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Chapter 1

Introduction

1.1 Problem Statement

The advantage of the Fourier transform is that it allows the decomposition of
a signal into individual frequency components, providing an alternative way
of looking at a signal. Such decomposition, however, does not yield an easily
interpretable information about the time localization of spectral components.
For non-stationary signals in particular application of Fourier methods leads
to physically meaningless descriptions. A typical example of such a signal is
human speech, but non-stationarity is present in numerous different situations
including seismology, radar and sonar, image processing, communications, etc..
In these situations successful signal processing requires operating in a joint
time-frequency domain.

One of the methods that addresses these need is Gabor expansion. It possesses
a number of desirable properties - linearity, best possible time-frequency local-

ization according to the uncertainty principle and admissibility of the Gaussian



function as a window. One particular disadvantage of the Gabor expansion is
that the Gabor functions do not constitute orthonormal basis, a fact that led
many to believe that stable, efficient and fast algorithms are not attainable,
or at least, difficult to built.

This work demonstrates that these believes are not justified. Stable and ef-
ficient algorithms for computing Gabor expansions can be easily constructed
while retaining all of the method’s desirable properties. Ease of computation,
excellent time-frequency localization and availability of physical interpretation
establish Gabor expansion as a highly useful tool for analyzing many types of
non-stationary signals.

The language of the Zak transform is at the center stage of both: the theory
of Gabor expansion and its application towards construction of successful al-
gorithms. First, the Zak transform helps to clarify the stability issues and to
formulate simple and easily computable criteria for existence of legal Gabor
expansions. Secondly, application of the Zak transform simplifies the structure
of algorithms and improves efficiency of computations, reducing them to the
2-D finite Fourier transform calculations.

Another example of successful application of time-frequency methods to signal
processing problems presented in this work is the Zak space formulation of the
Gerchberg-Papoulis algorithm. The iterative procedure of Gerchberg-Papoulis
for restoration of a band-limited signal from partial data involves transition
between time domain and frequency domain at each iteration, rendering the

algorithm computationally expensive.



This work shows that the computational cost of the algorithm can be sig-
nificantly reduced by performing the computation in a joined time-frequency
space, using the finite Zak transform calculus as the main tool. The intimate
relationship between the Fourier transform and the Zak transform is exploited
to replace the Fourier transform computations by pointwise multiplications.
The new approach accomplishes reduction in multiplicative complexity from

2Plog; P to 2P per iteration, while preserving the structure of the algorithm.

1.2 Dissertation Outline

The objective of this work has been stated. Chapter two begins with some
mathematical preliminaries that will be needed throughout. This is followed
by a review of the Zak transform fundamental properties. Examples of com-
mon signals in the Zak space is given. In chapter three the basic issues of the
theory of Gabor expansion are described and a survey of existing computa-
tional algorithms is presented. A summery of applications of Gabor expansion
is given and the Gabor method is compared to the Short Time Fourier Trans-
form, Wavelet Transform, Wigner Distribution and Ambiguity Function.

In chapter four numerical algorithms for computing Gabor expansions are pre-
sented for critical sampling and integer and rational oversampling. Clear and
easily computable conditions are established for existence of Gabor expan-
sions and for stability of computations. Algorithm selection criteria are given
in terms of the Zak transform properties of a signal. The main computational

task in the resulting algorithms is shown to be a 2-D finite Fourier transform.
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In chapter five the problem of signal extrapolation from partial data is stated
and a joined time-frequency solution is given. The solution is compared to the
Gerchberg-Papoulis algorithm. Concluding remarks and directions for future

research are offered in chapter six.



Chapter 2

The Zak Transform

In this chapter we establish notation, define terminology and introduce the
Zak transform, which will be used throughout this work as a tool in both:
explaining the theoretical issues relevant in Gabor expansion and construction
of new algorithms presented in chapters four and five. The main references are

Tolimieri et al [8] and Janssen [53].

2.1 Notation

(' is the set of complex numbers. The modulus of a complex number z € C is
denoted by |z|, the complex conjugate by z*. R is the set of real numbers. Z
is the set of integers. [ is identified with the interval [0, 1).

Sequences and series with undefined limits are taken over Z, and integrals with
undefined limits are taken over R. All functions are defined on the real line

and are complex-valued, unless otherwise indicated.

(o4



Lebesgue space LP(R) is defined as

(R = {F 1l = ([ 5@ <oo}, 12p<oo (21)

For 1 < p < oo, LP(R) is a Banach space with norm || - ||,, and L*(R) is a

Hilbert space with inner product

< f,g>= /.f(t)g*(t)dt. (2.2)

Given a Hilbert space H with norm || -|[, inner product < -,- > and a sequence

{«.} of elements in H, we have:

. fy =), a,x, (where the range of n is finite), then y is a linear com-

bination of x,, or y is linearly dependent on x,,.

2. A sequence {x,} is linearly dependent if there is ) oy, = 0 with not

all o, = 0. Otherwise the sequence is linearly independent.
3. The span of {x,} is the set of all finite linear combinations of x,,.

4. The sequence {wx,} is a basis for H if for every y € H there exists a

unique sequence of scalars {a,} such that y = >~ a2,
5. A sequence {z,} is orthogonal if m # n implies < @, z, >= 0.

6. A sequence {w,} is orthonormal if it is orthogonal and ||z,]| = 1 for all

n.

-]

A sequence {z,} is complete if span of {x,} is dense in L%(R), or equiv-
alently if the only element x € L%(R) which is orthogonal to every z, is

xz = 0.



8. An orthonormal sequence {e,} satisfying the following equivalent condi-

tions:

(a) {en} is complete,

(b) S | <aen>|*=||?*forall z € H,
(c) =), <wx,e,>e, forallaze H,
is called an orthonormal basis.

9. A sequence {e,} is called the standard basis for H if

< €,y ln >= 617171 (23)
where
1, m=n, )
677l7l - { 0, 77l # ’,l’ (2-4)

is the Kronecker delta.

Operators

Assume G and H are Hilbert spaces with norms |||, ||-||# and inner products

<. >q, <+, >y, respectively and that f: G — H.
1. The range of f is range(f) = {f(z) : x € G}.
2. f is linear if f(ax + by) = af(x) + bf(y) for all z,y € G and a,b € C.
3. f is one-to-one if x # y implies f(x) # f(y).

4. f is onto if range(f) = H.



5. f is bijective if it is one-to-one and onto.

6. The norm of fis ||f|| = sup{||f(2)|lg : = € G and ||z||g = 1}.

7. f is an isometry if it is on-to-one and norm preserving i.e. ||f(2)||n =

izl for all z € G.

o8]

<©

. A unitary f is a linear bijective isometry.

Translation, modulation and dilation.

Define the following operators:

translation
(To)f(t) = f(t+a), a€R,
modulation v
(Ro)S(t) = [(1)e*™, be R,
dilation

(De)f(t) = ¢ f(et), c€ R*.
The operators T,, K, and D, are norm preserving i.e.
1A= ITf Nl = 1RSIl = 1| De 1],
and we have
(TeR)f(t) = ™[t + a),

38

. If f is one-to-one, linear and onto, than it is called a linear isomorphism.

(2.9)



(RT)f(t) = e f(t+ a), (2.10)

(TuD) f(t) = c*f(ct+a), - (2.11)
(DTo)f(t) = (et + ca), (2.12)
(RoD.)f(t) = e f(ct), (2.13)
(DR f(t) = /2™ f(ct). (2.14)

Moreover, we will use [, (t) = RyT_of(t) = f(t — a)e?™®t,

Fourier transform.
The Fourier transform f of f and the inverse transform f are defined by
fv) = /f(t)e_?"ri"t(lt, fwv)= f(-v), veR (2.15)

We have f = ;’ = f, and

(T.]) = R.f, (2.16)
(m) = T—uf’ (217)
(Daf) = Dl (2.18)

For f,g € L*(R) we have the Plancherel formula
£l = If1lz = 117112 (2.19)
and the Parseval formula
< fg>=<f,g>=<f,9>. (2.20)
The convolution operator f(z) o g(x) is defined by

/f (t—7)d (2.21)

9



2.2 Zak Transform

The Zak Transform (also termed Weil-Brezin mapping or kq representation)
was known already by Gauss, but it was not until Zak rediscovered it and stud-
ied systematically that it came to attention of the signal processing community.
Since than it became an important mathematical tool for signal analysis appli-
cations, especially for constructing algorithms in Gaborian analysis. The two
main features that Zak Transform brings to the computation of the discrete
Gabor expansions are: a well-defined criterium for selecting legal Gabor expan-
sions and simplification of the overall algorithmic structure. In chapter four we
will apply the finite Zak transform to design efficient and flexible algorithms
for computing discrete Gabor expansions at integer and fractional oversam-
pling rates. A crucial feature of the Zak transform is its intimate relationship
with the Fourier transform. Indeed, the Zak transform can be interpreted as
a generalization of the Fourier transform with the function f(¢) sampled at
integer points r with the time offset 7. This relationship will be exploited
in chapter five to replace the Fourier transform computations by operations
performed in the Zak domain in the Gerchberg-Papoulis signal extrapolation
procedure, to obtain an efficient joint time-frequency domain algorithm.

While these two examples provide convincing arguments for bringing the Zak
transform to the center stage of signal processing, a number of issues still re-
main to be explored. The relationship between signal properties in the time
domain and in the Zak space should be investigated in more detail, especially

with regard to Zak transform zeros and surface curvature. Application of

10



the finite (and multiplicative) Zak transform to multirate filtering is another
promising area of research. Finally, the use of Zak transform as a representa-
tional tool in signal processing should be farther investig;ted.

In the following we will review some of the more important properties of the
continuous Zak transform, give simple examples of signals in the Zak space and
provide a formulation of the discrete Zak transform. Most of the properties
reviewed in the section will be given without proofs, which can be found in

Janssen’s paper [53] or in [8].

2.2.1 The Continuous Zak Transform

The Zak Transform of a continuous signal f(t) can be defined by
Zi(v,T) = Zf(T + 7)™ r e Z, —oo < T,V < 00, (2.22)

where v and 7 can be interpreted as time and frequency variables.

The main properties of the continuous Zak transform are:

1. Energy preservation.

ZT is an isometry from Hilbert space L*(R) onto L*(I?) with the in-

ner products

< fig>= / " (e

11



o

and

1 1
< Zy, 2, >:/ / Zi(v,7)Zy(v, T)dvdrT.
o Jo

We have

< fig>=<Zs, 2, >. (2.23)

In particular

IOz = 124 (v, )Mz (2.24)

Inversion formula.

The function f can be recovered from Z; by the inversion formula

b
]
ot
S’

1
flr+7)= / Z(v,7)e ™ dy. (2.
0

Periodicity.

ZT is periodic in frequency variable and quasiperiodic in time variable:

Ziw+1,7)=Zs(v,7), (2.26)
Zi(v, T+ 1) = Zs(v,7)e™ 2™, (2.27)

Hence, Z; is completely determined by its values on the unit square /2.

. Time and frequency shifts.

(ZTa)f(VaT) = Zf(l/,T+a), (228)

12



(74

(ZRs)s(v,7) = Zg(v + b, 7)™, (2.29)

so the time shift in the signal is reflected in time shift in the Zak trans-

form.
Dilations.
el v+r
7 =12 2.30
(ZDe)s(r,7) = ¢ gozf( —,c7) (2:30)
and
e T+r omn
N R S C S N
. Fourier transform.
We have the following relations
Zi(v,m) = Zy(=T,0)e ™7 (2.32)
and
Zi(v, 1) = Zy(1,—v)e” ™7, (2.33)

so, up to a phase factor e=>"*7 90 degrees rotation of the Zak transform

of f produces the Zak transform of f

. Time-limited and band-limited signals.

Let 0 < a,b < 1/2. We have the formulas

Ziv,t) = f(1), 7| <1/2, —00< v < oo, (2.34)

13



10.

1.

~

Zi(v,7) = f(—»)e ™7, —co< T <00, |v|<1/2, (2.35)

when [ is time-limited to [-a, a] and band-limited to [-b, b], respectively.
Hence, when f is time-limited to [-a, a], then Z;(v,7) = 0 for a <
lv] < 1/2, and when f is band-limited to [-b, b}, then Z;(v,7) = 0 for

b<|r] <1/2.

. Time reversal and complex conjugation.

Zs (v,7) = Zi(—v,—T), (2.36)

Zgs(vy 1) = Z3(—v, 7). (2.37)

. Convolution.

1
Z(fog)(v,m) =/ Zi(w,1)Zy(vyn — T)dT, —00 <1,m < o00. (2.38)
0

1
Z(fg)¢, 1) = / Zi(n,m)Z2y(E — v, T)dy, —00 <, T <o0. (2.39)
0
so the effect of convolution and multiplication of functions f and ¢ in

time domain is reflected by convolution of the Zak transforms Z; and Z,

in the time and frequency domain, respectively.

Combined time-frequency shifts.

ZR'"IT—"f(I/’ T) = Zf"l" (I/7 7-) = Zf(l/, T)eZWi(7LV+1,lT)- (2'40)

Fourier transform of the product Z;(v,7)Z;(v, 7).

< fyGmn >= Z Z Zf(l/, 7‘)Z;}"(1/7 T)e—27ri(nu+m‘r). (2.41)

v T

14



12,

The double summation can also be interpreted as a cross-ambiguity func-

tion of signals f and g expressed in terms of their Zak transforms.

Zeros of Z'T.

If Z; is a continuous function of the two variables v and 7, then Z; (1, 70) =
0 for some vy, 7o with 0 < 1y, 79 < 1. This is known as the Zero theorem.
The proof can be constructed as follows.

Suppose Z; is continuous and has no zeros. Take
Zi(v,7) = | Z{(v,7)|e¥™ W) —00 < v, T < o0,

where ¢ is a continuous function in both variables. From (2.26) and

. we have the following periodicity relations
2.27) we have the following periodicity relati
Zi(,1) = Zi(v,0)e 2,
Zf(l,T) = Zf(()’T)a
which lead to
50(1/71) = QO(I/,O)"—I/-FP,
99(177') = 90(0’7-) +4q,

where p and ¢ are integers independent of v and 7, respectively, by

continuity of ¢. Calculating ¢(1,1) in two different ways, we have:
e(1,1) = ¢(1,0)=14+p=¢(0,0)+q—1+p
e(1,1) = ¢(0,1)+q=¢(0,0)+p+q.

15



Since this a contradiction, Z; must have a zero.
The following result gives some indications where one might expect zeros
in the Zak transform.

If Z; is continuous and

e fiseven then Z,(1/2,1/2) =0,

e fisodd then Z,(0,0) =0, Z;(0,1/2) =0 and Z,(1/2,0) = 0.

The first four Hermite functions have the following zero patterns:

ho = (1/2,1/2),

ha : (0,0, (0,1/2),(1/2,0),

ha + (0,0, (1/2,1/2),

hs :(0,0),(0,1/2),(1/2,0),(1/2,1/2).

Examples of time-signals and their Zak transforms

1. Rectangular window function.

Let
N 0<t<l,
f(t)_{(), t<0 or t>1.
We have
Zi(n7) = eV o <ur < oo,

where [7] denotes the largest integer < 7. Z; has a unit modulus every-

where and is discontinuous at all integer 7.

16



2. Sync function.

Similarly as in the previous case, Z; has a unit modulus everywhere.

3. Gaussian window function.

Let
[ty =2Ye" _oo <t < oo.
We have
Zi(v,T) = 21/46_”293(%(1/ —1T);e "), —o0o < WT <00,
where 03 is the third theta function, given by
O3(z;9) =1+ ‘ZZ q”zco.s(27rnz), z complex.

Z has a single zero on the unit square at (1/2,1/2).

4. Two-sided exponential window function.

Let

We have




where

=€ p=e?™ 0<v< L.

Z; has a single zero on the unit square at (1/2,1/2).

. One-sided exponential window function.

Let

We have

Zi(v,T) = -, —00 < ¥, T < 00,

where z and 7 are defined in the previous example. Z; has no zeros on

the unit square.

. Chirp.
Consider
flt)y = e, —oco <t < oo,
We have
Zf(l/,T) — Zeri(‘r-}-r)ze‘b\'t’ru
"

— eﬂiT2 Z e2mir(T+u+1/2)

= ™ Z&(T +v+1/2—r),
which shows that Z; is concentrated on lines 7 = —v +1r — 1/2.

18



2.2.2 The Finite Zak Transform

Sample the continuous signal f(t) at ¢, = kA = % and define

f(k) = F(te),
such that
f(k)=f(k+P), keZ, (2.42)

where P is a product of integers M and N. A P-periodic function f is deter-

mined by its values
F(0), (1), ..., f(P = 1). (2.43)
Alternatively, we can represent f as a two-dimensional M x N array
fk,r)y=flk+rM), 0<k< M, 0<7<N, (2.44)

so the P-point data in (2.43) can be remapped as

[ £(0,0), f(45,0), ... L, f(M-1,0)
f(0,1), FLY, oo L f(M=1,1)

(2.45)

CFON 1), JOLN—1), ... f(M=1,N—1)

The discrete Zak transform Z(l, k), [,k € Z of a periodic signal f(k) with
period P is expressed by the formula

N-1

Zi(L k) = Y f(k 4 rM)ePm . (2.46)

r=0

19



Zs(l, k) is M-quasiperiodic in k variable
Zi(lk+ M) =e N Z,(1,k) (2.47)

and N—periodic in [ variable

Zi(l+ N k) = Z; (L, k). (2.48)
Proof.
N-1 ‘
Zf(l,lx-{—M) = Zf(k_}_,,.]w_*_M)e‘Zmrl/N
r=0
N-1 .
= Z F(k + 1 M)e2mit=0UN
r=0

— C—Zﬂil/NZj(l’ k)

The second relation follows from N-periodicity of e2™/N in [. O

It follows that Z;(/, k) is completely determined by its values
Zi(Lk), 0ZI<N, 0Zk<M. (2.49)

To obtain (2.49), we compute the N-point Fourier transform of each column

of (2.45). Overall, computing Z; requires M N-point Fourier transforms.

The finite Zak transform preserves information. The function f(k) can be

recovered from its Zak transform by the formula

N-1
f) = S 2Lk, 0Sk<P-1, (2.50)
1=0

20



or
N- 1
flk+rM) = E: ke %, 0<k<M, 0<r<N, (2.51)

=0

which follows directly from substituting (2.44) for (2.42).

All properties of the continuous Zak transform described in Section 2.2.1. have
discrete counterparts. We will conclude with the discrete form of two impor-
tant formulas: the combined time-frequency shifts and the Zak space relation

between a function and its Fourier transform.

Define
v (k) = gk —nM)e* =7 (2.52)
Then
lanN nM(l A’) Zﬂl(—']’\lTk_*_’;V_l)Zg(l, k)' (2'53)
Proof.
N-1
ngNnM(l l”) = Zl‘ I»-{-’IM —nM) 2migy 27rz"‘(k+rM
r=0

= 62’”'%7&Zf(l +mN,k—nM)

= 2% Z,(1, k — nM)

_ 27\'1(""‘ nl)Z (l ]\,) D'

21



We have the following relation between the Zak transforms of a function f and

A

its Fourier transform f
-1 —2mikl/P
M7 Z;(1,k) = Zp(—k, e ™ */ (2.54)
and Zak transforms of a function f and its inverse Fourier transform f

M-IZf(l, k) = Z(k,—1)e 2k,

—
o
(]
ot

S

Proof. Set
Gl k) = Zy(—k, l)e 2P,
Since
G+ N, k) = G, k),
Glk+M) = G, ke >N,
then
Gl k)= Z,(1, k)
where
M-1
g(l) = M~ > G(l,k)
k=0
Expanding
M-1N-1 '
g(l) = M1 6—21rzkl/f’f(l 4 7,M)e—21rirk/N
=0 r=0
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— M—l f(l 4 ,’,M)e—27ri%(l+rM)
=0 r=0
P-1 .

= MY f(p)eF)
p=0

= M7 f(p).

The second relation follows from the first one. O
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Figure 2.1: The first four Hermite functions (clockwise from top-left).
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Figure 2.2: Zak transform magnitude of the first four Hermite functions (clock-
wise from top-left).
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Chapter 3

The Gabor Expansion - A Brief
Overview

This chapter is intended as a concise introduction to the field. It exposes the
Gabor expansion as a valuable time-frequency tool for a signal analyst and
reviews some of the concepts that are central to the theory of Gabor repre-
sentation, such as the joint time-frequency localization and the invertibility of
the discrete Gabor transform. Understanding of these concepts is essential in
construction of efficient and flexible algorithms for digital signal processing.

This chapter has been organized into four sections. The first section addresses
the basic concepts of Gabor expansion theory. The second section presents a
survey of Gabor expansion algorithms. Section three discusses the many appli-
cations of Gabor expansion, especially image processing. Finally, section four
establishes the relation of Gabor expansion to other time-frequency methods.
The material presented here spans fife decades of research done by engineers
and mathematicians. Articles by Tolimieri et al [8,9] and Orr [62] provide an

excellent introduction to the field. More advanced readers will appreciate an
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early text by Tolimieri ef al [6] and a more recent paper by Janssen [51].

Much of the material covered in section two can be found in Orr [61,62]. In
section three numerous references are given but perhaps the most important
ones are Porat and Zeevi [65] and Porat and Friedlander [40]. For section four

see Cohen [27] and Hlawatsch and Boudreaux-Bartels [47].

3.1 Introduction

A Gabor representation {41] of a function f(¢) is a series expansion of the form

f(t) = Z Z aTTl’Ilg"l'll(t)? (3.1)

m n
where gmn(t) are the time and frequency shifted versions of the synthesis win-

dow function ¢(¢)
g (t) = g(t — nT)e%imma (3.2)

g(t) is a finite energy window function normalized according to

/_Oo lg(t)Pdt = 1, (3.3)

o0

and @, m,n € Z are the Gabor coefficients. Thus Gabor expansion rep-
resents a signal f(t) as a superposition of shifted (over discrete times nT')
and modulated (with discrete frequencies mQQ) versions of the elementary sig-
nal g(t). Each shifted and modulated window g(t) is assigned a weight a,,,
square magnitude of which provides a measure of energy of the signal f(¢) at
the (m,n)-th logon.

The time shift 7' and the frequency shift §2 satisfy the relationship QT = 1
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which defines the critical sampling. Gabor expansion constitutes a special
case of more general structures called Weyl-Heisenberg systems which are not
restricted to the above condition. We will return to the concept of Weyl-
Heisenberg systems later in the chapter.

The classical choice for the window function is the Gaussian signal
g(t) = 1 /4e=t? (3.4)

distinguished by the product of its effective widths on the time and frequency
axes, being the minimal possible according to the uncertainty principle. In-
deed, using the second moments of g as a measure of duration of g(¢) and
9(v)
2 2
(A = 4 ftly Pld;if

f 2 §(v)|*dv
J1g(v)|2dv

it can be shown [63] that the product of the time spread At and the bandwidth

(AI/)2 =

Av is limited by the inequality
AtAy > 1/4n (3.5)

and achieves the minimum when ¢ is a Gaussian signal.

Besides having the best joined time-frequency resolution the Gaussian function
has a number of other desirable properties: it is an eigenfunction of the Fourier
transform, has the ’proper’ smoothness, fast decay and lack of ringing, and can

describe the receptive field of a visual cortical neuron [32], which has significant
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advantages in such applications as image coding and computer vision.
There are other choices possible for the window function, two of which are

especially interesting: the rectangular function

m={ L 0=ty
g\ = 0, otherwise,
and the sinc function g(t) = g_t_;gz_ri In the first case the Gabor expansion has an

especially easy interpretation: the signal f(t) is ’split’ into a discrete set { fi}
defined on successive time intervals [T, (n + 1)7"], with a Fourier transform
being taken of each f;. Since the rectangular function and the sinc function
form a Fourier transform pair, the later window provides a signal description
at successive frequency intervals. Incidentally, the shifted and modulated sets
of both the rectangular window and the sinc window form orthonormal basis.
In general however this does not need to be the case. For a Gaussian window

in particular the inner product
o [ T2 2
< Gy Gmn >= ea,p[—~2(m + n®)],

which implies that the set (3.2) for ¢ in (3.4) is not orthogonal.

3.2 Survey of Algorithms

Since the set {gmn} does not constitute an orthonormal basis, the standard in-
ner product rule can not be used for computing the expansion coefficients and
alternative techniques have to be developed. In this section we will describe

three methods for computing Gabor coefficients: the biorthogonal method, the
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Zak transform method and the deconvolution method.

In 1980 Bastiaans proposed a solution to the Gabor expansion inverse prob-
lem utilizing the concept of biorthogonal window. As it became evident that
a stable and unique solution cannot be expected for windows with desirable
localization properties, Bastiaans theory was later extended to oversampling
situations via theory of frames. A radically different approach was taken by
Auslander and Tolimieri, who used the calculus of the Zak transform to develop
an efficient method for computing Gabor coefficients and specified conditions
for stability of the computation. Later, again using the Zak transform the-
ory, Auslander and Tolimieri formulated the deconvolution algorithm, relating
Gabor representation to the ambiguity function and the short-time Fourier
transform. In this section we will discuss the ideas that led to formulation of
the three methods, explain the transition from infinite and continuous to finite

and discrete case and compare the algorithms computational efficiency.

3.2.1 The Biorthogonal Method

In [12] Bastiaans have shown that if f can be expressed as

.f(t) - Z Z a”L'Ilg'"Ln(t)
and simultaneously in the form

f(t) = Z Z bmnhmn(t)a

m n
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then the Gabor coefficients can be synthesized as follows

Ay, = /f(t)h:‘,m(t)dt =< f, hpn > . . (3.6)

Substituting (3.6) into (3.1) leads to the completeness relation
DD Gt han(ta) = 6(t1 — t2), (3.7)
t) to

from which we conclude that the expansions do exist. Applying the Poisson

formula to (3.7) yields the biorthogonal relation [85]

/g;m(t)hkl(t)dt - 6m—k6n—l7 (38)

which for £ = [ = 0 takes form

/ﬁwmmﬁ=%@, (3.9)

or equivalently

Zy(v,T)Zy (v, T) = 1, (3.10)
from which A can be computed through the inverse Zak transform

1

h(T) = ZT_I{m}

(3.11)

Application of (3.6) is obstructed by several problems. First, it is not trivial
to determine a function that is biorthogonal to an arbitrary given function.
Except for a few signals such as the Gaussian and the exponential, biorthog-
onal functions are not known analytically. Second, since continuous functions

lead to zeros in Z; the equation (3.8) has a homogenous solution. The analysis

31



function % in that case is not unique: if A(t) is a window function then x(¢) can
be constructed such that the Z;Z, product vanishes on the same set as does
the product Z;Zy, so the sum h(t) + x(t) constitutes a proper window too.
Third, it is very difficult to have the window function and the biorthogonal
function both having a good time-frequency localization. As can be seen from
(3.10) the Zero theorem intervenes and a continuous, well localized ¢ inevitably
leads to an infinite energy, discontinuous window h. As a result the coeflicients
have bad convergence properties and a stable signal reconstruction is not pos-
sible. One can attempt to find a stable solution in the oversampled situation,
where numerical methods exist [85] for determining the biorthogonal function
through solving an underdetermined linear system. The procedure however is
cumbersome and the solution is non-unique. In [69] Qian used the window’s
non-uniqueness by imposing additional constrains on biorthogonal function
and constructed an algorithm which produces a biorthogonal function that is

closest to a given window.

3.2.2 The Zak Transform Method

The second method of computing Gabor coefficients is based on Zak transform
introduced in chapter two. Taking the Zak transform of both sides of (3.1)
yields

Zf(’/vT) = Zzamnzgm"(’/’T)- (312)

m n
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Using (2.40), we have the following relation among the Zak transforms of f

and g, and the Gabor coefficients

Zf(l/ 7_ I/ - Zzam"elm(nT%{-mQ‘r) (313)

m n

Dividing by Z, and taking the inverse Fourier transform of both sides yields
the inverse formula

Ay = // Zf v, 7‘ ...27ri(nTu+7nQ‘r)dI/dT_ (314)

I/T

Due to the Zero theorem the Zak transform of a smooth window has zeros in
the unit square. Unless Z; has matching zeros, the ratio Z;/Z, is not square
integrable and the formula (3.14) does not produce finite Gabor coefficients.
For a Gaussian window in particular Z, has a zero at (1/2,1/2) and the energy

of expansion coefficients

Z Z |a,,m|2 = 00. (3.15)

m n

A relation between zero sets of the window ¢, the signal f, completeness of the
Gabor expansion and stability of the computation will be discussed in detail
in chapter four. It is worth mentioning however, that unlike in the case of the
biorthogonal method, the Zak transform algorithm provides simple and easily
computable criteria for determining stability of the Gabor expansion and, as
will be seen later in the chapter, constitutes the most efficient and flexible

technique for computing Gabor coefficients.
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3.2.3 The Convolution Method

We start with the equation (3.13) from Section 3.2.2. and multiply both sides
by Z;

Zi(v,m)2; (v, T) (v, 7)|? Zza"me 2mi(nTv+mer) (3.16)

m n

The left-hand side of (3.16) is a doubly periodic function. We can write

Z_{(I/ 7. ” T Z men —2mi(nTyv+mQr) (317)

m n
Providing that f and ¢ are smooth, the Fourier series in (3.17) converges

absolutely and its coefficients are given by
by = //Zf(l/,T)Z;(I/,7‘)e27ri(nT‘l+mQT)(llldT. (3.18)

Using (2.40) we have

bn = //Zf(V,T)Z;m"(I/,T)(ll/(l’r (3.19)
and by (2.41) becomes
binn = /_f(t)g:;m(t)dt, (320)
or
bmn =< fa Gmn > - (321)

Similarly, since |Z,|? is doubly periodic, we can write

I/ T chmn ~21rz(nTu+mQT) . (322)

m n
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where

Cnn =< g, Ymn > - (323)
We can write (3.16) as

E E bm”e——2m(nTu+mQT) — § E Cmne—'lm(nTu-i-mQ‘r) % § E a7n"e—21r1(nTu+mQr)

m n m k13 m n
(3.24)

or as
— E 2 DI 1ot
bmn - Cm—pn—qlpq, (3.2())
r q

which constitutes a double convolution
b=coa. (3.26)

To compute Gabor coefficients we have to deconvolve (3.26). Combining (3.16),

(3.17) and (3.21) and making the finite approximation we can write

M-1N-1 M-1N-1
§ E < f, G > e—21r1(n[‘u+mQT) — |Zg(l/’7_)l‘2 E : E amne——‘lm(nTu-}-mQT).
m=0 n=0 m=0 n=0
(3.27)
We compute Gabor coefficients via inverse Fourier transform:
1 M-1N-1
e = / /{lZ (I/ T)|2} E E < [, Gma > e-—‘lm[(n—q)’] V+(m_p)QT]d”d7_-
rJ/a AN m=0 n=0
(3.28)

As in the Zak transform method care must be taken to avoid zeros of Z; in
the sampling process. If Z, vanishes at some point, the division step in the
deconvolution algorithm becomes numerically unstable.

The importance of the deconvolution formula lies in providing comparison
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between Gabor representation and a sampled short-time Fourier transform,
which leads to interpretation of the sampled short-time Fourier transform as
a two-dimensional convolution of Gabor coefficients with a sampled autoam-
biguity function of the window. We will return to this relationship in section

four.

3.2.4 The Discrete Case

Numerical implementation of (3.1) and (3.14) requires discretization and fini-
tization, which necessitates taking periodic extensions of the time functions.
Periodization and sampling of f(f) reduces the continuous Gabor expansion
to a discrete linear mapping that relates the samples of the periodized [ with
period P to a doubly periodic M x N array of Gabor coeflicients, where M is
the number of frequency cells, N is the number of time cells and MN = P. We
will derive the discrete version of (3.1) in the context of W-H expansion (with
QT < 1), obtaining the discrete Gabor sum formulation as a special case. Set
MN=MN =P, QT =1/R, M = RM', N'= RN.

Take the periodic extension fN'T(t) of f(t) such that
Ny = f(t+aN'T), a€Z, (3.29)

and write the W-H expansion of fV'7(1) as

fNIT(t) = Z Z Z Amn gt — n'T + aNIT)elz"i(HaNIT)mQ

« m n

z Z (L,,m:gN'T(t . an)e‘Zm'th’ (330)

m n

36



where

gV (1) Zg t+ aN'T). (3.31)

Observe that Gabor coefficients a,,, are invariant to joint periodization of the
signal and the window. Set m =p+rM, n'=¢ +sN', 0<p< M, 0<
¢ < N', r,s € Z, which yields

M-1N'-1

AR Z Z Z Z Apprmrgrisnig” L (t— (¢ + sN')T)e>mitletrMe

s  p=0 ¢'=0
M-1N'-1

=X XXX gt = 0 (3.3)

s p=0 ¢'=0

Sample the continuous signal fN'T(t) at ty = LVT, and introduce a shorthand

notation

kT

fky =" (35) (3.33)
i) = V() (3.31)

The expression (3.32) reduces to

M-1N'-1

f(k) = ZZ Z Z AptrM,q'+sN'g (l“ - q/M/) zm-‘il’%—

s =0 q¢'=0
M- lN’—lp '
= Z Z{ZZ(LP+qu+sNI}g( _qM) sz—E' (335)

p=0 ¢'=0 T

Define a doubly periodized array

Apgr = Z Z Ap4rM,g'+sN'» (3.36)
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which in effect yields the formula

M-1N'-1 "
)= Y gk — g M), (3.37)
p=0 ¢'=0

—

The array @, is periodic in time and frequency with periods M and N’ and
it forms a two-dimensional discrete Fourier transform pair with the array a, .
For QT' = 1 (or, equivalently, for M = M', N = N’) the formula (3.37) reduces

to
M-

2

G(k — qM)e2™ % (3.38)

1l
=}

p=0 ¢

To obtain the finite and discrete equivalent of (3.14) we start with (3.13), writ-

ing it in a periodized and sampled version. Sampling the continuous variables

vand T at vy = 118, Th = ]‘ and setting
Q kT .
Z4(k) = 245 1), (3.39)
. kT )
Zy(l, k) = Zg(ﬁv "M)v (3.40)
we have
pdm g7 ( AT MK | (atsN)
Ze( k) = ZyLE)D D DD tppemgpane®™ T )
7 s p=0 ¢g=0
M-1N-1 S
= Z,(L,k) iip g0’ BT HR), (3.41)
p=0 g=0

After dividing both sides of (3.41) by Z, and taking the inverse DFT we obtain

3.
the discrete counterpart of (3.14)

Zf(l’k)e—21ri(’11—lk+%)_ (342)



Similarly, we can obtain ([62]) the discrete counterparts of the deconvolution

formula (3.28)

] N-1M-1 M-1N-=-1
Upg = 27— {(——+ } Z Z < fyme > e~ 2mlls= )TN+ (r=p)k/M],
MN 4 IZg
=0 k=0 r=0 s=0
(3.43)
and the biorthogonal formula (3.6):
| My )
G, = —— FOIND (L —2migd . 7
G = Z F(R)h(k — qM)e=25E. (3.44)

Equation (3.42) is the exact finite discrete version of the continuous represen-
tation (3.14), providing a care is taken to avoid aliasing in time and frequency
produced in the process of discretization. To limit time aliasing, the period
MN of the signal and window must be taken sufficiently long with respect to
their lengths, so no overlap occurs in the periodized f and g. To guarantee
good frequency resolution the sampling rate M /T must exceed the bandwidth
of f. If those conditions are met, then the array a,, can be identified with one

period of the array @,, and the formula

g
z

f(k) =~ tpag(k — qM)e* 5 (3.45)

P

1l
=)
1l
<

q

provides a good approximation of the signal f. We will assume the approxi-

mation (3.45) holds throughout the remainder of the chapter.

The discrete formula (3.42) suffers from convergence problems similar to the
ones encountered in the continuous situation. If the zero set of Z; does not

contain the zero set of Z;, then (3.42) does not lead to a stable reconstruction
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of Gabor coefficients. Various attempts were made to alleviate this problem.
In [4] a subinteger shift of the sampling grid was suggested. Others proposed a
decomposition of the signal into two parts: one with a zero matching the zero
of the window and the other with a zero matching the shifted version of the
window [2], [9], [21]. Still another way to avoid the zero problem arises from
the observation that the Zak transform of the signal equals the Zak transform
of the window times trigonometric polynomial whose coefficients are Gabor
coefficients (3.41). If the ranges of the indices m and n are finite, one recovers
the polynomial from samples located far away from the zeros of Z;.

All of the proposed solutions have a limited application: they either assume
computations are performed at a fixed sampling rate, or constrain the choice
of the window. In chapter four a new method is introduced that provides a

general solution to the zero problem.

3.2.5 Weyl-Heisenberg Systems and Frames

The Gabor expansion is a special case of Weyl-Heisenberg systems

/‘([) - Z Z (ang(t _ nT)e‘hrimQt,

moon
which is defined by the choice of the tessellation parameters @ =T = 1. In
the context of Weyl-Heisenberg systems selection of the window ¢ and the
parameters {2 and T' determines completeness, uniqueness and convergence of
the representation. For QT > 1 the representation is incomplete. For QT =1
(the critical sampling case) the representation is in general unstable. As a

consequence of the Balian-Low theorem the set { g0.7 : m,n € Z } does not
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constitute an orthogonal basis and the standard Hilbert space inner product
methods do not apply, if the window function is smooth and has fast decay
(which is the case when ¢ is Gaussian). An oversampling (27" < 1) alleviates
the stability problem, the representation in that case however is not unique,
i.e. there is more than one set {a,,,} that satisfies (3.1) for a given f.

The Weyl-Heisenberg systems are often described in the language of frames,
which provides a convenient overview of the computational issues.

The set of functions

{gmaur : m,n € Z} (3.46)

constitutes a frame if there exist positive numbers A, B, independent of f,

called frame bounds, 0 < A < B < oo, such that for all f € L*(R)

Al <SS < Frgmanr > 1 < Bl (3.47)

The frame condition (3.47) guarantees that a numerically stable algorithm can
be found to compute f from < f, gna.r >.
Several special cases are important to highlight. If the set (3.46) is orthonormal
then the upper frame bound B = 1 and

SN 1< frgmanr > P < SIE (3.48)
The function f will not in general be determined by the coefficients (which are
not unique). However, if (3.46) is an orthonormal basis then A = B =1 (an

exact frame) and

S ST fgmanr > B =111, (3.49)

m 7n
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so f can be recovered from

f - Z Z < fa JnQ.nT > GmQnT- (350)

m 7n

For A = B the set (3.46) constitutes a tight frame

”f"; = A—.l Z Z' < fa JmanT > |27 (351)

m n
and we have
f = A_] z Z < fa ImaaT > gmQaT, (352)
m n

where the frame constant A indicates the rate of redundancy of the frame.
Close to tight frames are snug frames, for which the ratio A/B is close to
1. They do not constitute basis but lead to inversion formulas with rapid
convergence properties.

In case of any frame, a ’dual’ frame can be constructed such that the set
{amQ.nT im,n € Z} (353)

is a frame with bounds A=! and B~!, so

B_lllfllg S ZZI < f’gmﬂ,nT > |2 S A_lllf”g’ (354)

m n

and

f = Z E < f’ ImQnT > ymﬂ,nT' (355)

m n

Theory of frames was utilized by several researchers [59,94] to compute con-

strained biorthogonal windows in oversampling situations.
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3.2.6 Computational Efficiency

In this section we focus on computational complexity of the discrete Gabor ex-
pansion algorithms [61]. The three main methods are evaluated: the Zak trans-
form based, the deconvolution method and the biorthogonal method. Only the
critical sampling case is considered. The evaluation of complexity of various
algorithms is done by counting the number of multiplications required. The
difference in number of machine cycles needed to perform real or complex
multiplication and multiplication or division is ignored. The focus of the eval-
uation is the analysis relation for each method, as the synthesis in general
performs identical operations in reverse. The investigation of computational
complexity of the Gabor expansion presented here follows by and large the
evaluation performed by Orr [61]. It includes evaluation of a variation on the
biorthogonal method (not considered in [61]), where the inner product com-
putation is performed in the Zak space.

Let us first identify and evaluate the component calculations that in various
order occur in all of the three algorithms. They are: the Zak transform, 1-D
or 2-D DFT, the inner product of integer-shifted windows and simple multi-

plications.

—_—

. A P-point 1D or 2D DFT, where P is a power of 2, requires P log, P

multiplications.

o

. Since Zak transform can be treated as a DFT with the time offset as

a parameter, we can compute Z;({,k) as M N-point FFT’s, each FFT
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corresponding to:

N-1
Zs(l,) = Y f(r)etmmw, (3.56)

r=0

where f(k,7) = f(k+rM), 0<k<M-1,0<r<N-1L
The number of multiplications needed is Plog, N, P = M N.

3. An inner product < f, g, >= ZQ/]:BI ZN;O] (k,7)g*(k,r — n) requires

N P multiplications.

4. Zy, |Z4|*, h and Z), are produced in the precomputational step and are

not included in the total count of operations.

We now proceed with evaluation of the algorithms.

Zak transform method

The analysis formula is given by:

N
—~
o~
o~

1 ") ~27i( At L) ‘
i n m . 3.r7
MN AT (3:57)

k=0 (=0

Amn =

The operations needed are: the Zak transform of f (P log, N), the ratio Z;/Z,
(P) and the 2-D DFT on the ratio array (P log, P). The total count is:

P(log, P+ log, N +1). (3.58)

The deconvolution method

The analysis formula is given by:

1 Zg\f_—ol < f,grs > e—2mil(s=n)l/N+(r—m)k/M]

M-
o = DFT—-] Zr:O
‘ { AT b

(3.59)
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where < f, ¢g,s > can be expressed as

M-1N-1

SN f(k,p)g”(k,p — s)e N, (3.60)

k=0 p=0
The operations needed are: computation of the inner product < f,¢; > (PN),
1-D DFT on < f, g, > yielding < f, g.s > (Plog, M), 2-D DFT on the product
< fyg9rs > (Plog, P), division by |Z,|* (P) and the final inverse 2-D DFT

(Plog, P). The total count is:
P[2log, P +log, M + N +1]. (3.61)

An alternative (and faster) way to proceed is to compute the inner product in

the Zak space. From (2.41) we have

N-1M-
< f7grs >= Zf l k (l A) 271'2(sl/N+1k/}\/[) (362)
=0 k=0

,....
.-n

The first two steps in the proceeding computation are replaced by calculation of
Z; (Plog, N), the product Z;Z> (P) and 2-D DFT of the product (P log, P).
In effect we have:

P[3log, P + log, N +2]. (3.63)

The biorthogonal method

The analysis formula is given by:

=
=

f(k’7)l 77111(11‘ 7)' (3'64)
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Table 3.1: Complexity results for Gabor expansion algorithms

Computational Complexity

method

Zak transform P(log, P +log, N + 1)
Biorthogonal-Zak | P(log, P + log, N + 1)
Biorthogonal P(log, M + N)
Deconvolution-Zak | P[3log, P + log, N + 2]
Deconvolution P[2log, P +log, M + N + 1]

The operations needed are: computation of the inner product < f, h, > (PN

multiplications) and N M-point 1-D DFT’s (Plog, M). The total count is:
P(log, M + N). (3.65)

In an alternative scenario one takes advantage of the Zak transform in comput-
ing the inner product (in a similar fashion as in the case of the deconvolution
method) which yields Plog, N multiplications for calculation of Z;, P mul-
tiplications for computing of Z;Z; and P log, P computations for 2-D DFT.

The total count in this case is
P(log, P + log, N + 1). (3.66)

Table 1. summarizes the complexity results.

Summary

The results of this section demonstrate that the computational cost of the

biorthogonal method is identical to the Zak transform based, providing the
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inner product is computed in the Zak domain. The number of operations re-
quired in both cases is of the order of Plog, P. The deconvolution method
comes as the least efficient, even though the use of the Zak transform helps

again to reduce the total number of multiplications to the order of 3P log, P.
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3.3 Applications

Literature detailing applications of Gabor expansion spans numerous different
fields. Teti and Kritikos used successfully Gabor expansion for SAR ocean im-
age mlalysis (78], Womack and Cruz have shown its advantages in seismic data
filtering [87], Farkash et al introduced a Gabor-based scheme for analog speech
scrambling [36], Qian et al applied Gabor expansion to speech processing [71]
and Anderson et al used it for medical image compression [3].

Perhaps the most complete body of work exists for implementation of Gabor
transform to image representation. It has been the topic of several papers by
Porat, Zeevi and Gertner [65,66,88,91,92] and was researched independently,
from the neural networks perspective, by Dougman [32-34].

Dougman recognized in 1980 [32] that receptive field profiles encountered in

cortical cells can be modeled by a family of 2-D Gabor filters

G(z,y) = e~ @ =z0)?a®+(y=y0)*8?] , —2miluo (v ~0)+vo (y—10 )] (3.67)

which constitute a generalization of the 1-D Gabor Elementary Functions. He
computed the theoretical lower bound of joined uncertainty of the 2-D Gabor
filters in the time-frequency domain. Defining uncertainty in each of the four
variables x, y, u and v by the normalized second moments (Az), (Ay), (Au), (Av),
being the effective widths and lengths of the 2-D filter in time and frequency,

respectively, he has shown that a 2-D uncertainty principle exists:

(A2)(Ay)(Au)(Av) > 1/167° (3.68)
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and that the 2-D Gabor filters achieve the maximal possible joint resolution
in the conjoint 4-D time-frequency space.

Dougman also demonstrated decorrelating consequences of expanding an im-
age into 2-D Gabor elementary functions, achieving reduction in entropy for
the Lena portrait from 7.57 in the pixel representation to 2.55 in the Gabor
transform.

In [33] Dougman proposed a neural network to find the coefficients in the
Gabor decomposition, but because of the iterative nature of this method the
speed of the convergence at which usable results can be obtained is unknown,
his approach does not seem to be suitable for real-time applications.

A more conventional implementation technique was given in [65] where Porat
and Zeevi developed a generalized Gabor scheme for image represen-
tation which includes implementation of position-dependent sampling rate
(which is related to inhomogeneity of cell density in human vision), octave
relations between central frequencies and phase quantization.

Compactness of finite Gabor representation is studied computationally, using
two types of one-dimensional signals. The first is periodic, sine-wave signal;
the other is an aperiodic signal, synthesized by modulating a sine-wave in both
amplitude and frequency. A set of coefficients is computed via the biorthog-
onal method with a Gaussian window and the signals are reconstructed from
a finite subset of Gabor elementary functions. It is concluded that periodic
images have no advantage over aperiodic ones when signal representation is

accomplished by the Gabor scheme (in fact the aperiodic signal has a more
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compact coefficient set). The result is compared with the global Fourier trans-
form in which periodic signals have simpler i'epl'eselltation.
To study the effects of phase quantization the authors proposed a formula-

tion of the expansion

/([) = Z Z |(lmn!em"mfhnn(t) (369)

ki1 n

where |@,,| is the magnitude of a,,, and au,, is its phase. It is shown that
for N quantization levels the signal reconstructed from a quantized-phase set

{@mn} can be expressed by

: INY a ‘
f{t)= Z Z |(L,,m|g,,m(t){z sine(p + 7V..)e (PN+1)amn ) (3.70)

m n p

where sine(z) = %;r—”l, and ay,,,, is the quantified phase. The expression shows
that for p # 0 ’false’ images are added with wrong phase information; these
false images however become weaker as N increases (sinc(z) approaches zero
for arguments close to integers). The analytical results were computationally
tested for 5 and 24 quantization levels. The tests have shown a good approxi-
mation for 24 levels and a fair one (the signal was still easily recognizable) for
5 levels. These results were related to calculations of the attenuation factor
B(N) = sinc(;) for N = 5 and 24 where B(5) = 0.935 and B(24) = 0.997,
which indicates that the original images remain dominant in both cases.

The Porat-Zeevi generalized Gabor scheme incorporates two essential features

in human vision: the position-dependant sampling rate , which combines

nonuniform spatial sampling and logarithmic scaling along the frequency axes,
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and oversampling which is defined in terms of an overlapping window func-
tion. The rationale behind incorporating position-dependant sampling is re-
duction of the dimensionality of the representation. In implementation of the
Gabor image representation scheme as a visual data acquisition system the
highest sampling is performed on the area of interest, selected by directing
the ’visual axes’ of the system toward it, whereas the background of this area
of interest is sampled at a lower rate. Illustrations of several time-frequency
lattice tessellations are given, no procedure however is developed to provide
specific implementation guidelines or to evaluate the inherently involved in
such a scheme trade-offs.

As a related concept, a pyramidal scheme of multiresolution (Gaborian
Pyramid) is considered, where the effective spatial widths of the Gabor ele-
mentary functions become narrower as the frequency number increases. An-
alytical formulation of the Gaborian Pyramid is given and it is shown that
the coefficient sets derived from the Gaborian Pyramid and from the standard
Gabor expansion are equivalent.

The authors extend the Gabor scheme farther by proposing a two-dimensional

generalization . The 2-D signal f(z,y) is expressed by

f(ﬂ;’ 3/) = Z (Lm_rn_rmynygmxnxmyny(:Eay) (371)

MaNeMylly

where g npmyn, (£,y) is a time-frequency shifted 2-D window function

.(1171171_,171!,11,5,(171 y) = g("l: - Tn’fL‘Dl" y— 'nlyl)y)el(nz =etnyWuy) (372)
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D,, D, being the effective window widths in @ and y direction respectively
and W,, W, being the corresponding frequency widths. The window g(z,y) is

separable
9(z,y) = 92()gy(y), (3.73)

gz(2) and g,(y) however do not need to be of the same type. The 2-D gener-
alization is also given in polar coordinates.
In [91] Zeevi and Gertner proposed a similar formalism which accomplishes

the 2-D signal representation by means of the Zak transform .

Since physiological experiments reveal that the visual system is sensitive to
spatial phase and similar results were obtained in experiments carried out
with speech, the phase-only reconstruction of signal is sufficient under variety
of conditions. Porat and Zeevi investigated image representation by local-
ized phase using both Gabor scheme and STFT [92]. In both cases it was
shown that image represented by localized phase-only information reproduce
adequately the edge relationship while compressing the gray level information,
unlike the localized magnitude-only representation that distorts the edge in-
formation. The authors compared image reconstruction from localized phase
(Gabor/STET) versus from global Fourier phase for 1-D and 2-D signals. In
all cases the localized phase reconstruction scheme yielded superior results,
both in terms of rms error and computational efficiency.

The authors also demonstrated that the magnitude information can be effi-

ciently recovered from the phase-only information by an iterative technique
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which involves repeated transformation between the frequency and spatial do-
mains, applied along with the proper constraint on structure of the localized
components of the image. Again, it was shown that the localized phase scheme
has a far better rate of convergence and the number of computer operations
per iteration is reduced, which in effect saves log, N/ log,(N/M) operations

for an image of N pixels and M segments.

One of the main tasks of a visual system is to separate the image into dis-
crete entities or segments in order to understand the scene. This segmentation
is based mainly on the detection of differences between the regions, defining
the edges between them. Texture (or pattern) discrimination (which includes
color and/or intensity of the surface) is one of the most important aspects of
image segmentation. Global approaches to texture discrimination however are
unable to give reasonable results when the image consists of more than one
type of texture. Furthermore, contrast changes due to conditions of nonuni-
form illumination may hinder classification when global features are used, even
in the case of one-texture image.

In [66] Porat and Zeevi presented an approach to generalized texture analysis
and synthesis based on local feature extractors with the image represented
by a set of two-dimensional Gabor elementary functions. Assuming that the
primitives of natural textures are localized frequency components in the form
of GEF, the authors based their analysis on computing correlations of such

primitives with textured images. Six localized features derived from the first
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and second order moments of the three primary features - spatial frequency
along the preferred orientation, orientation of the spatial frequency and inten-
sity information - were defined and computed in the experiments. They were:
the dominant localized frequency F, variance of the dominant localized fre-
quency VF, dominant orientation T, variance of the dominant orientation VT,
mean of the localized intensity level L and variance of the localized intensity
level VL. For each localized area m,,m, the six-dimensional feature space is
specified, for which a classification scheme can be applied.

The resultant feature-vector was tested on eight textures. The most informa-
tive features proved to be VF and VL. In another experiment discrimination
by the pair (VF, VL) was tested on rotated and translated versions of the
original textures (in 49 different orientations). Texture discrimination using a
simple classifier of minimum distance was found to be stable in the presence
of additive noise, and degradation in performance occurred only at high noise
levels. For classification accuracy of about 90 percent, use of two features (VF,
VL) were found to be sufficient. Addition of a third feature (T) yielded an
improved results in cases where use of two-feature vector proved insufficient
(especially when testing rotated images).

In [35] Ebrahimi and Kunt developed an image compression technique
based on Gabor expansion (pyramidal Gabor decomposition) and have shown
that it leads to a significant reduction in the blocking effects dominant in the

image, if compressed via the widely used Discrete Cosine Transform.



Another field where Gabor expansion has been recognized to be extremely
useful is signal detection . In [40] Friedlander and Porat developed the
basic theory and algorithms for a detection scheme for partially overlapped
transient signals of unknown shapes and arrival times, using the Gabor rep-
resentation with one-sided exponential window. In the numerical experiments
they tested sensitivity of the Gabor detector to mismatch in the damping co-
efficient, the effect of noninteger arrival time and noninteger frequency. It was
found that the Gabor transform based detector is reasonably tolerant to vari-
ations in the window width (mismatch by a factor of 4 in either direction still
yields a single dominant Gabor coefficient with relatively small sidelobs) and
in the arrival time, but is less tolerant to frequency variations. It is shown
that the scheme is capable of separating transients having different arrival
times with their waveforms partially overlapping, even in the case when the
Gaussian white noise having standard deviation equal to the amplitude of the
signal is added.

To gain a better understanding of Gabor representation of random signals, the
effect of additive white noise was studied and standard properties of the Gabor
coefficients of white noise were computed. The second order moments of the
Gabor coefficients were shown to be chi-square for the 'noise-only’ situation
and non-central chi-square for ’signal+noise’ situation. They were then used
to introduce a detection statistic based on the Gabor coefficients.

The test platform of Friedlander and Porat was adapted by Tolimieri et al [5]

who made a comparison of the Gabor expansion and the Short-Time Fourier



Transform for signal detection in a noisy environment. The numerical exper-
iments confirmed the theoretical predictions that the STFT method with the
one-sided exponential window outperforms the Gabor expansion with respect
to signal to noise ratio by 2.6dB to 3.7dB depending on the choice of the time
grid. While the result gives STFT an advantage when signal detection in ab-
sence of coefficient thresholding is applied, this does not constitute a real-life
situation. In practice some thresholding is always used and since the STFT
based detection suffers from the blurring effect which in turn compromises its
resolution, a significant loss of information in the reconstructed signal can oc-
cur if thresholding levels comparable to the noise amplitude is applied. This
trade-off between noise reduction and distortion is much less severe in the Ga-
bor scheme due to its excellent localization properties. Another advantage of
the Gabor expansion lies in its computational efficiency for both: the forward
and reverse transform, while STFT inversion formula requires in general up to

O(P?log, P) operations.



3.4 Relation to Other Time-Frequency Rep-
resentations

The preceding sections of this chapter have primarily dealt with the description
of Gabor expansion, its properties, applications and computational methods.
The aim of this section is to discuss the connection of the Gabor expansion
with other time-frequency signal representations.

We consider four well known time-frequency methods: Short-Time Fourier
Transform (STFT), Wigner Distribution (WD), Ambiguity Function (AF) and
Wavelet Transform (WT). It is shown that the five representations are closely
interrelated. Samples of STFT spectrum can be expressed as a convolution
of Gabor coefficients and samples of auto AF of the window ¢g. STFT can
also be seen as a Gabor expansion computed on an infinitely dense lattice.
STFT is related to the WD: the squared magnitude of STFT is a weighted
version in time and frequency of the WD and constitutes a special case of the
smoothed WD. Ambiguity Function is a correlative dual of WD and the two
representations are related by a Fourier transform pair. Cross AF of signals f
and ¢ can be interpreted as a STFT of f with window g. The representation
that appears to be the most distinct from the group is WT. Still, despite the
different approach to frequency discrimination, W'T is related to STFT, since
both wavelets and time-frequency shifts of the STFT window are special cases
of coherent states associated with a Lie-group. Again, the relation with the
cross AF is stressed, STFT being interpreted as a narrow-band cross AF and

WT as a wide-band cross AF.



The most comprehensive review of time-frequency methods was done by Cohen
[27]. A more compact characterization was given by Hlawatsch and Boudreaux-
Bartels [47] and some of the relations were also stressed by Claasen and Meck-
lenbrauker [26]. Daubechies has studied localization and invertibility of STFT
and WT [29-30]. A comprehensive survey of results on Gabor expansion and
wavelets in terms of coherent states was given by Heil and Walnut [44]. Tolim-
ieri and Orr [5] have given the relationship between STFT and Gabor expan-
sion a precise formulation and demonstrated that the Gabor expansion has
advantages in transient signal detection in certain situations. Kadambe and
Boudreaux-Bartels compared existence of cross-terms in WD, WT and STFT
in analysis of multicomponents signals [56]. Jones and Parks have made a
similar comparison of several versions of WD with STFT [54]. Flandrin de-
tailed relationships between Gabor expansion, WT and AF by considering sig-
nal decomposition as a detection-estimation problem [38]. A group-theoretic
approach to Gabor expansion and STFT was presented by Feichtinger and

Grochenig [37].

3.4.1 Short Time Fourier Transform
The Short Time Fourier Transform [1,5,15,16,27,29,37,47,54,55,60] pair is de-
fined as
STFTy(r,v) / f()g™(t — T)e 2™t (3.74)
f(t)y = W //STFTf(T, v)g(t — 7)e*™¥tdrdv.  (3.75)

[
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The above formulas show a striking resemblance to the Gabor transform pair

mn = [ (= D), (3.76)
f(f) = Z Z amng(t - nT)eZﬂ'imQt’ (377)

which sometimes leads to interpretation of the Gabor transform as a special
case of STFT, in which the continuous variables T and v are taken on the
discrete grid (nT',m). In fact, sampling the STFT spectrum on the Gabor

lattice yields an inner product formulation, similar to (2.125)
STFT(nT,mQ}) = /f(t)g*('t — nT)e ™My, (3.78)

A careful inspection of (3.74-3.78) shows however, that there is a fundamental
difference between the two representations: while STFT uses the same window
for synthesis and analysis, the Gabor expansion utilizes two distinct windows ¢
and h, related via the biorthogonality condition (3.8). As a result the simplistic
interpretation of Gabor expansion as a sampled version of STFT does not hold.
lustead, the true relationship between the two representations is revealed in
(3.25):

< LoGn >= 3 Y s < Gy Gmrnes > - (3.79)

T s

The above relation defines the sampled STFT spectrum as a double convolution
of Gabor coefficients with the sampled auto AF of the window ¢g. The STFT
spectrum is thus a smeared replica of the Gabor coefficient array. It can be
shown that the Gabor spectrum will in fact become identical with STFT in
the limiting case, if we let the Gabor lattice to become infinitely dense, so

QT — 0 which will constrain the biorthogonal window A to approach g.
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3.4.2 Wigner Distribution

Most of the well-known time-frequency signal representations (TFR’s) can be
categorized as either linear or quadratic (some of them, like signal-adaptive
radially-Gaussian kernel distribution are neither linear nor quadratic). STFT,
Gabor expansion and wavelet transform belong to the first group. Ambiguity
function, spectrogram, Rihaczek distribution, Wigner distribution and its gen-
eralizations belong to the second one. Wigner distribution [24-26,27,46,47,52,
54,56,68,72,86]

WDy, = [+ (- Denerar (3.80)
is considered one of the most important quadratic TFR’s due to a large num-
ber of desirable properties it possesses [24-26]. For example, it satisfies time-
frequency shift invariance, preserves time and frequency support and the auto-
WD is real valued. The WD also satisfies the marginal properties, that is the
time and frequency integrals of the WD correspond to the signal instanta-
neous power and its spectral energy density, respectively. Hence, the WD can
be loosely interpreted as a two-dimensional distribution of signal energy over
the time-frequency plane (the WD may assume negative values, which together
with the uncertainty principle prohibits an interpretation as a pointwise energy
density distribution).

The main drawback of the WD is existence of cross terms. The WD of the

sum of two signals f(¢) + ¢g(¢) is

WDyg(t,€) = WDy(1,6) + WD,(1,€) + 2Re{W Dy, (t,€)}  (3.81)
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where the first two terms W D; and W D, are autocomponents and the last

term W Dy, is the cross term defined as

WDs(t,6) = [ ft+ Hlo = P, (3.82)

Cross terms are inherent in all quadratic time-frequency representations and
can never be completely eliminated (if unitarity of the representation is to be
preserved). However, since cross terms have oscillations at high frequencies,
they can often be reduced by low-pass filtering (smoothing) the Wigner distri-
bution. The price one has to pay is a loss of some of the desirable WD prop-
erties and a loss of time-frequency concentration, since smoothing generally
causes broadening of the WD’s signal terms. Among the attempts to obtain
a cross term suppressed WD, the better known constructs are the pseudo-
Wigner distribution (PWD), the smoothed Wigner distribution (SWD) and
the Choi-Williams distribution (CWD). The PWD is defined as

PW D, (1,€) = /f(f. + (= D) dr, (3.83)

and involves frequency-direction convolution. The SWD reduces the cross

terms in both: time and frequency by two-dimensional convolution

SWD(t, &) = /f(t + %)f*(-t - ;g)h(t,'r)e_z"ifrd'r. (3.84)

If we rewrite (3.74) as
STFTy(t,v) = /f(T)g*(T — t)e VT 7, (3.85)
then the complex spectrogram, which is the squared magnitude of STFT, can

be interpreted as a two-dimensional convolution of Wigner distributions of the
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signal and the window:
ISTFT(1,€)* = WDj{1,€) o WDy (~1,€). (3.36)

The spectrogram is thus a special case of SWD where the smoothing kernel is

the inverse Fourier transform of the WD of the time-reversed window function
h(t,7) = F7Y{W Dy(—t,)}. (3.87)

Choi and Williams have recently developed a shift-scale invariant distribution
CWDst.6) = [ [t Jr = Pt 1) dpr. (358)

with the smoothing kernel

o(p—t 2
e T (3.89)

bty 1) = 1 s

which preserves the signal energy marginals and proves useful for signals hav-
ing cross terms equally pronounced in both time and frequency direction.

Finally, Morris and Qian [68] proposed a cross term deleted WD representa-
tion (CDR) computed via Gabor expansion, which retains the original time-

frequency concentration at the cost of a loss of its unitary character.

3.4.3 Ambiguity Function

Ambiguity function is defined as [9,10,11,26,27,47,89]:

AF;(7,v) = / S+ 217 = D)em . (3.90)
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This general form of ambiguity function is also known as a cross-ambiguity
function of signals f and g. For f(t) = ¢g(t) AF reduces to auto-ambiguity

function of f:

AFpy(r,v) = /f(t + %)f*(t - g)e““""‘dt. (3.91)

Since AF satisfies the correlative marginal properties i.e. for v =0 or 7 =0
it simplifies to either the time-domain or the frequency-domain correlation
function, it can be interpreted as a joint time-frequency correlation function.
The maximum value of the auto AF occurs at the origin and equals the signals
energy. In radar signal detection, when f and g are the transmitted and
received signals, the maximum of the squared magnitude of the cross AF can
be interpreted as the maximum likelihood estimator of the range 7 and velocity
v of a moving target. The squared magnitude of the auto AF (the auto-
ambiguity surface) provides a measure of effectiveness in radar signal design.
The AF is related to the WD in the sense that they are a Fourier transform
pair: |

AFg (1, v) = //WDf'y(t,{)e"ZWi(”t"Tﬁ)(ltdﬁ. (3.92)

tJe

Hence, the properties of the WD such as time-frequency shifts and time-
frequency moments have their equivalents for the AF and the differences in
those properties determine the differences between the two signal representa-
tions. For example, the time-frequency shift of the signal leads to a corre-
sponding shift in the WD, while the effect on the AF is a change in phase only.
Moreover, the WD is always real while AF is in general complex. In a case

when the signal is even or odd function of time, the WD and the AF are equal
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up to a scale factor.

Both the WD and AF belong to the class of shift-invariant quadratic TFR’s,
known as the quadratic Cohen class. While the WD leads\to a family of ener-
getic time-frequency distributions Cg, in the sense that every member of CF is
a two-dimensional filtered version of WD with a characteristic kernel function,
the AF, which is a correlative dual of WD, leads to the class of correlative
time-frequency distributions C¢. In case of C¢, the members are derived by
simple multiplication (rather than convolution) of AF and the Fourier trans-
form of the characteristic kernel function. Hence, even if one’s interest is to
design a specific energetic time-frequency distribution, it is often more conve-
nient to work with the dual C¢ family of TFR's.

A different interpretation of AF can be obtained, if we write the cross AF as

AFf (T,v) = /f(t)g*(t - T)e_zri“tdt, (3.93)

or in the form of inner product
AFp,(nT,mQ) =< f(1), gmn(t) > . (3.94)

By arguments of Section 3.2.3 this leads to a double convolution relation:

b""-yn = § E Cm—-r,n-—sa'rs (3-95)
T S

where b, , is a sampled cross-ambiguity function of f and g, a, s are Gabor
coefficients of the signal f and ¢, , are coefficients in the expansion of a doubly

periodic function |Zg|? (see equation 3.24).
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3.4.4 Wavelet Transform

There is a close similarity between wavelet transform and STFT. Recall the

STFT formula in the continuous version
STﬂnﬁmyz/fmmr-ﬂa%Mm, (3.96)

and the discretized version, where 7 = nT and v = mf}
STFTs(n,m) = /f(t)g(t —nT)e 2mm¥qy, (3.97)

The wavelet transform (WT) [27,28-30,38,44,47,54,56,58,73] provides a similar

time-frequency description with analogous formulas:

t—0

a

DWHmM:MP”/ﬂUM )dt, (3.98)

and
WTi(m,n) = a;m/?' /f(t)h(agmt — nbp)dt, (3.99)

where a and b are restricted to @ = ', b =nboay’, m,n € Z, ap>1, by >0

and the following admissibility condition is satisfied:

/h(t)dt =0. (3.100)

The obvious similarity in the two transforms comes from the fact that both
take inner products of f with a family of doubly indexed functions, g, (t) =
g(t —nT)e*™ ™8 in (3.97) and hqp(t) = |a|7'/2h(42) in (3.98). The functions
has are called wavelets and the function hgo(t) is a 'mother wavelet’ which is

equivalent to the window function g in STFT analysis. A popular choice for
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h is the second derivative of the Gaussian h(t) = (1 = t2)e= /2.

The inner product formulation contains a measure of correlation of signals f
and g. In fact both STFT and WT can be related to the cross A¥. The STFT,
associated with Weyl-Heisenberg group can be interpreted as a narrow-band
cross AF used in the radar situations, where Doppler shift is approximated by
a frequency shift of the signal spectrum. The WT on the other hand, associ-
ated with the ’ax + b’ group can be interpreted as a wide-band cross AF used
in sonar applications, where the Doppler effect varies in the signal’s spectrum
causing a stretching or a compression in the signal. The difference between the
wide-band AF and WT lies in the range of the dilation parameter: in the case
of AT the Doppler shift remains near unity, whereas W' is generally used to
analyze signals over a large number of octaves.

The essential difference between WT and STFT lies in the shape of the ana-
lyzing functions g, and hep. While the set {g,.,} consists of a fixed envelope
and width functions g, uniformly shifted in time and frequency, the wavelets
have a constant shape, their time-widths being functions of frequency: for high
frequencies h,;, are narrow and for low frequencies h,;, are wide. This scaling
effect can be related to frequency change a« = fo/f, where fy is the central
frequency of hgo, which means that scaling by a factor of a induces a frequency
change by the inverse factor 1/a.

The difference in frequency discrimination in the two transforms can be illus-
trated in the context of a filter bank system. In the STFT case the bandpass

filter’s bandwidth is independent of the analysis frequency f. In contrast, the
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bandwidth of the WT filter is proportional to f or, equivalently to the filter’s
relative bandwidth Q). As a result, the WT is better able than STFT to resolve
short-duration high frequency phenomena.
A critical aspect of both transforms is their invertibility. In the continuous
case a function can be reconstructed from its WT by use of the 'resolution of
identity’ formula
-1

7t = i / / WT)(a, b)hay(t)dadb, (3.101)

where

o = 27r/|iz(£)|2|§|_1(l§ < 00. (3.102)

In the discrete case the reconstruction (in the critical sampling situation) de-
pends on the existence of orthonormal basis. It was found that there are in fact
some choices of h,ap and by that make h,,, an orthonormal basis for L2(R).

The earliest known example is the Haar basis, generated by

1, t >0,
h(t) =< -1, t <0, (3.103)
0, t < 0.

with ap = 2,00 = 1 and hy,(t) = 27™/2h(27™t—n), which however do not have
good localization properties. A well localized orthonormal wavelet basis were
discovered only fairly recently by Stromberg and independently by Meyer. A
significant advances in the field were made by Daubechies who constructed or-
thonormal wavelet basis with compact support [28] and by Mallat and Meyer,
who devised a multiresolution analysis [58] which was subsequently used as a

vehicle in construction of new orthonormal basis.
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While it was demonstrated that wavelet orthonormal basis are relatively easy
to find and do not require restrictions on parameters ag, b, for the STFT the
Balian-Low theorem narrows the search for orthonormal basis to one special
case: QT = 1. In that case orthonormal basis can be found, but they can

not have good localization properties in time and/or frequency domain. This

sinrt
wt

is illustrated by two examples: the rectangular function and g¢(t) =
Both functions generate an orthonormal basis. In the first case however

S €13(€)|?d€ = oo and in the second case [ t%|g(t)|*dt = oo.
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Chapter 4

Weyl-Heisenberg Systems:
Computing Oversampled
Discrete Gabor Expansions

Previously, a theoretical foundation for designing algorithms for computing
Gabor coefficients at critical sampling was established applying the finite Zak
transform. This theory established clear and easily com‘putable conditions for
existence of Gabor expansion and for stability of computations. The main
computational task in the resulting algorithm was a 2-D finite Fourier trans-
form.

In this chapter we extend the applicability of the approach to integer and ra-
tionally oversampled Gabor systems by developing a deeper understanding of
the relationship established by the finite Zak transform between linear algebra
properties of Gabor systems and function theory in Zak space. This relation-
ship will impact on questions of existence, parameterization and computation

of Gabor expansions.
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4.1 Introduction

During the last four years powerful new methods have been introduced for
analyzing Wigner transform of discrete and periodic signals [68,72,86] based
on finite Gabor expansions [7,8,9,13,41,85]. A recent work [68] adapted these
methods to gain control over the cross-term interference problem [46] by con-
structing signal systems in time frequency space for expanding Wigner trans-
form from Gabor systems based on Gaussian-like signals.

The computational feasibility of the method in [68] depends strongly on the
availability of efficient and stable algorithms for computing Gabor expansion
coefficients. Since in general, Gabor systems are not orthogonal, standard
Hilbert space inner product methods do not apply. Moreover since critically
sampled Gabor systems may not form a basis, oversampling in time-frequency
is necessary for the existence of arbitrary signal expansions. In fact this is usu-
ally the case for systems based on the Gaussian. In [68,72,85,86] the concept
of biothogonals was applied to the problem of Gabor coeflicient computation
but many details as to existence and stability were left unresolved.

In [8,9,23] a theoretical foundation for designing algorithms for computing Ga-
bor coefficients at critical sampling was established with the finite Zak trans-
form at center stage. This theory established clear and easily computable con-

ditions for existence of Gabor expansion and for stability of computations. The
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main computational task in the resulting algorithm was a 2-D finite Fourier
transform.

In this chapter the finite Zak transform will be established as a fundamental
and powerful tool for studying critically sampled and rationally oversampled
Gabor systems and for designing algorithms for computing Gabor coeflicients
for discrete and periodic signals, by developing a deeper understanding of the
relationship between finite Zak transform zero sets and properties of Gabor
systems. The role of the finite Zak transform is analogous to that played by
the Fourier transform in replacing complex convolution computations by sim-
ple pointwise multiplication. In this new setting properties of Gabor systems
such as their spanning space and dimension can be determined by simple op-
erations on functions in Zak space. This relationship will impact on questions
of existence, parameterization and computation of Gabor expansions and will

lead to:

e simple criteria for completeness of a Gabor system based on an explicit
description in Zak space of the linear span of a Gabor system. For a fixed
window this criteria determines time-frequency sample rates necessary

for completeness.

o explicit parameterization of the collection of all Gabor expansions of a

signal over a specific Gabor system.

o the design of algorithms both at critical sampling and oversampling
whose main computational task is implemented by 2-D finite Fourier

transform offering the advantage of efficient, accurate and flexible code.
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4.2 Weyl-Heisenberg Systems
Choose an integer P > 0. A discrete function f(k), %k € Z is called P-periodic
if

J(k+P)=J(k), keZ.

Denote by L?(P) the Hilbert space of all P-periodic functions with inner prod-

uct o
< fg>= S J(Kg(k), g€ LA(P).
k=0
For 0 < m,n < N and g € L*(P) define g,,, € L*(P) by
Gmn(k) = g(k —n)er™™P ke Z (4.1)

Suppose P = NM = N'M'. The Weyl-Heisenberg (W-H) System (g, M', N)

is the set of functions
{gmN,n’M' 0 S m < Ma 0 S nl < Nl} (42)

We distinguish three cases

eritically sampling N =N';, M =M
oversampling N >N, M<M

- integer oversampling M=RM', ReZ

- rational oversampling M=RM', ReQ—-7
undersampling N <N, M'>M

We call g the analysis signal and (M', N) the time-frequency sampling rate
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of the W-H system (g, M’, N). Fixed time-frequency translates of W-H sys-
tems will also be called W-H systems. Fix 0 <n <N, 0<m' < M'. The

W-H system (g, M', N),, ../ is the set of functions
{GntmNamtanmr s 0<m< M, 0<n <N} (4.3)

The two W-H systems are related by

2minn' [N’ (

In+mNm'4+n'M! = € gn,m’)mN,n'l\'l’- (44)

An expansion of an f € L2(P) over a W-H system is called a W-H ezpansion.
In this work we will develop efficient algorithms for describing linear span
of a W-H system and for computing W-H expansions. This algorithms will
provide simple conditions for completeness of a W-H system. For g € L?(P),
completeness conditions can be applied to produce algorithms which determine
time-frequency sampling rates (M’, N) such that (g, M’, N) is a complete W-
H system. The algorithm computing W-H expansions will parameterize the

collection of all W-H expansions of a function over a given W-H system.

4.3 Finite Zak Transform (FZT)

Suppose P = NM. For [ € L?(P) define the finite Zak Transform (FZT)
Zi(l, k), k,le Zby

N-1
Zy(lk) =3 f(k+rM)e™ N, ke Z (4.5)

r=0
Elementary properties of FZT including FZT based algorithms for computing

W-H expansions over complete critically sampled W-H systems can be found
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in [8] and in Chapter 2. We will briefly discuss these results without proof and

extend the role of the FZT to general W-H systems.

Theorem 1 If f € L*(P) then
Zo(lk+ M) =e ™INZ (L k), kileZ. (4.6)

Z;(1+ N, k) = Z,(1,k), k1€ Z. (4.7)

Theorem 1 implies Z; is P-periodic in each variable and is completely deter-

mined by its values
Zi(Lk), 0<k<M, 0LZI<N (4.8)

Denote by L?(N,M) the Hilbert space of all functions F(l,k), 0 < k <

M, 0 <[ < L, with inner product

M-1N-~-1
<F,G>= > Y F(,kG(L,k), F,GeL*N,M). (4.9)

k=0 (=0 .

Define Z} € L*(N, M) by
Z3(L k)= Z(Lk), 0<k<M, 0<I<N. (4.10)

In [8] we find the following theorem.

Theorem 2 The mapping N~Y2Z° is an isometry from L?(P) onto L*(N, M).
If Fe L3 (N,M) and f € L(P) is defined by

N-1
flk+rM) =N~ Z F(lk)e™mIN o<k <M, 0<I<N, (4.11)

=0
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Then F = Z‘f).

Theorem 2. permits free movement between operations in L?(P) and oper-
ations in L*(N,M). Algorithms for W-H systems and expansions are given
in L2(N,M). The FZT translates between linear algebra properties of W-H

systems in L?(P) and function theoretic properties in L2(N, M).

4.4 Application of FZT to W-H systems.

Application of the FZT to W-H systems is based on formulas contained in the

following theorem [8]

Theorem 3 If g€ L(P), P=NM, and 0<m,n< P, then

Z

gmn

(Lk) =2 Pz (14 mk—n), kleZ (4.12)
In particular, if 0<m< M, 0<n<N, then

Z

JmNnM

(l, l\,') — Zg(l, k)621ri(771k/1V1+nl/N)’ k,l c 7. (413)

By Theorem 1 the product function
Zi(Lk)Z (LK), kile€Z f,g€ L*(P) (4.14)

is M-periodic in the variable & and N-periodic in the variable [ and can be
viewed as a function in L?*(N, M). The Fourier expansion of the product

function is given in the following theorem
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Theorem 4 For f,g € L(P), P M,

M-1N-1

Zf(l k Z* l k Z Z < fv gmNnM > 327Ti(171k/M+nl/N)' (415)

m=0 n=0

4.4.1 Critical Sampling.

Theorem 2 is a powerful tool for analyzing W-H systems. We first consider

critically sampled W-H systems by extending the following result.

Theorem 5 The critically sampled W-H system
(g, M,N) ={gmunam 0<m <M, 0<n< N} (4.16)

is a basis of L*(P) if and only if Z, never vanishes.

Define
Iny={(LLk): 0<k< M, 0<I<N} (4.17)

By Theorem 4 and Theorem 2 we can identify the space of all f € L% P)

satisfying
< figmnam >=0, 0<m<M, 0<n<N, (4.18)
with the space of all F' € L*(N, M) satisfying
F(LEYZ,(LLk)=0, k1€ Inm. (4.19)

The space of such F € L} N, M) can be identified with the orthogonal com-

plement of the linear span of (g, M, N). If Z, never vanishes, this complement
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is {0} and (g, M, N) is a basis of L?(P) which is the content of theorem 5.

More generally, we have the following result.

Theorem 6 If the zero set { of Z, in Inym has exactly K points then the
dimension of the linear span of (g, M, L) is P — K. An [ € L*(P) is in the
linear span of (g, M, N) if and only if Z f vanishes on (.

By Theorem 3, an f € L*(P) has an expansion over (g, M, N)

M-1N-1
f = Z Z Ay NnMmN M (420)
m=0 n=0
if and only if
M-1N-1 .
Zf(l’ l") = Zg(l» k) Z Z amN,nM62”1(Mk/M+nl/N)a (l» k) € ]N,Ma (421)
m=0 n=0
if and only if we can write
Zo(Lk) = Z, (LK) P(L,E), (LK) € Ina, (4.22)

where P € L*(N,M). The W-H expansion coefficients are given by the 2D
M x N FT of P(L,k), (k) € Inm.

If Z, never vanishes then (4.22) defines a linear isomorphism from L*(N, M)
onto L2(P). In this case, W-H coefficients for the expansion of f over (g, M, N)
are given by the 2-D M x N FT of the quotient

P(L k) =




Suppose that the zero set { of Z, in Iy has exactly K points with K > 0.
Then (g, M, N) is linearly dependent and does not span L?(P). In this case
(4.22) defines a linear homomorphism from L2%(N, M) onto the linear span
of (9, M,N). Choose f € L?P) in the linear span of (g, M, N). Define
Q (L, k), (I,k) € Inm by

QL k) = { (%) ((ll”‘l;))ii’ (4.23)
where (¢ is a complement of ¢ in Iy pr. The space of such Q¢ is a K-dimensional

subspace of L?(N, M). Since Z; vanishes on ¢,
Zg(l,k) = Z,(L, )Q (L k), (LK) € Inm,

and a set of W-H coefficients for the expansion of f over (g, M, N) is given by
the 2D M x N FT of Q*(L,k), ({,k) € Inym. Moreover every expansion of f

over (g, M, N) is given in this way leading to the next result.

Theorem 7 If the zero set ¢ of Z, in Iy p has ezactly K points then every f
in the linear span of (g, M, N) has a K-dimensional space of W-H expansions
over (g, M, N). The coefficient space of W-H expansions of f over (¢, M, N) is
given by the set of all 2D M x N FT of the K-dimensional space of functions
Q> € L*(N, M) of the form (4.23).

Based on Theorem 7. we have the following algorithm.

e Compute

Pk N
Q“(l,k):{ awry: (LR EC, (4.24)



o Compute the 2D M x N FT of Q¢

N-1M-1

A NaM = Z Z Qa(l, k)elZﬂi(mvk-}-Dﬁl-) (425)

=0 k=0
If the critically sampled W-H system (g, M, N) is a basis of L?(P), than Q% =

P =L for all ({,k) in Inum.

4.4.2 Integer Oversampling
The integer oversampled W-H system g = (g9, M',N), M = RM' is the
disjoint union of critically sampled W-H systems.

R-1
g= U g & =9, M,N), ¢ =gorm, 0<7<R. (4.26)

r=0
By Theorem 3, f € L*(P) is in the linear span of g if and only if F' = Z; can

be written in the form

R-1
Fl k)= Z, (k)P (LK), (k)€ Inyu, Pr(lk) € L*(N,M), 0<r<R.
=0
(4.27)
Denote the zero set of Z, by (, and set ¢ = ﬂ:‘:_ol ¢r. Then f € L*(P) is in

the linear span of g if and only if we can write

R-1

F=>"F, F.eLMN) (4.28)
r=0
where
F, vanishes on (., 0<r<R. (4.29)

This leads to the following theorem which we state in a form slightly more

general than necessary.
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Theorem 8 If g is the disjoint union of critically sampled W-H systems
g = (8, M,N), 0 < r < R and { is the intersection of the zero sets of
the collection of functions Z,;,, 0 < r < R in Iy p then the dimension of the
linear span of g is P — K where K is the order of (. A function f € L*(P) is

in the linear span of g if and only if Z; vanishes on (.

The relationship between L?*(N, M) and the linear span of g is more com-

plicated then before. For ({, &) € Iy um, set
G(Z’L) = [Zyo(l’k)" T Z.{IR—-l(l’k)]’ (430)

Then we can write (4.27) in the form

Po(l, k)

F(Lk)=G(l k) . (4.31)
D.. (] 1)
| Proa(l, k) |
which defines a linear homomorphism of the RP-dimensional space of R-tuples
of functions in L2(N, M) onto the linear span of g. Choose f € L*(P) in the

which

linear span of g. An algorithm for computing a W-H expansion of [ over g is

given as follows.

e Decompose F' = Z;

R—-1
F=)"F, F €L}NM), (4.32)

r=0

where F, vanishes on the zero set ¢, of Z,,, 0 <r < R in Iy,
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e Compute

o= 1 Zoty (LR EG, (4.33)
o (1, k), (L, k)€

This stage is understood to be taken as in the critically sampled case with
arbitrary values assigned to the quotient at points where the functions

Zg., 0 <1 < R vanish.

o Compute the 2D M x N FT of Q¢

N-1M-1

gmi(mh ot
U NuM = Z Z Qe(l, k)™ G+ ), (4.34)

=0 k=0
If we assume that PlogP computations are needed for the P-point FT then

the multiplicative complexity of one W-H expansion computation is
Plog,N + R(Plog, P) + RP, (4.35)

but advantage can be taken. of the large number of zero data values. For
example, we can choose the decomposition F' = ZTR;ol F, such that F,..., Fr_q
each has only one non-zero point, so that the computation of the 2D FT of
Q1,..., Qr_ is trivial. In that case the complexity of the computation is similar
to the critically sampled situation.

Since F vanishes on the intersection ﬂi_ol (r, a decomposition of F' of the
above form can always trivially be constructed. However in general it is not
unique and two distinct decompositions lead to distinct W-H expansions.
The coefficient set of W-H expansions of f € L?(P) over g is parameterized
by the collection of decompositions of F' and by the arbitrarily assigned values

to the quotients at the points where Z, , 0 <r < R vanish.
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4.4.3 Fractional Oversampling

Denote by M the least common multiple (LCM) of M and M’ and define S
and S’ by M = SM = S’M’. Since P = MN = M'N'’ is a common multiple
of M and M’, S divides N, S’ divides N’ and N/S = N'/S' = P/M.

We can uniquely write 0 < n’ < N’ in the form

/ ! e 0} / 1] —_ jvl
n=3s+nY, 0<s <9, O<n<E.

Then
_ N
gmNn/ M = (gO,s’M’)mN‘ﬁ'ﬁ, 0 S n < ?, 0 S m< M.
Set gs = go,»smr. Then g is the disjoint union of undersampled W-H systems

§'—1
g=) 8

s!'=0

where

— N
gsl=(gSI,M,N):{(gsI)”lN';’—iﬁ: 05ﬁ< ?, 0STTL<M}

Set Gy = Z,, and F = Z;. Since
Z((95) i) ) = G (1, k)2 FHARD, (4.36)

J € L*(P) has a W-H expansion over gy if and only if

F(lk) = 2 Gy(l, k) Py(l, k) (4.37)

s/=0
where Py(l, k) € L*(N, M) satisfies

N
Psl(l+ —S'—’l") = PS’(I')k)7 (l’k) € ]N'M’
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leading to the following result.

Theorem 9. A function f € L*(P) is in the linear span of g if and only if
F = Z; has the form

§'-1
k)= Gu(l,k)Pu(l,k), (LK) € Inm, (4.38)
§'=0
where
N ! 1/ .
Po(l+ k)= Po(Lk), 0<s' <58, (Lk)€ Inm. (4.39)

A collection of W-H expansion coefficients of f over g is given by the collection
of 2D & x M FT of Pu(l,k) e LX(E, M), 0<s' < 9"

By Theorem 9., f is in the linear span of g if and only if there exists Py ({, k) €
LQ(%, M), 0<s" <5 such that

S§'-1
F(l+ q— By=Y Ga(l+ N < k) Pu(L k), 0<s <, (4.40)

s'=0

where (I, k) € In 5, or in matrix form as
5 1

[ F(lk) 1 [ Po(l k) ]
Fl+Y.k) Py(1,k)
= G(lvl”) . ’ (lak)e I%’-,M’ (441)
P+ (S = 1D)E k) | Psia(Lk) |

where G({, k) is the S x S’ matrix

[ Go(l+ %, k) ] 0<s<s  (bk)ETny. (4.42)
0<s' <8,
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Denote by r(l, k) the rank of G(I, k). The dimension of the linear span of g is

> (k). (4.43)

(Lk)el(F,M)

In particular, if

7-([, A,) =5, (l,k) € ]¥‘M (4.44)

then g is complete and every f € L?(P) has a W-H expansion over g.

There are several linear algebra techniques and programming packages that
can be applied to characterize the linear span of g and to compute W-H ex-
pansion coefficients for f € L%(P) in this linear span [39]. Gauss elimination
is perhaps the most well known technique but QR-decomposition or singular
value decomposition (SVD) of G(I, k) are more suited to applications which
subject W-H expansion coefficients to least-square constraints. We will briefly
review and introduce notation for SVD at this time.

For each ([,k) € Iy pp the singular value decomposition of G(!, k) has the

form

G(l, k) = U, k)S(1, k) V(L k), (4.45)

where U([, k) is a unitary S x S matrix, V({, k) is a unitary S’ x 5’ matrix

and 3(l, k) is a 'diagonal’ S x S’ matrix

¥ = diag(o9,01,...,05-1).
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Set

F(l,k)= | . (LK) € Iy (4.46)

(4.47)

Pl k)= | L (LK) € Ly (4.48)

| Psia(LE) |

Theorem 10. A function f € L(P) is in the linear span of g if and only if for
every (I, k) € [%’M, F(l, k) is in the linear span of the set of S-tuples

goll, k)Uo(l, k), ey 51 (L, k) Us_1 (1, k).

For f in the linear span of g we can solve for P([,k) by introducing the

pseudoinverse of G(I, k)
GY(LEk) = V(LE)ZT(L KU1 k), (4.49)

where £t (1, k) is the S’ x S diagonal matrix
1)

+ + ot
X7 =diag(og, 07, ..., 05,
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with

Then

P(l,k) = GYHLLEF(L, k), (Lk)e In ppe

The algorithm proceeds as follows.

Precomputation Stage

e compute

G(L k), (Lk)€ I

o compute the Singular Value Decomposition

G(L,E) = UL KBS, K)V(LK), (LK) € Ly o

e compute the pseudoinverse

GY(l, k) = VUL KB (L YU (L), (L) € Tn .

Computation Stage

e compute

P(L, k) = G*(LK)F(L k), (LK) € In .

e compute the 2D x M FT of Py

__.__1 M—

amN T, M Z Z

=0 k=0
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e define

t

S ! / — ! ! !
AmNwM! = G oar, =8 + nS, 0<n' <N, 0<m< M.

Then a W-H expansion of f is given by

§'—1 M—-1N/$-1

— s! s' e
f - Z Z Z amN,Tﬂ\—i‘gmN,ﬁﬁ (4‘)2')
sf=0 m=0 =0

M-1N'-1

= § E AN/ MmN/ M!- (453)

m=0 n'=0

The multiplicative complexity of the computation is

S’ S’
P(loga N + g) + P?logz—{:—,, (4.54)

where PlogP is the complexity of the P-point FT and S? is the complexity of

the action of an S x S matrix on a vector.

4.5 Examples and Implementation Remarks

In this section we give implementation examples for the integer and fractionally
oversampled Weyl-Heisenberg systems. The window is the Gaussian function
(except for Case 2. where a composite window is employed) with a single zero

at (1/2,1/2) and the signal is the second Hermite function with the zero set

{(0,0),(0,1/2),(1/2,0)}.

Case 1: integer oversampling, single zero window.

Take M = N = 32 and R = 2. The partitions Z,, and Z,; have zeros at
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(1/2,1/2) and (0,1/2), respectively (Fig. 4.1). Since the intersection ( of the
zero sets of Z,, and Z,, is empty, there are many possible factorizations of F,

i.e.:

A. Assign F(1/2,1/2) to F and all the other points of F' to Fy (Fig. 4.2.):

- = B (LR #(1/2,1/2),
FO_{O’(’ 21/21/)1

_ 0, (l,
o= {F, (A

This is the most computationally efficient factorization, since the DFT

) # (1/2,1/2),
N = (1/2,1/2).

o~

corresponding to the second partition degenerates to a pointwise multi-

plication.

B. Assign an area (a p X p square or a disk of radius r, p and r being free
parameters) surrounding point (1/2,1/2) to Fy and all the other points

to Fp (Fig. 4.4., in this example p = P/3):

{ F, k1< P/3orkl>2P/3,
FO ==

0, P/3<kI1<2P/3,

P 0, k, /< P/3ork,l>2P/3,
L F, P/3 < k,1 <2P/3.

C. Half of F (for k < P/2) is assigned to Fy and the other half to F; (Fig.
4.6.).
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D. Assign a strip of F' containing point (1/2,1/2) to F} and all the other
points to Fp (Fig. 4.8.):

o F, k< P/3ork>2P/3,
o = 0, P/3 < k<2P/3,

P 0, k< P/3ork>2P/3,
= F, P/3 < k<2P/3.

This factorization provides the minimum energy solution (Fig. 4.9.).

Case 2: integer oversampling, complex zero window.

Take a composite window with zeros at (0,1/2) and (1/2,1/2) (Fig. 4.10.a).

Since for R = 2 Z,;, has zeros at (0,1/2) and (1/2,1/2), the intersection ¢ -
is nonempty and oversampling by two does not produce a legal W-H expan-

sion. Construction of a legal W-H expansion is still possible, however, for

higher sampling rates. Taking R = 3, for example, produces Z, with zeros

at (1/3,1/2) and (5/6,1/2) (Fig. 4.10.b), and Z,, with zeros at (1/6,1/2) and

(2/3,1/2) (Fig. 4.10.c), which together with Z, have an empty intersection (.

Case 3: fractional oversampling.
Take M = N =30, S=2and S'=3. M = SM =60 and M' = %M = 20.
Set g = ho, f = hy. Figures 4.12. a-f, 4.11. and 4.13. a-c show partitions of
G(l, k), F(l, k) and the Gabor coefficients a‘;’l

N R respectively.

The algorithms described in this chapter possess highly parallel structure,

and are especially suitable for a distributed memory parallel processing en-
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vironment. Assume that a distributed memory parallel computer has & (<

min(N, M)) processors. Set
K = N/Ny = M/N,
In the critical sampling case the algorithm can be implemented as follows:

e Each processor receives N; N-point input data

Compute Ny N-point real FFT

Point-wise multiplication of the precalculated Zak transform of the basis

function 1/Z,(a, d)

Compute Ny N-point Hermitian FFT

Data permutation between processors (matrix transpose)

Compute N, M-point real FFT

Implementation of integer oversampled case has similar structure as the criti-
cally sampled case, and the fractionally oversampled case has a better parallel
structure, since it has S’ relatively small 2-dimensional N/S x M FFT’s, and
they might be carried out locally in each processor without interprocessor data
permutation. In [22} implementation results on single RISC processor of 1860
and the Paragon parallel multiprocessor system were given for sampling sizes
both of powers of two and mixed sizes with factors 2, 3, 4, 5, 6, 7, 8, 9. The
timing results on single 1860 processor and on 4- and 8-node computing sys-

tems show that real-time computation of W-H expansions is realizable.
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Multiplicative complexity of algorithms analyzed in this chapter is as follows:

e critical sampling

Ploga N + Plog, P + P

e integer oversampling (trivial factorization)

Plogs N + Plog, P + 2P

e integer oversampling (non-trivial factorization)

Plog, N + RPlog, P + RP

e fractional oversampling

P(log: N + £) + P log, £

The computationally most expensive operation in both situations: the integer
oversampling and the fractional oversampling is the calculation of the 2-D FT
of polynomials @, (RP log, P) and Py (S’g—log.l %), respectively. Whenever
the application allows the trivial factorization, the integer oversampling tech-
nique is more efficient. When the trivial factorization is not considered, the
fractionally oversampled algorithm performs better, both: in a single processor
environment and in a parallel system, providing S’/S < 2 or, more generally,
for R ZVS" /S. A minor disadvantage of implementation of the integer over-

sampling algorithm on a parallel machine is a restriction on allowable sampling
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rates: for complex zero pattern windows factorization of Z; for some R leads
to parameterization of the expansion.
“Choice of factorization might be motivated by factors other then computa-
tional efficiency. Constrains can be imposed on the Gabor coefficients to yield
minimum energy solution, i.e.:

Z !aan’anz = mun.

monr
Another desirable goal is optimization of the factorization for best localization
of the Gabor coefficients. Early investigations show that coefficients localiza-
tion is related to the smoothness of partitions of F'. A definite answer however

has not yet been found, and farther work in this area is needed.
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Figure 4.3: Gabor coeflicients corresponding to the factor Fg in Case 1.A.
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Figure 4.4: Factorization of F for Case 1.B.: Fy

(top), F (bottom).
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Figure 4.8: Factorization of F' for Case 1.D.: Fy (top), Fy (bottom).
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Figure 4.10: Zak transform partition of a composite window for R = 3 (Case

2.): (a) Zg,, (b) Z,,, (c) Zg,-
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Figure 4.11: Partition of F' for S’ =3, S = 2 (Case 3.): Fg (top), F; (bottom).
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Chapter 5

Extrapolation of Band-Limited
Signals and the Finite Zak
Transform

The iterative procedure of Gerchberg-Papoulis for restoration of a band-limited
signal from partial data involves transition between the time domain and the
frequency domain at each iteration, rendering the algorithm computationally
expensive, especially for problems requiring several hundred iterations. In this
chapter a new approach is proposed for partial data signal restoration, in which
the computations are exported to a joint time-frequency space. The finite Zak
transform calculus serves as the main tool in algorithm design. The new ap-
proach accomplishes reduction in multiplicative complexity from 2Plog, P to
2P per iteration, while preserving the structure of the Gerchberg-Papoulis

method.
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5.1 Introduction

Signal extrapolation from incomplete data is encountered in many different
situations. Several examples are X-ray diffraction, optical astronomy, radar,
computer-aided tomography (CAT) and geophysical modeling. Typically, some
of the information is lost in the measurement (due e.g. to atmospheric tur-
bulence in optical astronomy) or, as in medical CAT, incomplete view data is
acquired when obstructions prevent 360 degree viewing.

Over the last twenty years a number of techniques have been developed, that
attempt to solve the partial data problem. They fall into two major cat-
egories: series expansion methods and transform based methods [81]. The
series expansion algorithms include the prolate spheroidal functions (PSF)
method [50], the singular value decomposition (SVD) method [76,82], the
conjugate gradient method, the algebraic reconstruction techniques (ART),
the multiplicative algebraic reconstruction algorithms (MART) [81] and tech-
niques that use stochastic model of the signal and data errors (the maximum
a posteriori probability, maximum likelihood and minimum mean-squared er-
ror techniques). The second category includes the Fourier transform based
Gerchberg-Papoulis algorithm [64], the Hartley transform method [19,81,83]
and the Radon transform method [77], all three of them roughly equivalent
in terms of computational efficiency. Another popular signal extrapolation
technique, applied perhaps more frequently to the related problem of signal
reconstruction from phase or magnitude of its Fourier transform, is the method

of convex projections [74,75,90].
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The focus of this work is on signal restoration from partial data, as formulated
by Papoulis, in the transform domain. Since all the transform based techniques
(and in fact most of the series expansion methods with the exception of SVD)
are iterative.and slow in convergence, reduction in computational complex-
ity is at a premium. All three transform based techniques (Fourier, Hartley
and Radon) involve translation between the time domain and the transform
domain at each iteration, which is the main component in the computation.
It is natural to pose a question, if a more efficient technique could not be
constructed by employing a more general type of transform operating in a
joint time-frequency space. In this chapter a time-frequency algorithm will
be designed that retains simplicity of the Gerchberg-Papoulis method while
improving its efficiency by log, P per iteration. The technique used to bring

the computations to the joint time-frequency space is the finite Zak transform.

5.2 Gerchberg-Papoulis Algorithm

Take an integer P = M N > 0. Consider an unknown P-periodic signal ¢

9 = [90,91, .-, 9P-1], (5.1)
with a Fourier transform G
G = [Go, Gy, .., G140, .00, 0] (5.2)
vanishing outside the interval [0, N). If an M-point segment f
f=1g90,91,--,9m-1,0,...,0] (5.3)
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of ¢ is given, the signal g can be reconstructed from an iterative algorithm due
to Gerchberg and Papoulis [64] (a discrete version was given by Jones [55]),
which is guaranteed to converge to a unique solution for M > N. A single

iteration of the algorithm proceeds as follows:
1. Compute the Fourier transform F of f.
2. Truncate F outside an interval {0, N) to produce Fy.
3. Compute an inverse Fourier transform Fiy.
4. Replace the first M samples of Fy by f.

Define

() = I, 0<I<N,
PN = 0, elsewhere.

Then the iteration is completely described by

fror =T+ (1 =pu){pnFr}

A good estimate of g might require several hundred iterations, each of them
performing 2 Plog, P multiplications, rendering the procedure computationally

ineflicient.

Take an example of a dilated third Hermite function

]\'32 &2 P P
) — —-1/4 (4rA25-1) .
g(k) = (2X) / (47r/\———1w2 — 1)e!*™ =, ~5 <k< 5 1,
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with M = N = 32 and A = .125 (g in this example is centered at zero for
the purpose of greater clarity, but a simple time-frequency shift can force the
signal to comply with conditions 5.1-5.3). A segment f of g is supported on
the interval [-M, M). G vanishes outside interval [-N, N). Figures 5.1-5.2
illustrate steps 1-4 of the algorithm. As can be seen from Fig. 5.3, the con-
vergence is extremely slow and the hundredth iteration still fails to yield an
acceptable estimate of g.

Since each step of the Gerchberg-Papoulis algorithm involves transition be-
tween the time and frequency domains, it is natural to ask, if an improvement
could not be made by formulating the problem in a joined time-frequency
space. In this work we will translate the Gerchberg-Papoulis algorithm into
the language of the Finite Zak Transform, however many other possibilities for
such a formulation exist (e.g. Wigner Distribution, ambiguity function, Gabor
expansion, etc), and will be explored in future work.

The Zak transform has long been recognized as a valuable tool in building
efficient signal processing algorithms [7,8,9,23], it is intimately related to the
Fourier transform, and its calculus have been shown to lead to simplifica-
tions in deriving proofs of several signal processing formulas [53]. It will be
shown that the Finite Zak Transform formulation of the Gerchberg-Papoulis
algorithm allows reduction of computational complexity by a factor logs P,

replacing Fourier transform computation with pointwise multiplication.
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5.3 The Finite Zak Transform

Choose a positive integer P. A discrete function f(k), k¥ € Z is called P-

periodic if

f(k+P)=f(k), keZ (5.4)

Denote by L2(P) the Hilbert space of all P-periodic functions with inner prod-

uct

P-1
< fig>=> f(k)g'(k), [.g€L*(P).

k=0
Suppose P = MN. For f € L*(P) define the finite Zak Transform (FZT)
Zs(l, k), by
N-1 .
Zg(lk) =Y f(k+rM)e™ N, Lke Z. (5.5)
r=0

Z;(l, k) satisfies the following periodicity relations

Zilk+M)=eNg (Lk), LkeZ, (5.6)

Zi(1+ N, k) = Z;(,k), LkeZ (5.7)

It follows that Z; is P-periodic in each variable and is completely determined

by its values

Zi(Lk), 0<k<M, 0<I<N. (5.8)

The finite Zak transform is a unitary transformation. The function f can be

recovered from its Zak transform by the formula

N-1
fk+rM)=N"" Z Zi(lLk)em ™ /N 0<k<M, 0<I<N. (59)

=0
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If f is time-limited to [0, M) the inversion formula takes form

=N Zi(Lk), 0<k<M, 0<I<N, (5.10)

Modulation

Suppose [ and g € L*(P) and denote by f - ¢ the product function

(f - 9)(k) = f(k)g(k)- (5.11)
We then have [53]
Z(f-9)(l, k) Zchk (1= c k). (5.12)

Hence we see that the effect of multiplication in the time domain is reflected
by convolution with respect to the frequency variable in the Zak space. We

will make use of (5.12) later in the section.

Truncation
Let f € L?*(P) and fa be its M-point segment, i.e.

f = [anfla---afP—]] (513)
and
v = [fo, fiy s fM-1,0,...,0]. (5.14)

We have the following relation

Zs, (1 k) = sz (c, k). (5.15)

c=0
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Similarly, if F' is the P-point Fourier transform of f
F =[Fy, Fy, ..., Fp_4]
and Fy is its N-point segment
Fy = [Fo, Fry ...y Fn_1,0,...,0],

then

M-1
Zry (kD) =Y Ze(e, 1),
=0

where the Zak transform of F is defined as

M-1
Zp(k, 1) =Y F(l+sN)e*mks/M,

5=0
and F can be recovered from Zp by

M-1

Fl+sN) =Y Zp(k,1)e 2miks/M

k=0

Proof. Define

I, 0<k< M,
0, elsewhere.

puth) = {

We can write fy as
Im=pm- [

Using (5.12) and the fact that

Z{pu(k)} = e lar+In =
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where [7"54- + r] denotes the largest integer < ﬁ + 7, we have

Zi(LR) = Z{pm - Y1)
N-1

= Y Zi(c, k) Zpy (1 = ¢, )
=0

-1

N
= > Z(ek)

c=0

Similarly, we have

ZFN(k’l) = Z{pNF}(kvl)

M-1
= Y Zr(c,1) Zyy(k — 1)
c=0

M-1
= > Zr(e,l)

c=0

where

(1) = I, 0ZI<N,
PN = 0, elsewhere,

and

Z{pn (D)} = el = 1,

[ + s] being the largest integer < & + 1. O
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Formulas (5.15) and (5.18) allow us to perform truncation of time and fre-
quency signals in the Zak space by a simple addition of columns of Z; and Zr,

respectively.

Fourier Transform

If f € L3(P) and F' is its P-point Fourier transform, we have the following

relation

M7 Zp(k, 1) = Zs(1, —k)e 2™kUF (5.21)

Loosely speaking, formula (5.21) asserts that, up to the factor e=27e¢/N g

degrees rotation of the Zak transform Z;(l,k) produces the Zak transform
Zp(k,1).

The main part of Cooley-Tukey FFT algorithm is also contained in formula
(5.21). Neglecting permutations we can compute F' by the following sequence

of steps.

1. Compute Z;(L,k), 0 < k < M, 0 <1 < N. This step requires M

N-point Fourier transforms.

2. Twiddle by the factor e=2"*!/P This step requires P multiplications as

0<k<M,0<I<N.

3. Compute the inverse Zak transform Zp by (5.20) with N and M inter-

changed. This step requires N M-point Fourier transforms.
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5.4 Gerchberg-Papoulis-Zak Algorithm

In the previous section the Finite Zak Transform was introduced and it was
shown that Fourier transformation and truncation in time/frequency corre-
sponds to rotation+multiplication and summation in the Zak space, respec-

tively. Now, we can reformulate the Gerchberg-Papoulis algorithm.

—

. Compute the Zak transform Z;(l, k) of f(k).

2. Rotate Z;(l, k) by 90 degrees and multiply by the phase factor e=2m!/F
yielding Zp(k, ).

3. Add columns of Zp according to (5.18). This step yields Zp, (k, ).

4. Rotate Zp, (k,{) by 90 degrees and multiply by a phase factor, yielding
Zp, (1 k).

<t

. Add columns of Zg, (I, k) according to (5.15) to produce Z ., (I, k).
6. Add Zf1 = Zf + ZF'N — Z(FN)M'
7. Compute the inverse Zak transform.

Computation of either the forward or the inverse Zak transform requires Plog, N
multiplications, and needs to be performed only once. Since steps 3., 5. and
6. involve only additions, the multiplicative complexity of a single iteration
is 2P. Tigures 5.4-5.7 illustrate steps 1-6 of the Gerchberg-Papoulis-Zak algo-
rithm for the signal g from section 5.2 appropriately time-frequency shifted to

meet conditions 5.1-5.3. A segment f is supported on the interval [0, M).
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The Gerchberg-Papoulis-Zak procedure can be easily extended to two-dimensional
signals via generalization of the FZT to two dimensions. The 2-D FZT [91]
retains all the useful properties of 1-D FZT, such as periodicity, convolution
and relation with the Fourier transform.

Application of the Finite Zak transform to signal extrapolation from partial
data is not the only way to bring the computations to the joint time-frequency
space. Formulation of the problem in the language of the discrete Gabor expan-
sion offers an alternative approach, which is extremely efficient if a Gaussian
window is employed. An interesting direction to take in future research would
be to investigate the effect the selection of the window has on efficiency and
convergence of the algorithm. Applications of Wigner distribution and ambi-
guity function to the Gerchberg-Papoulis problem should also be investigated.
A problem related to the Gerchberg-Papoulis signal extrapolation is signal
restoration from phase or magnitude of its Fourier transform [48,49]. Meth-
ods similar to the Gerchberg-Papoulis algorithm exist (e.g. Gerchberg-Saxton
technique), however they are elaborate and computationally expensive. Again,
reformulating the phase/magnitude problem in a joint time-frequency space

(Zak, Gabor, Wigner, etc) might prove to be a rewarding enterprise.
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Chapter 6

Conclusions

6.1 Role of Time-Frequency Analysis

Time-frequency techniques has been known to the scientific and engineering
community for about half a century. Indeed, Gabor expansion, Wigner dis-
tribution, Woodward’s ambiguity function, even wavelet transform are hardly
novelties - they have long been recognized as useful in radar signal process-
ing, speech processing, communication and coding. Still, the applications were
found mostly in a few selected fields, and the mutual relationship between the
transforms has not been fully explored, which obstructed the time-frequency
analysis from reaching its full potential.

This is probably going to change dramatically in the near future: comput-
ing power has become available to attack complex problems requiring a non-
stationary approach. Recent interest in wavelets, which stimulated many signal
processing discoveries, should spread to other joint-domain techniques, once

researchers realize that 'one method does not fit all’ and that despite its com-
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plexity, time-frequency methods may lead to simple solutions of traditionally
unaccessible problems. It is hoped that this work is a step in this direction.

The two main contributions of this dissertation are:

e exposition of the intimate relationship between two time-frequency tech-
niques (the discrete Gabor expansion and the finite Zak transform),

which lead to design of simple, efficient and flexible algorithms and

e application of a time-frequency method (the finite Zak transform) to-
wards a signal processing problem (which has been worked on for over

twenty years) and producing a simple yet efficient solution.

The focus of this work was on the finite Zak transform. It was shown that the
Zak transform is instrumental in establishing clear and easily computable con-
ditions for existence of Gabor expansions and for stability of the computations.
The applicability of the Zak transform approach was extended to integer and
fractionally oversampled Gabor systems. The relationship between the Fourier
transform and the Zak transform was exploited to formulate an efficient algo-
rithm for extrapolating band-limited signals from partial data.

The ideas presented in this dissertation offer many avenues for farther research.

A few of these are mentioned below.

e Although the fundamental properties of the Zak transform are fairly well
known, the relationship between the Zak space and time space charac-
teristics is not fully understood. The significance of Zak transform zeros,

their number, location and sharpness as well as Zak surface curvature for
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design of time-signals in the Zak space should be thoroughly investigated.
Furthermore, the relevance of the Zak transform for feature extraction in
image processing, texture discrimination and speech recognition should

be fully explored.

The nonuniqueness of discrete Gabor expansions in the general oversam-
pling case can be used advantageously by imposing constrains on factor-
izations to yield solutions with desirable characteristics, such as maxi-
mum efficiency, minimum energy, localization, etc. Better understanding
the impact signal factorization has on Gabor coefficients requires farther

research.

It has been demonstrated that application of the Zak transform to the
Gerchberg-Papoulis problem produces a simple and efficient signal ex-
trapolation algorithm. Formulation of the problem in the language of
the discrete Gabor expansion offers an alternative approach, which is
extremely efficient if a Gaussian window is employed. An interesting di-
rection to take in future research would be to investigate the effect the
selection of the window has on efficiency and convergence of the algo-
rithm. Application of other time-frequency techniques should also be

explored, especially ambiguity function and Wigner distribution.

A problem that is related to the Gerchberg-Papoulis signal extrapola-

tion is signal restoration from phase or magnitude of its Fourier trans-
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form. Iterative methods similar to the Gerchberg-Papoulis algorithm
exist, however they are elaborate and computationally expensive. Refor-
mulating the phase/magnitude problem in a joint time-frequency space

might prove to be a rewarding enterprise.
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