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Abstract

MULTIPHOTON IONIZATION PROCESSES IN STRONG LASER FIELDS

by

PREDRAG KRSTIC 

Adviser: P ro fesso r  Marvin H. Mittleman

Multiphoton io n iz a t io n  of hydrogen in  u l t ra s t ro n g  la s e r  f i e ld s  

i s  s tud ied . The previous c a lc u la t io n s  of t h i s  process y ie ld  d i f f e r in g  

r e s u l t  fo r  the  t r a n s i t io n  r a t e .  We show the r e l a t io n s  between them and 

d i f f i c u l t i e s  with each o f  them. One d i f f i c u l t y  i s  th a t  the  f i n i t e  

s p a t ia l  and time ex ten t of the  la s e r  f i e ld  has been om itted. I t  i s  

a lso  found th a t  a l a s e r  f i e l d ,  which i s  s u f f i c i e n t ly  in ten se  to  be 

labeled  u l t r a s t ro n g ,  makes the  e lec tro n  move r e l a t i v i s t i c a l l y  so th a t  

i t  becomes necessary  to  use Volkov s t a t e s  to  describe  the  e le c tro n  in  

th e  la s e r  f i e l d .  The t r a n s i t i o n  r a t e  i s  obtained , using a CO la s e r  as 

an example, and i t  i s  found th a t  th e  t r a n s i t io n  r a t e  r i s e s  as the  

l a s e r  In te n s i ty  r i s e s .  This i s  a consequence of the  use of r e l a t i v i s t i c  

kinem atics and i s  not t ru e  n o n - r e l a t i v i s t i c a l l y .

We a lso  d iscu ss  the  m u lt ip le  peaks observed in  the  energy 

spectrum o f  e le c tro n s  r e s u l t in g  from multiphoton io n iz a t io n  o f  atoms 

by la s e r s .  When th e  l a s e r  in te n s i ty  i s  la rg e  enough fo r  the  

ponderomotive fo rce  to  r e s u l t  in  appreciab le  broading of the  peaks we



show Che shape of the  broadened peaks con ta ins  use fu l Inform ation. We 

show th a t  the  multiphoton io n iz a t io n  p ro b a b i l i ty  as  a func tion  of 

l a s e r  in t e n s i ty  can be obtained but th a t  the  f r e e - f r e e  c ross  se c t io n s ,  

which a re  in  p r in c ip le  a lso  o b ta inab le ,  a re  probably not ob ta inab le  in  

p ra c t ic e .

F in a l ly ,  we d esc r ibe  the  theory of the  absorp tion  of more than 

minimum number of photons needed to  io n ize  an atom by an in te n se  l a s e r .  

The b as ic  approximation used i s  th a t  the  atom i s  a d ia b a t ic a l ly  deformed 

by th e  l a s e r  and an impulsive in te r a c t io n  then r e s u l t s  in  multiphoton 

abso rp tion . In  our f i r s t  c a lc u la t io n  we allow only one resonant excited  

s t a t e  to  be included in  the  a d ia b a t ic  deformation. In our second we 

a lso  allow the  lowest energy continuum to  be included. The two r e s u l t s  

a re  then compared.
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1

I N T R O D U C T I O N

In  the  l a s t  twenty y e a rs ,  owing to  the  development of high i n t e ­

n s i ty  l a s e r s ,  th e re  i s  increased  i n t e r e s t ,  both th e o re t ic a l  and experi­

m ental, in  multiphoton-induced atomic t r a n s i t i o n s .  These a re  e le c tro n ic  

t r a n s i t i o n s  which involve the  ne t absorp tion , emission o r sc a t te r in g  of 

more than one photon. In  p a r t i c u l a r ,  multiphoton io n iz a t io n  i s  a p ro ­

cess of ligh t- induced  io n iz a t io n  o f an atom i f  the  energy of the  pho­

tons i s  sm aller than the  io n iz a t io n  p o te n t ia l  o f the atom. Multiphoton 

processes a re  important in  a p p lica t io n s  such as  iso tope  sep ara tion , l a ­

ser-induced fu s ion , gas breakdown, laser-induced chemical re a c t io n s ,  

e tc .  They a lso  provide a new to o l  fo r high re so lu tio n  exploaration  of 

excited  atomic s t a t e s .  Multiphoton t r a n s i t io n s  genera lly  req u ire  la rg e  

ra d ia t io n  i n t e n s i t i e s  fo r  t h e i r  observation . This can be seen on the 

b a s is  of a simple p e r tu rb a tio n  theory argument. I f  the  two-photon ab­

sorp tion  i s  a two-step p rocess , through a resonant in te rm edia te  s t a t e ,

then the  a r r iv a l  of the  second photon must occur in  the  l i f e - t im e  T '
-8

of the  in te rm edia te  s t a t e .  This i s  ty p ic a l ly  ' t ~ 1 0  sec, and the  l i -
-8near dimension of the  atom i s  Qe~ 10 cm. Then the necessary  photon

f lux  i s  of the  order cmT see” . I f  the  two-photon absorption
° ‘ -15

i s  v ia  the v i r tu a l  in te rm ed ia te  s t a t e ,  with ty p ic a l  l i f e - t im e  of 10 sec

then the  requ ired  photon f lux  i s  considerable  h igh er ,  of the order 
31 -? -110 cm sec . From these  arguments i t  i s  c le a r  th a t  the necessary  pho­

ton f lu x  fo r  N-photon t r a n s i t i o n  in c reases  with in c rease  of N. In o ther  

words, multiphoton p rocesses  req u ire  electrom agnetic f i e ld s  h ighly  

occupied with photons. But, in  th e  l im i t  of such high photon occupa ti­

on numbers, the  e lectrom agnetic  f i e ld  can be described c la s s ic a l ly



A ( ^ t ) = i - Z . ( 3 i ^ e y p l ( W - 4 i « t - < l > « » )  +  c . c .  )  a )

I d f l J  i s the amplitude of the  vecto r  p o te n t ia l  In  the mode £ and In 

the  d ire c t io n  o f  u n i t  v ec to r  of p o la r iz a t io n  A • The connection with 

the quantum-mechanical d e sc r ip t io n  of the  rad ia t io n  f i e ld  I s  the  r e l a ­

t io n  ( "H = C = I )

k
(2)

i s  the occupation number of photons with the p o la r iza tio n  A in  

the mode with frequency . Cj)j^ i s  the phase fa c to r  which, fo r  a 

s in g le  mode la se r , can be absorbed in to  the choice o f the time o r ig in .

The th e o te t l c a l ,  n o n r e l a t i v i s t i c  trea tm ents of an atom in  the 

electrom agnetic f i e ld  s t a r t  from the  Schrodinger equation

( t j t - H  ) r = o
(3)

In the in te ra c t io n  rep re sen ta t io n

h = + y  ( f e t + e  A ( g f , f ) )  +
2  m  p f  / m

(4 )

and pe f a re  momentum opera tors  of the  nucleus and the  e le c tro n s ,
 » _*

re sp ec t iv e ly ;  Z I s  the  number of e le c tro n s  in  the atom and, Ifo and



are  the rad iu s-vec to rs  o f  p o s i t io n  of the nucleus and the  e le c tro n s ,  

resp ec t iv e ly .  I f  we In troduce the  transform ation  to  the  center-of-m ass 

coord inates Y"i and jo

^ _ lirK + vlr 
?  "  Ma ’

n  = 5 i i - f N <5)

M a11 M  - t - Z m

and neg lec t the terms which a re - tH  times sm aller  than the  leading terms,
M

we get

H CM= ^ f A +  2 ^ ^ . ( P ' + e  +  V t v S j 5 )  (6 )

U i s  the  reduced mass of the  e le c tro n ,  M s -fo  M  . . I t  I s  c o n s is t -
C 6 m  + M
ent with the approximations made above to  rep lace  the reduced mass by 

the  mass of the  e le c tro n  m, and the  mass of the  atom MA by the  mass of 

the nucleus H. In  the  new coord ina tes , the v e c to r -p o te n t ia l  X i s  a fun­

c tio n  of the  coord ina tes  through the f a c to r  exptilo(j>-k ITj ) . I f  *pj i s  

l im ited  to  the  s ize  of the  atom in  re levan t m atrix  element, as o ften  i s  

the  case , then in  the range of o p t ic a l  frequences

We se t  the dipole  approximation by expanding In powers of k • Tf and
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keeping only the  leading term e x p (± ik * p )  . The cen te r-o f  mass coord i­

na te  w i l l  couple to  the  la s e r  through the remaining exponential f a c to r ,  

so th a t  the  motion o f the  atom as a whole can be a ffec ted  by the  l a s e r .  

The e f f e c t  of t h i s  re s id u a l  coupling to  the  motion of the  atom i s  o f ten

c tlo n  of tim e, i t s  e f f e c t  i s  a slow d r i f t  of the  mode phases ( Doppler 

s h i f t  ) .  I t  can be removed by the r e d e f in i t io n  of the phases of the  mo­

des. Neglecting th a t  coupling, the k in e t ic  energy of the  center-of-m ass 

can be dropped from add ji> can be fixed  a t  the  o r ig in ,  J^ = 0 .  In  

th a t  case , in  the  center-of-m ass coordinates and in  dipole approxima­

t io n ,  the  Hamiltonian in  the Schrodlnger equation (3) can be w r i t te n  as

Any physica l  observable i s  in v a r ian t  to  the a rb i t r a ry  t r a n s f o r ­

mation o f  the  phase of the  wave function ( gauge invariance  ) .  The wa­

ve function  can be transformed by the  u n ita ry  transform ation

(9)

The new ' f j  s a t i s f i e s  the  transformed Schrodlnger equation

(10)

with
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H j = e H , e _l ^  a n

We w i l l  r e f e r  Co Hj as the  Hamiltonian in  the f i r s t  gauge. The choice 

of <J)j which removes A2, from i s

( 12)

This leads to

l-l |s|

i s  u sua lly  re fe red  as the  Hamiltonian in  "p*A gauge. The coupling of 

the  atom with the e lectrom agnetic  f i e ld  i s  described by the term

^ 2 =  & Z A ( * ) - P (  ( l 4 )
i-I

I f  V = 0, then the so lu t io n  o f eq. (10) describes the  motion of a f re e  

e lec tro n  in  the  ra d ia t io n  f i e ld .  The corresponding wave function in  

p.X gauge i s

eXP ( -  j £ - A W d i ' )  0 5 )



The choice

2  _

4 > j = e Z ^ - A t t )  <l6 >
1=1

leads to

+  eJjrcEU) + V <i7)
U l m

wherfe E r —A i s  the c la s s ic a l  e l e c t r i c  f i e ld .  The term th a t  rep resen ts  

in te r a c t io n  of an atom and the  e lectrom agnetic  f i e ld  i s  here

H > e  (18)
'3

Hj i s  known as the  Hamiltonian in  r*E gauge. The wave function  of a 

" f ree "  e lec tro n  in  the  ra d ia t io n  f i e ld  in  t h i s  gauge i s

Js£ = e *p i ( ( J+eAtojr- 2̂  J (3  + eAmfdi') an

The th i r d  choice ( p i f , which leads to  the  so ca l le d  Kramers gauge, i s

/ P r A ^ ' J d t '  { V w d i 1. <*>

The coordinate  of a c la s s ic a l  e le c tro n  moving in  the electrom agnetic 

f i e ld  with no o th er  in te ra c t io n s  i s
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« f u ) = £ - j d t ' A ( t ' )  (2D

Then , Induced by , can be w r i t te n  in  the  form

• v f ^ r  + V ( f +«&*)) ■ <22)
i*l

and so, the transform ation  generated b y ^ i s  a space t r a n s la t io n  to  

an acce le ra ted  frame of re fe ren ce .

I f  any problem of the  c a lc u la t io n  of a physica l observable , de­

fined  out of the  l a s e r ,  i s  solved exac tly  in  any of the mentioned gau­

ges, the  r e s u l t s  w i l l  be exac tly  the  same. Only i f  approximations a re

made, the  r e s u l t s  can be gauge dependent.

In a ty p ic a l  experiment of atomic t r a n s i t io n s  induced by a l a s e r  

the atom i s  i n i t i a l l y  in  some atomic s t a t e  ou tside  the  l a s e r  f i e l d .

The laser-atom  in te ra c t io n  i s  then switched on, a f t e r  some time sw it­

ched o f f ,  and the  atomic s t a t e  i s  observed again . The switching p ro ­

cess can be accomplished e i th e r  by tu rn ing  the  l a s e r  on and o f f ,  or by 

moving the  atom through the  l a s e r  beam. In  each case , the  switching 

process w il l  almost always take  p lace  slowly on the  atomic time sca le .
t

That i s ,  i t  i s  r e a l i s t i c  to  suppose th a t  the  atom w i l l  ad ju s t  adiaba- 

t i c a l l y  to  the l a s e r  f i e l d ,  as i t  r i s e s  from zero to  i t s  maximum and 

then goes back to  zero .

The Hamiltonian Hj can be w r i t te n  in  the  form

H =  H o  +  H '
(23 )
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where H0 I s  the "bare" atomic Hamiltonian in  the  absence of the  l a s e r  

f i e l d ,  and H' rep resen ts  the laser-a tom  in te rac t io n .T h e  index of the 

gauge was dropped in  (23). The "bare" atomic wave functions a re  e igen­

s t a te s  of H0 , which correspond to  eigenvalues Wn

( v „ - H 0 ) U n =  o  , U h ( r , f )= U h (fi ) e " ‘W,nt (24)

The amplitude fo r  the  t r a n s i t io n  in to  a f in a l  s t a t e  u^ i s

= ( 5- t ) i i = - ‘ < u* ,;H , Y r >> '  <25>

Here (Jr , t  ) i s  the  t o t a l  wave function  o f  H, w h ic h .s a t i s f ie s

with the i n i t i a l  condition

C ( - T ) = U . ( f , - T )  <27>

T i s  some large  time such th a t  fo r  t^ . -T  the  laser-a tom  in te r a c t io n  was 

o f f ,  and u0 i s  the i n i t i a l  s t a t e  of the  atom. u^? i s  the  e ig e n -s ta te  

of H0 , with ingoing boundary conditions. Equivalently , we can

w rite

■Tn = ( 5 - 0 * , = - i < vi p H ,u»> (28)



where i s  the t o t a l  wave function of H, which s a t i s f i e s  eq.(2fe)»

such th a t

M r , T )  (M )

and fo r  t >  T the  laser-a tom  in te ra c t io n  i s  of f .  The b rackets  in  ( 2 5 )  

and ( 2 8 )  denote both space and time in te g ra t io n .  The time in te g ra t io n  

extends a t  le a s t  from -T to  T . This was the b asic  framework in  

which the  most of the  th e o re t ic a l  a t ta c k s  on the multiphoton processes 

have been done.

The atomic u n it  f o r  the  e l e c t r i c  f i e ld  i s

E t = £ i = Z 5 . 7 * l 0 t £ r  o o )

From th a t  we can construc t the  atomic u n it  fo r  the in te n s i ty  of the  

l a s e r  f i e l d

T = ^  U 5 x  I o ' 6
l o  W  1 Cm* (31)

I f  we estim ate  the  laser-a tom  in te ra c t io n  in  the dipole  approximation

as

e E<.r}~cEo„=Ry (-y )
l o (32 )

where I  i s  the  l a s e r  in t e n s i t y ,  i t  i s  obvious th a t  fo r  I « I 0 the i n t e ­

rac tio n  energ ies of the  l a s e r  with the  atom are  much sm aller than the 

separa tion  of the  ty p ic a l  atomic energy leve ls .T h a t allows fo r  the  po-



s i b i l i t y  of a s tra igh tfo rw ard  use of the  non-resonant p e rtu rb a tio n  th e ­

ory in  the  laser-atom  in te ra c t io n  H1. ( I t  i s  assumed th a t  no resonance 

between th e  l a s e r  frequency and atomic t r a n s i t i o n s  w i l l  occur ) .  We
m  (t)

can expand th e  f u l l  wave func tion  Y{ in  (25) in  terms of the  f u l l  

Green 's function  of the  problem

;( f= U0 + Gw’H'u„ <” >

where

( ‘I t -  h ) g (+,=1 (34)
and G<f)i s  defined to  vanish  a t  i n i t i a l  time. Furthermore, G<+> can be 

expanded in  terms of the  unperturbed Green 's function  G^’ as

G“’= C (1 + f  ( H ' G f ’)")
1 h=1

(35)

where

G^’ can be w r i t te n  in  terms of the unperturbed ( or "bare" ) e ig e n s ta ­

te s  u^ of the  atom, as

u „ > e u  < u „

As i s  well known, a s in g le  photon t r a n s i t i o n  can be described , in  the  

lowest order of the  p e r tu rb a t io n  theo ry , in  terms of the  m atrix  element



(38)

i . e .  in  terms of the  zero th  order term in  the  expansion (35 )• The des­

c r ip t io n  o f the  N-photon process i s  obtained, in  the  lowest, nonvani­

shing o rder , from the  N-th order term of the  peru rba tion  expansion, 

and i s  described  by the  m atrix  element

{ U f l H ' G r i H ’G t f ' u  . )  (39)

The t r a n s i t io n  r a te  and the cross se c t io n ,  which a re  p roportiona l to  

the square of the t r a n s i t io n  amplitude, w i l l  be obviously p roportiona l 

to  the  N-th power of the  l a s e r  in te n s i ty .  So, N photon io n iz a t io n  r a ­

t e  can be w r i t te n  in  the  form £ 1 J

I w <*0)

I f  I  i s  the  photon f lux  in  cm"̂  sec“* , then i s  the  t o t a l  g e n e ra l i ­

zed cross sec tion  ( in  c m ^  sec^"^  )

P  w W " j I  | Z < 4 I)

p i s  the  momentum of the  outgoing p h o to -e lec tro n , (137) ,and in te g ra ­
tort io n  i s  over a l l  angles of propagation of the  p ho to -e lec tro n ; K |0 i s  

N-th order m atrix  element
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H  lH-l ll  tl

(4 2 )

For the  low la s e r  I n t e n s i t i e s  and o f f  resonance, and fo r  the  r e l a t i v e ­

ly  low photon m u l t i p l i c i t i e s ,  the  p e r tu rb a tio n  theory up to  the  f i r s t  

nonvanishing o rder I s  In the  s a t is f a c to ry  agreement with the  c a re fu l ly  

done experiments on multiphoton io n iz a t io n .  But even then , the  ca lcu ­

l a t io n  inc ludes  N-l summations ( fo r  the  photon m u l t ip l i c i ty  N ) ,  and 

the  various  methods have been developed fo r  i s  £ 2 ]

C erta in  aspec ts  of the  m ultiphoton, o ff-resonan t io n iz a t io n  such 

as angular d i s t r ib u t io n  of the p h o to -e lec tro n s , can be discussed d i r e c ­

t l y  from ( 4 1 ) .  So, fo r  N-photon io n iz a t io n  of the  S s t a t e ,  the  d i f f e ­

r e n t i a l  cross sec tion  with a l in e a r ly  p o la r ized  l ig h t  behaves as  £3j

th e  p h o to -e lec tro n ;  j = 0 fo r  N even, and j  = 2 fo r  N odd. For the  c i r ­

c u la r ly  p o la r ized  l ig h t

(43 )

9 i s  the  angle between th e la s e r  e l e c t r i c  f i e ld  and the  momentum of
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Then, fo r  N odd, in  the  case of the  l in e a r ly  po larized  l i g h t ,  and fo r  

every N, in  th e  case of the  c i r c u la r  p o la r iz a t io n ,  .d& JL=Q
dSL  *

That says th a t  e le c tro n s  tend to  be emitted in  the  d i re c t io n  o f  the  

q u an tiza tio n  a x is .  Much simpler angular dependence with the  c i r c u la r -  

ly  po la r ized  l ig h t  i s  the  consequence of the  d ipo le  se le c t io n  ru le s .

So, fo r  the  c i r c u la r  p o la r iz a t io n  and an I n i t i a l  S s t a t e ,  fo r  an absor­

p t io n ,  we have ^ M s l ,  and so A l = 1. Then, the  only open channel, 

allowed by the  d ipo le  se le c t io n  ru le s  i s  L = MsN,  fo r  N photon io n iz a ­

t io n .  In the  case of the  l in e a r  p o la r iz a t io n ,  in  every s in g le  a b so rp t i ­

on of a photon, the  angular momentum of the  e le c tro n  i s  ra ised  or lowe­

red by 1. The f i n a l  e le c tro n  s t a t e  i s  then composed of a l l  M. The 

same reasoning leads us to  expect th a t  l in e a r ly  po larized  l ig h t  w i l l  

be much more e f fe c t iv e  i n  multiphoton io n iz a t io n  than the  c i r c u la r ly  

po la r ized  one. With the  l in e a r ly  p o la r ized  l i g h t ,  pho to -e lec trons  

w i l l  have the  s t a t i s t i c a l  d i s t r ib u t io n  of angular momentum in  the 

f i n a l  s t a t e .  P h o to -e le c tro n s ,  produced by the  c i r c u la r ly  po la r ized  

l i g h t ,  w i l l  have very high angular momentum ( L=N ) .  But the  high an­

gu lar  momentum components of the  f i n a l  wave function  have the  small am­

p l i tu d e s  in  the  v i c i n i t y  o f  the  atom, which reduces the  m atrix  element 

of the  t r a n s i t i o n  and y ie ld s  sm aller t r a n s i t i o n  r a t e s  £6}.

De Witt compared p e r tu rb a t io n  theory r e s u l t s  fo r  l in e a r  and 

c i r c u la r  p o la r iz a t io n  of l i g h t ,  in  th e  case of hydrogen. He found th a t  

fo r  the  small photon m u l t i p l i c i t i e s  ( u p  to  N = 22 ) ,  io n iz a t io n  by the  

c i r c u la r ly  p o la r ized  l ig h t  i s  g re a t ly  exceeded by the  one with the  l i ­

n early  po larized  l i g h t ,  F ig . 1. This conclusion i s  not in  agreement 

with some experimental r e s u l t s  fo r  low photon m u l t i p l i c i t i e s .  For exam-



1*

p i e ,  Fox a t  a l  L&8J obtained th a t  3 photon Io n iza tio n  of cesium with 

c i r c u la r ly  po larized  l ig h t  i s  about twice as e f f e c t iv e  as with l in e a r ly  

po la r ized  l i g h t .

<■
b

N

Fig . 1

F ig . 2 gives the measured dependences of the  13 photon i o n i z a t i -
ISon r a t e s  of krypton, on the  l a s e r  i n t e n s i t i e s  in  the  range of 10 W /^1 

and o ff  resonance . The io n iz a t io n  r a t e s  obey the  law ^ I 13 , as i s  

expected from the  p e r tu rb a t io n  theory fo r  t h i s  case , and th a t  was not 

a ffe c te d  by the l ig h t  p o la r iz a t io n  va lue . But, the  abso lu te  values of 

the io n iz a t io n  r a t e  were very d i f f e r e n t ,  showing the  l in e a r  p o l a r i z a t i ­

on of the  l ig h t  as n e a r ly  as  70 times more e f f e c t iv e  than the  c i r c u la r  

one.

One can pursue the  f i r s t  nonvanishing order p e r tu rb a tio n  theory 

f u r th e r ,  to  account fo r  the  d i s to r t io n  of the  atomic s t a te s  by the  l a ­

se r .  That d i s to r t io n  causes changes in  the  wave fu n c t io n s , s h i f t s  in  

energy e ig e n -s ta te s  and induced width of th e  s t a t e s ,  since the  l a s e r  

can induce the  t r a n s i t i o n s  between the  s t a t e s .  In  the  language of QED, 

the  s h i f t s  of the  s t a t e s  a r i s e  from the  f a c t  th a t  an atomic s t a te  ab­

sorbs and reem its  a la rg e  number of photons when i t  i s  exposed to  the
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ra d ia t io n  f i e l d ,  and before  the t r a n s i t io n  i s  made in to  or out the  s t a ­

t e .  Such emissions and absorptions a re  v i r tu a l  ( i . e .  the  photons rema-
-15in  absorbed fo r  a very short time of the  order of 10 sec ) and the  

atom remains in  the  same s t a t e ,  while t h e i r  ne t e f f e c t  i s  to  modify 

the  energy of the s t a te .  The observed t r a n s i t io n s  then take  p lace  b e t ­

ween these  "dressed" s t a te s .

£z3
aitr
<
COzs

LASER INTENSITY(ARRUMT5)

Fig. 2

The c a lcu la t io n  of the  "dressing" of the s t a te s  i s  complex in  

p r a c t ic e ,  even fo r  simple atoms. For example, one can c a lc u la te  the 

ac S tark  s h i f t s  [7 3  , which a re  in  the  lowest o rder  p ro po rtion a l  to  the 

mean value of the  square of the l a s e r  e l e c t r i c  f i e l d ,  by construc ting  

the dynamic p o l a r i z a b i l i t i e s  of the  s t a t e s .  As the  wave functions a re  

known exac tly  only fo r  hydrogen, even fo r  helium such c a lc u la t io n s  must 

use some approximation o f atomic s t ru c tu re  C8 ] .  That i s  the  main rea ­

son th a t  hydrogen i s  o f ten  the  candidate fo r  th e o re t i c a l  a n a ly s is .  I t
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can fu rn ish  the  c le a r  inform ation on the  ’multiphoton processes and p ro ­

vide a co rrec t  s t a r t in g  po in t fo r  the study of more complicated atoms. 

Hydrogen i s  not always a convenient candidate fo r  the  experimental 

work.

Resonant multiphoton processes e x ib i t  la rge  cross sec tions  and 

so a lo t  of th e o re t ic a l  and experimental work have been done in  them. 

These s tu d ies  showed th a t  many r e s u l t s  c h a r a c te r i s t i c  of o f f  resonance 

pe ru rba tion  theory a re  simply in v a l id .  Furthermore, fo r  s u f f ic ie n t ly  

high l a s e r  i n t e n s i t i e s ,  the  s t a te s  th a t  a re  otherwise nonresonant may 

become resonan t, due to  the  energy s h i f t  of the  dressed s t a te s .  The 

th e o re t i c a l  treatm ent o f the resonant multiphoton io n iz a t io n  usua lly  

uses the  f a c t  th a t  the  resonant s t a t e  ( or s t a te s  ) i s  a dominant one 

among a l l  in te rm ed ia te  s t a te s .  So, one can p a r t i t i o n  the  H ilb er t  spa­

ce of atomic s t a te s  in to  the s ta te s  of i n t e r e s t  ( i n i t i a l  s t a t e ,  re so ­

nant s t a t e s ,  the  f in a l  s t a t e  ) ,  while the in fluence  of the  r e s t  of the 

s t a t e s  i s  t r e a te d  in  the  ordinary  p e r tu rb a tio n  theory . For example, 

fo r  the  resonant two-photon io n iz a t io n ,  through a resonante in term edi­

a te  s t a t e ,  one can define  the p ro jec tio n  opera to r

P =  U0> < U ,  + U ,)< U , + J d 32  < « )

which p ro je c ts  onto the  H ilb er t  space of the  s t a te s  of i n t e r e s t .  The 

' complement of P i s  Q s 1-P. Then the Schrodinger equation of the problem 

can be w r i t te n  as a p a i r  of the  coupled equations C9 ] jC l6]

p ( i | r H ) P T = P H Q f <A6a)
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H ) & Y = Q H P Y  ' w »

where has been used one ^e^ ne a causal Green's function

with outgoing boundary conditions by

Q ( ^ - H ) a e t = a  <47>

then i t  can be used to  ob ta in  a formal so lu tion  of ( ^ 6 b)

Q T =  Q G o ’Q H  P Y  <4f»'Q

I f  th i s  i s  su b s t i tu te d  back in to  ( ^ 6 a)» the  equation f o r  P^P i s  ob ta­

ined

^ O f t -  h q G q ’ q h ) p y = o  ( « )

That equation conta ins th e  e f f e c t iv e  Hamiltonian

HeW = P ( H  + H Q C a H ) P  (so)

b u t ,  as the resonant s t a te s  a re  excluded from Gq  ̂ by the  Q opera tion , 

we can sa fe ly  use a pe ru rba tion  method described e a r l i e r ,  in  powers of 

the  l a s e r  f i e l d .  P a r t i c u la r ly ,  to  the z e r o ' th  order in  a tora-laser i n t e r ­



a c t io n ,  one can use the Green's function  (37 )» where the  I n i t i a l ,  r e ­

sonant and f in a l  s t a te s  a re  excluded from the  sum. This method w i l l  be 

d iscussed in  more d e t a i l  in  P a r t  I I I ,  in  the  context of the resonant 

io n iz a t io n  in to  m u ltip le  contlnua.

Many p e c u l i a r i t i e s  were pointed out in  connection with resonant 

multiphoton io n iz a t io n .  We can expect to  get a sharp increase  in  the 

multiphoton io n iz a t io n  c ross  sec tion  when one of the fac to rs  in  the 

denominator of the m atrix  element (*l2) tends to  zero . Then the s h i f t  

and the width of the corresponding resonant s t a t e ,  which a re  l a s e r  i n ­

t e n s i ty  dependent, become very im portant. As a consequence, i t  could 

be expected th a t  a la rge  dev ia tion  from the  law 1^ fo r  the N photon 

io n iz a t io n  r a te  would occur. The r e s u l t  would a lso  depend on the de tu ­

n ing. F u rthe r ,  the angular d i s t r ib u t io n  of the photoelec trons can be 

changed by some re la x a t io n  mechanisms o f the  resonant s t a te  [ 10] . 

Studing these  angular d i s t r ib u t io n s  can give the information about the 

p a r t i c u l a r  re la x a t io n  mechanisms.

I t  was shown ([11] , in  an example of the two-photon io n iz a t io n  

of the a lk a l i  atoms v ia  an in te rm edia te  resonant s t a t e ,  th a t  the f r e ­

quently  used f - s p l i t t i n g  scheme could be inadequate i f  the l a s e r  band­

width i s  s u f f i c i e n t ly  wide to  e x c i te  more than one hyperfine  leve l of 

the  resonant s ta te .T h a t  could r e s u l t  in in te r fe re n c e  in  io n iz a t io n  from 

each of these  le v e ls .

The c a lc u la t io n s  a re  mostly done in  the d ipo le  approximation, 

fo r  the  reason th a t  the  m ultipole  expansion i s  very rap id ly  converging 

one. But, i t  was shown [ 12] on the  example o f  two-photon io n iza tio n  

of l i t lu m , th a t  the  d ipo le  approximation i s  not allways va lid  in  a r e ­

sonant multiphoton io n iz a t io n .  I t  happens th a t  a t  some frequency of the
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l a s e r  the  d ipo le  t r a n s i t i o n  i s  not resonant to  any in te rm edia te  s t a t e ,  

and a t  the  same tim e, th e  quadrupole t r a n s i t i o n  in to  some excited  s t a te  

i s  resonan t. So, in  the  l im ited  frequency range, th e  quadrupole channel 

w i l l  g ive the dominant c o n tr ib u tio n  to  the  io n iz a t io n  r a t e .

There a re  not many experiments on multiphoton io n iz a t io n  p ro -  

cesse ,  th e  reasons c e r ta in ly  being th e  d i f f i c u l t i e s  with which such ex­

periments a re  done, as  w ell as th e  u n c e r ta in ty  o f  the  r e s u l t s .  The most 

se r io us  problems a re  th e  photon c o r r e la t io n  e f f e c t s ,  th e  change of the  

in te r a c t io n  volume with l a s e r  in t e n s i ty ,  Instrum ental s a tu ra t io n  and 

gas breakdown.

Early experiments on multiphoton io n iz a t io n  showed th a t  the  

p ic tu re  of the  multiphoton process was not a s  simple as  given by the  

p e r tu rb a t io n  theo ry , even i f  th e re  were no obvious resonances and th e  

l a s e r  i n t e n s i t i e s  were r e l a t i v e l l y  low. There i s  another c la s s  o f  ex­

perim ents, fo r  example by Evans a t  a l  [13] , who measured th e  probabi­

l i t y  o f  the  th ree  photon io n iz a t io n  of cesium, using  a ruby l a s e r ,  in
17- 29 -2 -1the  range of photon f lu x es  4*10 -1-3x10 cm sec . The l a s e r  frequency

was near the  resonance w ith one ( 9D ) bound s t a t e  energy. The io n iz a ­

t io n  p ro b a b i l i ty  as a func tion  o f  th e  photon f lu x  F i s  shown a t  F ig .  3.
28 -2 » aFor th e  photon f lu x es  l e s s  than 3*10 on sec the  slope of th e  graph

( in  log-log  sca le  ) i s  « 3 ,  which i s  expected from th e  p e r tu rb a tio n

theo ry . The v a r ia t io n  o f  th e  p ro b a b i l i ty  over th e  small range ( 5*10*^ 
28 •) -17x10 cm sec ) i s  such th a t  i t  decreases as  F in c re a s e s .  A fter  t h a t ,

29 -2 -1through a c e r ta in  reg ion  ( £  10 cm sec ) ,  th e  p ro b a b i l i ty  in c reases
a

as F ,  and then the  slope d ecreases ,  being constan t over a small r e -
5 Q

gion. Then the  slope slowly in c re a se s .  Up to  th e  photon f lu x es  o f  3x10 

cm sec th e  energy of th e  9D le v e l  s tays  f a r  enough from resonance, so



th a t  the p e rtu rb a tio n  theory i s  ap p licab le ,  giv ing the co rrec t  r e s u l t .

With the increase  of the  l a s e r  in te n s i ty ,  the  energy of the "dressed"

9D s ta te  i s  sh i f te d  toward the  resonance. That means th a t  the re levan t

f a c to r  ( E , - E - n 6) ) in  the denominator of the  matrix element (H 2)
9b o

becomes sm all, which increases  the t r a n s i t io n  r a t e ,  but a lso  requ ires  

the more exact treatm ent of the term. Including the  s h i f t  and the  width
t  t-2.

of the leve l j t le a d s  to  the form ( Eg^-E0-n W  )+ *g0 Ô  mentioned 

denominator f a c to r  in  the t r a n s i t io n  ra te  ( E ^  i s  the sh i f te d  l e v e l ) .

r .  -I - I
li

JT

4

>

I l l l 'h U I  f i l l *  l J .  C lll s e c " *

Fig . 3

A fter passing the  minimum, th a t  fa c to r  increases  with the  l a s e r  in te n s i -
Nty  ( or photon f lu x  F ) .  That can compensate the  in c rease  with I  

( N = 3 ) in  the  io n iz a t io n  r a te  (MO),  causing a small dip a t  Fig. 3.

The fac t  th a t  the  counted number of ions remains constan t over the 

region of F can be explained by the complex d i s t r ib u t io n  of the  l ig h t  

in te n s i ty  in  the  focus. For example, Chin [1 * 0  measured the t r a n s v e r ­

se s p a t ia l  d i s t r ib u t io n  of the photon f lux  a t  the focus of the  ruby
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19 _7 _i
la s e r ,  fo r  the photon fluxes about 10 cm sec . He found the ex is tence  

of m ultip le  fo c i ,  I . e .  more than one region where the l ig h t  In te n s i ty  

has a lo c a l  maximum. As the la s e r  in te n s i ty  increases  in  Evans's ex p e r i­

ment, the io n iz a t io n  s a tu ra t io n  f i r s t  occurs a t  the primary focus, 

when the io n iz a t io n  r a te  reaches the valuestfJ-, i s  the dura tion  of

the l a s e r  pu lse . A fter t h a t ,  the number of ions produced per  pulse

remains cons tan t ,  u n t i l  the in te n s i ty  i s  not large  enough fo r  io n iz a ­

t io n  to  occur a t  the.secondary focus, or even in  the region between the  

two. That explains the  increase  a t  curve a t  F ig . 3, a f t e r  the  f l a t  r e ­

gion.

Mainfray a t  a l  C15J did the experiment on the resonant m u lt i -

photon io n iz a t io n  of cesium, by a tunable neodimlum-glass l a s e r ,
a

about the in te n s i ty  of 10 The la s e r  bandwidth was very narrow,

0.4 A. The necessary photon m u l t ip l ic i ty  to  cause io n iz a t io n  was 4, 

and i t  went via  the th ree  photon e x c i ta t io n  of 6f  resonant leve l

10589 A ) .  F ig . 4 shows the number of the counted cesium ions 

as a function of the l a s e r  in te n s i ty  P , fo r  two d i f f e r e n t  l a s e r  wave­

len g th s ,  corresponding to  the detuning from the resonance by 0 .4  A.
In  F ig . 5, Hexp as a function of the l a s e r  wavelength i s  shown in  

the v ic in i ty  of the resonance, and in  Figs 6 the io n iz a t io n  r a te  as 

a function  of wavelength i s  given. I t  i s  in te r e s t in g  to  note th a t  the 

s h i f t  of the resonant lev e l  i s  le s s  than the la s e r  bandwidth 

when the  l a s e r  frequency i s  ju s t  on the resonance ( Fig. 6 ) .  But the

shape of the curve in d ic a te s  th a t  the Stark  s h i f t  of 6f  le v e l  i s  impo­

r t a n t  out of resonance. The dip a t  10579 A could be a consequence of 

an in te r fe re n c e  between the  nearly  resonant in term ediate  s t a te  and the  

non-resonant backround.
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In  another experiment by th e  same group C.5 3 » multiphoton i o n i ­

z a t io n  of the  noble gases ( xenon, krypton, argon ) was studied by the
13

very short pu lses  l a s e r  ( 30 psec ) ,  a t  i n t e n s i t i e s  about 10 ^J/C T(\ f  

and with a tunab le  frequency about 10640 X. In  F ig . 7 th e  r e s u l t s  fo r  

10644 A are  shown. The slopes of the  l in e s  a re  11 fo r  Xe, 13 f o r  Kr 

and 14 fo r  Ar. These exac tly  correspond to  the  va lues , p red ic ted  by
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When the  l a s e r  wavelength was tuned over a range of 80 X, no resonan- 

ces were measured and th e re  wejre no changes In  the  slope of the c u r­

ves, nor in  the number o f  the counted io n s ,  although th e re  were seve­

ra l  le v e ls  allowable fo r  the resonant multiphoton e x c i ta t io n .  The 

explanantion of the  disapearance of the  resonances in  t h i s  experiment, 

and the consequent agreement with the p e r tu rb a tio n  theory , even a t  

r e l a t iv e ly  high la s e r  i n t e n s i t i e s ,  could be in  the short dura tion  of 

the l a s e r  p u lse .  The resonances were observed under the same e x p e r i­

mental cond itions , but w ith a much longer pu lse  dura tion  ( 10 nsec ) .  

When the la s e r  pu lse  i s  too sh o r t ,  the resonant channel ( which takes 

a much longer time to  occur than nonresonant ) d o e sn 't  have enough t i ­

me to  take p lace , and multiphoton io n iz a t io n  i s  governed by the non­

resonant p rocess.

The purpose of t h i s  In troduction  was to  show q u a l i t a t iv e ly  some 

fea tu res  of the multiphoton io n iz a t io n  in  the range of l a s e r  i n t e n s i ­

t i e s  where the p e r tu rb a tio n  theory in  a tom -laser in te r a c t io n  and i t s  

c o rrec tio n s  or ex tensions are  p r a c t ic a l ly  ap p lica b le .  A short review 

of the work th a t  was done on multiphoton io n iz a t io n  in  u l t r a s t ro n g  

la s e r  f i e ld s  ( I£>I0 , where I d i s  the atomic u n it  fo r  l ig h t  i n t e n s i ­

ty ,  defined by (31 ) )f i s  given in  P a r t  I .  We s h a l l  show th a t  the non- 

r e l a t i v l s t i c  treatm ent of the multiphoton io n iz a t io n  in  such a strong 

l ig h t  f i l d  i s  unacceptable. The r e l a t i v i s t i c  approach to  t h i s  problem, 

shown on the example of hydrogen atom, w i l l  be given in  Sections 1 .2 , 

1.3 and 1 .4 .

In  P a r t  I I  i t  w i l l  be discussed the p o s s ib i l i ty  of g e t t in g  the 

multiphoton io n iz a t io n  p ro b a b i l i ty  as a function  of the l a s e r  in te n s i ty

from the measured energy spectrum of p h o to -e lec tron s .



P a r t  I I I  w i l l  t r e a t  the  multiphoton Io n iza tio n  In to  m ultip le  

continua, the  e f f e c t  which was experimentaly observed re c e n t ly .*

* As a b a s is  and the  main sources of re fe ren ces  fo r  th i s  In troduction  
we used re fe rences  C163 and L 1 7 J ,
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P A R T  I

MULTIPHOTON IONIZATION OF HYDROGEN IN ULTRA STRONG LASER FIELDS

& I .1  I n t r o d u c t i o n .  In recen t y ears ,  due to  the develop-
15. ,

ment of u l tra h ig h  in te n s i ty  la s e r s  ( >  10 I n te r e s t  has a r isen

in  the th e o re t ic a l  and the  experimental s tu d ies  of behaviour of atoms 

in  such f i e ld s .  Multiphoton io n iz a t io n  of atoms with very high photon 

m u l t ip l i c i ty  has become p o ss ib le .  The th e o re t ic a l  treatm ent of such 

high photon m u l t i p l i c i t i e s  i s  d i f f i c u l t  and u n c e r ta in ,  even a t  low la -  

se r  i n t e n s i t i e s  when the  p e r tu rb a t io n  theory in  laser-atom  in te ra c t io n  

i s  s t i l l  a p p lica b le .  The reason fo r  t h i s  i s  the n e se s s i ty  of p e r fo r ­

ming a large  number of summations, and a lso  the  fa c t  th a t  a t  low la s e r  

frequences the  p o s s ib i l i t y  of a g rea t  number of resonant and q u a s i re ­

sonant s t a te s  a r i s e s  and t h i s  can complicate the  s i tu a t io n  very much.

The physics which one u su a lly  has in  mind when considers  

the  p rocess of multiphoton io n iz a t io n  i n  a high in te n s i t y  l a s e r  f i e ld  

i s  the  fo llow ing: An atom i s  i n  i t s  ground s t a t e  in  the  absence o f  the  

la s e r  f i e l d .  Then, in  th e  r e s t  frame of th e  atom, the  l a s e r  e l e c t r i c  

f i e l d  amplitude i s  ad iab a tica lly  increased  from zero to  an u l t ra s t ro n g  

p la tea u  value and held constant fo r  the  time T. I t  i s  then a d ia b a t i ­

cally decreased to  zero  and the  p ro b a b i l i ty  of io n iz a t io n  i s  measured. 

Since the i n i t i a l  and the  f in a l  measurements on the atom are  made in  

the absence of the l a s e r ,  th e re  i s  no d i f f i c u l t y  in  defin ing  the a to ­

mic s t a t e .  The experiment i s  repeated w ith the  same p la teau  value of 

the e l e c t r i c  f i e l d ,  but varing T, and the  v a r ia t io n  of the curve of 

io n iz a t io n  p ro b a b i l i ty  versus T y ie ld s  the  io n iz a t io n  r a t e  per  un it



time fo r  u l t r a s t ro n g  f i e ld s .  The experiment I s  then repeated  fo r  d i f f e ­

ren t  p la tea u  values in  order to  ob ta in  the io n iz a t io n  r a t e  as a f u n c t i ­

on of f i e ld  s tren g th .

In  order to  reach the high p la teau  value of the  la s e r  i n t e n s i ­

ty  i t  must be increased  ad lababtica lty  from zero  to  t h i s  value. A sim i­

l a r  decrease occurs when the atom emerges from the  l a s e r .  This im plies 

th a t  the  atom i s  in  the  changing f i e l d  fo r  a f i n i t e  length  of time. I t  

can be ionized during th a t  tim e, and i f  the  io n iz a t io n  p ro b a b i l i ty  i s  

e s se n t ia ly  u n ity  during th a t  in t e r v a l ,  then the  measurement which we 

a re  describ ing  would be very d i f f i c u l t  to  perform.

When an atom i s  i l lum ina ted  with a s u f f i c i e n t ly  in te n se  l a s e r  

f i e l d ,  the  motion of e le c tro n  i s  determined by th a t  f i e l d  more than 

by the  in te r a c t io n  with the  nucleus. As a r e s u l t ,  atom could be t o t a ­

l ly  destroyed with the  s t a t e s  so mixed and s h i f t e d ,  th a t  the  p e r tu rb a -  

t iv e  p ic tu r e  of t r a n s i t io n s  between the  dressed s ta t io n a ry  s t a te s  un­

der the  in f luence  of the  l a s e r  looses any meaning. I t  i s  more l ik e ly  

th a t  the  t r a n s i t io n s  o c c u r , between the  f re e  e le c tro n  s t a t e s  in  the  

l a s e r ,  "dressed" by the  p o te n t ia l  o f  the  e le c tro n  in  the  f i e ld  of the  

nuc leus. Then the  t r a n s i t i o n s  occur in  the  process o f the  s c a t te r in g  

of such s t a te s  on the  nucleus p o te n t i a l .  A lo t  of work have been done 

on the  behaviour o f atoms in  u l t r a s t ro n g  l a s e r  f i e l d ,  based on t h i s  

p ic tu re .

Our work w i l l  be a ls o  based on the  same p i c tu r e ,  i . e .  tak ing  in  

the  f i r s t  approximation the  n u c lea r  p o te n t ia l  as n e g l ig ib le ,  and then 

t r e a t in g  i t  as a p e r tu rb a tio n  on the  otherwise f re e  e le c tro n  s t a te s  

in  a l a s e r .  The j u s t i f i c a t i o n  f o r  th a t  can be roughly taken as  based 

on the  supposition  th a t  the  e l e c t r i c  f i e ld  o f the  l a s e r  i s  l a rg e r  than



some average value of the  e l e c t r i c  f i e ld  th a t  e lec tron  experiences due 

to  the nucleus. Q uan titav e iy , the  s ta te d  condition  can be w r i t te n  as

£ » £  o (1 .1 .1 )

where E i s  the  l a s e r  e l e c t r i c  f i e ld  and E0 i s  the  atomic u n i t  fo r  e le c ­

t r i c  f i e l d ,  defined in  the  In tro d u c tio n , eq. ( 3 0 )  • I f  we define  the  

dlmensionless q u a n ti ty

^ j m c 1 u - l ' 2 )

where Q, i s  vec to r  p o te n t ia l  of the  l a s e r  f i e l d ,  then in  the  case of 

the  CO2 la s e r  ( photon energy j \ ( A & 0 . l 2  eV ) ,  which we w i l l  use as a 

p a r t i c u l a r  example, the  condition ( 1. 1.1 ) has the  form

X »  I (1 .1 .3 )

For E ^ E 0 , the  peak o s c i l l a to r y  v e lo c ity  of a f re e  e lec tro n  in  the l a ­

se r  f i e ld  i s

C 171 tdC

That expression , to g e th e r  w ith the  condition  (1.1.3 ) says th a t  the 

e le c tro n  in  such a f i e l d  should be t r e a te d  r e l a t i v i s t i c a l l y .  I t  was 

pointed out by many authors before  C63 [191  j C 2 0 j  . On the

* In t h i s  P a r t  we have in  mind a p a r t i c u l a r  example of hydrogen atom.
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o th e r  s id e ,  we have a lready  seen In  the  In troduction  th a t  d ipo le  appro­

ximation i s  not always v a lid  even in  low la s e r  f i e ld  l im it  C H l*  But, 

i f  we consider e lec tro n  in  a l a s e r  f i e ld  which i s  so strong th a t  in  

f i r s t  approximation th e  atomic p o te n t ia l  could be neg lec ted , then the  

Lorentz fo rce  on the  e le c tro n  i s
*■ v

m Q = . - e [  E(r,t)-t* (1 . 1 . 5 )

where E and B a re  the  e l e c t r i c  and magnetic f i e ld s  o f the  l a s e r .  I f  

th e  f i e ld  i s  not too s trong , the  magnetic force  term can be neglected . 

Then the e le c tro n  a c c e le ra t io n ,  v e lo c i ty  and the  displacement remain 

p a ra le l  to  E, and so k * r « 0 ,  leading to  the d ipo le  approximation. But 

fo r  l a s e r  i n t e n s i t i e s  s u f f i c i e n t ly  la rg e ,  the  e lec tron  experiences a 

ne t fo rce  along k, which co n tra d ic ts  the  d ipole  approximation. In  QED 

language, t h i s  ne t magnetic fo rce  along Tc can be described as "Compton 

s c a t te r in g " ,  but t h i s  i s  not an o rd inary  Compton s c a t te r in g ,  of a pho­

ton by a f r e e  e le c tro n ,  as ( u sua lly  ) a la rge  number of low energy 

photons i s  included in  the  process . In  our c a lcu la t io n  of multiphoton 

io n iz a t io n  p ro b a b i l i ty  of hydrogen we w i l l  include  a l l  m ultipoles of 

the  l a s e r  f i e ld  and t r e a t  the  e lec tro n  s t a te s  r e l a t i v i s t i c a l l y .

All the  work th a t  have been done so f a r  on the  multiphoton 

io n iz a t io n  in  u l t r a s t ro n g  la s e r  f i e ld s  have been based on the  nonre la - 

t i v i s t i c ,  d ipo le  approximation and the  hydrogen atom and CÔ  la s e r  have 

been used, as the  p a r t i c u l a r  examples. We w i l l  now b r i e f ly  describe  the 

previous work.

The Space T ra n s la t io n a l  Approximation ( S T A ) s t a r t s  from the



fourth  ( Kramers ) gauge, which was described  in  the In troduction . In 

the  case of the hydrogen atom the in te r a c t io n  p o te n t ia l  ((22)) can be 

w r i t te n  as

2. , r I £'(V+oO a

where o (( t)  was defined in  ( Z t )  and rep re sen ts  the  displacement of 

the  c la s s ic a l  e lec tro n  in  the  e lectrom agnetic  f i e ld .  This describes 

the  s h i f t  to  the a cce le ra ted  frame of refe rence  in  which the  e le c ­

tron  "sees" nucleus as o s c i l l a t i n g .  Expanding exp( i  q*o((t) ) in  the 

F ou rie r  s e r i e s ,  one g e ts  fo r  a l in e a r ly  po larized  l ig h t

*

V  j  | A i ( ^ ' S ) e 'nwtd S5

where • Averaging t h i s  in  time, over a period  of the  l ig h t

o s c i l l a t i o n ,  one g e ts  the  time independent p a r t  o f ( 1. 1. 7 )

. (1 . 1 . 8) sins>|

For the  case of the c i r c u la r ly  po la r ized  l i g h t ,  t h i s  g e ts  p a r t i c u l a r ­

ly  simple form in terms of the complete e l l i p t i c  In te g ra l  of the 

f i r s t  kind K £ 1 2 ]
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which can be in te cp re ted  as the p o te n t ia l  due to  nucleus, with the  nuc­

l e a r  charge spred uniformly over a r ing  of rad ius  o^o • S T A con­

s i s t s  in  describ ing  the  "dressing" of the  atom by the  l a s e r  f i e ld  as 

caused by the  e f f e c t iv e  p o te n t ia l  VQ( r ) .  In  th a t  way, one p a r t  of the 

strong l a s e r  f i e l d  i s  incorpora ted  in to  atomic Hamiltonian, while the 

remaining, o s c i l la to ry  p a r t  i s  t r e a te d  as p e r tu rb a t io n .  I f  one wants to  

find  io n iz a t io n  p ro b a b i l i ty  o f  the atom in  the  l a s e r  f i e l d ,  in  th i s  

form ulation , he w i l l  f ind  eigenvalues and e ig e n s ta te s  of the Hamilto­

nian

p Z
( 1 . 1 . 10)

num erically , and then he w i l l  compute the  io n iz a t io n  p ro b a b i l i ty  due 

to  the  time-dependent p e r tu rb a tio n

I  a *  r  C ( n w td S2  (1 .1 .11)
n*o

Lima a t  a l  [23] ca lcu la ted  the  deformation of the ground s t a t e  

of hydrogen, due to  the  p o te n t ia l  V0 (r)  , fo r  the  c i r c u la r ly  p o l a r i ­

zed, strong CO  ̂ la s e r .  He introduced the  s tren g th  parametar of the  las-

s e r  f i e l d  X = -^ -X *  His r e s u l t  was th a t  with in c reas ing  X the  ra d ia l
Q o

d is t r ib u t io n  of the  e lec tro n  was sh i f te d  fu r th e r  from the  nucleus. For 

example, fo r  X=100 i t  was peaked a t  about 100 Q0  . As a consequence, 

the  binding p o te n t ia l  o f  the  e lec tro n  to  the  nucleus i s  decreased,

and fo r  la rg e r  values of X  i t  decreases as

There i s  concern about the  v a l id i ty  of t h i s  method. The e f f e c t ! -
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ve p o te n t ia l  V0 , used in  S T A » conta ins the  f i r s t  order co n tr ibu ­

t io n  to  the  d ress ing  of the  atomic s ta te s  by the l a s e r ,  and i s  o b ta i ­

ned by the  time averaging. Gersten and Mittleman t 2 2 j  showed th a t  i f  

one includes h igher order co n tr ib u tio n s  in to  S T A method, the  s e r ie s

converges very slowly ( as JL ) .  That s trong ly  l im its  the  a p p lica t io n
CJ

of the  method, making i t  in ap p licab le  fo r  the  case of the  CO2 la se r .  

Therefore , the  p ic tu re  of expanding the atom in  a strong la s e r  f i e ld  

could be wrong.

F a isa l  ca lcu la ted  the  io n iz a t io n  p ro b a b i l i ty  fo r  hydrogen

in  an u l t r a s t ro n g  la s e r  f ie ld  using the exact expression fo r  the S 

m atrix

S*i = - i < u r ,  H , 4 f >  ( 1. 1- .12)

which was defined in  the In tro d u c tio n , eq. (2 5 )*  He did h is  c a lc u la ­

t io n  in  the  f i r s t  gauge, with the Hamiltonian H.J given in  eq. (& ) .

the exact so lu t io n  o f the Schrodinger equation with the Hamilto­

nian H i  * which evolved from the  ground s t a te  of hydrogen a t  t=-oo. 

F a isa l  made ah u n ita ry  transform ation  of the Hamiltonian, transforming 

i t  in  the Kramers gauge, and then approximated the new wave function 

by the unperturbed ground s t a t e  U0 • Sof he made the zero th  order
.Jfc

S T A, neg lec ting  o((t)  in  the e f fe c t iv e  p o te n t ia l  (1 .1 .6 ) .  In the f i r s t  

gauge t h i s  approximation fo r  V^'^can be w r i t te n  as

(1 .1 .13 )
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The S m atrix  (1 .1 .12) I s  now

F a isa l  approximated the  unperturbed f in a l  s t a t e  ulj? by the  f re e  e le c ­

tron  plane wave ( I . e .  he neglected the  Coulomb in te r a c t io n  in  the f i ­

nal s t a te  ) which leads to

u „ >  a . i • » )

where i-s the wave function  of f r e e  e lec tro n  in  l a s e r ,  which co rres

ponds to  the Hamiltonian ( VcO ) in  ( g )

4 ' = e * P ' ( F - i k J ( £ + e A f d t '  a . i . w )

But (1 .1 .15) i s  ju s t  the f i r s t  term of the  p e r tu rb a t iv e  expansion of 

the  exact S m atrix

S |o = - i< C ^ > o >

in  the  e lec tron -nucleus  in te r a c t io n  V . ' i ^ w a s  defined in  In troduction , 

by (29)* Using the  Llppman-Schwinger equation

^  (1 .1 .18)

and expanding the  f u l l  G reen 's function  (7 in  the  e lec tron -nucleus  

in te ra c t io n

g m = c + g : v g :~v .. (1 .1 .19)



one ge ts  (1.1.15 )* i f  neg lec t  o ther than the  f i r s t  term. Time and spa­

ce in te g ra t io n s  in . (1 .1 .15) can be e a s i ly  performed to  give the T mat­

r ix

and the energy conserving condition

E j - W 0 + l w - a . 1 . 2 1 )

l ^ l g j i s  the Fourie r  transform  of the i n i t i a l  s t a t e  with eigen-energy 

W0 , q i s  the f i n a l  momentum, X i s  the dimensionless q u a n ti ty  defined 

in  eq. (1.1.2) , and F( i s  the ’’genera lized  Bessel func tion" , th a t  

corresponds to  th e  photon m u l t ip l i c i ty  t  Cl83

1t

F , ( £ )  = Jjj; j t H 1 e x p i ^ a ^ s i n n  J g L ^ s i n r f + M ) * 1- 1-22’

-Tt

The condition  q ^ 0 ,  to g e th e r  with ( 1.1.21 ) y ie ld s

I  >  ^  (1 .1 .23)

where W0 i s  the " e f fe c t iv e "  io n iz a t io n  p o te n t i a l .

I f  one pursues t h i s  f u r th e r ,  to  c a lc u la te  the io n iz a t io n  r a te  

from the F a isa l  T m atrix  (1 .1 .2 0 ) ,  the  c a lc u la t io n  becomes d i f f i c u l t ,  

The reason i s  th a t  Fg has the  saddle po in ts  in  the  complex plane. The
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saddle p o in ts  in  the in tegrand  of (1 1 .2 2  ) are  a t

Appliing the energy conserving condition  (1.1.21 ) one finds

(<g-a)z + 2m(x2-m -  Uo ) - -£ 2( 1- 0 a. 1.25)

and so a l l  four saddle p o in ts  a re  always in  the complex plane . Using 

the standard method C25J we found

F< *  4  ( & )V2 4 e ' *

Yo = ( 4 ) Z ( l  -  (1 .1 .26)
m

which y ie ld s

(

H i l  *  \  ( t -

For the  la s e r  f i e ld s  fo r  which x ^  | , and fo r  CÔ  l a s e r ,  the exponent 

in  (1 .1 .27) i s  of o rder 1. For very strong f i e l d s ,  x » | j  and we can 

approximate the exponentia l f a c to r  by 1. The io n iz a t io n  r a te

fo r  photon m u l t ip l i c i ty  t, L5
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W{ s 2i t  (wi -tu-w.)  IT((Sl)|Z ( l - ' - 28)

and a f t e r  q In teg ra tio n  we f in a ly  get

( * ) (=  &  £ & ) \ r c .  s i n f t  ~ (1 .1 .29)irx eo w  Y»myfe

Summation o v e r .a l l  i  y ie ld s  the  t o t a l  io n iz a t io n  r a t e

6 0 =  ^  &  oCf (1.1.30)
*  t

For the c i r c u la r ly  p o la r ize d  l i g h t ,  F a is a l  obtained the T m atrix  

fo r  the io n iz a t io n  and the  energy conserving condition  in  the form

T i ( 2 ) = (  + 0  ( £ w - x * m )  U o ( & ) 3 t ( 2 x jL k ) € ~  ( i . i . 3 i a )
C0

E £ = W b +  l u ) - l ) ( x 'rc\ ( i . i . 3 i b )

where q^&eO, q^asCOS© • The e f fe c t iv e  io n iz a t io n  p o te n t ia l  was then

r s j
W 0 “ 2 > 6 m - V o  (1 .1 .32)

The f i r s t  a p p licab le  c a lc u la t io n  of multiphoton io n iz a t io n  in  

an u l t ra s t ro n g  la s e r  f i e l d  was due to  Keldish £2.61, fo r  the hydrogen 

atom and a l in e a r ly  p o la r ize d  la s e r .  He s ta r te d  from the exact 

S m atrix  (1.1.1?) and expanded Ng in  the  e lec tron -nucleus  in te r a c t io n ,



using (1.1.18 ) and (1.1.19 )• This leads to  the  approximate S m atrix , 

given by eq, ( ) •  So> the  Keldysh’s and the F a i s a l ' s  c a lc u la t io n s  

were s im ila r ,  the only d iffe ren ce  was in  the  gauge used. Keldysh used

r»E gauge, with Jgiven by ( | 9  ) and H=eF-E . The time in te -£L B * \ lo t  ailu

g ra t io n  in  the S m atrix  gave the energy conserving condition  ( 1.1.20 )

which i s  the  same as the  F a i s a l ' s  one. Keldysh used the  fu n c t io n s , s i ­

m ila r  to  those given by (1 .1.22)» which had the  p r in c ip a l  con tlbu tion  

from the  saddle po in ts  in  complex p lane . On condition  Ja- «  fty he
2m '

f ln a ly  got the r e s u l t  fo r  the  t o t a l  io n iz a t io n  r a te  in  the  form

F  Ai

oT j j )
2 5/1i *K ' E </  2 ?/i< t i

v a lid  in  the l im i t  1, where i s  a d im ensionless param etar, de­

fined as

Y =  l a  -  ( 1. 1. 34)
0  R y  2 E  4 x

For X ^ I  and CO2 l a s e r ,  the  exponent in  (1 .1 .33) *s order l ,and

in  the  u l t r a s t ro n g  la s e r  l im it  ( X 2 ^ 1 )  i t  can be approximated by 0.
*

But preexponential f a c to r  now in creases  with the l a s e r  e l e c t r i c  f i e l d ,  

the behaviour th a t  i s  oposite  to  the  one in  the  F a i s a l ' s  r e s u l t .

P e r t  C27J followed the  same s teps as  Keld sh and F a isa l  d id ,  

except th a t  he worked on in  p»A gauge, w ith the  f r e e  e lec tro n  wave 

function  in  la s e r  given by ( 1 5 )  and the  in te ra c t io n  given by ( I M) .  

He obtained a T m atrix  f o r  the absorption  of I photons in  the form



Tt ( g ) = £ u  C , ( g ; 3e W “. - £ ) (1 .1 .35)

with the energy conserving condition

(1 .1 .36)

Using (1 .1 .2 8 ) ,  th a t  y ie ld s  the  io n iz a t io n  ra te

« f = l6R/ & ±  p*3j(x) (1 .1 .37)

where

= 2  f  ( & f (  i p - 1 f  = 2 X f f i f V F ( i p  -  i f ( l a '38)
fo H u  > 1 Ry '  ftw '  Ry /

The in te g ra l  in  ( f .1.37) d iverges log aritm ica ly  as , leading

to  the r e s u l t

6 j , w  ! k  1  i s .  £  ( i . i . 3 9 )
1 t  I* E  E o

Summing over (?, the t o t a l  io n iz a t io n  r a te  i s

AJ ~  f e j  J§£ f?) J= 5 ^  Rv 1  H r\X  (1 .1 .40)
*  Ry E Eo H 21 X

which i s  d i f f e r e n t  from both the  Keldysh and the  F a isa l  r e s u l t .
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Gersten and Mittleman C6] s ta r te d  from the  exact expression fo r  

the  S m atrix

The f i r s t  term in  (1 .1 .41) i s  a one photon t r a n s i t i o n ,  which can be 

d iscarded  on the  ground of energy conservation . The Green 's function  

in  the  second term was then expanded in  the  e lec tron -nucleus  i n te r a c ­

t io n ,  using (1 .1 .19 ) .  An ad d it io n a l  approximation used was the  re p la ­
nt-)

cement of the U£ , which i s  a continuum function  of an e lec tro n  in  

the  f i e ld  of the  nucleus, by a plane wave. The c a lc u la t io n  was done 

in  p> A gauge.

S j o r “ i ^  H 'U 0)  -  K  U $ \  (1 .1 .41 )

where G i s  the f u l l  causal Green's function  of the  problem

(1 .1 .42)

and are the so lu tions of the unperturbed Hamiltonian

( • f t - T - V ) u o, s  = 0 (1 .1 .43)

/•(+) a
Cye *n the  p*A gauge can be w r i t te n  as

(1 .1 .4 4 )
h,n'
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The r e s u l t  fo r  the  T m atrix  was

7( {%)=((*) fio(j)7e(°fr£)Jo (£•£) (1.1.45)

with the  energy conserving condition {rg= t e d  Wo • That y ie ld s  

the  t r a n s i t io n  r a te  fo r  io n iz a t io n  o f  photon m u l t ip l i c i ty  £ in  the 

form

where A p  was defined  in  (1.1."i8). When the  parameter 2xiH£^(pi3 much 
1 r

l a rg e r  than ttnfaz fix ( the  u l t ra s t ro n g  l a s e r  l im it  ) t the  Upper l im i t  

in  the in te g ra l  can be replaced by i n f i n i t y .  The use of the  approxima­

t iv e  formula

c) dx » ^>0 (1.1.47)
J9 2k  t

leads to

6J.ai Ry i- ' (1.1.48)
U  7 E t h

That y ie ld s  the  t o t a l  Io n iza tio n  r a te  as

oo
&=Z GOp = 4- fiv / fo))1 fa- L fiv fco (1.1.49)

^  t i  U y /  5  IT K Ay X f t  t  X
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In  both the  P e r t  and the  Gersten and Mittleman c a lcu la t io n s  the  " e f fe c ­

t iv e "  io n iz a t io n  p o te n t i a l  was Vvfc— Ry .

I f  compare the  T m atr ices  f o r  photon m u l t ip l i c i ty  6 , obtained 

by Gersten and M ilttleman ( 1.1. S5  ) and the  one obtained by P e r t  

( 1.1.35), we see th a t  th e  d if fe ren ce  between two i s  in  ad d it io n a l  fac ­

to r  3.6&S) in  former c a lcu la t io n .  On the  o ther  s id e ,  i f  the  f i r s t
. i - )  ,

term \U £ , | - jU p/  in  e q .(1 .1 .m >  of Gersten-Mittleman c a lcu la t io n  i s  

re ta in e d ,  approximation of the f i n a l  s t a te  as a plane wave AjjT allows 

(1 .1 .M ) to  be rew r it ten  as .

H i*  t  <C. , (1 + H 'iAoy  (1 .1 .50)

I f  the  l a s e r  i s  of f i n i t e  s p a t ia l  e x te n t ,  we could use the  in d e n t i ty

-  Ai£ +  H (1.1.51)

which wo.uld make the  forms (1.1.*i 1) and id e n t i c a l .  But, i f

the  la s e r  i s  i n f i n i t e  in  i t s  s p a t ia l  ex ten t ,  from the  d e f in i t io n  of Gp 

th e re  a r i s e s  an a d d it io n a l  f a c to r  Jtjfdo'S.) . That i s ,  the  re la t io n  

(1 .1 .51) must be changed to  the  form C16J

( i . i . 5 2 )

which explaines the  d if fe ren c e  in  f a c to r  U0 fo r  the two c a lcu la t io n s  

of the  multiphoton io n iz a t io n  r a te .

We can now d iscuss  the  range of v a l id i ty  of the  above mentioned 

four d e r iv a tio n s  of the  io n iz a t io n  r a te  of hydrogen in  strong la s e r
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f i e l d s .  AS we have a lready  seen, the c a lc u la t io n s  of F a i s a l ,  Keldysh, 

P e r t  and Gersten-Mittleman can be understood as the f i r s t  term in  the 

p e r tu rb a t iv e  expans-ion in  the  e lec tron-nucleus  in te ra c t io n  V of the 

exact S m atrix

5 |,o  = - i  (1.1 .53)

Expanding t h i s ,  by the use of eq. (*1.1.1ft) and (1 .1 .19) one gets

5 & 0 - - L  ( ^ j ?  )H Uoy +  J VGoH  U * > +  < ^ ^ 5 ; V G 0 \ / G o H

( 1 .1 . 5 4 )

( f i n i t e  l a s e r  s p a t ia l  ex ten t i s  supposed ) .  S t r i c t l y  speaking, the 

way to  in v e s t ig a te  the  convergence of the  p e r tu rb a tio n  s e r ie  i s  to  

find  the  next term of the  expanssion ( 1.1.5*1) > and re e s ta b l ish  

the  condition

K * s > m V > M 0 4 :  ( 1 .1 . 5 5 )

S t i l l ,  we can use the  usual p e r tu rb a tio n  theory argument th a t  the  con- 

'  d i t io n  of the convergence o f the  procedure i s  th a t  the  dominant i n t e r a ­

c tio n  i s  much la rg e r  than  the  p e r tu rb a t io n ,  which gives

I I > >  V ( r )  ( 1 .1 . 5 6 )

Considering th a t  the  Coulomb in te r a c t io n  i s  important in  the  v ic in i ty  

of the atom of range Q 0 y ie ld s  CCl ^  f ty
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This Is  equ ivalen t to

(1 .1 .57)

(1 .1 .58)

(1 .1 .59)

The th ree  of the  above mentioned c a lc u la t io n s  lead to  the  conc­

lus ion  th a t  the Io n iza tio n  p ro b a b i l i ty  decreases as the  l a s e r  e l e c t r i c  

f i e l d  inc reases  ( In  u l t r a s t ro n g  l a s e r  l im it  ) ,  while Keldysh came to  

the opposite  conclusion. Reiss C28J discussed  the  p o s s ib i l i ty  th a t  the  

io n iz a t io n  r a te  fo r  th e  strong la s e r  f i e ld s  can have more succeslve 

maxima and minima. He used the  " momentum t r a n s la t io n  approximation "

( M T A ) to  f ind  the  approximation of the  f u l l  wave function  of the 

e le c tro n  In the  nuc lear  p o te n t ia l  — la s e r  in te r a c t io n .  I t  c o n s is ts  of 

the  fo llow ing: One s t a r t s  from the Hamiltonian in  the  f i r s t  gauge 

given by ( 8 ) » flnd makes an u n ita ry  transform ation  C X p - l ( c A  ^ )  

to  th e  r*E gauge. The new Hamiltonian i s  (1?)

X »
4

or ( Keldysh )

or ( Gersten-Mittleman )

| D - J L

H j  =  + e r - £  + V ( i i (1 .1 .60)



The MT A neg lec ts  the  e le c t r o n - la s e r  in te r a c t io n  in  (1 .1 .6 0 ) ,  approxi­

mating the  so lu t io n  of the  Schrodinger equation

by the  u0(r),where u0 i s  the  eigen function  o f the  unperturbed Hamil­

tonian  H = T  + V . In  th a t  way, the  approximate wave function  of H<i o 1

i s

. . .  - i e A f  - c e A - r  
7 i = e  (1 .1.62)

The j u s t i f i c a t i o n  of the  approximation i s  the  fo llow ing: The un ita ry  , 

transform ation  exp-l(6A *r) transform s, in  the  case of small l a s e r  f r e ­

quences, the laser-a tom  in te ra c t io n  <Lfi<p+£LAx  to  the  much sm aller
In 2 n \

laser-a tom  in te ra c t io n  f iT ’ t  , which can be t r e a te d  as a p e r tu r b a t i ­

on and neglected  in  the  f i r s t  approximation. The in te r a c t io n  of the 

e lec tron  with a l a s e r  i s  then described by the  la rge  exponent in  (1.1.62). 

The conditions of v a l id i ty  of t h i s  approximation could be expressed as

| ^ A ' P , |  (1 .1 .63a)

| e E r | « V ( r )  (1.1.63b)

For hydrogen atom, the  f i r s t  condition  y ie ld s  O s.  «■ ) , while the  sec-
n A

ond gives -For a CO^ la s e r ,  the  condition  i s  a lready

f u l f i l e d ,  but the  second one g ives Y «  1 . So, in  th a t  c ase ,th e  method 

i s  app licab le  fo r  th e  l a s e r s  of in te rm ed ia te  i n t e n s i t i e s ,  but c e r ta in -
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ly not fo r  u l t ra s t ro n g  I n t e n s i t i e s .  In  f a c t ,  the  second cond ition , 

(X« ^ f e  *S e<Jul-va*ent to  t *ie cond ition  E « E 0 , where Ee i s  the 

atomic u n it  fo r  the  e l e c t r i c  f i e l d ,  and th a t  c le a r ly  r e s t r i c t s  the  

range of the  a p p l i c a b i l i ty  of M T A.

To f ind  the  t r a n s i t i o n  p ro b a b i l i ty  by t h i s  method, one can s t a r t  

from the  exact S m atrix

<u'?, l-l, e'16̂ V,.'") (1.1.6*)

where, Y}(+> i s  the f u l l  wave function  of the  Hamiltonian , defined 

in  (1 .1 .60) end which evolves from the  i n i t i a l  s t a t e  u Q a t  t= -o ©  .

lA£ i s  the f in a l  s t a t e  th a t  s a t i s f i e s  the  wave equation , unpertu r­

bed by the l a s e r .  I f  we expand in  p e r tu rb a t iv e  s e r le  in  l a s e r -

e lec tro n  in te ra c t io n

T? =  U, +  ( ? % '  U0= U0+ g J ’ Hj  U „  +  ... (1.1.65)

where i s  unperturbed atomic Green 's fu n c t io n ,  and i f  we keep only
r\

the  f i r s t  term of th a t  expanssion, we get M T A. Using the  usual pe ru r-  

b a tio n  theory arguments, t h i s  s e r ie s  converges under the  co nd itions , 

s ta te d  above. We w i l l  no t fu r th e r  pursue the  Reiss c a lc u la t io n ,b u t  we 

w i l l  r a th e r  p resen t h is  d iscu ss io n  on some fe a tu re s  of the  high in te n ­

s i t y  multiphoton t r a n s i t i o n s .  Reiss showed th a t  th e  S m atrix  (1.1.64) 

i s  pvopotional to  the  m atrix  y Mo) >

Or,e'ieA'u.>
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For a weak la s e r  we can expand the exponential in  A*r to  get

M & t ,  =  £ <  u £ ^ e A ‘?  u0> + - . . .  a . i . 6 7 )

The r ig h t  hand s ide  of t h i s  expression can never ex h ib i t  maxima as  a 

function  of (Qf , which i s  an e s s e n t ia l  fe a tu re  of the  p e rtu rb a tio n  

theory r e s u l t  fo r  the  multiphoton t r a n s i t i o n s ,  as was presen ted  in  

In tro duc tion . But the  l e f t  hand s ide  can. S ta r t in g  from zero  f i e l d ,  

when i t  can lead to  the  extremum f o r  some

average sense ) .  A minimum can be expected fo r  fiA'T-Tt , and so on. 

Due to  the  f a s t  o s c i l l a to r y  c h arac te r  of the  exponential f a c to r ,  we 

can eventually  expect zero  fo r  /Q,| —»0 0 . In  sh o r t ,  the  term £1.1.66) 

can ex h ib it  o s c i l l a to ry  p ro p e r t ie s  as a function  of the  l a s e r  i n t e n s i ­

ty .

An a d d it io n a l  aspect of multiphoton io n iz a t io n  i s  th e  p o s s i b i l i ­

ty ,  th a t  in  some range of low la s e r  frequances and high i n t e n s i t i e s ,  

multiphoton io n iz a t io n  can be considered as a tunneling  p rocess . The 

idea i s  due to  Keldysh C26J , and l a t e r  was made c le a re r  by Perelomov 

a t  a l  O.93j[$03, The physics behind the idea i s  the  fo llow ing:

I f  the  atom i s  in  a l a s e r  f i e l d ,  the t o t a l  instan tenous p o te n t ia l  

energy of the  e lec tro n  i s  the  sum of the  in te r a c t io n  energ ies with the  

nucleus and with the  l a s e r  ( hydrogen i s  an example )

V  =  - £ ?  ( 1 . 1 . 6 8 )

This p o te n t ia l  energy has a maximum -2 e V e £  fo r  2 = ] f f  ( in  i - B  d i r e ­

c t io n  ) and the  b a r r i e r  has an approximate width of & jL  . I f  the  chan-
u c
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ge of the la s e r  f i e l d ,  during the  time o f  the  passage of the  e lec tro n  

through the b a r r i e r  can be neg lec ted , then  th e  io n iz a t io n  can be consi­

dered as a tunneling  through a b a r r i e r ,  determined by the  instantetteous 

value of the  l a s e r  e l e c t r i c  f i e l d .  By Increas ing  Efl the  widith of the 

b a r r i e r  decreases. As long as the  time of f l i g h t  of the e le c tro n  th ro ­

ugh the  b a r r i e r  i s  much le s s  than the  period  of o s c i l l a t i o n  o f E, the 

tunneling  remains Independent on frequency, depending only on b a r r i e r  

w idth, which depends on Erf In  th i s  p ic tu re  the  e lec tro n  doesn 't  

see separa te  photons, but r a th e r  a slowly o s c i l l a t in g  p o te n t ia l  b a r i e r ,  

and th a t  c a n ' t  be described  as a m ultiphoton process . The p ic tu re  de­

pends on th e  supposition  th a t  e le c tro n  s t a te s  a re  e s se n t ia ly  unpertu r­

bed in s id e  the  b a r r i e r ,  which y ie ld s  the  condition  E « E 0. On the o t ­

her s id e , the time of the  f r e e  f l i g h t  of the  e lec tro n  of momentum V̂ WtRy

d i t io n  th a t  the  tunneling  i s  the  dominant process in  a io n iz a t io n  event

th e  condition  fo r  the  convergence of th e  p e r tu rb a t iv e  s e r ie s  i n  V ( the  

e lec tron -nuc leus  in te r a c t io n  ) of the  exact S m atrix  ( 1 . 1 . 1 7 ) .  The idea 

of tunneling i s  not a p p lica b le  fo r  the  C0Z la s e r ,  because the  c o n d it i -

app licab le  in  the  range of the  microwave frequences.

The formula fo r  the  io n iz a t io n  r a te  of hydrogen by the  s t a t i c

through a b a r r i e r  of width i s  'T -eE e  E , and then the  con-

« 1  o r ,  equ iva len tlycan be w r i t te n  as ^ which i s  ju s t

ons X « 1  ( E « E 0 ) and X » ^  c o n tra d ic t  each o ther. I t '  i s  ra th e r

e l e c t r i c  f i e l d  through tunneling  process was given by Landau [3Z3

(1 .1 .69)
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The Keldysh r e s u l t  (1 .1 .13) contains the  same exponential f a c to r ,  but 

a d i f f e r e n t  preexponential fa c to r .  Perelomov tSCO correc ted  th a t  f a c to r  

by the  s im ila r  q u a s ic la s s ic a l  c a lcu la t io n s  as had been done by Landau, 

in  DC e l e c t r i c  f i e ld  case . He matched the wave func tion  in s id e  the 

b a r r i e r ,  where he neglected  the  la s e r  f i e l d ,  with the  wave function  out 

of the b a r r i e r ,  where he neglected e lec tron -nuc leus  in te r a c t io n .  The 

re s u l t in g  expression f o r  the  io n iz a t io n  p ro b a b i l i ty  was

. -Ms
~  - i -  6  E (1 .1 .70)

c

which resembles DC f i e l d  r e s u l t .

An experiment of Bayfield and Koch £3*0 was done on microwave 

io n iz a t io n  of highly  excited  s t a te s  of hydrogen ( p r in c ip a l  quantum 

number 6 3 « n « 6 9  ) .  The photon m u l t ip l i c i ty ,  necessary fo r  io n iz a t io n  

was about 200. At F ig . 1.1 a re  r e s u l t s  fo r  io n iz a t io n  p ro b a b i l i ty  

as a function  of the  parameter , defined e a r l i e r  ( eq. (1.1.34) ) .  

The f la tn e s s  on the th ree  curves a t  h igher ra d ia t io n  i n t e n s i t i e s  

i s  due to  instrum ental s a tu ra t io n .  The r e s u l t  resembles the  behaviour 

th a t  could be due the  tunneling  io n iz a t io n .  Although the ra d ia t io n  

f i e ld  i n t e n s i t i e s  were in  the  range of a p p l ic a b i l i ty  o f  the  p e r tu rb a ­

t io n  theory, the slope of the  curves ( in  log-log  sc a le  ) was about 

1.5-2 , very d i f f e re n t  than 200, which could be explained by the 

tunneling exponential dependence^( 1 .1 .70). An im portant, independent 

r e s u l t  of t h i s  experiment was th a t  more than 90% of the  e f fe c t  of 

the applied  ra d ia t io n  f i e l d  was io n iz a t io n ,  r a th e r  than bound-bound 

t r a n s i t io n s .
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* " D C " ( 3 0  MHz)

o M i c r o w a v e s  ( 9 . 9  GHz)

■o
</> ■-

F ig . 1.1

The most d is tu rb in g  fac t  about the c a lc u la t io n s ,  mentioned in  

t h i s  Section i s  the  gauge dependence of the  r e s u l t s .  As we have a l r e a ­

dy discussed in  the  In tro d u c tio n , the  i n i t i a l  and f in a l  s ta te s  of the 

atom are  defined out of the  l a s e r .  This was the  assumption which was 

taken im p lic i te ly  in  the  d e f in i t io n  of the S m atrix  in  a l l  these  t r e a t ­

ments, but not t r e a te d  e x p l ic i te ly  in  the c a lcu la t io n s .  We want to  show 

now what consequences a r i s e  when the  la s e r  i s  e x p l ic i te ly  t r e a te d  as 

f i n i t e  in  space and so inhomogeneous, even in  the  n o n r e l a t i v i s t i c ,  d i ­

pole  approximation. In p ra c t ic e ,  the  vecto r p o te n t ia l  of the  e le c t r o ­

magnetic f i e ld  of the  l a s e r  i s  a function  of both r  and t .  Here we 

w i l l  r e s t r i c t  o u rse lf  to  the  l in e a r ly  po larized  la s e r  "beam", th a t  i s  

to  the case in  which the  vec to r  p o te n t ia l  of the l a s e r  i s  given as

A  =  Q (*Q.) C0S>VP (1 .1 .71)

where ' f  -  Cot -  K% IT, A*k- 0  and rj_ i s  the  p a r t  of r ,  perpendicu lar to  k. 

The casesof the time inhomogeneous amplitude of the vec to r  p o te n t ia l  

as well as a c i r c u la r ly  po larized  la s e r  we w il l  leave fo r  the  Sections
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2,3 and 4. We a re  supposing th a t  CKVj.) i s  slowly varing on the  sca le  

o f the  l a s e r  wavelength, the e lec tro n  wavelength and th e  atom wave­

length .

L e t 's  b r i e f ly  d iscuss  the  evo lu tion  of a f re e  e lec tro n  going 

in to  and out of the l a s e r  defined by (1 .1 .7 1 ) .  I t s  motion i s  gover­

ned by the Hamiltonian

W =. JB i  4- A* Pr + ( 1 1 7 2 )
n i  2 m  m e  2 m c 2

N

I t  i s  well known both experim entally  and th e o re t ic a ly  C35l ^[36] fo r  the

sp a t ia ly  inhomogeneous l a s e r ,  th a t  the  time averaged squared f i e ld
P 2A zterm ( k in e t ic  energy term £E_£L in  ( 1.1.72 ) ) a c ts  in  the  n o n re la t i -
2m cl

v i s t i c  approximation as a ponderomotive p o te n t i a l ,  a f fe c t in g  the  energy 

of the e lec tro n .  This ponderomotive p o te n t ia l  i s

U p t r )  = x V j m C 1 (1 .1 .73)

I t s  e f fe c t  i s  to  continuosly  decrease the  k in e t ic  energy of the  time 

averaged motion of the  e le c tro n  as i t  e n te rs  the  l a s e r  beam, and to  

inc rease  i t ,  as the  e lec tro n  leaves the  beam. Because of the  slowly 

varing ch a rac te r  of the  l a s e r  f i e ld  (1 ,1 .71  ) with r ^  , time avera­

ged e le c tro n ic  motion i s  e s se n t ia ly  c l a s s i c a l ,  and the  wave function  

can be found in  the  usual eikonal approximation [373 . That y ie ld s  

the  so lu tio n  of the  Schrodinger equation

(1 .1 .74)
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in  the  form
■A  .

=  e x p ^ -  (  J £ * d r '  — J “ 5  S i ’i a c o t -  && x l s i / v i 2 w t - ^ J-bj

(1 .1 .75)

mJk ^where q I s  the  momentum of the  e le c tro n  ou tside  the  beam, and f  i s  the 

f i e ld  dependent momentum of the e le c tro n ,  which s a t i s f i e s

g 2= f 1 H - 2 x l m 1c l  a - i - w

The in te g r a l  in  the exponent of (1 ,1 .75  ) i s  over the c la s s ic a l  t r a j e -  

c to r ia  of the  e lec tro n .  The e le c tro n ,  bom  ( by io n iz a t io n  ) in s id e  

the la s e r  with some time averaged momentum f  w i l l  leave the l a s e r ,  ha­

ving the momentum q , defined by (1.1.76 )•

I t  can be simply proved C38) ( by expanding the  wave function  in  

the  F ou rie r  s e r ie  in  Cdt ) th a t  i f  the  Hamiltonian, describ ing  the 

atom in the  c l a s s i c a l ,  s in g le  mode electrom agnetic  f i e l d ,  i s  a p e r io ­

d ic  func tion  o f time, then the  energy t r a n s fe r  to  the p a r t i c l e s  i s  l i ­

mited to  in te g e r  m u lt ip le s  o f . Thus we have an appearent co n tra d i­

c t io n  in  which, on the  one hand we know th a t  only an in te g e r  number of 

photons i s  t r a n s fe re d ,  and on the  o ther  we know th a t  the e lec tro n  emer­

ges with a continuous d i s t r ib u t io n  of energy. I t  can be e a s i ly  r e s o l ­

ved. The key i s  th a t  proton looses some energy. This may be seen in  

the following way. The hydrogen atom couples to  the  ponderomotive po­

t e n t i a l  e s se n t ia ly  through the  e le c t ro n ,  since the  coupling of the



proton to  the  ra d ia t io n  f i e ld  i s  J21. sm aller . As the  atom en te rs  the
M

i rn*vva»la s e r  beam, i t  i s  slowed up by something l ik e  Up (R ) ,  u n t i l  the
— A

io n iz a t io n  occurs a t  some po in t  • From th a t  po in t the' proton i s

e s s e n t ia l ly  decoupled from the  f i e l d ,  and so i t  leaves the  l a s e r ,  ha-

where W0 i s  i t s  o r ig in a l  energy in  the  hydrogen atom. D eta iled  analy­

s i s  of t h i s  s i tu a t io n  w i l l  be given in  Section 1 .3 . L e t 's  s t a r t  from 

the  Hamiltonian in  the  c en te r  of mass system, which was derived in  

the  In tro d u c tio n ,  eq. ( 6 )

We t r e a t  the  o s c i l l a t i n g  terms as a p e r tu rb a t io n ,  which can cause t r a n ­

s i t io n s  between the  s t a te s  of the atom and take  them out of the Hamil­

ton ian , the  r e s t  i s

We are  supposing th a t  the  atomic wavelength i s  short on the  sca le  of 

the  c h a r a c t e r i s t i c  change of the l a s e r  f i e l d  amplitude, and then , the  

Schrodinger equation

ving lo s t  the  energy The e le c tro n  absorbs an in te g e r  number of

tStJ and i s  expeled from the  la s e r  by the  ponderomotive p o te n t ia l  (1.1.73) 

so th a t  i t s  energy upon leaving the  la s e r  i s

(1 .1 .77)

(1 .1 .79)
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( ; * § * . - 0 ^ = 0  a . i . ? * . )

can be solved In  elkonal approximation fo r  the  atom 's motion, with ' 

the  ansatz

- I  Wh*
Y -  U * ,( i r )6  *  (1 .1 .80)

( ^ ( r j i s  the  unperturbed e igen-functlon  of th e  E lectron , corresponding 

to  the  eigenvalue WM of the  Hamiltonian

W y =  ^  +  V ( r )  (1.1.81)

and %(R/t) s a t i s f i e s

= o (i.i.82)
^  7

Here the  term X W1C ( ponderomotive p o te n t ia l  ) rep resen ts  the  e f f e c ­

t iv e  p o te n t ia l  in  which the  cen te r  of mass o f the  atom moves. For the
•bJI

case of the  la s e r  beam Q = 0  ( Rj.) and the  so lu t io n  of eq. ( 1.1.5 2 ) in  

eikonal approximation i s

A  !

* = e x p £ ( p „ R „ +  J  clRi P j . ( R i ) -

with the  i n i t i a l  conditions p  =  Pf  ̂‘t =r"‘ °°  2.ha

P-L =  RU " Z M m x V  (1 .1 .84a)
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■pH* P hi <1- 1-84b)
P f  i s  the  momentum o f  the  atom out of the beam. The l in e  in te g ra l  in

(1.1.83 ) i s  along the  c la s s ic a l  t r a je c to ry  of the atom. The wave fun­

c tio n  7^ describes  the  evo lu tion  of the  atom, en te ring  the  sp a t ia ly  i n ­

homogeneous la s e r  f i e l d ,  due to  the  Increasing  o s c i l l a to r y  k in e t ic  ene­

rgy of the  e le c tro n .  The conclusion th a t  the  atom couples to  the  l a s e r  

in  a manner s im ila r  to  the  f r e e  e le c tro n ,  i s  co n s is ten t  with the  suppo­

s i t io n  t h a t ,  in  the  f i r s t  approximation, e le c tro n ic  motion fo r  an atom 

in  the  strong l a s e r  f i e l d  i s  s im ila r  to  the  motion of the  f r e e ,  unbound 

e le c tro n  in  the  same f i e l d .  P a r ic u la r ly ,  an atom en te ring  the  l a s e r  

beam can be r e f le c te d  back i f

2.

&  <  U p =  Xz m c *  d - l - 8 5 )
2 M

The sem ic la ss ica l  motion of the  cen ter  of mass in  (1.1-80 ) can be 

c a r r ie d  fu r th e r  to  a completely c la s s ic a l  d esc r ip t io n .T h is  i s  j u s t i f i e d  

under the  conditions of the  slowness of the change of the  l a s e r  s p a t ia l  

d i s t r ib u t io n ,  s ta te d  above.

To go in  the  c la s s ic a l  d e sc r ip t io n  of the  cen ter  of mass motion 

we aga-in  s t a r t  from the  equation ( 1.1.78 ) and simply drop the k ine­

t i c  energy opera to r St and t r e a t  R as a p rescribed  function  of t ,
2M

which i s  obtained from the  c la s s ic a l  Hamiltonian

H « a $ j  +  X * n > c 2
(1 . 1 . 86)



Using t h i s  p re s c r ip t io n  in  the  Schrodinger equation

- • rn c 1 X2‘(R(+)) - V ' ( r ) ) vfyo =  0  <l

we get

t
% -  u „ ( r ) e x p - ^  j  ( m c ^ R U ' i i + v v i J c I t 1 a

To find the  raultiphoton io n iz a t io n  r a t e ,  we s t a r t  from the  exact 

m atrix

where % i s  the f u l l  wave function  of the Hamiltonian

with ingoing boundary cond it io ns , and H* i s  defined by

which y ie ld s

H ' = - £ -  S 'PrCOSf  +  COSMme r ifYnc1

1.87)

1. 88)

S

1.89)

1.90)

1.91)



We approximate ^   ̂ by ^given by eq. ( 1 . 1 . 7 5  )» which y ie ld s  the  app 

roximate S m atrix

^ l [ >) H ' V o )  (1 .1 .92)

Performing the time and the  space in te g ra t io n ,  one g e ts

oo
5|,o=-2TCi J'£('IVs --0cj-X*m-Wo)Ci*)Uo(i)r(($) a . i . 9 3 )

which gives fo r  the  T m atrix  fo r  absorption  of £■ photons

" ! ? ( £ ) =  ^CO U 0 (j -)Ft Cj)  (1 .1 .94)

The energy conserving condition

+ + W 0 (1 .1 .95)

can be a lso  w r i t te n  in  the  form

JEl =  +  W o  (1 .1 .96)
2 m

where f  i s  the  momentum of the e lec tro n  a t  th e  p lace  of the  l a s e r  f i e l d
£

where the  io n iz a t io n  occured. From the  condition  £  $ 0  we get



£ > “ W % J  (1 .1 .97 )

and so Wo i s  now the  e f fe c t iv e  io n iz a t io n  p o te n t i a l .  The squared T 

m atrix  can be obtained in  the  form

l h ] 1  ( 1 ‘ l ' 9 8 >

.2
The presence of I term in  the denominator of the expression above 

says th a t  the dominant co n tr ib u tio n  to  the  io n iz a t io n  comes fo r  r e l a ­

t iv e ly  small l . t o f  o rder ™ Ry . That conclusion i s  not a ffec ted  

by the £ dependence of the  "generalized  Bessel functions"  Ff , defined 

by (1 .1 .2 2 . ) .  In  f a c t ,  as  w il l  be discussed in  d e t a i l s  in  Section 1 .4 , 

these  functions have the  s ta t io n a ry  phase p o in ts  in  a very broad range 

of £, allowed by the  energy conserving condition  (1 .1 ,9 6  ) ,  and in  

u l t r a s t ro n g  la s e r  f i e l d  l im i t .  Aplilng the  standard s ta t io n a ry  phase 

technique, th a t  y ie ld s  th e  approximate expression

(Be J -  (1 .1 .99 )
IT*2- m

which i s  independent on 6. The averaging in  (1,1.99 ) I s over the  f i ­

na l momentum q of the e le c tro n .  Using (1.1,98 ) and ( 1 .1 ,9 9 )  we ob­

ta ined  the  io n iz a t io n  r a t e  fo r  the  photon m u l t ip l i c i ty  t  as

6 0 ,=  i k  o t F \ l 2 m u )  ( ? ~  u l )  !l (1.1.100)
1 % X Z  moo I 1

and the  t o t a l  io n iz a t io n  r a t e  ( sum over t  ) as
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U  = L  U  o i r  u . i . i o i )x 2- -fi
In th a t  way, the  e x p l i c i t  treatm ent of la s e r  as a sp a t ia ly  f i n i ­

t e  y ie ld s  the  multiphoton io n iz a t io n  r a t e  d i f f e r e n t  than any of the 

p rev iously  mentioned in  t h i s  Section. In d e r iv a tio n  of th a t  r e s u l t  we 

c le a r ly  defined th e  i n i t i a l  and the  f i n a l  s t a t e  of the  atom out o f the  

l a s e r .  As a consequence, m ultiphoton io n iz a t io n  has to  be considered 

as a two step  p rocess .  The atom i s  f i r s t  io n ized , absorbing 6 photons 

and then , the  e le c tro n  i s  continuosly  a cce le ra ted  out of the  la s e r  

beam. The energy conserving cond ition  th a t  we obtained , ( 1 . 1 , 9 5 ) ,  

descr ib es  th a t  process in  a 'proper"way, i . e .

rr £ CO W o
2 m

where f  i s  the  momentum o f  the  f re e  e lec tro n  in s id e  the  l a s e r ,  and th a t  

momentum appears to  i n t e r a c t  with the l a s e r  f i e ld  in  (1 .1 ,92  ) .

On the  o ther  s id e ,  the  d e sc r ip t io n  of multiphoton io n iz a t io n  

in  an u l t r a s t ro n g  l a s e r  as a one step process in  the  c a lc u la t io n s  of 

F a is a l  and Keldysh leads to  a confusing energy conservation  condition

W j=  .£ (0 +  Wo” 2 m  X 1 (1.1.103)

0 ^  1̂ ) X ̂w ith  '■ • But, in c o r re c t  phusics contained in  th a t  condition

has a la rg e  in f lu en ce  to  the  ca lcu la ted  observable - io n iz a t io n  proba­

b i l i t y .  As a consequence of the  la rg e  minimum t t the  order of the

(1.1.102a) 

( 1 .1 .102b)
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"genera lized  Bessel functions"  i s  much higher than E x  . That causes
CO

th a t  these  functions have saddle p o in ts  in  complex p lane , r a th e r  than 

s ta t io n a ry  phase p o in ts ,  which c e r ta in ly  in fluences t h e i r  behaviour and 

changes the  r e s u l t .

In  the  c a lc u la t io n s  of P e r t  and Gersten-Mittleman the energy
v

conserving condition  was

W ^ = ( c J + W o  ( 1 .1 .1 0 4 )

which represen t the  energy conservation  fo r  ju s t  the  f i r s t  step  of 

the  process - the absorp tion  o f £ photons by the  atom. That means 

th a t  the  e lec tro n  momentum <f i s  the  momentum of the  e le c tro n  In s ide  

th e  l a s e r ,  and so the  recogn ition  of the  f i n a l  s t a t e  was done i n s i ­

de the  l a s e r .  The same i s  t ru e  fo r  the  c a lc u la t io n s  of F a isa l  and 

Keldysh. As the  id e n t i f i c a t i o n  o f  any of the  i n i t i a l  and f i n a l  s t a t e  

in s id e  th e  l a s e r  i s  not a gauge in v a r ia n t  procedure, th a t  explains 

th e  d if fe ren c e s  between the  r e s u l t s .

S t i l l ,  the  m ajority  of the  mentioned r e s u l t s  fo r  the  m ultipho­

ton io n iz a t io n  p ro b a b i l i ty  ( a l l  except the  Keldysh one ) have one 

common property  : They decrease as the  u l t ra s t ro n g  l a s e r  f i e ld  in c re ­

ases. This r a th e r  su p ris ing  r e s u l t  could be understood in  the  following 

way Cl61 5 The io n iz a t io n  o f  the  atom, in  an u l t r a s t ro n g  la s e r  i s

e s se n t ia ly  s c a t te r in g  of the  otherwise f re e  e lec tro n  in  the  l a s e r  

f i e l d  on the  nuc lear p o t e n t i a l .  In the  s i tu a t io n  in  which the  e l e c t r o ­

n ic  motion i s  dominated by the  l a s e r ,  i t s  s t a t e  i s  e s se n t ia ly  given by 

th e  free  e lec tro n  wave function  in  the  l a s e r ,  i . e .  i t  i s  a p lane  wave 

with the  la s e r  o s c i l l a t io n  superimposed. I t  i s  well known th a t  a f re e



60

e lec tro n  can not e i th e r  gain or lose energy in  a plane electrom agnetic 

wave C3Q], and so energy t r a n s fe r  can only occur due to  the  presence 

of the  th i r d  body. In t h i s  case i t  i s  the  e le c tro n -n u d e u s  c o l l i s io n ,  

which a c ts  as a p e r tu rb a tio n  o f  the f r e e  e lec tro n  i n  the la s e r  f i e l d .

The o s c i l l a t i o n  amplitude of the  plane wave function  increases  fo r  l a r ­

ge f i e l d s ,  and one can speak of an o s c i l l a t in g  v e lo c i ty ,  whose am plitu­

de i s  • I t  i s  a lso  known L*lO] th a t  e lec tron-nucleus  c o l l i s i -
v fnw

ons become le s s  e f fe c t iv e  as the  r e l a t i v e  v e lo c i ty  goes up. So, the  net 

e f fe c t  i s  a decrease in. the  io n iz a t io n  r a t e  as the  la s e r  e le c t r i c  f i ­

eld E r i s e s .

The p r in c ip a l  goal of t h i s  F a r t  i s  to  find  multiphoton io n iz a ­

t io n  r a te  fo r  hydrogen in  an u l t r a s t ro n g ,  sp a t ia ly  and/or time inhomo­

geneous, l in e a r ly  or c i r c u la r ly  p o la r ize d ,  monochromatic l a s e r  wave, 

taking the  r e l a t i v i s t i c  e f f e c t s  in to  account. That goal w i l l  be ach ie ­

ved in  Section 1 .4 . In Sections 1.2 and 1.3 w i l l  be considered the 

motion o f an e lec tro n  ( i n i t i a l  s t a t e  ) and the  atom ( f i n a l  s t a t e  ) 

in  the  la s e r  f i e l d ,  re sp e c t iv e ly .

& 1.2 T h e  m o t i o n  o f  a n  e l e c t r o n  i n  a l a s e r  

o f  t h e  f i n i t e  s p a t i a l  a n d  t i m e  e x t e n t .  

Let us suppose th a t  the  l a s e r  i s  a one mode t ra v e l in g  electrom agnetic 

wave, defined by the three-dim ensional v ec to r  p o te n t ia l

A =  a  ( F , t )  ( e U o s ' p  4-&.ei s m vp)  a .2 .1 )

-  I _  J  _ » '  A  A

where t - i s  the  r e a l  phase, 1 K|~CO, and are  the orthonor­

mal vectors  of p o la r iz a t io n  and the dimensionless parameter £ = 0



fo r  a l in e a r ly  p o la r ized  wave and £=.1 fo r  a c i r c u la r ly  p o la r ized  

wave. The r e a l  amplitude Cl and a lso  Ci> ^2» K> a re  slowly varying func­

t io n s  of p o s i t io n  and time on the sc a le  o f the  l a s e r  wavelength. They 

s a t i s f y  the  gauge condition

V‘A-0 } K - e , =  ( < • § ! =  0 ( 1 . 2 . 2 )

We w i l l  confine ourselves mostly on the  two spec ia l  cases 

of the  space and time inhomogenity of the  l a s e r  -  l a s e r  "beam" and 

la se r  "pu lse" . By the l a s e r  beam we mean th e  s i tu a t io n  when the  l a ­

se r  wave i s  f i n i t e  in  the  d i re c t io n  perpend icu lar to  the  d ire c t io n  

of the  wave propagation k, but i n f i n i t e  along k. This can be d e s c r i ­

bed by the  v e c to r  p o te n t ia l  of the  form (1 .2 .1 ) ,  whose amplitude i s  

a function  of r^  only, i . e . Q  = Q(>i)where r^ * lt= 0 . By the la s e r  pu lse  

we mean the  t ra v e l in g  wave t r a i n ,  which i s  of i n f i n i t e  s p a t ia l  ex tent

in  the  d i re c t io n  perpend icu lar to  k , and which i s  described by the

vec to r  p o te n t ia l  of the  form (1 .2 .1 ) ,  where G = Q 0 P ) .  CX{ $ )  i s  

here amplitude envelope of the  wave t r a i n ,  w ith Ct(tOo ) - 0  and 

we suppose

d.  ( i n  a Of))«  1 (i.2.3)
d *

Volkov CI9] has obtained the  exact wave function  o f  a Dirac e le  

c tron  in  an i n f i n i t e ,  t r a v e l in g ,  p lane , l in e a r ly  p o la r ize d ,  one mode 

e lectrom agnetic  wave. He s ta r te d  from the v ec to r  p o te n t ia l  of the 

form (1 .2 .1 ) ,  with £ = 0  and and k constant with Q * k - 0 .  Solving 

the Dirac equation , he got the  wave function  of the  e lec tro n  in  the
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form

2̂ = (Aa + BitCos'pjgo exp i (£*F- oAsinvp- ksin2M>- w)

(1 .2 .4 )

-v2
where E ^ + (  q2**-in2, ) and

A 2 = % + / J m + o ? g  (1. 2. 5)

B§ = ^  ( £ - f i  + i ( E a + / j m - g - S ) I . ( K x f i ) + i I - K | - ( K * f i )  +
\

c ? - I . 2 * ( i < x a ) - 0( - o ( g [ . K - ^ n r i - E ^ ) + ^ . o / - j < j  (1 .2 .6)

cu  = £ .&  b = i 3o2̂ Lz (1.2.7)
& t u v  *  c o y

V « E o- q *£ X = (1.2.8)
*  *  2 m

go I s  the  u n i t  b lsp ln o r  and Cg I s  th e  norm alization  constan t.  I f  the  

norm aliza tion  constan t i s  obtained by choosing a f i n i t e  volume of l in e -  

a r  dimension D as th e  working volume, then th e  condition

1 ^ 2  )  =  ^ (1 .2 .9 )

y ie ld s  the  leading  term in  powers of la rg e  D as

c / = 2 ( E s + n r ) ) ( E a + r ^ 1) (1. 2. 10)
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The f i e ld  dependence of the  norm alization  constant i s  a consequence of 

th e  i n f i n i t e  l a s e r  ex ten t  in  a l l  s p a t ia l  d i r e c t io n s .

We want to  g e n e ra l ize  Volkov's r e s u l t  to  the  one in  the la s e r  

of the  f i n i t e  s p a t ia l  ex ten t and /or th e  f i n i t e  time d u ra t io n .  We s t a r t  

w ith  the  v ec to r  p o te n t ia l  (1 .2 .1 )  which s a t i s f i e s  the  condition  

(1 .2 .2 ) , The D irac  equation i s

In the  l a s t  step  was used supposition  th a t  & ( r f t )  i s  a slowly varying

i s  a lso  slowly varying on the  sc a le  o f the  e le c tro n  wavelength, then 

the  time averaged motion of the  e le c tro n  i s  e s s e n t ia ly  the  c la s s ic a l

(1 .2 .11)

where TT~ Pr"** .Following Volkov, we se t

(1 . 2 . 12)

The equation f o r  Z, a f t e r  m atr ix  m u lt ip l ic a t io n  i s

(fji- Vy -̂Ziecos^Q-V^+eVcos1̂  + rfil+ef:H + (e c?* E) o
(1.2.13)

where

H= V * A *  K*a s in f  ? E = - ^ £ z c o a s i r i y

function  on th e  s p a t ia l  sc a le  A and th e  time sca le  -4- . I f  CU^t)

one.That j u s t i f i e s  the  use of the  eikonal method to  solve the
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equation (1 .2 .1 3 ) .  In  the  f i r s t  order eikonal approximation, the time 

averaged motion of the  e le c tro n  i s  described  by the  common fa c to r  

exp( iS fl( r , t )  ) ,  such th a t  the  second and the  h igher d e r iv a tiv e s  of 

S0 ( r , t )  can be neg lec ted . Making the  ansatz

Z = C & e x p i  ( 5 6(F ,t ) -S ( ( r , t , 'f ) )  (1.2 .15)

where S contains f a s t  o s c i l l a t i n g  motion, dependent on 4* , and with 

the  assumption

[ S , | | ] = 0  (1-2-16)

we get from (1 .2 .13)

( yS„)1- ( | | 2 ) 2' +  2 ( o ( | i a + K .V 5 o ) | |  + 2 e c o s t  Q-VS„+

+- C O S 2 ^  +  ft)7* +  C c o  Q g f S m vP s 0  (1 .2 .17)

where

9  (1 .2 .18)

with the  property

(£■- 0 (1 .2 .19)



In the  f i r s t  approximation, based on the slowly varying nature  

of Q ( r , t ) ,  we can separa te  (1 .2 .17) in to  the two equations , one des­

c rib ing  the time averaged motion, and the  o ther  describ ing  the f a s t  os­

c i l l a t o r y  motion of the  e lec tro n .  That y ie ld s

( | ( V S b ) 2̂  (1 .2 .20)

2 ( j  2 e c o s 4 , 5 * V 5 0-t-£!fil c o s 2 'f  +  ( 1. 2. 21)
v> ^ t  2

The fa c t  th a t  i s  the only m atrix  occuring in  S, and th a t  i t  i s  i n ­

dependent on ^  means th a t  (1 .2.16) i s  s a t i s f ie d .

Equation (1 .2 .20) has the  form of the r e l a t i v i s t l c  Hamilton- 

Jacoby equation of a f ree  p a r t i c l e  with the r e s t  mass ( -f- IQO* ) ^

. Adopting the m etric  in  which u ^ u ^ = l ,  where i s  a con tra -  

v a r ia n t  component of the v e lo c ity  four v ec to r ,  we can w rite  S0 as the  

ac tio n  in te g ra l

S e = — l l ^  + const (1 .2.22)

where ^  i s  an a rb i t r a r y  parameter ( not n e ce ssa r i ly  the  proper tirae 't ')  

and i s  the  fou r-vec to r  coordinete  of the p a r t i c l e .  The con­

s t r a in t

d l f *  1 (1 .2.23)

i s  imposed. In te g ra t io n  in  (1 .2 .22) i s  along the ray path  in  space­

time, fo r  some p rescribed  boundary cond itions. The Euler-Lagrange
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equations, which define the family of the physica l ray p a th s ,  can be 

obtained by the v a r ia t io n  of the  ac tio n  in te g ra l  (1 ,2 .22) which, toge­

th e r  with (1 .2 .23) g ives [3 3 j |

I  r r f C i )  -  V  3  (1.2.24)

where

Kvj*= (  g - V j T j  +  fri2 ) /z= hn ( I 4 - 2 y 2 f 17- (1 .2.25)

i s  the  p o s i t io n  four vec to r  and dimensionless parameter X was 

defined in  ( 1 . 1 . 2 ) .  The equation (1.2.24) has been already derived 

by Kible [361  on the  b a s is  of the pure c la s s ic a l  consid era tion s .

A lte rn a tiv e ly ,  following Weinberg's approach [M 3^Ctl23 ( which 

was given in  a d i f f e r e n t  and n o n r e la t iv i s t lc  context ) ,  we can se t 

up the  problem of the time averaged p a r t  of the  so lu tio n  of e q . (1.2 .14) 

as

D ( f r i V ) % = 0  (1.2 .26)

where V  i s  the four gradient o f the p o s it io n , and

D = - P  + m 2- ( /i+ '2 x z( y ) )  (1 . 2 .27)

□  i s  the  four Laplacian . In the  f i r s t  eikonal approxim ati­

on, %  i s  supposed in  the  form
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% -  e X p  L'(So (1.2.28)

where S0 i s  r e a l ,  and

D ( T , k ) 4 /0= o

with

K ( T ) = V S „ ( p

Then i t  follows

D ( ] , K ) = 0  (1 .2 .31)

and, using (1.2.27)

K 1 = W ) ' t 2  (1 .2 .32)

From (1 .2 .2 3 ) ,  ray pa ths are  given as functions of a parameter A

9  X/< -  j L B  .  2 J ^ = - 2 _ D .  (1 .2 .33)

and f ln a ly ,  the  elkonal S o ( \ )  *s defined by the path  in te g ra l  (1 .2 .22) 

along the world l in e ,  defined by (1 .2 .33 ) .  I f  the four momentum of the 

e le c tro n ,  before en te ring  the  la s e r  was pfV , or a f t e r  leaving the

(1 .2 .29) -

(1 .2 .30)



l a s e r  i s  then to  define  the  Ingoing wave 4^*= exp (! we

should choose the  constant of in te g ra t io n  in  (1 .2 .22) so th a t

(1 .2 .34)

before  en te ring  the la s e r .  To defin e  outgoing wave Yp^exp I ^ w e  

have to  choose th e  c o n s tan t ,  so th a t

S !? C O =  (1.2.35)

In the  s p i r i t  of the  e lkonal approximation, we can In te r p r e t  V So 

as the  c la s s ic a l  four momentum of the  e le c tro n ,  whose time development 

i s  governed by the Hamiltonian

^ ( p > ] ) =  (1 .2 .36)

From t h i s  form of the Hamiltonian, as w ell as from equations (1 .2 .2 0 ) ,  

(1 .2 .2 2 ) ,(1 .2 .2 4 )  and (1 .2 .33) with (1.2 .32) i t  can be concluded th a t  

e lec tro n  moves in  a la s e r  f i e ld  as a r e l a t i v l s t i c  f ree  p a r t i c l e  with 

a v a r ia b le  r e s t  mass m . This can be understood with the  simple exam­

p le  of the  l a s e r  beam. An e le c tro n ,  subjected to  the  o s c i l l a t in g  e le c -
•A A ^

tromagnetic f i e ld  A=CXcosH* o s c i l l a t e s  along the  a x is  defined  by (X., 

w ith  the  v e lo c ity

y -  2jyp0C.1 C O S ^  (1 .2 .37)
W V el

W i s  the  t o t a l  r e l a t i v l s t i c  energy of the  e le c tro n ,  in  the  " i n e r t i a l "
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system in  which the  e le c tro n  i s  a t  r e s t  o u tside  th e  la s e r .  On the  o th er

hand, -  - ^ r  so th a t  the  square of th e  e lec tro n  o s c i l la to ry  momentum 
Wvrl

averaged over a period  o f la s e r  o s c i l la t io n  T i s

p t  e * a z  _  2 x z m  c i . 2 . 38 )
2

p  i s  the  three-momentum o f the  e le c tro n , in  th e  same in e r t i a l  system
*

in  which was defined . In  th a t way, th e  r e l a t i v i s t i c  energy of th e

e le c tro n  in  the  la s e r ,  averaged over T, in  th e  re fe rence  system in  

which the  e le c tro n  i s  a t  r e s t  ou tside  the  la s e r  i s

W y-el =  (  P 1 + lw 1 ) / = /Yfl ( l t 2 X 2)1k  (1 .2 .39)

This can be in te rp re te d  as the  r e s t  e f fe c t iv e  mass in  th a t  re fe ren ce  

system. Any motion o f th e  e le c tro n , which changes slowly on th e  time 

sca le  T, i s  in fluenced  by the  o s c i l la to ry  motion through i t s  average 

e f f e c t :  The change of th e  e f fe c tiv e  r e s t  mass o f th e  e le c tro n .

N o n re la t iv is t ic a l ly , i f  » th e  v a ria b le  r e s t  mass appears

as an e f fe c tiv e  p o te n t ia l  energy function

UP̂  m * - m  = irn 1)~ m x 2- a . 2.40)

T his i s  known as the  ponderomotiva p o te n t ia l .

Now we w il l  study the  motion of e le c tro n  in  the  two sp e c ia l ca­

ses of the  la s e r  wave - in  th e  la s e r  "beam" and in  th e  la s e r  "p u lse" , 

which were defined a t  th e  begining of t h i s  Section . The Hamiltonian 

(1 .2 .36 ) i s  conserved in  the  case of the  la s e r  beam and we can separe-
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te  the  time in  (1 .2 .2 0 ). We can a lso  sep ara te  th e  dependence, as
.

G i s  only a function  o f rj_ . Making th e  ansatz

$ 0 = Fb(n.) + Pi ,r„-  Ei  (1 .2 .41)

where p^ and E a re  c o n s ta n ts , we ge t from (1 .2 .20)

F b ) 1 + g 5 fl2' + m 1 + P i? - e 2 = o  ( 1 .2 . 4 2 )2.

Then, i t  follow s

r r^
Fb(h)~  J f l - d i a '  (1.2.43)

where f^=  E1- p ^ - m 1- . M a t c h i n g  th i s  so lu tio n  w ith th e  boundary 

cond itions (1 .2 .34) or (1 .2 .35 ) in  t  = f  o o  , we get

v

S o -  - E t  (1 .2 .44)

where E = ( q2 + mz / /  and

T a - * 2  — t  ) hrSLif (1.2.45)1 ?

D, defined by (1 .2 .2 9 )  i s  here

D ( F „ f  )  = (1 .2 .46)
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To co n stru c t f  , we In troduce a fam ily of ray pa th s  through "phase 

space" I ' M

r - r ( 4 ) ; f ( 4 )  (1 .2 .47)

which i s  , fo r  any I n i t i a l  cond itions ( r ( s 0 ) , f ( s 0) ) defined by

, 2_£ -  _  2_D (1 .2 .48)
z j  s a ~  a F

Along any ray pa th  D i s  c o n s ta n t, i . e .

2 J ? - 0  (1 .2 .49)
3 ^  U

I f  we choose ( r 6 ,q ) a t  s = s 0 , which s a t is f y  the  condition

D ( ^ o ) g ) = 0  (1 .2 .50)

then r  and f a re  determined fo r  a l l  s and s t i l l

D(r, £)=0 (1 .2 .51)

The problem i s  e sse n tia ly  a tw o-dim ensional, and c o n s is ts  of th e  con- 

s tru c tio n  of f ^  , as f„  = q )( i s  defined  fo r  a l l  s .

L e t 's  consider an " i n i t i a l "  su rface  T  in  th e  coord inate  space,
A J ^

w ith u n it normal n ( r ) ,  and suppose th a t fo r  each Vi on I the  c o n d it i­

ons
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D ( r o , g )  = 0 

j M ( v l )
(1 .2 .52 )

determ ine an unique q(f*„). The second of equations (1 .2 .52) ensures 

th a t  Vpi F{, i s  normal to  T on T  » so th a t  S i s  constan t over f!

r .  In  th e  d ire c tio n  of k the  wave f ro n ts  a re  p lane su rfa ce s , perpendi

•A

le c te d  in  th e  p lane perpend icu la r to  k , due to  th e  v a r ia tio n  o f ftCirJ. 

I f / q | i s  not la rg e  enough, so th a t  f  becomes n eg a tiv e , the  e le c tro n  

w ill  be re f le c te d  back, leaving  the beam w ith th e  same k in e tic  energy 

as i t  en tered  th e  beam.

Now, consider th e  case of the  la s e r  "p u lse" . W ritting  again 

the  re la tio n  (1 .2 .2 0 ) , we have

«A  f“ * « A
For any given r ,  th e re  i s  an unique pa th  lead ing  from I to  r  and

defined  by

(1 .2 .53)

Then f ( r )  i s  given as

(1 .2 .54)

where r ( 4 ) = r ,  and in te g ra l  in  (1 .2 .44) can be w ritte n  as

(1 .2 .55)

■i A A
f ( r )  i s  always normal to  the  su rface  of constan t F ^ ( r ) ,  passing  through

c u la r  to  k and <fu . An e le c tro n , en te ring  th e  la s e r  beam, w il l  be d ef-
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(  l ^ ) 1 -  ( V 5 o ) 1= +  VY)2- (1 .2 .56)

In  order to  na tch  the  boundary cond itions (1 .2 .34) or (1 .2 .3 5 ) , we ma­

ke the  ansatz

S D = .+■ Fp± ( 4 >)  (1 .2 .57)

w ith E^=( qz+ ml  ) ^  . Then, from (1 .2 .56 ) we get

i c j ( e & - £ k ) I F ~  e V a ;  <1. 2.38)
3 ^  2-

and so

F p  =  - 7 - - ; ^  j  ( 1 . 2 . 5 9 )

As f a r  as the  s p a t ia l  dependence i s  considered , th i s  i s  e s s e n t ia l ly  a 

one dimensional problem, and S0 i s  uniquely determined by (1 .2 .5 9 ).

The time dependent "ponderomotive p o te n t ia l"  a c ts  in  th i s  case only in  

th e  d ire c tio n  o f th e  wave propagation . In  f a c t ,  being overtaken by 

the  la s e r  p u lse , th e  e le c tro n  i s  sub jected  to  th e  in c reas in g  rep u ls iv e  

p o te n t ia l ,  so th a t  i t s  t o ta l  energy E In s id e  the  la s e r  pu lse  i s  in ­

creasing  as long as QM) i s  in c re a s in g , i . e .

E * - - ~ i r - - E * + ^ f E * + v * w  *■*■“ >



under the  ac tio n  o f th e  "fo rce"

th e  e le c tro n  ga in s  the  momentum, in  th e  d ire c tio n  of th e  wave propaga­

tio n

+  6 XQ ( ^ )  (1 .2 .62)
r "  a n ,  a "  A ( F s - 5 ' i < )

A fter (X{$) passes i t s  maximum, and s t a r t s  to  decrease , the  fo rce  

changes i t s  s ig n , and when the  e le c tro n  i s  l e f t  by th e  pu lse  ( a t  

t=+oo) i t  has th e  same momentum as i t  had before  being overtaken by 

the  p u lse . This i s  in  f u l l  agreement w ith th e  a d ia b a tic  hypo thesis , as 

i t  was in  the  case of th e  la s e r  beam.

The p rocess of a c c e le ra tio n  of f re e  e le c tro n s  by long, u l t r a -  

strong  la s e r  p u lse s  was d iscussed  re c e n tly  by Lebouf , in  the  con­

te x t  of i t s  a p p lic a tio n  fo r  th e  heating  of u ltrad en se  plasm as. The 

e le c tro n  i s  acc e le ra te d  to  u l t r a r e l a t i v i s t i c  energ ies by th e  a c tio n  of 

th e  ponderomotive p o te n t ia l ,  due to  the s p a t ia l  inhomogenity of the  

la s e r  wave. I t  w il l  be expelled  from th e  focus, thereby d ep le ting  th a t 

reg io n . Although th e  In te ra c t io n  o f ions w ith th e  la s e r  f i e ld  i s  much 

weaker ( by the  fa c to r  !QQ- ) than th e  one w ith e le c tro n s , ions w il l  be 

p u lled  away from the  focus reg ion , gaining high e n erg ies , because of 

very strong e le c t r o s t a t i c ,  charge separa tion  fo rces .

I t  i s  u se fu l to  d iscuss whether the  la s e r  pu lse  o r  the  la s e r  

beam i s  the  b e t te r .d e s c r ip t io n  o f th e  re a l  physica l s i tu a t io n  of the  

in te ra c t io n  of th e  la s e r  wave w ith an e le c tro n . That obviously depends
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on c e r ta in  param eters such as the  du ra tion  of the  p u lse  , the  

width L of th e  beam in  th e  foca l reg io n , and th e  e le c tro n  v e lo c ity  v . 

The e lec tro n  has a g re a te r  p ro b a b ility  of en te ring  the  beam ( from the  

s ide) i f  . I f  T  i s  o f o rder 10'^ sec , th a t g ives

For e lec tro n s  of k in e tic  energy of th e  o rder of 1 eV, th a t  req u ire s  

L «  5 mm, which i s  m ostly s a t i s f ie d .  But th e  e le c tro n  w il l  be r e f le c te d  

from such beam i f  th e  la s e r  in te n s i ty  i s  la rg e r  than~10 ^  ( in  o p t i-Uin
c a l reg ion  ) .  So, a t  a given la s e r  in te n s i ty ,  even i f  1Tj_ T »  L i s  

f u l f i l l e d ,  the  e le c tro n s  w ith an energy, le s s  than th e  c r i t i c a l  one, 

w il l  be overtaken by th e  la s e r  p u lse , being not ab le  to  p e n e tra te  th e  

la s e r  beam. B ut, i f  th e  la s e r  pu lse  i s  long, these  e le c tro n s  w il l  

leave th e  la s e r  from the  s id e , as though i t  were th e  beam. So, the  

e f fe c t  of a long la s e r  p u lse  on th e  cloud of f re e ,  n o n in te rac tin g  

e le c tro n s  i s  to  change th e  energy d is t r ib u t io n  of th e  cloud, deple-
x

t in g  the  region E.<WX . The e ffe c t  i s  b e t t e r  i f  the  pu lses a re  lon­

g e r.

Now we s h a l l  take care  of the  o s c i l la to ry  p a r t  S of Z ( equa­

tio n s  (1 .2 .1 5 ), (1 .2 .1 7 ), (1 .2 .21) ) .  From (1 .2 .44 ) and (1 .2 .57 ) i t  

fo llow s, th a t fo r  both th e  la s e r  beam and th e  la s e r  p u lse

I S o + K - V S 0 = 5 i r ^  (1 .2 .63)
9 1

and Cl‘VS0 -  Q • fj. fo r  th e  beam, w hile fo r  th e  p u lse . So,

from (1 .2 .21) we have
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where

cu?- 65>

With the  known S 0 , S we can determ ine Z In  (1 .2 .1 5 ), which can be sub* 

s t l tu te d  In to  (1 .2 .1 2 ) , to  ob tain  ^  . So, fo r  the  case of the  la s e r

p u lse  we have

(<:^ - l’c?' 7 + £ ^ ,a t o s ' f+ /5 li,y\ ) e v p i  ( g . r -  eat -

(1 . 2 . 66)

For the  la s e r  beam we ge t

r ,

tb).

(1 .2 .67 )

rfb>W )* s a l so a slowly varying function  of F i , but we neglected  the  

d e riv a tiv e s  In  IQ. of (X(Q). A pplication o f  th e  d e r iv a t iv e s  » m atrix  

m u ltip lic a tio n  and some rearangements y ie ld  fo r  the  case of the  la s e r  

p u lse  e sse n tla ly  the  Volkov so lu tio n
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* 'f
t' ( £ . ? - E 4 t - a s s i n ' f - £ s i n 2 t - J b M '> d r )

= C $ (A s +Bs c o s 'p ) j ? e  (1 .2 .68)

where A^ , B j  ,Q^ , b , V , X  a re  g iv e n  by ( 1 . 2 . 5 ) ,  ( 1 . 2 . 6 ) ,  ( 1 . 2 . 7 )  and 

( 1 . 2 . 8 ) .  For t h e  l a s e r  beam we obta ined

^ 5 ( b > =  U  ( A j -  o t - K )  +  B *  C o s t )  § ,  *

x e x p i (  5)Vi-<Jfi' + ^ i ^ - f s t - Q 4 s i n f - | S m 2 ' f )  <1.2.69)

where f x = q£ , f^  = q^ ,and A^., Bj. , have th e  same forms

as in  th e  case o f the p u lse , except th a t  fo r  every occurring of <f i t  

should be rep laced  by the  e le c tro n  momentum in s id e  th e  la s e r  f  . In 

I t  should be understood th a t  Q-0(*f)and in  Q^CXCVj.)*

The whole d isc u ss io n , given above in  t h i s  S ection , i s  a lso  

v a lid  in  the  case o f th e  c ir c u la r ly  p o la rized  la s e r  wave, which i s  

described  by the  v e c to r p o te n t ia l  o f the  form (1 .2 .1 ) , w ith £ = 1 .

But, as here A7̂  Oz ,we can expect the  d isapearance of the  term Sl‘n2«P 

in  the  phase of the  wave functions ( 1 . 2 . 6 8 ) , ( 1 . 2 . 6 9 ) . This i s  a con­

sequence of th e  fa c t  th a t the  am plitude o f the  v ec to r p o te n t ia l  i s  

constan t during one o s c i l la t io n  p e rio d , fo r  the  c ir c u la r ly  po larized  

la s e r .  That causes th e  leng th  of the  v e c to r of e le c tro n  o s c i l la to ry  

momentum to  be constan t in  period  T.Then, th e  time average value of the  

momentum i s  equal to  i t s  am plitude and so the  e le c tro n  e ffe c tiv e  

r e s t  mass in  th e  la s e r  i s  now m = m (1**HXl )

Repeating exac tly  the same step s as we did fo r  the  l in e a r ly  

p o la rized  la s e r ,  we have in  the  case o f the la s e r  pu lse



< ’“= ca( AS t b S * c o t i  + Bf S i ' n t ) * .  x

Y - e v p i  ( S. f1-  Fa t -  s f - n - 2 J  b t ^ ' j c i ^ ' )  <1. 2 . 70)

F in a ly , we must a lso  o b ta in  th e  norm alization  constan ts fo r  

the  wave fu n c tio n s , given by (1 .2 .6 8 ) ,(1 .2 .6 9 ) ,(1 .2 .7 0 )  and (1 .2 .7 1 ). 

We do th is  by working in  a f i n i t e  volume of l in e a r  dimension D. Then, 

i f  the  cross se c tio n  of th e  la s e r  beam has a dimension L, the  condi­

tio n

where i s  in  (1 .2 .6 ) ,  w ith & replaced  by e ; ,  1=1,2. A^ i swhere B

given by (1 .2 .5 ) and b  by (1 .2 .7 ) ,  Qg -  2 l  an<* Qj/C-t~ COS

In  th e  case of th e  la s e r  beam we get

where A ^ , B1̂  , Cl£ and & a re  as in  the  case of the  la s e r  p u lse , except

th a t  q i s  rep laced  by f ,  and

5-n = 9  n

(1 .2 .72)

(1 .2 .73)

y ie ld s
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We assume [*/[) 4 A  1

I f  th e  d u ra tio n  o f th e  la s e r  p u lse  i s  X* » then  th e  cond ition

(1 .2 .73 ) y ie ld s

2 E %  ( F g f  lOn) D3 + (1 .2 .75)

and we assume ^  1 .

& 1.3 T h e  m o t i o n  o f  a n  a t o m  i n  a n  u l t r a ­

s t r o n g  l a s e r  o f  t h e  f i n i t e  s p a t i a l  a n d  

t i m e  e x t e n t .  As was po in ted  out in  6c 1 .1 , an atom cannot 

p ick  up energy m onotonicaly in  a harmonicaly o s c i l la t in g  electrom ag­

n e t ic  f i e ld .  However, i f  the  atomic param eters - charge, d ipo le  moment, 

p o la r iz a b i l i ty  e tc . could change w ith tim e or space, continuous acce­

le ra t io n  can be produced. This has been th e  su b jec t of many th e o re tic a l  

[51] ,[5 2 ] , [53] ,[5*»] ,[55] and experim ental [SC]?[57j , [58] ,[5 9 ] , [60] , [ 6 t l  

work.

The abso rp tion  and iso tro p ic  re ra d ia tio n  by a spontaneous 

em ission of the  resonance ra d ia tio n  r e s u l ts  in  an average d riv ing  fo ­

rce  on th e  atom, and th e  so c a lle d  ra d ia tio n  p ressu re  in  th e  d ire c tio n  

of the  In c id en t l ig h t .  Suppose we have an atom in  the  ground s t a te ,  

and the  frequency of th e  la s e r  pu lse  i s  c lo se  to  th e  frequency of the 

t r a n s i t io n  between the  ground and an upper s ta te .  Then, abso rp tion  o f 

a photon leaves atom in  the  upper s ta te ,  and th e  momentum o f th e  pho­

t o n , i s  tra n s fe re d  to  th e  atom. I f  th e  in te n s i ty  of th e  la s e r  i s  low, 

a photon w il l  be em itted  from the  upper s ta te  due to  fluo rescence , in  

random d ire c tio n s  and in  usual d ip o le  p a tte rn . Then the  n e t s c a tte r in g



fo rce , which d escribes the  l in e a r  momentum p e r sec , gained by the  atom, 

i s  p ro p o rtio n a l £ 5 6 ]

F ~  (1 .3 .1 )

where V  i s  the  n a tu ra l l ife tim e  of the  excited  s ta te .  In  th e  process 

of a cc e le ra tio n  th e  atom tends to  decouple I t s e l f  from th e  la s e r  by 

the  Doppler s h i f t  o f th e  la s e r  frequency, which causes th e  detuning 

o f the la s e r  from the  resonance, and the  atom i s  retu rned  to  the  ground 

s ta te  [55] .  Various methods were proposed fo r  recoupling th e  atom [55] 

as w ell as in c reas in g  th e  e ff ic ie n c y  of the  process £55].

I f  th e  atom i s  in  a sp a tla ly  inhomogeneous la s e r  wave, i t  can 

e x ib it  ponderomotive fo rces on i t s  induced d ipo le  moment. I t  i s  easy 

to  see i t  from th e  a c tio n  of the  Lorentz fo rce  on the  atomic d ipo le  

moment [S2]

F =  ( P ' V ) E t -  C1-3-2)
L  d r

where p=o(E, and ot i s  th e  p o la r iz a b i l i ty  of the atom in  a p a r t ic u la r  

s t a te .  To s im p lify , l e t ' s  suppose th a t p( i s  independent of the  la s e r  

in te n s i ty .  Then, by th e  use of th e  Maxwell equation 

and the  id e n t i ty  one can get

F = o t ( V ( £ E 2) + - f ^  ( £ * £ ) )  (1 .3 .3 )

which y ie ld s  the  time averaged fo rce  as
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F = ^ ( V ( ^ E 01) + ^ ( ^ ) k )  (1-3.4)

E0 i s  th e  am plitude of th e  la s e r  e le c t r i c  f i e ld ,  and th e  averaging i s  

over a period  o f o s c i l la t io n  o f th e  e lectrom agnetic  f i e ld .  In  th e  case 

of a tra v e lin g  la s e r  p u lse , i n f in i t e  in  the  d ire c tio n  jperpendicular to  

th e  d ire c tio n  of i t s  p ropagation , i t  fo llow s from (1 .3 .4 ) th a t  the  fo rce 

on the  atom a c ts  in  th e  d ire c tio n  of th e  wave propagation a t  the  fro n t 

edge of th e  p u lse , and in  oposite  d ire c tio n  a t  th e  back edge of the  pu­

ls e  [52], ( F ig . 1 .1  ) .

i

RADIATION
PULSE ENVELOPE

ATOM

-*■  FORCE VELOCITY ■ * -
FORCE

-  -  . .  —    . J L .   r’_ _ _ _ _ _ _ _ _ _ _ _

F ig . 1 .1  £52]

A remarkable a p p lic a tio n  o f these  fo rces i s  in  la s e r  separa tion  

o f iso to p es . One can s e le c tiv e ly  a c c e le ra te , trap  or separa te  th e  atoms 

o r molecules because of t h e i r  la rg e  c ross sec tio n s  a t  sp e c if ic  resonan­

c es . S e lec tiv e  e x c ita tio n  can be done by v ir tu e  of iso to p e  s h i f t  of th e  

resonance le v e ls .

In  an u ltra s tro n g  la s e r  wave i t  could be th a t  th e  concept of th e  

l ig h t  p ressu re  and the  ponderomotive fo rces  in  th e  sense described  

above, looses any meaning. In  th e  u ltra s tro n g  la s e r  f i e ld  th e  mixing 

and s h if t in g  of th e  s t a te s ,  as  w ell as t h e i r  w idth, a re  so la rg e  th a t  

th e  concept of the  is o la te d  atomic s ta te s  i s  not accep tab le  any more.



For th e  same reasons, one sh o u ld n 't expect th e  resonance behaviour of 

th e  atom e x c ita tio n  and Io n iz a tio n  a t  c e r ta in  frequences o f th e  la s e r .  

In  such s i tu a t io n ,  the  motion of th e  e le c tro n  w il l  be governed more by 

th e  la s e r  than by the  b inding p o te n t ia l  of th e  nucleus, and I t  I s  con- 

s l s te n t  w ith such p ic tu re  to  suppose th a t  the  m otion .of the  atom In  an 

u ltra s tro n g  lnhomogeneous la s e r  f i e ld  I s  governed dominantly by the 

p ro cesses , th a t govern th e  motion of a f re e  e le c tro n  In  such f i e ld .

As we have 3een In  & 1 .2 , such process I s  the  a c c e le ra tio n  o f th e  e lec  

tro n  in  a la s e r  f ie ld  due to  th e  e le c tro n 's  e f fe c t iv e  mass. The e lec-. 

tro n  e f fe c tiv e  r e s t  mass i s  in  th is  case , In  the  f i r s t  approxim ation, 

the  time o r space changable atomic param eter which causes continuous 

energy t r a n s fe r  from th e  electrom agnetic  f ie ld  to  the  atom.

In  & 1.1 we have a lready  d iscussed  the  motion of th e  hydrogen 

atom In the  u ltra s tro n g  la s e r  "beam", due to  th e  in te ra c t io n  w ith the  

"ponderomotive" p o te n t ia l  (1 .1 .7 5 ) , in  n o n r e la t lv l s t ic ,  d ipo le  appro­

xim ation. Since th e  coupling of th e  electrom agnetic  f ie ld  to  the  nu­

c leu s I s  tQ. sm aller than  to  the  e le c tro n  ( M i s  the  mass of the  nuc-
M

leu s  ) ,  the  hydrogen atom couples to  th e  ponderomotive p o te n t ia l  essen 

t i a l y  through the  e le c tro n . That coupling I s  described  as a re s id u a l 

coupling In the  c en te r of mass system, as the  f ie ld  which in te r a c ts  

w ith the  e le c tro n  i s  dependent on the c en te r  o f mass coord ina te . Al­

though nor the  d ipo le  n e ith e r  the  n o n re la t lv ls t ic  approxim ation a re  

accep tab le  In  th e  case we d isc u ss , such a n a ly s is  could help  to  under­

stand in  a simple way th e  b asic  fe a tu re s  of th e  atom ic motion.The 

motion of the  hydrogen atom in  the  u ltra s tro n g  la s e r  pu lse  w il l  be 

tre a te d  r e l a t i v i s t i c a l l y  l a t e r  in  th is  Section . I f  we make a non re la -
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t i v l s t l c  approxim ation ( x l< l ) o f the  r e l a t i v l s t i c  r e s u l t  evaluated 

fo r  th a t  case , we ge t th a t  th e  atiom, being overtaken by th e  la s e r  p u l­

se , ga ins momentum

i< . a .3 .5)

and, a t  th e  same tim e, I t  has th e  p o te n t ia l  energy

V*-  vvi y 1^ )  (1 .3 .6)

As I t  I s  being l e f t  by the  p u lse , an atom looses I t s  momentum ( th e  

fo rce  changes th e  d ire c tio n  ) and the  o v e ra ll  change of the  atomic mo-, 

mentura, when th e  atom I s  f re e  of la s e r  again  I s  zero . Here we suppo­

sed th a t  th e  atom was in  I t s  ground s ta te  upon leaving  th e  la s e r ,  as 

i t  had been befo re  en te rin g  th e  la s e r .  But, as  we w il l  see In  & 1 .4 , 

th e  io n iz a tio n  r a te  fo r  the  hydrogen atom In creases  w ith th e  la s e r  

In te n s ity  even in  th e  u ltra s tro n g  la s e r  l im i t ,  and th e  chanses th a t 

th e  atom w il l  su rv ive  in  th e  la s e r  become very sm all. In  th a t  way, any 

a p p licab le  d iscu ssio n  about th e  p o s s ib i l i ty  o f th e  a c c e le ra tio n  of 

atoms by an u ltra s tro n g  la s e r  could be i r r e le v a n t .

As we saw in  & 1.2 fo r  th e  case of a f re e  e le c tro n , ponderomo­

t iv e  p o te n t ia l  i s  a n o n re la t lv ls t ic  approxim ation of th e  more

general change in  e f fe c t iv e  r e s t  mass of th e  e le c tro n , which a r is s e s  

when th e  e le c tro n  motion i s  tre a te d  r e l a t l v l s t i c a l l y .  We now want to  

f in d  th e  r e l a t i v l s t i c  g e n e ra liz a tio n  o f th e  so lu tio n  (1 .1 .30 ) fo r  th e  

c en te r  of mass motion. We d escrib e  the  atom in  th e  la s e r  f i e ld  in  terms 

of th e  cen te r o f mass and r e la t iv e  coo rd ina tes by



( i f , - T * - ( e t - i f + / i m + V ( r ) ) ) v)/ >= 0  0.3.*>
3 t

where R I s  the  c en te r  o f mass coord inate  and r  i s  the  p o s itio n  of the  

e le c tro n  r e la t iv e  to  th e  p ro ton , <?£ and /V a re  the  usual D irac m a tr i­

ces of the  e le c tro n , and

ff= pr4-eA (1.3.8)

F i r s t  we deal w ith a l in e a r ly  p o la rized  l a s e r ,  w ith  the  v ec to r p o te n t i ­

a l  In  the  form

A = c x ( M ) c o $ 4 >  0 *3.9)

We suppose th a t  the  am plitude (X(R,t) i s  a slowly varying function  of 

time bn the  sca le  of th e  period  of the  la s e r  o s c i l la t io n  ^  - I t  

i s  a lso  a slowly varying function  of space on th e  sca le  of th e  la s e r  

wavelength and the  atom wavelength. We have in  mind a p a r t ic u la r  exam­

p le  of CO2 la s e r ,  whose frequency of o s c i l la t io n  i s  much sm aller 

than the atomic c h a ra c te r is t ic  frequency ( by the  fa c to r  of about 

100 ) .  The p o te n tia l  V;(r) i s  the  pure Coulomb p o te n t ia l ,  as we deal 

w ith hydrogen atom. We take

T«  -  m m  ( 1 - 3 - l 0 )

so th a t  in te rn a l  motion of the atom i s  described  r e l a t i v i s t l c a l l y , but 

the  cen te r o f mass i s  described  n o n r e la t iv ls t ic a l ly .  This i s  p e rm lss l-
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b le , since  M»m. In f a c t .  In  tha  case when th e  no tion  of the  atom Is  

n o n r e la t lv l s t ic ,  which we suppose, th e  transfo rm ation  from th e  lab o ra ­

to ry  frame to  the  r e s t  frame o f th e  nucleus I s  G a lilean , so th a t  the 

atom has the same time as I t  I s  In the  labo ra to ry  system. The r e l a t i v i -  

s t l c  e le c tro n  i s  connected to  th e  labo ra to ry  frame and to  th e  r e s t  

frame of the  atom by the  Lorentz transfo rm ation . The motion of the  

atom i s  described  by (1 .3 .7 ) as a p lane wave, although deformed, becau­

se of the  coupling w ith  the e le c tro n ic  motion. Our supposition  of 

slowness of the  change of th e  am plitude of th e  la s e r  f ie ld  allow s us 

to  suppose th a t  the  motion of the  atom i s  only s l ig h t ly  changed In the  

c h a ra c te r !s ic  time of the  e le c tro n  motion and th e  la s e r  o s c i l la t io n s .  

So, we can in troduce  a lo ca l i n e r t i a l  system, connected w ith the  atom, 

and then d escrib e  the G alilean  transfo rm ation  to  the  lab o ra to ry  system 

by the  slowly varlng  phase of the p lane wave ( eikonal approxim ation ) .

S im ila rly  as In  & 1 .2 , equation (1 .2 .1 3 ) , we se t

S u b stitu tin g  th is  in  e q . (1 .3 .7 ) , a f te r  m atrix  m u ltip lic a tio n  we get 

the  equation fo r  Z

(1 .3 .11)

( (  E - V ) 2-  1m 7, -  i f 1-  €  X.’ FT- t e ^ B  ) 2- 0 (1.3.12)

where we used the  short hand

(1 .3 .1 3 )



In  d e riv a tio n  of (1 .3 .12 ) we neglected  the  terms of the  order jL  ,
T

where '£* i s  c h a r a c te r is t ic  time of the  change of the  la s e r  f i e ld  amp­

li tu d e  C l(R ,t) . The commutator £TC )Tg/3 i s  a lso  neg lected  on th e  b asis  

of the  sm allness of th e  atom wavelength compared to  th e  la s e r  wave­

leng th  and to  th e  c h a r a c te r is t ic  leng th  L of th e  s p a t ia l  change of Q . 

The term s, th a t o s c i l l a te  in  time can be tre a te d  as a p e rtu rb a tio n , 

which causes th e  abso rp tion  and emission of an in te g e r  number of pho­

to n s , but d o e sn 't s ig n if ic a n t ly  in flu en ce  th e  continuous a c c e le ra tio n  

of the  system. These w il l  be droped from (1 .3 .1 2 ). The dropped p a r t  

of "Hamiltonian" in  (1 .3 .12 ) i s

T t ' - l e  A p , . - h - | - e 1a 2 c o s 2 vP + (1. 3. w )

where CJ i s  a m atrix , defined  by (1 .2 .1 8 ). In  th a t  way we a re  l e f t  w ith 

equation

R e - v ) 1- ^ -  *-<£ ( p rv ; ] Z i , =  o  ( i .3 .1 5 )

Since mixes la rg e  and small components o f the  e le c tro n , i t s  expec­

ta t io n  value i s  of th e  order ^  , where , d i s  a l in e a r  dimen­

sion  o f the  atom. Then
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(J L lS z D . ^  c ¥  m a r  = i ac f~  d i  <i.3 .i6>
2 E V  c  'H 'C 1 c  1

where < /p = (l‘i7 ) i s  the  f in e  s tru c tu re  c in s ta n t.  Also, i t  follow s

M l ML (1 .3 .17)
2 e v  t o e *  d m c 1 1\C  C

So, we can n eg lec t V* andc£(PPV)in comparison to  2E V which, app lied  

in  (1 .3 .1 5 ) , g ives the  equation

( E Z - 2 E V - yy)1 -  p * 0 d . 3.18)

where X was defined  in  ( 1.1 . 2) .

Assume now th a t th e  v ec to r p o te n t ia l  am plitude i s  only a functi-
p* -» -» -» _j

on o f , where i s  th a t  p a r t  o f R which i s  perpend icu lar to  k ( k 

d e fines  the  propagation  d ire c tio n  of th e  la s e r  wave ) .  This i s  ju s t  

th e  case of th e  la s e r  "beam", defined a t  th e  begining of & 1 .2 . To 

solve equation (1 .3 .18) we use th a t)(( j$ )  i s  a slowly varying function  

and s e t ,  s im ila r ly  as in  th e  theory of atom ic-atom ic c o ll is io n s  E*10]

-I fi t  Wno t  
^  C5) u h (5|V*>e ( i .3 . i9 )

n

where U( R , r ) ,  a slowly varying function  o f R, i s  an eigenfunction  of

th e  " d is to r te d "  Schrodinger equation which corresponds to  th e  eigen- 
- I
nvalue B J  , i . e .

( E v I “  V ( l r ) - | ^ x ) Uh(ft,\r) = Q (1 .3 .20)



The e le c tro n  r e s t  mass m i s  here rep laced  by the  e f fe c t iv e  r e s t  mass

m *  =. .P i. +  J -  (1 .3 .21 )
2M  ZM * ( R >

I  I  u.
and Wno= m + E no . Enp i s  an eigenvalue of equation (1 .3 .20 ) w ith m=m , 

which evolves in  E^ in  th e  presence of the  la s e r .

The ansatz  (1 .3 .19 ) i s  based on the  la rg e  mass d iffe re n c e  bet~ 

ween the  e le c tro n  and th e  nucleus. This d iffe re n c e  im p lies much slower 

motion of nucleus w ith resp ec t to  th e  e le c tro n ic  m otion, and we can 

sep ara te  Hamiltonian in  (1 .3 .18 ) in  nu c lear and e le c tro n ic  p a r t ,  as 

in  (1 .3 .1 9 ). The slowness of the  change o f Q( p )  im plies th e  weak cou-
.  .  j

p lin g  of th e  nuc lear and e le c tro n ic  m otion, and R in  l /^ (R ,r )  can be 

considered as a slowly varying param eter, r a th e r  than  a dynamical v a r i ­

a b le . As form a complete orthonormal s e t ,  using (1 .3 .19) in  (1 .3 .18) 

and m u ltip liln g  from th e  l e f t  by C/y, , we g e t equation  fo r  c en te r of 

mass wave functions H

( 6 4 - Z E « 6 r . - m 1 ( 1 + 2 X 1 ) ) S ' r t ( R > 0  d -3 -2 2 )

where we neg lected  Ey, compared to  |7) ' • The terms which rep resen t a 

kinem atic coupling of n u c lea r and e le c tro n ic  motion were a lso  n eg lec ­

ted . In  (1 .3 .2 2 ), in  E was replaced  by £ i - , and so
d t  2M

E -> 6n” T"n.-Wno. In  th e  f i r s t  e ikonal approxim ation, we make the 

ansatz  C*llJ



where d e riv a tiv e s  of (R) can be neg lec ted . Then (1 .3 .22) gives

(6m-  Ha ) -  w l (H - 2 v 1) = 0  a.3.24)2M  ' "  ZM

For the  hydrogen-like atoms energy eigenvalues a re

W Z V  (1 .3 .25)
2 in1

and so

r -  ' ~  I r -  E xl.
tw, 2M_ (1 .3 .26)

m

S u b s titu tin g  (1 .3 .26) in to  (1 .3 .2 4 ) , i t  follow s

£ ^ ‘  (1 .3 .27)
(  I “  ^£*10  ̂ ^
> Wl •

and f in a ly

I P n i l = ( p i - 2 M ( m f E » o ) ( V i+ I F - l ) ) /2 <13_28) 

I P .  I. I = I P in  I

where ( Pi |  i s  the  c la s s ic a l  momentum of the  atom a t  t=-oo . The cen ter 

of mass momentum P^ (R) i s  the  c la s s ic a l  momentum, whose evo lu tion  i s  

governed by the  Hamiltonian

W o ( P ^ , R ) = | p j  H - ^ P h ( f c )  (1 .3 .29)
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where

U pyi ( i t > *  ( m +  Ev»o)( YT+2.y>— 1 )  a . 3 . 30)

i s  th e  r e l a t i v i s t i c  g e n e ra liz a tio n  of th e  ponderomotive po ten­

t i a l  (1.1.7-3), and i t  becomes iTl'jC1* In th e  weak f ie ld  l im i t .  The la rg e s t 

e r ro r ,  a sso c ia ted  w ith th is  so lu tio n  of equation (1 .3 .15) i s  of the  

order o f (  (R ) L )   ̂ , and i s  s u f f ic ie n t ly  sm all to  be n e g lig ib le  fo r

macroscopic beams. The l in e  in te g ra l  in  (1 .3 .23) i s  taken along the 

path- of the  c la s s ic a l  m otion. To fin d  such p a th s , we can use th e  proce­

dure of Weinberg [4*0, £42), as we did in  & 1.2 fo r  th e  f re e  e lec tro n  

m otion. We have defined  D by equation (1 .2 .26) and i t  i s  here

t > ( R | P n ) =  +■ U P n ( R ) -  (1 .3 .31)

To co n stru c t Pn and fin d  the  p a th , we have to  solve th e  equations of 

motion

3_£: -  9  Pn _ _  9  D (1 .3 .32)

where s i s  an a rb i t r a ry  param eter ( which could be a measure of time 

along the  pa th  ) .  For any given i n i t i a l  cond itions

R o = P - K ) ,  p , =  Pn (4 . )  d-3-33)

th ese  equations uniquely define  p„ and th e  path  of the  atom. Note
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th a t  In  the  case of th e  la s e r  beam, we deal w ith , P n ) l ~  Pill and the  

problem Is  a two dim ensional one.

So, n eg lec tin g  th e  kinem atic coupling of the  nuc lear and e le c ­

tro n ic  m otion, we defined the  s ta tio n a ry  s ta te s  of the  cen te r of mass 

motion J ^ ( f O l n  the  ( e le c tro n ic  ) p o te n t ia l  energy . In add i­

t io n ,  the atom th a t  en^ ters  th e  la s e r  a d ia b a tic a lly  compresses in  i t s  

s iz e ,  in  every s ta te .  I n e la s t ic  t r a n s i t io n s  in  the p o te n t ia l  KJpY\ a re  

a d ia b a tic a lly  im probable. In  p a r t ic u la r ,  fo r  th e  hydrogen ground s ta te ,  

we have

W o - M - R y

u „ - e ' t l r , i -  ( 1 - ( x. 3. 34)  

L 'po(R ) =  ( v« - M ( V T m i - 1 )

In the  case of th e  la s e r  "p u lse" , of the  kind as was defined a t

the  beglning of & 1 .2 , am plitude of th e  v ec to r p o te n t ia l  i s  a slowly
, • - »

varying function  of <() , where -  K' R.  In th a t  way, X=X(<J>)

and we can solve equation (1 .3 .1 8 ), making th e  ansatz

11  ShW )d <t>'+  i p,-R -  i ‘
£ o = 2L U h ( r >( p)C (1 .3 .35)

n

where Wno= \Yi+ Er\o» i s  th e  e igen function , which corresponds to  

the  eigenvalue Ep of th e  Schrodinger equation

(  EyJ ~  V ( \r ) -  ^  ) U V)(»rJ ( j ) ) = 0  (1 .3 .36 )



92

where

m *= t n f c  w ^ - c o  S W -  ^  +• (<») =  £ h  ( I -3-37)
2  M  r l

obeys th e  equation

(1 .3 .38)

(1 .3 .39)

Oh the  o ther hand, (1 .3 .38 ) gives

Evi = ( Y Y ] +  E y l o W i  +  Z X ' C Q )  (1 .3 .40)

The l a s t  two terms on th e  r ig h t  hand side  o f (1 .3 .37) a re  much sm aller

than Cd $̂ (<t>) as they have th e  la rg e  atomic mass in  th e  denominator,

compared to fj^and  P,-W in  num erator. N eglecting th ese  two term s, we

get 5* of the  order of . With such S* we can e a s ily  see th a t 
^  CJ

; CJ S ^  ^  <^< ) *. (US~ ^  1 (1 .3 .41)
2 M  H  ' M C.

which j u s t i f i e s  the  approxim ations we made.So,

£ hZ - 2  E n ' t n - ^ C H - Z X ^ W r r O

i s  a function  of $n(<J>) and, from (1 .3 .25) i t  follow s

| a

W rt0-  U) Stt(<J?) = (w\ + £ho)\ | l+2X* (1 .3 .42)
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i . e .

S n (<t>) =  - £ j  ( * n * E n ' i , ) ( V u - 2 > i l - 1 )  (1 .3 .43)

The so lu tio n  above d o e sn 't  depend on th e  mass of the  atom. P a r t ic u la r ­

ly , i f  M-»oo , then R tends to  a c o n s tan t, and so GJ"t . The motion

o f the  atom is  d escribed  by the  "tim e" dependent Hamiltonian

H  =  ^  +  (W l + En'0 ) ( \ J l + 2 ) ( * 6 t> ) -  1 )  (1 .3 .44 )
2M

where the  ro le  of the  tim e i s  taken by . The atom, being overtaken 

by the  la s e r  p u lse , moves in  the  in c reas in g  rep u ls iv e  p o te n t ia l  

(mtEn'o) -  1 ) , gain ing  a sm all momentum in  th e  d ire c tio n  of

th e  wave propagation

A p  = ) ( \T h :2X2 - 1 )  K  (1 .3 .45)

The corresponding change in  k in e t ic  energy of the  atom w il l  be sm all, 

of th e  order CO. , and can be n eg lec ted , as we neglected  th e  o th er
M

term s of th a t  o rd e r, whenever they appeared in  th e  c a lc u la t io n . Like in  

th e  case of th e  la s e r  beam, n o n e la s tic  t r a n s i t io n s  between th e  d i f f e ­

re n t e le c tro n ic  s ta te s  a re  a d ia b a t ic a lly  im probable.

In  p a r t i c u la r ,  fo r  hydrogen in  th e  ground s ta te  we have the  

same re la t io n s ,  given by (1 .3 .34 ) fo r  both the  case o f th e  la s e r  

p u lse  and the  la s e r  beam.

U n til now we found th e  phase of the  D irac wave function  

contained in  £ 0 , eq. (1 .3 .1 1 ) . We can now use (1 .3 .11 ) to  ob tain
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which s a t i s f i e s  the  wave equation (1 .3 .7 ) . In th a t  way we get 

th e  wave function  fo r  th e  atom in  th e  la s e r  "beam"

HVi — ( inn V ) u ^  *

/  ^  -»  —» ?* \

* € X p  I ^  ̂0 ^ ' p f t ( f O “  ” Vv^n^ y  ( 1 . 3 . 4 6 )

The wave function  fo r  th e  atom in  the  la s e r  "pulse" i s

M'y, -  Cy  ̂ (  m  ' [ U W  + Z ' f t  )  U* £ „  X

4> _  _  I
^ e x  p  C ( $ % ( $ ' )  cl <J>' +* Pt *R.“ &  t  "■Wow-t^ (1 .3 .47)

H ere,/to  i s  a u n it sp in o r, W ^sW +Eon and C* i s  norm alization  co n stan t, rw v>n n

* Pn » ant* were defined  by (1 .3 .2 0 ) , (1 .3 .28 ) or (1 .3 .36) and 

(1 .3 .^ 3 ), re s p e c tiv e ly , fo r  the  boundary cond itions th a t  e le c tro n  was 

in  a s ta te  which corresponded to  the  eigenvalue E ^w hile  th e  cen te r of 

mass of the  atom was moving w ith the  momentum before  en te rin g  the  

la s e r .  In d e riv a tio n  of (1 .3 ,46) and (1 .3 .47 ) from (1 .3 .11) we have 

neg lec ted  EM'0 and V(r) in  comparison w ith m.

The sem ic la ss ic a l motion of th e  c en te r  of mass in  (1 .3 .7 ) may 

be c a rr ie d  fu r th e r  to  a com pletely c la s s ic a l  d e sc r ip tio n . T his i s  ju s ­

t i f i e d  when th e  am plitude of the  la s e r  f ie ld  i s  slowly varying in  th e  

sense d iscussed  below (1 .3 .9 ) .  For example, in  th e  case of th e  la s e r  

beam, th e  c la s s ic a l  d e sc r ip tio n  would re q u ire  a wave packet w ith  an 

i n i t i a l  ex ten t &X0 , which i s  sm all in  comparison to  s p a t ia l  ex ten t 

of th e  beam. I f  th e  experiment l a s t s  a tim e V ,  then th e  packet w il l



have grown to  a s iz e  AXtT) » given by

(AXCC))*=(A <1-3-48>2M A / .

AX can be optim ized w ith resp ec t toAXp and then one ob tains

A y « , - ( t L £ ) /2 (1 .3 .49)
A 2 M '

from which

( A X C w f ^ T  (1 .3 .50)n

We can ask  how long the  experiment can l a s t ,  such th a t  th e  wave packet 

remains c la s s ic a l ,  i . e .  th a t A X (t)« L .F o r  example, f o r T ^ l O  sec , 

which i s  much longer than necessary  e i th e r  in  the  case of the  re a l
A

la s e r  beam or la s e r  p u lse , we g e t A)((T)m |0vnwL can a n tic ip a te d
- I

to  be of th e  order of 1 mm »  10 mm. The f i n i t e  s iz e  of th e  packet

a lso  In troduces momentum u n c e r ta in tie s  of the  order = , which g i-

ves a d e fle c tio n  of the  atom by a small angle A$=AP^lOrai/.Thls i s  n e g li-
P

g ib le ,  so th a t the  atom indeed behaves as a c la s s ic a l  p a r t i c le .

To go to  the  c la s s ic a l  d e sc r ip tio n  of th e  cen te r of mass m otion, 

we again s t a r t  from the equation (1 .3 .7 ) , drop th e  k in e t ic  energy ope- 

r a to r  T^ , and t r e a t  R (t) as a p resc rib ed  function  of t ,  which i s  obta­

ined from the c la s s ic a l  Hamiltonian
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where XS X(RW|t) i s  a slowly varying function  of tim e. Repeating the  

same procedure which we have used below e q . (1 .3 .7 )  to  ob ta in  

e q ;(1 .3 .1 8 ) ,  we get

( g ^  + 2 i ' V ^ f  m S  fi.l  +  2 m V w ) Z o = o  a .3 .5 2 )

The so lu tio n  of t h i s  equation can be expanded in  the  e igenfunctions 

of th e  Schrodinger equation

(  V (r t )  Uh(r ,t )=  0 (1.3.53)

%
where in  th a t  way

t

Z o n =  i  (  \  d - a - s * )
-C *>

Again, due to  the  slowness of change o f  X (■£), the  t r a n s i t io n s  

between the  s t a te s  of th e  d i f f e r e n t  n a re  a d ia b a t ic a l ly  Improbable.

The t r a n s i t io n s  can occur only by the  a c t io n  of the  o s c i l l a t in g  p e r tu r ­

b a tion  , which i s  given by (1 .3 .1 4 ) .  The atom, being i n i t i a l l y  in

the  ground s t a t e ,  w i l l  s tay  i n  th a t  s t a t e ,  only a d ia b a t ic a l ly  d i s t o r t ­

ing th e  s t a t e .  The d i s to r t io n  cames from the  change in  th e  e f f e c t iv e  

mass of the  e le c tro n ,  while th e  atom moves in to  the  r e l a t i v i s t i c  

ponderomotive p o te n t ia l  of th e  l a s e r .  The s iz e  of the  atom i s  schrink.- 

in g . ( The idea  th a t  th e  e le c tro n  in  atom changes i t s  r e s t  mass in  a 

way s im ila r  to  the  above one, was a lready  mentioned by Cohen-Tannoudji 

[3l3 in  context of d ress ing  of an atom by high frequency l a s e r ) .

We can now use (1 .3 .11) ( without "Tr ) to  ob tain  the  Dirac sp l-  

nor of th e  s t a te  n . I t  follow s ^

% -C n [ n \ * <■**)( gjj! W 0 Uh «-*p(-C \('M*+En)di'
-  oo

+ (1 .3 .5 5 )
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This wave function  i s  normalized to  the  e le c tro n ,  and the  normaliza­

t io n  constant w i l l  be la s e r  f i e l d  dependent due to  the  f a c t  th a t  the  

bound e lec tro n  i s  in s id e  the l a s e r .  The normalizing condition

1 (1 .3 .56)

applied  to  the  " d is to r te d "  hydrogen ground s t a t e ,  y ie ld s

c„ = J —  ( I + Xzt 0+2Xx)VV x'fU-COSKfO) h  (l.3.57) 
V T m

So, fo r  th a t  s t a t e  we can f in a l ly  w rite

l +  C l t 2 ^ ) V*

VI ( It-2Xl+ (I t 2xl)WXlCos2<p)Vi y
Uo U e(ir,t)

(1 .3 .58)

where

xuVz ^  I — If™
U 0 ( v , t ) = ^ L  ^ x p ( - t  e  ( 1 . 3 . 5 9 )

( | -  oLe )  ( \ + l x \ t ) ) j / 2  (1 .3 .60)
L a 0 2. •

(p =• Ujt- K-R. t and ^  inT t i s  -  K.* R» . Note th a t  fo r  X ~ * 0

t h i s  so lu tio n  goes to  the  f i r s t  r e l a t i v i s t i c  approximation ( up to  

the  order <Ap" ) of the  "bare" ground s t a t e  of hydrogen. Our d e s c r i ­

p tio n  of the  atom i s  to  t r e a t  the  cen ter  of mass motion n o n re la t iv i -
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s t i c a l l y ,  while the  r e l a t i v i s t i c  e f f e c ts  come from the  o s c i l l a t io n s  of 

the  e lec tro n  in  the  strong la s e r  f i e ld .  At the same time, the  motion of 

the e lec tro n  due to  the  in te r a c t io n  w ith the  nucleus only, s tays essen- 

t l a l y  n o n re la t iv iS t ic .

A ll d e r iv a tio n s  and the  d iscussions through t h i s  Section, can be 

applied  a lso  in  the  case of the c i r c u la r ly  p o la r ized  la s e r ,  defined by 

the vec to r  p o te n t ia l  0 - 2 - 7 E15 I* The r e s u l t s  a re

c le a r  i f  one recognises th a t  an equation analogous to  equation (1 .3 .15) 

i s  now

( (  E -  V  j1- Yn1 -  Pr- ) + X- ( Rr V ) )  ?„= 0  (1. 3 . 61)

—*
From th i s  i t  follows th a t  lP^j.1 in  (1 .3 .28) i s  here

lP r . i l  = (  P & - 1 M  ( w  + E » i o ) n  l + MV1 -  I ) ) 7* (1 .3 .62)

while $n(4>)in (1 .3 .43) i s

s n ( < p ) = - - L  ( n r n - E ^ X V ' n - w - D  d .3 .6 3 )
*

That im plies th a t  fo r  th e  l a s e r  beam and the  l a s e r  p u lse  have exac-
' ; . I ' • - v~

t l y  the  same forms as in  (1.3»46) and (1 .3 .4 7 ) ,  r e s p e c t iv e ly ,  except 

th a t  |Pnt.|and $n ($ )a re  now defined by (1 .3 .62) and (1 .3 .6 3 ) ,  r e s p e c t i -  

ve ly . The normalized ground s t a t e  of hydrogen, i n  the  c la s s ic a l  des­

c r ip t io n  o f th e  c en te r  of mass motion, in  the  c i r c u la r ly  p o la r ized  

la se r ,  i s
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^1/ | - J - ( I ^  ^  \
l o = — ----------------------- T “  &T? U .U 0 (1 .3 .64a)V I  ( I f H x H  l +4xz )V z)  I  —  * ~

where

Uo, ^  exp (- Ry)( It W 'd t ')  e V (1.3.64b)

and

At = Q (1.3.64c)

& 1.4 C a l c u l a t i o n  o f  t h e  i o n i z a t i o n  r a t e .

1 .4 .1  L i n e a r l y  p o l a r i z e d  l a s e r .  Having o b ta i ­

ned the " d is to r te d  wave" d e sc r ip t io n  of the  i n i t i a l  s t a t e ,  we may now 

w ri te  the exact S m atrix  fo r  the  io n iz a t io n  of the  hydrogen, i n i t i a l y  

in  the  ground s t a te  as C ^ 5 l

% . o  = " i  <s ' ^ , | d . 4 . 1 )

where the p e r tu rb a t io n  opera to r  H (  i s  defined by

(1 .4 .2 )
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H I s  the  f u l l  Hamiltonian in  (1 .3 .7 )  with T&-0 as we accepted the 

c la s s ic a l  d e sc r ip t io n  of c en te r  of mass motion of the  atom as the  simp* 

l e r  one. 7^  i s  the exact wave fu nc tio n , with Incoming wave boundary 

cond it ion s , which s a t i s f i e s

0  <1. 4 . 3)

and was defined by (1 .3 .5 0 ) .  S u b s t i tu t in g  , as expressed in  the 

form (1 .3 .11 ) ,  in to  (1 .4 .2 ) ,  with the use of e q . (1 .3 .5 2 ) ,  we get

(1 .4 .4 )

where was defined in  (1 .3 .1 4 ) .  ^ 0=20£o , where 1 0 i s  given by 

(1 .3 .54) and Ito' i s  a constant b isp in o r .  I t  i s  convenient to w rite  

down opera to r  ^ 6  again

For the CO  ̂ la s e r ,  O.IGV^Ry^and on th a t  ba s is  the  th i rd  term on

the  r ig h t  hand s ide  can be neg lected  in  comparison to  the f i r s t .  Their  

quo tien t i s  approximately

- e w 6 ^ , ~  q<f ~  ( d r f  (1.4.5)
e  a  c  V o i 0

I t  can be shown th a t  the  f i r s t  and the  second term of a re  of the 

same order of magnitude. In  f a c t ,  we sh a l l  see l a t e r  th a t  the  p r i n c i ­

pal con tr ib u tio n  to  the  T m atrix  comes from , such th a t  C0S2VP^>~.
4 *
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The comparison o f the two gives

^  e o t f c - V f t .  ^  R* _ *  L r j  ±
^ c L  *  *

(1 .4 .6 )

Using (1 .3 .58) we can f ln a ly  w ri te

/f x  c o s  f  a  • Pr +  2  m  y  l c o s  2 ^

0

u 0 u  a - * - ? )fS*

where Up.Is the  u n it  sp in o r ,  and U was defined by (1 .3 .5 9 ) , (1 .3 .6 0 ) .

The approximation which we sh a l l  use to  c a lc u la te  the  S m atrix  

(1 .4 .1 )  i s  the  same one th a t  have been used by F a i s a l ,  Keldysh, P e r t  

and e s se n t ia ly  a lso  by Gersten-Mlttleman. This i s  to  expand the  exact 

f in a l  s t a t e  in  p e r tu rb a t io n  s e r ie s  in  V(r) and keep only the  f i r s t  

term, in  which the  e lec tron -nuc leus  in te r a c t io n  i s  absent. As was 

d iscussed  in  &1.1, the  condition  fo r  convergence of such a s e r ie s  

could be w ri t te n  as X  . The d if fe ren ce  between our and the

previous ca lcu la tion s . th a t  we t r e a t  the  e lec tro n  r e l a t l v i s t i c a l l y ,  

and the  l a s e r  wave i s  o f a f i n i t e  s p a t ia l  and /or time e x te n t ,  allowing 

the  i n i t i a l  s t a t e  to  be d is to r te d  due to  the n o n o sc i l la t in g  terms of 

the in te r a c t io n  Hamiltonian. The proton motion i s  described c la s s ic a ly .  

I t s  coupling to  the  la s e r  f i e ld  i s  neglected  in  the  f in a l  s t a t e ,  since 

i t  i s  !& sm aller than i t  i s  through the  in d ir e c t  coupling of the  nuc~
M

leus and the  l a s e r  in  the  i n i t i a l  s ta te , .  The f ree  p ro ton , a f t e r  the
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atom I s  ion ized , moves unaccelerated  motion. The e lec tro n  in  the  f in a l  

s t a t e  i s  described  by the  modified Volkov s t a t e ,  the  m odifica tion  

re s u l t in g  from the  slowly varying na tu re  of the  la s e r  amplitude. The 

d e t a i l s  of t h i s  s t a t e  were discussed in  & 1 .2 . I t  i s  in  the  case of 

the la s e r  "pulse" given by (1 .2 .6 8 ) ,  and by (1 .2 .69) in  the  case of the 

l a s e r  "beam".

From (1 .4 .7 )  i t  i s  im edlate ly  c le a r  th a t  only the  " la rg e"  com­

ponents of the  f in a l  s t a t e  survive in  the  S m atrix . The e lec tro n  coor­

d ina te  in  the  f i n a l  s t a t e  must, be transformed in to  the  same coordinate  

as the one in  the  i n i t i a l  s t a t e ,  i . e .  r e= r  + R . The S m atrix , fo r  the 

case of the  l a s e r  b e a m  takes the  form

* e
L ( Q j . s r v ^  +

k  X c o s t  a , FV-“H w ) ) < : z c o s 2 vf  y

t

* U o ( r , X )  t
- i w 0t - L  J a t 'U p ( K u ' ) )

(1 .4 .8 )

where

(X^ -  Or Ck ' H R . ) (1 .4 .9a)

(1.4 .9b)

Up - ( m - R y ) ( V T h I ?  -  I )  } W o "VYl-Ry (1 .4 .9c)
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A ^  are  the m atrix  elements of the la rge  components of the

Dirac m atrices of the  modified Volkov s t a t e  (1 .2 .69 ) ,  between i n i t i a l  

and f in a l  spin s t a t e s ,

A*ib = (6a + nn ““ )<5it (1.4.10a)

+ (1.4.10b)

I t  i s  convenient to  express (|) as » and then to  use H* as the

in te g ra t io n  v a r ia b le ,  in s tead  of t .  I t  i s  a ls o  use fu l to  define  the 

functions by

L Q t S m ^ + L ^ S l ’m Z f  oo - t ? f
^  o s y  ^

’*■ A  f u(l 4 - X H V T h 2 V + XL( l  + C0Sl(t>)y/2- f r  (1 + 2X1) 1/4 (1  + I + 1 * i ) 4/2£=-Oo

(1.4.11)

which allows us to  w ri te

i a i S l ‘h ' f >+ I £  S m l f  oo . />. / ) ,  ,  NV

_ £  c o s nf  t o s i y _ _ _ _ _ _ _ J e 1 (  h- i  *  Ftfl )
\ +  V 2 -h \rn rI ¥  +  X 2 ( l t C 0 S 2 c { ) ) )  4  ^ ( - l + Z x ^ f l  +  \f f + 2 x 2 ) ^

(1.4 .12)

We can ex p lo it  the  slowly varying n a tu re  of f ( r )  and Up to  expand the  

exponential fac to rs

( 1 .4 .13a)
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J d t ’ U P ' ( R  ( * ' ) ) «  J d - t ' U p ( R t f ) )  +  l f p ( R )  k - F > . . . -  a . 4 . n b )

•o® -  oo

Then (1 .4 .3 )  can be rew rit ten  as

J  J d V q e x p  i  ( - J d e : j V > - f ( * ) . p  +

+ f i z M  (^  + K-r+KVR ) j ^ A t b ( A x d p / F / ^ m ^ 2 ( F ^ 2 f 5 « ) ) 4‘ 

+ B4V(*i*a-jvF/» f mxi (FH + ^2))}

* C X p  ( - i (  j  c J F 'U p ( R ( t ' ; )  + K-r Up ( R ) J  (1.4.14)
-00

F- (Yl) «* j»
( a re  slowly-varying functions of k*r, and t h i s  depen­

dence may be neg lec ted , since . j n e f f e c t ,  t h i s  rep laces  <J> by

In  (1 .4.11) and (1 .4 .1 2 ) .  Then the  r  in te g ra t io n  can be performed as 

a Fourie r  transform of the  i n i t i a l  s t a t e

5 ■ „ i £ f i  -h l K - r -  (' K’ ir U p ( R )  ^
d V e  u 0 u 0 ( R )=

- 1

= S f i t 'H 56 (  ( $ - £ ( E s - V , - l / P) )  + Y J  <1-4,l5)

The momentum opera tor pr  a t  each occurance in  (1.4 .14) can be replaced
a a

by f(R ), since a » k = 0 . The remaining ^  in te g ra t io n  gives

00

!
-Oo

f/k + K-fc

cF£
w

i  ^  ( %  -  v / 0  -  i u ) h  i  I d t ’ U p  ( R R V j
*V/ 2 l t  ( T ( ^ ~ V / o " ^ w “ l/p (Ro))

(1 .4 .16)
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where we have dropped an I r re le v a n t  phase f a c to r .  In ob tain ing  (1 .4 .16) 

we have again exp lo ited  the slowly varying na tu re  of Q(PL) orUf>(i£), and 

have labeled  as R0 the  p o in t  in  the l a s e r  beam in  which the  io n iz a t io n  

takes p lace . The observed cross sec tion  w i l l  conta in  an ensemble avera­

ge of t h i s  param eter, in  e f f e c t  allowing fo r  the  io n iz a t io n  to  occur 

a t  any p o in t  w ith in  the  la s e r  beam. This energy $ -  func tion , taken 

with l/p(Ro)as given by (1.3.3*0 i s  the  r e l a t i v i s t i c  g e n e ra l iza t io n  

of the  energy conserving condition  (1 .1 .77 ) .

In the  case of the  l a s e r  p u l s e ,  changing again the  

e le c tro n  coordinate  in  the  f in a l  s t a te  as r ^ ~ r + R ,  S m atrix  takes 

the  form

$
• r , , - f Q . ( r + R ) + ( F o t + i  J

j d t c l V C 2 (A ii p * B j V o s ' f ) e  -  *

L (Oo Sivi'P + S i v ^ )
* £ ft X C0SM> q-Pr + 2 ttnxz Cos2^)  x

(I +- X1 + vjr+XF + x 2, (1-V-COS2 cJ>))V2 

x (r, X )  t  •'°° (i.4.i7)

where

V  4 ? v  a , $  t  b = ^ ) v - < l - *- 18>

and A^Vp, B .^  a re  the  m atr ix  elements of the  la rge  components of the  

Dirac m atrices  of the Volkov s t a te  (1 .2 .6 9 ) ,  between the i n i t i a l  and 

the  f in a l  spin s t a t e s .  In  th a t  way

Aj. ip  = ( (1 .4 .1 9 )
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and i s  the  same as the one given in  (1 .4 .10b), with Sj replaced by 

In  the  i n i t i a l  s t a te  X=X(<fe)while in  the  f in a l  s t a t e  X^XOf) . We 

express •'P=<J)-K»T and use now $  as in te g ra t io n  v a r ia b le ,  in s tea d  of 

t  in  (1 .4 .1 7 ) .  We can fu r th e r  w rite

■fc +

Up(<M O )=^cH 'U p(<t>l-0) (1 .4 .20)
“00 - OO

and E xp lo it  the  slowly varying na tu re  of O('f) to  expand 

<b-K-ir d>

J b O T c / ' f '*  j b c ^ ' j d v f ' s c  J fc e O c H > '-  b C ^ ) £ •£ + .-  • (1 .4 .21)
-  0 0  “ 0»  “ OO

Then the  r  in te g ra t io n  in  (1 .4 .17) can be performed s im ila r ly  as in  

(1 .4 .1 5 ) ,  while the  remaining in te g r a l  y ie ld s  the  energy conserving 

condition

E ^ =  V 0 +  f(0 + Up(<j)0) + b  ( 4>.) ^  (1 .4 .22)

Here we labeled  by <f}0 the  phase of the  l a s e r  p u lse , when io n iz a t io n  

occurs. The observed cross sec tion  w i l l  conta in  an ensemble average 

of t h i s  parameter.

In  & 1.2 we concluded th a t  the  e le c tro n ,  which was born by the 

io n iz a t io n  and then l e f t  by the la s e r  p u lse ,  would gain momentum -b  It. 

I t  i s  convenient to  rep lace  in  the  S m atrix

2 i i  =  f n - b w (1 .4 .23 )
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and to  recognize £ as the  e lec tron  momentum in s id e  the  la s e r  p u lse ,  

where f ^ -  q± . The S m atr ices ,  in  both th e  case of the  l a s e r  beam 

and the  l a s e r  pu lse  can be rew rit ten  as

S g,o=-2nL 'Z (f(ea -W o -fw -U p (R „ ))  U-4.24)

Sjo’ =-2.it1 1  (T(es -W o-Zw -U p (<}>„)+ b(<t.„)u)T^ll)a-'>-25)

re sp e c t iv e ly .  Accounting (1 .4 .2 3 ) ,  i t  can be shown by s tr igh tfo rw ard  

c a lc u la t io n  th a t  the  T m atrices in  (1 .4 .24) and (1.4 .25) could be 

w r i t te n  in  the  same form, which i s

v (*1 x ft- f F<" + mx1(Ft-2 -i- Ft™))]■ S L L h l*
(1.4.26)

where

= (W0 + 1 (a )  + l/p + hq ~ t n J C  (Ii4 .27a)

B j . ( =  a -  t V K f  ( f i * i < ) - a ( a * d ) ( f i < - W „ - f u - l ' p - m ) ) i . a . 4 . 2 7 b )

V = W , + / W +  Up- f t i  (1 .4 .2 7 c )
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In the  case of the  l a s e r  beam, f=  f(R<>) is. the  momentum of the  e lec tro n  

re s u l t in g  from I  photon io n iza t io n  a t  R0 in s id e  the l a s e r .  Then the 

e lec tro n  moves as a c la s s ic a l  p a r t i c l e ,  governed by the  Hamiltonian

H ( p 1 +Wl ( f + 2 x 1 (fe )))V2 (1.4 .28)

and f  becomes q as the  e lec tro n  emerges from the  laser.E nergy  conserva­

t io n  y ie ld s

1/
= =  (1.4 . 29)

where

+ 2 m l X z (  (1 .4.30)

and the  supposition  th a t  the  la s e r  i s  uniform in  the  k d ire c t io n  y ie ld s  

f  u” qM . On the  o ther  hand, in  the  case of the  la s e r  p u lse ,  f ( $ 0) i s  

the  e le c tro n  momentum i n  l a s e r  which r e s u l t s  a f t e r  I  photon io n iz a t io n  

a t  the  pu lse  phase (J)e , and then the  e le c tro n  evolves as a c la s s ic a l  

p a r t i c l e ,  governed by the  Hamiltonian (1 .4 .2 8 ) ,  with X - X ( % ) »  and f 

becomes q as the  e le c tro n  emerges from the  l a s e r  p u lse .  The assumption 

th a t  the  pu lse  i s  uniform in  the  d i re c t io n  perpend icu lar to  k y ie ld s  

f^= qA and in  ad d it io n  we have the  r e l a t io n  (1 .4 .23) between the  k 

components of f  and q.

The fu n c tio n s , defined by (1 .4 .1 1 )  can be w ritten  as
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p / * ° =  [  d l l  COS*V £  0  + 2 X 2 *  \ Z l f  Zy1 )_ _
^  2Tr ( l  + Xz + V T + 2 y i  + X i ( l  +  C o s 2 ' f ) ) V 2

( 1 . 4 . 3 1 * )

where

A F f ) =  l y  + 0}  s i ’ n f  +  5 ' » n  2 ' p  ( 1 . 4 . 31b )

As we sh a l l  see l a t e r ,  fo r  the  l a s e r  f i e ld s  so strong th a t  X ~ ' l  ,Qhd

parameters Qj  ,  b a re  a lso  very la rge  and a re  such

th a t

1  ( l - 4 - 3 2 >

where we used the  f a c t  th a t  £ i s  a n o n r e la t iv i s t i c  momentum. This i s

sugested by the  form of U„ , which maximizes sharply  fo r

f^  and f * k - f c k  of the  order of VihlRy .

The above d iscuss ion  allows a s ta t io n a ry  phase evaluation  of
H Ath e  in te g ra l  in  (1 .4 .3 1 a ) .  The s ta t io n a ry  phase condition  y ie ld s
9r

four p o in ts ,  fo r  which cos'fsS* , where

+ f 1 — — 4-f Qi. V̂ 2- bi " ZTb " l l  2b l« |b '  /  ~

- _ M .  W / o J U ’ + l -
2mX " V'imX' 2 2m1XxJ (1 .4 .33)
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From (1 .4 .32) I t  follows th a t  the phase s ta t io n a ry  p o in ts  a re  appro­

ximately a t  ,* 3 j r  » so th a t  c o s 2 ^ «  0 . Thus the  denominator

in  the  in tegrand  of (1 .4 .31a) becomes a co ns tan t ,  and

This fu n c tio n , fo r  n = 0 ,  gives a genera lized  Bessel function  which 

has been p rev iously  encountered in  a s im ila r  context Cl81 » and recen­

t l y  d iscussed ex tensive ly  [^6 ]. We s h a l l  not need the r e s u l t s  of th a t  

d iscuss ion  s ince  the  s ta t io n a ry  phase evaluation  can be used in  our 

case.

Using (1 .4 .3 2 ) ,  the  f i r s t  terra on the  r ig h t  hand side  of 

(1 .4 .33) i s  of th e  order of , the f i r s t  term in  the root i s  of 

th e ,o rd e r  o(p while the  th i rd  i s  of the  order o(p . Expanding the  ro o t ,  

we have

$ + = ±  (  | -  7 )V*.* ) (1 .4 .35)
-  \Ji \  2 w l xx \jzrw * 2 m X '  /

so th a t  the  corresponding s ta t io n a ry  phase p o in ts  a re  ' f + ) “ vP±

-  £  +  kou  +  &L J & L )\ ...
^ 2 ln'X 1 VlMX ZvnX'

^  =  '^ T  -  - d l L ( 1. 4. 36)
h  v 2wl Xl  2WX' /

Then,
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^  tAM  + i ' J s q n  Am 

f ( w = I  e ^ J  (1.4.37)
<?**' VZU I a ^ i

where Am, A m a r ® the va lu es o f the A and o  a t the phase sta tion ary
r  c  ci^f2

p o in ts .  Since A  and A" a te  odd func tions  in  4* , the  summation

over g ives

F(0>H t \ K \ ) c'05 (  At + ?  A " )  + Cos(A-+ 5 SqnA")
(1 .4 .38)

I t  can be shown th a t

a I  = - \ ( z i n ^ V ± i / 2 i - ^ + . . . ) « + 2 r ! ! i i l  ' 0 . 4 . 39)
0 0 V  K mx / c j v

Then

F‘ ” *  ( ttSM > 4 ‘ c o s  ( A ‘ ) )  ( l - * - W )

T g 0(t)» B*ven by (1 .4 .2 6 ) ,  can be s im p lif ied  by the  use of
11

the recurence r e la t io n s

4 x a - j T  +  =  F ( V  (1 .4 .41a)

Fr  v  ►V) x 1 ( F(i'z+ Fti‘' ) = 24^  Fe(' v  ^  ( C -  f&) u . * . « b ,

The r e s u l t  i s
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T > n m  = _ _ _ _ _ _ _ _ ^ _ _ _ _ _ _ _ _ _ _ _ - f  A t -  F « »  .
\ i i  U M ) ' i H r i i - i v r  F< f

+ Bw ( ^ F t 0,+ ^ ( C - f i 5 ,j)} “ • ( ? ■ « . "I)

Since

A t - ^ t  +-%$i'f l f±-b-k S i n 24V (1.4.43)

and

9 A t  -  ( ( f - a ^ C O S ' f i  ( 1 . 4 . 4 4 )

we can w ri te

A+ ( • ? * ! ) «  A + I O t - f t

A -( ( ± | ) ! S  A. (0 ±-f- (1.4.45)

Then i t  follows

f.‘". i  ( C -  Fh ) = j r  ( i f e f  (cos ( A, (ho - 5 ) -

>  Cos ( A+ )  +• cos ( A - (■(+»+£) (-cos ( A - ( M ) ^ | c

~  £  ( f e f (  c o s  ( M - 0 - 2 ) - c o s  (  A .  (I) ♦  I f ) )  d . 4 . 4 6 )
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where we used ' f t  jî IT. On th e  o ther  hand

C  - * 8  = ( f e f  (cos (At (()+ 'f* (fl - 1 ) -

-  C O S  ( A t  « ) - % . « ; - ?  ) + C O S  ( A - W - ' f - ( f )  +  ^  ) -

-cos ( + 
J h

_ v r  ( l - 4 , 4 7 )

T herefore , I t  follows

2  /  Ft 0) -  F(r ; -  Fty  « III j /4 ( I  ( c o s  ( a ,  (I, - f ) -  

- c o s ( A - ( f ) + ^ ) )  -  ( s m ( A + W - ^ )  + s m ( A - |W + f ) ) )  =

= -  2 VI ( M L _  S i n ( A i i t i l M y j  ffpTT Sin
(1.4 .48)

In  th i s  expression we can neglect 1 In  comparison to  [  , as f ^ | 0 0
i r  /n

o r ,  in  another words, we can neg lec t R t i ’* r<-| in  comparison to  'rfc 

in  the  expression  (1-4-42).

We can now w rite  the T m atr ix , given by (1 .4 .42) in  the  form

where
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T a>  W = 2 C j

Tjfo(l) = 2 Cj ^ux ( f i ? - e P- m )  Ft(l>

T j ' o l O  =  2 C j  f u x  f ( a x v < )  F ( < 0

and

C J - C < L ^  ( . $ - ( $ > 1 . )  P = ' . / r  <-/,., 4-H (1.4 .51)

V I ( i m * ) ,/V i * V w ) ' Vi- ’

Now, we could ob ta in  the  spin f l i p  and the  non spin f l ip  T m a tr ice s ,  

but these  w il l  depend upon our choice of the  ax is  of quan tiza tio n . For 

example, i f  we choose

A  a  A  A A  A  ^

K = 2  , K * & - ' t f  } <X = X ( 1 . 4 . 5 2 )

then , using w here ' +  corresponds to the spin up, as

well as (&x,^ ^  = 0 . l’®fj and (Z>y ) j . l- -  + I fo r  , where corre

sponds to  the i n i t i a l  spin up, we get

T n s f  =  t £ i w * ( . t , 5 >

T s f  =  t  T g i :  l ()

In the  l a s t  two formulas the  upper signs correspond to  the i n i t i a l  

spin up, lower to  the i n i t i a l  spin down. Since these  r e s u l t s  a re  ax is

(1 .4 .53)

(1.4.54)

(1 .4 .50a)

(1.4.50b)

(1.4.50c)
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dependent, we w i l l  not pursue t h i s  f u r th e r ,  but In s tead  we w i l l  f ind  

the  t o t a l  squared T m atr ix . From (1.4.49) I t  I s  c le a r  th a t  the  spin 

and non sp in  f l i p  amplitudes add Incoheren tly , and so the  r e s u l t  of 

averaging over the  i n i t i a l  sp in s ,  and summing over the  f in a l  spins 

y ie ld s

1 1 £ , 0 f 0 | * = 2  (  | r £ o f f ; | l '+ | T s > | \  | T | , " k j | 1 )  a . 4 . 5 5 )

which i s  independent of the  spin q u an tiza tio n  a x is .  E x p lic i te ly ,  i t  

can be w r i t te n  as

The t r a n s i t io n  r a t e  fo r  /  photon io n iz a t io n  i s  then

Wf = 2iT J f i b L  ( f f E j - E p J / T j . o W l *  (1 .4 .57)

where E p  -  E p  fo r  the  case of the  la s e r  beam , and E p - E p - f ° r 

the  case of the  l a s e r  p u lse .  The functions F ^ n*, obtained in  (1.4 .40) 

and (1 .4 .46) depend upon Aj((), which were given by (1 .4 .43) and which 

a re  rap id ly  varying func tions  of q. To show th a t  i t  i s  t ru e  i t  i s  

enough to  show th a t  At (0 a re  rap id ly  varying functions o f  f .  There 

e x i s t s ,  a t  l e a s t  in  p r in c ip le ,  a one to  one correspondence between
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f  and q. I t  can be e a s i ly  derived th a t

(1 .4 .58a)

and so

V ?  ( A+ *  A - ) # 2 V I  J 2 l£ . +• (1.4.58b)

V i  ( a * -  A . ) « v r  a i f  ( 1 .4 .5 8 0

where we used s in f - c ^  . Since hQ^ip6 , At and A+±A- a re  very rap id ly  

varying functions of f ,  with no s ta t io n a ry  p o in ts .  This im plies th a t  

the forms eXpfiC At)^ e x p ( i f  (A**/L)) a re  rap id ly  varying functions of 

f  which do not have saddle p o in ts .  That says th a t  the  b u c i l la t in g  terms 

in

( 1 f  ■ ^ 1A^ Sl^ A- f c o s ( A . M - ) +Sl- n (A ,-A - ) )

(1 .4 .59)

averages to  zero , performing the  in te g ra t io n  in  (1 .4 .5 7 ) ,  and we can 

w rite

( F J 0)) l ~    • (1 .4 .60)
K . TTVW*X*



117

In th a t  sense we get

(F/n)1 c  k> V__ (1.4:60b)
2trm l*xz

and

FtCo)Fc(,)=0 (1 .4 .60c)

From (1 .4 .5 7 ) ,  with the  use of (1 .4 .5 6 ) , (1 .4 .6 0 ) ,  i t  follows

W( = 2ir'[d!S: (T(es-Bp; ft* *
( \ + 2 * l ) / l ( l * * V u w )

l l x u l y  J  ( E p f m ) * - 2 k J  ( E p + M )  4- 
T c  v n 2- L

+ - ^ i -  ( E P f  m  -  n o l * 2, ) * 1 a . 4 . 6 i )w-x1 v F v y J

I f  we se t f= 0 in  (1 .4 .23) and (1 .4 .30) and use the energy 

conserving cond it ions , contained in  the  (S' function  in  (1 .4 .61 ) ,  

we get the co nd ition , s a t i s f i e d  with the minimal t  in  both the  cases of 

the  la s e r  pulse and the  l a s e r  beam

4  ( w i - R y J V I t w  ~ ±  t o y r + i i *  a .4 .6 2 )

The p o s i t iv e  so lu t io n  of t h i s  equation i s

W = f ly  V i m ' 1 (1 .4 .63)
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so th a t  we may I n te rp re t  R.'y V 1+2X2, the  binding energy of the

atom, in  the f i e l d  of l a s e r ,  which i s  by f a c to r  V f m z la rg e r  than

the  corresponding n o n r e l a t i v i s t i c  r e s u l t ,  obtained in  & 1.1. This 

in c rease  in  binding energy i s  co n s is ten t  with the  conclusion th a t  the  

atom shrinks in  the  l a s e r ,  while the e lec tro n  acqu ires  the  e f fe c t iv e  

mass

The in te g ra l  in  (1 .4 .61) may be conveniently  done in  c y l in d r i -  

ca l coo rd in a te s ,  with k as the  c y l in d r ic a l  a x is .  There i s  no remaining 

dependence upon the asim utal angle of q , so th a t  In te g ra l  can be done

im ed ia te ly , giving a f a c to r  2JT . In  the  case of the  l a s e r  beam, the

energy 6  function  can be used to  perform q^ in te g ra l  with the  r e la t io n

(1 .4 .30) used to  r e l a t e  fA to  q^ . So

(2TT)*

=  . £ »  d a  t  < f  ( a x  -  ( Ep1 -  )  | T a , o  1 0 1 * =

(1 .4 .64)

Using the  id e n t i ty

(1 .4 .6 5 )

which follows from the  energy conserving cond it ion , we have
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U o ( ? - ^ , \ ) = 25 ^  ( 1 -4 - 66)
K W V ) 2*

I t  y ie ld s

U l i   --------- — /(5P-S „ ) (E p * m )- tn V )
W ' l o a / m ' t  x l (n - \ |H M * )  J f e p - a , , ) 1 '

There i s  a maximum value of j$n | , Implied by the energy conserving 

condition  E ^ - E p  , and by the  condition  0. From these  we get

g f  ^ Of- Ep - hoa ( l + 2 x * )  (1.4.68)

and so

:  f  j r t t - t o l x i  c i.4 .69 )
v E p -R  Ep+a E p -a

From (1 .4 .6 8 ) ,  assuming $U) n o n r e l a t i v i s t i c ,  i t  follows. Q ^ E - p  , and 

we can expand

E p - a  ep

m z X \ _ ‘2^VlI Xt ^  (1.4 .70)

E p f a  E p -a  "  Bp1

F in a ly , the io n iz a t io n  r a te  of hydrogen in  the  l a s e r  beam, fo r  the  pho-
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ton m u l t ip l i c i ty  ( i s

tit ~ l  hid! V5S . ( (u-Uirtif1! 1 +
TT l* w  U m  Xl ( t+ \fT + M i 1 7 V Ep Ep )

(1 .4 .71)

(J |,a s  a function  of (^ in c re a se s  from zero at/-(>v\m» an<* having maxi­

mum a t  decreases with £ . For la rge  I  ( i t  beha-

i ^  . The expression (1 .4 .71) g ro ss ly  overestim ates th e . r e a lves as

con tr ib u tio n  fo r  very la rge  ill  , s ince  in  th a t  region the s ta t io n a -
CU

ry phase p o in ts  move in to  the  complex p la n e , and the  r e s u l t in g  

a re  exponentialy decreasing functions o f  I  . S t i l l ,  even in  (1 .4 .71) 

th e  con tr ib u tio n  of so la rge  £ to  W i s  n e g l ig ib le ,  and we can neg­

l e c t  ( dependence of Ep in  (1 .4 .71) and singly  take tp ~  VY1

The t o t a l  io n iz a t io n  r a te  i s  obtained by summing over a l l  I

f  Mt  ~  j d (  . . IT  _  (1 .4 .72)
Pwim ^  V ̂ Vni’vi

That y ie ld s ,  a f t e r  some rearahgements

W. =  S &  o i a  (1 .4 .73)
b -h X2

The subscrip t b in  60^ stands fo r  the  l a s e r  beam.

In the  case of the  l a s e r  p u lse ,  we again u se .th e  energy &  fun­

c t io n  to  perform ^ i n t e g r a l  in  (1 .4 .6 1 ) .  The r e la t io n  (1 .4.23) i s

used to  r e l a te  f„and q . , I n  t h i s  case i t  i s  convenient to  transform II

q„ In teg ra tio n  in to  V in te g ra t io n ,  where V= Then, using
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d a n -  v S m ^ a i  p - r H - t t i a L t a l  a . 4 .74)
dv ' z v l  a  2 - v

in  (1 .4 .6 1 ) ,  we get

u ) t  =  ( I r r )1 j a + c M v  V> H £ i  c f ( e a - e p*> / T ^ ,0 f « | 2=  

= ( 2 t r ) 1  (  a j . c l a ^ c l v  v H w H S i  _ u .  S(q]_-(2Er,v-rrf(\mlyv'jl:L)x
)  ( z i t ) *  K

y Itv , . . ^ ! ^  _ ( E Pm )  f d J d  (1 .4 .74)
T T O Q es nn4 ^ ( l^ -V T + H 1 J V

I n ' t h e  l a s t  step In  (1.4174) we applied  r e l a t io n  (1 .4 .6 5 ) ,  which can be 

proved to  be va lid  in  the  case o£ the l a s e r  p u lse ,  too . Limits of i n t e ­

g ra t io n  fo r  V can be found, from the  energy conserving condition  in  

(1 ,4 ,74 ) ,  req u ir in g  0. That gives

5 p - a  d  V i  E p + G l  ( 1 . 4 . 7 5 )

where Q was defined by (1 .4 .6 8 ) .  In te g ra t io n  over V in  (1 .4 .74) i s  

contained in

Ep+*Q

1
Ep-a

and so, f in a ly

= i -  *&£ m  Uu>- o o W ) a - * - ” )
I T  I  w  x l ( n - V i T H i ) K '  '
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Summing over I  , we ge t the  t o t a l  io n iz a t io n  r a t e  fo r  the  case of the  

la s e r  pulse

C J p = l f c B x  a .4 .7 8 )
r  -k r  vz.X

So, fo r  both the  case of the l in e a r ly  p o la r ize d  la s e r  beam and 

the  la s e r  p u lse ,  tho  t o t a l  io n iz a t io n  r a t e  shows the  same behaviour in  

the  u l t r a s t ro n g  la s e r  f i e l d  l im it  (X>>1 ) : I t  in c reases  with X as X; 

i . e .  i t  i s  p ro po rt iona l  to  the  la s e r  e l e c t r i c  f i e l d  amplitude. This i s  ■ 

a consequence of the  r e l a t i v i s t l c  dynamic of the  e le c tro n .  The nonre- 

l a t i v i s t i c  r e s u l t s  on multiphoton io n iz a t io n  in  an u l t r a s t ro n g  la s e r  

f i e l d ,  p resented  in  & 1 .1 , show the decrease of the  io n iz a t io n  r a te  

with the  increase  of the  la s e r  e l e c t r i c  f i e l d .  Our n o n r e la t iv i s t i c  

considera tions  in  & 1.1 which, t r a t in g  the  la s e r  of the  f i n i t e  s p a t ia l  

ex ten t ( l a s e r  beam ) ,  y ie ld s  the  io n iz a t io n  r a t e  (1.1.101) .

which i s  ju s t  the  n o n r e la t iv i s t i c  l im i t  ( X^M ) of the  r e l a t i v i s t l c  

r e s u l t  fo r  the la s e r  beam (1 .4 .73 ) .

The r e s u l t s  (1 .4 .73) and (1 .4 .78) could be understood on the  ba­

s i s  of the  same physica l arguments we used in  & 1.1 to  explain  the  non­

r e l a t i v i s t i c  r e s u l t s .  There we discussed th a t  the  amplitude v0=2XC 

the  o s c i l l a t io n  v e lo c i ty  of the  e le c tro n  in  the l a s e r  f i e l d  in c reases  

with the  increase  of th e  f i e l d ,  causing the  s c a t te r in g  of the e lec tro n  

on the  nucleus to  become le s s  e f f e c t iv e .  The e f fe c t  of r e l a t i v i t y  i s  

to  dump the  o s c i l l a t i o n  amplitude and the  amplitude of the  o s c i l l a t io n



v e lo c ity . I t  I s  easy to  show th a t  the r e l a t i v i s t l c  am plitude of th e  ve 

lo c i ty  of o s c i l la t io n  i s  v .=  ■ . For X » \  , v. in c reases  w ith X
0 V P n ?

very slowly and tends to  a c o n s tan t, v-*c as X ~ * 0 o  ■ So, th e re  i s  

no decrease in  io n iz a tio n  p ro b a b il i ty , based on the  in c rease  of the  

r e la t iv e  v e lo c ity  of the  e le c tro n  and th e  nuc leus. In  a d d itio n , we 

have shown th a t  the  atom compresses in  th e  strong  la s e r  f i e ld .  In  

e f f e c t ,  th e  e le c tro n  spends more time in  th e  v ic in i ty  of the  nucleus 

and th a t  in c re ases  the  c ross sec tio n  fo r  th e  s c a te r in g , thus in c re a ­

sing th e  io n iz a tio n  r a te .

As we have a lread y  d iscussed , th e  cond ition  fo r  th e  convergence 

of th e  p e rtu rb a tio n  s e r ie s  in  V (r) , which was used in  the  f in a l  s ta te  

in  both our c a lc u la tio n  in  th is  Section and in  n o n r e la t iv is t ic  ca lcu la  

t io n s  in  & 1.1 i s  X»oCp . On th e  o th er hand, the  n o n r e la t iv is t ic  appro 

xim ation i s  c o rre c t i f  X^<1 • These two cond itions c o n tra d ic t each 

o th e r , and s t r i c t l y  speaking, th e re  i s  no a range of the  la s e r  f i e ld  

in te n s i ty ,  fo r  th e  CO  ̂ la s e r ,  in  which n o n r e la t iv is t ic  c a lc u la tio n s  

In  & 1.1 could be ap p lied . S t i l l ,  the  io n iz a tio n  r a te  (1 .4 .73 ) ( or 

(1 .4 .7 8 ), as a fu nc tion  of X  has a broad minimum fo r  X o f th e  order 

of 1, and in  th a t reg ion  one can expect th a t the  io n iz a tio n  r a te  i s  

a f l a t  or even a decreasing  function  of the  la s e r  e le c t r i c  f i e ld .

I t  i s  in te r e s t in g  to  note th a t  & I B - P 2 .  as X ®° •
COb

1 .4 .2  C i r c u l a r l y  p o l a r i z e d  l a s e r .  Many o f 

the  d e ta i l s  of the  c a lc u la tio n  o f the  io n iz a tio n  r a te  w ith a c i r c u la r ­

ly  p o la rize d  u ltra s tro n g  la s e r  a re  s im ila r  to  th e  c a lc u la tio n  w ith 

a l in e a r ly  p o la rize d  la s e r .  We w ill  not rep ea t such d e ta i l s  h e re , but 

ra th e r  p resen t th e  main p o in ts  of the  d e riv a tio n .
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Again, we s t a r t  from the exact S m atrix  (1 .4 .1 ) and n eg lec t the  

e lec tron -nucleus in te ra c t io n  in  the  f in a l  s t a te ,  so th a t  the  f in a l  s t a ­

te  i s  approximated by th e  wave function  in  la s e r ,  which evolves in to  a 

p lane wave a t  t£+oo . I t  i s  given by (1 .2 .71 ) fo r  the  c ir c u la r ly  p o la ­

r iz e d  la s e r  p u lse , and by (1 .2 .72) fo r  th e  c ir c u la r ly  p o la rize d  la s e r  

beam. For the i n i t i a l  s t a te ,  we use the  "dressed" i n i t i a l  s t a te ,  which 

evolves by th e  a c tio n  of the  "ponderomotive" p o te n t ia l ,  from th e  g ro ­

und s ta te  of hydrogen a t  t - - o o  , and i s  given by (1 .3 .6 4 ) . Following 

the  same step s as in  th e  d e riv a tio n  of (1 .4 .7 ) ,  we get

v1/:
l\ x  ( c o s ' f  e ,  +  s i n f e 2 > p r  \

(1 .4 .79)

where £

-  r  W 0 t  -  £ 5  U p  *
u.= e  —  U o i w u o

Up  ( W t ) ) -  ( / t y l - R y )  ( V I T h x * ~ l )

In  the  case of th e  l a s e r  b e a m  , using (1 .2 .72 ) fo r

the  f in a l  s t a te ,  i t  follow s

Sf,0 - - ^  J d * d V C a ( A £ b+ 8£ * c o s f + B i(b S i'n 'f )e  

i Q j s f n ( ' f - e ) .  ,
X e 4x(co5'f>e<+sm'Pei)-pl- ^ {r.^ e

(I +  t , X * +  ( H - t i X > ) V i ) V z  0 1
(1 .4 .8 0 )
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where

a * = 2 v n *  * • ? ( * ) ,^ g ^ m Y )  f i r 2 «
W V 7* a  (1 .4 .81)

^ • e , =  c o s e

A ^ *  B ^ a r e  the  m atrix  elements of the  " la rg e"  components of the  

D irac m atrices of th e  f in a l  s ta te ,  between i n i t i a l  and f in a l  spin  s t a ­

t e s .  i . e .

A f , b =  (1 .4 .82a)

8 j|.b = o u t  ( f  e r i £ ^ f ( e V ^ ' l &(i5;* « iK i  ^ - E r vv1))j.i (1.4.82b) 
V }=!>*•

Expanding

~  -i'£f m
€? COS'f =  2^ 6  Ge (1 .4 .83a)

P=-0O

t a*. sr-v) - l'H  .  ci)
C srnr^'P =• 2 l. ^  ^ (1.4.83b)

£=-oo

we get

S i o  = -  j j -  { A l i ^ x  W & *

+  B>*i m  { Gi+\+Gt-\  +  G e n * G h  ^ y * P > - )  +

+ B^)f  ( (  6,/h ~C(-? e,  f  s/tV -G f”  ^ J . pr) j^ ,(r ,t )

X e x p i ^ E g t - J d ^ ’ I c r ' j - f f - W 0t - f e l t 1 Op feu';)) ( i .4 .8 4 )
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We can perform r  and t  In te g ra tio n  in  the  same way we did  fo r  the  l in e ­

a r ly  p o la rized  la s e r ,  which y ie ld s

L f T f E j - W o - f w - U p t R ^ J T g 'o l O  d .4 .8 5 )

where

r«
5,0 , _ v r  ( i t - ' i x 1 !- < i + w ) V /J 1  i<k  ̂ ^ 

+ (C\  o i i  * ( c ? +Gff-;)eVi) -

This can be s im p lif ie d , using the  recurence re la t io n

e ,4  &(' + e2- |‘6 ™ =c-De+ie*?e-V_ fw fQj.) (1.4 .86) 
zmx

where i s  the  Bessel function  o f the f i r s t  kind

-TT

In troducing  the  sh o rt hand

, i ( ^ i C u - S i n V - f W  
■’t  (Q*) = zir J ^  <1-4‘87>

p it & —
C'J (I)-  -  ^ (1 .4 .88)

V i m  ( i w x i y b y / z
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(1 .4 .85 ) can be w r itte n  as

T *> )  = Cgi t )  { -2 Ajfb J|fiv + B&f (e‘® (i+ J i - ,  + 

+ e'ie fi- J-) j H (op) - i B^+ (e'e(i+} ) ]w-eHe(i-t)]H(ft|
(1 .4 .89)

could b e ,n eg lec ted , comparing to  I ,  as I I s  very la rg e  ( of the  o r­

der of 100 o r la rg e r ) .  I f  we compare th e  T m atrix  In  (1 .4 .89) w ith the  

one in  (1 .4 .4 2 ) , we see th a t  the  ro le  o f the  "generalized  Bessel fun­

c tio n s"  f ^ ^ l n  the  case w ith a l in e a r ly  p o la rized  la s e r  i s  here played 

by th e  "ord inary" Bessel fu n c tio n s . The reason fo r  th i s  i s  the  absen­

ce of the  term a/ Shll'P  in  the  phase of the  Volkov s ta te  w ith a c i r ­

c u la r ly  p o la rize d  la s e r :  As the  v ec to r p o te n tia l  " c ir c u la te s " ,  i t s  

in te n s i ty  stayes constan t during the  period  o f o s c i l la t io n .  The same 

i s  tru e  fo r  th e  v e c to r o f the  o s c i l la t in g  momentum of th e  e le c tro n  

in  the  la s e r  f i e ld .

Using A ^ a n d  B ^  e x p l ic i te ly ,  a f t e r  some rearangem ents,(1 .4 .89 ) 

can be re w ritte n  in  th e  form

_ _ ( b )  10)  ^  =>  A  _ f 2 )

T j o  IV “  (V <fj.| ( 0  + Tg)0 + (0

(1 .4 .90)

A A
where , ii. a re  th e  comp ex u n it  v ec to rs

g e . M &  3. e . - i A
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which obey th e  p ro p e r tie s

* i j *  =  (Ti |  ; ' K = 2-J*' K = 0  (1 .4 .92)

and

So)
2. ( E^ + (fy)

Ci)
T £ , * W *  ( 3 t * i ( a * ) - V i M

T 2 !o W - -  Cj « j ! / r e ' l(W  ( f a - t-2 - w ) ] H (Q1) (1'4 ' 93)

T̂io W = -Cj(y«relBm2f (J-K-Vv'Puita*)

Like In  th e  case of th e  l in e a r ly  p o la rized  l a s e r , the sp in  f l ip  and 

non sp in  f l ip  T- m atrices w il l  depend on th e  choice of the  a x is  of 

q u a n tiza tio n . I f  choose th a t  a x is  In  k d ire c tio n , we get

„  CO)
W  =  T a . O  f t ) '  ±  T a , 0  U)  (1 .4 .94a)

t  f  V ?  Tff,o(f) i I n i t i a l  sp in  up
I c = f  ' (1 .4 .94b)

C V 2  T § ,p ( ( )  > I n i t i a l  sp in  down

Spin f l ip  and non sp in  f l i p  am plitudes add in co h e ren tly , and the resu lt^  

averaging over i n i t i a l  sp in  and summing over the  f in a l  spin d ire c tio n s , 

y ie ld s

i T f , . ( « i i = 2 (  n s w r *  |.TST .(o r )q .4 .» 5 ,
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which I s  Independent of th e  sp in  q u a n tiza tio n  a x is .  This can be 

w ritte n  as

where has been used th e  r e la t io n

W M + V l f o ) ) 5̂  \  (1 .4 .97)

The Io n iz a tio n  r a te  fo r  £  photon Io n iz a tio n  w ith  th e  c ir c u la r ly  p o la ­

r iz e d  la s e r  can be found from

V̂ H J

We w i l l  perform q In te g ra tio n  In  c y lin d r ic a l  co o rd in a te s , w ith k a x is  

as the  c y lin d r ic a l  ax ls .Pefform ing  th e  q ^  and angular in te g ra t io n , i t  

y ie ld s

a  
U ) i =  iu^ — (I*1!*?!- ( A & l _  I  ( e p + y n ) (  < n ? x ' x

-Q

x f l w ( s ) + 3 « - i ( 0 - ' i ' 3 t  W ) +  4-2_(o,V
1 /  (Bo - 9 „ )

* ( ^ 3 c"Cs) ~ ( s3 - 7e-i + in  -  <i «4.99)
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where Q I s  determ ined from th e  cond ition  0

Vi V i
( ( c o - f l y f i & i x 1)  ( l Y Y s T i + t t  +  f tu j -RyyFix*))  (1 .4 .100)

and

3 =2 m *_  ( a ' L- s i ) , / l d.4.101)
w (E p-a.,) 1

The cond ition  f 1̂  0 y ie ld s  th e  e f fe c t iv e  io n iz a tio n  p o te n t ia l  Ry 

so th a t

l b )  ^ R y ^ W 'x 4* (1 .4 .102)

in  o rder th a t  io n iz a tio n  occurs.

The argument 5 of th e  B essel fu n c tio n s in  (1 .4 .99 ) i s  very l a r ­

g e , even i f  ( u )  i s  ju s t  above io n iz a tio n  th re sh o ld . For example, i f  

Ql -  i t  fo llow s th a t  s*4~Y & |and th a t  g ives us th e  r ig h t  to

use th e  asym ptotic form o i  1$ (S) ( S - o o )

Vt
( 2 - )  ^ C o s  ( S  (1 .4 .103)

The argument of th e  cosine in  t h i s  expression  isia very rap id ly  o s c i­

l la t in g  fu n c tio n  of q , : t  ,  and averaging over th e  ra p id ly  o s c i l la t in g  

term s in  (1.4.98), we can use

l el ( 5) 2  le + i  U )  *  J r r (1 .4 .104)



S u b s titu tin g  th i s  in  (1 .4 .9 9 ) , we have

a

' ' “ ■ te w /2 ( E p t m ) X  J ( E p - 9 „ ) 1 fQ i -2 i?
**& (1.4.104)

B ecause.of £ fa c to r  in  th e  denominator, i s  a f a s t  decreasing  func­

t io n  o f I  , £ > , and n eg lec tin g  th e  c o n tr ib u tio n  of I  such th a t

I 'v .M  we can n eg lec t ItO and in  comparison to  m. 'That y ie ld s

u .  s . 1 *lW  ( f  1+ a s .  - [  d s , ,  .
1 uw.tlx  ̂ EP e,» ) )  (a‘.5l|1}^"

'Gt
-  2 i m V f S ( l + h k r f  (  j + M .  - Z j ( b L & i ) c

\ ¥ \ f \ T h x ^  '  EP £ ? x '

-  (  I t* * * 1) f j ^ V T p ^ I )  (1 .4 .105)
o j I *  X

The to ta l  io n iz a tio n  r a te  fo r  t  photon io n is a tio n  of hydrogen w ith  

the  c i r c u la r ly  p o la riz e d  la s e r  beam i s

( \  +  ) [ W h ) F )  a .* - w 6 )
•h x

In  th e  s im ila r  way, th e  t o t a l  io n iz a tio n  r a t e  w ith  th e  c i r c u la r ly  pola- 

r iz e d  la s e r  p u lse  i s

C J p k  & ^  o(p l + iU L 2, (1 .4 .107)
n  X

Like w ith th e  l in e a r ly  p o la rize d  la s e r ,  th e  io n iz a tio n  r a te  In c -
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reases l in e a r ly  w ith the  am plitude of the  la s e r  e le c t r i c  f i e ld ,  I f

Here i s  a lso  ^ -> 2 . i f  X ^oo • But, w hile fo r  a l in e a r ly  p o la rize d  
Wb

la s e r ,  in c reases  from zero  to  the  maximum, as £ in creases  from

to  a^d then decreases as £ , fo r  a c ir c u la r ly  p o la rized

la s e r  CĴ  decreases as t  2 as £ in c re ases  from • Another d iffe ren c e

i s  in  o rder of magnitude. The comparison of th e  to ta l  io n iz a tio n  ra te s  

with a l in e a r ly  and a c ir c u la r ly  p o la rized  la s e r  y ie ld s

. , h'n , , UV»
6Jb _  U p_ . -  << I X - +  ®° (1 .4 .108)

C JPc ‘v  ;

This i s  ra th e r  su p p r is in g .. As was d iscussed  in  th e  In tro d u c tio n , in  

the low in te n s i ty  la s e r  l im i t ,  l in e a r ly  p o la rized  la s e r  i s  much more 

e f fe c tiv e  than a c ir c u la r ly  p o la rized  one, and th a t  can be understood 

on th e  b a s is  of simple physical arguments.
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P A R T  I I

ENERGY SPECTRUM OF ELECTRONS FROM MULTIPHOTON IONIZATION

& 2.1 I n t r o d u c t l o  n . The sub jec t of m ultiphoton Io n iza tio n  

by In ten se  la s e rs  has been of experim ental I n te r e s t  fo r  some tim e, but 

i t  i s  only re c e n tly  th a t  experiments have been done which y ie ld  In fo r ­

mation on the  energy spectrum of th e  e le c tro n s . Compton a t  a lp i?^  have 

seen two peaks in  the  spectrum , which they id e n t i fy  as f iv e  photon r e ­

sonant io n iz a tio n  of Xe ( F ig . 2.1 ) .  The peaks were in te rp re te d  as 

th e  p ro b a b i l i t ie s  o f leav ing  the  re s id u a l Xe in  e i th e r  the  4P ^ o r  Pj^ 

s t a te ,  since  the  energy spacing between the  peaks ( 1.6 eV ) agreed 

w ith th e  energy sep ara tio n  of these  two s ta te s .  Somewhat e a r l i e r ,  Ago­

s t i n i  a t  a l[S 5 l measured the  e le c tro n  d is t r ib u t io n s  in  the  nonreso­

nant s ix  and eleven photon io n iz a tio n  o f Xe, w ith a much more in te n se  

la s e r  and a lso  saw t w o  peaks in  th e  former case ( F ig . 2.2 ) .  These 

were id e n t i f ie d  as s ix  and seven photon io n iz a tio n  re s p e c tiv e ly , since  

th e  peaks were separa ted  by the  energy o f a s in g le  photon ( 2 . 3 4  eV, 

io n iz a tio n  p o te n t ia l  was 12.27 eV ) .  No evidence of the  m u lt ip l ic i ty  

due to  more than  one p o ss ib le  f in a l  s t a te  of Xe was found. But s ince  

th e  f i r s t  experiment' was a resonant io n iz a tio n  and th e  second nonreso­

n a n t, t h i s  i s  not n e c e ssa r ily  a c o n tra d ic tio n . F in a lly ,  K ru it a t  alDtffJ 

measured th e  e le c tro n  d is t r ib u t io n  in  th e  resonant f iv e  photon io n iz a ­

t io n  of Xe. They saw th e  doublet s tru c tu re  th a t  corresponds to  th e  

f in e  s tru c tu re  of Xe observed by Compton. But they a lso  saw th is  s tru c ­

tu re  repeated  a t  e le c tro n  energ ies la rg e r  by fitd and 2Ku) than  the  

energy of th e  lowest d o u b le t, th e  phenomena observed in  A gostini expe­
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rim ent. These were Id e n tif ie d  as (5 + 1 ) and ( 5+2 )  photon Io n iza tio n , 

( F ig . 2 .3  ) .

T

Xe* lzl>? IV?

I \

T

Xef (JP ° . |
'2

-v!.M
o
ELECTRON ENERGY teV)

F ig . 2.1

Compton's experiment was performed witha peak la s e r  in te n s i ty

o f 1 0 ^ ^  , which was too small fo r  th e  fo rc e s , due to  th e  ponderomoti- 
cml

ve p o te n tia l  (1 .1 .73) in  a s p a tia ly  inhomogeneous l a s e r ,  to  a f fe c t  the  

measured energy d is t r ib u t io n s  of th e  e le c tro n s . The same i s  t ru e  fo r  

F r u i t 's  experiment ( 10** ) .  But th e  A gostini experiment was p e rfo r ­

med a t  in te n s i t ie s  o f o rder 10*̂  — ,  , so th a t  fo rces were observed 

which sh if te d  and broadened the  peaks in  th e  e le c tro n  d is t r ib u t io n .

So, th e  peak th a t corresponds to  the  eleven photon io n iz a tio n  i s  

sh if te d  in  energy by about 3 .5  eV, which i s  approxim ately th e  maximum 

energy th a t  the  e le c tro n  can gain  by th e  ponderomotive fo rces  (~4 eV ) .
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I f  the  s p a t ia l  d is t r ib u t io n  of th e  la s e r  in te n s i ty  a t  th e  focus i s  

known, than th e  shape of the  broadened low energy peak can be used to  

ob ta in  inform ation on th e  m ultiphoton io n iz a tio n  p ro b a b ility  as a fun­

c tio n  of la s e r  in te n s i ty .  This i s  discussed in  & 2 .2 .

06

F ig . 2 .2  Energy spec tra  of th e  emited e le c tro n s  
fo r  two photon e n erg ies : t r i a n g l e s , 1.17 eV, 1*4*10'*
W/cm*, E .^ 4  eV; c i r c l e s , 2.34 eV, I=8M0a  W/cm*,
E ^ O . 2  eV ( E ^ vi s  the  maximum energy gained in  the  
ponderomotive p o te n t ia l  ) .

The upper peak, due to  absorp tion  o f an e x tra  photon, w il l  a lso  

be broadened, and th is  in  p r in c ip le  can be used to  e x tra c t Inform ation 

on the  one photon In v erse  brem sstrahlung c ro ss  se c tio n . G ontier a t  a l  

[*|9] have d iscussed  th is  second peak and poin ted  out th a t  i t  a r is e s  

from the  two separa te  ( non In te r fe r in g  ) e f f e c ts .  The f i r s t ,  which 

they c a lled  "above th resho ld  io n iz a tio n "  ( ATI ) r e s u l ts  from an absor­

p tio n  o f the  l a s t  photon, w hile the  e le c tro n  i s  in  th e  f ie ld  of i t s  

paren t io n . The second, " in v erse  brem sstrahlung process" ( IBP ) i s  a 

two step process and invo lves a c o lle c tio n  o f atoms. I t  a r i s e s  from 

th e  e le c tro n  c o l l is io n  w ith another atom ( or io n  ) a s  i t  t r a v e ls  out 

of the  la s e r  from i t s  p o in t of o r ig in . The p rocesses a re  a t  le a s t  in  

p r in c ip le  d is tin g u ish a b le  by d if fe re n t  p ressu re  dependences ( l in e a r
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In  th e  case of ATI, but q u ad ra tic  In  th e  case o f IBP ) ,  so th a t  we 

sh a ll  assume th a t  they can be sep a ra te ly  measured. The f i r s t  of th ese  

ATI, I s  the  more In te re s t in g  one. This I s  a one step  p ro cess : th e  e le c ­

tro n  undergoes t r a n s i t io n  from a d is c re te  I n i t i a l  s ta te  of atom to  the  

f in a l  continuum s ta te  v ia  v i r tu a l  In term ed ia te  s ta te s .  The p rocess can 

happen In  many d if f e r e n t  and In te r fe r in g  ways. But th e  dominant pa th  I s  

the  almost on sh e ll  one ( P a r t  I I I  of th e  T hesis ) .  That means th a t  the  

t r a n s i t io n s  which th e  most c lo se ly  conserve energy In  the  In term ed iate  

s ta te s  tend to  dominate th e  to ta l  t r a n s i t io n  p ro b a b il i ty . Such t r a n s i ­

t io n s  a re  a v a ila b le  h e re , since  th e  abso rp tion  o f  th e  l a s t  photon can 

take  p lace  as a f r e e - f r e e  t r a n s i t io n  in  th e  f i e ld  of th e  p aren t io n . 

Looking a t  the  io n iz a tio n  th is  way, a simple a n a ly s is  below shows th a t  

th e  second peak in  th e  A gostin i experiment i s  u n lik e ly  to  con ta in  much 

o f th is  f i r s t  p rocess ( A T I ) .

N* p h o to n  

io n iz a t io n

z3Ou

PHOTOELECTRON ENERGY (eV )

F ig . 2.3

The mean tim e T between photon a r r iv a ls  a t  th e  atom being io n i ­

zed i s  given by

T -  ti CO 
"  I &

( 2 . 1 . 1 )
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where "hcd I s  th e  photon energy, I  I s  the  l a s e r  In te n s ity  and 3 some 

c ro ss  se c tio n  fo r  ab so rp tio n  o f th e  photon to  form th e  second peak by

ATI. I f  v i s  th e  v e lo c ity  o f th e  e le c tro n  in  th e  lower peak, then  v T

tak es  p la c e . I f  th e  d is tan c e  i s  much la rg e r  than^p , th e  range of th e  

p o te n t ia l  around th e  io n  in  which th e  abso rp tion  tak e s  p lac e , th e  

abso rp tion  i s  an u n lik e ly  event. We can crudely  evaluate  t h i s  r a t io  fo r 

th e  cond itions o f th e  A gostin i experim ent. Using (2 .1 .1 ) one g e ts

With reasonable  & and (c/pdj and Q0 re sp e c tiv e ly  ) i t  y ie ld s  r e s u l t  

g re a te r  than  u n ity , in d ic a tin g  th a t  th e  e le c tro n  has most l ik e ly  l e f t  

th e  in flu en ce  of i t s  paren t ion  befo re  ATI occurs. However, th e  r a t io  

o f ATI and IBP w il l  depend a lso  upon th e  p ressu re  of the  atoms in  the  

la s e r  beam.

The second p rocess depends on th e  IBP cro ss se c tio n , and in  

& 2.3  we show how th e  shape of th e  upper peak can in  p r in c ip le  be used 

to  e x tra c t  Inform ation concerning th e  f r e e - f r e e  c ro ss  sec tio n  as a fun­

c tio n  o f e le c tro n  energy and la s e r  in te n s i ty .  However, th e  d e ta i l s  app­

e a r to  be too  complex to  be u se fu l.

Our a n a ly s is  in  6c 2.2 and 6c 2.3 in c lu d es only th e  tra n sp o rt  of 

th e  e le c tro n s  out of th e  la s e r  beam due to  th e  ponderomotive fo rc e s .

At c e r ta in  co n d itio n s , th e  tra n sp o rt of e le c tro n s  due to  th e  o ther 

fo rc e s , such as d if fu s io n  o r e le c t r o s ta t ic  fo rces  be tw een .e lec trons and 

ions can become im portan t.

w i l l  be th e  d is tan c e  th a t  th e  e le c tro n  w il l  move befo re  th e  absorp tion

(2 . 1 .2)
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& 2.2 A n a l y s i s o f  t h e  l o w e r  p e a k .  We assume th a t  

the  e le c tro n s  a re  c o lle c te d  a t  a small rec tan g u la r ho le  In  th e  co n ta in ­

ment v essa l o f dimension Q , in  a d ire c tio n  perpend icu lar to  th e  la s e r  

beam, and leng th  b  , along the  beam. The ho le  i s  a d is tan c e  d from the  

focus o f the  beam whose rad iu s  i s  R, as in  F ig . 2 .4 . We assume th a t  

d » Q » R ,  and th a t  b i s  s u f f ic ie n t ly  sm all, so th a t  v a r ia tio n  o f the  

la s e r  in te n s i ty  along th e  beam d ire c tio n  can be neg lec ted . ( T his r e s ­

t r i c t i o n  w il l  be removed below ) .  F ig . 2 .5  shows a p lane  perpend icu lar 

to  th e  la s e r  beam. At a p o in t ( r 0 ,$ 0,z 0) an e le c tro n  i s  e je c ted  in  th e  

azim utal d ire c tio n  %  w ith  a z-component of th e  v e lo c ity  v£  . There i s  

a range of th e  angle % ,  c a lle d  & % , fo r  which th e  e le c tro n  w i l l  reach 

the  c o l le c to r .  I t  can be ob tained  by in te g ra t io n  o f th e  c la s s ic a l  equ­

a tio n s  of motion o f an e le c tro n , moving in  a p o te n t ia l  VOr), which 

i s  taken  to  be ponderomotive p o te n t ia l  (1.1.?%)

V(r) ~ -£L- P- = K I(r) (2.2.1)
h Y V U J 1

where EL i s  th e  e le c t r i c  f i e ld  of th e  l a s e r ,  and th e  la s e r  in te n s i ty  

I ( r )  i s  assumed to  be az lm u ta lly  sym etric . We assume th a t  th e  la s e r  

p u lse  d u ra tio n  i s  long enough, so th a t  th e  e le c tro n  i s  most l ik e ly  to  

leave th e  beam, before  i t  i s  l e f t  by th e  l a s e r  p u lse .

The t r a je c to ry  equation  o f  th e  e le c tro n  in  th e  p o te n t ia l  V (r) i s

V

^  ‘  ^  - )  « l y H E u o + v ^ r - E » - v ( » - ) -  i M %  <2-2 ,2 )
*0

where
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C o l l e c t o r

L a s e r  b e a m
 .7.

F ig . 2 .4

L= VY\vj^$i*W (H '0-  $ e )  (2 . 2 . 3)

i s  th e  e le c tro n  angular momentum about the  la s e r  beam a x is ,

EK0= v f c w - U i  <2-2‘*>

i s  th e  i n i t i a l  k in e t ic  energy of th e  e le c tro n , and



In  (2 .2 .4 )  V i s  th e  number of photons absorbed during th e  io n iz a tio n  

and Ux i s  th e  binding energy o f the  e le c tro n  w ith account being taken 

of th e  re s id u a l s ta te  of th e  io n . and a re  re la te d  by

E k o = i - ™ ( X i o + ' ' »  ) = ± m v - M* C2-2-6)

I Y o

I

F ig . 2.5

An e le c tro n , which i s  c o lle c te d , w ill  pass through th e  p o in t



r»oo,<|>=:0 ( F ig . 2 .4  ) ,  with an allow able range in  4> given by

d
(2 .2 .7 )

This w ill  map in to  allow able range in  ^  , which w ill  be c o lle c te d . 

This range can be ob tained  from (2 .2 .4 ) as

The r ig h t  hand side  of (2 .2 .8 ) i s  to  be considered as a fu nc tion  of 

(r o»$o»vfc)» w ith ^  e lim inated  by so lv ing  (2 .2 .9 )  as % - v̂ ( r ,„ »((>o»vz ) .  

E le c tro n s , born a t  a p o in t z 0 , w ith  z component of v e lo c ity  v? , may o r 

may not reach th e  opening in  th e  chamber, in  o rder to  be counted. But, 

s ince  we a re  approxim ating th e  la s e r  by a beam which i s  uniform  in  

z d i r e c t io n ,  th e  e n t i r e  system ( beam p lu s chamber a p e rtu re  ) can be 

considered to  be p e rio d ic  in  z ,  w ith period  b • Then fo r  every e le c ­

tro n  (zd »vz ) which i s  no t c o lle c te d , th e re  i s  one a t  (z0- b  ,vz ) which 

i s .  So the  a p e rtu re  in  e f fe c t  w il l  c o lle c t  a l l  e le c tro n s  o r ig in a tin g  

a t  z 0 , fo r  a l l  vz , and no o th e r  e le c tro n s .

Let P ( I , % )  be th e  p ro b a b il ity  p e r  u n it  tim e p e r atom of io n i ­

z a tio n  a t  th e  p o in t (r& ,i))0 ,z o) , w ith e le c tro n  v e lo c ity  sp e c if ie d  by 

(T0,vz ) ( F ig . 2.5 ) .  Then th e  to ta l  r a te  of c o lle c tio n  o f e le c tro n s , 

w ith energy between E and E+dE i s

(2 . 2 . 8)

where

Lvr^tEKo+vtnj-Ej-vor)-!? ) \
To

(2 .2 .9 )
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v M nr
h b v 0 d r 0 U v *  ^ . P ( I , % )  A ^ ( V - , , v t )  (2 - 2 . 10 )  

-v -„  o

where Y0 I s  a fu nc tion  of 4>0 ( eq. (2 .2 .9 ) ) ( and vM I s  given by (2 .2 .6 ) . 

T his can be Id e n tif ie d  w ith th e  d e te c tio n  r a te  pe r u n it  energy, I n te ­

g rated  over a l l  p o ss ib le  v^ ( c o lle c tio n  e ff ic ie n c y  I s  supposed to  be 

100% ) .  The energy o f th e  de tec ted  e le c tro n  can be re la te d  to  I t s  p o in t 

of o r ig in  by

and I f  I ( r 0 ) I s  a m onotonieslly decreasing  function  of r 6 , then  I t  

can be Inverted  to  g ive  r 0( I ) ,  and

where N(E) i s  th e  experim ental counting r a t e  pe r u n i t  energy range, and 

%  i s  considered to  be a fu nc tion  of (r c (I) ,(p  ,v  ) from (2 .2 .9 ) . Equa­

t io n  (2 .2 .13) i s  an in te g ra l  equation fo r  P , th e  q u a n tity  o f th e o r e t i ­

c a l I n te r e s t ,  in  term s of N(E), th e  measured spectrum. I t s  in v ers io n  

would re q u ire  ex tensive  num erical a n a ly s is  which, we show below, can be

ko *  K I  ( f i ) (2 .2 .11)

(2 . 2 . 12)

Then (2 .2 .10) and (2 .2 .12 ) can be assembled to  give

n r
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avoided. Before doing so , we d iscuss  I t  q u a l i ta t iv e ly .

I f  th e  m ultiphoton Io n iz a tio n  r a te  I s  a ra p id ly  r i s in g  function  

of I ,  as  seems l ik e ly  In  th e  A gostin i experim ent, then  th e  most e le c ­

tro n s  w il l  be c rea ted  a t  th e  region  of th e  g re a te s t  In te n s i ty .  T his 

reg ion  w il l  produce e le c tro n s  of th e  g re a te s t  energy, s ince  th e  (rep u l­

s ive) ponderomotlve p o te n t ia l  I s  th e  g re a te s t  th e re . Consequently, we 

expect th e  broadened ( lower ) peak o f th e  d is t r ib u t io n  function  to  

have I t s  maximum near th e  h igh energy end. This i s  no t th e  case In  th e  

A gostini experiment ( F ig . 2 .2  ) ,  so th e re  must be o th er broadening mee* 

hanism a t  work th e re .

The complexities, encountered above, can be avoided by using a 

sm all c o lle c tin g  e le c t r i c  f i e ld  Ec ( F ig . 2 .4  ) ,  which I s  la rg e  enough 

to  c o lle c t  a l l  e le c tro n s  formed In  th e  m ultiphoton io n iz a tio n  p ro cess . 

However, i t  should be too  small to  d i s to r t  th e  d is t r ib u t io n  o f  th e  pho­

to  e le c tro n s . T his I s  expressed by

e  Et  R «  V(0)  = 1C 1 (0 ) (2 .2 .14)

where 1(0) i s  th e  peak la s e r  In te n s i ty .  These cond itions a re  e a s i ly  

s a t i s f ie d .  We can a ls o  allow  fo r  a v a r ia tio n  o f th e  la s e r  in te n s i ty  

along th e  d ire c tio n  o f th e  la s e r  beam. T his com plicates th e  dynamics 

of th e  e le c tro n  and th e  geometry of th e  c o lle c t io n , but t h i s  complica«* 

t io n  can be avoided by making b , th e  s iz e  of th e  a p e r tu re , la rg e  enot 

ugh. T his i s  e a s i ly  seen in  th e  follow ing way: The la s e r  in te n s i ty  

w il l  decrease  as th e  d is tan c e  from th e  fo ca l p lane  in c re a se s . The 

io n iz a tio n  p ro b a b il i ty ,  a ra p id ly  r is in g  fu nc tion  o f in te n s i ty ,  w il l  

th e re fo re  be sm alle r, th e  g re a te r  th e  d is tan ce  from th e  fo ca l p lan e .

I f  b  i s  la rg e  enough, then e s se n tia ly  a l l  th e  ion ized  e le c tro n s  w ill



be c o lle c te d , since  few w il l  be produced f a r  from th e  fo ca l p lan e .

We can now o b ta in  a r e la t io n  between th e  Io n iz a tio n  p ro b a b ility  

and th e  counting r a t e ,  In  a manner analogous to  th e  one used In  ob ta­

in in g  (2 .2 .1 3 ) . There a re  severa l d if fe re n c e s : F i r s t ,  th e  use of th e  

c o lle c tin g  f ie ld  means th a t  e le c tro n s  w ith any w i l l  be c o lle c te d . 

Second, th e  la s e r  In te n s ity  I s  now a function  of ( r e ,z 0) .  The In te g ra l 

over ( r 6,z 0) can be converted to  an In te g ra l over ( I , z 0) w ith a Jacob i- 

an 9 1  ( .  ye again  assume th a t  X I s  a monotonlc function  of r n , ' 

fo r  a l l  z 0. Since we suppose azlm utal symmetry of th e  la s e r  In te n s i ty ,  

In te g ra tio n  over 4> w il l  g ive  simply 2ft* . The to ta l  r a te  o f c o lle c tio n  

o f  e le c tro n s  w ith energy between E,E+dE I s

o© 2.TT

h itr  e(i(o,*,)-i)fd 'l ' .P(I/Yy=V(e<w)c/F
I 0 (2 .2 .15)

where I= JL j L&£c i s  a constan t fo r  th e  given E, -so th a t  In te g ra tio n  In  
K

(2 .2 .15 ) re p re se n ts  e s s e n tla ly  a su rface  In te g ra tio n  over an e q u iin ten - 

s l ty  c y lin d r ic a l  su rface , defined by

The In te n s ity  change i s  In  th e  d ire c tio n  of th e  g ra d ie n t, pe rpend icu lar 

to  th e  su rface . Equation (2 .2 .15 ) r e la te s  the  to ta l  io n iz a tio n  r a te  

( in te g ra te d  over a l l  d ire c tio n s  o f th e  e le c tro n  ) fo r  a given la s e r  

in te n s i ty ,  to  th e  experim ental counting r a t e ,  which i s  the  purpose of 

th i s  Section . The c o lle c tin g  f ie ld  has elim inated  th e  geom etric compli­

c a tio n s  of (2 .2 .1 3 ) .



145

& 2.3 A n a l y s i s  o f  t h e  u p p e r  p e a k .  We sh a ll  

assume th a t  the  d if f e r e n t  p ressu re  dependences of th e  ATI and th e  IBP 

p rocesses have been used to  I s o la te  each, and we sh a ll  d iscu ss  only
r

th e  Inverse  brem sstrahlung process c o n trib u tio n  to . th e  upper peak.

The spectrum of the  upper peak I s  obtained In  the  follow ing way: 

An atom I s  Ionized a t  a po in t ( r 6 ,<j>0,z p) ,  where th e  la s e r  In te n s ity  I s  

assumed to  be I ( r Q , z 0) .  The e le c tro n  moves under th e  In fluence  of the  

ponderomotlve p o te n tia l  and th e  c o lle c tin g  f ie ld  to  some po in t in  

th e  la s e r  f ie ld  ( r ^ , ^  ,z ,j) , where i t  c o ll id e s  w ith another atom and 

absorbs a la s e r  photon. I t  then escapes from the la s e r  and I s  c o lle c te d  

w ith th e  energy

E’ = E Uo +1^(a> + K I C V o) (2 -3*1)

We have assumed th a t ' ano ther c o ll is io n  i s  u n lik e ly , and th i s  i s  born 

but by th e  experim ental absence of the  th ird  peak in  the  A gostini ex­

perim ent. An a n a ly s is  i s  s im ila r  to  th a t given in  th e  preceding S e c ti­

on.

Suppose th a t  some number AN/0 of e le c tro n s , c rea ted  in  a volume 

element & S 0&lo ( & S 0 i s  th e  su rface  element of th e  e q u iin te n s ity  su r­

fac e , d l«  i s  th e  element of the  normal to  th e  su rface  ) w ith an angle 

H'o , and th e  component of th e  v e lo c ity  vz . The motion o f the  e le c tro n  

in  such e le c tro n ic  beam i s  defined  by th e  equation of o rb it  (2 .2 .2 ) .

The f ra c t io n  of e le c tro n s  in  th e  beam, which absorb an a d d itio n a l 

photon along th e  p a th  i s

Of

(2 .3 .2 )
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Here &T(pj ,EU) I s  th e  t o t a l  c ro ss  sec tio n  fo r  one photon Inverse  brem-

ss trah lu n g , Eu i s  th e  l a s e r  e le c t r i c  f ie ld  and pj. i s  th e  momentum of 

th e  e le c tro n , ju s t  befo re  th e  c o l l is io n  a t  (r4 ,<))1 tz4) .  ffj i s  a fun­

c tio n  o f th e  p o in t a t  which th e  e le c tro n  I s  i n i t i a l l y  produced, i t s  

v e lo c ity  a t  th a t p o in t,  and th e  p o in t o f th e  c o l l i s io n .  The magnitude 

of p  ̂ i s  given by

but i t s  d ire c tio n  must be obtained from a so lu tio n  o f th e  equations of

determined from these  equations.

To ob tain  th e  to ta l  number of e le c tro n s , which a re  sub jected  to  

th e  in v erse  brem sstrahlung, and a re  e jec ted  from th e  la s e r  beam w ith . 

th e  energy in  an in te rv a l  E,E+dE, we have to  in te g ra te  (2 .3 .2 ) over 

th e  e q u iin te n s ity  su rface  I ( r , z )  and so ,over a l l  p o ss ib le  e le c tro n  t r a ­

je c to r ie s .  Using (2 .2 .13 ) and (2 .2 .15 ) we get

The Heavyside fu n c tio n  a r i s e s  from th e  fa c t  th a t  th e re  i s  a maximum 

value o f I ,  fo r  each z0 , which i s  l ( 0 , z t ) .  T his i s  an extrem ely compli­

cated  fu n c tio n , which can be in  p r in c ip le  used to  ob tain  £ T , once P . 

has been obtained by th e  methods o f & 2 .2 . Furtherm ore, th e  a n a ly s is  of

£L  ̂ EK(>+ K ( X C»̂ ,2:d) ~ 1(^5; ,̂)) <2‘3*3) ̂IM *

m otion. F in a lly , the  in te g ra l  over c t t  follow s th e  path  o f th e  e le c tro n ,-

(2 .3 .4 )
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th e  lower peak could be done w ith th e  c o rre c tio n  to  th e  upper peak. So, 

th e  measured energy d is t r ib u t io n  of e le c tro n s  In  th e  lower peak I s

Jy/M ( F ) “  N0(B) -  Na <2 *3 *5>

where N0(E) I s  given In  & 2 .2 .  I£ th e  upper peak d is t r ib u t io n  a t  E+ftu> 

I s  much sm aller than th e  lower peak one a t  E, t h i s  c o rre c tio n  can be 

n eg lec ted .

We can I l l u s t r a t e  th e  method by a simple example. We neg lec t any 

z-dependence of th e  la s e r  In te n s i ty ,  as we did In  th e  f i r s t  p a r t  of 

& 2 .2 ,  and we assume th a t  EKo In  (2 .2 . ) I s  very  sm all. We a lso  no te  

th a t  (2 .2 ,14 ) allow s us to  n e g le c t th e  e ffe c t  of th e  c o lle c tin g  f ie ld  

on th e  e le c tro n  w hile I t  I s  In s id e  th e  la s e r  beam. The e le c tro n  w ill  

then be expelled  r a d ia l ly  from I t s  p o in t of c re a tio n . Moreover, "pj 

w ill  then depend upon th e  cond itions of th e  Io n iz a tio n  event only 

through l ( r 0) ,  which I s  held  constan t In  (2 .3 .4 ) .  The In te g ra l  over d( 

w ill  then be an in te g ra l  over th e  r a d ia l  l in e ,  s ta r t in g  from rD. Then, 

in te g r a ls  over Vj,V£»z©><£, can be done a n a ly t ic a l ly .  The in te g ra l  over 

v£ i s  simpy 2 vM , and in te g ra l  over th e  o rb i t  i s  decoupled from th e  

r e s t  of th e  exp ression . Then, (2 .3 .4 )  and (2 .2 .15 ) g ive

11T f *

 * < B )  . -  ( d A  d ^ T ( p i t r l ) t Et ( I ) )  C2 - ^ )

where E i s  defined  by (2 .3 .1 )  and i s  In  th a t  way re la te d  to  I .  'p> i s  

d ire c te d  r a d ia l ly ,  w ith  th e  magnitude and th e  d ire c tio n  given by

P i ( n > =  (2 3 7)

Pi • Ft -  toscf.
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I f  the  dependence of &T upon th e  la s e r  in te n s i ty  i s  known and 

sim ple, then  i t  i s  p o ss ib le  to  in v e r t  t h i s  equation to  ge t (jy a n a ly t i ­

c a l ly ,  but in  general th e  method, described  in  t h i s  Section seems to  be 

too  com plicated to  be u se fu l fo r  e x tra c tin g  Z>7 from the  shape of th e  

second peak.
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F A R T  I I I  

MUliTIPHOTON IONIZATION INTO MULTIPLE ENERGY CONTINUA

& 3 . 1  I n t r o d u c t i o n .  Recent experim ents on th e  energy d is ­

t r ib u t io n  o f  e le c tro n s  produced In  la s e r  Induced m ultiphoton io n iz a ­

tio n  p rocesses have shown s tru c tu re  in  these  d is t r ib u t io n s .  T his was 

d iscussed  in  P a r t  I I  of th e  T hesis and i s  due a t  le a s t  th re e  separa te  

phenomena. In  th e  f i r s t  (Compton a t  al,[*t3]) th e  re s id u a l ion  can be 

l e f t  in  more than one bound s ta te  and th e  energy of th e  ion ized  e le c ­

tro n s  w ill  r e f le c t  t h i s  ( F ig . 2 .1  ) .  We s h a l l  no t be concerned w ith 

t h i s  p rocess h e re . In  th e  second th e  ion ized  e le c tro n  can c o ll id e  w ith 

ano ther atom w hile s t i l l  in  the  la s e r  beam and absorb a d d itio n a l pho­

tons during th e  c o l l i s io n  ( in v erse  brem sstrahlung ) thereby changing 

i t s  energy. Some experim ental a sp ec ts  of t h i s  process were p resen ted  

in  & 2 .3  and we w ill  no t be concerned w ith i t  h e re . F in a lly ,  during 

th e  io n iz a tio n  p rocess th e  e le c tro n  can have absorbed any number of 

photons and so can leave  th e  io n iz in g  event w ith a m u lt ip l ic i ty  of 

energ ies (A gostin i a t  a l  QjS} ,F ig . 2 ;2 ;P . K ruit a t  a l  ,F ig . 2 .3 ) .

In  ad d itio n  each o f th e se  energ ies can be broadened by th e  ponderomo- 

t iv e  p o te n t ia l  which a c ts  to  expel th e  e le c tro n  from i t s  p lace  of 

b i r th  in s id e  th e  la s e r  f i e ld .  T his broadening has some in te re s t in g  

th e o re tic a l  and experim ental ra m ific a tio n s  which have been d iscussed  

in  P a r t . I  and P a r t  I I  o f  th e  T hesis and w il l  no t be pursued fu r th e r  

h e re .

T his P a r t  w ill  be concerned w ith  a theory  of th e  abso rp tion  o f 

more than th e  minimum number o f photons to  io n iz e . The p rocess has been



c a lle d  "above th resh o ld  Io n iza tio n "  ( A ll The In te re s t in g  aspect

of th e  p rocess I s  th e  mechanism fo r  th e  abso rp tion  o f th ese  ex tra  pho­

to n s . I t  I s  th e  r e s u l t  of th e  combination o f two In te ra c t io n s , th a t  of 

th e  e le c tro n  w ith th e  electrom agnetic  f ie ld  and of th e  e le c tro n  w ith 

I t s  re s id u a l Ion . Each of th e  In te ra c tio n s  alone cannot accomplish the  

ab so rp tio n s . I t  I s  c u rre n tly  Im possible to  t r e a t  th e  In te ra c tio n s  to g e ­

th e r  In  anything l ik e  an exact way so one must r e s o r t  to  some expan­

sion  In  one of them. I f  th e  la s e r  In te ra c t io n  I s  tre a te d  as a p e r tu r ­

b a tio n  then  th e  m u ltip le  photon ab so rp tions would re q u ire  m u ltip le  

in te r a c t io n .  T his im p lies th e  need fo r  some h igher o rder in  a p e r tu r ­

b a tio n  s e r ie s  which i s  u su a lly  d i f f i c u l t  to  o b ta in . I f  th e  e le c tro n -  

ion  in te ra c t io n  i s  tre a te d  as a p e rtu rb a tio n  then m u ltip le  photon 

ab so rp tions can be accomplished a t  a s in g le  s c a tte r in g  but th e  m u ltip le  

s c a t te r in g s  by t h i s  in te ra c t io n  must be neg lec ted . The l a t t e r  d e s c r i­

p tio n  i s  th e  sim plest and so we s h a ll  adopt I t  but we sh a ll p resen t 

two c a lc u la tio n s  o f t h i s  type whose comparison w il l  allow  some a sse s -  

ment of th e  inportance  of th e  m u ltip le  s c a tte r in g  e f f e c t .  We s h a ll  

assume th e  fluo rescence  by the  atom p lay s no ro le  in  t h i s  p ro cess .

As an example, our c a lc u la tio n  w il l  d esc rib e  an io n iz a tio n  which 

passes through a s in g le  bound s ta te  resonance. The number of photons 

which connect th e  ground s ta te  to  th e  resonant bound s ta te  need no t be 

sp e c ified  fo r  our c a lc u la t io n . I t  only determ ines th e  m atrix  element 

which connects these  s ta te s .  However, fo r  th e  sake o f s im p lic ity  we 

assume a one photon t r a n s i t io n .  We a lso  assume th a t  th e  abso rp tion  of 

only a s in g le  photon by th e  reso n an tly  excited  s ta te  w il l  cause io n iz a ­

t io n .  Our f i r s t  c a lc u la tio n  w ill  t r e a t  t h i s  l a s t  ab so rp tion  to  th e  con­

tinuum as a weak p e r tu rb a tio n . The unperturbed s ta te  w il l  th e re fo re  be
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th e  two s ta te  ro ta t in g  wave approxim ation to  th e  atomic wave£unction. 

T his w il l  be used to  £ind the  io n iz a tio n  r a te  by p e rtu rb a tio n  theory  

in  & 3 .2 . In  & 3.3 we extend th is  c a lc u la tio n  by allow ing fo r  a strong 

s in g le  photon abso rp tion  from th e  excited  bound s ta te  but we then t r e a t  

a l l  a d d itio n a l ab so rp tions as p e rtu rb a tio n s . In  both c a lc u la tio n s  we 

r e s o r t  to  an approxim ation in  which only one e le c tro n  i s  a c tiv e  and 

a l l  o th e rs  a re  t re a te d  as sp e c ta to rs . & 3 .4  con ta ins a num erical com­

parison  o£ th e  two c a lc u la tio n s  and a d iscu ssio n  o£ them.

& 3 .2  L o w e s t  o r d e r  c a l c u l a t i o n .  The "zero 

order" atomic s t a te  w il l  be described  by th e  two s ta te  ro tating-w ave 

approxim ation w ith  th e  allowance fo r  th e  slow v a r ia tio n  w ith  tim e o f 

th e  la s e r  in te n s i ty .  We fin d  i t  convenient to  w rite  th e  two orthonormal 

s ta te s  ( h a c a l )  a s ( D 6 l , Chapter I I )

4  / +></, + ito tA  XyW/ ' i  e - iw t/ j ,  .
<!>*= ( z c h ^ ) * ( V  t  e u<)  *

•i
X e x p - 1  ( (w v+Wjt/z i  J d-t'S W)) (3.2.1)

where u 0 and u^ a re  th e  ground and reso n an tly  exc ited  s ta te s ,  r e s p e c t i ­

v e ly , and W0 and a re  t h e i r  re sp e c tiv e  en e rg ie s . The laser-a tom  

coupling in  p*A gauge i s

A t V r M M - ^ P ' ^ / T O l u , ^  l A ^ l e 1*  0 .2.2)

where E ( t / f  ) i s  th e  am plitude of th e  la s e r  e le c t r i c  f ie ld  and T i s  

th e  tim e sca le  o f th e  slow time v a r ia tio n . The param eters J *  and £  

a re  defined  in  term s o f t h i s  m atrix  element and so a re  a lso  slowly



152

varying functions o f tim e. The detuning param eter, , i s  given by 

S h k z A l i L  (3 .2 .3 )
C  I A|

where

A (0 — C d -  W |o (3 .2 .4 )

and the  Rabi frequency i s

£  = ( A C o H  lA ) 1/ 2 0 .2 .5 )

The la s e r  in te n s i ty  (~ E 2) i s  assumed to  vanish in  th e  remote fu tu re  

and p ast where the  s ta te s  ( p +  take  on simple forms. ForA u)>0 and |t|*>oo

U i (3 .2 .6 )

and fo r  A C0< 0, {11 -» oo

4>+ ^ u , ? 4 > - ~ u 0 <3-2 - 7>

Since we a re  assuming th a t  the  e n t i r e  process happens too qu ick ly  fo r  

fluorescence  to  occur, then fo r  ACd> 0 (AG)< 0 ) th e  i n i t i a l  s t a te  i s  

4?̂ . (<{)- ) and w ill  remain so as the  la s e r  sw itches on a d ia b a t ic a lly .  

The exact S m atrix  fo r  th e  io n iz a tio n  process i s

^ 5 / 0 = " 1 ^ ^ 5 * /  y  (3 .2 .8 )

where H f ’ i s  the  exact wave function  which we sh a ll  approximate by <|>+ 

or (j>- depending on th e  sign of ACJ • The ion ized  e le c tro n  wave function  

' i s  taken to  be th e  one given by ( 1 5 )
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# £  = e x p  i

= 1  l M( « f . - a ) e x p ( ( i - F - ( E j - n W) t )  o -* -* >
VM=-O0

where e40 I s  a measure o f th e  coupling of th e  a c tiv e  e le c tro n  to  th e  

la s e r  f ie ld

( 3 , 2 - 1 0 )

In  o b ta in ing  and were neg lected  c o rre c tio n s  o f o rder T*\ F in a lly  

V i s  th e  In te ra c t io n  p o te n t ia l  of th e  a c tiv e  e le c tro n  w ith th e  re s id u a l 

Ion , In  th e  approxim ation In  which th e  rem aining e le c tro n s  a re  frozen  

In to  th e i r  I n i t i a l  s t a te s .  T his form of th e  S m atrix  allow s fo r  an a d i­

a b a tic  deform ation of th e  atom by th e  la s e r  and then a s in g le  in p u ls i-  

ve in te ra c t io n  in  which th e  e le c tro n  I s  e jec ted  w ith th e  absorp tion  

o f n photons.

S u b s titu tio n  of (3 .2 .1 ) and (3 .2 .9 ) In to  th e  S m atrix , w ith th e  

performance of th e  tim e in te g ra tio n  r e s v l t s  in

% io  = ~2Tri £  ( T ( ^ - v / 6- n w + | - ' ( A w - £ ) )  T j f0(*) (3. 2 . 11)

where th e  r e s u l t  fo r  th e  T m atrix  fo r  n photon io n iz a tio n  i s

r<t,o(*)s (zckflf h (  J - h f c C ' i ) e ' ^ 2 ( A g , v u 0)  +
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4 ill*?where * The tim e in te g ra l  which leads to  t h i s  r e s u l t  was p e r­

formed in  th e  l im it  o f la rg e  Tt w ith th e  use of (3*3.13). The parame­

t e r s ^  and e ( 0 in  (3 .2 .12 ) a re  evaluated  a t  t s O ,  which means th e  

value  of th e  la s e r  am plitude th a t  occurs over almost a l l  of th e  tim e.

( T his i s  d iscussed  in  more d e ta i l  in  & 3 .3  ) .  The abso lu te  value signs 

on J a in  (3 .2 .12 ) a llow  fo r  e i th e r  sign, of A ( 0  . Then, th e  t r a n s i t io n  

r a te  fo r  n photon io n iz a tio n  can be obtained from (3 .2 .12 ) as

t f ' t E g - n w - W ', , )  | (3 .2 .13 )

where E g ^S y ^an d  we have neg lected  th e  small energy s h i f t  of th e  

bound s ta te  by th e  l a s e r ,  which occurs in  th e  d e lta  fu nc tion  of

(3 .2 .1 1 ) . We s h a ll  d e fe r  fu r th e r  d iscussion  of th is  r e s u l t  u n t i l  the  

l a s t  Section .

& 3.3  I m p r o v e d  a p p r o x i m a t i o n  f o r  t h e

I n i t i a l  w a v e  f u n c t i o n .  In  t h i s  Section th e  exact
. (+)

wave fu n c tio n  i s  approximated by one which co n ta in s  UD, U< , and , 

th e  lowest energy continuum of io n iz a tio n . I t  w il l  a lso  be tre a te d  in  

th e  ro ta t in g  wave approxim ation. I t  i s  assumed to  have th e  form

Yc” =«(«) u 0e f  J ijs  yt (ms e (3.3.1)

This i s  e s s e n t ia l ly  th e  phenomenological model o f Beers and Armstrong 

Cyo] who gave a s e t  of equations which determ ine th e  c o e f f ic ie n ts  o i  , 

f o  , and They can be derived  more r ig o ro u sly  ( C|6]>,Chapter VI) 

w ith e s s e n t ia l ly  th e  same r e s u l t .  The wave fu n c tio n  (3 .3 .1 ) i s  a p ro -
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je c t lo n  o f the f u l l  wave function  o f the atom in  la se r  on -to  the s ta ­

t e s  l/0 , and U k*» where P  i s  the p ro jectio n

operator, defined  by ( ^ 5 )  1° Introduction  o f the T h esis . The three
(X)

s ta te s  a re  excluded from the  Green fu nc tion  G^ , which was defined 

by equation  (4 7 )*  and we can expand in  a p e rtu rb a tio n  s e r ie s  in  

powers of th e  la s e r  f i e l d .  Then, s u b s ti tu t io n  o f in to  equation
|t

(* l9 )  and su c cess iv e  p ro jectio n s from the l e f t  by U0 , U< , UK y ie ld  th e  

se t  o f equations fo r  th e am plitudes ,  which i s  in  the ro ta tin g

wave approximation

l a U i A e 1 W/ ? W +  t  (3.3.2a)

i / i  -  f  a *  e a u ^it)  *  l  a r  etAW,<ty-u W  <3 - 3 - 2 b )

4  A* e +4; HS* e y  w <3-3-2°>

where A W w ~ W +  " fk  ' ctnd

A <  ~ ( u <  | ^ E ( t / j ) * P  | Ufe+)) (3 .3 .3 )

H - * r '  ( u °  l ^ g ^ / T )  P l u h ) ( u ^ | ^ E W T ) P | ^ )  r  .  ,t}
m W o n  + W

Aft i s  the coupling o f (A«t to  the continuum and i s  the two photon

d ir e c t  coupling o f Uo to  the continuum, s in ce  the prime on the sum in  

(3 .3 .4 )  i s  meant to  exclude U, from the sum. Since i s  resonantly  

coupled to  the ground s ta te  and to  the continuum, the terms Heft a te  

one order in  sm aller than the A and Aft term s, which i s  the same
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order as term s dropped In  th e  ro ta t in g  wave approxim ation, and they can 

be dropped. The se t o£ equations can be s o l v e d b u t  we w ill  not 

pursue i t  here  since  in  our case i t  i s  more use£ul to  make an expansi­

on, which i s  com pletely equivalent to  th e  one in  (3 .3 .1 ) , by using th e  

s ta te s  Ct?4. , (3 .2 .1 )  , in s tead  o£ U0 and . T his tak es th e  £orm

Yil+’= At 4>+ y K( t ) u 'g  0 - 3 .5 )

where th e  i n i t i a l  co nd ition  fo r  &td>0 i s  a t  t = - o o t A+” 1/A--J faa 0) 

and fo r  A(«X0 , A-“ I ; Af= Vfc-O . We s h a ll  choose the  f i r s t  case and then 

give th e  r e s u l t s  fo r  both  a t  the  end of our c a lc u la tio n . The s ta te s  

in d iv id u a lly  d iag o n a lize  the  Hamiltonian in  th e  two s ta te  ro ta t in g  wave 

approxim ation. T herefo re , in  th e  case in  which A .C -^ ^ its  growth 

depends upon i t s  coupling to  A+ v ia  th e  continuum. This i s  a small 

e f fe c t  which we sh a ll  n eg lec t so th a t  the  equations th a t  r e s u l t  from

(3 .3 .2 ) and (3 .3 .5 ) a re

i A f -  r i f e  V (t)  ** e * P i

i  =  i ^ , . ( * ) e x p - L ( 6 c d K - - f  J d t ’ ( £ « ’) ' A M ) )  A , .  (3 .3 .7 )

where

— ( 0  — V2
f ^ ( t ) = e  ( 2 d y )  ZA m  <3 -3-8>

We can use (3 .3 .7 ) to  o b ta in  y^(i)and s u b s ti tu te  i t  back in to  (3 .3 .6 ) . 

T his r e s u l ts  in  an In te g ra l  equation fo r  A+*. I t  may be solved by th e
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assumption ( Weisskopf and W igner,r6£))

A + l « =  e  2 - “  (3 .3 .9 )

The fu r th e r  a ssu s^ tlo n  th a t  P C  leada  to  th e  e x p lic i t  r e s u l t

r { t ) = r r T ^  f ^ - \  l A s f f f a & v )  (3 . 3 . 10)
JClTr K '

where we neg lected  £  compared to  CO and have ailso neg lected  a small 

Im aginary p a r t  of T j which can be in te rp re te d  as a ra d ia tiv e  co rrec tio n  

to  the  bound e igenvalues. The in te rp re ta t io n  o f th is  r e s u l t  i s  c le a r :  

The In c lu s io n  of th e  continuum in  (3 .3 .5 ) has led  to  an exponential 

decay of the  bound s t a te s ,  but since  th e  pumping r a te  between U& and 

U<\ in  (pj.  i s  much la rg e r  then the io n iz a tio n  r a te  ( from Us\ ) ,  the  

s ta te s  U0 and m ain tain  th e i r  r e la t iv e  am plitude and phase and decay 

a t  the  same r a te .

We can now tu rn  to  the  c a lc u la tio n  of th e  io n iz a tio n  r a te  by 

su b s titu tin g

„d . Ic H T H 1) ,  . p .
■N\=<l>+e -t- yStoUft’e' K (3.3.11)

fo r  in  th e  S m atrix , (3 .2 .8 ) .  We use (3 .3 .7 ) to  e lim in a te  and 

a r r iv e  a t  th e  form
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C • f  j j .  V  *r /  -» -  (3r * > W > t  f  r  ^ 2 + ^ /2
Sa,o=-t j d t l  3.n ( * - a ) e  H (A | ,v u „ )e  %

■fc
/ i  „  \ - i ( ( w 0+ v y ^ A ( A ) ) i+ S d i '^ ) - ^ ) j

+ ( A j J v ' u , ) e  y e  T  * '

. , e M d i ' r \ c h ^ . L ^  ( A | (V u r ’) J d V f g U V
( 2 i r ) J -00

( 3 3 1 2 )

The tim e in te g ra t io n s  may now be done in  th e  l im it  of la rg e  T by the  

use of th e  generic  r e la t io n s

l 6 itiftl Jc/iC L ( Vt) =27Tcf (e7) j(0) (3.3.13)
T-* 00 _So

t ( m  [ d i e 1 1 l , ( i / T )  [ d i ' t e 2 i l 2 ( i ' / r ) - 2 i r l £ f a ) 6 ( E 2 ) L ( < > ) l l o ) 0 . 3 . u )
r-*oo J J *T -*00 -00 -  00

This r e s u l ts  in

00

5 j - |0 Z ^ E a - n w - w i )  T ^ } (3 .3 .15 )

where we have ag a in , as in  & 3 .2 , neg lected  small s h i f t s  of W0 of the  

o rder of £  . Then Ij^frOcan be in te rp re te d  as th e  T m atrix  element fo r

th e  n photon io n iz a tio n . I t  i s  given by
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T 5 .<«>* {  l h<*>(Af , V u . ) e #* + ( A j , V t o , ) 3M e * * ' *

- q  W f &  f a v u k y f ( ^ - 2 M- w „ ) A > e ^ l>J x

x  e ~ * i d t ' r a l >  ( z c ^ y / l  0 .3 .1 6 )

w h e r e m e a n s  £  ( t -  0) and

X = / o l o > - |  (3-3 ’ l7 )

The io n iz a tio n  r a te  in to  th e  n th  continuum i s  then obtained from 

(3*2.13)*

The n= 2 case , which i s  th e  lowest energy continuum, i s  a lready  

contained in  (3 .3 .11) and so must be d e a lt  w ith c a re fu l ly . For ns=2 

(3 .3 .16) i s

* 2 , 0 ^ ) =  {  ( A i . , V u . ) c ^  -  e / ! 4 ‘ W ( 3l (*j(A! l Vu4) *

2  W  1 0  ( A£ ,V U fi ) <r (ER- 2 u - H ) ( u g y

-■fe f d t T r t ' ;  , -Vz
• e  ( l e k M )  (3 .3 .18 )

We use th e  id e n t i ty

^ £ l v u , )  =  - ^  ( A a . ^ e t o j . p u , )  <3.3.19)

( which i s  obtained from th e  Schrodinger equation fo r  U 1 , and th e
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d e lta  function  In  (3.2*13) ) to  r e v r i t e  (3 .3 .18) as

-  i  J  V * >  J (§  ( A j , V u +K ) J ( f 3 -El<X ^ >, ^ e w . p  l/ , |  *

’ ** (2 c lly U )2  (3 .3 .20 )

The ro ta t in g  wave approxim ation I s  one In  which only on sh e ll  or near 

on s h e ll  term s a re  re ta in e d  In  in te rm ed ia te  s ta te s .  T his i s  equ ivalen t 

to  th e  replacement

( E j  + l ' V f u ) ’ ^ ( E s - E k )  (3 .3 .21 )

in  th e  in te rm ed ia te  s ta te  of th e  l a s t  term of (3 .3 .2 0 ) . This rep lace ­

ment r e s u l ts  In

T£|P( « =  [ \ M  ( > £ , v  u , ) t ^ +  i p [ A j e ( o ) p u , j t

+ (x) ( k  , V d % i >  JL. 1 t o ) - p  u, )  -  {  w (K i , V u.))} *
- 'I /, f c H ’ T H ') .( /

* C —  ( 2 cK^a)  (3 .3 .22 )

where G i s  th e  G reen 's fu n c tio n  of. th e  e le c tro n  in  th e  absence of 

th e  l a s e r ,  in  th e  r e s t r ic te d  se t o f s ta te s  contained in  (3 .3 .1 ) . th e  

l a s t  term r e s u l ts  from the  fa c t  th a t  u0 i s  absent as  an In term ed iate  

s ta te  in  th e  l a s t  term of (3 .3 .2 0 ) . We may now use th e  so lu tio n  o f th e
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Lippman-Schvinger equation in  th e  form

’ =  A j  +■ G ' V j j V A j (3 .3 .23)

to  e lim in a te  v? from (3 .3 .2 2 ) . The r e s u l t  I s

+ z m ( A p V n 0 ) (  3l W -  i w e

(3 .3 .24)

where we have used (3 .2 .3 )  and (3 .2 .5 ) and a Bessel function  recurrence  

r e la t io n ,  (1 .4 .91  ) .  The f i r s t  term ( fo r  x sO  ) i s  ju s t  the  f i r s t  

Bom approxim ation fo r  io n iz a tio n  from th e  s ta te  U4 , weighted by th e  

am plitude fo r  fin d in g  t h i s  s ta te  in  <j)+ . The rem aining term s a re  h igher 

order c o rre c tio n s  in  th e  la s e r  in te ra c t io n .

Returning to  (3 .3 .16 ) i t  can be compared to  th e  r e s u l t  in  & 3 .2 ,

(3 .2 .12 ) 0

where th e  su p e rsc r ip ts  on T a re  included to  in d ic a te  th e  Section of 

th i s  F a r t  in  which they  were ob tained .

(3 .3 .25)
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& 3 .4  D i s c u s s i o n  a n d  n u m e r i c a l  r e s u l t s .

The d iffe ren c e  between th e  two methods given above can be seen by com­

parison  o f (3 .2 .1 ) and (3 .3 .11) which a re  our two approxim ations to  

the  exact wave fu n c tio n . The In c lu sio n  of th e  lowest continuum In 

(3 ;3 .11) I s  c le a r ly  th e  f i r s t  of a sequence of c a lc u la t io n s , each of 

which would Include an ad d itio n a l continuum. The sequence converges 

to  th e  exact wave fu n c tio n  In  the  ro ta t in g  wave approxim ation.

The In c lu s io n  o f  th e  f i r s t  continuum In (3 .3 .11 ) r e s u l ts  In  th e  

exponential decay w ith tim e of the  bound s ta te s .  This I s  re f le c te d  th e  

f i r s t  term of (3 .3 .25 ) In  which th e  d ir e c t  io n iz a tio n  from th e  bound 

s t a te ,  T“’ I s  m odified by th e  exponential decay of th a t  s ta te  In  th e  

time in te rv a l  from t= -oo  to  t  = 0 a t  which tim e th e  im pulsive s c a t t e r ­

ing takes p la c e . The reduc tion  of t h i s  c o n trib u tio n  i s  compensated by 

th e  co n trib u tio n  from th e  second term of (3 .3 .25) which rep re se n ts

sc a tte r in g  from th e  lowest ( n = 2  ) continuum in to  a l l  con tinua, In c lu -
1 \ / ^ding i t s e l f .  T his term con ta ins th e  fa c to r  (A^jVUu)  which I s  the  

exact o f f - s h e i l  ( fo r  n £ 2  ) T m atrix  fo r  th e  e le c tro n  s c a tte r in g  by 

th e  ion in  th e  absence of th e  la s e r .  T his i s  an example o f th e  fa c t 

th a t  the  appearance of th e  la s e r  in  an atomic process makes p o ss ib le  

th e  observation  of s c a tte r in g  param eters which a re  otherw ise not 

observable.

We can i l l u s t r a t e  t h i s  process w ith th e  Cs atom. A la s e r ,  whose 

wavelength i s  about 459 nm w ill  be resonant w ith th e  6S^- 7Eyz t r a n s i t i ­

on and th e  s in g le  ( double, t r i p l e  ) ab so rp tion  in  th e  7P<f̂  s t a te  w il l  

r e s u l t  in  a continuum e le c tro n  o f about 1.5 eV ( 4 .2  eV, 6 .9  eV ) .  We 

have c a lcu la te d  th e  io n iz a tio n  r a te s  fo r  ab so rp tion  o f n photons, fo r
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n s 2 , 3 , 4 , 5  by using (3 .2 .13 ) and our two r e s u l ts  fo r  T$|0(hi (3 .2 .12 ) 

and (3 .3 .2 4 ) , (3 .3 .25 )

Wrv» =  ^ d  cl E^ *■ K1W “ Wo )  (3 .4 .1 )

which I s  th e  same a s  (3 .2 .1 3 ) , th e  only d iffe re n c e  being in  th e  norma­

l iz a t io n  of th e  f re e  e le c tro n  wave fu n c tio n . As a m atte r of convenience, 

ve  w il l  in  th is  S e c tio n u se  th e  p lane  waveS>norm alized as

( A $ ,  A j ) = 1 t  (3 .4 .2 )

We s h a ll  b r ie f ly  d icuss th e  s tru c tu re  of th e  Cs atom. The closed 

sh e ll  o f Cs a c ts  on th e  valence e le c tro n  a s  a sp h e ric a lly  symmetric 

d is t r ib u t io n  o f charges, causing th e  ou ter e le c tro n  to  move in  a Cou­

lomb l ik e  p o te n t ia l  which can be w r it te n , n eg lec tin g  th e  exchange 

e f f e c ts ,  in  th e  form

(3 .4 .3 )

Z (r) i s  th e  e f fe c t iv e  charge th a t  th e  e le c tro n  sees . I t s  va lue  a t  

nucleus i s  th e  atomic number and i t  decreases to  1 f a r  enough from the

nucleus. As a consequence, th e  term values o f  Cs a re  hydrogen l ik e

W m = ' ( £ W  <3-a;4)
where n i s  th e  usual p r in c ip a l  quantum number, and i s  th e  "quantum 

d e fe c t" , caused by th e  screening of th e  nucleus p o te n t ia l  by th e  closed  

sh e ll  e l e c t r o n s . i s  a fu nc tion  of angular quantum number I  , but 

almost independent on n . I t  i s  common to  use th e  " e f fe c tiv e  quantum



number" In stead  of^u • T his I s  th e  b a s ic  term inology o f  th e

"Quantum D efect Method" [6'iJl'[6,lJwhich i s  e x te n s iv e lly  used w ith a lk a l i  

atoms. •

The term diagram of Cs i s  shown a t  F ig . 4 .1 . The con figu ra tion  

o f  the  ground s ta te  i s  6 S ^ 9 w ith an io n iz a tio n  p o te n tia l  o f 3.87 eV,

i . e .  w ith  th e  e f fe c t iv e  quantum number V0» 1.875. The 7P s ta te  con ta ins 

two f id e  s tru c tu re  s t a te s ,  P-i^ and , which d i f f e r  in  energy by

0.02 eV. We w i l l  suppose th a t  th e  la s e r  bandwidth i s  narrow enough th a t  

th ese  two s ta te s  can be d is tin g u ish e d , and then tak e  in to  account 

only one o f them, fo r  example 7P*/Z. T his s ta te  has io n iz a tio n  poten­

t i a l  o f 1.16 eV, i . e .  th e  e f fe c tiv e  quantum number 1^=3.420..

Volt
>87

JI=Z 7P
5,_ " 5P—I— 5P—— «D 
4 6 - -

'  4P 4P----------, J

* I t

V * 3 P  i p  4D

IP
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25?

141
H I

2)6Ml20000

25000-

187

45000

Fig. 3.1 LG5]
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In  th e  Quantum D efect Theory I t  was shown £641 th a t  th e  ra d ia l

wave fu n c tio n s of the  bound s ta te s  can be taken ( In  atomic u n its  ) as

= ( a a t )  o . 4. 5)
r  la r q e

where W I s  th e  W hittaker fu n c tio n , z = 1 in  our case,and K i s  th e  no r­

m alizing fa c to r

K ( v , ( )  =  [ | ( v ) y t r ( V f  If- I )  T ( V - 0 ]  ( 3 . 4 . 6 )

w ith

I l V ) = l + - - 5 i - f v 7 "  (3 .4 .7 )

From th e  term  diagram a t  F ig . 4.1 i t  can be found th a t  i s ,

a s  a fu nc tion  of energy V  , almost a s t r ig h t  l i n e ,  w ith th e  slope 

cs 0.03 eV fo r  th e  S s e r ie s ,  and 0 .29 eV fo r  th e  P s e r ie s .

Then, from (3 .4 .7 )  i t  fo llow s th a t  |  (V,)» 1 . The asym pthotic

form of th e  W hittaker fu n c tio n  i s

where

b .=  1 , K ~ 2 Z  C t  (< + 1 )-  ( v - t ) t v - t  + -))] bt . |  (3 .4 .9 )

The c r i te r io n  fo r  th e  term ina tion  o f th e  s e r ie s  in  t  was s ta te d  by 

Bates and Damgard [(>$]  , as
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V+-M £  t„ (3 .4 .10 )

That c r i t e r io n  led  to  a s a t is fa c to ry  agreement w ith experim ental va lues 

o f  bound-bound and bound-free m atrix  elem ents of r  and i s  based on th e  

compromis between th e  n e c e ss ity  to  keep in  th e  s e r ie s  as many term s 

a s  p o ss ib le  and th e  n e c e ss ity  to  avoid th e  term s whose p r in c ip a l con­

t r ib u t io n  comes from n ear th e  nuclus ( r<.Q6) .

We need th e  r a d ia l  wave fu n c tio n s  (3 .4 .5 )  of th e  bound s ta te s  

6S ^and  7P^ of Cs to  c a lc u la te  th e  bound-free m atrix  elements of V

c tio n s , re s p e c tiv e ly . Only t h e f j  component of th e  f r e e  e le c tro n  su rv i-

Expanding the  f re e  e le c tro n  wave fu n c tio n s Ajj in  p a r t i a l  waves,

we can w rite

where

(3 .4 .13 )

and

(3 .4 .14 )

P^. and a re  th e  Legendre p o lin im ia ls  and th e  sp h e rica l B essel fun-
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ves In  (3 .4 .1 2 ) . The ra d ia l  In te g ra ls  In  (3 .4 .14 ) were ca lcu la ted  w ith 

th e  use of (3 .4 .5 ) , (3 .4 .8 )  and (3 .4 .1 0 ) . That could be done a n a ly tic a ­

l l y ,  but we ra th e r  broke up th e  In te g ra l  in to  two, perform ing the  i n t e ­

g ra tio n  se p a ra te ly  in  th e  reg ions r£ (0 ,l )  and r& (l,oo) . In  th a t way we 

were ab le  to  c o n tro l th e  v a l id i ty  o f th e  c r i t e r io n  (3 .4 .10 ) in  t h i s  

case . We found th a t  th e  c o n tr ib u tio n  of th e  reg ion  (0 ,1) does not ex­

ceed 5% of the  Rj in  th e  w orst case ( n = 5 ) ,  w ith a s im ila r  conclusion 

fo r  th e  reg ion  ( l ,o o )  i f  t > t 0 . The values of Rj, J = 0,1 fo r  n - 2 , 3 , 4 , 5  

a re  p resen ted  in  Table 3 .1 .

2 3 4 5

R0 5.198 0.399 -0.343 -0.440

R< -4 .429  -0.886 -0 .052  0.124

Table 3.1

Bound-bound m atrix  element A » defined  by (3 .2 .2 ) , was obtained  

from th e  Cs o s c i l l a to r  s tre n g th s  of Stone [M L One can w rite

|A |*=  e l BL J& L  f  (3 .4 .15)

and using f  = 0.00284 fo r  t r a n s i t io n ,  we found

|M  = l . l 3 l »  10"* VT eV  (3 .4 .16 )

where I  i s  th e  la s e r  in te n s i ty  in  W/cm*. The sign  of A  was decided 

using th e  method of Seaton fo r  c a lc u la tio n  o f th e  r a d ia l  bound-bound 

in te g ra ls .  That lead s  to

-I JI
A - l A i e  Z (3 .4 .17)
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The bound-free m atrix  element (3 .3 .3 )

( “*. i > - p  «0 -  <ig)*fc>‘  { 9w„ p„,

* P (- | (S -6 ) J  O.A.17)

was found by th e  use o f  th e  re lev an t ra d ia l  in te g ra ls  .calcu la­

ted  by Seaton . We g e t ( 1 - 1 )

( j ^ 0  = - i . l O S  . , 9 ^ = 6 . 9 0 6  (3 .4 .18)

The decay param eter P  , defined  by (3 .3 .1 0 ), can be c a lcu la ted  

using (3 .4 .17 ) and (3 .4 .1 8 ) , which y ie ld s

r  -  5.19 I  S e c 1 (3 .4 .19)

where I  i s  again  in  W/cm1.

To c a lc u la te  th e  f r e e - f r e e  m atrix  element

( A j , , , , ,  V u 's )  , h > 2  , k = 2 < u  (3 .4 .20 )

. ,1+Jwe approxim ate th e  lowest continuum wave fu n c tio n  by th e  Coulomb 

wave function

g - i T *  r 0 - iT « )  F ( t f K ) 1 ,  ( ( K r - K - F ' j J e 114 (3 .4 .21 )2ir

Then

( A j , v  u s ) - - J L _ l/21 av  (3.4.22)



where 3 i s  ( expressed in  atomic u n its  )

= J e 1 (K"2  *  F  ( .' f *, v  ( K r -  io ? )) ^  (- g ^ . . j (3 .4 .2 3 )

The r ig h t  hand s ide  can be expanded in  Legendre po linom ials f^(£-&)as

7 f , E = Z  A j P j t & f c j  (3-4 .24)

where
1

j  3 $ *  (*) P ? ( X ;  c l y  (3 .4 .25 )
2. _|

Using the  a d d itio n  theorem of sp h e rica l harm onics, we fu r th e r  have

V = 2 * f  B c Z  ' C ( £ - f b Y e w ( ^ }
t * o  m - - l

As th e  m atrix  element (3 .4 .2 0 ) i s  coupled in  ]^ (̂ n),n> 2  to  th e  m atrix  

element (3 .4 .1 7 ) , th e  only components th a t  w i l l  su rv ive  in  (3 .4 .26 ) 

a re  S and D, w ith m= 0 . Keeping only th ese  two term s, we f in a l ly  get

.4 .27)

where

B" = ^ s ' M K < n | £ £  (3-4 -28)
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The values o£ B0, B2 fo r  n = 3 ,4 ,5  e re  p resen ted  In  Table 3 .2 .

®0 Re B2 LnBz

3 -3.0331 -5.2595 -6.8234

4 0.2789 -1.3839 -1.7954

5 1.3902 0.3851 0.4996

Table 3 .2

The gama fu n c tio n  which appears in  th e  norm aliza tion  o f

th e  Coulomb wave function ,w as c a lcu la te d  using S t i r l i n g 's  formula

T  ( | + fc)s Iflrri t  *2*^ (3 .4 .30 )

w ith  2.9807. That y ie ld s

r e - i f t ) * e ' ^ K» i . s o i t ,  i m r ( i - i | K) = - e ' ^ K»2 .t9« (3 -i‘-3 i)

A fter in te g ra t io n  over th e  energy d e lta  fu n c tio n ,io n iz a tio n  

r a te  (3 .4 .1 ) can be w r itte n  in  th e  form 

- J d t T t t ’) ' . j,,

+ e / , / l s i w  ±  R J j ( a t )  i- e ^ a i  f i .  e . p , ( t
V T k  z  * y  \fT *  >

(3 .4 .32 )



- J c U ' W  ,
• .t/z

W ( n > 2 , =  f  ■e H i y 7 -  I e  A ° $  ^  M « ( a - t )  +

+■ e  ^  in-oftw. m  r, p, (t) 3n_, (at) -
Ry yra

- " ^ 7 - 6  \ / 5 -  - = = = .  ® r ( l ~ l l K ) f B c,Q1* 0+Uio B ity n iP ili) )*
H U  » V T T T k  v

-, , , ,  12 (3 .4 .33 )
* 3vv-2 (ft-t) I

where

<3 -4 -34>

and th e  remaining in te g ra tio n  i s  e s s e n t ia l ly  in te g ra tio n  over th e  d ir e c ­

tio n  of th e  p h o to e lec tro n . We a re  in te re s te d  in  th e  range of la s e r  i n ­

t e n s i t i e s  up to  lO^W/cm* where th e  param eterCky (3 .4 .3 4 ) , can exceed 1. 

In  th a t  case th e  s e r ie s  expanssion o f th e  Bessel fu n c tio n s i s  not 

^ s a t i s f a c t o r y  one. The in te g ra ls  in  (3 .4 .32 ) and (3 .4 .3 3 ) were done 

num erica lly , on th e  computer P D F  10, D ig i ta l ,  up to  th e  fou r s ig n i­

f ic a n t  d ig i t s .

The io n iz a tio n  r a te s  (3 .4 .32 ) and (3 .4 .33 ) can be w ritte n  in  th e  

form t>
- f d v n o

U / ( n ) =  I v ^ f n )  6  (3 . 4 . 35)

At F ig . .3 .2  i s  p resen ted  i f j ( l )  as  a fu nc tion  o f th e  la s e r  in te n s i ty ,  

in  th e  range 10^ W/cra1 -  10*5” W/cm1,. Although th e  W o  v a lues a re  very 

la rg e , th e  io n iz a tio n  r a te  (3 .4 .35 ) i s  very sm all. This i s  due to  th e  

f a c t  th a t  even fo r  very  sho rt exposures of th e  atom to  th e  l a s e r ,  th e
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decay param eter J V d t  w ill  be very la rg e  ( see (3 .4 .19 ) ) .  The 

smalnes8 of th e  t r a n s i t io n  r a te s  (3 .4 .3 5 ) a r is e s  from th e  f a c t  th a t  

th e  io n iz a tio n  p ro b a b il i ty  w il l  be e s s e n t ia l ly  u n ity  so th a t  th e  r a te  

of io n iz a tio n  w il l  be sm all fo r  a sm all a d d itio n a l tim e. For t h i s  re a ­

son, and since  i t  i s  d i f f i c u l t  to  measure ab so lu te  io n iz a tio n  r a te s  

we only p resen t th e  r a t io s  of W(n)/W(2) from th e  r e s u l t s  o f  & 3 .3 , 

c a lcu la te d  from (3 .4 .32 ) and (3 .4 .3 3 ) . T his r a t io  i s  independent of 

th e  exponential decay f a c to r .  F ig . 3 .3  shows th i s  r a t io  fo r  la s e r
A  |p »

in te n s i t ie s  ranging from 10“ to  10 W/cm1 . In  th e  f in a l  c a lc u la tio n s  

o f W's,^/M was taken to  be zero . As expected, th e  h igher continua a re  

only weakly populated  even a t  th e  h igher in t e n s i t i e s .  The slopes a t  

th e  lower i n te n s i t i e s  a re  roughly l in e a r  ( on th e  lo g -lo g  p lo t  ) and 

roughly correspond to  th e  p e rtu rb a tio n  theory  r e s u l t  W (n )/W (2 )~ I^1 

The s tru c tu re  of th e  curves r e s u l t s  from th e  in te r fe re n c e  o f th e  l a s t  

two term s of (3 .3 .1 6 ) . Our r e s u l t s  a re  sm aller than  those  obtained  

experim entally  by K ru it C48] fo r  Xe by a fa c to r  o f 10 or so fo r  n - 3  

and 100 fo r  n = 4 .  Although th e  experim ents and theory  d escrib e  d i f f e ­

re n t ta r g e ts ,  i t  i s  s t i l l  su p ris in g  th a t  th e  r e s u l t s  d i f f e r  by such a 

la rg e  f a c to r .  One p o ss ib le  exp lanation  i s  th a t  th e  in te n s i ty  d i s t r ib u ­

t io n  in  a focused la s e r  beam d i f f e r s  s ig n if ic a n t ly  from th e  average 

v a lu e . Then th e  f a c t  th a t  th e  io n iz a tio n  r a te s  a re  ra p id ly  r i s in g  func­

t io n s  o f th e  in te n s i ty  could account fo r  th e  h igher experim ental 

re su lts*  At h igher i n t e n s i t i e s ,  I ^ I O  W/cm1 , we see a d ep artu re  from 

th e  general l in e a r  behaviour which i s  a t t r ib u ta b le  to  th e  s tru c tu re  of 

th e  B essel fu n c tio n s and an in te r fe re n c e  among th e  th re e  term s.

We have a ls o  c a lc u la te d  io n iz a tio n  r a te s  from th e  T m atrix ,

(3 .2 .1 2 ) in  & '3 .2 . T heir r e la t io n  to  those  obtained  from & 3.3 con ta ins
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W (2) sec"

F ig . 3 .2
- S r d i

a f a c to r  c  which depends upon th e  a d d it io n a l  param eter o f th e

exposure tim e . However, t h i s  w i l l  e n te r  a s  an o v e ra l l  m u lt ip l ic a t iv e
(f a c to r  in  th e  r a t i o  —Llii . Our r e s u l t s  f o r  t h i s  r a t i o  a s  a fu n c tio n

o f  n  and I  show th a t  no such f a c to r  can b r in g  th e s e  r a t i o s  c lo s e  to  

u n ity  fo r  th e  e n t i r e  range  o f th e s e 'p a ra m e te rs . T h is shows th a t  th e  

a d d it io n a l  p ro c e ss  in c lu d ed  i n  s ig n i f ic a n t ly  changes th e  r e s u l t s  

from th o se  o f  We have po in ted  ou t above th a t  th e  two c a lc u la t io n s

can be co n sid ered  to  be th e  s t a r t  o f a sequence of c a lc u la t io n s  which
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10"

n = 310“

n = 4

n = 5 /10“

W( n)
W( 2 )

F ig . 3 .3

converge to  th e  exact r e s u l t .  The f a c t  th a t  th e  r e s u l ts  a re  so d i f f e ­

re n t could in d ic a te  th a t  th e  sequence i s  f a r  from convergence. The 

next c a lc u la tio n  in  th e  sequence would s t a r t  from a wave fu nc tion  such 

as (3 .3 .1 ) , but i t  would be necessary  to  inc lude  a second continuum 

( n s 3 )  in  i t .  The p o ss ib le  lack  of convergence could a lso  account fo r  

th e  discrepancy when we compared w ith th e  experim ent.
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