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Abstract

SYMMETRY PROPERTIES
OF THE ZERO SETS OF NIL-THETA FUNCTIONS
by

Sharon Goodman
Advisor: Professor Louis Auslander

Let N denote the three dimensional Heisenberg group,
and let T be a discrete co-compact subgroup of N , One
can decompose LZ(N/F) into primary summands H_(T) ,

m € Z , with respect to the right regular representation
R of N on ILo(N/T) .

The space (:) of nil-theta functions on N is de-

Tined as the solution space of the differential operator

0Z
of (), (r) = ()N H(r) and the classical theta functions

2 - % Z §¥ » and the relationship between the functions

is reviewed.

In section 1, we give a characterization of the zero
set of a function in @DHJIW , and use this to refine a
classical theorem regarding the expression of an elliptic
function as a quotient of theta functions. In section 2, we
give a new characterization of the indexing on the irreducible

closed R-invariant subspaces of Hm(T) , as defined by

iii



L. Auslander and J. Brezin, using the zero set of the nil-
theta function lying in this subspace. In section 3, we
show how ‘the index behaves under multiplication of theta
functions. Finally, we include an appendix relating the
distinguished subSpace theory of Auslander and Brezin,

and the rationality theory on N.
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SECTION O
INTRODUCTION

Let N denote the three dimensional Heisenberg
group, that is the connected, simply connected Lie group
whose underlying manifold is ZR3 » and whose group mul-
tiplication is given by the rule

(x, y,» t)(a, b, ¢} = (x+a, y+b, t+et+i(ya - xb)) ,
where (x, v, t) , (a, b, ¢) € N . It is easily veri-
fied that the center Z{N) of N equals the commutator
subgroup [N, N] of N , and consists of all the ele-
ments of N which are of the form (0, 0, t) for
teR .

Let F ©be a complex valued function on N , and
let g€ N . We define the left and right translates of
F by g to be the functions

(L(g)F)(h) = F(g™'h) and (R(g)F)(h) = F(hg) ,

h ¢ N , respectively. A family éF' of functions on N
will be called R-invariant if R(g)zF;j1u for all
g EN .

Let T Dbe a discrete subgroup of N such that the
space N/r of right r-cosets, is compact. N/r has a
unique (up to constant multiple) Haar measure w , and

we may consider the space of functions, LZ(N/r. w) e
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We fix the measure w and omit it from all further nota-
tion. We note that a function F on N/T can alternatively
be thought of as & function on N for which L(y)F = F
for all ye¢r , i.e., which is constant on r-~cosets.
It makes sense then to define the right translate of such
a function F by an element g of N +to be

(R(g)F)(Th) = F(Thg) , h €N .
This yields, moreover, a unitary representation, R ,
of N on L2(N/r) defined by

Rs g +~ R(g) ,

which we call the right regular representation.

It is well known (see [3]), that we can decompose
L2(N/F) into an orthogonal direct sum of R-invariant
subspaces:

L2 (N/r) = v @H (1) .
neZ

where Hm(r) is the closed subspace of LZ(N/r) spanned

by those continuous functions F satisfying

F(x, y, t+c) = exp(Q%%%§) F(x, ¥y, t) ,
where B(T) 1is the positive real number such that
(0, 0, 8(T")) generates the discrete subgroup T N Z(N) of Z(N)
It follows from the Stone-von-Neumann theorem (see
(7] p. 71), that the restriction of the representation R
to the space Hm(T) is a multiple of a single irreducible
unitary representation U(m) of N , as longas m #£0 .
Moreover, for m #n , U(m) and U(n) are not unitarily

equivalent. It follows then that two irreducible closed
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R-invariant subspaces 9& and <92 of LZ(N/F) are uni-
tarily equivalent if and only if both 91 and él » are
subspaces of Hm(?) » for some integer m .

The space Ho(r) can be identified with
12( B%/n(1)) , where m™ N - N/Z(N) = R® is the
canonical projections n(x, y, t) = (x, y) . Ho(r) is
thus essentially L2(T2) , Where e denotes the 2-torus.,
Therefore, it can be decomposed in one and only one way
into an orthogonal direct sum of irreducible (in fact,
one dimensional) closed R-invariant subspaces.

For m #0 , one may show (see [3]), that R res-
tricted to H (T) is precisely the Im | =fold multiple of
U(m) . There are, however, an infinite number of ways in
which one can decompose Hm(r) into a direct sum of ir-
reducible closed R-invariant subspaces. The distinguished
subspace theory of L. Auslander and J. Brezin [3], picks
out a finite number of these decompositions that are in
some ways “nicer” than others. In [3], they define an
indexing on the set of irreducible closed R-invariant
subspaces of Hm(r) in such a way that distinguished sub-
spaces have index 1 , and the smaller the index of a
subspace is, the "nicer" the space is in various senses.
Several other characterizations of the distinguished sub=-
spaces are given in [2] and [4].

In section 2 of this paper, we will discuss the in-
dexing in Hm(r) , for m a positive integer, from a



different point of view. It has been shown, first in 1]
and then in [00] and 2], that a certain class of func-
tions in L%(N/T) , called nil-theta functions, that
arise as solutions of a certain differential operator,
are very closely related to the classical theta functions
of a certain "type," as discussed in [9] and [6]. Every
irreducible closed R-invariant subspace (9' of Hm(T)
contains a unique (up to constant multiple) nil-theta func-
tion, and conversely, every nil-theta function in H (T)
is contained in a unique irreducible closed R-invariant
subspace. Since the classical theta functions are com-
pletely determined by their zero sets, it is natural to
attempt to classify the irreducible subspaces of H (T)
according to the properties of the zero set of the nil-
theta function lying in this subspace. We do this in
section 2. In particular, we show that the zero sets of
the nil-theta functions lying in the distinguished sub-
gpaces are particularly nice.

Let (E)m(rﬁ denote the space of nil-theta functions
that lie in H_(T) . It is shown in [2] that this is an

m dimensional complex vector space. Let

A =r @® () .
meZ m
It is proven in (5] that /Q is an algebra without zero
divisors. In particular, if F ¢ (:)m(r) and G ¢ (Ea(r) ,
then FG € (Ek+n(r) » In section 3, we investigate the

relationship between this algebra siructure and the indexing



structure; that is, we consider how the index of the ir-
reducible subspace of Hm+n(r) containing FG relates
to the indices of the irreducible subspaces of Hm(P)
and Hn(F) containing F and G , respectively. Some
relationship is indicated, since for example, the index
of the irreducible subspace containing the nil-theta func-
tion F® for F ¢ (ﬁ%(r) » B8 2any positive lnteger, is
eagily seen to be sk, where k 1is the index of the sub-
space containing F . This suggests the possibility that
the indices might add as the functions multiply. Actually,
the behavior of the index under multiplication is, in
general, more complicated than this, and we discuss this
in section 3.

In section 1, we give a complete characterization
of the zero sets of the functions in (:)m(r) ., and use
this to give a refinement of a certain classical theorem
regarding the expression of an elliptic function as a
quotient of theta functions.

Finally, we include an appendix discussing the re-
lationship between the distinguished subspace theory and

the rational structure theory of N .



SECTION 1

NIL-THETA FUNCTIONS AND ELLIPTIC FUNCTIONS

Let Ty be a discrete co-compact subgroup of N .
It is shown in [2] that Ty is a non-abelian subgroup
of N with either two or three generators. We will
call T

1
tors. This is equivalent to the condition:

a lifted subgroup of N if it has two genera-

ry N Z(N) = [ry, 1,1 = {(0, 0, mB(T)) lme z3 .
It is furthermore shown in [2] that for any discrete co-
compact subgroup Ty of N , there exists a maximal
lifted subgroup I of Ti such that

8(r) =dg(ry) and Hy.(r) =H (1))
where d is the order of rl/r . It therefore suffices,
for our purposes, to consider only the lifted subgroups of
N .

A detalled discussion of the automorphism group,
(s , of N is given in [10]. We will mention, without
proof, certain facts that we will need.

1. Every automorphism a« of N can be described by

a 3 x 3-matrix of the form

0

a 0

al a.z c



where 844 85 and ¢ are real numbers, and
S 1s a real 2 x 2-matrix such that

sbis =¢ + &
where St denotes the transpose of the matrix
S , and the J denotes the linear transforma-
tion on R° that arises from the complex

structure of € , given by

(20

We can write the identity component, Cbo ,
of L], as a semi~direct products

®® = (sp(2, R) & D, ¥ )inn(N)

where
0
S %
Sp(2, R} = Oyt S"JS =4J \=85L(2, R)
0 0 1
v
T /e 0 0
D, = 0 ¢ 01 c¢>0 2
0o 0 c° /5
1 0 0
inn (N) = 0 1 0 : 8y, 85 € R
ai a, 1

The group inn(N) is easily seen to be the group
of inner automorphisms of N .




Let L(N) denote the Lie algebra of N . Viewing
L{N) as the space of left invariant vector fields on

N , we have the following basis for this space:

X(x, y, t) = g% + % ¥y g% l(xt Y t)

Y(x, ¥, t)=§i-%x-§; [ (x, ¥y )

T(x, Y, t) = g% I(x: I t)

for (x, ¥, t) € N . Let a« be an automorphism of N .
Then o induces an automorphism on the complexification,
LG(N) , of L(N) , whose matrix with respect to the
basis X, ¥, T, 1is ‘the same as the matrix of o . In

particular, let J be the automorphism of N whose

matrix is
0 1 0
J = .1 0 O0 .
0 0 1

and let the corresponding automorphism induced on LG(N)
also be denoted by J .« Since J“ is the identity matrix,
J determines a direct sum decomposition of LE(N) s

Lg(N) =V, + V_; + Zg
where V+i denotes the eigenvaluve +i subsgpace of
LG(N) w;th respect to J , and ZG denotes the center of
LG(N) « V; can be shown (see [10]), to have the basis

vector, which we also denote by Vi

- - W S
Vi=X+ ¥ =55 -52 5%
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h Z=x+1i 2 -2 432 ,
where x Yy o, A igy

We define the space (:) of nil-theta functions on

N to be

@ = (Fec)ivF=o0],
where C”(N) denotes the C” functions on N .

Suppose. that T is a lifted subgroup of N .
Because Vi is a left invariant operator, it follows
that it is a well-defined operator on C“KN/F) « Thus,
we can define
@ =ctv/) n @ .
Let P_ denote the orthogonal projection of LZ(N/T)
onto H (r) , m #0 . It is shown in [2] that
P,P'(A@'(‘r')) Ef@‘(f) « Therefore, we can define
m /
@ (r) = @n H(D)

and we have the following L2 decomposition

D (r) = H) (1) .
(:)(T iez;ca <J/m

We now recall the relationship between the nil-theta
functions and the classical theta functions. For proofs

not given here, see [2] or [10].

Lemma 1.1+ Let F € C (N) be such that V,F = 0 and such
that
(*) F(x, ¥y, t) = exp(2miat) F(x, y, 0) , a €R .
Then the function
(M(a)F)(2) = exp(-2miat) exp(-miaxy) exp(may®) F(x, y, t)

is an entire function of z = x + iy .
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Conversely, if H(z) is an entire function of
Z=x+1iy , then
(M(a)’lH)(x. v, t) = exp(2miat) exp(miaxy)
exp(-nayz) H(x + iy)

is a solution of Vi satisfying (*).

Corollary 1.2¢ Let T be a lifted subgroup of N .
Then (ﬁ)m(r) is trivial for m < 0 , and consists of
the constant functions for m =0 .

Let T be a lifted subgroup of N , with generators
vy and vy, , and let m N -.:mz be the canonical
projection defined above., Then L = n(r) 1is the lattice
2

in R" generated by the linearly independent vectors

“(Yl) and n(Yz) « We will henceforth use the notation
G = grr{g,s 8]

to mean that G is a group with generators 8y and g o

Corollary 1.3s Let F and G be elements of (E}m(r) .
F

for m<£ 0 . Then 3 is a meromorphic function on the
torus &/L , L =n(r) .

We will now discuss what the r-invariance of a func-
tion F in (E)m(r) implies for the entire function,

m

M(ETFT)F . If T 1is an arbitrary lifted subgroup of

<y 3 . . m
N , it is shown in [10] that the function G = M(ET?J)F

is an entire theta function of a certain “type," as defined
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in [9] and (6], with respect to the lattice L = m(r)
i.e., there exists an inhomogeneous linear function

¢(Z, 2) of Z such that

G(Z2 + 4) = exp(ep(Z, ¢)) F(Z) , for all 4 €L .

We note that if L

H

grp{zl, 22} is a fixed lattice in
the plane, then there are many lifted subgroups T eof

N such that w(r) =1L . In fact, it is shown in [2] ,
that the set of lifted subgroups I' such that m(T) =1 ,
is in one-one correspondence with the group, imn(N) ,

of inner automorphismsg of N . As T runs through the
set of these lifted subgroups, M(z{ry) ®, (0

m > 0 , runs through the spaces of entire theta functions
of different types with respect to the lattice 1 . Let
us mention that if L is generated by £, = (ai. az)

and 4, = (bl' bz) then for any T = grp[yl. y2} such
that 7m(T) =1 , we have that

-1 -2
For our purposes, the following special case of our

preceding remarks will suffice. This theorem is proven in

1.

Theorem l.41 Let = 4 + i be an element of the complex
upper half-plane, and let a, b € R . We define the lifted
subgroupt

™(rs a, b) = grpl(1, 0, bB), (a, B, =aB)} .
let F E(:)m(r(ws a, b)) , m>0 , and let
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H(z) = (@) P)(x, 2 ¥) , Z=x+1iy . Then H(2)
satisfies the following functional equations:
(a) H(Z + 1) = exp(2rmimb) H(Z)
(b) H(Z + 1) = exp(=-2nima) exp(-mim(22 + 1)) H(Z) .
Conversely, if H(Z) is analytic and satisfies

(a) and (b), then M(-gl)"lli E@m(r(n a, b)) .

We see then that M(g) is an isomorphism between
the space (:)m(T(TI a, b)) and the m~-dimensional complex
vector space of classical Jacobi theta functions of
period T and characteristic {;22] in the variable
Z=x+ iy , as discussed in [8]. Adopting the notation

mb
of (8], we denote the latter space by <E>m oma (z, ) .

Let I'(r) =T(rs 0, 0) = S‘I‘P{(ls o, 0), (cw By 0)} .

Then "T(7; &, b) = n"II(r)n , for n = (a+bo, bB, E%E)

Now M(%) (:)m(T(T)) = (ﬁ)m lg] (z, ) , so that the

automorphism, in » of N defined by
1

i (g) =ngn

results in a shift in the characteristic of the corresponding

theta functions.
We will need the following results in what follows.
Anything not proven here can be found in [2] or [10].

Theorem 1,58 Let o be an automorphism of N , and let
T be a lifted subgroup of N . Then «~1(r) ie a lifted

subgroup of N and
= -1
Hy(T) o &= H (a"H(T))



-13~

Corollary 1.6t ILet T =g+ iB , B > 0 and let
Hy(r(rs a, b)) =H (T(7)) * i

where n = (atba, bB, Q%E .

n

Theorem 1.7s Let g € N . Then L(g)(:) = (ﬁ) .

Theorem 1.8+ Let ¢ ©be an automorphism of N of the

form
u v 0
g = -V u 0

0 0 u2 + v%f

Then @oO’I:@-

Proofs The proof of this theorem follows by a simple ap-
plication of the chain rule.

Let us note that since the automorphism J of N
which gives rise to the nil-theta functions comes from
the complex structure on € , it makes sense that the
automorphism ¢ in Theorem 1.8 which arises from complex

multiplication should preserve the space (::> .

Theorem 1.9s The isomorphisms

m@ @) ~ @, Ej (2, ) , mez

extend to an algebra isomorphism

(W)
M: ©» @ @m(r(T)) - xiezéa @m [:OJ (z, 1) .

meEZ




il

Corollary 1.10s The algebra A= @ @m(r(w))
meZ

has no divisors of zero.

Theorem 1.11s Let '9 be an irreducible closed R-invariant
subspace of H (T') , m> 0 . Then

dimg( ) n@) =1 .
Proofs Let vy, and y, generate Iy and let T,
be the lifted subgroup of N , containing r, whose
generators are % vy and % Yo « By the results in
=1, 8 1 = Hl(rl) is an irreducible subspace of Hm(r) .
Since H (r) is a multiplicity space for the representa-
tion R , of multiplicity m , there exists an isomor-

phism U making the following diagram commute

U
Hp, (T) > 91 ® ¢"

R(g) l R(g) ® 1
. - m
@1®G

for all g€ N , where 1(v) =v , veE" . The

H(T)

isomorphism U is described explicitly in [3] in the fol-
lowing way. We refer the reader to [3] for further details

and proofs,

BT,

Let T Im] = grp[Y1u Yzl m

« The group

a={r hn](%. 0, 0)1 j€ 23




is a subgroup of N/Tim] of order m , and we can
decompose

H(r) = £ 3B L(w) .
n wen 1

Let '%( denote the Hilbert space of all functions from
0 to € with the usual inner product. For each w € Q
we set f, equal to the function on Q vanishing every-
where except at w , where it takes the value 1 .
Thus, {fwl w € Q) forms a basis for N .

We now define the unitary operator

Us H (T) = I n@ L(w)91 ”81@’%

we
by
Us Sl T o @E ¢ 691 .
Wwen weq ¥ W W

It is shown in [3] that this isomorphism satisfies the
required properties.
It is proven in [2] that the space

81 n @m(l‘) = (I-Dl(l“l) is a one-dimensional complex vec-
tor space. Let 6y be a basis vector in this space.
By theorem 1.7,

L(we, € @ (1) , wea,
so that

@y(r) =2 @ L(u)oy
and

U@ (M) =0 @

Suppose now that 9 c Hm(r) is an arbitrary irreducible
closed R-invariant subspace. Then clearly, U&?) =691 ® u
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for some fixed u € ?4 + Therefore, U'1(e1 ®u) is

the unique (up to constant multiple) element of

90@'. .

We now discuss the zero sets of the nil~theta

functions.

Theorem 1,12s The zeroes of a classical theta function

of a fixed type, or equivalently, the zeroes of an element
of M(T%?T)QDHJIO , m>0 , for a 1lifted subgroup T
of N , are isolated, and determine the function up to
constant multiple.

Proofs let F and G be two classical theta functlons
of the same type with precisely the same zeroes. Then

F

g is a bounded entire function, and hence constant by

Liouiville's Theorem.

~J

Theorem 1.13s Let S be the set of zeroes of the function
F € @m(r) , T a lifted subgroup of N , and let S

be the zero set of the function M(E%FT) F . Then

S =({(x, v, t)Ix+ iy €S and all t € R} ;
i.e.,

S=s.z(N) .
Proofs This follows easily from the fact that the multiplier

i
M(ETFT) never vanishes.
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Theorem l.14s Let H ©be a classical theta function with
regspect to the lattice L =€ . Then the zero set S of
H is invariant under translations by elements of L
i.ee, S+ 24 =5 , forall 1 €L .
Proofs Forany Z €@ and 2 € L , we have that

H(Z + ¢) = exp(o(Z, 2)) H(Z) ,

and so we have our result.

Definitiont Let L ©be a lattice in the plane. The
fundamental paralielogram, D , of 1 1is the open paral-~
lelogram spanned by the two generators of 1 , together
with two sides of the parallelogram that contain 0 .

The previous two theorems indicate that the zero set
of a function F € (:)m(F) , m>0 , is completely de-
termined by the subset of the complex plane consisting of
the zeroes of the analytic function M(E%;T)F which are
comtained in the fundamental parallelogram D of the

lattice L = m(T) .

Theorem 1.15¢+ Let F e () (r) , m>0 . Then
m .
M(ET?T)F has m 2eroes in the fundamental parallelogram

D ,of L=m(r) .

Proofs For T =T1(rt+ a, d) , T=a+ig , B>0 ,

a, b, €R , the theorem can be proven by a straight-
forward application of the logarithmic derivative principle,

similar to the computation on page 79 of [8l. The proof
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for arbitrary o follows from theorem 1.16, corollary

1.17 and lemma 1.18 below.

Theorem 1.161 Let I be an arbitrary lifted subgroup
of N . Then, there exists an element T = ¢ + ip in
the complex upper half-plane, real numbers a and b ,

and an automorphism ¢ of N of the form

u v 0
g =|=-v u 0
0 0 u2 + v?/‘ u, v € R

such that o¢(r) = T(r; a, b) .
Proofs Suppose that I 1is generated by the elements

(ai, By a3) and (bl’ b,, b3) . We take

_ al _ as a - alb1 + a2b2
W=7 o Ve o ST T
84 as ay a, ay 8,
5 = bpay - 8pby g(r) f =03
- 2 2 2 ~ b,a, = a,b
a1 + 8, a1 + an 271 271
and
a
3
b = .

A straightforward computation shows that
olay, ay, a3) = (1, 0, bB)

and
o(by, by, by) = (a, B, -aB)

so that o(r) = r(rs a, b) .
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Corollary l.,17s Let ¢ be as in theorem 1.16 .
Then

(B pf™) = @), (r(rs a, B)) « o
Proof:s This follows from theorems 1.5, 1.8, and 1l.16.

Lemma 1.18s Let F be a functionon N , and ¢ an
autonorphism of N ., Then g 1is a zero of F if and

only if o l(g) is a zero of F ° ¢ .
We are now ready to state our first main result.

Theorem 1.19:+ Let I be a lifted subgroup of N with
generators (ai. 85, a3) and (bl. by, b3) , and let

D be the fundamental parallelogram of the lattice
L=m(r) S€ . Let S =1{2,, Zy, ¢ss, 2} Ve a subset
of D , m> 0 . Then, there exists a function

F € @DHJTQ such that M(g%?T)F haz S as the set of

its zeroes in D , if and only if & 2 is congruent

i

i=1
moduleo L +to
S—mvo , m even
a, + b a, + b
2 2
(____.._1 5 - i(—=——=)+Mm%, m  odd
a.b, - a,b a.b, - a,b
1 1 : 32 23
where v, = + 1 ( )

and where w 1is congruent to u modulo L means that

wee-uetel ,
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Proof:s We consider several cases.

Case I: Suppose that T = T(r) = grp{(1, 0, 0,), (o, B, 0)]
T=a+ if, B >0 . Let IL(T) = m(T'(7)) and let D(T)
be the fundamentel parallelogram of L(r) . If

S = [Zl' Zoy sens Zm} €S D(T) , we may write Z, = r, + s.T

i i i
where O g_ri v 9y <1 ,1i=1,2, «es,m .« It is a
well known fact (see [8] page 81), that the classical
Jacobi theta function, L ] (z, v) , of period T ,

e
and characteristic Lﬁ] » (e, ¢ € R) , defined by

[JYZ T) E exp mi{t(n + ") + 2(n + g)(z + g')3

has a unique zero in D(t) , that is at the point

Zg € D(r) , where 24 is congruent modulo L{T) to

(4 +4) + (£ -%£+) . It follows then, that up to
constant multiple, the unique classical theta function

with zero set S in D(r) 4is the function

2(— - s, )
m 2
H(Z) = I e [ ) ](z. r) €8

i=1  [2(3 - ry);

N

- si)

(Z, )

N
[
HM s 3
[y
—

[y
—
N -

- ri)

[

-1
Let F = M(g) H . By theorem 1.4, we have that

m
F E(:)m(T(T: r, 8)) , where r = - % 121(1 - ri) '
I R |
and 8 =2 .21(5 - Si) « F will then be the required
i=

nil-theta function if and only if

Poe(@p(r(n) n@p(riry r, 8)) .



In that case, however, we have that L{(yv)F = F for all

Y in the group generated by T(r) and +(v3 r, 8) 3

t.e., in grp{(1, 0, 0), (e, 8, 0), (1, O, sB), (o, B, ~r8)} .
Hénce, for any g € N

F(g) = FI(1, 0, 88)gl = Fi(1, 0, 0)(0, O, 88)g]l =
Fl{o, 0, sB)g]l = exp (gﬂgggﬁ)F(g) =

exp(2mims)F(g)
and similarly
F(g) = Fl(a, B, ~r8)gl = exp(=-2mimr)F(g) .
Then we must have that both mr and ms are integers,

or, equivalently, that

CEER r G- ry)
T (-8 and I (=1
i=t 2 i i=1 2 i
m
are integers. This holds if and only if both X ry
i=1
m
and ¥ s; are congruent modulo " Z to
i=1
0 , meven
% , W odd
m m
or, if and only if » 2, = ? (r; + 8;7) is congruent
i=1 =1

modulo L(T) to
0 , meven
£+%Z , modd ,

This proves the theorem in this special case.
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Case IIs Suppose that T = I'(rs a, b) ,
T=a+ i, B>0 , a, b€ R , and let L(r) = w(r)
and D(r) be as above. By corollary 1.6 ,

Hy(T(r3 a, b)) = H (T(7)) = 1, where
i, denotes inner automorphism by n = (a+ba, BB, égi) .
Thus,

Hm(r(T; a, b)) Hm(F(T)) o i

n
L ()

where the last equality follows from the R-invariance of

L(n)R(n)E (M (r)) =

Hm(T(T)) « It follows then, by theorem 1.7, that
® ,(r(ry 2, 8)) = Ln)E) (r(:))

We clearly have then that F is a function in
@DIHU‘(T, a, b)) such that the zero set in D(r) of
M(?)F i8S = {2y, Zgs eses Zy) , If and only if L(n"T)F
is a function in (:)m(T(T)) such that the zero set in
D(7) of M(%)(L(n’l)F) is the set

{-(a + b7} +2Z,, =~(a+br)+ 2y o, ~(a+br) + 2]
which is true, using our previous case, precisely when

m
-m(a + bT) + % Z; 1is congruent modulo L(r) +to

o , m even
1+% , moad '
m
or equivalently, if and only if ¥ Zi is congruent
L2q

modulo L(r) %o
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m{a + br) , m even
+3 +ma+br) , modd .

This proves the theorem in this case.

Case III:s Suppose now that T is an arbitrary lifted
subgroup of N with generators (al. a5, a3) and

(bys Yy, b3) » and let L =7(r) have the fundamental
parallelogram D . Let ¢ be the automorphism of N ,
and let

"

e« +ig and a, b € R be as in theorem 1.16,

Then o(T) = T(ty a, b) , and by corollary 1.17
@m(r) = @m(T‘(H a, b)) o ¢ . Let
S = {Zyy 25y sssy 2,1 €D . Then F € (H) () is such
m . . .

that M(ET;T) has the zero set S in D if and only if
Feoogole (E)m(F(T; a, b)) is such that M(%)(F . o1y
has the zero set {0(21). c(Z5)y eoey o(Zm)] .in D(7) .
But this happens, by our previous case, if and only if

m
Y Z.) 1is congruent modulo L(7) +to

m() (
Y o(2 =g
i i=1 1

i=1

m(a + br) v m even

G+ +m@a+v) , modd

m
or equivalently, if and only if ~ Zi is congruent
i=1
medulo L <o
o'l(m(a + br)) = mv, , m even
a,+b a,+b
0-1(% + %) + o-l(m(a + br)) = 12 1, i(—gi—g) + mvg,

m odd

and the theorem is proven.
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It is a well known fact that if I is a lattice
in the complex plane, then the field, Jr(m/L) , of
meromorphic functions on €/L or equivalently, the
field of elliptic functions with perioed lattice 1. is
given by

3 / 5(r)=L @m r

where we sum over all lifted subgroups T such that

n(r) =L , end where Q denotes the quotients of ele-
ments of (:)m(r) , which by corollary 1.3, can be re-
garded as functions on (/L . In more classical language
an elliptic function ¢ E$ (€/L) can be written as the
sum of quotients of theta functions where various "types"
in the sense of [9] are allowed.

This result is refined in [10], where it is proven
that we can, in fact, locate all.of the theta functions
necessary to form <fic/L) on a single nilmanifold or
equivalently by using only those of a single type. There
it is proven that if o 1is a fixed lifted subgroup of

ti

N such that n{(r) =1 , then

F@/a) =5 @, ),
m>0
or equivalently, if ¢ G:F(G/L) , then we may write
Fi
¢ = ?GI '@'{ ’ Fi! Gi E@i(r) ’

where I is a finite set of positive integers.



-25-

We now use theorem 1l.19 to prove a further refine-
ment of this result - that is, we can eliminate the need
for the summation in the expression of ¢ as the quotient

of theta functions:

Theorem l.20t Let L be a lattice in the complex plane

(with two linearly independent generators), and let

o €F(G/L) . Then if T = grp{(ays a5 a4), (by, by, by)]

is any fixed lifted subgroup of N such that n(r) =L ,

we may choose an integer m , and functions F, G E(ﬁ)m(r) ,
such that ¢ = % « Moreover, if n 1is the number of

zeroes (and hence also the number of poles) of ¢ in the
fundamental parallelogram D of L , then n {m { n+1 .
Proofs Let S, = {Zl, Zos seey Zn] and S, = Uﬁl, Wos sees WTJ
denote the sets of zeroes and poles of ¢ , respectively,
that are contained in D .« It is a well known fact that

n n
X Zi is congruent modulo I to ¥ Wi » Let 2Z°'
i=1 i=t

denote the unique element in D congruent medulo L +to
n

T 2,
j=1 1

If Z*' 1is congruent modulo L <o

n v, ' n even
a,+b a,+b
-ii—l + i(—gﬁ—g) +nvy n odd

where Vo is as in theorem 1.19, then we let F and G
be the elements (unique up to constant multiple) of [:)m(T) ’
as in theorem 1.19, with zero sets Sy and S, ,
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respectively. Clearly, we may chocse these constants so
that % =a‘ .

If Z' is not congruent modulo L +to the above
elements, we let L be the unigque element of D such

that 2' + p 1is congruent modulo I to

(n + 1)v0 s N odd
a,+bh +b
12 L, i( 2) +(n+1)vy, , neven .

Let S = {2 1°? 22- sy Zn: Ms Sé = {Wl' Woe seey Wy wl oo
By theorem 1.19, we may choose functions F, G E(E)n+1(r)
with zero sets Si and Sé » respectively, and we can

write ¢ = g as desired.
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SECTION 2

THE INDEX AND THE DISTINGUISHED SUBSPACES

Let r = grp[yl, yz] be a lifted subgroup of N ,
and let L = n{T) Dbe the corresponding lattice in R .
We now recall the definition, given in [3], of the index=
ing on the set, 0, of irreducible closed R-invariant

subspaces of Hm(r) , for m a non-negative integer:

Let
Alm] = grp{% Yqr %Yg}
T[m] = grP{Y1t Yoo g;(nu} ’ and

Gm(r) = Alm]/T[ml , +the space of right cosets.

We note that if 2(CG_(r)) denotes the center of G (T} ,
then G_(r)/2(G_(r)) = m(a(m)) /m(riml) =1 /L
is a discrete group of order ImP . Since A lm]
normalizes TIm], +the map defined on Alml by
Ls » = L))

defines a representation of Alml on Hm(r) « Since
TIm] is contained in the kernel of this map, we think of
L as a representation of G (r) on H (r) .

Let 9 € 0, - Wedefine the left stabilizer,
KP(B) , of 9 to be
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(e G ()| L(A)8=9} .
The following theorems are proven in [31]s

Lemma 2.13 ET(B) is an abelian subgroup of G (T) con-
taining the center Z(G (T)) of G (T) . Moreover,
there exists a character C of & &9) such that

LOWIF = ;(x)F whenever F ¢ 8 and \ € A 99) , and

where ¢ restricted to Z(G (r)) is the character

nt t[ml(0, O, é&éﬁl) - exp(gniﬁﬁizl) .

Lemma 2.2¢ Let 7 be an abelian subgroup of G () .
Phen the order, |Z] , of A divides | m [2 , and A
is maximal abelian if and only if | %[ =|mi® .
Since Zf(a) contains Z(Gm(r)) » We may consider
Ar(a) =‘ET€9)/Z(GN(T)) .
Let (¢ denote the character on AT&?) gsuch that
C=¢nt, i.e., such that
%(riml(a, b, ¢)) = ¢(riml(a, b, O)n(riml(o, 0, ¢)) ,
(a, b, ¢) € A[m] . Then
Ar(ﬁ) ={uelr/LlLWP =¢WF forall F eﬂ} ,
and Arﬂa) is a subgroup of % 1/L of order dividing
m]|

We now define the index, ind, ( s OF J? as followss

= n - m
inde () = Ty T - l'ﬁgg%‘l -

where |G | denotes the order of the group G , and [m |
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denotes the absolute value of the integer m . We say
that g} is a distinguished subspace of Hm(r) if
indrjg) =1 . We see then that é} is distinguished if
and only if Ergg) is a maximal abelian subgroup of

G, (r)

In [3] wvarious characterizations of the distin-
guished subspaces are given, and the differences between
these subspaces and those of higher index is discussed.
Several other characterizations are discussed in [4] and
[2]., The following characterization given in [2] will
be usefuls

g' is a distinguished subspace of H (r) if and
only if 9 = Hy(ry) , where r;, is a lifted subgroup of
N .

The condition Hl(rl) € H (r) dimplies (see [10])
moreover, that m&r, and g(T) = mB(Tl) .

In this section, we will discuss the indexing from
a different point of view, and in the process, we will see
another way in which the distinguished subspaces are nicer
than those of higher index. For later reference, let us

first quote the following theorem, proven in [3]s

Theorem 2.3+ Let X be an abelian subgroup of G (r)
that contains Z(G_(r)) . For each character ¢ of 2
restricting to n on Z(Gm(r)) , set

H(m, §) = (F ¢ H (r) | L(\)F = Z(\)F for all » € 1)
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Then
(1) H(m, 7) is R-invariant

(2) The multiplicity of U(m) in R restricted

~ 2
to H(m, ¢) is equal to TL%_}_

(3) H(r) =x @®H(m, T) , the sum being over all

%4

characters E of A restricting to 7 on

2(G, () .

We see from this theorem that H(m, C) is irreducible
precisely when 3 is maximal abelian, in which case
H(m, T) , whose stabilizer is 3 , is a distinguished sub-
space of H () . If 4 is not maximal abelian, and if
36 Q, has A as its stabilizer, then ﬁ is properly in-
cluded in H(m, ¢) , for some character 7 on 12 , and,
in fact, the multiplicity of U(m) in H(m, ¢) equals
indr( ) B

Let © € @m(r) « As mentioned above, s lies in
a unique ﬁ € Q, which we denote by ﬁ(e) . In fact, we
can easily see that {)(s) is the closure (in the topology
arising from the 12 norm} of the linear span of

{R(g)e l g € N}

We define the gtabilizer and index of 9 +to be
'Er(e) =7§T(8(e)) and indr(e) = indrg(e)) , respectively.
Similarly, we let Ar(e) = Ar(ﬁ(e)) . We will now discuss
the relationship between the index of ¢ and the properties

of its zero set.
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Lemma 2.41 Let T and 1*' be lifted subgroups of N
and suppose that 8 g Hy(r) ¢ H (r') is an irreducible
closed R-invariant space, m, n € Z . Then
indr(g) = indr.ag) , 50 that we may denote this number
simply by ind(g) .
Proofst It is proven in [2] that H (T) < H (r')
precisely when n=gsm , ro2r' , and | n{r)/n(r') ] =8 ,
for some positive integer s . It is not difficult to
see that

AF'(g) = {u + Ar(a) lu e m(r) [ n(x*))
80 that

indr.(ib) = ﬁ)—l = a-ff—(gﬂ = I—A:—(yn = indr(&) .

Theorem 2.51 Let o ¢ @ (r) , m> 0 , and let S

. . m
denote the zeroes of the function ¢ M(ETFT)B that
lje in the fundamental parallelogram D of L =m(T) .,
Then
1

s.(6) =f{u€gl/Llu+s=s]
or equivalently

~ - - _

8 (e) = {r €Gr) AT E=5)
where S =S * Z(N) 4is the zero set of 6 1lying in
D o Z(N) .

Before we prove this theorem, let us mention that
what it says is that the index of a subspace 8 € ﬂm ,
m>0 , is completely determined by the "symmetry"”
properties of the zero set of a single function lying in

this space - the unique 6 € 8 n(:) ‘ .
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Proof of Theorem 2.5: Let

i~

A--{A.EGm(I‘)lk-lE:g] and

p=(pelimlu+s=s .
a) We show first that Kr(e) c 2 and Ar(e) S A .
Let 3 € Xr(e) « Then, for all g¢ N ,
L(A)e(g) = s("g) =C)e(a) .

Therefore, g ¢ S if and only if x'l

g2€S , and thus

A-l +S =S5 and » € A .« Moreover,

Ar(e)='KT,(9)/Z(Gm(1“))_C_'E/Z(Gm(r)i b

b) We will now show, conversely, that A c Ar(e) and

that 4 ¢ AT(B) .

A € A o+ We must show that
L(A)%(e) =8(e) .

Let o =M(-B-%ﬂ)e and ei=M(-§-€lﬂ-)(L(k)e) . Now

Let

p' and ei are entire theta functions with respect to
the lattice L = n(r) of the same type, with the same
zero set. Therefore, by theorem l.12, there exists a

complex number C) such that gi = CAG' « But then

L) = M(ﬁ“ﬂ)'le{ = m(a—%,-y)"l(cxe') =

- m_ =14 2
= C\M(gTFy) "8’ = C,8 E8(9) .
Suppose now that Byr 8pr coer 8 € N .+ Then

n n
v L(A)R(gi)e = R(gg)L())o

n
L) ( = Riggle)
i=1 i=1 i:l

n
c, §=1R(gi)e 69(9) .
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Let F ¢ 5(9) . Tzen F = lim Fr , where Fy is a func-
tion of the form §=1R(gi)e » and where the limit is
taken in the topology induced from the L2 norm. Then
L{))Fy € 8(6) , and by the continuity of the operator
L(») in the same topology, we have that

L(AF = L) (Lim Fy ) = 1im(L(})Fy) 68(9) .
gince B (6} 1is closed. Hence A\ € Xr(e) , and
2 e Zr(e) . As above, this implies that A € Ar%g) ,
and the theorem is proven.

We will now use this theorem to discuss further
the relationship between the indexing on Qm » When
m>0 , and the properties of the zero set of the corres-
ponding theta functions. We will see to what extent the

index and the stabilizer of g' determine the location of

the zeroes of the nil-theta function lying in é} .

Lemma 2.6+ Let L be a lattice in R> with the two
linearly independent generators Y4 and vy let m be
a positive integer and let %k be a positive divisor of
m . Suppose that A is a subgroup of % 1/L of order
% . Then A has generators Bi and 52 such that

k k k
11 2 22
(a) Bl = ™ Y1 o Br = m1 Yq + m Y2

where k. € {0, 1, 2, eee, m-1} , i, j=1, 2

(b) %k ¥, =kn

(¢) k divides kij for all i, 1 .
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(d) kii divides m , i=1,2 .,
Proofs The Fundamental Theorem of Abelian Groups guarantees
the existence of generators By and g8, of & satisfying

(a), Moreover, it is not difficult to see that

r=lal= % , where @ is the determinant of the matrix
k
11 0
m
K24 Kop
m m

Thus, 2 = n’ or k,.,k,, = km which proves (b)

R T T 11722 ’ P .

To prove (¢), we note that, since By and g, are
elements of the group A which is of order % , We must
have that E- . E%i = E%i ¢ Z , and Xk divides kij ,
forall i and j . X

Finally, by (b) and (c), E—i = -%16 Z , for

i, je {1, 2} , i1 #£j , which proves (d) .

Suppose now that o € @m(r‘) » m>0 , for
gome lifted subgroup ™ . Let L = m(T) have generators
y; and vy, . If ind(e) = k¥ , then the stabilizer,
A{e) , of © is a subgroup of % L/L of order % ,

and therefore, has generators g, and B, as in lemma 2.6,

1
Let L' be the lattice in R° spanned by 8,

and Bo » and let D and D' be the fundamental paral-

lelograms of L and L' , respectively. If

S = {2y, Zy, eeey Z,} is the set of zerces of M(E%FT)B
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in D , then

S=1U {5 +s8*'} ,
5 €EL"/L

K} € S 1is the set of zeroes of

where S' = {Zi, Zz, se ey Z
m . . . .
M(gT?T)e in D' . We will now investigate the zero set

S' .

Theorem 2,73 Let T be a lifted subgroup of N with
generators Yq = (al, P a3) and y, = (bl' by, b3) .
Let ¢ € @Dnjrﬁ , mM>0 , be of index k , and let

By and B, be generators of A(e) satisfying the condi-
tions of lemma 2.6. Let L' be the lattice generated by
Bl and Bo » and let D and D' be the fundamental
parallelograms of the lattices L = m(T) and L' , res-
pectively, and suppose that S = {Zl. Zos eves Zm] and

S' = {Zl, Zoy sesy Zk] are the zero sets of the function
k

m . . .
M(ETFT)G in D and D , respectively. Then, §=1Zi
is congruent modulo L' <o
0 » K even
By T B2
. By
Q] 5 y k o0dd, kll even, k22 odd
k Py
Eﬁ + kvo + 5 » Kk odd, k11 odd, k22 even

Vo (k +kB)-E-1-B x, k,. and
\Zm 2284 11°2 Zm o1 0 fr f4q
k22 odd ,



-36~

where mv, is the unique element in D congruent modulo

a.,b, = a,b (a,b, - a,b
31 13 32 2°3 .
L to m( B(T) i B(?) ) , and £ 1is
the fixed element of 1 , as in theorem 1,19, such
m
that Enlzi ~ £ 1is the unique element in D congruent

moduleo 1L +to

lTl'Vo » m even
Yy t Y2
—1—2—-— + mvo ’ modd .

Proof:s As we mentioned above

S=U (& +s'} .
6ea(e)

k
Now a(g) = grp{py, 85} = {aBy + b8, |2 € {0, 1, ..., —%3 -1},

k
b € [0. 1, LEC N ) "'"]1_1- 1}] .

Thus, summing all the zeroes in S , we have that
ka2 |y ki1_,

m mk 3
s 2, =% Zi+k Z (ag, + bg,)
ic1 ¥ ¥ 4o a=0 B=0 1 2
k k x
=D 5 oz o+ D(=22 _ 1) 4+ (2L - 9),]
k =4 1 2 k 1 k 2
X X, k
. I _m m 22 11
=% TG aley T E) + T e v SR Bd
Therefore,
k m
_k k - 3k k ]
P LT 5(By + Bp) ~ 3D B, + 5 B0 .

Let Wg denote the unique element of D congruent
modulo L +to



mv, , M even

Yo T Y
1 2 + mveg , m odd ’

and let 2 = £1Y1 + szz be the element of L such that
by theorem 1.19 ,

m
§=1Zi = 4 tdg o
(We note, for later use, that in fact, 4; € {0, 1, 2, eee, m=11}
i=1,2 , since we may write the elements Zi €D in the
form Z; = X;vq + ¥;¥p » where X, y; ¢ [o, 1) ,
i=1, 2, eee, m , and similarly, Wg = BY4 + v,

s, t € [0, 1) . Thue

m m m
na, Ty, T X:+y, T y: < my, +my ,
S0 T B ve B 1 2

m

i=

We have now that

kz--]-‘- + X g+ BB, +8,) - #(k,0B, +k,.8,)
7_{_1:'. m¥Y " m AN | 2/ = 2271 11727

and this is congruent modulo L +to

k k
24 +xv, +5(8y +By) - %0<2261 +k,48,) 4 meven

X k1t 2, L x
mt FRvg F gl 3By ¥ Bp) - BlkppPy Hig,8p)

m odd .

Now = 8. and v, = -2l g 4 Sl
Y. T K Pt 2 1 k "2

so the above is equal to
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kvg * o

modulo L'

mel) k k k2
- Lzﬁ‘l( LT EE

z+§(q+%)+

m odd
k
Reducing modulo L' , we have that T Zi is congruent
i=1
to
0 , K even
B +8
2 ’ k Odd| kil and k22 even
L+ 7 = ,» Kk odd, k11 even, k22 odd
| By
{ = » K odd, k;, odd, k,, even
I_1_(kta+k s)-k218 X k
\ Zmt 2271 T 11727 T Zm F1 v ke Ky90 Kpp

all odd

where we note that

(a) -

(v)

(c)

if k 4is even, then m and ‘kij are all
even since k divides m and kij , for
all i, j,

if either k44 OF kpy is even, then m |
is even, since kii divides m , i=1,2 ,
if x , kqq » and ko, are all odd, then

m is odd .
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Corollary 2.8s Let o E(j)nﬁr) ., M> 0 , be distinguished,
with stabilizer 4(e) = grp{By» 52] as in lemma 2.6, Let
L' be the lattice spanned by By and Bo » and let D
and D' be the fundamental parallelograms of the lattices
L=n(r) and L' , respectively. Then, the zero set S
. m .
of the function M(ETFT)G inside D consists of
S =10 {5 +Z} ’
5en (8) 0
where 2, is the unique zero of this function inside D' .

Moreover, ZO is congruent modulo L' to

ByT82
—Sy—= R k11 and k22 even
B2
) = ’ k11 even and k22 odd
b+ vy o+
/B
oL k k
/ 5 v %49 odd and 21 even

k
1 21
\ZmKopBy * K14Bp) - n By s Kyq @nd Kyp  odd

e

where § and vy @re as in the previous theorem.

Let us now interpret these results. Suppose that

A is a subgroup of order 2 of % L/L . We would like %o

characterlize all of the subspaces é) € N0 that have A

m
as their stabilizer, by describing the zero sets of the
nil-theta functions lying in these subspaces. What we
have shown is that if S = {Zl, Zoy ess, 2} are the

zeroes of M(Ef%y)e in D , +then we may partition the
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get S as follows:

S = Sl I Sz U eee S ’ where

=3

(a) ISi|=k. i1=1, 2, -'0!]%
(b) Sy =8, +5, , 8, € a(p) , 1=1,2, .c,

(¢) 8, = [Zl' Zyy eesy 23} 1is the zero set of

M(E%%T)S in the fundamental parallelogram D°
of the lattice 1' spammed by A .
Moreover, it is not possible to further partition all of
the S.l y 1 =1, 2, seey %_ s into sets with these same
properties.

Summing all the zeroes in Si yields
k

Sj Z:Y‘. Zo+](6.
Z€S, i=1 * +
i
or equivalently
1 1 X 8 ‘ n
Ae = = T 72 ==3 2. 4+ 9, 1i=1,2, teey =
l szsi ki=1l l. r ’ 'k

We see that Ai is the center of gravity of the zeroes of
M(E{%q)e lying in the translate 6, + D' of D'

i= 1' 2. seey 'E ’ and that {;\1, )\2. YRR Am} forms

k
a group isomorphic to A . Moreover, from theorem 2,7,

we know exactly what these Ai's are up to the addition
k .

of the element o 4 E-%—L « We now interpret this

uncertainty. k

1
Let A =m1f/.(r..1 . Then lﬂ|=§ . For every

zl

U € A , by theorem 2,7, we have a different possibility

==
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k
for the sum % Z, . Let us denote this possibility by
i=1
. . A 1y
VH » Then the possibilities for g are ¥V,
ue& .

Let us recall the decomposition of Hm(r) described

in theorem 2.3: Hm(F) =‘%($)H(T' Z) e It is not dif=-

ficult to show that the group A is in fact isomorphic +to

the character group of A , (see [2]). Now

@(T‘) = Sé: @ @(m, Z) , Where @(m. Yy = @n H(m, ¢)

is a complex vector space of dimension kX . It follows

then, that there exists a lifted subgroup T' containing

r , such that @(m. ¢) = @k(r') , and H{(m, ¢) = H (r*)
Thus, we may write

H () =§€,\ @-’)Hk(l"d) .

Moreover, one can show (see [10]), that F; =y °T
where n(y) =u , and r'=mOWMan=OEZ . It
is clﬁar. then, that the E possibilities for
vu = §=lzi - the sum of the zeroes of the theta function
in D' = correspond to the g‘ spaces (E)k(rd) 3 i.e.,
if the sum of the zeroes of M‘E%FT)B in D* is V
then 6 € Qﬁi(rd) .

Let us note now the difference between the distin-

M L

guished theta functions and those of higher index. When

we are given the stabilizer of the distinguished theta, we
Imow precisely where each of its zeroes lies (up to trans-
lation by an element of 2 )+ In particular, these zeroes

clearly occur at points whose coordinates are rationally
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related to the coordinates of the lattice 1 . For
thetas of index k¥ > 1 , however, we cannot locate these
zeroes precisely, now can we even insure that they are
rational. We can only locate (the % possibilities for)
the center of gravities, Ai e of the % subsets Si
occurring in the partition of S described above, and
these ki are rational, although the individual zeroes
need not be. Clearly, the larger the index is, the larger
the sets Si are, and the less information we have about
the precise location of the zeroes.

In [2] and [4], using the distinguished subspace de-
compositions of Hm(r) , various natural basis are given
for Cg)m(r) , m> 0 , consisting only of theta func-~
tions of index 1 . Let us close this section by giving
a basis for this space, all of whose elements are theta
functions of index %k , where Xk 1is any positive divisor

of m .

We let A be a subgroup of % L/L of order

Al

and we decompose

H(r) =%  @H (")
n uEﬁ Hk H

as above. We indicate how to select a basis of (:)K(F;)
with the necessary properties, | ¢ 4 , and the union of
these basis as W ranges over A yields the desired basis
of (. (r) .

We select k points Eq0 Bay eeey §k in D' such
that
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(2) giiégj for i £}
k

(b) =
=1

gi’”u

{c) {Eqr Epr s0es gk] is invariant under addition

of elements of a group of order k .
We may easily find such points. Now for i =1, 2, +.s4, %k,
we let T. =2 &, and x. be the element of D' con-
Poifd *
A
- B

gruent modulo L' +to v“i T, o My €4 , Let H
be the entire theta function with respect to the lattice
L ’ with zeroes {gl, gz, evey gi_l, xi. §i+1' ev ey g }

. . = m -1 t '

Moreover, we note that since §i + Ti is not congruent
modulo L' +to Dy but x; + Ti is congruent to this

element, we have that X3

to g, . Therefore, the zero set of 8! cannot be in=-

variant under any non-zero element of D' , and by

is not congruent modulo L°

theorem 2.5, 6. is of index %k .

i
To see that {6, 83, +.vy 9&] , and hence also
X
{840 8o sevy em} are linearly independant, we suppose
k

that
alei + azeé +*T 400 + amﬁé =0 .
k k
Evaluating both sides of this expression at §j s Yields

2;03(85) =0 , but 0i(Ey) A0 , so that a; =0 ,

J =1, 2, seey % » Thus, we have our basis.



SECTION 3

MULTIPLICATION THEORY

We would now like to consider the behavior of the
index under the multiplication of nil-theta functions -
how does ind(elez) relate to ind(e,) and ind(e,) 2
For convenience of notation, we will restrict ourselves
to the lifted subgroup T, = grp{(1, 0, 0), (0, 1, 0)} .
We let N = n(ro) , and let D be the fundamental pa-
rallelogram of M . For a nil-theta function & , we
let A{p) = Aro(e) « The simplest behavior of the index
under multiplication is illustrated by corollary 3.2

below,

Lemma 3.1t Let o € (E}m(ro) and ¥y € (:)n(ro) ’
m, n € z , have index j and k |, respectively. Then
for any *t € Z? ’

a((ex)%) = a(ex)
Proofs Let S denote the set of zeroes of the function
oy € (EDan(FO) that are contained in D . Then clearly,
the zero set of the function (ex)t € <3>t(m+n)(ro) in

t

D is S , where +this notation means that every element

in the set S is counted with multiplicity t . By
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theorem 2.5, we have that

Ay

o y and

A(oy) = {pl =y +S =8} n =

A((ex)t)=[u|'u+st=s]ﬂmm .
t_gh

Clearly, {ul-p +S =8} ={ul =u+58 .
Moreover, ﬁ%ﬁ Mc %T%;HT M , so that A(ey) © A((ex)t) .
It remains to show that A((ex)t} c Alex)

We show now that if -y + S =5 , then in fact

b€ SN, which will imply that for any W € A((Bx)t) ’
-+ st = s* which implies that -y + S =S which in
turn implies that y € ﬁ%ﬁ M . Hence, u € a(ey)

and A((ex)t) c Aloy) o
Suppose then that -4 + S5 =5 , and let Z € S .
There exists an integer p such that 2 -y, 2 = 24, eeey
Z - p4 are all elements of S , and such that Z - py
is congruent to Z modulo M . Therefore, pu € M ,
or u € % M . Since |Sl=m+n , it is clear that
1 =

p must divide m+ n , so that - MG

P oy M and

1
u € n M as desired.

Corollary 3.2: Let o € (:)m(ro) have index j .+ Then

for any positive integer + ,
ind(e®) = tj .

Proof

A

" tm .
a6 = Tt Y
J

We now consider the general multiplication theory.
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Lemma 3.3s Let o € C) (tg) + x G(:>n(ro) . Then
afe) n aly) c alex)

Proofs Let 5, and S, denote the zero sets in D of

) and y respectively. Then the zero set in D of

8y € (ﬁ)m+n(T0) is S1 U 52 +« Therefore, by theorem 2.5,

a(ey) = {“EFnTn'M’ -u + (8, US,) =5, Us,} .
Let u € ale) nal{x) . Then -u+sS;=58; , i=1,2 ,
and u € 1 M N % M E’ﬁ%ﬁ M , so that clearly,
-M-»(slus‘,a):slus2 and u € A(eyx) .

Lemma 3.43 Let L1 and L2 be two lattices in 1R con-

taining M , with generators ags in lemma 2.63

J21 22y, . . . e et .
L = grp{( . 0), (-;TJ -ird[:h1322= jm, j divides jst]
Koo .

L, = grp[( - , 0), (-—--- —r_n_)lkllk22 km, k divides kst}.

Then L, N L, has generators of the form (%— 0) and
2

(x, %— , Where di is the greatest common divisor (g.c.d,)

1

i3 kij . :

of -3 and < » 1= 1,2 , and A 1is the smallest

positive lelsor of d1d2 ’ 1ess than or equal to d1 »

b Koy 3
] 22 21 _ 22 921
such that divides Q = J - S 3 o

Proofs Since the generators of the lattice L; and L,
are rationally related, it is clear that L1 n L2 will be
a lattice in ZR2 , containing M , with two linearly in-
dependent generators. Moreover, by the Fundamental Theorem
of Abelian Groups, we may choose these generators to be of
the form (v, 0), (x, ¥) . To find v , we look for the

smallest non-zero intééers a and b for which
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k

j .
a =L =p -t | if and only if, a wi- = b —— ,
m no J22 ka2
22
—
if and only if, % = —Egz— . The smallest integers
K
_da2
a and b that work are clearly a = 322 = EEE ’
k J k
~22 22
b=ki =gi . where d = gec.d. (=25, -£2) , and

thus v

Bi1p = PKgy _ g
m n 4,

To find (%, y) , we must find integers ¢, 4, e,
and f , with 4 and f non-zero and minimal, such
that

0(

J J k
1 o) 4 a(d2L, 222) o o(fhL, o) 4 o(°2L, 22,

Considering first the second coordinates, we must have that

J k
d ~%§ = f —%g y if and only if ,
411 ‘
d ST R and we may take d = A j!y , f =AaKk! ,
b 11 11 11
k
3 311 ' 11 111 Ky
where Jii Jdl ] kil = I?d-‘-; ’ dl = g-c.da("'j" v ¢ ) »

and where A 1is an integer less than or equal to dy
whose value will be determined below. Then

J22 k22 A ;
=d-F==1f—=-= EI « The order of (L1 n Lz)/M is
d.d
clearly 3\2 « Therefore, we must have that A is a

divigsor of d1d2 .
Considering now the first coordinates, we must

have that



Jp 11 21
c fﬁ— + d'_Fr'“ e 4~ + f - equivalently
4 d2q Kqq X214
, . = o —2i ke £l $
¢ -= + AJlI - €5 + A il il equivalently

c 511n - ekilm == Aki1k21m - Aji1j21n ’ equivalently

a k o - - - .
Cd11¥11%22  €kyqdigdan  AkygRpidigdan  Adydag®iaRo

k ] T k34 ) kdd,
equivalently 5k K X
k J A J J
. 22 _ 22y _ Y11 11,21 22 221 _22
hpkple 55 -e ) == — G T -7 )
equivalently
A ka2 Jo2 K22 J22
C K - e j Cc "_k - e T

if and only if

dyd, Q

T ckyp - ey

A ck

Now we have already remarked that we must select A
d,d
12

so that T is an integer. Let A be the smallest di~

visor of d1d2 » less than or equal to d1 » Such that

d1d2
y divides Q , and let r € Z be such that
d,d,
Q ==%=71 . We note that such an A exists, since we

may certainly take A = d; . We must be able to choose c
and e 8o that ck;, - ejé2 =r , But this is certainly
possible, since kéz and jéz are relatively prime.
Selecting ¢ and e , we then have then have that

Jpq

J
x=c -%l + Ajil o+ and the theorem 1s proven.



149

Theorem 3.5¢ Let o € @m(ro) and x € @n(r‘o) have

index j and k , respectively. Then

ind(ox) = 3L § + g2k ,
where D, =l a(e)/(ale) n Al = 5gid2 ,
pp =l alx)/ale) n aly))l =k3‘1*d2 ,

where dl’ d, , and A are obtained by applying theorem
3.4% to the lattices L1 and L2 which are generated by
A(¢) and &(y) , respectively, and where  is the order
of the set

W= e E_’;—;M/(Lj_ﬂ L) | 4+ (5, U 8,) =5, Us,},
where S1 and 5, are the zero sets of o and y ,
respectively, in D .

(ieee, W =a(x)/a)n atly)) )

Proofs
lnd(e‘)() —IA(ex)[ "wfg(e)n A(Xﬂ
. Py . . P
:.-———--"—md dn -'-'w!".] +W'2" L
w L2 '
A

Corollary 3.6s We will have that ind(ey) = ind(g) + ind(y) ,
p P
if and only if —+=g==1 .

Let us make the following remarks -+the numbers Pys
Js Pos and k depend only on the indices and stabilizers
of the functions # and yx , and can therefore be com~

puted easily using lemma 3.4. The number W , however,
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measures the interaction between the zero sets of &
and ¥ = 1t counts those elements in E%H M +that send

S1 Uus, to itgself, without sending S, to itself and

1
S, to itself. This is obviously a function, not merely

of the stabilizers of the separate functions 06 and y ,
but of the actual position of the zeroes of s and ¥
relative to each other.

Although our previous remarks show that we can group
the zeroes of & and y in such a way that sums of certain
subsets of these zeroces are completely determined, this
does not determine the actual location of each of the zeroes.
In fact, suppose that we know that 6 has J 2zeroes,
whose sum in some parallelogram D' S D , equals some fixed
number, vu » The actual location of these zeroes can de
quite arbitrary; given any j~1 points of D' , we may
choose a jth poiﬁt such that the sum of all j points
equals vy o

It is clear then, that the number w cannot be com-
puted in general, by looking separately at the zeroes of
the functions 6 and % . We will now discuss to what
extent we can determine w , and what factors are involved
in this determination. Our next theorem shows that if ©
and y are both of index 1 , then W 1is quite easily

determined.
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Theorem 3.7t Suppose that o € @m(ro) and y E@n'(r‘o)
denote the lat-

are both of index 1 . Let L1 and L,

tices in 2B2 determined by A(6)

and

alx)

, respectively

and let D1 and D, be the fundamental parallelograms

of L1 and L, respectively. Then

2 , if aA(e) = al(y) and 2

1 , otherwise ,
where 2, is the unique zero of
the unique zero of x in D, .
Proofs Let S

in

- ¥, € %Ll

1

y ANd W,

1 and S2 denote the zeroes in D of

and y , respectively. It follows from corollary 2.8

that

e

is

Sy = {2Zg +vlveale)} ana s, = {wy +gls € alx)] .

. 1
We show that if u € = M

is such that

~ +(S,USy) =S, US, ,and ~u+32

for any 2, € S; , then u € a(e) n aly)

that for Z1 = Zo + Yy € S1 » we have that

- + 2, =25 +y , v €4(e) . Then clearly K =Y

1
Since -y *+ (5, U S,)

-
and also u € ;o= M N

1= Lo |

1
M =y M.

Suppose now that | € 1 M , and

m+n

-u + (S, US,) =S, US, . We have then that

1
n € a{e) n A(X) y Or else =y + Sl
Therefore,
= X _
W= {0} U(ué€c=g=0 = +5
We examine two cases:

1

Hence

—
=

S

S1 U Sz s We have

2

intersects
« Suppose
-l + SZ =

M € A(8) N
either
and =u + 82

Sq

then

u

841 .
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Case Is m #n .« Then clearly, there can exist no
such that -u + 81 = 82 ,8nd w=1 .,

Case IIs m=n .« Suppose that u € E%ﬁ M is such that
-4 +8, =8, . Let B € A(x) be such that
-4 + Zy =Wy + B . Then, for any vy € A{8) , we have
“M + 25 +y =Wy +B +y . But this must be an element
of 5, , which implies that v must be an element of
4(y) « Hence, we must have that 4(s) < A(yx) . Equiva-
lently, =-u + S, =S, implies that 4(x) c a(8) . Thus,
in order for W +to0 contain a non=zero element, it is
necessary that A(s) = aA(x) .

We assume then that aA(e) = a(y) . It follows then,
from corollary 2.8, that Wy = Zg = u for some element

7> 1
w of ale) == L/L, , so that -4+ 5, =5, . In order

1
for this element . +to belong to W , we need that

Ut S5, = S1 ,» and this holds if and only if

2u € a{(0) n aly) = A(8) + i.e., if 4 € %a(g) or equi-
valently, if y € 3L, . In this case W = {0, ]}

and w =2 , Otherwise, w=1 .

Example 1+ Let ¢ € ()y(r,) and y ¢ @4(%) have
zero sets S, = {(%. %). (g. %). (g. %). (%. %)} and

S, = {(%. 0), (%. 0), (g, 0), (%. 0)} , respectively.

Then a{e) = aly) = {(§, 0), (F, 0), (£, 0), (0, O)) ,
and ind(s) = ind(y) =1 . Now 2y = (%. % and

1
Wy = (E' 0) , so that Ly = Wo = (o, 5) € iL
w = {(0, 0), (0, %)} ,and w =2 . In this case

ind(e')() = 1 .
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Example 2¢ Let 0 ¢ (E)u(ro) and y € @91;(To) have
zero sets S, = ((§, 3), (B0 3)0 (B 3 (£, 1)

and S, = {(%5 %), (%, %), (g. %), (%. %)] respectively.
A'gain A(B) = A(‘){) = {(ot O)v (ﬂf: 0)0 (%l O)n (&' 0) ’

1 + In this case, however,

and ind(e) = ind(y)
2y = (%. %) and w, = (%, %) , so that

Z, - Wy = (0, §) € L, so that W = ((0, 0)} , w=1
and ind(ex) =2 .

We now consider the case in which ¢ ¢ (:)m(ro)
is of index 1 , and y € (:)n(ro) is of index k> 1 .
Let 81 and S, denote the zeroes in D of p and
¥ o respectively. We will see below, that in this case,
w = |W | may be determined by an inspection of the set
82 .

Let W' = {\ € E=M[=r + (S, US,) =5, US,) .

Then W =W'/ {(a{e) n aly)) .+ We will view W , not as
the space of a(e) n a(y) - cosets, but rather as the set
of coset representatives obtained by selecting from each
coset the elemeqf of E%E M 1lying in the fundamental
parallelogram, D , of the lattice spanned by the elements
of a(8) n aly) .

The Fundamental Theorem of Apelian Groups insures
that W' has generators p, = (x, 0) and uy = (yo 2)
where x and 2 are non-zero and minimal. Let vy, and
v, generate 4(e) n a(x) . We may clearly choose 4

and y, from the set DU {Yl’ v2] e« If H; and My
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are both elements of {yl, yz] , then W = (0) , and
w=1 . If one of the two generators Hq and |,
belongs to {Yi' Y2] » then W is generated by the other
one, and therefore, has one linearly independent non-trivial
generator. If neither Mg hor W, is an element of
{vq» v} » then W has these two linearly independent
generators.

We now determine how w =|W! can be computed.
Suppose that L is a non-trivial element of W ., It fol=-
lows, as in the proof of theorem 3.7, that -4 + S1 is

disjoint from 81 « Therefore, =y + S g,Sz « A

1
similar argument shows that the set -2 + S1 is disjoint
from =y + 51 , and that it is either disjoint from, or
else equal to the set S1 . Containing in this manner, we
obtain a disjoint unions ‘
(-4 +Sg)u (=24 +8,) U (=3u +8,) U ..

contained in S, . Since y € ﬁ%ﬁ M , it is clear that
there exists a smallest positive integer r such that
-(r +1)y+8; =85, . Since ~(r+1)u+ (S, US,y) =8, US,,
it follows that ={(r + 1)u. + S, =8, , so that
(r + 1)u € A(e) n a{yx) . Thus, for any non-zero element
i of W , there exists a smallest positive integer r
such that

(a) (r + 1) € a(e) n alx)

() Ulw, T) = (s +5,) U (=24 +S7) Usssl (=ru+S,)s S,
Similarly, if u € 4(9) n A(x) is the zero element of W ,
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then (a) and (b) are trivially satistied by taking r =0 ,
and defining U(y, 0) = @ .

We can now describe the set S, precisely. One
simple possibility is that S, = U(u, r) , in which case
W=1{0, iy 24y eee Tu} , w=1r + 1 , and by theorem 2.5,
ind(sy) =1 . More generally, we let V denote the com-
plement in S, of U(u, r) . (V may be empty as in the
case just mentioned.) Now S, may contain zeroes of order
greater than 1 , so we note that if Z € S, has order
s ,and 2 € U(4, r) , then Z appeas in V with order
s -1 .

Since -y + (S1 U U(u, r)) = Sy U Uy, r) , we must
clearly have that =y + V =V , with the further requirement
that =-u + v occurs in 82 with the same order as does
v , forall ve€V . It follows then, that if V inter-
sects either S, or U(y, r) , it cannot do so arbitrarily.
Close examination indicates that we can decompose V ,
and therefore S, as well, into a disjoint union of sub-
sets in one of the following two ways:

(1) There exists a non-negative integer s , a

set T disjoint from Sy and U(y, r) , with
-4 +T =T , such that

S, =S} U (Un, )%™

umtT ,
where we recall that for s a positive integer,

S® means that every element in the set S oc-

curs with order s , and where S° =9
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(2) Let gi be a subset of S, such that
hem -1 +5 = §;J is a non-trivial
subgroup of A(8) , one of whose generators
is (r+1u ,let S;' =5, -8, ,
Uy 1) = (=0 + ) U (=2p +8)) U wer U oy +3))
and
Ut (u, ) = (=p + Si')LJ(-Zu + si')u eoeU (~rpt Si').
Then, there can exist non-negative integers s
and t , a set T disjoint from S, and
U{u, r) , with -u + T =T , such that we
can write
S, = 85 0Ww, £ U (57 e, oMo
We note that if §1 =8, , then (2) degenerates
into (1).

Suppose now that u; , and Mo generate W' , and

let ry
(r; +1)u; € a(8) n 6x) » i=1,2 . If py € a(8)NA(X),

and r, be non-negative integers such that

so that r, = 0 , then we can trivially decompose S, with respect
to uy as in (1), taking s = 0 , and T = S_ . If neither W, nor

2
Mo belongs to A(e) N A(x): then we can decompose S2 as in
either (1) or (2), with respect to both M1 and M, . In all

cases, we have that
W = {a.[.l,l + b|.12 | a € [0, 1, evey I‘l}, b E{O. 1, ooy I‘z}'},

so that w=|Wl=(r, +1)(r, +1) .
We illustrate our remarks by describing three simple
examples. In the first one, W will have two linearly

"independent non-trivial generators, in the second, W will
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have one non-trivial generator, &nd in the third, W = (0) .
In each of these examples, we indicate the zeroces of 81

by an _"x"N » the simple zeroces of S, byan " . " ,
those of §; by an "®" , and those zeroes of S,
taken with order 2 by "@©" .

Example 31 ¢ € (H),(r,) . a(e) = grp{(%—. 0), (0, 21,
ind(e) =1 . x € (H),g(ry) , 4lx) = grp{(li;. 0), (0, %))
ind(x) = 14

LR
§_—f . ﬁ Wy = (ﬁ. 0) , ry =1
VR ug = (0, §) , 1y =3
Lo | w=28 , ind(ex) =1

Example 43 6 € H ,(r)) , 4(8) = grp((}, 0), (0, )},
ind(e) =1 .+ x € H ,4(rg) » alx) = grp{(1, 0), (0,
ind(y) = 14 .

(ol + 8, =80 = erpf(1, 0), (0, 3

o=

)}

e v e ]
%i E E? f by = (1, 0) , r, =0
g: 2\] u2=(0.%).r2=3
© g w==U4 , ind(ey) =4
&t
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Example 58 6 € @4(]"0) » ale) = grp[(%. 0), (o, %‘)] ’

x € @glrg) » 6(x) = grpi(1, 0), (0, 1)} , ind(x) =6 .

|
* A U1=(1. 0) ? r1 =0
[ . 'l
e . |,|,2=(0, 1) » I‘2=0
X * r
w=1 , ind(ey) =10 .

In order to state the theorem we have proven, we will

need to make the following definitions:

Definition 3.1s Let ry and r, be non-negative integers,
and let S, and S, be the zero sets in D of & € B,y
and y € (ﬁbn(ro) , respectively, where ind(s) =1 , and
ind(x) = k> 1 . We will say that the pair (Sl’ S,) is
of Type (I} Ly rel if there exist elements Wy and Mo of
DU {yl. y2} , Where Yq and vy, generate ale) n alyx)
of the form (x, 0) and (y, Z) , respectively, sets 'I'1
and T, of points in D , (orders greater than one allowed),
and a non-negative integer s , such that the following
conditions holdi
(a) ry and r, are the smallest non-negative integers
such that (r, + 1), € a6) nalx) , 1=1,2 .
(b) ~g F Ti = '1‘i , with the order of stV in
S2 being the same as the order of v in 82 ’
for all v ¢ Ti s, 1=1,2 .
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() u 1is the element of T U {y» vy} oOf the
form (x, 0) , with the smallest non-zero
value of x , and u, is the element of
B U {yqs v} of the form (y, 2) with the
smallest non-zero value of 7 , so that we
can write S, as a disjoint union in each of
the following two waysi
(1) S, =s7 U (Uluy, Ty)
(2) s

)s+1 U Ti
o = S? U (U(up, rz))s+1 urt, , where
U(“i, ri) = (‘“i + 51) U (~2u; + 51) U eoe U
('ri“i + Si) , 1=1,2 ,

We note that in particular, if (85;, S,) is of
Type(I; 0, 0) , then condition (a) implies that My and
M, are both elements of 4(8) n a(x) , and it follows
then from (c) and our previous remarks that W = (0) .

If (51' S,) is of Type(I; 1 0), then M, € 8(e) N &({x)

by (a), (2) of (¢) holds trivially, and W has one non-

trivial generator -y, . If (S,, S,) is of Type(l; r,, r,) ,
1 1 2 1 2

where ry and r, are both non-zero, then Mg and Mo

are linearly-independent non~trivial generators of W .

Definition 3.2s¢ Let Tys Too S1 and S2 be as in the
previous definition. Ve will say that the pair (Sl' Sz)
is of Type(II; rl‘_ga) if there exist
i) non-negative integers s and t ,
ii) elements My = (x, 0) and u, = (y, 2) of
DU {vqs vp} satisfying conditions (a) and (b)
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of definition 3.1 ,
iii) subsets T, and T, of D with -u, + T, =7, ,
and orders being preserved under this addition,
i=1,2 ,
iv) a subset '§1 of S, such that
Dol +5) =5,) =arp{(ry + Ly, (rp + 1yl
so that ,, and u, are the elements of the form (x, 0)
and (y, 2) , respectively, with x and 2 non-zero and

minimal, such that we can write S, in each of the follow-

ing two ways:

(1) 8, = (8)% U (g, £, U (52080
(U (uy, ) U,
(2) s, = (8% U (luy, rp))% U (5290 0

(U'.(u2! r2)t+1 U T2 .

where S;' =5, - §1 ,

(—I‘ui+si)
U]!...(“i' I‘i) = (“[J.i + Si.) U ("2}.11 + Si') U eaee U

('ri“i"'si') y 1=1,2 .

Our previous remarks indicate that if 81 is the
zero set of o € (:)m(ro) , where ind(e) =1 , and S,
is the zero set of y € CEDn(TO) » where ind(y) =k> 1 ,
then the pair (Si’ S,) is of Type(I; Tys r,) or of

Type(II} Tyo rz) for some non-negative integers ry and
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Ty o We have therefore.proven the following theorem:

Theorem 3.81 Let S1 and S2 be the zero sets in D of
p € (E)m(ro) and € (ﬁ)n(ro) , respectively, where

ind(e) =1 and ind(x) =k > 1 , and let the pair (S,, S

1! 2)
be of Type(I; Ty rz) or of Type(II; Ty rz). Then

W= (r1+1)(r2+1) .

Suppose now that o € @D]n(ro) is of index j > 1 ,
and y € (:)n(ro) is of index Xk > 1 , with zero sets
S1 and 82 s respectively, in D , In this case, the
fact that =-u + (81 U SZ) =S, US, , does not imply the
dicotomy that -y + 81 must be disjoint from, or else equal

to S All kinds of interactions between 51 and 82

are possible. When this happens, the only way to determine
w 1s to examine the set 51 U S, directly, and look for
generators of W . We cannot, then, give as explicit a
discription of w in this case, as we did in the case
covered in theorem 3.8.

Suppose, however, that in our more general case, oOne
of the functions - say y , is such that all of its zeroes
have rational coordinates. We show that, in this case, w
can be computed by successive applications of theorem 3.8.
We include this result, not so much for its practical im-
portance, as in reality the computation of w in theorem
3.8 by examining the pair (Sl' Sz) to examine its type

is not much easier than the examination of S1 U S2 to
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compute w directly, but because it illustrates the impor-
tance of "rationality," an idea which we will take up further
in the appendix.

We must first mention that although we have assumed
in this section, for convenience of notation, that all of
our functions are in (j)(ro) , for the fixed 1ifted sub-
group T, = grpi(i, 0, 0), (0, 1, 0)} , a brief examina-
tion indicates that our results are equally valid when ©
and yx Dboth lie in @Q(F) , for any lifted subgroup T
of N , MNoreover, if ™y and I, are lifted subgroups

of N with generators that are rationally related; i.e.,

Ty grp{(al, ayy aj). (bl' b, b3)} and ..
rp = grp((aj, a3, aj), (b}, b3, bé)] , with -é? € Q
and ;%-G Q »,1=1,2,3 . It follows easily from the
results in [1] and [2], (see our appendix for further dis-
cussion), that there exists a lifted subgroup I' of N
such that LZ(N/Fi) < Lz(N/?) { 1i=1,2 . Therefore,
if o € (M (1)) and x € (@ (Ty) , we may think of both
of these functions as elements of (E)(r) . Moreover, since
by lemma 2.4, we have that ind.. (8) = ind.(8) and
indrz(x) = indr(x) , Ve can coisider the multiplication
theory even in the case when 6 and % live on two 4dif-
ferent nilmanifolds - N/'I“1 and N/T, , respectively, as
long as Ty and I's are rationally related.

Suppose now that ind(e) = j and ind(x) =k ,

where j and k are greater than one. ILet
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S5 = {vl, Vo soees vk} be the zero set of y in the
fundamental parallelogram D, of the lattice, L2 ’
determined by A(yx) . WYWe assume moreover, that the coor-
dinates of all the v; are rational. Let Xi denote the
en:ire theta function with respect to the lattice L,
whose unique zero in D, is vy ol i=1,2, svey k .
The "type" of this theta function, or equivalently, the
1lifted subgroup r; » With n(ri) =L, , such that Xi:M(ET%{TYié
is an element of Hl(ri) can be determined using theorem 1.19. It
is not difficult to see that r:'i_ will have generators that are ra-
tionally related to the generators of To for all i€{1, 2, ese,y k] &
Therefore, we can choose a lifted subgroup T of N so
that IP(V/Ty) S I°(M/r) , 1=1,2, eeu, k , and so
that L2(N/r,) < L2(V/r)

Moreover, X = X4Xp vee Xy o and X4 is of index
1 , for all i . Therefore, we can calculate

ind(ex) = ind(e.e(ox4)xp) ove %)

by successive appl ications of theorem 3.8,



APPENDIX

DISTINGUISHED SUBSPACES

AND THE RATIONAL STRUCTURES OF N

We have seen above that if 3 is a distinguished sub-
space of Hm(r) » where T is a lifted subgroup of N ,
then the zeroes of the function
M(g%ET)B , Where o € grﬁ @ﬂ ; are at points in the
plane whose coordinates are rationally related to the coor-
dinates of the generators of I , where what we mean by x

and y Dbeing rationally related is that X is rational,

This seems to indicate some relationship btheen the distin-
guished subspace theory in LZ(N/F) , and the rational
structures of N containing T° . In this section, we ex-
plore this idea, and we prove the following:

Two lifted subgroups r, and T, of N determine the
same rational form on N , if and only if LZ(N/Fi) and
Lz(N/rz) share a distinguished subspace.

Let us first define what we mean by a rational form
on N . Let (x, y) be a coordinate system on 1R2 . and
let B((x, y), (x', y')) denote the symplectic form

2

#(yx* = xy') on R . The group operation on N = R®

x R
can then be expressed in this coordinate system, as

(x, yo tX(x", ¥', ') = (x+x*, y+y°', t+t* + B((x, y),(x',¥')).
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Let us take any coordinate system, now on :R2 , with a
basis {el, 92] such that the matrix representing the bilinear
form B with respect to this bagis has rational entries.
Let
Vg = (reey + rye, | r, €@Q, i=1,2} .
We define a group structure on Vm x @ by the usual formula

(vyr t)(vy0 B5) = (vy+vy, ty+8,, + Blvy, v,))
for (vi. ti) € Vg x @ , 1i=1, 2 . The resulting group
will be called a rational form of N , and denoted by NQ .
Clearly Ncu SN , and N has many rational forms which can
be shown to be isomorphic.

We now list several facts from [1] and [2] that we will
need. Unless otherwise indicated, N denotes any connected,
simply connected, nilpotent Lie group.

1. Let T be a discrete co-compact subgroup of N

such that N/T is compact. There exists a
unique rational form Ncu of N such that
rc Nm .

2. Let Nm be a rational form of N ., Let T be
a finitely generated subgroup of Nm . Then T
is a discrete subgroup of N ., Further, Nm
contains a finitely-generated subgroup T such
that N/T is compact.

3. Let N denote the Heisenberg grovp and let T

be a discrete co-compact subgroup of N . Then,
a) There exists a minimal lifted subgroup T*"

containing T , such that
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rnz(N} =1 n Z(N) .
Note that T and T' are subsets of the
same rational form of N .
b) There exists a maximal lifted subgroup
r €T such that m(l') =n(f,) , and
cyrl =0, 1] «+ T and T. also
clearly belong to the same rational form of
N
This fact allows us to consider lifted subgroups
rather than the more general theory of all dis-
crete co-compact subgroups of N .

4, Let Ty and T, be lifted subgroups of N such
that Tys» Tp € NQ , for some rational form NQ
of N .+ Then
(a) There exists a lifted subgroup T < NQ such

that T 2 P, . i=1,2 .
(b) There exists a lifted subgroup T' S Ny
such that T' ¢ Ti s 1=1,2 .
Suppose now that © 1is a lifted subgroup of N ,
and let Nm be a rational form of N such that T" c NQ .
We recall that a subspace | ¢ Hm(r) is distinguished if
and only if £)= Hl(rl) » Where T, 1is a lifted subgroup

of Ng . The following lemma is proven in [2]:

Lemma A.ls Let T , Tl be lifted subgroups of N ,
and m€Z . Then H,y(ry) c H (T) if and only if




(a) rery
(b) B8(T) = mB(Tl) .

Now, if T ¢ ry and lrl/rf < e . we may clearly
identify Lz(N/Fi) with a subspace of LZ(N/T) . Dlore-
over, if R and R1 denote the right regular representa=-
tions of N on LZ(N/T) and Lz(N/Fl) » respectively, and
if a is irreducible, closed, and R-invariant as a subspace
of Lz(N/T) » then it is irreducible, closed, and R,-
invariant as a subspace of Lz(N/rl) . We are now ready

to state and prove the main result of this section.

Theorem A.21 Let Ty and T, be lifted subgroups of N ,
and let

(N N LE(N,) = (£ N~ @/ 2(ve) = £(g)
for all ge¢ N , y ¢ grp{ri, rz} » and such that

denotes Haar measure on N/T; ,

2
Jl £ aw < =} , where w s

i=1,2 . Then
(a) There exists a subspace 8 of Lz(N/fl) n L2(N[r2) ’
and integers m, and m, , such that 59 is a

distinguished subspace of both H  (ry) and

™
Hmz(Fz) , if and only if, there exists a ra-
tional form Nm of N such that T4 ¢ Nm .
i=1,2 .

10 T2 = Ny
B 3 be a distinguished subspace of Hmi(ri) ’

(b) Let T , be lifted subgroups, and let
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i=1, 2 , Then, either B 1 n(92 = (0) or

’ =

N |
Prooft (a) Suppose first that 9; Hml(l‘l) N Hmz
distinguished. Then, there exists a lifted subgroup T

(ré) is

of N such that = Hl(F) + Therefore, by lemma A.l,

we have that T; €T i=1,2., Let N; be the rational

q
form of N determined by T . Then clearly ri c NQ >
i=1,2 ,

Conversely, suppose that Fi c NOI e 1=1, 2 , for
some rational form Ncu of N . By fact (4) of this ap-
pendix, we can choose a lifted subgroup T of Nm such
that T 2 Ty » i=1, 2 . By lemma A.l, there exist
integers my such that Hl(r) is a distinguished subspace
of Hmi(ri) , 1=1,2 .

{b) Let Ty» Tp S Ncn » Choose a lifted subgroup T' as
in fact (4), =0 that T'C Ty o i=1,2 . Then
L2(N/ri) c LZ(N/T) , 1=1,2 . If9 1 and&/) , are
distinguished subspaces of LZ(N/Pl) and L2(N/T2) ’
respectively, then they are each irreducible, closed R~
invariant subspaces of LZ(N/P) , where R denotes the

right regular representation of N on LZ(N/r) , and

therefore, either d n ﬂ(Dz = (0) or dll =ﬂz 5

Corollarys Let T be a lifted subgroup of N , and let
the following be two distinguished subspace decompositions
of Hm(T) s

}%W)=£1@92@.”4ﬁm
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Hm(r) =/f,1@7(2 G‘)oco g/{m .
Then either 91 n%j = (0) for all i, j or else the two

decompositions are identical, up to the order of the factors.
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