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INTRODUCTION

This paper deals with a version of GSdel's Incompleteness Theorem
which, following Raymond Smullyan, we will call "Tarslii's version". G&del's
original version, which we will outline below, can be formulated and proven
as a theorem >f Peano Aritkmetic. Tarski's formulation, on the other hand,
makes use of some notions that are not directly translatable into the lan-
guage of arithmetic. We will present a version that does lend itself to
such a translation and elso, we believe, preserves the essential idea of
Tarski's proof.

Peano Arithmetic is a first-order theory whose alphabet consists of
two two-argument function symbols: "+", "' g cne-argument function symbol

"S". a constant symbol "1" and the equality symbol "=", end whose axioms

are:
(P1) x=y~+{x=2z-+3=2z)
(P2) x=y > Sx =Sy

(P3) 1# sx

(P4) Sx=Sy+x=y
(P5) x + 1 =Sx

(P6) x + sy =58{(x+y)
(PT) x+1=x

(P8) x

Sy =(x -~ yg) +x

(P9) All sentences of the form F(1) » [(¥x)(F(x) » F(sx)) » (¥x)F(x)],
vhere F is any formula with one free varisble .

If we let the variables range over the set N of natural numbers, and

won

if we interpret "1", "s", "+", , "=" as naming, respectively, the num-

ber one, the successor function, addition, multiplication and equality of
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natural numbers, all the axioms (P1)-(P9) will be satisfied - i.e. this
interpretation is a model for Peano Arithmetic. We refer to it as the stan-
dard model, and when we talk about a sentence being true we mean that it

is true in the standard model. The set of all true sentences will be called
the truth set of aritilmetic and denoted by Tr.

Any expression consisting of the symbol "1" eithér by itself or pre-
ceded by a finite string of "S"s will be called a numeral. If "1" and "sS"
are interpreted as above, every natural number n has a unique numeral cor-
responding to it, which we will denote by =.

When we talk about a sentence as being provable, or a theorem, it should
be understood that we meen "provable from (P1)-(P9)". The set of all theo-
rems will be denoted by Th. The set of all refutable sentences - i.e. those
whose negations are provable - will be denoted by Ref. Clearly if a sen-
tence is provable it is also true - thus Th C Tr. That the converse does
not hold, i.e. that the two sets are not equal, is a consequence of G3del's
Theoremn.

We say that a set A of natural numbers is expressible if there exists
a formula F with one free variable such that for all numbers n

F(f) is true iff n e A.

We say that A is representable if there exists a formula F such that for

all n
F(n) is provable iff n ¢ A.
In general, if I is any set of sentences of arithmetic, A C N will be called

L-definable - or definable in £ - if there exists a formula F(x) such that

for all n

F(E) € £ iff n € A.
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Thus expressibility and representability are special cases of definability,
with I being Tr and Th, respectively.

If Ey and E, are two expressions, the expression EiE,; consisting of
E, immediately followed by E, is called the concatenation of E; and E,, and
denoted ty E; * E,.

We will assume that a one-to-one function g has been defined from the
set of all expressions of arithmetic to N. Such a function is called a
G8del numbering and its value for each expression is called the Gddel num-
ber of that expression. We assume that this numbering is admissible, i.e.
that there exists a formula G(x,y,z) with three free variables such that the
sentence

(¥x) (w)(F12)6(x,¥,2)
is provable and also for all n, m, k in N

G(a,%,E) is provable iff g(g~l(n)*g™1(m)) = k.
Thus we want the correspondence between the Gddel number:c of two expres-
sions and the G&del number of their concatenation to be wresentgtle.

If A is a set of expressions, we will denote by Ar ‘e image of A
under g, and by A* the set of G8del nuﬁbers of those £« 4ilas with one free
variable for which the result of substituting their own G8del number for
the free variable is an element of A. In other words, if Fn = g-l(n), then

ne A" ifr F (8) ¢ A.
The sentence Fn(i) is called the diagonalization of F,- A% is called the
normalizer ¢f A. Thus the normalizer of A is the set of G5del numbers of
all formulas whose diagonalizations are in A.

It is obvious that A¥ = A".
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We can now talk about the Incompleteness Theorem. The content of GBdel's
original version is that if Peano arithmetic is w~-consistent then there
exists a sentence such that neither it nor its negation is provable. By
w-consistency is meent that for any formula F(x) the sentences F(1), F(2),...
and also (3x)-F(x) cannot all be provable. Cbviously if arithmetic is w-
consistent, it is also consistent (i.e. a sentence and its negation cannot
both be provable), as in an inconsistent theory one can prove any sentence
whatsoever. Thus an assumption of w - consistency contains an assumption of
consistency.

We will outline G8del's argument. It turns out that there exist two
formulas T(x) and R(x) which express, respectively, the normalizer Th of
the set of provables and the normalizer Ref*cxfthe set of refutables.
Moreover, if arithmetic is w-consistent, those two formulas represent Th*
and Ref*. Thus, if arithmetic is w-consistent, for every n in N we have

R(n) is provable iff n € Ref”.
Also, from the definition of Ref*
n e Ref iff Fn(ﬁ) is refutable.
Thus for every n ¢ N
R(Z@) is provable iff Fn(ﬁ) is refutable.
Let r be the Gddel number of R(x). Then for r in particular
R(r) is provable iff Fr(F) is refutable.
But as Fr is R, we get
R(F¥) is provable iff R(F¥) is refutable.
If arithmetic is consistent (which we have assumed by assuming it is w-con-

sistent) R(F) cannot be both provable and refutable. The only other way in
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which the sbove equivalence can hold is if R(F) is neither provable nor
refutable. Thus from w-consistency it follows that there exists a sentence
outside of both Th and Ref.

Tarski's version, instead of assuming w-consistency and thus meking R(x)
represent Ref*, uses R(x) to express that set. We use the fact that for
svery n

R(&) is true iff n € Ref*, iff Fn(ﬂ) is refutable.
So in particular for r - the G&del number of R(x) - we get

R(F) is true iff F (F) is refutable.
But Fr is R, so

R(F) is true iff R(F) is refutable. ,
This means that R(F) is either both true and refutable, or not refutable and
false. As everything that is provable is true - i.e. everything whose ne-
gation is provable must be false - the first of those two possibilities
cannot hold. Therefore R(T) has to be false but not refutable. Being false,
R(T) cannot be provable either - thus, again, R(F) is outside of both Th
and Ref.

Although we did not have to assume w-consistency here, we did make an
assumption of consistency by letting the notion of the truth set into the
proof. If we regard Th and Ref as being respective subsets of two disjoint
sets - the set of all sentences of arithmetic which are true about N and the
set of all those which are false sbout N ~ we ipso facto regard them as
disjoint.

The purpose of both arguments as we have presented them is to exhibit
a sentence which can be neither proven nor refuted, i.e. to show that the
two sets Th and Ref, accessible to our formal proof procedure, fail to ex-

haust the total set of all sentences of arithmetic. This non-exhaustiveness
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of the two sets is what is meant by the incompleteness of Peano Arithmetic.
In Gddel's proof the inaccessible sentence is found by representing Ref,
i.e. defining it within Th, in Tarski's - by expressing it, which means
defining it in some superset of Th whose complement includes Ref. Plainly
the fact that this superset happens to be the truth set is irrelevant, and
the role of the superset is completely auxiliary - it is just some set
within which Ref® is conveniently defined.

But we could also say that the very purpose of both arguments is to
compare Th with Tr, the provable with the true. The two arguments fulfill
this purpose differently. To see this more clearly let us restate Tarski's
argument using the formula T(x) expressing Th* rether than the formula R(x).
As T(x) expresses Th, ~T(x) will express EE%.IThus for every n
(*) ~T(8) € Tr iff n ¢ Th , iff F_(n) ¢ Th.

Let T be the Gddel number of ~T(x). Then for t in particular we get

‘:-T(’E) e Tr iff Ft(E) ¢ Th.
As Ft is T, this means

~T(E) € Tr iff ~T(E) ¢ Th.
iThus the sentence FT(E) is either true and not provable, or else provable
but false. The latter possibility is precluded by the fact that Th is a
subset of the truth set; it follows that ~T(f) has to be in the truth set,
but outside of Th.

We can now see the different ways in which our two arguments show
that the formal proof procedure is incapable of exhausting Tr. The gist
of G&del's argument is that we exhibit a property of the truth set which dces

not hold for the set of theorems: the union of the set of all provable sen-

Throughout this paper, we use " ~ " as our negation symbcl.
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tences and the set of all sentences with provable negations is not equal
to the set of all sentences of arithmetic. The union of the set of all
true sentences, though, and all sentences whose negations are true, does ex-
haust the set of sentences. Therefore Provability and truth do not coincide.
In Tarski's version, on the other hand, we compare the two sets by directly
exhibiting a sentence which is in Tr but not in the set of thoerems. The
choice of Tr as the set in which we define TE* is , from this point of
view, clearly not arbitrary in the way in whicb it is if our main purpose
were to establish incompleteness - i.e. dictated only by convenience; the
expressibility of Eﬁ* is the crucial point of the comparison. It establishes
a one-to-one correspondence between some subset of the truth set and some
subset of Th: some sentence is true if and only if some other sentence is
not provable. This correspondence has a fixed point, and that is the sentence
which we are looking for. EE? here serves as a mediator between the two
sets - every number in TE* forces something into the truth set and some-
thing else out of the set of theorems. By a correct choice of the number
from TE? we can make those two things coincide.

In this proof, as in Gddel's, there is a particular property with re-
spect to which we are comparing the two sets: their role with respect to
the mediator TE?. In (*), the right equivalence is motivated by the de-
finition of TE*, the left one - by its expressibility. The set on the left
can not coincide with the set on the right. Thus
a) Th can not appear in the leftmost statement of (*), i.e. Tﬁf is not

Th-definable (which means, not representable) and

b) Tr can not appear in the rightmost statement, i.e. the complement of the
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norma.lize;- of Tr is not Tr-definable (vhich means, not expressible).

As it can be shown that for any set of sentences I representability and ex-
pPressibility are both transmitted from g(I) to s* and as, 'in addition, if
a set is expressible, so is its complement, we can conclude that the set
‘of G¥del numbers of nontheorems cannot be represented and the set of G8del
numbers of all true sentences cannot be expressed. The latter result is

known as "Tarski's Theorem about the Undefinability of Truth".

The problem we want to deal with is this: It is known that G&del's
proof of the Incampleteness Theorem can be formalized within arithmetic it-
self. By that we mean that there exists a sentence of arithmetic expressing
the fact that if arithmetic is w-consistent then R(T) is neither provable
nor refutable, as well as a proof of this sentence from the axioms of
Peano. 0Of course the language of arithmetic does not have an apparatus
fit for talking directly about sentences or sets of sentences; instead, we
talk about GBdel numbers and sets of G8del numbers. Thus, more precisely,
the sentence which is a formal translation of G&del's Theorem and which is
provable from.the axioms of Peano expresses the fact that if the set Th,
is such that together with every number of the form g{ 3x)eF(x)), it must
contain some number of the form g{-F(d)), then g(R(F)) is in neither of
Thy, Ref.

Thus, in G&del's version of the comparison between provability and
truth, the proof that Th lacks a certain property, namely completeness, can
be carried out within Peano Arithmetic, i.e. our object language. This is,
so to speak, the "internal" part of the comparison. The actual confron-
tation of the two sets, the observation that as the truth set is complete,

the two do not coincide, clearly cannot be so formalized in view of what we
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have just concluded about the inexpressibility of the truth set. This part
of the argument, the "external" part, is incorrigibly metalinguistic.

The question that interests us now is whether we can perform a simi-
lar service for Terski's version. Can Tarski's argument also be divided into
an "internal" part, dealing with a certain property of Th and translatable
into the object language, and an "external" part formuleble only in the
metalanguage, effecting the actual confrontation of the two sets? We will
show that this is indeed possible and will produce a formalization of the
kind desired.

As we will want to talk the object language, instead of considering
the two sets of sentences Th and Tr, we will consider their respective sets
of Godel numbers Th, and Tro. Thus, to restate what we have said about the
double equivalence (*), we are now dealing with two number sets and a spe-
cial kind of one-to-one correspondence between them, "mediated" by a third
number set. Below we will try to extract those general features of the
proof which will be in accord with the way in which we want to perform the
formalization.

Let U = (Un), n=1,2,... be a sequence of subsets of N and let f(x,y)

be a 1-1 function from NxN to N. A set A ( N will be called adequate for

{U,f) if for all n, m in N we have
f(n,m) ¢ A iff m ¢ U, -
For any number set X, Xf will be defined as follows:
x e X' ifs £(x,x) ¢ X.
Clearly XF = xT.
We will call the pair (U,f) normal if for every Unxth, Ui is also in U. We

will call (U,f) complemented if U contains the complements of all its mem-
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bers.

THEOREM. If A is adequate for (U,f) and X' ¢ U, then X # K.

PROOF. Notice that for any two sets X,Y, the condition that X is dif-
ferent from ¥ is equivalent to saying that there exists some x ' such that
xe X1iff x e Y.

Consider any set X for which xt isv in U, i.e. such that there exists
an m such that X.f = Um. As A is adequate, we have for every x in N

x e U iff f(m,x) € A.
From the definition of Xf we also have
X € Uﬁ iff f£(x,x) ¢ X.
Thus for every X,
f(m,x) e A iff £(x,x) e X.
In particular,
f(m,m) ¢ A iff £(m,m) € X.
“Thus there exists some number which is in A if and only if it is in X, which

means that X # K.
COROLLARY 1. 1If A is adequate for (U,f), then A® is not in U.

COROLLARY 2. If (U,f) is normal and complemented, none of the ele-
ments of U can be adequate for it.
PROOF. If U is normal and complemented, then if X is in U, so is )_(f.

Therefore, from Corollary 1, X cannot be adequate for (U,f).

For our purpose, we define (U,f) as follows: if n is the Gddel number
of some formula Fn with one free varisble, we take Un to be the set ex-

pressed by that formula and f£(n,m) to be the Gddel number of Fn(ﬁ); other-
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wise we let U be ¢ and f(n,m), for all m, the Gddel rumber of ~(1 = 1).
Under this definition of (U,f), Uﬁ becomes the normalizer of g~! (Un). In
view of what was said before about expressibility, (U,f) is normal and
complemented - also, it is clear that the truth set is sdequate for it.
Thus we can conclude:

(T1) As Th® is in U, Thy is not adequate for (U,f).

(T2) Trg is not in U - i.e. is not expressible.

In (T2) the reader will recognize Tarski's Theorem about the Unde-
finability of Truth. (T1) gives a suggestion for the "internal" part of
Tarski's version of GBdel's Theorem: Could inadequacy with respect to (U,f)
be used as the desired property whose posession by ‘I'h0 can be stated and
proven within the object language? Can we somehow translate into arithme-
tic the statement
(%*) ~(¥x) (¥y) (£(x,¥y) e Thy = x ¢ Uy) ?

Let us state without proof some facts which will be helpful in our at-
tempt at translating (¥¥):

1. It follows from the admissibility of g that there exists a formula S(x,¥y,z)
such that (¥x)(¥y)(3!z)S(x,y,z) is provable, and also for all n, m, k
s(n,d,k) is provable iff f{n,m) = k.

2. Th is expressible by some formula which we will call P.-

We also notice that m e Un can be simply written as Fn(m). Thus (¥¥) be-

comes

(%%%) ~(¥x) (¥y) (¥2) [S(x,¥,2z) + (P(z) = Fx(y’))]-

The problem with (¥*¥) is that it contains the symbol Fx(y). For any
given x, ¥, Fx(y) is a sentence of arithmetic which we, knowing what g is,

can identify. But it is a different sentence for each x, ¥, and the func-
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tion a(x,y) = Fx(y) from N tc the set of sentences cannot possibly be de-
fined within arithmetic. We know what FX(Y) is, but the object language does
not.

However, we can find a property of Trgy whose possession by T'h0 can be
denied within arithmetic and such that for every particular n we can find
8 rroof, within arithmetic, of the fact that if Thg 4id have that property,

then we would have

(¥y) (¥z)[s(n,y,2z) ~ (P(z)

F (v))].
Here is the property we are talking sbout:

Following Smullysn, we will say that a set ¥ of sentences of arithmetic
is saturated, if
a) Y contains all irue atomic sentences.

b) For any sentence S, Y contains either S or its negation, but not both.
¢) ¥ contains Syv S, iff it contains at least one of S, S,.

d) ¥ contains S; & S, iff it contains both S; and S,.

e) ¥ contains (Ix)S(x) . iff for some n, it contains S(m).

f) ¥ contains (¥x)S(x) iff for all n, it contains S(7).

It is clear that the truth set fulfills all of (a) - (£).

A set of numbers will be called saturated if it is the set of GBdel
numbers of a saturated set of sentences.

Now, for every formula ¢ it is possible to construct a sentence - we
call it Saty - whose meaning is that the set expressed by ¢ is saturated.
Also, for every number n which is the G¥del number of some formula F(x) with
one free variasble, it is possible to construct a proof of
(i) Saty > (¥y)(¥2)[s(T@y,2) + (¥(z) = F_(y))].

In other words, for every particular n we can consiruct a proof that Saty
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implies the set expressed by ¢y to be, so to speak, adequate for Un.

Let F; be the formula expressing Urfl and let n* be its G&del number.

For every particular n, we next construct a proof of
(i) (¥z) [S(5*,5%,2) ~ (F:(‘n'*) = F_(2))].
From this, together with
Set ¥ > (¥2)[S(2*,8%,2) » (4(2) = Fp(5*))],
which is of the form (i) and therefore provable, we can get
set ¥ > (J2)[S(8*,n%,2) > (¥(z) = F (z))].
As was mentioned before, we can also prove
(¥x) (¥y) (312) s(x,y,2),
and therefore
(1ii) Sat y > (3z)(F_(z) = ¥(z)).
In particular, for each n there is a proof of
Sat Fn > 3z)( ~ Fn(z) = Fn(z))
and we can conclude
~ Sat Fn‘
Thus, for every formula Fn it is possible, along these iines, to construct
a procf of ~ Sat Fn. In particular, as P is one of Fn’ we can prove ~ Sat P.
We see that the internal, object langimge part of the argument will be
that Th is not saturated. We can conclude in the metalanguage that as, to
the contrary, the truth set is saturated, the two cannot coincide. It is °
the goal of this paper to carry out in detail the formalization outlined
above.
We further notice that if arithmetic were w-consistent and complete,

the set Th would have all the properties of a saturated set. It also turms
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out that we can construct a formula w-Consist to expressthe w-consisten-
cy of erithmetic and a formula Compl to express its completeness. and that
the formula w-Consist & Compl - Sat P is provable within Peano Arithmetic.
Therefore we can obtain a formal proof of »~ (w-Consist & Compl).

It would be nice if, instead of constructing a separate proof of
~ Sat ¢ for every y , we could construct a formula Sat(x) to express the
fact that x is the G8del number of a saturated formula, and if we could
then prove the sentence (¥x) ~ Sat x. In addition to translating into
arithmetic the internal part of Tarski's version of the Incompleteness
Theorem, this would also effect a partial embedding into arithmetic of (T2},
Tarski's Theorem about the Undefinability of the Truth Set. It would ex~-
press, within the object language, the fact that no element of U is the
image under g of a saturated set of sentencés. As Tr0 is such an image,
we could then conclude in the metalanguage. Tryis not inU - 1i.e. is
not expressible. However, we have not been able to find such a formula
Sat(x), and have a strong suspicion that it cannot be done.

Our paper is dividéd into two parts: in the first we construct tke
formula to express the set Tho; in the second we develop the machinery that

will finally permit us to obtain, for each Fn’ a proof of ~ Sat F_, and from

n’
there a proof of ~ {w-Cons & Compl). We have also included an Appendix, in
which we show how to represent the set Thy and how the formula thus ob-
tained, which would be used to carry out Gddel's original proof, differs

from the one employed in our argument.
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PART I

§1. Description of the Language

The alphabet of arithmetic consists of fifteen symbols: =, +, *, ~,
vy &y »5 3, %, (5, )a x, ', S, 1 called, respectively, the equality sign,
the addition sign, the multiplication sign, the negation sign, the dis-
junction sign, the conjunction sign, the implication sign, the existential
and universal quaentifiers, the left and right parentheses, the eks, the
prime, the successor sign and the unit sign.

A finite string of symbols of the alphabet is called an expression. A
variable is an expression consisting of the eks followed by primes. A numeral
is an expression consisting of the unit sign either by itself or preceded
by successor signs.

A term is defined inductively as follows:

(to) All varisbles and all numerals are terms.
(tl) If 1,, T, are terms, then so are Sty (1, + 1,) and (rl cT,).
An expression of the form T, T Tps where T4 and t, are terms, is called

an atomic formula.

A formula is defined iuductively as follows:

(fo) Every stomic formula is a formula.

(fl) If ¢,, ¢, are formulas, so are rd;, (¢, v $,)> (61 & ¢,) and (¢ > ¢,)
(called, respectively, the negation of ¢,, the disjunction of ¢; and
¢,, the conjunction of ¢, and ¢2‘and the implication with predeessor
$1-and successor ¢,. $; and-¢, are the disjuncts of (¢, v. ¢,) and the

conjuncts of (¢; & ¢,).)
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(fz) If ¢ is a formula and v a variable, then (3v)(¢) and (¥v)(¢) are for-
mzlas {and are called, respectively, the existential and universal

gquantification of ¢ with respeet to v).

If ¢; and ¢, are two formulas, we will use (¢, ¢2) as shorthand for
((o, > ¢,) & (¢, > ¢;)).
In a formula containing a quantifier the shorter formuls which, sur-

rounded by a left and a right parentheses, immediately follows the quantifier,

is called the scope of that quantifier. A bound occurrence of a variable v

within a formula ¢ is any occurrence of v in ¢ within the scope of (3v) or

(¥v). A free occurrence is one that is not bound. A formula in which no var-

iable has a free occurrence is called a sentence.

If F is a formula whose only free variables are vi, Voseers Vs we will
also denote it by F(vl, vz,...,vn). If 14, TpseeesT - aTE terms, F(Tl""’Tn)
will denote the formula obtained from F(vl,...,vi) by substituting Tyseees T

for vysecey Voo »espectively.

1
A term T is called free for the variable v in the formula ¢ if, for any

variable w in ¢, no free occurrence of v in T lies within the scope of
either (3w) or (¥w).

An instanciation of (3v)(¢) (or of (¥v)(¢)) is any formula obtained

from ¢ by substituting the same numeral throughout for v.

§2. Interpretations

An interpretation of arithmetic is ottained in the following way: we

specify a set X, an element u of X, a relation E C X x X, & one-argument

function o: X » X and two two-argument functions a, p: X x X » X. The choice
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of these uniquely determines a funetion i which assigns an element of X to
every term not containing variables (such terms are called vure) and one

of the symbols t,f to every sentence, in accordance with the following con-

ditioms:
1. i(1) =u
2. For every pure term 1, i(St) = (i(7))

3. For any two pure terms T1s To

i((ry + 1,)) = alilry),ilry))

i((ry = 1,)) = wlilry),ilry))

4. TFor any two pure terms T,, T

12 "2

t if (i(t,),i(t.)) ¢ E

. 1 2

1(1l = Tz) =
£ otherwise

t if i(s) = ¢
5. For any sentence s, i(rs) =
£ otherwise

6. TFor any two sentences S5 S,

t if at least ome of i(sy), i(sz) is %
i((s1 v 52)) =
i f otherwise

t if both i(sy), i(sz) are t

i((s1 & sz))
f otherwise

t if i(sl) = f or i(sl) = i(sz) =1

i((s1 +s,))
i f otherwise

7. For any formula ¢ with one free variable v, if s1 is (3v)}(¢) and s2 is
(¥v)(¢), then
t if i assigns t to at least one instanciation of 54

i(sl) =
£ otherwise
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t if i assigns t to all instanciations of s,
i(s ) =
2 T otherwise

Sentences that are assigned the value t under a given interpretation

are called

true under that interpretation. Those assigned the value f are

called false under the interpretation.

§3. The Axioms of Arithmetic

The following sentences comprise Peano's Axioms of Arithmetic:
(P1) All sentences of the form
F) (N (W) ((u=v > (u=w>v=w))))
(P2) A1l sentences of the form
(V) ((#)((u = v > Su = 8v)))
(P3) All sentences of the form
(#u)(~ 1 = su)
(P4) A1l sentences of the form
(V) ((¥)((Su = Sv > u = v)))
(PS) All sentences of the form
(¥)((u + 1) = su)
(P6) A1l sentences of the form
(¥} ((w) ((u + Sv) = s(u +v))
(P7) All sentences of the form
(vu)((u + 1) = u)
(P8) All sentences of the form

(F) (W) ((u « 8v) = ((u « v) + u)))
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(P9) All sentences of the form
(F(7) » ((#)(F(u) > F(su)) » (¥u)F(u)))

where u,v,w are any three variables and F is ary formula with one free var-
iable.

A model of arithmetic is an interpretation under which all of the
above axioms are true. In particular if for X we take the set N of natural
numbers and fér u, E, 6, ¢, yu we take, respectively, the number one, equality,
the successor function, addition and multiplicatibn of natural numbers, we

obtain an interpretation of arithmetic which is also a model. We call it

the standard model. We will refer to the sentences true in the standard
model simply as true, and to the set of all such sentences as to the truth
set of arithmetic. We will denote this set by Tr.
Under the standard interpretation every rumber n corresponds to a
unique numeral. This numeral mill be denoted by 1.
The following formulas will serve as our logicel axioms:
(L1) A1l formulas of the form
(F > (¢ » F))
(L2) A1l formulas of the form
((F+~(¢+H) > ((F+0) > (F~H))
(L3) A1l formulas of the form
((eG » ~F) > ((~G >~ F) » G))
vhere F, G, H are any three well-formed formulas.
(L4) A1l formulas of the form
(G} (F(u)) »~F(1))

where u is a variable, F a formula, and T is a term free for u in F(u).
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(L5) A1 formulas of the form
((F)((F > 6)) » (F > (wu)(6)))
where F, G are formulas and u is a varisble with no free occurrence
in F.
To explain the usage of the other connectives we also add, for any two for-
mulas F, G and any variable v
(L6) A1l formulas of the form
((F >G) » (~F v G))
((«F v G) > (F »G))
(LT) A1l formulas of the form
(~(rF v ~G) + (F & G))
((F & G)»> ~(<F v G))
(L8) All formulas of the form
(A@v)(F) » ~(¥)(F))
(~(¥0) (+F) > @v)(F))
A formula of arithmetic is called provable (or a theorem) if it is e
logical axiom, an exiom of arithmetic, or can be obtained from a finite num-
ber of axioms (of either kind) by a finite number of applications of the

following rules of inference:

(11) (Modus Ponens): From (F + G) and F, cbtain C.

(12) (Generalization): From F, obtain (¥u)(F) for any variable u.

In other words, a formula is provable if it is the last element of some
finite sequence of formulas, each of which is either an axiom or has been
obtained from some previous elements of the sequence by one of the rules of

inference. Such a sequence is a proof of its last element.
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A refutable formula is one whose negation is provable.

The set of all theorems will be denoted by Th, the set of all refutables -
by Ref. To say that arithmetic is consistent is to assert that Th and Ref
are disjoint, i.e. that no formula can be both proven and refuted. For arith-
metic to be complete every sentence would have to belong to either Th or
Ref - whatever sentence we take, either it or its negation would have to
be provable.

We will also need the notions of w-consistency and w-completeness. To

say that arithmetic is w-consistent means to assert that if F(n) can be

proven for every natural number n, then (3v)(rF(v)) is not provable. In
other words, if there exists a proof of (Iv)( ~F(v)), then at least one
of the formulas F(n) does not have a proof.

For any two formulas F and G, ((F & ~F) + G) is a theorem of arithmetic.
It follows that if arithmetic is inconsistent, every formula can be proven.
Therefére if arithmetic is assumed to be w-consistent (which excludes
some formulas from being provable), it is also assumed to be consistent.

To say that arithmetic is w-complete is to assert that if F(n) can be
proven for every natural number n, then (¥v)(F(v)) also has to be provable.
For every formula F, the formula (~(3v)(~F(v)) - (¥)(F(v))) is a theorem
of arithmetic. Therefore if arithmetic is w-consistent and complete, it is

also w-complete.

§h, GBdel Numbering

As numerals tend to be very long strings, wé will use the decimal no-
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tation for natural numbers as shorthand for the corresponding numerals.

Thu, for instance, we will write 2 instead of S1 and 10 instead of SSSSSSSSSi.
We would like to construct a one-to-one correspondence between ex-

pressions of arithmetic and natural numbers, in order to be zble to talk

about expressions and sets of expressions within the object language it-

self. For this purpose we will employ the seventeen-adic representation

of the natural numbers. Under this representation we let the symbols 1, 2,
3, 4, 5,6, 7,8,9, T, E, £,¢,¢,8,9, 7 correspond to the first seven-
teen natural numbers, and any string akak_l...ao of these symbols cor-
respond to the number ngy + nye 17 +...+ o * 17k, where nq, nl.,...,nk are

the numbers represented by ao, al,...,ak, respectively. Thus, for instance,
{1¥ is the seventeen-adic name of 14 + 1 « 17 + 12 . 172, i.e. of three -

thousand four hundred ninety nine.

As we have mentioned earlier, by the concatenation n ® N, of two

expressions Nps Nz Wwe mean the expression consisting of n1 immediately fol-
lowed by n,.

We define our one-to-one function g from the set of all expressions
of arithmetic into the set of natural numbers as follows: let g assign to
each of the alphabet symbols

= + *+ ~ v & > 3 ¥ () x ' s 1
the number whose seventeen-adic representation is, respectively

12 3 4 5 6 1 8 9 T B ¢ & # ¢
and let g(n1 * n2) be the number whose seventeen-adic name consists of
g(nl) immediately followed by g(nz). Thus, for instance, g[x'(=] is the

number represented by SETI.
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For any expression n, g(n) is called the G5del number of n. If X is
any set of expressions, Xo will denote the image of X under g.

In addition to our shorthand practice concerning numerals, vhich was
introduced above, we will adopt the following notational conventions:

If a formula is a disjunction, we will omit the parentheses around
any disjunct which is itself a disjunction.

If a formula is a conjunction, we will omit the Parentheses around any
conjunet which is itself a conjunction.

In a formula which has the form of an implication we will omit the pa-
rentheses around the antecedent (or the consequent) provided that it it-
self does not have the form of an implication.

In a formula which is a conjunction we will omit the parentheses around
any conjunct which has the form of a disjunction.

If a formula does not appear as part of another formula, we will omit
the parentheses around it.

In forming the quantification of a formuls F we may just write the
quantifier in front cf F, without putting F iz an additional set of paren-
theses.

In a term which is a sum, we will omit the parentheses around any sum-
mand whick is a product.

In a term which does ﬁot appear as part of another term, we will omit
the parentheses around it.

For clarity, in addition to parentheses we will also use brackets and
rosters. Also, we will use the letters r, s, t,..., 2 with or without sub-

scripts as shorthand for the variables of the object language.
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§5. Concatenation Is Expressible

Let A be a subset of N. We say that A is expressible iff there exists
a formula F with one free variakle such thaf for all nstural numbers n
F(n) is true iff n ¢ A.
Such a formula expresses the set A. In general, a formula F(vl,.",vk) expres-—
ses a relation R iff for every k-tuple Dyseces nk of natural numbers
F(El,...,ﬁk) is true iff R holds between n;,..., n .

Suppose that S5 and s, are the seventeen-édic names of two numbers n1
and n,. Then by nj° n, we denote the number whose seventeen-adic name con-
sists of s, immediately followed by S,. In particular if n,, n, are the
Gbdel numbers of scme two expressions, n1 ° n, will be the G8del number of
their concatenation.

We want to show that the function z = x ¢ y assigning the number n, o n2

to the pair (nl,nz) is expressible. We notice that if 1(y) is the 1ength

(i.e. the number of digits) of the seventeen-adic name of y, then

1
xoy=x-1T o) y 1(y)
17 - 17
The smallest number of length 1(y) is 11...1, which is equal to 1 + 16 3
0 )
: -3
the largest such number is Y%...V, which is 17(1 + ;Z——zg——zﬁ. Therefore
1{y)
171(Y) - 17 1(y) _
l+—F¢g— < ¥ < 1T (1 + 17 17 R

1

which means

(y)

1
1) 1 <16y < arar Y - 1)

1(y)

IA

Therefore v = 17 iff v is a power of 1T such that

(%) v -1g16y < 17(v ~1)
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The property "v is a power of 17" is expressed by the formula

'%T(V): Ay)v=1T - ¥) & [Fy)v=y +x) +x=1v @w)(x=1T « w)]

which expresses the fact that v, and all its proper divisors, are divisible

by 17. (*), on the other hand, is expressed by

(%x) S(16 + y) =v V16 « y+ 17 =17 « v V[(Aw)(v + w=5(16 « y)) &
(3w) (16« y + 17) + w =17 » v)]

Thus we obtain the following formula to express x o ¥y = 2:

Xoy= z: (3v)(Pl7(v) & (¥*) gz =x « v+ )

We show later (Lemma 15.4) that the operation o can be rroven to be
associative - i.e. the formula (¥x)(¥y)(¥z)((x e y) o z=x 0 (y o 2z)) is
a theorem of arithmetic. It seems that establishing this result now would
not add to the clarity of our paper; therefore we take the liberty of using
the associativity of o before it has been proven and of dropping paren-
theses from expressions indicating multiple applications of o.

For any fixed k, we can express the function assigning to any k~tuple
(nl,. .o ,nk) of natural numbers the number n; ¢ n, ...° nk by the formula

Y= Xo XL 0% (33,'1)...(:‘1:\;];{_2)(;{1 =X ° X, &Y, =X, 0 X5 &..0%

yk—2 = xk_z o xk-l &y = yk-2° xk)’

§6. Finite Seguences

We will encode finite sequences of GUdel numbers of either terms or
1 .
formulas by means of the following device: If (n-l,...,nk) is such a se-
quence, we encode it using the number leole n1'° loele n° .. 01leole nk° l1e°1,

vwhich we call the sequence number of (nj,... ,nk).

as natural numbers
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By "n begins m" we mean that the seventeen-adic name of n constitutes
the initial part of the seventeen-adic representation of m. The expressions
"n ends m", "nis part of m" should be understood analogously. All of these

relations are expressible, by means of the following formulas:

X begins ¥

xBy: x=y Vv (3z)(xe 2z =7)
X ends ¥

xEy: x=y v (32)(z e x=7Y)

x is part of y:

xPy: xBy V xBy Vv (3z7)(Jzp)(z9° x° 25 = ¥)-

We can also represent

x is a sequence number

Seq x: 101Bx & 191Ex &~ 1°1 =x & +» 1°1°1Px
¥ is an element of the sequence with sequence number X
¥y € x: Seq x & 1oleyololPx

z appears earlier than y in the sequence with number x

z $ ¥ Seqx&yex&(3t)(Seqt&th&z€t&.-yst)

§T7. On Closures of Sets under Relations

Let R be a k-nary relation whose field is F. We say that a subset A of

F is closed under R if, for all 8355 & "€ F, if Bye ety 3 are in A and

R(al',...,a.k) holds, then ak € A. In other words A is closed under R if any

element of F that stands in the relastion R to some elements of A must also

be in A.
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The closure of A under R is the smallest superset of A closed under R.
We denote it by AR.
LEMMA. Let us define the following ceguence of supersets of A:

A=A

>
i

U : cee
. An-l {x e F: (3x1)...(3xk_1)(x1, > X 4 € An-l &

R(xl,...,xk_l,x))}

Thus An is obtained from An- by adjoining all elements of F which stand in

1

the relation R to some elements of An—l'
Then A, = 4.

PROOF. ILet B = VAn . Obviously A (B and 8y C 4;C ... Ca (... .
We have to show that (1) B is closed under R and (2) it is the smallest
superset of A with this property. To prove (1), let us assume that a,,...,

2 1 € B and that R(al,az,...,ak_l,ak) holds. Each of the a;'s for i =1,

..oy k-1 must belong to some An_, and as the An's form an ascending chain,
i

- o ]
there is some Ano to which all these a.'s belong. But as R(a1’°"’ak—l’ak)

holds, a must belong to A , and therefore to B.
k ny+l
To show (2), let C be any superset of A closed with respect to R. We
show that B C C. Obviously A4,C C. Let us assume that A C C and that
X € An+1' Then either x is in An, in which case it will be in C by assump-
tion, or else there exist some 815 8pseees ak-l in An such that R(al,“.,ghq,x)
holds. But as ay, Bpseees ak—l e C and as C is closed under R. x must also

be in C. Therefore An}I_C,C. Hence all the An's are subsets of C aud so is

their union, B. We have proven (2), and thus our Lemma.

Ir s, = (al,...,akz and s,

= (D 5eees bk) are two finite sequences, then
1 2 ~
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by s;4s, we will denote the sequence (a; s8p30e. ’a'kl’bl’bZ"”’bkz)'

THEOREM T7.1. X belongs to the closure of A under R if and only if
there exists a finite sequence of clements of F having x as its last zle-
ment, such that every element of the sequence either belongs to A or stands
in the relation R to some earlier elements of the sequence.

PROCF. First we show that if such a sequence exists, then x ¢ AR It
(x1 ,xz,...,xm) is our sequence (xm = x), then x must be an element of A.
Assume that all elements preceding x, are in AR xn either is in A - in which
case we are done - or it stands in the relation R to some earlier ele-
ments of the sequence, all of which are in AR As AR is closed under R, X,
must be in AR as well. Thus all elements of our sequence are in AR; in par-
ticular this is true of the last element, which is x.

Next let us assume that x is in AR and construct the desired sequence.
If x e A, (x) will be such = sequence. Suppose now that sequences of the
kind described exist for all elements of An and let x be in An+l' Then either
x is in An -~ in whick case we are done ~ or there are some Bysevesdy 7 € An
such that R(al,...,ak_l,x) kolds. Let s,,.. «»Sk_1 be the seguences fex a.l,
ceeBy g5 respectively. Then S;4s,4...4 Si-1 4 (x) is tI:e desired sequence
for x. We see that such a sequence can be found for any element of any of

the An's, and therefore for any element of Ag.

THEOREM 7.2. If A C N and R C F¥ are both expressible, then so is Ap.
PROOF. = Let FA and FR be the formulas expressing A and R, respective-
1y. According to Theorem T.l, n is in AR iff there exists a sequence

(nys... ,nm) of natural numbers such that n =1 and every element of the se-
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quence either Telongs to A or else stands in the relation R to some ear-
lier elements of the sequence. Thus the following formula will serve to ex-
press AR:

AR(x): (Ir){Seq y & LeloxololEy & (W) [wey » FA(w) v (3w1)

(3w2)..13wk,1)(w1 $VE 8w Ve FR(Wyse. 5wy _1,w)) ]2,

§8. The Set of Formulas is Expressible

We will make use of the fact (see [3] ) that for every natural nmumber

¢, the relation y = X

is expressible..

We denote by Q the function which assigns to every natural number the
Godel number of its numeral. The numeral & consists of a string of n-1 suc-
cessor signs followed by a 1. Hence Q(n) will be the number whose seventeen-
adic name consists of a string of n-1 #'s followed by a E, which is the num-
ber 1k -(ll%gll) + 15. Therefore the following formula Q(x,y) expresses
the function Q:

xoy): (x=18y=15)v @y)AT" =16 -y, +17 &y = 1h.y; + 15)
and we also obtain a formula to express the fact that x is the Gddel num-
ber of a numeral:

Mm x: (3y) Qx,y).

As under our GBdel numbering 12 and 13 correspond to x and ', respec-
tively, the G¥del number of a variable will have a seventeen-adic repre-
sentation of the form f£€...& . Thus the following formula expresses the
property "x is the G8del number of a variable":

Var x: (3y)[12 o ¥ = x & (¥z)(zPy » 13Pz)].

tb(x,¥y,2) will express the fact that z is the G¥del number of an expres-—
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sion resulting from the expressions with Godel mumbers x, y by one of the
"term building" operations - i.e. either preceding an expression by "S" or
putting one of "+", "." between two expressions, with the appropriste
Placement of parentheses.
to(x,y,2): z=1hox Vz =10exoe20yoell V z=10sxe30yo 11.
T is a term iff it belongs to the closure of thé set of all numerals
and variables with respect to the "term building" operations. Therefore x
is the GYdel number of a term iff it belongs to the closure of the set of
G8del numbers of all numerals and variables with respect to the operation
tb expressed above. By Theorem 7.2 the set of G8del numbers of all terms is
expressible by some formula, which we call Term x.
Atf x will express the fact that x is the GSdel number of an atomic
formula.
Atf x: (3y)(3z)(Termy & Term z & x = yoloz). .
b(x,y,2) will express the faét that z is the Gddel number of an ex-
pression obtained from the expressions with GSdel numbers x and ¥ by one
of the "formula building" operations - negating an expression, forming
disjunctions, conjunctions and implications, or preceding an expression by
~ a quantifier followed by a varisble - with the correct placement of paren-
theses.
o(x,¥,2): 2z =LoxV z=100x050ye11V z=10cxc6oy°1lV g =
10exeToyoll V (3v)(Var v & (z = 10° 8o ve 11°10° xo 11
Vz=10°9°vellel0°xe°11)).
The G8del number of a formula is an element of the closure of the set
of numbers of atomic formulas umnder the operation fb. We will call the for-

mula expressing the fact that x is such a number For x.
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§9. Provebility is Expressible

The formula SB(X;,X,,¥15¥,s%,52,,V) Will express the fact that the

expression with G8del number z, is "built up" from the expressions numbered

2
Xy and Yy by the use of logical ccnnectives, equality and operation symbols
in exactly the same way in which the expression with number z1 is built

up from the ones numbered X, and ¥q- Also, if both Z, and z, are numbers
of quantifier formulas, the quantification should be with respect to a
variable (the same one in both cases) different from the one numbered v.

: = hn =
SB(xl,xz,yl,yz,zl,zz,v) Var v & {(z1 bex &z, 1k o xz)

v (z1 =100 xlo goyloll & z, = 100x20 20 yzo 11) v (Zl = 10oxlo

= o v = ° °
3°y1°l:!.8.z2 10°x2 3°y2° 11) (z1 x 1°y1&z x2°1 yz)

2
\Y = = Lo \Y) =
(z1 h°x1 &z, L x2) (z1 10°x,°5¢y,° 11 & 2, 10° x,°

50y,°11) V (zl=10°x1°6°y1°11&,z2=10°x2°6°y2°11) v
(z1 =10°x.° Toy°1l &z, =10°x,°T°y,° 1) V (3v1)[Va.r v, &

v, =vE& ((zy=10°8°v °11e10ex °11 & 3,

X,°11) V (23 =10° 9evyel11°10ex° 11 & 3,

10°8°v1° 11°10°

100 9o v,° 11° 10°

x,e 11))1}.

Let us encode pairs of expressions by using 2¢ 2 as a separator between
the Gddel numbers of the first and the second element of the pair.

The formula BegSub(v,t,w) expresses the fact that w is the number of
a pair whose first element is a variable, a numeral cr a quantifier formula
where the quantification is with respect to the variable numbered v, and
whose second element results from the first by substituting the expres-
sion with number t for the variable with number v.

BegSub(v,t,w): Var v & (3u1)(3u2)[w =u,°202°u, & ((Num u &u, = ul)
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v (Va.ru1 &.—u1=v&u1=u2)V (u1=v&u2=t)V (3u3)(Foru3&
(u1 = 10°8°V°11°10°u3°ll\’ u, =':Lo=9ovo11°'10ou3°11) &

u, = u,)].
We can now express the fact that y is the G8del number of the result
of substituting the expression with number w for the variasble numbered v
in the expression numbered x.
Subst(x,v,w,¥y): (3z)[Seq z & x°2°2cyelelEz & (¥)(t e z »
BegSub(v,w,t) V (31:1)(th)(ixl)(sz)(Hyl)(By'z)(3zl)(322)(t1 = xy0 2020
X, &ty =y;02020y, &t =2;°2°202, & SB(xl,xz,yl,yz,zl,zz,v)))].
Inst}(x,y,z) will express the fact that y is the number of the instan-
ciation of the formula with G8del number x obtained by substituting the
numeral with number z for the variable following the gquantifier.
Inst,(x,y,z): (3x1)(3v)(Var v&Numz & (x=10°8cveollel0® x,° 11 v
x = 10°9eve1l°10° x,° 11) & Subst(x;,v,2,¥)).
Inst(x,y) expresses the relation of y being the G¥del number of an in-
stanciation of the formula with G¥del number x.
Inst(x,y): (3z) Inst(x,y,2).
Free(v,x) expresses the fact that the variable with G%del number v
occurs free in the formula numbered x.
Free(v,x): (¥y)(Subst(x,v,15,y) +y = x).
FrTerm(t,v,x) expresses the fact that the term with number t is free
for the variable with number v in the formula numbered x.
FrTerm(t,v,x): For x & Var v & Term t & (¥Ww){Var w & [w=1t Vv (3t,)
(3t,)(-13Bt, & (t=t,owVt =wet, VE=toewet)
+> ~ (3y)(Free(v,y) & 10°8°well°e 10°u°l1llPx V10 9o

weolle 100 yo 11Px)]}.
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Arax(x) expresses the fact that x is the Gudel number of one of the
axioms of arithmetiec.

ArAx(x):  (Gu)(3v)(3w){Var u & Var v & Var w & [x =10°9eue1le 10° 10°
9o veo11°10°10°9°wo11l° 10°10sueleve Tol0ouoloweTo v o
1ewe°1leiiellellell V x = 10° 9o nue11°10°10° 9o ve 1lo 10°
10cucleovoeTeolheuelolhe volle 11011V x = 10° Go yo 110
10°hke1501°1henue 11V x = 10° Qoueolle 10° 10° Qo ve 11°
10°10c1keyelelbovoTouoloyvelle 11011V x = 10° 9o g
11°10°10°uo 2°15° 11c 1o 1heyue1lV x = 10° 9s ue 110 100
10° 9eve 11 10°10° ue 2 1o vo 311° 1o 1keo 100 uo20vo 110
1111 Vx =10°G9°u°ll® 10°10oue301511° 1ouoe 1l V
Xx =10°9°u°11l°10°10°9°evellol0°l0cue3clhoyoeile 10
i0el0oue3oevello2enellellel]l V (3y)(3y1)(3y2)(Free(u,y)
& Subst(y,u,ls,yl) & Subst(y,u,1b e U,¥,) & x = 10°y,° T=10°
10°9eu°lle10eyeTey,s 1l To 10° 9o uolloye 110 110 11)]3.

LogAx(x) represents the set of Gdel numbers of logical axioms.

Loghx(x): (3y)(3w)(3z){For ¥ ¢ For w & For z & [x = 10ey<T*10e wo To

¥°11°11Vx=10°10cy>To1l0owoeToezollollo Te 102 10°
YeTewelle TolO0eyeToezeoellel1le11lV x = 10°10° howoTo
Loyelle7eol1l0°10"boweToyoelleTowelle1l V (3v)(3t)
(3y1)(Fr‘I'erm(t,v,y) & Subst(y,v,t,yl) & x =10°10¢ 9o vo 11 °
i0eyelleToy,o 11 ) V(3v)(Var v & ~ Free(v,y) & x = 10010
9evellel0°l0eyeToewollollo Tol0eyoTel0o9ovelloe
10ow=11°11°11) V x = 10+ 10eyoTewolleTol00Lhoyo

Sowellell Vx =10010cb4eoyoS5eywolleTe100yeTowo 11011
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Vx=10°kol0ohoye5choyolloTol0oyobowollell Vx =10°

10°yebowelleTo bol0ohoyoSohowol1011 V (Iv)(Var v &

X =10°10°8°velle10eyell°Tekol0e9ovellol0e hoyoll Vv
X =10°Lke1009evoellol0eokeyo1leTo10°8evollo 10 °ye 11° 11)]}.
Inf(x,y,z) expresses the fact that the formula with GSdel number z

can be obtained from the formulas with numbers x and y by one of the rules

of inference.
Inf(x,y,2): Forx & Fory & (x = 10eyoTezoll V (Iv)(Var v &
2 =10c¢9evelle 10 x° 11)).
Proof(x,y) will express the fact that x is the sequence number of a

proof of the formula with GSdel number y.

Proof(x,y): Seq x & leloyc°le1Ex & (¥z)[z ¢ x > ArAx 2z V Loghx z V
(321)(322)(21 $2%z,52¢8 Inf(z;,2,,2))]
and Prov x expresses Thy - i.e. the fact that x is the G¥del number of a

theorem of arithmetic.

Prov x:  (Jy) Proof(x,y).
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PART II

§10. The Formula Sat o

Given any formula y with one free variable, we now wish to construct
a formula Sat § to express the Pact that the set expressed by y is the set
of Gddel numbers of a saturated set of sentences.
Let A(x,y,z) and M(x,y,z) denote the following formulas:
Axsy,z): (3x)) 3y, )(32))(Qxp,x) & Qlyy.y) & Alzy,2) & x; = y; + 2,)
M(x,y,2): (3%))(3y))(3z))(Qlxy %) & Qlyysy) & Qlzy,2) & x=7; » z))
A(x,y,2) expresses the fact that y and z are the GSdel numbers of some
numersals il’ El, and x is the number of 37_1"'_21- In M(x,y,z) again ¥ and
Zz are the Gddel numbers of some il, Zl; x now is the number of SrT'-—z‘l.
If ¥ is any formula with one free variable, Sat ¢ will be the univer-
sal quantification over x of the conjunction of the following formulas:
1. (Identity Input): (¥yl)(¥y2)[Num ¥, & Num v, & x = y,oley, >
(v(x) = ¥, = yz)]
2. (Addition Imput): (¥y)(¥z)(¥w) [Num y & Num z & Num w &
x=10°z°2ewelleley » (y(x) = Aly,z,w))]
3. (Multiplication Input): (¥y)(¥z)(¥W)[fumy & Num z & Num w &
Xx=10°z°3°welleley » (p(x) = Mly,z,w))]
L. (Symmetry): (¥y)(¥z)(W)(x=yolez&w=gzeley& v(w) » p(x))
5. (Transitivity): (¥y)(¥z)(¥u)(¥w)(¥v)(x = yeleu g w=yolez &
v=zeleul ¢(w) & p(v) > y(x))

6. (Congruence): (%) (¥2) (W) (¥u)[(x = 1heyelolbez V

X =10cye2ewoilel0100z02cywoll V

X =10ewoe2eye]le 10100 z02cwoll V
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X =10cye3ewellel°10°ze30woell V

x =10ewe3eyellelel0eze3ewell) gu=y°lez & p(u) » 9(x)]

(y) v w(z))]
v(y) & ¥(z))]
P(z) v ~p(¥))]

T. (Disjunction): (¥y)(¥z)[x = 10eyeo5ez° 11 + (y(x)

8. (Con*unction): (¥y)(¥z)[x = 10°ye 6°z° 11 » (P(x)

9. {Implicaticn): (¥y)(¥2)[x =10ecyeTez°11l » (p(x)
10. {Existential Quantifier): (¥)(¥y)[Var v & x=10°8°velle 10°y-11
+ (p(x) = (3z)(Inst (x,2) & ¥(z)))]
11. (Universal Quantifier): (¥v)(¥y)[Varvé& x = 10°9eve°1lec 10°y°1l
> (p(x) = (¥2)(Inst(x,z) » ¥(z)))]
12. (Negation): (¥y)[x =14 oy > (¥(x) = ~9(y))]
Formulas 1 through 6 describe the atomic sentences whose G¥del numbers
lie in the set ¥ expressed by P: all sentences of the form A = 1, all sen-
tences of the formn +m = 1 + & and all sentences of the formn « m = T + m.

Also, if the G¥del number of T, 5T, lie in ¥, so does the number of T, = 7,3

if the numbers of T =-r2 and 12 = Ty lie in v, so does the number of

T = 13; and if the number of T, T T, is in ¥, so are the numbers of
= + = 4 + = + . = .

S‘r1 S‘L’z, T T T, * T THT T, tT T TET, T

T‘Tl

whose Gtdel numbers are in ¥: ¥ contains the Gtdel number of a disjunction

T, * . Formulas 7 through 18 describe the composite sentences

iff it contains the number of at least one of the disjuncts; it contains
the GBdel number of a conjunction iff it contains the numbers of both con-
juncts; it contains the number of an existential (universal) quantifica-
tion iff it contains the number of some (the numbers of all) of the in-
stanciations; finally, ¥ contains the GBdel number of the negation Of, a

formule iff it does not contain the number of the formula itself.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Actiially, Sat ¥ as defined above expresses the fact that those senten-
ces whose Gudel numbers do.lie in ¥ form a saturated set, but it does not
prevent ¥ from containing numbers of non-sentences as well. To achieve
this we would add the clause

¥(x) > For x & (¥)(Var v + ~ Free(v,x)).

Our main purpose will be to show the provability of all formulas of
the form Sat y - (3x)(H(x) = y(x)), where H and y are any two formulas
with one .free variable. From there we will be able to conclude that ~ Sat F
is provable for any formula F; indeed, by substituting F for y and ~F for
H in the above, we conclude the provability of

Sat F+ (3x)(~F(x) = F(x)),

from which ~ Sat F follows.

§11. Auxiliaries

The proofs of the following theorems of arithmetic can be found in

standard logic texts:

I. () (F)(E)(F)(x=y> (x=w> (y=v>w=1v)))
II. (¥x)(x = x)

IIT. (¥)(¥y)(x =y=> ¥y = x)

. (¥W)(¥y)(¥2){x=y&y=2+>x=2z)

V. (¥x)(¥y) (¥2)(x =y~ (2 =7> x = 3))

VI. (¥x)(¥y)(¥2)(x =y> x+z2 =7 + z)

VII. (%) (¥y)(x +y =y + x)

VIII. (%) (¥y)(¥2)(x =y> 2+ x =2 +y)

TX. (¥x) (¥y)(¥2)((x + 7) + z = x + (y + 2))
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X. (=)(¥)(F)x+z2=y+z2+>x=y)
XI. (=)(¥)(¥T)x=y+x 2=y « z)
XII. (=) (¥y)(x ey =5 « x)

XIII. (¥x)(¥y)(¥2)(x =y +2 cx =2 « )

XIV. (¥x)(¥%7)(#2)((x » ) c2=x + (¥ « 2))
XV. (%) () (#2)((x +y) e z2=(x+2) + (y « 2))
XVI, (¥ x)(¥y)(¥z)(z « (x+y) = (2 + %) + (2 - 3))

XVII. (¥x)(~ x = 1+ (3y)(x = sy))

VIIT. (%) (¥y)(e (x+y =7¥))

XIX. (%) (%) (¥z)(x - 2

Yy ez>x=y)

XX. (¥x)(¥y)(¥2)(z - x

y)

Z ey >X
As we have mentioned earlier, we will make use of the fact that for
any number c, the function y = X is expressible and the properties of ex-

ponentiation given below can be proven from the formula expressing it.

-
o

XXI. ¢ =c
(¥x)(™* = c* « o)
(%) (Fy)(x =y » * = &)
XII.  (®x)(Fy)rc=1lac =c »x=7y)

Let the relation x < y be defined by the formula (Iz)(x + z = y).
X <y will be defined by x <y =x =Y.
XXI1I.  (¥x)(x < Sx)

XXIV. (%) (#)(¥2)(x <y &y

<z-*>Xx< z)
XXV. (¥x)(#y)(¥2)(x =y &y <z~+x<2)
XXVI. (W) (¥y)(¥)(x <y &y=2z+>x<2z)
XVIT. () (¥y)(¥2)(x <y &y <z +x<z)

XVIII. (¥x)(1 < x)
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XXIX. (W=)(¥y)(¥2)(x<y>z+x< 2 +75)
XK. (=) (¥y)(¥2)(x<y>z2+x< 2z +7y)
XXXT. (¥ =x)(¥3)(x < v » sx <vy)
II. (W) (W) (x<yvx=y Vyc< x)
XXITI. (%) (¥y)(r(x < y & ¥ < x))
IV, (=) (W)((x<y&x=7))
XXXV, (W) (FyMx<Sy>x<yvx=y)
VI, (=) (¥y)(¥2)(x <y >2+x<2z2.7)
XKVIT. (¥x)(¥y) (%) (W)(x <y & 2 <W>X+zcy+w
XXXVIII. (%) (Fy) (e y=1a>x<x o+ ¥)
OXIX. (%) () (FH = o* . )
XL. (®)(Fy)(x <y &re=1scF <)
XLI. () (Fy)(x < y» e )
We let the function z = x - y be defined by the formula z + y = x.
XLII.  (®&)(¥y)(¥z)(x <y +2 -¥ <2 - %)

XLIII. (W) (W) (¥2)(x=y +x-2 =y - 2)

XLIV. (Vx)(’ly)(llz).(x <Yy +>X -2 <y -2)
Xuv. (=) () (F)(x <y >x -2 <y -2z)
XI.  (x)(¥)#)((x-y) cz2=(x.2) - (y . 2))

XIWVII. () (%)) (x=y>2-x=2 -7)
Let ¥ | x be defined by the formula {(Iw)(y . w = x).
XVIII. (¥} (¥y)(¥z)(z | x &z |y >z | x +7)

XLIX. (¥x){%y)(¥2)(z | x>z | x « ¥)

L. (%) (¥y) (¥2) (x | vyey=2z>x | 2)
LI. (wx)(wy)(v2)x | y+z28x] y>x]| 2)
LII. )T | xey>217 | xVviT |y

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



<40~

§12. Reducing the Definition of Concatenation

We recall that concatenation was expressed by the formula
Xxoy=z: (Ev’){PlT(v)& [S(16 -« y) =v V16 ey + 1T =1T - v V
((Aw)(v +w=5(16 « y)) & 3W)((16 - y + 17) + w = 1T - ¥))-
&z=x+v+yl},
where PlT(v) is shorthand for
(3v1)[v =17 « v, & (¥v2)((3v3)(v =V, e vyrv =1 v
(3Vb)(v2 =17 - v,)))]}.
Writing , as we did in 8§11, x -y =z forx =y + z, x <y for
(Exl)(x+:-:1 =y),x<yforx<yVx=y, and x | ¥ for (3x1)(x < x =y),

we can rewrite Pl'T(v) as

1T ve (wW)lvy, | v>v,=1V1T | v,)

2

and the formule expressing x ¢ ¥y = 2z as
(iv)(PlT(v) §v-1<16+y816 . y<1l -+ (v-1)¢&
Z=X-e+v+Yy).

LEMMA 12.1. For ail natural numbers n, m, k

al) n = 8 is provable

Bl
]

a2) ~ m is proveble for n # m

bl) n+m=n+m is provable

v2) » D+ m =k is proveble for k #n +m
cl)nem=n+m is provable

¢2) -n e m=k is provable for Kk # n + m.

PROOF. We will start with (bl), which we show by induction in the

metalanguage. For m = 1, n + m is Sn and, for every n, n + 1 = Sn follows

from Axiom (P5). Let us assume that n + m = 1 ¥ @ is provable. We have to
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show that so is n+ Sm = n + Sm. As n + Sm is Sn + m, what should be prov-
able is n + Sm = SO + m. The latter, though, given our inductive assumption,
is a consequence of Axicm P6.

We now show (a). The provability of n = n follows from the provabil-
ity of II, §11. On the other hand, if n # m, then for some k ¢ N either
n+k=morm+k =n; we can assume without loss of generality that it
is the former. In view of (bl), & + K = m must be provable; Thus n < m is
provable. Using XXXIII we can then show r~ 1 = m.

To establish (b2): If n + m # k, then for some 1 we have n + m = 1
and 1 # k. Therefore — as we have just shown - o + m=1and ~I1=K

are provable. So is

n+m=1>(n+m=k->k=71),
by Axiom P1l. Thus we can conclude r n + m = K.

The proofs of (cl) and (c2) are analogous to those of (bl) and (b2).

Consequently, for any numbers n, m, if any of the sentences n < m,
n <m is true, it is also provable.

LEMMA 12.2. For every naturel number n and any variable v, the sen-
tence

(Ww)(ve<da+v=IVvy=2V...Vy=10-1)
is provable.

PROOF. We show this by induction with respect to n. If n is 1, our
claim is vacuously true. Suppose that it is true for some m. We show that
then

(W)(v<m+Il+>v=1Vv=2V,...Vv=i)
can be proven. As m + I is Sﬁ, +his can be written as

(Wilve<Sm+v=1Vv=2V,..Vvy=m).
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We know that
(w)(v<sa>v<mVv=n)

is provable (XXXV), and so - by assumption - is

(Ww)(v<ma>v=1Vv=2V,..Vy=m-1.
From these two we conclude the desired

(w)(v<sm+v=1Vv=2V,...Vy=m=T Vv =mn).

LEMMA 12.3. The formula (Vx)(PlT(x) =z (3y)(x = 17}')) is provable.

PROOF. We start with (Vx)(Pl,((x) > (3y)(x = 17)). Let IP(x,y) de-
note the fermula

17 < x & 175" > x,
expressing the fact that 1?w is the largest power of 17 not exceeding x.
It can easily be seen that (¥x)[x < 17 » (3w)(LP(x,w))] and (¥x) (W) (¥w,)
[LP(x,wl) & LP(x,wz) + w; = W,] expressing, respectively, the existence and
uniqueness of this largest power, are both provable; for x > 17 we can thus
write w = 1p(x) in place of LP(x,w). As Pl’T(x) contains the condition that
x is divisible by 17, we can prove - using XXXVIII of §11 - (V-x)(Pl.T(x) >
x > 17), and thus also (Vx)[Pl,{,(x) + (Iw) (LP(x,w))].

We will prove (¥x) [Pl’{(x) > 3Ay)(x = 17y)] by induction on 1lp(x). When
1p{x) = 1, we can infer x = 17 - x, for some x,; fas x is divisible by 1T)
and X, < 17. This imp;ies - 17 I xl'. and therefore, as we assume PlT(x), we
have to conclude x, = 1 and hence x = 1'(1.

Assume now that our claim holds for 1p(x) = n and let x be such that
1p(x) = n + 1. We can conclude that for some Wi, W, We have

X = 17n+1 ewpV x= 17n+l e W + Wy,

. ~nt+
vhere w; < 17. The first disjunct again implies v, = 1 and x = 17° 1. From
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the second disjunct we can infer (LI) v, = 17 - LA for some w3, and there-
fore x = 1?(1"(n A ws). As we can show lp(l'{n < W ws) = n, our in-
duective assumption yields 17n . W, + LA l?y for some y - and thus we get
x =17 - :1.7y = l’(Y+1.
We now estgblish the provability of
(%) (¥) (x = 17 > P, (x))
by induction on y. Using XXXVIII of 511 and Lemma 12.2 we can obtain

(%2)(z |17 > 2

1vz=2 ...Vz=1T;,

and therefore also

(¥2)(z |17 > 2 =1V 2z =17),
which implies P17(17).
Assume now that
(¥x)(x = 177 > P17(X))
can be proven; we will prove (¥x)(x = 17n+1 > PlT(X))' Clearly 1T | 17n+1
n+l

is provable. Let us assume z| 17 ; we can conclude (LII) z [17 vV z| lTn
and, by our inductive assumption, infer z =1 V 17| z, which concludes

our proof.

Thus the formula expressing x o y = z reduces to

(3w)(1’rw-1<16-y&16-x517-(17w-1)&z=x.17w+y).

IEMMA 12.4. The formula

A

(¥x) () (¥v) (27" - 1 <x&x<1T - (17" - 1) & 17" - 1 <x &
x < 17 - (17v -1)»w=v)
is provable.
PROOF. Let us assume (i) 17w -1l<x

(1) x < 17 « (1T - 1)
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v
(iii) 17 -1 <x
(iv) x < 17+ (17" - 1)

and suppose v < w. Then we get v + 1 < w ( by XXX) and thus also

v+l W
17 < 17 (by XXXV). We further obtain, using the appropriate theorems

of §11,
v v+1
(17 ~1=17 = -17,
v+l v+l
17 - 17 < 17 -1,
v+l W
7 -1<17T -1,

v+l W
17 -17T <17 -1,
which m 17 (17" v i i v-1
eans 17+ (17 - 1) < 17 - 1. Thus given (i) we obtain 17 - 1T < x,
contrary to (iv). This proves ~ (v < w). Similarly we disprove w < v by

showing that in this case (iii) and (ii) cannot hold together. By XXXII

we conclude w = v.

- 1
LEMMA 12.5. The formula (Vw)((l’(v+ -1) - 17« (17w - 1) = 16) is

provable.

PROOF. This formula is equivalent to (¥w)(16 + 1T . (1'(W -1) =

wtl
17 - 1) and therefore to

(*) (W) [(16 + 17 » (17W -1)) +1 = 17‘”1].
From XLVI and XII of §11 we obtain 17 (17" - 1) = 17" - 17. Therefore
we can further conclude 17 - (17w -1) +17 = (1'TWI - 17) + 17 = 17w+1.

W
But we also get 17« (17 - 1) + 17 = 17« (17" - 1) + (16 + 1) =

W
(17-(17 -1) +16) +1 = (16 + 17+ (17W - 1)) + 1, and hence (*).

LEMMA 12.6. The formulas (V¥w)(16 | 17" - 1) and (%)(16 | 17+ (17" - 1))

are provable.
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PROOF. The second formula can easily be obtained from the first

by the appropriate theorems of §11. We prove the first formula by induction.
For w = 1 the formula reduces to 16 l 171 - 1, which is clearly provable.
Assume 16 ] 17n -~ 1. From Lemma 12.5 we know the provability of
17n+1 -1=16+17- (17n - 1)..Again using §11 we get

16 | 16,

16 | 7 - 1, (inductive assumption)

16| 17 .07 - 1),

16| 16 + 17-(17n - 1),

16 | 1724 - 1.

W
LEMVA 12.7. The formula (¥x)(3w)(17" - 1 <16 + x & 16-x<17+ (17 -1))
is provable.
PROOF. We prove the formula by induction. For x = 1 we obtain
1 . 1
17"-1<16 < 1and 16 » 1 < 17+ (17 - 1). Assume 17" -1 < 16 - n and
16 «n <17 (17w - 1) for some w. From Lemma 12.6 we know thet we can prove
: w
the existence of a k for which 17+ (17 - 1) =16 - k. From 16 + n < 16 « k
. W wtl
we obtain n < k, and from Lemma 12.5 we get 17+ (17" - 1) + 16 = 17 -1
wtl -
and therefore 1T -1=16 « k + 16 = 16 » Sk. We consier the two cases:
n=%k, andn <k.n=k gives Sn = Sk and 16 * Sn = 16 + Sk, from which

: wil wtl
16 + Sn = 17 - 1 follows. As 17 =1<17" (17w+1

- 1) is easily ob-
Wl wil
tainable, we get 17 -1 <16 - Snand 16 » Sn < 17+ (17 ~ - 1). On the

other hand, n < k yields Sn

1A

k and 16 « Sn < 16 + k; we conclude
16 « Sn < 17+ (17" - 1). As 16 -n < 16 - Sn is provable, so is 17"- 1< 16 - Sn,

and so is, finally, 17"~ 1 < 16+ Sn and 16+ Sn < 17+ (17" - 1).
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Lemmas 12.4 and 12.7 state the provability of the unijueness and exis-
tence of a w such that 17W -1<16 * xand 16 * x < 17" (1"{w ~ 1);thus we
can introduce a new function y = 1(x) expressed by

17 <16 * x&16 * x < 17- (177 - 1).

If x and y satisfy the above formula, y will be called the length of x

(y is the number of digits in the seventeen~adic representation of x). With

this abbreviation, the formula for x o y = z becomes

Xey=ugz: z=x'171(y)+y.

§13. More About the Formula Q(x.,y)

We recall that the formula Q(x,y) expressing the fact that y is the

G¥del number of the numeral of x was
Qxy): (x=18y=15 Vv (Iy)Ar*=16-y; + 17 &y = 1h -y, + 15).

LEMMA 13.1. The formula (¥x)(¥y)(¥z)(Q(x,y) & Q(x,2z) +y = z) is
provable.

PROOF. First of all, as we can easily obtain 171 > 16«1 + 17, the
appropriate theorems of §11 give us (¥y;)(r l'Tl =16y, + 17). We can con-
clude Q(1,y) » y = 15, and hence the uniqueness formula for this case. Let
us now assume ~ x = 1 and Q(x,y) & Q(x,z). Thus we are assuming the exis-
tence of a ¥y, and a ¥y such that

17" = 16y, + 11,
y =1y + 15,
17" = 16-3, + 17,

z=1h-y2+1’5.
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This gives us 16 +y; + 17 = 16« ¥, + 1T from which (using §11) we obtain

¥; = ¥o» and therefore also y = z.

LEMMA 13.2. The formula (¥x)(¥y)(Q(x,y) + 1(y) = x) is provable.
) ,
PROOF. For x = 1 this reduces to 17 - 1 <16 « 15 < 17« (1’{':L -1),

which is easily provable. Let us assume r x = 1 and Q(x,y), which means

X
1T =16+y; +17 and y=1k.y, 6 + 15
for some yl. §11 lets us conclude
6.y =16+ (1h-y, +15) =16-1hy +16.15=
X
1h-(16.y1+17)+2=1ho17 + 2
and
X
17 -1 <1be17 + 2.
On the other hand, we can also obtain
We17 +2=16-17 - 2 17% + 2,
X X X !
1617 - 2-17 +2<16-17 -17,
X X
16«17 - 17 < 1717 - 17,

X X
17T+17 -17 =17+ (17 - 1),

-

. . . X
vhich finally yields 17 -1<16-y and 16+y < 17+ (17 - 1), i.e.

1(y) = x.

IEMMA 13.3. The formula Q(1,15) & (¥x)(¥y)(Q(x,y) -+ Q(Sx,1ke ¥))
is provable.
PROOF. The provability of Q(1,15) is obvious. Let us assume Q(x,y).
Thus we assume the existence of a ¥, for which we have
17" = 16+ 3, + 17,
¥y =1k. ¥, *+ 15;

We want to prove Q(Sx,lkey), i.e. the existence of a ¥, such that
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Sx
7T = 16-y2 + 17,

b oy = lh-yz + 15.
By definition we have 14 ¢ y = 1k . 171(y) + ¥. From Lemma 13.2 and the ap-

propriate thearems of §11 we get 1L o y =1k. ZL’(x + y. Thus we want to prove
that for some ¥y, we have
() 177 = 163,417
(%) W17 +y=1h.y, + 15.
Using §11 again, we can obtain
16-'(17~y1 + 17) + 17 = 16-17-y1 + 1617 + 17 =
16°17-y1 + 1717 =17+ (16 -y, + 17).
Together with our assumptions above, this yiel
16+ (17 -y, +17) + 17=17% » 17 =.175%,
Therefore we have proven the existence of a y2 (namely, 17 . y1 + 17), for
which (*) holds. We can further prove
1L (lT‘Yl +17) + 15 = 1k . ((16-Y1 + Yl) +17) + 15 =
1L . (16-y1 +17) + (14« y; + 15)
and therefore also
14« (1T yy + 17) + 15 = 1k 17+,

which means that the y , We have chosen also fulfills (%%),

COROLLARY. The formula (¥x)(3y)(Q(x,y)) is provable.

PROOF. This is an immediaste consequence of the preceding lemma.

Lemma 13.1 and tHs Corollary show that both the existence and the
uniqueness of a y such that Q(x,y) are proveble for all x. Instead of writing

Q(x,y) we can therefore write Q(x) = y.
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LEMMA 13.4. The formula (Vxl)(sz)(Q(xl) = Q(xz) >x, = x2) is
Provable.
PROOF. The proof of Lemma 13.1 shows that our claim is indeed true
if we assume x; = 1. Let us assume -« x, = 1 (and therefore r X, = 1),
y = Q(Xl), ¥y = Q(z,). Thus we have
(1) 1771 = 16+ y; + 17,
(11) ¥ = 11;~y1 + 15
for some yl, and
(ii1) 17x2 =16 - y, + 17,
(iv) y = 14 ~y2+1‘5
for some v, From (ii), (iv) and the theorems of §11 we obtain ¥, =Y,
But then (i) and (iii) yield 17x1 = 17x2 and therefore x, = x.
LEMMA 13.5. The formula (¥x)(Num Q(x)) is provable.

PROOF. TImmediate, as Num x is shorthand for (I¥)(Q(x,¥y)).

LEMMA 13.6. The formula (¥x)(Num x - Num 1kt x) is provable.

PROOF. Obvious, from Lemma 13.3 and the definition of Fum x.

§14. The Functions Gn

Let n be either a term or a formula. If n does not contain any free
variables, then Gn will be the GBdel number of n. If n contains k free var-
iables Vyseess vk, the Gn will be the function assigning to every k-tuple
ny,-. ..,.nk of natural numbers the G8del number of n(ﬁl,...,ﬁk).

(Alternatively, instead of speaking of a separate function Gn for ev-

ery n, we could speak of a function G having as its domain all pairs (n sV),
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where n is either a term or a formula and v is an infinite sequence of
natural numbers. If k is the total number of free variables in n, the value
of G on (n,v) will be the Gtdel number of the expression obtained from n
by substituting the first k elements of v for those free variables.)

For every particular n the function Gn is expressible. Indeed, if n
does not contain any free variables and c¢ is its G&del number, then Gn is
expressed by the formula Gn = ¢. If n is a variable v, our formula is

G = Q(v). Furthermore, if T,> T, aTe terms and if G , G, are expres-
n -

1 T2
sible, then the formulas G,S_L_1 = 1’4°G_.t1, G(Tr'"tz) =10¢ GTlo 20 G,rzo 11,

G, =10eG_o 3¢G_o 11, G =G_° 1e° G,r express the G-functions
(TI.TZ) T To T1=To Ty 2
associated with combinations of T, and T,. If now $y5 ¢, are formulas and

G are expressible, then we get the formulas G =hbeG, , G, 6y =
6 SRR CALN

G
b
4 % =6
102G, ° 5G, 11, G =10°G, © 6°Gg o 11, G =
¢y 2 > T(91&%5) ¢ ¢, ($1705)
100 G¢ ° To G¢ o 11 to express the G-functions associated with compound
1 2

formulas constructed from ¢;, ¢g.

If v is a free variable of ¢ P let G ve the result of replacing Q(v)

1
by the GSdel number of "v" in the expression on the right side of the

equality representing G¢ (e.g. if ¢1 is x' = x'', then Gfb X' will be
1 1
Q(x')°1°129130¢13). We can then complete our description of the formulas

to express Gn by noticing that if n is (3v)(¢,), c is the Gddel number of
v and v does not appear free in ¢;, then Gn = 100 8°colle 10° G<b o 11

1
expresses Gn. If v does appear free in ¢, then Gn is expressed by Gn =

10080 ¢c°11°10°G p v° 11. Analogously if n is the universal quantification
1~

of ¢7.

We are going to prove that for any formula ¢ with one free varisble
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and any formula F(vl,...,vk) with k free variables, the formula

Sat y - (VVI)(sz)...(Vvk)(¥z)[z = -> (F(Vla“"vk) = y(2)]

G’4'3'(v:l seeesVi)

is provable. To do so we will need some preliminary discussion.

§15. Proofs of Some Further Properties of Concatenation

LEMMA 15.1. The formula (¥x)(¥y)(x =y > xoz = yo z) is provable.

PROOF. Immediate, from the theorems of §11.

LEMMA 15.2. For any two numbers n,m, the sentence 1(n) = @ is prov-
able when trre and refutable when false.

PROOF. Immediate, from Lemma 12.1 and §11.

LEMMA 15.3. The formula (¥x)(¥y)(¥z)(z = xoy + 1(z) = 1(x) + 1(y))
is provable.

PROOF. Assume z = X © y. The definitions introduced earlier yield

2= xe 17l(y) .
1t <16-x and 16-x < 17- (™ _ 1y,
(%) 171(y) -1¢< 16+y and 16y < 1T- (171(y) 1).

Using XIII, XXXVI and the appropriate theorems concerning multiplicationm,

we can infer

A ) <16 17 ana

- 1) 17
(y)

(1

16 x+17 <17+ ((171(X) - 1) - 17ty

which, together with Theorems XLVI and XXXIX of §11, give

171(x)+1(3r) _ 171(y) 1(y)

<16+x-17 and

(%) 1(y) ARG 10y

16+ x« 17 <17 (1

Adding together the inequalities of (*) and (**), which XXXVII permits us
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to do, we get

() 1)y 4 (2D 1(y)

-1) <16-x-17 + 16y

and

1(y) 1(x)+1(y)

16+ x-27Y) 4 163 < 17-(a7 ) -1ty s @t gy,

which transforms into

17l(x)+1(y) Ay

-1§16oz and 16z < 17« (1 1),

i.e. into 1(z) = 1(x) +1(y).

LEMMA 15.4. The formula (¥x)(¥y)(¥z)((xey)oz =xo(ye 2)) is prov-
able.

PROOF. The definition of concetenation and the preceding lemma yield

1(z) ~+ I lTl(y) +y) - 171(2) 4 g =

+2 , as well as xo (yo z) =x~1’{l(:}r92)'*'§f°Z =

(xey)oz = (xey)-1T
.. l,{l(sr')+l(2) .y 17l(z)

1(y)+1(z)
17 (v +y- 171(2) + z, which proves our formula.

LEMMA 15.5. For any three numbers n, m, k, the sentence n o m = k
is provable when true and refutable when false.

PROOF. The truth of the lemma follows from Lemma 12.1 and the fact
(easily established by induction) that n = 171-1-1 is provable when true and

refutable when false.

LEMMA 15.6 For any numbers n, m, the sentence Q(n) = & is provable
when true and refutable when false.

PROCF. From Lemma 12.1, the results in §13 and the preceding lemma.

LEMMA 15.7. The formula (¥x)(¥y)(3z)(z = x » y) is provable.

PROOF. Immediate from Lemma 12.7 and the properties of exponentiation.
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LEMMA 15.8. TFor every k, the formula

(VXI)WXZ)---(ka)(3z)(x1° Xpoe..0x, = z)

is provable.

PROCF. From Lerma 15.7 by induction.

LEMMA 15.9. The formula (%¥x)(¥y)(1(x) < 1(y) + x < y) is provable.

PROOF. Using the properties of subtraction and inequality listed in

§11, we obtain:

7. (ITI(X) _

l,{l(x)-l-l

1) = 178 _ g,
- 17 < 17l(x)~l~1 -1,
1(x) < 1(y) » 17t 20
Therefore we can conclude
1(x) < 1(y) » 17 (172 1) < 171(y) - 1.
As, from the definition of length, we have

6ex <17 (171(") - 1) and 171(3') -1<16.7,

we can infer 16+ x < 16y and therefore, using XXXVI and XI, x < y.

LEMMA 15.10. The formula (¥x)(¥y)(¥z)(xey =xo02 >y = 2) is

provable.
1
PROOF. Assume xeoy =xo1z, i.e.x-l’{l(y)+y=x'l7 (z)+z
Lemmas 15.3 and 15.9 then yield 1(x) + 1(y) = 1(x) + 1(z), from which we

conclude (using §11) 1(y) = 1(z). Furthermore, the appropriate theorems
of 8§11 also yield
1( i(z
1) 174(2)

xo 17 ) o gL 1ME),
and therefore
i(y)
xe« 17 +y=x-1’i’l(2)+z+y=z.
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LEMMA 15.11. The formula

() (¥y)(¥2) (W) (x <y & 1(2) = 1(W) »x°2 <yow)

is provable.

PROOF. From the facts listed in §11 we can prove

171(z)+1 “17 < 171(z)+1 1,
1
and, therefore, 1T - (17 (=) 1) < 16+ 17+(2) 4 171(2) - 1. This further im-
3 1
plies 16+ x - 1?1(2) + 17« (1’{1(2) -1) <16+ (x+1)17 (z) + (171(2) - 1).

Therefore the assumption .x < ¥y, which implies x + 1 <y, gives us

16-x- 1773 4 17, (171(2) 1) <16-7- 177 4 (174%) J 1), as we nave
1(z) = 1(w), we also get 16z <17- (171(2) - 1) and 1‘71(2) -1 < 16w,
Hence we can prove

6% 17 41602 < 16317 4 164,

which is simply 16+ (xo2z) < 16+ (yow). This implies xo°z < ye w.

COROLLARY. The formula
(%) (¥y) (¥z) (Fw)(xey = z20w & 1(x) = 1(z) +x =2 &y = W)
is provable.
PROOF. From Lemma 15.3, the assumptions xey = zew and 1(x) = 1(z)
| imply 1(y) = 1(w). Lemma 15.11 then lets us infer x = z and, as an im-

mediate conclusion, we obtain y = w.

PROPOSITION. The formula (¥x)(x < 1T = 1(x) = 1) is provable.
PROOF. Immediate from the definition of length and the properties

of multiplication and inequality.

LEMMA 15.12. The formula
()[1(x) =1 v @y)32)(1y) =1 & x=yeo2z)]

is provable.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



~55-

7l(x) _

1(x)
PROOF.  Assume 1(x) > 1. From 17 =) _ 1<16-x<17-(1 1)

we can conclude the existence of a w such that

1(x) 171(X) _

(%) w <16 & we (17 ~1) <16+x < Swe ( 1).

According to the abové Proposition, the first conjunct implies 1(w) = 1.

. 171(x)-1

Let us set z=x-w . Using the appropriate theorems of §1l1 and

(#) above, we can show

v (171(x) _ . 171(:;)-1

1) - 16w <16-2

and
(x) l(x)—l.

167 < Swe (1775 1) - 16.w-17

As we have 1 < w and w < 16 , we obtain

1(x) 1(x)-1
<

(17 - 1)- 1617 <16-2z
and

162 < 17+ (7% ~ 1) — 2627 . 272 L,
which reduces to 171(?)'1 ~1<16+2z and 162z <1T- (1'{1(’{)'1 -1).
Therefore we get 1(z) = 1(x) - 1 and, as we also have x = w- IL'(:L(X)--1 + 2z,

we can conclude x = we z.

LEMMA 15.13. The formula
(¥x) (¥y) (¥2) (W) (x ey = 20w & 1(x) < 1(z) + xBz)
is provable.
PROOF. We perform induction on 1l(x). First assume 1(x) =1,
xoy =zew and 1(x) < 1(z). From Lemma 15.12, we can prove the existence
of a z; of length 1 such that for some z,, z = zj° 2,. Using Lemma 15.1
we obtain zow =320z ew and Xoy = z,° z,° W. As we have 1(x) = 1(21),

1 2

the Corollary after Lemma 15.11 lets us conclude the provability of x = z1

and therefore of xo 22 =z, i.e. of xBz.
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We now assume that our formula is provable whenever 1(x) = n. Take
xoy =zow, 1(x) <1(2) and 1(x) =n + 1. It follows from Lemma 15.12
and the preceding part of the present proof that we can prove the existence
of a y of length 1 such that x = uex, and 2z = uc°z, for some X1> 23 for
which we also have 1(x1) =n-1, l(zl) = 1(z) - 1 < n - 1. Thus we obtain
ueXx,ey =uezyew and from Lemma 15.10 follows the provability of

o w. From our inductive assumption we can conclude Xx;Bz 1 which

xloy=z1

gives us xBz.

LEMMA 15.14. The formulea
(%) (¥y) (¥2) (W) (x oy = 2 ow & L(y) < L(w) + yEW)
is provable.

PROOF. Analogous to the proof of Lemma 15.13.

LEMMA 15.15. The formula (¥x)(¥y)(¥z)(xPy & yPz » xPz) is proveble.

PROOF. = ITmmediste.

LEMMA 15.16. The formula
(¥x) (¥y)(¥2) [z2Pxo y > zPx Vv zPy Vv (Iw)(Fu)(z = wou & wEx & uBy)]
is provable.

PROQF. Irmmediste.

COROLLARY. The formula (¥x)(¥y)(¥z)(1(z) =1 & zPxey + zPx V zPy)

is provable.

PROOF. This is an immediate consequence of Lemmas 15.16 and 15.3.

LEMMA 15.17. The formule (¥x)(~ 1PQ(x)) is provable.

PROOF. By induction. As 1(1) =1, 1(15) =1, ~ 1 = 15 are all prov-
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able, Lemma 15.3 yields « 1P15, i.e. ~ 1PQ(1l). Let us assume  1PQ(n). We
want to obtain »~ 1PQ(Sn), which is equivalent to ~ 1P1lke G(n) (see §12).
Again, as we can prove r1P1l4, our inductive assumption together with the

Corollary after Lemma 15.16 yield the cesired conclusion.

LEMMA 15.18. Let a be any number of length n and let al,az,..., CIR
be all its different parts. Then the formula

(¥x)(xPE = x = g, Vv x

aV...Vx=g)
is provable.

PROOF.  Among the a,'s (J = 1,...,k), let a%,...,aii (1=1,...,m)
be all those parts of a whose length is i, in the order of appearance. The
formula 1(2) = 0 is provable (Lemma 15.2) and so is (¥x)(xPz + 1(x) < 1(a))
(Lemma 15.3 and the appropriate theorems of §11). Therefore from Lemma 12.2
we can conclude the provability of

(¥x)(xP2 > 1(x) =1V 1(x) =2 V... V1i(x) = n).

Also, from the definition of xPa we obtain

(*) (¥x)[xPE zx=2a V(Ay)(3z)(xey=a Vzox=a Vzoxey =a)].

Using the Corollary after Lemma 15.11 and the fact that 1(53) = i is prov-
able for every i <n and every J < ki’ we see that the formula
(=) (¥y)[xey =8> ((1{x) =1 >x = 5.]1*) ¢ (1(x)=2+x= 5.%) &
o8 (Ux) =8> x = &]))]

is provable. By the same token we obtain the provability of

(¥x)(¥z)[zex =8> ((1(x) =1+ x = gil) g (1(x) =2 » x = 5%2)
=7 > = 0
&...& (1(x) =n~>x akn))],
Similarly we can prove

(¥x) (¥y) (¥z)(zexoy =8+ 12(z) =1 Vi(z) =2V...V1(z) =7 = 2)
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and from there derive the formula expressing the fact that if x constitutes
a middle part of a, then it must be equal to some ai‘ (3 = 2,...,ki_1, i=1,
«..,n-2). Therefore from (*) we obtain the formuls

(%) (xPg » x = g Vxs= g,V...Vx = Ek).
On the other hand from Lemma 15.5 we see that the sentences E.IPE, EZPE,...,
§.KP§, are all provable; therefore, so is

(¥x)(x = a,V x= an...Vx=a.k->xPa).

COROLLARY.  For any numbers n, m, the sentence nPm is provable when
true and refutable when fslse.

PROOF.  When 1(m) < 1(n) then we can so prove and the refutability
of nPfi follows from Lemma 12.4. When 1(m) > 1(n), our claim follows from

Lemma 15.12 and the fact that n = m is provable when true and refutable

when false (Lemma 12.1).

LEMMA 15.19. Let F(v) be any formula for which (¥v)(F(v) + ~ 1Pv)
is provable and let Vise.-5Vy be any k variables. Let C be of the form
ﬁlo vye fige... °'n'ko Vie° Ek-l-l’ where nj, nj,..., 0y ., &re any natural num-
bers whose seventeen-adic representations do not contain 1°1 and such that
1 does not start the seventeen-adic representation of n, or end that of
S Then the formula

(¥x)(¥v1)(Vv2)...(¥vk)(1° lexelelPleleCelel = g =C)
is provable. |

PROOF. Obviously x = C + 1o 1o xole 1PleloColol is provable.
Let us assume 1o lexe1o01PleloCele 1l; by definition this implies
lelexeloel=1e¢leCelol V (Ay)(3z)(1lolexeloloy=1¢1°Colo 1V

zelelexelel=1ecleCelolV goleloxeloloy=71ec]eCelol ).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=59~

From Lemma 15.12 and the Corollary to Lemma 15.11 it follows that if we
assume Zz°leleoexoelel =101°oCele] or z2elPlexeleley = 1°IeCelel,
then we can prove that either z = 1 or else there exists a z, such that
z=1°zl. Z =1yields 1°lexole] =1eCelelVilelexeleloey =
1°oC°1°1, and therefore lexelel=Colol1Vloeoxeleloy=Celo]l,
contradicting - 1351 »Which we assumed to be true (and therefore provable,

by the proof of Lemma 15.12). z = 1o z yields z;° l°elexolol =

10Celel1V z1°1°1°'x°l°l°y =1°Ce°1le°1, which again gives us either -

b4

1 1 (which we rule out as before) or the existence of a z 2 for which

z1 = 1le2,, and thus z,° lelexoelol =ColoelV Z,01l°lexeloloy =
Cele°1. Both disjuncts yield 1 ° 1PC, contradicting ~ 1¢ 1PC whose prov-
ability follows from our assumptions. In an analogous manner we conclude

that 1°1lexeleley=1010Cc1l0] leads to a contradiction, thus ob-

talning 1elexoelol =10 1eCe 1°1, which yields x = y.

LEMMA 15.20. Let F(v) be a formula for which (¥v)(F(v) + ~ 1Pv) is
provable, and let Viseers vk be any k variables. For i = 1,..., 1, let Ci
be of the form nilo v,e nizo oniko vi° nik+l’ where nil,..., nik-'rl are
any natural numbers whose seventeen-adic representations do not contain
1°1 and such that 1 does not start the seventeen-adic representation of
n. or end that of n. . Then the formula

11 1k+1
(Vvl)(sz)...(Vvk)(Vx)[- le 1Px »
LlelexoeloelPlols clé 1e1°Cpe... ®lol0Cpo 1012
x=CVx=CV...Vvx =]
L

is provable.

PROOF. Let us assume » 1°1Px. Obviously x = iV x=CV...Vx =¢
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provaebly implies 1°1°xel1°1Ple 19 Cy91e1l°Cp..01°1¢c Cl° 11,
Also, if 1 = 1, our claim follows from Lemms 15.19. Suppose that our claim
holds true for 1 - 1 and let us assume 1°1l°x°o1ol1Plo 1l CijeleleC,l...
®lec1l°C °1°1l. By Lema 15.16 we can obtain
lelexelelPleleC oleleCr...o1l°1eC 5 V
1o1°xo1o1P1°1°cl°1°1V(aw)(Bu)(loloxo1o1=wou&

WEleleC©leleCyr...°l°10C & uBle 1° Cl°l°1).

1-1
According to our inductive assumption and to Lemme 15.15, the first dis-
junct yields x =C; Vx=¢C,V...Vx = C, ;3 and by Lemma 15.19 we can

prove that the second disjunct is equivalent to x = Cl. Furthermore, given
leloxolel =wou & WELo 1o CI°1°1002° N R Cl-l & uBle 1°Cy° 1°1,
as we have assumed « 1°1Px and the provability of rlBCl, we obtain
u=121°1. This yields 191 exElel °Cl° lo 1o C2° R L Cl—l’ which,

again together with » 10 1Px, » 1EC and »~ 1BC lets us obtain

1-2 1-1°

X = Cl—l’

In the next chapter we present some facts which will directly lead
to the proof of the theorem described at the end of §14 - the object-lan-
guage expression of the fact that a number belongs to a saturated set if

and only if and only if it is the G¥del number of a true sentence.

§16. Preliminaries

LEMMA 16.1. For any term t with k variables Viseers vk, the formula
(VVI)(VVZ)---(W’k) (3w)(r = w) is provable.

PROOCF. Immediately follows from Theorem II of §11.
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2% Tg whose variables are Vs

+++5V, > the formula (Vvl)(sz)...(Vvk)(¥w1)(Vw2)(Vw3) [ty + 15 = 15 =

LEMMA 16.2. For any three terms t,, t

('l:1 SV kT, TV R Ty =W W F W, S w3)] is provable.
PROCF. Let us first assume t; + Ty = T3> Ty = Wys T, = W3 and

T3 = W3. Using the sppropriate theorems of §11 we obtain

V1+V2=W1+Tz=rl+12=13=w3
and thus (vvl)(V-vz)...(Vvk)(le)(sz)(XZws)[1—1 R (rl =W, &
T, =W, & T, =W, W +w, = ws)] is provable. On the other hand, assuming
(VWI)(VVZ)(VW3)(11 =W & T, =W, & T, = LA ws), we can con-

clude, using IT, T, + 1:2 = 13; this completes the proof of our formula.

LEMMA 16.3. For any three terms 1;, t,, T, whose variables are vl,

2 3

«e.sV. , the formula (Vvl)(sz)...(Vvk)(le)(¥w2)(¥w3)[T1 " T, =T, S

(1, =w, & T, =W, & Ty T Wy Wy o W, = w3)] is provable.

PROOF.  Analogous to that of Lemma 16.2.

LEMMA 16.L. For any two terms 'rl, 12 whose variables are vl,...,vk,

the formula (Vvl)(VVZ)...(Vvk)(le)(sz)[S'rl =1

(1]
A
"
=
g
&
i
hﬁ
+

2 1 1 2

Sw, = wz)] is provable.

PROOF.  Analogous to that of Lemma 16.2.

LEMMA 16.5. For every formula F with free variables v1 N vz,. ces Vi
the formula (Vvl)(sz).. .(Vvk)(ilz 1)(z = GF) is provable.

PROOF. Let j be the number of symbols appearing in F in addition to
the k free variasbles. The formulae whose provability we claim is of the
form (Vvl)(sz)...(¥vk)(3z1)(z1 =Dy Dp° ... °Pj+k)’ where some of the

p's are of the form Q,(vi), i=1,...,k, and the remaining ones are the Gddel
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numerals of the other j symbols appearing in F. Therefore the provability
of our formula follows from that of (Vvl)(sz)...(Vvk)(ﬂwl)(awz)...(3wk)
(Qv1 =W & QU =W, &...% Qv = wk) (see Corollary after Lemma 13.3) and

of (Vxl)(sz),,,ka,l,J)(321)(21 = X0 X, eal® xk+j) (Lemma 15.8).

LEMMA 16.6. Let a be the GSdel number of the variable v,. For any

term or formula R with k free variables v, ,...,V. , the formula

1 Yk
(*) (sz)(Vva)...(¥vk)(Vz)(¥z1)(sz) [z = GR—v1 > (Vvl)(Subst(z,a,Qvl,zl)
& Subst(z,a,Qvl,zz) + 2z, =2,)]

is provable.

PROOF. By induction on the length of R. If R is either a variable
or the numeral 1 and b is any of the numbers 1, 2, 3, 4, 5, 6, 7, 9, 1k
(call them "expression builders"), we can prove gPGR_vl. Therefore we
cen also prove a formula expressing the fact that any sequence number which
is of the form specified in the definition of Sul‘zst;(z,,a,Qv1 ,y) and ends
with the number of a pair whose first member is R must have as its only
element either GR—v1° 2020Qv; - if R is v, - or GR-v1° 2020 GR-—vl’
otherwise.

If R is a numeral different from 1 the proof of (*) will be obtained
by formalizing the following inductive argument: Let us assume that our
claim (uniqueness of substitution) holds for the predecessor of R. The
only "expression builder" which is part of GR-VI is 14. Therefore the se-

quence number whose existence is required by Subst eitaner has GR ° 2'2°GR~V
=V, -1
1
as its only element, or else the pair number GR,_VI" 2° 2° s ending it has
been obtained from an earlier pair number in the sequence by preceding both

its "elements" by 1i. But then the first "element" of that earlier pair
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number must have been the number of the predecessor of R; hence our claim
follows from the inductive assumption.

Suppose now thet R is & composite expression and that we have estab-
lished our claim for all terms and formulas with fewer logical constants
than R contains. We will outline the proof using a concrete example; let
us say R is (v1 =2V x' + 2 = 3), where v, is different from x'. First
of all, we can obviously prove a formula expressing the fact that the first
"element" of any pair number in any sequence number of the form specified
by Subst must be part of the first "element" of any pair occurring later
in that sequence. In particular, the first pair in the sequence described
by Subs‘t:(GR_vl »8,QV,,¥) must have as its first element a variable or a
numeral which is part of R. Thus for our specific R we can prove that the
first element of that sequence number must be one of ge2c 20 Qvl’
150202915, 1k 150202015, 1221325203120 13 and 1ko 1403150 202
©1k e 1k o 15 and that any of these may occur in the sequence at any point.
By the same token we can prove that the only expression builders used in
the sequence are 1, 5, 2 and 1b. Therefore there is only & finite number
of sequence numbers of the kind described in Subst that we can build using
the elements we have just listed, if the first "element" of the last pair
nunber in the sequence number cannot exceed GR—vl in length. After listing
all those sequence numbers we find out that only the one whose penultimate
two elements are the pair encodings beginning with the numbers of vy =2
and x' + 2 = 3 ends with a peir number beginning with GR-vl' That our
uniqueness formula for G_  can be inferred follows from our inductive

assumption of that formula's provebility for terms and formulas with fewer
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logical constants.

LEMMA 16.7. Let a be the Godel number of the variable v,. For any
term or formula R with k free variables vl,. ey V, , the formula
(*) (¥,) ... (¥ ) (¥2)(¥2,) [z = GR—v1 > (¥ )(z, = Gg » Su‘r:st(z,a..,Q,vl,z1 )
is provable.
PROOF. By induction on the length of R. First let R be a numeral n.
Let m be 1°1°Q(n)e 2°2°Q(n)°1°1. From Lemma 15.5 and the Corollary
after Lemma 15.12 we conclude that 1° 1Bm, 1°1Em, » 1°1 = & and
~ 1 ¢1°1Pn are all provable; thus Seq m is proveble. As a consequence of

Lemmas 15.20 and 15.16 we also obtain the provebility of (¥x){x ¢ @

x = Q(n)e2°2¢Q(fi)). As for this particular R both GR—vl and Gy are
equal to Q(n), the above remarks together with the provability of Num Q(&H)
establish the provability of (¥) for this R.

We proceed analogously if R is a variable different from v;, with
Godel number b (we let m be 1o 1eo bo2e 20belel), when R is v, (let m be
leleao2029°Qvye 1o 1) or when R is a quantifier formula where the quan-
tification is with respect to a variable different from vl(let m be
1o 1e GR-v1° 2020 GR—v1° 1°1).

Suppose now that we can prove (¥) for some two expressions R;s R

2

(terms or formulas) by éctua.lly exhibiting, as we did above, two sequence

numbers of the kind described by Subst whose last elements are, respective-
r : 1] “ -

1y, the "enccdings" of the pairs (GRI" v GRl) and (GRZ_vl ,GRZ) and by

proving that these sequences are indeed of the kind desired. It is clear,

then, that by precisely the same methods we can prove that the sequence

number obtained by the following procedure is also of the kind desired:
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delete the 10 1 at the end of one sequence number, adjoin the other one
(by means of o) at the end and to the result adjoin the encoding, followed
by 121, of any one of the pairs (GR-V'I"GR) in which R has been built up
from R, R, by any one of the "term building" or "formula building" opera-
tions.

This is the induction step which ccmpletes cur proof.

LEMMA 16.8. TFor any formula F with k free variables Viseees Vi the
= .= >
formula (¥v2)...(¥vk)(¥z)(z1)[z G(VVI)FV z G(Bvl)F (¥v,)
(Instl(z,zl,Qvl) =z;= GF)] is provable.
PROCF. TImmediate from the definition of Ins*l:1 and the two preceding

lemmss.

§17. Main Theorem on Saturated Sets

THEOREM 17.1. Let ¢ be any formula with one free variable, and let

F be a formula with k free variables vi,... . Then the formula

v
k

Sat ¢ + (¥, )(¥v,)... (¥ ) (¥2)[z = G » (F(vl,...,vk) z y(z))]
is provable.

PROOF. A. We first establish our claim for an atomic formula F of

the form v, = V3 GF is then equal to Q(vl) olo Q(vz). In view of the

1
Identity Input clause of Sat y we can prove

Sat > (Vvl)(sz)(vz){Num Qv, & Num Qv, > [z = Qv,° 1°Qv, »
(v(z)

Therefore, by Lemma 13.5 we can obtain

alv,) = alv,13.

Sat ¥ > (Vv )(¥v,)(¥2)[z = Qvy° 1o Qv, » (p(z) = Qlvy) = Q(v,))].
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According to Lemma 13.k4, the formula (Vvl)(sz)(Qvl =Qv, > V.= vz) is
provabie; therefore, so is
Sat y - (Vvl)(sz)(Vz)[z =Qvooleqv, > (y(z) =v, =v)],
which is what we wanted to show.
B. We let F be an atomic formula of the form (v, + v,) = v,; that
makes GF equal to 100 Qv, ° 20 szo lleloe Qv3. As Sat y contains the Ad-

dition Input clause, one can prove

(B1) Sat § - (¥v1)(¥v2) (Vvs)(Vz){Num Qv, & Num Qv, & Num v, >

[2 = 100Qv e 2°Qv,011°1°Qv, + (pl2) = (Hxl)(3x2)(3x3)

= = = -+ R
(Qvl Q’xl & QVZ sz & QV’3 Q,X3 & x3 xl XZ))]
From Lemma 13.4 follows the provability of
= = &
(Vvl)(VVZ)(¥v3)[(3x1)(3x2)(3x3)(Qv1 &, x,
Q‘v3=Qx3&x3=x1+x2 ) Ev3=v1+v2)].
Therefore, as a consequence of Lemma 13.5 and of (Bl) we can obtain

Sat ¢ » (Vvl)(VVZ)(¥v3)(¥z)[z = 100 Qv,°2°Qy,° 11°1oQv, >

(¥(z) = vy = v, +v,)],
which was our claim.
C. The proof proceeds analogously if ¥ is of the form (v1 . vz) = v3.
We use the Multiplication Input clause of Sat .
D. Let F be of the form Sv, = v,. In this case Gp is 1ko Qv,o 10 Qv,.
As Sat { contains the Identity Input cliause, the following is provatle:
(D1) Sat ¢ » (¥v;)(¥v,)(¥z) [Num 14° Qv, & Num Qv, >
z=1heQv, e leQv, » (p(z) = 1ho Qu, = sz)].
Lemmas 13.3 and 13.4 give us the provebility of

(¥v1)(¥v2)(;h° Qv = Qv, = Sv, = vz).
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Hence from (D1), using Lemmas 13.5 and 13.6, we get
Sat p > (¥v,)(¥v,)(¥2)[z = 1boeQvyoleQv, » (3lz) = 8v, =v,)],
which is what we were aiming for.

Let us now assume that our claim holds true for atomic formulas with
fewer than n function symbols. Let F be an atomic formule with n function
symbols and k free variables.

E. F is of the form (‘tl + 1:2) = 7,. It follows from our inductive
assumption that the formula
(E1) Sat ¢ » (Vvl)(¥v2)...(¥vk)(¥w1)(sz)(¥w3)(Vz1)(¥z2)(Vz3)

[z1 = GTlo 1°Qw1 & 2, = G.cz° loQw, & z5 = G13° loQwy »

((\P(ZI) =T, =w)& (\D(ZZ) =T, = wz) & (w(zs) =T, = w3))]

1

is provable; it also follows from part B above that we can prove

(E2) Sat ¢ > (Wwy) (¥w,)(¥w3) (¥2,) [z, = 100 Qwye 2°Qwyo 110 10 Quwy >
(p(z,) = (w, +w,) =w)].

From Lemma 16.2 fcllows the provability of

(E3) (Vvl)(VVZ)...(Vvk)(le)(sz)(¥w3){[1:1 +1, =13 = ('r1 =w &
Ty =Wy kT3 =Wy > W bW, =S W)l & [ty = kT, =W, k1=,
> (Tl 412 = T3 Ewl +W2 =W3)]}.

The provability of the last three formulas implies the provability of
Sat ¢ » (¥v1 ) (sz) .. .(¥vk) (le ) (sz) (sz)(Vzl)(sz)(¥z3) (V-zk)(Vz)

{2z, =G °1°Qw1&z2=G12°l°Qw2&z3=G °© 1loQws &

1 T1 T3

= o 2 = o o 1lo 1o
zZ, 10°Q;w1 40Qw2°ll°1°Qw3 & z 10°G1:1° 2 G_t_2 le 1l G’r3
> [11 + T, = Ty = (1’1 =w & Ty, = VW, & Ty T V3 * w(zu))] &

['r1 =w, &1, =W, &1y = L (w(zu) v(z)3)1},

which means that the following is provable as well:
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(EL) Sat g > (Wv,)(¥v,). .. (¥ ) (W, ) (W,,) (Wr,) (¥2)
[z = 100G, 0 206G o 1lole Gy (rp+ 1, =132 =w &
T, =W, & 1y = Wy ¥(z)))].

From Lemma 16.1 we conclude the provability of

(9vy) ().« (F)) (33) Bry) (Bwrg) (x = w8 xy = w, 8 ¢ = “)

wkich, together with (EL), yields
Sat ¢ » (¥v )(¥v )...(¥ )(¥z)[z = 100G © 20G_o 11o10g
1 2 T1 T2 '['3
> (9(2) 21+ 1, = )]
which concludes our proof.
F. For F of the form (-rl * Tp) = T4 the proof is analogous; we use
Lemma 16.3 and part C above in place of Lemma 16.2 and part B.
G. Let F be of the form S'r1 = 1,- The provability of the following is

given by our inductive assumption:

(G1) Sat P > (Vvl)(w?_)... (Vvk)(VVI)(sz)(Vzl)(sz)[zl = G_rlo 1e Qw,
&z, = GTzo l1eqw, » (y(z;) = T, =) & (y(z,) = 1, = w,)].

We also know from part D above that we can prove

(G2) Sat y > (le)(¥w2)(3lz3)[23 = 1hoQw,e 1o Qw, > (“’(za) = 8w, = w,)].

Furthermore, Lemma 16.L assures the provability of

(Vvl)(Vv )...(lek)(%1’1)(&‘»1'2)[s-l-1 =, (.c1 =w &, =W, >

2
Sw =w )j.
. )]
From the three formulas above we can obtain

Sat y > (¥v )(¥v,)... (v, } (¥, ) (¥w, ) (¥z,) (¥2)

[z, l’-&°QW1°1°QV2&Z=lh°GT1°1°GT + (8t =1, =

2 2
(fp =ty =w >4z e (x =w &1, = v, > (4(z,) = y(2)))].

Hence one can also prove
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(3h) Sat Y - (Vvl)(vvz)...(Vvk)(wl)(vwz)(vz)[z = 1hoGTlo 1°G-:2 >

(S'rl =1y = ('-rl = wi& T, = Wy > xp(z)))].
Lemma 16.1 gives us the provability of

(Vvl)(sz)...(Vk)(le)(sz)(tl =w, & T, = wz).
This together with (GL) gives

Sat ¢ »> (¥v1)(¥v2)...(3}vk)(¥z)[z = 1h°GT1° le GTZ >

(w(z) =81, = 1,)1,

which is the desired formula.

Thus we have established our claim for all atomic formulas. Let us as-
sume that our Theorem holds true for formulas with fewer than n logical
connectives, and that F is a formula with n logical connectives and k
free variables ViseeesVpe

H. F is of the form »~ f. From our inductive assumption follows the
provability of

Sat ¢ > (¥v1)(-¥vz‘)’..;(vk)‘(-Vzl)[zl' = G, > (¥(z1) = 1],
which is equivalent to

Sat ¢ » (¥v,)(¥v,)... (¥ )(¥2))[2; = G; > (r ¥(zy) = ~ £)].
As Sat ¢ contains the Negation clause, we can prove

Sat ¢ > (Vvl)(sz)...(Vvk)(Vzl)(Vz)[zl =Gp & 2 = 1o zy >

(v(2)

The last two formulas give

- ¥(z )1

Sat ¢ > (¥v)(¥v,)... (¥ )(¥2)[z = 1hoc;f+ (o(z) = - £)],
vhich is the formula whose provability we wanted to show.
I. Let F be of the form (f; V f,). From our inductive assumption, the

following is provable:
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Sat y - (¥v1)(¥v2)...(¥vk)(¥zl)(¥zz) [z1 = Gfl' &2, G, »
2
(p(zy) = fl) & (y(z) = fz)].
Therefore we can also prove
(11) Sat y - (Vvl)(¥v2)...(Vvk)(¥zl)(sz) [z, = Gfl &z, = sz ->

(p(zq) v y(z,) = £, v £,.)].
As Sat ¢ contains the Disjunction clause, one can prove
Sat ¢ - (Vvl)(sz)...(Vvk)(Vzl)(sz)(Vz)[zl =Gp & 2z,=GCGp &
1 2

z =10°G, o sonZo 11 > (p(z) = p(z,) Vv 9(z,))]1,

1
which, together with (I1), yields
Sat ¢ » (Vvl)(sz)...(Vvk)(Vz)[z =10°Gp° 5°G, o 11 »
1 2
(p(2)

Jd. For F of the form (f‘1 & fz) we proceed analogously, using the Con-

flv f2)].

Jjunction clause of Sat .
K. For ¥ of the form (f1 - fz) the proof is agein enalogous. We use
the Tmplication clause of Sat y.

L. Let F be of the form (3v1)(f). If v, does not occur free in f, then

1

we can prove

(11) (¥v2)(¥v3)...(¥vk)(f = (dvy) £).

From our inductive assumption, the formula
Sat § > (¥v,)(¥vg)... (¥ ) (¥29)[zy = G, » (p(z;) = £)]

is provable. This together with Lemma 16.8 implies the provebility of
Sat ¥ - (sz)(¥v3)...(Vvk) (¥z)(%,) [z = Gy & Inst(z,z;)
(¥(z,) = £)].

From (11), this implies the provability of

Sat ¢ - (¥v2)('-‘lv3)...(¥vk)(Vz)(Vzl)[z = Gp & Inst(z,z;) »

(p(z;) = (Avy) £)].
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As Sat y contains the Existential Quantifier clause, it follows that
Sat ¢ - (sz)(Vva)...(Vvk)(Vz)[z = Gy > (p(z) = (3v,) £)]
is provable.
Now suppose v, does occur free in f. Again, from our inductive as-
sumption follows the provability of
Sat y > (Vvl)(sz)...(Vvk)(Vzl)[zl-= Gp > (w(zl) =z £)].
Therefore, in view of Lemma 16.5, one can also prove
Sat y - (sz)(VV3)...(Vvk)[(3v1)(f) = (3v1)(3zl)(zl.—.Gf & ‘J’(Zl))]-
Lemmas 16.5 and 16.8 allow us to infer the provability of
Sat ¢ > (sz)(Vvs)...(Vvk)(Vz)[z = Gp » ((3vy)(8) =
(321)(Ins’c(z,z1) & plz)N].
As Sat  contains the Existential Quantifier clause, the provability of the
above formula implies the provability of
Sat ¢ > (¥v,)(¥v3)...(¥v)(¥2)(z = Gp » (F = 9(2))),
which is precisely what we wanted.
M. For F of the form (¥v1)(f) the proof is analogous; we use the

Universal Quantifier clause of Sat .

THEOREM 17.2. For any two formilas H, y with one free variable, the
formula Sat ¥ + (3v)(H(v) = y(v)) is provable.
PROOF. Let v, w be any two variables with G8del numbers a and b,
respectively. Let D(v,w) denote the formula
D(v,w): w=10°99eca°lleol10cacleveTovell.
It follows from Theorem 17.1 that the formula
Sat ¥ > (¥x)(¥2){z = C(3r) (vaer(Wr) (D(v,w)Ew)) >
(%) [(v = x » (W) (D(v,w) » Bw)) = y(2)]}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-T2~

is provable. In particular, if h is the G&del number of
(W) [v = x> (%) (D(v,w) >~ EW)],
the formula
*) Sat § > (¥2){z = O(gy) (yha(we) (D(v,w)omw)) ~ PV =2~>
(W) (D(v,w) » Bw)) = 9(2)]}
is provable. Let p be the GSdel number of
(w)[v = b > (w)(D(v,w) » Ew)].
It follows from Lemma 15.5 that we can prove the sentence
B = C(yy) (veB{(¥wr) (D(v,w)o8w))*
This and the provability of (¥*) give us the provability of
Sat p » (¥)[{(v = B » (¥)(D(v,w) » Hw)) s ¥(3)]1,
and therefore of
(%%) sat ¢ - [(¥w)(D(R,w) > Bw) = ¥(P)].
Again using Lemma 15.5 we observe that the sentence D(h,p) is provable; and,
as can immediately be seen, so is (¥w)(D(E,w) - w = p). This implies the
provability of
B = (%) (D(h,w) - Hw)
which, together with (**), yields Sat ¥ + (HP = ¥(P)). This, finally, gives

us the provability of Sat ¢ - (3Iv)(Hr = P(v)).

THEOREM 17.3. For every formula F with one free variable, the formula
~ Sat F is provable. In particular, we cen prove r~ Sat Prov.
PROOF. Taking F for ¢ in Theorem 17.2, and ~ F for H, we conclude the

provability of Sat F + (3x)(~Fx = Fx), and therefore of ~ Sat F.

Notice that if x is the G&del number of a formula Fx(v), +hen D(x,y)
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expresses the fact that y is the G&del number of the formula (¥v){v = x -
Fx(v)), logically equivalent to the diagonalization of F_. Therefore, if we
let © denote the set expressed by H, (¥w)(D(x,w) -+ Hw) holds if and only
if the diagonalization of Fx belongs to 03 i.e. iff x is in © * Thus the
results of this chepter can be summarized as follows: A saturated set ¥ ex-
pressed by a formula y contains the G&del number of a sentence if and only
if the sentence itself hclds. Let © be any expressible set and let H(x) be
the formula expressing it. Then the formula H (x): (%) (D(x,w) » H(w)) ex-
presses O . Let h be the Gddel number of B (x). Then ¥ contains the Gusdel
rumber p of H (B) if and only if E (h) holds, i.e. iff H(p) holds. In other
words, §(p) is equivalent to H(P). As this is true for every formula H, in
particular it holds if H is . But this leads to a contradiction; there-

fore the existence of a formula § to express a saturated set ¥ is impossible.

§18. Further Conseguences

We observe that Ly exactly the same kind of inductive argument as the
ones employed above, using Lemma 15.20, we can obtain the provability of
(¥vy) (¥v,). .. (¥ ) (Term Ggp) and of (Vvl)(VVZ)...(Vvk)(For Gp) for every term
R and every formula F with k free variables Viseoos Vyo Also, if F is an
axiom of aritmmetic (or a logical axiom), the fermula (¥v1)(V2)...(Vvk)
(ArAx GF) (or (Vvl)(sz)...(nvk)(Log Ax GF)) will be provable; and if F cen
be obtained from F1 and F2 by one of the rules of inference, then we can
prove (Vvl)(sz)...(¥vk)(Inf(GFl,GF2,GF)).

We alsc want to puint out the provability of the formuls

() (¥z){¥5)(Prov x & Prov 100 xe Toyo 11 » Prov v),
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of which we will make extensive use. Indeed, the definition of Prov x im-
Plies the provability of (¥x)[Prov x + (3w)(Proof(we11,x))] and of
(¥x) (%) [Prov 10 x °Teyoll + (3z2)(Prooflz e1°1,10 ox o Toyo11))]. As
(¥x)(¥y)(For x & For y + Inf(x,100 x e Toyo 11,y))
is provable, so is
(%) (¥2) [Proof(we 1o 1,x) & Proof(z°1°1,100 x o To yoll) »
Proof(wozololoyo 10 1,y)],
which allows us to obtain (=).
THEOREM 18.1. The following formulas are provable:
1. (%) (%) (%y,) [Num V&M y, & x=y,°1°y, > (y; =y, > Prov x)]
2. (¥2) (W) (Prov 10° Qz°e 2°Qwolle 1o Q(z + w))
3. (#)(¥)(¥2) (W) [Mm y & Num 2z & Num w & x = 100 zo2owo 110 1oy »
(A(y,2z,w) > Prov x)]
b (%) (%) (¥y,) [hum 3, & Num Yoéx=y0ley, > (ry, =y,
Prov k4 o x)]

5. (®x)(¥)(¥2) () [fum v & Fum z & Num v & x

l0ozo20wolloeloy »
(- Aly,2z,w) > Prov Lo x)]

6. (%) (¥y)(¥2) (%) [um v & Num 2z & Tum w & x

100 z2030wolloeloy »
(M(y,z,w) > Prov x)]

T (¥x)(¥y)(¥2) (%) [Nuz y & Num 2z & Num w & x = 10cz030we 11010y »
(- M(y,2,w) > Prov Lo x)]

8. (¥y)(¥z)(Prov y° 1oz > Prov zo 1o y)

9. (¥y)(¥z2)(Vu)(Prov yolez & Prov z° 1eu - Prov yelou)

10. (¥y)(¥z)(¥w)(Prov yolez > Prov lheoyololloz & Prov 10070 20 wo

11e1910°z92°woll & Prov 10owoe20yollolel0ozo2o0oywoll &
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Prov 10ecy o3 ocwollelol0ezo30woll & Provl10oewo3eyollole
100 zo30wo1ll)
11. (¥y)(¥2)(Provy V Prov z -+ Prov 100yo 50z 011)
12. (¥y)(¥2)(Prov 10eyec 603z oll + Prov y & Prov z)
13. (¥y)(¥z2)(Prov y & Prov z + Prov 10oyo 602 011)
1k, (¥y)(¥2)(Prov 10eyoToezo11l = Prov 100z°50 Loy e1l)
15. (¥y)(¥v)(¥z)(¥w)(Subst(y,v,w,2z) & Prov z + Prov 100 8ovelle 100y o 11)
16. (¥y)(¥v)[Prov 10c 9ov elle 100 yo 11 » (¥w)(¥z)(Subst(y,v,w,2z) » Prov z)]

PROOF. 1. Assume Num ¥y Num Yy X =¥y° le Y, and Yy, =Y, Accor-
ding to Lemmsa 15.1 the last two assumptions yield x = ¥y 1°y2.

Let us consider any complete proof of Theorem II of §11, i.e. of (¥x')
{x'" = x'). Let p be the sequence number of this proof and let P, be ob-
tained from p by appending to it 10°10909e12°313°11° 10°12° 13010 12°
1301leTey,°oloy,°1l (which is the number of an instance of L4), fol-
lowed bty the separator, followed by ¥,° 1o ¥,° 12 1. It follows from our
preceding discussion that the fact that the resulting sequence number is the
number of a proof of y,°1° Y, is provable; therefore so is (¥y 2)(Num ¥, >
Prov y,01° y2) , from which we obtain (1).

2. By induction on w. Assume, first, w= 1. As Q1 = 15, 2 + 1 = Sz and
Q(Sz) = 1k o Qz are all provabie, our task is to establish the provebility
of Prov 100Qz 0235011010 1ko Qz. Let p be the G8del number of P5, let
p, denote 100 Qze2°15011e1°1ke Qz, and let P, be the number obtained
from p by preceding it with 10 ] and spvending to it 10epeTe p1° 11 (an
ingtance of L4), followed by 1o 1° P+ We can prove that p, is a sequence

number of a proof of p;; therefore (Z) is proveble when w = 1.
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Let T denote 10°Qz°2°Qnelle1eQ(z + n) and let r, denote 10°Qz°
20lhoQnololeiloq(z + n). As r, cen be proven to be equal to 10°Qze
20Q(Sn)e 1°1°1koQ(z + Sn), our goal now will be to show that Prov-r2 can

be inferred from Prov r,. Let us assume Prov rs this yields (3x)(Proof(x,r;)).

1
Let p be the G¥del number of P6 and let p1 be obtained from p by appending
to it 1°1 followed by 10°peTer, (ean instance of L4}, followed by 1°1°
rye 1o1. Ther, as (Vx\(Proof(x,rl) + Proof(xopl,rz)) is provable, so is -
by our inductive assumption - Prov r2; which concludes our proof.

As an immediate corollary of the provability of (2) we obtain the prov-
ability of (3).

Tt will be noticed that the proofs of (1) and (2) were obtained by rep-
licating within the object language the metalinguistic arguments used in
proving (al) and (bl) of Lemma 12.1. Proofs of (4), (5), (6) and (T7) can be
obtained by similarly replicating the arguments used to establish (a2), (b2),
(c1) and (c2) of the same Lemma.

8. From Prov y°1le z we can infer (3x) Proof(x°l°l,yolez). Let D
be the Gddel number of the formula (¥x')((¥x'")(x' =x''+x'' =x'))) (III
of §11) and let P; be the sequence number of any proof of this formuia. Let
P, be obtained from p, by appending to it 10opeTe1009el12° 130130 11°
10°10oyelel2e130130Tel201301301°yellellell (an instance of
Ih) followed by 1°1, followed by 10°10° 9o 120 13¢ 130911010010y ol°
12613013070 120130139 1loyelloelleToyele ze1ll (also an instance
of L4), followed by 1eloyeleoze lel, The formula (¥x)(¥y)(¥z)
[Proof(x°1°1l,ye19z)+Proof(xe Pysz°le v)] is provable; which yields a

proof of (8).
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We proceed analogously to establish the provability of (9) and (10),
using IV of §11 for (9) and VI, VII, XI and XII for (10).

The provability of (11) follows from the fact that (F » (F V G)) and
(G > (F V G)) are both provable for any two formulas F, G; therefore we can
prove (¥y)(¥z)(Prov 10eyoT7e10oye5ez0o1l01]l & Prov 1009z°T7°10oye
503z011011), which yields (11) by an application of (=) onpage T3. By the
same argument the provability of (12) and (13) follows from the provability
of ((F&G) +>F), ((F&@G) »G)(or (12)) and of (F » (G » (F & G))) (for
(13)). The provability of (1) follows from the fact that ((F + G) = (GV#F))
is provable for all formulas F, G; the provability of (15) follows from the
provability of (F(Z) » (Ju)(F(u))) for all formulas F, ali variables u and
all natural numbers n; and, £inally, the provability of (16) is a conse-

quence of the provebility of ((¥u)(F(u)) » F(@)).

We now introduce the four formulas
Consist: (¥x)( ~ (Prov x & Prov Lo x))
w-Consist:  (¥v)(¥x)[(%w)(¥y)(Subst(x,v,Qw,y) + Prov y) + ~ Prov(10°8°

vellol0ekoxell)]
Compl: (¥x)(Prov x V Prov Lox)
w-Compl:  (¥v)(¥x)[(¥w){¥y)(Subst(x,v,Qw,y) » Prov y) - Prov(10°9evoe 1l0
10ex011)],

expressing, respectively, the consistency, w-consistency, completeness and
w-completeness of Peano Arithmetic.

THEOREM 18.2. The formula

Compl + (¥y)(¥z)(Prov 10eyo 50z 011 + Prov y V Frov z)

is provable.
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PROOF. Let us assume Compl, Prov 10eyo5¢z ¢11 and ~ Prov y. The
first and last of these yield Prov 4o y. Our claim then follows from the
provability of ((F V G) » (~F - G)) by an application of(«) on page 73, as

in the proof of Theorem 18.1.

THEOREM 18.3. The formule
Compl + (¥%y)(¥z)(Prov 100yeTozoll > Prov z V » Prov y)
is provable.
PROOF. This is a direct consequence of Theorems 18.1 (see parts (11)

and (14)) and 18.2.

THEOREM 18.4. The formula

(%) w—-Consist & Compl » (¥v)}(¥y)[Var v & Prov 10¢8c¢vo1l010eyo 11
+ (3w)(3z) (Subst (y,v,qw,z) & Prov z)]
is provable.

PROOF. As the formula ((3v)(F) = (3v) ~ ~(F)) is provable for all
formulas F and all variables v, we can show by an argument analogous to the
previous ones that
(%%) (¥v)(¥y)[Var v - (Prov 10°8°velle10eyeo 11 = Prov 100 8ovo

11°10ckeo oy o11)]
is also prnvable. From the definition of Compl we obtain the provability of
Compl + (¥y)(¥v)[(¥w)(¥z)(Subst(y,v,Qw,2) + ~ Prov z) »
(¥w) (¥2) (Subst(y,v,Qw,z) + Prov Lo z)].
Therefore, by the definition of w-Consist we obtain
w-Consist & Compl + (¥y)(¥v)[(¥w)(¥z)(Subst(y,v,Qw,z) » ~ Prov z)

+ = Prov 10°8¢velle 10° be Loye11)].
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Together with (**), this yields
w-Consist & Compl + (¥y)(¥v)[(¥w)(¥z)(Subst(y,v,Qw,z) + ~ Prov z)
>~ Prov10°8ovellel0oyell],

which is equivalent to (*).

THEOREM 18.5. The formula

Consist & Compl + (¥x)(Prov hox = ~ Prov x)

is provable.

PROOF. Immediate.

THEOREM 18.6. The formula

w-Consist & w-Compl & Consist & Compl - Sat Prov

is provable.

PROOF. This is an immediate consequence of Theorems 18.1 through 18.5.

THECREM 18.7. The formula
w-Consist & Compl + w~Compl & Consist
is provable. .

PROOF. As ((F & ~ F) + G) is provable for any two formulas F, G, we
can show by an argument analogous to the ones employed above that (¥y)(%z)
(Prov y & Prov k4o ¥ + Prov z) is provable. Therefore we can also prove
(%) ~Consist + (¥z)(For z + Prov z).

To obtain w-Consist + Consist, let us consider the formula x' = x'. By what
we said earlier, For 1201301012013 is provable. So is
w~Consist + (Iw)(3y)(Subst(12e13 01 12° 13,120 13,Qw,y) &
Provy )V ~ Prov 10° 8 2129130110100 4o 120 1301912013011,

which yields w~Consist + (3x)(For x & « Prov x). As (¥*) is provable, we ob-
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tain
(%%) w-Consist + Consist.

Next we show the provability of w-Consist & Compl + w-Compl. As (~(3v)(~F)

+ (¥v)(F)) is provable for all formulas F and all variables v, so is

(%xx) (¥x)(¥v)[Var v & For x > (Prov 4010e8ovoelleol0okexoll »

Prov 10e9oevoelle 100 xo11)].

From the definition of Compl we obtain

Compl -+ (¥x)(¥v)(Var v & For x & ~ Prov 1008 evollol10°oboxoll
+ Prov 4 01008evel1l010e hoxoll).

Together with the definition of w-Consist, this gives us

w-Consist & Compl + (¥x)(¥v)[(¥w)(¥y)(Subst(x,v,Qw,y) = Prov y)
> Prov Le10°8svel1l0100° ko xoll],

and combining it with (¥¥¥), we get

w-Consist & Compl » (¥x)(¥v)[(%w)(¥y)(Subst(x,v,w,y) + Prov y)
-+ Prov 10e Qevelle10oxe1l],
which is

(Fx%%) w-Consist & Compl -+ w-Compl.

(**) and (**¥%*) yield the desired formula w-Consist & Compl -+ w-Compl &
Consist.

THEOREM.18.8. The formula . w~Consist & Compl - Sat Prov is provable.

"PROOF. Immediate, from Theorems 18.6 and 18.7T.

. THEOREM 18.9. The formula »~ (w-Consist & Compl) is provable.

PROOF. Immediate, from Theorems 17.3 and 18.8.
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APPENDIX

As we have explained in the Introduction, G8del's original proof rests
on representing the set of Gdel numbers of all theorems - and, further,
the set Ref® - rather than expressing it. We will show how to comstruct
the formula needed for this proof and see how it Jiffers from the one

employed by us.

We say that a set A is representable if there exists 2 formula F with

one free variable such that for all n

F(n) is provable iff n ¢ A.
The formula F is then said to represent A. If, in addition, the negation
of F represents the complement of A, i.e. if for all n we also have

~ F(@) is provable iff n £ A,

. then F is said to totally represent A.

In general, if R is any k-nary relation on N, then the formula F rep-

resents R if for any nj,...n, in N

and totally represents R if it represents R and also
" F(El,.. .,ﬁk) is provable iff R does not hold between nj,...,np.
Tt is a consequence of G&del's Theorem that expressibility and rep-
resentability do not coincide. For some numbers n P(8) might be true with-
out our being able to prove it. We will shdw, however, that under appro—
priate assumptions formulas of a certain type are provable for precisely
those natural numbers for which they are true; in other words, those for-

mulas represent the sets (or relations) which they express.
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If F is & formula and v, u are variables, we will use the notation
(Iv <u)(F) as shorthend for (3v)(v < u & F), and the notation (¥v <) (F)
as shorthand for (¥v)(v < u + F). We call (3v<u) and (¥v<u) restricted
quantifiers, and the above formulas containing them restricted quanti-

fications of F.

A Pormula is constructive arithmetic (c.a2.) if 21l its quantifiers

are restricted. An e.c.a. formula is an unrestricted existential quanti-~

fication of a constructive arithmetic formula.

We will now show the following:

THEOREM 1. If arithmetic is consistent, then every c.a. formula
totally represents the relation it expresses.

PROOF. Assuming the consistency of arithmetic, we have to show that
if F(vy,...w) is a c.a. formula, then F(El,...,ik) is true precisely for
those k-tuples Dqseee Dy of patural numbers for which it is proveble, and
false precisely for those for whick it 1s refutable.

First let us observe that if arithmetic is consistent, then it suf-
fices if we show that

If F(ﬁl,...,ﬁk) is true, then it is provable
and

If F(El,...,i‘k) is false, then ~ F(El,...,ﬁk) is provable.
To see how our claim follows from these two conditions, let us suppose
that F(El, . .,Ek) is provable. If arithmetic is consistent, .-F(ﬁl,. .. ’ﬁk)
cannot be proveble at the same time, and F(ﬁl,... ,Ek) cannot therefore be
false. Thus if F(ﬁl,...,ﬁk) is provable, it must also be true.

Next we observe that for formulas of the formu=v, u + v =¥ and
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u * v = w our theorem coincides with Lemma 12.1. Let io denote the i-func-
tion of the standard model. We show
A. For every pure term t, the sentence T = EBT?T'is provable.

If T is a numeral, then E;T?T'is Just T, and the fact that t = 1 is
provable follows from ILemma 12.1. Suppose now that our claim holds for two
terms Ty, T,; so that T1 = Efz?zj'and T, = E;T?;T are both provable. We
show that then STy = 1g(St;), 71 + T, = 1p(7; + T,) and Tp ° T, = N CAEEN)

are also provable. First we remark that

io(STl) = io(T]_) + 1= Sio(q)s

iO(Tl + Tz) = iO(Tl) + iO(TZ)a

1,07y - T30 = T507,) © 1 ,07,).
If T,= ioitls is provable, then so is ST, = Sio(rl), by Axiom P6. Using
the properties of equality listed in 811, we can easily obtain S‘r1 = iOZSTli.

Furthermore, the assumption we made about Tl and T, lets us prove 1y + T, =

ioirli + T, and io(TI; + T, = io(rl) + i4(1,) (by VI and XI), as well as

T1 * T, = 1g(Ty) * T, and 1y{7y) * T2 = iy(7]) - 14(7,) (by VIIT and XIII).

Again using the appropriate properties of equality we get T + 12 =

io(rl) + ig(t,) and T, ° T, = io(rl) . io(Tz). As io(tl) +15(17,) =

ig(ty) + ip(t,) and ig(Ty) - io(rz) = io(Tl) . io(Tz) are both provable

= io(Tl a7 )

(Iemma 12.1), we can obtain T, T, = io(t1 +1,)and Ty * T )

2
Thus we have inductively established (A).

B. Our theorem holds if F is an atomic formula. That is, for every atomic
formula F(vl,...,vk), for any natural numbers Dyse-esDys
1f F(El,...,ﬁk) is true, then it is provable;

If -~ F(ﬁl,...,ﬁk) is true, then it is provable.
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Indeed, an atomic formula must be of the form T = Ty where TysT2
are terms. Let Bysees Ty be any k natural numbers. F(El,...,ﬁk) will be
of the form Ty = Ty where 7, and T, are the pure terms obtained from Ty»
T, by substituting ﬁl,... s 1'5& for the free variables VyseeesV, . For mp = m,
to be true means that iy (w,) and 19(w,) are the same natural number - we
call it n. It follows from (A) sbove that Ty =8 and 7, = # are both
Provable. Therefore, using V of §11, we can prove Ty = 7.

If, on the other hand, m; = m, is false (i.e. m F(2,s...on) is true),
then io('rrl) does not equal io(-n?_). Therefore, by Lemma 12.1, .~ W=
iy(m,) is provable. As m, = ig(n,) and m, = T (n,) are also provable, the
desired provability of ~ m; = 7, follows from the provability ( via the

properties of equality) of

m o= ig(m) > (n, = W-* (m) = m, > iglmy) = iy(m,))).
€. Assuming that we have established the truth of our theorem for the c.a.
formulas F(vl,...vk) and G(wl,...,wj), we will show that then it must also
hold for the c.a. formulas « F(vl,...,vk), F(vl,...,vk) \ G(wl,..‘wj) and
F(vl,...,vk) & G(wl,...,wj).

We start with negation : we have assumed that for any k natural num-

bers Dyseses nk,

If F(El,-..,ﬁk) is true, then it is provable;
(*) If -~ F(El,...,ﬁk) is true, then it is provable.
The first of these can be rephrased as

If F(ﬁl,...,ﬁk) is true, then it is provable,
which, together with (*), is what we want to Show.

Concerning disjunction: If Nys-ees nk, ml,..., mJ are any k + J natural
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numbers, then F(q,. ..,Ek) v G(il,...,ﬁj) is true iffat least one of the
disjuncts is true. But whichever disjunct is true, it will also be prov-
able; and so will the disjunction. Furthermore, the disjunction is false
iff both disjuncts are false. In that case both r F(ﬁl,...,'n'k) and
- G(ﬁla- .. ’ﬁj) are provable, which makes their conjunction, and hence
- (F(ﬁl’”"ﬁk) v G(ﬁl,...,ﬁj)),provable as well.

The proof is analogous for conjunction.
D. Suppose that our claim holds for the c.a. formula F(v,vi,...,vk) with
k + 1 free variables. We show that then it also holds for (Iv <w)F(v,v1,...,vk)
and for (¥v <W)F(V,V1,...,Vk), i.e. that for all k+l-tuples m, nj,...,n of
natural numbers we have

If (3v<d)F(v,n .,ﬁk) is true, then it is provable;

e
If ~ (Iv<n)F(v,n e+ <o) is true, then it is provable,
as well as
If (Vv<1T1)F(v,r_11,...,ﬁk) is true, then it is provable;
If -~ (¥v<ﬁ)F(v,51,...,ﬁk) is true, then it is provable.
We first concern ourselves with the existential formula. Suppose that
3v <B)F(v,845-.. »B)) is true. Then there exists a number a smaller than m
such that F(E,El,...,ﬁk) is true. a < m means that for some b, &2 + B =m
is true; which makes it - and therefore a < m - provable. Alsc, we have
assumed that F(a,d 12+ ..,ﬁk) is provable. Hence, so is
a<m & F(3,8 .. .,8,)
and, finally,

Qv)(v<m & F(v,ﬁl,...,ﬁk).

Suppose now that (3v <ﬁ)F(v,ﬁ1,...,ik) is false. This means that the sen-
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tences F(l,ﬁl,...,%‘), F(2,ﬁl,...,ﬁk),..., Flm - l,ﬁl,...,ﬁk) are all

false. It follows that their negations are provable, and so are

(W)(v=1>+ F(v’ﬁi""’ﬁk))’
(VV)(V =2 > F‘F(v,ﬁl’---aﬁk))s
(W) (v=m=-1->r F(v,ﬁl,...,ﬁk)).

Therefore, so is
(Ww)(v=1Vv=2V...Vyv=m-1 >~ F(v,ﬁl,...,ﬁk)).
From Lemma 12.2 we can then conclude the provability of
(W)(v<m~> e F(v,ﬁl,...,ﬁk)),
which is equivalent to the provability of
- (Iv)(v <@ & F(v,ﬁl,...,ﬁk)).

To show that our claim transfers from the c.a. formula F(v,vl,...,vk)
to (¥v < w) F(v,vy,...,V%), we notice that from what we have already estab-
lished it does transfer to ~ F(v,vy,. ..,vk); thence to (Iv<w) ~ F(v,vl,...,vk)
and thence to - (3v<w) r F(v,vl,...,vk). But the latter is equivalent to
(¥v < w) F(v,vl,...,vk).

This completes the proof of Theorem 1.

THEOREM 2. If arithmetic is w-consistent, then every e.c.a. formula
represents the relation it expresses.

PROOF. ILet F(v,vl,...,vk) be any c.a. formula. We want to show that
for all Dyseses Dy in N

(Iv) F(v,Hy,s...50) is true iff it is provable.
Suppose, then, that (3v) F(v,x’il,...,ﬁk) is true. Then for some n ¢ N,

F(ﬁ,ﬁl,...,ﬁk) is true. As we have assumed that arithmetic is consistent
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and as F is a c.a. formula, it follows from Theorem 1 that F(ﬁ,il,...,ﬁk)
must be proverle. Therefore so is (3v) F(v,ﬁl,...,ﬁk).

Assume now that our e.c.a. formula is provable. It follows from g~con-
sistency that for some n ¢ N, ~ F(E,ﬁl,...,ﬁk) cannot be proven. As F is
c.a., it must then be the case that F(ﬁ,il,...,ﬁk) is provable. Hence it

must be true - and so is (3v) F(v,il,...,ﬁk).

Theorems 1 and 2 can be generalized to cases when the quantifiers are
restricted not necessarily by variables, buf by functions of a certain kind.
LEMMA A. Let R be a binary relation whose domain is all of N. Let
F(v,w) be a formula with two free variables expressing R. If F represents
R and if, in addition, the formula
(%)) (V) (F(H,w;) & F(T,W,) + %, = w,)
is provable for every natural number n, then F totally represents R.
PROOF. Knowing thet F represents the relation it expresses and as-
suming, as we did before, that arithmetic is consistent, we have to show
.tha.t for all n, m e N
If ~ F(n,m) is true, then it is provable.
So suvpose that ~ F(H,f) holds. As R has all of N for its domain, F(H,J)
has to hold for some J different from m. Therefore F(H,J) is provabie and -
by what has been established eerlier - so is ~ j = #i. From axr assumption,
F(f,3) & F(E,@) » J = m

can be proven; therefore we can prove ~ F(n,m).

We say that the formula F(v,w) with two free variables represents {to-

tally represents) a function f: N > N iff F represents (totally represents)
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the relation f{n) = m.
If F(v,w) expresses the function f and if P is a formula, we will use
the notation (Ju < £(v)) P and (¥u < £(v)) P as shorthand for (Iw)( u < w)
(F(v,w) & P) and (3w)(F(v,w) & (¥u < w) P), respectively.
THEOREM 3. TLet F(v,w) be a formula representing a function £: N + N
and such that
(¥w1)(¥w2)(F(ﬁ,w1) & F(I_l,wz) >w, = w2)
is provable for each number n. Then, if P(vl,...,vk,u) totally represents
the relation it expresses, so do (Ju < £(v)) P(vl,...,vk,u) and (Vu < f(v))
P(vyse.. ,vk,u) .
PROOF. Assuming - as before - that arithmetic is consistent, we have
to show that for any n;,...,n .0 in N
If (Ju < £(z)) P(ﬁl,...,r-:k,u) is true, then it is provable;

If « (3u < £(n)) P(I-ll,-..,ﬁk,u) is true, then it is provable,

If (Vu < f(n)) P(ﬁl,---,ﬁk,u) is true, then it is provable;
If - (¥u < £(n)) P(ﬁl,...,ﬁk,u) is true, then it is provable.
Suppose, then, that the existential formula is true. Then, if m is the

number such that f(n) = m, there exists some j < m such that P(ﬁl,...ﬁk,j)
holds. From the assumptions we have made about F and P it follows that
F(mo,m) and P(El,...,ﬁk,j) will be provable; also, as we have argued before,
one can prove 3 < m. Thus

F(8,8) & J < & & P(§;,...>F,3)
is provable, and so is

Aw)F) (F(a,w) & u < w & P’(El,...,ﬁk,u)),

which is our existential formula.
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Suppose now that the negation of (Ju < £(n)) P(ﬁl,... ,ﬁk,u) is true.
That means that if j = £(n), then all of ~ P(El,...,ﬁk,l), - P(ﬁl,...,ﬁb‘g),
ooy & P(El,---,ﬁk,j - 1) are true. Therefore they are all provable, and
so is

(Wu)(lu=1vu=2V...Vy= J~1->e~ P(il,...,ﬁk,u)).
In view of Lemma 12.2, this implies the provability of
(W) (u < 3 > - P(5,...,0,,u).
It follows from our assumptions that we can prove F(n,j) and (¥w)(F(Z,w) -

w = j). Therefore
(W) (W) (F(R,w) &u<w>uc<])
is provable and, consequently, so is
(W) (W < w)(F(T,w) » -~ P(El,...,ﬁk,u)).
To establish our claim for the restricted universal quantification,

suppose that

(*) (3v) (F(a,w) & (¥u < w) P(f) 550 ,u))

holds. Let j = f(n). Then F(m,j) is provable, and so is (Iw) F{d,w). From
previous considerations we know that (Vu < j) P(ﬁl,...,ﬁk,u) is provable.
Therefore (*) iz provable. On the other hand, if (*) is false and if Jj = £(n),
we can prove F(@,3) as well as ~ (¥u < 3) P(ﬁl,...,ﬁk,u). This, together

with the provability of (¥w){F(n,w) + w = J), establishes the provability

of

(W) (F(@,w) » - (¥ < w) P(By,...,H,u)).

THEOREM 4. If arithmetic is w-consistent and if F(v,vl,...,vk)
totally represents the relation it expresses, then (3v) F(v,vl,...,vk) re-

presents the relation it expresses.
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PROOF. Analogous to that of Theorem 2.

A function f: N + N which is represented by a formula F(v,w) such that
(le)(vwz)(F(ﬁ,Vl) & F(ﬁ,wz) > Wy = wz)

is provable for each n, will be called functionally representable. Thus

Theorem 3 says that a formula all of whose quantifiers are restricted by
functionally representable functions totally represents the relation it
expresses. Theorem L4 says that an existential quantification of such a for-
mula represents the relation it expresses. In particular, if all the func-
tions restricting the quantifiers are identity functions, we obtain Theorems
1 and 2.

The following consequence of the preceding theorems will prove useful:

COROLLARY. If arithmetic is w-consistent, then the composition of
functionally representable functions is functionally representable.

PROOF. Let f, g be functionally representable and let F(v,w) and
G(v,w) be formulas representing them. By the Lemma preceding Theorem 3, F
and G totally represent f,g. Therefore, by Theorem L, the formula

(32)(F(x,2) & G6(z,¥))
represents the relation g(f(x)) = y. It remains to show that, given any
n € N, the sentence
(%) (¥;) (¥y,) [(32) ) (F(B,2,) & Glzyoyy)) & (32,)(F(H.2,) & Gz,,¥,))
> ¥ =7,]
is provable. Let m, k be such that f(n) = m, g(m) = k. As F and G func-
tionally represent f and g, we can prove
(¥yy) (¥y,) [(32)(F(F,2) & G(z,y;)) & (32)(F(H,2) & G(z,y,)) ~

G(m,y,) & G(@,y,)],
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as well as
(¥, ) (¥y,) (G(moy,) & G(Ey,) » ¥, =7,).

Those two sentences let us prove (*).

Theorem 3 as well as the above Corollary could have been formulated
for functions of more than one variable, with proofs practically unchanged.
In particular, as the functions x. y, x + y, x + 1 and 17* are all func-
tionally representable, so are 175°Y, 1757 and 175*1.

We have established certain syntactic features which guarantee that
the formula possessing them represents the relation which it expresses. Our
aim is to construct such formulas for all the relations which before we
have found expressible. We do so under the assumption that arithmetic is

w—-consistent.

Let PlT(v) now be the formula

PlT(v): By <v)(v=1T . y) & (x < V)[By < v} v =7y « x)a>x =1V

(Aw < v)(x =17 * w)]

and let L denote the formula

L: S(16 «+y) =vV16ey+17=1Tv V(3w <16 y)(v + w = 5(16 - 5))
& Qv <16y +17)(16+y + 1T + w = 1T+ v).

Then x ¢ ¥y = z is represented by

Xey=a: (3v<y)(P17(v)&L&z=x'v+3’)a

and for y = X1° ...° X, we obtain

¥y =% ... ox @y <)@y, <y)..(Eyp < vy, = x10x, &

Y, = %,° %, &eook Yy o = Xy 0° X3 &Y = Y p° xk).

We can now also represent the relations:

X begins y

®By: x=yV(3z <y)xez=1y)
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x ends y

xBy: x=y V((Az <y)z o x=7)

x is part of y

xPy: xBy V xBy V (3z; < y)(3z, <y)(z,° x°o2, = ¥)
x is a sequence number

Seq x: 1¢1Bx & 1°91Ex &~ 101 =X & ~ 1°1°1Px
¥y is an element of the sequence with sequence number x
¥ e Xz Seq x & 1oloyel1°1Px

z appears earlier than ¥y in the sequence with number x

z<y: Seqgx&yexé& (3t <x)(Seqt &tBx&zet&ryet).

<
p'd
The expressibility of closures of sets under relations rested on Theo-
rem T.l, stating that a necessary and sufficient condition for x to belong
to the closure of A under R is the existence of a certain sequence of ele-
ments from the field of R. This sequence should have x as its last element
and each of its elements should either belong to A or stand in the relation

R to some of the earlier elements of the sequence. If x is in AR, the cor-

responding sequence will be called the A_-sequence for x. We say that the

relation R is bounded iff for every x in AR’ the number of elements in the
AR-sequence for x does not exceed 1(x). As the length of x cannot exceed x,
the length of the sequence number of the ARnsequence for x, under the as-

sumption thet R is bouunded, cannot exceed x - (x +2) + 2. Therefore the se-

+2)+
quence number itself must be less than 17(1 + 17x(x ig 2 - 17 ), which is

less than 175(X%2)43

THEOREM 5. If R is & bounded, totally representable relation and A
is a totally representable subset of N, “ien the set AR is totally represent-

able.
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PROOF. Let ¥ A’ FR totally represent A and R, respectively. It fol-
lows from the proof of Theorem 3, the Corollary to Theorem 4 and the funec-
tional representibility of x « ¥y, x + ¥y and 17x that the formula
AR(x): 3y < l?x(X+2)+h)(3t <y)[Seq y & 1°lexe°1°1Ey &
(VW <y)w e ¥ +FA(,w) v (3w <¥)(@Ew, < y)...3w . < ¥)
(w1 5V B oon® oWy ;_ W& FR(wl,...,wk_l,w)))]

totally represents Ap.

We further construct the formulas:
x is the Godel number of a numeral
Nm x: x=15V (3y <x)[ye 15 = x & (¥2 < y)(zPy » 14Pz)]
x is the G8del number of a variable
Var x: (3y < x)[12°y = x & (¥z < y)(zPy » 13Pz)]
2 is the Gudel number of an expression obtained from the expressions with
numbers x and y by one of the "term building" operations
tb(x,y,2): z=1bex Vz =10°exe2cyell Vz =10°x°30ye°1l.

% is the G¥del number of a term iff it belongs to the closure of the
set A of all GSdel numbers of numerals and variables with respect to the
operation tb. This operation is bounded - in fact, the length of the A'tb-
sequence for x is precisely 1(x). Also, both tb and A are totally répresent—
able. Therefore, from Theorem 5, we can conclude that the set of Godel num-
bers of terms is totally representable by means of some formula, which we
will denote by Term x.

x is the G8del number of an atomic formula
Atf x: (3y<x)(3z<x)(Termy&Termz&x=y°1°z)

x is the G8del number of an expression obtained from the expressions numbered
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X and ¥ by one of the "formula building" operations
fo(x,¥,2): 2z =lox Vz=100xe50y01l Vz=10ex°60y0il Vg = 100
XoTeyoell V(Iv<z)(Var v & (2 = 10080v°11°100xo 1] V
z =100 90velle 100 x011)).
The Gddel number of a formula is an element or vue closure of the set
A of numbers of atomic formulas under the operation fb. As both A and fb are
totally representable and as fb is bounded - the length of the Afb-sequence
for x is exactly 1(x) - the set of G&del numbers of formulas is totally
representable. We call the formula which totally represents it For x.
We further represent:
the expression with G8del npumber z, is built up from the expressions num-
bered X5, ¥, by exactly the same placement of logical constants as that by
which the expression with number z, is built up from the expressions numbered
X1, Y1
SB(x »X,5¥5¥,52,52,5v):  Var v & {(z)= 1hox) & 2, = 1hox, ) V (z, = 10e
X,° 2°cy,011 & 2, = 100x,° 20y,0 11) V (z1 =10°x,° 3°y1° 11 &

= A% = = Vv
z, 1O°x20 Boyzoll) (z1 x1010y1&z2 x2°1°y2)

h

(z, = bo X, &2, =hox,)V (z, = 10°x,°5°y,°11 & z, = 10 x 0

50y,°11) V (z1

100 x,° 6°ylo 11 &z, = 10°x,° 6°y2°11)

(z1 =10°x1°7°y1° 11 & z, = 10°x2° T°y2° 1) V (3v1 < Zl)

[Var v & -~ vy =v & ((z; =100 8°vy;e1l010°x;°11 &z, = 100 8°

v1° 11°10°x2° 1) Vv (z1 100 9o

1009 eov o 11 0o100°x° 11 & 2
1 1 2

v, ° 1110 °x° 11))]}
w is the muzamber of a pair whose first element is a variable, a numeral or

a quantifier formula where the quantification is with respect to the vari-

able numbered v, and whose second element results from the first by sub~

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-95-

stituting the expression numbered t for the variable numbered v
BegSub(v,t,w): o Var v & (Ju; < w)(3u2 <w)[w= ue2°20u, &

((Numul&u2=u1)v (Varul&c-u1=v&u1=u2)\’(u1=v&

u
2

u; =10°9e0vellel0ougell) & u, = u,)].

t) V (E!u3 < w)(For u, & (u1 = 10°8°v°1l°100u3° 11 V

¥ is the G¥del number of the result of substituting the expression with
number w for the variable numbered v in the expression numbered x iff there
exists a sequence number whose last element is x°2e 2° y and such that every
element is a pair t either fulfilling BegSub(v,w,t) or else such that its
first and second element are built up from the first and second elements,
respectively, of some earlier pairs by parallel placements of logical con-
stants. The length of this sequence number will not exceed x((x « 1T +y)+14)
and therefore the sequence number itself will be less than 17x((x-17x+y)+5)_
Tt follows from Theorem 3 and the corollary to Theorem U4 that the following
formula totally represents the substitution relation Just described:
Subst(x,v,w,y): (Jz < lTx( (x17%4y)+5) )[Seq 2z & x92020y0o101Ez &
(¥t < 2)(t ¢ z + BegSub(v,w,t) V (3t, < z)(3t2 < z)(3x; < t,)
(3x2 <t,)3y < t2)(3y2 < ‘l:z)(Sz1 < ‘b)(EzZ < 't‘.)('l:1 =x,° 2020%, &
t2 =vy,° 20 2°y2 &t = 21°2°2°z2& SB(xl,xz,yl,yz,zl,zz,v)))]
¥ is the number of thz instanciation of the formulas with Gtdel number X,
obtained by substituting the numeral numbered z for the variable following
the quantifier
Instl(x,y;z): (E!x1 <x)(Iv<x)(Var v & Num z & (x = 10° 8ovollo 10°
x,°11 Vx =10°90velle 10° x,° 11) & Subst(x,v,2,y))
¥ is the Gvdel number of an instanciation of the formula with number x.

Inst(x,y): (32 < y)(Inst,(x,y,2))
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the variable with Godel number v has a free occurrence in the formula with
number x

Free(v,x): (¥y < x)(Subst(x,v,15,y) » ¥y = x)

the term with number t is free for the variable nmumbered v in the formula
numbered x

Frlerm(t,v,x): For x & Var v & Term t & (¥w < t){Var w & m=tV

(31:1 < t)(EItz <t)( ~ 13Bt2 &t =t,owVit= w°t2V

1
t = ty0 we tz) + e~ (3y < x)(Free(v,y) &
10°8°we1lle10eyo 11Px V1009owello10° yo11Px)]}

x is the G¥8del number of an axiom of arithmetic

ArAx(x): (Ju < x)(E@v < x)(3w < x){Var u & Var v & Var w &[(x = 10° 9o

u°1l°10°1009oeovelle 10¢ 100 Qowe 110 10°10°uolove
Toel0ouwelowe Tovelewollelleile 11211V x =100 9Qouo
11°10¢10°9evellel0gel0cuclevoeTelhoyololhoyo
11° 31231 Vx =1009ouolleo 1004015030 140 yo11 V

x =10°9°u°11°10°10° 9ovoelleol0°10°1honelo 1hovo
Touelovolielle1lV x = 1009euolle10c10cuc2°150
11elelbouell V x = 10° 9o uo11° 10° 10° 9o voll e 100 10ou ©
201hoyolloelelhol0onuo2eyvoellolloellV x=1009c ue
11010010cuos30l15e¢11l°louell Vx=10° 9ouellel10°10¢°
9ovellol0ol0euo30olheyoliolei0el0ecuc3ovelle 2o
uelle1le 11 V (3y < x)(3y1 < x)(3y2< x) (Free(u,y) &
Subst(y,u,15,¥;) & Subst(yau,1ll ou,y,) & x = 10ey 0 7109100
2oucllel0oyeToyse 110 Toel0®9ouclleoyollelle 11)]}

x is the Godel number of a logical axiom
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Loghx(x): (3y <x)(@w <x)(3z <x){For y & For w & For z & [x = 10°y°
Tel0oeweTeyolloll Vx=10°100cyoeTo1l00o woTozgelle
11°¢T7°10°10cyoeTowelle 7O 10 0yeTozollelle 11 V
X = 10°10° howeTohoyolle To 100100 hoywoToye 11le To
wello 11l V (3v < x)(3t <x)(3y1 < x)(FrTerm(t,v.y) &
Subst(y,v,t,yl) & x = 10°1009°v°11°10°y°11°7°y1° 1)V
(3v < x)(Var v & ~ Free(v,y) & x = 100100 9 °ovo 11° 10° 100
YeTewoellolle 70100yoTe1l0°9ovolle10owe 11°11°11) V
x =10°10eyeTow © 1lo TolOolhoyo5ewel11eoll V

10°10c boyeSowoelle Toel0oyoTowellell V

X =
Xx=10°b°310ckoyoS5ohoyolleTol0eyebowollo 11V
X =10010o0yo6owolle Tehol0o hoyoGokhoye 11011V

(Iv < x)(Var v & x = 102100 8evo1lo 10oy° 1lo To L e10e 9o
vellol0obeyell Vx =100k4o100 9geve 11 10° hoyo 11°
Tol1l0e8evolloel0eyelle 11)]}
the formula with G8del number z is obtainable from the formulas numbered
x and y by one of the rules of inference
Inf(x,¥,2): For x & For y & (x = 10eyeToz 11l V (Iv < z)(Var v &
z =1009°vellel0eoxe1l))
x is the sequence number of a proof of the formula with Godel number y
Proof(x,y): Seqx & LeleoeyololEx & (¥z < x)[z ¢ x » ArAx(z) V LoghAx(z)
(3zl<X)(3z2<x)(z1 $2 k2,528 Inf(z, ,2,,2))].
A1l the formulas constructed until now had the property of totally re-
presenting the relations they expressed. Therefore by Theorem L4 the fol-

lowing formula represents Tho:
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Prov x:  {(3y) Proof(y,.x)
y is the G8del number of the diagonalization of the formula numbered x
Diag(x,y): (Iv <y)(Var v & y = 1009ovo 1l° 10 °100x°Tev®°loxo’
110 11).
The length of the number of the diagonalization of x does not exceed
bx + 8. Therefore the number of the diagonalization itself is less than

Lx+9

*
17 , and we obtain the following formula to represent Ref :

Ref* x:  (3y < 17hX+9)(Diag(x,y) & Prov L oy),

Because of the restricted quantifiers, the formula which we have just
obtained and which we would use for G8del's original proof is much longer
than the one we employed in Tarski's version. The question arises whether
the syntactic feature which made all our formulas longer — the restriction
of quantifiers - is a necessary one, or whether it was just a convenient
device we employed toc be able to immediately tell that cur formulas re-
present the relations they express. It turns out that the existence of an
existential quantification of a restricted quantifier formula expressing
a relation is a necessary condition for the relation's representability
(by "restricted quantifier formulas" we mean ones in which all the quan-

tifiers are restricted by functionally representable functions). To show

this, we first notice that the function Q(x), which we found expressible,
is also totally represented by the formulia
x=y: (x=18&y=15V @yz< y)(17x=16-y1+17&y=1’4-y1+15).
This lets us prove the following
THEOREM 6. If arithmetic is w~consistent, then a relation is repre-

sentable if and only if it can be expressed and represented by the existen-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-99-

tial quantification of a formula containing only restricted quantifiers.
PROCF. We have already shown that under the assumption of w~consist-

ency such a formula will indeed represent the relation it expresses. Suppose
now that the reiztior R ic representable, i.e. there exists a formula F
such that for all natural numbers Dj seees nk

F(H ,...,H)is true iff it is provable, iff B(n,,....n) holds.
Let a be the Godel mumber of F(v,,...,v;) and let bys...5b, be the GBdel
numbers of the variables Vise+es Vi, respectively. The following formula
also represents R:

(y, < 1)@y, < 17% ™). .. Gy, < 175D v, < 173°7))

(Fv, < 27002 By ) < e Vo) @y < 17 ilax =y, e

W =y, &... & ka =¥ & Subst(a,by ,y;,7y) & Su‘bs*l:(v1 »D, 5¥, ,v2)

&...& Subst(v. b.

ke k—l’yk-l’vk-l) & Subst(v, .,b ) & Prov v].

ksykavk
As Prov vk is the existential quantification of a formula with only re-
stricted quantifiers, the above formula can be transformed into the exis—

tential quantification of a formula with restricted quartifiers only.

The above theorem of course in no way implies thet a formula whose
quantifiers are not restricted cannot represent the relation it expresses.
We leave it as an open question whether the formulas we have obtained in
this Appendix can be proven to be equivalent to the formulas with unre-

stricted quantifiers which we have used irn the main part of this paper.
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