21)
(13.22)
(13.23)
(13.24)

(13.25)

(13.26)

(13.27)
(13.28)

(13.29)

—|—m2w4//q2W(q,p) dqdp + 2mw? sinwtcoswt//qu (q,p) dqdp

=wisin®wt < p? > +mPwt < ¢* >

Alternate derivation of Eq. (13.5)

We now give an somewhat alternate derivation of Eq. (13.5). The force is

N

F(t) = Z (mjw?q; cosw;t + pjw; sinw;t)
j=1

We first consider

f = gmw? cos wt + wp sin wt

(13.30)

(13.31)

(13.32)

(13.33)



The characteristic function operator is

M;(6;1) = ™

2

0(gmw? cos wi+wp sin wt)

102mw?

—e coswt sin wt/2 6i9qmw2 cos wt ei@wp sin wt

and the characteristic function is then

My(0.6) = [0 (@)Ms(6:0)010) da
_ /@D*(Q) eiﬁHQmwS Coswtsinwt/2€i9qmw2 coswtw(q + Ohw Sinwt) dq

= /w*(q — $hfw sin wt) gifame? coswtyy (o 4 Thwsinwt) dg
where we have used the fact that

[Oqmw? cos wt, Bwp sin wt] = *mw?® cos wt sin w(g, p]

= ih#*mw?® cos wt sin w
The distribution is then given by

1 )
P(f,t) = %/ M(0,t) e~ dg
1 e 9 1
=5 /w*(q — %h@w sin wt)e_wf glfame coswl)(q + §h0w sinwt) dqdf
T

1 A
=5 /@/J*(q - %h@w sin wt) e~ 0(f—qmw? COS“’t)@Z)(q + %h@w sin wt) dqdf
T

20

(13.34)
(13.35)

(13.36)

(13.37)
(13.38)

(13.39)

(13.40)

(13.41)

(13.42)
(13.43)

(13.44)



Making the transformation

we have that

1 *
P(f,t) = m/w (¢ —

o1

(13.45)

7 = Owsin wt

dT = wsin wtdf (13.46)

2

f — gmw? coswt

w sin wt

1ht) exp |:—iT

V(g + 3hr)dgdr (13.47)

2

If we define the Wigner distribution in the usual way

1 .
Wi(g,p) = o /@/f*(q — Lnr) e Py(q + Lhr)dr (13.48)
then P(f,t) can be written as
1 _ 2
P(f.t) = —— / W (g, L dmecoswty 4o (13.49)
|w sin wt| w sin wt
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Chapter 14

Density Matrix Approach and

Mixtures

In the previous sections we have treated the pure case. We now address the case where
we have a mixture characterized by a density matrix. We then specialize to a particular
density matrix representing an ensemble of harmonic oscillators. The density matrix in the

coordinate representation is

p(a,d) = pit" (@) (q) (14.1)

For the characteristic function we have
M (0;t) = /p(q — 0h/2wsinwt, q + Oh/2wsin wt) 0T ot g (14.2)
and for the distribution

_ 2
(f — gmw? coswt) dodd (14.3)

1
P(fit) = —— —60h/2 Oh/2 —10
(f51) 27r|wsinwt|//p(q /2:0+6h/2) exp | =i w sin wt
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We now take the following density matrix

, mw tanh (%) mw . huw , Fiw
p(z,z') = \/ — exp —E((x—x)coth (%) + (z + ') tanh (ﬁﬂ

(14.4)

This density matrix is well known and corresponds to the case of a harmonic oscillator heat

bath. The corresponding Wigner distribution is also well known and is given by

1 .
W(z,p) = — / dyp(z —y, x +y)e*™/" (14.5)
1 hw p? mw?z? hw
= —tanh | —— - h{—— 14.
oh o <2kT> &P [ (mhw L A (14.6)

For the sake of completeness we give a derivation of these results at the end of this chapter.

Distribution of force for a mixture

We now calculate the distribution of force for this Wigner distribution, Eq.(14.6). We

rewrite Eq. (13.5)

. f—alt)q
and substitute Eq.(14.4) for Eq.(14.3) to obtain
f-a(t))gy2
1 1 hw mw ( 70) ) hw
P = ———tanh(—— — 2 h—— 14.
() = g bl [ espl— 500+ M0 b gy (145)

This integrates to

mw tanh 22 mw tanh 22
P t) = 2T - 2kT 2 149
(£:1) \/(a2 + b®>m2w?)Th eXP [ (a® + b2m2w2)hf ] ( )



o4

and is seen to be a Gaussian distribution with mean zero and standard deviation given by

s (a* 4+ b*mPw?)h
o° =

fiw
2mw tanh T

The corresponding characteristic function is

M(6,t) = exp

Fw
4mw tanh T

(a® + b2m2w2)h0]
For our case, as per Eq.(13.1), we have
a(t) = mw? cos wt

b(t) = wsinwt

and using the fact that

(a® + b*m’*w?) = ((mw? coswt)? + (wsinwt)*m*w

we obtain
tanh 2 tanh 2
P<f7 t) = — -
mw3Th mw3h,

If we substitute Eq. (14.15) into (2.1) we have for the characteristic function

mw tanh(J4)

222 h 2 )
Mf(e,t) — \/ 2kT 67%9 w? sin® wt coth 5% ez@mzwixcoswltf B

7h

_mwp2 2 i 2 hw __mwpg2, 2 2 hw
1 0“w* sin“ wt coth ST A 0°w* cos® wt coth 20T

_mwn2 2 hw
— e 4 0°w* coth 57

2T f2

(14.10)

(14.11)

(14.12)

(14.13)

(14.14)

(14.15)

(14.16)

(14.17)

(14.18)
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Classical limits

We now consider the classical limits. First, we point out the well known result that

. hw hw

Applying this approximation to Eq.(14.9) we have

. _miwsz mw2
1 P t) ~ 2kT (a2 +b2m2w?2) 14.20
T (F,t) ~e \/27rk:T(a2 + b2m2w?) ( )

and for Eq.(14.15) we have

. 1 s
Hm P~ Sz ™ (14.21)

This is seen to be the classical results as given by Eq.(6.4). Thus we have shown that the

joint distribution function approach reduces to the classical results for T'— oo or for h — 0.

Derivation of density matrixz and Wigner distribution for the harmonic oscillator bath

The density matrix and Wigner distribution for a harmonic oscillator heat bath have
been derived by many in various ways. For the sake of completeness we give a derivation
here. The most common derivation is to write a differential equation for the density matrix
and solve it. Here we give an straightforward derivation. First, we list the main properties

of the Harmonic oscillator. The eigenfunctions and eigenvalues are

un(z) = Npe ' 2H, (az) (14.22)

B, = (n+ )hw (14.23)



where

o fmw mk\ Y4 B k N — «Q 1/2
TN T\ R Vi "\ /r2nn!

and H,, are the Hermit polynomials. We will be using Mahler’s formula

> tTL 1 2.[: !/ t2 2 12
S (et = s [ ]
prd 21! 1 —¢2 1—t
Now, the density matrix is defined by way of
p(a.q) = pitbi () vilq)
where
e_ﬁEn
D S
and
1
5=
For the harmonic oscillator case we have
Z o= Bhwnt1/2) _ —phw/2 Ze—ﬁhwn
n=0 n=0
e Aw/2 1 1

T 1—e P efhe/2 _ B2 T 2sinh Bhw)/2

and hence

pi = 2sinh(Bhw/2)e ren+1/2)

o6

(14.24)

(14.25)

(14.26)

(14.27)

(14.28)

(14.29)

(14.30)

(14.31)
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Therefore
p(q,q) = 2sinh(Bhw/2) Y " e 0Ty (2, (2') (14.32)
k=0
= 2sinh(Bhw/2) Y e Pt/ N2emo D2 1 (0a) H, () (14.33)
n=0
_ : —Bhw(n+1/2) o —a?(x2+2'2)/2 /
= 2sinh(Bhw/2) ; e =T e H,(ax)H,(az') (14.34)
29 " 1
Now in Mahler’s formula, Eq. (14.25) put
t=e P (14.36)
to obtain
0 e—,@hwn 1 2€_ana}:€/ . e—Qﬁhwn(xZ + 31'/2)
Hy(ax)Hy (o’ = 2
; (ax) Hu(ax) 5 = —amen P {O‘ 1 — ¢—28hen
(14.37)
Hence,
- 1
—Bhw/2 —a?(x%+2'%)/2 —Bhwn /
e e kz:% e Sl H,(ax)H,(az") (14.38)
6—,8m;/26—a2(12+x/2)/2 UHrr'a? — t2a2(:ic2 + 3312)
= Vi exp T (14.39)
_ ie_a2(x2+x/2)/2 exp 2txx’ — t2<£L‘2 + $,2) CE2 (144())
V1-1t2 1—t
_ ;e—az(ﬁﬂ-x’?)ﬂ exp 2txx’ — t2 (5132 + 56/2) 042 (14 41)
V1t —t 1—t2 '
_ ;Q—QZ(QCQ‘HU'Q)/? exp |:2t1}$/ — i2 (1‘2 + le)a2:| (14.42)
/2 sinh(fhw) 1—1t2



1 [2txx’ — t* (2 + 2) , (2 +2?)
- NI exp T Q= }
1 [Atzx’ — 2t* (2 + 2) ,  o*(1 —t*)(2? + 2?)
T 2snh(Ghe) T T ) R T )
_ 1 exp _a24txx' — (262 + (1 — %)) (2 + x'z)]
J2smh(Ghe) L 21— )
_ 1 exp _a24xx’— (2t+(1/t—t))(x2+x’2)}
/2 sinh(Ghw) 2(1/t —t)
_ 1 exp -a2 4zx’ — (2 cosh(Bhw))(x? + x’z)]
/2 sinh(Bhw) i 4 sinh(fhw)
_ 1 exp _a2 4xz’ — (2 cosh(Bhw))(x? + 17’2)}
/2 sinh(Bhw) i 4 sinh(fhw)
_ 1 exp -042 2zx’ — (cosh(Bhw))(z* + x'Q)]
/2 sinh(Bhw) 2 sinh(Shw)
Therefore
o 1 o 2xx" — (cosh(Bhw))(x? + x'?)

p(q,q') = 2sinh(Bhw/2)

and using

|

NZNCTENETm R

sinh 2z = 2sinh x cosh x

2sinh(Bhw)

|

o8

(14.43)
(14.44)

(14.45)

(14.46)
(14.47)
(14.48)

(14.49)

(14.50)

(14.51)
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we obtain

') = 2sin i L
A ) = 2smh(Ghof2) /A sinh(Bhw/2) cosh(Bhw/2) (14.52)
o [ 227~ U+ )
2 sinh( hw)
o - ext o 2zx’ — (cosh(Bhw))(z? + 2?)
= % Vimb{Fho D exp { T } (14.53)
_ Q= ot | a2 (cosh(Bhw))(z? + 2*) — 222’
= = Va5 ) exp [ eh () } (14.54)
But
(2% + 2*)a — 2bxa’ = (v +2')*(a — b)/2 + (x — 2")*(a + b) /2 (14.55)

and therefore

cosh(Bhw)(z® +1%) — 222’ = (v+2')*(cosh(Bhw) —1)/2+ (v —2')*(cosh(Bhw) +1) /2 (14.56)

Also, since

2t coshz +1

cos 5 (14.57)
hx —1

inh? ~ — & 14.58

sin 5 5 ( )

we have that

cosh(Bhw)(2? + %) — 2x2’ = (x + 2')? sinh®(Bhw/2) + (z — 2/)? cosh?(Bhw/2)  (14.59)



60

Hence, combining terms we have

N [, (cosh(Bhw))(z* + 2?) — 2xa’

p(q,q) = ﬁ\/tanh(ﬁfwﬂ) exp _—a > sinh(5hw) (14.60)
e [, (z + 2')%sinh®(Bhw/2) + (x — 2')? cosh?(Bhw/2)]
=/ tanh(Bhw/2) exp _—oz 2 sinh(3h) |

(14.61)
_ = o _—042 (z + 2')? sinh*(BAw/2) + (z — 2')? cosh?(BAw/2) |
= 7V tanh(he/2) exp | Tcosh(Bh/2) sinh(Bha/2)
(14.62)
o« [, (z+2')? tanh(BhAw/2) + (x — 2')?* coth(Bhw/2)
=7 tanh(Bhw/2) exp _—a 1 }
(14.63)
- \/% tanh(Bhw/2) exp [—% {(z + 2')? tanh(Bhw/2) + (z — z')? coth(ﬁhw/?)}]
(14.64)

Puting $ = 1/kT we finally have

. mw tanh () mw "o huw o fuw
plx,z') = \/T exp[—4—h((1’ — ') coth(%—T) + (z+2) tanh(%—T)] (14.65)

Corresponding Wigner Distribution



We now calculate the corresponding Wigner distribution. We have

1
W(z,p) = Wﬁ/dyp(x—y,Hy) it
1 mwtanh(%) mw fuo ’
_ 1 [mwtanh(g7) —_ (2 th 2x)” tanh
h h /exp[ 17, (29 cothlgpp) + (22)° tanh(
1 [mwtanh($%) [~ (22)? tanh( o )]
~h T T
_m h'u) 2ipy/h
/exp[ 17 ((2y")? coth( kT)]e
mw tanh QkT e e
7rh \/wp coth(. eXp[_E(zx) tanh (7))
4192/52
exp mw
44h (2)2 c0th( )
1 h(,() mw hw p2
= — tanh(5 —— @ tanh
wh o (QkT)eXp[ B (ZkT) mthOth(sz)]
1 fiw mw p2 hw
_L ) tanh
oh e (2kT)eXp[ { h +mwﬁ} o (%T)]

which gives that

2

1 hw w P hw
— tanh — h
W(z,p) = Whtan (2kT)eXp{ { s +mwh}tan (ZkT)}

61

(14.72)

(14.73)

(14.74)

(14.75)
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Chapter 15

Quantum Joint Distribution Function
of Total Force at One Time for the

Pure Case

We now do the case where we have N oscillators and where the total force is

F(t) = Zfi(t) (15.1)

We further assume that the N body wave function is given by the product of individual wave

functions, ¥(q)
N

Un(q1, G2---qN) = Hw(%) (15.2)

i=1

The characteristic function operator is

Mp(6:t) = FO — 0 L1 filt) — I1; My, () (15.3)
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From the last chapter we have that

M(0; 1) = e i 02 coth i (15.4)
and hence we have
2 mlwf ﬁw? 2 mlwf ﬁw?
MF(Q,t) _ Hie—Q - coth ok 6—0 > —q - coth 5k (155)

This is the characteristic function of a Gaussian distribution with zero mean and standard

deviation given by

3 3
2 m;w; hw;
o = EZ: 5 coth SET (15.6)
Hence the distribution is
1 F?
P(F) = exp [— — hw3] (15.7)
\/ 2m ", m’;g coth ;:; > 5+ coth o

Classical limits

We now consider some limiting cases for Eq. (15.7). Using Eq. (15.6)

Th_{I;O coth W~ T (15.8)
we have that
o? ~ kT Z miw? (15.9)
and
1 R -
P(F) ~ e FrImi; (15.10)

VTET > mw?

These limiting cases are identical to the classical cases as given by Eq. (7.10).
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Chapter 16

Quantum Characteristic Function and
Distribution for f(t) = a(t)q + b(t)p at

Two Different Times

We now find the joint distribution of the total force at two different times. For two times

we write
N N
F(h) =Y fi(t) ; F(ta) =) flts) (16.1)
i=1 i=1
and therefore
M(a, f; t1, ta) = i@ S Bt +8 1 e (16.2)
_ o it {iaf (t)+ipE(t2)} (16.3)

We consider first the simplification of

Mfl,fz (a, B;t1, tQ) = lof(t)+iBE(t2) (16.4)
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Using
iaf(t1) + 10f(t2) = ia [a(tr)a + b(t1)p] + i6 [a(t2)a + b(t2)p] (16.5)
= i[aa(ty) + Ba(tz)] a + i [ab(tr) + Bb(t2)] P (16.6)

we obtain

Mf17f2 (a7 Bty t2) = emf(tl)—i_wf(h) (16.7)
_ ez’[aa(tl)+,6’a(t2)]‘1+i[ab(tl)-l—ﬁb(m)]p (168)
— iloa(tn)+Ba(t2))lab(t1) +0b(t2)1/2 sloa(t) Bat)lailob) +8bE)e(16.9)

Hence
My, 1, (a, Bty t) = (My, 1, (@, Bi 1, t2)) (16.10)
_ /w*(q)emf(tl)+iﬂf(tg)w<q)dq (16.11)
_ / O (q) et HBa(t2)lob(t) - 8b(12)] /2 gilea(t)+Ba(t2)la ilob (1) +86E2)IP ) dg (16.12)

_ /1/)*(q)ei[aa(tl)+ﬁa(tz)][ab(t1)+ﬁb(t2)}h/2ei[aa(t1)+ﬁa(t2)]Q¢(q + [ab(ty) + Bb(ts)] h)dg  (16.13)

= / V(g — [ab(ty) + Bb(ts)] hf2)e"ee ety (g 4 ab(ty) + Bb(t2)) B/2)dg  (16.14)

One can find the distribution for f at two different times by way of

1 . )
P(fl,fg;tl,tg) = 4—71_2// Mflny(Oé,ﬁ) €7wéflilﬁf2 d&dﬁ (1615)



Substituting Eq. (16.14) into Eq. (16.15) we have that

f1 f2 t1, t2 = i 2///w q— Oébtl —|—ﬁbt2>]h/2) ilaa(ty)+Ba(t2)]g

V(g + [ab(ty) + Bb(t2)] hf2)e™" NP daddg
To evaluate this we first make a change of variables for the «, § variables

A = aa(ty) + Pa(ts)

The inverse transformation is

C Nb(t) — ba(ty)
T at)b(ta) — alta)b(t)
5 fa(t)) — \b(t))
a(t)b(ta) — a(t2)b(t1)
and hence
1

1
P(f1, fast1,t2) = i

[t -onzuia+ on2

)
exp {z)\q — Za(tl)b(tQ) — a(tg)b(tl)fl —1 TATS fa| dOdAdq

= ///w*(q — O0n/2)(q + 0h/2)

, a(ta) fr — a(ty) f2 _ b(ta) fr — b(t1) fa
il L(u)b(m) - a(@)b(h)] ’ [ a{t0)b(t) — alt2)b(6r)
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(16.16)

(16.17)

(16.18)

(16.19)

(16.20)

(16.21)

(16.22)

(16.23)

(16.24)

(16.25)

(16.26)
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We now express, P(f1, fa;t1,t2) in terms of the Wigner distribution

1 t2 )i+ a(ty) fo
T or a(t1)b(ty) — a(tz)b(ty) // b(ts) — a(tQ)b(tl)) (16.27)
)

)\b tQ . —)\b( )
a(t1)b(t2) —a(tQ)b(tl)f a(t)b(ta) — alta)b(t )fz dqdA (16.28)

exp [iAq — 1

The integral over A is a delta function and we obtain that

P(f1, fasty, t2) 1 b(ta) fi — b(t1) fo —a(ta) fi + alty) fo )

 a(t)b(tz) — alt2)b(t) w (a(tl)b(tQ) — a(t2)b(t1)” a(ty)b(ta) — a(t2)b(ty)
(16.29)
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Chapter 17

Quantum Joint Distribution Single
Force at Different Times for the pure

case

We now calculate the joint quantum distribution of force for two different times. The force

at one time is
sin wt

—) (17.1)

F(t) = mw?(qcoswt + p

and the joint characteristic function for two forces at different times is

M(Oé,ﬂ) _ eiaF(t1)+iﬁF(t2) (172)

= exp [imwz(a coswty + [ coswts)q + iw(asinwty + G sin wtg)p} (17.3)

Using the fact that if
[A,[A, B]] = [B,[A, B]] = 0 (17.4)



then

_1 1
oATB _ A Bo—3AB] _ ,B,A A B]

and setting

A = imw*(acoswt; + Bcoswiy)q

B = iw(asinwt; + fsinwts)p

we obtain that

[A, B] = —mw?(a coswt; + Bcoswty)(asinwt;, + Bsinwty)|q, pl

Therefore

. 2 . . .
M(Ck,ﬂ) —etmw (acoswt1+ﬁcoswtg)qezw(asmwtlJrﬁsmwtg)p

X 3
6% (acoswt1 4B coswta)(asinwt +8sinwia)

where we have used the fact

ei”(aSi““’t”ﬁsmwt?)pw(x) = (x — hw(asinwt; + Bsinwty))
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(17.5)

(17.6)

(17.7)

(17.8)

(17.9)

(17.10)
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The expected value for a pure case with wave function v (z) is hence

M(a, 8) =< M(a /w B ()da (17.11)

th“’ (avcoswt1 4B coswta)(asinwti+6 sin wis)

/¢ pimw?(acoswiy +0 cos wiz) “ih(x + hw(asinwty + Bsinwty))dz (17.12)

ihmw

_ 62(acoswt1+ﬁcoswt2)(o¢sinwt1+ﬁsinwt2)/¢*(x _ %hw(& inwty + Fsinwty))
(17.13)

eim“ﬂ(aws“tlwCOSWtQ)(x_%m(‘”sm“tlwsm“’tz)@b(z + %hw(oz sinwt; + fsinwts))dx

= /w*(x — %hw(a sinwt; + (sin u)tz))eim‘dz(o‘Cos“’tl*ﬁcosu’t”m (17.14)

U(x + %hw(oz sinwt; + @sinwts))dx (17.15)
The probability distribution is calculated by way of
Plfif) = [ [ar(a. 9y en - dads (17.16)
To simplify the characteristic function, we make the following transformation,

B = asinwt; + Bsinwty (17.17)

o' = acoswty + [ coswty (17.18)

where the inverse transformation is
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' coswty — o’ sinwty

= 17.1
@ sinw(t1 — tg) ( 7 9)
5= o4 co§ wt; — o sinwty (17.20)
sinw(te — 1)
Now
1 1 o
M, 3) = / V(o — Shod Yol + shul)em o dr (17.21)

and therefore the distribution function can be rewritten as an integration over o/ and ('

— [ M(« 17.22
P f2) = sin w t2 —t) / exp (17:22)
_Zﬁ coswty — o' sin wtsy i Zﬁ’ co§ wt; — o/ sinwty 1| do'ds (17.23)
sinw(t; — ta) sinw(ty — t1)
1 fisinwty — fosinwty
= —hwpi')o 2p —
sin w tg —t1) /d} (e + 2 F)o(mw’a sinw(ty — t1) )
(17.24)
t — t
exp 5 2/1 = cosw 1f26’ dxdf’ (17.25)
smw(t2 — tl)
2
_ T (17.26)
 sinw(ty —t)
f1 sinwty — fosinwt; 1 o Jisinwty — fosinwt; 1 ,
— Zhw —hw 17.27
/w mw? sinw(ty — ty) 2 CRLd mw? sinw(ty — ty) * 2 gt )
exp Z,cosw.tgfl — cos wtlfgﬁ, a5 (17.28)
smw(tz — tl)
By comparing this result with quantum Wigner function, Eq.(12.17), we have
2 in wty — in wt ty — t
P(fy. o) = T fisinwts — fosinwty fi coswty — focosw 1) (17.29)

sinw(ty — ty) mw?sinw(ty —t1) sinw(ty — ty)
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Marginals and moments

We now verify that the marginals are satisfied. The distribution should satisfy

/W(flaf2)df2 = P(f1) (17.30)

where P(f) is given by Eq. (13.11). Using Eq.(12.17) we have

W(f1, f2) = Smwéﬁ/ (fifzﬁz;({j S_mti”)tl - %hwﬁ) (17.31)

No consider
P(f1) :/W(f17f2)df2 (17.33)
- sinw(Qt:— t1) / * flnij;;z u_)({j S—mtid)tl B %hwﬁ) (17.34)

To simplify this, let

Jisinwty — fosinwt;

17.36
mw? sinw(ty — t;) ( )

g

sin wty

-y (17.37)



and where the inverse transformation is

_ fisinwty — gmw? sinw(ty — t1)

fa=

sin wty

[ = 0sinwt,

dﬁdfg = mw2 sin W(tg — t1>dqd9

We have that

/W(fl, f2)dfs = 2mmw? /w*(q — gwhsinwtl)w(q — gwhsinwtl)

f1 cos wt _h Sinth—qmwQ sinw(ty—tq)
7 ! 2 sin wtq

e Smwlty—t) Gsinwtldqd9

cos wtq

= 2mmw? /w*(q - gwh sinwt ) (q — gwh sin wtq)

ei[fflJrq coswtl]qudG

1 — mw? t
B /W(q,f mw* cos wtq

w sin wty w sin wty

)dq

This is same result as Eq.(13.20)

Autocorrelation function.

We now calculate the autocorrelation function of force for two different times,

(fif2) = /f1f2w<f1,f2)df2df1 - S_HQ—”/flfm*(fl sinwts — fosinwt;

mw?sinw(ty — ty)

1 W(tg - t1>

sinwty — fosinwt 1 ;1 cos wiy—fp coswiy
fl 2 f2 ! ‘I‘—hCUﬁ)G ! sinwz(tQEtl) 16dﬁdf1df2

mw? sinw(ty — t;) 2

o
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(17.38)

(17.39)

(17.40)

(17.41)

(17.42)

(17.43)

(17.44)

(17.45)

Shwp)

(17.46)

(17.47)
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making the following transformation

fisinwty — fosinwty

= 17.4
mw? sinw(ty — ty) 1 (17.48)
fi COS.th — facoswty (17.49)
sinw(ty — t1)

fi = gmw? coswty — psinwt; (17.50)

fo = gmuw? cos wty — psinwt, (17.51)

(fifo) = /(qmw2 coswt) — psinwty ) (gmw? cos wty — psinwty) (17.52)
1 1 ,

Vg = ShwB)P(a + §hw5)61pﬁd5dqdp (17.53)

= /[q2m2w4 cos wty cos wty — qpmw? sinw(ty + ty) + p? sin wt cos wty] (17.54)
1 1 ,

U (g = ShB)bla + 5 hwB)e™ dbdgdp (17.55)

=< ¢* > m*w* coswt; coswiy+ < p* > sinwty sinwty— < qp > mw?sinw(t; + ty)

(17.56)

and hence

(fif2) =< p* > cosw(ty —t5) (17.57)

where we assume oscillators are in thermal equilibrium, hence

< ¢ >miut =< p* > (17.58)
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Chapter 18

Quantum Characteristic Function of a
Single Oscillator in Terms of the
Density Matrix for two Different

Times: an Alternate Derivation

We now give an alternate derivation of the quantum characteristic function and distribution

for two different times as derived in the previous chapter. We want to evaluate

M(a, B) =< eleFt)+isFt) (18.1)
with
sin wt
F(t) = mw? t 18.2
(t) = mw?(qoswt + p=—) (18.2)
now

[F(ty), F(t1)] = iwsinw(t; — ta)h (18.3)



and for such a case

iOF (1) +iBF(t2) _ LiBF(t2)/2 jiaF (t) ,iBF (t2) /2
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(18.4)

The method we use is described in [22]. One express everything in terms of the eigenvalue

and eigenfunctions of the operator

F(ty) = mw?(qcoswty +p

sin wity

)

mw

First consider the eigenvalue problem for f(¢) = a(t)q + b(t)p

or

Putting in

we have

The normalized solution is

£(t)ux(q) = Aux(q)

[a(t)q + b(t)p] ur(q)=Aux(q)

d
p ? dq
d (A —a(tz)q)
1wt Pa-alt2)e/)

O o)

(18.5)

(18.6)

(18.7)

(18.8)

(18.9)

(18.10)



For our case

a = mw? cos wit

b = wsinwt
and we have that

7 M alt2)g?/2) = g — mw” cos wtag? /2]

hb(ts) hw sin wtq
i N\ mwq?

]

B ?‘L[w sin wts B 2tan wts

and therefore

(@ 1 i \q mwg?
u = ex —
! vV 2mhw sin wity P h \wsinwty 2tanwits

Now take the wave function and expanded in the following way

For uy(q) we will take it at ¢,

L mnba-alt)e/2

ulg) = /2 hb(t2)

eﬁ@[)\q—a(b)qw?}

1
u = —
() /2rhb(ty)
1 1 Aq mwq?
g e [— R
v 2mhw sin wiy . h \wsinwt, 2tanwits

7

(18.11)

(18.12)

(18.13)

(18.14)

(18.15)

(18.16)

(18.17)

(18.18)

(18.19)



Now consider

M(a, §) =< ePFt2)/2giaF () GibE(t2)/2

/ / (g PP )2 iaF (1) GBF )2y ) o

= / / (N )l ()T E)/2giel 0) BT )2 (X, (q)dAdN dg

_ / / / 7 (N (g) O 2o ), () dAdN dg

Since uy(q) is the eigenfunctions of F'(t3) with eigenvalue A, we have

€wF(t2)/2U)\(q) _ 61‘[3)\/2u)\(q)

* ) iBF(t2)/2 __ 615A’/2

uy(q)e ux(q)

Now consider

iOcF(tl)

e u)\(q) — eia[a(tl)Q+b(t1)P}u>\(q)

taa(t)(g+ab(ti)h/2) eiab(tl )p

=e ux(q)

_ eiaa(tl)(q+ab(t1)h/2)u}\(q + Ozb(tl)h/)

and therefore
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(18.20)

(18.21)
(18.22)

(18.23)

(18.24)

(18.25)

(18.26)
(18.27)

(18.28)

M(a, B) = ///77*(A')n()\)ujx(q)6iﬁ(A+A/)/2€i°‘a(t1)(q+ab(t1)h/2)uA(q + ab(ty)h)dAdN dgq (18.29)

/ / / Mk (g — ab(ty)h)2)ePOF2giealtay, (¢ 4+ ab(ty)h/2)dAdN dg

(18.30)
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Now consider the integration over ¢q. We now substitute u,(q) from Eq. (18.19) to obtain

/ (g — ab(t)h/2)e ™y, (g + ab(ty)h/2)dg (18.31)
= em“(tl)ab(“)h/z/ui,(q)em“(tl)quA(q + ab(ty)h)dq (18.32)
_ el / gy a6/ 2] aaltn)a ey arreb(t P —a(e2)(a+abt)R2/2 g0 (18 33)
27Thb( 2)
O hab(t)hmalta) bt 2 / e iy P Fah(a)bt) a2l g (18 34)
27Thb<t2)
ia2la(t)b(t altg)b? (tl) I3 2+1>\ab(t1)
e [a(t)b(t1) ==~ 17/ 2+ S5, /eﬁb(t oy AN Fah(a(t)b(t2) —a(t2)b(t) )]qd (18.35)
27Thb(t2)

Using Eq. (1.3) and integrating over x = -2 7. we obtain

hb(tz

ih sin wt sin wt 3 .
QLGZZLQQWMS o t; sinw(ta— t1)+1)\asmwt; /ez:c(/\—X3 s1nw(t1—t2))dl, (1836)
m
ih 2 3 sin wtq
— M sinw(ta— t1)+2/\asmwt2 (5()\ )\/3 smw(tl . tg)) (1837)

Therefore
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u / / JeiBON)/2, Froma® S sinw(ta—t) +AaTREH (18.38)
SN — N3 sinw(t; — tp))dAdN (18.39)

= /77*()\ + ahmw? sinw(t; — t2))n(\) (18.40)

O Fammw? sinw(ti—t2)) /24 amw? EZL sinw(ta—t)+ida Tl 0y (18.41)

= /17*()\ + ahmw?sinw(t; — t2))n(\) (18.42)
MBS )+ 15 mud sinw(h—t2) (Bl 5y (18.43)

sin wt

= /n*()\ + ahmw? sinw(t; — tg))n()\)el[’wWhm“’3 sinw(ti—t)l(B+a 55 ) (18.44)

sin wty

1 1 (2 «
= /77*()\ + §ozhmw3 sinw(t; — t))n(A — iahmw?’ sinw(t; — ta))e AP+ 55) )\

(18.45)
Now we consider the density matrix p in the A representation
p(NN) = (AleIN) (18.46)
The reverse transformation is
imz2 AT
W (x)eTimars = /n(A)em?msz (18.47)
1 i( ma? _ )\a: )
77(/\) = m/¢(x}@h 2tanwty hwsinwtg dl' (1848)
ma? Az 7 ma’2 \a!
T]*(A)TI()\/) 4 2h2 2 t //fl/} I Ztanwtz ﬁwsinwt2)+ﬁ(2tanwt2 hw sin wto dxdx
T2h2w? sin® wt,
(18.49)

w 6 ﬁ[Qtanth( 272:/2) hw;l\nwt2+ﬁwzllnjut2]dxdx/ (18 50)
47T2h2w2 sin® wts :
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Substitute this into Eq. (13.19)

1 1
n (A + §ahmw3 sinw(ty — ta))n(A — iahmwz)’ sinw(t; — ta))

47T2h2w2 i %///w (18.51)

o %tanth (x2—2' )+hwslnwt2 Mz— x’)Jr ahmw? sinw(ty —t2)) (x4’ )]dl‘dﬂf (1852)

and therefore

< M{a,p) >= 47r2h2w2 sin? wty ///dj (18.53)

sin wtl

e—zmgﬁ(x )+hwslnwt2 Az—2' + L ahmw? sinw(t1—t2))(z+z')] Z)‘(B"—asmth d:cd:c’d)\ (1854)

1 . ,
i wr— /w*(:c)w(a:’éahmws sinw(ti—t) @+ 5 — o/ 4 (Bsinwty + asinwty))dzda’
7hw sin wty
(18.55)
1 3 . )
= Onhw sinwt /w*(l’)w(w + (Bsinwty + asinwh))eéahmwdSmw(tl7t2))[2x+(ﬁsm”t2+as‘n‘”t1)]da:
7hw sin wty

(18.56)

This is the same as Eq(17.15)
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Chapter 19

Quantum Characteristic Function for

Multiple Oscillators

We now consider the quantum distribution for N oscillators where the total force is

N .
sin w;t
F(t) = Zlmjwjz (qj cosw;t + p; mjwjj ) (19.1)
o
Then, the characteristic function for two different time is
M(O{, 6) — 6iaF(t1)+i,8F(t2) (192)

Since the oscillators are independent, p; and gywill commute when j # k. Therefore the
total characteristic function will be product of the individual characteristic functions.
The individual characteristics function which we have calculated before, Eq. (19.2), is a

diagonal matrix, the diagonal elements are

jmjhw? T
M'(Oé /8) _ 67%(a2+ﬂ2+2a6coswj(tgftl))eﬂwj njmé i (ovcoswjti+Bcoswjta) (19 3)
J ’ - :




where n; ranges from 0 to N. Therefore the total characteristic function is

M(a, B) = I;M;(a, )

o e hw
o Y, %(a2+52+2a6 Cos wj (t27t1))ei > 2wj\/nﬂm2ﬂ ] (acoswjti+B coswjta)

To eliminate the cross term a3, we make the following transformation

o — %(o/ + )

and hence

(03
exp[— Z{%ﬂjh[(l + coswj(ty —t1))a’* + (1 — cosw;(ta — t1)) 37
J

+ iw;/njmjw;hla! (coswjty + coswita) + B (coswity — coswjta)]}]
Calculating the joint distribution,

1 ! iy
P(Fl,FQ) — H//M(O/yﬁl>e ﬁ(Fl'i‘FZ) %(Fl F2)da,dﬁ,

33

(19.4)

(19.5)

(19.6)

(19.7)

(19.8)

(19.9)

(19.10)

(19.11)

Here o/ and [ is already separated integration and 1 + cosw;(ts —t1) > 0, therefore it



can be integrated,
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_{Zj[njwj\/njmjwjh(coswjt1+coswjtz)]—%(FH—Fg)}z
eXp > njmjw?h(lJrcoswj(tgftl))
P(F, F) = - (19.12)
T \/ZJ nymwih(1 + cosw;(ty —t1))
o B {Ejrlwiry/mympw, h(coswj/tl—coswj/tg)]—%(Fl—Fg)}2
xp PRV nj/m]-/wj,’,h(lfcoswj/(tgftl))
(19.13)
\/Zj, njmwi (1 — coswy(ty —t1))
Z njmjw;’h = Z nj/mj/w?,h =N (19.14)
J 7
Zn’mwzihcoswt—Zn‘m~w3hcosw-t—0(t) (19.15)
VLA Al Jjt = VAN M U Jj't = :
J J'
_1 — _ _ _1 _ _
P(F, Fy) = —
m VN2 —C2(ty — ty)
(19.16)
2N[02(t1)+02(t2)+i(F12+F22)+C(t1)F1+C(t2)F2}—20(152—tl)[20(t1)C(tg)—Fle—C(tl)FQ—C(tg)Fﬂ
eXp {_ N2702(t27t1)

7T\/N2 - 02(t2 — tl)

This is 2-dimensional normal distribution with correlation

_ C(ta—t1) > nymjw?hcosw;(ty — ty)
N > nymwih

(19.17)

}
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Quantum Joint Distribution Function

of Force at Different Times Using

Annihilation and Creation Operators

In this chapter we will use creation and annihilation operators instead of position and mo-

mentum operators to obtain the joint distributions. The annihilation and creation operators

are

and inversely

<ﬁ=v%%M—W] (20.1)
a; =/ % lq + ip] (20.2)

h
g; 2mf%+%) (20.3)
pi=1i m (al — a;) (20.4)
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The Hamiltonian of a single oscillators is

1
H = hw;(ala; + 5) (20.5)

and the quantum canonical ensemble density-matrix (non-normalized) at temperature 7' is
given by

H

p=e T (20.6)
Furthermore the expectation value of operator A is given by

Tr(pA)

< A>=
Tr(p)

(20.7)

where Tr is the trace operator and p is density-matrix. The characteristic function, Eq.

(19.3), expressed in terms of annihilation and creation operators becomes
M(a, §) = elati=via) (20.8)

where

v; = w; (it coswity + iff coswits — asinw;t; — [ sinw;ts) (20.9)

The eigenfunctions |o > of the annihilation operator are the coherent states and have
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the following properties

ala > = ala > (20.10)
<ala>=1 (20.11)

< ala'l = o < a (20.12)
<alf>=eloAP (20.13)
%/d2a|a ><al=1 (20.14)

The normalized coherent state can be expanded in term of number states |n > by way of

B AN
a>=¢ 2 —1n > 20.15
| > (20.15)

The trace of an arbitrary operator A can be calculated using coherent state by integrating

over the entire complex plan
Tr(A) = %/d%z < alAla > (20.16)
Also, the trace of the density-matrix is
Tr(p) = %/d%z <« e‘ﬁh‘“i(“ja#%”a > (20.17)
Now using the fact that [22]
o~ Rrhwala _ fole” B -Dalay (20.18)

where the notation N{} means that the operators inside {} are normal ordered. We then
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have

1 T
To(p) = Lo airt / Pa < o N{ee T natay g < (20.19)
_ Lt / Pl I =Deca (20.20)
i
_ hey
2kT
S - (20.21)
1 —e &7

Now we calculate the expectation value of the characteristic function operator. We have,

1
< M(a,5) >= ) /Pi(mi,wi)Tr(pM(a,ﬁ))dmidwi (20.22)
1 / (et ) (veal —vas
= P,(m;,w;)Trle” #T iaiait3) (V30 V7)) I Tr( ) dm,dw; 20.23
Tr (o) ( )Tr| }/Tr(p) (20.23)
Using
B = 3l ABlALE (20.24)
which is the case when
[A,[A, B]] = [B,[A,B]] =0 (20.25)

then

T E 1, 0%, * o .
eViai —viai) — o3vivio—viaivia; (2026)



39

Eq.(20.23) can be simplified as follows

1 1
< M(a,p) >= /Pi(mi,Wi>€2vivi2kT “Tr(e” al g~ rrhwioai g =] 19 dmdw;  (20.27)
Tr(p)
! /P( )1 205 vi~ g s (20.28)
= rm7a iy, W) —ez :
Tr(p) T
/an < a|e”1“ze Frhwielai o= o S dim,du; (20.29)
1 1 1, % 1
— P,(m;, w;)—e2% Vi~ arr i 20.30
7 | Plmw) e (2030
C Lo, .
/d2a < a|e”i“IN{e(e et “Datay e =viai| o > dmydw; (20.31)
1 1 * * -1 Wi * *
_ \/B(mi’wi)_e;vivi—Q;Tﬁwi/d2aeviaie(e ET" -1l ae_”ia’dmidwi
Tr(y) =
(20.32)
Substituting Eq.(20.21) for eq(20.32) we have
hmiw? w;
< M(a, 3) >:/Pi(mi,wl-)e_ 1 COth(2ﬁkT)[“2+ﬁ2+2aﬁcow"(t1_tQ)]dmidwi (20.33)

The distribution corresponding to this characteristic function is 2-D normal distribution

1 . {(z—2a>2+(y—5>2_2T<z—a)<y—b>]

e 2(1—r2) o oy oxoy
2
2rozoyV1 =1

P(z,y) = (20.34)

This result is similar to classical harmonic oscillator, Eq.(8.31) The corresponding pa-

rameter of o2 and r are

N
him,w; hw;
?=3 m2°"1 coth = (20.35)
i=1
SN hm’% coth 24 cosw;(t1 — o)
r= ¥ B ooy (20.36)
Zi 1 coth 37
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The autocorrelation function between the two forces is

N
< FlFQ > = /7’0’2 HPz(m,,wz)dmzdwz (2037)
=1
N
hm,w? hw;
= /Pz(mz7 wi) Z T coth % COS wz(tl — tg)dmzdwz (2038)

=1

In the case where all oscillators have identical distribution functions the result is similar

to classical case as well

hmw? hw
<[ Fy>= /D(m,w) T coth —— cos w(ty — to)dmdw (20.39)
2 2kT
hmw? fw
= N/P(m,w) Tr;w coth kT cosw(t; — to)dmdw (20.40)

where D(m,w) and P(m,w) has the same definition as Eq. (8.44) and Eq. (8.46).

The first Markovian condition requires that eq(20.40) is delta function, thus

3
P(m,w) hw;w coth ;Z; =C' (20.41)
!
P(m,w) = p— tanh kT (20.42)

where C is a constant. However, this constant is different from classical case due to different

normalizing condition

2C" hw
/P(m,w)dmdw = / Po— tanh ﬁdmdw =1 (20.43)
If we compare this with classical case, Eq.(8.48), where P(m,w) = %, we see that the

choice of P(m,w) for a quantum Markovian system depends on the temperature.
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For the case where T"— 0

hw
li h—— = 44
Jim tan LT 1 (20.44)
2C"
P = 20.45
mw) = o (20.45
2C"

=1 20.4
/hmw3dmdw (20.46)

At a very high temperature when, 25T > hw,,.., where we assume there is a cut off in the

probability distribution P(m,w) at a maximum w,,,, we have that

hw huw
I pow 20.4
T DT T 2RT (20-47)
C/
P - 20.48
(m.w) = (20.48)

This result is exactly same as Eq. (8.47). We can also obtain the same condition by using
the classical limit where & — 0. On the other hand, if we can use the probability distribution

of classical case in quantum autocorrelation function

cosw(ty — to)dmdw (20.49)

Chw hw
< FiFy >= N/ 9 coth kT

We can see the spectrum of quantum random force F' is

CNhw

Squantum(w)F - ) coth kT (2050)
while the classical spectrum is constant
Sclassical<w)F = CNET (2051)

For a more general result we can assume the initial wave function of is an ensemble of
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wave functions v1(q), ¥2(q) ... ¥.(q), where ¢ is a N-dimensional vector of all positions

of individual oscillators. We can define the characteristic function for Z different initial

conditions as

Z N
M(a,f) = / Yi(@)e Ty (q)dg T [ Pa(ms, w;)dmiduw;
k=1 i=1

(20.52)

Since all oscillators are independent, the wave function of the system is product of individual

wave functions

wk(Q) = H Q/Jkl(%)

liaf;(t1) +iBfi(ta),iaf;(t) +iBf;(ta)] =010 # j

The characteristic function is now

z
M(a,B) = Z H/wz,i(qi)emfi(tl)+wfi(t2)¢k:,i(%‘)Pi(miawi)d%’dmidwi
k=1 i=1

We redefine the inner integral as

Z
k=

M(a, ) = ZH/Mkyi(&,ﬁ)Pi(mi,wi)dmidwi

1:=1

where

Mm(a,ﬂ) — /¢Z’Z‘(qi)ei(tl)+i6fi(t2)¢k7i(qi)dqi

We use Eq. (8.8) and Eq. (8.9) to obtain that

(20.53)

(20.54)

(20.55)

(20.56)

(20.57)

iaf;(t1)+iBfi(ta) = imw? o cos wity+3 cos wita]g; (0)+iw;[a sin wity +3 sin wita]p;(0) (20.58)



The position and momentum operator satisfy

[G:(0), ps(0)] = iR

A+B _ 3[AB] A

and using the relation e B we have

i
u[a coswjti+0 cosw;ta][asinw;t1+0 sinw;ts]

ia(ty)+iBfi(t2) —

€ €

ez‘miw? [ cos w;t1+8 cos w;ta]d; (0) eiwi [asinw;t1 4B sinw;t2]p; (0)

Since €™P is displacement operator,

Py (q) = (g + zh)

and ¢;(0) is ¢; in position representation, we have that

; 3
'Lhmiwi

[ cos w;t1 46 coswita][asinw;t1+8 sinw;ta]

Mk,i(aa ﬁ) =€

/ w}i,i(qi)e””"“’? lovcoswiti i coswitaldiqy (g, + wilarsinwity + Bsinwito] h)dg;

By replacing ¢; with ¢; — w;[asinw;t; + B sin WitQ]g , we obtain that

h _ . R
M4 ( /%; ; ilasinw;ty + 5 sin w;ts] 2) gimiw? [orcos wit1+0 cos wita]g;

h
Yr,i(qi + wilasinw;t; + B sinw;ts)] §)dqi
The probability distribution function is then

1 . .
Pri(fi, f2) = P/Mk,i(a,ﬁ)elafllﬁf2dadﬁ

93

(20.59)

(20.60)

(20.61)

(20.62)

(20.63)

(20.64)

(20.65)

(20.66)

(20.67)
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and by a change of variables

A\ = am,w? cosw;t; + Bmw? cos wits (20.68)
0 = aw; sin witl + ﬁwi sin witl (2069)
We obtain
1 1 h h
Pyi(f1, = - (g — 0= (q; + 0= 20.70
18 = o Vi = 03 i 03) (20.70)
, Aw; sinwgty — Om;w? cos w;ts —\w; sin w;ty + Om;w? cos w;t,
Aq — L — L d\dfdg;
eXp[Z 1 ! m,;w? sin Wi (tQ — tl) ! m,;w? sin Wi (tz — tl) f2] 1
(20.71)
Comparison with the Wigner function
The Wigner distribution is defined by
1 * 2ipy/h
Wiap) = — [ ¥ (a+y)vla—ye (20.72)
Setting
b= — Cos wi.tgfl + cosw;ty fo (20.73)
W; SIn w,(tg — tl)
we have
1 — coswjta f1 + coswjty fo
Pyi(fis f2) = . Wi (@i, . 20.74
kilf1, f2) 2rmw? | sinw;(ty — t1)| / kild w; sinw; (tg — 1) ) ( )
. Sin w;tsy sin w;ty
Algi — . : dgq;d\ 20.75
expiAg mw? sinw; (ta — t1) hit miw? sinw;(ty — ty) faldg ( )
o 1 W (SiIl withl — sin witlfg — COS witgfl 4+ cos wit1f2>
n mzwf’| sin wi(t2 — t1>| ot miwiQ sin wi(tg — tl) ’ Wi sin w,;(tg — tl)

(20.76)
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We now take

plz,2') = \/% exp[—@((x — 2')? coth( i )+ (v +2)? tanh(ﬁ)] (20.77)

h 4h 2KT 2kT
and furthermore we have that the corresponding Wigner distribution is
1 A
Wiz,p) = — /dyp(w — vy, +y)e?/h (20.78)
T
1 hw p? mw?a? hw
= — tanh(=—— — th(—— 20.
— tanh(; ) exp|—(—— + ———) coth(—)] (20.79)
Substituting Eq. () into Eq. (20.76)
Pf ) = L Lt () xpl (I T o [
Al sinwi(ty — )| Th ok’ P m;hw; h 2kT
(20.80)
1 th (e
= 3 TORYRE exp|— SC(.) 5 (air) (20.81)
mhm;w; coth(g) | sin w;(ta — t1)] miw? sin® w;(ta — 1)

(ff + 13 = 2fif2coswi(ts — t1))]

Compare this with standard two dimensional Gaussian distribution, the corresponding pa-

rameters are

hmw3 hw;
2= 7 coth(— 20.82
o 5 coth(o ) (20.82)
r = cosw;(ty — t1) (20.83)

This result is same as Eq. (8.34) with only one oscillator.
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Chapter 21

Time-Frequency Wigner Evolution of

the Quantum Langevin Equation

This chapter is based on our paper on the time-frequency Wigner evolution of the quantum
Langevin equation[6]. Our aim is to study the time-frequency evolution of the quantum
Langevin equation and in particular to obtain the power spectrum of momentum analogous
to the result obtained by Wang and Uhlenbeck [23] for the classical Langevin equation (for
a history see [24]). We will obtain the time dependent spectrum, that is, both the transient
and steady state solution. One of the fundamental issues in this regard is how to define a
time dependent spectrum and this will be discussed in the next section. In the rest of the
introduction we briefly discuss the classical Langevin equation and the result of Wang and
Uhlenbeck. We emphasize that the Wang and Uhlenbeck result only holds for time going
to infinity if the system was started at a finite time, or, alternatively, if the current time is
finite and the system was started at minus infinity. That is, an infinite amount of time has
to pass. We emphasize this point because our intent is to consider finite time, that is we

find the stochastic properties of the full solution, the transient and steady state part.
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The classical Langevin equation is

d*x(t) dx(t)
@ T

+V'(z) = £(t) (21.1)

where x(t) is the position of the particle, v is the friction constant, m is the mass of the
particle and V' (z) is the potential. In Eq. (21.1) £(¢) is the random fluctuating force and in

the classical case the random force is taken to be white noise,

EIE(1))] = 0 (21.2)
(E(0E(E)) = 2D8(t' — 1) (21.3)

Of course in equilibrium D = kT where k is the Boltzman constant and 7" the tempera-
ture. From a physics point of view the fact that indeed D = kT is of paramount importance
and the relation is generally obtained by applying the fluctuation dissipation theorem. The
viewpoint we take here is to consider Eq. (21.1) as a stochastic differential equation and
momentarily not couple D to the other parameters. That is, we start a particle from a fixed
position/velocity that is subsequently influenced by the stationary heat bath that itself is

kept stationary. The Langevin equation for momentum is

p(t) + Bp(t) = £(¢) (21.4)

where now we have taken the case of zero external potential and where

_
p=_ (21.5)

Eq. (21.4) is now in the generic notation of Wang and Uhlenbeck. The power spectrum is
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defined by

S(w) = /Rp(T)e_”“’dT (21.6)

where

Ry(1) = (p(t)p(t + 7)) (21.7)

In Eq. (21.7) there is the tacit assumption that indeed (p(¢)p(t + 7)) is independent of time
but that is not the case. As previously noted, it is the case for infinite time. Wang and

Uhlenbeck showed that in that case the power spectrum is

2D

S =gy

(21.8)

The importance of this result is manyfold but most importantly it shows that the power
spectrum falls off relatively slowly and hence large velocity fluctuations are relatively more
possible than for example if the power spectrum was an exponential decay one. For white
noise Galleani and Cohen obtained the full solution and showed how it evolves into this
solution for infinite time [25, 26, 27, 28]. Our aim here is to get the quantum transient
and its evolution towards equilibrium. Since we are interested in the evolution of the power
spectrum we have to consider the concept of a time-varying spectrum and this is done in the
next section.

The response of systems to random inputs has a long history in engineering [29, 30].
Generally speaking the standard methods do not handle nonstationary noise and we have
devised a method that allows one to do that by way of the time-frequency representations,
such as the Wigner distribution. We also point out that in general much of the physics
literature applies the fluctuation-disspiation theorem and couples the noise source to the
friction source. However in the engineering literature and in the viewpoint presented here

one looks at the governing equation as being driven by the external noise source.
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Time dependent spectrum

For many natural and man made time series (signals) the distribution of frequencies varies
with time. Among the most common are such signals as pressure waves, electromagnetic
pulses, biologicals, among many others [15, 14]. There have been many approaches developed
and the field is generally called time-frequency analysis and while most of the methods
developed deal with deterministic signals they can be generalized to random signals. One
of the approaches is to define a quasi-distribution, or representation that indicates how the
frequencies are changing in time. One such representation is the Wigner distribution which
applies to deterministic signals and the Wigner spectrum which applies to random functions.
The Wigner distribution in physics is usually defined for position and momentum. Here
we are considering it as a time-varying spectrum, that is, a function of time and frequency.
This development was started in the 1940’s and has become the main method to study
time-varying spectra in engineering. To understand how one arrives at the Wigner spectrum
one first defines the Wigner distribution, W (¢,w), of a deterministic time function X (t) by
[20, 31]

Wi (t,w) = % / X*(t = 7/2)X (t +7/2)e " dr (21.9)

Then to handle random functions one now defines Wigner-Ville spectrum W x (¢, w) by taking

the ensemble average of the Wigner distribution of X (¢) [15]

W (tw) = % / (X*(t = 7/2) X (£ +7/2)) e dr (21.10)

In Eq. (21.10) () is the ensemble averaging operator. The advantage of the Wigner spectrum,
in contrast to the standard power spectrum is that the Wigner spectrum can describe a time-

varying
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stochastic process. Also, one defines

R(t,7) = (X*(t —7/2) X (t + 7/2)) (21.11)
and hence
Wx(t,w) = %/R(t,T)e_ide (21.12)

R(t,7) may be thought of as a time dependent autocorrelation function. We also mention
that there are many other ways to approach the issue [15, 14, 32, 33, 34, 35, 36] of time
dependent spectrum and that among the earliest papers was that of Eberly and Wodkiewicz
[37], where they defined the “physical spectrum of light” which is very similar to spectrograms

as defined in engineering.
The time-frequency Wigner spectrum of quantum noise
In the quantum case one has [38, 39, 40, 18, 41, 4]

d*x(t)

dx(t)
e

mﬁT + V'(x) = &(t) (21.13)

where x is the position operator and £(t) is the noise operator that satisfies

2vh [ hw
(€(1), ()] 4) = % /0 w coth 25T cosw(t —t')dw (21.14)
h &0 . ’ hw
= /y? Cdelw(tit ) coth ﬁdw (2115)

We will consider Eq. (21.13) as a classical type equations, sometimes called the quasiclassical

Langevin equation, where we replace the operators by ordinary variables and take for the
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autocorrelation function

R(r) = 3 {600, € + 7)) (21.16)
P)/h OO WT hw
=5 - we™T coth %—wa (21.17)

Using Eq. (21.6) for the definition of power spectrum one has

hw
S(w) = yhw coth KT (21.18)

To use some of the techniques previously developed for arbitrary colored noise we now

artificially rewrite these equations in the following form. We define

Z = % (21.19)
and write
p(t) + Bp(t) = £(¢) (21.20)
Re(T)=2DZ /OO we™T coth Zwdw (21.21)
where the power spectrum of the noise is now
Se(w) = 2DZw coth Zw (21.22)

We introduced D to make it look like the classical Langevin equation and we can now view
Eq. (21.20) as a stochastic differential equation where the driving force is a colored noise
that depends on two parameters D and Z. This will show the structure of the solution in

a simpler way and furthermore special cases can be studied easier. Specifically, the white
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noise case is obtained when Z — 0, since

lim Re(7) = 2D4(7) (21.23)

Z—0

Now consider the general issue of the Wigner spectrum when the autocorrelation function

is a function of the difference in time [28]

(X)X (1) = K(t —t) (21.24)

The Wigner spectrum of such a process is then

Wx(t,w) = % / (X*(t—7/2)X(t +7/2)) e ™dr (21.25)
_ %/K(t F )2~ (t—7/2))e " dr (21.26)
which gives
A7 1 —iTW
Wx(t,w) = %/K(T)e dr (21.27)

As expected, it is independent of time and equal to the power spectrum except for the 27
factor which just comes the way the Wigner spectrum is defined. For the specific case of

quantum noise we have that the Wigner spectrum of quantum noise is

DZ
We(t,w) = —wcoth Zw (21.28)
T

However as we will see the output of the Langevin equation does depend on time. For future

use we note that when indeed we have the Wigner spectrum of the form given by Eq. (21.28),
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then the power spectrum and Wigner spectrum are related by

S(w) = 2n7W x(t,w) (for the stationary situation) (21.29)

Time Evolution of the Wigner spectrum

We want to obtain the Wigner spectrum of the momentum process

W,(t,w) = QL / (p*(t —7/2)p(t +7/2)) e dr (21.30)

™

where the momentum process is the stochastic solution of Eq. (21.20). We now describe two
separate approaches to the calculation of Wp(t, w).

Direct approach. In the direct approach there are four steps. One symbolically “solves”
Eq. (21.20) for p(t) and forms p*(t—7/2)p(t+7/2). One then calculates the ensemble average
(p*(t = 7/2)p(t+7/2) ) and then calculates the Wigner spectrum by way of Eq. (21.30).
We have found that this approach is generally quite difficult to carry out, particularly for
time dependent problems.

Differential equation approach . This approach was developed by Galleani and Cohen
and involves writing a differential equation for the Wigner spectrum directly and solving it
[25, 26, 27, 28]. This gives the solution without calculating the intermediate steps involved
in the direct approach.

The idea is to convert a differential equation of the form

d"z(t) d"tx(t) dx(t)

=g T Ol Ty

+agz(t) = f(t) (21.31)

into the phase space differential equation a differential equations for the Wigner distribution
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of z(t). The method to do that is to write the differential equation in polynomial form

P(D)x(t) = f(¢) (21.32)
where D and P(D) are respectively
d
D=— 21.33
7 (21.33)
P(D)=a,D"+ a, D" '... + a1 D + aq (21.34)
We also define the operators
10 . 10 .

The differential equation for the Wigner distribution W, (t,w), of x(t),

W,(t,w) = %/x*(t —7/2)x(t +7/2)e ™dr (21.36)
T
is then given by [25, 26, 27, 28|
P*(A)P(B)W,(t,w) = Wy(t,w) (21.37)

If one considers random functions one takes the ensemble average of both sides of Eq.(21.37).

Applying Eq. (21.37) to Eq. (21.4) with one straightforwardly obtains

1 9?

0 — DZ
102t ﬁa + 32 + w? | W,(t,w) = —w coth Zw (21.38)

T

To the best authors’ knowledge, Eq.(21.38) for the time-dependent Wigner spectrum of

momentum for the Langevin equation driven by quantum noise is given here for the first
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time. Eq.(21.38) when the driving force is white noise was solved by Galleani and Cohen. The
solution with quantum noise is obtained relativity easy because the left hand side contains

no derivatives with respect to w,

J— W 2y
W,(t,w) = ﬁ [1 — e m'cos 2wt] (21.39)
w
1 DZ v
= WTW coth Zw |:1 — ef%t COS Zwt] (2140)

We see that Eq. (21.40) can now be thought of as the generalization of the Wang and
Uhlenbeck result in two ways. First, it gives a time dependent spectrum of momentum
and secondly it applies to quantum noise. We now consider some limiting values. First we

consider the steady state solution, that is, for time going to infinity

_ _DZ w

WP<OO,(,<)> = tligg Wp(t,W) = Tm coth Zw (2141)
Explicitly, the power spectrum is then,
S(w) = 2DZ# coth Zw (21.42)
w

The white noise limit is obtained by considering

— 2D 1
lim W (o0, w) —

Lim = it (Wang-Uhlenbeck)

Quantum Wiener Process (v = 0).The case without friction is of some interest and in

the classical case it is called the Wiener process. In this case we have

p(t) =&(t) (21.43)
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and in analogy with the classical case we call this the quantum Wiener process. The differ-

ential equation for the Wigner spectrum is

10*W,(t — DZ
Z% + W W, (t,w) = —w coth Zw (21.44)
and the solution is
DZ
Wy(t,w) = —w coth Zw(1 — cos 2wt) (21.45)
s
2DZ
= ~——wcoth Zwsin® wt (21.46)
s

Discussion and future research.

In the above we have considered the evolution of the spectrum of momentum for the Langevin
equation when the driving noise is quantum noise. We have done so by defining the Wigner
spectrum for momentum and finding and solving the differential equation governing it. By
taking the long time limit we obtained the stationary solution and further by taking Planck’s
constant going to zero we obtained the result of Wang and Uhlenbeck.

We point out that there are many ways to solve the harmonic oscillator by transforming
the equations of motion into different domains. One can then write a joint distribution for
these new variables. This can be a fruitful approach but one of main issue in this regard is
that while a joint classical probability distribution can consistently be transformed from one
domain to another, a similar procedure is not available for joint quantum representations
[13, 42, 11, 43, 44]. That is, if a classical problem is solved for two different sets of variables
and their joint distribution is written for each of the variables then the transformation from
one joint distribution to another is straightforward. However that is not the case of quais-

probability distributions and this would certainly be an interesting problem to study [13].
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There is also the question of handling noise in different representations and fundamental
issues arise in both the quantum and classical case. A step toward this problem is discussed
in [13, 11, 44].

We now mention some extensions that are currently being pursued. Of particular interest
is the fact that the Wigner distribution spectrum has what are called cross terms which are

“artifacts” and sometimes obscure the evolution [15, 35]. Suppose a signal is
z(t) = z1(t) + x2(t) (21.47)
Substituting this into the definition, we have
W(t,w) = Wii(t,w) + Was(t,w) + Wia(t,w) + Way (¢, w) (21.48)

where

Wa(t,w) = % / 217t — 7/2) ot + 7/2) eI dr (21.49)

and similarly for Wi,. We note that since Wiy = W5
W(t, w) = Wn(t, u)) + WQQ(t, w) + 2Re {ng(t, w)} (2150)

That is, the Wigner distribution of the sum of two signals is not the sum of the Wigner
distribution of each signal but has the additional term 2 Re {Wia(t,w)}. This term is often
called the interference term or the cross term and sometimes are referred to as artifacts. The
extent to which distributions enhance or reduce the cross terms has been studied and has led
to new distributions[15, 35, 33, 34]. We point out that ensemble averaging can have a strong
effect on the cross terms because they oscillate greatly. One way to study this issue for our

particular case is to calculate other representations. There have been may representations
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that have been studied and proposed besides the Wigner distribution [43, 15, 44, 12, 35, 34].
and their properties studied. All distributions can be studied by way of the kernel method
which characterizes a particular distribution. In particular, all distributions, the general

class, may be obtained from [43]
1 . )
Ct,w) = p///s*(u —7/2) s(u+7/2) @0, T) e IV TITTI oy dr df (21.51)
T

where ¢(0,7) is the kernel and characterizes the distribution and its properties. For ex-
ample the Wigner distribution and Choi Williams are obtained by taking ¢(6,7) equal to
1,exp[—0T /0], respectively. One can express the general class, C'(t,w), in terms of the Wigner

distribution

C(t,w) = / / gt — 0 — ) W, ) dt’ do (21.52)

with

ot w) = — / / 6(0,7) 7 4 dr (21.53)

42
and hence C(t,w) can be calculated directly from the Wigner solution. Of particular inter-
est is the Choi-Williams distribution[33] or the whole class of distributions that are called
reduced interference distributions [15, 35, 33, 34]. Another interesting quantity that is being
studied is the instantaneous random frequency. One of the advantages of the Wigner spec-
trum approach is that the random instantaneous frequency can be readily calculated since
it is the first conditional moment of frequency for a given time [45]. Also, we are currently
calculating the Wigner spectrum of position for the standard Langevin equation and also for

the case of Brownian motion of a harmonic oscillator driven by quantum noise.
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Chapter 22

Concluding Remarks

We have derived a noise model for the classical and quantum case. The advantage of this
model is that one can calculate all relevant statistical quantities exactly and explicitly. In
both the quantum and classical case our general approach has been to use the characteristic
function. In the quantum case we have had to use the Weyl correspondence rule to define
the quantum characteristic function and this is necessary because the position and creation
operators do not commute. For the quantum case the expressions can often be put in terms
of the Wigner distribution. As to future work in this regard we point out that there are
other correspondence rules besides the Weyl correspondence. Furthermore each correspon-
dence rule corresponds to a particular distribution. It would be interesting to repeat the
calculations using these other correspondence rules and distributions. Alternatively one can
use the transformation method that allows one to transform distribution functions. Also,
we have considered the evolution of the spectrum of momentum for the Langevin equation
when the driving noise is quantum noise. We have done so by defining the Wigner spectrum
for momentum and finding and solving the differential equation governing it. By taking the
long time limit we obtained the stationary solution and further by taking Planck’s constant

going to zero we obtained the result of Wang and Uhlenbeck.
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