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Abstract

HYDROGEN ATOM IN ULTRAINTENSE LASER FIELDS:PHOTOIONIZATION
AND SPECTROSCOPY STUDY
by

Miodrag Janjusevic
Adviser: Prof. Marvin H, Mittleman

The subject of investigation is the photoionization process when
atomic hydrogen 1s subjected to ultraintense laser field. Laser field is
at constant ultraintense level.

That brings outs effects that such fields have on atomic structure.
In that respect our approach is different from the previous methods where
laser field is adiabatically switched on, thus covering the range of )
intensity from zero to ultraintense.

Our focus is on the binding energy .of a dressed metastable state of
an H atom in linearly and ecircularly polarized laser field . We use the
Rayleigh-Ritz variational method to determine the energy of a bound. state
and then calculate the width of that variational minimum to determine a
photoionization rate.

We use a nonrelativistic approach and the dipole approximation whose
- validity we proved aposteriori. We found no bound state for circularly
polarized laser 1light but find a very losely bound state for a lineafly
polarized laser light.

The binding energy of this state behaves as I-}2(1nI)2. The width of
the state has the same behavior with intensity and the coefficient is

roughly given,
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Introduction

The 1investigation of the interaction of intense electromagnetic
radiation with atoms has formed one of the important branches of atomic
physics in recent years. Although two photon processes like Rayleigh and
Raman scattering had been understood in an early stage of Quantum
Mechanics, multiphoton processes in which atomic transitions involve
absorption, emission or scattering of more than one photon had been left
aside.

The prime reason was the small probability for multiphoton
interaction with an atom under experimental conditions with the small
radiation intensity of ordinary light sources. For example, for an atom to

be able to absorb two photons in a simple process of nonresonant

photoionization it has to be exposed to a photon flux of about a?z-r = 103
[\ .

em~%"}, where a, is Bohr radius and t is a lifetime of ‘a typical
intermediate state, T =~ 107%s,
Discovery and rapid development of lasers met the requirement of high

occupation number for electromagnetic radiation in multiphoton processes.

Multiphoton processes represent a large set of processes where the
inter
action of intense laser radiation with molecules,atoms , ions and electrons
creates a variety of new phenomena such as mulyiphoton ionization ( MPI
),multiphoton excitation ( MPE ), nonlinear efects in atomic gasses as well
as the observation of the straightforward influence of an intense radiation
on the processes of atom - atom and electron - atom collisions?s3. Although

a great deal of experimental and theoretical work had been done in
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understanding those phenomena much remains to be explored. Multiphoton
phenomena could be formally treated in a rigorous quantum mechanical way
or by applying semiclassical methods.

The first approach the whole system, atom and radiation field, is
treated quantum mechanically. The semiclassical approach treats the atom
quantum mechanically and the “radiation field satisfies the classical
Maxwell equations?.

The quantum mechanical description of the transverse vector potential

of the electromagnetic field is given as

: y
K(T‘) = z [233‘?2] ’ (ak;\gkxe“%i? + a+kxek)‘e-mfk) (1.1.1)
l{,x ce

where a*kk, ak) are creation, destruction operators in the ¥, A mode, EnA
the unit polarization vector of R,A mode and V is the quantization volume,

and
R.EnA = 0.

A large number of photons in a laser mode allows a transition to a

classical description of the laser field%S5, so that

Rt = Y 5o (B, expLi®P-upt - oy
Kip Ok '

+ B expl-1(R-F-wit = ¢x))]} (2)



where

811’1'10) N 1/2 "
By = [——%-*] ek (3)

the electric fleld of a laser and Nk, >> 1 is the number of photons in the
%, A mode, and ¢k,a s Blalinicki-Birula phase operator.
The inéehsity of a laser field® can be measured in units of the

Coulomb field which for the hydrogen atom in the ground state is

CE,?

I, = 5 = 0.88 x 10*“ W/cm? ¢))
where
Eo = Eﬁi} = 2.57 x 10° Wem (5)

is Coulomb electric field., We can estimate‘the laser atom interaction in
the dipole approximation as

I Y2
eE <P> = eEa, = Ry (T;) (6)

where I is the laser intensity and Ry = 13.6 eV.

Out of the large number of multiphoton phenomena we will focus on
the process of multiphoton ionization.An atom with an ionization potential
EL can only be ionized by photons with energy less than Ei if the photon

flux 1s strong enough® .To describe the process, virtual states are
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introduced to which the atom can be exclted by an integer number of

photons. For I << I, the laser-atom interaction energy is much smaller then

the typical separation of atomic energy levels soO one can use perturbation
theory, the perturbation being the laser atom interaction, H'.

Calculations of the nonresonant ionization rate where performed”’s»®?

with results for the N photon ionization rate which are written
WiN)gy = gy IN (7)
oy being total generalized cross section oy [em2NsN=1]

(2wap)
oy = —J—E;;— mpmN"! J dﬂplkfo(n)lz (8)

ap = (?37)"‘. p is the momentum of the outgoing photo-electron and kfo(N)

is the N-th order matrix element.

keoM = 3 ¥ D Y <e|eR|in=1> <in-1|EF|in-2>... (9)
in-1 in-2 12 11 ' '

X <4 |e7]0> x [(EqEyp~q *+ (N=1)w)e..(Eo=Eqi+w)]

It has taken almost ten years of experimenting!®!'!!?2 before one was
capable of measuring the order of nonlinearity in ionization rate described
by eq.( 7 ) in correct way. For low laser intensities perturbation theory is

in the satisfactory agreement with experiments on multiphoton ionization?® .
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Also the angular distribution of einerging photoelectrons could be
discussed using this approach as well as a comparison between different
light polarizations.®® '

Another part of the problem is that the laser atom interaction
induces a distortion of atomic states, so that the wave function and its
eigenvalues depend on the intensity of the laser field.

Those distortions are calculated for 1low intensities ylelding the
dynamic Stark effect!??! , but for intermediate and high intensities it
remains to be investigated.

Even for low intensities one can not assume that the wave function
does not change so that calculations done by using perturbation theory have
to be carried to a higher order. That makes calculations difficult to
perform. For example one can calculate the A.C. Stark shifts which are, in
the lowest order, proportional to the mean value of the square of the
laser electric field, by constructing the dynamic polarizability of the

states.!®* The energy shift being proportional to intensity
AE ~ al (10)
where a is a constant, that is frequency dependent.

The wunderstanding of the A.C. Stark shift was important in the
treatment of resonant multiphoton ionization.»*2?

Resonant multiphoton jonization can be coupled with a nonlinear?’s??
effects of harmonic generation as in the case of the 5-photon ionization of
xenon,There a third harmonic generation is a competting process to the

multiphoton lonization.
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Free electrons that emerge In the process of MPI can gain kinetic
energy from the electromagnetic field either in units of the photon energy
or continously.

The absorption of one whole photon can only take place in the
presence of a third body , needed in order to fulfil the conservation of
energy and momentum law.In the process of Compton scattering the
absorption of an arbitrary ambunt of energy can occur,

The first observation of additional photon absorption had been
reported by Agostini et. all®?°, The target atom was xenon, ionized by 532
nm light, giving rise to the absorption of one additional photon.
Subsequentely experiments done by Krult and the group at Amsterdam FOM
Institute®*»?%23 in addition to better resolution showed a new feature. It
had been observed that the first peak in the energy spectrum of free
electrons emerging in MPI process have been suppresed as laser intensity
increases.The efect was explained by recognizing the role of the
ponderomotive potential.

Ponderomotive potential, which we are to address in chapter II, is
equal to the time-averaged classical wilggle kinetic energy of a classical
electron under the influence of a time periodic electric field E.

In photolonization of xenon?%2%2® py a 0.1 nsec 1_0613 nm Nd:YAG pulse

22
the required intensity is approximately I = 1-3x10*° W/em? and Up = 1%%1 =

1.1x10*? I(W/cm? eV so that Up energy actually exceeds the light energy
quantum hv = 1.165 eV at intensities where xenon ionize. It wéfs shown
from the energy conservation point of view that shift of Jionlzation
potential by the Up amount gives an explanation for the disappearance of

the first peak in (ATI) experiments done by Kruit, et al.
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Due to anticipated development of high and ultra high intensity laser
fields in the near future we have I >> I,. Therefore there is an interest
in experimental and theoretical studies of atoms in such strong flelds.
New technique of pulse compression combined with broad spectrum laser
amplifiers (excimer or solid state) are pushing laser intensities up to
fantastic values of I > 10%* W/cm?2®

This problem is more complicated than the problem of an atom in low
intensity laser flelds.

Experimental results of ionization rates at such high intensities are
difficult to interpret due to the fact that imprecisely known temporal
fluctuations in intensity of 1laser can affect the observed rates in a
profound way.

This makes quantitative comparison between approximate theories and
experiment very difficult.

In order to achieve some comparison between various approximate
theories Berson?® proposed and solved exactly a model of one electron atom
in a circularly polarized monochromatic electromagnetic fleld in dipole

approximation. The model is described by the Hamiltonian

- i“+eii.’(t:)2

H am

+ V(r) (11)
where the vector potential describing propagation in the z direction is
Ky = ',,E':,' (a_x coswt - ay sinut) (12)

and the attractive potential is



8

V) = AT 6@ 2 r (13)

This makes the model unrealistic in that 1its (essentially) zero range
potential fails to describe the Coulomb potential which is, we will see,
relevant for ionization at ultra high intensitles.

Berson used a Floquet® theory to obtain an implicit equation for the
total ilonization rate. Muller et al.?” have also used the model to
investigate the A.C. Stark shift and the spectrum of photoelectrons
emerging in the process of photoionization.

The first applicable calculation of multiphoton lonization in an
ultrastrong laser field had been done by Keldish? for the hydrogen atom in
a linearly polarized laser. He started from an exact expression for the S

matrix
Sqp0 = =1 <¥q(™), H'4o> (14)
where ¢, 1s the initial state of the atom
bo = uo(x)e"‘iwqt/h
and where wq(‘) 1s exact time reversed wave function.
trtow

1m ‘p(")q - Uq(') (@) e lugt/h ¢q(') (15)

the spatial part of the wave functions satisfy the unperturbed Schrodinger

equation



(Wn = Hy) up = 0 (16)
The perturbation is
H' = H(t) - H,. (17)

Keldysh expanded wq(‘) in the electron nucleds interaction

b = 1) + 6y ) (18)
where
6(=) = G,(=) + a8 Mg, () +... (19)
and Go(‘) satisfies
(15% - Ho) Go(™) = 1. (20)

Xq is wave function of a free electron in an electromagnetic field, the

Volkov state?",

After many approximations Keldysh obtained ionization rate as

YV, 3 Y
W~ %1 (3n) 2= " (E/E,) | ° (21)

so that jonlzation rate rises with laser intensity.
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Reiss? performed a similar calculation obtaining results for the
lonization rate and angular distribution of emerging electrons. The result
is known as Relss-Keldysh theory of (MPI).

The other major results obtailned in calculation of multiphoton
jonization are done by Pert3? and Gersten & Mittleman.?®* Both of these
calculations have one common feature and that is that each of them is S-
matrix type of calculation and that both of them perform a perturbative

expansion in electron nucleus interaction V of the exact S matrix
Sq,, = -1 < ¥q(7), H'UY (22)
Expanding this using (38) and (!9) one gets

Sq,0 = ~1 (xgl™), WU + <xg(D), VGaH'U + <xql™), VGVGAH'U +...) (23)

Of course this means that H' >> V(r), H' being the laser atom interaction.
Those two calculations come to the conclusion that the ionization rate

decreases with intensity.

Pert, working in ﬁK gauge, arrived to the result for the ionization

rate as
W ~ E"'en(E/g ) (24)
with a T matrix for absorption of % photons.
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Of course this means that H' >> V(r), H' being the laser atom interaction.
Those two calculations come %o the conclusion that the ionization rate

decreases with intensity.

Pert, working in iSK gauge, arrived to the result for the ionization

rate as
W ~ ET'n(E/g,) (24)
with a T matrix for absorption of £ photons.
Ty = ho Je(ad)b(q) (25)

where J1 is a Bessel function of £-th order, and a, = eE(0)/mw?® is the °
parameter that describes the amplitude of the laser field.
Gersten, Mittleman calculations started also from supposedly exact S

matrix
Sq,0 = =1 <4q, H'4> =1<(9q(7), HIG(HH 4> (26)
where G(+) is the full Green's function for the problem and

=) = 11 ), 2
$q Jt-_‘_’)nm Vq 7
The essential approximation is the neglect of the electron-proton
interaction compared to the electron laser interaction in 6+,
Another approximation is replacement of ¢q(") by Aq, a plane wave, which

allowed analytic performance of the integrals.
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The results obtained by Keldysh and Reiss on the one side and those
obtained by Mittleman and Gersten and Pert are disturbingly different. The
difference is due to the fact that calculations are approximate and done in
different gauges.

In order to understand the problem let us state the experimental
conditions. An atom is in the grounq state in the absence of the laser
field. In the rest frame of the atom the 1laser field amplitude is
adiabatically increased from zero to an ultraintense plateau value and held
for constant time T. It is then adiabatically decreased to zero and the
probability for ionization is measured. Approximation methods used above
take the initial state of the system at t » -» to be the ground state of
the atom. However, there are inconsistancles assoclated with such
treatment. The main one 1is in using ultraintense field approximation while
the laser fleld is covering the whole range of intensities, from zero to I
> Ioe |

However, the approximation that laser-atom intraction is much larger
then Coulomb interaction requires that we look at the problem of a
Hydrogen atom in a laser field of constant ( ultrastrong ) intensity .
Consequentialy, ground state wave functlion is a "dressed" state of an atom
in the laser field.

Is it possible to make an experiment that measures the ionization rate
for the conditions described above ?

It is possible, in princlple,although it could be a difficult
experiment to performe. One way would be by determining the ratio of the

number of atoms that survive photoionizatin when laser pulse doubles its

duration.It is easy to see that the width of the ground state is TI= -1.!-;
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Ny
1n(ﬁ-), where we assumed the same switch on and switch off time. The
2

other approach may involve creation of the region of spatialy homogenous
laser fleld.

This work will concentrate on the photolonization rate and the
"dﬁéssing " of atomic states of a hydrogen atom subjected to an ultrastrong
laser that has a constant intensity level. In order to obtain ionization
rate we will use a variational Rayleigh-Ritz method to find a ground state
of a dressed atom. The width of that state will give us a proper intensity

dependence of ionization .ou-9
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CHAPTER 1I
Our treatment of photoinization and atomic structure of a hydrogen
atom in the ultrastrong laser field is based on number of approximations

which we will justify in this chapter.

2.1 The Hamiltonian for the Laser Atom Interaction

Our starting Hamiltonian with no aproximations in the interaction

picture is

By-eR@n )2 @orek (Fo,t))
2M * 2m ¥

+ V(f‘e,?N) (2.1.1)

H =

3N and 39 are momentum operators of the nucleus and the electron
respectively. 'y and Py are the position vectors of the nucleus and the

electron.

If we introduce the transformation to the center of mass coordinates

3 M?N + mFe
Mp

(2.1.2)
f‘iﬂ?e-?N

Mp=M+m

we get



Hom = zi= + 2= By + ok (B + 2, 6%+ VLD (2.1.3)

the reduced mass of the electron.

where u = ul1n+M

An important approximation we are going to make in the expression for
Hamiltonian Eq. (1.3) is the dipole approximation for the radiation field,
vector potential. The vector potential K is a f.unction of coordinates
through the factor exp + (AR($+F1)). We will assume that for the range of
laser frequencies we are interested in the wave function of the electron

would be limited in size so that approximation?
<ReFy> << 1 (2.1.4)

is justified.

We are going to prove the validity of our assumption in Chapter 3.
The center of mass coordinate will couple to the laser through the
remaining exponential factor, so that the motion of the whole atom can be
affected by the laser.

This is in general a small effect. It manifests itself through a slow
drift of the mode phase (Doppler shift), that could be removed by the
redefinition of the mode phase. However, it has to be properly addressed
in order to understand problems of (ATI)*® and deflection?® of atoms in

external fields coupled with a laser.
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2.2 Transition to a Classical Description of the Laser

In the introduction to this thesis we sald that purely quantum
mechanical and sémiclassical treatment of this problem give the same
result due to the fact that the radiation fileld has a high photon
occupation number. Results obtained by Glauber® and Bialinicki—Birula’
confirm it. We will follow the later approach which is known as the phase
representation.

Fsr the radiation field Eq. (1.5) ¢, coordinates are introduced?

N

0 5 ¢y S 2 (2.2.1)

so that for the state of ng, photons in ¥,A mode

Ingy> = 15%5‘/2 elnka ok (2.2.2)
and the number operator 1is
1 9

This means that creation (destruction) operators are

3
PR R BRI
atia = (3 a¢kA) el Pk

3 )1/2

agy = e~Lloka (']1- '5-(')—](—;

(2.2.4)

Let us assume that laser mode occupation number could be represented as



ngy = Nga + vk

17

(2.2.5)

Nk) being an average occupation number and vg) 1s a variation from it.

If we make the unitary transformation so that

Inga> = elNkadka| vy >

The operators also change to

1
Because N >> = we can expand
kA 2> T Fopx P

TN ol CP S B R BN
akA = e kx . ZNkA _1" a¢kA eee

X
+ o ST 1 l ) /z
a‘ka ’/Nkk (? + ZNKA 1 3¢kA + ees)

We can now write the radiation field vector potential as

2me Ny V2 A
£= Y (—N "2 (G expli@P-uyt-6,y) + hec.} + 8A

wi\V

where

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)
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27h 2 '
Z (Nk’;mckv (e aexpl1(RP-wyb=¢a] 1/1 3/3¢) + hee.}  (2.2.10)

which is a small correction if Ng, »>> 1. In that case one can write
K(i‘,t) in the form 1.1.5. Here the phase parameter ¢x; is still an
operator. For a single mode laser the one phase parameter can be absorbed
into a translation of t. For multimode lasers only one of the phase
parameter could be absorbed in the way described above.

Multimode laser fields has been treated’” by performing
averaging for each mode.

In our calculations we will restrict ourself to the case of a single

mode laser.

2.3 Floquet Theory of Formalism for Periodic Hamiltonian

The Schrodinger equation for the system we are discussing here is

written as (h = 1)

(H (#*,t) - 1—) ¢ (*,t) =0 (2._3._1)

where H(#,t) is the total Hamiltonian. We can write

H (#,t) = Ho(*) + H'(P,t) (2.3.2)

where H'(®,t) 1s the perturbation due to the interaction between the system

and the monchromatic field. H'(#,t) 1s a periodic interaction
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H' (#,t + 1) = H'(?,t) (2.3.4)

where 1t = 2n/w and w 1s the radiation fileld angular frequency. The

unperturbed Hamiltonian He(#) has a complete orthonormal set of

eigenfunctions *
Ho(f) | al®)> = E°|al(i®)>, <B(®)|al(f)> = 54 (2.3.5)

It can be shown?!%!! that a solution of a Schrodinger equation with a
periocdic Hamiltonlan can be related to the solution of another Schrodinger
equation with a time independent Hamiltonian represented by an infinite

matrix. The solution for the wave function here is

Y(P,6) = e Leb o(,t) (2.3.6)

where

¢(®,t + 1) = ¢(,t) (2.3.7)

a function periodic in time, and € is a parameter, unique up to the
multiples of 2m/r, calle& the Floquet characteristic exponent or the
quasi-energy. The term quasi energy reflects the formal analogy of the
states 2.3.4 with the Bloch eigenstates in a solid with the quasimomentum

R. Our periodic function can be expanded in the Fourier series so that

Yot t) = exp(-1eyt) Z Co (M) (Mexp(-inut)

n=-o
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0
Ca®®) = Y 60| 8(#)> (2.3.8)
; .

It can be shown! that the only important terms in the summation over n
are those that are close to average field occupation number N.

That means the function ¢ can be expanded into variations around N

where

n=N+wv (2.3.9)

Using the Bialinicki-Birula formalism

$(i*,t) = z p(H)elve (2.3.10)

V=

where time t is absorbed into Blalinicki-Birula phase ¢. wt + ¢ = ¢. So

va,t) = e 16at Y p(r)elve (2.3.11)

V'n ©

This method was first introduced by Shirley.

The quasienergy e 1s going to be treated as a complex value

e =W+ in (2.3.12)
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where we are going to make an approximation about the value of n in our

calculation of binding energy.

2.4 Ponderomotive Potential and Gauge Invariance for Linear
and Circular Polarization

The Hamiltonian (2.2.1) in dipole approximation is

i - (B + ok, p))t , iy & BX0) (2.4.1)

where for linear polarization (¢ = !)
6,9 = 2 Eledoosut (2.4.2)
and for circular polarization
Ree,8) = B2 Geosut - Fstnut) (2.4.3)

P is internal and p the center of mass coordinate of the hydrogen atom.

For linear polarization the time average of A? term is

Up(p) = Sl (2.4.4.)

and for circular it is

Up(p) = SELEY (2.4.5)

2mw
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The time average of the R term in 2.4.1 is the ponderomotive potential

Up. It can not be sensibly removed from H by a contact transformation of

the form e Upl since the kinetic energy operator of the center of mass

would then induce a term of the form ~ (VpUp(p))t‘. which becomes large with

increasing t even though Up(p) is very small. Up(p) is a slowly varying

function of the C.M. coordinate p. Instead Up(p) must be treated as a

potential which modifies the. center of mass motion and induces a shift in
the local-ionization potential of the atom.

For circular polarization the A? term is time independent and it needs

no further discussion. However, for 1linear \polarization there 1is an

additional term of the form Up(p)coszm‘, in H. This may be removed from H

sin2wt

50 ), which also has an effect

by the contact transformation exp(iUp(p)

on the operator P3*(p)/2M that should be examined.

U . _iup
elzhsin2ut (%&L)) e osin2ut

« P20) L1 gy ginout P+ ie V2. Unsin2ut
M~ ZHe ' Up p* Tng Ve Up

1
* BHaz (VpUp)zsin‘wt (2.4.6)

Of all those terms only the last one gives a nonoscilatory contribution as
a "new ponderomotive potential." It is however negligible because of the
factors M™! and two derivatives with respect to p even at the very large
intensities considered here.

The remaining new terms are time oscilatory couplings to the center

of mass motion which are negligibly small here.
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We see that the only essential difference between the circular and
linear polarization cases lies in 3.K term of H. We shall see in Chapter
III that it is an important difference.

The term that has been eliminated from the linear polarization case 1is
the one which introduces the "modifjed Bessel functions" into the analysis
of the multiphoton processes (Brown and Kibble (1964)). We see that their -
occurance is unnecessary when the field i1s treated in dipole approximation.
In the circular polarization case only the usual Bessel functions arise.

For the purposes of the next Chapter we will neglect the center of
mass motion and treat external conditions as constant. The origin may be

taken at p = 0 so that K(b’.t) = A(t).
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CHAPTER III

In this chapter we will examine the possibility that atomic hydrogen
exposed to the ultrastrong laser field forms a metastable bound state.

Calculations will be performed for linearly and circularly polarized
laser light. Taking into account approximations discussed in Chapter II we
will look for a state as a variational minimum, applying the Rayleigh-Ritz

variational principle.

3.1 Feshbach Formalism and Green's Function for a Hydrogen Atom
in Ultrastrong Laser Fleld

Our starting point is the Floquet theory for the complex eigenvalue of
the atom.

The Schrodinger equation (h = 1, ¢ = 1)

9

(1-3—6 ~H) y=0 (3.!.1)

where

[B@) + eA(t)?
H= +
2m

V() (3.1.2)

is the Hamiltonian of the atom plus the single mode radiation field which
s described in the phase representation (Bialinlcki-Birula 1976) expanded
about a state with a very large number of photons as we had described in

Chapter II. The wave function
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p=elet 3 gelve (3.1.3)

V==

is a Floquet wave function, with complex quasienergy s = w + in. So our

Schrodinger equation has a form

S
[w+1n+1w-a§5--(-ﬁ%aﬂ-‘l]w=0 (3.1.4)

where 0 s ¢ < 27 and ¢ is a function of ¢ obtained by replacing wt + ¢ in
elther (2.4.2.) or (2.4.3.). In order to get our dressed ground state wave

function we make use of a projection operator

T
P = —J dé (3.1.5)

and its complement Q = 1 - P, Out of the complete set of functions
projection operator P picks out one with unperturbed mode of the field, v =
0.

The Schrodinger equation (3.1.1.) may be rewritten as a pair of

coupled equations

p (m-é% - H) Py = PHQY (3.1.6)

Q (1wa—"’¢ - H) Qp = QHPY (3.1.7)
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where we have used PijL Q = 0. If we define a causal Green's function

3¢

with outgoing boundary conditions as

Q (W + in + luge - h) QGQ(*) = QB(,F)6(4,4")

then it may be used to obtain a formal solution
QY = QGQQHPY

This can be put back in the equation for Py which is now

P (w + in + 1w§% -h-=-v) Py=0

where

2
h=Xf+Veuy+en on=2 3k v= Poncosnp

For linear polarization

e E
éh = Ky o cos¢ + Up cos2¢

and

(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)

(3f1'13)
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We made an argument in Chapter II for the neglect Upcosz¢ term. In

circular polarization

e?g? e E
Up il e £ éh = 0 k Y co0S . (3.3.‘!")

the only ¢ dependence is in éh. We used a fact that

9
5'&; Py =0 (3-1.!5)
and that
PSh = 0 (3.1.16)

in writing down equation 3.1.10. The essential approximation in our method
will be to neglect V, the electron-nucleus interaction, compared to éh the
electron-laser coupling in the intermediate state in (3.1.11). Then Gq is

replaced by

Q (w + in + 1wa¢ 5= = Up = 6h) QG Q (3.?.!7)
This can be transformed to momentum space where this becomes a first
order equation (In ¢) for G(*)(k).

It can be rewritten as

(5 + 1“ + 1w% - ek - Ee‘: Ek1c08¢) Gk(+)(¢!¢') =
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86-0") = o= = =kt G (1) (3.1.18)

and ky = ky for the linearly polarized laser, or ki = k = YKy*+ky?= for

the circularly polarized laser,

This first-order~separable-integro-diferential equation is tediously

solvable.

The procedure for solving its is given in Appendix I. The result is

Gk (6,91 = == Y@ Y'c(81)6C4m0") -
- m TR YN (=Y Y (e (Y ¥ =Y1,) -
(3.1.19)

= @M - B+ L N Rien = Yrene(en) |

= 8k (0,41 + 1y 8@ 0,00 (3.1.19)

Here 8 is a step function 6(x) = _1_x_1. The remainding factors are
X
Y'k(¢) = exp L({vkd + xksSing)
¢

Y' = Y'g(m) = exp Ltvgw, Yi(4) = I do' Y'k(¢")
-

T
Zg = I %;!; Y () Vi (¢) (3.1.20)

-m

and
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Ek = €
Vg = ——, Xk = ki (3.1.21)
and
o= 2 (3.1.22)
is the parameter which will gauge the strength of the field.
In addition
A(n) = (I(me™/wyr, + 1% (-n)y'* e” T/ W) (3.1.23)
where
u ¢
1 - N n
Ix(n) = —Z?J doe ( -‘;cb)'Y'k(d)) J dse (B'S) Y'(s) (3.!.211)
-7 -

We have anticipated the n » 0 + limit everywhere with the exception of the
denominator Ar where the 1limit will produce a principle value and delta
function in the usual way."? We use this result to construct v(k) (3.1.11)

which is given in detail in Appendix II.
v = P8hGqshP (3.1.25)

which means, that v(k) could be written as
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T (W
vik) = Tle? Re l J d¢d¢'m_ukieos¢ Gk(*)(¢,¢')cos¢'muk1 (3.1.26)

“wmi=7

T
Using the result -211-; J d¢cos¢Gk(+) = Gk("')(d)') and after some algebra
-7

shown in Appendix II we can write

v(k) = (e==¢gy) (1 - m) (3-?.27)

where

o«

- In*(x)
P(x,v) = (sin mv)~! Redy = Z v (3.}.28)
Nsx=o
The sum on the right hand side could be evaluated“?
= i) g
z n+ v  sinwv Ty () (x) (3’?‘29)

sz =00

Here both sides of the equation have the same poles and residues as a
function of v and no other singularities and the difference of the two
expressions vanishes faster than v~! for large v.

Then in this approximation equation (3.1.10) can be rewritten as (Py =

)
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(e = eR)F(xy,vi)d(R) = S d3 T(R=-R)o(R") (3.3.30)

where V is the Fourier transform of the Coulomb potential

3 2 2
T(R-k*1) = [ d (- =Sy elke® . & (3.1.31)
@ Joert] 2| kR ! .
and
Flx,v) = ZBIY (gy(x)3 (x))"* €3.1.32)

Now we can scale out the large parameter o that occurs in xyx = aky by
T = aR (3.1.33)

The equation then becomes

(€' - eo)F(8y, e=—i) (1) =
= o fd3'V(R-2")¢(2")
where €' = a®*c and we have used the explicit form of V. For sufficiently
large a, F can be replaced by F(24,0). We return to the ¥ variables, and

use the substitution

¢(R) = AJo(xy)U(R) (3.1.35)
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to obtain
(e = en)UR) = fA%k"JoCaky)V(R=R)JT(ak? {UK") (3.1.36)

Here A is a normalization constant which plays no role in this section.
The effect of the laser 1is to destroy the translational invariance of the
effective potential in momentum space and therefore to make it non-local
in configuration space. The rapidly oscillating Bessel functions weaken

the potential and so the existence of bound state is questionable.

3.2 Raylelgh-Ritz Variational Method for Determining Bound State Energy

The Rayleigh-Ritz variational method that we are going to use here is
. somewhat simplified in the sense that we are interested in obtaining only
one eigenvalue.*® In other words we are interested in the very existance
of the bound state and that is the reason we use just one eigen function
Instead of a set of n linearly independent functions that could give us
upper bounds of n lowest eigenvalues.

For the problem with which we are concerned, Eq. (3.1.36), the bound
state should arise from a (negatively) large value of the modified
potential energy while the expectation value of the kinetic energy, e,
remains small.

The rapid oscillation in the potential therefore must be compensated
for by a similar oscillation of the wave function. Therefore we make the

substitution

UR) = Jolxy)U,(R) (3.2.1)
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and then multiply (3.1.36) by (3.2.1) and integrate over the k volume

e = (T + V)/N (3.2.2)

where

N = Sd%k U, (R)|2002(xy)
T = Jd%k U (R) | 20%:(x ) ey (3.2.3)

V = Sd%d Kk U *(R)J2,(xp W (R=R)IZ(x" 1)U, (RY)
The choice of the trial U,R) function is such that its Fourier
transformation to configuration space resembles the form of hydrogen like

wave function, and reflects the symmetry of the laser radiation.

3.3 Linear Polarization case

For the case of linear polarization we choose

ES
U,(R) = K+ ED (k HEIRD?2 (3-3.?)

and treat & and B as optimization parameters. Detailed evaluation of
integrals (3.2.3) are given in Appendix III., The integrals are performed
for large a with the result that is given as an expansion in (2n))~! terms.
We kept terms of the order (2ni)° and smaller.

The results are

222
N = gatr (nhemyy - -‘5 +0 (7},)) (3.3.2)



34

where
. 1 © .
A=Ea, X = J dxJd?(x) + J dx(J%3,(x) - %) = 0.846 (3.3.3)
0 1.
and
AY 2 2 1 1
T = Z8% (B%fn) + B (TTX"-Z') +1+0 (?)) (3.3.4)

\

The result for V is much more complicated and difficult to obtain., It is

first rewritten as

v eZAg @ dﬂ,zdﬂ,z' Jz(xz Jz(xz' )
T Tt o o TmDED ©otiata itz

[g((a+2M)? + g((8=-2M)3] (3.3.5)

where

© 1

2 .

gtxd = 2% J Tﬁ%! J eorry? [x*+2x?2y(148) + y28%(1-8)%] (3.3.6)
0 . 0 . ) )

which is the integral of the Coulomb potential over the components of the

-)

momenta  perpendicular to the z axis. It is clear that a replacement of



(Jzo(mz) »> -:7 (n2;)"* (1ts asymptotic form) results

singularities in the integrals which coupled with

a5 21 1, B, 1
%g% g(x* » 5 (3 In = + 53)
ylelds the dominant behavior of
AZ
vV ~ ey [(enA)2 + 0 (anA)?]

The more careful approach (Appendix III) is taken by writing

e(A%-1) e(Ag-1)
J3(AR) = YR + (J%,(A8) - i

in

35

logarithmic

(3. 3.7)

(3.3.8)

(3.3.9)

where e(x) is the step function e(x) = 1/2 (1 + x/1x1). The first term

yields the dominant term and the second its corrections.

by Eq. (3.3.9) and placing it in the integral for V gives

V=V + 2V, + Vy

Replacing J3%,(A%)

(3.3.10)

The part of V which results from the use of the first term of ( ) in

place of both J?%, factors is

e?)? cor ' )
s T Jl J1 RRT( 2?’&(1”‘529.%15 [g((a+2)® + g((2=209] (3.3.11)
A Y . Ly
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If we use (3.3.7) to replace the last factor in V,; by

82,210 » 2% (- 1ogn (25T + 1)+ (e, (3.3.12)
2 TE 3 AR ' 3.1
and thereby defining q(%,%'). It has the property that it vanishes for & or

%' equal zero. It therefore contributes a small corrections to V,, when A

= eaf 1s large. The result

232
Vig = - [%— (an\)? + % (4n)? (208 + §) + O (m)] (3.3.13)

The second term V,, gets the dominant contribution from the small (&,%')
contribution in g's Eq. (A.3.33). Integration of (A.3.40) yields

232
Vie = =S (£ (02 + T antng) (3.3.14)

where the second term arises because we allow for the possibility that 8
is also large.

We proved (Appendix III) that the contribution to V from the V,, term
is negligable with respect to V,; and V,, because its contribution is of the

order of terms already dropped in (3.3.13) and (3.3.14). Then we obtain.

-2e7* 2 2 LI |
v = [9 (2n2)2 + (2nA)? (3 ing + 7t 3) +
+ %"— AN + 0 (nA) (3.3.15)

Having evaluated integrals N, T and V, we can write down the expression for
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e Eq. (3.2.1). Keeping only the leading terms in (&ni)~' expansion the

result is
8
€ = _un:&’ (M%7 = 322 3 ((2n))* + 38nAnB + ayfnd + a,ing)) (3.3.16)

-~

where a, is the Bohr radius, and a, = 3/4 + 7 (-g— - X)), a; = -g- + 37 (1 - x)

and y is given in (3.3.3)
At this point we will make use of the variational principle and find
an energy minimum as a function of parameters A and B. Straightforward

evaluation of %Ex- = 0 glves

i o (22n) + 3%nB + a,) (3.3.17)

3772 8o

)\282 =

and variation with respect to B leads to another equation

A2p% = 3—“wz a% (28n2 + 34n8 + a,) (3.3.!8)
These can be combined to give
A = BY%xpla,-a,) (3.3.]9)
and
(2;):/3 = %‘z a% exr:[% a, + % a,l, A! = xexpla, %J (3.3.20
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which can be inverted numerically to give A(a).

We can do an approximate analytic inversion of Eq. (3.3.20) which is

3 a 4 /s
(z 5 0 ( gz e day + $a, o) evfarad (3.3.21)

which for ai = 2016 ylelds A = 19.0 whereas the numerical inversion of Eq.
(/] . -

(3.3.20) yields A = 20.0, 5% error.

Evaluation of A and B8 as a function of a gives € = e(a) in this form

3 a
€ = - ?8-: Ry %‘3 ((1n) e” "+-3-’)‘L + 0 (1n))%)

ki
2
3 a -1+8a, & 4ol Art2aza
- g By 3 (n (GE ettt o In (e TGN
= - 235 Ry =2 (1n (0 “1(07“)))2 (3.3.22)
-8_1-\:! ya n .775; n5- a—o . 3'3'

In obtaining this result we find that the kinetic energy term is negligible
compared to the potential energy.

It is well known?®"»? that the start of the continuum is shifted upward
by the ponderomotive potentlal. Then e is the binding energy of the atom
in the presence of the fileld. We see that it 1s a slowly decreasing
function of the intensity in this asymptotic domain.

The result for A = A(a) Eq. (3.3.20) and the fact that B = B()) shows

that roughly

E~a"%®and BE = n ~ a~V?2 (3.3.23)
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The momentum space wave function ¢(R) that describes the electron when the
hydrogen atom 1is subjected to the ultrastrong laser field (large a) peaks
for small k ~ BE ~ a~%/2 and still smaller k, ~ a~'. k; ~ a~! 1s due to
Bessel function in the form of ¢(R). (Eq. 3.1.35)

The configuration space wave function therefore extends to large r,
but larger in z direction.

At this point we can Jjudge the validity of our nonrelativistic
approach and that of the dipole approximation. The fact that only low
momenta are important in the wave function shows that the nonrelativistic
treatment is justified.

The Iinterference between the influence of the ultrastrong laser on
the motion of the electron and that of the Coulomb potential creates this
interesting effect of a losely bound electron that performs nonrelativistic
motion. |

The accuracy of the dipole approximation can be judged from the size
of the wavefunction in the direction of laser propagation compared to the
laser wavelength.

We had
o(k) = AJzo(okz)/(kk2+£‘)(k 2+ p2p2)2 (3.3.24)

so the extent of the wavefunction in configuration space in the r
direction is of the order (£R)"* For the neodimium glass laser at I ~ 102°

W/C‘mz, A= 106 U

(eB)"* 1 (a2 p hw 3 o 2
Alaser 2 (ao) oF Ry (33 #n (5.07 ao)) (3.3.25)




ko
where ap = (137)"' 4is the fine structure constant. The dipole

approximation is still well justified, since (gB)-/Alaser = (0.043)

Is there any restriction on the frequency w of the laser? We did our

calculation with the approximation of large a = -f-g; and our fundamental
approximation was made on the intermediate state Green's function.
We have neglected V, the electron proton interaction compared to the

electron field interaction. This is roughly

eZ
r

N

where r and R are some average values of the distance and momenta,
respectively, of the electron in the intermediate state.

If we use the uncertainty principle

;.E ~ 1 (303-27)
then this result is
=Y
w >> e¥a = 2Ry = (3.3.28)

which is a very weak restriction on the frequency for the large values of

o considered here.



3.4 Binding Energy - Circularly Polarized Laser Field

I

The analysis of a binding energy for a hydrbgen atom in circularly

polarized light starts with the Hamiltonian

[B@) + eA(t)T? .

5 V(&)

H

where
K(t) = % (Xcoswt - ysinuwt)

Variational calculation of

(U]

]
=l
+
=<

follows the same approach as given in Appendix III,

We have to calculate integrals T, V and N.

(3.4.1)

(3.4.2)

(3.4.3)

The cholice of wave function is such that it has the same type of

symmetry

4

R (R

the details of this calculation are given in Appendix 1IV.

integral

(3.4.4)

The first



N = J d3 J2° (ak )IU; (%'8)

2

transforms after scaling % = I

N = ZwE’J
0

-0

ag & 3508 ) [0 de,
(@ =12 T, %892

The result of this integration is

2

N = 27E3 %3 (- —;- ax) Ko(A)Io(A)

where K, and I, are modified Bessel functions“?

Using the asymptotic" expansion of K, and I, for A large

N =

i A 3
75F (37 * TRt o)

Similar calculations for the T integral

give the result

J d%K2J2,(ak )|U1(§,B)|2

42

(3.4.5)

(3.”-6)

(3.4.7)

(3.4.8)

(3.4.9)
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R [1 + (B1) (-

= %)] Ko A)Lo(A) (3.4.10)

[ (V] PN

Finally, asymptotic expansion in K,(A) Io,(A) in (3.4.1) ylelds

-~

5.2 2 L.
L . [-gi (D + 2o 3B 0(7}9] (3.4.11)

Evaluation of the integral V is the hardest part in the evaluation of e.

ez 3 3 k 2 1 2 k'
Ve - o J d’kd’k'U, (F,8) Jolak ) P Ilak J,(5,8) (3.4.12)
-1E -

w

The usual scaling B = L&, R' = 2'¢ and £a = A is applied so that

V= 2%2’ % Jo Jo de da' (£,(A8 ) + ':7)8(2 y L V(A0 ) + 71:':') (3,1;_?3)

where we defined

£o(A% ) = AL J%(A8 ) - 1 (3.4.14)

and



Ly

© fo 227
gL ,2 ')-‘ J dzzdlz'J J d¢d¢'U(%,B) ! u(e',B) (3.4.15)

0o |2-1]2

Evaluation of V breaks into the evaluation of three integrals
(-] [ ]
Vi = %,J J dg dg 'g(s ,% ")
Vyp = % J [ de de g((e ,&% MfL(AR )
-4 0
Vi =J J df df fo(AR )g(R ,& NE(AR M)

Integral V,, 1s independent of A.

The evaluation of V,, requires the evaluation of

(8 ) =J dg 'g(2 ,2 ")
0

the most contribution around 8 -+ 0O

Y(& ) = -

=iy
5
P

We integrate V,, by parts

(3.4.16)

(3.4.17)

(3.4.18)



Vyp = %J A% £o(a% )Y(R )

with v = Y and du = df £,(A% ) so that

vy = - -12? J de £,(a% )Y'(L )
0

or

v = - 2 J 2002 (2 Y'(2 D)
0

and
= 1
£,(A8 ) = N £.(A2 )

AL

£,(A8 ) =I folt)dt
0

Integrating it by parts once more one gets

1 uﬂkgl
— ._85_

Vi =

where
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(3.4.19)

(3.4.21)

(3.4,21)

(3.4,22)

(3.4.23)



1
Koy = = l1r - [ dttintJ?,(t) - I

0 1

1
> J1 -— 082t

ko; 18 evaluated numerically and k,, = 0.43715.

The last term, V,, 1s unchanged by & + % ' so that

® L
Voo = 2 J dg ‘ df '£o(AR )g(L ,AME(A0 ")
0 0

Let
£oly) = £, (y) + 1/7 sin2y

where

fo (y) = yd3,(y) - lﬂ, (1 + sin2y)

46

dtint [tho(t) - -:; (1+sin2t)] -

(3.4.24)

(3.4.25)

(3.4.26)

(3.4.27)

that breaks the integral V,, break into three integrals, V(1), v,(2),

V,.(3).
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dxK(x) J ds fo(s)Fflsx) (3.4.28)
0

1
Yq? |-

vzz(!) = %,J
0

where s = A% and K(x) is the eliptic integral of the first kind.

Y3
Vo = A—BE! Kzz(!)

Kao{1) (3.4.29)

kzz(!) being a constant independentof A which we evaluated numerically.

Similarly the second term
2
Vao = ‘2‘181! kzz(a) (3.4.30)

where

1 (-]
koo(2) = J dxK(x) J ds ['f'o(s) sin2sx + Fo(sx) sinas] (3.4.31)

is a convergent integral. The last term sz(3) is evaluated and

V22 = 1'_;1T (3ln2 + 1n2X) (30“032)

All integrations are done in the 1limit of large A where we kept terms up
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to the order of 0(7:-,). Then combining those results we get that

2 " Y w3k Yq? Yq?
Ve g e v e ¢+ gt kel ¢ g ka(@ e
+ u_;'gT (31n2 + 1n2A)] (3.4.33)

We are able to investigate the variational minimum of the total energy of a
hydrogen atom in ultrastrong circularly polarized laser fileld.
Performing a variational principle outlined in Appendix IV on the total

energy

2% T8 _ 1] _ 2e%?® A T
€= Tma? [_2~ W] EC ["1(8’ MEYARTY L 1“*] (3.4.34)

where-A' 1s defined by (A.4.80).

so0 that %% leads to

2mae?

A2 = - At = &1 (1na-1)
T B+1) 8 .

Since A' > 0 and A < 0, that makes € > 0 and we found no bound state for

the case of circularly polarized laser fleld.
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CHAPTER IV

4.1 Photolonization Rate of a Hydrogen Atom in Ultraintense Laser Field
The calculation of the width of the ground state obtalned as, a
variational minimum in Chapter III will give us the information about the
photoionization rate since that i1s the only open channel for the hydrogen
atom in the ultraintense laser field.
Going back to the formalism outlined in Chapter III for the problem of
binding energy we use Eq. (3.10) to proceed

P[W+1n+1w-5%-h-v] Py = 0 (4.1)

Again Py = ¢ and the operator

Pi-%oao, PQ = 0, P2=P
The width of the state then in this formalism is the imaginary part of the
expectation value for the operator v = pdhGgshP.
We now turn to calculation of the width of the state. It is
obtainable as the expectation value of the non-~hermitian part of the

operator v in (3.1.10 ).

-f-r = Im J ¢*(R),chkcos¢cq(lt¢;a'¢')cos¢'6hk'¢(k')d’kd’k'd¢d¢' (4.2)
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where Gq is defined by (3.1.8) and shy = waky. We again expand it in powers

of V but here we find that the first surviving term is second order in V,

GQOK¢,k'¢") = G (*) (4, ¢") 8(R-R")

T

-

+ l dosd4.d%, G (4, $ITR=R,)GK, ) (0,0 V(R=RNIGr () (92 67)

+ ee (4.3)

Consider first the contribution of the first term of (4.3) in I'. We note
that G(*)k(¢.¢'). (A.1.31), 1s an hermitian operator except for the
appearance of in in the denominator Ax(n). Since the remaining operators
in (A.1.31) are hermitian the imaginary part operation just extracts a term

from G proportional to (Ak—x(n) - Ak-l(- n)) which is proportional to

(We saw in (3.1.19) that the real part of this operator 1s proportional to
the principal value of ((J\,kJ_‘\,k)ﬂ). But returning to (3.!.218) and (3.?.30)
we see that ¢(k) must have the same zeros as Ty (XkII_y, (k) which
guarantees that the contribution of the first term of (4.3) to (4.2) will
vanish. The second term of (4.3) will also give a vanishing contribution to

(4.2) for much the same reason. We see that the structures Ek(q:),' defined

in (Appendix I) and the related



T
G(¢) = 21—1[J d¢' G{*)(4,9"cos¢’

-7

enter into this term of T as

r(2) - Im‘} d%d %" 8% (R)6hy Gy ()T (R=R")Gyc (8 8hycr (RY)d ¢

A direct calculation using (3.1.19) ylelds

; (
Gi(8) = (hy)™? (1 - %}:-(-f% )

and
- - E*(9)
Gy () = (shy)™ (! T )
where

Ec(®) = Y'e(d) (YXe(d) (Y =71y + ey
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(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

The further requirement PGk(‘*) = Gk(+)P=0 which is easily obtained from

(3.1.18) ylelds
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L
-211-; ] do Ex(d) = A(0) = A*k(O). (4.10)
-ﬂ *

Substitution of (4.7) and (4.8) into (4.6) with the use of (4.10) ylelds

r(2) = % J d’kd ' ¢(R)shy 1n ('Am!._—ns' A¥e(=n) X

m
J do(E (D E K1 (d) + E*(8) Er(9))) Sy aRY) (111)

-7

The ¢ integral is real so the operation of forming the imaglonary part
again ylelds a delta function, (4.4) and its symmetrization (k-k'). Aga1n~
the functions ¢.in (4.11) .will make this vanish.

The first non-vanishing term of T is r(3) arising from the third term

of (4,3). It is

%3,) = J d¥%d k' d%,o(R) shy V(R-ROV(R,-R') shped(R) S(RR,R,)  (4.12)

where, using (3.1.19) and (4.4)

S (RRR?) = an (4.13)

dé,d ¢zak( ¢1)le(+) (61, $2)Gyr (+) (4’2).
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The expressions (4,7) and (4.8) are inserted here and it is readily shown by

*

using PG*=0, that only the terms proportional £ -and Egt.” survive, Then

using the second form of (A.1.32)

S(RRR') = 1n(8hyshyr Ak (n)Ayi(n))~? J dé,dé, x

(1) 8(2)kx(¢“¢2) *
Ek(fbx) (gkx . (¢u¢2) + Akl(n) ) € k'(¢2)o

(4.14)

The term proportional to Sk,(]) can be shown to vanish since g(!) is
hermitian and so the imagionary part dperation agailn extracts the delta
function, (4.4) (or k-+k') which vanishes in the integral, (4.12) containing

(k). The remaining term in (4.13) is
S(RR,R') = (Shyshyr)™" N(RR,R') 1n(Ag(n)ay, (n)ag(n)™? (4.15)

where the real function N, is given by

N(RRR') “J d¢d ¢, Ek(¢x)8(2)kl(¢n¢2)E*k'(%) (4.16)

and in the context of the preceeding discussion, the factors proportional
to the delta function (4.4) and (k-+K') that arise from the imagionary part
operation can be dropped. The function Ap(n) is given in (3.1.23), which

using (3.1.24), (A.1.10) and the generating equation for Bessel functions can
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be written as

Jzn (XK)

Ag(n) = 2smw(vi-in) Z Trve1n
n

= 27 Jy ~gp(XK) Jeyp+in(xi) (”-!7)

where we have used (3.1.28). A straight forward calculation ylelds

(Appendix V)

Ak"'!(n) = —R:L.—vk(xk) + ir § (Jvk(xk)J—vk(xk)) X

liri:]—)o Jvk(xk)J
SYR (Ly, (Xddayy () = Ly (R, (VKD (4.18)
where
Ly() = & 3y (4.19)

and it is easy to show from the series representations that

Lo(x) = -2‘I No(x) (4.20)

where N, is the Neuman function. Then the last factor of (4.15), is

obtained as
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“S(J\’k,(xkl)J"’k,(xk»

J\,k(xk)J-vk(xk)J\,k(xk)J_vk'(xk) sSgn (kal(xkl)J’Vk,(Skl) -

= Loy kM i) (4.21)

where terms containing the non-contributing delta functions, (4.4), have
been dropped. If we refer back to the discussion following (3.1.44) we
see that the 1limit vi»0 is taken, and justified by the result, (3.3.22). We
follow a similar procedure in (4,21) where, with some care this 1limit

yields for (4.21)

1 8(xk t-yi(o)) w
Jzo(xk)uzo(xkl) i ly'i(O)I(Jlo(yi(o)))z vklz

sgn J%,(yy©) (4.22)

where the sum runs over the zeros of the J, Bessel function. We have
defined the 1th zero of J, (Yi(")) and its derivative with respect to the

order
d 1
gy Y1V = yii(v) (4.23)

The evaluation of N, (4.16), with the aid of (3.1.19) and (4.9) is a
straightforward but somewhat lengthy double integral. It is simplified by
keeping only the leading terms in the expansion in powers of vy as was
already done with reference to (3.1.14) and (4.22). We also drop terms

which vanish because of the delta function in (4.22). The result is
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NRRRD = LZ oy oo oKk Mol )0 (i) (4.24)
Where
_ < In*(x) n
ax) =2 y Bt 3] (4.25)

n=1 im x + »

and Xkk, = Xk = Xk,

If we assemble these the expression for r(3) becomes

r(3)
2

= A2 Y [ dkd%,d%U,(RTR-R,TR-R1U,L )
1

X Jo(xie)a(xict W olXicke MolXicr e, )alic, )/ (i, (3(yg DYy @) (u.26)

where we have used (3.1.35), (3.2.1) and (4.20). The normalization factor A

is obtained (4,9) = 1, which form (3.1.35) and (3.2.1) leads to

A% [ d% J%(xy) U%@R) =1 (4.27)
or for large A = of
-2 _ 27 A2

where
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£f = J dt J“o(t) = 00899600- (u-30)
0 .

The evaluation of r(3) essentially requires the performance of a nine
dimensional integral which is not for the faint hearted. In performing it
Wwe shall need to make one drastic approximation which, we believe, will
preserve the correct behavior of T' for large a but will probably change
the coefficient. The approximation is that of replacing the zeros of the

Bessel function by their large argument values. That 1s, we write

yi(o) = w{il + %) = i, lyil(O)l = % . (u.3!)
and
2 a
Iy 0)) = (—=—) = (-1)i¥!
“Iyi(o)l . *
qlyy©)) = —IL—, (4.30)

If we scale all the R s in the integral by R = Ez then (4.26) becomes

3 LB L 20y 53 (il nly ) ®.32)

where
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v dRgda’, 1 LV 1 ey

where

d24 d2g, d%% v o
F(aaz) = BGJ (2 3+B1)(2:2 +B%)* [2'2 * | X

T ' : (4.34)
|(t=2, Y27 2fL(R-2, Y2p%2,]

It is easily seen that h(y;) is an even function of its argument so the sum
in (4.32) can be taken as twice the sum over only positive values of {.

This is then broken into even and odd values of J so that the net effect is

S D ngy© =2 Y (h@m-m - hm)). (4.35)
1 - n=1

We shall seée that large values of n contribute so that the sum can be

converted to an integral and a Taylor series can be used
]
h(2m=-u) = h(21m)_ T m h(2m). (4.36)

The integral is then simply done with the result
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> Di*n(y) » ne2m) (1.37)
1 .

We use 2T/A << 1 and (4.28) to rewrite

32(—? = Ry (47°f)"* h(o) (4.38)

Before proceding we note that the justification for this approximations
comes from the fact that large yj(o) contribute to r.(3) The convergence
of the sum in (4.32) comes from the third factor in (4.34) where it is seen

.

that

yi' s (-28E2%) el B 92y g (4.39)
3 31° ag .

is the principal range ;>f contribution of the sum.

For large A, it is small %, which gives the major contribution to the
integral in (4.33). (This is similar to the evaluation in (3.3.5). We may
therefore perform the § and % integrals in (4.33) for small values of £,

and %';. The result is

d’z 1 - w (ln 2“ 2+Bz
(2' 2"'62)—2 (2 ‘-2 ‘1)2"'222 21 2+Bz zzz - 1+0(22z)

= 1+ 0(%;%) (4.40)

Then the iE integral can be performed keeping only the dominant terms

ylelding
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Ly L'y 252

22 Mz _ 2 1 *z'’
F g, o2 = F a0 2 an 2o (o). (.41)

If this is substituted back into (4.33) we obtain

o 2
7 8 A\, diz £52
h(o) = T = (1nA) J ) m J%(A%;) 1n Ak (4.42)

The remaining integral can be evaluated in the 1limit of large A by

integration by parts.

g - % 1 2
Io 757 J%(Akz) 10 i ;:—A- (- % (1nd)® - 35 1nd (3 (aray)

8

wi

mu) + 0(1ni)®) (4.43)

where (3.3.19) has been used. Then assembling (4.33), (3.41), and (4.37)

the result is

r3) = (302 1 g, = (4. 4)

(3T)2 [1 + 0(1nA)2] (4.15)
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We see that the binding energy and width are the same order of magnitude
as a function of a. As pointed out above, our calculation of the numerical
coefficient of the width is not reliable s0 we can not conclude that this
new kind of state which we have obtained is narrow. But we have shown
that it does not disappear as the intensity becomes very high.
Finally we should point out that our assumptfon that the width is
much less than the bhinding energy is not substantiated by our crude
estimation of the width. We only find the two parameters to have the same

behavior with large a. We do not expect this to change our basic result.
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CONCLUSION

We should say at this point that our motivation in solving the problem
of atomic structure and photoionization rate at a hydrogen atom in
ultrastrong laser fic;:ld is purely theoretical. There is no experimental
'results that could give more information concerning this problem.

However, rapid development of ultrastrong lasers encourages us to
believe that experimental work on this subject \»;/ill follow soon.

In the Introductory chapter we described previous methods and results
that were obtained in calculations of the photoionization rate of hydrogen
atom.in ultrastrong laser .

Our approach have been to use variational calculation to find the upper
bound of the energy minimum of a hydrogen atom for two different
polarizations of ultrastrong laser field.

The result in Chapter Ill indicates the existence of the metastable
state in the case of linearly polarized radiation field. For the circularly
polarized radiation field the upper bound of the energy minimum is positive
so that we are not able to find a bound state of the system.

In Chapter IV we calculated ionization rate as the width of the bound
state obtained in Chapter Ill. Very lengthy analytical calculations gives a
width as a function of laser intensity but numerous approximations made a
numerical value somewhat uncertain. So we can see that there is some room
for improvement left in obtaining better accuracy in ionization rate
calculations.

We can also use more complex trial function (with some more

variational parameters) which might give a different result for the
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circularly polarized case. The interpretation of the existance of a

metastable state of hydrogen atom in ultrastrong laser fields needs a
deeper understanding.

There are some indications (éee Casati IV ICOMP Bolder 1987) that this

unusual result could be placed in the context of quantum suppression of

classical chaos. This all indicates that more research needs to be done on

this very interesting subject.
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APPENDIX I

Equation 3.8 could be rewritten as

(-le> + 1 - in % + acos¢) Gx(*)(e,¢") = -

9
- £ (844" - 5=) + al(*)(en) (A.1.1)
where n is real and
PG(*) = 0, Gi(*) = Peos¢G(*)(4,0¢") (Afjfé)
Let us define
G001 = ep(47Y) 6 (4,01 | (A.1.3)

so that

(-ie-a%- + 1 + acosé) G (*)(g,9") =

- (80=0") = 3=) £ eD(g-gn + ael(g-¢n) + ael(9-9" T*) (4" (A.1.4)

e—
W w

Let us assume that the solution for the differential equation is given

in this form

G (6,67 = YHOY($DE(4, 6" (A.1.5)
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where

Y (¢) = e“"" 12 sing, Y*(4) = Y171(4) (A.1.6)

so that

(- 153$ + 1 + acos¢) Y'* = 0

Substitution of (A.5) in (A.Y4) leads to

¢
gl¢,0') = - g% 0 (¢-¢') + C(¢") + 5%— j- ds e—(S' N Y(s)Y*(")
¢
+ favy j ds e—(s-¢ ) YH(s)Y'*(e") Gk<+)(¢ ) (A.1.7)
-7 .

where
Vi = giye 006=6") = sgn(e=¢")
That means that
G = = g YHOTPNB(=4T) + CONTHOT(N + iy*() x

¢
X [ ds e £ (s=¢") Y'(s) + iaka'*(qs) X
-7
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¢
xj ds e -‘% (s=¢') Y'(s) Gk-(*)(tb') (A.1.8)

=T

there are two unknown functions that should be determined C(¢') and

(-:v(*)(q>'). Applying
PG(*)(¢4,4") = 0 (A.1.9)

Due to the fact that G(*) is completely in a Q space. We have

ks
d -
J' ?3 e E (6-¢") G, (Y (4,97 = 0 (A.1.10)

which gives

LD d¢ - T
5o 5 'Y (¢ I 5% e 2% Y*(0)6(9-9") + C(4M)Y'(¢"e -be' X



m
- d -0 ¢ n
+ ia\,kgk(*')(q,') J-ﬂ -5% e E¢Y'*(¢) J dse BSY'(S) =0

Let us define

™
do % SPETRNI PV JPOR FE
L-z-%:g (9)6(¢=9") = 5= (Y*-2v*(¢")

where Y = Y(7m) and Y'(w) = Y'. Also

and Y is real.

We will need the integral

an
-1

™
J 98 yi*y) v(4) 2

Y'(¢) is defined by (A.1.6) so that

w ¢
7 = I 49 o-1(¢*asing) [ detel(¢'+asing")
€ €

- -1
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(A.1.11)

(A.1.12)

(A.1.13)

(A.1.14)

(A.1.15)



where

waky ak

w
€= ex~W+Up’ as ex~WtUp' ek aky = Xk

To evaluate this integral we make use of Jacobi's expansion?

etasing o 3 (-0 elndyp(a)

Nm= =0

s0 that the calculation of

T

-

In.d T . o il
z-zz_“‘_ié_{J "i¢(n,n2)g%_e-izj 48 o"19( no)

— L '
nt n2 (gtndi “J-q

so that
JIp*(x) i sm% o (-1)MJu(x) 2
Z = - 15: — + fe=— ——— (, —_—)
n+ - € L n+l
Also
Jp(2)
17) = LA €
Re(Y'Z) sine z i
n nrs

In order to simplify (A.1.11) let us define

68

(A.1.16)

(A.1.17)

(A.1.18)

(A.1.19)
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k4
,* (n) = J %ﬁ:— e k¢ vr*(¢) (A.1.20)
-1r :
and
w ¢
I(n) = J '%g eNVkd v1*¥(4) J dse NVKS y'(s) (A.1.21)
i § -
Also
¢ 1
L*(¢) = L*¢n) = J SE envid' yr¥(en) (A.1.22)
-7
and

Il* (ﬂ) = Il*
Now we can write A.1.11 as

i
=K emmvid' [1,%(n) - 2L,%(eN1 Y4 ¢ e MVké'C(e") x

x Y(ONL(n) = 1727 vIa(n) + favd(n)G(H (8" = 0 (A.1.23)

To find the other equation for evaluating C(¢') and G“k(+)(¢') let us
operate by P on the original integrodifferential equation. The result is

easy to obtain



70
) (m,9) = = 6 *) (-m,¢" (A.1.21)

or
2TV Gy(*) (m,¢") = Gy (-m,9") (A.1.25)
Combining A.1.20 and A.1.8 one gets

C(oNY'(4") (Y*e2TVk - v1) + 67 (*) eNVKd' (127avye2TNVK
- Y'*Ix("'ﬂ) - %\’k (vr+y**e2nVK) Yi(9') +

+ 1 vy e2mnvgyr® 1.(-q) envké' (A.1.26)

Now we have two equations that can give us unknown functions C(¢') and

Gk(")(cb'). After some .algebraic manipulations one can get -

- 1,%(n) Ny
606" = rrmyvk (- Lok (Yr+Yr*e2TVN) Yi(gNegd
i
* dvg TRL-MeRTVK + s o v (1,%(n) - 20,(1)
I
(vr¥e2mvg - y1) - 2—1,,vk Iz*((n>) (yr¥e2mnvk - y1)} (A.1.27)
1 (N ’

where
A(n) = I(n) (Y'-v'*e2TnVk) + e2TNVk 24y'*I (~n)I,(n) (A.1.28)

The other function is



(4l

C(¢") = -A—(%’)%%—,) 2v'(¢") CL,*n)Y' + 1,%(¢") (Yf*eZﬂﬂVk)]
- Eii_,v’%ﬁ (L,*(n) = 21,%(¢") Y'(¢") (A.1.29)
Notice here tha for n + 0
I, + z and I,*(n) + ¥ (A.1.30)

If we use that limit everywhere except in the denominator, where thé limit

will produce a principle value and delta function in the usual way.

Gk (60" = = 2= Ve ($)Vier (9 8(4-¢") -
2w

- Zaa e M) NN T -
= (et -z + -1,; Y (er* (8" = Y'yie(9)) (A.1.31)

or

1

Ak (n) k@ (4, 6" (A.1.32)

Gt (810" = gV (o, 0" +

Thereby defining g, and g,.
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APPENDIX II

We defined the modified potential v Eq. (3.1.11) as

v = PShGQshP (A.2.1)

After replacing Gg by Gk(+) where the approximation éh>> V has been

introduced

1 (wakp)? [T ("
v(k) = Ok cos$G* (¢, ¢')cosd'ded ¢’ (A.2.2)
-" ‘

We defined (see Appendix I)

L]
.£; J d¢'cos¢'G(+)k(¢,¢') = G(+)k(¢) (A‘2f3)
-7
so that
(waky)?

where
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Ll
1= -21; J d¢cos G+, (¢) (A._2.5)
-7

From (Appendix I) in the limit of n + 0 +

-~

YR (OLY () (Y * =Y )= Vi Y7

o+, = L [q -
Gk 27 a 1 Zyr-z¥y¥* (A'sz)
so that
: T
- de¢ * * _
T Zrayer T [-,, 2n COSY IO k(O (YT)T1e) + VY] (A.2.7)
Let us integrate by parts
n
d
[_ﬂ 2 coser(e) « - 4% [rr - vt - 1] (2.6
and
T
J coseY'(9)Y¥(9) = - 2E [vw -2n - 21 z*] (A.2.9)
-“ N

Here we used the definition of ¥ and z given in Appendix I. Integral I is



T4

then equal to

*
v, e Y'-v!

I= oz * 3mal ZyrezFyr¥ (A.‘2.10)
Notice that Y' = el"/€ s0
1 2esin™
I= oz O Tob () (A.2.11)

Here ReAy(0) = 2ReY'z where, again using the result (A.1.10) (Appendix I)

Rebi(®) = 2sinl §  InC e (A.2.12)
N=® €
so that
I= = ~ —£ (A.2.13)
2wa? || a o=
P('e've)
At this point we have to evaluate the sum
-]
Jzn(x)
\ P ) (A.2.14)

na—o

where z = 1/¢ and x = a’e.
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Consider the sum

S= Y P (3 + ) (A.2.15)
N=-o

which can be written as

, o I
S= 7 (1-3%() + ) —=
n+0

(A.2.16)

We see here that the second term has simple poles for z = n (n = non zero
integer) and that the first term has pole at z = 0.

Consider the function

T
sinn2

Jz(x)J~z(x) = B(z) (A.2.17)

that has the same poles as the second term. Then the expression % - B(z)

has the same poles as the sum S. Also we have to prove that this function

is analytic for z + =, From (G & R pp 960) one can find

o (1kz)K(2K)!
Jz(x)J-z(x) = 2_0 (KDZT(k+1-2)T(K+1+2)

(A.2.18)

and (Abranowitz & Stegun pp. )



F(k+1+2)0(k+1-2) = (1- 22)(22-22), .. —

So one can write that

= (-nk(5)k K

Iz (X)deg(x) = sinmz z_ Dz T Tz 1

nz

=1 -

which makes the expression

L]
sinnz

< - JZ(x)_z(x) ~ 0 (Ip)

when z + o,

So we see that we can write

1
S~ 3 " St S0z

and that

— J2
2_ n(x) = - Jz(x)J-z(x)

n-z sinnz
n

Finally we can write that

sinn
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(A.2.19)

(A.2.20)

(A.2.21)

A.2.22)

(A.2,23)



(2)

1 (3

For v small and defining € = W - Up n + 0, Py = ¢ we get (3.1.34).
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(A.2.24)



APPENDIX III

The trial function
"——7‘—1—§:1r—1—r1
w(R) = (K 2 ED) (K Z+EZBD)

can be written as

1

Ux(k) = " "
((—5)2 + 1) (52 + 82?2

where B = n/&.

Let's calculate the normalization integral N, Eq. (3.27).

substitution A = &E and % = i, one gets

a0 ax,
@ - 2ne Jo TG J Ty SelMa)

or

N> = 2mE° 3'26" I,

Let us integrate I, by parts

78

(Af3.1)

(A.3.2)

With the

(Af3.4)

(A.3.5)
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" ag
Il = [ TR.ZT"'zi—)-! Jzo ()\lz) (A-3-6)
If we integrate
I- J T 308 (A.3.7)
0 .

by parts and then take a derivative with respect to the parameter in the

denominator one will get value of I, making du = df J%(AL), v = ?171" S0

that u = % £,(A%), dv = v'd® where

X X
£,(x) = J dgdo(t) = J dt[J*.,(t) - -Q(frt;”] + 1; x 2nx6(x-1) (A.3.8)
. . -3

or
£,(x) = Fy(x) + -‘TFe(x-mnx (8.3.9)

Here we need an asymptotic form of J%,(x) » ?2; for x » o,

1
I==x Jo dav'(£(a8) + Lo(ag-1)2n22) (A.3.10)

or



J dlv'f‘l(ll)
0

>

1
I= = n

Integrating by parts once more we get

w
I= 0 gnr + o daV' ' £,(AL)
TA A 0

X

" where f,(x) = j dtf,(t).
0

Now

———

X t
£,(x) = I dt J ds [Jzo(s) - 9(3;1)

and it could be written as

£2(x) = xux = xo + £,(x)

where

X1 -J ds (J2,(s) - -9(—:;—1—) ~ 0.8455

0
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(A.3.11)

(A.3.12)

(A._3.13)

(A.3.11)

(A.3.15)
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The value for ¥, is obtained numerically on VAX 780 computer.

‘5 = J dx[ ds (J%(s) - 3‘—3;—”) (A.3.16)
Integrating by parts one can get

o 1
X2 = J dx [xJzo(x) - -11? (1 + sin2x)] + 51;- + J _d“_x (A.3.17)
0 0

The first two terms vanish after numerical integration has been performed.

So that

Xz = T (A.3.18)
Falx) = E dt I: ds (s3(s) - L)) (4.3.19)

This leads to
I= 20k + -’% + E a2V E(08) (A.3.20)

The last term could be done again by parts which leads to term of order
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1 X1 1
I= >Nk + 5 +0 (73) (A..3.21)
The final step in evaluating I, is
) dg 2
I, = 8im |73 = J%, (AR) (A.3.22)
2 98 L4+B o
g=+1 0
or
I, = = ) + o= (2y-1) + 0(~y) ' (A.3.23)
. LI Y 2\ Yoy 23 .
Substituting back in A.3.3
Ay = =220 (and + myy - £+ 0() (A.3.21)
3B%x 12 22
Kinetic energy part of Eq. (3.26)
<T> = Sa%((u,(k))2I%(xy) ek (A.3.25)

can be done by using results obtained in calculating <N>
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s [° N J2(AL,)
<T> = 21 2= I Efi—‘———}(:z]“ J s, -(T"z,m—,-?-: (2 2¢2,8)  (A.3.26)
0 -a . '

or
nEs 2, Mg %z? 1
<> Ik 210 4tz Pl gyt |50 ¢ TEE
g’ |1 1
= 3m [Fg Iz + 'é? Il] . (Ao'3~27)
where
2
I, = [ (‘(ii%%’ J%(A) = I - I, (A.3.28)
0
so that
<T> = e 8202 + B2(my=L) + 1 + () (A.3.29)
68°°m LR . Az b

The last part in the energy evaluation is the evaluation of the V integral

2
W> = = 2y g“J J A07d8'50%(A02)G(22,8"7) J%(A8"2)  (A.3.30)
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where
© fo 21 (27
G(R5,8'7) = J J df de' 2 & I J
0 Jo 0 Jo
ded¢’ (A.3.31)
(225 +1)(R2% + BT (Rz=0'2)% + (X -8' )2](R'5+1)(8 '2482)2 o
or
1 i .
0lz:2'2) = T mEmy T 882741209 (8.3.32)
After performing ¢, ¢' integrations we get
g(x?) = (2m) J J ooty (X 2xX(s 2212 ) +
0 Jo
+ (% 2-2'%) (A.3.33)

V integral can be written as (3.32). g(x2®) is the integral of the Coulomb
potential over the components of the momenta perpendicular to the z axis.

Let's rewrite g(x?) so that

= 1
8n? d
S - “_g“Jo 6%’}0 Gyey (xhe2Bty(1sa) +

+ rB(1-g)®) (A.3.34)
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The dominant contribution is for x + O near s + 1. Setting s = 1 where

possible and x* << x?g2,

o 1 =1
2 2
gx?) = 3 L b JO Gen? (4x8% + y3M(1-))  (A.3.35)

Now we can express <V> as a function of g(x?) in this form

[g((a+21)?) +

20 [0 7 d2d8132(a0)9%(a0")
oo (2ZF1) (272+1)

+ g (8=-2"))7%] (A.3.36)

In order to perform this integration let's use the same approach as for
evaluation of integral I in Appendix I.

‘Let

an) = LD L (g2(yg) - 21D (A.3.37)

and similarly for J3%,(A%'). We can denote integration region as one from 0

1
tOX

and lA + o, That leaves us with three integrals to perform

<V> = Vn + ZVIZ + sz ’ (Ao3-38)

where
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e2£‘0

dfdi!
Vi = ez Jl[l LD (T L8423 + g((2-2)4]  (A.3.40)
A ‘

_ . ex* 2n? ds de? 2 CIOVALED!
Viz A B“J 9.(9.=+1)L (22+1) (J%(AL") TALY

x [Y(e+2")2) + y((4-21)3] (A.3.41)

where we set

N

n

g(x?) = =% Y(x?)

K

(A.3.42)

and

2e2g" ) dRdi!’ 0(A8-1)
Vap = T [ J (L) (751 [J3%(28 - W—J [J%(AR") - 6(A")]

x [Y(R+2')2+v(8=-2")2] (A.3.43)

Evaluation of these integrals is done using approximations that A + « which

is justified for high intensity lasers and keeping terms in the expansion up
to the order of (2nx)3

In order to evaluate those integrals let us write

VR & Va2 = - ghy [BUERD L) qiaen (a3




87

where q(£,%') is defined by the difference between (3.3.7) and (A.3.44).

q(2,%') has the property that it vanishes for & or &' equal zero. It
therefore contributes a small correction to V,; when A = af is large.
Evaluating V,,
2e%g" dfdi! 1 22-912
Vll = “2A28 J Jl 22'(22+1)(2|2+1) { W ln Bz +
T . . .
1
+ 1882 + 5(2’2')} (A-B-HS)
The integration of the first part
2.4 ® .
- - e“t _ 2 df df 2012
Vna 2_2“_ AzBR { W Jl 2(2‘!,‘_1) Jl 2'(2'54,1)' &n (9: % ) +
A A
+ oz W0 B2+ ) (| o) (A.3.46)
38 188 1 R(8%+1) 7
x .

is performed in the approximation of large A so that

@ 1
_ et 2 ds : dn
R UL T J R(%+T) L“)_, n(nZ2%+1)

[unz + 2n(1-12) + (2nh)? (3—18-5 wng2 + 1_818")]} (A.3.47)
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where %! n? and

dg 1
Jl D T 2 ln(lz'ﬂ) (A.'3Tll8)
X 4

If we drop terms of order %ni and (fn1)°, after some integrations one gets

that

Vi = - 250 [3 002+ 3 aan) @ans + 1)+ 0 (0] (a.3.09)

(U

Integral V,;, that is of the form

. 2ett d2dg’
T Jl IJ. rEze e A (8.3.50)
A

brings up terms that are 0(%) or 0(&') so the integral V,;; can bring up
only terms of 0(2ni) which could be neglected.
Evaluation of the integral V,, is done by making the same

approximations

. . 2e?t" dg ’ de! 0(A%-1)
Y2 = T S Jl e | T P = SR
A o . :

Ly((a+an)?) + v ((&-2")3] (A..3.51)
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We use asymptotic values for ([Y(2+2%)2) + Y(2-2")3)]. We also take the

asymptotic form

|
J2,(A8") - 9(1’:)’:‘2,?) = = sin 2ng" (A.3.52)

and by scaling ' = %

o [ X
2 e2¢* df dx _ sin2x (22-(3)%)
Viz = 3 e |y moeE) X X2 n gz (8.3.53)
- X (= + 1) '
A A .
for A + =
2e2g" dg L2 dx
Vo = W J1 m n '8—5 l T sin2x (A.3.51l)
n 0
dx ]
[ < sin2x = 3 (A.3.55)
0 .
so
- 282 L' ®

>of—s
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Again, neglecting the terms of 0(&nl) and smaller

d )
J1 z(z‘_"zyln fn 8= " % (2n1)% - 2nponA (A._3.56)
: )

232
Vig = - %e;,%g (§ (2n0)2 + £ fnitng) (A.3.57)

The final part of integral <V>

20k -] -] _ _
S N I P e
x [y(e+2")2 - v(2-2")2] (A.3.58)

Taking asymptotic forms for the three expressions in the big brackets

© @
V.. o -2e%" deds’ X
22 & TgEpEa? o Jo HAEDRTRHT)

2
x sin2A% sin2i%' (- 312 n 4 g')

If we scale A% = x and AfL's=x!'

o X
p o d e ax ax
22 3 B4n*A X x2
/0 X('AT + 1) 0 X'('A—z + 1)
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xz_x' 2
sin2x sin2x'&n (W) (A.3.60)

For A » =

® X
2o%
Vo = g- B%%-A-, J 9% gin2x j gx_x"_ sin2x [An(x*-x'?) - 29npA1(A.3.61)

Those are convergent integrals and the leading term is order 0(%ni) so to
follow our approximation we will neglect the whole V,, integral.

Combining results for V,,, V,, and V,, one gets Eq. (3.41)

2e?)?

V= -niassa

2 2 1 T
{((§ (2n0)* + (200)* (5 B + =5 + 3) +
+ 2% n) ang + 0(2nd)). (A.3.62)
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Calculation of a binding energy of a hydrogen atom in ultrastrong

circularly polarized 1laser field is done by expanding the e = e(A) Eq.

(3.4.3) in power of A~! where ) is large parameter. Our prime task is to

determine whether the system described above forms a bound state.

Again we start with Eq. (3.4.3) and use the form (3.4.4) of a trial

function.

AU Evaluation of Normalization Integral <N>

Integral

N> = [ d®J%(ak )IU,(%;B)IZ

is transformed by scaling %— = i and A = af into

de & 32008 ) [ day,
<N> = 2“5’1 2 2+1 222.'.82

- 00

0

the second integral being

dfy o
o (Rg%HE T 288

The first integral is see (Gradstain & Rizil pp. 678)

(A.4.1)

(A.4.2)

(A.u._3)
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J" A% & J%(A8 )
0

where K, and I, are Bessel functions of the first kind.
Now, lets .use the asymptotic expansion of Kk¢(A) and I,(A) for large

values of argument A see (G & R pp. 962)

] - o
I(}) el & -k Tk gTA = 4 T(k+! 5)
° VIR oy (2M)K KIT(? 2=K) 5= oo 2(k KIT( ~k)
n-1
- —  [(k+! )
OB Er R DY o R (a,4.5)
where I' is the gamma function.
If we go up to O(T]’)’ then
2,3
<N> = %%"‘ [51- + 1_61T§ + o (’xl!) + -o] (A.uo6)

A.4.,2 Evaluation of the Expectation Value of Kinetic Energy <T>

<T> integral has been evaluated in much the same way as integral <N>

<T> = 2L 1 % k2(ak )u,(%.s)l* (A.4.T)

The usual scaling ylelds
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TES df £ J3%(A% ) T4 T
{T> = o Jo (% % )2 28 + 482 583 (A.4.8)

where the big bracket represent the result of d&, integration.

a - 2T [1 + (81 (- % 5‘-’;)] Ko( ) Ia(A) (A.4.9)

-

Asymptotic expansion in large argument )\ yields

o Ef 11 a1 ! 2.1 1
<> = ong’ [ZA BM3 * qgx3 3877 * 0(53) * . (A.4.10)

A.4.3 Evaluation of the <v> Integral

Expectation value for the modified potential Eq. (3.4.12) is

> = - f—zz J I df df "(fo(AL ) + %) g(L ,% "(fo(AR ) + -:;(A-‘*-“)

Here we use the same idea as in evaluating integral <v> for 1linearly

polarized light.
£o(AL ) = AL % (A8 ) - 1 O (A412)

Function g(% , & ') is
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© ) 27 27
d¢d¢'U,(L,B8)U,(e’,
o Jo [2-2 |2 S

We can brake <v> integral into three integrals

<V> = Vn + vlz + sz . (A.uo“u) .
where the first one is
[ ] [ ]
vll = '1}2 J J dga dgl 'g(ga ’g: ') (Aouo15)

We can see that V,; is independent of A.

We will show later that it is a cruecial information about V,, so
vll = v’(B) (Aouo16)

In order to find value of V,, Eq. (3.4.16) we have to evaluate

Y(L ) -J dg 'g(e ,4 " (A.4.17)
0 e

The expression for V,,
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Vyp = % [ AL (A% )Y(R ) (A.4.18)

will be integrated by parts so that

dy = d% fo(A% ) and v = Y(& )

u = % £,(A8 ) dv = d& Y& )

where

AL
£,(A8 ) = J dt £o(+) (A.4.19)
0 .

We have to know asymptotic behavior of Y(£ ) in order to see whether

integral V,, converges or not.

Let us first evaluate g(% ,% '). If we perform dfz, d&,' integration
first we have integral

-] [--]
di,d&,"'
I(% ,% ', 4,0") = I J 2z (A.4.20)
- J=o (R'Zz+82)[(zz-zz')z+lz _2 llz](gz'&'.ez)
which we can evaluate by performing complex integration where the contour

is Fig. 1 and contour integral vanishes for |9.z|+°°.
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%! a2z (A.4.21)
¢ 9‘Z2'+B2 ¢ (222*82)[(22"12')2*'62] - .
where b2 = |2 -2 '|2, and
dfy,
¢ = 271 I residium (A.4.22)
(g'zz+32)[(zz-zz')2+bz] ..
where poles are 221’2 = + 18 and 2z3'|, = lz' + i8.
Similar procedure in contour integration over d&;' yields to
."2
I(% ,% ' ¢,9") = (A.4.23)
B2t -2 '|c28)+|2 -2 1| -
8o that
. 27 (27
1
CIDIEE = j I d¢do (A.4.24)
0 Jo (g z1)(e )|t -2 '|[2e+|3t -t '|] |
1
where |T -2 '] = (R 2+ 2 12 -2 % 1cos($=¢")) /2
and
. 27
gt ,% ") = %J d¢ (A.4.25)
0 (& #=1)(8 2+1)|t -2 |(28+[2 -2 t]) -
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At this point we have to find the value of Y(% ) in the limits of & =+

0 and £ + = which is necessary for the result of (A.4.19)

® 27
YL ) = _267_;: J de ! J . d¢ (A.4.26)
0 o |t -2 +[ea+lt -2 [Jr 20ya ey

In the 1imit of ¥ + O we have to be careful about the first term in the

denominator because there is a singularity of & -+ 0.

® 2w
2w dg ! d
£ -+ 0 Y(2 ) = ——rB Jo (2"2"'1)(28*‘2 D) [0 IE__iTI (A.ll.27)

Now integral

27 m
I —d¢ 5 [ d¢ — = 2K(x) (A.4.28)
0 & (1+x3%-2xcos¢) 2

where x = R'T- and x* < 1. K(x) is complete eliptic integral of the first

kind (see G & R pp.387).

orr [ an K(%":') |
YA = ST | smrT T (A.4.29)

where %< and %>, are smaller and larger of & ,% .
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£ dg M L K(& "
Yoqr? 1 [) dg ! ) 1.30)
Y(zz )"0 i -B_r 2 I (2 '+28)(R' '2+1) ¥ [2 2 ! (2 '2"'1)(9‘ '+28) (Ao 03

The first integral is finite when £ + 0. The second integral yields

1 5 ® X
ds 'K(3 ") K(g "
Lg® [) dg ! [
Y% ) = BT L' T (% r2pL =) ¢ J L (n +2B)(R '*41) (A.“J.‘31)

the second integral in (A.4.31) is finite so we can drop it from evaluating
asymptotic behavior of Y(% ) when & =+ 0.

The last remaining integral

1 L, 1 L
av gy ] a |, k(g v N
, T EpaEn C | e |2t wmena wn T ozg)] (3 )

where we used the fact that K(o) = w.

So that

(A..u,33)

and

b 4
) = - Ep v - - 2R (A.4.34)
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If we set a 1limit 2 -+ = in A.4.18 then
5
V(L) ~ o2 (A.4.35)

after we integrated over & .

Now we can go back to partial integration of V,, Eq. (A.4.19)

-

Vy, = - % % [ df £,(A% )Y'(L ) (A.4.36)

If we define

Fax) = = £,00)

then

Vlz = = ;2; [ di FI(AQ ) [2 Y'(z )] (Aou-37)

Now let's integrate by parts once more

du = £,(A% )d& v o= Y(L)

u=1 00 dv = d% (& Y'(& )

where
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X X
fa(x) = J dt £,() = J %E J ds fols) (A.4.38)
0 L

1

Note that v(% ) =+ T when £ -+ » and v(o) + finite. So

V,z = '1‘27 J d9. fz(Agl ) (2 Y'(z ))' (A.u.39)
0 .

Let us do f,(A% ) first. It is

1 X ©
£,(x) = (J' QEt' + [ %) {J ds[sto(s) - % (1 + sin2s)] + 2‘—-“ -
¢} 1 0

- 2—11; cos2t - Jt (sJ2,(s) - % (1 + sin2s))} (A.4.40)

where x » =,

The first two terms in the big bracket vanishes after numerical integration

is performed (see Appendix 7).

1 t X
Fa(x) = [' %} J ds(sd?y(s) - %) + J %} [- é% cos2t -
0 0 1
- J ds(sJ%,(s) - -1; (1 + sin2s))] (A 4.41)
. 4
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We can still simplify this expression by doing partial integration on

integrals

1 © 1
j %§ J ds(sd?(s) = - J. dt £ 2ntJ2(t) (A.4.42)
0]

and

-]

1
J L (sa%(s) = T (1 + sin2s) = J (4t Snt(6d2(8) = T (1 + sin2WhH.43)
0 1

So that fz(m) = kZI

1 1
Ky = = J dt ntd3(t) - = - é% J' %} cosa2t -
0 0
- J dt 2nt(tJd3,(t) - % (1 + sin2t)) (A.4.4Y)
1 .
Kz, is evaluated numerically (Appendix 7). Finally
Vig = = % J df [kay + (£2(A% ) = ka2)] (2 Y'(R ) (A.h.45)
0 )

with a definition
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£a(x) = £(X) = Ky = - J 9—51 J %E ds fo(s)

X 0

and doing one more partial integration
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(A.4.46)

Vi = K20 vy sz At £3(2 ) (& Y'(L ' (ABAT)
12 A & =0 mA? 3 o

0

the last integral converges and the whole term is of order O(%;) S0 wWe

will neglect it.

2k21 1 u'ﬂ"kzl
- [ Y'(e)], A WL

Vig = -

The last integral is

Va2 =J J df d& '"fo(af )g(L ,2 "Ff(AR ")

We will use the result of integration of g(% ,% ') so that

27
. 27 d¢
g2, ) = T ED Jo bLb+28]

where b = (£ 2+ & ' - 22 % ' cos¢)¥/,

(A.4.48)

(A.4.49)

(A.4,50)
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The integral is partially done as

Py
]
v

27 L]
—do 11 X<, A (A.4.51)
o Dblb+28] B b

Here again K is the complete eliptic integral of the first kind and £ ¢,
are smaller and larger of & ,% .

So if & ' = & .x integral V,, is

[ 1 .
Vo, = 2 J % di J dx fo(AR )g(R ,% xX)f, (AR x) (A.4.52)
0] 0 '
where
27’ T d
- L 1 - —d¢
1/
and a = (1 + x2 - 2xcos¢) 2.
Let
£oly) = Foly) + 1; sin2y (A.4.50)

so that V,, brakes into three integrals

Vaa = Vool + v,,(2) + v,,(3) (A.4.55)
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In the first of them let £ = A%, where A is very large

® 1
VD = 2 J dg J dx(3, 2 X)Fo(E)Fo(Ex) (A.14.56)

where for large A

1 ©
Vool = % %ﬂ J dxK(x) I dEFO(E)Fo(E,x) = ;‘-g; k(1) (A.4.57)
0 0 o

where k,,! is a number independent of A obtained by numerical integration
k22'1 = (A' u.58)

The second integral can be written the same way as the first one
(2) . 4% . (@
sz = So3 kzz (Acuosg)

AB

where

k,2(2) = J de(x)J dg['f‘o(s)sinzgx + Fo(ax)sinza] (A.4.60)

that after numerical integration yields (Appendix 7)
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K,o(2) =

The last integral is

® 1
V,(3) = 1%2 J dg J dxf g(% ,% x)sin2A% sin2if x (A._ll..ﬁj)

where £ g(% ,% x) is given by ( ). Let us write

sin2A% sin2A% x = % [cos2A (1-%) = cos2il (1+x)] (A.4.62)

We will need integral

cosER 1 x2 1

L B TR T T L d% cosgl [z ) 2+1:| (R.4.63)

where q 1s 2A(1-x) or 2X (i1+x). Lets go back to (G&R pp. 378).

There we find

J df cosEf 1 ~2/x ‘g}

v
EENA o - " Tz xe T (A.4.64)

If we first take into account part of % g(% ,% x) that has eliptic integral
and setting the value for q we find that this first integral in & g(% ..2. X)

18 (V22(3) = V,,5(3) = v, (3))
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1 - 1-% 2A (1+x) “2A(1-x)
a® - J B e [x e 22 5 7 x ex T e '
0
e“2A(1+x)
- -2A
We can drop e 2M1+X) and "5 (1*X) for large A.
So
. [ ke 2a(ZX)  2a(1-x%)
Va2g(3) = = 79 =ex® [x e X ' -e ] (A.4.66)
0 .

Let y = 1-x, then

.
- y Ll
Ve = - T, I tarey KO-y [G-pe 2} Ty - ¢ 2N]  (an6m
. . At

the'exponents peak around y = 0. So let us expand the integrant around y
= 0, except for K(1-y) since K(1) + =

then

(3)

N
=

1
J dyK(1=-y) Ay e "2y (A.4.68)
0

Taking the limit of small y in K(1-y)
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y 2/2
K(1-y) ~ &n ~ n — (A.4.69)
' Y/ 1-(1-y)? vy o

so that with t = 2)y and set upper 1limit to t + = with an error O(e 23)

w0
Vaa(3) = ==y (4802 + &nA) - = dt tnt t e ° (A.14.70)
818 8A8 0 )
The second term is small so drop it.
So
(3) - 3

The second integral of V22(3) = Vz,a(3) + szb(3) still get peak for small %

~ 'éli' That means that £ a ~ % << 2B and we can do ¢ integration.
2n? o L ]

2 g(z '2 X) = 8](2 2+1)(2 2x2+1) ( 28 2) o -B—l; (g' 2+1)(2 2x2+1) (A.uo72)
Setting this back into equation that gets its maximum contribution
for x =~ 1

® 1
2
Vap3) = 5 I ds [ T
u dx (- X L - .
0 0 BY (T2 3 cos2Al (1=-x) (A.4.73)
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which after x integration yields to

n2 sin2A & _m 1 _ 2 df £ cos2)i
szb(s) » - E-A—B-: Jo ds W - -2—A—§-5 (2A ) Jo (2 2_’_1)3 41\.‘4.7‘4)
We see that
2
Va3 = = g (14 0 () (A.4.75)

is small in comparison with the first term so we will neglect it, and have
that

V22(3) ~ gT"B-, (42n2 + fni)

(A.4.76)
"If we assemble all terms for the expectation value of <V>
V> = - 5?1-;! %: [v,(B) + -;f—g—; Koy + %;L; 1(22(1) + %: Ku(.?) +
+ ﬁs" (42n2 + 2ni)] (A.4.77)
The last step is to variationally determine the minimum of energy
e » 250 (A.4.78)

We see that only large negative value of V can make € negative
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e = 22 [aaal - . - 208 [0 gy + AL o T el an79)
Zma? [8%7 T W ] T S V8t 3 g nd] (b

where
. A' = Bui(kg, + Kaol1) + k"‘;:Z) + 2?{22 = (A.4.80)
Let us find the first derivative %% = 0
%.%32+%+%+$2m-§;—’§-0 . (A..ll.81)
From here
AP . - 2mEeR e sy . (A.4.82)
“(8+1) 8 ' T T I I TP QN | ‘

Since A' is A' > 0, we see that A 1s negative which makes € > 0 and lead us
to the conclusion that we did not find a binding energy for a hydrogen atom

in the ultraintense laser field that is circularly polarized.
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APPENDIX V

This appendix is related to the rather lengthy calculations described
in Chapter IV. We are not going to go into calculations of very single
integral since many of then are already done in Appendix I, II, III & IV but

rather to justify points that are crucial for the result of Chapter 1V.

A.5.1 Calculation of (1) and r(2) terms

Here we should prove that the imaginary part of the expectation value

of v = P6hG(*)shP vanishes.

T T
Doy <¢(k)6th J 4949° cos4G(+)y (9, ¢'n)cosd'ehya(k)>  (A.5.1)

Here we need

T (W
In J-ﬂ J- %cosw(*)k(«tm',n)cosw (A.'5.2)
which is
I ' A P e Ek(w) '
m . 5o EE;E X'k-z:-“—) cos ¢ ' (A.‘5.3)

The first integral vanishes so that we have to calculate integral
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w
Inm . Ek(¢')cos ¢!
J d¢ —m— (A.'S."l)

or we could also use

L %
In cos¢Ek (¢)
J —Tk—(-:T-- (A.‘5.5)

The imaginary part is then

T
r(1) 1 d * 1 1 1
Tl L gx 0086 [Ex(8) + &M 37 (g = Fogmy) e5-6)

The result in Appendix I

I3 (%)
by(-n) = = 2stnhvi(1 - n) > -\')k(—ﬁ-'%-kh_n -
n
= 2 dyk(1-1n) (Xk)I=yk(1-1n) (XK) (A.5.7)

or when n + 0 one can expand (see Abranowitz & Stegun pp. ) so that

Ak(-n) - - 2 [Jkavk - iﬂ (L\’kJ-\)k = L-vk Jvk)--] (A-508)

where
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. ,
This makes the imaginary part of
L e ol (mi6(dy doy, G0 (Ly deyLeydy)]  (A.5.10)
heC-n) B 2 g v A yd=vTh-vdy 2

Lgt us write

§(dyy)  8(Jayy)

C[d T

C 8Ty d-y,) (A.5.11)

and look at the §(Jy,)

If we define zeros of Bessel function as Jvk(Yi(Vk) = 0 where i =

1,2,+¢+.,® and then expand around Xk-yy (Vk)

so that ’

8(3ye) = [T (I 1) iy (WMo ] =
z 8(xp=y1 (Vi) | I oy (o)) + .. (A.5.12
o e

The next step is to expand around

yilvg) = y4(0) + wiy (0) + ... (A..S._13)



and

y1(0)
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IV (¥1(vK)) = J'(y1(0)) + vi [- O] J'o(y1(0) + Lo(y1(0))F (A.5.14)

The crucial point here is that since we have § functions Eq. (A.5.12) the

expectation value integral that defines I'; and I, vanishes became of the

form of the wave function ¢(k) Eq. (3.2.4)

A.5.2 Calculation of I‘(3) Term

The first nonvanishing term is

%21 = Ip<o(k)ShV(k=k,)V(k k') Shyer 8k )S(K, K" K, )>

where

dédd, - _
S=1Ip-= [ (_2:1-—)'13 Gk(¢l)le(+)(¢l¢zoﬂ)Gk'(¢z)

Having use of PGy{*) = G(*)KP = 0 one can write

&, |
Ek? (42)

In de¢,d¢,
S = (2m)%aga ' A A" J TNz Ex(9,) g‘”kl + ,

or we can write it as

(A.5.15)

(A.5.16)

(A.5.17)
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N(2) (k,k*,k,) 1

(2m)*agay' Im Bk (=n) Ak, (-n) Ak r(=n) (A.5.18)

Remember that we have ¢(k) and ¢(k') in the expression for r(3), wWe can

write that

1 ins(A)sqnB , ,_ §(A)sgnB, im§(A')sgn

1Im AkAklAk' = AR - AAT AR, (A.5.19)

where A = A + inB. Again the only term that survives is the second one

and

1
S(ky,k',K) = T N(Z)(k,k,,k')6(J\,kJ\,k)sgn(L\,kJ-\,k-LvJ\,k)(A..5.'20)

where N(z) is a real function defined as

d¢,d

Final evaluation of r(3? is done by performing a ninedimensional integration

I‘(3)/21r-J A% 1d% uy(KIV(k=ky)V(k,~kDu(k ISk, ky,k')  (A.5.22)

The evaluation of N(2) is somewhat simplified due to the fact that all

integrals that have Bessel functions with the argument XK, vanish because
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of the § function. Following the procedure outlined in Appendix I where we

make use of Jacobis expansion the general form of N(2)

4
N (k,k' k) = 2 Xik, By e DA e,k k1) (A.5.23)

1,4

where XKk, XK,x! and A(k,k,k') are integrals defined as Eq.

de,
xkk;(j) - J 2—1:- Y'k(¢1)Yk*(¢1)Yk,'*(¢l)yk,(¢.l)

d
Xy (2 = [ S (e, * ()i, ()

d¢
xkk,(3) = J = Yk (00 Vic* (62 Y, (6)
(4) 4o *
Xkky ' = S Yk'(0) Yk, " (61) (A.5.24)
and
. T
Ay = Tex, Sin ¢ sin 'EI,I(': sin _GJII: (A.5.25)

b}



Ay = -

Ay = = —

TEK k!
21 J L T
Ay = - —— Y elz; sin e, sin e
Yk 4Ty 2 T
Ay = TT-S—;: el €k Ykl sin €k
T T
Ras = = —— YWy elgy sin < - € ey
17k s X -i—
Az“ - - _2?.e_k eiek sin ekl Yk' e ek'

Tek,

Ygr 8in — s8in — e
€k

1
Ay = m 'Ykl'Ykl

Ay = -

Asy =

sin™ g

€k

ﬂskl

(Zk, Yk, * = 2k, Y',) 21 sin

Ylekx

Yklz

Yklz sin -el:-(- Ykt e™4%

o ¥

o ¥

m

sin i sin —

€Kk Ep?

L LA P

€k,

ekl

..1__

sin L 21 sin —
€k €

i -7
~8in oK Yt e

k!

ekt
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(A.5.26)

(A.5.27)

(A.5.28)

(A.5.29)

(A.5.30)

(A.5.31)

(A.5.32)

(A.5.33)

(A.5.34)

(A.5.35)
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m
Ay = =2 stn I (e it - 2 Ve, DY e7lg (A.5.36)

€k €k 1

i i L
Ay = Tren, Yk Yk,Yk,' 21 sin 0 (A.5.37)

. 4 -1 (7 *yy ¥ - T
A..z = E—l; Yk e iek (Zkl Ykl' Zlekl') Sj.n ek' (A05038)
T * * _ P S A.5. '
A.‘,3 = 2‘Ir£k ‘Yk ei Ex <Zkl Ykl' Zlekl') e ekt ( 539)
I
™ % -t
A..'. = - —21?; Yk ei'e_k' Ylel' Ykl e iek (A.5.u0)

Here we have use of the fact that Zy and Yy, have a Bessel function of the
argument xx, so Xy (1) and Xkk,(2) do not contribute alsqe among A(L)

coefficients the only one that survive are A;,, A,s, Az, A2s, Ays, SO the only

survive them is xkk,(3) xklkl(“)A3“ and the symmetric one. With all of it

2
N kkyk') = By 3 )3olxie Wolxiek JoKie =Xi)a (Au5.41)
—  J%(x)
where q(x) = 2 z = The sum (A.5.41) can be evaluated if we take the

~n=1
asymptotic form for the Bessel function (G&R pp. 996) for the large

argument and replace

y) (A.4.42)

WM E

2 2 2y o T
Jy (x) » = ©0S (x n
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80 that
q(x) + — (A.5.43)

m
3)x]

where we used

J MY ax = % (A.5.4%)
0
In order to find J'(vy) that appears in S, let us expand
&1(vk) = y1(0) + veyi'(0) *oos (ATS.US)
and
Jvk'(Yi(Vk) = Jo'(ys(0) + wiyy'(0)) (A.5.46)
where
Lo(x) = 5 No(x) (A.5.47)

where N, is Newman function.



LI Kk
T No(z) = 2 Jolz)(2n 2 + ) -2 ) .((_,Z%, (Zyzx y L
k=1

And

Jvk'(yi(vk)) ~ Jo'(y1(0)) + vy (-m Jo'(y1(0) + Lo'(y4(0))

Similarly we can expand

Juype i) > Joyp (F1(V) = Jo(y1(0) + wiey'(0)) = v Lofy1(0))

and

where

Now we can write that

r(3)

2

|

d’kd’kld’kn
(21r)5akakv

K=1

y41(0)

J_\,k(xk) = 2vky;'(0)Jd,'(y1(0))

¥1(0)Jo*(y1(0)) + Lo(y4(0)) = O

u,(k)thV(k-k,)V(k;"k')thiul(k') X
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(A.5.48)

(A.5.49)

(A.5.50)

(A.5.51)

(A.s._sz)
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x 3 Nk, K1k ekt /[ Jo' (y1(0)| %] ¥1'(0)]) 8(xy,=y1(0) Lo(y(0)) (A.5.53)
1=1 o

the rest of the calculation is described in Chapter IV,
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