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INTRODUCT ION

A central problem in mathematics is the determination of conjugacy
classes of maps: two continuous maps, f and g, are conjugate if there
exists a homeomorphism ¢, such that g = ¢f¢_1. Topological entropy,
h(f), was introduced by R.L. Adlex, A.G. Konheim, and M,H, McAndrew (1)
as a conjugacy invartant, that is, if £ and g are conjugate, then
h(f) = h(g). In recent years, topological entropy has been employed
by various authors (2), (3), (7), (10), who have been concerned with
conjugacy classes of maps.

In spite of the progress made in this area, it remains rather
difficult to compute the topological entropy of particular maps. In
fact, it is only possible to calculate the topological entropy explicitly
for a limited class of maps or spaces. Accordingly, some of our work
is restricted to spaces homeomorphic to an interval I, and we require
the maps to be injective on subintervals in a finite partition of 1I.

The results we obtain for an interval I can also be extended to a
circle.

The notation and basic definitions relevant to the concept of
topological entropy are contained in (1), and are reviewed in Chapter I,
We include only those proofs which are needed for future reference,

In Chapter II, we show that the role of open covers in the definition
of topological entropy can be filled by partitions consisting of a

finite number of connected elements. We then prove that the role of
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these partitions can in fact be filled by a unique partition ( Thm.II-1).
Finally, we are able to represent the topological entropy, h(f), in
terms of the iterates of a map £, ( Thm.II-2). Thus, we have completely
eliminated the role of open covers from the definition of topological
entropy.

In the third chapter, we prove that for a map of X into itself,
there is no loss of generality in computing the topological entropy
for a restriction of the map to a subspace on which it is surjective
( Thm,III-1 ).

An additional characterization of the topological entropy is
obtained from an investigation of the multiplicity function T(y),
which is defined as the number of pre-images of f-l(y); this
characterization is in terms of an expression analogous to the total
variation ( Thm.III-2 ).

In the last chapter we apply the techniques developed here to

compute the topological entropy for certain classes of maps.
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CHAPTER I, PRELIMINARIES

This chapter contains a brief summary of some of the results
obtained by R.L. Adler, A.G. Konheim, and M.H. McAndrew (1).
Unless otherwise specified, X will denote a compact Hausdorif

space, and all maps will be assumed to be continuous.

Definition (I-1): For any cover « of X, denote by N(4) the

number of elements in a subcover of minimal cardinality. A subcover

of a cover is called minimal, if no other subcover contains fewer

elements.

Note that if £ 1is a mapping of X into itself, and (¢ is a

—1 -
cover of X, then f = {flA: A€ @ } is also a cover.

Definition (I-2): For any two covers, & and B of X, let the

join of d and f3 be defined as the cover

avh= {ANB: AEQ, BERI.

Definition (I-3): A cover [ is a refinement of a cover ¢, (denoted

by & <B), if for every B in /[ there exists an A in

containing B .

The following four results are easily verified; for the proofs,
see (1). Let X be a compact Hausdorff space, and f a map from X
into itself, then the following assertions are true.

(1-1) It & <[, then N(@) £ N(B).

(1-2) N(E'@) < N(@) for all « .
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(1-3) If £ 1is surjective, then N(JZ ) = N(f-ld).
(1-4) NCAdVEB) < N @) NB).

We shall also abreviate the expression @V f_ld VyeeonV f-n+ld

to dn, where dl=d.

Proposition (I-1): Let & be a finite cover of X, then

lim 1/n log N(«& n) exists and is finite.
n+ «© -

Proof: We shall first prove that the sequence { log N(d n) } is

subadditive, that is, log N(Z ™™ < log N(@™ + log N @™ .

n+m -m_n -m_:
In fact, N(@ D= N@™ViTa™ = xva@™ v¢Ta® < vag™ vag®.
The first inequality follows from property (I-4), and the second

inequality follows from property (I-2).

We now prove the general assertion that if an+m < a, + a , and

a 20 , (n,m =1,2,... ), them 1lim (l/n)an exists and is finite.
n-+ ®

For any fixed j, we can express n uniquely by, n = mj+p for

p=1,2,...,5-1 ,
an/ns [amj/(mj+p) + ap/ (mj+p) < [amj/mj + ap/ (mj+p) ] <

< [a./j + a /Mmj+p)],
J P

where the first and last inequalities follow from the subadditive

condition, Therefore, since n—+ « implies m- « |

lim.sup @ /n < 1lim.sup ( a./j + a/(mj+p) ) < a//j .
ne o n n-+ @ J p J

But this is true for all j, thus lim.sup a /n < 1lim.inf a_/n .
n+ *® n-» ®

This proves the limit exists; it must also be finite, since (1/n)an < al1

for all n. This completes the proof of the proposition.
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Definition (I-4): Let X be a compact Hausdorff space, and ¢ be an

open cover of X, For a continuous map £, from X into X, the

Topological Entropy of f, with respect to a, is defined by

lim 1/n log N(d n) = h(£,d).
n+ ®

Proposition (I-2): If ¢ and /2 are open covers such that & <5,

then h(£,4) < h(£,5).

Note: If we replace the open covers & and /3, in proposition (I-2),
by partitions ¢ and /[3', consisting of a finite number of elements,

we get an analogous result, namely,

lim 1/n log N(@™) < 1lim 1/n log N(B'™.

n-» < n-» o«
Definition (I-5): Let X E_ a compact Hausdorff space, and f be a
continuous map from X into X . Define the Topological Entropy 2_32 £,

as supd h(f,4 ) = h(£f), where the supremum is taken over all open

covers ﬁ X, (Note that O < h(f) <€ «.).

Remark 1l: The compactness of X allows us to take the supremum in
definition (I-5) over all finite open covers of X, as the following
argument shows:

Let P Dbe the class of all finite open covers of X, and o be
the class of all open covers of X, Then clearly
supd ca h(£,d) = SUPg ¢ B h(£,8). On the other hand, for every
open cover «, there exists finite open subcovers /[3; this implies
NEZ™ < NB™ for all n, and thus h(£,d) < h(£,8).
Therefore,

h(f,d) < h(£,5).

SUp ., ¢ SUP ¢ 8

Definition (I-6): A sequence of covers, {dn}, is a refining sequence

if (1) dn <dn+1 (n=1,2,...), and (2) for every finite cover 5,
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there exists an dn , such that £ < dn.

A refining sequence of open covers, when it exists, simplifies the

computation of the topological entropy, as the following results reveal,

Proposition (I-3): If {dn} is a refining sequence of open covers,

then h(f) = 1lim h(f£,d ).
n- o n

Proof: The result is an immediate consequence of proposition (I-2) and

remark 1.

For metric spaces (X,d), proposition (I~3) can be restates in

terms of the following definition and the Lebesgue Covering Lemma.

Definition (1-7): The diameter d(d ) _cﬁ a cover 74 is defined by

a@) = SUP, ¢ { d@a) 3}, where d(a) is the diameter of the

set A.

Lebesgue Covering Lemma: For every open cover ( of a compact metric

space (X,d), there exists &6 >0 such that if U S X js a set for

which d(U) < 6, then U is contained in onme of the elements of « .

The supremum over all such numbers § is called the Lebesgue number 2_{ a.

Rephrasing of Lebesgue's Covering Lemma: For open covers (¢ and f3
P 108 gt g ang

of a compact metric space X,d), if d(F) 1is less than the Lebesgue

number of (¢ , then a=<pB.

Proposition (I-3) now takes the form,

Corollary (1I-1): It {dn} is a sequence of finite open covers of the

compact metric space (X,d), such that dn < dn+1 and d(dn) +0 as

n + o, then {dn} is a refining sequence and h(f) = lim h(f,dn).
n-

A consequence of the above corollary is the existence of refining

sequences for compact metric spaces.
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The remaining propositions in this chapter exhibit some of the
properties of the topological entropy. The proofs of these propositions
caii be found in (1) and will be omitted here except for those needed

for reference in subsequent chapters.

Proposition (I-4): [(1); Theorem 2, p.311] Let X and Y be compact

Hausdorff spaces, f Eg_g_continuous map from X into X, and { be

a homeomorphism of X onto Y, then h(f) = h(wfw—l) .

The original proof of the next assertion [ (1); Theorem 3, p.312]
is incorrect, and a correct version can be found in (5). We offer

another proof in chapter IV for X =[a,b].

Proposition (I-5): Let £ and g Bg continuous maps 2£ X into

itself and Y into itself, respectively. Then h(fxg) = h(f) + h(g),

where fXxg maps X X Y into itself, and is defined by

(£xe) (x,y) = (£(x),g(y)) for x in X, and y in Y.

Lemma (I-1): Let {an} and {bn} be two sequences such that a 20

and bn2 0 for all n. Suppose a = lim 1/n log an, and
n- ©

b = 1im 1/n log b exists, then 1lim 1/n log(a +b ) = max.{a,b} .
n+ « n n- © non

Proof: For any c > max.{a,b} there exists an integer p, such that
log an<1nc and log bn<2nc whenever n = p. Thus

log(an+bn) <nc + log 2 and consequently,

max.{a,b} < 1lim.inf 1/n log(a +b ) < 1lim.sup 1/n log(a +b ) <ec .
o o n n e n

Therefore, lim 1/n log(an+bn) = max.{a,b} .
n- ©

Proposition (I-6): [(l); Theorem 4, p.313] Let X, and Xz be two

1
closed subsets of X such that X1U X2 = X and f(Xi) c Xi , (i=1,2).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then h(f) = max.{ h(f 'x ), h(s |X )} .
1 2

Proposition (I-7): h(fk) =k h(f), ((k=1,2,...) .

Proof:
k k - oy
h(f) = h(fk,d ) = lim 1/n log N(dkv £ kakv Y g n’“l’kak)
n- «
~nk
- k 1lim 1/nk log M@ Yy - x nee,q)
n—+ ©

for any open cover ¢ . Therefore, h(fk) 2k h(f) . On the other hand,

av @y . v ™ gcgvetav . v

nk
Therefore, by property (I-l), h(f,d) = 1lim 1/nk logN(d ) =1/k h(fk,d),
n+ «

where the inequality follows from proposition (I-2). As this result is

true for all open covers ( , we get the inequality h(f) =1/k h(fk).

The above propositions were mainly councerned with the properties

of the topological entropy, but are of little help in its actual compu-
tation. One appreciates the difficulty in calculating the topological
entropy by considering the paper by M,H. McAndrew and R.L, Adler (8),
which is devotes entirely to tie computation of the topological entropy
of the Chebyshev Polynomial; in chapter IV, we give a simple computa-
tion based on the results of this paper. The difficulty lies in evaluat-
ing the quantity N(& n), which depends on the given map and the choice
of the open cover (¢ . We shall show in the following chapter how the

dependence on the cover can be neglected, for X = [a,b] .
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CHAPTER 1II. TOPOLOGICAL ENTROPY WITH RESPECT TO PARTITIONS.

One of the original conjectures posed by the authors of (1) was that
the topological entropy of a map could be calculated by considering
partitions of X rather then covers consisting of open sets. This
conjecture suggests itself since, as we have seen in the previous chap-
ter, the results leading to the definition of h(f,R ) are true for arbi-
trary finite covers K , in particular for finite partitions. Further-
more, by remark 1, the topological entropy of a map can be defined by
taking the supremum over all finite open covers of X .

In this chapter we shall prove that the above conjecture is indeed
true, that is, the topological entropy can be evaluated by considering
finite partitions of X , where X is an interval. The interval[ a,b]

~ will be denoted by I .

Lemma(II-1): Let A& be a partition of I consisting of connected sets

and let £ be injective on each R in R . Thea for every n , all

n
elements of R are connected.

Proof: The proof is by induction on n .,
By assumption the assertion is true for n = 1., Assume the assertion is
true for n = k, that is, for all P in &’k, P is connected.

-1 . k+l ..
Let S=RNEf P be a typical element of A where R is in R
and P is in &’k . P and f(R) are connected by the induction hypo-
thesis and the definition of £ . But the restriction £ R is a homeo~-

morphism, and thus S = (fIR)-l(P N £(R)) is connected.
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Lemma (II-2): Let X be a partition of a compact Hausdorff space X,

k
and let £ be injective on each element of R . Then £ is injective

on each element of ,?n, k=1,2,.,.,n.

Proof: The proof is by induction on n .

For n =1 the assertion is true by hypothesis. Assume that fk is
Lo . n -
injective on P in R  ,(k =1,2,...,n),and let S =P N £ nR, be a

n+l  Ghere R is in R and P is in R .

typical element of &
Since S 1is contained in P , fk is injective on S for k = 1,2...n.
Furthermore, for x,y in S, x ¥y , the induction hypothesis implies,
fn({i) % fn(y). Since fn(x) and fn(y) are in R ,
f(fn(x)) = fn+1(x) *+ fn+1(y), and the lemma is proved.

It will be useful , in what follows, to calculate the topological
entropy of a map f with respect to a special class of partitions,which

we shall call £ - injective. We shall now define these partitions and

prove their existance.

Definition (II-1): Let f map X into itself. A partition of X con-

sisting of the family of disjoint subsets { U @t @ €A}, and

- . s . if
F=2X Uoz €a 'b(a , is called f-injective if,

(i) Each Y o is open and connected.

(ii) f lu is injective.
o'
( Either the family { 'Ma : ¥ €A } or F may be empty.)

Since the collection { U v t ¢ €A }, specifies the partition, we
shall sometimes abuse language and refer to { U o’ a €A } as the
injective partition of X .

We partially order the injective partitions of X by defining a

partial order relation, { U o t 2 €A } < {7/'6 : BEB } if for every

‘?/6 ,B in B, there exists U g @ in A such that ’?fB c 'l(a,
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Definition (II-2): An f-injective partition is minimal if it is

minimal with respect to the partial ordering defined above. A minimal

f-injective partition will be denoted by Ro'

Definition (II-3): Let Qo be a minimal f-injective partition of X.

é& open connected element 2£ §B 15 called a branch of f with respect

to Fg, and N(f,&g) will denote the number of these branches. One

further defines the number of branches of £ by N(f) = minP N(f,&g),
o
where the minimum 15 taken over all minimsl 'f -~ injective partitions.

Proposition (II-1): Let X be a compact Hausdorff space, and f a

continuous map of X into itself., Then a minimal f~injective partition

exists.
Proof: If f is a constant map, the assertion is trivially true;
therefore, we may assume that £ is not identically constant. Let «
be a collection of open connected disjoint sets, on which £ is in~
jective., Let I = { &&: @ €T } be the family of all such collections
with the partial order relation defined above. Let { d;: o €T <l }
be a linearly ordered subset of II. Define AT(X) = Ua€ T A(x,0)
where A(x,®) is the element of aa containing x when such an
element exists; and A(x,0) is empty otherwise. AT(x) is an open
connected (and possibly empty) set on which £ is injective because,
f is injective on each element of the nested collection of open connect-
ed sets A(x,0). It is easy to check that if y is in AT(xD, then
AT(y) is contained in AT(x); hence, AT(x) = AT(y) .

The disjoint collection { AT(X)} is a lower bound for the linearly

ordered set { d; o« €T }. By Zorn's lemma, there exists a minimal

element for the family II. This completes the proof.
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Remark 2: If &L is a minimal f-injective partition of X, and £
is not constant on any open subset of X, then the set F =X - UQGA Ay
as defined in definition (II-1l), has an empty interior. If, in
addition, X = I, then F; is unique and we denote N(f,ﬁ;) by N(£);
we call N(f) the number of branches of £, In fact, if N(£) = M,
then F is a discrete set consisting of M - 1 points.

For the remainder of this chapter whenever X = I we shall make
the following three assumptions:

(i) Partitions of I will have a finite number of elements.

(ii) Maps from I into I will have a finite number of branches.

(iii) Maps from I into I are not constant on any open

subset of I,

Note that with the above three assumptions, propositions (I-1) and (I-2)

remain true.

Lemma (II-~3): If R and S are finite partitions 2£ I consisting

of connected sets, then the partition RV S consists of at most

N(R) + N(S ) connected sets.

Proof: Let A& be a partition containing N(® ) connected elements,
and S be a partition consisting of one connected element, 1I. Then
RVS=R and NRVS) < N(K) + N(S). We proceed by
induction; assume that for any two partitions K and S, for which

N(S) =n, we have N(RVS) < N(R) + N(S).

Consider a partition S for which N(S) =n+ 1, where

S=1{s S ,S

1985000 28,08 4 } . Without essential loss of generality,

assume S and S abut. Then S U S is connected and we define
n n+- n n+

1
) }, where N(3') =n .

1

the partition §' = { Sy18,00++2 (8 US

2 n+l
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Consider R N (SnU S, ) = (RN Sn) U@®n S . ) for some R in &,

1 1
where RN (SUS ) ERVS and RNS, €RAVS (i=n, ntl ),
n n+l i

Since RN (S US .) is connected, RNS_and RN S abut, then
n = n+ n n+

1

there is at most one set R in A& for which R N s, *¢g , and

1

RNS *# ¢ , Therefore
n+l

NCRVS)= NCRVS' )+1sSN(R)+N(S )+ 1=N(CR)+N(S).
Note that for higher dimensional spaces, lemma (II-3) is false; in

general, by assertion (I-4) N( RV S} SN(R)N(CS).

Proposition (II-2): Let P and. R be finite partitions of I con-

sisting of connected sets, such that © <& and f is injective on

each element of . Then N( ,?n) < nNCR)N(P™ for all n.

Proof: The proof is by inductionon n . For n =1, N(R)SN(R)IN(®)
k k
is trivially true. Since P <R, we have P <K&, Fora P in { k
n(P)
let R_,R R be such that U "R,
1’ n(pP) Jj=1 "J
to f?k for j=1,2,...,n(P). By the induction hypothesis

EERE = P, where Rj belongs

(11-1) NR® = = (0B Sk NR) NEPF).
pE P

k+1 . .
Now consider all sets S in & , for which S S P. A typical
-k ] 3 :
element S must be of the form Sij= RJ. n et R; where Ri is in
R for i=1,2,...,N(R). By lemma (II-2), £ s injective on P,
and by lemma (II-1), P, Rj’ Ri are connected; thus
-~k
{£ R NP: i=1,2,...,N(R) } partitions P into at most N(R)
connected sets., By lemma (II-3), { Sij: i=1,2,...,N(R); j=1,2,...,n®@)}

partitions P into at most N(&) + n(P) connected sets; hence,

NRED < 2 [NR ) 15 NROINEE NG INED = (e NGR NG
PE P

where the second inequality follows from equation (II-l).
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k k+1
But P <P so NP® <N@® ¥y, therefore

NR® Yy < 1) NR) n@ By,

Definition (11-4): For a finite partition R of a compact Hausdorff

space X we define h(£,R) = 1lim 1/n log N(R n) and
nd «

h(f) = supﬁ H(f,:? ), where the supremum is taken over all finite parti-

tions consisting of connected elements.

Note: By proposition (I-1), h(f,R ) exists and is finite.

Corollary (II-1): If P and A& are partitions of I which satisfy

the hypothesis of proposition (II-2), then H(f,,?) = h(£,P).

Proof: Since P <R, NP D < NR™ and "(£,P) < B(E,R).
From proposition (II-2) 1/n log N(R n) < 1/n log[n N(R) N(P n)].
Passing to the limit, we get h(£,R) < h(f,P ) and therefore
h(£,R) = h(f,P).

Remark 3: In order to apply Corollary (II-l), the partitions considered
must consist 6f cconected elements. Accordingly, let 778 be the parti-
tion consisting of the open connected elements P of Po ( on which

f is injective ) and the collection { {x} : X EF } , where

F=X- U P,

PE Po
Corollary (II-2): Let ?7(0 be a partition of I, as described in

remark 3, and suppose N(f) is finite, then h(f) = h(,M o).
Proof: By remark 2 NN o) = 2 N(£) - 1; hence, N o) is finite,
Therefore, for every finite partition & for which 7 o< R we have
H(f,??l o) = E(f,f’(‘) by corollary (II-1), And so by proposition (I-2),
n(f) = "M ).

We shall now prove that h(f) = h(f). We need the following

three results.
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Lemma (II-4): Let R be a finite cover of the compact Hausdorff

space X, Then every element R of l?n+m is in (,?n) w1

Proof: By definition, R =R N £ 0 ... n ey for
— o 1 n+m-1

Ri in A& . But

-1 -n+1 -1 -1 -n+1
R =(R N *
®RN£RN...NETR D NE®NERN..NE R) Ny..o,

- -1 -n+1
ne™ £
(Rmn Rm+ln ng Rn+m—1 ’

that is R is in (@ H™1,

Lemma (II-5): Let K be a finite partition of the compact Hausdorff

space X, then n(f,R) = H(f,,?n) for all n.

. n - -
Proof: Since R < R, it follows that h(f,R) < h(f,,?n) for all n.

L+l
By lemma (II-4), N(,?n)m < N(R n+m). Therefore,

BCE,RY) = lim  1/(a+l) logN[ (" )m+1] < lim  1/(m+l) logN(R n+m) _
mn-+ « m- -
= lim 1/(n+m) log N(R n+m) = h(f,R) for all n.

m—+ «

Proposition (II-3): Let A& be a finite partition of the compact

Hausdorff space X, then E(fn,,?) =n h(f,R) and H-(fn) = n h(f).

Proof: From lemma (II-5)

Be™,R) = BN R™ =R, v e RV ... v o
=nlim 1/nm log NC(RV £ 2R V...V £ ™ ey _ 1 Ree,R)
m- «
for all A,

The second assertion follows by taking the supremum over all finite
partitions with connected elements.

We shall now construct a finite open cover do, of I and compare
h(£,M 0) with h(f,do). Let do be a finite open cover of I

consisting of the open connected elements of Wh and disjeint
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open connected intervals { Sj }, j=1,2,...,N(£)-1 , such that each

element of { S‘j } contains exactly one of the remaining elements of 778

Lemma (II-6): Let X = I, and let 7710 and do be as above, then

n n
at most 3 elements of 77(2 are required to cover any element of do .

Proof: From the definition of do and N o Ve observe that at most

three elements of ?]Zo are required to cover any set in do. Therefore
if A

of M

- - n
Aoﬂ £ lAlﬂ...ﬂ £ n+1A (Ai in do), then at most 3 elements

n-1

oB

. . n
are required to cover A in do .

Lemma (II-7): h(f) + log 3 = h(¥).
Proof: It suffices to prove that h(f,do) + log 3 2 H(f,?)z o) since
h(£) = h(£,d ) and by corollary (II-2) ne) = h(E,M o)+ By lemma (II-6)

3" N 2) 2N 2) , which implies the result.

We are now in a position to prove the main theorem of this chapter,
that h(f) = h(£,M o) provided N(£) is finite. This allows us to
calculate the topological entropy by restricting our attention to a
particular partition ?720, and calculating N 2) in the same manner
as for covers (, consisting of open sets. This is a surprising result
since for covers (¢ consisting of open sets, h(f) = h(£,4) only for
separeting covers (7), that is, covers for which ﬂ_: f-nKn is at most
a point, where An is in ¢ and A 1is the closure of A. What will
make the theorem work is lemma (II-7) which is true only because
-l;(f) = H(f,??l o) in contrast to the case of topological entropy for
which we only have h(f) = h(£,4). The other interesting aspect of

the theorem is that since h(f,M o) exists and is finite, h(f) is

always finite provided f has a finite number of branches.
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Theorem (II-1): Let I = [a,b] and suppose N(f) is finite, then

h(f) = h(f) exists and is finite.

Proof: By lemma (II-7) h(fn) + log 3 = 'ﬁ(fn); applying proposition
(I-7) and proposition (II-3), n h(f) + lc, 3 2n H(f) for all n .
Therefore, h(f) = h(f).

On the other hand, let { 670< a i< ... } be a sequence of open
covers, where do is an op2n cover defined as above, and di is a
finite open cover consisting of connected sets. This is a refining
sequence by corollary (I-1) provided we let d(di) 40 as i & o,

where d(di) = sup { dqa) 1. For each di there exists a finite
A€ di

s < Vv .
partition /?i , such that di ,?i< '?i 77(0, where 7)zo is as

n
in remark 2 . From assertion (I-1), N(& Iil) < N(R I;) < N[ (:?iV 77(0) ]
and thus h(£,&) < W(£,K) < BGELRVM ) = h(f), where the last
equality follows from corollary (II-2). Therefore, by corollary (I-1),

h(f) = 1lim h(f,q.) < h(L) .
i o 1

It is worthwhile to examine the partitions 77(0 and lPo more closely
since they play a major role in the revious results. The following

propositions will illustrate the unique properties of 7)12 and Pz .

Proposition (II-4): H(f,Po) = h(£,M o) = h(f) .

Proof: Since Po< m o e have H(f,PO) < E(f,??l 0) by proposition
(I--2), It now suffices to observe that the open connected elements of
7722 and P: are identical, and if Mn denotes the number of these
elements, then N( 2) <M <2 NP 2), which implies

h(f,??lo) < h(£,P).

Therefore by theorem (II-1) h(f,7 o) = rT(f,Po) = h(f) .
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Proposition (II-5): Let FL be a minimal f-injective partition 2£

. s n
I, then P is a minimal £ -injective partition of 1I.

n
o
Proof: We prove that the open connected elements of P : are the
n n

branches of £ . By definition, the branches of f  consist of

. n k
maximal open sets on which f is injective, Therefore, since £ ,
( k=1,2,...,n ), 1is injective on each open connected set Q € P 2 ,
we see by lemma (II-1) and lemma (II-2) that @ must be contained in

n
some branch of £ . On the other hand, if P and Q are open connected
. n
elements in ¢ o such that P U Q is contained in a branch of fn,
then there exists & such that without loss of generality x < § <y,
for all x in P and for all y in Q, and such that o = fk(g)
. k+1

for some ¢« in F and for some k, k=0,1,,.,.,n-1 . But then £
is not injective in some neighborhood of & and therefore neither is £
This contradicts the assumpticn that P U Q is contained in a branch
of fn. Therefore, P U Q is a connected open element contained in
pn
v\ol
Theorem (II-1) can now be restated in terms of N(fn).

Theorem (II-2): Let £ map I into I and suppose N(f) is finite,

then h(f) = h(f) = 1lim 1/n log N(fn) exists and is finite.
n—+*

Proof: The proof follows easily from proposition (II-4) and
proposition (II-5)., since N(Pon) soM s 2N(Pon)

For future reference, we state the following inegualities in
equations (II-2) and (II-3).
(11-2) N < weE™ N
(I1-3) If A and B are subintervals of I, such that A B ,

then  N(f | QD s N .
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CHAPTER 1I1I. TOTAL VARIATION

The final result of the last chapter, expressed the topological
entropy in terms of the number of branches of the iterates of a map. In
this chapter we relate the number of branches, and thus the topological
entropy, to the "Multiplicity function”, defined below.

The following notation will be used throughout this chapter. The
interval [a,b] will be denoted by I, and dx will denote Lebesgue
measure on I.

Definition (III-1): Let f map X into itself. Define the multiplicity

function of £, TM: X +z U {«}, z=1{0,1,...}, by
N(y) = cardinality { x : £(x) =y }.
Remark 4: If N(£) is finite, it follows from eq. (II-2), that N(£D)
is finite,and therefore we can define
ﬂn(Y) = cardinality { x : fn(x) =y }.
The multiplicity function is Lebesgue integrable on. I, if and only if,
f has finite total variation, and we can express the total variation,
V(£f), of a map, in terms of the following integral (9).
V() = [ Wydy
The integration is over the range of f.

Deffnition (III-2): Let £ be a continuous map from I _into I _for

which N(£) s finite. Let | denote probability measure, that is, a

measure for which u(I) = 1. Define

1) V(E,w = [ @y,
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2) Y(£,u) = lim 1/n log V(£™ W)
n-

3) () = supMWTf,g), where the supremum is taken over

all probability measures.

( Note that Y(f) can be negative uniess £ is surjective.)

The main result of this chapter will be to show that if £ has a
finite number of branches, then h(f) = ¥(£), and in special cases
h(f) = ¥(£,dy). For differentiable maps we also have the useful relation

U(£,dx) = 1lim i/n log I I(Dfn)(x)ldx, where .Df° is the derivative of
n+ o
fn, and the integration is over the domain of £ .

Before proceeding to the main theorem, we prove a preliminary result
which will simplify many of the proofs, but is also of interest indepen-
dent of its role in that theorem.

We shall prove there is no loss of generality in assuming that £
is surjective when one calculates the topological entropy of £ .

©

Let X = X)), X_ =0 X (X,=X), and g=¢2

© n=6 n X °

[=-]

Our aim is to prove h(f) = h(g).

Proposition (III-1): Let f be a continuous map from the compact

Hausdorff space X into itself, then g maps X_ onto itself.

Egggfi_First we show that ¢ maps Xm into itself; this follows since

X, < f(Xn) =X 4 for all n , hence g(X) SX_ .
To prove g is onto, we first note that since f is continuous,

fn(x) = Xn and X = are closed non-empty subsets of X. Suppose

y is in X_, we shall construct a poiht x in Xm for which

g(x) = y. Since y is in X_ we have y in Xn for all n, which

implies there exists x in X such that f(xn ) = y. Consider

n-1 n-1

a sequence {xn}, (x, in X ), such that £(x) =y for all n .Since

-1
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X 1is compact, there exists a subsequence, {xn }, such that x
. n.
i

i

approaches x in X, as i+ o, But since xn is in X and Xm
i B4

is closed, x is in Xw.

Lemma (III-1): Let & be a finite cover of X, then for every m,

h(£,4) < 1/m log N(Z m); in particular, h(f,4) < log N(Z).

Proof: Consider @ ™= qVvelgv,... veml,

m_ _-m -
= a™ g™y, ... vl np
. . ) nm v m, .n
Using properties (I-2) and (I-4), we obtain N(Z ) < [N& )],
and since h(f,d) exists,

h(f,4) = 1lim 1/nm log N(J nm) < 1lim 1/nm log[N(& m) ]n = 1/m log N(& oy,
n- n- «

The folloWing additional notation will be used below. For a finite
open cover & of X, let () = avx, = {an X:A€4d 0sn<w 1,
( Xo=X ), so that (& )n is an open cover of Xn’ open in the sub-

space topology; and let fn= £ ‘y y = 1,2,,.. .,

n

The following results are easily verified,

(II1-1) avipe )n a )nV (<) )n s

(111-2) £ (@) gy .
n n n

Lemma (III-2): Let X be a compact Hausdorff space, azd f be a map

from X into itself, then h(fn,(d)n) = h(£,d) (n=1,2,...)

Proof: Given an open cover « of X, form the open cover (4 )n of
Xn and let N((d)n) be the minimal cardinality of a subcover of

(d )n . Thus by properties (III-1) and (III-2),

~k+1

-1 -k+1 -1
V Vyeus
N(@) VE@) Ve, VE @) T = N@VE AV, E

fl

as]

k
N[ (4 )n] .
Clearly N[(d)n] < N(4), therefore, h(fn,(d)n) < h(£,4) .

- - k
On the other hand, since £ an = X, it follows that £ Ya )n is
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n n+k

a cover of X , and f-n(d k)n va «d . Therefore,

N@ ™ e @ H N swea@ Hpopna ™

where the inequalities follow from properties (I-4) and (I-2), respectively.
. . n+k
Finally, h(f,4) = 1im 1/(n+k) log N(& )
ke

< lim (k/n+k)1/k log[N((J k)n)N(d ™1 = h(f ,(@))
k-

Lemma (III-3): Let X be a compact Hausdorff space, and f be a

continuous map from X into itself. Let g = flx . Then
[=-]
< v R
h(f,4) sh(g,(@)) , where (@) _=dVE_, and X =X ﬂn= f .

Proof: Given € >0 , fix n so that

h(g,(d)m) + €>1/n log N[ ((4 )w)n] = 1/n log N((Z n)a)

such an n exists by proposition (I-1). Let /3k = {Bi € dk s i= 1,2,...,Mk}

be a cover of X, of minimal cardinality, consisting of Mk elements.

Clearly, M

K = N k)a) , and one easily sees that h(g,(d)) = lim 1/k log M

—Ho
M k
n

Choose m sufficiently large so that U i B, 2X 2X , and as Bn cq® ,

1 m @

we have (III-3)
n n. n
h(fm,(d )m) < h(fm,Bn) < log Mn ,

where the second inequality follows from lemma (III-1). A re-examination
of the proof of lemma (II-5) shows that it is true for arbitrary finite
covers; therefore, using lemma (III-3) and (II-5), proposition (I-7) with
properties (III-1) and I1I-2), we have h(f,d) =h(f (D) = h(fm,(albm) =

1/n h(fﬁ,(d n)m) , which, if substituted into (III-3), yields

h(f,4) <1/n log M < h(g,(d)w) + €,
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Therefore, h(£,d ) = h(g,(d)w) .

Theorem (III-1): Let X be a compact Hausdorff space, and £ be a

map from X into itself. If g =f[X_, where X =X * % s
=1

then h(f) = h(g) .
Proof: Let doo be an arbitrary open cover of Xw , open in the sub-

space topology of X, - There exists an open cover d of X , such

that (d)_ =d_ , namely, ad={AU X - X) + A € dm} . Thus by lemma
(I11-3), we have h(f) =< h(g)
On the other hand, by propesition (I-6),
n(f) = max. {h(f),h(e)} ,
which implies h(g) < h(f)

This last theorem enables us to restrict our attention to surjective
maps; for if £ maps X into X , we shall restrict our attention to g
and X_ . Any measure considered in this chapter will be assumed to
satisfy p,(Xm) =1 . The fact that f is surjective enables us to assume
that M*(y) 21 for all y in X , and {N°(y)} is an increasing se-

quence, which implies
vGE®,u) =21 and Y(E,u) 20 for all W .

It is also apparent that if X_ is a point, then h(f) =0 . This would
be the case, for example, if £ is a map having the absolute value of its
derivative almost everywhere less than one.

We proceed to the proof of the main result of this section, that
h(f) = ¥(£f) . The idea will be to estimate N(:f:‘n) in terms of the
multiplicity function T]n(y) evaluated at fixed points. The following

lemma gives us this estimate.
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Lemma (III-4): Let £ map I onto I, (I = [Qb’oﬁ(f)]) , and suppose

i

N(f) is finite. Let -{c& :i=1,2,...,N(f)-1} determine the branches

of f , so that £ 1is injective on (ai,ai

) . Then

+1
NEH 0 FDT Pa)
i=1 i’
n n ' . PN : | .
Proof: f has N(f) branches determined by N{f )~1 points
R n k
{Xj + j=1,2,...,N(£ )—1} such that £ (xj) = ai for some k ,

(k = 0,1,...,n-1) . Therefore,

n - ~k
N(£)-1 <Cardinality {U, ., _ {8 o1}

1 £i SN()-1

< TR IMG@) + M) + ove + Mgy T -

Strict inequality in the first instance occurs if some xj is in
{f_k{ao,aN(f)}} , k =0,1,...,n-1 , otherwise we have equality} and
’I]O(ozi) =1 (i=1,2,...,N(f)-1) . But since f is injective and

k k . . .
M) 21 for all k , {N (y)} is a non-decreasing sequence; and in

particular, ﬂn(ai) = ﬂk(ai) (k = 0,1,...,n) . Therefore,

NGED S alTe) + Tep) + oo+ Ty T -

Theorem (II1-2): Let £ map I onto I , 1 = [ab’aN(f)] , and suppose

N(f) is finite, then h(f) = ¥()

Proof: Let F = UNif)-l{ai} and define a measure on I by

uo(ai) = 1/[N(f)-1] , i =1,2,...,N(£)-1 ,,and uO(I-F) =0 .
Using lemma (III-4),

n N(£) -1 .n n 1 3 )
Ve ng) = 2 VDT Padu @) =N >[—————n[N(f)_” ]
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passing to the limit, and using theorems (II-2) and (II-1)
TE) 2 U(Eu) 2 h(£) = h(L)
n
The other inequality follows easily since nn(y) SN(f) for all ¥y

in I , and for all n . Thus

Ve = | TPouen sna
I

which implies
Y(f,u) < h(f) = h(f) for all p .
Therefore, Y(£) = h(f)
A simple consequence of lemma (III-4) is the following proposition.

. ) —r'l
Proposition (III-3): If T]n = max. 'I]n(y) , then h(£f) = 1lim 1/n log m .

yE€IL n-Ho
Proof: From lemma (II1-4)
1 <™ s0 2P e sanm T .

Hence, by theorem (II-2) ,

h(f) = lim 1/n log " .
n-He
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CHAPTER 1V, EXAMPLES AND APPLICATIONS

The following examples will illustrate some applications of fhe
results obtained in the previous chapters.
Example 1: We shall adopt the results of chapter III to calculate the
entropy for a class of functions for which the multiplicity function is
constant except at finitely many points.

Proposition (IV-1): Let f map I onto itself, where £ bhas a finite

number of branches. Suppose- MG =v, (y in I), except at

finitely many points y = @ ( i=1,2,...,p). Then h(f) = log v .

Proof : The points at which 1T} (y) < v are the relative maxima and

— . —
minima of £ . Let T = SUp ¢ M (y) and define Fn = {y: Tln(y)<ﬂn},
and Fn={y: fk(ozi)=y, 1 =i =Ep, lékén}, then clearly

1 e o]
' € T. As US_T. is acountableset, J=I-U_ T %= g,
n n — i=1 " i i=1 i

and T]n(y) = Tln for all n , provided y is in J . We prove
inductively that T]n = un, in fact, for only y € J, T]n(y) =
n
For y in J, T(y) = v . Assume that Tln(Y) = U for y in J,
n+l 'T]( )
then 1) (y) = 1“i Tln( x ) where £( X, )=y, i=1,2,...,T(y.
k
We claim that xi is in J, since otherwise, x, = £ ( Q/J, ), for some
i=1,2,...,p and some k =1,2,...,n-, which implies y = £( X, ) =
k+1

£ ( a/j) and thereby contradicts the assumption that y is in J.

n n
Therefore, 1 ( X, ) = U by the induction hypothesis, and similarly

NWy) =
n+1
Hence, T|n+1(y) = Zi}-)l U= Un+1 = T * .
) n
By proposition (III-3), h(f) = lim 1/n log T]n = 1lim 1/n log v = log vu.
n- <« n- «
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Definition (IV-1) : Let I = [0,1], and £ be a map from I onto I,

for which N(f) is finite. If the image of £ |

_ _— = [ o, .1,
i+l

(i=0,1,...,u - 1; % =0; a =1 ), is homeomorphic to I , we

call f a full function (4).

Example 2 : If f is a full function with v branches, then
proposition (IV-l), or a direct application cf theorem (III-2), implies
h(f) = log v .
Example 3 : The topological entropy of the Chebyshev Polynomial was
calculated by M, H, McAndrew and R, L, Adler (8). It is easily verified
that the Chebyshev Polynomial of degree v is conjugate to a map de-
fined on [0,T] which is a piecewise linear full function with v
branches. Application of theorem (III-2), or the previous two examples,
give the entropy as 1log v .
Example 4 : We prove proposition (I-5) for the special case where X
and Y are intervals, and f and g have a finite number of branches.
The error in the original proof ( (1); Theorem 3,p 312 ) was in the
claim that open covers of X X Y of the form & X &= {AXB; A&Z, BEG }
have the property that N XXY( axB) = NX( a) NY( #B) . For open
covers we only have the inequality NXXY( axB) = NX( ad NY( B);
however, for partitions & and &, of X and Y respectively, we
have equality since & X /& is a partition of X XY . Therefore, if
we restrict our attention to partitions rather than open covers, the
original proof (1) that h(f X g) = h(f) + h(g) holds.

A reexamination of the proofs in chapters II and III shows that the
essential criteria are the restrictions of X +to a one dimensional

space, and the maps to those with a finite number of branches. It is
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easily verified that all the results obtained are true for the circle
1
S L]

: 1
Example 5 : Let X =S and f be a homeomorphism, then h(f) =0

This result is an immediate consequence of proposition (III-3), since

;
T]n(y) =1 for all y in S and therefore, T]n= 1
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CONCLUDING REMARKS

The results of Chapter II show that the computation of the topo-
logical entropy can be simplified for continuous maps having a finite
number of branches on an interval. This suggests the investigation
of the following problems.

Let X = [al’bl] Y [a ,bz] X oo X[an,bn] aud let f , mapping X
into X , be injective on elements of a partition consisting of a finite
number of convex sets. 1Is it still possible to compute the topological
entropy by restricting one's attention to minimal f-injective partitions?
Proposition (I-5) gives a favorable answer for the case of product maps.

Consider a sequence fn converging to £ ; for what notion of con-

vergence does h(fn) converge to h(f) . The sequence
-2X + 2-n 0 =£x < 2-n-1
£ (0 ={2x-27 2Bl < x <™
X 2™ < x <1.

together with propositions (I-6) and (IV-1) demonstrate that uniform
convergence is not sufficient. 1In fact, the results in Chapter II suggest

that the convergence needed should be such, that N(fn) approaches N(f) .

Additional results may be obtained if Theorem (III-2) remains true
for a modified definition of 7U(f) (Def. (II1-2)). Thus, if we define
V() = suqu(f,p) , where the supremum is taken over all invariant measures
rather than all measures, it is reasonable to conjecture that the topolo-
gical entropy for a large class of functions may be computed from

UY(£,u) (Def. (I11-2)).
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Lastly, proposition (III-3) may be true for arbitrary compact

spaces, and functions for which T is finite.
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