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Abstract

MULTIPHOTON IONIZATION PROCESSES IN STRONG LASER FIELDS
by
P REDRAG KRSTIC

Adviser: Professor Marvin H. Mittleman

Multiphoton ionization of hydrogen in ultrastrong laser fields
is studied. The previous calculations of this process yleld differing
result for the transition rate. We show the relations between them and
difficulties with each of them. One difficulty is that the finite
spatial and time extent of the laser field has been omitted. It is
also found that a laser field, which is sufficiemtly intense to be
labeled ultrastrong, makes the electron move relativiscibally'so that
it becomes necessary to use Volkov states to describe the electron in
the laser field. The transition rate is obtained, using a CO laser as
an example, and it is found that the transition rate rises as the
laser intensity rises. This is a consequence of the use of relativistic
kinematics and is not true non-relativistically.

We also discuss the multiple peaks observed in the energy
spectrum of electrons resulting from multiphoton ioniz#tion of atoms
by lasers. When the laser intensity is large enough fér the

ponderomotive force to result in appreciable broading of the peaks we



show the shape of the broadened peaks contains useful information. We
show that the multiphoton ionization probability as a function of
laser intensity can be obtained but that the free-free cross sections,
which are in . principle also obtainable, are probably not obtainable in
practice. _

Finally, we describe the theory of the absérpcion of more than
minimum number of photons needed to ionize an atom by an intense laser.
The basic approximation used is that the atom is adiabatically deformed
by the laser and an impulsive interaction then results in multiphoton
absorption. In our first calculation we allow only one resonant excited
state to be included in the adiabatic deformation. In our second we
also allow the lowest energy continuum to be included. The two results

aré then compared.
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INTRODUCTION

In the last twenty years, owing to the development of high inte-
nsify lasers, there is increased interest, both theoretical and experi-
mental, in multiphoton-induced atomic transitions. ?hese ﬁre electronic
transitions which involve the net absorption, emission or scattering of
more than one photon. In particulaf, multiphoton ionization is a pro-
cess of light-induced ionization of an atom if the energy of the pho-
tons is smaller than the ionization potential of the atom. Multiphoton -
processes are important in applications such as isotope separation, la-
ser-induced fusion, gas breakdown, laser-iﬁduced chemical reactions,
etc. They also provide a new tool for high resolution exploaration of
excited atomic states., Multiphoton transitions generally require large
radiation intensities for their observation. This can be seen on the
basis of a simple perturbation theory argument. If the two-photon ab-
sorption is a two-step process, through a resonant intermediate state,
then the arrival of the second photon must éccur in the life-time T
of the intermediate state. This is typically ?fﬂ'lo-ssec, and the 1i-
near dimension of the atom is a,~'10-8cm. Then the necessary photon
flux is of the order -a-:;-.edozq em 2 sec™V. If the t:f_vo-photon absorption
- is via the virtual intermediate state, with typical life-time of ldJiec
then the required photon flux is considerable higher, of the order
1031 cm.z sec'1. From these arguments it is clear that the necessary pho-
ton flux for‘N-photon transition increases with increase of N. In other
words, multiphéton processes require electromagnetic fields highly

occupied with photons. But, in the limit of such high photon occupati-

on numbers, the electromagnetic field can be described classically



Atz 2 (dapexpi@r-ast-dn) + c.c.) o
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la\ml is the amplitude of the vector potential in the mode K and in
the direction of unit vector of polarization /\ . The connection with

the quantum-mechanical description of the radiation field is the rela-

tion (H=C= 1)

|Zfa;~l=<%>k ' \ ! @

NE,)\ is the occupation number of photons with the polarization A in

the mode with frequency Wg . d?i,)\ is the phase factor which, for a

sinéle mode laser, can be absorbed into the choice of the time origin..
The theotetical, nonrelativistic treatments of an atom in the

electromagnetic field start from the Schrodinger equation

(1%-H)Y=0

In the interaction representation

IR, 2 |
H = (PN —ge':\,l(rmt)) Z Pet * e A(F”t)) + V(';;u Fé,_,-'-, %Z;Fh:l)
4)

- -> .
PN and P, are momentum operators of the nucleus and the electrons,

- o
respectively; Z is the number of electrons in the atom and, fy and Y'e'-



are the radius-vectors of position of the nucleus and the electrons,
respectively. If we introduce the transformation to the center-of-mass

coordinates ﬁ and ﬁ

rﬁ%rgm%

£ = Vi

Fi=Ri-Ty )
MA= M-!-Zm

and neglect the terms which are M times smaller than the leading terms,

we get

Zz

 p2 L. N
chzzfﬁA +'2‘12;'Z=|(Pi +eA(p+ h-,{:)) +V@Eg) o ©

JAis the reduced mass of the electron, éA-.-. 41 M . It is consist-
| m+M -

ent with the approximations made above to replace the reduced mass by

the mass of the electron m, and the mass of the atom M, by the mass of

‘the nucleus M. In the new coordinates, the vector-potential A is a fun-

ction of the coordinates through the factor expt(ﬁ-(?-t-"ﬁ) . If 'F‘ is

limited to the size of the atom in relevant matrix element, as often is

the case, then in the range of optical frequences
-
(KT )« : @

"We set the dipole approximation by expanding in powers of 'l:f"; and



keeping only the leading term exp (t i??) . The center-of mass coordi-
nate will couple to thg laser through the :emaining\exponential factor,
so that the ﬁotion of the atom as a whole can be affected by the laser.
The effect of this residual coupling to the motion of the atom is often
small because of the large atomic mass. If S? is a slowly varing fun- |
ction of time, its effect is a slow drift of the mode phases ( Doppler
shift ). It.can be removed by the redefinition of the phases of the mo-
des. Neglecting that coupling, the kinetic energy of the center-of-mass
can be dropped from H,, and J?)' can be fixed at the origin,P: 0. In
that case, in the center-of-mass coordinates and in dipole approxima-

tion, the Hamiltonian in the Schrodinger equation (3)‘can be written as

Z A |
Hi=gir )y (BreRt] s VR o

Any physical observable is invariant to the arbitrary transfor-
mation of the phase of the wave function ( gauge invariance ). The wa-

ve function can be transformed by the unitary transformation

Y=e Y ©)
The new \PT satisfies the transformed Schrodinger equation

.a-._ . ¢

(‘gt Hi)Yi=0 (10)

with



HJ - e(.d)j H'e‘fq)J' _ d')J . : an

We will refer to H‘ as the Hamiltonian in the first gauge. The choice

of ¢ which removes A* from H, is

t
_ zet P ATy (12)
¢, = £& jth(t)
This leads to
: pit e S R B ‘ 13
Hy= 2 ot + £ AP+ (13)

=1

H, is usually refered as the Hamiltonian in ’BX gauge. The coupling of

the atom with the electromagnetic field is described by the term

' E L |
= &) AP )
(=l
if \/ = 0, then the solution of eq. (10) desctzibes the motion of a free
electron in the radiation field. The éorresponding wave function in
p-A gauge is
. . .

Xg=exp (g7 -Lt-£& (7 Awdt) a9



The choice

. |
d,=e) F-Al) (16)

leads to

z z
H?’zziﬂrﬁ + CZY;'EG) + V (17)

where E= — A is the classical electric field. The term that represents

interaction of an atom and the electromagnetic field is here

Z -—
H'=EZ"('E(£) - (8)

H3 is known as the Hamiltonian in ?oﬁ gauge. The wave function of a

"free" electron in the radiation field in this gauge is

Xy =expi (( T+ e AW 'ilrﬁ Jt(-i reA)dt)  an

The third choice 4h1’ which leads to the so called Kramers gauge, is

m

' 2 ¢ .t |
o= &> [P-Awidt +28 [Ru)dt e

The coordinate of a classical electron moving.in the electromagnetic

field with no other interactions is



t -
J)-& Jdt'At) @

Then H, , induced by 4)“, can be written in the form

z , .
H“:Z‘% + V(F+d) (22)

i=l

and so, the transformation generated bycp%is a space translation to
an accelerated frame of reference.

If any problem of the calculation of a physical observable, de-
fined oué of the laser, is solved exactly in any of the mentioned gau-
ges, the results will be exactly the same. Only ;f approximations are
made, the results can be gauge dependent.

In a typical experiment of atomic transitions induced by a laser
the atom is initially in some atomic state outside the laser field.

The laser-atom interaction is then switched on, after some time swit-
ched off, and the atomiq state is observed again. The switching pro-
cess can be accomplished either by turning the laser on and off, or by
noving the atom through the laser beam. In each case, the switching
process will almost always take place slowly on the atomic time scale.
That-i;, it is realistic to suppose that the atom w%ll adjust adiaba- |
tically to the laser field, as it rises from zero to its maximum and

then goes back to zero.

The Hamiltonian Hj can be written in the form

H=H,+H 2



where H, is the "bare" atomic Hamiltonian in the absence of the laser
field, and H' represents the laser-atom interaction.The index of the
gauge was dropped in (23). The "bare" atomic wave functions are eigen-

states of H, , which correspond to eigenvalues Wn

| : ' -2 s ‘l.\'\/t
(Wh=Ho)Un= 0y Un(Ft)=Un(® €™
The amplitude for the transitioA into a finalistate u; is
- . O NTLENVILANN
Tsi = (5"%:‘:" <U& 'H \f/i > (25)
«) :
Here \ft ¢(r,t ) is the total wave function of H, which_ satisfies
DN (+)
(i -H)¥=0 (26)
with the initial condition
W o .
o (-T)= U (F,-T) @n

T is some large time such that for t£-T the laser-atom interaction was
off, and u, 1is the initial state of the atom. u$° is the eigen-state
of Hy , with ingoing boundary conditions, Equivalently, we can

write

Tyi = (5‘1)“:’[(\’/;.)! H'ui> (28)



where Vﬁ” {s the total wave function of H, which satisfies eq. (26),

such that

=

Vi (T)= Uy (7 T) 9

and for t > T tﬁe laser-atom interaction is off. The brackets in (25)
and (28) denote both space and time integration. The time integration
extends at least from -T to T, This was the baéic framework in
which the most of the theoretical attacks on the multiphoton processes
have been done.

The atomic unit for the electric field is

E,=fn=253x10° 3 0

From that we can construct the atomic unit for the intensity of the
laser field

2
I=¢Ee~135x10"

4L tm (31)

If we estimate the laser-atom interaction in the dipole approximation
as

{
e E<PO~eEq=R, (1)°

[

(32)

where I is the laser intensity, it i{s obvious that for ILI, the inte-
raction energies of the laser with the atom are much smaller than the

separation of the typical atomic energy levels.That allows for the po-
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sibility of a straightforward use of the non-resonant perturbation the-
ory in the laser-atom interaction H'. (It 1s_assumed that no resonance
between the laser frequency and atomic transitions will occur ). We
- can expand the full wave function.kyfﬂin (25) in terms of the full

Green's function of the problem

HV((‘H: uo + G(+7Hluo (33) |
'where

. 9 ) +) ‘
(2 — 1 | (34)
and G"Yis defined to vanish at initial time. Furthermore, G“’can be

expanded in terms of the unperturbed Green's function Cg’as

Gm: G:+)(1 +§° (H-Gf-))n)‘ 35)
h=t |
where

(13-1)6

Gs’can be written in terms of the unperturbed ( or "bare" ) eigensta-

tes u, of the atom, as

-;-(!l-f-i Wn)({‘t'

)
G, (F\ b, 7)=-(8(t-t) 2 up€ luy, @D

As is well known, a single photon tfansition can be described, in the

lowest order of the perturbation theory, in terms of the matrix element



,<u&(H';u‘,> © (38)

i.e. in terms of the zeroth order term in the expansion (35 ). The des-
cription of the N-photon process is obtained, in the lowest, nonvani-
shing order, from the N-th order term of the perurbation expansioﬁ,

and is described by the matrix element
LA ' A ) V-1
{ug [H'6(H'6S) Ug @)

The transition rate and the cross section, which are proportional to
the square of the transition amplitude, will be obviously proportional
to the N-th power of the laser intensity. So, N photon ionization ra-

te can be written in the form [1)

(N)
Wy = by I" (40)

If I is the photon flux in eni? sec”! , then 3:\: is the total generali-

zed cross section ( in em?V geeNV~1 )

Z"N :i_Z_Tf_O(j)__mp Q)N leﬂ;,le,oN - (41)

42

-4
p is the momentum of the outgoing photo-electron,dpa (137-)-,and integra-

(N) i

tion is over all angles of propagation of the photo-electron; K+o s

N-th order matrix element

11



(=3 T+ T (BRIl iy (i 1)

by lyy O 4
| -1
x<(1[€-F|0>x[( E°~Ei~.'+(N-1)w)... (Bo-Ei# )]

42)

For the low laser intensities and off resonance, and for the relative-
ly low photon multiplicities, the perturbation theory up to the first
. nonvanishing order is in the satisfactory agreement with :he carefully
done experiments on multiphoton ionization. But even then, the calcu-~
lation includes N-1 summations ( for the photon multiplicity N ), and
the various methods have been developed for is [2]

Certain aspects of the multiphoton, off~-resonant ionization such
as angular diséribution of the photo-electrons, can be discussed direc~
tly from (41). So, for N-photon ionization of the S sﬁate, the diffe-~

rential cross section with a linearly polafized light behaves as [3]

(L) N :
don (~N) )
0S 3)

O is the angle between thelaser electric field and the momentum of
the photo-electron; j=0 for N even, and j=2 for N odd. For the cir-

cularly polarized light

©

%Z’—"LN sin’ 6 | (4h)



Then, for N odd, in the case of the linearly polarized light, and for
every N, in the case of the circular polarizatipn,.g-_zr’l._"’.:o if 6=-'££ .
That sajs that electrons tend to be emitted in the direction pf the
quantization axis. Much simpler angular dependence with the circular-
ly polarized light is the consequence of the dipole selection rules.
So, for the circular polarization and an initial S state, for an absor-
ption, we have AM=1, and so AL=1. Then, the only ‘open channel,
allowed by the dipole selection rules is L=M=N, for N photon ioniza-
tion. In the case of the linear polarization, in every single absorpti-
on of a photon, the angular momentum of the electron is raised or lowe~
red by 1. The final electron state is then composed of all L< M. The
same reasoning leads us to expect that linearly polarized light will

be much more effective in multiphoton ionization than the circularly
polarized one. With the linearly poiarized light, photo-electrons

will have the statistical distribution of angular momentum in the
final state. Photo-electrons, produced by the circularly polarized
light, will ﬂave very high angular momentum ( L=N ). But the high an-
gular momentum components 6f the final wéve function have the small am-
plitudes in the vicinity of the atom, which reduces the matrix elemeﬁt
of the transition and yields smaller transition rates Léel.

- De Witt [4] compared perturbation theory results for linear and

circular polarization of light, in the case of hydrogen. He found that

for the small photon multiplicities ( up to N=22 ), ionization by the
circularly polarized light is greatly exceeded by the one with the li-
nearly polarized light, Fig, 1. This conclusion is not in agreement

with some experimental results for low photon multiplicities. For exam-

13
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‘ple, Fox at al [68] obtained that 3 photon ionization of cesium with
circularly polarized light is about twice as effective as with linearly

polarized light.

T B Sy R R 7
N
Fig. 1

Fig. 2 gives the measured dependences of the 13 photon ionizati-
on rate; of krypton, on the laser intensities in the range of &a]if3\%Q"}
and off resonance [5].vThe ionization rates obey the law A:LB » as is
expected from fhe perturbation theory fof this case, and that was not
affected by the light polarization value. But, the absolute values of
the ionization rate were very different, showing the linear polarizati-
on of the light as nearly as 70 times more effective than the circular
one.

One can pursue the first nonvanishing order perturbation theory
further, to accoﬁnt for the distortion of the atomic'states by the la-
ser. Th#t distortion causes changes in the wave functions, shifts in
energy eigen-states and induced width of the states, since the lager
can induce the transitions between the states. In the language of QED,
the shifts of the states arise from the fact that an atomic state ab-

sorbs and reemits a large number of photons when it is exposed to the



radiation field, and before the transition is made into or out the sta-
te. Such emissions and absorptions are virtual ( i.e. the photoﬁs rema-
in absorbed for a very short time of the order of 1645 sec ) and thg
atom remains in the same state, while their net‘effect is to modify
the energy of the state. The observed transitions then take place bet-

ween these '"dressed" states,

. 103} ;[
(L) {c)

/
/

[+]

,//
! ./'/

/
e

0
Led |
1 15 2 25 3
LASER INTENSITY(ARBUNITS)

=)
~
T

IONS (ARB.UNITS)

=]

Fig. 2
The calculation of the "dressing'" of the states is complex in

practice, even for simple atoms. For example, one can calculate the

ac Stark shifﬁs [7] , Which are in the lowest order proportional to the
mean value of the square of the laser electric'field, by constructing
the dynamic polarizabilitiés of the states. As the wave functions are
.known exactly only for hydrogen, even for helium such calculations must
use séme approximation of atomic structure [8]. That is the main rea-

son that hydrogen is often the candidate for theoretical analysis. It

15



can furnish the clear information on the multiphoton processes and pro-

vide a correct starting point for the study of more complicated atoms.
Hydrogen is not always a convenient candidate for the experiméntal
work. |

Resonant multiphoton processes exibit large cross sections and
so a lot of theoretical and experimental work have been done in them,
These studies showed that many results characteristic of off resonance
perurbation theory are simply invalid. Furthermore, for sufficiently
high laser intensitiés, the states that are otherwise nonresonant may
become resonant, due to the energy shift of the dressed states. The
theorétical treatment of the resonant multiphotﬁn ionization usually
uses the fact that the resonant state ( or states ) is a dominant one
among all 1ntermed1ate states. So, one can partition the Hilbert spa-
ce of atomic states into the states of interest ( initial state, reso-
nant states, the final sfate ), while the influence of the rest of the
states is treated in the ordinafy.perturbation theory. For example,
for the resonant two-photon‘ionization, through a resonante intermedi-

ate state, oné can define the projection operator
3 1) 7 1.0

which projects onto the Hilbert space of the states of iﬁterest. The
- complement of P is Q=1-P. Then the échrodinger equation’of the problem

can be written as a pair of the coupled equationsl:QJ,EIGJ

P((ba—{" )PW:PHQ\V | (46a)

16
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Q(i2-H)aY=QHPY | (45b)

where has been used PiéitQ:=O. If one define a causal Green's function

with outgoing boundary conditions by

6 (i%-H)ag-a - w

then it can be used to obtain a formal solution of (46b)

QY=QG6g' QHPY 48)

If this is substituted back into (H6q), the equation for PY is obta-

ined
P (i3 - H-HQGLQH)PY=0 @)

That equation contains the effective Hamiltonian

Hey =P(H+HQ o QH)P (50)

but, as the resonant states are excluded from G%: by the Q operation,

we can safely use a perurbation method described earlier, in powers of

the laser field. Particularly, to the zero'th order in atom-laser inter-
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action, one can use the Green's function (37 ), whare the initial, re-
sonant and final states are excluded from the sum. This method will be
discussed in more detail in Part III, in the contéxt of the resonant
fonization into multiple continua. |

Many peculiarities were pointed out in connection with resonant
multiphoton ionization. We can expect to get a sharp increase in the
multiphoton 1oﬁizatiqn cross section when one of the factors in the
denominator of the matrix element ({42) tends to zero. Then the shift
and the Qidth of the corresponding resonant state, Which are léser in-
tensity.dependent, become very important. As a consequence, it could
be expected that a large devi#tion from the law IV for the N photon
fonization rate would occur. The result would also depend on the detu-
ning. Further, the angular distribution of the'photoelectrons can be
changed by some relaxation mechanisms of the resonant state [10] .
Studing these angular distributions can give the information about the
particular relaxation mechanisms.

It was shown [11], in an example of the two-photon ionization
of the a;kali atoms via an intermediate resonant state, that the fre-
- quently used f-splitting scheme could be inadequate if the laser band-
width is sufficiently wide to excite more than one hyperfine level of
the resonant state.fhat could result in interference in ionization from
each of these levels.

The calculations are mostly done in the dipole approximation,
for the reason that the multipole expansion is very rapidly converging
one. But, it was shown [12] on the example of two-photon fonization
of litium, that the dipole approximation is not allwafs valid in a re-

sonant multiphoton ionization. It happens that at some frequency of the
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laser the dipole transition is not resonant to any intermediate staﬁe,
and at the same time, the quadrupole transitiqn into some excited state
is resonant. So, in the limited frequency range, the quadrupole channel
will give the dominant contribution to the ionization rate.

There are not many experiments on multiphoton ionization pro-
cesge, the reasons certainly being the difficulties with which such ex-
periments are done, as well as the uncertainty of the results. The most
serious problems are the photon correlation effects, the change of the
interaction volume with laser intensity, instrumental saturation and
gas breakdown.

Early experiments on multiphoton ionization showed that the
picture of the multiphoton pro&ess was not as simple as given by the
perturbation theory, even if there wére no obvious resonances and the
laser intensities were relativelly lqw. There is another class of ex-
periments, for example by Evans at al [13] , who measured the probabi-

lity of the three photon ionization of cesium, using a ruby laser, in

2 1

the range of photon fluxes 4*10”—&- :3%10"g cm'sec ' . The laser frequency

was near the resonance with orne ( 9D ) bound state energy. The ioniza~

tion probability as a function of the photon flux F is shown at Fig. 3.

For the photon fluxes less than 3x10°% ciilsec”? the slope of the graph

( in log-log scale ) is =3, which is expected from the perturbation
theory. The variation of the probability over the small range ( S*lﬂfﬁ-

7%1028 cﬁzsec'1) is such that it decreases aé F increases. After that,

9 -2

through a certain region (£ 10z cn? sec ! ), the probability increases

as F3 , and then the slope decreases, being constant over a small re-

gion. Then the sloﬁe slowly increases. Up to the photon fluxes of 3xuf8

=2 -1
cm”gec ' the energy of the 9D level stays far enough from resonance, so
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that the perturbation theory is applicable, giving the correct result.
With the increase of the laser intensity, the energy of the '"dressed"
9D state is shifted toward the resonance. That means that the relevant
factor ( E‘SS Eo- n@w ) in the dgnomiﬁator of the matrix element (42)
becomes small, whié.h increases the transition rate, but also requires
the more exact treatment of the term. Including the shift and the width

2
of the levelitleads to the form ( EQD— Efnw )H:J?I-J of the mentioned

denominator factor in the transition rate ( E

3D is the shifted level).
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After passing the minimum, that factor increases with the laser intensi-
ty ( or photon fj.ux F ). That can compensate the increase with I.N
(N=3 ) in the ionization rate (40), causing a small dip at Fig. 3.
The fact that the counted number of ions remains constant over the
region of F can be explained by the complex distribution of the light

intensity in the focus. For example, Chin [ 147 measured the transver-

se spatial distribution of the photon £lux at the focus of the ruby
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laser, for the photon fiuxeé about U}gcd'seé'. He found the existence
of hulciple foci, 1.e. more than one region where the light intensity
has a loca} maximum. As the laser intensity increases in Evanssexperi-
ment, fhé ionization saturation first occurs at the primary focus,
when the ionization rate reaches the value ;g-%-,'zd is the duration of
the laser pulse. After that, the number of ions produced per pulse
remains constant, uﬁtil the intensity is not large enough for ioniza-
tion to occur at the secondary focus, or even in the region between the
two. That explains the increase at curve at Fig. 3, after the flat re-
gion.

Mainfray at al [15] did the experiment on the resonant multi-
photon ionization of cesium, by a tunable neodimium-glass laser,
about the intensity of 108vg6%. The laser bandwidth was very narrow,
0.4 &. The necessary photon multiplicity to cause ionization was 4,
and it went vi; the three photén excitation of 6f resonanﬁ level
()%§= 10589 & ). Fig. 4 shows the number of the counted cesium ions
as a function of the laser intensity [, for two different laser wave-
lengths, corresponding to the detuning from the resonance by 0.4 K.
In Fig. 5, Nexp as a function of the laser wavelength is shown in
the vicinity of the resonance, and in Fig. 6 the ionization rate as
a function of wavelength is given. It is interesting to ﬁote that the
shift of the resonant level is less than the laser bandwidth
when the laser frequency is .just on the resonancev( Fig. 6 ). But the
shape of the curve indicates that the Stark shift of 6f level is impo-
rtant out of resonance. The dip at 10579 & could be a consequence of

an interference between the nearly resonant intermediate state and the

non-resonant backround.
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In another éxperimenc by the same group ) ] , multiphoton ioni-
zation of the noble gases ( xenon, krypton, argon ) was studied by the
w;ery short pulses laser ( 30 psec ), at intensities about IO'BM//sz}
and with a tunable frequency about 10640 §. In Fig. 7 the results for
10644 & are shown. The slopes of the lines are 11 for Xe, 13 for Kr

and 14 for Ar. These exactly correspond to the values, predicted by
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When the laser wavelength was tuned over a range of 80 X, no resonan-
ces were measured and there were no changes in the slope of the cur-
ves, nor in the number of.the counted ions, although there were seve-
ral levels allowable for the resonant multiphoton excitation. The
explanantion of the disapearance of the resonances in this experiment,
an& the consequent agreement with the perturbation theory, even at
relatively high laser intensities, could be in the short duration of
the laser pulse. The resonances were obéerved under the same experi-
mcntalvcond;tions, but with a much longer pulse duration ( 10 nsec ).
Wheﬁ the laser pulse is too short, the resonant channel ( which takes
a much longer time to occur than nonresonant ) doesn't have enough ti-
me to take place, and multiphoton ionization is governed by the non-
resonant process.

The purpose of this Introduction was to show qualitativelly some
feétures of the multiphoton ionization in the range of laser intensi-
ties where the perturbation theory in atom-laser interaction and its
corrections or extensions are practically applicable. A short review
of the work that was done on multiphoton ionization in ultrastrong
laser fields ( I»I,, where I, is the atomic unit for light intensi-
ty, defined by (31) ), is given in Part I; We shall show ﬁhat the non-
relativistic treatment of the multiphoton ionization in such a strong
light fild is unacceptable. The relativistic approach to this problem,
shown on the example of hyd?ogen atom, will be given in Sections 1.2,
1.3 and 1.4. '

In Part II it will be discussed the possibilify of getting the

multiphoton ionization probability as a function of the laser intensity

from the measured energy spectrum of photo-electrons.
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Part III will treat the multiphoton ionization into multiple

continua, the effect which was expetitinentaly observed recently.*

* A.;s a basis and the main sources of references for this Introduction
we used references [16) and L17].
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PART 1

MULTIPHOTON IONIZATION OF HYDROGEN IN ULTRASTRONG LASER FIELDS

&1l.1 Introduction. In recent years, due to the develop-
ment of ultrahigh intensit:y lasers ( > IO’SWC,‘;L), interest has arisen
in the theoretical and the experimental studies of behaviour of atﬁms
in such fields. Multiphoton ionization of atoms with very high photon
multiplicify hés become possible. The theoretical treatment of such
high photon multiplicities is difficult and uncertain, even at low la-
ser intensities when the perturbation theory in laser-atoé interaction
is still applicable. The reason for this is the nesessity of perfor-
ming a large number of summations, and also the fact that at low laser
frequences the possibility of a great number of resonant and quasire-
sonant states ériseé and this can compiicate the situation very much.
The physics which one uaﬁally has in mind when considers

the process of multiphoton 1onizAtion in a high intensity laser field
is thé f&ilowing: An atom is in.its ground state in the absence of the
laser field. Then, in the rest frame of the atom, the laser electric
field amplitude is adiabatically increased from zero to an ultrastrong
plateau value and held constant for the time T. It is then adiabati-
cally decreased to zero and the probability of ionization is méasured.
Since the initial and the final measurements on the atom are made in
the absence of the laser, there is no difficﬁlty in defining the ato-
mic state. The experiment is repeated with tﬁe same plateau value of
the electric fiéld, but varing T, and the variation of the curve of

ionization probability versus T yields the ionization rate per unit



time for ultrastrong fields. The experiment is then repeated for diffe-
rent plateau values in order to obtain the ionization rate as a functi-
on of field strength.

In order to reach the ﬁigh plateau value of the laser intensi-

ty it must be increased adiababéicaﬂy:ﬁrom zero to this value. A simi-
lar decrease occurs when the atom emerges from the laser. This implies
that the atom is in the changing field for a finite length of time. It
can be ionized during that time, and 1f the ionization probability is
essentialy unity during that interval, then the measurement which we
are describing would be very difficult to perform.

When an atom is illuminated with a sufficiently intense laser
field, the motion of electroﬁ is determined by that field more than
by the interaction with the nucleus. As a result, atom could be tota-
11y destfpyed with the states so mixed and shiftéd, that the perturba-
tive picture of t:ansitiona between the dressed stationary states un-
der the influence of the laser looses any meaning. It is more likely
that the transitions occur . between the free electron states in the
laser, "dressed" by the potential of the electron in the field of the
nucleus. Then the transitions occur in the process of the scattering
of such ‘states on the nucleus potential. A lot of work have been done:
on the behaviour of atoms in ultrastrong laser field, based on this
picture. |

Our work will be also based on the same picture, i.e. ﬁaking in

the first approximation the nuclear potential as negligible, and then

treating it as a perturbation on the otherwise free electron states
in a laser. The justification for that can be roughly taken as based

on the supposition that the electric field of the laser is larger than
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some average value of the electric field that electron experiences due

to the nucleus? Quantitavely, the jsfated condition can be written as
Ex>E, (1.1.1)

where E is the laser electric field and E, is the atomic unit for elec-
tric field, defined in the Introduction, eq. (30) . If we define the

dimensionless quantity

X:Z.C_q_zmc | (1.1.2)

where (] is vector potential of the laser field, then in the case of
the CO2 laser ( photon energy ‘hw:s 0.12 eV ), which we will use as a

particular example, the condition ( 1.1.1 ) has the form
X>>1 - (1.1.3)

For E~E, , the peak oscillatory velocity of a free electron in the la-

ser field 1is

v_eE _ | (.1,
R, lXcC (1.1.4)

That expression, together with the condition (1.1.3 ) says that the
electron in such a field should be treated relativistically. It was

pointed out by max;ny authors before [6],[12]7[19],[20,] . On the

* In this Part we have in mind a particular example of hydrogen atom.



other side, we have already seen in the Introduction that dipole appro-
‘ximation is not always valid even in low laser field limit [{2]. But,.
if we consider electron in a laser fiéld which 1s so strong that in
first apéroximation the atomic potential could be neglected, then the

Lorentz force on the electron is

,mb’:-e[ E(Rt) + + ¥ xb (hf)] (1.1.5)

where E and B are the electric and magnetic fields of the laser. If
the field is not too strong, the magnetic force term can be neglected.
Then the electron acceleration, velocity and thehdisplacement remain
paralel to'ﬁ, and so ﬁ.%nzo, leading to the dipole approximation. But
for laser intensities sufficiently large, the electron experiences a
net force along f, which contradicts the dipole approximation. In QED
language, this net magnetic force along k can be described as ""Comp ton
scattering", but this is not an ordinary Compton scattering, of a pho-
ton by a free electron, as ( usually ) a large number of low energy
photons is included in the process. In our calculation of multiphoton
iohization probability of hydrogen we will include all multipoles of
the laser field and treat the electron states relaeivistically.

All the work ﬁhat~have been done so far on the multiphoton
ioqization in ult;astrohg laser fields have been based on the nonrela-
tiviétic, dipole appfoximation and the hydrogen atoﬁ and COZ laser have
been used, as the particular examples. We will now briefly describe the
previous work.

The Space Translational Approximation ( ST A) starts from the
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fourth ( Kramers ) gauge, which was described in the Introduction. In
the case of the hydrogen atom the interaction potential ((22)) can be

written as

R 2 L(F+l) 3
V(F+A(t) = (:‘ = - clj c dg .16

where o?(t)’ was defined in (211) and represents 'the displacement of
the classical electron in the elegtromagnetic field. This describes
the shift ;:o ‘the accelerated frame of - reference in which the elec-
tron "sees'; nucleus as oscillating. Expanding exp( i ﬁ\-o?(t) ) in the |

Fourier series, one gets for a linearly polarized light

g . inwt
dy

—_ = v A - | -
V(r+0()=-2%i25:’h(p(o.i) ;L ]o( o'i)e (1.1.7)
where J;:r—e;\%. Averaging this in time, over a period of the light

oscillation, one gets L11] the time independent part of (1.1.7)

Vr‘ieje Toe§)dg=-£ | _af 1.1.8
o(F)et g Lo d) 8= | v simer @10
For the case of the circularly polarized light, this gets particular-

ly simple form in terms of the complrte elliptic integral of the
first kind K [22]

= 2 2 2 . QO(OTJ. .
\/o(r)..--ﬁ('(' +d°+20(orl) K((rl_.-dozi_ZMon)'/z) (1.1.9)

-—h

R‘F.L: A'a"-‘ O
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which can be interpreted as the potential due to nucleus, with the nuc-
lear charge spred uniformly over a ring of radius c{o . STA con—.
sists in dgscribing the "dressing" of the atom by the laser field as
caused by the effective potential Vo(?). In that way, one part of the
strong laser field is incorporated into atomic Hamiltonian, whiie the
remaining, oscillatory part is treated as perturbation. If one wants to
find ionization‘probability of the atom in the laser field, in this
formul;tion, he will find eigenvalues and eigenstates of the Haﬁilto-

nian

o - |
H,,-‘--i-r;]- + V, (F) ' (1.1.10)

numerically, and then he will compute the ionization probability due

to the time-dependent perturbation

i&F . L nwt
:_ZNZ Z ng Jn (o0 3) e d33 (1.1.11)

h+0

Lima at al [23) calculated the deformation of the ground state
of hydrogen, due to the potential Vb(?), {for the circularly polari-
zed, strong COZ laser. He introduced the strength parametar of the las-
ser field x X His result was that wit:h increasing x the radial
distribution of the electron was shifted further from the nucleus. For
example, for i=100‘ it was peaked at about 100 O, . As a consequence,
the binding potential of the electron to the nucleus is decreased,
and for larger values of }( it decreases as j&’{

There is concern about the validity of this method. The effecti-
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ve potential Vo used in S T AY » contains the first order contribu-
tion to the dressing of the atomic states by the laser, and is obtai-
ned by the time averaging. Gersten and Mittleman CZ?J showed that if
one includes higher order contributions fnto S T A method, the series
converges very slowly ( as .(1_). ). That strongly limi.ts the application
of the method, making it inapplicable for the case of the CO, laser.
Therefore, the picture of ekpanding the atom in a strong laser field
could be wrong. .

Faisal [2'1] calculated the ionization probability for hydrogen
in an ultrastrong laser field using the exact expression for the S

matrix

. 5 1 w®
Sgi=‘l<U;)rH1Wf p) (1.1.12)

which was defined in the Introduction, eq. (295). He did his calcula-
tion in the first gauge, with‘ the Hamiltonian H‘I' given in eq. (8 ).
\ﬁ(ﬁis the exact solution of the Schrodinger equation with the Hamilto-
nian H1 , which evolved from the ground state of hydrogen at t=-o0o.
Faisal made gh unitary transformation of the Hamiltonian, transforming
it in the Kramers gauge, and then approximated the new wave function
by the unperturbed ground state U, . So, he made the zeroth order

S T A, neglecting o?(t) in the effective potential (1.1.6). In the first

gauge this approximation for \H‘mcan be written as

\-}/'.‘*f-: e’ L Uo (1.1.13)
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The S matrix (1.1.12) is now

s W 1y -
Ss=-i<uy, Hye Uy (1.1.14)
Faisal approximated the unperturbed final state US."' by the free elec-

tron plane wave ( {.e. he neglected the Coulomb interaction in the fi-

nal state ) which leads to

Siog-{ P H' Uo (1.1.15)

Y .
where X.-z(' is the wave function of free electron in laser, _which corres

ponds to the Hamiltonian Hj (v=0) in (8)

xi-expu gr j(g“eA d¥  (1.1.16)

But (1.1.15) is just the first term of the perturbative expansion of

the exact S matrix

=)

""<Y3.»

in the electron-nucleus interaction V.kyé-’was defined in Introduction,

H, Uy > (1.1.17)

by (29). Using the iJi.ppman-Schwinger equation

=)

=) & -
Yy = Xi,'* G ’Vpga (1.1.18)

=)
and expanding the full Green's function G in the electron-nucleus

interaction

G =G+ 6y VG, +. (1.1.19)
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one gets (1.1.15 ), 1f neglect other than the first term. Time and spa-
ce integrations in. (1,1.15) can be easily performed to give the T mat-

rix

To(3)= (CQ~X"m) o, (D) R (3) (1.1.20)

and the energy conserving condition

Eg = W+ lw-X*m @-1.20)

Uv (ﬁ)is .the Fourier transform of the initial state with eigen-energy
We , a is the final momentum, X is the dimensionless quantity defined
in eq. (1.1.2) , and F( is the "generalized Bessel function“, that

corresponds to the photon multiplicity € [18]

4
fo(@)=37 J‘“’ exXpi(2X gasines X’ sinzg +H) 0122
N

The condition qzz 0, together with (11.21) yields

—_
X'm-Wo . Wo.
1> 5 ® (1.1.23)

where Wo is the "effective'" ionization potential.
If one pursues this further, to calculate the ionization rate

from the Faisal T matrix (1.1.20), the calculation becomes difficuls,

The reason is that Fe has the saddle points in the complex plane, The
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saddle points in the integrand of (1.1.22 ) are at

4
COS‘?:ZT,—'I_'—; (-ga + ((§-6)2+2m(¥2m_[w))l) (1.1.24)

-~

Appliing the energy conserving condition (1.1.21) one finds

(§-3):+2m(m - Lw)=- g*(1- (§-37) +2mw4 < 0 (L-1.25)

and so all four saddle points are aiways in the complex plane. Using

the standard method [25]we found

Y2 :

o ] I & A ¥ 2:4p)_1(3:8
o i (g B o8 - ki

(1.1.26)

(1.1.27)

For the laser fields for which x~|, and for co, laser, the exponent
in (1.1.27) 1is of order 1. For very strong fields, x»l’ and we can

approximate the exponential factor by 1. The ionization rate

for photon multiplicity C is



We =Z%5€z%ﬁa<% ~8w-w) \,Tt(g:)lz (1.1.28)

and after q integration we finaly get

>
E

| - o
W = 16 Ry L (L~ X——'Il)zarc sinl(l - ¥2)" (1.1.29)
’IT ‘ w (z__ ﬁm)‘l/z A

w

Summation over all 4 yields the total ionfization rate

W= ﬂi -Rﬁ‘-/ Le | (1.1.30)

For the circularly polarized light, Faisal obtained the T matrix

for the ionization and the energy conserving condition in the form

~ tile
Te (3)= (Ii)g((w-xzm) uo(g)j((2x%)€ ( (1.1.31a)

Eq =W +lw-2x*m (1.1.31b)
where §£ﬁ=0, §£3=COSG . The effective ionization potential was then
o~ 2 _ ‘
Wo=2X'm-Wo. (1.1.32)

The first applicable calculation of multiphotoh ionization in
an ultrastrong laser field was due to Keldish [26], for the hydrogen
atom and a linearly polarized laser. He started from the exact

=
S matrix (1.4.1#) and expanded \%i in the electron-nucleus interaction,
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using (1.4.18 ) and (41,19 ). This leads to the approximaté S matrix,
given by eq, (4.1.15). éo, the Keldysh's and the Faisal's calculations
were similar, the only difference was in the gauge used. Keldysh used
TR gauge, with xf’given by (|9 ). and H3'= EPE. . The time inte-
gration in the S matrix gave the energy conserving condition ( 1: 1.20)
which is the same as the Faisal's one. Keldysh ugsed the functions, si-
milar to tﬁose given by (1.1.22), which had the principal contibution
from the saddle points in c.omplex plane. On condition .28“3"(( Ry he

finaly got the result for the total ionization rate in the form

y 2 Eo .C K ‘ ‘.'/2 "'}(-%\%de
BTt Ry[EY2 o T E- VBT Ry (8w 4 Y5%e 1.3
w=E L(E)e? B B (e ) xte atay

valid in the limit X’<< 1, where ¥~ is a dimensionless parametar, de-

fined as

N Ruw %(_f (1.1.34)

2
Nlrn
mio

For X~1 and Cco, 1as"et, the exponent in (1.4.33) is of order 1l,and
in the ultrastrong laser limit ( X>>»1) it can be approximated by O.
But preexponential factor now increases with the laser electric field,
tﬁe behaviour that is oposite to the one in the Faisal's result.

Pert [27] followed the same steps as Keld sh and Faisal did,
exﬁept that he worked on in 3-2\? gauge, with the free electron wave
function in laser given by (15 ) and the interaction H;_'g:lven by (14). .

He obtained a T matfix for the absorption of ¢ photons in the form



CTe(@= 8w T, (3 Jp (£ 2) O (1.1.39)

with the energy conserving condition

Eq=0w +Wo (1.1.36)

Using (1.1.28), that yields the ionization rate

(=16 Ry Es jdx:] (x) | (1.1.37)

E

where

ALz ZE( )(““*’ 1) Zx.iocp(f-i\— )(1138>

Rw

The integral in (1.1.37) diverges logaritmicaly as )\e-’oo , leading

to the result

Wyl E g E (1.1.39)
ST eE E
Summing Qver 0, the total ionization rate is
(J~ Ry K EonE ©3 Ry Ae 1 fnx (1.1.40)
"h Ry E E o R 20X

which is different from both the Keldysh and the Faisal result.
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Gersten and Mittleman (6] started from the exact expression for

the S matrix

S50=- L CUF, H'Uoy -1 Uz, H G H u,) (1.1.41)

where Gmis the fuli ‘causal Green's function of the problem

(i%- H)6™=1 (1.1.42)

and uo,'g' are the solutionsof the unperturbed Hamiltonian

(‘%*T‘V)Uo,ﬁ?o : (1.1.43)

The first term in (1.4.44) is a one photon transition, which can be
discarded on the ground of energy conservation. The Green's function
in the second term was then expanded in the electron-nucleus interac-
tion, using (1.1.49). An additional approximation used was the repla-
cement of the Ug) , which is a continuum function of an electron in
the field of the nucleus, by a plane wave. The calculation was done
in 'i;K gauge.

+ - o :
Go in the p-A gauge can be written as

), ., : Nl 3 (K (PP~ (Bt (2-t)
v e t)=-108(t-t) lim S
,O( AR ) ( 120 gfn%'* € X

R . -. t"' l{‘
Xy Jn (& Q) In (Lo ) € (@ (nt-nt) (1.1.44)
nn'
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The result for the T matrix was

Te (D)=l Uo () Te (Fo §) Jo (Lo &) (1.1.45)

with the energy conserving condition €2= e&l*TVVL . That yields
the transiﬁion rate for ionization of photon multiplicity € in the

form

A
We=16Ry Ea L J dx 00 aae
0

where )‘f was defined in (1.1.%8). When the parameter ZX.%'LQ?’O(Fis much
W
larger than (nﬁnx %i ( the ultrastrong laser limit ), the upper limit
. W

in the integral can be replaced by infinity. The use of the approxima-

tive formula

Solx]q(x)j (x)~__,l>0 (1.1.47)
2l

leads to

~d R B L (1.1.48)
T E ¢
That yields the total ionization rate as
W= W= R )P Eas 2 Ry Hw ofp 1532 Ryg(? L (1.1.49)
2_2”)"" :17«T Kj‘ (ﬁw )rE LWKF 5_:570( Fj_x ’://_thcko( lx(l 1.49)
= = XA ) o & RY L Kyl L
Gl =1 w R B R B TXVERTX
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In -bot:h the Pert and the Gersten and Mittleman calculations the "effec-
tive" ionization potential was %= Ry .

If compare the T matrices for photon multiplicity €, obtained
by Gersten and Milttleman ( 1.1.45 ) and the one obtained by Pert
(1.1.35), we see that the difference between two is in additional fac-
tor jo (Joi) in former calculation. On the other side, if the first
term {\J‘E,H'Uo) in eq. (1.1.441) of Gersten-Mittleman calculation is
retained, approximation of the final state as a plane wave /\i allows

(1.1.41) to be rewritten as .

S30%- 1< A, (14 H'CP) H' upy (1.1.50)

If the laser is of finite spatial extent, we could use the indentity

Xg=Ag + 65 H'Ag (1.1.51)

which would make the forms (1.1.41) and <X§_,H'Up> identical. But, if
the laser is infinite in its spatial extent, from the definition of ‘G':)
there arises an additional factor Jo(az:i) . That 1is, the relation

(1.1.51) mdst be changed to the form [16]

Jo (Le )5 = Ag + 6VH' g (1.1.52)

which explaines the difference in factor J, for the two calculations
of the multiphoton ionization rate,
We can now discuss the range of validity of the above mentioned

four derivations of the ionization rate of hydrogen in strong laser
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fields. As we have already seen, the calculations of Faisal, Keldysh,
Pert and Gersten-Mittleman can be understood as the first term in the
perturbative expans-ion in the electron-nucleus interaction V of the

exact S matrix

95,0= -1 Yy H'u.,) (1.1.53)

Expanding this, by the use of eq. (4.1.18) and (4.4.49) one gets

Sg0= -0 (CXF H Uy + X1 VEoH U+ A VGV 6oH'U)
| (1.1.54)

( finite laser spatial extent is supposed ). Strictly speaking, the
way to investigate the convergence of the perturbation serie is to
find the next term of the expanssion ( 1.1.54) , and reestablish

the condition

I(X;,VGO H'u,}l« K)Z?,H'u,}] (1.1.55)

Still, we can use the usual perturbation theory argument that the con-
dition of the convergence of the procedure is that the dominant intera-

ction is much larger than the perturbation, which gives

- l %QCQ"V"’ , > V(r) - (1.56)

| Considering that the Coulomb interaction is important in the vicinity

of the atom of range Q, | yields €0Q U%‘YE, » Ry



This 1s equivalent to

X > gqj | (1.1.57)
or ( Keldysh )
= QEZI_E@<< | (1.1.58)
or ( Gersten-Mittleman )
Ezﬁ >>1 ) E:% ) (13=—%/t ' (1.1.59)

The three of the above mentioned calculations lead to the conc-

lusion that the ionization probability decreases as the laser electric

field increases ( in ultrastrong laser limit ), while Keldysh came to
the opposite conclusion. Reiss [28] discussed the possibility that the
ionization rate for the ;trong laser fields can have more succesive
maxima and minima. He used the " momentum translation approximation "
(MT A) to find the approximation of the full wave function of the
electron in the nuclear potential —laser interaction. It consists of
the following: One starts from the Hamiltonian in the first gauge
given by ( 8§ ) , and makes an unitary transformation exp—n‘(e K-F)

to the TWE gauge. The new Hamiltonian is (1%)

. Y3 - = . .
H3=-9%n +erE+V(n (1.1.60)
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The M T A neglects the electron-laser interaction in (1.1.60), approxi-

mating the solution of the Schrudinger equation
(‘.. -Hy) ¥ =0 (1.1.61)

by the uy(r),where u, is the eigen function of the unperturbed Hamil-
tonian Hoz T4V . In that way, the approximate wave function of H,
is

-teAT -ieAT :
% = € T~ € y, (1.1.62)

The justification of the approximation is the following: The unitary .
transformation exp- t(eA F) transforms, in the case of small laser fre-
quences, the laser-atom interaction £ AP%-.e_A to the much smaller
laser-atom interaction @ V‘ E ’ which can be treated as a perturbati-
on and neglected in the first approximation. The {nteraction of the
electron with a laser is then described by the large exponent in ({.1.62),

The conditions of validity of this approximation could be expressed as
l;f\-cﬂ'ﬁl >>eEv : (1.1.63a)

le E-v] <<V (r) (1.1.63b)

For hydrogen atom, the first condition yields Q).\Q <<}, while the sec-
" ond gives X((d;% .For a CO, laser, the condition %\2 << 1is already
fulfiled, but the second one gives X<<1 . So, in that case, the method

is applicable for the lasers of intermediate intensities, but certain-



ly not for ultrastrong intensities. in fact, the second condition,
(X«e(,:%‘:’) 19 equivalent to the condition E<<E, , where E, is the
atOmiq unit for the electric field, and that clearly restricts the
range of the applicability of M T A.

To find the transition probability by this method, one can start
from the exact S matrix

-ieA¥
.ln<+:> (1.1.64)

0 ("') [}

S4=-U<uz, Hy €

where;'\"i"“ is the full wave function of the Hamiltoﬁian Ha ’ defined
in (1.1.60) and which evolves from the initial state u, at t=-0° .

U(gis the final state that satisfies the wave equation, unpertur-
bed by the laser. If we expand "ﬂ'm in perturbative serie in laser-

electron interaction

‘Y‘l:(H: u. + G(HH; uo:' uo+ G(:)Hé' l"o'""‘ (1'1‘65)

where G:’ is unperturbed atomic Green's function, and if we keep only
the first term of that expanssion, we get M T A. Using the usuél perur-
bation theory arguments, this series convérges under the conditions,
stated above. We will not further pursue the Reiss calculation,but we
will rather present his discussion on some features of the high inten-
‘sity multiphoton transitions. Reiss showed that the S matrix (1.1.64)

is pvopotional to the matrix, ("ﬂ"?-' Uo),

_ -(eAF. |
Mjg,0= <u‘9’)e Uo (1.1.66)
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For a weak laser we can expand the exponential in X'? to get

Mgo= U u> - ug” e AF U + ... (1.1.67)

The right hand side of this expression can never exhibit maxima as a
function of 'af , which is ari essential feeture of the perturbation
theory result for the multiphoton transitions, as was presented in
Introductien. But the left hand side can. Starting from zero field,
when M§D=O, it cen lead to the extremum forVEA‘F=% ( in some
average sense ). A minimum can be expected for E@Fﬂf ,» and so on.
Due to the fast oscillatory character of the exponential factor, we
can eventually expect zero for |a[->00. In shoft, the term (1.1.66)
can exhibi‘t: oscillatory properties as a function of the laser intensi-
© ty.

 An additional aspect of multiphoton lonization is the possibili-
ty, that in some range of low laser frequances and high intensities,
multiphoton ionization can be considered as a tunneling process. The
idea is due to Keldysh [26] , and later was made clearer by Perelomov
at e1 [4.9],[30]. The physics behind the idea is the following:
If the atom is in a laser field, the total instantenous potential
energy of the electron is the sum of the interaction energies with the

nucleus and with the laser ( hydrogen is an example )

| V=-%1—€EE (1.1.68)
A ) .
This potential energy has a maximum -ZGVE-E for Z= v'%—- (in %’-E dir-e~-

ction ) and the barrier has an approximate width of -C&E- . If the chan-
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ge of the laser field, during the time of the passage of» the electron
through the barrier can be neglected, then the fonization can be consi-
deréd as a tunneling through a barrier, detemmined by the instanteneous
value of the laser electric field. By increasing E  the width of the
barrier decreases. As long as the time of flight of the electron thro-
ugh the barrier is much less than the period of oscillation of .ﬁ, the
tunneling remains independent on frequency, depending only on barr;er
width, which depends on E; In this picture the electron doesn't
see separate photons, but rather a slb;vly oécillating potential barier,
and that can't be described as .a multiphoton process. The picture de-
pends on the suppos;ltion that electron states are essentialy unpertur-
bed inside the barrier, which yields the condition E4CE,. On the ot-
her through a barrier of width -e&g- is 'C'-':-ZCEW%EY-mn of momentum m
through a barrier of width -e&g- is 'C'=-y—ze——w%& , and then the con-
dition that the tunneling is the dominant process in a ionization event
can be written as Y= -r_—(f.: <<1 or, equivalently X>>‘r’—<2-_E ’ whi'cl; is just
the condition for the convergence of the perturbative setieé in V ( the
electron-nucleus interaction )’ of t:hé exact S matrix (1.4.17 ). The idea
of tunneling is not applicable for the CO; laser, because the conditi-
ons X<<1 ( E << E, ) and X>§-"—-i£ contradict each other. It 1§ rather
applicable in the range of the microwave frequences.

The formula for the ionization rate of hydrogen by the stgtic
electric field through tunneling process was given by Landau [3.2]

-2 E
3

-4 R
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The Keldysh result (1.1.}3) contains the same exponential factor, but

a different preexpon?ﬁtial factor. Perelomov [30) corrected that factor
by the simflar quasiclassical calculations as had been done'by Landau,
in DC electric field case. He matched the wave funcfion inside the
barrier, whe;e he neglected the laser field, with the wave function out
of the barrier, where he neglected electron-nucleus interaction. The

resulting expression for the ionization probability was

| wN-f:_— e E , (1.1.70)

which resembles DC field result,

An experiment of Bayfield and koch [34] was done on microwave
ionization of highly excited states of hydrogen ( principal quantum
number 63¢<n«69 ). The photon multiplicity, necessary for ionization
was about 200. At Fig. 1.1 are results for fonization prébability |
as a function of the parameter Y , defined earlier ( eq.(4.434) ).
The flatgess on the three curves at higher radiation intensities
is due to instrumental saturation. The result resembles the behaviour
that could be due the tunneling ionization. Although the radiation
field intensities were in the range of applicability of the perturba-
tion theory, the slope of the curves ( in log-log scale ) was about
1.5-2 , very different than 200, which could be explained by the.
tunneling exponential depenﬂence’('L1.70). An important, independent
result of this experiment was that more than 907% of the effect of
the applied radiation field was 1on£zation, rather than bound-bound

transitions.
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The mostvdisturbing fact about the calculations, mentioned in
this Section is the gauge dependence of the resuits. As we have alrea-
dy discussed in tﬁe Introduction, the initial and final states of the
atom are defined out of the laser. This was the assumption which was
taken implicitely in the definition of the S matrix in all these treat-
ments, but not treated explicitely in thé calcﬁlations. We want to show
now what consequences arise when the laser is explicitely treated as
finite in space and so inhomogeneous, even in the nonrelativistic, di-
pole approximation. In practice, the vector potential of the electro-
magnetic field of the laser is a function of both  and t. Here we
will restrict ourself to the linearly polarized'iaser "beam'", that is

to the case in which the vector potential of the laser is given as

- e

-

A=0a(iR)cosy (1.1.71)
where \P:—wt-K'V‘, A'k =0 and r; is the part of r, perpendicular to k.
The casesof the time inhomogeneous amplitude of the vector potential

as well as a circularly polarized laser we will leave for the Sections
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2,3 and 4. We are supposing that (ICFi) is_slowiy varing on the scale
of the laser wavelength, the electron wavelength and the atom wave-
length.

Let's briefly discuss the evolution of a free elec;ron going
into aﬁd out of the laser defined by (4.1.71). Its motion is gover-

ned by the Hamiltonian

A - s 2 2 .
= P A' + e A
H, Z_Lm + m'e'—c Pr T2 ©(1.1.72)

It is well known both experimentally and theoreticaly [35])[56] for the

spatialy inhomogeneous laser, that the time averaged squared field

252
term ( kinetic energy term §7£% in (1.1.72 ) ) acts in the nonrelati-

vistic approximation as a ponderomotive potential, affecting the energy

of the electron. This ponderoﬁotive potential is

U (r)" e” o‘c(”-X(V')MCz (1.1.73)

Its effect is to continuosly decrease the kinetic energy of the time
averaged motion of the electron as it enters the laser beam, and to

increase it, as the electron leaves the beam. Because of the slowly

varing character of the laser field (41.1.71) with ?i , time avera-
ged electronic motion is essentialy classical, and the wave function
can be found in the usual eikonal apptoxiﬁation [37] . That yields

the solution of the Schrodinger equation

(L’ﬁ_..-H ) | (1.1.74)
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in the form

s A Q2
X =exp-,;L‘_- ( j'{f-dF‘——'-a.)’E.Q fa s|'fv\wt—§”!'&)§‘x‘smzwt—§~n 4:)

N

(1.1.75)

-
where § 1s the momentum of the electron outside the beam, and £ is the

field dependent momentum of the electron, which satisfies

22:_ f‘l_'_zx'lm'lci (L.1.76)

The integral in the exponent of (1.4.75 ) is over the classical traje-
ctoria of the electron. The electron, born ( by ionization ) inside
the laser with some time averaged momentum ?'will leave the laser, ha-
ving the momentum g, defined by (1.1.76 ).

It can be simply proved [38] ( by expanding the wave function in
the ﬁouriet serie in @t ) th#t if the Hamiltonian, describing the |
atom in the classical, single mode electromagnetic field, is a perio-
dic function of time, then the energy transfer to the bafticles is 1li~
mited to integer multiples of'haJ . Thus we have an appearent contradi-
ction in which, on the one hand we know that only an integer numbef of
photons is transfered, and on the other we know that the electron emer-
ges with a continuous-distribugion of energy. It can be easily resol-
ved. The key is that proton looses some eﬁergy. Th;s may be seen in
"the following way. The hydrogen atom couples to the ponderomotive po-

tential essentialy through the electron, since the coupling of the
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proton to the radiation fiéld is %5% smaller. As the atom enters tﬁe
laser beam, it is slowed up by something like l};hv%ﬁh, until the
ionization occurs at some point iio. Frdm that point the proton is.
essentially decoupled from the field, and so it leaves the laser, ha-
ving lost the energy (jrh?R) The electron absorbs an integer number of
R and is expeled from the laser by the ponderomotive potential (1.1.13)

so that its energy upon leaving the. laser is

Eg= Wo + {w+Ug " (R,) (1.1.77)

where W, is its original energy in the hydrogen atom. Detailed amaly-
sis of this situation will be given in Section 1.3. Let's start from
the Hamiltonian in the center of mass system, which was derived in

the Introduction, eq. ( 6 )

2 2 - 2 A2
Hen= gﬁ} iarcn +-r%aA‘Pr + %né:z +V(r) (1.1.78)

We treat the oscillating terms as a perturbation, which can cause tran-
sitions between the states of the atom and take them out of the Hamil-~

tonian, the rest is

0
2
HCM ZP:'I +X'mc+ -i-t + Vr) (1.1.79)
We are supposing that the atomic wavelength is short on the scale of
the characteristic change of the laser field amplitude, and then, the

Schrodinger equation



(( - U )¥=0 © (1.1.79a)

can be solved in eikonal approximation  for the a#om's motion, with -

the ansatz

V= U..,,(v-)e T‘M )d(n,t) (1.1.80)

U,n(r)is the unperturbed eigen-function of the électron, corresponding

to the eigenvalue W,, of the Hamiltonian

= b
H, o+ Vir) (1.1.81)

and ;{I(R,t) satisfies

(k& X‘mc‘)?d 0 | (1.1.82)

ot 2M

Here the term X"YYIC" ( ponderomotive potential ) represents the effec-
tive potential in which the center of mass of the atom moves. For the
case of the laser beam 0=A(R)) and the solution of eq.(l.1.§2 ) in

eikonal approximation is

. L 5 |
X=expl (P Ry + { dln; B (R))- zf.’rlat) (1.1.83)

> T~
vith the initial conditions P= P,' ,t="°° and

Pr= Py - 2Mmx*c? (1.1.84a)

53



Pu= Pui (1.1.84b)

Fﬁ 1s the momentum of the atam out of the beam. The line integral in
(1.1.83 ) is along;the classical trajectory of the atem. The wave fun-
ctibn af describes the evolution of the atom, entering the gpatialy in-
homogeneous laser field, due to the increasing oscillatory kinetic ene-
'rgy.of.the electron. The conclusion that the atom couples?to the laser
in a manner similar to the free electron, is consistent with the suppo-
sition that, in the first approximation, electronic métion for an atom
in the strong laser field is similar to the motion of the free, unbound
electron in the same field. Paricularly, an atom entering the laser

beam can be reflected back 1if

2 g
N - 2 2

[ Uo= X" MC (1.1.85)

2M < P ' ’

The semiclassical motion of the center of mass in (1.1.80 ) can be
carried further to a completely classical description.This is justified
under the conditions of the slowness of the cﬁange of the laser spatial
distribution, stated above.

To go in the classical description of the center of mass motion
we aga-in start from the equation (1.1.78 ) and simply drop the kine-
tic energy operator jﬁ; and treatii as a prescribed function of t,

‘ M ,
which is obtained from the classical Hamiltonian

1 . .
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Using this prescription in the Schrodinger equation

Nas | 2 _ v N
| (‘Jf"%; -mctx (R(ﬂ)-V(V‘))W,,- 0 Fl 1.87)
we get
. ¢ 2 | .
Yo Uo(r)EXP-!jg S (MCZX (R() +W, ) dt - Lse)

To find the multiphoton ionization rate, we start from the exact S

matrix

55'(,:—-%- <\V§>}H' ‘K,> (1.1.89)

-) ! .
where \%% is the full wave function of the Hamiltonian

Hiz.fti'.g._@_..ﬁ\ p, + =8 A+ V(V')
2m nC ch

with ingoing boundary conditions, and 1’ 1s defined by

(L'ﬁ-a%'- H1)‘l’o=—H'% - .(1.1.90-)

which yields

H'= = a Pr CO5P + Z,"Q' €052V (t.1.01)
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We approximate \PQ(-? by ?{;)given by eq.(1.1.75), which yields the app~

roximate S matrix

Of,p% - <¥§’) H'% > | (1.1,92)

Performing the time and the space integration, one gets

Sgo=-201 ). 5(_W3-€Q—X1m; Ws) 0w Uo(3) Fp(3) 19w
. f=-o0

N

which gives for the T matrix for absorption of ¢ photons

To()=lw U.&K—)ﬁ(;) | (1.1.94)

The energy conserving condition

W= Lo+ XM+ Wy (1.1.95)

can be also written in the form

L FRFRWA (1.1.96)
Zm

S
where £ is the momentum of the electron at the place of the laser field

: 2
where the ionization occured. From the condition § 20 ve get



0 >-Wo/y (1.1.97)

and so W, 1is now the effective ionization potential. The squared T

matrix can be obtained in the form

\Te|2 (Ry) 0<F-L “:d | (1.1.98)

The presence of Cz term in the denominator of the expression above
says that the dominant contribution to the ionization comes for rela-
tively small C., of order Cw ~ Ry . That conclusion is not affected
by the e.dependence of the "generalized Bessel functions" F‘Ev , defined
by (1.1.22). In fact, as will be discussed in details in Section 1.4,
these functions have the stationary phase points in a very broad range
of {, allowed by the energy conserving condition (1.4.96 ), and in
ultrastrong laser field limit. Apliing the standard stationary phase.

technique, that yields the approximate expression
lFe G)I 1 —;"“—’- (1.1.99)
CTRE

which is independent on . The averaging in (1.1.99 ) is over the fi-
nal momentum 4 of the electron. Using ({.1.98 ) and (1.1.99 ) we ob-

tained the ionization rate for the photon multiplicity L as

: Y
W= 16 Ry ofp \2Zmw. (¢- Ry) ’ (1.1.100)

X2 MW

and the total ionization rate ( sum over ¢ ) as
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Ww=38 Ry 42 (1.1.101)
Xt R |

In that way, the explicit treatment of laser as a spatialy fini-
te yields the multiphoton fonization rate different than any of the
previously mentioned in this Section. In derivation of that result we
clearly‘defined the initial and tﬁe final state of the atom out of the
lagser, As a consequence, multiphoton ionization has to be considered
as a two step ﬁrocess. The atom is first ionized, absorbing Ephotons
and then, the electron is continuosly accelerated out of the laser
beam. Tﬁe energy conserving conditi"m that we obtained, (1,185 ),

describes that process in a"proper"way, i.e.

.Z.E= Lw+ Wo (1.1.102a)
m
9l= §*+2mx* (1.1.102b)

where E" is the momentum of the free e;ectron inside the iaser, and that
momentum appears to interact wiﬁh the laser field in (1.1.92 ).

On the other side, the description of multiphoton ionization
in an ultrastrong laser as a one step process bin the calculations of

Faisal and Keldysh leads to a confusing energy conservation condition

Wg = Lw+ Wo-2m x? (1.1.103)

h €>2mxt g
NI ut, incorrect phusics contained in that condition

has a large influence to the calculated observable - ionization proba-

wit

bility. As a consequence of the large minimum C, the order of the
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"oeneralized Bessel functions' is much higher than %g% . That causes
that these functions have saddle points in complex plane, rather than
stationary.phase points, whicﬁ certainly influences their behaviour and
éhénges the fesult.

In the calculations of Peré and Gersten-MiPtléman the energy-

conserving condition was
W = Lw+ W, (1.1.104)

which represent the énerg& conservécion for just the first step of
the process - the absorption of 4 photons by the atom., That means |
that the electron momentum q is the momentum of the electron inside
the laser, and so the recognition of the final state was done 1531-
de the laser. The same is true for the calculations of Faisal and
Keldysh. As the identification of any of the initial and final state
inside the laser is not a gauge invariant procedure, that explains
the'differences between the results.

Still, the majority of the mentioned results for the multipho-
ton ionization probability ( all except the Keldysh one ) have one
common property : They decreaée as the ultrastrong laser field inérej
ase$. This rather suprising result could be understood 1ﬁ‘the following
way [l6] : The fonization of the atom in an ultrastrong laser is
essentialy scattering of.the otherwise free electron in the laser
field on the nuclear potential. In the situation in which the electro-
nic motion is dominated by the laser, its state is essentialy given by
the free electron wave function in the laser, i.e. it is a plane wave

with the laser oscillation superimposed. It is well known that a free



electron can not either gain or lose energy in a plane electromagnetic
wave [38], and so energy transfer can only occur due to the presence
of the third body. In this case it is the electron-ﬁucleus collision,
which acts as a perturbation of the free electron in the laser field.
The oscillation amplitude of the plane wave function increases for lar-
ge fields, and'oge can speak of an oscillating velocity, whose amplitu-~
de is \{,:s—‘%):')_xc . It is also known [40] that electron-nucleus collisi-
ons become less effective as the relative velocity goes up. So, the net
effect 1s a dec;ease in the ionization réte‘as the laser electric fi-
eld E rises, |

The principal goal of this Part is to find multiphoton ioniza-
tidn rate for hy&rogen in .an ultrastrong, spatialy and/or time inhomo-
geneous, linearly or circularly polarized, monochromatic laser wavé,
- taking the relativistic effects into account. That goal will be achie-
ved in Section 1.4. In Sections 1.2 and 1.3 will be considered the

motion of an electron ( initial state ) and the atom ( final state )

in the laser field, respectively.

&1.2 The motion of an electron in a laser
of the finite spatial and time extent.,.
Let us suppose that the laser is a one mode traveling electromagnetic

wdve, defined by the three-dimensional vector potential
. o A A,
A= Q(¥,t) (€ Cos? +EE,5nP) (1.2.1)

where P= WH-K¥ 5 the real phase,lKI=W, € and €, are the orthonor-

mal vectors of polarization and the dimensionless parameter €=0
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for a linearly polarized wave and €=1 for a circularly polarized
wave. The real amplitude ! and also é,,ez, ﬁ are slowly varying func-
tions of position and time on the scale of the laser wavelength. They

satisfy the gauge condition

>

(1.2.2)

d
o~
T
<O
7?1
by

“
I
Ky

1]
<

We will confine ourselves mostly on the two special cases
of the space and time inhomogenity of the laser - laser '"beam" and
laser 'pulse'". By the laser beam we mean the situation when the la-
ser wave is finite in the direction perpendicu].ar to the direction
of the wave propagation 'ﬁ,.butz infinite along 'l: This can be descri-
bed by the vector potential of the form (1.2.1), whose amplitude is
a function of T, onl}", iée.O:d(,ﬁ)where ?J_-ﬁ= 0. By the laser pulse
we mean the traveling wave'train, which is of infinite spatial extent
in the direction perpendicular toTc., and which is described by the
vector potential of the form '(1.2.1), where QA= Q(P). Q(P) is
here amplitude envelope of the wave train, with (((t00)=0 and

we suppose
d (]n G(¥)) << 1 (1.2.3)°
cy

Volkov [29] has obtained the exact wave function of a Dirac ele-
ctron in an infinite, travéling, plane, linearly polarized, one mode
electromagnetic wave. He started from the vector potential of the
form (1.2.1), with £€=0 and O and k constant with a-T<=O. Soiving

the Dirac equation, he got the wave function of the electron in the
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form

¥9'=Cq(Ag+BgCo5P)zoEXp(g-#-Eqt- agsiny- £ 5in2-bY)

(1.2.4)
' L, 2 V2
where Ea=+(q+m )" and
Ag=Eg+/Am +of-§ | C(L.2.5)
B§=L§-X(§°6‘t+i(Ey/g,m-@u’«‘)z.(k‘xa)a-iZ-ﬁg‘-(Rxé‘H
\ - = A A WA LA - ]
13{ 2 @ (Kx0)-A0(QK-AM~-Eg) + 3.0 a('k) (1.2.6)
al=2—_"_‘;‘1¥g’-& b= m';xl t.2.7)
V=Eg-Gk X = &18] (1.2.8)

Zo is the unit bispinor and C,Q is the nommalization constant. If the
nomalizat:ion constant is obtained by choosing a fi.nite volume of line-

ar dimension D as the working volume, then the condit:ion
(WQ,\VQ )=1 (1.2.9)
yields the leading term in powers of large D as

4 C£z=2(E2+m)(E2+ m%52.> (1.2.10)
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The ﬁ‘eld dependeﬁce of the normalization constant is a consequence of
thé 1nfini.t¢; laser extent in all spatial directions.

We want to generalize Volkov's result to the one in the laﬁer
of the finite spatial extent and/or the finite time duration. We start
with the vector potential (1.2.1) which satisfies the condition

(1.2.2), The Dirac gquation is
‘(t%: — (LT+pm)¥Y=0 (.2.11)
where ﬁ= P;-*- GK .Following Volkov, we set
- (13 7.3
V= (‘3% +ALT+pm)z 2.1

The equation for Z, after matrix multiplication is

(;:?—;—- Vo-21e QOS‘P Q-V,.+e*a Cost + M+ ey H + (CJ'E)Z=0

2
(:;9"1 . S, o . (1.2.13)

(1.2.13)
"where.

H=VxAx Kxi siny , E=-§—,§zwasi\r\‘(’ ©(1.2.14)

In the last step was used supi)osition that G(F,t) is a slowly varying
function on the spatial scale A and the time scale é)—- . If Q(Ft)
is also slowly varying on the scale of the electron wavelength, then
" the time averaged motion of the electron is e.ssent:laly.the classical

one.That justifies the use of the eikonal method to solve the
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equation (1.2.13)., In the first order eikonal approximation, the time
averaged motion of the electron is described by the common factor
exp('iso(r,t) ), such that the second and the higher derivatives of

So (rst) can be neglected. Making the ansatz
z=Cg €Xp ( (SO(V-’,t)— S(7t ) (1.2.15)

where‘S contains fast oscillating motion, depéndent on \f , and with

the assumption
[5)9_5.]:0 (1.2.16)

we get from (1.2,13)

( vst,)"—(g—’-;f—‘*)z +20 (L2 4 K-75,)33 +2€ o5 G TS0t

2
e;-a + e;Clchszl() 3 m7-+ ew Q gSln\P:—O (1.2.17) ‘

where
g:Z-(R%&)+(I-a (1.2.18)
with the.property

(1.2.19)

1]
C

Q}Z



In the first approximation, based on the slowly varying nature
of Q (r,t), we can separate (1.2.17) into the two equations, one des-
cribing the time averaged motion, and the other describing the fast os-

cillatory motion of the electron. That yields

-~

(?—"‘)1~ (VSO)Z= 925_9—2+m7‘ (1.2.20)

2w (%%9.; lZ-VS,)Qé.g. 2€C0sP Q- VS, + @?cosZ‘(’ + (1.2.21)
¥ 2 +ewagsing=0
The fact that.qy is the oply matrix occuring in S, and that it is in-
debendent on \f means that (1.2.16) is satisfied. |
Equation (1.2.20) has the form of the relativistic Hamilton-

A
Jacoby equation of a free particle with the rest mass ( €;91+-YYF')IZ

é‘u =1, where ut is a contra-

. Adopting the metric in which u
variant component of the velocity four vector, we can write Sp as the

action integral f363,[333
S, = Jd A ezaz VV\L)%'(QTIAQ}A)VZ A
o~ | (T"' -575- 94 + consT, (1.2.22)

where A4 1is an arbitrary parameter ( not necessarily‘the proper time? )
and ?1q05) is the four-vector coordinete of the particle. The con-

straint

G

AT d
T o =1 (1.2.23)

is imposed. Integration in (1.2.22) is along the ray path in space-

time, for some.prescribed boundary conditions. The Euler-Lagrange
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equations, which define the family of the physical ray paths, can be
obtained by the variation of the action 1ntegral (1.2.22) which, toge-

ther with (1.2.23) gives [33]

dA 9144

where

m¥= ('e?az(7)+m2)1/z=m(|+zx2)4/1 (1.2.25)
7 is the position four vector and dimensionless parameter X was
' defiﬁed in (1.1.2). The equation (1,2.24) has been already derived
by Kible [36] on the basis of the pure classical considerations.
‘Alt:emativeiy, following Weinberg's approach [‘11})['12] ( which
was given in a different and nonrelativistic context ), we can set
up the problem of the time averaged part of the solution of eq.(1.2.14)

as
D('f)—(V)W.',-'-‘O | (1.2.26)

where V is the four gradient of the position, and
D=-0O+wm? (.'H'-sz(}'))- | (1.2.27)

O 1is the four Laplacian 99 . In the first eikonal approximati -
M

on, q’o is supposed in the form

d (m (7)374“) (1.2.24)

. 66



Yo= expl(Se(])) D (1.2.28)

- where S, 1is real, and

D(F,~tV)¥= D(7,k)¥=0 (1.2.29)
with
K(T)=V So(T) 1.2.30)
Then it follows
D(%,x)=0 . @2

and, using (1.2.27)
. 2
KE=m* (1.2.32)

From (1.2.23), ray paths are given as functions of a pérameter A

9xu_290D , 2Ka_ 2D (1.2.33)
34 IKp 5A 2%

and finaly, the eikonal Sc,(T) is defined by the path integral (1.2.22)

aldng the‘world line, defined by (1.2.33). If the four momentum of the

electron, before entering the laser was Eﬁf‘ , or after leaving the
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' ' W .
laser 1is P& » then to define the ingoing wave \}’0 z=exp { :ﬂ

we

should choose the constant of integration in (1.2.22) so that

¢ P

o (3)= Pd}“?(“ | (1.2.34)

(= . -
before entering the laser. To define outgoing wave % ;exp t S‘;’we

have to choose the constant, so that
=) &7 .
o ()= P/“'izu (1.2.35)

In the spirit of the eikonal approximation, we can interpret VS,
as the classical four momentum of the electron, whose time development

is governed by the Hamiltonian
H(p,3)=(p*+m"*) (1.2.36)

From this form of thevnamiltonian, as well as from equations (1.2.20‘),
(1.2.22),(1.2.24) and (1.2.33) with (1.2.32_) if: can be concludgd that
electron moves in a laser field as a relativistic free particle with
a variable rest mass m™ . This can be understood with the simple exam-
ple of the laser beam. An electrdn, subjected to. the oscillating elec~
tromagnetic field X=a cos\¢, oscillates along the axis defined.by 61,

with the velogity

o

V=ll‘—"‘i'-%-z‘(.05‘(’ (1.2.37)
: re )

Wyet 18 the total relativistic energy of the electron, in the "inertial"
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system in which the electron is at rest outside the laser. On the other

hand, Lr==d§'L so that the square of the electron oscillatory momentum
re

averaged over a period of laser oscillation T is

— a2
P -0 - lem (1.2.38)
2 .
is is the three-momentum of the electron, in the same inertial system
in which Wyel was defined. In that way, the relativistic energy nf the

electron in the laser, averaged over T, in the reference system in

which the electron is at rest outside the laser ié
— = ‘o . )
Wicel = ( PE+mY) = m (1+2%7) " (1.2.39)

This can be interpreted as the rest effecti@e mass in that reference
system. Any motion of the electron, which changes slowly on the time
scale T, 1s influenced by the oscillatory motion through its average
effect: The change of the effective rest mass of ﬁhe electron.
Nonrelativistically, 1{f X<4<M , the variable rest mass appears

as an effective potential energy function
Up= m*-m=m (VZx@t- 1)~ mx? (1.2.40)

This is known as the ponderomotiva potential.

Now we will stuﬁy the motion of electronAin the two special ca-
ses of the laser wave - in the laser "beam”" and in the laser '"pulse",
which were defined at thé begining of this Section. The.Hamiltonian

(1.2.36) is conserved in the case of the laser beam and we can separe-
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te the time in (1.2,20). We can also separate the ?“ dependence, as

-

¢ 1is only a function of ‘r'_,_ . Making the ansatz
So= Fy(FL)+Pyry- Et (1.2.41)

where Py and E are constants, we get from (1.2.20)

2 12 o
(Ve Fo )"+ &4+ m?+ pi-E2=0 (1.2.42)

Then, it follows
G
Fy (F)= 5 £, -di (1.2.43)

2_ .2 2 _2_e'qt ' '
where f, = E"- P, ~ M- 5= .Matching this solution with the boundary

conditions (1.2.34) or (1.2.35) in t =Foo , we get

a
=-3-§~dV- -Et (1.2.44)
where E = ( q2+m? )4/,2 and’
‘2. e C{ (F)

D, defined by (1.2.59) is here

D(7,§)= '} 9%+ eazm) (1.2.46)
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To construct £ , we introduce a family of ray paths through "phnsé

space” [41]
Far@, §= 54 (1.2.47)

which is , for any initial conditions (?(so),-f.(so) ) defined by

2 - , 95 __2D (1.2.48)
9N 9 2A . 9F
Along any ray path D is constant, i.e.
2D_ ¢ . (1.2.49)

29

If we choose ( ?o ,a ) at s=3s, ., which satisfy the condition
D(%,3)=0 (1.2.50)
- -
then r and £ are determined for all s and still
- -
D(V,$)=0 (1.2.51)
The problem is essentialy a two-dimensional, and consists of the con-

struction of FJ_ , 88 f“= i'“ is defined for all s.

Let's consider an "initial" surface | 1in the cooxdinate space,

witfn unit normal f\(?), and suppose that for each l-f': on [ the conditi-

ons
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D (4r°’9'):0 (1.2.52)
g=W (%)

determine an unique '&(i"o). The second of equations (1.2.52) ensures

that VF Fb is nommal to [ on [ , 80 that S is constant over r

For any given ?, there {s an unique path leading from T toX and

defined by
Fia) el ; ?(A,)=§(?(A,)) (1.2.53)

Then -f(i") is given as

-t

L(@)-=4 ("5_) (1.2.54)

where ?(A):?, and integral in (1.2.44) can be written as

A
§ 'S'(A)'g‘fdA (1.2.55)

'?(i:) 1s always normal to the surface of constant Fb(?:), passing through

T. In the direction of k the wave fronts are plane surfaces, perpendi-
cular to Kk and ?f“ + An electron, entering the laser Beam; will be def-
lected in the plane perpendicular to [-:, due to the variation of E\(ﬁ).

Iflﬁ'lis not large enough, so that £ becomes negative, the electron

will be reflected back, leaving the beam with the same kinetic energy

as it entered the beam.

Now, consider the case of the laser 'pulse'. Writting again

the relation (1.2.20), we have
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( %__5_9_)7‘_. (v 5,)’= e’.'az‘(-\P) + m* (1.2.56)

In order to match the boundary conditions (1.2.34) or (1.2.35), we ma-

ke the ansatz
So = ZF-Et+FSCP) (1.2.57)

) :
with ng( qt+ m* )/z. Then, from (1.2.56) we get

2w (EQ—Q-Q)_F ea e a) (1.2.58)
2z
and so
- @ |
Fo=-— er 501(‘9) (1.2.59)

4w (Eg-§+R)

As far as the spatial dependehce ié considered, this is essentially a
one dimensional problem, and S, is uniquely determined by (1.2.59).
The‘time dependent "ponderomotive potential' acts in this case only in
the direction of the wave propagation. In fact, being overtaken by

the laser pulse, the electron is subjected to the increasing repulsive
potential, so that its total energy E*'inside the laser pulse is in-

creasing as long as Q(Y)is increasing, i.e.

E =—@.__9.=EQ 20 =Eg+V'(Y) (1.2.60)

At b (Eg- k)
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under the action of the "force"

x a2 '
TooVo et 2 (e K (1.2.61)
on h(E4-GR) QY
the electron gains the momentum, in the di;ec:ion of the wave propage-

tion

p“’"._ 950 =g, + ?.7;9_1_(_‘.{).. (1.2.62)
H(E-§'K) '
After QG(Y) pas#es its maximum, and starts to decrease, tﬁe force
‘changes its sign, and when the electron is left by the pulse ( at
t=+00) it has the same momentﬁm as it had before being overtaken by
the pulse. This is in full agreement with the adiabatic hyp&thesis, as
it was in the case ;f the laéer beam.

The process of acceleration of free electrons by long, ultra-
strong laser pulses was discussed recently by Lebouf [43], fn the con-
text of its application for the heating of ultradense plasmas. The
electron is accelerated to ultrarelativistic energies by the action of
the pondéromotive potentiél, due to the spatial inhomogenity of theA
laser wave. It will be expelled from the focus, thereby dgpleting that
region. Although the interaction of ions with the laser field is much
weaker ( by the factor %5% ) than ﬁhe'one with electrons, ions will be
pulled away ft&m the focus region, gaining high energies, because of
very strong electrostatic, charge separation forces.

‘It is useful to discuss whether the laser pulse or the laser
beam is the better description of the real physical situation of the

interaction of the laser wave with an electron. That obviously depends
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on certain parameters such as the duration of the pulse T , the
width L of the beam in the focal region, and the electron velocity v .
The electron has a greater probability of entering the beam ( from the

8sec, that gives V) > 108’-.

side) if lﬁlf»t . If T 1is of order 10
For electrons of kinetic energy of the order of 1 eV, that requires
L4 5 mm, which is mostly satisfied. But the electron will be reflected
from such beam if the laser intensity is larger than~10 ( in opti-
cal region ). So, at a given laser intensity, even if 1[LTT>> L 1is
fulfiiled, the electrons with an energy, less than the critical one,
will be overtaken by the laser pulse, being notvable to penetrate the
laser beam.,But; if the laser pulse is long, these electrons will
leave the laser from the side, as though it were the béam. So, the
effect of a long laser pulse on the cloud of free, noninteracting
electrons is to change the energy distribution of the cloud, deple-
ting the region E.<tnx‘. The effect is better if the pulses are lon-
ger,

Now we shall take care of the oscillatory-part S of Z ( equa-
.tions (1.2.15), (1L.2.17), (1.2.21)‘). From (1.2.44) and (1.2.57) it

follows, that for both the laser beam and the laser pulse

%%.”Lva=gffg (1.2.63)

and 3‘V50=0'}1 for the beam, while 6’-\7’5,-—6-& for the pulse. So,

from (1.2.21) we have

5= ed-§° Sine + 885 ¢iny— ea .
0 (Eg-&y) * qw(EQ-QII) ¥ Z(Eg’ftu)gsmﬁo (1.2.64)
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where
- - A
RN

L =315 31

With the known S, , S we can determine Z in'(1.2.15), which can be sub-
stituted into (1.2.12), to obtain 4/ . So, for the case of the laser

pulse we have
Vo= Cy (12 -l Ve UcosPrAm)expi (4.7~ &t~
- S(P)(\P)" L'Y_\_I S&‘L(\_Pl)d\e' ) z
wy /=0
(1.2.66)

For the laser beam we get

-l

v—

Wy= Cq (i B~V reddcosws am)expi (§5d7-
~Eat -5 Zo

(L.2,67)
éb«ﬂvis also a slowly varying function Of Fi , but we neglected the
~ derivatives in F‘I_ of (v;). Application of the derivatives , matrix
multiplication and some rearangements yield fof the case of the laser

pulse essentialy the Volkov solution



( (&7 -Eqt - gsint-psin2e- med\f
\V(p) C& (Afz"B.‘ZCOS‘P)zo (1.2. 68)

where Aﬁ » By ,0(1 » b, V,X are given by (1.2.5),(1.2.6),(1.2.7) and

(1.2,8). For the laser beam we obtained

Vg (b = Cg (Ag- __X ‘(R + Bg. CosP) Z, ¥

"‘exp[< S'S‘.L dii'+ §u%-Egt-Qgsin'P- DS'"”) (1.2.69)

where’ff= qI-i-ZX"m » £4=4, ,and Ag_, BS‘ ’ Q_s have the same forms
as in the case of the pulse, except that for every occurring of ?f it
should be replaced by the electron momentum inside the laser ? . In
W(P) it should be understood that Q= 0(f)and in ‘Va 6=6(V'.|.\.

The whole discussion, given above in this Section, is also
valid in the case of the circularly polarized laser wave, which is
described by the vector potential of the form (1.2.1), with £=1.

But, as here A*= o? ,we can expect the disapearance of the term $In2y
in' the phase of the wave functions (1.2.68),(1.2.69). This is a con-
sequence of the fact that the ampli.tudev of the vector potential is
constant during one oscillation period, for the circularly polarized
laser. That causes the length of the vector of electron oscillatory
momentum to be constant in period T.Then, the time average value of the
momentum is equal to its amplitude én& so the electron effective

rest mass in the laser s now m= m (10-%)(")%' .

Repeating exactly the same stéps as we did for the linearly

polarized laser, we have in the case of the laser pulse
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Prei S
W 2 Cg(Ag+Bs Ccost + BfMsine) 2o ¢

ol

(A C ey ¢ ' ) |
vexpi (§:7-Egt-0gsim-0)-2Jbe2dy') (r.2.70)

where B(g is Ba' in (1.2.6), witha replaced by é‘;, i=1,2. Aa is
given by (1.2.5) and b by (1.2.7), Q;-‘--zd,-!-"]-)!gl and é;_'é\q’- cos e,
In the cése of the laser beam we get
W(b)ciwc A m?. 2 - A ) } ). .
g =Cgq( &"——-X-y (1+L-K)+ By CoSP + By ™5im P )z, »
»® J E"' -\I. ' - (4 '

expl ( S §odig +4,n-Egt-ay sm(xp-e)) (1.2.71)
where A’:S- , B‘E’ ’ Qf and B are as in the case of the laser p;xlse, except

that '& is replaced by 'f, and

2 2 2
.- Qr-h¥x m

Yu=9qy

(1.2.72)

Finaly, we must also dbtain the némalization constants C& for
the wave functions, given by (1.2.68),(1.2.69),(1.2.70) and (1.2.71).
We do this by working in a finite volume of l,ineal.; dimension D. Then,
if the cross section of the laser beam has a dimension L, the cohdi-

tion
(Y&;W&)=1 (1.2.73)
yields

C_cz?‘:ZE_g (Eg+ m)03(1+0(1:1)) (1.2.74)
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We assume L/D 41

If the durat::l.on of the laser pulse 18 T , then the condition

(1.2.73) yields
Ci-z:ZEz (Eiz"‘W’\)Ds (1-}-0(.%1-':)) (i.2.75)

and we assume CT/D 4 1_

&1.3 The motion of an atom in an ultra-
strong laser of the finite spatial and
time exte ﬁ t. As was pointed out in & 1.1, an atom cannot

pick up energy monotonicaly in a harmonicaly oscillating electromag-
netic field. However, 1if the atomic parameters - charge, dipole moment,
polarizability etc. could change with time or space, continuous acce-
leration can be produced. This has been the subject of man& theoretical
(511 ,[52],[53],[54] ,[55] and experimental [5 5] [57] [58],[59], [60] ,[61]
work.

The absorption and isotropic reradiation by a spontaneous
eﬁission of the resonance radiation results in an average driving fo-
rce on the atom, and the so called radiation pressure in the direction
of the incident light. Suppose we have an atom in the ground state,
and the frequency of the laser pulse is close to the frequency of the
transition between the ggound and an upper staté. Then, absorption of-
a photdnileaveé atom in the upper state, and‘the momentum of the pho~-

ton,‘hﬁ, is transfered to the atom. If the intensity of the laser is low,

- a photon will be emitted from the upper stat:e‘ due to.fluorescence, in

random directions and in usual dipole pattern. Then the net scattering
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force, which describes the linear momentum per sec, gained by the atom,

‘1s proportional [56]

'[E‘N 1%,& ' (1.3.1)
where T is the natural lifetime of the excited state. In the process
of acceleration the atom tends to decouple itself from the laser by
the Doppler shift of the laser frequency, which causes the detuning
of the laser from the resbnance, and the atom 18 returned to the ground
state [55]. Various methods were proposed for recoupling the atom [55]
as well as increasing the efficiency of the process [58].

If the atom is in a spatialy inhomogeneous laser wave, it can
exibit ponderomotive forces on its induced dipole moment. It is easy.
to see it from the action of the Lorentz force on the atomic dipolé

moment [52]

x B (1.3.2)

l

o=
\o18
ol

F=(B-V)E +

o

t

where '{)‘:o(ﬁ, and A 1is the polarizability of the atom in a partiéular
state, To simplify, let's suppose that A 1is independent of the laser
intensity. Then, by the use of the Maxwell equation VxE ;%%%-‘7‘0
and the identity ‘{é‘,p)g-_-V(-{-.E")—EX(Vy;'é) one can get

Foo(V($E)+43(ExB) s

which ylelds the time averaged force as



- B -

— 2 (v (L E2 52‘{ ( E?f’.') R) (1.3.4

E, is the amplitude of the 1a§qr electric field, and the averaging is
over a period of oscillation of the electromagnetic field. In the case
of a traveling laser pulse, infinite in tbe diggctiop perpendicular to
the diteccion of its propagation, it followp f;op'(i.3,4)that the force
on the atom acts in the diredtio# of the wéve propagation at the front
édge of the pulse, and in oposite direction at the back edge of the pu-

1se [52], ( Pig. 1.1 ).

RADIATION
PULSE ENVELOPE

-/\%QTOM -/\- /\\-
— FORCE ' o VELOCITY .

FORCE

Fig. 1.1 [52]

A remarkable application of these forces is in laser separation
of isotopes. Ontcan selectively accelerate, trap or separate the atoms
or molecules because of their large cross sections at specific resonan-
ces. Selective excitation can be done by virtue of isotope shift of the
resonance levels., |

In an ultrastrong lasgr wave it could be that the concept of the
light pressure and the ponderomotive forces in the sense described
abéve, looses any méaning. In the ultrastroug laser fiqld the mixing
and shifting of the states, as well as their width, are 80 large that

the concept of the isolated atomic states is not acceptable any more.
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Fér the same reasons, one shouldn't expect the resonance behaviour of
the atom excitation and ifonization at certain frequences of the laser.
In such situation, the motion of the electrbn will be governed more by
the laser than by the binding potential of the nucleus, and it is con-
sistent with such picture to suppose that the motion.of the atom in an
ultrastrohg inhomogeneous laser field is governed dominantly by the
'précesses, that govern the motion of a free electron in such fiela.

- AS we have seen in & 1.2, sﬁch process is the acceleration of the elec-
tron in a laser field due to the electron's effective mass. The elec-.
tron effective rest mass is in this case, in the first approximation,
the time or space ghangable atomic parameter which causes continuous
energy transfer from the elect:omagneﬁic field to the atom,

In & 1.1 we have already discussed the motion of the hydrogen
atom in the ultrastrong laser "beam', due to the interaction with the
"ponderomotive" potential (1.1.#5), in nonrelatiQistié, dipole appro-
ximation. Since the coupling of the electromagnetic field to the nu-
cleus is E% smaller than to the electron ( M is the mass of the nuc-
leus ), the hydrogen atom couples to the ponderomotive potential essen-
tialy through the electron. That coupling is described as a residual
coupling in the center of mass system, as the field which interacts
with the electron is dependent on the centér of mass coordinate. Al-
though nor the dipole neither the nonrelativistic approximation are
acceptable in the casé we discuss, such analysis could help to under-
stand in a simple way the basic features of the atomic wmotion.The
motion of the hydrogen atom in the ultrastrong laser pulse will be

treated relativistically later in this Section. If we make a nonrela-
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tivistic approximation ( x<<l ) of the relativistic result evaluated
for that case, we get tﬂaf the-aﬁOm, being overtaken by the laser pul-

se, géins momentum
-; 2 "\
Ap=mX*(¢®)K . (1.3.5)
and, at the same time, it has the potential energy
V= mxi(q,) (1.3.6)

As it is being left by the pulse, an atom looses its momentum ( the
force changes the direction ) and the overall change of the atomic mo=
mentum, when the atom is f:eé ofrlaser again is zero. Here we suppo~
sed that. the atom was.1n its'ground state upon leaving the laser, as
it had been before entering the laser. But, as we will see in & 1.4, |
the{iqnizat;on rate for the hydrogeﬂ atom‘inc:eases with':he lager
intensity even in.the ultrastrong lgsgr 1limit, and the qhanses-thgt
the atom will survive in the laser become very Smallf Invthat.way, any
applicable discussion about the possibility of the acceleration of
atoms by ankulgrastrong.lase: could be irrelevant.

| As we'saw in & 1.2 for the casé of a free.electron; ponderomo=
tive potential UF=§?E¥' is a nonrelativistic épproxipation of the more
general change in effective rest mass of the electrqn, which arisses
when the electron motion is treated relaciyistically. We now want to
find the relativist;cvgeneralization of the solution (1.1.80) for the

cénter of mass motion. We describe the atom in thé laéer field in terms

of the center of mass and relative coordinates by
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(i:g—,c - T&"'(oz‘ﬁ-l-/&w\ +V(r)))\|’= 0 1.3.7)

a
where R 15 the center of mass coordinate and T is the position of the
electron relative to the proton. K and {% are the usual Dirac matri-

ces of the electrbn, and

-—b

= P +eA . (1.3.8)

=1

First we deal with a linearly polarized lager, with the vector potenti-

al in the form

-t

f\=a('ri,t)cos%> ,\?:mt—-\’i(ﬁ#) (1.3.9)

We suppose that the amplitude Ei(R,t) is a slowly varying function of
time on the scale bf the period of the laser oscillation T= -2-0-9 . It .
is also a slowly varying function of space on the scale of the laser

' wavelength and the atom wavelength. We have in mind a particular exam-
ple of CO5 laser; whose frequency of oscillation is much smaller

tﬁan the atomic characteristic frequency ( by the factor of about

100 ). The poténtigl Vi(r) is the pure Coulomb potential, as we deal

with hydrogen atom. We take

) -
Pe (1.3.10)

so that internal motion of the atom is described relativistically, but

the center of mass is described nonrelativistically. This is permissi~
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ble, since M»m. In fact, ih tha case when the motion of the atom is
nonrelativistic, which we suppose, the transformation from the labora-
tory frame to the rest frame of the nucleus is Galilean, so that the
atom has the same time as it is in the iaboratory system. The relativi-
stic electron is connected to the laboratory frame and to the rest
frame of the atom by the Lorentz transformation. The motion of the
atom is described by (1.3.7) as a plane wave, although deformed, becau-
se of the coupling with the electronic motion. Our supposition of
slowness of the change of the amplitude of the laser field allows us

to suppoée that the motion of the atom is only slightly chaﬁged in the
characterisic time of the electron motion and the laser oécillations.‘
So, we can.introduce a local inertial system, connected with the atdm,
and then describe the Galilean transformation to the laboratory system
by the slowly varing phase of thé plane wave ( eikonal approximation ).

Similarly as in & 1.2, equation (1.2.13), we set
- (i3 _ 7.7
\P-(lﬂ-Tﬂ V+d T +pm)2 (1.3.11)

Substituting this in eq.(1.3.7), after matrix multiplication we get

the equation for Z
2 = - . -— -
((E—V)—M?—WI—QZ' H'—Leo('E)Zzo (1.3.12)
where we used the short hand

2 :
E:(-QQE—TR-.:L’%:-!— Ve (1.3.13)
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and

X

FI== V*A + é? %V

E=-¢

VY
d

In derivation of (1.3.12) we neglected the tefms of the order é%. ,
where U 1is characteristic time of the change of the laser field'ﬁmp-.
11tude a (R,t). The commutator ['R. )TR] is also neglected on the basis
of the smallness of the atom wavélength compared to the laser wave-
length and to the characteristic length L of the sp;tial changevof Cf.
The terms, that oscillate in time can be treated as a perturbation,
which causes the absorption and emission of an integer number of pho-
tons, but doesn't significantly influence the continuous acceleration
of the system. These will be droped from (1.3.12). The dropped part -

of '"Hamiltonian'" in (1.3.12) is
! - : .
dH=2eAp, +-12—ezazc052\9 + Ew G 9 sIm\P (1.3.14)

vhere g is a matrix, defined by (1.2.18). In that way we are left with

equation
[( E-V)-m?- Pl - %‘- e 0’ (R)t) + Ozﬁ"(parv)] Zo=0 (1.3.15)

Since A mixes large and small components of the electron, its expec-
tation_valug is of the order g: ,.where IFVéEEl , d 18 a linear dimen-

sion of the atom. Then
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¢k BV, c ¥ mr (1[.) ,,z; (1.3.16)
2EV c

-1 - ' '
where a(F=(I37) is the fine structure cinstant., Also. it follows

VLV et Letv,, oAp (1.3.17)
2EV  mcr " d mc’- RC C |
So, we can neglect vt ando-(:(P.rV) in comparison to 2E V which, applied

in (1.3.15), gives the equation
(E"-ZEV-M’-—- Pf-lmzxz(ﬁ,t))zo-: 0 (1.3.18)

where K was defined in (1.1.2).

Assume now that the vector potential amplitude is only a functi-
on of-J'J y where P is tha(: part of R which is perpendicular't:o k ( k
defines the propagation direction of the laser Qave ). This is just
the case 6f the laser ".beam", defined at the begining of & 1.2. To
solve equation (1.3.18) we use that X{SS) is a slowly varying function

and set, similarly as in the theory of atomic-atomic collisions [40]

-1 Elt—l\/\/not
Z ®n (R) Up R E 2 (1.3.19)

where um(R,r), a slowly varying function of ﬁ, is an eigenfunction of
the "distorted" Schrodinger equation which corresponds to the eigen-

value En' , L.e.

(e - Ve - 'E"' ) Up (R, ¥) = (1.3.20)



The electron rest mass m is here replaced by the effective rest mass

o P," J_VE?((R)+ +Epy (1.3.21)
m": +ZM ?e() m

and Wpo=m -0-E,.:0 . Er'w is an eigenvalue of equation (1.3.20) with m=m ’
which evolves in E,: in the presence of the laser.

The ansatz (1.3.19) is based on the large mass difference bet-~
ween the electron and the nucleus. This difference implies much slower
motion of nucleus‘ with respect to the electronic motion, and we can
separate Hamiltonian in (1.3.18) in nuclear and electronic part, as
in (1.3.19). The slowness of the change ofa(ﬁ) implies the weak cou-~
pling of the nuclear and electronic motion, aﬁd .ﬁ in Un (I'{',r) can be
considered as a slowly varying parameter, rather than a dynamical vari-
able., As un- form a complete orthonormal set, using (1.3.1.9) in (1.3.18)
and multipliing from the left by U,.;* » we get equation for center of '

mass wave functions &

( Em—2Epn £n“m1(1+2x2)) 3(“ (R)=0  (1.3.22)

where we neglected E,\:. compared to |} . The terms -wh:lch represent a

kinematic coupling of nuclear and electronic motion were also neglec-

at
E <> En-TR =Who- In the first eikonal approximation, we make the

0
ted. In (1.3.22), (&~ in E was replaced by _gh+m+5,:u= 8,,, and so

ansatz [41]

R 2 -
X ()= EXPL ( SdR' Pn(“')) (1.3.23)
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where derivatives of Pn(i) can be neglected. Then (1.3.22) gives

(€n-2 2M

For the hydrogeﬁ-like atoms energy eigenvalues are

| _mEe"
STy

and so

2
E=Ep _E_%%L

Substituting (1.3.26) into (1.3.24), it follows

) - 2Ep (€n- ) m*(1+2x2)=0

(1.3.24)

(1.3.25)

(1.3.26)

1 ' '
En-— fn.'.; —V-“—@- :QYHEV,'O)VHZxZ (1.3.27)

M (I_%:Q)Vz

‘and finaly

lﬁnllz (PI.L ZM(WH'Eno)(W l))

lp-;u | = |Pin\

(1.3.28)

-
where |Pi| is the classical momentum of the atom at t=-oo . The center

. * = ulb
of mass momentum Pn (R) is the classical momentum, whose evolution is

governed by the Hamiltonian

Pu 3
Ho (Pn,R )r-—--;'4 + Upn (R)

(1.3.29)
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where

Upn ()= (m+Eno)(T¥FZXE- 1) .3.30)

ljpﬁ is the relativistic generalization of the ponderomotive poten-
tiall(I.l.?B); and it becomes nwxx in the weak field limit., The largest
error, assoclated with this solution of equation (1.3.15) is of the
order of (Pn (é)L)-1 » and is sufficiently small to be negligible for
macroscopic beams. The line integral in (1.3.23) is taken along the
paﬁh.of the classical motion. To find such paths, we can use the proce-
dure of Weinberg [44), [42), as we did in & 1.2 ﬁér the free electron

motion. We have defined D by equation_(1.2.26) and it 1s here

2

t}:

(1.3.31)

D(R;Pn) M+Upn(vz) !

X

D]
To construct Pn and find the path, we have to solve the equations of

motion

aR _2D )935;\:_90 (1.3.32)
A "ap, 'HAT %

wvhere s is an arbitrary parameter ( which could be a measure of time

along the path ). For any given initial conditions

Ro= R (o) , Fi= 'p‘n(»,,) (1.3.33)

——
these equations uniquely define P,, and the path of the atom. Note
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that in the cése of the laser beam, we deal with, FN"" -P-;" and the
problem is a two dimensional one. |

"So, neglecting the kinematic coupling of the nuclear and elec-
tronic motionl, we defined the stét:ionary states of the center of mass
motion ?(h(ﬁ\ in the ( electronic ) potential energy Upn(ﬁ) . In addi-
tion, the atom that en/éi:ers the laser adiabatically compresses in its
size, ;.n every state. Inelastic transitions in the potential Upp, are

adiabatically improbable. In particular, for the hydfogen ground state,

we have
WQ=M“R\/
N 1= L L2)VTFIYE
\"L‘ ( -7 RE/VI+IX (1.3.34)

Ueo (@)= (wm-Ry)(VTrIE-1)

In the case of the laser "puise", of the kind as was defined at
the begining of & 1.2, amplitude of the vector potential is a slowly
varying function of ¢ , where @= (vt~ KR, In that way, X=X(®)

and we can solve equation (1.3.18), making the ansatz

. 4 (BB BE - (Whot
(‘fsn(¢)d¢+\P;-R-lZM-l no
Zo=§. Up(rd)E

(1.3.35)

where W, = m+ En'o. Uh '.[s.. the eigenfunction, which corresponds to

the eigenvalue E," of the Schrodinger equation

(En - V(\r)- )Un (he)=0 (1.3.36)
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where

: ‘ 2
e sy S0 - 3B 4 B =gy 8

G.m obeys the equation
Ehz ~-2E, En-mz(‘\*-‘?.xz(d;)): O  (1.3.38)

' is a function of Sh(d)) and, from (1.3.25) it follows

Ep
!
Eh'= Eno %%— (1.3.39)

Oh the other hand, (1.3.38) gives

= (m+ E,,'o)\H + 2.X4 (o) (1.3.40)

The last two terms on the right hand side of (1.3.37) are much smaller
than W Sh(¢) as they have the large atomic mass in the denominator, '
compared to wtand wa in numerator. Neglecting these two terms, we

get 5, of the order of?%’.‘ . With such Sn we can easily see that

wzz:;z wSNM<<|) PllaMwS (USN N ¢e (1.3.41)

which justifies the approximations we made, So,

W, o"wsn(¢)§(m+fy:o)\ll+2x‘ (1.3.42)
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Sn(¢)=—-1(5 (mn+ En',,)(-\l|+2x1-1‘) (1.3.43)

The solution above doesn't depend on the mass of the atom. Particular-
ly, 1if M—>o00, then R tends to a constant, and so CP—, wt . The motion

of the atom is described by the "time" dependent Hamiltonian

H= QP—:‘ + (m o+ Epy) (VT+2x%) = 1) (1.3.44)

‘where the role of the time is takén by (b . The atom, being overtaken
by the laser pulse, moves in the increasing repulsive potential
(mﬁ-En',) (V\+7.x’- - ‘I) » gaining a small momentum in the direction of

the wave propagation

AP = (m+Ea) (Tr2e-1) K (1.3.45)

The corresponding change in kinetic energy of the atom will be small,
of the order M ’ and can be neglected, as we neglected>the other
terms of that order, whenever they appeared in the calculation. Like in
the case of the laser beam, nonelastic transitions between the diffe-
rent electronic states are adiabatically improbable.

In particular, for hydrogen in the ground state we have the
same relations, given by (1.3.34) for both the case of the laser
pulse and the laser beam.

Until now we found the phase of the Dirac wave function

‘contained in Zp , eq.(1.3.11). We can now use (1.3.11) to obtain V¥



which satisfies the wave equation (1.3.7). In that way we get

the wave function for the atom in the laser ''beam”

W= Cn (M VTEZ0 +4M + LT JUn B,

S
rexp i ( ddFr@- L

12

—\A/on’c) (1.3.46)

N

The wave function for the atom in the laser "pulse" is

Wn=Cn (W VTFDRE+AMA LT ) Uy, 2o
&

- .1
xexp L ( S Sn(dVdd' + P R- %t‘%nt) (1.3.47)

Here,.éo is a unit spinor, won=m+Eo'n and Cy, is normalization constant.
Un» P » and S,y were defined by (1.3.20), (1.3.28) or (1.3.36) and
(1.3.43), respectively, for the boundary conditions that electron was
in a state which corresponded to the eigenvalue Egowhile the center of
mass of the atom was moving with the momentum ﬁ} before entering the
laser. In derivation of (1.3.,46) and (1.3.47) from (1.3.11) we have
neglected Eng and V(r) in comparison with m.

The semiclassical motion of the center of mass in (1.3.7) may
be carried further to a completely classical description. This is jus-
tified Qhen the amplitude of the laser field is slowly varying in the
éense discussed below (1.3.9). For example, in the case of the laser
beam, the classical description would require a wave packet with an
initial extent AX, , which is small in comparison to spatial extent

of the beam. If the experiment lasts a time T, then the packet will
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have grown to a size AX(7) » siven by [‘!’1],[55]

(AY(T)) = (AX) + (5- —E—- ) R

AX can be optimized with respect to AX, and then one obtains

A .
AY, = B_'-.C)/z  (1.3.49)
T 2M :
£rom which
(Axct)) = -}54- | (1.3.50)

We can ask how long the experiment can last, such that the wave packet
remains classical, 1i.e. thatlAX(‘C)«L .For example, forT = 10° sec,
which is muci\ longer than necessary either in the case of the real
laser beam of laser pulse, we get A)((t)u\d?,m.L can be anticipated
to be of the order of 1 mm > 10-3 mm. The finite size of the packet
also introduces momentum uncertainties of tﬁe order AP:.E;', which gi-
ves a deflection of the étom by a small angle AB:%PNIO-ﬁaJ.This is negli-
gible, so that the atom indeed behaves as a classical particle.

To go to the classical despription of the center of mass motion,
we again start from the equation (1.3.7), drop the kinetic energy ope-

o _
rator Tp , and treat R(t) as a prescribed function of t, which is obta-

ined from the classical Hamiltonian

H= o P 4 (v Eo) (VTraxz — 1) (1.3.51)



where X?—X(th)‘t) is a slowly varying function of time. Repeating the
‘same procedure which we have used below eq.(1.3.7) to obtain
eq.(1.3.18), we get

(%

PTE +2i Vg”‘{.’r m* + R«z"‘zmlxz(*)) Z,=0 (1.3.52)

The solution of this equatibn can be expanded in the eigenfunctions

of the Schrodinger equation

b
(Ev{ - i%\*— V(r)) Un(rnt)=0 . (1.3.53)
y ‘ . .
where M'=m U*’-xl).z In that way
| t
Zon= UnXP L ( S G En (£))dt' (1.3.54)
-0

Again, due to the slowness of change of‘ X({), the transitions
between the sﬁates of the different n are adiabatically improbable.
The transitions can occur only by the action of the oscillating pertur-
bation :ﬂy , which is giﬁen by (1.3.14). The atom, being 1h1tially in
the ground state, will stay in that state, only adiabat;cally distort-
.ing the state. The distortion cames from the ch#nge in the effecti#é
mass of the electron, while the atom moves into the relativistic
ponderomotive potential of the laser. The size of the atom is schrink-
ing. ( The idea that the electron in atom changes its rest masa‘in a
way similar to the aﬂove one, was already mentioned by Cohen-Tannoudji
[3ﬂ in context éf dressing of aﬁ atom by high frequency laser).

We can now use (1.3.11) ( without Ta ) to 6btain the Dirac spi-

nor of the state n. It follows +

Yoz Calmrem) ( gp ) unexp (0| (moa)dt

m*+m : (1.3.55)
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This wave function is normalized to the electron, and the normaliza-
tion constant will be laser field dependent due to the fact that the

bound electron is inside the laser. The normalizing condition
(Wa, Y0 )=1 (1.3.56)

applied to the "distorted" hydrogen ground state, yields

i -Y2
1_ (l+x7‘+ (1+2x*) “+ X*(1+C0520)) (1.3.57)
2 m

b=

So, for that state we can finally write

| "2 1
= 2 (3% | wwen
VZ (142X (26 21 XM05200 )2 \ P o
(1.3.58)
where
,113/2 . + . ,h | —v"‘lV' )
Uo (ryt)= v QXP("'L(M-RY)(H?.X‘) dt)e (1.3.59)
R
"L-;-Cf\- (l—-?_LiEZ)(H?.x )2 (1.3.60)
o]

G=wt-K-R , and WV 1n T 15 P=twt-KP - K'R . Note that for X0
this solution goes to the first relativistic approximation ( up to
the order akg' ) of the "bare" ground state of hydrogen. Our descri-

ption of the atom is to treat the center of mass motion nonrelativi-
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stically, while the relativistrc effects come from the oscillations of
the electron in the strong laser field. At the same time, the motion of
the electron due to the intéraction with the nucleus only, stayé essen-
tialy nonrelativistic.

All derivations and the discussions thrqugh this Section, can be
applied also in rhe case of the circularly polarized laser, defined by
the vector potential (1.2.1), €= 1. The results are
clear - if one recognises that an equation analogous to equatiod (1.3.15)

is now

((E-V)'-m2- p,.z;- e*0* @ t)+ & (AV))2,=0 (L.3.61)
From this it follows that |P,,}in (1.3.28) is here

1Pnsl = ( pf,_—.?.M (m;Ev{o)(W— '\))4,/2' (1.3.62)
while S (d)in (1.3.43) is

Sn(¢)é - .("\M,En'o)(\!l*rl:xz 1) ey

"i L N '\_‘.,l

l

That implies that qﬁn for the laser beam and the laser pulse have exac-

!' :‘v'

tly the same forms as in (1 3;46) and (1 3.47), respectively, except
that IPMIand S“(tb)are now defined by (1.3. 62) and (1.3.63), respecti-
vely. The normalized ground state of hydrogen, in the classical des-
cription of the center of wass motion, in the circularly polarized

laser, is
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- [+ (H'L'.xz)‘"z -*1 Uo U (1.3.64a)
\‘I(I+sz+(‘+qx?‘)1/l) G'Tr y NO [} sy
AT | (1 (ruxtyR)
where
3 ot % s
Uo = %"F exp(-L (m-en)(iraxi®de) t (1.3.64b)
and
i 047‘ 2 4/2. .
n’(.: a (l’—if-)("*"‘l)() (1.3.64c)
0

&i.lo Calcu.lation of the 1onization rate.

1.4.1 Lineafly p.oiarized 1 a s e r. Having obtai-
ned the "distorted wave" description of the initial state, we may now
write the exact S matrix for the ionization of the hydrogen, initialy

in the ground state as [45]

65_".0 =-l <W§)| thl.> | (1.4.1)

where the perturbation operator .H  is defined by

((%—H)X{-’——H(X\; | 4.2)
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H 1s the full Hamiltonian in (1.3.7) with Te>0) as we accepted the
classical description of center of mass motion :of.the atom as the simp-
- ~) : .

ler one. ‘Vg‘ is the exact wave function, with incoming wave boundary

conditions, which satisfies
. =) ‘
(2 — Y, = (1.4.3)
( ot H) '} 0 .

and ?(l was defined by (1.3.50). Substituting XL , a8 expressed in the

form (1.3.11), into (1.4.2), with the use of eq.(1.3.52), we get
] .
HiX= ¥ % (1.4.4)

| ,
where J{, was defined in (1.3.14). %fzogo , where Zo is given by
(1.3.54) and ’%o' is a constant bispinor. It is convenient to write

'
down operator ;’(’, again

gty '“9e [\"ﬁr +-1i e*atcos 2 +cwa% SImY

Fot the CO, laser, hwx 0.|€V<<Ry’and on that basis the third term on
the right hand side can be neglected in compariéon to the first. Their

quotient is approximately

hewan % hw 2 |
~ Le ~ (ol (1.4.5)
eac ki, Ry " (ele)

It can be shown that the first and the second term of 'J(' are of the

gsame order of magnitude. In fact, we shall see later that the princi-

pal contribution to the T matrix comes from \Q.'a'%_ » such that COSZ‘P~°-§—(E.
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The comparisbn of the two gives

_ eakc Yoo o Ry x4 oA

Same S— 7 (104-6)
22 met de* K X
e a B4 F
Using (1.3.58) we can finaly write .

' -¥
HoXi = ‘TLI (|+x‘+(l+2xz)4/z+x"‘(l+Cosz¢)) “x

UxcosPQ Pr+2mMXxtcos 2y
% %o n (1-4-?)

0

where Qp‘is the unit spinor, and U was defined by (1.3.59),(1.3.60).

The approximation which we shall use to calculate the S matrix
(1.4.1) is the same one that have been used by Faigal, Keldysh, Pert
and essentialy als& by Gersten-Mittleman, This is to expand the exact
final state in perturbation series in V(r) and keep only the first
term, in which the electron-nuéleus interaction is absent. As was
discussed in &l.1, the condition for convergence of such a series
could be written as X >>¥p . The difference between our and the
previous calculations. that we treat the electron relativistically,
and the laser wave is of a finite spattai and/or time cxcént, allowing

the initial state to be distorted due to the nonoscillating terms of

the interaction Hamiltonian. The proton motion is described classicaly.

Its coupling to the laser field is neglected in the final state, since
it is E% smaller than it is through the indirect coupling of the nuc-~

leus and the laser in the initial state, The free proton, after the
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atom is ionized, moves unaccelerated motion. The electron in the final

state is described by the modified Volkov state, the modification

resulting from the slowly varying nature of the laser amplitude. The

details of this state were discussed in & 1.2, It is in the case of

the laser '"pulse" given by (1.2.68), and by (1.2.69) in the case of the

laser "beam'.

From (1.4.7) it is imediately cléar that only the 'large'" com-

ponents of the final staté survive in the S matrix. The electron coor-

dinate in the final state must be transformed into the same coordinate

as the one in the initial state, i.e. ?é: T+R . The S matrix, for the

case of the 1 aser beam takes the form
| B + +
59_'0-"?% 56“(5‘&" Cg (A-}l'[, + Byry, COS‘P)C

(05 s + B sim1e)

. a"vi X '
..(S AV £ (7Y -HEg_'tx

X € b X CosP G-Pr+2mx2cos 2P X

(1+ X2+ TE2xE + X2(1+Cos2 6))"2

¢
~twet-t Jdt Up (R(tY)
*Uo(rym) € "L

where

T2 2mX - §(R)
Wy wV

D
L=~
"
N
5
>
Os

b:—’vﬁ,%’- y V= E&’Iz‘;(é)

Up= (m-Ry)(VTr2xt —1) y Wo=m-Ry

(1.4.8)

(1.4.9a)
(1.4.9b)

(1.4.9¢)
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A:‘;fb ’ B&L’b are the matrix elements of the large components of the
Dirac matrices of the modified Volkov state (1.2.69), between initial

and final spin stétes,
Asib = (Egtmn - %{T&L)J“ (1.4.10a)

R Mx "‘A '-l 2 y =A " - A - .
Bg(b— —v—({-an ;(- (G GXR) +({ % (wxa )(-}-K Eq W\))_h- (1.4.10b)
' It is convenient to express § as ¢=\P+E-F , and then to use ‘P as the
integration variable, instead of t. It is also useful to define the
functions FQ("‘) by

(Q Sm\PHQSmZ\P R A
e & CosmY _ e FE(M)

(1 4+ x>+ VTrzxt + x’-(l+cos'2.q>))’/1—e:_°° (1+2x2)V (14 VTr )%

(1.4.11)

which allows us to write

(:Q_!'s;'n{) + U -E— stn2y
e cos™ cos2 ¥ -LN (Fe + Fers )
|+ X2+ \/TIEXT+ X2(1+€0529))% /z .:+zxz)*/~(1 +\T+ 2% )%

(1.4.12)

We can exploit the slowly varying nature of E(?:) and Up to expand the

exponent:ial factors

(L.4. iBa)



4ku+¥<ﬂ

Jdt UP(R(H).. ICH Up (Rt + Up (R) R-Prn. - (Lot130)

Then (1.4.8) can be rewritten as

——h

. S
5§,oz~\7'_£ezj de [drCyexp i (- Jorfier-J e
¢ Bl (4R RE ) Al (X B (S 4R

+ A )] >
+ B;ca.(‘ux QP Fzm tm XZ(FC -2 * Fl+2 } u.,(r)"() *
) Py +R-R
kexp(-i( av U@y +i7 Up(R)
The functions F(mare slowly- varying functions of -I:-?, and ‘this depen-
dence may be neglected, since K/n“«'\ . In effect, this replaces ¢ by

\P in (1.4.11) and (1.4.12). Then the r integration can be performed as

a Fourier transform of the initial state

_t)(y-.’.[MKr"(KruP(R) N
Sd r€ o lr)= Uo (§- R (Eg-WoUp), 1 )=

-2

=3 ( (3R (Emw-Up) +op) et

The momentum operator [—J:. at each occurance in (1.4.14) can be replaced

by ?(ﬁ), since a-k=0. The remaining ‘P '1ntegfation gives
00 ‘ ‘P/w‘ﬂ(&
|  (Eq - W - L)~ cfcu Up (R1t)
L—-
S%U‘-" e« ~ 1t J(El~w,, !w Ue (o)
e | (1.4.16)

(L.4.14)
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where we have dropped an irrelevant phase factor. In obtaining (1.4.16)
we have again exploited the' slowly varying nature of a(ﬁ)or UP(E\,- and
have labeled as i% the point in the laser beam in which the ionization
takes place. The observed cross section will contain an ensemble avera-
. ge of this parameter, in effect allowing for the ionization to occur
at any point within the laser beam. This energy éi—function, ﬁaken.
with UP(&,) as given by (1.3.34) is the relativistic generalization
of the energy conserving condition (1.1.77).

In the case of the 1aser pul s e, changing again the
electron coordinate in the final state as E;-?4-§, S matrix takes

the form

: -tg_(r-+k)+lEgt+lj b(\P')d\P'
S§,O =~-L jdtclsf‘ Cg (A-S-tp B§‘PC05‘P)E

{ (0g SinY + £ 5in2¢) —
¥ e (6 : (hix cose 8By +2mx%cos 2¢)

X
(I+ X2+ {1+ + X2 (1+cos2 d)Y2
t .
~(wpt - S dt'Up(9UE)

x Ug (M) € -0 : (1.4.17)
where
_imx A =i gy E _Z.A
q&"chL G-g : b wy )})-Ea g (1.4.18)

and A $ip? B sip aTE the matrix elemenf:é of the large components of the
Dirac matrices of the Volkov state (1.2.69), between the initial and

- the final spin states. In that way

A}ip:'(Eg_*'VY\)é}ri | (1.4.19)
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' = s
and Bjn,is the same as the one given in (1.4.10b), with &_ replaced by 9.
- In the initial state X=X(d)while in the final state X=X(¥) . We
express Pz Cb-ﬁ? and use now $ as integration variable, instead of
t in (1.4.17). We can further write
+ ¢/Q,+E'R '
Qale' Up(o1e)= (ot Up(o1e) (1.4.20)
- -0 )
and exploit the slowly varying nature of Q(¥) to expand

Y b-Kr

&
Sb(\(")d\"'= Sb(te')d\(”-.: Sb(«e')'d%" - b() K-i+.-. (1.4.21)

Then the r integration in-(f.4.17) can be performed similarly as in
(L.4.15), while the remaining ¢ integral yields the energy conserving

condition

Eg=Wo+ lw +Up (0) + bld)w (1.4.22)

Here we labeled by ¢, the phase of the laser pulse, when ionization
occurs. The observed cross section will contain an ensemble average
of this parameter. _

In & 1.2 we concluded tﬁat the electron, which was born by the
ionization and then left by the laser pulse, woﬁld gain momenfum -b k.

It is convenient to replace in-the S métrix

Qu=fy-bw (1.4.23)
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L
and to recognize f as the electron momentum inside the laser pulse,
where El= El. The S matrices, in both the case of the laser beam

and the laser pulse can be rewritten as

5;',’3 =-20¢ Zd‘(E& Wo- w=Up (R,)) '[Q O (L.4.26)

Sé? =-1nl %_ d’( & —\A/,,-IQ- We (¢s) + b(¢,)w)T9_(‘:z€)(1-4-25)

respectively. Accounting (1.4.23), it can be shown by strightforward -
calculation that the T matrices in (1.4.24) and (1.4.25) could be

written in the same form, which is

Tﬁ"’ W= 2{ Ay (4x&F R mxl(ﬁ,‘”u:e"” )+

L
7

#B (x 6§ R +mx?(Fp +F¢‘+’1)))} Us (5-1%,7)

a\Y
(1423 "1+ i2xa ) 2 21.4.26)

where
A“:(wo+€w+U,,+m~m%.X.")d}\-  (114.27a)
By =X (L8-(0R (@ ﬁ)-t'?:-(&x&)(f'ﬁ--\/\/.,-lw-U,,-m))H(1.4.27b)

V=Wt lws Up-Jh (L.4.27¢)
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In the case of the laser beam, f= F(ﬁo) is the momentum of the electron
resulting from € photon ionization at E; inside the laser. Then the

electron moves as a classical particle, governed by the Hamiltonian

| A
H{#R)= (p’- +on (1+ sz_(g-;)))/z (1.4.28)

-h .
and f becomes a as the electron emerges from the laser.Energy conserva-

tion yields

. N
Eg=Vgtm:= ('5—7'4- M1+ 2XN(R,) 2 © (1.4.29)

where
Qf'-'ﬂ' +2mt X2(Ro) (1.4.30)

and the supposition that the laser is uniform in the k direction yields
£,= 4y - On the other hand, in the case of the laser pulse, f(¢%) is

the eleétron momentum in laser which results after evphoton ionization |
at the pulse phase d% » and then the electron evolves as a classical
particle, governed by the Hamiltonian (1.4.28), with X=X(¥,), and 3
becomes 3 as the electron emerges from the laser pulse. The assumption
that the pulse is uniform in the direction petpendiculaf to k yields

fi: q, and in addition we have the relatio# (1.4.23) between the k
coﬁponents of f and q. -

The functions, defined by (1.4.11) can be written as



(ALP)
(l+2x + V1 +2y2 )

(V4 x24 VTe2xz +X2(1+0529) )
| (1.4:312)

” Jd“"cos?e

where.

A= 19 +0y 5inp + %sin 29 (1.4.31b)

As we shall see later, for the laser fields so strong that X~ ,and

f)m";v Ry >>1 » the parameters Q-S ,f) are also very large and are such

that

5 " mx T X,
L. Ry _ (odF\i¢ | (1.4.32) .

vwhere we used the fact that § 1is a nonrelativistic momentum. This is
sugested by the form of G (;-@ﬁ,"() » which maximizes sharply for
£, and £ ". -P Kk of t:he order of VE'anTz';

The above discussion allows a stationary phase evaluation of
the integral in (1.4.31a). The stationary phase condition 5—\?—0 ylelds

four points, for which cos¥=St , where

L
__a 4oLy (s Y
Sp=- 0k ¢ (4 TRAYT,
o 1
AT A5V, 1wy |2
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From (1.4.32) it follows that the phase stationary points are appro-
ximately at \P':'.il‘s ,‘.':ér;ﬂ' , so that cos2¥% 0 . Thus the denominator

in the integrand of (l.4.31a) becomes a constant, and

2 ()
. ( dP cochopt :
o= é o cosYe (1.4.34)

This function, fof n=0, gives a generalized Bessel function which
has been previously encountered in a similar context {181, and recen-
tly discussed extensively[l-qé]. We shall not need the result:‘s of that
discussionlsince the stationary phase evéluat:ion can be used in our
case, |

Using (1.4.32), the first term on the right hand side of
(1.4.33) is of the order of olg , the first term in the root is of
the.order o(Fz' vhile the third i5 of the order ofp . Expanding the roo.t:,

we have

. lwy - 41 .“._‘ 2
S R

so that the corresponding stationary phase points are "f’;i_— ,-‘Pi

_JI+E,wv
" ImRE \rmx (Zvnx)"

\e_=?_;11r_(e_w_\z._ -

( ) ) (1.4.36)
2m*xt \zmxX  ‘am¥

Then,
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y (AT sgnAu
chz > € (1.4.37)

Zu='V2.'ll.|/\zx|

where /\1,. /\ZA are the values of the A and g—'—A at the phase stationary

points. Since A and /\ are odd functions in \(’ , the summation

, over‘él gives

| , N | |
F(O)”(vrzl/\'u) “cos (A, + Tson )+ (Tfl/\"l)/ cos(A-+T sgnA?)
| | (1.4.38)

It can be shown that -

UnL

/\1 =-\7 m X1(+v—+ >g; 2m Xt (1.4.39)
Then

F (_(.o )ﬂ‘a

! o .
wm‘xl) (COS(A*’E)*‘COS(A‘*"E)) (1.4.40)

Tgv'o(?), given by (1.4.26), can be simplified by the use of

the recurence relations

by 8- Fe'"+mx? (F(m m) 2“0” F(‘°’ (1.4.41a)
lxd§ R Xt (F + Ry )= 240Y R4 0V (RS uauian)

The result is
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-, - Cg szv ©
Tg,o(e) VZ (li-2>(’)"'*(|+-\1|+'J.>:z V2 { Wi R

- + . 0 o
+By; (LY piy %- (Fesr- Fc“}u

Ar = 08 + Ay sm Py + -E- SN2\

and

N ((+a5c°s\{>i + btos 2‘&):‘?&

we can write

A (LED) % Ay (D 04
A (L21)x AL (0) 29—

Then it follows

Tintx*

() t 4/ | |
Fc(nz‘z'-"(F(_:,’ FCD'))‘:ZL__((UV )Z(COS(/\.}“H)-E)-"

(1.4.42)

(1.4.43)

(1.4.44)

(1.4.45)

e COS'(.A; ({_,)_%) + C0S (/\- (l+l)+:ﬂ:) + (0% (I\.. U-I) H}))z

i () (oo () e ()

(1.4.46)
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where we used \P;t ()= iu- %’ On the other hand
° I :
Fen= RS = (2%53)" (cos (At 40-1)-
= €08 ( Ay (=%, (0-F )+ €05 (A-(1)-¥. (1) + T )- ,

=cos (A-[0)-P-(4) + %)z

’ i, . , o
x -\VT (#:\Lxl) (Sm(l\;(l)f% )+ sm.( A+ )) (1.4.47)

Therefore, it follows

1

(|) (o) ‘ (O) l2 .
LUR™+ P = R = 2 (82 )™ (L (cos (mt0)-F)-

- cos (A (0) +I )) - (s (A (U-E)*S"“(/\-IU*E))):

=21 ()" o (M) T s (ML)

(1.4.48)

In this expression we can neglect 1 in comparison to ( » a8 ez, 100

(D} (0)

or, in another words, we' can neglect [y~ Fp-) in comparison to chm

in the expression (1.4.42).

We can now write the T matrix, given by (1.4.42) in the form
0 . = D) o @)
El',.o .(l)= Tgo (£) + 104 (Rx&)Tg 0 (1) Loy % 'Tg.o (Q (1.4.49)

where
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Tap m=26.é-t;;',—V( (Ep+m-15x' )R+ K -4 F0) o (hef-20
Teo( = 264 Lwx (TR -Ep-m) F® | (1.4.50b)
Teoly=2¢3 box F-@x0)F® G

and
Co' = Go U (3-2%)%) Ep=Wotlw +Up  (L.451)

VZ O+2x2)™M (14 Vr2ye) ">

Now, we could obtain the spin f£lip and the non spin flip T matrices,
but these will depend upon our choice.of the axis of quantization. For

example, i1f we choose
A N A
K=2 , Kxa=Y, G=X ~ © (1.4.52)

‘ v n w
then, using (b2 .=+8y where + corresponds to the spin up, as
(e .

In

well as (z*»%)§c=0 ,('=§, and (?)3):“: 30 for L#§ , where "~" corre-

sponds to the initial spin up, we get

Tyer = Té,oo) (¢) + l'.Tg,(? (L) (1.4.53)
-1-‘ S T““) o
Tsp =T 13,0 1) (1.4.54)

In the last two formulas the upper signs correspond to the initial

spin up, lower to the initial spin down. Since these results are axis.
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dependent, we will not pursue this further, but instead we will find
.the total squared T matrix. From (1.4.49) it is clear thaf the spin

and hon spin flip amplitudes add incoherently, and so the result of

averaging over the initial spins, and Qumming over the final spins

yields

| Tz 0= (ng,o(oi T ]+ [T t0]’)  @sss)

. which is independent of the spin quantization axis. Explicitely, it

can be written as

_ 40 | Uy (B-2i,) | 0 oy
ITQ, )’ (L::Z’g;zl)% ((l+\}:|<?2_x)'zl) w{xz(ﬁ“)l(&z»%(sﬁm)z"

"212';(5,#“’\))) + _v)vl_s_ ( EP +mM - yy;;’-xl )?- (Fc(o))z .

21X X a-F FPFM (Eptm- m.;x’)} | (1.4.56)

The transition rate for l photon ionization is then

we=2r (48 (g6 [Tgo ] @657
-4 em)? | .

where _EP": Ep for the case of the laser beam , and Eé"—'Eé- m)_’;l‘ for

the case of the laser pulse., The functions Fi("),'obtained in (1.4.40)

ap¢ (1.4.46) depend upon Ai(()’ which were given by (1.4.43) and which

are rapidly varying functions of q. To show that it is true it is

-enough to show that At(() are rapidly varying functions of E There

exists, at least in principle, a one to one correspondence between



£ and q. It can be easily derived that

| AT ‘h |
U hex DU (8 (0o ((E1)43- fe) %)
(1.4.58a)
and so

Vp (A ¥ A )2 X (5 (36_1‘-_5')5) (1.4.58b)

AT %
Vi (N-A-)= VT "(:":"‘1((0"3t )"+ —-3’—14—):-2 (1.4.58¢)

where we used sinﬁ_zr . Since m~,o »\; and I\,d: A. are very rapidly
varying functions of ?, with no stationary points. This implies that

the forms €Xplt{ Ar)y eXp(t{(AtA) are rapidly varying functions of
P ) .

' ? which do not have saddle points. That say's that the bscillating terms

in

o) WY §iN'2A = SIM2A- o
(Fo) wmlxl(l + 2* ‘ +COs(/\++/\-)'+Sm(/\+-/\-))

(L.4.59)

averages to zero , performing the integration in (1{4.57), and we can

write

( ~ ﬁ)ll
(F&) <LV (1.4.60)
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" In that sense we get

(;:((n)l: wy (1.4:60b)
2rm:x*
and
F(w) ch =0 (1.4.60c)

From (1.4.57), with the use of (1.4.56),(1.4.60), it follows

e o a a
= 27 d:&' g/ Cq |uo(§’ek)n)|
Q( rrr»S(?.Tr)?’ d’.‘(E& 2 (1+2%2)% ( 1+ V13202 .

2 0*w?y { (24 (Eprm)2=2R%-F (Ep+m) +

T m*
b3 1xz l '
+%}’7 (Ep+m-D0 )} (1.4.61)

If we set £= 0 in (1.4.23) and (1.4.30) and use the energy
éonserving conditions, contained in the & function in (1.4.61),
we get the condition, satisfied with the minimal £ in both the casesof

the laser pulse and the laser beam

Cnin o + (m-Ry)i¥2xz =t myT+2ye (1.4.62)

The poSitive solution of this equation is

Qoppivy W = RyVir2x2  (1.4.63)



so that we may interpret Ry W as the binding energy of the
atom, in the field of laser, which is by factor \ﬁ;i;i-larger than
the corresponding nonrelativistic result, obtained in & 1.1. This
increase in binding energy is consistent with the conclusfon that the
atom shrinks in the laser, while the electron acqﬁifes the effective
mass M=mVTFLx2,

Thg integral in (1.4.61) may be conveniently done in cylindri-
cal coordinates, with k as the cylindrical axis. There 1s no remaining
dependence upon the asimutal angle of a, so that integral can be done
imediately, giving a factor 2T . In the case 6f the laser beam, the
energy dlfunction can be used to perform q integral with the relation

(1.4.30) used to relate £, togq, . So
e =n* [ dssdadan 6 (eg-er) | T 0]

= Lo (daydg. o (9- (6505 -m)'%) | Tao (O]

_ Ep Cg 44*w*(Eptm) Sdguvlu°(§-lk‘m)}2(}’:—(§i@—)’)'

2T (|+'2)(’-)‘Vl(|+\“+2xz)ﬂmz- Xt
| (1.4.64)
Usiné the iden;ity
2 .2 '
(§-2&) +m*=2{wy | (1.4.65)

which follows from the energy conserving condition, we have
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~ Sh.
U (F-Rit )= 20E % (1.4.66)
It yields
W Y (l +2x1) s dan E.- G, Y(Estm)-mtx?
T TPy X2( 1+ VT 2Re) (EP'QN)"(( g e )

(1.4.67)
There is a maximum value of |Q,| , implied by the energy conserving

condition Ea= Ep , and by the condition f}_'>/ 0. From these we get

313 ¢ Q= Ep - mt(1+2x%) (1.4.68)
and so
Q
S(g;g_'-;—)z ((Ep+m)(5r>’3.u)-m"x")=
- ‘P dy
= (€ zptim) In EerQ , maxE_ my? (1.4.69)

Ep Q Ep+Q Ep’a

From (1.4.68), assuming w nonrelativistic, it follows. Q<< EP , and

we can expand

Ep+Q . &
In E _B——Ep‘@. R
mixt  mtxd 2MX"& (1.4.70)
Ep'f'Q Ef"& - Ep"

Finaly, the ionization rate of hydrogen in the laser beam, for the pho-
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ton multiplicity { is.

C | v,
& mole o (1+2%2) L) ({4 M0 X
T 0 Vam XT'(H' T ((&) min ) (1+ Ee E )

(1.4.71)

thas a function of l increases from zero atl=(am'“, and having maxi-

mum at Q B-f'mm: decreases with [ . For large l ( l» 8....,.), it beha-

| ves as £ /z . The expression (1.4.71) grossly overestimates the. real
contribution for very large l'v!wn , Since in that reglon the stationa-
ry pﬁase points move into the complex plane, and the resulting Fc(m)
are exponentialy decreasing functions of £ . Still, even in (1.4.71)
the contribution of so large ( tol is negligible, and we can neg-
lect { dependence of EP in (1.4.71) and sinply take EPZ‘W\ ViF2Rs,

The total fonization rate is obtained by summing over all 4

'fb){"v Jdg (f'fw"n)/z:_fn‘ ' (1.4.72)
0=y Pmin o 2V tmim

That yields, after some rearangements

W, =3 %’ o ('+2Xi)>((zl+ F2e) s

The subscribt b in [, stands for the laser beam.

In the case of the laser pulse, we again use.the energy J fun-
ction to perfoml&integral in (1.4;61). The reletion (1.4.23) is
used to relate f"and q“.In this case it 15 convenient to t:rénsform

q, integration intoy integration, where V= Ea— Q- Then, using
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d9y . _Viem i+ oV rm2+ 4l | (1.4.74)
dv 29+ 2 YA

in (1.4.61), we get

We = 7_rr)7'59-LClEt dv YEm+92 (o Bl 2_
‘ ( ' (ZRJ)EB 2y + d'(Eg P)ng’oml

=m’ SMCIV v"+m"-¥gl"1 J(‘ELL‘ (ZEpv-ml(Hlxz)—vz)‘lz)x

(2m)? 2 9, |
X |T§,., ()= 4 (+d)*  (Ep+m) JQ.U.’ O (L.4.78)
T{wadmb X2(+VTEzRe J VY

In' the last step in (1.4.74) we applied relation (1.4.65), which can be
proved to be valid in the case of the laser pulse, too. Limits of inte-
gration for V can be found, from the energy conserving condition in

(1,4,74), requiring qiz.o. That gives

Ep-® < V¢ Ept® (1.4.75)

* where Q was defined by (1.4.68). Integration over Y in (1.4.74) is

contained in

Ep*‘@ _

_tnEet8 .28
S %_1{_ %‘EP_Q 2 Ep (1.4.76)
EP-& |

and so, finaly

) | Ay 1 '
_ mdEe (4 +2x%) - /2
We = -’J%‘ 0w 2m X2 ( 1+ VTezat) (ew Zm,,w) <'+%nl°) @41
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Summing over l , we get the total ionization rate for the case of the

laser pulse

Wp= 16 RY o} (1+2X%) [1+2x2 (1.4.78)
R X* .
So, for both the case of the linearly polarized laser beam and
the laser pulse, tho total ionization rate shows the same behaviour in

the ultrastrong laser field limit (X>>1) : It increases with X as X,

i.e. it is proportional to the laser electric field amplifude. This is .

‘a cansequence of the relativistic dynamic of the electron. The nonre-
lativistic results on multiphoton ionization in an ultrastrong laser
field, presented in & 1.1, show the decrease of the ionization rate

with the increase pf the laser electric field. Our nonrelativistic

considerations in & 1.1 which, trating the laser of the finite gpatial '

extent ( laser beam ), yields the ionization rate (1.1./01)

nv_ § 2
()Jb =‘§‘1 gﬁz D<F

which 1s just the nonrelativistic 1imit ( X<4¢1) of the relativistic

result for the laser beam (L.4.73).
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The results (1.4.73) and (1.4.78) could be understood on the ba-

sis of the same physi;al afguments we used in & 1.1 to explain the non-
relativistic results. There we discussed that the amplitude Vb=2XC of
the oscillation velocity of the electron in the laser field increases
with the increase of the field, causing the scattering of the electron
on the nucleus to become less effective. The effect of relativity is

to dump the oscillation amplitude and the amplitude of the oscillation



velocity. It 1s easy to show tﬁat the relativistic amplitude of the ve-
lo¢.:it:y of oscillation is v,= ;-...'.}__—s_—i_; . For X.»| ,'vo increases with X
very slowly and tends to a constant, v c as X060 . So, there is
no decrease in ionization probébil;ty, basea on the increase of the
relative velocity of the elegtron and the nucleué. In addition, we
have shown that the atom compresses in ghe strong laser field. In
effect, the electtoﬁ speﬁds more time in the vicinity of tﬁe nucleus
and that increases the cross section for the scatering, ghus increa-~
sing the ionization rate. |

As we have already discussed, the condition for the convergence
of the perturbatioﬁ'series in:V(r), which was used in the final state
in both our calculation in this Section and in nonrelativistic calcula-
tions in & 1.1 is X>»Af . On the other hand, the nonrelativistic appro-
ximation is correct 1f X¥<<t{ . These two conditions contradict each
other, and strictly speaking, there is no a range of the lasér field
intensity, for the CO, laser, in which nonrelativistic calculations
in & 1.1 could be applied. Still, the ionization rate (1.4.735 ( or
(1.4.78), as a function of X has»a broad minimum for X of the order
of 1, and in that regiqn one can expect that the ionization rate is

a flat or even a decreasing function of the laser electric field.

It is interesting to note that %E—-»?_ as X =00,
b

1.4.2 Circulyarly pola‘rized"laser. Many of
the details of the calcﬁlation of the ionization rate with a circular-
ly polarized ultraétrong laser are similar to the calculation with
- a linearly polarized laser. We will not repeat such det.ai.ls here, but

rather present the main points of the derivation.
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Again, we start from the exact S matrix (1.4.1) and negleét the
electron~nucleus interaction iﬁ the final state, so that the final sta-
te is Aéproximated by the wave function in laser, which evolves into a
plane wave at t=4o00 . It is given by (1.2.71) for the circularly pola-
rized laser pulse?'and'by (1.2.72) fof the circularly polarized laser
beam. For the initial state, we use the 'dressed" initial state, which
evolves by the action of the "ponderomotive" potential, from the gro-
und state of hydrogen at t=-c0 , and is given by (1.3.64). Following

the same steps as in the derivation of (1.4.7), we get

” Lx (cos? €+ sin?éz)~§r
fokes e (14 o V) .
. : O .

(1.4.79)

where t

oWyt =1 § Upterdt!
w==e U () Yo
Up (X)) =(m-Ry) (VT+ixt-1)

..'lUn 2
Up=€ )"l='%; (|-'9%F'>VTI7;;2

In the case of the l1aser beam , using (1.2.72) for

R+AF
the final state, it follows . ry .
‘ L ~1 [dP FR)+IEE
X

SQ',o’-"va jdédst“ca(A;-b-FBg-)b cosy +B$-):S|"n\P) e t
—twgt-i{dt'Up

(04 Sin ($-0) A Ao A
x € psim (e Lx(cosPes+SimPEy)-Pr A, (7)€

(1+ 4x2+ (1+4x2)%

(1.4.80)
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where

05-2(3""&&,)) E&"KHK) ‘J‘.L =0, ‘lmX):fu 2y e
. £ 6,=cose (1.4.80)

A$1b’ B??bare the matrix elements of the "large'" components of the

Dirac matrices of the final state, between initial and.final spin sta-

tes, i.e,
Agiv = (Eg+m - 205) &y (1-4.822)
B, = X (§:6,-TERFER B ERE M)y @La.om)
| J=1,2
Expanding
La Sl"h(\e-'e) 2 P |
Tcosy =) € 6" 1.4.832)
f=~00
(Og S (P-6) &  _qP
Sy = Z Gm (1.4.83b)
. f=-00 )
we get
530:——-—-Id{:d3 | Cq {A ‘lX G‘m 168
! (;+Hx1+(|+41x1)‘/z)‘/z f£ib t €ty z)P

€2) A

B(;):- (L’x (G‘(‘:‘)*'G.!‘_'.). €, + QQ(::+GC— ez) P.r) +

’ (l) M A
+-B§?+ ( by ( Gle Ger @, + G;:‘Z) G:Z." e;_ }‘uo("i"()
_ ]

k €xp(Eqt- P TP - 0y -\t - gtdt'.upmw»> (1.4.84)
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We can perform r and t integration in the same way we did for the line-

arly polarized laser, which yields

saﬁg’z-zm %&(Eg—w,,—fw- Up(R) Ty (0 (1.4.85)

where

__ (b) Cg_u (._(. AR Kym) .,. m @ -
E'? (U-V_ (I+L,xz+(l+'1xz)"/z)‘/z {2 Aé"b( * 6y )5

B (6 +6E)ET ¢ (63+s 6EDE)

(ot 0 n) (@ Q) A a)
= DBsiy ( ( o= )6’15 (Goey= Gpy )E34 7 1e6.85)
This can be simplified, using the recurence relation

“ee
&I+ 6 T6P =" Y pyTita) (a6
4 :f 2 5 mee ¢ J-)

vhere ]((Oé)is the Bessel function of the first kind

.
capsin\e -1
‘J& (a4)= j ! dy (1.4.87)

-
Introducing the short hand

| 0 ~ . |
cg = 008 C U B-EA0WY e
VZm  (1+4x2+ (euxy) %) .
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(1;4.85) can be written as
b . . X:;
Tg,é(t)'—' Cq (V) {-ZAL-., Jylag) + Byiv (el (1+ %‘)Jc’—c +

+ € (1= F) e 0) - (B3 (€20 ) Ten= € -4
(1.4.89)

3.cou1d be.neglected, comparing to 1, as ( is very large ( of the or-
_der of 100 or larger). If we compare the T matrix in (1.4.89) with the
one in (1.4.42), we see that the role of the 'generalized Bessel fun-
ctions" Fi“”in the case with a linearly polarized laser is here played
by the "ordinary" Bessel functions. The reason for this is Ehe absen-
ce of the term ~ SIMLP in the phase of the Volkov state with a cir-
cularly polarized laser: As the vector potential "eirculates", its
intensity stayes constant during the period of oscillation. The same
is true for the vector of the oscillating momentum of the electron

iﬁ the laser field. _ |

Using Ag and Beiy explicitely, after some tearangeﬁents,(l.a.89)

can be rewritten in the form

(b) 0) PR ) -bl\<‘) = a @
Tgo (0= T;":',o (U dyi +6, 0k 1:9';50 (0 + g2, Té’,; (0 +CyiT T ()

(1.4.90)

. "
where %), %, are the compex unit vectors

A A

A LA
A e A e-te .
z.=8tlhr 2 _6-l& 1.4.91
CNT 0TTVT @-4-31)
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which obey the properties

A A o a A ’
Zc'?:j*=(51‘a' )--i'j-K =t™K=0 (1.4.92)
(=2

and
0 !
Taolt)= Ga(t (-2 (Eq +m-208") Ty ) + b ¢ (30047, o)

(%)
Tg,b (4)= Cg' () m 5'_|_ (jtﬂ (Q-})"‘J(-l (Q;))

(1.4.93)

TeWw=cg vz e’

mx (
( DA
Tgo ( 2)"'("9.“N_.e —)-/X (§-%-Eg-m)Tex(0yg)

Like in the case of the linearly polarized laser, the spin flip and
non spin flip T matrices will depend on the choice of the axié of
quantization. If choose that axis in k direction, we get

(3) '
Nsp = Tg,o (U t Tq,0 (é (1.4.9a)

(1.4.94b)

T {\/_ T‘:;(?) ~y initial spin up

(£3)
\[" T&,D(U , initial spin down |

‘Spin flip and non spin flip amplitudes add incoherently, and the result,
averaging over initial spin and summing bver the final spin directions,

yields.

. 12 (o) | | 2 @, 2
,Tg,o(()l =2( ITg,o (2)114. 'TE:;(UII* ITQ('.; (m?-+ I.Tgfoll)l )(1_.4.95)
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which 13 independent of the spin quantization axis., This can be

vritten as
m*él [cato)® { (Egtm) ( m)—tlz (Tes 47¢3,-'-:J¢")+(E2+m)3¢2)+
+2 V—”{;lq (2 ng‘-h:.-hi.) - fw (Eq+m - 2-131’-‘-1')3:} (1.4.95)
where has been used the rela;ion

Joay (0g) + Ty (a,) =24 f Je C (1.4.97)

The ionization rate for £ photon ionization with the circularly pola-

rized laser can be found from

Wy = .2“5(,_%— 8 (Eg=Lw-WorVp (R0) [Tgolt] " @1:6-59)

" We will perform q integration in cylindrical coordinates, with'ﬁ axis
as the cylindrical axis.Pefforming the q, and angular integration, it

yields
Q

o= Andold  (ruy®) Id.‘b *x?
¢ (Ep,+m)w‘iz('f+w)&( Ee"au) (EP+M)( g:"Qn

X ('Jzﬂ (s) +’3¢7;| (s)-4 3: (S)) + (Eptm) ch(S)) +z_m"_x_"_z*
(l?p".?u)

X (ZJ:(S)-Jgi,(S)-Jeil(s)) lw(Ep+m Zé:x )], (s)} (1.4.99)
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‘ where Q is determined from the condition f:.} 0
o % . o |
Q= (Lw-Ry VIFER) " (2 VTFGR + (fw- RyVFir) (1.4.100)
and
~2mXx (Q’- g" ) (L.4.101)

T W(Eran)

The condition £'= 0 yields the effective fonization potential Ry Vl+iyx*

so that

Lw » RyVi¥ax: (1.4.102).

in order that ionization occurs.

| | The argument § of the Bessel functions in (1.4.99) is very lar-
ge, even if lw' 18 just above ionization threshold. For example, if
Q"- q: ~Zm*w, it follows that sd%‘-*)vil and that gives us the tight to

use the asymptotic form of Jg(S) (5~ °°)'.

_n
Je®)= (-’i%-é)h'Cos (s —QI{-—E) (1.4.103)

The argument of the cosine in this expression 13& very rapidly osci-~
llatﬁing function of i‘,"ﬁ , and avetaging over the rapidly oscillating

‘terms in (|‘1%) we can use

].“(5) #len(9) mds 4100



Substituting this in (1.4.99), we have

_ 6

(0, 2AE (Eptm-t) (1+4x2)*{ cloy ((Eptm)(Ee-tn)-2m's?)

" w22 Eprn) X 1+ VTUX J (Ep )° (@-ga)r
~6.

(1.4.104)

1
Because. of Q factor in the denominator, wl is a fast decreasing func-
tion of ( ’ £>€M~,,, and neglecting the contribution of l such that

Q«,.tot)l we can neglect fw and Q“ in comparison to m.'That yields

-8 ‘
:.Zm'lo(é‘ (1+ux2) (l+ﬁ~zmz_xz)J dan -
molX (W B B ) ) (ar-gi)h

Wy

-

- 2002AF° (144 (|+r‘m —2mtxt)-

wty 1+ Vgt Ep Ep?
_ ¥lf (LX) (e VTFaR ) (1.4.105)
o wi X | '

The.total ifonization rate for { photon ionization of hydrogen with

the circularly polarized laser beam is

Wek 4 B e E;"t_'x? ()+VIFTxE)  (1.4.108)

In the similar way, the total ionization rate with the circularly pola-

rized laser pulse is
ew :
(JJ‘;:,-- 8 %_‘2’- oLg &iﬁ_x_’{ (1.4.107)

Like with the linearly polarized lager, the ionization rate inc-
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reases linearly with the amplitude of the laser electric field, 1if X>»|,
Here is also %’);:.,z if X->60 . But, while for a- linearly polarized
lasger, hk increases from zero to the maximum, as increases from

Q,m-h to g.tm‘n, and then decreases as e:%, for a circularly polarized
Laser “’4 decreases as L-z as'e increases from 0,,,,,." . Another difference
is in order of magnitude. The comparison 65 the total 1onization rates
with a linearly and'a circularly polarized laser yields

t'n :

(AJI?‘“__. We_ - \Todp<<| , X (1.4.108)
wéw ~ wpcfv' )

This is rather supprising..As was discussed in the Introduction, in
the low intensi‘ty laser limit, linearly polarized laser is much more
effective than a circularly polarized one, and that can be understood

on the basis of simple physical arguments.
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PART 1II

ENERGY SPECTRUM OF ELECTRONS FROM MULTIPHOTON IONIZATION

&2.1 Introduction. The subject of multiphoton ionization
by intense lasers has been of experimental interest for some time, but
it ié only recently that experiments have been done which yield infor-
mation on the energy spectrum of the electrons. Compton at alEh?] have
seen two peaks in the spectrum, which they identify as five photon re-
sonant ionization of Xe ( Fig. 2.1 ). The peaks were interpreted as
the probabilities of leaving the ﬁesidual Xe" in either the *py, or Py,
state, since the energy spacing between the peaks ( 1.6 eV ) agreed
with the energy separation of tﬁeae two states. Somewhat earlier, Ago-
| stini at al[35] measured the electron distributions in the nonreso-
nant six and eleven photon ionization of Xe, with.a'much more intense
laser and also saﬁ twvo peaks in the former case ( Fig. 2.2 ). These
were identified as six andtseven photon ionization résﬁectively, since
the peaks were separated by the energy of a single photon ( 2.34 eV,
ionization potential was 12,27 eV ). No evidence of the multiplicity
due to more than one possible final state of Xg- was found. But since
the first experiment was a.resonant ionization and thé seéohd nonreso-
hant, this 1s not necessarily a contradiction. Finally, Kruit at al 46l
measured the electron distribution in the resonant five photon ioniza-
tion of Xe. They saw the doublet structure that corresponds to the
fine structure of Xe observed by Compton. But they . also saw this struc-
ture repeated at electron energies larger by KW and 2w than the

energy of the lowest doublet, the éhenomena observed in Agostini expe-
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riment. These were identified as (5+ 1) and (5+ 2) photon ionization,

( Fig. 2.3 ).
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Fig. 2.1

Compton's experiment was performed witha peak laser intensity
of loqu.‘.";’z., which was too small for the forces, due to the ponderomoti-
ve potential (1.1.73) in a spatialy inhomogeneous laser, to affect the
measured'energy distributions of the electrons. The same is true for
Kruit's experiment ( 10‘" u%/nl)' But the Agostini experiment was pberfor-
med at intensities of order 10‘3}:-“/1 » 50 that forces were‘. observed
which shifted and broadened the ’peaké in the electron.distlfibution.
So, the peak that corresponds to the eleven photon ionization is

shifted in energy by about 3.5 eV, which is approximately the maximum

energy that the electron can gain by the ponderomotive forces (~4 eV ).
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If the spatiai distribution of the laser intensity at the focus is
known, than the shape of the broadened low energy peak can be used to
obtain information on the multiphoton fonization probability as a fun-

ction oﬁ laser intensity. This is discussed in & 2.2,

NE)

08
o6}

04 |-

02}

~Fig. 2.2 Energy spectra of the emited electrons

for two photon energies: triangles,hw=1.17 eV, I=4x10"

W/em*, EnZ4 eV; circles, KW= 2.34 eV, I=8+10" W/cm®,

E z0.2 eV ( E,axls the maximum energy gained in the

[

ponaeromotive potential ).

The upper peak, due to absorption of an extra photon, will also
be broadened, and this in principle can be used to extract information
on the one photon inverse bremsstrahlung cross section. Gontier at al
[49] have discussed this second peak and pointed out that it arises
from the two separate ( non interfering ) effects. The first, which
they called "above threshold ionization" ( ATI ) results from an absor-
ption of the last photon, while the electron is in the field of its
parent ion. The second, "inverse bremsstrahlung process" ( IBP ) is a
two step process and involves a collection of atoms. It arises from
the electron collision with another atom ( or ion ) as it travels out

of the laser from its point of origin. The processes are at least in

principle distinguishable by different pressure dependences ( linear



" in the case of ATI, but quadratic in the case éf IBP ), so that we
shall assume that they'can be separately measured. The first of these
Ami; is the ﬁoreiintetesting one. This 18 a one step process: the elec~
tron uﬁdergoes transition from a discrete'1n1t181 sta;e of atom to the

final continuum state via virtual intermediate states. The process can

happen in many different and_incérféring ways. But the dominant path is

the almost on shell one ( Part IIX of the Thesis ). Thét ﬁeana that the
transitions which the most closely conserve energy in the intermediate
states tend to dominate the total transition probability. Such transi-
tions are available here, since the absorption of the last photon can
take place as a free-free transition 1# the field of the parent ion.
Looking at the ionization this way, a 'simple analysis below shows that
the second peak in the Agostini experiment is unlikely to contain much

of this first process ( ATI').

Xe
N- photon
» tonization

COUNTS

86 43 2, 1 - Qs
PHOTOELECTRON ENERGY (eV)
Fig. 2.3
The mean time T between photon arrivals at the atom being ioni-

zed is given by

_fw B
- T= I (2.1.1)
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where f\w is the photon energy, I is the laser intensity and & some

cross section for absorption of the photon to form the second peak by

ATI. If v is the velocity of the électron in the lowef peak, then v T

will be the distance that the electron wiil move before the absorption
takes place. If the distance is much larger thanda , the range of the .
potential around the fon in which the absorption‘takes place, the
absorption is an unlikely,event. We can crudely evaluate this ratio for

the conditions of the Agostihi experiment. Using (2.1.1) one gets

vl Vf“*’z?_?a: A (2.1.2)
$ ~ Top op -

With reasonable 6 and SD (.02 and 0, respectively ) it yields result
greater than unity, indicating that the electron has mostllikely left
the influence of its parent ion before ATI occurs. However, the ratio
of ATI aﬁd IBP will depend also upon the pressure of the atoms in the
laser beam,

The second process depends on the IBP cross section, and in
& 2.3 we show how the shape of the upper peak éan in principle be used
to extract information concerning the frae-frée cross section as a fun-
ction of eleét;on energy ané laser intensity. Howevér, the detéils app-
ear to be too complex to be useful, |

Our analysis in & 2.2 and & 2.3 inéludes only the transport of
the electrons out of the laser beam due to the pqnderomoélve forces.
At certain conditions, the transport of electrons due to the other
forces, such as diffusion of electrostatic forces between. electrons and

ions can become important.
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&2.2 Analysis of the lower p.eak. We assume that
thé electrons' are collected at a small rectangular hole in the contain-
ment vessal of dimension Q , in a direction perpendicular to the laser
beam, and length b , along the beam. The hole is a distance d from the
focus of thé beam whose radius is R, as in Pig. 2.4. We assume that
d>>a>>R, and that b is sufficiently small, so that variation of the
laser intensity along the beam direction can be neglected. ( This res-
triction will pe_removed below ). Fig. 2.5 shows a piane perpendicular
to the lagser beam., At a point (ro,fp,,z,) an élect'ron i3 ejected in the
azimutal d'irect:ion “l’o with a z-component of the velocity Vg There is
a range of the angle ¥,, called AY,, for which the electron will reach
the collector. It can be obtained by integration of the classical equ-~
ations of motion of an electron, moving in a potential V(r), which

is taken to be ponderomotive potential (1.1.13)

-
1
V(V‘)'—‘ € EL (V‘)___K I(V‘) : (2.2.1)
himwr
where i:_ is the electric field of the laser, and the laser intensity
I{v) is assumed to be azimutally symetric. We assume that the laser
pulse duraﬁion is long enough, so that the electron is most likely to
leave the beain, before it is left by the laser pulse.
The trajectory equa_tion‘of the electron in the potential V(r) is
- r ‘ . '
¢ - ¢ - L Cl | :
- T T Zr? (Euet VIR)-Ex-V(n) - L )%
VB . ZV"

(2.2.2)

where
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is the electron angular momentum about the laser beam axis,
Fuo=Vhw—VUs | (2.2,4)

is the initial kinetic energy of the _electron, and



In (2.2.4) VY 1s the number of photons absorbed during the ionization
and Uy is the binding energy of the electron with account being taken

of the residual state of the ion. v, and v, are related by

Eko='}_‘m(‘ﬁz¢§+“’a‘)=-{—mv"" (2.2.6)

Fig. 2.5

An electron, which is collected, will pass through the point

140
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r=c0,$=0 ( Fig. 2.4 ), with an allowable range in ¢ given by

Ad):ﬁ- << | | 2.2.7)

This will map into allowable range in % » Wwhich will be collected.

This range can be obtained from (2.2.4) as

(3 o

AY, = Ad (_g__ )—l ' (2.2.8)

where

oo

- =g - ¢, 2.2.9
$ (%100, o1 Ve) V2 7 (Euot Vis)-Ea-vin- L Y ¢

The right hand side of (2.2.8) is to bé congidered as a fuﬂction of
(r,»¢o>va), with ¥, eliminated by solving (2..2.9)’33 %:"K,(r,,@,vz).
Electrons, born at a point z,, with z component of velocity Vy, may or
may not reach the qpening in the c;hamber, in order to be counted. But,
since we are approximating the laser by a beam which is uniform in
2 direction, the éntire system ( beam plus chamber aperture ) can be
considered to be periodic in z, with period b . Then for every elec-
tron (zo,vz) which is not collected, there is one at (z,-b ,v;) wﬁich
is. So the aperture in effect will ‘collect all electrons originating
at z, , for all v,, and no other electrons.

Let P(I,¥,) be the probability per unit time per atom of ioni-
zation at the‘ point (r,,p,,2,)s with electron velocity specified by
({5,vz) ( Fig. 2.5 ). Then the total rate of collection of electrons,

with energy between E and E+dE is
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, VM T
n bn,dv;, de,_ qu;. P(LY.) A, (v,,cb.,%,\rt) (2.2.10)
-Viy 0

where Yo is a function of ¢, ( eq.(2.2.9) ), and vnb is given by (2.2.6).
This can be i.dent:ified wit_:h t;he detection rate per u@i; energy, inte-
grated over all possible v, ( collection efficiency is supposed to be
100% ). The energy of the detected electron can be related to its point

of origin by

E=Eyo +K I(n) (2.2.11)

and if I(r,) is a monotonically decreasing function of r,, then it

can be inverted to give r,(I), and

_ dE 'CL;_ Ke
dv, = az (-dr, (va,I)) (2.2.12)

Then (2.2.10) and €2.2.12) can be assembled to give

2Vy _

L S de SCI ¢o P(I ‘}’)AW (v;nd’v)%)v!)' '

K_ N(E dl (r,,,I) (2.2.13)
Ztrnb (1) d |

where N(E)v is the eiperiment;al counting rate per unit energy range, and

Y, 18 considered to be a function of (r:° (I),d) ,v ) from (2.2.9). Equa-

t:l.bn (2.2.13) is an 1n£egra1 equation for P, the quéntity of theoreti- |

cal interest, in terms of N(E), the measured spectrum., Its 1nvefsi.on

would require extensive numerical analysis which, we show below, can be
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avoided. Before doing so, we discuss it qualitatively.

If the multiphoton fonization rate is a rapidly rising functioh
of i, as seems likely 4in the Agostini experiment, then the most elec-
- trons will be created at the region of the greatest intensity. This
region will produce electrons of the greatest energy, since the (repul -
sive) ponderomotive poten:ial is the greatest there. Consequently, we
zexpécﬁ the broadened ( lower ) peak of the distribution function to
have its maximum near the high energy end. This is not the case'in the
Agostini experiment ( Fig. 2.2 ), so there must be other broadening mec
| hanism at work there, |

The complexities, encountered above, can be avﬁided by using a
. small collecting electric field E. ( Fig. 2.4 ), which 1s large enough
to collect all electrons formed in the multiphoton ionization process.
However, it should be too small to distort the distribution of the pho-

to electrons. This is expressed by
eE. R << V(o)=k I(0) (2.2.14)

where I(0) is the peak laser intensity. These conditions_are easily
satisfied. We can also allow for a variation of the laser intensity .
along the di;ection of the laser beam. This complicates the dynamics
of the elecéron and the geometry of the collection, but this complica=
tion can be avoided by making b ’ fhe size of the aperture, large eno-=
ugh. This is easily seen in the following way: The laser iﬁtensity
will decrease as the distance from the focal plane increases. The
ionization probability, a rapidly rising function of intensity, will
therefore be smaller, the greater the distance from tﬁe focal plane.

If b is large enough, then essentialy all the ionized electrons will



be collected, since few will be produced far from the focal plane.

We can now obtain a relation between‘the ionization probability
and the counting rate, in a manner anal&gous to the one ﬁsed in obta-
ining (2.2.13). There a?e several differences: First, the use of the -
collecting field means that electrons with any ¥, will be collected.
Second, the laser intensity is now a function.of (ry»2,). The integral
over (r,,z,) can be converted to an integral over (I,z,) with a Jacobi-
an 2_1,:5(59.@_") . We again assume that I is a monotoniq function of r,
for alllzo. Since we suppose azimutal symmetry of the laser intensity,
integration over d> will give simply 29r . The total rate of collection

of electrons with energy between E,E+dE is

hw C!‘E Sdz B (L) 5 (1(02,)- I)Jd%P(I,‘V) N(ew)dE
o |9I (I, z.)| (2.2.15)

where'I=-—ﬁiEED is a constant for the given E,.so that integration in
(2.2.15) represents essentialy a surface integration over an'equiihten-

sity cylindrical surfdce, defined by
' _ E-Ex
| (ro'ao) = ..____QK (2.2.16)

The intensity change is in the direction of the gradient, perpendicular
to the surface. Equation (2.2.15) relates the total ionization rate
( integrated over all directions of the electron ) for a given laser
intensity, to the experimental counting rate, which is the pﬁrpose of»
this Section. The collecting field has eliminated the geometric compli-

cations of (2.2.13).
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&2.,3 Analy é‘i s 0of the upper peak. Weshall -
assume that the different pressure dependences of the ATI and the IBP
processes have been used to isolate eac?, and we shall discuss only
the inverse bremsstrahlung process contribution to . the upper peak.

The spectrum of the'upper peak 18 obtained in the following way:
An atom is ionized at a point (r,,$,,2,), where the laser intensity is
assumed to be I(x;,2,). The electron moves under the influence of the
ponderomotive potential and the collecting.field E, to some point in
the laser field (ry, ¢, ,z,), where it collides with another aﬁom and
"absorbs a laser photon. It then escapes from the laser and is collected

with the energy

E = Eup +how +KI %) | (2.3.1)

We have assumed that another collision is unlikely, and'this is born
out by the experimental absence of .the third peak in the qustini ex-
periment. An analysis is similar to that given in the preceding Secti-
on.

Suppoée that some number AN, of electrons, created in a volume
element AS,A?o (DS, is the surface element of the equiintensity sur-
face, dei is the element of the normal to the surface ).Qith an angle
Y, , and the component of the velocity Vye The motion 6f.the electron
in such electronic beam is defined by the equation of orbit (2.2.2). |
The fraction of electrons in the beam, which absorb an additional

photon along the path is

8, = BNy 1 Sdl Z’T(FMEL) @3
& |
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Here Zrﬁﬁ}.ﬁl) is the total cross section for one photon inverse brem-
sstrahlung,vﬁl;is the laser electric field and_ﬁ} is the moméntum of
the electron, just before the collision at (r,,d,z,). iﬁ is .a fun-
.ction of the point at which the electron is initially prdduced,_its

| velocity aﬁ that point, and the_point of the collision. Tﬁe magnitude
of 5} is given by |

-

Bl 2 Bt K (Tlo2)-Tlh2) @39

but its direction must be 6bta1ngd from a solution of the‘equations of

motion. Finally, the integral over(’l follows the path of the electron,.

determined from these equations.

'To obtain the total number of eleétrong, which are squectéd to
the inverse bremsstrahlung, and are ejected from the laser beam with -
the energy in an interval E,E+dE, we have to integrate (2.3.2) over
the equiintensity éurface I(r,z) an& so,over all possible electron ﬁra-

jectorieé. Using (2.2.;3) and (2.2.15) we get

o0 ' ) g
Ny(er= 1 (425 b (1(g2)-1) [ de (dg, »
K -2 l'ﬁ'?;l n o
am Vi o
x jd\VOP(I,\I’o)_L dez % (51 ED) @.3.4)
0 2‘5*..uh .

The Heavyside function arises from the fact that there is a maximum
value of I, for each z,, which is 1(0,2,). This is an extremely compli-
cated function, which can be in brinciple used to obtain 31-,-once P.

has been obtained by the methods of & 2.2. Furthermore, the anal&sis of
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the lower peak could be done with the correction to the upper peak. So,

the measured energy distribution of electrons in the lower peak is

Nu(E)= N, (E) - Ny (E+hw) (2.3.5)

where N,(E) is given in & 2.2. If the upper peak distribution at E+hw
| is much smaller than the lower péak one at E, this correction can be
neglected.

| We can illustrate the method by a simple example. ﬁe.néglect any
z-dependence of the laser intensity, as we did in the first part of
& 2.2, and we assume that Eg, in (2.2. ) is very small. We also note
that (2.2.14) allows us to neglect the'effect of the collepting field
on the electron. while it is inside the laser beam. The electron will
then Be expelled radially from its point of creation. Moreover,iﬁ
will then depend upon the conditions of the ionization event only
through I(r,), which is held constant in (2.3.4). The integral over al
will then be an integral over the radial line, starting from r,. Then,
integrals over v, »¥120,¢, can be done analytically. The integral over
v, is simpy 2 vy ’ and integral over the orbit is decoupled from the

rest of the expression. Then, (2.3.4) and (2.2.15) give

w. @ _, : _
N (E) _.gclctgl Sd*s?:-r(ﬁm);mn) (2.3.6)

N hl(Ef-hco) ) kg ")

where E is defined by (2.3.1) and is in that way related to I. iﬁ is

directed radially, with.the magnitude and the direction given by

4
P (ri)= (2mK (I-I(r0))?2

F‘-;':.EL=COS¢.

(2.3.7)
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If the dependence of by upon the laser intensity is known and
simple, then it is possible to invert this equation to get &1- analyti-
cally, but in general the method, described in this Section seems to be

too complicated to be useful for extracting &y from the shape of the

second peak.



PART II1

HULTIPHOTOﬁ IONIZATION INTO MULTIPLE ENERGY CONTINUA

&3.1 Introduction. Recent experiments on the energy dis-

tribution of electrons_produced in laser induced multiphotdn ioniza-
tion proceséea have shown structure in these distributions. This was
discussed in ?ért II of the Thesis and i{s due at least three geparate
phenomena. In the first (Compton'at: al,[H?J) the residuél ion can be
‘left in more than one bound state and the energy of the ionized élec-

trons will reflect this ( Fig. 2.1 ). We shall not be concernéd with

this process here. In the second the ionized electron can collide with

another atom while still in the laser beam and absorb additional‘pho-
tons duxihg the céllision ( {nverse bremsstrahlung ) tﬁereby.changing
its energy. Some experimental aspects of this proceés were presented
in & 2.3 aﬁd we will not be concerned witb iﬁ here. Finally, during
the ionizatién process the electron can have absorbed any number of
photons and so can leave the ionizing event with a multiplicity of
enérgies (Agostini at al [353 ,Fig. 2.2;P. KRruit at:Aal [‘\8] ,Fig. 2.3).
In addition each of these energies can be broadened by the ponderomo-
tive potential.which acts to expel the electron from 1ts‘p1ace of
birth inside the laser field. This broadening has some interesting
cheoret}cal and experimental ramificgtions which have beep discussed
in Part I and Part II of the Thesis and will not be pursued further
here. |

This Part will be concerned with a theory of the absorption of

more than the minimum number of photons to ionize. The process has been
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called "above threshold ionization" ( ATI )[49]. The interésting aspect
of ﬁhe process is the mechanism for the absorﬁtion of these extra pho-
tons. It is the result of the comSination of two interactions, that of
the eléctroh with the electromagnetic field and of the electron with
its residual ion. Each of the interactions alone cannot‘accomplish the
absorptions. It is currently impossible to treat the interactions toge-
ther in anything like an exact way so one must resort to some expan-
sion in one of them. If the laser interaction is treated as a'pertur-
bation then the‘multiple photon absorptions would require multiple
interaction. This ;mplies the need for somé higher order in a pertur-
bation -series which is usually difficult to oBtain. If the electron-
ion interaction is treated as a perturbation then multiple photon
absorptions can be accomplished at 5 single scattering but the multiple
scatterings by this interaction must be neglected. The latter descri-
ption is the simplest and 80 we shall adopt it but we shall present
_two.caICulationa of this cype whose comparison will allow some asses-
ment of the importance of the multiple scattering effect. We shall
assume the fluoresceqce by the'atom plays no role in this process.

As an example, our‘calculatibn will describe an io&ization which
passes through a single bound state resonance. The number of photons
which connect the ground state to thebreéonant bound state need not be
specified for our calcﬁlation. It only determines the matrix element
which connects thgse states. However, for the sake of simplicity we
asgume a one photon transition. We also assume that the absbrﬁtioﬁ of
only a single photon by the resonantly excited state will cause ioniza-
tion. Our first calculation will treat this last absorption to the con-

tinuum as a weak perturbation. The unperturbed staté will therefore be
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the two state rotating wéye approximation to the aﬁomic wavefunction.
This will be used to find tﬁe ionization rate by‘pertﬁrbation theory
in & 3.2, In & 3.3 we extend this calculation by allowing for a strong
single photon absorption from the excitéd bound acaté but we then treat
all additional absorptions as pertﬁrbations. In both calculations‘we
resort to an apprdximation in whigh only one electron is active and
all others are treated as épectators. & 3.4 contains a numerical com-

parison of the two calculations and a discussion of them.

&3.2 Lowest order calculation. The "zero.
order'" atomic state will be described by‘the two étate'rotating-wave
approximation with the allowance for the slow variation vith‘time of
the laser intensity. We find it éonvenient to write the two orthdnormal

states (h=c=1) as ([i6],Chapter II)

O o=

-4 i s lwty T M-t 0-lwl/y _
K (e Pt} 20+ eu“z u,)x

&= (ZChJA
x €xp-t ((w,+w,)t/2 . j'*df'e (1)) o (3.2.1)

where u, and u, are the ground and resonantly excited states, respecti-
vely, and W, and Wy are their respective energies. The laser-atom

coupling in‘3~x gauge 1s
,—. . ) .e ’
A(t4)= (Ulol--%B PE(t)uy)= |(\(t/T)leL (3.2.2)

where E(f/T ) 15 the amplitude of the laser electric field and T is
the time scale of tﬁe glow time variation. The parametersefa and €

are defined in terms of this matrix element and so are also slowly



varying functions of time. The detuning parameter, » 18 given by
varying functions of time. The detuning parametet,éu s is given by

Shus= AW : (3.2.3)
£% A
where
Aw=0- W (3.2.4)
and the Rabi frequency is
_ z ", .
€= (awr+N?) (3.2.5)

The laser intensity. (~Ez) is assumed to vanish in the remote future

and past where the states ¢i‘ take on sim;ﬂe forms. For AW>0 and |t]»o00

(b.'_fuuo \ (b_N Uy . (3.2.6)

and for AW< 0, |t]|- o0

(P.}Nutl) ¢_Nuo (3.2.7)

Since we are assuming that the entire process happens too quickly for
fluorescence to occur, then for AW> 0 (AW 0 ) the initial state is
d).,_ (d).. ) and will remain so as the laser switches on adiabatically.

The exact S matrix for the ionization process is
-t - * - .(+)
53,0- L <X2, vV Wt > (3.2.8)

+) »
where w is the exact wave function which we shall approximate by ¢+

or ¢- depending on the sign of AW . The ionized electron wave function

" i3 taken to be the one given by (15)
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- od -t

Xg: =exXp ( (g_‘l"—o(,"g: Sl'nwt-Egt)r:.

33 1, (Led)expi(§-F- (Eg-nuit) G.2.9

n=~-vo0

where o{, 18 a measure of the coupling of the active electron to the

laser field
e (t/-r) E (tim) (3.2.10)

In obtaining Xg" and (bt' were neglected corrections of order T'. Finally
V is the interaction potential of the active electron with the residual
ion, in the approximation in whiéh the remaining electrons are frozen
into their initial states. This form of the S.matrix allows for an adi-
abatic deformation of the atom by the laser and then a single impulsi-
. ve interaction in which the electron is ejected with the absorption
of n phoi:ons.

substitution of (3.2.1) and (3.2.9) into the S matrix, with the

performance of thé time integration results in
Sg0=-2M1 % d( Eg~Wo-Nw *'ZL (aw-£)) Tgp(t) 3.2.11)

where the result for the T matrix for n photon ionization is

Tgolm= (2chp) ™ (a6l d) €% (Mg, V) +
| (3.2.12)

s =i -10 .
+1 (LB e (’\LVU«))
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where 'A§=€(§T The time integral which leads to this result was per-
formed in the limit of large T, with the use of (3.3.13). The parame-
teraéu and "(o in (3‘.2'.12) are evaluated at t =0, which means the
value of the laser amplitude that occurs over almost all of the time.

( This is discussed in more dgtail in & 3.3 ). The absolute value signs
_onm ZA in (3.2.12) allow for either sign. of AQ) . 'rhén, the transition

rate for n photon ionization can be obtained from (3.2.12) as

d*g | T
Wy = S-—-—z d (Eg-nw-w,) lTa,o(Ul (3.2.13)
(2m) . :

where Eg_: 32/2”' and we have neglected the small energy shift of the
bound state by the laser, which occurs in the delta function of
(3.2.11). We shall ﬁefer further discussion of this result until the

last Section.

& 3.3 Improved'approximation for the

initial wave function. In this Section the exact
wave function is approximated by one which contains Up, g , and u(?,
the lowest energy continuum of ionization. It wi.ll'also be treated in

the rotating wave approximation. It is assumed to have the form

~tWt ] LByt |
Y zdyu,e +/wc)ue -+Id"< y;wu&’e KRS

This is essentially the phenomenological model of Beers and Armstrong
[50] who gave a set of equations which determine the coefficients o ,
f s and Y. They can be.derived more rigorously ([l6], ,Chapter VI)

with essentially the same result., The wave function (3.3.1) :lsva pro-



Jection of .t:he full wave function of the atom in laser on-to the sta-
tes Up , Uy, and U‘{’, i.e. m P\V‘ , where P is the projection
operator, defined by (45) in Introduction of the Thesis. The three
states are excluded from the Green function G(:, whicfx was defined

by équation (47), and we can expand G‘&’ in a perturbation series in
powers of the laser field. Then, substitution of PY* into equation
(‘195 and successive projections from the left by u;‘, u,, ™ yield the
set of equations for the amplitudes «L,A »u s wh_ich is in the rotating

wave approximation

. (awt L(Awk-i-Aw)t
id=1ne " i J(z‘isa Hox i (&) G.3.28)
| - -tAwt t
.o - .1. » " LAwk
ip=2NE o(lt)*-‘ S( o, Yal) @.3.20)
-ltaw,t —C (bW FAW)t
e=1Mce  pw +i Hor ¢ (oo Aty G329
vhere AWy= (*H'\"/d -Ex ‘and
A= (U |5 Elt/1): PI ug’) (3.3.3)

(3.3.4)

N = Z" (uo | &, Ettm B un)(uml,%—wé'(fh)@lua)
0w =

Won + W

/\-iz is the coupling.of W4 to the continuum and HOQ is the two photon
direct coupling of U, to the continuum, since the prime on the sum in
(3.3.4) is meant to exclude U from the sum. Since A4 is resonantly
coupled to the gfound state and to the continuum, the terms Hoi are

one order in %\J smaller than the /\ and /\K terms, which is the same

155



order as terms dropped in the rotating wave approximation, and they can
be drop'ped.‘ The set of equations can be so].ved,['lb] but we will not
pursue it here since in our case it is more useful to make an e#pansi-
on, which is completely equivalent to the one in (3.3.1), by using the
states @y , (3.2.1) , instead of U, and Uy . This takes the form

Ext

': ' .
(H— Avdhy +AG- + (2 )3 Yrityug ug € (3.3.5)

where the initial cond:l.t:ion for AW>0 18 at t=-o00 A+=1 A-"X.R"‘O)

and for AW¢0 , A=l A+- Y= 0. We shall choose the first case and then
give the results for both at the end of our calculation. The states (b_+_
individually ciiagongl:l.ze the Hamiltonian in the two state rotating wave
approximation. Therefore, in the case in which A_(-Oo)=0)its growth
depends upon its coupling to A_'_ via the continuum. This is a small
effect which we shall negllect 80 t:haf: the ecmat:ions' that result from

(3.3.2) and (3.3.5) are
A =4 (d3k ' tLt' o)) (3.3.6)
L A= -2-[(2”3 ‘%m(e) ¥ exp L (AwK - 2,_5,2“ (Eu )-Aw)) 3.
. | .
(] * . \ 1 .
[ ¥e= -12-%,2,(&) exp-t (Awk"'}:_!’di (Elt)—Aw)) _A” (3.3.7)
where

Y-t

Tro(b=€ (Zd\zu) “Ae (1) (3.3.8)

We can use (3.3.7) to obtain Yp\wand substitute it back into (3.3.6).

This results in an integral equation for A+.. It may be solved by the
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assumption ( Weisskopf and wigner,[61))

Id{ re)
A lt)=€ 2~ (3.3.9)

* The further assumption that l‘<<& leads to the explicit résult

F(f)-qﬂkjl_ Sd K {AI* 8 (swy) (3.3.10)

where we neglected € compared to &) and have also neglected a 'sinall

imaginary part of r s which can be interpreted as a radiative correction

to the bound eigenvalues. The interpretation of this resul:t: i8 clear:
The inclusion of the continuum in (3.3.5) hés led to an exponential
decay of the bound states, but since the pumping rate betwgen U, and
W, in @4 is much larger then the ionization rate ( from U, ), the
states Uy and U, maintain their relative amplitude and phase and decay
at the same rate.

We can now t@xm to the calculation of the ionization rate by

substituting

j 'rm i Eut
=€ | Jg ;‘3 Yawul e ™ @aan

)
for \V;‘* in the S matrix, (3.2.8). We use (3.3.7) to eliminate X‘ﬁ and

arrive at the form
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HpHoY,
+

-—LSdiZJ wiye " w)t[((As,vuo)e

“MrrO-twt
+(}\§,Vu4)_e_ At Ot

t
<1, [dt'ri)
X e /Z-L | (zahza«) é—ju )3 (}\ \Y m) fd{ ?Q 4) %

+
. 4 0 ety o L d{"rbw)
. e-L(AwKt Z_Ld% (E~-aw) z-& } (3.3.12)

The time integrations may now be done in the limit of large T by the

use of the generic relations

T 00 _

Lim Idte it f )J.d{ eLEz ) 228 (€S Ez)}(o)} (0)(3.3.14)
T—’Doo_oa .

This results in

Sgi0= zn.,zcs‘(sa-nw wo)Tg"" QENCEREY

vhere we have again, as in & 3.2, neglected small shifts of Wp of the
order of £ . Then 1%Jh7can be interpreted as the T matrix element for

the n photon ionization. It is given by

| . s
/;) C-.{:((w°+w4+Aw)tfidv(ew)-az)) |

lim Jdt etEt} (’c/T =wd(E)f(0) - (3.3.13)
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Tgolm = { Lotod(hg, V) (Ag V1) 1544

00 [k (A Vi) d (B Zw-W,)/\(O)ez‘ B}x

-N+2 - (2“'.)3
o ot SOdt’ (" =Y
x @ 2.4 (ZClﬂAA). 2 (3.3.16)
vhere J{ means Z‘I(t:'-:v 0) and
_02:[0;.2‘. - (3.3.17)

The ionization rate into the nth continuum is; then obtained from -
(3.2.13).
The n= 2 case, which is the lowest energy continuum, is already
contained in (3 3.11) and so must be dealt with carefully For n=2

(3.3.16) 13
'T5|0 (2)= { Jz.(.x)— ( ’\i.lvu°) eé‘h " 6-2/2-1.9(3‘ (x)(ALV“»\) *

@m?

4 U . .
-4, {dt'rit) -4
¢ z_i (Zchéu) z (3.3.18)

HT T LK (A, vuy )d (EK-?.U-W.,)(l;g,'%?,glo)-pu'))}x

We use the identity

(Ag,V u,):-!!_‘i:'.? (Mg &, EorPu) G319

( which is obtained from the Schrodinger equation for WU, , and the
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delta function in (3.2.13) ) to revrite (3.3.18) as

(z)—{J (x)(/\_Q,Vu e‘%-t-e'évz (-Jiﬁl‘-’(Ai,.'%aE(o)-p‘uQ-

-Lmzmj( (Mg, VUR)J (5g-E)(u¥) 'wam.;su,))}x

- S dt' Fie)
(2 ol'za | (3.3.20)

The rotating wave approximation is 6ne,1n which only on shell or near
on shell terms are retained in intermediate states. This is equivalent

to the replacement

-\ , .
(By+(q-Ex) —-iT O (Eg-Ex) G320

in the intermediate state of the last term of (3.3.20). This replace~.

ment results in

Tgo®= { 100 (Ai',v U )szz+ eZ‘/z (1«)%2 (Ai"%,E(O)'ﬁUi)*
N -%-JO(X) ()‘:9..‘)\,/ d+)(eﬂ)r%'éE(°)'§ Ug)— %-jo(x) (}‘i;vuo))} X

4y [t T
x e f )

‘ ) ' :
vhere & ( Eg) 18 the Green's function of the electron in the absence of

the laser, in the restricted set of states contained in (3.3.1). The
last term results from the fact that u, is absent as an jatermediate

state in the last term of (3.3.20). We may now use the solution of the

y 8
(2chp) h  @3.a22)
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Lippman~Schwinger équat:ion in the form

)

Ug =Ag + cPlegVAg - G.3.23)

to e‘li.mina't:'e dﬁ fro.m (3.3.22). The result is
T"' - _ 4 e—["/z"l'ej ( (=) le Y - '
gi0(2)= {3 () Mﬁ,ms(o).Pu,)-}-

) | i -6

+e ’2(A§;Vuo)( B0 - 588 3,00) - X o€ (g Vus
A JaE' T L) o

L el (zdvu) (3.3.24)

¢ — r———— [y P

where we have used (3.2.3) and (3.2.5) and a Bessel function recurrence
relaﬁion, -(1.4.97 ). The first term ( for x=0 ) is just the fifst
Born approximation for ionization from the state U4 , welighted by the
amplitude for finding this state in ¢+ . The remaining terms are higher
order corrections in the laser interaction.

Returning to (3.3.16) it can be compared to the result in & 3.2,

(3.2.12)

: (2]
A fdETH) [ @)
2w = (m -

’ e
(T 389 [ L (0 Vi) (Btamu) o€ o)
(3.3.25)

where the superscripts on T are included to indicate the Section of

this Part in which they were obtained.
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' &3.4 Discussion and numerical results.
The difference between the two methods given above can be seen by com-
parison of (3.2.1) and (3.3.11) which are our two approximations to
the exact wave funétion. The inclusion of the lowest coﬁt;nuuﬁ in
(3.3.11) is clearly the first of a sequence of calculations, each of
which would include an additional continuum, The sequence ;onverges
to the exact wave function in the rotating wave approximatioh.

The inclusion of‘the first continuum in (3.3.11) results in the
exponential decay with time of the bound sFates. This is réfleéted'the
. first term of (3.3.25) in which the.direct ionization from the bound
sta;e,1-“l is modified by the exponéntigl decay of thaﬁlstace in the
time interval ftoﬁ ts-oo to t=0 at which time the impulsive scatter-
ing takes place. The reduction of this contribution is compensated by
the contribﬁtion from the second term of (3.3.25) which represents
scattering from the lowest ( n=2 ) continuum into all continua, inclu-
ding itself. This term contains the factor (Al,Vu‘;’) which is the
exact off-shell ( for n¥2 ) T matrix for the electron scattering by
the ion in the absence of the laser. This is an example of the fact
that the appearance of the laser in an atomic process makes possible
the observation of scattering parameters which are otherwise not
obéetvable.

We can illustrate this process wiﬁh'the Cs atom. A laser, whose
wavelength is about 459 nm will be resonant with the 684/;? 7P‘/z transiti-
on and the singlé ( double, triple ) absorption in the 7Pyi state will
‘result in a continuum eléctron of about 1.5 eV ( 4.2 eV, 6.9 eV ). We

have calculated the fonization rates for abgorption of n photons, for
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n=2,3,4,5 by using (3.2.13) and our two results for Tgoth (3.2.12)
and (3.3.24), (3.3.25)

W, = Sd}iadEa J(Ea-np-wo) ng,D(n)\L (3..4.1)

‘which 18 the same as (3.2.13), tbe only difference being in the norma-
lization of the free electron wave function. As a_matéer of convenience,

we will in this Section'use the plane waves,normalized as
(Ag, Ag)=mw O (Eq-Eg) = G

We shall briefly dicuss the structure of the Cs atom. The closed
shell of Cs acts on the valence electron as a sphegically symmetric
disfriﬁution of charges, causing the outer eiectron to move.in a Cou-
lomb like potential which can be written, neglecting the éxéhange

effects, in the form

Vir)=- _Z_g_v-F)_Q" (3.4.3)

Z(r) is the effective charge that fhe electron sees. Its value at
nucleus is the atoﬁic number and it decreases to 1 far ehough from the

nucleus. As a consequence, the term values of Cs are hydrogen like

___Ry
W= " Tar 0" @44

where n is the usual principal quantum number, and é& is the "quantum
deféct", caused by the screening of the nucleus..potential byvthe closed
shell electrons.zu is a function of angular quantum number l , but

almost independent on n. It is common to use the "effective quantum
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number" )= éA(l.)#-n instead of[g . This 1g the basic terminology of the
"Quantun Defect Method" [63],[¢4]which is extensivelly used with alkali
atoms. | 4 | -

‘The term diagram of Cs is shown at Fig; 4.1. The configuration
of the ground state is 634/z » with an ionization potential of 3.87 eV,
i.e. with the effective quantum number V,=1.875. The 7P state contains
two fine structure .st:at:es, P‘/z and P”/z. » which differ in energy by
0.02 ev. W§ will suppose that the laser bandw:ldtfx is narrow enough that
these two states can be distinguished, and then take into account °
only one of them, for example 71’4,1. This state has ionization poten-

tial of 1.16 eV, i.e. the effective quantum number V,=3.420..

15000~
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Fig. 3.1 [65]
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"In the Quantum Defect Theory it was shown[64] that the radial

wave functions of the bound states can be t:'aken ( in atomic units ) as

{ . ‘
Ry (r) = 22K O W, ger, (22¥) (3.4.5)
r larqe

where W 18 the Whittaker function, z=1 in our case,and K is the nor-

malizing factor

=)
K, = [y Tve L+ 1) M(v-0)] & (3.4.6)

with o
‘ M (W)
=1+ %’_393“/ (3.4.7)

From the term diagram at Fig. 4.1 it can be found that d\k is,
as a f\;nc,t:ion of energy W , almost a stright line, with the slope
QA ~ 0,03 eV for the S series, and %30.29 eV for the P series. .
w ow .

Then, from (3.4.7) it follows that Z(V,)z '{(v‘)z’l . The asympthotic

form of the Whittaker function is
| 2r) e W -y -t -to-l
Wy, Lty = (?> € éo bonr +o(r ) G
where
be=1, b= [ LM = - -t 0] by G

The criterion for the termination of the series in t was stated by

Bates and Damgard [63] , as
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Vil ¢ t, £ V4 (3.4.10)

That criterion led to a satisfactory agreement with experimental values
- of bound-bound and bound-free matrix elements of T and is based on the
compromis between the necessity to keep 4in the series as many terms
as possible and the necessity to avoid the terms whose principal con-
tribution comes from near'the nuclus ( r<qQ,).

We need the radial wave functions (3.4.5) of the bound states

6Sy,and 7Py, of Cs to calculate the bound-free matrix elements of V
(Ag,Vuj)=-(n-)w(Ag,u;) ) j=on G

Expanding the free electron wave functions )g' in partial waves,

we can write

. N 'll’ | Y, ¥ "z AA |
(Ag,Vuj)=-(n-j)i % (%})2(2‘:‘“)2%&’&,-(a'f)ﬂi (3.4.12)

where
. L e | |
o= 5% G-613)
and
o
Ré = s fkq (&r)'v‘ RV,'!,’ dy- (3.4.14)
0 . :

P'l' and jtj are the Legendre polinithials and the spherical Bessel fun-

ctions, respectively. Only the lj‘ component of the free electron survi-



ves in (3.4.12). The radial integrais in (3.4.14) were calculated witl:h
-t:he use of (3.4.5), (3.4.8) and (3.4.10). That could be done analytica-
11y, butv'we rather broke up the integral into two, performiné the inte-
'gratiqn: separately in the regions ré(O,l) and re&{l,o) . In that way we
were able to control the validity of the criterion (3.4.10) in this
case. We.found that the contribution of the fegion (0,1) does not ex-
céed 5% éf tﬁe RS in the worst case (n= 5), with a similar conclusion
for the region (1,0) if t> t,. The values of Ry, §=0,1 forv n=2,3,4,5

are presented in Table 3.1.

R, 5.198  0.399 -0.343 -0.440
Ry -4.429 -0.886 =-0.052 0.124

Table 3.1

Bound-bound matrix element /\ , defined by (3.2.2), was obtained

from the Cs oscillator strengths of Stone [66). One can write

|A*= e*E* %5 -‘  (3.4.15)
m

and using f=0.00284 for 6S,>7P,, transition, we found

IAl= 2131108 VT eV (.4.16)

where.I is the laser intensity in W/cm*. The sign of \ was decided
using the method of Seaton [67'] for calculation of the radial bound-bound

integrals. That lgads to

| ; |
A=Inle (3.4.17)
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The bound-free matrix element (3.3.3)

el - . "/ i , . _ q-
(uﬁ)'—ne—wE(O)'P ul)'—"- ‘(‘?—';) l‘Il)/l { @:li)((—:fﬂ g("l-ﬂ PQH (.K.g).'.

V L-1) A 2 _
+ %i—"' 9&-,@..1 Pe-,(K‘E)} -~ (3.4.17)

was found by the use of the relevant radial integrals Bo-tys calcula=-

ted by Seaton [6%]. we get (1=1)

420773205 ) G,57=6.906 - . (3.4.18)

The decay parameter [ ‘ » defined by (3.3.10), can be calculated

“using (3.4.17) and (3.4.18), which yields

F=5191I sec!  (3.4.19)

where I is again in W/cm?.

To calculate the free-free matrix element

()‘E'(n);vuua y h>2 , K=9(2) (3.4.20)

W o
we approximate the lowest continuum wave function UR by the Coulomb

wave function
oy

LW : m . . ‘ ' oo
Wy = 'Z_V?rz ¢ c r("_'lfu), F(‘fk)’) ((kr-R-P))E - (.0.20)

Then
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()\g’,V u‘{{): L 4 ]5,;{ (3.4.22)

T(ame (T 'fK)‘Iz



vhere J 1is ( expressed in atomic units )

¢ "9.)‘7' (ql :.)
9:" Je F( fk»1)t(Kr’KF))-a—l;_—-: n((q K)‘)H?? 4_'23)

The r:l.ght;, hand side can be expanded in Legendre polinomials P¢( é‘-ﬁ)as

w i
&= AP gR) (3.4.24)
(:o .
where
i
Ay = Z—-‘zﬂ j Jagi (V) Pe(x) dx (3.4.25)
-1

Using the addition theorem of spherical harmonics, we further have

jg,vt Z'TIZ Be Z th q- E)ng (k- E) (3.4.26)

t=0 ~ m=-L

As the matrix element (3.4.20) is coupled in E, Nn>2 to the matrix
element (3.4.17), the only components that will survive in (3.4.26)

are S and D, with m= 0. Keeping only these two terms, we finally get '

( Ag‘, v ua):- (5 +58, z(gé)ﬁ(ﬁé)) (3.4.27)

(T« T)"

where
B‘,:é—%—?— SN 3y In £2= g*:z - (3.4.28)
1 3 (2“+K‘)z.-‘m‘.‘l‘(l+’f )t e QK _
BZ—QK (1 TR+ ) ( 2 9*K* i = sinfiln g-x

% 9%+ K2 | |
- DA +KS cos}th 3*.'2)  (3.4.29)
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The values of B,, B, for n=3,4,5 are presented in Table 3.2.

B, Re B, In B,

3 -3,0331  -5.2595  -6.8234

4 0.2789 ~1.3839 ~1.7954
5 1.3902 ‘0,3851 0.4996
" Table 3.2

fhe gama function r(l-(fk); which appears in the normalization of

the Coulomb wave function,was calculated using Stirling's formula
| “Z, %
F(1+2)~ 2z € 2 (3.4.30)

with T = 2.9807. That vields

~

. [ -T o e T K
Rel(1-(f)=€ 215036, ImP(1-i3c)=-€ * Tx2.4993(3.4.31)

After integration over the energy delta function,ionization

rate (3.4.1) can be written in the form

i e-_g’dcr(e') A
W(Z)z’ﬁy‘ ZCMJA -j dt (EQVZ— VI:I‘;.(CM-’O"'V'_594-f2pzlf))]o(af)*‘

relinhia 4 R, Mt) + e

| R 2
t (n-Dhw B p P t) T (at)
v Ve Qs 2y m&P«H),za)

| | (3.4.32)
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| ..fdv‘rw) . My |
)= Ry € Py 4
W)= B L j'dt | e at = Rt +

n-Dhw \(3 Ry Py (£) Iy (at)-—
TRy \R

o B _
- \,.L L e*™rp- .
‘Nze 1 m ( '?n)(B,g, °+%Bzg¢+zﬂm)"

% Jn-z (04) [2 |

¢
e/z

(3.4.33)

. where

a= Z(F}J) ?a\]_ g=g(n) (3.4.34)

and the remaining integration is essentially integration over the direc-
tion of the photoelectron. We are interested in the range of laser in-
tensities up to 10'5'w/cm1, where the parameter (g y (3.4.34), can exceed 1.
In that case the series expanssion of the Besaél functiong is not

:a .- satisfactory one. The integrals in (3.4.32) an& (3.4.33) were done
numerically, on the coﬁpu:er P DP 10, Digital, up to the four signi~
| ficant digits. |

The ionization rates (3.4.32) and (3.4.33) can be written in the
form o

- {de're)

Wi(n)=W,(n) €™ (3.4.35)
At Fig. 3,2 is presented bJ(Z) as a function of the laser intensity,
in the range 10° W/emt - 10° W/em* . Although the Wy values are very
largé,'the ionization rate (3.4.35) is very small. This is due to the

fact that even for very short éxposures of the atom to the laser, the
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decay parameter jW'dt‘vwill be very large ( see (3.4.19) ). The
smalnegs of the transition rates (3.4;35) arigses from the fact that

' the.ionization probability will be essentially unity so that.the rate
of fonization will be small for a small additional time, For this rea-
son, and since it is difficult to measure absolute fonization rates
we only préeent the ratios of W(n)/W(2) from the results of & 3.3,
calculated from (3.4.32) and (3.4.33). This ratio is independent of
the exponential decay factor. Fig. §f3 shows this fatio for laser
intensities ranging from 10? to 10" W/em*. In the final calculations
of W's, (“ was taken to be zero. As expected, the higher continua are
only weakly populated even at the higher intensities. The sl&pes at
the lower intensities are roughly linear ( on the log~log plot ) and
roughly correspond to the perturbaﬁion theory result W(n)/w(Z)n:I"fl
The structure of the curves results from the interference of the last
.two terms of (3.3.16). Our results are smaller than those obtained
experimeﬁtally by Kruit [48] for Xe by a factor of 10 or so for n=3
and 100 for n=4. Although the experiments and theory describe diffe=
rent targets, it is still suprising that the results differ by such a
large factor. One possible explanation is that the intensity distribu-
'tion in a focused laser beam differé significangly from the average
value, Then‘the fact that the ionization rates are rapidly rising func-
tions of.the-intensity could account for the higher experimental
results, At higher intensities, IN].O|3 W/em*, we see a departure from
the generalllingar behaviour which is attributable to the_atructute of
~ the Bessel functions and an interference among the three terms;

We have also calculated ionization rates from the T matrix,

(3.2.12) in &'3.2, Their relation to those obtained from & 3.3 contains
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10"
10"
10"
|0'2

1
10* 10 © 10" - 10?% - 10" 10"

|0I0

Fig., 3.2 |
~§rdt

a factor € whicﬁ depends upon the additional parameter of the
exposure time. However, this will enter as an overall uiult:'iplicative.
factor in the ratio %‘%;;{% « Our results for this ratio as a function
of 0 and I show that no such factor can bring these ratios close to

unity for the entire range of these parameters. This shows that the

additional process included in TB) significantly changes the results

from those of T®), We have pointed out above that the two calculations

can be considered to be the start of a x::equence of calculations which



0!
| |o-2'
1073
107
1075
1076

107

fig; 3.3
converge to the exact result. The fact that the results are so diffe-
rent could indicate that the.sequenpe is far from converéence. The.
next calculation in the sequence would start from a wave function such
as (3.3.1), but it would be necessary to include a second continuum
(n:=3) in it, The possible lack of convergence could also account for

the discrepancy when we compared with the experiment.
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