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Abstract

SYMMETRY PROPERTIES 
OF THE ZERO SETS OF NIL-THETA FUNCTIONS

by
Sharon Goodman 

Advisor* Professor Louis Auslander

Let N denote the three dimensional Heisenberg group, 
and let r be a discrete co-compact subgroup of N . One 
can decompose L (N/r) into primary summands *
m € TL , with respect to the right regular representation
R of N on L2(N/r) .

The space (h) of nil-theta functions on N is de­
fined as the solution space of the differential operator
^  - Jr Z , and the relationship between the functions
of (^)™Cr) = (h) n Hm (r) and the classical theta functions in m
is reviewed.

In section 1, we give a characterization of the zero 
set of a function in (Jpm(r) , and use this to refine a 
classical theorem regarding the expression of an elliptic 
function as a quotient of theta functions. In section 2, we 
give a new characterization of the indexing on the irreducible 
closed R-invariant subspaces of Hm (r) , as defined by
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L. Auslander and J* Brezin, using the zero set of the nil- 
theta function lying in this subspace. In section 3, we 
show how the index behaves under multiplication of theta 
functions. Finally, we include an appendix relating the 
distinguished subspace theory of Auslander and Brezin, 
and the rationality theory on N.
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SECTION 0

INTRODUCTION

Let N denote the three dimensional Heisenberg 
group, that is the connected, simply connected Lie group 
whose underlying manifold is B? , and whose group mul­
tiplication is given by the rule

(x* y, t)(a, b, c) = (x+a, y+b, t+c+£(ya - xb)) , 
where (x, y, t) , (a, b, c) € N . It is easily veri­
fied that the center Z(N) of N equals the commutator 
subgroup [N, N] of N , and consists of all the ele­
ments of N which are of the form (0, 0, t) for 
t € It •

Let F be a complex valued function on N , and 
let g € N • We define the left and right translates of 
F by g to be the functions

(L(g)F)(h) = F(g-1h) and (R(g)F)(h) = F(hg) , 
h g N , respectively. A family of functions on N 
will be called R-invariant if for
g € N .

Let r be a discrete subgroup of N such that the 
space N/r of right r-cosets, is compact. N/r has a 
unique (up to constant multiple) Haar measure uu , and

p
we may consider the space of functions# L (N/r, w) .
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We fix the measure w and omit it from all further nota­
tion. We note that a function F on N/r can alternatively
be thought of as a function on N for which L(y)F « F 
for all y € r » i*e., which is constant on r-cosets.
It makes sense then to define the right translate of such 
a function F by an element g of N to be 

(R(g)F)(rh) = F(Thg) , h € N  .
This yields, moreover, a unitary representation, R , 
of N on L2(N/r) defined by

R* g i- R(g) , 
which we call the right regular representation.

It is well known (see [33)» that we can decompose
2L (N/r) into an orthogonal direct sum of R-invariant 
subspaces 1

L2(N/r) = r. ®H_(r) .
m€S m owhere H (T) is the closed subspace of L (N/r) spanned 

by those continuous functions F satisfying

F(x, y, t+c) = exp(^py) F(x, y, t) , 
where P(r) is the positive real number such that 
(0, 0, g(r)) generates the discrete subgroup V D Z(N) of z(N) 

It follows from the Stone-von-Neumann theorem (see 
[7] p. 71), that the restriction of the representation R 
to the space Hm (r) is a multiple of a single irreducible 
unitary representation U(m) of N , as long as m / 0 • 
Moreover, for m / n , U(m) and U(n) are not unitarily 
equivalent. It follows then that two irreducible closed
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O
R-invariant subspaces ^  and ^  L (N/r) &1*® uni­
tar ily equivalent if and only if both ^  and {j. 2 are 
subspaces of Hm(r) , for some integer m .

The space H0(r) can be identified with
L2( E 2/TT(r)) * where tt» N - N/Z(N) = H 2 is the
canonical projection* tt( x ,  y, t) = (x, y) .  HQ(r) is

2 2 2 thus essentially L (T ) , where T denotes the 2-torus.
Therefore, it can be decomposed in one and only one way
into an orthogonal direct sum of irreducible (in fact,
one dimensional) closed R-invariant subspaces.

For m ? 0 , one may show (see [3 1)» that R res­
tricted to Hm(T') is precisely the I m I -fold multiple of 
U(m) . There are, however, an infinite number of ways in 
which one can decompose Hm(r) into a direct sum of ir­
reducible closed R-invariant subspaces. The distinguished 
subspace theory of L. Auslander and J. Brezin [3 .̂ picks 
out a finite number of these decompositions that are in 
some ways "nicer” than others. In [3 ], they define an 
indexing on the set of irreducible closed R-invariant 
subspaces of Hm(r) in such a way that distinguished sub­
spaces have index 1 , and the smaller the index of a
subspace is, the "nicer" the space is in various senses. 
Several other characterizations of the distinguished sub­
spaces are given in [2] and [4-1.

In section 2 of this paper, we will discuss the in­
dexing in Hm(r) , for m a positive integer, from a
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different point of view. It has been shown, first in Pf ] 
and then in HO] and 12], that a certain class of func- 
tions in L (N/f) , called nil-theta functions, that
arise as solutions of a certain differential operator, 
are very closely related to the classical theta functions 
of a certain "type," as discussed in [9] and [6]. Every 
irreducible closed R-invariant subspace ^  of Hm(r) 
contains a unique (up to constant multiple) nil-theta func­
tion, and conversely, every nil-theta function in Hm (r) 
is contained in a unique irreducible closed R-invariant 
subspace. Since the classical theta functions are com­
pletely determined by their zero sets, it is natural to 
attempt to classify the irreducible subspaces of Hm(r) 
according to the properties of the zero set of the nil- 
theta function lying in this subspace. We do this in
section 2. In particular, we show that the zero sets of
the nil-theta functions lying in the distinguished sub­
spaces are particularly nice.

Let denote the space of nil-theta functions
that lie in Hm(r) • It is shown in [2] that this is an 
m dimensional complex vector space* Let

A * E ©  •meffi m
It is proven in [51 that ^  is an algebra without zero 
divisors. In particular, if F € (H)m(t) and G g (H^tr) » 
then FG € (Bjn+n^ * In se°tion 3» we investigate the 
relationship between this algebra structure and the indexing
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structure* that is, we consider how the index of the ir­
reducible subspace of Hm+n(r) containing FG relates 
to the indices of the irreducible subspaces of Hm(r) 
and Hn(r) containing F and G , respectively. Some 
relationship is indicated, since for example, the index 
of the irreducible subspace containing the nil-theta func­
tion Fs for F € (^(r) , s any positive integer, is
easily seen to be sK, where k is the index of the sub- 
space containing F . This suggests the possibility that 
the indices might add as the functions multiply. Actually, 
the behavior of the index under multiplication is, in 
general, more complicated than this, and we discuss this 
in section 3.

In section 1, we give a complete characterization 
of the zero sets of the functions in d D m (r) » suid use 
this to give a refinement of a certain classical theorem 
regarding the expression of an elliptic function as a 
quotient of theta functions.

Finally, we include an appendix discussing the re­
lationship between the distinguished subspace theory and 
the rational structure theory of N .
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SECTION 1

NIL-THETA FUNCTIONS AND ELLIPTIC FUNCTIONS

Let be a discrete co-compact subgroup of N .
It is shown in [2 ] that is a non-abelian subgroup
of N with either two or three generators. We will
call a lifted subgroup of N if it has two genera­
tors. This is equivalent to the condition*

Tj n 2(N) = [Vv  Tj] = {(0, 0f I m e 21 ] .
It is furthermore shown in [2] that for any discrete co­
compact subgroup of N , there exists a maximal
lifted subgroup r of such that

e(r) * d${rt) and Hmd(r) - Hm(rJ>) ,
where d is the order of r^/r . It therefore suffices, 
for our purposes, to consider only the lifted subgroups of 
N .

A detailed discussion of the automorphism group, 
a  . of n is given in [10]. We will mention, without
proof, certain facts that we will need.

1. Every automorphism a of N can be described by
a 3 x 3-matrix of the form

a
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where a^, a2 and c are real numbers, and 
S is a real 2 x 2-matrix such that 

S^S = c • J
•fwhere S denotes the transpose of the matrix 

S , and the J denotes the linear transforma-
ption on 3R that arises from the complex 

structure of GC , given by
0 1
-1 0

2. We can write the identity component, Q?° ,
of Qj, as a semi-direct product*
Qj° * (Sp{2, ]R) £> D2 X )inn(N) 

where

j =

Sp(2, IR) =
0 \ 
0 
1J

t S\JS - J \ = SL(2, 3R)

D2 =

inn(N) =

0
c
0

0
1
a.

c > 0

a*, a9 € ]R

The group inn(N) is easily seen to be the group 
of inner automorphisms of N •
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Let L(N) denote the Lie algebra of N . Viewing 
L(N) as the space of left invariant vector fields on 
N , we have the following basis for this space*

X(x, y, t) = + \ y ^  | (x, y, t)

y(x, y» = ̂  - 2 x at 1 tx* y»

T(x, y, t) = I (x, y, t)

for (x, yp t) € N * Let a be an automorphism of N . 
Then a induces an automorphism on the complexification, 
L^(N) , of L(N) t whose matrix with respect to the
basis X, Y, T, is the same as the matrix of a , In
particular, let J be the automorphism of N whose
matrix is

f 0 1
-1 0

\ 0 0

and let the corresponding automorphism induced on Lff(N) 
also be denoted by J . Since J is the identity matrix, 
J determines a direct sum decomposition of Lg(N) t

LjOO = V. + * Za
where V+  ̂ denotes the eigenvalue +i subspace of 
LjjfN) with respect to J , and Z^ denotes the center of 
L^(N) . Vi can be shown (see [103), to have the basis
vector, which we also denote by ,

Vi . X + a  = 5$ - i  z £
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where Z

We define the space (Ip of nil-theta functions on 
N to be

where C^tN) denotes the C” functions on N .
Suppose, that r is a lifted subgroup of N .

Because V\ is a left invariant operator, it follows 
that it is a well-defined operator on C°°(N/r) . Thus,
we can define

We now recall the relationship between the nil-theta 
functions and the classical theta functions. For proofs 
not given here, see [2 3 or [103.

Lemma l.li Let F € C (N) be such that V^F * 0 and such 
that
(*) F(x, y, t) = exp(2niat) F(x, y, 0J , a € K  .
Then the function

(M(a)F)(Z) = exp(-2niat) exp(-TTiaxy) exptrray2 ) F{x, y, t) 
is an entire function of z = x + iy .

(H) = [F € C*(N) I VjF - 0) ,

<h > (r) = c“(N/r) n ©  .
2Let Pm denote the orthogonal projection of L (N/r) 

onto H (r) » m / 0 . It is shown in [2 3 that
. Therefore, we can define

and we have the following L decomposition
( P m<r) = (3>n Hm(r) 
- _ T 2
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Conversely, if H(z) is an entire function of 
z = x + iy , then

(M(a)”*H)(xt yt t) = exp(2niat) exp(iTiaxy)
exp(-nay ) H(x + iy) 

is a solution of satisfying (*).

Corollary 1.2t Let r "be a lifted subgroup of N .
Then (H)m(r) is trivial for m < 0 , and consists of
the constant functions for m » 0 *

Let r be a lifted subgroup of N , with generators
2and Y2 * TTI N -* E  be the canonical

projection defined above. Then L = n(r) is the lattice
2in E  generated by the linearly independent vectors 

rr( yj) and n(Y2) * We wi H  henceforth use the notation
G - grp{g1( g2) 

to mean that G is a group with generators g^ and g2 *

Corollary 1.3* Let F and G be elements of ® V r> -
Ffor m ̂  0 . Then ^ is a meromorphic function on the

torus (I/L , L=rr(r) •

We will now discuss what the r-invariance of a func­
tion F in implies for the entire function*
I^pTf') )F * r 311 arbitrary lifted subgroup of
N , it is shown in [10] that the function G = M(y|-py)F 
is an entire theta function of a certain "type," as defined
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in [9 ] and [6]p with respect to the lattice L - tt(  r) r 
i.e., there exists an inhoraogeneous linear function 
cp(Z, a) of Z such that

G(Z + Jl) = exp(<p(Z, &)) F(Z) p for all A 6 I .
We note that if L = grp{j£̂ , £23 is a fixed lattice in
the plane, then there are many lifted subgroups r of 
N such that tt( r) = L . In fact, it is shown in [2] , 
that the set of lifted subgroups r such that n(r) = L ,
is in one-one correspondence with the group, inn(N) ,
of inner automorphisms of N . As r runs through the
set of these lifted subgroups, )
m > 0 , runs through the spaces of entire theta functions
of different types with respect to the lattice 1 . Let
us mention that if L is generated by = (a^, a2) 
and ~ then for r = Yg 3 such
that t t ( r )  - L , we have that

p(r) = Y2 y2 = a^b2 - agbj .
For our purposes, the following special case of our 

preceding remarks will suffice. This theorem is proven in
[2].

Theorem l.*H Let t - a + be an element of the complex 
upper half-plane, and let a, b € 3R . We define the lifted 
subgroupt

r(n a, b) = grp[(l, 0, b@), (a, p, -as) 3 .
Let F € (H)m(T'tT l a, b)) , m > 0 , and let
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H(Z) = (M(f) F)(x, y, t) f Z * x + iy . Then H(Z)p
satisfies the following functional equationsi 

(a) H(Z + 1) = exp(2nimb) H(Z)
(h) H(Z + t )  = exp(-2rrima) exp(-nim(2Z + t ) )  H(Z) 
Conversely, if H(Z) is analytic and satisfies 

(a) and tb). then €(§)m(r(T| a, b)) .

We see then that M(^) is an isomorphism betweenp
the space (*Pm(r(Tl a, b)) and the m-dimensional complex
vector space of classical Jacobi theta functions of

f2mbperiod t and characteristic \ 2ma
Z - x + iy , as discussed in [8 ]. Adopting the notation

f2mb~’
of [8 ], we denote the latter space by (H)m 2ma

Let r(t) = r(T| 0, 0) = grpf(l, 0, 0), (a, 3, 0)} 
Then r( t* a, b) = n"*T(T)n » for n = (a+ba, b3, ĵjp)
Now M ( f > @ m (r(T)) = (h)„ 10

in the variable

(Z, t )

'm 0.
(Z, t ) , so that the

automorphism, in , of N defined by
in(g) = n-ign= n-1{

results in a shift in the characteristic of the corresponding 
theta functions.

We will need the following results in what follows. 
Anything not proven here can be found in [2] or [10].

Theorem 1.5i Let a be an automorphism of N , and let 
r be a lifted subgroup of N • Then a"^(F) is a lifted
subgroup of N and

Hm (r) • a = Hm (a"1 (r)) .
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Corollarv 1.6t Let t - a + i3 , 3 > 0 and let
a, b € IR • Then

Hm(r(Tt a, b)) = Hm(r(T)) • in 
where n = (a+ba, b3, ĵr") •

Theorem 1,7t Let g € N . Then L(g)(H) = (h)

Theorem 1.8» Let a be an automorphism of N of the

Then $ .  a = (h) .
Frooft The proof of this theorem follows by a simple ap­
plication of the chain rule.

Let us note that since the automorphism J of N
which gives rise to the nil-theta functions comes from 
the complex structure on (I , it makes sense that the
automorphism a in Theorem 1.8 which arises from complex

form

multiplication should preserve the space

Theorem 1.9i The isomorphisms

extend to an algebra isomorphism
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Corollary l.lOi The algebra 7̂  « T, ®  (H)m(r(T ))
m€S m

has no divisors of zero.

Theorem 1,11» Let jj be an irreducible closed R-invariant
subspace of Hm(r) # m > 0 • Then

dima(^ n(H)) - 1 •
Proof 1 Let Yj 311(1 Y2 generate r, and let 
be the lifted subgroup of N , containing r, whose
generators are — and m Y2 * ^he resul-‘1's
[2 ^ 1 = HitTi) is an irreducible subspace of Hm(r) ,
Since Hm(r) is a multiplicity space for the representa­
tion R , of multiplicity m , there exists an isomor­
phism U making the following diagram commute

m.
R(g)

H„(r) ----------- ^

R(g)
y r >  ------S----

<&> 1
V

for all g € N , where l(v) = v , v € tSm . The 
isomorphism U is described explicitly in [3] in the fol­
lowing way. We refer the reader to [3] for further details 
and proofs.

Let r[m] « grptYĵ i Y2» -j p 1) • The group

0 = {r fm ] 0, 0) I j € S 3.
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is a subgroup of N/r [in] of order m , and we can
decompose

U)€fi w

Let ^  denote the Hilbert space of all functions from 
n to (E with the usual inner product. For each id £  n  ,

we set f^ equal to the function on fl vanishing every­
where except at uu t where it takes the value 1 •
Thus, {f I uu € ft} forms a basis for .(!)

We now define the unitary operator 
U« Hm(r) = E & L(uu) ^  ^

by
u *  EIW TRl' H  E ' cf’u u€ & 1 •uu€n uucn

It is shown in [3] that this isomorphism satisfies the 
required properties.

It is proven in [2] that the space 
n ® m ^  = a one“dimensional complex vec­

tor space. Let be a basis vector in this space.
By theorem 1.7,

L U ^  € ® m( r )  t uj € n ,

so that

and
(h L ( D  = E ©  L(uu) 9-
^ m a) €0 1

uc<S/m(r)) s ei ®  •
Suppose now that (J c Hm( r) is an arbitrary irreducible 
closed R-invariant subspace. Then clearly, = *
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for some fixed u € . Therefore, U ^ t s ^ ^ u )  is
the unique (up to constant multiple) element of

g n ®  ' •

We now discuss the zero sets of the nil-theta 
funct ions.

Theorem 1.12i The zeroes of a classical theta function 
of a fixed type, or equivalently, the zeroes of an element 
of (H)m(r) » ra > 0 , for a lifted subgroup r
of N , are isolated, and determine the function up to 
constant multiple.
Proof> let F and G be two classical theta functions 
of the same type with precisely the same zeroes. Then 
| is a bounded entire function, and hence constant by 
Liouiville's Theorem.

rvj
Theorem 1.13i Let S be the set of zeroes of the function 
F € (H)m(r) » r a lifted subgroup of N , and let S 
be the zero set of the function ) F • Then

S = [(x, y, t) I x + iy € S and all t f B) ;
i.e.,

ru
S = S • Z(N) .

Proof» This follows easily from the fact that the multiplier 
M(jjrpy) never vanishes.
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Theorem 1.14i Let H be a classical theta function with 
respect to the lattice L E ® • Then the zero Bet S of
H is invariant under translations by elements of L r
i.e., S + l = S , for all i € L .
Proof i For any Z € G and & € L , we have that

H(Z + I) = exp(cp(Z, l)) H(Z) , 
and so we have our result.

Definitioni Let L be a lattice in the plane. The 
fundamental parallelogram. D , of L is the open paral­
lelogram spanned by the two generators of L , together 
with two sides of the parallelogram that contain 0 .

The previous two theorems indicate that the zero set 
of a function F € (*Pm{r) » m > 0 , is completely de­
termined by the subset of the complex plane consisting of
the zeroes of the analytic function M(-j-jrpy)F which are 
comtained in the fundamental parallelogram D of the 
lattice L = tt (r ) .

Theorem 1.15i Let F € (^)TO(f ) , m > 0 • Then
W t pT'fy)F has m zeroes in the fundamental parallelogram 
D , of L = TT(r) .
Proofi For r = r(ri a, b) , t = a + i$ , 0 > 0 , 
a, b, € B  , the theorem can be proven by a straight­
forward application of the logarithmic derivative principle, 
similar to the computation on page 79 of [81. The proof
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for arbitrary r follows from theorem 1.16, corollary 
1.17 and lemma 1.18 below.

Theorem 1.16« Let r be an arbitrary lifted subgroup 
of N • Then, there exists an element t = a + ip in 
the complex upper half-plane, real numbers a and b ,
and an automorphism a of N of the form

( *
V

\
o = - V u

0\ o 0 2 2 I u + v / u, v  €

such that o(r) = r ( T j a, b) •

Proofi Suppose that r is generated by the elements
(a^, a2 » a-j) and (b^, b2 , b^) . We take

al a2 a1b1 + a2b2
u “ ~T~. 2 • v ~ 1 2 , 2

al + a2 al + 2 al + 2

q „ b2al ~ a2bl _ p(r) _ ~b 3

al + a2 al + a2 *Z&1 " &2t>1
and

*2.b =
b2al “ a2bl

A straightforward computation Bhows that

and
c (a j, a2, a^) — (1, 0, bP )

a(b1t b«, b„) * (a, P, -ap)'1» 2*
so that cr(r) - r(t f a, b)
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Corollarv 1.17» Let a be as in theorem 1.16 .
Then

( B m lr) ■ ® ,m (r(T| a > b)) ‘ 0

Proofi This follows from theorems 1.5* 1*8» and 1.16.

Lemma I.I81 Let F be a function on N , and a an
automorphism of N . Then g is a zero of F if and
only if a-1(g) is a zero of F ° a *

We are now ready to state our first main result.

Theorem 1.19t Let r  be a lifted subgroup of N with
generators (a^, a2, a-j) and (b^, b2, b^) , and let
D be the fundamental parallelogram of the lattice
L = rr (r) E  ® • Let S  = (Zlf Z2. .... Zm 3 be a subset
of D t m > 0 . Then, there exists a function
F  ̂ such that M(-g ^ y)F has S as the set of
its zeroes in D , if and only if £ Z, is congruent

i=l 1
modulo

m even
a,. + b. a9 + b 0_L__— i + i(— — £.)+wn4tm odd
flob. ■ a. bn a-bn ■ anb_

where vQ - A " - " "a b^ + 1 ^b\— -"a b ^  • o t>2&i 2 1 2 1 2 1
and where w is congruent to u modulo L means that 
w - u 6 L .
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Proof i We consider several cases.
Case li Suppose that r = r(r) = grp[(l, 0, 0,), (at 0, 0)3 
T = a + i 0 ,  0 > O  . Let L(t) = n(r(T)) and let D(t)
be the fundamental parallelogram of L(t) . If
S « {Z^, Z2 Zffl} c d(t) f we may write Zi = r^ +
where 0 ir. , s^ £ 1 , i = 1, 2, . m . It is a
well known fact (see [8 ] page 81), that the classical

t'e ~Jacobi theta function, el , (Z, t) , of period t ,
, (e, e* € E) , defined byand characteristic

C l 12- t) =
6x2£ exp TTi{T(n + «•) + 2(n + -̂)(Z + s- )] n€Z * * *

has a unique zero in D(t) , that is at the point 
ZQ 6 D(t) , where ZQ is congruent modulo l(t) to

2̂ + 2^ + 2̂ ” 2 ^  f,°liows "then, that up to
constant multiple, the unique classical theta function 
with zero set S in D(t) is the function

2(| - s jm '2 i — .
h (z ) =  n e / - (z, t)

i=i

r m
2 ill 2̂ " sî

m m
f-2 ^ < 2  " ri>

(Z, t)

m -1Let F = M(j) H By theorem l.Jf, we have that 
F 6(5>m (r(T> s)) , where r - - ± J! (| - rt) ,

j m *
3 ~ m ^ 5̂2 ” sî  * ^ will then be the requiredi-1

nil-theta function if and only if

F n(2 >m (rOl r, a)) .
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In that case, however, we have that L(y)F =■ F for all 
Y in the group generated by ?(t) and r(T| r, s) i 
i.e., in grp{(1, 0, 0), (cc,, 8, 0)i (1, s8), (ct., P»
Hence, for any g € N

F(g) » F[(l, 0, sp)g] » FE(1, 0, 0)(0, 0, S 8 ) g ]  =

F[(0, 0, S8)g] = exp (— ^ )F(g) »
P

exp(2TTims)F(g)
and similarly

F(g) 53 F [ (a, B, -r8 )g] = exp(-2irimr)F(g) .
Then we must have that both mr and ms are integers,
or, equivalently, that

m 1 m .
T, (in — s.) and 5] (x — r •)
i=l 2 1  i«l

m
are integers. This holds if and only if both £ r.

i-1 xm
and y s. are congruent modulo 2Z to

i-1 1
) 0 , m even
/ ̂  , m odd

m m
or, if and only if T. Z. « £ (r4 + s .t) is congruent

i=l 1 i=l 1 1
modulo L(t) to

j 0 , m even

/ £ + \  $ m 0<̂ d '
This proves the theorem in this special case.

■rP) 3 •



-22-

Gase H i Suppose that r - r(n a, b) f 
t = a + ip, p > 0 , a, b £ ]R , and let L(t) » n(r) 
and D(t) he as above. By corollary 1.6 ,

Hm(T(t * a, b)) = Hjntr(t )) ° , where
denotes inner automorphism by n = (a+ba, bp, Sf.) . 

Thus,
Hm (r(T* a, b)) = Hmtr T̂^  0 “ L(n)R(n)^(r(t )) -

= L(n)Hm(r(r )) ,
where the last equality follows from the R-invariance of
Hm(r(T)) , it follows then, by theorem 1.7, that

® n(r(T, a, b)) = L(n)(H)m(r(T)) .
We clearly have then that F is a function in

(R) m (r(T, a, b)) such that the zero set in D(t ) of
M(-)F is S = [Zv  Z2. ..., Zm] , if and only if U r T 1)?

is a function in (H)m(r(r)) such that the zero set in
D(t) of MCfMLCn"1)?) is the set 

p

{-(a + bT) + Zj, -(a+ bT) + Zg, ...» -(a + br) + Zm]
which is true, using our previous case, precisely when 

m-m(a + bi) + T Z. is congruent modulo L(t) to 
i=l 1

, ra even

^ , m odd •
ro

or equivalently, if and only if r Z. is congruent
i=l 1

modulo L(t ) to
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m(a + bT) , m even

+ m(a + bi) , m odd •

This proves the theorem in this case*
Case IIIi Suppose now that r is an arbitrary lifted 
subgroup of N with generators (a^, a2, a^) and 
(b^, b2, b^) # and let L = 7r(r) have the fundamental
parallelogram D . Let a be the automorphism of N , 
and let t = a + ip and a, b € ffi be as in theorem 1.16. 
Then c(r) = T(t | a, b) , and by corollary 1.17
(H)m (r) « ra(r-Ct* a, b)) • o . Let
S = {Zj, Z2, .... Zm} c d  * Then F 6 (H)m(r) is such
that M(-^py) has the zero set S in D if and only if 
F 0 a"1 € (̂ H)m (p(ti a, b)) is such that M(j)(F ° a"1) 
has the zero set {atZj), c(Z2), • •*, a(Z )) in D(t) .
But this happens, by our previous case, if and only if
m m
vct(Z,)=ct(E Z.) is congruent modulo L(t) to 
i=l 1 i=l 1

m(a + bT) , m even

(^ + ^) + m(a + bT) , ra odd
m

or equivalently, if and only if v z. is congruent
i=l 1

modulo L to
o-1(m(a + bi)) a mvQ , 1111 even
„-i(i + j, + 0-i(m(a + bT)) , + 1(S £ & >  + mVo,

m odd
and the theorem is proven.
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It is a well known fact that if L is a lattice 
in the complex plane, then the field, (®/l) , of
meromorphic functions on ®/L or equivalently, the 
field of elliptic functions with period lattice L is 
given by

1 (0/ 1 ) « s  a ( ( 2L ( r ) )  ,
^  rr(r )= L  m

where we sum over all lifted subgroups r such that 
n(r) - L , and where Q denotes the quotients of ele­
ments of ® m (r) , which by corollary 1.3 , can be re­
garded as functions on (I/L • In more classical language 
an elliptic function cp €^(CI/L) can be written as the 
sum of quotients of theta functions where various "types" 
in the sense of [9] are allowed.

This result is refined in [103, where it is proven
that we can, in fact, locate all of -the theta functions
necessary to form ^  (d/L) on a single nilmanifold or
equivalently by using only those of a single type. There
it is proven that if r is a fixed lifted subgroup of
N such that tt(t ) = L , then

3?(B/L)=7 Q((H>m (T')) , m>0
or equivalently, if cp e^Ctt/L) , then we may write

’ Pi’ Gi 6 ® i(r) ’
where I is a finite set of positive integers.
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We now use theorem 1.19 to prove a further refine­
ment of this result - that is, we can eliminate the need 
for the summation in the expression of tp as the quotient 
of theta functions*

Theorem 1.20* Let L be a lattice in the complex plane 
(with two linearly independent generators), and let 
tp € ̂ f*((E/L) . Then if T - grp[(a1( a2, a^), (b1# b2, b^)}
is any fixed lifted subgroup of N such that t t(t-) — L ,
we may choose an integer m , and functions F, G 6 ® m(r) ,

Psuch that tp = q . Moreover, if n is the number of
zeroes (and hence also the number of poles) of tp in the
fundamental parallelogram D of L , then n <L m 1 n+1 .
Proof* Let S  ̂ = {Z^, Z2, ...» Zn ) and S2 ® {W;̂ , w 2, ,,,, w,n)
denote the sets of zeroes and poles of cp , respectively,
that are contained in D . It is a well known fact that
n ny1 Z. is congruent modulo L to t; w , Let Z'
1=1 1 i=l 1
denote the unique element in D congruent modulo L to 
n
E Z, .
i=l 1

If Z' is congruent modulo L to

n vQ » n even

a. +b< ap̂ *bp
^2- ■ ■ + i(— g— ) + n vQ , n odd

where vQ is as in theorem 1.19* then we let F and G
be the elements (unique up to constant multiple) of (jpm (r ) *
as in theorem 1.19* with zero sets and S2 ,
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respectively. Clearly, we may choose these constants so 
that cp a £ ,

If Z* is not congruent modulo L to the above
elements, we let u be the unique element of D such
that 2' + u Is congruent modulo L to

((n + l)vQ , n odd

aj+bj fln+bp
— - + i(— g— ) + (n + 1)Vq , n even .

Let S* * ^1* ^2* ***• ^n » m3* ^2 ~ w2* **** ^n* ^  *
By theorem 1,19* we may choose functions F, G €(^}n+ l ^  
with zero sets S£ and S£ , respectively, and we can

Fwrite <p = q as desired.
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SECTION 2

THE INDEX AND THE DISTINGUISHED SUBSPACES

Let r - grp{Y1P 73 3 be a lifted subgroup of N ,
and let L = tt( r) be the corresponding lattice in K  .
We now recall the definition, given in [3], of the index­
ing on the set, , of irreducible closed R-invariant
subspaces of Hm(r) , for m a non-negative integer*

Let
A [m] = grp{jjj Yl, ”  Y23

Q /rv j
rtm]  = g rp fy ^ , y2 » “ in  ̂ * and

Gm(r) = Atml/rtm] , the space of right cosets.

We note that if Z(Gro{r)3 denotes the center of Gm(T') »
then Gm(r)/Z(Gm (r)) = tt(a [m]) /tt (r [m]) = - L/L 
is a discrete group of order I m p  • Since A [m] 
normalizes r[ml, the map defined on Atm] by

Li X - L(X ) 
defines a representation of A[m] on Hm(r) . Since
r tml is contained in the kernel of this map, we think of
L as a representation of Gm(r) on Hm(r) •

Let 0 6 nm • We define the left stabilizer.
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(X € Gm (r) I L U ) 0  = g }  .
The following theorems are proven in [3 ]*

Lemma 2.1* A ^ )  is an abelian subgroup of Gm(r) con­
taining the center Z(Gm(r)) of Gm(r) • Moreover, 
there exists a character £ of ApOj) such that 
L(\)F a £(\)F whenever F € and \ € Ar (J)) > and
where 7 restricted to Z(G (p)) is the character* m

n. rtmHo, 0, S&jp.) _ exp(SniMlri) .

Lemma 2.2* Let A be an abelian subgroup of Gm(r)
rsj 2Then the order, t A I , of A divides f m f , and A 

is maximal abelian if and only if I "a I - I m I2 .
Since Ar (̂ ) contains Z(Gm (r)) , we may consider 

Ar (Jj) - Ar (g)/Z(Gm (r)) .
Let C denote the character on such that
'q = Cn • » i*e., such that

'cfrlmKa, b, c)) = £(r[m](a, b, 0)n(r[m](0, 0, c)) ,
(a, b, c) € A[m] . Then

Ar (jj) = {|i e ^ L/L I L(u)F a C(u)F for all F 6 ^  ] ,
and a su1:>group ^ of order dividing
| m | .

We now define the index, indp(^) , of ^  as follows*

= r^fri - n ^ r i  •

where IG I denotes the order of the group G , and f m I
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denotes the absolute value of the integer m . We say 
that ^  is a distinguished subspace of Hm(r) if 
indr(^) = 1  . W e  see then that ^  is distinguished if 
and only if is a maximal abelian subgroup of

g id(t') *
In [3 ] various characterizations of the distin­

guished subspaces are given, and the differences between 
these subspaces and those of higher index is discussed. 
Several other characterizations are discussed in [4] and
[2], The following characterization given in [2] will 
be useful*

^  is a distinguished subspace of Hm(r) if and 
only if ^ ) , where is a lifted subgroup of
N .

The condition c Hm(r) implies (see [10])
moreover, that r c and p(r) = m0(r^) .

In this section, we will discuss the indexing from 
a different point of view, and in the process, we will see 
another way in which the distinguished subspaces are nicer 
than those of higher index. For later reference, let us 
first quote the following theorem, proven in [3]*

Theorem 2.3* Let a be an abelian subgroup of
that contains Z(G„(r)) • For each character 7 of a

III =

restricting to n on Z(Gm(r)) , set
H(m, 'c) « [F € Hm (r) I L(\)F = C(\)F for all \ 6 A] •
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Then
(1) H(m, 'q) is R-invariant
(2) The multiplicity of U(m) in R restricted

I i 2
to H(m, 'J) is equal to | % j-

(3) ^(r) = E ($> H(m, Z) , the sum being over all 
characters Z of "a restricting to *n on
z ( G m (rJ) .

We see from this theorem that H(m, Z) is irreducible 
precisely when a is maximal abelian, in which case 
H(m, Z) t whose stabilizer is a , is a distinguished sub­
space of ^(r) , If A is not maximal abelian, and if 
^  € Qjjj has a as its stabilizer, then ^  is properly in­
cluded in H(m, £) , for some character Z on A » and,
in fact, the multiplicity of U(m) in H(m, Z) equals 
i n c U M  .

Let 0 € (S)m (r) • As mentioned above, e lies in
a unique which we denote by ^  (e) • In fact, we
can easily see that ,fche closure (in the topology
arising from the 1? norm) of the linear span of

(R(g)e I g  € N)
We define the stabilizer and index of 0 to be 
A ( e )  - Ar ( j J ( e ) )  and indite) = indite)) , respectively. 
Similarly, we let A^(g) = Ar(/î (e)) • We will now discuss
the relationship between the index of e and the properties 
of its zero set.
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Lemma 2.*fi Let r and r' be lifted subgroups of N 
and suppose that ^ c Hm(r) g H ^ r ' )  is an irreducible 
closed R-invariant space, m, n € ZE . Then 
ind^f^) - ind 
simply by ind(^) .
Proofi It is proven in [2] that Hm(r) c y r )  
precisely when n » sm , r Q. r* , and I n(r)/TT(r') I ” s , 
for some positive integer s . It is not difficult to 
see that

Ar. = {M + Ar^  I H € TT(f) I Tt(r')] t 
so that

indr- ‘S P * i a^ j i= i r f ^ n = rzfrjp= indr ^ ) •

Theorem 2.5i Let e € ^)m(r) * m > 0 , and let S
denote the zeroes of the function 9 ' = )e that
lie in the fundamental parallelogram D of L - tt (r) . 
Then

A (© ) « {M 6 ~ L/L | -vi + S = S] 
or equivalently

Ar(e) = [x € Gm (r) I x"1 2 = 3 }
where S = S • Z(N) is the zero set of e lying in
D * Z(N) .

Before we prove this theorem, let us mention that 
what it says is that the index of a subBpace ^ € Qm , 
m > 0 f is completely determined by the "symmetry" 
properties of the zero set of a single function lying in 
this space - the unique 9 € Oj D(h). .

p.(^) , so that we may denote this number



Proof of Theorem 2.5i Let
4 = u  € Gm (r) I X*1 S = S ] and 
4 = (M 6 i L/L I -u + S = S .

a) We show first that A (e) c a and A p ( e )  £ A .
Let x g A (e) • Then, for all g € N ,
L ( x ) e ( g )  =  e ( \ " 1 g) = e ( \ ) e ( g )  .

»-V A
Therefore, g € S if and only if X g € S , and thus 
x " 1 • S  = S and x € A • Moreover,

a (e) = ^ r ( e ) / z { G m (r )) c  A / z ( G m (r)) « a .
b) We will now show, conversely, that A c A^le) and
that A c A_(e) .r

Let X € A • We must show that
U x ) ^ u )  = &(s> •

Let e ' = M(ifrl)9 and 0\ = • Now
0 * and e’ are entire theta functions with respect to X
the lattice L = rr(r) of the same type, with the same 
zero set. Therefore, by theorem 1.12, there exists a 
complex number C\ such that 0  ̂- C^e* . But then 

L(\)8 = M ( j f f7 )-1(C)ie-) =

=  ° x « S T F 7 > " V  =  V  e 0 < 0 > *
Suppose now that g^, gg, •••, gn 6 N . Then
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Let F € A(e) • Then F = lim Fk , where Fk is a func-
^ n ^

tion of the form 5 H(g.)e » and where the limit isi=l 1 2taken in the topology induced from the L norm. Then 
L(x)Fk € jj (9) , and by the continuity of the operator
L(\) in the same topology, we have that

L(\)F = L(X ) (lim Fk ) = lim(L(X)Fk ) €^(9) ,
since ^ (e) is closed. Hence X € *Arle) , and
A £ A^te) * As above, this implies that A £ *
and the theorem is proven.

We will now use this theorem to discuss further
the relationship between the indexing on 0m , when 
m > 0 , and the properties of the zero set of the corres­
ponding theta functions. We will see to what extent the 
index and the stabilizer of ^ determine the location of 
the zeroes of the nil-theta function lying in ^  .

Lemma 2.61 Let L be a lattice in ]R with the two
linearly independent generators and Y2 » 1©^ m be
a positive integer and let k be a positive divisor of

<4m . Suppose that A is a subgroup of A l/l of order
|r . Then A has generators 0^ and 02 such that

(a\ a o - ^ 2 1  , k22(a) B1 m Y1 * e2 ~ m V1 m Y2 9

where 6 [0, 1, 2, ..., m-ll , i, j = 1, 2
J

(b) kn k22 = kn.

(c) k divides k.. for all i, j1J
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(d) divides m , i = it 2 .
Proofi The Fundamental Theorem of Abelian Groups guarantees 
the existence of generators and e2 of A satisfying
(a). Moreover, it is not difficult to see that 
^  ** I A I = ^ , where d is the determinant of the matrix

V
11
m

Z21
m

*22
m

mThus, = m
*11*22 or ^^^22 ” *m * whick proves (b).

To prove (c), we note that, since 9^ and 02 are
elements of the group A which is of order r: , we must

mhave that £ 
for all i and

• g 2Z , and ^ divides k ia
k . .

Finally, by (b) and (c), = -jp £ S , for
i, j 6 Cl, 2}

li
i ^ j • which proves (d)

Suppose now that e € » m > 0 , for
some lifted subgroup r . Let L = tt(f ) have generators

and y2 • If ind(e) » k , then the stabilizer,
A(e) , of e is a subgroup of L/L of order ~ ,
and therefore, has generators 0^ and 02 as in lemma 2,6,

2Let L* be the lattice in B  spanned by
and e2 , and let D and D' be the fundamental paral­
lelograms of L and L* , respectively. If 
S {Ẑ , Z2, ..., Zro} is the set of zeroes of M(-^ry)6
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in D , then
S = U {5 + S'] ,

6 €L'/L
where S' - [Z^, Z2, .... Z^] c s is the set of zeroes of 

^tg-’Tr)')9 D* • We now investigate the zero set

Theorem 2,71 Let r he a lifted subgroup of N with 
generators y ̂ = (a^^ ^2* and Y2 ** v "̂2* 5 #
Let e 6 (H)m(r) , m > 0 , be of index k , and let 
3  ̂ and 3g te generators of A(©) satisfying the condi­
tions of lemma 2.6. Let L* be the lattice generated by 
3  ̂ and 32 » D D * fundamental
parallelograms of the lattices L = n{r) and L' , res­
pectively, and suppose that S = [Ẑ , Z2> Z^} and
S' = [Z^, Z2 Z^) are the zero sets of the function

m kM (—7— r)9 in D and D' , respectively. Then, £ Z.i=1 i
is congruent modulo L' to

k even

3, + 3WA ■ HO■ 2--- * k odd, k^j and k22 even

, k odd, k ^  even, odd22

+ kvn + m 0 -j1 , k odd, k ^  odd, k22 even

S n (k22sl + kllS2 ) ■ 61 • k ’ kll and
k22 odd ,
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where mvQ is the unique element in D congruent modulo
“ a,* ho ( £Ia1>}p “ SLa Îm

L to mt * p(r) + 1 — eTr)  ̂ ^  1 is
the fixed element of L , as in theorem 1.19, such 

m
that  ̂ is the unique element in D congruent
modulo L to

mvQ , m even

Y1 + y2— -̂--  + mvQ , m odd .

Proofi As we mentioned above

S = U {6 + S') .
6 €A(6 )

Now a C9) * grp[01. 32} = {a@1 + be2 I a € {0, 1, -|£ - ljf

b € [0t 1, • ^  ” 1}} •
Thus, summing all the zeroes in S , we have that

h £ - 1m k
L i Zi = * L i i + \ ^ r  (aei + bP2>

= ;  L zi + - 1)0i + Q  - 1)s2]

S ^ i=lZi " + &2  ̂+ ^ l~^  Pl + 0 2 1  *

Therefore,
k . m v
L Zi = “ i=lZi + ?<Bl + 62> ~ il^

Let Wq denote the unique element of D congruent 
modulo L to
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ihVq , m even

Yi + v2%  + mvQ , m odd *

and let a - + j&2y2 "be the element of L such that
by theorem 1.19 ,

m
r Z* * & + oJj} •
1=1 1

(We note, for later use, that in fact, ^  € {o, 1, 2, m-1}
i - 1, 2 , since we may write the elements Z. e D in the
form Zi = x-Yj + y ^  » where x ^  y^ 6 [0, 1) ,
i * 1, 2.....  m , and similarly, uuq = sy1 + tY2 ,
s, t € [0, 1) • Thus

m m m
7 Z. = Yi S X. + y? S Y4 < “Yi + ®Yp ,
i=l 1 1 i=l 1 * i=l 1 1 4

m
and i = 7 Z^ - ujq < my^ + my2 •)

We have now that

J ^ i  = m ^0 + m 1 + 1 ^ 1  + P2^ “ ^ k220l + k ll02^ » 

and this is congruent modulo L to

- I + kvQ + + s2^ " ^ 2 2 01 + k llP2^ » m even

- I + kvQ + J(“^2 + 2^1 + 02* " ̂ k220l +kLl02̂  '
^22 -^21 ^11 Now Yj = - ^  Pj “ id v2 = - f *  ^  ^  B2

m odd •

so the above is equal to
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^ k220l + kll02^ * m eVen
^ o  + 5 1 + f ‘ei+ %> + , ^

- Is li<k22 8i + V 2 > - 3 1 *1.
m odd .

k
Reducing modulo L* , we have that H Z .  is congruent

i=l 1
modulo L * to

0 , k even
8 +g
^  2 t k odd, k ^  and k22 even

k \ M2kvQ + - & + ) -*r , k odd, k ^  even, kg2 odd

, k odd, k ^  odd, kg2 even

2m(k220l + kll02J " ~5vt 31 ’ ^11* k
all odd

where we note that
(a) if k is even, then m and , k . . are all

even since k divides m and k ^  , for
all i, j,

(b) if either klt or kg2 is even, then m
is even, since k ^  divides m , i = 1, 2 ,

(c) if k , k ^  , and k22 are a11 odd» then
m is odd .
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Gorollarv 2.8i Let e e(H) (r) » m > 0 , be distinguished, 
with stabilizer A(e) - grp{elt 02} as 1,1 
L' be the lattice spanned by and g2 * 811(1 le-t D
and D* be the fundamental parallelograms of the lattices 
L =n(r) and L* , respectively. Then, the zero set S
of the function M(^ry)9 inside D consists of

S = U {5 + ZQ} ,
6gA ( 0)

where ZQ is the unique zero of this function inside D' .
Moreover, ZQ is congruent modulo L* to

where & and vQ are as in the previous theorem.

Let us now interpret these results. Suppose that

characterize all of the subspaces jj e that have a
as their stabilizer, by describing the zero sets of the 
nil-theta functions lying in these subspaces. What we 
have shown is that if S « {z^, Z2, ..., Z^J are the

odd and *21 even

even and k

even

A is a subgroup of order — of jjjj L/L . We would like to

then we may partition the
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set S as followsi
S = Si n S2 U ... sm , where

K
(a) I S. I = k, i = 1, 2, . .., SA X
(b) Si = 6jL + St , ^  6 A(fO , i - If 2, ... |
(c) Si = {Zi* Z2, • *., Z^} is the zero set of

M(gfry)6 the ^undamen'fcâ  parallelogram D'
of the lattice L' spanned by A .

Moreover, it is not possible to further partition all of 
the S. , i = l ,  2, , into sets with these same1 K
properties.

Summing all the zeroes in S. yields
k

y. z - y z. + k§. 
zes, i=i 1 1

or equivalently
m• ill ikXi " * ~ k i=lZi + 1 ' 1 lf 2’

We see that X^ is the center of gravity of the zeroes of
M(gXry)9 translate 6i + D * ,
i s 1, 2, ...,^ , and that {X^ X2, ..., Xm ) forms

k
a group isomorphic to A . Moreover, from theorem 2.7, 
we know exactly what these X^'s are up to the addition

knt
uncertainty* 3.

Let i = ”m"^J/L1 . Then ( a I = - • For every

4of the element — & € -±- l . We now interpret this

u € A » theorem 2.7, we have a different possibility
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k
for the sum T, Z. . Let us denote this possibility by 

i=l 1 -
. Then the possibilities for ^  are - ,

fi € 2 •
Let us recall the decomposition of described

in theorem 2.3* = ^ ^ H ( m p C) * It is not dif-
C Aficult to show that the group a is in fact isomorphic to

the character group of A » (see [2]). Now
(EI(r) ~ T, &  (h)(»» C) » where ® ( m ,  ?) = (H)n H(m, C)

Cis a complex vector space of dimension k • It follows 
then, that there exists a lifted subgroup r* containing 
r , such that (H) (m, 'c) = (Jp ̂ fr*) » and H(m, ”?) = H^r*) .

Thus, we may write
I^tr) = E  a © hk (rj) .

, liSA, * K ~_i ~Moreover, one can show (see 110]), that r* = m, r*w ,
where tt (y) = y , and r * =* r ' when = 0 € A , it

^0
is clear, then, that the — possibilities for 

k ^
v *E Z. - the sum of the zeroes of the theta function 
u i=l 1
in D* - correspond to the — spaces (H), (r*) t i.e.,k M-
if the sum of the zeroes of )e in D' is v(i ,
then e € ($ĵ (rj) •

Let us note now the difference between the distin­
guished theta functions and those of higher index. When 
we are given the stabilizer of the distinguished theta, we
know precisely where each of its zeroes lies (up to trans-

Alation by an element of A ). In particular, these zeroes 
clearly occur at points whose coordinates are rationally
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related to the coordinates of the lattice L • For
thetas of index It > 1 , however, we cannot locate these
zeroes precisely, now can we even insure that they are
rational. We can only locate (the ^ possibilities for)
the center of gravities, \^ , of the ^ subsets
occurring in the partition of S described above, and
these are rational, although the individual zeroes
need not be. Clearly, the larger the index is, the larger
the sets S. are, and the less information we have about 1
the precise location of the zeroes.

In [2] and [4], using the distinguished subspace de­
compositions of Hm(r) , various natural basis are given 
for , m > 0 , consisting only of theta func­
tions of index 1 ■ Let us close this section by giving
a basis for this space, all of whose elements are theta 
functions of index k , where k is any positive divisor 
of m .

We let A be a subgroup of — L/L of order ~ ,
and we decompose

H,(r> -r e y r - J
|i€A

as above. We indicate how to select a basis of (k)k (T') 
with the necessary properties, (j €  ̂ » and the union of
these basis as |j ranges over yields the desired basis 
Of ® m(r) .

We select k points ?lt 52> ..., in D f such
that
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(a) ^ for i ^ j
k

(b) 2 ? i / Vui=l 1 ^
(c) {e^, §2» ••*» 5^3 invariant under addition 

of elements of a group of order k •
We may easily find such points. Now for i - 1, 2, ..., k,
we let T. = 2 ? and x. he the element of D* con-

1 3 A  J 1 a
gruent modulo L' to v - t . , fi. 6 A , Let 65

be the entire theta function wixh respect to the lattice
Xj* , with zeroes {?^* ̂ 2* •••* ^i—1* "̂i* ^i+l* •••»  ̂ 3
in D* , and let e._ = M(j^y)"19!_ . Then ei €® k (r^>)

Moreover, we note that since is not congruent
modulo L' to ^  , hut x- + T. is congruent to thist* A JU
element, we have that x^ is not congruent modulo L* 
to . Therefore, the zero set of cannot be in­
variant under any non-zero element of D' , and by
theorem 2.5, 9^ is of index k *

To see that {e£, 9^# • ••# ^3  » and hence also
Tc

{e1# e2. •••» 0m) are linearly independent, we suppose 
k

that
a.e.' + a09o + ... + a e' = 0  .1 1  c c m m

k k
Evaluating both sides of this expression at S. , yieldst)
aj0^(?.) = 0  , but 6j^j3 ^ 0 * so ‘tha'fc aj - 0 »
j * 1, 2, m |  ^ . Thus, we have our basis.



SECTION 3

MULTIPLICATION THEORY

We would now like to consider the behavior of the 
index under the multiplication of nil-theta functions - 
how does indte^g) relate to i n d ^ )  and ind(e2) ?
For convenience of notation, we will restrict ourselves 
to the lifted subgroup rQ = grp[(l, 0, 0), (0, 1, 0)} .
We let M = n(r0) » and let D be the fundamental pa­
rallelogram of M . For a nil-theta function 0 , we
let A (e ) =  A (e) , The simplest behavior of the index

r0
under multiplication is illustrated by corollary 3.2 
below.

Lemma 3.It Let 9 6 ® m (ro) 311(1 X  ̂ *
+ . m, n € 7L , have index j and * , respectively. Then

for any t € ,
a ((ex - a (ex) .

Proofi Let S denote the set of zeroes of the function 
€ <®m+n(r0> that are contained in D . Then clearly, 

the zero set of the function (e\)^ €
■fD is S , where this notation means that every element 

in the set S is counted with multiplicity t . By
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theorem 2.5, we have that
A(9X) - {y I **y + S = S) n M , and

ACtex)^) s*) n m .
Clearly, (y I -y + S = S} — (m [ -y + S* = St) .
Moreover, M c t(m+n) M , so that A (9X) c A ((9X )t) .
It remains to show that A((eX ) ) £ A(ex ) .

We show now that if -y + S = S , then in fact
y € jj—  M , which will imply that for any U € A((0X )'*') f
-y + = S* which implies that -y + S = S which in
turn implies that y € M . Hence, y € A(eX ) ,
and A (C©X c A(eX) •

Suppose then that -y + S = S , and let Z € S • 
There exists an integer p such that Z - y, Z - 2y, ...,
Z * py are all elements of S , and such that Z - py
is congruent to Z modulo M . Therefore, py € M  ,
or u € — M . Since I S I = m + n , it is clear thatp
P must divide m + n , so that - M e  M and 
y I M as desired.

Corollary 3.2» Let e € ® mfr0) have index j . Then 
for any positive integer t ,

ind(e *) = tj .
Proof1

tx tm  tm tmind(e 5 =il(77n nnrrT t3*J

We now consider the general multiplication theory.
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Lemma 3.3» Let 9 € @ m(r0) » X ‘ Then
A ( e )  n A ( y )  E  A ( 0 y )  .

Proof« Let S^ and S2 denote the zero sets in D of
9 and y respectively. Then the zero set in D of 
e\ € ®  m+n^rÔ  *s S1 U S2 * Therefore, by theorem 2.5, 

M e * )  = [ M  h  » I -n + (Sj u s2 l = s (  u s2 ) .

Let |j $ A ( e )  n A (y) . Then -|u + Si = , i = 1, 2 ,
and i - i € ^ M n ^ M c  m , so that clearly,
~M + (S^ U S2) = Sj U S2 and ju € A(©x) •

pLemma 3.4» Let L^ and L2 be two lattices in ]R con­
taining M , with generators as in lemma 2.6i

L1 = 0). <^fr' - ~ - ) l  i i i i 22~ j divides jst]
k  k

L2 = grp{(-— , 0), -jp)| kn :k22= km' k divides kst}-
Then L^ 0 L2 has generators of the form (rp, 0) and

A ^(X, -s— ) , where d. is the greatest common divisor (g.c.d,)
1 1

Jii k iiof and -p- , i = 1, 2 , and A is the smallest
positive divisor of d^dg » less than or equal to d^ ,

d.d2 2oo k21 k22 ^21such that divides Q = - p  -jp - -jl .

Proofi Since the generators of the lattice L^ and L2
are rationally related, it is clear that L^ D L2 will be

2a lattice in 3R , containing M , with two linearly in­
dependent generators. Moreover, by the Fundamental Theorem 
of Abelian Groups, we may choose these generators to be of 
the form (v, 0), (x, y) . To find v , we look for the 
smallest non-zero integers a and b for which
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j ^a ,_ii = t -11 if and only if, a J — - b ,m n j22 k22
£22

if and only if, f» = ~r —̂  • The smallest integersD Koo22"E~

a and b that work are clearly a. = J22 = *
* 0 0  J o o  k n n

b =*22 “ kdj * where d2 = g.c.d.(-^-, -£-) , and

thus v = ajH  = **11 _ _1_m n “ d2 *
To find (x, y) , we must find integers c, d, e,

and f , with d and f non-zero and minimal, such
that

o(^i. 0) + a(i2t. = .(iu, 0) + f{ia, i») .
Considering first the second coordinates, we must have that 

•
d -j~ « f -jp ( if and only if ,

J22

J11d _ .1 , and we may take d = A j . '  1 , f =  A  k '  t
f - T j i "  11 11

k
j k j k

where 3{i = » k{i = £ 5^ » dt = g.c.d.t-^, --i) ,

and where A is an integer less than or equal to d^ , 
whose value will be determined below. Then

y = d - f -j— ■ = ■£- . The order of (L^ n L2)/M is
dld2 1clearly —  • Therefore, we must have that A is a

divisor of d^dg .
Considering now the first coordinates, we must 

have that
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m + d -p- = e -p- + f -jp , equivalently

* ^  + A311 ^  = e "?r + Akil -IT ’ eiuivalently 

c 3lln “ ekn m “ Akiik2lm " Aj{l321n * equivalently

°311*11^22 _ ^ 11^11^22 _ Akllk213ll322 __ A3ll321kllk22 
k 3 k jdx " kjdj

equivalently
, , . , . ^ 2 2  . £22> _ Ajll1lll(k21 £22 £21 ]̂22\
3ll*lll° k e j ' -  dj ' k  1  F  * ' '

equivalently
• *

, k21 J22 J21 k22di _ t — i i— vr q
-j-   >— J--- p ------  = — r--- 24---’—  ;

«  22 322 22 J22
c k " e j c k " e T

if and only if

dld2 _ Q______
A ck22 e322

Now we have already remarked that we must select A 
dld2so that — j—  is an integer. Let A be the smallest di­

visor of d^ 2 , less than or equal to d^ , such that
dld2—^ —  divides Q , and let r € TL be such that 

dld2Q ss ■■■■--■ r . We note that such an A exists, since we 
may certainly take A - d^ • We must be able to choose c 
and e so that ck£2 - ej22 - r • Bu^ "this is certainly 
possible, since k ^  and j22 are relatively prime. 
Selecting c and e , we then have then have that

• a
11 • 321 x ss c - + Aj^j -jp , and the theorem is proven.
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Theorem 3.5* Let e € ® m (r0) and y € (® n (rQ) have 
index j and k , respectively. Then

Pi P2 
ind(ey) = r  j + " k *

where =1 A (e )/(A (e ) n A (x)) I =
1 2

P2 = I A (y )/(a (e ) fl A (y ) ) I = .

where d^t d2 » and A are obtained by applying theorem 
3.4 to the lattices L^ and L2 which are generated by 
A (0 ) and A(y J , respectively, and where w is the order 
of the set

w = fn € ̂  M/(L1 n L2) I -U + (51 u S2) = s1 U S2 3 ,
where and S2 are the zero sets of e and y ,
respectively, in D .

(i.e., W = A (ey )/(A (e ) fl A (y )) •)
Proof*

\ m + n m + n
ind(9* > = i t g o t  - w M o )  h

_ to + .n_ - Pi i + £2" d1 d9 J + sr * •
W ; —

Corollary 3.6* We will have that ind(ey) = ind(g ) + ind(y ) ,
Pi P2if and only if -̂ - = —  = 1 .

Let us make the following remark* the numbers p^f 
j, p2, and k depend only on the indices and stabilizers 
of the functions 0 and y , and can therefore be com­
puted easily using lemma 3*4. The number w t however.
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measures the interaction between the zero sets of e 
and y - it counts those elements in M that send

U S2 to itself, without sending S1 to itself and 
S2 to itself. This is obviously a function, not merely 
of the stabilizers of the separate functions 0 and x , 
but of the actual position of the zeroes of 9 and y 
relative to each other.

Although our previous remarks show that we can group 
the zeroes of e and y in such a way that sums of certain 
subsets of these zeroes are completely determined, this 
does not determine the actual location of each of the zeroes. 
In fact, suppose that we know that e has j zeroes, 
whose sum in some parallelogram D' D , equals some fixed
number, v . The actual location of these zeroes can be 
quite arbitrary* given any j-l points of D* , we may 
choose a jth point such that the sum of all j points
equals v .U

It is clear then, that the number w cannot be com­
puted in general, by looking separately at the zeroes of 
the functions 0 and y . We will now discuss to what 
extent we can determine w , and what factors are involved 
in this determination. Our next theorem shows that if 0 
and y are both of index 1 , then w is quite easily 
determined.
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Theorem 3.71 Suppose that 0 e (1Sra(r0) and v «®n'<r0) 
are both of index 1 . Let Lj and L2 denote the lat- 
tices in R  determined by A(e) and a(x) , respectively
and let and D2 be the fundamental parallelograms
of and L2 respectively. Then

fz , if a(©) = A(x) ^  zo “ w0 6 ^L1 
/ 1 , otherwise ,

where ZQ is the unique zero of 0 in » and w0 iB
the unique zero of x in D2 .
Proof1 Let and S2 denote the zeroes in D of e
and x f respectively. It follows from corollary 2.8 
that

Sl = s2 = fwo + P ̂   ̂ ^ Cx) 3 •
We show that if p € M is such that 
-p + (S^ U S2 ) = U S2 , and -p + intersects
for any Z^ g S^ , then p g A(0) n a(x) • Suppose then
that for Z^ = ZQ + y  ̂€ S^ , we have that
-p + Z^ = ZQ + y t y € A (e) . Then clearly p = y - v 1 ^^(e) .
Since -p + (S^ U S2) = S1 U S2 t we have -p + S2 = S2 ,
and also p € jjJjj M n i M c i m . Hence p € A(e) n A(y) .

Suppose now that p g M , and
-p + (S^ U S2) = St U S2 , We have then that either
P g A(e) n a(x) t or else -p + = S2 and -p + S£ = Sx .
Therefore,

W = {0 }  U Cm « Ml -u  + »  S2 End -u  +  s 2 =  sj .
We examine two cases1
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Case 11 m f n . Then clearly, there can exist no y

such that -n + = S2 , and w = 1
Case H i m - n • Suppose that y € M is such that 
-|i + = S2 . Let 3 € A(y) be such that
-1̂ + ZQ = wQ + 0 . Then, for any y  € A {e) , we have
-M + ZQ + y * + 0 + y • But this must be an element
of S2 , which implies that y must be an element of
A(y) . Hence, we must have that A(e) E A(y) . Equiva­
lently, -y + S2 = Sj implies that A(y) c A(e) . Thus, 
in order for W to contain a non-zero element, it is 
necessary that A (e) * A(y) ,

We assume then that A(e) — a(x ) • It follows then,
from corollary 2.8, that wq ” zo “ ^ ^or some element/\ i
y of A (e) = - L/Li > so that -ja + = S2 . In order
for this element y to belong to W , we need that
—ja + S2 ” Sl • and this holds if and only if
2y £ A< 0) n A(y) = a( 0) I i.e., if y 6 Ja( e) or equi­
valently, if ^ e . In this case W = {0, y)
and w = 2 , Otherwise, w = 1
Example 1» Let e g 8X1(1 * g have
zero sets Sj_ = {(g, |), (̂ , j), (|, j), (J, ^)) and
s2 = f respectively.
Then a (g ) = A(y) = [(£, 0), (§, 0), (£, 0), (0, 0)} ,
and ind(e) = ind(y) = 1 . Now ZQ - (g, and

w0 = » °) * 80 that zo “ w0 = &  6 ^Li *
w = {(0, 0), (0, i)} , and w « 2 . In this case
ind(ey) = 1 .
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Example 2i Let 9 € and y € (^^(Tq ) have
zero sets = f(̂ » j?)* jr)» jr)* j-r) 3
and S2 = {(J> £), (J, ^), (̂ , j-p), (£, J)) respectively. 
Again A(e) « A(y) = {(0, 0), (J, 0), (|, 0), (jj, 0) ,
and ind(e) = ind(y) «= 1 . In this case, however,
Z0 = (3 , j) and wQ =* (J, , so that
Z0 " w0 = °̂* ^  ^ ^L1 s0 that w - H 0» 0)) , w = 1
and ind(ey) = 2 .

We now consider the case in which e €
is of index 1 , and y € (^)n(r0) is of index k > 1 .
Let and S2 denote the zeroes in D of 0 and
y , respectively. We will see below, that in this case, 
w = I W I may be determined by an inspection of the set

S2 *

Let W' a {X € — jj M I -X + (S± U S2) = U Sg) . 
Then W = W'/ (a( e) n A(y)) • We will view W , not as
the space of A(©) n A(y) - cosets, but rather as the set
of coset representatives obtained by selecting from each 
coset the element of M lying in the fundamental
parallelogram, D , of the lattice spanned by the elements 
of a(e) n a (x) •

The Fundamental Theorem of Abelian Groups insures 
that W* has generators = (x, 0) and n2 = (y, Z) , 
where x and Z are non-zero and minimal. Let and
y2 generate A(e) n A(y) . We may clearly choose 
and pg from the set D u f y ̂  * V 25 • ^1 ^ 2
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are both elements of { 3  » then W = (0) t and
w =* 1 . If one of the two generators (î and |_i2
belongs to {y^, y2) t then W is generated by the other 
one, and therefore, has one linearly independent non-trivial 
generator. If neither nor |i2 is an element of
{yi» Y2I » then W has these two linearly independent 
generators.

We now determine how w = I W I can be computed.
Suppose that w is a non-trivial element of W . It fol­
lows, as in the proof of theorem 3.7, that -u + S^ is 
disjoint from . Therefore, *v + S^ c S2 . A
similar argument shows that the set -2^ is disjoint
from -u + , and that it is either disjoint from, or
else equal to the set S^ . Containing in this manner, we 
obtain a disjoint union1

(-(4 + u (-2U + S^) U (-3u + S^) U ... 
contained in S2 . Since ^ 6 M , it is clear that
there exists a smallest positive integer r such that 
-(r + l)fi + S^ - . Since -(r + l)u + (S^ U S2) = S^ U S2 ,
it follows that -(r + l)u + S2 = S2 , so that
(r + l)ia € A(©) n A(x) ■ Thus, for any non-zero element 
li of W , there exists a smallest positive integer r 
such that

(a) (r + l b  € A(©) n A(x)
(b) U(|if r) = (-n + St) U (-2,j + S1) U .».U (-ru+S^c Sg .

Similarly, if u € A(0) n A(x) is the zero element of W ,
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then (a) and (b) are trivially satistied by talcing r = 0 ,
and defining U(^, 0) = 0 ,

We can now describe the set S2 precisely. One 
simple possibility is that S2 - U(g, r) , in which case 
W - { O t y t 2|jt ...ry3 , w = r + 1 , and by theorem 2.5*
ind(9y) = 1 . More generally, we let V denote the com­
plement in S2 of U(>a, r) . (V may be empty as in the 
case just mentioned.) Now S2 may contain zeroes of order 
greater than 1 * so we note that if 2 € S2 has order
s , and Z € U(ji, r) , then Z appeas in V with order
s - 1 •

Since -[g + (S^ U U(g, r)) = S1 U U(|u, r ) , we must
clearly have that -yi + V = V , with the further requirement
that -u + v occurs in S2 with the same order as does
v , for all v 6 V . It follows then, that if V inter­
sects either or U(g, r) , it cannot do so arbitrarily.
Close examination indicates that we can decompose V ,
and therefore S2 as well, into a disjoint union of sub­
sets in one of the following two ways*

(1) There exists a non-negative integer s , a
set T disjoint from and U(|j, r) , with
-g + T = T , such that

S2 = S® u (U(g, r))s+1 U T , 
where we recall that for s a positive integer,
Ss means that every element in the set S oc-

0 ntcurs with order s , and where S = 0 •
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(2) Let be a subset of such that
[X € Ml -X + = Si^ is a non"'trivial
subgroup of A(e) , one of whose generators
is (r + 1)m f let si' = si " ^  ,
U(p, r) = (-H + St) U (-2|i + S x) U ... U (-ru + 2 ^
and
U'Mw* r) = (-M + SJD U (-2M + Sj')u ...U (-xy+ SJ •) ̂ 
Then, there can exist non-negative integers s 
and t , a set T disjoint from and
U(m, r) , with -m + T = T , such that we
can write
S2 = S® U(U(m, r) )S+1U (S"JtU (U*'(m, r))t+1U t  .
We note that if , then (2) degenerates
into (1),

Suppose now that , and M2 generate W* , and
let r^ and r2 be non-negative integers such that
(rA + D m ^  € A(0) n a(x) , i = 1, 2 . If € A(e)n a(x) ,
so that r^ = 0 , then we can trivially decompose S2 with respect
to as in (1) , talcing s = 0 , and T = S2 . If neither nor
M2 belongs to ^(0) n A(\)# then we can decompose S2 as in
either (1) or (2), with respect to both m and u2 . in all
cases, we have that

W = ( a + bp2 I a 6 {0, 1, r^, b €{0, 1, r2}l,
so that w = I W I =* (r^ + l)(r2 + 1) .

We illustrate our remarks by describing three simple
examples. In the first one, W will have two linearly
independent non-trivial generators, in the second, W will
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have one non-trivial generator, Slid in the third, W 
In each of these examples, we indicate the zeroes of 
by an "x" , the simple zeroes of S9 by an " . "
those of by an " (5£) " , and those zeroes of S2
taken with order 2 by " 0  ” •
Example 3i e € @ ^ ( r 0) , A(e) = grp{ (|, 0), (0, |)
ind(e) = 1  . x 6 (h)28^ V  • = °)» (°
ind(x) = 1^ .

— ; n
f 1i = (if* o) » = i

9

* I i
x l  M.2 “ (°t $) • r2 = 3
• I

— •--  w = 8 , ind (9 X ) = 1

o

4 *j *
i » 
• * 
i »

Example 9 € H j>f(r0) » A(e) = grp{(^, 0), (0, J
ind(e) = 1  . x € H 28(rQ) , a(\) = grp{(l» °)» t1
ind (x ) = 1^ •
{X I -X + = grpf (1, 0), (0, |)]

® ~ ~  * f'
U 1 - (1. 0) , r1 = 0

H2 ” y) i r2 ~ 3

w = 4 , ind(e^) - ̂

©
•

X
<9 1
<P » (S> 1
0 a 00 i ©  |Q 4 &
-1_—i--1

= (0) . 
S1

. J))

)) .
0. f »  .
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Example 5i 0 6 » a( e) = grpftj, 0), (0, ^0} ,
ind(e) = 1 .
X € @ 6(r0) » A(\) = grp £ (1 * 0), (0, 1)} , ind(x) = 6 .

r  - “ . i
* * ^  = (1, 0) , L  = 0

• I L 1
*

v2 - (°» D  » r2 ~ 0
i / • i-

w = 1 , ind(0x) s 10 .

In order to state the theorem we have proven, we will 
need to make the following definitions*

Definition 3*1* Let r^ and r2 be non-negative integers, 
and let and S2 be the zero sets in D of e € (̂ ) mt^o)
and x e @ n ^ r0  ̂ * respectively, where ind(e) = 1 , and 
ind(x) = k > 1 . We will say that the pair (S^, S2) is 
of Type (I* r^. r^) if there exist elements and u of
D U Cy y23 » where y^ and y2 generate a(e) n a(x) t
of the form (x, 0) and (y, Z) , respectively, sets
and T2 of points in D , (orders greater than one allowed),
and a non-negative integer s , such that the following 
conditions hold*

(a) r^ and r2 are the smallest non-negative integers 
such that (r^ + l)|î  € A (e ) n A (\) , i = 1, 2 .

(b) "Mi + » with the order of + v in
S2 being the same as the order of v in S2 ,
for all v € , i = 1, 2 ,
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(c) is the element of S' U { » Y2 } of the
form (x, 0) , with the smallest non-zero
value of x , and m2 is the element of 
D U {Yi» yg} of the form (y, Z) with the 
smallest non-zero value of 2 , so that we
can write S2 as a disjoint union in each of 
the following two ways*
(1) S2 = S® U (U(^, rx))s+1 u
(2) S2 = S| U (U(m2, r2))s+1 U T2 , where
tUlip - (“Mi + S1) U (-2|ii + S1) U ... U

( j  ̂1 ̂ * ^ = i»  ̂•
We note that in particular, if (S^, S2) is of

Typedj 0, 0) , then condition (a) implies that and
M2 are both elements of A(e) 0 a(\) , and it follows
then from (c) and our previous remarks that W = (0) .
If (Slt S2) is of Typed; r^, 0), then |i2 € A (e) n A(y) 
by (a), (2) of (c) holds trivially, and W has one non­
trivial generator -u^ . If (S^, S2) is of Typed; r^, r2) ,
where r^ and r2 are both non-zero, then and m2
are linearly-independent non-trivial generators of W .

Definition 3.2t Let r^, r2, and S2 be as in the 
previous definition. We will say that the pair (Ŝ , S2) 
is of Tvne(Hi r^. rd  if there exist

i) non-negative integers s and t ,
ii) elements (â  = (x, 0) and = (y, 2) of

D U {ŷ , Y2  ̂ satisfying conditions (a) and (b)



-60-

of definition 3.1 ,
iii) subsets T. and T, of D with -|a. + T. = T. ,1 2 1 1 1 *

and orders being preserved under this addition, 
i = 1, 2 ,

iv) a subset Ŝ, of such that
{X I -X + S1 = Sl} = grpftrj + l)n1# (r2 + l)u2} ,

so that ^  and p2 are '̂'ie elements of the form (x, 0) 
and (y, Z) , respectively, with x and Z non-zero and 
minimal, such that we can write S2 in each of the follow­
ing two ways*

(1) S2 = (S±)s U (U(n1# r1))s+1 U (S|* U

(U*'(m1, r1)t+1 U

(2) S2 = (S^6 U (U(m2, r2))s+1 U (S” )-6 U

(U"0i2, r2)t+1 U t2 ,

where ,
U ^ i .  rL) = (-Mi + St) U (-2Ui + Sx) U ... U

( -1 * 1 ^  +  s 1 )

U i ,(fiif r i) = ^ i  + si ,} U {"2tii + S l ’) U U

("*iMi + Si*) * i * 1. 2 .

Our previous remarks indicate that if 5^ is the
zero set of e € * where ind(e) = 1 , and
is the zero set of y 6 C^n^O^ ' where ind(x) = k > 1 , 
then the pair (S^, S2) is of Type(Ij r^, r2) or of 
Type(II1 r^, r2) for some non-negative integers and
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r2 • V/e have therefore.proven the following theorem*

Theorem 8.8i Let and S2 be the zero sets in D of
0 € ® m (r0) and x € (H>n (r0) * respectively, where
ind(e) = 1 and ind(x) = k > 1 , and let the pair (S^, S2)
be of Type(Ij r^t r2) or of Type(II* r^t r2). Then

w « (^  + i)(r2 + 1) .

Suppose now that e € dDm(r0) is of index j > 1 ,
and x € (H)n (r0) is of index k > 1 , with zero sets

and S2 , respectively, in D . In this case, the
fact that -|u + (Ŝ  U S2) = U S2 , does not imply the 
dicotomy that -|i + must be disjoint from, or else equal 
to . All kinds of interactions between and S2
are possible. When this happens, the only way to determine 
w is to examine the set U S2 directly, and look for 
generators of W , v/e cannot, then, give as explicit a
discription of w in this case, as we did in the case
covered in theorem 3.8.

Suppose, however, that in our more general case, one
of the functions - say x » is such that all of its zeroes
have rational coordinates. We show that, in this case, w 
can be computed by successive applications of theorem 3*8*
We include this result, not so much for its practical im­
portance, as in reality the computation of w in theorem 
3.8 by examining the pair (S^, S2) to examine its type 
is not much easier than the examination of U S2 to
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compute w directly, but because it illustrates the impor­
tance of "rationality," an idea which we will take up further 
in the appendix.

We must first mention that although we have assumed 
in this section, for convenience of notation, that all of 
our functions are in (h)(rQ) , for the fixed lifted sub­
group rQ = grp{(l, 0, 0), (0, 1, 0)} , a brief examina­
tion indicates that our results are equally valid when 0 
and y both lie in (Jp (r) , for any lifted subgroup r
of N . Moreover, if and r2 are lifted subgroups 
of N with generators that are rationally related* i.e.,

= grp{(alt a2, a^), (b^ b2, b^)] and
r2 = grp{(a’, a2, a*), (bj, b£, b*)} , with 6 c

and ttt € Q , i = 1, 2, 3 . It follows easily from the
i

results in tl) and [2], (see our appendix for further dis­
cussion), that there exists a lifted subgroup T of N 
such that L2(N/ri) c L2(N/r) j i = 1, 2 . Therefore,
if 9 6 and X g * we may of t>0'fch
of these functions as elements of (H)(r) . Moreover, since
by lemma 2.̂ , we have that indr (9) = ind-p(e) and
ind,, (x) = indr(\) , v/e can consider the multiplication12 1
theory even in the case when 9 and x live on two dif­
ferent nilmanifolds - N/r^ and N/r2 , respectively, as
long as and r2 are rationally related.

Suppose now that ind(0) = j and ind(x) - k ,
where j and k are greater than one. Let
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S£ = {v̂ , v2, ..., v^} be the zero set of \ in the
fundamental parallelogram D2 of the lattice, L 2 , 
determined by a(x) • We assume moreover, that the coor­
dinates of all the are rational. Let x| denote the
en ire theta function with respect to the lattice L 2 ,
whose unique zero in D2 is v^ i i - 1, 2, ..., k .
The "type" of this theta function, or equivalently, the

i l >lifted subgroup , with n ( r ^ )  =  L 2 , such that xi= M vi
is an element of can be determined using theorem 1.19. It
is not difficult to see that will have generators that are ra­
tionally related to the generators of rQ for all i€{l, 2, k] *
Therefore, we can choose a lifted subgroup r of N so
that L 2 (N/ r | ) C L 2 (N/r) , i = 1, 2 k , and so
that L 2 ( N / r 0 ) c L 2 (N/r) .

Moreover, x = XjX3 » 811(1 X^ is of index
1 , for all i • Therefore, we can calculate 

ind(ex) = ind(... (6x ^ X 3) ••• xk) 
by successive applications of theorem 3.8.



APPENDIX

DISTINGUISHED SUBSPACES 
AND THE RATIONAL STRUCTURES OF N

We have seen above that if ^ is a distinguished sub-
space of Hm(r) , where r is a lifted subgroup of N ,
then the zeroes of the function
^(g (pT)6 * where 0 €  ̂n ® ' are P°in-ts ln "the
plane whose coordinates are rationally related to the coor­
dinates of the generators of F f where what we mean by x
and y being rationally related is that ^ is rational.

«/
This seems to indicate some relationship between the distin-

2guished subspace theory in L (N/r) , and the rational
structures of N containing F . In this section, we ex­
plore this idea, and we prove the followingi

Two lifted subgroups F^ and r2 of N determine the
2same rational form on N , if and only if L (N/r^) and

2L (N/f2) share a distinguished subspace.
Let us first define what we mean by a rational form

2on N . Let (x, y) be a coordinate system on JR , and
let B((x, y), (x'f y')) denote the symplectic form

2 oi(yx* - xy') on TR . The group operation on N = E  x ]R
can then be expressed in this coordinate system, as
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2Let us take any coordinate system, now on H  , with a 
"basis {e^, eg] such that the matrix representing the bilinear 
form B with respect to this basis has rational entries.
Let

Vg = [r1e1 + r2e2 I r. € (B , i = 1, 2}
We define a group structure on x £11 by the usual formula

^  “ (v^+v2, tj+tg, + B(v^, Vg)) , 
for (v^, t.) e Vjj x (5 , i = 1, 2 . The resulting group
will be called a rational form of N , and denoted by N^ .
Clearly !=■ N , and N has many rational forms which can 
be shown to be isomorphic.

We now list several facts from II ] and [2] that we will 
need. Unless otherwise indicated, N denotes any connected, 
simply connected, nilpotent Lie group.

1. Let r be a discrete co-compact subgroup of N
such that N/r is compact. There exists a
unique rational form N^ of N such that

.
2. Let Ng be a rational form of N , Let r be

a finitely generated subgroup of Ngj • Then r
is a discrete subgroup of N . Further,
contains a finitely-generated subgroup r such 
that N/r is compact.

3. Let N denote the Heisenberg groyp and let r
be a discrete co-compact subgroup of N . Then,
a) There exists a minimal lifted subgroup r1- 

containing r , such that
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r n  z ( n ) »  j*- n z(n) .
Note that r  and r L are subsets of the
same rational form of N .

b) There exists a maximal lifted subgroup 
£ r such that rr(r) = rr(r̂  ) , and

[r» rl = tr , r. 1 • r  and alsoL ■-

clearly belong to the same rational form of 
N .

This fact allows us to consider lifted subgroups 
rather than the more general theory of all dis­
crete co-compact subgroups of N .
Let and r2 be lifted subgroups of N such
that r^, r2 c Ng , for some rational form 
of N . Then
(a) There exists a lifted subgroup r £ such

that r £ f\ , i = l, 2 .
(b) There exists a lifted subgroup r* c 

such that r* £ ( i = 1, 2 .

Suppose now that r  is a lifted subgroup of N , 
and let be a rational form of N such that T c .
We recall that a subspace ^ c Hm(r) is distinguished if 
and only if ^  ) , where is a lifted subgroup
of Ngj . The following lemma is proven in [2 ] *

Lemma A.It Let T , be lifted subgroups of N ,
and m € 7L . Then C ) c Hm(r) if and only if
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(a) r Q r1
(b) p(r) = mpc^) .

Now, if r c p and I r^/r i < 00 , we may clearly
identify L2(N/r^) with a subspace of L2(N/r) , More­
over, if R and R^ denote the right regular representa­
tions of N on L2(N/r) and L2(N/r^) , respectively, and
if ^ is irreducible, closed, and R-invariant as a subspace 
of L (N/r) » then it is irreducible, closed, and R^- 
invariant as a subspace of L (N/r^) • We are now ready
to state and prove the main result of this section.

Theorem A.2i Let and r2 be lifted subgroups of N ,
and let

l 2 ( n / t 1 ) n l 2 ( n A 2 ) = [f« N - a / f(vg) = f(g) ,
for all g g N , y g grp{plt r2} * and such that
jl f I2 dm < “} , where denotes Haar measure on N/T^ ,
i = 1, 2 , Then

p p
(a) There exists a subspace ^ of L (N/r^) n L (N/r2) »

and integers m^ and m2 , such that ^  is a
distinguished subspace of both and

and only if, there exists a ra-2 c
tional form of N such that c ,
i = 1, 2 .

(b) Let ri» r2 — N(u » be lifted subgroups, and let
f\  ̂ be a distinguished subspace of
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Then, either

Proofi (a) Suppose first that fj c Hm (r^) 0 H ^ ^ )
distinguished. Then, there exists a lifted subgroup r 
of N  such that Q  =  H ^ r )  • Therefore, by lemma A.l, 
we have that r\ c r , i * 1, 2. Let be the rational 
form of N  determined by r  . Then clearly <= ,
i « 1, 2 .

Conversely, suppose that c: , i = l , 2  , for
some rational form N^ of N . By fact (*0 of this ap­
pendix, we can choose a lifted subgroup r of N^ such 
that r 2 F. , i = 1, 2 . By lemma A.l, there exist 
integers m^ such that H^(r) is a distinguished subspace 
of H (r.) , i = 1, 2 .

Ill* J.X
(b) Let r^» p£ £ Ngj . Choose a lifted subgroup r' as 
in fact (4-), so that F' c I\ , i = 1, 2 . Then
L^N/r^ £ L2(N/r) , i = 1, 2 . If ̂  x and ̂  2 are
distinguished subspaces of L 2 (N/r^) and L 2 ( N / r 2 ) ,
respectively, then they are each irreducible, closed R-

2invariant subspaces of L (N/r) , where R denotes the
2right regular representation of N on L (N/r) , and

Corollaryi Let r be a lifted subgroup of N , and let 
the following be two distinguished subspace decompositions
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V r> *
Then either ^  ^  **or a-1-1 ** or e^se ^he ^w0
decompositions are identical, up to the order of the factors.
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