INFORMATION TO USERS

This dissertation was produced from a microfilm copy of the original document.
While the most advanced technological means to photograph and reproduce this
document have been used, the quality is heavily dependent upon the quality of
the original submitted.

The following explanation of techniques is provided to help you understand
markings or patterns which may appear on this reproduction.

1.

The sign or “‘target’” for pages apparently lacking from the document
photographed is ““Missing Page(s)”. If it was possible to obtain the
missing page(s) or section, they are spliced into the film along with
adjacent pages. This may have necessitated cutting thru an image and
duplicating adjacent pages to insure you complete continuity. -

When an image on the film is obliterated with a large round black
mark, it is an indication that the photographer suspected that the
copy may have moved during exposure and thus cause a blurred
image. You will find a good image of the page in the adjacent frame.

When a map, drawing or chart, etc., was part of the material being
photographed the photographer followed a definite method in
"sectioning”’ the material. It is customary to begin photoing at the
upper left hand corner of a large sheet and to continue photoing from
left to right in equal sections with a small overlap. |If necessary,
sectioning is continued again — beginning below the first row and
continuing on until complete.

The majority of users indicate that the textual content is of greatest
value, however, a somewhat higher quality reproduction could be
made from “photographs” if essential to the understanding of the
dissertation. Silver prints of ‘‘photographs” may be ordered at
additional charge by writing the Order Department, giving the catalog
number, title, author and specific pages you wish reproduced.

University Microfilms

300 North Zeeb Road
Ann Arbor, Michigan 48106

A Xerox Education Company



v 72-24,162

- TEPPER, Frederick R., 1941-
: CONTRIBUTIONS TO THE THEORY OF MECHANISM
g BALANCING.

The City University of New York, Ph.D., 1972
Engineering, mechanical

i) T TR L et

Enti A

g

¥

University Microfilms, A XEROX Company , Ann Arbor, Michigan ‘

© copPYRIGHT BY
FREDERICK R. TEPPER

1972



CONTRIBUTIONS TO THE THEORY OF MECHANISM BALANCING
by
FREDERICK R. TEPPER

A dissertation submitted to the
Graduate Faculty in Englneering in
partial fulfillment of the requirements
for the degree of Doctor of Philosophy,
The City University of New York.

1972



This manusceript has been read and accepted for the
Graduate Faculty in Engineering in satisfaction of
the dissertation requirement for the degree of
Doctor of Philosophy.

duhv_
date Chailrman of Ex mining Committee
5L\\/72- ﬁQQO\LU) E. Rowvaueale
" date Executive Officer

Prof. G. G. Lowen (Chalrman)

Prof, A. F. Baldo

Prof, S. B. Menkes

Prof. M. L. Pel
Supervisory Committee

The City Unlversity of New York



PLEASE NOTE:

Some pages may have
indistinct print.

Filmed as received.

University Microfilms, A Xerox Education Company



iv

ACKNOWLEDGEMENTS

First and foremost, I wish to express my sincerest
~appreciation to my advisor, Professor Gerard G. Lowen. I
am indebted to him for his continued guidance, assistance,
encouragement and counsel during the course of my work and
the preparation of this dissertatlon., His enthusiasm and
tireless energy have been significant factors in making this
research possible.

I am also grateful for the interest shown by the other
members of my guidance committee, Professors Antonlo F. Baldo,
Sherwood B. Menkes, and Ming L. Pel, and by the members of my
examining committee, Professors Ferdlnand F. Freudenstein and
Kenneth H. Hunt.

The financial support received from the National Science
Foundation under Grant Nos. GK-3703 and GK-31274 and the
Faculty Research Award of the City University of New York
under Grant No. RF-1264 is gratefully acknowledged. 1In
addition, I am indebted to the City College Computation
Center for thelr cooperation. I would also like to thank
Mrs. Susan Hall for her typing assistance.

Finally, I owe a speclal debt of gratitude to my wife,
Linda, and son, Alan, whose conslderable love, patience and

understanding have made this work possible.



TABLE OF CONTENTS

Page
NOMENCIATURE x
ABSTRACT 1
LIST OF TABLES 2
LIST OF FIGURES | 4
I. INTRODUCTION 5
A. Background 6
B. Results of Investigation 8
II. GENERAL THEOREMS CONCERNING FULL FORCE
BALANCING OF PLANAR LINKAGES BY INTERNAL
MASS REDISTRIBUTION 12
A. Introduction 13
B. Balancing Criterion (Contour Theorem) 14
1. Tralectory of the Center of Mass of
a Planar Mechanism 14
2. Definition of Balancing Criterion
(Elementary Balancing Method) 16
a., Required Form of Center of Mass
Tra jectory Equation for Full Force
Balance 16
b. Elimination of Time Dependent Terms 18
c. Contour Theorem 19
C. Generalization of the Method of Linearly
Independent Vectors, Minimum Number of
Counterweights 20
1. Mechanlsms Containing Revolutes Only 21
2, Mechanlisms Containing Both Revolutes and
Sliders 25
3. Theoretical Minimum Number of Counterweights 26
D. Conclusions . 30
III. DISTRIBUTION OF THE RMS SHAKING MOMENT OF
UNBALANCED PLANAR MECHANISMS: THEORY OF
ISOMOMENTAL ELLIPSES 31
A. Introduction 32
B. Shaking Moment of Unbalanced Planar Mechanism
With Respect to Arbitrary Reference Polint 35
C. Locus of Points of Constant RMS Shaking
Moment (Isomomental Ellipses) 39
D. Point of Minimum Dimensionless RMS Shaking
Moment 42



IvV.

E.

F.
G.

Determination of the RMS Shaking Moment With
Respect to an Arbitrary Point With the Help
of the Point of Minimum RMS Shaking Moment
Application to Four-Bar Linkage

Conclusions

SHAKING FORCE OPTIMIZATION OF THE FOUR-BAR LINKAGE
IN THE PRESENCE OF ADJUSTABLE CONSTRAINT CONDITIONS
ON THE GROUND BEARING FORCES

A,

Introduction

1. Background

2. Application of lLagrange Multiplier Method
to ~Shaking Force Optimization of the
Four-Bar Linkage

Shaking Force Optimization With Single

Counterwelght Attached to Output Link

1. PFormulation of lLagrange Function

2. Derivation of Optimizatlion Equations
a. Constraint Equations
b. Differentiation of Lagrange Functlon

With Respect to t3, uj and V3

¢c. Simplification of Expressions
d. Optimization Equatilons
2. Solution of Optimization Equatlons
. Application of Solution to Design of
Output Link Counterweight
5. Example of Optimization With Output Link
Counterwelight
a, Procedure
b, Numerical Example
(1) BRMS Shaking and Ground Bearing
Forces of Unbalanced Mechanism
(2) RMS Ground Bearing Forces of
Fully Force Balanced Mechanlsm
(3) Determination of Range of
Constralnt Factors q4 and qp
(4) Design Methods for Determination
of Counterweight Radlus, Thlckness-
Density Ratlo and Angle
(a) Tabulation of Solutions
(b) Choice of Solutions With
Help of Design Graphs
(c) Conclusions
Shaking Force Optimization With Counterweights
Attached to Input and Output Links
1. Formulation of ILagrange Function
2. Derivation of Optimization Equatilons
a. Constraint Equations
b. Differentiation of Lagrange Function
With Respect to t1. Uq, t3 and uqg

c. Simplification of Expressions
d. Optimization Equations

vl

Page

L6
L8
54

79

80
85

88
88
89

90
92
93



V.

vii

Page

oL
ok
95

97
97
97
99

99
100

100

100
100

114
115

3. Solution of Optimization Egquations
a, Steps of Solution
b. Dlscussion of Solution
L, Application of Solution to Design of
Input and Output Link Counterweights
a. Design of Counterweight for Output
Link 3
b. Design of Counterweight for Input
Link 1
5. Example of Optimization With Input and
Output Link Counterwelghts
a. Procedure
b. Numerical Example
(1) Constraint Factors qq and qy
(2) Design Method for Determination
of Counterwelight Radius, Thickness-
Density Ratlo and Angle
(a) Tabulation of Solutions
(b) Choice of Solutions With Help
.of Design Graphs
(c) Conclusions
APPENDICES

APPENDIX A. DERIVATION OF EXPRESSIONS FOR THE

1.
2,

SHAKING FORCE, BEARING FORCES, AND
INPUT MOMENT OF AN ARBITRARY FOUR-

BAR LINKAGE

Introductilion

Force Analysls of Arbltrary Four~-Bar
Linkage

a., Description of Arbitrary Four-Bar

Linkage and Associated Nomenclature

b. D'Alembert Forces and Moments of
Individual Links

c. Force Analysis By Superposition
(1) Effect of FD1

(2) Effect of MD1

(3) Effect of Fp
2
() Effect of MD2

(5) Effect of FD3
(6) Effect of Mp,

(7) Superposition of Forces  _
(a) Ground Bearing Force Fiyq
(b) Moving Bearing Force Foy
(¢) Moving Bearing Force FZB

(d) Ground Bearing Force F43

118

118
118
119
119

121
122
123
124
124
126
127

129
130
130 -
132
133
133



1,
2,

(e) Shaking Force FS
(f). Input Torque My

Dimenslonless Expressions for the Ground
Bearing Forces, the Shaking Force, and
the Input Moment in Terms of the Positions
of the Link Centers of Mass
Dimensionless Ground Bearling Forces

and Shaking Force in Terms of the Mass
Parameters uj, t3 and v3 of Link 3 Only
(Input Angular Velocity is Constant)
Dimensionless Ground Bearing Forces

and Shaking Force ln Terms of the Mass
Parameters us and ty of Link 1 and u3,
t3 and v, of Link 3 (Input Angular

Velocity is Constant)

Dimenslonless Expresslons for the Ground
Bearing Forces and Input Moment for a
Four-Bar Linkage of Standard Config-
uration (Input Angular Velocity is
Constant)

APPENDIX B. PROOF OF BALANCEABILITY CRITERION

(CONTOUR THEOREM) FOR PLANE
MECHANISMS .

Specific Mechanlsm Which Cannot Be
Balanced
Generalization

APPENDIX C. EXAMPLE CONCERNING THE THEORETICAL

POSSIBILITY OF FULL FORCE BALANCING
WITH LESS THAN n/2 COUNTERWEIGHTS

APPENDIX D. PROOF THAT Jg AND Jg ARE NONZERO

POSITIVE QUANTITIES AND THAT Jg IS
LARGER THAN Jg

APPENDIX E. SOLUTION OF OPTIMIZATION EQUATIONS

FOR SINGLE COUNTERWEIGHT PROBLEM

APPENDIX F. PROOF OF THE EXISTENCE OF A MINIMUM

FOR THE SINGLE COUNTERWEIGHT
OPTIMIZATION PROBLEM

viii

Page

134
135

137

142

45

148

153
154
157

166

170

172

177



APPENDIX G. DESIGN OF COUNTERWEIGHTS

1. Relationship of Optimum Mass Parameters
to Existing Link and Counterwelght
2. Counterwelght Design Equations for
Standard Four-Bar Linkage Configuration
-a, Optimum Mass Parameters uy, t; and

v, are Prescribed by Solution of
Optimization Equations
b, Optimum Mass Parameters uy and t,

are Prescribed by Solution of
Optimlzation Equations

APPENDIX H. SOLUTION OF OPTIMIZATION EQUATIONS
FOR TWO COUNTERWEIGHT PROBLEM

1, Outline of Solution Method
2. Expresslons for Constants

APPENDIX I. PROOF OF THE EXISTENCE OF A MINIMUM
FOR THE TWO COUNTERWEIGHT OPTIMIZA-
TION PROBLEM

APPENDIX J. DETERMINATION OF DIMENSIONLESS LINK
MASS PARAMETERS OF FULLY FORCE

BALANCED FOUR-BAR LINKAGE OF
STANDARD CONFIGURATION

. VI. REFERENCES
VII. AUTOBIOGRAPHICAL STATEMENT

ix

d

179

180
183

185

187

190

190
195

21k

216
221
223



NOMENCLATURE
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from presence of prismatic palrs appearing in the
rth loop equation
bJ = pivot-to-pivot dimension of link jJ (used in Section II
and Appendices B and C)
bj, Cy = body-fixed coordinates of the position of the
center of mass of 1link j (used in Section IV and
Appendix A)
BJ. Bg, B; = dimenslonless masses of total 1link, existing
link and counterweight, respectively
CJ' Cj. C; = dimensionless moments of inertia taken with
respect to center of mass of total 1link,
existing link and counterwelght, respectively
d = constant vector
D; = thlckness-density ratio of counterwelght attached to
link }
E = lLagrange function
&

= dimensionless x and y force components

fjgx' &y

transmitted by mechanlism to ground
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, T = dimensionless x and y force components
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frsRMS' erRMSb' erRMSu = RMS values of dimenslonless force
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fS , fS = dimensionless x and y components of shaking force
X y .
fSRMS = RMS value of dimensionless shaking force
fury = dimensicnless constant
F s F = x and y force components transmitted by link }
ez’ "y
to grouvnd
Frs ’ F}s = X and y force components exerted by link r
X y
on link s

Frs y Fo.. = RMS values of force exerted by link r on
BRMS  TSRMS,
link s of partially balanced and unbalanced
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FS ’ FS = X and y components of shaking force
X y

F = RMS value of shaking force
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§DJ =*D'A1embert force acting on link jJ |
hJ. h‘1 = thickness of 1link J and its attached counterweight,

respectively
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Mbl = input torque of four-bar linkage
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L1 41
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and sliders |

NJ = jth expression involving parameters of 1link 2 and
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th
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constraint factor indicating allowable increase of

th
coefficient of 16 degree solution polynomial

Q
(e
i

the RMS ground bearing forces at the jth ground pivot
(used in Section IV and Appendices E, F, H and I)
a4, Qy = coefficients of m, and'mz, respectively, in 3§°B
force balancing equation (used in Section II)

H
LY
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rg = posltion vector of total center of mass taken with

respect to reference origin 01

H)

SJ = position vector of total center of mass SJ of link }J
taken wlth respect to reference origin 01
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dimensionless radius of counterwelght attached to link j

o
e
]

8 = number of sliders

uJ. tJ = dimenslionless components of mass-distance product

of total center of mass of link }

UJ. ’1‘J = dimensicnless body-flixed coordinates of position
of total center of mass of link }J

Ug, Tg = dimensionless body-fixed coordinates of position
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#* *
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vJ = dimensionless total moment of inertia of link j
taken wlth respect to pivot
WJ, w?, W; = dimensionless radius of gyration of total l1link,
existing link and counterweight, respectively
Xor Yo = coordinates of point of minimum BMS shaking moment
in original coordinate system

xj. 33 x and y components of the acceleration of the center

of mass of link J

z.. = dimensionless constant

W
aJ. Bj' YW. qwj = angular dimensions (used in Section II
and Appendices B and C)

o, = link length ratio (used in Section IV and Appendices

A, G and J)

Bj = link width ratio (used in Section IV and Appendices
A, G and J)

YJ = link thiclkness ratio (used in Section IV and Appendices
A, G and J)

13 = dimenslonless constant

5, = ratio of thlckness of counterweight attached to link jJ

to thickness of link jJ
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“51 = dimenslionless moment exerted by ground and motor
stator on rotor

b/ = dimensionless shaking moment

ué/G = dimenslonless HMS shaking moment of unbalanced
mechanlism
pé/Gl = minimum dimensionless RMS shaking moment of unbalanced
m

mechanlsm
ﬁRMS = dimensionless RMS shaking moment of balanced mechanism
$ar 1¢ = coordinates of point of minimum BRMS shaking moment
in rotated coordinate system
Z, 7 = axes of rotated and translated coordinate system
(point of minimum BMS shaking moment given by
ic =0, %g = 0)
p = common link mass density (lb-secz/in?)
pg, p; = mass densitles of existing link and counterweight,
respectively (lb-secz/in?)
GJ = ratio expressing position of center of mass of link jJ
mJ = angular positlon of link J taken with respect to x-axls

9

u73 = moment of inertia of link J taken with respect to its

value of determinant

center of mass
¢ﬂ7= total mass of moving links of mechanism

¢f=

ratio of RMS shaking force of partially balanced mechanism
to that of unbalanced mechanism
(mhem)kJ = mass-distance product involving fixed pivot-to-

pivot distance

(ma'(t)eis) mass-distance products involving time dependent

nl <
link to link distance



ABSTRACT

Certain contributions to the theory of mechanism
balancing have been made:

A criterion which indicates whether a planar mechanism
is amenable to full force balancling has been devised together
with a simple means of determining the minimum number of
counterwelghts necessary to achieve this balance. Further,

a method for comparing the RMS shaking moment of balanced
and unbalanced planar mechanisms has been found. Finally, a
trade~-off procedure has been developed which minlimizes the
shaking force of a four-bar linkage while constraining the

ground bearing forces to predictable values.,
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I. INTRODUCTION

Better control of the dynamlic behavior of machines
and mechanisms 1s frequently a necessary condition for
increasing productivity.

In the present work an attempt has been made to
contribute towards thls goel by resolving some of the
hitherto unanswered questions in the theory of mechanism
balancing: Flrst, a criterlion has been established which
determines whether a given planar linkage may be fully
force balanced by internal mass redistribution alone. Then,
a simple'formula has been derived which gives the minimum
number of counterwelghts necessary to achlieve this full
force balance. In addition, 1t has been proven that the
root-mean~-square shaking moment of an unbalanced planar
mechanism is constant with respect to reference points
located on certaln concentric and proportional ellipses in
the mechanism plane, and that the center of this family of
ellipses represents a unique reference point with respect
to which the RMS shaking moment is a minimum. This theory
of isomomental elllipses allows the determination of the
influence of full force balancing on the RMS shaking moment
of a given planar mechanism. Finally, a trade-off procedure
which employs Lagrange Multipliers has been shown to be
capable of minimizing the RBMS shaking force of a four-bar
linkage while constralning the RMS ground bearing forces to

certain predetermined values.



A. Background

The state of the art of linkage balancing as of 1968
was reviewed by G. G. Lowen and R. S. Berkof [13]? In
this review it was shown that the technical literature
abounded in publications concerning the balancing of
aggregates of slider-crank mechanisms as found in prime
movers and pumps, and that there was considerably less work
available pertaining to balancing of other types of planar
and spatial mechanisms.

Since that timé, the above authors have developed the
novel Method of Linearly Independent Vectors for completely
force-bﬁlanblng four-bar énd six~bar linkages [2]. In
addition, they formalized a shaking moment optimization
theory for force balanced four-bar linkages [3], and
subsequently, applled it to a standard linkage configuration
[14]-

Other recent contributions in the area of full force
balancing were made by the following researchers:

P, Jacobl [9] has completely force balanced n-bar
linkages derlvable from the four-bar linkage by the
addition of dyads. R. E. Kaufman and G. N. Sandor [12]
have used stretch-rotatlion operator notation to obtain full
force balance of RSSR and RSSP spatial linkages with

symmetrical coupler links.

*Numbers,in brackets deslignhate References at end of dissertation.



In the fleld of partlal balancing, W. L. Carson and
J} Tinsley [5] determined for a gilven slider-crank mechanism
that theoretical variation in input velocity which leads to
the greatest reduction of shaking forces and input moments.
A, A. Sherwood and B. A. Hockey [18] generalized an
analytic technique for the determination of general point
mass systems which are dynamically simlilar to the actual
links of a mechanism. This method is used to minimize
the cycllc fluctuations of the kinetlc energy of a mechanism,
and thus, 18 helpful in the control of the input torque.
Hockey [8] applied the above work to spatlial mechanlsms.
D, Tesar and C. E. Benedict [20] worked along somewhat
similar lines and improved the operating speed fluctuations
of a highly complex mechanism. Thls was accomplished by a
suitable choice of mass redistributions, springs and canm
programs. Ye. A. Shorokh [19] extended the work of Ya. L.
Geronimus [7] by minimizing not only the shaking forces,
but also the resultant moment of the centrifugal forces
of the counterweights. Both least square and best uniform

optimizations were shown.



B. BResults of Investigation

The present section reports briefly on the results of
the investigation, which conslsts of the following parts:

1. General Theorems Concerning Full Force Balancing
of Planar Linkages by Internal Mass Redistribution.

2. Distribution of the RMS Shaking Moment of Unbalanced
lanar Mechanisms: Theory of Isomomental Ellipses.

3. Shaking Force Optimization of the Four-Bar Linkage
in the Presence of Adjustable Constraint Conditions on the

Ground Bearing Forces.

1. General Theorems Concerning Full Force Balancing of

Planar Linkages by Internal Mass Redistribution

The question whether a planar mechanlism can or
cannot be fully force balanced by internal mass redistri-
bution alone 1s answered by the following theorem: A planar
mechanism without axisymmetric 1link groupings can be fully
force balanced by internal mass redistribution 1f, and only
if, from each link there 1s at least one contour to the ground
by way of revolutes only. Unless such a contour exists, the
terms containing time dependent coefficients in the center
of mass trajectory equation of the total mechanism cannot be
replaced with the help of the loop equations by terms with
constant coefflcients. Therefore, the total center of mass
cannot be made statlonary.

Associlated with the question of the balanceablility of
a mechanism is that concerned with the minimum number of
counterwelghts which can effect such a force balance. By

generalizing the Method of Linearly Independent Vectors, it
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is shown that the "apparent" minlmum number of counterwelights
for all balanceable planar mechanisms equals n/2,-where n
represents the total number of links., The term "apparent”
minimum number of counterweights 1s used slnce, from a purely
mathematical point of vlew, the resulting equations offer no
obstaszle to a further reduction in the number of counterweights.
In spite of all effort, 1t was not possible to make the number
of counterwelghts smaller than n/2 for any of the mechaniéms

considered.

2. Distribution of the RMS Shaking Moment of

Unbalanced Planar Mechanisms: Theory of

Isomomental Ellipses

While the shaking moment of a fully force
balanced mechanism has been known to be invarlant with
respect to reference point, there was no knowledge concerning
the distribution of the shaking moment of an unbalanced
mechanism. The resultlng absence of a meaningful reference
point has made 1t difficult up till now to Jjudge the effect
of full force balancing on the magnitude of the shaking
moment.

The present work proves that when unbalanced planar
linkages run at constant or periodically varying input
speed, the RMS shaking moment 1ls constant with respect to
all points in the mechanism plane located along certain
concentric and proportional ellipses. It 1s further
demonstrated that the center of this famlly of elllpses

represents that point in the mechanism plane with respect
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to which the RMS shaking moment is a minimum, This new and
unique reference point furnishes a means of comparing the
effect of full force balancing on the RMS shaking moment of
a planar mechanism. TFor the sake of generality, the analysis
and results are presented in dimensionless form,

A sultable example, using a four-bar linkage of standard

configuration, serves to demonstrate the results.

3. Shaking Force Optimization of the Four-Bar Linkage

in the Presence of Adjustable Constraint Conditions

on the Ground Bearing Forces
The full force balancing of a mechanlsm generally

caﬁses_a considerable increase in lts bearing forces, input
moment, as well as shaking moment. These increases may become
untenable to the design engineer, and the necessity for a
compromise becomes apparent.

The present work shows such a trade-off wherein the
lagrange Multiplier Method 1s applied to the minimization
of the RMS shaking force of a four=bar linkage running at
constant input angular veloclity. The BRMS ground bearing
forces are constrained to a given percentage increase over
those of the unbalanced mechanlism whille being kept well
below those of the fully force balanced mechanism. (No
effort is made to control either the input moment or RMS
shaking moment.)

This 1s accomplished in two different ways. In the
first, a counterweight 1s attached to the output 1link,

while in the second, counterwelghts are attached to both
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the input and output links.

While the solution for the single counterweight method
may be completely attained by analytical means, the two
counterwelight approach necessitates the numerical solution
of a_16_th degree polynomlial in one of the counterweight
parameters. Once this problem variable has been determined,
the other variables are found by substitution into analytical
expressions.

Both cases are shown to represent conditions of minimum
BMS shaking force for the given constralnt conditlons.

The identical four-~bar linkage of standard conflgu-
ration is used for numerical examples for both methods.
Solutions are obtained for many different constraint
conditions, and the results are glven in dimenslionless
form by way of sultable design graphs. As expected, the
two counterweight approach allows consideraﬁly greater
reductions in RMS shaking force while the RMS ground bearing

forces are restricted to minimal increasges.
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II. GENERAL THEOREMS CONCERNING FULL FORCE BALANCING OF
PLANAR LINKAGES BY INTERNAL MASS REDISTRIBUTION

In this sectlon two baslc questions concerning the
full force balancing of n-linked planar mechanisms with
pPinned and sliding jJoints are resolved. A contour theorem
1s shown to differentlate between mechanisms which can be
fully force balanced and those which cannot. (Mechanisms
with axi-symmetric link groupings are excluded.) In addition,
a generalization of the Method of Linearly Independent Vectors
for single degree of freedom mechanisms is given, and it is
proven that the "apparent" minimum number of counterwelghts
producing full force balancing by internal mass redistribution

alone equals n/2.
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A, Introduction

The present sectlion attempts to state certain general
principles concerning full force balancing of planar mechanisms.
It represents an extension and generalization of the work of
R. S. Berkof and G. G. Lowen [2], as well as T. H. Davies [6],
P. Jacobl [9] and V. A. Kemenskii [10].

A contour theorem which examines the nature of the paths
from the individual 1links to the ground 1s developed. It
shows whether a planar mechanism 1s amenable to full force
balancing. Throughout it is assumed that thls balance is
attained by internal mass redistribution, l.e. the addition
‘of counterweights. rather than by the addition of axially
symmetrical duplicate mechanisms. Further, it is assumed
that the mechanisms under consideration do not contain such
duplicate groups of links to start with. The_ppeviously
developed Method of Linearly Independent Vectors [2] is
generalized and used to show that single degree of freedom
mechanisms require an "apparent" minimum number of counter-
welghts for full force balancing.

For listing of nomenclature, refer to page x.
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B. Balancing Criterion QContour Theoremz

p————— —

1. Trajectory of the Center of Mass of a Planar Mechanism

The center of mass trajéctory of an arbitrary
n-linked planar mechanism, as shown in Fig. 1, may be written

in the following form:

Tq jﬂ% }E:mjfsj (the ground represents the nth link).
J=1 (2.1)

Let the position vectors of the individual link centers
of mass be expressed with the help of the unit vectors ein;
further, let the resulting terms be separated into those with
constant coefficients, which originate from fixed link to link
distances, and others with time dependent coefficients, which
are due to time dependent 1link to link distances. Egquation

(2.1) then becomes:

Nel

10 1 1 .1 1
0t 3 ) 5 )
k=1 n=1

+d? . (2.2)

In the above, there will always be n-1 terms of the type
erJeiej, which refer to the mass-distance products of the
individual link centers of mass with respect to their body-
fixed origins. The k" terms contalning the constant coef-

ficlents (mheia)kJ represent the k* mass-distance products



ADDITIONAL LINKS
CONNECTED B8Y
REVOLUTES ONLY

Fig. 1 Arbitrary chain of links

ST
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which involve the fixed pivot-to-pivot vectors hem (such

as b3ew3 in Fig. 1). They occur énly when the description
of the center of mass trajectory of a specific link includes
the fixed pivot-to-pivot distances of another link (for
example, when the center of mass trajectory 532 is defined
by way of the contour OlABSZ). The p* terms containing the
coefficients (ma'(t)eis)uj represent mass-distance products
which involve the time dependent link to link vectors a'(t)e18
(such as a'(t)e183 in Fig. 1). Such a term occurs, for
example, 1if ;Sz in Fig. 1 is described by way of the contour
OIOZMNSZ‘ Finally, Ezhéyis a constant vector, and represents
the stationary position of the center of mass of a mechanism

which has been completely force balanced by an elementary

method., (See below, and for an example, see equation (4)
in [2].)

2. Definition of Balancing Criterion (Elementary

Balancing Method)

a. Requlred Form of Center of Mass Trajectory

Equation for Full Force Balance

Any plane mechanism may always be fully force
balanced if it 1s possible to make its total center of mass
stationary. (This condition. is necessary as well as sufficient
since the center of mass of a mechanism cannot be made to move
with constant rectilinear velocity. This occurs because the
center of mass trajectory of practical mechanisms 1s a closed

curve.) In order to achieve this goal by internal mass
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redistribution qnly, the coefficlients of all time dependent
unit vectors eimJ in equation (2.2) must be constants. This
can occur whenever equation (2.2) does not contéin coefficlents
of the type (ma'(t)eis), or when 1t is possible to transform
terms contalning these coefficlents with the help of loop
equations into a sum of terms wlth constant coefficients.

(See Section IIB-be) Under these clrcumstances, the center

of mass trajectory equation becomes:

. %*
n-1 k
10 ia i 3
I-'S =1 Z[(erJe J _,.Z (mhe )k;)e (pj] ‘-4/9- , (2.3)
J=1 . k=1 .

and the center of mass can now be made stationary at the
position d/# by setting the individual coefficients of the
unit vectors eimJ‘equal to zero. The resulting system of
equations 1s then solved for the m‘.lrjele'j terms, i.e., those
mass-distance vectors of the centers of mass of the individual
links; which will cause the mechanism to be’fully forée
balanced. For this result to be achleved physically, the
necessary mass rearrangements are obtalned with the help of
the counterweights. The above 1s another mathematical
formulation of the elementary balancing methods shown by

T. H. Devies [6] and V. A. Kamenskii [ 10]. Since pinned
planar linkages never contain time dependent coefficients in
their center of mass trajlectory equatlon, they can always be

»*

Note that in mechanisms with axi-symmetric 1link groupings,
vpairs of terms with time dependent coefficlents appear with
opposite signs.
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force balanced,

b. Elimlnation of Time Dependent Terms

The eliminatlion of time dependent coefficlents from
the center of mass trajectory equation is related to the
exlstence of independent loop equations which contain only

th

one time dependent coefflicient. The r independent loop

equation of a mechanlsm containing n links is of the form:

n

[ %
' 18,4 1o lo,.4 19
Zarj(t)e et Z hpge Tle -0, (v, =0) .

j=1 J=41 (2.4)

In the above, v stands for the number of sliders which
produce terms with time dependent coefficlents of the type
a;j(t) wilthin a specific loop, and hrJ represents the constant

th'1oop equation.

length of the j°® 1ink, which appears in the r
Whenever p = 1 (such is the case for the slider-crank mechanism),
terms containing time dependent coefficients in equation (2.2),

such as (ma'(t)eis)ujeiwd

, can be replaced by a sum of terms
with constant coefficients obtained from equation (2.4), and
thus the total center of mass can be made stationary at a
position alnéﬁ Appendix B demonstrates that whenever there
are two or more terms with time dependent coefficients in

a loop equation, and one or more of the ldentical terms
appear in the center of mass trajectory equation, the loop
equations cannot be solved.simultaneously for these terms in

order to replace them in the trajectory equation with terms

containing constant coefficlents. This proof shows that
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these terms with time dependent coefficlents are not linearly

independent.

¢. Contour Theorem

The dependence of the abllity to obtain full force
balance on the number of terms with time dependent coefficilents
in the loop equations may be expressed by the following contour”
theorem: A planar mechanism without axli-symmetric link

groupings can be fully force balanced by internal mass
redistribution 1f, and only 1f,>from each link there is at

least one contour to the ground by way of revolutes only.

The above is equivalent to stating that each equation
within a set of independent loop equations cannot contain
more than one term with a time dependent coefficient. As an
example, consider the loop 01ABNM0201 in Fig. 1. The center
of mass trajectory of link 2 with respect to the ground can
be expressed by two paths. The contour SZNMOR contalns a
term with a time dependent coefficient, while the second
contour S,BAO4 consists of revolutes only. The alternate
description does not exist when a link 1s surrounded by
sliders, such as link 4 of the figure. Whatever contour to
the ground 1s chosen, it will contain prismatic pairs, and
therefore, there will be a minimum of two terms with time

dependent coefficlents in the loop O5PQRNMO,0;.

*A contour 1s to be defined as an open path from a link to
the ground. _
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C. Generallzation of the Method of Linearly Independent

Vectars, Minimum Number of Counterweights

As has already been stated in Section IIB-2, an elemén-
tary force balance may be obtained for pinned linkages when

each of the n - 1 constant coefficlents of the type

i9 i

of equation (2.3) is set equal to zero. This may be accom-
plished with the help of n - 1 counterweights, which make the
neceésary mass adjustments of the n - 1 links. When the
mechanism contains s sliders, and it 1s possible to remove
the time dependent coefficients due to the sliders by means
of the loop equations, equation (2.3) will have n = 1 = s
ternms with constant coefficients of tﬁe aBOVe type. In this
case, n - 1 - s mass adjJustments must be undertaken on the
same number of links. | |

The number of counterweights may be reduced by applying
a generalization of the Method of Linearly Independent
Vectors, a technique which was first used by R. S. Berkof
and G. G. Lowen [2] in connection with the total force
balancing of arbltrary four and six-bar linkages. The ”
procedure consists of using the mechanism loop equations to
eliminate some of the time dependent exponential terms from
the center of mass trajectory equation (2.3). This results
in fewer coefficlients which must be equated to zero in order

to make the total center of mass statlonary. This will now
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be demonstrated both for mechanisms contalning revolutes only,

as well as mechanisms containing both revolutes and sliders,

1. Mechanisms Containing Revolutes Only

Since a planar mechanism contalning revolutes only
has no time dependent link to link lengths, the center of
mass trajectory can always be wrlitten in the form of equation
(2.3). To reduce the number of time dependent exponentials
in equation (2.3), one considers that according to B. Paul
[16]. one may write n/2 - 1 independent loop equations for
a single degree of freedom mechanism. The minimum number

of coefficients Nar then becomes:
Ngp = (n = 1) = (n/2 = 1) =n/2 . (2.6)

It will nbw be shown that N, 8lso represents the
"apparent®” minimum number of counterweights necessary to
force balance pinned linkages. The term "“apparent® minimum
number of counterwelghts 1s used because it can be demon-
strated that 1t is theoretically possible to balance such
mechanlsms with less than n/2 counterweights. (See below.)

The mechanism loop equations (see equation (2.4)) may
be reduced to the following form when the linkage contains

only revolutes:

n :

10, 1
E hyge T¢I 2 0 (re1,2,...,n/2 - 1 and g, = 0).
i=1 (2.7)

In the above, the links are numbered such that this system
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ip
of equations may be solved for the last n/2 - 1 e J's,

1mn

i
excluding e , in terms of the remaining e QJ's. Solving

equations (2.7) in this manner yields the following:

n/2
ip T ic, ., 10 1y,
e "V = 2LwaJe LEPRE I z. e ¥ (w=n/2 + 1,n/2 + 2,...,n = 1),
J= | (2.8)

where fwj' Zgr O*J and Y, are constants resulting from
certain arithmetic manipulations. Equations (2.8) are now
substituted into equation (2.3), and one obtains the new

expression for the center of mass trajectory:

n/2 n-1
- 16 16, 16
Tg jﬁ;’EE:[(mere J + }{: f"Je Jmwrwe v
' J=1 w=n/2+1
k* n-1
: ja igc, i 1
+Z ((mhe )kJ + Z fwje Lg (mhe a)h))e q,'1]
k=1 w=n/2+1
n-1 k* .
- Y, 0
+4d + Z zwe1 "(mwrwe:L ¥4 Z (mheia)kw) ; (2.98)
w=n/2+1 k=1

The time dependent exponentials in equation (2.9a)
represent a combination of n/2 linearly independent vectors.
To make the centexr of mass of the mechanlism stationary

at the position*

*For an example, see equations (6) and (30) of [2].
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*
n-1 k
- S A 4 ie ia
j a + Z Z,e "(mwrwe v +’Z (mhe )lm) ,
w=n/2+1 k=1 (2.9b)

the coefficlents of these vectors must be made to vanish, and

the following set of n/2 vector equations results:

n-1
10 10y 10,
mjrje J + }E: fwje merwe
w=n/2+1
K" n-1
i io, i
+ Z((mhe a)k:’ o+ Z wae wj(mhe a)kw =0 (J=1,2,....n/2).
k=1 w=n/2+1 (2.10)

It will now be shown that-the above represents a
system which can be solved for n/2 unknown vectors erJeieJ.
After rewriting equations (2.10) in x-y component form, and
then transforming the resulting expressions into a matrix,
where the terms mjrjcosej, mjrjsineJ (3J=1,2,...4n/2) are

deslgnated as the unlknowns, one obtains:



©O O« 0

O O *o o 2 O

L

v 0 O m,rycos6,
o 0 0 -m1r131n01
. . ' (2.11)
.« 1 0 By /2Tn /2C080y /2
.o 0 1 mn/zrn/zsinen/z
n-1 k* n-1 B

z fw1 My Twcos (0, +0,4) +Z[(mhcosa)k1 + Z fwi(mhcos(a+aw1))k1]

W=n/241 k=1 w=n/2+1

n-1 k‘* ‘nel

Z 1P Tywsin(e +o,,) +Z[(mhsin¢x)k1 + Z fw1(mhs:ln(a+0w1))k1]

w=n/2+1 k=1 w=n/2+1

n-1 x* o pet

Z f,,'n/zmwrwcos(ew+cw'n/2) +Z[(mhcosa)k'n/g+ Z fw,n/z(mh008(0+°w,n/2))k,n/z]

w=n/24+1 k=1 w=n/2+1

n~1 | X' n-1

Z fw’n/zmwrwsin(ew-f-a"n/z) +Z[(mhsina)k'n/2+ Z fw,n/z(mhsm(“""’w,n/z))k.n/z]

w=n/2+1 k=1 w=n/2+1

%12
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This system of equations can be solved for the erJcoseJ
and erJsineJ terms since the coefficlent matrix of these
vectors is a unit matrix, and hence nonsgingular. The above
terms indicate those n/2 mass-distance vectors of the individual
link centers of mass which make the total center of mass of
the mechanism stationary, and thus guarantee full force
balance. Te effect this solution physically, n/2 counter-
welghts need be introduced, (see equations (14a)-(15b) in
[2]), and it therefore appears that n/2 represents the minimum
number of counterweights for full force balance of an n-linked
mechanlsm containing only revolutes.

Seetion IIC-3 shows that under certain circumstances,
equations (2.10) may theoretically be solved for other
unknowns. This would seem to make 1t possible to obtailn
full force balance with less than n/2 counterweights. The
author has found it impossible to obtain physically realiz-
able solutions in this manner, however, and has come to the

conclusion that n/2 therefore represents the "apparent” minimum

number of counterweights.

2. Mechanisms Containing Both Revolutes and Sliders
According to Sectlon 1IIB-2, whenever a mechanism
contains s sliders, and for each link there is a contour to
the ground by way of revolutes only, the mechanlism can be
fully force balanced, The trajectory of the center of mass
will then be of the form of equation (2.3), and, as has been
discussed in the introduction to Section IIC, will consist

of n - 1 - g time dependent terms %ith constant coefficilents
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involving the unit vectors eimj. When applying the Method
of Linearly Independent Vectors, one may eliminate as many
counterwelghts as there are loop equations which do not
contain time dependent coefficlents. Slince there can only
be as many such loop equations with single and uniquely
appearing time dependent terms as there are sliders in this
type of mechanism, their number will equal n/2 - 1 - s,
Therefore, the Tapparent®" minimum number of counterweights
Ngag for mechanlisms containlng both revolutes and sliders

agaln becomes

Nog = (n -1 ~-8)~(n/2-1-28)=n/2 . (2.12)

(Note that whenever the number of independent loop
equations equals the number of sliders, the Method of
Linearly Independent Vectors 1s identical to the elemen-
tary method.) x

3. Theoretical Minimum Number of Counterweights
The following explores the theoretical possibility

of force balancing mechanisms with less than n/2 mass
adjustments, i.e. counterweights., It 1s based upon the
ability to solve the n/2 vector force balancing equations
(2.10) for a set of variables which represents less than
n/2 links.

The center of mass trajectory of a link not attached
to the ground always contains a term of the form (mheia),

Wwhere m represents the mass of such a link. This offers

the opportunity for solving the force balancing equations
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for n/2 - 1 pairs of terms involving erJcoseJ and erJsineJ
(J=1.2,...,n/2 - 1) and two terms of the form (mheia)kh
which refer to the masses of two of these n/2 - 1 links.

The total set of variables will then represent only n/2 - 1
links, and only n/2 - 1 counterweights will be required. A
criterion wlll now be developed to determine undexr what
circumstances one may use links which are not attached to
the ground to this end.

Suppose that links 1 and 2 of a mechanism which can be
balanced are not attached to the ground, and that it is
desired to counterweight links 1, 2,..., n/2 = 1. The
force balancing equations (2.10) can then be solved for the

following:

(a) PFor links 1 and 2, one finds mjrjcogej, erjsineJ.
as well as m, (3 =1, 2).

(b) For the remaining links, one finds only erJcoseJ,
mjrjsinaj (3 =3, #6000 n/2 = 1),

If one now designates the coeffibients of mq and m, in
the balancing equations as q, and Q, (r=1, 2,44., n), the
force balancing equations (2.10) can be written in the
following modified form (compare equation (2.11)):



© O O Os ¢« ¢« O =

i

O O O Oe ¢ ¢ = O

w=n/2

‘n-1

"w=n/2

k=3
*

k

k=3

ees 0 O q1 Cz1 m1:¢-1cose1
o0 e ? ? (.12 ?2 mlr}sln01
[ . [} [} . (2' 13)
e 1 O qn_3 Qn-3 mn/2-1rn/2-1°°sen/2-1
vee 001 Qp o Qo By o 1Tn/2-18100) /5 g
ees O 0 qn_1 Qn_1 m1
s e 0 0 qn er mz
e L —
B n-1 k* , n-1
Z L iy Tycos (8, +0,q) + Z [(mhcosa)kl + Z fwi(mhcos(a-i-owl))ki:]
w=n/241 k=3 . w=n/2+1
n-1 k* n-1
Z f iy wsin( o toy,) + Z l:(mhsina)kl + Z fwl(mhsin(aw"l))kl]
w=n/2+1 k=3 w=n/2+1
;!;_1 k* n-i

Z £ w,n/Puryc0s( °w"'°w,n/2) + Z [(mhcosa)k.n/z + Z £, n/2(mhcos (a+

w=n/2+1

n-1

Z fw'n/zmwrwsin(ew-mw'n/z) + Z [(mhsina)k'n/z + Z fw'n/z(mhsln(maw'n/z)_)]

w=n/2+1

c’w.n/z))]

8¢
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The determinant of the above coefficlent matrix may be
evaluated by expanding the matrlix along the columns. Follow-

ing this procedure, one obtains for the determinant:

9= qn-lQn" 9%-1 - (2.14)

If j@?é 0, the system can be solved for the designated
unknbwns. and the mechanism can theoretically be force
balanced with n/2 - 1 counterweights. In case this is
not possible, other combinations of unknowns which corre-
spond to n/2 - 1 links, two of which are not connected to
the ground, can be tried. If all such possibilities fail,
it can be concluded that the mechanism cannot be force
balanced with less than n/2 counterweights. Appendix C
presents an example of a mechanism which under certain
circumstances can be theoretically force balanced with
n/2 - 1 counterweilghts.

Notwithstanding the theoretical possibilities, the
author was unable to find a practical case where such
balancing could be realized wlthout requiring some of the

link masses to be negative.
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D. Coneclusions

Certaln general conclusions concerning full force
balancing of planar linkages by internal mass redistribution

may be drawn:

(a) Planar mechanisms can be fully force balanced by
internal mass redistribution if, and only if, from each 1link
there i1s a contour to the ground by way of revolutes only.
Thls means that all pinned linkages can be fully force
balanced. Further, all linkages containing sliders can be
force balanced as long as none of the loop equations of the
mechanism contailn more than one time dependent link to link
dimension. (Mechanisms with axi-symmetric link groupings
are excluded.)

(b) The generalization of the Method of Linearly
Independent Vectors for single degree of freedom mechanisms
has shown that all balanceable n-linked mechanisms can be
fully force balanced with n/2 counterweights, i.e., internal
mass rearrangements. In addition, 1t has been shownAthat
n/2 represents the "apparent” minimum number of counter-

welghts.



31

III. DISTRIBUTION OF THE RMS SHAKING MOMENT OF UNBALANCED
PLANAR MECHANISMS: THEORY OF ISOMOMENTAL ELLIPSES

In this part it‘is shown that the RMS shaking moment of
unbalanced planar mechanisms 1s constant with respect to all
points along certain concentric ellipses (1somomenfa1
ellipses) in the mechanism plane. The RMS shaking moment
decreases for reference points located on ellipses of
decreasing size, and the center of this family of ellipses
represents the point about which the RMS shaking moment of
the mechanism is a minimum. This theory provides a useful
tool for evaluating the effect of full force balancing on

the RMS shaking moment of a glven planar mechanism.
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A. Introduction

The shaking moment® of a planar mechanism with respect
to an arbitrary point in the mechanism plane 1s a vector
perpendicular to this plane (all link centers of mass are
assumed to move in the above plane),»and is generally composed
of a pure couple due to the reactlion 6f the motor stator,
as well as the sum of the moments of the ground bearing
forces with respect to that point [3].‘

For the speclal case of a fully force balanced planar
mechanism, where the vector sum of the ground pivot forces
equals zero, the total shaking moment becomes a pure couple,
and its magnitude is independent of.reference point.

Thls sectlon examines the distribution of the RMS
shaking moment of unbalanced planar mechanisms with respect
to arbhlitrary points in the.mechanism plane. It 1s shown
that this mbment of a given mechanism 1s cpnstant with
respect to all points along certain concentric and pro-
portional ellipsegs., It is further demonstrated that the
RMS shaking moment decreases for reference points located
on ellipses of decreasing size, and that the center of these
l1somomental elllpses represents that polnt in the mechanism
rlane wilth respect to which the BRMS shaking moment is a
minimum. Once the minimum RMS shaking moment, together
wlth its associated reference point and certain_mechanism

constants have been found, it is possible to determine the

*he shaking moment 1s defined as the vector sum of all
moments on the frame due to mass effects only. The effects
of frictlon are disregarded.
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RMS shaking moment with respect to an arbitrary point in
the mechanism plane with the help of a simple algebraic
equation,

More importantly, the above results make it possible
to determine the influence of full force balancing on the
RMS shaking moment of a planar linkage, and offers aid in
the design of baseplates or frames which will avoid the
rocking of machinery due to the effects of the shaking
moment:

(a) If the RMS shaking moment after full force balan-
cing 1s smaller than, or equal to, that of the unbalanced
mechanism with respect to its point of minimum RMS shaking
moment, then force balancing will be shown to lower the RMS
shaking moment with respect to all points in the mechanism
plane.

~ (b) If the BMS shaking moment of the fully force
balanced linkage 1ls larger than that of the unbalanced
linkage with respect to its point of minimum RMS shaking
moment, one may obtain the limlting elliptical reglon in
the mechanlism plane beyond which the RMS shaking moment in
the balanced mechanism 1s smaller than that of the unbalanced
mechanism,

Even though the derivation assumes constant input
angular velocity and identical density for all links, the
results may be extended to planar mechanisms which run with
a known periodically varying input veloclity and/or consist
of links of different densitles.

Aftér the theoret:ical basis 1s established in dimension-
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1ess form for arbitrary planar mechanisms, an example 1is
glven which determines the point of minimum RMS shaking
moment; as well as some‘associated isomomental ellipses,
for an unbalanced four-bar linkage. In addition, the
limiting elliptical region 1s determined beyond whiech the
RMS shaking moment of this mechanism becomes smaller after
full force balancing.

For listing of nomenclature, refer to page x.
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B. Shaking Moment of Unbalanced Planar Mechanism With
Respect to Arbltrary Reference Point

The shaking moment of a general n~linked, one degree of
freedom planar mechanism with respect to the arbitrary point
R(x,y) of Fig. 2 may be written in the following manner (see
also equation (40) of [3]):

p
MM/G = Mlg + Z[("x + aJx)Fsz + (y - ajy)Fng] . (301)
J=1 '

In the above, F and F denote the respective x and y
b

8. Jg
force components :ransmittZd to the ground by the p ground
connections, The moment M18 18 exerted by the motor stator
on the ground and 1ls equal in magnitude, but opposite in
direction, to the required input moment Msl' The distances
aJx and ajy represent the x and y positions of the respective
ground pivots.

In order to make the results of this paper independent
of mechanism magnification, all moments, forces and distances
are expressed 1in dimensionless form as functions of the input
length 84, the link mass density p, which 1s assumed common

to all links, and the constant input angular velocity Pqe

Equation (3.1) then becomes:
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where
My/c
uM/G = =3 , the dimensionless shaking moment (3.3a)
Pa1%1
¥,
Rig = __§§§ , the dimensionless rotor torque on
a
P&1%1 the ground by way of the stator (3.3b)
FJEx
fJg = g the dimensionless x component of the
x L[ ]
a
P 1¢1 jth bearing force on the ground (3.3c)
Fig
fjg = Tes the dimensionless y component of the
y a ,
Pa1%4 Jth bearing force on the ground. (3.3d)

The quantities (x/él) and (y/al). which express the position
of the reference point, can be interpreted to refer to a

dimensionless coordinate system. (See Fig. 3.)
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C. locus of Points of Constant RMS Shaking Moment
(Isomomental Ellipses)

The root-mean-square of the dimensionless shaking

moment with respect to point R(ii.ﬁL) is given by
171

27
' x ¥y 1 2 x ¥
0

Squaring this expression and substituting equation (3.2)

leads to:
'x 2 y 2 X y X Yy
24 ot | 21/\%1 24 24
'2
+ (Jg - nyeSH ) =0, (3.5)

1

where the J's represent the following dimensionless
mechanism constants, which are functions of the link
lengths and the link geometry only (see equations (A.120) -
(A.124) of Appendix -A for definition of forces and moments
as functions of overall geometry):s

27 p

2
_ 1
Jy = = (ijgy) de, (3.6a)

J=1

2" p

2

1

Jp = 5m (ijgx) ap, (3.6b)
0 “J=1



2n P p
1
0 j=1 J=1
2m p b
1 Six iy
Iy = - on Mg * Z a, sty' a, fasx Zf:)sy a9y
0 J=1 J=1
(3.6d)
2m P P
Je = 1 + x5, £, bde
5= 2n Mg T/ \a] Ty T a] e Jay[ 1
0 J=1 ' j=1
(3.6e)
2m 4]
J, = 1 + .aix_ 4 - igl f zdm (3 6f)
6 = our 11'18 84 jgy a4 gy 1’ ’
0 J=1

Equation (3.5) will now be shown to represent the
dimensionless expressions of families of ellipses describing
all those reference points with respect to which the square
of the BMS moments, and with that the RMS moments, are
constant (isomomental ellipses).

The general equation of a conle [17]. i.e.

2 2

Ax® 4+ By + 2HXy + 2Gx + 2Fy + C = 0 (3.7)
is that of an ellipse if

2

H - AB< 0 , (3.8)

Equation (3.5) corresponds to equation (3.7) and

inequality (3.8) becomes for the present case
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2 .
J3 - J 0, <0, (3.9)

or with the help of equations (3.6a) =~ (3.66):

2w ,.p p
Z, Jex ijg.v
0 V=1 =1
27, p 2 2, p 2
- ijgx do, ijsy dpy < 0 . (3.10)
0 \j=1 0 Vi=1

The latter expression 1s satisfied according to the
integral form of Schwarz's inequality [11] as long as

Ef

ng jii ng are linearly independent.

The above summations are linearly independent since
they stand for the Cartesian components of the rotating
vector -¢d7§8. which repfesents the negative of the total
force of the ground on the mechanism. Whiletnéydenotes the
sum of the lndividual link masses, gs represents the accel-
eratlon of the total center of mass of the mechanism,
Therefore, inequalities (3.9) and (3.10) hold, and equation

(3.5) is proven to represent a family of ellipses.
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D. Point of Minimum Dimensionless RMS Shaking Moment
The following demonstrates that the center C(xc/al.yc/al)

of the family of isomomental ellipses of equation (3.5)
represents the point of minimum dimensionless RMS shaking
moment; and 1ts location depends only on mechanlsm and link
geometry, 1i.e. 1t 1is invariant with respect to both input
angular velocity and the common link density. (See Fig. 3.)
This 1s accomplished by first transforming equation (3.5)
into the standard equation of an ellipse in the 5%.&% system,
which corresponds to the seml-axes, and then showing that the
length of these axes increases as “ﬁ/G(§/31'"/a1) increases
for a given mechanism configuration.

The transformation of wvariables 1s accomplished with

the help of:
X _ S c0s6 - —L sine (3.11a)
8 21 1
Y -2t sine+ L coso , (3.11b)
8 & ot |

where, according to [1?], the angle between the positive
x/al-axis and the positive §/a1-axis is given by:

-1 2J
1 e 2H 1 -1 3
e = = tan = = ¢ s | (3.12)

(See equation (3.7).)

Substitution of the above into equation (3.5) leads to

the standard form of an ellipse in the 5.,. 7. system:

a8
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2 2
(i-i (L-E
%1 %) L \% %) o, (3.13a)

The coordinates of the center C of the ellipses are
expressed in terms qf the dimenslonless constants of equations

(3.6), i.e.

4 -(Je81ne + Jucose)

XL > 3 ns (3.13b)
a4 J,c08°0 + stinz@ + 2J381n0c080

i -(Jgc080 - Jys8ino)

Zc _ S 5 _ . (3.13¢)

a4 Jlsin e + chos 0 - 2J381n@cos@

Since the J's are dimensionless, the coordinates of C are
invariant with respect to both input angular velocity and
link density.

The semi-axes are glven by

02 ! |
K = /Js[un,(;(%.gi-) - 37] | (3.14a)
2 § 7 I
K, = Jg[uM/G(;—i'o;;) - J7] ’ (3.14v)
where

J7 = Jg - (J5sin@ + Jucos@)zJa - (J5cos@ - Jusin@)ng (3.1l4¢c)
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Jg = 1 (3.144)

Jicosz@ + stinz@ + 2J331n@cos@

, 1
J9 5 . (3.1k4e)

Jlsln e + J20082@ - 2J331n@cos@

Appendix D shows that J9 is larger than J8. Therefore,
the major axes of the ellipses are parallel to the n/al-axis;
Furthermore, 1t 18 to be noted that the ratio of the semi-
axes, K§/Kﬂ' is constant, and that feor this reason the
isomomental ellipses are not only concentric, but also
proportional.

When §/a1 = gc/a1 and n/a1 = ”0/31' the ellipses
degenerate to the point C, and both numerators and denom-
inators of the left-hand side of equation (3.13a) must be
zero since the major and minor semi-axes in the limit become
equal to zero. Therefore, JB[“H/G( 1 1).-- J7] and
J [”M/G("”"") - J7]. which generally are positive quantities
because of thelr association with ellipses, must vanish.
Since both J8 and J9 are mechanism constants which are
shown in Appendix D to be positive at all times, the term
in brackets in the above expressions vanishes for the case

under consideration, and the moment with respect to point

C becomes:
R LB T o (3.15)
Mg, = PM/G a,a, Voo .

In order to show that the above represents the minimum
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RMS shaking moment, one considers that all other points
R(é/él.ﬂ/ai) must lie on ellipses with major and minor
semi-axes larger than zero, and that since J7 is a mechanism

vconstant; the following must hold for them:

p,'qic(a-gz.é’;) -3y >0. (3.16)
This means that the RMS shakling moments assoclated with
these points must be larger than that associated with point
c(ic/al,qc/al), and the latter represents the point of
minimum RMS shaking moment. |

This unique reference point, which may serve for the
comparison of the RMS shaking moment under various circum-
stances, may be found in the gi,gl.system with the help of
the following expressions, which are due to the transfor-

mation equations (3.11a), (3.11b) and (3.12):

x Jade = Jaod
¢ 35 224 (3.17a)
1 J1J2 - J3

Aady = Jad

2




L6

E. Determination of the RMS Shaking Moment With Respect to

an Arbitrary Point With the Help of the Point of Minimum
RMS Shaking Moment

It will now be .shown how to obtain the BMS shaking
moment with respect to an arbitrary point in the mechanism
plane with the help of a simple computation once the point
of minimum RMS shaking moment, the associated minimum RMS

L
shaking moment, "H/Gl N Jsuand J9~are'known‘for a given
m .

mechanisnm.

Let the arbitrary point be given in the éi.;l.coordinate
171

system of Flg. 3, and define
3 $
i = i - "'9' ’ (30183)
29 B B

as well as
gt . | (3.18b)
8, 81 %

The isomomental ellipse equation (3.13a) then becomes together
with equations (3.14&) and (3.14b):

_\2
1]
2y
"‘ = 1 . (3.19)

JB[“I:;G(%'%) - J7] Jg[ﬂrﬁc(;%-%)f J7]

The above expresslon may be solved for the desired RMS

shaking moment with respect to an arbitrary point fL.ét by
: 171
using equation (3.15): B
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(3.20)
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"F. Application to Four-Bar Linkage

The four-bar linkage of Fig. 4, with dimensions listed
in Table 1, will now be used as én example for the determination
of the point of minilmum BMS shaking moment, the magnitude of
the corresponding minimum BMS shaking moment, as well as some
of the assoclated 1somomental ellipses. Thils mechanism 1s'
designed according to the standard linkage configuration
given in [14], and shown again for convenlience in Appendix A.
For this mechanism, that region willAbe determined beyond
whiech the RMS shaking moment of the fully force balanced
mechanism* wlll b2 smaller than that of the unbalanced mechanism.
Finally, the shaking moment with respect to an arbitrary point
will be obtained according to the formulation of Section IIIE,
Fig. 4 shows that the origin of the coordinate system is
chosen to coincide with the pivot of the input crank, Ab. Thus:

f1, %1, 82

a a
Yoo, 2x_.%, (3.21)

a4 84 24 a4 a4

The magnitudes of the J's were determined according to
equations (3.6a)-(3.6f) and (3.14c¢c)-(3.14e), and are listed in
Table Zt This was accomplished with the help of the expressilons
for the dimensionless ground bearing forces and stator moment
of the standard linkage configuration as given in Section 6

of Appendix A,

$*
Full force balance 1s accomplished according to [2,1&].

t
All computatlons were performed on the City College IBM 360/50
Computer, with programs written in Fortran IV,
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Fig. 4 Point of minimum RMS shaking moment and lsomomental ellipses
for four-bar linkage of standard configuration (for

parameters, see Table 1 )
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Table 1 Dimensionless Parametera of Four-Bar Linkage

Link 1 1 2 3 b4
Dimensionless
link length 1.000 4,000 3,000 3.000
a, = 8a /a- i
i 1"
Dimenslonless position
of 1link center of mass 0.500 0.000 0.500 —_
oy = ri/a1
Dimensionless link width
and end radius 0.500 0.500 0.500 —
Bl = di/al
Dimensionless link
thickness 0.400 0.400 0.400 —
Dimensionless 1link
mass 0.357 1,062 0.514 —
By
Dimensionlegs link not
moment of inertia needed 8.110 0.817 —_

Cy

0S
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Table 2 Velues of J's

1= 0.822 | J, = 1.146 Iy = -0.154

The dimensionless location of the point of minimum RMS
shaking moment 1s obtained with the help of eguations (3.17a)
and (3.17b), while the angle of the {/a,-axis with respect to

the x/él-axis is calculated according to equation (3.12). Thus

x
-C_ -2,098, ZE = 0,644, e = 111.7o (angle between x/a1
24 24

and §/a1-axis).

(3.22)
The assoclated minimum dimensionless RMS shaking moment is

computed with the help of equation (3.15):

uM/Glm = 2.556 . ’ (3.23)

For a steel linkage (0.283 1b/1n?) which is run at

1,000 RPM, and where

-4
aq = 1.000 in. and p="7.33 X 10 1b-sec2/1n?.
(3.24a)
dne obtains for the point of minimum RMS shaking moment

according to equations (3.22):

Xg = -2.098 in., yo = 0.64% in. (3.24b)
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The agssoclated minimum BRMS shaking moment becomes with the

help of equations (3.3a) and (3.23):
M;VG = 20,545 in-1b. (3.24¢)

Fig. 4 shows the isomomental ellipse which is associated
with a dlmensionlesé RMS shaking moﬁent of 2.983 units.

(This corresponds to 25 in-1lbs. for the dimensions of Table
1.) The axes of this ellipse are obtained with the help of
equations (3.14), noting that the §/a1-axis represents the
minor axis.

When this mechanism is fully force balanced according
to the criteria set in [3,1#]. one finds from the data
assoclated with Fig. 7 of [14] that the magnitude of the
dimensionless RMS shaking moment with respect to all points

in the mechanism plane 1s given by:
Vpys = 3.476 . (3.25)

Fig. 4 shows the isomomental ellipse associated with the
above value. Since the RMS shaking moment of the unbalanced
mechanism is larger for all points located outside this
ellipse, force balancing decreases the RMS shaking moment
with respect to all points beyond this limiting regibn.

Let it noﬁ be required to find the dimensionless
shaking moment assoclated with point A3 of Pig. 4. The

coordinates of this polnt are

X - 3.000, -L = 0.000 . (3.26a)
84 24
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On transformation according to equations (3.11), this
becomes:

Lo 1,110, L - -2.787 , (3.26b)
a4 1

]

and with the help of equations (3.18):

£

= -2 "485,
a4

= -4.498 .

= =

(3-260)

With the above, as well as the value for uﬁ/Gl according
m
to equation (3.23), and Jg and Jg from Table 2, equatlon

(3.20) gives the following value for the dimensionless RMS
shaking moment with respect to point A3:

n;,G = 5.573 . (3.27)
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G, Conclusions

Certalin conclusions concerning the theory of isomomental

ellipses may be drawn:

(a) The RMS shaking moments of unbalanced planar
mechanisms running at constant or periodically varying input
angular velocities are constant with respect to all points
which lie on certain ellipses.

(b) The center of all families of such isomomental
ellipses represents the point of minimum RMS shaking moment
of an unbalanced planar mechanism. The location of this
minimum point depends only on’the 1ink 1engtﬁs and the link
geometry of a particular mechanism,

(¢) The theory provides a useful tool for the evaluation
of the effect of full force balancing on the RMS shaking
moment of a glven planar mechanism: It shows that the RMS
shaking moment of the balanced linkage 1ls lower throughout
the mechanism plane if it 1s lower than that of the unbalanced
mechanism with respect to the minimum point. If the RMS
shaking moment of the fully force balanced mechanism is
larger than that of the unbalanced mechanism with respect
to the minimum point, one may obtain the limiting elliptical
region beyond which the RMS shaking moment of the balanced

mechanism 1s smaller than that of the unbalanced mechanism,
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IV. SHAKING FORCE OPTIMIZATION OF THE FOUR-BAR LINKAGE
IN THE PRESENCE OF ADJUSTABLE CONSTRAINT CONDITIONS
ON THE GROUND BEARING FORCES

The present sectlon shows how the Lagrange Multipliér
Method may be adapted to minimize the RMS shaking force of
a four-bar linkage while constraining the RMS ground bearing
forces of the mechanism to certailn predetermined wvalues.
Solutlons are expressed in terms of certain properties of
the centers of mass of individual links. These solutions
find thelr practlical realizatlon by way of a single counter-

welght and a two counterwelght method.
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A, Introduction

1. Background

The field of mechanism balancing is not different
from other fields of englineering: For each advantage, a
certaln penalty must be paid. While it 1is obviously highly
desirable to make the shaking force of a mechanism vanish by
fully force balancing it by the method described in Section
II and [2], doing so may introduce new design difficulties.
In most cases there will be a considerable increase in the
bearing forces, the input moment, as well as the shaking
moment*'[lj].

When such a sltuation arises, the engineer looks for a
compromise, 1.e, he attempts to trade-off some of the gailns
of the new method for a reduction of the associated disadvan-
tages. The following work represents such a trade-off method
wherein the BMS shaking force of a four-bar linkage 1s reduced
as much‘as possible with the help of counterweights, while
the RMS ground bearing forces are kept from increasing beyond
a certaln predetermined value above that of the unbalanced
mechanism. (No effort is made to control either the RMS
input moment or the RMS shaking moment.) The Lagrange
Multiplier Method has proven itself as a sultable vehicle
to this end.

For listing of nomenclature, refer to page x.

3*
Section III presents examples where the RMS shaking moment
increases in certaln cases.
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2. Application of lagrange Multiplier Method to Shaking

Force Optimization of the Four-Bar Linkage
Sections B and C of the present part of this

dissertation show a Lagrange Multipller formulation for

the reduction of the RMS shaking force of a four-bar linkage
which has a general mass distribution, as shown in Fig. 5,
and which runs runs with a constant input angular velocity.
The RMS ground bearing forces at Ao and A3 are constralined
to a range bf values limited, on the one hand, by those of
the unbalanced mechanism, and on the other, by those of the
mechanism fully force balanced by the Method of Linearly
Independent Vectors. This alm is attalned in two different

ways:

1. A single counterwelght attached to the output link 3
1s used to realize those total mass-distance products m3b3
and m303 (see FPig. 5), as well as that total moment of inertia
m3w§A , of the link whilch correspond to the minimum attainable
RMS value of the shaking force FSRMS when the lndividual RMS

ground bearing forces are prescribed as stated above.

2. Two counterwelghts, one attached each to the input
and output links, are used to realize the total mass-distance
products m1b1. myCyqs m3b3 and m3Cq of the respective links
which correspond again to the minimum attainable BRMS shaking
force and preserve the constraints on the RMS ground bearing
forces. In this method it is additlonally necessary to pre-
assign the moment of inertla of link 3. This value 1s chosen

in such a manner that it is larger than that of the original



Fig. 5 General foui‘-bar linkage, to be optimized

8%
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link and smaller than some predetermined value which still
permlts a reasonable counterwelght. It was found mathemat-~

ically impossible to formulate this method in any other fashion.

Both of the above paths of shaking force optimization

may be formulated in the.identical manner:

Optimize the BMS shaking force,

27 |
2 2
1
Fsrus :/E"-'f [(me * P ) o+ (F“’y * F34¥) ]dq)l » (1)
0

subject to the equality constraints

FthMS = Q4 F41BMSu' the BMS ground bearing | (4.2a)
force at pivot AO
F43RMS = qy Fu3RMSu' the RMS ground bearing (4.2p)

force at pivot A3.

In the above, F41RMSu and F43RMSu are the BRMS ground bearing
reactions before balancing, and a4 and q, are constralnt
factorz which indicate the allowable increase of the RMS
ground bearing forces at pivots AO and A3, respectively,
over those of the unbalanced mechanlsm. The parameters a4

and a, are chosen such that

ith'RMS ground bearing force of fully balanced mechanism

l<cqg, <
i
1th BRMS ground bearing force of unbalanced mechanism

(4.3)
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The conventlonal Lagrange formulation of this problem

1s given as follows:

' ]
E' = FSRMS + xl(FulRMS - q1 FulRMSu) + XZ(FHBBMS = q2 F“BBMSu)'
(4.4)

where A; and Aé are the Lagrange Multipliers.

In order to eliminate the necessity of dealing with
square roots in the RMS ground bearing and shaking force
expressions, a slightly different approach, which will yield
all the solutions inherent in the formulation (4.4), is used:

2 . 2 2 2 2 2 2
E = FSRMS + Xl(FblRMS - ql FulBMSu) + XZ(F43RMS - q2 FuBBMSu).

(4.5)

Here, the RMS shaking force expression and both sides of the
constraint equations (4.2) have been squared. The desired
solution set of equation (4.5) is idéntical to that of
equation (4.4) for the following reasons:

1. 8Since the RMS expression of the shaking force
represents a non-negative value, the minimum of its square
occurs at the same argument as the minimum of the function
1tself..

2. The squaring of both sides of the constraint equations

leads to

2 2 2
FulRMS Y | FulRMSu = (FulRMS -9 F41RMSu)(F41RMS + 9 FulRMSu)

=0 (4.6a)
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2 2 2
Fuspus ~ 92 Fupys, = Tudans T %2 Pdpus,’ Tu3pus * %2 Tu3pys,’

=0 . . (4.6Dp)

The factors (F41RMS + Q4 FulRMSu) and (F43RMS + a5 F43RMSu)

must always be positive, and therefore, the new constraint

equations can only be satisfied 1if

(Fhlnms - a4 Fblamsu) =0 (4.7a)

(F433ms - a, F“BRmsu) =0 . (4.7p)

This, of course, corrésponds to the original constraint
equations (4,2),

In order to make the results ilndependent of proportional
linkage magnification, the RMS shaking force and the RMS
ground bearing forces wlll be expressed in dimensionless
form. Thils allows the solution for the following sets of
variables for the two cases discussed above:

1. For the single counterweight problem, the dimension-
less mass-distance products ujg and t3 of the total center of
mass of link 3, as well as the dimensionless moment of inertia
v3 with respect to the pivot A3, are obtalned.

2. For the two counterweight problem, the dimensionless
mass-distance products uq, tl, usg and t3 of the totdl center
of masgss of the respective links are obtained for wvarious
predetermined values of V3.

Using the force expressions given by equations (A.62) -
(A.67) of Appendix A, and factoring (pagéi)z, equation (4.5)

may be rewritten as follows:
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2m 2n
2= (agep)?| L) (F v 5 aey + g L] (e 4 £y daoy
0 0
2m ‘
- o s, +al| e, s - o s,
0

(4.8)

The f's are dimenslonless forces, and are given by equations
(A.69) - (A.74).

The above formulation is now applied in the following
sections to the single countexrwelght as well as the two

counterwelight method.
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B. Shaking Force Optimization With Single Counterweight

Attached to Output Link

1. Formulation of Lagrange Function
In order to apply the general formulation of

equations (4.6) and (4.8) to the single counterweight
optimization, the dimensionless forces of equation (4.8)

must be written as explleit functlons of the mass parameters

3
function (4.8) then becomes with the help of equations (A.79) -

(A.84):

Ugs t, and Vs (see equations (A.76) - (A.78)). The Lagrange

2m
be2 .2 2 2
0

2m.
1 : 2 2 2 2
+ M(ﬁ [(21 + 2wy)” + (L5 + Tw3) oy - ay fumsu)
0
, 2
Ao | L L Lva) + (L
+2§ [(5+L6113+17t3-2V3 +(8'I-7u3
4]

2 2 2

(4.9)

The L's are functions of the parameters of links 1 and 2,
as well as the constant input angular velocity él, and are

given by equations (A.85) - (A.94),
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2. Derivation of Optimization Equations

To obtain the set of five optimizatlion expressions,
which permits the solution for u3, t3, v3, Al and 12, the
following path will be taken:

a. The two ground bearing constraint equations (4.6)
are written in dimensionless form.

b. The Lagrange function (4.9) is differentiated in turn
with respect to t3, u3 and v3, and the results are set equal

to zero.

a, Constraint Equations

The dimensionless form of the constraint equations

(4,6) is obtained with the help of equations (A.79) - (A.82):

2m
2 2 2 ‘ 2 2
1
| 0

2 2
-4 fblnmsu
=0 (4.10)
2
2 2 2 1 Loa1 . 2
Tu3pus = 92 TW3pms, = 37 [ (L5 + Tgus + Lyty - L,vy)
| .

2 2 o2

0. _ (h.11)
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b. Differentiation of Lagrénge Fanction With

Respect to t3, u3 and v3

2m
SFE he2 2
0

+ (Lyg = Lpuy + Lgts)Lgfary

2n
A2
0 .
+ (Ig - Lyug + Lgty - Lyvs)IgJdvy
(4,12)
21
dE _ _ h.2 2 1
355 =0 = (palwl) = .[(Lp + L5F3 + L7t3)q6
0 .
- (Lyg = Luy + Iga)Ly oy
2m
Ao
+ - [(L5 + L»éu3 + L7t3 - 2v3)L5
0

(4.13)
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equations
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h,2 2
= (p a1m1 f l:(L1 + 2v3)L2 + (L3 + Ll*vj)L,_p]clcp1

2m
2 )
+ 7"- [—(L5 + L6u3 + I7t3 - L2V3)L2

- (L8 - 17113 + L6t3 - LuVB)La]d(Pl .

(B.14)

¢, Simplification of Expressions

To facllitate the solution of the optimization
(#.10) - (4.14), the following terms are defined:

.rz‘"(L?Lg + L6L10)dq)1 | (4.152)
2 2

“"(1g + 10)dw, (%.15b)
2m

IO (L5L7 + Lglg)de, (4.15¢)
2%

{(LL, + LLg)dpy (4.154)
2L L, )de (&.15¢)
Iy Tty = Iplplaey y
21T(L Ly = L,Lg)d (%.15f)
L, (st = Tplglae, '

qu( L, I.)d (4.15¢g)
L Unly - Llgldey .15
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2w

Kg = [ (LI, + Lyl )do, (4. 15h)
2m 2 2

Ky = Q) (L, + L, )do, (4.151)
27

Kip = [ (Iplg + Iylg)dey (4.153)
2n 2 2

Kyq = {) (Ly + Ly)de, (4.15x)
2m 2

d. Optimization Equations

With the above simplifications, the set of five
simultaneous optimization equations (4.10) - (4.14) appears

as follows:
2 2 2
Kiq + 2K8v3 + ng3 = 2mq, fLPlRMSu (k.16)

2
K12 + K‘zu3 + K2t + K9v + 2K’6u3 + 2K3t - 2K 3

2 2
2 - - L,
+ 2Kusvy - 2K tavy = 2ma, f43RMSu (k.17)
Ky + Kty + A5(XK3 + Kpty = Kuvy) = 0 (4.18)
K5 + K’zu3 + 12(K6 + K2u3 + K7v3) =0 (4.19)

Ay (Kg + K9v3) - A (Ko - Kpug + Kty - Kgv ) = 0. (4.20)
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Solution of the above equations furnishes the optimum
mass parameters u3, t3 and v3 in addition to the lagrange

Multipliers Xl and 12.

3. Solution of Optimization Eguations
Appendix E shows the solution of the optimization

equations (4.16) ~ (4.20). While the Lagrange Multipliers

A, and lz must be determined in order to obtain the optimum

1
mass parameters u3, t3 and AT they serve no further purpose
in the present investigation.
| The results for uj, t; and v4 are listed below in the
order necessary for numerical computation. It is to be
noted that there are two solutions for v3, and further, two
solutions for u3 and t3 for each V3. This gives rise to a
total of four solutions.

Appendix F gives a theoretical proof that the two
solutions assocliated with each v3 represent a minimum and
a maximum of the BRMS shaking force. This is accomplished
by showing that the constraint surface is represented by
the clrcumferences of two possible circles, each correspond-
ing to one of the v3's, and that, therefore, the theorem
which states that a continuous function has a minimum and a
maximum on a closed and bounded set is satisfied.

According to the results represented by equations (E.6),
(E.13) and (E.16) of Appendix E, one obtains



NEY

L(2)

(1,1

(1,3
Uq

where

A(1)

RS

A(1)

)

)

)

2 1

X9

q/ 2 2 2 '
-Kg - JKg - Ko(Kyy - 2may fi1pyg )

X9
IRy ATt W)
_ 2 2(1) 1 ™3 (1=1,2)
Hy
(1) H_(i)2 H(i)H(if
e 2 2 1 3 (1=1,2)
(D)
3

i

'(Ai ) . Aéi)t;j))

= (1=1,2; 3=1,2)
A

3

(1)

(1)

' (1)
KoKs - KpKg = KpKovg (1=1,2)

(1)
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(4.21a)

(4,21b)

(4,22a)

(4.22b)

(4.23)

(4.24a)

(4,24b)

(4.24¢c)
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(1) (1) (1) 2 2 A(i)z
(1) Aéi)
A (1)
- (1) (Kg + LA ) (i=1,2) (k.244)

(i)A(i) (1)

B <l B - (g %mt) Ry -yt 2o
E E (1=1,2)
(1) éi)
Hy = (1)2 + 1]k, (1=1,2) . (4.247)
A

4. Application of Solution to Design of Output
Link Counterweight

The optimum mass parameters ug, t3 and vy are
physically realized with the help of a counterweight, which
1s added to the already existing link 3. (See Fig. 6.)

Parts 1 and 2a of Appendix G show how such a clrcular
counterwelight, which 1s tangent to the pilvot A3. must be
designed when a standard configuration 1s used. (For
standard linkage configuration, see [14] and Fig. 7.) The
relevant design parameters are the dimensionless counterweight
radius R;. the counterweight angular position e; with respect
to 1link 3, and the dimensionless counterweight thickness~
density ratilo D;.

Expressed in terms of u3, t3 and v3. the dimensionless
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Note:
For given link shape,

V=0

3

*
3

The superscript zero refers to the center of mass of
the unbalanced link, and the superscript asterisk refers
= to the center of mass of the counterweight.

uniform th|ckness h

Fig. 6 Dimensionless parsmeters of output link with attached
counterwelght o



72

radius according to equation (G.18) 1s given by:

)
33 12 T*z 1/2 2 V3 - y * c3
a
1

Similarly, the angular position according to equation (G.19)
i1s glven by:

1| T - tn.
e; = tan 1(2%) = tan 1( 13 - ) . (4.26)
U _1 |
3 uj - 5 B3y

Finally, the thickness-density ratlo 1s shown by equation

(G.20) to be

2 o 292
%* # 1
o _ o[\ [\ 5 27[t3 + (u5 - 5 Byag)" ] 4.27)
37 "3l %] " \n ol ~ o 2 3’ )
P 3\p gnBLY 2393 | o2
™33{V3 - \=FT t ™3
where
3*
To o actual radius of counterweight
U; = R;0039; dimenslionless coordinates of position
T; = R;sine; of counterwelght center of mass
Bg, Cg = dimensionless mass and moment of 1ﬂert1a of existing

link 3, respectively (see equations (A.119c)
and (A,119e))
g4 83. 73 = dimenslonless parameters expressing
_ gecmetry of link 3 (see equations (A.115))
63 = ratlo of counterweilght thickness to thickness of
link 3
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hy, hy = thicknesses of link 3 and counterweight,
respectively
o *
P, P3 = mass denslties of link 3 and counterwelght,

respectively.

'35, Example of Optimization With Output Link

Counterweight

a. Procedure

In order to apply the optimizatlion procedure
derived in the previous sectlons to an existing linkage,
the following deslgn steps must be followed:

(1) The range of meaningful constraint factors qq and
ds must be determined from an inspection of the RMS ground
bearing forces, both of the existing unbalanced mechanism
as well as those which arise when the mechanism is fully
force balanced by the Method of Linearly Independent Vectors
[2]. To this end, use is made of equation (4.3).

(2) The counterweight radil R, the thickness-density
ratlos D;, and the angles e;. as obtalned from the optimum
mass parameters u3, t3 and V3, as well as the associlated
optimum dimensionless RMS shaking forces, are then computed
as functlions of the varilous combinations of constraint factors
qi and Qye In addition, the ratilo
_ RMS shaking force of partially balanced mechanism

2e

’

- BRMS shaking force of unbalanced mechanism

(4,28)
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which may serve as a measure of the reduction of the RMS
shaking forece, is introduced. Filnally, design graphs,
which are based upon the above information, permit the : .

cholce of: the most practical configuration.

b. Numerical Example

The four-bar linkage of Fig. 7 with length
dimensions listed in Table 3 will now be used for a numerical
example, This mechanism 1ls deslgned according to the standard

confilguration discussed in Appendix A.

Iink 1 1 2 3 y

Dimensionless link '
length 1,000 | 4,000 | 3.000 | 3.000

0y = ai/a1

Dimenslonless link width
and end radius 0.500 | 0.500¢ 0.500 -

Bi = di/al

1 Dimensionless link
thickness 0.400 | 0.400 | 0.400 -

Table 3 Dimenslionless Length Parameters of Example
Four-Bar Linkage

In order to determine the constraint féctors aQq and P
it is first necessary to know the magnitude of the dimension-
less RMS ground bearing forces, both of the balanced and
unbalanced mechanism. Furthermore, to judge the lmprovement
of the RMS shaking force due to the optimization method,
the RMS shaking force of the unbalanced mechanlsm must be

known,



uniform
thickness

uniform

uniform
thickness

h3 1

d
3
thickness é
h
corm

Fig. 7 Standard four-bar linkage configuratlon

Gl
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(1) RMS Shaking and Grbund Bearing Forces of

Unbalanced Mechanism

To compute the dimensionless RMS ground bearing
forces as well as the dimensionless RMS shaking force for
the unbalanced mechanism, one first obtains values of the
dimensi;nless components of both bearing forces, f#ix and
fhiy (1=1,3), for equally spaced input angles with the help
of equations (A.69) - (A,72). The necessary values of the
1link mass parameters are listed in Table 4,

The dimensionless RMS value of the indlvlidual ground

bearing forces 1is given by:

2m
1 2 2
f = —— f =1l . L]
L;,iRMS 21:[ ( #1}{ + fll'iy)dml (1=1,3) (4.29)
0

The dimensionless RMS shaking force of the unbalanced

mechanism becomes:

2m '
= /4L 2 g2 L,
fSRMS = ZJ (fSX + Sy)dml (4.30a)
' 0

where

fs = fl)_,'x + fBL"x (4.30b)

(L."tBOG)

(2]
]

f + f .
14y 34y

Using intervals of 5°, the following values were obtained



Unbalanced

Fully Balanced

Link 1

1 2

1

3

Dimensionless position
of link center of mass
along line joining pivots

0.500 | 3.000

1.500

-00216

"On 691

Dimensionless positlon
of 1link center of mass
rerpendicular to line
joining plvots

0.000 0.000

0.000

0.000

0.000

Dimensionless link
mass
By

0.357 | 0.8u45

0.514

0.977

2.753

Dimensionless link
radius of gyration
Wy

not

needed 2,142

1.261

not
needed

1.408

Dimenslionless link
moment "of lnertia

2 2 2
vy = Bi(U1 + Ty + wi)

not

needed 1.482

1.974

not
needed

6.76“’

Table 4 Dimensionless Mass Parameters of Unbalanced and Fully
Balanced Example Four-Bar Linkage

Ld
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.r
with the help of the above expressions

fu'lRMSu = 2.156, f43RMSu = 1-6“’3, fSRMSu = 1-3""9 . (4031)

(2) BMS Ground Bearing Forcesg of Fully

Force Balanced Mechanlsm

The dimensionless RMS ground bearing forces of the
fully force balanced mechanism using circular tangent
counterwelghts are given by:

= 3,020 . (4.32)

Tuipus, = T43mmsy, /
The above results were obtained with the help of B

equations (A.69) - (A.72) of Appendix A and equation (4.29),

using 50 intervals, The values of the link mass parameters

of the fully balanced four-bar linkage, as shown in Table 4,

were supplied by expressions derived in Appendix J. They

are based upon a counterweight thickness-density ratio of

2.5, and the counterweight material 1s assumed to be identical

with that of the links. The resulting dimensionless counter-

welght radii are:

3*
R, = 0.629, 33b = 1.194 , (4.33)

3%
1p

See also Table 15.

]
All computations were performed on the City College IBM
360/50 Computer, with programs written in Fortran IV,
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(3) Determination of Range of Constraint

Factors 4 and as
Using the criterion (4.3) for the range of
meaningful constraint factors together with equations

(4#.31) and (h.32), one obtains
l<a, < 1.40 (4,.34a)
1 < a5 < 1.84 . (4.34b)

(4) Design Method for Determination of
Counterweilght Radius, Thickness-

Density Batlio and Angle

(a) Tabulation of Solutions

In order to obtain the values of R;, D; and e;,
it is first necessary to determine the optimum mass param-
eters uj, t3 and Vg for all desired combinations of a4 and
a5, as well as the values listed in Table 3, with the help
of equations (%.21) - (4.23). It must be recalled that
there 1s a possibllity of two pailrs of answers, where each
palr stems from one of the two possible values of V3. Each
of these palilrs may produce a minimum or a maximum value for
the RMS shaking force, and it is therefore necessary to
determine which set of mass parameters is assoclated with

the lowest RMS shaking forcet

1'The magnitude of the dimensionless RBRMS shaking force of the
partially balanced mechanism is obtalned by substituting the
optimum mass parameters t3 and uj into the ‘expresslons for the

components of the dimensionless shaking force given by equa-
tions (A.83) and (A.84)., These are determined for equally
spaced angles over a range of 360°. The dimensionless RMS
shaking force is then obtained with the help of equation (4.30a).
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Once this has been accomplished, equations (4.25) -
(4,27) are used to obtailn the counterweight parameters.
Table 5 shows values for the optimum mass parameters v3, t3
and.1y3 which are associated with the minimum dimensionless
BMS shaking .forces for the deslred range of constraint
factors. Table 6 then lists the corresponding dimensionless
counterweight parameters R;. D; and e;, as well as the ratio
%p, as functions of the indicated constraint factors.

In order to faclllitate the selection of the most practical
design from all the solutions of Table 6, the design graphs of
Fig. 8 have been devised., The top graph shows values of D; and
R;'plotted against a5 for various values of qq- The bottom
graph gilves the ratio zf as a function of dos again for various
values of qi; The vertical line-up of the q, axes makes it

easler to arrive at an engineering compromise,

(b) Choice of Solutions With Help of Design Graphs

Let it be required that the individual RMS
ground bearing forces of the partially balanced mechanism
have magnitudes no more than midway to 3/4 of the range
between those of the unbalanced and the fully balanced
mechanism, This corresponds to a2 maximum value of qq = 1.30
and q, = 1.40, Let it further be required that the thick-
ness ratio 63 of the counterwelight to the original link be
no greater than 3 to 4, and let it be assumed that the
original 1link is made of steel (density p° = 0.28 lb/in?).
If one uses a tungsten alloy (density k; r 0,7 lb/in?) for
the counterweight, then equation (4.,27) shows that D; must
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1.20

1.30

1.40

1.50

1.60

1'80

1.05

2,443
Oc 1”7
-1.916

2.443
-0.192
-2.160

2.443
-O L] 526
-2.402

2.443

-0.857
-2 ] 6""0

2.443
-1.184
"‘2 . 8?7

2,443

-1.833
"'3 . 3"’6

1.10

2,912
0.374
"10750

2.912
0.032
-1.998

2.912

~0.305
-2.242

2.912
-2 . L"82

2.912
-0 . 967
-2.721

2.912
-1.618
-3.193

1.15

3.381
0.603
-10583

3.381
0.257
-1'833

3.381
~-0.082
"2 . 080

3.381
"'20 323

3.381
"O . 748
-2.564

3.381
-1.403

-3.039

1.20

3.849
0.83“’

3.849
0.485
-1.667

3.849
0.142
-10916

3.849

-0.195
"2 ] 162

3.81’9
~-0.529
"2. 05

3.849
"1 . 187
"2 |88L"

1.25

k,316
1,067

4,316
00713
-1.’4'99

k.316
0.368
-1.751

k.316
0.027

4.316
-'0 . 308
-2.2u4k

4,316
-0.970

1.30

4,783
1.302
-1. 067

40783
0,944
-10329

L .783

0.595
-1.584

4,783
0.251
-1.835

4,783
""Oo 087
"'2 . 082

4,783
-00752

1.35

5.250
1.540

5.250
1.177
-1. 156

5,250
OI823
-1.413

5.250
0.477
-10669

5.250
0.136
-1.919

5.250
-0,533
"2 0409

1.40

5.717
1,780
-0.712

5.717
1.411
-0.982

5717
1.054
-1 . 2#5

5.717
0.704
‘1.501

5.717
0.360
-1-75’4‘

5.717
-0.313
"2 [] 2""8

Table 5

Optimum Mass Parameters v
Lowest RMS Shaking Force)“vs.”qq and’q,

(Computations used 5° intervals.

3 t and'u3 (Associated With

Comparison showed that

no greater accuracy was needed for the well behaved
functions involved.)
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RMS Shaking Force Ratlo 2, vs. q, and P

for Values of Table 5

q
1.10 | 1.20 | 1.30 | 1.40 ; 1.50 | 1.60 | 1.70 | 1.80

R; 0.126| 0.116| 0.107| 0.097| 0.089] 0.082| 0.075| 0.069

| D; 1,983| 2,719| 3,862| 5,547| 7,936|11,222(15,623|21,388
105 o3| 169°| 177°| 184°] 189°| 194°| 198°| 201°| 204°

2| o.40| 0.31| o.25| o0.26] o0.32| o.#2| o0.53] o.64

R; 0.263| 0.246| 0.226| 0.207| 0.189| 0.173| 0.159| 0.146

L 16 D; 209 274| 381| su6| 78s| 1,120] 1,576| 2,183

T ey | 162°| 172°f 179°| 186°| 191°| 195°| 199°| 202°
20| 0.48| 0.37| o0.28] o0.25| 0.28] 0.35| 0.45| 0.57

R§ 0.407] 0.386{ 0.358| 0.329| 0.300| 0.274| 0.251| 0.231

B E o 67 90| 127| 183| 263| 374| 524

115 03 156°| 166°| 178°| 182°| 188°| 193°| 197°| =200°

20| 0.56| o.4b| 0.3%| o0.26| 0.25] 0.30| 0.39| 0.49

B3] 0.552| 0.535| 0.503| 0.464| 0.425| 0.388| 0.355| 0.325

O I e e e e e
65 148 159 169 177 184 189 194 198

2| 0.65| o0.52| o.s0| 0.31] 0.25| 0.26] 0.33] o0.k2

Table 6 Counterwelght Parameters R;, D; and e; and
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1.10

1.20

1.30

1.40

1.50

1.60

1.70

1.80

1.25

®© U W
W sk W kW %

Y

0.692
10.858
141
0.73

0.686

11.242

152°

0.60

0.656
13.395
163
0.48

0.613
17 .640
172

0.37

0.564
24,623

179
0028

0.515
35.272
186°
0.25

0.470

50.771
191

0.28

0.430
72, 544
195

0.35

1.30

9

> o B
HyU WDk W ok WD %

0.817
6.682
133

0.83

0.832
6.235
145°
0.69

0.814
6.804
156
0.56

0.771
8.434
166
0.44

0.715
11.381
174
0.33

0.656

16.083
182

0.26

0.599

23.130
187

0.25

0.547
33.260

193
0.30

1.35

>
W *uu*uw*

4?

0.924
b.777
126
0.92

0.964

4,023

137
0.78

ol

0.967
3.973
149
0.64

0.935
4.551
159

0.51

0.878
5.837
169
0.40

0.811
8,036
177

0.31

0.742
11.458
184
0.25

0.677

16.510
190

0.26

o
u*u*um*

1.40

D

H?

1,008
3.844
119

1.01

1.077
2,952
130°

0.87

1.108
2.630
141
0.73

1.097
2.743
152

0.60

1.049
3.283
163
0.47

0.978
b, 334
172
0.37

0.900
6.061
180
0.28

0.822
8.696
186°
0.25

Table 6 continued
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Fig. 8 Design graphs for counterweight attached to

output 1link
23 — .00
3
~ % oso
b h |
20 9-i40 0.00
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b q'.sl.ss .
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0.50
* 1 : a‘,
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| .
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not exceed approximately 7.5.

In order to realize these reduirements. the top graph
of Fig. 8 is entered, and it is seen that the value of
D; = 6.235 may be obtained when a4 =-1.30 and q, = 1.20.

The top graph further indicates that these values correspond
to a dimensionless counterweight radius R; = 0.832. The
bottom graph shows that for the same constraint factors,

2p = 0.69. This represents a 31 % reduction in RMS shaking
force, Finally, Table 6 furnishes 6; = 1450. These values
are listed in Table 7.

The design graphs suggest other feasible solutions
containing reasonable counterweight dimensions. While these
sclutions will lead to slightly increased dimensionless RMS
ground bearing forces, the dimensionless RMS shaking force

willl be much smaller. Table 7 glves two such examples,

where in the first, qQq = qy = 1.30, and in the second,

* N % %*
6.235 [ 1.30 | 1.20 [0.69 | 0.832 | 145°
6.80% | 1,30 | 1.30 | 0.56 | 0.814 | 156°

5,837 | 1.35]| 1.50 | 0.40 | 0.878 | 169°

4o

Table 7 Feaslible Solutions Containing
Reasonable Counterweight Dimensions

(c) Conclusions

Table 8 shows a comparison of the dimensionless



gﬁiﬁ?iigﬁ 2e |Tuigmg|T43mus| ™1 Ry Dy Dy 1 | %3
Unbalanced 1.00] 2.156 | 1.643 - - - - - -
Fully Bgla“‘,;ed 0.00 | 3.020 | 3.020 | 0.629 | 1.19% | 2.500 | 2.500 | 180° | 180°
(p*/p°=1)
Partially Balanced
(p*/p%=2.5)"
q,=1.30, a,=1.20 0.69|2.802 [1.972| - |o0.832| - |6.235]| - |145°
q,=1.30, q,=1.30 0.56 | 2.802 |2.136 | - |o.81| - le.808| - |156°
q4=1.35, q,=1.50 0.40} 2.910 | 2.465 - 0.878 - 5,837 - 169°

Table 8 Comparison of Dimensionless RMS Shaking Force, Dimensionless BRMS Ground

Bearing Forces and Counterweight Dimensions

T

Counterwelights are assumed to have the identical density as the links for the
fully balanced case, while for the partially balanced case, a higher density

material is used for the counterweights.

98
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BMS shaking forces, the dimensionless BMS ground bearing
forces, as well as the counterwelght dimensions, of the
three cases discussed above with those of the unbalanced

and the fully balanced mechanism. This allows the following

conclusions:

1. Comparatively small increases in the constraint
factors, l.e. the permissible dimensionless RBRMS ground
bearing forces, cause much larger decreases in the dimen-
sionless RMS shaking forces of the partially balanced

mechanisnms.

2. There 1s very little difference in the counterweight
dimensions of the three types of partially balanced mechanisms.
The need for counterweight materials differing in density
from that of the links in order to obtain reasonable dimen-

sions represents an englineering compromise.

3. The attainable reduction of the dimensionless RMS
ground bearing forces from those of the fully force balanced
mechanlsm is modest when the present single counterwelght

method is used.

The two counterweight method described in the next
section offers greatly improved results concerning dimen-
sionless RMS ground bearling forces as well as counterweight

density requirements.
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C. Shaking Force Optimization With Counterweights Attached

to Input and Output Links

1, Formulation of lagrange Function

In order to apply the general formulation of
equations (4.6) and (4.8) to the two counterwelght opti-
mization, the dimensionless forces of equation (4.8) must
be written as explicit functlions of the mass parameters of
the two links, i.e. uy, ty, uj, t5 and vy (see equations
(4.76) - (A.78), (A.95) and (A.96)). The Lagrange function

¥*
(4.8) then becomes with the help of equations (A.97) - (A.102);
2m
h.2.2)1 2
E = (pa,9)) - [(N11 + Nyuy - Naty + Ngug + Ngts)
0
' 2
+ (N, + Nauy + Njby = Noug + Ngts) ]dcp1
2m
A f [v, + N Naty + Nyva)
0
2 2 .2
+ (N5 + Ngug + Nyt + N6v3) ]dml - a4 fuinnsu)
21
1 2

0
2 2 2

(%.35)

*Equation (4.35) differs from equation (4.9) since u; and t,
are not explicitly given in equation (4.9).

Even though vq is not solved for in this procedure, 1t must
be defined in the equations so that substitution of pre-
assigned values l1ls readlly possible,

J}
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The N's are functions of the parameters of 1link 2 as well as
the constant input angular velocity él' and are gliven by
equations (A.103) - (A.114),

2., Derivation of Optimlization Fguations

The set of six optimizatlion expresslons which
permit the solution for uy, tl, u3, t3, 11 and 12 are
obtained in a manner simlilar to that of the prevlious sectilon,
l.e,

a, The two ground bearing constraint equations (4.6)
are written in dimensionless form with the help of equations
(A.97) - (A.100).

b. The Lagrange function (4.35) is differentiated in
turn with respect to tl' Uq, t3 and u3. and the results are

set equal to zero.

a. Constraint Equations

The dimenslonless form of the constraint equations

(#.6) 1s obtained with the help of equations (A.97) - (A.100):

217
2 2 2

1 2

0

: 2

(4.36)

]
o



o2 2 2
43gys ~ 22 43pms,

90

2m

1] - 2

+ [(N7 + Ngug + Ngtg N4v3)
0

2
+ (N10 - N9u3 + N8t3 - N6v3) ]dm1

2 .2
12 43pus,

0 . _ ‘ (4.37)

b, Differentlation of lagrange Function With

Respect

to t1J Uy, t3 and u3

A
+ %
uif

0

2%
JE o Be2.2)9 .
5; = 0= (ray®y) )f‘. ["Nii + Nyuy - Nyty + Ngug + Nt,)N,
. ,

+ (Nyp + Nyuy + Nyty - Nows + N8t3)N2]d¢1

21
[-(N1 + N2u1 - N3t1 + NUVB)NB

+ (N5 + N3u1 + Nzt1 + N6v3)N2]dcp1

(4.38)
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2m
JE 1
Mﬂp = Anmue v = HAZPH + zwsu - Zuwu + zmsw + zwwuVZN
0
+ (Ngp + Nguy + Nyt - Nguy + Ngt,)is jio,
o
g
+ = ﬁazp + ZN=H - Zuap + zgquvzw
0
AZm + Zucp + ZNap + Zm4uv2uunep
(4.39)
JE L Be2.2
Wdu = = A.om.HGHV MI‘» _”Azu.u. + Zmﬂ - z.w 1 + Zm.ﬁu + Zw.wuv“ZO

+ (Nyp + Noguy + Npty - Ngugy + Zmduvzmunep

2m .
A2
* .m.«\, [(v; + Nguy + Nty - Nyvy)Ng
0

(Nyg - Ngug + Ngty - Ngvs)NgJde,

(4.40)
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27
'3%3 - 0 = (afeh)? . [(¥gq + Npuy - Wby + Nguy + Ngty)Ng
0
- (Nyp + Nguy + Npty - Nous + N8t3)N9]dcp1
2m
+ L:: [(N7 + Nguy + Nty = Nyvs)Ng
0

- (N = Ngug + Ngtg - N6v3)N9]dq:1 .

(4.h41)

c., Simplification of Expressions

To facllitate solution of the above optimization
equations (4.36) - (4.41), the following terms are defined:

2m
) 2 "
I, = fo (N, + N5)do, (4.42b)
27
Iy = fo (N3Ng + N2N9-.)dm1 (4.42c)
2m '
I, = Io (N,Ng - N3Ng)do, | (4.424)
2m ol
I = J‘o [N2N5 - NNy o+ (NpNg - NBNu)VB:Idml (4.42e)

21 ' :
Ig = fy (MpNyy + NgNy5)do, (4,42f)
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2m
I, = | [N1N2 + NoNg + (NN, + N3N6)v3]dm1 (4.42g)
2
Ig = A (NgNyy + NgNy,)do, (4.42n)
2m 2 2
Ig = | (Mg + Ng)do, | (4.421)
21
Iy = | [N7N9 # NNy - (MyNg + N6N8)v3]d¢1 (4.423)
2m
I4q = A (NgNyy - NgNyp)do, (4.42k)
Zﬂr
Typ = [ [NoNg - NgNyp + (NgNg - NuNa)VB]dml (4.421)
2 2 2 2 2 2
Iy = L [V + Ny + 20NN, + NNgIvy + (W + N6)v3]dm1
. (4.42m)
2me. 2 2 2 2 2
Iy = I [ + Ny - 2NN, + NgNyg)vy + (N + Ng)vs Jaey .
(h.42n)

d. Optimization Equations

With the above simplifications, the set of six simul-

taneous optimization equations (4.36) - (4.41) appears as follows:

2 2 2
113 + Izti + 12u1 + 217u1 + 215t1 = 2ﬂq1 fulﬁMSu (4.43)
2 2 2 2
Iy + Igtq + Tgug + 2Ij5uq + 2I19tq = 2Mq, f43nmsu (b.bh)
I1 + 12t1 - 13u3 + Ist + 11(15 + Iztl) =0 (4.45)

Ig + Iouy + quB + IBt3 + x1(17 + Izul) =0 (4.46)
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3. Solution of Optimization Equations

The followlng first outlines the solution of the
optimization equations, and then discusses in detail the

extent of its wvalidity.

a, Steps of Solutlon

Appendlx H shows that the solution of the opti-
mization equations (4.43) - (4.48) leads to the following
th
16 degree polynomial in ugt

16 15 14 13 12 11 10

8 6 113
+ Psug + P§u3 + Plou; + P11u3 + Plzug + P13u3 + P14ug
P. w2 4+ P,.u +P,, =0 ' (4.49)

where P1 to P17 are known constants for a specifilc value
of v3, and are given in Section 2 of Appendix H, After
equation (4.49) is solved for ug by way of a numerical
technique, the values of t3, u, and t1 may be found in the
following order: "According to equations (H.12)

2 ' o

t, =1, + ./-u + I ,u, + I (Note that there are (4.50)
3 93 3 9k"3 95 two possible solutions

of t3 for each u3.)
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Equation (H.8) gives

' 2 2
-(I + Iazta + IqnUq + IaqUatqa + Isaua + Isnts)
u, = 15 1673 * 1743 * 118%3%3 * "19¥3 * "20%37 (4 44

121 + 122t3 + 123113

Finally, t, is found according to equation (H.9):

_Teb * oty * Tag®s + TopWy 4 Togiyt¥y + Tpgity o)
I3p + Ipguz - Ipgtg

The constants 115 to 130 and 193 to 195 are given in
Section 2 of Appendix H. The solutlons for the Lagrange
Multipliers 11 and kz, which serve no further purpose in
this investigation, are listed for the sake of completeness

by equations (H.15) and (H.16).

b, Discussion of Solution

In order to draw the correct conclusions from the
solution of the 16th degree polynomlal, it is necessary to
consider 1ts origin.

Appendix H shows that the final solutlion steps of the
optimization equations (H.1) - (H.6) lead to expressions
for t3 in terms of uq (see equations (H.12)), which are
substituted into equation (H.11), an Bth degree polynomial
both in t3 and uj. The resulting expressions (H.13)
represent an equality wherein the left-hand side constitutes
one Bth degree polynomial in us, while, ‘due.to the:square-
root, the right-hand side contalns positive and negative

th
values of a second 8 degree expression in the same varlable.
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Geometrically interpreted, the intersectilons of the above
curves furnish those values of uj which lead to the extrema
of the BMS shaking force. In order to avold the difficulty
of matching solutions, both sides of equations (H.13) are
then squared (the opposite signs vanish), and the right-
hand side of the ensulng expression 1s subtracted from that
of the left~hand side, resulting in equation (4.49). It
is to be noted that before subtracting, the intersections
of the two 16th degree polynomials furnish the same values
of us which are obtained from the intersectlons represented
by equations (H.13). Finally, the real roots of the poly-
nomial (4,49) are identical to the u3's of the various
Intersection points. BEach of the real u3's wlll lead to
two t3's. which in turn will give rise to a uq and a tl.
Thus, there can be as many as 32 rgal solution sets when
the method can only provide a maximum of 16. To separate
velld from invalid sets, one must determine whether a gilven
set satisfies the optimization equations (4.43) - (4.48).
All sets of solutions usg, t3, uy and t1 which satisfy
the optimization equations correspond to extrema of the RMS
shaking force, and one of these represents the desired
minimum solution. Appendix I proves that there is such a
minimum amongst the true solutions. This is accomplished,
in a manner similar to that of Section IVB-3, by showing
the applicabllity of the theorem which states that a
continuous function has a minimum and a maximum on a closed

and bounded set.
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, Application of Solution to Design of Input and

Output Link Counterwelghts

The optimum mass parameters g, t1. u3 and t3.
which are the result of the solutlon of the optimization
equafions, as well as the chosen parameter v3, must now
be physically realized with the help of counterweights
whlch are attached to the already exlsting links 1 and 3.
As in Section IVB-4, the counterwelghts are to be circular

and tangent to the plvots.

a, Design of Counterwelght for Output Link 3

In designing the counterwelght for link 3, one
has to satisfy the optimum mass parameters u3 and t3,'which
result from the optimization equations, as well as the mass
parameter v3, which 1s chosen in such a manner that a
reasonable counterweight results. (See Section IVA-2.) To
this end, the design equations of Section IVB-4 are used.
(The fact that vy was obtained by way of the optimization

equations in that section 1s of no consequence.)

b. Design of Counterweight for Input Link 1

In designing the counterweight for link 1, one
has to satisfy only the mass parameters uy and t1, which
result from the optimization equations. The thickness-
density ratio D: 1s now chosen in such a manner that a
reasonable countérweight results. Appendix G derlives the
appropriate design equations for the dimensionless radius

H: and the angular position 9; of this counterweight. Thus,
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according to equation (G.26):

1/3
* o 241/2
Rl m— — (Ul -+ 1 ) = ’
a
1 1TB1 103
(4.53)
and according to equation (G.27):
+*
-1/ T - t
9; = tan 1(_%) = tan 1(-———%r——). (4, 54)
o)
% u, - 3 By
In the above (see also Fig. 6)
r: = actual radius of counterweight
U: = R;cose: dimensionless coordinates of position
Tq = R:sine; of counterweight center of mass
Bi = dimensionless mass of 1link 1 (see equation (A.119a))
Bl' 71 = dimenslionless parameters expressing the

geometry of link 1 (see equations (A.115)
and note that q, = 1)
* 1

P
D; = 61 _% = dimensionless thickness-density ratio

61 = ratio of the counterweight thickness to the
thickness of link 1
Pl, po = mass densitles of counterweight and link 1,

respectively.
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5. Example of Optimization With Input and Output

Link Counterweights

a. Procedure

In order to employ the optimization procedure
derived in the previous sections to an existing linkage,
the following design steps must be followed:

(1) The range of meaningful constraint factors qQq and
a5 which is to be examined is determined in the manner
ldentical to that of Section IVB-5. Then the parameter v3,
whlch expresses the moment of inertla of the output link, is
chosen. It has been found practical to examine the range of
v3 which varies from 1.5 to 3.5 times that of the original
link. Finally, =ttention must be paid to the predetermined
thickness~density ratio D:, which is used in the computation
of the counterweilght parameters R; and 9;, so that the
resulting design has a reasonable relationship between
thickness and radius.

(2) The counterweight radii R: and R;, the thickness-
density ratlos D;, and the angles 6; and e;, as well as the
ratios 2, (see equation (4.28)), which correspond to the
optimum dimensionless RMS shaking forces, are then computed.
These values are found for the agreed upon range of Va from
the optimum mass parameters uy, tl’ u3 and t3, whlch are
functions of the various combinations of constraint factors
a4 and Agye As iIn Section IVB-5, design graphs, based upon

the above Information, are devised which permit the choilce

of the most practical optimum configuration.
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b, Numerical Example

The four-bar linkage of Fig. 7, described in
Section IVB-5, will be used as a numerical example to allow

comparison between the one and two counterweight methods.

(1) Constraint Factors aq_8nd q,

The range of constraint factors remains as in

Section IVB-5, 1.e.
1 < q < 1.40 (4.55a)
1<aq,c< 1.84 , (4.55b)

A1l computations concerning the unbalanced and fully
balanced mechanism, which lead to the above, of course,

remain identical (see Section IVB-5), 1i.e.

= 2,156, = 1.349  (4,56)

fhlnmsu fSRMSu

= 3.020 . : (4.57)

f =
L”'RMS'b

(2) Design Method for Determination of

Counterweight Radius, Thickness-Density

Ratio and Angle

(a) Tabulation of Solutions

¥* +* 3* ¥*

In order to obtailn the values of Rl' 91, R3’ D3

and e;. it is agaln first necessary to determine that set
of optimum mass parameters Uy, tl’ u3 and tB associated
with given values of v3, a4 and d, which corresponds to

the minimum BMS shaking force. (See equations (4.49) -
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(4.52).) Once this has been accomplished, equations
(4.25) - (4.27), (4.53) and (4.54) are used to obtain the
counterweilght parameters.,

Tables 9 - 11 1list the optimum mass parameters for
vy = 2.50vg = 4,935, vy = 2.75v§ = 5,428, and vy = 3.00V§
= 5,921 (vg represents the moment of inertia of the unbalancéd
link, see Table 4) and constraint factors a4 and q, as shown
in equations (4.55). The above range of Vg has been found
to furnish meaningful results. Subsequently, Tables 12 - 14
list the corresponding counterweight parameters R:. R;, D;,
9; and e;, as well as the ratio 24, as functions of the
indicated constraint factors. R; and 9; have been computed
for a thickness-density ratio of D) = 2.5. With this low
value of D:, the input 1link counterwelight may be made of the
same materlal as the input link.

In order to be able to select the most practical
possibilities from all the solutions of Tables 12 - 14, the
design graphs of Figs. 9 - 11 have been devised, each for a
different value of V3.

The top graph 1ln each case shows values of RI as a
function of q, for various values of Q4 (and D; = 2.5). The
middle graph depicts the variation of Dy and Ry vs. a,, again
for various values of Qq- As 1In Section IVB-5, the vertical
line-up of the qQ, axes makes 1t easler to arrive at an

engineering solution.
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1.10

1.20

1.30

1.40

1.50

1.60

1,70

1.80

1.05

-00624

1.671
-00923
—00064

-0-859

1.274
-0.921
-0103?

-1-085

0.889
-0.920
-0.015

-1.305
0.513
-00919
0.003

-10519
0. 144
-0.919
0.019

-1.729
-0.220
-00919

0.033

-11936
-O|580
-00920

0.0k45

~2.140
-0.937
-0.920

0.056

1.10

-0,696

1.721
-0.653
-0.105

-0.936

1.323
-00650
‘0.069

-1,165
0.942
-0.648

-0.039

-1.387

0.568
-Onén?
-0.013

-1,603
0.200
-0'6u6
0.009

-10815
-0, 164
—0.6“7
-0.029

-2.024
-01523
~0.648

0.046

~2.230
-0o879
-0.6u8

0.061

1.15

-0.753

1.761
-0.432
~0.146

-0-995

1.368
-0.427
-0.101

-1022?

0.986
'0-42#
-0006“

-10452

0.613
-0.422
-0.032

-10670

0.245
-02422
-0.005

-10884
-0,118
-0.422

0.019

-2-094
'0.476
-0.422
0,040

-2.,302
~0.832
~-0.423

0.059

1,20

-00800

1.797
“0.23?
-09187

-1.046

1.405
-0.230
-00135

-1,280

1.205
-0.227
-0.091

-1.507

0.652
-0.225
-0.054

-1.727

0.285
-0,224
-0.022

~1,943
-Olo77
-0.223

0.007

-20155
-0.435
-0,224

0.032

-20363

-0.790

-0.224°
0.054

1.25

-0.842
1.830

-0.059
-00228

‘1.091

1.439
-0.051
-0.169

-1.327

1.060
—0.046
-00120

-10556
0.688
-0.0##

-0.077

-1.778

0.322
-0.0&2
‘01041

-1.995
-00039
-0,042
-0.008

-2.208
-0,397
-0.042

0.020

-2.u18
-0.752
-0.042

0.046

1.30

700879

1,860
'0.108
-0.269

-1.131
1.471
0-117

-0.204

-10370
1.092
0.122

-00149

-1.600
0.721
0.126

-00102

—1.824
0.356
0.128

-00061

-2.0&3
-00005

0.128
“00025

-2.2 8
-00 62
0.129
0.007

-20469 .
-0,716
0.128
0.036

1.35

-0.914
1.888
0.265

-0.311

-1-168
1.500
0.275

—0.240

-1.“09
1.123
0.281

-01180

-106u2

0.753
0,286

-0.128

-10867
0.388
0,288

—00083

-2.087
0.028
0.290

-0.043

-2.303
-00328

0.290
-00008

-2-516
-00682
0.290
0.024

1.40

-0'946

1.915
0.415

-0.353

-1.202
1.529
0.427

-00276

‘1.“46
1.152
0.434

-0.211

-10680
0.783
0.439

-00155

-1.907
0.419
0,442

‘00106

-2.129
0.060
0. il

-0-063

-2.346
~0,296

0.444
-0.024

-2.559
-0.650
0. 44k
0.010

Table 9

Optimum Mass Parameters u,, tg, uy and t, (Associlated
With Lowest RMS Shaking Force
= 4.935

73

(Computations used 5° intervals.

vS. qq and q, for

Comparison showed

that no greater accuracy was needed for the well
behaved functions involved,)
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1.10

1.20

1.30

1.40

1.50

1.60

1.70

1.80

1.05

-0.344

1.874
-1-325
-0,033

~-0.581

1.468
-1-324
-0,017

-0.808

1.076
-1.322
-0.005

‘1(028
0.694
-10321
0.006

-1.243
0.321
‘10321
0.015

'10454
-0.047
-1.320

0.023

-1.662
-1.320
0.030

-1.867
-00769
-1.320

0.036

1.10

-0.“52

1.944
”O|936
-0.084

-0.694

1.541
"0.933
-0.054

1.151
-0.931
-0.030

-1.149

0.771
-0.930
-0.009

‘1.36?
0.399
-00929
0.009

-10581
0.032
‘03929
0'024

-1.791
-0.330
-00930

0.038

-1.998
-00668
-0.930

0.050

1.15

-0.520

1.992
-0.670
~-0.130

-0.767

1.591
-0,665
-0.090

-1.002

1.203
-00662
-0.057

-10228

0.824
-03660
-0.029

‘10“#9

0.453
‘0'660
-0,005

-10664
0.087
—01659
0.016

-10876
-0:274
-00660

0.035

‘2.085
-00632
-03660

0.051

1.20

~0, 574
2.032
-0.4#9

-0.175

‘00824

1.632
-OcuuB
=0.,127

1,245
-00439
-0,086

-1.291

0.868
-Ooujé
-00052

-10514
0.498

~0.022

-10731
0.133

-0043
0.00

‘1-945
‘00435
0.026

-2.155
-0.585
-0.%435

0.0%7

1.25

-0.620

2,067
-0,254
~0.220

-00873

1.669
-0,246
-0,163

31011“

1.283
-0.241
-0.116

-1-345

0.907
-00238
-0.077

'10570

0.537
‘00236
“0.042

-10789
0.173

-0,012

-20004
-0.187

-0.235
0.015

-2.,216
-00544
-0|236

0.039

1.30

“01660

2.099
-00075
-0.264

~0,917

1.702
-0.066
~-0.201

-1.160
1.318

-0.060

-0.148

-1.393

0.942
-00056
-00103

-1,619

0.574
-0.054
“0-063

'1.8“0

0.210
-0.052
-0,029

-2.057
-Oalug
-0.052

0.002

-2.270
~0.506
-00052

0.029

1.35

-0n697
:2.128

0.092
-0.309

-0.956
1.733
0.103

-0.239

~-1.201
1.350
0.110
-00180

-1.437
0.976
0.115

-0.130

'1.665
0.608
0.117

-0.086

-1088?
0,245
0.119

-00048

-2.105
*0.11“
0.11

-0001

-2.319
-0.470
0.119
0.017

1.40

—01730
2.136
0.249

-0.353

-00992
1,762
0.262

-0,277

-1-239
1.380
0.270

-0.213

-1.#77
1.007
0.276

-0-158

“1-?07
0.640
0.279

900110

-10931
0.277
0.281

-20150
0.282
-0.031

-2.365
-0.437
0.282
0.003

Table 10 Optimum Mass Parameters u3, ta, ug and tl (Associated
vs. Q4 and a5 for

3

(Computations used 5% intervals.)

With Lowest RMS Shaking Force
= 5.428
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1.10

1.20

1-“0

1.50

1.60

1.70

1.80

1.10

-0.176

2,156
'10319
-0.049

-0-421

1.742
-10318
-0.030

‘0-879

0.959
-1-315
-0.002

‘1-098
0.582
-1.314
0.010

-10312
0.211
’1.313
0.019

“1-523
-0.154
“10313

0.027

'10731
-0.515
-10312

0.035

1.15

-0.274

2.221
-00950
-0.107

-0.524

1.810
-0.946
-0.073

-0.991

1,031
-0.942
-0.045

-10213

0.655
-0.941
-00003

‘10430
0.286
-0.940
0.015

-10643
-00079
-00940

0.030

‘1.853
-0.439
-00940

0.043

1.20

-0.340

2,267
-0368?
-0:158

-0.594

1.858
-0,681
-0.113

-10066

1.082
-00675
“00047

-1.291

0.708
-0.673
-0.020

-10510
0.339
-00673
0.002

-1.723
-0.024
-00672

0.023

-1.937
‘03384
—00673

0.040

a4 1.25

-0.392

2'306
-00467
‘00207

-01650

1,899
-0.459
-0.154

-1.,128

1.125
-00451
-00073

-1.354

0.752
-00449
-0.041

-1.576

0.384
-0.448
-00013

-1.793
0.021
-O.uua
0.011

-2,006
-00338
-0.4“8

0.033

1.30

-0.436

2.340
-0.272
-0.255

-00697

1.935
-0.262
-0,194

'1-180

1' 164
-0.252
-0.100

-1.#09

0.791
-0.249
-00063

~1,632

o.“"zl"
-01248
-0.031

-10850

0.062
-01247
-00002

-20065
-0.297
-O|2u7

0.023

1.35

-00475
22,371
-0.093
-0.303

-0.739

1.967
-0.081
-0.23#

-1.227

1.199
-0.069
-0.129

~1.458

0.827
-0.066
-00087

-1.683

0.461
-0.064
-0.051

-1.902

0.099
-00063
-0.018

-2,118
'0-259
-0.063

0.011

1.40

-0,510
2.koo
0.074

-0.350

-0.777

1,998
0.088

-0.275

'1-270
1.231
0.102

-0'159

-1.502
0.860
0.106

-0.112

'1-729
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Table 11 Optimum Mass Parameters u3. t3, u4q and t1 (Associated

With Lowest
V3 = 5-921

3

(Computations used 5° intervals.)

*No real solutions occurred for Qq = 1.05.

RMS Shaking Force) vs. Q and q, for
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% 3% 4%
Table 12 Counterwelght Parameters RI, Ry, D;, 61, 03 and RMS
Shaking Force Ratlo 2, Vvs. q, and qp for v4 = 4.935
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Table 12 continued
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Table 13 Counterwelght Parameters R;. Ry, Dy,
Shaking Force Ratlo 2e VS, Q4 and as

* »*
84, 93 and RMS




108

1.10

1.20

1.30

1.40

1.50

1.60

1.70

1.80

1.25

0.676
0.92h

5.023

207°

124°

0.75

0.661
0.983
3.926
201
136
0.61

0.652
1.010
3. 524
196°
146
0.46

0.646

1.000

3.663
190
157
0.33

0.643
0.959
4,336
186°
167
0.19

0.641
0.897
5.649
182
176
0.06

0.641
0.828
7.800
178
184
0.08

0.642

0.759

11.070
o

175

)
190

0.21

1.30

H}&

0.615
0.906

5.429

226°

124°

0.83

0, 586
0.961
4,302
219
135°
0.68

0.563
0.985
3.892
212
146
0. 54

0. 546
0.976
4,047
204
156
0.41

0.535

0.937

L,761
195
167
0.28

0.529
0.879
6. luo
187
o

175
0.16

0.528
0.813
8.382
180
183
0.10

0.529
0.747
11,768
173°
189°
0.17

1.35

o ®© U W ™
W ok ok D kWD ka X

H)&

0.589
0.891
5.823

254°

126°

0.91

o.suz
0.941
4,669
o
252
135
0.77

0.497

0.964

4,253
219
146
0.63

0.452

0.954

b2l
2kl
156
0.50

0.407

0.917

5.178
235
166
0.39

0.365

0.863

6.619
219°
175
0.28

0.338
0.800
8.947
o
193
182
0.22

0.340

0.737

12,444

164°

189°

0.22

1.40

o o© U =]
\o*'A*\w:uuF;r**

H‘Q'

0.612

0.877
6.209

o
281

125
1.00

o

0.569
Oc 92‘4‘
5,031
(o}

287
135
0.86

0.529
0.944
4.610
o

293
1#6o
0073

0.“91
0.935
k,798
0

302
156°
0.61

0.456
0.900
5.590
o
312
166°
0.50

0.428
0.848
7.092
326°
174°
0.40

0.410
0.788
9.503
343°
182
0.33

0.Lok

0.727
13.105
0

1
188°

0.31

Table 13 continued
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Table 14 Counterweight Parameters R,, RB' D3, 04, 93 and RMS

Shaking Force Ratilo af VS, Q4 and qs for v3 = 5.921
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Table 14 continued
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Fig. 9 Design graphs for counterwelghts for vy = k.93s
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Fig. 10 Design graphs for counterweaigh:lzsr..,fo:c'...'_‘z3 = 5,428
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Fig. 11 Design graphs for .counterwgights; for :'it3 = 5.92%
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(b) Choice of Solutions With Help of

Design Graphs
Let the approximate conditions specifled in

Section IVB-5 with respect to the constraint factors and
thickness ratilo 63 also prevall in the present case, 1i.e.
the maximum values of a4 and q, are hot to exceed 1.30 and
1.40, respectively, and 63 1s to be no greater than 3 to 4.

If one assumes that the original llinkage and the
counterwelghts are made of the same material, then the
maximum value of D; is also between 3 and 4. (See equation
(4.27).) In order to realize the above requirements in the
most favorable manner, the middle graph of Fig. 10, which
represents v3 = 5.428, 1s entered, and it 1s seen that the
value of D. = 3.626 may be obtained for q, = 1.10 and
Ay = 1.10. The top and middle graphs indicate that these
values correspond to dimensionless counterweight radii
RI = 0.893 and R; = 1.003. The lower graph shows that
for the same constrailnt factors, 2p = 0.67. This represents
a 33% reduction in BRMS shaking force. Finally, Table 13
furnishes 6; = 184° and o3 = 122°,

A furthé¥ reduction in RMS shaking force may be
obtained by agalin using a tungsten alloy for the counter-
welght attached to link 3. Thls allows D; to be as large
as 7.5. (Compare Section IVB-5.) Entering the middle graph
of Fig. 9 (v3 = 4,935), one obtains D; = 5.413 when qq = 1.10
and U = 1.10. The lower graph indicates that 2p = 0.57 for
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the aforementioned constraint factors. Thus, the RMS
shaking force is reduced by 43%. The counterweight radii,
as obtained from the top and middle graphs, are B; = 0.811
and R; = 0.873. PFinally, again from Table 13, e; = 187°
130°,

As was the case in Sectlion IVB-5, the present design

and e;

graphs suggest other feasible solutions containing reason-
able counterweight dimensions. While these solutions may
lead to slightly increased dimensionless RMS ground bearing
forces, the diﬁensionless RMS shaking force will be smaller.
Table 15 gives a numbexr of such solutions in addition to the
two shown above. For purposes of comparison, this table
also lists the values obtailned fiom the single counterwelght
optimization described in Section IVB-5, as well as values

of the unbalanced and fully balanced mechanisan.

(¢) Conclusions

Inspection of Table 15 allows the following
conclusions concerning the application of the two counter-

welght method to the example mechanlsm:

1. The two counterwelght method realizes a sizeable
reduction in RMS shaking force while holding the BRMS ground

bearing forces very near those of the unbalanced mechanism.,

2. While the single counterﬁeight method only allows
optimizations for constraint factors a4 2 1.30 and Qr 2 1.20,

the two counterwelght method 1s useable for constraint



Table 15 Comparison
' Forces and

of RMS Shaking Force Ratio
Counterwelght Dimensions

.I.
Numbers in parentheslis indicate the value of the ratio p;/po. pI/po 1s always unity.

ln.a. = not attainable

* +* .* 3* ¥ 3#
Balancing Z, f T R R D D 0 0
Condition f | 41rMs| 43mMS 1 3 1 3 1 3
Unbalanced 1.00 ] 2.156 | 1.643 - - - - - -
Fully Balanced (1)* 0.00} 3.02014 3.020 ] 0.629 | 1.194 2.500 | 2,500 180o 180o
Partlally Balanced
1 ewt. (2.5)|n.a.Yyn.a. [n.a. |n.a. {n.a. |n.a. |n.a. n.a, | n.a,
q1=1.10. q2=1.1o 2 cwts, (1) ] 0.67 | 2.372 ] 1.807 | 0.893 | 1,003 2.500 | 3.626 | 184 122
2 cwts., (2.5)] 0.57 | 2.372 ] 1.807 | 0.811 0.873]12.500 | 5.413 187° 130o
1 ewt, (2.5) ]| n.a. [n.a. n.a, n.a. n.a. n.a, n.a, n.a, n.aé
Q4=1.10, q,=1.20 {2 ecwts, (1)} 0.57 | 2.372 1 1.9721 0.892 1,083 | 2.500 | 2.662 1830 131;o
2 cwts., (2.5)]| 0.45]| 2.372]| 1.972| 0.809 | 0.913 2.500 | 4.515 ] 185 142
1 ewt, (2.5){ n.a. | n.a. n.a. n.a. n.a. n.a. n.a. n.a. | n.a,
q,=1.15, q,=1.30 |2 ewts. (1) | 0.42 2,480 2,136 ] 0.812] 1.075 | 2.500 | 2.745 1842 1462
2 cwts., (2.5)] 0.33}|2.480| 2.136 | 0.728 | 0.886 2.500 | 5.105 | 186 154
1 cewt. (2.5)] n.a. |n.a, n.a, n.a, |n.a, n.a, n.a, n.a, | n.a,
q1=1.20. q2=1.uo 2 cwts, (1)] 0.29 | 2.587 | 2.300 0.732]1.029 | 2,500 | 3.267 185° 15?°
2 cwbs., (2.5)] 0.2412.587 | 2.300) 0.637] 0.833 | 2.500 | 6.524 | 188° | 164°
1 cewt., (2.5)] 0.69 ] 2.804 ] 1.972 - 0.832 - 6.235 o 1459
q.=1.30, q2=1.20 2 cwts. (1)} 0.70| 2.804 | 1.972 | 0.674 | 1.084 2.500 | 3.038 | 204 127°
1 2 cwts, (2.5)| 0.68 | 2.804 | 1.972] 0.586 | 0.961 | 2.500 | k.302 | 219° .| 135°
1 cwto (205) 0056 2.804 2.136 - 00814 - 6-80“ - 1560
q,=1.30, q2=1.30 2 cwts, (1) | 0.56 | 2.804 | 2.136 | 0.663 | 1.140 2,500 | 2.476 198° 138°
1 2 cwts. (2.5)] 0.55) 2.804] 2.136 | 0.466 | 0.821 ] 2.500 | 6.908 | 249° | 1530
1 th. (2.5) 0.’4'0 20910 2.""65 - 0.878 - 5-837 . -o 169(0)
a,=1.35, q,=1.50 | 2 ewts. (1)} 0.36| 2.910| 2.465| 0.549 | 1,107 | 2.500 | 2.790 2007 | 1602
1 2 cwts., (2.5)] 0.39| 2.910] 2.465] 0.407 | 0.917 2,500 ] 5.178 | 235 166

2¢, Dimensionless RMS Ground Bearing

911
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factors as small as qq =4qp = 1.10.

3. These desirable results are attainable without
having to resort to a counterweight material denser than

that of the link in order to obtain reasonable counterwelght

dimenslions.,

4, The introduction of a denser counterweight material
generally leads to further reductions in the RMS shaking

force for given values of RMS ground bearing forces.

5. When operating within the range of constraint
factors applicable to the single counterwelight method, the
two counterwelght method does not offer any appreclable
advantages with respect to the reductlion of the dimenslonless

RMS shaking force.

It is important to note that in all the cases considered,
care has been taken to preserve practical counterwelght

dimensions.
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V. APPENDICES
APPENDIX A

DERIVATION OF EXPRESSIONS FOR THE SHAKING FORCE,
BEARING FORCES, AND INPUT MOMENT
OF AN ARBITRARY FOUR-BAR LINKAGE

1. Introduction

In the present appendix, expressions are derived for
the shaking force, the bearing forces, and the input moment
of an arbltrary four-bar linkage using the method of super-
position. In order to make the results of both the lagrange
optimization problems and the isomomental ellipse theory
more general, the expressions for the shaking force, the
ground bearing forces, and the input moment are put in
dimensionless form, The equatlons for the ground bearing
forces and shaking force are then rewritten in terms of the
mass parameters of link 3 for the single counterwelight
Lagrange problem, and in terms of the mass parameters of
links 1 and 3 for the two counterwelght Lagrange problem.
Finally, the dimensionless expressions for the ground bearing
forces and input moment are rewritten in terms of the parameters
of a standard linkage configuration, which was introduced in
the section dealing with the distribution of the RBRMS shaking

moment.
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2, Force Analysis of Arbitrary Four-Bar Linkage
a. Description of Arbitrary Four-~Bar Linkage and

Assoclated Nomenclature

The force analysls 1s to be performed on the
arbltrary four-bar linkage of Flg. Al., The following
nomenclature 1s introduced for link j (j=1,2,3) of this

mechanism:
aJ - plvot-to-pivot length

bJ, cJ - body-fixed x and y coordinates, respectively,
of the position of the link center of mass

ﬁDj' MDJ - D'Alembert force and D'Alembert moment,

respectively, acting on the link

i, 3, k - space-fixed unit vectors
mJ - link mass
mj - link angular position with respect to the x-axis.

Expressions will be derived for the following using the

method of superposition:
F#lx' F41y - components of bearing force at point Ao,

lex' F21y - components of bearing force at point Al,

F - components of bearing fofce at point A2'

23,' F23,

F43x, F43y - components of bearing force at point A3,



Fig. A1 Forces and moments acting
on general fourf-bar linkage

oct
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Fo = '(Fulx + F43x), FSy = '(F41y + F43y) - components of

Sx
shaking force

Mhl - input torque.

b. D'Alembert Forces and Moments of Individual Links

The D'Alembert forces and moments of the individual

links are given by

FDJ = -mJ(EJ + .y.'J) (J=192o3) (A.l)
- R =
MDJ = —mjlcjtpjk (J=1,2.3), (A.2)

where nJ i1s the radius of gyration of the jth‘link with

respect to its center of mass. The accelerations of the

various centers of mass are glven by:

X4

2
§;§(b1°°s¢1 - ¢45in9,)
-éi(blcoswl - c,sing,) - 651(b1s1ncp1 + c,c080,) (A.3)
d2
E;?‘blsinml + c4C0S0,)

'-ii(blsinmi + cqc089,) + §y(bjcosp, - c,sing,) (A.4)

2
d B
E;E(alcoswl + bzcos(p2 - czsinmz)

-alsincplﬁ')1 - a1$§cosm1 - $z(bzsinm2 + czcosmz)

2
(pz (bzccsmz - 028111‘92) (A‘5)
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2

. d °
¥, = ;;E(alsinml + b,31n9, + czcoswz)

alcosml$1 - aléisinml + $Z(b2cos¢2 - czsinvz)

- ég(bzsinmz + czcoswz) (A.6)
1 1 d2
Xq = ;;§(b3cosm3 - 3331n¢3 + au)

-$B(b391nm3 + c3cos¢3) - 6§(b3cos@3 - c391nm3) (A.7)

2
d
¥q = E;E(b331n¢3 + oBcoSQB)

$3(b3cos¢3 - 03811'1@3) - 6%(1)381!1(93 + 03303':93) . (A.8)

|

The expressions for P, 62, 62, 03, $3 and $3 in terms of
9y, 9, and §, may be found in [1].

c. Force Analysis By Superposition
Expressions for the shaking force, all bearing

forces; and the input moment will now be derived by the
method of superposition. This procedure consists of determining
the input moment and all forces due to each D'Alembert force
and moment acting separately. The resulting equations for
the respective moment and forces are then summed to produce
the desired expressions.
For the derivation of the aforementioned forces and

moments; the following notation wlll be used:
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=1 (3)
Frs

1ink due to the D'Alembert force on the j°B 1link,

- the force exerted by the rth link on the sth

fzéj) - the force exerted by the rth link on the sth
1ink due to the D'Alembert moment on the J#h link,

ME{J) - the input torque due to the D'Alembert force
on the Jth link,

Hﬁij) « the input torgue due to the D'Alembert moment

on the 3! 1ink. ‘

(1) Effect of Fp,

When‘the only D'Alembert effect is that due to

§D1' links 2 and 3 cannot have forces'acting on them. Hence,

-r(1) -£(1) ﬁf(i)

The force and moment equations for link 1 are

-r(1) - |
Fiey + FD1 =0 (A.10)

£(1)- - - -
Mugi)k + [bl(cosmli + sinwij) + cl(cos(¢1¥g)i

+ sin(01+g)3)] x §D1 =0 . (A.11)

Substituting equation (A.1) into equations (A.10) and (A.11),

performing the cross-multiplication in equation (A.11) and

solving for fi{l) and Mi{i), one obtains
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=£(1) = =
f 1 o8 28
Mh§ ) = ml[xl(-b1slnm1 - cicosml) + yl(blcoscp1 - clsinml)].

(A.13)

(2) Effect of Mnl

Again, links 2 and 3 can have no forces acting on

them. Thus,
=m(1) =m(1) =m(1)
Fia  =TFp3 =Fpy'  =0. (A.14)

The force and moment equilibrium equations for link 1 are

Fﬁ{l) =0 | (A.15)

m(l)- -
Ml"l k+MD1k=O ’

or using equation (A.2),

1 2. '

(3) Effect of FDZ

The force and moment equilibrium equations for

links 1, 2 and 3 can be written

=£(2) =f(2)

FLP]. + F21 =0 (A.17)
Miiz)i + al(coswli + sin¢13) x F§§2) =0 (A.18)
= =f(2) =f(2)
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[bz(cosmzi + sinm23) + cz(cos(m2+g)i + sin(¢2+g)3)] X ﬁDz

L-z\vvwvz— . -n---*rzu: . -2‘-v-—‘r2.zl— . -——--\1—2-2101-' - -D2
- T x -£(2)
+ a,(cosp,l + sing, ) Fip =0 (A.20)
=f(2) =f£(2)
Fpq = + Fyg ' =0, (a.21)
~-f(2)

Link 3 1s a two force member. Thus, F32 is directed
along A2A3. Substituting equation (A.1) into equation (A.20),
-f(2
solving this equation for Fzé ). and then using the result

in equation (A.21) yields the following:

-£(2)  =f(2) m,

F23 = ~Fjyq = aZTé[iz(bzsinmz + czcosmz) - §z(bzcos¢2
- czsinmz)](cosmBE + sinw33) ,
(A.22)
where
3*
73 = sin(q)3 - ch)- (A.23)

Now substitute equations (A.1) and (A.22) into equation

(2
(A.19), solve for in ). and use the result in equation

(A.17). This produces the following:

3*
Folding linkages, in which ¢3 - 95 = 0 or w, are excluded
from this study since the motlion becomes indeterminate.



126

- -f(2 m
AL
82‘7’3

[iz[(bzsinmz + czcoscpz)cosm3 + aZTB]
- yz(bzcostp2 - czsinmz)qos¢3]1
+ [iz(bzsinmz + ¢,c089,)s1ng,

- yz[(bzcoswz - czslnmz)sin¢3 - 3273]]3 5
(A.24)

f
Solving equation (A.18) for Mu§2) and substituting equation

(A.24), one obtains

£(2) &4z [,
M = x,| (b,sine, + c,cos9,)sing
iq 8,75 z[ 2 2 2 2 3]

- yz[(bzcoscp2 - czsintpz)simp3 - a213]]cosm1

- [:xz[(bzsin(p2 + czcoscpz)coqu3 + a2T3]

- ?2[(b2cosm2 czsinmz)cosw3]]sinm1 . (A.25)

(4) Effect of HD2
The force and moment equilibrium equations for

links 1, 2 and 3 can be written as follows:

ngz) + §£§2) -0 (A.26)

HE{Z)E + al(cos¢1I + sinmlﬁ) x ﬁg{z) =0 {(A.27)
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- -m(2
F?éz) + F;é ) oo (A.28)
az(cosmzi + sinmzj) x ﬁgéz) + MDzﬁ =0 (A.29)
-m(2 -m(2
F!;; ), Fﬁg ) _ 0. (A.30)

-m(2
Since 1link 3 1s a two force member, Fgé ) must be

directed along A2A3. Substitute equation (A.2) into
-m(2

equation (A.29), solve this equation for Fzg ). and then

" ‘'use the result in equations (A.26), (A.28) and (A4.30) to

-m(2) -m(2) -m(2)
find F21 , F41 and F43 + Thus, one obtains
2"
-m(2) =m(2) =-m(2) =m(2) -mp K39y T -
3 (4.31)
Substitute equation (A.31) into equation (A.27) and solve
for Mﬁiz). Hence
2 (
My Ko sin(p,-9,)9
e 1 32 (A.32)
41 a T
2'3

(5) Effect of FD3
The force and moment equillibrium equations for

1inks 1, 2 and 3 are

F;iB) + §ﬁ§3) =0 (A.33)
£(3)- =f(3)

L a,(cosp,1 + sing,3) x F,y7" =0 (A.34)
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=£(3) =f(3)

Fip” + F37 =0 (A.35)
= -£(3) =£(3)
FD3 + Fu_B + F23 =0 (A036)

a3(cosm31 +Vsinm33) x ﬁg;j) + [bB(cosmai + sinm33)

o M3 M3 = -
+ c5(cos(o )T + sm(m3+-2-)a)] xfp, =0. (A37)

-£(3)
Link 2 is a two force member, and therefore, F233 must

be directed along A1A2. Substitute equation (A.1) into

equations (A.36) and (A.37). These equations can be solved

for F;;B) and fi;B). Usihg the expresslon for 5;;3) in

-f
equation (A,35) permits one to find F2§3), which can then

=
be used in equation (A.33) to solve for Ebij)' Thus,

=£(3) =f(3) =f(3) _ 23 .
F23 = —F21 = Fui - s.;;‘;_-s-[IB(bBSinQB + 03008m3)
- §3(b3cos¢3 - 0331n¢3)](cosm21 +~sln¢23)
(A.38)

=f(3) _ m3
8473

{[23(b331n¢3 + c4c08P3 - a373) - ?B(bBcOSQB
- 0331n¢3)]oosm25 + [§3(b3sihm3 + c3c0393)
- §3(b3cosq’3 - c3s1nm3 + 3373)]31n°23 (A.39)

Now substitute equation (A.38) into equation (A.34) and
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solve for Mﬁia). One obtains

H£§3) = ffgfizl[is(b3sinw3 + c5co895) - §3(b3cosm3 - c331n¢3)]
T
>3 (A.40)
where
T1 = sin(ml - @2). (A.41)

(6) Effect of MDB
The force and moment equilibrium equations for

links 1, 2 and 3 are

B L Hm o | (A.42)
Mﬁ§3)i + a,(cose,1 + sinp,j3) x Fg;B) =0 (A.43)
1-“?;3) + 1-’%3) =0 (A.14)
Hay + By =0 (A.15)
MDBE + a5(cosw,1 + sine,J) x ﬁgg” =0 . (A.46)

=m(3) N

Link 2 i1s again a two force member. Hence, F23 s

directed along A1A2' After substituting equation (A.2)

-m
into equation (A.46), one can find FbéB). This can then be

used in equations (A.4%) and (A.45) to obtain Fﬁ;B) and

Fm(B)

21  + Which can now be substituted 1into equation (A.B2)
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to find ﬁﬁiB). Therefore,

2..
=m(3) =m(3) Fu(3) _ wm(3) = _Ezfzzz(cosmzi + sing, ).

F23 = -FL"3 = -F21 = L“l o
3°3 (A.47)
Substituting equation (A.47) into equation (A.43) and
solving for ME{B), one obtains
m(3) 2171 2.

2473

(?) Superposition of Forces

The total bearing forces can now be determined

by the method of superposition.

(a2) Ground Bearing Force 541

F41x and Fhly' the x and y components of F41'
can be found by summing equations (A.12), (A.15), (A.24),
(A.31), (A.38) and (A.47). Then substituting equations
(A.3) - (A.,8) and rearranging according to mass-distance

products, one obtains
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L1y 1 .2 ) b (-2 .. i )
Fu1x -mzai(mls ng, + ¢,cos®,) - m,b,(p,cose, + ,sing,

+ mlcl(éisinml - ﬁlcoswl)

. .2 alcosm 02 . -
- m2b2 0281nm2 + QZCOSQZ - —jgg;g;z(ml 1 - mell)_

e 2 1cos¢3
- m202 ¢2008¢2 - ¢281n¢2 + ——-;—;-’(mlTil + miTi)

2 2)CP2008¢3

2 2 ®,cOSP
- mz(bz + c2 + Kz —2————§
azTé

2
- b
my(by + o3 + K3) 7

(A.49)

' o 2 2 o
F41y - mzal(cplcoscp1 - mlsinml) - mlbl(cplsincp1 - mlcosml)

«2 v
- m101(¢1008¢1 + mlsinmi)

o "2 sinm .2
+ m2b2 (pzcosm2 - mzsinmz + 3(

- 9, T,,)
1 1 1 11
a2 3 i

" 2 sinm
= MyCof P551N0, + P cosP, + —-—-—'2( P17y + me1)

8273
2 2 .2 Ppsing 2 2 2 933ing
- mz(bz + 02 + 2)—2———-2'- m3(b3 + 03 + mB)-z-_—-z

85Tq 8373

(A.50)
where

T11 = cos(Cpl - mz) . | (A‘.Sl)
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(b) Moving Bearing Force F21
The x and y components of §21 can be determined

by adding equations (A.9), (A.1k), (A.24), (A.31), (A.38)
and (A.47). Substituting equations (A.3) - (A.8), and

rearranging as above, one obtains

F

(n. 1 .2 ) m b .. Sin '20
215 = Bp211948100, + @4C0894) + Mybyl P81NP, + PyCOSP,

a,c0s89 e .
+ -1—-—-3(tp1711 - cp?'rl)]

a,c0SQ .2
+ m202[¢2008¢2 - mZSinwz + ——————z(mlTl + wlTil)]

2273
P,cos® ® Q
+ mz(bz + cé + K S)_Z____i + m3(b§ + °§ + ;)—2335-3
8273 8373
(A.52)

’ o 2 o 2
F21y = m2a1 --tplcoscp1 + mlsinwi) + mzbz[-tpzcosm2 + wzsinmz

a,singp, .
™ 2 aisint . o2
+ mzcz[cpzsinq:2 + 9,5c080, + —jigig-imlTi + ¢17i1)
2 2 m sino 2 2 @osing
+ My (by + 5 + 2)——————2 + m3(b3 + c3 + 3)_2____3 .

(A.53)
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(ec) Moving Bearing Force 523

F and F can be found by summing equations

23x 23y
(A.9), (A.1B), (A.22), (A.31), (A.38) and (A.47). Again,
substitute equations (A.3) - (A.8), and rearrange the results

as indlicated above. Thus, one obtalns

a,cosQ .2 v alcOSW3 2
Faz, = B2 2[‘1‘“‘“2( 171~ q’1”'11)] + mz°2[“"“‘(°°17i1 +8y7y)

axT3 8x73
2 2 $,cosw 2 2 2 P.cos®
- m2<b§ oo 4 2)_2___3. - my(bs +os + o) 2
8,573 8475
(A.54)

a.,singp, ., a,.sinoe .
1 3 2 _ e 1 3 - 2 P
Fa3y = mzbz[-—;:-" 171 cp1"'11)] + m2°2[———-"“( P4Tyq + P4Tq)

2 2 2 $281n93 2 2 w3sin¢2
- my(bs + 5 + EZ)_T;;E;— - m3(b3 + 03-+K3)——j;7;— .
(A.55)

(d) Ground Bearing Force ﬁéB

F“Bx and F43y can be determined by summing
equations (A.9), (A.14), (A.22), (A.31), (A.39) and (A.47).
Once again, substitute equations (4.3) - (A.8), and rearrange

the terms as above. Fh3x and F43y can now be written
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GOSQB

a,c0894 .,
Fly3_ = M2P2 ‘;;5@;‘('¢171 + 9.7y |+ mpe,

o273 (o 1 Ty + wlTl)]

- m5b5($3s1nm3 + égcosmB) - m3c3($3cosm3 - é%sian)

2

2 2 W cosQe 2 2 P~COSQ
+ m2(b2 + e, + 2)_§____2 )_2____2

+ m (b +c, + K
a,Ty 3'73 3 3 84T,

(A.56)

a sintp3

FhBy = m2b2[—2;ﬁ?;-(-me1 + mlTll)] + m2 2[———————

a slnm3
(m T
ayT3

1711 * q’1'r1)]

+ Mg 3(cp3coscp3 - m3sinm3) - m3c3(ﬁ33s1nqa3 + 6§cosm3)

?,81 $,sing
+ (b + 02 + mg 2571% + m3(b + °§ + Eg)—g——-—g .
8273 8373
(A.57)

(e) Shaking Force Fg
The x and y components of the shaking force can

now be obtalned with the help of the above. Thus,
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Fan  + Fau

[«
]

1} 02 02 e
mzal(tplsinm1 + wlcoswl) + mlbi(rplcosrp1 + mlsinml)

] 2 - Y] [ ]
- plcl(mlsinml - wlcos¢1) + mzbz(mzsinwz + wgcosmz)

Py 2 ve 02
+ mzcz(tpzcosm2 @281n¢2) + m3b3(m381nm3 + ¢3cosm3)

+ m3c3($3cosm3 $§81n¢3) (A.58)
F =F F

oo 2 2
-mzal(wlcosw1 - mlsinml) + mibl(mlsmw1 - mlcosml)

02 o e .2
+ mlcl(cplcoscp1 + mlsinml) - mzbz(q)zcosq)2 - mzsinmz)
+ m.c,(9.8in9, + ézcosm ) - m.b,(P.cosp., - 6zsin¢ )
2°2'72 2 2 2 3°3'7"3 3 3 3

+ m3c3($3sinm3 + 5§cosm3). (A.59)

(f) Input Torque M4

The input torque can be determined by summing
equations (A.13), (A.16), (A.25), (A.32), (A.40) and (A.48).
Substituting equations (A.3) - (A.8) and rearranging the
terms as before yilelds the following:
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3. Dimensionless Expressions for the Ground Bearing Forces,

the Shaking Force, and the Input Moment in Terms of the

Positions of the Link Centers of Mass

For purposes of the present work, the ground bearlng
forces, the shaking force, and the input moment will now be
glven in dimensionless form. Thls permits one to obtailn
identical expressions for all mechanisms with the same 1link
length ratios Eﬂﬂ. Multiplication of the applicable expres-
sions by the square of the input angular velocity &1, the
common link density p, and the sulitable power of the length
of the input link a4, Will produce the actual reactions. It
is assumed throuéhout that the input angular velocity 1s constant.

The followlng need be defined:

a = ai/a1 -~ dimensionless link length

By = mi/bag - dimensionless mass (P ~ mass density)
U, =Db
1 i/al dimensionless position of ¢
‘ total center of mass of link o (4.61)
T, = ci/a1

Wy = Ei/al - dimensionless radius of gyration

(1=1,2,3).

The dimensionless reactions are obtained by substituting
equations (A.61) into equations (A.49), (A.50), and (A.56) -
(A.60). Subsequent multiplication and division of the results

by 6%, as well as factoring pagég or Pagéio furnishes the actual
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reactions:
Le2
Fulx = Palfpifulx (A062)
4.2
Fuly = palmlf""].y (Ao63)
{e2
ke2
he2
F = paLP,T A,
s, = P21%1fg_ (4.66)
o2
R = pa,o,f (A067)
*2
where
fl&lx = X component of dimensionless bearing force at AO
= -Bzcoswl - BiUlcosq’1 + B1T181ntp1
-6 . 2
® cOsPaT
- B,U -—zsinq) + *t-z- cosp, - ——3——1-
27212 2 ? 2 o
Py 1 273
B 0 \2
o Q CO8P4T
- B,T -—Ecostv - -:E sinp, + ———2—1-1-
272] +2 2 9 2 aT
AL 1 273
2 .2 20 cosvs 2 .2 .20, cosp
- B(U, + T, + wz).._E 3 - By(U3 + T5 + "3’73 - 2
9, %273 ®, %373

(A.69)
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y component of dimensionless bearing force at Ao

-stintp1 - B1U131n¢1 - BiT cosm1

p— . 2
® ? Sin®aT
B, U 2 ——C OSSP ?3 sinop, 4 -———2;1
2°2| > 2~ o 2 o
A 1 2'3
-ll [ J 2
) L) sing,T
B.T —Esinm + —3 cosP, + —-——2—11
272] =2 2 ’ 2 o
._(pl CPI 2T3
9, sing w sino
B, (U + 2 + w2)—2 2 3. B, (U + T2 + Wz) 3 2
7 %573 "’1 373

(A.70)

x component of dimensionless bearing force at A3

T,COS® T+4CO8SP
B, U, 3 . B,T 11”773
d2‘7'3 a2T3
B.U %3 1 6’3 B,T 63 23) 4
1 1 1 1
P> cosp ¥, coso
Bz(Ug + Tg wg) 2 3 4 33(U§ + T§ + wg -g- 2
®7 %273 ?y %373

(A.71)
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= y component of dimensionless bearing force at A3
T48ino T448ine
taT3 aT4
hod * [ I v'2
BU,| 2 ?3) stn B,T.| 2381 ¥3\ cos
T F373(52°°%%3 T\ 5. | P3| T PatylEsints + {5 °°%%s
1 1 1 1 ‘
®, sing 9, sino
+ B (V% + 12+ wo)2 3 4+ B (V% + 12 + wo)2 Z
2172 2 253 oot 3'73 3 372 a.T
qzi 2’3 Py 3'3
(A.72)
x component of dimensionless shaking force
Bzc:ostp1 + Blulccsm1 - 131T131ntp1
-” d 2 -oc . 2 Ny
P2 P2 P2 2 -
BZUZ -—sln(;)2 +| 5] cosv, | + B,T,|+=c089, = | — | s8inog
Y ¢ 272 ? 2 ? 2
-Ql 1 - L 1 1 -
- . .2 - - . 2 -
P35 ?3 ) 3
B3U3 -:—2-8111"’3 + (T) OOSQB + BBTB -:-EGOS¢3 - ‘5‘- sintp3
g 1 . 9 1 -
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y component of dimensionless shaking force

stinwl + BlUlsinq1 + BlTlcosq)1

L] 1) 2 9 oo [ ] 2 T
B,U, | <2 2\ oin 5,7, 2251 2\
1 1 . “’1 1 i
o . 2 N [ 2 9
) 3\, 95 3
B U,| —=c089, = | ==]| s8ingp, | + B,T —-sinm .| cose
373] 2 3 ) 3 373 m 3+ 0 3
?, 1 J ) "1 J
(A.74)
dimensionless input moment
® @ T,8in(9,-9,)
ByU, ‘% Tyg + | = Ty - = —
®y P4 %273
[ 0\ in ( )-
P | Ts4810n(P,-0
B, 2T, - (2] T 11 173
272|132 "1 T \37] Tt g
%1 1 23
2 2 95 sin(e,-9 ) ¢ T
B (U + Tp + W )—2 15 + B 3 !
2\%2 + T2 + W2 T 3 T
@1 2'3 3 3

(A.75)
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4, Dimensionless Ground Bearing Forces and Shaking Force in

Terms of the Mass Parameters g, t3 and v, of Link 3 Only

(Input Angular Velocity is Constant)

Since the single counterwelght optimizatlion problem 1s
solved for the center of mass parameters u3, t3 and v3 of
link 3, the dimensionless ground bearing and shaking forces

wlll now be rewritten as expliclit functions of these parameters.

With
L for definition, X
see equations (A.61)
2 2 2
vy = B3(U3 + T3 + W3), J (A.78)
one obtains
fulx = -(Ll + L2V3) ' (At79)
fqu = -(L5 + Lgug + Lty - L2v3) (A.81)
fuay = -(IB - 17113 + L6t3 - Luva) (A.82)
fsx = 19 + L5u3 + I7t3 (A.83)
fs = Llo - 17113 + L6t3 N (A.8'+)
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T11005
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(A.88)

2, 2 ¥y cosp,
+ Y

(A.91)

Tg 2 $2 81n¢3
+ W -
2782 T

(A.92)

(A.93)

(A.94)
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5. Dimensionless Ground Bearing Forces and Shaklng Force

in Terms of the Mass Parameters Uy and. t1 of Link 1

and u,, ty and v, of Link 3 (Input Angular Velocity

is Constant)

Since the two counterweight optimlzation problem 1is

solved for the center of mass parameters U4, tl' u3 and t3

of links 1 and 3,

respectively, for a predetermined value of

v3, the dimensionless ground bearing and shaking forces will

now be rewritten as explicit functions of these parameters.

With
111=

t1 =

in addition to equations (A.76) - (A.78), one obtains

Ty,
£
b1y

f43x

B

B

U

191 for ﬁefinition.

see equations (A.61)
17y :

-(Ny + Nouqy - N3t1 + thj)
—(N5 + Nauy + Nyty + N6v3)
- (N + Ngu3 + Noby - Nyv3)
-(Nlo - N9u3 + N8t3 - N6V3)
(Ny4 + Nyu,y - Nty + Nguj + N9t3)

(A.95)

(A.96)

(A.97)

(A.98)

(4.99)

(A.100)

(A.101)

(A.102)
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(A.108)

2 (Pz cosy 2
ml @273
(A.109)

(A.110)

(A.111)

2 mz sinm3
2%

mi %273
(A.112)

+ W

(A.113)

(A.114)
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6. Dimensionlegss Expressions for the Ground Bearing Forces

and Input Moment for a Four-Bar Linkage of Standard

Configuration (Input Angular Velocity is Constant)

This section of the appendix presents dimensionless

expressions for the ground bearing forces and the input

moment of a standard four-bar linkage configuration. This

standard confliguration, which has been introduced in [1.14].

is shown again in Fig. A2: d, represents the width of the

links as well as the radius at the pin joilnts (where applicable);

h, stands for the thickness (normal to the mechanism plane)

of the individual links.

To modify the dimensionless expressions for the ground

bearing forces and input moment of equations (A.69) - (A.75)

in terms of the link geometry of the above

~ the ‘following parameters are introduced as

the length of the input link a4
link length

link width

link thickness

position of link center of mass

The standard configuration
center of mass of links 1 and 3
of the links, and that only the

variable (i.e., the coupler may

Ay or Az)' Thus, o0, remains variable while

ratio:

ratio:

ratio:

ratio:

of Fig.

A2

configuration,

functions of

= ai/a1
=4a /a
¥ > (A.115)

assumes that the

are located at the centers

center of mass of link 2 is

overhang either of the pivots



uniform dg
thickness é

h
2 ﬂ I 93
uniform !
thickness

uniform
thickness

641

Fig. A2 Standard four-bar linkage configuration
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_ 1
6y = 03 = s - (A.116)

Since the link centers of mass lie on the line join-
ing the pivots, certain expressions of equations (A.61)

must be modified:

by T
U, = 2 =21 _ g« (A.1172)
1= =3 194
1 1
[+
T, = 2 _o. (A.117b)
&4

In addition, the link masses and the link moments of
inertia (with respect to the individual link centers of
mass) may be expressed according to [14] and equations (A.61)
in the following manner, if one assumes that the mass density

p 1s the same for all links:

my = paiB1 (A.118a)

m, = pa3B, (A.118Db)
- 3

my = p8133 (A.118¢c)
2

'b}Z = Myk, = ﬁaiBzwg = pafc2 (A.1184)
2

where the dimensionless B's and C's are as follows:

B

2
B;¥, (B, + 2) (not contained in [1u], but (A.119a)
simply obtained)

1

2
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2
By = 8373[a3 + 2B5(m - 1)] (A.119¢)

2 1 2 2 2
BZYQ{IE 2[82 + V2 + 3(Vé + 282 + Zozaz) ]

’ 2 2 2 2
+ 1—12- (az - 282)[(02 - 292) + 32 + 3(!2(1 - 20’2) ]

+ waz[eg + a§(2<3§ - 20, + 1)]} (A.1194)

03 = 83 3 IE (a - 263)[(a - 283 + 83] + ﬂ63($3 _a3)

(A.119e)

and

2 > 2 2 '
vV, = 4[a2(1 - oz) + (a2 - Bz) - a, + 2a282[w - 02(2ﬂ - 3)]
- 82 ] (An 119f)
Using equations (A.115) -~ (A.119) in equations (A.69) -
(A.72) and (A.,75), one obtains the following dimensionless

forms for the ground bearing forces and input moment of the

standard four~bar linkage configuration:

l. a 2
B 9 T4COSP
1 2 1 3
£.5 =|-— <+ B,lcosp, + B,a,0C sinm + co8Y, -~
14 ( 2) 1 2°2°2 —E 2 ( ) 2
* \2 *7 ®q T3
¢, cosy B az 5 cosy
2
92 %273 b “’1 A9Ty
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APPENDIX B
PROOF OF BAILANCEABILITY CRITERION (CONTOUR THEOREM)
FOR PLANE MECHANISMS

It willl now be proven that whenever a mechanism
without axi-symmetric link groupings does not contain a
contour from each link to the ground by way of revolutes
only, it cannot be completely force balanced. This will be
accomplished by showing that the replacement of terms with
time dependent coefficlients in the center of mass trajectory
equation by terms with constant coefficients 1s not possible
because the applicable loop equations cannot be solved
simultaneously to produce this effect. The reason for the
above lies in the fact that the coefficient matrix resulting
from the loop equations 1s of lower rank than the number of
terms with time dependent coefficlents, and therefore, these
terms are not linearly independent. The method of the
general proof will first be demonstrated by means of ah*

example.
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1, Specific_Mechanism Which Cannot Be Balanced

Fig. Bl shows a mechanism wherein ne path can be

found from link 4 to the ground by way of revolutes only,
and according to the contour theorem, the mechanism cannot
be fully force balanced. (Note that link 4 is surrounded by
sliders.) The center of mass trajectory of thls linkage can
be written in the following form:

_ 10 19 16, 19
Fg = .’:.[ (m,r,e 1, mya, )e 1., myroe 2,2

16, 1 10 1 p L)
3e v + muTrue ue Pl + muTg;(t)e 1., m3a8] ,

(B.1)

+ m3r3e

where L. represents the total mass of links &4, 5, 6 and

7. The relevant loop equations are given by:

Loop 1: a;(t)elw3 - aé(t)eiwz = 33e1¢3 - azew2 - due1(¢u+7u)
(B.2)
. .
Loop 2: aé(i:)em2 - ai(t:)ew1 = bye (o) - aleml (B.3)
1 i 1
Loop 3: -ai(t)e 1 - a;(t)e ®3 = ag - aye 4 . . (B.lt)

The trajectory equation (B.1) contains the term
mumpi(t)eiwl. which has a time depenient coefficient. There
1s no simple way of replacing ai(t)e ®1 by a sum of terms
with constant coefficients with the help of the loop equations,
and thus make it possible to balance the mechanism by setting
all of the resultant constant coefficients of the e J-terms

equal to zero.



Fig. Bl Eight llink mechanism

Ss1
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If one attempts to solve equations (B.2)-(B.4) simul-
taneously for the terms ai(t)e1¢1, aé(t)eimz. aé(tieimB
as a function of the constant coeffilclient terms of the
respective.right-hand sides, the following coefficlent

matrix results after sultable ordering of terms:

-1 1 0 (B.5)

Since the above 3 X 3 matrix 1s only of rank 2, the afore-
mentioned three terms are not linearly independent, and they
cannot be solved for simultaneously. Thus, ai(t)e1tp1 cannot
be replaced by a sum of terms with constant coefficients,

and the mechanism cannot be balanced.
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2. Generalization

The generalization of the contour theorem 1s also based
on showing that whenever a loop equation contains more than
one term with a time dependent coefficlent, and one or more
of the identlcal terms appear in the center of mass trajec-
tory equation, the loop equations cannot be solved simultan-
eously for these terms in order to replace them in the |
trajectory equation with terms containing constant coefflcients
only. It will be demonstrafed that under the above circum-
stances, these terms with time dependent coefficlents are
not linearly independent. To this end, it has been found
advantageous to introduce the concepts of "surrounding®
prismatic pairs, as well as "other® prismatic pairs, and to
assign certain associated link lengths in a predetermined
way.,

A "surrounding®™ prismatic palr is assoclated with a
"surrounded” link or group of links, and occurs whenever a
loop equation unavoldably contains at least two sets of
sliders, and thus there is no contour to the ground from
any of the "surrounded"™ links by way of revolutes only. For
example, in Fig. B2 links 3 and 4 together are surrounded by
prismatic pairs 1 and 2, or link 3 alone is surrounded by
prismatic pairs 2 and 3. (Note that in Fig. Bl there are
three "surrounding® prismatic pairs.)

Whenever a loop equation which contains a "surrounded"
1ink or a "surrounded” group of links 1s traced out, two
time dependent terms of the form a;(t)eim“ will appear in

the loop equation, one upon entering and one upon leaving
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the assoclated "surrounding” prismatic pairs. For example,

i1f links 3 and 4 of Fig. B2 are assumed to be the "surrounded"
io

group, ai(t)e 1 occurs in the loop equation upon entering

2

io
slider 1, and aé(t)e occurs when leaving slider 2. Sim-

ilarly, Af link 3 is designated as the "surrounded" 1link,
then aé(t)eim3 occurs upon entering and a.é(t:)ew2 upon
leaving the "surrounded®™ group.

If one now chooses the a;(t)'s such that in each loop
the terms-a;(t)eim“ have a positive sign upon entering a
"surrounding" prismatic pailr and a negative sign upon leaving
such a palr, one assures that these terms appear with alternate
signs.

"Other" prismatic palrs are those which are not defined
as "surrounding" pairs.

Consider Fig., B2 to clarify the above. Assuming that
prismatic pairs 1 and 2 represent the "surrounding" ones,

the center of mass trajectory with respect to point D for

the combined links 3 and 4 may be written in the following

way:
1o ig io
= 1 ' *T2 ' 3 3
r = (m, + m )a,.(t)e - ma.(t)e + m,r.e
(1n3+m,+)[3 b2 473 373
i
+ mu(a3 +1y)e ¢3] . (B.6)

r3'and Ty represent the center of mass locations of the
respective links. Equation (B.6) shows that the position

of the center of mass of any link within a "surrounded®"
group, such as those of links 3 and 4, can be expressed with

lo
the help of only one term, 1i.e. aé(t)e 2, of the assoclated
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"surrounding” prismatic pairs. The quantity aé(t)eimB refers
to the "other" prismatic pair. The a;(t) terms are assigned
in Fig. B2 in the previously agreed upon manner, and the
resulting two loop equations appear with the desired sign

alternation:

' 1 ' i ' —_—
Loop 1: a,(t)e 1. az(t)eimz + as(t)e ®3 = (a3 + au)eim3 - DA

"surrounding" "other*" (B.7)
prismatic pairs prismatic pair
' 1¢1 ' 102 ' 1@3 io 1@2
Loop 2 al(t)e - az(t)e + a3(t)e = a,e - ase
\ __ \ v -7
"surrounding" "other" + (a3 + au)e - FE
prismatic pairs prismatic pair (B.8)

Agsume that an arbitrary n-linkéd mechanism without
axl-symmetric links contains g groups of links, each "surrounded"”
by an arbitrary number of prismatic pairs (pg). The center
of mass trajectory equation willl then appear in the following
form if the "surrounding" and "other® prismatic pairs are

separated in the same manner as in equation (B.6):

n=1 k* g
16 ia i i i
Py = lZ[(erJe J 4 Z(mhe )kj)e ACI Z(ma'(t)e ), 1€ i
4 y nJ
J=1 k=1 p=1
. (contuins “surrounding’
» prismatic pnirs only) _
]
ig i -
+ Z (ma'(t)e ) s q’J] sa . (B.9)
n=g+1

(containg “other””
prismatie pairs) -
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Note that for each of the g groups of "surrounded” links,
i 1
there will be only one term containing the factor a'(t)e Be w.
and this term 1s due to one of the pg terms with time dependent

coefficlents of one of the p_. "surrounding” sliders of the

g
particular group. This means that a specific "surrounded"
group is always entered by way of a slngle "surrounding"
slider when describing its center of mass trajectories.

While it may be possible to eliminate some of the terms
with time dependent coefficlents due to the "other" prismatic
pairs from the center of mass trajectory equation (if there
is only one prismatic pair in a loop), it will now be shown
that 1t 1s never possible to eliminate terms with time
dependent coefficlents due to "surrounding" prismatic pairs.
This will be accomplished by proving that the pu terms with
time dependent coefflcilents of the uth "surrounded® group
are not linearly 1ndependent, and therefore, in any simul-
taneous solution of the'system of loop equations, one of
them wlll have to be expressed in terms of another in addition
to terms with time dependent coefficlents due to "other"
prismatic pairs, if present. To this end, the loop equations
are divided into two separate sets, one of which contains all
possible loop equations, 1i.e. pn(pu - 1)/2 equations, referring
to the Py "surrounding™ sliders of the uth "surrounded" group.
The second set contailns the L possible remaining mechanism
loop equations, and by definition of the first set, none of
the above pu terms appear in it. With the agreed upon sign

convention used in the first set, the mechanism loop equations

appear in the following way:



(a,’(t)c“")c""‘ _ (a:l(t)ciﬁ;)ciw

n—1

+ z au’(t)e"“’”“' @i}

n .
- Z Byttt o)

y=1 Jj=1
. N I3 . . . "_1 . n .
(@’ (t)e'P)ets — (a' (@)t v + 3 ay' ()Pt = =3 hyetlesited
. Ti=1 J=1
. ) a . n- l ) . n -
(al'.(t)eiﬂx)ewt - (ap“'_(t)c'ﬂ"#)c'“"’l‘ + Z ap,‘_l,,-’((.)c'(ﬁ’“""+’°') = - Z hp“_l_’,et(a,“..u-f-w)
' i=1 i=1 | Set
o L a=1 ) n . 1
(ag'(t)etﬁz)cw: —_ (aal(r,)ctﬂa)cws + E Op,i (B)€ Bapit i) = - E h,,“,e‘(“*‘u"*‘*”')
. j=1 j=1
. . . . n—1 A n )
(@' (t)eB)ciet — (ap' QPN rn T Gy QT Bt 0D = = T g, g el it o)
j=1 J=1
Terms:due to *“‘surrounding” prismatic pairs Terms due to “other" Constant coefficient terms
! prismatie pairs
ALY
” n—1 X n X
Z ax;’ () Exit e = - Z hysetlaniten
j=1 I=1
. . | Set
- 2

Time dependent terms of set 2—they do
not contain “surrounding’ pairs of set 1,

n .
0 = — Z h”(,x'(au+w)
j=1

29t
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The scheme of set 1 is continued without repeating a
previously stated combination, producing a pattern of
alternating signs for the terms with time dependent coefficients

agsoclated with the "surrounding" prismatic pairs of the group
* n-1 ' 1(81.3"'@‘1)

consldered. Terms of the type % ard(t)e

=1

J
the "other" prismatic pairs, which may appear in the r

are due to
th loop
equation of the first set.

The second set of loop equatlons consists of equations
with and without time dependent coefficients. Terms with
time dependent coefficlents are of the form nglaij(t)ei(alj+m3).
These represent all prismatic palrs in the X%ﬁiloop equation,
but do not contaln, as stated before, any terms due to the
"surrounding® sliders of the first set of loop equatilons.

The terms with constant coefflcients are represented in

n 1(a.4494)
both sets by terms of the type £ h,je (ary+9y .
=1

There are
pu(pu -~ 1)/2 such terms in the first set and L such terms in
the second.

To show that the pu terms due to the pu "surrounding"®
sliders are not linearly independent, it will now be proven
that the rank of the submatrix due to these terms 1s less

th

than pu. The submatrix asgssociated with the p group of

"surrounding® sliders can be written as follows:

*

While more than one lndependent loop equation may contain a
given set of two sliders, only one 1s necessary to determine
the rank of the coefficient submatrix corresponding to the
"surrounding® sliders (no linearly independent rows would
be added).
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1 -1 0 O 0...0 O \

i 0 -1 0 O0...0 O

i 0 o0 -1 O0..,0 O

i 0 0 0 0...0 -1

o 1 -1 0 O0.,..0 O

0 1 0 -1 0O ... 0 0

0 1 0 o0 -1...0 0

: : : : : : : rows due to first

6 i 6 6 6 o 6 -i f set of loop equations

0 0 1 -1 0 ... 0 0

o 0 1 0 -1 ...0 O

A . (B.11)

0 0 1 0 0...0 -1

6 6 0 0 0...1 -1 |

© 0 0 0 0...0 0|

. . . . o . . rows due to second

: : : : : : : ( set of loop equations
L_0 0 o O 0O ... 0 O__ )

This submatrix with pu columns can be transformed by
successively adding the second, third, ..., and puth-columns
to the first column. In this manner, the first column will
only contain zero elements. Accordingly, the pu columns are
not linearly independent, and the submatrix is of rank lower
than pu. Similar proofs are readily obtailned for the terms
with time dependent coefficients arilsing from the "surrounding"”

gliders of any of the other g - 1 "surrounded" groups. Because
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of the above, the complete system of loop equéfions, i.e.
equations (B.10), cannot be solved for any of the terms with
time dependent coefficients in terms of constant coefficients
only, 1f these terms are assoclated wlth loops containing
more than oﬁe.prismatlc pralr. Thils applies equally to

terms with time dependent coefficlents arising from "surround-
ing", as well as "other" prismatic pairs., Under these cir-
cumstances, the centers of mass of the assoclated mechanisms

cannot be made stationary, and the contour theorem is proven.
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APPENDIX C
- EXAMPLE CONCERNING THE THEORETICAL POSSIBILITY OF
FULL FORCE BALANCING WITH LESS THAN n/2 COUNTERWEIGHTS

Fig; Cl represents a six-bar linkage which has been
fully force balanced 1n [2] according to the Method of
Linearly Independent Vectors by attaching counterweights to
links 1, 3 and 5. It will now be shown that it 1s theoreti-
cally possible to obtain full force balance by mass
rearrangements confined to links 2 and 4 (which are not
attached to the ground). This leads to the related groups
of unknowns m,, m2:2°°892' m,Tr,81n0,, and m,, mTr;cose,,
murusineu. When e ?1 and eiw5 are eliminated by way of the
loop equations from the center of mass trajectory equation
(16) of [z] and the result is written in the matrix form

of equation (2.13), one obtains:
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Fig. C1 Six-bar linkage with arbitrary 1link

mass distribution [2]
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For the above coeffilclent matrix
2 .
9 = a3blsina1/a1 . (C.2)

Hence, the matrix is nonsingular (unless ay = 0), and the

balancing equations can be solved for the designated unknowns. -
If links 2 and 5, which again are not atfached to the

ground, are chosen for the mass rearrangements, equation

(2,14) will be of the type

G - -a. b, sina (c.3)

373 3 °

Again, since the matrix 1s nonsingular (unless ¢y = 0), the

balancing equations can be solved for the unknowns m,,

mzrzcosez. mzrzslnez, m5. m5r5coses. and m5r531n95.
Finally, if links 4 and 5 are chosen for the mass

rearrangements, equation (2.1l4) becomes
@: O ’ (c.u)

and the mechanism cannot be force balanced with counterweights
on links # and 5 only, regardless of @, and 0. (This is due
to the fact that the y-component of the appropriate balancing
equation does not contain my, and ng. Thus, the coefficient

matrix will contain a row of zeroes.)
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APPENDIX D
PROOF THAT Jg AND J9 ARE NONZERO POSITIVE QUANTITIES
AND THAT J9 IS LARGER THAN Jg

The denominator of equation (3.14d) for Jg can be
rewritten with the help of equation (3.12) and certain

trigonometric identities as follows:

J1c032@ + stlnz@ + 2J481n6C0S0 = %[J1 + Jy + ,/(J1 - J2)2 + 4J§] .
(D.1)
Since for unbalanced mechanisms, J, + J2 > 0 (see equations
(3.6a) and (3.6b)), this expression, and hence Jg, 1s proven
to be a nonzero positive quantity.
In order to demonstrate that J9 > 0, the denominator of

equation (3.14e) is similarly rewritten:

2 2 : 2 2
Jy8in"© + Jycos8 0 - 2J481n6cos6 = _;.[J1 + Jp = ,/(J1 - J5) + 4J3] )
(D.2)
Since J1 + J2 > 0 (for unbalanced mechanisms), it i1s sufficient
to show that

(3 + 30 > (3 - 3% + 835 (D.3)

in order to prove that J9 > 0.
By adding and subtracting 2J1J2, the right-hand side of
inequality (D.3) may be written in the following manner:

Iy - 3%+ b3% 2 (3 4+ )% 4800 203 L (0

Inequality (D.3) may now be rewritten:
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2 2 2

The above can only hold true 1if Jg - J1J2 i1s a negative
quantity. Since this point has been proven with the help of
inequalities (3.9) and (3.10), Jg > 0.

Inspection of the right-hand sides of equations (D.1)
and (D.2) shows, in light of the above, that Jg 1s larger
than Jg.
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APPENDIX E
SOLUTION OF OPTIMIZATION EQUATIONS
FOR SINGLE COUNTERWEIGHT PROBLEM

The method of solutlon of the optimization equations
(4.16) - (4,20) will now be presented. They are rewritten

below for convenience:

2 2
Kyq + 2KgVg + K9v3 2795 i1 pys, (E.1)

2 2 2
K12 + K’Zu3 + K t3 + ng + 2K6u + 2Kjt - 2K10 3

2 2
+ 2K7u3v3 - 2Kht3v3 = 2mq, fuBBMSu (E.2)
Ky + K t3 + Xz(K + K2t - Kﬁv ) =0 (E.3)
K5 + K2u3 + A (K6 + Kyug + K7v3) =0 (E.4)

)\1(K8 + K9V3) - )\2(K10 - K7u3 + K)"'tB - K9V3) = 0, (E-S)

Equation (E.1) may be solved for V3.

V/ 2 2 2 '
(1) -Kg + Kg - K9(K11 - 2191 fulRMSu)
vV

3 = a (E.6a)
2 2 2 !
kg - K - Kg(Kyq - 270 Thypys )
(2) _ o, (E.6b)
%q

Now solve equation (E.3) for Ao
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X(i) _ -(K1 + K2t3)

2 (1)
K3 -+ K2t3 - KEVB

’ (1=102) . (E‘?)

This furnishes an expression for A, 1n terms of the unknown

t3.
Xl may be determined by substituting equation (E.7)

into equation (E.5). Thus:

x(i) -(Klo - K7UB + KutB - K9V§i))(K1 + KztB)

1 (1)

(E.8)
(1) )

(i=1'2)

Substitution of equation (E.7) into equation (E.4)

vields an equation in terms of the unknowns t3 and u3.

éi)) (€ + pts) =0 .
K3 + K2t3 - Kuvgi)

K5 + K2u3 - (K6 + K2u3 + K7v
(E.9)

This can be rewritten as follows:

(1) (1) (1)
(K3K5 - KyKegvy - KiKg - K Kovg ) + (K2K5 - KyKg - KK,vg )t3

+ (K2K3 - K1K2 - K2K4v;i))u3 =0, (E.10)

Iet

(1) (1)

(1)
Ay = K3K5 - KﬁK5v3 - KK - K1K7v3 (E.11a)
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Aéi) = KKg - KrKg - K2K7"§1) (E.11b)

(1=1,2) [ ]

With equations (E.11), equation (E.10) becomes

(1) (1) (1)
u

A7 + At + A3 Uy =0, (E.12)

Equations (E.2) and (E.12) are two equations in terms

of t3 and usg. Solving equation (E.12) for u3 in terms of

t3. one obtains

(1) (1)
-(A A ta)
Ug = 1 _*t" 73 . ’ (E.13)
A(1)

3

Now substitute equation (E.13) into equation (E.2).
Thus

(1) (1) .2
2 (A + Ay 'ta)
(K12 + ngéi) - 2K10v§1)) + K, 1 (1)2 3 + Kztg
A3
(1) (1) (1) (1)
) 2Kg(Ag"" + Ay" tq) . 2rb. - 2K7v(1)(A1 + 87 t3)
A1) 373 3 REY
3 3

(E.14)
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Expanding and collecting like terms yields

2
(1)2 (1) 2 Ai“
(K12 + Kév - 2K10v3 - 2mq, f43RMSu+ A(i)z K,
3
A(i) (1)A(i) ii) éi) éi)
1 1
- 2K, - 2K,V + 2(Ky—— - K
67(1) 773 (1) 2 6 1 )
A3 A3 éi)
! )A(i) (1) Aéi)z 2
1 1
3 Aj
(1=1,2) .

Equation (E.15) is a quadratic equation whose solution is

(1) (i) (1) (1)
t,)‘.i'i) - -H Hz(i) -1 (1=1,2) (E.16a)
i3
RNy SULINTNT
g{1e2) _ 772 153 (1=1,2) , (E. 16b)

3

where



H(1)

H(1)

gtt)

will
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2
2 (1)
(1) (1) 2 2 A
= Kyp + KgVg - 2Kygvy - 2m, f433Msu + %1)2 X,
A
3
(1)
oMk 4 K7v§1)) - (E.17a)
e
3
(1), (1) (
A, A A
_ 1 2 (1),82 (1)
ad)
= + 1 Kz (E.l?c)
(1)2
Aq (1=1,2) .

Substitution of equations (E.16) into equation (E.13)

then furnish the values for usg. Therefore, equatlons

(E.6), (E.7), (E.8), (E.13) and (E.16) represent the solution

to the problem.
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APPENDIX F
PROOF OF THE EXISTENCE OF A MINIMUM FOR
THE SINGLE COUNTERWEIGHT OPTIMIZATION PROBLEM

It will now be shown that two of the four extrema found
in Section IVB are minima. This willl be accomplished by

way of the following theorem:

If a set 1s closed and bounded, and a function is
continuous on that set, then the function takes a minimum

and a maximum somewhere on that set [4].

In the present case, the function under consideration
is represented by the BRMS shaking force, whose value must be
minimized in such a way that the prescribed magnitudes of the
RMS bearing forces are satisfled. The set of points under
consideration are those points which satisfy the constraint
equations. Since the RMS shaking force is continuous everywhere,
one only needs to show that all points which satisfy the
constralnt equations represent a closed and bounded set to
prove that the above theorem is applicable.

To prove this point, one proceeds in the following
maﬁner: All t3, usg, and V3 which satisfy the constraint
equations simultaneously, must lie on thelr intersections.

Equations (4.16) and (4.17) give the constraint equations:

2 2 2
Kqq + 2K8v3 + K9v3 = 2mg4 fulﬁMSu (F.1)
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and
K 2 t2 2 2K 2K.t 2K
12 + Kug + KyBq + Kgvy + 2Kgus + 2K3t4 - 2K, 474

2
+ 2K'7u3v3 - tht3v3 = 2mq, . (F.2)

Since equation (F.1) may readlly be solved for véi)
(1=1,2), this parameter may be considered known in equation
(F.2). Under these circumstances, equation (F.2) represents
the equation of the intersection of the constraint equations.

When this expression is rearranged to read

K6 + K7v§1) 2 K3 - Kuv
u3 + + t3 +
X, K>

(1)7%
3

2 2 (1)2 (1)

Ky

(1)7% (1)72
X6 + %773 . | B - BT (1=1,2),

K2 )

+

(F.3)

one may show that one 1s dealing with the egquations of the
circumferences of two different offset circles in the Us, t3
coordinate system (one each for vgl) and véz)). Since the
clrcumferences of circles represent closed and bounded sets,
the existence of one maximum and one minimum per clilrcum-

ference 1ls asgsured.,
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APPENDIX G
DESIGN OF COUNTERWEIGHTS

The present appendix will first describe the relation-
ship of the optimum mass parameters 4, t1 and V4, which are
the results of the optimization process, to the parameters
of the already exlisting link and of the counterwelght which
is to be designed. Design equations are then developed for
the case when Uy, t1 and vy are prescribed and must be
physlcally realized, as well as when only uy and t, are given.
Finally, these counterwelght design equations are adapted to
the standard four-bar linkage configuration, which was
introduced in [14], and 1s also described in Appendix A.
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1. Relationship of Optimum Mass Parameters to Existing

Link and Counterweight

Since the optimum mass parameters u,, ty and v, (1=1,3)
refer to the mass propertlies which the total 1link must have
in order to realize the optimization, the followling relation-
ships between them and the parameters of the original link
and the counterweight must hold (see Fig. Gl)I

u, = BiUj + B;U, (G.1)
t, = BJY + ByT, | (G.2)
v, = Bg(ng + Tiz + wgz) + B:(U:Z + Tzz + wgz) (G.3)
(1=1,3)
where
u, = B;Uy ‘ (G.4)
ty = ByTy > refer to equations (A.61) (G.5)
vy = Bi(Ui + Ti + wi) . (G.6)
Further
Bi = dimensionless mass of existing link (actual mass
= poaiBi )

T

While Fig. G1 shows a circular counterweight which 1is
tangent to the pivot, equations (G.1) - (G.3) apply to
any shape of counterweight.
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The superscript zero refers
to the center of mass of the
unbalanced link, and the
superscript asterisk refers

to the center of mass of
the counterweight.

Flg. G1 Dimensionless parameters of link i with attached
counterweight
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o .

U1 = bi/a1 dimensionless coordinates of center of

o mass of existing link (see Figs. 6 and G1)

o

Wi = J C:/Bg = dimenslonless radius of gyration of
exlsting link

Ci = dimensionless moment of inertia of existing link

with respect to link center of mass

*
B1 = dimensionless mass of counterweight

(actual mass = poagB:, see also equation (G.74))

3
U1 dimensionless coordinates of center of mass
* of counterweight
T
i
3%
Wi = dimenslionless radius of gyration of counterweight.

Once the configuration of the counterweight has been
decided on, and the shape and mass of the origilnal link
are known, equations (G.1) - (G.3) can be solved for BIU:,
B:T; and W:, or other equivalently sultable counterweight

parameters.
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2. Counterwelight Deslign Eaquatlions for Standard Four-Bar

Linkage Configuration

Equations (G.1) - (G.3) will now be used to design
counterwelilghts for a mechanism with the standard configuration
of Fig, A2, The counterwelghts are chosen to be circular
and tangent to the plvots AO and A3 of the input and output
links, respectively. (

Certain counterweight parameters will now be defined:
the dimenslionless radius of the counterweight ls given by:
2 2 1/2
* * * 3
Ri = ri/al = (Ti + Ui ) ’ (Go7a)

where r: 1s the actual radius of the counterwelight;

the dimenslonless radius of gyration of the circular

counterwelght is glven by:

2 2 1/2
* 3* * #*
W, = LR, = 1(T, + U, ) (G.7b)
i 5 i 45 i i .
the angular position of the counterwelght is given by:
T*
o¥ = tan-l(_i) ; (G.7¢c)
i U*
i
and finally, the dimenslonless mass of the counterweight
is given by:
* P*ﬂr*zh*
B; = it 013 i (G.7d)
pay
Where
*
h actual thickness of the counterwelght

|
i
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¥#*
pi = mags density of the counterwelght which may be

different from p°, the denslty of the original link.

# O
The introduction of the ratio Pi/P permits the counterweight
to be made of a denser materlal, and therefore, a smaller
counterweight will result.

If one further introduces the ratiosT

dy hy _

3#*
h |
By = =, vy=, 8, = —= (see Fig. 6), (G.8a)

1 1 hy

equation (G.7d) may be rewritten with the help of equation (G.7a):
2 2

3* 3¢ * *
By = 'rr(T1 + Uy )Bivin1 , (G.8b)
where
3*
3* pi

P
is defined as the counterwelght thickness-density ratio.

For the given llinkage configuration, the link mass

parameters become:

o _1
‘1‘2 =0 (G.9b)
(o} o] (o]

Wy = 4 €3/B) - (G.9e)

where a, represents the dimenslonless link length ai/a1

TSee also equations (A.115) in Appendix A. This means of
expressing the mass of the counterweight has been chosen
because it allows one to relate the counterwelght thickness
to the thickness of the existing link.
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(see equations (A.115)). The dimensionless moment of inertia
o

C1 and dimensionless mass B: are glven by equations (A.119)
of Appendix A, (The superscript o was not used in these
equations.)

When the three optimum mass parameters Uy, ti and V4
are prescribed, the three desirable counterweight parameters
are represented by the dimensionless counterweight radius
R:, the angular position e: with respect to link i, and the

#*
thickness-density ratio Di' When only the parameters uy and

t1 are prescribed, 1t 1ls best to choose a practical thlckness

* * #*
density ratio Di’ and solve only for Ri and B4

a. Optimum Mass Parameters Uy, ti and v, _are Prescribed

by Solution of Optimization Equations

When Uy, t; and vy are prescribed by the solution
of the optimization equations, equations (G.1) - (G.3) may be
rewritten with the help of equations (G.7b), (G.8) and (G.9)

as follows:

1 (o]
*2 *2 * #® uy - 'é' Byoy
(T1 + Ui )DiU1 = (G.10)
ﬂBiYi
2 2 t
(T, +Uj D)7, = 1 (G.11)
o 2
: Byoy c°
2 2 2 vy - + Uy
3 %* 4
-z-JrrBiYi

*
By combining equations (G.10) and (G.11), U, 1s

+*
obtained in terms of Ti‘ Thus
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u 1 Boa

- *

- ( 1 .f 1 1) T, . (G.13)
3

U*
1

By substituting equation (G.13) into equations (G.10)
and (G.12), the following results:

o 2 -
L Byay o
* *14. 21:1 vy - m + Ci
Dy Ty = - 55 (G.15)

Equations (G.14) and (G.15) may be combined to produce
¥*
the following expression for Ty:

o 2
Byjay o
2t1 v1 - m + C1

*
T = - L] (Go 16)
i 2 2

3[y + (uy - 7 Byoy) ]

Substituting equation (G.16) into equation (G.13)

o 2
o Byay o
Biai) vi - It + Ci

1 .o .2
+ (uy - 3 Byoy) ]

¥*
yvields Ui‘

2(uy -
3[t

Equations (G.16) and (G.17) can now be substituted into

. (G.17)

=
= N N

equation (G.7a) to find the dimensionless counterweight

radius. Thus
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o2
Byay )
2 .2 1/2 Vs ~\Ty * G

3% 3
1 1 1 5 . o 272
31ty + (g - 5 Byoy)

The angular position of the center of mass of the
counterweight can be found by substituting equations (G.16)
and (G.17) into equation (G.7c). This yields

3#
4T - t
e: = tan 1(_3) = tan 1( 1 ) . (G.19)
* 1 .0
ui"

Uy

Finally, the dimensionless counterweight thickness-
density ratio D; can be found by substituting equation (G.16)

into equation (G.14)., Hence

- . (G.20)

b. Optimum Mass Parameters Uy and ti are Prescribed by

Solution of Optimization Equations

When only uy and t; are prescribed by the solution
of the optimization equations, only equations (G.1) and (G.2)
need be satisfied. They may be rewritten with the help of
equations (G.8) and (G.9) as follows:

1 _o
*2 *2 % ui - 'E Bi“i
('I'i + Uy )U1 = = (G.21)
By Y30y




188

#2 #2 % ty
(Ti + Ui )Ti T e———1 (G-22)

"B ¥3Dy
where D: is given. (It has been previously chosen to obtain
reasonable dimensions. )
*
By combining equations (G.21) and (G.22), U, is obtained

i
.
in terms of Ti' Thus

| 1 0
« [V -3 By

Substitution of equation (G.23) into equation (G.22),
+#

and solving for T1 yields:
1/3
u v 1
T1 = ti . (G.24)

#r 2 1 _o 2

Substituting equation (G.24) into equation (G.23), one

obtains

1/3
1

Ul Ly
g = (uy -5 Byay) w2 1 o .2
ﬂBiyini[ti + (uy -3 Byay) ]

(G.25)

The dimensionless counterweight radius can now be
found by substituting equations (G.24) and (G.25) into

equation (G.7a). Hence
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1/3
2 241/2
*2 *2 1/2 [ti + (ui - ';" Biai) ]

R (Ui + Ty )

+%
i *
TB3Y4Dy

(G.26)

By using equation (G.23) in equation (G.7c¢), the

angular position of the counterwelght becomes

Ty -1 ty
tan “|—=| = tan ‘ (G.27)
U 1 o
i u1 -2 B

e
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APPENDIX H
SOLUTION OF OPTIMIZATION EQUATIONS
FOR TWO COUNTERWEIGHT PROBLEM

1. Outline of Solution Method

The method of solution of the optimization equations
(4.43) - (4.48) will now be presented in detail.

First, let these expressions be rewritten for convenience:

2 2 2 2

2 2 2 2
Il + Iztl - 13113 + I’-l-tB + )\1(15 -+ Iztl) =0 (H.B)
16 + Izul + I4u3 + 13t3 + A1(17 + Izul) =0 (H. %)
111 + qul - 13t1 + 19u3 + )\2(112 + I9u3) =0, (H.é)

where I, to Iy are given by equations (4.42),
In order to obtain a polynomial in us, the following

solution steps must be undertakens

Step 1
Equation (H.3) is solved for l;. the result is

substituted into equation (H.4), and t4 1s obtained from

this expression.

¥*
Ay 1s given by equation (H.15).



191

1 [
(1,1, - 1.1,)
177 576
12(16 - I7 + quB + I3t3)L

tl(t3,u1.u3) =

Step 2
Equation (H.5) is solved for k;, the result 1s substituted

together with equation (H.7) into equation (H.6), and uy is

obtained from this expression.

2 2

(H.8)

where 115 to 123are11sted in Sectlon 2 of the present

appendix,

Step 3

Equation (H.7) can be made more compact by introducing

certaln new constants., Thus

124 + 125u3 + 126t3 + 127u1 + 128u1u3 + 129u1t3 '

t (t Ugq.,U ) =
1Y 371073

(H.9)

Again, IZM to 130 are listed in Section 2,

*12 is given by equation (H.16),
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Step 4
To express equation (H.9) in terms of t3 and u3 only,

equation (H.8) is substituted for ul(tB.u3). This results
in

1

2
131 + 132u3 + 133t3 + 134t3 + 135u3 36u3t3|.

tl(tB’uB)

2 2 3
+ 138u3 + 139t3 + Iuou3 + IultB + Iu2u3t3 + IuBuB
3 2 2
+ quta + Iu5t3u3 + I46t3u3] . (H.lO)

Constants 131 to Iue in the above are listed in Section 2

of this appendix.

Step §

In order to rewrite equation (H.1l) in terms of us and t3,
equations (H.8) and (H.10) are used. This results in

8 7 2 6
ILPBtB + (IL,,9 + ISOuB)tB + (151 -+ 152113 + I53u3)t3
3.5
+ (154 -+ 155113 -+ 156113 + 157113)’03
2 3 L L
+ (158 + 159u3 + I6Ou3 + 161u3 + 162u3)t3
3 4 5 3
+ (163 + 164u3 + I65u3 + 166u3 + Igpuz + I68u3)t3
2 3 L 5 6
+ (169 + 170113 + I71u3 + I?2u3 + 173113 + I74u3 + I75u3)t3
2 3 L 5 6 7
+ (176 + I77u3 + I78u3 + I79u3 + Ieou3 + 181u3 + 182u3 + 183u3)t3
2 3 L 5 6 7
+ I8b + 185u3 + I86u3 + I87u3 + 188u3 + 189u3 + 190u3 + 191u3
8
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where I48 to 192 are given in Sectlon 2.

Step 6
To obtain a single eguation for u3. equation (H.2) will

first be expressed in terms of t3(u3), and will then be
substituted into equation (H.1l1). Thus, from (H.2)

t()1+/21 Iﬁ (H.12)
31137 = l93 = ¥ U3 + lou¥3 + lg5 - 12
where 193 to 195 are given 1in Section 2 of the present
appendix.

Step 7
- Substituting equations (H.12) into equation (H.11), and

collecting like powers of ug glves:

8 7 6 5 b 3 2
1156u3 + 115?113 + 1158113 + 1159113 + 1160113 + 1161113 -+ 1162113
- 7 6 5 b
+ 1163113 + 116’4‘ = + 1165113 + I166uB + 1167113 + 1168u3

3 2 ]J[ 2
(H.13)

where the constants 1156 to 1172 are listed in Section 2.

Step 8
To remove the square root, both sides of equations (H.13)

th
are squared, and the following 16 degree polynomlal results:



194
16 15 14 13 12 11 10 9
P1u3 + P2u3 + P3u3 + P4u3 + P5u3 + P6u3 + P7u3 + P8u3
8 7 p 5 b 3 2
+ P9u3 + P10u3 + P11u3 + 12u3 + P13u3 + P14u3 + P15u3

+ Pyguy + Pyp = 0, (H.14)

where Py to P17 are ligted in Section 2 of this appendix.
For the sake of completeness, the parameters Xl and A,
are glven below:

A = - (H.15)
15 + Izt1

-(I I Inty + Igty)
WA B b S A A LA (H,16)

110 + I9t3
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2. Expresslions for Constants

The following gives a listing of the constants 115 to
1192, as well as P1 to P17, of the previous section in the
order needed for numerical computation. In addition, the

Intermediate constants F, to Fg, and G, to G, are introduced.
Iig = (I35 + LI 5 - Ik) + (L - 511014 - gLyp)
B (LT - IT) - (ITp + Bl (BT, - L)

+ LI - LIy - Ip) + LL(Leh, - Rlp)

117 = -1419(1117 - 1516) + (13110 + 14112)(]:317 + 1415)

Lig

+ IIg(Ig = I,)(Iyg - Ig) + IpIy(I,0Iqy - Iglyp)

Iig = I3Tg(I3T, + IyT,) = L Io(IyT, - I51,)
+ I IyTg(Igy = Ip) + II5T0(1,, - Ig)

I1g = IIg(Igl, + IyTs) + IoIIg(Iqg - Ig)

Ipg = ~I3Ig(IyIs - Iglg) + IpIgTg(Igg - Iyp)

Ipg = =Ip(I3T00 + IuTepM Iy = Ig) + Ip(Ig - I)(IyIgg - IgI4,)

Ipp = =IpIgTg(Iy = Ig) = IIn(IgTyg + IyIqp) + IpIpTe(Ig - 1)
+ IpI5(IyT95 - I3I45)

Ipg = ~IITg(Ty = Ig) + IpIa(IqTy4 + Iyly,) - II505(Ig - 1)
+ I (IyT, - I3145)

Ipy = I3I, - IIg

Table H1 Intermediate Constants for Solutlion of Optimization
Equations
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I,I, - I31s
I (1, - I)
~I,1,

I,I,

I,(Ig - 1)
T21130

T23I309 + Ip4Ing

InpI3p = In412g
~I22158
Tp31n
To2129 = I231zg

To1toy = I3519
Inylos + IngIny
TopIoy + I5915¢
Io3Izs = I4p1sg
Io2I26 - 116129
Ip2lzs + I3315¢

H1 continued

LipIap - I3512g
I1g51s9 = I4610p
T19127

I20129

I16128 = 117129 = I181p9
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-I50129

)

=

=
]

Iys = =I19129 - I18728

-I,0I28 - 18129

2 2

H

=

o
i

g
&
~3

N

Fl = 141%141 + 2.%[39%[44
F2 = 116%116 + 2.%I115%120
F3 = 133%1I33 + 2.*%I31%134

F4 = I16%122 + 120%121

"FS5 = I134%141 ¢ [33%1464
F6 = [41%146 + 142%144

FT = 121%146 + 123%141

F8 = 116%*[18 + I17*120
F9 = 118%I33 + [16%136

133%136 + I32%134

F10

Fl1 118%[22 + [20%123

F12 = I34%146 + 136%[44

F13 = 146%146 + 2,%[44%145

"F14 = 118*I18 + 2.%[19%[20
F15 = 136%136 + 2.*¥134%[35%

 Fl6 = 137*[44 + 139%141

F17 = 115%122 + [16%I21 o
" F18 = I34%1I39 + I33%141 + I31%144
F19 = [38%144 & [39%[46 + 141%[42

T F20 = [15%I18 + IL6¥I[17

Table H1 continued
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F21

£22

F23 =

F24

F25

F27

F28 =

F29
F30
F31
F32
F33
F34

T35
F36

F37

“E3g

F39 =

" F40

F42

F26 :

=

-
=

i

CF4l =
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132%132
119%121

I34%140

+ 2.%I131%135

s

+:

- TL7*[23

I31%136 + 132%133

T17*[22 + I18%121 + 116%[23

134%142 + 133%146 + I36%141 + 132%144
142%146 + I141%145 & 140%[44

T17*I18 + [16%I19

132%136 + 133%[35 i

119%122 + [18%123 )

T134%145 + 136%146 + 135%144

143144 + 145%146

I39%139 + 2.*[37%141

I34%137 + [33%139 + [31%I41

123%133 + [21%136

[39%142 + [37%[46 + 138%[41

I17%121 + [15%123 ,

134%138 + [33%142 + [36%[39 + 131%146 + [32%141
142%1642 + 2.%[39%145 + 2.%[38%[46 + 2.%[40%141
I17%I17 + 2.%115%I19

TI33%1[45 + 136%142 + 132%146 + 135%141

[42%145

134%143

+*

[40%[46 + 141%[43

136%145 + 135%146

Table H1 continued
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F43 = [45%145 + 2.%[43%[46

F44 = 133%137 + [31*[39
F45 = 137%142 + [38%139

F46 = 133%138 + I36%I37 + I31%142 + 132%139

F4T = [37%145 + 138%142 + 139%[40
F48 = I33%140 + 136%138 + 131%[45 + [32%[42 + [35%[39

F49 = [38%I45 ¢ 140%[42 + [39%[43

© F50 = 133%[43 + 136%140 + I132%[45 + [35%142
FS51 = 142%143 + [40%145
FS2 = [36%143 + 135%145
F53 = [31%138 + [32%137 -
FS54 = 138%138 + 2.%[37*%140
F55 = I31%140 + [32%138 + I[35%[37

131%143 + I32%[40 + I135%138

i
0

F56

F57 = [40%140 + 2.%[38%[43

132%143 + 135%140

F58

[21*138 + [23%[37

F59

= [21*%140 + 123%[38

-n
o
(=
i

= 137%143 + [38%140

m:
o
[
]

121%143 + [23%[40

-n
o

Nl
"

Table H1 continued
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156 = 2.%([2%122%[22%F24 + [2%[21%122%F13 + 2.%[2%122*%123%F6

+ I12%123%123%141%144 + 2,%[12%[21%123%144%146 + [2%134%134%F25

+ I2%I33%134%F14 + 2.%12%134%136%F8 + [2*%I116%I20%F15 + 2.%[2*%I18%
120%F10+ [2%[20%120%F26 — IT*I134%[34%F27 - 2.%[7*134%[36%F11 ,
< IT7*120%[22%F15 + [5%[22%122*%F28 + 2,*I5%[22%[23%F12 + [5*%[23%
123%[34%144) , B

IS7 = 2.%(12%122%[22%F29 + [12%]122%123%F13 + [2*%144%[46%123%123
+ 12*%]118*[19%134%[34 + [2*%[34%[36%F14 + 12*[18%J20%F15 + [2%[20*
120%135%136)

158 = [22¥%[22%147*F3 + 4.%[22*%[34%[4T7*121%]33 + [34%[34%X[4T*[21%
[21 + [2%]22%122%F30 + 4.*[2%[22%J21%F16 + [2%121%[21%F1 + I2%
[34%134%I15%[15 + 4, *%[2%[34%[33%[15%[16 + [2%F2%F3 + 4.,%[2%120%

I31#%133%116 + [2*%[20%120*131%131 — 2.%[T*I15%121%134%[34
= G ¥[T*I33%[34%F1T7 ~ 2.¥[T*F4*F3 ~ 4. *x[7*120%122%[31%133
+ 2.%IS%[22%[22%F31 + 4 *xIS*I21%[22%F18 + 2.*I5%121%121%F5

1591= 2.%([122%[22%14T*#F10 + 2.%122%I134%[4T*F32 + I34%[34%[4T%[21%
123 + I2%[22%[22%F33 + 2.%[2%[22%[21%F19 + 2.%[2%122%[23*F16
[2%121%121%F6 + 12%121%123%F1 + [2%134%[34%[15%117

+ 2.%I2%134%133%F20 + 2.%I12*[34%[36%115%[16 + [2%F2%*F10

+ T2%F8%F3 + 2.%[2%120%[31%F9 + 2.%12%[20%[32%133%116

+ I2%120%120%[31%132 - IT*I34%I34%F34 — 2. %[7%[33%[34%F22
2.%IT*13646%136%F17 - 2.%IT*F4%*F10 ~ IT*FL1%*F3

2.%17*120%122%F21 + [5%122%122%F35 + 2. %[5%[22%121%F23)

-Q-

1592 = 2.%(2.%I5%[22%[23%F18 + ISX[21%[21%F12 + 2.%[5%121%[23%F5)
159 = 1591 + 1592
160 = [22%122%14T%F15 + 4. #I22%I34%14T#123%136 + [34%[34*147%

123%123 + 12%122%¥122%F36 + 4. *¥12%[22%121%F24 + 4.%[2%[22%[23%F19 +
[2%121%J21%F13 + 4.*%[2%[21%123%F6 + [2%]23%[23*F1 + [2%134%[34%F37
+ 4,%12%[34%[33%F25 + 4.%[2%134%136%F20 + 12*F2%F15

+ 4.%I2%F8%F10 + [2%FLl4*%F3 + 4.%12%]20%131%[18%[36
+4.%12%[20%132%F9 + 4. %[2%120%I35%116%133 + [2#[20*%120%F38

= 2 ¥IT*134*%134%F39 = 4. ¥17*134%[33%F27 ~ 4. kIT*[34%[36%F22 - 2.*

[I7%F4%F15 = 4 ¥ITH*FLL%XFL0 — 4+*[T*[120%]122%F26 + 2.%IS*[22%[22%F40
+ G xI5%122%121%F28 + 4 ¥IS*I22%[23%F23 + 4. *[S5*[21%123%F12
+ 2.%¥I5%[23%[23%F5

161 = 2.%(12%T22%122%F41 + 2.%[2%I122%121%F29 + 2.%[2%122%123%F24
+ I2%121%123%F13 + [2%123%123%F6 + [2%I34%134%[1T*119

+ 2.%T2%134%133%118%119 + 2.%[2%134%136%F25 + I2%F8%F15

+ I2%F14%F10 + 2.%12*120%I32%118%136 + 2.%[2*%120%[35%F9

+ 12%120%120%132%135 — IT*134%[34%123%[19 - 2.*[T*[34%I36%F27

- IT*F11%F15 — 2. %[T*120%122*135%136 + IS5*122%[122%F42

¢ 2.%15%[22%123%F28 + I5%123%123%F12)
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162 = 12%122%122%F43 + 4.%12%122%123%F29 + [2%[23%[23%F13 + [2%
T19%119%134%134+4, %1241 18%[19%134%[36 + [2%F14%F15 + 4. %[2%[18%
120%135%136 + I2%120%120%135%135

163 = 2.%(122¢1228 1311334147 + 121%122%16THF3 + 1218121413341 34s
147 + 12%122%122%137#139 + 12¥121%122%F30 + 12%121%121%F16

+ 12¥115%115%133*%134 + I2%I15%116%F3 + [2%[31*I33%F2

+ [2%T16%120%I31#%131 = 2.*IT*[15%121%¥[33%134 = [T7*F17%F3

~ 2.FIT*I31*%I[33%F4 - I7%120%122%[31%131 + I5%[22%122%F44

+ 2.%15%121%122%F31 + [5%121%[21%F18)

164 = 2.*122%122*%14T*F21 + 4. *[21%[122%[4T*FL0 + 2.%[22%[23%14T+F3
+ 4.%¥[21%[23%I33%I34%14T7 + 2. %[21%[21*[34%[36*%147 + 2.%[2%122%
122%F45 + 4. %[2%[21%[22%F33 + 2, %[2%]22%[23%F30 + 2.%[2%[21%[21+*
F19 + 4.%]2%[21%[23%F16 + 4.*[2%]15%117*[33%[34 + 2.%[2%[15%115%
134%136 + 4.¥I2%115%116%FL0 + 2.%I2%F20%F3 + 4.%x12%131%133%F8

+ 2.%I2%F21%F2 + 4.%[2%[16%]120%131%132 + 2.%[2%118%120%131%*[31

~ 4 %IT*I33%134%F34 — 4 *[T*I15%[21%[34%[36 — 4. *IT*F1T*F10

= 2.%IT*F22%F3 - 4 *IT*I31%[33%F11 - 4.*I1T*F21%F4

= G .HIT*[20*%]122%[31%132 + 2.*%IS5*%122%[122%F46 + 4., %[5%121%]122%F 35

+ 2.%I5%[21%[21%F23 + 4. %[5%[22%[23%F31 + 4.*[5*%[21%123%F18

165 = 2.%(122%[22%14T*F26 + 121%122*%[4T*F15 + 2.%122%123*%14T*F10
+ [23%123%133%134%147 + 2.%I21%123%[34%136%14T + [2%122%122%F47

+ I2%121*122%F36 + 2.%12%122%[23%F33 + I2%[21%[21%F24 + 2.%12*%]21%
123%F19 + 12%[23%[23%F16 + [2%I33*%I34*%F37 + 2.%[2%[15%117%1I34%136
+ I2%¥115%116%F15 + 2.%12%F20%F10 + [2%F25%F3 + [2%I31%I33%F14

+ 2.,%12%F21*%F8 + [2%F26%F2 + [2*%116%120%F38 + 2.%[2%[18%]20%[31%
[32- 2.%1T7*133%134%F39 - 2.%[T*134%136%F34 —~ I[T*F17%F15 - 2.%17%
F22%F10 — IT*F27%F3 ~ 2, XIT*F21%F1l1 - 2.*I7*F26%F4 - [7%]120%122%
F38 + I5%122*%]122%F48 + 2.%[5%[21%[22%F40 + 2.*[5%[122*%[23*%F35 + [5%

I21%121%F28 + 2.%[5%121%[23%F23 + [5%[23%[23%F18)

166 = 2.%(122%122%[35%[36%147 + 122%123%14T%F15 + [23%[23%134%
136%[4T+12%[22%122%F49+42 ., %12 [21%[22%F4 1412122 23%F36 + [2%
I21%[21%F29 + 2.%12%121%[23%F24 + [2%[23%123%F19 + 2.%[2%[1T*
I19%133%1[34 + [2*134*%[36%F37 + [2%¥F20%F15 + 2.*[2%F25%F10 + [2%
I18%119%F3 + I2%F21%Fl4 + 2.%I2%F26%F8 + I2%I35%[36%F2 + 2.%[2%
116%¥120%132%135 + 12*%[18*%J20%F38 — 2,*[7*[19%[23%133%[34 - 2.*[7#%
134%136%F39 — IT*F22%F15 — 2.*%[T*F2T¥F10 — 2.*[T*F26%Fll = 2.%
I17*135%136%F4 — 2.%IT7%[20%122%[32%[35 + I5*[22%I22%F50 + 2.%[5%
I21%122%F42 + 2.%¥IS5%122%123%F40 + 2.*IS*121%[23%F28 + I5%[23%
123*%F23) .

167 = 2.%(12%122%122%F51 + [2%[121%122%F43 + 2.%[12%[22%[23%F41
+ 2.%[2*[21%123%F29 + 12%123*%123%F24 + [2%119%119*133*134

* 2o%I2%ILT*I19%134%136 + I12%F25%FL5 + 2.%¥12%118%[19%F10

+ I2%F26%*FLl4 + 2.%12%135%136%F8 + [2%[16%120%135%135

+ 2.%12%118%120%132%135 — 2.%17*119%123%[34%]36 ~ [T*F2T*F15
— 2.%IT*[35%I136%F11 - IT*[20%122*%135%[35 + I5%122%[22%F52

+ 2.%15%122%123%F42 + 15%123%123%F28)

168 = 2.%(12%[22%[22%143%]145 +12%]22%123%F43 + 12%123%[23%F29
+ [2%119%119%[34%136 + I[2*I18%119%F15 + I[2*135%[36%*Fl4
+ [2%118%120%135%135)
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169 = [22%[22%131%131%147 + 4.¥[21%[22%[31%133%[47 + I21*I21*147*

F3 + I2%[22%[22%[37*137 + 4. *¥I2%[21%[22%[37%139 + [2*%I21%[21%*F30
+ I2%115%115%F3 + 4. %12*%115%116%131%133 + I2*[31¥[31%F2 — 2.%[T*

[15%121%F3 = 4 . %IT*I31*%[33%F17 — 2. *%[7T*I31%131%*F4
+ 2.%I5%122%[22*%131% 137 + 4. *[S*[21*%[22%F44 + 2.,%[5%]121%]121%F31

170 = 2.%(122%[22%131%132%147 + 2.%122%I31%[4T%F32 + 2.%[21%[22%
132%133%[47 + [21*121%14T*F10 + 121*%123%147%F3 + [2%122%[22%[37T*
138 + 2.%[2%121%122%F45 + 2.%12%122%123%137%*139 + [2%121*121%F33

+ I12%121%123%F30 + I2%115*115%F10 + [2+%T15%[17%E3 + 2.%[2%[31%133%
F20 + 2.%12%I115%116%F21 + [2%[31%[31%F8 + [2%I31*%[32%F2 - 2.%[7%
I15%[21%F10 — [7%#F34%F3 = 2. %x[7%[31%[33%F22~ 2.%IT*F21%F17

= I7*131%I31%F11 - 2.%kI7*I31%132%F4 + IS*[22%[22%F53 + 2.%[5%
[21%122%F46 + 2.%[SX[22%123%F44 + [SXI21*[21%F35 + 2.%I5%[2]%

I23%F31)

[711= [22%122%[4T4F38 + 4.%[122%131%I23%I36%147 + 4 *[22%[32%

[14T%F32 + 4. %[21%][22%]133%[35%147 + [21*%[21%I4T*F15 + 4.%][21%
123%147*F10 + [23%I123%14T7%F3 + [2%[22%[22%F54 + 4.,%][2%[21%[22%

FaT ¢ 4,%[2%[22%123%F45 + [2%I21%[21*%F36 + 4.%]2%[21%][23%F33 + [2%
123%123%F30 + [2%[15%[15%F15 + 4.*[2%[15%I1T7*F10 + I2*%F37%F3

+ 4, %I2%[31%[33%F25 + 4. ¥I2%F21%F20 + 4. *¥I2%[15%116%F26 + [2%
I31%I31%F14 + 4.%[2%[31%[32%F8 + [2%F38%F2 — 2., *%[7*[15%121%F15

— G4 *IT*F34%F10 - 2. %I 7*F39%F3 - 4. %[T*I131%133%F27

= Ge®IT*F21%F22 = 4 *¥IT*F26%F1T ~ 4.*%17*131%[32%F]1]1 - 2.*[7*

F38%F4 + 2.%[5%[22%[22%F55 + 4.¥[S*[21%122%F48 + 4.%IS5%I122%[23%F46
[712 = 2.%I5%[21%121%F40 4 4.%IS*121%[23%F35 + 2.%I5%[23%[23%F31

I7T1 = I711 « I712

[721= 2.%(122%122%132%135%147 + 2.%122#%123%132%[36%147 + 2.%[22%
I35%[4T%F32 + [21%[23%[4T*F15 + [23%[23%[4T*F10 + [2%]22%]122%F61
+ 2.¥[2%I21%122%F49 + 2.%[2%[22%[23%F47 + [2%121%121%F41

+ [2%J21%123%F36 + [2%[23*%[23%F33 + [2*[15%117%F15

+I12%F3T*F10 + [2*%[1T7*119%F3 + 2.%]12%[18%[19%131%[33

+ 2.%[2%F21%F25 + 2.%J2%*F26%F20 + 2.*12¥%[15%116%[35%]36

+ I2*%I31*%132%F14 + 12%F38%F8 + I2%132%[35%F2 - [T*F34%F15

= 2.¥I7T#F39%F10 ~ [T7*[19%J23%F3 ~ 2.*%IT*F21%F27 — 2.%F26%F22*17

- 2.%[T*I35%[36%F17 — IT*F38%FLll — 2.%IT7*132%[35%F4 + IS*[22%]22%
F56 + 2.%I5%[21%]22%F50 + 2.%I5%122%123%F48 + [S*[21%121%F42)

1722 = 2.%(2.%I5%[21%123%F40 + IS*[23%#123%F35)

172 = 1721 + 1722

173 = [22%]22%135%[35%[4T7 + 4.%[22%[23%135%[36*%147 + [23%123%
147T*F15 + [2%I22%[22*%F5T + 4.%[2%[21%122%F5]1 + 4.*[2%[22%123%F49
+ 12%121%[21%F43 + 4.%12%[21*%[23%F4]1 + I2*123%]J23%F36

+ [2%F3T*F15 + 4. *¥I2*11T*119%F10 + I12%*119%119%F3 + 4. %[2%]18%
IL9%F21+4 ¥ I2#F26%F25+4 X[ 2¥[35%[36%F20 + [2%F38%F1l4 + 4.%[2%
132%135%F8 + I[2%#135%I35%F2 — 2.%¥IT*F39%F15 - 4.*[T*[19%[23%F10

= G RIT*F26*F2T - 4. *IT*I35%[36%F22 — 4 *¥IT*I32%[35%F11 ~ 2.%IT%
[35%[35%F4 + 2.¥IS¥I22%[22%F58 + 4 ¥[5%[21%[22%F52 + 4. %[5%[22%
123%F50 + 4.*¥IS%T21%123%F42 + 2.%I5%123%[23%F40
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174 = 2.%(12%122%[22*%140%143 + 2.%[2%121%[22*%[43%[45 + 2.*[2*[22*%
[23%F51 + I[2%[21%123%F43 + 12*%123%[23%F41 + 12*[17*[19%F15

+ I2%119%119%F10 + 2.*%I2%[18%]19%F26 + 2.*%12*%[35%136*%F25 + [2%
132%[35%F14 + I12%[35%135%F8 —~ IT*I119%123%F15 — 2.*17*[35*[36%F27
- [7*I35%135%F11 + [5%122%[22%[35%143 + 2.%I5%]122%[23%F52 + 15%
[23%123%F42})

175 = [2%[22%122%143%143 + 4 %12%[22%123%143%145 + 12%123%123%F43
+ [2*119%119#F15 + 4.%I2*[18%119%I35%136 + 12*135%[35%F14

[76 = 2.%(121%122%131%131%14T+121%121%[31%[33%[4T7+12%[21%[22%[37*
137 + T2%121*I21#*I37%139 + I2%115%115%131%133 + [2*]15%116%131%131
- 2. %17*115%[21%I31%133 — IT*I31*I31%F17 ¢ 2.%I5%121%[22*[31*137

¢ 15%121%121%F44)

177 = 2.%(122%123%I31%[31%147 + 2.%121%[22%131%132%147 + 2.%[21%
[23%I31%[33%147 + I21%I21%14THF21 + 2.%[2%121%122%137%138 + [2%

[22%123%[37%137 + [2#%121%[21%F45 + 2.%[2%[21%]23%[37%[39 + 2.%
[2%[15%117*[31%133 + [2*%I115%115%F21 + [2*%[31*I31*F20 + 2.%[2%

I15%¥116%131%132 ~ 2. %I T*I31*%I33%F34 — 2. *IT#115%121%F21 - IT*
I31%131%F22 = 2.*¥I7*I31%132%F17 + 2.*I5%[22%131%F59 + 2.%[5%121%

122%132%137 + [5%121%121%F46 + 2.%15%121%[23%F44)

I78 = 2.%(121%122%[4T%F38 + 2.%[22%123%I31*%132%147 + [23%]23%
I31%[33%147 + 2.*%[21*123*%14T*F21 + [21%[21%147%F26 + 12%[21%
122%F54 + 2.%12%[22%]23%137*138 + [2*[21*%I21%F47 + 2.%[2%[21%
[23%F45 + 12%123%123*%137%139 + 12*%]3L%I33%F37 + 2.%12*115%[17*
F21 + I2*%[15%115%F26 + I2*%I31%*[I31*%F25 + 2.%[2*[31%]32%F20

+ I2*%]15%[16%F38 = 2.%I7T*[31*%133*%F39 - 2.%[7%F21%F34 - 2.*]7T*
[15%121%F26 ~ IT*I3L*I31%F27 — 2.#17*I31*%[32%F22 - [7*F38%F17

+ 2.¥I5%[22%[31%F60 + 2.%15%[22*%[32%F59 + 2.*I5%[21%]122%135%137
+ IS5*121%[21%F48 + 2.%[5%J21%123%F46 + I5%123*%[23%F44)

1791= 2.%(2.%121%122%132%135%147 +122%123%[4T7*F38 + [23%[23*
I47T#F21 + 2.%121%123%14T%F26 + [21%121%[35%136%147 + 2.%12*%[21%
[22%F61 + 12%122%123%F564 + 12%121%[21%F649 + 2.%12%[21%123%F47
[2%123%[23%F45 + 2.%[2%117%119%[31%[33 + [2%F21%F37
2.%12*%115%117%F26 + I2%I15%115%135%136 + 12%118%[19%[31%]31
2.%12%131%132%F25 + [2%F38%F20 + 2.*I12*[15%[16%132%135
2.%I7*119%123%131%133 - 2.*IT#F21%F39 - 2.%[T*F26%F34

— 2.RIT*T15%121%135%136 — 2.%I7T*131%132%F27 - [T*F38%F22

— 2%17*132%[35%F1T7 + 2.%I5%[22%I31%F62 + 2.%[5%122%132%F60

+ 2.%I5%122%[35%F59 + [5%121%121%F50 + 2.%[5%[21%123%F48)

[792 = 2.*%(I5%123%123%F46)

I+ 4+ +

179 = 1791 + 1792
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180 = 2.%(I21*%122%135%135%147 + 2.%[22%123%[32%135%147 + [23%
[23%147%F26 + 2.%121%[23%135%136%147 + I2%121%122*FS57 + 2.¥[2%[22%
[23%F61 + I2%I21*I21%F51 + 2.%12*%[21*123%F49 + [2*123%]23%F47

+ I12%119%119%131%133 + 2. ¥[2%117%119%F21 + [2%F26%F37 + 2.%[2%
I15%117*135%136 + 2.*I2%118%119%131%I132 + I2%F38%F25 + 2.%[2%
132%135%F20 + I2#I35*%[35%115%116 - 2.%TT7*119%[23%F21 - 2.*[7%
F26%F39 - 2. %IT*I135%136%F34 — [T*F38%F27- 2.%[T*132%135%F22

~ IT*I35%I35%F17 + 2.%I5%122%123%131%143 + 2.*[S5%[22%132%F62

+ 2.%[5%122%[35%F60 + IS*I21*121%F52 + 2.%I5%121%123%F50 + IS5*
123%123%F48)

I81 = 2.%(122%123%135%*135%[47 + [23#]123%I35%[36%[4T7 + 2.*%[2%]21%
122%140%143 + 12%[22%123%F57 + I2%121%[J21%143%145 + 2.*]2%I21%
123%F51 + [2¥[23%123%F49 + 12*[119%[19%F21 + 2.%¥I2*[17*119%F26

+ [2%[35%1364€2T + [2%*[18%[19%F38 + 2.%[2*[32%[35%F25 + [2%]35%
I35%F20 = 2.*IT*F26*M19%[23 — 2. *I7*]135%[36%F39 — 2.,*%[T7T*I32%]35%

F2T7 — IT*I35%I35%F22 + 2.%IS*[22%[23%[32%[43 + 2.*[5%[22%[35%F62
+ 2.%[5%J21%123%F52 + [5*%123%123%F50)

[82 = 2.%(12*%[21%[22%[43%]143 + 2.%12%[22%123%[40%143 + 2.%[2%
I121%123%143%145 + I12%023%123%F51 + [2%I19%[19%F26 + 2.*%I2*I17*
I19%135%136 + 2.%[2%118%[19%132%135 + 12%[35%[35%F25 - 2. %[T*%

119%123%[35%136 — IT*I35%[35%F27 + 2.%I5%122%[23%135%[43 + [5%
[23%[23%F52)

183 = 2, *(12*122*123*143*143 + I2%[23%[23*%[43%145 + IZ*[19*II9*
135%136 + I12*%[18*[19%[35%[35)

(3
i

184 = I21%I121%I31%I31%147 + I2%I21%I21%I37*137 + I2%I1S*[15%f3]1%
[31 = 2.%I7#115%121%I31%131 + 2.%I5%[21%[21%[31%137

185 = 2.%(121%123%131*131*[47 + J[21%*[21%I31*%132%147 + [2*%[21%[21%
I37*138 + I2%[21*123%I37%137 + [2*[15*117*[31%[31 + I2%115%115%
I31%132 - I7*I31*I31%F34 - 2, *%[7T*[15%[21%[31%[32 + IS%*[21%J21*F53

+ 2.%15%[21*%[23%131*%137)

186 = [23*%123*%I31*I31%147 + 4.%[21%[23*%131%132%147 + [21%121%147*
F38 + I[2*[21*%121%F54 + 4. %12%121#123%[37*138 + [2*[23%123*[37*137
+ I2%[31%I31%F37 + 4. %[2%115%117*131%132 + 12*[15%115%F38

= 2o¥I7T*I3VXI31%F39 = 4. *¥IT*I31%[32%F34 - 2. *[T*[15%121%F38

+ 2.¥[S*[21%121%F55 + 4 .*%I5%]121%[23%F53 + 2.*I5%[23%[23%131%[37

I87 = 2.%([23%123%[31%132%147 + 121*[23%[4T7*F38 + [21%[21%[32%
I135%147 + [2%I21*%121%F61 + I12%121%I23%F54 + [2%123%[23%[37%138

+ [2%11T7*119%[31*131 + 12%131%132%F37 + [2*%I15%11T7*F38

+ [2%]15*%115%[32%135 — [7*]19%]123%131%[31 — 2.%I7%]31%]32*%F39
- IT*F38*F34 = 2¥IT*]15%[21%132%[35 + IS%[21%]J21%F56 + 2.*%
IS%[21%[23%F55 + [5%123%[23%F53)

188 = 123%123%[147T%F38 + 4.%[21%123%[32%135%147 + [21%[21%[35%
I35%147 + I2%I21%I21%F57 + 4.%12%[21*123%F61 + [2%I23%[23%F54
+ T2%119%119%I31%131 # 4. %[2%ILT7*[19*%I31%132 + I[2%F38%F37 + 4. *[2%
[15%I17*132%135 + [2%[15%115%[35%135 ~ 4 %I T*[19%[23%[31%132 — 2.%
[7T*F38%F39 — 4. %IT*132%I35%F34 — 2. %[T*[15*[21*[35%[35 + 2.%[5%

[21%121%F58 + 4.*I5%[21%[23%F56 + 2.¥%I5%[23%[23*%F55
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189 = 2.%#([23%123%I32%[35%147 + [21%[23#135%[35%[47 + [2¢121%[21*
140%143—+_ 126121 %123%F57 +_ 12%123%123%F61 + I24119#[19%[31%132

+ I2*I17#119%F38 + I2%132%#135%F37 + [2%[15%I17*135%135 ~ [7% o
119%123%F38 - 2. %[T«[32%I35%F39 — IT*I35%[35%F34 + [5%I21%I21%
I35%143 + 2.%[5%[21%123%FS8 + [5%[23%[23%F56)

190 = [23%[23*%[35%135%[47 + IZ*!21*121*145#143 + 4.%]

. X J2%]21%]23%
I140%143 + 12*%123%[23%F57 4+ I12%119%119%F38 + 4. *%I2%117%]19%132%I35
+ J2%135%135%F37 = 4 X1 72119%[23%]32%[35_~ 2 *[7%I3S%X[3S5%FE39_
+ 4. %[5%]21%][23%]35%][43 ¢+ 2.%]5%[23%][23%F58

191 = 2.%(12%121%123%143%143 + I2%[23%123%140%143 + [
2%119%[19%
:gg::2§,+ [2%117T*[19%135%135 ~ IT*119%I23*%I35*%][35 + I5%123%]23%

192 = [2%(123%123%143%143 + 119%119%[35%[35)

Ig3 = ~I19/1g
Loy = -2145/1g

2 2 2 2
Iyg = (Iq - 19(114 - 2ﬂq2f43RMSu))/19

196 = ~le
197 = 195 + 193%193
198 = 2.%193

199 = =3.*193
1100 = 3.%193%194
1101 = 3.%193%¥195 + 193*%193%193
1102 = 195 + 3.%193%193

[103 =-2.%194

[104 = 194%194 - 2.%195 — 6.%[93%193
1105 = 2.%I194*(195 + 3.%193%193) .
1106 = 6.%193%193%195 + 193%193%193%193 + [95%]95
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I114

1115
1116

(1117

1118
1119
1120

1121
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4 .*%193%[94

4.¥193%([95 + [93*%[93)

5.%193

~10.*193*194

5.%193%([194%194 - 2.%195 — 2.%[93%193)
10.%193%[94%(195 + [93*[93)
10.*¥193%193%193%195 + 193*%193*193%193%193 + 5.*%193%195%195
194%194 — 2.%195 - 10.*193%193

2.%194%(195 + 5.%[93%193)

L0.*193%193%195 + 5.%193*193%193%193 + [95%195

3.%194
~3.%(194%194 - [95 - 5.%193%[93)
~I94%(6.%195 - 194%194 + 30,*193%193)

3e%(194%[94%195 — [95%195 ~ 10.%[93*%193%I95 + S5.%¥[93%[93%

194%194 —~ 5.%193%[93%[93%]93)

1122

Ii123

3.%194%(195%195 + 10.%193%[93%195 + 5.%[93%[93%[93%[93)

15.%193%193%195%195 + 15.%193%[93%[93%[93%195 + [93%[93%

T93%[93%[93%]93 + 195%[95%]95

1124

1125

I126

1127

1128

1229

130

6.%193

= =12.%193%]94

2.¥193%(3.%[94%194 -~ 6.%I95 - 10.*%[93%][93)

_4e*193%194%(3.%195 + 5.%193%193)

2%[93%(10%193*%[93%]J95 + 3.*[93%[93%[93%[93 + 3,%¥]95%195)

'_7.*1,93

_21.*%193%*%194
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[131 = T7.*¥[93%(3.%195 — 3.,%194%194 + 5.%193%[93)

[132 = =7.%193%194%(6,%195 - 194%[94 + 10.%*193%193)

1133 = 7.,%193%(3.%194%194%195 — 3.%I95%195 — 10.%[93%[93%[95
+ 5.%193%193%194%[94 —~ 3.%[93%[93%[93%]93)

1134 = T *193%194%(3.%195%195 + 10.%I93%I93%[95 + 3.%[93*%[93%
193%193)

1135 = 193%(35.%193%193*%[95%195 + 21.*193%193%193%193%195
+ To*195%[95%195 + [93%193%[93*[93%[93%[93)

=3.,%(194%194 - [95 — T.*[93%[93)

[136
—194%(6.*I95 — [94%194 + 42,.%[93%[93)

'y

[137

1138 = 3.%194%194%[95 - 3.%[95%195 ~ 42.%¥[93%193%[95 + 21.%193%
193%194%194 - 35.%193%]93%[93%]193

1139 = [94%(3.%195%[95 + 42.%[93%[93%[95 + 35.%[93%[93%[93%]93)

1140 = 21.*193%193%195%195 + 35.%193%193%[93%193%[95 + T7.%[93%

[93%193%193%[93%[93 + [95%I95%[95

[141 = -4.%[94%
[142 = ~2.%(2.%195 - 3.%194%194 + 14.%[193%193)
I1143 = 4.%(3.% 195 - 194%[94 + 21.%¥I93%193)%194
1144 = ~12.%194%194%195 ¢ 6.%[95%]95 + 84.%[93%193%[95 + [94%[94

- B4.%¥[93%193%[94%194 + T0.*I193%[93%193%193

[145 ==4.%194%(3,%]95%195 — 194%[94%195 + 42,%[93*[93%[95 - T.%*

193%193%[94%[94 + 35.%193%193%[93%[93)

1146 = 2.%(3.%[94%194%[95%I95 — 2.%[95%J95%195 — 42.%[93*%]93%
195%]95 + 42.%193%193%[94%194%]95 — T70.%*193%[93%193%193%195

+ 35.%193%193%[93%193%[94%194 — 14.%193%%6)

[147 = 4.%194%(195%195%195 + 21.*%[93%[93%[95%195 4+ 35,%193%[93%
[93%[93%195 + T.*¥[93%[93%[93%[93%[93%][93)
[148 = 28.%193%[93%195%195%195 + T0.*I193%193%193%193%195%[95

+ 28.%193%[93%[93%[93%[93%193%[95 + [95*%[95%[95%[95 + [93#*%8

1149 = -8.%[93

24.%193%194

I150
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[151 = —8.%193%(3.%194%194 ~ 3,.%[95 — T7.%[93%[93)
1152 = —8.%I93%[94%(6.%195 ~ [94%194 + 14.%[93%[93)
1153 = 8.¥[93%(3.%[94%[94%195 — 3,%[95%]95 = 14.%[93%[93%[95 +7.%

193%193%194%194 —- 7.*193%193*193%193)

[154 = 8.%I93%(3.%[94%[95%[95 + 144%[193%[93%]94%[95 + T.*193%[93%
[93%[93%[94)

1155 = 8#[93%(7.%193%193%[95%[95 + T.*I93%[93%I193%[93%[95
+ [195%195%195 + [93%[93%193%193%[93%[93)

1156 = 148 + I53%196 + [62 + I75%196 + 192

1157 = 148%I141 + [50%1129 + [52%I96 + [53*%1118 + I57%I110 + 161
+ 162%1103 + I[68%I99 + [T4*[96 + I75%I94 + 183*%193 + [91

1158 = 148*1142 + 149%1129 + 150%1130 + I51*196 + [52*1118
+ I53%1119 + I56%1110 + I57*I111 + 160 + [61%1103 + [62%[104
+ [67T%199 + 168%1100 + I73%196 + IT4%I94 + [75%197 + [82%[93 + 190

1159 = 148%1143 + [49%*1130 + I50%I131 + I51%I1118 + [52%[119
+ [53%1120 + IS5%1110 + [56%I111 + IST*I112 + 159 + [60*I103

+ 161%1104 + 162*%1105 + 166%199 + I6T*1100 + 168*1101 + 172%196
+ I7T3%194 + IT74%197 + I81%*I193 + 189

1160 = [48%I144 + 149%I131 + 150%I1132 + IS1%[119 + I52%1120
+ I53%1121 + I56%I110 + I55%I111 + I56%[112 + IS7*I113 + 158

+ I59%1103 + I160%I104 + 161%1105 + 162%[106 + 165%199 + 166%1100
+ 1671101 + IT1%I96 + 172%194 + [73%I97 + 180%193 + [88

1161 = 148*1145 + [49%]1132 + 150%[133 + [51*%]120 + [52*]121

+ I53%]122 + 154%I111 + I55%]112 + I56%[113 + I57*[114%

+ I58%1103 + I59%[104 + I160%1105 + [61*1106 + 164%199 + [65%1100
+ I166%1101 + I70%[96 ¢ [71*194 + [T72*197 + [79%193 + 187

1162 = 148%1146 + [49%1133 + IS0%I134 + I51*I121 + I52%[122

+ 153*%1123 + I54%I112 + I55%[113 + [56%I114 + [58%1104 + [59%1105
+ 160%1106 + 163%199 + 164%1100 + I65%[101 + 169%196 + IT0%194

* I71*197 + 178%193 + 186 ==

[163 = [48*[147 + 149%[134 + I50%*I135 + [S51%1122 + [52%[123
+ [54%[113 + I55*%I114 + [58%I105 + IS59*%1106 + J63%[100 + [64%*]101
+ [69%194 + ITOX*[9T7 + [77*193 + 85

1164 = 148%1148 + 149%[135 + I51%1123 + I54%[114 + 158%1106
+ 163%[101 + I69%I97 + I76%I93 + 184

1165 = I50%196 + [57 + 168%[96 + 183
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1166 = 148%[149 + I49%196 + ISO*I118 + [53*[124 + 156
+ IS7*]1103 + 162*I1107 + [67%I96 + 168%I94 + 175%198 + 182

1167 = I148%1150 + 149%I118 + 150%1136 + IS2%1124 + 153*%I125
+ 155 + I56%1103 + I57*I115 + I61%1107 + [162*1108 + 166*I96
+ 16T*194 + [68%1102 + IT4%198 + [81

1168 = 148%[151 + 149%1136 + I50*[137 + I51*[124 + [52%1125
+ I53%1126 + I54 + IS5%1103 + I56%I115 + I57%I116 + I160%I107

+ I161%[108 + 162%1109 + [65%196 + I166%194 + 167%1102 + I[T3%198
+ 180

1169 = [48%I152 + [49%I137 + I50*%I138 + I51%I125 + [52%1126
+ I53%1127 + [54%1103 + [55%1115 + I56%[116 + IST*I117 + 159%[107

+ 160%1108 + I61%1109 + 164%196 + 165%194 + 166%1102 + 172%198
+ I79

1170 = 148%1153 + [49%1138 + [50%1139 + IS1*1126 + 152%1127
+ I53%[128 + I54%[115 + I55%[116 + I56%I117 + [58%1107 + [59%1108
+ 160%1109 + I63%196 + 164%194 + 165%1102 + I71*[98 + 78

I171 = 148%1154+ 149%1139 + 150%1140 + I51%1127 + 152%1128
+ I54%1116 +155%1117 + IS8%1108 + I59%I1109 + [63*194 + 164*[102
+ [70%198 + 177

1172 = 148%[155 + 149%[140 + I51%1128 + I54%[117 + 158%1109
+ 163%1102 + 169%198 + [76

2
Gy = Ti66 + 211651167

G, = 2(I145T168 *+ T166T167)

7]
|

2
= I1gnp + 2(I145T169 + T166T148)

2(I445T1m0 + T166T169 * T167T168)

o
g
il

2
Gg = Tyeg + 2(T165T191 + T166T170 + T167T169)

2(Ty45T9m2 + T166T171 + T167T170 + T168T169)

(2]
(@)
]

) |
Iigg + 2(I166T192 + T16pT171 + T168T170)

(7]
|

Gg = 2(I9gnTgnn + T968T191 + I169T170)
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2
Gg = Iyng + 2(I468T90n + T169T1n4)

= 2(I469T192 + I170T1791)

o
1

T1p1 + 24901492

Table H1 continued
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2 2
I156 + L165

Py = 2(Ly56T157p + T165T166) - 19u1i65

Py = I§57 + 2{I156T158 - IguT165T166) - I951i65 + Gy

Py = 2(I156T159 + T1spT158 = TgsTi65T166) = G1lgn + O

P, = 1?58 + 20Ty g6Ty00 + TyenTisg) = Gylgs = Gplgy + Gy

Pe = 2{I156T161 + T15pT160 + T158T159) = Galgs - G3lgy + Gy

Pp = Iy59 + 214561165 + I15pT161 + I158T160) - G3Igs

- GLFI9LI— + GS

d
@
i

2(I9561163 + 1571162 + T158T161 *+ T159T160) = Culgs
2
Pg = T160 + 2(I1561164 + I157T163 + I158T162 + I1591161)

G5195 - G6194 + G7

P10 = 2(I157T16n + T158T163 * T159T162 + T160T161) ~ G695
- Gplgy + Gg
P1g = Tier + 2(TyspTygs + T1s9T163 + T160T162) - G7lgs
- G8I94 + G9
Pip = 2(T3soTien + T160T163 + I1617162) - Cglos - Goloy + Gqg

Table H2 Coefficients of 16th Degree Solution Polynomial
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2
Pig = T16p + 2(T360T164 + 11611163 = Gglgs = Gyolgy + Gqy

Py = 2(I161 964 + I162T163) = G10Tg5 = G19Igy + 21991140
2 2
P15 = I163 *+ 2Li6aTa6n ~ C11T95 = 2loulipiTypn + Iz
2
Pig = 2(I163T960 - Tg95T1711172) - Igulyss

2 2
Pimp = L1 = Iggl1m>

Table H2 continued
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APPENDIX I
PROOF OF THE EXISTENCE OF A MINIMUM FOR
THE TWO COUNTERWEIGHT OPTIMIZATION PROBLEM

It will now be shown that one of the extrema found in
Section IVC 1s a global minimum. This will be accomplished,
similar to the manner of Appendix F, by using the theorem
concerning continuous functions of closed and bounded sets.

The function under consideration_is the RMS shaking
force, which must be minimized while limiting the RMS ground
bearing forces by constraint equations, and using a prescribed
value of the moment of inertia of the output link. The
aforementioned sets are represented by those points which
satisfy the constraint equations. Since the expression for
the RMS shaking force 1s continuous everywhere, the theorem is
applicable if one can show that all points which satisfy
the constraint equations represent a closed and bounded set.

To prove this point, consider first that any set of
points which satlsfy an equation represents a closed set.
Thus, the set of points satisfying each of the constraint
equations 1s a closed set., Furthermore, since the inter-
section of closed sets 1s a closed set [4], the set of
points satlisfying the constraint equatlions simultaneously,
represents a closed set. In addition, the set 1s bounded
as can be seen by rewriting the constraint equations (4.43)
and (4.44) by applying the method of completing the square.

Thus, these equatlons become:
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2 2 2 g2 - 2 2
I 1\ 2™ fhipgs, T T3 I+ 1,
t1 + T +(uy + ] = + 5
2 2 I I;
(I.1)
2 2 2ma} tf -1 2 .2
e, o ToY (y , Ta2) _ T2 Vmms, Tt Lyg + Iy
37 1o 371, ) I 2 '
9 9 9 I
(1.2)

The above expressions represent equations of circles 1in the
ul,t1 and u3.t3 planes, respectively, and thus the magnitudes -
of uq, tl' usg and t3 are bounded.

From the above, 1t can be concluded that the points
satisfying the constraint equations represent a closed and

bounded set.
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APPENDIX J
DETERMINATION OF DIMENSIONLESS LINK MASS
PARAMETERS OF FULLY FORCE BALANCED
FOUR-BAR LINKAGE OF STANDARD CONFIGURATION

The present appendlx shows how the masses, mass moments
of inertla, as well as the positions of the centers of mass
of the links of a fully force balanced four-bar linkage of
standard conflguration may be obtained in dimensionless form.

The counterweight design equations for a link are given

by [2] in the following dimensional form:

% % 2 0 0,2 o _o o
my, Tyy = Jf(miri) + (myry) - 2mymyryrycos(e,-6,) (7.1)

o Je) o
tane; _ mirisinei - mirisinei (7.2)
b oo o *

In the above, m?b, mg, my represent the masses of the counter-
welght, the original link and the total link, respectively;
r;b. rg, Ty represent the positions of the centers of mass
of the counterweight, the original 1link and the total link,
respectively; G:b, eg, 8, represent the angular positions of
the centers of mass of the counterweight, the original link
and the total 1link, respectively.

It is now desirable to obtaliln the above expressions in
dimensionless form:

The mgri terms may be evaluated by recalling that
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mf = PoaiB: (see equations (A.119a) and (J.3)

(A.119¢c), which deal with standard

configuration fourébarllinkages).
and since the links are symmetric

see equations (A.115)).
(J.4)

o a o a
- 1 = 1 for o,
Ty = > r3 a3 5 (fo 3

Furthermore, the m; Ty terms can be obtained by using equations

(12) and (13) of [2] in the following form:

L o
fo) .
m1r1 - poale( - -af) (Jo5)
(o)
4 o

Agaln, because the links are symmetric
e° e° J
1 = 3 = 0 [ ] ( 07)

Finally, the 6, terms can be found from equations (12) and

(13) of [2]. Thus

o
6y = 05 = 180°. (7.8)

Substituting equations (J.3) - (J.8) into equations
(J.1) and (J.2), one obtains

* 3# o) 4 *

= 180° , (J.10)
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where
o (o}
* b o B
ri =Byf1--2]+2 (3.11)
1y a, 2
* Bgrg B;
3b 3 a2 2

For the circular, tangent counterwelghts under consideration

2 x
#* * *

* *
where pib and hib represent the counterweight mass density

and thickness, respectively.
Substituting equation (J.13) into equation (J.9), and
using the following definitions:

* #*
h 5% pi * r
b h1 b b 0 b a4

(for 8y and Y,;, see equations (A.115)), one may solve for

the dimenslionless counterweight radius R:b. Thus

F: 1/3
* b
By = |——2—| - (J.15)
™y Py

This expression together with equations (J.14) may now
be substlituted into equation (J.13) to find the dimensionless

counterweight mass BIb. This yilelds

* 0 *
m, =p a,B (J.16
1y 1By )
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where

#2 1/3

By, = (nDy Bs¥sTy ) - (3.17)
To obtaln the dimensionless total link mass parameters
Bi' Ui' Ti and Wi. where B1 represents the mass, Ui' Ti
represent the coordinates of the position of the center of
mass, and w1 represents the radius of gyration, one adds the
parameters referring to the origilnal link to those of the

counterwelght. Thus, for the counterwelght center of mass

* 1/3
» % * Fib
Uib = Ribcoselb = = —— (J.18)
™Dy, B Yy
% I* L. 3
T = R, sine¢ =0 (J.19)
1y iy 1y
F* 1/3
+* 1 1‘b

wib = JE —_— , (J.20)
™Dy, B1¥3 |

while the dimenslionless mass of the counterwelght 1s given

by equation (J.17). The parameters of the original link

are glven by:

o 1
Tg =0 (J.22)

Wy = J C3/ES (3.23)

where Bi represents the dimenslonless mass of the original

o
1link (see equations (A.119a) and (A.119¢c)), and C; represents
the dimengionless monment of inertla of the original link



(see equation (A.119e)).
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With the above, the mass parameters of the total link

may be expressed as follows:

o " »2 1/3
By = By + Bib = 131 + («rD1 BinFi ) (J.2i)
o
B:a
00 * i%i 3
U = - (JCZS)
1 By B.Y *2 1/3
By + (“Di 171l )
0 0 % #
B:T: + B T
141 i3 ~1
T = bd_op (J.26)
1 B
i
- 2 2 2 2 2 2 1/2
0 (o] (o] (o} L3 3% 3% 3%
By(Uy + Ty + Wy ) 4+ Bib(Uib + Ty, + wib) > »
Wa = - (U + T )
1 B 1 1
i i
[ o2 r*LL 1/3 12
Byay o 3 1p 8%a % 2
Cy +5 | === - 171
n 2 ﬂDibBﬂi ( 2 1y
= 1/3 - o #2 1/3 )
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