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INTRODUCTION

A c e n t r a l  p rob lem  i n  m a th e m a t ic s  i s  t h e  d e t e r m i n a t i o n  o f  co n ju g a c y  

c l a s s e s  o f  maps: two c o n t in u o u s  m aps, f  and g ,  a r e  c o n ju g a t e  i f  t h e r e

e x i s t s  a homeomorphism i|f, such  t h a t  g -  i|rf\jr \  T o p o lo g ic a l  e n t r o p y ,

h ( f ) , was i n t r o d u c e d  by R .L . A d le r ,  A.G. Konheim, and M.H. McAndrew (1) 

a s  a c o n ju g a c y  i n v a r i a n t ,  t h a t  i s ,  i f  f  and g a r e  c o n ju g a t e ,  t h e n

h ( f )  = h ( g ) . I n  r e c e n t  y e a r s ,  t o p o l o g i c a l  e n t r o p y  h a s  been  employed

by v a r i o u s  a u th o r s  ( 2 ) ,  ( 3 ) ,  ( 7 ) ,  ( 1 0 ) ,  who have been  c o n c e rn e d  w i th  

c o n ju g a c y  c l a s s e s  o f  m aps.

I n  s p i t e  o f  t h e  p r o g r e s s  made i n  t h i s  a r e a ,  i t  rem a in s  r a t h e r  

d i f f i c u l t  t o  compute t h e  t o p o l o g i c a l  e n t r o p y  o f  p a r t i c u l a r  m aps. In  

f a c t ,  i t  i s  o n ly  p o s s i b l e  t o  c a l c u l a t e  t h e  t o p o l o g i c a l  e n t r o p y  e x p l i c i t l y  

f o r  a l i m i t e d  c l a s s  o f  maps o r  s p a c e s .  A c c o r d in g ly ,  some o f  o u r  work 

i s  r e s t r i c t e d  t o  s p a c e s  homeomorphic t o  an  i n t e r v a l  I ,  and we r e q u i r e  

t h e  maps t o  be  i n j e c t i v e  on s u b i n t e r v a l s  i n  a f i n i t e  p a r t i t i o n  o f  I .

The r e s u l t s  we o b t a i n  f o r  an i n t e r v a l  I  can  a l s o  be e x te n d e d  t o  a 

c i r c l e .

The n o t a t i o n  and b a s i c  d e f i n i t i o n s  r e l e v a n t  t o  t h e  co n c ep t  o f  

t o p o l o g i c a l  e n t r o p y  a r e  c o n ta in e d  i n  ( 1 ) ,  and a r e  rev iew ed  i n  C h a p te r  I .  

We in c l u d e  o n ly  t h o s e  p r o o f s  w hich a r e  needed  f o r  f u t u r e  r e f e r e n c e .

I n  C h a p te r  I I ,  we show t h a t  t h e  r o l e  o f  open  c o v e rs  i n  t h e  d e f i n i t i o n  

o f  t o p o l o g i c a l  e n t r o p y  c a n  be  f i l l e d  by p a r t i t i o n s  c o n s i s t i n g  o f  a 

f i n i t e  number o f  c o n n e c te d  e le m e n t s .  We t h e n  p ro v e  t h a t  t h e  r o l e  o f
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t h e s e  p a r t i t i o n s  can  i n  f a c t  b e  f i l l e d  by a u n iq u e  p a r t i t i o n  ( T h m .I I - 1 ) .  

F i n a l l y ,  we a r e  a b l e  t o  r e p r e s e n t  t h e  t o p o l o g i c a l  e n t r o p y ,  h ( f ) ,  i n  

te rm s  o f  t h e  i t e r a t e s  o f  a map f ,  ( T h m . I I - 2 ) . Thus, we have c o m p le te ly  

e l i m i n a t e d  t h e  r o l e  o f  open  c o v e r s  from t h e  d e f i n i t i o n  o f  t o p o l o g i c a l  

e n t r o p y .

In  t h e  t h i r d  c h a p t e r ,  we p ro v e  t h a t  f o r  a map o f  X i n t o  i t s e l f ,  

t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  com puting  t h e  t o p o l o g i c a l  e n t r o p y  

f o r  a r e s t r i c t i o n  o f  t h e  map t o  a s u b sp a c e  on which i t  i s  s u r j e c t i v e  

( T h m .I I I -1  ) .

An a d d i t i o n a l  c h a r a c t e r i z a t i o n  o f  t h e  t o p o l o g i c a l  e n t r o p y  i s  

o b t a in e d  from  an i n v e s t i g a t i o n  o f  t h e  m u l t i p l i c i t y  f u n c t i o n  T |(y ) , 

which i s  d e f i n e d  a s  t h e  num ber o f  p r e - im a g e s  o f  f  1 ( y ) ;  t h i s  

c h a r a c t e r i z a t i o n  i s  i n  t e rm s  o f  an e x p r e s s io n  a n a lo g o u s  t o  t h e  t o t a l  

v a r i a t i o n  ( T h m ,I I I -2  ) .

I n  t h e  l a s t  c h a p t e r  we a p p ly  t h e  t e c h n i q u e s  d e v e lo p e d  h e re  t o  

compute t h e  t o p o l o g i c a l  e n t r o p y  f o r  c e r t a i n  c l a s s e s  o f  maps.
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CHAPTER I , PRELIMINARIES

T h is  c h a p t e r  c o n t a i n s  a b r i e f  summary o f  some o f  t h e  r e s u l t s  

o b t a in e d  by R .L . A d le r ,  A.G. Konheim, and M.H. McAndrew ( 1 ) .

U n le s s  o t h e r w i s e  s p e c i f i e d ,  X w i l l  d e n o te  a compact H a u s d o r f f  

s p a c e ,  and a l l  maps w i l l  be assumed t o  be c o n t in u o u s .

D e f i n i t i o n  (1 -1 )  : F o r  any c o v e r  (7 o f  X, d e n o te  by N(£7 ) t h e

number o f  e le m e n ts  i n  a s u b c o v e r  o f  m in im al  c a r d i n a l i t y . A s u b c o v e r  

o f  a c o v e r  i s  c a l l e d  m in im a l , i f  no o t h e r  su b c o v e r  c o n ta i n s  few er  

e l e m e n t s .

Note t h a t  i f  f  i s  a mapping o f  X i n t o  i t s e l f ,  and (2 i s  a
- 1  r - i

c o v e r  o f  X, t h e n  f  <2 = [ f  A :  A6C7 j i s  a l s o  a c o v e r .

D e f i n i t i o n  ( 1 - 2 ) : F o r  any two c o v e r s , (2 and fl o f  X, l e t  t h e

j o i n  o f  (2 and B be_ d e f in e d  as  t h e  c o v e r  

a  v B = ( A n B : A€ a, B€ 8  } .

D e f i n i t i o n  ( 1 - 3 ) : A c o v e r  B is_ a_ r e f in e m e n t  o f  £  c o v e r  <2, (d e n o te d

by (2 < B ) , j i f  f o r  e v e ry  B i n  B t h e r e  e x i s t s  an A i n  Cl 

c o n ta i n in g  B .

The f o l lo w in g  f o u r  r e s u l t s  a r e  e a s i l y  v e r i f i e d ;  f o r  t h e  p r o o f s ,  

s e e  ( 1 ) .  L e t  X be  a compact H a u s d o r f f  s p a c e ,  and f  a map from X 

i n t o  i t s e l f ,  t h e n  t h e  f o l l o w in g  a s s e r t i o n s  a re  t r u e .

(1 -1 )  I f  a < B , t h e n  N(<7 ) ^  N(/3 ) .

(1 -2 )  N ( f - 1 t f  ) £ N(tf ) f o r  a l l  a  .
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(1 -3 )  I f  f  i s  s u r j e c t i v e ,  t h e n  N(<7 ) = N (f  "\d ) .

(1 -4 )  N( a  V B ) < N(a  ) N (£  ) .

We s h a l l  a l s o  a b r e v i a t e  t h e  e x p r e s s io n  Q V f  V, . . . ,  V f

t o  <7n , w here Ct .

P r o p o s i t i o n  ( 1 - 1 ) : L e t  d  be^ a f i n i t e  c o v e r  o f  X, t h e n

l im  1 / n  l o g  N (£?n ) e x i s t s  and i s  f i n i t e .  
n-> 00

P r o o f : We s h a l l  f i r s t  p r o v e  t h a t  t h e  sequence  { lo g  N ( t f n ) } i s

s u b a d d i t i v e ,  t h a t  i s ,  l o g  N(<7 n+m) ^  lo g  N(<7 n ) + lo g  N(<7 “ ) .

I n  f a c t ,  N ( t f n+m) = N W mV f ' V “ ) £  N(<7 “ ) N ( f '~*<7 * )  £  S W  “ ) N(tf n ) .

The f i r s t  i n e q u a l i t y  f o l l o w s  from  p r o p e r t y  ( 1 - 4 ) ,  and t h e  second

i n e q u a l i t y  f o l l o w s  from p r o p e r t y  ( 1 - 2 ) .

We now p ro v e  t h e  g e n e r a l  a s s e r t i o n  t h a t  i f  a ^  a + a . andn+m n m

a n ^  0 , (n,m = 1 , 2 , . . .  ) ,  t h e n  l im  ( 1 /n ) a  e x i s t s  and i s  f i n i t e .
n-» 00 n

F o r  any f i x e d  j ,  we can  e x p r e s s  n  u n iq u e ly  by , n  = mj+p f o r

P — —1 ,

a /ns: [ a  / (m j+ p )  + a / ( m j+ p ) ]  :£ [ a ./mj + a / ( m j + p ) ] ^n mj p mj p

£ [ a . / j  + a / ( m j+ p ) ]  ,
J P

where t h e  f i r s t  and l a s t  i n e q u a l i t i e s  f o l lo w  from t h e  s u b a d d i t i v e  

c o n d i t i o n .  T h e r e f o r e ,  s i n c e  n-> 00 im p l ie s  m-» °° ,

l im .s u p  a / n  < l i m . s u p  ( a . / j  + a / (m j+ p )  ) S a / j  .
n-* “  n n - . «  3 P 3

But t h i s  i s  t r u e  f o r  a l l  j ,  t h u s  l im .s u p  a / n  £ l i m . i n f  a / n  .n  nn -+ oo n-» 00

T h is  p ro v e s  t h e  l i m i t  e x i s t s ;  i t  must a l s o  be f i n i t e ,  s i n c e  ( 1 / n ) a  ^  a^ 

f o r  a l l  n .  T h i s  c o m p le te s  t h e  p r o o f  o f  t h e  p r o p o s i t i o n .
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D e f i n i t i o n  ( 1 - 4 ) : L e t  X b £  ja compact H a u s d o r f f  s p a c e , and d  b £  an

open  c o v e r  o f  X. F o r  £  c o n t in u o u s  map f , from X i n t o  X, t h e  

T o p o lo g ic a l  E n t ro p y  o f  f , w i th  r e s p e c t  t o  d  , d e f i n e d  by

l im  1 /n  lo g  N(<7n ) = h ( f , £ 7 ) .
n-> a>

P r o p o s i t i o n  ( 1 - 2 ) : ][f d  and B a r e  open  c o v e rs  such  t h a t  d  < B,

t h e n  h ( f  ,d  ) h ( f  ,B ) .

N o te ; I f  we r e p l a c e  t h e  open  c o v e r s  d  and B, i n  p r o p o s i t i o n  ( 1 - 2 ) ,  

by p a r t i t i o n s  CC and B' , c o n s i s t i n g  o f  a f i n i t e  number o f  e l e m e n t s ,  

we g e t  an a n a lo g o u s  r e s u l t , n a m e ly ,

l im  1 / n  lo g  NCCT11) ^  l im  1 / n  l o g  NOS”11) . 
n-> oo n -» oo

D e f i n i t i o n  ( 1 - 5 ) : L e t  X b £  ;a compact H a u s d o r f f  s p a c e , and f  b £  a_

c o n t in u o u s  map from X i n t o  X . D e f in e  t h e  T o p o lo g ic a l  E n t ro p y  o f  f , 

a s  s u p ^ h ( f , C 7 )  = h ( f )  , where  t h e  supremum i s  t a k e n  o v e r  a l l  open  

c o v e rs  o f  X. (N ote  t h a t  0 ^  h ( f )  < oo.) .

Remark 1 ; The com pac tness  o f  X a l lo w s  u s  t o  t a k e  t h e  supremum i n  

d e f i n i t i o n  (1 -5 )  o v e r  a l l  f i n i t e  open  c o v e r s  o f  X, a s  t h e  f o l l o w i n g  

argum ent shows:

L e t  p b e  t h e  c l a s s  o f  a l l  f i n i t e  open  c o v e r s  o f  X, and a be  

t h e  c l a s s  o f  a l l  open  c o v e rs  o f  X. Then c l e a r l y

s u p ^  g a h ( f  , d ) ^  sup/5 s  p h ^f  ^ ' 0n t h e  o t h e r  h a n d > f o r  e v e r y

open  c o v e r  d, t h e r e  e x i s t s  f i n i t e  open  s u b c o v e r s  B\ t h i s  i m p l i e s  

N (£ /n ) ^  N(/? n ) f o r  a l l  n ,  and t h u s  h (± ,d )  S h ( f  ,B ) .

T h e r e f o r e ,  sup^  £ a  g g h ( f  >B ) •

D e f i n i t i o n  ( 1 - 6 ) : A seq u en ce  o f  c o v e r s ,  a r e f i n i n g  seq u en ce

i f  (1) d  < d  ( n = l , 2 , . . . ) ,  and (2) f o r  e v e ry  f i n i t e  c o v e r  B,
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t h e r e  e x i s t s  an d  ̂ , s u c h  t h a t  13 < d^.

A r e f i n i n g  se q u e n c e  o f  open  c o v e r s ,  when i t  e x i s t s ,  s i m p l i f i e s  t h e  

c o m p u ta t io n  o f  t h e  t o p o l o g i c a l  e n t r o p y ,  a s  t h e  f o l l o w i n g  r e s u l t s  r e v e a l .

P r o p o s i t i o n  ( 1 -3 )  : Lf [dn } i £  £  r e f i n i n g  s e q u e n c e  o f  open  c o v e r s ,

th e n  h ( f )  ±r l im  h ( f ,d  ) .
n-> oo n

P r o o f : The r e s u l t  i s  an  im m edia te  co nsequence  o f  p r o p o s i t i o n  (1 -2 )  and

rem ark  1 .

F o r  m e t r i c  s p a c e s  ( X , d ) , p r o p o s i t i o n  (1 -3 )  c a n  b e  r e s t a t e s  in  

te rm s  o f  t h e  f o l l o w i n g  d e f i n i t i o n  and t h e  L ebesgue  C o v e r in g  Lemma.

D e f i n i t i o n  ( 1 - 7 ) : The d i a m e te r  d ( d ) o f  a c o v e r  d  i £  d e f i n e d  by

d(d  ) = SUP ^ £  (2  ̂ where t t i e  d i a m e te r  o f  t h e

s e t  A.

Lebesgue C o v e r in g  Lemma: F o r  e v e ry  open  c o v e r  d  o f  £  compact m e t r i c

sp a ce  (X ,d) , t h e r e  e x i s t s  6 >  0 su ch  t h a t  i f  U ̂  X i £  £  s e t  f o r

w hich d(U) <  6, t h e n  U i £  c o n ta in e d  i n  one  o f  t h e  e le m e n ts  o f  d  .

The supremum o v e r  a l l  su c h  numbers 8 i £  c a l l e d  t h e  L ebesgue  number o f  d

R e p h ra s in g  o f  L e b e s g u e 's  C o v e r in g  Lemma: F o r  open  c o v e r s  d  and 13

o f  a compact m e t r i c  s p a c e  ( X ,d ) ,  if_ d(/5 ) i s  l e s s  t h a n  t h e  Lebesgue

number o f  d  , t h e n  d  < 13 .

P r o p o s i t i o n  (1 -3 )  now t a k e s  t h e  form ,

C o r o l l a r y  ( 1 - 1 ) : I f  [d^] i s  a sequence  o f  f i n i t e  open  c o v e r s  o f  t h e

compact m e t r i c  s p a c e  (X ,d) , such  t h a t  d  ̂ < (̂ 1+^ and ® —

n ■+ “  , t h e n  [d  } i s  a r e f i n i n g  sequence  and h ( f )  = l im  h ( f ,87,).
  n ----------------------------------------------- n -> oo n

A co nsequence  o f  t h e  above c o r o l l a r y  i s  t h e  e x i s t e n c e  o f  r e f i n i n g

se q u e n c e s  f o r  com pact m e t r i c  s p a c e s .
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The r e m a in in g  p r o p o s i t i o n s  i n  t h i s  c h a p t e r  e x h i b i t  some o f  t h e  

p r o p e r t i e s  o f  t h e  t o p o l o g i c a l  e n t r o p y .  The p r o o f s  o f  t h e s e  p r o p o s i t i o n s  

c a n  be found  i n  (1) and w i l l  be o m i t te d  h e r e  e x c e p t  f o r  t h o s e  needed  

f o r  r e f e r e n c e  i n  s u b s e q u e n t  c h a p t e r s .

P r o p o s i t i o n  ( 1 - 4 ) : [ ( 1 ) ;  Theorem 2 , p . 3 1 l ]  L e t  X and Y be compact

H a u s d o r f f  s p a c e s , f  be^ a c o n t in u o u s  map from  X i n t o  X, and i|f be_ 

<a homeomorphism o f  X o n to  Y, t h e n  h ( f )  = h(i|rfi|r .

The o r i g i n a l  p r o o f  o f  t h e  n e x t  a s s e r t i o n  [ ( 1 ) ;  Theorem 3 , p . 312]

i s  i n c o r r e c t ,  and a c o r r e c t  v e r s i o n  can  be found i n  ( 5 ) .  We o f f e r  

a n o th e r  p r o o f  i n  c h a p t e r  IV f o r  X = [ a , b ] .

P r o p o s i t i o n  ( 1 - 5 ) : L e t  f  and g be c o n t  in u o u s  maps o f  X i n t o

i t s e l f  and Y i n t o  i t s e l f , r e s p e c t i v e l y . Then h ( fx g )  = h ( f )  + h ( g ) ,

where fx g  maps X X Y i n t o  i t s e l f , and i s  d e f i n e d  by

( fX g ) ( x ,y )  = ( f ( x ) , g ( y ) )  f o r  x i n  X, and y i n  Y .

Lemma (1 -1 )  : L e t  fa^} and 0 ^ }  two s e q u e n c e s  such  t h a t  a^  ^  0

and b ^  0 f o r  a l l  n .  Suppose a = l im  1 / n  l o g  a , and
n-> oo

b = l im  1 / n  l o g  b e x i s t s , t h e n  l im  1 / n  l o g ( a  +b ) = max. {a ,b}  . 
n-» oo n n-» oo n n

P r o o f : F o r  any c > m a x .{ a ,b }  t h e r e  e x i s t s  an i n t e g e r  p ,  such  t h a t

lo g  a <  nc  and lo g  b <  nc w henever n  s  p . Thus
n  n

l o g ( a  +b ) <  n c  + lo g  2 and c o n s e q u e n t ly ,  
n n

m a x . f a , b ]  ^  l i m . i n f  1 /n  l o g ( a  +b ) ^  l im . s u p  1 /n  l o g ( a  +b ) <  c . ̂ n n  n nn-> 00 n-»oo

T h e r e f o r e ,  l im  1 /n  l o g ( a  +b ) = m a x . f a , b ]  .
n-» oo

P r o p o s i t i o n  ( 1 - 6 ) :  [ ( 1 ) ;  Theorem 4, p . 313] L e t  X^ and X^ be two

c lo s e d  s u b s e t s  o f  X such  t h a t  X^U = X and f(X ^) s X^ , ( i = l , 2 ) .
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Then h ( f )  = m a x .{ h ( f  | ) ,  h ( f  I ) }  .
X1 2

P r o p o s i t i o n  ( 1 - 7 ) : h ( f k ) = k h ( f ) ,  (k = 1 , 2 , . . . )  .

P r o o f :

h ( f k ) £ h ( f k , t f k ) = l im  1 /n  lo g  N ((7k V f  _k£7 k V . . .  V f  ( “n+1)k<7 k )
n-> °°

= k l im  1 /n k  lo g  N(<7 _  k  h ( f  ,(7 )
n-+ oo

kf o r  any open c o v e r  <7 . T h e r e f o r e ,  h ( f  ) ^  k  h ( f )  . On t h e  o t h e r  hand ,

a v ( f k ) - 1 <7 v . . .  v ( f k ) _n+1<7 < a v f ~xa v . . .  v f "nk+1(̂  = ^  nk.

ilk k
T h e r e f o r e ,  by p r o p e r t y  (1 -1 )  , h ( f , 7 )  = l ira  1 /n k  logN((7 ) ^  l / k  h ( f  , ( 7 ) ,

n-» oo

Where t h e  i n e q u a l i t y  f o l l o w s  from p r o p o s i t i o n  ( 1 - 2 ) .  As t h i s  r e s u l t  i s

k
t r u e  f o r  a l l  open  c o v e r s  <7 , we g e t  t h e  i n e q u a l i t y  h ( f )  s  l / k  h ( f  ) .

The above p r o p o s i t i o n s  were m ain ly  c o n c e rn e d  w i t h  t h e  p r o p e r t i e s  

o f  t h e  t o p o l o g i c a l  e n t r o p y ,  b u t  a r e  o f  l i t t l e  h e lp  i n  i t s  a c t u a l  compu­

t a t i o n .  One a p p r e c i a t e s  t h e  d i f f i c u l t y  i n  c a l c u l a t i n g  t h e  t o p o l o g i c a l  

e n t r o p y  by c o n s i d e r i n g  t h e  p a p e r  by M.H. McAndrew and R .L . A d le r  ( 8 ) ,  

w hich  i s  d e v o te s  e n t i r e l y  t o  t h e  c o m p u ta t io n  o f  t h e  t o p o l o g i c a l  e n t ro p y  

o f  t h e  Chebyshev P o ly n o m ia l ;  i n  c h a p te r  IV, we g i v e  a s im p le  computa­

t i o n  based  on t h e  r e s u l t s  o f  t h i s  p a p e r .  The d i f f i c u l t y  l i e s  i n  e v a l u a t ­

ing  t h e  q u a n t i t y  N(<7 n ) , w hich  depends on  th e  g iv e n  map and th e  c h o ic e  

o f  t h e  open c o v e r  <7 . We s h a l l  show i n  t h e  f o l l o w i n g  c h a p t e r  how th e  

dependence  on t h e  c o v e r  can  be n e g l e c t e d ,  f o r  X = [ a , b ]  .
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CHAPTER I I . TOPOLOGICAL ENTROPY WITH RESPECT TO PARTITIONS.

One o f  t h e  o r i g i n a l  c o n j e c t u r e s  p osed  by t h e  a u th o r s  o f  (1) was t h a t  

t h e  t o p o l o g i c a l  e n t r o p y  o f  a map c o u ld  be c a l c u l a t e d  by c o n s id e r in g  

p a r t i t i o n s  o f  X r a t h e r  t h e n  c o v e rs  c o n s i s t i n g  o f  open  s e t s .  T h is  

c o n j e c t u r e  s u g g e s t s  i t s e l f  s i n c e ,  a s  we have  s e e n  i n  t h e  p r e v i o u s  chap ­

t e r ,  t h e  r e s u l t s  l e a d i n g  t o  t h e  d e f i n i t i o n  o f  h ( f ,/? ) a r e  t r u e  f o r  a r b i ­

t r a r y  f i n i t e  c o v e r s  , i n  p a r t i c u l a r  f o r  f i n i t e  p a r t i t i o n s .  F u r t h e r ­

m ore, by rem ark  1 ,  t h e  t o p o l o g i c a l  e n t r o p y  o f  a map can  be  d e f i n e d  by 

t a k i n g  t h e  supremum o v e r  a l l  f i n i t e  open  c o v e r s  o f  X .

I n  t h i s  c h a p t e r  we s h a l l  p ro v e  t h a t  t h e  above c o n j e c t u r e  i s  in d ee d  

tam e, t h a t  i s ,  t h e  t o p o l o g i c a l  e n t r o p y  can  be  e v a lu a t e d  by c o n s id e r in g  

f i n i t e  p a r t i t i o n s  o f  X , where X i s  an  i n t e r v a l .  The i n t e r v a l  [ a , b l  

w i l l  be  d e n o te d  by I  .

L e m m a ( I I - l ) : L e t  b e  a_ p a r t i t i o n  o f  I  c o n s i s t i n g  o f  c o n n e c te d  s e t s

and l e t  f  be_ i n j e c t i v e  on e a ch  R i i i  . Then f o r  e v e ry  n  , a l l  

e le m e n ts  o f  n a r e  c o n n e c te d .

P r o o f :  The p r o o f  i s  by i n d u c t i o n  on n .

By a s su m p t io n  t h e  a s s e r t i o n  i s  t r u e  f o r  n  = 1 .  Assume t h e  a s s e r t i o n  i s

kt r u e  f o r  n  = k ,  t h a t  i s ,  f o r  a l l  P i n  /? , P i s  c o n n e c te d .

—1 k+1L e t  S = R fl f  P be a t y p i c a l  e le m e n t  o f  R where R i s  i n

kand P i s  i n  ^  . P and f(R )  a r e  c o n n e c te d  by t h e  i n d u c t i o n  hypo­

t h e s i s  and t h e  d e f i n i t i o n  o f  f  . But t h e  r e s t r i c t i o n  f  | i s  a homeo-
K

m orphism, and t h u s  S = ( f  L) ^ (P  D f ( R ) )  i s  c o n n e c te d .it
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Lemma ( I I - 2 ) : L e t  R be^ p a r t i t i o n  o f  a_ com pact H a u s d o r f f  sp a ce  X ,

k
and l e t  f  be_ i n j e c t i v e  on  e a ch  e lem en t  o f  R . Then f  i £  i n j e c t i v e  

on e a c h  e le m e n t  o f  R n , k  = 1 , 2 , . . .  , n .

P r o o f :  The p r o o f  i s  by i n d u c t i o n  on n .

k
F o r  n  = 1 t h e  a s s e r t i o n  i s  t r u e  by h y p o t h e s i s .  Assume t h a t  f  i s

i n j e c t i v e  on P i n  R n  , (k = 1 ,2 ,  . . .  ,n )  , and l e t  S = P fl f  nR, be  a

t y p i c a l  e le m e n t  o f  where R i s  i n  R and P i s  i n  R n .

kS in ce  S i s  c o n ta i n e d  i n  P , f  i s  i n j e c t i v e  on  S f o r  k = l , 2 . . . n .

F u r th e rm o re ,  f o r  x , y  i n  S , x  4= y , t h e  i n d u c t i o n  h y p o t h e s i s  i m p l i e s ,

f n (x) 4* f n (y) . S in c e  f n (x) and f n (y) a r e  i n  R ,

f ( f n ( x ) )  = f n+1 (x) 4= f n + 1 ( y ) ,  and t h e  lemma i s  p r o v e d .

I t  w i l l  be  u s e f u l  , i n  what f o l l o w s ,  t o  c a l c u l a t e  t h e  t o p o l o g i c a l  

e n t r o p y  o f  a map f  w i t h  r e s p e c t  t o  a s p e c i a l  c l a s s  o f  p a r t i t i o n s , w h i c h  

we s h a l l  c a l l  f  -  i n j e c t i v e .  We s h a l l  now d e f i n e  t h e s e  p a r t i t i o n s  and 

p ro v e  t h e i r  e x i s t a n c e .

D e f i n i t i o n  ( I I - l ) : L e t  f  map X i n t o  i t s e l f . A p a r t i t i o n  o f  X con­

s i s t i n g  o f  t h e  f a m i ly  o f  d i s j o i n t  s u b s e t s  { "U : cv 6 A }, and

F = X -  U A v. , i s  c a l l e d  f - i n j e c t i v e  i f ,o; € A O' ’ —  ---------- —----------- —

( i )  Each V. i s  open  and c o n n e c te d .

( i i )  f  L _is_ i n j e c t i v e .
O'

( E i t h e r  t h e  f a m i ly  [ : a  6 A } o r  F may b e  e m p ty .)

S in c e  t h e  c o l l e c t i o n  { H : a? 6 A }, s p e c i f i e s  t h e  p a r t i t i o n ,  we

s h a l l  som etim es a b u se  l a n g u a g e  and r e f e r  t o  { ^  : O’ ^ A ) as  t h e

i n j e c t i v e  p a r t i t i o n  o f  X .

We p a r t i a l l y  o r d e r  t h e  i n j e c t i v e  p a r t i t i o n s  o f  X by d e f i n i n g  a 

p a r t i a l  o r d e r  r e l a t i o n ,  { ^  q, : a  € A } " < {  : (3 € B } i f  f o r  e v e ry

ITp , p i n  B, t h e r e  e x i s t s  H a , a i n  A s u c h  t h a t  ^  s  U
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D e f i n i t i o n  ( I I - 2 ) : An f - i n j e c t i v e  p a r t i t i o n  i s  m in im al  i f  i t  i s

m in im al  w i t h  r e s p e c t  t o  t h e  p a r t i a l  o r d e r i n g  d e f i n e d  a b o v e . A m in im al  

f - i n j e c t i v e  p a r t i t i o n  w i l l  be d e n o te d  by P  .

D e f i n i t i o n  ( I 1 - 3 ) : L e t  Pq b £  a_m in im al  f - i n j e c t i v e  p a r t i t i o n  o f  X.

An open  c o n n e c te d  e lem en t  o f  Pq i_s c a l l e d  a b r a n c h  o f  f  w i th  r e s p e c t

t o  Pq , and N ( f ,P q ) w i l l  d e n o te  t h e  number o f  t h e s e  b r a n c h e s . One

f u r t h e r  d e f i n e s  t h e  number o f  b r a n c h e s  o f  f  by N (f )  = m inp N ( f , P  ) ,
o

w here  t h e  minimum i s  t a k e n  o v e r  a l l  min im a l  f  -  i n j e c t i v e  p a r t i t i o n s .

P r o p o s i t i o n  ( I I - l ) : L e t  X be  a compact H a u s d o r f f  s p a c e , and f  â

c o n t in u o u s  map o f  X i n t o  i t s e l f . Then a_ m in im al  f - i n j e c t i v e  p a r t i t i o n

e x i s t s .

P r o o f : I f  f  i s  a c o n s t a n t  map, t h e  a s s e r t i o n  i s  t r i v i a l l y  t r u e ;

t h e r e f o r e ,  we may assume t h a t  f  i s  n o t  i d e n t i c a l l y  c o n s t a n t .  L e t  G

be a c o l l e c t i o n  o f  open c o n n e c te d  d i s j o i n t  s e t s ,  on w hich  f  i s  i n ­

j e c t i v e .  L e t  n  = [ G .̂ O' € r  } be t h e  f a m i ly  o f  a l l  such  c o l l e c t i o n s  

w i th  t h e  p a r t i a l  o r d e r  r e l a t i o n  d e f i n e d  above . L e t  { Ĝ : a € T £  T } 

be  a l i n e a r l y  o r d e r e d  s u b s e t  o f  II. D e f in e  A^,(x) = ^  A(.x,d)

where A(x,o;) i s  t h e  e lem en t  o f  G c o n t a i n i n g  x when such  ana
e le m en t  e x i s t s ;  and A (x ,a )  i s  empty o t h e r w i s e .  AT (x) i s  an open  

c o n n e c te d  (and p o s s i b l y  empty) s e t  on w hich  f  i s  i n j e c t i v e  b e c a u s e ,  

f  i s  i n j e c t i v e  on  each  e le m en t  o f  t h e  n e s t e d  c o l l e c t i o n  o f  open c o n n e c t ­

ed  s e t s  A ( x , a ) .  I t  i s  e a sy  t o  check  t h a t  i f  y i s  i n  A,j,(x) , t h e n

A^(y) i s  c o n ta in e d  i n  AT ( x ) ; h e n c e ,  A^,(x) = A^Cy) .

The d i s j o i n t  c o l l e c t i o n  { A ^ ( x ) } i s  a lo w e r  bound f o r  t h e  l i n e a r l y  

o r d e r e d  s e t  { G' : a € T }. By Z o r n ’s lemma, t h e r e  e x i s t s  a m in im al 

e le m en t  f o r  t h e  f a m i ly  II. T h is  c o m p le te s  t h e  p r o o f .
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Remark 2 : I f  Pq i s  a m in im al f - i n j e c t i v e  p a r t i t i o n  o f  X, and f

i s  n o t  c o n s t a n t  on any open  s u b s e t  o f  X, t h e n  t h e  s e t  F = X -  U ^

as  d e f i n e d  i n  d e f i n i t i o n  ( I I - l ) , h a s  an empty i n t e r i o r .  I f ,  i n

a d d i t i o n ,  X = I ,  t h e n  Pq i s  u n iq u e  and we d e n o te  N ( f ,P Q) by N (f)  ;

we c a l l  N (f)  t h e  number o f  b ra n c h e s  o f  f .  I n  f a c t ,  i f  N (f)  = M,

t h e n  F i s  a d i s c r e t e  s e t  c o n s i s t i n g  o f  M -  1 p o i n t s .

Fo r  t h e  r e m a in d e r  o f  t h i s  c h a p t e r  w henever X = I  we s h a l l  make 

t h e  f o l l o w in g  t h r e e  a s su m p t io n s :

( i )  P a r t i t i o n s  o f  I  w i l l  have a f i n i t e  number o f  e le m e n ts .

( i i )  Maps from I  i n t o  I  w i l l  have a f i n i t e  number o f  b r a n c h e s .

( i i i )  Maps from I  i n t o  I  a r e  n o t  c o n s t a n t  on any open

s u b s e t  o f  I .

Note  t h a t  w i t h  t h e  above t h r e e  a s s u m p t io n s ,  p r o p o s i t i o n s  ( I —1) and (1 -2 )  

rem a in  t r u e .

Lemma ( I I - 3 ) : I f  and S a r e  f i n i t e  p a r t i t i o n s  o f  I  c o n s i s t i n g

o f  c o n n e c te d  s e t s , t h e n  t h e  p a r t i t i o n  R V S c o n s i s t s  o f  a t  most 

N(/c* ) + N(S ) c o n n e c te d  s e t s .

P r o o f : L e t  be a p a r t i t i o n  c o n t a i n i n g  N(/? ) c o n n e c te d  e le m e n ts ,

and S be a p a r t i t i o n  c o n s i s t i n g  o f  one c o n n e c te d  e le m e n t ,  I .  Then 

/? V S = R and N (/? V S )  ^  N(/? ) + N(S ) . We p ro c e e d  by

i n d u c t io n ;  assume t h a t  f o r  any two p a r t i t i o n s  R and S, f o r  w hich

N(8 ) = n ,  we have  N(/? V S )  ^  N(/? ) + N(S ) .

C o n s id e r  a p a r t i t i o n  S f o r  w hich N(S ) = n + 1 ,  where

S =  { S ,S  , . . . , S  ,S , } . W ithou t  e s s e n t i a l  l o s s  o f  g e n e r a l i t y ,
1 1 2  n n-f-1 J

assume S and S „ a b u t .  Then S U S ,  i s  c o n n e c te d  and we d e f i n e
n n-f-1 n n-f-1

th e  p a r t i t i o n  S ' = { . .  . ,  (Sn U where N (S ')  = n .
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C o n s id e r  R fl (S U S . )  = (K fl S ) U (B fl S ..) f o r  some R i n  R,n n+1 n  n+ l

where R fl (S II S , )  G /? V S ' and R fl S. G /? V S ( i  = n ,  n + l  ) .
n n + l  i

S in c e  R fl (S U S , )  i s  c o n n e c te d ,  R fl S and R fl S , a b u t ,  t h e n  n n + l  n n + l

t h e r e  i s  a t  m ost one s e t  R i n  R f o r  w hich  R fl S +  0 , andn

R fl S . + 0 . T h e r e f o r e  n+ l

N( R V S ) = N( R V S ’ ) + 1 ^  N( R ) + N( S' ) + 1 = N( R ) + N( S ) .

Note t h a t  f o r  h i g h e r  d im e n s io n a l  s p a c e s ,  lemma ( I I - 3 )  i s  f a l s e ;  i n

g e n e r a l ,  by a s s e r t i o n  (1 -4 )  N( i? V S ) ^  N( /? ) N( S ) .

P r o p o s i t i o n  ( I 1 - 2 ) : L e t  P a n d . R b £  f i n i t e  p a r t i t i o n s  o f  I  con ­

s i s t i n g  o f  c o n n e c te d  s e t s , such  t h a t  P  < R and f  i £  i n j e c t i v e  on 

each  e le m en t  o f  P. Then N( R U) ^  n N ( / ? ) N ( P n) f o r  a l l  n .

P r o o f : The p r o o f  i s  by i n d u c t i o n  on n . F o r  n = 1 ,  N(R.) £ N(R )N (P  )

i s  t r i v i a l l y  t r u e .  S in c e  P  <  R , we have  P  < R k . F o r  a P i n  P  k

l e t  ' ,Rn (p )  ^  su c h  t h a t  U = P , where R^ b e lo n g s

t o  R f o r  j  = 1 , 2 , . . . , n ( P ) . By th e  i n d u c t i o n  h y p o t h e s i s

( I I - l )  N( R k) = 2  . n ( P )  s  k  N(R ) N (Pk ) .
PG P

k+1
Now c o n s i d e r  a l l  s e t s  S in  R , f o r  w hich S E P .  A t y p i c a l

—k
ele m en t  S m ust be o f  t h e  form S. .= R. fl f  R! , where R! i s  i ni j  J i  x

R f o r  i  = 1 , 2 , . . . , N ( R ) .  By lemma ( I I - 2 ) , f  i s  i n j e c t i v e  on P ,

and by lemma ( I I - l ) , P ,  R . ,  R! a r e  c o n n e c te d ;  th u s
J ^

{ f  R' fl P: i = l , 2 ,  . .  . ,N(R ) } p a r t i t i o n s  P i n t o  a t  m ost N(R )

c o n n e c te d  s e t s .  By lemma ( I I - 3 ) , { S . . :  i = l , 2 , . . . ,N(R ) ;  j = l , 2 , . . . , n ( P ) }
1J

p a r t i t i o n s  P i n t o  a t  m ost N (R ) + n (p )  co n n e c te d  s e t s ;  h e n c e ,

N(/? k+1) ^  E [N(R)+nCP)]^N(R)N(pk )+kN(R)N(Pl!)£  (k + l)N (/?  )N (P k)
PG P k

where t h e  second  i n e q u a l i t y  f o l l o w s  from e q u a t io n  ( I I - l ) .
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But P  < P  ^ so  N(P k ) ^  N(P j t h e r e f o r e  

N(/? k+1) £  (k+1) N(/? ) N(P fcf'1) .

D e f i n i t i o n  ( I I - 4 )  : F o r  £i f i n i t e  p a r t i t i o n  /? o f  â  com pact H a u s d o r f f

space  X we d e f i n e  h ( f ,/?  ) = l im  1 /n  l o g  N ( /? n ) and
n-» “

h ( f )  = sup^> h ( f  ,/p ) f w here t h e  supremum i s  t a k e n  o v e r  a l l  f i n i t e  p a r t i ­

t i o n s  c o n s i s t i n g  o f  c o n n e c te d  e l e m e n t s .

N ote: By p r o p o s i t i o n  ( 1 - 1 ) ,  h ( f ) e x i s t s  and i s  f i n i t e .

C o r o l l a r y  ( 1 1 - 1 ) : I f  P  and /? a r e  p a r t i t i o n s  o f  I  w hich  s a t i s f y

t h e  h y p o t h e s i s  o f  p r o p o s i t i o n  ( I I - 2 ) , t h e n  h ( f ,/? ) = h ( f , P ) .

P r o o f : S in c e  P  < R , N(P n ) £  N (/? n ) and h ( f , P  ) <: h ( f , / ? ) .

From p r o p o s i t i o n  ( I I - 2 )  1 /n  lo g  NC/?11) < 1 /n  l o g [ n  N(/? ) N ( P n ) ] .

P a s s in g  t o  t h e  l i m i t ,  we g e t  h ( f ,/?  ) ^  h ( f , P  ) and t h e r e f o r e

h ( f ,/? ) = h ( f  ,P  ) .

Remark 3 : In  o r d e r  t o  a p p ly  C o r o l l a r y  ( I I - l ) , t h e  p a r t i t i o n s  c o n s id e r e d

must c o n s i s t  Gf c o n n e c te d  e le m e n ts .  A c c o rd in g ly ,  l e t  ^  be t h e  p a r t i ­

t i o n  c o n s i s t i n g  o f  t h e  open  co n n e c te d  e le m e n ts  P o f  P  ( o n  w hicho

f  i s  i n j e c t i v e  ) and t h e  c o l l e c t i o n  { {x} : x  € F } , w here

F - X  -  U p € p  P.
o

C o r o l l a r y  ( I I - 2 ) : L e t  % b £  £  p a r t i t i o n  o f  I , as_ d e s c r i b e d  in

rem ark 3 , and su p p o se  N (f)  i s  f i n i t e , t h e n  h ( f )  = h ( f , / ^ Q) .

P ro o f :  By rem ark  2 N (^  ) = 2 N (f)  -  1; h e n c e ,  N(5!?Z ) i s  f i n i t e . -  o o

T h e r e f o r e ,  f o r  e v e r y  f i n i t e  p a r t i t i o n  /? f o r  w hich  % < /? we have

h ( f , ^ Q) = h ( f , / p  ) by c o r o l l a r y  ( I I - l ) .  And so  by p r o p o s i t i o n  ( 1 - 2 ) ,

h ( f )  = h(.f,n ) .o

We s h a l l  now p ro v e  t h a t  h ( f )  = h ( f ) . We need t h e  f o l l o w in g  

t h r e e  r e s u l t s .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



15

Lemma ( 1 1-4 )  : L e t  R b<3 £  f i n i t e  c o v e r  o f  t h e  compact H a u s d o r f f

sp a c e  X. Then e v e ry  e le m en t  R o f  n+m i s  i n  (/c, n ) “ + 1 .

P r o o f :  By d e f i n i t i o n .  R = R D f _1R_ fl . . .  D f " n “m+1R . f o r  o 1 n+m-1

R. i n  R . Butl

r  = ( r  n f V n ^ . n  f _n+1R j  n f _1R0n . . . n  f " n+1R ) n , . . . ,o 1 n -1  1 2 n

n f " m(R n f _1r  _n . . .  n f " n+1R , )  ,m m+1 n+m-1

t h a t  i s  R i s  i n  (R n ) m+‘*’.

Lemma ( I I - 5 )  : L e t  R b £  a_ f i n i t e  p a r t i t i o n  o f  t h e  compact H a u s d o r f f

sp a c e  X, t h e n  h ( f ,R ) = h C f , / ? 11) f o r  a l l  n .

P r o o f : S in c e  R < R ^ , i t  f o l l o w s  t h a t  h ( f , / ? )  £  " h C f , ^ 11) f o r  a l l  n .

By lemma ( I I - 4 )  , N(/t>n) m+*' £ N(/? n+m) . T h e r e f o r e ,

h t f , / ? 11) = l im  1/Cm+l) logN[ (Rn ) m+1] ^  l im  l / ( m + l )  l o g N ( /? n+m.
m -> oo m -> 00 ~

= l im  l / (n + m ) l o g  H(R n+m) = h ( f  , R )  f o r  a l l  n .  
m-> oo

P r o p o s i t i o n  ( I I - 3 ) : L e t  R be a_ f i n i t e  p a r t i t i o n  o f  t h e  compact

H a u s d o r f f  sp a c e  X, t h e n  hCf11, / ? )  = n  h ( f  , R )  and h ( f n ) = n h ( f )  .

P r o o f : From lemma ( I I - 5 )

h ( f n , /p ) = h ( f n ,/p n ) = h ( f n ,/?  V f - 1 £  V . . .  V f “n+1/?> =

= n l im  1/nm lo g  N</? V f - 1 £  V . . . V f " nm+1 >̂ ) = n  h ( f  )
m-+ oo

f o r  a l l  R.

The second  a s s e r t i o n  f o l l o w s  by t a k i n g  t h e  supremum o v e r  a l l  f i n i t e

p a r t i t i o n s  w i th  c o n n e c te d  e le m e n t s .

We s h a l l  now c o n s t r u c t  a f i n i t e  open  c o v e r  (2 of I  and compare

) w i th  h{f,(2 ) .  L e t  (2 be  a f i n i t e  open  c o v e r  o f  I  o o o

c o n s i s t i n g  o f  t h e  open c o n n e c te d  e le m e n ts  o f  1ft and d i s j o i n t
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open  c o n n e c te d  i n t e r v a l s  { S .  }, j = l , 2 , . . . , N ( f ) -1  , su ch  t h a t  e a ch
J

e le m e n t  o f  { Ŝ . } c o n t a i n s  e x a c t l y  one  o f  t h e  r e m a in in g  e le m e n ts  o f  Hl̂ .

Lemma ( I I - 6 )  • L e t  X = I , and l e t  Hi and (2 Q be_ a £  a b o v e , t h e n

a t  m ost 3n  e le m e n ts  o f  Hi ^  a r e  r e q u i r e d  t o  c o v e r  any e le m e n t  o f  (2 ^  .

P r o o f :  From t h e  d e f i n i t i o n  o f  (2 and Hi we o b s e rv e  t h a t  a t  most- ..... ■■ o o

t h r e e  e le m e n ts  o f  Hi a r e  r e q u i r e d  t o  c o v e r  any s e t  i n  <2 Q. T h e r e f o r e

i f  A = A fl f  1A . n . . . f l  f  n+1A , (A. i n  (2 ) ,  t h e n  a t  most 3°  e le m e n tso 1 n -1  x o

o f  Hin  a r e  r e q u i r e d  t o  c o v e r  A i n  (2 n .o o

Lemma ( I I - 7 ) : h ( f )  + lo g  3 h ( f )  .

P r o o f : I t  s u f f i c e s  t o  p ro v e  t h a t  h ( f ,C 7 Q) + l o g  3 ^  h ( f , % Q) s i n c e

h ( f )  ^  h ( f  ><7 Q) and by c o r o l l a r y  ( I I - 2 )  h ( f )  = h ( f , q ) . By lemma ( I I - 6 )

3n N(C?^) £  N ®  ” ) , w hich i m p l i e s  t h e  r e s u l t .

We a r e  now i n  a p o s i t i o n  t o  p r o v e  t h e  m ain  th eo re m  o f  t h i s  c h a p t e r ,  

t h a t  h ( f )  = h ( f ,Hl ) p r o v id e d  N ( f )  i s  f i n i t e .  T h is  a l lo w s  u s  t o  

c a l c u l a t e  t h e  t o p o l o g i c a l  e n t r o p y  by r e s t r i c t i n g  o u r  a t t e n t i o n  t o  a 

p a r t i c u l a r  p a r t i t i o n  ant  ̂ c a l c u l a t i n g  N (^  i n  t h e  same m anner

a s  f o r  c o v e r s  (2, c o n s i s t i n g  o f  open  s e t s .  T h i s  i s  a s u r p r i s i n g  r e s u l t  

s i n c e  f o r  c o v e r s  <2 c o n s i s t i n g  o f  open  s e t s ,  h ( f )  = h ( f  ,(2 ) o n ly  f o r
GO ” 1 1 “

s e p a r a t i n g  c o v e r s  ( 7 ) ,  t h a t  i s ,  c o v e r s  f o r  w h ich  0  n f  Ar  i s  a t  most

a p o i n t ,  w here  A i s  i n  and A i s  t h e  c l o s u r e  o f  A. What w i l l
n

make t h e  th eo re m  work i s  lemma ( I I - 7 )  w hich  i s  t r u e  o n ly  b e c a u s e

h ( f )  = hit,Hi ) i n  c o n t r a s t  t o  t h e  c a s e  o f  t o p o l o g i c a l  e n t r o p y  f o r  
o

w hich  we o n ly  have  h ( f )  s  h ( f ,< S 7 ) .  The o t h e r  i n t e r e s t i n g  a s p e c t  o f  

t h e  th eo re m  i s  t h a t  s i n c e  h ( f , 5 ^ Q) e x i s t s  and i s  f i n i t e ,  h ( f )  i s

a lw ays  f i n i t e  p r o v id e d  f  h a s  a f i n i t e  number o f  b r a n c h e s .
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Theorem ( I I - l ) : L e t  I  = [ a , b ]  and suppose  N (f)  i s  f i n i t e , t h e n

h ( f )  = h ( f )  e x i s t s  and i s  f i n i t e .

P r o o f : By lemma ( I I - 7 )  h ( f n ) + l o g  3 ̂  h ( f n ) ; a p p ly in g  p r o p o s i t i o n

(1 -7 )  and p r o p o s i t i o n  ( I I - 3 ) , n  h ( f )  + lc_, 3 ^ n  h ( f )  f o r  a l l  n .

T h e r e f o r e ,  h ( f )  ^  h ( f ) .

On t h e  o t h e r  hand , l e t  { • • •  } be a seq u en ce  o f  open

c o v e r s ,  where d  i s  an  open  c o v e r  d e f i n e d  a s  above, and d. i s  a ’ o 1

f i n i t e  open  c o v e r  c o n s i s t i n g  o f  c o n n e c te d  s e t s .  T h is  i s  a r e f i n i n g

se q u en c e  by c o r o l l a r y  (1 -1 )  p r o v id e d  we l e t  d(d^) -» 0 a s  i  -* 00 ,

where d(d . ) = sup { d(A) }. F o r  e a ch  d. t h e r e  e x i s t s  a f i n i t e  
1 At d. 1l

p a r t i t i o n  /?. , su c h  t h a t  d. < R.< R. V Ik , where % i s  as1 1 1 l  o  o

i n  rem ark  2 . From a s s e r t i o n  ( 1 - 1 ) ,  N(<^“ ) ^  N[ ( /^ V  % Q) n ]

and t h u s  h ( f ,< Z )  ^  h ( f , / c l )  ^  h ( f  ,/c^V 5ft q ) = h ( f ) , where  t h e  l a s t

e q u a l i t y  f o l l o w s  from c o r o l l a r y  ( I I - 2 ) . T h e r e f o r e ,  by c o r o l l a r y  ( 1 - 1 ) ,  

h ( f ) = l im  h ( f , t f  ) 5 h ( f )  .
i-» oo

I t  i s  w o r th w h i le  t o  exam ine t h e  p a r t i t i o n s  5ft q and Pq more c l o s e l y  

s i n c e  t h e y  p l a y  a m a jo r  r o l e  i n  t h e  r e v i o u s  r e s u l t s .  The f o l lo w in g  

p r o p o s i t i o n s  w i l l  i l l u s t r a t e  t h e  u n iq u e  p r o p e r t i e s  o f  5ft ^  and P ^  .

P r o p o s i t i o n  ( I I - 4 ) : h ( f , P Q) = h ( f , 5 f t Q) = h ( f )  .

P r o o f :  S in c e  P  < 5ft we have  h ( f , P  ) ^  h(f,5ft ) by p r o p o s i t i o n—— —— o o o o

( I " 2 ) . I t  now s u f f i c e s  t o  o b s e rv e  t h a t  t h e  open c o n n e c te d  e le m e n ts  o f

5ft n and P  n a r e  i d e n t i c a l ,  and i f  M d e n o te s  t h e  number o f  t h e s eo o n

e le m e n ts ,  t h e n  N(5ft ^)  ^  2M^ ^ 2  N ( P ^ ) ,  w hich  im p l ie s

h(f,5ft ) £ h ( f , p  ) .  o o

T h e r e f o r e  by theo rem  ( I I - l )  h ( f , 5 f t Q) = h ( f , P Q) = h ( f )  .
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P r o p o s i t i o n  ( 1 1 - 5 ) : L e t  Pq be  a m in im al f - i n j e c t i v e  p a r t i t i o n  o f

I , t h e n  P  is^ a_ m in im al f n - i n j e c t i v e  p a r t i t i o n  o f  I .

P r o o f : We p ro v e  t h a t  t h e  open  c o n n e c te d  e le m e n ts  o f  P  ^  a r e  t h e

n n
b ra n c h e s  o f  f  . By d e f i n i t i o n ,  t h e  b ra n c h e s  o f  f  c o n s i s t  o f

maximal open  s e t s  on which f  i s  i n j e c t i v e .  T h e r e f o r e ,  s i n c e  f  ,

( k = l , 2 , . . . , n  ) ,  i s  i n j e c t i v e  on e a c h  open  co n n e c te d  s e t  Q € P  “  ,

we se e  by lemma ( I I - l )  and lemma ( I I - 2 )  t h a t  Q must be  c o n ta in e d  i n

some b ra n c h  o f  f  . On t h e  o t h e r  h a n d ,  i f  P and Q a r e  open  c o n n e c te d

e le m e n ts  i n  P  n su c h  t h a t  P U Q i s  c o n ta in e d  i n  a b ra n c h  o f  f n , o

th e n  t h e r e  e x i s t s  § such  t h a t  w i th o u t  l o s s  o f  g e n e r a l i t y  x <  § <  y ,

f o r  a l l  x  i n  P and f o r  a l l  y i n  Q, and su ch  t h a t  a = f  (5)

k+1f o r  some a i n  F and f o r  some k ,  k = 0 , 1 , . . . , n - l  . But t h e n  f  

i s  n o t  i n j e c t i v e  i n  some n e ig h b o rh o o d  o f  § and t h e r e f o r e  n e i t h e r  i s  f n . 

T h is  c o n t r a d i c t s  t h e  a s su m p t io n  t h a t  P U Q i s  c o n ta in e d  i n  a b ra n c h  

o f  f n . T h e r e f o r e ,  P U Q i s  a c o n n e c te d  open e le m en t  c o n ta in e d  i n

fi n .o

Theorem ( I I - l )  can  now be r e s t a t e d  i n  te rm s  o f  N (fn ) .

Theorem ( I 1 - 2 ) : L e t  f  map I  i n t o  I  and suppose  N (f)  i £  f i n i t e ,

th e n  h ( f )  = h ( f )  = l im  1 /n  lo g  N ( f n ) e x i s t s  and i s  f i n i t e .
n-» “>

P r o o f : The p r o o f  f o l l o w s  e a s i l y  from p r o p o s i t i o n  ( I I - 4 )  and

p r o p o s i t i o n  ( I I - 5 ) ,, s i n c e  N(P n ) £  2M s  2N(P n)o n o

For  f u t u r e  r e f e r e n c e ,  we s t a t e  t h e  f o l lo w in g  i n e q u a l i t i e s  in  

e q u a t io n s  ( I I - 2 )  and ( I I - 3 ) .

( I I - 2 )  N ( fn+k) S N ( fn ) N ( fk )

( I I - 3 )  I f  A and B a r e  s u b i n t e r v a l s  o f  I ,  such  t h a t  A £  B ,

t h e n  N (f  | A) £  N (f  | fi) .
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CHAPTER I I I .  TOTAL VARIATION

The f i n a l  r e s u l t  o f  t h e  l a s t  c h a p t e r ,  e x p r e s s e d  t h e  t o p o l o g i c a l  

e n t r o p y  i n  te rm s  o f  t h e  number o f  b r a n c h e s  o f  t h e  i t e r a t e s  o f  a map. In  

t h i s  c h a p t e r  we r e l a t e  t h e  number o f  b r a n c h e s ,  and t h u s  t h e  t o p o l o g i c a l  

e n t r o p y ,  t o  t h e  " M u l t i p l i c i t y  f u n c t i o n " ,  d e f i n e d  b e lo w .

The f o l lo w in g  n o t a t i o n  w i l l  b e  u se d  th r o u g h o u t  t h i s  c h a p t e r .  The 

i n t e r v a l  [ a , b ]  w i l l  be  d e n o te d  by I ,  and dx  w i l l  d e n o te  L ebesgue  

m easu re  on I .

D e f i n i t i o n  ( I I I - l ) : L e t  f  map X i n t o  i t s e l f . D e f in e  t h e  m u l t i p l i c i t y

f u n c t i o n  o f  f ,  T] : X -+ Z U , Z = { 0 , 1 , . . . } ,  by_

T|(y) = c a r d i n a l i t y  { x : f ( x )  = y }.

Remark 4: I f  N (f )  i s  f i n i t e ,  i t  f o l l o w s  from e q .  { I I - 2 ) , t h a t  N ( fn ) 

i s  f i n i t e , a n d  t h e r e f o r e  we can  d e f i n e

7]n (y) = c a r d i n a l i t y  { x : f n (x) = y }.

The m u l t i p l i c i t y  f u n c t i o n  i s  L ebesgue i n t e g r a b l e  on I ,  i f  and o n ly  i f ,  

f  h a s  f i n i t e  t o t a l  v a r i a t i o n ,  and we can e x p r e s s  t h e  t o t a l  v a r i a t i o n ,

V ( f ) , o f  a map, i n  te rm s  o f  t h e  f o l l o w in g  i n t e g r a l  ( 9 ) .

V (f)  = J  T|(y)dy 

The i n t e g r a t i o n  i s  o v e r  t h e  ra n g e  o f  f .

D e f i n i t i o n  ( I I I - 2 ) : L e t  f  J je  _a c o n t in u o u s  map from  I  i n t o  I  f o r  

w h ich  N (f)  _is f i n i t e .  L e t  (j, d e n o te  p r o b a b i l i t y  m ea su re ,  t h a t  i s ,  _a 

m easu re  f o r  which (j, ( I )  = 1 .  D e f in e

1) V (f , | i ,)  = J  T|(y)|J/(dy) .
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2) 7 r ( t ,n )  = l im  1 /n  lo g  V ( f n , |l )
n-» a>

3) ^ ( f )  = sup VCfjU,), w here  t h e  supremum i s  t a k e n  o v e r
M1

a l l  p r o b a b i l i t y  m e a s u r e s .

( N ote  t h a t  7r(f) can  b e  n e g a t i v e  u n l e s s  f  i s  s u r j e c t i v e . )

The m ain  r e s u l t  o f  t h i s  c h a p t e r  w i l l  be  t o  show t h a t  i f  f  h a s  a 

f i n i t e  number o f  b r a n c h e s ,  t h e n  h ( f )  = 7r(f ) ,  and i n  s p e c i a l  c a s e s  

h ( f )  =s V ( f , d y ) .  F o r  d i f f e r e n t i a b l e  maps we a l s o  have  t h e  u s e f u l  r e l a t i o n  

?T(f,dx) = l im  1 / n  l o g  J  | (D fn ) ( x )  |dx, w here  . Dfn i s  t h e  d e r i v a t i v e  o f
n-* oo

f  , and t h e  i n t e g r a t i o n  i s  o v e r  t h e  dom ain o f  f  .

B e fo re  p r o c e e d in g  t o  t h e  m ain  th eo re m , we p ro v e  a p r e l i m i n a r y  r e s u l t  

which w i l l  s i m p l i f y  many o f  t h e  p r o o f s ,  b u t  i s  a l s o  o f  i n t e r e s t  in d e p e n ­

d e n t  o f  i t s  r o l e  i n  t h a t  th eo re m .

We s h a l l  p ro v e  t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  assum ing  t h a t  f  

i s  s u r j e c t i v e  when one  c a l c u l a t e s  t h e  t o p o l o g i c a l  e n t r o p y  o f  f  .

L e t  Xn= f n (X ), Xt == n ^ = 8 Xn  ( X 0 = X ) ,  and g > 1 |x  .
00

Our aim i s  t o  p ro v e  h ( f )  = h ( g ) .

P r o p o s i t i o n  ( I I I - l ) : L e t  f  be^ a_ c o n t in u o u s  map from t h e  compact

H a u s d o r f f  s p a c e  X i n t o  i t s e l f , t h e n  g maps Xm o n to  i t s e l f .

P r o o f :  F i r s t  we show t h a t  g maps X----------- & oo m t o  i t s e l f ;  t h i s  f o l l o w s  s i n c e

X s  f  (X ) := X _ f o r  a l l  n  , hence  g(X ) £  X«° n n + l  ’ °= oo

To p ro v e  g i s  o n t o ,  we f i r s t  n o te  t h a t  s i n c e  f  i s  c o n t in u o u s ,

f n (X) = X^ and X^ a r e  c lo s e d  non-em pty  s u b s e t s  o f  X. Suppose

y i s  i n  X^ , we s h a l l  c o n s t r u c t  a p o i n t  x  i n  X^ f o r  w hich

g(x )  = y .  S in c e  y i s  i n  X we have y i n  X f o r  a l l  n ,  w hichoo n

im p l ie s  t h e r e  e x i s t s  x  , i n  X , su c h  t h a t  f ( x  , )  = y .  C o n s id e rn -1  n -1  n -1

a seq u en ce  (xn 3» (xn  i n  X ) ,  such  t h a t  ^ ( xn  ̂ = y ^o r  a -H n - S in c e
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X i s  co m p ac t,  t h e r e  e x i s t s  a su b s e q u e n c e ,  {x }, s u c h  t h a t  x
n . xi •1 u i

a p p ro a c h e s  x i n  X, a s  i-» =° . B ut s i n c e  x i s  i n  X and X
n . n .  oo1 x

i s  c l o s e d ,  x  i s  i n  X .
00

Lemma ( I I I - l ) : L e t  (2 b £  £  f i n i t e  c o v e r  o f  X, t h e n  f o r  e v e ry  m,

h ( f , £ 7 )  ^  1/m lo g  N ( t f m) ;  i n  p a r t i c u l a r , h ( f , 6 7 )  ^  lo g  N((2 ) .

P r o o f :  C o n s id e r  (2™  = V f  ^  V , . . . ,  V f -nm+1^

U sin g  p r o p e r t i e s  (1 -2 )  and ( 1 - 4 ) ,  we o b t a i n  N((2 IUn) ^  [N(<7m) ] n , 

and s i n c e  h ( f ,(2 ) e x i s t s ,

h ( f  ,(2 ) = l im  1/nm lo g  N(C2 h™) ^  l im  1/nm log [N ((7  ”*) ] n = 1/m lo g  N (c /m) .
n-+ 00 n-* o°

The f o l l o w i n g  a d d i t i o n a l  n o t a t i o n  w i l l  be u se d  b e lo w .  F o r  a f i n i t e

open  c o v e r  (2 o f  X, l e t  (ff ) = (2 V X = f A f) X : A € <7, 0 <  n £  “  },n  n c n  J

( X =X ) , so  t h a t  (<2 ) i s  an  open  c o v e r  o f  X , open  i n  t h e  s u b -o n  n

s p a c e  t o p o lo g y ;  and l e t  f  = f |  , n = l , 2 , . . .  .n x n

The f o l l o w i n g  r e s u l t s  a r e  e a s i l y  v e r i f i e d ,

( I I I - l )  (Cl V 13) = ia  ) V (/? ) ,n  n n

( i n - 2) f " 1 ( a ) = ( f - 1 # ) .n  n  n

Lemma ( I I I - 2 )  : L e t  X be  £  compact H a u sd o rf  f  s p a c e , aa<i f  be  £  map

from X i n t o  i t s e l f , t h e n  = h ( f , ( 7 )  ( n = 1 , 2 , . . . )  .

P r o o f : G iven  an  open  c o v e r  (2 o f  X, form t h e  open  c o v e r  ((2 ) o f

Xn and l e t  N ( (< 7 )n ) be  t h e  m in im al  c a r d i n a l i t y  o f  a s u b c o v e r  o f

{(2 ) . Thus by p r o p e r t i e s  ( I I I - l )  and ( I I I - 2 )  ,n

N[(<7) V f \ )  V V f ' k + 1 W ) ] = N[ ( t f  V f  V , . . . ,  V f '~k+1(2 ) ]
n  n  n  n  n  n

= N [ ( t f k ) ] .n

C l e a r l y  N[ id  ) ] ^  N i d ) ,  t h e r e f o r e ,  h ( f  ,{ (2)  ) ^  h ( f  ,<2 ) . n  n  n

On t h e  o t h e r  hand , s i n c e  f  nX = X, i t  f o l l o w s  t h a t  f  n{(2k ) i sn  n
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a  c o v e r  o f  X , and f  n (67 k) V (2 n C (2 n+k . T h e r e f o r e ,n

N ( ^ U+k) £ N ( f - n ( t f k) )N(67 n ) ^  N((<7 k) ) N ( t f  n) ,n  n

where t h e  i n e q u a l i t i e s  f o l lo w  from  p r o p e r t i e s  (1 -4 )  and ( 1 - 2 ) ,  r e s p e c t i v e l y .

F i n a l l y ,  h (f ,< J?)  = l im  l / ( n + k )  l o g  N(C7 n+k)
k-ko

l im  ( k / n + k ) l / k  l o g [ N ( ( t f  k ) Q)N (tf  n) ] = h ( f n , ( t f  ) R) . 
k-*»

Lemma ( I I 1 -3 )  ; L e t  X be a  compact H a u sd o rf  f  s p a c e , and f  be a

c o n t in u o u s  map from X i n t o  i t s e l f .  L e t  g = f  L • Then' — '■ — - 11 ■ ■ - ———
CO

h ( f  ,a  ) * h ( g , ( t f  , where = V X o , and X ^ x n ^ A .

P r o o f :  G iven  e >  0 , f i x  n so t h a t

+ e >  1 / n  l o g  N [ ( ( ( 7 ) oo) n ] = 1 /n  lo g  N ( ( t f n) ^

k *)such  an n e x i s t s  by p r o p o s i t i o n  ( 1 - 1 ) .  L e t  B = [b . € Cl : i  = 1 , 2 , . . . , m  }
K 1  K

be a c o v e r  o f  Xro o f  m inim al c a r d i n a l i t y ,  c o n s i s t i n g  o f  e le m e n ts .

C l e a r l y ,  M. = N((<7 ) J  , and one e a s i l y  s e e s  t h a t  h (g , ( (7 )00) = l im  1 / k  l o g  M .
K - .   K

Mn
Choose m s u f f i c i e n t l y  l a r g e  so  t h a t  U . , B. 2  X 2 X m , and a s  B 2  (2i = l  l  m 00 n

we have  ( I I I -3)

h ( f “ ( t f n ) ) £ h ( f “ ,/3 ) < l o g  M , m m m n n

where t h e  seco n d  i n e q u a l i t y  f o l l o w s  from  lemma ( I I I - l ) . A r e - e x a m i n a t i o n

o f  t h e  p r o o f  o f  lemma ( I I -5) shows t h a t  i t  i s  t r u e  f o r  a r b i t r a r y  f i n i t e

c o v e r s ;  t h e r e f o r e ,  u s in g  lemma ( I I I - 3 )  and ( I I - 5 ) ,  p r o p o s i t i o n  (1 -7 )  w i th

p r o p e r t i e s  ( I I I - l )  and I I I - 2 )  , we have  h ( f , < 7 )  = h ( f  , ((/) ) = h ( f  , (C7°) ) = r  r  m m m m

1 / n  h ( f n ,(C 7n) ) , w h ich ,  i f  s u b s t i t u t e d  i n t o  ( I I I - 3 )  , y i e l d s  m m

h ( f  ,a  ) ^  1 / n  l o g  Mn < h ( g , ( t f  + e .
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T h e r e f o r e ,  h ( f  ,d  )  ̂ i i(g, (d ) ̂  .

Theorem ( I I I - l ) : L e t  X t e a  compact H a u s d o r f f  s p a c e , and f  be a

map from  X i n t o  i t s e l f .  I f  g = f  |x ^  , where X_ = X fl f°X ,
“  °° n= l

th e n  h ( f )  = h (g )  .

P r o o f :  L e t  d  be an a r b i t r a r y  open c o v e r  o f  X^ , open  i n  th e  s u b ­

sp ace  to p o lo g y  o f  X^ . T here  e x i s t s  an open c o v e r  d  o f  X , such

t h a t  {d ) oo = dm , n am ely ,  d = [A U (X -  X ^  : A € d^} . Thus by lemma

( I I I - 3 ) ,  we have  h ( f )  ^  h (g )  .

On th e  o t h e r  h a n d ,  by p r o p o s i t i o n  ( 1 - 6 ) ,  

h ( f )  = m a x . { h ( f ) , h ( g ) } , 

w hich  im p l i e s  h (g )  ^  h ( f )  .

T h is  l a s t  th eo rem  e n a b le s  us  t o  r e s t r i c t  o u r  a t t e n t i o n  t o  s u r j e c t i v e  

maps; f o r  i f  f  maps X i n t o  X , we s h a l l  r e s t r i c t  o u r  a t t e n t i o n  t o  g

and X . Any m easu re  c o n s id e r e d  i n  t h i s  c h a p te r  w i l l  be assumed t o
00

s a t i s f y  = 1 • The f a c t  t h a t  f  i s  s u r j e c t i v e  e n a b le s  u s  t o  assume

t h a t  T]n (y) ^  1 f o r  a l l  y i n  X , and {T)n (y )}  i s  an i n c r e a s i n g  s e ­

q u e n c e ,  w hich  i m p l ie s

V ( fn ,|i )  ^ 1  and r ( f , | i )  ^ 0  f o r  a l l  p, .

I t  i s  a l s o  a p p a r e n t  t h a t  i f  X^ i s  a p o i n t ,  t h e n  h ( f )  = 0 . T h i s  would 

be t h e  c a s e , f o r  e x a m p le , i f  f  i s  a map h a v in g  th e  a b s o lu t e  v a lu e  o f  i t s  

d e r i v a t i v e  a lm o s t  everyw here  l e s s  th a n  one.

We p r o c e e d  t o  t h e  p r o o f  o f  t h e  main r e s u l t  o f  t h i s  s e c t i o n ,  t h a t  

h ( f )  = "lf(f) . The i d e a  w i l l  be t o  e s t i m a t e  N ( fn ) i n  te rm s  o f  t h e  

m u l t i p l i c i t y  f u n c t i o n  ^ " (y )  e v a lu a t e d  a t  f i x e d  p o i n t s .  The fo l lo w in g  

lemma g iv e s  u s  t h i s  e s t i m a t e .
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Lemma (111- 4 ) : L e t  f  map I  o n to  I  , ( I  = Ca o ,QN ( f ) ^  ’ 311(1 suppose

N (f)  i s  f i n i t e . L e t  {ĉ . : i  = 1 , 2 , . . .  ,N ( f )  - l }  d e te rm in e  th e  b ra n c h e s

o f  f  , so  t h a t  f  i £  i n j e c t i v e  on • Then

N ( f n) ^  n i f  (c^)  .

P r o o f :  f n h a s  N ( f U) b ra n c h e s  d e te rm in e d  by N<fn ) -1  p o i n t s

n 1_
{x . : j  = l , 2 , . . . , N ( f  ) ~ l }  such  t h a t  f  (x  .) = a. for some k  ,

J J ^

(k  = 0 , 1 , . . . ,  n -1 )  . T h e r e f o r e ,

N ( f D) -1  ^  C a r d i n a l i t y  {UQ k  ̂ n_1i f  ^ 3 3

1 £ i  £ N (f )  -1

"  ^  r f (al> + ^ ( a 2> + + ^ ( f ) - ! ^  *

S t r i c t  i n e q u a l i t y  i n  t h e  f i r s t  i n s t a n c e  o c c u r s  i f  some x . i s  i n
J

[ f  k (a o ,QfN (f)  33 > k = 0 , 1 , . . . , n - l  , o t h e r w i s e  we have  e q u a l i t y ?  and

T|0 (Q? ) = 1  ( i  = 1 , 2 , .  . .  , N ( f ) - l )  . But s i n c e  f  i s  i n j e c t i v e  and

Tlk (y) ^  1 f o r  a l l  k , £T|k ( y ) } i s  a  n o n - d e c r e a s i n g  sequence ;  and i n

p a r t i c u l a r ,  i f ( a ^ )  2: T]k (Q^) (k = 0 , 1 , . . . , n )  . T h e r e f o r e ,

N ( f n ) ^  n[Tjn (Q'1) + T\n(a2) + . . .  + tfVN(f) ] •

Theorem ( I I I -2 )  ; L e t  f  map I  o n to  1 , 1 =  [ a o ,QN (f )^  ’ 311(1 suppose

N( f )  _is f i n i t e , t h e n  h ( f )  = T(f)  .

P r o o f :  L e t  F = i f .  , for.} and d e f i n e  a  m easure  on I  by--------- i = l  i

= l / [ N ( f )  - 1 ]  , i  = 1 , 2 , . . .  , N ( f ) - l  , , and ^ ( I - F )  = 0  .

U sing  lemma ( I I I - 4 ) ,

v « v 0 ) = s N' ! )1 - 1 a N ( f n >L [ K ( f ) - i ] ]  ■
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p a s s i n g  t o  t h e  l i m i t ,  and u s in g  th e o re m s  ( I I -2 )  and ( I I -1)

r ( f )  ^  r(f ,M .0) 2: h ( f )  = h ( f )  .

The o t h e r  i n e q u a l i t y  f o l l o w s  e a s i l y  s i n c e  T]n (y) ^  N ( fn ) f o r  a l l  y

i n  I  , and f o r  a l l  n  . Thus

V (fn ,n )  = [ Tjn (y)|Jl(dy) < N ( fn) ,
J I

w hich  im p l ie s

K f  , | i )  ^  h ( f ) = h ( f )  f o r  a l l  |i .

T h e r e f o r e ,  ty"(f) = h ( f )  .

A s im p le  c o n seq u en ce  o f  lemma ( I I 1-4)  i s  t h e  f o l l o w in g  p r o p o s i t i o n .

P r o p o s i t i o n  ( I I I - 3 )  : I f  T]n  = max. ̂ ( y )  , th e n  h ( f )  = l im  1 / n  lo g  7]
—  y € l  n-*°

P r o o f : From lemma ( I I I -4 )

Tln £ N ( fn ) ^  n 2  ^ ^ )_ 1  ^“ (Qfp ^  n N (f)  i f  .

H ence, by th eo rem  ( I I - 2 )  ,

h ( f )  = l im  1 / n  l o g  Tjn  .
n-K°
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CHAPTER IV. EXAMPLES AND APPLICATIONS

The f o l l o w i n g  exam ples  w i l l  i l l u s t r a t e  some a p p l i c a t i o n s  o f  t h e  

r e s u l t s  o b t a i n e d  i n  t h e  p r e v io u s  c h a p t e r s .

Example 1 :  We s h a l l  a dop t  t h e  r e s u l t s  o f  c h a p t e r  I I I  t o  c a l c u l a t e  t h e

e n t r o p y  f o r  a c l a s s  o f  f u n c t i o n s  f o r  w hich  t h e  m u l t i p l i c i t y  f u n c t i o n  i s  

c o n s t a n t  e x c e p t  a t  f i n i t e l y  many p o i n t s .

P r o p o s i t i o n  ( I V - 1 ) : L e t  f  map I  o n to  i t s e l f , where f  h a s  a_ f i n i t e

number o f  b r a n c h e s . Suppose T| (y) = u , ( y i n  I  ) , e x c e p t  a t

f i n i t e l y  many p o i n t s  y = , ( i = l , 2 , . . . , p ) . Then h ( f )  = l o g  u .

P r o o f  : The p o i n t s  a t  w hich  7] (y) <  u a r e  t h e  r e l a t i v e  maxima and

minima o f  f  . L e t  Tf1 = supgj. Tf1(y) and d e f i n e  ^  = { y :  T p C y X f 1},

and Tn  = { y: f k ( a  ) = y ,  1 =  i  = p ,  1 ^  k ^  n  } , t h e n  c l e a r l y

r  £  r  . As U ”  ,  F. i s  a c o u n ta b l e  s e t ,  J  = I  -  U . _ I"1. #= 0 ,
n  n  _ i = l  i  i = l  i

and i f1 (y) = Tf1 f o r  a l l  n , p r o v id e d  y i s  i n  J  . We p ro v e

i n d u c t i v e l y  t h a t  i f1 = un , i n  f a c t ,  f o r  o n ly  y 6 J ,  i f ^ y )  = ^  •

F o r  y i n  J  , 7](y) = u . Assume t h a t  T^Cy) = u*1 f o r  y i n  J ,

n+1 71(v) ti
t h e n  T| (y )  = S Tf ( x .  ) where  f ( x .  ) = y ,  i  = 1 , 2 ,  . . . ,  T|(y) .

i = l  i  i

We c la im  t h a t  x i s  i n  J ,  s i n c e  o t h e r w i s e ,  x .  = f  ( O'. ) , f o r  some
i  i  J

j  = 1 , 2 , . . . , p and some k = 1 , 2 , . . . , n  , w h ich  i m p l ie s  y = f (  x  ) =

k+1f  ( o ' . )  and t h e r e b y  c o n t r a d i c t s  t h e  a s su m p t io n  t h a t  y i s  i n  J .
J

T h e r e f o r e ,  T]n ( x .  ) = V1 by t h e  i n d u c t i o n  h y p o t h e s i s ,  and s i m i l a r l y

7](y) = u .

^ n + l .  . ^  u n  n+1 ~n+ lHence, Tf (y) = u = u = 7]
“  n

By p r o p o s i t i o n  ( I I I - 3 )  , h ( f )  = l i m  1 / n  l o g  T] = l i m  1 / n  l o g  u = l o g  u.
n -» oo n -» oo
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D e f i n i t i o n  (IV -1 )  : L e t  I  = [ 0 , 1 ] ,  and f  b £  a map from I  o n to  I ,

f o r  w hich  N (f)  i s  f i n i t e .  I f  t h e  image o f  f  | r tL Q'i , 0f1+1 J ,

( i  = 0 , l , . . . , u - l ;  = 0 ; or s= 1 ) , is_ homeomorphic t o  I  , we

c a l l  f  a f u l l  f u n c t i o n  ( 4 ) .

Example 2 : I f  f  i s  a f u l l  f u n c t i o n  w i th  u b r a n c h e s ,  t h e n

p r o p o s i t i o n  ( I V - 1 ) , o r  a d i r e c t  a p p l i c a t i o n  o f  th eo rem  ( I I I - 2 ) , i m p l i e s  

h ( f )  = lo g  u .

Example 3 : The t o p o l o g i c a l  e n t r o p y  o f  t h e  Chebyshev P o ly n o m ia l  was

c a l c u l a t e d  by M. H. McAndrew and R. L . A d le r  ( 8 ) .  I t  i s  e a s i l y  v e r i f i e d  

t h a t  t h e  Chebyshev P o ly n o m ia l  o f  d e g re e  l) i s  c o n ju g a t e  t o  a map d e ­

f i n e d  on [ 0 , tt] w hich  i s  a p i e c e w i s e  l i n e a r  f u l l  f u n c t i o n  w i th  u 

b r a n c h e s .  A p p l i c a t i o n  o f  th e o re m  ( I I I - 2 ) , o r  t h e  p r e v i o u s  two ex am p les ,  

g iv e  t h e  e n t r o p y  a s  l o g  u .

Example 4 : We p ro v e  p r o p o s i t i o n  (1 -5 )  f o r  t h e  s p e c i a l  c a s e  w here X

and Y a r e  i n t e r v a l s ,  and f  and g have a f i n i t e  number o f  b r a n c h e s .

The e r r o r  i n  t h e  o r i g i n a l  p r o o f  ( ( 1 ) ;  Theorem 3 ,p  312 ) was i n  t h e

c la im  t h a t  open  c o v e r s  o f  X X Y o f  t h e  form (2 X B = (axB: &B2, BGB ]

have  t h e  p r o p e r t y  t h a t  N 67 X /? ) = N^( (2 ) N^( 13 ) . F o r  open

c o v e rs  we o n ly  have  t h e  i n e q u a l i t y  ^ x ^ . (  ( 2 x 6 ) =  Nx ( (2 ) N^( B ) ; 

how ever, f o r  p a r t i t i o n s  (2 and B, o f  X and Y r e s p e c t i v e l y ,  we

have e q u a l i t y  s i n c e  <2 X B i s  a p a r t i t i o n  o f  X X Y . T h e r e f o r e ,  i f

we r e s t r i c t  o u r  a t t e n t i o n  t o  p a r t i t i o n s  r a t h e r  t h a n  open  c o v e r s ,  t h e  

o r i g i n a l  p r o o f  (1) t h a t  h ( f  X g) = h ( f )  + h (g )  h o l d s .

A r e e x a m in a t io n  o f  t h e  p r o o f s  i n  c h a p t e r s  I I  and I I I  shows t h a t  t h e  

e s s e n t i a l  c r i t e r i a  a r e  t h e  r e s t r i c t i o n s  o f  X t o  a one d im e n s io n a l  

s p a c e ,  and t h e  maps t o  t h o s e  w i t h  a f i n i t e  number o f  b r a n c h e s .  I t  i s
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e a s i l y  v e r i f i e d  t h a t  a l l  t h e  r e s u l t s  o b t a i n e d  a r e  t r u e  f o r  t h e  c i r c l e

s1 .

Example 5 : L e t  X = and f  be  a  homeomorphism, t h e n  h { f )  = 0

T h i s  r e s u l t  i s  an im m edia te  c o n seq u en ce  o f  p r o p o s i t i o n  ( X I I - 3 ) , s i n c e  

Tf1 (y) = 1 f o r  a l l  y i n  S~ and t h e r e f o r e ,  if1 = 1 .
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CONCLUDING REMARKS

The r e s u l t s  o f  C h a p te r  I I  show t h a t  t h e  c o m p u ta t io n  o f  t h e  t o p o ­

l o g i c a l  e n t r o p y  can  be s i m p l i f i e d  f o r  c o n t in u o u s  maps h a v in g  a  f i n i t e  

number o f  b r a n c h e s  on an i n t e r v a l .  T h i s  s u g g e s t s  t h e  i n v e s t i g a t i o n  

o f  t h e  f o l l o w in g  p ro b le m s.

L e t  X = [ a ^ , ^ ]  X [ a 2 ,b 2 ] X . . .  X[an ,b n ] and l e t  f  , mapping X 

i n t o  X , be i n j e c t i v e  on e le m e n ts  o f  a  p a r t i t i o n  c o n s i s t i n g  o f  a  f i n i t e  

number o f  convex  s e t s .  I s  i t  s t i l l  p o s s i b l e  t o  compute th e  t o p o l o g i c a l  

e n t r o p y  by r e s t r i c t i n g  o n e ' s  a t t e n t i o n  t o  m inim al f - i n j e c t i v e  p a r t i t i o n s ?  

P r o p o s i t i o n  (1 -5 )  g iv e s  a  f a v o r a b l e  answer f o r  th e  c a s e  o f  p r o d u c t  maps.

C o n s id e r  a  sequence  f  c o n v e rg in g  t o  f  ; f o r  w ha t n o t io n  o f  con­

v e rg e n c e  does  11 (^n) con v e rg e  t o  h ( f )  . The sequence

^ - 2 x  + 2 -n  0 £ x <  2 -n_1

f  (x) = n 2x -  2~n 2 n 1 <: x  <  2“n

x 2 _n < x ^  1 .

t o g e t h e r  w i t h  p r o p o s i t i o n s  (1 -6 )  and (IV -1) d e m o n s t ra te  t h a t  u n ifo rm  

co n v e rg en ce  i s  n o t  s u f f i c i e n t .  I n  f a c t ,  t h e  r e s u l t s  i n  C h a p te r  I I  s u g g e s t  

t h a t  t h e  c o n v e rg e n c e  needed  s h o u ld  be su c h ,  t h a t  N ( f n) a p p ro a c h e s  N ( f )  .

A d d i t i o n a l  r e s u l t s  may be o b t a i n e d  i f  Theorem ( I I I -2) r e m a in s  t r u e  

f o r  a  m o d if ie d  d e f i n i t i o n  o f  1f(.f )  (Def. ( I I I - 2 ) ) .  T hus ,  i f  we d e f in e  

7r(f) = sup y ( f , | j , )  , where t h e  supremum i s  t a k e n  o v e r  a l l  i n v a r i a n t  m easu res  

r a t h e r  t h a n  a l l  m e a s u re s ,  i t  i s  r e a s o n a b le  t o  c o n j e c t u r e  t h a t  t h e  t o p o l o ­

g i c a l  e n t r o p y  f o r  a  l a r g e  c l a s s  o f  f u n c t i o n s  may be computed from  

(D ef. ( I l l  -2 )  ) .
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L a s t l y ,  p r o p o s i t i o n  ( I I I -3 )  may be t r u e  f o r  a r b i t r a r y  com pact 

s p a c e s ,  and f u n c t i o n s  f o r  w hich  T] i s  f i n i t e .
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