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ABSTRACT

The Representability and Adjoint Functor Theorems 

of Freyd(l0,12] have proved to be useful in the functorial 

construction of objects in complete (cocomplete) categories 

that satisfy prescribed universal mapping properties. 

Brown's Representability Theorem [4J yields necessary and 

sufficient conditions for the representability of contra- 

variant functors on the category /)oCV/which is badly 

behaved with respect to limits. Brown's theorem was the 

first to study representability in a category lacking 

limits.

Recently there have appeared several constructions 

[l,2,3]] which yield adjoint functors. But there are no 

adjoint functor theorems to explain their existence.

In I. generalizations of the theorems of Freyd are 
proved.

II. is devoted to applications of I. In particular 
the h„HZ and HR-localizations of Bousfield are shown 
(by adjoint functor methods) to exist. Furthermore the 
existence of the HZand HR-localizations are proved
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independently of the localizations of spaces. Also an 

adjoint functor approach to the-/--construction of Quillen 

is given here.

In III. the notion of a localization is discussed in 

detail. With the use of Theorem 1.9. of l a  generaliza­

tion of the results of Deleanu C5,6J  are Proved*
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. Preliminaries.

The following is a summary of notations and some 

basic facts to be used. Whenever possible references 

will be made to text books.

0.1. Category Theory 10,12 .

(i). Representability.

If C is a category denote the set of morphisms 

from X to Y by C(X,Y) . Then C(X,_) ,C(_,Y) will be the 

representable functors determined by X and Y. A functor 

naturally isomorphic to C(X,_) or C(_,Y) is termed 

representable.

Lemma 0.1. (Yoneda)

Let F:C-*Sets (the category of sets) be a functor 

and X an object of C. Then the map |— from 

Nat (C __,X) ,F) (the class of natural transformations from 

C(_,X) to F) to F(X) is a bijection.
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(ii). Adjoint functors.

Definition 0.2

One says that the pair of functors F:C—-^D, G:D— ?>C 

are an adjoint pair if there exists a natural isomorphism 

(F_,_)~— >C(__,G_) . This is written F— |G and one says 

that F is left adjoint to G (or G is right adjoint to F). 

The isomorphism will be called the adjunction and if we

wish to stress-O" one writes F 7*G.

By Yoneda's lemma F has a right adjoint if and only 

if D(F_,X) is representable and similarly for G.
4An adjunction determines isomorphisms

-&-X)PX. D( F( x), F(x;> -> C(X,G FX) 
: D (F&X, X ) — > C C(rX, G-X)

which induce natural transformations 

called resp. the unit and counit of the adjunction. 

Moreover, both the following composites are the identities 

(of G, resp.F)

G^GFG^bQ f -̂ fg-f^ f
/
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Theorem 0.3. 10

Each adjunction F* G is completely determined by

the items in any of the following lists:

(i) Functors F,G and a natural transformation Tj iT cIq — ^ G rF~

such that each :X— ^GFX is universal from G to X.
A

(ii) The functor G:D— ) C and for each X of C an object

F0X of O  and a universal map 7) :X— >G/~X . Then the
A

functor F has object function F and is defined on

morphisms ̂  :X— )X* by G Fh'7]v = 7]/\ /\
(iii) Functors F,G and a natural transformation 

such that £^FGY— is universal from F to Y.

(iv) The functor F:C—> Q  an<3 for each YeobD an object

&-Y6obC and a morphism £yFG0Y — ^Y universal from F to Y.

(v) Functors F,G and natural transformations 7) — P’G rF~C* )

£:FG — >Xdp such that the composites (£) are identities.

0.2. Compactly generated housdorff spaces and CWcomplexes 
C9.137

One calls a topological space compactly generated 

hausdorff if:

(i) The space is hausdorff.
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(ii) C £ x is closed if CflK is closed for 

each compact KsX
The category of compactly generated hausdorff spaces 

will be denoted by Note that' | 'has an internal horn

i.e.” | v is cartesian closed.

Lemma 0.4.

'T is complete and cocomplete.
Lemma 0.5.

(i) ^ ( x , cf ‘(y, )) is naturally isomorphic to 

?(X^Y,2) .
(ii) If x- is the space with one point, then *fj*(#,X) 

is naturally isomorphic to X.

Given 'we can also consider the pointed category 

formed from‘r7"~' where we consider spaces equipped with a 

good (i.e. cofibred) base point and based maps. In either 

of these categories one has a homotopy congruence. Thus 

one may consider the categories and hcTP which are

respectively the unpointed and pointed homotopy categories.

Denote by C V " t h e  category of cell complexes and



i C W  the subcategory consisting of those morphisms which 

are inclusions of subcomplexes (cell complexes come with 

a fixed cellular structure and all maps are to be 

cellular) . One also has the unpointed and pointed 

categories of C.\V complexes (where the basepoint is 

assumed to be a vertex) and their respective homotopy 

congruences. Moreover, H o C ^ ^ H t T P  and h e C htTjP 
as full subcategories.

If one restricts attention to connected d \ V complexes, 

then those compactly generated spaces isomorphic in hoTP 

to hoJ~K (Kconnected) form a category ho'̂ T' . <\j' is 

enriched over ' ) ' i.e. one has jT—^ /~]̂ ' (we are

considering everything now as being pointed).

0.3. Homology theory [7,111.

A homology theory will be a sequence of functors 
defined on pairs of CV/complexes which satisfies the 
Eilenberg-Steenrod Axioms (except perhaps for the dimension 
axiom). In addition we shall assume that satisfies

A

Milnor's Axiom.

We shall need the theory to be extended to objects 

other than C W  complexes. In this case we consider our
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theory as being defined by taking the singular extension 

of one defined on C W .  The extended theory will again be 

denoted by .

A reduced homology theory is defined only for pairs 

(X, ). There is a well known process for constructing

a reduced homology theory from a homology theory and 

vice versa. Again we will use l')̂  to denote either of 

these.
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I. Representability and Adjoint Functors.

1.1. Definition of the embedding and basic properties.

Let H be a category. We will denote by C2.h J the 

category of functors from to H where ^  is the 

category with two objects and one morphism between them.

Denote by H the category obtained by introducing 

the following equivalence relation. Given two morphisms

$Z 5=C6(J9ii)
4-,

will say that if Notice that H is a full

subcategory of j-j via the embedding I—

Lemma 1.1

(i) If H has products, then H  has products.
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(ii) If H has products and weak pullbacks, then

f-j has equalizers. 

proof

(i) is trivial.
P.For (ii) let ,g: (X,-ri> Y ( ) — -> . Since H

has weak pullbacks and products it has weak equalizers. 

Consider the weak equalizer,

X r - ^ X
We will show that h =   ̂X<?(y )

x3 -̂ - - > x
U ,  u

X — >X
is an equalizer for and ^ , Since morphisms of the 

form ( K;Xc( ) are n»onomorphisms we need only show that 

every equalizer h

X
Y

-> x,

X
' V

X-
ha
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factors through ^  ( h, )£#(}/ ),
Let t be such that the diagram,

is a factorization of Since (oi ht)j =
Y  we see that yields the required factorization.

Cor. 1.2.

If H has products and weak pullbacks, then hj is 

complete.

1.2 Detection of objects of H .

Definition 1.3.

Call -£-=(^ -j-̂) 3 proper epiniorphism if ^  is 

an isomorphism.

Definition 1.4.
d _If 0  :X-^ X and 0 = 0 ,  then one calls 0  an

idempotent. One says that the idempotent splits if there



exist Y, ^ such that -f :Y~~^X, ^:X-—?*Y and ■§tf= 

is an isomorphism.

Lemma 1.5

A
If idempotents split in H, then <?(£oio tt is an

-A
object of H if and only if j-j (o( »_) takes proper

epimorphisms into surjections.

proof

Let be suc^ that H(o(,_) takes proper

epimorphisms into surjections. Then o<^:Xt— P d

*

✓A ^  /
is a proper epimorphism. Then H  (o()d^)'> H  (o(,X,) H  W  ̂ )

is surjective. Thus there exist 0 — >

such t h a t L e t £  = 5 ^ : ^ ~ ^ X i , then e  

( 9o(#) = 5* )cV  = Hence £  is an idempotent.
Therefore there exist *f) »J such that j = Y - ^ x 1 .

^ :X̂ -— py, (£ =jfi and hj is an isomorphism.

a
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Con side r o / J :Y '— and h $ :o(.— — ^ y  T^en
-ft

< o ^ j ) < / > g  > = < ^ £ 9

=

and (hg) • <o(^J > = h e j

=
which is an isomorphism. Hence

Conversly let X 6 o h H  # "£:ol— a ProPer
epimorphism and 0 =  ( 0  £jL )£ j-|(X,̂ B). Define ̂J ^
by 9 = C ^ i Then

■ < W * )= C 3(1 P 3,)
= ( S „ S * )

■ 3
and j-| (X,f) is surjective.
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1.3. The solution set condition and representability. 

Definition 1.6.

One says that a functor F:H— ^ Sets satisfies 

a solution set condition if there exists a set /\ of 

objects of H with the property that for each xe F(X) 

there exist , with domain in /\ and codomain X, such 

that

Given a functor F:C— >D one says that F 

satisfies a solution set condition if for each Y 

P>(F( ),Y):£— > Sets satisfies one.

We now get the following extension of Freyd's 

Representability Theorem £l0,12j.

Theorem (Representability) 1.7.

Let F:H— ^ Sets be such that 

HI- H has products,

H2- idempotents split in H,

H3- H has weak pullbacks,

FI- F preserves products and weak pullbacks,

F2- F satisfies a solution set condition.

Then F is representable.
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proof

The idea of the proof is to define an extension
_a \

:H — ^ S®ts in such a way that f~ satisfies the conditions
of Freyd's Representability Theorem. Then we show that

-A.
for the representing object ̂  , hj (o( ,_) takes proper 

epimorphisms into surjections. Thus ^  is isomorphic to 

an object of H.

We define the required extension by p" FU)
In the category of sets image commutes with product, hence 

one sees that f~ preserves products. Consider a diagram 

of equalizers in H

X t— *—
(0

where

x- hi

3 ♦X
/3$
~ W i  > Y--------- 7 13

is a weak equalizer in H. Application of F to diagram (1)
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y\ p
assures us that /~'(/)(o{ )--- t> { (o() is an injection.
Thus we need only show that

- Uh() >p p (p)

is a weak equalizer. Since in the category of sets we 

need only show this pointwise, let X  €  /“ (o() such that 

p V f ) X  = 9)X. Let such that /“(*( )x'= X,

then we see that = f ( * ) x =  \ ) x ‘.

Thus there exist X" € f~ ( Xj) such that p (  p  ) x“ ~X*•
However commutivity of the diagram

F03)---- >F(x,)
J

F(<A)--------»FU)
assures us that =)( lies in F (o( h± )

The solution set condition for f~~ follows 
immediately from that of /“ , Therefore JF~ is represented 

by some "^6 o b  F~ However by its definition we see that 
takes proper epimorphisms into surjections. Thus ^  is 

isomorphic to an object of H.



In complete categories idempotents split, the 

splitting being given by the equalizer of £  and

where 0 is the unique map which makes the triangle 

commute. Therefore we get the following corollary.

Cor 1.8.

Let F:H-> Sets be such that,

(i) H is complete,
(ii) F preserves products,

(iii) F takes pullbacks to weak pullbacks,

(iv) F satisfies a solution set condition.

Then F is representable.

I shall now prove a generalization of the adjoint 

functor Theorem £"l0,12j.
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Theorem 1.9.

Let H be a category such that,

(i) H has products,

(ii) idempotents split in H,

(iii) H has weak pullbacks.

Then J~ :H— has a left adjoint Q? j-jr and 

only if,

(i) F preserves products,

(ii) F preserves weak pullbacks,

(iii) F satisfies a solution set condition.

proof

The necessity of the conditions follows immediately 

from the adjunction

To show sufficiency consider the functor C  ( X ; f /  

%  Set defined for any )(£ ob Cl • T^e hypotheses then assure 

us that C. ( X } F(-)) satisfies the hypotheses of 
Theorem 1.7. and therefore is represented by an object (SrX 

Yoneda's Lemma assures us that Q r  is a functor.
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Cor 1.10.

Let H be a complete category and F:H Then

F has a left adjoint if and only if,

(i) F preserves products,

(ii) F takes pullbacks to weak pullbacks,

(iii) F satisfies a solution set condition.

1.4. The dual of 1.3.

Since a map 0  is an idempotent in H (and splits) 

if and only if is an idempotent in j-j°^ (and splits)

the results of 1.3. dualize.

Theorem D 1.7.

Let F:H— > Sets be a contravariant functor such that.

DHl- H has coproducts,

DH2- idempotents split

DH3- H has weak pushouts,

DF1- F takes coproducts to products,

DF2- F takes weak pushouts to weak pullbacks,

DF3- F satisfies a solution set condition.

Then F is representable.
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Cor D 1.8.

Let F:H— >Sets be contravariant such that,

(i) H is cocomplete,

(ii) F takes coproducts to products,

(iii) F takes pushouts to weak pullbacks,

(iv) F satisfies a solution set condition.

Then F is representable.

Theorem D 1.9.

Let H be a category such that,

(i) H has coproducts,

(ii) idempotents split in H,

(iii) H has weak pushouts,

Then F:H— has a right adjoint if and only if,

(i) F preserves coproducts,

(ii) F preserves weak pushouts,

(iii) F satisfies a solution set condition.

Cor D 1.10.

Let H be a complete category and F:H > C. Then F

has a right adjoint if and only if,
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(i) F preserves products,

(ii) F takes pullbacks to weak pullbacks

(iii) F satisfies a solution set condition

1.5. Primary example

Consider the category f)o C  U X  It has coproducts,

products, weak pushouts and weak pullbacks. Products and 

coproducts are formed in the obvious manner. To form 

weak pushouts (weak pullbacks) one must first turn one 

of the maps into a cofibration (fibration) and then form 

the usual pushout (pullback) in spaces.

Furthermore idempotents split in hoC Vv/ For let 

Q, be an idempotent and H: 0 . ^ 0 ^  be a homotopy 

between 0  and 0  Consider the sequence of maps

and form the Milnor on this sequence

x ex
X * I

x*r
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oo

where | £ 1(e)- 11 X where, ( X ' m O e Y ^ ^ O .
n=o t ' _

is identified with (<2. HiljS L^l) ̂  J < We have a

map /> X~— > T e l ( e )  ^nduced by the inclusion 
into the left side. Furthermore H defines a map

7i/(e)~^-»X defined by -f(X,J )  = (L**1 H(.X}J-h)where

(X}J ) e  X x L n ^ l - O  clear3-y ^ i ^ e i X - ^ X  However 

/ 'Tel(C') >*J~e!(L̂ iS an isomorPll̂ sm since

t t ( ^ ) = c o / ^ t tk ( ^ 9
^ ft ->cc

which is clearly an isomorphism because
J T k  ( T X- m  TTfcL^-)c

1.6. A special adjoint functor theorem.

In general the solution set condition is difficult to 

verify. The following theorem shows that often it need not 

be verified. We therefore get a sort of "Special Adjoint 

Functor Theorem" 10 which when applied to 

specializes to Brown's Representability Theorem 4 . 

Definition 1.11.

An object X of a category £  is called left 

(right) adequate if whenever an isomorPhism»
is an isomorphism.
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example -1,

00 -nV S n is left adequate in ho Cv/
n̂ i

example -2,

is left adequate in Groups and Abelian Groups. 

Let if be an ordinal number. Then consider If as 

a category with objects such that 7f1 < X  and

let the ordering induce the morphisms.

Definition 1.12.

An object X  of C  will be called S -definite 

if there exists an ordinal y3 such that for every functor

F: (2) > C  one can find a weak colimit j\J of F with the

property that colim C. (Xj F'ftO ̂ C-CXj N)/  Where the

isomorphism is induced by C CX) IP')
and ff*/} f f b 1— > /\| is a structure map.

example -3.

All objects of h o C W  are ^-definite.
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Theorem 1.13.

Let C be a category such that,

(i) C has coproducts,

(ii) C has weak pushouts,

(iii) There exists a left adequate, ^-definite 

object A  of C.

Suppose that F:C— >Set# is a contravariant functor 

(where Set* is the category of pointed sets) such that,

(i) P U L X ^ U F C X J ,
(ii) F takes weak pushouts to weak pullbacks,

(iii) for each functor  (where /3

is an ordinal) iim F ( l J  is surjective

where is a weak colimit of F.

(Note that if a category has coproducts and weak 

pushouts, then it has weak colimits. If f-(LS)—
<yy^>

then it is surjective for any weak colimit of F.) 

proof

The proof of Theorem 1.13. will follow immediately 

from Lemmas 1.14. and 1.15.

Ffc,
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Lemma 1.14.

If Y' is an object of and ye F L Y ) then
there exists — > Y  and y  ̂  ̂ '^('1 sucl1 that,

(i) % . : C A j Y J  > F r(A )  J  is an
isomorphism, where (^)=. f~( is the Yoneda

transformation induced by 'ŷ

di) F(f)y = y.
proof of Lemma 1.14.

Let Y,yVand Y = Y11(11A)
exists y *6 P ( Y V  such that p( =  (where
C i \ /~— is the canonical injection) and -frtfty]

f Jq  I I ' ¥r

[ A . Y ’J  to F(A) is surjective. Construct Y  by requiring

that

i

Jlh,

Jih* : T ----------->
-<5,

FChjy’. H ^ y 1

be a weak coequalizer.
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Since F takes coproducts to products and weak 

pushouts to pullbacks it takes weak colimits to weak

limits . Furthermore F Q l ^ y ^ F C l i h ^ y i
Therefore there exists F ( Y ^ )  such that

p (  ^ y 1 Define inductively 'j' and^ !
y'’e FC^Y such that ) y f,j~ y fi for
p,'</3“< fi> by requiring

Jill,
I L h

RMy'1'
to be a weak coequalizer for nonlimit ordinals /3/-W

I \ z P ‘If fb is a limit ordinal let / be a weak colimit

of £ J y  j( "I and y Y  F C f pl)  an element such

that F(V) y A = 7 ' ^
L e t I :  P  t’C  be the functor constructed and ̂  X

weak colimit of such that  ̂Y  ) co^*m ^

T a K ^ y ^ F t V
F (Fli‘)y=/i3‘ where p'.'yY>Y 1

A
to be such that

is a structure
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map. Taking fr" "5" we see that F { s>)y=y Comutivity

CAJ'I
of the diagram

-> LA ,Y

assures us that y^_ is surjective (since was).

To show injectivity let 6j, be such that y ^  ̂  - Y^. 0 ^  ,
Then there exists an ordinal [2> < such that - 0*

i t
1 - 1 , 3 . .  But then A,+( 3 ^ ft'

)

q  -  ,J t J C> +1 V  I
Lemma 1.15.

> Y 6A  Vj V and hence

3,= 5 = 9 , ./3̂ / fi> °c

if ^ 6  ob CL. and yzFCLf) are such that 

y j  Ea,Y]~> FM) is an isomorphism, then 
v  / r _ ,  V ] — ^>F(_) is an isomorphism of functors.

proof

First we will prove sur jectivity. Let olo C, and 

X£ F(X) Consider V | / X , By Lemma 1.13 there
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exists ) y W p ( V /)» ^  ' XJ-L Y  such that

F ( f  )/«= ( X ;y  ) and y ^ |  C/sJ;Y ^ - > P ( N )  is an 
isomorphism. On considering the commutative diagram

CM,YMC(4,XiiX ■> c t AY,

F{A)
one observes that ' Y  — > y u  y — >  y  is an 
isomorphism. Let 0  be an inverse of this isomorphism. 

Thus F(9)y-=y' and F(f f ) y*~ x  Where / ! Y — > X  It Y  

Therefore F(5^"i ) y = X  and hence is surjective.

To show injectivity suppose that

are such that Y# £,= $) >''e ' F ( . \ ) y  = F C f y y ,

Consider the weak coequalizer

&
A ■> V

Then
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F V U  
I F ( Mf---

/
f
FW)

is a weak equalizer and since ccz,r)->F(2)
is surjective there exists h » zl ^ 'Y suc^ that

RtfFDty = y  

F f t U  7  ~ 7

Now consider the natural transformation,

It is determined by an element of F C Y )  and this element

xs Therefore

y#cu,*>») =  y # and hence y *  C c a , h i) = y *.

But since V  is an isomorphism £  (/4, A 3 ) is to° and/ X~ i a

therefore l)^ is an isomorphism. However an<*
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thus

Cor 1.16.

Let CL be a full subcategory of C. such that,

<i) A  is an object of (_/

(ii) C L  bas products and 

preserves products,

(iii) CL bas weak pushouts and \J~i C c—>C_ 
preserves weak pushouts.

Then
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2.1. Preliminary remarks.

The following lemma of Bousfield 3 will be 

useful in verifying the solution set condition. For 

completeness I have included a proof.

Lemma 2.1.

Let P be a cocomplete c a t e g o r y  Sets

a functor that preserves small filtered colimits. Suppose 

that there exists a set of objects K  such that every 

object in |D is a small filtered colimit of object in Ks 

Let us denote by /_ the Set of objects X  such that,

(i) f ( X ) = *
and (ii) X  ~ colim F  (i) (where I ranges over

X  __
those filtered sets such that cardj_ ^  and 

an infinite cardinal such that for every ^ 6  /<,

Then everyo bject 2  Such th<\f T ( z) — is a smallis a small

filtered colimit of objects of L_»
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proof

Let «X and L_ be as above. Let X  be such that 

/ 00 - and X "= colim f~ (j) where J is a 

filtered set and p (j ) 6 /<_ « I claim that, for each 

subset Qr S. J ~  such that card Gr ^oC, there exists

a filtered subset j-j of J~ such that,

(i) &<=. H
(ii) card

(iii) colim p ( A ) = )f
H

The lemma then follows immediately since =■ colim (coliri F(hi)
Hcj- heH

where (-j runs over the set 'Jsj of filtered 

subsets of satisfying cardl-ĵ .̂ / and colim pCk^-Y.
H

which, by the claim, is a filtered set.

To show the existence of j~j I will construct a 

sequence of filtered subsets ~ '  '  )

such that

(i) 6r£Hi

(ii) card

(iii) colim p(K)—^Cohnn P(^) i i  f n  vial.
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oo

Given these one need only take H  ~ LJ ̂ L e t
/*J

= filt G be the smallest filtered subset of J which

contains G. Since card f~f ^ ok it follows that

card colim TFt/i)^^ , For each element £  of
_

colim F (/)) choose a representative X <£ /~ ( A,f ) and an
bjj I —  /; 7~ t~ L s  relement k) such that j and

v _ (
<hj°)-- ^ TF(foj®) takes X  to ^  Let be the

by K  u  £ iir I C o l ^ T F M l
1 -heti, J

TF

filtered subset generated 

and proceed inductively.

2.2. Primary examples.

Example 1.

Let j ^GroupsJ----> Sets be given by

T(f) = Her H f( f , R ) V  Coket- (f c: ck e  t H ^ (f'R)
(where the groups in question act trivially on the module 

R). Since H ( ,R) commutes with filtered colimits and
n -

finite limits commute with filtered colimits in the 

category Sets* one sees that T commutes with
filtered colimits. Thus, taking K=f_2 j f.g.Groups^ 

application of Lemma 2.1. shows that the set |__ consisting 

of all morphisms satisfying,
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(i) Hj (~$-,R) is an isomorphism,

(ii) H~ (4-,R) is an epimorphism,°<
(iii) card codomain 5r^o( }
(iv) card domain

(where oî  is an infinite cardinal such that c a r d ) 

has the property that every morphism 0  which satisfies 

Hj (5 »R) an isomorphism and (5 »R) an epimorphism, 
is a small filtered colimit of objects of L_,

Example 2.

Let T: )_2 ,TT- ModuleJ ? Sets (where TT is a

group) be given by,

T(4-) = her f~t0 ( 7T,f) V  coker //̂ (77 ,-f) V  c o k e r ( JT} S~) . 

Taking K = £ 2, ^>5'7T~—  Module] one sees as in example 1 

that the set j_ consisting of those morphisms satisfying

(i) (TT'S-) is 311 isomorphism,
(ii) H | (7T,̂ r) is an epimorphism,

(iii) card codomain

(iv) card domain -$■

(where is an infinite cardinal such that card TT )

has the property that every morphism 0 with f-f- (JT} f) ) an
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isomorphism and Hj(TTj 3  ) an epimorphism is a filtered 

colimit of objects of L_ »

Example 3.

Let T: ĵ 2, I C V v O  ^ Sets (see Q  Preliminaries.)

be given by T(-$j = ( \ /  ke.t h ’ G ) Y v ( v  Coker h-(£))
x U-oo ' k i=~cp 1

where is a reduced homology theory which satisfies

the limit axiom. Take K =  ̂finite c w j  and let

be an infinite cardinal number such that card ( s ' h o i .  

Then Lemma 2.1 assures us of the existence of a set 

of morphisms such that,

(i) L(i) is an isomorphism,
/ r

(ii) #  domain

(iii) ^  codomain-j-

(where is the cardinality of the set of cells of X)

with the property that every hy.~ isomorphism f  o f  

Hcfr)( *CM/ ) is a filtered colimit of objects of /— «

2.3. Definition of localization.

I will now give independent constructions of the 

an^ localizations of Bousfieldjf2J  These
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constructions will all be made in analogous manners, by 

application of Theorem 1.9. However before doing so I 

will give a brief discussion due to Adams and Bousfield 

£l 2̂ } of the meaning of localization.

Let (2 be a category and ^  £:Hom£ a class of 

morphisms.

Definition 2.2.

An object X  of CL will be called £ -local if 

for every -$■: X — > 'Z- where -$-<£ S  we have

C(£,X) : C (Zy X) — > C(Y)X) is a bijection. We will 

denote the full subcategory of £  -local objects by /_

Definition 2.3.

Let <J~: L<>C.c— >CL be the inclusion functor.

We will call £ localizing if there exists £  • C - > L SC  
such that t  I <J~ an<3 in that case we will call £T X  

the S  -localization of X

Lemma 2.4.

If X  is $  -local and O  is localising, then

F X  \s ̂  snd tiliG isoinorpliisin is c^iv©n by tin©
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unit of the adjunction. 

proof

is characterized by the property
A

that for any where Y  is ^  -local there exists

a unique map <0 : )(— ;> 'Y such that

V
Y

commutes. However JIJl^ satisfies this

universal property. Hence / and are isomorphic

as maps.

Cor 2.5.

If 5 is localizing, then we may choose such 

that ^  -for

2.4. Calculus of fractions.

I would like to recall the notion (Gabriel-Zisman 

[l2j) that a class of morphisms admits a calculus of left



-36-

fractions. This notion will aid us in the detection of 

^-local objects. Later we will see that the properties 

of admitting a calculus of left fractions and of being 

localizing are closely related.

Definition 2.6.

In a category (2 a class of morphisms ^  is said 

to admit a calculus of left fractions if:

(i) ^  is closed under compositions and contains the

identities of (2*

(ii) Given X  <i— ~— X >  a diagram in (2 with

£  (£ ^  there exists a commutative diagram

with S

(iii) Given

5:5- 5y S and $ €  S

such that 

then there exists

such that S; \  •
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The following lemma of Bousfield[^Q is easily proved. 

Lemma 2.7.

If ^  admits a calculus of left fractions then the 

following are equivalent.

(i) D is ^  -local.

(ii) Each morphism !)(-'“'* Y  in ^  induces a surjection 

Horn (S »D) j Horn (Y D) — $> Horn (X,D).

(iii) Each morphism £)•->> Y  S  has a inverse.

2.5. hf -Localization of ho J

Let be a reduced homology theory which

satisfies Milnor's Axiom. Then determines a homology

theory on the category of pairs of spaces /YJ. We will 

denote this theory also by Let ^  be the class of

morphisms of which are isomorphisms. This

class determines the full subcategory of

-local spaces. We will use Theorem 1.9. to construct 

the Bousfield localization^^] corresponding to h\̂ _

The difficult part in the application of Theorem 1.9. will
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be the verification of the solution set condition. For 

this we will need to use Lemma 2.1.

The technique used to verify the solution set 

condition for the -localization of spaces will be 

adaptable to getting the solution set condition for 

Bousfield's 2J  HR-localization of groups and HZ- 

localization of Jf -Modules. I shall show that 

application of Theorem 1.9. (or Freyd's adjoint functor 

theorem) implies the existence of the HR and HZ 

localizations.

Before verifying that <■-- >

satisfies the hypothesis of Theorem 1.9. I will need the 

following lemma of Adams £lj.

Lemma 2.8.

bet h*. an^ S  be as above. Then ^  admits a 

calculus of left fractions (see definition 2.5.).

proof

(i) is obvious. For (ii) note that by using 

homotopy equivalent C \a/  complexes and taking mapping 

cylinders we may assume without loss of generality that
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and 6  are inclusions of subcomplexes. Taking

X t f T X3  we get ' x3  } = M * ^ 3 >*)=
h  f  and hence

(X^— > X ^  ) € 5  For (iii) once again we may assume
that 5  is an inclusion of a subcomplex. Then

C y l J S p o o l o  where

S p o o |  = o

C y h l ' K /

Take to be the right hand vertical map in the pushout

diagram

S  pool *X:

C y l
V->x,

f
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where bj l x X j — S'i h  IJ-̂

is a homotopy between 5~0S ar\c{ ^  S

Thus Lemma 2.7. assures us of the following simpler

criterion for h o Y f  to be /k -local.zf*

Lemma 2.9.

X is -local if for every — isomorphism 

h c ^ d j X )  is surjective.

(i) L s t h v ^ y )  has products.
t o \The usual product in no J yields a product 

in L ^ ( h o ° y )  since h o Y f  (i'jTT ) - // )
is a bijection if *Tj ^ is»
(ii) L  S C h o ° j l  has weak pullbacks.

In order to show that ) has weak

pullbacks we will need the following lemmas.

Lemma 2.10.

Let i : Y 0-~^yI be an j^-isomorphism. Then

1 M  is an -isomorphism (Connectedness assumptions 

are not needed here.).
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proof

We may assume that *lA is a c w  complex. The 

argument will proceed inductively on the skeletons of 

Clearly / / \  K T  is an -isomorphism. Thus

TAQx i  is an /l. -isomorphism. Suppose that £•/ X r
TV

is an -isomorphism for all , From the pushout,
Xr

n+l

A
nil

■>1Ah

V
- > M

n-H

We get the pushouts
/Hi

X

v

n
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Using the Mayer-Vietoris sequence we see that (A X'jr

is an isomorphism. Therefore L ) =!#•
/) (colim = c o l i m / i i s  an isomorphism.
•X— 4"

Cor 2.11.

Let 5" be an —  isomorphism. Then 1A

is an isomorphism (No connectedness assumptions

are made here).

proof

Since is an /]^" isomorphism the result

follows by considering the long exact sequence of the 

pair ( T A x y ^ u v Y ; )

Lemma 2.12.

If -T- is an If) ~ isomorphism and X is n v —  local,/ iq. >■#.

then^ ,X) is a homotopy equivalence. (Note that

) is the function space of pointed maps).

proof

( h o ' V  ) ) is adjoint to
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Cor 2.11. is a bijection. By 

Yoneda's lemma 3r<f,x> is an isomorphism.

proof that 5 ( ho ̂  ) has weak pullbacks.

Let x ~ >  x-„ be a diagram in

L s ( k o ° r ) .  We may assume without loss of generality 

that S'* are fibrations. Let

X

— 'be a pullback in J  « This will yield a weak pullback 

in ho ("^Te We need only show that X is l°cal

Let ’T|
the diagrams

be an —  isomorphism. Then
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J  (Y;X
V

^X- A)

i )

of compactly generated housdorff spaces (not necessarily 

connected) are pullbacks and Ĉ T ( 7 *j6'* ) are fibrations. 

If we knew that was a homotopy equivalence,

then since ( Yf fX3 > = ( > <7 /j ̂ 3 ) we
would get the result that V ,  is A ~ local* However

tF

) are homotopy equivalences. It then 

follows from ̂ 8 ]] that is a homotopy

equivalence.

/ i(iii) Idempotents split in L s  ( ho J  ).

Lemma 2.13.

Retracts of k —  local spaces are /j—  local'#• #■

proof

Let X — > Y ~ ^ X  define a retraction in A o ^ T

where ^  is local. If -£■ is an isomorphism
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We get the commutative diagram.

(VirXz,/)— > (titty)

Where the horizontal compositions are identities and the 

center vertical map is a bijection. An easy diagram 

chase assures us that ^ ( ^ X )  is a bijection.

Therefore X  is h^~ local.
The verification of the fact that 

j'iLs Cko<y ) ^ h x  preserves products and weak 
pullbacks proceeds immediately from their constructions 

in

Before I verify the solution set condition I should 

like to point out the following property of i°cal

spaces.

Lemma 2.14.

Let X  be 311 hftty' local space. Then (TJ^X )
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is —  local (Note that may be neither

connected nor of the homotopy type of a CV/ complex but 
the above terminology still makes sense).

proof

Let be an isomorphism. Then since

is adjoint to (hfy){.'9AUj X )  which

is a bijection, the lemma follows.

Cor 2.15.

If denotes the component of the

constant map to the base point, then V )°

an local space.7T

proof

The corollary follows from the lemma with the 

observation that for N /  connected

(iv) The solution set condition.

The following two lemmas will be needed to verify 

the solution set condition.
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Lemma 2.16.

Let X  be a C V X  complex and /\ a proper 

subcomplex of X such that /> (X/\ ) - 0  Then there
7r '

exists a subcomplex J3  of X  such that /\ j

and hfr A h ) ~ 0  (see Lemma 2.1, ex. 3.),

proof

Consider the category fK^ of subcomplexes of X  and 

inclusions, and the functor j :fj<̂ — ^ Sets defined by

Then lemma 2.1. is 

applicable with f\ = ^  finite subcomplexes of 
Thus X  is a filtered colimit of objects of £_ (see

lemma 2.1.). Therefore we need only take 0  = f~C/J f°r 

some index / such that 0(}) contains some cell not i n X

Lemma 2.17.

With X and /\ as in Lemma 2 .6 :

(i) If X  is connected we can choose 3 to be
connected.

(ii) If /\ is connected we can choose /3 such that

is connected.
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(iii) If both )( and are connected we can 

choose /3 such that both and $S)G> are connected.

proof

For (i) repeat the proof of lemma 2.16. but now 

take 11<̂  to consist of the connected subcomplexes of 

^  and /\ = ^  finite connected subcomplexes of

To show (ii) , take a vertex V  in /\ , For each 

component ( ) «  of choose a path f°» from V to

)f that is cellular and lies in the one skeleton 

of f\ Then (}! =((JPj)u 3  suffices.
For (iii) choose 3  connected and then use the 

process in the proof of (ii) to construct /3 ^ which will 

be connected.

Lemma 2.18.

With the hypothesis as above.

If y( has a base point (which we assume to be a 

vertex) and /\ contains this point, then we may assume 

that J3  contains this point.



proof

Apply the process used to show (ii) Cor 2.17..

Lemma 2.19.

Let y( be such that ( /) o ̂  ) ( ijX ) is surjective

for all 1 L c t>K)£ i C W -  with K  connected,

#■ and /"1^(K,L.)» 0  Then ( \\o°J ) ( / y X  ) is
surjective for all ) \ i_!j---)<c/ with j J<J connected

and }! l ) - o

proof

Let : /J -Then I will construct inductively

^  ̂  |\/| ^ where /3> is an ordinal

' ' V * *  , K '  and Mp.fi N p  W
Such 'Hiaf'

(i) = ̂

(ii) $-/s | M p '  = ' V  Z3 '^/3,

(iii) ( I n i #  M f i  jVniess. perhaps

^ y1

Now take /3 such that card/3 > ^  Then ~7^3 is

the required extension of
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Let M 0 = ii and suppose 5 0̂,/ have been
defined for all /3 /<. * If is a nonlimit ordinal,

then since _ j  ̂U  ) ~  @  we have

hjf. CK j * Corollaries 2.16 and 2.17 then

assure us of the existence of A  such that 

/\ connected, A, contains the base point of f\ ^

^  /) is connected, (. ^  ^ — ^  and

• T h u S  ° n e  m a y  t a k e  f1fb~ ̂ fb-l
and let S~j2> ke an extension of
In the event that [5 is a limit ordinal take

and note that

^ ^ p.^}= K ( U  i *)■= c■o\m )y(r,ĵ )*•)=■o,,
By taking mapping cylinders, we see that to verify 

the solution set condition we need only prove 

Proposition 2.20.

Proposition 2.20.

Let Y  be a (_\\/ complex which is h^~~ local a n d X  
a subcomplex of Y  , Then there exists a subcomplex 

°f Y  which contains X, is /w" local and is such
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that zj-j- y 1 is bounded by a cardinal which depends only 

on y  and card Us*;
proof

As in example -3. ^p2. the set , consists of

the L -isomorphisms which are inclusions of subcomplexes 
* \(,, ^  c— _> /3 ) with /3 ̂  oL. (see Lemma 2.1. and

example 3).
Let /\ be an ordinal such that card A  ̂

I shall inductively define N)^ for < . \ in such a 

way that if /3 <  / \  then ^

Let y - x and consider all diagrams,

V

IX- h
\ /

Where f 6. Define Y  - Y u h m  where the union
1 °is over all such diagrams (note that r\[lljis a subcomplex 

of T ). Similarly we define / from ^  bySimilarly we define ^
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considering all diagrams.

P

1 A -
For limit ordinals B  define y  f=: (_J

, 1 P  & < &  '
Let Y  =  l {Y « .

\/ \/ Since every \ /----5> y factors through some j

it follows by construction that C \ A t  V )  is surjective 

for all ( ) } — > V ) t  L  Lemma 2.19. then assures us

that 'y* is — local.

2.6. HR - localization of groups.

In this section I shall prove the existence of the 

Bousfield HR - localization of groups 2 by using an 

adjoint functor theorem approach. To be more precise.

Definition 2.21.

Let 9  ' C~c >Cr. be a group homomorphism and R

a trivial G, module. We will say U H R  if,
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(i) H i (f,R) is an isomorphism,

(ii) (£,R) is an epimorphism.

Let G p C H R )  be the full subcategory of local groups

and ~J~i (jp (HR) t__ > (rp be the inclusion functor.

I shall show that the hypothesis of Theorem 1.9. are 

satisfied (or, equivalently in this case, the adjoint 

functor theorem of Preyd £l0,12~J ). The solution set 

condition will be the most troublesome condition to verify. 

The following lemmas will take care of all of the other 

hypothesis of Theorem 1.9.

Lemma 2.22.

(vp(HR) is complete and preserves limits.

proof

Let p  be a diagram in (yp(l$R) . Then Urn \JTF exists 

in (jp , Therefore we need only show that Urn J~f— is 

HR - local. However this follows immediately since

^  J F ) ~ Opi ij JF).
Since idempotents split in (jp the splitting of 

idempotents in (rp (HR) follows from Lemma 2.23.
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Lemma 2.23.

Retracts of HR-local groups are HR-local.

proof

This argument is analogous to that of Lemma 2.13. 

We will now show that the solution set condition 

holds for the HR-localization of groups. The argument 

will be similar to that of Proposition 2.20.; in fact 

Lemma 2.1. will play a parallel role. However since

and /Sjo(HR) are complete the argument will be somewhats
less complicated than that of Proposition 2.20.

The solution set condition follow easily from 

Proposition 2.24.

For every group (7 and homomorphism —>  &

S’ Uwhere is HR-local, there exists a subgroup of tr

which contains 5 <G-> , is HR-local, and is such that 

card ^7- is bounded by a cardinal number dependent only 

upon card Q- and card R.

proof

As in example -1 there exists a set of
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mo r phi sms such that H^(f,R) is an isomorphism, H-^f,R) 

an epimorphism and every such morphism is a filtered 

colimit of these. In fact since card R

for every finitely generated group, where ^  is an 

infinite cardinal such that card we observe

(Lemma 2.1.) that we may take _̂__  to consist of all

such morphisms f with card (domain f),

(codomain f)^  ̂  #

Let be an ordinal such that card^ > ĉ

We shall define inductively a sequence of subgroups

I suoh T  &^ '/3̂ ,<Aand then show that ^  ~ ̂ J  has the required
properties. /3<A

Consider all diagrams,

such that 0  £  1^ Note that since 

is uniquely determined by
£

 t '  Q r  ^  C r

is local f] 

Let
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L  e J ~  Gr", -  ( H  G)j U h  ( V )  ) where the union is
taken over all such diagrams. In the same manner define
if by considering all diagrams

U - » g -,

V V

For limit ordinals take # 9 Clearly
n

card (jyp, is bounded by a cardinal which depends only 

upon ^  and card Q- Therefore card is bounded

by some cardinal that depends only on ^  and card

where (-}! =  ( J  Q ?
/ ^ A  " /i

We shall be done as soon as we show that is

HR-local. Given 0 6  L  and '̂r ! ^  - > 6 r one

observes that ^  must factor through some 6 ' ‘ft and

therefore &p(§' &•* ) is bijective. The proposition
follows immediately from the following lemma.
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Lernma 2.25.

If G p f a j b - )  is bijective for all then

G p i ^ j G )  is bijective for all

proof

As in example -1, -$r = colim frj where* is a
J

filtered set and 4 - e L  In fact examination of the 

proof of Lemma 2.1. assures us that all the maps that 

occur in this colimit are inclusions. If

K:ion»jn ---■>£- then define Kj'frortl codomain'Sy

to G- by requiring the following diagram

to commute.

 — ---

K

CodoMcun'̂ rj   ) Or
i 1

Note that since is uniquely
V  ^  )
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determined. Let j l y .  -------> 6 j

map where . 5 ; / -  f 4 f

be a structure

d o m a i n  Sj/
j h'

\i/
C o oIcivuunS \

j j/

o m a  tf)

COcl o w m  9j

Since the diagram

JL ‘ $ °e/ r
ci OMiunjj/ —  ^  ^  (do^aM ̂r

tothiwndfj

1
K; v

O ^ C c d c i ^ a i n 5"CoJc>i*)aiA 5j '
j.

commutes one is assured (by the uniqueness of the ^  j/

that |<* • j j' =  K  y  Therefore ^  ^
. 4 /' y ^ J ̂defines a map codomain  such that ^

K * f  =  K
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‘l , ±Uniqueness of follows immediately since the * are\J

uniquely determined by K .

2 .7 HZ-localization of TT~ -Modules

I shall now exhibit an adjoint functor approach to 

the construction of Bousfield's HZ-localization of 

"JJ" -Modules l_2j.

Definition 2.26.

Let 5r:/'>| --- ~?M ke a morphism of JJ~ “Modules.I ^
We will say 5"^ H Z: if,

(i) H o ( T T , i )  is an isomorphism,
(ii) is an epimorphism.

As before we will denote the full subcategory of HZ-local

-Modules by M  o d  -jj (HZ) and ( H Z ) ~ > M a d j j -

to be the inclusion functor.

The verification that J~ satisfies the hypothesis 

of the adjoint functor theorem is completely analogous 

to the verification made for the HR-localization of 

groups. The only changes to be made in the arguments are 

to replace the categorical notions used in (yjo by these 

analogous ones in TT  -Modules and to substitute example -2
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for example 1. Note also that card

for finitely generated T r  -Modules i where is

any infinite cardinal such that card ~f j ^  Hence

we may take to consist of all -7- 6 //Z such that 

cardcfot^Airt^ card codomain £  ̂  ̂  „ The analogous lemmas

are,

Lemma 2.27.

\^\oA -jj (HZ) is complete and {J~ preserves limits. 

Lemma 2.28.

Retracts of HZ-local rr -Modules are HZ-local.
Proposition 2.29.

For every 7T  -Module 1 and morphism 

where /Ss/y|< is HZ-local, there exists a submodule of

j* which is HZ-local, such that factors through

and card |W is bounded by a cardinal dependent only 

upon cardf^J and card^Tf,
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Lemma 2.30.

If M  is such that M  Oclj]• ( % M )  is a bijection 
for all then is a bijection for

all i t H X .

2.8. The Quillen I construction

Definition 2.31.

One says that a group is perfect if it is equal

to its commutator subgroup.

Recall that Quillen's —  construction yields for

each and normal perfect subgroup

IT) X  a space and a map
such that,

u) ii](y})A=i>\
(ii) 7J is universal with respect to (i),

i.e. given h x — *Y such that
there exists a unique ^  j such that the

diagram,
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+

commutes.

If one considers the category ^  whose objects 

consist of ( /\ ) with X ^ h c ^ ^ and A a perfect 
normal subgroup of JJ. ( X ) whose morphisms are

( X such that a!
then (taking =• ^  ^ one sees that) }\oC?j' -*-s
embedded by ) ( |—  as a full subcategory

of (2 Furthermore it follows immediately that the

-j construction yields a functor - p  f ( --- ^  ftp J

which is left adjoint to the inclusion j ! h S J < i - * C  

Before using Theorem 1.9. to show the existence of 

the left adjoint — j—  to JJ” I will make some preliminary 

remarks about perfect groups.
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Lemma 2.32.

If and j2> are perfect normal subgroups of

Q r then ( A is a perfect normal subgroup

of 6 %

proof

Since (/j U f 3  ) ~  13 ° A ,  a“d & j A  are
normal it follows that (̂ p i A U  is normal. It is

perfect since /[. /3 £[/{• /\ ]' [/i'fbj/l'fil ̂  B

Lemma 2.33.

Given a group (3~ there exists a unique maximal 

perfect normal subgroup a jr ( y e

Furthermore is a characteristic subgroup.

proof

If one orders the perfect normal subgroups by 

inclusion it follows immediately from Zorn's Lemma that 

there exists a maximal perfect normal subgroup and
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Lemma 2.32. assures us that it is unique. Furthermore 

since homomorphic images of perfect subgroups are perfect 

one sees immediately that (. /̂ (t " for every
automorphism t

Cor. 2.34.

If /\ is a normal subgroup of (y~ then P  /\ is

a perfect normal subgroup of Qr contained in /\ (in

fact p /j is the unique maximal perfect normal subgroup

of Q> that is contained in ^  ).

I will now show that ^  0 P f  r ^  satisfies

the hypothesis of Theorem 1.9. and thus show the existence
^  i //of + ■

Lemma 2.35.

(i) has products.
(ii) has weak pullbacks.
(iii) Idempotents split in £
(iv) J  preserves products and weak pullbacks,
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proof
(i) follows by taking T n x / . M n v w ' )  

where j j ^ . is the usual product in ^^

To prove (ii) let ( X , A,) “ ^ ( X  , A g

be a diagram in ^  and let ^  be a weak pullback

of X l -“ —^ ”   X j  in h o ^ f  (we
l o «*• / - vr <̂ \may for instance take to be a fibration in j  and

to be tbe Pui;Lback in )  • Tben we observe that

rx3;P(TT|(i(r\ x a wea,c
pullback of ( X ^ W -------“  ( X ^ / U
Let (v̂  ) ( \ }  be an idemPotent in
and let split ^  in Thus there exist

5 ;V — > Y  and 5 ' Y ~  such that , e.
and fg is an isomorphism. It then follows that J J ( ̂  ̂

is a perfect normal subgroup of 777 (Y) and hence

C Y , 7 i ; a M )  splits ^
That preserves products follows from the

construction of products in h o Y T  and ( X  Therefore

we need only show that P f  k ^ r T T  4  ^  J ~ 0' ' I I I <A '
where



x-i
X

VX

-66-

5-;

is a pullback in and ^  is a fibration.

However by considering the Mayer-Vietoris sequence for 

homotopy groups we observe that

X X o  -^ker 7T.V, Aker/rX',
is surjective and hence |<er f) fter TT^

Abelian, thus f>( f a y  ̂  „  f a .  ~ f j ^ ) = 0

Theorem 2.36.

is

J ~ ! has a left adjoint*
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proof

We need only show that the solution set condition is

satisfied 

Let

for  ̂ / \  ̂  £  O  b  C  «
i

i  h-; ; S ^  X  J  represent a set of generators
for Then the set £  y], provides the solution

( \ ;/\) where yset condition for

by the pushout in

is defined

I

1 f\

y d9
161

r^  c 1where is the disk with boundary y) t
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III Localization 

3.1. Categories of fractions 

Definition 3.1.

Given a class of morphisms S of a category £  

one says that a functor F:£— >t> inverts j S L  

if PCS) is an isomorphism for all 5 0 ? £

Definition 3.2. 12

With ^  as before, suppose that there exists a

functor I; C —  — >£[$]1 which inverts £  such 
that given any functor p" J ^ i nverts

there exists a unique functor ^  ^

Cls] —*X)( suoh that &r-f
Then one call a category of fractions

of - -i-/
Notice that if l i t ------ » C^/-/UJ exists

then it is determined modulo a canonical isomorphism.

I would like to recall the following facts 

concerning categories of fractions [12].
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Theorem 3.3

Let be as before and suppose that,

(i) admits a calculus of left

fractions,

(ii) for each object ^  of

there exist a set S y  of morphisms of with

domain which is cofinal in the class of morphisms

of ^  with domain That is for each

( s i X — ? Y ) e $  there exi3t 5 ' e £ x  and 24

such that ^ 1 — 2A>S *
Then F  I exists. Furthermore

C f s r  has the following description:

u) ot>e.c$r,*okt
(ii) Morphisms of er $r can be

represented in the form JT ( ̂  ^  (. *5 ) 6 6  ̂
(thus we will denote them by (_ 0  6 )^

d i i) If C6-, ) =  ( f ilJS_J )
there exists 0  and 0  such that 0  ^ _ (j ^ ^

then
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Y
z

(iii) The composition

may be calculated by 

(use (iii) definition 2.4.) completing the diagram

and then setting 0  and 3“ S $
3
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Definition 3.4.

Suppose that I : e — e r a  exists. One
calls the class of morphisms which are inverted by 

~J~ the saturation of and denote it by Sdif/£)

If Sat£ then we say is saturated.

Notice that if m r exists, then

c c ^ s r 1 ex i s t s ' in fact c m  ' " C c s i 1

3.2. Definitions and summary of results.

Definition 3.5.

Suppose that is a reflective full£
subcategory of with reflection 0ne calls

the class of morphisms of such that is

an isomorphism the closure of and denote it by

i(e‘)
Definition 3.6.

is

is
One says that a subcategory C  "  £

closed under isomorphic objects if whenever 

isomorphic to and is an object of ^  then

is an object of ^
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In sections 3.3. - 3.6. we shall be concerned with 

showing the relationship between full reflective 

subcategories and categories of fraction. It will be 

proved (Theorem 3.21.) that £ ( - )  defines a 

bijective correspondence between the class of full 

reflective subcategories of which are closed

under isomorphic objects and saturated classes of

morphisms ^  such that T : t — > C [ S 1
has a right adjoint. Furthermore the inverse of

|ô  ^ is given by j  ̂  ̂ (see 2.3.).

The proof of Theorem 3.21. will involve us in the 

verification of several details which will give us much 

more detailed information concerning the relationship 

between categories of fractions, localization and 

reflective subcategories than is stated in Theorem 3.21.

In the final section Theorem D 1.9. will be used 

to give sufficient conditions for the existence of a 

right adjoint to ~j~ 1 ^  which by
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Theorem 3.21. gives sufficient conditions for to be

localizing. That is (Theorem 3.22.), if ^  is a 

category such that has coproducts, weak pushouts,

idempotents split and ^  15 a class of morphisms closed 

under coproducts and satisfying the cofinality condition 

of Theorem 3.3., then J T  J ^ 3 ri^ t 
adjoint.

Theorem 3. generalizes two results of Deleanu [5, 6 ] 

one of which is a similar theorem for cocomplete 

categories and the other is concerned with hoCV/.
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3.3. Reflective subcategories and localization,

I will now show that ^ ^  ^  w^ere :*'s
a reflective full subcategories which are closed under 

isomorphic objects.

Throughout this section I will assume that is

as previously stated. Furthermore since is full we

can assume, for convenience, that the reflection A? 

restricted to ( is the identity.

Lemma 3.7.

Let ^ 2T be suci1 that*5̂ -^- is an

isomorphism and suppose that ^  is £ ( C ) ~ local 
Then has a left inverse ^

proof

bijection

Cor. 3.8,

Let ^  correspond to J

*“ £(V,Y) ^
V  / 0 the

Suppose that £‘Y—*Z is such that i
an isomorphism and ^  are

is

local.
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Then is an isomorphism.

proof

By 3.7 there exists 0  such that

However = 1  therefore 0  has a
left inverse. Thus Cj is an isomorphism and so is

also.

Lemma 3.9.

Objects of are —  local.

proof

if X  is an object of and is such
that is an isomorphism, then commutivity of the

diagram,
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g(TV)< m,x)—  CUA)
/N

£C7i!r,y) a / c n - ,  \i—i-J— (!Wz,x)

, where the vertical arrows are the bijections given by 

the adjunction, implies the lemma.

Lemma 3.10.

If ^  is ^  local, then ^

object of ^  ̂

is an

proof

consider b  • ^ S i n c e  TV): is'X
an isomorphism Ji is an isomorphism.

/ y
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Proposition 3.11«

The local objects are precisely the

objects of (^Jf

e c e ) admits a calculus of left fractions,

e'Throughout this section will be as in 3.3.

I will show that admits a calculus of left

fractions and satisfies the cofinality condition of 

Theorem 3.3. Therefore e g c e o r  exists . I will 

then show that saturate^»

Lemma 3.12.

£(£') admits a calculus of left fractions 

(see definition 2.4.).

proof

(i) is trivial. To show (ii) let 

X /  ~S~~ X ™ ' 5’ be such that is an

isomorphism. Since ^^(^7 * &n •*'somorP^i;*'sm
there exists 0  > such that the diagram
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IRS

X3

=X

'R’V
R x *  R xA

-7”;r \3
commutes. Adjointness then assures us that the diagram

X.
9

3
commutes.

■»

v x*

K x
9

xx3

ir
suchFor (iii) let V - ■ — -----------0 ^

/'a—  ----’> / ' }
that 13 <j is an isomorphism and =  0  £ Thus

^ ^  S " ^ ? 5 ^ ? ^ and s^nce 311 *somorPk:i-SIn
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Commutivity of the diagrams

X- x~ 6

% x m

‘3 / 'A

&
assures us that

Lemma 3.13.

V\Y
\ $ = V ^ ci

■%k
f t

-71t o 3

With and as before, the class

£ L C )  satisfies the cofinality condition of 

Theorem 3.3.

proof

Let S x -(s;x->y)̂ce';then v (iw:'>7y)$
We may now construct T  » /I /p, iv. , ' A*n -1X ro,rjA]
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The following lemma assures us that S(e') is 

saturated.

Lemma 3.14.

Suppose that is a reflection

and ^  is a full subcategory of which is closed

under isomorphic objects. Then .') is
saturated.

proof

Let ( ̂ . Id) be an isomorphism. Then there 

exist ( . £ ) such that ( ̂  $ ) . ( ̂  , I  J  ) and

5^ are identity maps. However

(<!,$)('rjlJh , S ) ,  there exists 
h, such that h, $> -  £  |? ( £ ' )  and

since s>^£(.£') both K
and are e^eiments °f ^  (.(2.*) Let "5 an^
be such that and = S *5 “ Thus

—  ̂  V  5  ^  analogoUS ar9ument
assures us that (y ^ Therefore

^ •  ' ^ 0  axe isomorphisms.
Hence ^  is an isomorphism.
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. 5 .  r . £ — >[£(£')j
- 1

has a right adjoint.

Suppose that t'e and are as before.
' jQl

— ->CLLet the functor £■(£'): erae1)] be

defined by requiring that the diagram

/
is thecommute. If

Cl

is the inclusion functor,

than j ^ ( e > v J E ' ( . a )

Lemma 3.15

I- F~
proof

Let be the unit of the adjunction
*6.
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n — IJ  L.t £ ;r {£(£')— > L A ece^ >r>
be defined by £  ■= ( "P O'! ^ Since

E(e')l=jR
*7 ; T d ( c _ -------------- > £ ( £ ' )  'X. “  is easily shown
that (JVJ £  ̂  are then unit and counit of an

adjunction •

Proposition 3.16.

If is a full reflexive subcategory of

which is closed under isomorphic objects, then 

admits a calculus of left fractions, satisfies the 

cofinality condition of Theorem 3.3. and is saturated.

Furthermore 1 : 6 -------- » C r e t e ’))' has a right
adjoint.

I would now like to point out the following 

relationship between ^  anĉ

Proposition 3.17.

With as before, the functor

lE(G') '(S[€(Cj) is an equivalence of
categories with inverse IJ.



proof

defines a natural transformation 
.1,r̂)t' IJ (o»  ̂IE.(£*) *X J" such that &■')

Since ^

¥j* is an isomorphism. Thus we need only show thatXI J  is an equivalence of categories. Since

each o b 3ect of G E & L 6 . ' ) ] 1 is

isomorphic to an object in the image of I J .

Furthermore since the isomorphism

e [f call i j x ,i jy) » c  ( J \ m i n y )
'V/v

£(X,Y)
is induced by IJ" we see that I J  is an
equivalence of categories.

3.6. Categories of fractions and reflective subcategories,

To complete the proof of Theorem 3.21. we need only 

show that I . f  ) is a reflexive subcategory for
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^  a class of morphisms of such that,

(i) * exists,

(ii) X ' £ --------------------- has a ri9ht
adjoint/

(iii) A.S^ is saturated.
Throughout this section we will assume that ^

satisfies the above conditions.

Lemma 3.18.

is the unit of the

adjunction J~.______________then 7j

isomorphism and hence an element of ^
*x

proof

Let £-‘I S  > I Jew the counit
of the adjunction. Then C  __ „ „ ~T yi —  T~ 1 end
<H . -  - l ^ I X
S t y  =  1 cl $‘ Y If we let £? =  ! > ]
then •*las a left inverse and we need only show

' ^  >othat it has a right inverse. Naturality of Q\ assures

us of the commutative diagram
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i sr- £ Y -> r
*76<

T  Vf-

i s i s y — -^isrj-ix
Therefore,

Lemma 3.19.

$x tY = i££r =l£6r'i:vyr
=I(&. r ^ r )
-  £{gy

With as before, £  ̂  ',S £  ^

proof

Let 5‘Y Then the commutative diagram,
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ecsr'trz.y)

\k

m r t r r x )

* C C z ,  six)

&5.Sx)

\k

* e i u x )

assures us that e c ^ ^ x )  is a bijection.

Since S x  is l°cal we may define a

functor ^  I £ ----- > L g ( £ . )  by
The next lemma will then complete the proof of Theorem 3.21,

Lemma 3.20.

. K— < JWith the notations as above, r \ — f where

is the inclusion functor.j:L5(e)o_»e
proof

Let ~̂ j and be the unit and counit of the

adjunction 'J'—  j Then they define



-87-

and

which one sees easily are the unit and counit of an 

adjunction

Therefore theorem 3.21. follows.

Theorem 3.21.

) defines a bijective correspondence 

between the class of full reflective subcategories 

of which are closed under isomorphic objects and

the class of saturated classes of morphisms such that 

~J~ I ^ |  ^aS a r^'^t aĉ  joint. Furthermore
the inverse of ^  ̂  ^ is given by ^

3.7. A sufficient condition for the existence of 
localization.

As a consequence of Theorem 3.21., Theorem 3.22. will 

give us a sufficient condition for the existence of a 

localization. Theorem 3.22. generalizes a result of 

Deleanu for complete categories and will be proved with 

the aid of Theorem D 1.9..
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Theorem 3.22.

cLet be a category such that,

has coproducts,

C.2- has weak pushouts,

C3- Idempotents split in ^

$>Let be a class of morphisms of

such that,

fractions,

51- ^  is closed under coproducts,

5 2- ^  admits a calculus of left

5 3- For every an object of

there exists a set such that,

(i) if then domain $*X,*>X
j x  is

morphisms of ^  with domain

Then ^ has a right

adjoint
The proof of Theorem 3.22. follows from Theorem D 1.9, 

Verification that the hypothesis of Theorem D 1.9. are

(ii) Sy is cofinal in the set of
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satisfied will be a consequence of the following Lemmas. 

Lemma 3.23. (Wedge Axiom)

Let ^  ^ be objects of ^  and

K- : X r
Then

C C S3- tr (iLX;)/Y) '»J]CiSTU X;Y)
re s-^— r - l ^  are the projections.where r  r“ 7 * I f 't ^ are the Projections,px-euj (i u .o.y;

'I'j
proof

Let ~ ( ^7 ) ^1^ be morPllisms from
to Y  in n r g l  Consider the map

> y< ‘Pj >-LLY — Ŷ in ,C L SJ de£inedb* X\7 -lUl^ ‘X(-LL-Y;)where X7
the folding map.

Since admits a calculus of left fractions

one can construct the diagram,

xs
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ULS; S

_LL̂ ; vk M/

V
where It then follows that

However from the diagram,

eUli)k;

one observes that,
> J) '~Z-;->J12
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= C£Ciî )kj, s)

Note that (p*^ depends only on m  and not

the representation of (j). For if ^ S ’ } ̂  ( 5"' S '>)
then there exists ~t~l such that ~h C , _ 4-# r /

i ( / ) / 'I J r 11 j
and f. $. =  #

Therefore ) ( J i  ̂  ) = ( i l  f  / ) (

Hence(ii^hii.s;)=(ii^;us;.). x
(Pfo' - ^  , 1 wi H  show that ^

Represent ^  by ^  -S) * Then,

^ f V ^ s x i v M H - . s ;

Let

and

From the diagram,



iiS
M' y  ^

 >ZI
one observes that,

Lemma 3.24.

I)

=  (V-_LL ft;, S')
= (*, s).

P J3/S3 preserves w e a k  

pushouhs

proof
Let the diagram,

I* 7
Z_ *--- >17
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be a weak pushout in

and KVl̂   ~ > T  bS sucl1 that
^ Q S')58 ( w h  $H) Hence there exist

t':T!—>T" t":T—>T"'( s'iT^T'
and f j = f  tn

X
such that i~lS f~ t ' l5 ll€ . $

such that

Therefore
Hence there exist 7J — ^”]

and

(v,t'y)t CCSJXvfi,
(v.f y ) i k - u , s ' ) - “  ("'/).

is such that
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To complete the proof of Theorem 3.22. we need only

I ' . e — ?ersr'show that 

solution set condition. Let

satisfies the

^ t e w r c x ,  y )
be represented by ( / 5 1  ̂ ,

Then there exists J ̂ 7.------7* '2_m such that

■ W S 6 g y  I f we let /3 =: ( X  cX/r* ̂  ^ )
then from the diagram,

one observes that Those
-7  /objects which are codomains of morphisms of /S)y

form a set. Thus the solution set condition is satisfied,
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