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ABSTRACT

BR ST ANOM ALIES AND MASS RENORM ALISATION W ITH  

ANOM ALOUS 6 (1) GAUGE SYM M ETRIES IN STRIN G  THEORY

by

CHRISTOPHER LEE

Adviser: Professor Michael Dine

T he heterotic  string , when compactified from ten to four dimensional spacetim e, 

has a gauge group th a t  often includes apparently anomalous U(  1) gauge sym m etries 

which '**,••<] to  the  generation of masses at one-loop. It is shown how the  masses, 

and feri.no i masses in particular, can he calculated consistently from the effective 

action, held theory and in the string theory. The resulting mass shifts violate 

sym m etries, the BRST sym m etry in particular. Mass renorm alisation is carried 

out in the  BRST framework for both bosons and fermions using local properties 

and is shown to  be a  consistent procedure by explicit calculations up to  one-loop.
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Chapter 1 : Introduction

1.1 Introduction

String theory is a theory of fundam ental interactions based on one-dim ensional 

objects as opposed to  trad itional field theories where the  basic ob jects are  points. 

Each fundam ental ob ject in string theory can be a string w ith two loose ends( open 

string ) or when the  ends are jo ined, forming a closed loop( closed string  ). The 

spacetim e coordinates of a string  are .Y*4 with fi =  0 (tim e coordinate); or 1 , . . .  D — 

1 (space coordinates), and D  is th e  num ber of spacetim e dim ensions. Such strings 

have length and evolve in tim e. X ** is thus a  function of two param eters, a  and r ,  

one of which can be considered as position along the  length of the  string  and the 

o ther is a  ‘tim e’ which param etrises the  evolution of the  string. T he evolution of 

a string in th is ‘tim e’ generates a two-dim ensional surface as in F ig .l.

Fig. 1 Propagation of a closed str ing in 
spacetfme generating a genus 2 surface

Each surface is equivalent to  the  surface of a sphere w ith handles a ttached , and the 

initial and final string  s ta tes  correspond to  two external s ta tes  as shown in Fig.2.

Fig 2 Equivalent picture with 2 handles and
2 external s ta te s  attached to a sphere
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If the area  of this surface is invariant with respect to  the  choice of coordinates 

on the  su rfa c e^ , and because for a sufficiently small neighbourhood on the  surface 

one can always choose a  and r  to  be C artesian  coordinates, it can be shown!2) th a t 

th e  functions X ^ ( t , o ) satisfy,

[d2T - d l } X * ( T , a )  = 0 . (1)

For a fixed length, say L,  of the  string, the  boundary conditions are th a t 

Ar/i(<7 -f L)  = \ X ,t(a)  where A =  e'*. This leads to classical norm al m odes of 

v ibration  w ith expansion,

oo
X *  = ^ [ c £ e ! 2nir+*),<,/,i +  r^ ne - !2nT~*)'‘r/,/'] (2)

n =  l

T he string m odes evolve in ‘tim e’ r  with factor c±2*,r ^ .  At the  classical level, 

th e  two sets of m odes for the  choice of ±  signs are independent with independent 

functions X m( t ±  <r). In addition , if the  functions X** com m ute, [A’̂ A ’*'] =  0, 

one has a bosonic string , whereas if they an ti-com m ute ( they are  denoted ipt‘ )* 

{tp**,0 " }  =  0, the  string  is fermionic!3)’!4).

For periodic boundary conditions, <f> = 2mir with m  an integer, and there  is 

an additional m ode, the  zero m ode, which reflects transla tional invariance along 

the  string. Periodic boundary conditions are consistent with the  properties of two- 

dim ensional bosons, whereas two-dim ensional fermions are expected  to  be anti- 

periodic. An arb itra ry  choice of <f> corresponds to  two-dim ensional parabosons or 

paraferm ions w ithout th e  zero mode.

In the  lite ra tu re , a t the  classical level a sim ple choice defines the  closed bosonic 

string  w ith periodic boundary conditions, and the  closed fermionic string  with 

two possible sectors!3)'!4) w ith periodic and antiperiodic conditions. In a  two- 

dim ensional system  with both  X M and V’#*, there  is a sym m etry between the  bosonic 

and fermionic string  m odes which is called a supersym m etry; a two-dim ensional 

supersym m etry!5).
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The string  norm al modes defined by coefficients c{J and c^_n carry spacetim e 

indices, /i. T hey define m any body s ta tes  of a two-dim ensional theory  but can be 

in terpreted  as single particle  s ta tes  in the  D-dim ensional spacetim e. T he la tte r  are 

spacetim e s ta tes  and are constrained by the sym m etries of the  two-dim ensional 

theory which m anifest them selves as spacetim e sym m etries on the  spectrum  of 

spacetim e sta tes. For exam ple, the  existence of two-dim ensional supersym m etry  

(w ith two generators, N  =  2) between fermionic and bosonic string  modes is 

sufficient for and is a necessary consequence of the  existence of spacetim e super­

sym m etry  (w ith one generator, N  =  1) between bosonic and fermionic spacetim e 

s ta te s ^ .  T he relationship  between two-dim ensional and D -dim ensional spacetim e 

sym m etries is not always obvious.

Historically, the  original serious objections to  th e  identification of spacctim e 

s ta tes  derived from  the  bosonic string  w ith higher angular m om entum  hadronic 

resonance sta tes are th a t ,  (i) there  exist massless s ta tes  w ith spacetim e spin 0,1 

and 2 in the  physical spacetim e spectrum , which disagrees w ith th e  experim entally  

known hadronic s ta tes, and (ii) the  ground s ta te  has negative mass square, i.e. 

is a  tachyon. T he form er problem  rules out string  theory  as sim ply a  strong  in­

teraction  theory, bu t it was suggestedt9!-!10) th a t th e  theory  could describe a more 

fundam ental theory  th a t  included electrodynam ics, weak and strong  in teractions 

as well as gravity, by identifying massless spin 1 m odes w ith gauge bosons m ediat­

ing in teractions as in the  standard  model and spin 2 bosons w ith gravitons^. T he 

fundam ental length scale of the  unified theory would then  be the  Planck length 

L p fa A fp1 (L p fa 10~31 m , or M p fa 1019 GeV ). T he  tachyon problem  was 

resolved w ith the  discovery of two-dim ensional su p e rsy m m e try ^  in a string  the ­

ory which contains two-dim ensional bosons and fermions. It was subsequently  

discovered^12} th a t  there  were spacetim e bosonic and fermionic sta tes. T he clas­

sical sym m etry  between the  fermionic and bosonic spacetim e sta tes, a  spacetim e

f  O ne could try to  identify som e o f  the m assless spin 0 bosons w ith  Higgs bosons but 
supersym m etry breaking m echanism s(for exam ple introducing soft breaking m ass term s) 
do not generally prevent m assless scalar fields from gaining large m asses at the large scales 
of, say, 10M G eV  necessary to  solve the hierarchy problem^11!.



supersym m etry, elim inates the  tachyon from the physical spacetim e spectrum .

1.2 First Quantisation

1.2.1 Q uantum  Theory

String theory can be quantised a t the  sim plest level by quantising  a two- 

dim ensional field theory, where fields become local operators, .Y,i( a m) —► .Y,l(rr,n) 

and T he c-num ber coefficients in eqn. (2) representing classi­

cal string  norm al modes are prom oted to  operato rs, i.e. c ^ n —► and c„ —► a(J,

creating and ann ih ila ting  norm al modes. It was the  rem arkable discovery of Green 

and Schwarz^13) th a t a first quantised string theory with gauge sym m etries and 

spacetim e supersym m etry  has no quan tum  anom alies and can thus be a consistent 

theory. This is, however, true  only if the  spacetim e dimension is 10 and the gauge 

group is 5 0 (3 2 ) . It led to  renewed in terest in string theory. Q uan tisation  of a clas­

sical theory  can in general lead to  violations, so-called anom alies, of the  classical 

sym m etries. T he elim ination of local gauge anom alies is a non triv ial requirem ent 

on the  consistency of the  quan tum  theory. Soon after the  Green-Schwarz discovery, 

Gross, Harvey, M artinec and Rohrn^14] discovered a hybrid theory, w ith supersyin- 

m et ry in only one of the  two independent sectors of the  norm al modes. This theory 

is also anom aly free, can accom odate the  gauge group, E% 0 E% or 5 0 (3 2 ) , and 

is consistent in ten spacetim e dimensions. Since the  above gauge groups contain 

the  gauge sym m etries of the  standard  model, S V { 3) 0  S U ( 2) 0  /T"(1), and the 

spacetim e Lorentz group in ten dim ensions 5 0 ( 1 ,9 )  contains the  four-dim ensional 

Lorentz sym m etry  5 0 ( 1 ,3 ) ,  superstring  theory can conceivably be a  unified theory 

of the  four known fundam ental interactions. T he theory in ten spacetim e dim en­

sions m ust be reduced to  obtain  the  standard  model and gravity  in four spacetim e 

dimensions by ‘com pactifying’ six dimensions. A serious unsolved problem  is the 

non-uniqueness of ‘com pactified’ theories none of which lead natu ra lly  to  a theory 

consistent w ith known physics.

It is possible th a t the  non-pertu rbative  aspects of string  theory  need to  be 

understood first. T he only exact non-pertu rbative  solutions known are  toy models



which exist in less th an  or equal to one spacetim c dimension^15!. One hopes th a t 

a  b e tte r  understanding  of pertu rbative  expansions in string theory may be useful. 

Here, we will only consider a string pertu rbative  expansion scheme, and only up 

to  the quan tum  field theory equivalent of one-loop.

We will show th a t for the sim plest exam ple of strings with spacetim e supersym ­

m etry, there  is a two-dimensional (J( 1) gauge sym m etry which allows spacetim e su­

persym m etry  to be restored when broken by small corrections t16). This is achieved 

by altering  classical boundary conditions. In particu lar, periodic boundary condi­

tions a t  tree-level are changed and the  transla tional zero m ode is elim inated. The 

two-dim ensional sym m etry known as superconform al sym m etry  (to  be discussed 

below) is essential for consistency, and when broken can be restored in the  quantum  

theory. In the  exam ple considered, the  spectrum  of physical spacetim e sta tes, de­

term ined by the  (super)conform al sym m etry, is thus stable against small quan tum  

m ass corrections.

It will first be shown how generic interactions lead to  quan tum  corrections th a t 

shift the  masses of certain  spacetim e sta tes th a t  are  massless a t the  classical(tree) 

level. These m ass shifts violate classical(tree) two-dim ensional and related space­

tim e sym m etries of the  string. One can, in general, find a su itab le  gauge transfor­

m ation to  restore all classical worldsheet and spacetim e sym m etries needed for the 

consistency of the  theory.

1.2.2 String Loop Perturbation

O ne way of doing a  pertu rbative  expansion in string  theory  is abou t a vac­

uum  for which the  coupling constan t is small. T he coupling constan t is related 

to  the  vacuum  expectation  value of a scalar field, the  d ila ton  <j>, th a t belongs to  

the  grav itational m ultiplet of s ta tes  which is a generic feature in string  theory. 

T he m ultip let as its nam e suggests includes the  graviton. T he coupling constant 

appears in first quantised string correlation functions in two ways. T he norm ali­

sation  is chosen so th a t each in teraction vertex contribu tes a factor of a coupling 

constan t. For exam ple, in quantum  electrodynam ics, the  cubic in teraction of the
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photon field A p with a  bilinear in fermion fields 4 '7 ,i'k carries a factor proportional 

to  the  electron charge e. In an effective first quantised string theory, the  cubic 

coupling above is analogous to  an insertion, in to  the  string correlation function, 

of a ‘vertex’ opera to r, V , w ith coefficient proportional to  the coupling constan t, 

g ~  (<f>). T he vertex opera to r possesses the  sym m etries and spacetim e m om entum  

of the  corresponding external spacetim e s ta te  and is constructed  from norm al o r­

dered products of two-dim ensional fields. For a theory with only closed strings, 

i.e. closed one-dim ensional loops, a  correlation function for n-ex ternal s ta tes  is 

characterised by the  topology of the  surface generated by the evolution of v  closed 

strings in spacetim e( e.g. F ig .l is a tw o-point function).

Besides contribu tions from  vertex opera to rs, correlation functions a t each genus 

are norm alised by a  genus dependent factor, g ~ x , w ith the  coupling constan t raised 

to  the  power of a topological quantity , the  Euler characteristic  \  of th e  surface, 

which depends linearly on the  genus, \  =  2 — 2h. T he num ber of handles or 

the  genus h reduces in the  field theory limit to  the  num ber of loops in Feynman 

diagram s. T he effective n-point correlation function is a p e rtu rbative  sum  over 

the  quan tum  fluctuations, for small coupling constan t, of genus dependent n-point 

functions. We will assum e th e  existence of a  stable ground s ta te , a t  genus zero 

or with topology of a  sphere, abou t which such an expansion can be m ade. It 

will be shown why such a supersym m etric ground s ta te  would be stab le  against 

small quan tum  fluctuations, i.e. pertu rbative  effects. Supersym m etry, if it exists in 

na tu re , is broken a t presently achieved energies. This is non-trivial for the  super- 

sym m etric string  since supersym m etry  breaking is in general an unsolved problem . 

We assum e a vacuum  for which the coupling constan t is small so th a t p e rtu rbative  

calculations can m ake sense. We will consider string correlation functions up to 

one-loop, i.e. w ith the  topology of a torus.

Correlation functions th a t  correspond to  scattering  am plitudes of spacetim e 

s ta tes  in spacetim e can be evaluated in an opera to r form alism  as correlation func­

tions, in a two-dim ensional space, of vertex operato rs representing ex ternal sta tes.



T hus an n -po in t correlation function is

n

( I p . ) *  • <3>
1= 1

where ( ..  .)A includes integrals n ? = i I  d z ,d r, over the  positions, with local coordi­

nates z ■ =  <7® +  ia j  and z ■ = z *, of the  j ’th  vertex o pera to r V^(r,, z,-) on the  surface. 

It also includes the  correct norm alisation and sym m etry  factors to  account for 

the  sym m etries of the  surface of genus h , which is equivalent to the  surface of a 

sphere with h handles. T he vertex operato rs are in general com posite operato rs of 

a tw o-dim ensional field theory, satisfying conformal or superconform al invariance. 

F igure 2, for exam ple, corresponds to  a two-point function ( Vj Vi )2. T he effective 

tw o-point function is thus ( VjV-^effec =  ^ 1^ 2 )*-

T he sym m etries of the  theory are  sym m etries of the  surfaces. These include 

two-dim ensional coord inate reparam etrisation  invariance, two-dim ensional super­

sym m etry  and sym m etries of th e  two-dimensional m etric tensor. In particu lar, in 

the  form ulation of the  string  theory due to  Polyakov^20!, there  is explicit local scale 

invariance which is central to  the  theory. Up to finite order in the  genus or the 

string  scale / =  Vo*, cancellation of quan tum  anom alies which would otherw ise 

break scale invariance leads to  consistent spacetim e equations of motion^17!.

A lthough strings are one-dim ensional objects, short d istance worldsheet diver­

gences occur in string theory  when the  size of strings shrink to  zero. In contrast, 

there  are logarithm ic singularities which appear due to  massless bosonic string 

m odes propagating  on the  worldsheet. Such modes appear when there  are m ass­

less spacetim e s ta tes  in the  physical spectrum . T he form er singularities are pole 

singularities, 1 / z a , and do not have the  direct physical in terp reta tion  of the  log 

singularities. T he nonlogarithm ic short d istance divergences are generic and break 

conform al sym m etry. T hey can occur with the  coincidence of vertex opera to r po­

sitions on th e  sheet and when handles become smalll22M23l. These nonlogarithm ic 

divergences becom e sources of the  breakdown of two-dim ensional reparam etrisa­

tion  invariance. For the  purpose of calculations, one m ust control divergences, i.e.
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regularise the  theory. We will regularise naively by having a short d istance cut-off t 

on the  surface. Since we will be dealing with massless spacetim e s ta tes , the  cut-off 

also leads to  logarithm ic contributions In c. T his will be shown to  be sufficient for 

tree-level and one-loop calculations involving massless spacetim e s ta tes  with the 

result th a t  physical quantities will be finite and independent of th e  a rb itra ry  c u t­

off c in the  lim it as t  —► 0. A general regularisation scheme th a t  would be defined 

unam biguously for all surfaces w ith different num bers of handles is no t known.

1.2.3 (Super)Virasoro Algebra

To simplify the  analysis, one can m ake a “gauge choice” to  reduce two dim en­

sional general coordinate invariance. A su itab le choice is the  “conform al gauge” , 

the  nam e derived from the  sym m etry  after gauge-fixing, the  conform al sym m e­

try. Conform al sym m etry refers to  invariance under angle preserving coordinate 

transform ations. At a more fundam ental level,it comes from global(position inde­

penden t) and local(position dependent) scale invariance^24). T he sym m etry  group 

of th e  quan tum  theory in two-dim ensions is generated by an infinite num ber of 

quan tum  opera to rs L„ , n =  0, ± 1 , ± 2 , . . .  which obey the  V irasoro algebra defined 

by com m utators^25),

[fm i f'n] =  (^n n )L m+n -)- y ^ m (m  l)^m+n,0 (4)

T he L m are  Fourier modes of the  energy-m om entum -stress tensor T( z )  in two- 

dim ensions. T he  com m utators would form  a  closed algebra except for the  second 

term , w ith central charge c. It represents a quan tum  anom aly since the  classical 

two-dim ensional m odes L m form  a closed algebra w ith c =  0. In a  system  of nj, 

two-dim ensional bosons, c = rib- T he gauge choice can be im plem ented formally 

in the  quan tum  theory by in troducing “ghost” fields. Unlike physical fields, ghosts 

fields have negative norm . T he combined system  of physical and ghost fields has 

to ta l energy-m om entum -stress tensor T ( z ) u>i' with modes L 1̂  satisfying eqn. (4) 

w ithout a  central term , i.e. the  resu ltan t central charge of the  system  of phys­

ical and ghost fields vanishes, clot =  0. Conform al sym m etry  is m aintained on 

quantising the  two-dim ensional theory.
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In the  case of the  supersym m etric string, one can m ake a “supercon fo rm ar 

gauge choice and the  corresponding N  =  1 super-V irasoro algebra includes L m 

which are quan tum  modes of the super-stress tensor T ( r ) sup and additional gen­

era to rs, G r which are quan tum  modes of a  single two-dim ensional supersym m ctry  

generato r G(z) \  hence jV =  1. T he L m 's also have com m utators as in eqn. (4) 

bu t with central charge, c =  +  n f/2 , accounting for the  presence of rq two-

dim ensional fermions. Two-dimensional supersym m etry  requires rq =  nj,. As the 

supersym m etric  coun terparts  of L m , the C T's have an ti-com m utato rs

{Gr ,G$} = 2 L T+t + l ( r 2 -  \ } S r + . ,o  , (5)

where the  re-defined central charge c (c — 2 r /3 )  is equal to  the  spacetim e dim en­

sion, c =  D. “M ixing” between the  two types of generators is expressed through 

com m utators,

\Lm, GT\ =  — r j  Gm+r . (6 )

T he two possible choices of periodic and an tiperiodic boundary  conditions!3!!4] 

for tw o-dim ensional fermions lead to  integral and half-integral values for in­

dices r, s. As with the  V irasoro algebra, the  superconform al gauge choice can be 

im plem ented as constra in t conditions by in troducing ghosts as well as now includ­

ing “super-ghosts” .!26] T he combined physical and ghost system  has super-stress 

tensor T( z ) l ° j, w ith m odes L and supersym m etry  generato r G (z )tot with modes 

G ‘ot so th a t  th e  resulting super-V irasoro algebra, defined by eqns. (4), (5) and (6), 

has zero quan tum  anom aly, i.e. to ta l central charge ctot =  0. Thus, superconform al 

sym m etry  is m aintained on quantising the two-dim ensional theory.

In the  model to  be considered, we assum e th a t the  heterotic  theory  has been 

com pactified with a surviving spacetim e supersym m etry  w ith one generator, N  =  

1, in four-dim ensions. A necessary and sufficient condition for the  spacetim e super- 

sym m etry  is th e  existence of a two-dim ensional cu rren t J ( z )  of a  U(  1) sym m etry!8]. 

This curren t, which is conserved, implies the  division of the  spacetim e spectrum
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into s ta tes  w ith integral(bosons) and half-integral(ferm ions) U( 1) charges and leads 

to  two supersynm ietry  generators G and G  in two-dimensions with U(  1) charges 

of opposite  signs. The N  — 1 super-Virasoro algebra above thus tu rn s  into an 

N  =  2 super-V irasoro algebra. The la tter has in addition global and local C ( l )  

invariance^27!. We will show, in chapter 3, th a t small m ass quan tum  corrections 

on the  spacetim e spectrum  are equivalent to global V ( l )  transform ations on the 

super-V irasoro algebra. The local C ( 1) then allows superconform al symmet ry to  be 

restored, i.e. th e  super-V irasoro algebra is left unchanged. This is possible a t least 

up to  the  one-loop level but breaks classical boundary conditions in two-dim ensions 

for string modes.

1.2.4 B R ST  Quantisation

A gauge-choice can, in general, be m ade with the sim ultaneous construction 

of a sym m etry  called the  (super)B R ST sym m etry in which ghosts fields play an 

integral role. As sta ted  earlier, any gauge choice is equivalent to  im posing con­

stra in ts. C onstra in ts can be im plem ented formally by in troducing ghost fields. In 

general it can be shown th a t a  sym m etry exists between the  ghost fields and the 

physical fields. This is the BRST symm etry. The original BRST sym m etry  named 

after Becchi, Rouet and Stora^18!, and Tyupin^19! was first discovered and proved 

useful for sim plifying the analysis of the  renorm alisation of non-A belian gauge 

theories after fixing gauge sym m etries. The main disadvantage of gauge-fixing 

is th a t the  gauge sym m etry is not explicit and leads to  non-local expressions in 

the  Lagrangian, bu t this can be am eliorated by constructing the  B R ST sym m etry  

which converts non-local term s into local ones. T he la tte r  sym m etry  has a single 

fermionic ( anticom m uting ) generator with a conserved charge, the  B R ST charge, 

Q.  Classically, one finds th a t

Q 2 =  0 . (7)

A lthough the  (super)B R ST sym m etry is essentially a consequence of con­

s tra in ts , and its physical significance rem ains unclear, it is convenient to exploit it



1 1

because the  physical spectrum  of s ta tes  can be clearly defined, as those s ta tes  ann i­

hilated by Q.  Q uantisation of a theory with com plicated sym m etries can som etim es 

be im plem ented m ore simply by using its (super)B R ST  invariance. This quan ti­

sation prescription is of central im portance here and we will assum e as a  basic 

tenet th a t the  (super)B R ST  sym m etry constructed  in the theory m ust be m ain­

tained  upon quantisation and when broken, it will be shown th a t the sym m etry 

can be restored in a self-consistent and unam biguous way. T he breaking of the  (su- 

per)B R ST  sym m etry  th a t is constructed  with the choice of the  (super)conform al 

gauge, can be traced back to  the breaking of (super)conform al sym m etry. It is due 

to  divergences th a t occur on the two-dimensional surface. Such violations of the 

(super)B R ST  sym m etry will be called BRST anomalies.

We will consider an exam ple where it is known th a t world-sheet sim ple pole di­

vergences lead to  the  generation of masses for both  spacetim e bosonic and fermionic 

s ta tes  th a t  a re  originally, i.e. classically, massless sta tes. An analysis in the  BRST 

form ulation has been done formally for the  bosonic string^21! and thus only for 

spacetim e bosonic sta tes. We will consider explicit calculations for an exam ple in 

which the  heterotic string  is com pactified in 4-dim ensions w ith m inim al spacetim e 

supersym m etry  and an apparently  anom alous f / ( l )  gauge sym m etry. We will ver­

ify the validity of th e  BRST procedure for th e  renorm alisation of s ta tes  th a t have 

masses generated by string one-loop corrections and show th a t it includes fermionic 

sta tes. We hope th a t  this will lead to  a b e tte r  understanding  of the  (super)B R ST  

sym m etry  not only for string  theory, but perhaps in a more general context.

1.3 Summary of Thesis

We will study  a certain  class of theories with an anom alous f / ( l ) gauge sym m e­

try. Besides the breaking of superconform al sym m etry, the  U(  1) gauge sym m etry 

is itself violated by one-loop quan tum  corrections, because we will consider theo­

ries with chiral spacetim e fermions, i.e. with asym m etry  between the  left and right 

handed four-dim ensional chiiality  fermions.

As a com parison, the  vector U(  1) gauge sym m etry  of quan tum  electrodynam ­
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ics is non-anom alous to  be consistent with electric charge conservation. In the 

electroweak $ { ! (2) ® U( \ )  theory, the vector U(  1) m ust for the  sam e reason be 

non-anom alous. Chiral fermions in this theory means th a t there is a  non-trivial 

axial C ( l )  symm etry. The la tte r is unavoidably broken by one-loop corrections. 

T he heterotic string  theory in ten dimensions reduces in four dim ensions, a t ener­

gies small com pared to  the Planck energy, to an effective field theory  w ith a gauge 

group th a t  may include U(l  )’s in addition to the gauge group S U ( 3 ) ® S U ( 2 ) ® U (1) 

of the  s tandard  model. It is possible for one of the additional V{  1 )’s to  be anom a­

lous when there are chiral fermions in four dimensions. Since the  original theory 

in ten dim ensions has no anom alies, the four dimensional theory m ust also be 

anom aly free. Indeed, one finds th a t there is a na tu ra l m echanism  w ithin the  th e ­

ory to  remove the  axial U(  1) anomaly when it arises so th a t the  reduced theory is 

consistent with the  original theory in ten dimensions.

In chap ter 2, we will show the  details of the com putations needed for the 

cancellation of axial U( \ )  anomalies and th a t  this leads to  couplings quad ra tic  in 

fields.

In chap ter 3, vertex operators corresponding to  spacetim e s ta tes  with mass 

shifts will be renorm alised for masses generated when an anom alous axial U{  1) is 

present. We will show th a t the procedure first used by A .S e n ^  for the  bosonic 

string  is applicable to the heterotic string com pactified w ith an anom alous axial 

U(  1) gauge sym m etry. Ju st as the gauge invariance of electrodynam ics m ust be 

preserved in the  quan tum  theory, one also expects the  sam e for the  two-dim ensional 

reparam etrisation  invariance of string theory.
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Chapter 2 M asses from an anom alous U (  1) gauge sym m etry

2.1 Overview

In supersym m etric field theories, in which supersym m etry  is unbroken a t tree 

level, non-renorm alization theorem s usually guarantee th a t particles which are 

massless a t tree level rem ain massless to  all orders of p e rtu rbation  theory^36!. T he 

only exception to  th is rule occurs in theories in which Fayet-Iliopoulos D  term s are 

generated  a t one loop. In a supersym m etric field theory, s ta tes  can be grouped to­

gether into superm ultip lets, where sta tes w ithin each superm ultip le t can be tra n s­

formed into linear com binations of each o ther by supersym m etry  transform ations 

generated  by the  supersym m etry  charge^. A superm ultip le t of gauge fields, also 

called a vector m ultiplet because it includes the  gauge boson, contains an auxiliary 

field, D.  Because the  lagrangian contains no term s involving derivatives of D,  this 

field can be elim inated by its equation of m otion. A Fayet-Iliopoulos term  is a 

term  in the  lagrangian linear in D.  This can lead to  masses for some particles, and 

supersym m etry  breaking. Such term s arise a t one-loop in the  case of gauge theo­

ries w ith U(  1) factors, in which th e  U(  1) charge has a non-vanishing trace. T he 

resulting  expression for th e  D -term  is quadra tica lly  divergent. In fact, however, 

in conventional field theory model building, these term s never arise; if the  trace  of 

the  (7(1) generator is non-vanishing, there  is a grav itational anomaly.

In string  theory, m any classical solutions are known in which supersym m etry  

is unbroken at tree  level. For these,a non-renorm alization theorem  very sim ilar to 

th a t  in field theory holds^37!. Again, th is theorem  insures th a t  supersym m etry  re­

m ains unbroken and massless particles do not gain mass provided Fayet-Iliopoulos 

term s are not generated. However, in m any string  com pactifications, th e  gauge 

group possesses a  t / ( l )  factor w ith apparen t gauge and g rav itational anom alies.

f T h is is called th e  spacetim e supersym m etry charge as opposed to  the supersym m etry charge 
on the world-sheet that is proportional to  the ferm ionic stress tensor 7V.
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In particu lar, the  f / (1) charge has a non-vanishing trace. As explained in Ref. [28] 

these anom alies can be cancelled by a Green-Schwarz m echanism . Due to  super- 

sym m etry, the  counterterm s required to  cancel the  anom alies are accom panied by 

a Fayet-Iliopoulos D  term . In the original vacuum , th is term  leads to  masses for 

the  U{ 1) gauge boson and the  charged scalars a t one loop and a cosmological con­

s tan t a t  two loopst35!. Explicit string  calculations have verified the  existence of 

the  scalar^30'29! , and gauge boson^31] m asses, and there  has been some progress in 

understand ing  the  two loop dilaton tadpolet3'^.

It is not true , in general, th a t  th is D  term  leads to  a breakdow n of super­

sym m etry. Typically, it is possible to  find a new, supersym m etric  vacuum  by 

giving small expectation values to  some massless fields for which the  F  and D  

term s vanish^30'29). From a stringy point of view, this provides an exam ple of the 

Fischler-Susskind mechanism^22,23,33). In world sheet term s, the  shift of the scalar 

field in troduces an opera to r whose tree  level (super)-conform al anom aly cancels the 

one loop anomaly. In chapter 3, th is anom aly will be rein terp reted  as an anom aly 

of the  BRST sym m etry. T he argum ents of Ref.[28] guaran tee th a t  th is can be 

carried out to  all orders of the  string loop expansion.

In th is chap ter, we verify the  presence of the  one loop fermion mass term s. We 

use bo th  the  light-cone Green-Schwarz form alism  and the  covariant RNS formalism. 

A part from com pleting the  p icture presented in Ref.[28], this calculation nicely 

illustrates th e  role of supersym m etry. For exam ple, earlier argum ents th a t  bosonic 

masses could not be generated in pertu rbation  theory involved m anipulations of 

fermion vertex operators. In th is calculation, we can see to  w hat ex ten t these 

argum ents are  valid, and where they break down. In th e  next section, we review 

the  analysis of Ref.[28].
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2.2 Effective Theory

In a general supersym m etric com pactification there  are a variety of massless 

fields. These include various gauge fields, grouped into vector m ultip lets, V , m atte r 

fields charged under the  gauge group, 4>,, and assorted neutral fields. Among these 

neutral fields there  is always a  superm ultip le t, Y , consisting of the  d ilaton, an 

axion, and a chiral fermion ( “d ila tino” ).

In superspace,

V" =  <f>~2 +  ia +  y /2 0 \  +  02 F  . (8)

Superspace is a generalisation of 4-dim ensional spacetim e and consists of the  su­

perspace coordinates (i*1,0a ,0 a ). x ** are the  usual spacetim e coordinates with 

0a and  0°  as their supersym m etry  coun terparts. T he la tte r  coordinates are anti- 

com m utating G rassm ann variables w ith spinor indices corresponding to  the  2 chi­

ralities, a ,  a  = 1,2. T he vertex operato rs for these fields involve only free two 

dim ensional fields; thus a t tree  level, th e  Lagrangian for these fields has a  univer­

sal s truc tu re , independent of the  details of the  in ternal conform al field theory. In 

particu lar, th e  kinetic term  for the  field Y  is

- J d 40\ n ( Y  +  Y*)  , (9)

and the  Y  m ultiplet couples to  the  gauge fields through

j  d 20 Y W a W Q +  J  d 20 Y * W « W 6 ) , (10)

where W a is the  usual supersym m etric gauge field streng th . By su itab le  rescalings 

of the  fields, the  kinetic term s for these fields can be brought to  the  standard
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form,

T he charged m atte r  fields, are expanded as

=  C, +  V 2 (M t +  02Ft . (12)

For m odular invariant com pactifications, there  should be no anomaly. Indeed, 

as noted in Refs.[28] and [31], it is always possible to  cancel th e  gauge and grav­

ita tional anom alies by assigning a non-linear transform ation  law to the  the  axion 

field, a , under the  U( l )  gauge sym m etry. This is essentially the  four dim ensional 

version of the  Green-Schwarz anom aly cancellation m echanism . Assigning to the 

axion field a non-linear transform ation law under the  gauge sym m etry  corresponds 

to  letting

Y  -»  Y  +  cA , (13)

where A is the  chiral gauge transform ation param eter and  c is a constan t to be

determ ined. In order th a t  the  full Lagrangian be gauge invariant, we m ust modify

the  Y  kinetic term ,

-  J  d 401n ( Y  +  Y* +  cV)  . (14)

In W ess-Zumino gauge,

V  = -0<t*0A m +  i(020 x  ~  ^ x )  +  0202y  (15)

V  transform s as K -► V  — A — A*. In term s of the  usual gauge param eter

u: =  t(A — A*), where A is the  scalar com ponent of A , a —► a — ic (A —A*)/2. T he

U( l ) 3 and g rav itational anom alies, for exam ple, are  given by —u> F F T t Q 3/ 6  x  16zr2 

and o jR R T t  Q /384 tt2 (in th e  first expression there  is a factor of six due to  Bose 

sym m etry, while the  la tte r  is th e  conventional g rav itational anom aly with one



17

external gauge boson line(38] ). Since a has cou plingst14) —a F F / 4 and a R R / 4, 

for the  anom alies to  cancel it is necessary th a t c =  T rQ 3/127r2 =  TrQ/48fl"2. 

Perform ing the 0 integrals yields the  com ponent Lagrangian

^  ^tree “f  f'loop

where

/nree =  - \ * ~ 2 F ^F **  -  i ^ X ^ x  -  ^ F ^ F ^  +  \ r 2n 2

-  i ^ j -)2 -

+ |DMCf|2 +  q,\C,\2D  -  i W D M  (16)

where the  covariant derivative Dp = + iqiA^, and

£ lo o p  =  - - ^ A ^ a  -  -  \ ? D  -  ^ ^ ( x A  -  *A) • (17)

T he auxiliary field, D, can be elim inated by its equation of m otion

D = ^ 2[ - ? , |C , |2 +  ^ 2] (18)

We have divided the  Lagrangian into tree  and loop effects. O ne can easily de­

term ine a t which order in the  string  pertu rbation  expansion each term  should arise 

as follows. Expanding the  d ilaton field abou t its expectation  value, <f> =  <f>o +

one can rescale the  fields so th a t  there  are  no factors of <f> in the  kinetic term s.
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T hen, keeping only term s which are quadratic  in fluctuating  fields yields 

L tr«- =  - \ Fl»  -  ixo'dpX -

-  '-(d^a)2 -  iXff 'dpX -  |I)MC , | 2 -

and

I  loop = ~ - * \ A J T a  -  ^ 4 > lA l  -  C-<t>ll)

+  q,4>o\C,\2D -  ̂ * o ( Y A  -  x'X) (1!))

Now

/> = 7 ^ 0  -  W*o\Ct \2 . (2 0 )4

In these expressions, the  relevant energy scale is a t Planck mass which is related 

to  the  string  scale A/s by, A/p =  \/2 A /s /^o  =  y/2/y/fP<j>o- T his relation can 

be deduced by exam ining the scaling behaviour of the  classical Lagrangian of the 

low energy spectrum  of the  string modes. So, since 4>q is the  string  loop expansion 

param eter, we see th a t the  scalar and fermion masses, and the  axion-gauge boson 

m ixing arise a t one loop, while the  d ilaton tadpo le  and the  gauge boson mass- 

squared term s arise a t two loops.

In the  rem ainder of this chap ter, we verify the  existence of the  fermion mass 

term s. In section 2.3, we calculate these masses using the  low energy field th e ­

ory, em ploying a “stringy” cutoff due to  P o lc h in s k i^ . For the  scalar m asses,

such a calculation has already been perform ed in Ref.[29]. In section 2.4, we cal­

cu late  these masses directly  in string  theory, using the  light-cone Green-Schwarz 

formalism. Finally in section 2.5, th e  masses are calculated using the  covariant 

RNS formalism. T here are close parallels between the  field theoretic  and string 

calculations. In bo th  calculations, there  are “supersym m etric” pieces, i.e. pieces 

which give the  sam e contribution for both bosons and fermions. T here  are also
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pieces, proportional to  D  term  tadpoles^40! , which break supersym m etry  in the  

original classical vacuum , and give different contribu tions to  the  masses of bosons 

and fermions in th is vacuum. (O f course, in the  true  supersym m etric vacuum , the 

masses are equal. As m entioned above, th is can be understood  as an exam ple of 

the  Fischler-Susskind m echanism  ). T he supersym m etric  pieces are  related by the 

contour integral m anipulations of the  second reference of [37]. T he supersym m etry  

breaking term s are associated with contact in teractions, as discussed in Ref.[40]. 

Thus those pieces of the  calculation which are holom orphic respect the  argum ents 

of Ref. [26] for unbroken supersym m etry, while those which involve ^-function 

singularities do not.
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2.3 Field Theory  C alculation

In th is section, we calculate the  fermion masses from field theoretic  considera­

tions, using Polchinski’s stringy cutoftf39!. A sim ilar calculation for scalar masses 

has been given in Ref.[29]. We review th is calculation and give also the  calculation 

for the  mixing of th e  axion and the  gauge boson. These calculations have close 

parallels in the  fermion com putation . T he diagram s for the  scalar mass, gauge 

boson-axion m ixing, and gaugino-dilatino m ixing are shown in Figs.3 and 4 below, 

and in Figs.5a and 5b a t the  end of th is section.

<P
/

Fig 3 Charged scala r  mass correction

a

Fig.4 axion - gauge boson coupling

T he couplings which appear in these diagram s are  universal. For the  gauge 

couplings th is is well known. For the  couplings of the  m atte r  fields to  the  space­

tim e axion and the  d ila tino , th is is perhaps not qu ite  so obvious. It can be seen 

directly from th e  string theory, however. T he vertex opera to rs for the  space-tim e 

axion, d ilaton, and  dilatino, as well as for the  massless gauge bosons, gauginos, and 

graviton are constructed  entirely out of free two dim ensional fields (for the  case of 

the  d ilatino, one uses the  right-m oving U(  1) curren t in th e  N  = 2 supersym m etry  

m ultip le t). T he vertex operato rs for th e  various m a tte r  fields ( “quarks” , “leptons” , 

etc.) involve p roducts of operators in th e  “in ternal” conform al field theory, O,,
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tim es operato rs built from free fields. Thus the couplings of these fields to  the 

gauge bosons, axions, etc. is determ ined by the coefficient of the  unit opera to r in 

the opera to r product expansion of ()t ()j.  This, however, can be absorbed in the 

norm alization of the  vertex operators. Thus all of these couplings are universal.

Since the  couplings are universal, we can determ ine them  in w hatever m anner 

is convenient. We can, for example, evaluate the required opera to r p roduct expan­

sions directly. A lternatively, we will use the simple dim ensional reduction proce­

dure of W itte n ^ 1) to determ ine these couplings. In this approach one simply uses 

the s tandard  ten-dim ensional supergravity action ' 1 1 is reviewed in Ref.[45])

to determ ine these couplings. One obtains a theory with N  = 1 supersym m etry  

in four dim ensional spacetim e by truncating  a theory with N  — 1 supersym m etry  

in ten dimensions. Before the truncation , there is an *^0(6) sym m etry  which acts 

on the  “in ternal” spacetim e indices, and an Eg <8 Eg gauge sym m etry. ,W ( 6 ) has 

an obvious SU(3)  subgroup. Eg contains an ® Eg sym m etry. W itte n ’s pro­

cedure is to take all fields to  be independent of the  internal coordinates, and to 

drop all fields from the Lagrangian which are not invariant under the  direct sum  of 

the two ,S7T3)’s. This yields a four dimensional N  =  1 supergravity  theory, with 

gauge group Eg and a single generation, and with two neutral superm ultip le ts, 

one associated with the  superfield Y  of equation (1.1) w ith precisely th e  Kahler 

potential of equation (1.2), and one associated with the  radial d ilaton. Expanding 

about a particu lar expectation value for the two dilatons (<f>o, R q), we can rescale 

all th e  fields so as to bring their kinetic term s to  the  standard  form. T he  relevant 

term s in the ten dimensional action a r e ^

1. For the kinetic term s of the various fields, as well as auxiliary D 2 term s and 

the Yukawa couplings of the gauge and m atter fields:

i    ̂ r a  vMNa  ̂ , - a rW n  .a
L ' -  7 ? w  "  2 r  D" *  ■  4 ( T )

( 2 1 )

31
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where we have set the  ten  dimensional g rav itational coupling to  one and have 

absorbed the  ten dimensional gauge coupling into the  definition of <j>. 4> is the  ten 

dim ensional dilaton; the  four dimensional field, <f>, appearing  in e q n .( l . l ) ,  is given 

by <f> = 4>R~3/ 2. In m aking the  reduction to  four dim ensions, one divides the 

ten-dim ensional Minkowski index into the  ord inary  Minkowski indices, fi, 1/ = 0, 1, 

2, 3 and six internal indices (which it is convenient to  take com plex), i , i  =  1 ,2 ,3 . 

T he coordinates of M4 will be denoted by x**. Then the  m etric with in ternal indices 

becomes y t} =  Stj R ( x ) ,  and the  S U ( 3) singlet piece of th e  gauge bosons is ( a is 

an E$ index in the  27  representation) A?' =  C a(x).  T he  internal com ponents of 

the  antisym m etric  tensor becom e 6,-j =  fc(x)f,j. T he  o ther S U ( 3) bosonic fields 

which are  S U ( 3) singlets have no internal indices: the  graviton, th e  field <f>, the 

space-tim e axion (related by a duality  transform ation to  B ^  ) and th e  E& gauge 

bosons. All o ther fields are simply erased from the  Lagrangian. For our purposes,

the  field R  may simply be frozen a t some value, (e.g. 1 ), and the field b may be

ignored.

2. For the  coupling of the  axion to  the  m atte r fields:

l 2 = 7 ^ x ar MNPx aUMNP  • (22)
16<?r

3. For the coupling of the  d ilatino to the  m atte r  fields:

L ,  =  . (23)
O <P

In reducing the ferm ions, we can th ink of the  5 0 ( 1 ,9 )  spinors as tensor products 

of 5 0 ( 1 ,3 )  and 5 0 ( 6 )  spinors. 5 0 (6 )  is isom orphic to  S U ( 4); the  spinor of 5 0 (6 )  

decomposes as a  4 and a 4 . U nder S(J{3), 4 =  3 +  1 ; in W itte n ’s reduc­

tion, we keep only the  singlets. T he T m atrices in 10-dimensions are  32 by 32 

dim ensional m atrices and can be taken to  be direct p roducts of gam m a m atrices 

in 4-dim ensional spacetim e and those corresponding to  the  com pactified internal
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manifold :

P 1 = 7" ® 1  , r* = 7 5 ® 7 * , (24)

where 7 ^ are  the  usual four dim ensional gam m a m atrices, and 7 * are 5 0 (6 )  gam m a 

m atrices. These la tte r  m atrices are conveniently constructed , for exam ple, using 

creation and annihilation operators. In a complex basis, in particu lar, th e  six 

m atrices 7 ' ,  7  ̂ obey the  an ticom m utation  relation, {7 ',  7 ^} =  2g'J.

Perform ing the reduction and the  necessary rescalings, the  relevant couplings 

tu rn  ou t to  be:

1 . axion - two charged fermions

y/2
— d p a W V i  , (25)

where a is the  axion field, <f>, is the  i’th  charged scalar field, and is its fermionic 

partner, and we have w ritten  the  result in two com ponent no tation .

2 . d ilatino  - charged scalar - charged fermion

I j - i W X d ' t i  +  X t r ^ i d ^ i )  , (26)

where A is the  dilatino field.

3. gaugino - charged scalar - charged fermion

i<t>*tXa<t>>T°} , (27)

where T a are the  m atrix  generators of the  gauge group.

4. dilatino - gaugino - two charged scalars

^ ? ( x aA -  \ aX) Da , (28)

where D a is the  auxiliary field of the gauge superm ultip let. The o ther couplings

needed in these diagram s, which involve the  gauge fields are  conventional; note

th a t the  gauge coupling constan t is g = <j>q.
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It is now straightforw ard to  write down the Feynman integrals for each of these 

cases. However, each of the integrals is divergent. To cure these divergences, we 

follow Polchinski, and write

d V  * /  d’ r d2r f d2r (29)f  d *p _  n_ t  (H r  _  f  d r
J  p2 o '  J  t 2 2  J  t?

Now we in terp re t r  as the m odular param eter of the torus in string  theory. Re­

stricting  the  integration to  the  fundam ental region gets rid of the  divergence as 

T2 —* 0, and yields a  finite result. In this way one finds, for the  m ass of the  i’th 

scalar^29],

T rQ  A/J , (30)
4n7r^

where M s  =  1/x /o ',  and the trace sums over the U(  1 ) charges of the  chiral

m ultiplets. For the  axion-photon mixing, the coefficient of d^aA^  , we find

m a — A = 0 ^-a 2 Tr Q Ms  , (31)
2  x 48ir*

while the  dilatino-gaugino mass term  is given by

y/2<f>2 y/2 V 2 . „ n ._
m * - X = “ 4 8 ^ ( 1  T ) T t Q M s • (32)

Here, th e  mass scale of the original 10-dimensional Lagrangian, Mp,  has been 

replaced by the  string  mass scale, Ms-  We have indicated here the  contribu tions 

of the diagram s in Figs.5a and 5b, respectively.

/  \  ^  *
9  /  \  9

> \  T

F1g.5e dflatino -  gougtno - D term coupling
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The first can be in terp reted  as a  contribution to  the  m ass from th e  expectation  

value of the  D term . This corresponds to  Fig.5a.

X

Fig.5b dllotlno -  gaugino coupling

T he second is identical to  the axion-photon m ixing term , and can be thought of 

as the  supersym m etric  coun terpart to  this term , i.e. Figs.4 and 5b are supcrsym - 

m etric coun terparts. These masses agree w ith those obtained  from the  effective 

lagrangian. We will see th a t  the  sam e s tru c tu re  arises in the  full string  com puta­

tion.

2.4 Light Cone G auge Calculation

In this section, we describe the  calculation of th e  fermion masses d irectly  in string 

theory, using the  light cone gauge. It is helpful to  first review the  calculation of 

the  scalar masses (note th a t  the  calculation of th e  gauge boson-axion m ixing is 

sim ilar to  the  calculation of anom alies in th a t  it involves an epsilon tensor. It is 

thus difficult to  perform  in light cone gauge). It is sim plest to  discuss the  light 

cone gauge calculation either in weakly coupled cr-models or in free theories such 

as orbifolds. For the  discussion of th is section, we lim it ourself to these cases. For 

definiteness, we consider in this section the  spin(32)/Z2 heterotic  string  com pact- 

ified on a  Calabi-Yau space a t  large radius (so th a t  the  sigm a model approach 

makes sense) or on a left-right sym m etric orbifold, such as th e  “Z orbifold” . More 

general cases can be analyzed using the  m ethods of Ref. 42. For th e  sigm a-m odel 

or orbifold, it is na tu ra l to  decom pose the  spinor fields, 5 , of Green and Schwarz 

as a  3, 5 ',  a  3, S ' ,  and two singlets, S°  and S 6 under the  internal 5 f /(3 ). Simi­

larly, the  left moving fermions of the  fermionic form ulation of the  heterotic  string
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decompose as A', A', and A°, where a is an 5 0 (2 6 )  index of the  m anifest 5 0 (2 6 )  

gauge sym m etry.

The calculation of the  scalar masses in light cone gauge is relatively simple. 

The vertex opera to rs for th e  charged scalar fields have the  form

V+ = - L b t-.\a\ ' ( d X » -  i S 0S } k - ) e ' k X  (33)

For the  C P T  conjugate fields, one has

y/>. =  JL  bi}\ a\ ' ( dX>  +  i S 6S>k+)c'k X  (34)

Here, k ± =  k x ±  i k 2 . Only term s in the vertex operato rs involving the  fields

5° and S 6 have been retained here. Note we have been careful here ab o u t the 

norm alizations. In particu lar, the  wave functions b - ( y )  are norm alized to  unity, 

/  d 6yy/g(y)bf ibj jg**g,i  = 1. These norm alizations can be checked, for exam ple, 

by studying the  factorization of four point functions on massless sta tes. T he vertex 

opera to rs are separately  norm alised to  have unit coefficient for the  m ost divergent 

term  1 / | z  — te |4 in their opera to r product expansions. T he scalar m ass is obtained 

by exam ining th e  two point function,

J  d2r d 2: d 2w Tr [V^,(z, z)V^.(w , w )  qLoql o~ x)

=  J d2rd2z Tt[V^(z,z)V^;(0) 9V 0-1] (35)

where q =  exp(2?rtr). T he V ’s are the vertex opera to rs on the  torus. In light cone 

gauge, we will use vertex operators involving the  transverse coordinates only. The 

argum ent of the  second vertex opera to r has been set to  0  using the  transla tional 

sym m etry  of the  torus. On the  torus, the  fields S°  and  S°  each have a  zero mode. 

T hus to  ob tain  a non-vanishing result for the  scalar m ass, one m ust take the 

pieces bilinear in these S' s  for each vertex operato r. Since these involve factors of
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m om enta, one m ight im agine th a t they could not con tribu te  to  the  mass. However, 

care is required; the  in tegrations over th e  locations of the  vertex operators can yield 

factors of \ / k 2 . These can arise only when the  two vertex operato rs are very close 

together. In th is lim it, we can use the  opera to r product expansion to isolate the 

pole :

S'(*)S'(u>) = -  + 0(1)
Z —  XV

Aa(*)A6(iii) = + 0(1)z — w

t f 'bj - jHWbikA*(«>) =  q,jl(™) + 0 ( z  -  w)  (36)

where j i ( w )  is the  f / ( l )  gauge curren t, j i ( t v )  = / \ f i .  The factor of \/d

has been included to  give unit coefficient for the central term  in the  Kac-M oody 

algebra, for the  gauge boson vertex opera to r. Thus we obtain

W T « / ^ T F  * <2’ i | ! ‘ Tr  <” >

where \  arises from the  correlation function of the  erp( i k  ■ X )  factors on the 

torus. T he  norm alisation constan t for 1 loop am plitudes is =  i / i r2. This can 

be found by inserting a  correctly norm alised p ropagator into a tree am plitude with 

the  norm alisation for the  sphere and sum m ing over the  sam e asym ptotic  in and 

out ex ternal s ta tes  including a  sum  over zero modes, the  loop m om enta, resulting 

in the  trace. O ne now takes the  lim it z —► 0 so th a t \  —<> |z | . It is only after the

factors of k 2 cancel th a t th e  second lim it k ■ k1 = —k 2 —* 0 is allowed.

As explained in Ref. 4, the  trace receives contributions only from massless 

s ta tes, from  which one obtains T rQ , as in field theory. In the  light cone gauge, 

there  are two spacetim e supersym m etry  charges proportional to  the  zero modes 

of S°  and S°.  Explicitly, Q°  =  y /2p+ 5 ° and Q 6 = y/2p+ S°. T here  are two 

which are non-trivial, Q° and Q°. These operato rs are each a sum  of a term  from
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the  internal conform al theory and a piece involving the  two transverse coordinates 

in four dimensions. It is convenient to  su b trac t from each of these operato rs the 

term  involving the  zero m ode of 5° or S 6. Call the  resulting operato rs Q° and Q 6. 

These operato rs satisfy the  com m utation relations {Q ° , Q 6} =  2A /2//>+ , where 

A/ 2 is the  mass squared operato r, and com m ute with L 0 and L 0. Massless states 

are annihilated  by the  Q 's. Massive sta tes are  not. For a given mass level, we 

can consider the s ta te , |t/’), annihilated by 5° and Q ° . Then there are three other 

s ta tes  a t th is m ass level, obtained by acting with S 6 and Q 6. It is easy to  see tha t 

the trace  of S ° S 6 vanishes on these four states. To obtain  the  trace on massless 

sta tes, consider for sim plicity the  case of the 5 0 (3 2 )  theory. The spectrum  for 

massless m odes consists of fields in the 26  of 5 0 (2 6 )  ,

® I-7)r

and 5 0 (2 6 )  singlets,

T he right moving vacuum  is defined so th a t it is annihilated  by 5°. The fermionic 

coun terparts  of the  above bosonic fields have right movers replaced by 5 ° |j ) r  . 

T he  trace  in eqn. (3.7) picks up only the  bosonic zero m odes. T he 26 can be seen 

to  have charge l / \ / 3  and the  singlets —2/v^3 under the  action of the  f / ( l )  gauge 

curren t, j i  . Then T rQ  =  2 4 /\ /3  for each generation. In tegration over loop 

m om entum , implicit in the  trace in (3.7), gives a factor of 4 / r 2 . Thus, the  final 

result is as in the  field theory calculation

J ^ r Tr  t' l 5 ”5S| =  ^ Tr<? Ms216pi
(39)

This agrees with the  expectations described in the  in troduction , as well as with 

the  field theory calculation, and the  results of Ref.[29].
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T he calculation of the  fermion masses introduces certain  new features. T he 

scalar masses were com puted by studying a  two point function on shell (or nearly 

on shell). We would like to do the  sam e th ing for th e  fermions. However, even if 

a m ass is generated, the  two point function vanishes, using the  Dirac equation for 

th e  external massless fermions. This is a consequence of m om entum  and angular 

m om entum  conservation. This problem  can be avoided by inserting a soft d ilaton 

in the  diagram . A sim ilar problem  arises in the  covariant com putation of tin* axion- 

gauge boson mixing. Since the  algebra is a  bit sim pler in th a t case, we postpone 

a detailed discussion of th is problem  to  th e  next section. Suffice it to  say th a t 

the  upshot of th is analysis is th a t one can com pute the  mass from the  two point 

function, ignoring the fact th a t the  final product of th e  external spinors vanishes. 

Thus we need to  study

J  d 2r d 2zd2m T r[lT (z , z) Vx ( w , w )  qL°qL”~'] (40)

where A denotes the d ila tino  and \  the  gaugino. Before w riting down the  vertex 

operato rs, we need to  discuss the  external spinors. These again have a na tu ra l 

decom position as trip le ts and singlets of the  in ternal 5 /7(3). In particu lar, the 

d ilatinos and gauginos are  singlets of this 5 /7(3). We denote the  2 com ponents 

of opposite 4-dim ensional chiralities as A0 , Aa for the  dilatino, and \ ° ,  \ 6 for the 

gaugino. Then the  d ilatino vertex opera to r is given by

=  ^ 7 5  [ V P 7 i m - ( z ) s ° x “ -  a x ^ ) s ‘ x ° )

+  - j L = { S 6\ ° d X - ( z ) d X +(z) -  5°Aad X + ( z ) a V - ( r )

+  i ( 5 dA °5°5dJk+d X ~ ( z )  +  5°Ad5 65 ° ) t - a X + (i))} ]e ,AA'(z’i) . (41)

T he g ravitational coupling is the  sam e as th e  gauge coupling constan t g except for 

a  factor of \ /2 /4 .  Note th a t  the  d ilatino  vertex is sim ilar to  the  gravitino vertex
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opera to r, except th a t  the  ex ternal spinor, U' = P A , does not satisfy T ' U 1 =  0. 

T he gaugino vertex opera to r is given by

v*(t» ,ta) =  [\/p+ 72{  -  S V  +  + - J = { S ‘ x " d X +(w)

-  S ° x 6 d X - ( w )  +  U s 6 x ° S ° S 6 lb'+ + S ° x 6 S 6 S ° ) k ' ~ }  } , (42)

where d X ± = d X 1 ±  d X 2, not to  be confused with light cone coordinates. To 

derive these expressions, one can proceed directly  using the  four dim ensional su­

persym m etries. A lternatively, one can s ta r t  with the  ten dim ensional expressions 

for th e  vertex opera to rs, and use the  explicit form of the  ex ternal wave functions 

corresponding to  the  various sta tes.In  this case, it is helpful to  construct the ba­

sis for the  Dirac m atrices by w riting these as creation and annihilation operators. 

T here  are th ree  pairs of such opera to rs, 6’ and 6* associated w ith th e  in ternal co­

ord inates, and one associated with the  transverse coord inates, a and a*. S ,  x  and 

A can then  be expanded in th is basis, and it is a sim ple m atte r  to  ob tain  the  ex­

pressions in eqns. (3.10) and (3.11). Here we have dropped  term s which do not 

contain  S °  or which contain too m any powers of m om entum  to  con tribu te  to  the 

final result.

In order to  ob tain  a  non-vanishing result from the  p+ in tegration , it is necessary 

to  have no overall factor of p + , i.e. to  take one factor of y /p *  and one of 1 /  y/p+ . 

T hus we need to  evaluate

J d 2r d 2z T r [ V x ( z , z ) V x (0)qL°qL°- ' ]

= e W 7 -  * * * •> f a i n t s -

x { d X ' { z ) d X ' ( z )  + d X ' W d X ' i w ) }  e, k x ^  e it 'X(w,u,)qL0^L0- l )  (43)

From the  S' s  in th is expression, we have taken only the  zero modes. T he d X  

term s can either be contracted  with the  exponential factors or w ith each other.
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T he contraction with the  exponentials yields a result essentially identical to  the 

scalar m ass calculation above. O ne obtains explicit factors of ex ternal m om enta 

giving k 2, which are cancelled by a factor of 1 / k 2 coming from th e  integration over 

z. T he  contraction  of these term s with each o th er yields, essentially a factor of the 

transverse in tegration m om entum , p '2. We may obtain  the  result by differentiating 

the  expression for the  scalar p ropagator on the  torus :

ig2\/2
647r20 ,

(*A -  *A) / d 2r d 22 Tr [jLS dS°] X ' ( z ) X t (z)  ) tmmJ  o

OU _
+  a ,d w( * : ' ( z ) X ' ( w )  ) torus -   ------------ )  y ( z , z ) 2kk’ ( i i )

I z — w\ l

where ( X ' ( z ,  z ) X } (w, w )toru» =  — 26,•, In \ ( z  — tv , z  — u>), is the  scalar

p ropagator on the  torus, and in the  second term  one allows r —► 0 . One notes 

th a t

d t d w{ * ' ( * ) * »  )to,«. =
t 2

T hus eqn. (3.13) is

T T « * J  -  *A)I  ( S k Tr HG)

Again we use the  fact th a t only massless m odes con tribu te  and in the  second term  

take the  lim it as z —► 0 before taking k • k1 —► 0 . These two contribu tions are 

very sim ilar to  the  two contributions in the  field theory case. P u ttin g  all of these 

factors together we obtain

i92y/2rt, _ t . 0 *» H 2^ j ^ T r  U tS ‘ S»](JA -  *A ) J  8 * -  4 i]  (47)

T he trace is precisely the  one encountered in the  scalar mass com puta tion . T he 

in tegration over r  yields finally

m F =  7 T 4S ? t , q m $  <,|8)
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2.5 Covariant C om putation

In this section, we com pute the  fermion mass using the  covariant RNS form u­

lation. It will be helpful to  review briefly the  covariant calculation of the  scalar 

massesl29). For sim plicity again we restric t ourselves to  the  spin(32)/Z2 exam ­

ples. In this case, we divide the  right-m oving ferm ions, xpM, into internal fermions, 

and free fermions associated with A /4, V’*4. T he vertex operato rs for the 

scalars (again in the  26 of the  unbroken 5 0 (2 6 ))  have the  form

V*' = 2 ^ b,~}XaX' {dX}  +  tk  ' ^  (19) 

while those for their C P T  conjugates have the  form

V*' =  -  i k - W ’ ) C- ' kX (50)

T he scalar masses are then obtained by studying the  two point function,

j  d2Td2zd2w Tr [V*,(z, z) V^(w,  w) qL°qLo] (51)

on the  torus w ith a  sum  over spin structures. Insertions of ghosts and antighosts, 

c and 6 , needed to  soak up the  ghost zero m odes bu t with ghost charge con­

served on the  torus are im plicit. Now there  are  only fermion zero m odes for the 

P P  spin s truc tu re , so it is not qu ite  as sim ple to  evaluate the  trace  as in the 

com putation  w ith Green-Schwarz fermions. However, there  are m any im portan t 

sim plifications here as well. T he term  quadra tic  in d X  ’s vanishes after the  sum 

over spin s tru c tu res '30]^29]. Cross term s involving only one d X  vanish because they 

are proportional to  (0**) =  0 . Thus one has to  look a t th e  term s in the  vertex 

operato rs containing two right moving fermions. Again, due to  the  explicit factors 

of m om enta in these operators, one m ust look for factors of l / k 2 arising from short
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92 9t J  d 2r d 2z k+ 2kJ Tr \ jLj R qL°qL°\ , (52)
4x 2n ,

where j r  is the  right moving curren t in the N  = 2 superconform al algebra, and 

j l  is the  left moving U{ 1) gauge current,

3K =  j l  = ■ (53)

In expressions (4.1) and (4.2), vertex operators are norm alised to  create properly 

norm alised sta tes. As in Ref. [29], g has been defined so th a t  it can be identified 

with the  physical gauge coupling.

One can show^30̂ 29! th a t only massless sta tes con tribu te  to  the  trace. Thus 

the  m om entum  integral is readily perform ed, giving

where now the  trace does not include the  integral over m om enta. It can be shown 

th a t th is expression gives the  sam e result as we found in the  field theory and light 

cone c a lc u la t io n s ^ ’̂ 29].

It will be instructive also to  briefly review the  calculation of the  axion-gauge 

bosonl31] mixing. This calculation is m ost conveniently perform ed with the  vertex 

opera to rs in the  0 and —1 ghost num ber pictures. In the  0 ghost p icture the vertex 

opera to r for the  axion (=  B p V) is

va = ( d x v + ik ■ w  ) e ' k X  , (55)
OTT

where the  polarisation tensor, is antisym m etric. T he vertex opera to r for the 

gauge boson is

£  C.JL e - V " *  *  

where <f> is the  bosonised superconform al ghost.

VA = £  O J l  e - V e ,V , (56)



We sock the mixing term , A ^ a .  Note th a t this vanishes on shell; as in the 

fermion calculation above, it is in principle necessary to  insert a low m om entum  

dilaton and consider 3 point am plitudes to  obtain  a  non-vanishing result. The 

point is th a t the effective Lagrangian of eqns.(lfi) (20) implies a coupling of A, \ .  

and the  d ilaton, does not vanish provided the dilaton carries some m om entum . So 

we insert the dilaton vertex operator

K tiiaton =  d X "  ( d X v +  i t  ■ H ' v  ) c " - 'v  , (57)

with external m om entum  i into the th ree  point function,

J  d 2r d 2z ,d 2*2d 2r 3 Tr \V, (zu k)  V'2(r2,*') V 'd ila to n U l, 0  < / V ° ]

=  J  d 2 r d 2 z , d V r r  [ l / , ( r , ,  Ar) V2(z2 , k1) l- d X , t (dX>t +  it- V’0 " )  e M V V ' 1  .

(58)

Here transla tional invariance on the  torus has been used to put the  d ilaton  vertex 

opera to r a t the origin. There are a variety of contributions in the  lim it of very 

small t. All are proportional to  the  naive two point function of th e  axion and 

the  gauge boson, except th a t the  external wave functions of these particles now 

carry m om enta which differ by c . For exam ple, there  is a contribu tion  where the 

d X ** and d X v term s in the vertex opera to r are contracted  with the  exponential 

factor in V\ or V2 . This gives a factor of k ■ k\  which is cancelled by a sim ilar

factor after the integration over z\ or z2 . Similar term s arise if the  c • term

is contracted  with term s in V\ or V2. There are also term s where the  holom orphic 

and antiholom orphic derivatives of X ** are contracted w ith each other. These again 

yield results proportional to the two point function. One can check th a t  the  overall 

coefficient is th a t expected from the effective Lagrangian.

T he only piece of the  two point function of the axion and the  gauge boson 

containing the  parity violating epsilon tensor in 4 dimensions comes from the  PP



sector of the  right movers

J  d 2r d 2z d 2w  Tr [Va(z,  z )  VA{ w, w)  T?{zq) qL°qL° ]PP , (5 9 )

where Tp is the two dimensional supersym m etry  curren t. In this sector, there  are 

four fermion zero modes, so we m ust again use the  pieces of the  right m oving vertex 

opera to rs to  soak them  up. In particu lar, we note th a t  the  relevant p a rt of 7p is 

e x p a n d  use the  identity

( d w w  ) PP =  V - ' H  o 75  >PP , (60)

for an opera to r O  not containing fu rther 0 ’s (in our conventions, ^  j \ f i  ).

To ob tain  a  non-vanishing result, it is necessary to  con tract d X M of the  gauge boson 

vertex w ith d X v from the  axion vertex operato r. This corresponds to in tegration 

of loop m om entum  in the  field theory calculation, and in the  light cone calculation 

is equivalent to  the  supersym m etric con tribu tion  to  the  fermion mass.

Massive m odes do not contribu te  to  the  trace. To see th is, we can first ignore 

the  bosonic and ferm ionic zero m odes associated w ith the  non-com pact directions. 

T hen exam ine the  supersym m etry  opera to r, G0 in the  Ram ond sector, constructed  

from 7p. We can split th is opera to r into th ree pieces, one referring to  the  ghosts, 

one to  (say) the 0  and 1 directions in the  uncom pactified dim ensions, and  th e  th ird  

referring to  the  rest (the  3 and 4 directions and the  com pactified dim ensions). This 

last piece is essentially th e  light cone supersym m etry  generator. We will call these 

G '|h, Ge0xt and G„c, respectively. T he  trace  over the  non-zero m odes factorizes 

in to  a  p roduct of th ree term s, again corresponding to  the  ghosts, th e  “ex te rnal” 

coordinates and the  light cone piece. G ^  satisfies

(C |f ) 2 =  L  -  J  . (61)

Here L a denotes th e  light cone Virasoro generator w ith the  zero m odes (m om enta) 

removed. Now in the  trace  over the  light cone variables, since Gjf com m utes with
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L 0 bu t anticom m utes w ith ( —1)^, s ta tes  which are not annih ila ted  by Gl„ cancel 

pairwise. S tates annih ila ted  by G „ are  m assless, since they have L 0 =  1 /2 . To 

evaluate the  trace  over massless sta tes, we can use the  following trick. We can add 

to  this trace  the  term  arising from the  AP sector, since th is term  vanishes. This 

gives the  usual GSO projector. T he rem aining trace  over physical m assless sta tes 

is easily evaluated, Tr [;'l 7 s]pp =  —4 T rQ .

After perform ing the  m om entum  integral,

-  £ 4 - ^ ^  Tr W pp /  ( $ 3  / d2*<“ > ■ <B2>

W ith  the  duality  relation k„tp<T =  ik p ( from the  relation *d D = da ), and 

rem aining ofT-shell, one finds th a t the  axion-gauge boson coupling is

T .Q  T r Q  « ,  . (03)
2 x  16?r2 j  i  2

th e  sam e result as th a t obtained from the  field theory argum ent^31!.

Now let us consider the  fermion mass. In theories w ith N  = 1 supersym m etry  

in spacetim e, th e  internal conformal field theory always possesses a right moving 

N  = 2 superconform al invariance^]. This sym m etry  implies the  existence of a 

conserved right-m oving t / ( l )  current, j n ,  which can be w ritten  as th e  derivative 

of a  free boson, j j i  = id U  . This boson is norm alized so th a t, on the  plane, 

( I I ( z ) I I ( w ) )  =  — 31n(z — w).  T he four free ferm ions, can also be bosonized 

in term s of two free bosons, <f>\ and f a  . T he  space-tim e supersym m etry  generators 

are  then integrals of four curren ts, J  and J, given by

J a =  e ~ $ S ae i H = + *2) + 3H

j °  = e - $ S ° e ~ i H = 4 *j) “  3 "  , (64)

with an even num ber of — signs in the  exponential of non-ghost fields correspond­

ing to  a  choice of positive 10-dimensional chirality. T he  vertex opera to rs  for the
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gaugino, gravitino , and dilatino, are built from these opera to rs and from other 

free fields. For th e  fermion mass calculation, it is convenient to  take one vertex 

opera to r in the  p icture w ith ghost num ber 1 / 2 , the  o ther with ghost num ber —1/ 2 . 

For the  gaugino vertex opera to r, we have

V* =  ^ - j i e ^ S X etk' X = 2 - j L e - S ( S a XQ e i H +  SaX* c~*H ) e,k' X . (65) 
n r 7r

T he d ila tino  vertex opera to r in th e  + 1 /2  superconform al ghost p ictu re  is 

V x  =  t- ^ - e ^ d X f l ( d X l / - i k - r P i P l, ) S r ‘' r , l \ e , k X
OTT 2

=  e* d X u ( d X v — i k - r l ’ipv)
16 7T

x ( S a [<rv& ^  e - i "  +  A* e * " )  e,k X . (6 6 )

T he overall factor is again determ ined by the  requirem ent th a t  the  vertex oper­

a to r create  properly normalized sta tes. T he coefficient of the  term  bilinear in 2- 

dim ensional fermions differs from th a t  of the  ten dim ensional vertex opera to r (Ref. 

[7] ). Indeed, th is coefficient depends on the  uncom pactified spacetim e dimension 

d  ( here /i, v  =  0, . . ,3 ). T he fermion mass is given by

J  d 2r d 2zd2u>Tr [V\(z, z) Vx (w,xv) qL°q^°] ■ (67)

T here  are two types of non-vanishing contributions here. F irst, th e  d X ^  and
• • » /  y

dX„  factors of the  d ilatino  vertex can be contracted  w ith the  e factor from 

the  gaugino vertex, each yielding an external m om entum  k 1 . In order to  cancel 

the  resu ltan t factor of k 2 which will be eventually taken to  zero we m ust, as usual, 

look for short d istance singularities, and it is enough to  exam ine the  leading term s
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in opera to r product expansions (O PE ). In particu lar,

 ^-T777 t af i+  j j k  -  «0 1/2 k " ,  +  ■ • •\ z  — t r ) 1/* o

.S'" (z)S0 (w) =  -----L — -  <"'* + U z  -  »0 ,/2 [&r + . . .  (68)
(z — w y i *  8

=   L - —  ±  I ( r  -  u, ) ' / 4J k (u,) . +  . . . (69)
(r —  u))-1' 1 2

The coupling is thus

“ ■ i ^ (VA "  ' A) ^  1 S’' 1 >R / d 2 r< l?~~ 1
(70)

3‘27r2n ,

A fu rther short d istance singularity  comes from contraction of d X p  with the  expo­

nential factor, with the term  bilinear in 2 dim ensional fermions. By exam ining the 

O P E ’s of the  la tte r together with the  spin field a t the sam e point z and the spin 

field from the  gaugino vertex a t w  , one finds 2 ways of ob tain ing  singular term s 

with 1 / ( z  — w ) 3/ 2 d ivergence. W hen combined with the  first term  of the  O P E  of 

the  ghost fields and the  finite term  from the  O P E  of the  in ternal fields in (4.17), 

the  result is a 1/ | z  — te | 2 pole th a t can yield 1 / k 2 after in tegration . Here we need 

the O P E

^ ( ^ ’" ( ^ o M  =  - A{z [_ k '**"  -  < r ^ S 0 (w) + . . .  (71)

The above leads to

r ( z m : ) S „ ( z ) S 0 (w) = -   --------------------------- -  o W F a t H y  +  • • • (72)
2 (z — w y / *

By using identities for 4 dim ensional gam m a m atrices, <7P<7,‘<7P =  — 2cr*i , and
a a

]0  =  4^o , we can find a second term  proportional to  k

~ ^ ^ i xX ~  * X) Tr ^ j l j R  / d2r d2^ j r ~ t r p <?Logz,° 1 • (73)

T he final contribution is found by contracting  d X ^ z )  and dX„( z ) .  The re­

m aining fields have a t m ost a \ / ( z  — w) singularity  which when sum m ed over all
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spin struc tu res m ust be cancelled^43! . By exam ining the  O P E ’s, we find th a t the 

only coord inate independent term  has coefficient proportional to  the  right moving 

curren t j r ,  as for the  singular contributions. Assembling all these term s we get

Tr ̂ 4 / dV
x ( ~  J  d2z -  J  d  ^  ) \ { z ,  z f k• k'qL°qL° } . (74)

T he first term  in (4.21) is identical to  the  contribution from  the  axion-gauge 

boson coupling and is related to  it by supersym m etry. To see this, one can first 

rew rite the  gaugino vertex in (4.16) as a  com m utator of the  supcrsym m etry  charge 

Q  and the gauge boson vertex operator. A factor of m om entum  appears in this 

relation. T his reflects the  fact th a t the vertex operators correspond to  the  usual in 

and out fields of field theory tim es inverse propagators (see, for exam ple, Ref.[29]). 

T he com m utato r can be expressed as a contour integral of th e  supersym m etry  

curren t in (4.13) and the  gauge boson opera to r, the  contour enclosing the  position 

of the  la tte r  vertex. Ignoring possible singularities, the  contour m ay be deformed 

to  enclose the  position of th e  dilatino vertex; th e  resulting com m utato r gives the 

axion vertex operator. T he gam m a m atrix  m anipulations, along with th e  factor of 

m om entum  m entioned above, yield precisely the  A^ d ^ a  coupling. These contour 

m anipulations are not valid when the  vertex opera to r positions coincide. At such 

points, there are additional S- function singularities corresponding precisely to the 

fc2/fc2 term s found earlier. Of course, one can also transform  the boson vertex 

operators in (4.9) to  obtain  (4.16).

T he reader may be confused by one point. In our earlier com putation , the 

fermion m ass received contributions from various spin structu res; the  axion-gauge 

boson m ixing, on the  o ther hand, came only from  the  P P  sector (on the  right). In 

Ref.[29], it was shown using general argum ents th a t  T r [7l j ’r ]  is p roportional to  

Tr [/l]pP i where one sums over spin structu res of both  left and right sectors in the
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form er but in the  la tte r  on the  right, only th e  P P  spin s tru c tu re  is included. Thus 

the  results described here are consistent with one another.

T he short d istance singularity  contribution to  th e  fermion mass, from the  sec­

ond term  in eqn. (4.21), is

m " '  =  - 4 ^ T r < 3 M s  • < 7 5 >

Again, this agrees w ith (2.12) and (3.16). T he contribu tion  equivalent to  th a t  in 

the  axion-gauge boson com putation  corresponds to  the  supersym m etric  term s in 

eqns. (2.12) and (3.16),

m " ’ “  <76>

Thus all four approaches yield the  sam e rem it for this mass.

In the  next chapter, we will only work with covariant string  vertex opera­

tors. We will show how these m ass corrections allow u ltraviolet divergences on the 

world-sheet to  m anifest them selves as B R ST anom alies. We will then  show how 

the  anom alies can be cancelled with the  renorm alisation of th e  vertex operators 

involved in the  two-point functions. T he vertex opera to rs for physical s ta tes  are 

B R ST invariant operators and their B R ST invariance is only tru e  on shell. In fact, 

the  BRST com m utator or an ti-com m utator of vertex operato rs for massless sta tes 

results in contributions which vanish only if polarisation tensors are  transverse to  

the  ex ternal m om enta, or in the  case of ferm ion vertex opera to rs , if th e  external 

spinors satisfy the  massless Dirac equation.
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Chapter 3 B R ST Anom alies and Mass Renorm alisation

3.1 Introduction

In th is chapter, we will use the BRST sym m etry of string theory as a  guiding 

principle in the  m ass renorm alsation of string  vertex operato rs representing states 

th a t  have gained mass by quan tum  corrections. We will consider the  sim pler case 

of th e  bosonic string  before moving on to  the  com pactified hetero tic  string  in 4- 

dim ensions. Since the  physical constrain ts of superconform al and therefore BRST 

invariance of physical states!47]^48] a t tree level depend on tree  level masses, one 

would expect th a t BRST invariance will be affected by loop generated  masses.

A.Sent21! has shown th a t, in the bosonic string, non-vanishing two-point func­

tions a t  one-loop(m ass corrections) lead to  BRST anom alies a t tree  level, and at 

one and two-loops. Then, correlation functions th a t include null or BRST exact 

s ta tes  do not always vanish. BRST exact s ta tes  correspond to  triv ial s ta tes  and 

are set to zero, since their inclusion in any correlation function involving physi­

cal s ta tes  should lead to  the  vanishing of the  correlation function. Non-vanishing 

correlation functions th a t contain these null s ta tes  are thus BRST anom alous and 

break BRST invariance explicitly. It was shown th a t the  B R ST anom alies can be 

cancelled exactly  by m odifying the vertex operators, using renorm alised vertex op­

era to rs for s ta tes  with mass corrections. T he renorm alisation of a vertex operator 

includes changing the external m om entum  k to  incorporate the  m ass shift. This 

leads to  the  m odification of o ther physical constrain ts on the  vertex opera to r, to 

m ain tain  the  BRST invariance of th e  vertex operator.

In general, quantisation  of a system  sub ject to  constra in ts in the  BRST fram e­

work requires constra in t conditions to  be replaced by the  B R ST constra in t con­

d ition  th a t  the  B R ST charge Q  ann ih ila te  physical states^49!’!50). BRST invariant 

in teractions involving physical sta tes should lead to  non-vanishing correlation func­

tions which are consistent with BRST sym m etry and thus with th e  constrain ts of
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a  system . This is true  a t tree-level. Loop corrections, which are  otherw ise BRST 

invariant, can generate m odifications inconsistent w ith tree-level constra in ts and 

break B R ST invariance implicitly. In string  theory, tadpoles break B R ST invari­

ance and  can be understood , as shown in Refs.[22] and [23], to  be due to  divergences 

th a t arise when handles become small or equivalently when all vertex operators 

approach. BRST sym m etry can also be broken by singularities th a t occur when all 

except one vertex operator approach each o ther causing non-vanishing two-point 

functions to  factorise. In the  scheme to be used here, th e  im plicit breaking of 

BR ST invariance by mass corrections is reform ulated as explicit breaking by the 

non-vanishing of correlation functions th a t include null sta tes.

We will show how this prescription can be used to  carry  out mass renorm al­

isation in a  system atic way, for bo th  boson and fermion vertex opera to rs, when 

the  hetero tic  s tring  is com pactified to  4 dim ensions w ith an anom alous (J{ 1) gauge 

sym m etry. A partial analysis of th is model was carried out in Ref. 46 by using 

global properties of th e  world-sheet. It is well-known^34l’f35) th a t there  are am bigu­

ities rela ted  to  the  insertion of p ictu re  changing opera to rs on the  world-sheet. Our 

analysis here is local and we find th a t  po ten tia l am biguities can be removed.
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3.2 BR ST anom alies in the Bosonic String

We review Ref.[21] for the  bosonic string and com pare this with a  conform ally
n— 1

equivalent procedure. An n-point function on the  to rus, ( ]"I KccVJtoru*, th a t
i = l

includes a  BRST exact s ta te , ccV = [Q,cV],  where Q  is the  B R ST charge,

can be non-zero^21!. V  m ust have conform al dim ensions (1 ,0 ) and w ithout loss of 

generality, V  can be chosen with zero ghost charge^, and V  to  be V irasoro prim ary. 

W ith  k 2 =  0,

V ( z , z )  =  6 { z ) e l k X ^  . (77)

V  satisfies the  physical Virasoro constra in ts, except th a t  [Ao, V7] =  0. T he com m u­

ta to r  with the  BRST charge rew ritten as a contour integral can be deform ed and 

leads to  a  to ta l derivative in the  m odular param eter th a t  is related  to  the  existence 

of tadpoles.

It can also give contributions not related  to  tadpoles. T he n -po in t correlation 

function becomes a sum  and is then  factorised,

n —1 n —2 .

- E
,=\ 0 *,) 1=1

27rifin \ —> - t—r
= ----- ^2 V  cdVl ) to ru * ( cdccdcVi cVj V, cV  ) 8phere • (78)

1 i = l

(n  — 2 ) vertex operato rs on the  left hand side are restricted  to  a disc in the  neigh­

bourhood of c V . This corresponds to  a  choice of kinem atics th a t  leads to  the 

factorisation of a one-loop two-point function from one-loop n-poin t( n >  1 ) 

correlation functions. Sen s h o w e d ^ , th a t the  to ta l derivative con tribu tions are 

non-vanishing if th e  in tegrand contains^21! a l / t ,  which gives t ,  2ni6^2\ t )  and

f T h is argum ent is valid only because we will choose to  use vertex operators Vi th at have 
zero ghost charge.
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thus a finite contribution in terpreted  as due to the  boundary of the  m oduli space 

of param eter t a t t =  0. Each to tal derivative of cV} can thus be factorised, 

fio =  a?/4iri is the norm alisation constan t on the  sphere and a is the coupling 

constan t for each vertex operator.

These are BRST anom alous contributions if the  factorised tw o-point function 

on the  torus and the n-poin t function on the  sphere are  both  non-vanishing. One 

sum s j  over all (n — 1) factorised contributions. Three-point functions on the  torus 

th a t  include a BRST exact s ta te  generally vanish when sum m ed over different 

contributions because O  is a  conserved current. For exam ple, O  could be the  left 

moving m om entum  current d X  (or, as will be seen for the  heterotic  string, a left 

moving f / ( l )  charge curren t j i  ). W ith  4 or more vertex operato rs, there  are 

additional poles which give a  non-vanishing sum.

Conform ally equivalent m anipulations on the torus lead to  poles like 1 / :  which 

creates a  Dirac delta  function at the  location of the  vertex opera to r V,. One 

exam ines O P E ’s to  find

Vi(z,z)Vj(w,u>) = +  . . . , (79)

where is a  coefficient, p roportional to  th e  corresponding three-point function. 

A cand idate  for V, is the  (1 ,0) opera to r V.  T he singularity  a t the  boundary of the 

m oduli space of a  long tube  is equivalent to th is singularity  when the  positions of 

these vertex operators coincide. T here  can be up to  (n  — 1) contributions of the 

type
n —2

( | |  Ci jkCcVk  ) tor us ( ^ 0 )
/=1

All vertex operators V/, i.e. except for one which has non-vanishing two-point 

functions with some opera to r V,  are allowed to  approach ccV* sim ultaneously.

f T here is a phase am biguity which we find convenient to  fix by the phase choice in 6(2)(r ) =  
6(* )6 (£ ) =  —i6(x)6(y) /2 ,  w here z =  x  +  i y  , z =  x — iy.  T h is determ ines the phase in 
dJ* =  dz dz  =  2 id zd y  and 5 ,(1  / i)  =  2)ri6<2)(2 ). However, one will see that the am plitudes 
to  be calculated are independent o f this choice.
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The use of O P E ’s to  bring (n — 2) vertex operators close together can be justified 

by a suitable choice of kinem atics. This will lead to  an am plitude th a t corresponds 

to  Fig.6.

Fig. 6 Factor isat ion of 1-loop 2-polnt 
function from 1-loop n-point function

A non-vanishing two-point function can be obtained if V  results from the  O P E ’s 

of these operators. The poles of the  propagators of in term ediate  s ta tes  th a t arise 

in the  O P E ’s, when massless, lead to  generic log divergences when the  world-sheet 

coordinates are in tegrated . Factorised one and two-point functions do not vanish in 

general. Factorised three and higher point functions vanish. All vertex operato rs 

coming close lead to  a  one-point function on the  torus, i.e. a tadpole, and is 

removed by shifting tree-level fields!22!’!23!.

A vertex opera to r renorm alised for the  mass correction!33! V /'"  (Jbren) is given 

by \ ~ 6k K(fcren) where k 2tn =  k 2ret +  6 k 2 =  — m 2ree — 6 m 2. A is the  world sheet 

u ltraviolet m om entum  cut off. We use the  convention where a '  =  2. As shown in 

Ref.[33], the  prefactors are  norm al ordering factors which appear due to  anom alous 

dimensions in vertex operators with ex ternal m om enta incorporating the  mass shift. 

If a tree-level vertex opera to r is norm alised to  unity, the  O P E  of the  dimension 

(1 ,1 ) vertex opera to r with its C P T  conjugate, V (z ,  z, — k)  i / M 4 ,

is also norm alised to  unity  for the  renorm alised vertex operator. T he renorm alised 

vertex opera to r does not scale as a  dimension (1 ,1) tree-level opera to r, and the 

V irasoro opera to r L o will be shifted as the  mass is shifted, L™n =  L*™e — 6 m 2. 

Scale invariance can however be recovered as will be shown in the  last section.
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T he tree  level BRST anom alous contribution is

" - 3  6 k 2  n —3

( c c v r  II V* cdV> W'W) ),phcre = — ( c d c c v r  n  Vi “ VjcV  )gpherc +  . . . ,
i=l .=1

(81)

w ith th e  sam e external sta tes as in the  one-loop calculation. O ne has deformed the 

BRST com m utato r as before and . . .  represents con tribu tions which always vanish 

because they have unrestric ted  m om entum  flow through connecting tubes. T he 

non-vanishing term  has exactly  the  sam e form as in eqn. (78). It will be shown 

la ter th a t  the  renorm alisation prefactors for vertex operato rs result in tree-level 

contribu tions th a t are finite up to  logarithm ic divergent factors common to  both 

the  tree-level B R ST anom alous correlations and the  one-loop BRST anom alous 

correlations they  are  to  cancel. T he log divergences are due to  propagators of 

massless in term ediate  states^51). T he identification, 6 k 2 = ( V  ccV, )toru* =  —6 m 2., 

has also been used. T hus, eqn. (81) is the  tree-level anom alous term  th a t cancels 

th e  anom alous one-loop contribution.

Ju s t as for the  one-loop calculation, one finds a  suitable choice of kinem atics, 

using O P E ’s, such th a t  the  first term  in eqn. (81) is evaluated by allowing (n — 2) 

vertex opera to rs to  come close together. T he  required anom alous tree  am plitude 

needed to  cancel th a t of Fig.6 is shown in F ig .7 below. 

k2 k3 k4  kn-1

k ren kn
1

Flg.7 Kinematics for anomalous 
t ree- level  n-point function
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3.3 B R ST  anom alies in the H eterotic String from an anom alous U ( \ )

We now im plem ent th e  procedure of the  previous section for the heterotic string 

where, instead o f pinching, one allows all bu t one vertex opera to r on the  world sheet 

to  come close to  each o ther. As is well-known, this is conform ally equivalent to 

the  pinching piocess. Mass corrections a t one-loop occur in the  presence of an 

anom alous U( 1) gauge sym m etry.

3.3.1 Charged Scalar M ass-Renorm alisation

Consider the  non-vanishing two-point function at one-loop for a charged scalar 

</>, and its C P T  conjugate <̂ ; with U( 1) charges q(+ and q~ respectively,

m f =  { Vt'CcV*. >torus =  ^ T r Q  M | , (82)

where q< = | ^ |  is the  f / ( l )  charge and the  string scale Ms =  1 /v /o '. T he  sign 

of m f  depends only on th a t of Tr Q. The vertex operato rs for gauge fields have 

been norm alised to  have coupling constan t a =  <7/ 2 tt, where g  is identified with 

the  4-dim ensional gauge coupling.

T he sim plest non-vanishing BRST anom alous correlation function at one-loop 

is a  4-point function,

( V * ,(zi,2 l) Vfr{z2 ,Z2 ) ^ 4( 23 , 23) c c V ( z i , z 4) ) torus 1 (83)

where the  null s ta te  is, ccV  =  [Q ,cV]. This corresponds to  Fig.8a.

[Q,cV 1

Fig 8a
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All vertex o p era to rs t are in th e  zero superconform al ghost p icture. V\  is the  vertex 

opera to r for the  U( 1) gauge boson,

V a ( z 3, z 3) =  C „JL (d* '1 +  ik 3 - W » ) c ' k 3 X . (84)

B R ST invariance at tree-level dem ands the  transversality  of the  polarisation tensor, 

*3 • C = 0.

A suitab le choice for V  is,

V  =  , (8.-3)

This o pera to r was also used in Ref.[46].

T he correlation function in eqn. (83) includes a sum  over th e  4 spin structu res 

on the  torus. In the  P P  sector, in tegration over th e  superm odulust26) and the  4 zero 

m odes of th e  world sheet fermions, is also included. In fact, the  P P  sector in 

eqn. (83) vanishes since there  can only be a t m ost 3 world sheet ferm ions from the 

vertex opera to rs and p icture changing operato r. T he superm odulus is assum ed to 

have been in tegrated  o u t to  give an insertion of the  p ictu re  changing o p e r a t o r ^ ,  

T (z ). T he vertex opera to rs are initially in the  zero superconform al ghost p icture 

except for, say, Va in the  -1 p icture. Here, the  only contribu tion  of the  p icture 

changing opera to r is its m atte r piece, e^7V, which would change Va  back to  the  zero 

ghost picture. Thus, for our purposes we can conveniently choose vertex operators 

in certain  ghost p ictures on the  torus so as to have to ta l zero superconform al ghost 

charge for non-vanishing correlation functions. This choice can be m ade because 

the  p ictu re  changing opera to r gives vanishing con tribu tions in the  following 2 cases. 

Firstly, physical vertex operato rs which are BRST closed up to  a  to ta l derivative 

are  neither B R ST exact nor triv ial and may con tribu te  a t the  boundary  of moduli

t T he convention will be that the i ’th vertex operator V 'fr^ .i,) carries external m om entum , 
ki,  labelled by index i, unless otherw ise stated .
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space through their to ta l derivatives. T he p icture changing opera to r is B R ST exact 

and trivially closed and cannot con tribu te  th is way. Secondly, there  are  null s ta te  

vertex opera to rs which are BRST exact b u t non-trivial because they  can soak up 

to ta l derivatives of o ther vertex operators. These null s ta tes  lead to  non-vanishing 

contributions because they carry left moving currents th a t  can give rise to  a \ / z  

pole which soaks up to ta l derivative term s as was shown for the  bosonic string 

(th is continues to  be tru e  for the  heterotic string). The p icture changing operator, 

being constructed  from purely holom orphic fields on the world sheet, cannot create 

a pole of this type.

T here rem ains the  question of the  dependence of the  correlation function on 

the  position of the  superm odulus insertion on the  world-sheet. A dependence of 

th is type leads to  am biguities.

As before, we deform  the  contour integral with BRST curren t. As there  are no 

tadpoles a t one-loop in these theories, the contributions from antighost b insertions 

which lead to  to ta l derivatives in the  m odular param eter vanish. T he BRST com­

m utato rs w ith vertex operators lead to  3 contributions which are to ta l derivatives 

w ith respect to  the  vertex positions. We note  th a t

=  _ q' _ -I- k4) |Zl -  z4 |2* '* * + . . .  , (8 6 )
Z\ — Z\

gives rise to  th e  required pole. T he O P E  of V^. w ith V  is th e  sam e except th a t 

the  charge is q ~ . T he  O P E  of Va  with V  does not contain such a  pole and its 

contribution vanishes. T hus, to ta l derivative contributions from charge neutral 

vertex operators always vanish for th is choice of V . T he result is th a t  eqn. (83) 

becomes

- 2 n i {  q f (  V ^ ( z 2 , z 2) VA (z3 ,Z3) ccV*.(*4 , *4, *l +  *4 ) |*l -  z4\2klki )to ru s

+  9 .~ ( Vt . ( z  1^ 1) V a ( z 3 , Z 3 )  C c V j j ( z 4 , 24, k2 +  £4 ) |*2 -  Z4\2kl k< )to rua  }- (8 7 )

If in eqn. (87), one exchanges the  dum m y labels I and 2 in the  second term , it 

is easy to  see th a t the  2 correlation functions are the  sam e except th a t  V^; and
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V^, have th e ir locations interchanged. Since the interchange does not in troduce 

any phases, then except for poles between V \  and the  o ther vertex operators, the 

2 correlation functions are  identical and would cancel. T he point here is tha t 

the contributions of the 2  correlation functions with the  position of V \  in tegrated  

over the  analy tic  p a rt  of the  torus, i.e. away from the o ther vertex operators, 

cancel exactly  because of charge conservation. W ithou t the  gauge boson vertex, 

one finds 2 contributions which cancel exactly. T he only non-vanishing m om entum  

independent contribu tion  comes when Va  is allowed to  approach z \ .  We can safely 

restric t our analysis, in the  absence of tadpoles a t one-loop, to  th e  case when all 

bu t one vertex opera to r approach 24.

Since Va  carries the  left moving f / ( l )  gauge curren t, its O P E ’s w ith the  charged 

scalar vertex opera to rs result in

47rt lne( {V ^(22 )ccV^(24 , - f c 2)i(fci +  k4)„

+ ^ , ( 2 1 ) c c V ^ (z A, - k \ ) i { k 2 -I- A:4)/1}C/1 ) (88)

To regularise the  lim its as all b u t one vertex opera to r tend to  coincide in their posi­

tions, one can define small b u t finite quantities, c =  |z3 — 24 |a n d e '  =  | z\ — 24|, 

for th e  first term . T hen , before allowing the  lim its c —► 0 and c* —► 0, consider 

e2*3-(*i+*4) t /2*i *« if fije 2 small quantities can be identified, i.e. t  =  t ' , which 

can be taken to  m ean th a t  the  lim its are taken sim ultaneously and  at the  same 

rate , the  sum  of the  exponents of e vanish identically by m om entum  conservation 

and as these tree level s ta tes  are massless. The sam e argum ent is also applicable 

to  the  second contribution. T he first contribution is obtained by tak ing  the  suc­

cessive lim its z\ —► Z4 and 23 —► 24, and for the  second 22 — before 23 —+ 24. 

For bo th  contribu tions, th e  first lim iting process leads to  an in term ediate  sta te . 

The vertex o pera to r corresponding to  the in term ediate s ta te  appears in the  O PE  

and gives rise, in the  second lim it, to  the  pole of the  p ropagating  in term ediate 

s ta te . This s ta te  is massless and its pole leads to  a  logarithm ic divergence. T he
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two con tribu tions correspond to  the  am plitudes in the  ‘s ' and ‘t ' channels shown 

in Figs.8 b and 8 c below.

1 k„S 4-

1

[ Q , c  VI

V '  I Q , CV 1

Fig.8c

u
Fig.8b T

2 '

Using eqn .(82) and choosing 24 =  0, for convenience, one adds the  2 con tribu ­

tions and thus obtains

(89)

We now exam ine the  BRST anom alous correlation functions a t  tree-level re­

quired to  cancel the  anom alous contribution in eqn. (89). T he required correlations 

are th e  four-point functions,

(  ( 2 1 , 2 2 )  « % . ( 2 2 , 2 2 ) ^ 4 ( ^ 3 , * 3 )  C C ^ ( 2 4 , 2 4 )  ) „ p h e r r  ,

( CCV^.(21,22) CCV£"(Z2,22) 1^ ( 2 3 , 2 3 ) CCU(24, 24) )sphcre , (90)

w ith th e  renorm alised vertex opera to rs and V̂ ren, as well as Va in the —1 pic­

ture . T h e  renorm alised vertex opera to rs for the  charged scalar fields are  the  sam e as 

tree  level operato rs bu t w ith new m om enta incorporating  th e  m ass, k \ tn 2 — —m 2, 

and prefactors A- *1 " A- *1*" 7^2. As will be seen shortly, these changes are nec­

essary to  cancel BRST anom alies. Deforming the  B R ST contour leads to 4 term s
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of which only 2 survive,

jfcj
•— ( cdccV ™  ccVfr VA cV  )gphere +  < ccV4, cdccV™  VA cV  )8plierc , (91)

W' " 2 .  „  ......................................................

w ith =  fc[en and fcl'" =  k™n. To ob tain  non-zero con tribu tions, it is neces­

sary  to  let Z2 ,Z3 , z \  —► 2 4 , in th a t  o rder, for the  first correlation function, and 

z l i z 3 , z 2 z 4 f°r the  second correlation function. T hey lead to  th e  's '  and 't' 

channel contribu tions in Figs.8d and 8e  below.

' k 
k '  4 -

Fig 8d

k4
1 \ - '  ( a . c v l

[ Q , c V ] 1
Fig.8e

V  \
k2 ^ ren

T he O P E ’s produce factors,

t~ 2t? , (92)

where as in the  one-loop calculation, we allow the  vertex o p era to r positions to  

approach 24 a t  the  sam e rate . The resu ltan t factor e~k> cancels the  pre-factor 

A -* ” " T hus,

fl4 Lien 2
( cdccV™  ccV^; VA cV  )sphere =  7:— h r ~ |<7 .|2**2 • C lim ( —47r* In t)  |Ae|~2* '"

sio z  f— 0
(93)

where for a  contribu tion  finite up to  the  log divergence, the  lim its are taken so th a t

lim Ac =  1 . (94)
A —*oo,(—>0

T he prefactors A- *' for the  renorm alised vertex opera to rs are  thus necessary 

for the  tree  and one-loop anom alies to  cancel. T he 2 con tribu tions in eqn. (91)
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add to  give

^  % \ 2i(fa +  fa) • C(—4 7riIn c) , (95)

with Z4 = 0 for convenience. T he coupling constan ts have been reinserted with 

the  tree  norm alisation constan t fio =  a?/4ni.  Using (k\  +  £2 ) • C = • Ci
cancellation of eqns. (89) and (95) is consistent w ith the  identification

* ." " 2 =  - r a ?  =  - ^ T r Q M !  . (96)

We have thus cancelled off the  anom alous con tribu tions of Figs.8b with 8d, and 8c 

w ith 8e.

3.3.2 Axion - Gauge Boson M ass Renorm alisation

In com pactified models with an anom alous U( 1), th e  apparen t anom aly can 

be cancelled^28! in the  effective Lagrangian by shifting the  free 4-dim ensional axion 

field a by a  well-defined constan t. T he non-linear transform ation  couples the  axion 

to  the  t / ( l )  gauge boson through a  derivative coupling. In th e  string  com putation  

one finds the  non-vanishing two-point function

- W C ' W ' V - , *  =  { Y ( z )  Va ccVA )PPug , (97)

where m a- A = (<72/967r2)T rQ  M s, and t ^ p x  is th e  an tisym m etric  tensor in 4- 

dim ensions. T he axion vertex opera to r is in th e  —1 picture,

Va =  c ^ d A ^ e - V e ’*'* . (98)

Only th e  P P  sector of the  spin structu res contribu tes. W ith  th e  gauge boson vertex 

opera to r in the  zero ghost p icture, only th e  m a tte r  piece of the  p ictu re  changing 

operator(26M7J Y  inserted  a t z  is relevant. T his is also the  only p a rt of Y  th a t  can 

give rise to  the  an tisym m etric  tensor.
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Consider the  anom alous four-point function

( e*7V(i)Ca ( z , ,z , )  C * .(r2,z 2) 1^(Z3,Z3) ccV { za, za) )tPo L  , (99)

corresponding to  Fig.9a.

4

T he gauge fermion vertex operators V*. and are in the  — 1 /2  ghost picture. The

vertex opera to r for the  charged fermion, which belongs to  the  sam e superm ultip lct 

as the  charged scalar, V^t , is

V*,(*2,*2) = b,tj a'e-+/2*?Sa e '" '60'V*1' v . (100)

It carries odd half-integral internal U{ 1) charge + 1 /2  as required for a physi­

cal fermion vertex and transform s correctly under spacetim e supersym m etry. 2- 

com ponent spinors are used with spinor indices a  and a  for th e  two 4-dim ensional 

chiralities. is th e  vertex opera to r for the  C P  conjugate of V#,, with opposite 

quan tum  num bers and opposite  chirality,

V*.(*3,*3) =  f r J aie - * t H iAS A e - W f y e * ' - *  . ( 1 0 1 )

T he null s ta te  is as before using V  from eqn. (85). T he correlation function

leads to  two non-vanishing term s, using eqn. (86),

- o 2 i . , , + ( ^ r F V. V*, ccV*.|22 -  2<|2‘ = ‘- ) " „ ,

-  a'2 ^ (  c*Tt V. V*. -  z , |2‘ > *• ) Z „  ■ (102)

These two contributions correspond to  Figs.9b and 9c.
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Fig 9b

Fig. 9c

We use the  O P E ’s 

r(~ 1 / 2 ) / , .  = _ U / M / 2 ) /
=  j ^ ~ _  ^ | 2- 2M * 3+ M  ^4 - f c l ) +  ■ ■ ■ ,

c \
( * ’ *«> =  _  Z4 ,2- 2M f a ^ ) ^ ^ » - fc>) +  -  ’

(103)

with in the  —1 picture and polarisation tensor C'*1 =  T he analogous

expression for th e  second term  has the  opposite  sign. This can be in terpreted  as 

due to  the  exchange of the  2 fermion vertex positions on the  world-sheet. We have 

used th e  O P E ’s

S a (z)Sa (w )  = CT^WCW) +  ■ ■ i

S “ (z )S 0 (u;) =  - a ^ ^ ^ w )  +  . . . (104)

and relation!54!, =  — 4',cr,1'Pj. Note th a t  th e  m inus sign in the  second

O P E  in eqn. (104) is consistent with the  an ticom m utation  of the  supersym m etry  

charges Q a and Q a .

Eqn. (102) becomes,

- a 22 x t ( - 4 7 r i l n e ) [ ^ (  l/a ccC'-V^e^TF ) ^ u .  +  9, ( c c C 'W ^ F  ) tP0rUs] , (105)

We have used m om entum  conservation and the  fact th a t these s ta tes  are massless
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a t tree level. Using (97), one finds

- 4 * i a 2 qt( - t tlvpx ( ,i'e‘'pk i m a_ A )(-4 ir i  lne) =  4n ia 2q,( ' ■ k \ m a_ A ( - \ * i  In t)  ,

(1 0 6 )

where we have used the  duality  condition, t ^ ^ k i  vi p\  =  k f ,  from the  relation 

between the  antisym m etric  tensor B pv and the  axion a, *dB  =  da.

The expected tree level anom alous correlations are four-point functions,

( ccVA ( ^ 6 ^ l )  ^ ^ ♦ , ( ^ 2 )  ^2 ) (-^31 ^3) ^ ^ ( ^ 4 1 ^4 ) )gphere 1

( c c v r i z u z , )  ccVV' ( z2,Z2)  V *; ( 2 3 , 2 3 ) c c V ( z 4, z 4) ) gpherc , (1 0 7 )

where we use renorm alised vertex operato rs for the  gauge boson and axion vertex 

operators f33l. T he renorm aliscd vertex operators are in th e  — 1 ghost charge pic­

tu re  with the  fermion operators in the  —1/2 ghost picture. T he null s ta te  vertex 

opera to r is the  sam e as before. One needs to  add the  corresponding contributions 

to  (107) where, instead of the  vertex is accom panied by the  reparam etrisa- 

tion ghosts cc. In a sense, one averages over the  possible positions of cc and thus 

includes a  factor of 1/2. This causes irrelevant to ta l derivative con tribu tions from 

the  charged vertex operators to  cancel. T he tree level transversality  of the  polari­

sation tensor for the  axion vertex, t pvk^  =  0 =  is also valid for the  BRST

invariant renorm alised vertex operato r. In addition, the  tree-level constra in t on 

the  gauge boson polarisation tensor, =  0, continues to  hold. This is in fact 

necessary for BRST invariance of the  renorm alised gauge boson vertex operato r.

T he anom alous contributions with the  renorm alised axion vertex in eqn. (107) 

cancel. Thus, we consider only the  first term  in eqn. (107) and its coun terpart with 

cc a t Z3 instead of zi- Rew riting the  BRST contour in the  2 correlation functions 

as before, one finds 

i.ren2 k Ten2
- L - <  c d c c V F  ccU*. c V  )gphere +  - ^ - ( c d c c V r  V*. ccV*. cU )gphere (108) 

T he four-point correlation functions are then evaluated, as shown in section 2.1, by
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tak ing  th e  lim its Z2 ,Z3 , z j  —► Z4 , in th a t  order, in the  first term , and 23 , 2 2 ^ 1  ~ * z 4 

for the  second term . T his results in the  4-point tree am plitudes in Figs.9d and 9c.

Q . cv)

Fig.9e

ren pren p
Fig. 9d

T he to ta l contribution is,

^<7. -C' r̂2en(-47r*lnO » (109)

where a factor of 1 /2  has been inserted in th e  averaging over the  positions of ghost 

insertion cc. T h is contribution cancels th a t  of eqn. (106) only if we m ake the 

following identifications :

C.m a -i4 =  i2y/2k\ p ,

* 4 . =  (HO)

This is equivalent to  the  identification d^a  =  \ /2 m a_ i4 /l/4/4 . T hus, the  anomalies 

cancel only if the  axion field becomes the  longitudinal com ponent of the  gauge 

boson. T he anom alous am plitudes of Figs.9b and 9d, as well as Figs.9c and 9e 

cancel each other.

In the  m ass renorm alisation of boson vertex opera to rs considered, th e  anom a­

lous tree-level correlations are proportional to  m ass square. T he  one-loop m ass cor­

rections for charged scalars are also proportional to  m ass square and are quadra tic  

in the  gauge coupling, 0 ( g 2). It is thus possible for the  2 con tribu tions to  cancel
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each o ther. In the  case ju st discussed, the  axion - gauge boson coupling is linear 

in mass and 0 ( g 2), whereas the  tree-level anom alous con tribu tions are  quadratic  

in mass. However, the  axion coupling is a derivative coupling, and by identifying 

the axion derivative with an appropriate ly  norm alised product of the  mass and the 

gauge boson field, we find th a t the  anom alies a t tree and one-loop levels cancel. 

A sim ilar situation  appears for fermions in the  next section as the  one-loop mass 

correction for fermions is linear in mass and also 0 ( g 2). Since the  tree-level corre­

lations found so far are mass square term s, one expects th a t  the  B R ST anom alous 

contributions for fermions a t one-loop and tree-level cannot cancel. It is expected 

th a t there  will be two-loop BRST anom alous corrections to  cancel these tree-level 

contributions a t order 0 (g* ) in the  coupling constan t, bu t th is will not be consid­

ered here. In the next section, one finds th a t only the  p icture changing operato r, 

7’f ,  in the  piece of BRST charge with -f 1 superconform al charge, can give a 

contribution linear in mass th a t  is non-vanishing and which has the  correct s tru c ­

tu re  to  cancel the  one-loop contribution.

3.3.3 D ilatino - Gaugino M ass Renorm alisation

T he coupling of the  gaugino \  to  the  dilatino A is linear in mass and of order

92,

( V x c c Vx )  toru* =  i(*A -  \A ) m x_ A , (111)

with spinors in 2-com ponent no tation  and m x _ \  = (g2/ l 9 2 v 2) T r Q  Ms- 

Consider the  anom alous one-loop four-point correlation function,

( V \ ( z i , z i )  V*.(z2 ,Z2 ) V ^(z3 ,z3) ccV{z4 ,Z4 ) ) torus i ( 112 )

which corresponds to  Fig. 10a.
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[Q.cV]
v d * / 4

Fig. 10a

T he fermion vertex operato rs are in the  ± 1 /2 ,  and the  boson vertex operators 

0 superconform al ghost pictures respectively. A sum  over all spin struc tu res is 

im plicit. Here, the  appropria te  null s ta te  is as before w ith V  from eq. (85). The 

tree-level dilatino vertex in the  —1 /2  p icture is

Kx =  C ^ d X ^ l X a " S e ' T  +  A a ^ e - T j e ' ^ - v . (113)

T he corresponding vertex in the  + 1 /2  p icture is

V\ = C ^ B X ^ e ^ i d X p  -  +  A (rV '’5 e - , T]e,tl X . (114)

T he gaugino vertex in the  —1/2 p icture is

=  j i e ' H x S e ^  + XS e - 'Z } e 'k X  . (115)

BR ST invariance of th e  tree-level vertex opera to rs, in this case due to  the  picture- 

changing part of the  BRST charge carrying the  world-sheet supersym m etry  curren t, 

requires th a t the  spinors satisfy the  massless D irac equation , kp A =  0 and

kf, ict^A =  0. Sim ilarly for the  gaugino spinors \  a °d  X-

Deforming the  BRST contour one finds th ree  term s one of which vanishes as

it is charge neutral. T he rem aining 2 term s give

—2 nia( q+Vx V*. ccV+,\z3 -  z4\2k3k' +  q~Vx V+, c c V ^ \ z 2 -  z4\2k' k' ) totU8 , (116)

where the  coupling constan t for gauge fields is a = g f c n  and \ f 2 gj%i: for the 

dilatino. We allow the  charged fermion and scalar vertex positions to  come close
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and use the  O P E ’s,

^ ' * 3  M * i  i  >( —1 / 2 ) /  -  .  .  ,

2 ^ 2  -  r4 |2-2*»-(*3+t.)  X fi U 4 ’ “ ’ i}

V ^°h zt  '•>1V^- 1/ 2 (̂2 . zO — \/2 t^3 pty; g *7*4 ^ l/C -i/z)/ , ,v^, (23 ,<.3 )V\j,; (z4, *4) -  ^  _  24|2- 2/t3 (tJ+t,)  %  0 +  ••••

(117)

We note th a t  there  is a minus sign difference between the  two O P E ’s which comes 

from a sign difference between the  sim ple poles in : g'* b~b] j j at ( z ) j a> (Q) = z ~ 2 +  

7 i2 _1J l ( 0 )  +  ■ • • and g,} bitbj}j a' ( z ) j a,(0)  =  z ~ 2 -  <?,z_1.7l(0)  +  . . .  . T he  absence 

of this sign difference would allow exact cancellation of the  2  contributions in eqn. 

(116). We have used O P E ’s,

(118)

and , 9%(z)0}(w) = g ,}/ ( z  — te ) 2/ 3 __  Eqn. (116) is now

j2 7 ria2i*3 6 a>ta0{ qt Vx ccVx p -  q * V \  ccVx p )t0nis (119)

By tak ing  th e  lim its as the  positions z 2 and Z3 approach z4 , we find non-vanishing 

contributions which correspond to  Figs. 10b and 10c.

Fig. 10b

I Q , c V ]

\ k2

Fig.10c
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Thus, using eqn. ( I l l ) ,  the result is

x i 2 a 2 q,k3 6/d t i a 0 In c) m x_> . ( 1 2 0 )

T he expected tree level anom alous correlation functions are,

( c c V f  n(- 3/ 2)( r , , z , )  c c V l~ ' / 2 )( z 2 , z 2) V ^ ( z 3 , z 3) c c V ^ ( z 4 , z 4) )8phere ,

( c c V ^ - ^ H z u z t )  c c V l~ ' l 2 )(z 2 , z 2) V ^ ( z 3 , z 3) c c V ^ ( z 4 , z 4) )gphere , (121)

which would give mass square contributions in th e  sam e way as for boson vertex 

operato rs. These should be cancelled by two-loop contribu tions. Note th a t  the 

renorm alised vertex operators for fermions are the  sam e as the  tree-level vertex 

opera to rs except th a t the spinors now satisfy the  massive Dirac equation. They 

also carry prefactors as for the renorm alised boson vertex operators.

We expect, then , to  find linear mass contributions from th e  following cor­

relation functions where the  BRST exact s ta te  carries -f 1 superconform al ghost 

charge. This null s ta te  thus depends on the  + 1  ghost piece of th e  B R ST charge 

and is proportional to  the  world sheet supersym m etry  cu rren t responsible for pic­

tu re  changing vertex operators.

( c d c c V ^ - W ' i z u Z i )  ccV l~ 3 / 2 )(z2 , z 2) V ™ ( z 3 , z 3) c V ' ^ ( z 4 , z 4) >8phere ,

( c d c c v r l~3 , % i , z i ) c c v £ 3, 2 )(z 2 , z 2) v£0)(*3 ,* 3 ) c V ' ^ ( z 4 , z 4) )sphere . ( 1 2 2 )

T he dilatino, charged fermion, charged scalar and null s ta te  vertex operato rs are 

respectively in the  —3 /2 , —3 /2 , 0 and - f l  superconform al ghost p ictures. T he 

charged fermion s ta te  rem ains massless up to  one loop. As for the  axion-gauge 

boson calculation, one m ust add the  contribution where carries cc instead of 

. It can be shown th a t contributions involving the  d ilatino  vertex elim inate each 

o ther. T he  rem aining contributions come from th e  gaugino correlation functions 

in eqn. ( 1 2 2 ).



62

T he choice of the tree  level contributions used in th is section can be seen to be 

consistent w ith a pinching procedure, in which a long tu b e  connecting the torus 

to  the  sphere pinches off in the  lim it of an infinitely long th in  tu b e . T he tube, 

in the  lim it as its length becomes infinite, is equivalent to  a two-point function 

on a sphere in the  lim it (in the  complex plane) as one s ta te  approaches the origin 

and its conjugate is taken to infinity. The 2 conjugate vertex operators must 

carry reparam etrisation  ghosts in the com bination c and its conjugate cdc  to  soak 

up the  tree level backgound charge^. T he same applies to  the  antiholom orphic 

ghosts. T he fermionic string  allows at least 2 possibilities where in addition to  the 

reparam etrisation  ghost charges, the to ta l superconform al ghost charge m ust add 

up to  —2. For a  tube  with a pair of conjugate bosons, the  — 1 ghost picture would 

be consistent with non-vanishing correlations. For fermions, it is consistent to  use 

conjugate s ta tes  in the  —1/2 and —3 /2  pictures. In general, in the  degeneration 

of a genus g  R iem ann surface into 2 pieces of genera and <7 2 , with g\ 4- <72 =  

<7, it is unclear which pair of conjugate sta tes, i.e. which p icture, is preferred 

especially since picture changing operators can be located on the  connecting tube. 

We have avoided this problem  by not using the  pinching procedure. It is found 

to  be sufficient bu t not necessary, to  choose contributions with vertex operato rs in 

certain  superconform al ghost pictures, for cancellation of B R ST anom alies.

T he null s ta te  opera to r in the  +1 ghost p icture  is a (1 ,0 ) opera to r,

V' O)  =  [ Q ^ l v ]  =  t ( 123)

where =  ( — 1 / 2 ) / 7 iJ> d X  is the p a rt of th e  BRST charge with + 1  supercon­

formal ghost charge, and 7  =  e^g. T he null s ta tes  used previously and in (123) 

are in fact related. This is clear in a superspace formulation^26]’̂ ,  with

{ Q , V { z , z ) }  = f d z d  \ c ( z ) V M( z , z )  -  V'  ^ ( M ) ]  . (124)

z = (z , 0 ), where 0  is the  supersym m etric coun terpart of coord inate z  and the  super-

f A gain we choose to use only vertex operators that have zero reparam etrisation ghost charge 
and which are primary.
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conformal ghost p ictures are  indicated. The null s ta te , V ( z , z ) =  j i ( z ) c %ki'^^z,z\  

It is necessary, because of the  presence of the  77 fermion^26! in eqn. (123), th a t  for 

non-vanishing correlations there  be ano ther £ field in the  correlator in addition to  

one already present im plicitly to  absorb  the  £ zero mode. W ith  this fact, we will 

use th e  following relations for a  massive fermion vertex operator,

{Q (1),V ^“ 3/2)} =  0

[ Q ( » , ^ ^ - 3/2)] =  i m ^ K Ft ( _ , / 2 )  , (1 2 5 )

with superconform al ghost charges indicated. T he coefficient of y/2/4  is due to  the

norm alisation of and eqn. (118). T he fermion vertex opera to r is the
/ 3 /2)

same vertex opera to r as Vp. b u t has the  opposite  4-dim ensionality chirality. 

This result uses D irac’s equation for a  m assive 2 -com ponent spinor (At, k 2 =  

- m 2),

k ^ 6 a Ua {k) = m U 6 (k)  , (126)

which relates the  two 4-dim ensional chiralities.

T he first correlation function in eqn. (122) involving the  d ilatino  has contri­

butions which cancel exactly. For the  rem aining correlation function, the  contour 

integral is deform ed with 2 surviving non-vanishing term s.

- i ^ <  cdccv ;ren(- ,/2) Cc v ^ : 3/ 2V | o) cv<°> )8phere

cdccV?eni~ ' /2) l /< :3/2) CCV™ c V W  )sphere , (127)

where th e  spinor in V r̂en  ̂ is now k iux a ( T ^ S a , and sim ilarly for the  o ther 

chirality. We have used eqns. (125) and (126). One can now evaluate the  corre­

lation functions by m aking a  choice of kinem atics as before, by tak ing  the  lim its



Z2, 2 3 ,  Z\ —► 2 4 , in the  given order, for the  first term , and for the  second term , 

—* £4 • One ob tains the  four-point am plitudes for the  ‘.s' and i t' channels 

in Figs.lOd and lOe.

r#n

Fig 10d

( Q , c V 1

\ k2

Fig lOe
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Finally, adding the  two contributions with a  factor 1 /2  to average over the 

positions of cc as before, one finds

(128)

O ne m ust identify the  spinors,

k \ vo v\  =  m x- \ X  , ( 1 2 0 )

in order for the  one-loop anom aly of eqn. ( 1 2 0 ) to cancel the  tree-level anom aly 

of eqn. (128) above. T he massless 2-com ponent spinors for the  gaugino and the 

d ilatino  thus pair up to form a  massive 4-com ponent spinor in 4-dim ensions. One 

can say th a t  these anom alous contributions have been elim inated by cancelling 

contributions between am plitudes in Figs.10b with lOd, and Figs.10c with lOe.
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3.4 B R ST  invariance o f renorm alised vertex operators

It is well-known^27! th a t  the  N  = 2 superconform al algebra(SC A ) possesses 

global and local t / ( l )  sym m etries th a t  result in an isom orphism  between SC A ’s 

differing by phase shifts q ( we review here the  argum ents of Ref.[27] and adopt 

their no tation  ). More precisely, the  world-sheet supersym m etry  generators satisfy 

the  periodicity  conditions,

G+( z )  -> e2T,,(j'+ (e2x,z) , G~( z )  — e - 2'" '< 7 -(e 2’r,r )  . (130)

T he local (J( 1) sym m etry allows the modes of the  U(  1) charge generator and stress 

tensor to  be sim ultaneously shifted as

Jn * Jn 2  * L n TjJn d" ^ *7 ^n,0 ■> ( I 'l l )

in order to  remove the  phase shift in the  modes of the  supersym m etry  generators,

i.e.

Gn — -  e2' " G i  -  G+ — » G t  ,
"  global "  n+V  local "

G~  — » e~ 2**vG~  —► G~+„ — ► G~  , (132)
global +V local

and thus leave the  SCA unchanged.

For parity  conserving transform ations, the  SCA ’s of different t/ ’s are isom orphic 

w ith shifts in conform al dimension h and U( 1) charge q by

h — h! =  h -  qq + T)2^  , q -*■ q = q -  , (133)

where central charge c =  2c/3 . In the  mass renorm alisation of vertex operato rs, the 

conform al dim ensions of th e  opera to r is shifted, h —► h1 =  h + 6 k 2 = h — S m 2. If one 

in terpretes th e  small mass shift as equivalent to  a local U( 1) transform ation , the
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(2 ,2 ) SC A ’s are invariant under sufficiently small mass renorm alisation. Solving 

for T ) ,  we find

DSm2

and the  dim ension of the  m anifold, D = c. We note th a t the  u n ita rity  constra in t on 

tree-level physical s ta tes  is h > q / 2 , w ith equality  for chiral or anti-chiral prim ary 

fields^55!. It can be seen, from eqn. (133), th a t h! >  q', w ith equality  only if q — 0 

and for prim ary tree-level sta tes. As q m ust rem ain real, if 6 rn2 >  0, we find a 

bound on the  bare 4-dim ensional gauge coupling go, using for exam ple S m 2 for the 

charged scalars in eqn. (82), < 48w2q2/N genDqi Tr Q. Argen is the num ber of

light generations after com pactification to  4-dimensions. In th e  com pactification 

of the  0 (3 2 ) theory to  5 0 (2 6 )  ® f / ( l ) ,  for one generation T rQ  =  3 x 2 4 /\/3 . This 

provides a  relatively large upper bound, g$ < 2 x 2 q2 / N ienD. Thus, for th ree  light 

generations, one finds an order of m agnitude estim ate, g% 1. We have of course 

assum ed, for the  calculations here, a pertu rbation  expansion ab o u t small <70- T he 

above condition is thus consistent w ith pertu rbation  theory. On the  o ther hand, 

one finds shifted U( 1) charges, q' =  q —0 ( 6 m 2) or 0 ( 6 m 2). T he renorm alised sta tes 

now do not satisfy the  tree-level condition for chiral prim ary  s ta tes , i.e. h = q / 2  

but h! >  q'/ 2 .

It has been shown56 th a t when supersym m etry  is broken by one-loop mass 

corrections in a  com pactified theory  with an anom alous U( 1) gauge sym m etry, the 

boson-fermion mass sp litting  for bo th  massless and massive s ta tes  is proportional 

to  g%. One can thus regain BRST invariant vertex operato rs in th e  sam e way for 

massive s ta tes  as well.

T he mass shift for the  charged scalars lead to  ‘tw ists’ in th e  left and right 

moving N  = 2 in ternal SC A ’s. T he in ternal world-sheet supercharges pick up 

non-trivial phases when circulated around the  charged scalar vertex positions. For 

the  axion and gauge boson vertex operato rs, the  corresponding m ass shift leads 

to  phases in the  N  = 2 SCA for free transverse coordinates th a t  is m anifest in
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the light cone gauge. T he renorm alised vertex operato rs for the charged scalars, 

axion and gauge boson are thus BRST invariant only if their respective SCA 's are 

phase shifted to  isom orphic SC A ’s. A sim ilar in terp re ta tion  for the gaugino and 

dilatino vertex operato rs would also he necessary with the additional constrain t 

th a t the  rcnorm alised fermion vertex operator is BRST invariant only in the —3/2  

superconform al ghost p icture. This is because the fermion vertex operator in the 

— 1/2 ghost p icture can only be BRST invariant if its spinors satisfy the massless 

Dirac equation.
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Conclusions

We have shown th a t  the BRST formalism can be used to  renorm alise bosonic 

and fermionic vertex operators for masses generated a t one loop. O ne can consis­

ten tly  impose the constrain t th a t  BRST anomalies in correlation functions m ust 

be elim inated between contributions up to one-loop. T he BRST sym m etry  of the  

theory, or equivalently the  (super)conform al sym m etry, is thus m aintained under 

small mass corrections.

It is found th a t, a t  least up to one loop, opera to r product expansions can 

be used to evaluate correlation functions in a procedure equivalent to  pulling off 

a  sphere(w ith vertex operators) from the world-sheet until th e  connecting tu b e  

pinches off. T he use of O P E ’s is local in contrast to  the la tte r  procedure involving 

global deform ations of the world-sheet. The use of O P E ’s is feasible in one-loop 

com putations because tree am plitudes can be factorised locally. Higher loop cal­

culations involve the factorisation of loops and it not clear how to  induce this 

locally.

A nother problem , specific to  the supersym m etric string, is the  question of su­

perm oduli and the  am biguity of correlation functions because of their dependence 

on the  positions of superm oduli insertions on the world-sheet. This is known as a 

‘ferm ionic’ am biguity since it appears directly as a  consequence of in tegration over 

anti-com m uting or G rassm ann variables. There is no clear physical basis for such a 

dependence. However, the  com m uting supersym m etric pa rtne rs  of the  superm od­

uli, the  m oduli of the  world-sheet, are well-understood. T he m oduli param etrise  

inequivalent two-dim ensional surfaces with handles, and physical observables m ust 

be invariant with respect to the sym m etries of the  param eters or m oduli. M odular 

sym m etry  is related to  un itarity  and is needed for the  finiteness of string  correlation 

functions. For a supersym m etric string, m odular sym m etry is needed for unbroken 

spacetim e supersym m etry. M odular invariance is thus crucial for the  consistency 

of the  theory.
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In the  present analysis, we find th a t the cancellation of BRST anom alous con­

tribu tions is independent of the ‘fermionic am biguity’. This is because the  position 

dependence of the  superm odulus a t one-loop can be reduced to  a logarithm ic depen­

dence, ln r , present in both  anomalous contributions which cancel exactly. Since 

such a dependence would violate m odular invariance the  procedure used here is 

thus m odular invariant.

A second problem  is the extension of the BRST analysis to  higher loops, inde­

pendent of fermionic am biguities and O P E ’s. T he procedure ou tlined  by Sen is not 

easily extended to  a rb itra ry  loops for the  bosonic string  because renorm alised ver­

tex opera to rs do not have conformal dimensions (1 ,1). This problem , first pointed 

out by Sen, prevents the  cancellation of BRST anom alous contribu tions between 

different loop levels because loss of conformal invariance of vertex opera to r in­

sertions implies th a t a uniform choice of the two-dim ensional m etric for different 

genus surfaces is not possible. This is necessary to  com pare local coordinates on 

surfaces w ith different genus. In the case of the heterotic string, N  =  2 supercon- 

form al invariance enables one to  regain BRST invariance for renorm alised vertex 

opera to rs and the  above obstruction does not hold for the  cancellation of higher 

loop B R ST anom alous contributions.
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