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On String Topology of Three manifolds

by
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1 An Introduction to String Topology and
the Statement of the Main Theorem

Throughout this manuscript A/ denotes a connected, oriented smooth man-
ifold unless otherwise stated. We shall follow the terminology and notations
of [5].

We think of the unit circle, !, as the quotient R/Z. The marked point
of the circle is the image of 0 in this quoticns.

A loop in M is a continuous map from $! to M. The free loop space LA
of M is the space of all loops in M. If f:S' — A is a loop in A then the
image of the marked point of §! is called the marked point of the loop f.

We denote the integral homology of LM by liomology H,(Af) and is
equipped with an associative product called loop product (sce {3]) denoted by

s. The loop product has degree —d, where d is the dimension Af namely
o : Hi(M) @ H;(M) — Hiyj-a(M).

Theorem (Chas-Sullivan (5}) For a connected closed oriented smooth man-
ifold M, (H._4(A]), ®) is a graded commutative algebra.
Let ¢ : Af — LA be the inclusion map that sends each point 2 in M to

the constant loop at m. This induces a map in homology, also denotedd by i,
i: H (M) — H.(M).

Also, there is a map p which sends every loop in LA to its marked points. We
denote the induced map on homologies also by p. It is clear that poi = idy;

even at the chain level, therefore

po i= i(lu.(M)
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proving that 7 is injective. There is a canonical decomposition

HL(A) = i(H.(M)) © Anr,

A‘u = KCI’]) ad Py = i{f}g.(‘u) -P

Proposition 1.1 (See [5]) i : H.(M) — H.(Al)} is a map of graded algebras
where the multiplication on H.(M) is the intersection product denoted by N.

Therefore, one can regard (H,(M), ) as an extension of (H.(AM), A).

Definition 1.2 We shall say that an oriented closed manifold A has non-
irivial extended loop products if the restriction of thic loop product to Ay is

nontrivial.

Definition 1.3 Let Af be a closed 3-manifold. We call A algebraically
hyperbolic if it is a K(w, 1) (aspherical) and its fundamental group has no

rank 2 abelian subgroup.

Note that any finite cover of a algebraically hyperbolic manifold is also
algebraically hyperbolic.

The following is the main theorem of this manuscript:

Theorem 1.4 Let A be an oriented closed 3-manifold. If M is not alge-
braically hyperbolic then M or a double cover of M has nontrivial extended
loop products.

If M is algebraically hyperbolic then M and all its finile covers have trivial

cxtend loop products.

From now on we identify H,{M) with its image under i. Consequently p

projects H, (M) onto i( H.(Af)) C H.(AT).
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We refer to H, (M) by loop homology. If [a] € 7, (M) is a conjugacy class
then (LA{), denotes the corresponding connected component in LA and
H. (M), its integral homology (See Appendix I).

If a and A are two loops with the same marked points, their composition,

af, is also a loop defined as follows:

a(2t) 0<t<1/2
Bat-1) 1/2<t<1

aff =

We give an informal description of loop product: given two homology
classes in H,(Af), choose a chain representative for each one of them and
consider the corresponding set of marked points. They form two chains in M.
If these two chains are not in transversal position, replace the representatives
with appropriate ones so that the chains of their marked points intersect
transversally, At each intersection point, contpose the corresponding loops
of cach chain of loops. This process produces a new chain of loops. It is

proven that this operation passes to homology (see [5]).

Remark 1.5 If M is a closed manifold then the algebra (H.{Af), o) lhas
a unit, described as follows. Since cach point in A can be regarded as a
constant loop, a chain in Af gives rise to a chain in LAf. This map passes to

homology. The image of the fundamental class of A/ under this map is the
unit of (H,{(Al), ).

Remark 1.6 When M is closed then the unit ey € HL(A) is the image

of the fundamental class of A under p.

HL, (A1) is also equipped witly a self map of degree 1, denoted A, which can

be described as follows. Consider the natural action of S' on LM: f € LA
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and r € S' =R/Z,
rf:S' = M
(r)t)=f{r+1)
This action induces a map
H.(S' x LM) — H.(LA).

Applying the Kiinneth formula one gets a map H,(S') x H.(A) — H., (M),
or

A:HL.(AM) — Hop (M)

A has the property that A® =0 (see [5]).

Consider deviation of A from being a derivation with respect to e, namely

{a,b} = Aaeb+ (1) e Ab—~ A(a e b). (1.1)
It turns out (sce [5]) that {.,.} is a derivation in each variable for o i.e.
{a,bec} ={a,b}ectbe{a,c}

and
{bec,a} = {ba}ectbe{ca}.

Morcover {.,.} satisfics the Jacobi identity for graded algebras (sce [5]).

Therefore H,(A/f) is also equipped with a graded Lie bracket of degree 1 —d,
{, } . IH[,(J‘I) © ]HIJ(AI) — M,‘.}.j.{..]_d(!‘f).

It follows from the definition of {,} and the fact that A% = 0 that A is a

derivation with respect to {,} or

Afa, b} = {Aa, b} + (=1)+1=Da, Ab} (1.2)
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A Batalin-Vilkovsky algebra is a graded commutative algebra (A, o) with

an operator of degree one A such that the binary operator {, },

{a.b} = Aceb+ (—=1)""ae Ab— Afa e b),

is a derivation for e in cach variable. This plus A% = 0 implies that {,}
satisties Jacobi identity.
Theorem (Chas-Sullivan [5]): For a closed oriented smootl connected

manifold A, (H,_4(A), e, A) is a Batalin-Vilkovsky algebra.

Example 1.7 (see [5]) Let M be a closed hyperbolic oriented 3-manifold.
As M is aspherical then by lemma 3 in Appendix [, cach component of
(LA ) is a K(7a,1) where 7, is the centralizer of a in m(M). If a #
1 € m (M) then it can be regarded as a hyperbolic element of a hyperbolic
subgroup of PSL(2,C). So its centralizer is the cyclic group gencrated by
a. Hence (LA is a K(Z,1) and Ay = H( ]_I K(Z,1)). Therefore
Aar has homological dimeunsion 1 which illl])liclgleﬁ;:::)thc loop product is
identically zero on Ay ® Ay as a consequence of the absence of homology

class of sufficiently large dimension. So oriented hyperbolic manifolds have

trivial extended loop product.

The following Lenmma will be useful to us and the proof can found in
Appendix I
Lemma:

(i) There is a one-to-one correspondence between the counected compo-

nents of LAS and the conjugacy classes of (M),
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(ii) Let o € m(M) and f € LM be a loop representing a. Then there

exists a short exact sequence

#a(M) = (UM, f) —— T (LMo} f) —— 7o — 0
(1.3)
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2 3-Manifolds with Finite Fundamental Group

In this section we show that 3-manifolds with finite fundamental group have
nontrivial extended loop products.

The following construction is valid for any oriented closed manifold Af.
Let p be the based point for M. Consider the 0-chain in LA/ that consists
of the constant loop at p. It represent a homology class € € Ho(A/). Given a
chain ¢ € LA whose sct of marked points is transversal to p, then the loops
in ¢ whose marked points are p form a chain in the base loop space of QA[.

This induces a map of degree —d
N:H, (M) — Hod(QM).
On the other H,(QA{) is equipped with Pontryagin product. Indeed,

Lemma 2.1 (see [5]) N : (H(A),8) — (H._4(QM), x) is an algebra map
where x is the Pontryagin multiplication. In particular if M is a Lie group

then N is surjective.
Proposition 2.2 S hes nontrivial extended loop products.

Proof. Since §%is a Lie gronp, by previous lemma N is surjective. (H.(Q8%), x)
is 2 polynomial algebra with one generator of degree 2. Let @ € H,(25%)
and 22 € H{Q2S*) be non-zero elements such that p,g > 3. Let a; € N~Y(a)
for i = 1,2. Since Hi(S*) =0 for i > 3 we have a; € Ags . By Lemma 2.1

N{ay ® az) = N{ay) x Ny{a2) = &y X w2 # 0, thereforc ay e ay #0 a

Generally, we do not know if N is a natural map, but under certain assump-

tions it is. The next lemina deals with this aspect of N.
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Lemma 2.3 Let M and N be two closed oriented n-manifolds andp € N.
For f : M — N which is transversal to p and f~'(p) consists of enly one

point, the following diagram commutes for:

H. (M) —2— H.(QA!)
i | (2.1)
H.(N) —— H.(QN)

fo and fi are the induced maps by f on the homologies of the based loop

space and the free loop space.

Proof. We choose p and f~!(p) respectively as the base point of ¥V and Af.
We show that the above diagran is commutative even at the chain level.
Let &: A™ — LM be a m-simplex in LA, So for each =
k(z):S' — AL
If ko A™ — M,
ko(x) = k(x)(0),

is transversal to f~!(p) then consider the set A C A™,

A = {z € A"|k(2)(0) = F(p)).

Ela is a chain in Q1) M and N(k) = k|a. After composing with f, f o kf,

is a chain in Q,N and
(fao N)(k) = fokla.

On the other hand fy(k) = fok is a chain in LN, Since Ay is transversal

to f~'(p) and f is transversal to p thus f o kq is transversal to p. Since f~
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consists of only one point in Af then
{z € A™|(fok)(z) = p} = {z € A™[k(=)(0) = ' (D)} = A,

therefore,
No fu(k}) = fokls = faon(k).

O

Lemma 2.4 Let M be a 3-manifold which is a homotopy 3-sphere and
PioP2y - De € M. Then there is a homotopy equivalence f : 8% — M which

is transversal to all p;’s and [~'(p;) consists of only one point for each i.

Pruaf. Cousider a closed ball D C 8*. Let f be a diffeomorphisin from D to
a closed ball in D’ € M where p; € D' for all &.
flop : 0D — AD' can be extended to f: S*\ IntD' — M\ IntD as all

the obstructions which are coliomology classes in
H*YS*\ IntD', 0D, =, (M \ IntD)).

vanish since M \ IntD' is contractible!.

Therefore we have a map that f : $* — A7 which sends D' to D diffco-
morphically and sends the complement of D' to the complement of D and in
particular it is transversal to p; and f~!(p;) consists of only one point in S3.

We must show that f is a homotopy equivalent. For this, it is enough to
obscrve that it has degree one.

a

IThis cnn be proved using Mayer-Vietrois exact sequence
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Proposition 2.5 A closed simply connected 3-manifold M, has nontrivial

extended loop products.

Proof. Let p € M and f: S — Af be the homotopy cquivalence provided
by lemma 2.4 for » = 1.
f induces a homotopy equivalences fi : 2S* — QA and f, : LS® — LAM.

We have the following commutative diagram by lemma 2.3:
H.(S%) 5 Hu(Qp-10S")
fx.J' fnl (2.2)
H.(M) —2-  H.(Q,M)
Since fq and fi are isomorphisms and Ngs is surjective, therefore Ny, is also
surjective.

Now thie same argument which was used for $* can be applied for Af to
show that Af has nontrivial extended loop product. To be more explicit, let
0 # &y € H,(QM) 2and 0 # o € H,(QM) where n,m > 3and ¢; € N~ (x),
i=1,2.

Then, a; € Ay since Hy(A) = 0 for all & > 3. By commutativity of

diagram (2.2).

flay eax) = flay) x flag) =21 x 22 #£0.

Hence a; o as # 0.

O

Proposition 2.6 If M is a closed orviented 3-manifold with finite funda-

mental group then M has nontrivial extended loop products.

2H.(QM) = H.(Q8%) 2= Z]r] and degree 7=2
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Proof. Let A be the universal cover of M and ¢ be the covering map and r =
degree(q) = jm{M)] < 0. Choose p € A and let {p,p2,....pr} € ¢7'(p)
where p;'’s are distinct.

Since M is homotopy equivalent to 53, by lemma 2.4 there is a homotopy
cquivalence f : % — M which is transversal at cach p; and f~!(p;) consists of
only point in 8% in M. Let m; = f~'(m), 1 =1,2,...,7. Hence (go f)~'(p) =
{my,ma,...,m,} and g o f is transversal to p.

f composed by the covering map ¢ : Al = M induces the maps
(g0 S : H(S?) - H.(M)

and
(g0 fla : H(Qy-1»S®) — H.(Q,M)

where the latter is an isomorphism.

As we know, generally QA and LA{ are not connected. So we should
emphasize that the images of (f o p)r, and (f o p)o are homology classes of
the connected components corresponding to the trivial loop in A7, So in
the diagram below, the sub-index 0 means the homology of the component
corresponding to trivial loops.

We claim that
r.ns;;

H.(S5%) H.(QS5%)
(Iﬂq)nl UWJ)nl (2.3)
(H.(M))o —2 H,((QM)o)

is conunutative. To prove this note that 5% has a group structure hence

ILS:’ fmgcn. S;, % QS3,
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therefore

H,(S5®) ~ H.($%) ® H.(QS%). (2.4)
There are two types of homology classes in H.(S%).

(1) The classes that under the isomorphism (2.4) correspond to homology
classes in Hy(S?)® H.(0283). These classes can be represented by cycles
in LS® whose scts of marked points consist of a single point in S5,
Type (1) homology classes are mapped to 0 by Ngs, since we can choose
a chain representative whose set of marked point, which consists of one
point, is different from all m;’s. Therefore they are mapped to 0 by
(foq)ao(rNg:)

Iidleed their image under (f o ¢)r have sets of marked consist of only
one point, p. Thus, they are mapped to zero under Ny o{ foq)r. Hence
the diagram commutes in this case

(2) The classes that under isomorphism (2.4) correspond to homology classes
in H3(5%)® H.(Q25%). They can be represented by a cycle in LS® whose
set of marked points is all of S3.

Let 0 =« ® b € Hy(S*) ~ Hy(S®) @ H.(25%). Then
ns:i(o) =

S0

(foqlao(rNgs) =r(f o q)(b)
and this is exactly Nyy o (f 0 g)(h). Note that » copics of b under fogq
which are based at cach one of m;'s come together.

Now consider a;,a; € H,(S*) constructed in proof of proposition 2.2,
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Then from commutativity of diagram (2.3) and the fact that {(go f)o is an

isomorphistu it follows that

(go NL{ar) e {go flLlaz) #0
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3 3-Manifolds with Non Separating 2-Sphere

or 2-Torus

Proposition 3.1 5! x S? has nontrivial extended loop products.
Proof. Fix a € S! and b,p € S and p # b. Consider the following maps:

a:8'—-8'x8%  alz)=(zb),

B:8—-85 x5  Bly)=(wy)

The loop a with marked point (a,b) can be regarded as an element of
Ho(A). The loop yay~! represents an element ¢, € m, (M), where 7 is a path
comnecting (a,b) and (a,p). The free homotopy type of a is [g1] € 71 (A).

Also, 8 can be regarded as an element of 7 (Qq (S X §%)} = m(S! x §2)
or in other words we think of 3 as a 1-dimensional family of loops. The free
homotopy type of the loops of § is the one of the trivial loop. We compose
cach loop of # with a fixed loop 4" whose marked point is (e,p) and it
represents a nontrivial clement g, € 7,(S* x S'), g2 # gf'. We continue to

denote the result by 3.

The image of 4 under the Hurewicz map

72{ Ry S x S') = Ho(Yup)S* x S')

and then followed by the induced map by inclusion

I-I'.’(S-z(a.p)s2 X SI) - ]HI‘.’(S2 X Sl)
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Figure 1: A non separating 2-sphere

gives rise to an clement in Ha(S! x $7). Again we continue to denote this
clement by 5.

We claim that
p/\sx,‘-z (AQ) L p:\sl,‘se (Aﬂ) ¢ De ]HIO

and this proves that S! x $? lias nontrivial extended loop products.

Note that

I)rilesz(Aa') e ?)As[xsz(Aﬁ) = (A(_Y - I}Slxs'-'(Aa’)) 4 (Aﬁ - PS‘xS’-‘(Aﬁ))-

In expanding this expression, we get four terms, each one is the loop
product of two homology classes, a 1-homology class and a 2-homology class.
The set of the marked points of the chain representatives of the homology
classes involved in each one of these four terms intersect at one point, namely

{a,b). Hence pa, .(Ac)ep,, (A3)isequal to the sum of 4 homology

Sixs

classes in Ho(S! x $%), each represented by a loop and a + sign.
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The free homotopy types of these loops are [g192], {g1], [g2), 1 which are

different. Therefore the loop product is nontrivial. O

Corollary 3.2 An oriented closed 3-manifold with a non separating 2-sphere

has nontrivial extended loop products.

Proof. The proof is similar to the one of proposition 3.1. The only fact we
used in the proof of proposition 3.1 was that there was a non-separating 2-
sphere (a 2-sphere that meets some closed simple curve only once). Every
oriented closed 3-manifold with non separating 2-spliere is indeed a connected
of S2 x S' with another 3-manifold. So m,(M) is the free product of 7, (S? x
§') and the fundamental group of another 3-manifold. Thercfore the choices
g1, 92 # 1, g» # gi of clements of 7,(A), as in the proof of proposition 3.1,

are also possible in this case. O

Proposition 3.3 If ¢ closed oriented 3-manifold M has a non separating
two sided® incompressible torus, then A has nontrivial extended loop prod-

ucts.

Proof. Let v : 8' x §' — Al be a non separating torus. H gives rise to a
homology class H in H;(Af), where the marked points are p(1,1), ¢ € S!

and the loop passing through (¢, 1) is
o8 — M

wi(s) = h(t,s).

#The normal bundle is trivial.
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The loop ¢; represents an element h € (M) which is nontrivial as the

torus is incompressible.

Tlie intersection point

Set of marked points M
of H

Figure 2: A non separating torus

Let A: S' — M be aloop in M which intersects the non separating torus
transversally at exactly one poiut m (see Figure 2). We can assume that the
intersection point m is the marked point of A and we consider this point as
the base point of A/. Without loss of generality we can assume m = (1, 1).

A represents a nontrivial element ! € m (M) since the homology class it

represents is nontrivial. To see that this homology class is a nontrivial notice
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that it has nontrivial intersection with homology class represented by the
torus (.

Also, A gives rise to a homology class L € Hg(AM). The free homotopy
type of the loops of L is [I] € & (M).

We claim that

Payy (AL) ® DAy, (AH) # 0

which proves the assertion.

In the expansion of pa, (AL) @ pa,, (AH) € Ho(M) we get four terns,
cach represented by a single loop and + or — sign. The loops have free
homotopy type [L.h], [], [h] and [1]. II we show three out of four terms are
different then there cannot be a complete cancellation, thus the product is
uot trivial.

Assume [/] and [h] are the same. Then the 1-homologies represented by
A and ¢ are the same,

Note that the intersection of the 1-lhomology represented by A inter-
scets the 2-homology represented by the torus (., .) nontrivially, while the
1-homology class represented by ¢ interseets trivially with the same 2-
homology trivially *. This is a contradiction, hence {I] and [k] are different.
Similar argument shows that (| # [1]. To sce that (2] # [1] note that the

non separating torus does not hound in Af. 8

4Since the torus is two sided (it normal bundle is trivial) and we can push by off the
torus.
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4 Closed Seifert Manifolds

In this scction we prove that closed Seifert manifolds have nontrivial extended
loop products.

Before we state and prove the result it we recall the definition of Seifert
manifolds and some facts about them.

A 3-manifold is called Seifert manifold if it admits a foliation by circles
S' in such a way that each leaf has a foliated tubular neighborhood D? x S!
which is D? x S! cither with its trivial foliation or its quotient by a standard
action of a finite cyclic group Z, (acting on D* factor). The fibers (leaves)
which have a trivially foliated D* x S' neighborhood are ealled normal fibers
and the others are called singular fibers and p in above is its multiplicity.
The space of the fibers is a surface and it is called the base surface.

Notation: Let A be an oriented Seifert manifold with p exceptional
fibers and A boundary components. If S, the hase surface of A, is orientable,
then it has genus g € Z* otherwise S is non orientable then g is the number
of cross caps in S. m(M) has the presentation (sce [8]):

(1) If S is orientable and of genus g,

m(M) = (e, by, g, by, €y oy, dl,dg...dk,h|a,-ha;'1 = h, b,-hb,-" =h,
cihey' = h, dhd' =h,

it =1

g p k
1= H["'" bi] HC.' H i),
i=1 i=1 i=1
(4.1)

(2) If S is nonorientable and has ¢ cross caps.
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(M) = (a1, .0y C1y oo Cpy iy, daediy R|aiha;! = 71,

cilzcg'l =h¥, dihd; V=,

(4.2)
where 0 < 8; < «; are integers and & = £1. h corresponds to the normal
fiber. Each ¢; can be represented by a loop on the base surface going around
the singular fiber once. The d;'s correspond to the boundary components. c«;
is the multiplicity of the singular fiber corresponding to ¢; and we say that
it has type (a;, 8i).

Note that < & > is a normal subgroup of 7;{Af) and it is central if the §
is orientable.. my(Af) is finite if and only if 7(AM)/ < I > is finite and M is
not S x S' or P3#P%; So m (M) is finite if M # S% x §!, and

1) S is orientable, y = 0, & = 0 and one of the following holds:
(a) p<2and M is a Lens space.
(b) p=3and
1 1 1

— =+ —=>1,
Q) Q9 a3

(ay, aa,a3) is one of the triples (2,2, a4), (2,3,3), (2,3,4) and (2,3,5).

2) S is not orientable, g = 1, ¢ = 0 and p € 1. These Scifert manifolds have
already appeared in the list above. Indeed they correspond to the triples

(2, 2, (Y:;)
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Remark 4.1 An orientable Seifert manifold Af may not be oriented as a
fibration but it always has a double cover which is Scifert and is an orientable
fibration or in other words its base surface is orientable. This double cover

M can be described as following:
M = {(m,0)lm e M & oan orientation for the fiber passing through m}
The covering map M 5 A is

g(m,0) =m.

The Scifert fibration on A7 is the pull back of the one of Af. If A7 has bound-
ary the then cach boundary, a torus, gives rise to 2 boundary components

each of which is a torus. If Af has ¢ cross cap then A7 has genus g — 1.

Proposition 4.2 If M is a closed oriented Seifert 3-manifold then M or a

double cover of M has nontrivial extended loop products.

Proof. By remark 4.1 we may assume that the base surface of A is orientable.
Also we assume 7 (M) 2 Z», since Corollary 2.6 deals with this case. Let h
be the generator of 71 (Af) corresponding to the normal fiber according the
prescutation (4.1).

There is a natural 3-homology class in Hy(A) which has a representative
whose set of marked points is exactly Af and the homotopy type of the loops
is [A]. The loop associated with a point in A that is on a normal fiber, is
the fiber passing through the point. The loop passing through a point on a
singular fiber as a map is a multiple of the singular fiber.

We denote this homology class by ©,y. Loops of ©4; have the free homo-
topy type [1]. We have pa,, (©ar) = Oar — par(©ar) = O — p1ar where sy
is the unit of H.(M).
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[Rv]

Consider a loop { representing an element a € 7(M), a # h,1. This
is possible since we are assuming 7 (M) # Zo. Since h is central, the free
homotopy class [a] is different from [i] and [1).

a represents a 0-homology class @ in Hp(A). We have

Pay{d) = a@ — p(&)

where p(a) is just the constant loop at the marked point of L.

We claim that
PAy (91\’) * p.‘\'\[ (d') # 0.

Indeed expanding pa,, (©ar) ® pa,, (&) provides four terms, all in Hg(A7) and
cach one is represented by a single loop and a + sign. These four loops have
free homotopy type [a.h), [, [a] and [1]. Since there are at least three dif-
ferent classes, any linear combination of them with coefficient +1 is nonzero.

Therefore M has nontrivial extended loop products. a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 Seifert Manifolds with boundary

By torus decomposition, Seifert manifolds with incompressible® boundary
are among the building blocks of 3-manifolds. In this section we provide
examples of nontrivial extended loop product for various Seifert manifold
with boundary. The examples are organized according to the number of
boundary components and singular fibers.

Throughout this section A is a compact oriented Scifert manifold with
orientable base surface unless otherwise it is stated (see corollary 5.7).
A has b > 1 boundary components and p singular fibers and p' denotes the
number of the singular fibers of multiplicity greater than 2. We assume ¢
that

b+p23.

g denotes the genus of the base surface of M. In the proofs of the statements

in this section g play no role. So we assuine that
g=0.

We present two main ideas in constructing nontrivial extended loop prod-

ucts,
Two curves argument and Chas’ figure cight argument.

The following table indicates the cases where we apply these arguinents.

5x-injective.
SThis assumption will be justified later,in section 10, when we recall the torus decom-
position.
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argument

p+b=24 Two curves arguent

P+ b > 3 | Chas’ figure cight argument

5.1 p+b >3 (Two curves argument)

Proposition 5.1 Let A be a compact oriented Seifert manifold with p > 2

and b > 1. Then M has nontrivial extended loop products.

Proof. Let ¢y, ¢2 and ¢3 be generators of 7y (M) corresponding to three of the
singular fibers. Consider a simple curve ;, on the base surface away from
singular fibers and representing the free homotopy class [c1co]. Similarly,
consider a simple curve vy, on the base surface, away from the singular fibers
and representing the free homotopy class [cac3]. Morcover, v, can be chosen
such that it lias exactly 2 intersection points with «;.

Since 7; is away from the singular point, the fibration can be trivialized

over 7; (sce Figure 3). Therefore, we obtain a map
f: T2 M

from the torus to A7, where f(0,-) = .

f gives rise to a homology class I'y € H{ (M), by declaring f(2,0), t € S',
as the set of marked points. The loop passing through f(¢,0) is f(¢,5), s € S!
and it has the free homotopy type [c1cz). Also, the loop 7 gives rise to a

homology class T's € Hg(Af).
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- ‘s\
2 t € ey
~ P4
N S~ " 72

Figure 3: v and v with a trivialized fibration over v,

We claim that

Pay, (AFI) ® DAy (AFJ) #0¢€ HD(“U)

which proves the proposition.

The scts of marked points of AT’y € Ha(A) and AT'» € H (M) intersect at
two points. Each point contributes four terms in the expansion of p,, (AT )e
Py, (ATs). Allin all 8 terns cimerge when we calculate py,, (AT )Jopa,, (AD).
Each is represented by a conjugacy class in 7(M) and a £ sign. These
conjugacy classes are

[c1cacaca); [erea); [eacs)s [1)
and

[e1ciea)s [ereal, [eaea], (1]

Calculating pa,,(AT)) @ pa, {AT2) mod 2, only two terins remain, namely

(see Figure 4)
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[c1c2e3¢0]

Figure 4: Two curves argument

[eicies] and  {eieacyen).

To prove the claim it is sufficient to show that these two conjugacy classes

are different. For this, consider the group
H = (¢, e, c3,d|ercacady = 1, =1,1 £ £ 3),

where d; is a generator corresponding to a boundary component. Indeed H
is the free product of the groups Zy, * Zg, * Z,,.
Consider the homomorphisin ¢ : my (M) — H which is identity on ¢, ¢2, ¢3,d

and sends the other generators to the trivial element of H. By the presenta-
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tion (4.1) ¢ is well-defined.

Note that image of the conjugacy classes [c1¢3es] and [creacaca] under the
¢ are different in H as clc"_;c;, and ¢ cacace are cyclically different. Thercfore
[e1c3cs] and [e1cacses] are different conjugacy classes in of my(M).

a

Remark 5.2 Indeed, in the proof of the proposition above one can replace
a singular fiber by a boundary component or in other words a boundary
component works as well as a singular fiber of multiplicity zero. To be more
explicit, the curves v, and 72 can go around a boundary component of the
base surface instead of the singular fiber. In the free product H, one of finite
cyclic group is replaced by a infinite cyclic group. The rest of the proof

remains the same.

Corollary 5.3 Let M be a compact oriented Scifert manifold with p singu-
lar fibers and q boundary components. If p+ b > 3 then M has nontrivial

extended loop products.

Proof. 1f p > 3 this is just the statement of proposition 5.1. In the case
p < 3, by Remark 5.2, in the proof of proposition 5.1 one replaces the missing

singnlar fiber with one of the extra boundary components. a

5.2 p +b>3, (Chas’ figure eight argument)

Now we turn to compact oriented Seifert manifolds with the total number of
singular fibers and boundary components 3.
The idea of the proof of this case is due to Moira Chas . She found this

idea while reformulating a conjecture of Turaev (see [4]) on Lie bi-algebras
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of surfaces, characterizing non self intersecting closed curves.

Proposition 5.4 Let M be an oriented Seifert manifold with p = 2 singular
fibers and b = 1 boundary component. Suppose that none of its singular fibers

is of multiplicity 2. Then M has nontrivial extended loop products.

Proof. Let ¢; and ¢» be generators of 7y (Af) corresponding to the singular
fibers. Let 4; be a smooth curve on the base surface, with one self inter-
section point, away frowm singular fibers and representing the free homotopy
class [eics '). Similarly, consider a curve 72 on the base surface, away from
the singular fibers, with one intersection point and representing the free ho-
motopy class [cf'ca}. Moreover, 42 can be chosen such that it has exactly 2
intersection points with ;.

The fibration can be trivialized over the v since it is away from the

singular point. Therefore, we obtain a map
o]
[ T—> M

from torus to Af, where f(-,0) = v,. This map gives rise to a homology class
Iy € Hy(M), by declaring f(¢,0), ¢ € S!, as the set of marked points. The
loop passing through f(¢,0) is f(s,t), s € S'. All the loops of this family
have the free homotopy type [eie5']. The loop 42 gives rise to a homology

class ['a € Hp(M). We claim that

I)AM(AFI) b Ptl,\p(ArL’) '—i£ 0e HU(“‘I)
which proves the proposition.
The set of marked points of ATy € Ho(AM) and ATl'» € H( (M) inter-

sect. at two points. Each point contributes four terms in the expansion
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of pa,(AT) @ ps,, (AT2). All in all 8 terms emerge in the expansion of
Pay (AT) @ pa,, (Al2). Each ones of them is represented by a conjugacy

class in 7 (Af) and a & sign. These conjugacy classes are
laexc'es'], [e7' el ferez '], [1]

and

[aics e eal)s [e7 ' e, [enes ], (1)

Figure 5: Figure cight argument

Calculating pj,, (AT)) @ pa,, (AT2) mod 2, only two terms remain (sce

Figure 5), namely

leicaeries!] and [ac;'er!es).

To prove the claim it is sufficient to show that these two homology classes

are different. For this, consider the subgroup

H= (cl,c-_),d||c|02d| =1, C?' =1,i= 1,2)
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where d; corresponds to one of the boundary components in presentation
(4.1). Indeed H is the free product of cyclic groups generated by ¢y, c2 and
d,.

Cousider the homomorphistm ¢ : (M)} — H which is identity on ¢y, €2, d)
and sends the other generators of 7, (Af) in presentation (4.1) to the identity
element of H.

Since ¢;, i = 1,2, have nonzero multiplicity then ¢ # 1 € H or ¢; # c,"I €

Te;! and ¢35t e e under ¢ in the free product

H. Thus the images of ¢jcacy
H are not conjugate as they are cyclically different. Therefore the conjugacy

classes [eycacy 'c3!] and [eyc3ter eo] in 71 (AS) are different as well. O

Remark 5.5 The idea of the proof above works unless there is a singular

fiber of multiplicity 2 and this case nced special treatment.

Corollary 5.6 Let M be a compact oriented Seifert manifold with p'+b > 3.

Then M has nontrivial extended loop products.

Proof. If p' > 2 then it is just proposition 5.4. Otherwise, by remark 5.2 a
boundary component works as well as a singular fiber with multiplicity zero.
The proof is the same as of the one of proposition 5.4 except that one has
to replace one of the generators of m{Af) contributed by a singular fiber to

a generator correspouding to a boundary component. 0

Corollary 5.7 Let A be a compact oriented Seifert manifold with non ori-
ented base and b > 2 boundary components, then M has nontrivial exlended

loop products.

Proof. We can modify the proof of proposition 5.4 considering that by re-

mark 5.2 a boundary component serves our purposes as well as a singular
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fiber. Note that the fibration is oriented once restricted to the boundary
components so it can be trivialized over a simple curve representing the free
homotopy type {did5'] where d; and d are gencrators of m; (M) contributed
by the two boundary components {see the presentation 4.2). The rest of the
proof is similar to the one of proposition 5.4. Calculating mod 2 we get two

terms

[didad7 5] & [didds'd] ' dy).

If a, is a generators of 7 (A} by a cross cap (see the presentation 4.2)then

consider the group

H= ((il,(lg,(l|[(l;(lg(l"l! = 1) ~<dp > x < a >

and the homomorphism ¢ : m (M) — H which is identity on d;,ds, ¢, and
sends the other generators of 7 (A). The image of the two conjugacy classes
above in the free product H is [dyadd;'aT?] & [dia;2d; @] which are
distinet. Therefore the above conjugacy classes are distinct conjugacy classes
of m(M).

O
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6 Connected Sum of 3-Manifolds

In this section we consider the connected sumn of 3-manifolds. We shall show
how one can obtain nontrivial loop products in this kind of manifold. For this

part, the author has benefited from conversations with numerous colleagues

((1}).

Proposition 6.1 If Al and My are two 3-manifolds such that =) (M;) # 1,

i=1,2, then M#M, has nontrivial extended loop products.

Proof. Let m; € A, i = 1,2 be two points which are identified in the
connected sum Aj#M and considered as the base point m of Af), A and
Mi#M,. Let g1 € = (M) and g» € = (M) be two non-trivial clements.
Consider the loops «; in Af; with marked point n; and representing g;, i =
1,2.

By composing these two loops at the base point m in M # s, we obtain
a loop 72 representing g1g: € m(M#AL) >~ 7 (M) * 7w (M) and it has
the free homotopy type {g1g2} € #1(Af)(see Figure 6). Notice that 7,7, also

represents an clement of Ho(A#34:). We denote this homology class by

N1#4ga.

Consider the embedding 8 : 8° — M #M, where the conneeted sum
happens (sce Figure 6). This gives rise to an clement in m{ M #M,) ~
T QM #M>)) and therefore an element in m (L{M,#Af:)). The image of

this clement under the Hurewicz map is an clement of H, (M, #21A5).
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Figure 6: Loop product in connected sum

By composing the loops of this 1-cycle of loops with a fixed loop whose
marked point is m and represents a uontrivial element v in m (M #445),
we can obtain a new element in H (M #AL). We denote this clement by
Bar#ar, the homotopy type of its loops is {h] € & (M #4A1).

We claim that

Pagy (A(n#a)) o pay, (DB par)) # 0
which proves that A7 lias nontrivial extended loop product. To compute

Pas (A1 #92)) ¢ pay (A(Bangar)) = (Algi#g2) = par (B #92)))

o (A(Bangars) — par{lA(Ban#an,)))
oue has to homotop 419 to a simple curve v which intersects the imbedded
S* in M\ 47, at two different points and away from the base point m.

So in calculating the expansion above we get cight terms, four terms for
cach intersection point of 4 and the imbedded 2-spliere. Each one of these

cight terms, which are elements of Ho(A), is represented by a single loop
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and a + sign. These loops have free homotopy types,

(1920, {nga], (B, (1], g2 1), [g2an), (1], (2]

So calculating pa,, (A(G1#92)) ® pay(D(Bangarn)) mod Zy, only two

terins remain,
(91921 &[g201 1)

If we choose h = g,gs in 7y (M #M2), the two conjugacy classes

[g:20) = (19201 92]

and

[9:91h] = [19792] = [9297]
are different as two cyclically reduced sequences (g, g2, 91, ¢2) and (g3, g7)
are not cyclic permutation of one another.

This proves that for b = gig2, pay, (A{g1#92)) @ pay (D(Ba,gar) is nou

zero mod 2, thercfore it is non zero in Hy(AM,# M), O
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7 An Injectivity Lemma

Suppose that Af is a closed oriented manifold and T is a collection of incom-
pressible ¥ separating tori in M. Let M\ T = A, U M,...U M,,. We associate
with (A, T} a tree of groups (G, T) (Sce Appendix II for definitions).

The vertices of T are in one-to-one correspondence with Af;’s. Two ver-
tices v; and v; are connected by an edge if the corresponding Af; and A;
are glued along a torus. With cach vertex »; we associate the fundamen-
tal group of m (M;) and with cach cdge we associate the fundamental group
of the corresponding torus. As the tori are incompressible there are two
monomorphisms from cach edge group to the vertex groups of the corre-
sponding vertices. Namely if ¢ is an edge (a torus in Af) and v a vertex of e

(some A; s.t. T € JAT; ) then there is an homomorphism
fo:G. =G,
which is indecd the map induced by inclusion
i:m(T) — m(d) = m(M;).

By Van-Kampen theorem, 7y () is the amalgamation of G,'s along G.’s
(see Appendix I, tree of groups).

Combining all these with lenuna 5 in Appendix I1, we have,

Lemma 7.1 (Injectivity Lemina) Let M, T and M;’s be as above. Supposc
that [a] and [b] are two distinet conjugacy classes in 7 (M;) such thet a is not
conjugate to the image of any clement of the edge groups in m((A;). Then a

and b represent distinct conjugacy classes of m(AM).

Try-injective

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

The Injectivity Lemma will be very useful to show that certain exam-
ples of nontrivial loop product in submanifold of Af give rise to nontrivial

extended loop product in Af.
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8 Gluing Seifert Manifolds along Tori

In this scction we consider the gluing of the Seifert manifolds along tori.
We prove that the result of gluing Seifert manifolds along incompressible
separating tori has nontrivial extended loop products except certain classes
for which there are double covers that have nontrivial extended loop products.

The idea of the proof is to apply either the two curves argument or the
figure eight argument to a Scifert picce of the gluing that fulfills the condition
of the arguments. Then we show that the examples of nontrivial loop product
in the picce gives rise to a nontrivial example of loop product in the manifold,
for that we need the injectivity lemmma, namely lemmaf.1.

When we cannot apply either the two curves argument or the figure eight
argument we cousider an appropriate double cover of the manifokl which
cithier has a non separating torus or so that one of the two arguments can be
applied to one of the picces in its torus decomposition 8.

Before stating the result and demonstrating the proof we introduce the
following notations.

Convention and Notation: Let Af be a closed 3-manifold and T # @ be a

collection of tori in A and
M\T=2UM- UMM,

where all the ;s are oriented Seifert manifolds with incompressible hound-
ary’.

Let b; > 1 and p; denote respectively the number of boundary components

8See Scetion for the definition of torus decotpaosition
Ve say that the torus decomposition of Al has only Seifert pieces.
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and singular fibers of A; and A; C Z* is the set of all the multiplicitics of
the singular fibers of Af;. The base surface of A; is denoted S; and the genus
of S; is g; if S; is oriented otherwise g; is the number of cross caps in S;.

We assume that all tori in 7" are separating since in sectiond we proved
that 3-manifolds with non separating torus have nontrivial extended loop
products.

We assume!® that for all i
bi4-p: >3
if S; is oriented. Also we assume that
gi=0

il S; is oriented as if g; > 0, then there is a non separating torus in M and

this case has already been studied in section 3.

Proposition 8.1 Let M be a closed 3-manifold described as above. Then

M or a double cover of M has nontrivial extended loop products.

Proof. We divide the proof into four parts. The detailed proof will follow.
(1) When b; > 3 and S; is orientable for some 4, we use the figure cight
argument. Note that if b; > 3 we can use the two curves argument.
(2) When b; > 2 and S; is not orientable for some 4, for this case we also

use the figure eight argument (sce corollary 5.7).

(3) When p; + & > 3 and S; orientable for some i, we can apply the two

curves argument. This part is organized as follows:

Wsee seetion 10 for justification.
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(i) For all &, 1 < b, < 2, but there is a piece with p; > 2 singular
fibers.
(if) For all &, 1 < &, < 2 and p € 2 but there exits 7 such that
b; = pi = 2, case the two curves argument can be applied.
(4) When b; +p: = 3,1 < b; <2 and S; orientable for all 7 and 2 € A; for
some 1.
In this case we use figure eight argument without facing any trouble.
(3) When for all i, b; + p; = 3,1 < b; £ 2, §; orientable and 2 € A; for all
z. For this case we consider certain double cover of Al.
(6) When b; + p; = 3 and 2 € 4; if S; is orientable otherwise b; = 1, we
also consider a double cover.

We verify the statement for cach cases:

(1) b; > 3 and S; orientable for some i:
Suppose that b; > 3. By corollmy 5.6 M; has nontrivial extended
loop products. Consider the homology classes T’y and ['a € lHIl(ﬁT,)
constructed in the proof of corollary 5.6. I'; and I'; can be regarded as

the clements of H,(A/). We claim that

IJ,L\,(AFI) A p:l,u(AF‘_’) # 0e ]HI(}(AI)

In calculating the above product 4 terms merge all in Ho(A). To
prove the product is nonzero it is sufficient to show it is nonzero
mod 2. Having done the calculation mod 2 just like in the proof of

proposition 5.4 and corollary 5.6, only two terms survive.

[didad; V5] and [dyds T o),
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where d; and s are generators contributed by two boundary compo-
nents (sce presentation (4.1)).

By the proof of corollary 5.6(indeed proposition 5.4) we know these two
are distinct conjugacy classes of 7 (M)). So If we show that dydad; ' d5!
is not conjugate to any clement of the fundamental group of one of the
component of JAfy, then by the injectivity lemma [didadi d3"] and
[dyds ‘(11"1(!2} are different as the conjugacy classes of 7 {Af).

Suppose that

[didodT 3] = [h7 ] (8.1)

where /& is the generator of 7, (Af;) that corresponds to a normal fiber
of M and d is a gencrator of 7 {Af) contributed by a boundary com-
ponent.

Consider the group H
H=<d,dy, d:gld[dgd;; =1l>x<d>%< s >

and

d) : 73'](1‘1|) — H

the homomorphism which is identity on d,, d», d3 and trivial on all other
generators of =, (Af;). It follows from the presentation (4.1) of my (M)
that ¢ is well-defined.

After applying ¢ to (8.1) we get

[didadT 5] = 1]

If d # d,,ds, ds otherwise
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ldydad? ds '] = [dY).

The first case is impossible as dydad;'d;! is a eyclically reduced word
in the free product < d, > * < dp > thus it represents a nontrivial
conjugacy class.

In the latter case, If d = d; ( or da) then

[dydodT 5] = [d],

and this is not possible cither as dydad;d;! is cyclically reduced of
length 4 and d} ( or d3) has length 1, hence they represent different
conjugacy classes.

Ifd = dy = d7'd~! then we have
[didad{ 5] = [(dyda) ™).

Considering the length of the word we liave to have s = +2. In cither
case this incquality does not hold as dy # di! and dy # d7'(H is a
{ree group). Therefore these two conjugacy classes are always distinct.
This proves the clain:.
(2) b; 2 2 and S; is not orientable.

Similar to the previous case we use the figure cight argument in A4,
Suppose that b > 2 and S, is not orientable. By corollary 5.7 A has
nontrivial extended loop products. The homology classes I'} and Iz in
H. (A1) constructed in the proof of corollary 5.7 can be regarded as

homology classes of H.(3). We claim that
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Day (AFI) ® DAny (AF'_!) ié 0e H(](J"I).

Calculating mod 2 we get two terms represented by the conjugacy
classes [dya?d;'a;®] and [dya;*d; " af](see the proof of corollary 5.7).
We must prove that these two conjugacy arc distinet as conjugacy
classes of Af. For that, by injectivity lemma, it is sufficient to prove
that one of them has no boundary representative. We show that

[d1a3d; ] has no boundary representative. Suppose we have

[dhyaid; ar?) = [hdY). (8.2)

where d is a generator of 7 (A, } contributed by a boundary component

and X corresponds to the normal fiber. Cousider the group

H=(d,do,aqsJdyba® =)< dy >x<a; ><da > %< ) >
]

and the homomorphism ¢ : m (M) — H which is identity on dy, da, @y
and trivial on the other generators of 7;(Af;). It follows from the
presentation (4.2) that ¢ is well defined.

Applying ¢ to (8.2} we have
[iaidy ay®) = (1 (8.3)
if d # d,,d», otherwise

[daidyay?] = [¢)
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in the free product H ~< d; > * < a; >. The first case is impossible
) .

as dya3d;'a;® is a cyclically reduced word of length 4 so it represents

a nontrivial conjugacy class. If d = d; then

[diaddita®] = [df]
which is again impossible in the free product < dy > * < a; > as
the cyclically reduced words dya3dy ar® and df are different in the free
product < dy > * < a; >.
(3) pi + b; > 4 and S; orientable for some i :
Since case 1 deals with the case §; > 3 for some i so we may assunie
that b; < 2. So we are dealing with one the following cases:
(i) pi > 2 for some i
(ii) b; = p; = 2 for some i.
The proof of both cases are similar and used the two curves argument.

We just have to remember that a boundary component works as a
singular fiber of multiplicity 0. Here we only present the proof of case
(7).

Suppose that p; > 2. Counsider the homology classes I’y aud I'y in
H. (1)) introduced in the proof of proposition 5.1. They can be con-

sidered as the elements of H.(Af). We claim that

Pay (A1) ®pa, (AT2) # 0 € Hp(M)

The calculation is the same and the results is a sum of conjugacy classes
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of m(M). Computing mod 2 only two terms
[cicacsce] and [eyc3es).

We must prove that they are different conjugacy classes of 7(Af). By
the prouf of Proposition 3 we know that they are distinct as the con-
jugacy classes of 7 (M) If we show that at least one of them has no
representative in the fundamental group of any of the houndary compo-
uents of Ay then by injectivity lemma they are different as conjugacy
classes of = (Af).
Suppose that

[ereacses) = (W) (8.4)
where h stands for the normal fiber and d is the generator coming from
a boundary component.

Consider the group,
H = {c1, e, 03000008 = 1,c™ = 1,1 < i < 3),

where a; is the multiplicity of the singular fiber corresponding to ¢;,
and the homomorphism ¢ : 7 (M) — H which is identity on ¢, s, ¢
and sends the other generators of 7 (Afy) to the trivial element of H.

Applying ¢ to (8.4) we have
[creacsea] = (1]

or
C1eacsea =1

in H. Since ¢jeacy = 1 in H we conclude that ¢» = 1 which is a

contradiction.
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4) b; +p;i = 3,1 < b; €2, S; orientable and 2 ¢ A; for some i.
Here we shall use the figure cight argument. Suppose i = 1. By

assiunption, one of the following holds:
hh=land p, =2

or

h=2adp =1

The proof is similar for both cascs, considering that a boundary com-
ponent behaves just like a singular fiber of multiplicity 0. So we ouly
present the proof of the first case.

Suppose p; = 2 and b, = 1. Consider the homology classes I'y and
[ € H.(M) as constructed in the proof of the proposition 5.4. They

can be regarded as homology classes in H.(A). We prove that

Pay(AL)) @ pay, (AT2) # 0 € Ho(M)

which proves that Al has nontrivial extended products,
Having done the same mod 2 calculation as the proof of proposition

5.4 we get two conjugacy classes

lmeser'es'] and feiester eo).
Just like the previous cases, in order to show that these two conjugacy
classes are distinct, we must prove that at least one of them has no
representative in the fundamental group of the boundary component.
Suppose that

[ercacyics!] = [ dY] (8.5)
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where & is the generator corresponding to the normal fiber and d is the
generator correspouding to a boundary component.

Consider the group
H=<c,odacd=1,c'=G*=1>

and the homomorphism ¢ : = (Af;) — H which is identity on ¢, ca, d
and sends other generators of 7;(M) to the trivial clement of H. It
follows from presentation (4.1) that ¢ is well-defined.

By applying ¢ to (8.5) we have

[aicecr 5] = [d).

in H, or

lereaei ez = [(ere2)]-

Notice that H is the free product Z,, * Z,, with ¢; and ¢ as the
1 1 2

generators of the corresponding factors.

So if cjcacy'c;! and (cye2)* are conjugate then s = 2. Even if s = 2

then two cyclically reduced words ¢ycacy ¢35 ! and ¢;eacyc are cyclically

different since ¢; and ¢, are not of multiplicity 2.

(5) bi+pi=3,1<8; £2, S; orientable and 2 € A; for all i :
This is case where the figure eight argument does not work. The fol-
lowing lemma provides us a double cover of the manifold which has
nontrivial extended products by previous cases or the non scparating

torus argument. Appendix III is devoted to the proof of this lenima.
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Lemma 8.2 Let M be as above, |T|=n, b;+p; =3, 1 <5, <2 and
2 € A; and S; orientable for alli.

(i) If n > 3 then M has a double cover with no non separating torus
whose torus decomposition has a Seifert picce with 3 boundery
components.

(ii) If n = 2 and r € Ay, v # 2, then M has a double cover with
no non separating torus whose torus decomposition has a Seifzrt
piece two singular fibers of mulliplicity r # 2.

(iti) If n = 2 and A; = As = {2} then M has a double cover with a

non separating torus.
(6) Suppose that:
o b);=2,p =1, A; = {2} and S; is orientable for i # 1,n
e by=10b,=1;
¢ S is non orientable;
e If S, is orientable then p,, =1and 2€ 4,

If A has a singular fiber or S; has more than one cross cap:
then consider M the double cover of A7; which is Seifert manifold and
is oriented as fibration (sce remark 4.1). M{ has at least 2 singular
fibers and 2 boundary components or its base surface has genus greater
that zero. We can construct M, a double cover of M, by gluing two
copies of A \ M| to M| along the boundary components of Af{ such
that the result double covers Af. The covering on the complement of
M| is the trivial double cover. Note that the torus decomposition of

M has a Seifert piece M| which has either two boundary components
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and 2 singular fibers thus by case (3) A7 has noutrivial extended loop
products or its base surface has genns greater than 0 thus it has a non
separating torus and therefore nontrivial extended loop products.

If M, has no singular fiber and S; has one cross cap: then S is
indeed Mabius strip and M; hias another Scifert fibration model whose
base surface is a disk and has 2 singular fibers of multiplicity 2. Now
il S,, is orientable this is just case (5). If S, is not orientable then it is

the above case.
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9 Gluing to Hyperbolic Manifolds along Torus

In this seetion we analyze various gluing of Seifert and hyperbolic 3-manifolds
along torus and for that we we need the following lemma. The proof can be

found in Appendix II.

Lemma 9.1 Suppose that G,,Ga2 and H are three groups with monomor-
phisms ¢; : H — G;, i = 1,2 denotes the amalgamated free product of Gy

and G» over H.
Let gy € G\ H and g € Go\ H and h # 1 in H such that:
(i) 7' HyNH =1
(ii) g2l # hgs.
Then two conjugacy clusses [hgigs) and [hgag) of Gy %y Ga are different.
Proposition 9.2 Let M be an oriented (not necessarily closed) 3-manifold
that contains an incompressible torus T such that:
(i) M —T is disconnected with two components My and Mo.
(it) My has a hyperbolic interior.
(iii) M, either has a hyperbolic interior or is Seifert fibred not homeomor-
phic to S* x ' x I.
Then M has nontrivial extended loop products.
Proof. Let ¢ ¢ 8' x 8! = T bhe the embedded torus. ¢ gives rise to an
clement H € H;(Afy), whose marked points are ¢(s, 1),s € St and the loop
passing through (s, 1) is
s 1St — M
@s(t) = @(s. 1)
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Take ¢(1,1) as the base point for A, M; and M. Let & = [¢] € m (M)

- e .
P ~. Intersection
-~ N points
’ A}
’y ’
’ \
! \
1 A
\ ~
~ ~
My .
! AN )
AN L
\\ i A/IQ
\\ a"'-—-’-‘
M ==~ 4
l'.‘ —— Sea - —— T 72
.."‘-.._ ..“-s - -
------------ ‘—-‘
*

Figure 7: Afy and M, glued along T

We recall that (A} is the amalgamated free product of (A1) and 71 (Afs)
over m(T). Pick two arbitrary clements g; € (M) and g2 € 7 (Ma). Let
192 € w1 (M) be their product in the amalgamated free product 7y (M) *g, (1)
71(Ms). Let 4 and 42 be two loops in My and AMs representing gy and go.
The composition ¥, of these two loops is a representative for gigs. This
loop has free homotopy type [g142] (sec Figure 7).

Replace y172 by a loop v with the same free homotopy type which in-
tersects transversally the torus 7' at two points (see Figure 7). v can be
regarded as an clement of Hg(A). We denote this homology class by T'.

We claim that there is a choice of ¢; € = (M) \ =(T), i = 1,2, and
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h € m(T) such that:
Diy, (AF) ® Dayy (AH) 76 0.

In the expansion of p 4, (AT)ep4,, (AH), we get 4 terms for each intersection
point, just like in the proof of proposition 3.3, therefore 8 terms overall. Each
termn is an element of Hig(A/)} and represented by a loop. They have the free

homotopy types:

(hgrga), (1), [nga)s 1 [Rgeqn], (1) [rg2), 1.

Calculating mod 2, we get [hgig2] — [hg2n]- By lemma 9.1 (hg142] and
[hgaen] are different conjugacy classes if the fumdamental groups of the com-
ponents of A/ — T satisly the conditions of lemma 9.1.

By assumption the interior of Af; is hyperbolic. 7 (A1), can be regarded
as a subgroup of PSL(2,C) where the image of 7(T) in @ (A;) consists of
parabolic elements which have a common fixed point.

For g € m () \ 71(T) {we have denoted the image of m(T) in = (M)
simply by @ (T)), ¢ 'm(T)g N #1(T) = {1}, since if the fixed point of the
clements of m(T) is m then the clements of g~'= (T)g fix g~'(m). So if
g~ 'm1(T)g N (T) is nontrivial then m must be a fixed point of g also but
this implies that g € 7(T") which is a contradiction. Thus G, = m (M)
satisfies condition (¢) of lemma 9.1.

Also, the argument above proves that if Afa has hyperbolic interior then
for any ga € m{Ma)\ 7 (T) and h € 7 (T)\ {1} the condition (it) is satisfied.
So the assertion is proven if Ay and M, are both hyperbolic.

Now consider the case when As is Scifert fibred. If 2 is not an power

of the element by represented by the normal fiber of Ay, then it is not in
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the centralizer of m;(M:) and the condition (iZ) holds for an appropriate
choice of g». Otherwise exchange the role of longitude and meridian in the

construction of the homology class H. Namely, the sct of marked points is:
0(1,1),0<1 <1
and the loop passing through (1, ¢) is
oi(s) = @(s,1).0<s < 1.

Then h, the clement of (M) represented by loop passing through
¢(1,1), is not in the centralizer of #;(A,) and one can choose g2 € w(My) \

71(T) such that goht # hgs. This finishes the proof. 0
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10 Proof of Main Theorem: Part I

In this section we prove the first part of the main theorem, namely that if a
closed oriented manifold Af which is not algebraically hyperbolic, then Af or
a double cover of A7 has nontrivial extended loop products.

For this we use the theory of the prime decomposition and the character-
istic surface for 3-manifolds. We recall some of this theory.

A closed oriented 3-manifold A is said to be prime if it cannot be obtained
as the connected sum of two 3-manifolds that none of them is homeomorphic
to 3-sphere. By the Alexander’s theorem S* is prime, as cvery imbedded
2-sphere in 5% hounds a cell.

Prime Decomposition (see [13]): Let M be a compact, connected and

oricnted 3-manifold. Then there is a decomposition
M = Pi#P#.. #P,

with each P prime and this decomposition is unique up to permutation,
inscrtion or deletion of $%'s.

A closed 3-manifold is said to be irreducible if any embedded 2-sphere S?
bounds a 3-ball. Again by the Alexander’s theorem, S* is irreducible. An
oriented irreducible 3-manifold is prime. The converse is not true but the
only prime oriented 3-manifold which is not irreducible, is S' x S2.

One can deduce a necessary condition for irreducibility from the sphere
theorem. Here, we state a simplified version of the theorem.

Sphere Theorem (sec [6]): Let M be an oriented connected 3-mauifold.
If my(AM) # O then there is an imbedded S* in M representing a nontrivial

clement in 7 M).
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The topology of an irreducible 3-manifold A/ is coarsely determined by
the cardinality of the fundamental group. By the sphere theorem (sce 7))
72(M) = 0. Let A be the universal cover of M. If m,(M) is finite, then
M is closed and simply connected. Therefore A/ is a homotopy sphere. If
m (M) is infinite then A is not closed and we have mi(M) = 0 for all i, by
Hurewitez theorem. Therefore A is contractible or in other words A is a
K (m, 1)(aspherical).

Now by the prime decomposition theorem, every 3-manifold Af can be

written as
M= (K,#I\'g#...#l\',.)#([.;#L-_)...#L,,)#(#’{(S’ X Sg)) (10.1)

where K;j's are closed aspherical 3-manifolds and L; arc closed 3-manifolds
that are finitely covered by a homotopy 3-sphere.

Let S be an imbedded surface in a 3-manifold Af. We shall say that S is
properly imbedded if SNGM = 0S. Then S is two-sided in M if the normal
bundle of S in A{ is trivial.

A 2 sided surface S in M is said to be compressible if either:
(i) S is a 2-sphere and it bounds a 3-cell in M
or
(ii) thereisadisk D € M such that DNS = 9D and D is non contractible
in S.
Otherwisc S is said to be incompressible. An imbedded disk is considered to
be incompressible. For an incompressible surface S in Af, the induced map
by inclusion 7 (S) — m (M) is injective.

A 2-sided surface S is incompressible if and only if the map m(S) —
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7)(M) induced by inclusion is injective.

An oriented 3-manifold A, possibly with boundary is called atoroidal if
any incompressible torus in A is @-parallel, meaning that it can be isotoped
to the boundary of A,

Torus decomposition (sce [9] or [10]): For a compact irreducible ori-
ented 3-manifold A there exists a collection T C MM of disjoint incompressible
tori such that the closure of each component of A/\T is either atoroidal or a
Seifert manifold with T tangent to the fibration. A minimal such a collection
T is unique up to isotopy.

As we are interested in rank 2 abelian subgroups of fundainental groups,
torus theorems by Scott and Seifert fibred space theorem by Casson-Jungeris
[3] and Gabai [6] will be useful to us.

Torus Theorem (sce [16]): Let Af be a compact, connected oriented,
irreducible 3-manifold. Suppose that (M) has a free abelian subgroup of

rank 2. Then either

(i) M contains a two sided torus such that the inclusion homomorphism
i (T) — 7 (M) is injective, or
(i) m(Al) contains an infinite cyclic normal subgroup.

Seifert Fibred Space Theorem (sce [3] or [6]) Let A7 be a compact con-
nceted, oriented, irreducinle 3-manifold with infinite 7y, then A is a Scifert
fibred space if and only if 7, (Af) has a cyclic normal subgroup.

We recall the definition of algebraically hyperbolic manifolds.
Definition An oriented 3-manifold is said to be algebraically hyperbolic if it
is aspherical (K (w, 1)) and m;(Af) has no rank 2 abelian subgroup.

If M is not algebraically hyperbolic then at least one of the following
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holds:

10.1 If M is not aspherical
By prime decomposition theorem, every 3-manifold Af can be written as

M = (K3 Kadb K )3 Lyt Lo £L)#(F (S % §%)

where A;’s are closed aspherical 3-manifolds and L; are closed 3-manifolds
that are finitely covered by a homotopy 3-sphere. If A is not asplierical then

one the following holds:

(i) If M is a conneeted sum of manifolds with nontrivial fundamental group
then proposition G.1 says that Af has nontrivial extended loop products.
(ii) If M has a non separating 2-sphere or in other words there is a $% x S!
factor n its prime decomposition, then by corollary 3.2 A7 has nontrivial

extended loop products.

(iii) M has finite fundamental group; Then by proposition 2.6 A has non-

trivial extended loop products.

Thus in either cases A has nontrivial extended loop product.

10.2 If M aspherical and Z&® Z C (M)

We turn to aspherical 3-manifolds with rank 2 abelian groups. By Torus

theorem and Seifert theorem one of the following holds:

a) M is a closed Seifert manifold

If Af is Scifert manifold then by proposition 4.2 it has nontrivial extended

loop products.
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b) The collection of tori in the torus decomposition of
M 1is nonempty.

This case itself is divided into 3 cases:

1. M contains a non separating torus:

If there is a non separating torus in the collection T then by proposition 3.3

M has nontrivial string topology.

2. Torus decomposition of A has only Seifert pieces :

Let T be the collection of tori provided by the torus decomposition of M and
M\T=MUM.. .UM,

M, is a Seifert manifold. Let p; and b; be the number of singular fibers and
boundary components of ;. If S;, the base surface of AL, is oricntable then
¢: denotes its genus otherwise g; is number of cross caps in S;.

If for some i, S; is orientable and g; > 1, then A has a non scparating
torus and by case 1 we know that A has nontrivial extended loop product.
So we assume that g; = 0 if S; is oriented.

If S; is orientable then,

pi+b; > 3.
To see that suppose that p; + b; < 2. Then one of the following holds:

(@) by=1and p; = 1;

by bj=2and p; =0
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In the first case if follows that m(37;) ~ Z so the boundary components
of A7; can not be incompressible. In the latter case it follows that M; ~
8! x §' x [0, 1] this contradict the minimality of the collection T as one can
extend the Seifert fibration of one of the neighboring 3 to A,

Therefore M satisfics all the conditions of proposition 8.1, hence Af or a

double cover of Af has nontrivial extended loop product.

3. If M has an atoroidal component:

Suppose that T is the collection of tori provided by the torus decomposition
of M and every torus in 7 is separating.

By Thurston theorem ''[17],

Theorem A compuct, oriented, irreducible atoroidal 3-manifold whose bound-
ary consists of a finite number of tori admits a complete hyperbolic metric of
finite volume;

atoroidal components of A \ T are hyperbolic.

Let Afy be a hyperbolic component of M\ T and Af; is another component
that is attached to A, along a torus T. By proposition 9.2, M’ = MyUTUAL,
has nontrivial extended loop products.

Consider the same homology classes [' and A in H,(Af') constructed as
in the proof of proposition 9.2. They can be regarded as clements of H, ().

We claim that the loop product

pe‘.\:(A(F)) b }),\.\,(AH) # 0,

so M has nontrivial extended loop product and string topology.

U Geometrization of Haken manifolds.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



59

The calculation of the loop product is the same as of the proof Proposition
9.2. Calculating mod 2 only two terms remain, cach one an element of
Hg( A} which is represented by a conjugacy class in 7 (Af). These conjugacy

classes are,

{hg1g2] and [hgag ).

We prove that these two conjugacy classes are different. By the proof of
proposition 9.2 we know that 2g;g» and hgag are not conjugate in 7 (Af’). So
by the injectivity lemma (lemma 7.1}, if we show that hg;g: is not conjugate
to an element of the fundamental group of one the boundary components of
A7 it follows that hg g and hgag are not conjugate in = (M).

Let Ty U To... U T, = OM' and suppose that hgygs is conjugate to an

element of = (T1) in @ (A’). Since one of the

T, C A or T\-f_:
holds let’s assume that T} € ;. Then

m(Th) C mi(My) = = (RT))

as Ty is incompressible. If hgygs is conjugate to an element to = (7)) then
it is conjugate tc an clement in w{Af;). But this is a contradiction since

hagrgs = (hgi)g: as an clement of

m (M) = m (M) %, 0y T {Ma)

is a cyclically reduced word of length 2 and it is cannot be conjugate to an
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clement of the factor m{A4;). Now by the injectivity lemma hg,g2 and higag

are not conjugate in (M.
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11 Proof of Main Theorem: Part II, Alge-
braically Hyperbolic Manifolds

In this section we prove the second part of the main theorem, namely that al-
gebraically hyperbolic manifolds have trivial extended loop products. Before
that we recall the definition of algebraically hyperbolic.
Definition An oriented 3-manifold is said to be algebraically hyperbolic if it
is aspherical (K'(7, 1)) and (M) has no rank 2 abelian subgroup.

We the need the following lemma. The proof can be found in the Ap-

pendix I, Letmma 3.

Lemma 11.1 If M is a K'(w,1) (aspherical) then LM is homotopy equiv-

alent to

H K(7a, 1)

[e]efi (M)

where we choose only one representative for each conjugacy class and =, is

the centrelizer of a in m(M).

Therefore to prove the second part of the theorem we need a good under-
standing of the centralizers. For that we nced following theoremnt.

Compact Realization Theorem (sce {7]): Let A be a connected, ori-
ented 3-manifold, and let KX be a subgroup of 7 (M) which is finitely gen-
crated. Then there is a compact, oriented irreducible 3-manifold Afy with

m(Mo) ~ K.

Lemma 11.2 If a closed oriented 3-manifold M is algebraically hyperbolic

then the fundamental group of M does not have any nonirivial finite sub-
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groups and the centralizer 7, of an element o € 7;(A) is isomorphic to an

additive subgroup of Q.

Proof. Let Z,, be a nontrivial finite subgroup of (M), Then K(Z,, 1) isa
covering of M, so it has to be a 3-manifold. But one knows that K(Z,, 1) has
homwlogy in infinitely many dimensions. So 7 () has no finite subgroup.
For the second part we first prove that any finitely gencrated subgroup
of m{Af) is isomorphic to Z. Suppose 3y, fa, .....3, are some clements of 7,.
Consicer the subgroup {6y, B, ....3,, a) which is finitely generated and it is
not a free product since it has a nontrivial center. Therefore by compact
realization theorem it is isomorplhic to a fundamental group of a compact,
oriented irreducible 3-manifold. The cyclic subgroup {a) is in its center and
thercfore it is normal. Thus by the Seifert fibred space theorem, the compact
realization should be a Seifert manifold. Since 7;(Af) has no finite subgroup
or rank 2 abelian subgroup this Scifert manifold has to be a solid torus '2.
As the fundamental group of a solid torus is Z, we have {8,, Bs, ....0n, @) = Z.
To prove that it is isomorphic to a subgroup of @, notice that since m (M)
is countable and cvery finitely gencrated subgroup is cyclic, we can write
7 (M) = Gy U Ga.... where each G; is an infinite cyclic subgroup and G; C

Giyy. Let x; be a generator for G;; then we have ; = 2, for some n;. We

construct a map @ : w1 (M) — Q by letting ¢(1) = 1 and p(zi41) = ——

nyng.aag

This is a well defined map because of the way we cliose n;’s. ¢ is injective,

since every x € (M) then x € G; for some i. So = = kz; for some 7 and k.

p(z) = smE—. Thercfore p(x) = 0 implics k = 0 or z = 0. m!

214, cannot he S* x S? since it is irreducible.
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Lemma 11.3 [fG is an additive subgroup of Q then k(G, 1) has homological

dimension one.

Proof. One can write G = lim G, where G;'s are cyclic subgroups of G. So
n—0od
K(G,1) = linol° K(G,,1). Since each K(G,,1) = K(Z,1} has homological
n—e
dimension 1 therefore the dircct limit A'(G,1) has homological dimension

one as taking homology commutes with taking direct limit. O

Proposition 11.4 If M is algebraically hyperbolic then any finite cover of

M has trivial extended loop products.

Proof. Let M be a fnite cover of M. Notice that M is also algebraically
hyperbolic. Since Misa K(#',1) then its free loop space is homotopy equiv-
alent to

H K= ,1)

lnjex’

where we choose only one representative for each conjugacy and 7, is the

centralizer of a in m(3). So
AgeH( JI K@= @ H(K@1)
[n]ex"a#l [o]ex"a#l

Now by lemma 11.2, we see that each K(w,1), o # 1, is of homological
dimension 1. This proves that the loop product e on Ayy is zero because of

the absence of Lhomology classes of sufficiently high degree. a
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Appendix I: Some Algebraic Topology of Free
Loop Space

Lemma 1 There is a one-to-one correspondence between the connected com-

poncnts of LA and the conjugacy classes of m, ().

Proof. Choose a base point m for M. Any loop in LA/ is frecly homotopic
to a loop whose marked point is m. Indeed, consider a loop f in LAS. Let
p be a path connecting the base point of m to f. The loop that starts from
m, follows p and [ and then comes back to m by following p again, is frecly
homotopic to f. Hence it is in the same connected component as f and its
marked point is m. In other words, each connected component of LA has a
representative whose marked point is m.

Let o and A be two loops in LA with the same marked point m. Suppose
they have the same free homotopy type or, quivalently, they are in the same
connected component of LA, This mcaus that there is a map F : {0,1] —

LA such that Fy = a and Fy = . Cousider « : [0, 1] — M where
¥{(t) = F(0).

In fact 7 is the path of marked points of the path of loops from « and A
defined by F.

We have

Y(0) =7y(1) =m

and

a =8y
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in m(M). To prove the latter, consider the following family of paths for
0<t<1,
Y :[0,1] = M

1(s) = ¥(st).

Yo is the constant loop at m and v, = . Now

Gi(.) =nF (!

is a homotopy between a and ¥+, as Gy = o and G, = y8y~'. This

finishes the proof of the assertion. a

Lemma 2 Let o € m(M,m) and f € LM be a loop representing . Then

there exists a short exact sequence

ma(M) = m (M), f) —— (LMo f) —2— 7a » 0 (111)

where 7, is the centralizer of « in @ (M), In particular 7y ((LA!)q), f) = 7o

if ma(M) is trivial.

Proof. First we describe the map R. Let v € 7 ((LM),), f) and F : S' —
LA be a representative for y. F can be regarded as a map [0,1] x [0,1] — Af
such that F(0,-) = F(1,:) = f(:) and F(-,0) = F(-,1). Consider the loop
g(-) = F(-,0) = F(-,1). We have ¢(0) = g(1) = f(0) = f(1) = m. We dcfine
R(7) = [9] € m{M). We shall prove that [g] belongs to the centralizer of a
or in other words we shall construct a homotopy between fg and gf. G is

such a homotopy (see Figure 8):
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G(s,t) = F(z,y)
x=3((1-2s)|1 - 2| + 25 +2 - 1) (11.2)
y=13((2s - 1)1 — 2| —2s + 2t + 1)

* * *g*
N

N N f
722

* g %* %k [4] %

Figure 8: Homotopy G obtained from F

We have G{0.t) = gf and G(1,1) = fg.

e R is well-defined: lot Fy, Fa : S — LAS represent the same element in

(LM, f). Let G be a homotopy between Fy and Fo.
G can be regarded as a map
G:[0,1)x[0,1] x [0,1] = M
such that
G(0,-,+) = Fi(-.-) and G(1,-,+) = Fa(-,").
Then H defined by,
H:[0,1] x [0,1] — A,
H(r,s) = G(r.s,0),

is a homotopy between ¢, and g» where ¢;(-}) = Fi(-,1) = Fi(,0),

1=1.2.
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o R is onto: Suppose vy = [g] € 7q C m(M). Let G: [0,1] x [0,1] = M

be a homotopy between fg and gf. Choose G such that:
G(0,t) = f(2t), 0<t<1/2, GO, t)=¢(2 1), 1/2<t<1
and
G(l,t)=g(2t), 0<t<1/2, G(I,H)=f(2t-1), 1/2<t<1.

By solving (11.2) for s and ¢ one can define a self free-homotopy £ for
J which gives rises to an clement of @ ((LAf)(q), f). To be brief, we
ouly provide the result of the calculation:

F(z,y) = G(s(x,u), t(x, y))

u—r—=14+|1-2~-py| )

Wor-yl-t (11.3)

— I4+y
t——.,—h

5(0,0) =0,s(1,1) = 1.

s=%(

A simple calculation shows that F(0,y) = F(1,y) = f(y) and F{z,0) =
F(x,1) = g(x).

e Ker 2 = ImS: S is induced by the inclusion of (M), < L. It
is obvious that Ro § = 0, as R is basically the loop consisting of the
marked points of a given loop of loops. For the image of S, this will be

a constant loop so Ro S = 0. This shows that ImS C Ker R.

Let ¥ € Ker R and F : §' — LA/ be a representative for v. As usual,
we regard F as a function F : 0,1} x {0,1] — M such that F(0,.) =
F(1,) = f(-). We have R(y) = [g] for g(-) = F(:,0) = F(-,1). Let

G : S' — M be a homotopy between F(-,0) and the constant loop,
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G(1,") = F(-,0) = F(,, 1), G(0,-) = m and G(-,0) = G(-,1) = m.
Consider H : [0,1] x [0, 1] — A as follows (sce Figure 9):

(F(0,t) = F(1,t) ifs=0,1
G(s, -+ if0<t<r(s), s#0,1
H(s,t) = 4 ) n) s (11.4)
F(s, 22889°)  ifri(s) St<mfs), s#0,1
{G(s, =20 if ra(s) <t <1, s#£0,1
where
ri(s) = §(1 =25 - 1))
r2(s) =1 —ri(s)
%
/|
A ns)
g
I 1/3 I
g
N | 8/
N\
%
Figure 9: H
We have

H(s,0) = H(s,1) = G(5.0) = G(s,1) = m
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and

H(0,t) = H(L,1),

so H can be regarded as a map H : §' x§! — M and H is in the image

of S.

We claim that v = [H] € m((LM)a, f). Consider K : [0,1] x [0,1} x
[0,1] — A defined as follows:

(F(0,t) = F(1,t) ifs=0,1
Gls.ots)  HO0St<migs), s#0,1

F(s, ﬁ_—‘fﬁq—“) if 1(g,8) <t <rafg,s), s#0,1

(Gls, 2288y ifra(g,s) SE <1, s#0,1

K(g,s,t) = {

ri(gs) =21 -12s-1])
r2(g,s) = 1 —11(g, s)
K is a homotopy between F and H. O

Remark 1 Different components of LA can have different homotopy types.
For instance, let M be a surface with a non abelian fundamental group. Since
ma{ M} is trivial then the fundamental group of cach component of (LAf), is
the centralizer 7, of a. Hence if a ¢ Z{m(A)) then (LA )y is homotopy
typically different from LA,

A useful picture is the following. Fix a base point for A and cousider
QA the based loop space of M, with respect to the point. There is a natural

map which sends

(QM), —— (LM)q
,,l (11.5)
M
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where p is the projection to the marked point.
Lemma 3 If A is a K(m, 1) (aspherical) then LA is homotopy equivalent

to

I K@)

lales1 (Al
where we choose only one representative for each conjugacy class and 7, is

the centralizer of o in m (A).

Proof. We have the following long exact sequence associated with this fibra-

tion (11.5):
T QM)a) —— m((LM))) —2— m(M) 2 m_y((QM),) (11.6)

Each component of QA/ is contractible since M is a K(w,1). Now it is
obvious from the long exact sequence above that LA{ is also aspherical. By

lemma 2 we have that @ (LA )| = 7. a
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Appendix I1: Some Facts in Free Products with

Amalgamation

1.Some Basic Facts about Free Products with Amalga-

mation:

We recall some definitions and theorems from group theory related to the
free product with amalgamation. We follow the terminology and notations
of [12] and [11}.

Let Gy, G2 and H be three groups and ¢; : H — G;, i = 1,2, be two
injective homomorphisms. We can regard H as a subgroup of each G;,i = 1,2
and we identify each elemeni of A with its image under ¢; while we are in
G;. Soif h € H, then & can be considered as an element of both G, and G.
Following {11}, we can form the amalgamated free product Gy *y4 G2 of G,
and G, over H.

There is no canonical way of presenting the clements of Gy *y G, uniquely.
Once a choice of left coset representatives for G/H and Ga/H is made
then every element can represented uniquely. Let ¢, ....c, be a right coset
representative for G;/H and G»/H. Herc is an informal description of the
representation:

Let g be an element in Gy*y G2 and g = g1 ¢...9- be a reduced presentation
of g. Start with g, there is an i, € H and ¢, € G1/H or G2/ H (depending

in whicli factor is g,) such that

gr = h,cp.
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Now by replacing g. by h.c. we have ¢ = g100...-—11;¢.. Again there is a
h,_; € H and ¢,_; such that

Gr—1ltr == Ne_1Cey.

By replacing g, \h, by he_16.-; we have g = ¢195...r—2Rtr_16,~1¢. Con-
tinuing this procedure we end up with g = hcic...c,. This is the desired
presentation. While stating it more precisely, the following theorem also as-
serts its uniqueness (i.e. its independence from the reduced word we used in
the construction).

Theorem 1(Sce {12] pp.201) Let G = G *;;G» where H is a mutual subgroup
of G| and G,. Suppose a specific right coset representative systems for G, /H
and GofH have been selected. Tlen with each element of g of G we can

associate a unique sequence!®

(h,e1, 2 ....Cr)

such that:
(i) n is an element, possibly 1, of H;
(ii) ¢; is a coset representative of G,/H or G2/ H,;
(i) ¢ # 1
(iv) ¢ and ¢4 are not both in G or Ga.
(v) If I and s are the images of & or ¢;'s under the homomorphisims of
G, or G, into G, then g = M'd(6...d, in G.
A sequence of elements gy, g, ..., gn € Gy *g G2 is called reduced if:

(1) Each g; is in one of the factors G, or Go;

13This presentation is called reduced form (see [12]).
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(2) i, gis1 come from different factors; So if n > 1 then g; ¢ H for all i.

(3) Ifn=1then g # 1.

9192+ gn € Gy %4 G is called a reduced word if ¢y, ga, ..., g is & reduced
sequence.

Every element of G can be written as ¢ = ¢19a...9, where gi, g2, ..., gn is
reduced sequence. Indeed let g = g192-++ g, be an element in G *; Ga. If
g: and g;4) are in the same factor G, (resp. G») then we replace g;giy1 by
¢! = gigi+1 € Gy (resp. Gz). In this way we end up with a reduced sequence
91 G2s - G 0d Q105 G = G2 In =9

A sequence of elements gy, ga, ..., gn € G1#5 G2 is called cyclically reduced
if all cyclic permutations of the sequence gy, 9o, ..., g, are also reduced.

G192+ gu € Gy % Ga is called a cyclically reduced word if gy, g2, ..., gu IS
a cyclically reduced sequence.

Also every clement of G x5 G» is conjugate to g,g2- - g, where the se-
quence gy, ga, ..., gn is cyclically. Indeed if ¢ = g195- - - g where gy, g5, ..., 9
is a reduced sequence. If g and g; are from different factors, then clearly
9195 -+ * g5, is cyclically reduced. Otherwise consider ghagh™" = ghgigh -+ gk
and replace gi¢ by ¢’ = gi.g] which is from the same factor. Now ¢', g3, ..., g},
is cyclically.

Theorem 2(sec [11] p.187) If ¢y, ¢2,...¢h, 7 2 1, is a reduced sequence in
G = G, *;; G5, then the product ¢;c2+¢-cy #1in G.

The following theorem describes the conjugacy classes of G *j; G2. Only
part (?) is needed here.
Theorem 3(See 12 pp.212)

Let G = G, *y Ga. Then cvery element of G is conjugate to a cyclically
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reduced element of G. Moreover, suppose that g is a cyclically recuced

element of G. Then:
(i) If g is conjugate to a cyclically reduced word pype..p, where r > 2;
then g can be obtained by cyclically permuting p, pe, ..., pr and then

conjugating by an element of H.

(ii) If g is conjugate to an element & in H, then g is in some factor an there
is a scquence of &, Ny, ..., 1y, g where &; is in H and consecutive terms

of the sequence are conjugate in some factor.

(iii} If g is conjugate to an element ¢’ in some factor but not in a conjugate
of H then g and ¢’ are in the same factor and are conjugate in that

factor.

Lemma 4 Suppose that G,, G2 and H are three groups with monomorphisms
¢; : H = Gi, i = 1,2 denotes the amalgamated free product of G, and Ga
over H.
Let ¢ € G\ H and g € Go\ H and h # 1 in H such that:
(i) g7’ HpuNH =1
(ii) goh # hga.

Then two conjugacy classes [hgiga] and [hgag)] of G| % G2 are different.

Proof. Suppose that [hg;go] = [hgag]. It is clear that

[hg192] = [g2hg1] (11.7)
[hg2g1} = [92014} (11.8)

So g2(hgy) is conjugate to ga{gyht). Since ga{g1h) is cyclically reduced (of
length 2, p, = g2 & pa = gyht) by Theorem 3 part (i), g=(g 1) is conjugate
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to ga(gih) or (g1h)g2 by an clement in H.

In the lattor case we have

galhgy) = h(gih)gah!

which is equivalent to

g2 (g )" golhgnly) = 1.

But this contradicts Theorem 2. Since the sequence

g2t (hgh) ™, ga, (hgihy)

is a reduced sequence.

Thercfore there should be an clement ity € H such that
gahgy = hugogihhy!

or cquivalently

gaolig ey = hygogihe
or
(g2l ) (i) = (g2)(ah) (11.9)

Now using the uniqueness of representation in terms of left cosets of H
Theorem 1{also sce the construction) the equation (11.9) implies that g/
and g i are in the same left coset in G;/H or in other words, there exists
hs € H such that

gify = hagth
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or equivalently
b~ = g7 hog

So bt = grlhog € g7'Hgi N H = 1 hence by = k™' = 1 which
implies h; = h. By letting h, = & in (11.9) and simplifying, it follows

g2h = hgo

whicl is a contradiction. Thercfore [hg192) # [hg201]

2.Tree of Groups

A lree of groups (G, T) consists of a finite tree T and G a collection of groups

G= {Gc}cecdgc'l‘ H{Gv}vewrt?‘-

a group G, for every vertex v € vert T, a group G, for every cdge e in edgT
and a monomorphism

fP:G, =G,

if v is a vertex of the edge e and
We call G, a vertez group where v is a vertex of T and G, a edge group if
e is an edge of T. If v is a vertex of the edge e then G, can be as considered
as a subgroup of G,.
Suppose that (G, T) is a tree of groups, v a vertex of T. Let n = |edgT|.
Consider a sequence of trees T3, 1 < i £ n such that
(i) ledgTi| =i,0<i<n

(ii) vertTy = {wa}.
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(iif) T: C Tiyy and
(iv) T, =T.

Let ey, €q, ...¢; be the sequences of the edges and vy, vo, ...v, be the sequence

of vertices such that
e edgT) = {e1}
o vertTy = {vo, v}
o cdgTiyy =cdgT; U {eipq}, 1<i<n—1
o vertTiy = vertT; U{vi;} 1<is<n—1

Let
G'Ib = Gvo '

and
Gr, =Gt *G., Gu,
1€i<n

Gr = G, is called the amalgamation G,'s along G.'s and is independent
of the chioice of the sequence T; and depends only on (G, T) and there is an

inclusion

i G — Gr

where & is a vertex or an cdge.
The following lemma is a generalization of theorem 3.
Lemma 5 Let (G,T) be a tree of groups and v, a vertex of . Consider

the construction above. Suppose that [a] and {}] are two distinct conjugacy
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classes of G, and « is not conjugate in G,, to an element of any the edge
group G, C G,, where vy is a vertex of e. Then [a] and [b] as the conjugacy

classes of G are distinct.

Proof. T}'s. vi’s and ¢;'s ¢ rc as above.

We prove the lemma by induction. We prove that forevery i, 1<i<n

(1} {a] and [b] are distinct as conjugacy classes of Gr;.

(2) a is not conjugate in Gr, to an element in the vertex group G,,, where

w # vy is a vertex of T;.

By the assumption and part (iii) of theorem 3 it follows that that the
statement of induction is true. For the sccond part, ¢ in conjugate in Gr,
to an clement in G,,, then again by the third part of theorem 3, a has to be
conjugate to an clement of G, and then by part (iZ) it has to be conjugate in
G, to an clement of the vertex group G,, which contradicts our assumption.

Suppose that the statement is true for i. By the second statement of
the induction for i, a in not conjugate in Gy, to an clement of G,,,, € Gr,.
Therefore by part (#ii), a and b represent different conjugacy classes in G,

as

Gr,. = G, *Geia Gvnu?

proving the first statement of the induction for i+ 1. To prove the second
statement for i + 1. suppose that by contrary « is conjugate to an element of
Gy, where w # 1o and w € Tiy.

Since

Gr,,, =0Gr, *Gey 1 Gy
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and a is not conjugate in G, to an element of G,,,, then again by part
(#ii) of theorem 3 we must have w € T; and e is conjugate in G, to an element
of G,,. This contradicts the assumption of the induction for i. Hence the
second statement of the induction holds for 7 4- 1.

Finally for i = n we get the statement of the lemma. a
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Appendix II1: Finite Covers of Certain Seifert

Manifolds with Incompressible Boundary

This appendix is devoted to explaining some facts that are used in the proof
of main theorem, section 9. We follow the convention introduced section 8.
Construction 1: Suppose M is a compact orientable Seifert manifold
with g =0, p=1 and b = 2 and where the singular fiber is of type (2,1).
Then M has a double cover M’ with ¢ = 0, p = 0 and V' = 3 boundary

components and two of the boundary components are identified under the

covering map :

Figure 10: N

Consider ) € R? the unit disk centered at the origin and F a union of
two open disks of radius 1/3 centered at (1/2,0) and (—1/2,0) (Figure 10).
Let M’ = N x §! where
N=D\F.
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Zy acts on M’ freely where the action on both factors is realized by 180°

rotation.

pre-image of singular fiber
singular ﬁberlof multiplicity 2
M

Figure 11: Double cover A/* with 3 boundary components

Indeed,

M = A'|Z?

and A’ is the desired double covering (Figure 11). A’ has 3 boundary
components, of which two are identified under the covering map. [J
Construction 2: Let A be a compact orientable Seifert manifold with

g=0,b=1 and p = 2 singular fibers of type (2,1} and (r,s). Then M has
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a double cover M’ withg =0,V =1 and p' = 2 and the singular fibers are
of type (7, s):

Let N be the 2-sphere S\ D € R?, where D is a sct of n open disks
located on the equator in zy-plane which is invariant under 27 /s rotation
aronnd z-axis and 180° rotation; and If s is even then D does not meet the

z axis otherwise D meets the z-axis exactly at one point.

r-axis

T-axis
y-axis

Figure 12: Double cover M

The 2s-Dihedral group,
Da, =< a, b|a"’ =10 =1aba=0">

acts on M’ = N x §! freely (sce Figure 12);

(i) a acts by 180° rotation about z-axis in the first factor and 180° rotation

in the second factor.
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(i1) b acts by 2x/s rotation in the first factor and 2rwx/s rotation in the

second factor.

Let M' = N/ < b >, then A’ is a Seifert manifold with two singular
fibers of type (r,s) and one boundary component and base surface a disk.

< a > acts on M’ freely since < & > is normal subgroup of Da,. Indeed,
M=M/[<au>

Construction 3: Let Af be a compact Seilert manifold withg=0,b=1
and p = 2 singular fibers of type (2,1). Then M has a double cover A’ with
g =0,0 =2and p =0 and the boundary components of M are identified
homeomorphically under the coving map:

Consider the annulus C = S! x [-1,1] C R?, where S! is the unit circle
in (z,y) plane and centered ar the origin (Figure 13).

Y

£

2]

Figure 13: Anmilus C C R3
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Z, acts on C with a and b as the only fixed points. The action is realized
by 180° rotation about y axis.
Za acts on
M=Cx§
freely where the action on the first factor as described above and on the

second factor is rotation by 180°. Indeed,
M~ M|Z,

and the boundary components of Af’ are identified under homeomorphically.
Lemma 1 Let M be a closed oriented 3-manifold and T be the collection of
tori provided by torus decomposition of M. Suppose that M\T = AU AU
My with all M;'s Seifert manifold such that:

(1) n2>3 and g; =0 for all i’s;

(2) by =b,=1andb; =2 fori#1,n;

() m=2,A={2r};

(4) p2=1 and A» = {2} ;
Then A has a double cover M whose torus decomposition has a Seifert com-

ponent with 3 boundary components.

Proof. Let Afj be the double cover of A1, provided by Counstruction 2 and
M3 be the double cover of My by Construction 1. A/ has onc boundary

S component with an induced involution by the covering map. M, has 3
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7, s) singular fibers

@ 0 ©
OEONOED%

, 8} singular fiber

Figure 14: Double cover M

boundary components Tj, To and T3 where T> and Tj are identified under
the covering map and 7T} has an induced involution.

Glue A and A} along along S and T} and then two copics of Mz u
MM, to M| sg'r. Mj along T» and T; in such a way that the result is a

covering of A/. This is the double covering which has a Seifert component

with two singular fibers of multiplicity r (Figure 14). 0

Lemma 2 Let M be a closed oriented 3-manifold and T be the collection of
tori provided by torus decomposition of M. Suppose that M \T = M, U A,
with all M;’s Seifert manifold such that:

() by=1,p =2and Ay = {2,7};
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(2) by =1, p» =2 and A, = {2,s}.
Then M has a double cover whose torus decomposition 2 Seifert components

with 2 singular fibers of multiplicity v and s.

Proof. Let M| and A} be 2-covers of M, and M; provided by Construction 2.
Af] and M have one boundary component where the covering map induces
an involution on the boundary. Glue Afj and M along the boundary in such

a way that the result is a double cover of A. This is the desired 2-cover, O

o) 0
C )
N0 0 @,

h

RONNONOS

Figure 15: Double cover A with a non separating torus

Lemma 3 Let A be a closed oriented 3-manifold and T be the collection of
tori provided by torus decomposition of M. Suppose that M\T = MyUM,U
My with all M;’s Seifert manifold; and
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(1)) by=b,=1,b;=2 fori#1,n;
(2) PL=pPn=2;
(3) A1 = A, = {2}.

Then M has a double cover with a non separating torus.

Proof. The desired 2-vover of A is constructed as follows: Let M) 4, 71,
and M., £ 77, be the double covers of 3; and M, provided by Construction
3. Consider two copies of M \ (M;UM,) and glued them to A] UM, so that
the result A7 double-covers M (Figure 15) in such a ways that covering map
restricted to M| and M/ is fi and f, and on the rest of M it is the trivial
covering map. This can be done since the covering map f; (f.) identifies

different components of M; (resp. M}). a
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