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Abstract

Coherently pumped micromasers
by

Istvan Németh

Adviser: Professor Janos A. Bergou

There are few systems in physics which can be investigated under clean experimental
conditions and at the same time can be studied starting from first principles, using
exact theoretical methods. The single-atom maser or micromaser is one of these re-
markable systems, it allows us a detailed study of the atom-field interaction. The
situation realized in a micromaser is very close to the ideal case of a single two-level
atom interacting with a single quantized mode of a superconducting cavity. Consid-
erable amount of work, both theoretical and experimental, has been devoted to the
study of this system. However, it remains to be established how the system behaves
under coherent pumping. In this work our goal is to provide a comprehensive study
of the coherently pumped micromaser. We derive the master equation governing the
time evolution of the field inside the coherently pumped micromaser. We then solve
the resulting equation of motion, first by using the semiclassical approximation which
we extend to handle the case of the coherently pumped micromaser. Then we de-

velop a new analytical method to obtain the full quantum mechanical solution. We
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also generalize the trapping states of the micromaser for the case of the coherently
pumped micromaser and provide a clear physical picture of the full quantum mechan-
ical solution. Finally we derive the phase density function describing the result of
an optimal measurement of the phase of the coherently pumped micromaser’s field.
With the help of this density function we study the phase properties of the steady

state field and determine bistable and multistable regions of operation.
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Introduction

There are few systems in physics which can be investigated under clean experimental
conditions and at the same time can be studied starting from first principles, using
exact theoretical methods. The single-atom maser or micromaser is one of these
remarkable systems, it allows us a detailed study of the atom-field interaction. The
situation realized in a micromaser is very close to the ideal case of a single two-level
atom interacting with a single quantized mode of a superconducting cavity.

The story of the micromaser began with the papers published by Filipowicz et
al. [1, 2] on the theory of the microscopic maser (for a recent review see [3]). They
investigated the case where the two-level atoms before interaction were all excited to
their upper level and found that the field inside the cavity goes through thresholds that
resemble first-order phase transitions, as the pump rate increases. This remarkably
simple system which exhibits a rich structure of phase transitions caught the attention
of experimentalists who, in turn, soon came up with various realizations of this system
[4-8). The modern techniques of experimental physics made it possible to build
superconducting high-Q niobium microcavities which could maintain large photon

numbers. In the most recent experiments, values of the quality factor as high as
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1 Introduction 2

3 x 10'° have been achieved for the resonant mode, corresponding to an average
lifetime of a photon in the cavity of 0.2s. A consequence of the high-Q value is that
the photon lifetime is much longer than the interaction time of an atom with the maser
field. Therefore during the time the atom passes through the cavity the only change in
the cavity field is due to the atom-field interaction which than can be simply treated
using the Jaynes-Cummings model [9, 10]. The atoms used in these micromaser
experiments are rubidium Rydberg atoms pumped by laser excitation into the upper
level of the maser transition. The theory of the micromaser flourished, remarkable
quantum effects have been discovered such as the quantum clock [11], maser action
without inversion [12] and the collapse and revival of Rabi oscillations {6]. Also,
various uniquely quantum-mechanical states of the field, including entangled states
[13], trapping states [2, 14], tangent and cotangent states [15, 16], sub-Poissonian
photon statistics [7] and even the Fock state [17], have been generated. All these
theoretical and experimental findings indicated the great importance of the study of
the micromaser.

Although considerable work, both theoretical and experimental, has been carried
out on this system, with a few exceptions noted below, most cases involved injecting
atoms into the micromaser cavity in their excited state. An implication of this con-
dition was that the density matrix describing the field remained diagonal in the case
when it was initially diagonal. (An initial condition experimentally realizable, allow-
ing the system to relax until no transient non-diagonal elements are left.) Therefore,

investigations of phase diffusion (18, 19] and the spectrum [20~26] of the micromaser
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1 Introduction 3

involved both the creation of non-diagonal density matrix elements and the study of
their decay. The creation of the non-diagonal elements of the density matrix can be
achieved in two ways, either by injecting a preselected phase into the micromaser or
by post-selecting a phase via the detection of the exiting atoms [27-30]. In our work
we use the preselection of phase, which is achieved by injecting atoms, initially pre-
pared in a proper form of the atomic coherence, into the micromaser cavity. Although
investigations of the coherently pumped micromaser progressed, e.g. Krause et al.
described how, the phase of the atomic coherence is transferred to the field in the
limit of weak atom-field coupling, and Slosser et al. [15, 16] found that the field of
a coherently pumped lossless micromaser evolves toward pure states, called tangent
and cotangent states, a comprehensive study of the coherently pumped micromasers
is yet to be given. Especially interesting problems are the relation of the phase of
the steady state field to that of the driving atomic dipoles under general conditions,
even in the case of off-resonant pumping, and developing analytical methods which
can successfully handle this highly non-linear system. In this work our goal is to
provide a comprehensive study of the coherently pumped micromasers focusing on
these questions.

The work is organized as follows. In chapter 2 we derive the master equation
governing the time evolution of the field inside the coherently pumped micromaser.
In chapter 3 we solve the equation of motion using the semiclassical approximation
[31, 32] which we extend to handle the case of the coherently pumped micromaser. In

chapter 4 we provide a new method to obtain the full quantum mechanical solution.
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1 Introduction 4

In chapter 5 we generalize the trapping states of the micromaser for the case of the
coherently pumped micromaser and in chapter 6 we provide a clear physical picture
of the full quantum mechanical solution. In chapter 7 we derive the phase density
function describing the result of an optimal phase measurement on the phase of the
micromaser field and in chapter 8 we study the properties of the phase of the steady

state field.
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Model and the field master equation

In this chapter our goal is to introduce the model of a coherently pumped micromaser

and to derive the master equation controlling the time evolution of the electromagnetic

field inside the micromaser cavity.

Our model, illustrated in Fig. 1, consists of a stream of two-level atoms (upper

|a)
Wab
b)
wo
J- il
@— - - o - o— - ‘-F o .-.r ....... o—
(n + 1)th nth (n—1)th (n —2)th (n-3)th

Figure 1: Micromaser pumped by two-level atoms initially prepared in coherent su-
perposition of their upper |a) and lower |b) levels.

level a and lower level b) and a single mode of a high-Q micromaser cavity. The

atoms, initially prepared in a proper form of the atomic coherence, are randomly
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2 Model and the field master equation 6

injected into the micromaser cavity at a rate r low enough that at most one atom at
a time is present inside the cavity. In the cavity they interact with a single mode of
the micromaser field for a time period of 7 <« 1/r where 7 is the transit time of the
atoms through the micromaser cavity. We assume that the nth atom is injected into

the micromaser cavity at time ¢, with the initial density matrix

Paa  Apape™tn
P n(ta) = : (2.1)

Appa€™™  pp

for a discussion on the preparation of atoms in such a state see the article by Lu and

Bergou [33]. In Eq. (2.1)

Pab = Pha = |Pab] €9, (2.2)
|Pab] = v/PaaPre, (2.3)

and
Poo =1 — Pag. (24)

Furthermore v is the injected signal frequency and X € [0, 1] is the parameter which
determines the degree of the injected coherence (i.e. if A = 0 no atomic coherence is
injected since the non-diagonal elements of the atomic density matrix vanish and if
A = 1 the maximal atomic coherence determined by Eq. (2.2) and Eq. (2.3) is injected
into the micromaser). Introducing A allowed us to continuously scale our model to
describe both the coherently and incoherently pumped micromaser.

In order to derive the master equation describing the time evolution of the

single-mode electromagnetic field inside the micromaser cavity we follow the proce-
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2 Model and the field master equation 7

dure outlined by Cresser [34]. In the random process of pumping the micromaser the
atomic arrival times ¢, obey Poisson statistics. The basic assumption for the Poisson
process is that the behavior of the process after the arrival of an atom should be inde-
pendent of the behavior of the process before the arrival and probabilistically like the
original process (regeneration). In particular, the general regeneration assumption
means that the times between arrivals, X, 41 = tn41 —t,, known as interarrival times,
must be independent, identically distributed random variables. Moreover, using the
general regeneration assumption it is also easy to show that the random variable X
describing the interarrival times has exponential distribution. Therefore the condi-
tional probability that the n + 1st atom arrives at ¢,, given that the nth arrived at
tn, IS

P(tniltn) = %e‘—*—'" =, (2.5)

where T is the mean time between the atoms (T = 1/7). (More on the Poisson process
can be found in [35].) Since in our model the pumping of the micromaser is a random
process, it is clear that we must use a statistical method to describe the field within
the micromaser. Therefore we will define an average field density matrix g(t) and
determine the master equation controlling its time evolution. To see how to define
such an average field density matrix we examine the two processes controlling the
time evolution of the cavity field p;(t) (this is not the average field it only represents
the field within the micromaser for one given set {¢,}22, of the random variable t,,)
in Schrodinger picture.

During the time interval ¢, + 7 < t < t,41, when no atom is inside the cavity (the
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2 Model and the field master equation 8

nth atom exited the cavity at ¢, + 7 and the n + 1st atom did not arrive until ¢,4,),

the cavity field ps(t) evolves according to

dps(t) _

< —,ii [Hyree, pr()] + L1ps(t) = (Hree + Ls)ps(t)- (2.6)

Here the action of the super operator H . is defined by

Hreeps(t) = —% [Hree, p1(2)], (2.7)

where

Hfree = fiwoafa, (2'8)
and wy is the frequency of the empty cavity field eigenmode, a (a') is the field anni-
hilation (creation) operator obeying the standard commutation relations

[al,a] =1, [a,a]=[al,a'] =0. (2.9)

The overall losses of the field are due to the coupling of the cavity field to the en-
vironment, which we modeled by a reservoir in thermal equilibrium. Therefore the
damping of the micromaser field can be described by the term L;pf(t) in Eq. (2.6)

where the action of the superoperator Ly is defined as

Lro(t) = —5n (aatos(t) — 2a'p(t)a + py(t)aa)

- g(ﬁth +1) (a'ap,(t) — 2aps(t)at + py(t)ata). (2.10)

Here, I is the cavity-damping constant, and i, denotes the mean number of thermal

photons in the cavity. The time evolution equation Eq. (2.6) has the formal solution

p!(t) - e(n[rcc+£I)(‘_(‘ﬂ+r))p!(tn + T)- (2.11)
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2 Model and the field master equation 9

During the time interval t, < t < t, + 7 when the nth atom is inside the cavity,

the field-atom system given by tensor product p;(t) ® pf,',‘lm (t) evolves according to

2 (01(6) ® {5 (8)) = ~ 1 [FL oy (8) ® pEm(8)] + (L7 + L) s () @ (8
= (H+ Ly + La)ps(t) @ Pltom(t)- (2.12)

Here the action of the super operator H is defined by
n z n
Hpr(t) @ Pl (t) = — 3 [H. oy (t) ® pom(8)], (2.13)

where H is the Jaynes-Cummings Hamiltonian within the rotating-wave approxima-

tion (RWA) given by

H=hr"T%101 +h“—;‘:1®a, +huwpata® 1
+ h(¢*a'®o_ +ga®0o,). (2.14)

(For detailed review of the Jaynes-Cummings model see [9] and for a study of the
micromaser field without the rotating-wave approximation see [36].) In Eq. (2.14) we
used the following notations, w, = E./h, wy = Ep/h, wap = wa — wp, where E; (Ep) is
the energy eigenvalue corresponding to the energy eigenstate |a) (|{b)). Furthermore

o, (o_) is the atomic raising (lowering) operator
o.lb) =|a), o_|a)=|b), (2.15)
o is the third Pauli spin matrix, and

g = |gle’s (2.16)
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2 Model and the field master equation 10

is the complex atom field coupling constant. The damping of the field, as before,

is given by the L,p;(t) ® p ) atam(t) term. The decay of the atomic states during the

interaction is given by a similar term L,p;(t) ® P2 (t), where the action of the

superoperator L, is defined as

Labitm(®) = — 2 +1) (040 pm(t) — 20 pEm(B)os + Piim(t)o )
- Lt (0-04pEim(t) — 201 pEm(O)— + Aim(Do-0.),  (217)
here « is the atomic decay rate. The time evolution equation of the coupled field-atom
system Eq. (2.12) has the formal solution

Pr(t) ® Pl (t) = eHHEr+Et=ta) 5 (2.) @ p3) (tn).- (2.18)

From Eq. (2.18) we obtain the cavity field at time ¢ by tracing over the atomic

variables

p!(t) = Tratom [e(u+c;+c,)(t tn)p (tn) ® p(n) (tn)] (2.19)

Now using Eq. (2.5), (2.11), (2.19) we define the average field density matrix as

50 = 347 0. (2.20)

n=0

Here

n t tn t2
() = ( ) e tT / dtn | dtp_y... | dt
0 0 0

e(Hyree+Lp)(t~(tn +r))vn.amm [e(u+c f+La)To(Hpreet+Ly)(tn -(t,.-x+r))rn.am [ .
.. T‘ratom [e(u‘f'tj‘f“:a)'re(ufree+£!)‘1 p!(O) (24} pﬁtl))fn(tl)] .o

. ] ptm) (t,.)] (2.21)
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2 Model and the field master equation 11

where p;(0) represents the field density matrix at ¢t = 0 when the pumping begins.
As we can see from Eq. (2.21) in the definition of the average field density matrix
Eq. (2.20) the term p}") (t) represents the field density matrix which is the result of
the process in which exactly n atoms have passed through the cavity during time ¢
multiplied by the probability of this event thus the average field density matrix we
have defined is a proper statistical average.

In order to obtain the master equation controlling the time evolution of the average
field density matrix we shall calculate the time derivative of Eq. (2.20). First, we

determine the time derivative of p(,") (t), after some algebra this can be given as

dpy (1) (n) 1 (n)
dt = (Hfree + £f)p[ (t) - Tp] (t)

+ %e—(’}tpu-*-cf)frrram [e(’n+£;+£¢)rp‘(fﬂ-1) (t) ® ngm (t)] . (2.22)

Then using Eq. (2.22) and Eq. (2.7) we calculate the time derivative of the average

field density matrix

aolt) _ $ 4

dt ~ dt

?

= L [Hyree, 28] + L12(8) — 20

h
1 = _
+ Te—(ulree'f‘C!)f'I‘ra‘m [e(u'bl:]-i-l:a)f Z (p‘(rn 1) (t) ® p'(::g'n(t))] . (2’23)
n=1

In order to simplify this equation we take into account that each atom entering into the
cavity was identically prepared, therefore we can drop the superscript distinguishing

them and write

P (£) = Patom (t) for all n. (2.24)
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Then using Eq. (2.24) we obtain that

> (p(,"'”(t) ® pf.?,’,m(t)) = (Z o (t)) ® Patom(t) = P(t) ® Patom(t).  (2.25)

n=1 n=0

Using Eq. (2.25) now we can simplify Eq. (2.23) and obtain the master equation for

the average field density matrix

dp(t) i _ _ 1 _
— = 5 [Hyree: A(O)] + Lya(t) — Z(2)
+ :_,1,-e“"f'==+‘!>"n,,.,,,,. [e(ﬂ+C!+C¢)'r () ® patom(t)] . (2.26)

In the next step we will make some approximations in order to simplify the master
equation given by Eq. (2.26). First we assume that the interaction time 7 is so short
and the cavity @ is so high that we can safely neglect the decay of the field during
the interaction. Similarly, we suppose that also the atomic decay times are much
longer than the interaction time 7, which means we can safely neglect the decay of
the atomic states during the interaction as well. These assumptions together with

Eq. (2.7) and Eq. (2.13) lead to the following approximations

e_(ufree +Cf)7p_(t) ~ ei“’oata‘rﬁ(t)e_woat.r, (2-273)

eMHErHET 5(2) @ Putom (t) & € KB () ® Patom (t)eFHT. (2.27b)

Using Eq. (2.7) and the approximations given by Eq. (2.27) we simplify the master

equation and obtain

dp(t) _

dt —iwg [a'a, p(t)] + L,p(t) — % a(t)

+ % atom [e“""e-%ﬂfﬁ(t) ® p,,,,,,,.(t)e%“*e““"""]. (2.28)
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2 Model and the field master equation 13

As we see from Eq. (2.28) all of the effects of the passing atoms are included in the
last term of Eq. (2.28). Our next step is to evaluate this term. To do so we need to

determine the operator which represents eiwoatare—iHT  After some algebra we obtain

eiwoa'a're-{n-r = Ugtomic - U =

e Hwa+uwp+un)T/2 0 Cc() —ies S()a
. . (2.29)
0 e~ Hwatwp—wo)T/2 —ie"%satS(Q) C*(N)
where we defined the following terms

C(R) = cos(N1O) +i% sin(20), (2.30a)

S@) = %sin(ﬂe), (2.30b)

Q = \/n3 +aat, (2.30¢)

Q= ‘/n§+afa, (2.30d)

e = |g|, (2.30e)

no = “%‘: (2.30f)

In Eq. (2.30e) and Eq. (2.30f) we have introduced two parameters, © and ng. As
we can see from Eq. (2.30) parameter © determines the interaction phase and n2
determines the effective photon number shift due to the detuning wg — wep- It reduces
to zero in the case when wy = wy- Also observe that Ugomic in Eq. (2.29) does not
contain any field operator. Therefore, it can be cyclically permuted in the argument

of the trace in Eq. (2.28) in such a way that it will cancel out with its Hermitian
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2 Model and the field master equation 14

adjoint, reducing the trace term in Eq. (2.28) to

Tratom [UB(2) ® patom () U'] = paaC(02)(t)C* () + puC () 5(2)C(2)
— Apu|e—it+es—vart/DC(0) 5(¢)al S(R)
— Mool *H0s~0e*7/2) S () ap(t) C* ()
+ pwS(R)ap(t)a’S(R) + paaS(2)al 5(t)asS ()
+ A|pgsle—it+es—vartt/2 G ()at 5(t)C($)

+ Alppa|eHHes et ACH(Q)p(t)aS (). (2.31)

After substituting Eq. (2.31) into Eq. (2.28) we obtain the final form of the mas-
ter equation describing the time evolution of the field inside a micromaser which is

pumped off-resonantly and coherently by two-level atoms,

() _

T —iwp [a'a, p(t)] + L;p(2)

+ 7 (PuCE@BOC () + uC" (MBEC(@) — 51
= MpaleWttes—outrAC(Q)5(t)at S(52)

= Alppale®ttes—vartn/2 5 (Q)ap(t)C* (K2)

+ puS()ap(t)a'S() + paS(S)ats(t)as ()

+ Alpasle—it+es—vast=/2 5(S2)at 5(t)C(£2)

+ z\|p,,.,[e“““’“”_"°"+"/2)C‘(ﬂ)ﬁ(t)a5(ﬂ)). (2.32)

This equation will be the basis of our further investigations. After some algebra we

can rewrite Eq. (2.32) in the form which includes only commutators, assuring that
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2 Model and the field master equation 15

the normalization of the initial state of the field p;(0) is preserved all the time,

? = —iwo[a'a, o(t)] + £;5(t) + A([C. A(t)C'] + [D', 5(+)D] )
+ (0= 0w ([SDa, p)a"S@)] + OV, BICE)])

+ pua( [, HRS@)] + [C@), BOIC@] ) )- (2.33)

Here the operators C, D are defined as

C = /paat'®C(R2) — /Pme *S(N)a, (2.34a)
D = /pee®C(S2) + /Paae “aS(), (2.34b)
where
a=—(vt+ @y — Pa + 7/2), (2.35)
and C and D obey
c'‘C+DD'=1. (2.36)

In order to further simplify Eq. (2.32) we now introduce the following substitution

(t) = e—iata(ut+og —ap+/2) ﬁ(t)eia"l(vH«Jg —Pap+7/2) (2.37)

Using Eq. (2.37) we separate the rapidly oscillating term from p(t). Observe that
the frequency used in Eq. (2.37) is the injected signal frequency v. This choice was
suggested by the theory of the classical forced oscillations (see for example [37]),
where a system is driven by an external force and the frequency of the resultant

steady oscillation equals that of the driving. Also observe that using Eq. (2.37) we
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2 Model and the field master equation 16

introduce a @, — @b + /2 phase difference between the initial values 5(0) and 5(0).

Now by substituting Eq. (2.37) into Eq. (2.32) and using the relations

eil'ﬂ(V‘+ﬁPy —¢o5+"’/2) afe_i".(”""vy —"9ub+’r/2) = ei("‘+‘pﬂ _V’cb""r/z)at , (2.383)

eiata(t+og—gas+7/2) g o —iata(vt+og —pas+x/2) — @—i(Vt+eg—vas+m/2) a, (2.38b)

we obtain the master equation for A(t)

dp(t)

dt —i(wo — v)[a'a, A(t)] + Lph(t)

+ 7 (PuCE@BOCT () + PC(MHOCE) ~ 50
= NpwlCEADA'SE) - Mol SE)as(t)C" ()
+ PuS(@)ai(t)alS() + puaS(DalA(t)aS(@)

+ Moas|S(2)a'5(t)C() + z\lpulC‘(f—l)ﬁ(t)aS(ﬁ)), (2.39)

where the only time dependent term is 5(t) itself.

For the sake of simplicity, in the followings we assume that the thermal reservoir,
our system is coupled to, is at T = 0K temperature. Therefore the mean number of
thermal photons in the cavity is equal to zero and the loss term defined by Eq. (2.10)
reduces to

L) = —g (atap(t) — 2ap(t)al + f(t)a'a) . (2.40)
Also to further reduce the number of the parameters in Eq. (2.39) we rescale the time

according to the cavity decay time by introducing

¢ =Tt, (2.41)
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and the parameter

N = (2.42)

r_1
r rr
which is the number of atoms passing through the cavity during the cavity decay time

1/T. We also introduce the atomic inversion parameter

U = Pag = Pbbs (2.43)
thus
l1+u
Paa = —5— (2.44)
1—-u
o = =5 (2.45)
1
|Pas| = |pbal = 5\/ 1 —u?, (2.46)
and
Wo — V
= 2.47
A T (2.47)

which gives the phase shift occurring during the cavity decay time between the oscilla-
tion of the empty cavity’s field and the injected signal or, simply, the scaled detuning.

Using Eqgs. (2.40-2.47) the master equation for 5(t) can be simplified as

at) _ —iA[ata, p(t')] — -;- (atap(t') — 2ap(t')al + 5(t')a’a)

+ 22 (1 4+ CE@AEICT @) + (1 - w)C@)FE)CE) — 25(¢)
— W12 (C(N)s(t')a'S(N) + S(N)ap(t')C* (R))

+ (1-u)S(R)as(t)a'S(N) + (1 + u)S(Q)al 5(t')aS(2)

+ AWI=u? (S()a'5(t')C(Q) + C‘(ﬂ)ﬁ(t’)aS(ﬁ))).  (2.48)
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We would like to take a moment now and emphasize that our model contains two
parameters related to detuning. The first parameter ng was introduced by Egs. (2.30f)
as a result of the frequency mismatch of wy and w,; describing the frequency of the
empty cavity field eigenmode and the atomic transition frequency respectively. The
result of ng is an effective photon number shift as it can be seen from Eq. (2.30). The
other detuning related parameter is A which is the result of the frequency mismatch
between the empty cavity field eigenmode wy and the frequency of the injected signal
v. The parameters ng and A are independent, their value can be chosen independently
to control different aspects of the model. However, for the model to be experimentally

feasible

Wap = V, (2.49)
must be satisfied. Equation (2.49) will assure that non-diagonal elements of the
atomic density matrix Eq. (2.1) carry the maximum possible coherence value when
injected into the micromaser cavity. In the case Equation (2.49) is satisfied the
number of the detuning related parameter is reduced to one since

r
= —A. 2.50

In the rest of this work we will treat ng and A as independent parameters to preserve
the generality of the model. When condition Eq. (2.49) is invoked it will be specified
explicitly.

Before we proceed any further, we list all the parameters our model depends on:

Paas Paby Wab, V, ’\y Igla Pg, Wo, T, T, L. (2'51)
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However, as we can see from Eq. (2.48), 5(t') does not depend directly on all of these
11 parameters, some only appear in combinations with other parameters. Therefore
it is important to identify the real control parameters of our model, the minimal set
of parameters which uniquely determines 5(¢'). These control parameters can be read
out from Eq. (2.48). They are N, u, A, ©, ng and A introduced by Egs. (2.42),
(2.43), (2.1), (2.30e), (2.30f) and (2.47). Also observe the role of ¢, and g, is very
simple. As we can see from Eq. (2.37), they only introduce a constant phase shift
between the initial values 5(0) and p(0), therefore they can be eliminated from our
further investigation (they can be simply set to zero). In conclusion we can say that

the solution to Eq. (2.48), besides time, depends on
B = (Nez,u, A, 0,n9, A), (2.52)

where 8 is a vector in the 6 dimensional parameter space of the model. We can
summarize this by writing g(t’) = g(8,t'). Also observe that in 8 we have two
parameters, A and A, which are exclusive to the coherent pumping, they do not
occur in the case of the incoherent pumping.

In the next chapters we will provide two different approaches to solve Eq. (2.48).
First we use the semiclassical approximation to obtain an approximate solution, then

we discuss the full quantum mechanical solution of Eq. (2.48)
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The semziclassical solution

In this chapter we employ the semiclassical approach to the coherently pumped micro-
maser. The semiclassical approach was originally developed by Guzman [31] for the
case of the incoherently pumped micromaser and later used by Skvaréek and Hillery
[32] to investigate the phase distribution and the mean photon number of the coher-
ently pumped micromaser. However all these works were restricted by the assumption
that the square of the amplitude of the electric field is equal to the intensity of the
field, thereby severely restricting their scope of validity. In this chapter we extend
the semiclassical theory to overcome this limitation.

We describe the electromagnetic field inside the cavity as a complex vector &(t)
and study its magnitude and phase along with the intensity of the field. Here we will
see major differences between the coherently and incoherently pumped micromasers.
Namely in the case of the incoherently pumped micromaser the phase of the field is
totally random due to phase diffusion, as a result of small changes in the phase due
to spontaneous emission events. Therefore the magnitude of the average electric
field is zero even though the average intensity, which is immune to phase diffusion,

remains finite. In the case of the coherently pumped micromaser, as we show in this
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8 The semiclassical solution 21

Figure 2: The electromagnetic field in the case of an incoherently pumped micro-
maser. The black dots are representing the possible values of the electromagnetic
field after spontaneous emission events. The phase diffuses due to these spontaneous
emission events. The magnitude of the average field is zero.

chapter, the effect of the injected coherence is manifest in the decrease or even total
elimination of the phase diffusion thereby providing well defined phase values for the
average field. We see examples where the phase of the field is uniquely determined
(locked) and therefore the square of the average field’s magnitude is close to the
average intensity of the field. We also see examples where the phase of the field is

not uniquely determined, but restricted to certain well defined values, in this case the
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Im €

Re €

Figure 3: The electromagnetic field in the case of a coherently pumped micromaser.
The phase diffusion is reduced due to the injected atomic coherence. The phase of
the field is restricted to certain well defined values. The square of the average field’s
magnitude is smaller than the average intensity but it is not zero. The phase of the
field exhibits bistability.

square of the average field magnitude is smaller than the average intensity but it is
not zero unlike in the case of the incoherently pumped micromasers. The different
phase locking cases we described are illustrated in Fig. 2—4.

To determine the complex vector describing the electric field inside the cavity we
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Im €

Re €

Figure 4: The electromagnetic field in the case of a coherently pumped micromaser.
The phase diffusion is reduced due to the injected atomic coherence. The phase of the
field is locked and the square of the average field’s magnitude is equal to the intensity
of the field.

must evaluate the following expectation value
e(t) = Trpiaa[ap(t)]. (3.1)

Using Eq. (2.37) and Eq. (2.38) we now separate the rapidly oscillating term and
write
€(t) = e~ iWt+pg—was+7/2) Ty field [aﬁ(t)] = e~ ivt+og—vap+n/2) E.'(t). (3.2)

The differential equation describing the time evolution of the slowly varying amplitude
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8 The semiclassical solution 24

given by £(¢) can be obtained from Eq. (2.48) as follows

i‘%(t-f'-) = Trfiua [ad’z(tf') = —iBE— 26~ Nut
+ % i (C311(Cj + Cjs2) + Sin1((7 + 2)Sjs2 + 7S5)) Vi + 1641
j=0
+ 12 3 (C11(Ce = §)) + 501 (G + D32 = 15,)) VIF Ty
=0

+ ,\%\/1_—125 i ((F +1)S;41Cj — 3S;iCi+1) Pij
=0

+ A%m f: (Sj+1C}2 — Cri1Siv2) Vi + Wi + 2pjuag- (3.3)
j=0

Here we have used the notations

C; = cos (\/n;‘; +]9) + z_n\/—§=+—7 sin ( nd +_79) , (3.4a)

S; = (3.4b)

——1——'sin ( n3 +j8) ,
Vni+J
which obey the relation

C;Cj+jS: =1. (3.5)

We want to relate the sums in Eq. (3.3) to the slowly varying amplitude of the electric
field £(¢'), making Eq. (3.3) an ordinary differential equation. To this end, we apply
the following approximations. We assume that the photon distribution described
by the diagonal j; ; elements of the density matrix is sharply peaked about n, also
assume that the values given by /7 + 15;+1; peak at v + 1,41, and the values

V7 +1IVT+2pj42 j peak at vn + 1v/n + 2pn 2. The later two assumptions follow

from our first assumption, that the photon distribution is sharply peaked about n, at

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8 The semiclassical solution 25

least in the case of pure states when
Piibig = |Bijl”- (3-6)

The proof of Eq. (3.6) will be given in the next chapter. Assuming our conditions are

met we approximate Eq. (3.3) as

dE®) _ (_in_L - 4 \Nez 3 2
ot = (-8 = 5 + NuD + N F — Neo )&+ A2V = 02(G + He ). @7

where the coeflicients are

D = 2 (Ci1(Crsa + Ca) + Savt((n +DSnsa +nSn) (3.8a)
F = % (C2u1(Crsz — Ca) + Saa1 ((n +2)Snsz — nSa)) , (3.8b)
G = (n+1)Sp4+1Cp — nSpCpyi, (3.8¢)
H = SatiChsz — Coy1Snsz. (3.8d)

In a similar way, we now determine the differential equation describing the intensity of

the electric field inside the cavity. The intensity of the field is obtained by evaluating

the following expectation value
n(t) = Trriaa[a'ap(t)] = Trpiea[atap(t)]. (3.9)

The differential equation describing the time evolution of n(t) can be derived from
Eq. (2.48). Using the same assumptions we made earlier in deriving Eq. (3.7), we

obtain

dn(t")
dt’

= —n+ 22 ((n+ 182, —n82) + w2 ((n + 1), +nS2)

+ AN.V1I—u?Re [Sn+10;+le’(t')]. (3.10)
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Equations (3.7) and (3.10) provide the basis of our semiclassical model for the co-
herently pumped micromasers. They form a coupled system where the coupling is
established through the slowly varying amplitude of the electric field £(¢'). Also please
note in the case of the incoherent pumping when A = 0 the two equations Eq. (3.7)
and Eq. (3.10) are no longer coupled, Eq. (3.10) independently determines the inten-
sity of the field n(t') which then can be used in Eq. (3.7) to determine £(¢'). Another
note should be made about Eq. (3.7) namely that it is a complex equation therefore
by itself represents two coupled equations.

For the sake of simplicity we shall restrict our further consideration to the case of
ng =0. (3.11)

Then C, and S, simplify to the following real expressions

C, = cos(v/n®), (3.12a)
Sa = %sin(\/ﬁe), (3.12b)

reducing the coefficients D, F, G, and H to real expressions. Next, we will derive
separate equations for the magnitude and the phase of the electric field starting from

Eq. (3.7). It is useful to introduce a new quantity,
E(t') = —ié(t'), (3.13)

since in our quantum mechanical solution we will provide the phase distribution of
£(#') and not the phase distribution of £(¢'). Therefore the direct comparison of the

predictions of the two models is easier using £(¢'). Using £(t'), the electric field can
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be written as

e(t') = e (¥ +es—vab)g(¢). (3.14)
To obtain the separate phase and magnitude equations now we write £(¢') in the form
E(t') = |éle*”. (3.15)

After substituting Eq. (3.15) and Eq. (3.13) into Eq. (3.7) and Eq. (3.10) and doing

the algebra, we obtain

del 1 X
- = (—5 + NeeD + NeuF — Nz ) €]

- ,\%\/—1 —w (G + M) sin(y), (3.16a)

|é|% NP ,\522\/1 —w7(G — HIeP) cos(p), (3.16b)

for the magnitude and the phase of the field, and

dn(t')
dt

~n+ 22 (0 + 1)82,, — nSZ) + 'z (0 + 1)SEy +nS2)

- ’\Nez vV1- u25n+lcn+liél Sin(‘p)v (3~17)

for the intensity of the field. From Egs. (3.16) and (3.17) it is easy to see the major
differences between the coherently and incoherently pumped micromasers. First let
us see what happens in the case of the incoherently pumped micromasers. In this

case either A = 0 or u = +1 which reduces the magnitude and phase equations to

d|é 1 .
dy
2= -a, (3.18b)
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and the intensity equation to

dn(t') _
dt

Na 2 _ 2 & 2 2
n+ T((n +1)S; 1 nSn) +u 5 ((n +1)S;.. + nSn) . (3.19)

Now a very important feature of the incoherently pumped micromasers can be seen
from Egs. (3.18a) and (3.18b). The equations determining the magnitude and the
phase of the field are not coupled. Thus, these equations can be solved separately.

After solving Eq. (3.18b), we obtain
w(t') = —At' + oy, (3.20)

where the integration constant o can be chosen arbitrarily. Now using Eq. (3.14)

the electric field can be written as
e(t) = e—i((%+A)t’+¢9"%a-vo) 8]

= e—ilunt +eg—vab—vo0)|Z|. (3.21)

This means in the case of the incoherently pumped micromaser the phase of the field
is not well determined, it is arbitrary up to an integration constant. In practice this
means the integration constant can and will be randomly changed by each occurring
spontaneous emission event. As these small changes are totally random the phase
gradually diffuses and becomes equally distributed over 27 making the average electric
field to disappear. The intensity however, which is immune to this diffusion, will not
vanish. Its value will be determined by Eq. (3.19). Now, what does Eq. (3.18a) tell
us? To answer this question we have to see clearly what |£| represents. Does [€]

simply stand for the square root of the intensity n(t)? The answer to this question is
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no. If we take a look at the definition of £(¢') we see that
€] = I T [ap(t)]]- (3-22)

On the other hand the intensity of the field is defined as
n(t') = Tr [atap(t))] . (3.23)

The major difference between Eq. (3.22) and Eq. (3.23) is in the phase information
content. In Eq. (3.22) the trace is taken using the annihilation operator a. This means
we sum over values including not only magnitude but phase information, as well. In
Eq. (3.23), however, the only retained information is the square of the magnitude
and no phase information is present. This is why the intensity is immune to phase
diffusion and why the value of |¢| and \/;z—(tT) can be so different. As we will see later
from the quantum mechanical solution [¢é] — 0 when A — 0 even though the intensity
remains finite, as determined by Eq. (3.19). But in general, even in the case of A =1,

it is true that

€2 < n. (3.24)

Next we will investigate the case of the coherently pumped micromaser. In this
case we assume A # 0 and u # *1. Therefore, to obtain the proper values of ||, ¢
and n, we have to solve the set of three coupled differential equations represented by
Egs. (3.16a), (3.16b) and (3.17). We focus our attention on the steady state solution

determined by these equations. In steady state the time derivatives of the quantities
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vanish and we obtain

0 = (=5 + NeD + NeotiF — N2 )

- ,\522-\/1 —y: (g + 'Hlél2) sin(y), (3.25a)
0= —Alg| - ,\%\/1 2 (g ~ u|é|2) cos(), (3.25b)

and

0= —n+ 5-22((11 +1)82,, — "szn) + “%2((" +1)S3,.,+ nS?;)

— ANezV1 — u?Sp41Cn1|€] sin(ep). (3.26)

In general, each of these three equations Eq. (3.25a), Eq. (3.25b) and Eq. (3.26) defines
a surface in the 3-dimensional space spanned by ||, ¢, and n. The coordinates of
those points where all three surfaces intersect will represent a set of the possible
steady state values of |é], ¢, n. However, to decide whether the given point is really
representing a steady state solution we have to do stability analysis. To do so we use
the following theorem [38].

Consider a set of differential equations in the following form

d.'L'l

at = fi(z1, T2, T3), (3.27a)
d
2 = falzy, 72, 73), (3.27b)
d
‘% = f3(z1, T2, Z3). (3.27¢)
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The Jacobian of the system is given by

Df

] i%
oz,

8z
oz,

8fs
| 8z

Now let £ = (z,, 2, z3) be a point where

fi(Z) = fo(Z) = f5(Z) = 0.

oh

a2

Oz2

afs
ox2

N
oz3

8f2
8z3

o

oz3 |

(3.28)

(3.29)

Calculate the Jacobian Df| , at this point and determine its eigenvalues, A;, Az, A3.
z

If

Re [/\,] <0

(3.30)

for all eigenvalues then Z represents a stable point. If for any eigenvalue Re[)\;] = 0

we must use some other method (for example Liapunov-method [38]) to establish the

behavior of the system at that point.

Next we will provide a simple example on which we can study how the method,

we just described, works. Let us suppose for the sake of simplicity that
In this case the phase equation, Eq. (3.25b), reduces to

0= /\%ci\/l — u? (g - ’Hlélz) cos(y).

To satisfy this equation we must satisfy either of the following conditions
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or
G — Hié® =0. (3.34)
Let us now investigate both cases starting with Eq. (3.33).

If Eq. (3.33) holds then the phase of the steady state field is well determined. It

locks to either 5 or —7 therefore
sin(yp) = 1. (3.35)
Assuming Eq. (3.35) is satisfied, from Eq. (3.25a) and Eq. (3.26) we obtain

0= (—1 + 2N..D + 2N.;uF — 2N.,) €2 F ANV — u? (g + u|é|2) &, (3.36)

0= —n+ l—véi((n + 1)S,":+1 - nSﬁ) + u%ﬁ((n + 1)512.4-1 + nszl)

F AN V1 - u25n+lCn+llé|' (337)

The steady state values of n and |€|° can be obtained from these equations. Since these
are non-algebraic equations we will determine the solutions using a graphical method.
In the following pictures we plot those points which satisfy Eq. (3.36) and Eq. (3.37)
separately. The intersections of the two graphs represent the possible steady state
values of n and |€|°. To decide which of these points really represent a steady state
solution we carried out the stability analysis, we described earlier. Stable points in
the semiclassical graphs are denoted by black dots and the steady state values of n
and |é]? are printed right next to them. For comparison, along with the semiclassical

graphs, we also printed the quantum mechanical distributions for n and ¢ obtained
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from the solution of the fully quantum mechanical model. (See the next chapter for

further details on the quantum model.)

Nex=65 u=0.600 A=1 ©=0.2187 np=0 A=0 9=-0.500x

201
15¢
&= 10
|82 = 7.591

n= 8.243
5 .
0 s

40 5 1.0 1l5 2.0
1812

Figure 5: The predictions of the semiclassical model for a single peaked photon distri-
bution. The points satisfying Eq. (3.36) are represented by the graph going vertically
and the points satisfying Eq. (3.37) by the graph running horizontally, assuming phase
locking ¢ = —%.

In Figs. 5-8 we see how well the semiclassical approximation works for a single

peaked photon distribution. The values of n and £, obtained from the semiclassical
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Nu=65 u=0.600 A=1 ©=0.2187 no=0 A=0 ¢=0.500x
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Figure 6: The predictions of the semiclassical model for a single peaked photon distri-
bution. The points satisfying Eq. (3.36) are represented by the graph going vertically
and the points satisfying Eq. (3.37) by the graphs running horizontally, assuming
phase locking ¢ = Z.

theory and the fully quantum model are close to each other. Note that the only
stable solution predicted by the semiclassical model, has its phase locked to —%. This
phase locking can also be observed in the phase density function provided by the

fully quantum mechanical model and pictured in Fig. 8. Here we can see a sharp
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q=1 ng=20 N,=65 u=0.600 A=1 ©=0.2187 ny=0 A=0
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Figure 7: The predictions of the quantum mechanical model for a single peaked
photon distribution. The photon distribution is obtained by solving the fully quantum
mechanical model. The average photon number is (n) = 8.503, and the square of the
average field’s magnitude is |(€)]° = 8.241. On the figure we also indicated, with the
thin line, the uniform photon distribution.

peak in the phase density function at —%. In the case ¢ = § the semiclassical model
predicted no stable solution. This can be easily understood from Fig. 6, where we
can see that for all intersection points in the graph |é]° > n and if these points
represented a steady state they would violate Eq. (3.24). Also note since the phase
density function, pictured in Fig. 8, is sharply peaked the corresponding steady state
values of n and |¢[* are fairly close to each other. They would be the same only
if the phase density function were represented by a Dirac delta function d(¢ — o)

where o represents the value the phase of the field locks to. By observing the spread
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Figure 8: The predictions of the quantum mechanical model for a single peaked
photon distribution. The phase density function is obtained by solving the fully
quantum mechanical model. On the figure we also indicated the density function
corresponding to the uniformly distributed phase.

of the phase density function pictured in Fig. 8 we can conclude that the effect of
the injected atomic coherence is manifest in the significant reduction of the phase
diffusion observed in the case of the incoherently pumped micromaser.

In the following set of pictures, Figs. 9-24, we show how the semiclassical approx-
imation works for multiple peaked photon distributions. Even though in deriving
Eq. (3.36) and Eq. (3.37) we assumed a single peaked photon distribution, the equa-
tions work for multiple peaked photon distributions as well. This we can see from
Figs. 9-24, provided that the peaks of the photon distribution are well separated from

each other. But as we can see from these pictures the values of the average photon
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Ne=65 u=0.600 A=1 ©=0.4361 ng=0 A=0 ¢=-0.500x
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Figure 9: The predictions of the semiclassical model for a double peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming phase locking ¢ = —3.

numbers in steady state, provided by the fully quantum mechanical model, and the
steady state values of n, provided by the semiclassical model, are no longer close
to each other. However, the peaks in the photon distribution of the steady state,

provided by the fully quantum mechanical model, are close to the values obtained
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Nex=65 u=0.600 A=1 ©=0.4361 ny=0 A=0 ¢=0.500x
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Figure 10: The predictions of the semiclassical model for a double peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming phase locking ¢ = %.

for the steady state value of n from the semiclassical model. The main difference
between the two models is that even though the semiclassical solution, provides the
positions of the peaks in the photon distribution fairly well, it can not provide the

statistical weight of these peaks. Therefore it is unable to give a precise answer for
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q=2 ng=20 N.=65 u=0.600 A=1 ©=0.4361 no=0 A=0
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Figure 11: The predictions of the quantum mechanical model for a double peaked
photon distribution. The photon distribution is obtained by solving the fully quantum
mechanical model. The average ghoton number is (n) = 4.725, and the square of the
average field’s magnitude is |(¢)|° = 3.375. On the figure we also indicated, with the
thin line, the uniform photon distribution.

the average photon number. Also please note from the phase density graphs Figs. 12,
16, 20, and 24 how they spread wider in the case of more peaks in the photon dis-
tribution resulting in lesser reduction of the phase diffusion. As the phase density
graphs spread wider the corresponding steady state values of n and Iél2 are getting
more and more separated. Ultimately, in the case when the phase density function
is represented by the uniform distribution (P(p) = 5-), the case of the incoherently

pumped micromaser, the steady state value of |é|2 becomes equal to zero.
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Figure 12: The predictions of the quantum mechanical model for a double peaked
photon distribution. The phase density function is obtained by solving the fully
quantum mechanical model. On the figure we also indicated the density function
corresponding to the uniformly distributed phase.

In Figs. 25-28 we present an exciting result of the semiclassical model. We can see
in Figs. 25 and Figs. 26 that stable solutions of the semiclassical model exist in both
phase locking cases. Therefore, we expect that the quantum mechanical model will
predict not only a multiple peaked photon distribution but a double peaked phase
distribution, as well. However, the phase density function Fig. 28 obtained by solving
the fully quantum mechanical model is an unexpected sight at first. It shows a triple
rather than a double peaked phase distribution. The underlying principle of this phe-
nomena is interference. Since the wave function, describing the quantum mechanical

system, contains a coherent superposition of both phase locked solutions with differ-
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Figure 13: The predictions of the semiclassical model for a triple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming phase locking p = —7.

ent statistical weights, the measurement statistics of observables will contain terms
which are related to interference between the two phase locking schemes. In our case,
we can see from the photon distribution Fig. 27 that the highest statistical weight

corresponds to the case when n = 1. This we can identify with two semiclassical
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Figure 14: The predictions of the semiclassical model for a triple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming phase locking ¢ = .

branches corresponding to n = 0.730 and n = 1.343 both belonging to the ¢ = ¥
phase locking scheme. This is why the density function describing the measurement
statistics of the phase Fig. 28 is centered around §. We can also see in the photon

distribution Fig. 27 another significant peak which is located at n = 5. The semiclas-
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Figure 15: The predictions of the quantum mechanical model for a triple peaked
photon distribution. The photon distribution is obtained by solving the fully quantum
mechanical model. The average ghoton number is (n) = 5.886, and the square of the
average field’s magnitude is |(€)|° = 4.606. On the figure we also indicated, with the
thin line, the uniform photon distribution.

sical model predicts the only solutions where the photon number is approximately
equal to 5 are belonging to the ¢ = —% phase locking scheme. Since the statistical
weight of these solutions is much smaller than the statistical weight corresponding
to the other phase locking scheme they do not pull the phase distribution away from
being centered around %, rather they cause a symmetrical splitting of it, as shown in
Fig. 28. This example is an exciting result of our extended semiclassical theory, as
well it provides a simple explanation of the multistable behavior of the phase of a co-

herently pumped micromaser. We will see more examples of the multistable behavior
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Figure 16: The predictions of the quantum mechanical model for a triple peaked
photon distribution. The phase density function is obtained by solving the fully
quantum mechanical model. On the figure we also indicated the density function
corresponding to the uniformly distributed phase.

of the phase after discussing the fully quantum mechanical model of the coherently
pumped micromaser.
Closing this chapter now we discuss the condition represented by Eq. (3.34). If it

is satisfied then the steady state value of |[(¢)|° is given by

g =2 (3.38)

However caution must be taken when applying this condition since both G and H can
be either positive or negative but || must always be positive. Therefore Eq. (3.38)

can only be applied if using it leads to a steady state value of n which satisfies the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8 The semiclassical solution 45

Nex=65 u=0.600 A=1 ©=0.87371 np=0 A=0 ©=-0.500x

20+
~_ &= 11.338
n= 16.260
15}
2 10+
8¢=5.210
n= 8.365
5 b
1812= 1.464
n= 2.867
|27 = 0.028
ok n= 0.037
6 g 1.0 1.5 2.0

&

Figure 17: The predictions of the semiclassical model for a multiple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming phase locking ¢ = —3.

following condition

> 0. (3.39)

2|aQ

Assuming we have satisfied Eq. (3.39), we can use Eq. (3.38) to simplify Eq. (3.25a)

and Eq. (3.26) and obtain the coupled equations determining the steady state value
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Figure 18: The predictions of the semiclassical model for a multiple peaked photon

distribution. The points satisfying Eq. (3.36) are represented by the graph going

vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,

assuming phase locking ¢ = .

of n and ¢

0= (-1 + 2N (D +uF — 1))% AN VIS uzg\/% sin(), (3.40)
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Figure 19: The predictions of the quantum mechanical model for a multiple peaked
photon distribution. The photon distribution is obtained by solving the fully quantum
mechanical model. The average photon number is (n) = 6.029, and the square of the
average field’s magnitude is |(¢)|* = 3.983. On the figure we also indicated, with the
thin line, the uniform photon distribution.

0= -n+ &((1 + u) sin’(Vn + 18) — (1 — u) sinz(\/ﬁe))

— AN V1 sm(2 \/_.n-t-e) 7_tsm(tp) (3.41)

By eliminating sin(y) from Eq. (3.40) and Eq. (3.41) we derived the equation deter-

mining the steady state value of n

0= —n+ £E((l + u) sinz(\/n +10) - (1 —u) sinz(\/r_ze))

_ sin(2vn +16) (_
2vn + 1 27{ 'H

(D + uF — 1)) (3.42)

Solving Eq. (3.42) provides the possible steady state values of n. However not all n
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Figure 20: The predictions of the quantum mechanical model for a multiple peaked
photon distribution. The phase density function is obtained by solving the fully
quantum mechanical model. On the figure we also indicated the density function
corresponding to the uniformly distributed phase.

values will represent real steady states. The only acceptable solutions will be those
which satisfy all the following conditions. Since n is representing an intensity value

it must be positive

n>0. (3.43)

Furthermore, using the steady state value of n from Eq. (3.40) we can determine the

sine of the steady state’s phase

) _ vz + (D+uF 1)
) = Vi—even

which should fall between —1 and 1. Moreover, using the steady state value of

(3.44)
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Figure 21: The predictions of the semiclassical model for a multiple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,

assuming ¢ = —3.

n obtained from Eq. (3.42), we must also satisfy the initial assumption given in
Eq. (3.39). If all three conditions are met and the stability analysis evaluates the
point, given by the values of ¢, |[(€)|* and n, as a stable point then we have a steady

state solution. Since Eq. (3.42) is a non-algebraic equation we determined its solution
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Figure 22: The predictions of the semiclassical model for a multiple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming ¢ = %.

using numerical methods. We found that in general this condition provides stable
solutions rarely, only in the case when the interaction phase © is quite high. The
phase of the steady state in all of these cases evaluated to a value very close to zero.

To give examples we list some of our numerical results in Table 1.
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Figure 23: The predictions of the quantum mechanical model for a multiple peaked
photon distribution. The photon distribution is obtained by solving the fully quantum
mechanical model. The average photon number is (n) = 7.132, and square of the
average electric field’s magnitude is |(€)|* = 4.324. On the figure we also indicated,
with the thin line, the uniform photon distribution.

Table 1:

Parameters Steady state values
q | ng | Nez u A e n Hi 7
46 | 20 | 65 0 1| 10.038% || 5.42189 | 4.69701 | —0.053722x
45120 | 65 0 1| 9.820x || 5.19248 | 3.87434 | —0.058086~
38 (20| 65 0 1| 8.292x || 3.44900 | 3.07784 | —0.0754037
i 2__ 65 | —0.07 | 1 | 8.292x || 3.42931 | 3.38247 | —0.076921 7
Numerical results for the case when |¢]* = £.

After discussing the semiclassical method of solving Eq. (2.48) we now have some

knowledge about the system at hand. Next we will present the fully quantum me-

chanical way of solving Eq. (2.48) which will provide much more details about the
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Figure 24: The predictions of the quantum mechanical model for a multiple peaked
photon distribution. The phase density function obtained by solving the fully quan-
tum mechanical model. On the figure we also indicated the density function corre-
sponding to the uniformly distributed phase.

coherently pumped micromaser, further enhancing our knowledge about the phase

and intensity of the field inside the micromaser cavity.
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Figure 25: The predictions of the semiclassical model for a multiple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graphs going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming @ = —3.
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Figure 26: The predictions of the semiclassical model for a multiple peaked photon
distribution. The points satisfying Eq. (3.36) are represented by the graph going
vertically and the points satisfying Eq. (3.37) by the graphs running horizontally,
assuming ¢ = Z.
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9=17 ;=20 N,=65 u=-0.180 A=1 ©=3.710r no=0 A=0

T T

0 S 10 15 20
n

Figure 27: The predictions of the quantum mechanical model for a multiple peaked
photon distribution. The photon distribution is obtained by solving the fully quantum
mechanical model. The average photon number is (n) = 1.353, and square of the
average electric field’s magnitude is |[(£)[> = 0.229. On the figure we also indicated,
with the thin line, the uniform photon distribution.
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Figure 28: The predictions of the quantum mechanical model for a multiple peaked
photon distribution. The phase density function obtained by solving the fully quan-
tum mechanical model. On the figure we also indicated the density function corre-
sponding to the uniformly distributed phase.
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4

Quantum mechanical solution

In this chapter we present the full quantum mechanical solution of Eq. (2.48). There
have been numerous previous attempts to solve the quantum model of the coherently
pumped micromaser analytically but so far all methods fell short of this goal. The
most noticeable attempt is due to McGowan and Schieve [25] who used perturbation
theory to solve the problem. However, as we will show in this chapter, in many
cases due to the strong coupling between the elements of the field density matrix,
introduced by the coherent pumping, this approach will not provide an adequate
answer. The method we introduce here works even in the case of strong coupling and
it reveals intimate details about the inner structure of the density matrix describing
the cavity field.

Our approach is based on a specific representation of the field density matrix.
We convert the whole field density matrix into a vector called x(8,t') which is an
element of the infinite dimensional complex vector space V. The time evolution of
x(B,t') will be determined by a linear operator which we will call A(8). After finding
the eigenvalues and eigenvectors of A(8) we use them to describe the time evolution

of the density matrix represented by x(8,t'). This method is similar to the one used in
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the determination of the normal modes of coupled physical systems (see for example
[39]).

Before we start presenting our method we would like to point out why it is so hard
to solve the master equation, Eq. (2.48), describing the time evolution of the field
inside the cavity of a coherently pumped micromaser. To this end, we write down
the time evolution equation for the matrix elements of 5(8,t') as determined by the

master equation, Eq. (2.48), in the photon number representation,

BelB,t) = ~itA(k — Dprs(B,¥) — “a—5us(B,¥) + VEF DU+ Dcsrin(B,t)

+ % ((1 +u) ((C"'HCI‘+1 - l)ﬁk,l(ﬁy t’) + SkS¢ﬁk_1,[._1(ﬂ, t’))

+ (1= w)((CLC = Voes(B, ) + SersSunbeerin(B, 1))
+ AV1—u? (SkCtﬁk-l,l(ﬂ, t') = Ces1Si+1Pk141(B, ')

+ CiSiphas(B,¢) = SeniCiraprraB.1)) ), (41)
where

Cir = cos(y/n3 +kO) + 1 sin(y/n3 + kO), (4.2a)

Sy = ——-ﬁ—sin( n3 + kO), (4.2b)

JRAE
with k&, [ non-negative integers. In the case of incoherent pumping (A = 0), as we
see from Eq. (4.1), pri(B,t') is only coupled to the elements in the same diagonal.
On the other hand, with coherent pumping (A # 0) the field density matrix element
Pr4(B, t') will also be coupled to the elements in the neighboring diagonals (px-1,4(8,t')

and pey41(B,t'), and p—1(8,t') and pe414(B,1')), making it impossible to use the
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technique of solution of the incoherently pumped micromaser, since this technique
only considered the coupling between the elements in the same diagonal. Therefore,
in the case of the coherent pumping, we have to develop a new method which can
handle the field density matrix as a whole during all calculations, thus preserving the
couplings between the elements in different diagonals. Throughout the rest of this
work we will use the following convention, we will call g;;(83,t’') as an element of the
nth diagonal of the density matrix g(8,¢') if Kk — [ = n. The Oth diagonal in our
convention is just the diagonal of the density matrix, and the elements just below the
diagonal form the 1st diagonal using our convention.

To start we define the mapping of the field density matrix 5(8,t') onto the infinite
dimensional complex vector space V. We map the field density matrix using its
photon number representation, given by the g¢ (8, t’) elements, onto the components
of xE(B, t') which is the representation of x(3,t') with respect to the standard basis
of V. This vector, xE(8, t'), is also called the coordinate vector of x(3, t') with respect
to the standard basis of V. The standard basis E of V is composed of the column

vectors vy,

(vlav2s'~-’vn1"') = E1 (4°3)

where v, has a 1 in the nth position as its single nonzero entry and therefore
x(B,t') = Ex®(B,t'). (4.4)

The actual mapping is now defined by M, a transformation which will provide the

one-to-one mapping of the indexes of the elements of the field density matrix (k, )
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onto the component index, j, of xE(8, '), the mapping is illustrated in Fig. 29 and

given by
(,c’,),_ag,j=1+(k+l)2;(k+3z), @)
and
z5(8,¥) = peu(B,t). (4.6)

To complete the mapping of the problem, using Eq. (4.1), we now determine the

1 .73 "6 ~“10 7 .
.2 LOO (1) (02 (03)---
\/’ 2 /5 /9

o lao any ay @3 .-
VA4 78
L, |L.eoO @n 22 (@23) -
) /’ 7

30 Gl (32 (33 -e-
Y A ; : :

Figure 29: The mapping of the indexes of the elements of the field density matrix
(k,!) onto the component index, j, of xE(8,¢'). Over the index of each element of
the field density matrix, (k,!), we printed the corresponding value of j.

time evolution of x(8, t'). Since Eq. (4.1) is linear in the elements of the field density

matrix it can be rewritten in the following linear form

B0 — aB)x(B, 1), (47)
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where A(B) is a linear operator over V. It is independent of the time and depends only
on the position 8 in the parameter space. The components, A; j(8), of the matrix of
A(B) with respect to the standard basis can be determined using the index mapping,
Eq. (4.5), and the time evolution equation, Eq. (4.1). The solution to Eq. (4.7), with

respect to the standard basis is given by
x%(B,t') = AP x%(0), (4.8)

where xE(0) represents the initial value of the field density matrix. Using the vector
notation of the density matrix, in Eq. (4.8) we obtained a formal solution to Eq. (4.1).
However, the problem which arises now is to determine the exponential of the matrix
A(B). This is an extremely hard problem, unless A(B) is in its Jordan form.

A matrix is said to be in Jordan form or to be a Jordan matrix if it is composed

of diagonal blocks
(J, 0 ... 0]
0 J; 0 (4.9)
0 0 ... Jm |

where each of the diagonal blocks is a Jordan block, a matrix of one of these forms
0 k00
K
[n],[ ], 10{,-... (4.10)
1k
01«

where « is a complex number. A theorem from algebra [40] proves that for every linear
operator A on a complex vector space V there is a basis such that the matrix of A with

respect to this basis is in Jordan form. Given our A(8) square complex matrix the
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theorem asserts that P(8)A(B)P~!(8) is in Jordan form for some invertible matrix
P(B). We will refer to P(8)A(B)P~!(B) as the Jordan form for A(8) and denote it
with A’(B8). The Jordan form of A(B) is unique only up to a permutation of the
blocks, because only the terms in the direct sum decomposition of A(8) are unique

and not their ordering. Using the Jordan form of A(8) we can write that
A(B) = P7'(B)A’(B)P(B). (4.11)

Further, corresponding to every Jordan block in A7(8) there are unique eigenvec-
tors in V. These eigenvectors are only unique up to a normalization constant. This
constant can be chosen arbitrarily but it must be the same for all eigenvectors belong-
ing to the same Jordan block. Therefore, there exists an invertible matrix N whose

inverse, N~!, normalizes the chosen basis in V such that
A(B) = P(B)N'A’(B)NP(B), (4.12)

where

[N~ AY(8)] = [N,A/(B)] =0. (4.13)

Now with the aid of the Jordan decomposition, Eq. (4.11), we can rewrite Eq. (4.8)

and obtain

xE(B,t') = P~}(B)er’ B P(8)xE(0). (4.14)

The exponential of the Jordan form can be easily calculated now since for an arbitrary

k x k Jordan block
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[ 0 0 0 ]
1 0 ... 0
J=10 1 « ... 01, (4.15)

L0 0 0 ... k]
we can write its exponential in the following form

tk— 1

Jt _ osle Jot _ sle L k—1
e e~ e e (1+J01!+ + Jg (k—l)!)’ (4.16)

where Jo is a k£ x k matrix obtained by substituting x£ = 0 into the Jordan block in

Eq. (4.15). Here are some simple examples:

1. The exponential of a 1 x 1 Jordan block is simply e** where x is the complex

value corresponding to the unique vector of the Jordan block.

2. The exponential of a 3 x 3 Jordan block J is

ext’ 0 0
el = | pert et ¢ |. (4.17)

142 it st nt'
bzt'e te st e ]

To understand the physics behind Eq. (4.14) let us rewrite it in the following form
P(B)x%(8,t) = e P P(8)x"(0), (4.18)

and recognize that
x¥(8,t) = P(B)x"(B,t) (4.19)

is the coordinate vector of x(8,t') when it is computed with respect to the basis

spanned by the vectors v/ where, in turn, v, is formed from the columns of the
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matrix P~1(8),
P7!(B) = (V}, V3, -, Vpy...) =B’ (4.20)
The time evolution of the coordinate vector x® (3, t’) can be obtained from Eq. (4.18)
namely
xB'(8,t) = e*' B xB'(0). (4.21)
From Eq. (4.21) we see the coordinates corresponding to basis vectors which belong
to different Jordan blocks evolve independently. Therefore these vectors represent
the independent modes of the ‘motion’ of the density matrix. The power of our
method lies in this independent mode decomposition of the density matrix, since
using this technique we will preserve all couplings between various elements of the
density matrix and still be able to give a physical interpretation of the time evolution
of our system. The method in its essence is similar to the one used to provide the

possible independent oscillation modes of interacting mechanical systems.

Using Eq. (4.20) and Eq. (4.21), we obtain the solution of Eq. (4.7) as

X(ﬂ, t’) = P-l(ﬂ)xal(ﬁ, t') = P_l(ﬂ)eA"(ﬁ)t'xB’(O)
= i i"i'(e“" ) .47k (0). (4.22)
=1 k=1

With the help of Eq. (4.16) this solution can also be written in the form which does

not include the exponent of the Jordan block matrix A’(8) namely

x(8,t) =" Z( aad Z Viem) ((t') ;),) =& 1)(0). (4.23)

& =1

In Eq. (4.23) we used the index pair (k, ) instead of the single index k to label the basis

vectors of B’. The index « is referring to the Jordan blocks of A/(8) by specifying
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the value corresponding to a given block. It is running over the set of the eigenvalues
of A(B). The other summation index [ is indexing the vectors corresponding to the
Jordan block with the specified x value. It is running over the integer numbers from
1 to the dimension of the given Jordan block which is denoted with n,.

Next we will examine our solution from a physical point of view. We will list the
necessary conditions which must be satisfied by any physically possible solution and
investigate the implications of such conditions. To start let us recall that each vector
in V represents a unique density matrix which can be obtained using the coordinates
of the given vector with respect to the standard basis E of V and the coordinate
mapping given by Eq. (4.5) and Eq. (4.6). The following conditions are imposed on

the density matrix of any proper physical state by the rules of quantum mechanics

p(t) = p'(t), (4-24a)
Tr[p(t)] = 1, (4.24b)
pii(t)pii(t) = lpi(t)|?, foralli,jeN. (4.24c)

The first two conditions, Eqs. (4.24a) and (4.24b), ensure that the density ma-
trix describing a physical state is Hermitian and normalized. The third condition,
Eq. (4.24c), can be proved as follows. By definition the general form of the density

operator describing a physical state is

pP= an |¥n) (¥al, (4.25)

where the summation is over a set of states and it can be discrete or continuous. The
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pij element of the density matrix therefore can be obtained as
Pij = (‘l' P IJ) = an (ilq’n) (\I’nlj) = anc?c_,j”' (4'26)
n n
Using Eq. (4.26) we can directly evaluate the following difference
ne — |ps]? = ni2| m(2 _ nonsmoms
PiiPij IP:J' = anpm et |Cj I CiCj Cj ¢
n,m

= 3" upm (111 - Pl || [ le] ef (7 -7 eiler—er))

n,m
= Y papm (121217 + PP’
T
22 [e2] |e] le| cos (¢ — 02) — (¥ — &)
> Y papm(IcPl|el] - [l 2])? > 0, (4.27)
,m
n>m

which proves the validity of the third condition Eq. (4.24¢). From Eq. (4.27) we can

also see that equality only holds for pure states where
p =¥ (¥]. (4.28)
We list some of the other consequences of Eq. (4.24c):

1. Combining Eq. (4.24b) with Eq. (4.24c) we immediately see that all diagonal
elements of a density matrix representing a physically possible state must be

positive or zero

pii 2 0. (4.29)
2. The trace of p" (n € N and n > 2) must be less than or equal to 1

Tr[p"] <1, (4.30)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 Quantum mechanical solution 67

and the equality only holds for pure states.

We show now for n = 2 that Eq. (4.30) is the consequence of Eq. (4.24c).

2
T[] -1 =Y losl® 1= p’ +)_lossl° - (Z Pii)
i,j i :;’ej i
= Y (Ipisl* - piris) <0, (4.31)
i,j
i#]
where in the last step we used Eq. (4.24c). Similarly, it can be shown to hold for any
n > 2 integer, as well.
After reviewing the general conditions, Eq. (4.24), on the density matrices of proper

physical states, we will now show that they also hold for 5(8, t'), the slowly varying

amplitude of the solution defined by Eq. (2.37). Using Eq. (2.37) we can write

A8, t’) - eia'n(fct' +Pg—Pap+%/2) 2(B, tl) e—iata(ft' +og—par+%/2) (4.32)

From Eq. (4.32), however, we immediately see that 5(8,t') will satisfy the conditions
Eq. (4.24) as long as p(8,t') satisfy them. Therefore we conclude here that 5(8,t'),
the slowly varying amplitude of our solution, must satisfy the same conditions as the
density matrix of a proper physical state. Since all conditions imposed on 5(8, ') can
also be formulated as restrictions on the coordinate vector xE(8, t'), corresponding
to p(B,t), quantum mechanics restrict the motion of xE(8, ¢') to only a physically

accessible region of V. Using the mapping equations, Eq. (4.5) and Eq. (4.6), we can
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express these restrictions as

xE(8,¢) = T(x®(B,?))", (4.33a)
n®x®(8,t) = 1, (4.33b)
T 42 (B )Ty 2 (Brt) 2 2%, inynsy (1) L (s
Here nF is the row vector which provides the norm on V. It is defined as
1 ifi=n?+(n+1)?forsomen €N,
nf = (4.34)

0 otherwise.
The norm of a vector in V is therefore defined as the trace of the corresponding density
matrix. Furthermore, T represents the matrix of T with respect to the standard
basis, E, of V. The operation T is defined as a vector-vector operation on V which
results in the vector, Tx(8,t'), which describes the transpose of the density matrix
corresponding to Tx(8,t). Since the transpose of the transpose is equal to the

original density matrix we have that
TT =1 (4.35)
which means the matrix of T with respect to the standard basis, E, of V satisfies
T=T" » (4.36)

Using the conditions, Eq. (4.33), we are going to investigate our solution given
by Eq. (4.23) and determine key properties of the independent modes v(, .., from

which it is composed of. First, let us see what are the consequences of the Hermitian
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property of 5(8,t'). From Eq. (4.7) it follows that

dxB(8,t
EB.E) _ a8, 1), (437)
Taking the complex conjugate of Eq. (4.37) and using Eq. (4.33a), we obtain

dx®(B, t)

7 = ATB)TxE(8,¢). (4.38)

T

By multiplying both sides of the equation with T from the left and using Eq. (4.36),

we get

de‘(itﬁ'v tl) = TA" (ﬁ)TXE(ﬂ, t’)- (4.39)

Now, by comparing Eq. (4.37) and Eq. (4.39), we can read out that
A(B) = TA*(B)T. (4.40)

This equation points out a very important feature of the A(8) matrix, viz. it is
similar to its complex conjugate. An implication of this feature is that the Jordan

form of A(B) is also similar to its complex conjugate,
A‘(B) = P(B)T (P-1(8))" (A°(B))" P*(B)TP-'(8)
= Q(B) (A7(8))"Q7'(B). (4.41)

In other words, if A7(8) includes a Jordan block J, with value x then it must include

the Jordan block J.. corresponding to x*, and
Jee = J5. (4.42)

To each Jordan block there correspond unique eigenvectors in V. We will now deter-

mine how the eigenvectors corresponding to complex conjugate blocks are related to
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each other. Using Eq. (4.11) and Eq. (4.40), we can write
A(B) =P~'(B)A’(B)P(B) = T (P~'(8))" (A’(8)" P*(B)T.  (4.43)

From here we can read out that if P;!(8) contains the basis vectors corresponding
to the J, Jordan block then T (P;}(8))" will contain the basis vectors corresponding

to the J.. block. Using Eq. (4.20) this means
Vi) = T (Viemy) - (4.44)

Earlier we have defined x®' (3, ¢'), Eq. (4.19), the coordinate vector describing our
system in the B’ basis. Now let us work out how the coordinates in this basis corre-
sponding to basis vectors of complex conjugate Jordan blocks are related to each other.

To obtain the relation let us take the complex conjugate of x? (8, ¢), Eq. (4.19), and

get
(x¥®B.1))" = (P(BY=(8,1))" = P(B)Tx"(8,)
= P*(B)TP~!(8)x*(8,1). (4.45)
From here
P~ (B)x¥ (8,¢) = T(P~'(8))" (x¥ (8, )) (4.46)

which means the coordinates corresponding to basis vectors of conjugate Jordan
blocks are complex conjugates of each other at any given time. If we apply Eq. (4.46)

to the initial values of the coordinates we obtain

8. (0) = (zg;,,(o))'. (4.47)
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From Eq. (4.47) we also see the coordinates corresponding to real x values are real as

well. To summarize the results we obtained so far let us incorporate them into the

general solution, Eq. (4.23), and write

x(8,¢) = 3(x(8.6) + Tx"(8,1))

tl —
-2 ZZ[ ul (Z V(km) (( ) ) 04)(0)

K =
m—1
e” M (Z T (vzs.m))‘ (tl)_ l)') (I(u l)(o)) ] (4.48)

If we introduce now the following notation

¥ (0) = &, (0)| o, (4.49)

and use Eq. (4.44), Eq. (4.48) simplifies to

x(8,t) =

Nk

= Z E [(vzn,m) + st' .m)) efert (i

x€C m=l =l
Imx>0

)m_‘ - COS (Imnt’ + v ,)))

0 1) (O)I m

m m—l
+ i (Vi) = Viwe.m)) €5 (Z T (O)I (m j sin (Imnt + P, ,)))J

=l

i m—!
+ Z Z (v’("-m)e (Z z(lc.l) (0) ((tl) ) )) . (4.50)

x€ER m=1

We can now read out the following important properties of the solution from

Eq. (4.50).

1. The combinations of the basis vectors appearing in Eq. (4.50) represent Hermi-

tian matrices, as seen from Eq. (4.44).
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2. The density matrix corresponding to x(8,t') can be represented at any time as

a linear combination of these Hermitian matrices.

3. The time evolution of the coordinates corresponding to these Hermitian matri-

ces is independent of each other.

Based on these facts we can conclude in Eq. (4.50) we have obtained a Hermitian
independent mode decomposition of the density matrix x(8,¢'). The independent
modes of the ‘motion’ of the density matrix are given by the following Hermitian

combinations of the basis vectors
(Viem) + Vieesn); & (Vieum) — Visem)) » for x € Cand Imk >0, (4.51a)

and

Vix,m) fork e R (4.51b)

Next we will determine some important properties of these Hermitian modes of
the motion. We will use the condition given by Eq. (4.33b) which states the density

matrix must preserve its norm as it evolves in time. Thus
nfxE(0) = n®xB(B,t) = 1. (4.52)

Since the Hermitian modes listed in Eq. (4.51) are linearly independent of each other,
which follows from det P~1(8) # 0, to satisfy Eq. (4.52) we must have the following

statements to be true

nf (v{,‘_m) + vz,‘.',,.)) =0, if k € C and Imk > 0, (4.53a)
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0% (Viem) — Vieemy) =0, if K € C and Imk > 0, (4.53b)
n®vi m =0, ifk€eRand k #0or m # 1, (4.53c)
nEvz,"m) = const., ifke Randk=0and m =1. (4.53d)

This means all but one Hermitian mode corresponding to every Jordan block with the
value k£ = 0 are represented by Hermitian matrices with zero trace. The Hermitian
modes with non-vanishing trace can be renormalized using Eq. (4.12) and Eq. (4.13)

to have a trace equal to one. Thus we can write

1 forkeRandk=0and m=1,
0 Vi) = (4.54)

0 otherwise.

From Eq. (4.52) and Eq. (4.54) we can immediately conclude that, in order to preserve
the norm we must have at least one Jordan block corresponding to the x = 0 value.

Now let us determine the consequences of the remaining physical condition,
Eq. (4.33c). One important implication would be that every Jordan block corre-
sponding to a k value with Rex = 0 must be a 1 x 1 block, which also means that
only one basis vector will correspond to each of these blocks. To prove this statement
let us assume that one of the Jordan blocks corresponding to a x value with Rex =0
is a 2 x 2 or larger block. In this case we can choose the initial state of the system
in such a way that z{},_,)(0) # 0. However, this would also mean the solution,

Eq. (4.50), will include terms like

vzﬂmc:o,m)l) C(Rex=0,m>1) (t’) ’ (455)
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where the coefficient diverges

t,l' C(Rex=0,m>1)(t") = oo. (4.56)
—00

But terms like Eq. (4.56) would violate our third condition, Eq. (4.33c). Since the
norms of the vip, ., .., basis vectors are zero from Eq. (4.54), therefore if they have
any positive diagonal elements they should have negative elements as well. However,
these elements multiplied with the coefficients c(rex=0,m>1) Which, as time evolves
go to infinity, would eventually produce negative elements in the diagonal of our
solution xE(, t’) and violate Eq. (4.33c). But what if all the diagonal elements of the
V(Rex=0,mz1) Vectors are zero? Would we still violate the third condition, Eq. (4.33c)?
The answer is yes because any non-zero element of the density matrix corresponding

to the term v’me‘:o’,#l) would still outgrow the limit imposed by Eq. (4.24¢), namely
pi(t)pii(t') = 1oy (), (4.57)

since the product of the diagonal elements in Eq. (4.24c) would be a constant over
time and |p;;(t)|* would increase over time thereby violating the inequality. Because
of this violation we must conclude that our assumption about the size of the Jordan
block corresponding to a x with Rex = 0 was incorrect. Therefore the correct size of
the Jordan blocks corresponding to a k with Rex = 0 is always 1 x 1.

Following the same argument as above, we can prove that all x’s must have
non-positive real parts. To prove this, first assume we have a Jordan block corre-
sponding to a « with Rex > 0. Then, following the same argument as above, it is

easy to see this condition violates the inequality given by Eq. (4.24c). To summarize

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 Quantum mechanical solution 75

this important finding we write
Rex <0, for all . (4.58)

To incorporate our latest findings into the general solution we now rewrite Eq. (4.50)

in the following form

x(8,t') =

T

=2 2 [("'(n.m) + Ve m) € (z"‘:

x€C m=1
Rex<0
Imx>0

+1 (v,(s,m) - %K.,m)) eR.e:ct‘ (Z
=l
+ Z [("l(s,l) + Vie-1)

(il

T ,)(0)| m 1)1 % (Imfct' + P(n ,)))

78 1(0)| ((t' )™ in (Imet’ + of.) )]

I(B,;,l) (O)I COS (Imnt' + ‘Pg:,l))

+ i (Vie) = Viee))

m—i
+ E ("?s.m)e'“' (Z Z6e) (0) ((tl) L ))

KGR m=1 =l

zg",l)(O)l sin (Imnt' + Wg:,l)):l

+ Z VI("vl)x(B';l) (0)' (4-59)
xER

x=0
In Eq. (4.59) all but those Hermitian modes in the last sum have zero norms and the
last sum must include at least one term.

Next we will focus our attention on the steady state solution of our model. To do
so first let us define what we mean when we talk about the steady state of the field

inside the micromaser cavity. Are we talking about a field which does not change

at all over time? No, we would like to allow periodic processes in our investigation.
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Then how do we define a steady state? In our understanding a steady state will mean
such a state which is not decaying over time. This is of course a generalization of
what we usually understand under steady since it can also include periodic changes
in the state of the system. A mathematical definition of such a state gs(8,t') could
be given as follows (see [38]). Since our solution, as we have shown earlier, is only
composed of decaying, periodic and constant terms, it can always be written in the
following form

p(B.t") = m(B,t') +&B,t), (4.60)
where &(8,t') contains all terms decaying in time. Thus

lim &8,¢) =0, (4.61)
' o0

and go(B,t') includes all terms which are constant or periodic over time. This of
course does not mean automatically that po(8,t') is also periodic over time but if it

is we will call it a steady state solution. To summarize, if
Po(B,t' +T) = po(B, 1), (4.62)
then
ps(B,t) = p(B, 1), (4.63)
else we do not have a steady state solution because the density matrix describing
the field inside the micromaser cavity is changing over time without any periodicity.
Using Eq. (2.37) from Eq. (4.60) we obtain the decomposition of the slowly varying

amplitude 5(8,t') as
A(B.t") = p(B,t) + B, 1), (4.64)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 Quantum mechanical solution 77

which can also be expressed in the vector form

x(8,t) = xo(B,t') + x(8,t). (4.65)

Here é(8,t') (x.(8,t')) contains all terms decaying over time. Therefore

Jim &(8,¢') = 0, (4.66)
Jim x.(8,t) = 0, (4.67)

and po(B,t') (x0(B,t')) includes all terms which are constant or periodic over time.
By comparing Eq. (4.65) and Eq. (4.59), now we can determine the non-decaying part

of the solution x4(8, t'), namely

xo(B,t) = Z [("2::.1) + Vi) zg;l)(O)l cos (Imnt’ + <p8:,,))

+7 (vl(:c,l) - v,(lc',l))

:1:5:'1)(0) | sin (Imnt’ + wﬁ;l))]

+ D Vi T (0)- (4.68)
x€ER

x=0
Please note Eq. (4.68) contains two sums. The first one includes all oscillating non-
decaying terms and the other sum contains all the time independent terms. Also
remember, the last sum must contain at least one term in order to preserve the norm.

Now we will determine how the steady state condition, Eq. (4.62), can be met. Us-

ing Eqs. (2.37) and (4.62), we can determine that a steady state solution is equivalent

to satisfying the condition

(BBt + 1)) e T = (5(B,t'))ku» (4.69)
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for all

k,l=0,1,2,.... (4.70)

How can we satisfy this condition? Before we answer this question we must realize
a very important fact, namely if go(8,¢’') is periodic then its period does not depend
on the indexes k,[. It is solely determined by the x values obtained from the Jordan
decomposition of A(B). The « values are of course some functions of the configuration
vector B therefore through the x values the time period T is determined as T'(8)
depending only on the configuration vector 8. This simple fact can be easily seen
from Eq. (4.68). Now to discuss how to satisfy Eq. (4.69) we have to distinguish two
different cases. The first one is when the slowly varying amplitude does not depend

on time

po(B,t') = constant, (4.71)

which means we did not obtain any & value located on the imaginary axis from the
Jordan decomposition. In this case Eq. (4.69) is immediately satisfied and the time

evolution of go(B,t') is characterized by the time period

T, =—. (4.72)
This also means in this case we have a steady state solution and it is given by

(Bs(B,t') )k,l = (po(B) )k,z e ikt (4.73)

The second case is when the slowly varying amplitude is periodic over time. In

this instance as we discussed the period of the slowly varying amplitude is solely
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determined by the configuration vector 8 and can be given as 7(8). However, to
have a steady state solution, we must also satisfy Eq. (4.69) from which it follows
that

(k — DvT(B) = m2rn (4.74)

must be true for all k£ and ! indexes with some appropriately chosen m integer value.

But Eq. (4.74) introduces a new restriction on T(8), namely

T(8) = m27" = mT,. (4.75)

This means the time period of the slowly varying amplitude, which is solely deter-
mined by the configuration vector 8, must also be equal to an integer number times
the period of the non-diagonal element of the incoming atom’s density matrix. Since
B does not include v as an independent parameter (it only includes A = #8=%) this
condition Eq. (4.75) can not be guarantied to be satisfied at all. Which also means
the possibility of obtaining a steady state solution in the case when the Jordan de-
composition of A(B) resulted in x values located on the imaginary axis is very small,
almost zero.

In cases other than the two that we have discussed we will not have a steady state
solution, since the density matrix describing the field inside the micromaser cavity in

those cases would change over time without any periodicity.
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Trapping states of the coherently pumped micromaser

In this chapter we extend the theory of the trapping states which was first introduced
for the incoherently pumped micromaser by Filipowicz et al. [1] and Meystre et
al. [14]. We will show how trapping states can be formed in a coherently pumped
micromaser and derive the condition under which they occur. Then we will examine
the steady state solutions formed under trapping state condition and provide two
examples of how the steady state solution is determined by B and the initial state of
the cavity field.

A steady state formed in a micromaser is the result of two competing processes,
the pumping and the decay due to the cavity losses. Under general conditions in the
absence of either process steady state cannot be reached (except of course the vacuum
state). However, a steady state can be obtained in the absence of the decay process if
we restrict the interaction phase O in such a way that we cancel the coupling between
given rows and columns of the field density matrix. In this case the density matrix
is split into non-interacting blocks illustrated in Fig. 30. Since there is no interaction
between these blocks they all evolve independently, therefore each normal mode of

the original density matrix is localized to only one of the blocks. This means, that
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an initial state which was originally localized to one of the blocks will never escape
from the block, the state is trapped there. The condition under which this situation

occurs is called the trapping state condition. To derive the trapping state condition

e —

Protimgtl ... Prgiings

Prg+1+1ing4141

- —

Figure 30: The blocks formed in the field density matrix of a coherently pumped
micromaser under trapping state condition. The dashed lines are indicating the po-
sitions where the interaction is severed between neighboring elements.

we use Eq. (4.1). Here we can see, to severe the interaction between given rows and
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columns of the field density matrix we must satisfy
Sﬂq+l =07 qQ= 1127 31'-'7 (5'1)

where n, represent the index where the termination takes place. Using the definition

of Sk, Eq. (4.2b), this can also be written as

\/n§+(nq+1)9=q1r, 4=1,2,3,.... (5.2)
Based on Eq. (5.2), the trapping state condition imposed on the interaction phase is

0= —1 ___ ¢=1,2,3,.... (5.3)

Vg + (g +1)°
From Eq. (5.3) we can see the role of the g variable introduced in Eq. (5.1). For fixed
values of © and ny, ¢ is indexing the trapping state blocks in the diagonal of the field
density matrix as shown in Fig. 30. From Eq. (5.3) we can also read out how, for

fixed values of © and ng, the different values of n, are related to each other and to ¢:

(ng +1) = ((%)2 _ 1) n2 + (%)2 (ng +1). (5.4)

Since all couplings between the n,th and n, + 1st rows and columns are canceled,
each partition of the density matrix shown in Fig. 30 is independent of the others.
The downward and upward trapping states known from the theory of the incoherently
pumped micromasers [14] are located at the upper left and the lower right corners
of the diagonal partitions. It is also clear that initial states solely located in differ-
ent diagonal partitions must produce different steady state solutions located in the

partition of the initial state. Therefore, for each diagonal partition, there must be
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at least one corresponding steady state solution. This means, that just specifying 8
does not uniquely determine the steady state of the system. To do so we would also
need information about the initial state of the cavity field. This is an example where
the steady state is determined by the configuration vector B and the initial state of
the cavity field together.

As our second example, we now investigate the situation when we add the decay
process to our previous system while we keep the trapping state condition satisfied.
By doing so we have introduced a diagonal coupling between the elements of the
same diagonal. Since our thermal reservoir is at T = 0K, the introduced coupling
only provides a decay channel to all but the ggo(8,t) element of the field density
matrix resulting in the situation when all but the first trapping state, which includes
the vacuum state, will decay over time. This means in the case our system is coupled
to a thermal reservoir at T = OK specifying 8 unambiguously determines the steady

state of the system, regardless of the initial field inside the micromasers cavity.
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Understanding the results of the quantum model

In the previous two chapters, 4 and 5, we have investigated the field inside the cavity
of a coherently pumped micromaser using strict mathematical tools. The results of
those calculations might be overwhelmingly full of mathematical details. Therefore
in this chapter we would like to provide a clear physical understanding of what is
really happening inside the cavity of the coherently pumped micromaser during the
time it reaches steady state.

To start, we define our goal which is to understand the changes taking place in the
density matrix describing the field inside the cavity of the micromaser. To visualize
the changes we will use the slowly varying part of the field density matrix 5(8,t'),
and think of it as a matrix describing the displacement of the elements of a two
dimensional lattice. From Eq. (2.48) we can see that the time evolution of each
element of the lattice is connected to its specific neighbors through an interaction
illustrated in Fig. 31. The strength of the interactions in which a specific element is
involved, in general, is a complicated function of the given element’s position in the
lattice and the parameter vector 8 describing the excitation (pumping) of the lattice

(field). However these couplings have some simple and easy to understand properties
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/I -1 l [ +1

k+1

Figure 31: Couplings of the (k,{)th element of the lattice (density matrix) to its
next neighbors. The thick lines represent the interaction between the elements. As a
result, different diagonals of the lattice indicated with dashed lines, are coupled.

which we will summarize now:

1. The couplings introduced by the decay process only act between the elements

of the same diagonal of the lattice.

2. The strength of the coupling between elements in neighboring diagonals is pro-

portional to Av/1 — u2, also the strength of the coupling goes to zero if ny goes
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to infinity.

Based on these properties of the interaction, we can say the different diagonals of our

lattice will have no effect on each other in the following cases:
e A = 0, the case of the incoherent pumping,
e u = =1, the incoming atoms are either in their upper or lower states,

® ng — 00, the detuning between the empty cavity frequency wp, and the atomic

transition frequency wgs, is too high.

In any other case the different diagonals of our lattice will strongly interact through
the next neighbor interaction shown in Fig. 31, forming collective excitations of the
lattice. To describe the time evolution of the whole lattice in the strongly interacting
case in chapter 4 we have introduced the normal modes, and the Hermitian normal
modes of the ‘vibration’ of the lattice. These normal modes, as we have shown,
are evolving independently from each other and they form a basis in the sense that
any other excitation of the lattice can be written as a superposition of these normal
modes. We have also shown in chapter 4 that the time evolution of each normal mode
is controlled by e**, where x is a complex number specific to the given normal mode.
We proved that for all normal modes but one, Rex < 0. Therefore, these normal
modes decay over time. The single normal mode which had Rex = 0, however, is not
decaying. It forms the unique steady state solution determined by the excitation of

the lattice.
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The dynamics of the model can now be easily summarized using the normal modes.
By setting up an experiment involving a coherently pumped micromaser we determine
the parameter vector 8 which determines the basis of the normal modes of our lattice.
The initial state of the field is then decomposed into the normal modes which evolve
independently over time. After some time all but one of the normal modes decay
reducing the field inside the micromaser cavity to its steady state. The steady state
of the field is, therefore, determined by the only normal mode which had not decayed.

In the following set of pictures we show two examples corresponding to two different
cases of the time evolution of the lattice. In the figures we print the £’s and the normal
modes, we highlight the £ which belongs to the given mode. In Figs. 3240 we list
all normal modes corresponding to a 3 x 3 trapping state of the coherently pumped
micromaser. In this example A, as well as ny, are large, therefore the coupling
between the diagonals of the lattice is severed. This we can recognize in the graphs,
Figs. 32-40, since in this case the normal modes are all confined to a single diagonal
of the lattice. Also note, because of the large detuning the only excited element of
the lattice is the one corresponding to the vacuum state pgo(8,t').

In Figs. 41-49 we list all normal modes corresponding to the same 3 x 3 trapping
state of the coherently pumped micromaser, however, in this example A = 0 and
ng = 0. From the figures we can see clearly, in this case the coupling between the
diagonals of the lattice is strong resulting in normal modes which extend throughout
the whole lattice. The steady state of the micromaser in this case extend to the whole

trapping state.
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q=23 n,=2 N,=12 u=0.500 A=1 ©=0.092r ny=250 A=4000000 7,=0
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Figure 32: On the top the x's, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 33: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 34: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 35: On the top the x’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 36: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 37: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 38: On the top the x’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 39: On the top the x’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 40: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex = 0, this normal mode forms the steady state of
the coherently pumped micromaser.
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Figure 41: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 42: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 43: On the top the «'s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 44: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 45: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6 Understanding the results of the quantum model 102

q=23 ng=2 Nx=12 u=0.500 A=1 ©=13.2797 np=0 A=0 M,=0

Im[«x]
.
4!
2t
PN — — @ y— TS — Relx]
-12 -10 -8 -6 -4 -2
21
-4
°
5
Re(py)]
4
()
3
[ ¢ [ ¢ [ J
1
1 k
Im(py] ¢
3 2 1 -1 =2 -3
-1t

Figure 46: On the top the «’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 47: On the top the x’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 48: On the top the x’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex < 0, this normal mode decays over time.
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Figure 49: On the top the x’s, highlighted the one corresponding to the normal mode
pictured on the bottom. Since Rex = 0, this normal mode forms the steady state of
the coherently pumped micromaser.
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7

Phase density function of the coherently pumped micromaser

In this chapter we focus our attention on the phase properties of the field inside
the coherently pumped micromaser in its steady state. First, we review Pegg and
Barnett’s definition of phase states and the phase distribution function [41], then we
derive a general formula which will provide the phase density function describing an
ideal phase measurement executed on a state given by the density matrix p(t). Using
our general result, finally, we will discuss the phase properties of the field inside the
cavity of a coherently pumped micromaser.

To start the investigation we have to choose an operator which will represent
the phase throughout our calculations. We have chosen the Pegg-Barnett Hermitian
phase operator for this purpose. The reason behind our decision lies in the fact that
the Pegg-Barnett phase operator is defined on a truncated Hilbert space. Therefore
it is very suitable to describe the phase distribution of micromasers operating under

trapping state conditions. Furthermore it is also easy to see from Eq. (5.2) that

(5) -t @

which tells us that even in the case when the interaction phase variable © does
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not satisfy the trapping state condition we will still be able to find an appropriate
trapping state, with interaction phase variable O such that |© — ©r| < &, which
will. This means we can approximate any state of the field inside the coherently
pumped micromaser with an appropriately chosen trapping state. Thus our main
goal throughout this chapter will be to describe the phase properties of micromasers
operating under trapping state conditions.

Let us review now the basic properties of the Pegg-Barnett Hermitian phase oper-

ator. It is defined on the truncated (s + 1) dimensional Hilbert space as

Ppp = Z P, |¢m) (‘I’ml ) (7-2)
m=0
where
2mm
P, = Py + s—_ﬁ, (7.3)
and

iatad,, S
f/‘sﬁg [n). (7.4)

n

I‘pm) =

®, in Eq. (7.3) designates an arbitrary reference point so that &y < ®,, < &, + 2=.
Using the definition of the eigenstates of the Pegg-Barnett phase operator, Eq. (7.4),
it is easy to show that these states form a complete orthonormal set on the truncated

(s + 1) dimensional Hilbert space

Z |®m) (Prm| = 1. (7.5)
m=0

Using Eq. (7.5), the discrete distribution P§_ representing the measurement statistic

of ®,p for systems in the state p(t) which is restricted to the (s + 1) dimensional
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truncated Hilbert space can be obtained from

1 = Trfiea [1p(8)] = Z (;% Z Pk.t(t)e-i(k-t)o...)

m=0 k=0
=Y P (7.6)
m=0
Thus
s 1 ¢ —i(k—-l)®
b (t) = — P a(t)e k= 0%m (7.7)
s+1 uz:o

is the probability of obtaining ®,, as the result of a measurement of ®p5 on a system
in the state p(t). Using the fact that p(t) is restricted to the (s + 1) dimensional
truncated Hilbert space and therefore pi(t) = O for all £ > s or | > s indexes we now
extend the upper limit of the summation over k and [ to oo in Eq. (7.7) and simplify

Pg_(t) to

3.0=—5 3 en(e Vo, (7.8)

N=-00

Here we introduced the following quantities

0
Z pk,k—N(t) for N = 0, 1, 2, .o
pn(t) = { k=N (7.9)
Zpk,k—N(t) for N = —1,-2,....
\ k=0

They represent the sum of the elements in the Nth diagonal of p(¢) (N > 0 for
diagonals below the main diagonal, N < 0 for diagonals above the main diagonal and

N = 0 refers to the main diagonal). From the definition Eq. (7.9) it is also clear that
(on (1)) = p_n(t), (7.10)

and since p(t) is normalized

po(t) = 1. (7.11)
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We would expect now that in order to obtain the Hermitian phase operator valid
in the infinite dimensional Hilbert space we only need to take the limit s — oo
in Egs. (7.2) and (7.4). However, in this limit the Pegg-Barnett phase operator,
Eq. (7.2), does not converge to an Hermitian phase operator but the discrete phase
distribution determined by it and given in Eq. (7.8) does converge to a probability
density function P(®,t) where

® = lim &, (7.12)

00

and ®y < & < &y + 27. To determine the actual form of P(P,t) let us use that, since

Pg_ (t) was properly normalized, P(®,t) should be normalized as well, thus

X pe . - 1 «— —iN® 2rAm
L=lim 3 P () = .'Hgmg(g 5> vt ) (557

N=-00

$o+2x
- / P(®, t)d®. (7.13)
®o

From Eq. (7.13) now we can read out the probability density function Pg_(t) con-

verges to, in the limit s — oo, namely

P(®,t)

1 & .
o7 Z pn(t)e NV

N=-o00

2% + % :‘; (B (£) cos(N®) + (1) sin(N®) ), (7.14)

where pR (o) denotes the real (imaginary) part of py. The probability density
function given in Eq. (7.14) is defined now for all phase values in the [®q, ®g + 27]
interval and represents the measurement statistic of an optimal phase measurement
executed on a system in the state p(t) which is not necessarily restricted to the

truncated Hilbert space any longer. This also means the probability of obtaining a
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phase value at time ¢t = ¢’ which falls between ® and ® +d® is equal to P(®,t')d®. It
can also be easily shown that Eq. (7.14) represents the probability density function
corresponding to the Susskind-Glogower non Hermitian phase operator [42] which is

defined as
1

vaat
The probability density function, P(®, t), in Eq. (7.14) is defined by a Fourier series,

el"sc =

a. (7.15)

hence P(®, t) has to have only a finite number of finite discontinuities and only a finite
number of extrema. In other words P(®,t) must be a piecewise regular function.
Furthermore, from Eq. (7.14) we see that we can extend the definition of P(®,t) to
arbitrary @ values outside the [®y, ®y + 2] interval and obtain a periodic probability
density function valid for all phase values. However, caution must be taken using the
periodic probability density function. In the case when we evaluate the moments of
P(®,t) we must always restrict its domain to a 27 interval. This interval, however, can
be chosen arbitrarily. The characteristic function f(k, t) corresponding to the periodic
probability density function P(®, t) can also be determined (for further reference on

the characteristic functions see [35]). Using its definition,

oo

[k, t) = (e*®) = /_ ” P(®,t)e*®dd = Z pn(t)8(k — N). (7.16)

N=-00

From here we see the role of the diagonal sums. For the non-periodic probability

density function (restricted to [®o, o + 27]) the relationship is even more obvious
fk =pk(t) k= ...,—2,—1,0, 1,2,.... (717)

Here now the characteristic function is defined only for discrete values of k£ and it
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is equal to the diagonal sums. Using P(®,t), the expectation value of the phase

operator can be given as
Po+2x
(®ew) = i Trrua p(OFeal = [ OP(®,0d0=(@), (718
(1]

and similarly the variance of the phase operator can be written as

o+2mw

L]
V@) = V@) =((@- @)= [ (@- @)P@.de.  (719)

To summarize, we can say that an optimal phase measurement executed on a system in
the state p(t) would result in the probability density function P(®, t), the mean value
(®), and the variance V(®), defined by Eqgs. (7.14), (7.18) and (7.19), respectively.
To complete our general results now we determine the probability density function
corresponding to a relative phase measurement. Let us suppose that we have a
signal designating a reference phase ® 4 and we are looking for the probability density

function P(®g,t) corresponding to the measurement of the relative phase
Spr=0-0, (7.20)

given by the difference between the phase of the micromaser’s field and our reference
signal’s phase. Using the general rule of transforming probability density functions

we obtain P(®pg,t) from P(®P,t) as
P(@rt)=(6(@n-@-20) = [ 5(@a—(@- @) P@,0d2.  (7.2)

Next, based on the general results we have discussed so far, we will determine
the probability density function P(®, 8,t) corresponding to the optimal phase mea-

surement on the state of the field given by Eq. (2.37). Then we will identify a
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‘natural’ reference signal in our model and determine the probability density function
P(®p,B,t) corresponding to the relative phase measurement where now ®,4 is the
phase of the reference signal. Finally we will determine the phase density function
Ps(®g, B) corresponding to the relative phase measurement on the steady state of
the field and calculate the values of ($z) and V (®g) in this state. From Eq. (2.37),
the density matrix describing the field inside of a coherently pumped micromaser at

time ¢’ can be given as

ﬁ( B, t') = e-;’afa(l—'it'+v, —Pab+7%/2) ﬁ( B, tl)eia’-( ¥t +pg~pas+r/2) , (7.22)

where j(8,t') represents the slowly varying part of the field density matrix. Now
substituting 5(8,t') in Eq. (7.6) as p(t) and using the relation

v

r

eaa({t' +9g —pap+7/2) &) =|Pm+ =t' + ¢, — Qap +T/2), (7.23)
9

we obtain the periodic probability density function corresponding to an optimal phase

measurement on a system in the state p(8,t') as

o0
P(@,8,¢) == 3 pu(B,t)e N (S+F¢orvurns2), (7.24)
2w
N=-—o00
In the argument of the exponential one can recognize the phase carried by the atoms

entering into the micromaser cavity, namely
v
— (5t + 05— vm) - (7.25)

Borrowing the term from the theory of the classical forced oscillations, we could

say that the incoming atoms represent the ‘driving force’ on our system which, in

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7 Phase density function of the coherently pumped micromaser 113

turn, is represented by the field inside the micromaser cavity. Therefore it would
be useful, just like in the classical case, to describe the phase of our system with
respect to the phase of this ‘driving force’, Eq. (7.25). This description in quantum
mechanics is given by the probability density function P(®g, 8,t) corresponding to

the measurement statistic of the relative phase,

<1>3=<I>-<I>A=<I>+%t'+¢,—<p¢.,,. (7.26)

Using Egs. (7.24) and (7.21), now we obtain this probability density function as

P(®g,B,t) = Z pn (B, t')e N (@r+7/2)

N_—oo

==+ Z(ﬁﬁf(a, ') cos(N (@ + 7/2))
+ ""‘(ﬁ, )sin(N (@ +7/2))). (7.27)
In order to calculate the proper moments corresponding to P(® g, B, t), we now restrict

®p to the [—, 7] symmetric interval. In this case the expectation value of the relative

phase measurement can be given as

@) = [ @nP(®p, B, t)ddp

-

o ‘N
= 22Re [ﬁN(ﬁ,t’ 11\.:1
= -22 ('“‘(ﬁ,t’)sm(N 2 1 e,y TR (229)

Roughly speaking the value of |(®g)| gives us by how much the phase of the field

inside the cavity is behind ((®gr) > 0) or ahead ((®#z) < 0) of the phase of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7 Phase density function of the coherently pumped micromaser 114

injected atoms, on the average. The variance corresponding to this measurement can

also be calculated, yielding
V(®r) = (9%) — ()’
N = ’
-z +42Re R (22Re [pis. ’;1])

_ ﬁ +4Z (-Re(ﬁ, t,)cos(er/2) A (8, t,)sin(N1r/2))

N=1

(22( e (8, 6) 20T/ | jimg, ¢y SN/ 2’)) .(7.29)

N=1

To complete this chapter now we will determine the probability density function
corresponding to the relative phase measurement on the steady state of the field.

Taking the limit ¢ — oo in Eq. (7.27), we obtain

-~ 1 o . .
PS(‘»R: ﬂ) = 51; gll}.,m Z pN(B’ t’)e iN(®r+7/2)
=—00

= Lo L pim 3 (A8, ) cos(N(@n + 7/2)
N

+ Am(B,t)sin(N(®p + 1:/2))). (7.30)
Here we did not exchange the limit and the infinite sum operations yet because we
have to discuss under what conditions we are allowed to do that. In general, we know
the limit and the infinite sum operations can be exchanged only if the series is uni-
formly convergent. However, the conditions so far, imposed on the general probability
density functions (P(®,t)) in order to make Eq. (7.14) valid, are far less restrictive.
They allow functions with finite number of finite discontinuities to be present. Thus,
we should not expect Eq. (7.27) to be uniformly convergent since a uniformly con-

vergent series of continuous functions (sin(N®g), cos(N®g)) would always yield a
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continuous function. Therefore in the following we restrict the possible probability
density functions, describing phase measurement statistics, to those which are con-
tinuous and differentiable, assuring that the Fourier series in Eq. (7.27) is always
uniformly convergent. In particular, the phase probability density functions corre-
sponding to trapping states always satisfy these conditions. Then we can exchange

the limit and the infinite sum operation in Eq. (7.30) and obtain
5 _ 1 s ~iN(®r+7/2)
Ps(®r,B) = > N;m(l’s(ﬁ)) NETR

= o+ 2 3 ((35(8)) cos(N(®r + 7/2))
N=1
+ (As(B)) sin(N(@r + 1r/2))) , (7.31)

where (5s(B)), represents the steady state value of the Nth diagonal sum and it is
given by Eq. (4.68). The probability density function in Eq. (7.31) therefore gives us
the measurement statistic of the optimal relative phase (Pz) measurement executed
on the steady state of the field corresponding to the configuration vector 8. In the
case of the incoherent pumping the steady state values of the off-diagonal sums can

be given as

(PsB)y =0 N=1L2,..., (7.32)
therefore the phase density function reduces to Ps(®',8) = 3. This represents
uniformly distributed phase over the [—,w] interval. This also means the phase
of an incoherently pumped micromaser is completely undetermined. Finally, using
Eq. (7.31), we determine the mean value and the variance associated with the optimal

relative phase ($z) measurement performed on the steady state of the field. These
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values can be easily obtained from Egs. (7.28) and (7.29), respectively, by replacing
the diagonal sums gy (B8, t’) in the equations with their steady state value (5s(8)) N

In the case of the incoherent pumping these values reduce to

(Pr) = (7.33a)

V(@) (7.33b)

b

0,
L
3

which are again the characteristics of a state with uniformly distributed phase.
In the next chapter we will examine how the phase properties of the steady state

field, we discussed in this chapter, depend on the configuration vector 8.
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Study of the phase of a coherently pumped micromaser in

steady state

In this chapter our goal is to understand how the probability density function corre-
sponding to an optimal relative phase measurement on the steady state of the field
depends on the configuration vector of the model 8. Especially we are interested
in how the phase of the steady state field depend on the two parameter, A and A,
which are exclusive to the coherent pumping. First, however, we briefly recall the
steady state of a classical forced oscillation as a reference for our investigation (see
for example [37]). The equation of motion describing a classical forced oscillator is
given by

d*z Tdz

ae + 2dt + wﬁz = foe‘i”‘ (8.1)

where z represents the complex amplitude and wy is the eigenfrequency of the driven
system. Furthermore v is the frequency and f, the complex amplitude of the external
driving force and I > 0 is the damping constant, describing the energy dissipation

of the system. To be in accordance with our quantum mechanical model let us now
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rescale the time according to Eq. (2.41) and rewrite Eq. (8.1) as

d®z  1dz (w2 fo _ive
@t aa +(T) e= e (82)

The steady state solution of Eq. (8.2) is well known and can be given in the following

form

25(t) = Ae~i =¥, (8.3)

where A, the complex amplitude of the steady state oscillation, is given by

YR — (8.4)
Vit -2 + ()
and ¢', the phase shift of the driven system relative to the phase of the driving, is

given by

¢ = Arg [(w{*; -2 + z-gu] : (8.5)

From Eq. (8.5) we can see that the phase shift, in the case of the classical forced
oscillations, is always between 0 and =,
0<¢' <m (8.6)

Introducing A, as in Eq. (2.47), we can rewrite the phase shift in the following form

o' = Arg [A (A + 2%) + 15"1:] : (8.7)

which contains no approximations. In Eq. (8.7) since » > 0 and wgp = 0

v

T < A. (8.8)
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Figure 50: The phase shift of the driven classical oscillator relative to the phase of
the driving is a function of A for a fixed value of the £ parameter.

Please note that ¢’ is only the function of two parameters A and £ thus it can be writ-
ten as ¢ (A, &). For a fixed value of the § parameter this function ¢’ (4, § = const.)
is displayed in Fig. 50. From the figure we can see the most important features of the
driven classical oscillator’s phase, namely that it makes a quick transition from 7 to
0 around A = 0 and has the value of 7 at A = 0. In the following we will address

the question whether these simple features, describing the phase of a classical forced

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8 Study of the phase of a coherently pumped micromaser in steady state 120

oscillation, can be still observed in the quantum case.

To answer this and the more general question we started this section with, now
we will study the phase properties of the steady state formed in a coherently pumped
micromaser. Before we proceed any further however, we recall that the relative phase
of the steady state field— unlike in the classical case—now can not be given by a
single parameter ’. Rather, it is given by a probability density function Ps(®g, 8),
shown in Eq. (7.31). In addition, Ps(®g, 3) represents the measurement statistic of
an optimal relative phase measurement executed on the steady state of the field. To
plot Ps(®r, 8), however, we would need to draw a surface over the 7 dimensional
region spanned by ®z and 8. Since we can only draw 3 dimensional diagrams we
will be able to see only certain projections of this hyper surface, determined by
Ps(®r,B). The most important projections will be those 3-dimensional surfaces
which are drawn over any 2 dimensional region spanned by ®z and a component 5;
(either N, u, A, ©, ng or A) of the parameter vector 8. We will show these Ps(®r, 8;)
surfaces throughout this chapter by drawing a contour plot of them on which we will
also indicate the exact positions of the local and global maxima and minima of the
Ps(®gr, B; = const.) function. The positions of the local (global) minima will be
indicated by small (big) black dots, the maxima will be shown similarly but with
white dots instead of black ones. Also shown on the contour graphs are the position
and the value of the maximum and the minimum of the plotted region of Ps(®g, ;).
Furthermore in each graph we will also provide the constant values of the remaining

parameters of the model and the value of Tr [#?] indicating the purity of the steady
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state. We discuss two examples here, in both examples we maximize the atomic
coherence injected into the micromaser cavity by requiring Eq. (2.49). We used the
value %ﬂ = 6.25 x 10~° based on the parameters of most recent experiments.

In the first example we show that the injected atomic coherence creates multista-
bility. In Figs. 51 and 52 we present a system which locks its phase to § for small
values of A, this indicates unique selection of phase for small values of the injected
atomic coherence. Increasing the injected atomic coherence, however, leads to the
splitting of the phase density function as we can see in Fig. 51. The explanation
based on the semiclassical theory, chapter 3, is the following, as we increase A we
create stable points of n and |é]* which belong to different phase locking values. The
quantum mechanical solution which is the coherent superposition of all phase locking
scheme, therefore, has a multiple peaked phase density function. Also, please note in
Figs. 53-56 the case of the off-resonant pumping (A # 0). In this case the symmetry
of the phase density function, present while A = 0, is broken. Selecting the sign of
A, in the case of the off-resonant pumping, means selecting a specific branch of the
phase density function pictured in Figs. 53 and 55.

In our second example we would like to demonstrate how simple features, describ-
ing the phase of a classical forced oscillation, can be still observed in the quantum
case. In Figs. 57-70 we present the phase density function of a system where we con-
trol the atomic inversion. The system shows rich multistable behavior at resonance
(A = 0). As we increase the detuning (JA| > 0) we observe the branch selection

we explained above as well as the overall shift of the phase density function. The
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direction of the shift follows exactly the same pattern as the relative phase of a clas-
sical forced oscillation shown in Fig. 50. Namely, in the case A < 0 (A > 0) the
whole phase density function shifts toward = (0) just as the relative phase of a the

classical forced oscillation under the same condition. This is a remarkable feature of

the coherently pumped micromaser.
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Figure 51: On the top the value of Tr[5?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®g, A).
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Figure 52: On the top the value of Tr[5?] indicating the purity of the steady state.
On the bottom is the value of ($z) and the value of Vi(®p) corresponding to the
probability density function Ps(®g,A). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 53: On the top the value of Tr[p?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®g,A).
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Figure 54: On the top the value of Tr [?] indicating the purity of the steady state.
On the bottom is the value of (®z) and the value of V7(®z) corresponding to the
probability density function Ps(®g,A). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 55: On the top the value of Tr[3?] indicating the purity of the steady state.

On the bottom is the contour plot of the phase density function Ps(®g, \).
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Figure 56: On the top the value of Tr [p?] indicating the purity of the steady state.

On the bottom is the value of ($z) and the value of Vi(®R) corresponding to the
probability density function Ps(®g, ). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 57: On the top the value of Tr [#?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®g,u).
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Figure 58: On the top the value of Tr [#?] indicating the purity of the steady state.

On the bottom is the value of (®g) and the value of Vi(®p) corresponding to the
probability density function Ps(®g,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 59: On the top the value of Tr [?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®g, u).
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Figure 60: On the top the value of Tr [#?] indicating the purity of the steady state.

On the bottom is the value of () and the value of V#(®r) corresponding to the
probability density function Ps(®g,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 61: On the top the value of Tr[7?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Pg(®g,u).
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Figure 62: On the top the value of Tr [#?] indicating the purity of the steady state.

On the bottom is the value of ($r) and the value of V3(®g) corresponding to the
probability density function Ps(®g,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 63: On the top the value of Tr[5?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®pg,u).
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Figure 64: On the top the value of Tr[5?] indicating the purity of the steady state.

On the bottom is the value of (®r) and the value of Vi(®r) corresponding to the
probability density function Ps(®g,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 65: On the top the value of Tr [p?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®g, u).
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Figure 66: On the top the value of Tr[p?] indicating the purity of the steady state.
On the bottom is the value of (®z) and the value of V(®p) corresponding to the
probability density function Ps(®gr,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 67: On the top the value of Tr[5?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Ps(®g, u).
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Figure 68: On the top the value of Tr[7?] indicating the purity of the steady state.
On the bottom is the value of ($z) and the value of V3 (®z) corresponding to the
probability density function Ps(®gr,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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Figure 69: On the top the value of Tr [#?] indicating the purity of the steady state.
On the bottom is the contour plot of the phase density function Pg(®g, u).
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Figure 70: On the top the value of Tr[5?] indicating the purity of the steady state.

On the bottom is the value of (®z) and the value of Vi(®r) corresponding to the
probability density function Ps(®g,u). The solid lines are representing the average
phase and the square root of the variance corresponding to the uniform distribution.
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