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ABSTRALT

Stochastic Inventory Control And The
Aassumption 0f Non-Interchangeability
by

Farraokh Nasri

Advisor: Professor Georghios P. Sphicas

In les=s than halt a century, literally thousands
Df artic'es have been published 1n the area of .ventory
management , each with 1tsg OwWn set of obhjectives and
assumptions. This research 1s anather attempt to expand

the baody of knowledge 1n this field. The significance of

this research 15 two-fold: (a) 1ts application to some
speci1fic production problems and (b)) 1ts motivation of
further studies 1nvestigating the signi1ficance of

di1f+erences between inventory models that allow ‘cross
over" and those that simply avoid 1t.

Thais dissertation deals with a (D, R) 1nventory
model with deterministic demand and finite stochastic
leadti1mes. In rcontrast to the mainstream of inventory
literature, we allow for crossing of orders and make a
more restrictive assumption -- 1.e., non—i1nterchange-

ability (non-substitutab:i:lity) of orders.



It is shown that, 1in general, the possibility of
cross aover ari1ses if and only 14 the range of lead-time
is larger than the optimal cycle time.

A stochastic generalization 1is given for basic

EQQ°’s total optimal cost function when backorders are

allowed. Some additional extensions are obtained for
the case of uniformly distributed lead-times. At ter
extensive al gebraic manipul ation, simplified cost

expressions are cbtained for other ranges of the model.

Lower and upper bounds of optimal caosts are
obtained for esach madel. Also, the shape and properties
of the optimal cost as a function of the range of
lead-ti1me is giwven.

Finally, we obtain the probability of cross over
of two consequent orders. We also extend the results
to the case of uniform lead-time distribution.

It should be noted that this dissertation was
1initially simulation based. A large computer program
with over five hundred lines of caode was first devel oped
to generate the solution to the problem through a search
procedure and, then, to compare 1t with a simulated
inventory model that relaxed the assumption of non-
interchangeability. The nume-ical results obtained
from printouts gave us insight to many of the problems
addressed 1n this dissertation and eventually led to the

analytical worlk that is described here.
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CHAPTER 1

INTRODUCTION

1.1 OQVERVIEW OF INVENTORY MANAGEMENT

Simply stated, i1nventory 1s some 1dle rescurce kept
for future use. It 1s among the largest investments
made by a firm and therefore 1t deserves considerable
attention. In the United States alone, at any parta-
cular point 1in time hundreds of billions of dollars are
invested 1n 1nventories at different types of organiza-
ti1ons. Inventaries are kept 1n companies that are small
or large, manufacturing or serwvice, profit or non—profit
oriented, etc. Si1nce 1nventory 1s a necessity to almost

all orgamizations. and because an extremely 1large amount

of money 1s 1nvested 1n 1nventories, even a minor
1mprovement 1n controlling inventories can bring
abaut large savings. This research 1s an attempt to

contribute to the state of art 1n the area of 1nventory
control.

There are literally thousands of i1nventory models
developed, erach with different objectives and assump-
trons. This 1indicates the amount of attention being
devoted by theoreticians tao this area of management

SClence. Yet., 1ts 1mportance 15 not always apprecilated
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by top management. This gap between theory and practice
may be due to a failure to recognize the i1mpact that
inventories have on costs and profits and/or the fact
that 1nventory models with realistic assumptions are so
abstract and hard for managers to digest.

As we wil! see in the following chapters, computing
the values of decision variables, even for the simplest
of stochastic inventary models, appears to be an
extremely ditficult problem. Due to this fact, some
credit should be given to practitioners for not i1mple-
menting inventory models 1n the real world. We believe
there 1s hope. Computers and simulation soan will

play the role of the most i1mportant gap-closer.

1.2 OBJECTIVES OF INVENTORY CONTROL

Inadequate control of inventories can result 1n
both understocking and overstocking of i1tems. Under-
stocking results 1n lost sales, dissatisfied customers
and production delays, while overstocking unnecessarily
ties up {funds that might be used more productively
el sewhere.

There are two main oobjectives 1n inventory

control. One 1 to maximize the level of customer
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services (1.e., have the right goods, in sufficient
quantities, in the right place and at the right time).
The other 1s to minimize the cost of providing the
desired level of customer service.

These two obiectives are generally in opposition:
high levels of customer service lead to high costs, and
low costs wusually are accompanied by low levels of
customer service. Consequently, inventory decisions
{(just as other decisions made by a decision—maker)
are trade-offs 1nvolving a compromise between cost and
customer service level.

Theretore, the decision—maker™s problem 1s to
achieve a balance with stocking dec:sions, avoiding both
overstocking as well as understacking. The two funda-
mental decisions that must be made are:

(1) Timing {(when to arder or produce); and

(2) S1ze (how much to order or produce).

1.3 COSTS AND INVENTORY OPTIMIZATION

The aim 1n building an 1nventory model 15 to
determine values for decision variables (such as timing
and si1ze) that are optimal (i.e.., jJust vield the lowest

cost). Therefore, an objective function must be
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formulated that relates the measure of performance of
the inventory control policy to the decision variables.
This measure of performance is the total cost per unit
of time. Finding the optimal values of decision
variables then requires minimizing the total cost per
unit of time. The total cost per umit of time 1s
composed of the +following costs:

— Praocurement cost (purchasing cost);

— Ordering cost (setup cost);

- Carrying cost (holding cost);

— Shortage cost (stockout cost).

The procurement cost (or purchasing cast}) 1s the
cost of obtaining (or acquiraing} the materials. This
cost, in most a1nventory models, 1= assumed to be
caonstant.

Ordering casts are the costs associated with
ordering and receiving i1nventory. These costs i1nclude
determining how much 1s npneeded, preparing 1nNvoDices,
1nspecting goods upon arrival for quality and quantity
and moving the gqoods to temporary storage. Ordering
casts are qenerally expressed as a fixed-dollar amount
per order, reqardless of order saize. in the case in
which a #fi1rm produces 1ts own 1inventory 1nstead of
ordering 1t from a supplier, the costs of machine setup
{(1L.e., preparing equipment for the job at hand, adjust-

1ng the machine, wasted materials, and 1nstalling new
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fixtures) are analogous to ordering costs {(1.e., they
are expressed as a fixed charge per run, regardless of
the size of the run?’.

Carrying or holding costs relate to physically

holding 1tems in storage. They include 1interest (or
opportunity cost), 1nsurance, taxes, deprec:ation,
obsolescence, deterioratiaon, spoil age, pilferage,

breakaqge and warehbhousing cnsts (e.q., heat, electricity,
rent and secur:ity). Frequently the most 1mportant cost
1s not a direct out-of-pocket cost but rather an
opportunity cast. This 15 the cost incurred by having
capital tied up 1in i1inventory rather than having 1t
invested else where.

Shartage or stockout cost occur when demand
exceeds the supply of inventory on-—-hand. In thas
si1tuation one of the following may happen.

First, the unsatisfied demand {sale) may be lost
entirely. The main cost here 1s “"gooudwiil loss"”, which
may 1nclude lost profits aon sales of this and other
items in the future due to the fact that the customer
temporarily or permanently takes hi1s business elsewhere
or because he discourages other potential customers by
telling them that he receilved unsatisfactory service.
The cost of lost sales also includes the costs aof any

special procedures used to inform the customer that bhas
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demand can not be satisfied and the profit lost 1n not
making the sale.

Second, at the other extreme the unsatisfied demand
may be back-ordered. Backorder costs are extremely
difficult to measure since they may 1nclude such factors
as lass of customers’ goodwill. Also, 1f the demand is
for a spare part or raw material for an in—-house
production, the cost of the interruption or shutdown due
to the lack of availability seems to be high and hard to
measure. Other parts of the backorder cost are less
serious and easier to detect. Sucrh rcosts include the
cost of notifying a customer that an 1tem 1s not i1n
stock and will be filled later, the cost of attempting
to fi1nd out when the customer’s order can be filled and
giving him this information and, perhaps, the cost of

buying from another supplier.

1.4 CONT REVIEW (G,R) MODELS

An ordering policy $or a multi-period inventory
model can be classfied as periodic or continuous. The
real distinction 1is how fregquently the i1nventory level
must be observed (reviewed) in order to i1mplement the

policy.
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In periodic review inventory models, the state of
the 1nventory system is examined only at discrete,
usually equally spaced, points 1n time. Decisions
concernitng the nperation of the system, such as whether
or not to place an otrder, are made only at these review
ti1mes. In fact. the decision maker may know nothing
about the state of the system at times other than the
review times. This ordering poliicy consists aof three
parameters, R, r, and T, which are target inventory,
reorder point, and review peri10d length, respectively.
Simply stated, we place an order of size R-1 (difference
between target 1nventory and cbserved inventory level at
the review peri1od) 1f observed i1nventory 1s less than or
equal to the rewurder point. Otherwise, no order 15
placed. In the literature, this is referred to as a
periodic review K-r policy or (R,r,T) policy.

The second type of 1nventory policy. i.e., conti-
nuous review (R,r) policy (or transaction reporting), 1s
the limiting form of (R,r,T) policy as T ——» O. Canti -
nuous ordering policies assume that the state of the
system 15 known at any particular point in time. An
order 15 placed when the 1i1nventory level {falls to a
given level. The guantity to be ordered when an order
1s placed can er1ther be fixed or variable.

A policy 1nvolving variable-order quantities

usually specities that the i1nventory level (on-hand plus
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on—-order) be brought up to a level S whenever an order
is placed. This policy is called (s,5) policy.

A policy involving fixed-order quantities usually
specifies that an order of the same size, €, be placed
every time the inventory level drops to or below the
reorder point. This policy 1s known in the literature
as continuous-review (@,R) policy, which 1s also called
"fixed order quantity paolicy”.

By the 1inventory level in the above ordering
policies, we mean i1nventory paosition, 1.8., net i1nven-
tory plus the already on order qgquantity. This lets us
prevent the diftficulties when the lead-time 1s longer
than the review period and when the order size 15 not
sufficient to bring the on—-hand 1nventory above the

reorder point when the aorder 1s received.

Like all mathematical models, these 1nventory
models are only approximatirons to reality. In an actual
s1tuation, then, the choice between a periodic and a

continuous-review model depends on which 15 the better
representation of reality.

The current research concentrates on cantinuous-
review thventory models with fixed order s1zZ@, 1.€.,

cantinuous-review (Q,R) models.



1.5 VARIABILITY IN DEMAND AND LEAD-TIME

In the analysis of inventory models. one may face
many sources of uncertainty. Perhaps the two most
common are:

1. Demand timing; and

2. Procurement lead-time.

Usually 1n the real world, we are not sure when
a demand for a certain commodity will occur; 1¥f 1t does
occur, the number of units demanded remains unhcertain.
Thus, the total number of units demanded over a partai-
cular period of time will be a random variable, having a
probability distribution that depends on the length of
the period. When thi1s probability distribution remains
the same in every peri1od of length t, we say that we
have a stationary demand process. Otherwise, we have a
dynamic demand process. Our analysi1s in this research
1s restricted to static demand processes.

In spite of great i1improvements 1n the means of
transportation, communication and production, most
procurement systems require some lead-time in supply
which 1s often uncertain. This means that the lead-time
1s a random variable. These uncertainties make the
splution to the inventory problem much more complex and

also 1ncrease the cost of 1nventory for the same level
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ot performance. Studies by Gross and Soritano [3]
clearly demonstrate that lead-time variation has a
major impact on i1nventory costs. However , before
incorporating variability in lead-time 1nto our model,
we should make all reasonable efforts to eliminate such
variability., The simplest of all is to negotiate with
suppliers.

When lead-times are constant, all orders will
arrive in the same sequence in which they were placed.
If lead—times are independent random variables, there 1s
a possibility that orders will cross over 1n time; that
is, an order placed at time 2 might arrive befaore an
earlier order placed at time 1.

However, orders do not usually cross in real-world
s1tuations, and 1t can easily be arqued that in many
cases lead-times are nat strictly 1ndependent of
themselves or the process generati:ng demands. This
dilemma has evoked various responses from 1nventory

theorists, which will be discussed below.
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1.6 LEAD-TIME DEMAND

The distribution of demand during lead-time 1s
dependent on the distribution of lead-times and the
distribution ot demand during a fixed i1nterval, assuming
all distributions are stationary and i1ndependent.

When the lead-time variation 1i1s significant, it
can be dangerous to use a model that assumes a constant
lead-time. I+ one uses the mean of lead-time 1n the
model, then this can lead to seriously underestimating
the average period of time duritng which the system 15
aut of stock. Consequently, the safety stock determined
f~om the model may be too low. Therefore, adequate
protection 1s not given against sales occurring before
replenishments arrive. This means that the distribution
of demand during lead-time @must be found. The next
section explains how the moments of this distribution

can be found.

1.6.1 Moments Of The Lead-Time Demand Distribution

When the mean and variance of demand and

lead-time are calculated, one can express the mean and
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variance of lead—-time demand which 153 a random wvari1able

as:

E (L)

E(r).E(D)
Var (L) = E(r).Var (D) +LE(D) 1=, Var (r)

Where L is the lead—-time demand, E(r) and E((D) and E(L?
areg the means of lead-time, demand, and lead-time
demand, and Var {(¢r), Var (D}, Var(l) are the variances of
lead-time, demand, and lead-time demand respectively.

These relationships are standard and the express-—
ions for E(r), E'D), Var (r) can be calculated 1n most
si1tuations, so E(L) and Var{L) can be easily computed.
But, of course, vhe moments alune are not encugh; a
distribution must bhe fi1tted tao the moments and 1ts
success depends on how well the distribution can be

supported 1n practice.

1.6.2 Distribution Of Demand During Lead-Time

In the analyses of i1nventory models under stochas—
tic lead-ti1mes, the distribution of demand during
lead—-time is of more 1nterest than the demand and the
lead—time distributions, i1ndividually.

In Chapter II of this research, qeneral and
speciLfic distributions of lead-time demand under prob-

abirlisti1c and deterministic demand will be discussed.



1.7 ANALYSIS QF THE ASSUMPTIONS AND
SIGNIFICANCE OF THIS RESEARCH

Thausands of articles have been published 1n the
area of 1nventory control in less than hal+f a century.

Thre 1n itsel s is evidence ot the importance of this

subjyect. Many of these articles are 1ntended for
practical applications, while others may have no
practical application tn the near +tuture. The main

reason for the lack of 1mmediate applicability might be
due toa the nature of the restrictive assumptions that
are made.
The significance of this research can be summarized
1h two malor catagoriles:
ta) 1ts applicatiron to some specitic production
control prochlems; and
(b) its motivation +for further studies 1nvestiga-
ting the differences between mcdels that
allow orders to cross and those that just

avold cross aver.

The i1nventory policy considered here 15 the
well —known continuous review (Q,R) policy already
fdiscussed 1n Section 1.4 of this dissertatian. In the

era of computers, this modeling appreoach i1s guite

applicable to real waorld si1tuations,
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Researchers and practitioners 1n the 1nventory
theory have tended to emphasize anly the variability of
demand, usually neglecting that of lead-time. Recently,
however, there has been an awal'ening of interest 1n the
role of lead-time variability. This realistic assump-
tion 15 made 1n this work. In reviewing the status of
inventory management in 1980, for example, Harvey M.
Wagner advocates +further research into the i1nfluence of
lead-time variability. He SaYyS!? " Replenishment
lead—-times usually vary with uncertainty (to 1llustrate,
for U.S5. ra1l traneporation, delivery times may be
between 4 and 10 weeks, depending on the availability
of the :1tem from the vendor and the vagaries of the
transportation network). Although, 1t 15 possible to
adapt many replenishment formulas to handle the 1mpact
of lead—-time variabilaity (usually the approach 1s t9
inflate the value of varirance of demand during lead-
t1ime), how to provide a numeri1cal estimate of lead-time
varirability 1s sti1ll an art. It may be that this
estimate always will 1nvolve more experienced judgment
than scir1enti1fic 1nput, but a systematic exploration of
what 15 at 1ssue and what are the alternat:ve approarches
would be welcome." Gross and Sori1ano [(3) note that an
inventory system 15 more sensitive to lead-time varia-
tion than tn demand wvartitation. Vinson also finds

leacd-t1me var:abi1lity to be more i1mportant 1n anfluen—
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cing inventory costs than mean lead-time or vari1abilaty
of period demand.

There are two restrictive assumptions made here
that are different from the assumptions made by the
mainstream of inventory literature:

{a) deterministic demand and finite stochastic

lead-ti1me; and

tb) norn—-interchangeability (or non-substitutabi-

lrty) of i1tems.

lne may reasonably argue that the probabilaistac
nature of the lead-time 15 well taken, but determintitstac
behavior of demand may not seem to be a real:stic one.
It L1s true that in a non-manufacturing context, when
inventory 15 maintained for sales to arriving customers,
demand 15 rarely constant. However , 1n the case ot a
manufacturer who stocks raw materi:als, parts or supplies
for internal use (such as 1nputs to a praduction
process!), demand for i1nputs are rather constant +cr a
given production level.

s far as thegretical tntere=+ 1n  this assumption

1s concerned, by ascuming deterministic demand, we can
achieve two b= a2f1tg:

ta’ s1nce the only source of vari1ation 1s lead-

ti1me, 1ts sensitivity can easily be analyzed

and measured. This 15 1in contrast to other

stochastic inventory madels, 1n which results
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are based on the compounding effect of both
demand and lead—-time variability and are mostly
approximations;

(b) by excluding demand variation and making
the assumption af nan—-interchangeability,
we are abhle to more closely 1nvestigate the
possibility of cross over of orders, cost
dirfferences, etc.

In order to make stochastic tnventary analysis
tractable, some authors assume that lead-times are
exponenti1ally distraibuted, making a Markovian analys:s
nossible. Others assume that the possibilaity of
cross-over 15 sgo small that they exclude 1t right
from the start. For a more detailed analysis one
can refer to [111]. The approach i1n this paper 1< the
noble and unconventional one that was fi1rst presented
by Washburn {181, Here. we make the assumption of
naon—-i1nhterchangeabi1lity, 1.2, each order 15 a specilal
order and can only satisfy a particular unit of demand.
This assumptiocn makes the analysis ot cross over, which
15 the main thrust aof this research, possible. In this
wor k, we show that the assumption of non—i1nterchange-—
abi1lity is 1mmateri1al as long as a certain condition,
which 1s based on parameters of the problem, 1s met. In
such case., some e:xplicit analytical results are obtain-

ed.
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Washburn [191 states that the implication of the
assumption of non-interchangeability 1n e manufacturing
context 1s like assuming that parts are non—-interchange—
able. In a sales context, it 1s like assuming that each
order 1S being "colored” to satisfy a particular
customer’s demand.

Here we show that the restrictive assumption of
non—interchangeability becomes immaterial when orders
da not cross or when a certain condition that 1s based
on parameters of the problem 15 met.

In terms of cost measurement, an optimal caost
function that i1s composed of two parts, 1s obtained —-
the deterministic part, which 1z simply the same as
basic EORQ's optimal cost function when baclorders are
allowed, and the stochastic part, which depends directly
on the vari1ance of the lead-time. As expected., the
stochastic part drops out as lead-time wvariabilaty
approaches -era. Additional optimal cost expressions
are also obtained for the cases i1n which the stochastic
generalization of EOQ°'s optimal cost expression does not
apply. Calculat:ion of the above cost expressions
requires extensive algebraic manipulations and simpl:f1-
cations. Therefore, as long as orders do not cross, our
results apply to conventional inventory systems with
interchangeable 1tems. However , when cross over of

orders 15 possible, our model provides higher costs to
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the extent that orders are likely to cross. Therefore,
in general, our aptimal total inventory co=t 1s the
upper—-bound of conventional i1nventory systems, which 1s
the result of cross over.

Optimal costs are obtained Ffrom di1fferent cost
eypressions, depending onn the range of lead-time
distribution. Lower and upper bounds of optimal caost
for each range 2re obtained. Also, the shape anu
properties of the optimal cost as a function of the
range ot the iead-time is gi1ven.

The sensitivity of decision variables to the change
1in the lower bound of the lead-time, while 1ts range
remarns constant, indicates that the optimal cost and
the aptimal order quantity are not sensitive to the
change and therefore stay the same. The only change 1s
1n the time 1n which the order should be 1nitiated.

This and many other results were observed by the
author during his analysis af the results ot a simula-
tiron study on the subject.

A general expression 1s obtained that allows us to
calculate the probability of cross aver of two subse-
quent orders. Al=so, explici1t results are obtained for

the case of uni1form distribution of lead-—-time.
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1.8 ORGANIZATION OF THE DISSERTATION

In Chapter One, we discussed the aobject:i:ves and
provide an overview of 1nventory control. We also
discuss the type of assumptions that we are making, and

the significance of this dissertation.

Chapter two attempts to review and 1ntegrate the
exi1sting relevant studies tao this research, under two
major catagories of "independent lead-time"” and "depend-

ent lead-time".

This dissertation 15 a continution of the study
done by Sphicas and Nasri [13], In Chapter three, we
review this work in further detairl, and provide add:-
ti1onal results and proofs, and also fill some of the

ex1sting gaps.

Chapter four 1s basically on extension of Chapter
three. It provides new and complementary analytical
results mainly for the case of uniform distribution of
lead-time, When possthle, the results are general-

1zed for the general lead-time distribution.
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Chapter five 15 the conclusion of this disserta-

tion. It includes :

a) a brief analysis of the assumptions made,

b) a discussion of preliminary empirical wor k.,
i.e.. simulation, by the autnor prior to this
analytical work,

c) a summary of the main results obtained, and

d) an insight for related future research.



CHAPTER I1

ANALYSIS AND REVIEW OF LITERATURE

2.1 ANALYSIS

As we mentioned 1n  the previous chapter, when
lead-times are constant all orders will arrive i1n the
same sequence 1n which they are placed. But. 1n most
real world s1tuations lead-ti1mes are stochastic and
1ndependent. In the case 1n which lead-times are
1ndependent random variables, there 15 a possibility
that orders will crass each other 1n time.

The fi1r=st part of section 2.2 reviews the main
stream of tnventory lrterature that assume lead-times
are stochastic and 1ndependent random vari1ables. These
studies just 1gonre the possibility of cross over for
the purpose of mathematical tractab:ilaty.

In the second part of Section 2.2, we review the

unorthodo» 1nventory models that allow orders to cross

each other, 1.8.. an order placed at time 1 arrives
aftter another order placed at time 2. To make the
analysis of these 1inventory models tractable, the
assumption ot non—i1nterchangeability of 1tems 1s

1mposed.
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The last section of this chapter, briefly discusses

the models with state—-dependent lead-times.

2.2 INDEPENDENT LEAD-TIMES

Among the i1nventory models with stochastic i1ndepen-—
dent lead—ti1mes, two different groups of models exi1st
1in the literature. The first group consists of those
models that argque that orders do not usually cross 1n
real -world s:tuations. g+ course, this seems to be
contlicting. How could we assume 1ndependence of
lead-times and alsa argue that orders do not cross?
This dilemma has resulted 1n various responses from
inventory theorists, which will be discussed 1n the next
section. The second group consists of those recent
models that allow the orders to craoss and make the
assumption of non-rnterchangeab:lity of demand.

This work falls under the second group of models.
We also assume that lead-t1mes are 1ndependent random
variables. When lead-times are 1ndependent random
variables, we should allow for the possibility of cross

over. More detailed analysis 1s given 1n section 2.2.2.
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2.2.1 Review O0f Models With The Assumption that

"Orders Do Not Cross®
When lead-times are independent random variables,

at any point in time there can be more than one order

outstanding. There are two problems associated with
this:
(1) orders may cross each other —— 1i.e., an order

placed at time 2 15 being recelved befare an
order placed at time 1 -— where, in practice,
arders are often received in the same sequence
in which they are placed;

(2) this order crossing leads to errors in calcula-
ting costs.

To avord these difficulties, the following assump-

tions, either explicitliy or implicitly, are being made:

(1) the 1nterval between successive arders 15
large, and therefore the probability of cross
over i1s negligible and can be omitted {43;

(2) Wagner [17] assumes that the actual demand
during lead-time dJoes not exceed the order
quantity,

(3) Sphicas (151, in his recent work, formally
assumes a finite range for the lead-time demand
distribution. Therefore, 1f a finite upper
bound 1s placed on the lead-time demanu

distrabution, one can assume that no orders
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will cross (compare this with the previous
assumption) .

(Q,r) Heuristic Appraoximate Treatment 0OFf Backorder Case

Even though in this formulation Hadley & Whitin

(4] make a number of assumptions and approximations,
the resulting models are especially useful for practical
applications because of their relative simplicity. In
this continuous review model, we order a lot of size
Q@ whenrn the 1nventory level drops to a reorder point of
r.

Befaore starting the formal model, let us give a

list of the notations used:

cC = [Cost per unit

K = Ordering cost/order

h = Carrvying cost/unit/time periad

n = Backordering cost/unit {(1ndependent of time

of backorder)

Q@ = QRuantity ordered (order si1ze}) per order

e
H

Units demanded/time period

D = Expected demand/time per:iad

bir)= Expected number of shortages when an order
arrives

r = FKReorder point

b = Demand during lead-time

f{x)= Probability distribution of demand during

lead -t1me

EALC = Expected annual cast



P = Expected demand during lead-time
g2 = Variance of demand during lead-time
They [4]1 make the following assumptions:
— Demand is probabilistic.
— Lead-time is constant and also known with
certainty.
— The wunit cost C of the 1tem 15 a constant
and i1ndependent of Q.
— The backorder cost is w per unit backordered.
— There is never more thanm a single order out-
standing.
- The cast af oaperating the information pro-
cessing system i1s 1ndependent of @ and r.
- The reorder poilnt r {based on the inventory

position or net i1nventory) 1s positive.

The +ifth assumption, as stated before, 1mplies that
at the time the reorder point 15 reached there are no
orders outstanding, so that the i1nventory position (the
amount on-hand plus on-order minus backorders) 15 equal
to the net inventory (on—-hand minus backorders).
Hadley-Whitin (4] arque that because of the
seventh assumption there will be no hackorders outstand-
1ing at the reorder point. To examine this model, any
one of the 1nventory levels ——- on—hand, net, or invent-

ory position —-——- can be used to define the reorder
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paoint and the reorder point will have the same value for
any one of them. Note that in order to use the on-hand
level, we must assume that after an order arrives, 1t is
sufficient +to meet backorders and raise the on-hand
inventory level above the reorder point. If this ever
failed to bappen, the rearder point would never be
reached again and the system would proceed to accumulate
backorders. When the reaorder point 1s thought of in
terms of the inventory position of the system, then the
assumption guarantees the on-hand inventory will always
be raised above the reorder point when an order arri-
ves. Otherwise, 1t would rnot be possible to have only a
si1ngle order outstanding.

Their approach finds the total cost per cycle and
multiplies that by the number of cycles per unit of
time. The only part of the cost function that deserves
some discussion 1s the calculation of average on—-hand
inventory during the cycile. Obtaining an exact express-—
1on for average on-hand i1nventory during the cycle 1s
difficult and therefore they use an approximation, which
15 good ¥ the time the system 15 1n a backorder
condition during a cycle 1s small compared to the cycle
length. The net i1nventory is at 1ts minimum :1mmediately
before recei1pt of an order and at i1ts maximum i1mmediate-
ly after recei1pt of the order. The expected net

inventory, therefore, 1s the average between r—yp and
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Q+r—p which 1s (Q/2)+r—p. The quantity /2 often 1s
called the cycle stock and r—p is referred to as the
safety stock. NOow we are in a position to express the

total cost function per cycle:

K + CQ + (h@/D)CQR/2 + r - pl + nb(r) (2.2.1.1)
Multiplying the total cost per cycle by the averaqe
number of cycles would provide us with the total annual

cast per unit of time.
EAC = Dk/Q + CD + hi@/2 + r - pl + wDb(r)/Q

where B(r) = Ir(x—r)f(x)dx (2.2.1.3)

To minimize EAC, we have to differentiate 1t with

respect to Q@ and r.

QEAC —-k.D _ rT¥n’:t’ = 0 (2.2.1.49)

rIT
]
S
=g
1

0 ~ "g= * a=
FEAC  _ ®D  ablr) _ a ey e
I h + o or € {2.2.1.5)

From the first equation we can fi1nd an expression for

Q@ given reorder point r.

Q* = /= ol Z (2.2.1.6)

In the second equation,
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—_ = == j - Y £ (x %)
3 r(x r »widix

"

@
- If(x}d(x)
r

= - FS(r) (2.2.1.7)

Where FC(r) 1s the complementarv cumulative distribution

ot x evaluated at r. Therefare, saolving the second

aequation for r 1n terms of O g1ves:

1ter

(1)

(2)

(3)

(4)

F€¢r) = 1Y (2.2.1.8)
D
ative procedure to fi1nd the optimal paLr
= |
Let be(r) = O and simply solve for Wilson O,

Call thais value Q,.

Use equation (2.2.1.8) with Q@ = 0, tg fi1nd the
reorder point. Call this value r,.

Use equation (Z.2.1.48) with r = r, to find a
new lot si1ze Q2, having first found b(r,) €rom
equation {(2.2.1.3).

Repeat step 2 with 0 = 0z, etc. Convergence
occurs when at 1teration 1 , Oy = G, ar

Fy T Fi—1. Usually this 15 rap::d.



Wagner [171 considers a discrete model basically
with the same assumptions as Hadley and Whitin [41]1:

— The praobability distribution of demand during
lead—time P, {(x)} does not depend on when the
inventory reaches the reorder point r.

- The 1nventory level i can be treated as a
continuous variable.

- After a replenishment order arrives, there exists
a future moment 1n time when the 1nventory level
1 = r , and a reorder action occurs as a consequ-
ence.

- In an optimal policy, the reorder point r >0 and
during any lead-time, actual demand does not
exceed the order guantaity (x = ).

- Demand 1s probabilistic.

The only difference between the twao models 15 the
way in which the average on-hand inventory per unit of

time 1s calculated. He distinguishes two cases:



r—p+Q

r r

R T reorder ~Z

Case 1: p<r

Figqure 2.2.1.1 Twao possibilities for arrival time of

an order.

Then he finds the expected average 1nventory level

during lead-time and after replenishment until the next

reorder as follows:

Average i1nventory level during lead-time

T 1
I —ir+ir—x)lp.(x} + £ —-(I[rlip.i{x} =
=0 2 worr 2

r
r + £ (r — x}p.i(x)] (2.2.1.8)

Average 1nv. level atter repleni:shment

until next reorder =

C(r—p+Q) + ¢1 = %(2r—p+0)

(2.2.1.9)

S]] o



Hy weighting the above two quantities
Expected average inveptory/unit time = (Fraction
of time system 1is waliting for replenishment)
X (Expected average inventory level during
lead-time) + (Camplement of the +4raction of
ti1ime system 1s wailting for replenishment) X

(Expected average inventory level aftter

replenishment until next reorder)

r
Where E (r=)puix) = ¢ — p — E (r—x)p,.(x} (2.2.1.10)
®=Ch ®or
@ L ]
because L (r—x)puix) — E (r—ip.(x)
=0 ¥ oA
m
= r-p - T (r—¥p.(x) (2.2.1.11)
nor
Theretore:
Aver age rnventory per unit of time =
1 " 1
H2f-2r + p - Q@ +r + I (r—)pui)] + —(2F ~ p + Q)=
QR 2 x =0 2
Qe r — e 2B Gieripa GO (2.2.1.12)
2 20 wor

Now toatal expected average cast can be simply written

ass
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ar EALC

Differentiating £AC

to zero:

JEAC

R

Therefore:

Q* =

=]}

It

(2.2.1.173%}

, KD h[9+r—u+—g- I (x—-r)pu(x)1 +
Q 2 20 xor
LLE B (X—r )P {x)
Q x>r
D + 53 + h(g tro- p) o+
+‘EE + 1—19). E (x-r)p.{x)
20 Q xor

with respect to

Qt + b _ (DE + EQ). E(x—rlp.{x)
o= 2 202 = o
Dk 29D

2Dk (p + (x-rip, ()

Differentiating with respect to r we have:

Therefore

Fir)

BB L TBy e o = 0
20 Q@ »>-r
Fc(r) 153
_ __h___
hp + D
2Q aQ

2 and eguating 1t

2.2.1.15)

(2.2.1.16)

(2.2.1.17)
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which means, r 1s the smallest 1nteger such that:

hp + wb
2Q Q

Finally EAC®™ can be simply developed as:

— - h —
EAC* = CD + hir-p) + [2htDK + (2E4uD) I (x—r)pun (x)
2 Mo

(2.2.1.19)
tove (8] also developed a general continuous
review stochastic model framework that 1s very similar

to the previous two models by Hadley and Whitin [43 and

Wagner (171]. He def:ines:

p = DL =I xf(x)d(x})=average demand during lead-—t:me

0

r-u = average ending 1nventory {(can be either

positive or negative)

r

yirl)= Io(r—x)f(x)d(x) = r-p+b(r)

= average residual inventory when the
initial inventory level r is depleted by
demand during lead-time

b(r)= Ir(x~r)f(x)d(x}=average shortage 1nventaory

when the i1nitial i1inventory level r is

depleted by demand during lead-time.
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Then he approximates the average inventory level ;(Q,r)
as expected residual i1nventory ;(r) plus one-half of the
average amount added to the inventory when an order is

recei1ved. Or, simply,

[ - b(r)] (2.2.1.20)

P

vi@,r) = y(r) +

The expected total cost per unit of time may be written

ass

B KD Q h nD. —
EAC = CD + o + h'Z' + (;.2 + —a)y(r) +
+ (g - Eg)(r—p) (2.2.1.21)

And after substituting for y(r) we get:

EAC = €D + 53 + h(g +r - p) o+
ﬁ! h, = 5 "
( Q + 2)bfr‘) (2.‘.. 1.22)

The optimal values of @ and r can be determined
by differenti1ating EAC with respect to Q@ and r, equating
to zero, and solving for the two unknowns. Differentia-

ting with respect to Q@ gives:

(2.2.1.27)

i
|
|
I
|
}
+
NI
§
I
|
L]
=3
-
B
il
Q

which leads to
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Differentiating with

QEAC Dn  h I“
———— = (—= + =)[~ =
e h + 0 2)[ rf(x)dx] 0
which leads to
FE ) = -
Dmr + h
Q 2
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other hand, one may observe many limitations of these
model s. Among *hem ares:

— There may be no solution or multiple solutions
and there 1i5 no guarantee that the recursive
procedure would indicate that .

— These are only heuristic treatments, therefore
they are just approximations.

- Hadley and Whitin’s model makes an 1implicit

assumption that w 192 sufficiently large so that
the term h@/nD 15 always less than one.
Since it 1s possible that F(r)=1-h/[hn/2Q+7D/Q) 1n

Wagner’s model may be less than one while Fir) = h@/nD
1in Hadley and wWhitin’s model may be greater than one, 1t

cart happen that for some small values of n, eqgua-—

tions (2.2.1.15) and (2.2.1.18) may vyield a solution
while (2.2.1.6} and (2.2.1.8 will not. This 1< of
course one advantaqe of Wagner ' s approach. However, a

study by Gross and Ince [2] indicates that 1n general
Hadley and Whitin’s model i1s closer to the optimal than
Wagner's a qreat portion of time. Nahmi as [(10] specu-—
lates that perhaps the Hadley—-Whitin s model has
compensating errnors that allow it to perform better 1in
many Cases.

There are many other related studies. Each assumes
that demand during lead-time {follows a particular

distribution such as, Gamma, Normal, Negative Binomial,
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Weibull, etc. For a complete review of these models,
the reader can refer to Nasri [111.

Sphicas® [15] current research 1s also a continuous
review 1nventory system with backorders. His model
assumes that demand i1s deterministic and lead-time 1s
stochastic, and 1t differs from the previously mentioned
models 1n many ways. He [15} develops four models,
models 1 and 2 which are caomplementary make the "averag :
backorder assumption”, 1.e., the cost :is proportional to
the average backorder: outstanding per unit of time.
Models 3 and 4 which are more general, 1n addition to
"average backorder assumption” 1nclude "the si1ze of
backorders assumption”, i.e., the cost 1s proportional

to the s1ze of shortage when a replenishment arrives.

2.2.2 Review Of Models That Allow Orders To Cross

As mentioned at the beginning of the Section 2.0,
the second group of inventory maodels that assume
stochastic 1ndependent lead—-times allow orders to cross
each other ., These models are more mathematically sound
than the models in the previous Section. This 1s due to
the fact that when lead-time 15 an 1ndependent random

variable, there 1is always a possibility that an order
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placed at time 2 arrives before an urder placed at time
i, 1.e., orders may cross each other.

An unconventional solution to the lead-time
modeling dilemma has been proposed by Washburn (181]. He
(18] states that “"each unit ordered can satisfy only one
particular unmit o+ demand. In a manufacturing context,
this amounts to assuming that parts are not i1nterchange-—
able. In a sales context, the corresponding assumption
15 that each 1tem has been "colored” to suit the needs
of a particular customer. The effect af the assumpti1an
1s to decouple the orders so that it becomes i1mmaterial
whether they cross ar not. I+ applied to conventional
systems with 1nterchangeable parts, errors will result
to the extent that orders are likely to craoss. The cost
derived here will then constitute an upper bound on
actual 1nventory cost.”

Washburn [18) then makes the assumption that demand
15 constant per unit of time over an itnfinite horiz-on.

He also assumes that a penalty cost per unit 1s incurred

if the shipment never arrives (llmr_ mG(r) 201y, Then

—»
he formulates a cost expression and tries to minimize
its present value. Finally, an algorithm 15 construct-
ed to find the two decision vartiables.

Imn his article, Liberatore [7] states that Wash-

hurn’s model formulation dirffers from the mainstream

of traditional EDQ modeling 1n several respects. First,
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all costs are subject to continuous time discounting and
the inventory holding costs are not stated explicatly
but are merged into the time discount rate. Second, the

lead-time probability distribution, Girl, is permitted

to have a "defect”, ler__’mG(r) 2 1. Finally, although
the model has a continuous time orientation, the
inventory shortage cost 1s expressed as $%$/unit arrived
late f‘or never arrived) in consonance with the previous
assumption. This particular set of assumptions compla-—
cates the search for the optimal values of the deci=sion
variables and may vyvield non-unique solutions.

iLiberatore [646] 1n hi1s dissertation develops a
finite taime horizon, stochastic lead-time 1nventory
model with deterministic demands. He develops and
discusses hi1is research 1n a freight transpart selection
cantext. As 1n Washburn, {i1beratore makes the assump-
tron of non—-interchangeability of unit demands. Holding
and backlogging costs are treated as fixed and ordering
costs as wvari1able and stationary over time. Then
several results similar to Wagner-Whitin and Zabel
are stated and proven and a recursive forward dynamic
programming procedure 1s pravided. In addition,
several extensions of these models are examined.
Three years later, Liberatore (7] published an article
and considered a contilnuous deterministic demand, with

stochastic lead-times 1n which he tried to faormulate and
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solve a general EOR model. Since Sphicas—Nasri’s [(13]
paper (discussed in the next chapter) and other results
and extensions itn the following chapters are based on
Liberatore™s (71 article, we discuss his five page
article in some deta:l.

To +1nd the optimal values of the decisian vari-
ables order =si1ize and timing, he explicitly makes the

following assumptions:

Continuous review (Q,R) policy 1s used.

- Demand i1is continuous and deterministic.

- Lead—-time s general and stochastic and 1ndepen-—
dent.

- Backlogging of demand is allowed.

— Unit demands are naon—-i1nterchangeable (the i1mpact
of this assumption 1s that 1t allows orders to
cross).

He then defines:

D = Constant demand rate {units/un1t time

demanded)

q = Number of time units of demand satisfied

by each order

t = Time differentital between placing an order

and the start of the g time units that will

be satisfied by the given arder

(See Figqure 2.2.2.1)

8! = Haolding cost 1n $/unit/umt time
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P = Backlogging cost in $/untt/unit time

gir)} Lead—-time probability mass or densitcy
function

G6(.) Distribution function of lead-time

It

Ordering costs for >0, O otherwise.

K+vq

Potential arrival times
{random eavent)

Time shipment
is initi1ated

Demand interval
satisfied by

given shipment

Figure 2.2.2.1 Time scale for one cycle in

the steady-state continuous

demand model.

Based upon the above assumptions, the expected

total cost 1s expressed as:

t
ETC(t,q) = K+vg + .[ {hDQ(t-r)+hDq2/23g{r)dr
o

t+q

+ {(pDlr-t)Y2/24+hD(t+q-r)2/2xg (r)dr
t

o
+ I {pDg=/2+pbqgq(r-t—-ql} g (r)dr
t+q
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Note: For the graphical representation of ETC refer to

chapter 4.

Ta find the optimal value of the decision var:-
ables, we differentiate the expected average cost
EAC(t,.g) = ETC(t,q)/g with respect to g and then with

respect to t and equate them to zero,

PEAC (L, Q) -k hD Jt Jt -pD(r-t}
__-56____ = ot + -= Og(r)dr + t+é[—~~§ag—~—]
hD (r—-t)= pD
+ -5[1— ———z—=ligiridr - *5 t+ giridr
(2.2.2.2)
4
DEAC (£, ) It It q_pD(r—t) hD(t+g-r)
—TTf T < hD Og(r)dr+ N {————a——— + T T H
B
.gt - I (2.2.2.2
gir)dr pD t+qg(r)dr )

After some algebraic manipulations we find two equ-

ati1ons and two unknowns:

t"+q" t'+q'
2k I P
—————— + (r-t®)2girid(r) = (qQ")Z{ gliridr. ——1}
{th+p)D L= 0 h+p
(2.2.2.4)
and
t-+q- t-+q'
J | -
(r-t®)gir)dr = g* | glr)dr — -—— 3
t - Q) h+p
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which are the unique global minima for t and q. Of
course, t and q are global optimal i1f and only 1+ the
EAC function 1s strictly convex over the relevant
domains. Therefore, Liberatore proves that diagonal
elements and determinant of the Hessian matrix are
positive (sufficient condition for strict convexity).

Mathematically speaking, he proves that:

DZEAC (L, Q) AZEAC (t, q)
---------- > e m—am——— > 2.2.
o= >0, 253 > 0 (2. 6)
d2EAC(t,q) DZEAC(t,q) IZEAC (£, q)
[—~———— s ) ] - {—m—m————— 1= > 0
aq= P2 2q. 3t

(2.2.2.7)

In order to compare these results with the tradi-
tional EOQ model, Liberatore [7]1 assumed that lead-time
to be deterministic. Therefore, he was able to repre-

sent the lead-time density function as a Dirac Deita

functiron, that 15, all probabi1li1ty concentrated at a
single point. Eqguations (2.2.2.4) and (2.2.2.5) then
become:

2K/ (h4p)D + (ro—-t*)2 = (Q*)Z(h/ (h+p)] (2.2.2.8)
and

(ro—t®) = g* [h/(h+p)] 2.2.2.9)

From (2.2.2.9) we get:
qQ* = (ro — t*)L(h + p)/h] (2.2.2.10)

By substituting g* 1n (2.2.2.10) 1nto (2.2.2.8) we get:
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2K/ (h+p)D + (Fo-t®) T = (ro-t*)2[ (h+p)2/h2]1[h/ (h+p} ]
2.2.2.11)

or simply

ro—-t*® = 2kh/p (h+p} D (2.2.2.12)
Sub=tituting for (ro — t*) in equation (2.2.2.10) and
after some simplifications:

Q* = J2K(h + p)/bpD (2.2.2.1

Therefore, the optimal order quantity would be

Dg* = D/ 2K(h + p)/hpD
= J2¥D(h + p)/hp (2.2.2.14)
Define s* = q® - (ro—-t*). Therefore, Ds" 15 the amount

of stock on—-hand immediately after satisfying the back-~

iogged demand.

Ds* = 2kDp/h(h + p) (2.2.2.15)

and the fraction of time no shortage exists :s:
f* = s*/q* = p/(h + p) (2.2.2.16}
The above results are 1dentical taoa those obtained
for the classical EOQ madel with backlogging of demand.
Thus, Liberatore’ s [7]1 model is a stochastic lead-time
generalization of the EOR model with backlogging of
demand.
Then he states some computational cnsiderations.
1+ the c.d.¥f. cannot be expressed in closed form, a

numerical method such as Newton-Raptson must be used to
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iteratively solve the equations (2.2.2.4) & (2,2.2.5).
0f course, the success of such methods depends largely
on the starting wvalue of the search. He showed that
G-*Ip/{(h + p)] provides an upper bound, and, therefore a
good tnitial guess for t*,

At the end of his paper, Liberatore [7]1 gi1ves an

example where lead-times are uniformly distributed:

: 1/ (b-a) . 1f a<r<b
gi{rza,b) = : ¢2.2.2.17)
: (] » Otherwise
and by combining eqguations (2.2.2.4) and (2.2.2.95) and

considering that g(r) 15 uniformly distributed, we get:

(2.2.2.1'8)

after integration and simplification, we will have:

qQ® = 3/12K(b-a)/(h + p)D (2.2.2.19)

Solving equation (2.2.2.35) for t* when gi(r) = 1/(b-a)
vields:

~t®* = (g*/2) - Ltha + pb)/(h + p)1 (2.2.2.2M
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Liberatore stops at this point and fails ¢to

consider that this formulation is valid 1€ and only 1€

t* and (t* + g®*) fall within the range of a and b, that

152
———— ———— o — m——— +
O a t- t-+q- b
Fiqure 2.2.2.2 The sequence in which Ltiberatore’a
mode}l applies.
This error was the motivation behind Sphicas-—
Nasri’s (131 article, which will be discussed 1n the

following chapter.

2.3 DEPENDENT LEAD TIMES

As long as there 1s never more than one order
outstanding, no theoretical difficulties are i1nvolved.
But, unftortunately, it 15 not always posstible to
specify that never more than a single order is outstand-
1hg. Therefore, 1n the case where more than a single
order can be outstanding, difficulties are encountered
in properly representing the lead—-times as random

variables. I1f we assume that the lead-time for a given
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order 15 independent of the lead-times of the orders
which are outstanding, then we must allow orders to
cCross. As we have discussed before, we realistically
allow for cross over of the orders in this work.

Some authors believe that, in the real world,
almaost always orders are receitved in the same sequence
1n which they are placed. Now, 1¥ this is true, then
the lead-times can naot be considered to be independent
random variables, 1.e., the time of arrival of an order
placed at time t can depend on the times of arrival of
the other orders on the books when the order 1s placed
at time ¢t. This 1s the case where the lead-times are
dependent. This lead-time dependency, often causes
serious analytical difficulties,

Due to the analvytical difficulties in the treat-
ment of lead-time state dependenrcy, there has been very
little work on this subject tn the literature.

This brief section was 1ncluded for completeness.

Therefore review of the related literature 1s omitted.
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CHAPTER 111

ANALYSIS AND REVIEW OF AN INVENTORY MODEL

WITH FINITE-RANGE STOCHASTIC LEAD-TIMES

In the real world, we are usually faced with stoch-
astic lead-time, 1.2., we are not totally sure about the
arrival time of an order. This lead-time variabil:ity
caomplicates the i1nventory model. On= of the approaches
to tackle this difficulty 1s gi1ven by Washburn (181].
This approach 15 extensively discussed i1n Section 2.2.
(It 15 recommended that the reader review Section 2.2.2
of this dissertation at this point).

This research, which 1= based on Washburn's [18]
approach, 1s ori1ginated from th=2 recent work of Libera-
tore (71, whichh is also discussed 1n Section 2.2.2.

At the end of hi1s paper, Liberatore (71 presents
an example of unmform lead-time distribution, but he
fails to consider that bis formulation 1s nat collec-
tively exhaustive and 1s Just valid for some particular
range of decision vari1ables.

In this chapter the main results of Sphicas—-Nasri1's

[13) article are discussed. A generalized EOQ formuila
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1n conjunction with ranges for decision varilables 1s
abtained. Some additicnal results for the case of

uniform distribution of lead-times i1s also provided.

3.1 GENERAL DISTRIBUTION OF LEAD-TIMES

The notations and assumptions used here are the
came as the ones discussed 1n Section 2.2.2, except that
lead-time distribution 15 considered to be finite and
defined aver the range (a,b).

At this point we need to define twno functions A(R)
and B(x}. The difference between these functions used
here and 1n Sphicas [14] 15 that 1n our paper gqgir) 1s

finite and defined between a and b.

The functions A{x} and B(x), which are defined
below, only depend on g(r) and the cost ratio = h/p,
>
Alx) = (1 + ) Iotx—r)g(r)dr - (Z.1.1a)
b X
Bi(x)= L[A{x) + x1] I (x—-rlg(rlidr - J. Oe—-r)2g(r)dr
O o
(Z.1.1b)

and must satisfy the following for optimum values of t

and q:@



AE™) = AL® + q™) (3.1.2)
B(t* + q®) — B(t") = k where k = 2K/ (h+p)D
(3.1.3)
The proof of the above two relationships i1s based on
the shape and the properties aof Alx) and B(x}), which
are gaven i1n [14].
One can summarize A(x) and Bi{x) +for different

ranges of » as follows:

H —¥ 1 £ X _ a
|
' X
Alx) = (1 + ) Ia(x~r)g(rjdr - % if a =2 x 2 b
:
|
P o - (1 o+ )p i€ x * b
(3.1.8)
T 0 1 % ia
¥
Bix} = CAM) + %] I (x—-rlglridr- I (x—-r}2 gi{ridr

a a
1f a = % =2 b

i R A A Ew E

Ri{x — p)2ET - g2 1 4 * * b

(3.1.5)
Where p and ¢2 are the mean and variance of lead-time

respectively. The proaot of the above formula 1s gilven

bel ow:
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When X £ a, the integral part of A(x) and B(x) drops
out:

Alx) = —x (3.1.6)

Bi(x) = O (Z.1.7)

When a 2 x £ b

®
Alk) = (1 + Q) Ia(x - r)gi{r)dr — x (3.1.8)
% *
Bi(x) = [A(x} + x] I {x-rig(rider - I (x—r)2g(ridr
a a
(Z.1.9)
When X 2 b
b
Adx)y = (1 + 1) ja(x - rigir)dr - x
= (1 + QY (x — p) - x
= fix — (1 + rp (Z_.1.10)
b b
B(x) = {A()y + 1 j (» - riglridr- J (x — r¥2g{r)dr
a a
= L(} + Y (x — pl(az — p) - E(x — r)=
= {1 + Q){x - p)= — ExT — Er= 4+ DJEXr
= 1T o4+ pT - 2xp 4 QO - ) FE - 4T - Ep2 o+ 2up
= Qix - pr= - g (Z.1.11)

It ran also be shown that bath functions are convex

and re-:-h the same minimum:



A(x)

7
A (x)

A" ix)

Therefore,

Where A/(x

B(x)

B (x)

H

¥
1 ) Ia(x - rigir}dr - % (3.1.12)
b
(1 + ¢C Iag(r)dr ] - 1
(1 + MGxy — 1 (3.1.17)
t1 + )gix)
(1 + rgix} > O (Z.1.14)
Alv) reaches minimum at o = G {1/(1 + )
= 0,
* M
CA(x) + x1 I (v — rigl{r)dr - j (-r)*g (r)dr
a a
(3.1 .15
(1 + syGO) ‘a(x - rigiridr + [A(x) + =) 1
\K »
- - 2 I M~ (
ag(r)dr a( rig(ridr
(1 + )G (%) ‘a(x — r)girddr =+
X x
LO1+52) I;x—r}g(r)dr]G(x)—E Ia(X*r)gtr)dr
® X
201+5) f (x -~ r)grydr.G(x)~ 2 I (x—-r)g(r)dr
a a
X
2 fa(x - rigirddrl{(t + IGI(x) ~ 11 = O

{(Z.1.186)



53
Similarly 1t can be shown that B"(x) > 0O and Bf{:x)
also reaches minimum when a = G7* (1701 + Q)).
It can easily be argued that r = B{(@) is posi-
tive.

To show this, rewrite (3.1.35)

X *
B(x) = [Al(x) + 21 ,[ {2 - r)glr)dr - L[ {x -r)=2g{r)dr
a a
(Z.1.18)
Letting x = 3 and substituting for A{Rr = 0, we have:
A [f]
r=68(R@) =8 I (3 - r)gir)der - J‘ (B - r)2guriar
a a
fi
= Ja(ﬂ - ryg - f - riylgi(ridr
3
= Ia(ﬂ - rirgfirl)dr > O (Z.1.19)

Functiors A(x) and B(x) are shown i1n Figure S.1.1.
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Figure 3.1.1 The functions A(x) and Bix).

Two quantities of interest that should be defined

are & and T. 8 1s a untque point to the right of o such

that A{®) = Ala) = — a. T 15 a unigue point to the left
of x such that A(T) = A(bY = &b - (1 + Qip,
It can easily be argued that "a" 1s to the left

of ¢ and "b" 15 to i1ts right. It 15 because at minimum
G(x)=1/(1 + ¢ 2 0O, therefore, a 15 a value between "a"
and "b". For A{Q) to be equal to Ata), 8 should be to
the right of « , and for A(T) to be equal to A}, T
should be to the ieft of o. Therefore, we conclude that

“a" and T fall to the left, and "b" and @ fall to the

right of o.



The b £ 8 occurs 1f and only 1§ AR) & ACa), 1.0.,
fbh—-(14+Q)ps—~a. Therefore, the ordering a 2 7 £ a £ b £ ©
occurs i1f and only 1§ Q@ £ (p — a)r/(b — p). By the same
reasoning b > ®& happens 1f and only 1f A((b) 2 Alal,
t.e., Wb ~ (1 + Mp 2 — a. This 1in turn dictates the
ordering ~ :* a I o 2 6 : b, iff @1 2 (p=a)/ib-p).

We can summarize and qraph the above arguments as
follows:

Case 1 - If 2t = (p-a)/(b-p), the ordering is aivTialbis,
Case 2 - I1f & 2 (p-a)l/(b—p), the ordering is Tiaiai@<b,.

The ranges for t* and t* + g* that satisfy egquation
(3.1.2) can easily be found 1f one uses Figures (3.1.72)
and (3,1.3):

Case 1 - If st = ‘p—a)/(b-pl, t* and t* + Q* are bounded
as tollows:
t* . a iff G - t* + qg*
a i t* 7T 14 b - t* + g* : @& (Z.1.20a)

T > t*

v

Case 2 - I+ st > (p—a)/itb-p), t* and t*+gQ* are bounrded
as follows:

L 1f¢ b = t* + qg"

-
[

t* : a 1f4 & 2 t* + " < b (3.1.20b)

a  t* _ x 14¢ o 2 " + g* 1 @
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Now, we are looking for a t* and w = t*+q" such

that they satisfy the above bounds and also satisfy
equation (3.1.3). If w 2 8 this is simple because to
satisfy the bounds t* should be less than or egual to
a. For this range of t*, B(t®*) 1s zero. This in turn
simplifi1es equation (3.1.3) to B{t*+q®*) = Biw) = k .
Therefore, to find the optimal set for the range t*+g*29
we just have to search for a "w" such that Bi(w)=k and
then by mapping find t*, Unfcoc-tunately, for the other
two ranges th=2 problem 1s not that simple because
B{t*+q*") - B(t*")=k does nat simplify to B{(t*+q®) = k.
In {141, Sphicas defines a function Hiw) that 1s
increasing and convex over the range w2a {(See Figures
3.1.2 and 3.1.3). Taking advantage of this function we
can locate (w = t*+g®%) such that H(w) = k¥ and again by

mapping, t* can be found.

The above discussion and cases 1 and 2?2 can be
summarized as foilows:
I+ k= 3 k then t* 2tz and wait®+q*
I+ ki 2 k = ka then tz 2 t% < ¢, and wyit®+q®iwz
1+ k 2 ky then t,  t* I « and azit®+q¥sw,

(3.1.21)
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Bix)

v Alx)

Figure 3.1.2 Case i: (bz&) or R2i(p-a)/ib—p)

Figure 3.1.3 Case 2: (b2€8) or Qi(p-al)/(b—p)
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Therefore, to +ind the optimal values i1n any given
problem, the quantities ta, t,, wi, wa, k,, and kg that
are given 1in the following table should +Ffirst be

calrulated based on the given parameters.

Table X.1.1

Values of the critical points for general distribution

Q2 £ (p—-a)/(b-p} Q@ 2 (p-a)/(b—p)
ta = a tz = p - Qb
ty, = v , where AlT)={(b-p) ~ p ty, = a
Wi, = b Wi = 68, where A.B8)=-2a
Wa = p + (p-a)/Q wz = b
Ky = Q(p-—b)E— g2 - H{T) ks = B{(T)
kg = (p-al)2/Q - o= ka = Q{p-b)= - o2

e e e ———— e e e e e e e i ——— i — — L s i ——

The proot of the above formulae 15 girven below:

I+ & £ (p—a)/(h—p},

AlT) = Alb) (3.1.22)
when x 2 b , Alx) = @¥x — (1+Q)p « therefore,

Alb) = b - (1+)p (3.1.23)
AlT) = AMb) = Qtb-p) — p (3.1.24)

Aa) Ata) = — a {(Z.1.2%)

il
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stnce O > b, AB) = 18 — (1+)p (3.1.26)
S0, e — (1 + Qyp = - a (3.1.27)
e = p + tp-a)/Q (3.1.28)
ki = H{b) = B{(b) - B(T)

= {b-p) 2T —aF - B(r) (3.1.29)
k= = H(g) = B(8) where 8 = p +{(p—-al)/Q (3.1.30)
since 9 > b, then B(8) = {R((O-p}= — g2 {3.1.31)
k= = lp + (p-alt/sd - plx* - g=

= (p-a)*/q - g2 (3.1.32

If @ > (p-a)/(b—p),

tz 1s a point such that A(tz) = A.b) (T.1.33)
Alta)= AlT) = — ta (3.1.34>
Alb) = b - (1 + ¢p (3.1.35)
-t = b - (1 + )p (3.1.346)
tz = p - b - ) (3.1.37)
ka2 = B(b) = 2ib - p)*T — ¢g= (3.1.38)

A mentioned before, to find the optimal solution
one has to fi1nd all the critical values {(from Table
3.1.1). One must obtain the rangyge for t* and t*+q*.
Finally, through search we must find t* and t*+q* such
that (3.1.2) and (35.1.3) are satisfied.

It should be pointed out that the search 1s not
necessary for all cases. I+ ¥ 2 k=, a general explicit

analytical solution exi1sts:
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When k 2 ka then t* < a and t*+q* > b
B(t*) =0 (3.1.39)
B(t* + g%) = k (3.1.40)
Since t*+qg* 2 b, B(t*+q®) = Q(t®+q*-p)= - =
(3.1.41)
RE*+qQP— )T — g* = |
t*+gq® =p + Jik+o2)/Q (3.1.42)
Alr) = fix ~ (1+Q)p when ¥ 2 b (3.1.43)
ACE*+q*) = f(t*+q*) — (1+Q)p (3.1.44)
Alt*+q*) = A(t*) where A(L*) = — = (3.1.45)
f1(t*+3%) - (1l + WHp = - t*=
te = p - Jalk + o3) (3.1.48)

Salving (3.1.42) and (3.1.46) simultaneously,

qQ®* = (1 + @) J(k + o2 /4 (3.1.47)
After some algebra and knowing that Q%=Dq*, u=h/p,

and ¥ = 2Kk/(h + p)D,

Q" = \/2DK (g + h) + a2D={p + h)= (3.1.48)
ph

which 15 a stochastic genralization of the Basic EOQ
formula with backorders. This 1s due to the +fact that
in the deterministic case lead-time variance (r2) is
zero. By substituting ¢2 = O 1in the above-mentioned
formula, the basic EOQ@ formula with backlogging of

demand can be cbtained.
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3.2 UNIFORM DISTRIBUTION OF LEAD-TIMES

&1

results obtained 1n Section 3.1 apply to any
tion of iead-times. In this section the
results are apolied to a uniform distribution

1 mes. Obviously one expects

us begin by defining functions A
lead-t1me distribution 1s uniform:

;__

]

1
y = b o1y (e -a)2s2(b-a) -

i

]

HER L S R FT

-

y = (1 RY{x—a)ry*/4pb-a)s-(x-a)>/=(b-a?

ety - —g*

pr=

A v = o ————

cases where a and 2 . b,

as given for the gereral case

The

and Bi(x) for the range (a.b),

more simpli1tied

and H ()
1+ a._x
1f a:-+:b
1 £ N v
(Z.2.1)
1 a-::
1§ a.¥-b
1§ -b

- 3 -~
A

the formulas are
1n the previous
only two formulas which need to be proved

which are gi1ven



Alx)

B(x)

1l

F

H

(1+2) Ia(x—r)g(r)dr - X when a £ x % b

X
C(1+52) /7 {(b—a) ] Ia(x—r)dr - ®

[C146) 7/ (b—a) 10 x-r)2/(-2)1° - &
a

{1+Q) {x—-a)2/2(b—-a) - x (3.2.3)
® %
LA(x)+x] j (x—-r)gir)dr- I (x—r)2giridr when ai«:ib

a a

[(1+Q)(r:va)zf’z(b—a)][lf(b“a)][(x—r)zf(--';_’)]x

a
— [1/(b-a) 1l (x—r)>3/ (-3 ]"
a
((149) (x—a)2/2(b-a) Z1[ (x~a)=Z/2)
- C1/(b-a)1l(x-a)3/3]
(1+2) (x—a)*/4(b-a)® — (x—a)>3/3tb—a) (3.2.4)

rom the table oaof critical values for general

distributions of lead-time a new table can be construc-

ted,

which wi1ll tnclude critical values far uniform

distribution.



Table 3.2.1

&3

Critical values for uniform distribution

@ <1 g 21

t2 = a tz = a - £(2-a)/21ib—-a)
ty, = a+[(1-1)/(1+2} 1 (b—-a) t, = a

x = a+[1/d1+3) 1 (b-a) a = a+{1/(1+}) 1(b—-a)
Wy = b wy, = a+[2/(1+3) 3 ib—-a)
Wwz = b+0{1-2)/25)(b—a) w2 = b

ki = (4R3/3(1+1)3*1(b—a)=Z by = [4/72(1+3)1F ) (b-a)=
bz = [(3Z-) /171 (b-al)= b2 = [(ZR-1)/712} (b—-a)=

Tne proof of some of the critical values

uniform distribution are as follows:

for the case of

When £ < 1,
Fram Table Z.2.1 we have,
Alb) = w(b—p) - p {(3.2.5)
From equation (3.2.1) we have,
Alr) = (1+)(r-a)2/2(b-a) - v where a . T - b (Z.2.60
We ¢now that A(y) = A(b), (X.2.7)
(1+) (r-a)=2/2(b-a) - v = ib—-p) L
(1+) (1—al2 —~ 2(b-a'7v * (b-a)a = 2¢th-a)lalb-pl - pl

(L+ip) (7-a)Z -~ 2Z(b-a}){v—-a)

(1+f) (17-a)2 - 2(b—al(T-a)

2(b-a)l (a—p)+it(b—yp) ]

1+ (T-a)=

- 2(b-allta-b) 72+q{b-a2)/21 = O

Jib-a)fi{T-a) + (b-a)ZT(1-43) = O
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2(b—a) * 4Q2 (p-a)= 2(b—-a) * 20 (b-a)

2 (1+Q) - 2(1+Q)
ty, =1 = a + [{h-a){1-)/(1+Q) ] (3.2.8)
X x
Glx) = Iag(r)dr = [1/(b—-a)] Iadr = 1/0(1+Q) (3.2.9)
(a—a)/(b—-a} = 1/7(1+Q)
x = a + (b—a)/s(1+) (3.2.10)
Ale) = Ala) = - a where 8 2> b (3.2.11)
08 — (1 + Wp = ~ a (3.2.12)
W = 8 = [(1+i2)(a+b) /2 - al/Q
= fa + b + aft + b — 2al/20
= [la + b + ag + b ~-2a &t bRRIJZN
= b + [th-a) - Qttb-a)l/2a
= b + (1-)(b—-a) /2% (3.2.13)
Kk, = @ (p — bl=T - g% — b(m) (2.2.14)
where T = a + [((1-R)ib—-a)/(1+Q)}] (3.2.15

and B(T) [(1+Q) (r—a)*/4(b-a)T-(T-a)3/3J(b-a)1(3.2.16)

il

substituting for T 1n BT},

Bir) = [(1-)%(b-a)&/4(1+50) >3- (1 -3 (h—-a)FT/T(1+Q)7]

L(1-)3h-a)T/ (1+)FJL (-3¢ -1)/12] (3.2.17)

Now substitute B(T) 1n k,,

Ky RIP-BIF - g2 - [{(1-W3(b-a)ZE/(1+>1[(-30-1)/121

R{b—al)2/4 - (b-a)2/12 - [((1-)3F(b-a)Z/(1+)3]

[(-3nR-11r/7121

[ib-a)Z/12{1+RQ)3II3Q1+22) " {1+ F+ (1) 3{3H+1) 1
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C(b-a)=/12(1+Q)3]1L14607]

= A3 (h-al)®/3(1+q)= (3.2.18)
k= = B(8) where o 2 b (3.2.19)
bz = Q06 — p)= — o2 (3.2.20)
where B8 = wa = b + [(1-Q) (b—-a)/2Q] (3.2.21)

substituting for © in kz

kz = Qlb+(1-Q) {(b-a) /20 — p)= - (b-a)=2/s12
= QL(b—-a) /2 +« (1-)(b—a) /212 - (b-a)=s/12
= QU(b-~a)®/43(1+(1-2)/Q1= - (b-a)*/12

= (b-a)*/4u -(b-a)=/12

= (3-R}Y(b-a)2/{2q (3.2.22)
When & 2 1,
AlT) = - 71 (3.2.27)
and Alb) = b - (1+)p where ¥ - b (3.2.24)
knowing that A(r) = Alh)}, (3.2.25)
- T = tib - (1+4}p
T = taz = (l+R)(a+b)/2 — &b + a/2
= a + b/2 + a/2 - bivy2 - ars2
= a + (b~a)/2 - (h-a)u/2
= a + (1-2)(b-a)/2 (3.2.286)

ax tan be calculated in this case exactly the same way
as was calculated in the case where & < 1.

Ala) - a (3.2 07

]

ALO)

(1+00)(B—-a)2/2(b-a) & where a::9ib (3.2.2

8
by definition A(B) = Ala), (3.2.29)
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(1+1) (8—a)=2/2(b-a)-8 = -a
{(1+) (8-a)® - 2(b-a)(8-a) = 0O (3.2.30)

dividing both sides by (6 - a) and solving for (& — a),

(6-a) = 22{b-a)/ (1+Q)
o = wy = a + [(Z2(b-a2)/(1+} ] (3.2.31)
ky = B{(a) - B(a) = B{(8), since B(a) = 0

= (1+@) (0—a)*/4(b-a)® — (8-a)>/F(b-a) (3.2.32)

where 9 wi = a + [2(b-a)/{1+1)] (3.2.33
subhstituting for ©® in ki,
by = (1+i[2(b-a)/(1+)1%/4(h-a)=
- {2{b-a)/ (1+) 13/3Z(b-a)

= 4b-a)=/(1+0)F - Bb-a)F/3I(1+11)>

= 4(b—al2/J(1+51)= (3.2.34)

ko = B(b) — B(T) (3.2.35)

where B(h) = Q(b-p}2 —¢g= (3.2.36)

and B(r) = 0O since T X a (3.2.37)
k= = gl (b-a) /212 - (b-a)=2/12

= (3R—1)tb—-a)=/12 (3.2.38)

To find the optimal solution for t and q 1n the

case of uniform distribution of lead—-time is rather

simple. The following table provides the formulas
needed to solve for t* and g". It can be simply
observed that 1n the two cases k * k,, and k 2 ka we

have been able to obtain explicit analytical express-

1oNs. In the case where k;, £ k £ ¥z, an analytical
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expression was not obtainaed. The solution of t* and g*

can easily be obtained by a one dimensional search.

Table 3.2.2 Formulas for calculating decision variables

Uniform Distribution

bogT o= (143) (k+g2) /) ka2 2 K
i
|
E t* = p - \/s'.nk+ur2)
1T(Q%YT - 25(Q®)3 24T = K (1+Qm) ke < k & kz
i
; T a - g* + a\/a; rF 202 1
| ee o
. ' h - & ¢a; 1§ G 21
' e = S/ il {b—a) 5
boq v/&k(b a) oL ok,
|
' t® = [(aw + b)/(1 + §)1 - q*/2
1/2
X8 Note § = [2(b-a)/(1+45) )
The proaf of the formulas given in Table 3.2.2. 1s given

bel ow:

When k ! kz, then t* < a and t* + g* : b.

The proof of this case 1s already given 1n equa-
tions (3.1.42) and (3.1.46).

When k  k,, then t* : a and t* + g* < b.

Using equation (3.2.1) for A(x) and also equality

(3.1.2), we have:

ACE=+g®) = (1+2) (t*+q*-a)Z/2(b-a) - (£®+q*) (3.2.39)

ACt™) (1+ ) (E*-a)2/2(b-a) -t* (3.2.40)
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Knowing the relationship A*"+g")=A(t*), we have,
(1+) (n*+q*~a)2/2(b-a) - (t*+q*) =
(1+Q) (t*-a)Z*/2(b-a) - t*
[(1+2) /72(b-a) L (t*-a)Z+q*Z+2q* (t*-a)-(t*"-a)Z] = Q"
CC1+) /2 (b—a)3lqg™ + 2t* - 2a] = 1

t-

(b—a}/(1+) + a - qQ*/2

(aft+b) /7 (1+}) — Q=/2 (3.2.41)

Using equation (3.2.2) for B(() and also equality

{Z.1.3), we have,

B(t®+q*) = [(1+2) (£*+q®-a)=*/4(b-a)=
—(t*.g*-a)3/3(b~a)} (3. 2.42)
B(t*) = [(1+) {t*-a)*/8(b-a)*-(t*-a)3/3(b-a) 1

let w = (t*+g%*—-a)/(bh-a) (3.2.44)
and z = {(t*-a)/(b—-a} (3.2.45)
then w+z = 2/7(1+0Q) (Z.2.46)
and w-z = qQ*/(b—-a) (3.2.47)
Substituting for B{t®"+g*) and B*) in (3.1.3),

and using w and =z,

(1+2)w*/84 - W3/3 — (1+2)2%/4 + z3/% = v/ (b-a)r=
(1+41) (w*—z™) /8 — W3/3 + z3/3 = k/(b—-a)=
(144) (W42 ) (WP w24 22— F) /4-Ww3/3423/7 = K/ {h-a)=

Substituting 2/¢(1+@) for (w+z}) and multiplying both
sides by b,

FW3 - T2WT o+ Tz2y - Tz3 - 2w o+ P23 = Lk (B-a)
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wF — 2T 4 ZTzFy - TzwT = Lk/f(b—a)=

(w=2)3F = 4Hk/(b-a)?2

Substituting qQ*/(b—a}) for (w—2z),

[g*/(b—-a)}> = 6k(b-a)=

q* = 3/ak(n-a) (3.2.48)
en k;:i k ikz, then there are two possibilities,

1) t* :» a and t*+q” > b if @ 21 (3.2.49)

14) t* - a and t*+qg* I b 1f @ 2 1 (>.2.50)

Again, let us define:

Ww = vtz = (t*+g*—a)/(b-a) and (3.2.51)

2 = 1-y = (t*-a)/(b~-a) and (Z.2.52)

v = w—z = q%/(h—-a) and (5.2.93)

y = 1-z (Z.2.54)

and as before use equations for Ad{x) and B(x) for

the appropriate range of uniform distribution:

When t*:a and t®*+g*:},

Al(t*+q*)

QILT+g®) — (14 p

Alt™)

{1+ (E¥-a)=/2(b—-a)
Let A(t®+q*) = A{tL*)

k(t*+q*) ~(14+4)p =

since t*+g*:b

- t* (2.2.56)

(L+) (t*-a)=/2(b—-a)-t*

Rit*+q*-a)+an—(as/2+b/2) R (a/2+b/2) =

(1+Q) (£*-a)2/2(b-a)—-(t*-a)-a

QRIt*+g*-a1) +itla-bl)/2+(a-b) /2=

1+ (t*-a)Z/2 (b-a) - (t*-a)

dividing both sides by (b-a)

and substituting,
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Rw ~ (1+) /72 = (1+Q)z23/2 - 2

w o= (14Q) (1+22)/2Q — z/Q (3.2.57)
v = w—z = [(1+Q) (1+22) /20 ~ z/Q) - z

= (1+M (z-1)2/2¢ (3.2.58)
B(t*+g*)= Rl (t*+q%*) - pl2 - g2 7.2.59)

Bit®")=(1+2) (t*-a)*/4(b-a)2—-{(t*-a)>/Z(b~a) (3.2.460)
Let B(t*)= B(t®"+g*}) - k {(3.2.61)
1+ (t*~a)*/4(b-a)2-(t*-a)3/3(b—-a)

=L (t*+q*)~(a+b) /21— (b-a)2/12 ~ k
(1+Q)z=*/4-2z3/3

=@kl {(t*+g*-a)l+(a-b)/2]1Z/(b-a)®-1/12-k/(b-a)=

=QL{v+z)-1/212 - 1/12 - k/(b—a)=

=(1/)0(1+Q)} (234} -22) /242u—R/2]12-1/12-k/ (h-a)2
— (14222 /4423 / 34+ (1 /DL (L4 2F/2-2+1/21F-1 /12

= k/(b-a)=2

(LD I {1+QIRZ2 /34 (1+ Q) T2 /34023 /31 +41) 23422

+{(1+)z22/2~24+1/43-1/12

k/(b-a)=2
(LA L1+ 22/8— (34200 23/ 7+ (34 22/2-21+1/40-1/12
= k/(b-a)=2
Substitute y for (1-z}),
(17T M+ D) (I-8y+by2-4yT4+y®) /4 (3+42Q) (1 -Sy+3yZ-y3)/
T+ (340 (1-2y+y3) /2-(1-y) I+ 1/4Q0- 1/12 = k/(b-a)?=
(148 (148D y*/74-C (1+Q2) ~1-20/31y> +[3(1+RQ) /72— (3+2Q) +
(342 /721y 240 — (14} +{3420Q) — (Z+5) +1 1y+

LC1+32) /74— (342Q)Y /3+(3+) /2-1+1/4-0/121}= k/(b-a)=
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1+ y2*/49 - y3/3 = k/(b-a)>

Substitute 20v/ (14+1) for vy,

(14 [20v/(149) 12 — 2Qv\/2ﬂvil+ﬂ)/3{1+ﬁ) = k/{b—a)=

RYZ/(L+5) — ZQVV/QQV/(1+Q)/3(1+Q)=k/(b-a)2
Substitute g*/(bh-a) for v,
P2/ (1+51) (bh-a)=

= k/(b-a)=

Multiply both sides by (1+Q) (b-a)=2/4,

q*2-2(b-a)qg* \/ZHq‘/(1+Q)(b-a)/3 = (1+QYk/R

Q*2-2[20R(b—a) / (1+212 - Zg*3/Z/3=[ (1+4) /N ]Ik {3.2.62)
Let & = [2¢b-a)/ (1+,) 172 (3.2.63)
Where i, = max ({t,1/4) (3.2.64)

Q*2 - 28q*372/3 = k{1+Q.) (3.2.65)

Now, we ran easily obtain t* 1n terms of g*® as
follows:

From equation (3.2.%58),

v = (1+) (2-1)32/2Q where v = q®*/(b-a),
z = (t*-a)/(b-a} (3I.2.4648)
qQ*/{b-a) = 1+ ((t*-a)/(b—-a}) - 11=

]

LO1+2) /72Q1L (Et*"-a)/ (b—-a) 1= (3.2.67)
(2(b-a)/<1+1/Q)1q* = {(t*-p)=

§2q* = (t*-b)=



t* = b - &./a*
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(3.2.68)

Sitmilarly, but more si:mply, similar results camn be

obtained far the following range:

11) When t*:a and t*+g*<b

Aite) = —¢=
A(L*+q®) =(1+Q) (t*+q®*-a)2/2(b-a) - (t*+q*)

Equating A{t*+qg") with A(Lt*), we get,

(1+Q) (t*+q*-a)2/2(b-a)—(t®+q*) = —t*

L(1+0)/21w2 = g®/(b-a)

COL+2) 721w = w — 2 = v

w = JETTIR

Bt®+q*)=(1+Q) (t*+q*~-a)*/4(b-a)=
—{t*+q*"-a)>/3(b-a)

H(t*) = 0O

Using the relatironship B(t®*+g®*) - B{Ht®*) =

(1+Q) (t*+g*-a)*/4(b-a)2-(t*+q®*-a)3/3(b-a) =k

(1+R)w*/4 — w3/3 = k/(h—a)=

Substi1tuting 2v/ (1 +) for w
(1450 [2v/ (1+2) 12,782 (1 451) \/537?1167/3

= k/(bh—-a)32

V21 +0) -2V \/2v/(1+ﬂ)/3(1+ﬂ} = kLih-a)=

k

(3.2.69)

(3.2.70)

(Z.2.71)

(Z.2.72)

(3.2.73)

(3.2.74)

-

(Z.2.75)

(2.2.78)

(3.2.77)

(5.2.78)

(X.2.79)

(3.2.80)
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Substituting q*/(b-a) for v.

g*"=/(1+%) (b-a)Z-2nQ* 2q*/(1+4) (b-a)/3(1+Q) (b—a)
= k/tb-a)=
Multiplying both sides by (1+Q) (b—al}=
Q*2-2[2(b—a)/ {(1+Q) 12/ Fqe3,/2/3 = Kk (1+Q)
Q* - 28Q*3/2/3 = k{1+) (3.2.81)

For this case t* as a function of g* can be obtained as

follows:

From equation (3.2.71), we have

(1+Q) (t*+qg*-a)Z/2(b-a) = Q*
t*+g® — a = [2(b-a)/(1+R)11-2gea =
t* = a - q* + &§,/9" (3.2.82)

As can be seen, a single equation in terms of Q¥

can be obtained for both cases ## £ 1 and @ : 1.

Table (3.2.3) indicates which model should be used
to calculate t* and q*. Depending on the value of k =
2K/ (h+p)D, we can select the ri1ght model. A similar
table may be obtained that will gquide us to determine
the right model based on the range of lead-time (b-a).

The proof of the ranges 1n  Table (3,.2.3) 15 glven

bel ow:
From Table (3.2.1} , we have,

ky, = 493 (b-alT/3(1+12) 5 when 4 2 1 (3.2.83)
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d{b—a)=/3I(1+)> when ¢ 2 1 (3.2.84)
be combined to form ore equation,
4(b—a)2/3J({1+2,)> where . = max (Q,1/Q)
{(3.2.8%)
ki, substituting for k,
4(b-a)3/3(1+.
a)® 2 Jkii+im,)™
a : 3/3k(1+2.)3/4 (3.2.86)
. from Table (3.2.1), we have
(3-9y {b-a)=/12q when @ < 1 (Z.2.897)
(3w—-1)(b-a)=/12 when @ 2 1 (3.2.88)
be combined to form one eqguation,
(22— 1Y (b-a)=2/12 (3.2.89)

ka, substituting for k=,

(3m—-1) (b—a)2/12

a : \/TZKT38271)

(3.2.90)



“aple 3.2

3 Forsulas Far Calculating t* And g* Based On The Range Of Unifors Lmad-Time Distribution
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It 15 worth while to analyze the behavior of

optimal cycle length g®*(or @® = DQ®) as the range of

lead-time distribution, b - a, changes. This analysis
18 based on results shown 1in Table (3.2.3).

Figure (3.2.1), which expresses the relationship

between g* and (b-a). 15 given below. Within the range

o - dl?k/(3ﬁm - 1}, the function 1is 1ncreasing and

conve:. For the secand range of lead-time, 1.e.,

between \Jtﬁk/(Zﬂm - 1) and \f3k(1+92,)3/4, the function

15 sti1ll 1ncreasing hut concave. For the last range aof
lead-time, 1.e.. greater than \JEE?I*:_5;757E . the
function remains i1ncreasing and concave, It should also

be noted that the Y-i1ntercept 1s HBasic EQR with back-

logging of demand.

The proof of the shape of qQ® = f{(b—-a) 15 gilven
below. For all three ranges, 1t i1s proved that the
first derivative 1s positive. It 15 also proved that 1n

the range of model 1, the second derivative 1s positive

- x

and 1= negative {for the ranges for models I and 3.

kWhen model 1 applies,

(1442 \/(k+u=)/ﬂ (3.2.91)

q*

1+ {L12k+(b-a)TJ /1201272 (3.2.92)

{dq*")/d(bh-a) (172 (1+42) .

{t12k+b—a)12I1/120r" 22 (b-a) 7641

Ih

1+ (b-a) {12QL 12+ (b—-a)=1} -2 - }



]

(d=*q*)/d(b-a)= (~1/2) (140)) (b-a) {12R[12k

+{(b-a)2])}~3/2[24Q (b-a) 1]

—120 01+ (b—a)=2{1200 12k
+{b-a)a2;—372 < O (3.2.94)

When model 2 applies., 9* can not be obtained explicitly

as a function of b — a. So instead, (b-a) as a function

of Q¥ 1s obtaitned and differentiated. Its inverse 15

then analyzed,

qQ*2 - 28q®37%T/3 = k{l+dm) (3.2.99)
where § = [2th-a}/ (1+{i) 1272 (3.2.96)
Let A = 1+41, (3.2.97)

Q*2 - 2[2(h-a)/Alr Zgqes/2 = |Q (3.2.98)

Q*#* -kA = 2(2{b-a)/Alr 2gq*3 =2/ (3.2.99)

(g*2-kA)? = B(b-a)q*"3/9A (3.2.100)

(b-a} = FA(q**-rLA)Z2/8gq*> (3.2.101)

[d(b~a)l/dg* = (18Ag® (q*Z-iA)-27A(g"Z-Lka) 1/8q*~

=[FA(Q*=-kA) /2q®*2I-L[27A(gq*%—-kA)=/Bq**]

[(FA(Q=2-kA) /2q*21L1-3(g*2Z-kA) /4q*=2]

[2A(Q*"=-kA) /2q* 210 (g"=+3kA) /4q*=]

FA(Q*Z-KkA) (q*2+3KA) /Ba** 2 O

(3.2.102)
Note: It can easily be inferred from equation (3.2.99)
that (Q*2-kA) : O,

[di(b-a)/dq®*] = [FA(FIG*Z+3kAIBQ**1(q*2—kA) (3.2.103)
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d2(b-a)/dq®* = {[(18AGQ*) (Bg**)-32q*3(9A) (q*=
+3kA)1/654G%") (g %-kA)
+2g* (9A) (g"2+3kA) ) /Bg*=
= (144AQ*=/64g*™) [ q*2-2(qQ*=+3kA) ] (q*=

~kA)+FA{g*"2+3kA) /4"

—(9A/4Q*"D) (gQ*2+6kA) (q*Z~kA)

+(FA/4Qq*>) (q*+3kA)

(9A/4q*>) [ (Q*+3kA)

-(1/9%2) (Q*2+6kA) (Q*Z—kA) ]

1§

(FA/44*3) [ (q*+3kA)—(1/g*%) (q**+5kAq*=

-6k2A=2) ]

(FA/4g*>)1[—q*F+g* -2kA+ (LkTAZ/ q*=) ]
(3.2.104)
To prove that the second part of equation (3.2.104) 1s
positive, we use the relationship (q*#-k@) 2 O that 1s
implied from equation (Z.2.99) and show that the
following equation holds:
-qQ*=2 + g® -2kA + (LkZTAZ/q*Z) > O

Substitute kA for qQ*=,
kO + \/EE - 2kA + 6KkA 2 O
3kA + JKA 2 0 (3.2.10%)

Now, since both parts of equation (3.2.104) are posi-
tive, therefore,
d*(b—-a)/dq®** : 0O

And 1ts 1nverse,



d=q*/d(b-a)=® 2 O

Therefore

(b—a).

q*)

15 a

When model 3 applies,

gQ* =

dq*/d (b-a)

{6k (b—a)])2~>

concave and

in
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creasing function of

= 2kfbkib—-a)l—2"> > 0O

d2g®*/d(b-a)?® = -8kl[&k(b-a)]1~®"3 < Q

q*
model 3

applies

Figqure 3.2.1 q*

- e g e e S e T T e . e o el e e

[ N B R N B R R I |

Vv

LN R IS B B I BRI BN A W

as a function of b-a
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CHAPTER 1V

FURTHER ANALYTICAL RESWTS

In this chapter of the dissertation, additional
very i1mportant analytical results are discussed.

In section 4.1, we obtain the ranges for which
cross over may or Mmay not occur.

In section 4.2, we develop explicit cost formulas
for different ranges of lead-time distribution.

In sections 4.3 and 4.4, the behavior and shape of
total cost and cycle time as a function of range of
lead-time distribution 1s graphically and analytically
analyzed.

In section 4.5, the sensitivity of decision
variables and total optimal cost to lower bound of
lead—ti1me distribution 1s analyzed.

Finally, in section 4.6, we obtain an analytical
expression for obtaining the probability of crpss over

of two subsequent orders. The results are illustrated

for the case of uniform lead-time distribution.
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4.1 CROSS OQVER AND THE ASSUMPTION OF

NON-INTERCHANGEABILITY

As we discussed 1n  the introduction to thais
dissertation, cross over occurs 1f and only 1+ an order
placed later arrives before a previously placed order.
In this paper, not only we allow for cross over but we
alsoc assume that unit demands are non—interchangeable.
By non—i1nterchangeability, we mean that each order 15 a
special order, 1.e., each order can satisfy a particular
group of customers.

To understand the two concepts of cross over and
non—-i1nterchangeability, the reader should refer to the
following four figures.

The top fiqures indicate the i1nventory levels over
time, when the assumption of non-interchangeability of
demand 1is made. But, the bottom +1gures shows the
inventory levels over time, when the conventional
assumption of i1interchangeable 1tems 15 made.

it should be noted that, in fiqures 4.1.1, and
4,1.2 the assumption of non-i1nterchangeability 15
immaterial. This is due to the fact that, 1n these two

figures arders arrive 1N sequence.



I.Unit demands are nan—interchanqgeable

Il1.Unit demands are interchanqeable

[
rJ
o

Figure 4.1.1 Comparison of the effect of the assump-
aof non—interchangeability when orders

arrive 1n sequence and t 1s positive.



I1.Unit demands are non—-interchangeable

I1.Unit demands are interchangeable

Figqure 4.1.2 Caomparison of the effect of the assump-—
t1on of non-i1nterchangeabillity when orders

arrive 1n sequence and t 1s negative.
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I.Unit demands are non—interchangeable

Figure 4.1.3

Comparison of the effect of the assump-
ti1on of non—-interchangeability when
orders do nogt arrive 1n seguence (i.e,,

orders may cross! and t 15 positive.



a5

I.Unit demands are non—interchangeable

IlI.uUnit demands are interchanqgeable

Figure 4.1.4 Comparison of the effect of the assump-
tion of non—-interchangeability when
orders do nagt arraive 1n sequence {(1.e.,

orders may cross} and t 1s negative.
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Figqures 4.1.1 and 4.1.2. are 1ndicative of the fact

that 14 orders do not cross, the assumption of non-

interchangeability is immaterial. Therefore, our model

is better than other exi1sting models because 1t 15 exact
rather than heuristic.

Knowing that there are only four paossible ranges

{shown below) 1n which a, b, t*, t*+q®" may occur we

establish the {foilowing theorem.

THEOREM 4.1.1 The cross oaver may occur 1f and only
if the range of the lead-time distribution, b-a, 1s
greater thamn the optimal cycle time, g*.

FROOF Four possible ranges exist for t® and t*+q*,
Faor each possible range we prove that b-a should
be greater than g* 1n order for cross aver to occur:
Case 1 t* £ a and t®*+g®" > b

Here we can distinguish two possible conditions:

i) t* 15 positive and less than a,
M~ < ™ <
| T~ * T~
' A RN ' B T~
' T - ' -~ -
_____ L e N
X | x T T T
h,,nxr___ﬁ e I |
1 a 2 a' |
I { |
| .
'possible arrival ' '
1 |
I
'time of order 1, possible arrival!
p— > i 1
"time of order 2i
- >,
Figure 4.1.5 Posei1bility of cross over

when a-t* O and t*+q*:b.
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For orders to cross, order 1 stould arrive after

point B, which 1s i1impossible because, t*+gq*:b is going

to be violated. Therefore, 1n this case there 1s no

possibility of cross over. The same argqument 15 true
when:

i1) t* 15 negative and less than a,

™~ < ~
| T~ | ~ .
i ™ i = .
e
! RN ' ~ _
! ~ . | ~
) R l .
1 ‘-._h\l \-..\_
A, e e e — — o
} S | 1 | =
| i |
_t! la I 2 a. |
| !
| : ) ' !
possible arrival | i
[ i : |
'time of order 1! Ipossible arrivall
i ] i |
r " 'time of order 2:
i
r »)
1
Figure 4.1.6 Possibillity of cross over

when O:t*:a and t*+qg*:b.

Therefore, for the range to which model | applies

there 1s no possibility o cross over.
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Case Za t*ta and t*+q*:b
Again, si1nce “a" is both positive and greater than

zera, we face two possibilities:

i) £* 15 positive and less than a,

P\ l\\

[ N " N

| N ! h

| h ' )

~ ‘ N
; ~ ~
t N [ ~\
~ i N
| A N B C N
i \{ ~
ﬁt_Ah_“_r_#‘__m_x'_L—AT ____________ N

S | e
1 a { 2 a

|
|
[
[FPossible arrival time of order I

|
i
1
|
]
.

Possible arrival time of order 1

Figure 4.1.7 Fossibility of cross aver

when OZt*:ia and t*+g*:b.

In thi1s case possibility of cross over exists i f
the arrival of order | 1s after time C, mathematically,
a + g* - b

or b — a - q"



1i) t* is negative and less than a,

a8

—

-~

L

|

]

'

: 'passible arrival time of arder
I

\Possible arrival time of order 1

Figure 4.1.8 FPossibility of cross over

when G2t*7a and t%+q*

Far orders to cross each other,

should hold:

Case b t* . a and t*+q* 2 b

B

_t__,..._r___J

!

1 a tl 2 al lt?
I 1
'Possible arrival'

i |
:tlme of order ﬂ

b possible
)
I time of

ib.

arrival

order

) I

Figure 4.1.9 Possibaility of cross over

when t*:>a and t*+g*>bh.

the following
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In this case cross aver also occurs 1f and only

if a+q*<h or b-a>q".

Note: In case “b" is between B and C, t*+q® { b 1s

satisfied bhut orders do not cross. But 1f b is lacated
after point C, then there 15 a possibility of cross-—
over .

And, finally:

Case = t* : a and t*+q* : b
Since "a" 15 always posi1tive, this case applies

only when t* isc positive, graphically:

LPosslble arrival time of order 2

1
|
i
1
|

IPossible arrival time of order L#

Firgure 4.1.10 Fossibi1lity of cross over

when t*>a and t*+g*<b.
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According to Figure 4.1.10, there 1s a possibiiity
of cross oOver as long as arrival time of arder | 1s
after point B. Since t*+q*:b, 1.e., b is located after
point C, there 15 always a possibility of cross over in
this case.

Therefore, the theorem 1s proved for all cases.
The theorem also showed us that within the range 1in
which model 1 applies, cross over can never oOccur. In
the range 1n which model 2 applies (2a and 2b), 14§ b 1s
rather small there 1s never a paossibility of cross-
over. On the other hand, for large "b" there 1s a
possibility of cross over. As described before, for the
range 1n which model T applies there 1s always a
possibility for cross over.

The above analysis leads us to the second theorem:

THEOREM 4.1.2 Given the parameters of the problem,

8w and k = 2/ (h+p)D, there 15 a possibility ouf cross-

over 1f and only 1f:

q* > e (4.1.1)

PROOF: As we showed 1n Theorem 4.1.1, the possibility
of cross over starts some where 1n the range 1n which

-

model 2 applies and continues into the model 3 range.



92
It was proved in the previous chapter that the follawing
applies for the middle range, i.e., model 2:

Q**F- Z2[2(b-a)/ (143,311 72 q®32/3 = k(14+Q,) (4.1.23

*Jb—a =[q*"2- k(1+Q,. )]/[(“/3)\/7/(1+Q Q3 F] (4.1.73)

From Theorem 4.1.1 , we know that cross over occurs 1¥
and only 1f:

b - a » q* 4.1.4)

or \’/b - a \'/q' (4.1.5)

Substituting the right hand sitde of the equation (4.1.72)

for Vqﬁhzﬁgf in (4.1.5), we have,

[Q*2—k (142m) 1/0(2/3) \f2/ (1 +Rm) . q*37 2] \/q (4.1.6)

R (4.1.7)

CORDLLARY 4.1.1 There 15 a paossibilaty for cross over

when:

b-a - focmemmme— (4.1.8)
2 73T
1=3 \/f:a:.

From Theorem 4.1.1, we learned that the starting point

for the possibility of craoss over 15 when (bh-al=qg*.
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Therefore, by changing qQ* in equation (4.1.7) to (b-a)
the corollary holds.
COROLLARY 4.1.2 The +ollowing relationships can be
found between the lower and upper ranges of (b—a}) and
q*.

[lo-u = \/12k/<3n...—1)1 =

(2/(1+0m) 1L qu = (1+Qm)\/3k/(3ﬂm*1)]

4.1.9

Jk(1+51,)Y3/74] =

and [Ub—-

L1+ /2. [(Ugqe = Ik (1+4l,) ] (4.1.1M)

It should be noted that 2/ (1+Q.) is always less
than or equal to 1 and (1+4,.)/2 15 always greater than
ar equal to 1.

COROLLARY 4.1.3 When i, = 1. the lower and upper

range +or both b—a and q*, as well as the starting point

for the possibility of cross over, become \/EE.

This simply means that only models 1 and 3 apply
when . = 1. Also, 1¥f b-a or g* 1s less than \/E;.
there 1s no possibility for cross over. And, obviously,
when b-a or g* 1s greater than \/EE, then the possibi-
lity of cross over exists.

Using Theorem 4.1.,2 and corolliary 4.1.1, we can
give a more complete graph that expresses the relation-

shi1p between (bh-a) and q*.
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Figqure 4.1.11 g* as a function of b—-a and ranges

for which each model applies when

lead-time 1s uniformly distributed



4.2 CALCULATION OF TOTAL COST

This section of the chapter i1s devoted to calcula-
tion of total cost. As before, we distinguish different
possible ranges for t* and t*+gq®™ and then obtain
analytical results for total costs.

For a certain range 1n which model 1 applies, a
total cost express:on can be obtailned. This expression,
which applies to any distribution, 15 a stochast:ic
generalization of basic EOQ’'s cost function.

Liberatore™s [7]1 cost function is different from
the mainstream of inventory cost functirons. It 1s
composed of three parts. To understand 1t fully, we

will eupress it both aligebraically and graphically.

t
ETC(t.q) = K+ I {(hDq(t-r)+hDg2/2} g(r)dr
(8]
t+q
+ I {pD{r—t)2/2+hD(t+q-r)=/23g(r)dr
t
[+

+ J {pDg®/2+pDqi(r—-t—-ql)3gqiridr
t+q
(4.2.1)

-

Now we express each part of the cost function graphical-
ly. The arraival of the order, 1n the first integral, 1s

assumed to occur before the start of the cycle for which
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the order 15 placed. Obviously. since the order has
arrived befare expected, this will increase the level of
1nventory. For this cycle only positive inventory 1s
possible; therefore, the only inventory cost i1nvalved

here 1s holding cost.

t

I {hDg(t-—r) + nDg®r/2}) g(ridr (4,2.2)
€1
- .{’
=
Dq //
==
>~ t-r \
|' 4%2? \ \\' \Q&\
o
) <! \\\\\\
0 r t t+g
+ , q .
/ J L \ 7 -
€) t t+qg
— i
\ f
r
Figure 4.27.1 Cost, whern the actuwal arrival of the

order occurs befaore the start of the

cycle for which the order 1s placed.

The first term in the above integration measures
the area of parallelogram and the second term measures

the area ot the triangle. Both terms, multiplied by
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the holding cost per unit per unit of time, will then
express the related holding cost.

The second inteqgral 1n the total cost functian 1s
also composed of two terms. Here the arrival of the
order 1s some where within the range of the cycle,

t+q

I {pD(r-t)=/2 + hD(t+q-r)=2/2} g(r)dr (4.2.3)
t

0 t r t+q
Figure 4.,2.2 Cost, when the actual arrival of
the order occurs some where within
the range of 1ts cycle for which the

order i1s placed.

The area under the horizontal axais, (r—t)l(r-t)D1/2,
multiplied by penalty cost per umit of time, represents
total penalty cost 1nvoived. The area above the axis,
(t+q-r)f(t+aq-r1D1/2, multiplied by holding cost per unit

of time, represents total holding cost involved here.
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the order arrives after the end of the

Finally, 14
the related —ost 15 just penalty cost:

cycle,
L]
I {pDg®/2 + pDQ(r—t—-q}’ g(r)dr (4.2.4)
t+q
; q . ~""t-a
0 t t+q r
O r
',///‘} ~ .
r-t—-q .
p »
///// a
Z
Figure 4.2.3 Cost, when the actual arrival of
of the

the order 1s aftter the end

cycle for which the order 1s placed.

The total expected cost considered here 1s differ-
the abave to the extent that here lead-time

ent from
15 fini1te and 15 defined between a and b

distribut:i1on

K o+ I {hDgi(t-r) + hDg=/2} gtr)dr

ETC(t,.q) =
a
t+q
+ I pDir—-)2/2+hD(t+q-r)2/23q(r)dr
t
b
+ I {pDg=2/2+pDg(r-t—-g)igir)dr (4.2.5)
t+qg

And the e:pected average cost 1s ETC(t,q)/q,
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t
kr/g + ja{hD(t—r)+th/2}g(r)dr

EAC{t.q) =
{ It+q
+— J{pD(r—-t)2/2+hD(t+g-r)=/23gq(r)dr
q ¢t
b

J r > — —_ T v
t+dqu/hﬂ:)D(r t-qlligirddr(3.2.46)

As before., we dicstinguish three possible rannes and
then +for each range calculate the optimal expected

average cost.

THEQREM 4.2.1 I+ b - k2 or equivalently (t* - a and

t*+g* > b), then the optimal expected average cost

function 1s:

EAC(t*, g*) = TDkhip/ th+p) 14+hpD=g=2 tg.2.7)

FProof Since a and b are between t* and £*+g*, the
first and the thirg 1integral 1n equation (4.2.6) drop

out and we have:

b
1
EAC(t.q) = - *(—)I{pD(r*t)2/2+hD(t+q—r)2f23gir)dr
q gq a
b

(3. 2.8)
S | f
EAC(t™, q®) ="+ (-} J{pD(r-t)Z/2+hDt*+q*—r)2/21g{r)dr
qQ* q* a
(4.2.9)

Substituting for t* and qg*.
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K 1
EAC(t* q‘)=~ I {-—[r—(p V/Q(k+c2))]’ +

+ {k+a=)y,/q — 2(r— p)\/(k+¢2)/ﬁl}g\r)dr

After factoring and cancellation,

OO | D b b
=s—+—{{{(h+p) M) (r—p)2g(ridr+{k+c2) (h+p) —;
q*q* 2 a 2
(4.2.10)

b

Substituting ¢2 for I (r—p)=g3(r)dr and getting the
a
common dencminator,

+
i+(h~E)D(wz+k+u2)

= o <
h+p 2K+ (h+p)De2
—EE[ ————— DT ]
b+p K+2Z2¢(h+p)Deg=
= (k+ (—5—)0(“———?';;53'6———‘-) b
_hp D ____
) (h+p) 2k + {h+p)De=
= [:K+(h+p)062]2(—be—)[ ————— L ]
h+p 2K+<{h+p)Doc=

I
<¥:ﬁ
M
x|
+ |
-~
T
+ |
7
- |
(o B
Q |
N
o
-
-~
T >
+ B
o (9l
-t |
e

= /ZDKh(——E—v] + hpD2g2 (4.2.11)
V (h+p)
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This explicit total cost function 15 a stochastic
generalization of basic EOR s total cost when backorders
are allowed. The first term under the square root
formula 1s basically the basic EQOR's cost function when
backorders are allowed. The second term represents
additional cost that 1s due to uncertainty 1n the
lead—-time and depends on the variance of lead-time
distribut:on. This formula provides the optimal
expected cost {for any distribution of lead-time as long
as 1ts variance 1s known.

From the corollary 1n [13]1, we know that when

ey 2 k : kz then there are two possihilities:
(a}) t* 2 a and t*+qg* 2 b, 1f ¥ {(p-al/(b-p)(4.2.12)
or (b) t* > a and t®*+g* = b, 1f o “(p-a)/(b-p)(4.2.1

Or in the case of uniform distribution of lead—-time:

(a) t* - a and t*+gq* _ b, 1§ ¢ = 1 (4.2.14)

(b) t* > a and t%+g* - b, 1f @ = 1 (4.2.15)
THEQREM 4.2.2 I ky =~k - bz and @ 2 1 equivalently
t* : a and t*+q*®" 2 b holds. For this case the optimal
expected average cost 1s:

EARC (t*,g") = Dh(t*+qg*-p: (4.2.16)
Proof To fi1nd the expected total cost that applies 1n

this case, we drop the third i1ntegration term and change

the upper l1mi1t of the second i1ntegration term 10 egua-
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tion (4.2.5) to "b" tao fi1t the above ranges and we get:

3
t hDq>

ETC(t,q) = K + Ia thbDg(t-r) + —E——}g(r)dr

+ f{pD——f—— +hD———-—z—— Igqir)dr(4.2.17)

Si1nce we want to find the total average eypected cost
for uni1form distribution, we have ta replace g(r) with

i/7(b-a3) and then i1ntegrate:

Ko+ [th/(b-a)J{E(t+q!2)r—r2/2]t}
a

ETE(t, g}

+ {D/[b(b—a}]}([p(r—t)’—h(t+q—r)3]t}
b

= & + [(hDg/{b-a)1{{t+q/2) (t-a)—-{(Lt2-a=)/2}
+ {(D/L6b-a)i{pb-t}Zb(t+g-b)>+hg>?
= Kk + [hDg/(b-a)l1{{t-a)lt+ g/2-t/2-as21}
+ (D/L&6(b-a) i {ptb-t>3
- h{g¥-3gq%b-t)}+3qib-t)Z—(b-t)33+hg>}
= k. + [hDqg{t—-a)/2(b-at il (t-al)+qgl
+ {D/LHb-a)1i{{h+p}(b-t)*
+ Ih(b-t)g®-Thib-t)=qg:
= k + {hD(t-a)Z/2(b-~a)lq+LlhD(t-a)/2(b-a)lag?®
+ [Dth+p) (b—t)F/76th-a) I+ [ ChD(b-t) 7&{b—a) Ig<
- [ZDh{b-t)2/&(b~-a)]lqg
= k + {(ZhD{(t-a)+{(b-tr3/6(bh-al)lg=
+ ‘IhDIO(t-a)2Z-(b-t)2Z3/6{b-al)l}q

+ [Dih+p) (b-t)3/46i{b-a} ]
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hDg2/2+{hDC(t-a)Z-(b-t)=1/2(b-a)}q

+ {(K+[D{(h+p){(b—t)=/6(b—-a) 17 14.2.18)

EAC(t, q) ETC(t,q)/qg=(hD/2)g+{(hDL(t-a)=2+(b~-t}=21/2(b~a)?’}

+ (K+[(D(h+p) (b-t)3/4(h-a)1}/q (4.2.19)

We showed in the previous chapter that the optimal
values of t* and Q" are obtained from the following:
G*T - 2 {2(b-a)/ (1+§,) 31/ 2q®3 T /5=k (1+42n) (4.2.20)

and b-t* = [2(b-a)/(1+Q,) ]t 2q=r -2

il

[2(b-ath/ (h+p) ]t 2Zge1-= (4.2.21)
From equations (4, 2.20) and (4.2.21) we need to obtain
(a-t*)2 and (b—-t®*)2 and then substitute 1n eguation
(4.2.19) , ¥nowing that (1, = p/h} 1n this case and
ko= 2K/ (h+p)D,
qQ*Z2-2(2(b-a)h/ (h+p) 117 Zqe3/ 2/ <[ 2k / (h+p)DIL th+p) /h ]
=2k/hD t4.2.22)
(a-t*) ={a-b)+[2(b-a‘h/(h+p) jt-ETgerr= (4,2.22)
(a—-t*)T=(a-b)rZ2+[2(b-a>h/{h+p) 1q®*
+2(a-bYL2¢b-alh/ (h+p) 117 2gq=r/Z (4_2_14)
(b—t*)Z2=[2(b-a)h/ {(h+p}) 1Iq” (4.2.25)
(t‘—a)2*(b*t‘)2=(a—b)2+[2(b“a)h/(h+p)]q'
+2(a-b)(2(b-ath/(h+p) |t " 2q*1-=
-{2¢(b—-ath/ (h+p) 1™
={(b-a)?-2(b-all(2(b-aYh/(h+p) 12t =2g=r- =2

(4.2.26)



EAC(t*, %) = ————— oo .-

torrmT T T TS 2(%b-ay T
k Dh+p)[2(b-a)h/ (h+p) }1>-=
T — o e . qer-=
q* Gib-a)
+ DQ q-+U9 (b—a/} - hD[tiE:é)_Dlnfzqnxzz
2 2 (h+p?
_ Y, pelhrpiiZibrain/ihiedd L
q"* &i{b—-a)
2(h—~
(fﬁg*elbjllzq‘lIZ + Dg[q-+(b"a)]
(h+p) 2
= ¥ _ 2 hD[gig:élbjnzzthfz
q* 3 h+p
h
+ hD [qQ*+(b-all (4.2.27)
2
Dividing both sides of eguation (4.2.27) by q*, we get:
q‘ — :‘Egie.jél]l/zqtllz = __g . E (4_:':‘8)
1+t hD o hd
.
Rewriting 1n terms of q*’
3 D 2 2b-a) _1/2 172
- = == ig*" - —[——9—§~] q* > (4.2.29)
q* 2 3 1+,

k.
Now substitute for =~ a1n EAC(t*,gq*"),
Q"
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EAC(t*,q*) = (hD/2){q*-{(2/3)Y[2(b-a)/ (1+{ii,) 12 Iger/ 2}
-(2/3yhDL2(b-a)h/ (h+p) ]2/ 2gq=21 -2
+(hD/2)[q* + (b-all (4.2.30)

Substituting for b - t* we get

EAC (L™, g*) (hD/2)EQ® - (2/3)Y(b-t*)]) - (2/3yhD(b—-t*)

+ (hD/72Y[g*+{(b-a)l

It

hbDg* — hD{(b-t*) + ((hD/2) (b-a)

hDE (g*-b+t*+(b/2)-(a/2} ] (4.2.31)
Therefore, we will finally have

EAC(t*, Q%) = Dh(t*+q*—p) (4,

r
wl
]

THEQOREM 4.2.3 I¥# ky 2 kK 2 kz and £ 2 1 equivalently
t* 2 a and t*+g* - b holds. For this case, the optimal
expected average cost 1s:

EAC(L®* . q*)y = Dp(p—t*)

Proo+ Given this range of decisi1on variables., the
expected total cost +function, 1.2.. equation (4.2.5),

changes to:

t+q

ETE(t,qg) = & + I {pDir—t)Z2/2+hD(t+g-r)2/23g(ridr
a
b
+ I {pDQ=®/2+pDg(r—-t—q) g (rldr (4.2.33)
t+q

Asesuming uniform distribution of lead-time,
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D t+q
ETC(t,q) = K + ————— I ftp(r—t)2 + h(t+g—r)=1dr
2(b-a) a
b
pDq I q
------ = -t - qd
B2y Jreqlz ¥ 7 -t - Q@dr
+
=K + —-2— (Iptr-t)3 - hit+g-mr=1Y" D
&(b—a) a
pDg q b r< b
+ 6_a (L 5 " t,r]t+q+ C —5 ]t+q}
D
= K + ——=——- {(plg¥-(a~-t)=3 + hit+g-a)>}
6tb-a)

+ BRI 9 _ ) (b-t-q) + (b2-(t+q) 21}
=

tl e

= K + *—9———{pq3*p(a‘t)3 + hi(t+g-al)3;

+ -BRA_((t+ 9) (teq-b) +
(b—a) 2

[b2 — (t+qQ)Z1}

VI

=K+———9——{pq3—p(a—t)3+h[q3—(a—t)3+3q(awt)(a—t—q)]}

6(b-a)
:}l
pDq qQ q b= (t+q)
+ TE:;;[‘b(t*‘é)"’(t"'.—?) (t+q) + —E - “_5—— 1
. D ,
= K+ ——=-—-- {{(h+plg™ - (h+p) (a-t)=3
&(b-a)

+ 3hgla-t)L{a-t)—qll

+ -BDA__(_oht-bgeb=+ (t+q) [2t+g- (t+q) 13

2(b-a)
D .
=z K4 ——=——- L(h+p)q&—(h+p) (a-t)ZF+3hgla-t)™
&(b-a)
thi(a-t1g21 + -BP9 [ (b-t)=z-(b-t)q]
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= ———ee {((h+p)g3-3[hta~t)+p(b-t) 1g@®+3I{hla—t) 2
4Hib-a)
(b-a) K
+p (b—t)2]1g+ eibra)k _ (h+p) (a—-t)>)
D
(4.2.34)
TC(t,q)
EAC(t,q) =-51Ct:92 o D r(heprg=-3Ch(a-t)+p(b-t) Iq
q &(b—a)
b(b—-a)K (h+p) (a—t)=
+3[h{a-t)2+p(b—-t)=*F] + —-————- - wm————— e
Dq q
- +
C B (hiamthrmepib-thr=re B2 DERERY st
2(b-a) q &ib-a) q
- ——9———[h(a~t)+p(b—t)]q+959:9l q= (4.2.35)
2(h-a) &(b-a)

To find the optimal expected cost, we need the optimal

expression for g® and (a-t*) and (b-t*). We have,
2_ 2 Z2(b- 2k + 2
q®* - _[tigﬁél]lfzq-SIZ:k(1+ﬂm):‘“_t__=n_g)=_5
3 140 m th+p)D p Dp
(4.2.34)
- _ -3 — ca e
and a-t -_q-_[:ﬁE_E’_J. r2gqea /2—q-_[:_(_9_.3_)_e] 1 /"q- 1/2
1+4),, h+p
(4.2.77)

and b-t==(b-a)+qe-(=~2732041/2 172 (4.7, 78)

Subst:ituting for ta-tH and (b-t) 1in EAC, the optimal

(a-t*) and (b-t*) we may obtain the EAC(t*, qg*),
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2{(b-a}
EAC(t*,q%)= ——2——- (hrqe= + 212721P
2¢(b—a) h+p
2 2({b-al)p )y/2ge3s2] 4+ pl(h~a)?
h+p
(b—a)
+ g*=2 + 2{b-alp q®* + 2(b-a)q"*
h+p
_ ?(bra)(QEEZELE)x/anzfz
h+p
- 2(219:512):/:q-3/2]} + L3
h+p qQ*
— QiDtEl_ l {qns — zq-BIZ(ELEZELE)llz
&(b-a) qQ™* h+p
+ gqnz(giEZELE)_<219:219)3/zq-312}
h+p h+p
bg=* 2(b—al)p
e *(h[q‘*( _______ ):/zthle
2ib-a) h+p
- —_
+ p[(b_a)+ql_(iig_élg)1/2q-1/2]1
h+p
, Dibrp) .en
&{b—-a)
=
= PDE qQ* - ggﬂtﬁig_glE]lfzqaszz+ QE(b_a)
h+p b-a h+p 2
Dp= 2{(b-a’p
+ -~— g*+Dpq* - Dpl-—--=----— Jis2gers=
h+p h+p
_ _De [gigzélE]axzquzz + =
b-a h+p qQ*
¥ QEDtEl(gig:ELE}nrzqusfz - Dpq®
2f{b—-a) h+p
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+ D(h+p) [219:§le]3/2q-x12
&(bh—-a) h+p
+ __bh__ [giEZELE]x/zqsafz_ Dp q*
Z2(b-a) h+p 2
+ __QE__[ELQZELE]llzq'SIZ
2(b-a) h+p
= Dp e _ Dintp) 2(07a)P,, 2 05,2, DRIBTE)
2 2(b-a) h+p 2
- Dp[g£9:§lE]1/2q-x12 + v_ + 959:91_
h+p qQ* 2{(b—a)
. [EE_QZE)_E]J. fzqss/z_'_[_)ib.tEl[gig:glE]3/2q- 12
h+p 6{(b—-a) h+p
Dpq* Dp (b-a} ¥ 2 2(b-alp
= - 4 e ———— + —_—— = — Dp[ _______ ]l/zqtlfz
2 2 q* z h+p
he — —
=_|L - = pD[:EE_ELE]x/Zq-l/z + 92[q'+(b*a)}
a* it h+p 2
(4.2.39)
Dividing both si1des of equation (4.7.346) by qg*,
-3 - —_ ¥
Q* - = [:igvél]nzzqanzz = _2k_ (4.72.40)
> 140, Dpa*
k.
Rewriting 1n terms of ey
t_-.— = QE q- — QE [giezg_)_]l/zQ-llz (4-‘2_41}
q* 2 3 1+%m

Substituting back 1n EAC(t*,q") we have,
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=]

Dp  2(b-a)

EAC(t*,q*) = P g* - —- [==-——= 1r/2qEr 2
2 3 1+,
_ = D {219:5183112q-112+ Dp Q"
3 h+p 2
+ 2B (h-a)
2b-a) Dp
= Dpg* - Dpl—-——"———- JrrZgers2 4 -= (b-a)
1+5im 2
2(b~ D
= Dp{q- — [‘_‘_(.t_)_él]l/zq.l/:l} + _E (b—a?
1+%,, 2
1 1
= DpL(a-t*) + - b - - al
2 2
= Dp[l {a+b) — t*}] (4.2.42)

3

-—

Aand fi1nally,

EAC(t*, g®) = Dp(p—-t™) (4.2.47)
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THEQOREM 4.2.4 I+ k 2 ky or equivalently t* r a anrd

t*+q®" % b, the optimal expected average cost is

—— e  —m ——

3 /92 (h+p)D hp(b-a)D
EAC(t* q*) = [ —————c o + ——m————— (4.2.44)
32(b-a) 2 th+p)

Proot Since t* and t*+q* are within the range of

lead-time distribution., none of the terms of equation
(4.2.1), i.8., the expected total cost function will
drop out. The only changes are the lower bound of the

first and the upper bound of the third i1ntegral,

t
I {hDq(t-r)+hDq=/2201/ (b—a) ldr
a

ETC{(t.q)

]
-
+

t+q

+ I {pD(r—-t)Z/2
t

+

hD{t+gq—-r)=2,23(1/{(b—-a} 1ldr

b

+ J {(pDg=*/2+pDqir-t—q)2L1/ (b-a) ldr
t+q

= K+ (hDq/(b-a)l{[(t+gq/2>ri1" - tr=s21%;

a a
t+q
+ [D/6(b-a) I{(p(r—t)3-h(t+q-r)r=] h;
t
b
+ [pDg/(b-a)I{[(-qg/2-t)r4r2/2 H

t+q
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= E+(hDg/ (b—a)ll(t+q/2) (t—a)=-{(tT-a=) /2]
+L{D/6b-a)1(pg™® + hg™)
+[pDg/b—-a) 1{(—q/2~t) (b—-t—q)

+Ib2-(t+g)Z1/2}

= k+[hDq/ (h—-a) ] i (t+q/2) (t-a)
—{t+ary (t-ar /21
+(h+p)Dqg3¥/6(b-a)
+[(pDq/ (b—-a) Il {(b-t) (—-t-q/2)+{t+q/ ) g

+(b2-t2) /7 - g=/2 - tg}

= k+[hD(t-a)g/(b-a)llt+q/2—-(t+a) /2]

+D(h+p) Q3 /6 (b-a)

+[pDb-t)iqgq/(b-a) I -t—q/2+(b+t) /2]

= k+(hD{(t-a) (t+g-a)g/2(b-a)]

+L (h+p)Dg=/6(B-a) ] (4.2.45)

EAC(t,.q) = ETC(t,qg)l/gq = k/7q + hD(t-a}) (t+g—-a)/2(b-a)

+ (h+p)Dg@®/4&(b—-a}t+pDib-t} (b-t—-q)}/2(b-a}

hbD(t—a)2+pbh(b-t)= E hD{t-a)-pDib-t)

= taqt T 5b-ay 13
&{b-a)

To #ind the optimal expected osvaerage cost, we have to

substitute the optimal values of t® and g* 1n the above



expected average cost function. For this case the
optimal values are:
_______ 3 /12K(b-a)
q* = > /&k(b-a) = 2 Jlekibz =3 (4.2.47)
(h+p)D
(b-a} Q"
and t* = a + -————— - -
(1+52) <
pi{b-a) q"*
= 3 “hTeY - 3 (4.2.48)
Rib—a) q*
and b—-t* = —————— + -
1+ 2
h q*
= hig (bma) + 5 (4.2.49)
Hence,
1 pi{b-a) q*
EAC(t*, q*") = -————— {hD[{~-—-—-—-—— - - 3=
2(b-a) h+p 2
h q* K
+ pDL————{b-a) + - 12; + -
h+p - q*
hD p(b-a? qQ=*
* SwTat TR T 3]
pD h qQq* {(h+p)D
- == s(-———(b-a)+ -1}q*+ —————~ q*=
2(b-a) h+p 2 &(b~-a)
hD p2(b-a)= hD{(qg*=) hDp (b—a) (™)
3(6=a) " (h*p)® 7 Z(b-ar(4)  (b-a) (h+p) (2)
pD h= pD qQ*=
4 e (b-a)2 + ————=— -
2{b—-a) (h+p)= Z2i(b-a) 4
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2(b-a? (h+p)}

2{b-a) (h+p)

(h+p)D

= ————

ad(b—-a)

q.?

(h+p)D_
24 (b-a)

Q"2 4+

hp(b-a)D
2¢h+p)

Sk _ hp(b-a)D
2q9* 2(h+p)

12K (bh-a)

2{(h+p)
(4.2.50)



And finally,

EAC(t*,q*) = [/ —=-—————— 4 mm———— e (4.2.51)
32(b-a) 2 th+p)
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Tabie 4.2.] Foraulas For Calculating Optimal Expected Average Cgst For Uniform Lead-Time Distribut:cen
! : I
| i !
1 i i
1 ! ]
t e L
| ! 12k ' p
MODEL + ! vz Lk . LI N 'OEACY = f2DKh.-T- » npD2e2
: !. Cia-1 ; hép
| i .
] J i
] l i
] ] |
__________ b e m e e e e Y e et e mmmm— mammmmmm e b e m i e e ammacaam oo
. ] 1
L] 1 ]
1 i i
1 1 |
1 ' !
! © BACY = Dhuttegt-y T
’ C T FYIENEI
HUDEL 2 ' kl I tz TR T Mkt PO TR T Sttt
. :'n. 1 §
\ EAC® = Dpiy - t%) vt !
1 ]
1 ] '
1 ] '
] i '
__________ L Vg
| d .
| 1 v
‘. \ ;
| | ]
I Y .. L,
) Pfokiledg3 f 3 Binep D hpib-aid
MODEL 5 | (O N R b - a : EACY - .
'- '. 4 ; 2ih-a Jityer
] ] 1
1 ] '
[} ] I3
1" This model applies to anv Jead-time distribution. it 15 not fimited to Jnifore lead-time distribution

l1ke other sodels.



4.3 BOUNDS OF OPTIMAL EXPECTED AVERAGE COST

The purpose of this section of chapter 1s to
find the bounds for which each of the optimal expected
average costs calculated 1n section 4.2, apply. In
simple words, the lower and upper bounds of EAC* for
each of the three models 1s obtained.

We also shaw the cast turning point between

crossing and not crossing ot orders.

THEOREM 4.3.1 The upper bound of optimal expected

average cost for model 1 a1s

] 3Qm
EAC* = 2DKh ——— (== ) (4.5.1)
h+p 3Q.-1
T Il
Or EAC* = hpD®<k (——~——~— } where k = 2K/ (h+p)D (4.3.2)
Slm—1
Progf From the Table (3.2.3) we know that 1+
b = vfﬁﬁ??iﬁ;iiﬂ then
EAC® -£- + hpD=e= (4.3.3)

h+p

I
<:HH

8]

o

x

pu 4
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Where o2 = (b-al)=/12 for uniform lead~time distribution.

We can distinguish two cases for \/12k/(3‘ﬂ...—1). They are

\/1285 when Q<1 (4.3.4)

—————— when 021 (4.x.5)

LAl
|-
3 IN
1=
b |

I
=
tJ
=

When §1, substitute leﬂkxts—ﬁ) for t(b-a) 1n EAC®* and

k for 2K/ {h+p)D:

e — e e o ————— ——

EAC* = \/hpDZk + hpDZL120k/ (3-5) 1/12 (4.3.6)
= JhPD2C1 + 873 -1
= JShpD2k 7 (3-s1) (4.2.7)
o B Mg A

When @:1, substitute \/IQk/(S‘R—l) for (b-a) 1n EAC* and

bk for 2/ (h+p}D:

EAC* = [hpDTk + hpDZ [12+/ (Gu-1)1/12
= JPRDATLL + 1/ (3R - 1)1
= JhPD3k I/ (3 - 1) (3.3.9)

e ) ._E_. __)_.. K 1)
ar \/"th'l'ﬂ-p'( Sa-1 ) (4,3, 1¢C
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Combining both cases where 121 and Q21 we can express

EAC® as:
T P 3m
EAC* = 2DkKh. -—— ( ————— ) (4.3.11)
I T
or EAC* = hpDZk. ( ———~— } (4.35.12)
3Rm—1
THEDREM 4.3.2 The upper bound of optimal expected

average cost for model 2 i1s

_ - =
EAC® = —"_ 4 hD 01 - = [--Z_1(b-a) 14 Rs1 (4.3.13)
b-a 3 14Qm
k. 2 T2
EAC* = ——— + pD (1 - - ———=Ji{b—a) 14 Q21 (4,35.14}
b-a 3 14+¢m
Proo#f From equation (4.2.27) we have
- 3 ~3 - - )
EAC® = t .= hD [iiE_élE 172 -1/”
qQ* 3 h+p
h
+ Dh (g* + (b-a)1 when @:l (4.3.15)

2

In section 4.1 of this dissertation we proved that the
turning point between cross over and not cross over 1s
at the point 1n which qQ*=b-a. Now we substitute (b-a?

for q* in EAC* and we get



EAC®* = [K/(b—a)} - (2/3YhD. \/L2h/(h+p) 3 (b-a)
+ (Dhs2){2{(b-a) ] (4.3.16)
EAC* = [k/(b-a)l + hD [1-(2/3) \/26/ (1+5) 1. (b~a)
(4.3.17)
or EAC* = [K/(b-a)] + hD [1-(2/3). /27 (1+2) 1. (b-a)
(4.3.18)
From equation {(4,2.39) we have
EAC® = k/Q® - (2/%)pD [2(b-a)p/(h+p))i-Zgears=z
+ (Dp/2Y0g*+(b-a)l when f2:1 (4.2.19)
Again substitute (b-a) for q* 1n EAC*,
EAC® = C(k/(b-a)l - (2/3)pDI{2p/ (h+p) 1172 (h-a)
+ (bp 2 C[2(b-a) ] (4, 3.20)
EAC* = C[k/(b-a)1 + pDL1-(2/3) 271+ 1. (b-a)
(4.3.21)
or EAC* = [k/(b-a)]1 + pDL1-{2,3) \/2/ (1+0m) 1. (b-a)
(4.3.22)
THEOREM 4.3.3 The upper bound of optimal expected

average cost for model 3 a1s

EAC* = (h + p)\/(S/BI(DK/h) when <1 (4.3.22)
EAC® = (h + p) v?i?é??ﬁﬁ?ﬁ? when 21 (4.3.24)

Proaot From table (4.2.1) we have

EAC* = hpD(b-a)/L2(h+p}y] + ‘j/QFz(h+p)D/32(b—a)

(4.3.25)



This applies if b-a 2 \/5k(1+nm)4/4. lo find the lower

lrmit of EAC™ for this range we substitute the following

relationships in EAC*:

\/§k<1+1>= when $<1 (4.3.26)

\/9—ktl+fe)3 when 931 (4.3.27)

When ¢:1, substitute S o1+ Hs for (b-a) in EACS,
4 Q
hZ2p=ZDp= 7 2k h+p 1/2
EAC® = [ -———-—— - ————— e

4(h+p)= 4 (h+p)D h

FHZF(h+p)D 1/3
{ ————3—go— oo~ - 3
=2 j_q_gb__. D:E I ]1/2
4 (h+p}D h
3 p2DEK 172 BlE™ (h+p) ZD= 1/6
= [ g ] + [— T T T T LT L T =
g h 2 K (h+p)?=2
P P mindeb
2D h=
= ((3/8) (p2Dk/N}Y 1272 + [27K3D3h3/5172]
= \/737575E557E + J(3/8)YDKR
= J(378B)Dkh [1 + (p/M ]
= (h+p)\/757§TTBF7EY (4.3.28)

When $t21, substitute \/(3/4)k(1+ﬂ)3 for (b-a) 1n EAC®
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h2zp2p= X 2K h+p 1/2
EAC- = [ _______ e e TTTTT - ( - )3 ]
A4(h+p)2 4 (h+p)D o)
K2 (h+p)D 1/3
{ —=———g— g TS
32 ¢ 3.--2K__ ( hip 3,1/2
47 (h+p)D P
3 h= 1/2 FILS (h+p)ZD= 176
=L gDbk-—p 1+ 77373k hep)=
32 .35 TS
= (h/p)[(3/8)DKpl1*“2 + [(3/8)DKplr-=
= J{378)DFp T1 + (h/p)3

(4.3.29)

1l
J
+
he
@iy
12
o*
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4.4 SHAPE AND PROPERTIES OF OPTIMAL

EXPECTED AVERAGE COST

In sectict 4.2 we derived the optimal expressions
for calculation of optimal cost for different ranges of
lead-time distributian.

In this s=section, through differential calculus, we
will try to find the <shape of EAC* for different

ranges of lead-time distribution,

THEOQREM 4.4.1 When the range of uniftorm lead—-time dist-

ribution is between [0 - | f12k/ (3{t—1)Y1, the EAC® 15 1n-

creasi1ng and conves.

Prootf In section 4.2 we proved 1+ that the range of

uniform lead-time distribution 1s hetween zero and

EQC* - \V/ZDKh.*BA + hpDo= (4.4.12

where T = - -——= for the case of uniform lead-—-time
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distribution. To prove that EAC*" 1i1g increasing and

convex , it 1i1s sufficient to show that both the first

and second derivatives are positive.

d EAC™ 1 P (b-~a)= hpD=2
—————— = - {2Dkh-—- + hpb®~—-———]"1/2[ —w_—(b-a}]
d(b-a) 2 p+h 12 &
(4.4.72)
1 24Dkhp + hpD2(h+p) (b—-al® hpD=
= [ ——— 1-*2{———~(b-a)]
2 12(h+p) &
1 E12(h+p)} 1] ChpD (hpD=) (b-a) <]
=_[ _____________________________________ ]I./2
2 (24DKhp+hpD2(h+p) (b-a) =] £36]

[-———— 1272 : 0 (4.4.7)
72K + 3D(h+p) (b-a)?2

[ ot

Since each element in the firgst derivative 1s
positive, then the first derivative 15 positive. Now let

us show that the second deravative 1s also positave.

I+ this 15 shown, then the theorem 15 proved.
d=* EAC® 1 72K+3D(h+p} (b -a)= CZhpD3 (h+p) (b-a) ).
—_————————re— e 1 7 R e
d(b-a)®* 4 hpD3(h+p) (b-a}= 1

{72k+3D(h+p) (bh-a)21-6D (h+p) (b-a) 1.

" [72K+3D(h+p) (b—a)2])=



1 72K+3D(h+p) (b-a)=

4 hpD¥ (h+p) (b-a)=

144hpD>K (h+p) (b-a)

- {E73K33C (hap) (b-ar23=’

1 20736hpK2ZDZ (h+p)

1296hpk ZD= (h+p)
=\/ (7 I hIpy (brar=is O (4-4-87

Since both the fairst and second derivatives are
positive, the theorem 1 proved, 1.8, the optimal cost

function 1s 1ncreasing and convex for this given range.

THEOREM 4.4.2 When the range of uniform lead-time

distribution 15 greater than SE{1+0, 3,4, the EAC*

1S increasing and convex.

Proof Far the above range of lead-ti1me distribution

the pptimal expected average cost 1s:

hpD (h-a) K Z(h+p)D
EAC® = — oo 4 [ e e Y (4.4.5)
2 (h+p) Z2(b-a)
d EAC* hpD 1 K= (h+p) D ~32[9% 2 (h+p)D]
—————— e + —[-————— b i T . 3

d(b-a) 2(h+p) 3 32(b-a) 322 (b-a) £
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hpD 1 32(b-a) K2 (h+p) D 1
= - e R 32/ - - — 1
2(h+p) 3 P2 (h+p)D 32(b-a) {b-a)
hpD 1 PKZ (h+p) D
= e ——— _— e ———— [ ————————— ]1/3
b4 Zib-a) 32(b—-a)
tpD £Z(h+n)D
= m————e =~ [=—mm=——- 1ro3 (4.4.¢)
Z(h+p) F&H{b—ar

To prave that this first derivative 15 positive, we have

ta show that:

hpD K2 (h+p)D
—————— I e (4.4, 7)
T (h+p) F6(b-a)=
h3p3p3 kZ(h+p) D
or @ @ mmeem——— i (4.4.8)

or 12h3p3DZ(b-a)= EZ(h+p)*= (4.4.9)
Fz(h+p)‘

ar (b—a)‘ S e e e (4-4. l(:’)
1Zh3p3p=

To show that (b-al®* : K2(h+p)*/12h3p3D* , we use the

range relationship that this madel applies. We | now

that the above cost expression holds 1f and only 1f:

b-a : [2(140m)3K1t/"
a4
3 2K 2
z (;(i+ﬂm}3.———t——]l/ (4.4.11)
4 (h+p) D
When 2t = hs/p _ 1 we have &, = p/bh. Squaring both sides

of equation (4.4.11), we get:



<, 2hre, v 2K
(b-a)” 2 2R hip)D
3 K(h+P)2
: 3.8

2 a

> S )
(b-a)? : o7al. k_thiel
12h3p3n=

Comparing ecquation {4.4.1C) with

knowing that ?7Qi 1 leads

equat:ron (4._.4.10) holds and as

derivative 15 greater than rero.

Similarly we have to prove that the

tive 1s positive when 2, = h/p :

fram the rarge relationshi1p for this case,

T 2
b-a =, /= (1+0. "k
4

(b-a)™ - Z(140m) " -1
4 (th+p)D

{
J
=

Substituting h/p +or $tm we have:

2, 2 h+p, 3 <
(b-a) -4 ( o] ) - (h+p D
4 ? (h FE

. +E)

equation

4.4.12)

(4.4.129

(4.4,.17),

the conclusion that,

the f1rst

first der:.,a-—

tm=h/p. Again

we have:

(4.4.14)

(4,4.15)

(4.4.16)

(4,4.17)

(4.4.18)
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Comparing equation (4.4.10) with (4.4.18), knowing that
279:) leads to the conclusion that equation (4.4.10)
holds and as a result the first derivative 1s greater

thanmn rero when >1.
NOow we show that the second derivative 1 alco

positive 1n this case.

- -
d7EAC_ 1 rThep)D =277
d{b-a)= 3 P bh—a)e
. =4(9&) (b-a) [k (h+p)D] |
o (P4)2(b-a)® ’
';_)
_ 1 96¢b-a)” 2/30 T chp)D
72 7 KE2(h+p)D (b-a)®
_ 1 9ekDt Cinepy 7T oo
77 (b-a)7-=
1 18k “Dih+p)D .1/
=5 U tqpIaeo 1T o

Hence the optimal cost function for thi1s case Fas

positive f1rst and second derivati1ives. Thi1s means that

1in the range of b-a : \/3ktl+ﬁm)d14 the optimal cost

function 15 1ncreasing and ~onve:x.
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Figqure 4.4, 1 Shape of optima, -ost farcticn n
the case of wunitorm lead-time,



4.5 SENSITIVITY OF DECISION VARIABLES AND

JOTAL EOST TO LOWER-BOUND OF

LEAD-TIME DISTRIBUTION

A careful analysis of optimal solutions produced by
computer search procedure, developed by the author, led
to the +following results. We observed that the optimal
order quantity and optimal expected cost were insensi-
tive to the changes 1n the Jlower bound of the unitorm

lead-time distribution, a". The only decision varieble
that changed was "t*", Now, we state and prove the

above observations 1n the following theorem.

THEOREM 4.5.1 If the lower bound of uniform lead - time

distribution 1ncreases or decreases, given that the
range of lead-time distribution remains the same. the
optimal order quantity ard the optimal expected cost

will not change.

Proof To <show that the optimal arder gquantity 1s
1insensi1tive to the changes 1n  the lower bound of
iead-time distribution, let us refer to Table (3.2.2).
A close examination of the formulas for qQ* for all

three ranges simply 1ndicates that qg* 1s a function of
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b—-a and not "a" alone. Therefore, Q* is just sensitive

to the range of the lead-time (b—a) and not to the lawer

baund of lead-time distribution "a".

A similar argument can be made for EAC*, by just
referring to Table (4_.2.1). For the cases of k * ko
and k £ k, 1t is clear that g* i1s a function of (b-a)

and not "a" alone. In the following, we also show that
the theorem also holds for the case in which k, ki ka.
From table (4.2.1) when k; 2 k ¢ kz and £ 2 1, we have:

EAC*® = Dh (t*+g*-u) (4,5.1)
By substituting the appropriate t* from Table 3.2.2 1into

equation (4.5.1), we get:

EAC® = DhL(b - & \/c—;:) + q" — p1
= Dhi{q® - & \/Eﬁ + (b-a)/21] (4.5.2)
Knowing that q* and 4 are both functions ot {b—a?}

proves the theorem for the above-mentioned conditions.

From Table 4.2.1, when k; 3 F 2 kz and & 2 1, we have:
EAC*® = Dp(p - t*) (4.5.3)

By substituting the appropriate t* from Table 3.2.2 into

equation (4,5,3), we get:

EAC* = Dplp - ta — g* + .s\/a;)]

DpLg* - & \/a: + (b - a) /21 (4.5.4)
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Knowing that qg* and 4 are both functions of (b - a)

completes the proof of the theorem.

THEQOREM 4.5.2 [If the lower bound of uniform lead-time
distribution 1ncreases or decreases by a constant given
that the range of the lead-time distribution remains the
same, the optimal reorder level will increase or
decrease by a gquantity which is equal to the change 1n
the lower range of lead-time multiplied by the demand

rate.

Proof We give the proof for all three possible ranges.
Our proof requires t* values, for different ranges,

which are given i1n Table 3.2.2.

K. 2 ka
t* = p - fulkeo?) (4.5.5)
= a + [(b-a)/2) - /e(k+e?) (4.5.6)
ka 2 kK 2 km and @ £ &
t* = p - 5-\/5; (4.5.7)
Since (b-a) 1s constant, any change 11t “"a" will
change "b" by the same amount. In another words, 1+ "a"

increases or decreases by a constant, t* will also
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change by the same amount.

ka 2 k 2 kn and 2 2 1
t* = a - g* + 5\/;: {(4.5.8)
k S Kka
t* = [(aR+b) /7 (1+)] — g*/2 (4.5.9)
= La(l+) + (b-a)ls/(1+) — qg*/2
Hence,
t* = a + [th-a)/(1+})] - Q*/2 (4.5.10)

From equations (4,.5.6), (4. 5.7y, (4.5.8), (4.5.10),

it 1s clear that as "a" 1ncreases or decreases, t* will

also change accordingly.

We also know that R* = D.t*, Therefore the change
1n the optimal reorder level, R*, 15 equal to the
change 10 t*, (1L.8., "am multiplied by the demand

rate. This completes the theorem.
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4.4 TWO CONSEQUENT ORDERS AND THE

PROBABILITY OF CROSS OVER

In section 4.1 of this dissertation we showed that
the possibility of cross over exists i1f and only 1§ the
range of lead-time distraibution 1s greater than the
cycle time ( b—-a > q ?. In the follwing theorem we
assume that the range of lead-time distribution 1s
between one and two cycle time lengths. The implication
of this assumptiom 1s that, only two subsequent orders
can possibly cross each other. Therefore at any point

in time, only two orders can be outstanding.

THEOREM 4.46.1 the probabil:ity of cross over of orders

when 2g* : b-a 2 Q" is:

b H“"q

j I flxa) Flxydd{uz)dix,) (4.6.1)
Xi1=at+q K==a

where
<y = time between placing and receiving order I,
xz = time between placing and receiving order 2,
f(xi1)= probability density function ot x,,
t{(xa)= probabi1lity densi1ty function of x=,

I

f(Gii,xz2)= jor1nt probability density function of .,

and x5,
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PROQF The following two figures show the range in
which two subsequent orders can paossibly cross each

other,

Figure 4.6.1 The range of cross over of
two subsequent orders when

t 15 positive.

FPossible arrival

' time of order 2

ot A . — b — ——

Figure 4.6.7 The range of cross over of
two subsequent orders when

t 15 negative.
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Using figures 4.6.1 and 4.6.2 we can write

F(cross over of

two subsequent orders)

= Pix, *» qg+xz) (4.6.2)

= P(xz < x,—q) (4. 46.3)
b b S =

= I j Flyy wa)dixaddx,) (4.56.4)
Xi1=a+q Mz=a

Since the lead-

get

b

.

¥ 1=a+q

and the theorem
Now let us

distribution of

P(cross over of

(tb—a)=

= ———-!l—— £
(b-a)?=

= —-—l—— {
(b—a)=

ti1mes are 1ndependent of each other, we

“aa—q

._[ 'F(Xz)f(?(l)d(XZ)d(Kl> (4.46.9)
Hae=a

1s proved.
apply the results to the case of uni fom

lead—-t1me,

two subsequent aorders)

r
J Li{xa1—-q)—ald(x,)
+

a+q

1 Oy ]b - (a+q)(x;Jb ¥

2 a+q a+qg

1 =2

= (b% - (a+q)*] - (a+g)lb -~ (a+q)1 3}
2

1

~ [b% - (a+gQ)=]1 —- bla+q) + (a+g)= }
-
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tb#* + (a+qg}= - 2Zb(a+q}l ¥

i
[T
N
[

-
j

(b - (a+q) 1= 3

i
w
W
M

[
(i

[ (b-a) +ql}=z }

{ 1 - __g__ y= (4.6.6)

r -
o
1
1]

It should be noted that, when orders one and two
cross each other, orders two and three can not possibly

cross each other 1n thi1s case.
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Numerical example - Assuming that the lead-time distri-
bution is uniformly distributed between 1 and 11 units
of time, and the cycle time 1s between 5 and 10 units o+
time, we can construct the following table usi1ng

equation (4,.4.6):

TABLE 4.6.1 - Probability of cross over of two sub-

sequent orders when lead-time distribution 1i1s uniform

Frobability of

j
)

q ' cross over
|

_________ e e e
|
I
10 ' 0.0

¥
I
t

9 i 0.005
]
1
I

8 ' 0.020
}
t
[}

7 ! 0. 045
1}
'
'

& H 0. 080
}
1
I
1
1
L}
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CHAPTER V

SUMMARY, CONCLUSIONS, AND FUTURE RESEARCH

5.1 SUMMARY

The term 1nventory may not strike us 1n the same
manner as the terms production and sales, but 1t 1s a
fact that inventory wusually constitutes the largest
1nvestment made by a firm. In econamic terms, this
means that even a small percentage of reduction 1n
inventory level could translate 1nto sizable savings 1n
inventory costs.,

The inventory model discussed here assumed that
demand rate 1s deterministic and stochastic lead-time
applies for a finite range. We also made the unorthodo:x
assumption of non-i1nterchangeability (non-substitutabi-
lity) of 1tems.

The constant demand pattern 15 mainly ijustified for

manufacturers who require parts for their production

procecses. An i1nventory of parts 15 maintained to be
used according to the reguirements of production,
thereby ecstablishes a relat:rvely constant demand

pattern.
In actual practice, lead-time 15 not canstant. Im

spite of great i1mprovements 1n the means of transporta-
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tion, communication and production, most procurement
systems require some lead-time in supply, which 15 often
uncertain. In mathematical terms, this means that the
lead~time is a randam variable. This assumption makes
the analysis of i1nventory models much more difficult.
In spite of 1ts modeling complexity, we i1included
this reali1stic assumption due to the fact that lead-time
variation has a major 1mpact on 1nventory costs.

TJo simplity the modeling, many authors assume that
"orders can not possibly cross" right +from the start.
Her e, we allowed the orders to cross each other, but
1mposed the assumption of non-i1nterchangeability for
mathematical tractability.

I thie work we showed that this restrictive
assumption becomes 1mmateri1al as long as orders do not
cross, or when a certa:n condition, which 15 based on
praoblem parameters, holds.

Washburn [18] provides the 1mplications of the
assumptian of naon—interchangeability 1n manutacturing
and sales. Iin a manufacturing cantext, it 1s laike
assuming that parts are non—-interchangeable. In a sales
context, 1t 15 li1ke assuming that each order 1s being
Ycolored" to satisfy a particular customer’s demand.

The objective of this dissertation was two-—-fald:

(1) To study the 1aventory models that allow for

lead-time variability and at the same time
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allow orders to cross each other due to the
independent nature aof lead-times,

{2) To examine the 1mpact of the assumption of

non—1nterchangeability.

Extensive related results were obtained by Sphicas-—
Nasri [13] priaor to this work. Initially, it was felt
that the ornly 4feasible continuation of that work i1s
simul ation. Therefore, a rather long computer program
was designed. It was aimed at measuring the cost
differences between the 1nventory models that assume
non—interchangeability of 1tems and those that do not.

Firset, a computer search procedure was designed to
frnd the optimal sclution ta Sphicas-Nasri’s [13]1 model,
for different distributions of lead—ti1me. Second, a
simulated 1nventory model was developed, which aliowed
cross over wilithout making the assumption of non—inter-
changeabilaity. It we'. expected that as long as orders
do not cross each other, the solution and costs ot both
models would be the same. And bevyond that point, a
higher cost was anticipated for our model due to the
assumption of non—interchangeabyiity. Simulatien
difficulties and some preliminary results were the

moving force behind this analytical work.
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5.2 CONCLUSIONS

Throughout this research, we have tried to keep a
reasonable balance between the real-world applicati1on
arnd mathematical tractability.

LLike the majority of articles 1n the literature,
this work may not have an 1mmediate application i1n a
real ~world situation. We believe that this research,
more than anything else, will smooth the way for future
studies that will eventually lead to a better under-
standing of the behavior of 1inventory models that
make the realistic assumption of variability 1n lead-
trme and allow for order crossing.

A computer search procedure was designed to find
the optimal value of decisi1on vari1ables. Close review
of computer results, which were tabulated for different
parameters of the problem, indicated that the optimal
cycle time, optimal order quantity and optimal cost do
not change as long as the range of lead-time distribu-
tion, b-a, remains unchanged. But, the magn:i:tude of
change tn the optimum reorder level, 1s  eqgual to the

3

change 1n "a" times demand rate.
We showed that ~ross over may occur 1f and only 14

a certain cond:ition 1s met. Consequently, even before

an attempt 1s made to solve the problem, we should be
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aware of whether or not the possibility for cross over
ex1s5ts. I+ orders do not cross each other the assump-
tion of non-interchangeability becomes 1ndifferent or
redundant.

A cost expression, which 15 a stochastic generali-

zation of basic EOQ's model, was developed. Its
deterministic part 15 the same as the well -known
deterministic basic EOE model. Its stochastic part,

which 1s composed of parameters of the problem a1s
directly related to the variance of lead—time. As
1intuitively expected, the total optimal cost developed
here approaches the trad:itional, well -known, basic EOQ
model as the variance of lead-time approaches zero.

It was not possible to develop results that were
applicable for all ranges of the model. Therefaore, to
obtain cost Express: ons, ranges, shape and properties
of cost function., etc., our Job wWas three ti1mes more
tedious because each result had to be obtained for three
di1fferent applicable ranges.

A general expression 135 obtained to calculate the
probability of cross over of two subsequent orders. The
results are 1llustrated for the case of umiform lead-

time distribution.
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5.3 SUGGESTIONS FOR FUTURE RESEARCH

Washburn (18] inttially introduced the unorthodox
assumption of non-1nterchangeability 1in 1979,

Liberatore (71 then developed a system of two
equations that provides the optimal solution for t (time
1interval between the time an order 1s 1nitiated and the
start of the g time units of demand satisfied by that
order) and q (cycle time).

Sphicas (141 presented a one dimensianal search
ta solve the Liberatore’s Continuous Review (O,H) model.

Sphicas—Nasri 171 then obtained some analytical
results for both general and wuniform distributions of
lead-time. Thay fairst indicated that one of Libera-
tore’s results just applies for a given range and 15 not
universal. For the range 1n which orders do not cross,
some closed-form expressions were obtained for both t*
and q*. Further results were obtailned for the uniform

lead—-time dr1stributi1on.

This work extended the previous studies just
menti1oned. Some general closed-form expressions were
obtained. The range within which orders could possibly
Cross was determined. Some additional results for

untform distraibution of lead-ti1me were shawn,
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The natural extension of this and other previous
works discussed 1s to allow for demand variab:ility.
Obviously, itntraducing one additional variable further
complicates the model building.

We showed the ranqge of cross over, based aon the
parameters of the problem. It applied to uniform
lead-time distraibution. Ite extension ta general
distribution of lead-time based on problem parameters
15 valuable.

Many aof the results obtained here applied to the
uniform distribution aof lead-ti1me. An i1nterested
reader could 1nvestigate other distributions and then
try to draw general conclusions.

Anather posstble area of {future research 18 to
extend the study of cross over discussed i1n this work
to the situations 1n which more than two orders can
possibly cross. The author has deveiloped some rather
large computer programs to study the effect of cross
aver oh costs.

It 18 recommended by the author that the use of
perscnal caomputers be avoided for further simulation
studies 1in this subject. The personal camputers are
very siow 1n running rather large simulation programs.,

There are also flaws 1in random number generators
of IBM PC and many other FCs. Theirr random number

generatore have very short cycle lengths and should not
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actually be used for seripus research. For further det-
ails about PCs and simulation the article by Modianos,

Scott, and Cornwell 1s recommended.
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