
INFORMATION TO USERS

This reproduction was made from a copy o f a document sent to us for microfilming. 
While the most advanced technology has been used to photograph and reproduce 
this document, the quality o f the reproduction is heavily dependent upon the 
quality o f  the material submitted.

The following explanation o f  techniques is provided to help clarify markings or 
notations which may appear on this reproduction..

1. The sign or “ target” for pages apparently lacking from the document 
photographed is “Missing Page(s)”. If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity.

2. When an image on the film is obliterated with a round black mark, it is an 
indication o f  either blurred copy because o f movement during exposure, 
duplicate copy, or copyrighted materials that should not have been filmed. For 
blurred pages, a good image o f  the page can be found in the adjacent frame. If  
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame.

3. When a map, drawing or chart, etc., is part o f  the material being photographed, 
a definite method o f  “sectioning” the material has been followed. It is 
customary to begin filming at the upper left hand com er o f  a large sheet and to  
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again—beginning below the first row and continuing on 
until com plete.

4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer Services Department.

5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed.

University
Microfilms

International
300 N. Zeeb Road 
Ann Arbor, Ml 48106



8508694

Deonarine, Sam aroo

COMPUTER GENERATION OF SUBDUCTION FREQUENCIES FOR 2ND 
ORDER PHASE TRANSITIONS IN TWO-DIMENSIONS

City University of New York Ph.D. 1985

University
Microfilms

International 300 N. Zeeb  Road, Ann Arbor, Ml 48106



PLEASE NOTE:

In all c a ses  this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark -/ .

1. Glossy photographs or p a g e s_______

2. Colored illustrations, paper or print______

3. Photographs with dark background______

4. Illustrations are poor cop y_______

5. Pages with black marks, not original copy____

6. Print shows through as there is text on both sid es  of page______

7. Indistinct, broken or small print on several p ages

8. Print exceeds margin requirements______

9. Tightly bound copy with print lost in spine_______

10. Computer printout pages with indistinct print______

11. P age(s)____________ lacking when material received, and not available from school or
author.

12. P age(s)____________ seem  to be missing in numbering only as text follows.

13. Two pages num bered_____________ . Text follows.

14. Curling and wrinkled p a g es______

15. Other_____________ _____________________________________________________________

University
Microfilms

International



COMPUTER GENERATION OF SUBDUCTION FREQUENCIES FOR 

2ND ORDER PHASE TRANSITIONS IN 2-DIMENSIONS

by

Samaroo Deonarine

A dissertation submitted to the Graduate Faculty in  
Physics in  partial fu lfillm ent o f the requirements 
for the degree o f Doctor o f Philosophy , The City  
U niversity  o f  New York .

1984



This m anuscript has been read and accepted for the Graduate 

Faculty in Physics in satisfaction of the dissertation requirement 

fo r  the degree of Doctor of Philosophy .

date 

date

Prof. Rhoda Berenson , Nassau C om m unity  

Prof. Joseph L. Birman , City College 

Prof. Shmuel Goshen , NRC (Israel)

Prof. Melvin Lax , C ity  College

Prof. Daniel B. Litvin , Penn. State (Berks)

Prof. Vera Sahni , Brooklyn College

(airman of the  Examining Committee

Officer

Supervisory Committee 

THE CITY UNIVERSITY OF NEW  YORK



Abstract

COMPUTER GENERATION OF SUBDUSTION FREQUENCIES FOR 

2ND ORDER PHASE TRANSITIONS IN 2 - DIMENSIONS

by

Samaroo Deonarine 

Adviser : Professor Joseph L. Birman

The Landau theory of 2nd order phase transitions and Group theory 

Criteria are used to predict which subgroups G Q G0 can occur in 

transitions for 2-D system s ( plane-group to plane-group and diperiodic 

to diperiodic ) . Previous work [ l ]  on the 17 plane space groups has been 

based on the tables of Coxcter & Moser [2] and the International Tables 

of X -ray C rystallography (ITXRC.1965) [3] . These tables do not exhaust 

all the possible subgroups of a space group [4 ].  Since such explicit tables 

are non-existent for o ther families of space groups we have developed 

algorithms that make a systematic search of the  parent unit cell of Ca 

to locate the origin and orientation of all its subgroups G ,G C C „ .

We have w ritten  a RATFOR/FORTRAN program for the VAX 11-780 

which will generate the subduction frequencies n : n TtU € (D£ 'k I G ) 

lo r  allowed second order phase transitions in 2- dimensional systems 

that are describable by the 80 diperiodic Groups G0 and G [5] .

O ur program gives a complete tabulationCOrigin.new Translation 

Sublattice, Subduction Frequency , Subgroup and its Generators ) of the 

allowed continuous or second order phase transitions from a parent 

diperiodic group G to a another diperiodic subgroup G .
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INTRODUCTION

Tw o dimensional system s are being widely studied a t the present time 

[6 - 9] . Improvements in technology have made it possible to realise and 

analyse quasi - 2 dimensional systems such as admolecule arrays , 

submonolayers , Graphite Intercalation Compounds ( G /C 's  ) [10] and 

2-D magnets [ 11]'. Information on surface reconstruction and catalytic 

activity have im portant industrial applications . In addition these 

system s allow us to test exactly solvable quan tum  mechanical models 

and to s tudy  the  role of fluctuations in low dimensions 'D '

( D < 3  ) [12,13].

One aspect of phase transitions in 2-D tha t has received comparatively 

little atten tion  is concerned with the sym m etry  change from an initial phase 

describable by a.2-D crystallographic group GQto a another phase of lower 

sym m etry  with crystallographic space group sym m etry  G , G £=Gq. The valid 

space groups are the 80 diperiodic groups which describe the sym m etry  of a 

layer or 2-sided plane [ 14]. This thesis deals w ith  sym m etry  changes from 

such systems.

Previous w ork on surfaces [15] has lead to a listing of all the 

universality classes lo r  transitions based on the 17 plane space groups 

and the magnetic space groups [16] . This w ould  serve as a basis for 

studies on their critical hehaviour using renormalization group 

methods [6, 12] .
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Studies on continuous or second order phase transitions rely heavily on the 

traditional Landau theory [17,18]. However im portant extensions and deeper 

insight into the na tu re  of the sym m etry  change have been made by 

subsequent workers . These include various group theory criteria tha t 

sim plify and serve as an alternative to the traditional hand calculations , 

which can be quite lengthy and tedious for multi-component order 

parameters (Liubarskii,[\& \). In order to fu lly  utilise these selection 

rules reliable and complete listings of Group - Subgroup relations , 

such as those recently published hy Billiet et al . [4] only for the 

1 7 plane space groups are absolutely essential .

Even so the usual hand calculation would be too time consuming and 

prone to hum an error . The use of a com puter in Group theory applications 

overcomes m any of these obstacles.Accordingly we have written a RATFOR - 

FORTRAN program for the VAX 11-780 which will generate the subduction 

frequencies ' n ' for allowed 2nd order phase transitions in 2-D 

system s at points k  of high sym m etry  in the 2-D Brillouin Zones 

(k  ^  0  ) . The program can be easily adapted for the k= 0  ( triv ial)  case .

The chain subduction criteria [19-21 ] are used to determine which 

subgroups can result from such transitions and to eliminate those which 

cannot be derived from a parent phase G0 . Using the algorithms 

we have developed , the parent unit cell of G0 is explored for 

all possible origins that may site the origin of the  subgroup G . We 

thereby overcome the handicap of not having tables on group-subgroup 

relations for the 80 diperiodic groups .
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Work on the subduction frequencies for the 17 plane space groups 

has already been done us [ l ]  and others [22] . However additional 

fine structure details for  this family that show the distinct 

members of an allowed subgroup class G were not included with 

the subduction frequencies n . Preliminary results  for P4 were 

presented by us earlier [23]. Complete results of the la t te r  type 

has been generated by our programs for the 17 plane space groups 

( APPENDIX III ).
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Chapter 1 

LANDAU THEORY

1.1 The Landau theory o f second order phase transitions

The Landau theory is based on a thermodynamic potential 4> and a density 

function p (F )  [17,18]. The order parameters C may be taken as bases {C£ } 

for a single irreducible representation (irrep) D£ of G0 [21].

The free energy 0(C ) is a scalar or invariant function of the {C^ } i.e. for 

every matrix transform ation (g ) with g taken as some element

{0 1 1 } in the space-group G0 , we have

=  ( 1.1) 

The density function p (F )  is expressed as

p (F )  =  p() (F )+ S p (F )  ( 1.2)

where

P „(F )  =  p 0( g _ 1F )  (1.3)

is invariant under all the transform ations 'g ' of G0 .

The sym m etry  breaking density 8p (F )  is invariant only under 

a subset of operations g ;

Sp(F) =  8p ( g _ 1F )  (1.4)

By the group-theoretical completeness theorem any function on the group G0 

may be expanded in a complete set consisting of basis functions from all the 

irreducible representations of Ga [21].

Thus

Sp(F) =  u 0 - 5 )
j
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where the { i / ( ^ ( r * ) } , a = l a r e  bases for irreps D£ :

= Z I A i  (8 V/Su^C^*) o  -6)
P

We assume lhal the order parameters which are bases for a single irrep 

drive  the transition . This is consistent w ith  standard  group-theoretical 

argum ents of treating each irrep  separately [21 ].  The broken sym m etry  

density  is then

S p ( F ) =  ( 1 .7 )
a— 1

In an expansion such as Eq. (1.7) we may equally  well take {C£ } 

to be bases for DJ  ; thus we use the same set in <J> as in 8 p ( r )  . Different 

b roken-sym m etry  densities can arise from different sets of coefficients :

{C{ ,C{ , • • • ,C^ } . We call such a set {C Ja } ; it m ay arise from solving an 

extrem um  problem [18] lo r  <K{Ci | )  .

S p ( F ) =  £ C i  ( i . g )
1

with

g 5 p ( D  =  5 p ( g _1D  =  6p ( D  (1.9)

The subset {g } defined by Eq.(l.9) determines the broken - 

sym m etry  subgroup C and the transition Ga —*G occurs via D ^  .

<3> is expanded in a series of homogenous D£ invariant polynomials 

in the order parameters {C{ , • • • ,C^ } . Since the transform ation is

homogenous , term s of any  given degree are transform ed among themselves by 

D(t . It is usual to take each term itself to be Drf invariant .

* =  <■>,+„/ 2+ £ / > „ ' / , ? + £ * , ? /  « +   ( 1.10)
<’ />
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where /  %({Cjx }) is a homogenous polynomial of s th degree which is 

invariant .

/ Aa « A C i } )  =  A V a d C i } )

f  a ( D l  ( g  ) { C i  }) =  f % { [ C l  }) ( 1.11)

the sum in Eq. (1.10) is over all linearly independent /  % of degree s  . 

d  is then extremized by solving the equations resulting from

^ C,)<1>=0 ( 1. 12)

or =  0 ;  j3 =  l , . . i ; (1.13)
ic;

This step produces lj  homogenous algebraic equations ( not all of which 

are independent ) each of degree N - 1 , where N is the degree of the highest 

polynomial /  % retained in Eq. (1.10) . Let {C Ja } be an extremezing set of 

solutions . Further let the eigenvalues o)y of the Hessian m atrix 

of d e v a lu a te d  at {C Ja } all be positive , so that d  is a m inim um  at {C£ } •

d 2(£dia8 | |^ a /3] ] =  diag
ic!

(1.14)
d C Ja ftC-fi 

(oy > 0 ; y  =  1

Among all mimima , let {C^ } be an absolute minima . Then d({C^ }) is a 

stable value of the Landau free energy , and the set of order parameters {C Ja } 

corresponds to a stable m im inum  of the free energy d . The broLen-symmetry 

density  for this equilibrium is :

( 1.8 )
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The group G is the invariance or isotrophy group of this  Sp(r*) . The second 

order transition C0 —*G is permitted . Renormalization - scaling theories 

[12,24] are usually based on a D^ invariant Landau-Ginzburg-W ilson 

(LGW ) Hamiltonian truncated at the 4 th degree :

=  a f  2({t/» '})+r/ 2( I V ^ } ) + £ « 0/  (1-15)
a

The renormalization program results in a step by step scaling of the 

coupling parameters (a ,r ,U\, •••) ~ * (a ',r ',u  ' 2 —* . . . .

11' this process converges to a stable fixed point
 . / * * * U  ,r ,u , • • • )

the resulting Hamiltonian or free energy

H* =  a a (1.16)
CT

corresponds to an allowed transition . The stable parameters (u* ,r* ,u* • • • ) 

give a set of eoefiicients (a* ,r* ,u*a , • • • ) and a density Sp

S p ( D =  £ C ' ( « V \ u ‘0> • • •  )0 j (F )  (1.17)
U

As before G is the isotrophy group of Eq. ( 1 . 1 7 )

The particular form of the Landau-Lifshitz series expansion as in 

Eq. ( 1.10 ) leads to certain selection rules . The transition temperature 

for G„—*G is determined by the vanishing of the coefiicienl of the 

quadratic  term i.e. a (T )  =  0 . For the transition to be simple 

only one such quadratic  term should be present ; thus only one 

irrep  drives a simple transition .
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For to be stable at the origin where all C/* =  0 , we require that 

the cubic term be absent in Eq.(l.lO ) or in Eq. (1.15) . Hence the symmetrized 

cube of the irrep should not contain the trivial representation

r<!,+ 4 \> i„ |3 ( I )

In order that the free energy should correspond to homogenous phase 

transitions, the L ifsh itz  invariant C /. — C i ~ — ~
d c i  * d C i

should be absent . This implies that the anti-symmetrized square of 

D(i should not contain a representation in common with the polar-vector 

representation Dq :

r<l,+ * Pi ® Dq ( II )

A physically  irreducible representation that satisfies the Landau 

and Lifshitz conditions 1 and 11 respectively is said to  be both Landau and 

Lifshitz  active.
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1.2 Group Theory Criteria

The direct determination of allowed second-order(continuous) sym m etry  

changing phase transitions in solids and other systems has been a challenging 

topic of continuing interest [25]. A particular objective of such work [26] 

is the derivation of selection rules that predict whether a transition may 

occur from group G0 ( given here as a higher sym m etry group ) to group 

G , as a simple second order phase transition driven by a specified set 

of order parameters . We have denoted the la tter {C£ } , w ith  j  fixed 

and oc =  1 I- .

It is usual to discuss this question in the general framework of the 

Landau Theory of second order phase transitions . In the present work 

direct determination  means the use of group-theoretical!y derived [27] 

criteria to give explicit predictions of allowed/forbidden group-subgroup 

transitions . The standard implementation of Landau’s program requires the 

explicit algebraic exlremization and then minimization of a 4th or 

higher degree polymonial (Eq. 1.10 ) .  It is this step which one wishes to 

bypass by use of direct methods to determine sym m etry  change .

The genera] statements just given already result in some restrictions 

on allowable transitions determined group theoretically i.e. selection rules 

without need for algebraic calculations . Evidently G m ust be a 

subgroup of G0 :

G C C() ( A )

This selection rule was already known to Landau [28] . If {C{x } is a 

basis for D^ and some subset of the {C/> } is a basis for the trivial 

(scalar) representation F(j + , it follows that the restriction of
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to the subgroup G m ust contain r j + at least once . This is the

simple subduction criterion [29] :

/ / r (f  e ( D l  1 G )  _  ( B )
then the transition G„ —>G may occur .

The subduction criterion is a necessary condition which m ust be satisfied

if representation D ^o , which is used in expanding the broken-sym m etry

density  Sp(r ')  ( Eq. 1.8 ) is to be consistent w ith invariance under G .

This criterion can be applied to any irrep D^ and tests the possibility

of a transition G()—>G to any subgroup G .

However the simple sybduction criterion is not sulliciently restrictive . If

the subgroup G , satisfies ( B) G £ G „  so will every subgroup G of G .

A broken sym m etry  density 8 p ( r0  invariant under the group

G is also invariant under any subgroup of G . The actual sym m etry

group of Sp(r*) is the maximal subgroup of a sequence of subgroups .

A criterion can be form ulated in order to examine a chain of subgroups . Let

G0 2 G  2 C  ( Cl )

be a three chain of maximal subgroups . Let the irrep Dq satisfy

r<j+ e ( A i  I G )  and T i + 6 ( D £  I  G )  ( C2 )

Here subduction ( J. ) onto each of G and G contains the trivial irreps 

Tr-I-+ and T=+ each once . Then the chain subduction criterion [19] statesw

that the transition

Ga —»G m ay occur hut G0 —»G does not occur - ( C3 )

In a similar way we include m ultip licity  [20].
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Again considering the three chain ( C l ) , let

p  T±+ 6 (£><£ I C )  and q T i+ 6 (D<{ 1 C )  ( C4 )

where p,q are integers . I f  p = q then each of the trivial irreps T j+ maps 

onto one counterpart T i + w ithout exception and we obtain the chain 

subduction criterion with equal multiplicity  :

G()—*G may occur, but G0 —► G does not occur ( C5 )

A fu rther  extension was recently form ulated [26] in case p <q  . In this cae 

as we descend down the chain of maximal subgroups , a break occcurs a t G . 

The p  r f + that are contained in (Dy- 1 G ) each map onto a counterpart F=+.

In addition (q - p) new trivial irreps f = + arise at the step G —>G .

Some irrep  of G restricted to C , produce additional irreps T=+ :

P Y(y  + D(j  + • • • 6 ( D<iu 1 C )  ( 1.2.1 )

and

( q - p ) T L + +  . . .  e ( D l  1 G )  ( 1.2.2 )

Increasing m ultiplicity as we descend the chain appears to give rise to higher 

order critical transitions . Hence a chain subduction criterion with increasing 

m ultip lic ity  was proposed :

I f p  < q , Git—*G may occur as a simple second 
order transition and G{) —*G may occur as a higher 
order critical transition  ( C6 )

These necessary selection rules appear to exhaust the presently available 

direct group-theoretically derived tools for analysing the possible occurence 

of transitions from group G0 to any subgroup G via irrep D£ , w ithout

algebraic compulations ( including in the la tte r  , renormalization- scaling 

calculations .) based on a power series expanded free energy ( Eq. 1.10 ).
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1.3.1 Comments on the test for Landau Activity

The actual test lo r  Landau activitity  (Rule (I) , page 5) can be quite 

intricate a t  points k ^  0 in the Brillouin Zone for non-sym m orphic space 

groups . A form ula ( sec Eq. 1.3.5 below) recently given by Koscinski [30] is 

based on the use of m ultiplier irreps of Gkt which is the point group of the 

wave-vector group Gk { the little group method } . We show below tha t 

this fo rm ula  holds only in special cases . Alternative tests for Landau 

activity are based on work of P. Card [31 ] ; these were utilized by Cracknell

Davies Miller and Love { CDML } in their Kronecker Product Tables - Vol. I

of 4 Volumes [32] .

Following Liubarski [18] , the symmetrized cube of D£ , x(g ) 3

is given by

) 3 =  3) +  ) +  -^ * 3(£ ) ( 1.3.1 )

where x(£ ) is the character of the  element g in D£ ..

A similar fo rm ula  has been given by Koscinski :

\ g  ) =  (g 3)) +  j * ( D t (g 2W D t  (g ))

+  j ( x ( O t ( g ) ) ) 3 ( 1.3.2 )

where g = {R IT} and

X(DA( g ) )  =  e - /^ ' X( r , ( / ? ) ) (1.3.3)
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r fc is the multiplier irrep of Gk and x(I* (R  )) is the character of R  in 

Gk ; let I F  I be the order of Gk . Then Koscinski’s lest for Landau activity  

is

a  ~
F  Ir  1 A> CG*.

X(Ok ) ( g )  =  0 ( 1.3.4 )

a  is num ber of vectors (arm s) in star k. (* k).

Using ( g 3)) =  + + Ri‘r')x (T k ( /?3))

and X(Dk i g 2)) =  ( R 2))

this test for Landau activity becomes

a  £  1 T. + * /+  A>V)x ( r ^ (/?3))
R  1 A’ C G , 6

+  l . e ~ i f -(2r+ Rr)x ( r k ( R 2))x(Tk (R  ))

+  ?x ( r fc ( R  ) )3 =  0  ( 1 .3 . 5 )

Since tables of the m ultiplier irreps of all 230 3-D space groups have 

been tabulated (Kovalev) [33] it would appear that this test is a straightfow ard 

and simple one . We will now show that Koscinski’s form ula Eq. 1.3.5 is a 

special case of the more general formula also based on the Little group method

Let * k. =  (k x ,k 2 k n ) with k = k ] as its representative arm  .

If Gk is the group of this wave-vector then the coset decomposition of Gk 

w ith  respect to G() is [34] :

C„ =  g ' C t + g * G t  + . . .  + g " G t  ( 1 . 3 . 6 )

H e r e g 1’ =  1 / ^ i r ‘ j i s l h e ( ' ;‘ coset representative and k 1 = R l k 

is the I th arm of * k ; g 1 =  E  is the identity  element .
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Let x j ( g  ) be the character of the element g =  (R  1T)  in the induced 

representation of Ga . G{ is the j th irrep of C k .

t f ( g )  =  X « %  ) T G0 ) ( 1.3.7 )

We then have [ ]

X i ( g )  =  *'f ' - f , \ i ( X k \ i R l r lR R l ])SRk>Jii (1 .3 .8 )

XsKs2) =  £ e - , r ' ( r+  * T + RY' -  Y‘ y  ( r A { ( /? 'r 1/? 2/?I })SJP̂ i fA» (1.3.9 )
; = i

Xc'Cg3) =  £ e “ 'r ' ,(^ + a’t + A>̂ ' + * 7'‘ “ 7' }x j ( r A \ ( R l )~xR 3R ! } ) 8 ^ k , k ,
i = i

(1.3.10 )

( X j j ( g ) ) 3 =  £  £  £  e - / ( / T ' + C'  + c"' )-Te - i k ' - ( r ‘ + A5' r ' '  + /?' r r )
/ = i r = i r - i  

e -«-A? ur '-r- '  +C"'.f'  + r ' - r '

x } ( r k { ( R v r ' R R 1' })8 Rk, kl x j (Tk { ( R r  r ' R R 1" })8 ^ ,  k r

( 1.3.11 )

Comparing Eq.. 1.3.8 - Eq. 1.3.11 with the corresponding terms in 

Eq. 1.3.5 we will hnd Eq. 1.3.5 to be true : -

(i) only if the co.set reps are chosen so th a t  they are purely rotational , i.e. 

f l =  0  , lo r  all /

(ii) all the arm s in * k contribute  equally to X /(g  )

(h i)  l = r  = i" or if / = 1

Koscinski’s form ula is obviously true  for symmorphic space groups and for 

the I point k =  0 .
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1.3.2 C om m ents  on th e  Selection Rules

The Group theory Criteria ( A - C6 ) are all necessary conditions for 

sym m etry  breaking in continuous phase transitions . Their sufficiency has 

not yet been established . While the subduction criterion may correspond 

to the algebraic step

a *  _  o
dC-(

there is no selection rule for the next one

— .- >0  
d C i d C f j

Work , both geometric and group theoretical , is in progress on 

this aspect of the theory . The continuous rotational sym m etry  of order 

param eter space under SUN transform ations and the analytic  properties 

of the free* energy <KC ) are being investigated by us [35] .

According to the Landau theory  only active representations can 

produce second order phase transitions . This selection rule lim its the D£o 

which may be considered . It lim its the allowable physical order parameters 

for continuous transitions to those which transform  according to one 

active Df; .

Series expansions [ 1.10 ] also give rise to two very general Landau 

index theorems [17,36] .

A transition G(I—*G is permitted i f  G0/ G  = 2  (111)

A  transition G(I—*G is prohibited i f  G0 / G  =  3 (IV)
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An additional selection rule , of a dilTerent type has been proposed 

based on the renormalization program [37] .

A continuous transition occurs i f  H  has a non-trivial fixed point ( V ) 

This is not a group-theoretically based rule but one originating in the 

renormalization calculations . Recent work on fluctuation - driven transitions 

has resulted in some clarification of rule ( V ) . Going back to the LGW  

Hamiltonian for an active irrep D£ , a stability region can be defined .

It is a region in the {u a) space where the 4 lh degree term in Eq. 1.10 will be 

positive definite for all values of the basis functions |ijj^} ; the remainder 

of the {n0} space will be an instability region .

If some bare starting values ( a  , r  , u a , • • •  ) are now assumed , it may 

be that under the renormalization transform ation the Hamiltonian will flow  

tow ards  an unstable region , away from a stable fixed point . Thus not only 

is it necessary to determine whether or not the Hamiltonian has stable fixed 

points , b u t  also w hether the flow of H carries it to such a point i.e. w'hether 

the transition is second order . If not it is first order [37] . An added 

modification is to take into account in H the extra sym m etry - breaking 

field . By decreasing the effective num ber of order parameters ( splitting 

D(i into subrepresentations ) the order of the transition can be changed 

back again - the stable fixed point may become accessible .

In order to predict sym m etry  changes directly , the subduction criteria 

C C1-C6) will be utilized in our work . These selection rules could be 

applied to any Dtj irrespective of its Landau and /o r  Lifshitz activity .

The group theory criteria are based on the existence of G() and G and 

the invariance of 8p  in the vector space of .
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Both the selection rules for deciding the activity  of D^ are necessary 

in 3 - dimensions . However for 2 - dimensional systems microscopic models 

have been developed ( e.g. 3-state and 4-sta te  Potts models ) for which the 

order param eter violates the Landau condition , yet the transition is 

continuous [13]. While the original Landau argument based on the 

stability  of the transition seems to have a valid ity  independent of 

dimensionality , in this thesis we have used the irreps 

irrespective of their Landau or Lifshitz activity . Future computer 

programming by us to test for the activity of an irrep will serve 

to fu rth e r  distinguish them in this fashion .
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CHAPTER 2 

THE 80 DIPERIODIC GROUPS

2.1 The Nature of the Diperiodic Groups

A proper analysis of 2-D systems such as Graphite Intercalation 

Compounds [10] , layered dichalcogenides [14] and 2-D magnets [ 1 1] requires 

the use of the 80 diperiodic groups. These have been tabulated in the standard 

notation by Wood [5].

The ord inary  1 7 plane space groups [3] describe the sym m etry  of a 

one-sided plane or crystal surface. Here all sym m etry  axes and m irror planes 

arc normal to the surface. While there is 2-D periodicity parallel to the 

p lanar surface there is none perpendicular to the surface . In order to 

describe the sym m etry  of layered systems that have a finite thickness 

we m ust use the diperiodic groups. These groups are intermediate 

between the 17 2-D space groups and the 230 3-D crystallographic groups 

{ITXRC} [3 ] .  Some 3 - Dimensional sym m etry  operations absent in the 

form er are now allowed for the diperiodic groups . These are screw 

axes parallel to the layer and glide - m irror planes in the layer.

Experimental evidence for a 2nd-order phase transition has been obtained 

for the Tungsten (100) crystal surface [38] . This is consistent w ith a 

sym m etry  change G0 = P 4 m m —*P2gg — G at the (rectangular) Brillouin • 

Zone boundary point k = 1/2 , 1/2 [ l]  . However surface phase transitions 

are not confined entirely to the surface in a real crystal . Surface activity 

decays exponentially w ith  depth into the bulk of a crystal and involves 

a finite layer , even though it is a few atomic planes thick .
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ln spile of the asym m etry  of the crystal layer - vacuum on one 

side and the bulk of the crystal on the other side - its sym m etry  is higher 

than th a t  described by any one of the 17 plane groups. An example of a 

diperiodic system is the layered dichalcogenide(s) A x2-S.3 and A ss S e 3 

whose k  = 0 optical phonon properties were investigated recently by 

Zallen et al . [14] using far-infrared reflectivity and transmission 

measurements . In interpreting the observed spectra they found it 

im perative to analyze group-theoretically the diperiodic layer sym m etry  

G„ =  Pnm2-[ ( DG 32 ) as well as the triperiodic crystal sym m etry  

Ct) =  P 2 ]/ n (C f/j-  in Schoenflies notation ) .

They found that the two symm etries lead to distinctly dilfercnt photon 

- phonon selection rules . The experiments demonstrated the dominance of 

layer sym m etry  in predicting lattice-optical properties.

On the theoretical side Ipatova et al. [39] have studied the breaking 

of translational sym m etry  in 2nd-order  phase changes for clean crystal 

surfaces based on the 80 diperiodic groups . In APPENDIX ill we list the 80 

diperiodic groups and their subgroups in a Zellengleich - Klassengleich 

form [40,41] . All Zellengleich (Z )  subgroups have the same translational 

sym m etry  while all Klassengleich (K) subgroups belong to the same crystal 

class. A similar classification given by Holser [40] is based on a notation 

and orientation that is not consistent w ith  the standard setting of these space 

groups . In our listing we have reset the subgroups in the current notation 

of W ood’s tables [5 ].
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We used the new International Tables {ITC} [3] to obtain the 

s tandard  setting and also to double-check the entries of Holser’s tables .

Each en try  in APPENDIX III is a class symbol for a fam ily of space groups . 

For example we list a space group as C am 2 , ( DG 36) . Holser’s en try  

for this space-group is Cb2m  . In Wood’s notation Cam2 is the  label for a 

Body - Centered Rectangular ( Orthorhombic ) space-group Tt° with a , 2 

as generators of the factor group Ga /  T0 . In the z .x .y  notation these are :

{mz 11 ,0 }  =  a , {C2y  10,0} =  2

The setting for Cb2m has b , 2  as generators

{mz 10,1 } == b , {C 2 x  10,0 } = 2

In APPENDIX III use the generic symbol Cam2 to represent the  variety 

of 2-Dimensional setting for this space-group.

This Z - K outline is based on H erm ann’s Group - Subgroup Theorem [41] :- 

Every subgroup can be considered to be a Klassengleich subgroup 

o f  another subgroup which itse lf is a Zellengleich subgroup o f soine 

th ird  group .

The recursive use of this  theorem and the ITC allows us to set up group - 

subgroup family trees prior to the application of the  Chain Subduction 

Criteria (Cl - C 6 ) in eliminating subgroups C which can result via a 

second-order phase transition . We will discuss this theorem further in 

Section 3 .
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2.2 Bravais Lattices and Brillouin Zones

Since the 2-D periodicity parallel to a surface or layer is unchanged in 

systems describable by the 17 plane space groups or the 80 diperiodic groups , 

the Bravais lattices and Brillouin zones remain unchanged . Even though a 

layer has a Unite thickness 't ' and is tru ly  tri-pcriodic , one could 

argue tha t the Brillouin Zones should be all 3-Dimensional for the diperiodic

groups . However the 3rd dimension of the Brillouin Zone is related to -1- .

As t —* 0 , this 3rd layer in reciprocal space is at ilinitity . The Brillouin 

Zones of the diperiodic groups are effectively 2-Dimensional .

We follow the notation of Cracknell [42] for the 17 plane - space groups 

and the notation of Bradley and Cracknel] [34] for the space group operators 

in this section . In Tables I & II we summarize the properties of the 5 Bravais 

nets and the 5 Brillouin Zones respectively.

Table I

Basic Vectors of the 2-D Bravais Lattices

t  \ t  2

Oblique P ( a , 0  J ( bcosO , bsinO )

Rectangular P ( a , 0 ) ( 0 , b )

Rectangular e ( a/ 2 , b/ 2 ) ( -a / 2 , b/ 2 )

Square P ( a , 0 ) (0 , a )

Hexagonal P ( 0 , -a ) ( V 3a/2 , a /2  )
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Table 11

Basic Vectors of the 2-D Reciprocal Lattices

g ) 8*2

Oblique P 27r/a( 1 ,-cotO ) 2ir/a( 0 , cosecO )

Rectangular P 27r/a( 1 , 0 ) 2vr/b( 0 , 1 )

Rectangular c 2777 a( 1/a  , 1/b  ) 27r/b( -1 /a  , 1 /b  )

Square P 27r/a( 1 , 0 ) 27r/a(0 , 1 )

Hexagonal P 277-/a( 1A /3  , -1 ) 2n/a( 2/sJ  3 , 0 )

The Brillouin Zones of the above lattices are shown in Figure 1 . In 

our work we concentrate on points of high sym m etry  k ^  0  on the 

boundary of the Brillouin Zones . We do not consider transitions associated 

w ith  k  = 0 since these m ay be triv ially  obtained from the point group tables.

Figure 1

Brillouin Zones for the live planar nets

Oblique p

r  ( 0 , 0 )

X ( 1 /2  , 0 )

V ( 0 , 1 /2  )

A ( 1 /2  , 1 /2  )

Rectangular p 

T ( 0 , 0 )

X ( 1!2  , 0 )

V  ( 0 , 1  ,'2 )

S ( 1 '2 , 1 . 2 )

Figure la

Figure 1 b ^  ^ y

K,
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Rectangular c 

T ( 0 , 0  )

S ( 1 / 2 , 0 )

X ( 1/2 , 1/2 )

Figure le

Square p

r ( o , o )

X ( 1 / 2 , 0 )

M ( 1 / 2 ,  1/2 )

Figure Id

Hexagonal p

r ( 0 , 0  )

M ( 0  , 1 /2  )

K (-1 /3  , 2 /3  )

Figure le

k
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ln Figures 2a, 2b we indicate the orientation of the sym m etry  operations of 

the Square and Hexagonal Lattices. These also determine the operations for 

the lattices of lower sym m etry  .

Figure 2 

Sym m etry  Operations

Square Lattice

Hexagonal Lattice

Figure 2a

Figure 2b

c+

« M  C

In Tables 111 &. IV we give the effect of the point sym m etry  operations 

on a general point ( \  , y , z ) in the Jones faithful representation symbols 

(Bradley & Cracknell) [34] .

ff' 
+



- 2 5 -

Tablc III

Square Sym m etry Operations

E (x.y.z) I (-x.-y.-z)

C2x (x,-y,-z) mx (-x.y.z)

C2y (-x,y,-z) my (x,-y,z)

C2z (-x,-y,z) mz (x,y,-z)

C4z+ (-y,x,z) S4z- (y.-x.-z)

C4z- (y,-x,z) S4z+ (-y.x.-z)

C2a (y,x,-z) mda (-y.-x,z)

C2b (-y.-x.-z) mdb (y,x,z)

Table IV

Hexagonal Sym m etry  Operations

E (x.y.z) I (-x.-y .-z)

C6+ (x-y,x,z) S3- (-x+y,x,z)

C3+ (-y ,x-y ,z) S3- (y,-x+y,-z)

C2z (-x,-y,z) mz (x,y,-z)

C3- (-x+y,-x,z) S3- ( x-y,x,-z)

Cb- (y,-x+y,z) S3+ (-y.x-y.z)

C21' (-x+y.y.-z) m d l (x-y ,-y ,z)

C 22' (x,x-y,-z) m d2 (-x-x+y,z)

C23' (-y ,-x ,-z) md3 (y,x,z)

C 21" (x-y .-y .-z) m vl (-x+y,y,z)

C 22" (-x,-x+y,-z) m v2 (x,x-y,z)

C23" (y,x,-z) mv3 ( -y.-x.z)
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The point sym m etry  operations of the Square and Hexagonal lattices 

4 /m m m  ( C 4/;) and 6 /m m m  ( D 6h) respectively determine the 31 point 

subgroups of a layer . We m ust remove the 5 cubic point groups from the 32 

(3-D ) crystallographic point groups . In  a , x , y  notation the point groups 

2 , m  , 2/ m  an d  m m 2 can be written as 211 , m l 1 , 2 /m i l  and 2mm  

There are alternate orientations of these 4 crystallographic point groups 

12K or 112 > , ImU or 11m > , 12 /m li or 112/m  ) and m2ml or mm.2 ) [40] . 

Hence we must add also 4 extra point groups . These 31 point group 

families when combined with space group translations , screw axes and glide 

planes ( in the layer ) produce the 80 diperiodic groups .
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2.3 D e te rm in a t io n  o f  th e  C h a ra c te r  Tables  f o r  th e  D iper iod ic  G roups

There are extensive tables for the irreps of the 17 plane space groups 

(Cracknell) [42] and for the 230 3-D space groups (Cracknell,Davies,

M iller & Love) | CDML }[32] . These tables list the irreps of Gk , - the Group 

o f the wave-vector at arbitrary points in the Brillouin Zones o f the space 

group G0 ; Gt) 2 G *  . By induction from  an irrep  of Gk viz. D£k

D6k (g ) T Ga

a fu ll group irrep of G„ may he obtained ( Bradley & Cracknell) [34] . 

A lternative tables based on the m ultip lier irreps of Gk , the point group 

of the wave-vector group Gk , have been derived by Kovalev [33] . The 

relation between the irreps of Gk and those of Gk is ( Eq. 1.3.3 )

X(Dk (g )) =  e - '^ x C r *  ( /? ) )  ; g =  {R It} ( 2.3.1 )

It would appear then that their should be no need for separate tables of 

the diperiodic groups . However the orientations of the 2-D space groups 

often differ from those of the 3-D space groups . Use of the following 

method allows one to obtain the m ultiplier irreps Yk ( R ) of the 

diperiodic groups from the related irreps D f  of a corresponding 3-D 

space group . Consider the non-sym m orphic space group Pbb2 (DG 27).

This space group can be derived from its parent space group Pcc2 . Its 

orientation with respect to the 3-D setting of Pcc2 (#27  Triperiodic ,ITC ) 

is acb =  C 4 x  +  as listed on page 2 of W ood’s tables [5] .

From the ITC the generators of Pcc2 arc : - 

E | x,y,x } C2/.{ -x,-y, /.} rnxj-x, y, z I 0 ,0 , 1/ 2 } my! x,-y, z I 0,0,1/2}
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To go from the 3-D setting to its Diperiodic orientation we perform the 

un itary  transformation C4.x +  = x z y  on the above generators of Pcc2 .

The elements in the last column are the generators of Pbb2 (DG 27) in 

W ood’s notation . In Volume 1 of CDML the irreps of Gk for the 

3-D space group Pcc2 (#27 ITC) can be found . To find the irreps of Pbb2 

we perform the same unitary  transformation C4x+ on the k-vectors of 

the 3-D Brillouin Zone in order to project out the corresponding vectors 

of the 2-D Brillouin Zone appropriate for the diperiodic setting Pbb2 .

At the points of high sym m etry  in 3-D the following correspondence 

between k - vectors in 3-D and 2-D for this space group exists :

C4x+ E C4x- 
C4x+ C2z C4x- 

C4x+ (mxlO ,0,1/2} C4x- 
C4x+ {m vlO.0,172} C4x-

E 
C2y 

{mxlO, 1/2,0} 
{mzIO, 1/2,0}

3-D 2-D

r( 0,0,0) r(o ,o ,o)

X( 1/2,0,0) X 'd /2 ,0 ,0 )

Y(0,1/2,0) Y '(0,0 ,1 /2)

Z(0,0 ,1 /2) Z '(0 ,1/ 2 ,0 )

S( 1/2 ,1 /2 ,0) S 'd /2 ,0 ,1 /2 )

T ( 0 , l / 2 , l / 2 )  T '( 0 , l /2 ,1 , 2 )

U( 1/2 ,0 ,1/2) I f  (1 /2 ,1 /2 ,0 )

R( 112,1 / 2 ,1 /2 )  R'( 1 / 2 , 1/2,1/2)



H e n c e  t h e  f o l l o w i n g  e q u i v a l e n c e  b e t w e e n  t h e  k - v e c t o r s  in  3 - D  a n d  2 - D

3-D 2-D

r(o ,o ,o) r(o,o,o)

X( 1/2,0,0) X( 1/2,0,0)

Z( 1/2,0,0) Y( 1/2,0,0)

U( 1/ 2 ,0,0) M( 1/ 2 ,0 ,0 )

We look up in CDML the irreps of X (l/2 ,0 ,0 )  , Z(0,0 ,1 /2) and 

U( 1/2,0 ,1/2), and relabel these points X( 1/2,0,0) , Y(0,1/2,0) and 

M( 1/2,1/2,0).

X( 1/2,0,0)

R 1 1 1 1 1

R2 1 1 - 1 - 1

R3 1 -1 1 -1

R4 l - l - l  1

Y(0,1/2,0)

M( 1/2,1/2)

R1 1 1 1 1

R2 1 1 -1 -1

R3 i -i i -i

R4 i -i -i i

These however are the irreps of Gk . We need the irreps FA. of Gkt . 

Using ( Eq. 2.3.1 ) we obtain the T*. at * k = 1/2,0 ; * k -= 0 ,1 /2  ;

* k -  1/2, 1/2 for Pbb2 as in APPENDIX 11.
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# 2 7  Pbb2 * k = 1/2 ,0 ; * k = 0, 1/2 ; * k = 1/2 ; 1/2 

Tk E C2y mx my

R1 1 1 1  1

R2 1 1 -1 -1

R3 1 -1 1 -1

R4 1 - 1 - 1 1

An explicit calculation using the delinition of the multiplier /z [43]

^  =  e - / a ’- | T/ , }| /?V Ir^} =  {R, . \ T r ) ( 2 .3 . 2 )

gives the following table for the multipliers (i

TABLE V

Table of M ultipliers p. for  Pbb2 at 
* k =  1/ 2 , 0  ; * k  = 0 , 1/ 2 ; * k  = 1/2 ; 1/2

l± E C2y mx m y 

R1 1 1 1 1

R2 1 1 1 1

R3 1 1 1 1

R4 1 1 1 1

Since the multipliers p. are all + 1 the ordinary  point group table 

for mm 2 or 2mm  may be used as the table of m ultiplier irreps Yk (R  ) . 

All the m ultiplier reps for the nonsymm orphic space groups were obtained 

by projection from 3-D , based on the orientational setting given in W ood’s 

tables . The character tables for all the 80 diperiodic groups are listed in 

APPENDIX II .
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CHAPTER 3 

COMPUTER PROGRAMMING

3.1 Development o f the Computer programs

In the practical implementation of the Selection rules ( A - C6 ) one 

needs easily accessible and manipulatable tables of the crystallographic 

space groups . In particular there is need for tables of the kind published 

by Billiet et al. [4] for the  1 7 plane space groups - a complete listing , 

for each parent space group , all its subgroups with explicit mention of 

their origin and orientation in the unit cell of the parent space group .

For this information to be useful some ordering is essential . Herm ann’s 

space group decomposition therom , recently discussed by Senechal [44] 

gives us the rationale for preparing a fam ily-tree of group - subgroup 

lattices for each parent space group C„ . Hermann [41] iirst demonstrated 

that any subgroup G of a space group C0 is a class-equivalent 

( Klassengleich ) subgroup of a translation-equivalent ( Zellengleich ) 

subgroup of G„ .

A  class-equivalent ( K ) subgroup of a space group G is a space subgroup 

( of G ) whose factor group is isomorphic to the factor group of G . A 

translation-equivalent ( Z ) subgroup of a space group is a space subgroup 

w ith  the same translation group as G . Let GQ be a 3 -D space group 

with translation subgroup T(i . The factor group of G() w ith  respect 

to r , ,  is

P„ = G „  /  T„ ( 3.1.1 )
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Let P  be a subgroup of P0 with index v

v — ( 3.1.2 )

' G0 say Gz , is a spacegroup also havingA Z-subgroup o 

translation subgroup Ta .

P =  G Z/ T 0 ( 3 . 1 . 3 )

Let T be a subgroup of G0 w ith index A .

A = ( 3.1.4 )

A K-subgroup of Gz , say Gk , is a space group with 

translation subgroup T  and factor group P

P = G k /  f  ( 3 . 1 . 5 )

The chain of space subgroups in Herm ann’s theorem is thus 

G(J 2  Gz =2 Gk == G ( 3.1.6 )

where G, is isomorphic to G . If the index of G in G0 is k  

C„
A. =

c;

then
Co P, T 1 0
G P T

( 3.1.7 )

( 3.1.8 )

or
vA ( 3.1.9 )

For a Z-subgroup A =  1 ; for a K.-subgroup v — 1 . A general 

subgroup G of G0 breaks both rotational and translational sym m etry  ; 

it may be considered to descend from G0 via a  tw o-step  sequence 

according to H erm ann’s theorem . First rotational ( Z - step ) and then 

translational ( K - step ) sym m etry  elements are discarded .
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Let G0 be a parent space group with translational sym m etry  subgroup 

Ta . Also let G ' be a subgroup of Ga , C ' £ G () and T ' be its 

translational subgroup ; the factor grouup F '  =  G '/  T ‘ has g ' — {/?'IF'} 

as a general sym m etry  element . If is an irrep of G(> , then the

subduction frequency n  of the representation D j-  ’ of G ' in D fck 

is given by

n = ~TWTT £

=  T 4 m - L  x j ( g ' )  (3 .1 .5 0 )
1 K'e/-"

Xf'(g iht* character of element g ' € G ' with m atrix  representative 

(A]* T G() ) . is the y z/i m atrix  irreducible representation of

G/. -  the wave-vector group at k .

The element g ' is common to both G ' and G0 . However it is generally 

expressed differently under G ' and G„ in the standard entries of space 

groups in the International Tables (ITC) .

g ‘ = ( R ' l r \  =  { R \ r  + f j  =  g E G ,

In general R '  ^  R and r “ . While R  ' and R are connected by a 

unitary  transform ation , the relation between the non-prim itive translations 

r" and F  is , Bradley & Cracknell [34]

r + r „  = r  +  F  -  R T  ( 3.1.1 1 )

where F  is the sh ift  vector needed to take origin O ' of G ' back to the 

parent origin O of Ga and t 0 is a prim itive lattice vector of Tu that 

does not belong to T '.
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The character of g x j ( g ') is obtained via a joint induction ( T )

-  subduclion ( i  ) process

xAg'> =  xt<D£<g')TC„)iG']

A compact form ula for \ J ( g  ) has been given by Lavrencic & Shigenari [45]

') =  Z e ~ ik"K(tu + r + R 'r,° ’ “  r,U) V  (Tk { *  i°’)_ lRR i ' } J) ( 3-1 -12 )
I

where g j ‘ * =  { R f 1* IF / 'M  is the i th coset representative of Gu with

respect to Gk m , i.e. Ga =  ]Tg )Gk t o

is the representative arm of * k * k =  , k {2) , . . £ (u))}

and the i th arm is defined as k } =  R f ‘ }k (1 > .

The £  is only over those arm s k u ) in * k  that salislies the condition
i

for translation invariance T '  :

=  +1 ( 3.1.13 )

The Kronecker 8 in Eq. ( 3.1.12 ) implies that the character for x

vanishes unless R  ' leaves these k ^ 1 * invariant .

If i ' and t are the primitive translations of the new lattice T ‘

and the old lattice Tt> respectively , viz.
—♦
? “j = m l ’iT,' +  jn VoY +  m 3Vr5' ; m(-' =  0  , ±1 , ±2 , . .

j  = 1 , 2 ,3 . 
tj — m jiT] +  m 2a 2 +  m 3<T3 ; m ( =  0 , ±1 , ±2  , . .

then sym m etry  operation R ‘ in general because of the difference in

the basic sets {a*') and {o’} . However some operation IIQ in GCI connects

them via a un itary  transform ation R ' =  Ua R U ~ x .
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The arm s of *k th a t  satisfy Eq. ( 3.1.13 ) form the sub-star * ks 

*ks =  { k {x) , k (2) , . .*<“ '> } ; co <  a)'

Formula 3.1.12 is the key equation to be programmed as the calculation 

of the subduclion frequency n or s f  is a finite sum over the elements of 

a factor group F ' of order IF' \  . The identification of R  ' is easy and can 

be done by inspection for 2-D stsyems .

Since no tables of the kind published by Billiet et al. [4] exists for 

the diperiodic groups we have developed new algorithms based on Eq. 3.1.11

T0 = r -r + r- rf ( 3. 1.14 )

We explored all possible values of O ' lying on a planar grid at the points

—. A * • 1 J  «

in the parent unit cell of Gu . These are points of high site sym m etry  

and are the likely origins O ' of all planar subgroups .

We now summarize the main steps of the algorithms

(i) For each value of .r  all values of R ' and all values of r*' were tested 

to see if Eq. ( 3.1.1 1 ) was satislied , i.e. i f  ta is an integer lattice 

vector in the parent lattice . Only if this condition is satisfied will 

the calculations outlined in the flowchart Figure 3 proceed . If we 

do obtain an integer lattice vector for some J" in the grid above , 

then that T  is stored as a probable origin O ' of G ' .
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(ii) The new basic vectors of the translation lattice 7" m ust satisy 

translation invariance , Eq. ( 3.1.13 ) :- e~  1 * '’1 =  +1 . For 2-D 

these are t /  and t 2‘ '■

*7  =  « l T  +  ^12

1 2 ~  n 2\l ' +  n 22*

To avoid some redundancy we have restricted the elements of the 2 X 2  

m atrix N  :

N n U n  12 ; 0 < l  ri:■. I <3

This range was found lo be sufficient to generate the new Bravais lattices . 

New cells of larger s i/e  with the same subduclion frequency (sf) will be 

eliminated by the Chain Subduction Criteria  at the K-Step .

(iii) Of all values of k  u} € *k only those arm s that satisfy

e tk 'l =  +1 and thus  form the sub-star *ks [46] were retained .

At least one arm  of * k  m ust satisfy this condition . If this condition 

is not met a new cycle is initiated ( see Flowchart 1 .

( iv ) For each parent space group G„ , the input data consisted of 

the characters ,\(T^(y? )) of the m ultip lier irrep ,Tk the distinct 

stars  * k on the Brillouin Zone boundary , the elements of F ' 

and the parent factor group F0 — G(J  Ta . Multiplication tables 

needed to calculate R (l 1 ~~1R R 1 ‘ ) were wriiten into a special 

subroutine .
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Figure 3 (FLOWCHART)

\  /

V
N o

N O



- 3 8 -

(v )  Each distinct C ' (name & orientation ) was built into a separate 

subroutine . Various tests were made to reduce redundancy . Even in the first 

q u ad ran t identical information was produced at various sites O ' in the unit 

cell of index 17 =  t , x  12 - e.g. at O ' = ( 0 ,0 )  , (0,1) , (1,1) especially 

for the lower sym m etry  space groups .

Additional fine structure in space group notation were obtained 

and stored for the 17-plane groups [4 ] . We explored all 4 - quadrants 

and our data  for the allowed transitions are listed in Section 4.2 for this 

fam ily of surface groups . As can be expected , computing time quadrupled 

in exploring the whole unit cell . A compromise on the time factor when 

tackling the 80 diperiodic groups resulted in the minimum information 

viz. spacegroup ty p e  allowed and subduclion frequency ,not generators , 

being collected and displayed in Section 4.1 .

The program units were w ritten  in RATFOR -  A  Rational Fortran 

( K ern ig h a n ) [47] . Because of the many tests and loops in the main program 

ord inary  FORTRAN would have been unw ieldy in trying to read or modify 

the program for k  = 0 . Debugging the program ’s would also have 

proven to be a nightmare what with the m any GO TO’S and STATEMENT 

NUMBERS . The rat for flow logic made a complex program tractable and a 

preprocessor gave the option of converting *.r to *.f ( machine forlran ) .

T his  and its converse using the struct package (UNIX) gave greater 

flexibility in program building . Even so , use of a higher level language 

such as the C - Language would have made the implementation of 

checks to avoid redundancy easier .



3.2 C om puter  G e n e ra t io n  o f  th e  Subduction  F requencies

O ur program is basically a bottom -up approach in predicting second -order 

phase transitions . Given a G() and all its G we proceed to test each 

G C G 0 to find whether it has a non-zero subduction frequency 

(sf) in Da . The flowchart , Figure 3 gives an outline of the method 

and a copy of the program for Ga = P \g  1 , PL4 in the family of 

1 7-plane space groups or DG 12 , G() =  P  1 la  as a member of the 

Diperiodic family , is listed in APPENDIX I . While shorter ( in term s of 

memory space ) and more elegant programs could have been displayed we 

deferred in order to retain the mnemonics and readability . A sample of the 

p rin tout for the non-sym m orphic planar space group P lg l  is shown overleaf .

The 3 k vectors ( also k-stars  ) on the Zone boundary are :- 

s ta r  1 , k = 1/2 , 0  ; s tar 2 , k = 0  , 1/2 ; s tar  3 , k = 1/2 , 1/2 

The I s' line gives the  parent Ga and some of the elements in a planar 

factor group . This heading was changed as we modified the program 

and its prin tout for higher sym m etry  groups . The elements of the 

m ultip lier irrep T* that have non-zero characters can be easily 

identified from the 2nd line . The 3rd line is a heading indicating space 

subgroup (sg) , angle between the V ',0 , cell size ( r]) ,new translations 

t j,i 2 , sh if t  in origin s ' via x 0y 0 and a blank space . Under this blank 

the generators of the subgroup G indicated by a number-identilier in ) .

The en try  0. (5) 0. indicates that the 5lh element of the 2nd lineviz. m v 

is the sym m etry  operator of the factor group F ‘ . On either side 

of the "(5)" is the integer translation ta in component form .
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COMPUTER PRINTOUT FOR C a =  P lg l

el cm r k : G„ = P lg l  e c2z c4z- c4z+ mx m y da db
star  1 .characters 1 0  0  0 1 0 0  0 :  for k = 1/2,0

-SS 0 V P  \ P  2 x o y0

sf=( 1) P lg l 90 2 2 t l+  0t2  ; 0 t l+  l t2  0. -0.67 0. ( 5 )0 .  
sf=( 11 P lg l 90 2 2 t l + 0 t 2  ; 0 t l +  H2 1 .00-0.33 0. ( 5 ) 0 .

sf=( 1 ) P 1 11 63 4 0 t l + - l t 2  ; 2 t l + - l t 2  0.25 0.25
si =( 1) P i l l  90 4 -2U + 0t2  ; 0 t l + - l i 2  0.25 0.25

clem Tk : Gt) = P lg l  c c2z c4z- c:4z+ mx my da db
s tar  1 .characters 1 0 0 0 -1 0  0  0  f o r k  = 1/2,0

s8 0 '9 P  \ P  2 xo v„

sf=( 1) P lg l  90 2 2 t l+  012 ; 0 t l+  l t2  0.50 -0.67 1.00C 5) 0.

s l=( 1) P i l l  63 4 0 H + -U 2  ; 2 t l + - l t 2  0.25 0.25 
sf=( D P I  11 90 4 -2H +  012 ; 0 t l + - l t 2  0.25 0.25

elem D  : C() = P lg l  e c2z c4z- c4z+ mx my da db
star  2 .characters 1 0 0 0 1 0 0 0 : for k = 0 ,1 /2

sg O r )  P \  r*2 x0 ya

sf=( 1) P i l l  90 4-1 t l  + 0t2  ; 0 t l+ -2 t2  0.25 0.25 
sf=( D P I  11 90 4 O tD  2t2  111 + 0t2 0.25 0.25

elem D  : C„ = P lg l  e c2z c4z- c4z+ mx m y da db
star  2 .characters 1 0  0 0  -1 0 0 0 : f o r k =  0 ,1/2

*8 ® V P \ P  2 Xo .Vo

sf=( D P I  11 90 4 - H 1 + 0 t2  ; 0 t l+ -2 t2  0.25 0.25 
sl=( 1) P i l l  90 4 Otl-f 2 t2  ; - l t l +  0t2 0.25 0.25
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elem D  : Ga = P lg l e c2z c4z- c4z+ mx my da db
star  3 .characters 1 0  0 0 1 0  0 0 : lor k. = 1/2,1/2

s8 6 V P'i P 2 x o y<>

sf=( 1) P lg l  90 4 211+-212 ; l t l +  112 0.25 -0.67 1.00( 5 ) 0 .  
si =( 1) P lg l  90 4-211+-212 ; l t l + - l t 2  0 .7 5 -0 .3 3  2.00( 5)-1.00

s M  D P I  11 45 4 U 1+-U 2 ; 2 t l+  0l2 0.25 0.25 
sf=( I) P i l l  90 4-111 + 112 ; - l t l + - l t 2  0.25 0.25

elem D  : Gu = P lg l  e c2z e4z- c4z+ mx m y da db
s ta r  3 .characters 1 0  0 0  -1 0  0 0 : for k = 1/2,1/2

s8 O r ]  f ' j  f ' 2 x a ya

sJ'=( 1) P lg l  90 4 -2 tl+ -2 t2  ; H 1+-H 2 0.25 -0.67 0. ( 5) 0.
sf=( 1) P lg l  90 4 2U+-212 ; l t l +  H2 0.75 -0.33 2.00( 5) 0.

sf=( 1) P i l l  45 4 l t l + - H 2  ; 2 t l+  0t2 0.25 0.25 
sf=( 1 ) P 1 11 90 4-U 1+ 112 ; - l t l + - l t 2  0.25 0.25
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The 4th line can now be read as follows :

P lg l  is an allowed subgroup with subduction frequency sf = 1 .

The new translations of the unit cell of T ' are 2t x,t 2 

the generator of the subgroup is (m, 10,0 +  F] and the

non-prim itive translation F' =  F  +  Ta =
&

The entire prin tout was then inspected to see w hether various settings 

were consistent with those of the 1TC , to remove remaining redundancy and 

to complete the application of the Chain Subduction Criteria .

(1) Redundancy : The 4th and 5th lines of our printout displays 

identical information for the allowed subgroup C =  P \g  1 .

Though the s ’ are different , the generators are the same . Similarly 

for the 6th and 1th lines even though the 0 are different

as C =  P  1 is oblique .

(2) Chain Subduction Criteria : Partial application of these selection 

rules was done on the computer at the K - step . If we look, a t the 4th 

line we see tha t  only the smallest index r) =  2 is retained .

Higher values of t) all have the same sf = 1 and are discardedd 

as their translation subgroups f  , T  , .  . have f  with new cell 

2t j , / 1 as their maximal supergroup .

(3) Spurious Entries : If we look at the listing for the 3rd star 
or k  = — , — we tind in its 4lh o r  5th line th a t  P lg l

should be an allowed transition wdth sJ' = 1 .

However the new' translations are



Even though the angle 0 = 90° indicating a rectangular cell 

this  en try  is false as the generator m x of the P lg l group m ust 

be perpendicular to the X-axis or to one of the ' . This is not 

the case here and we discard this en try  . The cure would be 

additioanal tests to eliminate this misalignment between sym m etry  

elements and basic cell vectors . However we persisted with this  

approach as we wished to do some direct comparison of our output 

data  with the Internatioanl tables . At this stage we leaned towards 

some excess rather than have tests that might be too restrictive.
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CHAPTER 4

TABLES

4.1 Allowed subgroups for the Diperiodic Groups

We present in the following tables the subgroups C ' that allowed in a 

second - order phase transition for each G0 of the 80 Diperiodic groups.

The parent group G0 , allowed subgroup G ' , subduction frequency n or s f  

=  1 , 2 , 3 , . . . , ^  for each Zone boundary * k  and new translation lattices 

are given at the head of each table for each space group . The subgroup 

label G. refers to the space group type whose family members differ 

in origin and orientation from one another . This additional information 

has been compiled only for the 17 - plane space groups and is listed in 

Section 4.2 .

In the the Centered Rectangular ( C ) lattice-type space groups the 

new translations are defined w ith  respect to the primitive translations of the 

parent cell . This is different from the conventional listing of the basic vectors 

of the C -ce ll[3 ] . This alternative approach makes checking for translational 

invariance easier as the k  vectors are defined with respect to these primitive 

lattice vectors.

Let us consider table DG 40 , page ; G„ =  Camm  .

The primitive translations of its primitive unit cell are

l 1 1
2 ’ 2

T h e  k - v e c t o r  S  on t h e  B r i l l o u i n  Z o n e  b o u n d a r y  has  t w o  a r m s  ; 

4 k =  ,0 ; 0,-1- . The  irreps  o f 17. t h e  m u l t i p l i e r  r e p  o f  Gk
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can be found in APPENDIX II . We have only one irrep  /?,

for th is  star-k  in table DG 40 . The allowed subgroups for this irrep

in Herm ann-M auguin  notation [3], subduction frequency n and new

translation  sublattice T ■ are indicated as integer m ultiples of

the above primitive basic vectors Tx and  V2 •

For * k — -y .4- , there is only one arm .
4m4 £

The irreps are all 1 - D , R  j , R 2 , . R s .

The subduction frequencies for each irrep is obviously n = 1 and there is 

only one allowed subgroup for each irrep after application of the Chain 

Subduction Criteria .
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TABLE 1

# 1  Go = PI
/

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1 1 PI 2tl,t2

* k -  0 , 1/2

R1 1 PI tl,2t2

* k = 1/2 , 1/2

R1 1 PI tl-t2 ,tl+ t2

# 2  Go = PI

TABLE 2

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1 1 P i 2tl,t2

R2 1 PT 2t l , t2

* k = 0 , 1/2

R1 1 PT tl,2t2

R2 1 PT tl,2t2

* k = 1/2 , 1/2

R1 1 PT tl-t2 ,tl+ t2

R2 1 PT 2 tl,tl+ t2

TABLE 3
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# 3  Go = P211 

irrep

111 k = 1/2 , 0

R1

R2

* k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2

R1

R2

# 4  Go = Pm 11 

irrep

* k = 1/2 , 0

R1

R2

* k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2

R1

R2

Subduction Subgroup G Translation 
Frequency Sub lattice

P211

P211

P211

P211

P211

P211

2t l , t2

2t l , t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2

2tl , t l+ t2

TABLE 4

Subduction Subgroup G Translation
Frequency Sublattice

Pm 11 

Pall

Pm 11 

P bll

Pml 1 

Pall

2t l , t2

2t l , t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2

2t l , t l+ t2

TABL 5
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# 5  Go = Pbl 1 

irrep

* k = 1/2 , 0

R1

R2

* k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2 

R1 

R2

# 6  Go = P2/ml 1 

irrep

* k = 1/2  , 0

R1

R2

R3

R4

* k = 0 , 1/2

R1

R2

R3

R4

Subduction Subgroup G Translation 
Frequency Sublattice

P bll 

Pbl 1

PI

PI

PI

PI

TABLE 6

P2/ml 1 

P 2 /a l1 

P 2 /a l1 

P2/inl 1

P2/inl 1 

P 2 /b l1 

P 2 /b l1 

P2/m l 1

2t l , t2

2t l ,2t l+ t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2

t l - t2,tl+ t2

Subduction Subgroup G Translation
Frequency Sublattice

2t l , t2

2t l , t2

2t l , t2

2t l , t2

t l ,2t2

t l ,2t2

t l ,2t2

t l , 2t2

* k = 1/2 , 1/2
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R1

R2

R3

R4

# 7  Go = P2/bl 1 

irrep

1

1

1

1

TABLE 7

P2/ml 1 

P 2 /a l1 

P 2 /a l1 

P2/ml 1

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t 2,tl+ t2

Subduction Subgroup G Translation
Frequency Subiattice

* k = 1/2 , 0

R1

R2

R3

R4

P 2 /b l1 

P 2 /b l1 

P 2 /b l1 

P 2 /b l1

2t l , t2

2tl+ t2,t2

2tl-tt2,t2

2t l , t2

* k = 0 , 1/2

R1 1
1
2

P211
PI
PI

t l ,2t2
t l ,2t2
t l ,2t2

* k = 1/2 , 1/2 

R1

# 8  Go = PI 12 

irrep

1
1
2

TABLE 8

P211
PI
PI

Subduction Subgroup G 
Frequency

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

Translation
Sublattice

* k = 1/2 , 0

R1

R2

PI 12 

PI 12

2t l , t2

2t l , t2
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* k = 0 , 1/2

R1 1 PI 12 tl,2t2

R2 1 PI 12j tl,2t2

* k = 1/2 , 1/2

R1 1 Cl 12 tl-t2 ,tl+ t2

R2 1 Cl 12 tl-t2 ,tl+ t2

#  9 Go = PI 12j

TABLE 9

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1 1 PI 12j 2tl,t2

R2 1 P112j 2tl,t2

* k = 0 , 1/2

R1 1 PI tl,2t2

R2 1 PI tl.2t2

* k = 1/2 , 1/2

R1 1 PI tl-t2 ,tl+ t2

R2 1 PI tl-t2 ,tl+ t2

TABLE 10

# 1 0  Go = Cl 12

tl  = - 1/2 , 1/2 
t2 = 1/2 , 1/2

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , 1/2
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R1

R2

1
1

1
2

Cl 12 
PI

PI
PI

2t l ,2t2
t l f2t2

t l ,2t2
2t l ,2t 2

* k = 1/2 , 1/2 

R1 

R2

#11 Go = PI lm 

irrep

* k = 1/2 , 0

R1

R2

♦ k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2

R1

R2

1

1

TABLE 11

P112 

PI 12

PI lm 

PI lm

PI lm 

PI la

Cl lm 

Cl lm

t l - t2,tl+ t2

t l - t2,tl+ t2

Subduction Subgroup G Translation
Frequency Sublattice

2tl ,t2

2tl ,t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2

t l - t2,tl+ t2

#1 2  Go = PI la 

irrep

* k = 1 / 2 , 0

TABLE 12

Subduction Subgroup G 
Frequency

Translation
Sublattice

R1 PI la 2tl,t2
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R2 1 PI la 2tl,l2

* k = 0 , 1/2

R1 1 PI tl,2 t2

R2 1 PI tl,2 t2

* k = 1/2 , 1/2

R1 1 PI tl-t2 ,tl+ t2

R2 1 PI tl-t2 ,tl+ t2

TABLE 13

#  13 Go = C llm

*

tl  = -1/2 , 1/2 
12 = 1/2 , 1/2

irrep Subduction Subgroup G Translation
Frequency Sublattice

k = 1/2 , 0 ; 0 , 1/2

R1 1 Cl lm 2tl,2t2
1 PI tl,2t2

R2 1 PI ltl,2 t2
2 PI 2tl,2t2

* k = 1/2 , 1/2

R1 1 P llm  tl-t2 ,tl+ t2

R2 1 PI la tl-t2 ,tl+ t2

TABLE 14

# 1 4  Go = PI 12/m

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1 1 PI 12/m 2t l , t2



R2

R3

R4

* k = 0 , 1/2

R1

R2

R3

R4

* k = 1/2 , 1/2

R1

R2

R3

R4

#15 G o=P1121/m

irrep

* k = 1/2 , 0

R1

R2

R3

R4

* k = 0 , 1/2

R1
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1 PI 12/a 2tl,t2

1 PI 12/a 211, t2

1 PI 12/m 2tl,t2

1 PI 12/m tl,2t2

1 PI 12/m tl,2t2

1 PI 12/a tl,2t2

1 PI 12/a tl,2t2

1 Cl 12/m tl-t2 ,tl+ t2

1 Cl 12/m 11-12,tl+ t2

1 Cl 12/m tl-t2 ,tl+ t2

1 Cl 12/m tl-t2 ,tl+ t2

TABLE 15

t
Subduction Subgroup G Translation 
Frequency Sublattice

1 PI 12j/ni 2tl,t2

1 PI 12j/a 2tl,t2

1 PI 12j/a 2tl,t2

1 PI 12^/m 2tl,t2

1 PHm 11,2t2
1 PI tl,2t2
2 PI tl,2t2
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* k = 1/2 , 0

, 1/2

R1 1 Cl lm t l - t2,tl+ t2
1 PI t l - t2,tl+ t2
2

TABLE 16

PI t l - t2,tl+ t2

Go = Cl 12/m

’ t l  = - 1/2 , 1/2 
12 = 1/2 , 1/2

irrep Subduction
Frequency

/

Subgroup G Translation
Sublattice

1/2 . 0 ; 0 , 1/2

R1 1 Cl 12/m 2t l ,2t 2
1 PI 2t l , t2
2 PI 2t l ,2t2

R2 1 Cl 12/m 2t l ,2t2
1 PI 2tl , t2
2 PI 2t l ,2t2

1/2

R1 1 PI 12/m t l - t2,tl+ t2

R2 1 PI 12j/m t l - t2,tl+ t2

R3 1 P112j/a t l - t2,tl+ t2

R4 1

TABLE 17

PI 12/a t l - t2,tl+ t2

Go = PI 12/a

irrep Subduction
Frequency

/

Subgroup G Translation
Sublattice

0

R1 1 PI 12 2t l , t2
1 PI 2t l , t2
2 PI 2t l , t2

* k =• 0 , 1 / 2
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R1 1 PI 12/a tl,2t2

R2 1 PI 12/a 11,212

R3 1 PI 12,/a tl,2t2

R4 1 PI 12,/a tl,2t2

* k = 1/2 , 1/2

R1 1 C112 tl-t2 ,tl+ t2
1 PI tl-t2 ,tl+ t2
2 PI tl-t2 ,tl+ t2

TABLE 18

# 1 8  Go = PI 12,/a

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k -  1/2 , 0

R1 1 P112, 2tl,t2
1 PI 2tl,t2
2 PI 2tl,t2

* k  = 0 , 1/2

R1 1 PHa 11,2t2
1 PI tl,2t2
2 PI t 1,2t2

* k -  1/2 , 1/2

R1 2 PT tl-t2 ,tl+ t2

R1 2 PT tl-t2 ,tl+ t2

TABLE 19

#19  Go = P222
/

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1 1 P222 2tl,t2



- 5 6  -

R2

R3

R4

* k = 0 , 1/2

R1

R2

R3

R4

* k = 1/2 , 1/2

R1

R2

R3

R4

# 2 0  Go = P222j 

irrep

* k -  1/2 , 0

R1

R2

R3

R4

P222

P222

P222

2tl, t2

2tl ,t2

2t l , t2

P222

P222

P222

P222

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

C222

C222

C222

C222

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

TABLE 20

Subduction Subgroup G Translation
Frequency Sublattice

P222.

P22j2j

P222,

P22j2j

2t l , t2

2t l , t2

2t l , t2

2t l ,t2

* k = 0 , 1 / 2  

R1 1
1
2

P121
P2
PI

t l ,2t2
t l ,2t2
t l ,2t2
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#21

# 2 2

, 1/2

R1 1 C121 t l - t2,tl+ t2
1 P2 t l - t2,tl+ t2
2

TABLE 21

PI t l - t2,tl+ t2

Go = P22j2 j

irrep Subduction
Frequency

/
Subgroup G Translation

Sublattice

,0

R1 1 PI 12, 
P2 1

2t l , t2
1 2t l , t2
2 PI 2t l , t2

, 1/2

R1 1 PI 12, 
P2

tl  ,2t2
1 t l ,2t2
2 PI t l ,2t2

, 1/2

R1 2 P2 tl - t2,tl+ t2
R2 2

TABLE 22

P2 tl - t2,tl+ t2

Go = C222

tl = -1/2 , 1/2 
t2 = 1/2 , 1/2

irrep Subduction
Frequency

t
Subgroup G Translation

Sublattice

1/2 , 0 ; 0  , 1/2

R1 1 C222 2t l ,2t2
1 PI 2t l , l t 2
2 P2 2t l ,2t2

R2 1 C222 2t l ,2t2
1 PI 211,11.2
2 P2 2t l,2t2
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* k = 1/2 , 1/2 

R1 

R2 

R3 

R4

# 2 3  Go = P2mm 

irrep

* k = 1/2 , 0

R1

R2

R3

R4

1

1

1

1

TABLE 23

P222

P22J2J

P222.

P222.

P2min

P2ma

P2ma

P2mm

11-12,11+12 

t l - t2,tl+ t2 

t l - t2,tl+ t2 

t l - t2,tl+ t2

Subduction Subgroup G Translation 
Frequency Sub lattice

2tl ,t2

2tl ,t2

2tl ,t2

2t l ,t2

* k = 0 , 1/2

R1

R2

R3

R4

P2mm

P2ma

P2mm

P2ma

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

* k = 1/2 , 1/2 

R1 

R2 

R3 

R4

C2mrn

C2min

C2mm

C2mm

tl- t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

TABLE 24
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#24  Go = Pm m2

irrep

* k = 1/2 , 0

R1

R2

R3

R4

Subduction Subgroup G Translation
Frequency Sublattice

Pm m2 

Pam 2 

Pm m2 

Pam 2

2tl ,t2

2tl ,t2

2tl ,t2

2tl ,t2

k = 0 , 1 / 2

R1

R2

R3

R4

* k = 1/2 , 1/2

R1

R2

R3

R4

Pm m2 

Pbb2

Pab2j

Pbm2

Cm m2 

Pam2 

Cmm2 

Pam2

t l ,2t2

l l ,2t2

2tl ,2t2

t l ,2t2

t l - t2,tl+ t2 

2t 1,2t2 

t l - t2,tl+ t2 

2t l ,2t2

# 2 5  Go = Pm2ja

irrep

k = 1/2 , 0

R1

R2

R3

TABLE 25

Subduction Subgroup G Translation 
Frequency Sub lattice

1 Pm ll 2tl,t2

1 Pall 2tl,t2

i Pmll  2tl,t2
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* k = 0 , 1/2

R1

R2

R3

R4

* k -  1/2 , 1/2

R1

R2

R3

R4

# 2 6  Go = Pbm2j 

irrep

* k = 1/2 , 0

R1

R2

R3

R4

* k = 0 , 1/2

R1

R2

R3

R4

1 P all 2tl,t2

Pm2Ja

Pb2xa

Pm2ja

Pb25a

Pm ll 

Pall 

Pml 1 

Pall

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

TABLE 26

Subduction Subgroup G Translation
Frequency Sublattice

1 Pbm2j 2tl,t2

1 Pnm2j 2tl,t2

1 Pbm2j 2tl,t2

1 Pnm2j 2tl,t2

1 Plml tl,2t2

1 Plbl tl,2t2

1 Plbl tl,2t2

1 P l m l  t l ,2 t2
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* k = 1/2 , 1/2

R1

R2

R3

R4

#27 Go = Pbb2 

irrep

* k = 1/2 , 0

R1

R2

R3

R4

* k = 0 , 1/2

R1

R2

R3

R4

* k = 1/2 , 1/2

R1

R2

R3

R4

C lm l

C lm l

C lm l

C lm l

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

TABLE 27

Subduction Subgroup G Translation
Frequency Sublattice

Pbb2 2tl,t2

Pnb2 2tl,t2

Pbb2 2tl,t2

Pnb2 2tl,t2

PI 12 tl,2t2

PI 12 tl.2t2

P112j tl,2t2

PI 12j tl,2t2

Cl 12 tl-t2 ,tl+ t2

Cl 12 Il-t2 ,tl+ t2

Cl 12 tl-t2 ,tl+ t2

Cl 12 Il-t2 ,tl+ t2

TABLE 28

#  28 Go = P2ma
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irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1 1
1
2

Plm l
P2
PI

2tl,t2
2tl,t2
2tl,t2

* k = 0 , 1/2

R1

R2

R3

R4

P2ma

P2ba

P2ma

P2ba

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

* k = 1/2 , 1/2

R1

# 2 9  Go = Pam2 

irrep

1
1
2

TABLE 29

Subduction
Frequency

C lm l
P2
PI

Subgroup G

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

Translation
Sublattice

* k = 1/2 , 0

R1 1
1
2

PI 12 
Plm l 
P2

2t l , t2 
2t l , t2 
211,t2

* k = 0 , 1/2

R1

R2

R3

R4

Pam2

Pnb2

Pab2 j

Pnm2.

t l ,2t2 

t l ,2t2 

t l ,2t2 

11,2t2



- 6 3 -

* k = 1 /2  , 1 /2

R1 1
1
2

Cl 12 
P lm l 
PI

tl -12,11-4-12 
t l - t2,tl+ t2 
t l - t2,tl+ t2

# 3 0  Go = Pab2

irrep

TABLE 30

Subduction Subgroup G 
Frequency

Translation
Sublattice

* k = 1/2 , 0

R1 1
1
2

PI 12 
P lb l 
PI

211 ,t2 
2t l , t2 
2t l , t2

* k = 0 , 1/2

R1

R2

R3

R4

Pall

Pall

P a ll

P all

t l ,2t2 

t l - t2,tl+ t2 

t l ,2t2 

t l - t2,tl+ t2

* k = 1/2 , 1/2 

R1 1
1
2

PI 12 
P lb l 
PI

2t l ,2t2
2t l ,2t2
t l - t2,tl+ t2

#31 Go = Pnb2 

irrep

TABLE 31

Subduction
Frequency

Subgroup G Translation
Sublattice

* k -  1/2 , 0

R1 1
1
o

PI 12 
P lb l 
PI

2tl ,t2
2t l , t2
2 t l , t2
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* k = 0 , 1 / 2

R1
R2
R3
R4

PI 12 
PI 12 
PI 12 
PI 12

t l ,2t2 
t l ,2t2 
t l ,2t2 
t l ,2t2

* k -  1/2 , 1/2

R1 1
1
2

Cl 12
Pall
PI

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

# 3 2  Go = Pnm2

irrep

TABLE 32

Subduction Subgroup G 
Frequency

Translation
Sublattice

* k = 1/2 , 0

R1 1
1
2

PI 12. 
Plmr 
PI

2tl ,t2
2t l ,t2
2t l ,t2

* k = 0 , 1/2

R1

R2

R3

R4

Plm l

P lb l

P lb l

Plm l

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

* k = 1/2 , 1/2

R1 1
1
2

C lm l
Pall
P2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

# 3 3  Go = P2ba 

irrep

TABLE 33

Subduction Subgroup G 
Frequency

Translation 
Sub lattice
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* k = 1/2 , 0

R1

* k = 0 , 1/2

R1

* k = 1/2 , 1/2

R1

R2

# 3 4  Go •

irrep

* k = 1/2 , 0 ; 

R1

R2

* k = 1/2 , 1/2

R1

R2

R3

R4

1
1
2

P lb l
P2
PI

2t l , t2
2t l , t2
2t l , t2

1
1
2

PI la
P2
PI

t l ,2t2
t l ,2t2
t l ,2t2

P2

P2

tl- t2,tl+ t2 

t l - t2,11+12

= C2mm

TABLE 34

tl = -1/2 , 1/2 
t2 = 1/2 , 1/2

Subduction Subgroup G Translation
Frequency Sublattice

0 , 1/2

1
1
2

1
1
2

C2mm
P2
P2

C2mm
P2
P2

2tl ,2t2
2tl , t2
2t l ,2t2

2tl ,2t2
2t l , t2
2t l ,2t2

P2mrn

P2ba

P2ma

P2ma

tl- t2,tl+ t2

t l - t2,tl+ t2

t l- t2,tl+ t2

t l - t2,tl+ t2

TABLE 35
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# 35  Go = Cm m2

irrep

* k -  1/2 . 0 ; 0 . 1/2 

R1

R2

tl -  -1/2 , 1/2 
t 2 = 1/2 , 1/2

Subduction
Frequency

1
1
2

1
1
2

Subgroup G

Cm m2 
PI
Pm ll

Cam 2 
PI
Pall

Translation 
Sub lattice

2t l ,2t2
t l ,2t2
2t l ,2t 2

2t l ,2t2
t l ,2t2
2t l ,2t 2

* k = 1/2 . 1/2 

R1 

R2 

R3 

R4

# 3 6  Go = Cam2

1

1

1

1

TABLE 36

tl = - 1/2 , 1/2 
t2 = 1/2 . 1/2

Pm m2 

Cam2 

Pm m2 

Cam 2

irrep Subduction Subgroup G 
Frequency

t l - t2,tl+ t2

2t l ,2t2

t l - t2,tl+ t2

2t l ,2t2

Translation
Sublattice

* k = 1/2 , 0 ; 0 ,  1/2

R1 1 Cl 12 2t l ,2t2
1 C lm l 2t l ,2t2
1 PI t l ,2t2
2 P2 2t l ,2t2

R2 1 Cl 12 2t l ,2t2
1 PI t l ,2t2
1 C lm l 2t l ,2t2
2 PI 2t l ,2t 2
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* k = 1/2 , 1/2 

R1 

R2 

R3 

R4

# 3 7  Go = Pmmm 

irrep

* k -  1/2 . 0

R1

R2

R3

R4

R5

R6

R7

R8

* k = 0 , 1/2

R1

R2

R3

R4

R5

R6

R7

R8

1

1

1

1

TABLE 37

Pam2 

Pam 2 

Pbm2 l
Pab2

Pmmm

Pmma

Pama

Pamm

Pama

Pamm

Pmmm

Pmma

Pmmm

Pmma

Pama

Pamm

Pamm

Pama

Pmma

Pmmm

tl - t2,tl+ t2

t l - t2,tl+ t2 

tl-t2,tl+t2 

t l - t2,tl+ t2

Subduction Subgroup G Translation
Frequency Sublattice

2t l , t2

2t l , t2

2t l , t2

2t l , t2

2t l , t2

2t l , t2

2t l , t2

2t l , t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

tl ,2t2
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R1

R2

R3

R4

R5

R6

R7

R8

Cm mm

Cmmm

Camm

Camm

Camm

Camm

Cmmm

Cmmm

tl-t2,tl+l2

Il-t2,tl+t2

tl-t2,tl+t2

tl-t2,tl+t2

tl-t2,tl+t2

tl-t2,tl+t2

tl-t2,tl+t2

tl-t2,tl+t2

#38  Go = Pama 

irrep

* k = 1/2 , 0

R1

R2

* k = 0 , 1 / 2

R1

R2

R3

R4

R5

R6

R7

R8

TABLE 38

Subduction Subgroup G Translation
Frequency Sublattice

1
1
2

1
1
9

PI 12/m
P222
P121

PI 12 /m 
P222 
P12 I

Pama

Paba

Pnma

Pnba

Pnba

Pnma

Paba

Pama

2tl,t2
2tl,t2
2tl,t2

2tl,t2
2tl,t2
2tl,t2

tl,2t2 

tl,2t2 

tl,2t2 

tl,2t2 

tl,2t2 

tl,2t2 

tl,2t2 

tl ,2t2
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* k = 1 /2  , 1 /2

R1 1 Cl 2/m l t l - t2,tl+ t2
1 C222 t l - t2,tl+ t2
2 C121 tl - t2,tl+ t2

R2 1 Cl 2/m l t l - t2,tl+ t2
1 C222 t l - t2,tl+ t2
2 C121 t l - t2,tl+ t2

TABLE 39

# 3 9  Go = Pnba

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0

R1

R2

1
1
2

1
1
2

P222
PI
P121

P222
PI
P12 1

2t l , t2
2t l , t2
2t l , t2

2t l , t2
2t l , t2
2t l , t2

* k = 0 , 1/2

R1 1 P222 tl,2 t2
1 PI tl,2 t2
2 PI 12 tl,2t2

R2 1 P222 tl,2 t2
1 PI tl,2t2
2 PI 12 tl,2 t2

* k = 1/2 , 1/2

R1

R2

#4 0  Go = Pmma 

irrep

1
1
2

1
1
2

TABLE 40

C222
P2/all
P2

C222 
P2/al 1 
P2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

Subduction Subgroup G Translation
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Frequency Sublattice

* k = 1 /2  , 0

R1

R2

* k -  0 , 1/2

R1

R2

R3

R4

R5

R6

R7

R8

* k = 1/2 , 1/2

R1

R2

Pm m2 
P2/ml 1 
Pm ll

Pam2 
P 2 /a l1 
Pall

Pmma

Pmba

Paba

Pabm

Pabm

Paba

Pmba

Pmma

Pnm21 
P2/ml 1 
Pm ll

Pam 2
P2/all
Pall

2t l , t2
2t l , t2
2tl ,t2

2t l , t2
2tl ,t2
2t l , t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

#41 Go = Pamm 

irrep

* k = 1/2 , 0

R1

TABLE 41

Subduction Subgroup G Translation
Frequency Sublattice

1 P2mm 2tl,t2
1 PI 12/m 2tl,t2
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P llm 2tl ,t2

R2 1
1
o

P2ma 
PI 12/a 
PI la

2tl ,t2
2tl ,t2
2tl ,t2

* k = 0 , 1/2

R1

R2

R3

R4

R5

R6

R7

R8

* k = 1/2 , 1/2

R1

R2

#42 Go = Pnma 

irrep

* k = 1/2 , 0

R1

R2

1
1
2

1
1
2

Pamm

Pabm

Pnmm

Pnbm

Pnbm

Pnmm

Pabm

Pamm

C2mm 
Cl 12/m 
Cl lm

C2mm 
Cl 12/m 
Cl lm

TABLE 42

Subduction Subgroup G 
Frequency

P222 1 
Pl21/m 
PI 12

P22121 
P121/m 
PI 12 1

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l ,2t2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

Translation
Sublattice

2tl ,t2
2tl ,t2
2tl ,t2

2tl ,t2
2t l , t2
2tl ,t2
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* k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2

R1

R2

# 43  Go 

irrep

* k = 1/2 , 0

R1

R2

* k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2

R1

1 P2ina 11,212
1 PI 12/m tl,2t2
2 PI ml tl,2 t2

1 P2ba tl,2 t2
1 PI 12/a tl,2 t2
2 PIbl tl,2 t2

1 Cl 2/ml t l - t2,tl+ t2
1 P2/all t l - t2,tl+ t2
2 PI t l - t 2,tl+ t2

1 Cl 2/ml t l - t2,tl+ t2
1 P 2/al1 t l - t2,tl+ t2
2 PI t l - t 2,tl+ t2

TABLE 43

Paba
/

Subduction Subgroup G Translation
Frequency Sublattice

1 P12/al 2tl,t2
1 PI 12 2tl,t2
2 P121 2tl,t2

1 P22 2 2tl,t2
1 P121/a 2tl,t2
2 P12 1 2tl,t2

1 Pbb2 tl,2t2
1 P 2 /a l1 t l ,2t2
2 Pall tl,2t2

1 Pnb2 tl,2t2
1 P2/al 1 tl,2 t2
2 Pall tl,2t2

1 Cl 21 tl-t2 ,tl+ t2
1 P2 tl-t2 ,tl+ t2
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1 P I t l - t2 , t l+ t2
2 P I t l - t 2 , t l+ t2

1 C121 t l - t 2 , t l+ t2
1 P2 t l - t 2 , t l+ t2
1 P I t l - t 2 , t l+ t 2
2 P I t l - t 2 , t l+ t 2
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TABLE 44

# 4 4  Go = Pmba

irrep Subduction
Frequency

Subgroup G Translation
Sublattice

* k = 1/2 , 0

R1

R2

1
1
1
2

1
1
1
2

P2/ml 1 
Plbl 
PI 12,1 
Pm ir

P 2 /al1 
P lbl 
PI 12,1 
Pall

2tl,t2
2tl,t2
2tl,t2
2tl,t2

2tl,t2
2tl,t2
2tl,t2
2tl,t2

k = 0 , 1/2

R1

R2

1
1
2

1
1
2

Pm2 la 
P2/ml 1 
Pm ll

Pab2 1 
P2/aIl 
Pall

tl,2t2
tl,2t2
tl,2t2

tl,2t2
tl,2t2
tl,2t2

* k -  1/2 , 1/2 

R1 

R2 

R3 

R4

#45  Go = Pabm 

irrep

2

2

2

2

TABLE 45

P2/al 1 

P2/ml 1 

P2/all 

P2/ml 1

Subduction Subgroup G 
Frequency

2tl,tl+t2

tl-t2,2tl

2tl,-tl+t2

tl-t2,tl+t2

Translation
Sublattice

* k = 1/2 , 0
R1 1

1
2

P2ma 
PI 12 /m  
PI 1 in

2tl,t2
2tl,t2
2tl,t2
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R2

* k = 0 , 1/2

R1

R2

* k = 1/2 , 1/2

R1

R2

# 4 6  Go = 

irrep

* k = 1/2 , 0
R1

R2

* k = 0 , 1/2

R1

R2

1 P2ba 2tl,t2
1 PI 1 2 /a 2tl,t2
2 PI la 2tl,t2

1 Pa2 m tl,2t2
1 P2/al 1 tl,2t2
2 Pall tl,2t2

1 Pn2 m tl,2t2
1 P2/al 1 tl,tl-2 t2
2 Pall tl,tl+ 2 t2

1
1
1
2

Cl lm 
P2 
PI 
PI

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

1
1
1
2

Cl lm 
P2 
PI 
PI

t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

TABLE 46

Pnmm

Subduction
Frequency

Subgroup G Translation
Sublattice

1 PI 12 /m 2tl,t2
1 P2mm 2tl,t2
2 PI lm 2tl,t2

1 PI 12 /a 2tl,t2
1 P2ma 2tl,t2
2 PI la 2tl,t2

1 P I2 /m l t l ,2t2
1 P2mm tl,2t2
2 P lm l tl,2t2

1 P I2 /al tl,2t2
1 P2ma tl,2t2
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Plbl 11,212

* k = 1/2 , 1/2

R1

R2

#47  Go = Cmmm

irrep

* k = 1/2 , 0 ; 0 , 1/2 

R1

R2

R3

R4

1
1
2

1
1
2

TABLE 47

t l  = -1 /2  , 1/2  
12 = 1/2 , 1/2

Subduction
Frequency

C2mm
P2/all
P2

C2mm
P2/all
P2

Subgroup G

Cmmm
PI
P2/ml 1

Camm
PI
P2/all

Camm
PI
P2/all

Cmmm
PI
P2/ml 1

t l - t2,tl+ t2
I l- t2,tl+ t2
t l - t2,tl+ t2

I l- t2,tl+ t2
t l - t2,tl+ t2
t l - t2,tl+ t2

Translation 
Sub lattice

2t l ,2t2
t l ,2t2
2tl,2t2 

2tl,2t2
t l ,2t2
2tl ,2t2

2t l ,2t2 
tl  ,2t2 
2t l ,2t2

2tl,2t2
t l , 2t2
2tl,2t2

* k = 1/2 , 1/2 

R1 

R2 

R3 

R4 

R5 

Rb

Pmmm

Pmba

Pnma

Pnbm

Pnba

Pnmm

tl- t2,tl+ t2 

t l - t2,tl+ t2 

t l - t2,tl+ t2 

t l - t2,tl+ t2 

tl -t2,tl +t2 

t.l -t2,l 1 +12
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R7

R8

# 4 8  Go = Camm 

irrep

* k = 1/2 , 0 ; 0 , 1/2 

R1

* k = 1/2 , 1/2 

R1 

R2 

R3 

R4 

R5 

R6 

R7 

R8

1

1

TABLE 48

Pmma

Pmma

tl-t2,tl+t2

t l - t2,tl+ t2

tl = - 1/2 , 1/2 
12 = 1/2 , 1/2

/

Subduction Subgroup G 
Frequency

Translation 
Sub lattice

1 Cl 12/m 2t l ,2t2
1 Cl 2/m l 2t l ,2t2
1 C2mm 2t l ,2t2
1 PI t l ,2t2
2 Cl 12 2t l ,2t2
2 Cl 21 2t l ,2t2
2 Cl lm 2t 1,212
2 Clm l 2t l ,2t2
2 PI 2t l ,2t2
4 PI 2t l ,2t2

Pama

Pabm

Pama

Pabm

Paba

Pamm

Pamm

Paba

t l - t2,tl+ t2

t l - t 2 , t l + t 2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2

t l - t2,tl+ t2



- 7 8 -

TABLli 49

# 4 9  Go = P41 ]

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1 /2  , 0  ; 0  , 1/2

R1 1 P411 2 t l  , 2 t2
1 P 211 2 t l  , t2
2 P 211 2 t l , 2 t2

R2 1 P 411 2 tl , 2t2
1 P 211 211 . t2
2 P 211 2 tl , 2t2

* k = 1/2 , 1 /2

R1 1 P411 U - t 2 . t l + t 2

R2 1 P411 t l  - t2 ,t l  + t2

R3 2 P211 t l  - t2 ,t l  + 12
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# 5 0  Go = P4

* k = 1/2 , 0 ;0  , 1/2

TABLH 50

irrep Subduction Subgroup G Translation
Frequency Sublattice

R1 1 P4 2tl , 2t2
1 P2 2tl , t2
2 P2 2tl , 2t2

R2 1 P4 2tl , 2t2
1 P2 2tl , t2
2 P2 2tl , 2t2

* k = 1/2 , 1/2 

R1 

R2 

R3

P4 tl -12,t l  + 12

P4 1l - t 2,tl + t2

P2 tl - t2 ,tl + t2



#51

* k = 1/2 

#51

- 8 0 -

TABLE 51

Go = P4/m 11 

irrep

, 0 ; 0 , 1/2 

Go = P4/ml 1 

R1

R2

R3

R4

Subduction Subgroup G Translation
Frequency Sublattice

P4/rn 11 
PI
P2/ml 1

P 4 /n l1 
PI
P 2 /b l1

P 4 /n l1 
PI
P 2 /b l1

P4/m 11 
PI
P2/m 11

2tl , 2t2 
2t l  , t 2 
2tl , 2t2

2tl , 2t2 
2tl  , t 2 

2tl , 2tl  + 2t2

- 2tl , 2t2 
2t l  , 12 

2tl , 2t l  + 2t2

2tl , 2t2 
2t l  , t2 
2tl , 2t2

1/2  , 1/2

R1 1

R2 1

R3 1

R4 1

R5 2

R6 2

P4/m 11 tl  - t 2,tl + t2

P4/n11 tl  - t2,tl + t2

P4/m 11 tl  - 12,tl + 12

P4/n11 tl - 12,tl + 12

P2/m 11 tl  - 12,11 + t2

P 2 /b l1 t l  - t 2,tl + 12



-81  -

# 5 2  Go = P4/nl 1

* k = 1/2 , 0 ; 0 , 1/2

* k = 1/2 , 1/2

TABLE 52

irrep Subduction Subgroup G Translation
Frequency Sublattice

R1 1 P4 2tl , 2t2
1 P4 2tl , 2t2
1 Pl̂  2tl , t2
2 PI 2tl , 2t2
2 P2 2tl , 2t2
4 PI 2tl , 2t2

R1 1 P4 t l - t 2 , t l + t 2
1 P2/bl 1 t l - t 2 , t l + t 2
2 P2 t l - t 2 , t l + t 2

R2 1 P4 tl - t2,tl + 12
1 P2/bl 1 t l - t 2 , t l + t 2
2 P2 t l - t 2 , t l + t 2



- 8 2  -

TABLE 53

# 5 3  Go = P422

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , 1/2 

R1

R2

R3

R4

P422
PI
P222

P42 2 
PI
poo 2 ““ 11
P422
PI
P222

P42.2
PI
poo 2

2t l  , 2t2 
2tl  , t2 
2t l  , 2t2

2t l  , 2t2 
2tl  , t2 
2t l  , 2t2

2tl  , 2t2 
2tl  , 12 
2tl  , 2t2

211 , 212 
2tl  , t2 
2t l  , 2t2

* k = 1/2 , 1/2

R1 1 P422 tl - t2,tl + t2

R2 1 P42j2 tl  - t2,tl + t2

R3 1 P49 0 
1“ tl - t2.tl + t2

R4 1 P422 tl - t2,tl + 12

R5 1 P222 tl - 12,t l  + t2
1 P222 2t l  , 2t2
2 P2 tl - t2,tl + t2



- 8  3 -

TABLE 54

# 5 4  Go = P42jl2

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , 1/2

R1 1 P4 2 t l ,2 t2
1 C222 2tl  , 2t2
1 Cl 12 2tl , 2t2
1 PI 2 tl , t2
2 P2 2tl , 2t2
4 PI 2 tl , 212

* k = 1/2 , 1/2

R1 1
2

P4
P222

tl - t2,tl + t2 
tl - t2,tl + t2

R2

R3

1
2

1
1
2

P4
P22j2 j

P4
P222
P2

tl - t2,tl + t2 
tl - t2,tl + t2

tl - t2,tl + t2 
tl - t2 ,tl + 12 
tl - t2,tl + t2



-34 -

TABLE 55

#55  Go = P4inm

irrep

* k = 1/2 , 0 ; 0 , 1/2

Subduction Subgroup G Translation
Frequency Sublattice

R1

R2

R3

R4

P4mm
P2mm
P2inm

P4bm
P2ma
P2ba

P4bm
P2ma
P2ba

P4mrn
P2mrn
P2mm

211 , 2t2 
2t l  , t 2 
211 , 2t2

2tl  , 2t2 
2tl , t2 

211 , 212

2tl , 2t2 
211 , t2 

211 , 2t2

2tl  , 2t2 
2t l  , t2 
2tl , 2t2

* k -  1/2 , 1/2 

R1 

R2 

R3 

R4 

R5

P4mm

P4bm

P4bm

P4mm

C2mm
P2rna
P2

tl - t2,t 1 + t2

tl - t2,l 1 + t2

tl - t2,tl + t2

tl - t 2,tl + t2

tl - t2,tl + t2
tl - t2,tl + t2
tl - t2,tl + t2
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TABLE 56

# 5 6  Go = P4bm

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k -  1/ 2 , 0  ; 0 , 1/2 

R1 1 P411
1 C2mm
2 Cl ml
2 Cl lm
1 Plbl
1 P lla
1 P2
2 P2
2 PI
4 PI

2tl , 2t2 
2tl , 2t2 
2tl , 2t2 
2tl , 2t2 
2tl , t2 
tl , 2t2 
211 , t2 

2tl , 2t2 
tl  , 2t2 

2tl , 2t2

* k = 1/2 , 1/2

R1 1 P4 tl -t2 , tl + t2
1 P2ma tl  - t2,tl + t2
2 P2 tl -t2 , t l  + t2

R2 1 P2mrn tl - t2,tl + t2

R3 1 P2ba tl - t2,tl + t2



-8  6 -

TABLE 57

#57 Go = P42m

irrep

* k -  1/2 ,0  ; 0 , 1/2

Subduction Subgroup G Translation
Frequency Sublattice

R1

R2

R3

R4

P42m
PI
P222

P42 in 
PI 1 
P22121

P42ni
PI
P222

P42 m 
PI 1 
P22 2

2tl , 2t2 
2tl , t2 
2tl , 2t2

2tl , 2t2 
2tl , t2 
2tl  , 2t2

2tl , 2t2 
2tl , t2 
2t l  , 2t2

2tl  , 2t2 
2tl , t2 
2t l  , 2t2

* k = 1/2 , 1/2 

R1 

R2 

R3 

R4 

R5

P?m2

P42 in 

P4m2

P42 m

P2ma
P222
P2

tl - t2,tl + t 2

tl  - t2,tl + t2

tl  - t2,tl + t2

tl - t2,tl + t2

t l  - 12,t l  + t2 
tl - t2,tl + t2 
tl - t2,tl + t2



- 8 7  -

# 5 8  Go = P42jin

* k = 1/2 , 0 ; 0 , 1/2

TABLE 58

irrep Subduction Subgroup G Translation
Frequency Sublattice

R1 1 P4 2tl , 2t2
1 C2mm 2tl , 2t2
2 C lm l 2tl , 2t2
2 Cl 1 m 2tl , 2t2
1 Pi 12 2 t l , t 2
2 P2 2tl , 2t2
4 PI 2tl , 2t2

* k = 1/2 , 1/2

R1 2 P2ba tl -1.2 , tl  + t2

R2 2 P2rmn tl - t2,tl + t2

R3 1 P4 tl - t 2,tl + t2
1 P2ma tl  - 12,t l  + 12
2 P2 tl  - t2,tl + t2
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TABLE 59

# 5 9  Go = P4m2
/

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k -  1/2 , 0 ; 0 , 1/2

R1 1 P4m2 2 t l ,2 t2
1 P2mm 2tl , t2
2 P2mm 2tl , 2t2

R2 1 P4 2 tl , 2t2
1 P2ma t l  , 2t2
1 P222 2tl , 2t2
2 PI la 2 tl , 2t2
2 P lb l 2 tl , 2t2
2 P2 2t 1 , 2t2

R3 1 P4 2tl , 2t2
1 P2ma tl , 2t2
1 P222 2t 1 , 2t2
2 PI la 2 tl , 2t2
2 P lb l 2 tl , 2t2
2 P2 2t 1 , 2t2

R4 1 P4m2 2tl , 2t2
1 P2mm 211 , 12
2 P2rnin 2 tl , 2t2

*  k  =  1 / 2  , 1 / 2

R1 1 P42m tl - t2,tl + 12

R2 1 P42m tl - t2,tl + 12

R3 1 P4b2 tl - t2,tl + 12

R4 1 P4b2 tl - t2.tl + 12

R5 1 P2mm t l - t 2 , t l + t 2
1 PI 12 t l - t 2 , t l + t 2
1 P121 tl - t2 ,tl + t2
2 P2 tl - 12,tl + t2



- 8 9 -

TABLE 60

#60  Go = P4b2

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , 1/2

* k = 1/2 , 1/2

R1 1 P4 2 tl , 2t2
1 C222 211 , 2t2
1 Plbl t l  , 2t2
2 PI 12 211, 2t2
2 P2 2tl , 2t2
4 PI 2 tl , 2t2

tl -1.2 , tl + t2
tl - t2,tl + t2

11 - t2,t 1 + t2

tl  - t2,tl + t2
tl - t2,tl + t2
tl - t2,tl + t2

R1 2 P222
2 P22 2 11

R2 1 p w  2 “ 11
R3 1 P4

1 P222
P22
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#61 Go = P4/mmm

TABLE 61

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k =  1/2 , 0 ; 0 . 1/2

R1 1 P4/mmm 2t l ,2t2
1 PI t l  , 2t2
2 P2/mmm 2tl ,2t2

R2 1 P4/mbm 2t l ,2t2
1 PI t l  , 2t2
2 P2/mba 2t l  , 2t2

R3 1 P4/nbrn 2tl  , 2t2
1 PI t l  , 2t2
2 P2/nba 2tl  , 2t2

R4 1 P4/nmrn 2tl  , 212
1 PI tl , 2t2
2 P2/nmm 2tl , 2t2

R5 1 P4/nbrn 2tl  , 2t2
1 PI t l  , 2t2
2 P2/nba 2tl  , 2t2

R6 1 P4/nmm 2tl , 2t2
1 PI t l  , 2t2
2 P2/nmm 2t l  , 2t2

R7 1 P4/mmrn 2tl , 2t2
1 PI tl  , 2t2
2 P2/mmm 2tl  , 2t2

R8 1 P4/mbm 2tl  , 2t2
1 PI tl  , 2t2
2 P2/mba 2t l  , 2t2

* k = 1/2 , 1/2

R1 1 P4/mmm tl - t2,tl+ t2

R2 1 P4/mbrn t l - t2,tl+ t2

R3 1 P4/mbm tl- t2,tl+ t2

R4 1 P4/mrnm tl - t2,tl+ t2

R5 I P2ma t l - t2,tl+ t2
1 C.'am2 tl -t2,tl+ t2



- 91  -

]
1

C222 
Pam 2 
P 2 /b l1

tl- t2,tl+ l2 
2t l  , 2t2 
211 , 2t2

R6 1 P4/nmm tl- t2,tl+ t2

R7 1 P4/nmm tl- t2,tl+ t2

R8 1 P4/nmm tl- t2,tl+ t2

R9 1 P4/nmm tl- t2,tl+ t2

RIO 1
2

C2/mmm 
P2/ml 1

tl - 12,t l  + t2 
2t l  , 2t2
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# 6 2  Go = P4/nbm

* k = 1/2 , 0 ; 0 , - l /2

TABLE 62

irrep Subduction Subgroup G Translation
Frequency Sublattice

R1 1 P4 2tl , 2t2
1 PI 12/a tl , 2t2
2 P222 2tl , 2t2
3 PI 12 2tl , 2t2
4 PI 2tl , 2t2

R2 1 P4 2tl , 2t2
1 PI 12 /a tl , 212
2 P22 2 2tl , 2t2
3 P m  2tl , 2t2
4 PI 211 , 2t2

* k -  1/2 , 1/2

1 P4 tl -t2 , t l  + t2
1 C222 tl - t2,tl + t2
1 P2/b ll tl  - t2,tl + t2
1 P2ma tl - t2,tl + t2
2 C222 2tl  , 2t2
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#63  Go = P4/mbm

TABLE 63

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2

R1 1 P4/m 11 2 tl , 2t2
1 Pmb2 2 tl , 2t2
1 Pin2 a tl , 2t2
2 P2/ml 1 2tl-2t2 ,2tl
4 Pml 1

R2 1 P4/n11 2tl , 2t2
1 Pab2 2t 1 , 2t2
1 Pb2 a 11 , 2t2
2 P2/bl 1 2tl-2t2 ,2tl
4 Pbll

* k = 1/2 , 1/2

R1 2 P 2 /b l1 2tl  , tl + 12

R2 2 P 2 /b l1 2tl  , tl  + t2

R3 2 P2/m 11 tl - t2 , 2tl

R4 2 P2/m 11 tl - 12 . 2tl

R5 1 P4/ml 1 tl - t2 , t l  + t2
2 P2/m 11 tl - 12 , t l  + t2

R6 1 P4/n11 tl - t2 , tl  + t2
2 P 2 /b l1 tl - t2 , t l  + t2



-94 -

TABLE 64

# 6 4  Go = P4/nrnm

irrep Subduction
Frequency

Subgroup G Translation
Sublattice

* k -  1/2 ,0  ;0  , 1/2 

R1

R2

1
1
1
1
2
2
3
3
4

1
1
1
1
2
2
3
3
4

P4m2
P4
P2mrn 
PI 12. 
PI
P2mrn 
PI ml 
PI lm 
PI

P4m2
P4
P2mrn 
PI 12, 
PI
P2mm 
PI ml 
PI lm 
PI

2tl  , 2t2 
2tl  , 2t2 

tl , 2t2 
2tl  , t2 
2t l  , 2t2 
2tl  , 2t2 
2t l  , 2t2 
2tl  , 2t2 
2tl , 2t2

2tl , 2t2 
211 , 2t2 
2tl  , t2 
211 , t2 
2tl , 2t2 
2tl  , 2t2 
2tl  , 2t2 
2t l  , 2t2 
2tl  , 212

* k = 1/2 , 1/2

R1

R2

R3

R4

P4m2 
P 2 /b l1

P 2 /b l1

P4bm 
P 2 /b l1

P4/mm 
P 2 /b l1

tl -t2 , tl  + t 2 
tl -t2 , t l  + t 2

11 -t2 , t l  + t 2

tl -t2 , tl  -4-12 
tl  -t2 , t l  + t 2

tl  -t2 , t l  + t 2 
t l  -t2 , tl  + t2
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TABLE 65

#65  Go = P3

irrep Subduct ion Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2 ; -1/2 , 1/2

R1 1 P3 2tl , 2t2
1 PI t l  , 2t2
3 PI 2 tl , 2t2

* k = 1/3 ,-2/3

R1 1 P3 tl -t2 ,11 + 212
R2 1 P3 tl -t2 ,tl + 2t2

2 PI tl -t2 ,tl + 2t2
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TABLE 66

# 6 6  Go = P3

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2 ; - 1/2 , 1/2

R1 1 P3 2tl , 2t2
1 PI tl , 2t2
3 PI 2tl , 2t2

R2 1 P3 2tl , 2t2
1 PI t l  , 2t2
2 P i t l  , 2t2
3 PI 2tl , 2t2

* k = 1 /3 ,-2 /3 ;-1 /3 ,-1 /3  

R1

R2

1
2

2
2
4

P3
P3

P3
PI
PI

2tl +t2 ,-tl + t2 
2tl +t2 ,-tl + t2

2tl +t2 ,-tl + 12 
211 +t2 ,-tl + t2 
2tl +t2 ,-tl + t2
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TABLE 67

#67  Go = P312

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , -1/2 ; - 1/2 , 1/2

R1 1 P312 2tl , 2t2
1 PI tl , 2t2
2 Cl 12 2tl , 2t2
3 PI 2tl , 2t2

R2 1 P3 2tl , 2t2
1 PI t l  , 2t2
2 Cl 12 2tl , 2t2
3 PI 2tl , 2t2

* k = 1/3 , -2/3 ; -1/3 , -1/3 

R1

R2

1
1
2

1
2
2
4

P321 
Cl 12 
P3

P321
P3
Cl 12 
PI

2t 1 +12 ,-tl + 12 
2tl +12 ,-tl + t2 
2tl +12 ,-tl + t2

2tl  +t2 ,-tl + 12 
211 +t2 ,-tl + t2 
2tl +t2 ,-tl + t2 
2tl +t2 ,-tl + t2
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TABLE 68

# 6 8  Go = P321

irrep Subduct ion Subgroup G Translation
Frequency Sublattice

* k = 1/ 2 , 0 ; 0 , -1/2 ; - 1/ 2 , 1/2

R1 1 P321 2tl , 212
1 PI tl , 2t2
1 PI 12 t l  -t2 ,tl + t2
2 Cl 12 2tl , 2t2
3 PI 2 tl , 2t2

R2 1 P3 2 tl , 2t2
1 PI tl , 2t2
1 PI 12j t l - t 2 , t l + t 2

2 Cl 12 2 tl , 2t2
3 PI 2 tl , 2t2

* k -  1/3 , -2/3

R1 1 P312 2tl +t2 ,-tl + t2

R2 1 P3 211 +t2 ,-tl + t2

R3 1 P3 2tl  +t2 ,-tl + 12
1 PI 12 3 tl , t l  + 2t2
2 PI 2tl  +t2 ,-tl + 12
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TABLE 69

# 6 9  Go = P3ml

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2 ; - 1/2 , 1/2

R1 1 P3ml 2tl , 2t2

1 Pm 11 tl -12 , t l  + t2
1 PI
2 Cm
3 PI

R2 1 P3
1 Pg 11 - 12 , tl + 12
1 Cm
1 PI
3 Pi

* k -  1/3 , -2/3 ; -1/3 , -1/3

R1 1 P31m tl -t2 ,tl + 212
2 P3 tl -12 ,tl + 212

R2 1 P31m tl -12 ,tl + 212
2 P3 tl -t2 ,tl + 212
2 Cm 2tl + t2 , -tl + t2
4 PI 211 + t2 , -tl + t2



- 1 0 0 -

#70

* k = 1/2 ,

* k = 1/3 ,

TABLE 70

Go = P31m

irrep Subduction Subgroup G Translation
Frequency Sublattice

) ;  0  , - 1/2 ; - 1/2 , 1/2

R1 1 P31m 2tl , 2t2
1 Pm 11 t l  - t2 , t l  + t2
1 PI
2 Cm
3 PI

R2 1 P3
1 PI
1 I’g tl - 12 , t l  + t2
1 Cm
3 PI

-2/3

R1 1 P3ml 11 -12,11 + 212

R2 1 P3 11 - t2 ,11 + 2t2

R3 1 P3 11 -12 ,11 + 2t2
1 Cm 2tl + 12 , -11 + 12
2 PI 2 tl + 12 , - t l  +12



- 1 0 1  -

TABLE 71

#71 Go = P312/m
I

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2 ; -1/2 , 1/2

1 P312/m 2tl 2t2
1 PI tl 2t2
2 Cl 12/m 2tl 2t2
2 C12/ml 2tl 2t2
3 PI 2tl 2t2

1 P3 2tl 212
1 PI tl 2t2
2 Cl 12/m 2tl 2t2
2 Cl 2/m l 2tl 2t2
3 Pi 2tl 2t2

1 P312 2tl 2t2
1 PI tl 212
2 PI 12/rn tl 2t2
2 Cl 12 2tl 2t2
2 PI 2tl 2t2
3 PI 2tl 212

1 P31 m 2tl 2t2
1 PI tl 212
2 PI 12/rn tl 2t2
2 Cl 1 m 2tl 2t2
2 Cl 12 2tl 212
o PI 2tl 2t2
3 PI 2tl 2t2

* k = 1/3 , -2/3 ; -1/3 , -1/3

1 P32/m 1 2tl +t2 ,-tl + t2
2 P31m 2tl +t2 ,-tl + t2

1 P31m 2ll +12 ,-tl + t2
1 P321 211 +12 ,-tl + t2
1 P3 2tl +t2 ,-tl + t2
2 P3 211 +t2 ,-tl + t2

1 P31 m 2tl +t2 ,-tl + t2
1 P321 2tl +t2 ,-tl + t2
2 P3 2tl + 12 , -tl + 12
2 Cl lm 2tl + t2 , -tl + t2
2 Cl 12 211 + t2 , -tl + 12
2 PI 2tl + t2 , -tl + 12
4 PI 211 + t2 , -tl + t2



- 1 0 2 -

TABLE 72

# 7 2  Go = P32/m 1

irrep

* k = 1/2 , 0 ; 0 , -1/2 ; -1/2 . 1/2 

R1

R2

Subduction Subgroup G Translation
Frequency Sublattice

R3

R4

* k = 1/3 , -2/3 ;-1 /3  , -1/3 

R1

R2

R3

1 P32/m 1 2t l  , 2t2
1 PI 11 . 2t2
2 C12/ml 2t l  , 212
3 PI 211 , 212

1 P3 211 , 212
1 PI tl  , 212
1 PI 12/m tl , tl  + 212
2 C12/ml 2tl  , 2l2
3 PI 2tl  , 2t2

1 P321 211 , 212
1 PI tl  , 212
1 PI 2/ml 2(11-t2),2(tl+  t2)
2 Cl 1 m 2t l  , 2t2
2 PI 2t l  , 212
3 PI 211 , 212

1 P3ml 211 , 2l2
1 PI tl  , 212
1 PI 12/m tl , t l  + 212
2 Cl lm 2t l  , 212
2 Cl 12 2t l  , 212
2 PI 2t l  , 2t2
3 PI 2t l  , 212

1 P3Im 2t l  +t2 ,-tl + t2
1 P312 211 +12 ,-tl + 12
1 P3 211 +12 ,-tl + t2
2 P3 211 +12 ,-tl + 12

1 P31m 211 +t2 ,-tl + t2
1 P312 2tl  +t2 ,-t 1 + t2
1 P3 211 +t2 ,-t 1 + t2
2 P3 2tl  +12 ,-tl + 12

1 P31m 211 +12 ,-U + 12
1 P312 211 +12 ,-tl + t2
1 Cl 12/m 211 +12 ,-tl + t2
2 P3 2ll + 12 -tl + t2
2 Cl lm 211 + 12 -tl + t2
2 Cl 12 211 +12 -t 1 + 12
2 PI 211 +12 -11 + 12
4 PI 2t 1 + 12 -11 + 12
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TABLE 73

# 7 3  Go = P611

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - l / 2 ; -1/2 , 1/2 

R1

R2

1
3

1 
1
2 
3

P6
P2
P2

P3
P2
P2
PI

211 , 2t 2 
t l  , 2t 2 

211 , 2t2

2tl , 2t2 
tl  , 2t2 

211 , 2t2 
2tl , 2t2

* k = 1/3 , -2/3 ; -1/3 , -1/3

R1 1 P6 t l  -t2 ,tl + 212
2 P3 tl  - 12 ,tl + 2t2

R2 2 P3 tl - t.2 ,tl + 2t2
2 P2 tl - t2 ,tl + 2t2

■ 4 PI tl  - 12 ,tl + 212
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TABLE 74

#74  Go = P5ll

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2 ; -1/2 , 1/2

R1 1 P5 2 t l  , 2 t2
1 PI t l  , 2t2
3 P I 2 t l  , 2 t2

R2 1 P3 2 t l  , 2t2
1 PI t l  , 2t2
2 P m l l  2 t l  , 2t2
3 PI 2 t l  , 2 t2

* k = 1/3 , -2/3

R1 1 11 -t2 ,tl + 2t2

R2 1 P3 tl -t2 ,tl + 2t2

R3 1 P5 tl - 12 ,tl + 2t2
Pi tl  - 12 ,tl + 2t2

R4 1 P3 tl - t2 ,tl + 2t2
1 Pm 11 tl  - 12 .tl + 212
2 PI tl  - t2 ,tl + 212
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#7 5  Go = P6/ml 1

TABLE 75

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/ 2 , 0 : 0 , -1/ 2 ; - 1/ 2 , 1/2

R1 1
1
3

P6/m 11 
PI
P2/m 11

2tl , 2t2 
tl  , 2t2 

2tl  , 2t2

R2

2
3

P3
PI
P 2 /b l1 
PI

2tl  , 2t2 
t l  , 2t2 

2t l  , 2t2 
2tl , 2t2

R3 1
1
2
3

P6
PI
P 2 /b l1 
P2

2tl  , 2t2 
tl  , 2t2 

2t l  , 2t2 
2t.l , 2t2

R4 1
1
2
3

PE
Pi
P2/m 11 
Pm 11

2t l  , 2t 2 
t l  . 2t2 

2t l  , 2t2 
2t l  , 2t2

k = 1/3 , -2/3 ; -1/3 , -1/3

R1 1 P6/m 11 tl -t2 ,tl + 2t2
2 P6 tl -t2 ,tl + 2t2

R2 1 P6 tl -t2 ,tl + 2t2
2 P3 tl -t2 ,tl + 2t2

R3 1 P3 tl - t2 ,tl + 2t2
1 Pm 11 tl - t2 ,tl + 2t2
2 P2 tl - 12 ,tl + 2t2
2 PI tl - t2 ,tl + 2t2
4 PI tl - t2 ,tl + 2t2

R4 1 PE tl - t2 ,tl + 212
2 P3 tl - t2 ,tl + 2t2
2 P2 tl - 12 ,tl + 2t2
2 PI tl  - t2 ,tl + 2t2
3 Pm 11 tl - t2 ,tl + 2t2
4 PI tl  - 12 ,tl + 2t2



- 1 0 6 -

TABLE 76

#76  Go = P622

irrep

* k = 1/ 2 , 0 ; 0 , - 1/ 2 ; -1/ 2 , 1/2 

R1

R2

R3

R4

Subduction
Frequency

1
1
2
3

1
1
2
2
3

1
1
2
3

1
1
2
2
3

Subgroup G

Pb22
PI
C222
P2

P321 
P222 
Cl 12 
P2 
PI

P6
P222
C222
P2

P312 
P222 
Cl 12 
P2 
PI

Translation
Sublattice

2tl , 2t2 
tl  , 2t2 

211 , 2t 2 
2tl , 2t2

2tl , 212 
tl , t l  + 2t2 

211 , 212 
211 , 2t2 
2tl , 212

211 , 2t 2 
11 ,11 + 2t2 

2tl , 212 
2tl , 212

211 , 212 
11 ,11 + 212 

2tl . 212 
211 , 2t2 
211 , 212

* k = 1/3 , -2/3 ; -1/3 , -1/3 

R1

R2

R3

1 P622 211 + 12 ,-tl + t2
2 P312 211 + 12 ,-tl + 12
2 Cl 12 . 211 + 12 ,-t 1 + t2
2 Cl 21 2t 1 +12 ,-t 1 + 12

1 P6 211 + 12 ,-tl + 12
1 P222 3(11+12),2(-11+12)
2 P3 211 + t2 ,-tl + 12

1 • P321 211 + t2 ,-tl + t2
1 C222 211 + 12 ,-tl + t2
2 cT 12 211 + 12 ,-tl + 12
2 P3 2tl + 12 ,-tl + 12
2 P2 211 + 12 ,-11 + 12
4 . PI 211 + 12 ,-t 1 + 12
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TABLE 77

# 77  Go = P6mm
/

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k  = 1/ 2 , 0 ; 0 , -1/2 ; - 1/ 2 , 1/2

R1 1 P6min 2tl , 2t2
1 P2mm tl  -t2 ,tl + t2
1 C2rn m 211 , 2t2
3 P2 2tl , 2t2

R2 1 P6 2tl , 2t2
1 P2ba tl  -t2 ,tl + t2
1 C2mm 2t 1 , 2t2
3 P2 2t 1 , 2t2

R3 1 P31 m 2tl , 2t2
1 P2ma tl  -t2 ,tl + t2
1 C2mm 2tl , 2t2
2 Cm 211 , 2t2
2 P2 2tl , 2t2
3 PI 2t 1 , 2t2

R4 1 P3ml 2tl , 2t2
1 P2ma tl -t2 ,t 1 + t2
1 C2mrn 2tl  , 21.2
2 Cm 2tl , 2t2
2 P2 2tl , 2t2
3 PI 2tl , 2t2

* k = 1 /3 ,-2 /3 ;-1 /3 ,-1 /3  

R1

R2

R3

1 P6mm tl -12 ,tl + 2t2
2 P3ml tl  - 12 ,tl + 2t2

1 P6 t l - t 2 , t l + 2 t 2
1 P31 m tl  - t2 ,tl + 2t2
3 P3 tl  - t2 ,tl + 2t2

1 P31m tl  - t2 ,tl + 2t2
1 C2inm 3tl , 3t2
2 P3 tl  - 12 ,tl + 2t2
2 Cm 3tl , 3t2
2 P2 tl  - 12 ,tl + 2t2
4 PI t l  - 12 ,tl + 2t2
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TABLE 78

#78 Go = Pf)in2

irrep

k = 1/2 , 0 ; 0 , -1/2 ; -1/2 „ 1/2

Subduction
Frequency

Subgroup G Translation
Sublattice

R1 1 P5m2 2tl , 2t2
1 PI 2tl , t2
2 Cm m2 2tl . 2t2
3 Pml 1 2tl , 2t2

R2 1 PG 2tl , 2t2
1 PI 2tl , t 2
1 Cam2 2tl , 2t2
2 Cm m2 2tl , 2t2
3 Pm 11 2tl , 2t 2

R3 1 P3rn 1 2tl , 2t2
1 PI 2tl , t2
1 Cam2 2tl , 2t2
2 Cm 2tl , 2t2
2 Cl 12 2tl , 212
3 PI 2tl , 212

R4 1 P312 2tl , 2t2
1 PI 2tl  , t2
1 Cam 2 2tl , 2t2
o Cm 2tl , 2t2
2 Cl 12 2tl , 2t2
3 PI 2tl , 2t 2

2/3 ; -1/3 , -1/3
R1 1 P52in tl - t2 ,tl + 2t2

2 PE tl - t 2 ,tl + 2t2

R2 1 P321 11 - t 2 ,t 1 + 212
1 P31m tl - t 2 ,tl + 212
2 P3 tl - t2 ,tl + 212

R3 I Pf)2m tl - t2 ,tl + 2t2
2 P5 tl - t2 ,tl + 2t2

R4 1 P321 tl - t 2 ,tl + 2t2
1 P31m tl - t2 ,11 + 2t2
2 P3 tl - t2 ,tl + 212

R5 1 P52m tl - 12 ,11 + 2t2
2 PE tl - t 2 ,11 + 2t2

RG 1 P321 11 - 1.2 ,tl + 2t2
1 P31 m 11 - 12 ,tl + 2t2
2 P3 11 - 12 ,11 + 2t2
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TABLH 79

# 79  Go = P52m
/

irrep Subduction Subgroup G Translation
Frequency Sublattice

* k = 1/2 , 0 ; 0 , - 1/2 ; -1/2 , 1/2 

Rl

R2

R3

R4

1 PE2m 2tl , 2t2
1 PI 2tl  , t2
2 Cm2rn 2tl , 2t2
3 Prnll 2tl  , 2t2

1 P321 2tl , 2t2
1 Cb2m 211 , 2t2
1 PI 2tl  , t2
2 Cl ml 2tl , 212
2 C121 2tl , 2t2
3 PI 211 , 2t2

1 P31 rn 2tl , 2t2
1 PI 2tl  , t2
1 Cb2in 2tl , 2t2
2 Cl ml 2tl , 2t2
2 C121 2tl , 2t2
3 PI 211 , 2t2

1 PE 211 , 212
1 PI 2tl  , 12
1 Cm 2 m 2tl , 2t2
3 Pm 11 2tl , 2t2

* k = 1/3 , -2/3 ;-1 /3  .-1 /3

Rl 1 Pbm2 11 -t2 ,11 + 2t2
R2 1 P312 tl - t2 ,11 + 212
R3 1 P6 11 - t2 .11 + 2t2
R4 1 P3m 1 11 - 12 ,1.1 + 212

R5 1 P3 11 - 12 ,11 + 2t2
1 Cl 12 11 - 12 ,11 + 212
1 Cl 1 rn 1.1 - 12 ,11 + 2t2
2 PI 11 - 12 ,11 + 212

Rl) 1 P6 11 - 12 ,11 + 212
1 Cmm2 11 - 12 ,11 + 2t2
2 Pm 11 11 - 12 ,tl + 212
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# 8 0

* k = 1/2 ,

TABLE 80

Go -  P6/mmm 

irrep

1 ; 0 , - 1/2 ; - 1/2 , 1/2 

Rl

R2

R3

Subduction
Frequency

R4

R5

R6

R7

Subgroup G Translation
Sublattice

1 P6/mmm 2tl , 2t2
1 PI 2t l  , t2
2 C2/mmm 2tl , 2t2
3 P2/in 11 2tl  , 212

1 P6/m 2tl , 2t2
1 PI 2tl  , t2
2 C2/mmm 2tl , 2t2
3 P2/ml 1 2tl , 2t2

1 P32/m 1 2tl  , 2t2
1 P2/arnm 2(tl- t2),2(tl+ t2)
1 PI 2tl  , t2
2 Cl 12/rn 2tl , 2t2
3 PI 2tl , 2t2

1 P312/m 2tl , 2t2
1 P2/amm 2(tl- t2),2(tl+ t2)
1 PI 2tl  , t2
2 Cl 12/m 2tl , 2t2
3 PI 2tl , 2t2

1 P622 2tl , 2t2
1 P2/amm 2(tl- t2),2(tl+ t2)
2 C222 2tl , 212
1 PI 2tl , t2
2 Cl lm 2tl , 212
2 P 2 /b l1 2tl , 2t2
3 PI 2tl , 212

1 P6mm 2tl , 2t2
1 P2/amm 2(tl- t2),2(tl+ t2j
1 PI 2tl  , 12
2 C222 2tl , 212
2 C’l lm 2tl , 2t2
2 P 2 /b l1 2tl , 2t2
3 PI 2tl , 212

1 Pfo2rn 2tl , 2t2
1 P2/mba 2( tl- t2),2(tl+ t2)
1 Pm2rn 11 ,11 + 212
2 Cl 12 211 , 212
2 C2mm 211 , 212
2 P2/m 1 1 211 , 2t2
3 Pm 2tl , 212
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R8 1 P6m2 2tl , 2t2
1 P2/rnba 2( tl- t2),2(tl+ t2)
1 P2/nrna 2( tl- t2),2(tl+ t2)
2 Cmm2 tl , tl + 2t2
2 C2mm 211 , 2t2
2 P2/ml 1 2tl  , 212
3 Pm 2tl  , 2t2

* k = 1/3 . -2/3 ; -1/3 , -1/3 

Rl

R2

R3

R4

R5

R5

1 P6/mrnm 1 -t2 ,t + 2t2
2 P6rn2 1 -t2 ,1 + 2t2
2 Cm m2 2tl + t2 , - 1 + t2

1 P622 t - t 2 ,t + 2t 2
1 P32/m 1 t - t2 ,t + 2t2
2 P312 t - t2 ,t + 2t2

1 P6mm 2t + t2 ,- 1 + t2
1 P312/m t - t 2 ,t + 212
2 P3ml t - t 2 ,1 + 2t2

1 Pbm2 21 + t2 ,- 1 + t2
1 P6 t - t2 ,t + 2t2
2 Pb t - t2 ,t + 2t2

1 P5m2 2t + t2 ,- 1 + 12
1 Cminm t - t2 ,t + 2t2
2 Cm m2 t - t2 ,t + 212
2 C2mm t - t2 ,t + 2t2
2 Pb t - t2 ,t + 2t2
2 C222 t - t2 ,t + 2t2
2 P2/ml 1 - t2 ,t + 2t2
4 Pm 11 t - t2 ,t + 2t2

1 P31m 21 + 12 ,- 1 + t2
1 P321 1 - t2 ,t + 212
1 C222 t - t2 ,t + 212
1 Cl 12/m t - t 2 ,t + 212
2 P3 t - 12 ,t + 212
2 PI t - t 2 ,t + 212
2 P2 t - t2 ,t + 212
4 PI t - t 2 ,t + 212
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4.2 A llow ed subgroups f o r  th e  17 p la n e  space groups

The tables in th is section show the additional inform ation on the 

generators of each subgroup G ' allowed in a continuous phase transition 

Subgroups m ay have the same space group label yet differ in origin and 

orientation from  each o ther [3 ,4 ]. Apart from the explicit inform ation 

on how to generate general subgroups lo r the 17 plane space groups given 

by Billiet el al . [4] , such data are excluded from the 1TC on the grounds 

of being too volum inous for the 230 3-D space groups .

Let us consider Table PL7 on page . We have G„ =  P2mg a 

rectangular non-sym m orphic plane space group w ith  non-prim itive

transla tion  r  =  • The prim itive translations of T(> are

f ,  =  (1,0,0) =  (1,0) ; f ,  =  (0,1,0) =  (0,1)

The irreps fo r Zone boundary points k are listed in APPENDIX II 

under DG 28 P2ma , its new name in the larger fam ily  of Diperiodic groups . 

There we find the single arm  stars

* k =  — ,0 ; * k = -j-’-y  c‘ac'h w ith a single irrep R  j 

w hile * k =  0 , y  has irreps R  ̂ , R 2 , R 3 , R 4 .

For k  =  JpO  we have 3 subgroups p \ m \  , p 2  \ 1 , and p 1

w ith subduction frequencies 1 , 1 , 2  respectively . However the generators of 

p l m l  are given as

2t ], {/?7V lr +  1,0} , t 2 , {mv lr +  0,0}
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This im plies that there arc 2 subgroups G ' w ith the same label p l m l  viz.

C ' Subduct ionFrequency Generators 

p l m l  1 2t j ,t 2 , {mv I r  +  1,0 }

P l m 1 1 21 v t 2 , +  0,0}

as the non-prim itive translations given in the form  t t, +  r*of 

Eq. (3 .1 .11) are different in each case . It is convenient to give tG +  r* 

ra ther than the various origins O ' in the parent unit cell of P2mg because 

of the m ultip lic ity  in sh ift vectors s ' th a t yield the same inform ation .

To obtain an s ' we substitu te  ( Eq. 3.1.11 ) R = m x ,t0 = ](say  ),

^  =  (-^-,0), r" — ( -L ,0 ')  =  ]-{2t j,0) =  t ,and solve for T  .
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TABLE PL 1

#1 Go = PI

irrep Subduction Subgroup G Generators
Frequency

* k = 1/2 , 0

Rl 1 PI 2t l , t 2

* k = 0 , 1/2

Rl 1 PI tl , 2t2

* k = 1/2 , 1/2

Rl 1 PI t l  - t2,tl + t2
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TABLE p l  2

# 2  Go = P211

irrep Subduction SubgroupG

Frequency

* k = 1 / 2 ,0

Rl 1 P211

R2 1 P211

* k = 0 , 1 /  2

Rl 1 P211

R2 1 P211

* k = 1 /  2 , 1 / 2

Rl 1 P211

R2 1 P211

Generators

2tl,t2 , {C2z)0,0> 

2tl,t2 , {C2zil,0}

tl,2t2 , {C2zi0,0}

11,2t2 , {C2zD,l}

Il-t2 ,tl+ t2 , {C2zi0,0} 

tl-t2 ,tl+ t2  , {C2zl0,l}
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# 3  Go = Plm l 

irrep

* k = 1/2 , 0 

Rl 

R2

* k = 0 , 1/2

Rl

R2

* k = 1/2 , 1/2

Rl

R2

TABLE PL 3

Subduction Subgroup G 
Frequency

Generators

1 Plm l

1 Plm l

2t l , t2 , {mxlO.O} 

2tl,t2 , {mxll.O}

Plm l tl,2 t2  , {mxt),0}

Plgl tl,2t2 , {mxO,l}

Clm l 1 l-t2,tl+t2 , ImxiO.O}

Clm l tl-t2 ,tl+ t2  , {mxll.O}
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TABLE PL 4

# 5  Go = C 1 m 1

t l  = -1/2 , 1/2 
12 = 1/2 , 1/2

/

irrep Subduction Subgroup G Generators
Frequency

*k  = 1/ 2 ,0  ; 0 . 1/2 

R1

* k = 1/2 , 1/2 

R1 

R2

1 Cl ml
1 Cl ml
1 PI
1 PI
2 PI

1 PI ml

1 Plgl

2 t l ,  2t2 , {mxlO.O} 
2 t l ,  2t2 , {mxll.O} 

t l ,  2t2 , {E0.01 
2 tl, t2 , {EKD.O}

2 tl. 2t2 . {EO.O}

tl-t2 ,tl+ t2  , {mxlO.O}

11-12,11-4-12 , {mxll/2,1/2}
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TABLE p l  5 

# 4 Go = Plgl ; r = (0 , 1/2)
t

irrep Subduction Subgroup G Generators
Frequency

* k = 1/2 , 0

R1 1 Plgl. 2tl,t2;{mxlr+0,0}

R2 1 P lgl 2tl,t2,{mxlr+0,0}

* k = O', 1/2

R1 1 PI 11,2t2; {EIO.O}

R2 1 PI tl,2t2;{EK),0}

* k = 1/2 , 1/2

R1 1 PI tl-t2;tl+t2{EK),0}

R2 1 PI tl-t2;t l+t2{EK),0}
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TABLE PL 6 '

# 6  Go = P2mm
/

irrep Subduction Subgroup G Generators
Frequency

* k = 1/2 , 0

R1 1 P2min 2t 1,1.2, {mxl0,0},{my0,0}

R2 1 P2mg 2tl,t2 , {mxll,0},{myll,0}

R3 1 P2mg 2 t l , t2 , {mx0,0},{myll,0}

R4 1 P2mm 2tl,t2 , (mxll,0},{myl0,0}

* k = 0 , 1/2

R1 1 P2mrn tl,2t2 , {mx£),0},{myl0,0}

R2 1 P2mg 11,2t2 , {rnxD.l },{myfU}

R3 1 P2mm tl,2t2 , <mxl0,0},{myl0,l}

R4 1 P2mg tl,2t2 , {mxD,l},{myl0,0}

*  k  =  1 / 2  , 1 / 2

R1 1 C2mm tl- t2 ,tl+ t2 , {mxlO.OMinyD.O}

R2 1 C2mm tl-t2 ,tl+ t2  , {mxll,0},{myll,0}

R3 1 C2mm tl-t2 ,tl+ t2 , {mxiO.OUmyll.O}

R4 1 C2mm tl-t2,t l+t2 , {mxll,0},{my0,0}
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TABLE PL 7

# 7  Go = P2mg ; r = (1 /2 ,0)

irrep

* k = 1/2 , 0 

R1

* k = 0 , 1/2

R1

R2

R3

R4

* k = 1/2 , 1/2

R1

Subduction Subgroup G
Frequency

1

1

2

Plm l

P211

PI

P2mg

P2gg

P2mg

P2gg

C lm l

P211

PI

Generators

2tl,{mxlr+l,0 } 
t2,{mxlr+0,0 } 
2tl,{C2zll,0} 
t2,{C2z!0,0} 

2t 1,12,{ E0,0}

2t2,{C2zl0,0}
tl.imxlO.O+r}

2t2,{C2zi0,0}
tl.imxIO.l+r)

tl,2t2,{C2ziO,l}
{rnxl0,0+r)

tl,2t2,{ C2zl0,l} 
{mxl0,0+r}

t l - t2,{ mxl0,0+r} 
t l+ t2,jmxll,0+r} 

tl-t2,{ C2zl0,0} 
tl+t2,{C2zll,0} 

t l - t2,l l+ t2,{EO.O}
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TABLli PL 8

# 8  Go = P2gg

*

irrep Subduct ion Subgroup G Generators
Frequency

k = 1/2 , 0

R1 1 P l g l  2tl,t2{m xl0,0+r}
|mxll,Q+r}

1 P211 2tl,t2{C2z)0,0}
{C2zll,0}

2 PI 2tl,t2{ 130,0}

* k = 0 , 1/2

R1 1 P llg  tl ,2t.2{myi0,0+r}
{mylO,l+r}

1 P211 tl,2t2{C2zl0,0}
{C2zl0,1}

2 PI tl,2t2{EI0,0}

* k = 1 /2  , 1 /2

R1 2 P211 tl-t2 ,tl+ t2
|C2zll,0}

R2 2 P211 tl-t2 ,tl+ t2
|C2z)0,0}
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TABLE PL 9

#  9 Go = C2mm

irrep

tl = -1/2 , 1/2 
12 = 1/2 . 1/2

Subduction Subgroup G 
Frequency

Generators

* k = 1/2 , 0 ; 0 , 1/2 

R1

R2

* k = 1/2 , 1/2 

R1

R2

R3

R4

1

2

1

1

2

C2mm 2tl,2t2
{mxll,i},{ myil.l} 
{mxl0,0},{my0 ,0 } 

P211 2tl,t2,{ C2zl0,0}
tl ,  2t2,{C2zK)I0} 

P211 2tl,2t2,{C2z)0,0}

C2mm 2tl,2t2
{mxll,l},{ mylO.O} 
{inxD,0 },{ i nyl 1.1} 

P211 2tl,t2,{ C2zll,0}
11,2t2,{ C2zK),l} 

P211 2tl,2t2,{ C2zll, 1 f

P2mm tl-t2,{myOO}
Il+ t2,{mxl00}

P2gg t ]-t2,{my110}
tl+ t2,{mxll0},

P2mg tl-t2,{my)10}
tl-ft2({mxJ00}

P2rng 1l-t2,{mxll0}
tl+t2,{myK)0}
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TABLE PL 10

# 10 Go = P411

irrep

* k -  1/2 , 0 ; 0 , 1/2

R1

Subduction Subgroup G 
Frequency

1

1

2

P411

P211

P211

Generators

2t l,2t2,{C4Z+IO,0} 
{C4Z+I1.1} 

2tl,t2,{C2Z10,0} 
tl,2t2,{C2ZI0,0} 

2tl,2t2,{C2ZI0,0}

*

R2 1 P411 2t 1,2t2, {C4Z+I1,0}
{C4Z+I0,1}

1 P211 2tl,t2,{C2Zll,0}
tl,2t2,{C2ZJ0,l}

2 P211 2tl,2t2,{C2Zll,l}

k = 1/2 , 1/2

R1 1 P411 tl-t2 ,tl+ t2
{C4z+I00}

R2 1 P411 tl-t2 ,tl+ t2
{C4z+I10}

R3 2 P211 tl-t2 ,tl+ t2
{C2zll0}
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TABLE PL 11

# 1 1  Go = P4mm

/

irrep Subduct ion Subgroup G Generators
Frequency

* k = 1 /2  , 0  ; 0  , 1/2

1 P4mm 2tl,{C2zl0,0}
2t2,{inyl0,0}

{mdbKD.O}
1 P4mm 2tl,{C2zi0,0}  

2t2,{ mylO.O} 
{m d bll . l}

1 P2min 2tl,{m yl0,0}  
12, {mxlO.O}

1 P2rnm tl,{  mxlO.O} 
2t2,{ mylO.O}

2 P2mrn 2tl,{mxl0,0}
2t2,{myl0,0}

1 P4gm 2tl,{C2zl0,0}  
2 t2 , { m y l l , l } 

{mdblO.O}
1 P4gm 2t l,|C2z)0,0} 

2 t2 ,{ m y l l , l |  
{ m d b l l . l }

1 P2mg 2tl,{m xil ,0}
t2,{myll,0}

1 P2mg tl,2 t2{m xl0 ,l]  
2 t2 , |n iy )0 , l }

2 P2gg 2 t l ,2 t2 |m x l l , l
2 t2 ,{m yll , l}

1 P4grn 2t l ,< C 2 zll , l} 
2t2,{rayll,0}  

{m d bll . l}
1 P4gm 2 t l , { C 2 z l l , l } 

2t2 ,lm yll,0}  
{mdbD.O}

1 P2mg 2 tl ,{m y ll ,0 }  
t2,{ mxlO.O}

1 P2mg t l  ImyO.O} 
2t2,{mxl0,l}

2 P2gg 2tl,jmxlOIl } 
2t2,jm yll,0}
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R4 1 P4mm

1 P4inni

1 P2m m

1 P2m m

2 P2m m

* k = 1 /2  , 1 /2

R1 1 P4mm

R2 1 P4gm

R3 1 P4gm

R4 1 P4mm

R5 1 C2m m

1 C2rnm

1 P2m g

1 P2mg

1 P211

2 t l , { C 2 z l l , l } 
2t2 ,{m yO ,l}  

{mdblO.O} 
2 t l , { C 2 z l l , l } 
2t2,{m yl0,l}  

{m dbll . l}  
2 tl ,{m xll ,0 }  
t2,{mylO.O} 

2t2,{mxl0,0} 
l t l , { m y O , l } 
21 l,{m xll ,0}  
2t2,{mylO(l }

t l - t 2 , t l + t 2
{C2zl0,0}.{my10,0}

{mdblO.O}

t l - t 2 , t l + t 2
{C2zD,0},{myll,0}

{mdbll.O}

I l - t 2 , t l+ t 2
{C2zl0,0},{myl0,0}

{mdbll.O}

t l - t 2 , t l + t 2  
{C2z)0,0},{myll,0} 

{mdblO.O}

11 -12.11 +t2  
{mxll,0},{ myO.O} 

t l  - I2 , t l+ t2  
{rnxl0,0},{inyll,0} 

t l - t 2 , t l + t 2  
{daO,0},{dbll,0} 

t l - t 2 , t l+ t 2  
{dall,0},{dbK),0} 

t l - t 2 , t l + t 2  
{C2zll.O}
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TABLE PL 12 
#  12 Go= P4gm ; r = ( 1/2 ,1/2 )

irrep

* k -  1/2 , 0 ; 0 , 1/2 

R1

Subduction Subgroup G
Frequency

Generators

2

2

2

P411 2 t l ,2 t2
|C4z)0,0)

P411 2 t l  *2t2 
{C4zll,0)

P411 2 t l ,2 t2  
{C4zO, 1)

P411 2 t l ,2 t2
{C 4zll ,l)

C2mm 2 tl  ,2t2  
{dalr + 0,0)  
{dblr + 0,1)

('2m m 2 t l ,2 t2  
{dalr + 1,1) 
{dblr + 0,1)

C2m m 211,2t2  
{dalr + 0,0) 
{dblr +  1,0)

C2m m 2 t l ,2 t2  
{dalr + 1,1) 
{dblr + 1,0)

C l m l 2 t l ,2 t2  
{dalr + 0,0)

C l m l 2 t l ,2 t2  
{dalr +  1,1)

C l l m 2t 1,212 
{dblr + 1,0)

C l  lm 2 t l ,2 t2  
{dblr + 0,1)

P l g l 2 t l ,  t2  
{mxlr +  0,0)

P l g l 2 t l ,  12 
{mxlr + 1,0)

PI lg t l ,2 t2  
{mylr + 0,0)

P l l g t l ,2 t2  
{mylr + 0 .)

P211 11,212 
{C2z0,0)

P211 11,2t.2 
{C2z)0,l)

P211 2 t l ,  1.2 
{C2zl0,0)

P211 2t 1, 12 
{C2zll,0)
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* k = 1/2 , 1/2

2 P211 2tl,2t2
{C2zl0,0)

2 P211 2tl,2t2
{C2zll,0)

2 P211 2tl,2t2
{C2zl0,l)

2 P211 2tl,2t2
{C2zll,l)

2 PI 2tl, 12
2 PI tl,2t2
4 PI 2 tl2 t2

R1 1 P411 tl-t2,tl+t2
{C4zJO,0}

1 P411 tl -t2,tl+t2
{C4zll,0}

1 P2mg tl-t2,tl+t2
{dalr+ 0,0 } 
ldblr+ 0,0}

1 P2mg tl -t2,tl+t2
|dalr+ 1,0} 
|dblr+ 1,0}

2 P211 tl-t2,tl+t2
{C2zl0,0}

R2 1 P2mm tl-t2,tl+t2
{dalr + 0,0} 
{dblr + 1,0 }

R 3 1 P2gg tl-t2,tl+t2
{dalr + 1,0} 
{dblr + 0,0}
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TABLE B]L 13

# 1 3  Go = P 3 1 1

irrep Subduction Subgroup G Generators
Frequency

* k = 1/2 , 0 ; 0 , - 1/ 2 ; - 1/2 ,1/2

R1 1 P311 2t 1,212
{C3+O.0)

1 P311 2t1,2t2
{C3+I1.0)

1 P311 211,2t2
{C3+K),l)

1 P311 2tl,2t2
{C3+I1.1)

2 PI 2 t l , t2
2 PI tl,2t2
3 PI 2tl,2t2

* k = -1/3 , 2/3

R1 1 P311 tl-t2 ,tl+2t2
{C3+K),0}

R2 1 P311 tl-t2 ,tl+2t2
{C3+I1.0}

1 P311 tl-t2 ,tl+2t2
{C3+I1,!}

2 PI tl-t2 ,tl+2t2
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#  14

* k = 1/2 ,

Go = P3ml

TABLE PL 14

irrep

[); 0 , - 1/2 ; - 1/2 ,1/2 

R1

R2

Subduction Subgroup G 
Frequency

P3ml

P3ml

P3ml

P3ml

Pm

Pm

Pm

Cm

Cm

PI

P311 

P311 

P311 

P311

Pg

Pg

Pg

Cm

Cm

PJ

Generators

2t l ,2t2
{C3+0.0)
{v2 10,0) 
2t l ,2t2 

{C3+I1.0)
{v2 10,0) 
2t l ,2t2 

{C3+I0,I) 
{v2 10,1) 
2t l ,2t2 

{C3+I1.D 
I v2 10,1) 

t l - t2,tl+ t2 
Iv3l0,0) 

2tl+ t2,t2 
{v2D,0) 

tl ,t  1+212 
{v 110.0 ) 
2t l ,2t2 
{v3IO,0) 
2t l ,2t2 
<v311,l) 
2t l ,2t2

2t l ,2t2 
{C3+0.0) 
2t l ,2t2 

{C3+I1.0) 
2tl ,2t2 

{C3+I0.1) 
2t l ,2t2 

{C3+I1.1) 
t l - t2,tl+ t2 

{v3ll,0) 
2tl+ t2,t2 
iv2)l,0) 

t l , t l+ 2t2 
{vlD.l) 
21.1,2t2 
|v3IO,0) 
2t 1,212 
iv J l . l )  
2t l ,2t2
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* k = -1/3 , 2/3 ; -1/3 , 1/3 

R1

R2

1 P31m tl- t2,tl+2t2 
{CM.O} 
{vl 0 ,0}

1 P31m tl- t2,tl+2t2 
{C3+O.0} 
{vl 11,0}

1 P31m tl- t2,tl+2t2 
{C3fO,0} 
{vl 11,1}

2 P311 t l - t2,tl+2t2
{C3+O.0}

1 P31m tl -t2,tl +2t2 
{C3+I1.0} 
{vl 0 ,0}

1 P31m tl-t2 ,tl42t2  
{C3+I1.0} 
{vl 11,0}

1 P31m tl- t2,tl+2t2 
{C3+I1.0} 
{vl 11,1}

1 P31m tl - l2,tl+2t2 
{C3+11.1} 
{vl 0 ,0}

1 P31m tl - t2,tl+2t2 
{C3+I1J} 
{vl 11,0}

1 P31m tl- t2,tl+2t2 
{C3+I1.1} 
{vl 11,1}

2 P311 tl -12,tl-f2t2 
{C34I1.0}

2 P311 tl-t2 ,t 14212 
{C34ll,l}

2 Cm 2tl4t2,-tl4t2 
{vl 0 ,0}

2 Cm 2tl4t2,-tl4t2 
{vl 11,0}

2 Cm 2tl4t2,-tl4t2 
{vl 11,1}

2 Cm 2tl4t2,-tl4t2 
{v2 0 ,0}

2 Cm 2tl4t2,-tl4t2 
{v2 11,0}

2 Cm 2tl4t2,-tl4t2 
{v2 11,1}

2 Cm 3tl,3t2 
{v3 0,0}

2 Cm 3tl,3t2 
{v3 11,1}

2 Cm 3tl,3t2 
{v3 12,2}

. 4 P I 2 t l  4 t2
- t l  + t2
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# 15

* k = 1/2 ,

TABLE PL 15

Go = P31m

/

irrep Subduction Subgroup G Generators
Frequency

; 0  , - 1/2 ; -1/2 ,1/2 

R1

2

2

3

R2 1

P31m 2t l ,2t2 
{C3+0,0) 
{d2 10,0)

P31m 2t l ,2t2 
{C3+I1.0) 
(d2 0 ,0)

P31m 2tl ,2t2 
{C3+0.1) 
{d2 0 ,1)

P31m 2tl ,2t2 
{C3+I1.1) 
{d2 0 ,1)

Pm tl - t2,tl+ t2
<d3O,0)

Pm 2tl+ t2,t2
{d2O,0)

Pm tl,t l+ 2t2
{dlO.O)

Cm 2t 1,212 
M3O.0)

Cm 2tl ,2t2
M3I1.1)

PI 2t l ,2t2

P311 2t 1,2t 2 
{C3+O.0)

P311 2tl ,2t2
IC3+I1.0)

P311 2tl ,2t2
{C3+0.1)

P311 2t l ,2t2
{C3+I1.1)

Pg 11-12,11+12 
|d30,l)

Pg 2tl+ t2,t2
ld2ll,0)

Pg tl ,t l+ 2t2
{dlO.l)

Cm 2tl,2t2
id3O,0)

Cm 2tl ,2t2
{d3ll,l)

PI 211,212
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* k = -1/3 , 2/3

R1 1 P3ml t l - t2,tl+2t2
{C3+I0,0}
{d2+0 ,0 }

R2 1 P311 t l - t2,tl+2t2
{C3+KX0}

R3 1 P311 t l - t2,tl+2t2
{C3+I1.0}

1 P311 t l - t2,tl+2t2
{C3+I1.1}

Cm 2tl+ t2,-tl+t2
{dl+10,0 }

1 Cm tl+ 2t2,-tl+t2
{d2+K),0}

1 Cm 3t 1,312 
ld3+0,0}

2 PI 2tl+ t2,-tl+ t2
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#  16 Go = P611

TABLE PL 16

irrep

* k = 1/2 , 0 ;0  , -1/2 ; -1/2 ,1/2 

R1

R2

* k = -1/3 , 2/3 ; -1/3 , 1/3 

R1

Subduction Subgroup G 
Frequency

P611

P611

P611

P611

P2

P2

P2

P311

P311

P311

P311

P2

P2

P2

P2

P2

PI

Generators

2

2

2

3

1

1

P611 

P31rn

P31 1

211,212 
{C6+0,0) 
2t 1,212 

{Cfe+11,0) 
2t l ,2t2 

{C6+I0.1) 
2t l ,2t2 

{C6+I1.1) 
Ll,2t 1 

{C2zl0,0) 
2t l , t2 

|C2zi0,0) 
2tl ,2t2 

{C2zK),0)

2t l ,2t2 
{C3+I0,0) 
2t l ,2t2 

{C3+I1.0) 
2t l ,2t2 

{C3+I0,l) 
2t l ,2t2 

{C3+I1.1) 
t l , 2tl 

{C2zl0 , l ) 
2t l , t 2 

<C2zll,0) 
2t l ,2t2 

{C2zO,U 
211,2t2 

{C2zll ,0) 
2t l ,2t2 

{C2zll ,1) 
2t l ,2t2

t l - t2,tl+2t2
jceH-o,o}

t l - t2,tl+2t2 
IC3+D.0} 
{vl 11,0} 

tl -t2,tl +2t2 
{C3+D,0}
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2 P311 11-12,11+212
{C3+I0,0}

2 P311 t l - t2 , t l+ 2 t2
{C3+I1.0}

2 P311 t l - t 2 , t l+ 2 t 2  
{C3+I1.1}

2 P2 2 t l+ t2 ,- t l+ t2
{C2z)0,0}

2 P2 2 t l+ t2 ,- t l+ t2
{C2zH,0}

2 P2 2 t l+ t2 ,- t l+ t2  
{C 2 z il , l}

4 PI 2 t l+ t2 ,- t l+ t2
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# 17

* k = 1/2 .

TABLE PL 17

Go = P6mm

irrep Subduction Subgroup G Generators
Frequency

; 0  , - 1/2 ; - 1/2  ,1/2 

R1

2

2

3

P6rnm 2 tl,2 t2  
<C6+I0,0) 
{d2 10,0)

P6mm 2 tl,2 t2  
{C6+I1.0) 
{d2 11,0)

Pbmm 2 tl,2 t2  
{C 6+ I0 ,l)  
{d2 10,1)

P6mm 2 tl,2 t2  
{C6+I1.1) 
{d2 D,0)

P2mrn t l- t2 ,t  l+ t2  
{d30 ,0 )
{v3IO,0)

P2mrn 2 t l+ t2 ,t2
jd2IO,0)
W 2O.0)

P2mm t l , t l+ 2 t 2  
{d 110,0) 
{v 110,0)

C2m ni 2 t l,2 t2  
{d3IO,0) 
{v 3 0 ,0 )

C2mni 2 t l,2 t2
{d 3 ll , l )
{ v 3 l l , l )

P2 2 t l,2 t2
{C2zD,0}

P611 2t 1,212 
{C6+O.0)

P6mm 2t 1,212 
jCG+11,0)

Pbmm 2 tl,2 t2
{C 6+0 .1 )

P6mm 2t 1,212 
<C£h-I1,1)

l’2gg t l - t 2 , t l+ t 2
<d3ll,0)

{C2zl0,0)
P2gg 2 t l+ t2 ,t2

|d 2 ll,0 )
|C2zD ,0)
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P2gg t l , t l+ 2 t2
{d lD .l)

{C2zO,0)
C2mm 2 tl,2 t2

|d3D,0)
{C2zD,0)

C2m m 2 tl,2 t2  
<d3ll,l) 

{C2zll ,1)
P2 2 tl,2 t2

{C2zl0,0}

P31m 2t 1,212 
{C3+IO.O) 
jd 2 10,0)

P31m 2t 1,212 
{C3+I1.0) 
<d2D,0)

P31rn 2t 1,212 
{C 3+0.1) 
{d2 0 ,1 )

P31 rn 2t 1,212 
{C3+I1.1) 
\ d 2  0 ,1 )

P2mg t l- t2 ,l 1 +12 
{d3ll,0) 

{C2zll ,0)
P2mg 2 ll4 t2 ,t2

|d2 ll,0 )
{C2zll,0)

P2mg t l , t l+ 2 t2
jd lO .l)

{C2zl0,l)
C2rnm 2 tl,2 t2

{d3IO.O)
{C 2 z il,l)

C2mm 2 tl,2 t2  
{d3ll, l )  

{C2/J1.1)
Cm 2t 1,212 

{d3D,0}
Cm 2 tl,2 t2

{d 3 ll,l}
P2 211,212 

{C 2z» ,l}
P2 2t 1,212 

{C2zll,0}
P2 2t 1,212 

{C 2 z ll, l}
PI 2t 1,212

P3m l 2t 1,212 
{C 3+0,0) 
{v2 0 ,0 )
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* k = 1/3 . 2 /3  ; -1 /3  , 1 /3  

R1

2

2

2

o

R2

P3ml

P3m l

P 3m l

P2mg

P2mg

P2rng

C2mm

C2m m

Cm

Cm

P2

P2

P2

PI

Pfamm

P6mm

P6mm

P3m l

P31m

2 tl,2 t2  
{C3+I1.0) 
{v2 10.0) 
2 tl,2 t2  

{C3+D.1) 
{v2 10,1) 
2 tl,2 t2  

{C3+I1.1) 
{v2 10,1) 

t l - t 2 , t l+ t2  
{v3 ll,0 ) 

{C2zll,0) 
2 tl+ t2 ,t2  
<v2ll,0) 

{C2zll,0) 
t l . t  1+212 
{v llO .l)  

{C2zl0,l) 
2 tl,2 t2  
{v3IO,0) 

{C 2 z ll,l) 
2 tl,2 t2  
{v 3 ll , l )  

{C 2 z ll,l)  
2 tl,2 t2  
{v30,0} 
2 tl,2 t2  
{v 3 1 ,l}  
2 tl,2 t2  

{C2zl0,1} 
2 tl,2 t2  

{C2zll,0} 
211.2t2  

{C 2 z ll, l} 
211.2t2

t l- t2 ,t l  +2t2  
{C6+0.0} 
{d2 10,0} 

t l - t2 , t l+ 2 t2  
{CtM-11,1 } 
{d2 10,0} 

t l - t 2 , t  1+212 
{C6+I1.0} 
{d2 10,0} 

t l - t 2 , t  1+212 
{C3+I0.0} 
{d2 10,0}

11-12,11+212 
|C 3+0,0}  
{v2 10,0}
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P31 m U-t2,tl+2t2
{C3+D.0}
{v2 11,0}

P31m t l - t2,tl+2t2
{C3+D.0}
1 v2 11,1}

P611 U-t2,tl+2t2
{C6+ll,0}

P611 t l - t2,t 1+212 
{C6+ll,l}

P311 t l - t 2,tl+2t2
{C3+0.0}

P31m t l - t2,t 1+212 
{C3+I1,0} 
{v2 0 ,0 }

P31 m t l - t 2,tl+2t2 
{C3+I1.0} 
{v2 10,1}

P31 m 11-12,tl+ 2t2 
{C3+I1.0}
{v2 11,1}

P31m t l - t2,t 1+212 
{C3+I1.1} 
{v2 10,0}

P31m t l - t 2,t 1+212 
{C3+I1.1}
1 v2 10,1}

P31m t l - t2,tl+2t2 
{C3+I1.1} 
<v2 11,1}

P311 t l - t 2,tl+2t2
{C3+I1.0}

P311 t l - t 2,tl+2t2 
{C3+11,1}

C2rnm 2t l +12,-11+12 
{dl 10,0} 
{vl 0 ,0 }

C2mni 2tl+ t2,-tl+t2 
{dl 0 ,0} 
{vl 11,0 }

C2inrn 2t l+ t2,-tl+t2 
{dl 0 ,0 } 
{vl 11,1}

C2mm tl - t2,t 1+212 
{dl 0 ,0 } 
{vl 0 ,0}

C2mm 11 -I2,t 1+212 
{dl 0 ,0 } 
{vl 11,0}

C2rmn 11 -t2,t 1 +2t2 
{dl 0 ,0} 
{vl 11,1}

C2rnm 311,312



{d3 0 ,0}
{v3 0,0}

2 C2mm 311.3t2 
{d3 12,1} 
{v3 11,1}

2 C2mm 3tl,3t2 
{d3 11,2} 
{v3 12,2}

2 Cm 2tl+ t2,-tl+t2 
{d2 0 ,0 }

2 Cm 2tl+ t2,-tl+t2 
{v2 0 ,0 }

2 Cm 2tl+ t2,-tl+t2 
{v2 11,0}

2 Cm 2tl+ t2,-tl+t2 
{v2 11,1}

2 Cm 2tl+ t2,-tl+t2 
{dl 0 ,0 }

2 Cm 2tl+ t2,-tl+t2 
{vl 0 ,0 }

2 Cm 2tl+ t2,-tl+t2 
{vl 11,0}

2 Cm 2tl+ t2,-tl+t2 
{vl 11,1}

2 Cm 3tl,3t2 
{d3 0,0}

2 Cm 3tl,3t2 
M3 11.1}

2 Cm 3tl,3t2 
{d3 12,2}

2 Cm 3t 1,312 
{v3 0,0}

2 Cm 3t 1,312 
{v3 11,1}

2 Cm 3tl,3t2 
{v3 12,2}

2 P2 t l - t2,tl+2t2
{C2zO,0}

2 P2 t l - t2,t 1+212 
{C2zll,0}

2 P2 tl- t2,t 1+212 
{C2zll,l}

4 PI 2tl+ t2,-tl+l2
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CONCLUSION

The past lew  years have witnessed a m arked resurgenoe of interest in 

surface phenom ena [48,49,50] . Studies range from  fields ( catalysis , 

oxidation and corrosiom ) outside traditional solid state physics to 

present day m icro-electronics and the physics of thin films or of m onolayers 

adsorbed on th in  films .

M uch of our understanding however, had been empirical because of 

the difficulty in obtaining atom ically pure surfaces . W ith im provem ents in 

vacuum  technology and in surface probes via LEED [9,51] , photo-electron 

spectroscopy [52] and synchrotron radiation - observations can be made on 

surface features different from  th a t of an atom ic plane in a bulk crystal , we 

can s tu d y  the various types of long-range order which are possible in 2D and 

test some of the  recent theoretical work in sta tistical mechanics , w ith  the 

discovery of 2D critical phenom ena in chemisorbed system s [53 ] .

An im portan t step in a program  leading to an understanding of surface 

physics com parable to th a t of bulk  m atter is the knowledge and application 

of the relevant space groups . Just as the 230 space groups were essential 

in elucidating bulk properties , the planar groups are appropriate 

fo r surface analysis . Because of the asym m etry  in force fields th a t an atom 

on a smooth in terface experiences , one could argue th a t the o rd inary  

17 2-D  space groups should suffice . However Zallen el el. [14] have 

shown th a t the 80 diperiodic groups in 3-D Wood [5] are essential 

in the in terpretation  of the observed spectra in layer crystals  having the 

orpirnent s tru c tu re  (.4.s 2S 3,Ax 2S e 3) .



Their experiments dem onstarled the dominance of layer sym m etry  

over bulk sym m etry  . Since an experimental probe samples a layer of finite 

thickness ( the selvedge [5] ), the existence of an aperiodic 

3rd dim ension allows us to include glide planes an 2-fold screw axes 

parallel to and in the diperiodic layer . Low dimensional ( 1-D and 2-D ) 

system s have proven to be rich as in physical phenomena as the fam iliar 

w orld of 3-D . The electron dilfractogram  has shown conclusively the 

existence of Fermi-driven distortions in 2-D (charge-density w aves) [54] .

In the the 1970's it was shown how 1-D diffuse x-ray scattering m ust 

accompany a Peierls distortion , thus establishing a mechanism for the 

m elal-insu lator transition which -had been surmised earlier fo r the 1-D 

crystal system  T.T.F.-T.C.N.Q [55]. Additional interest in 2-D system s 

comes from  the field of high energy physics . It appears th a t by 

understanding the mechanism and conditions under which phase transition 

occur in 2-D , we can gain insight into the problem of quark - confinement 

by draw ing analogies between the theories of phase transitions in 

2-D and Q uantum  Field theory in 4 - D space-tim e [1 3 ].

Applications

Several experim ents have shown th a t surface reconstruction is reversible 

w ith  tem perature [56 ,57]. The experim ental evidence of a 2nd order phase 

transition on a Tungsten (100) surface was reported by Debe & King  [38] 

and analysed by us [ l]  . Atoms adsorbed on a crystal surface can also adopt 

different arrangem ents [58] . However it is only recently th a t transitions 

between the polym orphic states have been studied in any  experimental detail 

or a theoretical classification made :- adsorption of Xenon on N i C l  2 [59];
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adsorption of Helium on exfoliated graphite ( Graphoil ) [60] .

G raphite Intercalation Compounds {GlC's } form  a n atu ra l testing 

ground for 2-D phenomenaa because of the large variety of available in terlayer 

couplings [1 0 ]. W ith dim ensionality playing a key role in the  critical 

properties of s tru c tu ra l and magnetic phase transitions , one m ay question 

the extent to  which a real m aterial approxim ates a 2-D  system  . The stage 

index of a G1C is the num ber of carbon layers that separate some intercalant 

species . The relatively  weak in terlayer coupling in high stage ( >  2 ) 

com pounds such as Cx FeCl ̂  , C sC 8 im ply that the Diperiodic 

groups w ould be the relevant groups to consider in studying  in tra layer phase 

transitions .

W hile there arc widescale reports of phase transitions in GJC's 

C om m ensurate - Incom m ensurate transitions in SbC ls -in tercalated 

graphite  ( stage 2 - stage 6 ) [6 1 ], O rder - Disorder phase transitions in 

G raphite - Potassium  Com pounds [62] ,there are no reports so far of 

com m ensurate - com m ensurate phase transitions w hich w ould fall w ithin 

the purvey of our G roup Thoery C riteria . Since research in terest in GIC's 

are at an a ll-tim e high and w ith work ranging from  basic physics and 

chem istry  to engineering applications [63,64] it is appropriate th a t 

pow erful Group Theoretical M ethods based p a rtly  on the diperiodic groups be 

applied to clarify  the w ealth  of experim ental data  being accum ulated .

Phase transitions in magnetic sysyem s and in adsorbed surface layers 

have been studied in term s of both phenomenological theories ( e.g. Landau 

theory of phase transitions ) and the statistical mechanics of sim ple models
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( Ising -like  )[6] . A part from  the asym m etry  of a surface layer , the 

microscopic interactions close to the surface may have values which are 

qu ite  different from  those in the interior of a crystal . As a consequence 

a surface m ay undergo a phase transition before the the bulk, or m ay display 

an ordering different from the  bulk. e.g. an antiferrom agnetic ordering on 

a ferrom agnetic sample . Very recently, experim ents on literally 2-D 

m agnetic lipid layers created by the Langtnuir - Blodgett technique have been 

perform ed [l l] . Evidence of order in these 2-D system s w ould be a challenge 

to o u r understanding of phase transitions [65,66] . Magnetic 2-D groups may 

be related to the 80 Diperiodic groups if the Color-changing operator ( 

black. - w h ite  ) is substitu ted  fo r the inversion operator . Problem s arise 

how ever as the form er are an tiu n ita ry  w hile the la tte r  is u n ita ry  ; 

th is  w ill influence our use of co-representations or ordinary  representations 

in the Landau theory . This connection w ill be explored in fu tu re  w ork .

Liquid crysta ls  are ano ther form  of 2-D m atter under s tu d y  [67] . Liquid 

cry sta ls  (Smectic-A phase) have a layered s truc tu re  in which the molecules 

are fluid-like w ith in  the layer and orient w ith their long axes norm al to 

the layer . Free-standing films of liquid crystals  a few molecules thick 

arc being studied w ith the aim of studying the nature of the ordering in these 

Aims . However liquid crysta ls  composed of disc-like molecules d isp lay  a 

rich polym orphism  - in the HAT series tem perature induced phase transitions 

have been detected [68 ] . The parent phase is Hexagonal (G0 =  P6/m m m  ) 

fo r th is  layered fam ily [6 9 ]. Based on our tables (DG 1- DG 80) , if  we are 

given that a phase transition  is 2nd order we can predict the sym m etry  

of the low -tem pcrature phase(s) or assign possible irreps (o rder param eters)
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if an identification of G ' has been reported .

Recently a sequence of phase transitions in the layer compound R bV F 4 

has been reported [7 0 ]. We studied before [71] the sym m etry  aspect of a 

transition  step in th is  sequence using the Selection Rules ( A - C6 ) via 

hand -  com putation . O ur com puter resu lts  are consistent w ith the 

conclusion there on the nature  of the stage 1 ( D 4h — PA/ mrrnn ) 

to stage 11 ( D 4h — P A / mhm ) transition  as being probably 2nd order .

In our notation the irreps R 2 , and , R  3 are associated w ith this 

transilionand  provide labels for the hypothesized [70] soft -  phonon 

m echanism that m ay drive the transition  .
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APPENDIX I

C o m p u ter  P r o g r a m  f o r  GQ = P l g l  
# #  PROGRAM FOR CALCULATING THE SUBDUCTION FRFQUENCIES FOR

SUBGROUPS OF Go = P lg l  

#  rectangular /  oblique-systems
integer subfsl(l2 ,10X nsl'l l(  12,lOXnsl 12(12,10X n sl2 l(l2 ,10X n sl22 (l2 ,10 )
integer subfs2(12,10X ns21l(l2,10X ns212(12,10X ns22l(12,10X ns222(l2,10)
integer subfs3(l2,10X ns31l(l2,10X ns312(l2,10X ns321(12,10X ns322(l2,10)
integer subfs4(l2,10X ns41lO 2,10X ns412(l2,10X ns42l(l2 ,10X ns422(l2,10)
integer ang 1 (12,1 OXang2( 12,1 OXang3( 12,10Xang4( 12,10)
integer ldet 1 (12,10),ldet2( 12,1 OXldet3(12,1 (>Xldet4( 12,10)
real xrsl(12,10Xyrsl(l2,10)
real xrs2(l2,10Xyrs2(l2,10)
real xrs3(12,10Xyrs3(l2,10)
real xrs4(l2,10X yrs4(l2,10)
real xrr( 12,10 ,8 /y  rr( 12,10,8)
integer p,q
integer elem (12X charl(l2X char2(l2X char3(l2) 
real xro,yro,vectx(.8Xvecty(8)
integer orcl,ordd,detm,detm 1 ,detm 12,detm 13,detm l4
integer chec,checla,checlb,chec2a,chec2b,chec3,chec4
real xar(lO,SXyar( 10,8Xalx(8Xaly(8Xalpx(8Xalpy(8Xxall(7Xyall(l4)
real xrlKlO),xr22(lOXxr33(lOXxr44(lO)
real yrll(loX yr22(lO X yr33(lO ),yr44(lO )
integer input(4Xoutput(4Xnusg(30Xlist(8)
integer su b f l(.10Xsubf'2( 10)rsubf'3( 10)rsubf4( 10)
i n leger nc 111 (10),nc 112( 1 (>Xn c 121 (1 OXnc 122( 10)
integer nc211( 10Xnc212 (10Xnc221 (1 OXnc222( 10)
integer nc31 K l()X nc312(l0X nc32l(10X nc322(10)
integer nc411(10),nc412(1 (>Xnc421 (10Xnc422( 10)
dimension inv(8)
complex tl,t2 ,tlp ,l2 p ,tlp c
complex add,s;idd
real dot
integer angle
complex hpO(8Xlipl(8Xhp2(8Xhp3(8)
complex c fn lI ,c fn l2 ,c fn 2 1 ,c fn 2 2
complex phaslI,phasl2,phas21,phas22,phas31,phas32
complex kO,kl,L2,k3,zero,xo,yo,i>um
complex el(8j
data xall(lXxall(2Xxall(3Xxall(4Xxall(5Xxall(6Xxall(7)/0.0000,0.2500,

0.3333,0.5000,0.6667,0.7500,1.0000/ 
data vall(lX yall(2X vall(3X yall(4X yall(5X yall(6X yall(7)/0.0000,0.2500,

(). 3333,0.5000,0.6667,0.7500,1.0000/ 
data inv(lX inv(2Xinv(3Xinv(4Xinv(5Xinv(6Xinv(7Xinv(8)/l,2,4,3,5,
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6,7,8/
do jm = 8,14 
yall(jm ) = -yalKjm - 7)

pi = 3.14159
t2 = cm plx(0.00,1.00)
t l  = cmplxCUXMJ,0.000)
#  international tables 
zero = cm plx(0.00,0.00).
do itot = 1,3 #  number of stars 
$(
call dataO(ordd,input,itot,inew,ma,nl,n2,n3)
#inew  = 1
do ire = l,inew  #  number o f irreps in eacli star 
$(

do k = 1,8
SC
elern(k) = 0  
c h a r l(k )= 0 
char2(k) = 0 
char3(k) = 0 
$)
call data 1 ( itot,ire,elem,alx,aly)
#  delta h’k,k test here
i f  (itot==11 itot==2 I itot==3)
$(
for(n=l;n <=l;n=n+3)

$(
for(m =l;m  <=8;m =m +l)

$(
1= inv(n) 

call sqtabU,m,n,k) 
if(n = = n l)  

charl(m ) = elem (k)
S)

$)

$)
call hwril2Cinput,itot,charl,char2,char3,im,jm) 
1'orCiall = ma;iall >=1 ;iall = ia ll- l)
S( #  for various subgroups 
w rite(15,900)

jsl = 0 
>2  =  0 
js3 = 0 
>■4 = 0 
do kl = 1,10 
$(
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do km = 1,12 
$(
su b fsl(km ,k l) = 0  
nsl 1 l(k m ,k l) = 0  
nsl 12(km ,kl) = 0  
n sl21(k m ,k l) = 0  
n sl22(k m ,k lj = 0  
subl's2(km,kl) = 0  
ns21 l(k m ,k l) = 0  
ns212(km ,kl) = 0  
ns221(km ,kl) = 0  
ns222(km ,kl) = 0  
subfs3(km ,klj = 0 
ns311(km ,k0 = 0  
ns312(km ,kl) = 0  
ns321(km ,kl) = 0  
ns322(km ,kl) = 0  
subfs4(km ,k]j = 0  
ns41 l(k m ,k l) = 0  
ns412(km ,kl) = 0  
n s42l(km ,k l) = 0  
ns422(km ,kl) = 0  
an gl(km .k l) = 0  
ld etl(k m ,k l) = 0  
ang2(km ,kl) = 0  
ldet2(km ,kl) = 0  
ang3(km ,kl) = 0 
ldet3(km ,kl) = 0  
ang4(km ,kl) = 0  
ldel4(km ,kl) = 0 

S)
S ')

do k] = 1,12 
$(
do km = 1,10
S(
do kn = 1,8 
S(
xrr(kl,km,kn) = 0.0000 
yrr(kl,km,kn) = O.(XKK) 

$)
S)
$)
do kl = 1,12
S(
do km = 1,10 
S(
xrsl(kl.km) = 0.(WX)0 
yrsUkl.kmJ = O.OO(X)
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xrs2(kl,km) = 0.0000 
yrs2(kl,km) = 0.0000 
xrs3(kl,km) = 0.0000 
yrs3(kl,km) = O.(XXX) 
xrs4(kl,km) = 0.0000 
Vrs4(kl,km) = 0.0000 

$)
$)
if(ia ll == 1)
$(
lim x = 2 
lim v = 2 
$) 
else 
$(
lim x = 7 
lim v = 14 
$) "

do im = l.limx 
$(

do jm = l.lim y  
S(

#  to be changed

do 1 = 1,10
$(
x r l l ( l )  = 0.000  
xr22(l) = ().(K)0 
xr33(l) = 0.000  
xr44(l) =0.000  
yrllC l) = 0.000 
yr22(l) = 0.000  
yr33(l) = 0.000 
yr44(l) = 0.000 
n c l l l ( l )  = 0 ' 
ncl 12(1) = 0 
nc 121(11 = 0  
ncl 22(1)=  0 
n c 2 1 l(l)  = 0  
nc212(l) = 0 
n c 2 2 l( l ) = 0  
nc222(1)=  0 
nc311(1) = 0  
nc312(l) = 0 
nc321(l) = 0  
nc322(l) = 0  
nc41 1(1) = 0
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n c412(l) = 0  
n c 4 2 l( l)  = 0 
n c422(l) = 0  
sutafl(l) = 0  
subf2(l) = 0  
su b f3 U )= 0  
subf4(l) = 0  
$)
is f la  =0 
isf2a =0 
isi'lb  =0 
isf2b =0 
isf 3 =0 
isf4 =0

chec = 0 
checla = 0  
chec lb  = 0 
chec2a = 0  
chec2b = 0 
chec3 = 0 
chec4 = 0 
jel = 0 
jc2 = 0 
jc3 =  0 
jc4 = 0 
detm l = 16 
d etm l2  = 1 6  
detm 1 3 =  16 
detm l 4 = 16 
n llp a  =0 
nl2pa =0 
n21pa =0 
n22pa =0 
n ilp 2 a  =0 
n l2p 2a =0 
n21p2a =0 
n22p2a =0 
n l lp b  =0 
n l2 p b  =0 
n21pb =0 
n22pb =0 
n ilp 2 b  =0 
n l2p 2b  =0 
n21p2b =0 
n22p2b =0 
n l lp 3  =0 
n l2 p 3  =0
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n21p3 =0  
n22p3 =0  
n 11p4 =0 
n l2 p 4  =0  
n21p4 =0 
n22p4 =0
xo = cm plx(0.00,xall(im )) 
yo = cmplxCO.OO.yallCjm)) 
for(nxx= 2;iabs(nxx) <=2;nxx= n x x -l)

S(
for(nxy= 2;iabs(nxy) «=2;nxy= n x y - l)

$(
for(nvx= 2;iabs(nyx) <=2;nyx= n y x - l)

$(
for(nyy=  2;iabs(nyy) <=2;nyy= n yy-1)

$(
#is detm = >  *** ?

call m l(n x x ,n x y ,n yx .n yy .n l I,nl2,n21,n22,detm ) 
if  ( detm  <= 0  ) 

next
S e le c t  suitable arms 

fn l  1 = float(nl 1) 
f n l2  = float(n l2)  
fn21 = float(n2l) 
fn 22  = lloat(n22) 
cf n 11 = cm plx(0.00,fn 11) 
e fn !2  = cm p lx(0 .00 ,fn l2 ) 
cfn21 = cm plx(0 .00,fn21) 
cfn22 = cm plx(0.00,f n22)

#  to be changed 
if(ito t= = l)
S(
call arm H cfn l l.c fn  12 ,cfn 21,cfn 22,p h asll,p h asl2 ,k l) 
if  (cabsik 1) ==0.(X) ) 
next 
S)
else if(it«t==2)
S(
call arm 2(cfn l l.c fn  12,cfn21 ,cf n22,phas21 ,phas22,k.2) 
if (cabs(k2) ==0.00) 
next 
S)
else if(itot==3)
S(
call arm 3(cfn l l.c fn  12,cfn21,cfn22,phas31,phas32,k3) 
if (cabs!k3) ==0.00)
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next
$)

#  to be changed
#  calculation o f subduction frequencies 
xr = aimag(xo)
yr = aimag(yo) 
xro = 12.0*xr 
yro = 12.0*vr
call sgl2(.k0,iall,ord,nsg,el,alpx,alpy,cfnl I,cfn l2 ,cfn21,cfn22,list,m ax) 
#to get alpha’— . alpx.alpy 

call tran(vectx,vecty,xro,yro) 
je = 0
forCjkl = 1;jkl <= max ;jkl = jk l+ l)
#for(jkl = l;list(jk l) !=0 ;jkl = jk l+ l)
$(
jd = listCjkl)
xa = abs(alpx(jd)*nl l+alpy(jd)*n21 - alx(jd) + vectx(jd)/12.0)
if(xa <= 0.01) xa = 0.00
else if((xa <= 1 .0l)& (xa>= 0.99)) xa = l.CK)
else if((xa <= 2 .0 l)& (xa>=  1.99)) xa = 2.00
else if((xa <= 3 .0 l)& (xa>= 2.99)) xa = 3.00
else if((xa <= 4 .0 l)& (xa>=  3.99)) xa = 4.00
else il'((xa <= 5.01 )&(xa >= 4.99)) xa = 5.00
else xa = 2.500
ya = abs(alpx(jd)*nl2+a]py(jd)*n22 - aly(jd) + vecty(jd)/12.0)
if(ya  <= 0.01) ya = 0.00
else if((ya <= 1 .0l)& (ya>= 0.99)) ya = 1.00
else if((ya <= 2 .0 l)& (ya>=  1.99)) ya = 2.00
else if((ya  <= 3 .0 l)& (ya>=  2.99)) ya = 3.00
else if((ya  <= 4 .0 l)& (ya> =  3.99)) ya = 4.00
else if((ya <= 5.01 )&(ya >= 4.99)) ya = 5.00
else ya = 2.500
if((xa!=0.00)&(xa!=1.00)&(xa'=2.00)&(xa!=3.(X))&(xa!=4.(X))&(xa!=5.00))
break
if((y  a!=0.(X))&( y a!= 1.00)& (y a!=2.00)&( y a!= 3.00)&(y a!=4.00)&(y a!=5.00)) 
break 
je = je + 1 
S)
ifC je <  max ) 
next

if  (itot== l)
S(
kO = k l 
xk = 0.50  
yk = 0.00
call sgl2lk0,iall,ord,nsg,el,alpx,alpy,cfnl I,cfn l2 ,cfn21,cfn22,list,m ax)
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call phsO(kO,xk,yk,hpO,xo,yo) 
do j l = 1,8
hpl(j l)  = hp(Xjl)*el(jl)
$)

else if(itot==2)
$(
kO = k2 
xk = 0.00 
yk = 0.50
call sgl2(kO ,iall,ord,nsg,el,alpx,alpy,cfnlI,cf'nl2,cfn21,cfn22,list,m ax) 
call phsO(kO,xk,yk,hpO,xo,yo) 
do j2 = 1,8
hp2(j2) = hp0(j2)*el( j2)
$)

else if(itot==3)
$(
kO = k3  
xk = 0.50  
yk = 0.50
call sgl 2(k0,iall,ord,nsg,el,alpx,alpy,cfn 11 ,cfn 12,cfn21,cl'n22,list,max) 
call phsO(kO,xk,yk,hpO,xo,yo)
do j3 = 1,8
hp3(j3) = hpO(j3>el(j3)
%)

t ip  = n l l * t l  + n l2*t2  
t2P = n21*tl + n22*t2 
tlp c  = conjg(llp )
dot = real(tlpc*t2p)/(cahs(ilp)*cabs(t2p)) 
angle = ( l  80 /3 .14159)*acos( dot)
#if((angle <=88langle>=92)&(nsg==8insg==9lnsg==10lnsg==1 llnsg==I 2))
if  ((angle <=88langle >=92)&(nsg >=3&nsg <=21))
next

if(ord==8) inc =2 
else inc =1

#  to be changed 
f  = zero
sum = zero
#  to be changed 
for(k = l;k < -8 ;k = k + l)
$(
if  (itot== 1)
sum =( float! 1 ) / tloat(ord))*(hpl( k)*charl(k))
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else if ( i to t= 2 )
sum =(float( 1 )/float(ord ))*( h p2(k )*ch ar 1 (k )) 
else if(itot==3)
sum =( fl oa t( 1 )/float(ord ))*( hp3(k)*charl(k)) 
f  = f+sum  
$)

sf = real(f)
#  note truncation error 
isf = si' + 0.1250
chec = n ll* n ll+ n l2 * n l2 + n 2 1 * n 2 1 + n 2 2 * n 2 2
checla  = n l Ipa*nllpa+nl2pa*nl2pa+n21pa*n21pa+n22pa*n22pa
ch eclb  = n l Ipb*nllpb+nl2pb*nl2pb+n21pb*n21pb+n22pb*n22pb
chec2a = n l lp2a*nl Ip2a+nl2p2a*nl2p2a+n21p2a*n21p2a+n22p2a*n22p2a
chec2b = n l lp2b*nl Ip2b+nl2p2b*nl2p2b+n21p2b*n21p2b+n22p2b*n22p2b
chec3 = n llp3*nlIp3+nl2p3*nl2p 3+n21p3*n21p 3+n22p3*n22p 3
chec4 = n l lp4*n l Ip4+nl2p4*nl2p4+n21p4*n21p4+n22p4*n22p4
if  (isf == l )

$(
if((detm <detm 1 )K(detm==de tm 1 )&((chec <thec 1 aXchec <chec 1 b))))

$(
i f ( n l l  >  n22)

$(
n 11 pa = n 11 
n21 pa = n21 
nl2p a  = n l2  
n22pa = n22 
detm l = detm  
isf la  = isl' 
xrla  = xr 
y r la  = y r  

$) 
else 

S(
n l lp b  = n i l  
n21pb = n21 
n l2 p b  = n l 2 
n22pb = n22 
detm l = detm  
isf 1 b = isf 
x r lb  = xr 
v r lb  = yr 
$)
$)
S)
else if(isf ==2)

S(
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if((detm  <cietm 12X (detm ==detm  12)&((chec <£hec2a)l(chec <Chec2b)))) 
$(

i f ( n l l  > n 2 2 )
$(

n llp 2 a  = n i l  
n21p2a = n21 
nl2p2a = n l2  
n22p2a = n22  
detm 12 = detm  
isf2a = isf 
xr2a = xr 
Vr2a = vr 
$) 
else 

$(
n llp 2 b  = n i l  
n21p2b = n21 
n l2p 2b  = n l2  
n22p2b -  n22 
detm 12 = detm  
isf2b = isf 
xr2b = xr 
yr2b = yr 
$)
$) 
$)
else i l l is f  ==3)

$(
if((detm  <detm l3)l((detm ==detm l 3)&(chec C h ec3)))

S(
n l l p 3 = n l 1 
n21p3 = n21 
n 12p3 = n l 2 
n22p3 = n22 
detm 13 = detm  
isf 3 = isf 
xr3 = xr 
vr3 = yr  
$)
$)
else if(isf==4)

$(
if((detm  <deiml4)K(detm==detml4)&.(chec <fchec4)))

S(
n 11p4 = n i l  
n 2 1 p 4 = n21 
nl 2p4 = n 12 
n22p4 = n22 
detm 14 = detm
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isf4 = isf 
xr4 = xr 
yr4 = yr  
$)
$)
next 

$) #  for nxx
S) #for nxy
$) #for nyx

S) #for nyy  
if  (isf la  M) )
$(
jcl = jcl + 1 
n u sg(jc l) = nsg 
su b fl(jc l)  = isf la  
x r l l ( j c l )  = xrla  
y  rl 1 ( j c l ) = y r la  
n c l l l ( j c l )  = n llp a  
ncl 12(jc l) = n l2pa  
n c l2 l( j c l)  = n21pa 
n c l2 2 (jc l)  = n22pa 
$)
ifCisfl b !=0 )
$(
jcl = jcl + 1 
nusg( jc l)  = nsg 
su b fl(jc l)  = isf lb  
xrl l ( j c l )  = xr lb  
y r l l ( j c l )  = y r lb  
n c l l l ( j c l )  = n l lp b  
n c l l2 ( j c l )  = n-12pb 
n c l2 1 (jc l)  = n21pb 
n c l2 2 (jc l)  = n22pb 
$)
if  (isf 2a M) )
$(
jc2 = jc2 + 1 
nusg(jc2) = nsg 
subf2( jc2) = isf 2a 
xr22(jc2) = xr2a 
yr22(jc2) = vr2a 
nc211( jc2) = n llp 2 a  
nc212(.jc2) = nl2p2a  
nc221(.jc2) = n21p2a 
nc222(jc2) = n22p2a 
S)
i it isf 2b M) )
S(
jc2 = jc2 + 1
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nusg(jc2) = nsg 
subf2(jc2) = isf 2b 
xr22(jc2) = xr2b 
yr22(jc2) = yr2b  
nc21 l(jc2 ) = n l lp2b  
nc212(jc2) = n l2p2b  
nc221(jc2) = n21p2b 
nc222(jc2) = n22p2b  
$)
if(isf3  !=0 )
$(
jc3 = jc3 + 1 
nusg(jc3) = nsg 
subf3(jc3) = isf 3 
xr33(jc3) = xr3 
yr33(jc3) = yr3  
nc31 l(jc3 ) = n l lp 3  
nc312(jc3) = n l2p 3  
nc32l(jc3) = n21p3 
nc322(jc3) = n22p3 
$)
if( is f4 !=0 )
S(
jc4 = jc4 + 1 
nusg(jc4) = nsg 
subf4( jc4) = isf4  
xr44(jc4) = xr4 
yr44(jc4) = yr4  
nc411( jc4) = n l lp4  
nc412(jc4) = n l2 p 4  
nc421(jc4) = n21p4 
nc422Cjc4) = n22p4 
S)
116 formatC sf=(",i2,")",4al,i4,i3,i2,"i 14",i2,"t2 ,i2,"11 +",i2,"t2",f6.2,f6.2,X(f5.2,"(",i2)")”,f5.2)) 
900 form at(/) 
do 1 = 1,10 
$(
ldet = ncl 11 (1 )*ncl22( 1) - ncl 12(l)*nc 121(1) 
if(su b fl( l)  !=0 & ldet M))
$(

msg = nusg(l) 
xro = xrl 1(1) 
yro = y r l l ( l )
t l p =  ncl 1 l( l)* tl + ncl 12(l)*t2 
i2p  = n c l2 1 (l)* il + ncl22(l)* l2  
tlp c  = con jg(tlp)
dot -  realUlpc*t2p)/(cabs(tlp)*cabs(t2p)) 
angle = (lSO/3.14159)*acos(dot) 
call sgnCmsg,output)
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call tran(vectx,vecty,xro,yro)
#for(jl = l;list(jl) != 0  ; jl = jl +1) 
for(jl = 1; jl <= max ; jl = jl +1)
$(
jel = list(jl) 
m ud = 0
for(p=2;iabs(p) <=2;p=p-l)
$(
i f (m u d = 0 )
for(q= 2;iabs(q)<=2;q=q-l)
$(
xar(l,jel) =  alpx(jel)*ncl 1 l(l)+ a lp y (je l)* n c l2 l(l) - alx(jel) + vectx(jel) 
yar(l.jel) = alpx(jel)*ncl 12(l)+alpy( jel)*nc 122(1) - aly(jel) + vecty(jel)  
add = cm plx(p*ncl 11(1),p*ncl 12(1)) + cm p lx(q *n cl2 l(l),q *n cl22(l))  
if(cm plx(xar(l,jel),yar(l,jel)) == add)
S(
xar(l,jel) = 0.0000  
yaK l.jel) = 0.0000  
m ud = 98 
break 
S)
S) #  q loop
$) #  p loop
S)
#w rite (l5 ,116 ) subfl(l),(output(j),j= l,4),angle,ldet,
# n c l 11(1), ncl 12(1), ncl 21(1), nc 122(1),xr l 1(1 ),yrl 1(1), 
#(xar(l,list(m )),yar(l,list(m )),m  = l,m ax) 
jsl = jsl +1 
x rsl(js l,l)  = xrl 1(1) 
y r s l(js l,l)  = y r l l ( l )  
ldet l( j s l ,1) = ldet*ordd/ord 
a n g l(js l.l)  = angle 
subi'sK .jsl,I) = su b fl( l)  
n sl 1 l( js l,l)  = ncl 11(1) 
nsl 12(jsl,l) = ncl 12(1) 
n s l2 l( j s l , l )  = n c l2 l( l )  
n sl2 2 (js l,l)  = n cl 22(1) 

do m  = l,m ax  
$(
xrr(jsl,l,list(m )) = xar(l,lisi(m )) 
yrr(jsl,l,list(m )) = yar(l,list(m ))
S) 
S) 
S)
do 1 = 1,10 
S(
ldet = n c2 1 l(l)* n c2 2 2 (l)  - nc212(l)*nc22l(l) 
if(su b f2(l) !=0 & ldet !=0)
S(
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msg = nusg(l) 
xro = xr22(l) 
yro = yr22(l)
t ip  = n c2 1 ld )* tl + nc212d)*t2  
t2p = n c 2 2 ld )* tl + nc222(l> t2  
t lp c  = conjg(tlp)
dot = real(tlpc*t2p)/(cabs(tlp)*cabs{t2p))
angle = (1 8 0 /3 .1 4 159)*acos(dot)
call sgn(msg.output)
call tran(vectx,vecty,xro,yro)
for(jl = 1; jl <= max ; jl = jl +1)
$(
jel = list(jl) 
mud = 0
for(p=2;iabs(p) <=2;p=p-l)
$(
if(m ud==0)
l'or(q= 2;iabs(q)<=2;q=q-l)
$(
xar(l,jel) = alpx(jel)*nc21 l(l)+alp y(jel)*nc22l(l) - alx(jel) + vectx(jel) 
yar(l,jel) = alpx(jel)*nc212(l)+alpy(jel)*nc222(l) - aly(jel) + vecty(jel) 
add = cm plx(p*nc21l(l),p*nc212(l)) + cm plx(q*nc22ld),q*nc222(l)) 
if(cm plx(xard,jel),yard,jel)) =  add)
$(
xard.jel) = 0.0000  
yard,jel) = 0.0000  
mud = 98 
break 
$)
$) #  q loop
S) #  p loop
S)
#write( 15,116) subf2(l),(output!j),j=l,4),angle,ldet,
#nc211(l),nc212(l),nc221(l),nc222(l),xr22(l),yr22d), 
#(xar(l,list(m )),yar(l,list(m )),m  = l,m ax) 
js2 = js2 +1 
xrs2(js2,l) = xr22(l) 
yrs2(js2,l) = vr22d )
Idet2(js2,l) = ldet*ordd/ord 
ang2Cjs2,l) = angle 
subl's2(js2,l) = subf2(l) 
ns21 l(js2 ,l) = nc211(l) 
ns212(js2,l) = n c212(l) 
ns22l(js2 ,l) = n c 2 2 l(l)  
ns222(js2,l) = n c222(l)  

do m = l,m ax  
$(
xrr(js2,l,list(m )) = xar(l,list(m )) 
yrr(js2,l,list(m )) = yar(l,list(m ))
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$) 
$) 
$)
do 1 = 1,10
St
ldet = nc311(l)*nc 322(1) - nc312(l)*nc32l(l) 
if(subi'3(l) !=0 & ldet M »
$(

msg = nusg(l) 
xro =-- xr33(l) 
yro = yr33(l)
t ip  = nc311(l)*tl + nc312(l)*t2  
t2p = n c3 2 l(l)* tl + nc322(l)*t2  
t lp c  = conjg(tlp)
dot = real(tl pc*t2p)/(cabs(tlp)*cabs(t2p)) 
angle = ( l  80 /3 .14159)*acos(dot) 
call sgn(msg,output) 
call tran(vectx,vecty,xro,yro)
#for(jl = l;list(jl) != 0  ; jl = jl +1) 
foK jl = 1; jl <= max ; jl = jl +1)
$(
jel = list(jl) 
mud = 0
foKp=2;iabs(p) <=2;p=p-l)
$(
if(m ud==0)
foKq=2;iabs(q) <=2;q=q-l) 
iWo q = -2,2 
$(
xar(l,jel) = alpx(je0*nc31 l(l)+alpy(jel)*nc321d) - alx(jel) + vectx(jel) 
var(l,jel) = alpx(jel)*nc312(l)+alpy(jel)*nc322(l) - aly(jel) + vecty(jel) 
add = cmplx(p*nc31 l(l),p*nc312(l)) + cniplx(q*nc321(l),q*nc322(l)) 
if(cm plx(xar(l,jel),yard,jel)) == add)
$(
xar(l,jel) = 0.0000  
yard,jel) -  0 .0000  
mud = 98 
break 
S)
S) #  q loop
$) #  p loop
$)
# w r ite (l5 ,l 16) subf3(l),(output(j),j= l,4),angle,ldet, 
#nc31l(l),nc312(l),nc 321(1),nc 322(1),xr33(l),yr33(l), 
#(xar(l,list(m )),yar(l,lisl(m )),m  = l,m ax) 

js3 = js3 +1 
xrs3(js3,l) = xr33(l) 
yrs3(js3,l) = vr33(l)  
ldet3( js3,l) = ldet*ordd/ord
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ang3(js3,l) = angle 
subfs3(js3,l) = subf3(l) 
ns31l(js3,l) = n c 3 1 l(l)  
ns312(js3,l) = nc312(l) 
ns321(js3,l) = n c3 2 l(l)  
ns322(js3,l) = nc322(l) 

do m = l,m ax  
$(
xrr( js3,l,list(m )) = xard,list(m )) 
yrr(js3,l,list(m )) = yarO,list(m))
$)
S) 
S)
do ] = 1,10
$(
ldet = nc411(l)*nc422(l) - nc412(l)*nc42l(l) 
if(su b f4(l) !=0 & ldet !=0)
$(

msg = nusg(l) 
xro = xr44(l) 
yro = yr44(l)
t ip  = n c4 1 l(l)* tl + nc412(l)*t2 
t2p = n c4 2 l(l)* tl + nc422(l)*t2 
tlp c  = conjg(tlp)
dot = real(tlpc*t2p)/(cabs(tlp)*cabs(t2p)) 
angle = (180/3.14159)*acos(dot) 
call sgn('msg.output) 
call tran(vectx,vecty,xro,yro)
#for(jl --- l;list(jl) != 0 ; jl = jl +1) 
for(jl = 1; jl <= max ; jl = jl +1)
$(
jel = list(jl) 
mud = 0
f  or( p=2;iabs( p) <=2;p=p-l)
S(
il'(mud==0)
f  or(q=2;iabs(q) <=2;q=q-l)
#do q = -2,2 
$(
xard.jel) = alpx(jel)*nc41 l(l)+a lp y(jel)*n c42 l(l) - alx(jel) + vectx(jel) 
yard,jel) = alpx(jel)*nc412d)+alpy(jel)*nc422d) - aly(jel) + vecty(jel) 
add = cmplx(p*nc41 ld ),p*nc412(l)) + cm plx(q*nc421(l),q*nc422(l)) 
il"(cmplx(xard,jel),yard, jel)) == add)
S(
xar(l,jel) = 0.00 00  
yard,jel) = 0.0000  
mud = 9S 
break 
S)
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$) #  q loop
$) #  p loop
S)
#w rite(15 ,l 16) subf4(1 ),(output(j),j= 1,4\angle,ldet,
#n c41I(l),nc412(l),nc42l(l),nc422(l),xr44(l),yr44(l), 
#(xar(l,list(m )),yar(l,list(m )),m  = l.m ax) 
js4 = js4 +1 
xrs4(js4,l) = xr44(l) 
yrs4(js4,l) = yr44(l)
Idet4(js4,l) = ldet*ordd/ord  
ang4(js4,l) = angle 
subfs4(js4,l) = subi'4(l) 
ns41 l(js4 ,l) = nc411(l) 
ns412(js4,l) = nc412(l) 
ns421(js4,l) = nc421(l) 
ns422(js4,l) = nc422(l) 

do m = l,m ax  
$(
xrr(js4,l,list(m )) = xar(l,list(m )) 
vrr(js4,l,list(m )) = var(l,list(m ))
$) 
$)
S)

next
S)

#write( 15,33)
#33 formal ("

#  compare

do kq= 1,12 
$(
do kr= 1,10 
S(
if(subfsl(kq ,kr) != 0)
$(
do ks= kq + 1,12 
$(
do kt= 1,10
S(
i l l  (cm plx(kq,kr) != cm plx(ks,kt)) & (subfsl(ks,kt) != 0) )
$(
if((subfsl(kq ,kr)==subfsl(ks,k t))& (nsl 1 l(kq,kr)==nsl 1 l(ks,kt))& (nsl 12(kq,kr)== 
nsl 12(ks,kt))& (nsl21(kq,kr) - n sl21(ks,kt)) & (nsl22(kq ,kr) == nsl22(ks,kt))) 
S( #  put gen in new write 
lo r (  jel -  l ; j e l < =  max ; je l = jel +1)
S(

#for limx xo
$) #for limy yo

xo yo <— new origin")
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mud = 0
for(p=2;iabs(p) <=2;p=p-l)
$(
if(m ud==0)
#for(q=2;iabs(q)<=2;q=q-l) 
do q = -2,2 
$(
#  before sadd
sadd=cmplx(p*nsl 11(ks,kt),p*nsll2(ks,kt))+cm plx(q*nsl21(ks,kt),q*nsl22(ks,kt)) 
ifC cm plx(xrr(kq,kr,jel),yrr(kq,kr,jel)) == sadd + cm plx(xrr(ks,kt,jel),vrr(ks,kt,jel))) 
$(
#  Equating them if  linear comb DID NOT WORK 
mud = 99
if(jel ===== max) 
subfsl(kq .kr) = 0 
break 
$)
$) #  q loop
$) #  p loop
$) #  list, jel 
$)
$) 
$) 
$) 
$) 
$)
$)
do kq = 1,12 
$(
do kr = 1,10
$(
if(subfsl(kq ,kr) !=0)
w r ite (l5 ,l 16) subfsl(kq,kr),(output(j),j=l,4),angl(kq,kr),ldetl(kq,kr),
nsl ll(k q ,k r),n sl 12(kq ,kr),nsl2l(kq,kr),nsl22(kq,kr),xrsl(kq,kr),yrsl(kqIkr),
(xrr(kq,kr,list(m )),list(m ),yrr(kq,kr,list(m )),m  =■■ 2,max,inc)
$) 
$)

do kq= 1,12 
$(
do kr= 1,10
$(
if(subfs2(kq,kr) != 0) 
$(
do ks= kq + 1,12 
S(
do kt= 1,10
$(
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if( (cm plx(kq.kr) != cm plx(ks,kt)) & (subfs2(ks,kt) != 0 ) )
$(
if((subfs2(kq ,kr)=subfs2(ks,kt))& (ns21 l(kq,kr)==ns21 l(ks,kt))& (ns212(kq,kr)==  
ns212(ks,kt))& (ns221(kq,kr) == ns22l(k s,k t)) & (ns222(kq,kr) =  ns222(ks,kt)))
$( #  put gen in new write 
foKjel = l;jel <= max ; jel = jel +1)
$(
mud = 0
for(p=2;iabs(p) <=2;p=p-.l)
$(
if(m ud--=0)
#i'ortq=2;iai')s(q) <=2;q=q-1) 
do q = -2,2 
$(
#  before sadd
sadd=cm plx(p*ns211(ks,kt),p*ns212(ks,kl))+cm plx(q:<‘ns22l(ks,kt),q*ns222(ks,k0) 
if'( cm plx(xrr(kq,kr,jel),yrr(kq,kr,jel)) == sadd + Lmplx(xrr(ks,kt,je]),yrr(ks,kt,jel))) 
$(
m ud = 99 
ii'Cjel - m ax) 
subf's2(kq,kr) = 0  
break 
$)
$) #  q loop
$) #  p loop
$) #  list, jel 
S)
$) 
$) 
$)
S)
$)
S)
do kq = 1,12 
S(
do kr = 1,10 
$(
if(subfs2(kq,kr) !=())
w r ite (l5 ,l 16) subf's2(kq,kr),(outpul(j),j=l,4),ang2(kq,kr),ldet2(kq,kr), 
ns211(kq,kr),ns212(kq,kr),ns22l(kq,kr),ns222(kq,kr),xrs2(kq,kr),yrs2(kq,kr), 
(xrr(kq,kr,list(m )),list(m ),yrr(kq,kr,list(m )),m  = 2,max,inc)
S)
$)

do kq= 1,12
S(
do kr= 1,10 
$(
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if'(subfs3(kq,kr) != 0)
$(
do ks= kq + 1,12 
$(
do kt= 1,10
$(
if( (cm plx(kq.kr) != cm plx(ks,kt)) & (subfs3(ks,kt) != 0 ) )
$(
if((subfs3(kq,kr)==subfs3(ks,kt))& (ns31 l(kq,kr)==ns31 I(ks,k0)& (ns312(kq,kr)
== ns312(ks,kt))& (ns321(kq,kr) == ns321(ks,kt)) & (ns322(kq,kr) == 
ns322(ks,kt)))
$( # p u t  gen in new  write 
for(jel = ljjel <= max ; jel = jel +1)
$(
mud = 0
for(p=2;iabs(p) <=2;p=p-l)
$(
if(m ud==0)
#for(q=2;iabs(q) <=2;q=q-l) 
do q = -2,2 
$(
#  before sadd
sadd=cmplx(p*ns311(ks,kt),p*ns312(ks,kt))+cm plx(q*ns321(ks,kt),q*ns322(ks,kt)) 
ifC cmplx(xrr(kq,kr,jel),yrrCkq,kr,jel)) == sadd + cm plx(xrr(ks,kt,jel),yrr(ks,kt,jel))) 
$(
mud = 99 
if(jel == max) 
subfs3(kq,kr) = 0 
break 
$)
$) #  q l(X>p
$) #  p lo o p
$) #  list, jel 
S)
S)
$) 
$) 
$) 
$) 
$)
do kq = 1,12
$(
do kr = 1,10 
S(
ii'(subfs3(kq,kr) !=0)
write( 15,116) subfs3(kq,kr),(output(j),j=l,4),ang3(kq,kr),ldet3(kq,kr), 
ns31 Ukq,kr),ns312(kq,kr),ns32Hkq,kr),ns322(kq,kr),xrs3(kq,kr),vrs3(kq,kr), 
(xrr(kq,kr,list(m )),list(m ),yrr(kq,kr,list(m )),m  = 2,max,inc)
S)
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$)

do kq= 1,12 
$(
do kr= 1,10 
$(
if(subfs4(kq,kr) != 0)
$(
do ks= kq + 1,12 
$(
do kt= 1,10 
$(
if( (cm plx(kq,kr) != cm plx(ks,kt)) & (subfs4(ks,k0 != 0) )
$(
if((subl's4(kq,kr)==subl's4(ks,kt))&(ns41 l(kq,kr)==ns41 l(ks,kt))& (ns412(kq,kr)==  
ns412(ks,kt))& (ns42l(kq,kr) =  ns421(ks,kt)) & (ns422(kq,kr) == ns422(ks,kt)))
$( #  put gen in new write 
forCjel = l;jel <= max ; Jel = jel + l )
$(
mud = 0
for(p=2;iabs(p) <=2;p=p-l)
$(
if(m ud==0)
# f  or(q=2;iabs(q) <=2;q=q-l) 
do q = -2,2 
S(
#  before sadd
sadd=cinplx(p*ns41l(ks,kt),p*ns412(ks,kt))+cm plx(q*ns42](ks,kt),q*ns422(ks,kt)) 
if( cm plx(xrr(kq,kr,jel),yrr(kq,kr,jel)) == sadd + cm plx(xrr(ks,kt,jel),yrr(ks,kt,jel))) 
S(
mud = 99  
ii'( jel == max) 
subfs4(kq,kr) = 0  
break 
$)
$) #  q loop
$) #  p loop
$) #  list, jel 
$)
S)
$) 
$) 
$) 
$) 
$)
do kq = 1,12
S(
do kr = 1,10
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$(
if(subfs4(kq,kr) NO)
w rite(l5 ,116) subfs4(kq,kr),(output!j),j=l,4 ),ang4(kq,kr),1det4(kq,kr), 
ns41l(kq,kr),ns412(kq,kr),ns421(kq,kr)fns422(kq,kr),xrs4(kq,kr),yrs4(kq,kr), 
(xrr(kq,kr,list(m)),list(m),yrr(kq,kr,list(m)),m = 2,max,inc)
$)
$)
S) #  l or the various subgroups 
$) #  for ire reps

$) #  for itot stars
end

subroutine phsO(kO,xk,yk,hpO,xo,yo) 
complex k0, hpO( 8),xo,yo,zero 
zero = cmplx(0.00,0.00) 
pi = 3.14159 
i f  (cabs(kO) == 0.000)

$(
do i= l,8  
hpO(i) = zero 

$) 
else

$(
hpO(l) = cexp(2.0*pi*(xk*zero + yk*zero)) 
hp0(2) = cexp(2.0*pi*(xk*2*xo + yk*2*yo)) 
hp0(3) = cexp(2.0*pi*(xk*(xo-yo) + yk*(yo+xo))) 
hp0(4) = cexp(2.0*pi*(xk*(xo+yo) + yk*(yo-xo))) 
hp0(5) = cexp(2.0*pi*(xk*(2.0*xo) + yk*(zero))) 
hp0(6) = ce x p( 2.0*pi*( x k *zero + yk*2*yo)) 
hp0(7) = cexp(2.0*pi*(xk*(xo+yo) + yk*(yo+xo))) 
hp0(8) = cexp(2.0*pi*(xk*(xo-yo) + yk*(yo-xo)))

5)
retu rn 
end
subroutine armlCcfnl I,cfnl2,cfn21,cfn22,phasl l,p h asl2 ,k l)  
#  k l = 1/2,0
com plex cfn 11 ,cfn 12,cfn21 ,c fn22,phasl 1 ,phasl 2,k 1
# k l = cmplx(0.50,0.(X))
pi = 3 .1 4 1 5 9
zero = cm plx(0.00,0.00)
p h asll = texp(2.0*pi*(0.50*cfnl 1 + 0.00*cfn 12)) 
phasl2 = cexpC2.0*pi*(0.50*cfn21 + 0.00*cfn22)) 
if  (reaKphasl 1) == +1.000 & real(phasl2) == +1.000)
S(
kl = cm plx(0.50,0.00)

#w rite( 15,1041 k l,phasl l,phasl2
S)
else
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$(
#w rite( 15,105) k l ,  phasl l,p h a sl2  

k l = zero 
$)

104 formatC arm k = " ,g8.4,g8.4," phase factors = " ,g8.4,g8.4, " and " ,g8.4,g8.4)
105 format(/," arm k ",g8.4,g8.4," n o ta llo w ed  because of phase factors ",g8.4,g8.4," and ",g8.4,g8.4) 

return 
end
subroutine U rm 2(cfnll,cfn l2,cfn21,cfn22,phas21,phas22,k2)
# k 2  = 0 ,1 /2
complex cfn  11 ,cfn 12,cfn21 ,cfn22,phas21 ,phas22,k2 
#k2 = cm plx(0.00,0.50) 
zero = cmplx(0.(KX>,0.000) 
pi = 3.14159
phas21 = cexp(2.0*pi*(0.00*cfnl 1 + 0 .50*cfn l2 ))  
phas22 = cexp(2.0*pi*(0.00*cfn21 + 0.50*cfn22)) 
i f  (real(phas2l)== +1.000 & real(phas22)== +1.000)

$(
k2 = cm plx(0.00,0.50)

#w rite( 15,204) k2,phas21,phas22
$)
else

$(
#w rite( 15,205) k2, phas21,phas22 

k2 = zero 
S)

204 formatC arm k = ",g8.4,gS.4," phase factors = ",g8.4,g8.4, "and ",g8.4,g8.4)
205 formal(/," arm k ",g8.4,gS.4," not allow ed because of phase factors ",g8.4,g8.4," and n,g8.4,g8.4) 

return 
end
subroutine arm3(cfn 1 l,cfnl2,cfn21,cfn22,phas31,phas32,k3)
# k 3  -  1 /2 ,1 /2  '
complex c fn l l,cfnl2,cfn21,cfn22,phas31,phas32,k3
#k3 = cm plx(0.50,0.50)
pi = 3.14159
zero = cmpl.\(0.(>0,0.00)
phas31 = cexp(2.0*pi*(0.50*cfnll + 0 .50*cfn l2 ))  
phas32 = cexp(2.0*pi*(0.50*cfn21 + 0.50*cfn22)) 
if  (real(phas31 )== +1.0(K) & real(phas32)== +1.000)

S(
#w rite( 15,304) k3,phas31,phas32 

k3 = cm plx(0.50,0.50)
S)

else
S(

#w rite( 15,305) k3, phas31,phas32 
k 3 = zero 

S)
304 formatC arm k = ",g8.4,g8.4," phase factors = ",g8.4,g8.4, "and ",g8.4,g8.4)
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305 format(/," arm k ",g8.4,g8.4," not allowed because of phase factors ",g8.4,g8.4," and ",g8^) 
return 
end
subroutine sqtab(l,m,n,k) 
integer tl8,8)

tO , 1 )= 1 ;t( 1,2)=2;t( 1,3)= 3;l( 1,4)=4;t( 1,5)=5;t( l,6)=6;t( 1,7)=7;t( 1,8)=S
t(2,l)=2;t(2,2)=l;t(2,3)=4;t(2,4)=3;t(2,5)=6;t(2,6)=5;t(2,7)=8;t(2,8)=7
t( 3,1 h  3;t( 3,2)=4;t( 3,3)=2;l( 3,4)= l;t( 3,5)=8;t( 3,6)= 7;t( 3,7)=5;t( 3,8)=6
t(4 ,l )=4;t(4,2)=3;t(4,3)=l;t(4,4)=2;t(4,5)=7;t(4,6)=8;t(4,7)=6;t(4,8)=5
t(5,l)=5;t(5,2)=6;t(5,3)=7;t(5,4)=8;t(5,5)=l;t(5,6)=2;t(5,7)=3;t(5,8)=4
t(6,l)=6;t(6,2)=5;t(6,3)=8;t(6,4)=7;t(6,5)=2;t(6,6)=l;t(6,7)=4;t(6,8)=3
t(7,l)=7;t(7,2)=8;t(7,3)=6;t(7,4)=5;t(7,5)=4;t(7,6)=3;t(7,7)=l;t(7,8)=2
t(8,l)=8;t(8,2)=7;t(8,3)=5;t(8,4)=6;t(8,5)=3;i(8,6)=4;t(8,7)=2;i(8,8)=l;
k = t(t(l,m ),n)
return
end
subroutine plll(k0,iall,ord ,nsg,el,alpx,alpy,cfn11,cfnl2,cfn21,cfn22,list,m ax)
#  #1
com plex kO ,zero,cfn ll,cfn l2 ,cfn21,cfn22,el(8)
integer ord,list(8)
real alpx(8),alpy(8)
ord = 1
nsg = 1
max = 1
pi = 3.14159
zero = cm plx(0.00,0.00)
do lk = 1,8
S(
list(lk ) = 0  
el(lk ) = zero 
alpx(lk ) = 0.0000  
a lp y(lk ) = O.(MKK)
S)
e l ( l ) = cexp(2.0*pi*(zero + zero)) 
lis t ( l)  = 1 
retu rn 
end
subroutine p21 l(kO,iall,ord,nsg,el,alpx,alpy,cfnl I,cfnl2,cfn21,cfn22,list,m ax)
#  #2
complex kO ,zero,cfn lI,cfn l2,cfn21,cfn22,el(8)
integer ord,list(S)
real alpx(8),alpy(8)
ord = 2
nsg = 2
max = 2
pi = 3.14159
zero = cm plx(0.00,0.00)
do. lk = 1,8
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$(
list(lk ) = 0  
el(lk ) = zero 
alpx(lk) = 0.0000  
a lpy(lk ) = 0.0000  
$)
e l( l )  = cexp(2.0*pi*(zero + zero))
el(2) = cexp(2.0*pi*(zero + zero))
lis t( l)  = 1
list(2) = 2
return
end
subroutine p41I(k0,iall,ord,nsg,el,alpx,alpy,cfnll,cfnl2,cfn21,cfn22,list,m ax) 
#  #10
complex kO ,zero,cfn ll,cfn l2,cfn21,cfn22,el(8) 
integer ord,list(8) 
real alpx(8),alpy(8) 
ord = 4 
nsg = 1 0  
max = 4 
pi = 3.14159  
zero = cm plx(0.00,0.00) 
do lk = 1,8 
$(
list(lk ) = 0  
e l(lk ) = zero 
alpx(lk) = 0.0000  
alp y(lk ) = 0.0000  
$)
e l( l )  = cexp(2.0*pi*(zero + zero))
el(2) = cexp(2.0*pi*(zero + zero))
el(3) = cexp(2.0*pi*(zero + zero))
el(4) = cexp(2.0*pi*(zero + zero))
lis t( l)  = 1
list(2) = 2
listf 3) = 3
list(4) = 4
return
end
subroutine plm l(kO,iall,ord,nsg,el,alpx,alpy,cl'nl I,cfn l2,cfn21,cfn22,list,m ax)
#  sigm axC0,l/2) for p ig  1
#  3
complex kO,zero,cfnl I,cfnl2,cf'n21,cfn22,el(8)
integer ord,list(8)
real alpx(8),alpy(8)
ord = 2
nsg = 3
max = 2 #  for sigx
pi = 3.14159
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zero = cm plx(0.00,0.00) 
do lk = 1,8 
$(
list(lk ) = 0  
e l(lk ) = zero 
a lpx(lk ) = 0.0000  
a lp y(lk ) = 0.0000  
$)
e l ( l )  = cexp(2.0*pi*(zero + zero))
el(5 ) = cexp(2.0*pi*(zero + zero))
l i s t ( l ) = 1
lisl(2) = 5
return
end
subroutine clm l(kO ,iall,ord,nsg,el,alpx,alpy,d'nll,cfn l2,cfn21,cfn22,list,m ax) 
#  5
com plex kO ,zero,cfn ll,cfn l2,cfn21,cfn22,e 1(8)
integer ord,list(8)
real alpx(8),alpy(8)
ord = 2
nsg = 5
max = 2
pi = 3.14159
zero = cmplx(0.(X),0.00)
do lk = 1,8
$(
list(lk ) = 0  
e l(lk ) = zero 
alp x(lk ) = 0.0000  
a lp y (lk ) = 0.0000  
$)
e l ( l ) = cexp(2.0*pi*(zero + zero))
el(5) = cexp(2.0*pi*(zero + zero))
l i s t ( l ) = 1
list(2) = 5
return
end
subroutine plgl(kO,iall,ord,nsg,el,alpx,alpy,cfnl I,ci'nl2,cfn21,cfn22,list,m ax)
# s ig m a x (0 ,l/2 )
integer ord,list(8)
complex kO,k 1 ,k2,k 3,zero,cfn 11 ,cfn 12,cfn21 ,cfn22,el(8)
real alpx(8),alpy(8)
ord = 2
nsg = 4
max = 2
pi = 3 .1 4 1 5 9
zero = cmplx(O.OO.O.OO)
do lk = 1,8
$(
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list(lk ) = 0  
el(lk ) = zero 
alpx(lk ) = 0.0000  
a lp y(lk ) = 0.0000  
$)
alpx(5) = 0.0000  
alpy(5) = 0.5000  
k l = cm plx(0.50,0.00) 
k2 = cm plx(0.00,0.50) . 
k 3 = cm plx(0.50,0.50)
ir(kO =  k l )

$(
xk = 0.50  
yk = 0.00  

$)
else i f  (kO == k2)

$(
xk = 0.00  
yk = 0.50  

$)
else i f  (kO == k3)

$(
xk -  0.50  
yk = 0.50  

$)
e l( l )  = cexp(2.0*pi*(zero + zero))
#el(5 ) = cex p( 2.0* pi*(xk*(cf n 11 *0.00+c f n 21 )*0.50+y k *( c i'n 12*0.00+cf n 22)*0.50))
el(5) = cexp(2.0*pi*(xk*(cfnl I*0.00+cfnl2)*0.50+yk*(cfn21*0.00+cfn22>0.50))
l is t( l)  = 1
list(2) = 5
return
end
subroutine tran(vectx,vecty,xro,yro) 
real xro,yro,vectx(8),vecty(S) 
do 1 = 1,8
$(
vectx(l) = ().(X)0()() 
vecty(l) = 0.00000  
$)
v ec tx (l)  = 0.00000  
vectx(2) = 2 ,|lxro 
vectx(3) = xro - yro 
vectx(4) = xro+yro 
vectx(5) = 2*xro 
vectx(6) = O.O(XX) 
vectx(7) = xro+yro 
vectx(S) = xro -yro 
vecty( 1) = O.(XXXK) 
vectv(2) = 2*yro
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vecty(3) = yro+xro 
vecty(4) = yro-xro 
vecty(5) = 0.000  
vecty(6) = 2*yro 
vecty(7) = yro + xro 
vecty(8) = yro -xro 
return 
end
subroutine info
#  remember to change divisor i n  >sum /l,2,3,6,12....
#  itot for 1-arm,2-arm,3-arm,...
# —iall, new , 71 f  — ,call origin , call matrices
# ch a r( ) depends on how many elem ents are in the subgroup
# — the group to be subduced onto
# e le m ( ) depends on how many elem ents are in the g k l(  ) —  the group
#  o f the w ave-vector.

# t l  = (0,1)
# t 2  = (1,0)
#  e = 1 = (x,y,z)
# c 2 z  = 2 = (-x,-y,z)
#  c4z- = 3 = (y,-x,z)
#  c4z+ = 4 = (-y,+x,z)
#  sigx = 5 = (-x,y,z)
# s ig y  = 6 = (x,-y,z)
#  sigda = 7 = (-y,-x,z)
#  sigdb = S = (y,x,z)
#
#
#
#  main program is only -----  500 lines ????
#  p4mm
# 1 = 1 ,3  m = 1,2 n= l,4(c4z+ == -y ,x) #  first star k = l/2 ,0  0 ,1 /2
# 1  = 1 m = 1,2,3,4 n = 1 #  second star k = 1/2  , 1/2
#  m —  the elem ents of gk l
#  n —  the elem ents sending k2 = = >  k l
#  1 — the inverse of n 
return
end
subroutine m l(n xx ,n xy ,n yx ,n yy ,n ll,n l2 ,n 21 ,n 22 ,d etm )
integer detm
n l 1 = nxx
n21 = nx.v
n l2  = nyx
n22 = nyy
detm = n ll* n 2 2  - n21*nl2  
if  (detm <  1)
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detm = 0
return
end
subroutine sgl2(k0,iall,ord,nsg,el,alpx,alpy,cfnl I,cfn l2,cfn21,cfn22,list,m ax)
complex kO.cfnl I ,cfn l2 ,cfn21 ,cfn22,el(8)
integer ord,list(8)
real alpx(8),alpy(8)
if!ia ll= = l)
call p i 1 l(kO,iall,ord,nsg,el,alpx,alpy,cfnl I,cfn l2,cfn21,cfn22,list,m ax) 
else if(iall==2)
call plgl(kO,iall,ord,nsg,el,alpx,alpy,cfnl I,cfn l2 ,cfn2l,cfn22 ,list,m ax) 
else if ( ia l l= 3 )
call clm l(kO ,iall,ord,nsg,el,alpx,alpy,cfnl I,cfnl2,cfn21,cfn22,list,m ax) 
else if(iall==4)
call plgl(kO ,iall,ord,nsg,el,alpx,alpy,cfnlI,cl'nl2,cfn21,cfn22,list,m ax)
return
end
subroutine hwril2(input,itot,charl,char2,char3,im ,jm ) 
integer charl(8),char2(8),char3(8) 
integer input(4)

if(itot== l)
S(
w rite (l5 ,1 2 l) (input(l),l= l,4 ) 
w rite(15,201) (charl(k), k = 1,8) 
w rite(l5 ,122)
$)
if(itot==2)

$(
w rite (l5 ,1 2 l)  (in p ut(l),l= l,4 ) 
w rite(l5 ,202) (charl(k), k = 1,8) 
write! 15,122)
S)
else if(itot==3)
$(
w rite(15 ,12l) (input(l),l= l,4 ) 
write! 15,203) (charl(k), k = 1,8) 
write! 15,122)
$)
201 format!" star 1 .character o f elements", 8i6," for k = 1 /2  , 0")
202 format!" star 2 .character o f elements", 8i6," for k = 0 , 1/2")
203 format!" star 3 .character o f elements", 8i6," for k = 1 /2  , 1/2")
121 format!/," elem gk <g = ",4al," e c2z c4z- c4z+",

mx my da db")
122 format!/," sg O x  t l ’ t2’ xo yo",

i: C2Z C4Z- C4Z+ S1CX SIGY",
SIGDA S1GD13")

return
end
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subroutine dataO(ordd,input,itot,inew,ma,nl,n2,n3) 
integer ordd,input(4)
#  n l = 1
#  e sigx 
#arm 1
# ch an ge  s foK raa „ _ » » >  in main program ???
ordd = 2
in p u t(l)  = ’p’
input(2) = T
input(3) = ’g’
input(4) = T
ma = 2
n l = 1
inew  = 2  #  number of reps in star 1
return
end
subroutine datal(ilot,ire,elem ,alx,aly) 
real alx(8),aly(8) 
integer elem (8)
# a lx  = alpha for to = a’ -a + s -h*s test
# a ly  = alpha for to = a’ -a + s -h*s test
do lk  = 1,8 
$(
a lx (lk ) = 0.0000  
a ly (lk ) = ().(XXX)
$)

alx(5) = O.(XK) 
a ly (5 ) = 0.500  
i f  (ire — l )

$(
e le m (l)  = 1 
elem (5) = 1 
$)
else i f  (ire == 2 )
$(
e le m (l)  = 1 
elem (5) = -1 
S)
return
end
subroutine sgn(nsg,output) 
integer output(4) 
if(nsg= =l)
S(
o u tp u t( l) = ’p’ 
output(2) = ’V 
output(3) = ’1’ 
output(4) = ’1’
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$)
else if(nsg==2) 
$(
o u tp u t(l) = ’p’ 
output(2) = ’2’ 
output(3) = T  
output(4) = ’1’ 
$)
else if!nsg==3) 
$(
ou tp u t(l) = ’p’ 
ouipul(21 = ’1’ 
output! 3) = ’m’ 
output! 4) = ’! ’ 
$)
else if (n s g = 4 )  
$(
output! l )  = ’p’ 
output(2) = T  
output! 3) = ’g’ 
output!4) = ’1’ 
S)
else if(nsg— 5) 
$!
output! 1) = ’c’ 
output(2) = ’1’ 
output! 3) = ’m’ 
output!4) = ’1’ 
$)
else if(nsg==6) 
$(
output! 1) = ’p’ 
output! 2) = ’2’ 
output! 3) = ’m ’ 
output(4) = ’m ’ 
$)
else if(nsg==7) 
$(
output! 1) = ’p’ 
output(2) = ’2’ 
output! 3) = ’m ’ 
output(4) = ’g’
S)
els'e if(nsg==S)
S(
output! 1) = ’p’ 
out put! 2) = ’2’ 
output! 3) = ’g’ 
output(4) = ’g’
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$)
else if(nsg==9) 
$(
output! 1) = ’c’ 
outpul(2) = ’2’ 
output(3) = ’m’ 
output(4) = 'm’ 
$)
else if(nsg==10) 
$(
output( 1) = ’p’ 
output(2) = ’4’ 
output(3) = ’1’ 
output(4) = ’1’ 
S)
else if(n sg = = ll)  
$(
ou tp u t(l) = *p’ 
output(2) = ’4’ 
output(3) = ’m ’ 
output(4) = ’m’ 
$)
else if(nsg==12) 
$(
o u tp u t(l)  = ’p’ 
output(2) = ’4 ’ 
output(3) = ’g’ 
output(4) = ’m ’ 
$)
else if(nsg==13) 
S(
o u tp u t(l) = ’p’ 
output(2) = ’3’ 
output(3) = ’1’ 
output(4) = ’1’
$)
else if(nsg==14) 
$(
output! 1) = ’p’ 
output(2) = ’3’ 
output! 3) = ’m ’ 
output!4) = ’1’
$)
else if(nsg==15)
$(
output! 1) = ’p’ 
output(2) = ’3’ 
output! 3) = ’1’ 
output(4) = ’m ’
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$)
else if(nsg==16) 
$(
o u tp u t(i)  = y  
output(2) = ’6 ’ 
output(3) = ’1’ 
output(4) = ’1’ 
$)
else if(nsg==17) 
$(
output! 1) = ’p’ 
output(2) = *6’ 
output(3) = ’m ’ 
output(4) = ’m ’ 
$)
return
end
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APPENDIX I I  
C h a r a c t e r  T a b l e s  f o r  t h e  D i p e r i o d i c  G ro u p s

Multiplier reps (R) of G. the point group of the wave-vector group G. Q gK- A Oo
for the 80 diperiodic groups Go at points of high symmetry .

# 1  PI *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2

O
R1 1

# 2  PI *k = 1/ 2,0 ; *k = 0,1/2 ;*k = 1/2 ,1/2

oXO

E I
R1 1 1

R2 1 -i

# 3  P211 *k = 1/ 2,0 ; *k = 0,1/2 ;*k = 1/2 ,1/2

Gk0 E C2z
R1 1 1

R2 1 -1

# 4  Pm ll *k = 1/ 2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2
# 5  P b ll

Gk0 E mz
R1 1 1

R2 1 -1

# 6  P2/ml 1 *k = 1/ 2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2

Gk E 0 C2z I mz

R1 1 1 1 1

R2 1 1 -1 -1

R3 1 -1 1 -1

R4 1 -1 -1 1
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# 7 P2/bl 1 *k = 1/2 ,0 SEE #6 P2/ml 1

*k = 0,1/2 ; *k = 1/2,1/2

Gko E C2z I mz

R1 2 0 0 0

# 8  PI 12 *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2 
# 9  PI 12j

Gko E C2y

R1 1 1

R2 1 -1

# 1 0  Cl 12 *k=  1/2,0; 0,1/2 : SEE #1

*k = 1/2 , 1/2 : SEE # 8

#  11 PI lm *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2 
#1 2  PI la

Gko E my

R1 1 1

R2 1 -1

#13  Cl lm *k= 1/2,0; 0,1/2 : SEE #1  

*k = 1/2 ,1/2 : SEE #11

*k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2# 1 4  PI 12/m 

Gko E

R1

R2

R3

R4

C2y

1

1

-1

-1

my

1

-1

-1

1
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# 15 *k = 1/2,0 : SEE # 1 4

*k = 0,1/2 ; *k = 1/2 ,1/2

Gko E C2y I my

R1 2 0 0 0

# 1 6  Cl 12/m *k = 1/ 2,0 ; 0,1/2 : SEE # 2

*k = 1/2 ,1/2 : SEE # 2

# 1 7  PI 12/a *k = 0,1/2 : SEE #14

*k = 1/2 ,0 ; *k = 1/2 ,1/2

Gko E C2y I my

R1 2 0 0 0

# 1 8 PI 12j/a *k := 1/ 2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2

Gko E C2y I my

R1 2 0 0 0

# 19 P222 *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2

Gko E C2z C2x C2y

R1 1 1 1 1

R2 1 1 -1 -1

R3 1 -1 1 -1

R4 1 -1 -1 1

#20  P222j *k = 1/2,0 : SEE # 1 9

*k = 0,1/2 ; *k = 1/2 ,1/2

Gko E C2z C2x C2y

R1 2 0 0 0
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P22j2 j *k = 1/ 2 , 0 ; *k = 0 ,1/2

Gko E C2z C2x C2y

R1 2 0 0 0

*k = 1/2 ,1/2

Gko E C2z C2x C2y

R1 2 2 0 0

R2 2 -2 0 0

# 22 C222 *k = 1/ 2,0 ; 0,1/2 : SEE # 3

*k = 1/2 .1/2 : SEE # 19

#23 P2mm *k = 1/ 2,0 ; *k = 0,1/2 ; *k = 1/2 ,

Gko E C2z mx mx
R1 1 1 1 1
R2 1 1 -1 -1
R3 1 -1 1 -1
R4 1 -1 -1 1

#24 Pm m2 *k = 1/ 2,0 ; *k = 0,1/2 ;*k = 1/2 ,:

Gko E C2y mz mx
R1 1 1 1 1
R2 1 1 -1 -1
R3 1 -1 1 -1
R4 1 -1 -1 1

#  25 Pn^a *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2

Gko E C2x mz my
R1 1 1 1 1
R2 1 1 -1 -1
R3 1 -1 1 -1
R4 1 -1 -1 1

# 2 6  Pbm *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2 SEE : #  24 
# 2 7  PbbZ
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#28 P2ma *k = 1/2 , 0 ; *k = 1/2 ,1/2

Gko E C2z mx my

R1 2 0 0 0

*k == 0 , 1/2 : SEE #  23

#29 Pam2 *k = 1/2 , 0 ; *k = 1/2 ,1/2
#30 Pab2j

#31 Pnb2

#32  Pnm2j

Gko E C2y mz mx

R1 2 0 0 0

*k == 0 , 1/2 : SEE #  24

# 3 3 P2ba *k = 1/2 , 0 ; *k = i0 ,1/2

Gko E C2z mx my
R1 2 0 0 0

*k = 1/2 , 1/2

Gko E C2z mx my

R1 2 2 0 0

R2 2 -2 0 0

C2mm *k = 1/2 , 0 ; *k = 0 ,1/2 SEE : # 3

*k = 1/2 ,1/2 SEE : # 2 3

Cm m2 *k = 1/2 , 0 ;*k = 0 ,1/2 SEE : # 4
Cam2

*k = 1/2 ,1/2 SEE : # 2 4

# 3 7  Prararn *k = 1/2,0 ; *k = 0,1/2 ; *k = 1/2 ,1/2
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Gko E C2z C2x C2y I mz mx my

R1 1 1 1 1 1 1 1 1

R2 1 1 -1 -1 1 1 -1 -1

R3 1 -1 1 -1 1 -1 1 -1

R4 1 -1 -1 1 1 -1 -1 1

R5 1 1 1 1 -1 -1 -1 -1

R6 1 1 -1 -1 -1 -1 1 1

R7 1 -1 1 -1 -1 1 -1 1

R8 1 -1 -1 1 -1 1 1 -1

#38 Pama *k = 0,1/2 SEE : #37

*k = 1/ 2,0 ; *k = 1/2 ,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 2 0 0 0 0 0

R2 2 0 -2 0 0 0 0 0

#39 Pama *k = 1/ 2,0

Gko E C2z C2x C2y I mz mx my

R1 2 0 2 0 0 0 0 0

R2 2 0 -2 0 0 0 0 0

*k = 0,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 2 0 0 0 0

R2 2 0 0 -2 0 0 0 0

*k = 1/2,1/2
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Gko E C2z C2x C2y I mz mx my

R1 2 2 0 0 0 0 0 0

R2 2 -2 0 0 0 0 0 0

# 40 Pmma *k = 0,1/2 SEE:# 37

*k = 1/ 2,0 ; *k = 1/ 2,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 2 0 0

R2 2 0 0 0 0 -2 0 0

#  41 Pamm *k = 0,1/2 SEE:# 37 

*k -  1/ 2,0 ; *k = 1/ 2,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 0 0 2

R2 2 0 0 0 0 0 0 -2

# 42 Pnma *k = 1/ 2,0

Gko E C2z C2x C2y I mz mx my

R1 2 0 2 0 0 0 0 0

R2 2 0 -2 0 0 0 0 0

*k = 0,1/2

Gko E C2z C2x C2y .  1 mz mx my

R1 2 0 0 0 0 0 0 2

R2 2 0 0 0 0 0 0 -2

*k = 1/ 2,1/2

Gko E C2z C2x C2y 1 mz mx my
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R1 2 0 0 0 2 0 0 0

R2 2 0 0 0 -2 0 0 0

#  43 Paba

Gko E C2z C2x C2y I mz mx my

R1 2 0 2 0 0 0 0 0

R2 2 0 -2 0 0 0 0 0

*k = 0,1/2

Gko E C2z C2x C2y 1 mz mx my

R1 2 0 0 0 0 2 0 0

R2 2 0 0 0 0 -2 0 0

*k = 1/2,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 0 0 2

R2 2 0 0 0 0 0 0 -2

# 44 Pmba *k = 1/2,0 ; *k = 0,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 2 0 0

R2 2 0 0 0 0 -2 0 0

*k = 1/ 2,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 2 0 0 -2 -2 0 0

R2 2 -2 0 0 -2 2 0 0

R3 2 -2 0 0 2 -2 0 0

R4 2 2 0 0 2 2 0 0
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#  45 Pabm *k = 1/2,0

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 0 0 2

R2 2 0 0 0 0 0 0 -2

*k = 0,1/2

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 2 0 0

R2 2 0 0 0 0 -2 0 0

: = 1/ 2,1/2

Gko E C2z C2x C2y 1 mz mx

R1 2 0 2 0 0 0 0

R2 2 0 -2 0 0 0 0

#  46 Pnmm *k = 1/2,0

Gko E C2z C2x C2y I mz mx my

R1 2 0 0 0 0 0 0 2

R2 2 0 0 0 0 0 0 -2

*k = 0,1/2

Gko E C2z C2x C2y . I mz mx my

R1 2 0 0 0 0 0 2 0

R2 2 0 0 0 0 0 -2 0

*k = 1/ 2,1 /2

Gko E C2z C2x C2y I mz mx my
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R1 2 2  0  0 0 0 0 0

R2 2 -2 0 0 0 0 0  0

# 47Cmmm *k = 1/2,0 ; k = 0,1/2 SEE:# 1( 

*k = 1/2,1/2 SEE:# 37

#  48 Caram *k = 1/ 2,1/2 SEE#

= 1/ 2,0 ; k = 0,1/2

Gko E C2z C2x C2y 1 mz

R1 2 0 0 0 0 0

# 49 P4 *k =* 1/ 2,0 ;k  = 0,1/2 SEE:# 3

*k = 1/ 2,1/2

Gko E C2z C4z+ C4z-

R1 1 1 1 1

R2 1 1 -1 -1

R3 2 -2 0 0

# 50 PT *k == 1/ 2,0 ; k = 0,1/2 SEE# 3

*k = 1/ 2,1/2

Gko E C2z S4z+ S4z-

R1 1 1 1 1

R2 1 1 -1 -1

R3 2 -2 . 0 0

#  51 P4/m ll *k = 1/2!,0 ; k = 0,1/2 SEE#

*k = 1/21,1/2

Gko E C2z C4z C4z -I mz S4z-

R1 1 1 1 1 1 1 1

37

mx my 

0 0

6

S4z+

1
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R2 1 1 1 1 -1 -1 -1 -1

R3 1 1 -1 -1 1 1 -1 -1

R4 1 1 -1 -1 -1 -1 1 1

R5 2 -2 0 0 -2 2 0 0

R6 2 -2 0 0 2 -2 0 0

# 52 P4/nl 1 *k = 1/ 2,0 ; k = 0,1/2

Gko E C2z C4z C4z- I mz S4z- S4z+

R1 2 0 0 0 0 0 0 0

*k = 1/2,1/2

Gko E C2z C4z C4z- I mz S4z- S4z+

R1 2 2 0 0 0 0 0 0

R2 2 -2 0 0 0 0 0 0

#  53 P422 *k = 1/ 2,0 ; k = 0,1/2 : SEE# 19

= 1/2,1/2

Gko E C2z C2x C2y C2a C2b C4z C4z-

R1 1 1 1 1 1 1 1 1

R2 1 1 1 1 -1 -1 -1 -1

R3 1 1 -1 -1 1 1 -1 -1

R4 1 1 -1 -1 -1 -1 1 1

R5 2 -2 0 0 0 0 0 0

# 54 P42j2 *k == 1/ 2,0 ; k = 0,1/2

Gko E C2z C2x C2y C2a C2b C4z C4z-

R1 2 0 0 0 0 0 0 0

*k = 1/2,1/ 2



- 1 8  9 -

Gko E C2z C2x C2y C2a C2b C4z C4z-

R1 2 2 0 0 2 2 0 0

R2 2 2 0 0 -2 -2 0 0

R3 2 -2 0 0 0 0 0 0

#  55 P4mm *k == 1/ 2,0 ; k = 0,1/2 : SEE # 23

*k = 1/ 2,1/2

Gko E C2z C4z C4z- mx my ma mb

R1 1 1 1 1 1 1 1 1

R2 1 1 1 1 -1 -1 -1 -1

R3 1 1 -1 -1 1 1 -1 -1

R4 1 1 -1 -1 -1 -1 1 1

R5 2 -2 0 0 0 0 0 0

# 56 P4bm *k = 1/2,0 ; k = 0,1/2

Gko E C2z C4z C4z- mx my ma mb

R1 2 0 0 0 0 0 0 0

*k = 1/ 2,1/2

Gko E C2z C4z C4z- mx my ma mb

R1 22 0 0 0 0 0 0

R2 2 -2 0 0 0 0 -2 2

R3 2 -2 0 0 0 0 2 2

# 57 P42m *k = 1/ 2,0 ; k = 0,1/2 : SEE# 19

. -  1/ 2,1/2

Gko E C2z C2x C2y S4z+ S4z- ma

R1 1 1 1 1 1 1 1

R2 1 1 1 1 -1 -1 -1
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R3 1 1 -1 -1 -1 -1 1 1

R4 1 1 -1 -1 1 1 -1 -1

R5 2 -2 0 0 0 0 0 0

#  58 P4bm *k == 1/ 2,0 ;; k = 0,1/2

Gko E C2z C4z C4z- mx my ma mb

R1 2 0 0 0 0 0 0 0

*k = 1/ 2,1/2

Gko E C2z C4z C4z mx my ma mb

R1 2 -2 0 0 0 0 2 -2

R2 2 -2 0 0 0 0 -2 2

R3 2 2 0 0 0 0 0 0

59 P4m2 *k = 1/2,0 ; k =■ 0,1/2: SEE# 23

c = 1/ 2,1/2

Gko E C2z mx my S4z+ S4z- C2a C2b

R1 1 1 1 1 1 1 1 1

R2 1 1 1 1 -1 -1 -1 -1

R3 1 1 -1 -1 -1 -1 1 1

R4 1 1 -1 -1 1 1 -1 -1

R5 2 -2 0 0 0 0 0 0

#  60 P4b2 *k == 1/ 2,0 ; k = 0,1/2

Gko E C2z mx my S4z+ S4z- C2a C2b

R1 2 0 0 0 0 0 0 0

*k = 1/ 2,1 /2

Gko E C2z mx my S4z+ S4z- C2a C2b

R1 2 -2 0 0 0 0 2 -2
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R 2 2  -2 0 0  0  0 -2 2

R 3 2  2 0 0  0 0 0 0

#  61 P4/mmm *k = 1/2,0; k = 0,1/2 : SEE #  37

*k = 1/2,1/2 ; P4/mmm = P422 T

# 6 2  P4/nbm *k = 1/2,0 ; k = 0,1/2 
{non-zero characters only}

Gko E C2x

R1 2 2

R2 2 -2

*k = 1/ 2,1/2 { non-zero characters only }

Gko E C2z C2a

R1 2 2 2

#  63 P4/mbm *k = 1/2,0 ; k = 0,1/2 
{ non-zero characters only }

Gko E mz

R1 2 2

R2 2 -2

*k = 1/2,1/2 { non-zero characters only }

Gko E C2z C2a C2b I mz

R1 2 -2 2 -2 2 -2

R2 2 -2 -2 2 ' 2 -2

R3 2 -2 2 -2 -2 2

R4 2 -2 -2 2 -2 2

R5 2 2 0 0 2 2

R6 2 2 0 0 -2 -2
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#  64 P4/nmm *k = 1/2,0 ; k = 0,1/2 
{ non-zero characters only }

Gko E mx

R1 2 2

R2 2 -2

*k == 1/ 2,1/2 < non-zero characters only }

Gko E C2z C2a C2b mda mdb

R1 2 2 2 2 0 0

R2 2 2 0 0 2 -2

R3 2 -2 0 0 -2 2

#  65 P3 *k = 1/ 2,0 ; 0.-1/2 ; -1/ 2,1/2 : SEE

*k = -1/3,2/3 ; - 1/3,-1/3

Gko E C3+ C3-

R1 1 1 1

R2 2 -1 -1

# 66 P3 *k = 1/ 2,0 ; 0.-1/2 ; -1/ 2,1/2 : SEE

*k = - l/3 ,2 /3 ;- l/3 ,- l/3  : SEE # 65

#  67 P312 *k = -1/3,2/3; -1/3,-1/3 : SEE #  65

*k = 1/ 2,0 ; 0.-1/2 ; -1/2,1/2 

Gko E C22’

R1 1 1

R2 1 -1

#  68 P321 *k = 1/2,0 ; 0 ,1 /2  ; -1/2,1/2

Gko E C21”

R1 1 1
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R2 1 -1

*k = -1/3,2/3

Gko E C3+ C3- C21” C22” C23’

R1 1 1 1 1 1 1

R2 1 1 1 -1 -1 -1

R3 2 -1 -1 0 0 0

#  69 P3ml *k = 1/ 2,0 ; 0,--1/2 ; -1/2,1/2

Gko E mv2

R1 1 1

R2 1 -1

*k = -1/3,2/3 ;-1/3,-1/3 : SEE #  65

#  70 P31m *k = 1/ 2,0 ; 0,-1/ 2 ; - 1/2,1/2

Gko E md2

R1 1 1

R2 1 -1

*k = -1/3,2/3

Gko E C3+ C3- mdl md2 md3

R1 1 1 1 1 1 1

R2 1 1 1 -1 -1 -1

R3 2 -1 -1 0 0 0

#  71 P3l2/m  *k = 1/2,0 ; 0.-1/2 ; -1/2.1/2

Gko E C22’ 1 md2
R1 1 1 1 1
R3 1 -1 1 -1
R2 1 1 -1 -1
R4 1 -1 -1 1
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*k = -1/3,2/3 ; -1/3,-1/3

Gko E C3+ C3- mdl md2 md3

R1 1 1 1 1 1 1

R2 1 1 1 -1 -1 -1

R3 2 -1 -1 0 0 0

#  72 P32/ml *k = 1/2,0 ; 0,-1/2 ; -1/2,1/2

Gko E C22’ 'I mv2
R1 1 1 1 1
R3 1 -1 1 -1
R2 1 1 -1 -1
R4 1 -1 -1 1

*k = -1/3,2/3 ; -1/3,- 1/3

Gko E C3+ C3- C21’ C221 C23’

R1 1 1 1 1 1 1

R2 1 1 1 -1 -1 -1

R3 2 -1 -1 0 0 0

# 73 P6 *k = 1/2,0 ; 0 -1/2 ; -1/ 2,1/2 : SEE

*k = -1/3,2/3 ; -1/3,- 1/3 : SEE # 65

# 74 P5 *k = 1/ 2,0 ; 0.-1/2 ; -1/ 2,1/2 : SEE #

*k = -1/3,2/3; -1/3,- 1/3

Gko E C3+ C3- S3- mz S3+

R1 1 1 1 1 1 1

R2 1 1 1 -1 -1 -1

R3 2 -1 -1 -1 2 -1

R4 2 -1 -1 1 -2 1

#  75 f t / m *k = 1 / 2 , 0 ; 0 , - 1 / 2 ; 1 / 2 , 1 / 2  -  s e e  #6
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*k == -1/3,2/3 ;-1/3,-1/3 : SEE # 74

#  76 P622 *k = 1/ 2,0 ; 0.-1/2 ; - 1/ 2,1/2

Gko E C2z C22’ C22’

R1 1 1 1 1

R2 1 -1 -1 1

R3 1 1 -1 -1

R4 1 -1 1 -1

*k == -1/3,2/3 ; -1/3,-1/3 : SEE #  68

#  77 P6mm *k = 1/ 2,0 ; 0,-1/2 ; -1/ 2,1/

Gko
R1
R2
R3
R4

E C2z md2 
1 1 1 
1 1 -1 
1 -1 1 
1 -1 -1

mv2
1

-1
-1
1

*k -  -1/3,2/3 ;-1/3,-1/3 : SEE # 70

# 78 P6m2 * k  = 1 / 2 , , 0 ? 0 ,

Gko E C22’ mz mv2

R1 1 1 1 1

R2 1 -1 1 -1

R3 1 -1 -1 1

R4 1 1 -1 -1

Pi = 3.14159 ; w = exp(-2*pi*l/3)

*k .= - l/3 ,2 /3 ; --1/3,- 1/3

Gko

R1 1 1 1 1 1 1

R2 1 1 1 -1 -1 -1

R3 1 w w* w* 1 w

R4 1 w w* -w* -1 -w
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R5 1 w* w w 1 w*

R6 1 w* w -w -1 -w*

P62m *k = 1 /2 ,0  ; 0 , - l /2

Gko E C22” mz md2

R1 1 1 1 1

R2 1 1 -1 -1

R3 1 -1 -1 1

R4 1 -1 1 -1

*k = -1/3,2/3

Gko E 
R1 

R2 1 
R3 1

R4 1

R5 2 

R6 2

1

1

-1

C3-
1

1
1

C21

1

’ C22”
1 1 

1
-1 -1

C23”
1

1
-1

mz S3- S3+
1 1 1 

-1 -1 -1 
1 1 1

mdl
1

-1
-1

md2
1

-1
-1

md3
1

-1
-1

1 -1 -1 -1 -1 -1 -1 1 1 1

-1 0 0 0 -2 1 1 1 1 1

-1 0 0 0 2 -1 -1 1 1 1

# 80 P6/mmm *k = 1/ 2,0 ; 0.-1/2 ; -1/ 2,1/2

Gko E C2z C22’ C22” I mz md2 mv2

R1 1 1 1 1 1 1 1 1

R2 1 1 -1 -1 1 1 - 1 -1

R3 1 -1 1 -1 1 -1 1 -1

R4 1 -1 -1 1 1 -1 -1 1

R5 1 1 1 1 -1 -1 -1 -1

R6 1 1 -1 -1 -1 -1 1 1

R7 1 -1 1 -1 -1 1 -1 1

R8 1 -1 -1 1 -1 1 1 -1

*k = - 1/3,2/3 ; -1/3, -1/3
P6/nimm = P622 x 1
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APPENDIX I I I  

Subgroups of the 80 Diperiodic Groups

# GROUP Go Z - Subgroup K - Subgroup

1 PI PI PI

2 PT PI PT

3 P211 PI P211

4 Pm ll PI Pml 1,Pal 1 Pbl 1

5 Pbll PI P b ll

6 P2/m 11 Pml 1P211 P2/ml l,P2/al l,P2/bl 1

7 P 2 /b l1 Pbl 1.P211 P2/bll

8 PI 12 PI PI 12,Cl 12,PI 12j

9 PI 12j PI PI 12j

10 Cl 12 PI C112,P112P112

11 P llm PI PI lm ,C llm ,P lla

12 P lla PI P lla

13 C llm PI Cl lm ,P llm ,P lla

14 PI 12/m PI lm P l 12 
PI,PI

PI 12/m,Cl 12/m 
PI 12 /aP112 /m 
PI 12/a

15 P l l2 :/m P l l m P l^ ,  
PI,PI 1

P112 /m,P112 /a

16 Cl 12/m C llm ,C l 12 
PI,PI

Cl 12/m,PI 12/m 
P112 /aP112 /m 
PI 12/a

17 PI 12/a Plla,PI 12 
PI,PI

PI 12/a,PI 12j/a

18 P1123/a P lla , P lP l PI12j/a

19 P222 PI 12P211, PI P222.P222 
P22 2 ,P22 2 
C222

20 P222j P112 .P211.P1 P222xy 2 2 x2x
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21 P22j2j

22 C222

23 P2mm

24 Pmm2

25 Pmb2j

26 Pbm2 j

27 Pbb2

28 P2ma

29 Pam2

30 Pab2j

31 Pnb2

32 Pnm2]

33 P2ba

34 C2mm

35 Cmm2

36 Cam2

37 Pinmrn

PI 12 ,P211,P1
P12jf

Cl 12.P211.P1

Pllm Plm l,P211
PI.

P112Plm l,Pm ll
PI

PIbl J>112 Pm l 1 
PI 1

PI 12 ,Pml 1,P lm l 
Pbll.PI

P112Plbl,Pbll
PI

P lm iP l la,P211 
PI

Pall,Plm l,P112 
PI

Pall.Plbl.P112.
PI

P bll,P lb l,P l 12 
PI

Pbll,Plm l,P112. 
PI

P lbl,P l la,P211 
PI

Cllm.Clml.P211
PI

Clml,C112,Pml 1 
PI

Clml.C112.Pbll
PI

Pmm2.P2mmm.P222 
PI 12/m,P121/m,Plml

C222.P222P222,
P 2 2 J 2 J P 2 2 J 2

P2mm,C2mm,P2ma
P2ba

Pmm2,Cmm2,Pnb2 
Cam2,Pam2,Pab2 
Pbb2,Pnm2 Pbm2 
Pmb2j 1 1

Pmb21,Pab2J

Pbm21,Pnm21

Pbb2,Pnb2

P2ma,P2ba

Pam2,Pnb2,Pab2
Pnm2j

Pab2j

Pnb2

Pnm2j

P2ba

C2mmP2mm,P2ma
P2ba

Cmm2.Cam2.Pam2 
Pnb2,Pab2 ,Pbb2 
Pnm2 ,Pbm2 Pbm2 
Pmb2,rmm2

Cam2Pmb2Pab2
Pnm21,Pam2

Pmmm.Cmmm.Camm
PnbaPabaPabm
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PllmP112,P121 
P2/ml l.Pml 1JP211 
PI,PI

38 Pama Pbb2J>am2,P2ma 
P222J5112/m,P112/a 
Paba,Plla,Plml,
PI 12J*2/bl l,PbllJ*l 
PI

39 Pnba Pnb2J>2baJ)222 
P112/a,PlblJ>l la  
P112,P2/bll,Pbll 
P211 JP1.P1

40 Pmma Pmb2 ,Pmm2,P2ma 
P22 2,P112/a,PI 12 /m 
Pmba,P2/ml l.P lm l 
Plla,Pmll,P211,Pl J*1

Pn ma,Pama,Pm ba 
PnmraJ’amm.Pmma

PamaJ*nba,Pnma

Pnba

Pmma,Paba,Pabm
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#  GROUP Go 

41 Pamm

Z - Subgroup

Pam2Pbm2 ,P2mm 
P22.2,PI 12,/m 
PI 12/m,Pllm,P112 
PI 12,P2/bl l.Pbl I 
P21 1PT.P1

l

42 Pnma

43 Paba

44 Prnba

45 Pabm

Pnb2,Pnm2 P2ma 
P22 2,PI 12 /a,P112/m 
PI laP lm l.P l 12 
PI 12,P2/bl l.Pbll 
P1.P1

Pab2 Pbb2,P2ba 
P22 2,PI 12 /a,P 112/a 
PI laP l 12 ,P112 
Plbl,P2/bl l.Pbll 
P211,PI,PI

Pm b2 ,P2ba,P22 2 
PI 12 /a,PI la,PI bl 
PI 12 P 2 /m ll,P m ll 
P21ipr.Pl

Pab2 Pbm2 ,P2ma 
P22, 2 ,P 11 z, /aP  112 /m 
Plbl.P l lm,FI 12, 
P 2 /b liP b l 1.P211 
PI,PI

46 Pnmm Pnm2, ,P2mm,P22,2
PI 121/'m ,Plm l,Pll lm
PI 12 ,P2/all,Pall 
P211.PI ,P1

47 Cm mm Cmm2,C2mm,C222 
Cl 12/m,Cl lm .Clml 
Cl 12,P2/mn,Pml 1 
C121.P211.P1.P1

48 Camm Cam2,C2mm,C222 
C112/m,Clml,Cl lm 
Cl 12,P2/bl l.Pbl 1 
P211,P1P1

49 P4 P211.P1

K - Subgroup

Pamm,Pnmm,Pabm 
Pnma

Pnma

Paba

Pmba

Pabm

Pnmm

Cmmm,Pmmm,Camm 
PnbaPabaPabm 
Pn maPamaPmba 
Pnmm,Pamm,Pmma

Camm.PnbaPaba 
PabmPnmaPama 
Pnmm,Pamm

P4

50 P4 P211.P1 P4
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51 P4/m

52 P4/n

53 P422

54 P42j2

55 P4mm

5 6  P4bm

57 P42rn

58 P42jm

59 P4ra2

60 P4b2

P4.P4.P2/mll
Pmll,P211,Prj*l

P4,P4,P2/bl 1_ 
Pbll.P211.Pl,PI

P4.C222.P222
P112.P121.C121
C112.P211.P1

P4.C222.P22 2 
P12. l.cl 12,P2rl 
PI

P4,C2mm,P2mm 
C llm .C lm l.P lm l 
PI lm,P211,P1

P4,C2mm,P2ba 
Cl lm.Plbl.P211 
PI

P4.C2mm.P222 
Cllm.P121.P211 
PI

P4.C2mm.P22,2, 
Cllm,P12 1.P2H 
PI

P4,P2mm,C222 
PI m l.C ll 2,P211 
PI

P4,P2ba,C222 
P lbl.P l 12JP211 
PI

P4/m,P4/n

P4/n

P422,P42j2

P42j2

P4mm,P4bm

P4bm

P42m,P4m2J>5b2
P42jm

P42jm

P4m2,P42m,P4b2
P42}m

P4b2

61 P4/mmm P42m,P4m2,P4mm P4/mmm,P4/nmm,P4/mbm
P422,P4/m,P4 P4/nbm
P4,Cmmm,Pmmm 
Cmm2,Cm2m,Pmm2 
Pm2m,C2mm,P2mm 
C222.P222.C 112/m 
C121/mJ>112/mJ>121/m 
Cl lm .C lm l J*ml 1 
P211.P1.P1

62 P4/nbm P42m.P4b2.P4bm P4/nbm
P422,P4/n,P4 
P4,Camm,Pnba 
Cam2 .P n b2,C2 mm 
P2ba.C222.P222 
Cl 12/m,P 112/a,C 11 m
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Plbl,C l 12,PI 12 
P2/bllJ>bll,P211 
PI,PI

63 P4/mbm P42 m,P4b2J>4bm P4/mbm,P4/nbm,P4/nmm
P42:2,P4/m,P4 
P4,Cmmm,Pmba 
Cmm2,Pam2,C2mm 
P2 ba,C222,P22 2 
PI 12 /a,Cl 12/m,Cllm 
Plla,C112,P112 
P2/m ll,Pm ll,P211 
PI,PI

64 P4/nmm P4m4,P42 m,P4mm P4/nmm
P42^2,P4/n,P4 
P4,Camm,Pnmm 
Cam2,Cb2m,Pnm2 
Pn2 m,C2mm,P2mm 
C222.P22 2 ,C 112/m 
C121/m,Fl 12 /m,PI 2 1/m 
C llm ,C lm l,K lm l,Pl lm 
C121,C112,P1121J»12ll 
P 2 /b liP 2 /a ll,P a ll 
Pbl 1,P211,P1,P1

65 P3 PI P3

66 P3 P3j»r,pi P3

67 P312 P3,C112,PI P312.P321

68 P321 P3.C121 JP1 P321.P312

69 P3ml P3,Cl ml,PI P3ml,P31m

70 P31m P3,Cllm,Pl P31m,P3ml

71 P31m P31m.P312.P3 
P3,C112/m,Cl lm 
Cl 12,PI,PI

P31m,P3ml

72 P3ml P3ml,P321,P3
P3,C12/ml,Clml
C121.PT.P1

P3ml,P31m

73 P6 P3.P211.P1 P6

74 P6 P3,Pml 1,P1 PE

75 P6/m P6.P6.P3 
P3,P2/m 11 
Pml 1.P211,P1 
PI

P6/m



-20  3 -

76 P622

77 P6mm

78 PEm2

79 P52m

80 P6/mmm

P6.P321.P312
P3.C222.C121
C112.P211.P1

P6.P31m.P3ml
P3,C2mm,Clml
Cllm,P211J>l

P5.P3ml,P312 
P3,Cm2m,Clml 
Cl 12,Pml 1^1

P5,P31m,P321 
P3,Cmm2,Cl lm 
C121.Pm liPl

P62m,P6m2,P6mm
P622,P6/mJP5
P6,P3ml,P31m
P31m.P3ml.P321
P312.PS.P3
Cmmm,C2mm,C222
Cl 12/m.C 12/ml
Cllm .Clm l.C112
C121,P2/ml l.Pm ll
P211.PI.PI

P622

P6mm

PEm2,PE2m

PEm2,?E2m

P6/mmm
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