
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 
films the text directly from the original or copy submitted. Thus, some 
thesis and dissertation copies are in typewriter face, while others may 
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 
illustrations and photographs, print bleedthrough, substandard margins, 
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 
manuscript and there are missing pages, these will be noted. Also, if 
unauthorized copyright material had to be removed, a note will indicate 
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand corner and 
continuing from left to right in equal sections with small overlaps. Each 
original is also photographed in one exposure and is included in 
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 
appearing in this copy for an additional charge. Contact UMI directly 
to order.

A Bell & Howell Information C om pany 
300 North Z e e b  R oad. Ann Arbor. Ml 48106-1346 USA 

313/761-4700 800/521-0600





TH E D E SIG N  OF D ISC R E T E  G A B O R  
E X P A N SIO N  A LG O RITH M S  

A N D  A N  E FFIC IE N T  REALIZATIO N  
OF TH E G E R C H B E R G -PA P OULIS 
A LG O R ITH M  IN  TH E ZAK SPACE

by

Andrzej K. Brodzilc

A disse r ta t ion  s u b m i t te d  to  th e  G ra d u a te  F aculty  in 
Engineering  in p a r t ia l  fulfillment of th e  requ irem en ts  

for th e  degree of D oc to r  of Philosophy.

T h e  C ity  University  of New York

1995



UMI Number: 9605576

DMI Microform 9605576 
Copyright 1995, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor, MI 48103



T his  m an u sc r ip t  has been  read  an d  accep ted  for th e  G ra d u a te  F acu lty  in E ng i­
neering  in sa tisfac tion  of th e  d isse r ta t io n  requ irem en t for th e  degree of D oc tor 
of Philosophy.

D a te

D a te

' - t i n  h r

C hair  of E x am in in g  C o m m it te e

Exemptive Officer 

/>

n

Supervisory  C o m m it te e

T h e  C ity  U niversity  of New York



C on ten ts

1 In trodu ction  1
1.1 P ro b lem  S t a t e m e n t ................................................................   1
1.2 D isser ta tion  O u tl ine ............................................................................................  3

2 T he Zak Transform  5
2.1 N o t a t i o n .................................................................................................................  5
2.2 Zak T ransform  ................................................................................................... 10

2.2.1 T h e  C ontinuous  Zak T r a n s f o r m .......................................................11
2.2.2 T h e  F in i te  Zak T r a n s f o r m .................................................................. 19

3 T he G abor E xpansion  - A  B rie f O verview  26
3.1 I n t r o d u c t i o n ...............................................................................................................27
3.2 Survey of A l g o r i t h m s ............................................................................................ 29

3.2.1 T h e  B iorthogonal M e t h o d ..................................................................30
3.2.2 T h e  Zak T ransform  M e t h o d .............................................................. 32
3.2.3 T h e  C onvolu tion  M e t h o d ......................................................................34
3.2.4 T h e  D iscrete  Case .................................................................................36
3.2.5 W eyl-Heisenberg System s and  F r a m e s ........................................... 40
3.2.6 C o m p u ta t io n a l  E ff ic iency ..................................................................... 43

3.3 A p p l i c a t i o n s ...............................................................................................................48
3.4 R ela t ion  to  O th e r  T im e-F requency  R e p r e s e n t a t i o n s .............................. 57

3.4.1 Short  T im e  Fourier T r a n s f o r m .......................................................... 58
3.4.2 W ig n er  D is tr ibu tion  ..........................  60
3.4.3 A m bigu ity  Function  .............................................................................62
3.4.4 W avelet T r a n s f o r m .................................................................................65

in



4 W eyl-H eisen b erg  System s: C om pu tin g  O versam pled  D iscrete
G abor E xpansions 69
4.1 I n t r o d u c t i o n ............................................................................................................. 70
4.2 W eyl-Heisenberg S y s t e m s ...................................................................................72
4.3 F in i te  Zak T ransform  ( F Z T ) ........................................................................... 73
4.4 A pplication  of F Z T  to W -H  sy s tem s ..............................................................75

4.4.1 C ritical S am p lin g ........................................................................................76
4.4.2 In teger O v e r s a m p l in g ............................................................................. 79
4.4.3 F rac tional O v e r s a m p l i n g ......................................................................82

4.5 E xam ples  and  Im p lem en ta t io n  R em arks  . .  87

5 E xtrap o la tion  o f B an d -L im ited  S ignals and th e  F in ite  Zak
Transform  106
5.1 I n t r o d u c t i o n ........................................................................................................... 107
5.2 G erchberg-Papoulis  A l g o r i t h m ......................................................................108
5.3 T h e  F in i te  Zak T r a n s f o r m ............................................................................. I l l
5.4 G erchberg-P apoulis -Z ak  A l g o r i t h m .......................................................... 116

6 C onclusions 125
6.1 Role of T im e-F requency  A n a l y s i s .............................................................. 125

B ib liography 129

IV



List o f  F igures

2.1 T h e  first, four H e rm ite  functions (clockwise from  to p - le f t ) ............24
2.2 Zak transfo rm  m ag n i tu d e  of th e  first four H erm ite  functions

(clockwise from to p - le f t ) ....................................................................................... 25

4.1 Zak transfo rm  p a r t i t io n  of th e  G aussian  window for R =  2: Z n
( top ) ,  Z gi ( b o t to m ) ................................................................................................. 93

4.2 F ac to riza tion  of F  for Case I.A .: F0 ( top),  F\ ( b o t to m ) .................94
4.3 G a b o r  coefficients corresponding  to  th e  fac to r F q in Case l .A .  . 95
4.4 Fac to riza t ion  of F  for Case I.B .: F q ( top) ,  F\  ( b o t to m ) .................96
4.5 G a b o r  coefficients corresponding  to  factorization  in Case  l .B .  . . 97
4.6 Fac to riza t ion  of F  for Case I.C .: F q ( top) ,  F\  ( b o t to m ) .................98
4.7 G a b o r  coefficients corresponding  to  fac to riza tion  in Case l .C .  . . 99
4.8 Fac to riza t ion  of F  for Case I.D .: F q ( top) ,  F\ ( b o t to m ) ................... 100
4.9 G a b o r  coefficients corresponding  to  fac to r iza tion  in Case l .D .  . 101
4.10 Zak tran sfo rm  p a r t i t io n  of a  com posite  window for R  =  3 (Case

2.): (a) Z go, ( b ) Z 3s, ( c ) Z a2..............................................................................102
4.11 P a r t i t io n  of F  for S '  =  3, S  =  2 (Case 3.): F q ( to p ) ,  F\  ( b o t to m ) .103
4.12 P a r t i t io n  of G  for S '  =  3, ,5 =  2 (Case 3.): (a) G i , i ,  (b) ^ 2,1 ,

(c) G 3P, (d) G i,2 , (e) G’2,2 , (f) ^ 3,2 ................................................................ 104
4.13 G a b o r  coefficients (C ase  3.): (a) .s' =  0, (b) .s' =  1, (c) 3 ' =  2 . . 105

5.1 T h e  signal g: a), its Fourier t ransfo rm  G: b), th e  segm en t f: c)
an d  its Fourier t ran sfo rm  F:  d ) ...................................................................... 118

5.2 F n , th e  t ru n ca t io n  of F:  a), its inverse Fourier t ran s fo rm  F^:
b), t ru n ca t io n  of F ^ :  c) and  resu lt  of th e  last s tep  of th e  i te ra ­
tion: d ) ........................................................................................................................ 119

5.3 R es to red  signal f r a t  r - th  i te ra tion : a) 7- =  1, b) 7’ =  10, c)
r =  100.............................................................................................................................. 120

v



5.4 Zak tran sfo rm  m ag n i tu d es  of g ( top )  an d  its Fourier t ransfo rm
G  ( b o t to m ) ................................................................................................................ 1 2 1

5.5 Zak tran sfo rm  m ag n i tu d es  of segm ent /  ( top )  a n d  i ts  Fourier 
t ran sfo rm  F  ( b o t to m ) .......................................................................................... 1 2 2

5.6 T ru n ca t io n  in th e  Zak space Z fn (top) an d  its inverse Fourier
tran sfo rm  Zj?N ( b o t to m ) ..................................................................................... 123

5.7 T ru n ca t io n  in th e  Zak space of Z p N ( top) and  th e  resu lt  of
add it ion  (s tep  6  of th e  a lgo ri thm , b o t t o m ) ................................................ 124

vi



C hap ter 1 

In trod u ction

1.1 Problem  Statem ent

T h e  ad van tage  of th e  Fourier t ransfo rm  is t h a t  it allows th e  decom posit ion  of 

a  signal into ind iv idua l  frequency com ponen ts ,  p rov id ing  an a l te rn a t iv e  way 

of looking a t  a  signal. Such decom posit ion ,  however, does no t yield  an easily 

in te rp re tab le  in fo rm ation  ab o u t  th e  t im e  localiza tion  of spec tra l  com ponen ts .  

For n o n -s ta t io n a ry  signals in p a r t ic u la r  app lica tion  of Fourier  m e th o d s  leads 

to  physically m eaningless descriptions. A typical ex am p le  of such a  signal is 

h u m an  speech, b u t  n o n -s ta t io n a r i ty  is p resen t  in n u m ero u s  different s i tua t ions  

including seismology, ra d a r  a n d  sonar, im age processing, com m unica t ions ,  etc.. 

In these  s i tua t ions  successful signal processing requ ires  o p e ra t in g  in a  jo in t  

t im e-frequency  dom ain .

O ne  of th e  m e th o d s  t h a t  addresses these  need  is G a b o r  expansion . It  possesses 

a n u m b er  of desirab le  p roperties  - linearity, bes t  possib le  t im e-frequency  local­

ization  accord ing  to  th e  u n ce r ta in ty  princip le  an d  adm iss ib il i ty  of th e  G aussian



function  as a  window. O ne p a r t ic u la r  d isadvan tage  of th e  G a b o r  expansion  is 

th a t  th e  G a b o r  functions do not co n s t i tu te  o r th o n o rm a l  basis, a  fact  t h a t  led 

m any  to  believe th a t  s tab le ,  efficient and  fast a lgo ri thm s are  n o t  a t ta in ab le ,  

or a t  least,  difficult to  built.

This  work d em o n s tra te s  t h a t  these  believes a re  no t justif ied. S tab le  and  ef­

ficient a lgo ri thm s for co m p u tin g  G ab o r  expansions can be easily co n s tru c te d  

while re ta in in g  all of th e  m e th o d ’s desirab le  properties .  Ease of c o m p u ta t io n ,  

excellent t im e-frequency  localization and  availability  of physical in te rp re ta t io n  

estab lish  G a b o r  expansion  as a  h ighly useful tool for ana lyz ing  m an y  ty p es  of 

n o n -s ta t io n a ry  signals.

T h e  language of th e  Zak tran sfo rm  is a t  th e  cen ter  s tage of bo th : th e  theo ry  

of G a b o r  expansion  and  its app lica tion  tow ards construc tion  of successful a l­

gorithm s. F irs t ,  th e  Zak tran sfo rm  helps to  clarify th e  s tab il i ty  issues an d  to 

fo rm ula te  s im ple  an d  easily co m p u tab le  c r i te r ia  for ex is tence of legal G abor 

expansions. Secondly, app lica tion  of th e  Zak transfo rm  simplifies th e  s t ru c tu re  

of a lgo ri thm s  and  improves efficiency of co m p u ta t io n s ,  reducing  th e m  to  the  

2-D finite Fourier t ransfo rm  calculations.

A n o th er  ex am p le  of successful app lica tion  of t im e-frequency m e th o d s  to  signal 

processing p rob lem s p resen ted  in th is  work is th e  Zak space fo rm ula t ion  of th e  

G erchberg -P apou lis  a lgo ri thm . T h e  i te ra t iv e  procedure  of G erchberg -P apou lis  

for re s to ra t io n  of a  b an d - lim ited  signal from  p ar tia l  d a t a  involves t ran s i t io n  

betw een t im e  d om ain  and  frequency  do m ain  a t  each i te ra tio n ,  ren d er in g  th e  

a lgo ri thm  co m p u ta t io n a l ly  expensive .
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T his  work shows t h a t  th e  co m p u ta t io n a l  cost of th e  a lg o r i th m  can be sig­

nificantly  reduced  by perfo rm ing  th e  co m p u ta t io n  in a  jo ined  tim e-frequency  

space, using th e  fin ite  Zak tran sfo rm  calculus as th e  m ain  tool. T h e  in t im a te  

re la tionsh ip  betw een  th e  Fourier t ran sfo rm  an d  th e  Zak t ran sfo rm  is explo ited  

to  rep lace  th e  Fourier t ransfo rm  c o m p u ta t io n s  by poin tw ise m ultip lica tions. 

T h e  new ap p ro ach  accom plishes reduction  in m u ltip lica tive  com plex ity  from 

' IPlog^P  to  2 P  p e r  i te ra tion ,  while preserv ing  th e  s t ru c tu re  of th e  a lgo ri thm .

1.2 D issertation  O utline

T h e  ob jec t ive  of th is  work has been s ta ted .  C h a p te r  two begins w ith  som e 

m a th em a tica l  p re lim inaries  th a t  will be needed th ro u g h o u t .  T h is  is followed 

by a  review of th e  Zak transfo rm  fu n d am en ta l  p roperties .  E x am p les  of co m ­

m on signals in th e  Zak space is given. In c h a p te r  th ree  th e  basic  issues of th e  

th eo ry  of G a b o r  expansion are  described an d  a  survey  of ex is ting  c o m p u ta ­

tional a lg o r i th m s  is p resen ted .  A su m m ery  of app lica tions  of G a b o r  expansion  

is given an d  th e  G a b o r  m e th o d  is co m p ared  to  th e  Short  T im e  Fourier T ra n s ­

form, W avelet T ransfo rm , W igner D is tr ibu tion  an d  A m bigu ity  Function .

In c h a p te r  four num erica l  a lgo ri thm s for co m p u tin g  G a b o r  expansions are  p re ­

sen ted  for critical sam pling  an d  in teger and  ra tiona l oversam pling . C lear and  

easily c o m p u tab le  conditions  are es tab lished  for ex is tence of G a b o r  ex p a n ­

sions an d  for s tab i l i ty  of co m p u ta t io n s .  A lgo ri thm  selection c r i te r ia  are  given 

in te rm s  of th e  Zak t ran s fo rm  properties  of a  signal. T h e  m ain  c o m p u ta t io n a l  

task  in th e  resu lt ing  a lgo ri thm s is shown to  be a  2-D finite Fourier  t ransfo rm .



In ch a p te r  five th e  p rob lem  of signal ex trap o la t io n  from  p a r t ia l  d a t a  is s ta te d  

and  a  jo ined  tim e-frequency  solution  is given. T h e  solution is co m p ared  to  the  

G erchberg-Papou lis  a lgo ri thm . Concluding  rem arks  and  d irec tions for fu tu re  

research are  offered in c h a p te r  six.
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C hap ter 2 

T h e Zak Transform

In th is  c h a p te r  we estab lish  no ta t io n ,  define te rm inology  an d  in tro d u ce  th e  

Zak tran sfo rm , which will be  used th ro u g h o u t  th is  work as a  tool in both: 

explain ing  th e  theore tica l  issues re levant in G a b o r  expansion  an d  cons truc tion  

of new a lg o r i th m s p resen ted  in ch ap te rs  four an d  five. T h e  m ain  references are  

Tolimieri et al [8 ] an d  Jan ssen  [53].

2.1 N otation

C  is th e  set of com plex num bers .  T h e  m odu lus  of a  com plex n u m b e r  z  £  C  is 

deno ted  by |z |,  th e  com plex con juga te  by z*. R  is th e  set of real num bers .  Z  

is th e  set of integers. /  is identified with  th e  in terval [0 , 1 ).

Sequences an d  series with  undefined limits a re  taken  over Z ,  an d  in tegra ls  w ith  

undefined limits  are  taken  over R.  All functions a re  defined on th e  real line 

and  are com plex-valued, unless o therw ise  ind icated .



Lebesgue space L P( R )  is defined as

L *(R )  =  { /  : | | / | | „  =  (J \ f ( t ) \ pd t ) ' / p < oo}, 1 <  p  <  oo. (2 . 1 )

For 1 <  p  <  oo, L P( R ) is a  Ban ach  space w ith  no rm  || ■ ||p, an d  L 2(R )  is a 

Hilbert space  w ith  inner  p ro d u c t

< f , 9 > =  J  ( 2 -2 )

Given a  H ilbert  space I I  w ith  norm  || ■ ||, inner p ro d u c t  <  -, • >  an d  a  sequence 

{.rn } of e lem ents  in / / ,  we have:

1. If y  =  a nx n (w here th e  range of n  is finite), then  y  is a  l inear com ­

binat ion  of x n , or y is linearly  d ep en d en t  on x n .

2. A sequence {xn } is linearly  d ep en d en t  if th e re  is Y l , i a nx n — 0 w ith  not 

all a n =  0. O therw ise  th e  sequence is l inearly independent .

3. T h e  span  of {.rn} is th e  set of all finite linear com binations  of x n .

4. T h e  sequence {.rn } is a  basis for I I  if for every y  £  H  th e re  exists a

u n iq u e  sequence of scalars {cvn } such th a t  y = ^ 2 n a nx n.

5. A sequence {:c„} is orthogonal  if m  ^  n  implies <  x m , x n > =  0.

6 . A sequence {;rn } is or thon or mal  if it is o r thogonal and  ||a:„|| =  1 for all

n.

7. A sequence { x n } is complete  if span  of {:r„} is dense in L 2(R ) ,  or equ iv ­

alen tly  if th e  only e lem ent x  £  L 2(R )  which is o r thogonal to  every  x n is



8 . An o rth o n o rm al  sequence {e„} sa tisfy ing th e  following equ iva len t condi­

tions:

(a) {e„} is com plete ,

(b) J 2 n | <  x, en >  | 2 =  | |® | | 2 for all x  G H ,

(c) X  =  <  X ' e n  >  e« f°r a" X  ^

is called an or thonormal  basis.

9. A sequence {en } is called th e  s tandard basis for H  if

is th e  Kronecker  delta.

O perators

A ssum e G  and  H  are H ilbert spaces with norm s || • | |g , || • ||// an d  inner  p ro d u c ts  

<  ■ > g , < • , • > « ,  respectively  and  th a t  /  : G  —> H .

1. T h e  range of /  is ra n g e (  f )  — { f ( x )  : x  G G}.

2. f  is l inear  if f ( a x  +  by) =  a f ( x )  +  b f ( y )  for all x , y  G G  an d  a ,b  G C.

3. /  is one- to-one  if x  ^  y  implies f ( x )  ^  f ( y ) -

4. /  is onto  if r a n g e ( f )  — H .

(2.3)

where

7 7111

m  =  /i, 
m  n ,

(2.4)



5. /  is bijective if it  is one-to-one and  onto.

6 . T h e  n o r m  of /  is \\f\\ =  su p { | | / ( a ; ) | | / /  : x  G G  an d  ||.c | | g  =  1}-

7. /  is an i somet ry  if it is on-to-one an d  n o rm  p reserv ing  i.e. ||/(.x-) | |h  =

||.x'|(g f° r x  G G.

8 . If /  is one-to-one, l inear and  onto , th a n  it is called a  l inear i somorphism.

9. A un i tary  f  is a  linear b ijective isometry.

T ranslation , m od u lation  and d ilation .

Define th e  following operators :

translat ion

(T a) f ( t )  = f ( t  +  a ), a e R , (2.5)

modulat ion

( R b) f ( t )  = f ( t ) e 2n ib t b G (2 .6 )

dilation

( D c) f ( t )  = cl ' 2f ( c t ) ,  c G R +. 

T h e  o p era to rs  T a, Rb and  D c a re  no rm  preserv ing  i.e.

(2.7)

i i / i i  =  i i ^ / i i  =  \ m \ \  =  \ \ D c f \ \ , (2 .8 )

an d  we have

(:TaR b) f ( t ) = e2mb^ f ( t  +  a), (2.9)
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( R bT a) f ( t ) =  e2”ibtf ( t  + a ), (2.10)

('T aD c) f ( t ) =  c ' ' 2f ( c t  +  a),  ' (2.11)

( D cT a) f ( t ) =  c l^2f ( c t  +  ca), (2.12)

( R bD c) f ( t )  =  c ' ' 2e2"ibtf ( c t ) ,  (2.13)

( D cR b) f ( t )  =  c l' 2e2”ibctf { c t ) .  (2.14)

Moreover, we will use f mn{t) =  R bT - af { t )  = f ( t  — a ) e 2mbt.

Fourier transform .

T h e  Fourier t ran s form f  of /  an d  th e  inverse tran sfo rm  /  a re  defined by

f ( v )  = J  m e - ^ d t ,  / ( „ )  =  / ( - " ) ,  / ' € / ? ■  (2.15)

W e have /  =  /  =  / ,  and

( O J )  =  / 2a / ,  (2-16)

( C / )  =  7 0 , 0  (2.17)

( C 7 )  =  D 1/af .  (2.18)

For / ,  g  E L 2 (/7) we have th e  Plancherel  f o rm ula

(2.19)

an d  th e  Parseval  fo rm u la

< f , 9  > = <  f , 9  > = <  f , 9  > ■ (2 .2 0 )

T h e  convolut ion  o p e ra to r  f ( x )  o g ( x )  is defined by

f ( t )  o g ( t )  = J  f ( r ) g ( t  -  t ) d r .  (2 .2 1 )



2.2 Zak Transform

T h e  Zak T ransform  (also te rm e d  Weil-Brezin m ap p in g  or kq rep resen ta tio n )  

was known a lready  by Gauss, b u t  it was no t until  Zak rediscovered it an d  s tu d ­

ied sys tem atica lly  th a t  it cam e to  a t te n t io n  of th e  signal processing com m unity . 

Since th an  it  becam e an  im p o r ta n t  m a th em a tica l  tool for signal ana lysis  app li­

cations, especially for co n s tru c t in g  a lgo ri thm s in G ab o r ian  analysis. T h e  two 

m ain  fea tu res  t h a t  Zak T ransform  brings to  th e  c o m p u ta t io n  of th e  d iscre te  

G ab o r  expansions are: a  well-defined c r i te r ium  for se lecting  legal G a b o r  ex p a n ­

sions and  sim plification of th e  overall a lgo ri thm ic  s t ru c tu re .  In c h a p te r  four we 

will apply  th e  finite Zak t ran s fo rm  to  design efficient and  flexible a lgo ri thm s 

for co m p u tin g  discre te  G a b o r  expansions  a t  in teger and  fractional oversam ­

pling ra tes.  A crucial fe a tu re  of th e  Zak transfo rm  is its in t im a te  re la tionsh ip  

with  th e  Fourier transfo rm . Indeed, th e  Zak tran sfo rm  can be  in te rp re te d  as 

a  generalization of th e  Fourier t ran sfo rm  with  th e  function /( / ,)  sam p led  a t 

in teger points  r  w ith  th e  t im e  offset r .  T h is  re la tionship  will be explo ited  

in ch ap te r  five to  replace th e  Fourier t ran sfo rm  co m p u ta t io n s  by opera t ions  

perfo rm ed  in th e  Zak dom ain  in th e  G erchberg-Papoulis  signal ex trap o la t io n  

p rocedure , to  o b ta in  an efficient jo in t  t im e-frequency dom ain  a lgo ri thm . 

W hile  these  two exam ples  p rov ide  convincing a rg u m e n ts  for b ring ing  th e  Zak 

t ran sfo rm  to  th e  cen te r  s tage of signal processing, a  n u m b er  of issues still re­

m ain  to  be explored. T h e  re la tionsh ip  betw een signal p ropert ies  in th e  t im e  

dom ain  an d  in th e  Zak space should  be  investigated  in m ore  deta il ,  especially 

with  regard  to  Zak tran sfo rm  zeros and  surface curva tu re .  A pp lica t ion  of
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th e  finite (an d  m ultip lica tive) Zak transfo rm  to m u l t i ra te  filtering is a n o th e r

prom ising a rea  of research. Finally, th e  use of Zak tran sfo rm  as a  represen ta -
1

t ional tool in signal p rocessing should be fa r th e r  investigated .

In th e  following we will review som e of th e  m ore  im p o r ta n t  p rope rt ie s  of the  

continuous Zak tran sfo rm , give sim ple exam ples of signals in th e  Zak space and 

provide a fo rm ula t ion  of th e  d iscre te  Zak transfo rm . M ost of th e  p rope rt ie s  

reviewed in th e  section will b e  given w ith o u t  proofs, which can be found in 

J a n s s e n ’s p ap e r  [53] or in [8 ].

2.2.1 T he C ontinuous Zak Transform

T h e  Zak T ransform  of a  con tinuous signal / ( / )  can be defined by

Z j ( v , t ) =  J 2 f ( T +  r ) e 2*iT\  r e Z , - o o  <  r ,  v  <  oo, (2 .2 2 )
r

where v  and  r  can be in te rp re ted  as t im e  and  frequency  variables.

T h e  m ain  p rope rt ie s  of th e  con tinuous Zak tran sfo rm  are:

1. Energy preservation.

Z T  is an isom etry  from  H ilbert  space L 2(R )  on to  L 2( / 2) w ith  th e  in ­

ner p ro d u c ts

/
OO

/(*)<f
•oo 
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and

< Z f , Z g > = [  f Z j( v ,T ) Z * { i / ,T ) d v d T .
Jo Jo

We have

< /■>9 > —< Z / , Z g > . (2.23)

In p a r t ic u la r

11/(0111 =  \\Zf (>',T)\\l  (2.24)

2. Inversion formula.

T h e  function /  can be recovered from  Z j  by th e  inversion fo rm ula

f ( T  +  r ) =  f Z s {v ,T )e~2™''dp.  (2.25)
Jo

3. Periodicity.

Z T  is period ic  in frequency  variable  and  quasiperiod ic  in t im e  variable:

z f i 1'  + l , T ) = Z f ( v , r ) ,  (2.26)

Z / ( ^ r  +  l )  =  Z / ( ;/ , r ) e - t o . (2.27)

Hence, Z j  is com plete ly  d e te rm in ed  by its values on th e  u n i t  square  I 2.

4. T im e  an d  frequency  shifts.

( Z T a) j (v ,  t ) =  Z f (v, t  +  a) ,  (2.28)
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( Z R b) f ( v , T) =  Z j ( v  +  b ,T )e M b r i (2.29)

so th e  t im e  shift in th e  signal is reflected in t im e  shift  in th e  Zak t ra n s ­

form.

5. Dilations.

C - l  .

( Z D C) M  r )  =  c - , / 2  £  Z , (  — , c t )  (2.30)
r = 0  C

and
C- 1 ,

{ Z D y e )s (u ,T )  =  c - ' l 2 Y , Z A cv’ T— V 2™ V- (2-3i)
r=0 6

6 . Fourier transfo rm .

We have th e  following re la tions

Z f ( » , T )  =  Z f ( - T , » ) e ~ 2™  (2.32)

and

Z J ( v , T )  =  Z s { T , - v ) e - 2* i v r , (2.33)

so, up  to  a  phase  factor e -2,r“' T, 90 degrees ro ta t io n  of th e  Zak transfo rm

of /  p roduces  th e  Zak t ran sfo rm  of / .

7. T im e-l im ited  and  b an d - lim ited  signals.

Let 0 <  a, b < 1 /2 .  We have th e  form ulas

z f ( ^ T ) =  / ( T)> M  <  1/2, - o o  < / / <  oo, (2.34)

13



Z f ( v , T )  =  f { - i y ) e ~ 2iriuT, —oo < t  < oo, M  <  1 /2 , (2.35)

when /  is t im e-lim ited  to  [-a, a] and  b an d - lim ited  to  [-b, b], respectively. 

Hence, when /  is t im e-l im ited  to  [-a, a], then  — 0 for a <

M  5 - 1 / 2 , and  when /  is b an d - lim ited  to  [-b, b], th en  — 0  for

b <  | r |  <  1 / 2 .

8 . T im e  reversal an d  com plex  conjugation.

Z j_ { v , t ) =  Z / ( —//, —r ) ,  (2.36)

Z s . { v , t ) = Z ) { - v , t ).  (2.37)

9. Convolu tion .

Z ( f  o 3)0 ' , r i )  =  f Z f { i ' , T ) Z g(i',ri -  r ) d r ,  - o o  <  //, 7/ <  oo. (2.38) 
Jo

Z { f g ) U , r ) =  f  Z f { v , T ) Z g{Z -  v , r ) d v ,  - o o  < £ , t  < oo. (2.39) 
Jo

so th e  effect of convolution and  m ultip lication  of func tions  /  an d  g  in 

t im e  d o m ain  is reflected by convolution of th e  Zak t ran sfo rm s  Z j  and  Z g 

in th e  t im e  and  frequency dom ain ,  respectively.

10. C o m b in ed  t im e-frequency  shifts.

Zk„. (2.40)

11. F ourier  t ran s fo rm  of th e  p ro d u c t  Z /(/ / ,  r)Z*(i / ,  t ).

<  f , g mn > =  ^ ^ Z / (,A r ) Z ; ( / A r ) e - 2^ + ”- ) .  (2.41)
v  r

14



T h e  doub le  su m m at io n  can also be  in te rp re ted  as a  c ross-am bigu ity  func­

t ion  of signals /  an d  g  expressed  in te rm s  of th e ir  Zak transfo rm s.

12. Zeros of ZT.

If Z j  is a  continuous function of th e  two variables v  an d  r, th en  Z j ( i / 0, r0) =  

0 for som e ;/o,r0 w ith  0 <  Vq, r0 <  1 . T h is  is known as th e  Zero theorem . 

T h e  proof can be  co n s tru c ted  as follows.

S uppose Z j  is con tinuous and  has no zeros. Take

Z j {v , t ) — \ Z f ( v , T ) \ e 2wtifi(l/’T\  —oo <  v , t  <  oo,

w here  ip is a  con tinuous function  in b o th  variables. F rom  (2.26) and  

(2.27) we have th e  following period ic ity  re la tions

Z f {v,  1) =  Z f (u,  0 ) e - w ,

Z j ( \ , t )  =  Z/(0,r),

which lead to

<p(v,\) =  ¥?(/', 0 ) -  v  + p,

V?(l,r) =  v>(0,r) +  9,

w here  p  an d  q a re  in tegers in d ep en d en t  of u an d  r, respectively, by 

con tinu ity  of ip. C a lcu la t ing  (/?(1 , 1 ) in two different ways, we have:

^ ( M )  =  ¥>(1 , 0 ) -  1 + p  =  ¥>(0 , 0 ) +  (7 -  1 + p

^ ( C 1) =  ¥’(°) 1 ) +  <7 =  ¥’(0 , 0 ) + p  + q.
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Since th is  a  con trad ic t ion ,  Z j  m u st  have a  zero.

T h e  following result  gives som e ind ications where one m ig h t  ex p ec t  zeros 

in th e  Zak transfo rm .

If Z j  is continuous and

•  /  is even then  Zj (  1 /2 ,1 /2 )  =  0,

•  /  is odd  then  Z / ( 0 ,0 )  =  0, Z j ( 0 ,1 /2 )  =  0 and  Zj (  1 /2 ,0 )  =  0.

T h e  first four H erm ite  func tions  have th e  following zero p a t te rn s :

h Q : ( 1 / 2 , 1 / 2 ),

h, : (0 , 0 ), ( 0 , 1/ 2 ), ( 1/ 2 , 0 ), 

/i2 : ( 0 , 0 ), ( 1/ 2 , 1/ 2 ),

/l3 1/2),  (1 /2 ,0 ) ,  (1/2,  i /2 ) .

E xam ples o f  tim e-sign a ls and th eir  Zak transform s

1. R ec ta n g u la r  window function.

Let

' 1 , 0  <  t  <  1 ,
^  [ 0 , t < 0  or t >  1 .

We have

Zf {v, t )  =  e~2iri[T]u, - o o  < v, t  < oo,

w here  [r] denotes  th e  largest in teger <  r .  Z j  has a  u n i t  m o d u lu s  every­

where  an d  is d iscontinuous a t  all in teger r .
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2. Sync function.

f ( t ) =  s i n (n t \  
■Kt

Sim ilarly  as in th e  prev ious case, Z j  has a  u n i t  m o d u lu s  everyw here.

3. G aussian  window function.

Let

/ ( < )  =  2 1//4e _7r(2, —oo <  t  <  oo.

We have

Z j ( v , t ) — 2 1/,4e _7rT20 3 (7r(/y — * r ) ;  e _7r) ,  — o o  <  //,  r  <  o o ,

w here 0 3 is th e  th i rd  t h e t a  function, given by

03(z-,q) =  1 +  2 </n co.s(27roz), o com ple x .
n

Z j  has  a  single zero on th e  u n it  square  a t  (1 /2 ,1 /2 ) .

4. Two-sided exponen tia l  w indow function.

Let

/ ( / )  =  _ o o  <  t <  oo, a  >  0.

We have

ZVT z v ^— T
Z / ( i / , r )  =  — 1- f ------- , —oo <  /y, r  <  oo,

2  — 7’ 1 — 7-2
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where

_  ' l ir iu  ^  — 2 t t at n  1z — e , ?* =  e , U S  ^ S  ^

Z /  has a  single zero on th e  u n it  sq u are  a t  ( 1 / 2 ,1 / 2 ).

5. O ne-sided exponen tia l  w indow  function .

Let

f  - 2 i r a t  t  >  0

■«'■) =  {  0 , ’ r <  0 .

We have

z r T
Z r ( v , T )  =  --------, —oo <  ;/, r  <  oo,

z  — r

w here  z  and  r  are  defined in th e  previous exam ple . Zj  has no zeros on 

th e  u n it  square.

6 . Chirp .

C onsider

f ( t )  — eml , —oo <  t  < oo.

We have

Z j { v , t ) =
r

_  e 7rtr2 y  '  e.2 7 r « > (r + //+ l/2 )  

r

=  e™ 2 Y , S ( r  +  !' + l / 2 - r ) ,
r

which shows th a t  Z j  is co n cen tra ted  on lines r  =  —v  +  r  — 1/2.
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2.2.2 T he F in ite  Zak Transform

Sam ple  th e  continuous signal f ( t )  a t  an d  define

m  =  m ) ,

such th a t

f(k)  =  f ( k  +  p),  k e z , (2.42)

where P  is a  p ro d u c t  of integers M  and  N.  A / ’-period ic  func tion  /  is d e te r ­

m ined by its values

/(0),  / ( l ) ,  •••, f { P  — 1).

A lterna tive ly , we can rep resen t  /  as a  tw o-d im ensional M  X N  a r ray

f ( k ,  r) = f ( k  +  rA f) ,  0  < k < M ,  0  <  r  < N,  

so th e  / ’-p o in t  d a t a  in (2.43) can be rem ap p ed  as

/ ( 0 , 0 ), 
/ ( 0, 1),

f ( i , 0 ) ,  
/ ( 1, 1),

, / ( M - l , 0 ) 
, f ( M -  1 ,1)

(2.43)

(2.44)

(2.45)

_ f ( 0 , N - l ) ,  f ( l , N  — 1), . . . , / ( M  — 1, Af — 1)

T h e  d iscre te  Zak transfo rm  Z f ( l , k ), l , k  E Z  of a  per iod ic  signal /(fc) w ith  

period  P  is expressed by th e  formula

N - l

(2.46)
r—0
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Z j ( l , k ) is M -q u asip e r io d ic  in k  variable

Z f (l, k  +  M )  = e~2vil/N Z f {l, k)  (2.47)

and  A^-periodic in I variable

Z f (l + N , k )  = Z f ( l , k) .  (2.48)

Proof.

N - 1

Z f ( l , k  + M )  =  ^ / ( A :  +  r M  +  M ) e w / N
r = 0

=  ^ 2 . f { k  + r M ) e 2iri{r- l)l/N
r = 0

=  e~2nillNZ j ( l , k )

T h e  second re la tion  follows from  iV-periodicity of e2mrl/N in /. □

It follows th a t  Z j ( f k )  is com plete ly  d e te rm in ed  by its values

Z f {l , k) ,  0 <  I < N,  0 < k <  M.  (2.49)

To o b ta in  (2.49), we c o m p u te  th e  A ppoint Fourier t ran sfo rm  of each colum n 

of (2.45). Overall,  co m p u tin g  Z j  requires M  Appoint Fourier transfo rm s.

T h e  finite Zak t ran sfo rm  preserves inform ation . T h e  func tion  f ( k )  can be 

recovered from  its Zak tran sfo rm  by th e  form ula

i N - 1

/ ( fc) =  j v E Z^ fc)> 0 < i f c < P - l ,  (2.50)
1=0
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or
N - 1

f ( k  +  r M )  =  fc)e_2x^ ,  0 <  k < M ,  0 < r < N ,  (2.51)
(=0

which follows d irec t ly  from  su b s t i tu t in g  (2.44) for (2.42).

All p rope rt ie s  of th e  con tinuous Zak tran sfo rm  described  in Section 2.2.1. have 

d iscre te  co u n te rp a r ts .  We will conclude w ith  th e  d isc re te  form  of two im p o r­

t a n t  formulas: th e  com bined  t im e-frequency  shifts  an d  th e  Zak space rela tion  

between a  function an d  its  Fourier transfo rm .

Define

T hen

Proof.

9,„N,nM(k) = < l { k - n M ) e !n,n‘‘’ . (2.52)

Z » , ( I ,  * )  =  * ) .  (2.53)

N - 1

t )  =  ^ / ( H r M - » I K ) t !" i e’"
7 '— 0

=  e 2ni!^ Z j { l  +  7 7 i N , k - n M )

=  e,27Tl ^  Z g(l, k  — n M )
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We have th e  following re la t ion  betw een  th e  Zak t ran sfo rm s  of a  fu n c tio n  /  and  

its Fourier  t ran sfo rm  f

A T 1 Z j{ l ,  k)  =  Z f ( - k ,  l )e~27Tikl/p (2.54)

and  Zak tran sfo rm s  of a  function /  an d  its inverse Fourier t ran sfo rm  /

k) = Z j ( k , - l ) e- 2nikt/p. (2.55)

Proof.  Set

Si nee

then

whene

E x p an d in g

G ( l , k )  = Z f ( - k , l ) e - 2lTikl/p.

G ( l + N , k )  =  G ( l , k ) ,

G( l ,  k  +  M )  =  G ( l , k ) e ~ 2,ril/N,

G ( l , k )  =  Z g( l , k )

M—1

k=o

M - 1 N - 19(1) = AT1 E E  e-2mkl/Pjy + rM)e- 27!" k/N
1=0  r —0
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M - 1 N - 1

=  M_1 S  £  ^  +  rM )e“2,r,'*(<+rM)
/ = 0  r = 0

-  M - 1 Y t f ( p ) e ~ 2*i&
p —0

=  M ~ l f ( p ) .

T h e  second re la tion  follows from th e  first one. □
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Figure  2.1: T h e  first four H e rm ite  functions (clockwise from  top-left) .
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F igure  2.2: Zak t ran s fo rm  m a g n i tu d e  of th e  first four H e rm ite  func tions  (clock­
wise from  top-left) .



C h ap ter 3 

T h e G abor E xp an sion  - A  B r ie f  
O verview

This  ch a p te r  is in tended  as a  concise in tro d u c t io n  to  th e  field. It exposes th e  

G abor expansion  as a  valuable t im e-frequency  tool for a signal an a ly s t  and  

reviews som e of th e  concepts  th a t  a re  cen tra l  to  th e  th eo ry  of G a b o r  rep re ­

sen ta t ion ,  such as th e  jo in t  t im e-frequency  localiza tion and  th e  invertib il ity  of 

th e  d isc re te  G a b o r  transfo rm . U n d e rs tan d in g  of th ese  concepts  is essential in 

co n s truc tion  of efficient and  flexible a lgo ri thm s for d igita l signal processing. 

This  c h a p te r  has been organized in to  four sections. T h e  first sec tion  addresses  

th e  basic concep ts  of G ab o r  expansion  theory. T h e  second section p resen ts  a  

survey of G a b o r  expansion  a lgorithm s. Section th ree  discusses th e  m a n y  app li­

ca tions of G a b o r  expansion , especially im age processing. Finally, section four 

es tab lishes th e  re la tion  of G a b o r  expansion  to  o th e r  t im e-frequency  m eth o d s .  

T h e  m a te r ia l  p re sen ted  here spans fife decades of research d one  by engineers 

an d  m a th em a tic ian s .  Articles by Tolimieri et al [8,9] an d  O rr  [62] p rov ide  an 

excellent in t ro d u c t io n  to  th e  field. M ore advanced  readers  will ap p re c ia te  an
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early  te x t  by Tolimieri et al [6 ] and  a  m ore  recent p a p e r  by Jan ssen  [51]. 

M uch of th e  m a te r ia l  covered in section two can be  found  in O r r  [61,62]. In 

section th ree  nu m ero u s  references are  given b u t  p e rh ap s  th e  m o s t  im p o r ta n t  

ones are P o ra t  a n d  Zeevi [65] an d  P o ra t  an d  F ried lander  [40]. For section  four 

see C ohen [27] an d  H law atsch an d  B o u d reau x -B ar te ls  [47].

3.1 Introduction

A G ab o r  rep resen ta tio n  [41] of a  func tion  f ( t )  is a  series expansion  of th e  form

/ ( ' )  =  £ £  QmnQinn (O ’ (^* 0
771 71

where gmn(t)  a re  th e  t im e  an d  frequency  shifted  versions of th e  synthesis  w in­

dow func tion  g( t )

Qmn(t) = g( t  — n T ) e 2™nUt, (3.2)

g( t )  is a  finite energy  window func tion  no rm alized  accord ing  to

/
OO

l*(0 l2<a =  i ,  (3-3)
•oo

and  a mn, ??i,n £  Z  a re  th e  G ab o r  coefficients. T h u s  G a b o r  expansion  re p ­

resents  a  signal f ( t )  as a  superposit ion  of sh ifted  (over d isc re te  t im es  n T )  

and  m o d u la ted  (w ith  d iscre te  frequencies m ( l )  versions of th e  e lem en ta ry  sig­

nal g( t) .  Each shifted  an d  m o d u la ted  window g( t )  is ass igned a  weight a„17l, 

square  m ag n i tu d e  of which provides a  m easu re  of energy of th e  signal f ( t )  a t  

th e  (m ,?z)-th  logon.

T h e  t im e  shift T  an d  th e  frequency  shift Vt satisfy th e  re la t io n sh ip  ( I T  — 1
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which defines th e  critical sam pling. G a b o r  expansion  co n s t i tu te s  a  special 

case of m ore  general s t ru c tu re s  called W eyl-H eisenberg  sys tem s which are not 

re s tr ic ted  to  th e  above condition. We will re tu rn  to  th e  concep t  of Weyl- 

Heisenberg system s la te r  in th e  chap te r .

T h e  classical choice for th e  window func tion  is th e  G aussian  signal

g( t )  =  21/ “e - iri2 (3.4)

d is t ingu ished  by th e  p ro d u c t  of its effective w id ths  on th e  t im e  an d  frequency 

axes, being  th e  m in im al possible according to  th e  u n c e r ta in ty  principle. In­

deed, using th e  second m o m en ts  of g  as a  m easu re  of d u ra t io n  of g( t )  and

<H")

f t 2\g(t )\2dt
( A t ) 2 =

(L \v ) 2 =

j \ g { t ) \ 2dt ’

S  V2\g{v)\2du
j \ g { v ) \ H u

it can be shown [63] th a t  th e  p ro d u c t  of th e  t im e  sp read  A t  an d  th e  b an d w id th  

A v  is l im ited  by th e  inequality

A t  A y  >  1 / 47T (3-5)

and  achieves th e  m in im u m  when g  is a  G aussian  signal.

Besides hav ing  th e  bes t  jo ined  t im e-frequency reso lu tion  th e  G auss ian  function 

has a  n u m b e r  of o th e r  desirab le  properties : it is an e igenfunction  of th e  Fourier 

tran sfo rm , has th e  ’p ro p e r’ sm oothness ,  fast decay an d  lack of ringing, and  can 

describe th e  recep tive  field of a  visual cortical neuron  [32], which has  significant
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advan tages  in such app lica tions  as im age coding and  co m p u te r  vision.

T h e re  a re  o th e r  choices possible for th e  window func tion ,  two of which are 

especially in teresting : th e  rec tan g u la r  function

1 , 0  <  t < 1 ,
 ̂ 0 , o th erw i se ,

an d  th e  sine func tion  g( t )  =  In th e  first case th e  G a b o r  expansion  has an

especially easy in te rp re ta t io n :  th e  signal / ( / )  is ’sp l i t ’ in to  a  d iscre te  set {/,•} 

defined on successive t im e  intervals [n T , (n  +  1 )T], w ith  a  Fourier t ransfo rm  

being tak en  of each /,-. Since th e  rec tan g u la r  function  and  th e  sine function  

form a  Fourier t ran sfo rm  pair,  th e  la te r  window provides a  signal descrip tion  

a t  successive frequency  intervals. Incidentally, th e  shifted  an d  m o d u la te d  sets 

of b o th  th e  rec tan g u la r  w indow and  th e  sine window form  o r th o n o rm a l  basis. 

In general however th is  does not need to  be th e  case. For a  G auss ian  window 

in p a r t ic u la r  th e  inner  p ro d u c t

7T
<  Q19mn > =  e x p [ - - ( m ' 2 +  n 2)], 

which implies th a t  th e  set (3.2) for g  in (3.4) is n o t  o rthogonal.

3.2 Survey o f A lgorithm s

Since th e  set {gmn} does not co n s t i tu te  an o r th o n o rm al basis, th e  s ta n d a rd  in ­

ner p ro d u c t  rule can not be used for co m p u tin g  th e  expansion  coefficients and  

a l te rn a t iv e  techniques have to  be  developed. In th is  section we will describe 

th ree  m e th o d s  for co m p u tin g  G ab o r  coefficients: th e  b io rthogonal m e th o d ,  th e
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Zak t ran sfo rm  m e th o d  and  th e  deconvolution m eth o d .

In 1980 B as t iaan s  proposed  a  solution to  th e  G a b o r  expansion  inverse p ro b ­

lem u tiliz ing  th e  concep t of b io r thogonal window. As it b ecam e  ev iden t  th a t  

a  s tab le  an d  u n iq u e  solution  canno t  be expec ted  for windows w ith  desirab le  

localization p rope rt ie s ,  B as t iaan s  theo ry  was la te r  ex ten d ed  to  oversam pling  

s i tu a t io n s  v ia  th eo ry  of fram es. A radically  different app roach  was taken  by 

A uslande r  an d  Tolimieri, who used th e  calculus of th e  Zak t ran s fo rm  to  develop 

an efficient m e th o d  for co m p u tin g  G a b o r  coefficients and  specified conditions 

for s tab i l i ty  of th e  co m p u ta t io n .  Later,  again using th e  Zak t ran sfo rm  th e ­

ory, A uslande r  an d  Tolimieri fo rm ula ted  th e  deconvolu tion  a lg o r i th m , re la ting  

G ab o r  rep resen ta tio n  to  th e  am bigu ity  func tion  an d  th e  sh o r t- t im e  Fourier 

transfo rm . In th is  section we will discuss th e  ideas t h a t  led to  fo rm u la t io n  of 

th e  th ree  m eth o d s ,  explain  th e  t ran s i t io n  from infinite and  con tinuous  to  finite 

and  d iscre te  case and  co m p are  th e  a lgo ri thm s co m p u ta t io n a l  efficiency.

3.2.1 T h e B iorthogonal M ethod

In [12] B as t iaans  have shown th a t  if /  can be  expressed as

/"(O ^  ^
m  n

an d  s im ultaneously  in th e  form

y*(i) — ^   ̂^  ^
m  n
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then  th e  G a b o r  coefficients can be syn thes ized  as follows

amn = J f ( t ) h * lin{ t ) d t = < f ,h m„ > .  , (3.6)

S u b s t i tu t in g  (3.6) in to  (3.1) leads to  th e  com ple teness  re la t ion

^ 2  9*nn(^)hmn(t2) =  S(U ~  h ) , (3-7)
t \  (2

from which we conclude th a t  th e  expansions do exist.  A pply ing  th e  Poisson 

fo rm ula  to  (3.7) yields th e  b io rthogonal re la tion  [85]

j  9m n ( 0 M 0 ^  =  6m- k6n-l ,  (3-8)

which for k  =  I =  0  takes  form

j  U m n W W W t  =  (3.9)

or equivalen tly

Z * ( i ; ,T )Z h(iy,T) =  1, (3.10)

from which h can be c o m p u ted  th rough  th e  inverse Zak tran sfo rm

=  (3 -n )

A pplication  of (3.6) is o b s t ru c ted  by several p roblem s. F irs t ,  it is no t tr iv ia l  

to  d e te rm in e  a  function  t h a t  is b iorthogonal to  an a rb i t ra ry  given func tion .  

E xcep t  for a  few signals such as th e  G aussian  an d  th e  ex p o n en tia l ,  b io r th o g ­

onal func tions  a re  no t known analytically . Second, since con tinuous  func tions

lead to  zeros in Z g th e  equa tion  (3.8) has a  hom ogenous solution . T h e  analysis



func tion  h in t h a t  case is no t unique: if h( t )  is a  window func tion  th e n  x ( t ) can 

be co n s tru c ted  such th a t  th e  Z * Z X p ro d u c t  vanishes on th e  sam e  set as does 

th e  p ro d u c t  Z*Zh ,  so th e  su m  h( t )  +  x ( t )  co n s t i tu te s  a  p ro p e r  w indow  too. 

T h ird ,  it is very difficult to  have th e  window func tion  an d  th e  b io r thogonal 

function b o th  having  a  good tim e-frequency  localization. As can be  seen from 

(3.10) th e  Zero th eo rem  in tervenes and  a continuous, well localized g  inev itab ly  

leads to  an infinite energy, d iscontinuous window h. As a  resu lt  th e  coefficients 

have bad  convergence p rope rt ie s  and  a  s tab le  signal reco n s tru c t io n  is no t  pos­

sible. One can a t t e m p t  to  find a  s tab le  solution in th e  oversam pled  s i tu a t io n ,  

where num erical m e th o d s  exist [85] for de te rm in ing  th e  b io r thogonal  func tion  

th rough  solving an u n d erd e te rm in ed  linear system . T h e  p ro ced u re  however is 

cum bersom e an d  th e  solution is non-unique. In [69] Qian used th e  w in d o w ’s 

non-uniqueness  by im posing add itional constra ins  on b io rthogonal func tion  

and  co n s tru c ted  an a lg o ri th m  which p roduces a  b io r thogonal func tion  t h a t  is 

closest to  a  given window.

3.2.2 T h e Zak Transform  M ethod

T h e  second m e th o d  of co m p u tin g  G abor coefficients is based  on Zak tran sfo rm  

in troduced  in c h a p te r  two. T ak ing  th e  Zak tran sfo rm  of b o th  sides of (3.1) 

yields

z f(>'iT) = Y l Y l ^ n Z g ^ ' ^ T ) -  (3‘12)
771 71
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Using (2.40), we have th e  following re la tion  am o n g  th e  Zak t ran sfo rm s  of /  

an d  g, an d  th e  G a b o r  coefficients

Zf ( v , T)  =  Z g( v , T ) Y , Y , a™ e2m{nTl/+mnT)- (3-13)
in n

Dividing by Z g an d  tak in g  th e  inverse Fourier t ran sfo rm  of b o th  sides yields 

th e  inverse form ula

«mn = [  f  ZJ ^ T\ e~2^ nT"+mUT\ lvdT .  (3.14)
J t J q Zg{l/ ,T)

Due to  th e  Zero th eo rem  th e  Zak tran sfo rm  of a  sm o o th  window has zeros in 

th e  u n it  square. Unless Z j  has  m a tch in g  zeros, th e  ra tio  Z j / Z g is no t  square  

in tegrab le  an d  th e  fo rm ula  (3.14) does no t p ro d u ce  finite G a b o r  coefficients. 

For a G aussian  window in p a r t ic u la r  Z g has a  zero a t  (1/2,1 / 2 )  an d  th e  energy 

of expansion  coefficients

l«mn|2 =  oo. (3.15)
111 11

A re la tion  betw een  zero sets of th e  window g , th e  signal / ,  com pleteness  of the

G ab o r  expansion  and  s tab il i ty  of th e  co m p u ta t io n  will be  discussed in detail

in c h a p te r  four. It  is w orth  m ention ing  however, t h a t  unlike in th e  case of th e  

b io rthogonal m e th o d ,  th e  Zak tran sfo rm  a lg o ri th m  provides s im ple  an d  easily 

co m p u tab le  c r i te r ia  for d e te rm in in g  s tab il i ty  of th e  G a b o r  expansion  and ,  as 

will be  seen la te r  in th e  ch ap te r ,  co n s t i tu te s  th e  m ost  efficient an d  flexible 

techn ique  for co m p u tin g  G a b o r  coefficients.



3.2.3 T h e C onvolution  M ethod

W e s ta r t  w ith  th e  equa tion  (3.13) from  Section 3.2.2. an d  m u ltip ly  b o th  sides 

b y z ;

z f ( v , r ) z ; ( v ,T)  = \ z g(v ,T ) \2 Y , T , a™ e~2"ilnT,,+maT)- (3 -16)
m  n

T h e  left-hand  side of (3.16) is a  doub ly  period ic  function. W e can w rite

Z s (v, t ) Z ; { u , =  (3T 7)
m  7i

Prov id ing  th a t  /  and  g  a re  sm oo th ,  th e  Fourier series in (3.17) converges 

abso lu te ly  an d  its coefficients are  given by

b m n  = j  j  Z f ( u , T ) Z ; ( u , T ) e 2^ nT,'+maTU VdT. (3.18)

Using (2.40) we have

bmn =  J  j  Z A > ' , t ) Z ;  (//, t)(IimIt  (3.19)

an d  by (2.41) becomes

b m n  = J  f(t)g*mn(t )d t ,  (3.20)

or

^mu —^  f'tQinn • (3 .2 i)

Similarly, since |Z g \2 is doubly  periodic, we can w rite

IZ g(u, t ) I2 =  J ]  E  cmne - 2^ nTv+milT\  (3.22)
m  71
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w here

Cjmi — 9i9mn  • (3.23)

We can w rite  (3.16) as

\  ^ \  ^ /  ~ 2 n i ( n T u + m Q r )  \  ^ \   ̂ — 27r i ( nTu- \ - mQr)  \  ^ \   ̂ — 2ni (7iTv-{-m£lT)
/  J /  J Umn'-' — /  j /  J I'liinC' * /  J /   ̂w77i?ie
m n m n m n

(3.24)

or as

7̂?m — ^   ̂C m ~ p , n ~ q ® p q - )  (3.2o)
P  7

which co n s t i tu te s  a  double  convolution

b = c o  a. (3.26)

To c o m p u te  G a b o r  coefficients we have to  deconvolve (3.26). C om bin ing  (3.16), 

(3.17) and  (3.21) and  m ak in g  th e  finite ap p ro x im a tio n  we can w rite

M - l  N - 1 M - l  N - 1

E  E  <  >  e - 2-<«T"+m^> =  |Z3(;y,r) |2 £  ] T  amiie - 2^ ’l7V+mnT>.
7/1 = 0  7 1 = 0  771 =  0  7 1 = 0

(3.27)

We co m p u te  G a b o r  coefficients via inverse Fourier transfo rm : 

r  f  . M - 1 N - 1

=  / ,  /  { 1 7 ( v r l | 2 } E  E  <  />*»» >  e - 2"K’‘- ’) ^ ”‘- ^ T] W ,  
J'i  Jn  I s( 7 )l m=0 n_0

(3.28)

As in th e  Zak tran sfo rm  m e th o d  care  m u s t  be  taken  to  avoid zeros of Z g in

th e  sam pling  process. If Z g vanishes a t  som e po in t,  th e  division s tep  in th e

deconvolution a lg o ri th m  becom es num erically  uns tab le .

T h e  im p o r tan ce  of th e  deconvolu tion  fo rm ula  lies in p rov id ing  com parison
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betw een G a b o r  rep resen ta tio n  and  a  sam pled  sh o r t - t im e  Fourier t ran s fo rm , 

which leads to  in te rp re ta t io n  of th e  sam pled  sh o r t- t im e  Fourier t ran s fo rm  as 

a  tw o-d im ensional convolution of G a b o r  coefficients w ith  a  sam pled  a u to a m ­

biguity  function of th e  window. We will re tu rn  to  th is  re la t ionsh ip  in section 

four.

3.2.4 T h e D iscrete  Case

N um erical im p lem en ta t io n  of (3.1) and  (3.14) requires d iscre tiza tion  an d  fini- 

t iza tion ,  which necessita tes  tak in g  per iod ic  ex tensions of th e  t im e  functions. 

Period iza tion  and  sam pling  of f ( t )  reduces th e  continuous G a b o r  expansion

to  a  d iscre te  linear m ap p in g  t h a t  re la tes  th e  sam ples of th e  period ized  /  w ith

period  P  to  a  doubly  period ic  M  x  N  a r ray  of G a b o r  coefficients, w here  M  is 

th e  n u m b er  of frequency cells, N  is th e  n u m b er  of t im e  cells an d  M N  =  P.  We 

will derive th e  d iscre te  version of (3.1) in th e  co n tex t  of W -H  expansion  (w ith  

& T  <  1), o b ta in in g  th e  d iscre te  G ab o r  sum  form ulation  as a  special case. Set 

M N  = M ' N '  = P, SIT  =  l / R , M  = R M ' , N '  =  R N .

Take th e  period ic  ex tension  f N 'T (t)  of f ( t )  such th a t

f N'T (t) =  Y ,  w  +  a N ' T ) ’ cv e  z ’ (3 -29)
cv

and  w rite  th e  W -H  expansion  of f N 'T ( i )  as

a  in  n

=  E  Y  a mn'9N 'T {t ~  n T ) e 2' itmn, (3.30)
??i n
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w here

g N"r (t) =  ' £ i g ( t  +  a N ' T ) .  (3.31)
CY

O bserve t h a t  G a b o r  coefficients a mn a re  invarian t  to  jo in t  p e r io d iza t io n  of th e  

signal and  th e  window. Set m  = p  +  7-M ,  n '  =  q' +  s N ' , 0 < p  < M ,  0 <  

q' <  TV', r, s G Z ,  which yields 

M  — 1 N ' ~  1

f N’T(t) = E E E E - W  + »Ar')r)e2",lp+'">“
r  s  p = 0 t/'= 0

M - l  N ' - l

=  E E E E -  , T ) e M <’ +' " > 0 . (3.32)
r s p = 0  < /= 0

Sam ple  th e  con tinuous signal f N 'T (t.) a t  t*. =  ^  an d  in tro d u ce  a  sh o r th an d  

no ta tion

/ ( * )  =  (3.33)

« (* )  =  « ”  ( = ; ) ■  (3.34)

M
.rr .kT

M

T h e  expression (3.32) reduces to

M - l  J V ' - l
■ k ( p + r M)  

RM'/ ( & )  =  a v + r M , q > + s N ' g { k  -  q ' M ' ) e 2m'
r  s  p = 0  q '= 0  

M - l  N ' ~  1

=  E E £ E <î ' + * w'} « ( fc- w n ' ^  (3 .3 5 )
p = 0  g '= 0  r s

Define a  doub ly  periodized array

=  ^   ̂ ^  ( dp+rMfq’+sN11 (3.36)
r  s
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which in effect yields th e  fo rm ula

M —1 N ' - \

f W  = E E - <( **')<?«%. (3-37)
p = 0 q ' =  0

T h e  array  ap^  is per iod ic  in t im e  an d  frequency w ith  periods  M  an d  N '  and  

it forms a  tw o-dim ensional d iscre te  Fourier t ran sfo rm  p a ir  w ith  th e  a r ray  oM /. 

For f l T  =  1 (or, equivalently , for M  — M \  N  — N 1) th e  fo rm u la  (3.37) reduces 

to
M - l  N - 1

h k )  =  E  E  ~  (3.38)
p = 0  (7=0

To ob ta in  th e  finite and  d iscre te  equivalent of (3.14) we s t a r t  w ith  (3.13), w r i t ­

ing it in a  per iod ized  an d  sam pled  version. Sam pling  th e  con tinuous  variables

v  and  r  a t  i>i =  t* =  ^  an d  se t t in g

/ 0  k-T
Z f { l , k )  = Z f { - , — ), (3.39)

/ q  k-T
Z g{ l , k )  = Z g( - , — ), (3.40)

we have

M - i  N - 1

z s [ i , k )  =  z g{ u k )  E E E E v ^ ^ ^ ^ ’
r 5 p = 0  r/=0

M - l  / V - l

=  Z3 ( I , f ) j ] E “ p / 2" '( K ) ' (3-44)
p = 0  7 = 0

A fter d ividing bo th  sides of (3.41) by Z g and  tak in g  th e  inverse D F T  we o b ta in  

th e  d iscre te  c o u n te rp a r t  of (3.14)



Similarly, we can ob ta in  ([62]) th e  d iscre te  c o u n te rp a r ts  of th e  deconvolution 

fo rm u la  (3.28)

pq -  M N  f -  ^  ^  J , 9 r t
1=0  k = 0  1 3K ’ yl r = 0  s = 0

(3.43)

and  th e  b iorthogonal fo rm u la  (3.6):

. M N - l

< " = M  S  m H k - q M ) e . (3.44)
k = 0

E q u a t io n  (3.42) is th e  exac t finite d iscre te  version of th e  con tinuous rep resen ­

ta t io n  (3.14), provid ing  a  care is taken  to  avoid aliasing in t im e  an d  frequency 

p ro d u ced  in th e  process of d iscre tiza tion . To limit t im e  aliasing, th e  period  

M N  of th e  signal and  window m ust  be taken  sufficiently long w ith  respec t to  

th e ir  lengths, so no overlap occurs in th e  period ized  /  and  g.  To g u a ran tee  

good frequency resolution th e  sam pling  ra te  M / T  m u s t  exceed th e  b an d w id th  

o f / .  If those  conditions  are  m e t ,  then  th e  a r ray  apq can be  identified w ith  one 

period  of th e  a r ray  apq and  th e  formula

M - l  N - 1

/ ( * )  a ^ k  -  (3.45)
p = 0  <7=0

provides a  good  ap p ro x im a tio n  of th e  signal / .  We will a ssum e th e  ap p ro x i­

m a tio n  (3.45) holds th ro u g h o u t  th e  rem a in d er  of th e  ch ap te r .

T h e  d isc re te  fo rm u la  (3.42) suffers from  convergence p rob lem s s im ilar  to  th e  

ones en co u n te red  in th e  con tinuous s i tua t ion .  If th e  zero set of Z j  does no t 

con ta in  th e  zero se t  of Z5 , th en  (3.42) does no t  lead to  a  s tab le  recons truc t ion
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of G ab o r  coefficients. Various a t t e m p t s  were m ad e  to  a llev ia te  th is  problem . 

In [4] a  sub in teger  shift of th e  sam p lin g  grid was suggested . O th e r s  proposed a  

decom posit ion  of th e  signal in to  two par ts :  one w ith  a  zero m a tch in g  th e  zero 

of th e  window and  th e  o th e r  w ith  a  zero m a tch in g  th e  shifted  version of the  

window [2], [9], [21]. Still an o th e r  way to  avoid th e  zero p ro b lem  arises from 

th e  observation  t h a t  th e  Zak t ran sfo rm  of th e  signal equals  th e  Zak tran sfo rm  

of th e  window tim es tr igonom etr ic  po lynom ial whose coefficients a re  G abor 

coefficients (3.41). If th e  ranges of th e  indices m  and  n  a re  finite, one recovers 

th e  po lynom ial from  sam ples loca ted  far away from  th e  zeros of Z g.

All of th e  proposed solutions have a  lim ited  applica tion : th ey  e i th e r  assum e 

co m p u ta t io n s  are perfo rm ed  a t  a  fixed sam pling  ra te ,  or co n s tra in  th e  choice 

of th e  window. In ch ap te r  four a  new m e th o d  is in t ro d u ced  t h a t  provides a  

general solution to  th e  zero problem .

3.2.5 W eyl-H eisenberg S ystem s and Fram es

T h e  G ab o r  expansion is a  special case of W eyl-H eisenberg  sys tem s

/ w  =  E E ^ ( J - ' i r )e“ '
v i  n

which is defined by th e  choice of th e  tessella tion  p a ra m e te rs  fl  =  T  =  1. In 

th e  co n tex t  of W eyl-Heisenberg sys tem s selection  of th e  window g  and  th e  

p a ram e te rs  O and  T  de term ines  com pleteness ,  un iqueness  an d  convergence of 

th e  rep resen ta tion .  For D.T >  1 th e  rep resen ta tio n  is incom ple te .  For f I T  =  1 

( th e  critical sam pling  case) th e  rep resen ta tio n  is in general u n s tab le .  As a  

consequence of th e  Balian-Low th eo rem  th e  set { gmu,nT '■ m , n  G Z  } does no t
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c o n s t i tu te  an  o r thogona l  basis an d  th e  s ta n d a rd  H ilbert  space in n e r  p ro d u c t  

m e th o d s  do not apply, if th e  window func tion  is sm o o th  an d  has  fast decay 

(which is th e  case w hen g is G auss ian ) .  An oversam pling  (SIT  <  1) alleviates 

th e  s tab i l i ty  p rob lem , th e  re p re sen ta t io n  in t h a t  case however is no t  un ique, 

i.e. th e re  is m ore  th an  one set {am,„} t h a t  satisfies (3.1) for a  given / .

T h e  W eyl-H eisenberg  sys tem s are  often  described  in th e  language of frames, 

which provides a  convenient overview of th e  co m p u ta t io n a l  issues.

T h e  set of functions

{ g m n , n T '• m , n  €  Z }  (3.46)

co n s t i tu te s  a  f ram e if th e re  exist posit ive  n um bers  A ,  B ,  in d ep en d e n t  of / ,  

called f ram e  bounds ,  0 <  A  < B  <  oo, such th a t  for all /  £  T 2 (f?)

all/hJ <  E E  I < / . f e w  > I2 <  B\\f\ \ l  (3.47)
m  n

T h e  fram e cond ition  (3.47) g u a ran tees  t h a t  a  num erically  s tab le  a lg o r i th m  can 

be found to  c o m p u te  /  from  <  / , gmn,nT >■

Several special cases are im p o r ta n t  to  highlight. If th e  set (3.46) is o r th o n o rm a l  

then  th e  u p p e r  fram e b o u n d  B  =  1 and

> 1 ^ 1 1 /^  (3-48)
m  ii

T h e  func tion  /  will no t in general be d e te rm in ed  by th e  coefficients (which are 

no t  un ique).  However, if (3.46) is an o r th o n o rm a l  basis th en  A  =  B  =  1 (an 

exac t fram e) an d

EE I <  f '9™n,nT > I2 =  II/II2 , (3.49)
771 71
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so /  can  be recovered from

/  =  £  £  ^  f'iOtnQ.nT 9mU,nT • (3.50)
?ti 71

For /I =  5  th e  set (3.46) co n s t i tu te s  a  t ig h t  f ram e

11/111 =  <  f ^ n T  >  \ \  (3-51)
m n

and  we have

f  =  sl _1 EE <  f ,9mQ,nT > 9mU,nTi (3.52)
771 71

where th e  f ram e  co n s tan t  A  ind icates  th e  ra te  of re d u n d an cy  of th e  fram e. 

Close to  t ig h t  fram es are snug fram es, for which th e  ra tio  A / B  is close to

1. T h ey  do not c o n s t i tu te  basis b u t  lead to  inversion form ulas  w ith  rap id  

convergence properties .

In case of any  fram e, a  ’d u a l ’ f ram e can be co n s tru c ted  such t h a t  th e  set

{ffmn,„r : m >n e  z )  (3-53)

is a  f ram e w ith  b ounds  A ~ A an d  B - 1 , so

S“'l|/»2 < EE' < t < "̂'ll/lll. (3-64)
771 n

and

/  =  £ £  < f , g ma,nT >  9ma,nT- (3-55)
?7i n

T h eo ry  of fram es was u tilized  by several researchers [59,94] to  c o m p u te  con­

s tra in ed  b io rthogonal w indows in oversam pling s i tuations.
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3.2.6 C om p u tation al Efficiency

In th is  section we focus on co m p u ta t io n a l  com plex ity  of th e  d iscre te  G a b o r  ex­

pansion  a lgo ri thm s  [61]. T h e  th ree  m ain  m e th o d s  are  eva lua ted : th e  Zak t ra n s ­

form  based, th e  deconvolu tion  m e th o d  and  th e  b io rthogonal m e th o d .  O nly  th e  

critical sam pling  case is considered. T h e  evalua tion  of com plexity  of various 

algo ri thm s is done by coun ting  th e  n u m b er  of m ultip l ica t ions  required . T h e  

difference in n u m b er  of m ach ine  cycles needed  to  perform  real or com plex 

m ultip lica tion  an d  m ultip lica tion  or division is ignored. T h e  focus of th e  eval­

ua tion  is th e  analysis  re la tion  for each m e th o d ,  as th e  synthesis  in  general 

perform s identical opera t ions  in reverse. T h e  investigation  of co m p u ta t io n a l  

com plexity  of th e  G a b o r  expansion  p resen ted  here  follows by  an d  large th e  

eva lua tion  perfo rm ed  by O rr  [61]. It includes eva lua tion  of a var ia tion  on the  

b iorthogonal m e th o d  (not considered in [61]), w here  th e  inner  p ro d u c t  com ­

p u ta t io n  is perfo rm ed  in th e  Zak space.

Let us first identify  and  eva lua te  th e  co m p o n en t  ca lcu la tions t h a t  in various 

order occur in all of th e  th ree  a lgorithm s. T h e y  are: th e  Zak tran sfo rm , 1-D 

or 2-D D F T , th e  inner p ro d u c t  of in teger-shifted  windows an d  s im ple  m u lt i ­

plications.

1. A P -p o in t  ID  or 2D D F T ,  where P  is a  power of 2, requires P  log2 P  

m ultip lica tions.

2. S ince Zak transfo rm  can be t re a te d  as a  D F T  w ith  th e  t im e  offset as 

a  p a ram e te r ,  we can c o m p u te  Z j { l , k ) as M  A -p o in t  F F T ’s, each  F F T
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corresponding  to:
N - 1

Z j ( l , - )  =  ' 5 2 f M e 2”iT* ,  (3.56)
r = 0

where f ( k , r )  =  f ( k  +  r M ) ,  0 <  k  <  M  — 1, 0 <  ?’ <  TV — 1.

T h e  n u m b e r  of m ultip l ica t ions  needed  is P  log2 N ,  P  = M N .

3. An inner p ro d u c t  <  / ,  gn > =  Y,r=o' f { k , r ) g * ( k , r  -  n)  requires

N P  m ultip lica tions.

4. Z g, \Zg \2, /;, and  Z/t a re  p roduced  in th e  p re co m p u ta t io n a l  s tep  and  are 

no t included  in th e  to ta l  count of opera tions.

We now proceed  w ith  eva lua tion  of th e  a lgorithm s.

Zak transform  m eth od

T h e  analysis fo rm ula  is g iven by:

1 M  /V —1 y  t .
a — -------. / I  ’ ' (3 57)

mn M N  £■* £-> Z g{ l , k )  • { 1
k = 0  1=0  '

T h e  opera t ions  needed  are: th e  Zak transfo rm  of f  ( P  log2 N ) ,  th e  ra t io  Z j  j Z a 

(P )  and  th e  2-D D F T  on th e  ra tio  a rray  ( P  log2 P).  T h e  to ta l  co u n t  is:

P ( lo g 2JP +  log2 yV +  l ) .  (3.58)

T he decon volu tion  m eth od

T h e  analysis  fo rm ula  is given by:

y M - 1  y v W - 1  ^  —2iri [ (s—n ) l / N + ( r —m ) k / M ]

amn =  D F T - H 2— 0 ^ °  , ° |2------------------------------ }, (3-59)
I (m *0 |
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where <  / ,  gTS >  can be  expressed  as 

iW-l JV-1
E E n k , p ) s ' ( t , p  -  (3.60)
k=Q p=0

T h e  opera tions  needed are: co m p u ta t io n  of th e  inner p ro d u c t  <  f , g s > (P N ), 

1-D D F T  011 <  f , g s >  y ie ld ing <  / ,  grs > ( P  log2 M ), ‘2-D D F T  on th e  p roduc t  

<  f iQrs  >  (Z3 log2 -f*), division by \Z3j2 (P ) an d  th e  final inverse 2-D D F T  

( P l o g 2 P) .  T h e  to ta l  coun t is:

P[2 log2 P  +  log2 M  +  N  +  1]. (3.61)

An a l te rn a t iv e  (and  fas te r)  way to  proceed  is to  co m p u te  th e  inner  p ro d u c t  in 

th e  Zak space. From (2.41) we have

N - 1M- 1

<  U r .  > -  E  E  Z j V ’ k )Z W ’ k ) e 2* W N+rk/M \  (3.62)
/=0 fc=0

T h e  first two steps  in th e  p roceeding  co m p u ta t io n  are  rep laced  by ca lcu la tion  of 

Z j  ( P  log2 AT), th e  p ro d u c t  Z j Z * ( P )  and  2-D D F T  of th e  p ro d u c t  ( P l o g 2 P).  

In effect we have:

Z*[31og2 P  +  log2 N  +  2]. (3.63)

T he b iorthogonal m eth od

T h e  analysis  fo rm ula  is given by:

JW-l N-1
a mn — E  f ( k i  r ) h mn ( k i r )- (3.64)

k = 0  r = 0
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Table  3.1: C om plex ity  resu lts  for G a b o r  expansion  a lg o r i th m s

C o m p u ta t io n a l
m e th o d

C om plex ity

Zak transfo rm p ( i o g 2 p  +  iog 2 yv + 1 )
B iorthogonal-Z ak
B iorthogonal

^ ( log 2 P  +  log 2 N  +  1 )
P ( lo g 2 M  +  N )

D econvolu tion-Zak P[31og2 P  +  log2 W +  2 ]
D econvolution P [2 log2 P  +  log2 M  +  N  +  1]

T h e  op era t io n s  needed are: co m p u ta t io n  of th e  inner p ro d u c t  <  f , h n >  ( P N  

m ultip l ica t ions)  an d  N  M -p o in t  1-D D F T ’s ( P l o g 2 M ).  T h e  to ta l  count is:

P ( lo g 2 M  +  N ) .  (3.65)

In an  a l te rn a t iv e  scenario  one takes advan tage  of th e  Zak t ran sfo rm  in c o m p u t ­

ing th e  inner  p ro d u c t  (in a  sim ilar fashion as in th e  case of th e  deconvolu tion  

m e th o d )  which yields P\og.2 N  m u ltip lica tions  for ca lcu la tion  of Z j ,  P  m u l­

tip lica tions for co m p u tin g  of ZjZ*t and  P  log2 P  c o m p u ta t io n s  for 2-D D F T .  

T h e  to ta l  co u n t  in th is  case is

^ ( l o g 2 P  +  log2 /V +  1 ). (3.66)

Table  1. su m m arizes  th e  com plexity  results.

Sum m ary

T h e  results  of th is  section d e m o n s t ra te  th a t  th e  co m p u ta t io n a l  cost of th e

bio rthogonal m e th o d  is identical to  th e  Zak tran sfo rm  based, p rov id ing  th e
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inner p ro d u c t  is c o m p u ted  in th e  Zak dom ain .  T h e  n u m b e r  of o p e ra t io n s  re ­

quired  in b o th  cases is of th e  o rder  of P  log2 P .  T h e  deconvolu tion  m e th o d  

comes as th e  least efficient, even th ough  th e  use of th e  Zak t ran s fo rm  helps 

again to  reduce  th e  to ta l  n u m b er  of m ultip l ica t ions  to  th e  o rder  of 3 P l o g 2 P.

47



3.3 A pplications

L ite ra tu re  deta i l ing  app lica tions  of G a b o r  expansion  spans  nu m ero u s  different 

fields. Teti  and  K ritikos used successfully G a b o r  expansion  for S A R  ocean  im ­

age analysis  [78], W om ack an d  C ruz have shown its ad van tages  in seismic d a ta  

filtering [87], Farkash ct al in troduced  a  G abor-based  schem e for ana log  speech 

scram bling  [36], Q ian  ct al applied  G a b o r  expansion  to  speech processing [71] 

and  Anderson  et al used it for m edical image com pression [3].

P erhaps  th e  m ost com ple te  body  of work ex ists  for im p lem en ta t io n  of G abor 

tran sfo rm  to  im age represen ta tion .  It  has been the  top ic  of several p ap e rs  by 

P o ra t ,  Zeevi an d  G e r tn e r  [65,66,88,91,92] and  was researched  independen tly ,  

from th e  neura l  netw orks perspective , by D ougm an  [32-34].

D ougm an  recognized in 1980 [32] th a t  receptive field profiles en co u n te red  in 

cortical cells can be m odeled by a  family of 2-D  G abor filters

Q( x ^y) — e - 7r l('1- - ;l’o ) 2 « 2 + ( y - y o ) 2/32] e - 27ri[ i io (x — a :o )+ u o ( ! / -? y o ) ]  (3.67)

which c o n s t i tu te  a  generaliza tion  of th e  1-D G a b o r  E lem en ta ry  Functions. He 

co m p u ted  th e  theore tica l  lower b o u n d  of jo ined  u n ce r ta in ty  of th e  2-D G ab o r  

filters in th e  t im e-frequency  dom ain .  Defining u n ce r ta in ty  in each of th e  four 

variables x, y, u an d  v by th e  norm alized  second m om en ts  (A .r) ,  ( Ay ) ,  ( A u ) ,  (A n) ,  

being th e  effective w id ths  an d  lengths of th e  2-D filter in t im e  an d  frequency, 

respectively, he has shown th a t  a  2-D u n ce r ta in ty  p rinc ip le  exists:

( A x ) ( A y ) ( A u ) ( A v )  > 1 / 1  67t 2 
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and  th a t  th e  2-D G a b o r  filters achieve th e  m ax im al possible jo in t  reso lu tion  

in th e  conjoint 4-D tim e-frequency  space.

D ougm an also d em o n s t ra te d  decorre la ting  consequences of ex p a n d in g  an  im ­

age into 2-D G a b o r  e lem en ta ry  functions, achieving reduc tion  in en tro p y  for 

th e  Lena p o r t r a i t  from  7.57 in th e  pixel rep resen ta tio n  to  2.55 in th e  G ab o r  

transfo rm .

In [33] D ougm an  proposed  a  neural netw ork  to  find th e  coefficients in th e  

G abor decom posit ion ,  b u t  because  of th e  i te ra tiv e  n a tu re  of th is  m e th o d  th e  

speed of th e  convergence a t  which usable  results  can be  o b ta in ed  is unknow n, 

his approach  does no t  seem to  be su i tab le  for rea l- t im e applica tions.

A m ore conventional im p lem en ta t io n  techn ique  was given in [65] w here  Porat  

and Z eevi developed  a  generalized  G abor schem e for im age rep resen ­

ta tion  which includes im p lem en ta t io n  of p os i t ion -dependen t  sam p lin g  ra te  

(which is re la ted  to  inhom ogeneity  of cell dens ity  in h u m an  vision), oc tave  

re la tions be tw een  centra l  frequencies an d  phase  q uan tiza tion .

C o m p ac tn ess  of finite G ab o r  rep resen ta tion  is s tu d ied  co m pu ta t iona lly ,  using 

two types  of one-d im ensional signals. T h e  first is period ic ,  sine-wave signal; 

the  o th e r  is an aperiod ic  signal, synthesized  by m o d u la t in g  a  sine-wave in bo th  

am p l i tu d e  an d  frequency. A set of coefficients is c o m p u ted  v ia  th e  b io r th o g ­

onal m e th o d  w ith  a  G aussian  window and  th e  signals are  re co n s tru c ted  from 

a  finite subse t  of G ab o r  e lem en ta ry  functions. It is concluded  t h a t  period ic  

images have no ad v an tag e  over aperiod ic  ones w hen signal rep resen ta t io n  is 

accom plished  by th e  G a b o r  scheme (in fact th e  aperiod ic  signal has  a  m ore
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com pac t  coefficient set).  T h e  resu lt  is com pared  w ith  th e  global Fourier t r a n s ­

form in which period ic  signals have s im pler rep resen ta tion .

To s tu d y  th e  effects of phase quantization  th e  au th o rs  p roposed  a  fo rm ula­

tion of th e  expansion

f ( t )  =  la "m|e''“  gmn{t) (3.69)
m  n

where |«mn| is th e  m a g n i tu d e  of amn and  a mn is its phase . It  is shown th a t  

for N  q u an t iza t io n  levels th e  signal re cons truc ted  from  a  q u an tized -p h ase  set 

{amn} can be expressed  by

j { t )  = \am n \ 9 m n ( t ) { ^ 2 s i n c ( p  +  - L ) e‘(pyv+1)o'm" } (3.70)
171 n  p

where s i n c ( x )  — sm̂ x^, and  a mn is th e  quantif ied  phase . T h e  expression shows 

th a t  for p  /  0  ’fa lse’ images are  ad d ed  with  wrong phase  inform ation ; these  

false images however becom e w eaker as N  increases (s i n c { x ) approaches  zero 

for a rg u m en ts  close to  integers) . T h e  ana ly tica l  resu lts  were co m p u ta t io n a l ly  

tes ted  for 5 and  24 q u an t iza t io n  levels. T h e  tes ts  have shown a  good app ro x i­

m ation  for 24 levels and  a  fa ir  one ( th e  signal was still easily recognizable) for 

5 levels. T hese  resu lts  were re la ted  to  ca lculations of th e  a t te n u a t io n  factor 

B ( N )  =  s i n c ( j j )  for N  — 5 and  24 where 5 ( 5 )  =  0.935 an d  5 (2 4 )  =  0.997, 

which ind icates  th a t  th e  original images rem ain  d o m in an t  in b o th  cases.

T h e  Porat-Zeevi generalized G a b o r  schem e incorporates  two essential fea tu res  

in h u m an  vision: th e  p osition -d ep en d an t sam pling rate , which com bines 

nonuniform  spa tia l  sam pling  an d  logari thm ic  scaling along th e  frequency  axes,

50



and  oversam pling which is defined in te rm s  of an over lapp ing  window func­

tion. T h e  ra t io n a le  beh ind  in co rp o ra t in g  p o s i t io n -d ep en d a n t  sam pling  is re-

G abor im age  rep resen ta tio n  schem e as a  visual d a t a  acqu is it ion  sy s tem  th e

of in terest  is sam pled  a t  a  lower ra te .  I l lus tra tions  of several t im e-frequency  

la tt ice  tessella tions are given, no p rocedure  however is developed to  provide 

specific im p lem en ta t io n  guidelines or  to  eva lua te  th e  inheren tly  involved in 

such a  schem e trade-offs.

As a  re la ted  concept,  a  pyram idal schem e of m ultire so lu t ion  (G ab o rian  

P y ram id )  is considered, w here  th e  effective spatia l  w id ths  of th e  G a b o r  ele­

m en ta ry  functions becom e narrow er as th e  frequency  n u m b e r  increases. A n ­

alytical fo rm ula tion  of th e  G ab o r ian  P y ram id  is given and  it is shown th a t  

th e  coefficient sets derived from  th e  G aborian  P y ra m id  an d  from  th e  s tan d a rd  

G ab o r  expansion are  equivalen t.

T h e  au th o rs  ex ten d  th e  G a b o r  schem e fa r th e r  by proposing  a  tw o-d im en sional 

generalization  . T h e  2-D signal f { x , y )  is expressed  by

where gmxnxmyny { x , y )  is a  t im e-frequency  shifted  2-D window func tion

duction  of th e  d im ensiona li ty  of th e  rep resen ta tion .  In im p le m e n ta t io n  of th e

highest sam p lin g  is p e rfo rm ed  on th e  a rea  of in te re st ,  selected by d irec ting  

th e  ’visual ax es’ of th e  sy s tem  tow ard  it, w hereas th e  b ackground  of th is  a rea

(3.71)

gm, n xmyny( x , y )  =  g{ x  -  m x D x , y  -  n yD y y ^ w^ w^
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D x , D y being th e  effective window w idths  in x  an d  y  d irec tion  respectively 

an d  W x , W y be ing  th e  corresponding  frequency w id ths . T h e  window g { x , y ) is 

separab le

9 { x , y )  = gx {x)gy(y),  (3.73)

gx {x)  an d  gy(y)  however do not need to  be of th e  sam e  type .  T h e  2-D gener­

a liza tion  is also given in po la r  coordinates.

In [91] Z eevi and G ertner proposed a  s im ilar form alism  which accom plishes 

th e  2-D signal rep resen ta tio n  by m eans of th e  Zak transform  .

Since physiological expe rim en ts  reveal th a t  th e  visual sys tem  is sensitive to  

spatia l  phase  and  sim ilar resu lts  were o b ta in ed  in ex p e r im en ts  carried  out 

w ith  speech, th e  phase-only  reconstruc t ion  of signal is sufficient u n d e r  variety  

of conditions. P o ra t  and  Zeevi investigated  im age rep resen ta tion  by loca l­

ized  phase using bo th  G a b o r  scheme and  S T F T  [92]. In bo th  cases it was 

shown th a t  im age represen ted  by localized phase-only  in fo rm ation  rep roduce  

ad eq u a te ly  th e  edge re la tionsh ip  while com pressing th e  gray level in fo rm ation ,  

unlike th e  localized m agn itude-on ly  rep resen ta tio n  th a t  d is to r ts  th e  edge in­

form ation . T h e  au th o rs  co m p ared  im age recons truc t ion  from  localized phase  

(G a b o r /S T F T )  versus from global Fourier phase  for 1-D and  2-D signals. In 

all cases th e  localized phase  reconstruc tion  schem e y ielded super io r  results, 

b o th  in te rm s  of rm s e rro r  an d  co m p u ta t io n a l  efficiency.

T h e  au th o rs  also d em o n s t ra te d  th a t  th e  m a g n i tu d e  in fo rm ation  can be effi­

ciently  recovered from th e  phase-only  in fo rm ation  by an i te ra t iv e  techn ique
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which involves rep ea ted  tran s fo rm a tio n  betw een  th e  frequency  an d  spa t ia l  do­

m ains , app lied  along with th e  p ro p e r  co n s tra in t  on s t ru c tu re  of th e  localized 

co m p o n en ts  of th e  image. Again, it was shown th a t  th e  localized p h ase  schem e 

has a  far b e t t e r  ra te  of convergence and  th e  n u m b er  of c o m p u te r  opera t ions  

per i te ra tio n  is reduced, which in effect saves log2 N /  log.2(N / M )  opera t ions  

for an im age of N  pixels and  M  segm ents.

O ne of th e  m ain  tasks of a  visual sys tem  is to  sep a ra te  th e  im age  in to  dis­

cre te  en ti t ie s  or segm ents in o rder  to  u n d e rs ta n d  th e  scene. T h is  segm en ta tion  

is based m ain ly  on th e  detec tion  of differences betw een th e  regions, defining 

th e  edges betw een  them . T ex tu re  (or p a t te rn )  d iscrim ination  (which includes 

color a n d / o r  in tens ity  of th e  surface) is one of th e  m ost  im p o r ta n t  aspec ts  of 

im age segm en ta tion .  Global app roaches  to  te x tu re  d isc r im ina tion  however are  

u n ab le  to  give reasonable  results  when th e  im age consists of m o re  th an  one 

ty p e  of tex tu re .  F u rth erm o re ,  co n tra s t  changes due  to  cond itions  of n o n u n i­

form il lum ination  m ay h inder  classification when global fea tu res  are  used, even 

in th e  case of o n e - tex tu re  image.

In [66] P o ra t  and  Zeevi p resen ted  an approach  to  generalized te x tu r e  analysis  

and syn th esis  based on local fe a tu re  ex trac to rs  w ith  th e  im age rep resen ted  

by a  set of two-dim ensional G a b o r  e lem en ta ry  functions. A ssum ing  th a t  th e  

p rim itives  of n a tu ra l  tex tu re s  are  localized frequency  co m p o n en ts  in th e  form 

of G E F ,  th e  au th o rs  based th e ir  analysis  on co m p u tin g  corre la tions  of such 

p rim itives  w ith  tex tu re d  images. Six localized fea tu res  derived  from  th e  first



and  second o rder  m om en ts  of th e  th ree  p r im ary  fea tu res  - spa t ia l  frequency 

along th e  preferred  o r ien ta tion ,  o r ien ta tion  of th e  sp a t ia l  f requency  and  in ten ­

sity in fo rm ation  - were defined an d  co m p u ted  in th e  ex p erim en ts .  T h ey  were: 

th e  d o m in an t  localized frequency  F, variance of th e  d o m in a n t  localized fre­

quency  V F ,  d o m in an t  o r ien ta tion  T ,  variance of th e  d o m in a n t  o r ien ta tio n  V T , 

mean of th e  localized in tens ity  level L and  variance of th e  localized in tensity  

level VL. For each localized a rea  m x , m y th e  s ix-dim ensional fe a tu re  space is 

specified, for which a  classification scheme can be  applied .

T h e  re su ltan t  fea tu re-vec to r  was te s ted  on eight tex tu res .  T h e  m ost  in fo rm a­

tive fea tu res  proved to  be  V F  and  VL. In an o th e r  ex p e r im en t  d iscr im ination  

by th e  p a ir  (V F ,  VL) was te s ted  on ro ta te d  and  t ra n s la te d  versions of th e  

original tex tu re s  (in 49 different o r ien ta tions) .  T e x tu re  d iscr im ination  using a 

s im ple classifier of m in im u m  d is tance  was found to  be s tab le  in th e  presence 

of ad d it iv e  noise, and  deg rada tion  in p erfo rm ance  o ccu rred  only a t  high noise 

levels. For classification accuracy  of ab o u t  90 percen t,  use of two fea tu res  (V F , 

VL) were found to  be sufficient. A ddition  of a  th i rd  fea tu re  (T )  yielded an 

im proved resu lts  in cases w here  use of tw o-feature  vec tor proved  insufficient 

(especially when tes t in g  ro ta te d  images).

In [35] E brahim i and K unt developed an im age com pression  techn ique  

based on G ab o r  expansion  (py ram ida l  G abor decom posit ion) an d  have shown 

th a t  it  leads to  a  significant reduc tion  in th e  blocking effects d o m in an t  in th e  

image, if com pressed  v ia  th e  widely used Discrete Cosine T ransform .
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A n o th er  field w here  G a b o r  expansion  has been recognized to  be  ex trem ely  

useful is signal d etection  . In [40] Friedlander and P orat developed  th e  

basic th eo ry  an d  a lgo ri thm s for a  de tec tion  schem e for p a r tia l ly  overlapped  

tran s ien t  signals of unknow n shapes and  arrival t im es, using th e  G a b o r  rep ­

re sen ta tion  w ith  one-sided exponen tia l  window. In th e  num erical  ex p e r im en ts  

th ey  te s ted  sensitiv ity  of th e  G ab o r  d e tec to r  to  m ism a tch  in th e  d a m p in g  co­

efficient, th e  effect of non in teger arrival t im e  and  non in teger  frequency. It was 

found th a t  th e  G a b o r  transfo rm  based d e tec to r  is reasonably  to le ran t  to  vari­

a tions  in th e  window w id th  (m ism atch  by a  factor of 4 in e i th e r  d irec tion  still 

yields a  single d o m in an t  G a b o r  coefficient w ith  re la tively  sm all sidelobs) and  

in th e  arrival t im e , b u t  is less to le ran t  to frequency varia tions . I t  is shown 

th a t  th e  schem e is capab le  of sepa ra t ing  t ran s ien ts  hav ing  different arrival 

t im es w ith  th e ir  waveforms par tia lly  overlapping, even in th e  case w hen the  

G aussian  w hite  noise having s ta n d a rd  deviation  equal to  th e  a m p l i tu d e  of the  

signal is added .

To gain a b e t te r  u n d e rs tan d in g  of G abor rep resen ta tio n  of ra n d o m  signals, th e  

effect of ad d it iv e  w hite  noise was s tud ied  and  s ta n d a rd  p rope rt ie s  of th e  G ab o r  

coefficients of w h ite  noise were com puted .  T h e  second o rd e r  m o m en ts  of th e  

G ab o r  coefficients were shown to be chi-square for th e  ’no ise-only’ s i tu a t io n  

an d  non-cen tra l  chi-square for ’s ig n a l+ n o ise ’ s i tua t ion .  T h ey  were th en  used 

to  in tro d u ce  a  de tec tion  s ta t is t ic  based on th e  G a b o r  coefficients.

T h e  tes t  p la tfo rm  of F ried lander and  P ora t  was ad a p te d  by T olim ieri et al [5] 

who m ad e  a  com parison  of th e  G a b o r  expansion  an d  th e  S h o r t -T im e  Fourier



T ransform  for signal de tec t ion  in a  noisy env ironm ent.  T h e  num erica l  ex p e r ­

im ents confirmed th e  theore tica l  p red ic tions t h a t  th e  S T F T  m e th o d  w ith  th e  

one-sided exponen tia l  w indow ou tp erfo rm s  th e  G a b o r  expansion  w ith  respec t 

to  signal to  noise ra tio  by ‘2.6dB to  3.7dB depend ing  on th e  choice of th e  t im e  

grid. W hile  th e  resu lt  gives S T F T  an ad van tage  when signal d e tec t io n  in a b ­

sence of coefficient th resho ld ing  is applied , th is  does no t co n s t i tu te  a  real-life 

s i tua t ion .  In p rac t ice  som e th resho ld ing  is always used an d  since th e  S T F T  

based  de tec t ion  suffers from  th e  b lu rring  effect which in tu rn  com prom ises  its 

resolution, a  significant loss of in fo rm ation  in th e  reco n s tru c ted  signal can oc­

cur if th resho ld ing  levels co m p arab le  to  th e  noise am p l i tu d e  is applied . This  

trade-off betw een  noise reduction  and  d is to r t ion  is m uch less severe in th e  G a ­

bor schem e due  to  its excellent localization p roperties .  A n o th e r  ad v an tag e  of 

th e  G a b o r  expansion  lies in i ts  co m p u ta t io n a l  efficiency for bo th :  th e  forward 

and  reverse tran sfo rm , while S T F T  inversion fo rm ula  requires in general up  to 

0 ( P 2 log2 P ) operations.
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3.4 R elation  to  Other Tim e-Frequency R ep­
resentations

T h e  preced ing  sections of th is  ch a p te r  have p r im ari ly  dea lt  w ith  th e  descrip tion  

of G abor expansion ,  its p rope rt ie s ,  app lica tions  and  co m p u ta t io n a l  m ethods.  

T h e  a im  of th is  section is to  discuss th e  connection of th e  G a b o r  expansion 

with  o th e r  t im e-frequency  signal represen ta tions .

We consider four well known tim e-frequency m ethods: S h o r t-T im e  Fourier 

T ransform  (S T F T ) ,  W igner  D is tr ibu tion  (W D ), A m bigu ity  Function  (A F ) and 

W avelet T ransform  (W T ).  It is shown th a t  th e  five rep resen ta tio n s  a re  closely 

in terre la ted .  S am ples  of S T F T  sp e c tru m  can be expressed as a  convolution 

of G a b o r  coefficients an d  sam ples  of au to  A F  of th e  window g. S T F T  can 

also be seen as a  G ab o r  expansion  co m p u ted  on an infinitely dense la ttice. 

S T F T  is re la ted  to  th e  W D : th e  squared  m ag n i tu d e  of S T F T  is a  weighted 

version in t im e  cind frequency of th e  W D  and  co n s t i tu te s  a  special case of th e  

sm oo thed  W D . A m bigu ity  Function  is a  corre la tive  dual of W D  and  th e  two 

rep resen ta tions  are  re la ted  by a  Fourier t ran sfo rm  pair. Cross A F  of signals /  

an d  g  can be in te rp re ted  as a  S T F T  of /  w ith  window g. T h e  rep resen ta tion  

th a t  ap p ears  to  be  th e  m ost d is t inc t  from  th e  group  is W T . Still, desp ite  th e  

different app roach  to  frequency  d iscrim ination ,  W T  is re la ted  to  S T F T ,  since 

b o th  wavelets an d  t im e-frequency  shifts of th e  S T F T  window are  special cases 

of coherent s ta te s  assoc ia ted  w ith  a  Lie-group. Again, th e  re la tion  w ith  the  

cross A F  is s tressed , S T F T  being in te rp re ted  as a  narrow -band  cross A F  and  

W T  as a  w ide-band  cross A F.
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T h e  m ost  com prehensive  review of tim e-frequency  m e th o d s  was done by Cohen 

[27]. A m ore  co m p ac t  cha rac te r iza t ion  was given by Hlaw atsch an d  B oudreaux- 

B arte ls  [47] an d  som e of th e  re la tions  were also stressed  by Claasen an d  Meck- 

lenbrauker [26]. D aubechies has  s tud ied  localization an d  invertib il ity  of S T F T  

an d  W T  [29-30]. A com prehensive  survey of resu lts  on G a b o r  expansion  and  

wavelets in te rm s  of coherent s ta tes  was given by Heil and  W a ln u t  [44], Tolim- 

ieri an d  O rr  [5] have given th e  re la tionship  betw een S T F T  an d  G a b o r  ex p a n ­

sion a  precise fo rm ulation  and  d em o n s tra ted  th a t  th e  G a b o r  expansion  has 

advan tages  in t ran s ien t  signal detec tion  in ce rta in  s i tua t ions .  K a d a m b e  and  

B o u d reau x -B ar te ls  co m p ared  existence of cross-term s in W D , W T  an d  S T F T  

in analysis  of m u ltico m p o n en ts  signals [56]. Jones  an d  P arks  have m ad e  a 

sim ilar com parison  of several versions of W D  w ith  S T F T  [54], F lan d r in  de­

tailed  re la tionsh ips  betw een G a b o r  expansion , W T  and  A F  by considering sig­

nal decom posit ion  as a  d e tec t io n -es t im a tio n  prob lem  [38]. A g roup- theore tic  

app roach  to  G a b o r  expansion  and  S T F T  was p resen ted  by Feichtinger and  

G rochenig  [37].

3.4.1 Short T im e Fourier Transform

T h e  S hort  T im e  Fourier T ransform  [1,5,15,16,27,29,37,47,54,55,60] p a ir  is d e ­

fined as

S T F T f ( r ,  //) =  j  f ( t ) g * ( t - T ) e  

/ | 9 ( r )PrfT / /  S T F T j ( t ,  v ) g { t  — r )

27r iut

2i r iv t

(3.74)

(3.75)



T h e  above fo rm ulas  show a  s tr ik ing  resem blance  to  th e  G a b o r  t ran sfo rm  pair

amn = J  -  n T ) e - 2*imnid t , (3.76)

/(/■) =  5 3  E  ~  n T ) e “ \  (3.77)
in n

which som etim es leads to  in te rp re ta t io n  of th e  G a b o r  tran sfo rm  as a  special 

case of S T F T ,  in which th e  con tinuous variables r  and  v  a re  tak en  on the  

d iscre te  grid  In fac t ,  sam pling  th e  S T F T  sp e c tru m  on th e  G abor

la t t ice  yields an inner  p ro d u c t  fo rm ula tion ,  s im ilar to  (2.125)

S T F T j ( n T , m fi) =  J  f ( t ) g * ( t  -  n T ) e - 2irimatdt.  (3.78)

A careful in spec tion  of (3.74-3.78) shows however, t h a t  th e re  is a  fu n d am en ta l  

difference betw een  th e  two represen ta tions :  while S T F T  uses th e  sam e  window 

for synthesis  an d  analysis, th e  G a b o r  expansion  utilizes two d is t in c t  windows g 

and  h,  re la ted  v ia  th e  b io r thogona li ty  condition  (3.8). As a  resu lt  th e  sim plistic  

in te rp re ta t io n  of G a b o r  expansion  as a  sam pled  version of S T F T  does no t hold. 

Instead , th e  t ru e  re la t ionsh ip  betw een  th e  two rep resen ta t io n s  is revealed in 

(3.25):

f  i Q m n  ^ ^   ̂ C 7-,■ <C <7, (/„l_riTl_.£f . (3.79)
r s

T h e  above re la tion  defines th e  sam pled  S T F T  sp e c tru m  as a  doub le  convolution 

of G ab o r  coefficients w ith  th e  sam pled  au to  A F  of th e  window g.  T h e  S T F T  

sp ec tru m  is th u s  a  sm eared  rep lica  of th e  G ab o r  coefficient array. It  can be 

shown th a t  th e  G a b o r  sp e c tru m  will in fact  becom e identical w ith  S T F T  in 

th e  lim iting  case, if we let th e  G a b o r  la t t ic e  to  becom e infinite ly  dense, so 

f lT  —» 0 which will cons tra in  th e  b io rthogonal window h to  app roach  g.
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3.4.2 W igner D istrib u tion

M ost of th e  well-known tim e-frequency  signal rep resen ta tio n s  ( T F R ’s) can be 

categorized as e i th e r  linear or q u ad ra t ic  (som e of th e m ,  like s ignal-adap tive  

rad ia lly -G aussian  kernel d is tr ibu tion  are n e i th e r  linear nor q u ad ra t ic ) .  S T F T ,  

G abor expansion  and  wavelet transfo rm  belong to th e  first g roup. A m biguity  

function, sp ec tro g ram , R ihaczek  d is tr ib u tio n ,  W igner d is t r ib u tio n  an d  its gen­

eralizations belong to  th e  second one. W igner d is t r ib u tio n  [24-26,27,46,47,52, 

54,56,68,72,86]

W D f ( t , 0  =  J  + - \ ) e ~ 2ltiiT d r  (3.80)

is considered one of th e  m ost im p o r tan t  q u ad ra t ic  T F R ’s due  to  a  large n u m ­

b er  of desirab le  p rope rt ie s  it possesses [24-26]. For exam ple ,  it satisfies time- 

frequency shift  invariance, preserves t im e  and  frequency  su p p o r t  an d  th e  auto- 

W D  is real valued. T h e  W D  also satisfies th e  m arg ina l p roperties ,  t h a t  is the  

t im e  and  frequency in tegra ls  of th e  W D  correspond to  th e  signal in s ta n ta ­

neous power an d  its spec tra l  energy density, respectively. Hence, th e  W D  can 

be loosely in te rp re ted  as a  two-dim ensional d is t r ib u tio n  of signal energy  over 

th e  t im e-frequency  p lane  ( th e  W D  m ay  assum e negative  values, which together  

w ith  th e  u n ce r ta in ty  princip le  p roh ib its  an in te rp re ta t io n  as a  po in tw ise energy 

density  d is tr ib u tio n ) .

T h e  m ain  d raw back  of th e  W D  is existence of cross te rm s. T h e  W D  of the  

sum  of two signals f ( t )  +  g{t.) is

W D Lg( t , 0  = W D f ( t , 0  +  W D g( t , 0  +  2  R e { W D Lg( t , 0 }  (3.81)
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where th e  first two te rm s  W D j  an d  W D g a re  a u to co m p o n e n ts  an d  th e  last 

te rm  W D j , g is th e  cross te rm  defined as

W D f « ( t ,  0  =  J  f { t  +  \ ) 9 * { t  ~  \ ) e - 2 * * T d r .  (3.82)

Cross te rm s  are inheren t  in all q u ad ra t ic  tim e-frequency  rep resen ta t io n s  and  

can never be com ple te ly  e l im in a ted  (if u n i ta r i ty  of th e  rep resen ta t io n  is to  be 

preserved). However, since cross te rm s  have oscillations a t  high frequencies, 

they  can often  be reduced  by low-pass filtering (sm ooth ing)  th e  W ig n er  d is tr i ­

bu tion . T h e  price one has to  pay is a  loss of som e of th e  des irab le  W D  p ro p ­

erties an d  a  loss of tim e-frequency  concen tra t ion ,  s ince sm o o th in g  generally  

causes b roaden ing  of th e  W D ’s signal te rm s. A m ong  th e  a t t e m p t s  to  ob ta in  

a  cross te rm  suppressed  W D , th e  b e t te r  known co n s tru c ts  a re  th e  pseudo- 

W igner d is t r ib u tio n  (P W D ) ,  th e  sm o o th ed  W igner  d is t r ib u tio n  (S W D ) and 

th e  C hoi-W illiam s d is t r ib u tio n  (C W D ).  T h e  P W D  is defined as

P W D j { t , 0  =  J f ( t  +  T- ) f * ( t  -  -2 ) h ( r ) e - ^ d r .  (3.83)

and  involves frequency-d irec tion  convolution. T h e  S W D  reduces th e  cross 

te rm s  in bo th : t im e  and  frequency  by tw o-dim ensional convolution

S W D j ( t , 0  =  j  f ( t  + T- )/*(< -  ~)h,(t ,T)e-2^ d r .  (3.84)

If we rew rite  (3.74) as

S T  F T j ( t ,  i / ) = J  f ( r ) g * ( T - t ) e - 2^ Tdr ,  (3.85)

th en  th e  com plex  sp ec tro g ram , which is th e  squared  m a g n i tu d e  of S T F T ,  can 

be in te rp re ted  as a  tw o-d im ensional convolution of W ig n er  d is t r ib u t io n s  of th e



signal an d  th e  window:

\ S T F T ( t , 0 \ 2 = W D j ( t , t )  o W D g( - t , 0 .  (3.86)

T h e  sp ec tro g ram  is th u s  a  special case of S W D  w here  th e  sm o o th in g  kernel is 

th e  inverse Fourier t ransfo rm  of th e  W D  of th e  tim e-reversed  window function

=  (3-87)

Choi an d  W ill iam s have recently  developed a  shift-scale invarian t d is tr ibu tion

C W D f ( t , 0  = J  J  +  (3.88)

with  th e  sm o o th in g  kernel

h { t '' ^  T) =  (3’89)

which preserves th e  signal energy m argina ls  and  proves useful for signals hav­

ing cross te rm s  equally  p ronounced  in bo th  t im e  and  frequency direc tion . 

Finally, M orris an d  Q ian  [68] proposed  a  cross te rm  de le ted  W D  rep resen ta ­

tion (C D R ) co m p u ted  v ia  G ab o r  expansion , which re ta ins  th e  original time- 

frequency co n cen tra t io n  a t  th e  cost of a  loss of its u n i ta ry  charac te r .

3.4.3 A m b igu ity  Function

A m bigu ity  func tion  is defined as [9,10,11,26,27,47,89]:

A F s A t ,  " )  -  J  f ( t  +  ~  \ ) e T 2™ ldt.  (3.90)
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This  general form of am b ig u ity  func tion  is also know n as a  cross-am bigu ity  

function  of signals /  and  g. For f (t .)  =  g( t )  A F  reduces  to  au to -a m b ig u i ty  

function of / :

A F u ( r , v )  =  y  / ( t  +  § ) /* ( i  -  (3-91)

Since A F  satisfies th e  corre la tive  m arg ina l p roperties  i.e. for v  =  0 or r  =  0 

it simplifies to  e i th e r  th e  t im e-dom ain  or th e  frequency-dom ain  corre la tion  

function, it can be in te rp re ted  as a  jo in t  t im e-frequency  corre la tion  function. 

T h e  m ax im u m  value of th e  au to  A F  occurs a t  th e  origin an d  equals  th e  signals 

energy. In ra d a r  signal d e tec t ion ,  when /  an d  g  a re  th e  t r a n s m i t te d  and  

received signals, th e  m ax im u m  of th e  squared  m a g n i tu d e  of th e  cross A F  can 

be in te rp re ted  as th e  m ax im u m  likelihood e s t im a to r  of th e  range r  an d  velocity 

v  of a  m oving ta rge t .  T h e  squared  m ag n i tu d e  of th e  a u to  A F  ( th e  a u to ­

am bigu ity  surface) provides a  m easu re  of effectiveness in ra d a r  signal design. 

T h e  A F  is re la ted  to  th e  W D  in th e  sense t h a t  th ey  are  a  Fourier  t ransfo rm  

pair:

A F U t , u) =  J J w D f J t ^ e - ^ - ^ d t d t .  (3.92)

Hence, th e  p rope rt ie s  of th e  W D  such as t im e-frequency  shifts and  t im e- 

frequency m om en ts  have th e i r  equivalen ts  for th e  A F  an d  th e  differences in 

those p rope rt ie s  d e te rm in e  th e  differences betw een  th e  two signal re p re sen ta ­

tions. For exam ple ,  th e  t im e-frequency  shift of th e  signal leads to  a  corre­

spond ing  shift in th e  W D , while th e  effect on th e  A F  is a  change  in p h ase  only. 

Moreover, th e  W D  is always real while A F  is in general com plex. In a  case 

when th e  signal is even or o d d  function of tim e , th e  W D  an d  th e  A F  are  equal
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up to  a  scale factor.

B o th  th e  W D  a n d  A F  belong  to  th e  class of sh if t- invarian t q u a d ra t ic  T F R ’s, 

known as th e  q u a d ra t ic  C ohen class. W hile  th e  W D  leads to  a  fam ily  of en e r­

getic tim e-frequency  d is tr ib u tio n s  C e , in th e  sense t h a t  every  m em b er  of C e  is

a  tw o-d im ensional filtered version of W D  with a  ch a rac te r is t ic  kernel function ,

th e  A F , which is a  corre la tive  dual of W D , leads to  th e  class of correlative 

t im e-frequency  d is tr ib u tio n s  Cc-  In case of C'c , th e  m em bers  a re  derived by 

sim ple m ultip l ica t ion  ( ra th e r  th a n  convolution) of A F  an d  th e  Fourier t r a n s ­

form of th e  ch a rac te r is t ic  kernel function. Hence, even if o n e ’s in terest  is to 

design a  specific energetic  tim e-frequency  d is tr ib u tio n ,  it is often  m ore  conve­

n ien t to  work w ith  th e  dual C c  fam ily  of T F R ’s.

A different in te rp re ta t io n  of A F  can be o b ta ined ,  if we w ri te  th e  cross A F  as

A F f A r ,  " )  =  J  M s V  -  T ) e - 2™ ldt ,  (3.93)

or in th e  form of inner p ro d u c t

A F f ,g( i iT ,mD,)  = <  f { t ) , g m,n {t) > . (3.94)

By a rg u m e n ts  of Section 3.2.3 this leads to  a  double  convolution re la tion:

^   ̂ ^   ̂ ’̂7/1 —r,71—s^rs (3.9o)
7’ S

where b„hn is a  sam pled  cross-am biguity  func tion  of /  and  g, a r<s a re  G abor 

coefficients of th e  signal /  an d  c„l)7i a re  coefficients in th e  expansion  of a  doubly  

period ic  func tion  \Zg\ 2 (see eq u a tio n  3.24).
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3.4 .4  W avelet Transform

T h ere  is a  close s im ilar ity  be tw een  wavelet t ran sfo rm  an d  S T F T .  Recall the  

S T F T  fo rm ula  in th e  con tinuous  version

S T F T j ( t ,  u) =  J  f ( t ) g ( t  -  r)e~'-2™ ldt,  (3.96)

an d  th e  d iscre tized version, w here  r  =  11T  and  v  =  m f i

S T F T f (n,  in)  = J  f ( t ) g ( t  -  n T ) e ~ 2nimatdt,  (3.97)

T h e  wavelet t ran sfo rm  (W T )  [27,28-30,38,44,47,54,56,58,73] provides a  sim ilar 

tim e-frequency  descrip tion  w ith  analogous formulas:

W T j ( a ,  b) =  | a | - 1 /2 J  / ( ^ ) / i ( ^ ) d t ,  (3.98)

and

W T f ( m , n )  =  a~m/2 j  f ( t ) h ( a ^ mt — nb0)dt,  (3.99)

w here  a  and  b are  re s tr ic ted  to  a — , b — nboa™, m , n  £  Z ,  a(i >  1, b0 > 0

an d  th e  following adm issib il i ty  condition  is satisfied:

j  h( t )d t  =  0. (3.100)

T h e  obvious s im ilar ity  in th e  two t ransfo rm s comes from  th e  fac t  t h a t  bo th  

tak e  inner p ro d u c ts  of /  w ith  a  family of doubly  indexed  func tions ,  gmn{t) =  

g( t  — n T ) e 2mmQt in (3.97) an d  h ab(t) — \a\~x/ 2h { ^ - )  in (3.98). T h e  functions 

h ab a re  called wavelets an d  th e  function  h0o{t) is a  ’m o th e r  w ave le t’ which is 

equivalent to  th e  window func tion  g in S T F T  analysis. A p o p u la r  choice for
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h is th e  second deriva tive of th e  G aussian  h( t )  — (1 — <2 )e_<2/ 2.

T h e  inner p ro d u c t  fo rm ula tion  conta ins  a  m easu re  of corre la tion  of signals /  

and  g. In fact  b o th  S T F T  an d  W T  can be  re la ted  to  th e  cross A F. T h e  S T F T ,  

assoc ia ted  w ith  W eyl-H eisenberg  group  can be in te rp re ted  as a  n a r row -band  

cross A F  used in th e  rad a r  s i tu a t io n s ,  where  D oppler shift is ap p ro x im a te d  by 

a  frequency shift of th e  signal sp ec tru m . T h e  W T  on th e  o th e r  han d ,  associ­

a ted  w ith  th e  'ax + b’ g roup  can be in te rp re ted  as a  w ide-band  cross A F  used 

in sonar app lica tions ,  where th e  D oppler effect varies in th e  s ignal’s sp ec tru m  

causing  a  s tre tch in g  or a  com pression in th e  signal. T h e  difference betw een th e  

w ide-band  A F  and  W T  lies in th e  range of th e  d ila tion  p a ram e te r :  in th e  case 

of A F  th e  D oppler shift rem a ins  nea r  unity , w hereas  W T  is generally  used to 

ana lyze  signals over a  large n u m b e r  of octaves.

T h e  essential difference be tw een  W T  and  S T F T  lies in th e  sh ap e  of th e  a n a ­

lyzing func tions  gmn and  hab. W hile  th e  set {<jfmn} consists of a  fixed envelope 

an d  w id th  functions g, un ifo rm ly  shifted in t im e  an d  frequency, th e  wavelets 

have a  co n s tan t  shape , th e ir  t im e -w id th s  being func tions  of frequency: for high 

frequencies h ab are narrow  a n d  for low frequencies h ab a re  wide. T h is  scaling 

effect can  be re la ted  to  frequency  change a — f o / f ,  w here  f 0 is th e  cen tra l  

frequency of hoo, which m eans  th a t  scaling by a  factor of a induces a  frequency  

change by th e  inverse factor l / « .

T h e  difference in frequency d iscr im ination  in th e  two t ran sfo rm s  can be illus­

t r a te d  in th e  co n tex t  of a  filter bank  sys tem . In th e  S T F T  case th e  b an d p ass  

filter’s b a n d w id th  is in d ep en d en t  of th e  analysis frequency  / .  In co n tra s t ,  th e
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b a n d w id th  of th e  W T  filter is p ropor tiona l  to  /  or, equ ivalen tly  to  th e  fi l ter’s

re la tive  b a n d w id th  Q.  As a  resu lt ,  th e  W T  is b e t te r  ab le  th a n  S T F T  to  resolve 

s h o r t-d u ra t io n  high frequency  phenom ena .

A critical aspec t  of bo th  t ransfo rm s is the ir  invertibility. In th e  continuous 

case a  function  can be reco n s tru c ted  from  its W T  by use of th e  ’reso lu tion  of 

id en t i ty ’ form ula

In th e  d iscre te  case th e  reconstruc t ion  (in th e  critical sam pling  s i tu a t io n )  de­

pends on th e  exis tence of o r th o n o rm al  basis. It was found th a t  th e re  are in fact

with  n0 =  2 , 60 =  1 and  h mn(t) =  2 m/ 2h ( 2  mt — n) ,  which however do no t  have 

good localization p roperties .  A well localized o r th o n o rm a l  wavelet basis were

significant advances in th e  field were m ad e  by D aubechies who co n s tru c ted  or­

th o n o rm al wavelet basis w ith  co m p ac t  su p p o r t  [28] an d  by M alla t  an d  Meyer,

J  J  W T f ( a , b ) h ab(t)dadb, (3.101)

where

(3.102)

som e choices of h , a 0 and  b0 t h a t  m ake  h mn an o r th o n o rm al  basis for L 2(R) .  

T h e  earliest known exam ple  is th e  H aar  basis, g en e ra ted  by

'  I, t > 0 ,
h( t )  =  - 1 , / <  0 ,

0 , /. <  0.\ ’

(3.103)

discovered only fairly recently  by S tro m b erg  and  in d ep en d en t ly  by Meyer. A

who devised a  m ultireso lu tion  analysis  [58] which was subsequen tly  used as a 

vehicle in construc tion  of new o r th o n o rm a l  basis.



W hile  it was d em o n s t ra te d  t h a t  wavelet o r th o n o rm a l  basis  a re  re la tive ly  easy 

to  find a n d  do no t  require  restr ic tions  on p a ra m e te rs  a 0, b0, for th e  S T F T  th e  

Balian-Low theo rem  narrow s th e  search for o r th o n o rm a l  basis to  one special 

case: f I T  =  1 . In th a t  case o r th o n o rm a l  basis can b e  found, b u t  th ey  can 

no t have good localization p rope rt ie s  in t im e  a n d /o r  frequency  do m ain .  This  

is i l lu s tra ted  by two exam ples: th e  rec tan g u la r  func tion  an d  g( t )  =  p p .  

B o th  functions g en e ra te  an o r th o n o rm a l  basis. In th e  first case however 

f e i m m  =  oo and  in th e  second case J  t 2\g(t )\2dt  =  oo.
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C hap ter 4

W eyl-H eisen b erg  S ystem s:  
C om p u tin g  O versam pled  
D iscrete  G abor E xp an sion s

Previously, a  theo re t ica l  founda tion  for designing a lgo ri thm s for co m p u tin g  

G ab o r  coefficients a t  critical sam pling  was es tab lished  app ly ing  th e  finite Zak 

transfo rm . T h is  theo ry  es tab lished  clear an d  easily co m p u tab le  conditions  for 

exis tence of G a b o r  expansion  and  for s tab i l i ty  of co m p u ta t io n s .  T h e  m ain  

co m p u ta t io n a l  task  in th e  re su lt ing  a lgo ri thm  was a  2-D fin ite  Fourier t r a n s ­

form.

In th is  c h a p te r  we ex ten d  th e  applicab il i ty  of th e  app roach  to  in teger an d  ra ­

t ionally  oversam pled  G a b o r  sys tem s by developing a  deeper  u n d e r s ta n d in g  of 

th e  re la tionsh ip  es tab lished  by th e  finite Zak t ran sfo rm  betw een  linear a lgeb ra  

p roperties  of G a b o r  sys tem s and  function  th eo ry  in Zak space. T h is  re la t io n ­

ship will im p a c t  on questions of existence, p a ram e te r iz a t io n  a n d  co m p u ta t io n  

of G a b o r  expansions.
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4.1 Introduction

D uring  th e  las t  four years powerful new m eth o d s  have been  in t ro d u ced  for 

ana lyz ing  W ig n er  t ransfo rm  of d iscre te  and  period ic  signals [68,72,86] based 

on finite G a b o r  expansions [7,8,9,13,41,85]. A recent work [6 8 ] a d a p te d  these 

m eth o d s  to  gain control over th e  c ross- te rm  in terference p ro b lem  [46] by con­

s t ru c t in g  signal sys tem s in t im e  frequency  space for ex p an d in g  W ig n er  t r a n s ­

form from  G a b o r  system s based  on G aussian-like signals.

T h e  co m p u ta t io n a l  feasibility  of th e  m e th o d  in [6 8 ] dep en d s  s trong ly  on th e  

availability  of efficient and  s tab le  a lgorithm s for co m p u tin g  G a b o r  expansion  

coefficients. Since in general,  G a b o r  sys tem s are no t o r thogona l ,  s ta n d a rd  

H ilbert  space inner  p ro d u c t  m e th o d s  do not apply. M oreover s ince critically  

sam pled  G a b o r  sys tem s m ay  not form a  basis, oversam pling  in tim e-frequency  

is necessary  for th e  ex is tence of a rb i t ra ry  signal expansions. In fact th is  is usu­

ally th e  case for sys tem s based  on th e  G aussian . In [68,72,85,86] th e  concept 

of b io thogonals  was applied  to  th e  prob lem  of G a b o r  coefficient c o m p u ta t io n  

b u t  m an y  de ta ils  as to  ex is tence an d  s tab il i ty  were left unresolved.

In [8,9,23] a  th eo re t ic a l  founda tion  for designing a lgo ri thm s  for c o m p u tin g  G a ­

bor coefficients a t  critical sam pling  was estab lished  w ith  th e  finite Zak t r a n s ­

form a t  cen te r  s tage. T h is  theo ry  es tab lished  clear an d  easily co m p u ta b le  con­

d itions for ex is tence  of G ab o r  expansion  an d  for s tab i l i ty  of c o m p u ta t io n s .  T h e
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m ain co m p u ta t io n a l  task  in th e  resu lt ing  a lg o ri th m  was a  2-D finite Fourier 

transfo rm .

In th is  c h a p te r  th e  finite Zak tran sfo rm  will be  es tab lished  as a  fu n d a m e n ta l  

and  powerful tool for s tu d y in g  critically  sam pled  and  ra tio n a lly  oversam pled  

G abor sys tem s  an d  for designing a lgo ri thm s for co m p u tin g  G a b o r  coefficients 

for d iscre te  an d  periodic  signals, by developing a  deeper  u n d e rs ta n d in g  ol the  

re la tionship  betw een finite Zak transfo rm  zero sets an d  p rope rt ie s  of G abor 

system s. T h e  role of th e  finite Zak transfo rm  is ana logous to  th a t  p layed by 

th e  Fourier t ran sfo rm  in replacing com plex convolution co m p u ta t io n s  by s im ­

ple pointw ise m ultip lica tion . In th is  new se t t in g  p ropert ies  of G a b o r  sys tem s 

such as th e ir  spann ing  space and  dim ension can be  d e te rm in ed  by s im ple  op­

era tions on functions in Zak space. T h is  re la tionsh ip  will im p a c t  on questions 

of existence, p a ram e te r iz a t io n  and  co m p u ta t io n  of G a b o r  expansions  and  will 

lead to:

•  s im ple  c r i te r ia  for com pleteness  of a  G ab o r  sys tem  based on an explicit 

desc rip tion  in Zak space of th e  linear span  of a  G ab o r  sys tem . For a  fixed 

w indow this  c r ite r ia  de te rm ines  t im e-frequency  sam p le  ra te s  necessary 

for completeness.

» explicit  p a ram e te r iz a t io n  of th e  collection of all G ab o r  expansions  of a  

signal over a  specific G a b o r  system .

•  th e  design of a lgo ri thm s b o th  a t  critical sam pling  and  oversam pling  

whose m ain  co m p u ta t io n a l  task  is im p lem en ted  by 2-D fin ite  Fourier 

t ran s fo rm  offering th e  ad v an tag e  of efficient, ac cu ra te  an d  flexible code.



4.2 W eyl-H eisenberg System s

Choose an in teger P  >  0. A d iscre te  function  f ( k ) , k  £  Z  is called P -p e r io d ic  

if

f ( k  +  P)  =  f (k) ,  k e  z .

D enote  by L 2(P )  th e  H ilbert  space of all P -p e r io d ic  func tions  w ith  inner  p rod ­

uct
p - 1

< / , < / > =  £ / ( % * ( * ) ,  f , g  e  L 2(P ) .
k= 0

For 0 <  m , n  < N  an d  g  £  jL2{P)  define gm,n £  L 2( P ) by

9i ,,n { k ) = g { k - n ) e 2vimk/ p , k e Z .  (4.1)

Suppose P  =  N M  =  N ' M ' .  T h e  Weyl-Heisenberg  (W -H ) System, (g, M 1, N )  

is th e  set of functions

{gmN,n'M> ■ 0 <  m  < M , 0 <  r i  < N ' } .  (4.2)

We dis tinguish  th ree  cases

critically sampl ing N  — TV', M  — M '

oversampling N '  > N ,  M '  < M

- integer oversampl ing M  = R M ' , R  £  Z

- rational oversampl ing M  — R M R  £  Q — Z

undersampl ing N '  < N ,  M 1 > M

We call g th e  analysis s ignal  and  (M ' , N ) th e  t ime- frequency sampl ing  ra te
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of th e  W -H sys tem  (g , M ' , N ). F ixed  tim e-frequency  tran s la te s  of W -H  sys­

tem s will also be  called W-H system s. F ix  0 <  n  < N ,  0 <  m '  < M ' .  T h e  

W -H sys tem  (</, M \  N ) n>mi is th e  set of functions

{ g n + m N , m ' + n ' M '  ■ 0 < 7 1 1  < M ,  0 <  Tl' <  N '} .  ( 4 . 3 )

T h e  two W -H  sys tem s are  re la ted  by

9 n + m N  , m ' + n '  M 1 —  ^  ̂ ( , 9 n , m ' ) m N , n ' M ' • ( 4 . 4 )

An expansion  of an /  £  L 2( P )  over a  W -H  sys tem  is called a  W -H  expansion.  

In th is  work we will develop efficient a lgo ri thm s for describ ing  linear span 

of a  W -H sys tem  an d  for co m p u tin g  W -H  expansions. T h is  a lg o r i th m s  will 

provide sim ple conditions for com pleteness  of a  W -H  sys tem . For g £  T 2 (F>), 

com pleteness conditions  can be  applied  to  p roduce  a lgo ri thm s which d e te rm in e  

t im e-frequency sam pling  ra tes  ( M ' , N ) such th a t  (g , M ' , N ) is a  com ple te  W- 

H sys tem . T h e  a lgo ri thm  c o m p u tin g  W -H  expansions will p a ram e te r iz e  the  

collection of all W -H  expansions of a  function  over a  given W -H  sys tem .

4.3 F in ite Zak Transform (FZT)

Suppose P  — N M .  For /  6  L 2 ( P )  define th e  f in i te  Zak  Transfoi 'm  (F Z T ) 

Z f ( l , k ) ,  k , l e z  by

N - 1

Z j{ l ,  k )  -  £  f ( k  + v M ) e 2nirl/N, k,  I £  Z .  ( 4 . 5 )

r = 0

E lem en tary  p rope rt ie s  of F Z T  including  F Z T  based  a lgo ri thm s for co m p u tin g  

W -H expansions over com ple te  critica lly  sam pled  W -H  sys tem s can be  found
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in [8 ] an d  in C h a p te r  2. W e will briefly discuss these  resu lts  w ith o u t  p roo f  and  

ex ten d  th e  role of th e  F Z T  to  general W -H  system s.

T h e o r e m  1  I f  f  £  L 2( P )  then,

Z f ( l , k  +  M )  =  e~2*illN Z j { l ,  k) ,  k,  I €  Z.  (4.6)

Z f {l +  N , k )  = Z f { l ,k ) ,  k , l e Z .  (4.7)

T h eo rem  1 implies Z j  is P -p e r io d ic  in each variable  and  is com ple te ly  d e te r ­

m ined  by its values

Z f (l, k) ,  0 < k  < M ,  0 < 1 < N .  (4.8)

D eno te  by L 2( N , M )  th e  H ilb e r t  space of all functions F ( l , k ) ,  0 <  k <

M , 0  < / < L ,  w ith  inner p ro d u c t

M - 1 N - 1

<  P, G  > =  Y ,  F ( *) £*( / ,  k) ,  F , G  e  L 2( N , M ) .  (4 .9 )
fc=0 1=0

Define Z )  €  L 2{N,  M )  by

k) = Z f ( l , k) ,  0 <  k < M ,  0 < l <  N .  (4,10)

In [8 ] we find th e  following theorem .

T h e o r e m  2  The mapp ing N ~ X̂ 2Z °  is an  i som e try  f r o m  L 2( P )  onto L 2( N , M ) .  

I f  F  G L 2( N , M )  and f  £ L ( P )  is defined by

N - 1

f ( k  +  r M )  =  TV" 1 ] T  P ( / ,  k)e- '2irirl/N, 0 < k < M ,  0 <  / <  N ,  (4.11)
t=o
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Then  F  = Z°f .

T h eo rem  2. p e rm its  free m ovem en t betw een op era t io n s  in L 2( P ) an d  o p er­

a tions in L 2( N , M ) .  A lgorithm s for W -H  system s an d  expansions  a re  given

in L 2{ N , M ) .  T h e  F Z T  tran s la te s  betw een linear a lg eb ra  p ro p e r t ie s  of W-H 

system s in L 2( P ) and  function th eo re t ic  p rope rt ie s  in L 2( N , M ) .

4.4 A pplication o f FZT to W -H  system s.

A pplication  of th e  F Z T  to  W -H  sys tem s is based on form ulas con ta ined  in th e  

following th eo rem  [8 ]

T h e o r e m  3  I f  g G L ( P ) ,  P  =  N M , and  0 <  m , n  < P ,  then

Z gmn(l, k) =  e2"imk' p Z g(l +  m , k  -  n ) ,  k,  I G Z.  (4.12)

In particular,  i f  0 <  m  <  M , 0 <  n < N , then

= W6Z. (4.13)

By T h eo rem  1 th e  p ro d u c t  func tion

Z f ( l , k ) Z ; ( l , k ) ,  k , l e  Z  / , g  G L 2( P )  (4.14)

is M -period ic  in th e  variab le  k  and  A^-periodic. in th e  variab le  I an d  can be 

viewed as a  function in L 2( N , M ) .  T h e  Fourier expansion  of th e  p ro d u c t  

func tion  is given in th e  following theorem
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T h e o r e m  4 For f , g  G L ( P ) ,  P  =  N M ,

M - l  T V - 1

Z f (l, k ) z ; ( l , *0 =  E  E  <  >  e 2"«mk'M+nl' N \  (4.15)
771 — 0  7 1 = 0

4.4.1 C ritical Sam pling.

T h eo rem  2 is a  powerful tool for ana lyz ing  W -H system s. We first consider 

critically sam pled  W -H system s by ex tend ing  th e  following resu lt .

T h e o r e m  5 The critically sampled W-H sys tem

(g, M ,  TV) = {gmN,nM 0 <  m  <  M , 0 <  n < N )  (4.16)

is a basis o f  L 2(P )  i f  and only i f  Z g never  vanishes.

Define

I n ,m  =  {(/, k ) :  0  <  k < M ,  0  <  I < N } .  (4.17)

By T h eo rem  4 and  T h eo rem  2 we can identify th e  space of all /  6  L 2(P )  

satisfying

<  > =  0, 0 <  m  <  M , 0 <  7?. <  TV, (4.18)

with  th e  space of all F  E L 2( N ,  M )  satisfying

F { l , k ) Z g{ l ,k )  =  0, k , l E l i w , M -  (4-19)

T h e  space of such F  G L 2( N , M )  can be identified w ith  th e  o r th o g o n a l  co m ­

p lem ent of th e  linear span  of (g , M ,  N ) .  If Z g never vanishes, th is  com plem en t
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is {0} and  (g , M , N ) is a  basis of L 2( P )  which is th e  co n ten t  of th eo rem  5. 

M ore generally, we have th e  following result.

T h e o r e m  6 I f  the zero set  (  o f  Z a in In ,m has exactly K  points  then the 

dimension  o f  the l inear span o f  ( g , M , L )  is P  — K . A n  f  G L 2( P )  is in the 

l inear span o f  (</, M , N )  i f  and only i f  Z f  vanishes  on (.

By T h eo rem  3, an /  G L 2( P )  has an expansion  over (g , M , N )

M - l  N - 1

/ = £ £  n N , n M 9 m N , n M  (4.20)
Tl l  —  0  71 =  0

if an d  only if

w here P  G L 2( N , M ) .  T h e  W -H  expansion  coefficients a re  given by th e  2D 

M  x N  F T  of P{1, k) ,  (/, k)  G I n ,m-

If Z g never vanishes th en  (4.22) defines a  linear isom orph ism  from  L 2( N , M )  

on to  L 2(P ) .  In th is  case, W -H  coefficients for th e  expansion  of /  over (g, M , N )  

a re  given by th e  2-D M  x  N  F T  of th e  q uo tien t

M - l  N - 1

Z j ( f k )  = Z g( l , k )  £ £

if and  only if we can w rite

Zf ( l ,  k)  =  Zg{l,  k ) P ( l , k) ,  (I, k)  G I N,M, (4.22)

77



Suppose th a t  th e  zero set (  of Z g in I n ,m  has exac tly  K  po in ts  w ith  K  >  0. 

T h en  (g , M , N ) is linearly d ep en d en t  an d  does no t  span  L 2(P ) .  In th is  case 

(4.22) defines a  linear h o m o m o rp h ism  from  L 2( N , M )  on to  th e  linear span

of (g , M , N ). Choose /  £  L 2{P)  in th e  linear span  of (g , M , N ). Define 

Q a ( l , k ) ,  (I, k)  £  7/v,m by

where £c is a  com plem en t of (  in 1n ,m - T h e  space of such Q a is a  A '-dimensional 

subspace of L 2( N , M ) .  Since Z j  vanishes on ( ,

and  a  set of W -H  coefficients for th e  expansion  of /  over (#, M,  N )  is given by 

th e  2D M  X N  F T  of Q a (l, k ), (/, k ) £  /yv,M- M oreover every expansion  of /

over (<7, M , N )  is given in th is  way leading to  th e  nex t  resu lt.

T h e o r e m  7 I f  the zero set  (  o f  Z g in I n ,m  has  exactly K  points  then every f  

in the linear span o f  (g, M ,  N )  has a K - d im e n s io n a l  space o f  W - H  expansions  

over  (<7, M , N ) .  The, coefficient space o f  W - H  expansions o f  f  over  (g, M ,  N ) is 

given by the set  o f  all 2D M  x  N  F T  o f  the K - d i m e n s i o n a l  space o f  fu nct ions

(.l , k ) e C . 
(/, k)  £  C,

(4.23)

Z f (l, k)  -  Z g{l, k )Q °{ l ,  k) ,  (/, k)  £  I n ,Mi

Q a £  L 2( N , M ■) o f  the f o r m  (4.23).

Based on T h eo rem  7. we have th e  following a lgorithm .

e C o m p u te

(/, k) i  c, 
( l , k ) e ( .

(4.24)
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•  C o m p u te  th e  2D M  x  N  F T  of Q a

N —1 M - l

amN,nM =  J 2  Q a V ’ k ) e 2H^ +^ ] (4.25)
1=0 k=0

If th e  critica lly  sam pled  W -H sy s tem  (g , M ,  N )  is a  basis of L 2( P ) ,  th a n  Q a =

P  =  for all (/, k)  in I n ,m -

4.4 .2  In teger O versam pling

T h e  in teger oversampled  W -H sys tem  g  =  (g, M ' , N ) ,  M  =  R M '  is th e  

disjo int union of critica lly  sam pled  W -H  system s.

R - 1

g  =  U  g r ’ gr =  M ' N ) ’ 9r =  9o,rM>, 0 < r  < R.  (4.26)
r ~  0

By T h eo rem  3, /  G L 2( P )  is in th e  linear span  of g  if and  only if F  =  Z j  can

be w ri t ten  in th e  form 

R - 1

F(1, k ) =  £  Zflr(/,  A,-)Pr (/, k) ,  (/, *) g  / NiM, P r (/, A) G z/2(yv, M ) ,  o <  r  <  /?..
r = 0

(4.27)

D enote  th e  zero set of Z 9r by ( r and  set (  =  ( r . T h en  /  G L 2( P )  is in

th e  linear span  of g  if an d  only if we can w rite

R - 1

F  =  £ V r , Fr G L 2( M ,  N )  (4.28)
r = 0

where

Fr vanishes on ( r , 0 <  7- <  R.  (4.29)

T his  leads to  th e  following th eo rem  which we s ta te  in a  form slightly  m ore  

general th a n  necessary.
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T h e o r e m  8 I f  g  is the disjoint  union  o f  critically sampled W - H  sys tem s  

9 r  — {Er, M ,  N ) ,  0 < r < R  and (  is the intersect ion o f  the zero sets o f

the collection o f  f u n c t io n s  Z 9r, 0 <  r  <  R  in I n ,m  then the d im ens ion  o f  the

T h e  re la tionsh ip  betw een L 2( N , M )  and  th e  linear span  of g  is m ore  com ­

plicated  th en  before. For (/, k ) £  I n ,m , set

of functions in L 2( N , M )  on to  th e  linear span  of g. C hoose /  £  L 2( P ) in th e  

linear span  of g. An a lgo ri thm  for co m p u tin g  a  W -H  expansion  of /  over g  is 

given as follows.

•  Decom pose F  =  Z j

R- 1
F  =  J 2 F r ,  Fr e  L 2(N ,  M ) ,  (4.32)

r = 0

where Fr vanishes on th e  zero set of Z 9r, 0 < r  < R  in I n ,m ,

l inear span o f  g  is P  — K  where K  is the order  o f  f .  A fu n c t io n  f  £  L2( P) is 

in the linear span o f  g  i f  and  only i f  Z j  vanishes  on

(4.30)

T hen  we can w ri te  (4.27) in th e  form

Po{l, k)

F ( l ,  k) =  G ( / ,  k) (4.31)

. P R- * ( l , k )

which defines a  linear h o m om orph ism  of th e  /7/J-dim ensional space of /f-tuples



•  C o m p u te

Q C V  f  { l , k ) $ C r ,  ( 4 . 3 3 )

Vr 1 a r ( i , k ) ,  ( l , k )  e  Cr-

T his  stage is u n d ers to o d  to  b e  taken  as in th e  crit ica lly  s am p led  case with  

a rb i t ra ry  values assigned to  th e  q uo tien t  a t  po in ts  w here  th e  functions 

Zgr i 0 <  r  < R  vanish.

» C o m p u te  th e  2D M  x  N  F T  of Q "

N - 1 M - l

=  E E  (4.34)
1=0 k= 0

If we assum e th a t  P l o g P  co m p u ta t io n s  are needed for th e  P -p o in t  F T  then  

th e  m ultip lica tive  com plexity  of one W -H  expansion  c o m p u ta t io n  is

Plog2N  +  R ( P l o g 2P )  +  R P ,  (4.35)

b u t  ad van tage  can be taken, of th e  large n u m b er  of zero d a t a  values. For 

exam ple , we can choose th e  decom position  F  =  F r such t h a t  P i , ..., P r - i

each has only  one non-zero  p o in t ,  so th a t  th e  c o m p u ta t io n  of th e  2D F T  of 

Q\i  ••••) Q r - \  is trivial.  In th a t  case th e  com plexity  of th e  c o m p u ta t io n  is s im ilar 

to th e  critica lly  sam pled  s i tua t ion .

Since P  vanishes on th e  in tersec tion  a  decom posit ion  of P  of th e

above form  can always tr iv ia lly  be co n s tru c ted .  However in general i t  is not 

un ique  and  two d is t inc t  decom posit ions  lead to  d is t in c t  W -H  expansions.

T h e  coefficient set of W -H  expansions of /  6  T 2( P )  over g  is p a ram e te r iz ed  

by th e  collection of decom posit ions  of P  and  by th e  a rb i t ra r i ly  assigned values 

to  th e  quo tien ts  a t  th e  po in ts  w here  Z3r, 0 < r < R  vanish.



4.4.3 Fractional O versam pling

D enote  by M  th e  least com m on m ultip le  (LC M ) of M  an d  M '  an d  define S  

and  S '  by M  = S M  =  S ' M ' .  Since P  = M N  =  M ' N '  is a  com m on m ultip le  

of M  and  M \  S  d ivides N ,  S '  divides N '  an d  N / S  =  N ' / S '  =  P f M .

We can un iquely  w ri te  0 <  n'  < N '  in th e  form

Set gs> =  go,s'M'- T h en  g  is th e  d isjoint un ion  of u n d e rsam p le d  W -H  system s

s ' - 1

N '
n'  =  s'  +  n S ' ,  Q < s'  < S ' ,  0 <  n  <  — .

T hen

0 <  <  — , 0 < m  < M.

where

Set G si =  Z g and F  =  Z j .  Since

(4.36)

/  €  L 2( P ) has  a  W -H  expansion  over g s< if and  only if

F ( l , k )  =  Y , G A i , k ) f ’A l , k ) (4.37)

where Ps>(l,k) 6  L 2( N , M )  satisfies



leading to  th e  following resu lt .

Theorem 9. A fu n c t io n  f  £  L 2( P )  is in the. l inear span o f  g  i f  and  only i f  

F  — Z j  has  the f o r m

s ' - 1

F ( l ,  A) =  G A l ,  k ) P a,(l,  A), (/, k)  £ I n ,m i (4.38)
s '= 0

where

N
P A l + J , k )  = Ps, ( l , k ) ,  0 <  s'  < S ' ,  ( f k ) e l N,M. (4.39)

A collection o f  W - H  expansion coefficients o f  f  over  g  is given by the collection 

o f  2 D  f  x  M  F T  o f  Ps, { f  k)  £  L 2( f , M ) ,  0 < s'  < S ' .

By T h eo rem  9., /  is in th e  l inear span  of g  if an d  only if th e re  ex is ts  Ps'(l ,  k ) £ 

L2 (^r, M ) ,  0 <  s'  < S '  such th a t

S' — 1
F ( l  +  s j ,  k)  =  J 2  G A l  +  , k ) P A l ,  k) ,  0  <  .s <  5, (4.40)

where (/, A;) £  or in m a tr ix  form as

' F ( Z , A ) ' Po(Z, fc)
F ( / + f , A ) P i ( l , k )

=  G ( / ,  k) , (Z, A) £

_ F ( / + ( S - l ) f , A )  _ _ Ps>-i{ l ,k )  _

where G ( / ,  A-) is th e  S’ x  S '  m a tr ix

[ G S<{1 +  s ~ ,  k)  ] q <  s <  ^  (/, k)  £  /w M. (4.42)

0  <  .s' <  S' ,
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D enote  by r(l ,  k)  th e  ran k  of G ( / ,  k).  T h e  dimension of th e  l inear span  of g  is

E  (4 -43)

In p ar ticu la r ,  if

r ( l , k )  — .5, ( l , k )  G w (4.44)

then  g is com ple te  and  every /  G L 2( P)  has a  W-H expansion  over g.

T h ere  are  several linear a lgeb ra  techniques and  p ro g ram m in g  packages th a t  

can be  applied  to  charac te rize  th e  linear span  of g and  to  c o m p u te  W -H  ex­

pansion coefficients for /  G L 2( P ) in th is  linear span  [39]. G auss  e l im ina tion  

is pe rhaps  th e  m ost well known techn ique  b u t  Q R -decom posit ion  or s ingu lar 

value decom position  (SVD) of G (/, k)  a re  m ore su ited  to  ap p lica tio n s  which 

su b jec t  W -H expansion  coefficients to  least-square  cons tra in ts .  W e will briefly 

review a n d  in tro d u ce  n o ta t io n  for SVD a t  th is  time.

For each ( l , k )  G th e  s ingular value decom position  of G ( l , k )  has the

form

G ( / ,  k)  =  U ( / ,  & )£ (/ ,  k)V(l ,  k) ,  (4.45)

where U ( / ,  A;) is a  u n i ta ry  S  x S  m a tr ix ,  V ( / ,  k)  is a  u n i ta ry  S '  x  S '  m a tr ix  

and  £ ( / ,  k)  is a  ’d iagona l’ S  X S '  m a tr ix

£  =  di ciq[ o"0 , , . . . ,  (Js—i ) ■
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Set

F  ( / , * )  =

F ( l , k )
F ( l + * k )

L F( l  +  { S - l ) * k )  J

(4.46)

(4.47)

P ( l , k )  =

Po(l,  k)  
Piihk)

, (/, k )  E .  I n . t M- (4.48)

Theorem 10. A  fu n c t io n  f  £  T ( P )  is in the l inear span o f  g  i f  and only i f  f o r  

every  ( l , k ) £  / n  m , F ( / ,  k) is in the l inear span o f  the set  o f  S-tuples

cro(l, k ) U 0(l,  k ) , . . . ,<7s_i(/, k ) l J s - \ ( l ,  k) .

For /  in th e  linear span  of g  we can solve for P ( / ,  k)  by in tro d u c in g  th e  

pseudoinverse  of G(Z, k)

G +{ l ,k )  =  V ( / ,  £ ) £ + ( / ,  fc)U_1 ( / ,* ) ,  (4.49)

where  £ + ( / ,& )  is th e  S '  x S  d iagonal m a tr ix

£ +  =  d i a g ( a + , a f , . . . , a ^ )
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w ith

T h en

P ( / ,  k)  =  G + ( / ,  k)F{ l ,  k) ,  (/, k)  e  1%,M.

T h e  a lg o r i th m  proceeds as follows.

P rec o m p u ta t io n  S tage

•  c o m p u te

G ( / ,  k ) ,  ( I ,  k ) €  I K ' M -

•  c o m p u te  th e  S ingular Value Decom posit ion

G(/, k )  =  U (/, Ar)S(/, ifc)V(/, fc), (/, Ar) G / ^ M.

•  c o m p u te  th e  pseudoinverse

G +{ l , k )  =  V - 1 ( / , f c )S + ( / , f c )U " 1 (/,fe), (/ ,&) G / * , M

C o m p u ta t io n  S tage

•  c o m p u te

P(Z, A,-) =  G+(Z, fc)F(Z, fc), (/, fc) e  / f  ,M.

•  c o m p u te  th e  2D ^  x  M  F T  of Psi

f - !  M - l

< iV .n ,M  =  EE^(^)e2irM; . TiM \
i  S' , IV

1=0 k = 0
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•  define

a , n N , n ' M '  =  a m N , n M ’ U ' =  S> +  7 l S ''  0  -  U> <  N > ’ 0  ^  111 <  M -

T h e n  a  W -H  expansion  of /  is given by

S ' - l  M - l  N / S - 1

/  =  E  E  E  <4 -52>
s ' = 0  771= 0 7t =  0

M - l  N ' - 1

=  ^  ^  dmN,n'M'9mN,n'M1 • (4.53)
771= 0 7 l' =  0

T h e  m ultip lica tive  com plex ity  of th e  c o m p u ta t io n  is

P ( lo g 2N  + j )  + P j l o g 2^ ,  (4.54)

w here  P l o g P  is th e  com plex ity  of th e  P -p o in t  F T  an d  S 2 is th e  com plex ity  of

th e  ac tion of an  S  x  S  m a t r ix  on a  vector.

4.5 Exam ples and Im plem entation  Rem arks

In th is  section we give im p lem en ta t io n  exam ples  for th e  in teger an d  fractionally  

oversam pled  W eyl-Heisenberg system s. T h e  window is th e  G auss ian  function  

(excep t for Case 2. w here  a  co m p o s ite  window is em ployed) w ith  a  single zero

a t  ( 1 / 2 , 1 / 2 ) an d  th e  signal is th e  second I le rm i te  func tion  w ith  th e  zero set

{(0 , 0 ) , ( 0 , 1 / 2 ) , ( 1 / 2 , 0 )}.

C ase 1: in teger oversam pling, sing le  zero w indow .

Take M  =  N  =  32 and  R. =  2. T h e  p a r t i t io n s  Z go an d  Z gi have zeros a t
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(1 /2 ,1 /2 )  an d  (0 ,1 /2 ) ,  respectively  (Fig. 4.1). Since th e  in tersec tion  (  of th e  

zero sets of Z go an d  Z ;n is em pty , th e re  a re  m an y  possible fac to r iza t ions  of F ,

i.e.:

A .  Assign F (  1 /2 ,1 /2 )  to  F\  and  all th e  o th e r  po in ts  of F  to  Fq (Fig. 4.2.):

F, ( l , k )  ^  ( 1 / 2 , 1 / 2 ),
Fo '  0 , (/, k)  =  ( 1 / 2 , 1 / 2 ),

f 0 , ( l , k )  ^  ( 1 / 2 , 1 / 2 ),
11 \  F,  (/, k)  =  ( 1 / 2 , 1 / 2 ).

T h is  is th e  m ost co m p u ta t io n a l ly  efficient fac to r iza t ion ,  s ince th e  D F T  

corresponding  to  th e  second p a r t i t io n  degenera tes  to  a  po in tw ise  m u lt i ­

plication.

B .  Assign an a rea  (a  p  x  p  square  or a  disk of rad ius  p  an d  r  being free 

p a ram e te rs )  su rro u n d in g  po in t  ( l / 2 , l / 2 )  to  F\ and  all th e  o th e r  points  

to  F0 (Fig. 4.4., in th is  exam ple  p  =  P /3 ):

( F, k,  I < P / 3  or k, I > 2 P / 3 ,
0 ~  \  0, P / 3  < k j <  2 P /3 ,

/  0, k j  < P / 3  or k , l  > 2 P / 3 ,
1 “  \  F, P / 3  < k,  I < 2 P / 3 .

C . H alf of F  (for k < P / 2 )  is assigned to  F0 and  th e  o th e r  ha lf  to  F ) (Fig. 

4.6.).
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D .  Assign a  s tr ip  of F  con ta in ing  poin t ( l / ‘2 , l / 2 )  to  F\  and  all th e  o ther  

po in ts  to  F0 (Fig. 4.8.):

T h is  fac to riza tion  provides th e  m in im um  energy solution (Fig. 4.9.).

Case 2: in teger  oversam pling, com plex  zero w indow.

Take a  co m p o s ite  window w ith  zeros a t  (0 ,1 /2) and  (1 /2 ,1 /2 )  (Fig. 4.10.a). 

Since for R  =  2 Z gi has zeros a t  (0 ,1 /2 ) and  (1 /2 ,1 /2 ) ,  th e  in tersec tion  (  

is n o n em p ty  an d  oversam pling  by two does no t p roduce  a  legal W -H  ex p a n ­

sion. C o n s tru c t io n  of a  legal W -H expansion  is still possible , however, for 

higher sam p lin g  ra tes.  T ak ing  R  =  3, for exam ple , p roduces Z gi w ith  zeros 

a t (1 /3 ,1 /2 )  an d  (5 /6 ,1 /2 )  (Fig. 4.10.b), and  Z q2 w ith  zeros a t  (1 /6 ,1 /2 )  and 

(2 /3 ,1 /2 )  (Fig. 4.10.c), which to g e th e r  with  Z go have an em p ty  in tersec tion  (.

Case 3: fractional oversam pling.

Take M  =  N  =  30, 5  =  2 an d  S '  =  3. M  =  S M  =  60 an d  M '  =  -§jM =  20. 

Set g =  h 0J  =  h\ .  F igures 4.12. a-f, 4.11. and  4.13. a-c show p a r t i t io n s  of 

G(/,A:), F(/,A:) and  th e  G a b o r  coefficients a n̂NTj ^ i  respectively.

F, k  < P / 3  or k  >  2 F /3 ,  
0, P / 3  <  k <  2 P /3 ,

0, k < P / 3  or k  > 2 P / 3  
F , P / 3  < k <  2 P / 3 .

T h e  a lg o rith m s described  in th is  ch a p te r possess h ighly  para lle l s tru c tu re ,

and  are  especia lly  su itab le  for a  d is tr ib u te d  m em ory  p ara lle l p rocessing  en-

89



v ironm ent.  A ssum e t h a t  a  d is t r ib u te d  m em ory  paralle l c o m p u te r  has  k  (<  

m i n ( N ,  M ) )  processors. Set

K  =  N / N i  =  M / N 2 

In th e  critica l sam pling  case th e  a lgorithm  can be  im p lem en ted  as follows:

•  Each processor receives Ar1 iV-point in p u t  d a ta

•  C o m p u te  Ah Appoint real F F T

•  Point-w ise m ultip lication  of th e  p reca lcu la ted  Zak t ran s fo rm  of th e  basis 

func tion  l / Z g(a ,b)

•  C o m p u te  N \  Appoint H erm it ian  F F T

•  D a ta  p e rm u ta t io n  betw een  processors (m a tr ix  t ranspose )

•  C o m p u te  N 2 M -p o in t  real F F T

Im p lem en ta t io n  of in teger oversam pled  case has s im ilar s t ru c tu re  as th e  c r it i­

cally sam pled  case, and  th e  frac tionally  oversam pled  case has a  b e t t e r  parallel 

s t ru c tu re ,  s ince it has ,S" re la tively  sm all 2-dim ensional N / S  x  M  F F T ’s, and 

th ey  m igh t be carried  ou t  locally in each processor w ith o u t  in te rp rocesso r  d a ta  

p e rm u ta t io n .  In [22] im p lem en ta t io n  resu lts  on single R ISC  processor of i860 

and  th e  P arag o n  parallel m u ltip rocessor sys tem  were given for sam p lin g  sizes 

b o th  of powers of two and  m ixed  sizes with  factors  2, 3, 4, 5, 6 , 7, 8 , 9. T h e  

t im ing  resu lts  on single i860 processor and  on 4- an d  8 -node  co m p u tin g  sys­

tem s show th a t  rea l- t im e c o m p u ta t io n  of W -H expansions is realizable.
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M ultip l ica tive  com plexity  of a lg o r i th m s ana lyzed  in th is  c h a p te r  is as follows:

•  cr itica l sam pling

P log2N  +  Plog2P  +  P

•  in teger  oversam pling  ( triv ia l fac to rization)

P lo g 2N  +  P lo g 2P  +  2 P

•  in teger oversam pling  (non-tr iv ia l  fac to rization)

Plog2N  +  R P l o g 2P  -f- R P

•  fractional oversam pling

P ( lo g 2N  +  f )  +  P f l o g 2%

T h e  co m p u ta t io n a l ly  m ost expensive  opera t ion  in b o th  s i tua t ions :  th e  in teger 

oversam pling  and  th e  frac tional oversam pling  is th e  ca lcu la tion  of th e  2-D F T  

of po lynom ia ls  Q r (R P \ o g 2 P ) an d  Psi (S'^g log2 ^ ) ,  respectively. W henever  

th e  app lica tion  allows th e  tr iv ia l  fac to riza tion ,  th e  in teger  oversam pling  tech ­

n ique  is m ore  efficient. W h en  th e  trivial fac to riza tion  is no t  considered, the  

frac tionally  oversam pled  a lg o ri th m  perform s b e t te r ,  bo th :  in a  single processor 

en v iro n m en t and  in a  paralle l sys tem , provid ing  S ' / S  < 2  or, m ore  generally, 

for R  > S ' / S .  A m inor  d isadvan tage  of im p lem en ta t io n  of th e  in teger over- 

sam pling  a lgo ri thm  on a  paralle l m ach ine  is a  res tr ic tion  on allowable sam pling
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ra tes: for com plex  zero p a t t e r n  windows fac to riza tion  of Z g for som e R  leads 

to  p a ram e te r iz a t io n  of th e  expansion .

Choice of fac to r iza t ion  m ig h t  be  m o tiv a te d  by factors  o th e r  th en  c o m p u ta ­

tional efficiency. C onstra in s  can b e  im posed  on th e  G a b o r  coefficients to  yield 

m in im u m  energy  so lu tion , i.e.:

K a u m I 2 =  m i n ■
m ,7 i,r

A n o th e r  des irab le  goal is o p t im iza t io n  of th e  fac to r iza tion  for best  localiza tion  

of th e  G a b o r  coefficients. E ar ly  investigations show t h a t  coefficients localiza­

t ion is re la ted  to  th e  sm o o th n ess  of p a r t i t io n s  of F .  A defin ite  answ er however 

has no t ye t  been found, an d  fa r th e r  work in th is  a rea  is needed.
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F ig u re  4.1: Zak tran sfo rm  p a r ti t io n  of th e  G aussian  w indow  fo r R = 2 : Zgo
( to p ), Zgi (b o tto m ).
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F >SWe 4.2: Factorization of F  for C ase  j  .
•A -  ^ 0  ( top ) ,  ^  (b o t to .m ).  
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F ig u re  4.3: G ab o r coefficients co rrespond ing  to  th e  fa c to r F 0 in  C ase l .A .
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F ig u re  4.4: Fac to riza t ion  of F  for Case I .E . :  ( to p ) ,  F,  (b o t to m ) .
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F ig u re  4.5: G a b o r coefficients co rresp o n d in g  to  fa c to riza tio n  in  C ase l .B .
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0  0

F ig u re  4.6: F ac to riz a tio n  of F  for C ase I .C .: F0 ( to p ) , F\ (b o tto m ).
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F ig u re  4.7: G ab o r coefficients co rresp o n d in g  to  fa c to riza tio n  in  C ase l .C .
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F ig u re  4.8: F ac to riz a tio n  of F  for C ase I.D .: F0 ( to p ) , F j (b o tto m ).
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F ig u re  4.9: G a b o r  coefficients corresponding  to  fac to r iza t ion  in Case l .D .
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F igure  4.10: Zak tran sfo rm  p a r t i t io n  of a  co m p o s ite  w indow for R  =  3 (Case
2.): (a) Zgo, (b)  Z Sl, (c) Z 92.
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F ig u re  4.11: P a r ti t io n  of F  fo r S' =  3, 5  =  2 (C ase  3.): F0 ( to p ) , Fx (b o tto m ).
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Figure  4.12: P a r t i t io n  of G  for S '  =  3, 5  =  2 (C ase  3.): (a) (b)  G 2 4 , (c)
^ 3 ,1 , (d) G i,2 , (e) (J2,2 , ( 0  ^3,2-
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F ig u re  4.13: G ab o r coefficients (C ase 3.): (a) s' =  0, (b ) s' =  1, (c) s' — 2
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C hap ter 5

E xtrap o la tion  o f  B an d -L im ited  
Signals and th e  F in ite  Zak  
Transform

T h e  ite ra tive  p rocedure  of G erchberg-P apoulis  for re s to ra t io n  of a  b and- lim ited  

signal from  p a r t ia l  d a ta  involves tran s i t io n  betw een  th e  t im e  d o m ain  an d  th e  

frequency  dom ain  a t  each i te ra tio n ,  rendering  th e  a lg o ri th m  co m p u ta t io n a l ly  

expensive, especially  for p rob lem s requ ir ing  several h u n d re d  i te ra tions .  In th is  

ch a p te r  a  new approach  is p roposed  for par tia l  d a t a  signal re s to ra t io n ,  in which 

th e  co m p u ta t io n s  a re  ex p o r ted  to  a  jo in t  t im e-frequency  space. T h e  finite Zak 

t ran sfo rm  calculus serves as th e  m ain  tool in a lg o r i th m  design. T h e  new a p ­

p roach  accom plishes reduc tion  in m ultip lica tive  com plex ity  from  2 P lo g 2P  to  

2P  p e r  i te ra tio n ,  while preserv ing  th e  s t ru c tu re  of th e  G erchberg-P apoulis  

m eth o d .
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5.1 Introduction

Signal ex tra p o la t io n  from  incom ple te  d a t a  is en co u n te red  in m an y  different 

s i tua tions .  Several exam ples  are X -ray  diffraction, op tica l  as tronom y, rad a r ,  

co m pu te r -a ided  to m o g rap h y  (C A T ) an d  geophysical m odeling. Typically , som e 

of th e  in fo rm ation  is lost in th e  m easu rem en t  (due  e.g. to  a tm o sp h e r ic  t u r ­

bulence in optical  as t ro n o m y ) or, as in m edical C A T, incom ple te  view d a t a  is 

acquired  when o b s tru c t io n s  p reven t  360 degree viewing.

Over th e  last tw en ty  years a  n u m b e r  of techn iques have been developed , th a t  

a t t e m p t  to  solve th e  p ar tia l  d a t a  p rob lem . T h ey  fall in to  two m a jo r  c a t ­

egories: series expansion  m e th o d s  an d  transfo rm  based  m e th o d s  [81]. T h e  

series expansion  a lgo ri thm s include th e  p ro la te  sphero ida l func tions  (P S F )  

m e th o d  [50], th e  singu lar  value decom posit ion  (SVD ) m e th o d  [76,82], th e  

con juga te  g rad ien t  m e th o d ,  th e  a lgebraic  reco n s tru c t io n  techn iques  (A R T ),  

th e  m u ltip lica tive  a lgebraic  reco n s tru c t io n  a lg o r i th m s (M A R T ) [81] and  te ch ­

niques t h a t  use s tochas t ic  m odel of th e  signal an d  d a t a  errors  ( th e  m a x im u m  

a  posteriori p robability ,  m a x im u m  likelihood and  m in im u m  m ean -sq u a red  e r ­

ror techniques).  T h e  second ca tegory  includes th e  Fourier  t ran sfo rm  based  

G erchberg-Papoulis  a lg o r i th m  [64], th e  H artley  t ran s fo rm  m e th o d  [19,81,83] 

and  th e  R adon  t ran sfo rm  m e th o d  [77], all th ree  of th e m  roughly  equivalen t 

in te rm s  of co m p u ta t io n a l  efficiency. A n o th e r  p o p u la r  signal ex tra p o la t io n  

technique , applied  p e rh ap s  m ore  frequen tly  to  th e  re la ted  p rob lem  of signal 

reconstruc t ion  from  phase  or m a g n i tu d e  of its Fourier  t ran sfo rm , is th e  m e th o d  

of convex p ro jec tions  [74,75,90].
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T h e  focus of th is  work is on signal re s to ra tion  from  p a r t ia l  d a ta ,  as fo rm ula ted  

by Papoulis ,  in th e  tran sfo rm  dom ain . Since all th e  t ran sfo rm  based  techniques 

(and  in fact  m ost  of th e  series expansion  m e th o d s  w ith  th e  exception  of SVD) 

are  i te ra t iv e  and  slow in convergence, reduction  in c o m p u ta t io n a l  com plex­

ity is a t  a  p rem ium . All th ree  transfo rm  based techn iques (Fourier , H artley  

and  R adon) involve tran s la t io n  betw een th e  t im e  do m ain  and  th e  transfo rm  

dom ain  a t  each i te ra tion ,  which is th e  m ain  co m p o n en t  in th e  co m p u ta t io n .  

It is n a tu ra l  to  pose a  question , if a  m ore  efficient techn ique  could not be 

co n s tru c ted  by em ploying  a  m ore  general ty p e  of t ran sfo rm  o p e ra t in g  in a 

jo in t  t im e-frequency  space. In th is  ch ap te r  a  t im e-frequency  a lgo ri thm  will 

be  designed th a t  re ta ins  s im plic ity  of th e  G erchberg-Papou lis  m e th o d  while 

im proving  its efficiency by log2P  per  ite ra tion .  T h e  techn ique  used  to  bring 

th e  c o m p u ta t io n s  to  th e  jo in t  tim e-frequency  space is th e  finite Zak transfo rm .

5.2 G erchberg-Papoulis A lgorithm

Take an in teger P  =  M N  >  0 . C onsider an unknow n P-periodic. signal g

(J =  [<7o,<7i,...,tfP-i], (5 . 1 )

w ith  a  Fourier t ran sfo rm  G

G  — [Go, G i , . . . ,  G m - \ i  0 , . . . ,  0] (5 -2 )

vanishing ou ts ide  th e  in terva l [0 , A ).  If an M -poin t segm ent /

/  =  [<7o ,<7i , - , < 7a / - i , 0 , . . . , 0] (5 .3 )
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of g is given, th e  signal g  can be reco n s tru c ted  from  an  i te ra t iv e  a lg o ri th m  due  

to  G erchberg  and  Papoulis  [64] (a  d iscre te  version was given by Jones  [55]), 

which is g u a ran teed  to  converge to  a  un ique solution  for M  > N .  A single 

i te ra tio n  of th e  a lg o ri th m  proceeds as follows:

1. C o m p u te  th e  Fourier t ran s fo rm  F  of / .

2. T ru n c a te  F  ou ts ide  an interval [0, N )  to  p roduce  Fjy.

3. C o m p u te  an inverse Fourier  t ran sfo rm  F ^ .

4. R ep lace  th e  first M sam ples  of F/y by / .

D efine

T hen  th e  i te ra tio n  is com plete ly  described by

fr+ 1 =  /  +  ( 1  -  Pm ){Pn K )

A good es t im a te  of g m ight require  several h u n dred  i te ra tio n s ,  each of th em  

perform ing  2 P lo g 2P  m u ltip lica tions ,  rendering  th e  p ro ced u re  co m p u ta t io n a l ly  

inefficient.

Take an ex am p le  of a  d i la ted  th ird  H erm ite  function

1, 0 <  I < N ,  
0 , e lsew here .
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w ith  M  — N  =  32 an d  A =  .1*25 (g in th is  exam ple  is cen te red  a t  zero for 

th e  pu rp o se  of g re a te r  clarity, b u t  a  s im ple t im e-frequency  shift can force th e  

signal to  com ply  w ith  conditions  5.1-5.3). A segm ent /  of g  is su p p o r ted  on 

th e  in terval [—M ,  M ) .  G  vanishes ou ts ide  interval [—N , N ) .  F igures  5.1-5.2 

i l lus tra te  s teps  1-4 of th e  a lgo ri thm . As can be seen from Fig. 5.3, th e  con­

vergence is ex trem ely  slow and  th e  h u n d re d th  i te ra tio n  still fails to  yield an 

accep tab le  e s t im a te  of g.

Since each s tep  of th e  G erchberg-Papoulis  a lgorithm  involves t ran s i t io n  b e ­

tween th e  t im e  and  frequency  dom ains,  it is n a tu ra l  to  ask, if an im provem ent 

could not be m ad e  by fo rm ula t ing  th e  p rob lem  in a  jo ined  t im e-frequency  

space. In th is  work we will t r a n s la te  th e  G erchberg-Papoulis  a lgo ri thm  in to  

th e  language of th e  F in i te  Zak Transform , however m an y  o th e r  possib ilit ies  for 

such a  fo rm ula tion  ex is t (e.g. W igner  D is tr ibu tion ,  am bigu ity  func tion ,  G ab o r  

expansion , e tc ) ,  and  will be explored  in fu tu re  work.

T h e  Zak tran sfo rm  has long been recognized as a  valuable tool in build ing  

efficient signal processing a lgo ri thm s [7,8,9,23], it  is in t im a te ly  re la ted  to  th e  

Fourier tran sfo rm , an d  its calculus have been shown to  lead to  simplifica­

tions in deriv ing  proofs of several signal processing form ulas [53]. It will be 

shown t h a t  th e  F in i te  Zak T ransform  fo rm ulation  of th e  G erchberg-P apoulis  

a lgo ri thm  allows reduction  of co m p u ta t io n a l  com plexity  by a  fac to r  log^P-, 

replacing Fourier t ransfo rm  c o m p u ta t io n  w ith  po in tw ise m ultip lication .
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5.3 The F in ite Zak Transform

Choose a  positive in teger P.  A d iscre te  func tion  f ( k ) ,  k  G Z  is called P-  

period ic  if

f ( k  + P)  = f ( k ) ,  k e z .  (5.4)

D enote  by L 2( P)  th e  H ilbert  space of all P -p e r io d ic  func tions  w ith  inner p ro d ­

uct
p - 1

< / , $  > = £ / ( % * ( * ) ,  /,<7 e  L 2(P)-
k~0

Suppose P  =  M N .  For /  G L 2( P)  define th e  finite. Z ak  Tran s form  (F Z T ) 

Z / ( l , k ) ,  by
J V - l

Z f {l, k)  = J 2  f ( k  +  r M ) e 2iriTl/N, f  k  G Z.  (5.5)
r = 0

Z j ( l , k )  satisfies th e  following period ic ity  re la tions

Z f {l, k  +  M )  =  e - 2"il/NZ f {l, k) ,  I, k  G Z, (5.6)

Z f { l  + N , k )  = Z f ( l , k ) ,  f k e Z .  (5.7)

It follows t h a t  Z j  is P-periodic. in each variable and  is com ple te ly  de te rm ined  

by its values

Z f (l, k) ,  0 < k  < M ,  0 <  I < N .  (5.8)

T h e  finite Zak transfo rm  is a  u n i ta ry  t ran sfo rm atio n .  T h e  func tion  /  can be 

recovered from  its Zak transfo rm  by th e  fo rm ula  

N - l

f { k  +  r M )  =  N ~ '  J 2 Z f ( l ’ k )e~ 2lTilr/N, 0 < k < M ,  0 <  / <  N.  (5.9) 
/= o
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If /  is tim e-lim ited  to  [0, M )  th e  inversion fo rm u la  takes form

N - 1

f ( k )  =  N ~1 Y  z l ( l > *0, 0 < k < M ,  0 <  I < N.
/=o

M od u lation

S uppose /  an d  g  G L 2( P)  and  d en o te  by f  ■ g th e  p ro d u c t function

H ence we see th a t  th e  effect of m u ltip lica tio n  in th e  tim e  d om ain  is reflected  

by convolu tion  w ith  re sp ec t to  th e  frequency variab le  in th e  Zak space. W e 

will m ake use of (5.12) la te r  in th e  section .

T runcation

Let /  G L 2( P)  and  J'm  he its  M -poin t segm en t, i.e.

( f  ■ 9 )(k)  = f ( k ) g ( k ) . (5.11)

We th en  have [53]

(5.12)
c = 0

(5.13)

and

(5.14)

We have th e  follow ing re la tio n



Sim ilarly , if F  is th e  P -p o in t F ourier tran sfo rm  of /

F  = [F0, F 1, . . . , F p ^ }  (5.16)

and  is its  N -po in t segm ent

FN =  [Fo, F u . . . ,F N _ u 0, . . . ,0],  ( 5 . 17)

th en
M - 1

Z FN( k J ) =  Y , Z F(c, l ) ,  ( 5 . 18)
c= 0

w here th e  Zak tran sfo rm  of F  is defined as

M - 1

Z F {k,  I) = ' $ 2  F( l  + s N ) e 2”iks/M, (5.19)
5 = 0

and  F  can  be recovered from  Z F by

M - 1

F( l  +  s N )  =  J 2  l ) e~2Hka/M. (5.20)
k—0

Proof. Define

1, 0 <  k  <  M ,
PM{k)  ^ e lsew h ere .  

W e can w rite  J m  as

J m  =  P m  • / •

Using (5.12) an d  th e  fac t th a t

Z { PM( k) }  =  e2vi& +rr t  =  1, 
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where [ j j  +  7’] denotes the largest integer <  j j  +  7’, we have 

Z f M( l , k )  =  Z { p m  ■ f } { l ,  k)
N - 1

=  £  Z A c^ ) Z p m(1 -  c ’ k )
c= 0 

N - l

=  £ z / M )
c=0

Similarly, we have

Z FN( k , l )  = Z { p n  ■ F } ( k ,  I)
M - 1

= ^ Z F(c,/)Zpw( f c - c , 0
c = 0

M -l

=  Y 1 Z f ^
c = 0

where

»<'>={i; *
< l < N,  

e ls e w h e r e ,

and

Z { p jv (0 }  =  e2"t[^ +5]^  =  1,

[ j j  +  s] being the largest integer <  - f a +  7- .  □
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Form ulas (5.15) an d  (5.18) allow  us to  perfo rm  tru n c a tio n  of tim e  an d  fre­

quency  signals in th e  Zak sp ace  by a  s im p le  ad d itio n  of co lum ns of Z /  an d  Z F , 

respectively .

Fourier Transform

If /  6  L 2{ P)  and  F  is its  P -p o in t F ourier tran sfo rm , we have th e  following 

re la tion

M ~ xZ F {k , l )  =  Z f (l, - k ) e - 2Hk,/p (5.21)

Loosely speak ing , fo rm u la  (5.21) a sse rts  th a t ,  up  to  th e  fac to r e~2mablN  ̂ 90 

degrees ro ta tio n  of th e  Z ak tran sfo rm  Z j ( l , k )  p roduces th e  Zak tran sfo rm  

Z F(k,  I).

T h e  m ain  p a r t  of C ooley-T ukey F F T  a lg o rith m  is also co n ta in ed  in fo rm ula  

(5.21). N eglecting  p e rm u ta tio n s  we can co m p u te  F  by th e  follow ing sequence 

of steps.

1. C o m p u te  Z j ( l , k ), 0 <  k < M ,  0 <  I < N .  T h is  s tep  requ ires M  

iV -point F ourier tran sfo rm s.

2. T w id d le  by th e  fac to r e -'2lTtkl/ p . T h is  s tep  requires P  m u ltip lica tio n s  as 

0 <  k  < M,  0 <  / <  N .

3. C o m p u te  th e  inverse Z ak tran sfo rm  Z F by (5.20) w ith  N  and  M  in te r ­

changed . T h is  s tep  req u ires  N  M -p o in t F ourier tran sfo rm s.
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5.4 G erchberg-Papoulis-Zak A lgorithm

In th e  p rev ious section  th e  F in ite  Zak T ransfo rm  was in tro d u ce d  and  it was 

show n th a t  F ourier tra n sfo rm a tio n  and  tru n c a tio n  in t im e /f re q u e n c y  corre­

sponds to  ro ta tio n + m u ltip lic a tio n  and  su m m atio n  in th e  Zak space , respec­

tively. Now, we can re fo rm u la te  th e  G erch b erg -P ap o u lis  a lg o rith m .

1. C o m p u te  th e  Zak tran sfo rm  Z j ( l , k )  of f ( k ) .

2. R o ta te  Zf ( l ,  k)  by 90 degrees and  m u ltip ly  by th e  p h ase  fa c to r e - 2irtkI/ p 5 

y ie ld ing  Z F (k,  I).

3. A dd co lum ns of Z F acco rd ing  to  (5.18). T h is  s tep  y ields Zj?N( k , l ) .

4. R o ta te  Z FN( k , l )  by 90 degrees and  m u ltip ly  by a  phase  fac to r, y ield ing

k).

5. A dd co lum ns of Z p N( l , k )  accord ing  to  (5.15) to  p ro d u ce  %(p'N)M( l , k) .

6. A dd Z }l =  Z } -f  Z Fn -  Z (Fn)m.

7. C o m p u te  th e  inverse Zak tran sfo rm .

C o m p u ta tio n  of e ith e r  th e  forw ard  or th e  inverse Zak tran sfo rm  req u ires  P lo g 2N  

m u ltip lica tio n s, an d  needs to  b e  perfo rm ed  only  once. S ince s tep s  3., 5. and  

6. involve only  ad d itio n s , th e  m u ltip lica tiv e  com plex ity  of a  sing le ite ra tio n  

is 2 P.  F igu res 5.4-5.7 illu s tra te  s tep s  1-6 of th e  G e rch b erg -P ap o u lis-Z ak  algo­

rith m  for th e  signal g  from  sec tion  5.2 ap p ro p ria te ly  tim e-freq u en cy  sh ifted  to  

m eet cond itions 5.1-5.3. A segm en t /  is su p p o rted  on th e  in te rv a l [0, M ) .
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T h e  G erch b erg -P ap o u lis-Z ak  p ro ced u re  can  be easily  ex ten d e d  to  tw o-dim ensional 

signals v ia  g en e ra liza tio n  of th e  F Z T  to  tw o dim ensions. T h e  2-D F Z T  [91] 

re ta in s  all th e  useful p ro p e rtie s  of 1-D F Z T , such as p erio d ic ity , convolu tion  

and  re la tio n  w ith  th e  F ourier tran sfo rm .

A pp lication  of th e  F in ite  Z ak tran sfo rm  to  signal e x tra p o la tio n  from  p a r tia l 

d a ta  is n o t th e  only  way to  b ring  th e  co m p u ta tio n s  to  th e  jo in t tim e-frequency  

space. F o rm ula tion  of th e  p ro b lem  in th e  language of th e  d isc re te  G ab o r ex p a n ­

sion offers an  a lte rn a tiv e  ap p ro ach , w hich is ex trem ely  efficient if a  G aussian  

w indow is em ployed . An in te re s tin g  d irec tio n  to  tak e  in fu tu re  research  w ould 

be to  in v estig a te  th e  effect th e  selection of th e  w indow  has on efficiency and  

convergence of th e  a lg o rith m . A pp lica tions of W igner d is tr ib u tio n  and  am b i­

gu ity  fu n c tio n  to  th e  G erch b erg -P ap o u lis  p rob lem  shou ld  also be  inv estig a ted .

A p ro b lem  re la ted  to  th e  G erch b erg -P ap o u lis  signal ex tra p o la tio n  is signal 

re s to ra tio n  from  p hase  or m a g n itu d e  of its  F ourier tran sfo rm  [48,49]. M eth ­

ods sim ilar to  th e  G e rch b erg -P ap o u lis  a lg o rith m  ex ist (e.g. G erch b erg -S ax to n  

tech n iq u e ), how ever th ey  are e la b o ra te  an d  co m p u ta tio n a lly  expensive . A gain, 

re fo rm u la tin g  th e  p h a s e /m a g n itu d e  p rob lem  in a  jo in t tim e-frequency  space 

(Z ak, G ab o r, W igner, e tc ) m ig h t p rove to  be a  rew ard ing  en te rp rise .
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C hap ter 6

C onclu sion s

6.1 R ole o f T im e-Frequency A nalysis

T im e-frequency  techn iques has been  know n to  th e  scientific an d  eng ineering  

com m u n ity  for a b o u t h a lf a  cen tu ry . Indeed , G ab o r ex p an sio n , W ig n er d is­

tr ib u tio n , W o o d w ard ’s am b ig u ity  function , even w avelet tran sfo rm  are  h a rd ly  

novelties - th ey  have long been  recognized  as useful in ra d a r  signal p rocess­

ing, speech  processing , co m m u n ica tio n  and  coding. S till, th e  ap p lica tio n s  w ere 

found m o stly  in a  few se lec ted  fields, and  th e  m u tu a l re la tio n sh ip  betw een  th e  

tran sfo rm s has n o t been  fully  exp lo red , w hich o b s tru c te d  th e  tim e-freq u en cy  

ana lysis from  reach ing  its  full p o ten tia l.

T h is  is p ro b ab ly  going to  change d ra m a tic a lly  in th e  n ea r fu tu re : c o m p u t­

ing pow er has becom e availab le  to  a tta c k  com plex  p ro b lem s re q u ir in g  a  non- 

s ta tio n a ry  ap p ro ach . R ecen t in te re s t in w avelets, w hich s tim u la te d  m an y  signal 

p rocessing  discoveries, shou ld  sp read  to  o th e r  jo in t-d o m a in  tech n iq u es , once 

researchers realize  th a t  ’one m e th o d  does no t fit a l l’ an d  th a t  d e sp ite  its  com ­
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plexity , tim e-frequency  m eth o d s m ay lead to  sim ple  so lu tions of tra d itio n a lly  

unaccessib le  p rob lem s. I t is hoped  th a t  th is  work is a  s tep  in th is  d irec tio n . 

T h e  tw o m ain  co n trib u tio n s  of th is  d isse rta tio n  are:

•  ex p o sitio n  of th e  in tim a te  re la tio n sh ip  betw een  two tim e-freq u en cy  tech ­

n iques ( th e  d isc re te  G ab o r expansion  an d  th e  fin ite  Zak tran sfo rm ), 

w hich lead to  design of sim ple , efficient an d  flexible a lg o rith m s and

•  ap p lica tio n  of a  tim e-frequency  m e th o d  (th e  fin ite  Z ak tran sfo rm ) to ­

w ards a  signal p rocessing  p rob lem  (w hich has been w orked on for over 

tw en ty  years) and  p ro d u c in g  a  sim ple y e t efficient so lu tion .

T h e  focus of th is  work was on th e  fin ite  Zak tran sfo rm . It w as show n th a t  th e  

Zak tran sfo rm  is in s tru m en ta l in es tab lish in g  clear an d  easily  co m p u tab le  con­

d itio n s  for ex istence of G ab o r expansions and  for s tab ility  of th e  co m p u ta tio n s . 

T h e  ap p licab ility  of th e  Zak tran sfo rm  app ro ach  was ex ten d ed  to  in teg er and 

frac tio n a lly  oversam pled  G ab o r system s. T h e  re la tio n sh ip  betw een  th e  F ourier 

tran sfo rm  an d  th e  Zak tran sfo rm  was ex p lo ited  to  fo rm u la te  an  efficient algo­

r i th m  for e x tra p o la tin g  b an d -lim ited  signals from  p a r tia l d a ta .

T h e  ideas p re sen ted  in th is  d isse rta tio n  offer m any  avenues for fa r th e r  research . 

A few of th ese  a re  m en tio n ed  below.

•  A lth o u g h  th e  fu n d am en ta l p ro p e rtie s  of th e  Z ak tran sfo rm  are  fa irly  well 

know n, th e  re la tio n sh ip  betw een  th e  Zak space and  tim e  space ch arac­

te ris tic s  is no t fully u n d ers to o d . T h e  significance of Z ak tran sfo rm  zeros, 

th e ir  n u m b er, lo ca tio n  an d  sh arp n ess as well as Zak su rface  c u rv a tu re  for
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design of tim e-signals  in  th e  Z ak space shou ld  be  th o ro u g h ly  in v estig a ted . 

F u rth e rm o re , th e  re levance of th e  Zak tran sfo rm  for fe a tu re  ex tra c tio n  in 

im age processing , te x tu re  d isc rim in a tio n  an d  speech recogn ition  shou ld  

be  fu lly  explored .

•  T h e  nonuniqueness of d isc re te  G ab o r expansions in  th e  general o v ersam ­

pling case can  be used  ad v an tageously  by im posing  co n stra in s  on fa c to r­

iza tions to  y ie ld  so lu tions w ith  desirab le  ch a rac te ris tic s , such as m ax i­

m u m  efficiency, m in im u m  energy, localiza tion , e tc . B e tte r  u n d e rs ta n d in g  

th e  im p ac t signal fa c to riza tio n  has on G ab o r coefficients requ ires fa r th e r  

research .

•  It has been  d em o n s tra te d  th a t  ap p lica tio n  of th e  Zak tran sfo rm  to  th e  

G erch b erg -P ap o u lis  p rob lem  produces a  sim ple  and  efficient signal ex ­

trap o la tio n  a lg o rith m . F o rm ula tion  of th e  p rob lem  in th e  lan g u ag e  of 

th e  d isc re te  G ab o r ex pansion  offers an  a lte rn a tiv e  ap p ro ach , w hich is 

ex trem ely  efficient if a  G au ssian  w indow  is em ployed. A n in te re stin g  d i­

rec tio n  to  tak e  in fu tu re  research  w ould be  to  in v es tig a te  th e  effect th e  

selection  of th e  w indow  has on efficiency an d  convergence of th e  algo­

r ith m . A pp lica tion  of o th e r tim e-frequency  techn iques shou ld  also be 

exp lo red , especially  am b ig u ity  func tion  an d  W igner d is tr ib u tio n .

•  A p rob lem  th a t  is re la ted  to  th e  G erch b erg -P ap o u lis  signal e x tra p o la ­

tio n  is signal re s to ra tio n  from  p h ase  or m ag n itu d e  of its  F ourier tran s-
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form . I te ra tiv e  m e th o d s  sim ilar to  th e  G erch b erg -P ap o u lis  a lg o rith m  

ex ist, how ever th ey  are  e la b o ra te  an d  co m p u ta tio n a lly  expensive . R efor­

m u la tin g  th e  p h a se /m a g n itu d e  p ro b lem  in a  jo in t tim e-freq u en cy  space 

m ig h t prove to  be  a  rew ard ing  en te rp rise .
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