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ABSTRACT

S t o c h a s t ic  I n v e n t o r y  C o n t r o l  And T h e  

A s s u m p tio n  O-f Non —In t e r c h a n g e s ! ) i  1 i  t y

b y

F a r r o k h  N a s r i

Advisor: Professor Georghios P. Sphicas

In less than half a century, l i te ra l ly  thousands 

of a r t ic ’ es have been published in the area of in entory 

management, each with i ts  own set of objectives and 

assumptions. This research is another attempt to expand 

the body of knowledge in this fie ld . The significance of 

this research is two-fold: (a) i ts  application to some

specific production problems and (b) its  motivation of 

further studies investigating the significance of 

differences between inventory models that allow "cross 

over" and those that simply avoid i t .

This dissertation deals with a (D,R) inventory 

model with deterministic demand and f in ite  stochastic 

leadtimes. Tn contrast to the mainstream of inventory 

literature, we allow for crossing of orders and make a 

more restric tive  assumption — i . e . , non-interchange­

a b il i ty  (non-subst1 1utab1 11 1y) of orders.

l v
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CHAPTER I 

INTR O D UCTIO N

1 .1  OVERVIEW OF INVENTORY MANAGEMENT

Simply stated, inventory is some idle resource kept

tor future use. It  is among the largest Investments 

made by a firm and therefore i t  deserves considerable 

attention. In the United States alone, at any pa rti­

cular point in time hundreds of b illions of dollars are 

invested in inventories at different types of organiza­

tions. Inventories are kept in companies that are small 

or large, manufacturlng or service, p ro fit or non-profit 

oriented, etc. Since inventory is a necessity to almost 

a ll organizations, and because an extremely large amount 

of money is invested in inventories, even a minor 

improvement in controlling inventories can bring

about large savings. This research is an attempt to

contribute to the state of art in the area of inventory 

control.

There are l i te ra l ly  thousands of inventory models 

developed, each with different objectives and assump­

tions. This indicates the amount of attention being

devoted by theoreticians to this area of management

science. Yet, i ts  importance is not always appreciated
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by top management. This gap between theory and practice 

may be due to a fa ilure to recognize the impact that 

inventories have on costs and profits and/or the fact 

that inventory models with rea lis tic  assumptions are so 

abstract and hard for managers to digest.

As we w ill see in the following chapters, computing 

the values of decision variables, even for the simplest 

of stochastic inventory models, appears to be an 

extremely d if f ic u lt  problem. Due to this fact, some 

credit should be given to practitioners for not imple­

menting inventory models in the real world. We believe 

there is hope. Computers and simulation soon w ill 

play the rale of the most important gap-closer.

1 . 2  O BJECTIVES OF INVENTORY CONTROL

Inadequate control of inventories can result in

both understocking and overstocking of items. Under­

stocking results in lost sales, dissatisfied customers

and production delays, while overstocking unnecessarily 

ties up funds that might be used more productively 

elsewhere.

There are two main objectives in inventory

control. One is to maximize the level of customer
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services <1 . e. . have the right goods, in sufficient 

quantities, in the right place and at the right time). 

The other is to minimize the cost o-f providing the 

desired level of customer service.

These two objectives are generally in opposition: 

high levels of customer service lead to high costs, and 

low costs usually are accompanied by low levels of 

customer service. Consequently, inventory decisions 

(just as nther decisions made by a decision-maker) 

are trade-offs involving a compromise between cost and 

customer service level.

Therefore, the dec 1 si on—maker’ s problem is to 

achieve a balance with stocking decisions, avoiding both 

overstocking as well as understocking. The two funda­

mental decisions that must be made are:

(1) Timing (when to order or produce); and

(2) Size (how much to order or produce).

1 .3  COSTS AND INVENTORY O P T IM IZ A T IO N

The aim in building an inventory model is to 

determine values for decision variables (such as timing 

and size) that are optimal (i . e . . just yield the lowest 

cost). Therefore, an objective function must be
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formulated that relates the measure of performance of 

the inventory control policy to the decision variables. 

This measure of performance is the total cost per unit 

of time. Finding the optimal values of decision 

variables then requires minimizing the total cost per 

unit of time. The total cost per unit of time is 

composed of the following costs:

- Procurement cost (purchasing cost);

- Ordering cost (setup cost);

- Carrying cost (holding cost);

- Shortage cost (stockout cost).

The procurement cost (or purchasing cast) is the 

cost of obtaining (or acquiring) the materials. This 

cost, in most inventory models, is assumed to be 

constant.

Ordering costs are the costs associated with 

ordering and receiving inventory. These costs include

determining how much is needed, preparing invoices,

inspecting goods upon arrival for quality and quantity

and moving the goods to temporary storage. Ordering 

costs are general 1y expressed as a fixed-dollar amount 

per order, regardless of order size. In the case in 

which a firm produces its  own inventory instead of 

ordering i t  from a supplier, the costs of machine setup

(i . e . . preparing equipment for the job at hand, adjust­

ing the machine, wasted materials, and insta lling new
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fixtures) are analogous to ordering costs (i . e . . they 

are expressed as a fixed charge per run, regardless o-f 

the size of the run).

Carrying or holding costs relate to physically 

holding items in storage. They include interest (or 

opportunity cost), insurance, taxes, depreciation, 

obsolescence, deter1 orat1 on, spoilage, pilferage,

breakage and warehousing costs (e .g .. heat, e lec tr ic ity , 

rent and security). Frequently the most important cost 

is not a direct out-of-pocket cost but rather an 

opportunity cost. This is the cost incurred by having

capital tied up in inventory rather than having i t

invested else where.

Shortage or stockout cost occur when demand

exceeds the supply of inventory on-hand. In this 

situation one of the fallowing may happen.

F irs t. the unsatisfied demand (sale) may be lost 

entirely. The main cost here is "goodwill loss", which 

may include lost profits on sales of this and other

items in the future due to the fact that the customer

temporarily or permanently takes his business elsewhere 

or because he discourages other potential customers by 

te ll ing  them that he received unsatisfactory service.

The cost of lost sales also includes the costs of any

special procedures used to inform the customer that his
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demand can not be satisfied and the p ro fit lost in not 

making the sale.

Second, at the other extreme the unsatisfied demand 

may be back-ordered. Backorder costs are extremely 

d i f f ic u l t  to measure since they may include such factors 

as lass o-f customers’ goodwill. Also, i f  the demand is 

for a spare part or raw material for an in—house 

production, the cost of the interruption or shutdown due 

to the lack of ava ilab ility  seems to be high and hard to 

measure. Other parts of the backorder cost are less 

serious and easier to detect. Such costs include the 

cost of notifying a customer that an item is not in 

stock and w ill be f i l le d  later, the cost of attempting 

to find out when the customer’ s order can be f i l le d  and 

giving him this information and, perhaps, the cost of 

buying from another supplier.

1 . 4  CONTINUOUS REVIEW  <Q -R ) MODELS

An ordering policy for a multi—period inventory 

model can be c1assf1 ed as periodic or continuous. The 

real distinction is how frequently the inventory level 

must be observed (reviewed) in order to implement the 

policy.
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In periodic review inventory models, the state of 

the inventory system is examined only at discrete, 

usually equally spaced, paints in time. Decisions 

concerning the operation of the system, such as whether 

or not to place an order, are made only at these review 

times. In fact, the decision maker may know nothing 

about the state of the system at times other than the 

review times. This ordering policy consists of three 

parameters, R, r, and T, which are target inventory, 

reorder point, and review period length, respectively. 

Simply stated, we place an order of size R-I (difference 

between target inventory and observed inventory level at 

the review period) i f  observed inventory is less than or 

equal to the reorder point. Otherwise, no order is 

placed. In the literature, this is referred to as a 

periodic review R—r policy or (R,r,T) policy.

The second type of inventory policy, i . e . , conti­

nuous review (R,r) policy (or transaction reporting), is 

the limiting form of <R,r,T> policy as T —> 0. Conti­

nuous ordering policies assume that the state of the 

system is known at any particular point in time. An 

order is placed when the inventory level fa lls  to a 

given level. The quantity to be ordered when an order 

is placed can either be fixed or variable.

A policy involving variable-order quantities 

usually specifies that the inventory level (on-hand plus
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on-order) be brought up to a Level S whenever an order 

is placed. This policy is called (s,S) policy.

A policy involving fixed-order quantities usually 

speci lies that an order of the same size, C!, be placed 

every time the inventory level drops to or below the 

reorder point. This policy is known in the literature 

as continuous—review <Q,R) policy, which is also called 

"■fixed order quantity policy".

By the inventory level in the above ordering 

policies, we mean inventory position, i . e . . net inven­

tory plus the already on order quantity. This lets us 

prevent the d if f ic u lt ie s  when the lead-time is longer 

than the review period and when the order size is not 

sufficient to bring the on—hand inventory above the 

reorder point when the order is received.

Like a ll mathematical models, these inventory 

models are only approximations to rea lity . In an actual 

situation, then, the choice between a periodic and a 

contlnuous-review model depends on which is the better 

representation of rea lity.

The current research concentrates on continuous- 

review inventory models with fixed order size, i . e . . 

continuous-review <Q,R) models.
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1 . 5  V A R IA B IL IT Y  IN  DEMAND AND L E A D -T IM E

In the analysis of inventory models- one may face 

many sources of uncertainty. Perhaps the two most 

common are:

1. Demand timing; and

2. Procurement lead-time.

Usually in the real world, we are not sure when 

a demand for a certain commodity w ill occur; i f  i t  does 

occur, the number of units demanded remains uncertain. 

Thus, the total number of units demanded over a pa rti­

cular period of time w ill be a random variable, having a 

probability distribution that depends on the length of 

the period. When th is probability distribution remains 

the same in every period of length t ,  we say that we 

have a stationary demand process. Otherwise, we have a 

dynamic demand process. Our analysis in th is research 

is restricted to static demand processes.

In spite of great improvements in the means of 

transportati on, communication and production, most 

procurement systems require some lead-time in supply 

which is often uncertain. This means that the lead—time 

is a random variable. These uncertainties make the 

solution to the inventory problem much more complex and 

also increase the cost of inventory for the same level
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o-f performance. Studies by Gross and Soriano £3] 

clearly demonstrate that lead-time variation has a 

major impact on inventory costs. However, before 

incorporating variab ility  in lead-time into our model, 

we should make a ll reasonable efforts to eliminate such 

variability . The simplest of all is to negotiate with 

supp1i ers.

When lead-times are constant, all orders w ill 

arrive in the same sequence in which they were placed. 

If lead-times are independent random variables, there is 

a possibility that orders w ill cross over in time; that 

is, an order placed at time 2 might arrive before an 

earlier order placed at time 1.

However, orders do not usually cross in real-world 

situations, and i t  can easily be argued that in many 

cases lead-times are not s tr ic t ly  independent of 

themselves or the process generating demands. This 

dilemma has evoked various responses from inventory 

theorists, which w ill be discussed below.
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1 .6  LEAD—T IM E  DEMAND

The distribution of demand during lead-time is 

dependent on the distribution of lead-times and the 

distribution of demand during a fixed interval, assuming 

all distributions are stationary and independent.

When the lead-time variation is significant, i t  

can be dangerous to use a model that assumes a constant 

lead-time. If one uses the mean of lead-time in the 

model, then this can lead to seriously underestlmati ng 

the averaqe period of time during which the system is 

out of stock. Consequently, the safety stock determined 

from the model may be too low. Therefore, adequate 

protection is not given against sales occurring before 

replenishments arrive. This means that the distribution 

of demand during lead-time must be found. The next 

section explains how the moments of this distribution 

can be found.

1 . 6 . 1  M om ents D f The  L e a d -T im e  Demand D i s t r i b u t i o n

When the mean and variance of demand and 

lead-time are calculated, one can express the mean and
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variance o-f lead-time demand which is a random variable 

as:

E(L) = E(r) . E(D)

Var < L > = E(r).Var(D> + CE(D>]2,Var(r)

Where L is the lead-time demand, E<r> and E(D) and E(L> 

are the means of lead-time, demand, and lead-time 

demand, and Var<r>, Var(D), Var(L) are the variances of 

lead-time, demand, and lead-time demand respectively.

These re1 at 1 onsh1 ps are standard and the express­

ions for E(r>, E'D), Var(r) can be calculated in most 

situations, so E(L) and Var(L) can be easily computed. 

But, of course, the moments alone are not enough; a 

distribution must be f it ted  to the moments and its  

success depends on how well the distribution can be 

supported in practice.

1.6.2 D i s t r i b u t i o n  Of Demand D u r in g  Lead-Time

In the analyses of inventory models under stochas­

t ic  lead-times, the distribution of demand during 

lead-time is of more interest than the demand and the 

lead-time distributions, individually.

In Chapter II of this research, general and

specific distributions of lead-time demand under prob­

a b il is t ic  and deterministic demand w ill be discussed.
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1 .7  A N A LY 3IS  OF THE ASSUMPTIONS AND 

S IG N IF IC A N C E  OF T H IS  RESEARCH

Thousands of articles have been published in the 

area of inventory control in less than half a century. 

This in itse lf is evidence of the importance of this

subject. Many of these articles are intended for

practical applications, while others may have no

practical application in the near future. The main

reason for the lack of immediate applicability might be 

due to the nature of the restrictive assumptions that 

are made.

The significance of this research can be summarised 

in two major catagories:

(a) its  application to some specific production

control problems; and 

fb) its  motivation for further studies investiga­

ting the differences between models that

allow orders to cross and those that just 

avoid cross aver.

The inventory policy considered here is the

well-known continuous review (Q,R) policy already

discussed in Section 1.4 of this dissertatian. In the

era of computers, this modeling approach is quite

applicable to real world situations.
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Researchers and practitioners in the inventory 

theory have tended to emphasize only the va riab ility  o-f 

demand, usually neglecting that o-f lead-time. Recently, 

however, there has been an awakening o-f interest in the 

role of lead-time variab ility . This rea lis tic  assump­

tion is made in this work. In reviewing the status of 

inventory management in 1980, for example, Harvey M. 

Wagner advocates further research into the influence of 

lead-time va riab ility . He says: *' Replenishment

lead-times usually vary with uncertainty (to illus tra te , 

far U.S. ra il transporation, delivery times may be 

between 4 and 1 <"> weeks, depending on the ava ilab ility  

of the item from the vendor and the vagaries of the 

transportati on network). Although, i t  is possible to

adapt many replenishment formulas to handle the impact 

of lead-time variab ility  (usually the approach is to 

in fla te  the value of variance of demand during lead- 

time), how to provide a numerical estimate of lead-time 

variab ility  is s t i l l  an art. I t  may be that this

estimate always w ill involve more experienced judgment 

than scientif ic  input, but a systematic exploration of 

what is at issue and what are the alternative approaches 

would be welcome." Gross and Soriano C33 note that an 

inventory system is more sensitive to lead-time varia­

tion than to demand variation. Vinson also finds

lead-time variab ility  to be more important in influen­
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cing inventory costs than mean lead-time or variab ility  

of period demand.

There are two restric tive  assumptions made here 

that are different from the assumptions made by the 

mainstream of inventory 1iterature:

(a) deterministic demand and f in ite  stochastic 

lead-time; and 

(b> non-interchangeabi1lty  (or non-substi tutabi- 

1i t y) of i terns.

One may reasonably argue that the probabilistic 

nature of the lead-time is well taken, but deterministic 

behavior of demand may not seem to be a rea lis tic  one. 

It is true that in a non-manufactorlng context, when 

inventory is maintained for sales to arriving customers, 

demand is rarely constant. However, in the case of a 

manufacturer who stocks raw materials, parts or supplies 

for internal use (such as inputs to a production 

process!, demand for inputs are rather constant fcr a 

given production level.

As far as theoretical interest in this assumption 

is concerned, by assuming deterministic demand, we can 

achieve two b̂  4 its :

(a1 >ince the only source of variation is lead- 

time, its  sensitiv ity can easily be analyzed 

and measured. This is in contrast to other 

stochastic inventory models, in which results
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are based on the compounding effect of both 

demand and lead-time va riab ility  and are mostly 

approx 1 mat i ons;

(b) by excluding demand variation and making 

the assumption of nan—interchangeabi11 ty , 

we are able to more closely investigate the 

possib ility  of cross over of orders, cost 

differences, etc.

In order to make stochastic inventory analysis 

tractable, some authors assume that lead-times are 

exponentially distributed, making a Markovian analysis 

possible. Others assume that the possib ility  of 

cross-over is so small that they exclude i t  right 

from the start. For a more detailed analysis one 

can refer to t i l l .  The approach in this paper is the 

noble and unconventional one that was f i r s t  presented 

by Washburn [191. Here, we make the assumption of 

nan-interchangeabl1lty ,  i . e . . each order is a special 

order and can only satisfy a particular unit of demand. 

This assumption makes the analysis of cross over, which 

is the main thrust of this research, possible. In this 

work, we show that the assumption of non—interchange­

a b il i ty  is immaterial as long as a certain condition, 

which is based on parameters of the problem, is met. In 

such case, s o m e  explic it analytical results are obtain­

ed .
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Washburn C10] states that the implication of the 

assumption o-f non-interchangeab1 11 ty in a manufacturing 

context is like assuming that parts are non-interchange- 

able. In a sales context, i t  is like assuming that each 

order is being "colored" to satisfy a particular

customer’ s demand.

Here we show that the restric tive  assumption of

non—interchangeabi1ity  becomes immaterial when orders 

do not cross o r  when a certain condition that is based

on parameters of the problem is met.

In terms of cost measurement, an optimal cast 

function that is composed of two parts, is obtained —

the deterministic part, which is simply the same as

basic EOQ’ s optimal cost function when backorders are 

allowed, and the stochastic part, which depends directly

on the variance of the lead-time. As expected, the

stochastic part drops out as lead-time va riab ility

approaches :ero. Additional optimal cost expressions 

are also obtained for the cases in which the stochastic 

generalisation of EOQ's optimal cost expression does not 

apply. Calculation of the above cost expressions 

requires extensive algebraic manipulations and s im p lif i­

cations. Therefore, as long as orders do not cross, our 

results apply to conventional inventory systems with 

lnterchangeab1e items. However, when cross over of 

orders is possible, our model provides higher costs to
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the extent that orders are like ly to cross. Therefore, 

in general, our optimal total inventory cos.t is the 

upper-bound of conventional inventory systems, which is 

the result of cross over.

Optimal costs are obtained from different cost 

expressions, depending on the range of lead-time

distribution. Lower and upper bounds of optimal cost 

for each range are obtained. Also, the shape anu 

properties of the optimal cost as a function of the 

range of the lead-time is given.

The sensitivity of decision variables to the change 

in the lower bound of the lead-time, while its  range 

remains constant, indicates that the optimal cost and 

the optimal order quantity are not sensitive to the 

change and therefore stay the same- The only change is 

in the time in which the order should be initiated.

This and many other results were observed by the 

author during his analysis of the results of a simula­

tion study on the subject.

A general expression is obtained that allows us to 

calculate the probability of cross over of two subse­

quent orders. Also, explicit results are obtained for 

the case of uniform distribution of lead-time.
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1 .8  ORGANIZATION OF THE D ISS ER TA TIO N

In Chapter One, we discussed the objectives and 

provide an overview of inventory control. We also 

discuss the type of assumptions that we are making, and 

the significance of this dissertation.

Chapter two attempts to review and integrate the 

existing relevant studies to this research, under two 

major catagories of "independent lead-time" and "depend­

ent lead-time".

This dissertation is a continution of the study 

done by Sphicas and Nasri [131, In Chapter three, we 

review this work in further detail, and provide addi­

tional results and proofs, and also f i l l  some of the 

existing gaps.

Chapter four is basically on extension of Chapter 

three. It provides new and complementary analytical 

results mainly for the case of uniform distribution of 

lead-time. When possible, the results are general-

lzed for the general lead-time distribution.
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Chapter five is the conclusion of this disserta­

tion. I t  includes :

a) a brief analysis of the assumptions made,

b) a discussion of preliminary empirical work, 

i . e . . simulation, by the author prior to this 

analytical work,

c) a summary of the main results obtained, and

d) an insight for related future research.
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CHAPTER I I

A N A LY S IS  AND REVIEW  OF L ITER A TU R E

2 .1  A N A LY S IS

As we mentioned in the previous chapter, when 

lead-times are constant all orders w ill arrive in the 

same sequence in which they are placed. But. in most 

real world situations lead-times are stochastic and 

independent. In the case in which Lead-times are 

independent random variables, there is a possib ility  

that orders w ill cross each other in time.

The f i r s t  part of section 2 . 2  reviews the main 

stream of inventory 1lterature that assume lead-times 

are stochastic and independent random variables. These 

studies just iganre the possib ility  of cross over for 

the purpose of mathematical tractabi1i t y .

In the second part of Section 2.2, we review the 

unorthodox inventory models that allow orders to cross 

each other, i . e . , an order placed at time 1 arrives 

after another order placed at time 2. To make the

analysis of these inventory models tractable, the 

assumption of non-interchangeabi1i ty of items is 

i mposed.



The last section of th is chapter, b rie fly  discusses 

the models with state-dependent lead-times.

2 . 2  INDEPENDENT LEAD—T IM E S

Among the inventory models with stochastic indepen­

dent lead-times, two different groups of models exist 

in the literature. The f i r s t  group consists of those 

models that argue that orders do not usually cross in 

real—world situations. Of course, this seems to be 

conflicting. How could we assume independence of 

lead-times and also argue that orders do not cross'7 

This dilemma has resulted in various responses from 

inventory theorists, which w ill be discussed in the next 

section. The second group consists of those recent

models that allow the orders to cross and make the 

assumption of non-1 nterchangeabi11 ty of demand.

This wort fa lls  under the second group of models. 

We also assume that lead-times are independent random 

variables. When lead-times are independent random

variables, we should allow for the possib ility  of cross 

over. More detailed analysis is given in section 2.2.2.
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2 . 2 . 1  R e v ik w  O-f M o d e l■ W ith  T h e  f lo u w o t io n  t h a t  

"O r d e r s  Da  N o t C ro s s "

When lead-times are independent random variables, 

at any point in time there can be more than one order 

outstanding. There are two problems associated with

th is:

(1) orders may cross each other — i . e . . an order

placed at time 2 is being received before an

order placed at time 1 — where, in practice,

orders are often received in the same sequence 

in which they are placed;

(2) this order crossing leads to errors in calcula­

ting costs.

To avoid these d iff icu lt ies , the following assump­

tions, either exp lic it ly  or im plic itly , are being made:

(1) the interval between successive orders is 

large, and therefore the probability of cross 

over is negligible and can be omitted C43;

(2) Wagner [171 assumes that the actual demand 

during lead-time does not exceed the order 

quanti t y.

(3) Sphic as C151, in his recent work, formally 

assumes a f in ite  range for the lead-time demand 

distribution. Therefore, i f  a f in ite  upper 

bound is placed on the lead-time demanu’ 

distribution, one can assume that no orders
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w ill cross (compare this with the previous 

assumpt1 on).

(Q.r) Heuristic Approximate Treatment Of Backorder Case 

Even though in this formulation Hadley & Whit in 

C 4 3 make a number of assumptions and approximations, 

the resulting models are especially useful for practical 

applications because of their relative simplicity. In 

this continuous review model, we order a lot of size 

Q when the inventory level drops to a reorder point of 

r .

Before starting the formal model, le t us give a 

l is t  of the notations used:

C = Cost per unit

K = Ordering cost/order

h = Carrying cost/unit/ tlme period

n = Backordering cost/unit (independent of time

of backorder)

□ = Quantity ordered (order size) per order

D - Units demanded/tlme period

D = Expected demand/time period

b(r)= Expected number of shortages when an order 

a rr i ves 

r = Reorder point

x - Demand during lead-time

f(x)= Probability distribution of demand during 

1ead • 11 me 

EAC = Expected annual cost
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p - Expected demand during lead-time

a 2 = Variance of demand during lead-time 

They C4] make the fallowing assumptions:

- Demand is probabi1is t ic .

- Lead-time is constant and also known with 

certai nty.

- The unit cost C of the item is a constant 

and independent of Q.

- The backorder cost is i t  per unit backordered.

- There is never more than a single order out- 

standing.

- The cost of operating the information pro­

cessing system is independent of Q and r.

- The reorder point r (based on the inventory 

position or net inventory) is positive.

The f i f th  assumption, as stated before, implies that 

at the time the reorder point is reached there are no 

orders outstanding, so that the inventory position (the

amount on-hand plus on-order minus backorders) is equal

to the net inventory (on-hand minus backorders).

Hadley-Whitln C41 argue that because of the

seventh assumption there w ill be no backorders outstand­

ing at the reorder point. To examine th is model, any

one of the inventory levels — on—hand, net, or invent­

ory position — can be used to define the reorder
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point and the reorder point w ill have the same value -for 

any one o-f them. Note that in order to use the on-hand 

level, we must assume that after an order arrives, i t  is 

sufficient to meet backorders and raise the on-hand 

inventory level above the reorder point. I-f th is ever 

failed to happen, the reorder point would never be 

reached again and the system would proceed to accumulate 

backorders. When the reorder point is thought of in 

terms of the inventory position of the system, then the 

assumption guarantees the on—hand inventory w ill always 

be raised above the reorder point when an order a r r i ­

ves . Otherwise, i t  would not be possible to have o n l y  a 

single order outstanding.

Their approach finds the total cost per cycle and 

multiplies that by the number of cycles per unit of 

time. The only part of the cost function that deserves 

some discussion is the calculation of average on—hand 

inventory during the cycle. Obtaining an exact express­

ion for average on—hand inventory during the cycle is 

d i f f ic u l t  and therefore they use an approximation, which 

is good i f  the time the system is in a backorder 

condition during a cycle is small compared to the cycle 

length. The net inventory is at i ts  minimum immediately 

before receipt of an order and at i ts  maximum immediate­

ly after receipt of the order. The expected net

inventory, therefore, is the average between r —p and
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Q+r-p which is (Q/2)+r-p. The quantity Q/2 often is

called the cycle stock and r —p is referred to as the

safety stock. Now we are in a position to express the

total cost function per cycle:

K + CQ + (hQ/D > CQ/2 + r - pJ + irb(r) <2.2. 1.1)

Multiplying the total cost per cycle by the average 

number of cycles would provide us with the total annual 

cost per unit of time.

EAC = DK/Q + CD + htQ/2 + r - p] + TrDb(r)/Q

<2.2.1.2)

f<r ) = J <x —r > f < x ) dxwhere b<r) = J (x—r ) f  (x)dx <2.2. 1.3)
r

To minimize EAC, we have to dlfferentlate i t  with 

respect to Q and r.

= = 0 <2.2. 1.4)
•30 Q3 i  Q3

= + ED ?blr) = <2.2. 1.5)
3r Q 3r

From the f i r s t  equation we can find an expression for 

Q given reorder point r.

Q . = /  5DCK ^------------------------------------------------------------( 2 . 2 .  1 . 6 )

In the second equation.
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5>b<r> (*“
 -----------= - -  J (x -  r ) f  (>:)d(x)

i >r  d r  r

r"= * J f < x > d < x )
r

= - FC (r ) (2.2. 1.7)

Where FC(r) is the complementarv cumulative distribution

at x evaluated at r. Therefore, solving the second

equation tor r in terms ot D gives:

Fc (r ) = (2. 2. 1 . 8)

ttD

The iterative procedure to find the optimal pair

(Q*, r* ) ;

(1) Let b(r> = 0 and simply solve tor Wilson

Call this value Qt .

(2) Use equation (2.2.1.8) with Q = Qi to t i nd the

reorder point. Call this value r , .

(3) Use equation (2.2.1.6) with r = r, to find a

new lot size Q3, having f i r s t  found b ( r , ) trDm

e qu a t i on < 2 . 2. 1 . 3 ) .

(4) Repeat step 2 with Q = Qa, etc. Convergence

occurs when at iteration l , 0, = Qi_, or

r t = r t _t. Usually this is rapid.



2 9

Wagner C173 considers a discrete model basically 

with the same assumptions as Hadley and Whitin [41:

- The probability distribution of demand during 

lead-time P„(x) does not depend on when the 

inventory reaches the reorder point r.

- The inventory level l can be treated as a 

continuous variable.

- After a replenishment order arrives, there exists 

a future moment in time when the inventory level 

i = r , and a reorder action occurs as a consequ­

ence.

- In an optimal policy, the reorder point r >0 and 

during any lead-time, actual demand does not 

exceed the order quantity (x £ Q).

- Demand is probabilistic.

The only difference between the two models is the 

way in which the average on-hand inventory per unit of 

time is calculated. He distinguishes two cases:



3 0

r-p+G r-p+Q

r

i

L reorder
j

i

Case 1: p<r Case 2 s p>r

Figure 2.2.1.1 Two possib ilities for arrival time of

an order.

Then he finds the expected average inventory level 

during lead-time and after replenishment until the next 

reorder as follows:

Average inventory level during lead-time =

- [ r  + £ <r - x)p„(x>]
2 x =0

(2.2.1.8)

Average inv. level after replenishment

until next reorder

^C(r-p+Q> + r] = ij(2r-p+Q) (2.2.1.9)
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By weighting the above two quantities

Expected average i r * ventery/un1 t time = (Fraction 

o-f time system is waiting -for replenishment) 

X (Expected average inventory level during 

lead-time) + (Complement of the fraction of 

time system is waiting for replenishment) X

(Expected average inventory level after 

replemshment until next reorder)

Where £ (r—x)p„(x) = r - p - £ (r-x)p„(x> (2.2-1.10)
x =0 x , - r

to <t>

because £ (r-x)p„(x) - £ (r-x ) p„ (x )
>; -O >: >r

= r-p - £ (r-;:)pM(x) (2.2.1.11)
x r

Theref ore:

Average inventory per unit of time =

r

^.- t-2r + p -  Q + r + E (r - x >pM<x>3 +■ — ( 2r - p + Q> =
Q 2 x =0 2

9 + r _ p + _t!. £ (x-r)p„(>:> (2.2.1.12)

2 2Q x >r

Now total expected average cost can be simply written

as:
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ECAC] = CD + - -  + h[-+r-p+-^. £ <x-r>pM(x>]
Q 2 2Q >: >r

+ E (x-r ) p„ (x )
Q x >r

KD . . ,Q 
Q

or EAC = CD + + h(^ + r - jj>

+ <^P + HO), h ( x —r ) p„ {x ) ( 2 . 2 . 1 .
2Q Q >; > r

Dilferentiating EAC with respect to Q and equating 

to zero:

?EAC = _ DK + h _ (hn + EDK Z(,_r)pM(x) = Q 

S)Q Q3* 2 2G3 Q-1 « r

( 2 . 2 . 1 .

Therefore:

Q* = 4 - -t- (p + ±29) £ (x-r)p. (■/,) (2.2.1
h h >: r

Di f (er«?nti ating with respect to r we have:

3EAC t, , hP . T" , V ^ = h - (-£1 + —) E pH(x) =0  (2.2.1
3r 2Q Q >: >r

Therefore 1 - FC(r) is:

F (r ) = 1 —----------—z (2.2. 1
hy +■ nD 
2Q Q

11

14)

15)

16)

1 7 )
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which means, r is  the smallest integer such that:

F<r) > 1 - -----------—- (2.2.1.18)
hu + nD 
20 Q

Finally EAC* can be simply developed as:

EAC* = CD h(r-p) + / 2hCDK + (--+nD) E (x-r)pM(x)
V 2 x>r

(2.2. 1. 19)

Love 183 also developed a general continuous 

review stochastic model -framework that is very similar 

to the previous two models by Hadley and Whitin C43 and 

Wagner C173. He defines:

=J xi  (x)d(x(=<p - DL =J^xf(x)d(x)=average demand during lead-time

r-p = average ending inventory (can be either 

positive or negative)

(r)= J <r —x ) f < x > d (x ) = r —p+b(r)
0

- average residual inventory when the

in i t ia l  inventory level r is depleted by 

demand during lead-time

f< r )- J <x—r )t (x>d(x>=average shortage inventory

when the in i t ia l  inventory level r is 

depleted by demand during lead-time.
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Then he approximates the average inventory level y(Q,r) 

as expected residual inventory y(r) plus one-half of the 

average amount added to the inventory when an order is 

received. Or, simply,

y(Q,r> = y ( r ) + \  CQ - b(r)3 (2.2.1.20)

The expected total cost per unit of time may be written

EAC = CD ♦ + h f  *  (jJ ♦  ! § > y < r >  *

+ (5 - (r-p) (2.2.1.21)
2 U

And after substituting for y(r) we get:

EAC = CD + - p .  + h (5 +■ r - p)
G 2

+ ( "  + ~)b(r ) (2.2.1.22)
□ 2

The optimal values of Q and r can be determined 

by differentlatlng EAC with respect to Q and r, equating 

to zero, and solving for the two unknowns. Differentia­

ting with respect to Q gives:

SEAC -T D h Dw - . _ „
"3Q" = + 2 ~ *b = ° (2.2. 1.2.)

which leads to



3 5

Q*
2DCK + rrb (r > 3

h
(2.2.1.24)

Differentiating with respect to r gives

5>EAC Dtt h

JSr
f (x > dx 3 = O (2- 2. i . 25)

r

which leads to

h
(2.2.1.7 b )

Dir + h
□

A c1oser loo) at the above three models by Hadley 

and Whitin C4], Wagner [17], and Love [83 indicates 

that the main difference among them is how the average 

inventory level during the cycle is approximated. The 

optimal order quantity is the same in the Hadley and 

Whitin C4] and Love [03 models but is sl ight ly different 

in Wagner [173 model. The cumulative distribution at x 

evaluated at r is also sl ight ly different in the 

aforementioned models.

□ne may argue the relevance of al l  these models 

since they make the assumption of constant lead-times. 

We have to point out that these models can be used as 

an approximation for the cases of stochastic demand 

and/or lead-times, especially when the time interval 

between placing orders is not very short.

These models are relatively easy to use, and

simplify to EOQ where demand is constant tb(r)--0]. 

Also, they converge fast when a solution exists. On the
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other hand, one may observe many limitations of these 

models. Among them are:

- There may be no solution or multiple solutions 

and there is no guarantee that the recursive 

procedure would indicate that .

- These are only heuristic treatments, therefore 

they are just approx 1 mat 1 ons.

- Hadley and Whitin’ s model makes an implic it 

assumption that n is suff iciently large so that

the term hQ/nD is always less than one.

Since i t  is possible that F (r ) = 1 — h / t h n / 2Q+ttD/Q j in

Wagner's model may be less than one while F(r) = hQ/irD 

in Hadley and Whitin's model may be greater than one, i t  

can happen that for some small values of tt, equa­

tions (2.2.1.15) and (2.2.1.18) may yield a solution

while (2.2.1.6) and (2.2.1.8) wi l l  not. This is of

course one advantaqe of Wagner’ s approach. However, a 

study by Gross and Ince 123 indicates that in general 

Hadley and Whitin's model is closer to the optimal than 

Wagner' s a great portion of time. Nahmias 1103 specu­

lates that perhaps the Had1ey-Whitln' s model has

compensating errors that allow i t  to perform better i n 

many cases.

There are many other related studies. Each assumes 

that demand during lead-time follows a particular

distribution such as, Gamma, Normal, Negative Binomial,
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Weibull, etc. For a complete review of these models, 

the reader can refer to Nasn t i l l .

Sphicas’ C 15J current research is also a continuous 

review inventory system with backorders. His model 

assumes that demand is deterministic and lead-time is 

stochastic, and i t  di f fers -from the previously mentioned 

models in many ways. He C151 develops four models,

models 1 and 2 which are complementary make the "averao - 

backorder assumption", i . e . . the cost is proportional to 

the average backorder■ outstanding per unit of time. 

Models 3 and 4 which are more general, in addition to 

"average backorder assumption" include "the size of 

backorders assumption", i . e . . the cost is proportional 

to the size of shortage when a replenishment arrives.

2 . 2 . 2  R e v ie w  O f M o d e ls  T h a t  A l l o w  O r d e r s  To C ro s s

As mentioned at the beginning of the Section 2.2. 

the second group of inventory models that assume 

stochastic independent lead-times allow orders to cross 

each other. These models are more mathematically sound 

than the models in the previous Section. This is due to 

the fact that when lead-time is an independent random 

variable, there is always a possibi l i ty that an order
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placed at time 2  arrives before an order placed at time 

1 , i . e . . orders may cross each other.

An unconventional solution to the lead-time 

modeling dilemma has been proposed by Washburn C1B3- He 

C18D states that "each unit ordered can satisfy only one 

particular unit of demand. In a manufacturing context, 

this amounts to assuming that parts are not interchange­

able. In a sales context, the corresponding assumption 

is that each item has been "colored" to suit the needs 

o-f a particular customer. The effect of the assumption 

is to decouple the orders so that i t  becomes immaterial 

whether they cross or not. I-f applied tD conventional 

systems with 1 nterchangeab1 e parts, errors w il l result 

to the extent that orders are l ike ly to cross. The cost 

derived here wil l then constitute an upper bound on 

actual inventory cost."

Washburn 1181 then makes the assumption that demand 

is constant per unit of time over an in f in i te  horizon. 

He also assumes that a penalty cost per unit is incurred

i f  the shipment never arrives (lim 6 <r) < 1>. Then
r —

he -formulates a cost expression and tr ies to minimize 

i ts  present value. Finally, an algorithm is construct­

ed to -find the two decision variables.

In his artic le, Liberatore 171 states that Wash­

burn’ s model formulation differs from the mainstream 

of traditional EDO modeling in several respects. First,



3 9

all costs are subject to continuous time discounting and 

the inventory holding costs are not stated exp lic it ly  

but are merged into the time discount rate. Second, the 

lead-time probability distribution, G(r), is permitted

to have a ’■detect", L i m  G(r) 1. Finally, although
r —

the model has a continuous time orientation, the 

inventory shortage cost is expressed as */unit arrived 

late (or never arrived) in consonance with the previous 

assumption. This particular set of assumptions compli­

cates the search tor the optimal values ot the decision 

variables and may yield non-unique solutions.

Liberatore [ 6 ] in his dissertation develops a 

t in i te  time horizon. stochastic lead-time inventory 

model with deterministic demands. He develops and 

discusses his research in a freight transport selection 

context. As in Washburn, Liberatore mates the assump­

tion of non-interchangeabi1l ty  of unit demands. Holding 

and backlogging costs are treated as fixed and ordering 

costs as variable and stationary over time. Then 

several results similar to Wagner-Whitln and Zabel

are stated and proven and a recursive forward dynamic

programming procedure is provided. In addition,

several extensions of these models are examined. 

Three years later, Liberatore C71 published an artic le

and considered a continuous deterministic demand, with 

stochastic lead-times in which he tried to formulate and
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solve a general EOQ model. Since Sphicas-Nasr1 ' s C13D 

paper (discussed in the next chapter) and other results 

and extensions in the following chapters are based on 

Liberatore’ s C7J artic le, we discuss his five page 

artic le  in some detail.

To find the optimal values of the decision vari­

ables order size and timing, he exp lic it ly  makes the 

following assumptions:

- Continuous review (Q,R) policy is used.

- Demand is continuous and deterministic.

- Lead-time is general and stochastic and indepen­

dent .

- Backlogging of demand is allowed.

- Unit demands are non-interchangeab1e (the impact 

of this assumption is that i t  allows orders to 

cross).

He then defines:

D = Constant demand rate (units/unit time

demanded)

q = Number of time units of demand satisfied

by each order 

t  = Time differential between placing an order

and the start of the q time units that will

be satisfied by the given order 

(See Figure 2.2.2.1) 

h = Holding cost in S/unit/unit time
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p = Backlogging cost in */unit/unit time

g(r> = Lead-time probability mass or density 

•function

G(.) = Distribution -function of lead-time

K+vq = Ordering costs for q>0, O otherwise.

Potential arrival times
(random event)   >

- - !  : ---------------------------------------- : — *
- t O  q

Time shipment 
i 5 i ni t iated Demand i n t e r v a l  

s a t i s f i e d  b y  
g i v e n  s h ip m e n t

F i g u r e  2 . 2 . 2 . 1  T im e  s c a l e  f o r  o n e  c y c l e  i n

t h e  s t e a d y —s t a t e  c o n t i n u o u s  

dem and m o d e l .

Based upon the above assumptions, the expected 

total cost is expressed as:

f 1E T C ( t , q )  =  K + v q  +  J f h D q ( t - r ) + h D q 3 / 2 J g <r ) d r
O

r t + qJ <pD ( r - t ) a/ 2 +hD (t+q-r ) =*/2 >q (r ) dr 
t

* J CpDq3 / 2 +pDq(r-t-q)lg(r)dr 
t+q

( 2 . 2 . 2 . 1)
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Note: For the graphical representation of ETC refer to 

chapter 4.

To find the optimal value of the decision vari­

ables, we differentiate the expected average cost 

EAC(t,q) = ETC(t,q)/q with respect to q and then with 

respect to t and equate them to zero,

t „t
3EAC(t,q) -K hD |‘ T -pD<r-t>

—  5 q - "  = q5 + “ 5 JOg(r)dr + Jt*5C- “ z ^ — :1

hD ( r - t l 3  pD r“
+ --C1 - --------= —]ig(r)dr - ■ - J g < r > dr

2  q3* 2  t  + q

( 2  ^  ^  ^ )

t „t +q

,2 t “ O9  " ' " t * q

DEAC(t , q) f f q_pD(r-t) hD(t+q-r)
  --------------= hD J g(r)dr+ J v

f.g (r)dr — pD g(r)dr
t + q

After some algebraic manipulations we find two equ­

ations and two unknowns:

t * + q • t* + q*
7 F  r p p

  + J ( r - t * ) 2 g ( r )d(r) = (q->3tj g(r)dr. --------->
<h+p)D t* O h+p

(2 . 2 . 2 .4)

and

t* + q* t *+q*

J ( r - t * ) g ( r ) d r  = q# { J q ( r ) d r  ------- 1
t* Ci h + p

( 2 .  2 .  2 .  5 )
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which are the unique global minima tor t and q. Of 

course, t and q are global optimal i f  and only i f  the 

EAC function is s t r ic t ly  convex over the relevant 

domains. Therefore, Liberatore proves that diagonal 

elements and determinant of the Hessian matrix are 

positive (sufficient condition for s t r ic t  convexity). 

Mathematically speaking, he proves that:

3*EAC<t,q> 3aEAC(t,q)

— --------------> °  ’ — --------------> O (2. 2. 2. 6)

3aEAC(t,q) 3=*EAC(t,q) 33 EAC(t,q)
C----------------------------1C------------------------------1 - C------------------------------1a > O

3qa 3 t a JJq.at

(2. 2. 2. 7)

In order to compare these results with the trad i­

tional EOQ model, Liberatore C71 assumed that lead-time 

to be deterministic. Therefore, he was able to repre­

sent the lead-time density function as a Dirac Delta 

function, that is, all probability concentrated at a 

single point. Equations (2.2.2.4) and (2.2.2.5) then 

become:

2F/(h+p>D + (r 0 - t * ) 2  = (q*> h/ (h+p>] (2.2.2.8 )

and

(r 0 —t •) = q* Ch/(h+p>3 (2.2.2 .9)

From <2.2 . 2 .9) we get:

q* = (r o - t* > C (h + p)/hl (2 . 2 . 2 . 1 0 )

By substituting q* in (2.2.2.10) into (2.2.2.8) we get:
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2K/(h+p)D + (ro-t * ) 1  - (ro-t'J^C(h+p)2 /h2 ][h/(h+p)]

<2 . 2 . 2 . 1 1 )

or simply

r 0- t*  = V2Kh/p(h+p)D (2-2.2.12)

Substituting -for <r0  - t*) in equation (2.2.2.10) and 

after some simplifications:

q* = \ J  2K7h~7_p77hpD <2 . 2 . 2 . 13>

Therefore, the optimal order quantity Mould be 

Dq* = D \ j  2K' (h + p) /hpD

^2KD7h~+_p77hp (2.2.2.14)

Define s* - q* - (r 0 —t*) .  Therefore, Ds" is the amount

of stock on-hand immediately after satisfying the back- 

logged demand.

Ds* = /̂2KDp7h7h~7_p7 <2.2.2.15)

and the fraction of time no shortage exists is:

f* = s * / q* = p/(h +■ p) (2.2.2.16)

The above results are identical to those obtained

for the classical EOQ model with backlogging of demand.

Thus, Liberatore " 5  17] model is a stochastic lead-time

generali zatlon of the FOQ model with backlogging of

demand.

Then he states some computational cinsideratlons. 

If the c.d.f. cannot be expressed in closed form, a

numerical method such as Newt on-Rap*“ son must be used to
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i teratively solve the equations (2 . 2 . 2 .4) Si (2 , 2 . 2 .5). 

Of course, the success of such methods depends largely 

on the starting value of the search. He showed that 

G^'Cp/th + p) J provides an upper bound, and, therefore a 

good in i t ia l  guess for t*.

At the end of his paper, Liberatore 17] gives an 

example where lead-times are uniformly distributed:

g (r : a , b ) =

1 / (b-a > , i f  a<r<b

'2.2.2.17)

( j , otherwise

and by combining equations (2 . 2 . 2 .4) and (2.2.2.5) and 

considering that g(r) is uniformly distributed, we get:

f + q *  „ 2
r ( r - t  )

q- J -----------------------dr

t* (b-a)

<2 . 2 . 2 . 1 8 )

after integration and simplification, we wil l have:

q* = ^ / l 2 KTb = a77Th'* + _pTD (2.2.2.19)

Solving equation (2.2.2.5) for t*  when g(r> = l/(b-a) 

ylelds:

- t*  = (q*/2 ) - C (ha + pb)/(h + p>] (2 . 2 . 2 . 2 0 )

2 K

(h+p)D
♦ I

t*+q- . 2

< r —t )

(b -a)
dr =
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Liberatore stops at this point and ta i ls  to

consider that this -formulation is valid i f  and only i f

t*  and (t* + q*) fa l l  within the range of a and b, that

is:

+  +  +  +  +■

O a t*  t * +q* b

Figure 2.2.2.2 The sequence in which Liberatore'a

model app1 ies.

This error was the motivation behind Sphicas-

Nasn's C 131 artic le, which w il l  be discussed in the 

following chapter.

2.3 DEPENDENT LEAD TIMES

As long as there is never more than one order

outstanding, no theoretical d i f f icu l t ie s  are involved. 

But, unfortunately, i t  is not always possible to 

specify that never more than a single order is outstand­

ing. Therefore, in the case where more than a single 

order can be outstanding, d i f f icu l t ie s  are encountered

in properly representing the lead-times as random

variables. If we assume that the lead-time for a given
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order is independent a-f the lead-times of the orders 

which are outstanding, then we must allow orders to 

cross. As we have discussed before, we rea lis t ica lly  

allow for cross over of the orders in this work.

Some authors believe that, in the real world, 

almost always orders are received in the same sequence 

in which they are placed. Now, i f  this is true, then 

the lead-times can not be considered to be independent 

random variables, i . e . . the time of arrival of an order 

placed at time t can depend on the times of arrival of 

the other orders on the books when the order is placed 

at time t. This is the case where the lead-times are 

dependent. This lead-time dependency, often causes

serious analytical d i f f icu l t ies .

Due to the analytical d i f f icu l t ie s  in the treat­

ment of lead-time state dependency, there has been very 

l i t t l e  work on this subject in the literature.

This brief section was included for completeness. 

Therefore review of the related literature is omitted.
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CHAPTER I I I

ANALYSIS AND REVIEW OF AN INVENTORY MODEL 

WITH F IN IT E -R A N G E  STOCHASTIC L E A D -T IM E S

In the real world, we are usually faced with stoch­

astic lead-time, i . e . . we are not totally sure about the 

arrival time of an order. This lead-time variabil ity 

complicates the inventory model. One of the approaches 

to tackle this d if f icu lty  is given by Washburn 1183.

This approach is extensively discussed in Section 2.2.2

(It is recommended that the reader review Section 2.2.2

of this dissertation at chis point).

This research, which is based on Washburn's L183 

approach, is originated from th? recent work of Libera­

tore £73, which is also discussed in Section 2.2.2.

At the end of his paper, Liberatore C73 presents 

an example of uniform lead-time distribution, but he 

fa i ls  to consider that his formulation is n it collec­

tively exhaustive and is just valid for some particular 

range of decision variables.

In this chapter the main results of Sphicas-Nasrl’ s 

1133 article are discussed. A generalized EOQ formula
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in conjunction with ranges tor decision variables is 

obtained. Some additional results tor the case ot 

uniform distribution of lead-times is also provided.

3 . 1  GENERAL D IS T R IB U T IO N  OF L E A D -T IM E S

The notations and assumptions used here are the 

same as the ones discussed in Section 2.2.2, except that 

lead-time distribution is considered to be f in i te  and 

defined over the range (a,b).

At this point we need to define two functions A(x) 

and B(x). The difference between these functions used 

here and in Sphicas 1141 is that in our paper g(r) is 

f in i te  and defined between a and b.

The functions A(x) and E)tx), which are defined 

below, only depend on g(r) and the cost ratio Q = h/p.

fA(x) = ( 1  J ~ < x —r ) g (r )0 ...............̂  - dr - x (3.1.1a>

B(x)= [ A < x) + x 1 J (x-r)g(r)dr - J (x-r)ag(r)dr
0  O

(3.1.1b)

and must satisfy the following for optimum values of t 

and q:
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A(t*> = A(t* + q*) (3.1.2)

B (t * + q«) - B < t • ) = k where k = 2K/(h+p)D

(3.1.3)

The proof of the above two relationships is based on 

the shape and the properties of A(x> and B(x), which 

are qiven in [14].

□ne can summarize A(x) and B(x) for different 

ranges of x as follows:

A <x ) =

SVx -  ( 1  +  11 > p

i f  x _ a

r*( 1  +17) J (x-r)g(r)dr - x i f

i f  x z. b

(3. 1.4)

B i x ) =

O l f x

X x

CA(x) + xJ J (x-r>q(r)dr- J <x-r)a q(r)dr

_ 11 (x — p) a — V ‘

l f a i  x i b 

i f  x J: b

(3.1.5)

Where p and a 3  are the mean and variance of lead-time 

respectively. The proof of the above formula is given 

below:
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M h tn  X £ a. the integral part o+ A(x) and B(x) drops 

out:

A (x > = -x (3. 1.A)

B(x) = O (3. 1.7)

When a < x < b

r "= ( I ■+■ ft) J (x — rA (x ) = (I + ft) J (x - r)g(r)dr - x (3.1.8)

f  fJ J (x-r)g(r)dr - J <x—r)B(x) = CA(x ) + x ]  J (x-r)g(r)dr - J (x-r)ag(r)dr
a a

(3.1.9)

When X > b

f
A(x> = ( 1  + if) J ( x  - r)g(r)dr - x

a

= < 1 + U) (x - p > — x

= fix - < 1 + ft) V (3-1.10)

fb fbB<>:> = CA<>;> + >: 1 J (>: - r ) g < r ) dr - J (x — r ) ag (r ) dr
a a

= E ( I + ft) < x - p 3 (x - p) - E (X - r ) 3

= (1 + ft) <>: - p) 3  - Ex3  - Era + 2EXr

= x3  + p 3  - 2xp + ft (x - V- ' ) 3  - x3  - Er3  + 2 x p 

= ft( X -  p ) 3 -  (T3 ( 3 . 1 . 1 1 )

It ran also be shown that both functions are convex 

and re -h the same minimum:
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A (x ) =

A7 <x> =

A" <x > =

Therefor e, 

Where Â (x )

B (x ) =

B <x ) =

r*J tx - r >g <r(1 ft) J tx - r)q(r)dr - x (3.1.12)

r(1 +■ ft) C J g<r)dr 3 — 1

(1 + ft)G(x) - 1 (3.1.13)

( 1  + ft)g(x)

(1 + ft > g(x) > 0 (3.1.14)

A(x> reaches minimum at oc = G ~ x i l / i l  + ft))

= 0 .

.« .  *
CA(x) + xl J (x r)g(r)dr - J (n-r)*q(r)dr

a a

<3.1 15)

V

< 1  + ft)G(x) J (x - r )q (r )dr + CA(x) + x ) 3

drf  f. J g ( r )dr - 2  J ( x  ~ r)g(r)
d d

1 +■ ft)G(x) J (x - r ) g (r ) d r +
d

X  X

C f 1 + S i >  J ( x  -r ) q (r ) dr ]G ( x  ) - 2  J (x^ r )g ( r )d r
d d

rx rx

<l+ft) J ( x  - r)q(r)dr.G(x)~ 2 J (x-r)g(r)dr

f2 J (x — r)g ( r )d r t ( l  + ft ) G (x ) - 13 = O

< 3 .  1 .  1 h )
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Similarly i t  can be shown that B'Mx) > O :nd B<::> 

also reaches minimum when a = B~ *■ ( 1 / ( 1 + ii>).

I t  can easily be argued that r = B < <3 > is posi*

t i ve.

To show this, rewrite (3.1.5)

f  f) + J (x - r)q(r)dr ~ J (x - r ) 3 n(r)B(x) = [fl (x ) + ] J (x - r ) g (r ) dr - J (x -r) (r) dr
a a

(3. 1 .19)

Letting x = ( I and substituting -for A(ft> - 0, we have:

J ( ( 1 r)g(r)dr - J (fl - r )3q i r )r = B([1)=f lJ <(1 r)g(r)dr - J (fl - r>3 g(r)dr
a a

r"= - r) L( i  — (ft - r)3g(r)dr

fr>= J (ft - r )rg(rrg(rldr i O (3.1.19)

Functions A(x> and B(x) are shown in Figure 3.1.1.
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Figur* 3.1.1 The functions A<x) and Btx).

Two quantities of interest that should be defined 

are 9 and t .  0  i s  a unique point t o  the right of « such 

that A(0) = A(a) = - a. x is a unique point to the left

of « sueh that A(t> = A<b) = iib - fl + ii^p.

I t  can easily be argued that "a" is to the le ft

of « and '’b" is to i ts  right. It is because at minimum

G(a) = l/(1 + 11) i O, therefore, a is a value between "a"

and "b". For A(0) to be equal to A(a), 6  should be to

the right of ot , and for A<t1 to be equal to A(b), t 

should be to the le ft  of oc. Therefore, we conclude that 

"a” and t fa l l  to the le ft ,  and "b" and 9 fa l l  to the 

right of ex.
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The b < © occurs i f  and only i f  A(b) < A(a), i . e . .

ftb — ( 1 -*-ft) p i - a .  Therefore, the ordering a i T i o t i b i 0  

occurs i f  and only i f  ft i  (p - a)/(b - p> ■ By the same 

reasoning b i 0 happens i f  and only i f  A(b> i  A(a>, 

i . e . . ftb - (1 + ft)p 2 - a. This in turn dictates the

ordering T i a i a i O i b ,  i f f  ft 2  (p -a) / lb-p >.

We can summarize and graph the above arguments as 

f o l 1 ows:

Case 1 - If ft i (p-a)/(b-p), the ordering is a _t icx b.

Case 2 - If ft i (p-a)/(b-p>, the ordering is Tlalaift<b.

The ranges for t* and t* + q* that satisfy equation

(3.1.2) can easily be found i f  one uses Figures (3.1.2) 

and < 3. 1.3) :

Case 1 - If ft - 'p-a>/(b-p), t*  and t*  + q* are bounded

as foilows:

t* i a 

a i t *  i t 

T i t * i ot

i f f  e _ t m + q* 

i f f  b i t* + q* i A 

i f f  o r i t * + - q " < b

<3.1.20a)

Case 2 - I f  ft 2 

as fo l 1 ows:

t* i T

t 3 t * i a 

a i t *  i*

(p—a)/(b—p), t* and t*+q* are bounded

i f f  b i t * + q*

i f f  A < t* + q* i b

i f f  a i t* + q* i 9

(3.1.20b)
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Now, we are looking for a t* and w = t*+q* such 

that they satisfy the above bounds and also satisfy 

equation <3.1.3). If w > 6  this is simple because to 

satisfy the bounds t* should be less than or equal to 

a. For this range of t* , B(t*) is zero. This in turn

simplifies equation <3.1.3) to B<t*+q*) = B<w) = k .

Therefore, to find the optimal set for the range t**q * > 0  

we just have to search for a "w" such that B(w)=k and 

then by mapping find t*. Unfortunately, for the other 

two ranges th>= problem is not that simple because 

B(t*+q*) - B(t*)=k does not simplify to B(t*+q") = k.

In £141, Sphicas defines a function H<w> that is 

increasing and convex over the range wi« (See Figures

3.1.2 and 3.1.3). Taking advantage of this function we 

can locate <w = t*+q") such that H(w) - k and again by 

mapping, t* can be found.

The above discussion and cases 1 and 2 can be 

summarized as follows:

If k 2  < k t h e n t* 1 t a a n d w a i t * + q »

If ki I k  i k 3 t h e n t * i t • i ti a n d W i £t * + q " £ w a

If k £ k» t h e n ti i t* £ a a n d ait*-*-q*£wi

(3.1.21)



5 7

A (x )

—t —

(biO) or til ((j — a > / (b—(.*)Case i

B < x )

A(x)

H(w>

F1 gure 3.1.3 Case 2: (bi6 ) or i l l  (p-a) / (b-p)
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Therefore, to -find the optimal values in any given 

problem, the quantities t 2, t x , w,, ***, and k* that

are given in the following table should -first be 

calculated based on the given parameters.

Table 3.1.1

Values of the c r i t ica l  points -for g e n e r a l  distribution 

ft < (p—a)/(b~p> ft t  <p-a)/(b—p)

t  a = a t  a p — ft (b -  p )

t  i = t  , where A(T)=ft (b—p) -  p t l _ a

w i = b w, = 6, where A i9 )~

wa = p +■ ( p — a ) /  ft = b

k  » ft (p -b ) * — v 3 -  E) ( t  > h = B ( T )

k  at ( p-a) 3 / ft -  tr3 k a t - ft (p—b ) 3 -  it*

The proof of the above formulae is given below:

If  ft < (p—a)/(b-u>.

A (t) = A(b) (3.1.22)

when x > b , A(x) = ftx - <l+ft)p , therefore,

A(b> = ftb - ( l+ft)p (3.1.23)

A(t> = A(b> ~ ft(b-p) — p (3.1.24)

A(6 ) = A(a) = - a (3. 1 .25)
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s i nee 0  > b, Ate) = «e - (i+ft>p (3 . 1 . 26 )

so, ft© — ( 1  + ft) p = - a (3.1.27)

e p ■+■ (p—a) /ft ( 3 .1.28)

ki H < b ) = B (b ) - B (t ) 

ft < b - p ) 3  - tr3  - B ( t ) (3.1.29)

k3 H(0) = B(0) where A — p +(p-a)/ft (3.1 . 30)

si nee 0 > b, then B(0) = ft(0-p> 3  - a3 (3.1.31)

11 
II

n ft C p + ( p - a ) / ft - p ] 3 — it 3 

(p-a) 3 /ft - <r3 (3.1.32)

> (p-a)/ (b—u).

t a is a point such that A(ta> = Atb) ( 3 . 1 . 3 3 )

A (t a ) = P(T) = - (3 . 1 . 34'

A (b) = ftb - (1 + ft) p (3.1. 35)

~ t*  = ftb - (1 + ft) p (3. 1 .36)

U II p -  ft (b - p) ( 3. 1 .37)

II« B(b) = ft f b - p) 3  - or3 (3. 1 . 38)

As mentioned before, to find the optimal solution 

one has to find all the c r i t ica l  values (-from Table

3 . 1 . 1 ). One must obtain the ranje for t*  and t*+q*.

Finally, through search we must find t*  and t*+q* such 

that (3.1.2) and (3.1.3) are satisfied.

I t  should be pointed out that the search is not

necessary for ail cases. If i  i a general explic it

analytical solution exists:
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When k > ka then t* < a and t*+q* > b

B(t * > = O (3.1.39)

B (t* + q*) = k (3.1.40)

Since t*+q* > b, B(t*+q") = ft(t"+q*-p)» - <r*

(3.1.41)

ft(t*+q*-p)* - <ra = k

t * + q* =p + y7k+ff*7/ft (3.1.42)

A(x) = ftx - (l+ft)p when x 1 b (3.1.43)

A(t*+q*) = ft(t*+q*) - <l+ft)p (3.1.44)

A(t-+q») = A(t *) where A(t») = - t* (3.1.45)

ft(t*+q*> - ( 1  + ft)p = - t*

t*  = p - j Q ~ ( k ~ + ~ a * J  (3.1.46)

Salving (3 .1 .4 2 )  and (3 .1 .4 6 )  s imultaneously,

q* = (1 +■ ft) y7k~ + _ff*77ft (3.1-47)

After some algebra and knowing that Q* = Dqip, ft=h/p, 

and k = 2K/(h + p)D,

0* = /2DK~7p~;~hT';~e»P»lp + h ) a ( 3 .1 .4 8 )

V Ph

which is a stochastic genralization of the Basic EOQ 

formula with backorders. This is due to the fact that 

in the deterministic case lead-time variance (tr*) is 

zero. By substituting <r3  — O in the above-mentioned 

formula, the basic EOQ formula with backlogging of 

demand can be obtained.
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3 . 2  UNIFORM D IS T R IB U T IO N  OF LE A D -T IM E S

The results obtained in Section 3.1 apply to any 

distribution of lead-times. In this section the

previous results are applied to a uniform distribution 

of leadtimes. Obviously one expects more simplified 

results.

Let us begin by defining functions A<;;) and B (> 

when the lead-time distribution is uniform:

i f  a.

A(si) = ! ( 1 +rt> (:■:-a) 3 / 2  (b-a t -  i f  a . • . b

i
i
] j l  v  -  (  1 + i ‘i )  p  i f  ; L b
l

(7 _ r . i >

j > i 4 a _ x
*
t

B(x> = ! ( 1 *■*> U-a) */4 (b-a) -a) 3/3 (b-a) i f  a.x.b
l
I
I
! < x -- p> 3  ~(T3  i f  >: _b
i

<3.2.2)

For the cases where >: I a and x _ b, the formulas are 

the same as given for the gereral case in the previous 

section. The only two formulas which need to be proved 

are A < >: ) and 6 (x) for the range (a.b). which are given 

beldm:
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fA (x ) = ( 1 +il) J (x — r > g (r ) dr - x when a i  x i  b

r= C ( 1 +ft)/ (b-a) D J (x-r ) dr - x

= C( 1 +ft)/ (b-a)DC(x-r>a/ (- 2 ) 1 * - x
a

= ( 1+ii) (x-a)i*/2(b-a) - x (3.2.3)

i i x i*x

B(x)= EA(x)+xD J ( x - r ) q l r ) d r -  J (x-r ) 2q(rJdr when a£x£b
a a

= C ( 1+flMx-a) =*/2(b-a) DC 1/ (b-a) DC (x-r  ) =*/ (-2) D*

- C1/(b-a)] [ (x-r )3 / (-3)D*
a

= C (1+ft) (x-a> 3 /2(b-a ) 2  J E < x- a)3 /2J 

- Cl /  (b-a) DC (x-a)3/31

= ( 1+ft) (>;-a) “*/4 (b-a) 3  - (x-a > =*/ 3 (b-a > (3.2.4)

From the table of cr i t ical  values tor general

distributions ot lead-time a new table can be construc­

ted, which wi l l  include cr i t ical  values tor uniform

d ls tr lbu t i on.
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T a b le  3 . 2 . 1  C r i t i c a l  v a l u t a  f o r  u n i - fo rm  d i s t r i b u t i o n

ft < 1 ft > 1

t :  

t  ! =

ot =

W  1  -

w3 = 

kl = 

1 =

= a

a + C (1 - f t ) /  < 1 +ft > J ( b - a ) 

a + C 1 / <1  +f t ) 3 ( b - a )  

b

b + t ( l - f t > / 2 f t ] ( b - a )

C 4ft3 / 3 < 1+f t ) * ] ( b - a ) z  

t ( 3 - f t ) / 1 2 f t ] ( b - a ) 3

t 3  = a - €(ft-a)/2 1 (b-a) 

1 1  = a

ot = a + [ 1 / ( 1 +ft) ] (b-a)

= a+C2 / ( 1 +ft)3(b-a) 

w3  = b

h  = C 4 /  3 ( 1 + f t ) 3  ] < b -  a ) 3 

k 3  = C(3ft- 1 )/123(b-a)2

Tne proof of some of the cr i t ical  values for the case of 

uniform distribution are as follows:

When ft £ 1.

From Table 3.2.1 we have,

A (b ) - ft (b - p ) - p

From equation (3.2.1) we have,

A ( t )  = (1+ft)(r-a)a/ 2(b-a> - t  where a _ r _ b

Me know that A ( t )  = A<b),

( 1 +ft)(t -a>3 / 2 (b-a) - r = ft(b-p) - p

( 1 +ft ) ( T - a  ) 3 -  2 ( b - a ) T  + ( b - a ) a  = 2 ( b - a ) C f t ( b - p )  -  pi J 

( 1 + f t  ) ( t  -  a > 3 -  2 ( b — a)  ( "r -a)  = 2 ( b  — a ) C ( a  — p ) + f t ( b — p ) 1

( 1 + f t ) ( t - a ) 2 -  2 ( b - a ) ( T - a )

- 2(b-a) I (a-b)/2+ft(b-a)/23 = O 

(1+ft) (T-a) " 1 2 (b-a) (T-a) + (b-a)3 (l-ft) = O

(3.2.5)

(3.2.6' 

(3.2.7)
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2 (b-a) ± v /4 f t * (b -a ) *  2 <b-a> ± 2 ft(b-a)

T-a = 271+ftT “ 27l+ft>

t x = t  = a +■ [ (b-a) <l - f t>/ ( 1+fl) 3 (3. 2 .8)

>* „<x

= J g ( r ) d r  = [ 1 / ( b - a ) ] JG(a) = J^gtrJdr = [ 1/ (b-a) ] a*̂ r = l / ( l +ft> (3.2.9)

(a-a ) / (b-a) = l/(l+ft>

ex = a +■ (b—a)/(1+ft) (3.2.10)

A(0) = A(a) - - a where 9 > b (3.2.11)

ft8  - <1 + ft)p - - a (3.2.12)

wa = 0 = C ( 1 +ft) (a+b > / 2 - a 3 /ft

= (a + b + aft + bft - 2 a3/2 ft

= ta + b + aft + bft - 2 a ± bft3/ 2 ft

= b + C(b-a) - ft(b—a)3/ 2 ft

= b + (t-ft)(b-a)/2ft (3.2.13)

k, = ft <p - b) 3  - a2  - b(t ) (3.2.14)

where t  = a + C(1-ft)(b-a) / ( 1+ft)3 (3.2.15)

and B ( t )  = [ (1+ft) (r-a)'*/4(b-a) z-(T-a)3 /3(b-a) ] (3. 2. 16)

substituting -for t in B(t),

B(t) = C ( 1-ft) *  (b-a) 3/4 ( 1+ft) 3-< 1-ft) 3  <b-a)3 /3< 1+ft)3]

= [ <l-ft)3 (b-a)3/(l+ft) 3 3t(-3ft -11/123 (3.2.17)

Now substitute B ( t )  in klf

ki = ft(p-b) 3  - <r3  - C(1-ft)3 (b-a)3 / ( I+ft)3 3C(-3ft-l>/12 3 

= ft(b-a> 3/ 4 - (b-a)3/ 1 2  - [ ( 1 -ft)3 (b-a)3 / ( 1 +ft) 3 3

C(-3ft—1)/123

= t(b-a) 3 /12(1+ft)3 3C3ft(1+ft> ’ - (1 +ft) 3  + ( 1 -ft) 3 (3ft+l ) 3
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= [ (b-a)3/ 12<1+ft)3]C16ft3]

= 4ft3 (b-a)3 /3(1+ft) 3  (3.2.

k3  = B(9) where 9 i  b (3.2.

k3  = ft<9 - p> 3  - a3  (3.2.

where 9 = wa = b + C<1-ft)(b-a)/2ft] (3.2.

substituting for 9 in ka

k2  = fttb+( 1 -ft)(b-a)/ 2 ft - pi 3  - (b-a> 3 / 1 2

= ft[(b-a) / 2  + ( l-ft>(b-a)/2 ft] 3  - <b-a> 3 / ! 2

= ftC(b-a)3 /4]Cl+(1-ft)/ft ] 3  - (b-a)3/ 12 

= (b-a) 3 /4ft -(b-a)3/ 12

= (3-ft>(b-a)3 /12ft (3.2.

When ft it 1.

f l ( T )  — — T  < 3 . 2 .

and A(b) = ftb - (l+ft)p where x - b <3.2.

knowing that A(r) = A(b), (3.2.

-  t  =  ftb -  ( l + f t > p

x = t a = ( 1 +ft)< a + b ) / 2  - f t b  + a/2

= a + b / 2  + a f t / 2 -  b f t / 2 -  a / 2

= a + ( b —a ) / 2  -  (b — a)  f t / 2

= a + ( I-ft) (b-a)/2 (3.2.

ot can be calculated in this case exactly the same

as was calculated in the case where ft 1 1 .

A(a) = - a (3.2

A(9) = (1+ft) (9—a)3/2 <b-a)-9 where a iO i b (3.2.

by definition A<9> = A(a), (3.2.

18)

19)

2 0 ) 

21 )

2 2 )

2 3 )

24)

25)

26)

way

2 7) 

28) 

29)
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<1+ft)(©-a)a/2(b-a)-© = -a

(1+ft)(©-a)J - 2(b-a) <©-a) = 0 (3.2.30)

dividing both sides by (© - a) and solving for (© — a>, 

(©-a) = 2 (b-a)/ ( 1+ft)

9  = Wl = a + C2(b-a)/ ( 1+ft)J (3.2.31)

k» = B(©> - B(a) = B<©), since B(a) = 0

= ( 1+ft) (©-a)-*/4 (b-a) * -  (©-a) 3/ 3 (b-a> (3. 2. 32) 

where © = wt - a + [2 (b—a) / ( 1+ft)3 (3.2.33)

substituting tor © in kt ,

k, = (1+ft) C2(b-a)/(1+ft) ]^/4(b-a)3*

- C 2(b-a >/(1+ft) l 3/3(b-a)

= 4 (b-a) * /(  1+ft) 3 - B(b-a)a/3(l+i))3 

= 4(b-a)a/3 (1+ft)3 (3.2.34)

ka = B(b) - B(t) (3.2.35)

where B(b) = ft(b-p)3 - it* (3.2.36)

and B ( t ) = 0 since t  i a (3.2.37)

k3 * ftt (b-a) /21a - (b-a) 3/12

= (3ft-1)(b-a)a/ 12 (3.2.38)

To find the optimal solution tor t and q in the 

case ot unitorm distribution ot lead-time is rather

simple. The fallowing table provides the formulas

needed to solve for t* and q*. I t  can be simply

observed that in the two cases k < k * , and k > k 3  we

have been able to obtain explic it analytical express­

ions. In the case where k, £ k i  k», an analytical
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expression was not obtainaed. The solution of t* and q* 

can easily be obtained by a one dimensional search.

T a b le  3 . 2 . 2  F o rm u la s  f o r  c a l c u l a t i n g  d e c is io n  v a r i a b l e s  

Uniform Distribution

; q *  =  ( 1 + f t )  ^  (fc-t-ff3 ) / i i  i  k
i
i
i _________
j t *  = p -  vyi';(k+(r*)

f  (qh1 - 23(q*)3"3/3 =» Kl+ft„) i ,  < k i ka
I
1I _ __

a -  q* + 3 s j q* i f  f t > 1

b - 3  q* i f  f t  I  1

! q * = 6 k (b - a) k i k i
» V1

! t

!_t *  = [(aw + b) /  ( 1 + ft)] -  q*/:

** Note 6 = [2 (b-a)/ ( 1+ft) 11/2

The proof of the formulas given in Table 3.2.2. is given 

beloh:

When k > ka. then t* < a and t* + q* i b.

The proof of this case is already given in equa­

tions (3.1.42) and (3.1.46).

When k 1 k t . then t* i a and t* + q* i b.

Using equation (3.2.1) for A(x) and also equality

(3.1.2), we have:

A(t*+q*) = (1+ft)(t*+q*-a)3/2(b-a)- (t"+q*) (3.2.39)

A(t*) = (1+ft) (t"-a)a/2(b-a) -t* (3.2.40)
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Knowing the relationship A(t*  + q*)=A<t *), we have,

(1+ft>(t*+q*-a>*/2(b-a) - <t*+q*) =

( 1+ft) <t*-a)*/2(b-a) - t*

E<1+ft) /2(b-a>3t <t*-a)*+q*3+2q*(t * -a ) - ( t * -a )33 = q*

E<1+ft)/2(b-a)3Eq* + 2t- - 2a1 = 1 

t*  = (b—a>/ ( 1+ft) + a - q*/2

= (aft+b) / ( 1+ft) - q*/2 (3.2.41)

Using equation (3.2.2) for B(>i) and also equality

(3.1.3), we have,

B(t •+q*) = C(1+ft)(t*+q*-a)-*/4(b-a>*

- ( t •* q*-a> 3/3(b-a) J (3.2.42)

6(t*> = E(1+ft)(t*-a)*/4(b-a>* - (t*-a>3/3<b-a>3

<3.2.43)

let w = (t*+a*-a) / ( b-a> (3.2.44)

and z = <t*-a)/(b-a> (3.2.45)

then w + z - 2/(l+ft) (3.2.4(b)

and w-z = q*/(b-a) (3.2.47)

Substituting for B(t*+q*) and B(t*) in (3.1.3),

and using w and z,

(l+ft)w“*/4 - w3/3 - (l+ft)z-*/4 + z3/3 = k/(b-a)3

( 1 +ft) (wJ'-z +) / 4  - w=»/3 + z3/3 = k/(b-a>*

(1+ft) ( w +  z > ( w3—zw-* +  z 2 W - Z  3  ) / 4-w3/ 3+z3 / 3 =  k /  <b-a ) 3  

Substituting 2/(l+ft) for (w+z> and multiplying both 

sides by 6,

3w3 - ’ :w3 + 3z3w - 3z3 - 2w3 + 2z3 = <bk (b-a)
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J .

- z3 + 3z2w - 3zw3 = 6k/(b-a)3 

(w-z)3 = 6k/(b-a>*

Substituting q*/(b-a> -for (w-z),

Cq* / (b-a)J3 = 6 k (b -a ) 3

q* = . /̂6k (b—a) (3.

When kt < k then there are two possibilities,

I) t * > a and t*+q* i b i f  fl U  (

l i )  t* i a and t*+q" i b i f ft i 1 (3.2.

Again, let us define:

w = v + z - <t*+q*-a)/<b-a) and (3.2.

z - l-y = (t*-a)/(b~a) and (3.2.

v  - w-z = q*/(h-a) and (3.2.

y  =  1 —z (3.2.

and as before use equations for A(x) and B (x > 

the appropriate range of uniform distribution: 

l ) When t*>a and t*+Q*^b.

A(t*+q**> = ft (t * + q* ) - ( 1 - t - f t ) jj since t"-*-q"ib (3.2.

A (t ■) = (1+ft) (t--a)3/2(b-a) - t* (3.2,

Let A(t*+q*> = A(t*)

ft < t * -»- q * ) - ( 1 +ft) p = (1+ft)(t*-a)3/2(b-a)-t*

ft (t* + q*-a> + aft- < a/2+b/2 > -ft ( a / 2+b / 2) =

(1+ft)(t»-a>3/2(b-a)- (t*-a)-a 

ft (t»+q*-i >+ft (a-b) /2-Ma-b) /2=

(1+ft) (t*-a) 3/2 (b-a) - (f-a> 

dividing both sides by (b-a) and substituting.

48)

49)

50)

51 )

52)

53)

54) 

f or

55)

56)
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ftw - (l+ft)/2 - ( l+ft lz*^ - z

m = t1+ft)(l+z = )/2ft - z/ft (3-2.57)

v = w-z = C<1+ft)(1+z3)/2ft - z/ft] - z

= ( l+ft> (z-1)3/2ft (3.2.58)

B(t*+q»>= ft [ (t * + q • ) - j..]3 - (r* (3.2.59)

B(t *) = <1+ft) <t*-a)*/4(b-a)3-<t*-a)3/3(b~a) (3.2.60)

Let B(t*)= B(t*+q*> - k (3.2.61)

(1+ft) (t*~a> "V4 (b-a) *- (t *-a) 3/3 (b-a)

=ft[(t*+q*)-(a+b)/2]a-(b 'a)2/12 - k 

( 1 +ft) z*/4-z 3/3

=10C (t*+q*-a) + (a-b) /2 ]3/ (b-a>3- 1/12-k/ (b-a) 2 

=ft[(v+z)-1/2]* - 1/12 - k/ (b-a)3 

= <l/ft) C (lt-ft) <z3+l-2z) /2+zft-ft/2]3- l  / 12-k/ (b-a) 3 

-( l+ft)z'V4+z3/3+ ( 1/ft) C ( 1+ft)z3/2-z+l/213-1/12

=* k/(b-a>3

( 1 / ft) C- ( l+ft> ftz'*/4 + ( 1+ft) 3r^/4+ftz3/3- (1+ft)z3+z3

+ (1+ft)z a/2-z + 1/ 41-1/12 = k/(b-a)* 

(1/ft)t (1+ft)z*/4-(3+2ft)z 3/3+(3+ft)za/2-z] + l/4ft-1/12

= k/< b-a)3

Substitute y f a r  (1-z),

( 1 /ft)C (1+ft) < l-4y+6y3-4y3+y~) /4-(3 + 2ft) (1-3y+3y3-y3)/ 

3+(3+ft) <l-2y+y3) /2 - (1-y)]+ l/4ft- 1/12 = k/(b-.a>2 

(1+ft) C(1+ft)y^/4-C <l+ft> —1—2ft/3]y3 +C3(1+ft)/2-(3+2ft) + 

(3+ft)/2]ya+t- ( 1+ft)+(3+2ft)- (3+ft)+1]y+

1(1+ft)/4—(3+2ft)/3+(3+ft) /2-1+1/4—ft/12]>= k/(b-a)3
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(l+ft)y-*/4ft - y3/3 = k/<b-a)a 

Substitute ^2ftv/ < 1 + f t ) tor y,

<1+ft)C2ftv/(1+ft)3* - 2ftVvy2ftv77+ft7/3< 1+ft) = k/(b-a)3

ftv3/ ( l+ft> - 2ftv v/2ftv77l+ft7/3(l+ft>=k/(b-a)*

Substitute q*/(b-a) -for v, 

ftq**/(1+ft) (b-a)3

— 2ftq* ^/2ftq-77l7ft77b=a7/3(l+ft)(b-a)

= k/ (b-a)*

Multiply both sides by (1+ft)(b-a)3/ft,

q*a-2(b-a)q* 2ftq*/<1+ft)7b-a) /3 = (l+ft)k/ft

q*a-2C2ft(b-a) /(1+ft1 1 ' 2q*3/2/3=1(1+ft) / ft D k (3.2.62)

Let 6 = 12<b-a>/ ( 1+ft*)1 (3.2.63) 

Where ftm = max (ft,1/ft) (3.2.64)

q*a - 2<Sq*3-'*/3 = k(l+ftm) (3.2.65)

Now, we can easily obtain t* in terms o-f q* as

■foil ows:

From equation (3.2.58),

v — (1 +ft) (z-1)a/2ft where v = q*/ (b —a >, 

z - (t*-a)/(b-a> (3.2.66)

q*/ (b-a) = (1+ft)C(t*-a)/ (b-a) - l l *

= [ ( l+ft>/2ft]t (t*-a) / (b-a) ]=* (3.2.67)

12(b-a)/(1+1/ft)Jq* = (t*-b>3

^aq* - (t*-b)=*
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t*  = b - <5\/q* (3.2.68)

Similarly, but more simply, similar results can be 

obtained for the following range: 

ii> When t*na and t*+q*ib

0(t*} = -t» (3.2.69)

A < t * + q* } = ( 1+0) (t*+q*-a> a/2(b-a)- (t* + q» > (3. 2. 70)

Equating A(t*+q*) with ACt*), we get,

( 1+0) (t * + q*-a > =*/2 (b-a> - < t " + q» > = -t * (3.2.71)

I (1+0)/ 2 1 wJ = q*/(b-a) (3.2.72)

C(1+0)/2]wa = w - z = v (3.2.73)

( 3 .  2 .  74)w = n/2 v/ ( 1+0)

B(t* + q*) = (l+ii)(t* + q*-a)‘*/4(b-a)2

- <t»+q*-a>3/3(b-a) (3.2.75)

8( t * ) = O < 3. 2.76)

Using the relationship Ef(t* + q*) - B(t*) = k

< l+0> <t*+q*-a> -*/4 (b-a) *- (t *+q*-a ) =»/3 (b-a) = k (3. 2. 77)

<l+0)w-/4 - w=*/3 = k/< b-a)3 (3.2.78>

Substituting ^/2v/(l+0> for w 

( 1+ft) C2v/ ( 1+0) l a/4-2v ( 1+0) ^27777+07/3

= k/ (b-a)3 (3.2.79)

Cv/( 1 +0 ) JCv - 2  2 v / 7 7 + o 7 / 3 1  = 1 / (b-a> 3

v=*/(l+0)-2v ^27777+0773(1+0) = k(ta-a)3 (3.2.80)
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Substituting q*/(b-a) tor v.

q*3/(1+ft)(b-a)*-2q* ^2q*/(1+ft)(b-a)/3<1+ft)(b-a)

= k / (b-a)a 

Multiplying both sides by (1+ft) (b—a)5* 

q*a-2C2 (b-a)/( 1+ft) 3 1 '*q"=*'*/3 = k(l+ft) 

q* - 26 q*3y,3/3 = k(l+ft„.) (3.2.81)

For this case t*  as a function of q* can be obtained as

f o i l d m s :

From equation (3.2.71), we have

( 1+ft) (t* + q*-a>3/2(b-a) = q*

t*  + q* - a = C2(b-a) / ( i+ft) 31''3q"1' 3

t* = a - q* + 6 q* (3.2.82)

As can be seen, a single equation in terms of q*

can be obtained for both cases ft i 1 and ft i  1.

Table (3.2.3) indicates which model should be used 

to calculate t*  and q*. Depending on the value of k =  

2K/(h+p)D, we can select the right model. A similar

table may be obtained that w il l  guide us to determine 

the right model based on the range of lead-time (b-a).

The proof of the ranges in Table (3.2*3) is given 

below:

From Table (3.2.1) , we have,

k» = 4ft3 (b-a > 3/3 ( 1+ft) 3 when f t i  1 (3.2.83)



and ki = 4<b-a>*/3<1+ft)3 when ft > 1 (3.2

which can be combined to form ore equation,

ki < 4 (b—a) a/3 ( l+ft*,) 3 where ft*. = max (ft, 1 /ft)

(3. 2

when k i ki, substituting for ka 

k i .  4(b-a)3/3 ( l+ft*>3 

4 < b-a)3 > 3k(l+ft„)3

b - a i (3.2

Similarly, from Table (3.2.1), we have

ka = (3-ft>(b-a>*/12ft when ft 1 1 (3.2

and ka - (3ft-l)(b-a)z/12 when ft > 1 (3.2

which can be combined to form one equation,

ka = (3ft„—1)(b-a)2/12 (3.2

when k i ka, substituting for k2, 

k i  (3ft™-l>(b-a)*/12

b - a i ,yT2kT3ft»-I7 (3.2

7 4
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' ab le 3.2.3 f o n u l a s  For Ca lculat ing t *  flnd q* Based Qn The Range Of U n f o f  L»ad-Ti»e D is t r ib u t i on

MODEL 1

tl

* *  i it ti - a
12k

' t . - l

q* = (1 + f l ' y / 1' t  * r2' ' i

V i f k  * r 3 i

MODEL 2

!

V
/

1 2 k <1-. l l + f t . i 3

I ----------- ; 6 - i

1 Oft. - 1

■q*i ‘ - - i  I q * 1 “  - k i 1 * W.: 
3

: a - V ♦ ĴQ* it i. 1 

t*  = :

!_ b - i q̂* it j.l

1 : ̂
where J = r 2 ■'t> -ai  ̂ 11 j "'

MODEL 3

q* = \ /  tk ifc-at

k . r, : b - i

q*
t *  = [ ’ aft t b ‘ . ' !  * J1 ] -

M th is  lodel  appl ies to any i e a d - t u e  d i s t r i b u t i o n .  I t  i s  not l m t e d  to un i»or i  l ead- t iae  d i s t r i b u t i o n  

l i k e  other iode!s.
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I t  ib worth while to analyze the behavior of 

optimal cycle length q*(or Q" = Dq*) as the range of 

lead-time distribution, b - a, changes. This analysis 

is based on results shown in Table (3.2.3).

Figure (3.2.1), which expresses the relationship

between q* and (b-a), is given below. Within the range

O - j l 2 k /  (3Wm 1 ) f the funct 1 on is increasing dnd

convex. For the second range of lea d - t im e ,  i . e . ,

between ^72k 773ft„, -  17 and ^3k7 l+i'i„,73 /4 ,  the function

is  s t i l l  increasing but concave. For the la s t  range of

lead-time, i . e . . greater than \ J Z k i l  + s‘i«,)3 /4  , the

funct ion  remains increasing and concave. I t  should also  

be noted that  the Y - in te rc e p t  is  Basic EOO with back-  

logging of demand.

The proof of the shape of q* - f ( b - a )  is  given

below. For a l l  three ranges, i t  is  proved that  the

f i r s t  d e r iv a t iv e  is p o s i t iv e .  I t  is  also proved that  in 

the range of model 1, the second d e r iv a t iv e  is  po s i t i v e  

and is negative  fo r  the ranges for  models 2 and 3.

When model 1 applies.

q* = < !+',:> + (3.2.91)

= ( 1 + i i )  ft 12k + (b-a) 33/12ft} (3.2.92)

(dq*)/d(b-a) = <l/2MH-ft>.

{£ 12k + (b-a) 3 J / 12V; I " 1 (b-a)  / h s 'i

= <1+ f t > ( b - a > { 1 2 f t l 1 2 k + ( b - a ) ! - 1 j  o
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( 3 . 2 . 9 3 )

(d=*q*>/d (b-a) a = (-1/2)(1+ft)(b-a)C12ftt12k

+ <b-a)aD>-3' aC24ft <b—a) 1 

= -12ft ( 1+ft) (b-a> aft2ft[ 12k

+( b - a ) < o (3.2.94)

When model 2 ePPliee. q* can not be obtained exp lic it ly  

as a function of b — a. So instead, (b-a) as a function 

of q* is obtained and differentiated. Its inverse is 

then analy3ed,

q*a - 2 S q m: s ' * / Z  =  k<l+ft„) (3.2.95)

where S = C 2 (b-a > / ( 1 +ftm> ] 1 (3.2.96)

Let A = l+ft„ (3.2.97)

q*a - 2[2<b-a)/AlW2q*3''3 = kA (3.2.98)

q** -kft = 2C2(b-a) /A 11 y'3q*3^a/ 3 (3.2.99)

( q*a-k A) * = 8(b-a)q-3/9A (3.2.100)

(b-a) = 9A<q**-kA)3/8q*3 (3.2.101)

[ d(b-a)1ydq* = C18Aq*(q+a-kA)-27A(q*2-ka)1/8q**

=C9A(q*3-kA)/2q*a1-C27A(q**-kA)a/8q**] 

= C9A(q*a—kA)/2q*aK 1-3(q*a-kA)/4q*al 

= C9A(q*a-kA)/2q*3 H (q**+3kA) /4q*a]

= 9A(q*a—kA)(q*2+3kA)/8q** > 0

(3.2.102)

Note: I t  can easily be inferred from equation (3.2.99)

that <q*a-kA) i 0.

Cd (b-a ) /dq* ] = C 9A < 9q*a + 3k A) 8q*“* 1 (q*a-kA) (3.2.103)
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d3 (b-a)/dq»=* = { t (10Aq*)(Bp**>-32q*3(9A)(q-3

+3k A >:/64q**><q*3-kA>

+2q*(9A>(q*3-t-3kA)) /flq*4 

(144Aq*3/&4q*"> Cq**-2(q*3+3kA) ] <q*3 

-kA) +9A (q*3+3kA) /4q*3 

= -(9A/4q*“ > (q*3+6kA)(q*3-kA)

+(9A/4q*3>(q*+3kA)

= (9A/4q*3>C<q*+3kA)

-(1/q*3>(q**-t-6kA)<q*3-kA>3 

= (9A/4q*3) t ( q*+3kA> - (1 /q*3) (q**+5kAq*3 

-6k=A3) 3

= (9A/4q*3> C-q*3+q--2kA+ <6k3A3/q"3) ]

(3.2.104)

To prove that the second part of equation (3.2. 104) is 

positive. Me use the relationship <q*3~kA> L  O that is 

implied from equation (3.2.99) and show that the 

following equation holds:

-q*= + q» -2kA + (6k3A3/q*3) > 0

Substitute kA for q*3,

-kA + y'kA - 2kA + 6kA > 0

3kA ♦ s/kA i 0 (3.2.105)

Now, since both parts of equation (3.2.104) are posi­

tive, therefore,

d3(b —a) /dq*=* > 0 

And its  inverse.
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d3q* / d <b—a)* < O 

Therefore (q*) is a concave and increasing function of 

(b-a).

When model 3 applies.

q* = C6k(b-a)]»"3

dq*/d (b-a) = 2k Cfok (b-a> ]-» '*  > 0

daq-/d (b-a) * = -8k Ef>k (b-a ) < o

model 3 

app1i es

model 2 

app1i es

model 1 

app1ies

q*
0

o

Figure 3.2.1 q* as a function of b—a
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CHAPTER IV

FURTHER ANALYTICAL RESULTS

In this chapter of the dissertation, additional

very important analytical results are discussed.

In section 4.1, we obtain the ranges for which

cross over may or may not occur.

In section 4.2, we develop explic it cost formulas

for different ranges of lead-time distribution.

In sections 4.3 and 4.4, the behavior and shape of

total cost and cycle time as a function of range of 

lead-time distribution is graphically and analytically 

analyzed.

In section 4.5, the sensitivity of decision

variables and total optimal cost to lower bound of

lead-time distribution is analyzed.

Finally, in section 4.6, we obtain an analytical 

expression for obtaining the probability of cross over 

of two subsequent orders. The results are il lustrated 

for the case of uniform lead-time distribution.
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4 . 1  CROSS OVER AND THE ASSUMPTION OF 

NO N-1 INTERCHANGE AB 1L 1T Y

As we discussed in the introduction to this 

dissertation, cross over occurs i t  and only i t  an order 

placed later arrives before a previously placed order. 

In this paper, not only we allow for cross over but we 

also assume that unit demands are nan-interchangeable. 

By non-interchanqeabi1lty , we mean that each order is a 

special order, i . e . . each order can satisfy a particular 

group of customers.

To understand the two concepts of cross over and 

non-interchangeabi1lty ,  the reader should refer to the 

following four figures.

The top figures indicate the inventory levels over 

time, when the assumption of non-interchangeabi1l ty  of 

demand is made. But, the bottom figures shows the

inventory levels over time, when the conventional 

assumption of lnterchangeable items is made.

It  should be noted that, in figures 4.1.1, and

4.1.2 the assumption of non-interchangeabl1i ty is

immaterial. This is due to the fact that, in these two 

figures orders arrive in sequence.
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I  - U n i t  d a m a n d i  a r e  n o n - i n t t r c h a n Q M b l e

^  '

t

1

I I . Unit demands are interchanoeable

m

Figure 4.1.1 Comparison o-f the effect o-f the assunp-

of non-interchangeabl1lty  when orders 

arrive in sequence and t is positive.



as

I .  U n i t  dtininds a r e  n o n - i  n t e r c h a n a e a b l e

I I . U n i t  dem ands a r e  i n t e r c h a n g e a b l e

Figure 4.1.2 Comparison o-f the effect of the assump­

tion of non-interchangeabi11 ty when orders 

arrive in sequence and t is negative.
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I . U n i t  dem ands a r e  n o n - i n t e r c h a n g e a b l e  

1 2 4 2

t

1

1 1 . U n i t  dem an ds i r »  i n t t r c h a n Q » « b le  

1 3 4

t

1

m

Figure 4.1.3 Comparison of the effect of the assump­

tion of non—lnterchangeabt1l ty  when

orders do not arrive in sequence (i . e . , 

orders may cross> and t is positive.
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I . U n i t  d e m a n d s  a r e  n o n —i n t e r c h a n g e a b l e

1 1 . U n i t  dem ands a r e  i  n t e r  c h a n a w b le  

1 3 2 4

N

Figure 4.1.4 Comparison o f  the effect o f  the assump­

tion o-f non —l nter changeabi 1 l ty when 

orders do not arrive in sequence (i . e . , 

orders may cross! and t is negative.
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Figures 4-1.1 and 4.1.2. are indicative o-f the tact

that i t  orders do not cross, the assumption at non-

lnterchangeabi 1lty  is immaterial. Theretore, our model 

is better than other existing models because i t  is exact 

rather th.m heuristic.

Knowing that there are only tour possible ranges 

(shown below) in which a, b, t* , t* + q* may occur we 

establish the following theorem.

THEOREM 4.1.1 The cross over may occur i t  and only

i t  the range of the lead-time distribution, b-a, is

greater than the optimal cycle time, q*.

PROOF Four possible ranges exist for t* and t*+q*.

For each possible range we prove that b—a should

be greater than q“ in order for cross aver to occur:

Case 1 t* < a and t*+q* i b

Here we can distinguish two possible conditions:

i) t* is positive and less than a,

r  - r* ^
i " - i

' A  - 1 B

X

1

-L -
l " X t ”" “ T 

—'I 
i 

1 
I

-T

a
—'l

1

’ p o s s lb 1e
1

"> . i
4- d

i

a r r l v a 11

i

1
i
i

1 11 me of
r*----------------------

i
order 1, 

-------------------w
possib1e
i

arr i val1
i

time of order 2i 
w------------------------------------------►,

Figure 4.1.5 Possibility of cross over

when a't*_0 and t*+q*ib.
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For orders to cross, order 1 should arrive after 

point B, which is impossible because, t*+q*>b is going 

to be violated. Therefore, in this case there is no

possibil ity of cross over. The same argument is true 

when:

i i )  t*  is negative and less than a.

1 a

possible arrival 

tlme of order 1

r

i
i
i '
Ipossible arrival* 
l *
•time of order 21

I

I—

Figure 4.1.6 Possibility of cross over

when Oit* ia and t*-*-q*ib.

Therefore, for the range to which model 1 applies 

there is no possibility of cross over.
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Case 2a t*<a and t*+q*<b

Again, sincr "a" is both positive and greater than 

zero, we face two possibilities:

i) t* is positive and less than a,

I'* N

'

x I \

A  ̂ I B C N v

-
 * ~r

1 a ' 2 a |
1 I
1 I Possible arrival time of order 21 ** ■ — ’  ■—»
I
! Possible arrival time of order 1

Figure 4.1.7 Possibility of cross over

when 0;t*ia and t*+q*ib.

In this case possibility of cross over exists i f  

the arrival of order 1 is after time C, mathematically,

a + q* b 

o r  b  a  q  *
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l i )  t*  is negative and less than a,

Possible arrival time o-f order

Possible arrival time o-f order 1

Figure 4-1.8 Possibility ot cross over

when 0̂ t*.'_a and t*+q*ib.

For orders to cross each other, the -following 

should hold:

a + q* - b 

or b - a q*

Case 2b t* > a and t -+q* > b

arrlvalPossib1e

11 me ordero-f

 ̂ Possible arr i val

I time at order 2

f------------------------------------------------------------------w
Figure 4.1.9 Possibility of cross over

when t*;a and t*+q*>b.
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In this case cross over also occurs i f  and only 

i f  a+q*<b o r  b-a>q*.

Notei In case "b" is between B and C, t*  + q* < b is

satisfied but orders do not cross. But i f  b is located

after point C, then there is a possibil ity of cross­

over .

And, f ln a l1y:

Case 5 t* > a and t* + q* s b

Since "a” is always positive, this case applies

only when t* is positive, graphically:

t1 a a

I *
t 'Possible arrival time of order
i
IFossible arrival time of order l r

Figure 4.1.10 Possibility of cross over

when t ’ ia and t*+q"<b.
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According to Figure 4.1.10, there is a possibility 

o-f cross over as long as arrival time of order I is 

after point B. Since t*+q*<b, i . e . . b is located after

point C, there is always a possibility of cross over in 

this case.

Therefore, the theorem is proved for all cases. 

The theorem also showed us that within the range in

which model 1 applies, cross over can never occur. In 

the range in which model 2 applies (2a and 2b), i f  b is 

rather small there is never a possibility of cross­

over . On the other hand, for large "b" there is a 

possibility of cross over. As described before, for the

range in which model 3  applies there is always a

possibility for cross over.

The above analysis leads us to the second theorem: 

THEOREM 4.1.2 Given the parameters of the problem,

i*'«, and k = 2K/(h+p)D, there is a possibility of cross­

over i f  and only i f :

PROOF: As we showed in Theorem 4.1.1, the possibility

of cross over starts some where in the range in which 

model 2 applies and continues into the model 3 range.
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It. was proved in the previous chapter that the -Following 

applies tor the middle range, i . e . . model 2:

q*3- 2C2(b-a)/ ( l+ftm) 11 q *3' 3/3 = k(l+ftm> (4.1.2)

q* 3 - (2/3) ^277T+ft“ T \/b-a. q** 'a= M l +ftm)

\ J h —a  =[q"3- k (1+Q„)3 / C (2/3) y/s/TT+ft^Tq"3 1 (4.1.3)

From Theorem 4.1.1 , we know that cross over occurs i t

and on1y i t :

b ~ a > q • (4.1.4)

or \ J b - a > ^q* (4.1.5)

Substituting the right hand side ot the equation (4.1.3)

tor \/Tb - a) in (4.1.5), we have,

Cq*a-k ( l+iim) ] / C  (2/3) ^2771+ft*) . q*3"3] > /̂q* (4.1.6)

q*a-k ( l+iim> > (2/3) y/2/7T+ft~7 =

Cl-(2/3) ^2/7T+rt“ T] q*3 > k(l+rt„,)

k (1+ Q „ )
--------------------------- (4.1.7)

_2 /  2_
3 \J  1+ft™

COROLLARY 4.1.1 There is a possibil ity tor cross over 

when:

k ( l+ft->
b-a /   <4. 1 . B)

2 I  2 _
■ 3 \y i+ft*

From Theorem 4.1.1, we learned that the starting point 

tor the possibility ot cross over is when (b-a)=q*.
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Therefore, by changing q* in equation (4.1.7) to (h-a) 

the corollary holds.

COROLLARY 4.1.2 The -following relationships can be

found between the lower and upper ranges of (b-a> and

d*.

CLto_ .  = y j U & l z Q Z - l l  1 =

C2/ < 1+',' )̂ ][Lq, = ( l+iim) 1

(4.1.9)

and ti l*-. = =/41 =

t (1+W„)/21. CU„. = 1+U~7] ( 4 . 1 . 1 0 )

It  should be noted that 2/(l+ft«) is always less

than or equal to 1 and <l+ilm)/2 is always greater than

or equal to 1.

COROLLARY 4.1.3 When - 1, the lower and upper

range for both b-a and q*, as well as the starting point

for the possibility of cross over, become x/61'.

This simply means that only models 1 and 3 apply

when = 1. Also, i f  b-a or q* is less than \ J  6k,

there is no possibility for cross over. And, obviously, 

when b-a or q* is greater than & k , then the possibi­

l i t y  of cross over exists.

Using Theorem 4.1.2 and corollary 4.1.1, we can 

give a more complete graph that expresses the relation­

ship between (b-a) and q*.
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2 /_±_ 
3  \ j  i + * ;

3 k 

q*
O

ModelModel

k ( 1 -KU)

l+ftr

Figure 4.1.11 q* as a function o-f b-a and ranges

for which each model applies when 

lead-time is uniformly distributed



4 . 2  CALCULATIO N OF TOTAL COST

This section ot the chapter is devoted to calcula­

tion o-f total cost. As before, we distinguish different 

possible ranges for t* and t*+q" and then obtain 

analytical results for total costs.

For a certain range in which model 1 applies, a 

total cost expression can be obtained. This expression, 

which applies to any distribution, is a stochastic 

general 1 zat 1 on of basic EDO's cost function.

Liberatore's [7] cost function is different from 

the mainstream of inventory cost functions. It is

composed of three parts. To understand i t  fu l ly , we

wil l express i t  both algebraical1y and graphically.

r*
ETC(t.q) = K + J <hDq (t-r  ) +hDq“ /2J g(r>dr

O

r+  J 1pD<r —t )3/ 2+hD(t +q—r >3/2>g(r )dr 
t

d>

+ I  {pDq*/2+pDq(r-t-q)>g(r)dr
t + q

( 4 . 2 . 1 )

Now we express each part of the cost function graphical­

ly. The arrival of the order, in the f i r s t  integral, is 

assumed to occur before the start of the cycle for which
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the order is placed. Obviously, since the order has 

arrived before expected, this will increase the level of 

inventory. For this cycle only positive inventory is 

possible; therefore, the only inventory cost involved 

here is holding cost.

I fhDq(t-r) + hDq*/2> g(r)dr <4.2.2)

Dq

t- r

t t+q0 r

"\ r
0 r

r

t+q

Figure 4.2.1 Cost, when the actual arrival of the

order occurs before the start of the 

cycle for which the order is placed.

The f i r s t  term in the above integration measures 

the area of para11 elogram and the second term measures 

the area of the triangle. Both terms, multiplied by
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the holding cost per unit per unit of time, will then

express the related holding cost.

The second integral in the total cost function is 

also composed of two terms. Here the arrival of the

order is some where within the range of the cycle,

r
J fpD(r - t )3/2 + hD(t+q-r)3/2J g<r)dr (4.2.3)

t

(t + q-r)D

< r — t ) D

O t r t+q

Figure 4.2.2 Cost, when the actual arrival of

the order occurs some where within 

the range of its cycle for which the 

order is p1aced.

The a r e a  under the horiz ontal a x i s ,  (r-t>t<r-t)Dl/2, 

multiplied by penalty cost per unit of time, represents 

total penalty cost involved. The area above the axis,

(t+q-r) [ ( t+q r )D1/2, multiplied by holding cost per unit 

of time, represents total holding cost involved here.
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Finally, 1 f the order arrives after the end of the 

cycle, the related cost is just penalty cost:

f {pDq=*/2 + pDq(r-t-q>> g(r)dr (4.2.4)

t+q
r - t  -q

r ~   '

o

o

t

t

t+q

t+q

Dq

the actual arrival ofFiqure 4.2. when

the order is after the end of the 

cycle for which the order is placed.

The total expected cost considered here is d i f fe r ­

ent from the above to the extent that here lead-time 

distribution is f in i te  and is defined between a and b,

+ |  {hDq(t - r  > + hDqa/2> g(r)drETC(t , q > = K

,t + q+ J tpD<r—t )3/2+hD(t+q-r)3/2>q<r

+  1

t 

b

t +q

g < r )dr

{pDqa/2+pDq(r-t-q)) q t r )d r (4.2.5)

And the expected average cost is ETC(t,q)/q,



99

r*1
EAC<t,q) = H/ q + J thD(t - r )+hDq/2>g(r )dr

1 ft *q+- J {pD <r-t)3/2+hD(t+q-r)3/2>g <r)dr

q t

rb
+ J. -CpDq/2+pD (r-t-q) } g (r > dr < 4. 2. 6) 

t + q

As before, we distinguish three possible ranges and 

then tor each range calculate the optimal expected 

average cost.

THEOREM 4 . 2 . 1  If 1. _ k 3 or equivalently (t+  ̂ a and

t* + q* l b ) ,  then the optimal expected average cost 

function ls :

EAC < t * , q* ) = ^2DKhtp/^h+p7]+hpD = <r3 <4.2.+'

Proof Since a and b are between t* and t*+q*, the

f i r s t  and the third integral in equation (4.2.6) drop 

out and we have:

k i rb
EAC<t . q) = - +<~)JfpD(r - t )3/2+hD(t+q-r)3/21g(r )dr

q q a
(4.2.8)

. 1 fb
EAC(t* , q-)=-+(~> J CpD(r-t > 3/2 + hD<t* + q*-r)3/2Jg(r)dr 

q* q* a

(4.2.9)

Substituting for t* and q*.



lOO

k  1 r b pD ,
,q*)=- + - J { —Cr-(p- \EAC (t * , q* ) =- + - J c — Cr-(p- , /  ft (k+ir2) ) ]a + 

q" q* a 2

(hD/2) C (p+^/Tk + ff^T/fl-rl^Jg^Jdr

K 1 fb pD
=  -  +  -  J { ( — ) C ( f— p > 3  + ft ( k  +  <r3 >
q* q» a 2

+ 2(r-p> vyrtTk+r^y]+(hD/2)C (r-p)3

+ (k + tr3)/£i -  2(r —p)^  (k+<ra> ( r  )dr

filter factorinq and cancellation,

K 1 D rb D
= —t- — { £ ( h+p ) - 3 J (r-p > 3g < r  > dr + ( k  + <r3 ) < h+p ) - J 
q*q* 2 a  2

(4.2.lO>

rb
Substituting <r3 -for J (r-p)3g(r)dr and getting the

a
common denominator,

1 + (--E)D((r3 + k+ir3)
 2 __________________

/h+p 2K+(h + p)Dir3 

V ~phC D ]

h+p 2k'+ 2 (h +p > D<r3
= tk+<-=->D<------------TkT-tf,----------> 32 (h+p)D

c  9  j
(h+p) 2K+(h+p)D<r3

C2K+ (h+p)D(r3l 3( - - - -  ) [ --------------  ]
h+p 2K+<h+p) D<r3

[ 2K+ (h+p) D<r3 J [ --£9_ ] 
 ̂ (h+p )

/2DKhC--E — 3 + hpD3<r* (4.2.11)
V  (h+p)
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This explicit total cost -function is a stochastic 

general1 zation o-f basic EOQ's total cost when backorders 

are allowed. The f i r s t  term under the square root

formula is basically the basic EQQ’ s cost function when 

backorders are allowed. The second term represents

additional cost that is due to uncertainty in the

lead-time and depends on the variance of lead-time

distribution. This formula provides the optimal

expected cost for any distribution of lead-time as long 

as i ts  variance is known.

From the corollary in 1131, we know that when

k» < k i then there are two possibilities:

( a > t * > a and t *+q* > b, i f  ft i (p-a 1 / (b-p) (4.2. 12)

or <b) t * _ a and t * + q* 5 b, i f  ft i(p-a)/(b-p) (4.2.13)

Or in the case of uniform distribution of lead-time:

(a) t* I a and t * + q* _ b, l f ft 1 1 (4.2.14)

(b> t*  i a and t* + q*  ̂ b, i f  ft i 1 (4.2.15)

THEOREM 4.3.2 i *  h   ̂ k _ and ft i 1 equivalently

t*  ̂ a and t* + q* > b holds. For this case the optimal 

expected average cost is:

EAC(t * , q*) = Dh(t *+q*-p) (4.2.16)

Proof To find the expected total cost that applies in 

this case, we drop the third integration term and change 

the upper l imit of the second integration term in equa­



102

tion (4.2.5) to "b" to f i t  the above ranges and we get:

hDq‘
ETC(t , q) = K + J ChDq(t-r) + - - —}g(r)dr

b <r-t>2 (t+q-r)2
 ̂pD——— +hD — — > g(r )dr < 4.2. 17)

Since we want to find the total average expected cost 

for uniform distribution, we have to replace g(r) with 

l/(b-a) and then integrate:

ETC(t , q > = K + ChDq/(b-a) J(C (t+q/2)r-ra/2]t i
a

+■ {D/C 6(b-a) 1J C [ p <r-t)3-h(t+q-r)3Jt }
b

= k  + ChDq/(b-a)J{ (t+q/2)(t-a)- (t^-a*)/2>

+ CD/Cb(b-a)1{ p (b -1 > 3 -h(t+q-b)3+hq3)

= k +■ [hDq/(b-a)1{(t-a)Ct+ q/2-t/2-a/21>

+ CD/C6(b-a) ]) Cp(b- t ) 3

- hCq3-3qa(b-t)+3q(b-t)3-(b-t>3]+hq3>

= V . + ChDq(t-a)/2(b-a>Jt(t-a)+q]

+ CD/L6(b-a> 1>C (h+p> (b - t)3 

+ 3h (b-t ) q3*-3h(b-t)3q}

= K + thD(t-a)a/2(b-a>lq+ChD(t-a)/2(b-a)Iq*

+ [ D(h+p) (b-t)3/6(b-a) l+C3hD(b-t)'6(b-a)1 q3

- C3Dh(b-t)a/6(b-a) ]q

= f + C3hDC(t-a)+(b-t>3/6(b-a>1qa 

+- ~hDC (t-a ) =*- <b-t ) * 3 / 6  (b-a) J q 

+■ [ D(h+p)(b-t)3/6(b-a)3
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= hDq3/2+ChDC(t -a >*-(b-t>3D/2(b-a)3q

+ (K+ED(h+p>(b-t)3/6(b-a)33 (4.2.IS)

EAC(t , q) = ETC<t. q)/q=(hD/2)q+ChDC(t-a)3+(b-t)33/2(b-a)3

+ (K+CD(h+p)(b-t)3/6(b-a)33/q (4.2.19)

We showed in the previous chapter that the optimal 

values o-f t* and q* are obtained -from the following:

q*a _ 2 C 2 (b - a ) / ( 1 +iim > JlJ,*q*3̂ 3 / 3= k (1 +i')m) (4.2.20)

and b-t* = C2(b-a)/ ( l+ftm)11/2q*‘ ^

= [2(b-a)h/(h+p)ll /2q,1/2 (4.2.21)

From equations (4.2.20) and (4.2.21) we need to obtain

(a-t*)3 and (b-t*)3 and then substitute in equation 

(4.2.19) , knowing that <ftm = p/h> in this case and

k = 2K / (h +p > D,

q*a-2C2(b-a)h / (h + p) 3 ‘ '  3q* 3' 3/ 3= [ 2K,/ (h+p > D 3 [ (h+p) /h 3

=2K/hD (4.2.22)

(a-t*) = (a-b) +C2 (b-a) h/(h+p ) 3 1 /3q» 1 ''3 (4.2.23)

(a-t*)3=(a-b)3+t2(b-a)h/(h+p) 3q*

+ 2(a-b)C2(b-a)h/ (h+p) 3 1''3q*1' 3 (4. 2. 24)

(b-t * )3=[2(b-a)h/(h+p) 3q* (4.2.25)

(t*-a)3- (b - t* )3=(a-b)3+C2(b-a)h/(h+p)3q*

+ 2(a-b) [2 (b-a > h/ (h+p) J1/2q,1/J 

-C2(b-a)h/(h+p)3q*

= (b-a) 3-2 (b-a) C2 (b-a)h / (h+p) 3 1 "3q- 1 -'3

( 4 . 2 . 2 6 )
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6 <b-a)K+D(h+p)C2(b-a)h/(h+p)3 3 ^2 q»3 ^ 3  l

EAC(t*,q*>  ---------------------------------------------------------------------------------------------------------------.-
6 (b-a) q*

 ̂ hD .+ — q*

hD f (b-a)a-2 (b-a) C2(b-a)h / (h+p)
+ _ _ _ _ _ _

K D(h+p > C2(b-a)h/ (h+p) ] 3/3
= - + -------------------------------------------------------------------------. q*1' 3

q *  6 ( b - a )

+ --  q*+-5 (b_a, _ hDC---1- - - ]  » rzq.
2 2 (h+p)

f _ , <h+p) £2(b - a )h / ( h^p ) ]
= _ + Ut'— —----------------------------------—-------— n / .

q "  & ( b - a )

t WiE + [ q* + (b —a ) 3

(h+p) 2

= - - - hDC - - - - -  --  ]*''3q»i/'2

q* 3 h+p

hD
+ - [q*+(b-a)1 (4.2.27)

Dividing both sides of equation (4.2.22) by q*, we get:

q* - 2C---Z--:Jl ''3q*1' 3 = --  . - (4.2.20)
l+v*~ hD q*

Rewriting in terms of —̂,

K hD , . 2^2(b-a) 1/2 .1/2
- =  ■ q - — C------------------3 q* > (4.2.29)
q* 2 3 ( !+«„)

k
Now substitute for - in EAC(t*,q*),

q*
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EAC(t*,q*> = (hD/2)fq*-(2/3)12(b-a)/ ( l+ft*>I1' = q mW3>

-(2/3>hDC2(b-a)h/(h+p)J,/aq*1 

+(hD/2)Cq* + (b-a) 3 (4.2.30)

Substituting -for b - t *  Me get

EAC < t •, q* > = (hD/2)E q* - (2/3) (b-t*)] - (2/3)hD(b-t*)

+ (hD/2)C q*+(b-a) 3 

= hDq* - hD(b-t*) + (hD/2)(b-a)

= hDE(q*-b+t*+(b/2)- (a/2>] (4.2.31)

Therefore, we will f inally have

EAC(t * , q* ) = Dh(t * + q* — p) (4.2.32)

THEOREM 4.2.3 If k v i  k t  and it > 1 equivalently

t* i a and t*+q* - b holds. For this case, the optimal

expected average cost is:

EAC(t*,q*) = Dp(p-t*>

Proof Given this range of decision variables, the

expected total cost function, i . e . . equation (4.2.5), 

changes to:

rETC(t , q> ■= h + J CpD(r-t)a/2+hD(t+q-r)3/2>g(r)dr

rb
+ J lpDq3/2+pDq(r-t-q)>g<r )dr (4.2.33)

t + q

Assuming uniform distribution of lead-time.
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ETC(t ,
D  Pt + q

q) = K + --------------------J C p (r —t ) 3 + h(t+q-r)z]dr
2(b-a) a

b
pDq f q

+ 7b-aT t+q* 2 + r “ 4 - q)dr

D t  + q
= K + —- — CCp(r-t>3 - h(t+q-r) 3]

6 < ta —a) a

pDq q b r* b
+ - — i C (- - - t > r ] + C --  1 .  >

b-a 2 t+q 2 t+q

= K + —  (pCq3- (a - t )33 + h(t+q-a>33
6 (b-a>

+ _EQg_{_ 9 _ t)(b-t-q) + - Cb3-(t+q>*]>

(b-a) 2 2

= K + ——---------{pq3-p(a - t )3 + h(t+q-a)3}
6(b-a)

_E?g_ < (t+ 9) (t+q-b) + - [b3 - (t+q>33> 

(b-a > 2 2

=k' + —— (pq3-p (a-t)3+h[qa-(a - t )3+3q(a-t ) (a-t-q) 3 >
6 (b - a )

pDq q q b=* (t + q)""

+ 7b=a7C"h<t+2)+<t+2> (t+q) + "2 -----------2  3

= K+ —  C(h+p)q3 - (h+p)(a-t)3
6(b-a)

+ 3hq(a-t)C(a-t)-qD>

+ -E^g—{-2bt-bq+ba+(t+q)C2t+q-(t+q>3J 
2(b-a)

- K+ —  L (h+p > q3-(h+p) (a - t )3 + 3hq(a-t)3
6(b-a)

— Th ( a-t ) qa 3 + -E99__[; (b- t ) =■- (b-t > q3
2 (b-a)
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= —  C- - - - - - -  + (h+p) q3-(h+p) (a-t)3
6<b—a) D

+ 3h(a - t )2q- 3h(a-t)q*+3p(b-t)aq-3p(b-t)q33

= ---------—t (h+p)q3 —3Th(a~t> + p (b-t) 3qa+3th ta - t )2
6 (b-a)

+p(b-t > 3 3q+ - (h+p) (a - t )33
D

(4. 2.34)

E AC (t , q) = —5 C(h+p)qa-3Ch(a-t)+p(b~t)3q
q 6(b-a)

£>(b —a)K (h+p) (a-t)3
+ 3Ch(a-t)a+p(b - t )a] +-----------------------------------------------------------------

Dq q

-   —Ch(a-t)3+p(b-t) 33 + - - - - - -E- (a - t )3. -
2(b-a) q 6(b-a) q

- —  Ch(a-t)+p(b-t>]q+----E- qa (4.2.35)
2(b—a) 6(b—a)

To find the optimal expected cost, we need the optimal 

expression for q* and (a-t*) and <b—t*). We have,

2 2 2(b-a) 2K h+p 2K
q* - — C — — —---------] ( 1+V(m)  ------------------i —->---------

3 l+ft„ (h+p)D p Dp

(4.2.36)

- „2(b-a> ,  „ 2(b-a)p 1/2 1/2
and a-t*=q*-[----------------3 ‘ ' 3q* 1 ,3= q * ( -------------------] q*

l+ftm h+p

(4.2.37)

and b - t*=(b-a)+q«-C-------11/2q*172 (4.2.30)
h+p

Substituting for (a-t) and (b-t) in EAC, the optimal

<a-t*) and (b-t*) we may obtain the EAC(t*,q*),
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1 0 9

6(b-a> h+p

+ PP q.

2(b—a) h+p 2

+ _-DE__t 2£bzaIE ] l , aq, 3^

2(b-a) h+p

= °E q .  _ DIDlB>.c21b=a>_E]w ;B q. 3 ^ a + ppj£bI f  
2 2(b-a) h+p 2

2(b-a)p 1 D(h+p)
- Dpt------^3l ' 3q** '3 + — + ----------

h+p q* 2(b-a)

. [ ^ibI a ^ 31̂ (:), 3^ +D^hl;Pi(;21b=a^p:i3[̂ q, 

h+p 6(b-a> h+p

Dpq* Dp (b-a) K 2 2 (b - a) p
= ----------+  + — - - Dp [ --------------------3*'3c

2 2 q* : h+p

= -- - - pD[ t ^ : ! ’.E] i / 2 q . . / 2  + ?P[q*+(b-a)

q“ 3 h+p 2

(4.:

Dividing both sides o4 equation (4.2-3£> by q*,

2 "Mb— a) 21
q *  -  -  i / 2 q » i / 2  _ ----------------------- ( 4 . ;

3 l+fim Dp q*

I.
Rewriting in terms o+ ,

-- = -E q- - -2 waq.i^a <4. :

q* 2 3 1 +Km

1 / 2 

* 1/2

]

. 39) 

1 . 40)

.41)

Substituting back in EAC(t*,q*) we have.
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Do Dp 2(b-a)
EAC(t*,q*> = q* - [ -----------------

2 3 1 +ft„

3 h+p

+ -§ (b-a)

2 (b-a) Dp
Dp q* - D p 1/3q,1/a + -- (b-a)

I +iim -

Dp(q* - + (b-a)
1+ft™ 2

Dpt(a-t*) + - b - - a]
-> "7

Dpt- (a+b) - t *] (4.2.42)

And finally.

EAC (t * , q* ) = Dp ((.i — t * ) (4.2.43)
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THEOREM 4,2.4 If k 3 k ̂  or equivalently t* i a and 

t*+q* i b, the optimal expected average cost is

3 j  9Ka(h+p > D hp(b-a)D
EAC < t • , q -  ) - / ----------------------------+ ------------------------- (4.2.44)

32(b—a) 2(h+p)

Proof Since t - and t"+q* are within the range of

lead-time distribution. none o-f the terms of equation

(4.2.1), i . e . . the expected total cost function will

drop out. The only changes are the lower bound of the 

f i r s t  and the upper bound of the third integral,

f t
ETC(t.q) = K + J ChDq(t-r)+hDq=/2>C1/(b—a)Idr

a

rJ {pDCr-t)3/2 
t

+ hD(t+q-r)3/21C1/(b-a)Idr 

b

<pDqst/2 + pDq (r-t-q) ) [ 1/ <b-a) Idr 
t+q

K + ChDq/(b-a)IfC(t+q/2)r]t - Cr*/2Jt }

+ CD/6 < b-a) ICCp(r-t)*-h(t + q-r)3Dt + q>

+ [pDq/(b-a)1CC(-q/2-t)r+r*/21b }
t+q



= K+ChDq/(b-a) 3 C <t+q/2> <t-a> ~(t 3-a*)/2 3

+CD/6(b-a)3(pq3 + hq3)

+t pDq/b-a) 3{(-q/2-t) (b-t-q) 

+tba-<t+q)3]/2>

= K+[hDq/ (b-a) 3C (t + q/2) (t-a)

-(tt-a) (t-a> /2 3 

+ (h+p)Dq3/6(b-a)

+CpDq/ (b-a) 3C <b-t) (-t-q/2) + <t + q/2)q 

+ <ba-t=*>/2 - q3/2 - tql

= h +[hD(t-a)q/(b-a)Jtt+q/2-(t+a)/23 

+D(h+p)q3/6(b-a)

+[pD(b-t)q/(b-a)3C-t-q/2+(b+t)/2 3

= t+ChD(t-a>( t + q-a > q/2(b-a > 3

+ C (h+p)Dq3/6(b-a) 3 (4.2.45)

EAC(t , q) = ETC(t , q>/ q = K/q + hD(t -a > (t + q-a) /2 (b-a>

+ (h+p)Dqa/6(b—a>+pD(b—t ) (b—t-q)/2(b-a)

hD(t-a)2+pD(b-t)1 K hD(t-a ) -pD(b - t )

2lb-a) + q 2(b-a) ^

+ (4.2.46)
6(b-a)

To find the optimal expected average cost, we have to 

substitute the optimal values of t* and q* in the above
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expected average cost -function. For this case the 

optimal values are:

q* = ik (b—a)

and t*  = a
(b—a > q*

( l+ft>

1 2K|b-a)_ 

(h+p)D
(4.2.47)

- a
p (b-a) q' 

(h+p) 2

and b—t'
ft (b—a) 

1 +ft

q '

2

(4.2.48)

= - — (b-a) + -
h+p 2 (4. 2.49)

Hence,

1 p (b — a ) q*
E A C  (t * , q* ) = ----------C h D C ------------ -

2 ( b — a) h + p  2

h q* K
+ p D C  ( b -a) + - I2 ; + -

h + p  2 q*

h D  p ( b - a >  q *

+ C2 7 b - a T C h + p ~  " 2 1

p D  h q *  ( h + p )D
_ ---------. [ ----- (b - a  ) + - D > q * + -----------q " 3

2 ( b - a ) h + p  2 6 (b- a )

h D  p 2 ( b - a ) z  h D ( q * * >  h D p ( b - a ) ( q * )
5 7 b — a 7 " _ 7 h + p 7 3 _  + 5 7 b - a 7 7 4 7  - 7 b - a 7 7 h + p 7 7 5 7

p D  h 3  p D  q * a
4 - --------_ --------- (b-al 3 + --------- . -----

2 ( b - a ) ( h + p ) 3  2 ( b - a ) 4
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pD h q* K

(b-a) ' h+p**1 a) .  ̂ q«

hDp (b-a) _ hD
+ --------̂ — .  q*  -q*=*

2<b-a) (h+p) 4<b—a)

pDh(b-a) pD q*

2(b —a) (h+p) 2(b—a) 2

+ l t ! ie19 q.*

b (b-a)

  -----[ - + E - - - £ + ——E ] q»a

2 (b-a) 4 4 2 2 3

hp (b-a) D .. . K+ -C----------------(h +□ ) + —
2(h+p) 3 H q*

^h+p̂ D_ + hp (b-a^D  ̂ K_

24(b—a) 2(h+p) q*

ih±e!D£l£^!h-a^/Mh+g^Da_+_24^b-a^K

24(b—a)q*

+. hp̂ b — a )̂D 
+ 2 < h +-p )

3K + hp̂ b-a_̂ D 
2q* 2(h+p)

3 k 3 / _(h+g)̂ p_____̂  hp^b^a ) D
12lb-a)k * 2(h+p >

'27K* (h+p) D hp (b -a )D
B ' T2k7b-a7 + ~27h ip7"

(4. :.50)
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And finally,

EAC <t * ,q-)
3 /9Ka<h+p)D hp £b-a)D

\ /  32 (b -a) 2 Ch+p )
.51)
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Table *.2.1 Fgraulas For Calculat ing Optiaal Expected flveraae Cost For Uni lora Lead-hae D is t r ibu t ion

MODEL I *2 - * o '  a . A.li.
y i . - i

esc* =

V h+p
hpDs( J

II

MODEL 2 k| - K : h b - a

EAC* = D h i t '  + q ' - p !

EAC'  = Dp (v '  t 11
\
1
I
i

i

i

MODEL j I . >i

1
1
1
I
1
! J 3 k ■

_ b - a

i
i
i
! 3 h i  * i h » p ‘ D hpi t i -aiD

E « *  = J ......... ■—  ► - .............

; V  *i
i
i
t

\j 3 2 ■ b - i  :■ Dihro;

I I  This »odel appl ies to anv lead- t iae d is t r ib u t i o n ,  i t  is  not h a l t e d  to j n i t o r i  l ead- t iae  d is t r iOut ion 

h i e  other aodels.
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4.3 BOUNDS OF OPTIMAL EXPECTED AVERAGE COST

The purpose of this section of chapter is to

find the bounds for which each of the optimal expected

average costs calculated in section 4.2, apply. In

simple words, the lower and upper bounds of EAC* for

each of the three models is obtained.

We also show the cost turning point between

crossing and not crossing of orders.

THEOREM 4.3.1 The upper bound of optimal expected

average cost for model 1 is

(4.3.1)

Dr ) where k = 2K/(h+p>D (4.3.2)

Proof From the Table (3.2.3) we know that i f

E A C * ( 4 .  3 . 3 )



i l e

Where cr3 = <b-a)3/12 -for unitorm lead-t ime d is t r i b u t i o n .

We can distinguish two cases for \ J 12k/ ( 3ft„,-1). They are 

gi ven belo n :

_ 1 2 k _  
3ftm- l

/l 2ftk 

V 3—ft
when ft l l (4.3.4)

12k
; - — - - when ft £. 1 (4.3.5)
(3li-1 )

When ft i l ,  substitute ^12ftk/<3—ft) for (b—a) in EAC* and

k  tor 2K/(h+p)D:

EAC* = ^hpD3k_+_hpD3cl2ftk773-ft)1/12 (4.3.6)

= ^hpD3Cl + f t / (3 - ft)]

'̂3hpD3k / (3-ft) (4.3.7)

or “ ./2DKh.-E_ < ) (4.3.8)
p + n _> u

When ft i l ,  substitute \yi2k/(3ft —1) tor (b-a) in EAC* and

k tor 2k/ ( h + p > D:

EAC* = ^hpD3k~7“hpD3_[12k/ (3ft-l)]/12

^ h p D = k _ C T + T 7 7 5 f t -  l7J

^hpb3k_C 3ft77.3ft " 77 '4.3.9)

°r \ f ^ “ ' "h+p" ' 3ft-1
2Dkh.-e-.(  =4-r ) (4..3.1U)
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Combining both cases where ftil and ftil we can express 

EAC* as:

p 3ft*
EAC* = / 2DKh. --------( ---------------------> (4.3.11)

h+p 3ft*-1

-J ft' *
or EAC* = I hpD*k.( --------------- ) (4.3.12)

3ft*-1

THEOREM 4.3.2 The upper bound of optimal expected

average cost -tor model 2 is

EAC* = - - -  + hD [ I - - / —--J(b-a) i f  ftil (4.3.13)
b-a 3 \ f  1+ft*

EAC* = - - -  + pD C1 - - /  ———] (b-a> i f  ft > 1 (4.3.14) 
b-a 3 V 1+ft*

Proof From equation (4.2.27) we have

EAC* « « - ? hD
q* 3 h+p

+ -- ( q* + (b-a) I when ftil (4.3. 15)

In section 4.1 of this dissertation we proved that the 

turning point between cross over and not cross over is 

at the point in which q*=b-a. Now we substitute (b-a) 

for q* in EAC* and we get
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EAC• - CK/(b-a>3 - <2/3)hD. ^C2h77h+p73■(b-a)

+ (Dh/2>C2(b-a>3 (4.3.16)

EAC* = C K /  ( b - a  > 3 + hD C 1 -  ( 2 /3 >  \ j2 f l777+1)7 3 . ( b - a  )

(4.3.17)

or EAC* = EF/(b-a)J + hD Cl-(2/3>. ^2777+^7 3. (b-a >

(4.3.IB)

From equation (4.2.3*?) we have

EAC* = k/q* -  (2/3 > pD [ 2 ( b -a ) p / (h+p) 31 ' 3q*1' *

+ (Dp/2>Cq*+(b—a)3 when 1 (4.3.1*?)

Again substitute (b-a) for q* in EAC*,

EAC* = C h / (b —a) 3 - (IV 3)pD[2p/ (h+p) 31 (b-a)

+ (Dp'2)C2(b—a)3 (4.3.20)

EAC* = C (■ / (b-a) 1 + pDE1-(2/3) ^2/77+^73.(b-u>

(4.3.21)

or EAC* = EH/(b-a)3 + pDE 1 - ( 2/3) \ J  2/7 7+l'i* ) 3 . (b-a )

(4. 3.22)

THEOREM 4.3.3 The upper bound of optimal expected

average cost for model 3 is

EAC* = (h+p)  ^73/87 (DE/h7 when fil l (4.3.23)

EAC* - (h + p) \ J i 3/9MDK/p> when i'til (4.3.24)

Proo-f From table (4.2. 1) we have

EAC* = hpD (b-a ) / 12 (h+p > 3 + ,*/9K*7h+p Tt)/32’7b = a7
V

( 4 . 3 . 2 5 )
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This applies i f  b-a > 3k < l+iim) 3/4. I o find the lower 

l im it of EAC" for this range we substitute the following

relationships in EAC*:

/3k( l+ftm>3
b-a = , / - --------5- ------------=

-k <1+— > 3 when ft<1 (4.3.26)
4 ft

k(l+ft)3 when ftil (4.3.27)

When <">11, substitute -  k (1 + - ) 3 for (b-a) in EAC*, 
4 ft

h2p2Da 3 2K h+p 1/2
EAC* = C --------------------. - .  . (----------) 3 ]

4(h+p)a 4 (h+p)D h

9k=*(h + p)D 1 / 3

2K
32C -. - - - --------. (

4 (h+p > D h

paDK 1/2 81K-* (h+p) 1/6

= C 8' h_ : 3 k (h+p)3

2D h;

= t(3/B)(p*Dk/h>31 + C27K3D3h3/5L23

<3/8>DKpa/h + v/(3/0)DKh

( 3/8) DKh Cl + 7p/h)] 

(h+p) ^M3/§T'(Dk7h7 (4.3.28>

When ft>1, substitute (3/4>k(1+ft)3 for (b-a) in EAC*
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EAC*
hap*D2 3 2 K  h+p 1/2

C ----------------.  . ( -----------) *  J
4<h+p)a 4 (h+p)D p

9K3(h+p)D 1/
< -----------------------     “ “ " " T n  >

32 C
3  2K  ( h+p } 3^1/2
4' <h+p)D p

3 h3 1/2 9 3 K * ( h + p )2D3 1/6

I §■Dh.-- D + C 2 ~ 3 _ K _ T h + p T 2  2
02 * 2" f)" p5

(h/p> C (3/0>DKp3 + C (3/9) DKp]*'*

Ny (3/G)DKp t l  + (h /p > 1

/ 3 DK

= (h^ V 8  ~P
(4. 3.29)



i :

1 h *-p i 

h + p i

13 i>
f - fl:
0’ h

T f .
9 ‘ p

A _

EAC

Q-i

* pl'E- i

b-a1 i . i

1' b-a f v!i!

[CDih.

v h*p

N 0 D E L

12V * 1;+w.i

Cross

i - : /:::: 
: V  t+w.

n 0 D E L 

I I I

-........  b-a

Eiqi ^e * . C . !  Lin 11 o r» cost ranges for  iobe ls  I. i l ,  art) I I I
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4.4 SHAPE AND PROPERTIES OF OPTIMAL

EXPECTED AVERAGE COST

In sectioi 4.2 we derived the optimal expressions 

tor calculation of optimal cost tor different ranges ot 

lead-time distribution.

In this section, through d itterentia l calculus, we 

w ill try to t i nd the shape ot EAC* tor ditterent 

ranges ot lead-time distribution.

THEOREM 4.4.1 When the range ot uniform lead-time d is t-

unitorm lead-time distribution is between zero and

ribution is between CO

creasing and convex.

Proof In section 4.2 we proved i t  that the range ot

Ny/12I< / < 1 ) then

DKh (4.4.1)

(b-a> =*
where (ra tor the case ot uniform lead-time
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d i s t r i b u t i o n .  T o  p r o v e  t h a t  E A C *  i s  i n c r e a s i n g  a n d

convex , i t  is sufficient to show that both the f i r s t  

and second derivatives are positive.

d EAC* 1 p (b-a)* hpD3
-  - [ 2DKh + hp D3 1 ‘ '' 31 (b-a) 3
d(b-a) 2 p+h 12 6

(4.4.2)

1 24DKhp + hpD3 (h+p ) (b-a > 3 hpD3
:   (b-a) ]

2 12(h+p) 6

1 E 12(h+p)3 EhpD(hpD3)(b-a)3]
 ]

2 E24DKhp+hpD3(h+p)(b-a)3] E363

1 hpD3(h+p>(b-a)3
= - E-------------------------------------------------------I 1' 3 i 0 (4.4.3)

2 72K + 3D(h+p) (b-a)*

Since each element in the f i r s t  derivative is

positive, then the f i r s t  derivative is positive. Now let

us show that the second derivative is also positive.

If this is shown, then the theorem is proved.

d3 EAC* 1 72K+3D (h+p> <b -a) 3 E2hpD3(h + p) (b-a)1.

d(b-a)3 4 hpD3(h+p)(b-a)3 1

C72K.+3D (h+p ) (b-a) 3]-6D (h+p) (b-a) 1. 
_ _

ChpD3(h+p)(b-a)3 1 

* C72K+3DTh+p77b=aT3I3
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1 72K+3D(h+p> (b-a)a
=  - C -------------------------------------------------------------------

4 hpD3(h+p) <b—a)3

144hpD3K(h+p) (b-a)

' { t72K+3D7h+pT7b~a7*]*}

1 20736hpK3D*(h+p >

4 t72K+3D(h+p> (b-a)aD3

/ l296hpK=D57h+p7 

C 72K + 3D7h+pT7b—a7^*]3 “ °  (4 .4 .4)

Since both the -first and second derivatives are 

positive, the theorem is proved, l . e, the optimal cost 

function is increasing and convex for this given range.

THEOREM 4.4. 2  When the range of uniform lead-time 

distribution is greater than /̂3F ( 1+!".'„,) 3/4, the EAC* 

is increasing and convex.

P r o o f  For the above range of lead-time distribution 

the optimal expected average cost is:

hpD(b-a) 9Ka(h+p)D
EAC* =   + t    (4.4.5)

2(h+p) 32(b-a>

d EAC* hpD 1 9K*(h«-p)D -32C9K*(h+p)D]
-------------= ------------------------+ _[--------------------------------------------- J

d(b-a) 2(h+p) 3 32(b -a) 323(b-a > ^
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hpD 1 32(b-a) 9k3(h+p)D 1
 -------------- + - [ --------------------------] a / 3 C----------------------- :  r - ------------- ]

2<h+p) 3 9k3(h+p)D 32(b-a) (b-a)

hpD 1 9K3 (h+p ) D
= -------------------  l ---------------------------] * ̂ 3

2(h+p 7(b-a) 32(b-a)

+'pD k3 (h+o ) D
= --------------------- c---------------------] » ✓ 3  < 4. 4. £ )

2 (h+p) 96 (b-a > ■*

To prove that this f i r s t  derivative is positive, we have

to show that:

hpD K'2 (h + p ) D
---------------- : ----------------------: 1'  3 (4.4.7)
2(h+p) 96(b-a>*

h 3p3D3 k3(h+p)D
or ----1—- — -------------------- (4.4.8)

8(h +p > 3 96(b-a)•*

or 12h3p3D3 (b-a) '* k3(h+p>* (4.4.9)

H 3 (h+p ) ■*
or (b —a > "*------------------------------- (4.4. 1U)

12h3p3D3

To show that (b-a>* H3(h+p)*/12h3p3D3 , we use the

range relationship that this model applies. We )now 

that the above cost expression holds i f  and only i f :

b - a  i  [ - (  1 + ! . ' „ )  3 k  1 1 / “

4

7 2k 1/2
■ c-(l+i;m )3 .—~~—] (4.4.11)

4 (h+p)D

When i; = h/p _ 1 we have i';m = p/h. Squaring both sides

of equation (4.4.11), we g e t :
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<b_a,2 > |<^E,?

(b_a)« ,
“ 4 h* Da

(b-a)A > 2 7 f t ^ . ] (4.4.13)
12h3p’ D3

Comparlnq equatlon (4.4.10) with equati on (4.4.17),

knowing that 270,̂  1 leads to the conclusion that,

equation (4.4.10) holds and as a result the f irs t  

derivative is greater than zero.

Similarlv we have to prove th^t the f i r s t  deriva­

tive is positive when ft* = h/p : 1, i . e . . ilm=h/p. Again

from the range relationship for this case, we have:

b-a /-(1+Wm)2k (4.4.14)

(b-a )  ̂ _ -(l+(T.'m) ' .—-- - -  (4.4.15)
4 (h+p)D

Substituting h/p for l'im we have:

(b-a)2 1 2 (4.4.16)
4 p (h+p/D

4 2
.. 4 9 (h+p) k , .  -(b-a)  ̂ - —-K.-— (4.4.17)

I  27«  ̂ [ ] (4.4.19)
12h^p3D2
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Comparing equation (4.4.10) with (4.4.18), Inowinq that

leads to the conclusion that equation (4.4.10)

holds and as a result the f i r s t  derivative is greater

than 7. p rn when ifil.

Now we show that the second derivative is also 

positive in th is case.

d_CAC_ 1 ,~2/3
d (b-a) 3 3 96 ■.b-a)'*

-4 (96 )_ <b-a^"CK^h + e2_52 
(96>a(b-a>“

_i i 2/3r
72 K*7h+p)D (b-a)"

_ I  , 2 / 3
72 (b-a)7" 3

A 1 1 /
9 (b - i i7

Hence the optimal cost function for this case has 

positive f i r s t  and second derivatives. This means that

in the range of b-a l \ ^3k( 1 > ”/4 the optimal cost 

function is increasing and convex.
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(h+p i

1 h+p)

3 Dt. 

8 '  ~h

/ 3D
V0,_

Dtc
P

QU

i : i

I o

:E)^ h ' ^ p  ; 3 f l “ - T  ■’

l/2DU.-e-
h+p

b-a

s:i

: » ' : i

3kM+W.!J

i

Figure 4.4.1 Shape of op t i *a .  cost f a c t i o n  ;n 
the case of un i fo+ i  l ea f l - t i *e .
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4.5 SENSITIVITY OF DECISION VARIABLES AND 

TDTflL COST TD LOWER-BOUND OF 

LEAD-TIME DISTRIBUTION

A careful analysis of optimal solutions produced by 

computer search procedure, developed by the author, led 

to the following results. We observed that the optimal 

order quantity and optimal expected cost were insensi­

tive to the changes in the lower bound of the uniform 

lead-time distribution, "a". The only decision variable 

that changed was Mt - '*. Now, we state and prove the

above observations in the following theorem.

THEOREM 4.5.1 If the lower bound of uniform lead time

distribution increases or decreases, given that the 

range of lead-time distribution remains the same, the 

optimal order quantity and the optimal expected cost 

w ill not change.

Proof To show that the optimal order quantity is 

insensitive to the changes in the lower bound of 

lead-time distribution, let us refer to Table (3.2.2). 

A close examination of the formulas for q* for all 

three ranges simply indicates that q“ is a function of
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b-a and not "a" alone. Therefore, q* is just sensitive 

to the range of the lead-time (b-a) and not to the lower 

bound of lead-time distribution ''a1'.

A similar argument can be made for EAC*, by just 

referring to Table (4.2.1). For the cases of k ' ka 

and k i  k4 i t  is clear that q* is a function of (b-a) 

and not "a" alone. In the following, we also show that

the theorem also holds for the case in which kt i k i  k 3 .

From table (4.2.1) when k ,  i  k  < k 2  and f t  i  1, we have: 

EAC* = Dh (t * +q* —p ) (4.5.1)

By substituting the appropriate t*  from Table 3.2.2 into 

equation (4.5.1), we get:

EAC* -  DhC(b -  & J q * )  +■ q* -  p ]

= DhCq* - 6 q* + (b-a)/23 (4.5.2)

knowing that q* and J are both functions of (b-a>

proves the theorem for the above-mentioned conditions.

From Table 4.2.1, when k, i V i  ka and ft £ 1, we have:

EAC* = Dp(p - t*) (4.5.3)

By substituting the appropriate t*  from Table 3.2.2 into 

equation (4.5.3), we get:

EAC* = Dp L p - ia - q* + S q*) J

= DpCq* - 6  ^q* + (b - a> /2J (4.5.4)
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Knowing that q* and £  are both functions of <b - a) 

completes the proof of the theorem.

THEOREM 4.5.2 If the lower bound of uniform lead-time 

distribution increases or decreases by a constant given 

that the range of the lead-time distribution remains the 

same, the optimal reorder level w ill increase or 

decrease by a quantity which is equal to the change in 

the lower range of lead-time multiplied by the demand 

rate.

Proof We give the proof for all three possible ranges, 

□ur proof requires t* values, for different ranges, 

which are given in Table 3.2-2.

k .

= p ~ + (4.5.5)

= a + [<b-a>/2] - + (4.5.6)

k j .  I k and f i l l

t*  = b - S (4.5.7)

Since (b-a) is constant, any change in "a" w ill 

change "b" by the same amount. In another words, i f  "a" 

increases or decreases by a constant, t*  w ill also
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c h a n g e  b y  t h e  s a m e  a m o u n t .

I k l km anti ft t I

t*  = a - q" + & (4.5.B)

t* = [ <afi+b) / < 1+ft) 3 - q*/2 (4.5.9)

= C a ( 1 -*-{t) + <b-a)3/(l+ft) - q* / 2

Hence,

t* =  a +  [  <b-a> /  (  i + i i )  1  -  q* /  2 (4.5.10)

From equations (4.5.6), (4.5.7), (4.5.Q), (4.5.10),

i t  is clear that as "a" increases or decreases, t* w ill 

also change accordingly.

We also know that R* = D.t*. Therelore the change 

in the optimal reorder level, R", is equal to the

change in t* , ( i . e . . "a” ) multiplied by the demand

rate. This completes the theorem.
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4 . 6  TWO CONSEQUENT ORDERS AND THE 

P R O B A B IL IT Y  OF CROSS OVER

In section 4.1 o-f this dissertation Me showed that 

the possib ility  of cross over exists i f  and only i f  the 

range of lead-time distribution is greater than the 

cycle time ( b—a > q >. In the fo i l  wing theorem we

assume that the range of lead-time distribution is 

between one and two cycle time lengths. The implication 

of th is assumptiom is that, only two subsequent orders 

can possibly cross each other. Therefore at any point 

in time, only two orders can be outstanding.

THEOREM 4.6.1 the probability of cross over of orders 

when 2q* jl b-a l  q* is:

b x i ~q

l  j  f (Ka).f (K d d i^ ld lK i)  (4.6.1)
xi=a+q x3=a

where

'< x = time between placing and receiving order 1, 

xi  ~ time between placing and receiving order 2, 

f(x i)=  probability density function of x», 

f (;■: a ) ■= probability density function of 

f (>: i ,k 2)= jo int probability density function of >: i , 

and x -a.
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PROOF The -following two -figures show the range in 

which two subsequent orders can possibly cross each 

other,

Possible arn val ordero-f

Possible arrival of order

Figure 4.6.1 The range o-f cross over o-f 

two subsequent orders when 

t is positive.

Possible arrival 
time of order 1

arr i valPossible 
time of order

Figure 4.6.2 The range of cross over of 

two subsequent orders when 

t is negatlve.



Using figures 4.6.1 and 4.6.2 we can write

P(cross over of two subsequent orders)

= P(xt > q+x3) (4

= P(x3 < x ,-  q) (4

b x » - q

= J J f ( x l ,x3)d<x3)d(.'<1) (4
x i =a + q x *=a

Since the lead-times are independent of each other 

get

b i - q

= J J f (x a)f(x i)d (x 2 )d(xi) (4
xi= a + q xv=a

and the theorem is proved.

Now let us apply the results to the case of 

distribution of lead-time,

P(cross over of two subsequent orders)

1 rb
   J K x i-q l-a ld lx ,)

(b —a) * a q

= ---------- — { i  Cxt - (a + q )[:q ]b >
(b-a)* 2 a+q a+q

= ---------- —  i  - Cb* - (a + q) * ] - (a+q)tb - (a-*-q) 1
(b-a)* 2

  — ( — C b 2 ( a + q > * 1 - b ( a + q) + ( a + q)
( h—a > * 2

1 3 7

. 6 . 2 )

.6.3)

.6.4)

, we

.6.5) 

un i f ora

}

}
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  — C — tb3 +■ (a+q>3 - 2b(a+q)D >
(b-a)3 2

 -------- — C - Cb - (a + q> 13 J
(b-a)3 2

= -------- — t - C(b-a) +q33 J
(b-a)3 2

= - ( 1 - —3— >3 (4.6.6)
2 b-a

It should be noted that, when orders one and two 

cross each other, orders two and three can not possibly 

cross each other in this case.
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Numerical example - Assuming that the lead-time d is t r i­

bution is uniformly distributed between 1 and 11 units 

o-f time, and the cycle time is between 5 and 10 units o-f 

time, we can construct the tallowing table using 

equation (4.6.6):

TABLE 4.6.1 - Probability of cross over of two sub­

sequent orders when lead-time distribution is uniform

q

Probability of 
cross over

10 0. O

9 0. 005

8 0. 020

7 0. 045

6 O. 080

5 0. 1 25
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CHAPTER V

SUMMARY. CO NCLUSIO NS. AND FUTURE RESEARCH 

5 .1  SUMMARY

The term inventory may not strike us in the same 

manner as the terms production and sales, but i t  is a 

■fact that Inventory usually constitutes the largest 

investment made by a firm. In economic terms, this

means that even a small percentage of reduction in 

inventory level could translate into sizable savings in 

inventory costs.

The inventory model discussed here assumed that 

demand rate is deterministic and stochastic lead-time 

applies for a f in ite  range. We also made the unorthodox 

assumption of non- lnterchangeabi1lty  (non-substitutabi- 

11 1y) of i t  ems.

The constant demand pattern is mainly jus tif ied  for 

manufacturers who require parts for their production 

processes. An inventory of parts is maintained to be 

used according to the requirements of production, 

thereby establishes a re lative ly constant demand 

pattern.

In actual practice, lead-time is not constant. In 

spite of great improvements in the means of transporta-
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tion, communication and production, most procurement 

systems require some lead-time in supply, which is often 

uncertain. In mathematical terms, this means that the 

lead-time is a random variable. This assumption makes 

the analysis of inventory models much more d if f ic u lt .  

In spite of its  modeling complexity, we included

this rea lis tic  assumption due to the fact that lead-time

variation has a major impact on inventory costs.

To simplify the modeling, many authors assume that 

"orders can not possibly cross” right from the start. 

Here, we allowed the orders to cross each other, but 

imposed the assumption of non- 1 nterchangeabi11 ty for 

mathematical tractabi1i t y .

In this work we showed that this restrictive

assumption becomes immaterial as long as orders do not 

cross, or when a certain condition, which is based on 

problem parameters, holds.

Washburn C181 provides the implications of the

assumption of non-mterchangeabi 1 i ty in manufacturing 

and sales. In a manufacturing context, i t  is Like 

assuming that parts are non-interchangeab1e. In a sales

context, i t  is like assuming that each order is being

"colored” to satisfy a particular customer's demand.

The objective of this dissertation was two—fold:

(1) To study the inventory models that allow for

lead-time variab ility  and at the same time
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allow orders to cross each other due to the 

independent nature of lead-times.

(2> To examine the impact of the assumption of 

non—1 nterchangeabi1i t y .

Extensive related results were obtained by Sphicas- 

Nasn E131 prior to this work. In it ia l ly ,  i t  was fe lt  

that the only feasible continuation of that work is 

simulation. Therefore, a rather long computer program 

was designed. It  was aimed at measuring the cost

differences between the inventory models that assume 

non—i nterchangeabi1lty  of items and those that do not.

First, a computer search procedure was designed to 

find the optimal solution to Sphi cas-Nasr l ' s C13D model, 

for different distributions of lead-time. Second, a 

simulated inventory model was developed, which allowed 

cross over without making the assumption of non-inter- 

changeabi1l t y . I t  ŵ -, expected that as long as orders 

do not cross each other, the solution and costs of both 

models would be the same. And beyond that point, a

higher cost was anticipated for our model due to the 

assumption of non-interchangeabi1i ty. Simulation

d iff icu lt ies  and some preliminary results were the 

moving force behind this analytical work.
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5 . 2  C O N C L U S I O N S

Throughout this research, we have tried to keep a 

reasonable balance between the real-world application 

and matheffiat1 cal tractabl1i t y .

Like the majority o-f artic les in the literature, 

this work may not have an immediate application in a 

real-world situation. We believe that th is research, 

more than anything else, w ill smooth the way tor -future 

studies that w ill eventually lead to a better under­

standing of the behavior of inventory models that 

make the rea lis tic  assumption of variab ility  in lead- 

time and allow for order crossing.

A computer search procedure was designed to find 

the optimal value of decision variables. Close review 

of computer results, which were tabulated for different 

parameters of the problem, indicated that the optimal 

cycle time, optimal order quantity and optimal cost do 

not change as long as the range of lead-time d istribu­

tion, b-a, remains unchanged. But, the magnitude of 

change in the optimum reorder level, is equal to the 

change in "a" times demand rate.

We showed that cross over may occur i f  and only i f  

a certain condition is met. Consequently, even before

an attempt is made to solve the problem, we should be
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aware o-f whether or not the possib ility  -for cross over 

exists. If orders do not cross each other the assump­

tion a-f non-interchangeabi 1 l ty  becomes indifferent or 

redundant.

A cost expression, which is a stochastic generali­

zation of basic EOQ’ s model, was developed. Its

determin1 s t 1 c part is the same as the well-known

deterministic basic EQQ model. Its stochastic part,

which is composed of parameters of the problem is

directly related to the variance of lead-time. As

in tu it ive ly  expected, the total optimal cost developed 

here approaches the traditional, well-known, basic EOQ 

model as the variance of lead-time approaches zero.

I t  was not possible to develop results that were 

applicable for a ll ranges of the model. Therefore, to 

obtain cost expressions, ranges, shape and properties 

of cost function, e tc ., our job was three times more 

tedious because each result had to be obtained for three 

different applicable ranges.

A general expression is obtained to calculate the 

probability of cross over of two subsequent orders. The 

results are illustrated for the case of uniform lead- 

time distribution.
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5 . 3  SUGGESTIONS FOR FUTURE RESEARCH

Washburn [10] in i t ia l ly  introduced the unorthodox 

assumption of non-interchangeabi1i ty in 1979.

Liberatore C7] then developed a system at two 

equations that provides the optimal solution -for t (time 

interval between the time an order is in itiated and the 

start of the q time units of demand satisfied by that 

order> and q (cycle time).

Sphicas C141 presented a one dimensional search

to solve the Liberatore's Continuous Review <Q,R) model.

Sphi cas-Nasrl 113] then obtained some analytical 

results for both general and uniform distributions of 

lead-time. They f i r s t  indicated that one of Libera-

tore's results just applies for a given range and is not 

universal. For the range in which orders do not cross, 

some closed-form expressions were obtained for both t*  

and q*. Further results were obtained for the uniform 

lead-time distribution.

This worf extended the previous studies just

mentioned. Some general closed-form expressions were

obtained. The range within which orders could possibly 

cross was determined. Some additional results for

uniform distribution of lead-time were shown.
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The natural extension o-f th is and other previous 

worths discussed is to allow for demand va riab ility . 

Obviously, introducing one additional variable further 

complicates the model building.

We showed the range of crass over, based on the 

parameters of the problem. I t  applied to uniform

lead-time distribution. Its extension to general

distribution of lead-time based on problem parameters

ls valuab1e-

Many of the results obtained here applied to the

uniform distribution of lead-time. An interested

reader could investigate other distributions and then 

try to draw general conclusions.

Another possible area of future research is to 

extend the study of cross over discussed in th is wort 

to the situations in which more than two orders can 

possibly cross. The author has developed some rather

1arge computer programs to study the effect of cross 

over on costs.

I t  is recommended by the author that the use of

personal computers be avoided for further simulation

studies in this subject. The personal computers are 

very slow in running rather large simulation programs.

There are also flaws in random number generators 

of IBM PC and many other PCs. Their random number

generators have very short cycle Lengths and should not
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actually be used -tor serious research. For further det­

ails about PCs and simulation the artic le  by Modianos, 

Scott, and Cornwell is recommended.
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