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ABSTRACT

The Representability and Adjoint Functor Theorems
of Freyd[lo,lé] have proved to be useful in the functorial
construction of objects in complete (cocomplete) categories
that satisfy prescribed universal mapping properties.
Brown's Representability Theorem [4] yields necessary and
sufficient conditions for the representability of contra-
variant functors on the category'AoCV/which is badly
behaved with respect to limits. Brown's theorem was the
first to study representability in a category lacking
limits.

Recently there have appeared several constructions
[},Z,QJ which yield adjoint functors. But there are no
adjoint functor theorems to explain their existence.

In I. generalizations of the theorems of Freyd are
proved.

II. is devoted to applications of I. 1In particular
the }))“HZ and HR-localizations of Bousfield are shown
(by adjoint functor methods) to exist. Furthermore the

existence of the H:Zand HR~-localizations are proved
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independently of the localizations of spaces. Also an
adjoint functor approach to the-f»construction of Quillen
is given here.

In III. the notion of a localization is discussed in
detail. With the use of Theorem 1.9, of I a generaliza-

tion of the results of Deleanu [5,@] are proved.
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§ 0. Preliminaries.

The following is a summary of notations and some
basic facts to be used. Whenever possible references

will be made to text books.

0.1. cCategory Theory 10,12 .

(i) . Representability.

If C is a category denote the set of morphisms
from X to Y by C(X,Y). Then C(X,_),C(_,Y) will be the

representable functors determined by X and Y. A functor

naturally isomorphic to C(X,_) or C(_,Y) is termed

representable.

Lemma 0.l. (Yoneda)

Let F:C-»Sets (the category of sets) be a functor
and X an object of C. Then the map g ng(]:d)() from
Nat(C _,X),F) (the class of natural transformations from

C(_,X) to F) to F(X) is a bijection.



(ii) . Adjoint functors.

Definition 0.2

One says that the pair of functors F:C~—»D, G:D—>C

are an _adjoint pair if there exists a natural isomorphism

A: (F_,_)——>C(_,G_). This is written F—{G and one says

that F is left adjoint to G (or G is right adjoint to F).

The isomorphism will be called the adjunction and if we

wish to stress-&-one writes F—>G.
By Yoneda's lemma F has a right adjoint if and only
if D(F_,X) is representable and similarly for G.

An édjunction determines isomorphisms
€ px PIF(X), FO)) = CX,GFX)
Ox x i DFEXX)—> C(EX,GX)
which induce natural transformations
called resp. the unit and counit of the adjunction.

Moreover, both the following composites are the identities

(of G, resp.F)

ciScFet e FBFCFESF



Theorem 0.3. 10

Each adjunction F-jzlfG is completely determined by
the items in any of the following lists:
(i) Functors F,G and a natural transformation77J:%f——>67f:
such that each hxzx~*9GFX is universal from G to X.
(ii) The functor G:D— C and for each X'of C an object
FoX of [ and a universal map 7)X:x-——-)GF:;)( . Then the
functor F has object function F and is defined on
morphisms A :x——-)x' by G_Fh-’qx:nx,.h
(iii) Functors F,G and a natural transformation
such that EyFGY——éY is universal from F to Y.
(iv) The functor F:C—> D and for each YeobD an object
GsYéobC and a morphism EY:FGOY-—?Y universal from F to Y.
(v) Functors F,G and natural transformations77;1;ﬂf—>é,f§
E}FG-—%ZIAD such that the composites (1) are identities.

0.2. Compactly generated housdorff spaces and C\f\/complexes
[9,13]

One calls a topological space compactly generated

hausdorff if:

(i) The space is hausdorff.
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(ii) CeX is closeJif CnK is closed for

each compact KeX

The category of compactly generated hausdorff spaces

will be denoted by "l > Note that’ j ‘has an internal hom

functor‘T: ’T"OQ‘T‘_;C»T i.e;T is cartesian closed.

Lemma 0.4.

, is complete and cocomplete.

Lemma 0.5.

(i) :]T:(X,cﬁa(Y, )) is naturally isomorphic to
T (xx¥,2) .

(ii) 1If s is the space with one point, then ‘ﬁ‘(*,x)
is naturally isomorphic to X.

Given 'Twe can also consider the pointed category
formed from”’ | * where we consider spaces equipped with a
good (i.e. cofibred) base point and based maps. In either
of these categories one has a homotopy congruence. Thus
one may consider the categories He'T: and hd [ which are
respectively the unpointed and pointed homotopy categories.

Denote by CW the category of cell complexes and
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'C\V/the subcategory consisting of those morphisms which

are inclusions of subcomplexes (cell complexes come with
a fixed cellular structure and all maps are to be
cellular). One also has the unpointed and pointed
categories of Cxw/complexes (where the basepoint is
assumed to be a vertex) and their respective homotopy
congruences. MoreOVer,fﬁvaVdﬁgHgT‘ and hDC:V/&é;hol '
as full subcategories.
If one restricts attention to connected Cyh/complexes, v

» . . ’

then those compactly generated spaces isomorphic in h01~\
- ’\/
to hoJ K (K connected) form a category heJ . ('\) is
Or C

enriched over "] i.e. one has “J:°) ’%f71<>’i (we are

considering everything now as being pointed).

0.3. Homology theory [7,111.

A homology theory will be a sequence of functors

defined on pairs of C\m/éomplexes which satisfies the
Eilenberg-Steenrod Axioms (except perhaps for the dimension
axiom). In addition we shall assume that hx_satisfies
Milnor's Axiom.

We shall need the theory h%_to be extended to objects

other than C}N’complexes. In this case we consider our
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theory as being defined by taking the singular extension

of one defined on C\W. The extended theory will again be

denoted by h% .
A reduced homology theory is defined only for pairs

(X, ). There is a well known process for constructing
a reduced homology theory from a homology theory and

vice versa. Again we will use h*.to denote either of

these.
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& I. Representability and Adjoint Functors.

1.1. Definition of the embedding and basic properties.

Let H be a category. We will denote by Lngl the
category of functors from 7} to H where J is the
category with two objects and one morphism between them.

Denote by EI the category obtained by introducing

the following equivalence relation. Given two morphisms
5=05,5,) =ad=(g9,)

< |
X ' Mo X >X)

I

L B oL j/3

N - \4 N 4

y—a2—y v % ¥
A I .

will say that $~§if p5=/39, Notice that H is a full

_/\
subcategory of H via the embedding )("f?]:dx,

»
Lemma l.1

-~
(i) If H has products, then [ has products.
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(ii) If H has products and weak pullbacks, then
A
F% has equalizers.

proof

(1) is trivial.

For (ii) 1let f,g:(X,ﬁiyY;)w~ﬁ>(Xﬁli>Yé). Since H
has weak pullbacks and products it has weak equalizers.

Consider the weak equalizer,
h, _Ph
=

We will show that ’1= (“\,)Ioly)
|

h
N
Ly,
Y Y
is an equalizer for %; and fao Since morphisms of the

form ( k}IJ) are monomorphisms we need only show that

every equalizer f]g=(ht)h;)}
hi N

X %

v lx

h’a .
I )
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factors through h=(h, ,Iofy ),

Let 5 be such that the diagram,

h N
X L—y X TBa 3
o x =Hy,

is a factorization of }ﬁ Since (p<}l)J 0{ h )) O(L\_

/ Y |
we see that (,h.) yields the required factorization.
Jeny

Cor' l C’2 Ld

AN\
If H has products and weak pullbacks, then f{ is

complete.

1.2 Detection of objects of H.

Definition 1.3.

call §=(§—‘)ﬁ) a proper epimorphism if 5'- is

an isomorphism.

Definition 1l.4.

a
If C:X—>X and € =¢€, then one calls ¢ an

idempotent.ﬁ One says that the idempotent splits if there
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exist ¥, 5,4 such that ¥:Y—»X, §:X—> Y and {g= e’)gg—

is an isomorphism.

Lemma 1.5.

If idempotents split in H, then o((:‘o)oH is an
A
object of H if and only if H (o +_) takes proper
~epimorphisms into surjections.

proof
PaN

AN
Let &Gab H be such that (o« ,_) takes proper

epimorphisms into surjections. Then o(*:x,~-—~>,,(

Ldx \
)ﬁ ’>,<1

= (T .
L » N/,

X )Y,
) A -

is a proper epimorphism. Then F’-}\(o()o(*\):H(g('X,)->H(o(}o()

is surjective. Thus there existﬁ:,{-—? Xg,

such thato( e I”L( Let (= 90( :%~—> %, then & 2 =((jo(*)a
( @0(*) 3(0( 9 )o(*_ 30(* Hence © is an idempotent.

Therefore there exist Y ,h ,J' such that J Y——-—? Xl '

Jr):xl-—-?)/, e =Jh and I‘U is an isomorphism.
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Consider , J: YL amd hGif{—>Y Then
(e, j) (hg) =o€
=y (8d,) 9
= (4 3)(«,9)
- TA
and (ha) (o(*J ) *heJ
=(h3)(hj)
= ()
‘which is an isomorphism. Hence /- Y
conversly let x€obH , §: {—> P be a proper
epimorphism and = ( 9 9 ) € }/—l\(x,p) . Define {j'g)(—z,{
by 9 (_5. & 5.' ) Then
;—/ (X ,5)9 =05)(579,4579)
= (9 }f{{‘& lg
(8, B3
(8,,9)
= 9

A
and H (X,4) is surjective.
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1.3. The solution set condition and representability.

Definition 1.6.

One says that a functor F:H—) Sets satisfies

a solution set condition if there exists a set A  of

objects of H with the property that for each x¢ F(X)
there exist'§ , with domain in /Q and codomain X, such
that X& Im(F§).

Given a functor F:C-—»D one says that F

satisfies a solution set condition if for each Y

[DF( ),¥): {—> sets satisfies one.
We now get the following extension of Freyd's

Representability Theorem [10,1%].

Theorem (Representability) l.7.

Let F:H—? Sets be such that
Hl- H has products,
H2- idempotents split in H,
H3- H has weak pullbacks,
Fl- F preserves products and weak pullbacks,
F2- F satisfies a solution set condition.

Then F is representable.
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proof

The idea of the proof is to define an extension
AN A A

F::}4~—>Sets in such a way that F: satisfies the conditions

of Freyd's Representability Theorem. Then we show that
N,

for the representing objectcx ' F{ (o« ,_) takes proper
epimorphisms into surjections. Thus o( is isomorphic to
an object of H.
A\
We define the required extension by F (00 =Im F(O()
In the category of sets image commutes with product, hence

a

one sees that f: preserves products. Consider a diagram
PN

of equalizers in }4
h >

X—_,) 1 >>(1 > Xa

(1) oL hy < P

v T4 yi/ YV $a N4
.){ )}Z 9a );

I

v Vv

where

Ik

X:,) L 7\><1 LS >> A

is a weak equalizer in H. Application of F to diagram (1)
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AN
assures us that F (hlo( ) —> F () is an injection.

Thus we need only show that

H%) A

F () ——F (e P ()

is a weak equalizer. Since in the category of sets we

AN
need only show this pointwise, let )(E“f:(;() such that
F('S‘)X = F(g)X. Let X¢€ F(XI) such that /:(o( )X = X,
A A
then we see that F( /3'§i)x' = F(-})x = F (9))(:/:(/3 91))({
Thus there exist X“e F( X_g) such that F( h, ))("=X’,

However commutivity of the diagram

Fix) F(x,)
. o
F («h) > =

assures us that F(o(A )X"::)( lies in F(o( }11)

The solution set condition for F follows

immediately from that of F . Therefore F is represented
by some YC ob However by its definition we see that
F‘ takes proper epimorphisms into surjections. Thus Y is

isomorphic to an object of H.
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In complete categories idempotents split, the

splitting being given by the equalizer 5- of @ -and 721
X

XX
J e

~ S

X

where {8 is the unique map which makes the triangle

commute. Therefore we get the following corollary.
Cor 1.8.

Let F:H-» Sets be such that,
(i) H is complete,
(ii) F preserves products,
(iii) F takes pullbacks to weak pullbacks,
(iv) F satisfies a solution set condition.
Then F is representable.
I shall now prove a generalization of the adjoint

functor Theorem E 10, 12] .
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Theorem 1.9.

Let H be a category such that,
(i) H has products,
(ii) idempotents split in H,
(iii) H has weak pullbacks.

Then [ :H—»( has a left adjoint é; ;42 and

only if,

(i) F preserves products,

(ii) F preserves weak pullbacks,

(iii) F satisfies a solution set condition.
proof

The necessity of the conditions follows immediately
from the adjunction H (G(.), ) QC(.—,F(-))
To show sufficiency consider the functor C(‘)()F(_)) ffam H
To Set defined for any Xé oAC . The hypotheses then assure

us that C(X) F’(__)) satisfies the hypotheses of

Theorem 1.7. and therefore is represented by an object é;)(

Yoneda's Lemma assures us that C}'is a functor.
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Cor 1.10.

Let H be a complete category and F:H————)C: Then
F has a left adjoint if and only if,
(1) F preserves products,
(ii) F takes pullbacks to weak pullbacks,

(iii) F satisfies a solution set condition.

1.4. The dual of 1.3.

Since a map € is an idempotent in H (and splits)
. . op . . i P .
if and only if €& is an idempotent in [{ ' (and splits)

the results of 1.3. dualize.

Theorem D 1.7.

Let F:H-> Sets be a contravariant functor such that,
DH1- H has coproducts,
DH2- idempotents split
DH3~- H has weak pushouts,
DFl~- F takes coproducts to products,
DF2- F takes weak pushouts to weak pullbacks,
DF3- F satisfies a solution set condition.

Then F is representable.
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Cor D 1.8.

Let F:H~—>Sets be contravariant such that,
(i) H is cocomplete,
(ii) F takes coproducts to products,
(iii) F takes pushouts to weak pullbacks,

(iv) F satisfies a solution set condition.

Then F is representable.

Theorem D 1,9,

Let H be a category such that,
(i) H has coproducts,
(ii) idempotents split in H,
(iii) H has weak pushouts,
Then F:H—>»C has a right adjoint if and only if,
(1) F preserves coproducts,
(ii) F preserves weak pushouts,

(iii) F satisfies a solution set condition.

Cor D 1.10.

Let H be a complete category and F:H—>C Then F

has a right adjoint if and only if,
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(i) F preserves products,
(ii) F takes pullbacks to weak pullbacks,

(iii) F satisfies a solution set condition.

1.5. Primary example.

Consider the category hc)C:»v/ It has coproducts,
products, weak pushouts and weak pullbacks. Products and
coproducts are formed in the obvious manner. To form
weak pushouts (weak pullbacks) one must first turn one
of the maps into a cofibration (fibration) and then form
the usual pushout (pullback) in spaces.

Furthermore idempotents split in ho CW For let
¢~ be an idempotent and H: @ ’\/8‘9‘ be a homotopy

between c and Ef; Consider the sequence of maps

] 3
Y e

and form the Milnor Telescope"Téj(fg) on this sequence

XxT
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wnere Tel(@)=11 X <[nyntil . where. (X nt)e X<,
is identified with (e"+')<}n+/)e [nt,nta ],  we have a
map |} Y—> Jo[(e) induced by the inclusion Xx0c>Xx[0,1]
into the left side. Furthermore H defines a map
'Te'/(e)i—»( defined by (X, f)= e_nﬁH()(}j—n)where
(X}/?)exx[n,n+/] clearly §/=¢{ X~ X However
i$Tejtey—>Jele_  is an isomorphism since

T, ()= colm T, (&™)

N->

which is clearly an isomorphism because

TT (Teler) = Tm TTyle).

1.6, A special adjoint functor theorem.

In general the solution set condition is difficult to
verify. The following theorem shows that often it need not
be verified. We therefore get a sort of "Special Adjoint
Functor Theorem" 10 which when applied to
specializes to Brown's Representability Theorem 4 .

Definition 1l.1l1l.

An object X of a category Cr is called left

(right) adequate if whenever C(X).S.> is an isomorphism,

§: is an isomorphism.
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example -1.

\/Sn is left adequate in /’\O C\/\/

o
n=l

example =2.

Z is left adequate in Groups and Abelian Groups.
Let ¥ be an ordinal number. Then consider ¥ as
. . / i
a category with objects ¥ such that ¥ < b/ and

let the ordering induce the morphisms.

Definition 1.12.

An object X  of C will be called S-definite

if there exists an ordinal /2 such that for every functor
F: /3 —> (. one can find a weak colimit N of F with the
roperty that colim (_ —p)y ' Where the
property colim C (X, | P’ C(X)N),

isomorphism is induced by C(X)/P’)

and //3’,’ F[5/-—>N is a structure map.

example -3.

All objects of hOCW are S—definite.
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Theorem 1.13.

Let C be a category such that,
(1) C has coproducts,
(ii) C has weak pushouts,

(iii) There exists a left adequate, f;-definite

object A of c.

Suppose that F:C—>Set is a contravariant functor
(where Set’ is the category of pointed sets) such that,
i F(LX, )=TT

(ii) F takes weak pushouts to weak pullbacks,

(iii) for each functor .:EKT:[B‘“%>C:. (where /3

is an ordinal) F(L)—-—%ém F(Xﬂ’) is surjective

e

nkiH
where L_ is a weak colimit of F.

(Note that if a category has coproducts and weak

pushouts, then it has weak colimits. If F:(L)-ﬁ>hn)F:CZ;y)

<—-_—-

3% 1>
then it is surjective for any weak colimit of F.)

proof

The proof of Theorem 1.13. will follow immediately

from Lemmas 1.14. and 1.15.
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Lemma l1.14.

If Y is an object of (. and yé F(Y} then
~s v
there exists S—: Y—Y and 76 F(Y) such that,
(i) /)\//%f[A)?J“’“—}F(A)) is an
isomorphism, where 37*'(6): F( @);7 is the Yoneda

transformation induced by %

(11 F(§)¥=v.

proof of Lemma l.14.

0 ! 0
Let Y :Y)y":)/ and Y -~ Y__u_ (%XA\) There
exists >,|€_ F(Y’) such that F( I§-0>>/' — >/0 (where

g I, : e /
,-5—0 ) Y—M>\I/ is the canonical 1n3eét:;n) and V% ;rgm
[A,Yﬂ To F(A)is surjective. Construct Y by requiring

Y—’

that

A by
H A"M&
Ch hy)
h;'.f\*—>Y‘
F(h,)y/:F(“)&)yl

be a weak coequalizer.

N WV
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Since F takes coproducts to products and weak

pushouts to pullbacks it takes weak colimits to weak

Furthermore |- U_[ "\,)\/‘ :F(_u ha) >/I'

limits .,
such that

Therefore there exists y&e F(\{&)

/

F(g\%; )}/&: 7/' Define inductively Yﬁ and
, / oAl pl

}”3'6 ]‘:(7//3’) such that F(/3“‘5-/3’ ) >//3 :)” for

_ /3i</3”</5

' Uk NP
1[ 1 ha ;Ym. >\f
(hhy) |
hA>Y
/'*(h,)y

to be a weak coequalizer for nonlimit ordinals [3+l

|
J
is a limit ordinal let Y be a weak colimit

/
and >/f2)‘é F(Yﬁ) an element such

by requiring

1t 3
§ S b

I' pﬂ’ 6

that F( g-m)yrb‘ 7/?;1/‘

Let i ﬁ-——— C_ be the functor constructed and \{a

weak colimit of f such that C(/—\) ?) P /%?llm C(A Y /)

) T ke < C, F(Y) | _ to be such that
F( %—[5)7 7//3 where 5_/3 Y3 >/7\// is a structure

P
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map. Taking *S-‘=S”O we see that F(%)727’ Comutivity

[A v [A,S'] >[/\§7]

N

F(A)

assures us that ’)/*_ is surjective (since “7/ was) .

of the diagram

a4
To show injectivity let @ be such that 7%% Y 8‘1

Then there exists an ordinal /3 <[3 such that 5-'39 = 8/.

}:[)&,Butthen{bﬂ'gk‘f) "‘fiﬂ%’% and hence

BH - /3+I‘ G -

Lemma 1.15.

if Yé Obc and Y¢ F(Y)are such that
' [LZ\)YJ~> F(A) is an isomorphism, then

>/:’ [_, YJ —>F(_) is an isomorphism of functors.
*

proof

First we will prove surjectivity. Let Xé Ob (_  and

X € F(X) Consider Y~>X_LL Y . By Lemma 1.13 there
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/
exists Y’) y'sF(Y/), ‘S‘EX_LLY“?Y such that
F(.Sw)\/’;- (X,Y) and 7%" EN)Y{]‘-—)F(N) is an

isomorphism. On considering the commutative diagram

C Y= (A XL —C AY)

, K
F(A)
one observes that Y~—t{—> >( _L[_Y*'i-? Y, is an

isomorphism. Let g be an inverse of this isomorphism.

Thus F(Q)y:: 7/’ and F({—[ ) y':)( where /' ! X—->>(‘L{_\{

Therefore F(g?i )y:X and hence y*_ is surjective.
To show injectivity suppose that "S"o) 575 C(X)Y)

are such that y* ‘S‘O: Y%S—/);‘e' F(%o)\/:F(‘S',)y,

Consider the weak coequalizer

YL

Then



is a weak equalizer !and since (Z)Y>""> F(Z)

is surjective there exists )’\fz—>Y such that

F(8)yh=Y
F{Q)F(‘\b’ =Y

F@h)y =Y

Now consider the natural transformation,

C )& ()=
M

It is determined by an element of F(7Y') and this element
is ¥ C(Y,h§)Ldy=F(h&)y =  rherefore

% C(-h8) =¥y andmence ¥, C(A, h8) =Yx

But since 3/ is an isomorphism (" (A A 3) is too and

therefore ;)6 is an isomorphism. However AS ‘;O:Aﬁg‘} and
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thus *5;:‘5:!
Cor 1.16.

Let C:' be a full subcategory of <: such that,
(1) /A\ is an object of C:f
(ii) CI has products and J fC_Ic_.—>C
preserves products,
(iid) C:l has weak pushouts and ;T;(:Q;e><;
preserves weak pushouts.

Then
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§ II. Applications

2.1. Preliminary remarks.

The following lemma of Bousfield 3 will be
useful in verifying the solution set condition. For

completeness I have included a proof.

Lemma 2.1.

Let ®, be a cocomplete category;if7[9 —_— Sets.
a functor that preserves small filtered colimits. Suppose
that there exists a set of objects F( such that every
object in [) is a small filtered colimit of object in Fg

Let us denote by L_ the Set of objectsA>( such that,

———

(1) ] X=X
and (ii) )<’= c%%im [~ (i) (where I ranges over
those filtered sets such that cardj::§.0< and {_is
an infinite cardinal such that for every j@;ﬁ( card7ﬂCY)$ub

Then (iVer)/obJ'e_cT Z Suchthal T(Z)=x is a small

filtered colimit of objects of L.
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proof

Let o and |_  be as above. Let X be such that

T(X)=3 and X = colim [: (j) where J is a

J
filtered set and F‘ Gre K. I claim that, for each
subset (< such that card G € ( there exists

a filtered subset H of (J such that,
(1) GeH
(ii) card H<oL

(iii) co‘ilim F(h)=x%
l

The lemma then follows immediately since X =ci_<l>cl.jjn_t CEGI‘IT F(h))
where H runs over the set 7Vl of f;.itered
subsets of J— satisfying card H < and c;)cl/%lm F(h)=x
which, by the claim, is a filtered set.
To show the existence of H I will construct a
sequence of filtered subsets H'QH < H3§ - -

)
such that

(1) G<H,
(i1)  cardH:sof

(iii) colim [F(h)—>(olim F(h) s Trivial.
he ; he H/H
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oo
Given these one need only take Fl:,L/f4; Let
1=

H‘ = filt G be the smallest filtered subset of J which

contains G. Since card}41$(x. it follows that
card i?ﬁjm TF(h) < L For each element £ of
€
!

colip F(}) choose a representative /Xéff:(/%:) and an
he 7
1

element E ¢ such that A QE and
5/ D EShe
’I’F(hg)-——% TF(l/)ig’) takes X to ¥ Let X, be the
filtered subset generated by HI v EE ! éé (‘0/,MT/:U] )3
g "’]6/7[/

and proceed inductively.

2.2. Primary examples.

Example 1.

Let—7~:El )Groups — Seté be given by
T(£) = Ker H (£,R)\V Coker H (£.R\/ coker H&(f,R)
(where the groups in question act trivially on the module
R). Since Héé( +R) commutes with filtered colimits and
finite limits commute with filtered colimits in the
category sets’ [0 one sees that T commutes with
filtered colimits. Thus, taking K#[EJ f.g.Groupé]

application of Lemma 2.1l. shows that the set L_ consisting

of all morphisms §- satisfying,
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(i) H, (%.R) is an isomorphism,
(ii) HQ (&,R) is an epimorphism,
(iii) card codomain '5‘$o()
(iv)  card domain §g L,
(where o is an infinite cardinal such that cardRgo( )
has the property that every morphism 6 which satisfies

H, (49,R) is an isomorphism and Ho.2 (3,R) is an epimorphism,

is a small filtered colimit of objects of [_,

Example 2.

Let T: | 2,TT- Module |—> Sets (where JI” is a
group) be given by,

T($) = ker H, (T £)\/ coker H, (TT,5) V coker/yﬁ (7T, 5).
Taking K = [2, 59T — Module| one sees as in example 1
that the set L_ consisting of those morphisms satisfying

(1) H, (TT.¥) is an isomorphism,
(ii) H' (7T ,§) is an epimorphism,
(iii) card codomain—S—so(,

(iv) card domain éo(l

(where o< is an infinite cardinal such that card JT $o )

has the property that every morphism 6 with Ho (W,fﬁ ) an
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isomorphism and H, (778 ) an epimorphism is a filtered

colimit of objects of L.

Example 3.

Let T: [}, ;C;\w/:}—”9 Sets (see é(j Preliminaries.)
be given by T(%) = (i\?ai:er‘ h,'(-S))\/(\;?‘%ookerh/(fiD
where }1¥ is a reduced homology theory which satisfies
the limit axiom. Take K =[Q yfinite "‘7CW] and let &
be an infinite cardinal number such that card}jx(vso)$o<p
Then Lemma 2.1 assures us of the existence of a set
of morphisms such that,
(i) h*j§5 is an isomorphism,

(ii) # domain< <L

(iii) # codomain-s‘,éo(
(where #t X is the cardinality of the set of cells of X)
with the property that every h*g— isomorphism ‘S‘ 042

Hoin( 7CW ) is a filtered colimit of objects of L.

2.3. Definition of localization.

I will now give independent constructions of the

HZ)HR and /’\%_ localizations of Bousfield[2 ] These
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constructions will all be made in anélogous manners, by
application of Theorem 1.9. However before doing so I
will give a brief discussion due to Adams and Bousfield
[l 2:] of the meaning of localization.

Let  be a category and (< Hom( a class of

morphisms.

Definition 2.2.

An object X of C_  will be called § ~local if
for every SQ: Y—> /7 where ’5-6 S we have
C(5.,x) : C (Z) X) —> C(Y)X) is a bijection. We will

denote the full subcategory of § -local objects by L_SC

Definition 2.3.

Let J_ LSC(—‘—>C_ be the inclusion functor.

We will call S localizing if there exists t ! C_“>LS(_
such that E*“"IJ— and in that case we will call £ X

the 5 -localization of X

Lemma 2.4.

If X is S -local and S is localizing, then

FXvyX and the isomorphism is given by )’)X the



unit of the adjunction.

proof

?2¥:)(—+>£?>( is characterized by the property
that for any 8 gXL>7’where 7/ is\S -local there exists

a unique map g : X—>Y such that

X—2 X

9 )

a4

Y

commutes. However ,1:{X:)6<>X’ satisfies this
universal property. Hence ;[;{V’ and 7$( are isomorphic

as maps.

Cor 2.5.

et

If fS is localizing, then we may choose tf such

that | +J = IO{LSQ and Y)Y':IAY $or YéoéLSC_

2.4. Calculus of fractions.

I would like to recall the notion (Gabriel-Zisman

[1?]) that a class of morphisms admits a calculus of left
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fractions. This notion will aid us in the detection of
f;—local objects. Later we will see that the properties
of admitting a calculus of left fractions and of being

localizing are closely related.

Definition 2.6.

In a category C: a class of morphisms f; is said

to admit a calculus of left fractions if:

(i) :; is closed under compositions and contains the

identities of (:o

(ii) Given XO\< 2 >(' >X3 a diagram in (C with

\Sé;f; there exists a commutative diagram

X 24

S <

J \ 4
with S S .
(iii) Given ;K{*Siﬂ>><;\ §7 i;)(b such that
'%5: S;S and Sé S then there exists

X3 s’ )le such that S‘/ S.; - <! %7‘
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The following lemma of Bousfield[{] is easily proved.

Lemma 2.7.

if S admits a calculus of left fractions then the

following are equivalent.

(1) D is S -local.
(ii) Each morphism § :X——?'Y in S induces a surjection
Hom (S ,D) ! Hom (Y) D) — Hom (X,D).

(iii) Each morphism [)—>Y in S has a left inverse.

ON—
2.5. ,’Lx -Localization of ho J .

Let hj\‘ be a reduced homology theory [ 7] which
satisfies Milnor's Axiom. Then h)(" determines a homology
theory on the category of pairs of spaces f7]. We will
denote this theory also by h%— Let S be the class of
morphisms of }w&\\f which are /’}% isomorphisms. This
class determines the full subcategory LS /'\003)/ of
S-—local spaces. We will use Theorem 1.9. to construct
the Bousfield localization[Z] corresponding to /']%

The difficult part in the application of Theorem 1.9. will
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be the verification of the solution set condition. For
this we will need to use Lemma 2.1.

The technigque used to verify the solution set
condition for the hx_-localization of spaces will be
adaptable to getting the solution set condition for
Bousfield's[:%] HR-~localization of groups and HZ~
localization of || -Modules. I shall show that
application of Theorem 1.9. (or Freyd's adjoint functor
theorem) implies the existehce of the HR and HZ
localizations.

Before verifying that Lfs(hd%Tj‘L—+>}qOQj/
satisfies the hypothesis of Theorem 1.9. I will need the

following lemma of Adams [I].

Lemma 2.8.

Let h% and S be as above. Then S admits a

calculus of left fractions (see definition 2.5.).

proof

(i) is obvious. For (ii) note that by using
homotopy equivalent (:VV/ complexes and taking mapping

cylinders we may assume without loss of generality that
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‘5: and § are inclusions of subcomplexes. Taking

XQL: X;\U )(5 .we get h%(xé'L . Xy ) = h}\(()(%/@)*):
}w% ( X;%(/ )%) =0 and hence
(Xy—>X, ) € S For (iii) once again we may assume

that § is an inclusion of a subcomplex. Then

A%((y/ ) SPOO’ ): ), where

Spoof: OxX&quX'u )xX%é

C)/I:IXX%X*

Take &' to be the right hand vertical map in the pushout

diagram
b

S poo f >)<3

Cyl >><4,t
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where Iofoxngg;) LJ}’XX):'S'I ahc{ Lq/IXX

is a homotopy between S;S and( S‘,S

Thus Lemma 2.7. assures us of the following simpler

criterion for X¢ }WUO\T to be h* -local.

Lemma 2.9.

X is L\ ~local if for every }\— isomorphism

(«5- )() is surjective.

N
(1) LS(.}’\O J ) has products.

The usual product in h0%J  yields a product
in Lc(ho®) since ho®0 (5, TT X, )=TThoD)(5,% )
is a bijection if ho“J (% 3(0() is.
(ii) L g U}o J) has weak pullbacks.

In orxrder to show that LS( l’\ooj/) has weak

pullbacks we will need the following lemmas.

Lemma 2.10.

Let ‘S‘: \/0““7\/' be an h*-isomorphism. Then
uX-S— is an /’\* ~isomorphism (Connectedness assumptions

are not needed here.).




wd]l=-

proof

We may assume that 79( is a (fvv/complex. The
argument will proceed inductively on the skeletons of
A Clearly /Z_XMX“S: is an h% -isomorphism. Thus
U%{-_SL is an h% -isomorphism. Suppose that ?/{nxg_
is an h%_-isomorphism for all /{, From the pushout,

«Nt|

1A U

/'nfl N

J__L A >un+l

We get the pushouts

AL A U

N

J_L /AHX}? > U [Xﬂ
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; . : 4 hH o
Using the Mayer-~Vietoris sequence we see that 1/( X S——
is an - isomorphism. Therefore =

hy P h,¢ Ux )

h*(colim (’L(AXS- )) = colim h*(unx§) is an isomorphism.
Cor 2.11.

Let S— be an h x— isomorphism. Then 7/(/\{;'
is an A X isomorphism (No connectedness assumptions

are made here).

proof

Since Ux{- is an h_x_-" isomorphism the result

follows by considering the long exact sequence of the
pair (UXY,)U \/Yl )

Lemma 2.12.

If S— is an h¥—— isomorphism and X is h*-— local,
then) &@/ (¥ ,X) is a homotopy equivalence. (Note that

ﬁ/(Y- X ) is the function space of pointed maps).
1)

proof

(hoOJ/ ) ('(/() fj (-f)X)) is adjoint to



-43-

(Aofﬁ?(U/yﬁ ) X ) which by Cor 2.11l. is a bijection. By

Yoneda's lemma f@f(fbx) is an isomorphism.

proof that L\S j’xoqyl ) has weak pullbacks.

Let )g-éi>)K§~£§’X; be a diagram in

L~S(/H7Ctr)v We may assume without loss of generality

that Sf are fibrations. Let
X X
3 A
'ﬁl

S/(: 5)

A4
AN
/'><0

. O . . .
be a pullback in ) . This will yield a weak pullback

o
in ho J ¢ We need only show that X 4 is — local.

h
jY.
Let 5:,1;__9\n be an A¥T-isomorphism. Then

the diagrams



.y

0, 5)

A e Oj ) ) oY
J (X)YJ) \'gj; J(Yl)xaj

of compactly generated housdorff spaces (not necessarily
connected) are pullbacks and f)’(V})§7 ) are fibrations.
If we knew that CQT’ tﬁ;Xs) was a homotopy equivalence,
then since _U; f}f(j?)x3) = ( Aofy') (T;)X3) we
would get the result that ><3 is }xg-local. However
iﬁf(f;X}) (f=(%l,&,) are homotopy equivalences. It then
follows from [8] that @/ (5-))(3) is a homotopy

equivalence.

(iii) Idempotents split in LmS( A062r ).

Lemma 2.13.

Retracts of }%;— local spaces are h;— local.

proof

Let >(~L€>\f~l:9’>< define a retraction in Aofs/

where \rf is h*: local. 1If é; is an h¥— isomorphism
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We get the commutative diagram,

(he (20— (b2 Y)— (KA X)

4 N |
(02— (b2, Y)

Where the horizontal compositions are identities and the

center vertical map is a bijection. An easy diagram

chase assures us that |[,¢ 6’(*53)() is a bijection.

Therefore X is h%~ local.

The verification of the fact that
;77!75(%6?7)C~f?A0€§J preserves products and weak
pullbacks proceeds immediately from their constructions
in l\s(quaf)

Before I verify the solution set condition I should

like to point out the following property of A)L~ local

spaces.

Lemma 2.14.

Let X be an h*f-local space. Then qy/(llrx )
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is h*1- local (Note that fﬁf(@gX) may be neither
connected nor of the homotopy type of a Cw complex but

the above terminology still makes sense).

proof

‘ Let'f- be an }\— isomorphism. Then since
(hoo:)/)(%?(qx) is adjoint to (ho@’)( %AU) >(> which

is a bijection, the lemma follows.
Cor 2.15.

0
If CCD/(ZX)>() denotes the component of the
N/
tant to the b int, th Y i
constant map to e base poin en O)’( U) X) is

an h¥f-local space.

proof

The corollary follows from the lemma with the
observation that for /  connected QC:\)/(\// @/(u)x)o):
o )

Y (V9 (U X)),

(iv) The solution set condition,

The following two lemmas will be needed to verify

the solution set condition.
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Lemma 2.16.

Let X be a (:\/\/ complex and A a proper
subcomplex of X such that /\%()(/A ) = O Then there

exists a subcomplex [3 of X such that Q)Z_(‘: A}H:B$O<
and h%(ﬁ)BﬂA)"*O (see Lemma 2.1, ex. 3.).

proof

Consider the category f K of subcomplexes of X and
inclusions, and the functor T: }K———? Sets defined by
T( ]3’)“: \V\/ l’)h ( l?)') AN [?)’) Then lemma 2.l. is
applicable with K: gfinite subcomplexes of XB
Thus X is a filtered colimit of objects of L_ (see
lemma 2.1.). Therefore we need only take B = F(/? for

*

some index | such that F(i) contains some cell not inA

Lemma 2.17.

with X and ,4 as in Lemma 2.6:
(1) If X is connected we can choose B to be

connected.

(ii) TIf A is connected we can chooseB such that

A/}E) is connected.
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(iii) If both )( and’/% are connected we can

choose [? such that both > and f?fTZB are connected.

proof

For (i) repeat the proof of lemma 2.16. but now
take [k; to consist of the connected subcomplexes of
‘)( and #(== gi finite connected subcomplexes of )(}%

To show (ii), take a vertex VvV in A » For each
component ( A3NA ); of Y3nA choose a path > from Vv to
(32 )y that is cellular and lies in the one skeleton
of A Then ﬁ3’=(()f9L/£5 suffices.

For (iii) choose [3 connected and then use the
process in the proof of (ii) to construct [30 which will

be connected.

Lemma 2.18.

With the hypothesis as above.
If X has a base point (which we assume to be a
vertex) and /\ contains this point, then we may assume

that E5 contains this point.
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proof

Apply the process used to show (ii) Cor 2.17..

Lemma 2.19.

Let >< be such that ( AOCZT/) ( C)() is surjective
for all(l.!LC————-—-—?K)é I'Cf\/\/ withL-)K connected,
#K§o( and hx_(K,L.)=0 Then ( hoDJ) (I'/}X ) is

v/ / /
surjective for all | /[:C——€> F; with [_) k(l connected

ana h (K 1/)=0
proof

' .
Let {;:[_'—*'>><l Then I will construct inductively

g( Mf&, 97333 where /3 is an ordinal
5-/35 Mi3~>>( ) /< M[?,g ' and MB'QI\I1)3 Sor
p<p such that

(i) A*(Mﬁ)'—-'):oj

(ii) —S—lepl=‘S‘p‘ Sor I3'$/3,

(iii) M-{SF’F Mﬁ junfess /‘oerhaps MBI: K’.

Now take /3 such that card[3>>ﬁ# FQ, Then'573 is

the required extension of 5;
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/
Let Mo— L and suppose M@’ ) 5‘/3)/ have been
defined for all ﬁ’(ﬁ . If © is a nonlimit ordinal,
. [ ).
then s:.r:ce I\%(M&_i)L)v——ﬂ we have
,”)7\4 (K) be_/>=0 i Corollaries 2.16 and 2.17 then
assure us of the existence of A such that #/4 So(/

A connected, A contains the base point of K')

be\}/)/q is connected, }'\ (/4 lvf _I/)H):O and
He‘; M(@“/ . Thus one may take /‘7[5 [‘/]{5 /(/F}
and let -«5-]3 be an extension of /-5 | ’ M[} 'HH

In the event that /3 is a limit ordinal take

f’ l g— a and note that
M= aip BB /3'</2>

hy (M, )= hy (U8 %)= colim b (M1 %)=0

By taking mapping cylinders, we see that to verify
the solution set condition we need only prove

Proposition 2,20,

Proposition 2.20,

Let Y be a ((\W/ complex which is /,)%-. local and X
a subcomplex of \[ . Then there exists a subcomplex

' B
Y of Y which contains X, is i\%" local and is such
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/
that # Y is bounded by a cardinal which depends only

on #f X and card A% ( S")
proof

As in example -3. &2. the set L, consist$ of
the I,‘ - isomorphisms which are inclusions of subcomplexes

(I A C.——-->B) with #: B\ (see Lemma 2.1. and

example 3).

Let A be an ordinal such that card A >«
I shall inductively define % for ﬂ<)\ in such a
way that if ﬂ/<f3</\ then Yﬂ,_é};;g.y

Let >(’: Y and consider all diagrams,
0

A\ h , Y
U >
where /‘(-_ L Define Y YU}\ 1() where the union

is over all such diagrams (note that h(l{)ls a subcomplex

of Y ). Similarly we define Y from Y by
Bt B
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considering all diagrams.

v h \Y
U 7

For limit ordinals /3 define \{ L} \f'

<

Let Y= U,

Since every \J;“““> \{ factors through some \Y,

it follows by construction that C:\A/(;,‘v/’) is surjective
for all (f' \st-,>lb[)é l__ Lemma 2.19. then assures us

that Y —-local

2:6. HR - localization of groups.

In this section I shall prove the existence of the
Bousfield HR - localization of groups 2 by using an

adjoint functor theorem approach. To be more precise.

Definition 2.21l.

Let f;'(c

a trivial G, module. We will say S'éH R if,

C; be a group homomorphism and R
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(i) H (£,R) is an isomorphism,

(ii) H‘2 ($,R) is an epimorphism.
Let CI(HR) be the full subcategory of HR-—local groups
and J_ Gp (HR) > (;70 be the inclusion functor.

I shall show that the hypothesis of Theorem 1.9. are
satisfied (or, equivalently in this case, the adjoint
functor theorem of Freyd El.O,le ). The solution set
condition will be the most troublesome condition to verify.
The following lemmas will take care of all of the other

hypothesis of Theorem 1.9.

Lemma 2.22.

GP(HR) is complete and J_preserves limits.

proof

Let F be a diagram in C~7o(HR). Then Qm J [ exists
in G’o . Therefore we need only show that é;_,_ﬂ JF is
HR - local. However this follows immediately since
(,7:»(5'} i_i_m\} F)'—? Ll__m Gp(f‘, LTII:)

Since idempotents split in C)o the splitting of

idempotents in GP (HR) follows from Lemma 2.23.
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Lemma 2.23.

Retracts of HR-local groups are HR-local.

proof

This argument is analogous to that of Lemma 2.13.

We will now show‘that the solution set condition
holds for the HR~localization of groups. The argument
will be similar to that of Proposition 2.20.; in fact
Lemma 2.1. will play a parallel role. However since é%o
and C%D(HR) are complete the argument will be somewhat
less complicated than that of Proposition 2.20.
The solution set condition follow easily from

Proposition 2.24.

For every group 6 and homomorphism 5— : é— —_— 6—-,
where G’ is HR~local, there exists a subgroup 6-” of G'
which contains :f(é}), is HR-local, and is such that
card G#' is bounded by a cardinal number dependent only

upon cardG- and card R.

proof

As in example -1 there exists a set L_ of
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morphisms such that H i(f ,R) is an isomorphism, H..(f£,R)

A
an epimorphism and every such morphism is a filtered
colimit of these. 1In fact since card )<~
Hy(TT, R )<L
for every finitely generated group, where c(_ is an
infinite cardinal such that card FQ\§:0< we observe
(Lemma 2.1.) that we may take [_“ to consist of all
such morphisms f with card (domain f),
(codomain £) o,
Let )\\ be an ordinal such that card)\j>o<
We shall define inductively a sequence of subgroups
EG/‘)’} such thaté_ /-3</3 <)\
and then show that G UC has the required

properties.

Consider all diagrams,

\
/

/
such that gé L Note that since G_ is local /1
is uniquely determined by (/7i__,.1? (;_ ‘> C;- Let
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Let G| = Gp ("5’('6-)/(,/5(\/)) where the union is
taken over all such diagrams. In the same manner define

1]
ﬁ"” by considering all diagrams

7

%

\% \ 4
|
\V > (>
7
] "
For limit ordinals take G = U G , o Clearly
P™ Mo

" :

card (7 Je is bounded by a cardinal which depends only
"

upon ,{ and card G Therefore card (5 is bounded

by some cardinal that depends only on 0( and card G

" 7]
where G = G
p(sja-,\ P

i
We shall be done as soon as we show that 6— is
. H
HR-local. Given g(—;’ L and 'S’fDam ‘j ">G‘ one
. “
observes that ﬁ' must factor through some ""ﬁ and

therefore C‘rp (ﬁ: é—" ) is bijective. The proposition

follows immediately from the following lemma.
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Lemma 2.25.

1f Gp(c‘_f,)(r) is bijective for all ¢¢g /. then

(_;7,,(-5-’6_) is bijective for all S—e HR,

proof
As in example -1, -S-: colim -S; where .7— is a
J
filtered set and S:J'EL In fact examination of the

proof of Lemma 2.1. assures us that all the maps that

occur in this colimit are inclusions. If

Kidomain & -—)6. then define K:;'from codomain‘s"j
To G by requiring the following diagram

to commute.

d omain '§ ¥ (ﬁJ v cl omain g"

J

% <

\
>

: 1
Note that since ﬁ}oé L ) KJ' is uniquely

Cod omcuh'%



~58-

determined. Let JI},: 'S"‘ p —_— 5- be a structure
map where J.§Jo/ — (j 4J, ) 5 CPj/)}
&
;05

C;{amam S:)'I >[/{ omainN ‘S‘j

6., 5.

J
W ; 4>j,.t, 4
C OchMCU"\AS. J 4 1 > C Odofvmm 5:)
Since the diagram
0{ 0"'“""5— '——} olvmam"% - } Aamam‘ﬂ‘

1 ‘

b N% K \Y
(o 610\ V:al A 'S’ J ' i—i—> C cM‘(ﬂma}n ‘St) ! >( C"fcjc‘mam f'

)

commutes one is assured (by the uniqueness of the K p,
2

h « o N = ¢ T

that KJ ‘)¢Jl KJ' herefore é K 3

defines a map, Kiz codomains- —_ [7. such that ‘Jé

K*$ =k

J
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/A
Uniqueness of K follows immediately since the Kj are

uniquely determined by F(.

2.7 HZ-localization of TT‘-Modules

I shall now exhibit an adjoint functor approach to

the construction of Bousfield's HZ-localization of

7T--Modules [2].

Definition 2.26.

Let S-:M,____;Mabe a morphism of TT -Modules.

We will say SeHZ s,

(i) Ho (TT) «j—) is an isomorphism,
(ii) /—-—/I (n-)f) is an epimorphism.
As before we will denote the full subcategory of HZ-local
Tr—Modules by Mod_n. (HZ) and J—: //16’0{”'('-’2) “>/\/’od-n.
to be the inclusion functor.
The verification that ‘j_ satisfies the hypothesis
of the adjoint functor theorem is completely analogous
to the verification made for the HR-localization of
groups. The only changes to be made in the arguments are
to replace the categorical notions used in ébo by these

analogous ones in ]’ ~Modules and to substitute example -2
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for example 1. Note also that cardH*(T/-) M)é o(
for finitely generated 71_-Modules Pﬂ' where of is
any infinite cardinal such that card [| £ o( Hence
we may take L to consist of all ‘S:‘é HZ such that
carddvma‘»,ﬁ) card codomain ¥ &< o . The analogous lemmas

are.

Lemma 2.27.

Maal.n.(HZ) is complete and J— preserves limits.

Lemma 2.28.

Retracts of HZ-local TT ~-Modules are HZ-local.

Proposition 2.29.

/
For every || -Module M  ana morphism ‘S! M"') M
} "
where M is HZ-local, there exists a submodule /\'1 of
M‘ which is HZ-local, such that '5’ factors through
i ] . .
M and card M is bounded by a cardinal dependent only

upon cardf’] and cardTr,
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Lemma 2.30.

If M is such that MOJ’T (%)M) is a bijection
for all §¢ L then MC’A“’(‘T}M) is a bijection for
all %EH Z .

2.8. The Quillen +" construction

Definition 2.31.

One says that a group A is perfect if it is equal
to its commutator subgroup.

Recall that Quillen's + — construction yields for
each Xé_ I'\OG.)/ and normal perfect subgroup

ALTT X 2 seace XThoU ana o map
77" X.___—> X+ such that,

w MM A=E13,

(ii) is universal with respect to (i),
ie. given 4!X—>Y)  such that T?T(S—)A=2I}.
there exists a unique 3 IIXI—-}Y such that the

diagram,
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commutes.

If one considers the category C whose objects
consist of (5(} A ) with Xe l\cﬂ” and A a perfect
normal subgroup of Tf (X) and whose morphisms are
>X )(}70 ) such that W(S‘)A < A
then (taking A= 2 13 one sees that) /,DVJ is
embedded by Xl——————9 (X) 233) as a full subcategory
of C_ Furthermore it follows immediately that the

-’— - construction yields a functor —-"' C—-"? ha

which is left adjoint to the inclusion J—,"ha J‘-*‘?"C_
Before using Theorem 1.9. to show the existence of
A\}
the left adjoint to J—. I will make some preliminary

remarks about perfect groups.
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Lemma 2.32.

I1f A and ﬁ are perfect normal subgroups of
¢  then % (A uB) is a perfect normal subgroup

Of Gl
proof

Since %(A uB):B oA and B/Aare

normal it follows that Cﬁo(/] v B) is normal. It is

perfect since Ao 3 e [}\:/-\]:[:[35 ﬁ]g [ﬁ.ﬂ)ﬂ:fj] <A

Lemma 2.33.

Given a group G there exists a unique maximal

perfect normal subgroup PG— (:—"P (.7-‘

Furthermore Pé,— is a characteristic subgroup.

proof

If one orders the perfect normal subgroups by
inclusion it follows immediately from Zorn's Lemma that

there exists a maximal perfect normal subgroup and
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Lemma 2.32. assures us that it is unique. Furthermore

since homomorphic images of perfect subgroups are perfect

one sees immediately that S’(P(T)E PC.,. for every

automorphism,

Cor. 2.34.

If A is a normal subgroup of 6- then /3/4 is
a perfect normal subgroup of é,- contained in A (in
fact PA is the unique maximal perfect normal subgroup
of (> that is contained in A ).

I will now show that J,* ha&:}‘c_,___?c satisfies

the hypothesis of Theorem 1.9. and thus show the existence

A\ Y ¥7i
of .

Lemma 2.35.

(1) C has products.
(ii) C has weak pullbacks.
(iii) Idempotents split in C

(iv) { ) preserves products and weak pullbacks.
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proof

(1) follows by taking (X”A) rX P(WA\}

where ’ x is the usual product in

To prove (ii) let ( ( A )(—_A——(X A)

be a diagram in and let X be a weak pullback
¥ 5 oY
of >< : }XT 2 X in ,\o J (we
’ 0 < oL

may for instance take to be a fibration in and
A

X to be the pullback in J ) Then we observe that

() PAVETA ATIEYA) oo v

pullback of (X A )"6 (XO)A )\ 5& ( A )
Let Q (X A)———-—) (X A) be an idempotent in C-

and let Y Spllt 6 in I"\D J Thus there exist

S:X""‘7Y and 8' Y >< such that 9:(’_ e

and fg is an isomorphism. It then follows that T——<§>A

is a perfect normal subgroup of Y) and hence

(\() 7T,(‘r)A> solits O

That ’ preserves products follows from the

construction of products in }10 J and ( Therefore

we need only show that P( kerﬂ" g: N ker--l—r' S;):O

where
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is a pullback in @” and 3-{1_ is a fibration.

However by considering the Mayer-Vietoris sequence for

homotopy groups we observe that
§' N KerTT, S,
WaXC, —> Kker T3 N Kerlly 3,

| Ry
is surjective and hence Ker m§: 1 Ker ”.l 'S_a
Abelian, thus P( ker‘”" gi N kw- TTJS«;):O

Theorem 2.36.

J_: )’\(]éjt'“‘)c has a left adjoint.

is
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proof

We need only show that the solution set condition is

satisfied for \X A) S Ob C/

Let 2 5— S — X } represent a set of generators
for ‘/\ Then the set 2i)<3 provides the solution
set condition for ()()/Q) where ‘»/ is defined

by the pushout in CJ

V/S——
M b N

P2\
where D is the disk with boundary 5 ’
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I11 Localization

3.1. Categories of fractions

Definition 3.l.

Given a class of morphisms ‘S of a category C

one says that a functor Ff C~——-§J’D inverts 5

if F(S) is an isomorphism for all § OF/\Y

Definition 3.2. 12

With S as before, suppose that there exists a

functor I; C >C[S ]~' which inverts S such

that given any functor F: C ;D which inverts S

there exists a unique functor G )
(7: G [AS’]-L————) such that &I: F

-
Then one call CES] a category of fractions

or (© o
)GL,S’] exists

[
Notice that if I : G

then it is determined modulo a canonical isomorphism.
I would like to recall the following facts

concerning categories of fractions [12].
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Theorem 3.3.

’4
Let AS be as before and suppose that,

(i) IS/ admits a calculus of left
fractions,

(ii) for each object X of G
there exist a set /S’X of morphisms of S with

domain >< which is cofinal in the class of morphisms
of /S/ with domain >< That is for each

; . / “f
(S:X )Y 6/5 there exist 5 é/SX and L(
such that S ’L(b

-/
Then C [/S_] exists. Furthermore

C [ S]7  nas the following description:

@ obCLST=0bC

(ii) Morphisms of @[S}ﬁl can be
represented in the form I( $)” I(%) S¢ /g’

(thus we will denote them by (% S))

(iii) 1If (-S-' )SI ):(5_&)83) then

theré exists (4 and 9 such that 53 :3 » _:/SV
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(iii) The composition

g) D\) ( S‘)= (S’, S) may be calculated by

(use (iii) definition 2.4.) completing the diagram

7U

LSD

\\ -~

X Y

and then setting S_:%% and S: 53 ‘9\
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Definition 3.4.

-1
Suppose that ]j :(EE————**§(j)[;St] exists. One

calls the class of morphisms which are inverted by

I the saturation of S and denote it by SaT,S/
tS=
1f Sa ,AS ‘/g then we say /S, is saturated.
, ~1
Notice that if (21::;] exists, then

G[S(dg]“ exists, in fact C [-qu,S']a': G[}S’]-I

3.2. Definitions and summary of results.

Definition 3.5.

/
Suppose that (f? is a reflective full

subcategory of ( with reflection Caﬁz One calls

the class of morphisms -S— of C such that CR‘S— is

/
an isomorphism the closure of Ci. and denote it by

g(C
Definition 3.6.

/ :
One says that a subcategory (EZ of (Ez is

{
closed under isomorphic objects if whenever /Z\ is

/ /
isomorphic to /Z\ and IZ\ is an object of (2 then
/
/ZS\ is an object of (fz—
]
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Ih sections 3.3. - 3.6. we shall be concerned with
showing the relationship between full reflective
subcategories and categories of fraction. It will be
proved (Theorem 3.21.) that aé?(;__‘) defines a
bijective correspondence between the class of full
reflective subcategories of (Ei which are closed
under isomorphic objects and saturated classes of

morphisms /S/ such that J_ 6—‘-—>Cl_ ,S]

has a right adjoint. Furthermore the inverse of
o
&l (,-—) is given by [—~L-) Ci’ (see 2.3.).
The proof of Theorem 3.21. will involve us in the
verification of several details which will give us much
more detailed information concerning the relationship
between categories of fractions, localization and
reflective subcategories than is stated in Theorem 3.21.
In the final section Theorem D 1.9. will be used

to give sufficient conditions for the existence of a

right adjoint to I e >€ [ S] which by
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Theorem 3.21. gives sufficient conditions for AE;/ to be
localizing. That is (Theorem 3.22.), if (2 is a
category such that <Ei has coproducts, weak pushouts,
idempotents split and‘£;;5 a class of morphisms closed
under coproducts and satisfying the cofinality condition

oy
! i [E ( S’ .
of Theorem 3.3., then | . '—___7><j -] has a right

adjoint.

Theorem 3. generalizes two results of Deleanu [5, 6]
one of which is a similar theorem for cocomplete

categories and the other is concerned With‘;WO(z\MA
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3.3, Reflective subcategories and localization.

/

/
I will now show that Le(e,)eze where @ is

a reflective full subcategories which are closed under
isomorphic objects.

Throughout this section I will assume that (Eil is
as previously stated. Furthermore since C?' is full we
can assume, for convenience, that the reflection jxa

/
restricted to C is the identity.

Lemma 3.7.

isomorphism and suppose that 7/ is g (Q’ ~ local.

Then 5- has a left inverse at

proof

Let 6 correspond toI Ol \V; ('a the
bijection G ( S_ Y) Y
)

Cor. 3.8.

Suppose that 5': Y———-}Z is such that ‘:R%‘ is
an isomorphism and Y Z are 6\7(@/) — local.
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Then 5-' is an isomorphism.

proof

By 3.7 there exists 9 such that 35—1'.[0()’

However GR%JR-S- =IGLRY therefore 9 has a

left inverse. Thus 3 is an isomorphism and so 5» is

also.

Lemma 3.9.

/
/
Objects of @ are Q(C‘))-— local.

proof

‘ /
>< is an object of G and S— is such

If
that "/R-S_ is an isomorphism, then commutivity of the

diagram,
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G(Y)X) ¢ (i(fr,x) C(Z\/ ><>

C(RY,X)s S (RZ,x)

, where the vertical arrows are the bijections given by

the adjunction, implies the lemma.

Lemma 3.10.

If X is Q(G/)-local, then X is an

Consider ?7X: X >%X Since éRY’X is

an isomorphism )7 is an isomorphism.
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Proposition 3.11.

The g (8') -local objects are precisely the

objects of C’i

N /
3.4. Q (G ) admits a calculus of left fractions,

/
Throughout this section e will be as in 3.3.
. S y 4
I will show that € (E_) admits a calculus of left

fractions and satisfies the cofinality condition of

-1
Theorem 3.3. Thereforee [@ ( el)] exists. I will
then show that Q(G’) is saturated.

Lemma 3.12.

@(G’) admits a calculus of left fractions

(see definition 2.4.).

proof

(i) is trivial. To show (ii) let

X‘f‘ ,S X‘ S- >><3 be such that ‘RS is an

isomorphism. Since t??(77 .S) is an isomorphism
X2

there exists 6 ) (RX >%x such that the diagram
' A TVAY




\ R '
R X o 5RX
commutes. Adjointness then assures us that the diagram

X———— X,

M,

g RX,

| I
>< ; 7))(3 > ;RXS

For (iii) letX--————-)X 9 >)< be such
that JRS is an isomorphism and S-S las Thus

/K S '/RS: RYRS =nd since GRS is an isomorphism
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Commutivity of the diagrams

X)\ ¥ >><3 X‘,\ 9

) A

Wi
- >

77)‘,1 ) 3

N L % \ g W
RS o Ro
RX; >R X, [RX;L ,M
assures us that 'K%ﬁsf% = 77)§5€j

Lemma 3.13.

/ -
With (3_ and (EL as before, the class

/ ./
é;? ( (2’/) satisfies the cofinality condition of

Theorem 3.3.

Let SX = 2')7)( [X-——fvpxg If
SiXx—=Y)ef(e)e =R 74) S
We may now construc I : 6_""'?6’ [Q(@_’)]-‘
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The following lemma assures us that @( 6’) is

saturated.

Lemma 3.14.

Suppose that W' E’ —_— C is a reflection
and C is a full subcategory of C which is closed

under isomorphic objects. Then Q(G )

saturated.

proof

Let (S—) Td) be an isomorphism. . Then there

exist (4, () such that (9 $)(§,LA) ana
(8. I J).(q S) are identity maps. However
(‘j 3)(3 IO{) (g,f) 5) Thus there exists

h, hy cuch that hS = [,& c 6 © )

h,(j.s,: 1,,';5‘, Since S)AaGQCC) both .

and ¢ L  are elements of é?(e/) Let S, and

§! be such that (/¢ 6 (G’) and g.'s = ¢/§  Thus
( 5. T 0{) (Cj 3) c)) ¢ ) An analogous argument

assures us that g, C) C e ( C ) Therefore
KR S. . ’/R 6 and ~R X ?QS- are isomorphisms.

Hence ?Qg is an isomorphism.
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C S (@ (1!
3.5. I ! C [E (C )j has a right adjoint.

Suppose that el J 6 and R are as before.
Let the functor E(Q’): 6’\_[6(8')]4 > 6_, be

defined by requiring that the diagram

cree)—EEL__ ¢

commute. If J: @l(‘ > @ is the inclusion functor,
then let E (C’):J- E‘(EI)

Lemma 3.15.

g

T—IE(©).

proof

Let 77 ' IJ_____?J"Rbe the unit of the adjunction
-l
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R—J e €T BE(¢')——T4
be defined by E‘X = (]:”rlx)" Since
E(€)L-JR  weowe

n . I(/(E_ N E(C') I It is easily shown

that (?j )é;) are then unit and counit of an

crece 1’

adjunction .

Proposition 3.16.

-/
If G is a full reflexive subcategory of e

. . . . . - )/
which is closed under isomorphic objects, then é;:(fi )
admits a calculus of left fractions, satisfies the
cofinality condition of Theorem 3.3. and is saturated.

_ -1

Furthermore I " G______) 6[6(6,)} has a right
adjoint.

I would now like to point out the following
L /
relationship between G [6 (6"_’ )] and e

Proposition 3.17.

/
wWith { as before, the functor

[E'( G ’) :CD [6(61)]——'—') elis an equivalence of

categories with inverse I J:
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proof

777 definis a natural transformation
}7"a Icl e! —7 E_(EI) ‘l’_ J such that 77)26.@( el)
Since X and (E (E’_' )IJ.) X are Q (6’) ~ local

%)& is an isomorphism. Thus we need only show that

_1:\]- is an equivalence of categories. Since

. } . ' olli

- (D ‘-,,/) h object of @Ev ~"] i
7, € E(C7)  oach opiect o e
isomorphic to an object in the image of ][iJ,

Furthermore since the isomorphism

Clee] (TIXITY)C (IXEELTY)
“C(IX,TY)
(X, Y)

is induced by ;Ijk)’ we see that :[.gy— is an

equivalence of categories.

3.6. Categories of fractions and reflective subcategories.

To complete the proof of Theorem 3.21. we need only

show that L (6) is a reflexive subcategory for
S
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ﬁf; a class of morphisms of sz such that,
(1) 6 ES] ! exists,
(ii) I X G_ }G[S]-l has a right

adjoint‘
(iii) AS{ is saturated.
Throughout this section we will assume that /SI

satisfies the above conditions.

Lemma 3.18,

1f ”7:_—[6[6————951- is the unit of the
adjunction I________'/S then I 77)( is an

isomorphism and hence an element of

proof

Let é_,‘ I ,\%’ > Ic jC [Slp.e the counit
of the adjunction. Then GIX s I y)x :Idl_'[)( and
SéY )7,3")/:_1_615’)/ If we let &01__:]:7}

then @ has a left inverse and we need only show
that it has a right inverse. Naturality of q assures

us of the commutative diagram



J ) A N

Ugy 2

\./ I_-/$I£)/ — \f’ .
I/SISY >L5Y3Y=J:X
meretore. & &y =L §ey =1 5¢ IMgy
=T( gc‘.y"nj’ Y)
'-‘I_Jlg)/ |

Lemma 3.19.

gv a . /
Wwith as before, \% X 'S /S local.
/4 /

proof

Let S-éS Then the commutative diagram,
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CL[SI(Lz,%) C(2,5%)
;-

CLs1'(Isx) C(,5%)

CLsTTY, x)— C(Y,§%)

assures us that G_(‘S') ,SIX) is a bijection.
/

Since AfX is /5- local we may define a

functor :R C— L,SI(C) by ‘R"“é‘/.[

The next lemma will then complete the proof of Theorem 3.21.

Lemma 3.20.

With the notations as above, ’R*—‘f J where
] , . . . .
J-., L,S( E )(\__) (u is the inclusion functor.
proof

Let }7 and é_ be the unit and counit of the

adjunction I\_, %Y Then they define
/
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and
which one sees easily are the unit and counit of an
adjunction

Therefore theorem 3.21. follows.

Theorem 3.21.

égf(;__ ) defines a bijective correspondence

between the class of full reflective subcategories
of (Ei which are closed under isomorphic cbjects and

the class of saturated classes of morphisms such that

‘ — -1
I : G-—%C l/g] has a right adjoint. Furthermore

the inverse of 8( ) is given by L )e

3.7. A sufficient condition for the existence of
localization.

As a consequence of Theorem 3.21., Theorem 3.22. will
give us a sufficient condition for the existence of a
localization. Theorem 3.22. generalizes a result of

Deleanu for complete categories and will be proved with

the aid of Theorem D 1.9..
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Theorem 3.22.

Let <j’ be a category such that,

le- (i’ has coproducts,

C2- (i' has weak pushouts,

C3- Idempotents split in‘

Let f; be a class of morphisms of

such that,

Sl- :; is closed under coproducts,

32- 2; admits a calculus of left

S3- For every ;X( an object of (Ez

ists set E; '
there exists a y >< such that

(i) if S € /S/X then domain 5—=>('

(ii) 2;;( is cofinal in the set of

morphisms of ‘S; with domain ;X(
: -~
Then .lj t (j >‘[;S:] has a right
]

adjoint

fractions,

The proof of Theorem 3.22. follows from Theorem D 1.9.

Verification that the hypothesis of Theorem D 1.9. are
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satisfied will be a consequence of the following Lemmas.

Lemma 3.23. (Wwedge Axiom)

Let é >(; z be_c):_bje;;s of C and
K X > Then
_ersPLT U = TTCsT ()
Pri=C LS (L), Y) = o et

proof

Let db = ('S) ) S') be morphisms from

>(, to Y in C [ /S] Consider the map
4 4) 3! _U_X __.>Y C L/S:] defined
by (h>= VA __JF(J_LS) I(_[_L-S—)wherev is

the folding map.

Since AS: admits a calculus of left fractions

one can construct the diagram,




LN

,; __I_L'g",‘ | \( e WV
)G k Z_J_XT—”"’IZ_\_Z,

[

where Sé’_ S , It then follows that

<¢,>IK, = (Q(J-L%;)K; ,S)

However from the diagram,
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o> Lk;= @Sk, S)
- <Sf; ) SI>
Note that < d)'> depends only on EQD'B and not
the representation of (b For if .S.“ SI,)___( 5—/,1 S/,)
then there exists T‘ )T’ such that ‘,7 Si:t‘ls,{ ¢ /3/
wa 13 S 151, )
mnsore (1L 1) (1L 5)=(UL17) (115])
wa (IL)(LLS;) iy (LL$)e S
wres (115, 11 6,)= (1S5 1L 5
s (1LY, —y)e CLT(TLLY, V)
and (PK \,0 . I will show that (F <‘P >
Represent if by (5., S) ) Then,

= Pr;=(5 00,0)= (5K, 9

From the diagram,
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ALY
F
1S 5
1L Sk v V4 v
JIDECLINT) S A

{Ay=(IV) (1L Sk;, 1L 9)

::(:‘;7'TLL_S*<;).S)
Lemma 3.24. - ( S-) S)'
C — C ,:/S/]JPreserves weak
pushouts
proof

Let the diagram,

X 2 >Y
b I*
- U
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be a weak pushout in C Let (j) Sl) ',Y"*)T
and (J’Y\ s/ ) Z-————--}T be such that
(/@6 S ) (mh S”) Hence there exist

Y d 1T (55T
Zr—ldTS— T )TT ) such that TS’ T”S” /S’
and 1‘L£::1‘“rn

Y
AN
th U\

RS
\T.n

Hence there exist 77 : U—__>Tm such that
77 K= "f'w and 7}}1 = ‘1—” m Therefore
(’)/])T'Sl) € CES/] (—(];,)is such that
(M,1'5) Lk =(,8) =2 (') Th=(ms).
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To complete the proof of Theorem 3.22. we need only
I

R -
show that / '. e 5@[,5) satisfies the

solution set condition. Let 0( € G[/SIJ—I(X)Y)
be represented by (-S-, S) ) S| Y-——-—)Z .

I
v Z such that

Then there exists /! Z
use /g)/ If we let p=(IolZI) S’)

then from the diagram,
— 1
[———/

V4

] S 3!

% Y

one observes that p (US') IAZ/) =0< Those

/ /
objects Z_ which are codomains of morphisms of /_SY

form a set. Thus the solution set condition is satisfied.
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