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A b str a c t

HYDROGEN ATOM IN ULTRAINTENSE LASER FIELDS :PHOTOIONIZATION

AND SPECTROSCOPY STUDY 

by

Miodrag Janjusevic 

Adviser: Prof. Marvin H. Mlttleman

The subject of Investigation is  the photoionization process when 

atomic hydrogen is  subjected to  u ltra in tense la se r f ie ld . Laser f ie ld  is  

a t constant u ltrain tense le v e l.

That brings outs e ffec ts  that such fie lds have on atomic s tru c tu re . 

In th a t respect our approach is  d iffe ren t from the previous methods where 

laser fie ld  is  adlabatically  switched on, thus covering the range of 

in tensity  from zero to u ltra in tense.

Our focus is  on the binding energy .of a dressed m etastable s ta te  of 

an H atom in linearly  and c ircu larly  polarized la se r  fie ld  . We use the 

Raylelgh-Ritz variational method to  determine the energy of a bound, s ta te  

and then calculate the width of th a t variational minimum to determine a 

photoionization ra te .

We use a nonrela tlv lstic  approach and the dipole approximation whose 

valid ity  we proved aposterio rl. We found no bound s ta te  for c ircu larly  

polarized laser lig h t but find a very lose ly  bound s ta te  for a lin early  

polarized laser lig h t.

The binding energy of th is  s ta te  behaves as I“ x/ 2(ln l)2. The width of 

the s ta te  has the same behavior with in tensity  and the coefficient is  

roughly given.
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In tr o d u c tio n

The investigation of the in teraction of intense electromagnetic 

radiation with atoms has formed one of the important branches of atomic 

physics in recent years. Although two photon processes like Rayleigh and 

Raman scattering  had been understood in an early  stage of Quantum 

Mechanics, multiphoton processes in which atomic transitions involve 

absorption, emission or scattering  of more than one photon had been le f t  

aside.

The prime reason was the small probability fo r multiphoton 

in teraction  with an atom under experimental conditions with the small 

radiation in tensity  of ordinary light sources. For example, for an atom to 

be able to absorb two photons in a simple process of nonreaonant

photoionization i t  has to be exposed to  a photon flu x  o f about - 4 -  « 10S1
a 0 t

cm- ^ -1, where a„ is Bohr radius and t  is  a lifetim e of a typical 

intermediate s ta te , x >» 10"l5s.

Discovery and rapid development of lasers  met the requirement of high 

occupation number for electromagnetic radiation in multiphoton processes.

Multiphoton processes represent a large se t of processes where the

in ter

action of intense laser radiation with molecules .atoms , ions and electrons 

creates a variety of new phenomena such as mulyiphoton ionization ( MPI 

),multiphoton excitation ( MPE ), nonlinear efects in atomic gasses as well 

as the observation of the straightforw ard influence of an intense radiation 

on the processes of atom -  atom and electron -  atom co llisions1*2. Although 

a great deal of experimental and theoretical work had been done in



understanding those phenomena much remains to  be explored. Multiphoton 

phenomena could be form ally trea ted  in a rigorous quantum mechanical way 

or by applying sem iclassical methods.

The f i r s t  approach the whole system, atom and radiation f ie ld , is 

trea ted  quantum mechanically. The sem iclassical approach tr e a ts  the atom 

quantum mechanically and the ' radiation fie ld  sa tis f ie s  the classical 

Maxwell equations3.

The quantum mechanical description of the transverse vector potential 

of the electromagnetic fie ld  is given as

t o  - tekAEkAe1*’1* + a+kA^kAe (1.1.1)
M

where a \x »  are creation, destruction operators in the ft, A mode, en x 

the unit polarization vector of ft, A mode and V is  the quantization volume, 

and

ft-enA - 0.

A large number of photons in a la se r  mode allows a transition  to  a

classica l description of the la se r f ie ld 1**5, so tha t

t o t )  -  JT - 2 -  {gkA expCi(ftf-wkt -  < ^3
k j A  K '

+ £*kx exp[-i(ft*f*-wkt  -  <j>kA)]) (2)
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where

* r 87rhwkXNkxT/2 ?EkA „ --------_ j  ekX (3 )

the e le c tr ic  -field of a la se r  and Nkx »  1 *s the number of photons in the

ft,A mode, and ^  x is  Bialinicki-Birula phase operator.

The in tensity  of a la se r  f ie ld 1 can be measured in units of the

Coulomb fie ld  which for the hydrogen atom in the ground s ta te  is

cB 2
« 0.88 x 10x# W/cm2 (H)oir

where

E0 « = 2.57 x 10° W/cra (5)

is  Coulomb e lec tric  f ie ld . We can estimate the la se r atom in teraction  in 

the dipole approximation as

i/
eE <?> » eEa„ -  Ry ( i . )  (6)

•*■0

where I is  the laser in tensity  and Ry * 13.6 eV.

Out of the large number of multiphoton phenomena we w ill focus on 

the process of multiphoton ionization.An atom with an ionization potential 

Ei can only be ionized by photons with energy le ss  than Ei i f  the photon 

flux is  strong enough2 .To describe the process, v irtu a l s ta te s  are



introduced to  which the atom can be excited by an integer number of

photons. For I «  I 0 the laser-atom  In teraction energy is  much sm aller then 

the typical separation of atomic energy levels  so one can use perturbation 

theory, the perturbation being the la se r atom In teraction , H1.

Calculations of the nonresonant ionization ra te  where performed7*8*9

with re s u lts  for the N photon ionization ra te  which are w ritten

w M fi -  oN IN (7)

on being to ta l  generalized cross section o^ [cm2NsN”1]

on “ 1 mpu)N"] /  dflp|k f0(n) |2 (8)

of = (137)“ x» p is  the momentum of the outgoing photo-electron and kf0M  

is  the N-th order matrix element.

kf0 «> -  Y. Z  5 ! <f |e*r*|in-1> <in-11 e*f»|in-2>... (9)
in-1 in-2 12 11 *

x <i |e*r*|0> x C(E0—EjLrx—1 + (N-DoO.-.CEo-Eii+a))]

I t  has taken almost ten years of experimenting10*ll»X2 before one was 

capable of measuring the order of nonlinearity in ionization ra te  described 

by eq.( 7 ) in correct way. For low la se r in ten sities  perturbation theory is  

in the sa tisfac to ry  agreement with experiments on multiphoton ionization18 .



Also the angular d istribution  of emerging photoelectrons could be 

discussed using th is  approach as well as a comparison between d ifferen t 

lig h t po larizations.8*9

Another part of the problem is  tha t the la se r  atom in teraction  

induces a d isto rtion  of atomic s ta te s , so th a t the wave function and i t s  

eigenvalues depend on the in tensity  of the la se r f ie ld .

Those d istortions are calculated for low in ten sities  yielding the 

dynamic Stark e f fe c t13*1'* , but for interm ediate and high in ten sitie s  i t  

remains to be Investigated.

Even for low in ten sitie s  one can not assume th a t the wave function 

does not change so th a t calculations done by using perturbation theory have 

to  be carried to  a higher order. That makes calculations d if f ic u lt to  

perform. For example one can calcu late  the A.C. Stark sh if ts  which are , in 

the lowest order, proportional to the mean value of the square of the 

laser e lec tric  f ie ld , by constructing the dynamic po larizab llity  of the 

s ta te s .15 The energy sh if t being proportional to  in tensity

AE ~ oil (10)

where a is  a constant, th a t is  frequency dependent.

The understanding of the A.C. Stark sh if t was important in the 

treatm ent of resonant multiphoton ionization.->u *15

Resonant raultiphoton ionization can be coupled with a nonlinear16*17 

e ffec ts  of harmonic generation as in the case of the 5-photon ionization of 

xenon.There a th ird  harmonic generation is  a competting process to  the 

multiphoton ionization.



Free electrons th a t emerge in the process of MPI can gain kinetic 

energy from the electromagnetic fie ld  either in units of the photon energy 

or continously.

The absorption of one whole photon can only take place in the

presence of a th ird  body , needed in order to  f u l f i l  the conservation of 

energy and momentum law.In the process of Compton sca tte ring  the 

absorption of an a rb itra ry  amount of energy can occur.

The f i r s t  observation of additional photon absorption had been

reported by Agostini e t . a l 19*20. The ta rg e t atom was xenon, ionized by 532 

nm lig h t, giving r ise  to  the absorption of one additional photon.

Subsequentely experiments done by Kruit and the group a t Amsterdam FOM 

In s titu te 21*22*23 in addition to  better resolu tion  showed a new fea tu re . I t  

had been observed th a t the f i r s t  peak in the energy spectrum of free

electrons emerging in MPI process have been suppresed as la se r in tensity  

increases.The efect was explained by recognizing the ro le  of the 

ponderomotlve po ten tia l.

Ponderomotive po ten tia l, which we are to  address in chapter II, is  

equal to the time-averaged c lassica l wiggle kinetic energy of a c lassica l 

electron under the Influence of a time periodic e le c tr ic  fie ld  E.

In photoionization of xenon21**25*26 by a 0.1 nsec 1064 nm NdsYAG pulse
% * '

the required in tensity  is  approximately I -  1-3x10*3 W/cm2 and Up » *

1.1x1013 I(W/cm2) eV so th a t Up energy ac tua lly  exceeds the lig h t energy

quantum hv =* 1.165 eV a t In tensities  where xenon ionize. I t  was shown 

from the energy conservation point of view th a t sh if t  of ionization 

potential by the Up amount gives an explanation for the disappearance of

the f i r s t  peak in (ATI) experiments done by Kruit, e t a l .



Due to  anticipated development of high and u ltra  high in tensity  laser 

fie ld s in the near fu ture we have I »  I0. Therefore there is  an in te re s t 

in experimental and theo re tica l studies of atoms in such strong fie ld s . 

New technique of pulse compression combined with broad spectrum laser 

am plifiers (excimer or solid s ta te )  are pushing la se r  in ten sities  up to 

fan tastic  values of I > 1022 tf/cm2.28

This problem is  more complicated than the problem of an atom in low 

in tensity  la se r  f ie ld s .

Experimental re su lts  of ionization ra te s  a t such high in ten sities  are 

d ifficu lt to  In terp re t due to  the fac t th a t imprecisely known temporal 

fluctuations in in tensity  of la se r can a ffec t the observed ra te s  in a

profound way.

This makes quantitative comparison between approximate theories and

experiment very d if f ic u lt .

In order to achieve some comparison between various approximate 

theories Berson29 proposed and solved exactly a model of one electron atom 

in a c ircu larly  polarized monochromatic electromagnetic fie ld  in dipole

approximation. The model is  described by the Hamiltonian

H = — + V(r) (11)2m

where the vector potential describing propagation in the z direction is

jt(t) = H, (a cosuit -  av sinuit) (12)ui A j

and the a ttra c tiv e  potential is
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(13)

This makes the model un realistic  In th a t i t s  (essentially) zero range 

potential f a l ls  to  describe the Coulomb poten tia l which is ,  we w ill see, 

relevant for ionization a t u ltra  high in ten sitie s .

Berson used a Floquet6 theory to  obtain an im plicit equation for the 

to ta l  ionization ra te . Muller e t a l .27 have also used the model to 

investigate the A.C. Stark sh if t and the spectrum of photoelectrons 

emerging in the process of photolonlzation.

The f i r s t  applicable calculation of multiphoton ionization in an 

u ltras trong  laser fie ld  had been done by Keldlsh30 for the hydrogen atom in 

a lin early  polarized la se r . He s ta rted  from an exact expression for the S 

matrix

SQio " <^q^” )» H’*o> ( U )

where 4>0 is  the in it ia l  s ta te  of the atom

<J>o " u0(x)e iwqt/h

and where ^q^") is  exact time reversed wave function.

lim vp(")a -  Ua(_) (*) e"iw(lt /h  -  (|>a(") (15)

the sp a tia l part of the wave functions sa tis fy  the unperturbed Schrodinger 

equation
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(Wn -  H0) un = 0 (16)

The perturbation is

Hf = H(t) -  H0. (17)

Keldysh expanded rj»q(“ ) in the electron  nucleus in teraction

^q(-) -  Xq(" ) + G<“ >VXq<-> (18)

where

g(” ) -  G0(") + G^VGoC") +... (19)

and G0(") sa tis f ie s

( i ~  -  H0) G0(“ > -  1. (20)

Xq is  wave function of a free  electron  in an electromagnetic f ie ld , the 

Volkov s ta te 31*.

After many approximations Keldysh obtained ionization ra te  as

W - (3h) 2“ (E/E0) ,Z (21)

so th a t ionization ra te  r ise s  with la se r  in tensity .
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*

Reiss31 performed a sim ilar calculation obtaining re su lts  for the 

ionization ra te  and angular d istribution of emerging electrons. The re s u lt  

is  known as Relss-Keldysh theory of (MPI).

The other major re su lts  obtained in calculation  of multiphoton 

ionization are done by P ert32 and Gersten & Mittleman.33 Both of these 

calculations have one common feature and th a t is  th a t each of them is  S- 

matrlx type of calculation and th a t both of them perform a perturbative 

expansion in electron nucleus in teraction  V of the exact S matrix

Sq10 -  -1 < H'U0> (22)

Expanding th is  using (18) and (19) one gets
*• •

s qI0 -  “i  «xa<->. H'U0> + <XcJ<->, VG0H'U0> + <Xq(~ \  VG0VG0H'U0> +...) (23)

Of course th is  means th a t H’ »  V(r), H' being the la se r  atom in teraction . 

Those two calculations come to  the conclusion th a t the ionization ra te  

decreases with in tensity .

Pert, working in gauge, arrived to  the re s u lt  for the ionization 

ra te  as

W ~ E“l£n(E/E#) (2H)

with a T matrix for absorption of I photons.

TX -  £hto J£ (o ^ )a0(q) (25)
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Of course th is  means th a t H' >> V(r), H' being the la se r atom Interaction . 

Those two calculations come to  the conclusion th a t the ionization ra te  

decreases with In tensity .

P ert, working in $A gauge, arrived to  the r e s u lt  for the ionization 

ra te  as

W ~ E-’AnCE/^) (2H)

with a T matrix for absorption of A photons.

Ti = Ahw JA(a0$)a0(q) (25)

where J1 is  a Bessel function of A-th order, and a0 = eE(0)/mtu2 is  the 

parameter th a t describes the amplitude of the la se r  f ie ld .

Gersten, Mittleraan calculations s ta rted  also  from supposedly exact S 

matrix

Sq,o -  "I H*4>o> -K(<j)q^>, H«g(+)h’$0> (26)

where g(+) is  the f u l l  Green's function for the problem and

<j>q(“ ) * lim (27)
M t->“

The essen tia l approximation is  the neglect of the electron-proton 

in teraction  compared to  the electron  la se r in teraction  in Ĝ +).

Another approximation is  replacement of <}>q̂  by iq* a plane wave, which 

allowed analytic performance of the in teg ra ls .
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The re su lts  obtained by Keldysh and Reiss on the one side and those 

obtained by Mittleman and Gersten and Pert are disturbingly d iffe ren t. The 

difference is  due to  the fa c t th a t calculations are approximate and done in 

d iffe ren t gauges.

In order to  understand the problem le t  us s ta te  the experimental 

conditions. An atom is  in the ground s ta te  in the absence of the la se r  

f ie ld . In the r e s t  frame of the atom the la se r  f ie ld  amplitude is  

ad iabatlcally  increased from zero to an u itra in tense  plateau value and held 

for constant time T. I t  is  then adiabatically  decreased to  zero and the 

probability for ionization is  measured. Approximation methods used above 

take the In itia l s ta te  of the system a t t  *> -»  to  be the ground s ta te  of 

the atom. However, there are inconsistancies associated with such 

treatm ent. The main one is  in using u itra in tense  fie ld  approximation while 

the la se r  fie ld  is  covering the whole range of in ten s itie s , from zero to  I 

»  I0.

However, the approximation th a t laser-atom  in trac tlon  is  much larger 

then Coulomb in teraction  requires th a t we look a t the problem of a 

Hydrogen atom in a la se r  f ie ld  of constant ( u ltras tro n g  ) in tensity  . 

Consequentialy, ground s ta te  wave function is  a "dressed” s ta te  of an atom 

in the la se r  f ie ld .

Is i t  possible to  make an experiment th a t measures the ionization ra te  

for the conditions described above ?

I t  is  possible, in principle .although i t  could be a d if f ic u lt 

experiment to  performe. One way would be by determining the ra tio  of the 

number of atoms tha t survive photoionizatin when la se r  pulse doubles i t s

duration .lt is  easy to  see th a t the width of the ground s ta te  is  r» 1
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where we assumed the same switch on and switch o ff time. The

other approach may Involve creation of the region of spa tia ly  homogenous 

laser f ie ld .

This work w ill concentrate on the photoionization ra te  and the 

"dressing " of atomic s ta te s  of a hydrogen atom subjected to  an u ltras trong  

laser th a t has a constant in tensity  lev e l. In order to  obtain ionization 

ra te  we w ill use a variational Rayleigh-Ritz method to  find a ground s ta te  

of a dressed atom. The width of tha t s ta te  w ill give us a proper in tensity  

dependence of ionization .ou-9



CHAPTER I I

Our treatm ent of photoinization and atomic s tru c tu re  of a hydrogen 

atom in the u ltrastrong  la se r fie ld  is  based on number of approximations 

which we w ill ju s tify  in th is  chapter.

2.1 The Hamiltonian for the Laser Atom Interaction

Our s ta rtin g  Hamiltonian with no aproximations in the in teraction  

picture is

(Pjj-eA(?n t ) ) 2 (Pe+eA(i*ext ) ) 2
H  2m + s - i s r —  +

+ V (?e/N) (2.1.1)

P  ̂ and Pe are momentum operators of the nucleus and the electron  

respectively . i*N and r*e are the position vectors of the nucleus and the 

electron.

If  we introduce the transformation to  the center of mass coordinates

M?n + mr*e 

*  —

(2 . 1.2)

-  ?e -  i*N 

m M + m

we get



p 2
" 2M̂ + h  (?i + (* + ^  t)>2 + VOf>,*)

15

(2.1.3)

m «ur

where p » —- tt the reduced mass of the electron . m+M

An Important approximation we are going to  make in the expression for 

Hamiltonian Eq. (1.3) is  the dipole approximation for the radiation f ie ld , 

vector po ten tia l. The vector potential I  Is a function of coordinates 

through the factor exp ± (ift(ft+i*i)). We w ill assume th a t for the range of 

la se r  frequencies we are in terested  in the wave function of the electron 

would be lim ited in size so th a t approximation1

«  1 ( 2 . 1 . H)

is  ju s tif ied .

We are going to  prove the valid ity  of our assumption in Chapter 3.

The center of mass coordinate w ill couple to  the la se r  through the

remaining exponential fac to r, so tha t the motion of the whole atom can be

affected by the la se r .

This is  in general a small e ffec t. I t  manifests I t s e l f  through a slow 

d r if t  of the mode phase (Doppler sh if t) , th a t could be removed by the 

redefinition of the mode phase. However, i t  has to be properly addressed 

in order to  understand problems of (ATI)1**5 and deflection3 of atoms in 

external f ie ld s  coupled with a la se r .



f  .
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2.2 Transition to  a C lassical Description of the Laser

In the introduction to  th is  thesis we said th a t purely quantum 

mechanical and sem iclasslcal treatm ent of th is problem give the same 

re su lt due to  the fac t th a t the radiation fie ld  has a high photon 

occupation number. Results obtained by Glauber6 and Blalinicki-Birula7 

confirm i t .  We w ill follow the la te r  approach which is  known as the phase 

representation.

For the radiation fie ld  Eq. (1.5) 4>i<x coordinates are introduced1

0 £ <f>k x £ 2ir (2 . 2. 1)

so tha t for the s ta te  of nk  ̂ photons in ft, A mode

lnkX> "  T H T V 2 einkx<,>kx (2 .2 .2)

and the number operator is

1 ’ (2.2.3)

This means th a t creation (destruction) operators are

akX ■ e,-HkA (1  —2— )l/
1 3<t>kX

2 (2 . 2 . 11)

Let us assume th a t la se r mode occupation number could be represented as



nkA ■ NkA + vkA

17

(2.2.5)

N̂ x b®i-n8 an average occupation number and is  a variation from 

If we make the unitary transform ation so th a t

|nk l > -  e l»k l*k X |vk i >

The operators also change to

a+kA -  <Nkx + j  g ~ - )  U e^KA 

a kA -  e - ^ k A  ( Nk A + J

1 3
Because >> j  3 ^ '^ we can exPand

a kJ -  e " « k i  / l t kA (1 + ^  * - >  ' '

a+kX -  / » k l  (] + J  * •••)

We can now w rite the radiation fie ld  vector potential as

•* ST" . 2uho2Nkx v1/* « ,. .>
A ** 4_ (~ 'mkAV * teicxexpCid^-Wkt-^Kx) + h.c.} + 6A

K A

(2. 2.6)

(2.2.7)

(2. 2.8)

(2.2.9)

where
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f i t -  1 £  U {SkXexpCi(W-«kt-* kX3 1 /i 3/3*kx + h.o.} (2 . 2 . 1 0 )
k A

which is  a small correction i f  Nj^ > > 1 .  In th a t case one can w rite 

£(i*,t) in the form 1.1.5. Here the phase parameter «j)kx is  s t i l l  an

operator. For a single mode la se r  the one phase parameter can be absorbed 

into a transla tion  of t .  For multimode la se rs  only one of the phase 

parameter could be absorbed in the way described above.

Multimode laser fie ld s  has been treated*7 by performing

averaging for each mode.

In our calculations we w ill r e s tr ic t  ou rse lf to the case of a single 

mode la se r.

2.3 Floquet Theory of Formalism for Periodic Hamiltonian

The Schrodinger equation for the system we are discussing here is

w ritten as (h - 1)

(H (i*,t) -  i-^ )  * (i*,t) -  0 (2.3.1)

where H(?,t) is  the to ta l  Hamiltonian. We can w rite

H (i*,t) -  H0(i*) + H'(i*,t) (2.3.2)

where H’(f*,t) is  the perturbation due to  the in teraction  between the system

and the monchromatic fie ld . H'(i*,t) is  a periodic in teraction



H' (r»,t + x) -  H'(r*,t)
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«

(2.3.4)

where x » 2ir/u> and w is  the radiation fie ld  angular frequency. The 

unperturbed Hamiltonian H„(r*) has a complete orthonormal se t of 

eigenfunctions "

H0(i»)|a(r»)> = E°a |a(i*)>, <3(^)|a(r*)> = 5a g (2 .3 .5 )

I t  can be shown9* xo»n th a t a solution of a Schrodlnger equation with a 

periodic Hamiltonian can be re la ted  to the solution of another Schrodinger ' 

equation with a time independent Hamiltonian represented by an in fin ite  

matrix. The solution for the wave function here is

i|j(i*,t) ■ e~le t  4>(i*,t) (2.3.6)

where

4>(r»,t + x) <fr(r*tt )  (2.3.7)

a function periodic in time, and e is  a parameter, unique up to  the 

m ultiples of 2nn/x, called  the Floquet characte ris tic  exponent or the 

quasi-energy. The term quasi energy re f le c ts  the formal analogy of the 

s ta te s  2.3.4 with the Bloch eigenstates in a solid with the quasimomentum 

ft. Our periodic function can be expanded in the Fourier series so th a t

00

^a(? ,t)  « exp(-leat )  Ca(n)(r*)exp(-inut)
no-®
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o
C0fo>fr) -  £  <fraB(n)U (i*» (2.3.8)

0

I t  can be shown”  th a t the only important terms in the summation over n

are those th a t are close to average f ie ld  occupation number N.

That means the function ij> can be expanded in to  variations around N 

where

n « N + v (2.3.9)

Using the Blalinicki-Birula formalism

<f>(i*»t) -  JT <Kr*)eiv<J> (2.3.10)
\)S 00

where time t  is  absorbed into Bialinicki-Birula phase $. ut + <p » (j). So

£  <*>(r)eiv 4» (2.3.11)
Vaoo

This method was f i r s t  introduced by Shirley.

The quasienergy e is  going to  be trea ted  as a complex value

e -  W + in (2.3.12)



where we are going to  make an approximation about the value of n in our 

calculation of binding energy.

2.4 Ponderomotive Potential and Gauge Invariance for Linear 
and Circular Polarization

The Hamiltonian (2.2.1) in dipole approximation is

r* is  In ternal and p the center of mass coordinate of the hydrogen atom. 

For linear polarization the time average of A* term is

H -  » 2 ♦  ♦  m (2.4.1)

where fo r linear polarization (c » 1)

A(t,jJ) « Z - - P—COSdit 03 (2.4.2)

and for circu lar polarization

it(t,ft) » (xcoswt -  ysinut) (2.4.3)

(2.4.4.)

and for c ircu lar i t  is
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The time average of the A term in 2.4.1 is  the ponderomotive potential 

Up. I t  can not be sensibly removed from H by a contact transform ation of 

the form e iupfc since the kinetic energy operator of the center of mass 

would then induce a term of the form ~ (VpUp(p))t which becomes large with 

increasing t  even though Up(p) is  very sm all. Up(p) is  a slowly varying 

function of the C.M. coordinate p. Instead Up(p) must be trea ted  as a 

potential which modifies the center of mass motion and induces a sh if t in 

the local-ionization potential of the atom.

For circu lar polarization the A2 term is  time independent and i t  needs 

no fu rther discussion. However, for linear polarization there is  an 

additional term of the form Up(p)cos2u)t in H. This may be removed from H

by the contact transformation exp(lUp(p) which also  has an e ffec t

on the operator P2(p)/2M th a t should be examined.

ei-^sin2ujt (p2(p)) e“”~ s in 2 w t e 2<o v  2M ' 2w

-  ^  -  l i b  vp v 1" 2"* pp + i i k  72p

+ (V pU pm n^t (2.4.6)

Of a l l  those terms only the la s t  one gives a nonoscilatory contribution as 

a "new ponderomotive po ten tia l.” I t  is  however negligible because of the 

fac to rs M"* and two derivatives with respect to  p even a t the very large 

in ten sities  considered here.

The remaining new terms are time osclla tory  couplings to  the center 

of mass motion which are negligibly small here.
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We see th a t the only essen tia l difference between the c ircu lar and 

linear polarization cases lie s  in term of H. We sh a ll see in Chapter 

III th a t i t  is  an important difference.

The term tha t has been eliminated from the linear polarization case is  

the one which introduces the "modified Bessel functions" in to  the analysis 

of the multiphoton processes (Brown and Kibble (1964)). We see th a t the ir 

occurance is  unnecessary when the f ie ld  is  trea ted  in dipole approximation. 

In the c ircu lar polarization case only the usual Bessel functions a rise .

For the purposes of the next Chapter we w ill neglect the center of 

mass motion and tr e a t  external conditions as constant. The origin may be 

taken a t p « 0 so tha t A(ft,t) B it(t).



CHAPTER I I I

In th is  chapter we w ill examine the possib ility  th a t atomic hydrogen 

exposed to  the u ltrastrong  la se r fie ld  forms a metastable bound s ta te .

Calculations w ill be performed for lin early  and c ircu larly  polarized 

laser lig h t. Taking in to  account approximations discussed in Chapter II we 

w ill look for a s ta te  as a variational minimum, applying the Rayleigh-Ritz 

variational principle.

3.1 Feshbach Formalism and Green* s Function for a Hydrogen Atom 
in U ltrastrong Laser Field

Our s ta rtin g  point is  the Floquet theory for the complex eigenvalue of 

the atom.

The Schrodlnger equation (h » 1, c « 1)

is  the Hamiltonian of the atom plus the single mode radiation fie ld  which 

is  described in the phase representation (Biallnickl-Birula 1976) expanded 

about a s ta te  with a very large number of photons as we had described in 

Chapter II. The wave function

( i ^  - H) jp = 0 (3.1.1)

where

t f t f )  + eA(t)P
(3. 1.2)
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00
a e*efc ^ (3.1.3)

Is a Floquet wave function, with complex quasienergy e * w + in. So our 

Schrodinger equation has a form

either (2.4.2.) or (2.4.3.). In order to  get our dressed ground s ta te  wave 

function we make use of a projection operator

and i t s  complement Q ■ 1 -  P. Out of the complete se t of functions

projection operator P picks out one with unperturbed mode of the f ie ld , v = 

0.

The Schrodinger equation (3.1.1.) may be rew ritten  as a pair of 

coupled equations

(3.1.4)

where 0 £ <j> < 2tt and A is  a function of <j> obtained by replacing wt -> <t> in

d <J> (3.1.5)

P (iw-^r - H) PiJj » PHQtJ/ (3.1.6)

Q (iWA  - h) Qi|» -  QHPtp (3.1.7)
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g
where we have used P i ^  Q = 0. I f  we define a causal Green’s function 

with outgoing boundary conditions as

Q (w + in  + i « £  -  h) QGq (+) = Q6(?,?’ )6(<J.,<j>’) (3 .1 .8 )

then i t  may be used to obtain a formal solution

Q* -  QGqQHP* (3 .1 .9 )

This can be put back in the equation for PiJ> which is now

P (w + in  + iw g^ -  h -v )  Pi}> “ 0 (3 . 1. 10)

where

j

h "  2m + V + UP + 6h’ 6h " m v " P6hGQ6hP (3 .1 .11)

For linear polarization

6h = ^  kz -  cos<|> + Up cos2<}> (3.1.12)

and

Ur
e2E2
^mui1 (3.1.13)
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We made an argument in Chapter II for the neglect UpCOs2<|> term. In 

circu lar polarization

UD -  6h -  £  k -  cos<)>• (3-1.14)r  2moj m oj . '

the only <j> dependence is  in 6h. We used a fac t tha t

^  P* -  0 (3.1.15)

and th a t

P6h ■ 0 (3.1.16)

in writing down equation 3.1.10. The essen tia l approximation in our method 

w ill be to  neglect V, the electron-nucleus in teraction , compared to  6h the 

e lec tron -laser coupling in the interm ediate s ta te  in (3.1.11). Then Gq  is  

replaced by

Q (w + in + -  Up - 6h) QG<+> -  Q (3.1.17)

This can be transformed to  momentum space where th is  becomes a f i r s t  

order equation (in <f>) for Ĝ +)(k).

I t  can be rew ritten  as

(e + in + iu -^  -  Efc -  EkjCOS<|>) G|<̂ + (̂<J>,̂ >') »
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-  - k  -  H  k l (3.1.18)

and kj[ » k2 for the lin early  polarized la se r , or k* « k * / k x2+ky2» for

the c ircu larly  polarized la se r .

This firs t-o rd er-sep arab le-in teg ro -d lfe ren tia l equation is  tediously 

solvable.

The procedure for solving i t s  is  given in Appendix I. The re s u lt  is

“ 2 ^T n T  Y'V * )Y 'k(*') {-Yk(«)Y*k(« ')(Y 'V Y 'k ) "

(3.1.19)

- (Zk*Y’*k “ ZkY»k) + 1  Yk(Y'*kY*k(*») -  Y'kYk(*))J

■ 8k^V + AkTn)’ gk^2 Ĉ<f>*d>*) (3.1.19)

Here 0 is  a step function e(x) « — The remaindlng fac to rs  are
1x1

Y*k(d>) -  exp i(v k<f> + Xks in ^

Y'k “ Y*k(,ir) ® exp lv kTr, Yk(<|>) « d<f>' Y'k(<j.')

IT

Zk " § f  Y'k^)Y k(«|») (3. 1.20)

and



ek -  e 
vk -  — " — * Xk "  aki
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(3.1.21)

and

« - £ 7  (3.1.22)

is  the parameter which w ill gauge the strength  of the f ie ld . 

In addition

Ak (n) = ( l k (n)e*n /a)Ytk + i * k ( -n )Y '* ke ~ irn/u>> (3 .1 .23)

where

Ik(") ’  5 J

ir

/ - it

d<j>e r ^ ) Y » k(*)
/ “ IT

dse (-2.S) Y'k(s) (3.1.24)u

We have anticipated the n •> 0 + lim it everywhere with the exception of the

denominator Ak where the lim it w ill produce a principle value and delta

function in the usual way.1*3 We use th is  re s u lt  to  construct v(k) (3.1.11)
•  *  «

which is  given in d e ta il in Appendix II.

v « PfihGQfihP (3.1.25)

which means, th a t v(k) could be w ritten as
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v(k) IH T 1  Re
ir

j  “ IT

tr

d<j>d<j>’u>akiCOS<j> Gj<(+)(<J>,^Ocos^'wak^ (3.1.26)
- 7T

Using the re s u lt  tt-£ 1T

fir

“ IT

d<|>cos<J>G|<(+) = G^^^C^*) and a f te r  some algebra

shown in Appendix II we can write

v(k) = (e-^e^) (1 - ' ,kp(*k»'>k) ) (3.1.27)

where

p- Jn2(x) 
P(x,v) -  (sin irv)“ l ReA|< = -■ ——

n=>-«

The sum on the rig h t hand side could be evaluated**1

oo

(3. 1. 28)

(3.1.29)

Here both sides of the equation have the same poles and residues as a 

function of v and no other s ingu larities and the difference of the two 

expressions vanishes fa s te r  than v-1 for large v.

Then in th is  approximation equation (3.1.10) can be rew ritten  as (Pip »

<f>)



(e -  ek)F(xk ,v k)<j>(ft) -  /  d 3k * V(ft-ft)<j>(ft') (3.1.30)

where V is  the Fourier transform of the Coulomb potential

V(ft-k*') (------®1-) el*r+
Ir-r* | 2ir2|ft-ft'|2

(3.1.31)

and

F(x,v) = (Jv(x)J-v(x))"*irv (3.1.32)

Now we can scale out the large parameter a th a t occurs in xk » ak^ by

t -  alt (3.1.33)

The equation then becomes

(s ' -  ee )FUlf e - ^ ; )  ♦(«) -  

= a fd3l'V(t-t')<p(t') 
where e* » a2e and we have used the exp lic it form of V. For su ffic ien tly  

large a, F can be replaced by F( 8,^,0). We re tu rn  to  the ft variables, and 

use the substitu tion

<f>(ft) B AJ0(xk )u(ft) (3.1.35)
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to  obtain

(e -  en)U(£) = /d^MoCakiJVdt-^OJoCak’iJuCit') (3.1.36)

Here A is  a normalization constant which plays no ro le  in th is  section. 

The e ffec t of the la se r is  to  destroy the tran s la tio n a l invariance of the 

effective potential in momentum space and therefore to  make i t  non-local 

in configuration space. The rapidly o sc illa tin g  Bessel functions weaken 

the potential and so the existence of bound s ta te  is  questionable.

3*2 Raylelgh-Ritz Variational Method for Determining Bound S tate Energy

The Rayleigh-Ritz variational method th a t we are going to  use here is  

somewhat simplified in the sense th a t we are in te rested  in obtaining only 

one eigenvalue.1*0 In other words we are in te rested  in the very existance 

of the bound s ta te  and th a t is  the reason we use ju s t one eigen function 

instead of a se t of n lin early  independent functions th a t could give us 

upper bounds of n lowest eigenvalues.

For the problem with which we are concerned, Eq. (3.1.36), the bound 

s ta te  should arise from a (negatively) large value of the modified 

potential energy while the expectation value of the kinetic energy, e^, 

remains sm all.

The rapid o sc illa tion  in the potential therefore must be compensated 

for by a sim ilar o sc illa tion  of the wave function. Therefore we make the 

substitu tion

U(*) -  JoUkJUjOO (3.2.1)



and then multiply (3.1.36) by (3.2.1) and in teg ra te  over the k volume
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e -  (T + V)/N (3 .2. 2)

where

N -  /d ak|Uj(ft)|aJ 0a(xk)

T -  /d 3k|U*(*)|2J20(xk)ek 

V -  /d 3kd3k'U|*00Ja0(xk)V(ft“fc')J 2o(x' k)U*(£')

(3.2.3)

The choice of the t r ia l  Ux(lO function is  such th a t i t s  Fourier 

transform ation to configuration space resembles the form of hydrogen like 

wave function, and re f le c ts  the symmetry of the la se r  radiation.

3.3 Linear Polarization case

For the case of linear polarization we choose

and tr e a t  5 and p as optimization parameters. Detailed evaluation of

in teg ra ls  (3.2.3) are given in  Appendix III, The in teg ra ls  are performed

for large a with the re s u lt  th a t is  given as an expansion in (AnX)"* terms.

We kept terms of the order (8,nX)° and sm aller.

The re su lts  are

£6
Ux(It) “ (kfz"+e4)(k (3.3.1)

N -  SPO T an X + ’r)!> -  ?  + °  < > (3 .3 .2)
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where

X -  £a ,  x dxJ20(x) + dx(J20(x) " 0.846 (3.3.3)

and

T -  (B^nX + 02 (ttx- 1 ) + 1 + 0  ( i j ) ) (3.3.4)

The re s u lt  for V is  much more complicated and d iff ic u lt to  obtain. I t  Is 

f i r s t  rew ritten  as

e2X“
Tr2a1* 0

d£zd ̂ z*
ro+iTTirrT+iT

[g(U+fc')2 + g (U -* ’)2)] (3.3.5)

where

*00

g(x2) 2 ir3 ydy
Ty+iP

■1

o
ds

(sy+1)2 [x*+2x23*y(1+s) + y V O -s )2] (3*3.6)

which is  the In tegral of the Coulomb potential over the components of the
«*•<

momenta perpendicular to  the z axis. I t  is  clear th a t a replacement of
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J2o(XJlz) * — (ttAz)“ x ( its  asymptotic form) re su lts  in logarithmic 

singu larities in the in teg ra ls  which coupled with

i!J0 g(x2) ♦ <5 ln I  + t3-3-7)

yields the dominant behavior of

v ~ "7^5* t(inX)3 + 0 (JtnX)2] (3.3.8)a p

The more careful approach (Appendix III) is  taken by writing

J2°(U ) " + (JVAA) -  -- -'I p  (3.3.9)

where e(x) is  the step  function e(x) = 1/2 (1 + x/-|xi ). The f i r s t  term

yields the dominant term and the second i t s  corrections. Replacing J 20(XS,)

by Eq. (3.3.9) and placing i t  in  the in teg ra l fo r V gives

V -  Vu + 2VX2 + V22 (3.3.10)

The part of V which re su lts  from the use of the f i r s t  term of ( ) in

place of both J 20 fac to rs is

Vu -  Wir o r

® /■»

i I, Cg(a+l,),) * 8((t- l ')2)] (3-3-!!5
X x  •
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If  we use (3.3*7) to  replace the la s t  facto r In Vn by

g(£,£') •> + -ft) + q(a,S.’) (3.3.12)

and thereby defining q(£,£ '). I t  has the property th a t i t  vanishes for £ or 

£' equal zero. I t  therefore contributes a small corrections to  Vn when A 

<= ea? is  la rge . The re s u lt

The second term Vu  gets the dominant contribution from the small (£,£ ') 

contribution in g*s Eq. (A.3.33). Integration of (A.3.^0) yields

where the second term arises because we allow for the possib ility  th a t & 

is  also  large.

We proved (Appendix III) th a t the contribution to  V from the V22 term 

is  negllgable with respect to  Vlx and V12 because i t s  contribution is  of the 

order of terms already dropped in (3.3.13) and (3.3.1 i*). Then we obtain.

_ 2 « 2

v«  » "t o t  (! UnA)2 + f AnUnB) (3-3.11*)

[ |  (£nA)s + (£nA)2 ( |  £n0 + ^  + | )  + 

+ ~  £nA£nB + 0 (fcnA) (3.3.15)

Having evaluated in teg ra ls  N, T and V, we can write down the expression for
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e Eq. (3.2.1). Keeping only the leading terms in (AnA)” 1 expansion the 

re s u lt  is

e " TfinS? (X*3‘ ' 3? ^  (UnA) 2 + 3JlnAJln0 + a lAnA + a2fcn0)) (3.3.16)

O O
where a0 is  the Bohr radius, and a x « 3/4 + tt (^  -  x)» a 2 -  ^  + 3x (1 -  x)

and x is  given in (3 . 3 . 3 )

At th is point we w ill make use of the variational principle and find

an energy minimum as a function of parameters A and 0. Straightforward

8Eevaluation of -gj » 0  gives

X2B2 -  “  (28,nA + 3 in 0 + a x) (3.3.17)
3 ir"z ao

and variation with respect to 0 leads to  another equation

A202 -  - i j  i  (2£,nA + 3Jln0 + a x) (3.3.18)jtt a 0

These can be combined to  give

A -  0’exp(ax-a 2) (3.3.19)

and

|j « ?  p p
^  exPC 3 a x + ^  a 2], A1 -  Aexp[a2 (3.3.20
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which can be inverted numerically to  give A(a).

We can do an approximate analytic inversion of Eq. (3.3.20) which is

3
X " ( 2 F  al ln ( TT3 e "*a > + ■*a 2 fO > 8 e V ^ a r a i) (3 .3 .21 )

which for -2- « 2016 yields A = 19.0 whereas the numerical inversion of Eq. “0

(3.3.20) yields A = 20.0, 5% e rro r.

Evaluation of A and 0 as a function of a gives e -  e(a) in th is  form

e -  -  3§5 Ry X  (Cln» e"‘ ’t y ) *  ♦ 0 tlnA)0)

-  A  ^  i  ln (7
o a 2

= -  -At Ry -r2 (In (0.77 ~  In (5.07 ^-))) . (3.3.22)ott a a0 a0

In obtaining th is re s u lt  we find th a t the kinetic energy term is  negligible 

compared to  the potential energy.

I t  is  well known27*36 th a t the s ta r t  of the continuum is  shifted  upward 

by the ponderomotive po ten tia l. Then e is  the binding energy of the atom 

in the presence of the f ie ld . We see th a t i t  is  a slowly decreasing 

function of the in tensity  in th is  asymptotic domain.

The re s u lt  for A = A(a) Eq. (3.3.20) and the fac t th a t 0 « 0(A) shows 

th a t roughly

5 ~ a”®/8 and 05 « n ~ a” */2 (3.3.23)
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The momentum space wave function <|>(ft) th a t describes the electron  when the 

hydrogen atom is  subjected to  the u ltrastrong  la se r  f ie ld  (large a) peaks 

for small k ~ ~ a“ */2 and s t i l l  sm aller kz ~ a-1. k2 ~ a-1 is  due to

Bessel function in the form of <j>(ft). (Eq. 3.1.35)

The configuration space wave function therefore extends to  large r ,  

but larger in z d irection.

At th is point we can judge the valid ity  of our nonrela tiv istic

approach and th a t of the dipole approximation. The fac t th a t only low

momenta are important in the wave function shows th a t the nonrela tiv istic  

treatm ent is  ju s tif ied .

The in terference between the influence of the u ltrastrong  la se r  on 

the motion of the electron and th a t of the Coulomb potential creates th is 

in teresting  effec t of a lo se ly  bound electron  th a t performs nonrela tiv istic  

motion.

The accuracy of the dipole approximation can be judged from the size 

of the wavefunction in the direction of la se r propagation compared to  the 

laser wavelength.

so the extent of the wavefunction in configuration space in the r  

direction is  of the order (£3)"*. For the neodimium glass laser a t I ~ 1020 

W/cm2, A » 1.6 p

We had

<(>(k) = AJ20(okz)/(kk2+52)(k ^ B 2)2 (3.3.211)

^laser 2 (3.3.25)



where ap » (137)“ 1 is  the fine s tru c tu re  constant. The dipole

approximation is  s t i l l  well ju s tif ie d , since (£3)-VAlaser » (O.O^S)

Is there any re s tr ic tio n  on the frequency w of the laser?  We did our

sEcalculation with the approximation of large a = and our fundamental

approximation was made on the interm ediate s ta te  Green’s function.

We have neglected V, the electron  proton in teraction  compared to  the 

electron f ie ld  in teraction . This is  roughly

where r  and ft are some average values of the distance and momenta, 

respectively , of the electron in the interm ediate s ta te .

If  we use the uncertainty principle

— «  waft (3.3.26)
r

r.k (3.3.27)

then th is  re s u lt  is

a (3.3.28)

which is  a very weak re s tr ic tio n  on the frequency for the large values of 

a considered here.



3.4 Binding Energy - C ircularly  Polarized Laser Field

The analysis of a binding energy for a hydrogen atom In c ircu larly  

polarized lig h t s ta r t s  with the Hamiltonian

Ci*(r*) + eA(t)]:
(3.4.1)

where

t(t) » — (xcoswt -  ysinut)0) (3.4.2)

Variational calculation of

follows the same approach as given in Appendix III.

We have to  calcu late  in teg ra ls  T, V and N.

The choice of wave function is  such th a t i t  has the same type of 

symmetry

the deta ils  of th is  calculation are given in Appendix IV. The f i r s t  

in tegral

U«(k) W*+V)(kzlHb*) (3.4.4)



transforms a fte r  scaling — = £

The re su lt of th is  in tegration is

where K0 and I 0 are modified Bessel functions'*2.

Using the asymptotic1* expansion of K0 and I 0 for A large
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N d 3k J% (ak ) Ux ( | ,B ) (3 .4 .5)

N -  2tt£3
dA A J 20( A A )

r r  *+i)'4
dA,

- 0 0

(3.4.6)

N = 2ttI-3 jp  (- |  ^ )  K0( A)I0( A) (3.4.7)

*2£3 / 1 . 3 . v' oT + THT3 + •••)N * T F  c5a * TSF C3.4.8)

Similar calculations fo r the T in teg ra l

_1_
2m d3kk2J 20(ak ) u x(£,e) (3.4.9)

give the re su lt



F in a l ly ,  a sy m p to tic  expansion in  K0(A) I 0(A) in  (3.4.1) y ie ld s

T - 2m F5] (3 .4 .11)

Evaluation of the in teg ra l V is  the hardest part in the evaluation of e.

2¥ dskd3k’U* (£,|J) J20(ak ) r - j-  ■ J20(ak )U|(^*f B) (3.4.12)

The usual scaling ft => ft?, ft' * ft1? and ?a » A is  applied so tha t

e2 ?■*2p I 2 dft dft' ( f0(A£ ) + l)g(ft , I ')(fo(Aft ) + 1) (3.4.13)

where we defined



'CD '00 '2ir
g(d ,d •) = ddzddz»

<0 . 0 0 .

2ir
1d<j>d<|>»UU,e) r—l - r  U(d',$)

0 h M *

Evaluation of V breaks into the evaluation of three in tegra ls

it
0

'CD
dd dd »g(d ,d •)

V12 dd dd g((d ,d ') f 0(Xd )

'22

'oo

0

‘CO
dd dd f 0(U  )g(d ,d ') f 0(Xd ')

In tegral Vn is  independent of X.

The evaluation of VX2 requires the evaluation of

Y(d ) dd »g(d ,d ')

the most contribution around d 0

Y(d ) ■ -  js. in  d (

H4

(3.4.15)

(3.4.16)

(3.4.17) 

.4.18)

We in tegrate VX2 by parts



with v * Y and du -  dfc f 0(XJl ) so th a t

TT d a  f x(x& ) y»U )

or

and

v* " " i  1 )(A Y'U ))

fiUA ) -  TT f»(A£ )XI

rxa
f  x (  X A )  - f 0(t)d t

Integrating i t  by parts once more one gets

Vw 1
x “ F ”

where



46

'21 d tln t t J 20(t) -  ^  (1+sin2t)

2 v  ^  I f  COs2t (3-i*-2l*)

k2I is  evaluated numerically and k2i « 0.43715.

The la s t  term, V22 is  unchanged by I •> a ' so tha t

V22 = 2 dJl
0

r A
dA *f 0( A A )g(A ,A ')f0(XA •) (3.4.25)

Let

fo(y) ■ f 0 (y) + 1 /tt sin2y (3.4.26)

where

f 0 (y) -  yJ2o(y) -  (1 + sin2y) (3.4.27)

th a t breaks the in teg ra l V22 break in to  three in teg ra ls , V22(D , V22̂ 2), 

V22(3).
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-  y p  |  dxK(x) ds f 0(s)f<>(sx) (3.4.28)

where a » \i and K(x) is  the e lip tic  in teg ra l of the f i r s t  kind.

V = ^  K ( 1 )*22 y p  **22

Kaa(1) (3.4.29)

k22("l) being a constant independentof X which we evaluated numerically. 

Sim ilarly the second term

v „  - $  k„<2 > (3.4.30)

where

r1

kaa(2 ) dxK(x) [fo(s)ds f„(s) sin 2sx + f ,(sx) sin2sj (3.4.31)

is  a convergent in teg ra l. The la s t  term VM(3) is  evaluated and

Vaa -  i^ p j  (31n2 ln 2 X) (3.4.32)

All in tegrations are done in the lim it of large X where we kept terms up



i»8

1
to  the order of OCjp)* Then combining those re su lts  we get th a t

V -  - -S i i !  Cv + k 0 )  + ill!  k (2) +2tP P  L 1 X3 IF  22 • IF  22

+ ifPA (3 1n2 + ln 2 A)] (3^.33)

We are able to  investigate the variational minimum of the to ta l  energy of a 

hydrogen atom in u ltras trong  c ircu la rly  polarized la se r  f ie ld .

Performing a variational principle outlined in Appendix IV on the to ta l  

energy

A
e = 2 mb? ‘ '57!]  ■ iN r  [v,t6) * w , *  y f p  lnX] t3-1|-3',>

where A' is  defined by ( A . 80).

3Eso tha t leads to

, 3 _ 2mae* A1 e 2ir
x T T F + i T  4 T  <lnX

Since A' > 0 and A < 0, th a t makes e > 0 and we found no bound s ta te  for 

the case of c ircu larly  polarized la se r  f ie ld .



CHAPTER IV
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4.1 Photolonlzatlon Rate of a Hydrogen Atom In U ltralntense Laser Field

The calculation of the width of the ground s ta te  obtained as, a

variational minimum in Chapter III w ill give us the information about the

photoionization ra te  since th a t is  the only open channel for the hydrogen

atom in the u ltra in tense la se r f ie ld .

Going back to  the formalism outlined in Chapter III for the problem of

binding energy we use Eq. (3.10) to  proceed
• «

P[W + in  + i Uirrr " h - v] Pip -  0 (4.1)d<p

Again Pip » 4> and the operator

P i ~  Q -  0, PQ -  °, P2 = P

The width of the s ta te  then in th is  formalism is  the imaginary part of the 

expectation value for the operator v » pShGQfihP.

We now turn  to calculation of the width of the s ta te . I t  is  

obtainable as the expectation value of the non-hermitian part of the 

operator v in (3 . 1 . 1 0  ).

-  Im (It) ,6hkcos «f)GQ( 1 ^ <p * )cos • 6hk»® ( ) d  3kd 3k' d <|>d (pf (4.2)
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where Gq  is  defined by (3.1.8) and 6hk -  wak*. We again expand i t  in powers 

of V but here we find th a t the f i r s t  surviving term is  second order in V.

GQOk+.k'^') -  Gk(+>(<|>,(J)')

IT

dfe Gk(+)(4»,^)V(lt-^)Gk.(+)(<|.x,«j,')
-IT

d<|>xd<f>2d3kx Gk(+)(<|.,4)l)^(lt-^1)Gk/ +)(<|.x<j.a)V(ier^,)Gk.(+)(<|.2t<|.')

+ . . .  (M.3)

Consider f i r s t  the contribution of the f i r s t  term of (4.3) in r . We note 

th a t Ĝ + k̂(<(>, <()*), (A.1.31)» is  an hermitian operator except for the

appearance of in in the denominator Ak(n). Since the remaining operators 

in (A.1.31) are hermitian the imaginary part operation ju s t ex trac ts  a term 

from G proportional to  (Ak *(n) “ Ak x(-n)) which is  proportional to

S(JVk(xk)J-vk(xk» W.1*)

(We saw in (3.1.19) th a t the re a l part of th is  operator is  proportional to

the principal value of ((JvkJ -v k) But returning to  (3.1.24) and (3.1.30)

we see th a t $(k) must have the same zeros as Jvk x̂k)J_vk x̂k) which

guarantees th a t the contribution of the f i r s t  term of (4.3) to  (4.2) w ill 

vanish. The second term of (4.3) w ill also give a vanishing contribution to  

(4.2) for much the same reason. We see th a t the s truc tu res Gk(<ji), defined 

in (Appendix I) and the re la ted



G(<J>) = ^  J d(J»'
“TT

(4.5)

enter in to  th is  terra of r  as

r(2> -  Ira d3kdV $*(l^6hkGk(<i>)V(l̂ ftOGk(<|>)6hk»*(I*')d<{> (4.6)

A direct calculation using (3.1.19) yields

ok(*> -  ( Jhkr *  (1 - ) (4.7)

and

5k*(<f>)
Gk ( 4>) -  (fihk)-* (1 -  ) (4.8)

where

5k(<t>) -  Y'k(<lO (?%(*) (Y'^k-Y'k) + V k (4.9)

The fu rther requirement PG^*) ■ Gk̂ + P̂“0 which is  easily  obtained from 

(3 . 1 . 1 8 ) yields
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_1_2 u

‘TT

d<f> C|<( 4>) * Ak (0) « A*k (0), (4.10)
/ “ TT

S u b s t i tu t io n  o f (4.7) and (4.8) in to  (4.6) with th e  use o f (4.10) y ie ld s

r (2 )  a  1  
2 d3kd3k' *(*)6hk m  A*k(-n) x

nr
d<j>Uk<<l>H*k»(<l>) + S*k(<f>Kk «(<!>))) 6hk.$(*') (4.11)

/ “ IT

The (J> in teg ra l is  re a l so the operation of forming the imaglonary part 

again yields a de lta  function, (4.4) and i t s  symmetrization (k-»k'). Again 

the functions 4> -in (4.11) .w ill make th is  vanish.

The f i r s t  non-vanishing term of r is  r(3) arising from the th ird  term 

of (4.3). I t  is

r(3 )
~2tT d ^ k ’d^itd*) Shk vW -ft^Vrtr*1) 6hk.$(ft) sOTOd**) (4.12)

where, using (3.1.19) and (4.4)

d(J>xd <|>2Gk( <|>i)Gk^ +  ̂(<!>!, 4»2)Gki (<|»2)
(4.13)



The expressions (4.7) and (4.8) are Inserted here and I t  is  readily  shown by 

using PG+=*0, th a t only the terms proportional 5k and 5kt.* survive. Then 

using the second form of (A.1.32)

sOttjfc’) -  ln(6hk5hk.Ak(n)Akt(n))“ * d(j>,d<f>2 x

g(2 )^ (4*i> 4*2)
^ k ^ x )  ( S k x ^ U i t t a )  + ' AkTTn5 )

(4.14)

The term proportional to  gk (D can be shown to  vanish since g(D is  

hermitian and so the lmagionary part operation again ex trac ts  the delta  

function, (4.4) (or k+k') which vanishes in the in teg ra l, (4.12) containing 

*(k). The remaining term in (4.13) is

SO ttjt') -  (6hk6hkO“ 1 Nd**^') ln(Ak(n)Akl(n)Ak»(n)“ l (4.15)

where the re a l function N, is  given by

NttWft') d(|)xd«J)2 5k(<J>i)g(2 )kx(<|>i,<J>2)5*k»(<f>2) (4.16)

and in the context of the proceeding discussion, the fac to rs proportional 

to  the delta  function (4.4) and (k*k’) th a t arise  from the lmagionary part 

operation can be dropped. The function Ak(n) is  given in (3.1.23), which 

using (3.1.24), (A. 1.10) and the generating equation for Bessel functions can



5M

be w ritten as

j 2 y v

Ak(n) » 2snnr(vk- in )  £  n+vk- i 'n
n

“ 2ir J v^-^p(xk) J - v k+in^xk) (4-17)

where we have used (3.1.28). A s tra ig h t forward calculation yields 

(Appendix V)

Urn 4k"’(n) -  , p; p ' , -*i<(xk) + lir 5 <Jvk(*kW-vk<*k» * 
n+0 % (xk)

syn (^vk(xk)J-vk(xk) “ k-^|^(xk) J ^ ( v k)) (4.18)

where

Lv(x) “ ^  J v (x) (H.19)

and i t  is  easy to  show from the series representations tha t

L0(x) = |  N„(x) (H.20)

where N0 is  the Neuman function. Then the la s t  facto r of (11.15), is  

obtained as
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tt6( J V|< ̂ xk V|< ̂ k  ̂
•'vk<*lc)J-vk(*kiJvk<*k>J-vk.t*k) Sgn (LVk,(xk>)J- % 1(3K,) -

-  L-v kl(*k1)Jvkl<%,» » - 2 1 )

where terms containing the non-contributing d e lta  functions, (4.4), have 

been dropped. If  we re fe r  back to  the discussion following (3.1.44) we 

see th a t the lim it v̂ -K) is  taken, and ju s tif ied  by the re s u lt ,  (3.3.22). We 

follow a sim ilar procedure in (4.21) where, with some care th is  lim it 

yields for (4.21)

1 «  I  \L. ,— - r r -------7—  r p i  s g n  («.22)
J oUkW oUk,; A y ' l ^  (Jl0(yi<0)))* k»

where the sum runs over the zeros of the J 0 Bessel function. We have 

defined the i^h zero of J v (yj/v)) and i t s  derivative with respect to  the 

order

yi(v) -  yj[x(v) (11.23)

The evaluation of N, (4.16), with the aid of (3.1.19) and (4.9) is  a
» « «

straightforw ard but somewhat lengthy double in teg ra l. I t  is  simplified by

keeping only the leading terms in the expansion in powers of as was

already done with reference to  (3i1.14) and (11.22). We also drop terms
* <

which vanish because of the delta  function in (4.22). The re s u lt  is
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M ttW ) -  vk|Jo(xk)J0(x*k)J0(xkkl)J0(xktl€l)q(xkl) (4.24)

where

Jnz(x) = tt

n 11m x •> » 3IXI

and Xkk, -  Xk “ Xkz*

If we assemble these the expression for r(3) becomes

-  A2 £  /
1

x J 0(xk)Jo(xkOJ0(xkkx)»Jo(xk, kj)<l^xk l) / ( u\,kx(‘JIo(yi(o))2|y*i^^J)

where we have used (3.1.35), (3.2.1) and (4.20). The normalization 

is  obtained (4>,4>) <= 1 , which form (3 . 1 . 3 5 ) and (3 . 2 . 1) leads to

q(x) -  2 JT 
n«1

A2 S d3k J\,(xk) u2i^ )  s 1

or for large X » a?

A” => 2̂jr
3 B6a

(4.25)

(4.26) 

fac to r A

(4.27)

(4.28)

where
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r«»

d t  J \> (t)  -  0 .8996 .. .  (4.30)
0

The evaluation of r(3) essen tia lly  requires the performance of a nine 

dimensional in teg ra l which is  not for the fa in t hearted. In performing i t  

we sh a ll need to  make one d rastic  approximation which, we believe, w ill 

preserve the correct behavior of r for large a but w ill probably change 

the coeffic ient. The approximation is  th a t of replacing the zeros of the 

Bessel function by th e ir large argument values. That is ,  we w rite

yjL(o) -  ir(l + | )  - iri, | y ilk ) |  -  £  (4.31)

and

9
J lo(yi(°>) -  ,-x7>

ir y i(o)l

QCyi(o)) - (4.30)
3 yi<°)f

If we scale a l l  the s in the in teg ra l by ft « £$ then (4.26) becomes

llil .  2S$! Si y  |  (-1)1*1 htyjto)) 0.32)
2 tt p  a 2 tt o  ,

i

where
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h(y)
d&zd&’z 1 yi 1 yi

T I^ + ilT v ^ + n  (?  ( 2 " A 0 ( 2 A (4.33)

where

(4.34)

s.

I t  is  easily  seen th a t h(y^) is  an even function of i t s  argument so the sum 

in (4.32) can be taken as twice the sum over only positive values of i .  

This is  then broken into even and odd values of i  so th a t the net e ffec t is

00

£  (-1)1+1 htyjto) -  2 Y. (h(2im-Tr) -  h(2im)). (4.35)
i  * * n-1

We sh a ll see th a t large values of n contribute so th a t the sum can be 

converted to  an in teg ra l and a Taylor series can be used

h(2 Tm-ir) » h(2 im) -  it h(2 im). (4.36)

The in tegra l is  then simply done with the re su lt

F(axa 2) » 0*
d2S, 

U  *+0
d2Jll dH a yi* 2me

(t-tx )2+0 2a x2 |[(Jt'-Jt1 )2+0 2a%]*



59

{-1)i+1h(yi(o))  « h(2Tr) . (4.37)
1

We use 2ir/X «  1 and (4.28) to  rew rite

r(3) -  Ry (ilir^f) -1  h(o) (4.38)

Before proceding we note th a t the ju s tifica tio n  fo r th is approximations 

comes from the fac t th a t large yi(o) contribute to r.(3) The convergence 

of the sum in (4.32) comes from the th ird  fac to r in (4.34) where i t  is  seen 

tha t

Yl1 S ( - ~ | ^ )  -  K2 -  A  T-ClnA) 2 »  1 (4.39)
S  0  Tl c * q

is  the principal range of contribution of the sum.

For large X, i t  is  small lz which gives the major contribution to  the 

in teg ra l in (4.33). (This is  sim ilar to  the evaluation in (3.3.5). We may 

therefore perform the t and t ’ in teg ra ls  in (4.33) for small values of %z 
and Z'z, The re s u lt  is

(i *+0*)* U  -A " TT^P (ln  V  - 1+0 (A2Z) ” 1 + 0 (V »

Then the t, in tegra l can be performed keeping only the dominant terms 

yielding
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r ( £ ,  . f  (in V ,  (in V ! ,  (=£ _ >
0* - 2 me‘

If th is  is  substitu ted  back in to  (4.33) we obtain

h<°> ■ T  T  (TSX>*
d£z

^-*2 -  j%(xaz) m
9. * XZ

The remaining in teg ra l can be evaluated in the lim it of large 

Integration by parts .

’ 00

p p p  JSCX*Z> ln  I  ■ (- f  ( l n l ) ! -  \  In A ( §  (a*-a,)
. 0

+  I  Try) + 0(lnX)°)

where (3.3.19) has been used. Then assembling (4.33), (3.41), and 

the re s u lt  is

r (3) .  ( £ , .  1  Ry £

and using the f i r s t  of (3 . 3 . 2 2  )

(4.41)

(4.42) 

X by

(4.43) 

(4.37)

(4.44)

T T  " 4? (T " )8 C1 + 0(lnA>-*]
Ie I

(4.45)



We see th a t the binding energy and width are the same order of magnitude

as a function of a. As pointed out above, our calculation of the numerical

coefficient of the width is  not re lia b le  so we can not conclude th a t th is  

new kind of s ta te  which we have obtained is  narrow. But we have shown 

th a t i t  does not disappear as the in tensity  becomes very high.

Finally we should point out th a t our assumption th a t the width is

much le ss  than the binding energy is  not substantiated by our crude

estimation of the width. We only find the two parameters to have the same 

behavior with large a. We do not expect th is  to  change our basic re s u lt .
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CONCLUSION

We s h o u l d  say  a t  t h i s  p o i n t  t h a t  o u r  m o t i v a t i o n  in s o l v i n g  t h e  p r o b l e m  

of  a t o m i c  s t r u c t u r e  and p h o t o i o n i z a t i o n  r a t e  a t  a hydrogen  a t om in 

u l t r a s t r o n g  l a s e r  f i e l d  is p u r e l y  t h e o r e t i c a l .  T h e r e  is no e x p e r i m e n t a l  

r e s u l t s  t h a t  c o u l d  g i v e  mo r e  i n f o r m a t i o n  c o n c e r n i n g  t h i s  p r o b l e m .

However ,  r a p i d  d e v e l o p m e n t  o f  u l t r a s t r o n g  l a s e r s  e n c o u r a g e s  us t o  

b e l i e v e  t h a t  e x p e r i m e n t a l  w or k  on t h i s  s u b j e c t  w i l l  f o l l o w  soon.

In t h e  I n t r o d u c t o r y  c h a p t e r  we d e s c r i b e d  p r e v i o u s  me t h o d s  and r e s u l t s  

t h a t  w e r e  o b t a i n e d  in c a l c u l a t i o n s  o f  t h e  p h o t o i o n i z a t i o n  r a t e  o f  hydrogen  

a t o m - i n  u l t r a s t r o n g  l a s e r  .

Our a p p r o a c h  have  been t o  u s e  v a r i a t i o n a l  c a l c u l a t i o n  t o  f i n d  t h e  upper  

bound o f  t h e  e n e r g y  minimum o f  a hydrogen  a t om f o r  two d i f f e r e n t  

p o l a r i z a t i o n s  o f  u l t r a s t r o n g  l a s e r  f i e l d .

The r e s u l t  in C h a p t e r  III i n d i c a t e s  t h e  e x i s t e n c e  o f  t h e  m e t a s t a b l e  

s t a t e  in t h e  c a s e  o f  l i n e a r l y  p o l a r i z e d  r a d i a t i o n  f i e l d .  For t h e  c i r c u l a r l y  

p o l a r i z e d  r a d i a t i o n  f i e l d  t h e  upper  bound o f  t h e  e n e r g y  minimum is p o s i t i v e  

so  t h a t  we a r e  no t  a b l e  t o  f i n d  a bound s t a t e  o f  t h e  s y s t e m .

In C h a p t e r  IV we c a l c u l a t e d  i o n i z a t i o n  r a t e  as  t h e  w i d t h  o f  t h e  bound 

s t a t e  o b t a i n e d  in C h a p t e r  I I I .  Very l e n g t h y  a n a l y t i c a l  c a l c u l a t i o n s  g i v e s  a 

w i d t h  as  a f u n c t i o n  o f  l a s e r  i n t e n s i t y  bu t  numerous  a p p r o x i m a t i o n s  made a 

n u m e r i c a l  v a l u e  somewhat  u n c e r t a i n .  So we can  s e e  t h a t  t h e r e  is some room 

f o r  improvement  l e f t  in o b t a i n i n g  b e t t e r  a c c u r a c y  in i o n i z a t i o n  r a t e  

c a l c u l a t i o n s .

We can  a l s o  u s e  mo r e  compl ex  t r i a l  f u n c t i o n  ( w i t h  some mor e  

v a r i a t i o n a l  p a r a m e t e r s )  w h i ch  mi gh t  g i v e  a d i f f e r e n t  r e s u l t  f o r  t h e
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c i r c u l a r l y  p o l a r i z e d  c a s e .  The i n t e r p r e t a t i o n  o f  t h e  e x i s t a n c e  o f  a

m e t a s t a b l e  s t a t e  o f  h yd r ogen  a t om in u l t r a s t r o n g  l a s e r  f i e l d s  needs  a 

d e e p e r  u n d e r s t a n d i n g .

T h e r e  a r e  some i n d i c a t i o n s  ( s e e  C a s a t i  IV ICOMP B o l d e r  1987)  t h a t  t h i s  

unusua l  r e s u l t  c o u l d  be p l a c e d  in t h e  c o n t e x t  o f  q ua n t um s u p p r e s s i o n  o f  

c h a o s .  This  a l l  i n d i c a t e s  t h a t  m o r e  r e s e a r c h  needs  t o  be done  on 

i n t e r e s t i n g  s u b j e c t .

c l a s s i c a l  

t h i s  v e r y
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Equation 3.8 could be rew ritten  as

( - i e ^  + 1 -  in ^  + acos«j)) Gk(+)(M *)

where n is  rea l and

v

PGk(+> - 0, Gk(+) = Pcos<#>Gk<+>(<#>,<#.•) (A.1.2)

Let us define

so tha t

( - ie -^  + 1 + acos<f>) Gk(+)(<|>,$') =

- («(*-*') -  ~ )  ^  e^(<M>') + aê (<|>-<J>') + a e J ( W )  G<+>k (*') (A. 1.4)

Let us assume tha t the solution for the d iffe ren tia l equation is  given 

in th is  form

G(+)ik (+*♦') - (A.1.5)



where

so th a t

S ub s titu t ion  of

where

That means th a t

(A.1

( - i e - ^  + 1 + acos(j)) Y»* = 0

(A.5) in (A.ll) leads to

k  8 * c(*’> * a w
“ IT

ds e-2(s-<J>') V( a)V*( $ ' )  
0)

i a v k

- i r
ds ef(s-<f>') Y '(s)Y '*U ') Gk(+)(<J.») (A.1,

Vk " eCk)’ 0(<,)" <|)̂  “ s 8n(*-$ ')

~  Y '*(*)Y '(* ')0(*-* ')  + CC^JY '^tfY 'C*') + 2 ^ Y '* ( * )  x

ds e J  ( s -V )  Y'(s) + iavkY'*($) x
—IT
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-TT
ds e J  (s— *) Y'(s) Gk"C+)(4,») (A.1.8)

there are two unknown functions tha t should be determined C(<f>') and 

G(+)(<j>'). Applying

PGk(+)($t $i) -  0 (A.1.9)

Due to  the fac t th a t g(+) is completely in a Q space. We have

"IT

If 8 " “ <♦“*') Glk(+)(<j>,(j)‘) - 0 (A.1 . 1 0 )
J~ IT

which gives

~k e I *'v
fir

-TT

fir

J “ IT

rir

-ir

r<J>

-ir
ds e - ( s - 4>')Y.(s )



f i r

“ 7T

d* - n . f*
2 ir

J -7T
dse wSY»(s)

Let U3 define

■ir
| |  Yf,tC4>)0(<#►”<(>*) -  ^  (Y*-2Y*($'))

. -7T

where Y ■ Y(ir) and Y'(ir) ** Y\ Also

14 vt# -  Y*(u) „ I I  „ JL
2 i r  2 i r  °  2 i r  2 i r

—it

and Y is  rea l.

We w ill need the in tegral

"ir
| |  Y'*(<|>) y(<p) z

■ -IT

Y'(<j>) is  defined by (A. 1.6) so th a t

fir

' -it
e-A(<|>+asin<J>) 

2 ir e
f*

' -ir
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(A.1.11)

(A.1.12)

(A.1.13)

(A. 1.111) 

(A.1.15)



68

where

m ak
e “ ek-W+Up ' a " ek-W+Up ’ ek “ aki " Xk

To evaluate th is  in tegral we make use of Jacobi’s expansion7

00

e±asin<fi „ £  (_-|)n ein<f>Jn(a) (A. 1.16 )
n«-®

so th a t the calculation of

Z  Z
n1 ri2

Jn,Jn2

( ^ +n2)i

“IT

“ IT

ir
■iiKnjn*) M  - e - i  1 

2 ir

nr

-IT

| 4  n»)} (A.1.17)

so tha t

Z - - * £
n n+—e

ie—e
sin —_____ E_

IT
n

(A.1.18)

Also

Re(Y'Z) -  s in -  5~
P

n

V t f )

„ a
(A .I .19)

In order to  simplify (A.1.11) le t  us define
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i i*  (n) | |  e nvk * (A.1.20)
-TT

and

I2(n)
ir

-ir
| |  e nvk<J> y t*^) dse Tivks Y»(s) (A.1.21)

—ir

Also

ML envk*’ Y'*(<fr') (A.1.22)
"IT

and

I i *  ( it) -  I i *

Now we can w rite A. 1.11 as

^  e-nvk<|.' c ix*(n) -  2IX*(«')3 Y'(*') * e -n v ic * '^ ')  x

x Y'(*')Ii*(n) -  i/2ir Vkl 2(n) + -  0 (A. 1.23)

To find the other equation for evaluating and G""k(+5(<(>*) le t  us

operate by P on the original in teg rod ifferen tia l equation. The re s u lt  is 

easy to  obtain



Gk(+) (tt, <*>) -  -  Gk(+) (-TT,<p')
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(A.1.2H)

or

e2irnvk Glk(+) (tt, <#>*) -  Glk(+) (-ir,<#>*) (A.1.25)

Combining A. 1.20 and A. 1.8 one gets

C(<J,*)Y'(4>*) ( Y ’ * e 2 * n v k  -  y t )  + G- k(+) e nvk*f ( i 2 7 r a v k e 2lIT1v k  

-  -  ^ v k  ( Y , + Y , * e 2uT 1v k ) Y ' U ' )  +

+ i vk e2 irnvkY.* Ii(-n) e*ivk*' (A.1.26)

Now we have two equations tha t can give us unknown functions C(<j>') and 

Gk̂ +^(♦ *). After some .algebraic, manipulations one can get

X V )
Gk(+)C**> -  I ^ ) v k { " ! v k (Y'+Y'*e2 » n v k)

+ i v k  Y ' * i x( - n ) e 2 i r n v k  + _ ^ !i_  e - n * v k  (Il*(n) -  2 1 ,(4.'))

( Y ' * e 27rii v k  -  Y») -  - i - v k ^4̂ -  ( Y ' * e 2 i r r lv k  -  Y. ) j  ( A . I . 27)
2lt I x*(n)

where

Ak (n) -  I 2(n) (Y'-Y'*e2 irhvk) + e2 *nvk 2irY'*I1( - n ) I , ( n )  (A . I . 28)

The other function is



c(<|,,) " M~nfv!'V») Cii*(n)Y' + (Y'*e2 *nvk)]

iv k /T *( V ( ti) -  2Il*(t»> Y*( <j>’) (A.1.29)

Notice here tha for n ** 0

I2 z and I,*(n) + Y (A. 1.30)

I f  we use th a t lim it everywhere except in the denominator, where the lim it 

w ill produce a principle value and delta  function in the usual way.

Gk^  " “ ;T- Y î̂ C4>)Y t̂(<#>)0(<f>—<!>*) -

gtoA^n)' Yk̂ C<|»)Tk.(<#.*) {-Yk(4>)Yk*(<j>')(Yk,*-Yk,

- (zk*Yk,* - zkYk.) + 1 Yk (Ykt*(*') - Y*kYk(«J))} (A.1.31)

or

Gk +̂ (̂<J>i4>*) -  Sk^1 <>*) + Ak('n) gk^2 ^c« > , (A.1.32)

Thereby defining gx and g2.
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We defined the modified potential v Eq. (3.1.11) as

v -  PfihGqfihP

After replacing Gq  by Gk(+) where the approximation 6h>> 

introduced

v(k)
1 (umk2 ) 2

( 2 i r ) 2 e - e k

ir

- i r
cos <f>G+k( <J>, <f>' )cos <j> 'd<j>d <p'

- tt

We defined (see Appendix I)

_1_
2 ir

IT

d(#>,cos«#>fG<+ |̂<(<|), <#»') = G(+)k(<J>)
“ IT

so that

v(k)
(wakz ) 2

e - ek

(A.2.1) 

has been

(A.2.2)

(A.2.3)

(A.2.4)

where
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'ir

-ir

From (Appendix I) in the lim it of n •* 0 +

° (+)k " T~ K 2 ira 1 -

ZY'-Z*Y*'

so that

1

2ira(ZY*+Z Y1 )

ir

-ir
| |  c o s ^ Y ’k U t f Y V M Y ’V Y ’k) +

Let us integrate by parts

jjl oos*Y'C+> - - ^  [v -  T '»  -
-ir *■ •*

and

fir
cos^Y’fifOY (<J>)

-ir
-  —  F2 ira IY'Y -  2ir - 2 iri

e *]

(A.2.5)

(A.2.6)

YkY’k] (A.2.7)

(A.2.8)

(A.2.9)

Here we used the definition of Y and z given in Appendix I. Integral I is
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then equal to

1 i e  y » - y »*+ (A.2.10)
2 tfa2 2 na2 ZY’+Z^Y’1

Notice that Y' = eiir^e so

i 2 esin7r P
rs <1 -  -p T"7nV ) (A.2.11)2 ira2 ' ReAi<(0 )

Here ReAk(0) -  2ReY'z where, again using the re su l t  (A. 1.10) (Appendix I)

— j 2 (a )
ReAk(0) = 2 s in |  - n 1 -  (A.2.12)

n+1 p Xlmco e

so that

2 ira5 1 - (A.2.13)

At this point we have to evaluate the sum

r -  J 2n(x)
I  “ JJJT (A.2.14)

n--»

where z » 1 /e  and x -  a /e .
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Consider th e  sum

00

s -  1. JVx> (“  + —5 ) (A.2.15)
n=-“

which can be written as

1 „ v J2n(x)
S = I (1 -  J 20(x)) + (A.2.16)

ri+0

We see here that the second term has simple poles for z » n (n » non zero 

integer) and that the f i r s t  term has pole a t z ■ 0 .

Consider the function

-  - ^ " 2  Jz(x)J-2 (x) = B(z) (A.2.17)

tha t has the same poles as the second term. Then the expression — - B(z)z

has the same poles as the sum S. Also we have to prove that th is  function 

is analytic for z “ . From (G & R pp 960) one can find

( - 1)k( f ) 2 k(2 k)! 
Jz(x)J-z(x) " X- (k!)i r(k+1-z)r(k+1+z) 

k- 0

and (Abranowitz & Stegun pp. )



r(k+1+z)r(k+1-z) -  ( 1 - z 2) (22- z 2) . . . - ~ —
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(A.2.19)

So one can write that

J2 (x)J_z(x) simrz
uz

”  ( - 1 ) k ( | ) 2k k 

- w -  TT
k=1 4=1

+ 1 (A.2.20)

which makes the expression

i  -  almrz '’zMJ-zM -  0 ( J , )  (A.2.21)

when z -*• ®.

So we see that we can write

S '  2  '  i l i r S  A.2.22)

and that

r -  J 2n(x) -
~ z  S t a l  JzMJ-zM (A.2.23)

n

Finally we can write tha t
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h  J V a
ir

n n+' sin —e
(A.2.2H)

For v small and defining e « W - Up n + 0, Pi// « <f> we get (3-1.34).
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The t r i a l  function

can be written as

APPENDIX I I I

r6

Ul(I )̂ " (k^+C2) ^  2H 2B2) 2

U j ( f t )
1

( ( - r ) 2 + 1) ( ( t ) 2 + 8 2) 2

where 3 = n/?.

Let's calculate the normalization in tegral N, Eq. (3.27).

ftsubstitution A = a? and — = A, one gets

<N> = 2tt5s dA A
0 CA 2+32]** .

dAz
(Az 2+1 ) 2 j 2°( U z )

or

<N> .  2n ’ 4 * i .

(A.3.1)

(A.3.2)

With the

( A . 3 . V

(A.3.5)

Let us integrate i! by parts
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dA,
(jLMT5 j2° (XS’2 ) (A.3.6)

I f  we integrate

J 2 o ( H ) (A.3.7)

by parts and then take a derivative with respect to the parameter in the

denominator one will get value of i! making du = dA J 20(XA), v -  jTTf* 3 0

that u » j  f x(AA), dv = v'dA where

fx
f»(x)

rx
dt J%(t) dt J 20(t) - e ( t -

Trt
x Anx0(x-1) (A.3.8)

or

f x(x) = fi(x) + —0(x-1)Anx (A.3.9)

Here we need an asymptotic form of J 2„(x) — for x
TTX

l m - i d * v ’ ( f i ( A * )  +  i e ( A I M H n A i )  ( A . 3 . 1 0 )

or
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*» *n> ‘  T dfcv’fjU Jt)

Integrating by parts once more we get

ttA *nA * A1 d£v "f2(A£)

rx
where f 2(x) d tf  ,(t).

Now

f t
f 2(x) dt

['
ds |J 20(s) -

TTS _

and i t  could be written as

f 2(x) -  Xix - X2 + f a(x)

where

1 00

Xi ds (J20(s)  - 8(3-1) 
ITS 0.8455

(A.3.11)

(A.3.12)

(A.3.13)

(A.3.14)

(A.3.15)



The value for Xi is obtained numerically on VAX 780 computer.
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X2 dx ds (J20(s) -  ^ 2 1 1 2 )
TTS

(A.3.16)

Integrating by parts one can get

X2 dx X J 20(X )  “  - (1 + sin2x)']+ £
^  (A.3.17)

The f i r s t  two terms vanish a f te r  numerical integration has been performed. 

So that

X2 -  - (A.3.18)

f 2(x) dt ds (J2o(s) - e (s -n
ITS ) (A.3.19)

This leads to

1 « > X»—r 8,nA + -r- TT A A X*
dfcv’’f 2( AS,) (A.3*20)

The la s t  term could be done again by parts which leads to term of order
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O tp)

SO

1 . , Xi
~  AnA + -T- + 0 
Tf A A (p>

The final step in evaluating i! is

Ii Aim
02-M

3
W

dA J 2„ (AA)

or

■ ¥x *nA + IX * 0(r>

Substituting back in A.3.3

<N> "  3P F  U n X  + '  \  + 0 ( T*))

Kinetic energy part of Eq. (3.26)

<T> - /d sk((u1(k))2J 20(xk)ek

(A.3.21)

(A.3.22)

(A.3.23)

(A.3.24)

(A.3.25)

can be done by using re su lts  obtained in calculating <N>
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<T> -  2ir dA SL
2m 0 U 2n 2T d l ,

J%(XAZ)
U Z*H>4

(i 2+ U 2) (A.3.26)

or

<T> 2£! 2m r i l  Ta f U z  + 1 1dS.Z J o((£za+1)i [6P T2FJ

£  [i* *  ♦ Si* x‘] (A.3.27)

where

2d£ &
( F mT2 J*0(A£) - I -  Ii (A.3.28)

so that

<T> " S F F i  [e“AnA + + 1 + 0 (F>] (A.3.29)

The la s t  part in the energy evaluation is the evaluation of the V integral

<V> p2J U  £- IP * dAzdS,,zJ 20(Aiz)G(Az,A'2) J 20(AA'z) (A.3.30)



where

8H

’ OP ’ OP •2 tt
G(AZ,A'Z) “ dA dA' A A'

, o . 0 0 .

2 ir

0

d <j)d <f) *
(iJz+v)(ta + ( m u z-A'z)2 + (t - v  )2](a'z+i)(a ,2+32)2

(A.3.31)

or

G(A2 ,A’Z) -  (o 2+ 1 ) (* » 2  +1) g((Az-A'z)2) (A.3.32)

After performing tp, <p' integrations we get

g(x2) - (2 ir)! dA dA' & A’ fY**+?Y2({ 2+s»2  ̂ + 
(A 2+02)(A ’s+02) 2  ̂  ̂ '

+ (A 2-A’2))
-v 5

(A.3.33)

V integral can be written as (3.32). g(x2) is  the in tegral of the Coulomb

potential over the components of the momenta perpendicular to the z axis. 

Let’s rewrite g(x2) so tha t

g(x2) 8 tt2 ydy
(tmT

ds(3y+1)i (x“+2 x20 2y(1+s) +

+ r 20 '*(1- s )2)
"V,

(A.3.31)
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The dominant contribution is for x -»■ 0 near s 1. Setting s «* 

possible and x1* << x2(32.

g(x2) 8 i r 2
7 F

-y dy . (Ftp )
ds

(y+l) 3 (J4x232y + y2B-(1- s )2)

Now we can express <V> as a function of g(x2) in th is  form

<v>
2 c 1*ez5
ir

*00

0

dadausuajJVM')
(£2+1) (A.2+1) Cg((A+«,»)2) +

+ g (s.-*'))2]

In order to perform th is  integration l e t ' s  use the same approach 

evaluation of integral I in Appendix I.

Let

J2«(u > - + w v*« -

and sim ilarly for J 20(AA'). We can denote integration region as one 

to and -j- ®. That leaves us with three in tegra ls  to  perform

<V> -  v n  + 2V12 + V22

1 where

(A.3.35)

(A.3.36) 

as for

(A.3.37) 

from 0

(A.3.38)

where
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'n e + g((£-£ ')a)] (A.3.^0)

e 2£ -  2 ir2 

3“IT A
d£

£ U 2+ 1)
d£'

( £ ,2+1) (J20(A£») - 8 (AAM)
ttAS.' )

x [YU+£»)2) + (A.3.M1)

where we set

g(x2) - Y(x2) (A.3.^2)

and

r e f f i & TiT » ’•< «  -  CJ2»(U ,)  -  6 ( u ' ) ]

x CY(a+£,)2+T(&-Af)2D (A.3.43)

Evaluation of these in tegrals is done using approximations tha t A » which 

is ju stif ied  for high intensity lasers and keeping terms in the expansion up 

to the order of (£nx)2.

In order to evaluate those in tegrals l e t  us write

V22
2 e V

Y(U+A')2) + Y(A-A')2) - -  jp  + q(£fJl») (A.3.W)
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where qUjfc’) is  defined by the difference between (3.3.7) and (A.3.M). 

q(J^Jl') has the property tha t i t  vanishes for Jl or A' equal zero. I t  

therefore contributes a small correction to Vu when X * a? is large. 

Evaluating Vn

11
2 e25 dJUm'

JUl'U2+1)(Jl,2+1) {- 1
I F Jin Jl^Jl' 2

32

+ 5U,*')} (A.3.45)

The integration of the f i r s t  part

na 2 - f r L
<V x 23H {- 2

IF
dH

1_ Jl(Jl2+1) 
X

dJl
Jl'U^+D Jin (Jl2-Jl'2) +

+ ( 33s Jin 3a 183 i )  (
dJl

Jl(Jl2+1) y (A.3.^6)

is performed in the approximation of large X so that

-  2e23"na T f W {- 2
IF

dJl
1_ Jl(Jl2+1) 
X (JIX)

dn
_j n (n2Ji2+i)

2̂Zni + Jln(1-n2) + (JlnX) 2 (jp  Jln32 + (A.3.^7)
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where and

1 I(F+T) " 5 *n(*2+1) (A.3.W)

If  we drop terms of order JlnA and (HnA)°f a f te r  some integrations one gets 

that

'na -
ttj A2$p[I (JlnA) 3 + 1 (JlnA) (2Jln8 + £) + 0 (JlnA)| (A.3.H9)>]

Integral Vub tha t is of the form

ii 2 e V
*00

1 i ;
dJldH1 a (o o») 

£ £ ' ( ) ( A|2+1) ' (A.3.50)

1 A A

brings up terms that are 0(JI) or 0(S,’) so the in tegral Vxlb can bring up 

only terms of O(JlnA) which could be neglected.

Evaluation of the in tegral V12 is  done by making the same 

approximations

12
2 e2g‘»

“ "iFFT*
dJl

1
A

Jl(Jl2+1)
dA'

(Jl»2+1) (F20(AJl) - 0( A&-1) 
ttA A* )

[Y(( Jl+Jl')2) + Y ( i l -vm (A.3 .51)
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We use asymptotic values for ([YU+Jl')2) + YU-Jl')2)]. We also take the 

asymptotic form

J V U I ) .  .  _ ! _  3 l n  2 „ * .

and by scaling &' -  j
A

2  eH 1*
ir28 6A2

dJl
m 2+n

dx
x

sin2x
/ X 2

( A*
Jin

U 2- (y ) :

+ 1 )

for A 00

2e2g \
33eir2Ai

dil
Jl(Jl2+1) Jin Jl2

F “  sin2 x

so

—■ sin2x 7T
2

V 2c1*
12

2e2E 
3BVA2

d Jl
itf+tt *» i

(A.3.52)

(A.3.53)

(A.3.52)

(A.3.55)

(1. 3.61)



Again, neglecting the terms of O(AnA) and smaller

*00

riO. ff. 1
1 in {  + a 2  <AnA>2 “ AnPAnA (A.3.56)

V» - -  ( f  (AnA) 2 + |  AnAAnB) (A.3.57)

The final part of in tegral <V>

2r**
V -  2e {» dAdA* [” Ta f A A 1 )~| f r 2 / j n , \  _ 6( AA*~

(A2+1 )(A'2+1 ) L oUA; ttAA J L o(A* } ^ l xA» jx

x [Y(A+A' ) 2 " Y(A-A')2]

irAA1 

(A.3.58)

Taking asymptotic forms for the three expressions in the big brackets

V 2e V  
"b V a *22

dAdA1

0
A(A2+1)A»(A2+1)

x sin2AA sin2AA» (- -^U An - ^ r ^ )
J P  P

(A.3.59)

I f  we scale AA ■ x and AA'-x’



2 f 2
sin2x sin2x'An

p A
(A.3.60)

For A -*• »

I 22 3 F ir5! 2

fx
dx sin2x -4 -  sin2x [in(x2-x l2) - 2Jln0X](A.3.6l)

Those are convergent in tegra ls  and the leading term is  order O(AnA) so to 

follow our approximation we will neglect the whole V22 in tegra l.

Combining re su lts  for Vn , V12 and V22 one gets Eq. (3.111)

V " {(f  UnA)S + U n A )2  (f  Ane + T8 + +

+ y  JlnA Jlne + O(AnA)}. (A.3.62)
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Calculation of a binding energy of a hydrogen atom in u ltrastrong 

c ircu larly  polarized laser f ie ld  is  done by expanding the e « e(A) Eq. 

( 3 . 3 )  in power of A-1  where A is large parameter. Our prime task is  to 

determine whether the system described above forms a bound s ta te .

Again we s ta r t  with Eq. (3.4.3) and use the form (3-1*.1!) of a t r i a l  

function.

A.4.1 Evaluation of Normalization Integral <N>

Integral

(A.4.1)

it *is  transformed by scaling -  - % and A = a? into

<N> - 2 t t £3
0

dl % J20(AS. ) 
T^+l (A.4.2)

the second in tegral being

z ir
(A.4.3)(Az 2+ 32) 2 "  W

The f i r s t  in tegral is  see (Gradstain & Rizil pp. 678)
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d& I  J 20( AA )
(a *+&*)* ( “  \  " k  K° ( x)  Io (x ) (A.4.4)

where K0 and I 0 are Bessel functions of the f i r s t  kind.

Now, le t s  use the asymptotic expansion of k0(A) and I 0(X) for large 

values of argument A see (G & R pp. 962)

e X r -  ( - p k  rCk* 1 a) _ e X r -  1 r(k+* 2)
A°u ;  “ W\e k i r r 1 “  ---  c-

/ 2 i t l  kio  <2X>k k lr (‘ 2' k) / 2 iX  k“ -0 2(X)k k ,r ( ' s' k)

K0( A) -
£ -1 r(k+* 2)

k-o
idTFT-k) (A.4.5)

where r is the gamma function.

If  we go up to  °(ps)» then

<N> - W  [ix * t s f  * 0 <v>+ ••] (A.4.6)

A.4.2 Evaluation of the Expectation Value of Kinetic Energy <T>

<T> in tegral has been evaluated in much the same way as in tegra l <N>

<T> /  d3k k2J20(ak )U ,( |,e ) | 2 (A.4.7)

The usual scaling yields



<T> l £
m

d£ % J20( A SL )
U L2 P 2F J

where the big bracket represent the re su l t  of d£z integration.

<T> “  I s p  [ 1 + (B2~ 1) (”  I  I t 5]

Asymptotic expansion in large argument A yields

<T>
2 m 3112^  |_2A

1
e‘*i * r ip  362_i  + e(p>  * •••]

A.4.3 Evaluation of the <v> Integral

Expectation value for the modified potential Eq. (3.4.12) is

<V>
2 t t d£ d% »(f0(AA ) + g t t  ,i ') ( f 0(A£ ) +

Here we use the same idea as in evaluating in tegral <v> for 

polarized ligh t.

f 0(AA ) -  A£ J20(AA ) -  1

Function g(S, , 8, ') is

94

(A.4.8)

(A.4.9)

(A.4.10)

^(A.4.11)

linearly

(A.4.12)
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‘ 00 '0 0 ■2 tt
gU ,i ») = dizdiz*

, - 0 0  . - 0 9 0 .

2 ir

t-t* 2
(A.1!. 13)

We can brake <v> Integral into three Integrals

<v> = v n  + v 12 + v22 (A.H.1H)

where the f i r s t  one is

n* di di »gU ,i •) (A.4.15)

We can see that Vn is independent of A.

We will show la te r  tha t i t  is  a crucial information about Vn so

V„ -  v,(3)

In order to find value of V, 2 Eq. (3.11.16) we have to evaluate

YU ) d£ »gU ,4  ' ) (A. 11.17)

The expression for V12
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' 12 7T d£ f 0(M  )Y(S, ) (A.J4.18)

will be integrated by parts so tha t

du » dS, f 0( X5t ) and v ■ Y(4 )

dv = dS, Y'(S, )

where

*XS.
fid s . ) - dt fo(+)

We have to know asymptotic behavior of Y(S, ) in order to see whether 

in tegral Vi2 converges or not.

Let us f i r s t  evaluate g(S, ,i '). I f  we perform dS,z , dS,2' integration 

f i r s t  we have in tegral

1(4 .4 -
(0»

dS^dS-z'

U z2+B2) [ d z - V ) 2+I* ' | 2](4 Z,2+0S
(A.H.20)

which we can evaluate by performing complex integration where the contour 

is  Fig. 1 and contour in tegral vanishes for |S,Z|^®.
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dV  d*z
* az4,+3a * (az2+B2)[U z-a z’)2+62]

where b2 « |fc -3t ' | 2, and

d a z<p -----------------------------  - 2iri Z residiura
( a z 2+B2) [ ( a z - a z ' ) 2+b2]

where poles are azl>2 ■* ± iB and fi.Z3>̂  - a z ' ± iB.

Similar procedure in contour integration over d a z f yields to

IU  ;--------- r1-----;---------
e2|3t -Jt ' |(2B)+|t -t 1

so that

n
2 ir

 ------------------

o (a 2+du ,2+n|a -a ’||2 B+|t -a »

where |£ -t «| - (a  2 + a ’2 -  21 a »cos(<|)-<*»’ ) ) 1/2  

and

g U  ,1  ' ) 2 irs
IF

2 tt
d<f>

o (a  2+ D (a  ,2+u|a -a ' | ( 2 B + |a  -a »|)

(A.4.21)

(A.4.22)

(A.4.23)

(A.4.24)

(A.4.25)
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At this point we have to  find the value of YU ) in the lim its of i  + 

0  and £ -*• » which is  necessary for the re su l t  of (A.1!. 19)

f oo
YU ) 2 tt3 d£

2 ir
dj>

0 |* -t ’ |[2 e+|£ - 1 '|]u 2+1)U ,2+1 )
(A.4.26)

In the limit of i  + 0 we have to be careful about the f i r s t  term in the 

denominator because there is  a singularity of £ + 0 .

i + 0  YU ) 2 tt2
IF"

dS,
U  |2+1 )(2 0 +£ »)

r 2 ir
d(f>

0 11 -t ' |
(A.1J.27)

Now integral

2 ir

0  t  - t
dj>

fir
d<{> —I— - 2K(x) 

0  £ (1+x2- 2 xcos<j>) 2
(A.4.28)

where x - -j- and x2 < 1. K(x) is complete e lip tic  in tegral of the f i r s t  

kind (see G & R pp.387).

YU ) 2 i r 3
IF

d£ K ( f f )

2 0 + £  » l > (A.4.29)

where i< and %>, are smaller and larger of A U .
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YU ) 
a +0

iJir8
IF

da *KU ')

(a »+20)(a ,2+d
d l ' K(f ’>
1 ■ (I  ,a+1)U *+28) <A-,4' 30)

The f i r s t  in tegra l is f in ite  when I ■* 0. The second in tegra l yields

YU ) Hit*
F

da ‘K(J ')
a ’(Jl ’+2B)U ,a+1) +

da K ( f  ’ >
a (a  »+2 p)(a  »2+ n (A.n.31)

the second in tegra l in (A.4.31) is  f in ite  so we can drop i t  from evaluating 

asymptotic behavior of YU ) when a -► 0 .

The la s t  remaining in tegra l

d a  ’ K ( |  • )
a ’( a  »+20 ) ( a  ,2+D

da K(I^ + ( *___  _ TT \
,2 b v (a  '+2 e ) (a  »2+ u  2 0 . (A.4.32)

where we used the fac t tha t K(o) -  ir. 

So tha t

Y ( a  )  -  -  a n a (A.4.33)

and

Y, ( a ) -  -  | ^ f a Y 'U  ) 271-
F (A.4.34)
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I f  we se t a lim it 8, ■* ® in A.4.18 then

a f te r  we integrated over £, .

Now we' can go back to p artia l integration of V12 Eq. (A.4.19)

'12
2 1_ 
ir A d i f,(A£, )Y'U )

If  we define

then

f»(x) -  £  fx(x)

v». - -  5 I d* ) U  Y'U )] 
'0

Now l e t 's  in tegrate by parts once more

du - f x(U  )dJl v -  I Y'U )

u " x f 2(XS, ) dv -  dS, U  Y'U ))'

(A. 11.35)

(A.H.36)

(A.il.37)'

where



101

f 2(x) d t  f , (  ) - dt
t ds f 0(s)  (A.4.38)

Note th a t vU ) * •£ i» when % “ and v(o) -»• f in ite . So

Vw
_2_
ttA dll f a(A£ ) U  Y 'U  ))* (A.4.39)

Let us do f aGA£ ) f i r s t .  I t  is

(sJ20(s) -  ^  (1 + sin2s))} (A.4.40)

where x «.

The f i r s t  two terms in the big bracket vanishes a f te r  numerical integration 

is performed (see Appendix 7).

-  tt" cos2 t  - 2 ir

| s J 2o(s) -  ^  (1 +  s i n 2 s ) J  +  ~  -

f 2(x) ^  I ds(sJ20(s) -  1) + f  [-  cos2 t

d s ( s J 20(s)  -  ~  (1 + s in 2 s ) ) ] (A.4.41)
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We can s t i l l  simplify th is  expression by doing p a rtia l integration on 

in tegrals

f 1 *00
dt
t ds(sJ20(s) » -

0 0
dt t  fcntJ20(t)  (A.1J.H2)

and

~  (sJ20(s) “ -  (1 + sin 2s) dt S,nt(tJ20(t)  -  ^  (1 + sin2&AX)M3)

So that f 2(“) » k2,

dt AntJ20(t)  ~ —
IT

cos2 t

dt £ n t(tJ20(t)  -  1  (1 + sin2t)) (A.H.4H)

k21 is  evaluated numerically (Appendix 7). Finally

2_ 
TT A ds. [ k 2l + ( f 2( i a  ) -  k2l)] u  y*u  ) ) ’ ( A . 0 5 )

with a definition
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f 2(x) -  f ,(x )  -  k21
dt
t

rt
—• ds f 0(s) (A.H.1I6)

and doing one more partia l integration

d i f 3( i  ) ( i  Y'U ))' (A.4.1J7)
JO

the la s t  in tegral converges and the whole term is  of order O(’p )  so we 

w ill neglect i t .

2k21 i 4ir3k2i
V» m- T T  K r a  )3i. o ‘ X ~ V ~  a -"M)

The la s t  in tegral is

12

2k21
ttA U Y'U )), 2

irA2

'22
foo

0
d i di ' f 0( AA )gU ,i ') f 0(M  ») (A.4.H9)

We w ill use the re su lt of integration of g (i ,8, ') so th a t

gU ,i ') 2irs
B*U *+!)(«, ,2+1)

r 2 i r
d <f)

0 b[b+2B]
(A.4.50)

where b *» U  2 + i ,2 -  2i i ' cos<|>)l/ 2
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The Integral is  p a rtia lly  done as

2 ir
d(J>

q bCb+28]
JL r_ l_  k (  ̂ )̂
8 La >  * '■a > '

fir
dd>

b+28 (A.4.51)

Here again K is the complete e lip tic  in teg ra l of the f i r s t  kind and a <, 

are sm aller and larger of I , a .

So i f  a 1 =« a .x in tegra l V22 is

V22 -  2 % d i dx f 0(xa  )g (a  , a  x ) f 0(xa  x) (A.4 .5 2 )

where

g(* x) -  B3(s, a+ f)^ 2X2+1) CI  K ( x )  "

1/
and a = (1 + x2 -  2xcos<|>) 2.

L e t

f 0(y) - f 0(y) + ^  Sin2y (A.4.54)

so that V22 brakes into three in tegra ls

ir
dd>

a a + 28 (A.4.53)

V22 -  V22(D + V22(2) + V22(3) (A.4.55)
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In the f i r s t  of them le t  5 » A A, where A is  very large

v220> = I d x ( |,  |  x))f0(OfoUx) (A.4.56)

where for large A

VM(1) -  122 A I F dxK(x) d5f0(5)fo(€.x) - k22<1) CA.4.57)AB

where k22‘ is  a number independent of A obtained by numerical integration

k22̂ (A. 11.58)

The second in tegral can be w ritten  the same way as the f i r s t  one

V,,(2) -  i l l !  k (2)*22 \  q 3 **22AB CA.4.59)

where

k22(2)
ri

dxK(x) d s[f0U)sin26x + f 0Ux)sin2S;] (A.4.60)

th a t a f te r  numerical integration yields (Appendix 7)
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k22(2)

The la s t  in tegral is

V22(3) = - 4
tt2 da 

0

rl
dxS, g(a  , a  x)sin2Aa sin2Aa x (A.1!.61)

where A g(Jt , a  x) is  given by ( ). Let us write

sin2Al sin2A& x g- [cos2AS, (1-x) -  cos2Ail (1+x)] (A.H.62)

We w ill need in tegral

da cosU
(A 2+1)(a 2x2+1 )

1
Toe2 da cosea -  j 4 r r ]  Ca.^.63)

where q is  2A(1-x) or 2A (1+x). Lets go back to  (G&R pp. 378). 

There we find

da oosga 
l a  *+D(a *x2+ d

1 TT r ~ 2/ X
v ? ! 1"  •  e  1 (A.H.6H)

If  we f i r s t  take into account part of a g (a  ,i x) th a t has e lip tic  in tegral 

and se ttin g  the value for q we find tha t th is  f i r s t  in teg ra l in a g(a  , a  x) 

l3 (vaa<3) -  V22a(3) -  V2222b(3))
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V29a(3) = **223

"2X(1+x)

K(x) 2 r- ~ - x 2 [x e x
2» i 3  .  x e f  <!♦*> .  e-2«1-*> +

-  -  2AWe can drop e 2X(1+x) an(j e""“ d +x) for large X.

So

V2sa(3) ir
V ^ - x 2 [x e~2X( — ) x e 2X(1-x)] (A.n.66)

Let y ” 1-x, then

V22a(3) IT

B* K(1-y) [(1-y)e~2A 1-y -  e~2Ay] (A.4.67)

the exponents peak around y = 0. So le t  us expand the integrant around y

- 0, except for K(1-y) since K(1) + ®

then

v22a(3) -  jp dyK(1-y)Xy e"2Ay (A.H.68)

Taking the lim it of small y in K(1-y)
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K(1-y) « in
2 / 2

an
/ l - O - y ) 4 / y

(A.4.69)

so th a t with t  - 2Ay and se t upper lim it to t  + * with an error 0(e~2X)

Vaaa(3)
ir

8X8 (4an2 + HnX) - TT
8X31 dt Jlnt t  e (A.4.70)

The second term is  small so drop i t .  

So

V22a(3) “ oTXS (4An2 + in\)8X3 (A.4.71)

The second in tegra l of V22(3) -  V22a(3) + v22b(3) s t i l l  get peak for small i
1 c l~ That means tha t Z a ~ «  28 and we can do integration.

1 g(A ,l x) " B*(a *+i2)u V+n (~ H  a) I5 (a 2+1 ) ( \  2x*+1 ) (A.4.7 2 )

Setting th is  back into equation 

for x * 1

th a t gets i t s  maximum contribution

V22b(3)
i* da

0 dX (" f*  Ca I  0032X11 <1” x > (A.4.73)



which a f te r  x integration yields to
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V»b(3)
TT

2Ap dfc sin2A&
TF^+TP

TT 1
2A0H 2A

2
A

*00

We see tha t

v22b(3) -  " I j fF  (1 + 0 (I )} (A.H.75)

is  small in comparison with the f i r s t  terra so we w ill neglect i t ,  and have 

that

V22(3) - o f p  (Hn2 + AnA) (A.1J.76)

If  we assemble a l l  terms for the expectation value of <V>

<V> - -  £  £  [ t . ( «  ♦ $  K„ * $  K210> ♦ $  KjZ) ♦

+ g jg j (*IAn2 + AnA)] (A.4.77)

The la s t  step  is  to varia tionally  determine the minimum of energy

<T> + <V>
£ " ---- <N>----  (A.^.78)

We see tha t only large negative value of V can make e negative
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A2 
2m a* [84  -  TTP * " • ] -  ^  [»>«« + W +  T IP  »»»] (A.4.T9)

where

A» - Htts(I<21 + k22<1> + + “ pr^ -  (A.U.80)

3ELet us find the f i r s t  derivative ^  » 0

3E 2A A 2 i 1 . 2e2A' . e2u e2ir «

ax * 7 ?  6 *2 * 7KF 5 F  *"x ‘  5 F  '  0 (a.m .bi)

From here

Xs - - A* - ^  (S.nA-1) (A.il.82)
 * » * * ♦*» •» <1

Since A’ is  A1 > 0, we see th a t A is  negative which makes e > 0 and lead us 

to  the conclusion tha t we did not find a binding energy for a hydrogen atom 

in the u ltrain tense laser fie ld  th a t is  c ircu larly  polarized.
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APPENDIX V

This appendix is  re la ted  to  the ra th er lengthy calculations described 

in Chapter IV. We are not going to go into calculations of very single 

in teg ra l since many of then are already done in Appendix I, II, III & IV but 

ra th e r to  ju s tify  points th a t are crucial for the re su lt of Chapter IV.

A.5.1 Calculation of and r(2) terms

Here we should prove th a t the imaginary part of the expectation value 

of v - P6hĜ +)6hP vanishes.

f ir  tt

£ 1  -  I „  <*(k)«hk £ & £ . co34.G<*)k (+,<|>’n)oo3* i'ihkt(k )>  (A .5.1)
- it J—n

Here we need

fir fir
(A .5.2)

~ir “ ir

which is

(A.5.3)

The f i r s t  in tegral vanishes so th a t we have to  calcu late  in tegra l
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fir
Lm

2TTak d4>*
“ IT

^k (4* *)cos <|>* 
AkC-n) (A.5.^)

or we could also use

fir
Lm

2 ‘irak
d<j)

—IT

COS ({)£(<*( <|>)

Ak(- n) (A.5.5)

The imaginary part is then

r (1)
2ir ilTrak

rir

“ TT

d£
2tt cos ip C5k(<f>) Ji 1 1

Ak (-n )  Ak (n)
)(a.5.6)

The re s u lt  in Appendix I

r— J 2n(xk)4k(-n) -  -  2slnh\>k(1 -  In) £  -  -
h

2 Jvk(1-in)^xk^-vk(1-in)^xk  ̂ (A.5.7)

or when n 0 one can expand (see Abranowitz & Stegun pp. ) so tha t

Ak(-ri) - -  2 C J VjcJ V k  -  ^  a V k J - v k  -  L - v k  J vk)-3  (A.5.8)

where



Lv “ J v

This makes the imaginary part of

Ak(-n) " Ak(n) “ “ 2 (2 ,i6(JvkJ . Vks qn(LVkJ . v-L-vJv

Let us write

'  6 (J v kJ “ Vk ) “  TZ T +
6(JVk> « (J -v k)-

J "Vk Jvk

and look a t the 6(JVk̂

If  we define zeros of Bessel function as Jvk^ i^ vk̂  

1,2,....,®  and then expand around xk_y^(vk)

so tha t

<s(Jvk) ■ ( J , vk( y i ( v k ) ) ( x k - y i ( v k) ) . . . 3

X. 6<xk-yi<vk»/|J'%(yi<Vk)> + ..
i-1

The next step is  to expand around
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(A.5.9)

)} (A.5.10)

(A.5.11) 

0 where i «

(A.5.12

y i(v k) -  yi(0) + vky^(0) + . . . (A.5.13)



J , Vk ( y i ( v k ))  « J ' o ( y i ( 0 ) )  + V k  [ -  J ' o ( y i ( 0 )  + L0(y i ( 0 ) ) }  (A.5 .1*0

The crucial point here is  th a t since we have 6 functions Eq. (A.5.12) the 

expectation value in tegral tha t defines r x and r 2 vanishes became of the 

form of the wave function <j>(k) Eq. (3.2.4)

A.5.2 Calculation of f(3) Term

The f i r s t  nonvanishing term is

» Im<<j>(k)6hkV(k-kx)V(k1-k»)6hkf4(k')S(k,k',k1)> (A.5.15)

where

d«j)xd<|)2• 2 t \T Gk( 4>»)Gkx  ̂ n)Gkt (d»2) (A.5.16)T2uF

Having use of PGk(+) -  Ĝ +^P  «• 0 one can write

S - (2tt) a ^ ' A ^ ' ?k'*(4>2) (A.5.17)

or we can w rite i t  as



___________ i___________
H ^ P a ^ 7"" m AkC-nJAkjC-nJAktC-n)
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(A.5.18)

Remember th a t we have 4>(k) and <J>(k') in the expression for r(3). We can 

w rite th a t

<**»>

where Aj< -  A + inB. Again the only term tha t survives is  the second one 

and

S(kjtk’fk) ■ ^TTpaj^aj^ N(2)(k,k1,kl)fi(Jv|^vj{)s 8n(ljV|<*J-V|{”k^J^)(A.5.20) 

where N̂ 2) is  a re a l function defined as

n(2) d<J>id<J>2 /  r » \  u

7 2 i F  ekUx)gk1(2)(<M*) 5k‘ (*») (A.5.21)

Final evaluation of r(3) is  done by performing a ninedimensional integration

r(3)/2* d3kd3k,d:»k1Ui(k)V(k-kI)V(krk, )u(k')S(ktklfkl ) (A.5.22)

The evaluation of N̂ 2  ̂ is  somewhat simplified due to  the fac t th a t a l l  

in teg ra ls th a t have Bessel functions with the argument xj^ vanish because
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of the 6 function. Following the procedure outlined in Appendix I where we 

make use of Jacobis expansion the general form of N^)

N ^ tk .k '.k ,)  - Xkki(i)xkik,(J)A(iJ)(k,ku k') (A.5.23)

where xkkl, xklX« and A(k,kxk’) are in teg ra ls defined as Eq.

xkkj ( 1 )
dif)
2 7

Xkkx(2) dd>. o
7 7  Y,kC<**i)Yk l,*C4»i)Yk1<<t»i)

Xkkx(3) - d<|>i
2 7  Yk * ( ^i) Yk (<(>i) Yk x * (<f>x)

xkkj (A.5.23)

and

in
irek 1

s in tr

ek
s in -JL .

eki s in
ek> (A.5.25)
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A,s ‘ '  ^  v  s i n  %  3 i n  b b  <A-5 - 26)

A‘» ■ ^  V  sin i  sln ^  e -1 ^ 7  CA.5.27)

Am -  -  - 7 -  Y k  2 sin — Yk, e “ i 7 7 T  (A.5.28)irek •'l ek K ekf . .

A“  ' '  Yk e lt sln ^ s l n ^  <A:5-2»

A“ ■ ^  elt  Yk-2 3ln ^  (A-5-30>

'  ‘ rkVk' sln ^  e_1̂  tA:5:31>

A,h ‘ " 2?i*  e l =k 3ln Sk, Yk' e ~ i  ek' (A.5.32)

A,‘ '  V k i ’* sin 21 sin ~  (A.5.33)

sin^ ek „ „
32 " ^  (Zki Y'kx -  W *  2i sin ~  (A.5.3^)

A"  '  Yk' Yk>’* 3 l n  ^  Y k ' e ' 1^  <A- 5 - 35>



A>' ■ 3ln t  < W  - zk , V > V
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(A.5.36)

A«  ‘  2 ^  V k , V *  2i 3in ^

A« ’ ^  Yk e - ^  <*,*V* - 2k,Vk,') sin ^

A-  ' 2 ^  Yk ^  (zk,*V* ~ 2k,V> e'1W

*« - -  ^ r -  r„ e‘7T e"1^

Here we have use of the fac t th a t Zkj and Ykl have a Bessel function of the 

argument xkj so Xkkl^ )  and Xkki(2) do not contribute also among 

coefficients the only one th a t survive are A„, A13, A21, A23, AM, so the only 

survive them is  Xkk^3) Xkxk i ^ Â  and the symmetric one. With a l l  of i t

N̂ 2)(k,ki,k’) - vklJo(xk)Jo(xkl)J0(xk- kiJ 0(xk»-xk)q (A.5.41)

°° j2
where q(x) ■ 2 ^  —jj_—The sum (A.5.*11) can be evaluated i f  we take the 

ri»1

asymptotic form for the Bessel function (G&R pp. 996) for the large 

argument and replace

(A.5.37)

(A.5.38)

(A.5.39)

(A.5.^0)

V (x) * h  coa2(x ~ - 1 y> (A.4.42)
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so  t h a t

where we

In order

and

where

where N0

q(x)
3 |x |

(A.5.^3)

used

sin*x  ̂ TT
~P~ dx ’  2 (A-5.^4)

to  find J'(vk) th a t appears in S, l e t  us expand

Yi(vk) -  y i(0)  + vky i ' ( 0 )  + . . . (A.5.45)

Jvk'^iCvk) " Jo'WO) + Vkyi’(O)) (A.5.M6)

L0(x) -  |  N0(x) CA.5.47)

is Newman function.
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n n0(z ) J 0(z)(4n ^ C) -2 \ "  (“1)k 
TkfF

k-1 (f,2k i  i
k-1

And

y* (0)
J vk’(yi(vk)) -  Jo’(yi(0)) + Vk  (-“ (0) J o , ( y i < ° >  + Lo’(yi(0))

Sim ilarly we can expand

J-vk(xk) J -vkCyi^k)) " Jo(yi(0) + vky’(0)) - vk L0(yj[(0))

and

J -vk(xk) * Sv^i'COJJo'fyiCO))

where

yi(o)Jo'(yi(o)) + L0(y i(o)) - o

Now we can w rite th a t

r(3)
2ir

d’kd’k d3k«
(2irpakakt Mk)<5hkv(k~kl)v(kl~kl)6hk,ul(k ,) x

(A.5.48)

( A . 5 . 4 9 )

(A.5.50)

(A.5.51)

(A.5.52)
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00

X M k.k^kO ek ./IJoW O Jl’lyiUO)!) 6(xki- yi(0) Lo(y i(0)) (A.5.53) 
i-1

the re s t  of the calculation is  described in Chapter IV.
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