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Abstract

THE ZAK TRANSFORM AND A NEW APPROACH
TO WAVEFORM DESIGN

by

[rina Gladkova

Adviser: Professor José Moura

The ambiguity function -;(7.v) of a transmitted signal f({) measures the
uncertainty with which the returning echo distinguishes, simultaneously, both
ranges and velocities of a target system. For purposes of certain applications
discussed in the engineering literature, A ¢(7.v) is desired to be thumbtack, i.e. a
function whose absolute value has a graph with a strong peak at the origin, over
a broad shallow base. The ambiguity function can be computed directly from the
Zak transform Z(.r. y) of the signal f(¢) and so we propose to design a waveform
in the Zak domain. A theorem that shows what properties the Zak transform of a
signal should have for the ambiguity function to be thumbtack is derived and several
new constructions based on this result are obtained. Furthermore, a simple method
for the construction of generalized pulse train signals, whose Zak transforms are
appropriately chosen trigonometric two-dimensional Chebyshev polynomials, is
suggested, and applications to a multipath problem are considered. A multipath

signal contains multiple returns of a transmitted signal,each is delayed and possibly

il

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dilated. Detecting multipath signals using a standard engineering approach is
prohibitively difficult because it is based on a multidimensional minimization
problem. One way to avoid this optimization problem is to use a signal with
a thumbtack ambiguity function. Then we suggest another way to overcome
the difficulties of minimization which may be useful when there is a need to
work with known, but not specially designed, signals. Our approach is based on
simplifications of the minimization problem through increasing the dimension of
the problem. Then, after the structure of our solution is studied, the continuous case
is considered and a simple algorithm of a standard high frequency cutoff Fourier

transform technique gives a ‘smoothed out’ solution of the original problem.

iv
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Chapter 1

Introduction.

The detection of the signals distorted by systems/channels with unknown and
possibly time varying parameters has been a problem of critical importance in
many applications, such as communications, radar, and sonar. In a wireless digital
communications urban environment, the signal the mobile user receives consists
of multiple delayed and scaled replicas of the signal the base station transmits due
to reflection from surrounding obstacles and the mobility of the user. These types
of propagation channels are called multipath channels [16]. A multipath channel
is characterized by the delays, the attenuations, and the Doppler shifts associated
with different replicas. These channel parameters are specific to the relative
configuration of each sender-receiver pair. In general, they are not known and
time-varying. In radar applications, the multipath effect is caused by reflections
of radar signals from surrounding objects. The time delays and the Doppler shifts

correspond to a target’s range and velocity, respectively. In sonar, the multipath

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



signals result from surface and bottom reflections as well as refractive phenomena
due to the nonhomogeneous ocean media.

The simplest received multipath signal model occurs when the transmitted
signal is affected by a single type of distortion. A common example is the time

delay signal model,

where s(t) is the transmitted signal, n(t) is additive noise, r(t) is the received signal
and the signal parameters § = {A". 3. 7} are unknown. Equation (1.2) can also
be used in digital communications to model pulse amplitude modulated signals in
the presence of jitter.

Doppler Effect: Inradar and sonar, the detection problem is further complicated
when detecting moving targets in a multipath environment. With wideband signals,
the Doppler effect is caused by the target’s motion compressing or expanding the
transmitted signal, depending on whether the target is moving toward or away
from the transmitter, respectively. In general, the received signal will be of the
form

r(t) = sp(t) + n(t) (L.3)
K

=Y Ff(art — 7)) + n(t). (L)
k=1

where the change in scale, a,, depends on the target’s radial velocity and the

delays, 7, depend on the target’s range.
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Under the narrowband assumption, the bandwidth of f in (1.4) is assumed
much smaller than its central frequency, so that a Doppler effect on the received
signal is approximated to be a pure frequency shift of the sent signal. Hence,
using the exponential notation, the received signal with Doppler effect r(¢) can be

modeled as sums of the translates and modulates of the sent signal f(t),

K
r(t) =3 I f(t — Ti)e™ % + n(t). (1.5)
k=1

where now . depends on the target’s radial velocity and 7, depends on the target’s
range.

Detecting signals with unknown, or nuisance, parameters is typically a two
step process. First, maximum likelihood estimates of the unknown parameters are
found. The estimates are then used to form a generalized likelihood ratio test.
Shifts in time, frequency, and scale also occur in data transforms and are used to
process the signals described above. For example, in the absence of multipath,

i.e., ' = |, the peak of the cross-correlation function

R (7) = /W r(t)s(t — 7) dL.

-

provides a maximum likelihood estimate of the unknown delay r in (1.2). Like-

wise, the peak of the narrowband ambiguity function,

Alr.ov) = /+cc r(t)s(t — r)e 2™ dt. (1.6)

—_
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is the maximum likelihood estimate of the unknown delay and frequency shift of
the transmitted signal when there is only a single received replica.

Similarly, the wideband ambiguity function,

W(a.7) =/+'x r(tys(E= Ty ar. (L.7)

— a

is used for estimating delays and dilations.
We stress that the peaks of the cross correlation function and the ambiguity
function represent maximum likelihood estimates only when one of the conditions

below holds:

a. there is a single return.

b. the multiple returns are sufficiently separated in time, frequency or scale.

c. the sidelobes of the cross correlation and the ambigeity function are suffi-
ciently smaller than the central spike, so they can not be confused with peaks

corresponding to the time and frequency delays.

When the multipath signal violates these conditions, the estimate is found by

minimizing the distance between the received signal and its model,
mgin”r(t) —si(t.0)]. (1.3)

where sy (¢.0) is the parameterized multipath signal.
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1.1 Main Contribution.

The central idea behind this research is to avoid the minimization problem (1.8)

either by

i. designing signals whose ambiguity functions have a strong sharp peak at the

origin over a sufficiently small base, or

ii. by applying the Fourier transform technique to a continuous version of

equation (1.4) using known signals.

Designing signals with ‘thumbtack’ ambiguity functions is a special case of
the more general issue of designing signals with a prescribed ambiguity function.
The many attacks on this difficult problem ([23] p.125) since the publication
of Woodward’s book have yielded a great deal of insight into the nature of the
ambiguity function (see [8]), but no solution to the general synthesis problem has
been provided.

However, certain frequency-hop waveforms were found by Costas (see [9]
or [10]) to have thumbtack-like ambiguity surfaces. The Costas waveform con-
struction was algebraic, relying on the construction of matrices having special
combinatorial properties. Our goal is to look at this problem using generalized
pulse train signals that are generated by analytic, rather than algebraic, methods.

As a tool for constructing such waveforms we use a Zak transform

Zy(r.y) = Z g(z + k)e2miky

k=—x

5
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which changes the formation of pulse trains

g(t) = Z A s(t — m)GZ:im

m.n

in the ‘signal space’ to multiplication
Z,(x.y) = Plr.y)- Zy(x.y)
by a doubly-periodic function

Plr.y) =33 tpge™iretmy) (1.9)

in ‘Zak space’.
The significance of this for the problem of creating a particular ambiguity
surface is that we may compute the ambiguity function (1.6) of g directly from

Z,:

L opt .
Ay(rov) = /0 /0 Zy(x.y)Z(x + Ty + v)e T dr dy. (L.10)

If s(¢) is a pulse of duration 1, then |Z,(x. y)| = | and we are led to consider two-
dimensional trigonometric polynomials (1.9) as Z,(.r. y) in (1.10). The study of
geometric properties of a Zak transform for known waveforms with ‘thumbtack’
ambiguities gave us the idea to use Chebychev polynomials as candidates for

P(r.y).
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Moreover, the volume property of the ambiguity function, which says that
the volume under the surface must equal the square of the maximum, means that
the ambiguities cannot be pushed down too much. For example attempts to nail
the ambiguities on the integer lattice ([3, 5]), make them pop up in between the
lattice. For signals whose Zak transforms are appropriately chosen trigonometric
Chebychev polynomials in two variables, the ambiguities on the integer lattice-
points in some region around the origin will be small, but not too small. This
approach makes ambiguities smaller in between the integer lattice (due to the
volume property).

[n (3.3) we give a simple method for a construction of generalized pulse train

signals, using Chebychev polynomials, and consider several such constructions.

A different way to overcome the difficulties of the minimization problem (1.8)
may be needed when it is necessary to work with known, but not specially de-
signed, signals. Then we may not have the advantages of signals with *‘thumbtack’
ambiguities, and the multiple returns may not be sufficiently separated in time or
frequency.

Since among the parameters .3, 7 and K (see (1.1) and (1.2)) in the min-
imization problem (1.8) the coefficients J;’s are linear, choosing the 7.’s to be
a partition of the (known in advance) interval [Ty. T}], we reduce this difficult
non-linear multidimensional optimization problem to the linear one (the 7¢’s and

K are fixed now and the minimization is over parameters J;).
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The solution of this simplified problem is given by a matrix equation

@
il
sy
i
=

r=(r(t).s(t — 7))

of very large dimension - the price of the simplification. (Since we do not want
to ‘miss’ any of the delays 7y, the partition {7 }2_, of the interval [T,. T}] should
be fine, which corresponds to large A". Those 7;’s that will have small attenuation
coefficients :3; can be ignored in the sum (1.2)).

However the inversion of the matrix S of such large dimension need not be a
problem. If the partition {7} is chosen to be uniform, then the matrix 5 is of the
symmetric Toeplitz type and can be inverted easily. The problem in this approach
is of the following nature: by increasing the number of possible delays, we obtain
asum

K
sic(f) = Z Fes(t — )

k=1

which is so close to the received signal r(¢) that the distance
[[r(6) = sw()llc2 = [In()]|
is almost zero. This is not a contradiction of any kind, we were solving the problem
i ) — sar(E) e
 min [l7(¢) = sar(8)l|

and we found a way to drive this distance (the norm of the noise) to zero. Since
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there is no reason to suppose that this norm is in general extremely small, this
makes it clear that in complete generality, the physical problem must contain
additional features not considered in the standard approaches. However, when
the noise is relatively small (in an easily defined sense) our method, as would
be expected from the above remarks, gives excellent results. Moreover, we have
found (cf. (4.5)) that refinements of our technique often give very satisfactory
results even in the presence of large noise.

The analysis of the structure of the matrix S~' shows that for the pulse of

duration m as a sent signal s(¢) it can be approximated by
SR ([=FY(([=F™)+ (- F™) 7' (I = F).

where / is the identity matrix, £ is a matrix with 1’s on the upper ith diagonal
and zeros everywhere else, and F~* is a matrix with 1's on the lower ith diagonal
and zeros everywhere else. This amounts to (difference) differentiation of a very
oscillatory function r, which can be avoided with a high frequency cutoff Fourier

transform technique.

1.2 Thesis Outline.

We now outline the chapters in this thesis.
[n Chapter 2, first we present the definition and relevant properties of the Zak

transform and the ambiguity function necessary for this work. Then, a few existing
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techniques of radar waveform construction are explored in the context of waveform
shaping with Zak transforms. These geometric properties, the idea of controlling
the ambiguities on the integer lattice, and computing the ambiguity function in
terms of the Zak transform, lead to a new way of constructing waveforms in the
Zak domain which we present in Chapter 3.

In Chapter 3, we prove a theorem which, with a correct choice of certain
parameters, provides control over the absolute values of the ambiguity function on
the integer lattice and ‘a bit’ away from integer lattice points. Then we suggest a
waveformdesign algorithm for constant amplitude signal with desired ‘thumbtack-
form’ ambiguity function. Other thumbtack constructions are considered in this
chapter based on two-dimensional trigonometric Chebyshev polynomials. More
examples of this type are given in Appendix B. They all provide a desired ambiguity
surface, the algorithm is very simple to implement and as the order of polynomial
increases, the sidelobes of the ambiguity function are getting smaller.

In Chapter 4 we look at the multipath problem in a different way, i.e. not by
designing a signal with a thumbtack ambiguity surface but working with a given.
already known signal s(¢). First we simplify the difficult non-linear multidimen-
sional optimization problem

K
min_||r{¢) — Z ars(t — 7 )llL,
k=1

ap TN

to a linear minimization over parameters . A solution of this simplified problem

10
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is given by a matrix equation

3
|
—
.

which requires the inversion of a matrix S of large dimension. Then the approx-
imation of the inverse matrix S~! for different known signals are considered in
order to see the structure of this matrix and, consequently, the character of the
solution a = S''F.

It is proven in theorem 4.1 that in this approach, the information about the
multipath signal is in the (difference) derivative of the very oscillatory function
r, which is why we suggest filtering out these oscillations with a Fourier trans-
form technique. Continuous case is considered next, and after chopping off the
high frequency components, the inverse Fourier transform gives a *smoothed out’

solution of the original problem.

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

The Zak transform.

We first present the definition and relevant properties of the Zak transform. For a
more thorough exposition, see [2, 13]. In particular, the facts stated in Section 2.1

about the Zak transform can be found in [13] and [2].

2.1 Definitions and notations.

The Zak transform of a given function f(r) is defined as

+c
Zp(r.y) = Y. flx+k)e 27y, (2.1)

k=—nc

We recognize in (2.1) the discrete Fourier transform of the sequence f(r+A). k €
Z. In this sense, the Zak transform is a mapping of a 1-dimensional function onto
the 2-dimensional time-frequency plane. A similar object is also referred to as the

Weil-Brezin mapping [4].

12
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[t will be convenient to use the following notation:
Translation: (T, f)(x) = f(xr + a)
Modulation: (Eyf)(x) = f(r)e 3=
Convolution: (f * g)(x) = [¥ f(y)g(x — y)dy

Now, we have for —x < «a.b < ¢ the formulas

SV
(N4

Zrp(r.y)=Zs(x +a.y). —x<r.y<x (2.
and
Zef(r.y) = e"""ierf(.l'.y + b). —x <r.y<x (2.3).

The formula (2.2) expresses the fact that a time translation of the signal over
distance « is reflected by corresponding translation of Z; in the time variable. The
second formula has a similar interpretation, except for the factor e =271+,

The Zak transform satisfies the following periodicity relations. We have

Zi(x + Loy) =¥ Z (x.y). —x <r.y<x (2.14)

and

1§V
Ut
~

Ze(x.y+ 1) =Zs(r.y). —xc<r.y<oc (2.
Hence, Z; is periodic in the frequency variable and quasiperiodic in the time

variable. As a consequence, we have for integer n and m

ZETaf(L.y) = e'zximr‘*'zri"ny(.r,y). —x<r.y<x (2.6)

13
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As a consequence of the periodicity relations (2.4) and (2.5), it is sufficient to
consider the Zak transform on a unit square only.

Note that

t
flx) =/0 Ze(x.y)dy. —x <r<oc.

—_
[V
.
~1]

~—

Thus the mapping f — Z; is invertible and f is continuous when Z; is continuous.
Again, see [13] for details.

Now, let S denote a square of the form [0. L] x [0. L]. We have

I
v
=

//b Z(r.y)Z,(x.y)drdy = (f.g). (2.

where the right-hand side is the usual inner product for square integrable functions.

[n particular, we have

Jf1Zite iPdedy = 171 (2.9)

which shows that f — Z; is an energy preserving transformation.

2.2 The Zak transform and the Ambiguity function.

Recognizing the importance of the ambiguity function as a signal design criterion
in mathematical radar theory is generally credited to P. M. Woodward [23]. Further
justification of its significance can be found in two works of W. Siebert [17, 18].

During the 1960s many properties of the ambiguity functions were established.

14
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As references we cite [22], [20], and [21]. In this section we recall the definitions
and results necessary for this work, cf. [8].
The cross-ambiguity function Ay ,(r.v) of the signals f(¢) and ¢(¢) is given
by
+2C —_—
Apylrv) = / F(O)GUE = T)e~ gt (2.10)

—

and is defined for all values of the real variables 7 and v, which can be interpreted
as time and frequency shift variables, respectively. Define the ambiguity function
of a signal f(¢) by Ay = ;. This function is also sometimes called the auto-
ambiguity of f. Itis proved in [22] that -;(7.v) is contained in the space L*( R?)

of all complex-valued functions F'( 7. v) satisfying
. +x o .
= / / |F(r.v)|fdr dv < (2.11)

Moreover, if A;(7.v) is the ambiguity function of the signal f(¢), then:

a. 4;(0.0) = || flI%
b. (maximum property) The largest value of the ambiguity function is always at

the origin.

| Ay (7. )] < Af(0.0).  (7.v) # (0.0).

c. Let g(t) = s(t — x)e?™¥ . then A (7.v) = A (T v)e FHevtum)

d. (symmetry property) As(1.v) = Ap(—7. ~v),

15
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e. (volume property)

X+ 2 " 12
[ [ g Par dv = 1 4,0.0)F = |71,

Remark. The maximum property and the volume property strongly constrain
the set of two-dimensional functions that can be ambiguity surfaces. The volume
under the surface must equal the square of the maximum. Any attempt to push
down the ambiguity function in one place makes it pop up somewhere else.

Note that the ambiguity function -4 ,(7.v) of the signal f(¢) can be computed

directly from the Zak transform Z,(.r. y):

1,1
Ap(rov) = /0 /0 Ze(r.y)Zy(x + 7.y + v)e T dr dy.

As Woodward observed (see [23]), the ambiguity function (7. ) of a trans-
mitted signal f(¢) measures the uncertainty with which the returning echo distin-
guishes, simultaneously, both ranges and velocities of a target system.

The uncertainty of information contained in a transmitted signal’s echo is only
one aspect of the signal design problem. More generally, the ambiguity function
of a signal can be used as a tool to measure the signal’s ability to perform certain
tasks under given environmental conditions. The requirements can be expressed by
some function F'(7.v) of time and frequency. For purposes of certain applications
discussed in the engineering literature(see, for example, [19] p.418), F(r.v) is

desired to be thumbtack, i.e. a function whose absolute value has a graph with

16
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a strong peak at the origin, over a broad shallow base. One of the possible
applications of the signals with a thumbtack ambiguity function is in the multipath

problems, as will be considered in chapter 4.

2.3 Waveform Shaping and Zak Transform.

We will now see that the Zak transform consolidates many current techniques of
waveform construction into a simple form of multiplication of functions. In this

thesis, we will call waveform shaping the replacement of the signal s(¢{) by

g(t) =Y amns(t — m)e*™m, (2.12)

m.n

Many techniques of radar waveform construction fall under this general scheme.

Notice that
Zy(r.y)=Plr.y)Zs(r.y) (2.13).
where
P(r.y) =Y ampe’™ ety (2.14)

is a doubly-periodic function. So waveform shaping is multiplication by a doubly-

periodic function under the Zak transform.

17
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2.4 Frequency Hop Coding.

Frequency shift, or frequency hop coding, corresponds to waveform shaping of

the following kind
Nt
g(t) = Z \[oa)(f — n)e tint,
n=0
where /, is an integer depending on n. Frequently, one takes V. V,.....J, to

be a permutation of the integers 1.2. .... n. Frequency hop coding is a waveform
shaping with ¢, , = | for at most one n for each m, and «,, , = 0 otherwise.

The Zak transform of this waveform is

N-1
Zy(r.y)y= > ¥l g < ry <L (2.16)
n=0
Lemma. IfJ = v, is a permutation of {0.1...... \"— 1}, then Z,(r.y) on

S =10.1] x [0. 1] is a trigonometric polynomial with .\" — [ zeros on each side of

the unit square S.

Proof. Note that

N-1 N-1
Zy(r.0)=Z,(x.1)= Z 2T nT — Z ek = Z,0.y)=Z,(l.y).
n=0 k=0

Thus it is enough to prove the statement for one side of the unit square. Now,

N-1
Zy(0.y) = Z M = 4w+ ..+ = (w0 —a)(w —a?)..(w—a ).

n=0

18
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where w = > and a = €**'/". Therefore Z,(.y) has .V — | zeros on each side
of the unit square.

Note that Z,(0,0) = Z,(0,1) = Z,(1.0) = Z,(1.1) = ¥3¥2'1 = V. The
shape of the absolute value of Z, on the boundary of the unit square is shown on

figure (2.1).

Remark: The function ¥ ' €*™™ is well known in the engineering literature

where it is refered to as the discrete sinc function.

10 <
.
8

7~
6

54

4
34
24

0.5
0.8

0.6

0.4

Figure 2.1. The shape of the Zak transform on the boundary of S.
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2.5 Ambiguity on the Integer Lattice.

Definition: An ambiguity function A, with Af(0.0) = L. is lattice-thumbtack
with parameter ¢, if | .A;(m,n)| < e. for all (m.n) # (0.0).
To understand which f might have the above property, consider the ambiguity

function on the integer lattice in terms of the Zak transform.

1 gt .
Af(n.m)=/0 [) Zi(x.y)Zs(x + n.y + m)e* ™ dr dy

1ol .
= / / |Zf (. y) 2™ metnv) o dy
o Jo

Thus the A f(n.m)’s are the Fourier coefficients of the real, non-negative function
| Zs(z. y)

Obviously, if |Zf(z.y)| = 1 then the signal f(¢) has a lattice-thumbtack
ambiguity function. The trivial example of such signal is a rectangular pulse of

duration I:
{ l. 0<t<I.

0. otherwise.

Zy(r.y)=l.for0<r,y<l.and

I, n=m=0.
As(m.n) =

0. otherwise.

A non-trivial example of a signal with lattice-thumbtack ambiguity function will

be considered in section 3.3.

20
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2.6 Zak transform of some known waveforms.

In this section we want to consider scme of the existing techniques of radar
waveform construction to see the geometric properties of the Zak transform. These

known techniques can be found in the references [8], [9],[10],[11], and [15].

2.6.1 Costas Arrays.

Costas [9] suggested that, under the scheme of frequency hop coding, if we choose
the permutation v cleverly, we can get a waveform with good thumbtack-like
ambiguity properties. Discussion beyond the original paper on Costas arrays can
be found in [8],[10], and [L1].

To design a Costas Array, v is chosen so that no two pairs of terms in the sum
will have the same shift in both time and frequency.

Definition: A Costas array A is an N-by-N array of O’s and [’s such that

N-1

N-1
Z A,‘J‘ = Z :1,'1' = |l.
=0

2=0

N-1N=~1
Yo A A <L if r#0.s#0.
i=0 j=0
(with the understanding that A4, ;4+, = 0 if either : + r or j + s is not in the set
of indices 0, 1,...,N-1).
It is convenient to represent the :V x N permutation matrix A on an :V x .V

grid, with a dot in the middle of cell (:. ;) if and only if A;; = 1. The Costas

condition then says that the (N? — V') /2 lines connecting pairs of distinct dots are

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



all different as vectors; that is, no two of these lines are equal in both length and
slope.

General rules for constructing or classifying Costas arrays are not known,
but several constructions are known for special cases. A simple construction is
available when .V + 1 is a prime. Let p be a prime and NV = p — [, and let o
be a primitive element of the integer arithmetic system modulo p. An .V by .V
Welch-Costas array is an .V by .V array of 0’s and 1’s such that {,; = | if and
only if j = «'. For example, with p = 7 and the primitive element o = 3 the
permutation v = [3264 5 1] (see [8]).

Let us consider the Welch-10 and Welch-30 codes as the examples of Welch-
Costas arrays (see [10]). The sequence  =[1 37498625 0] is a Welch-10
permutation and the signal corresponding to the Welch-10 code is given on figure

(2.2). Cf. [10].

22
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Figure 2.2. Signal corresponding to the Welch-10 Costas Array.

The sequence  =[2826 1825 1516192824 1272392927213 114 14
13101517226 200]is a Welch-30 permutation, cf. [10]. The Zak transforms

of the Welch-10 and Welch-30 waveforms are given in figures (2.3) and (2.4).
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Figure 2.3. The Zak transform of the Welch-10 Waveform.
The Zak transforms of these codes have interesting properties. If we graph
their absolute values over a unit square, the graph has four peaks of equal height

at the vertices of the square, while in the part of the square away from the vertices,

the graph is of relatively small height.
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Figure 2.4. The Zak transform of the Welch-30 Waveform.

The ambiguity surface of the signal corresponding to the Welch-30 code is

given on figure (2.5). It has a desired thumbtack shape.
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Figure 2.5. The Ambiguity surface of the Welch-30 waveform.

2.6.2 Multiple access frequency hopping patterns.

Mersereau and Seay [ 15] suggested adifferent approach for constructing frequency-
hopping sequences. Their technique produces Q*~! hopping patterns, each of
which is periodic with period @ — 1, where @ is the number of available frequen-
cies and 4 is the maximum number of hits per period that can occur between any
pairs of patterns, or any pattern and a constant frequency signal, for any relative

time and frequency shifts between those patterns. For definitions of terms used in
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this section, see [15]. Two examples of such patterns with Q@ = 23 and k = 3 are

given below. They are generated from the equation

J =nG.
where
I 1 1 1
5 5% 33 522 =]
G =
52 5% 3% |
53 5b 59. |
n=[0.1.X.Y].X.Y €0.1.2.....22.

The pattern v! = [5,52%.5%,....5%2 = 1], taken mod 23, is
[5.2.10.4.20.8.17.16.11,9.22.18.21.13.19.3,15.6, 7, 12. 1 4. ]
is generated by n = [0, 1,0,0] and the pattern J? generated by n = [0. L. 1. 0],
U2 =[5+ 5252 +5%5% +55,....522 + 5% = 2]
=[7.6.18.20.6.3.7.19.17.21.0.20.2.21.12.12.10.19. 10. 13.3.2].

By inspection we see that neither of these particular waveforms uses any chip
frequency more than twice.

The Zak transforms of the signals corresponding to these frequency-hopping

patterns are given in figures 2.6 and 2.7.
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



25

20
154
104 / A \‘)‘ H
i A /‘ “\ /"0 ' '\V‘/\

A A il i \\ ’An ,

4l ‘\“ A I 4
> h,‘:’!“ “‘/"M‘"“"‘ i /‘\“\o‘\”,l" i “‘ ,.: '/\/i."': ‘\“ !WM \‘h‘m‘ AN

// ‘\\/“X/ !" “' \I’ “ “IA‘ , \\ \ 4\\\\‘ “ ‘ ” \“ / f
oL u, w | | u“‘\"m".’.‘ i \“ fu L 0”1’ |
. ‘y‘" ‘ i ‘“‘ “\\ “\ \‘“’ \"\ ‘\\‘“\\“\\\\w““‘\éi\ M ‘ /

/ / ’ IIM \“\":‘

\\\\

Figure 2.6. The Zak transform of the waveform generated by n = {0.1.0.0].

The absolute value graphs of the Zak transforms, as can be seen from figures
2.6 and 2.7, have the shape described above: four peaks at the vertices of the unit

square and relatively small height on the rest of the square.
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Figure 2.7. The Zak transform of the waveform generated by n = [0. 1. 1. 0].

The closeup of the ambiguity surface is given on figure 2.8.
The magnitude of the ambiguity function is less than 0.097 outside the central
region. The maximum magnitude of the central region, exclusive of the main lobe,

is 0.35.
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Figure 2.8. The closeup of the ambiguity surface.

These geometric properties suggest a new way of constructing waveforms in

the Zak domain.
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Chapter 3

New Thumbtack Construction

3.1 Main theorem

Set K= 5 —Uo<i.j<1 Beli.J)). where B.(z. j) is the open ball of radius = about the
point (. j), S is a square [0. 1] x [0. 1]. In other words, K is the unit square with

cut off corners.

Lettr=n+n,v=m+§ where n.m are integersand 0 < 1, £ < 1.

Theorem 3.1. If Q(r.y) is a nonnegative, square-integrable, real valued

function defined on S with Fourier coefficients

U opt :
- =/ / Q(x, y)e2™ M=tz dy. (3.1)
o Jo
such that
boo = L. [bam| < 1. n.m #0 (3.2)
31
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and

Q(r.y) <z for(r.y) e K (3.3)

Then | A (7.v)| < d for n. £ = 0(i.e. T.v are integers) and 2z < . & < | — 2.

where s(t) = Z7'(,/Q(z.y)) (t).6 = max(z,. 7t /5 M). M = Q(0.0).

Remark. The appropriate choice of ¢, and =, provides control over the absolute
values of the ambiguity function on the integer lattice and at least 2 away from
integer lattice-points. If ¢ is small enough this provides the desired degree of

control.

Proof. First let us show that | A,(r.v)| < ¢ for n. £ = 0. i.e. for 7,v-integers.

Now

topt .
As(n.m) =/ / | Zo(n.m)2e* metni) 4 ¢ dy
o Jo

1 L
= / / Q(J‘.y)ez"'(m’+"y)(l.r dy = by,
o Jo

since Zs(xr.y) = /Q(r.y).
Therefore [ A;(n.m)| = |bam] < 21 < 0.

Nextwe show that | A,(7.v)| < d.for2s < n. € < 1—-2:.Now

A(rov) = //Z(r Y)Z(r+ 1.y +v)e TV drdy =

—/ / Z(x.y)Zy(x + 0.y + €)™ mETmu) ¢ =2TRE (o dy,
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Thus,

I I
Hs(m/)IS/0 /0 |Zs(z.y)| - | Zs(x + n.y + E)|dr dy

IN
-
|
(S
A
(1)

[ &)
o
~
+
o

2w [ M < 4.

3.2 Waveform design algorithm.

To apply Theorem 3.1, we need a nonnegative, real-valued function Q(.r. y) satis-
fying the conditions (3.2), (3.3). We prescribe nonnegative uniformly distributed
random values on a discrete grid approximating K, and appropriately large values
on the corners of § — K (figure (3.1)). This makes (. y) chaotic and bounded
by some small constant on K and large in the corners. In general, the Fourier
coefficients, due to the randomness, will be small and thus the ambiguity function
of the signal s(¢) = Z “(\/m ) by the theorem, will be thumbtack. Figure

(3.2) is the ambiguity surface on the integer lattice.
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Figure 3.1. The magnitude of the Zak transform.

Unfortunately, the signal s(¢) = Z~'(y/Q(.r.y)) is not ‘nice’ in the ‘signal space’.
It is not, for example, of the form (2.12). To make it so, let us approximate

\/Q(x.y) by a trigonometric polynomial of order 33

33
Q(z.y) = P(x,y) Z apmeTiimetny)

nm=1

where the a,,,,'s are the Fourier coefficients of \/Q(z. y).
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Figure 3.2. Ambiguity function on the integer lattice.

The absolute value of the polynomial P(x. y) is shown in figure (3.3) and the

ambiguity function on the integer lattice is shown in figure (3.4).
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Figure 3.3. | P(xz.y)| - polynomial approximation in the Zak domain.

The magnitude of the actual ambiguity function is given in figure (3.5) and the

real part of the signal

33

S(t) = Z anm.\[O.l](t - n)e'L‘-imt

n.m=1

with matrix A = {a.. } of the size 33 x 33 is shown in figure (3.6).
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Figure 3.4. Ambiguity function of the polynomial approximation on the integer

lattice.

The signal s(¢) so obtained is not good for radar purposes since its amplitude
is not constant. To make s(¢) better for radar purposes, let us consider the signal

f(t) = e+t where v,(¢) is the phase of the signal s(¢).
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Figure 3.5. The magnitude of the actual ambiguity function.

The closeup of the ambiguity surface of the signal f(¢) with constant amplitude

and the same phase as s(¢) is shown on figure (3.7). It also has the thumbtack

shape.
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Figure 3.6. The real part of the signal.
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Figure 3.7. The closeup of the ambiguity surface of the signal f(¢) = €

3.3 The thumbtack construction based on Cheby-
shev polynomials.

Another type of function that fits the conditions of theorem 3.1 can be obtained

from Chebyshev polynomials [1]

Ti(x) = cos(k arccos(.r)) (3.4)
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in the following manner.

We will choose as candidates for (.. y) functions of the form

Ci(x.y) = ATk(p(r,y)) (3.5)

where A > 0 and >(.r.y) is a suitably chosen trigonometric polynomial in two

variables.

The properties of C'x(.r.y) are as follows: it is bounded by A in the domain
Ko = {(xr.y) : |@(c.y)| < L} and it grows fast in the domain A’ = {(r.y) :
le(x.y)] > 1} ( the growth, obviously, depends on the parameter A). Thus the
condition (3.3) of the theorem is satisfied with the appropriate choice of (.. y).

One of the possible examples is

slr.y) =cosmr - cosmy (3.6).

The polynomial Cyg(x.y) = €>**Typ(cos m.r - cos my) is shown on figure (3.8).
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Figure 3.8. Zak transform of the new construction based on Chebyshev

polynomials.

The next step is to find the corresponding function in ‘signal space’ . Due to

Theorem 3.1,
s(t) = 27 (/Caola-y)-

Since

Ti(ote.9)) = 5(Talolz.)) + 1)

v/Cao(x. y)isaneven trigonometric polynomial, thatcan be writtenas 3~ b, e?™(mz+n3)
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where B = {b,} is a symmetric matrix with real b,,. Therefore the signal
s(t) = Z brm X\ [0.1)(t — n)e?™mt

is also real.

The signal, corresponding to the C';o(.z. y) is shown in figure (3.9).

-2k 4
-3+ -
4k |
- 50 100 150 200 250

Figure 3.9. Signal corresponding to the Cyo(z, y).

The ambiguity on the integer lattice is shown in figure 3.10. We should note
at this point that in practice, one is not interested in resolving targets at all ranges,

and those parts of the ambiguity diagram which are remote from the origin (in
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any direction) are of no practical interest. So, in designing signals with thumbtack
ambiguity function, we may usually draw a circle around the origin and try to push

the ambiguities outside it.

0.8 4
0;6 ~

0.4 <

0.2 ~

Figure 3.10. Ambiguity function on the integer lattice.

When dealing with signals whose Zak transform is generated by Chebyshev
polynomials, we automatically achieve the effect of pushing ambiguities out of
the origin on the integer lattice since the ambiguity function on the integer lattice
equals the Fourier coefficients of the Chebychev polynomial. This approach makes

ambiguities smaller in between the integer lattice (due to the volume property of
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ambiguity functions). The magnitude of the actual ambiguity function is shown

in figure 3.11.

1
0.8 4
0-6\
0.4\
.t\,\,.‘.\
] R
0.2 4 “‘ \ ) , ‘..' , i
‘ \ “ l‘ .'l“‘"“ l,,‘ \ e
\W\ \‘\}\\u-‘“\‘\,n '/‘ \/"‘\‘ l|‘ H‘ ‘ . ) \'!l“.:O,‘fQ;\‘n‘c&A“'t “_g_,':.‘ W “‘
10> ; '.“\ ‘ru h.":,t‘““‘ 1\‘ ‘\ \«D‘I“ ] '\“ \‘ ) (\) .“. | \‘ “\,'1\4\ o“ ’o
‘ “"'" \\§ ’ \ W’“‘“l“ﬁ ’p“}’ 'i’ | U\ “:/ H"\ “”‘;‘\ c\ ‘: " ‘" \\ _____
0.5 St 4' 0'\"\ n\)r‘ ‘a\,‘\“\‘fu ‘”‘I’\\\'l }(\ \“ ""\‘\\“\\ s ]
0 a‘,l\\w‘n' ,,u/‘\pm. ..' ‘“\“ q\\ 05

‘x‘-‘-"‘“.“""“ -05

Figure 3.11. Magnitude of the actual ambiguity function.

More examples of this type are given in Appendix B.
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Chapter 4

The multipath problem

4.1 Multipath based on linear transforms

Assume that the sent signal s(¢) is known and the multipath signal is produced

from a linear combination of delayed replicas
K
si(t) =Y aws(t — 7). (4.1)
k=1
The received signal r(¢) is
r(t) = sg(t) + n(t). (+.2)

where n(t) is Gaussian white noise. The number of replicas /A, the attenuation
coefficients {a;} and the delays {7} are all unknown. For a known signal

s(t), detecting the presence of sy/(¢) with a generalized maximum likelihood test
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receiver requires calculating an estimate s3-(¢) of s (¢) by finding those parameters

K= {a;}.{7}. that minimize the distance
N
Ir(¢) = > aws(t = 7|2 (4.3)
k=1

which is, generally speaking, a difficult multidimensional optimization problem.

However, if the {7} are known to be in the interval (T,.T)). the sequence
{7} of unknown delays can be taken as a partition of the interval (Ty. T}). Thus,
the 7.’s and A" are now fixed and the optimization problem (4.3) is reduced to the
minimization over the parameters o.

There is a price to pay for this simplification - the partition {7} should be fine,
which corresponds to large A. Those 7’s with corresponding small attenuation
coefficients ¢ can be ignored in the sum (4.1).

By differentiating (4.3) with respect to ay

d

Do,

N N
(r(t) - Z aps(t — 7). r(t) — Z aps(t — Tk))
k=1 k=1

we obtain the condition

K

—Q(r(t)«s(t - Tk)) +2(s(l - 7). Z a,s(t — 'rn)) = 0.

n=l

In other words,

R
Fe=_ saxan. k=1K. (4.4)
k=1
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where

o= (r(6).s(t — 7)) = /r(t)s(t — ) dt.
Spk = (st =7).s(t = 7)) = Rs(m — ™0 )-

R,(7)is the autocorrelation function.

Equation (4.4) can be written in matrix form

where r = (r,..... r,\-)T ,a = (ag..... al\-)T , S = {s.+}. and, therefore, the

solution of the minimization problem (4.3) is
a=5""F (4.5)

In engineering terminology, the above is a standard linear quadratic minimization
problem. Unfortunately, since the partition {7} is fine, the dimension of the

matrix S is large and the solution involves the inversion of a high dimension

matrix.

Now, let us assume that the partition {7} is uniform, i.e. 7, — 7% = 7,—4. and
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S is a matrix of Toeplitz type

S0 S 82 e SK
St So S . e Sk =1
S=1 s 5 S0 SR -2 (4.6)
\31\' SA-1 SKR-2 ... 39 )

where 5; = spn4i = Bs(Tagi — 7a) = Rs(0).
Remark. If the autocorrelation function R4(7) is thumbtack, then the matrix S

is very close to the identity matrix and, therefore, there is no need to invert it.

Example 1. Consider the sent signal

s(t) = Z7YTyo(cos wr - cos wy))(t).

which, as was shown in the previous chapter, has a ‘thumbtack’ ambiguity function
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0 50 100 150 200 250

Figure 4.1. Signal based on two-dimensional trigonometric Chebychev

polynomial T'.
and the received signal
r(t) = so(t) + n(t). n(t) = N(0.3).
with signal to noise ratio

: - |s9(k)|?
SNR = 10log,q -&'—IM— = 8.7527dB.
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The vector 7 = {(r(t),s(t — 7;))} is shown in figure 4.3 with the true attenuation

coefficients ;. marked by an asterisk.

Received signal r(t)
20 ¥ 1 T T T T

101 -

-5

-10F 4

0 100 200 300 400 500 600 700

Figure 4.2. Received signal r(t).

Thus, as can be seen from figure 4.3, true delays correspond to the highest
peaks of the vector 7. This happened because of the thumbtack nature of the

ambiguity function, since if S~! = [ then the solution is given by o =~ .
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1.5 T 1 T Ll T 1]

-1+ * * * -

(0] 100 200 300 400 500 600 700

Figure 4.3. Vector 7 = {(r(¢).s(t — 7))}

4.2 Matrix approximation

Now, S can be written in the form

S=sol+s)(F+F ) 4sg FP+F ) 4. s (FE U4+ P00 (07)
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where / is the identity matrix, and

0 010 0

0 0 1 0
Fi=

0 1

0 00 0 0

with 1's on the i"th diagonal. The matrices £ have some nice properties:

L £t = (F)T
2. i'thpowerof Flis F*, ie. (F')' = F*
3(FY =FY
4. F~*is a pseudoinverse of F", i.e., (F~)( F") is the identity on the
orthocomplement of the :-dimensional subspace.
To find S~!. consider the polynomial ¢( ) corresponding to the matrix equation
4.7):

o(A) =so+ st A+ AT+ 5N+ 27+ s (AT ATEED)(103)

Our goalisto find G = S™' = [o(F)]7". Let us first find g()) = [o(A)] ™" = Sy

for a complex variable A.
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To find g(A) we represent o(A) as a product

K-1

(0 = ko AF T = M)A = —). (4.9)
k=0 /\k

where the A, are the roots of the polynomial o(A). Obviously, the Tl[ are also the

roots of the polynomial o( ).
Let us assume, for simplicity, that all roots of ©(A) are distinct, i.e. of multi-

plicity one, and are not equal to [ in absolute value:

A > [da] > o> (A > L (4.10)

Then
I K [ Udhe .m;lJ )
F=on TELN TN Ao -
where
A~ A !
PYRE TS lim = = )
TSN O T o)

Moreover, since by assumption, all roots are of multiplicitv one, the derivative
é(Ak) is not equal to zero.

Equality (4.11) can be rewritten as

1 K-1 -{k .‘lk/\_l/\_l
A = —_—_— [ k =
9N =25 kz:‘l [y T T
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K x e
= Z[Z AT+ Y /\”"/\;"] Ak (4.12)
n=1

k=1"n=0
(the series converges since |[\¢| > 1).

The decomposition (4.12) allows us to hope that

K—-1cR-1 R-1
G=S"'=[eF))"'~->_ [Z FPA7 + D F-",\;"] Ax (4.13)

k=1 “n=0 n=1

Equality in (4.12) is replaced by approximate equality in (4.13) since £~! is not
the inverse matrix of F'! but the pseudoinverse. The series in (4.12) is replaced by
finite sums since £ is nilpotent.

To see the character of the approximation (4.13), we consider a spline as a sent

signal.

4.3 Spline as a sent signal

Consider a spline .V, (¢) of order m, which is recurrently determined by
Na(t) = /N V()N (E~2)de. m > 0.

v}

where .V|(¢) is a rectangular pulse of duration 1. Then the matrix 5 is close to the

identity matrix and its elements s; = Vo, (7 — m) (see (4.6)) and for m = 3
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(5 200 0
2.5 20 0
1
Sxz[0025 20
002 5 2
000 2 5

and

13 =1/6 1/12 =124 1/48

0 l 0 0 0
SG = 0 0 l 0 0 ~SSt=1.
0 0 0 l 0

148 —1/20 /12 —1/6 4/3 )

The first and the last rows in the product S are different from those in the identity

matrix as are the first and the last columns in the product (S. As the dimension

of the matrix S increases, this becomes less and less important.
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4.4 Pulse as a sent signal

Now we consider an unfavorable example when assumption (4.10) is not satisfied.

L. 0<t<m.
s(t) =

0. otherwise

For the signal

the matrix S for (m = 3) is

3 2 1 0 0

203 2 1 0

L2 3 2 0
S=10

[

2

\0 ... ... 0 L 2 3

and the characteristic polynomial

2 l
+ /\m.—l

N i 3 _l
ON) = AT L m=- DA+ m+ m_/\_ +.oot Am=2

can be written in the form

. . — A™ 2
o(A) =AMt LAt 1) = A""'(——ll — ) :

2wk

The roots of this polynomial A, = e™= are all of multiplicity two and in

absolute value equal one. Thus the series in (4.12) fail to converge and the
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decomposition (4.11) for multiple roots has a different form to begin with.

Let us find g(A):

L =X 1-=2) L—A"Y 1=A
/\ - =/\m—l A — R —_
9(A) () L—=Am [ —Am [ —A—m | —\m
=(L=A"TH(L=A"+1=2A"")" (1 = A). (4.14)

The decomposition (4.14) allows us to expect that
ST = [o(F) ™~ (I = FY[(I = F™) 4+ ([ = F™)] ([ = F)  (4.15)

To investigate the character of the approximation (4.15) we need some preliminar-
ies. For details see [14].

Definition 1. The distance between matrices .4 and B is defined as the rank of
their difference.

Definition 2. The matrix 1 is close to matrix B if the distance between them is
small.

Lemma. For non-singular matrices A and B, if - is close to B, then .4~! is close
to B~!, cf. [14].

Now we can prove the following theorem.

Theorem4.1. Let A=([-F)-S-([—=FYand B=([-F™)+([-F~™).

then A is close to B.
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Proof. We rewrite S as

Z e +ZAF“""‘“ ml (4.17)

k=1

andconsider A = ([ - F)-S-([ = F™!).

After simple algebraic manipulations (see Appendix A), we obtain
A=([-F")+([-F)+

+(FF™! Z F* 4 Z FMFF™' =)+ m([ - FF™"). (4.18)

The rank of the sum of the last three terms is two, therefore A is close to B.
Remark 1. The purpose of this theorem is to show the character of the approx-

imate equality (4.15). Since
AT'=[([=-F)-S-([-F Y '=(U-FYHY'SYI-F)"

we have

St=(I-F YA (I -F).

Since A is close to B, then, by the Lemma, A~! is close to B! and thus we have
STt (I=F Y =F™)+([-F™)]([-F).

The structure of the matrix S~! is shown on the figures (4.4) and (4.5). We have
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indicated the structure in the form of a 3-dimensional graph of the matrix values.

Figure 4.4. Structure of the matrix S~! with m = 10 and A" = 60.
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¢ Figure 4.5. Structure of the matrix S~! withm = 15 and A" = 60.

Remark 2. In this case, as can be seen from figures (4.4), (4.5) and from the
approximate equality (4.15), the longer the pulse s(¢) the better the matrix S~! in

terms of memory requirements. In the extreme situation, when m = i’
| -
S z;([—F W[ - F),

therefore

ax 57 = é(l— F=)(I - F)F

thus « is nothing but a finite difference second derivative of r.
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Recall that r is a scalar product of the received signal sx-(¢t) + n(t) (see figure
4.6) with shifted versions of the sent signal s(¢), and since n(¢) is highly oscillatory,

SO is r.

0 100 200 300 400 500 600

Figure 4.6. Received signal r(t) = s4(t) + n(¢).

Therefore our solution a = S~'F &~ ([ — F~Y)A~Y([ — F)F is based on
computations of the (difference) derivatives of 7. That is why the solution o (see

figure 4.7) will be highly oscillatory.
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15 L] L] T T T

_1 O L 1 A A L
0 100 200 300 400 500 600

o

Figure 4.7. Attenuation coefficients a = S7'F.

[f we compare the computed attenuation coefficients a with the true coefficients
(figure 4.8), we see a dramatic difference. However, the problem in this approach

is the following: for a very large number of possible delays, the sum
R
sw(t) = ars(t — 1)
k=1

(see figure 4.9)
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100 200 300 400 500 600

Figure 4.8. True attenuation coefficients o.

is very close to the received signal r(¢) (it is almost impossible to tell figure

4.6 and 4.8 apart), so that the distance
lIr(€) = sk ()2 = [In(D)]] (4.19)

is almost zero (it is equal to 0.0195 in this particular example). In other words,
for a very large number A" of delays, the very large number of degres of freedom

enable an almost perfect match of r(¢) by sx-(¢).
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_3 1 1 1. 1 J
0 100 200 300 400 500 600

Figure 4.9. The sum s (¢) with the coefficients o = S~!7.

This is not a contradiction of any kind, we were solving the problem

min, [[r(t) = s (0)l]c2 (4.20)

Th o

and we found a way to drive this distance to zero. The difference r(t) — sx(t) is
shown on figure 4.10. To avoid this problem, we could change the cost function by
adding a term dependent on the number of degrees of freedom A". In what follows,

we will take a somewhat different approach. (cf. the remarks in the Introduction).
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0 100 200 300 400 500 600

Figure 4.10. The difference r(t) — sp (¢).

This problem is taken care of here with a high frequency cutoff Fourier trans-

form technique, as shown in the next section.

4.5 Continuous case

Let us rewrite equation (4.1) in the continuous case, i.e. when 7, is a variable on

the interval (1y. T1):

T,
.s,;(t):/T a(r)s(t — 7)dt = (a * 5)(1) (4.21)
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and

r(t) = sp(t) + n(t) = (a* s)(t) + n(t). (4.2:

(8]
o
~—

Then
FT(r)= FT(a)- FT(s)+ FT(n).

where F'T(r) is a Fourier transform of r({¢).

Thus, the attenuation coefficients can be found with an inverse Fourier transform:
a = FT™[(FT(r) - FT(n))/FT(s)] (4.23)

As we said befcre, this approach of increasing the dimension of the original
minimization problem drives the distance (4.19) to zero, which corresponds to a
very small noise n(t), and FT(n) in (4.23) can be ignored (it is not available at
the receiver anyway). And, as we pointed out earlier, the solution a = S~! - 7 (in
the discrete case) ora = FT ! [FT(I')/FT(S)] (in the continuous case) is a very
oscillatory function. To reduce this oscillation, we will chop off the big frequencies
before taking the inverse Fourier transform. It turns out that this method produces

satisfactory results.
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Figure 4.11. True multipath signal s,{{).
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Figure 4.12. Received signal r(t) = s,(f) + n(t).
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Figure 4.13. ‘Smoothed out’ attenuation coefficients, found with our new

method.
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Appendix A

Proof of the identity (4.18)

([=F)S=Y kF™* 4 Y kPR —m[ — i fe o=kt _
*= k=1 k=1

- Z LEF-m=k L mF.
k=1

Note that

ZkF'"”k —m/[ - ZkF'"'k“ = —Z F*.
k=1 k=1 k=1

S kpmtm=h ZAFF M=kt mF = Z Fr+(I-FF™") Z b ptm=t=h),

k=1

where the last term in the right-hand side is the matrix of a rank . It consists of ze-

ros except the last row. Thus
m m-1
F)S = Z F*-SN"Fry (I = FF™Y) Y kFm=hh,
k= k=1 k=1
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Now,

m—1 m m=—1
{:([_F)S’([_F-l)z Z F—k_ZFk+([_FF—l) Z f Fo(m=k=1) _
k=0 k=1 k=1

m m m—1

- LZ[ F~*+ LZ FEP™* — (I = FF™Y) Y kFtm—5),
- =

k=1
Since
m—1 m
S PR S PR =
k=0 k=1
and

SRS FE = [ Fn S NI - FFY),
k=1 k=1 k=0

where 3~ F¥(I — FF™") is a matrix of rank I, consisting of zeros except the last
column, then
A=(U-F™"Y+([-F™)+
m—1 m—1 m—1

([ - FF—l)(Z /\.F-(m—k—l) _ Z kf—(m—k)) . z Fk([_ FF—I) —
k=1 k=1 k=0

=([-F")+ ([ - F™)+

m—1 m—1
+(I=FFY((m=1)[ =3 F*) =Y FYI-FF") =
k=1 k=0
h las:;ow last c‘orlumn

=([-F™")+([-F™™)+
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+HFF™ Z F~* + Z FNFF™' =)+ m([ - FF™).
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Appendix B

Two-dimensional trigonometric Chebyshev polynomials that we need for the the-

orem 3.1 can also be generated in the following way:

Cu(r.y) = (C-zO(‘L'-U)"C'z")z

Coa(r.y) = (Co(x.y)—Cu(1/2.1/2)?

N

Cgk(.l'.y) = (C'-_)k_n(.r.y)—C'._,k-x(l/‘l.l/‘l));

where (' (.r. y) is an appropriately chosen trigonometric polynomial and ¢y is a
parameter.

Example 1. Consider

Cyo(r.y) = cos(2m(x + y)) + cos(27(r — y)) + cos(27x) + cos(27y)
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Polynomial Cy (. y) with c;e = —0.98 which provides ¢; = 0.12 and 5 = 0.15
(see theorem 3.1) is shown on figure B.l. The signal corresponding to this
polynomial is shown in figure B.2. The ambiguity on the integer lattice is shown

in figure B.3.

Figure B.1 Polynomial Cy:(.r. y).
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Figure B.2 Signal s(t) = Z~!(Cs).
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Figure B.3 Ambiguity on the integer lattice.

Example 2. Consider

Cp(z.y) = cos(2@(z + y)) + cos(27(x — y)).

The polynomial C'y:(x,y) with c0 = 0.01 is shown in figure B.6. The signal
corresponding to this polynomial is shown in figure B.7. The ambiguity on the

integer lattice is shown in figure B.8.
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Figure B.4 Polynomial Cys (.. y).
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Figure B.5 Signal s(¢t) = Z7 ().
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Figure B.6 Ambiguity on the integer lattice.
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