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Abstract

A CLASSICAL AND QUANTUM NOISE MODEL

by

Yejun Yang

Adviser: Professor Leon Cohen

We develop detailed statistics of a noise model that consists of N independent harmonic

oscillators where the total force is given by the sum of the individual forces. This model

was first proposed in the paper by Ford, Kac, and Mazur that was aimed at deriving the

Langevin equation from first principles. We extend the model and calculate relevant prob-

ability distributions and other statistical quantities such as the autocorrelation function. In

the usual model one assumes that the initial position and momentum values are stochastic

variables that determine the statistical features of the force by ensemble averaging over those

quantities. We extend that by also treating the mass and frequency as statistical quanti-

ties. We consider both the equilibrium case, that is the canonical distribution for the initial

positions and momenta, for the but we also consider other initial distributions and show

that this leads to non-stationary autocorrelation functions. One of our basic aims is to also

develop this model for the quantum case and compare the results with the classical case.

The general approach we use for the calculation of the statistical quantities is by way of

the characteristic function. We use the characteristic function approach because the oscil-

lators are independent of each other. However, the quantum characteristic function present

unique difficulties because the initial momentum and position operators do not commute.
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We use the Weyl correspondence to define the quantum characteristic function and we de-

rive explicit expressions for both the pure case and mixtures. We show that many of the

statistical quantities can be expressed in terms of the Wigner distribution.

In addition, we consider the time-frequency Wigner spectrum of momentum governed

by the Langevin equation when the random driving term is quantum noise. We obtaine an

explicit equation. The equation is solved exactly and includes both the transient and the

stationary part. The time-dependent Wigner spectrum generalizes the result of Wang and

Uhlenbeck wherein they showed that for the white noise driving force the power spectrum in

the stationary state regime is Lorenzian. We show that our solution reduces to the classical

solution when the parameters of the quantum noise are such that the white noise limit is

approached and when the long time limit is taken.
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Chapter 1

Introduction and Aims

One of the most general models for the study of noise is the independent harmonic oscillator

model [1, 2]. This model encompasses many important physical problems because for those

problems the equations can be transformed into the model [3]. The model consists of N

independent harmonic oscillators where the total force is given by the sum of the individual

forces. Such models originated in the classic paper by Ford, Kac, and Mazur [4] aimed at

deriving the Langevin[5] equation from first principles and where the harmonic oscillators

constitute a heat bath. Often such models are called FKM models.

We now briefly review the harmonic oscillator equations. For each harmonic oscillator

the force, fi, is

fi = −kiqi (1.1)

where i is used to distinguish between different oscillators in the bath. We assume all

oscillators are attached to the origin via a spring constant ki and the displacement of the

oscillator is qi. We also assume there are no other forces on the oscillator and therefore, the



2

equation of motion for each oscillator is

q̈i =
fi
mi

= − ki
mi

qi (1.2)

were mi is the mass of each oscillator. As standard, we use ki = miω
2
i giving

q̈i = −ω2
i qi (1.3)

The solution is

qi(t) = qi(0) cosωit+
q̇i(0)

ωi
sinωit (1.4)

Defining pi as usual,

pi = miq̇i (1.5)

we have

qi(t) = qi(0) cosωit+
pi(0)

miωi
sinωit (1.6)

Substitute this result into Eq. (1.1) to obtain

fi(t) = miω
2
i qi(t) = miω

2
i qi(0) cosωit+ ωipi(0) sinωit (1.7)

The force from an individual oscillator is independent of the other ones and is only a function

of the initial conditions, the mass, m, and the spring constant or ωi. That is it is a function

of mi, ωi, qi(0) and pi(0).

The total force due to N oscillators, F (t), is the sum of individual forces fi(t), and is

given by

F (t) =
N∑
i=1

fi(t) =
N∑
i=1

[
miω

2
i qi(0) cosωit+ ωipi(0) sinωit

]
(1.8)

In our considerations we will use this model to study noise issues by taking mi, ωi, qi(0) and
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pi(0) to be random variables. We will develop a general noise model where all the statistical

properties of the force can be calculated exactly. This will allow one to test ideas regarding

noise and examine the accuracy of statistical methods that have been proposed.

In particular our aim in this thesis is the following. If one considers the initial conditions

as random variables we aim to obtain

a) The probability distribution of the force, fi(t).

b) For N oscillators we will find the probability distribution of the total force, F (t)

c) The corresponding autocorrelation functions

d) Other relevant random quantities.

e) In addition one of our basic aims is to also do the above for the quantum case and

compare the results with the classical case. For the quantum case we define the total force

operator, F(t), at time t, by

F(t) =
N∑
j=1

mjω
2
j

(
qj(0) cosωjt+ pj(0)

sinωjt

mjωj

)
(1.9)

=
N∑
j=1

(
mjω

2
jqj(0) cosωjt+ pj(0)ωj sinωjt

)
(1.10)

where qj(0) and pj(0) are the initial position and momentum operators.

Also, we consider the time-frequency Wigner spectrum of momentum governed by the

Langevin equation when the random driving term is quantum noise[6]. We will obtain an

explicit equation for the Winger spectrum and we will solve it exactly[7]. Our solution will

include both the transient and the stationary part. The time-dependent Wigner spectrum

generalizes the result of Wang and Uhlenbeck wherein they showed that for the white noise

driving force the power spectrum in the stationary regime is Lorenzian. We will show that

our solution reduces to the classical solution when the parameters of the quantum noise are

such that the white noise limit is approached and when the long time limit is taken.
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Chapter 2

Characteristic Function Method

Since the total random force is a summation of independent random forces the standard

method in probability theory is to calculate the probability of the force by way of the char-

acteristic function [8]. In this chapter we explain the method for the classical case. Quantum

characteristic functions [9] present unique features and we will treat them in a subsequent

chapter. We first consider the one variable case. If we have a probability distribution, P (x),

the characteristic function, M(θ), is the Fourier transform of the density

M(θ) =

∫
eiθxP (x) dx = 〈 eiθx 〉 = E[eiθx] (2.1)

In Eq. (2.1) we have written 〈 eiθx 〉 and E[eiθx] to mean the expectation value of eiθx since

both notations will be used. The characteristic function is the average of eiθx, where θ is a

parameter. By expanding the exponential one has

M(θ) =

∫
eiθxP (x) dx =

∫ ∞∑
i=1

(iθx)n

n!
P (x) dx =

∞∑
i=1

inθn

n!
〈xn 〉 (2.2)
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which is a Taylor series in θ. Hence the moments are given by

〈xn 〉 =
1

in
∂

∂θ
M(θ)

∣∣∣∣
θ=0

(2.3)

There are two fundamental reasons for the use of the characteristic function. First, the

moments are more easily calculated from the characteristic function since differentiation is

easier than integration. The other is that often a characteristic function can be obtained

from physical considerations without knowing the distribution and once that is done the

probability distribution can be obtained by way of

P (x) =
1

2π

∫ ∞
−∞

M(θ)e−iθxdθ (2.4)

For the two variable case the characteristic function M(θ, τ), is the average of eiθx+iτy,

M(θ, τ) = 〈 eiθx+iτy 〉 =

∫∫
eiθx+iτyP (x, y) d x dy (2.5)

and the distribution function is given by

P (x, y) =
1

4π2

∫∫
M(θ, τ) e−iθx−iτy dθ dτ (2.6)

Further, by expanding the exponential in Eq. (2.5) one has

M(θ, τ) =
∞∑
n=0

∞∑
m=0

(iθ)n(iτ)m

n!m!
〈xnym 〉 (2.7)

and therefore

〈xnym 〉 =
1

inim
∂n+m

∂θn∂τm
M(θ, τ)

∣∣∣∣
θ,τ =0

(2.8)
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We now explain the main idea that will be used for the calculation of the probability

distribution of the random force. The basic idea is that the characteristic function method is

that it can be used to calculate the probability distribution of a quantity when the quantity

is the sum of individual quantities. Specifically, suppose F (t) is the sum of individual

quantities, fi(t),

F (t) =
N∑
i=1

fi(t) (2.9)

and that we know the statistical properties of fi(t) and we want to obtain the probability

distribution of F . For example, we will want to calculate the probability distribution of force

at a given time when

F (t) =
N∑
i=1

[
miω

2
i qi(0) cosωit+ ωipi(0) sinωit

]
(2.10)

and where we are given the probability distribution of qi(0) and pi(0). (This will be done

in the next chapter and here we just describe the general method). What one does is to

calculate the characteristic function of F by way of

MF (θ; t) = 〈 eiθF (t) 〉 = 〈 eiθ
∑N
i=1 fi(t) 〉 (2.11)

where

〈 eiθ
∑N
i=1 fi(t) 〉 =

∫
· · ·
∫
eiθ

∑N
i=1 fi(t)PN(f1, f2...fN ; t)df1df2...dfN (2.12)

where PN(f1, f2...fN ; t) is the probability distribution of (f1, f2...fN). The probability dis-

tribution of F is then obtained from

P (F ; t) =
1

2π

∫
MF (θ; t)e−iθF dθ (2.13)
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However, if the joint probability is of the form

PN(f1, f2...fN ; t) =
N∏
i=1

P (fi, t) (2.14)

in which case one has that

〈 eiθ
∑N
i=1 fi(t) 〉 =

N∏
i=1

eiθfi(t)P (fi, t)dfi (2.15)

and therefore

MF (θ; t) = MN
f (θ) (2.16)

The distribution is then

P (F ; t) =
1

2π

∫
MN

f (θ; t) e−iθF dθ (2.17)

Also, if MN
f (θ) is written as

Mf (θ) = eKf (θ) (2.18)

one has

P (F ; t) =
1

2π

∫
eNKf (θ) e−iθF dθ (2.19)

We emphasize that often f is a function of random variables in which case the probability

distribution P (f, t) is just a symbolic way of expressing the probability distribution over

those variables. For example, in Eq. (2.17) f is a function of the random variables position,

x1, x2...xN , and momentum, p1, p2...pN , then by P (f, t) df we shall mean that

P (f, t) df = P (x1, x2...xN ; p1, p2...pN)dx1, dx2...dxN , dp1, dp2...dpN (2.20)
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The same idea will be used to calculate the joint distribution at two different times. One

defines

F (t1) =
N∑
i=1

fi(t1) ; F (t2) =
N∑
i=1

fi(t2) (2.21)

and we obtain the two variable characteristic function by way of

MF1,F2(α, β) =
〈
eiαF (t1)+iβF (t2)

〉
(2.22)

=
〈
eiα

∑N
i=1 fi(t1)+iβ

∑N
i=1 fi(t2)

〉
(2.23)

=
N∏
i=1

〈
eiαf(t1)+iβf(t2)

〉
(2.24)

= MN
f1,f2

(α, β) (2.25)

where

Mf1,f2(α, β) =
〈
eiαf(t1)+iβf(t2)

〉
=

∫∫
eiαfi(t1)+iβfi(t2)P (f1, f2; t1, t2)df1df2 (2.26)

The probability distribution at two different times is then

P (F1, F2; t1, t2) =
1

4π2

∫∫
MN

f1,f2
(α, β) e−iαF1−iβF2 dαdβ (2.27)

Similarly, we will be able to calculate the N time joint probability distribution. We define

F (tk) =
N∑
i=1

fi(tk) (2.28)

and the N time characteristic function is then

MF1,F2...FK (α1, α2, ....αK) =
〈
ei
∑K
k=1 αk

∑N
i=1 fi(tk)

〉
(2.29)
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If we assume dependence as in Eq. (2.28) we have that

MF1,F2...FK (α1, α2, ....αN) =
〈
eiαF (t1)+iβF (t2)

〉
(2.30)

=
〈
ei
∑K
k=1 αk

∑N
i=1 fi(tk)

〉
(2.31)

=
N∏
i=1

〈
ei
∑K
k=1 αkfi(tk)

〉
(2.32)

The probability distribution at K different times is then

P (F1, F2...FK ; t1, t2...tk) =

(
1

2π

)K ∫∫
MF1,F2...FN (α1, α2, ....αK)e−i

∑K
k=1 αkFk (2.33)

dα1, dα2, ....dαK (2.34)

These are the basic equations we will use but, of course, for the quantum case the situation

is totally different and that will be considered in a subsequent chapter.
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Chapter 3

Ensemble Averaging

The standard FKM harmonic oscillator models [4], assumes that qi(0) and pi(0) are stochastic

variables that determine the statistical features of the force by ensemble averaging over those

quantities. It treats mi and ωi as fixed variables. To make this problem more general,

we treat all these four variables as stochastic variables with a joint distribution function

Pi(mi, ωi, qi(0), pi(0)). However, generally, we assume that

Pi(mi, ωi, qi(0), pi(0)) = P (mi, ωi)Pi(qi(0), pi(0)|mi, ωi) (3.1)

where Pi(qi(0), pi(0)|mi, ωi) is the conditional probability distribution of (qi(0), pi(0) for a

given mi, ωi and where P (mi, ωi) is the probability distribution of mi, ωi. We note that

P (mi, ωi) is independent of qi(0), pi(0).

Here we assume the conditional probability distribution of qi(0) and pi(0) satisfies the

canonical distribution [8]

Pi(qi(0), pi(0)|mi, ωi) =
e−

1
kT
Hi(mi,ωi,qi(0),pi(0))∫

e−
1
kT
Hi(mi,ωi,qi(0),pi(0))dqi(0)dpi(0))

(3.2)

where k is the Boltzmann constant, T is temperature, and Hi is the Hamiltonian of an
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individual oscillator given by

Hi =
p2
i

2mi

+
miω

2
i q

2
i

2
(3.3)

The integral inside Eq. (3.2) can be carried out

∫
e−

1
kT
Hi(mi,ωi,qi(0),pi(0))dqi(0)dpi(0)) =

2πkT

ωi
(3.4)

and therefore

Pi(qi(0), pi(0)|mi, ωi) =
ωi

2πkT
e−

1
kT
Hi(mi,ωi,qi(0),pi(0)) (3.5)

For example, we can calculate the mean value and variance of individual force. For the

mean we have that

〈fi〉 =

∫
[miω

2
i qi(0) cosωit+ ωipi(0) sinωit]Pi(mi, ωi)e

− 1
kT
Hi(mi,ωi,qi(0),pi(0)) (3.6)

dmidωidqi(0)dpi(0) (3.7)

= 0 (3.8)

and for the second moment,

< f 2
i >= kT

∫
miω

2
i Pi(mi, ωi)dmidωi (3.9)

= kT < miω
2
i > (3.10)

In the next chapter we explicitly calculate the probability distribution function of the

force.
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Chapter 4

Probability Distribution of Force of

One Oscillator

To obtain the probability distribution of force we first calculate the characteristic function.

We substitute Eq. (2.10) into Eq. (2.2), to obtain

Mfi(θ) =

∫
eiθfiPi(mi, ωi, qi(0), pi(0))dmidωidqi(0)dpi(0) (4.1)

Here we again assume the initial condition qi(0) and pi(0) are in a thermal equilibrium

state, so we use the probability distribution function, Eq. (3.2), as discussed in the previous

chapter. Substituting Eq. (3.2) into Eq. (4.1) we have

Mfi(θ) =

∫
eiθfi

ωi
2πkT

e−
1
kT
Hi(mi,ωi,qi(0),pi(0))Pi(mi, ωi)dmidωidqi(0)dpi(0) (4.2)

where

Hi(mi, ωi, qi(0), pi(0)) =
1

2
miω

2
i q

2
i (0) +

1

2mi

p2
i (0) (4.3)
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Substituting for fi, as given by Eq. (2.10), we have

Mfi(θ) =
ωi

2πkT

∫
eiθ(miω

2
i qi(0) cosωit+ωipi(0) sinωit)− 1

kT
Hi(mi,ωi,qi(0),pi(0)) (4.4)

Pi(mi, ωi)dmidωidqi(0)dpi(0) (4.5)

Integrating over qi(0) and pi(0) one obtains

Mfi(θ) =

∫∫
e−θ

2kTmiω
2
i /2Pi(mi, ωi)dmidωi (4.6)

This is the characteristic function of an individual oscillator. It is easy to see this will

become Gaussian if the probability distribution function Pi(mi, ωi) is a delta function. That

is, if

Pi(mi, ωi) = δ(mi −m′i)δ(ωi − ω′i) (4.7)

in which case we have

Mfi(θ) = e−θ
2kTm′iω

′2
i /2 (4.8)

which is the characteristic function of a Gaussian distribution.

Therefore under stochastic oscillator model, the probability distribution of a single force

is not necessarily a Gaussian distribution. The probability distribution is given by

Pi(fi) =
1

2π

∫∫∫
e−iθfie−θ

2kTmiω
2
i /2Pi(mi, ωi)dmidωidθ (4.9)

=
1√

2πkT

∫∫
1√
miω2

i

e
− f2i

2kTmiωiPi(mi, ωi)dmidωi (4.10)

This, in general, is not a Gaussian distribution function unless Pi(mi, ωi) is a delta function

as per Eq. (4.7).

We can calculate the mean and variance using Eq. (3.5) and compare to what we obtained
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in Eq. (3.8) and Eq. (3.10). For the average force we have

< fi >=

∫ ∞
−∞

fiP (fi)dfi (4.11)

=
1√

2πkT

∫ ∞
−∞

fi
1√
miω2

i

e
− f2i

2kTmiωiPi(mi, ωi)dmidωidfi = 0 (4.12)

and for the second moment we have

< f 2
i >=

∫ ∞
−∞

f 2
i P (fi)dfi (4.13)

=
1√

2πkT

∫ ∞
−∞

f 2
i

1√
miω2

i

e
− f2i

2kTmiωiPi(mi, ωi)dmidωidfi (4.14)

= kT

∫
miω

2
i Pi(mi, ωi)dmidωi (4.15)

= kT < miω
2
i > (4.16)

These are the same as Eq. (3.8) and (3.10).

An important property of the distribution of force, Eq. (4.9), is that it is time inde-

pendent. The reason for this is because of the peculiar form of the distribution of initial

velocities. In the next chapter we explicitly calculate the force with different initial distri-

butions, that is other then Eq. (3.5) and explicitly show the time dependence.
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Chapter 5

Classical Distribution with

Non-Cononical Initial Distribution

We now take probability distributions other then Eq. (3.5). We do two different cases. For

convenience we repeat Eq. (4.1) here

Mfi(θ) =

∫
eiθfiPi(qi(0), pi(0)|mi, ωi)Pi(mi, ωi)dmidωidqi(0)dpi(0) (5.1)

We take two different probability distributions for Pi(qi(0), pi(0)|mi, ωi) and call them case

1 and 2.

Case 1

We take the probability distribution of qi(0) to be uniformly distributed between −Q

and Q , and pi(0) to be normally distributed. In particular,

Pi(qi(0), pi(0)|mi, ωi) =
e−p

2
i (0)/σ2(mi,ωi)

2Q
√
πσ2(mi, ωi)

(5.2)
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For the characteristic function we have

Mfi(θ) =

∫
1

2Q
√
πσ2(mi, ωi)

∫ ∞
−∞

∫ Q

−Q
eiθ(miω

2
i qi(0) cosωit+ωipi(0) sinωit)−p2i (0)/σ2(mi,ωi) (5.3)

dqi(0)dpi(0)Pi(mi, ωi)dmidωi (5.4)

=

∫
1

miQθω2
i

e−
1
4
θ2ω2

i sin2 ωitσ
2(mi,ωi) secωit sin(miω

2
iQθ cosωit)Pi(mi, ωi)dmidωi (5.5)

and hence the probability distribution is

P (fi) =
1

2π

∫
Mfi(θ)e

−iθfidθPi(mi, ωi)dmidωi (5.6)

=

∫
1

4miω2
iQ cosωit

[
erf

(
−fi +miω

2
iQ cosωit

|σ(mi, ωi)ωi sinωit|

)
+ erf

(
fi +miω

2
iQ cosωit

|σ(mi, ωi)ωi sinωit|

)]
(5.7)

Pi(mi, ωi)dmidωi (5.8)

where erf(z) is the error function,

erf(z) =
2√
π

∫ z

0

e−x
2

dx (5.9)

Note that the probability distribution is now not time independent.

For this case the mean and second moment are respectively

< fi >=

∫ ∞
−∞

fiP (fi)dfi = 0 (5.10)
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〈
f 2
i

〉
=

∫ ∞
−∞

f 2
i P (fi)dfi (5.11)

=

∫ ∞
−∞

∫ Q

−Q
(miω

2
i qi cosωiat+ ωipi sinωiat)

2 e−p
2
i /σ

2
i

2Q
√
πσ2

i

Pi(mi, ωi)dmidωidqdp (5.12)

=

∫
ω2
i (2m

2
iQ

2ω2
i cos2 ωi + 3σ2 sin2 ωiat)

6
Pi(mi, ωi)dmidωi (5.13)

Case 2

We take

Pi(qi(0), pi(0)|mi, ωi) =

√
AB

π
e−Ap

2
i (0)−Bq2i (0) (5.14)

where A and B are positive constants and functions of m and ω. The characteristic function

is

Mfi(θ) =

√
AB

π

∫ ∞
−∞

∫ ∞
−∞

eiθ(miω
2
i cosωt+ωq sinωt)−Ap2−Bq2dpdq (5.15)

=

∫ ∞
−∞

∫ ∞
−∞

e
θ2ω2

4
( sin2 ωt

A
+m2ω2 cos2 ωt

B
)P (m,ω)dmdω (5.16)

The probability is therefore

P (fi) =
1

2π

∫ ∞
−∞

Mfi(θ)e
−iθfidθ (5.17)

=

∫∫ √
AB

Am2
iπω

4
i cos2 ωit+Bπω2

i sin2 ωit
(5.18)

exp

[
− AB

Am2
iω

4
i cos2 ωit+Bω2

i sin2 ωit
f 2
i

]
P (mi, ωi)dmidωi (5.19)

Notice that again the solution is time dependent. If we take

B = Am2
iω

2
i (5.20)
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then the solution is independent of time and in particular we obtain

P (fi) =

∫∫ √
B

m2
iπω

4
i

exp

[
− B

m2
iω

4
i

f 2
i

]
P (mi, ωi)dmidωi (5.21)

The mean and the second moment are

〈fi〉 = 0 (5.22)

〈
f 2
i

〉
=

√
AB

π

∫ ∞
−∞

∫ ∞
−∞

(miω
2
i qi cosωiat+ ωipi sinωiat)

2e−Ap
2−Bq2dqdp (5.23)

=
ω2
i

2

(
Am2

iω
2
i cos2 ωiat+B sin2 ωiat

AB

)
(5.24)

The canonical distribution case, Eq. (3.5), is obtained when we set

A =
1

2mikT
B =

miω
2
i

2kT
(5.25)

in which case

〈fi〉 = 0 (5.26)

〈
f 2
i

〉
= mω2kT (5.27)
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Chapter 6

Probability Distribution of Force Due

to N Oscillators

If we assume there is no external field at the origin, the total force due to the bath is the sum

of the individual forces. In the case where there are N oscillators connected to the origin

and each one has its own distribution function of mi and ωi, the total force is

F =
N∑
i=1

fi =
N∑
i=1

[
miω

2
i qi(0) cosωit+ ωipi(0) sinωit

]
(6.1)

If we assume all the oscillators are independent of each other, the joint distribution

function of all oscillators is the product of individual oscillator

P (m1..., ω1..., qi(0)..., pi(0)) =
N∏
i=1

Pi(mi, ωi, qi(0), pi(0)) (6.2)



20

Using Eq. (3.5) this becomes

P (m1..., ω1..., qi(0)..., pi(0)) =
N∏
i=1

Pi(mi, ωi)
ωi

2πkT
e−

1
kT
Hi(mi,ωi,qi(0),pi(0)) (6.3)

=
1

(2πkT )N
e−

1
kT

∑N
i=1Hi(mi,ωi,qi(0),pi(0))

N∏
i=1

ωiPi(mi, ωi) (6.4)

Because of the assumption that all oscillators are independent, we can treat the individual

force as independent random variables. Therefore the characteristic function of the total force

can be calculated by using Eq. (4.8)

MF (θ) =
N∏
i=1

Mfi(θ) =
N∏
i=1

∫
e−θ

2kTmiω
2
i /2Pi(mi, ωi)dmidωi (6.5)

We rewrite the product as a summation in the exponent to obtain

MF (θ) =

∫
e−θ

2 kT
2

∑N
i=1miω

2
i

N∏
i=1

Pi(mi, ωi)dmidωi (6.6)

We now calculate the probability distribution function of the total force. Using Eq. (2.4)

the probability distribution function is

P (F ) =
1

2π

∫
e−iθF e−θ

2 kT
2

∑N
j=1mjω

2
j

N∏
i=1

Pi(mi, ωi)dmidωidθ (6.7)

The integral over θ can be carried out without explicitly knowing Pi(mi, ωi),

P (F ) =
1√

2πkT

∫
1√∑N

j=1mjω2
j

e
− F2

2kT
∑N
j=1

mjω
2
j

N∏
i=1

Pi(mi, ωi)dmidωi (6.8)
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From this result we can see that if

N∑
i=1

miω
2
i = constant, (6.9)

the total force would be always be Gaussian function regardless of individual Pi(mi, ωi).

The probability distribution function of the total force can also be carried out by cal-

culating the convolution of the probability functions of the individual forces. This is well

known and is derived from the characteristic function. For simplicity we consider two forces.

The probability function of summation of this two forces is

P (f) =

∫ ∞
−∞

P1(f1)P2(f − f1)df1 (6.10)

=

∫
e
− f2

2kT (m1ω
2
1+m2ω

2
2)√

2πkT (m1ω2
1 +m2ω2

2)
P1(m1, ω1)P (m2, ω2)dm1dω1dm2dω2 (6.11)

where we have used the fact that

∫ ∞
−∞

e−x
2/Ae−(y−x)2/Bdx =

√
πAB

A+B
e−

y2

A+B (6.12)

If we extend this method to N forces, the result is same as Eq. (6.4).
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Chapter 7

Probability distribution of Force:

Statistical Properties

In the last chapter we found the distribution function for the total force, Eq. (6.4). We now

calculate the mean value and variance of the total force. We have

< F >=
1√

2πkT

∫ ∞
−∞

F
1√∑N

j=1mjω2
j

e
− F2

2kT
∑N
j=1

mjω
2
j

N∏
i=1

Pi(mi, ωi)dmidωidF (7.1)

This is seen to be zero,

< F >= 0 (7.2)

Now consider

< F 2 >=
1√

2πkT

∫ ∞
−∞

F 2 1√∑N
j=1mjω2

j

e
− F2

2kT
∑N
j=1

mjω
2
j

N∏
i=1

Pi(mi, ωi)dmidωidF (7.3)
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Doing the integral results in

< F 2 >= kT

∫ N∑
j=1

mjω
2
j

N∏
i=1

Pi(mi, ωi)dmidωi (7.4)

Since Pi(mi, ωi) is a probability distribution function, we assume it is normalized

∫
Pi(mi, ωi)dmidωi = 1 (7.5)

and therefore, for each term when i 6= j , the integrals are equal to one. Hence,

∫
mjω

2
j

N∏
i=1

Pi(mi, ωi)dmidωi =

∫
miω

2
i Pi(mi, ωi)dmidωi (7.6)

< F 2 >= kT
N∑
i=1

∫
miω

2
i Pi(mi, ωi)dmidωi (7.7)

= kT
N∑
i=1

< miω
2
i > (7.8)

This result is the summation of individual forces since we assumed individual oscillators

are independent.

We now assume that

N∑
i=1

miω
2
i = constant=c=Nmiω

2
i = N < miω

2
i > (7.9)

This assumption is often used [1], in which case we have

P (F ) =
1√

2πkcT
e−

F2

2kTc (7.10)
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and we have that

< fi >=

∫ ∞
−∞

fiP (fi)dfi = 0 (7.11)

< f 2
i >=

∫ ∞
−∞

f 2
i P (fi)dfi = kT < miω

2
i > (7.12)
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Chapter 8

Joint Distribution Function for Force

at Two Different Times and the

Autocorrelation Function Due to N

Oscillators

In the previous chapter we have calculated the probability distribution function of force due

to one particle and total force due to N particles in the independent oscillator model. The

result shows that the random force in this model is first-order stationary random process

because the distribution function is time independent. To prove that this process is also

second-order stationary, we need to show the joint distribution function of two forces at two

different times only depends on the time interval.

Similar to the method used to obtain single force distribution function, we now calculate

the joint distribution function by first calculating the characteristic function. Consider the
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two time characteristic function of F (t). We write

F (t1) =
N∑
i=1

fi(t1) ; F (t2) =
N∑
i=1

fi(t2) (8.1)

and the joint characteristic function is

MF1,F2(α, β) =
〈
eiαF (t1)+iβF (t2)

〉
(8.2)

=
〈
eiα

∑N
i=1 fi(t1)+iβ

∑N
i=1 fi(t2)

〉
(8.3)

=
N∏
i=1

〈
eiαfi(t1)+iβfi(t2)

〉
(8.4)

If all oscillators are independent of each other

MF1,F2(α, β) = MN
f1,f2

(α, β) (8.5)

where

Mf1,f2(α, β) =
〈
eiαf(t1)+iβf(t2)

〉
=

∫∫
eiαf(t1)+iβf(t2)P (f1, f2; t1, t2)df1df2 (8.6)

The joint probability distribution of the force at two different times is therefore

P (F1, F2; t1, t2) =
1

4π2

∫∫
MN

f1,f2
(α, β) e−iαF1−iβF2 dθ dτ (8.7)

We can simplify this further. Consider the two time characteristic function for a single

oscillator. We have

f(t1) = qmω2 cosωt1 + ωp sinωt1 (8.8)

f(t2) = qmω2 cosωt2 + ωp sinωt2 (8.9)
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and further

αf(t1) + βf(t2) = α(qmω2 cosωt1 + ωp sinωt1) + βqmω2 cosωt2 + ωp sinωt2 (8.10)

= qmω2(α cosωt1 + β cosωt2) + ωp(α sinωt1 + β sinωt2) (8.11)

Therefore, the characteristic function, Mf1,f2(α, β), is

Mf1,f2(α, β) =
ω

2πkT

∫∫
exp (8.12)[

−H(q, p)

kT
+ iqmω2(α cosωt1 + β cosωt2) + iωp(α sinωt1 + β sinωt2)

]
dqdp

(8.13)

= exp

[
−(mω2)2(α cosωt1 + β cosωt2)

2

2ω2/mkT
− ω2(α sinωt1 + β sinωt2)

2

2/mkT

]
(8.14)

= exp
[
−1

2
mkTω2

{
(α cosωt1 + β cosωt2)

2 + (α sinωt1 + β sinωt2)
2
} ]

(8.15)

= exp
[
−1

2
mkTω2

{
α2 + β2 + 2αβ(cosωt1β cosωt2 + sinωt1 sinωt2)

} ]
(8.16)

= exp
[
−1

2
mkTω2

{
α2 + β2 + 2αβ cosω(t2 − t1)

} ]
(8.17)

or

Mf1,f2(α, β) = exp
[
−1

2
mkTω2

{
α2 + β2 + 2αβ cosω(t2 − t1)

} ]
(8.18)

Now making the assumption that all the oscillators are independent of each other we use

Eq. (8.4) to obtain

MF (α, β) = MN
f (α, β) = exp

[
−1

2
NmkTω2

{
α2 + β2 + 2αβ cosω(t2 − t1)

} ]
(8.19)
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The random variables are mi,ωi, qi(0) and pi(0) and hence

M(α, β) =

∫
eiαF (t1)+iβF (t2)Pi(mi, ωi, qi(0), pi(0))dmidωidqi(0)dpi(0) (8.20)

substitute for both forces from Eq. (8.1),

MF (α, β) =

∫
exp[i

N∑
i=1

miω
2
i (α cosωit1 + β cosωit2)qi(0)

+ i
N∑
i=1

ωi(α sinωit1 + β sinωit2)pi(0)] (8.21)

N∏
i=1

Pi(mi, ωi, qi(0), pi(0))dmidωidqi(0)dpi(0) (8.22)

The summation in the exponent can be rewritten as a product, giving

MF (α, β) =
N∏
i=1

ωi
2πkT

∫
(8.23)

exp[imiω
2
i (α cosωit1 + β cosωit2)qi(0) + iωi(α sinωit1 + β sinωit2)pi(0) (8.24)

− 1

kT
Hi(mi, ωi, qi(0), pi(0))]Pi(mi, ωi)dmidωidqi(0)dpi(0) (8.25)

The integral over qi(0) and pi(0) yields

MF (α, β) =
N∏
i=1

∫
e−

kTmiω
2
i

2
[α2+β2+2αβ cosωi(t1−t2)]Pi(mi, ωi)dmidωi (8.26)

We now rewrite the product as a summation in the following way,

M(α, β) =

∫
e−

∑N
i=1

kTmiω
2
i

2
[α2+β2+2αβ cosωi(t1−t2)]

N∏
i=1

Pi(mi, ωi)dmidωi (8.27)

This joint characteristic function is only a function of the difference in time, t1− t2, and
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therefore this is a second-order stationary random process.

The joint distribution function is

P (F1, F2) =
1

(2π)2

∫
M(α, β)e−iαF1−iβF2dαdβ (8.28)

=
1

(2π)2

∫
e−

∑N
i=1

kTmiω
2
i

2
[α2+β2+2αβ cosωi(t1−t2)]−iαF1−iβF2

N∏
i=1

Pi(mi, ωi)dmidωidαdβ

(8.29)

We now rewrite this in terms of the standard 2-D joint Gaussian distribution,

P (x, y) =
1

2πσxσy
√

1− r2
e
− 1

2(1−r2)

[
(x−a)2

σ2
x

+
(y−b)2

σ2
y
−2r

(x−a)(y−b)
σxσy

]
(8.30)

where r is correlation coefficient which satisfies |r| < 1, a and b are the mean value of x

and y, and where σx and σy are the corresponding standard deviations. The characteristic

function of this Gaussian distribution is

M(α, β) = eiaα+ibβ− 1
2
(σ2
xα

2+2rσxσyαβ+σ2
yβ

2) (8.31)

Comparing the standard Gaussian characteristic function with the function inside our

integral, Eq. (8.29), we have that

a = 0 (8.32)

b = 0 (8.33)

σ2 = σ2
x = σ2

y = kT
N∑
i=1

miω
2
i (8.34)

r =

∑N
i=1miω

2
i cosωi(t1 − t2)∑N
i=1miω2

i

(8.35)
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Using this result in our integral, the joint distribution function, Eq. (8.27) can be written

as

P (F1, F2) =

∫
1

2πσ2
√

1− r2
e
− 1

2(1−r2)σ2 (F 2
1 +F 2

2−2rF1F2)
N∏
i=1

Pi(mi, ωi)dmidωi (8.36)

This distribution function has only two parameters σ and r.

Autocorrelation function.

We now calculate the the autocorrelation function, < F1F2 >, between the two forces

< F1F2 >=

∫
F1F2P (F1, F2)dF1dF2 (8.37)

If we do the integral over F1 and F2 first, the result is similar autocorrelation function of

two Gaussian correlated variable.

< F 2
1 >=

∫
rσ2

N∏
i=1

Pi(mi, ωi)dmidωi (8.38)

< F1F2 >= kT

∫ N∑
j=1

mjω
2
j cosωj(t1 − t2)

N∏
i=1

Pi(mi, ωi)dmidωi (8.39)

Because the Pi(mi, ωi) is a normalized probability distribution function, when i 6= j, the

integral equals one, and we have that

< F1F2 >= kT
N∑
i=1

∫
miω

2
i cosωi(t1 − t2)Pi(mi, ωi)dmidωi (8.40)

= kT

N∑
i=1

< miω
2
i cosωi(t1 − t2) > (8.41)

This result is a summation of expected value of single oscillator autocorrelation. So the

result is determined by what is summation and what is the expected value of miω
2
i cosωi(t1−
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t2). Now we separate this problem into two different cases, where the result is only affected

by one of these two calculations.

Case 1. The first case is that each individual oscillator has constant values of m′i and ω′i.

Therefore the probability distribution function Pi(mi, ωi) is a delta function.

Pi(mi, ωi) = δ(ωi − ω′i)δ(mi −m′i) (8.42)

and the autocorrelation function is

< F1F2 >= NkT
N∑
i=1

m′iω
′2
i cosω′i(t1 − t2) (8.43)

When N goes to infinity, this summation can be written as an integral. If we assume the

density function of m′i and ω′i is D(m,ω) we have

< F1F2 >= NkT

∫
D(m,ω)mω2 cosω(t1 − t2)dmdω (8.44)

Case 2. In the second case, we assume all the expected values of the individual oscillators

have the same value, which means all individual oscillators have same distribution function

Pi(mi, ωi) which we write as P (m,ω). The summation in Eq. (8.43) then becomes

< F1F2 > = NkT < mω2 cosω(t1 − t2) > (8.45)

= NkT

∫∫
P (m,ω)mω2 cosω(t1 − t2)dmdω (8.46)

Comparing Eq. (8.43) with Eq. (8.46), the above two cases would have the same autocorre-
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lation function if D(m,ω) and P (m,ω) satisfies

D(m,ω) = P (m,ω) (8.47)

White noise.

We now ask whether Eq. (8.46) can yield white noise. For white noise the autocorrelation

function should be a delta function of t1− t2. For that to be the case P (m,ω)mω2 should

be a constant. We assume this constant is C and write

P (m,ω) =
C

mω2
(8.48)

However this can be satisfied by the follwing condition on P (m,ω)

∫
P (m,ω)dmdω =

∫
C

mω2
dmdω = (8.49)

= 2C[lnmmax − lnmmin][
1

ωmin
− 1

ωmax
] = 1 (8.50)

Therfore

C =
1

2[ 1
ωmin
− 1

ωmax
][lnmmax − lnmmin]

(8.51)

Hence we see ω can have no upper bound. When ω gooes to infinity

C =
ωmin

2[lnmmax − lnmmin]
(8.52)
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Chapter 9

Statistical Properties

We now list some standard properties of two dimensional Gaussian distribution and apply

them to our case as developed in the previous chapter. We repeat here the standard two

dimensional Gaussian distribution

P (x, y) =
1

2πσxσy
√

1− r2
exp

[
− 1

2(1− r2)

{
(x− a)2

σ2
x

+
(y − b)2

σ2
y

− 2r
(x− a)(y − b)

σxσy

}]
(9.1)

In Eq. (9.1) r is the correlation coefficient and satisfies |r| ≤ 1. The characteristic function

of P (x, y) is

M(θ, τ) = exp
[
iaθ + ibτ − 1

2
(σ2

xθ
2 + 2rσxσyθτ + σ2

yτ
2)
]

(9.2)

and the marginals are

P (x) =
1√

2πσ2
x

exp

[
− (x− a)2

2σ2
x

]
(9.3)

P (y) =
1√

2πσ2
y

exp

[
− (x− a)2

2σ2
y

]
(9.4)
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The conditional distribution, defined by

P (y|x) =
P (x, y)

P (x)
(9.5)

is given by

P (y|x) =
1√

2πσ2
y

√
1− r2

exp

[
− 1

2σ2
y(1− r2)

(
y − b− rσy

σx
(x− a)

)2
]

(9.6)

In addition, we list some other standard properties,

E[(x− a)(y − b)) = rσxσy (9.7)

E[y|x) = b+ r
σy
σx

(x− a) (9.8)

E[y2|x) = σ2
y(1− r2) +

{
b+ r

σy
σx

(x− a)

}2

(9.9)

E[σ2
y|x) = σ2

y(1− r2) (9.10)

We now apply these formulas to our case. Comparing Eq. (8.17) with Eq. (9.2) we have

that

P (F1, F2; t1, t2) =
1

2πσ2
√

1− r2
exp

[
− 1

2(1− r2)σ2

(
F 2

1 + F 2
2 − 2rF1F2

)]
(9.11)

with

r = cosω(t2 − t1) (9.12)

σ2 = NmkTω2 (9.13)
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Eq. (9.11) can be written as

P (F1, F2; t1, t2) =
1

2π |sinω(t2 − t1)|σ2
(9.14)

exp

{
− 1

2 |sinω(t2 − t1)|σ2

[
F 2

1 + F 2
2 − 2 cosω(t2 − t1)F1F2

]}
(9.15)

Also, we have that the conditional distribution is

E[F2|F1) = cosω(t2 − t1)F1 (9.16)

and the autocorrelation function is

〈F1F2〉 = NmkTω2 cosω(t2 − t1) (9.17)

which shows that it is a stationary process. The conditional distribution is given by,

P (F2|F1) =
1√

2π sin2 ω(t2 − t1)σ2
exp

[
− 1

2σ2 sin2 ω(t2 − t1)
(F2 − cosω(t2 − t1)F1)

2

]
(9.18)
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Chapter 10

Multi-Time Distribution for N

Classical Oscillators

We now derive the multiple time distribution function. That is we aim at getting the joint

probability distribution of force at K different times. We calculate the N force – K different

time characteristic function defined by way of

M(α) = E

[
exp

[
i
K∑
k=1

αkF (tk)

]]
(10.1)

=

∫
ei
∑N
i=1miω

2
i

∑
k αk cosωitkqi(0)+i

∑N
i=1

∑
k αk sinωitkpi(0) (10.2)

N∏
i=1

Pi(mi, ωi, qi(0), pi(0))dmidωidqi(0)dpi(0) (10.3)
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where α is a M dimension vector and αk is component of it

M(α) =
N∏
i=1

ωi
2πkT

∫
eaimiω

2
i

∑
k αk cosωitkqi(0)+iωi

∑
k αk sinωitkpi(0)− 1

kT
Hi(mi,ωi,qi(0),pi(0)) (10.4)

Pi(mi, ωi)dmidωidqi(0)dpi(0)

=
N∏
i=1

∫
e−

kTmiω
2
i

2
[(
∑
k αk cosωitk)

2+(
∑
k αk sinωitk)

2]Pi(mi, ωi)dmidωi (10.5)

=
N∏
i=1

∫
e−

kTmiω
2
i

2

∑
k,l αkαl cosωi(tk−tl)Pi(mi, ωi)dmidωi (10.6)

=

∫
e−

∑
i

kTmiω
2
i

2

∑
k,l αkαl cosωi(tk−tl)

N∏
i=1

Pi(mi, ωi)dmidωi (10.7)

This is the characteristic function of multivariate Gaussian distribution with Covariance

matrix

σk,l = kT
N∑
i=1

miω
2
i cosωi(tk − tl) (10.8)

The distribution of multiple forces can be written as

P (f) =

∫
1

(2π)M/2|σ|1/2
exp(−1

2
fTσ−1f)

N∏
i=1

Pi(mi, ωi)dmidωi (10.9)
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Chapter 11

Quantum Characteristic Function

Method

The quantum case presents a number of new features [10, 11, 12, 13, 14, 15]. The fundamental

issue is that we have operators instead of ordinary functions. That presents no problem when

we have one variable, but presents significant difficulties for the two variable case when

the operators do not commute. In such a case one uses the concept of quasi-probability

distribution. In particular, for the quantum case the total force operator, F(t), at time t, is

given by

F(t) =
N∑
j=1

mjω
2
j

(
qj(0) cosωjt+ pj(0)

sinωjt

mjωj

)
(11.1)

=
N∑
j=1

(
mjω

2
jqj(0) cosωjt+ pj(0)ωj sinωjt

)
(11.2)

where qj and pj are the standard position and momentum operators that satisfy the com-

mutation relation

[qj,pj] = i} (11.3)
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where mj and ωj are the masses and frequencies. Many properties of the model have been

developed and in particular the autocorrelation of the force has been obtained [4, 16, 17, 18].

First we discuss the general concept of a quantum characteristic function operator. If we

have an operator, A, then one defines the characteristic function operator by

M(θ) = eiθA (11.4)

and the characteristic function is then the quantum mechanical expectation value

M(θ) = 〈M(θ)〉 =

∫
ψ∗(q)eiθAψ(q) dq (11.5)

The probability distribution is then given by

P (a) =
1

2π

∫
M(θ) e−iθa da (11.6)

Equivalently, of course, one can calculate P (a) in the usual quantum mechanical proce-

dure where the probability distribution is given by

P (a) = |φ(a)|2 (11.7)

where

φ(a) =

∫
u∗a(x)ψ(x)dx (11.8)

and where ua(x) are the eigenfunctions of the operator A with eigenvalues a,

Aua(x) = aua(x) (11.9)

That the P (a) given by Eq. (11.6) and Eq. (11.7) are the same is given in reference
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[19]. Hence there is no difficulty for obtaining quantum distributions for a single quantum

operator.

The difficulty comes in when we have one or more operators. For two variables one defines

the characteristic function operator by [13, 10, 11, 15] way of

M(α, β) = eiαA+iβB (11.10)

However, now, there are many other choices such as,

M(α, β) = eiαA eiβB (11.11)

or eiβB eiαA (11.12)

or eiαA/2eiβBeiαA/2 (11.13)

among many others. The characteristic function is then the expectation value of the char-

acteristic function operator for A,B

M(α, β) = 〈M(α, β)〉 =

∫
ψ∗(q)M(α, β) ψ(q) dq (11.14)

Each of the choices gives a different answer for the characteristic function and the distri-

bution. Once a particular choice is explicitly obtained an infinite number of others can be

obtained by way of [13, 10, 11, 15, 12]

P (a, b) =
1

4π2

∫∫
Φ(α, β)M(α, β)e−iαa−iβbdαdβ (11.15)

where Φ(α, β) is the kernel function [11]. In this thesis we consider the case given by Eq.
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(11.10). The probability distribution is given by

P (a, b) =
1

4π2

∫∫
M(α, β)e−iαa−iβbdαdβ (11.16)

where M(α, β) is given by Eq. (11.14).
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Chapter 12

Quantum Characteristic Function and

Distribution for f(t) = a(t)q + b(t)p

Many of our subsequent calculations can be cast in the form where we have to find the

characteristic function of

f(t) = a(t)q + b(t)p (12.1)

Different cases will involve taking particular forms for a(t) and b(t) and therefore we will

do this general case first and specialize appropriately as needed. We want to calculate and

simplify the quantum characteristic operator of f(t),

eiθf(t) = eiθ{a(t)q+b(t)p} (12.2)

When two operators, A and B satisfy

[A, [A,B]] = [B, [A,B]] = 0 (12.3)
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one has that

eA+B = e−
1
2
[A,B]eAeB (12.4)

For our case we have

[A,B] = [iθa(t)q, iθb(t)p] = −θ2a(t)b(t)[q,p] = −iθ2a(t)b(t)} (12.5)

and hence the quantum characteristic operator for f(t) is

Mf (θ; t) = eiθf(t) = eiθ
2a(t)b(t)}/2eiθa(t)q eiθb(t)p (12.6)

We note that eiθb(t)p is the displacement operator

eiθb(t)pf(x) = f(x+ θb(t)) (12.7)

Now consider the characteristic function which is the expectation value of the character-

istic function operator,

Mf (θ; t) = 〈Mf (θ; t)〉 (12.8)

=

∫
ψ∗(q)eiθf(t)ψ(q)dq (12.9)

=

∫
ψ∗(q) eiθ

2a(t)b(t)}/2 eiθa(t)q eiθb(t)pψ(q)dq (12.10)

=

∫
ψ∗(q) eiθ

2a(t)b(t)}/2 eiθa(t)q ψ(q + θb(t)~)dq (12.11)

=

∫
ψ∗(q − θb(t)~/2) eiθa(t)q ψ(q + θb(t)~/2)dq (12.12)
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The distribution of f is then

P (f ; t) =
1

2π

∫
Mf (θ; t) e

−iθf dθ (12.13)

=
1

2π

∫∫
ψ∗(q − θb(t)~/2) eiθa(t)q ψ(q + θb(t)~/2) e−iθf dqdθ (12.14)

=
1

2π

∫∫
ψ∗(q − θb(t)~/2) e−iθ(f−a(t)q) ψ(q + θb(t)~/2) dqdθ (12.15)

=
1

2πb(t)

∫∫
ψ∗(q − θ~/2) e−iθ(f−a(t)q)/b(t) ψ(q + θ~/2) dqdθ (12.16)

This is the answer but we now show that it can be cast in an interesting way by the use

of the Wigner distribution [20] which is defined by

W (q, p) =
1

2π

∫
ψ∗(q − 1

2
~τ) e−iτpψ(q + 1

2
~τ)dτ (12.17)

Comparing Eq. (12.16) with Eq. (12.17) we have that

P (f ; t) =
1

b(t)

∫
W

(
q,
f − a(t)q

b(t)

)
dq (12.18)

Density matrix and mixtures

We point out that the Wigner distribution can be written in terms of the density matrix

[21]. The density matrix in the coordinate representation is given by

ρ(q, q′) =
∑

piψ
∗(q)ψ(q′) (12.19)

and the Wigner distribution is then

W (q, p) =
1

2π

∫
ρ(q − 1

2
~τ, q + 1

2
~τ) e−iτpdτ (12.20)
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The same derivation that has led to Eq. (12.16) can be used to show that Eq. (12.17) ap-

plies to Eq. (12.20). Hence, Eq. (12.18) applies to both pure cases and mixtures. Explicitly

we have

P (f ; t) =
1

b(t)

∫
W

(
q,
f − a(t)q

b(t)

)
dq (12.21)
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Chapter 13

Quantum Joint Distribution Function

of Single Force at One Time for the

Pure Case

The force is

F(t) = qmω2 cosωt+ pω sinωt (13.1)

and our aim is to find the characteristic function and the probability distribution of F(t).

We repeat here the main results from the previous chapter. If

f(t) = a(t)q + b(t)p (13.2)

then the characteristic function is given by

Mf (θ; t) =

∫
ψ∗(q − θb(t)~/2) eiθa(t)q ψ(q + θb(t)~/2)dq (13.3)
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and the distribution in terms of the wave function and Wigner distribution is, respectively,

P (f ; t) =
1

2πb(t)

∫∫
ψ∗(q − θ~/2) e−iθ(f−a(t)q)/b(t) ψ(q + θ~/2) dqdθ (13.4)

=
1

b(t)

∫
W

(
q,
f − a(t)q

b(t)

)
dq (13.5)

We now specialize to our case where. Comparing Eq.(13.1) with Eq.(13.2) it is clear that

we have to take

a(t) = mω2 cosωt (13.6)

b(t) = ω sinωt (13.7)

Therefore

Mf (θ; t) =

∫
ψ∗(q − θb(t)~/2)eiθa(t)q ψ(q + θb(t)~/2)dq (13.8)

=

∫
ψ∗(q − θ~/2ω sinωt) eiθqmω

2 cosωt ψ(q + θ~/2ω sinωt)dq (13.9)

and the distribution of force is

P (f ; t) =
1

b(t)

∫
W

(
q,
f − a(t)q

b(t)

)
dq (13.10)

=
1

|ω sinωt|

∫
W

(
q,
f − qmω2 cosωt

ω sinωt

)
dq (13.11)

In terms of the wave function we have

P (f ; t) =
1

2π|ω sinωt|

∫∫
ψ∗(q − θ~/2) exp

[
−iθ (f − qmω2 cosωt)

ω sinωt

]
ψ(q + θ~/2) dqdθ

(13.12)

In the last section of this chapter we give an alternate derivation of these results.
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We note that if all the algebra was done correctly the distribution should be automatically

normalized. That is, we expect that for all time

∫
P (f, t)df = 1 (13.13)

To show that this is the case consider,

∫
P (f, t)df =

1

2π|ω sinωt|

∫∫
ψ∗(q − θ~/2) exp

[
−iθ (f − qmω2 cosωt)

ω sinωt

]
ψ(q + θ~/2) dqdθdf

(13.14)

=
1

|ω sinωt|

∫∫
ψ∗(q − θ~/2) δ(θ

1

ω sinωt
)ψ(q + θ~/2) dqdθ (13.15)

=

∫∫
ψ∗(q − θ~/2) δ(θ)ψ(q + θ~/2) dqdθ (13.16)

=

∫
ψ∗(q) ψ(q) dq = 1 (13.17)

It is also of interest to do it by way of the Wigner distribution, Eq.(12.20),

∫
P (f, t)df =

∫∫
1

|ω sinωt|
W

(
q,
f − qmω2 cosωt

ω sinωt

)
dqdf (13.18)

=

∫∫
1

|ω sinωt|
W

(
q,

f

ω sinωt

)
dqdf (13.19)

=

∫∫
W (q, f) dqdf = 1 (13.20)

The last step follows because the Wigner distribution is normalized to one if the wave function

is.
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We now calculate the first and second moment

∫
fP (f, t)df =

∫∫
f

|ω sinωt|
W

(
q,
f − qmω2 cosωt

ω sinωt

)
dqdf (13.21)

=

∫∫
f + qmω2 cosωt

|ω sinωt|
W

(
q,

f

ω sinωt

)
dqdf (13.22)

=

∫∫
(pω sinωt+ qmω2 cosωt)W (q, p) dqdp (13.23)

= ω sinωt

∫∫
pW (q, p) dqdp+mω2 cosωt

∫∫
qW (q, p) dqdp (13.24)

= ω sinωt < p > +mω2 cosωt < q > (13.25)

= 0 (13.26)∫
f 2P (f, t)df =

∫∫
f 2

|ω sinωt|
W

(
q,
f − qmω2 cosωt

ω sinωt

)
dqdf (13.27)

=

∫∫
(pω sinωt+ qmω2 cosωt)2W (q, p) dqdp (13.28)

= ω2 sin2 ωt

∫∫
p2W (q, p) dqdp (13.29)

+m2ω4

∫ ∫
q2W (q, p) dqdp+ 2mω3 sinωt cosωt

∫ ∫
pqW (q, p) dqdp

(13.30)

= ω2 sin2 ωt < p2 > +m2ω4 < q2 > (13.31)

Alternate derivation of Eq. (13.5)

We now give an somewhat alternate derivation of Eq. (13.5). The force is

F(t) =
N∑
j=1

(
mjω

2
jqj cosωjt+ pjωj sinωjt

)
(13.32)

We first consider

f = qmω2 cosωt+ ωp sinωt (13.33)
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The characteristic function operator is

Mf (θ; t) = eiθf (13.34)

= eiθ(qmω
2 cosωt+ωp sinωt) (13.35)

= eiθ
2mω3 cosωt sinωt/2eiθqmω

2 cosωteiθωp sinωt (13.36)

and the characteristic function is then

Mf (θ, t) =

∫
ψ∗(q)Mf (θ; t)ψ(q) dq (13.37)

=

∫
ψ∗(q) ei~θ

2mω3 cosωt sinωt/2eiθqmω
2 cosωtψ(q + θ~ω sinωt) dq (13.38)

=

∫
ψ∗(q − 1

2
~θω sinωt) eiθqmω

2 cosωtψ(q + 1
2
~θω sinωt) dq (13.39)

where we have used the fact that

[θqmω2 cosωt, θωp sinωt] = θ2mω3 cosωt sinω[q, p] (13.40)

= i~θ2mω3 cosωt sinω (13.41)

The distribution is then given by

P (f, t) =
1

2π

∫
M f (θ, t) e

−iθf dθ (13.42)

=
1

2π

∫
ψ∗(q − 1

2
~θω sinωt)e−iθf eiθqmω

2 cosωtψ(q +
1

2
~θω sinωt) dqdθ (13.43)

=
1

2π

∫
ψ∗(q − 1

2
~θω sinωt) e−iθ(f−qmω

2 cosωt)ψ(q + 1
2
~θω sinωt) dqdθ (13.44)
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Making the transformation

τ = θω sinωt (13.45)

dτ = ω sinωtdθ (13.46)

we have that

P (f, t) =
1

2π |ω sinωt|

∫
ψ∗(q − 1

2
~τ) exp

[
−iτ f − qmω

2 cosωt

ω sinωt

]
ψ(q + 1

2
~τ) dqdτ (13.47)

If we define the Wigner distribution in the usual way

W (q, p) =
1

2π

∫
ψ∗(q − 1

2
~τ) e−iθpψ(q + 1

2
~τ)dτ (13.48)

then P (f, t) can be written as

P (f, t) =
1

|ω sinωt|

∫
W

(
q,
f − qmω2 cosωt

ω sinωt

)
dq (13.49)
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Chapter 14

Density Matrix Approach and

Mixtures

In the previous sections we have treated the pure case. We now address the case where

we have a mixture characterized by a density matrix. We then specialize to a particular

density matrix representing an ensemble of harmonic oscillators. The density matrix in the

coordinate representation is

ρ(q, q′) =
∑

piψ
∗(q)ψ(q′) (14.1)

For the characteristic function we have

Mf (θ; t) =

∫
ρ(q − θ~/2ω sinωt, q + θ~/2ω sinωt) eiθqmω

2 cosωt dq (14.2)

and for the distribution

P (f ; t) =
1

2π|ω sinωt|

∫∫
ρ(q − θ~/2, q + θ~/2) exp

[
−iθ (f − qmω2 cosωt)

ω sinωt

]
dqdθ (14.3)
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We now take the following density matrix

ρ(x, x′) =

√
mω tanh

( ~ω
2kT

)
π~

exp

[
−mω

4~
((x− x′) coth

(
~ω

2kT

)
+ (x+ x′) tanh

(
~ω

2kT

)]
(14.4)

This density matrix is well known and corresponds to the case of a harmonic oscillator heat

bath. The corresponding Wigner distribution is also well known and is given by

W (x, p) =
1

π~

∫
dyρ(x− y, x+ y)e2ipy/~ (14.5)

=
1

π~
tanh

(
~ω

2kT

)
exp

[
−
(

p2

m~ω
+
mω2x2

~ω

)
tanh

(
~ω

2kT

)]
(14.6)

For the sake of completeness we give a derivation of these results at the end of this chapter.

Distribution of force for a mixture

We now calculate the distribution of force for this Wigner distribution, Eq.(14.6). We

rewrite Eq. (13.5)

P (f ; t) =
1

b(t)

∫
W

(
q,
f − a(t)q

b(t)

)
dq (14.7)

and substitute Eq.(14.4) for Eq.(14.3) to obtain

P (f, t) =
1

b(t)

1

π~
tanh(

~ω
2kT

)

∫
exp[−{mω

~
q2 +

(f−a(t))q
b(t)

)2

mω~
} tanh

~ω
2kT

]dq (14.8)

This integrates to

P (f, t) =

√
mω tanh ~ω

2kT

(a2 + b2m2ω2)π~
exp

[
−

mω tanh ~ω
2kT

(a2 + b2m2ω2)~
f 2

]
(14.9)
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and is seen to be a Gaussian distribution with mean zero and standard deviation given by

σ2 =
(a2 + b2m2ω2)h

2mω tanh ~ω
2kT

(14.10)

The corresponding characteristic function is

M(θ, t) = exp

[
(a2 + b2m2ω2)~
4mω tanh ~ω

2kT

θ

]
(14.11)

For our case, as per Eq.(13.1), we have

a(t) = mω2 cosωt (14.12)

b(t) = ω sinωt (14.13)

and using the fact that

(a2 + b2m2ω2) = ((mω2 cosωt)2 + (ω sinωt)2m2ω2) = m2ω4 (14.14)

we obtain

P (f, t) =

√
tanh ~ω

2kT

mω3π~
exp

[
−

tanh ~ω
2kT

mω3~
f 2

]
(14.15)

If we substitute Eq. (14.15) into (2.1) we have for the characteristic function

Mf (θ; t) =

√
mω tanh( ~ω

2kT
)

π~
e−

mω
4~ θ

2ω2 sin2 ωt coth ~ω
2kT

∫
eiθmiω

2
i x cosωit−mω~ x2 tanh ~ω

kT dx (14.16)

= e−
mω
4~ θ

2ω2 sin2 ωt coth ~ω
2kT
−mω

4~ θ
2ω2 cos2 ωt coth ~ω

2kT (14.17)

= e−
mω
4~ θ

2ω2 coth ~ω
2kT (14.18)
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Classical limits

We now consider the classical limits. First, we point out the well known result that

lim
T→∞

tan
~ω

2kT
∼ ~ω

2kT
(14.19)

Applying this approximation to Eq.(14.9) we have

lim
T→∞

P (f, t) ∼ e
− mω2

2kT (a2+b2m2ω2)
f2

√
mω2

2πkT (a2 + b2m2ω2)
(14.20)

and for Eq.(14.15) we have

lim
T→∞

P (f, t) ∼
√

1

2πkTmω2
e−

f2

2kTmω2 (14.21)

This is seen to be the classical results as given by Eq.(6.4). Thus we have shown that the

joint distribution function approach reduces to the classical results for T →∞ or for ~→ 0.

Derivation of density matrix and Wigner distribution for the harmonic oscillator bath

The density matrix and Wigner distribution for a harmonic oscillator heat bath have

been derived by many in various ways. For the sake of completeness we give a derivation

here. The most common derivation is to write a differential equation for the density matrix

and solve it. Here we give an straightforward derivation. First, we list the main properties

of the Harmonic oscillator. The eigenfunctions and eigenvalues are

un(x) = Nne
−α2x2/2Hn(αx) (14.22)

En = (n+
1

2
)~ω (14.23)



56

where

α =

√
mω

~
=

(
mk

~2

)1/4

ω =

√
k

m
Nn =

(
α√
π2nn!

)1/2

(14.24)

and Hn are the Hermit polynomials. We will be using Mahler’s formula

∞∑
k=0

Hn(x)Hn(x′)
tn

2nn!
=

1√
1− t2

exp

[
2txx′ − t2(x2 + x′2)

1− t2

]
(14.25)

Now, the density matrix is defined by way of

ρ(q, q′) =
∑

piψ
∗
i (q)ψi(q

′) (14.26)

where

pi =
e−βEn∑∞
n=0 e

−βEn
(14.27)

and

β =
1

kT
(14.28)

For the harmonic oscillator case we have

∞∑
n=0

e−β~ω(n+1/2) = e−β~ω/2
∞∑
n=0

e−β~ωn (14.29)

=
e−β~ω/2

1− e−β~ω =
1

eβ~ω/2 − e−β~ω/2 =
1

2 sinh β~ω/2
(14.30)

and hence

pi = 2 sinh(β~ω/2)e−β~ω(n+1/2) (14.31)
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Therefore

ρ(q, q′) = 2 sinh(β~ω/2)
∞∑
k=0

e−β~ω(n+1/2)un(x)un(x′) (14.32)

= 2 sinh(β~ω/2)
∞∑
n=0

e−β~ω(n+1/2)N2
ne
−α2(x2+x′2)/2Hn(αx)Hn(αx′) (14.33)

= 2 sinh(β~ω/2)
∞∑
n=0

e−β~ω(n+1/2) α√
π2nn!

e−α
2(x2+x′2)/2Hn(αx)Hn(αx′) (14.34)

=
α√
π

2 sinh(β~ω/2)e−β~ω/2e−α
2(x2+x′2)/2

∞∑
k=0

e−β~ωn 1

2nn!
Hn(αx)Hn(αx′) (14.35)

Now in Mahler’s formula, Eq. (14.25) put

t = e−β~ω (14.36)

to obtain

∞∑
k=0

Hn(αx)Hn(αx′)
e−β~ωn

2nn!
=

1√
1− e−2β~ωn

exp

[
α2 2e−β~ωnxx′ − e−2β~ωn(x2 + x′2)

1− e−2β~ωn

]
(14.37)

Hence,

e−β~ω/2e−α
2(x2+x′2)/2

∞∑
k=0

e−β~ωn 1

2nn!
Hn(αx)Hn(αx′) (14.38)

=
e−β~ω/2e−α

2(x2+x′2)/2

√
1− t2

exp

[
2txx′α2 − t2α2(x2 + x′2)

1− t2

]
(14.39)

=

√
t√

1− t2
e−α

2(x2+x′2)/2 exp

[
2txx′ − t2(x2 + x′2)

1− t2
α2

]
(14.40)

=
1√

1/t− t
e−α

2(x2+x′2)/2 exp

[
2txx′ − t2(x2 + x′2)

1− t2
α2

]
(14.41)

=
1√

2 sinh(β~ω)
e−α

2(x2+x′2)/2 exp

[
2txx′ − t2(x2 + x′2)

1− t2
α2

]
(14.42)
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=
1√

2 sinh(β~ω)
exp

[
2txx′ − t2(x2 + x′2)

1− t2
α2 − α2(x2 + x′2)

2

]
(14.43)

=
1√

2 sinh(β~ω)
exp

[
4txx′ − 2t2(x2 + x′2)

2(1− t2)
α2 − α2(1− t2)(x2 + x′2)

2(1− t2)

]
(14.44)

=
1√

2 sinh(β~ω)
exp

[
α2 4txx′ − (2t2 + (1− t2))(x2 + x′2)

2(1− t2)

]
(14.45)

=
1√

2 sinh(β~ω)
exp

[
α2 4xx′ − (2t+ (1/t− t))(x2 + x′2)

2(1/t− t)

]
(14.46)

=
1√

2 sinh(β~ω)
exp

[
α2 4xx′ − (2 cosh(β~ω))(x2 + x′2)

4 sinh(β~ω)

]
(14.47)

=
1√

2 sinh(β~ω)
exp

[
α2 4xx′ − (2 cosh(β~ω))(x2 + x′2)

4 sinh(β~ω)

]
(14.48)

=
1√

2 sinh(β~ω)
exp

[
α2 2xx′ − (cosh(β~ω))(x2 + x′2)

2 sinh(β~ω)

]
(14.49)

Therefore

ρ(q, q′) = 2 sinh(β~ω/2)
α√
π

1√
2 sinh(β~ω)

exp

[
α2 2xx′ − (cosh(β~ω))(x2 + x′2)

2 sinh(β~ω)

]
(14.50)

and using

sinh 2x = 2 sinh x coshx (14.51)
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we obtain

ρ(q, q′) = 2 sinh(β~ω/2)
α√
π

1√
4 sinh(β~ω/2) cosh(β~ω/2)

(14.52)

exp

[
α2 2xx′ − (cosh(β~ω))(x2 + x′2)

2 sinh(β~ω)

]
=

α√
π

√
tanh(β~ω/2) exp

[
α2 2xx′ − (cosh(β~ω))(x2 + x′2)

2 sinh(β~ω)

]
(14.53)

=
α√
π

√
tanh(β~ω/2) exp

[
−α2 (cosh(β~ω))(x2 + x′2)− 2xx′

2 sinh(β~ω)

]
(14.54)

But

(x2 + x′2)a− 2bxx′ = (x+ x′)2(a− b)/2 + (x− x′)2(a+ b)/2 (14.55)

and therefore

cosh(β~ω)(x2+x′2)−2xx′ = (x+x′)2(cosh(β~ω)−1)/2+(x−x′)2(cosh(β~ω)+1)/2 (14.56)

Also, since

cosh2 x

2
=

coshx+ 1

2
(14.57)

sinh2 x

2
=

coshx− 1

2
(14.58)

we have that

cosh(β~ω)(x2 + x′2)− 2xx′ = (x+ x′)2 sinh2(β~ω/2) + (x− x′)2 cosh2(β~ω/2) (14.59)
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Hence, combining terms we have

ρ(q, q′) =
α√
π

√
tanh(β~ω/2) exp

[
−α2 (cosh(β~ω))(x2 + x′2)− 2xx′

2 sinh(β~ω)

]
(14.60)

=
α√
π

√
tanh(β~ω/2) exp

[
−α2 (x+ x′)2 sinh2(β~ω/2) + (x− x′)2 cosh2(β~ω/2)

2 sinh(β~ω)

]
(14.61)

=
α√
π

√
tanh(β~ω/2) exp

[
−α2 (x+ x′)2 sinh2(β~ω/2) + (x− x′)2 cosh2(β~ω/2)

4 cosh(β~ω/2) sinh(β~ω/2)

]
(14.62)

=
α√
π

√
tanh(β~ω/2) exp

[
−α2 (x+ x′)2 tanh(β~ω/2) + (x− x′)2 coth(β~ω/2)

4

]
(14.63)

=

√
mω

~π
tanh(β~ω/2) exp

[
−mω

4~
{

(x+ x′)2 tanh(β~ω/2) + (x− x′)2 coth(β~ω/2)
}]

(14.64)

Puting β = 1/kT we finally have

ρ(x, x′) =

√
mω tanh( ~ω

2kT
)

π~
exp[−mω

4~
((x− x′)2 coth(

~ω
2kT

) + (x+ x′)2 tanh(
~ω

2kT
)] (14.65)

Corresponding Wigner Distribution
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We now calculate the corresponding Wigner distribution. We have

W (x, p) =
1

π~

∫
dyρ(x− y, x+ y)e2ipy/~ (14.66)

=
1

π~

√
mω tanh( ~ω

2kT
)

π~

∫
exp[−mω

4~
((2y′)2 coth(

~ω
2kT

) + (2x)2 tanh(
~ω

2kT
)]e2ipy/~

(14.67)

=
1

π~

√
mω tanh( ~ω

2kT
)

π~
exp[−mω

4~
(2x)2 tanh(

~ω
2kT

)] (14.68)∫
exp[−mω

4~
((2y′)2 coth(

~ω
2kT

)]e2ipy/~ (14.69)

=
1

π~

√
mω tanh( ~ω

2kT
)

π~

√
π

mω
4~ 22 coth( ~ω

2kT
)

exp[−mω
4~

(2x)2 tanh(
~ω

2kT
)] (14.70)

exp

[
− 4p2/~2

4mω
4~ (2)2 coth( ~ω

2kT
)

]
(14.71)

=
1

π~
tanh(

~ω
2kT

) exp

[
−mω

~
x2 tanh(

~ω
2kT

)− p2

mω~ coth( ~ω
2kT

)

]
(14.72)

=
1

π~
tanh(

~ω
2kT

) exp

[
−
{
mω

~
x2 +

p2

mω~

}
tanh(

~ω
2kT

)

]
(14.73)

(14.74)

which gives that

W (x, p) =
1

π~
tanh(

~ω
2kT

) exp

[
−
{
mω

~
x2 +

p2

mω~

}
tanh(

~ω
2kT

)

]
(14.75)
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Chapter 15

Quantum Joint Distribution Function

of Total Force at One Time for the

Pure Case

We now do the case where we have N oscillators and where the total force is

F(t) =
N∑
i=1

fi(t) (15.1)

We further assume that the N body wave function is given by the product of individual wave

functions, ψ(q)

ψN(q1, q2...qN) =
N∏
i=1

ψ(qi) (15.2)

The characteristic function operator is

MF (θ; t) = eiθF(t) = eiθ
∑N
i=1 fi(t) = ΠiMfi(θ) (15.3)
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From the last chapter we have that

Mf (θ; t) = e−
mω
4~ θ

2ω2 coth ~ω
2kT (15.4)

and hence we have

MF (θ; t) = Πie
−θ2miω

3
i

4
coth

~ω3
i

2kT = e−θ
2
∑
i

miω
3
i

4
coth

~ω3
i

2kT (15.5)

This is the characteristic function of a Gaussian distribution with zero mean and standard

deviation given by

σ2 =
∑
i

miω
3
i

2
coth

~ω3
i

2kT
. (15.6)

Hence the distribution is

P (F ) =
1√

2π
∑

i
miω3

i

2
coth

~ω3
i

2kT

exp

[
− F 2∑

i
miω3

i

2
coth

~ω3
i

2kT

]
(15.7)

Classical limits

We now consider some limiting cases for Eq. (15.7). Using Eq. (15.6)

lim
T→∞

coth
hωi
2kT

∼ 2kT

hωi
(15.8)

we have that

σ2 ∼ kT
∑

miω
2
i (15.9)

and

P (F ) ∼ 1√
πkT

∑
miω2

i

e
− F2

kT
∑
miω

2
i (15.10)

These limiting cases are identical to the classical cases as given by Eq. (7.10).



64

Chapter 16

Quantum Characteristic Function and

Distribution for f(t) = a(t)q + b(t)p at

Two Different Times

We now find the joint distribution of the total force at two different times. For two times

we write

F(t1) =
N∑
i=1

fi(t1) ; F(t2) =
N∑
i=1

fi(t2) (16.1)

and therefore

M(α, β; t1, t2) = eiα
∑N
i=1 fi(t1)+iβ

∑N
i=1 fi(t2) (16.2)

= e
∑N
i=1{iαf(t1)+iβf(t2)} (16.3)

We consider first the simplification of

Mf1,f2(α, β; t1, t2) = eiαf(t1)+iβf(t2) (16.4)
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Using

iαf(t1) + iβf(t2) = iα [a(t1)q + b(t1)p] + iβ [a(t2)q + b(t2)p] (16.5)

= i [αa(t1) + βa(t2)] q + i [αb(t1) + βb(t2)] p (16.6)

we obtain

Mf1,f2(α, β; t1, t2) = eiαf(t1)+iβf(t2) (16.7)

= ei[αa(t1)+βa(t2)]q+i[αb(t1)+βb(t2)]p (16.8)

= ei[αa(t1)+βa(t2)][αb(t1)+βb(t2)]~/2ei[αa(t1)+βa(t2)]qei[αb(t1)+βb(t2)]p (16.9)

Hence

Mf1,f2(α, β; t1, t2) = 〈Mf1,f2(α, β; t1, t2)〉 (16.10)

=

∫
ψ∗(q)eiαf(t1)+iβf(t2)ψ(q)dq (16.11)

=

∫
ψ∗(q)ei[αa(t1)+βa(t2)][αb(t1)+βb(t2)]~/2ei[αa(t1)+βa(t2)]qei[αb(t1)+βb(t2)]pψ(q)dq (16.12)

=

∫
ψ∗(q)ei[αa(t1)+βa(t2)][αb(t1)+βb(t2)]~/2ei[αa(t1)+βa(t2)]qψ(q + [αb(t1) + βb(t2)] ~)dq (16.13)

=

∫
ψ∗(q − [αb(t1) + βb(t2)] ~/2)ei[αa(t1)+βa(t2)]qψ(q + [αb(t1) + βb(t2)] ~/2)dq (16.14)

One can find the distribution for f at two different times by way of

P (f1, f2; t1, t2) =
1

4π2

∫∫
Mf1,f2(α, β) e−iαf1−iβf2 dαdβ (16.15)
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Substituting Eq. (16.14) into Eq. (16.15) we have that

P (f1, f2; t1, t2) =
1

4π2

∫∫∫
ψ∗(q − [αb(t1) + βb(t2)] ~/2)ei[αa(t1)+βa(t2)]q (16.16)

ψ(q + [αb(t1) + βb(t2)] ~/2)e−iαf1−iβf2 dαdβdq (16.17)

To evaluate this we first make a change of variables for the α, β variables

λ = αa(t1) + βa(t2) (16.18)

θ = αb(t1) + βb(t2) (16.19)

The inverse transformation is

α =
λb(t2)− θa(t2)

a(t1)b(t2)− a(t2)b(t1)
(16.20)

β =
θa(t1)− λb(t1)

a(t1)b(t2)− a(t2)b(t1)
(16.21)

and hence

P (f1, f2; t1, t2) =
1

4π2

1

a(t1)b(t2)− a(t2)b(t1)
(16.22)

∫∫∫
ψ∗(q − θ~/2)ψ(q + θ~/2) (16.23)

exp

[
iλq − i λb(t2)− θa(t2)

a(t1)b(t2)− a(t2)b(t1)
f1 − i

θa(t1)− λb(t1)
a(t1)b(t2)− a(t2)b(t1)

f2

]
dθdλdq (16.24)

=

∫∫∫
ψ∗(q − θ~/2)ψ(q + θ~/2) (16.25)

exp iθ

[
a(t2)f1 − a(t1)f2

a(t1)b(t2)− a(t2)b(t1)

]
δ

[
q − b(t2)f1 − b(t1)f2

a(t1)b(t2)− a(t2)b(t1)

]
(16.26)
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We now express, P (f1, f2; t1, t2) in terms of the Wigner distribution

=
1

2π

1

a(t1)b(t2)− a(t2)b(t1)

∫∫
W (q,

−a(t2)f1 + a(t1)f2

a(t1)b(t2)− a(t2)b(t1)
) (16.27)

exp

[
iλq − i λb(t2)

a(t1)b(t2)− a(t2)b(t1)
f1 − i

−λb(t1)
a(t1)b(t2)− a(t2)b(t1)

f2

]
dqdλ (16.28)

The integral over λ is a delta function and we obtain that

P (f1, f2; t1, t2) =
1

a(t1)b(t2)− a(t2)b(t1)
W

(
b(t2)f1 − b(t1)f2

a(t1)b(t2)− a(t2)b(t1)
,
−a(t2)f1 + a(t1)f2

a(t1)b(t2)− a(t2)b(t1)

)
(16.29)
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Chapter 17

Quantum Joint Distribution Single

Force at Different Times for the pure

case

We now calculate the joint quantum distribution of force for two different times. The force

at one time is

F(t) = mω2(q cosωt+ p
sinωt

mω
) (17.1)

and the joint characteristic function for two forces at different times is

M(α, β) = eiαF(t1)+iβF(t2) (17.2)

= exp
[
imω2(α cosωt1 + β cosωt2)q + iω(α sinωt1 + β sinωt2)p

]
(17.3)

Using the fact that if

[A, [A,B]] = [B, [A,B]] = 0 (17.4)
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then

eA+B = eAeBe−
1
2
[A,B] = eBeAe

1
2
[A,B] (17.5)

and setting

A = imω2(α cosωt1 + β cosωt2)q (17.6)

B = iω(α sinωt1 + β sinωt2)p (17.7)

we obtain that

[A,B] = −mω3(α cosωt1 + β cosωt2)(α sinωt1 + β sinωt2)[q, p]

Therefore

M(α, β) =eimω
2(α cosωt1+β cosωt2)qeiω(α sinωt1+β sinωt2)p (17.8)

e
i~mω3

2
(α cosωt1+β cosωt2)(α sinωt1+β sinωt2) (17.9)

where we have used the fact

eiω(α sinωt1+β sinωt2)pψ(x) = ψ(x− ~ω(α sinωt1 + β sinωt2)) (17.10)
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The expected value for a pure case with wave function ψ(x) is hence

M(α, β) =< M(α, β) >=

∫
ψ∗(x)M(α, β)ψ(x)dx (17.11)

= e
i~mω3

2
(α cosωt1+β cosωt2)(α sinωt1+β sinωt2)∫

ψ∗(x)eimω
2(α cosωt1+β cosωt2)xψ(x+ ~ω(α sinωt1 + β sinωt2))dx (17.12)

= e
i~mω3

2
(α cosωt1+β cosωt2)(α sinωt1+β sinωt2)

∫
ψ∗(x− 1

2
~ω(α sinωt1 + β sinωt2))

(17.13)

eimω
2(α cosωt1+β cosωt2)(x− 1

2
~ω(α sinωt1+β sinωt2)ψ(x+

1

2
~ω(α sinωt1 + β sinωt2))dx

=

∫
ψ∗(x− 1

2
~ω(α sinωt1 + β sinωt2))e

imω2(α cosωt1+β cosωt2)x (17.14)

ψ(x+
1

2
~ω(α sinωt1 + β sinωt2))dx (17.15)

The probability distribution is calculated by way of

P (f1, f2) =

∫∫
M(α, β)e−iαf1−iβf2dαdβ (17.16)

To simplify the characteristic function, we make the following transformation,

β′ = α sinωt1 + β sinωt2 (17.17)

α′ = α cosωt1 + β cosωt2 (17.18)

where the inverse transformation is
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α =
β′ cosωt2 − α′ sinωt2

sinω(t1 − t2)
(17.19)

β =
β′ cosωt1 − α′ sinωt1

sinω(t2 − t1)
(17.20)

Now

M(α′, β′) =

∫
ψ∗(x− 1

2
~ωβ′)ψ(x+

1

2
~ωβ′)eimω2α′xdx (17.21)

and therefore the distribution function can be rewritten as an integration over α′ and β′

P (f1, f2) =
1

sinω(t2 − t1)

∫
M(α′, β′) exp (17.22)[

−iβ
′ cosωt2 − α′ sinωt2

sinω(t1 − t2)
f1 − i

β′ cosωt1 − α′ sinωt1
sinω(t2 − t1)

f2

]
dα′dβ′ (17.23)

=
2π

sinω(t2 − t1)

∫
ψ∗(x− 1

2
~ωβ′)ψ(x+

1

2
~ωβ′)δ(mω2x− f1 sinωt2 − f2 sinωt1

sinω(t2 − t1)
)

(17.24)

exp

[
i
cosωt2f1 − cosωt1f2

sinω(t2 − t1)
β′
]
dxdβ′ (17.25)

=
2π

sinω(t2 − t1)
(17.26)∫

ψ∗(
f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

− 1

2
~ωβ′)ψ(

f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

+
1

2
~ωβ′) (17.27)

exp

[
i
cosωt2f1 − cosωt1f2

sinω(t2 − t1)
β′
]
dβ′ (17.28)

By comparing this result with quantum Wigner function, Eq.(12.17), we have

P (f1, f2) =
2π

sinω(t2 − t1)
W (

f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

,
f1 cosωt2 − f2 cosωt1

sinω(t2 − t1)
) (17.29)
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Marginals and moments

We now verify that the marginals are satisfied. The distribution should satisfy

∫
W (f1, f2)df2 = P (f1) (17.30)

where P (f1) is given by Eq. (13.11). Using Eq.(12.17) we have

W (f1, f2) =
2π

sinω(t2 − t1)

∫
ψ∗(

f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

− 1

2
~ωβ) (17.31)

ψ(
f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

+
1

2
~ωβ)e

i
f1 cosωt2−f2 cosωt1

sinω(t2−t1)
β
dβ (17.32)

No consider

P (f1) =

∫
W (f1, f2)df2 (17.33)

=
2π

sinω(t2 − t1)

∫
ψ∗(

f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

− 1

2
~ωβ) (17.34)

ψ(
f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

+
1

2
~ωβ)e

i
f1 cosωt2−f2 cosωt1

sinω(t2−t1)
β
dβdf2 (17.35)

To simplify this, let

f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

= q (17.36)

β

sinωt1
= θ (17.37)
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and where the inverse transformation is

f2 =
f1 sinωt2 − qmω2 sinω(t2 − t1)

sinωt1
(17.38)

β = θ sinωt1 (17.39)

dβdf2 = mω2 sinω(t2 − t1)dqdθ (17.40)

We have that

∫
W (f1, f2)df2 = 2πmω2

∫
ψ∗(q − θ

2
ω~ sinωt1)ψ(q − θ

2
ω~ sinωt1) (17.41)

e
i
f1 cosωt2−

f1 sinωt2−qmω
2 sinω(t2−t1)

sinωt1
cosωt1

sinω(t2−t1)
θ sinωt1dqdθ (17.42)

= 2πmω2

∫
ψ∗(q − θ

2
ω~ sinωt1)ψ(q − θ

2
ω~ sinωt1) (17.43)

ei[−f1+q cosωt1]θdqdθ (17.44)

=
1

ω sinωt1

∫
W (q,

f −mω2 cosωt1q

ω sinωt1
)dq (17.45)

This is same result as Eq.(13.20)

Autocorrelation function.

We now calculate the autocorrelation function of force for two different times,

〈f1f2〉 =

∫
f1f2W (f1, f2)df2df1 =

2π

sinω(t2 − t1)

∫
f1f2ψ

∗(
f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

− 1

2
~ωβ)

(17.46)

ψ(
f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

+
1

2
~ωβ)e

i
f1 cosωt2−f2 cosωt1

sinω(t2−t1)
β
dβdf1df2 (17.47)
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making the following transformation

f1 sinωt2 − f2 sinωt1
mω2 sinω(t2 − t1)

= q (17.48)

f1 cosωt2 − f2 cosωt1
sinω(t2 − t1)

= p (17.49)

f1 = qmω2 cosωt1 − p sinωt1 (17.50)

f2 = qmω2 cosωt2 − p sinωt2 (17.51)

〈f1f2〉 =

∫
(qmω2 cosωt1 − p sinωt1)(qmω

2 cosωt2 − p sinωt2) (17.52)

ψ∗(q − 1

2
~ωβ)ψ(q +

1

2
~ωβ)eipβdβdqdp (17.53)

=

∫
[q2m2ω4 cosωt1 cosωt2 − qpmω2 sinω(t1 + t2) + p2 sinωt1 cosωt2] (17.54)

ψ∗(q − 1

2
~ωβ)ψ(q +

1

2
~ωβ)eipβdβdqdp (17.55)

=< q2 > m2ω4 cosωt1 cosωt2+ < p2 > sinωt1 sinωt2− < qp > mω2 sinω(t1 + t2)

(17.56)

and hence

〈f1f2〉 =< p2 > cosω(t1 − t2) (17.57)

where we assume oscillators are in thermal equilibrium, hence

< q2 > m2ω4 =< p2 > (17.58)
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Chapter 18

Quantum Characteristic Function of a

Single Oscillator in Terms of the

Density Matrix for two Different

Times: an Alternate Derivation

We now give an alternate derivation of the quantum characteristic function and distribution

for two different times as derived in the previous chapter. We want to evaluate

M(α, β) =< eiαF (t1)+iβF (t2) > (18.1)

with

F (t) = mω2(q cosωt+ p
sinωt

mω
) (18.2)

now

[F (t2), F (t1)] = iω sinω(t1 − t2)~ (18.3)
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and for such a case

eiαF (t1)+iβF (t2) = eiβF (t2)/2eiαF (t1)eiβF (t2)/2 (18.4)

The method we use is described in [22]. One express everything in terms of the eigenvalue

and eigenfunctions of the operator

F (t2) = mω2(q cosωt2 + p
sinωt2
mω

) (18.5)

First consider the eigenvalue problem for f(t) = a(t)q + b(t)p

f(t)uλ(q) = λuλ(q) (18.6)

or

[a(t)q + b(t)p]uλ(q)=λuλ(q) (18.7)

Putting in

p = −i~ d

dq
(18.8)

we have

d

dq
uλ(q) =

i(λ− a(t2)q)

~b(t2)
uλ(q) (18.9)

The normalized solution is

uλ(q) =
1√

2π~b(t2)
e

i
~b(t2)

[λq−a(t2)q2/2]
(18.10)
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For our case

a = mω2 cosωt (18.11)

b = ω sinωt (18.12)

and we have that

i

~b(t2)
[λq − a(t2)q

2/2] =
i

~ω sinωt2
[λq −mω2 cosωt2q

2/2] (18.13)

=
i

~
[

λq

ω sinωt2
− mωq2

2 tanωt2
] (18.14)

and therefore

uλ(q) =
1√

2π~ω sinωt2
exp

[
i

~

(
λq

ω sinωt2
− mωq2

2 tanωt2

)]
(18.15)

Now take the wave function and expanded in the following way

ψ(q) =

∫
η(λ)uλ(q)dλ (18.16)

For uλ(q) we will take it at t2

uλ(q) =
1√

2π~b(t2)
e

i
~b(t) [λq−a(t2)q2/2] (18.17)

uλ(q) =
1√

2π~b(t2)
e

i
~b(t2)

[λq−a(t2)q2/2]
(18.18)

=
1√

2π~ω sinωt2
exp

[
i

~

(
λq

ω sinωt2
− mωq2

2 tanωt2

)]
(18.19)
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Now consider

M(α, β) =< eiβF (t2)/2eiαF (t1)eiβF (t2)/2 > (18.20)

=

∫∫
ψ∗(q)eiβF (t2)/2eiαF (t1)eiβF (t2)/2ψ(q)dq (18.21)

=

∫∫
η∗(λ′)u∗λ′(q)e

iβF (t2)/2eiαF (t1)eiβF (t2)/2η(λ)uλ(q)dλdλ
′dq (18.22)

=

∫∫∫
η∗(λ′)η(λ)u∗λ′(q)e

iβ(λ+λ′)/2eiαF (t1)uλ(q)dλdλ
′dq (18.23)

Since uλ(q) is the eigenfunctions of F (t2) with eigenvalue λ, we have

eiβF (t2)/2uλ(q) = eiβλ/2uλ(q) (18.24)

u∗λ′(q)e
iβF (t2)/2 = eiβλ

′/2uλ′(q) (18.25)

Now consider

eiαF (t1)uλ(q) = eiα[a(t1)q+b(t1)p]uλ(q) (18.26)

= eiαa(t1)(q+αb(t1)h/2)eiαb(t1)puλ(q) (18.27)

= eiαa(t1)(q+αb(t1)h/2)uλ(q + αb(t1)h) (18.28)

and therefore

M(α, β) =

∫∫∫
η∗(λ′)η(λ)u∗λ′(q)e

iβ(λ+λ′)/2eiαa(t1)(q+αb(t1)~/2)uλ(q + αb(t1)~)dλdλ′dq (18.29)

=

∫∫∫
η∗(λ′)η(λ)u∗λ′(q − αb(t1)~/2)eiβ(λ+λ′)/2eiαa(t1)quλ(q + αb(t1)~/2)dλdλ′dq

(18.30)
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Now consider the integration over q. We now substitute uλ(q) from Eq. (18.19) to obtain

∫
u∗λ′(q − αb(t1)~/2)eiαa(t1)quλ(q + αb(t1)~/2)dq (18.31)

= eiαa(t1)αb(t1)~/2
∫
u∗λ′(q)e

iαa(t1)quλ(q + αb(t1)~)dq (18.32)

=
eiα

2a(t1)b(t1)~/2

2π~b(t2)

∫
e
− i

~b(t2)
[λ′q−a(t2)q2/2]

eiαa(t1)qe
i

~b(t2)
[λ(q+αb(t1)~)−a(t2)(q+αb(t1)~)2/2]

dq (18.33)

=
eiα

2a(t1)b(t1)~/2

2π~b(t2)
e

i
~b(t2)

[λαb(t1)~−a(t2)(αb(t1)~)2/2]

∫
e

i
~b(t2)

[λ−λ′+α~(a(t1)b(t2)−a(t2)b(t1))]q
dq (18.34)

=
e
iα2[a(t1)b(t1)−a(t2)b2(t1)

b(t2)
]~/2+

iλαb(t1)
b(t2)

2π~b(t2)

∫
e

i
~b(t2)

[λ−λ′+α~(a(t1)b(t2)−a(t2)b(t1))]q
dq (18.35)

Using Eq. (1.3) and integrating over x = q
~b(t2)

, we obtain

1

2π
e
i~
2
α2mω3 sinωt1

sinωt2
sinω(t2−t1)+iλα

sinωt1
sinωt2

∫
eix(λ−λ

′3 sinω(t1−t2))dx (18.36)

= e
i~
2
α2mω3 sinωt1

sinωt2
sinω(t2−t1)+iλα

sinωt1
sinωt2 δ(λ− λ′3 sinω(t1 − t2)) (18.37)

Therefore
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< M(α, β) >=

∫ ∫
η∗(λ′)η(λ)eiβ(λ+λ′)/2e

i~
2
αmω3 sinωt1

sinωt2
sinω(t2−t1)+iλα

sinωt1
sinωt2 (18.38)

δ(λ− λ′3 sinω(t1 − t2))dλdλ′ (18.39)

=

∫
η∗(λ+ α~mω3 sinω(t1 − t2))η(λ) (18.40)

e
iβ(2λ+α~mω3 sinω(t1−t2))/2+ i~

2
αmω3 sinωt1

sinωt2
sinω(t2−t1)+iλα

sinωt1
sinωt2 dλ (18.41)

=

∫
η∗(λ+ α~mω3 sinω(t1 − t2))η(λ) (18.42)

e
iλ(β+α

sinωt1
sinωt2

)+ iα~
2
mω3 sinω(t1−t2)(β+α

sinωt1
sinωt2

)
dλ (18.43)

=

∫
η∗(λ+ α~mω3 sinω(t1 − t2))η(λ)e

i[λ+ iα~
2
mω3 sinω(t1−t2)](β+α

sinωt1
sinωt2

)
dλ (18.44)

=

∫
η∗(λ+

1

2
α~mω3 sinω(t1 − t2))η(λ− 1

2
α~mω3 sinω(t1 − t2))eiλ(β+α

sinωt1
sinωt2

)
dλ

(18.45)

Now we consider the density matrix ρ in the λ representation

ρ (λ, λ′) =
〈
λ|e−βH |λ′

〉
(18.46)

The reverse transformation is

ψ(x)e
imx2

2h tanωt2 =

∫
η(λ)e

iλx
~ω sinωt2 dλ (18.47)

η(λ) =
1

2π~ω sinωt2

∫
ψ(x)e

i
~ ( mx2

2 tanωt2
− λx

~ω sinωt2
)
dx (18.48)

η∗(λ)η(λ′) =
1

4π2~2ω2 sin2 ωt2

∫ ∫
ψ∗(x)ψ(x

′− i
~ ( mx2

2 tanωt2
− λx

~ω sinωt2
)+ i

~ ( mx′2
2 tanωt2

− λ′x′
~ω sinωt2

)
dxdx′

(18.49)

=
1

4π2~2ω2 sin2 ωt2

∫ ∫
ψ∗(x)ψ(x′)e

− i
~ [ m

2 tanωt2
(x2−x′2)− λx

~ω sinωt2
+ λ′x′

~ω sinωt2
]
dxdx′ (18.50)
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Substitute this into Eq. (13.19)

η∗(λ+
1

2
α~mω3 sinω(t1 − t2))η(λ− 1

2
α~mω3 sinω(t1 − t2))

=
1

4π2~2ω2 sin2 ωt2

∫∫∫
ψ∗(x)ψ(x′) (18.51)

e
− im

2~ tanωt2
(x2−x′2)+ i

~ω sinωt2
[λ(x−x′)+ 1

2
α~mω3 sinω(t1−t2))(x+x′)]

dxdx′ (18.52)

and therefore

< M(α, β) >=
1

4π2~2ω2 sin2 ωt2

∫∫∫
ψ∗(x)ψ(x′) (18.53)

e
− im

2~ tanωt2
(x2−x′2)+ i

~ω sinωt2
[λ(x−x′)+ 1

2
α~mω3 sinω(t1−t2))(x+x′)]

e
iλ(β+α

sinωt1
sinωt2

)
dxdx′dλ (18.54)

=
1

2π~ω sinωt2

∫
ψ∗(x)ψ(x′

1
2
α~mω3 sinω(t1−t2))(x+x′)δ(x− x′ + (β sinωt2 + α sinωt1))dxdx

′

(18.55)

=
1

2π~ω sinωt2

∫
ψ∗(x)ψ(x+ (β sinωt2 + α sinωt1))e

1
2
α~mω3 sinω(t1−t2))[2x+(β sinωt2+α sinωt1)]dx

(18.56)

This is the same as Eq(17.15)
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Chapter 19

Quantum Characteristic Function for

Multiple Oscillators

We now consider the quantum distribution for N oscillators where the total force is

F (t) =
N∑
j=1

mjω
2
j

(
qj cosωjt+ pj

sinωjt

mjωj

)
(19.1)

Then, the characteristic function for two different time is

M(α, β) = eiαF (t1)+iβF (t2) (19.2)

Since the oscillators are independent, pj and qkwill commute when j 6= k. Therefore the

total characteristic function will be product of the individual characteristic functions.

The individual characteristics function which we have calculated before, Eq. (19.2), is a

diagonal matrix, the diagonal elements are

Mj(α, β) = e−
njmj~ω3

j
4

(α2+β2+2αβ cosωj(t2−t1))ei2ωj
√
njmj~ωj

2
(α cosωjt1+β cosωjt2) (19.3)
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where nj ranges from 0 to N. Therefore the total characteristic function is

M(α, β) = ΠjMj(α, β) (19.4)

e−
∑
j

njmj~ω3
j

4
(α2+β2+2αβ cosωj(t2−t1))ei

∑
j 2ωj

√
njmj~ωj

2
(α cosωjt1+β cosωjt2) (19.5)

To eliminate the cross term αβ, we make the following transformation

α→ 1√
2

(α′ + β′) (19.6)

β → 1√
2

(α′ − β′) (19.7)

and hence

M(α′, β′) = (19.8)

exp[−
∑
j

{
njmjω

3
j~

4
[(1 + cosωj(t2 − t1))α′2 + (1− cosωj(t2 − t1))β′2] (19.9)

+ iωj
√
njmjωj~[α′(cosωjt1 + cosωjt2) + β′(cosωjt1 − cosωjt2)]}] (19.10)

Calculating the joint distribution,

P (F1, F2) =
1

4π2

∫ ∫
M(α′, β′)e

− iα
′
√

2
(F1+F2)− iβ

′
√

2
(F1−F2)

dα′dβ′ (19.11)

Here α′ and β′ is already separated integration and 1 + cosωj(t2 − t1) > 0, therefore it
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can be integrated,

P (F1, F2) =
1

π

exp

[
−
{
∑
j [njωj

√
njmjωj~(cosωjt1+cosωjt2)]− 1√

2
(F1+F2)}2∑

j njmjω
3
j ~(1+cosωj(t2−t1))

]
√∑

j njmjω3
j~(1 + cosωj(t2 − t1))

(19.12)

exp

[
−
{
∑
j′ [ωj′
√
nj′mj′ωj′~(cosωj′ t1−cosωj′ t2)]− 1√

2
(F1−F2)}2∑

j′ nj′mj′ω
3
j′~(1−cosωj′ (t2−t1))

]
√∑

j′ nj′mj′ω3
j′~(1− cosωj′(t2 − t1))

(19.13)

∑
j

njmjω
3
j~ =

∑
j′

nj′mj′ω
3
j′~ = N (19.14)

∑
j

njmjω
3
j~ cosωjt =

∑
j′

nj′mj′ω
3
j′~ cosωj′t = C(t) (19.15)

P (F1, F2) =
1

π

exp{− [C(t1)+C(t2)− 1
2
(F1+F2)]2(N−C(t2−t1)+[C(t1)−C(t2)− 1

2
(F1−F2)]2(N+C(t2−t1))

N2−C2(t2−t1)
}√

N2 − C2(t2 − t1)

(19.16)

=
exp {−2N [C2(t1)+C2(t2)+ 1

4
(F 2

1 +F 2
2 )+C(t1)F1+C(t2)F2]−2C(t2−t1)[2C(t1)C(t2)−F1F2−C(t1)F2−C(t2)F1]

N2−C2(t2−t1)

π
√
N2 − C2(t2 − t1)

}

(19.17)

This is 2-dimensional normal distribution with correlation

ρ =
C(t2 − t1)

N
=

∑
j njmjω

3
j~ cosωj(t2 − t1)∑
j njmjω3

j~
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Chapter 20

Quantum Joint Distribution Function

of Force at Different Times Using

Annihilation and Creation Operators

In this chapter we will use creation and annihilation operators instead of position and mo-

mentum operators to obtain the joint distributions. The annihilation and creation operators

are

a†i =

√
~

2mω
[q − ip] (20.1)

ai =

√
~

2mω
[q + ip] (20.2)

and inversely

qi =

√
~

2mω
(a†i + ai) (20.3)

p̂i = i

√
m~ω

2
(a†i − ai) (20.4)
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The Hamiltonian of a single oscillators is

H = ~ωi(a†iai +
1

2
) (20.5)

and the quantum canonical ensemble density-matrix (non-normalized) at temperature T is

given by

ρ = e−
H
kT (20.6)

Furthermore the expectation value of operator A is given by

< A >=
Tr(ρA)

Tr(ρ)
(20.7)

where Tr is the trace operator and ρ is density-matrix. The characteristic function, Eq.

(19.3), expressed in terms of annihilation and creation operators becomes

M(α, β) = e(vja
†
i−v

∗
i ai) (20.8)

where

vi = ωi

√
mi~ωi

2
(iα cosωit1 + iβ cosωit2 − α sinωit1 − β sinωit2) (20.9)

The eigenfunctions |α > of the annihilation operator are the coherent states and have
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the following properties

a|α > = α|α > (20.10)

< α|α > = 1 (20.11)

< α|a†| = α∗ < α| (20.12)

< α|β > = e−|α−β|
2

(20.13)

1

π

∫
d2α|α >< α| = 1 (20.14)

The normalized coherent state can be expanded in term of number states |n > by way of

|α >= e−
1
2
|α|2

∞∑
n=0

αn√
n!
|n > (20.15)

The trace of an arbitrary operator A can be calculated using coherent state by integrating

over the entire complex plan

Tr(A) =
1

π

∫
d2α < α|A|α > (20.16)

Also, the trace of the density-matrix is

Tr(ρ) =
1

π

∫
d2α < α|e−

1
kT

~ωi(a†iai+
1
2
)|α > (20.17)

Now using the fact that [22]

e−
1
kT

~ωia†a = N{e(e
− 1
kT

~ωi−1)a†a} (20.18)

where the notation N{} means that the operators inside {} are normal ordered. We then
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have

Tr(ρ) =
1

π
e−

1
2kT

~ωi
∫
d2α < α|N{e(e

− 1
kT

~ωi−1)a†a}|α > (20.19)

=
1

π
e−

1
2kT

~ωi
∫
d2αe(e−

1
kT

~ωi−1)α∗α (20.20)

=
e−

~ωi
2kT

1− e−
~ωi
kT

(20.21)

Now we calculate the expectation value of the characteristic function operator. We have,

< M(α, β) > =
1

Tr(ρ)

∫
Pi(mi, ωi)Tr(ρM(α, β))dmidωi (20.22)

=
1

Tr(ρ)

∫
Pi(mi, ωi)Tr[e−

1
kT

~ωi(a†iai+
1
2
)e(vja

†
i−v

∗
i ai)]/Tr(ρ)dmidωi (20.23)

Using

eA+B = e−
1
2
[A,B]eAeB (20.24)

which is the case when

[A, [A,B]] = [B, [A,B]] = 0 (20.25)

then

e(vja
†
i−v

∗
i ai) = e

1
2
v∗i vie−v

∗
i aievia

†
i (20.26)
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Eq.(20.23) can be simplified as follows

< M(α, β) > =
1

Tr(ρ)

∫
Pi(mi, ωi)e

1
2
v∗i vi−

1
2kT

~ωiTr(evia
†
i e−

1
kT

~ωia†iaie−v
∗
i ai)dmidωi (20.27)

=
1

Tr(ρ)

∫
Pi(mi, ωi)

1

π
e

1
2
v∗i vi−

1
2kT

~ωi (20.28)∫
d2α < α|evia

†
i e−

1
kT

~ωia†iaie−v
∗
i ai |α > dmidωi (20.29)

=
1

Tr(ρ)

∫
Pi(mi, ωi)

1

π
e

1
2
v∗i vi−

1
2kT

~ωi (20.30)∫
d2α < α|evia

†
iN{e(e

− 1
kT

~ωi−1)a†a}e−v∗i ai |α > dmidωi (20.31)

=
1

Tr(ρ)

∫
Pi(mi, ωi)

1

π
e

1
2
v∗i vi−

1
2kT

~ωi
∫
d2αeviα

∗
i e(e

− 1
kT

~ωi−1)α∗αe−v
∗
i αidmidωi

(20.32)

Substituting Eq.(20.21) for eq(20.32) we have

< M(α, β) >=

∫
Pi(mi, ωi)e

−~miω
3
i

4
coth(

~ωi
2kT

)[α2+β2+2αβ cosωi(t1−t2)]dmidωi (20.33)

The distribution corresponding to this characteristic function is 2-D normal distribution

P (x, y) =
1

2πσxσy
√

1− r2
e
− 1

2(1−r2)

[
(x−a)2

σ2
x

+
(y−b)2

σ2
y
−2r

(x−a)(y−b)
σxσy

]
(20.34)

This result is similar to classical harmonic oscillator, Eq.(8.31) The corresponding pa-

rameter of σ2 and r are

σ2 =
N∑
i=1

~miω
3
i

2
coth

~ωi
2kT

(20.35)

r =

∑N
i=1

~miω3
i

2
coth ~ωi

2kT
cosωi(t1 − t2)∑N

i=1
~miω3

i

2
coth ~ωi

2kT

(20.36)
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The autocorrelation function between the two forces is

< F1F2 > =

∫
rσ2

N∏
i=1

Pi(mi, ωi)dmidωi (20.37)

=

∫
Pi(mi, ωi)

N∑
i=1

~miω
3
i

2
coth

~ωi
2kT

cosωi(t1 − t2)dmidωi (20.38)

In the case where all oscillators have identical distribution functions the result is similar

to classical case as well

< F1F2 > =

∫
D(m,ω)

~mω3

2
coth

~ω
2kT

cosω(t1 − t2)dmdω (20.39)

= N

∫
P (m,ω)

~mω3

2
coth

~ω
2kT

cosω(t1 − t2)dmdω (20.40)

where D(m,ω) and P (m,ω) has the same definition as Eq. (8.44) and Eq. (8.46).

The first Markovian condition requires that eq(20.40) is delta function, thus

P (m,ω)
~mω3

2
coth

~ω
2kT

= C ′ (20.41)

P (m,ω) =
2C ′

~mω3
tanh

~ω
2kT

(20.42)

where C ′ is a constant. However, this constant is different from classical case due to different

normalizing condition

∫
P (m,ω)dmdω =

∫
2C ′

~mω3
tanh

~ω
2kT

dmdω = 1 (20.43)

If we compare this with classical case, Eq.(8.48), where P (m,ω) = C
mω2 , we see that the

choice of P (m,ω) for a quantum Markovian system depends on the temperature.
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For the case where T → 0

lim
T→0

tanh
~ω

2kT
= 1 (20.44)

P (m,ω) =
2C ′

~mω3
(20.45)∫

2C ′

~mω3
dmdω = 1 (20.46)

At a very high temperature when, 2kT � ~ωmax, where we assume there is a cut off in the

probability distribution P (m,ω) at a maximum ωmax we have that

lim
2kT�~ωmax

tanh
~ω

2kT
=

~ω
2kT

(20.47)

P (m,ω) =
C ′

mω2
(20.48)

This result is exactly same as Eq. (8.47). We can also obtain the same condition by using

the classical limit where ~→ 0. On the other hand, if we can use the probability distribution

of classical case in quantum autocorrelation function

< F1F2 >= N

∫
C~ω

2
coth

~ω
2kT

cosω(t1 − t2)dmdω (20.49)

We can see the spectrum of quantum random force F is

Squantum(ω)F =
CN~ω

2
coth

~ω
2kT

(20.50)

while the classical spectrum is constant

Sclassical(ω)F = CNkT (20.51)

For a more general result we can assume the initial wave function of is an ensemble of
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wave functions ψ1(q), ψ2(q) ... ψz(q), where q is a N-dimensional vector of all positions

of individual oscillators. We can define the characteristic function for Z different initial

conditions as

M(α, β) =
Z∑
k=1

∫
ψ∗k(q)e

iαF (t1)+iβF (t2)ψk(q)dq
N∏
i=1

Pi(mi, ωi)dmidωi (20.52)

Since all oscillators are independent, the wave function of the system is product of individual

wave functions

ψk(q) =
N∏
j=1

ψk,i(qi) (20.53)

[iαf i(t1) + iβfi(t2), iαfj(t1) + iβfj(t2)] = 0 : i 6= j (20.54)

The characteristic function is now

M(α, β) =
Z∑
k=1

N∏
i=1

∫
ψ∗k,i(qi)e

iαf i(t1)+iβfi(t2)ψk,i(qi)Pi(mi, ωi)dqidmidωi (20.55)

We redefine the inner integral as

M(α, β) =
Z∑
k=1

N∏
i=1

∫
Mk,i(α, β)Pi(mi, ωi)dmidωi (20.56)

where

Mk,i(α, β) =

∫
ψ∗k,i(qi)e

i(t1)+iβfi(t2)ψk,i(qi)dqi (20.57)

We use Eq. (8.8) and Eq. (8.9) to obtain that

iαf i(t1)+iβfi(t2) = imiω
2
i [α cosωit1+β cosωit2]q̂i(0)+iωi[α sinωit1+β sinωit2]p̂i(0) (20.58)
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The position and momentum operator satisfy

[q̂i(0), p̂i(0)] = i~ (20.59)

and using the relation eA+B = e
1
2
[A,B]eAeB we have

eiα(t1)+iβfi(t2) = e
i~miω

3
i

2
[α cosωit1+β cosωit2][α sinωit1+β sinωit2] (20.60)

eimiω
2
i [α cosωit1+β cosωit2]q̂i(0)eiωi[α sinωit1+β sinωit2]p̂i(0) (20.61)

Since eixp is displacement operator,

eixpψ(q) = ψ(q + x~) (20.62)

and q̂i(0) is qi in position representation, we have that

Mk,i(α, β) = e
i~miω

3
i

2
[α cosωit1+β cosωit2][α sinωit1+β sinωit2] (20.63)∫

ψ∗k,i(qi)e
imiω

2
i [α cosωit1+β cosωit2]qiψk,i(qi + ωi[α sinωit1 + β sinωit2]~)dqi (20.64)

By replacing qi with qi − ωi[α sinωit1 + β sinωit2]
~
2
, we obtain that

Mk,i(α, β) =

∫
ψ∗k,i(qi − ωi[α sinωit1 + β sinωit2]

~
2

)eimiω
2
i [α cosωit1+β cosωit2]qi (20.65)

ψk,i(qi + ωi[α sinωit1 + β sinωit2]
~
2

)dqi (20.66)

The probability distribution function is then

Pk,i(f1, f2) =
1

4π2

∫
Mk,i(α, β)e−iαf1−iβf2dαdβ (20.67)
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and by a change of variables

λ = αmiω
2
i cosωit1 + βmiω

2
i cosωit2 (20.68)

θ = αωi sinωit1 + βωi sinωit1 (20.69)

We obtain

Pk,i(f1, f2) =
1

4π2

1

miω3
i | sinωi(t2 − t1)|

∫
ψ∗k,i(qi − θ

~
2

)ψk,i(qi + θ
~
2

) (20.70)

exp[iλq − iλωi sinωit2 − θmiω
2
i cosωit2

miω3
i sinωi(t2 − t1)

f1 −
−λωi sinωit1 + θmiω

2
i cosωit1

miω3
i sinωi(t2 − t1)

f2]dλdθdqi

(20.71)

Comparison with the Wigner function

The Wigner distribution is defined by

W (q, p) =
1

π~

∫
ψ∗(q + y)ψ(q − y)e2ipy/~ (20.72)

Setting

p =
− cosωit2f1 + cosωit1f2

ωi sinωi(t2 − t1)
(20.73)

we have

Pk,i(f1, f2) =
1

2πmiω3
i | sinωi(t2 − t1)|

∫
Wk,i(qi,

− cosωit2f1 + cosωit1f2

ωi sinωi(t2 − t1)
) (20.74)

exp iλ[qi −
sinωit2

miω2
i sinωi(t2 − t1)

f1 +
sinωit1

miω2
i sinωi(t2 − t1)

f2]dqidλ (20.75)

=
1

miω3
i | sinωi(t2 − t1)|

Wk,i(
sinωit2f1 − sinωit1f2

miω2
i sinωi(t2 − t1)

,
− cosωit2f1 + cosωit1f2

ωi sinωi(t2 − t1)
)

(20.76)
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We now take

ρ(x, x′) =

√
mω tanh( ~ω

2kT
)

π~
exp[−mω

4~
((x− x′)2 coth(

~ω
2kT

) + (x+ x′)2 tanh(
~ω

2kT
)] (20.77)

and furthermore we have that the corresponding Wigner distribution is

W (x, p) =
1

π~

∫
dyρ(x− y, x+ y)e2ipy/~ (20.78)

=
1

π~
tanh(

~ω
2kT

) exp[−(
p2

m~ω
+
mω2x2

~ω
) coth(

~ω
2kT

)] (20.79)

Substituting Eq. () into Eq. (20.76)

Pi(f1, f2) =
1

miω3
i | sinωi(t2 − t1)|

1

π~
tanh(

~ωi
2kT

) exp[−(
p2
i

mi~ωi
+
miωix

2

~
) coth(

~ωi
2kT

)]

(20.80)

=
1

π~miω3
i coth( ~ωi

2kT
)| sinωi(t2 − t1)|

exp[−
coth( ~ωi

2kT
)

miω3
i sin2 ωi(t2 − t1)

(20.81)

(f 2
1 + f 2

2 − 2f1f2 cosωi(t2 − t1))]

Compare this with standard two dimensional Gaussian distribution, the corresponding pa-

rameters are

σ2 =
~miω

3
i

2
coth(

~ωi
2kT

) (20.82)

r = cosωi(t2 − t1) (20.83)

This result is same as Eq. (8.34) with only one oscillator.
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Chapter 21

Time-Frequency Wigner Evolution of

the Quantum Langevin Equation

This chapter is based on our paper on the time-frequency Wigner evolution of the quantum

Langevin equation[6]. Our aim is to study the time-frequency evolution of the quantum

Langevin equation and in particular to obtain the power spectrum of momentum analogous

to the result obtained by Wang and Uhlenbeck [23] for the classical Langevin equation (for

a history see [24]). We will obtain the time dependent spectrum, that is, both the transient

and steady state solution. One of the fundamental issues in this regard is how to define a

time dependent spectrum and this will be discussed in the next section. In the rest of the

introduction we briefly discuss the classical Langevin equation and the result of Wang and

Uhlenbeck. We emphasize that the Wang and Uhlenbeck result only holds for time going

to infinity if the system was started at a finite time, or, alternatively, if the current time is

finite and the system was started at minus infinity. That is, an infinite amount of time has

to pass. We emphasize this point because our intent is to consider finite time, that is we

find the stochastic properties of the full solution, the transient and steady state part.
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The classical Langevin equation is

m
d2x(t)

dt2
+ γ

dx(t)

dt
+ V ′(x) = ξ(t) (21.1)

where x(t) is the position of the particle, γ is the friction constant, m is the mass of the

particle and V (x) is the potential. In Eq. (21.1) ξ(t) is the random fluctuating force and in

the classical case the random force is taken to be white noise,

E[ξ(t))] = 0 (21.2)

〈ξ(t)ξ(t′)〉 = 2Dδ(t′ − t) (21.3)

Of course in equilibrium D = γkT where k is the Boltzman constant and T the tempera-

ture. From a physics point of view the fact that indeed D = γkT is of paramount importance

and the relation is generally obtained by applying the fluctuation dissipation theorem. The

viewpoint we take here is to consider Eq. (21.1) as a stochastic differential equation and

momentarily not couple D to the other parameters. That is, we start a particle from a fixed

position/velocity that is subsequently influenced by the stationary heat bath that itself is

kept stationary. The Langevin equation for momentum is

ṗ(t) + βp(t) = ξ(t) (21.4)

where now we have taken the case of zero external potential and where

β =
γ

m
(21.5)

Eq. (21.4) is now in the generic notation of Wang and Uhlenbeck. The power spectrum is
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defined by

S(ω) =

∫
Rp(τ)e−iτωdτ (21.6)

where

Rp(τ) = 〈p(t)p(t+ τ)〉 (21.7)

In Eq. (21.7) there is the tacit assumption that indeed 〈p(t)p(t+ τ)〉 is independent of time

but that is not the case. As previously noted, it is the case for infinite time. Wang and

Uhlenbeck showed that in that case the power spectrum is

S(ω) =
2D

β2 + ω2
(21.8)

The importance of this result is manyfold but most importantly it shows that the power

spectrum falls off relatively slowly and hence large velocity fluctuations are relatively more

possible than for example if the power spectrum was an exponential decay one. For white

noise Galleani and Cohen obtained the full solution and showed how it evolves into this

solution for infinite time [25, 26, 27, 28]. Our aim here is to get the quantum transient

and its evolution towards equilibrium. Since we are interested in the evolution of the power

spectrum we have to consider the concept of a time-varying spectrum and this is done in the

next section.

The response of systems to random inputs has a long history in engineering [29, 30].

Generally speaking the standard methods do not handle nonstationary noise and we have

devised a method that allows one to do that by way of the time-frequency representations,

such as the Wigner distribution. We also point out that in general much of the physics

literature applies the fluctuation-disspiation theorem and couples the noise source to the

friction source. However in the engineering literature and in the viewpoint presented here

one looks at the governing equation as being driven by the external noise source.
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Time dependent spectrum

For many natural and man made time series (signals) the distribution of frequencies varies

with time. Among the most common are such signals as pressure waves, electromagnetic

pulses, biologicals, among many others [15, 14]. There have been many approaches developed

and the field is generally called time-frequency analysis and while most of the methods

developed deal with deterministic signals they can be generalized to random signals. One

of the approaches is to define a quasi-distribution, or representation that indicates how the

frequencies are changing in time. One such representation is the Wigner distribution which

applies to deterministic signals and the Wigner spectrum which applies to random functions.

The Wigner distribution in physics is usually defined for position and momentum. Here

we are considering it as a time-varying spectrum, that is, a function of time and frequency.

This development was started in the 1940’s and has become the main method to study

time-varying spectra in engineering. To understand how one arrives at the Wigner spectrum

one first defines the Wigner distribution, WX(t, ω), of a deterministic time function X(t) by

[20, 31]

WX(t, ω) =
1

2π

∫
X∗(t− τ/2)X(t+ τ/2)e−iτωdτ (21.9)

Then to handle random functions one now defines Wigner-Ville spectrum WX(t, ω) by taking

the ensemble average of the Wigner distribution of X(t) [15]

WX(t, ω) =
1

2π

∫
〈X∗(t− τ/2)X(t+ τ/2)〉 e−iτωdτ (21.10)

In Eq. (21.10) 〈〉 is the ensemble averaging operator. The advantage of the Wigner spectrum,

in contrast to the standard power spectrum is that the Wigner spectrum can describe a time-

varying
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stochastic process. Also, one defines

R(t, τ) = 〈X∗(t− τ/2)X(t+ τ/2)〉 (21.11)

and hence

WX(t, ω) =
1

2π

∫
R(t, τ)e−iτωdτ (21.12)

R(t, τ) may be thought of as a time dependent autocorrelation function. We also mention

that there are many other ways to approach the issue [15, 14, 32, 33, 34, 35, 36] of time

dependent spectrum and that among the earliest papers was that of Eberly and Wódkiewicz

[37], where they defined the “physical spectrum of light” which is very similar to spectrograms

as defined in engineering.

The time-frequency Wigner spectrum of quantum noise

In the quantum case one has [38, 39, 40, 18, 41, 4]

m
d2x(t)

dt2
+mβ

dx(t)

dt
+ V ′(x) = ξ(t) (21.13)

where x is the position operator and ξ(t) is the noise operator that satisfies

〈[ξ(t), ξ(t′)]+〉 =
2γ~
π

∫ ∞
0

ω coth
~ω

2kT
cosω(t− t′)dω (21.14)

=
γ~
π

∫ ∞
−∞

ωeiω(t−t′) coth
~ω

2kT
dω (21.15)

We will consider Eq. (21.13) as a classical type equations, sometimes called the quasiclassical

Langevin equation, where we replace the operators by ordinary variables and take for the
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autocorrelation function

R(τ) =
1

2
〈[ξ(t), ξ(t+ τ)]+〉 (21.16)

=
γ~
2π

∫ ∞
−∞

ωeiωτ coth
~ω

2kT
dω (21.17)

Using Eq. (21.6) for the definition of power spectrum one has

S(ω) = γ~ω coth
~ω

2kT
(21.18)

To use some of the techniques previously developed for arbitrary colored noise we now

artificially rewrite these equations in the following form. We define

Z =
~

2kT
(21.19)

and write

ṗ(t) + βp(t) = ξ(t) (21.20)

Rξ(τ) = 2DZ

∫ ∞
−∞

ωeiωτ cothZωdω (21.21)

where the power spectrum of the noise is now

Sξ(ω) = 2DZω cothZω (21.22)

We introduced D to make it look like the classical Langevin equation and we can now view

Eq. (21.20) as a stochastic differential equation where the driving force is a colored noise

that depends on two parameters D and Z. This will show the structure of the solution in

a simpler way and furthermore special cases can be studied easier. Specifically, the white
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noise case is obtained when Z → 0, since

lim
Z→0

Rξ(τ) = 2Dδ(τ) (21.23)

Now consider the general issue of the Wigner spectrum when the autocorrelation function

is a function of the difference in time [28]

〈X∗(t′)X(t)〉 = K(t− t′) (21.24)

The Wigner spectrum of such a process is then

WX(t, ω) =
1

2π

∫
〈X∗(t− τ/2)X(t+ τ/2)〉 e−iτωdτ (21.25)

=
1

2π

∫
K(t+ τ/2− (t− τ/2))e−iτωdτ (21.26)

which gives

WX(t, ω) =
1

2π

∫
K(τ)e−iτωdτ (21.27)

As expected, it is independent of time and equal to the power spectrum except for the 2π

factor which just comes the way the Wigner spectrum is defined. For the specific case of

quantum noise we have that the Wigner spectrum of quantum noise is

W ξ(t, ω) =
DZ

π
ω cothZω (21.28)

However as we will see the output of the Langevin equation does depend on time. For future

use we note that when indeed we have the Wigner spectrum of the form given by Eq. (21.28),
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then the power spectrum and Wigner spectrum are related by

S(ω) = 2πWX(t, ω) (for the stationary situation) (21.29)

Time Evolution of the Wigner spectrum

We want to obtain the Wigner spectrum of the momentum process

W p(t, ω) =
1

2π

∫
〈p∗(t− τ/2)p(t+ τ/2)〉 e−iτωdτ (21.30)

where the momentum process is the stochastic solution of Eq. (21.20). We now describe two

separate approaches to the calculation of W p(t, ω).

Direct approach. In the direct approach there are four steps. One symbolically “solves”

Eq. (21.20) for p(t) and forms p∗(t−τ/2)p(t+τ/2). One then calculates the ensemble average

〈 p∗(t− τ/2)p(t+ τ/2) 〉 and then calculates the Wigner spectrum by way of Eq. (21.30).

We have found that this approach is generally quite difficult to carry out, particularly for

time dependent problems.

Differential equation approach . This approach was developed by Galleani and Cohen

and involves writing a differential equation for the Wigner spectrum directly and solving it

[25, 26, 27, 28]. This gives the solution without calculating the intermediate steps involved

in the direct approach.

The idea is to convert a differential equation of the form

an
dnx(t)

dtn
+ an−1

dn−1x(t)

dtn−1
· · ·+ a1

dx(t)

dt
+ a0x(t) = f(t) (21.31)

into the phase space differential equation a differential equations for the Wigner distribution
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of x(t). The method to do that is to write the differential equation in polynomial form

P (D)x(t) = f(t) (21.32)

where D and P (D) are respectively

D =
d

dt
(21.33)

P (D) = anD
n + an−1D

n−1...+ a1D + a0 (21.34)

We also define the operators

A =
1

2

∂

∂t
− iω ; B =

1

2

∂

∂t
+ iω (21.35)

The differential equation for the Wigner distribution Wx(t, ω), of x(t),

Wx(t, ω) =
1

2π

∫
x∗(t− τ/2)x(t+ τ/2)e−iτωdτ (21.36)

is then given by [25, 26, 27, 28]

P ∗(A)P (B)Wx(t, ω) = Wf (t, ω) (21.37)

If one considers random functions one takes the ensemble average of both sides of Eq.(21.37).

Applying Eq. (21.37) to Eq. (21.4) with one straightforwardly obtains

[
1

4

∂2

∂t2
+ β

∂

∂t
+ β2 + ω2

]
W p(t, ω) =

DZ

π
ω cothZω (21.38)

To the best authors’ knowledge, Eq.(21.38) for the time-dependent Wigner spectrum of

momentum for the Langevin equation driven by quantum noise is given here for the first
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time. Eq.(21.38) when the driving force is white noise was solved by Galleani and Cohen. The

solution with quantum noise is obtained relativity easy because the left hand side contains

no derivatives with respect to ω,

W p(t, ω) =
Wξ

β2 + ω2

[
1− e−

2γ
m
t cos 2ωt

]
(21.39)

=
1

β2 + ω2

DZ

π
ω cothZω

[
1− e−

2γ
m
t cos 2ωt

]
(21.40)

We see that Eq. (21.40) can now be thought of as the generalization of the Wang and

Uhlenbeck result in two ways. First, it gives a time dependent spectrum of momentum

and secondly it applies to quantum noise. We now consider some limiting values. First we

consider the steady state solution, that is, for time going to infinity

W p(∞, ω) = lim
t→∞

W p(t, ω) =
DZ

π

ω

β2 + ω2
cothZω (21.41)

Explicitly, the power spectrum is then,

S(ω) = 2DZ
ω

β2 + ω2
cothZω (21.42)

The white noise limit is obtained by considering

lim
Z→0

W p(∞, ω) =
2D

β2 + ω2

1

2π
(Wang-Uhlenbeck)

Quantum Wiener Process ( γ = 0).The case without friction is of some interest and in

the classical case it is called the Wiener process. In this case we have

ṗ(t) = ξ(t) (21.43)
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and in analogy with the classical case we call this the quantum Wiener process. The differ-

ential equation for the Wigner spectrum is

1

4

∂2W p(t, ω)

∂t2
+ ω2W p(t, ω) =

DZ

π
ω cothZω (21.44)

and the solution is

Wp(t, ω) =
DZ

π
ω cothZω(1− cos 2ωt) (21.45)

=
2DZ

π
ω cothZω sin2 ωt (21.46)

Discussion and future research.

In the above we have considered the evolution of the spectrum of momentum for the Langevin

equation when the driving noise is quantum noise. We have done so by defining the Wigner

spectrum for momentum and finding and solving the differential equation governing it. By

taking the long time limit we obtained the stationary solution and further by taking Planck’s

constant going to zero we obtained the result of Wang and Uhlenbeck.

We point out that there are many ways to solve the harmonic oscillator by transforming

the equations of motion into different domains. One can then write a joint distribution for

these new variables. This can be a fruitful approach but one of main issue in this regard is

that while a joint classical probability distribution can consistently be transformed from one

domain to another, a similar procedure is not available for joint quantum representations

[13, 42, 11, 43, 44]. That is, if a classical problem is solved for two different sets of variables

and their joint distribution is written for each of the variables then the transformation from

one joint distribution to another is straightforward. However that is not the case of quais-

probability distributions and this would certainly be an interesting problem to study [13].
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There is also the question of handling noise in different representations and fundamental

issues arise in both the quantum and classical case. A step toward this problem is discussed

in [13, 11, 44].

We now mention some extensions that are currently being pursued. Of particular interest

is the fact that the Wigner distribution spectrum has what are called cross terms which are

“artifacts” and sometimes obscure the evolution [15, 35]. Suppose a signal is

x(t) = x1(t) + x2(t) (21.47)

Substituting this into the definition, we have

W (t, ω) = W11(t, ω) +W22(t, ω) +W12(t, ω) +W21(t, ω) (21.48)

where

W12(t, ω) =
1

2π

∫
x1
∗(t− τ/2)x2(t+ τ/2) e−jτω dτ (21.49)

and similarly for W12. We note that since W12 = W ∗
21

W (t, ω) = W11(t, ω) +W22(t, ω) + 2 Re {W12(t, ω)} (21.50)

That is, the Wigner distribution of the sum of two signals is not the sum of the Wigner

distribution of each signal but has the additional term 2 Re {W12(t, ω)}. This term is often

called the interference term or the cross term and sometimes are referred to as artifacts. The

extent to which distributions enhance or reduce the cross terms has been studied and has led

to new distributions[15, 35, 33, 34]. We point out that ensemble averaging can have a strong

effect on the cross terms because they oscillate greatly. One way to study this issue for our

particular case is to calculate other representations. There have been may representations
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that have been studied and proposed besides the Wigner distribution [43, 15, 44, 12, 35, 34].

and their properties studied. All distributions can be studied by way of the kernel method

which characterizes a particular distribution. In particular, all distributions, the general

class, may be obtained from [43]

C(t, ω) =
1

4π2

∫∫∫
s∗(u− τ/2) s(u+ τ/2)φ(θ, τ) e−jθt−jτω+jθu du dτ dθ (21.51)

where φ(θ, τ) is the kernel and characterizes the distribution and its properties. For ex-

ample the Wigner distribution and Choi Williams are obtained by taking φ(θ, τ) equal to

1,exp[−θτ/σ], respectively. One can express the general class, C(t, ω), in terms of the Wigner

distribution

C(t, ω) =

∫∫
g12(t

′ − t, ω′ − ω)W (t′, ω′) dt′ dω′ (21.52)

with

g(t, ω) =
1

4π2

∫∫
φ(θ, τ) ejθt+jτω dθ dτ (21.53)

and hence C(t, ω) can be calculated directly from the Wigner solution. Of particular inter-

est is the Choi-Williams distribution[33] or the whole class of distributions that are called

reduced interference distributions [15, 35, 33, 34]. Another interesting quantity that is being

studied is the instantaneous random frequency. One of the advantages of the Wigner spec-

trum approach is that the random instantaneous frequency can be readily calculated since

it is the first conditional moment of frequency for a given time [45]. Also, we are currently

calculating the Wigner spectrum of position for the standard Langevin equation and also for

the case of Brownian motion of a harmonic oscillator driven by quantum noise.
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Chapter 22

Concluding Remarks

We have derived a noise model for the classical and quantum case. The advantage of this

model is that one can calculate all relevant statistical quantities exactly and explicitly. In

both the quantum and classical case our general approach has been to use the characteristic

function. In the quantum case we have had to use the Weyl correspondence rule to define

the quantum characteristic function and this is necessary because the position and creation

operators do not commute. For the quantum case the expressions can often be put in terms

of the Wigner distribution. As to future work in this regard we point out that there are

other correspondence rules besides the Weyl correspondence. Furthermore each correspon-

dence rule corresponds to a particular distribution. It would be interesting to repeat the

calculations using these other correspondence rules and distributions. Alternatively one can

use the transformation method that allows one to transform distribution functions. Also,

we have considered the evolution of the spectrum of momentum for the Langevin equation

when the driving noise is quantum noise. We have done so by defining the Wigner spectrum

for momentum and finding and solving the differential equation governing it. By taking the

long time limit we obtained the stationary solution and further by taking Planck’s constant

going to zero we obtained the result of Wang and Uhlenbeck.



110

Bibliography

[1] C. W. Gardiner, Handbook of Stochastic Methods: For Physics, Chemistry, and the

Natural Sciences. Springer, 2000.

[2] P. Ullersma, “An exactly solvable model for brownian motion,” Physica, vol. 32, pp. 56–

73, 1966.

[3] G. E. Uhlenbeck and L. S. Ornstein, “On the theory of the brownian motion,” Phys.

Rev., vol. 36, pp. 823–841, Sep 1930.

[4] G. W. Ford, M. Kac, and P. Mazur, “Statistical mechanics of assemblies of coupled

oscillators,” Journal of Mathematical Physics, vol. 6, no. 4, pp. 504–515, 1965.
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