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ABSTRACT

Certain contributions to the theory of mechanism 
balancing have been made*

A criterion which Indicates whether a planar mechanism 
Is amenable to full force balancing has been devised together 
with a simple means of determining the minimum number of 
counterweights necessary to achieve this balance. Further, 
a method for comparing the RMS shaking moment of balanced 
and unbalanced planar mechanisms has been found. Finally, a 
trade-off procedure has been developed which minimizes the 
shaking force of a four-bar linkage while constraining the 
ground bearing forces to predictable values.
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I. INTRODUCTION

Better control of the dynamic behavior of machines 
and mechanisms is frequently a necessary condition for 
increasing productivity.

In the present work an attempt has been made to 
contribute towards this goal by resolving some of the 
hitherto unanswered questions in the theory of mechanism 
balancingj First, a criterion has been established which 
determines whether a given planar linkage may be fully 
force balanced by Internal mass redistribution alone. Then, 
a simple formula has been derived which gives the minimum 
number of counterweights necessary to achieve this full 
force balance. In addition, it has been proven that the 
root-mean-square shaking moment of an unbalanced planar 
mechanism is constant with respect to reference points 
located on certain concentric and proportional ellipses in 
the mechanism plane, and that the center of this family of 
ellipses represents a unique reference point with respect 
to which the RMS shaking moment is a minimum, nils theory 
of Isomomental ellipses allows the determination of the 
influence of full force balancing on the RMS shaking moment 
of a given planar mechanism. Finally, a trade-off procedure 
which employs Lagrange Multipliers has been shown to be 
capable of minimizing the RMS shaking force of a four-bar 
linkage while constraining the RMS ground bearing forces to 
certain predetermined values.



A. Background
The state of the art of linkage balancing as of 1968

this review it was shown that the technical literature 
abounded in publications concerning the balancing of 
aggregates of slider-crank mechanisms as found in prime 
movers and pumps, and that there was considerably less work 
available pertaining to balancing of other types of planar 
and spatial mechanisms.

Since that time, the above authors have developed the 
novel Method of Linearly Independent Vectors for completely 
force balancing four-bar and six-bar linkages £2 .̂ In 
addition, they formalized a shaking moment optimization 
theory for force balanced four-bar linkages , and 
subsequently, applied it to a standard linkage configuration

Other recent contributions in the area of full force 
balancing were made by the following researchers!

have used stretch-rotation operator notation to obtain full 
force balance of RSSR and RSSP spatial linkages with 
symmetrical coupler links.

was reviewed by G. G. Lowen

P. Jacobi L9J has completely force balanced n-bar 
linkages derivable from the four-bar linkage by the 
addition of dyads. R. E. Kaufman and G. N. Sandor £l2j

Numbers in brackets designate References at end of dissertation.
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In the field of partial balancing, W. L. Carson and 
J. Tinsley £5] determined for a given slider-crank mechanism 
that theoretical variation in input velocity which leads to 
the greatest reduction of shaking forces and input moments.
A. A. Sherwood and B. A. Hockey [18] generalized an 
analytic technique for the determination of general point 
mass systems which are dynamically similar to the actual 
links of a mechanism. This method is used to minimize 
the cyclic fluctuations of the kinetic energy of a mechanism, 
and thus, is helpful in the control of the input torque. 
Hockey applied the above work to spatial mechanisms.
D. Tesar and C. E. Benedict £20J worked along somewhat 
similar lines and improved the operating speed fluctuations 
of a highly complex mechanism. This was accomplished by a 
suitable choice of mass redistributions, springs and cam 
programs. Ye. A. Shorokh [19] extended the work of Ya. L. 
Geronimus by minimizing not only the shaking forces, 
but also the resultant moment of the centrifugal forces 
of the counterweights. Both least square and best uniform 
optimizations were shown.



The present section reports briefly on the results of 
the investigation, which consists of the following parts*

1. General Theorems Concerning Full Force Balancing 
of Planar Linkages by Internal Mass Redistribution.

2. Distribution of the RMS Shaking Moment of Unbalanced 
Planar Mechanisms* Theory of Isomomental Ellipses.

3. Shaking Force Optimization of the Four-Bar Linkage 
in the Presence of Adjustable Constraint Conditions on the 
Ground Bearing Forces.

1. General Theorems Concerning Full Force Balancing of 
Planar Linkages by Internal Mass Redistribution 
The question whether a planar mechanism can or 

cannot be fully force balanced by internal mass redistri­
bution alone is answered by the following theorem* A planar 
mechanism without axisymmetric link groupings can be fully 
force balanced by internal mass redistribution if, and only 
if, from each link there is at least one contour to the ground 
by way of revolutes only. Unless such a contour exists, the 
terms containing time dependent coefficients in the center 
of mass trajectory equation of the total mechanism cannot be 
replaced with the help of the loop equations by terms with 
constant coefficients. Therefore, the total center of mass 
cannot be made stationary.

Associated with the question of the b^lanceabillty of 
a mechanism is that concerned with the minimum number of 
counterweights which can effect such a force balance. By 
generalizing the Method of Linearly Independent Vectors, it
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is shown that the "apparent" minimum number of counterweights 
for all balanceable planar mechanisms equals n/2 , where n 
represents the total number of links. The term "apparent" 
minimum number of counterweights is used since, from a purely 
mathematical point of view, the resulting equations offer no 
obstacle to a further reduction in the number of counterweights. 
In spite of all effort, it was not possible to make the number 
of counterweights smaller than n/ 2  for any of the mechanisms 
considered.

2. Distribution of the RMS Shaking Moment of 
Unbalanced Planar Mechanismst Theory of 
Isomomental Ellipses
While the shaking moment of a fully force 

balanced mechanism has been known to be invariant with 
respect to reference point, there was no knowledge concerning 
the distribution of the shaking moment of an imbalanced 
mechanism. The resulting absence of a meaningful reference 
point has made it difficult up till now to Judge the effect 
of full force balancing on the magnitude of the shaking 
moment.

The present work proves that when unbalanced planar 
linkages run at constant or periodically varying input 
speed, the RMS shaking moment is constant with respect to 
all points in the mechanism plane located along certain 
concentric and proportional ellipses. It is further 
demonstrated that the center of this family of ellipses 
represents that point in the mechanism plane with respect
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to which the RMS shaking moment is a minimum. This new and 
unique reference point furnishes a means of comparing the 
effect of full force balancing on the RMS shaking moment of 
a planar mechanism. For the sake of generality, the analysis 
and results are presented in dimensionless form.

A suitable example, using a four-bar linkage of standard 
conflguration, serves to demonstrate the results.

3* Shaking Force Optimization of the Four-Bar Linkage 
in the Presence of Adjustable Constraint Conditions 
on the Ground Bearing Forces 
•Hie full force balancing of a mechanism generally 

causes a considerable increase in its bearing forces, input 
moment, as well as shaking moment. Hiese Increases may become 
untenable to the design engineer, and the necessity for a 
compromise becomes apparent.

Hie present work shows such a trade-off wherein the 
Lagrange Multiplier Method is applied to the minimization 
of the RMS shaking force of a four-bar linkage running at 
constant input angular velocity. The RMS ground bearing 
forces are constrained to a given percentage increase over 
those of the unbalanced mechanism while being kept well 
below those of the fully force balanced mechanism. (No 
effort is made to control either the input moment or RMS 
shaking moment.)

Ihis is accomplished in two different ways. In the 
first, a counterweight is attached to the output link, 
while in the second, counterweights are attached to both
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the Input and output links.
While the solution for the single counterweight method

may be completely attained by analytical means, the two
counterweight approach necessitates the numerical solution 

.~thof a 16. degree polynomial in one of the counterweight 
parameters. Once this problem variable has been determined, 
the other variables are found by substitution into analytical 
expressions.

Both cases are shown to represent conditions of minimum 
RMS shaking force for the given constraint conditions.

The identical four-bar linkage of standard configu­
ration is used for numerical examples for both methods. 
Solutions are obtained for many different constraint 
conditions, and the results are given in dimensionless 
form by way of suitable design graphs. As expected, the 
two counterweight approach allows considerably greater 
reductions in RMS shaking force while the RMS ground bearing 
forces are restricted to minimal increases.
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II. GENERAL THEOREMS CONCERNING PULL FORCE BALANCING OP
PLANAR LINKAGES BY INTERNAL MASS REDISTRIBUTION

In this section two basic questions concerning the 
full force balancing of n-llnked planar mechanisms with 
pinned and sliding joints are resolved. A contour theorem 
Is shown to differentiate between mechanisms which can be 
fully force balanced and those which cannot. (Mechanisms 
with axi-symmetric link groupings are excluded.) In addition, 
a generalization of the Method of Linearly Independent Vectors 
for single degree of freedom mechanisms is given, and it is 
proven that the "apparent" minimum number of counterweights 
producing full force balancing by internal mass redistribution 
alone equals n/2 .
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A. Introduction
The present section attempts to state certain general 

principles concerning full force balancing of planar mechanisms. 
It represents an extension and generalization of the work of 
R. S. Berkof and G. G. Lowen [2J, as well as T. H. Davies 
P. Jacobi [9] and V. A. Xamenskii |[loj.

A contour theorem which examines the nature of the paths 
from the individual links to the ground is developed. It 
shows whether a planar mechanism is amenable to full force 
balancing. Throughout it is assumed that this balance is 
attained by internal mass redistribution, i.e. the addition 
of counterweights, rather than by the addition of axially 
symmetrical duplicate mechanisms. Further, it is assumed 
that the mechanisms under consideration do not contain such 
duplicate groups of links to start with. The previously 
developed Method of Linearly Independent Vectors is 
generalized and. used to show that single degree of freedom 
mechanisms require an "apparent" minimum number of counter­
weights for full force balancing.

For listing of nomenclature, refer to page x.



B. Balancing Criterion (Contour Theorem)

1. Trajectory of the Center of Mass of a Planar Mechanism 
The center of mass trajectory of an arbitrary 

n-llnked planar mechanism, as shown In Fig. 1, may be written 
In the following formi

n-1

further, let the resulting terms be separated Into those with 
constant coefficients, which originate from fixed link to link 
distances, and others with time dependent coefficients, which 
are due to time dependent link to link distances. Equation 
(2.1) then becomes:

In the above, there will always be n-1 terms of the type 
le1m^r^e J, which refer to the mass-distance products of the

individual link centers of mass with respect to their body

(the ground represents the nth link).
j=l (2.1)

Let the position vectors of the Individual link centers
l«Piof mass be expressed with the help of the unit vectors e

fixed origins. The k terms containing the constant coef­
ficients (mhe1**)^ represent the k* mass-distance products



ADDITIONAL LINKS 
CONNECTED BY 

REVOLUTES ONLY
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idwhich involve the fixed pivot-to-pivot vectors he (such 

i°toas b^e J in Pig. 1). They occur only when the description
of the center of mass trajectory of a specific link includes
the fixed pivot-to-pivot distances of another link (for
example, when the center of mass trajectory ra is definedb2
by way of the contour O^ABSg). The p.* terms containing the

• iPcoefficients (ma (t)e )  ̂represent mass-distance products
• iPwhich involve the time dependent link to link vectors a*(t)e 

» IP**(such as a (t)e J in Pig. 1). Such a term occurs, for 
example, if in Pig. 1 is described by way of the contour 

Finally, d/£^ is a constant vector, and represents 
the stationary position of the center of mass of a mechanism 
which has been completely force balanced by an elementary 
method. (See below, and for an example, see equation (4) 
in [2].)

2. Definition of Balancing Criterion (Elementary 
Balancing Method)

a. Required Form of Center of Mass Trajectory 
Equation for Full Force Balance 

Any plane mechanism may always be fully force 
balanced if it is possible to make its total center of mass 
stationary. (This condition, is necessary as well as sufficient 
since the center of mass of a mechanism cannot be made to move 
with constant rectilinear velocity. This occurs because the 
center of mass trajectory of practical mechanisms is a closed 
curve.) In order to achieve this goal by internal mass



redistribution only, the coefficients of all time dependent 
unit rectors e***̂  in equation (2,2) must be constants. This 
can occur whenever equation (2.2) does not contain coefficients

| 4 Pof the type (ma (t)e ), or when it is possible to transform 
terms containing these coefficients with the help of loop 
equations into a sum of terms with constant coefficients.
(See Section IIB-2b.) Under these circumstances, the center 
of mass trajectory equation becomes:

*8 ^ £ [ ( “ ir iel'J + £ ("hel0)*
j = l  k=sl

and the center of mass can now be made stationary at the
position d/6^ by setting the individual coefficients of the 

i«Plunit vectors e J equal to zero. The resulting system of
104equations is then solved for the m^r^e J terms, i.e. those 

mass-distance vectors of the centers of mass of the individual 
links, which will cause the mechanism to be fully force 
balanced. For this result to be achieved physically, the 
necessary mass rearrangements are obtained with the help of 
the counterweights. The above is another mathematical 
formulation of the elementary balancing methods shown by 
T. H. Davies and V. A. Kamenskii £loJ. Since pinned 
planar linkages never contain time dependent coefficients in 
their center of mass trajectory equation, they can always be
*Note that in mechanisms with axl-symmetric link groupings, 
pairs of terms with time dependent coefficients appear with 
opposite signs.

1<P
W - (2 .3 )
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force balanced.

b. Elimination of Time Dependent Terms 
The elimination of time dependent coefficients from 

the center of mass trajectory equation is related to the 
existence of independent loop equations which contain only 
one time dependent coefficient. The rth independent loop 
equation of a mechanism containing n links is of the forms

v n

E» , , ipr1 1<P1 r -1 iar 1 i(p1arj (t)e Je J \ h ^ e  Je J = 0 , (<pn = 0) .

j=l i=v+l (2.4)

In the above, v stands for the number of sliders which
produce terms with time dependent coefficients of the type
a^j(t) within a specific loop, and h^j represents the constant
length of the jth link, which appears in the r̂ *1 loop equation.
Whenever v = 1 (such is the case for the slider-crank mechanism),
terms containing time dependent coefficients in equation (2.2),

,, . lpt iqp*such as (ma (t)e )^e J, can be replaced by a sum of terms
with constant coefficients obtained from equation (2.4), and
thus the total center of mass can be made stationary at a 
position d/Cy/t. Appendix B demonstrates that whenever there 
are two or more terms with time dependent coefficients in 
a loop equation, and one or more of the identical terms 
appear in the center of mass trajectory equation, the loop 
equations cannot be solved simultaneously for these terms in 
order to replace them in the trajectory equation with terms 
containing constant coefficients. This proof shows that
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these terms with time dependent coefficients are not linearly 
independent.

c. Contour Theorem
The dependence of the ability to obtain full force 

balance on the number of terms with time dependent coefficients 
in the loop equations may be expressed by the following contour* 
theorem t A planar mechanism without axl-symmetrlo link 
groupings can be fully force balanced by internal mass 
redistribution if. and only if. from each link there is at 
least one contour to the ground by way of revolutes only.

The above is equivalent to stating that each equation 
within a set of independent loop equations cannot contain 
more than one term with a time dependent coefficient. As an 
example, consider the loop O^ABNMOgO^ in Pig. 1. The center 
of mass trajectory of link 2 with respect to the ground can 
be expressed by two paths. The contour SgNMOj, contains a 
term with a time dependent coefficient, while the second 
contour S2BA01 consists of revolutes only. The alternate 
description does not exist when a link is surrounded by 
sliders, such as link ^ of the figure. Whatever contour to 
the ground is chosen, It will contain prismatic pairs, and 
therefore, there will be a minimum of two terms with time 
dependent coefficients in the loop O^PQBNMOgO^.

A contour is to be defined as an open path from a link to 
the ground.
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C. Generalization of the Method of Linearly Independent 

Vectors. Minimum Number of Counterweights
As has already been stated in Section IIB-2, an elemen­

tary force balance may be obtained for pinned linkages when 
each of the n - 1  constant coefficients of the type

of equation (2.3) is set equal to zero. This may be accom­
plished with the help of n - 1 counterweights, which make the 
necessary mass adjustments of the n - 1  links. When the 
mechanism contains s sliders, and it is possible to remove 
the time dependent coefficients due to the sliders by means 
of the loop equations, equation (2.3) will have n - 1 - s 
terms with constant coefficients of the above type. In this 
case,.n r 1 - s mass adjustments must be undertaken on the 
same number of links.

The number of counterweights may be reduced by applying 
a generalization of the Method of Linearly Independent 
Vectors, a technique which was first used by R. S. Berkof 
and G. G. Lowen ^2^ in connection with the total force 
balancing of arbitrary four and six-bar linkages. The 
procedure consists of using the mechanism loop equations to 
eliminate some of the time dependent exponential terms from 
the center of mass trajectory equation (2.3). Kiis results 
in fewer coefficients which must be equated to zero in order 
to make the total center of mass stationary. This will now

k*

(2.5)
k=l
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be demonstrated both for mechanisms containing revolutes only, 
as well as mechanisms containing both revolutes and sliders,

1, Mechanisms Containing Revolutes Only
Since a planar mechanism containing revolutes only 

has no time dependent link to link lengths, the center of 
mass trajectory can always be written in the form of equation 
(2,3), To reduce the number of time dependent exponentials 
in equation (2.3)» one considers that according to B. Paul 
£l6j, one may write n/2 - 1 independent loop equations for 
a single degree of freedom mechanism. The minimum number 
of coefficients Nar then becomesj

It will now be shown that Nar also represents the 
"apparent" minimum number of counterweights necessary to 
force balance pinned linkages. The term "apparent" minimum 
number of counterweights is used because it can be demon­
strated that it is theoretically possible to balance such 
mechanisms with less than n/2 counterweights. (See below.)

The mechanism loop equations (see equation (2.4)) may 
be reduced to the following form when the linkage contains 
only revolutesi

Nar = (n - 1) - (n/2 - 1) = n/2 . (2.6)

n
» • • • •n/2 - 1 and <pn = 0).

J=1 (2.7)

In the above, the links are numbered such that this system
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i(p1of equations may be solved for the last n/2 - 1 e J' s,

HP* iquexcluding e ", In terms of the remaining e J,s. Solving
equations (2.7) lh this manner yields the followingi 

n/2
icpw V -1 la wl 1(Pi iYw ,e = y fw je Je J + z^e w (w=n/2 + l,n/2 + 2,...,n - l),

3*1 (2.8)
where fw j, zw , and Yw are constants resulting from 
certain arithmetic manipulations. Equations (2.8) are now 
substituted into equation (2.3), and one obtains the new 
expression for the center of mass trajectory*

n-1}v}e - + £  fHje " V , e
3=1 ' w=n/2+l

k* n 1

/ I r a  I •

k=l w=n/2+l

n-1 k*

+ 5 + Y 1  z«elv"(,V K e iew + Y \l i C®11® ‘Tat

w=n/2+l k=l
(2.9a)

The time dependent exponentials in equation (2.9a) 
represent a combination of.n/2 linearly independent vectors. 
To make the center of mass of the mechanism stationary 
at the position*

*For an example, see equations (6) and (30) of ^2^.
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n-1 k

I <
5 + E  w 1" * + E

w=n/2+l k=l

la (•me
(2.9b)

the coefficients of these vectors must he made to vanish, and 
the following set of n/2 vector equations resultsi

n-1
10■ *  E Wj Vlf

ie.

w=n/2+l

E la+ ; | (mhe )kJ +
k=l

n-1

E  x- j
w=n/2+l

loV 4 la fw1e J (mhe )]af — 0 (jslt2ii•■in/2)•
(2,10)

It will now be shown that the above represents a
*eisystem which can be solved for n/2 unknown vectors ®^rje 

After rewriting equations (2.10) in x-y component form, and 
then transforming the resulting expressions into a matrix, 
where the terms m^r^cose^, m^r^slne^ (3=1,2,.,.,n/2) are 
designated as the unknowns, one obtains*



1 0 ... 0 0
0 1 ... 0 0
• • • •
• • I I

I • • •
G G . . .  1 0

0 0 ... 0 1

n-1

ntjTjCose^
m^r^sine^^

”n/2pii/2COB#n/2
mn/2Tn/2Gin*n/2

(2.11)

n-1
^~l fwlmw^wcos^®w+0wl^ + (mhcosa )jj.j + fwj(mhcos(a+awj))lcjj

w=n/2+l k=l w=n/2+i
n-1 k *  n-1
y " 1 ^wl^rws n̂ êw+awrl ̂ ^  ' ̂ (mhslng)^ + fwj(mh8in(a+0wj) JfcjJ

w=n/2+l

n-1

k=l w=n/2+l

n-1
y 1 fwfn/2%rwcos(ew+0w,n/2) + F(mhcostt)k,n/2 + fw,n/2(mhcos(a+0wtn/2))k,n/2l

k=lw=n/2+l 
n-1

w=n/2+l 
n-1Y_, fw.n/2lnw V in(ew+0H,n/2) + ̂  [(lnhslna)k,n/2 + ^  f*,n/2<ohsln<a+a»,n/2> >k,n/2]

k=lw=n/2+l Wssn/2+1
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This system of equations can be solved for the mjr^cose^ 

and mjTjSlne^ terms since the coefficient matrix of these 
vectors Is a unit matrix, and hence nonslngular. The above 
terms Indicate those n/2 mass-distance vectors of the Individual 
link centers of mass which make the total center of mass of 
the mechanism stationary, and thus guarantee full force 
balance. To effect this solution physically, n/2 counter­
weights need be Introduced, (see equations (l4a)-(l5b) in 
£2^), and it therefore appears that n/2 represents the minimum 
number of counterweights for full force balance of an n-linked 
mechanism containing only revolutes.

Section IIC-3 shows that under certain circumstances, 
equations (2.10) may theoretically be solved for other 
unknowns. This would seem to make It possible to obtain 
full force balance with less than n/2 counterweights. The 
author has found it impossible to obtain physically realiz­
able solutions In this manner, however, and has come to the 
conclusion that n/2 therefore represents the "apparent" minimum 
number of counterweights.

2. Mechanisms Containing Both Bevolutes and Sliders 
According to Section IIB-2, whenever a mechanism 

contains s sliders, and for each link there Is a contour to 
the ground by way of revolutes only, the mechanism can be 
fully force balanced. The trajectory of the center of mass 
will then be of the form of equation (2.3), and, as has been 
discussed in the Introduction to Section IIC, will consist 
of n - 1 - s time dependent terms with constant coefficients
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1<P1involving the unit vectors e J. When applying the Method 

of Linearly Independent Vectors, one may eliminate as many 
counterweights as there are loop equations which do not 
contain time dependent coefficients. Since there can only 
be as many such loop equations with single and uniquely 
appearing time dependent terms as there are sliders in this 
type of mechanism, their number will equal n/2 - 1 - s. 
Therefore, the "apparent" minimum number of counterweights 
Nas for mechanisms containing both revolutes and sliders 
again becomes

Nas = (n - 1 - s) - (n/2 - 1 - s) = n/2 . (2.12)

(Note that whenever the number of independent loop 
equations equals the number of sliders, the Method of 
Linearly Independent Vectors is Identical to the elemen­
tary method.)

3. Theoretical Minimum Number of Counterweights
The following explores the theoretical possibility 

of force balancing mechanisms with less than n/2 mass 
adjustments, i.e. counterweights. It Is based upon the 
ability to solve the n/2 vector force balancing equations 
(2.10) for a set of variables which represents less than 
n/2 links.

The center of mass trajectory of a link not attached 
to the ground always contains a term of the form (mhe*a), 
where m represents the mass of such a link. This offers 
the opportunity for solving the force balancing equations
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for n/2 - 1 pairs of terms involving m^rjcosej and mjr^sine^

lot(j=l,2,...,n/2 - 1) and two terms of the form (mhe )j^ 
which refer to the masses of two of these n/2 - 1 links.
The total set of variables will then represent only n/2 - 1 
links, and only n/2 - 1 counterweights will be required. A 
criterion will now be developed to determine under what 
circumstances one may use links which are not attached to 
the ground to this end.

Suppose that links 1 and 2 of a mechanism which can be 
balanced are not attached to the ground, and that it is 
desired to counterweight links 1, 2,..., n/2 - 1. The 
force balancing equations (2.10) can then be solved for the 
following*

(a) For links 1 and 2, one finds m^rjcosej, m^r^sine^, 
as well as m^ (j = 1, 2).

(b) For the remaining links, one finds only m^rjCosGj, 
mjr^sinOj (J = 3. ••.» n/2 - l).

If one now designates the coefficients of m^ and in 
the balancing equations as qr and Qj, (r = 1, 2,..., n), the 
force balancing equations (2.10) can be written in the 
following modified form (compare equation (2.11))t



1 0 • • • 0 0 ql
0
•

1 ...
.

0
•

0
• *2

9
Q2•

•0 .0 .. • •
1

•0 •
qn-3 V 3

0 0 • • • 0 1 qn-2 Sl-2
0 0 ... 0 0 qn-l Qn-1
0 0 ... 0 0 qn ^n

m^r^cose^ 
m^r^sine^

1W 2 - l r n /2 - l cosen /2 - l

mn /2 - l rn / 2 - l slnen /2 - l
m-
m.

(2 .1 3 )

n - l k n -1

^  f w i W os^ ir+W  + y~* [(m hcosa)^  + ^  f w l(mhcos(a+aw l) )

w=n/2+l 

n - l

k=3 

k*

kl
■w=n/2+l

n -1

f wimi»r ws in ( ®w+crwl^ + (mhsina) f wi(m hsln(a+cwj ) )
*= n /2 + l

n-l

k l
k=3 w =n/2+l

k n - l

^  f K ,n /? '« r vcos( V V n ^ 1 + ^  (lDhc03a)k ,n /2  + ^  f w .n /2 (mhc0s(a+0w ,n /2 ) >
w=n/2

'n - l

k=3 
. *

w=n/2+i

n-1

Y  f w ,n /2mwr Ks ln < V ° w ,n /2 ) + [ (mhslna)k .n /2  + ] T  f w ,n /2 (mhsln‘ 0+0v,n /2>  >1 
w=n/2 k=3 w=n/2+l

PO00



The determinant of the above coefficient matrix may be 
evaluated by expanding the matrix along the columns. Follow­
ing this procedure, one obtains for the determinants

^ v A ; ’n V i  • <2 -^>

If / 0, the system can be solved for the designated 
unknowns, and the mechanism can theoretically be force 
balanced with n/2 - l counterweights. In case this is 
not possible, other combinations of unknowns which corre­
spond to n/2 - 1 links, two of which are not connected to 
the ground, can be tried. If all such possibilities fall, 
it can be concluded that the mechanism cannot be force 
balanced with less than n/2 counterweights. Appendix C 
presents an example of a mechanism which under certain 
circumstances can be theoretically force balanced with 
n/2 - 1 counterweights.

Notwithstanding the theoretical possibilities, the 
author was unable to find a practical case where such 
balancing could be realized without requiring some of the 
link masses to be negative.
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D. ConolusIons

Certain general conclusions concerning full force 
balancing of planar linkages by internal mass redistribution 
may be drawn:

(a) Planar mechanisms can be fully force balanced by 
Internal mass redistribution if, and only if, from each link 
there is a contour to the ground by way of revolutes only. 
This means that all pinned linkages can be fully force 
balanced. Further, all linkages containing sliders can be 
force balanced as long as none of the loop equations of the 
mechanism contain more than one time dependent link to link 
dimension. (Mechanisms with axi-symmetric link groupings 
are excluded.)

(b) The generalization of the Method of Linearly 
Independent Vectors for single degree of freedom mechanisms 
has shown that all balanceable n-linked mechanisms can be 
fully force balanced with n/2 counterweights, i.e., internal 
mass rearrangements. In addition, it has been shown that 
n/2 represents the "apparent" minimum number of counter­
weights.



III. DISTRIBUTION OP THE RMS SHAKING MOMENT OP UNBALANCED 
PLANAR MECHANISMS: THEORY OP ISOMOMENTAL ELLIPSES

In this part it is shown that the RMS shaking moment of 
unbalanced planar mechanisms is constant with respect to all 
points along certain concentric ellipses (isomomental 
ellipses) in the mechanism plane. The RMS shaking moment 
decreases for reference points located on ellipses of 
decreasing size, and the center of this family of ellipses 
represents the point about which the RMS shaking moment of 
the mechanism is a minimum. This theory provides a useful 
tool for evaluating the effect of full force balancing on 
the RMS shaking moment of a given planar mechanism.
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A. Introduction

The shaking moment* of a planar mechanism with respect 
to an arbitrary point in the mechanism plane is a vector 
perpendicular to this plane (all link centers of mass are 
assumed to move in the above plane), and is generally composed 
of a pure couple due to the reaction of the motor stator, 
as well as the sum of the moments of the ground bearing 
forces with respect to that point [3]-

For the special case of a fully force balanced planar 
mechanism, where the vector sum of the ground pivot forces 
equals zero, the total shaking moment becomes a pure couple, 
and its magnitude is independent of reference point.

This section examines the distribution of the RMS 
shaking moment of unbalanced planar mechanisms with respect 
to arbitrary points in the mechanism plane. It is shown 
that this moment of a given mechanism is constant with 
respect to all points along certain concentric and pro­
portional ellipses. It is further demonstrated that the 
RMS shaking moment decreases for reference points located 
on ellipses of decreasing size, and that the center of these 
isomomental ellipses represents that point in the mechanism 
plane with respect to which the RMS shaking moment is a 
minimum. Once the minimum RMS shaking moment, together 
with its associated reference point and certain mechanism 
constants have been found, it is possible to determine the
*The shaking moment is defined as the vector sum of all 
moments on the frame due to mass effects only. The effects 
of friction are disregarded.
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RMS shaking moment with respect to an arbitrary point in 
the mechanism plane with the help of a simple algebraic 
equation.

More importantly, the above results make it possible 
to determine the influence of full force balancing on the 
RMS shaking moment of a planar linkage, and offers aid in 
the design of baseplates or frames which will avoid the 
rocking of machinery due to the effects of the shaking 
moment *

(a) If the RMS shaking moment after full force balan­
cing is smaller than, or equal to, that of the unbalanced 
mechanism with respect to its point of minimum RMS shaking 
moment, then force balancing will be shown to lower the RMS 
shaking moment with respect to all points in the mechanism 
plane.

(b) If the RMS shaking moment of the fully force 
balanced linkage is larger than that of the unbalanced 
linkage with respect to its point of minimum RMS shaking 
moment, one may obtain the limiting elliptical region in 
the mechanism plane beyond which the RMS shaking moment in 
the balanced mechanism is smaller than that of the unbalanced 
mechanism.

Even though the derivation assumes constant input 
angular velocity and identical density for all links, the 
results may be extended to planar mechanisms which run with 
a known periodically varying input velocity and/or consist 
of links of different densities.

After the theoretical basis is established in dimension-



less form for arbitrary planar mechanisms, an example Is 
given which determines the point of minimum RMS shaking 
moment, as well as some associated lsomomental ellipses, 
for an unbalanced four-bar linkage. In addition, the 
limiting elliptical region is determined beyond which the 
RMS shaking moment of this mechanism becomes smaller after 
full force balancing.

For listing of nomenclature, refer to page x.
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B. Shaking Moment of Unbalanced Planar Mechanism With 
Respect to Arbitrary Reference Point
The shaking moment of a general n-llnked, one degree of 

freedom planar mechanism with respect to the arbitrary point 
R(x,y) of Pig. 2 may be written In the following manner (see 
also equation (*K)) of [̂ 3J) *

P

MM/0 = Mlg + adx )P3gy + <y - % )PJg3t] • (3>1)
j=l

In the above, P^g and Pjg denote the respective x and y
^ y

force components transmitted to the ground by the p ground
connections. The moment Is exerted by the motor stator
on the ground and Is equal In magnitude, but opposite In
direction, to the required Input moment The distances
a, and a, represent the x and y positions of the respective Jx Jy
ground pivots.

In order to make the results of this paper Independent 
of mechanism magnification, all moments, forces and distances 
are expressed in dlmensionless form as functions of the input 
length a^, the link mass density p , which is assumed common 
to all links, and the constant Input angular velocity <Pj. 
Equation (3*1) then becomest



isomomental 
ellipse

7777777

VjJON

Fig. 2 Arbitrary n-llnked mechanism showing reference point 
P.(x,y) and ground bearing forces



37
P Pr— ia.

* V g = 11 lg ' (al) Z / J«y + E  » *  fj«y + (a V
3=1 3=1 * " 3=1

’ (3>2)
3=1

where

the dlmenslonless shaking moment (3«3a)% / G  
^M/G = 5*2

Hi­ll, = — , the dlmenslonless rotor torque on Ig c*2
1 1  the ground by way of the stator (3*3b) 

P3sf . = — _JL , the dlmenslonless x component of theJ&jr U * ppa tp +*hr i i jun tearing force on the ground (3»3c)
Fjg

fa = — _-2L , the dlmenslonless y component of theJ6V q>*2pa <P th1 1  3 bearing force on the ground. (3«3d)

The quantities (x/aj) and (y/aj), which express the position
of the reference point, can be interpreted to refer to a 
dlmenslonless coordinate system, (See Fig. 3.)
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C . Locus of Points of Constant RMS Shaking Moment
(Isomomental Ellipses)
The root-mean-square of the dlmenslonless shaking

moment with respect to point R(— ,~) Is given by
al al

(3.4)

Squaring this expression and substituting equation (3*2) 
leads tot

where the J*s represent the following dlmenslonless 
mechanism constants, which are functions of the link 
lengths and the link geometry only (see equations (A.120) - 
(A.124)-of Appendix A for definition of forces and moments 
as functions of overall geometry)*

+  (J6 “ =  0 
1 al

(3.5)



Equation (3.5) will now be shown to represent the 
dlmenslonless expressions of families of ellipses describing 
all those reference points with respect to which the square 
of the RMS moments, and with that the RMS moments, are 
constant (lsomomental ellipses).

The general equation of a conic

Ax2 + By2 + 2Hxy + 2Gx + 2Py + C a 0 (3.7)

is that of an ellipse if

H2 - AB < 0 . (3.8)

Equation (3.5) corresponds to equation (3.7) and 
inequality (3*8) becomes for the present case



in

J3 — JjJg < 0 ,

or with the help of equations (3.6a) - (3.6c)
2

(3.9)

I2ir,p

dqpj < 0 . (3.10)

The latter expression is satisfied according to the
integral form of Schwarz's Inequality £ll] as long as 
P PE f . and s f are linearly independent. 
j=l Jsx j=l Jsy

The above summations are linearly independent since
they stand for the Cartesian components of the rotating 
vector -^^rg, which represents the negative of the total 
force of the ground on the mechanism. While ̂ ^denotes the 
sum of the individual link masses, rg represents the accel­
eration of the total center of mass of the mechanism. 
Therefore, Inequalities (3.9) and (3*10) hold, and equation
(3.5) is proven to represent a family of ellipses.



D. Point of Minimum Dlmenslonless RMS Shaking Moment
Hie following demonstrates that the center C(xc/a;p y c/a1) 

of the family of lsomomental ellipses of equation (3*5) 
represents the point of minimum dlmenslonless RMS shaking 
moment, and Its location depends only on mechanism and link 
geometry, i.e. It Is Invariant with respect to both input 
angular velocity and the common link density. (See Pig. 3*) 
This Is accomplished by first transforming equation (3*5)

F ninto the standard equation of an ellipse in the — system,
al alwhich corresponds to the semi-axes, and then showing that the 

length of these axes Increases as increases
for a given mechanism configuration.

The transformation of variables is accomplished with 
the help ofi

—  = -i- cos© - —  sin© (3»lla)
al al al

JL s JL sin© + -2- cos© , (3.11b)
al al al

where, according to £l7]» the angle between the positive 
x/aj-axls and the positive F, /a^-axls Is given by*

1 " 1  © = -1 tan “  1 , i t a r l A - l  . (3.12)A - B 2 Ij- - J,

(See equation (3*7).)
Substitution of the above Into equation (3*5) leads to

the standard form of an ellipse In the JL,JL system i
al al
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£c
a.

Y \ (
JL
a. 0 2

K2*£
= 1 . (3.13a)

K,

The coordinates of the center C of the ellipses are 
expressed in terms of the dlmenslonless constants of equations
(3.6), I.e.

I, -(Jtjsln© + Jocose)
a 2 21 J^cos 0 + JgSln 0 + 2J^sln0cos0

(3.13b)

-(J^cos0 - J^sln©)
a 2 21 J^sln 0 + JgCos 0 - 2J^sln©cos0

(3.13c)

Since the J’s are dlmenslonless, the coordinates of C are 
Invariant with respect to both Input angular velocity and 
link density.

The semi-axes are given by

(3.14a)

K? ~ J7] ' • (3.14b)

where
2 2 Jy = Jg - (J^sin0 + J||,cos0) Jg - (J^cos© - J^sin©) Jg (3.14c)
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1 (3.14-d)
JjCos^0 + JgSin^© + 2J^sin0cos0

1 (3.34e)2 2 JjSln © + J2cos 0 - ZJ^slnocoso

Appendix D shows that Is larger than Jg. Therefore, 
the major axes of the ellipses are parallel to the v/a^-axis. 
Furthermore, it is to be noted that the ratio of the semi­
axes, K^/Krj, is constant, and that for this reason the 
isomomental ellipses are not only concentric, but also 
proportional.

When 1/a^ = £<j/aj and y/a.̂  = ŷ /a.̂ , the ellipses 
degenerate to the point C, and both numerators and denom­
inators of the left-hand side of equation (3«13&) must be 
zero since the major and minor semi-axes in the limit become

2 I 71equal to zero. Therefore, “ J7l and
p ,2 ; « 1 ^1 1

J9| ̂ M/G^SP'a  ̂ J7 r ®enerally are positive quantities
because of their association with ellipses, must vanish.
Since both Jg and are mechanism constants which are 
shown in Appendix D to be positive at all times, the term 
in brackets in the above expressions vanishes for the case 
under consideration, and the moment with respect to point 
C becomes 1

(3.15)

In order to show that the above represents the minimum
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RMS shaking moment, one considers that all other points 
R(£/&1»v/a^) must lie on ellipses with major and minor 
semi-axes larger than zero, and that since is a mechanism 
constant, the following must hold for themi

" J7 > 0 * (3.16)

This means that the RMS shaking moments associated with 
these points must be larger than that associated with point 
C(£c/alf tjq/&^) , and the latter represents the point of 
minimum RMS shaking moment.

This unique reference point, which may serve for the 
comparison of the RMS shaking moment under various circum­
stances, may be found in the system with the help of

al althe following expressions, which are due to the transfor­
mation equations (3,11a.), (3 .lib) and (3 .1 2):

S  = it?. (3.1.7a,
a l  -  Jj

a  . (3.i7b,
ai JjJg - Jj



E. Determination of the RMS Shaking Moment With Respect to
an Arbitrary Point With the Help of the Point of Minimum 
RMS Shaking Moment
It will now be shown how to obtain the RMS shaking

moment with respect to an arbitrary point In the mechanism
plane with the help of a simple computation once the point
of minimum RMS shaking moment, the associated minimum RMS

*shaking moment, » Jg. and are known for a given
mechanism.

Let the arbitrary point be given In the JL,JL coordinate
system of Pig. 3. and define

I i h

al al

—  = -------- , (3.18a)
^1

as well as

JL m JL - 2£' • ■ (3.18b)
a i ai ai

The Isomomental ellipse equation (3*13a) then becomes together
t

with equations (3.l4a) and (3•!*»*>)«

L )2 ( - *a, I \ a„ .
= 1  • (3.19)

- J?] - J?]

The above expression may be solved for the desired RMS
T %»

shaking moment with respect to an arbitrary point by
using equation (3 .1 5)* al al



k7

^ / g <; H/G| (3.20)
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P. Application to Four-Bar Linkage
The four-bar linkage of Pig. 4, with dimensions listed 

in Table 1, will now be used as an example for the determination 
of the point of minimum RMS shaking moment, the magnitude of 
the corresponding minimum RMS shaking moment, as well as some 
of the associated isomomental ellipses. This mechanism is 
designed according to the standard linkage configuration 
given in a^d shown again for convenience in Appendix A.

For this mechanism, that region will be determined beyond 
which the RMS shaking moment of the fully force balanced 
mechanism* will be smaller than that of the unbalanced mechanism. 
Finally, the shaking moment with respect to an arbitrary point 
will be obtained according to the formulation of Section IIIE.

Fig. 4 shows that the origin of the coordinate system is 
chosen to coincide with the pivot of the input crank, Aq . Thus:

= = 0, = (3.21) 
al ai ai ai ai

The magnitudes of the J's were determined according to 
equations (3.6a)-(3.6f) and (3.l4c)-(3.l^e), and are listed in 
Table z\ This was accomplished with the help of the expressions 
for the dlmenslonless ground bearing forces and stator moment 
of the standard linkage configuration as given in Section 6 
of Appendix A.

Full force balance is accomplished according to ["2,14*1.
tAll computations were performed on the City College IBM 360/50 
Computer, with programs written in Fortran IV.



M* = 3 .4 7 6  (Limiting ellipse, for comparison 

with balanced mechanism)

Scale2 | . i ■ i 
0 I"

x/a .77777

(Note5 Center of mass of link Z coincides 

with pivot point A j, Le. 0-^ =0 )

Fig. 4  Point of minimum RMS shaking moment and isomomental ellipses 
for four-bar linkage of standard configuration (for 
parameters, see Table 1 )

■£-vO



Table 1 Dimenslonless Parameters of Four-Bar Linkage

Link 1 1 2 3 4
Dimensionless 
link length

tti = V ai
1.000 4.000 3.000 3.000

Dlmenslonless position 
of link center of mass

°i « V ai
0 .5 0 0 0.000 0.500 —

Dimensionless link width 
and end radius

?! = V B1
0 .5 0 0 0 .5 0 0 0 .5 0 0 —

Dimensionless link 
thickness

= V ai
0.400 0.400 0.400 —

Dimensionless link 
mass

Bi
0.357 1 .0 6 2 0.514 —

Dimensionless link 
moment of inertia

Ci
not

needed 8.110 0.817 —
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Table 2 Values of J*s

= 0.822 J2 a 1.14-6 J3 = -O.154-

= 1.824- J5  = -1 .0 6 0 J 6  = 11.045

J? = 6.534- Jg = 0.828 J9  = 1.314-

The dimensionless location of the point of minimum RMS 
shaking moment is obtained with the help of equations (3*17a) 
and (3•17t>)* while the angle of the S/a^-axls with respect to 
the x/a^-axis is calculated according to equation (3.12). Thus

—  = -2.098, —  = 0.64-4-, 0 = 111.7° (angle between x/a1
al al 1

and S/a^-axis).
(3.22)

The associated minimum dimensionless RMS shaking moment is 
computed with the help of equation (3*15)*

V G , n -  2 ' 556 • <3-23)
3For a steel linkage (0.283 lb/in.) which is run at 

1,000 RPM, and where
o 4-a^ = 1.000 in. and p = 7.33 x 10 lb-sec /in.,

(3.24a)
one obtains for the point of minimum RMS shaking moment 
according to equations (3.22):

xc = -2.098 in., yc = 0.644- in. (3.24b)
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The associated minimum RMS shaking moment becomes with the 
help of equations (3 .3*0 and (3 •2 3)*

Fig. 4 shows the lsomomental ellipse which Is associated 
with a dlmenslonless RMS shaking moment of 2.983 units.
(This corresponds to 25 in-lbs. for the dimensions of Table
1.) The axes of this ellipse are obtained with the help of 
equations (3.14), noting that the 1/a^-axis represents the 
minor axis.

When this mechanism Is fully force balanced according 
to the criteria set In [3*14], one finds from the data 
associated with Fig. 7 of [l4] that the magnitude of the 
dimensionless RMS shaking moment with respect to all points 
In the mechanism plane is given by:

Fig. 4 shows the lsomomental ellipse associated with the 
above value. Since the RMS shaking moment of the imbalanced 
mechanism Is larger for all points located outside this 
ellipse, force balancing decreases the RMS shaking moment 
with respect to all points beyond this limiting region.

Let It now be required to find the dimensionless 
shaking moment associated with point of Fig. 4. The 
coordinates of this point are

Mm/g = 2 0.5^5 ln-lb. (3.24c)

(3.25)

—  = 3.000, 
al

-2- = 0.000 . 
al

(3 .26a)
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On transformation according to equations (3.11), this 
becomes s

With the above, as well as the value for according
to equation (3*23), and J3 and Jp from Table 2, equation 
(3.20) gives the following value for the dimensionless RMS 
shaking moment with respect to point

I = -1.110, -2- = -2.787 ,a* (3 .26b)a1
and with the help of equations (3.18)1

—  = -2.485, 
al

JL = -4.498 .
ai

(3 .26c)

(3.27)
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G, Conclusions
Certain conclusions concerning the theory of lsomomental 

ellipses may be drawn:

(a) The RMS shaking moments of unbalanced planar 
mechanisms running at constant or periodically varying input 
angular velocities are constant with respect to all points 
which lie on certain ellipses.

(b) The center of all families of such lsomomental 
ellipses represents the point of minimum RMS shaking moment 
of an unbalanced planar mechanism. The location of this 
minimum point depends only on the link lengths and the link 
geometry of a particular mechanism.

(c) The theory provides a useful tool for the evaluation 
of the effect of full force balancing on the RMS shaking 
moment of a given planar mechanism: It shows that the RMS
shaking moment of the balanced linkage is lower throughout 
the mechanism plane if it is lower than that of the unbalanced 
mechanism with respect to the minimum point. If the RMS 
shaking moment of the fully force balanced mechanism is 
larger than that of the unbalanced mechanism with respect
to the minimum point, one may obtain the limiting elliptical 
region beyond which the RMS shaking moment of the balanced 
mechanism is smaller than that of the unbalanced mechanism.
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IV. SHAKING FORCE OPTIMIZATION OF THE FOUR-BAR LINKAGE 
IN THE PRESENCE OF ADJUSTABLE CONSTRAINT CONDITIONS 
ON THE GROUND BEARING FORCES

The present section shows how the Lagrange Multiplier 
Method may he adapted to minimize the RMS shaking force of 
a four-bar linkage while constraining the RMS ground bearing 
forces of the mechanism to certain predetermined values. 
Solutions are expressed In terms of certain properties of 
the centers of mass of Individual links. These solutions 
find their practical realization by way of a single counter­
weight and a two counterweight method.
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A. Introduction

1. Background
The field of mechanism balancing Is not different 

from other fields of engineering: For each advantage, a
certain penalty must be paid. While It Is obviously highly 
desirable to make the shaking force of a mechanism vanish by 
fully force balancing it by the method described In Section 
II and £2J, doing so may Introduce new design difficulties.
In most cases there will be a considerable increase in the 
bearing forces, the input moment, as well as the shaking 
moment*

When such a situation arises, the engineer looks for a 
compromise, i.e. he attempts to trade-off some of the gains 
of the new method for a reduction of the associated disadvan­
tages. The following work represents such a trade-off method 
wherein the RMS shaking force of a four-bar linkage is reduced 
as much as possible with the help of counterweights, while 
the RMS ground bearing forces are kept from increasing beyond 
a certain predetermined value above that of the unbalanced 
mechanism. (No effort is made to control either the RMS 
input moment or the RMS shaking moment.) The Lagrange 
Multiplier Method has proven itself as a suitable vehicle 
to this end.

For listing of nomenclature, refer to page x.

Section III presents examples where the RMS shaking moment 
increases in certain cases.
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2. Application of Lagrange Multiplier Method to Shaking 
Force Optimization of the Four-Bar Linkage 
Sections B and C of the present part of this 

dissertation show a Lagrange Multiplier formulation for 
the reduction of the RMS shaking force of a four-bar linkage 
which has a general mass distribution, as shown In Fig. 5» 
and which runs runs with a constant Input angular velocity.
The RMS ground bearing forces at Aq and Aj are constrained 
to a range of values limited, on the one hand, by those of 
the unbalanced mechanism, and on the other, by those of the 
mechanism fully force balanced by the Method of Linearly 
Independent Vectors. This aim is attained In two different 
ways:

1. A single counterweight attached to the output link 3
Is used to realize those total mass-distance products m^b^
and m^c^ (see Fig. 5)» as well as that total moment of inertia 

2m̂ fCo , of the link which correspond to the minimum attainableA-j
RMS value of the shaking force Fo when the individual RMSRMS
ground bearing forces are prescribed as stated above.

2. Two counterweights, one attached each to the input 
and output links, are used to realize the total mass-distance 
products m^bj, m^c^, m^b^ and m^c^ of the respective links 
which correspond again to the minimum attainable RMS shaking 
force and preserve the constraints on the RMS ground bearing 
forces. In this method it is additionally necessary to pre­
assign the moment of inertia of link 3. nils value is chosen 
in such a manner that it is larger than that of the original
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Fig. 5 General four-bar linkage to be optimized
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link and smaller than some predetermined value which still 
permits a reasonable counterweight. It was found mathemat­
ically impossible to formulate this method In any other fashion.

Both of the above paths of shaking force optimization 
may be formulated In the identical manner:

Optimize the RMS shaking force,

reactions before balancing, and qj and q2 are constraint 
factors which indicate the allowable increase of the RMS 
ground bearing forces at pivots AQ and A^, respectively, 
over those of the unbalanced mechanism. The parameters q^ 
and q2 are chosen such that

subject to the equality constraints

^ R M S  ql ^iRMSu" the RMS ground bearing 
force at pivot Aq

(4.2a)

the RMS ground bearing (4.2b)
force at pivot A^.

are the RMS ground bearing

thi RMS ground bearing force of fully balanced mechanism
1 RMS ground bearing force of unbalanced mechanism

(4.3)
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The conventional Lagrange formulation of this problem 
is given as follows:

E * = FSRMS + Xl(Pl|'1RMS “ ql ^iRMSu^ + X2(F^3r mS ~ q2 ^ R M S ^ ’
(4.4)

« twhere and X2 are the Lagrange Multipliers.
In order to eliminate the necessity of dealing with 

square roots in the RMS ground bearing and shaking force 
expressions, a slightly different approach, which will yield 
all the solutions inherent in the formulation (4.4), is used:

E = PsRMS + Xl*FiHRMS “ qi ^iRMSu* + X2<P43rms “ q2 ^RMSu^*
(4.5)

Here, the RMS shaking force expression and both sides of the 
constraint equations (4.2) have been squared. The desired 
solution set of equation (4.5) is identical to that of 
equation (4.4) for the following reasons:

1. Since the RMS expression of the shaking force 
represents a non-negative value, the minimum of its square 
occurs at the same argument as the minimum of the function 
itself.

2. The squaring of both sides of the constraint equations 
leads to

^ R M S  " q i  ^ R M S u  = ^P^R M S " q !  ^ H M S u ^ ^ H M S  + ^ R M S ^

= 0 (4.6a)
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Fl* 3 M S  ”  q 2  ^ R M S u  ^ ^ r m s  "  q 2  ^ R M S u ^ ^ R M S  +  ^  ^ R M S ^

0 . (4.6b)

The factors ( F ^  + q2 F f c ^ )  and ( F ^  + q2 F ^ ^ )
must always be positive, and therefore, the new constraint 
equations can only be satisfied if

This, of course, corresponds to the original constraint 
equations (4.2).

In order to make the results independent of proportional 
linkage magnification, the RMS shaking force and the RMS 
ground bearing forces will be expressed in dimensionless 
form. This allows the solution for the following sets of 
variables for the two cases discussed above:

1. For the single counterweight problem, the dimension- 
less mass-distance products Uj and t^ of the total center of 
mass of link 3, as well as the dimensionless moment of inertia 
v^ with respect to the pivot k y  are obtained.

2. For the two counterweight problem, the dimensionless 
mass-distance products ult tj, u^ and tj of the totstl center 
of mass of the respective links are obtained for various 
predetermined values of v-̂ .

Using the force expressions given by equations (A.62) - 
(A.67) of Appendix A, and factoring (pâ tp̂ ) , equation '(4;5) 
may be rewritten as follows:

*P4lRMS " ql P4lRMSu^ “ ° 

(F̂ 3rms ' q2 P43rmsu> = ° ' (4.7b)

(4.7a)



(4.8)

The f's are dimensionless forces, and are given by equations 
(A.69) - (A.74).

The above formulation is now applied in the following 
sections to the single counterweight as well as the two 
counterweight method.



B. Shaking Force Optimization With Single Counterweight
Attached to Output Link

1. Formulation of Lagrange Function
In order to apply the general formulation of 

equations (4.6) and (4.8) to the single counterweight 
optimization, the dimensionless forces of equation (4.8) 
must be written as explicit functions of the mass parameters 
U3 . t^ and V3 (see equations (A.?6) - (A.7 8 )). The Lagrange 
function (4.8) then becomes with the help of equations (A.79) - 
(A.84):

\
/•2-rr

Jo

/

(4.9)

The L*s are functions of the parameters of links 1 and 2, 
as well as the constant Input angular velocity q>̂ t and are 
given by equations (A.8 5 ) - (A.94).
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2. Derivation of Optimization Equations
To obtain the set of five optimization expressions, 

which permits the solution for vlj, t^# Vj, Xj and X2, the 
following path will be taken:

a. The two ground bearing constraint equations (4.6) 
are written In dimensionless form,

b. The Lagrange function (4.9) is differentiated in turn 
with respect to t^, u^ and v^, and the results are set equal

a. Constraint Equations
The dimensionless form of the constraint equations 

(4,6) is obtained with the help of equations (A,79) - (A.82):

to zero.

2
**41r mS

ql ^lRMSu

0

i»2‘IT

Jo

+ (Lg - Lr,u3 + L5t3 - L^v3) Jdcpj - q|

0 . (4.11)
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b. Differentiation of Lagrange Function With 
Respect to t^. and Vj

dE , ^*2.2.—  = 0 = (pa1Q1) <

p

/•2*TT

| [

£ ( + ly tj ) Lp

+ (L10 - IyUj + Lgt^LgJtKpj

t*2v

(L^ + + Lyt^ - I*2v 3 ) ̂ 7

+ (Lg - + L6t3 “ L/fv3)I'6]d(pl

(̂ .12)

dE
du. = 0 = / ^ , 2 x2 J(pa1tp1) <

/•2tt

i l [
(L9 + l6u3 + *7*3 *L6

- (L1q - lyUj +

/•2tt

(L5 + + lyt^ - L2Vj )L6

(^.13)
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aE
dv. =  0 =

/ 4.2.2,
( p <

/»2 ittOi
+ L2v 3)L2 + (L^ + L ^ j L ^ J d ^

+ -~j ["(l5 + l6u3 + *7*3 ” L2v3^L2

- (Lg - Î u-j + Lgt^ - L^v^L^Jdq^

(4.14)

c . Simplification of Expressions 
To facilitate the solution of the optimization 

equations (4.10) - (4.14), the following terms are definedt

K 2 it
1 = tQ ^ ^ 9  + L6L1 0 d̂<pi

2tt 2 2
*2 = /Q ^  +

2-r
*3 = 51*7 + Il6IB^d(pl

2tt
K4 = /0 + L4L6 )dcpl

2‘ir
K5 = /0 (Lg ^  “ Iv Llo^d<pl 

2tt
k6 = JJj (L5L6 “ IV I«)d,pl 

2 tt

«7 = {j (V 7  - L2L6 )d(pl

(4.15a) 

(4.15b) 

(4.15c) 

(4.15d) 

(4.15e) 

(4.15f) 

(4.15s)
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2tr
Kg = ^ 1^2 + (4.15h)

2<rT 2 2= J (Lg + L^dqJj (4.151)

2tt
K10 = f (I^L5 + L^Lg)dqp^ (4.15j)

2it 2 2K^j — (L^ + L3 )dqp ̂  (4.15k)

2it 2 2
^12 = Jq (L5 + LgĴ -'Pi • (4. 151)

d. Optimization Equations
With the above simplifications, the set of five 

simultaneous optimization equations (4.10) - (4.14) appears 
as follows:

K11 + 2K8v3 + V 3  ’  2T,ql  f 4lRMSu ( 4 ' l 6 )

K1 2 + KjU^ + Kjtj + I^Vj + 2K6 u3 + 2Kjt3 - 2K1 0 v3

2 2+ 2Kj,u3v3 - 2K^t3v3 = 2Trq2 *43^ ^  (4.17)

Ki + Kgt-j + (K3 + Kgt<j — % v3 ) as 0 (4.18)

K + KgU^ + x2 ^K6 + K2u3 + *7^ ^  “ 0 (4.19)

Xx(Kq + K ^ )  - X2 (K1q - + J^t3 - K9v3) 5= 0 . (4.20)
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Solution of the above equations furnishes the optimum 
mass parameters u^» tj and v^ in addition to the Lagrange 
Multipliers X^ and Xg.

3. Solution of Optimization Equations
Appendix E shows the solution of the optimization 

equations (*f.l6) - (**.20). While the Lagrange Multipliers 
Xj and Xg must be determined in order to obtain the optimum 
mass parameters u^, tj and v^> they serve no further purpose 
in the present investigation.

The results for u^, t^ and v^ are listed below in the 
order necessary for numerical computation. It is to be 
noted that there are two solutions for v^, and further, two 
solutions for u^ and t^ for each v^. This gives rise to a 
total of four solutions.

Appendix P gives a theoretical proof that the two 
solutions associated with each v^ represent a minimum and 
a maximum of the BMS shaking force. This is accomplished 
by showing that the constraint surface is represented by 
the circumferences of two possible circles, each correspond­
ing to one of the v^*s, and that, therefore, the theorem 
which states that a continuous function has a minimum and a 
maximum on a closed and bounded set is satisfied.

According to the results represented by equations (E.6), 
(E.13) and (E.l6) of Appendix E, one obtains
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v “ k8 + 7 ^  “ *9 (^ 1 1 “ 2™*l(1) _______________________

3 = K9

(2)v.
y ~2 2 2 1
Kg - - 2TTq̂  ^lRMSy^

3 " K,

(i)(1,1) -EU + J HI ,
(1)' H1 h3
H.(i)

(1=1,2)

(1,2) -H.(1) nr (i) (i)Hi H3

H.(1)
(1=1,2)

, (1) (1) O h
(11) ~ 1 + A2 ^3 'u {3l t V  ------ ^ ^ - (1=1,2, j=l,2)

A3

where

(1) (1) (1)Aj = K3K5 - % K 5v 3 - K1K6 - (1=1,2)

= KgKjj - Kg Kg - K2K7v3^  (1=1,2)

(1) (1)A3 = K2K3 - KXK2 - K2K4V3 (1=1,2)

(4.21a)

(4.21b)

(4.22a)

(4.22b)

(4.23)

(4.24a)

(4.24b)

(4.24c)
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2 <k6 + V 3 15* <i=sl»2)

K12 + *9V3 ” 2K10V:

(Jf.24d)

k. Application of Solution to Design of Output 
Link Counterweight 
The optimum mass parameters u^, and Vj are 

physically realized with the help of a counterweight, which 
is added to the already existing link 3* (See Pig. 6.)
Barts 1 and 2a of Appendix G show how such a circular 
counterweight, which is tangent to the pivot A^. must be 
designed when a standard configuration is used. (Por 
standard linkage configuration, see M  and Fig. 7.) The
relevant design parameters are the dimensionless counterweight

* *radius R^, the counterweight angular position with respect
to link 3» and the dimensionless counterweight thickness-

*density ratio D^.
Expressed in terms of u^, tj and v^, the dimensionless
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Fig.

** ' IM * »-----I.umorm micwiess n

Note:
For given link shape, 

0

6

uniform thickness h.

The superscript zero refers to the center of mass of 
the unbalanced link, and the superscript asterisk refers 
Jo tN i center of mass of the counterweight.

6 Dimensionless parameters of output link with attached counterweight
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radius according to equation (G.l8 ) is given byt
1 i>0"2* t X -2 »2 1/2 2(= —2- = ( +  T-̂ ) [■ , -  > 4 ) ]

r 2 1 0  2-1I/ 2
|̂_t3 + û3 " 2 B3a3^ J

. (4.25)

Similarly, the angular position according to equation (G.19) 
is given by:

e? = tan”*( ̂ 2.1 = tan”^
3 <d w , . 1  Bv ,' " 2 3 31

(4.26)

Finally, the thlckness-density ratio is shown by equation 
(G.20) to be

3 = 63

where

P

\ P 3 X 2 ' ■

1 o 2-i2
+ (U3 -  B^a^) J

h  -
+ 03]]

(4.2?)

r~ -.z actual radius of counterweight
= R^cos0^ dimensionless coordinates of position

ft #  £•= R^sine^ of counterweight center of mass 
B^, c| = dimensionless mass and moment of inertia of existing 

link 3* respectively (see equations (A.119c) 
and (A,119e))

<*31 0 ,̂ y3 = dimensionless parameters expressing
geometry of link 3 (see equations (A.115))

= ratio of counterweight thickness to thickness of 
link 3
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hj, hj = thicknesses of link 3 and counterweight, 
respectively

o *
P  , P j  = mass densities of link 3 and counterweight, 

respectively.

5. Example of Optimization With Output Link 
Counterweight

a. Procedure
In order to apply the optimization procedure 

derived in the previous sections to an existing linkage, 
the following design steps must be followed:

(1) The range of meaningful constraint factors q^ and 
q2 must be determined from an inspection of the RMS ground 
bearing forces, both of the existing unbalanced mechanism 
as well as those which arise when the mechanism is fully 
force balanced by the Method of Linearly Independent Vectors 
£2J. To this end, use is made of equation (4.3).

(2) The counterweight radii R^, the thickness-density
# * ratios D^, and the angles as obtained from the optimum

mass parameters u^, t^ and v^, as well as the associated
optimum dimensionless RMS shaking forces, are then computed
as functions of the various combinations of constraint factors
q^ and qg. In addition, the ratio

RMS shaking force of partially balanced mechanism —     ,
RMS shaking force of unbalanced mechanism

(4.28)
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which may serve as a measure of the reduction of the RMS 
shaking force, is introduced. Finally, design graphs, 
which are based upon the above information, permit the 
choice of. the most practical configuration.

b. Numerical Example
The four-bar linkage of Fig. 7 with length 

dimensions listed in Table 3 will now be used for a numerical 
example. This mechanism is designed according to the standard 
configuration discussed in Appendix A.

Link i 1 2 3 4
Dimensionless link 
length
ctj = a1/a1

1.000 4.000 3 .0 0 0 3 .0 0 0

Dimensionless link width 
and end radius

= d i/ai
0 .5 0 0 0 .5 00 0 .5 0 0 -

Dimensionless link 
thickness

Yi = hl//di
0.400 0.400 0.400

Table 3 Dimensionless Length Parameters of Example 
Four-Bar Linkage

In order to determine the constraint factors q1 and q2, 
it is first necessary to know the magnitude of the dimension­
less RMS ground bearing forces, both of the balanced and 
unbalanced mechanism. Furthermore, to judge the improvement 
of the RMS shaking force due to the optimization method, 
the RMS shaking force of the unbalanced mechanism must be 
known.



uniform 
thickness 

h2
uniform

thickness  
h

777777
uniform 

th ickness

Pig. 7 Standard four-bar linkage configuration 3̂Ox
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(1) RMS Shaking and Ground Bearing Forces of 
Unbalanced Mechanism 

To compute the dimensionless RMS ground bearing 
forces as well as the dimensionless RMS shaking force for 
the unbalanced mechanism, one first obtains values of the 
dimensionless components of both bearing forces, f ^  and 
f ^  (1=1,3 )» for equally spaced input angles with the helpy
of equations (A,6 9 ) - (A,7 2 ). The necessary values of the 
link mass parameters are listed in Table 4.

The dimensionless RMS value of the individual ground 
bearing forces is given by:

)dcpRMS 2ttj_ — /——I (fm + f>,.4 )d(p* (1=1*3)• (4.29)

The dimensionless RMS shaking force of the unbalanced 
mechanism becomes:

2 it

f 'RMS

where

(4.30a)

fSx = fl4x + f34x (4.30b)

fSy = fl4y + f34y * (4.30c)

Using intervals of 5°» the following values were obtained



Unbalanced Fully Balanced
Link 1 1 2 3 1 3
Dimensionless position 
of link center of mass 
along line Joining pivots
®i = V ai = ri/ai

0 .5 0 0 3.000 1 .500 -0 .216 -0.691

Dimensionless position 
of link center of mass 
perpendicular to line 
joining pivots
Ti - V ai

0.000 0.000 0.000 0.000 0.000

Dimensionless link 
mass

Bi
0.357 0.845 0.514 0.977 2.753

Dimensionless link 
radius of gyration
W1

not
needed 2.142 1.261 not

needed 1.408

Dimensionless link 
moment of Inertia

Vi = + TI + wf)
not

needed 1.482 1.974 not
needed 6.764

Table 4 Dimensionless Mass Parameters of Unbalanced and Fully 
Balanced Example Four-Bar Linkage
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with the help of the above expressions t

(2) RMS Ground Bearing Forces of Fully 
Force Balanced Mechanism 

The dimensionless RMS ground bearing forces of the 
fully force balanced mechanism using circular tangent 
counterweights are given by:

The above results were obtained with the help of 
equations (A.6 9 ) - (A.72) of Appendix A and equation (4.29),

of the fully balanced four-bar linkage, as shown in Table 4, 
were supplied by expressions derived in Appendix J. They 
are based upon a counterweight thickness-density ratio of 
2.5. and the counterweight material is assumed to be identical 
with that of the links. The resulting dimensionless counter­
weight radii are:

(4.32)

using 5° intervals. The values of the link mass parameters

R* = 0.629, Ro = 1.194 2b ^b (4.33)

See also Table 15*

All computations were performed on the City College IBM 
3 6 0 /5 0 Computer, with programs written in Fortran IV.
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(3) Determination of Range of Constraint 
Factors q  ̂and

Using the criterion (4.3) for the range of 
meaningful constraint factors together with equations 
(4.31) and (4.32), one obtains

1 < qt < 1.40 (4.34a)

1 < q2 < 1.84 . (4,34b)

(4) Design Method for Determination of 
Counterweight Badlus. Thlokness- 
Denslty Batlo and Angle

(a) Tabulation of Solutions
* # *In order to obtain the values of R^, D^ and 0̂ , 

it is first necessary to determine the optimum mass param­
eters u^» tj and Vj for all desired combinations of q^ and 
qg, as well as the values listed in Table 3» with the help 
of equations (4,21) - (4.23). It must be recalled that 
there is a possibility of two pairs of answers, where each 
pair stems from one of the two possible values of v^. Each 
of these pairs may produce a minimum or a maximum value for 
the RMS shaking force, and it is therefore necessary to 
determine which set of mass parameters is associated with 
the lowest RMS shaking force!

^The magnitude of the dimensionless RMS shaking force of the 
partially balanced mechanism is obtained by substituting the 
optimum mass parameters t^ and vlj into the expressions for the 
components of the dimensionless shaking force given by equa­
tions (A.83) and (A.84). These are determined for equally 
spaced angles over a range of 360°. The dimensionless RMS 
shaking force is then obtained with the help of equation (4.30a).
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Once this has been accomplished, equations (4.25) - 
(4.2?) are used to obtain the counterweight parameters.
Table 5 shows values for the optimum mass parameters v^, t^ 
and u^ which are associated with the minimum dimensionless 
RMS shaking forces for the desired range of constraint 
factors. Table 6 then lists the corresponding dimensionless

■H- ■#*counterweight parameters R^, Dj and 0^, as well as the ratio
as functions of the indicated constraint factors.
In order to facilitate the selection of the most practical

design from all the solutions of Table 6, the design graphs of
*Pig. 8 have been devised. The top graph shows values of and 

R^ plotted against q2 for various values of q^. The bottom 
graph gives the ratio ^  as a function of q2, again for various 
values of q^. The vertical line-up of the q2 axes makes it 
easier to arrive at an engineering compromise,

(b) Choice of Solutions With Help of Design Graphs 
Let it be required that the individual RMS 

ground bearing forces of the partially balanced mechanism 
have magnitudes no more than midway to 3/4 of the range 
between those of the unbalanced and the fully balanced 
mechanism. This corresponds to a maximum value of q^ = 1.30 
and q2 = 1.40. Let it further be required that the thick­
ness ratio of the counterweight to the original link be 
no greater than 3 to 4, and let it be assumed that the
original link is made of steel (density p° = 0.28 lb/in?),

■w* 3If one uses a tungsten alloy (density « 0.? lb/ln.) for
*the counterweight, then equation (4,27) shows that Dj must
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1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80

1.05 p3
u3

2 .1*1*30.1*91
-1 .667

2.1*1*3 
0.11*7 -1.916

2.443
-0 .1 92
-2 .1 6 0

2.443
-0.526
-2.402

2.443
-0.857-2.640

2.443-1.184
-2.877

2.443
-1.510
-3.112

2.443
-1.833-3.346

1.10 t33
u3

2.912
O .723-1.1*98

2.912
0.371*-1.750

2.912
0 .0 32

-1.998
2.912
-0.305-2.242

2.912
-0.638
-2.482

2.912
-0.967-2.721

2.912
-1.294
-2.958

2.912
-1.618
-3.193

1.15 t33
u3

3.381
0.956-1.326

3.381 
0.603 

-1.583
3.381
0.257

-1.833
3.381
-0.082
-2.080

3.381
-0.417
-2.323

3.381-0.748
-2.564

3.381
-1.078
-2.802

3.381
-1.403
-3.039

1.20 t33
u3

3.81*91.192
-I.152

3.81*9
0 .831*

-1.1*13
3.849
0.485

-I.667

3.8490.142
-1.916

3.849
-0.195-2 .1 6 2

3.849
-0.529
-2.405

3.849
-0 .8 5 9
-2.645

3.849
-1.187-2.884

1.25 t3
u3

i*.316
1.1*30

-0.976
4.316
1 .0 67-1.241

4.316
0.713
-1.499

4.316
0.368
-1.751

4.316
0.027

-1.999
4.316 
-0.308 
-2.244

4.316
-0.640
-2.486

4.316
-0.970
-2.727

1.30 t33
u3

1*.7831.672
-0.797

4.7831.302
-1.067

4.7830.944
-1.329

4.783
0.595-1.584

4.783
0.251

-1.835
4.783
-0.087-2.082

4.783-0.421
-2.326

4.783-0.752
-2 .5 6 8

1.35 I33u3

5.250
1.916

-O .615

5.250
1.540

-0 .8 9 1

5.250
1.177-1.156

5.250
0.823-1.415

5.250
0 .4 7 7

-1 .669

5.250
O .136
-1.919

5.250
-0.200
-2.165

5.250
-0.533
-2.409

l.*K) t33
u3

5.7172.161*
-0.1*30

5.7171.780
-0.712

5.7171.411
-0.982

5.7171.054
-1.245

5.7170.704
-1.501

5.7170.360
-1.754

5.7170.022
-2.002

5.717
-O .313-2.248

Table 5 Optimum Mass Parameters v«, to and. Uo (Associated With 
lowest RMS Shaking Force) vs. qj and. q2
(Computations used 5° intervals. Comparison showed that 
no greater accuracy was needed for the well behaved 
functions involved.)
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*2
1 .1 0 1 .2 0 1.30 1.40 1.50 1 .6 0 1.70 1 .8 0

1 .0 5 d3
e3

0 .1 2 6

1.983
169°
0.40

0 .1 1 6

2,719
177°
0.31

0 .1 07

3 ,8 6 2

184°
0.25

0.097
5,547
189°
0 .2 6

0.089
7,936
194°
0.32

0 .0 8 2

1 1 ,222

198°
0.42

0.075
15,623

201°
0.53

0.069
2 1 ,3 8 8

204°
0.64

1 .1 0

R3
°3*
•3

0.263
209

162°
0.48

0.246
274

172°
0.37

0 .2 2 6

381

179°
0.28

0.207
546
186°
0.25

0.189
785
191°
0.28

0.173
1 ,1 2 0

195°
0.35

0.159
1,576
199°
0.45

0.146
2,183

202°
0.57

1.15

R3
_ *
3
e*3

0.407
54

156°
0.56

0 .3 8 6

67
166°
0.44

0.358
90

174°
0.34

0.329
127

182°
0 .2 6

0 .3 0 0

183
188°
0.25

0.274
263

193°
0 .3 0

0.251
374
197°
0.39

0.231
524

200°
0.49

1 .2 0

R;

0*3

0.552
21

148°
O . 6 5

0.535
24

159°
0 .5 2

0.503
31

169°
0.40

0.464
42

177°
0.31

0.425
61

184°
0 . 2 5

0 .3 8 8

88

189°
0 .2 6

0.355
125

194°
0.33

0.325
178

198°
0.42

Table 6 Counterweight Parameters R^, and Qj and 
RMS Shaking Force Ratio vs. and q2 
for Values of Table 5
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1.10 1.20 1.30 1.40 1.50 1 .6 0 1.70 1.80

1.25

*3
>3*
*3*

0 .692

10.858

141°
0.73

0.686
11.24-2

152°
0 .6 0

0 .6 5 6

13.395
163°
0.4-8

0.613
17.640

172°
0.37

0.564
24.623

179°
0.28

0.515
35.272

186°
0.25

0.470
50.771

191°
0.28

0.430 
72.544 

19 5° 
0.35

1.30
®3

0.817
6.682
133°
0.83

0.832
6.235
14-5°
O .69

0.814
6.804
156°
O .56

0.771
8.434

166°
0.44

0.715
11.381

174°
0.33

0.656
16.083

182°
0.26

0.599
23.130

187°
0.25

0.547
33.260

193°
0.30

1.35

*
*3*
D3#
e3

0.924
4.777

126°
0 .9 2

0.964
4-. 023

0137
0 .7 8

0.967
3.973
149°
0.64

0.935
4.551
159°
0.51

0.878
5.837
169°
0.40

0.811
8 .0 3 6

0177
0.31

0.742
11.458

184°
0 .2 5

0.677
1 6 .5 1 0

0190
0.26

R*3 1.008 1.077 1.108 1.097 1.049 0.978 0.900 0.822

1.40 D3 3.844 2.952 2.630 2.743 3.283 4.334 6.061 8 .6 9 64 119° 130° 141° 152° 163° 172° 180° 186°
1.01 0.87 0.73 0 .6 0 0.47 0.37 0.28 0.25

Table 6 continued



84-
Pig. 8 Design graphs for counterweight attached to 

output link
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not exceed approximately 7 .5 >
In order to realize these requirements, the top graph

of Pig. 8 is entered, and it is seen that the value of
= 6 .2 3 5 way be obtained when q^ = 1 .3 0 and q£ = 1.20.

The top graph further indicates that these values correspond
*to a dimensionless counterweight radius = 0.832. The 

bottom graph shows that for the same constraint factors,
= 0 .6 9 . This represents a 31# reduction in RMS shaking

, # - oforce. Finally, Table 6 furnishes 0^ = 14-5 • These values
are listed in Table 7.

The design graphs suggest other feasible solutions
containing reasonable counterweight dimensions. While these
solutions will lead to slightly increased dimensionless RMS
ground bearing forces, the dimensionless RMS shaking force
will be much smaller. Table 7 gives two such examples,
where in the first, q^ = qg = 1 ,3 0 , and in the second,
qj = 1 .3 5 and qg = I.5 0.

_ #
3 ql q:2 B3‘ *

e3
6.235 1 .30 1 .2 0 0.69 0 .8 3 2 145*
6.804 1.30 1.30 0.56 0.814 156°
5.837 1.35 1.50 0.40 0.878 169°

Table 7 Feasible Solutions Containing
Reasonable Counterweight Dimensions

(c) Conclusions 
Table 8 shows a comparison of the dimensionless



Balancing
Condition *f f^lRMS f^3RMS R*-/

TN*D1
_■*
3 6*el e*

3

Unbalanced 1.00 2.156 1.643 - - - - - -

Fully Balanced 
(P*/P°=1)*

0.00 3.020 3.020 0.629 1.19^ 2.500 2.500 180° 180°

Partially Balanced
(p*/p°=2.5)* 

q^=1.30, 0,2=1.20 0.69 2.802 1.972 0.832 6.235 145°

q1=1.30, o2=1.30 0.56 2.802 2.136 - 0.814 - 6.804 - 156°

q1=1.35, q2=1.50 0.40 2.910 2.465 - 0.878 - 5.837 - 169°

Table 8 Comparison of Dimensionless RMS Shaking Force, Dimensionless RMS Ground 
Bearing Forces and Counterweight Dimensions

tCounterweights are assumed to have the Identical density as the links for the 
fully balanced case, while for the partially balanced case, a higher density 
material is used for the counterweights.
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RMS shaking forces, the dimensionless RMS ground bearing 
forces, as well as the counterweight dimensions, of the 
three cases discussed above with those of the unbalanced 
and the fully balanced mechanism. This allows the following 
conclusions t

1. Comparatively small increases in the constraint 
factors, i.e. the permissible dimensionless RMS ground 
bearing forces, cause much larger decreases in the dimen­
sionless RMS shaking forces of the partially balanced 
mechanisms.

2. There is very little difference in the counterweight 
dimensions of the three types of partially balanced mechanisms. 
The need for counterweight materials differing in density 
from that of the links in order to obtain reasonable dimen­
sions represents an engineering compromise.

3. The attainable reduction of the dimensionless RMS 
ground bearing forces from those of the fully force balanced 
mechanism is modest when the present single counterweight 
method is used.

The two counterweight method described in the next 
section offers greatly improved results concerning dimen­
sionless RMS ground bearing forces as well as counterweight 
density requirements.
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C. Shaking Force Optimization With Counterweights Attached 
to Input and Output Links

1. Formulation of Lagrange Function
In order to apply the general formulation of 

equations (4.6) and (4.8) to the two counterweight opti­
mization, the dimensionless forces of equation (4.8) must 
be written as explicit functions of the mass parameters of 
the two links, i.e. u^, t^, u^, and v^ (see equations 
(A.7^) - (A.7 8 ), (A.95) and (A.9 6 )). The Lagrange function 
(4.8) then becomes with the help of equations (A,97) - (A,102);

>2"/•21T
, 4 .2 .2 J 1 I r

= H oN

I

+ NgU^ — N^t ̂ + NgU^ + N^t^)

+ (N1 2 + NjUj + N.tj - H9u3 + »8t3) ]d<P1

[ » i  + N2u l " K3ti + Hit.T3>

+ (Nj + N3U j + N2t! + - «1 fM m S u j
p2rr

[ * j  [ (n7 +  v 3 + N9t3 -

+ (Kw  - N9«3 + Ngt3 - - 9g

(^.35) '

Equation (4.35) differs from equation (4.9) since u« and t., 
are not explicitly given in equation (4.9).
Even though V3 is not solved for in this procedure, it must 
be defined in the equations so that substitution of pre­
assigned values is readily possible.



The N*s are functions of the parameters of link 2 as well as 
the constant input angular velocity and are given "by 
equations (A. 103) - (A. 11*0.

2. Derivation of Optimization Equations
The set of six optimization expressions which 

permit the solution for u^, t^, u^» t^, Xj and Xg a:re 
obtained in a manner similar to that of the previous section, 
i.e.

a. The two ground bearing constraint equations (4.6) 
are written in dimensionless form with the help of equations 
(A.97) - (A.100).

b. The Lagrange function (4.35) is differentiated in 
turn with respect to t^, u^f tj and u^, and the results are 
set equal to zero.

a. Constraint Equations
The dimensionless form of the constraint equations 

(4.6) is obtained with the help of equations (A.97) - (A.100):

2 2
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2 2 2 
f^RMS ' q2 fl+3RMSy

/•2tt

■ 4, [(N? + Nqu 3 + N9t3 - N ^ )

+ (N10 - N9u3 + Ngt3 - N6v3)2Jdcp1

n2 f2" 2 43RMSu
= 0 . (4.37)

b. Differentiation of Lagrange Function With 
Respect to t^, u ^. t3 and u3

>2 it
SE
St„ = 0 = (pa4*2 211\ I 1

O '  f t  [- N3tl + N8u3 + N9 V N3

+ (N1 2 + ♦ Ngtj - N9 u3 + H8 t3 )H2 ](M.1

/•2-tt

[ - <N1 + V l  - V l  + v 3>"3

+ (N̂  + N3u^ + Ngt^ + NgV3)N2JdqpH

(4.38)
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(4.41)

c. Simplification of Expressions 
To facilitate solution of the above optimization 

equations (4.36) - (4.4l), the following terms are defined*

2 it
I± = J (N2N12 “ N3Nll)dcpl (4.42a)

2^  2 212 = J (N2 + N^dqjj (4.42b)

21T13 = / (N3Nq .+; NgN̂ JdtPj (4.42c)

2tt ,1̂  = / (N2N8 - N3N9)dcp1 (4.42d)

2vr n
x5 = [Vs “ nin3 + (N2N6 “ N3N4)v3jd<pi (4.42e)

2TTI6 = <».«Kf)



I7 = ' c T t V z  + N3N5 + <N2 %  + HjNgJVjJd?!
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(4.42g)

h  = • T ' V n  + V l Z ^ l (4.42h)

i9 = 2 2.;o (h 8 + ^>4?! (4.421)

H O II 2*TTr;o [h7n9 + NgN10 - (N4N9 + IfgNgJ^Jd?! (4.42j)

I11 = 2*rT
Jo (V l l  - V l 2 )a,>l (4.42k)

IICMt HH

2f1r
SQ  [n7m8 - V l 2  + (N6N9 ' N4Ng )v3]d?1 (4.421)

x13 =
2*rrr 2 2 2 Jo [N1 + N5 + 2(N1NZj( + N5N6)v3 + (fy + 2 2-iNgjvsjd?!

(4.42m)
2<rrr 2 2 2 2 2

Il4 = ^  l 7 ^10 "" 2 N̂4N7 N6N10^V3 "** n̂4 "** ^ 6 ^ 3 ^ ^ !  *
(4.42n)

d. Optimization Equations
With the above simplifications, the set of six simul­

taneous optimization equations (4.36) - (4.41) appears as follows:

I13 + I2tl + + 2 I7ui + 2I5ti = 2tt<H  (4.43)

2 2 2 2 
Ill|. + + X9U3 + 2Ii2u3 + 2Il0t3 = 2it<12 (4.44)

+ Igtj - I3U3 + + ^(I^ + = 0 (4.45)

I £ + x2u l + + *3 *3 + ^1 ^ 7  + I2u l̂  * 0 (4.46)



Ig + + ^2 ^ 1 0  + I9t3  ̂ “ 0

94

(4.47)

(4.48)

3. Solution of Optimization Equations
The following first outlines the solution of the 

optimization equations, and then discusses in detail the 
extent of its validity.

a. Steps of Solution
Appendix H shows that the solution of the opti­

mization equations (4.43) - (4.48) leads to the following 
th16 degree polynomial in uy.

where P^ to are known constants for a specific value 
of v^* and are given in Section 2 of Appendix H. After 
equation (4.49) is solved for u^ by way of a numerical 
technique, the values of t^f Uj and tj may be found in the 
following ordert According to equations (H.12)

+ P15u^ + Pl6u3 + P1? = 0 , (4.49)

(Note that there are (4.50) 
two possible solutions 
of t^ for each u^.)
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Equation (H.8) gives

u = ~(I15 + Il6t3 + J17u3 + Il8u3t3 + I19u3 * *20*3 * (4 .5 1 )
X21 + xz ^  + I23u 3

Finally, tj is found according to equation (H.9)s

t = ̂  + T25u3 + I26t 3 * I27ul * I28ulu3 + I29ult3 (4 .5 2 )
^ 0  + I29u3 " I28t3

The constants 1^^ to I^0 and Igj to 1^^ are given in
Section 2 of Appendix H. The solutions for the Lagrange 
Multipliers X^ and Xg, which serve no further purpose in 
this investigation, are listed for the sake of completeness 
by equations (H.15) and (H.16).

b. Discussion of Solution
In order to draw the correct conclusions from the 

.thsolution of the 16 degree polynomial, it is necessary to
consider its origin.

Appendix H shows that the final solution steps of the
optimization equations (H.l) - (H.6 ) lead to expressions
for t« in terms of Uo (see equations (H.12)), which are

thsubstituted into equation (H. 11), an 8 degree polynomial
both in tj and u^. The resulting expressions (H.13)
represent an equality wherein the left-hand side constitutes 

thone 8 degree polynomial in u^, while, due.to the..square
root, the right-hand side contains positive and negative

thvalues of a second 8 degree expression in the same variable.
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Geometrically interpreted, the intersections of the above 
curves furnish those values of u^ which lead to the extrema 
of the RMS shaking force. In order to avoid the difficulty 
of matching solutions, both sides of equations (H.13) are 
then squared (the opposite signs vanish), and the right- 
hand side of the ensuing expression is subtracted from that 
of the left-hand side, resulting in equation (4.^9)* It 
is to be noted that before subtracting, the intersections 
of the two 16 degree polynomials furnish the same values 
of u^ which are obtained from the intersections represented 
by equations (H.13). Finally, the real roots of the poly­
nomial (̂ .4-9) are identical to the u^fs of the various 
intersection points. Each of the real u^*s will lead to 
two t^'s, which in turn will give rise to a u.̂  and a t1. 
Thus, there can be as many as 32 real solution sets when 
the method can only provide a maximum of 16. To separate 
valid from invalid sets, one must determine whether a given 
set satisfies the optimization equations (^.^3) - (4.^8).

All sets of solutions u^, tj, u^ and t^ which satisfy 
the optimization equations correspond to extrema of the RMS 
shaking force, and one of these represents the desired 
minimum solution. Appendix I proves that there is such a 
minimum amongst the true solutions. This is accomplished, 
in a manner similar to that of Section IVB-3, by showing 
the applicability of the theorem which states that a 
continuous function has a minimum and a maximum on a closed 
and bounded set.
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Application of Solution to Design of Input and 
Output Link Counterweights 
The optimum mass parameters u^, t^, u^ and t^, 

which are the result of the solution of the optimization 
equations, as well as the chosen parameter v^» must now 
be physically realized with the help of counterweights 
which are attached to the already existing links 1 and 3*
As in Section IVB-^, the counterweights are to be circular 
and tangent to the pivots.

a. Design of Counterweight for Output Link 3 
In designing the counterweight for link 3* one

has to satisfy the optimum mass parameters u^ and t^, which 
result from the optimization equations, as well as the mass 
parameter v^, which is chosen in such a manner that a 
reasonable counterweight results. (See Section IVA-2.) To 
this end, the design equations of Section IVB-4 are used.
(The fact that v^ was obtained by way of the optimization 
equations in that section is of no consequence.)

b. Design of Counterweight for Input Link 1 
In designing the counterweight for link 1, one

has to satisfy only the mass parameters u^ and tj, which
result from the optimization equations. The thickness-

*density ratio Dj is now chosen in such a manner that a 
reasonable counterweight results. Appendix G derives the 
appropriate design equations for the dimensionless radius 
R.̂  and the angular position 0J of this counterweight. Thus,
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according to equation (G.26)»

* *1 #2R* = -1 = <U*
a l

1/2+ Tx ) = <
[

6 . 1 Oxc--\tj + (Uj - - Bl) ]2-.1/2 1/3

(*.53)

and according to equation (G.27)s

6- = = tan-1 1 _o 
VU1 - 2 Bl'

(^.5*0

In the above (see also Fig. 6)
*r^ = actual radius of counterweight

dimensionless coordinates of position 
of counterweight center of mass 

= dimensionless mass of link 1 (see equation (A.119a))

*U„ = R cos©- 1 1 1  * « ATj = RjSinej

3^, Yj = dimensionless parameters expressing the 
geometry of link 1 (see equations (A.115)
and note that a- = 1),*\ 1

= dimensionless thickness-density ratio

= ratio of the counterweight thickness to the 
thickness of link 1 

P*f p° = mass densities of counterweight and link 1, 
respectively.
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5. Example of Optimization With Input and Output 
Link Counterweights

a. Procedure
In order to employ the optimization procedure 

derived in the previous sections to an existing linkage, 
the following design steps must he followed:

(1) The range of meaningful constraint factors q^ and 
which is to he examined is determined in the manner

identical to that of Section IVB-5. Then the parameter v^,
which expresses the moment of Inertia of the output link, is
chosen. It has heen found practical to examine the range of
v^ which varies from 1.5 to 3*5 times that of the original
link. Finally, attention must be paid to the predetermined

*thickness-density ratio Dj, which is used in the computation
ft #of the counterweight parameters R^ and 0^, so that the 

resulting design has a reasonable relationship between 
thickness and radius.

ft ft(2) The counterweight radii R^ and R^, the thickness-
ft ft ftdensity ratios D^, and the angles 6^ and 0̂ , as well as the 

ratios (see equation (^.28)), which correspond to the 
optimum dimensionless RMS shaking forces, are then computed. 
These values are found for the agreed upon range of v^ from 
the optimum mass parameters u^, t^, u^ and tj, which are 
functions of the various combinations of constraint factors 
q^ and q^. As in Section IVB-5, design graphs, based upon 
the above information, are devised which permit the choice 
of the most practical optimum configuration.
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b. Numerical Example
The four-bar linkage of Pig. 7. described in

Section IVB-5. will be used as a numerical example to allow 
comparison between the one and two counterweight methods.

(1) Constraint Factors and Oo 
The range of constraint factors remains as in 

Section IVB-5» i.e.

All computations concerning the imbalanced and fully 
balanced mechanism, which lead to the above, of course, 
remain identical (see Section IVB-5), i.e.

with given values of v^, q^ and q2 which corresponds to 
the minimum RMS shaking force. (See equations (4.49) -

1 < q1 < 1.40 (4.55a )

1 < q2 < 1.84 (4.55 b)

(4.57)

(4.56)

(2) Design Method for Determination of
Counterweight Radius. Thickness-Density 
Ratio and Angle

(a) Tabulation of Solutions
# # # *In order to obtain the values of R^, 0^, R^, D^ 

and 0^, it is again first necessary to determine that set 
of optimum mass parameters u^, t^, u^ and tj associated



101

(4.52). ) Once this has been accomplished, equations 
(4.25) - (4.2?), (4.53) and (4.54) are used to obtain the 
counterweight parameters.

Tables 9 - H  list the optimum mass parameters for 
v3 = 2 .50v 3 = 4.935, v3 = 2.75v3 = 5.428, and v3 = 3 .OOV3 

= 5»921 (Vj represents the moment of inertia of the unbalanced 
link, see Table 4) and constraint factors q^ and q2 as shown 
in equations (4.55)- The above range of v3 has been found 
to furnish meaningful results. Subsequently, Tables 12 - 14 
list the corresponding counterweight parameters R*, R^, D^,
it ^

0  ̂and 0 ,̂ as well as the ratio as functions of the
it itindicated constraint factors. R^ and 0  ̂have been computed 

for a thickness-density ratio of D* = 2 .5 . With this low
itvalue of D^, the input link counterweight may be made of the 

same material as the input link.
In order to be able to select the most practical 

possibilities from all the solutions of Tables 12 - 14, the 
design graphs of Pigs. 9 - 1 1  have been devised, each for a 
different value of v^.

*The top graph in each case shows values of Rj as a
function of q2 for various values of q.̂  (and = 2.5). The
middle graph depicts the variation of and R^ vs. qg. again
for various values of q^. As in Section IVB-5» the vertical
line-up of the q2 axes makes it easier to arrive at an 
engineering solution.
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*2
1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80

1 .0 5
u3
*3U 1
*1

-0.624
1.671

-0.923-0.064

-0.8591.274
-0 .9 2 1
-0.037

-1.085
0.889-0 .9 2 0

-0.015

-1.305
0.513

-0.9190.003

-1.5190.144
-0.919
0.019

-1.729-0 .2 2 0
-0.919
0.033

-1.936
-0 .5 8 0
-0 .9 2 0
0.045

-2.140
-0.937-0 .9 2 0

0 .0 5 6

1 .1 0 t33
t1Z1

-O.696
1.721

-0.653
-0.105

-0.936
1.323-0 .6 5 0

-0 .0 6 9

-1.1650.942
-0.648
-0.039

-1.387
0 .5 68

-0.647
-0.013

-1.603
0 .2 0 0

-0.646
0 .0 0 9

-1.815 -0.l64 
-0.647 
-0 .0 2 9

-2.024
-0.523-0.648
0.046

-2 .2 3 0
-0.879-0.648

0 .0 6 1

1.15 t3t3

t1tx

-0.753
1 .761

-0.432
-0.146

-0.995
1 .3 6 8

-0.427-0 .1 0 1

-1.227
0 .9 8 6

-0.424
-0.064

-1.452
0.613-0.422
-0 .0 3 2

-1 .6 70
0.245

-0*.422
-0.005

-1.884
-0 .1 1 8
-0.422
0.019

-2 .094 
-0.476 
-0.422 
0.040

-2 .3 0 2
-0 .8 3 2
-0.423
0.059

1 .2 0 ?3t3

t1zl

-0.800
1.797

-0.237
-0.187

-1.046
1.405-0 .2 3 0

-0.135

-1.280
1.205

-0.227
-0.091

-1.507
0 .6 5 2

-0.225-0.054

-1.727
0.285-0.224
-0 .0 22

-1.943
-0.077
-0.223
0.007

-2.155
-0.435-0.224

0 .0 3 2

-2.363-0.790-0.224
0.054

1.25 t33
I 1Z1

-0.842
1 .830

-0.059-0.228

-1.091
1.439

-0.051
-0.169

-1.327 
1 .0 6 0  

-0.046 
-0 .1 2 0

-1.556
0 .6 8 8
-0.044
-0.077

-1.778
0 .3 22

-0.042
-0.041

-1.995
-0.039-0.042
-0.008

-2.208
-0.397-0.042

0 .0 2 0

-2.418
-0.752-0.042
0.046

1 .3 0 t33
t1tl

-0.879
1 .8 6 0
0.108
-0.269

-1.131
1.471
0.117-0.204

-1.370 
1 .0 9 2  
0 .1 2 2  

-0.149

-1 .6 0 0
0 .7 2 1
0 .1 2 6

-0 .1 0 2

-1.824
0.3560.128
-0 .0 61

-2.043
-0.0050.128
-0.025

-2 .2 5 8
-0 .5 6 2
0.129
0.007

-2.469-0.716
0.128
0 .0 3 6

1.35 t3t3

t1*1

-0.914
1 .8 88
O .2 6 5
-0.311

-I .168
1 .5 00
0.275-0.240

-1.409
1.1230.281

-0.180

-1.642
0.7530,286

-0.128

-1.8670.388
0.288

-0.083

-2.0870.028
0.290

-0.043

-2.303
-0.328

0 .2 9 0
-0.008

-2.516
-0.682
0.2900.024

1.40 t3t3
U 1
*1

-0.946
1.9150.415

-0.353

-1.202
1.529
0.427-0.276

-1.446
1.1520.434

-0.211

-1.680
0.783
0.439

-0.155

-1.907
0.4190.442

-0 .1 0 6

-2.129
0 .0 6 0
0.444
-0.063

-2.346
-0.296
0.444

-0.024

-2.559-0.650
0.444
0.010

Table 9 Optimum Mass Parameters u^, to, u^ and t^ (Associated 
With Lowest RMS Shaking Forcej vs. q1 and q? for
v3 = 4.935
(Computations used 5° intervals. Comparison showed 
that no greater accuracy was needed for the well 
behaved functions involved.)
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*2
1 .1 0 1 .2 0 1.30 1.40 1.50 1 .6 0 1.70 1.80

1 .0 5 t3t3u l

-0.344
1.874

-1.325
-0.033

-0 .5 8 1
1.468

-1.324
-0 .01?

-0.808
1 .0 76

-1 .3 2 2
-0.005

-1 .0 2 8
0.694

-1 .321
0 .0 0 6

-1.243
0 .3 2 1

-1 .3 21
0.015

-1.454
-0.047-1.320
0.023

-1 .662
-0.410
-1 .3 2 0

0 .0 3 0

-1.867
-0.769-1 .3 2 0

0 .0 3 6

1 .1 0 t33
t1

-0.452
1.944

-0.936
-0.084

-0.694
1.541

-0.933-0.054

-0.925
1.151-0.931-0 .0 3 0

-1.149
0.771-0.930

-0.009

-1.367
0.399

-0 .9 2 9
0.009

-1.581
0 .0 3 2
-0.9290.024

-1.791-0.330
-0.930

0 .0 3 8

-1.998-0 .6 6 8
-0.930

0 .0 5 0

1.15 t3t3

t1tl

-0 .5 2 0
1.992-0 .6 7 0

-0 .1 3 0

-0.767
1.591

-0.665-0 .0 9 0

-1 .0 0 2
1.203

-0 .6 6 2
-0.057

-1.228
0,824

-0 .6 6 0
-0.029

-1.449
0.453-0 .6 6 0

-0.005

-1.664
0.087

-0.659
0 .0 1 6

-1 .8 76
-0.274
-0 .6 6 0
0.035

-2 .0 8 5
-0 .6 3 2
-0 .6 6 0
0.051

1 .2 0 t33
U1

-0.574
2 .0 3 2-0.449
-0.175

-0.824
1 .632

-0.443
rrO.127

-1 .0 6 2
1.245

-0.439
-0.086

-1.291
0 .8 6 8

-0.436
-0 .0 5 2

-1.514
0 .4 9 8

-0.435-0 .0 2 2

-1.731
0.133-0.4350.004

-1.945-0 .2 2 8
-0.435

0 .0 2 6

-2.155
-0.585
-0.4350.047

1.25 P

t1*1

-0 .6 2 0
2.067-0.254
-0 .2 2 0

-0.873
1.669-0.246

-0 .1 6 3

-1.114
1.283-0.241

-0 .1 1 6

-1.345
0.907-0 .2 3 8

-0.077

-1.570
0.537-0 .2 3 6

-0.042

-1.789
0.173

-0.235-0 ,0 1 2

-2.004
-0 .1 8 7
-0.235
0.015

-2 .2 1 6
-0.544
-0 .2 3 6
0.039

1.30 t3t3

t1*1

—0 .6 6 0  
2.099 

-0.075 -0.264

—0 .917  
1 .702  

-0 .066  
-0 .2 0 1

-1 .1 60  
1.318 -0 .0 6 0  

-0.148

-1.3930.942
-0 .0 5 6
-0.103

-1.6190.574
-0.054
-0.063

-1.840
0 .2 1 0

-0 .0 5 2
-0 .0 2 9

-2.057
-0.149-0 .0 5 2

0 .0 0 2

-2 .2 7 0
-0 .5 0 6
-0 .0 5 2
0.029

1.35 t3t3

t1rl

-0.697-2.128
0 .0 9 2
-0.309

-0.956
1.733
0.103

-0.239

-1 .2 01
1.350
0 .1 1 0

-0.180

-1.4370.976
0.115-0 .1 3 0

-1.665
0 .6 0 8
0.117-0.086

-1.887
0.245
0.119-0.048

-2.105-0.114
0.119

-0.0l4

-2.319-0.470
0.119
0.017

1.40 Pt3

t1*1

-0.730
2 .1 5 6
0.249

-0.353

-0.992
1.762
0 .2 6 2

-0.277

-1.239
1 .3 80
0 .2 7 0

-0.213

-1.477
1.007
0 .2 7 6

-0 .1 5 8

-1.7070.640
0.279-0 .1 1 0

-1.931
0.2770.281

-0 .0 68

-2 .1 5 0  
—0 •081 
0.282 
-0.031

-2.365 
-0.437 

0 .2 8 2  
0.003

Table 10 Optimum Mass Parameters u^, t«, u^ and t^ (Associated 
With Lowest RMS Shaking Force) vs. q- and q« for 
v3 = 5-428
(Computations used 5° intervals.)
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1 .1 0 1 .2 0 1.30 1.40 1.50 1 .6 0 1.70 1.80

1 .1 0 t33
U 1
*1

-0 .1 7 6
2 .1 5 6
-1 .3 1 9
-0 .0 4 9

-0.421
1.742

-1.318-0 .0 3 0

-0.654
1.344

-1 .3 16-0.014

-0.879
0.959

-1.315-0 .0 02

-1 .0 98
0 .5 8 2

-1.314
0 .0 1 0

-1.312
0 .2 1 1

-1.313
0.019

-1.523 -0 .154 
-1.313 0.027

-1.731
-0.515-1 .3 1 2
0.035

1.15 t3t3
t1Z1

- 0 .274 
2 .2 2 1  
-0 .9 5 0  
-0 .1 0 7

-0.524
1 .8 1 0

-0.946
-0.073

-0 ,7 6 2
1.415

-0.944
-0 .0 2 2

-0.991
1.031-0.942

-0.045

-1.213
0.655-0.941

-0.003

-1.430
0.286

-0.940
0.015

-1.643
-0.079-0.940

0 .0 3 0

-1.853
-0.439-0.940
0.043

1 .2 0
u3
*3
Z1

-0 .3 4 0
2 .2 67
-0.687-0 .1 5 8

-0.594
1 .8 5 8

-0 .6 8 1
-0.113

-0.835
1.465

-0.677
-0.077

-1 .066  
1.082 

-0.675 -0.047

-1 .291
0 .7 0 8

-0.673-0 .0 2 0

-1 .5 1 0
0.339

-0.673
0 .0 0 2

-1.723-0.024
-0 .6 7 2
0.023

-1.937-0.384
-0.6730.040

1.25 t3t3
titi

-0.392
2 .3 0 6

-0.467
-0.207

-0 .6 5 0
1.899

-0.459-0.154

-0.894
1.507-0.454

-0 .1 1 0

-1.128
1 .1 25

-0.451
-0.073

-1.354
0.752-0.449

-0.041

-1.576
0.384

-0.448
-0.013

-1.793
0 .0 2 1

-0.448
0 .0 1 1

-2 .0 0 6
-0.338-0.448
0.033

1.30 t33
t1tl

-0.436
2.340
-0 .2 7 2
-0.255

-0.697
1.935-0 .2 6 2

-0.194

-0.944
1.544

-0 .2 5 6
-0.143

-1 .1 80
1.164

-0 .2 5 2
-0 .1 0 0

-1.409
0.791-0.249

-0.063

-1 .6 32
0.424

-0.248
-0.031

-1 .8 5 0
0 .0 6 2-0.247

-0 .0 0 2

-2.065 
-0.297 -0.247 
0.023

1.35 t33
tl

-0.475
2.371-0 .0 9 3
-0.303

-0.739
1.967-0 .0 8 1

-0.234

-0 .9 8 8
1.578

-0.074
-0.177

-1.227
1.199-O.O69

-0.129

-1.458 
0.827 -0 .0 6 6  

-O.O87

-1.6830.461
-0.064
-0.051

-1 .9 02
0.099

-0.063-0.018

-2 .1 1 8
-0.259-0.063

0 .0 1 1

1.40 ?3
u i
*i

-0 .5 1 0
2.400
0.074

-0.350

-0.777
1.9980.088

-0.275

-1.029
1 .6 10
0.097-0 .2 1 2

-1 .2 70
1.231
0 .1 0 2

-0.159

-1 .5 02
0 .8 6 0
0 .1 0 6

-0 .1 1 2

-1.7290.495
0.108

-0 .0 7 2

-1.950
0.134
0 .1 1 0

-0 .0 3 6

-2.167 -0.224 
0 .1 1 0  

-0.004

Table 11 Optimum Mass Parameters u^, t^, and t^ (Associated
With Lowest RMS Shaking Force) vs. q 1 and q9 for 
v3 = 5.921* 1

(Computations used 5° intervals.)

*No real solutions occurred for q^ = I.0 5 .
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q2
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0 .8 88

0.713
12 .156

„o
178

0
192

0 .6 2

0 .8 8 8

0.645
18.108

177°
198°
0.71

1 .1 0

*
R1#H3
*d 3

el*
e3

0.811
0.873
5.413
187°

0
130

0.57

0 .8 0 9

0.913
4.515
185°
, 0 142

0.45

0.807
0.917
4.449
183°
154°
0.35

0 .8 0 7

0.885
5.131

181°
165°
O .29

0 .8 0 7

0.828
6 .6 7 0

179°
175°
0 .2 8

0 .8 07

0 .7 6 2

9.336
178°
183°
0.33

0 .8 07

0.694
13.534

0177
0191

0.42

0.808
0.631
19.798
176°
196°
0.53

1.15

r3
d3
e*ei*
e3

0.736
0.847
6 .0 9 0

193°
131°
0 .6 0

0.731
0.883
5.158
189°
142°
0.46

0 .7 28

0 .8 8 6

5.105
186°
154°
0.33

0 .7 2 6

0 .8 5 6

5.849
183°
165°
0 .2 1

0 .7 2 6  

0 .8 0 5  

7.499 
180° 
174° 
0.14

0 .7 26

0.743
10 .326

178°
183°
0.17

0 .7 2 6

0.680
14.734

176°
189°
0.27

0.727
0 .6 2 0

21 .258

174°
195°
0.39

1 .2 0

4
D3#
el*03

0 .6 62

0.827
6 .7 2 1

204°
131°
0 .6 6

0.650
0.859
5.762
198°
142°
0.51

0.642
0 .8 6 1

5-724
193°
153°
0.37

0.637
0.833
6.524
188°
164°
0.24

0.635
0.785
8.275
183°
173°
0 . 1 0

0.635
0.727

11.246
179°
182°
0.03

0 .6 3 6

O .667

15.843
176°
188°
0 .1 6

0.637
0 .6 1 1

22.598
172°
194°
0.29

♦ *#• &Table 12 Counterweight Parameters Rj, R-j, D^, e^, Qj and RMS 
Shaking Force Ratio vs. and q2 for v^ = 4.935
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1.10 1.20 1.30 1.40 1.50 1 .6 0 1.70 1.80

1.25

*
R1
R3
d3
•I*
e3

0.594
0.809
7.325

. o 224
131°
0.73

0 .5 6 6  

0.839 
6.345 

216° 
142° 
0.59

0.545
0.840
6.322
208°
153°
0.45

0.531
0.813
7.176
199°
164°
0.32

0.523
0.768
9.021

0190
0173

0.20

0 .5 2 0

0.713
12.126

182°
181°
0.11

0 .5 2 0

0.657
16.897

0175
188°
0.14

0.524
0 .6 0 2

23.867
168°
193°
0.25

1.30

R;

d3
»*el
e3
%

0.562
0.794
7.913
255°
132°
0.82

0.514
0.821
6.915
253°
. 0 142

0,68

0.466 
0.821 
6.908 
249° 
153° 
0.55

0.418
0.796
7.815
243°
163°
0.43

0.370
0.753
9.749

230°
0172

0.32

0.329
0.701
12.981
206°
„ 0 180

0.24

0.318
0.647
17.916

172°
187°
0.22

0.340
0.595

25.088
145°

0192
0.27

1.35

R;

d3*
el*
e3

0.590
0.780
8.488
285°
132°
0.91

0.548
0.805
7.477
292°
142°
0.77

0.509
0.805
7.488

300°
153°
0 .6 5

0.474
0.781
8,446
310°
163°
0.53

0.444
0.740
10.467

0323
0172

0.43

0.423
0.690
13.820

0339
0179

0.36

0.4i4 
0.638 
18.912 
356° 
186° 
0.32

0.417
0 .5 8 8

26.277
12°

192°
0.33

1.4o

4
r3
d3
•;*
63

0.64?
0.767
9.057
304°

0132
1.00

0.618
0.791
8.034

312°
142°
0.87

0.595
0.790
8.064

0320
153°
0.75

0.578
0.767
9.073
329°
162°
0.64

0 .5 6 6  

0.728 
11.178 
338° 
171° 
0.54

0.558
0.681

14.648
347°
179°
0.47

0.554
0.630

19.892
355°
185°
0.42

0.553
0.582

27.444
2°

_ 0 191
0.42

Table 12 continued
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*2

1 .1 0 1 .2 0 1.30 1.40 1 .5 0 1 .6 0 1.70 1.80

>1* 0 .9 8 6 0.985 0.985 0.985 O .9 8 5 0.984 0.984 0.985

r3 1.056 1.154 1.205 1.194 1.129 1.035 0.933 0 .838

D3 2.947 2 .0 6 6 1.737 1.803 2 .2 5 6 3.199 4.831 7.436
1 .0 5

•I 181° 181° 180° 180° 0179 179° 179° 179°
fl*3 121° 133° 146° 159° 0171 181° 190° 196°

0 .7 8 0.73 0.70 0.71 0.73 0.78 0.85 0.93

* 1 0.893 0 .8 9 2 0.891 0 .8 9 0 0 .8 9 0 0 .8 9 0 0 .8 9 0 0.891
E; 1.003 1.083 1.123 1.113 i.059 0.979 0.891 0.807

D3 3 .6 2 6 2 .6 6 2 2.303 2.391 2.919 3.991 5.805 8 • 644
1 .1 0 j*ei 184° 183° 182° 180° 180° 0179 178° 0177

•; 122° 134° 146° 158° 169° 0179 187° . 0 194
0 .6? 0.57 0 .5 0 0.46 0.46 0 . 5 0 O .56 O .65

0.818 0.8l4 0 .8 1 2 0 .8 1 1 0 .8 1 1 0.811 0.811 0.812
H3* 0.970 1.041 1.075 1.065 1 .0 1 6 0.945 0.865 0.787
*

D3 4.141 3.123 2.745 2 .8 5 1 3.434 4.598 6.540 9.545
1.15 *

el 189° 186° 184° 182° 180° 179° 178° 177°

°3*
0123 . 0 134 146° 158° 168° 178° 186° 192°

0 .6 6 0.53 0.42 0.33 0 .2 8 0.30 0.37 0.46

0.746 0.739 0.735 0.732 0.731 0.731 0.731 0.732

R3 0.945 1.009 1.039 1.029 0.985 0.919 0.845 0.772
4.597 3.537 3.145 3.267 3.898 5.140 7.192 10.337

1.20 •l 196° 192° 188° 185° 182° 180° 178° 176°

*3* 124° 134° 146° 157° 168° 0177 185° 0191
0 .6 9 0.55 0.41 0.29 0.18 0.14 0.21 0.32

# # ^ ^Table 13 Counterweight Parameters R^, R^, D^, 0̂ , 0^ and RMS
Shaking Force Ratio vs. q^ and q_2 for v^ = 5*428
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*2

1 .1 0 1 .2 0 1.30 1.40 1.50 1 .6 0 1.70 1 .8 0
*

Hi 0 .6 7 6 0 .6 6 1 0 .6 5 2 0.646 0.643 0.641 0.641 0.642
E; 0.924 0.983 1 .0 1 0 1 .0 0 0 0.959 0.897 0 .8 2 8 0.759

5 .0 2 3 3.926 3.524 3 .6 6 3 4.336 5.649 7 .8 0 0 1 1 .0 7 0
1.25

4 207° 201° 196° 190° 186° 182° 178° 175°

*3 124° 136° 146° 157° 167° 176° 184° 190°
0.75 0 .6 1 0.46 0.33 0.19 0 .0 6 0 .0 8 0 .2 1

0.615 0 .5 8 6 0.563 0.546 0.535 0.529 0 .528 0.529
*

h3 0 .9 0 6 0.961 0 .9 8 5 0.976 0.937 0.879 0.813 0.747
d3 5-429 4.302 3.892 4.047 4.761 6.140 8 .3 8 2 1 1 .7 6 8

1.30
4 226° 219° 212° 204° 195° 187° 180° 173°
a*3

. 0 124 135° 146° 156° 167° 0175 183° „ 0 
189

0.83 0 .6 8 0.54 0.41 0.28 0 .1 6 0 .1 0 0.17

0.589 0.542 0.497 0.452 0.407 0.365 0.338 0.340
R* O.8 9I 0.941 0.964 0.954 0.917 0 .8 6 3 0 .8 00 0.737
*D3 5.823 4 . 6 6 9 4.253 4.424 5.178 6.619 8.947 12.444

1.35 0 0 0 , . 0 0 0 0 0
et 254 252 249 244 235 219 193 164
0*3 126° 135° 146° 156° . .0 

166 175° „ 0 182 189°
0.91 0.77 0.63 0.50 0.39 0.28 0 .2 2 0 .2 2

H1 0 .6 1 2 0 .5 6 9 0.529 0.491 0.456 0.428 0.410 0.404

*3 0.877 0.924 0.944 0.935 0 .9 0 0 0.848 0 .7 88 0.727
6.209 5.031 4.610 4.798 5.590 7.092 9.503 13.1051.40 0 0 0 0 0 0 , 0 0

61 281 287 293 302 312 32 6 343 1

A*3 125° 135° 146° 156° 166° 174° 182° 188°
1 .0 0 0 .8 6 0.73 0 . 6 1 0 .5 0 0.40 0.33 0 .3 1

Table 13 continued
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*2
1 .1 0 1 .2 0 1.30 1.40 1 .5 0 1 .6 0 1.70 1 .8 0

* 1 0.984 0.984 0.984 0.983 0 .9 8 3 0.983 0 .9 83 0.983

*3 1.118 1.24? 1.344 1.379 1.345 1.257 1.144 1 .0 3 0

1 .1 0
•*

2 .6 8 5

182°
1.732
181°

1.285
181°

1.157
180°

1.281
180°

1.679
179°

2.442 
179°

3.722
179°

•; 114° 124° 137° 150° 163° 174° 184° 192°

“f 0.83 0 .7 6 0.71 0 .7 0 0.71 0.74 0.80 0.87

0.897 0.895 0.894 0.894 O .893 0.893 0.893 0.893

*; 1 .0 72 1 .182 1 .262 1.289 1 .2 6 0 1.186 1.089 0.989

1.15 *
e i

3.171
185°

2.143
184°

1.653
182°

1.515
181°

1.664
180°

2.119
179°

2.973
178°

4.378
178°

•; 115° 126° 0137 150° 162° 173° 182° 189°
0.75 0.64 0.55 0.49 0.46 0.47 0 .5 2 0 . 6 0

< 0.824 0.820 0.818 0 .8 1 6 0 .8 1 6 0.815 0 .8 1 5 0 .8 1 6

”3 1.042 1. l4l 1 .2 11 1.234 1.207 1. l4l 1.054 0 .9 6 2

1 .2 0
D;
*

e 1

3.549
190°

2.468
188°

1.949
185°

1 .806

183°
1.973

181°
2.472

180°
3.394

178°
4.890
177°

e| 116° 126°

000cr\ 0
150 161° 0

172 181° 188°
0.75 0 .6 2 0.49 0.39 0 .3 2 0.29 0.33 0.40

#Table 14 Counterweight Parameters Rj, R^* D^, 9^, 9j and RMS 
Shaking Force Ratio vs. and qg for v^ = 5-921
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1 .1 0 1 .2 0 1.30 1.40 1.50 1 .6 0 1.70 1.80
R*R1 0.756 0.747 0.742 0.739 0.737 0.736 0.736 0.736

3 1.019 1 .1 1 0 1.172 1 .192 1.167 1.107 I .027 0.941

1.25 D3
•T

3.884
198°

2 .7 6 2

194°
2.129
190°

2 .0 7 2

187°
2.256
184°

2.793
181°

3.772
179°

5.347
177°

*
b3 117° 127° 138° 149° 161° 170° 180° 187°

*f 0.79 0.64 0.51 0.37 0.25 0.17 0 .1 6 0.25

0.691 0.674 O.663 0.655 0 .6 5 0 0.648 0.647 0.647

h3 1.000 1.084 1.140 1.158 1.135 1 .078 1.004 0.923

1.30
t-x*
3

*1

4.197
210°

3.038
204°

2.476
198°

2.327
193°

2.527
188°

3.097
184°

4.129
180°

5.774
176°

117° 127°

000 149° 16 0° 170° 179° 186°

% 0.85 0 .7 0 0.56 0.42 0.28 0.15 0.03 0 .1 2

0.637 0 .6 0 6 0.581 0 .5 6 2 0.549 0.540 0.536 0.536

R3 0.983 1 .061 1.113 1 .1 2 9 1.107 1.054 0.984 0.907

1.35 3
e#el

4.495
228°

3.304
222°

2.725
215°

2.574
208°

2.790
200°

3.392
192°

4.473
.184°

6.184
177°

a *3 118° 128° 138° 149° 160° 169° 178° 185°
0.93 0.78 0.63 0 .5 0 0.36 0.23 0 .1 2 0 .1 1

< 0.615 0.569 0.525 0.482 0.440 0.400 0.367 0 .2 8 2

R; 0.967 1.041 1 .090 1.104 1.083 1.033 O .966 0.893

1.40 °3* 4.783
253°

3.564 
252°

2.969
249°

2.819 
244°

3.049
237°

3 .6 8 2

225°
4.809
207°

6.583
183°

e*3 118° 128° 138° 149° 159° 169° 177° 184°
1 .01 0 .8 6 ~ 0 .7 2 0.59 0.46 0.35 0 . 2 5 0 .2 0

Table l4 continued



Fig. 9 Design graphs for counterweights for a ^.935
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Pig. 10 Design graphs for counterwelgb±a. for = 5,^28
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Pig. 11 Design graphs for counterweights for. = 5»92i
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(b) Choice of Solutions With Help of 
Design Graphs 

Let the approximate conditions specified in 
Section IVB-5 with respect to the constraint factors and 
thickness ratio 6^ also prevail in the present case, i.e. 
the maximum values of q^ and q2 are not to exceed 1 .3 0 and 
1.40, respectively, and 63 is to be no greater than 3 to 4.

If one assumes that the original linkage and the 
counterweights are made of the same material, then the 
maximum value of is also between 3 and 4. (See equation 
(4.27).) In order to realize the above requirements in the 
most favorable manner, the middle graph of Pig. 10, which 
represents v^ = 5*428, is entered, and it is seen that the 
value of Dj = 3,626 may be obtained for q^ = 1 .1 0 and 
q2 = 1.10. The top and middle graphs indicate that these
values correspond to dimensionless counterweight radii
# *= 0.893 and R^ = 1.003. The lower graph shows that

for the same constraint factors, = O.6 7 . This represents
a 33# reduction in RMS shaking force. Finally, Table 13
furnishes 0* = 184° and 0^ = 122°.

A further reduction in RMS shaking force may be 
obtained by again using a tungsten alloy for the counter- 
weight attached to link 3 . This allows to be as large 
as 7,5, (Compare Section IVB-5.) Entering the middle graph 
of Pig. 9 (v^ = 4.935), one obtains d| = 5*413 when q.̂  = 1.10 
and q2 = 1.10. The lower graph indicates that ^  = 0.57 for
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the aforementioned constraint factors# Thus, the BMS 
shaking force is reduced by The counterweight radii,
as obtained from the top and middle graphs, are = 0.811 
and R3 = 0.873# Finally, again from Table 13. = 1.87

and = 130°.
As was the case in Section IVB-5, the present design 

graphs suggest other feasible solutions containing reason­
able counterweight dimensions. While these solutions may 
lead to slightly increased dlmensionless RMS ground bearing 
forces, the dlmensionless RMS shaking force will be smaller. 
Table 15 gives a number of such solutions in addition to the 
two shown above. For purposes of comparison, this table 
also lists the values obtained from the single counterweight 
optimization described in Section IVB-5, as well as values 
of the unbalanced and fully balanced mechanism.

(c) Conclusions 
Inspection of Table 15 allows the following 

conclusions concerning the application of the two counter­
weight method to the example mechanism:

1. The two counterweight method realizes a sizeable 
reduction in RMS shaking force while holding the RMS ground 
bearing forces very near those of the unbalanced mechanism.

2. While the single counterweight method only allows 
optimizations for constraint factors > 1 .3 0 and q.2 £ 1.20, 
the two counterweight method is useable for constraint



Balancing
Condition f4lRMS f43RMS R; D3 •I

*
CD

Unbalanced 1 .0 0 2 .1 5 6 1.643 - - - - - -

Fully Balanced (1)* 0 ,0 0 3 .0 2 0 3 .0 2 0 0 .6 2 9 1.194 2 .5 0 0 2 .5 0 0 180° 180°
Partially Balanced

qj=l.10, q2=l.l0
1 cwt. (2 .5 )
2 cwts. (1 ) 
2 cwts. (2 .5 )

n.a. 1
O .67
0.57

n.a.
2.372
2.372

n.a.
1.807
1.807

n.a,
0.8930.811

n.a.
1.003
0.873

n.a.
2 .5 0 0
2 .5 0 0

n.a.
3 .6 26
5.413

n , a . 
'184* 
187°

n.a.
122*
130°

q 5=1 .1 0, q2=1 .2 0
1 cwt. (2 .5 )
2 cwts. (1 ) 
2 cwts. (2 .5 )

n.a.
0.570.45

n.a.
2.372
2.372

n.a.
1.972
1.972

n.a,
0 .8 9 2
0.809

n.a.
1.083
0.913

n.a.
2 .5 0 0
2 .5 0 0

n.a.
2 .6 62
4.515

n.a.
183*
185°

n.a.
13**n142°

q 1=l.l5, q2=l.30
1 cwt. (2 .5 )
2 cwts. (1) 
2 cwts. (2 .5 )

n.a.
0.42
0.33

n.a.
2.480
2.480

n.a.
2 .1 3 6
2 .1 3 6

n.a.
0.812
0 .7 28

n.a.
1.075
0 .8 86

n.a.
2 .5 0 0
2 .5 0 0

n.a.
2.745
5.105

n.a.
184°
186°

n.a.
146°
154°

q1=1 .2 0, q2=1 .^ 0
1 cwt. (2 .5 )
2 cwts. (1 ) 
2 cwts. (2 .5 )

n.a.
0.290.24

n.a.
2.587
2.587

n.a.
2 .3 0 0
2 .3 00

n.a.
0.732
0.637

n.a.
1.029
0.833

n.a.
2 .5 0 0
2 .5 0 0

n.a.
3.2676.524

n.a.
185°188°

n.a.
157°164°

q^=1.3 0, q2=l . 20
1 cwt. (2 .5 )
2 cwts. (1 ) 
2 cwts. (2 .5)

0.69
0 .7 0
0 .6 8

2.804
2.804
2.804

1.972
1.972
1.972

0.674
0 .5 86

0.832
1.084
0.961

2 .5 0 0
2 .5 0 0

6.2353.038
4.302

204°
219°,

145°
127°
135°

q1=1.30, q2=1.30
1 cwt. (2 .5 )
2 cwts. (1 ) 
2 cwts. (2.5)

0.56
0 .5 6
0.55

2.804
2.804
2.804

2 .1 3 6
2 .1 3 6
2.136 0.663 0.466

0.8l4
1.140
0 .821

2 .5 0 0
2.500

T7864"
2.476
6.908 198°249°

156£
138°
153°

q̂ =l«35» Q.2=:̂ ,50
1 cwt. (2 .5 )
2 cwts. (1) 
2 cwts. (2 .5 )

0.40
0.36
0.39

2 .9 1 0
2 .9 1 0
2 .9 1 0

2.465
2.4652.465 0.5490.407

0 .878
1.107
0.917

2 .500
2 .500

5.837
2.790
5.178

200°
235°

169°
160°
166°

Table 15 Comparison of RMS Shaking Force Ratio Dimensionless RMS Ground Bearing Forces and Counterweight Dimensions
Numbers in parenthesis indicate the value of the ratio Pj/p°. p\/p° is always unity. 
*n.a. = not attainable
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factors as small as q^ = q2 = 1.10.

3. These desirable results are attainable without 
having to resort to a counterweight material denser than 
that of the link in order to obtain reasonable counterweight 
dimensions.

The introduction of a denser counterweight material 
generally leads to further reductions in the RMS shaking 
force for given values of RMS ground bearing forces.

5 . When operating within the range of constraint 
factors applicable to the single counterweight method, the 
two counterweight method does not offer any appreciable 
advantages with respect to the reduction of the dlmensionless 
RMS shaking force.

It is important to note that in all the cases considered, 
care has been taken to preserve practical counterweight 
dimensions.
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V. APPENDICES
APPENDIX A

DERIVATION OP EXPRESSIONS FOR THE SHAKING FORCE,
BEARING FORCES, AND INPUT MOMENT 
OF AN ARBITRARY FOUR-BAR LINKAGE

1 . ^troductlon
In the present appendix, expressions are derived for 

the shaking force, the bearing forces, and the input moment 
of an arbitrary four-bar linkage using the method of super­
position. In order to make the results of both the Lagrange 
optimization problems and the Isomomental ellipse theory 
more general, the expressions for the shaking force, the 
ground bearing forces, and the input moment are put In 
dlmensionless form. The equations for the ground bearing 
forces and shaking force are then rewritten in terms of the 
mass parameters of link 3 for the single counterweight 
Lagrange problem, and in terms of the mass parameters of 
links 1 and 3 for the two counterweight Lagrange problem. 
Finally, the dlmensionless expressions for the ground bearing 
forces and input moment are rewritten in terms of the parameters 
of a standard linkage configuration, which was Introduced in 
the section dealing with the distribution of the RMS shaking 
moment.



2. Force Analysis of Arbitrary Four-Bar Linkage
a. Description of Arbitrary Four-Bar Linkage and 

Associated Nomenclature 
The force analysis Is to be performed on the 

arbitrary four-bar linkage of Fig. Al. The following 
nomenclature is introduced for link j (j=sl»2 ,3 ) of this 
mechanism:

aj - pivot-to-pivot length

bj, Cj - body-fixed x and y coordinates, respectively,

(Pj - link angular position with respect to the x-axis.

Expressions will be derived for the following using the 
method of superpositions

of the position of the link center of mass

- D'Alembert force and D'Alembert moment
respectively, acting on the link

i, j, k - space-fixed unit vectors

m^ - link mass

components of bearing force at point A,

components of bearing force at point A

F23 , F23 “ components of bearing force at point Ag,x y
- components of bearing force at point A^,



Pig. Al Forces and moments acting
on general four~bar linkage

120
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PS* = -f^l* + pSy = -(p<Hy * Fl+3y > ' components of
shaking force

- input torque.

t. D'Alembert Forces and Moments of Individual Links
The D'Alembert forces and moments of the individual 

links are given by

PD = + y^) (j=l,2,3) (A.1 )
J

2„ -Kp = ” (j=l,2,3). (A.2)
thwhere k  ̂ is the radius of gyration of the j link with 

respect to its center of mass. The accelerations of the 
various centers of mass are given bys

2
Xj = — -{b.costp. - c-sinqO 

dt
= -^(b^cosq^ - Cĵ slncpj) - (b^sinq)^ + c^cosq^) (A.3)

2
•• d= — ^(b1sinqp1 + c^cosq^)

dt
• 2 H= -^(bjSlntPj + CjCosq^) + ^(bjcosipj - CjSiniPj) (A.4)

2
x2 = — -(ajcosqpj + bgcostpg - CgSinqpg)

dt
•• * 2 ••= -ajSinqpjTj - a^-jCosqj^ - + C20 0S<P2 ^

- <Pg(b2cos<P2 - CgSinqjg) (A.5)
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.2

y 2 = =— ( a ^ l n ^  + b2slnq>2 + e2cos<P2) dt
h *2 ** #« \ss a-jCosVjVj - a^jslrnPj + q>2(b2cosq>2 - c2sinq>2)

*2
- VgCbgSlntPg + °2cos(p2  ̂ (A.6)

d2*3 * — 2^b3cos,P3 “ ©jsinqp^ + a^) dt
s -^(b^sln<p^ + c^coscp^) - <p̂ (b^cos<p^ - c^slnq^) (A.7)

d2
Jj a — g-(b̂ sln<p̂  + o^costp^) dt

» ^(b^cos«P-j - o^sinq)^) - <p|(b^sln«p^ + cysosq^) . (A.8)

The expressions for <p2, <P2 » 52 » ^  ^3 and $3 111 terms of 
<p̂ f q>j and <p̂  may be found In £lj.

c. Force Analysis By Superposition
Expressions for the shaking force, all bearing 

forces, and the Input moment will now be derived by the 
method of superposition. This procedure consists of determining 
the Input moment and all forces due to each D'Alembert force 
and moment acting separately. The resulting equations for 
the respective moment and forces are then summed to produce 
the desired expressions.

For the derivation of the aforementioned forces and 
moments, the following notation will be usedt
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- the force exerted by the rth link on the sth 
link due to the D'Alembert force on the link,

“ the f°rce exerted by the rth link on the sth
4*Vilink due to the D'Alembert moment on the j link, 

f (i)Mĵ i - the Input torque due to the D'Alembert force
on the link,

m( 1) - the Input torque due to the D'Alembert moment 
on the link.

(1) Effect of
When the only D'Alembert effect Is that due to 

Pjĵ , links 2 and 3 cannot have forces acting on them. Hence,

sf(l) -fd) -f(D _ /A
f^3 = p23 = 21 = 0 • (A*9)

The force and moment equations for link 1 are

PM 1} + PDX * 0 (A'10)

f C1) n tt"in k + Ĵ bjCcosqPĵ i + sinq^ij) + c^(cos(q>^+-)l

+ slntVj+gJJ)] i PDi = 0 . (A.11)

Substituting equation (A.1) into equations (A.10) and (A.11), 
performing the oross-multlpllcatlon In equation (A. 11) and 
solving for and one obtains



mM X) = m^f*Xj(-bjSinq)^ -  c^cosqp^) + y^fb^costPj -  c^sinq>^)l

(A.13)

(2) Effect of Mp^
Again, links 2 and 3 can have no forces acting on 

them. Thus,

F ^ 1’ = F ^ 1’ = F ^ 1' = 0 . (A. 14)

The force and moment equilibrium equations for link 1 are

^J{1} = 0 (A.15)

M ^ 1}k + Mjĵ k = 0 ,

or using equation (A.2),
m(l) 2.. /4. (A.l6)

(3) Effect of F« u 2
The force and moment equilibrium equations for 

links 1, 2 and 3 can be written

F ^ 2) + F^<2) . 0 (A. 17)

f (2)- - - -T (2.)k + a1(cos<P1i + sinqpjJ) x P21 _ o (A. 18)
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[ b 2 (cosqp2 l  + sin<P2 j )  + c 2 (cos(cp2+ | ) i  + s in (cp2+ | )  j ) J x  p. 

(A.21)

-f (2)Link 3 is a two force member. Thus, P^2 is directed
along AgAo. Substituting equation (A.l) into equation (A.20),

- f  ( 2 )solving this equation for P2  ̂ , and then using the result
in equation (A.21) yields the followings

Now substitute equations (A.l) and (A.22) into equation
-f (2)(A.19), solve for P2  ̂ , and use the result in equation 

(A.17). This produces the followings

Folding linkages, in which q)̂  - cp2 = 0 or it, are excluded 
from this study since the motion becomes indeterminate.

- CgSinqpg)J(coscp^i + sincp^j) ,
(A. 22)

where

Tj = sinftp̂  - cp2 )? (A.23)
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-f(2) -f(2) m2
21 - “ P ĵ 12) * r*2[(b2sln<p2 + c2cos^2)cosq,3 + a2r3]2t3 L

- y2(b2cosq>2 - CgSinqPgJcoscp^ji 

+ £x2(b2sinq>2 + c2cosqp2)sinq>2

- ^ [ ‘V 081̂  - c2alntp2^sln(p3 - a2T3 ] p  1

(A.24)
f (2)Solving equation (A.18) for and substituting equation

(A.24), one obtains

= . 1 2 I'xgRbgSinqPg + CgCOsqpgJslnqpo] 
a2r3 L

^(bgCOsqpg - CgSin^g )slncp̂  - agT^jjcosqPj 

- ^[(bgSlnqpg + CgCoscPg )cos<p̂  +

- y2[(b2cos(P2 - c2slnq>2)cos«p<j]Jsln<P1 . (A.25)

(4) Effect of Mn-------- i '2
The force and moment equilibrium equations for 

links 1, 2 and 3 can be written as followsi

-in (2) -m(2)Pgj, + *s 0 (A.26)

M®J2^k + a1(cos<P1i + slnVjJ) x = 0 (A.27)

“ y2l
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(A.28)

agCcosq^i + sinqpgj) x  P^g + MD2k = 0 (A.29)

(A.30)

-m(2)Since link 3 Is a two force member, Fg^ must be 
directed along A«A^. Substitute equation (A.2) into

—m (2)equation (A.29), solve this equation for Fg^ , and then
use the result in equations (A.26), (A,28) and (A.30) to

-m (2) -m (2) -m (2)find Pg^ , and F ^  . Thus, one obtains
2_

-m(2) -m(2) -m(2) -m(2) -m2 K2$2, 723 = “ 21 = 41 = ”F43 “  (coscp̂ i + sincp-j
a2T3

Substitute equation (A.31) into equation (A.27) and solve 
m(2)for . Hence

m(2) m2 «:2alsin<cPl“tP3^2 (A.32)

(5) Effect of Fp^
The force and moment equilibrium equations for 

links 1, 2 and 3 are

(A.33)

k + a1 (cosqp1 i + sinqp-j) x p; (A. 3*0
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P ^ 3) ♦ ^ 3) = 0 (A. 35)

Pd3 + p^33) + Pg33) = o (A. 3 6 )

_f(3) r(costp^i + sliKP^J) x F23 + I ̂ (cosv^i + siwp^j)

+ 03(003(^3+1)1 + sln(«P3+|)j)J 1 PD̂  s 0 . (A.37)

-f (3)Link 2 is a two force member, and therefore, F,^ must 
be directed along A^Ag. Substitute equation (A.l) into
equations (A.3 6 ) and (A.37). These equations can be solved

-f(3 ) -f(3 ) -f(3)for F23 and F ^  . Using the expression for F23 in
equation (A.3 5 ) permits one to find which can then

-f (3)be used in equation (A.33) to solve for r*i - Thus,

-f(3) -f(3) -f(3) m3 r- .
f23 * 21 = pln = *'i^”L3C3(b3sin(p3 + c3cos<p3)

- ^3 (t)3cosqp3 - 0 3 8^ 3 )J(cosqp2i + sin<P2J)
(A.38)

-f (3) = _
apif3 — j p ^ ^ s i n q ^  + C3CosqP3 - ” y3(t>3<50sqP3

-  0333^93)Jcos<P2I  + ^£3 ̂ 3810^3  + C3CosqP3)

- TjOyosq^ - 0 3 8 ^ 3  + a^r^)Jsinqp2I > (A.39)

Now substitute equation (A,3 8 ) into equation (A.3*0 and



f (3)solve for . One obtains
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f(3) -mqa1Tir.. 1M4l = 1 — I x^(b^sln<p^ + c^cosq?^) - y^(b^cosqp^ - c^sinv^)
ro • ■■

J * (A.40)

where

Tj s sln((p^ * (A.41)

(6) Effect of Mp^
The force and moment equilibrium equations for 

links 1, 2 and 3 are

f£<3) + fS'3) = 0 (A.fe)

«5jj3)k + ajfcoBTji + slnVjJ) * f"j = 0 (A.1*3)

F^23) + F^23> = 0 <A.l*ft)

i ^ 3) + F®<3) = 0 (A.lt5)

— * — —in (3)
Mjj^k + a^(cos<p^I + sinqp-jj) *  m o (A.46)

=m(3)Link 2 is again a two force member. Hence, Fg^ is
directed along A* A?. After substituting equation (A.2)

—m(3)into equation (A.46), one can find F^o . This can then be
-m(3)used in equations (A.44) and (A.45) to obtain Fj,~ and

m (3) ^
h i  , which can now be substituted into equation (A.42)
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-m(3)to find . Therefore,

2..
-m(3) -m(3) -m (3) -m(3) -mofCoqpo _P23 = - F ^  = -F21 = P^j = -d..2 ..-̂ ,(coscp2l + sincp2;J).

a3r3J J ( A M )

Substituting equation (A,4?) into equation (A. 43) and 
m(3)solving for , one obtains

m(3) aiTi 2..
M41 = ^ j r m3K3(f)3 * (A.48)

(7) Superposition of Forces
The total bearing forces can now be determined 

by the method of superposition.

(a) Ground Bearing Force F ^
F^lx and F^^, the x and y components of F^,

can be found by summing equations (A.12), (A,15)» (A.24),
(A,31), (A.38) and (A,47). Then substituting equations
(A.3) - (A.8) and rearranging according to mass-distance
products, one obtains
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• 2 • 2F ^  = -mga^cpjsincpj + q>1cos(P1) - m1b1(<p1cos(p;l + cpjsinq^)

• 2+ mjC^ip^siniPj - *cp1cos«p̂ )

^ f -  * *2 a 1cosqp3 , 2 .. ,1
T 2SlW2 + '  a , T,  (," lTl  -  'PlT U ) I

*2 fl̂ cosipij , 2 « . "1
■P2oosq>2 -  <P2slnq>2 + - ^ - - - J|('P1T11 + tP jT j)  I

2 3
., 2 2 2x$2cosqp3 ,,2 2 2.^Vos(p2“ ®2 2 c2 "̂* k 2* ” ^3 3 ®3 + )a2T3 a3r3

(A.49)

• 2 *2 = mga^qp^cosq^ -  (J^sinq^) -  (q^sintPj -  qj.jCosqpj)y

- nijCjfip̂ cosqPĵ  + qpjSinqpj)

, *2 a.sintpo .2 ..+ m2b2^ 2c °Sq>2 -  cp2sincp2 + * - ■ P jT ^ J

[•• . *2 a1sintpo/.2 .. ,1(P2 sinq)2 + q)2coscp2 + .1 + (P jT ^ J

. 2  2 2 ,^ 2 sin(p3 ,, 2 2 2 ‘v3 sincp2- ®2 2 ®2 2 .... ... ” (^3 + Co + Kq ) —  -.a2T 3 ^ ^ ^ a3T3

(A.5 0)

where

= cos(qp1 -  cp2 ) . (A.51)
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(b) Moving Bearing Force F^i
The x and y components of Pgi can ^e determined 

by adding equations (A.9), (A.1*0, (A.2*0» (A.31), (A.38) 
and (A.47). Substituting equations (A.3) - (A.8), and 
rearranging as above, one obtains

• •2 n *2
F21x = m2a l ^ l S n̂^l + <Picos(P1) + m2b2 ^2sinCp2 + ^2COS(p2 

a-cosqu,.. ^ .2 .1
+ 1 — 3(<PlTll - 'P1T1) |

a2 ' 3 J
r.. .2 . alCos<P3 . .2 1+ m2c2 q̂)2cos(p2 - qp2sinq>2 + (qPlTl + tplTH )J

/^2 2 «.2,T2cos(P3 2 2 2 ^ 3coscp2+ m2(b2 + c2 + K2 > -----   + m3(bo + c- + /t-M -
a2T3 a3T3

(A.52)

•• *2 r •* 2P g i = m g a ^ -q j.jc o s ^  + (Pj^sintPj) + nigbJ-cp2cos(P2 + <p2sincp2

a lS inqp3 , 2  1
2t3 j

P- .. • 2 a iSincp3 . .2 1+ m2c2[_(P2sincp2 + «p2c o s(p2 + + V ^ J

/X.2 2 «-2\*^2sincp3 /-u2 2 2 $ 3slnq»2+ m0(b« + c« + ««)-=----2. + mo (bo + o« + «o)-^----- .
* d * d a2T3 1 J J 3 a T

(A.53)
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(c) Moving Bearing Force FV.3

and F0<a can be found by summing equations 
(A.9), (A.lA), (A.22), (A.31), (A.38) and (A.^7 ). Again, 
substitute equations (A.3) - (A.8 ), and rearrange the results 
as indicated above. Thus, one obtains

[a^costpq .2 .. fa1cosq)o^ .
- L _ _ i ( q » lT 1 -  T lT u ) + m2c2| _ L _ 3 ( - « p'lTU  + *1T 1>

_ .J2 . -2 . _ tji _2 ^■Pjcostp.,” Ulo + Cn + K - ) .. — ' — IDo ( Uq + Cq + ■"<3 /— — —
^ ^ d a2T3 a3r3

(A.5^)

P23v = m2b2
fa.sintPo *2 .. .1 ralsinqp3/ *2

lTl ‘ *lTl1 J + +  *iTi)
.2 2 2 #2sin(p3 2 2 24$3Sin<P2_ (bp + Cp + (b^ + c«̂  4- ) . . i. ,

(A.55)

2 2 + 2 + 2}— -2r -  - 3' 3 + 3 + K3 a~r^

(d) Ground Bearing Force Pi,3
and *11,3^ °an be determined by summing 

equations (A.9), (A.l4), (A.2 2 ), (A.31), (A.39) and (A.^7 ). 
Once again, substitute equations (A.3) - (A.8 ), and rearrange 
the terms as above. an(* ^43 can now be written



P^3X “ m2b2
a 1c o s « P o  . o-±------------ + <P1T 11)a2r3 1 1  l 11 + m2C2
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a coscp3 2 „
  ±"l! + V l *l2r3

• •  *2 • •  *  2- m^b^fcp^sinq^ + (p̂ cosq)̂ ) - (qp̂ cosqp̂  - qp̂ sirup̂ )

.2 2 2 .$2cos<P3 .,2 2 2,T3cos<P2+ m2(b2 + c2 + k2)-£— —-— + m-a(b^ + c-, + K,^)—^----£
a2r3

-3^ 3 T o3 T ™3
3 3

(A.56)

F43y = m2b2[a .sinq^ .2 .. .
&2t3 1 11 + m2C2

a1sln«p3 ,2— -----(Q4T44 + -<P T )_ _  1 1a2T3 "1 11

•• *2 •• • 2+ m^b^Ccp^cosqp^ - qp̂ sinqp̂ ) - (cp̂ sincp̂  + cpyjosqp̂ )

2 2 2 5oSinqpo 2 2 2 ToSinq),,+ (b« + c9 + / O — ----2 + nu (b„ + c~ + ^ q )— ----- .c. £ c. c. a  _ * r _  j j j j a - T -a0T2'3 3 3
(A.57)

(e) Shaking Force F„
The x and y components of the shaking force can 

now be obtained with the help of the above. Thus,
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PSX - Pl*x + p3*x

b mgSjfqPjSlnqPj + i^cosq^) + m ^ ^ c o s q ^  + q^sinq^)

1 2 •• •• c 2- mjC^CcPjSinqjj - qpjCostPj) + m2b2(<P2sinq>2 + ^costpg)

+ m2c2(^2cosip2 - VgSiiKPg) + m̂ b̂ (qJ-jSirnj)̂  + tp̂ cosqp̂ )

+ m^c^q^cosq^ - ip^sinq^) (A. 58)

\  = F1 V  + P3*y

= -mgajtqJjCOsqpj - (PjSinqpj) + mjb^i^sinqPj - JjCOSq^)

# * 2 •• » /•• *2 v+ m1c1((p1cos<P1 + (PjSinqpj) - m2*>2'c*>2cos<p2 “ ^sinqpg)

•• * 2 *• * 2 + m2c2 ((p2sinq>2 + qpgcosqpg) - m^b^($-jCosqp^ - (p^sinq^)

+ m^c^(<p^sincp^ + (p̂ cosqp̂ ). (A. 59)

(f) Input Torque
The input torque can be determined by summing 

equations (A.13)» (A.l6), (A.25), (A.32), (A.4-0) and (A.48). 
Substituting equations (A,3) - (A.8) and rearranging the 
terms as before yields the following:
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t H ,Ĉ V r - l rv8 \r 8 hCM w CM — -*fi as a as•H •H 8CO to 1

M r l CM i-» r f
<A as 8

t*CM CM ■8

CM:s-

tH

CM CM

W
tH

atCMte­

as
CM

fitCMs

J L

OVO

CM
a)

ascn
£
as

»8 CM CM cm rv1 £ 56
vH
h + +
CM CM CM CM Ĉ>:8 O o
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3• Dlmenslonless Expressions for the Ground Bearing Forces, 
the Shaking Force, and the Input Moment In Terms of the 
Positions of the Link Centers of Mass
For purposes of the present work, the ground bearing 

forces, the shaking force, and the input moment will now be 
given in dimensionless form. This permits one to obtain 
identical expressions for all mechanisms with the same link 
length ratios Multiplication of the applicable expres­
sions by the square of the input angular velocity f the 
common link density p, and the suitable power of the length 
of the input link a^, will produce the actual reactions. It 
is assumed throughout that the input angular velocity is constant.

The following need be defined:

ai = ai^al " dlmensionless link length

Bj =s m^/pa^ - dimensionless mass (P - mass density)

T. =

V ai

°i/ai

dimensionless position of 
total center of mass of link

W  ̂ - dimensionless radius of gyration

(i=l,2,3)•

> (A.61)

The dimensionless reactions are obtained by substituting 
equations (A.6l) into equations (A.^9), (A.50), and (A.56) -
(A.60). Subsequent multiplication and division of the results

•2 4*2 5*2by <P1# as well as factoring pâ qpj or pâ tp̂ , furnishes the actual
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reactions!

PlH* = pal^lf4lT (A.62)
4.2P^ly = (A.63)

P^3X = pal*lf^3x (A.6*0

P^3y = pal*lf**3y (A.65)
li«2

Fsx = /,al<PlfS3C (a .66)

PSy " (A.6 7)
5*2Mĵ i se (A.68)

where

= x component of dimensionless hearing force at AQ

-BgCOSVj - BjUjCOsqpj + BjTjSinqpj

cosqj^Tj
B2U2

B2T2

*2 _— s inqp0 +
A2<P-

«P2
T2°°8*2 *

*1

* \2 *z\
f - I  c o s < P 2 -

[*ll a2^3

<p2\ ooacpjT^
7-  sin«P2 + -----— -
>*ll a2T3

, 2  2 2,^2 cos«Po
2 2 + 2 + W2>T§ — 2

2 3 B3<”3 + *3 + ^

(A. 69)
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fj^ = y component of dimensionless bearing force at AQ
y

s -BgSinqJj - BjUjSinqpj - BjTjCOScPj
2

+ B2U2

- B2T2

<pp I <j»2\ Sin(p<aT-
— cosqPp -  t -  slnqp, + J

\V ll
<p2 2

L I
a 2r3

«P2
T2Sln<P2 + 
.’l

' sinipoT, -i-£ cosqPp + ----
^ l /  a2T3 J

B fU2 . T2 . ) 3 B fU2 I *2 • «2' 3 Sln<P22 2 + T2 + 2 T2 3( 3 3 + 3 7?------^  a3r3
I — —

*1 °2t3
(A.70)

’^2 = * component of dimensionless bearing force at A^

T - C O S V q  7 *i i C O S < P q

= -B2U2-rrr-2 + B2T2— -----02r3 o2t 3

- B3U3
qp« / ***3 \
“ Sin<p« + coscp«

l” ? W /
- B3T3

*3TTCOsqio -
L^l

V3
t - |  sinqp.

♦ B2<B2 * A  ♦ ^  ♦ B3(u| + T* + \lj)h f 2=£(p ct<P2 a2T3 1 3'3
(A.71)
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f^2 = y component of dimensionless bearing force at Ajy

2 2TlSln,,3 . „ m Til31"’]2 2"
— -B0U0   111 ■ 1 “1“ B0T

a2r3 a2r 3

+ B3U3
(Po -
"l

r •qp̂

\ V
sinq>'3 - B3T3

¥3 I <?■>)rfslncp, +
•'Pl ^ 1

cosqp.

2 2 ?  *Po sin<Po 2 2 9 *Pq sinqpo
+ B2(U2 + T2 + W2) - |  — 2  + B (U* + T* + W ^ -f  ^

qp* 2t3 <P* 3 3

(A.72)

f« = x component of dimensionless shaking force °x

a BgCOsqp^ + BjUjCosqPj - BjTjSinqpj
2

+ B2U2
*2 V•— s ln<P2 +

\ i3
cosqp. + B2T2l2COS<P2

l * i /
sincp,

+ B3U3
qp-
T^sincpo +

L*1

!3
\ *1.

cosqp-
j ? *+ B3T3 T2Cosq,3 “ T“  I slnqp-a ,  i

(A.73)



f_ = y component of dimensionless shaking force 
7

BgSinqPj + BjUjSinqij + BjTjCosqpj
2

B2u2 «P2 / <P2 \
■yscosqu - v- slnqpp
V2 \ 2L 1 VI/

+ B2T2
<P' • > 2 

*2-|sinq>2 + I —  coscpp
J>\ W

B3U3
*3•^cosip, 
l- l

r i3
sincp-\ V

+ b3t3 «?3 / <P3\
■^sin^o + -r- Qoscpo 
cd \ <P /“l vvi/

(A.7^)

= dimensionless input moment

b2u2 *2 T 
Tg T11 + 
L*pl

r1sin((P1-«P3)
a2r3

+ B2T2 v:
v2\ _ .T^sin^-q^)
• I '11
*il V ,

2 2 2 Vo sin(<p1-<Po) 2 2 2 Ti
+ B2*u2 + t2 + w2^T2 ---   + b3(u3 + t3 + w3)t^ — r«pZ a2T3 -> J ■> <pZ a3T3

(A.75)
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4. Dimensionless Ground Bearing Forces and Shaking Force In 
Terms of the Mass Parameters u^, t^ and v^ of Link 1 Only 
(Input Angular Velocity Is Constant)
Since the single counterweight optimization problem Is 

solved for the center of mass parameters u^, tj and v^ of 
link 3i the dimensionless ground bearing and shaking forces 
will now be rewritten as explicit functions of these parameters. 
With

u^ =

Vj = Bj(Vj + + W^),

for definition, 
see equations (A.6l)

(A.76)

(A,77)

(A.78)

one obtains

— — + k0v.j)2 3 (A.79)

fiU, = -(l3 + (A.80)

f = — (L^ + + Iyt^ — ) (A.8 1 )

s43y = “(I$ ■ *7U3 + “ ^ 3 ^ (A.82)

fS_ = *9 + L6u3 + (A.83)

fSy = L10 “ V *3 + L6fc3 ' (A.84)
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h  (A. 88)
4  °3T3

l5 = b282 2 = = 1  . b2t2 Z l ^ l  - b2,u| + + w * > ? § ^
2 3 °2t3 'Pi 2 3

(A.89)

l6 -
*3 I <p3\sincp~ + ~  cos«pq
*1 V^l/

(A.90)

*7 =
<P3
•2 C0Sq>3 
*1

*3\ 4■r- sirup-
•J  3

(A.91)

La . B,U, I l ! ^ 2  . B,T, - B,<„? + T? + W?)!| M <T
2 3 

(A.92)

J8 = 2 2 ~ ~  - 2 2 ”” "■_■■■—  “ 2' 2 + T2 + V T g  T t  
a2r3 2 3 2 3

s Lj + (A,93)

^10 * **3 + *18 * (A.94)
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5. Dimensionless Ground Bearing Forces and Shaking Force 
In Terms of the Mass Parameters u  ̂and t« of Link 1 
and and v^ of Link 3 (Input Angular Velocity
Is Constant)
Since the two counterweight optimization problem Is 

solved for the center of mass parameters ult tj, and tj 
of links 1 and 3» respectively, for a predetermined value of 
v^f the dimensionless ground bearing and shaking forces will 
now be rewritten as explicit functions of these parameters.

in addition to equations (A.76) - (A.78), one obtains

With

for definition, 
see equations (A.6l)

(A.95)

(A,96)

fiHx = “(N1 + N2u1 " N3tl + n4v 3 ) (A.97)

finy = -<h5 + n3u1 + V i  + n6t 3> (A.9 8 )

fj^ 3 = - (Ny + NgU^ + Npt^ - N^v^) (A.99)

3 = -(N10 - N^u^ + Ngt^ - Ngv^)
v

(A.100)

f|Sx = + N2Ul " N3t;L + N8u3 + ^9*3 (A.101)

fs = (N12 + + N2t± - N9u3 + N8t3 )
y

(A.102)
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n6 = 2a (a. 10 8)
i\ tt3T3

H, . B,U, T1CI!'P.3 - B,T, 1^°.!?. - B,(U* + T9 + W*)I§ ̂ 2
*1 '

(A.109)

'? " 2 2 - *2T2 ' "T  ̂ “ 2' 2 + T2 + w2 ^  a T a2r3 a2T3 «Pj a2r3

Ng = 7 ^  Sinqp. cos<Po (A.110)

Nrt = <P37 5 cosq>3 
<P̂

cp3
<P

\
sinq><: (A.Ill)

1

= „ Tlsln,p3 „ m rn sl"1l3 . 2 „2  , „2(52 sln<|.3
N10 - 2 2 2 2 a T--- 2' 2 + T2 + VTj? T T ”2 3 2' 3 <p ̂  2 ;

(A.112)

N11 = N1 + N7 (A.113)

Nj2 = N«j + N10 • (A. 114-)
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6. Dimensionless Expressions for the Ground Bearing Forces 
and Input Moment for a Four-Bar Linkage of Standard 
Configuration (Input Angular Velocity Is Constant)
This section of the appendix presents dimensionless 

expressions for the ground hearing forces and the input 
moment of a standard four-bar linkage configuration. This 
standard configuration, which has been Introduced in £l,l^], 
is shown again in Fig. A2* d^ represents the width of the 
links as well as the radius at the pin joints (where applicable);

stands for the thickness (normal to the mechanism plane) 
of the individual links.

To modify the dimensionless expressions for the ground 
bearing forces and Input moment of equations (A.6 9 ) - (A.75) 
in terms of the link geometry of the above configuration, 
the following parameters are introduced as functions of 
the length of the input link i

link length ratio i = a1/a1 

link width ratiot 0^ = dj/aj 

link thickness ratio* Yj, = hj/d.̂  

position of link center of mass ratio* = bi/ai = ri/ai *

The standard configuration of Fig. A2 assumes that the 
center of mass of links 1 and 3 are located at the centers 
of the links, and that only the center of mass of link 2 is 
variable (i.e., the coupler may overhang either of the pivots 
A^ or A2). Thus, cr2 remains variable while

(A. 115)



uniform 
th ickness  

h2
uniform

thickness  
h

/ / / / / /

uniform 
th ickness

Pig. A2 Standard four-bar linkage configuration
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O = CJ., = — . (A. 116)1 > 2
Since the link centers of mass lie on the line join­

ing the pivots, certain expressions of equations (A.6l) 
must he modified:

U, = = 0,0, (A. 117a)
al al

c iT. =-—•=: 0 . (A. 117b)
al

In addition, the link masses and the link moments of 
inertia (with respect to the individual link centers of 
mass) may he expressed according to ^l^J and equations (A.6l) 
in the following manner, if one assumes that the mass density 
P is the same for all links:

3
nij = p ajBj (A.118a)

m2 = /3alB2 (A.118b)
. 3

m^ = p a ^ j (A,118c)

^  2 
^ 2  = m2K2 = l'4B2Vt = "a lC2 (A.118d)

2= m  3 k 3 = p a 1B^W^ s  , (A.118e)

where the dimensionless B's and C's are as follows:

Bj = PjYj CitPj + 2) (not contained in but (A. 119a)
simply obtained)

B2 = 02y2[V2 + a2 + 2P2(it " lj] (A. 119b)
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+ 203 («rr -  1 ) ]
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(A.119c)

202 + 2<J2a2 ) J°2 = #2»2U  V2[S2 + V2 + 3(V2 +

+ J -  <a2 -  2P2 ) [ ( a 2 -  2P2 ) 2 + P2 + 3 ^ ( 1  -  2 ^ ) * ]

+ irp2[p| + ajj(2cjj - 2cr2 + 1)]|

| - L  (Oj - 2P3 )|̂ (a3 - 2P^) + P^J + itP^O^ + ia^)

(A .119d )

c3 = p3y3

(A.119e)

V2 = V « 2 (l “ <J2)2+ («2 “ P2>2 » 4  + 2a2 ^ z b  " a2 (2lT * 3)]

-  a2a2 -  p2 . (A.119f)

Using equations (A.115) - (A.119) in equations (A.6 9 ) - 
(A.72) and (A,75)» one obtains the following dimensionless 
forms for the ground bearing forces and input moment of the 
standard four-bar linkage configuration:

2
f li*T = I t t  +  ) c°s<Pi + B2a2 a2

<P2 ,  I *2 1 , T . C O S V 3-p^sintpg + I __ coscp2 -  1 D
<P

+ (®2a2 02 + C2 “̂
$2 oos<P3 /B3 « 3  

^ 1 “  3

,*1.

<Po cosqp,
cpf a3T3

a2T3

( A .120)
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APPENDIX B
PROOF OF BALANCEABILITY CRITERION (CONTOUR THEOREM)

FOR PLANE MECHANISMS

It will now be proven that whenever a mechanism 
without axi-symmetric link groupings does not contain a 
contour from each link to the ground by way of revolutes 
only, It cannot be completely force balanced. This will be 
accomplished by showing that the replacement of terms with 
time dependent coefficients In the center of mass trajectory 
equation by terms with constant coefficients is not possible 
because the applicable loop equations cannot be solved 
simultaneously to produce this effect. The reason for the 
above lies In the fact that the coefficient matrix resulting 
from the loop equations is of lower rank than the number of 
terms with time dependent coefficients, and therefore, these 
terms are not linearly independent. The method of the 
general proof will first be demonstrated by means of an- 
example.
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1. Specific Mechanism Which Cannot Be Balanced
Fig. Bl shows a mechanism wherein no path can he 

found from link 4 to the ground by way of revolutes only, 
and according to the contour theorem, the mechanism cannot 
be fully force balanced. (Note that link 4 is surrounded by 
sliders.) The center of mass trajectory of this linkage can 
be written In the following forms

- i F „ o10l . 1(pi „— — I + 2 1 2 2

19o lqpo 10/̂  i(P4 , Up. “1+ m^r^e Je J + m^ r^e e + m^ a^(t)e ± + m^agj $
(B.l)

where m ^  represents the total mass of links $t 6 and
7. The relevant loop equations are given byi

Loop Is a^(t)e1<P̂  _ a^tle 1***2 = a^e1<P̂  - age1^2 - dĵ e1 <̂W*,+Ŷ
(B.2)

i<p2 •/*.* lcpl ^ i(«PlK+̂ > iVi .Loop 2 i a2 (t)e * - a^tje 1 = b^e - a^e 1 (B.3)
t l<P-i • HP** l<PkLoop 3s -a^(t)e 1 - a^(t)e J s a0 - a^e . (B.M

The trajectory equation (B.l) contains the term
I Icpfa.(t)e •*■, which has a time dependent coefficient. There

T i 1(Piis no simple way of replacing a^(t)e A by a sum of terms
with constant coefficients with the help of the loop equations,
and thus make it possible to balance the mechanism by setting

l<p.all of the resultant constant coefficients of the e J-terms 
equal to zero.



LOOP

LOOP

LOOP

a',(t)

/>//////

Pig. B1 Eight link mechanism
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If one attempts to solve equations (B.2)-(B.4) slmul-
f l<Pi f i<P? t taneously for the terms a^tje ■*-, a2 (t)e , a^(t)e J

as a function of the constant coefficient terms of the
respectlve;.right-hand sides, the following coefficient
matrix results after suitable ordering of termsi

(B.5)

Since the above 3 x 3 matrix is only of rank 2, the afore­
mentioned three terms are not linearly independent, and they

» iV-tcannot be solved for simultaneously. Thus, a1 (t)e 1 cannot 
be replaced by a sum of terms with constant coefficients, 
and the mechanism cannot be balanced.

0 - 1 1
1 1 0
1 0 - 1
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2. GgneMlisatlwi
The generalization of the contour theorem Is also based 

on showing that whenever a loop equation contains more than 
one term with a time dependent coefficient, and one or more 
of the Identical terms appear in the center of mass trajec­
tory equation, the loop equations cannot be solved simultan­
eously for these terms in order to replace them in the 
trajectory equation with terms containing constant coefficients 
only. It will be demonstrated that under the above circum­
stances, these terms with time dependent coefficients are 
not linearly Independent. To this end, it has been found 
advantageous to introduce the concepts of "surrounding" 
prismatic pairs, as well as "other" prismatic pairs, and to 
assign certain associated link lengths in a predetermined 
way.

A "surrounding" prismatic pair is associated with a 
"surrounded" link or group of links, and occurs whenever a 
loop equation unavoidably contains at least two sets of 
sliders, and thus there is no contour to the ground from 
any of the "surrounded" links by way of revolutes only. For 
example, in Fig. B2 links 3 and k- together are surrounded by 
prismatic pairs 1 and 2, or link 3 alone is surrounded by 
prismatic pairs 2 and 3. (Note that in Fig. B1 there are 
three "surrounding" prismatic pairs.)

Whenever a loop equation which contains a "surrounded" 
link or a "surrounded" group of links is traced out, two 
time dependent terms of the form a^tje ** will appear in 
the loop equation, one upon entering and one upon leaving



®
2 ! m s i u

0l^ s l S
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the associated "surrounding" prismatic pairs. For example,
if links 3 and if of Fig. B2 are assumed to be the "surrounded" 

t i(P1group, a1(t)e 1 occurs in the loop equation upon entering
•/ * 1(P2slider 1, and a2(t)e occurs when leaving slider 2. Sim­

ilarly, if link 3 is designated as the "surrounded" link,
• i<Pq f i<P?then a^(t)e •> occurs upon entering and a2(t)e c upon

leaving the "surrounded" group.
If one now chooses the a'(t)*s such that in each loop

0the terms a^(t)e have a positive sign upon entering a 
"surrounding" prismatic pair and a negative sign upon leaving 
such a pair, one assures that these terms appear with alternate 
signs.

"Other" prismatic pairs are those which are not defined 
as "surrounding" pairs.

Consider Fig. B2 to clarify the above. Assuming that 
prismatic pairs 1 and 2 represent the "surrounding" ones, 
the center of mass trajectory with respect to point D for 
the combined links 3 and 4 may be written in the following 
wayt

1 T . » I'Po » KP-a l<Por = ----±----j(m~ + mlt)a5>(t)e - mi,a«(t)e J + nur^e *(m^ + m^) L J c * * * *

+ m^Ca^ + r^Je1^ ]  . (B.6)

Tj and rĵ  represent the center of mass locations of the
respective links. Equation (B.6) shows that the position
of the center of mass of any link within a "surrounded"
group, such as those of links 3 and if, can be expressed with

i i«Pothe help of only one term, i.e. a2(t)e , of the associated
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« iqpo"surrounding" prismatic pairs. The quantity a^(t)e J refers 

to the "other" prismatic pair. The a^(t) terms are assigned 
In Fig. B2 In the previously agreed upon manner, and the 
resulting two loop equations appear with the desired sign 
alternation*

• IT. . l<Po ■ l<Po Loop It a^t)© 1 - a2(t)e 2 + a^(t)e ? - â 3 +

"surrounding" 
prismatic pairs

v/"
"other1

prismatic pair
t 1^1 t iVp •Loop 2j a^(t)e - a2(t)e +a^(t)e J

i<Pi

. l«Po --)e J - DA

(B.7)

1<P2

"surrounding" 
prismatic pairs

' V
"other" 

prismatic pair
+ (ao + a^)eiq>3 - FE

(B.8)

Assume that an arbitrary n-llnked mechanism without 
axl-symmetrlc links contains g groups of links, each "surrounded" 
by an arbitrary number of prismatic pairs (p_). The centerO
of mass trajectory equation will then appear in the following 
form if the "surrounding" and "other" prismatic pairs are 
separated in the same manner as in equation (B.6)i

r - I<
3 Z *

n-l

L  L h r / 9j + E 'kj.
3=1

E  ("a '
P=S+1

(contains “ other” 
prismatic pairs)

k=l

IP<t>. > .lq,jl + d

P=1
(contains “surrounding” 
prismatic pairs only)

(B.9)
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Note that for each of the g groups of "surrounded" links,
9 I®there will be only one term containing the factor a (t)e e ,

and this term Is due to one of the terms with time dependent
coefficients of one of the p "surrounding" sliders of the

©

particular group. This means that a specific "surrounded" 
group Is always entered by way of a single "surrounding" 
slider when describing its center of mass trajectories.

While it may be possible to eliminate some of the terms 
with time dependent coefficients due to the "other" prismatic 
pairs from the center of mass trajectory equation (if there 
is only one prismatic pair in a loop), it will now be shown 
that It is never possible to eliminate terms with time 
dependent coefficients due to "surrounding" prismatic pairs. 
This will be accomplished by proving that the p terms withr*
time dependent coefficients of the "surrounded" group 
are not linearly independent, and therefore, in any simul­
taneous solution of the system of loop equations, one of 
them will have to be expressed in terms of smother in addition 
to terms with time dependent coefficients due to "other" 
prismatic pairs, if present. To this end, the loop equations 
are divided into two separate sets, one of which contains all 
possible loop equations, i.e. P„(P„ - l)/2 equations, referring 
to the p„ "surrounding" sliders of the "surrounded" group.I*
The second set contains the L possible remaining mechanism 
loop equations, and by definition of the first set, none of 
the above p^ terms appear in it. With the agreed upon sign 
convention used in the first set, the mechanism loop equations 
appear in the following way*



to f * 1 -  ( a - 'U y i1'-)civ ~- +  2 2  a n ' i t y W ' i+ w ) = -  £  AI/c‘tal,+*’’) ;>-i y-i
:,Vi -  (aSity&y*1 +  nJ2  aww , (?li+w> =  -  E  a«c<(“ s'+w )

}=* i j*= i

- (ap/aŷ V*-* + £  app-uj'iiyW’it-'J+rt = - E  A„(1-i.ye,'(o'*'u+«)
j - 1  i - 1

(o i, «)e ,f t )ci'p! -  (a3, ( t y v ,y * ‘ +  £  a , * / ( t ) e ,' « V + 'w> =  “  E  hPluei(aw + ‘<‘')
i- 1 J = 1

(asitytoy** - (dpp'ttŷ y*-* + 22 a‘*»-».iW“(fcpMJ''+w> = - £  A»PM-v»«i(a:̂-M+w)y-i y-i

Set1

Terms due to “surrounding” prismatic pairs Terms due to “ other” Constant coefficient terms
prismatic pairs

E  a x /( i)c i((ixi+w> =  -  E  fcxiCi(“ w + p "

Set
2

Tim e dependent terms of set 2— they do 
not contain “ surrounding” pairs of set 1.

=  -  E  hliei(au+vl)>■« i Osro
(B.10)
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The scheme of set 1 Is continued without repeating a 
previously stated combination, producing a pattern of 
alternating signs for the terms with time dependent coefficients
associated with the "surrounding” prismatic pairs of the group

* n-1 i (e-vHP,)considered. Terms of the type z ar1(t)e J are due to
J=1 ththe "other" prismatic pairs, which may appear in the r loop

equation of the first set.
The second set of loop equations consists of equations

with and without time dependent coefficients. Terms with
n-1 , iOn-HPi)time dependent coefficients are of the form s a ,(t)e J .
k 1These represent all prismatic pairs In the loop equation,

but do not contain, as stated before, any terms due to the
"surrounding" sliders of the first set of loop equations.

The terms with constant coefficients are represented in
n i(a_ .+<?<)both sets by terms of the type E h ,e J . There are

3=1 rjp (p - l)/2 such terms In the first set and L such terms in P P
the second.

To show that the p terms due to the p„ "surrounding"P P
sliders are not linearly Independent, it will now be proven 
that the rank of the submatrix due to these terms Is less

*t*Vithan p . The submatrix associated with the p group of 
"surrounding" sliders can be written as follows«

While more than one independent loop equation may contain a 
given set of two sliders, only one is necessary to determine 
the rank of the coefficient submatrix corresponding to the 
"surrounding" sliders (no linearly independent rows would 
be added).
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1 -1 0 0 0 • • • 0 0

1 0 -1 0 0 9 9 9 0 0

1 0 0 - 1 0 9 9 9 0 0
9

9

•
•

•
9

•
•

•
9

9

9

9

9

9

1
•
0

9

0
•
0

•
0 9 9 9

9

0
9

-1

0 1 -1 0 0 9 9 9 0 0

0 1 0 - 1 0 9 9 9 0 0

0
•

1
•

0
•

0
•

-1
•

9 9 9 0
9

0
9

•
•

9

•
•
•

•
•

•
9

9

9

•
9 >

0 1 0 0 0 9 9 9 0 -1

0 0 1 - 1 0 9 9 9 0 0

0 0 1 0 -1 9 9 9 0 0
• • • 9 9 9 9

• • • 9 • 9 9

0 0 1 0 0 9 9 9 0 - 1

• • 9
•
• • 9 9

9 9 • 9 • 9 9

0 0 0 0 0 9  9 9 1 -1 y

0 0 0 0 0 9 9 9 0 0
9 • • • • 9 9

9 • • • 9 9 9 >
• • • • 9 9 9

0 0 0 0 0 9 9 9 0 0

rows due to first 
set of loop equations

(B.ll)

rows due to second 
set of loop equations

This submatrix with p^ columns can be transformed by 
successively adding the second, third, and p columns
to the first column. In this manner, the first column will 
only contain zero elements. Accordingly, the p^ columns are 
not linearly independent, and the submatrix is of rank lower 
than p ^  Similar proofs are readily obtained for the terms 
with time dependent coefficients arising from the "surrounding" 
sliders of any of the other g - 1 "surrounded" groups. Because



of the above, the complete system of loop equations, i.e. 
equations (B.10), cannot be solved for any of the terms with 
time dependent coefficients In terms of constant coefficients 
only, If these terms are associated with loops containing 
more than one prismatic pair. This applies equally to 
terms with time dependent coefficients arising from "surround­
ing'*, as well as "other" prismatic pairs. Under these cir­
cumstances, the centers of mass of the associated mechanisms 
cannot be made stationary, and the contour theorem is proven.



166

APPENDIX C
EXAMPLE CONCERNING THE THEORETICAL POSSIBILITY OP 

PULL FORCE BALANCING WITH LESS THAN n/2 COUNTERWEIGHTS

Fig. Cl represents a six-bar linkage which has been 
fully force balanced in ĵ 2j according to the Method of 
Linearly Independent Vectors by attaching counterweights to 
links 1, 3 and 5» It will now be shown that it is theoreti­
cally possible to obtain full force balance by mass 
rearrangements confined to links 2 and k (which are not 
attached to the ground). This leads to the related groups 
of unknowns m2. m2rgcos0g, m2rgSine2, and m^, m^r^cose^, 
m^r^sine^. When ei(Pl and eiqP5 are eliminated by way of the 
loop equations from the center of mass trajectory equation 
(1 6) of ^2j, and the result is written in the matrix form 
of equation (2.13). one obtains:
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Pig. Cl Six-bar linkage with arbitrary link 
mass distribution \ 2|
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For the above coefficient matrix

= a^bjsina^/aj (C.2)

Hence, the matrix is nonsingular (unless = 0), and the 
balancing equations can be solved for the designated unknowns.

If links 2 and 5, which again are not attached to the 
ground, are chosen for the mass rearrangements, equation 
(2.14) will be of the type

Again, since the matrix is nonsingular (unless a^ = 0), the 
balancing equations can be solved for the unknowns mg,

and the mechanism cannot be force balanced with counterweights 
on links 4 and 5 only, regardless of and ay  (This is due 
to the fact that the y-component of the appropriate balancing 
equation does not contain mĵ  and m^. Thus, the coefficient 
matrix will contain a row of zeroes.)

^  = -a^b^sina^ (c.3)

uur^sinemor«cos0
Finally, if links 4 and 5 are chosen for the mass 

rearrangements, equation (2.l4) becomes

(C.4)



APPENDIX D
PROOF THAT Jg AND J g  ARE NONZERO POSITIVE QUANTITIES 

AND THAT J g  IS LARGER THAN Jq

The denominator of equation (3. Hid) for Jg can be 
rewritten with the help of equation (3*12) and certain 
trigonometric identities as follows:

J j C o s 2 ©  +  J 2 s l n 2 0  +  2J - j S i n © c o s 0 =  — [ J i  +  J 2  +  v  ”  J2 ^  + ^ 3 ]

(D.l)
Since for unbalanced mechanisms, + J2 > 0 (see equations 
(3.6a) and (3.6b)), this expression, and hence Jg, is proven 
to be a nonzero positive quantity.

In order to demonstrate that J g  >  0, the denominator of 
equation (3.H*-e) is similarly rewritten:

J^ + J2 ~ -J  ( * *  J2) + ^J
(D.2)

Since J^ + J2 > 0 (for unbalanced mechanisms), it is sufficient 
to show that

( J j  +  J 2 )  >  "  ^2^ "** ^ 3  ( ^ •  3)

in order to prove that J^ > 0.
By adding and subtracting 2JjJ2» the right-hand side of 

inequality (D.3) may be written in the following manner:

(Jx - J2)2 + Aj2 = (Jx + J2)2 + 4(J2 - J ± J 2 ) . (D.4)

Inequality (D.3) may now be rewritten:

2 2 1 rJ jS in  © + J2cos 0 -  2J^sin0cos0 =
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2 2 2 

(J^ + <̂ 2̂  ^ ^ 1  ^2 ̂ ^ J3 — ^1*^2  ̂ * (D«5)
2The above can only hold true if is a negative

quantity. Since this point has been proven with the help of 
Inequalities (3.9) and (3.10), > 0.

Inspection of the right-hand sides of equations (D.l) 
and (D.2) shows, in light of the above, that is larger 
than Jg.
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APPENDIX E 
SOLUTION OP OPTIMIZATION EQUATIONS 
FOR SINGLE COUNTERWEIGHT PROBLEM

The method of solution of the optimization equations 
(*Kl6) - (*K20) will now be presented. They are rewritten 
below for convenience*

K11 + 2K8v3 + ®9V3 = 2 ^ 1  ^ I r m^  (E,1)
2 2 2 

K12 + K2u3 + *2*3 + *9*3 + 2k6u3 + 2K3t3 ~ 2Kiov3
2 2+ 2KyUjVj - 2Kj^t^v^ = 2iTq2 fi|-3HMg^ (E.2)

K1 + K2*3 + X2^K3 + *2*3 ’ = 0 (E*3^

+ K2u 3 + X-2 (r6 + K2u 3 + K?v3) = 0 (E.4)

x1(k8 + K9v3) “ X2(K10 " *7*3 + % * 3  ‘ K9v3) = 0< (E,5)

Equation (E.l) may be solved for v3<

j 2 2 2 1
(1) + V K8 ~ k9^k11 “ 2irqi fJHRMSv.̂v~ = ------------------------------------ (E.6a)
3 *9

v\*}  ---------------------------------2 L  . (E.6b)
3 K9

Now solve equation (E.3) for \2*
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(i) ~(Kj + Kgto)X'1' = ------- --L I , (i=l#2) . (E.7)2 (i)K3 + K2t3 - '

This furnishes an expression for X2 in terms of the unknown

*3-
X̂  may be determined by substituting equation (E.7)

into equation (E.5)* Thus:

(i) ”(K10 " k7u3 + V 3 - K9v^i))(K1 + K2t3)X, = ■" — —     ■     (E.8)
1 (i) (i)(Kg + KpV3 ) (K3 + Kgt3 — Kji|V3 )

(i=1.2) .

Substitution of equation (E.?) into equation (E.^) 
yields an equation in terms of the unknowns t3 and u3#

(i)x ( K1 + *2*3 )
Kj + K2t3 - % v ^ i)

(E.9)

+ KgU3 - (Kg + KgU3 + Kr,v3 )-----_ —----‘7— * .— - = 0 .

This can be rewritten as follows:

(i) (i) , (i)(K3K5 - KfyKtjVj - K±K6 - K1K?v3 ) + (KgK^ - KgKg - )t3

+ (K2K3 - KjKg - K g K ^ 1*)^ = 0 . (E.10)

Let

A1 = K3K5 - V ? ? ) ‘ K1K6 ‘ (E.11a)



4 1’ - v$ - ve - vr™
17 b 

(E*lib)

A^1* - K2K3 - KjKg - Kglfyv^1* (E.llc)
(1=1,2) .

With equations (E.ll), equation (E.10) becomes

+ Ag^t^ + A^^u^ = 0 . (E.12)

Equations (E.2) and (E.12) are two equations in terms 
of t^ and u^. Solving equation (E.12) for u^ in terms of 
t^» one obtains

/ .  (1)  ̂ AD. ,
(..13)

A (1)3

Now substitute equation (E.13) into equation (E.2).
Thus

2 . (1) j. ,2
/»• . V _(1) _(D, . „ <A1 + A2 *3' . „ .212 + *9*3 " 2K10v3 ' + 2------ ~ T 2------  + zZt3

a ' '3

aKstA'15 + A ^ t j )  . ( l ) ^ 1’ + A21’t3>
------- —  + 2 3 3 - 2V 3   TT5-------

3 A3

2% v 3 *3 = Zl,q2 ^3rhsu* (E.l'f)
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Expanding and collecting like terms yields

<K12 + V 3 i r  - “ 10t 31} - * * 1  4 rMSu+ 7 T P  *2
(i)

- 2K
(1)
1

6.(i) - 2Kr,V
. (i) (i)Al

7V3 TTi) 
*3

) + 2(K
A U ) A (1) A1 2 A (i)

- K/

(i)
, (i) 2 . (1 )

A (i)‘
+ K3 “ K7v3 7(7) - V3 }t3 + K2 (“7I72 + 1}t3 - 0

a ;
(E.15)

(1=1,2) .

Equation (E.15) Is a quadratic equation whose solution is

(i.l) J
- H(DM), Ho

H .
(i)

(1*1,2) (E.16a)

(1,2) - H ,
(i)

J
M r  _2___
h! 1 ̂

“1 H3 (1=1,2) , (E.l6b)

where
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[( 1 )  K 4. K.v(l) 2K v (1)C1 = 12 + T 3  " 10 3
2 .2 <!)'

2"q2 ^ H M S *  + T I P ?  *2

A<1) 2_1__
A (1) (Kg + y r * 1’) (E.17a)

(1) A (1)A21) (l) A2lJ (i)
H2 = *2  j7)T " (K6 + V 3  )"TIT + K3 " V 3  (E‘17b)

A3 a3

(1)H3 = (E.17c)
(1*1,2) .

Substitution of equations (E.l6 ) into equation (E.13) 
•will then furnish the values for U3 . Therefore, equations 
(E.6 ), (E.7)» (E.8 ), (E.13) and (E.16) represent the solution 
to the problem.
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APPENDIX F 
PROOF OP THE EXISTENCE OP A MINIMUM FOR 

THE SINGLE COUNTERWEIGHT OPTIMIZATION PROBLEM

It will now be shown that two of the four extrema found 
in Section IVB are minima. This will be accomplished by 
way of the following theorem:

If a set is closed and bounded, and a function is 
continuous on that set, then the function takes a minimum 
and a maximum somewhere on that set

In the present case, the function under consideration 
is represented by the RMS shaking force, whose value must be 
minimized in such a way that the prescribed magnitudes of the 
RMS bearing forces are satisfied. The set of points under 
consideration are those points which satisfy the constraint 
equations. Since the RMS shaking force is continuous everywhere, 
one only needs to show that all points which satisfy the 
constraint equations represent a closed and bounded set to 
prove that the above theorem is applicable.

To prove this point, one proceeds in the following 
manner: All t^, uj, and v^ which satisfy the constraint
equations simultaneously, must lie on their intersections. 
Equations (*+.16) and (*K17) give the constraint equations:

K11 + 2K8V3 + ^ 3  = 2<rTql ^lRMSu *F,:L*
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and

k12 + k2u3 + *2*3 + *9V3 + 2K6u3 + 2K3t3 “ 2Kiov3

2 2+ 2KyU^v^ - 2 K ^ t = 2iTq2 f ^ (F.2)

.(i)Since equation (F.l) may readily be solved for v̂ ' 
(1=1,2), this parameter may be considered known in equation 
(P.2), Under these circumstances, equation (F.2) represents 
the equation of the Intersection of the constraint equations. 
When this expression is rearranged to read

L  , K6 + V 3 1>1
£

x . K3 -
L 82 2

0 2 2 
I ^2 f^3RMSu k12 ~ *9V3  ̂ + 2K10v31^

K,

tv, Tf v {1) 1 K6 + ^^3
c

4.

*2 *2
(1=1,2 ),

(F.3)

one may show that one is dealing with the equations of the 
circumferences of two different offset circles in the u^, t^ 
coordinate system (one each for and v^2 )̂. Since the
circumferences of circles represent closed and bounded sets, 
the existence of one maximum and one minimum per circum­
ference is assured.
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APPENDIX G 
DESIGN OP COUNTERWEIGHTS

The present appendix will first describe the relation­
ship of the optimum mass parameters u^, t^ and v^, which are 
the results of the optimization process, to the parameters 
of the already existing link and of the counterweight which 
is to be designed. Design equations are then developed for 
the case when u^, t^ and v^ are prescribed and must be 
physically realized, as well as when only and t.̂  are given. 
Finally, these counterweight design equations are adapted to 
the standard four-bar linkage configuration, which was 
Introduced in , and is also described in Appendix A.
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1. Relationship of Optimum Mass Parameters to Existing 
Link and Counterweight
Since the optimum mass parameters u^, t^ and v^ (1=1,3) 

refer to the mass properties which the total link must have 
In order to realize the optimization, the following relation­
ships between them and the parameters of the original link 
and the counterweight must hold (see Pig. Gl)l

o o * * u, = B.U, + BjUj (G.l)

(G.2)

(G.3)

(1=1,3)

where

(G.4)

> refer to equations (A.6l) (G.5)
2 2 2 vt = + Wj_) . (G.6)

Further

dimensionless mass of existing link (actual mass
= A ? b°)

While Pig, G1 shows a circular counterweight which Is 
tangent to the pivot, equations (G.l) - (G.3) apply to 
any shape of counterweight.
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U:

The superscript zero refers 
to the center of mass of the 
unbalanced link, and the 
superscript asterisk refers
to the center of mass of 
the counterweight.

©

Fig. G1 Dlmensionless parameters of link 1 with attached counterweight



U° = V * 1

T1 "  ° l / a l
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dimensionless coordinates of center of 
mass of existing link (see Figs. 6 and Gl)

W° = J  C°/B°' = dimensionless radius of gyration of
existing link

o = dimensionless moment of inertia of existing link 
with respect to link center of mass

* = dimensionless mass of counterweight
o 3 &(actual mass = p a^Bi# see also equation (G.7d))

*
ui
■*

Ti

dimensionless coordinates of center of mass 
of counterweight

* = dimensionless radius of gyration of counterweight,

Once the configuration of the counterweight has been 
decided on, and the shape and mass of the original link 
are known, equations (G.l) - (G.3) can be solved for B^U^, 

and W^, or other equivalently suitable counterweight 
parameters.
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2. Counterweight Design Equations for Standard Four-Bar 
Linkage Configuration
Equations (G.l) - (G.3) will now he used to design 

counterweights for a mechanism with the standard configuration 
of Fig. A2. The counterweights are chosen to he circular 
and tangent to the pivots Aq and A^ of the input and output 
links, respectively.

Certain counterweight parameters will now he defined:

the dimensionless radius of the counterweight is given by:

and finally, the dimensionless mass of the counterweight 
is given by:

(G.7a)

where r^ is the actual radius of the counterweight;

the dimensionless radius of gyration of the circular
counterweight is given by:

(G.7b)

the angular position of the counterweight is given by:

1
(G.7c)

(G.7d)

where

h^ = actual thickness of the counterweight
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*
p. = mass density of the counterweight which may be

different from p°, the density of the original link.
* o

The introduction of the ratio P^/P permits the counterweight
to be made of a denser material, and therefore, a smaller
counterweight will result.

If one further introduces the ratios*
*di h-4 h-<P, * , Yi = —  , 6. = -± (see Pig. 6), (G.8a)

al di hi

equation (G.7d) may be rewritten with the help of equation (G.?a) 
2 2

B* = tt(T* + U* , (G.8b)

where
t
P* —  | (G.8c)
P°

is defined as the counterweight thickness-density ratio.
For the given linkage configuration, the link mass 

parameters become:

U° = 1 a, (G.9a)1 2 1

T° = 0 (G.9b)

W° = J  C°/B°' , (G.9c)

where represents the dimensionless link length a^/a^

*See also equations (A.115) la Appendix A. This means of 
expressing the mass of the counterweight has been chosen 
because it allows one to relate the counterweight thickness 
to the thickness of the existing link.
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(see equations (A.115)). The dimenslonless moment of inertia

of Appendix A, (The superscript o was not used in these 
equations.)

When the three optimum mass parameters u^, t^ and v^
are prescribed, the three desirable counterweight parameters
are represented by the dimenslonless counterweight radius
R^f the angular position 0^ with respect to link i, and the

*thickness-density ratio D^. When only the parameters ^  and 
t^ are prescribed, it is best to choose a practical thickness- 
density ratio D^, and solve only for and 0̂ ,

a . Optimum Mass Parameters u^. t^ and v  ̂are Prescribed

of the optimization equations, equations (G.l) - (G.3) may be 
rewritten with the help of equations (G,?b), (G,8) and.(G,9) 
as follows:

o oand dimenslonless mass are given by equations (A.119)

by Solution of Optimization Equations 
When uit t^ and v^ are prescribed by the solution

(G.10)

(G.ll)

By combining equations (G.10) and (G.ll), is
#obtained in terms of T.. Thus

(G.12)



u. = Ui 1- 2 Biai
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(G.13)

By substituting equation (G.13) into equations (G.10) 
and (G.12), the following results:

t?
r 2 , i o ,2 i

" ' l Y l  + (u i  -  2 Bl a i> J
(G.l^)

*  *  
DlTi (G.15)

Equations (G.l4) and (G.15) may be combined to produce
*the following expression for :

2t,*
Ti =

vi -
o 2 

Biai o
-r + ci

3[ti + (ui - I Biai)2]
(G.l6)

Substituting equation (G.16) into equation (G.13)
yields :

ui -
2 (û 1.0  J  A ]l - g Bl a l> [ 7 l  -  |~ jT ~  + cl )  j

r 2 1 o . 2-i3[ti + (u, - j B ^ )  ]
(G.17)

Equations (G.l6) and (G.17) can now be substituted into 
equation (G.?a) to find the dimenslonless counterweight 
radius. Thus
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■* *2 #2 1/2 
^  = (Uj + Tj_ )

3 ^  + (uj_

The angular position of the center of mass of the 
counterweight can be found by substituting equations (G.1 6) 
and (G.17) into equation (G.7c), This yields

b . Optimum Mass Parameters u  ̂and t  ̂are Prescribed by 
Solution of Optimization Equations 
When only Uj, and t  ̂are prescribed by the solution 

of the optimization equations, only equations (G.l) and (G.2) 
need be satisfied. They may be rewritten with the help of 
equations (G.8 ) and (G.9) as follows:

(G.19)

Finally, the dimenslonless counterweight thickness- 
density ratio can be found by substituting equation (G.l6 ) 
into equation (G.14). Hence

(G.20)

1 o 
u i - g Biai (G.21)
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*2 *2 ^

(Tt + )Ta = — , ,
'TTpiYiDi

(G.22)

where Is given. (It has been previously chosen to obtain 
reasonable dimensions.)

*By combining equations (G.21) and (G.22), is obtained 
*in terms of T^. Thus

ni =
u. “ 2 Bial \ . 

t, I Ti • (G.23)

Substitution of equation (G.23) into equation (G.22),
#and solving for T^ yields:

Ti = ti<i *r c / 1 O v2n+ (uA - 2 Biai) J
1/3

(G.2^)

Substituting equation (G.24) into equation (G.23), one 
obtains

1/3
1

Ui = (U1 - 2 *r / 1 O v2q
^ i ^ l  i|_ 1 + û i " 2 Biai ̂ J

(G.25)

The dimenslonless counterweight radius can now be 
found by substituting equations (G.24) and (G.25) into 
equation (G.7a). Hence
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* *2 #2 1/2 
Ri = + Tj_ )

r 2 ± Q 2-.1/2 
[t± + (Ui - ~ Biai) J

1/3

(G.26)

By using equation (G.23) in equation (G.7c)f the 
angular position of the counterweight becomes

*e. = tan-ii ̂ T'
U*

= tan-II
1 o 

- 2 iai‘
(G.27)
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APPENDIX H 
SOLUTION OP OPTIMIZATION EQUATIONS 
FOR TWO COUNTERWEIGHT PROBLEM

1. Outline of Solution Method
The method of solution of the optimization equations 

(4-.4-3) - (4-. 4-8) will now be presented In detail.
First, let these expressions be rewritten for convenience*

113 + I2tl + J2U 1 + 2I7u1 + 215*1 = 21T(11 fiHRMSu
2 2 2 2

114 + ^9^3 + I9U3 + 2Ii2u3 + 2 I10t3 = 2 ^ 2  (H.2 )

ij + ^2̂ 1 " I3U3 *4 *3 + + ̂ tj) = 0 (H.3 )

x6 + ^ l  + I4-u3 + I3t3 + X1^I7 + ̂ l ^  = 0 (H.4-)

*8 ^3^1 î+̂ l "*■ I9t3 t X2^10  ̂9^3 ) ~ 0 (H.5)

+ I4UJ — ^3^1 X9U3 ^2 ^^12 ̂9 *̂3 ) = ® * (H.6)

where Ij to 1^4 are given by equations (4-.4-2).
In order to obtain a polynomial in u^, the following 

solution steps must be undertaken*

Step 1
*Equation (H.3) is solved for X̂ , the result is 

substituted into equation (H.4-), and t^ is obtained from 
this expression.

X̂  ̂ is given by equation (H.15)*



-  I2*3U1U3 x2x4u1^3j ' (H.7)

Step 2
f̂.Equation (H.5) is solved for X2» the result is substituted 

together with equation (H.7) into equation (H.6), and u^ is 
obtained from this expression.

.. /*. .. \ ” ( I 15 + I l6 t 3 + I 17U3 + I l8u3t 3 + I 19u3 +1 3  3 = ~ ~ - i     9
X21 + I 22t 3 + X23u3

(H.8)

where to I are listed in Section 2 of the present 
appendix.

Step 3
Equation (H.7) can be made more compact by introducing 

certain new constants. Thus

t (t fu lfu ) = lzk + l25U3 * Iz6t3 + l27Ul * I28u1u3 * I29ult3
x30 + I29u3 " I28t3

(H.9 )

Again, I24 to are listed in Section 2.

*X2 is given by equation (H.l6),
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Step 4
To express equation (H.9) In terms of t3 and only, 

equation (H.8) is substituted for u^t-^.u-j). This results 
in

ti(t^.u^) _ — — - ——— g _ u2 , t u 4. l 37
31 32 3 33 3 34 3 35 3 36 3 3

2 2 3 
•+• I 3 8 u 3  +  I 3 ^ t 3  +  I^ _ q U 3  +  X4 3 u 3

3 2 2 1
t ljifij.̂3 + ^45^3^3 + X46^3U3 I * (H. 10)

Constants I31 to in the above are listed in Section 2 
of this appendix.

Step 5.
In order to rewrite equation (H.l) in terms of u3 and t3 , 

equations (H.8) and (H.10) are used. This results in

8 ? 2 ^ x48^3 + 'x49 + I50u3 J ̂3 + ^51 + l52u3 + 153^3 ) ^
2 3 5

+ ( I55u3 x56u3 x57u3  ̂̂3

2 3 4 4
+ (I^g + I59U3 + l6ou3 + x6lu3 + I62u3^t3

2 3 4 5. 3+ (I63 + x64u3 + I65u3 + x66u 3 + x67u3 + 16&xy t3

2 3 4 5 6+ (I69 + I70u3 + I71u 3 + I72u3 + ^ 3^3 + 172jA*3 + I75U3

2 3 4 5 6+ (I76 + X77u3 + I78u3 + I79U3 + I80u 3 + I8lu3 + Iq2u3

+ x84 + x85u3 + I86u3 + x87u3 + x88u3 + I89u3 + I90u3 + X91u3 
8

+ *92u3 = 0 ,  (H.11)
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where I^g to Ig2 are ffiven In Section 2.

Step 6
To obtain a single equation for u^, equation (H.2) will 

first be expressed in terms of t^(u«j), and will then be 
substituted into equation (H.11). Thus, from (H.2)

t̂ (u<j) = l^^ ~ J ”u3 + » (H.12)

where Igj to Iĝ ar® given in Section 2 of the present 
appendix.

Step 7
Substituting equations (H.12) Into equation (H.ll), and 

collecting like powers of u^ gives:
8 7 6 5 ^ 3 2

i156u3 + I157u3 + I158u3 + I159u3 + Il60u3 + Il6lu3 + Il62u 3

J  7 6 5 **
+ + I16k = +[Ii65u3 + Il66u3 + I167U3 + I168U3

3 2 1 / 2 1 
+ I169U3 + I170u3 + I171u3 + I172jV "u3 + + *95 ’

(H.13)

where the constants to 1 ^ 2  are listed in Section 2.

Step 8
To remove the square root, both sides of equations (H.13)

,thare squared, and the following 16 degree polynomial results:



16 15 1^ 13 12 11 1 0 9
+ ?2n3 + P3U3 + P4U3 + P5U 3 + P6U3 + P7U3 + P8U3

8 7 6 5 ^ 3 2+ P9u 3 + P1 0u3 + Pn u 3 + P1 2u3 + P1 3u 3 + Plitu 3 + P1 5u 3

+ P]_6 u 3 + = 0 * (H.lty)

where P^ to P ^  are listed in Section 2 of this appendix.
For the sake of completeness, the parameters and X2 

are given below:

_ - »! + V i  - b U3 (H.15)
I5 + Izt,

X2 = - (l 8 + ^  + l4tl . (H.16)



2. Expressions for Constants
The following gives a listing of the constants I ^  to

X1 9 2 ’ as w e l 1  as to pi7 » the previous section in the 
order needed for numerical computation. In addition, the 
intermediate constants to Fg2 and G^ to are introduced.

J15 = -<VlO + % I12^ Il3? “ 35%) +  ̂<3-10 J11 " 3gl12)

xl6 =  ~'I3 J9 ^ I1I7 ~ X5X6  ̂“ <33110 + 3i|. *12 ) (% Ip - 3315)

+ -*-9 < •% " - I1 2  ) + ^ 2 3̂3 < %o  3-11 “ 3gll2)

X17 = “i^ I9< ii 37 " I5 I6^ + <33jio + I4 I12^<I3 :I7 + Î I5^

+ I2I9(I6 - Ip)(I10 - Ig) + I2^ ( X10X11 " I8I12^

xi8 = X3V X3X7 + V 5> * W V 7 - I3I5)

+ W 9(Ill " 3*12̂  + I2I3I9<I10 “ X8^

119 = W X3X7 + ¥ 5 } + W 9<X10 - x8>

X 2 0  = "i3i9<i/4,I7  - I31 )̂ + - Ii2)

X21 = _X2<X3X10 + X^X12^<X1 " X5̂  + X2<X6 “ x7^<xij<xl0 ” X3X12̂

X 2 2 = “X2X3 X9 < X 1 “ X5  ̂ “ X2^ < X3 X 10 + X4X12̂  + X2X4X9<X6 " X7 ^

+ I2 l3 (l̂ li() - I3 I1 2 )

x23 = “X2X4X9<X1 ” x5̂  + X2X3<X3X10 + X*J-X12̂  ” X2X3X9<X6 ” X7̂

+ I2Xi|'<X^X10 " X3X12> 

x2^ = xlx7 “ X5X6
Table HI Intermediate Constants for Solution of Optimization 

Equations
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125 = ~̂ 1̂15 + I3I7̂
126 = V ?  " I3I5

I2? = Igdi - I5)

I28 =

I 2 9  = I21̂

X 3 0  = X2 ^ X 6  " *7 ) 

z3i =

z32 = + I2 1 I 2 9  

I33 = I22I30 “

Z3k = _I22I28

*35 = I23I29

136 = I22I29 ~ I23I28

137 = “ I15I27

*38 = hlhs + I23I24 " I17I27

I 3 9  = I22I2^ + h l ^  ~ I15I29

= I23I25 “ I17I28 ” I19I27

X41 = I22I26 “ I16I29 "

h2 = I22I25 + I2 3 I 2 6 " Il6I28
Table HI continued

I15I28

I16I27

I17I29 “ I18I27



197

Ii»'3 = "I19I28

^  = -I20I29

^ 5  = “I19I29 ” W Z B

x46 = “ I18I29
2 >2

I^7 = I13 " 2<,Tql ^iRMSu
FI = 141*141 ♦ 2.*139*144
F 2 = 116*116 + 2«*I15*120
F3 = 133*133 + 2.*131*134
F4 = 116*122 + 120*121
F5 = 134*141 + 133*144
F6 = 141*146 + 142*144
FT = 121*146 + 123*141

_ _ _ _ _ _ _ _ _  + j  1 7 * 1 2 0

F9 = 118*133 ♦116*136 
F10 = 133*136 V 132*134 
FI 1 = 118*122 + 120*123 
>12 = 134*146 + 136*144 
F13 = 146*146 + 2* *144*145 
F14 = 118*118 + 2.*119*120 
F15 = 136*136 + 2.*134*135 
F16 = 137*144 + 139*141 
F 1 7 = I 15*122 + 116*121 
FI8 = 134*139 + 133*141+131*144 
>19 = 138*144 +139*146 +141*142 
F20 = 115*118+116*117 
Table HI continued



F21 = 131*136 + 132*133
F22 = 117*122 *' 118*121 + 116* 123
F23 = 134*142 +133*146 + 136*141 + 132*144
F24 = 142*I46 + 141*145 ♦ 140*144
F25 = 117*118 + 116*119
F26 = 132*136 + 133*135
F27 * 119*122: +118*123
F28 * 134*145 + 136*146 + 135*144
F29 = 143*144 + 145*146
F30 = 139*139 + 2.*137*141
F31 = 134*137 + 133*139 + 131*141
F32 = 123*133 + 121*136
F33 = 139*142 + 137*146 + 138*141
F34 a 117*121+115*123
F35 a 134*138 + 133*142 + 136*139 + 131*146 + 132*141
F36 = 142*142 + 2.*I39*145 +2.*138*146 ♦ 2.*I40*I41
F37 = 117*117 + 2.*115*119
F38 = 132*132 + 2.*131*135
F39 = 119*121 + 117*123
F40 = 134*140 +133*145 + 136*142 + 132*146 + 135*141
F41 = 142*145 + 140*146 V  141*143
F42 = 134*143 + 136*145 + 135*146

Table HI continued
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F43 = 145*145 + 2.*143*146 
F44 =133*137 + 131*139 
>45 = 137*142 + 138*139
>46 » 133*138 ♦ 136*137 * 131*142 ♦132*139 
F47 = 137*145 +' 138*142 *139*140
>48'* 133*140 * 136*138 ♦ 131*145 ♦ 132*142 + 135*139
F49 = 138*145 ♦ 140*142 + 139*143
F50 = 133*143 ♦ 136*140+132*145 + 135*142
F51 = 142*143 ♦ 140*145
F52 = 136*143 + 135*145
F53 = 131*138 + 132*137
F54 = 138*138 + 2.*137*140
F55 * 131*140+132*138+135*137
F56 = 131*143+ 132*140 +135*138
F57 = 140*140 ♦ 2.*138*143
>58 = 132*143 + 135*140
F59 = 121*138 +123*137
F60 «' 121*140 ♦ 123*138
F61 = 137*143 + 138*140
F62 = 121*143 ♦ 123*140

Table HI continned
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156 = 2.*(I2*I22*I22*F24 + I2*I21*I22*F13 * 2.*12*122*I23*F6 
+ 12*123*123*141*144 + 2.*12*121*123*144*146 «■ I2*I34*I34*F25
+ 12*I33*I34*F14 + 2.*12*134*136*F8 ♦ 12*116*I20*F15 + 2.*12*118* 
I20*F10+ I2*I20*I20*F26 ~ I7*I34*I34*F27 - 2.*I7*I34*I36*Fll
- 17*120*122*F15 * 15*122*122*F28 + 2.*I5*I22*I23*F12 ♦ 15*123* 
123*134*144)
157 = 2.*(I2*I22*I22*F29 + 12*122*I23*F13 + 12*144*146*123*123
+ 12*118*119*134*134 + 12*134*I36*F14 + 12*118*I20*F15 + 12*120* 120*135*136)
158 = I22*I22*I47*F3 + 4.*122*134*147*121*133 ♦ 134*134*147*121* 
121 + 12*122*I22*F30 + 4.*I2*I22*I21*F16 ♦ I2*I21*I2l*Fl ♦ 12* 
134*134*115*115 ♦ 4.*12*134*133*II5*116 + I2*F2*F3 + 4.*12*120* 
131*133*116 ♦ 12*120*120*131*131 - 2.*17*115*121*134*134
- 4.*17*133*134*F17 - 2.*I7*F4*F3 - 4.*17*120*122*131*133 
+ 2.*I5*I22*I22*F31 ♦ 4.*I5*I2l*I22*F18 ♦ 2.*I5*I21*I2i*F5
1591= 2•*(I 22*122*147*F10 + 2•* 122*134*I47*F32 ♦ 134*134*147*121* 
123 + I2*I22*I22*F33 + 2.*I2*J22*I21*F19 ♦ 2.*12*122*I23*F16 
+ 12*121*121*F6 + 12*121*I23*F1 + 12*134*134*115*117 
+ 2.*I2*I34*I33*F20 + 2.*12*134*136*115*116 + I2*F2*F10 
+ I2*F8*F3 + 2«*I2*I20*I31*F9 + 2.*12*120*132*133*116 
+ 12*120*120*131*132 - I7*I34*I34*F34 - 2.*I7*I33*I34*F22
- 2•*17*134*136*F17 - 2.*I7*F4*F10 - I7*Fil*F3
- 2.*I7*I20*I22*F21 + I5*I22*I22*F35 + 2**15*122*I21*F23I
1592 = 2.*(2.*I5*I22*I23*F18 + 15*12l*I21*F12 + 2.*I5*I21*I23*F5)
159 = 1591 ♦ 1592
160 = I22*I22*I47*F15 ♦ 4.*122*134*147*123*136 + 134*134*147* 
123*123 + I2*I22*I22*F36 + 4.*I2*I22*I21*F24 + 4.*I2*I22*I23*F19 ♦ 
I2*I21*I2i*F13 + 4.*I2*I21*I23*F6 + I2*I23*I23*Fl * I2*I34*I34*F37 
+ 4.*I2*I34*I33*F25 * 4.*I2*I34*I36*F20 + I2*F2*F15
♦ 4.*I2*F8*F10 ♦ I2*F14*F3 + 4.*12*120*131*118*136
+4.*12*120*132*F9 + 4.*12*120*135*116*133 + I2*I20*I20*F38
- 2.*I7*I3^*J34*F39 - 4.*r7=M34*I33*F27 - 4.*I7*I34*I36*F22 - 2.* I7*F4*F15 - 4.*I7*F11*F10 - 4.*I7*I20*I22*F26 «■ 2-*I5*I22*I22*F40 
+ 4.*I5*I22*I21*F28 + 4.*I5*I22*I23*F23 + 4.*I5*I21*I23*F12♦ 2•*15*123*12 3 *F 5
161 = 2.*(I2*I22*I22*F4i '♦ 2.*I2*I22*I21*F29 ♦ 2.*I2*I22*I23*F24
♦ 12*121*123*F13 + 12*123*I23*F6 + 12*134*134*117*119
+ 2.*12*134*133*118*119 ♦ 2.*I2*I34*I36*F25 ♦ I2*F8*F15
♦ I2*F14*F10 + 2.*12*120*132*118*136 + 2.*I2*I20*I35*F9
+ 12*120*120*132*135 - 17*134*134*123*119 - 2.*17*134*136*F27 
- I7*Fii*F15 - 2.*17*120*122*135*136 + 15*122*122*F42
♦ 2.*15*122*123*F28 ♦ 15*I23*I23*F12)

Table HI continued
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162 = I2*I22*I22*F43 + 4.*I2*I22*I23*F29 + I2*I23*I23*F13 + 12*
119*119*I34*I34+4«*I2*118*119*134*136 ♦ I2*F14*F15 + 4.*12*118* 120*135*136 +12*120*120*135*135
163 = 2«*( 122*122*^131*133*147 + I21*I22*I47*F3 ♦ 121*121*133*134* 
147 + 12*122*122*137*139 + 12*I21*I22*F30 ♦ I2*I21*I21*F16
+ 12*115*115*133*134 ♦ I2*I15*I16*F3 + I2*I31*I33*F2 
+ 12*116*120*131*131 - 2**I7*I15*121*133*134 - I7*F17*F3
- 2« * 17*131*133*F4 - 17*120*122*131*131 + 15*I22*I22*F44 + 2•*15*121*122*F31 ♦ I5*I21*121*F18)
164 = 2 • * 122* 122 * 147*F21 + 4.*I2l*I22*I47*F10 ♦ 2.*I22*I23*I47*F3 
+ 4.*I21*I23*J33*I34*I47 * 2.*121*121*134*136*147 + 2.*12*122* 
I22*F45 + 4•*12*121*122*F33 + 2•*12*122*123* F 30 ♦ 2.*12*121*121*
F19 + 4.*I2*I21*123*F16 + 4.*12*115*117*133*134 + 2.*12*115*115* 
134*136 + 4.*I2*I15*I16*F10 ♦ 2.*I2*F20*F3 + 4.*I2*I31*133*F8
+ 2.*I2*F21*F2 + 4.*12*116*120*131*132 + 2.*12*118*120*131*131
- 4•*17*13 3*I34*F34 - 4.*17*115*121*134*136 - 4.*I7*F17*F10
- 2.*I7*F22*F3 - 4.*I7*I31*I33*F11 - 4.*I7*F21*F4
- 4.*17*120*122*131*132 ♦ 2.*I5*I22*I22*F46 + 4.*I5*I21*I22*F35 
+ 2 «*I5*121*I21*F23 + 4.*15*122*I23*F3l + 4.*15*12l*I23*F18
165 = 2«*(I22*122*I47*F26 * I2l*I22*I47*F15 + 2.*I22*I23*I47*F10 
+ 123*123*133*134*147 + 2.*121*123*134*136*147 + 12*122*I22*F47
+ I2*I21*I22*F36 + 2.*I2*I22*I23*F33 + 12*121*121*F24 ♦ 2.*12*121* 
I23*F19 + 12*123*123*F16 + I2*I33*I34*F37 ♦ 2.*12*115*117*134*136 
+ 12*115*116*F15 + 2.*I2*F20*F10 + I2*F25*F3 + I2*I3i*I33*F14 
+ 2.*I2*F21*F8 + I2*F26*F2 + 12*116*I20*F38 + 2.*12*118*120*131*
132- 2.*I7*I33*I34*F39 - 2.*I7*134*I36*F34 - I7*F17*F15 - 2.*17* 
F22*F10 ~ I7*F27*F3 - 2.*I7*F21*F11 - 2.*I7*F26*F4 - 17*120*122* 
F38 + 15*122*122*F48 + 2**I5*I2i*I22*F40 ♦ 2.*I5*I22*I23*F35 ♦ 15* 
121*I21*F28 ♦ 2.*15*121*I23*F23 ♦ I5*I23*I23*F18)
166 - 2.*1122*I22*135*136*147 + I22*I23*I47*F15 + 123*123*134*
136*147+12*122*122*F49+2.*12*121*I22*F41+12*122*123*F36 ♦ 12* 
I21*I21*F29 + 2.*I2*I21*123*F24 + I2*I23*I23*F19 + 2.*12*117* 
119*133*134 ♦ I2*I34*I36*F37 + I2*F20*F15 + 2.*I2*F25*F10 + 12*
I18*119*F3 + I2*F21*F14 ♦ 2.*I2*F26*F8 ♦ 12*I35*I36*F2 + 2.*12* 
116*120*132*135 +12*118*120*F38 - 2.*17*119*123*133*134 - 2.*17*
134*136*F39 - I7*F22*F15 - 2.*I7*F27*F10 - 2.*I7*F26*Fll - 2.*
17*135*I36*F4 - 2.*17*120*122*132*135 + 15*122*122*F50 + 2.*15* 
I2l*I22*F42 * 2.*I5*I22*I23*F40 + 2.*15*121*I23*F28 + 15*123* 
I23*F23)
167 = 2.*C12*I22*I22*F51 + I2*I2i*I22*F43 + 2.*I2*I22*I23*F41 
+ 2•*12*121*123*F29 + I2*I23*I23*F24 + 12*119*119*133*134
t „2.*J2*I17*119*134*136 + I2*F25*F15 + 2.*12*118*119*F10 
+ I2*F26*F14 + 2.*I2*I35*I36*F8 + 12*116*120*135*135 
+ 2.*12*118*120*132*135 - 2.*17*119*123*134*136 - I7*F27*F15
- 2•*17*135*136*F1t - 17*120*122*135*135 + I5*I22*I22*F52 
+ 2 .* I 5*122*123*F42 + 15*I23*I23*F28)
168 = 2.*(12*122*122*143*145 +12*122*123»F43 ♦ I2*I23*I23*F29 
♦ 12*119*119*134*136 + 12*118*119*F15 + I2*I35*I36*F14
+ 12*118*120*135*1351
Table Hi continued
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174 = 2.*112*122*122*140*143 + 2.*12*121*122*143*145 + 2.*12*122* 
I23*F5I + I2*121*I23*F43 + I2*I23*I23*F41 + 12*117*119*F15
+ 12*119*119*F10 + 2»*I2*118*119*F26 + 2.*I2*I35*I36*F25 + 12* 
I32*I35*F14 V  I2*I35*I35*F8 - I7*I19*I23*F15 - 2.*I7*I35*I36*F27
- I7*I35*I35*F11 + 15*122*122*135*143 + 2.*15*122*I23*F52 ♦ 15* 
I23*I23*F42»
175 = 12*122*122*143*143 ♦ 4.*12*122*123*143*145 + I2*I23*I23*F43 
+ 12*119*119*F15 + 4.*12*118*119*135*136 + I2*135*I35*F14
176 = 2.*(I21*I22*131*131*147+I21*121*131*133*147+12*I2I*I22*I37* 
137 + 12*121*121*137*13 9 + 12*115*115*131*133 + 12*115*116*131*131
- 2.*17*115*121*131*133 - 17*I3i*I31*F17 ♦ 2.*15*121*122*131*137
♦ 15*121*I21*F44!
177 = 2.*(122*123*131*131*147 + 2.*121*122*131*132*147 + 2.*121* 
123*131*133*147 + I21*I21*I47*F2i + 2.*12*121*122*137*138 + 12* 
122*123*137*137 + 12*I21*12i*F45 + 2.*12*121*123*137*139 + 2.* 
12*115*117*131*133 + 12*115*I15*F21 ♦ 12*131*I31*F20 + 2.*12* 
115*116*131*132 - 2.*17*131*133*F34 - 2.*I7*I15*!2l*F21 - 17*
131*131*F22 - 2.*L7*I31*I32*F17 + 2.* 15*122*131*F59 + 2.*15*121* 
122*132*137 + I5*I2l*I21*F46 + 2.*I5*I21*I23*F441
178 = 2.*(121*122*I47*F38 + 2.*122*123*131*132*147 + 123*123* 
131*133*147 + 2.*I21*I23*I47*F21 + I21*I21*I47*F26 + 12*121* 
I22*F54 + 2.*12*I22*123*137*I38 + I2*I2l*I21*F47 + 2.*12*121*
I23*F45 + 12*123*123*137*139 + I2*I31*133*F37 + 2.*12*115*117*
F21 + 12*115*115*F26 + I2*I3l*I3i*F25 + 2.*I2*I31*I32*F20 
+ 12*115*116*F38 - 2.*I7*I31*I33*F39 - 2.*I7*F21*F34 - 2.*17*
115*12l*F26 - 17*131*131*F27 - 2.*I7*I3l*I32*F22 - I7*F38*F17 
+ 2.*I5*I22*I31*F60 * 2.*I5*I22*132*F59 + 2.*15*121*122*135*137 
+ I5*I21*I21*F48 + 2»*I5*121*123*F46 + I5*I23*I23*F44>
1791= 2.*(2.*121*122*132*135*147 +122*123*I47*F38 + 123*I23* 
I47*F21 + 2•*121*123*I47*F26 + 121*121*135*136*147 + 2.*12*121*
I22*F61 ♦ I2*I22*I23*F54 ♦ I2*I21*I21*F49 + 2«*I2*I21*I23*F47
♦ 12*I23*I23*F45 + 2.*12*I17*119*131*133 + I2*F21*F37
+ 2.*I2*I15*I17*F26 + 12*115*115*135*136 + 12*118*119*131*131 
+ 2.*I2*I31*132*F25 _+_ J2*F38*F20_+_2-*I2*I 15*116* 132* 135
- 2.*17*119*123*131*133 - 2,*I7*F21*F39 - 2.*I7*F26*F34
- 2.*17*115*121*135*136 - 2.*17*131*132*F27 - I7*F38*F22
- 2.*!7*I32*I35*F17 + 2.*I5*I22*I31*F62 + 2.*I5*I22*I32*F60 
+ 2•*15*I22*!35*F59 + I5*I21*I21*F50 ♦ 2.*I5*I2i*I23*F48I
1792 = 2«*(I5*I23*I23*F46)
179 = 1791 + 1792

Table HI continued
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180 * 2.*1121*122*135*135*147 + 2.*122*123*132*135*147 + 123* 
I23*I47*F26 + 2.*121*123*135*136*147 + 12*121*I22*F57 + 2.*12*122* 
I23*F61 ♦ I2*I21*I2l*F5l + 2.*I2*I21*I23*F49 + I2*I23*I23*F47
+ 12*119*119*131*133 ♦ 2«*I2*I17*119*F21 * I2*F26*F37 + 2.*12* 
115*117*135*136 *■ 2«*I2*118*119*131*132 + I2*F38*F25 ♦ 2.*12*
132*135*F20 + 12*135*135*115*116 - 2.*17*119*I23*F21 - 2.*17* 
F26*F39 - 2.*I7*I35*I36*F34 - 17*F38*F27- 2.*I7*I32*I35*F22 
- I 7*135*135*F17 + 2.*15*122*123*I 31*143 + 2.*I5*I22*I32*F62 
+ 2•*15*122*135*F60 + I5*I21*I2i*F52 + 2.*I5*I21*I23*F50 + 15*
123*123* F 48)_________________________
181 = 2«*(122*123*135*135*147 + 123*123*135*136*147 + 2.*12*121* 
122*140*143 ♦ 12*122*123*F57 + 12*121*121*143*145 + 2.*12*121* 
I23*F51 + I2*I23*I23*F49 ♦ 12*119*I19*F21 + 2.*I2*117*I19*F26
+ I 2* 135*136,,<=7l7 + 12*118*119*F38 + 2.*I 2*132*135*F25 + 12*135*
I35*F20 - 2.*17*F26*119*123 -J2.*I7*I35*I36*F39 - 2.*17*132*135* 
F27 - 17*135*I35*F22 * 2.*15*122*123*132*143 ♦ 2.*I5*I22*I35*F62 
+ 2•*15*121*123*F52+ I5*I23*123*F50)
182 = 2«*<12*121*122*143*143 + 2.*12*122*123* 140*143 + 2.*12* 
121*123*143*145 + I2*I23*I23*F51 + 12*119*119*F26 + 2.*12*117* 
119*135*136 + 2.*12*118*119*132*135 + I2*I35*I35*F25 - 2.*17* 
119*123*135*136 - 17*135*135*F27 + 2.*15*122*123*135*143 ♦ 15*
123*I23*F52)
183 = 2.*(12*122*123*143*143 + 12*123*123*143*145 + 12*119*119* 
135*136 + 12*118*119*135*135)
184 = 121*121*I 31*131*147 + 12*121*121* 137*137 + 12*115*115*131* 
131 - 2.*17*115*121* 131*131 2.*15*121*121*I 31*I 37
185 = j2_.*U2JL*I23*IJU’M3JL*I47 + 121*121*131*132*147 ♦ 12*121*121* 
137*138 + 12*121*123*137*137 + 12*115*117*131*131 + 12*115*115* 
131*132 - 17*131*131*F34 - 2.*17*115*121*131* 132 ♦ I5*I2i*I2l*F53 + 2.*15*121*123*131*137)
186 = 123*123*131*131*147 + 4.*121*123*131*132*147 + 121*121*147* 
F38̂ J- I2*I21*I2i*F54 + 4.*12*121*123*I37*I38 + 12*123*123*137*137 
+ 12*131*131*F 3 7 + 4o*I2*I15*117*131*132 ♦ 12*115*115*F38
- 2«*I7*131*131*F39 - 4.*17*131*132*F34 - 2.*17*I15*I21*F38 
+ 2**15*I21*12i*F55 + 4«*I5*I21*I23*F53 + 2.*15*123*123*131*137
187 = 2.*(123*123*131*132*147 + I21*I23*I47*F38 + 121*121*132*
135* 147̂  + 12* 121*121 *F61 ♦ 12*121*I23»F54 + 12*123*123*137*138 
+ 12*117*119*131*131 + 12*131*132*F37 + 12*115*117*F38
+ 12*115*115*132*135 - 17*119*123*131*131 - 2.*I7*I31*I32*F39 
- I7*F38*F34 - 2.*17*115*121*132*135 + I5*I21*I21*F56 + 2.*
15*121*123*F55 ♦ I5*I23*I23*F53)
188 = 123*123*I47*F38 + 4.*121*123*132*135*147 ♦ 121*121*135* 
135*147 + 12*121*121*F57 ♦ 4.*12*121*123*1=61 + I2*I23*I23*F54
♦ 12*119*119*131*131 ♦ 4«*I2*I17*I19*131*132 + I2*F38*F37 ♦ 4.*12* 
115*117*132*135 + 12*115*115*135*135 - 4.*17*119*123*131*132 - 2.* 
I7*F38*F39 - 4.*17*132*I35*F34 - 2.*17*115*121*135*135 + 2.*15* 
121*121*F58 + 4.*I5*I21*I23*F56 + 2.*15*I23*I23*F55
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189 * 2.*(123*123*132*135*147 ♦ 121*123*135*135*147 + 12*121*121*
140*143 + I2-*I21*I23*F57 + I2*I23*I23*F6l+I2*I19*I19*I31*I32___
+ 12*117*119*F38 + I2*I32*I35*F37 + 12*115*117*135*135 - 17*
119*I23*F38 - 2.* 17*132*135*F39 - I7*I35*I35*F34 ♦ 15*121*121* 
135*143 + 2.*I5*I21*I23*F58 + I5*I23*I23*F56)
190 = 123*123*135*135*147 + 12*121*121*143*143 + 4.*12*121*123* 
140*143 + I2*I23*I23*F57 ♦ 12*119*119*F38 + 4.*12*117*119*132*135 + 12*135*135*F37 - 4.*I7*I19*I23*I32*I35 ^ 2.*17*I35*I35*F39_____ .
+ 4.*15*121*123*135*143 ♦ 2.*I5*I23*I23*F58
191 = 2.*(12*121*123*143*143 + 12*123*123*140*143 + 12*119*119* 
132*135 + 12*117*119*135*135 - 17*119*123*135*135 * 15*123*123* 135*143)
192 = I2*(123*123*143*143 + 119*119*135*135)

x93 = “I10^I9 

^  = "2 I12//I9

J95 = ^lo " ■’V 1!**' “ z'n(lZf^ 3msVL̂ ^ 19

196 = -1. ........       -..........
197 = 195 + 193*193
198 = 2.*193
199 = -3.*193____  ________________
1100 » 3.*193*194
1101 = 3.*193*195 + 193*193*193
1102 = 195 * 3.*193*193____________
1103 =-2.*194
1104 = 194*194 - 2.*195 - 6.*193*193
1105 = 2.*I94*<195 » 3.*193*193)____ __
1106 = 6.*193*293*195 + 193*193*193*193 + 195*195
Tat>le HI continued
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1107 = -4.*193
1108 „= 4. *J 93*194___________
1109 » 4.*I93*<195 ♦193*193)
1110 = 5.*193
1111 = -10,*193*194_________
1112 = 5.*I93*<194*194 - 2.*195 - 2.*193*193)
1113 = 10.*I93*I94*(195 + 193*193)
1114 = 10.*193*193*193*195 + 193*193*193*193*193 ♦ 5.*193*195*195
1115 = 194*194 - 2.*195 - 10.*193*193
1116 = 2.*194*(195 ♦ 5.*193*193)
1117 = 10.*I93*I93*I95 + 5.*193*^93*193*193 + 195*195
1118 = 3.*194
1119 = -3.*<194*194 - 195 - 5.*193*193)
1120 = -I94*(6.*I95 - 194*194 + 30.*193*193)
1121 = 3.*(194*194*195 - 195*195 - 10.* 193*193*195 + 5.*193*193* 
194*194 - 5.*193*193*193*193)
1122 = 3.*I94*(195*195 + 10.*193*193*195 ♦ 5.*193*193*193*I93)
1123 = 15.*193*193*195*195 + 15.*I93*I93*I93*I93*I95 + .193*193* 
193*193*193*193 + 195*195*195
1124 = 6.*193
1125 = -12.*193*194
1126 = 2•*193* < 3•* 194*194 - 6.*195 - 10.*193*193)
1127 = 4.*193*194*< 3.*195 ♦ 5.*193*193)____
1128 = 2.*I93*<10.*193*193*195 + 3.*193*193*193*193 ♦ 3.*195*195)
1129 = -7.*193
1130 * 21.*I93*194
Table HI continued
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1131 = 7.*I93*<3.*I95 - 3.*194*194 + 5.*193*1931
1132 = - 7 • * I93*194*(6• *195 - 194*194 + 10.*193*193)
1133 = 7.*193*<3^*194*194*195 r 3«l*I95*I95 - 10.*193*193*195 + 5.*193*193*194*194 - 3.*I93*I93*193*193)
1134 = 7.*I93*I94*<3.*195*195 +10.*193*193*195 + 3.*193*193* 193*193)
1135 = 193* (35. *193* 193* 195* 195 +^21.*193*193*193*193*195 
+ 7.*195*195*195 + 193*193*193*193*193*193>
1136 = -3.*<194*194 - 195 - 7.*193*193)
1137 * —194*< 6.*195 - 194*194 + 42.*193*193)
1138 = 3.*194*194*195 - 3.*195*I95 - 42.*193*193*195 + 21.*I93* 
193*194*194 - 35.*193*193*193*193
1139 = I94*(3.*195*195 + 42.*193*193*195 + 35.*193*193*193*193)
1140 = 21.*193*193*195*195 + 35.*I93*I93*I93*I93*I95 + 7.*193* 
193*193*193*193*193 + 195*195*195
1141 = -4.*194
1142 = -2.*<2.*195 - 3.*194*194 + 14.*193*193)
1143 = 4.*<3.* 195 - 194*194 +21.*I93*I93)*I94
1144 = -12.*194*194*195 +6.*195*195 + 84.*193*193*195 + 194*194 - 84.*193*193*194*194 + 70.*193*193*193*193
1145 =-4.* 194*( 3.*195*195i _ -  194*194*195 +  42.*193*193*195 -  7.* 
193*193*194*194 + 35.*193*193*193*193 I
1146 = 2.*<3.*194*194*195*195 - 2.*195*195*195 - 42.*193*193*
195*195 + 4JU*193*193*194*194*195 - 70.*193*193*193*193*195
+ 35.*193*193*193*193*194*194 - 14.*193**6)
1147 = 4.*I94*<195*195*195 + 21.*193*193*195*195 ♦ 35.*193*193* 
193*193*195 + 7.*193*193*193*193*193*193)
1148 = 28.*193*193*195*195*195 + 70.*193*193*193*193*195*195 
+ 28.*193*193*193*193*193*193*195 + 195*195*195*195 + I93**8
1149 = -8.*193
1150 = 24.*193*194

Table HI continued
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1151 = -8.*I93*(3.*194*194 - 3.*195 - 7.*I93*I93)
1152 = -8.*I93*I94*(6.*I95 - 194*194 + 14.*193*193)
1153 = 8.*I93*(3.*194*194*195 - 3.*195*195 - 14.*193*193*195 +7.* 193*193*194*I?4 - 7.*I93*193*193*193)
1154 = 8.*I93*(3.*194*195*195 + 14.*193*193*194*195 + 7.*193*193* 193*193*194)
1155 = 8*I93*(7.*193*193*195*195 +7.*193*193*193*193*195 
+ 195*195 *195 + 193 * 193*193*193*193*193)
1156 = 148 + 153*196 + 162 + 175*196 * 192
1157 = 148*1141 + 150*1129 + 152*196 + 153*1118 + 157*1110 + 161
+ 162*1103 + 168*199 + 174*196 + 175*194 + 183*193 + 191
1158 = 148*1142 + 149*1129 ♦ 150*1130 ♦ 151*196 + 152*1118
+ 153*1119 + 156*1110 + 157*1111 + 160 + 161*1103 + 162*1104 
+ 167*199 + 168*1100 + 173*196 + 174*194 ♦ 175*197 + 182*193 + 190
1159 = 148*1143 + 149*1130 + 150*1131 + 151*1118 + 152*1119 
+ 153*1120 + 155*1110 + 156*1111 + 157*1112 + 159 + 160*1103
+ 161*1104 + 162*1105 + 166*199 * 167*1100 + 168*1101 + 172*196
+ 173*194 + 174*197 * 181*193 + 189
1160 = 148*1144 + 149*1131 + 150*1132 + 151*1119 + 152*1120 
+ 153*1121 * 154*1110 + 155*1111 + 156*1112 + 157*1113 + 158
+ 159*1103 + 160*1104 + 161*1105 + 162*1106 + 165*199 + 166*1100
+ 167*1101 * 171*196 + 172*194 + 173*197 + 180*193 + 188
1161 = 148*1145 + 149*1132 + 150*1133 + 151*1120 + 152*1121 
+ 153*1122 + 154*1111 + 155*1112 + 156*1113 + 157*1114
+ 158*1103 + 159*1104 + 160*1105 + 161*1106 ♦ 164*199 + 165*1100
+ 166*1101 + 170*196 + 171*194 + 172*197 + 179*193 + 187
1162 = 148*1146 + 149*1133 + 150*1134 * 151*1121 + 152*1122
♦ 153*1123 + 154*1112 + 155*1113 ♦ 156*1114 + 158*1104 + 159*1105
+ 160*1106 + 163*199 + 164*1100 + 165*1101 + 169*196 + 170*194
+ 171*197 +178*193+186
1163 = 148*1147 + 149*1134 ♦ 150*1135 + 151*1122 ♦ 152*1123
+ 154*1113 + 155*1114 + 158*1105 + 159*1106 ♦ 163*1100 + 164*1101
+ 169*194 + 170*197 + 177*193 + 185
1164 = 148*1148 + 149*1135 + 151*1123 + 154*1114 ♦ 158*1106 
+ 163*1101 + 169*197 + 176*193 + 184
1165 = 150*196 + 157 + 168*196 + 183

Table HI continued
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1166 = 148*1149 + 149*196 + 150*1118+153*1124 + 156
+ 157*1103 + 162*1107 + 167*196 + 168*194 + 175 *198 + 182
1167 = 148*1150 + 149*1118 + 150*1136 ♦ 152*1124 + 153*1125 
+ 155 ♦ 156*1103 + 157*1115 + 161*1107 + 162*1108 + 166*196 
+ 167*194 +168*1102 +174*198 + 181
1168 148*1151 + 149*1136 ±  150*1137 ♦ 151*1124 + 152*1125
+ 153*1126 + 154 ♦ 155*1103 + 156*1115 * 157*1116 + 160*1107
+ 161*1108 + 162*1109 + 165*196 + 166*194 + 167*1102 + 173*198 
+ 180
1169 = 148*1152+149*1137 + 150*1138 ♦ 151*1125 + 152*1126
+ 153*1127 + 154*1103 ♦ 15J>*IU5 + 156*1116 + 157*1117 + 159*1107
+ 160*1108 ♦ 161*1109 + 164*196 + 165*194 + 166*1102 + 172*198
+ 179
1170 = 148*1153 + 149*1138 + 150*1139 + 151*1126 + 152*1127
+ 153*1128 + 154*1115 + 155*1116 +156*1117 * 158*1107 + 159*1108
+ 160*1109 + 163*196 + 164*194 + 165*1102 + 171*198 + 178
1171 a 148*1154+ 149*1139 + 150*1140 + 151*1127 + 152*1128
+ 154*1116 +155*1117 + 158*1108 + 159*1109 + 163*194 + 164*1102 
♦ 170*198 + 177
1172 = 148*1155 + 149*1140 + 151*1128 + 154*1117 ♦ 158*1109 
+ 163*1102 + 169*198 + 176

2
G 1 =  I I6 6  +  2 I l 6 5 I l67

G 2 =  2 * i 1 6 5 I 168 + I l 6 6 I l 6 7  ̂

G 3 = t 1 6 7 + 2 (I1 6 5 I 1 6 9 + Il6 6 Il6 8 )

%  = 2(i165X170 + I166I169 + Il67Il68*
2

g 5 = Ii6 8 + 2 (I165I171 + i166i170 + Il67Il69)

° 6 = 2 (i165i172 + Il66I171 + Il67I170 + Il68Il69)
2

G 7 = i 1 6 9 + 2 ^I1 6 6 I 172 + Il6 7 I1 7 l + Il6 8 I1 7 0 ^

Gg = 2 di67Ii72 + I168I171 + Il69I170)
Table HI continued
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°9 = I 1 7 0 + 2 ^I1 6 8 I 1 7 2 + Il69I171*

G10 = 2 ^I169I172 + I170I171^
2

G 11 = I171 + 2 I1 7 0 I 1 7 2

Table HI continued i



P7 ~ I159 + 2(I156Il62 + I157Il6l + I158Il60) " G3X95

- g4 t9^ + g5

p8 = 2 Î156Il63 + I157Il62 + I158Il6l + I159Il6ô  " G4X95

- G5I9ij- + g5
2

p9 = Il6o + 2(Il5 6Il6^ + Il57Il63 + I158Il62 + Il59Il6l)

" G5I95 ” + G7

P10 = 2(I157Il6^ + I158Ii63 + I159I162 + Il6oIl6l̂  “ G6X95

“ G7I9ij. + g8 
2

P11 = Il6l + 2(i158i164 + I159I163 + Il6oIl6 2 ) " G7I95

- g8I9^ + G9

P 12 “ 2 Î159Il6iJ' + Il6oIl63 + Il6 lIl6 2  ̂ “ G8 I95 " ° 9 19k + G 10

Table H2 Coefficients of 16 Degree Solution Polynomial
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p13 = Ii62 + 2 Îl60Il6^ + 1 1611 163  ̂ “ g 9X95 ” G10I9^ + Gn

Plif = 2(Il6lIl6^ + I162Il63) “ G1 0 I 9 5  “ G11I9^ + 211711172
2 2 

P15 = Il63 + 2 Il62xi6k " GliI95 " 2I9^I171I172 + I172
2

Pl6 = 2 (Il63Il6^ ’ I95I171I172) “ I9ii-Ii72
2 2 

P17 = I164 “ I95I172

Table H2 continued
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APPENDIX I 
PROOF OF THE EXISTENCE OF A MINIMUM FOR 

THE TWO COUNTERWEIGHT OPTIMIZATION PROBLEM

It will now be shown that one of the extrema found in 
Section IVC is a global minimum. This will be accomplished, 
similar to the manner of Appendix F, by using the theorem 
concerning continuous functions of closed and bounded sets.

The function under consideration is the RMS shaking 
force, which must be minimized while limiting the RMS ground 
bearing forces by constraint equations, and using a prescribed 
value of the moment of inertia of the output link. The 
aforementioned sets are represented by those points which 
satisfy the constraint equations. Since the expression for 
the RMS shaking force is continuous everywhere, the theorem is 
applicable if one can show that all points which satisfy 
the constraint equations represent a closed and bounded set.

To prove this point, consider first that any set of 
points which satisfy an equation represents a closed set.
Thus, the set of points satisfying each of the constraint 
equations is a closed set. Furthermore, since the inter­
section of closed sets is a closed set ^J, the set of 
points satisfying the constraint equations simultaneously, 
represents a closed set. In addition, the set is bounded 
as can be seen by rewriting the constraint equations (^.^3) 
and (^.^) by applying the method of completing the square. 
Thus, these equations become:
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(i.D

^ o V , L  . h z \ z 2"4  * * *  - ^  . 4  + 4
t 3 + t r r 3 + t j — * r --------------- ^

(1.2)

The above expressions represent equations of circles in the 
u l'^l and u3 ’^3 respectively, and thus the magnitudes
of u^, t^, u^ and tj are bounded.

Prom the above, it can be concluded that the points 
satisfying the constraint equations represent a closed and 
bounded set.
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APPENDIX J 
DETERMINATION OP DIMENSIONLESS LINK MASS 

PARAMETERS OP FULLY FORCE BALANCED 
FOUR-BAR LINKAGE OF STANDARD CONFIGURATION

The present appendix shows how the masses, mass moments 
of inertia, as well as the positions of the centers of mass 
of the links of a fully force balanced four-bar linkage of 
standard configuration may be obtained in dimensionless form.

The counterweight design equations for a link are given 
by £2 J in the following dimensional form:

*  *  It  ,  o o . 2  7  o  o  . o v /  „ *ml-bri-b = V + vmiri' - 2m1mir1r1cos(ei-ei) (J.l)

o o , o* nur.sine* - nur^sin©*tan04 = —±—±---- 1---- L_±----i. . (j.2 )° - o o „omiricos i “ miricos0i 
^ oIn the above, m. , m*, m. represent the masses of the counter-j_b

weight, the original link and the total link, respectively;
* or^, ri# r^ represent the positions of the centers of mass

of the counterweight, the original link and the total link,
* orespectively; 0^, 0 ,̂ 0  ̂ represent the angular positions of 

the centers of mass of the counterweight, the original link 
and the total link, respectively.

It is now desirable to obtain the above expressions in 
dimensionless forms

The m°r° terms may be evaluated by recalling that
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o _o 3_om^ = P (see equations (A. 1 1 9a) and (J.3)
(A.119c), which deal with standard 
configuration four-bar linkages),

and since the links are symmetric
0  O  .r- = —1 , r0 = a0 — A (for a_, see equations (A. 115)).
1 2 1 2 2 J

<J.*0

Furthermore, the m ^ ^  terms can be obtained by using equations
(1 2 ) and (1 3 ) of £2 ^ in the following form:

0 ^ 0 ! r| \
miri = p ®ib2 I1 ‘ ST I (J,5)

. Oo 4  o rpm^r^ — p a ^ @ 2 ct̂  • (J, 6 )

Again, because the links are symmetric
o oe1 = e3 = 0 . (J.7)

Finally, the 0̂  ̂ terms can be found from equations (12) and
(13) of [2 ]. Thus

e1 = dj = 180°. (J.8 )

Substituting equations (J.3) - (J.8 ) into equations 
(J.l) and (J.2), one obtains

*  *  O  ^  *  / X
" i br l b = '  a l r i b <J ’ 9)

e* = 1 8 0° , (j.1 0 )b
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where

B ° ll f 2a0
B.

r _= a.
r«° ° 2r2 B,

(J.12)

For the circular, tangent counterweights under consideration
* * *m, = P* w. h, , xb xb xb *b
*where Pa and h* represent the counterweight mass density b b

and thickness, respectively.
Substituting equation (J.13) into equation (J.9), and 

using the following definitions:

D*b = 6ibi-7’ ’ R. = b a
ib (J. 14-)

(for (3̂ and Yj_. see equations (A. 115)). one may solve for
the dimensionless counterweight radius R< . Thusxb

lib =

-|l/3

uDib^Yi

This expression together with equations (J.l^) may now 
be substituted into equation (J.13) to find the dimensionless
counterweight mass B, . This yieldsxb

* o * m .  =  P  a . B .  ,b 1 b (J.16)
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where
* * * 2 1 / 3

Bib = (*rTDibPiYirib ) (J.17)

To obtain the dimensionless total link mass parameters 
®1 ’ ^1 ’ ^ 1 8111(1 Wl* where Bi represents the mass, U^, T^ 
represent the coordinates of the position of the center of 
mass, and represents the radius of gyration, one adds the 
parameters referring to the original link to those of the 
counterweight. Thus, for the counterweight center of mass

•# *#■U, = R, cose, — - xb 1b 1b i T D ^ Y i

1/3

# #T. = r. sine, = 0 *b 1b 1b

* 1W, = -A-
J2

nl/3

(J.18)

(J.19)

(J.20)

while the dimensionless mass of the counterweight is given 
by equation (J.17). The parameters of the original link 
are given by:

TT® 1 n
i - Z “1 (J.21)

(J.22)

(J.23)

where represents the dimensionless mass of the original 
link (see equations (A.119a) and (A.119c)), and C° represents 
the dimensionless moment of inertia of the original link
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(see equation (A.119e)).
With the above, the mass parameters of the total link, 

may be expressed as followst

n * o * l/3
B 1 = B? + Bib = Bi + ^ DibPiYirib ) (J.2^)

0 0  * * Biai *
tt Biul + Bibuib —  “ rib _  _ v
1 B, “ o * *2 1/3 (J-25)1 +

O O  * *
BlTi + BibTlb

Tj, = ------;---—  = 0 (J.2 6 )B,

W1 =
o oB oB. *

Bi(ui + Ti + wi ) + Bib (ulb
—

+ T
2 2 
+ ' V

-,1/2
lb

o 2
Biai o 3
- V + ci + 1

1/3*
>  \

^ DibPiYi j
o , * *2 1/3

Bi + (TrDi^PiYiri>,)

Biai r*
_______2 ~ lb
To * *2 1 / 3 J
B i +

1/ 2

(j.2 7 )
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