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Abstract

SOME RESULTS IN
ADDITIVE NUMBER THEORY

by

XING-DE Jia

Thesis Advisor: Dr. Melvyn B. Nathanson

The thesis is devoted to the study of bases in additive number theory.
It contains four chapters.

Chapter One investigates the order of subsets of asymptotic bases. Let
g(A) denote the smallest integer h such that the set A is an asymptotic basis
of order h. Some estimates are proved for the extremal function

Gi(h) = max max g(A\F),

g(A)sh  |Fi=k
g(A\F)<eo

including

Ga(h) > (k+1) (: I ;)k (k:'_ l)m +O(h¥)

as h tends to infinity for any fixed k. It is also proved that Gi(h) has order
of magnitude ¥*~! as k tends to infinity for any fixed A. An interesting
connection between this problem and the theory of extremal bases in the
postage stamp problem is also proved in this chapter.

Chapter Two describes a simple and explicit construction of minimal
asymptotic bases of order h for every h > 2 by using either powers of 2
or g-adic representations of integers. It is also proved in this chapter that
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there exist minimal bases for commutative monoids, which generalizes some
results in additive number theory concerning minimal bases.

In Chapter Three, it is proved that if ® = {5,53,...,5,} and ¥ =
{11,T3,...,Ti} are two families of nonempty, pairwise disjoint sets such
that |S;| <A, |T;| <k (h>2and k> 1) and S; € T; for all i and j, then

h—r\*
N(‘P,‘F)Sh'(l-ﬁr) ;

where k = ¢(h — 1) + r with 0 < r < h — 2, and N(&, ¥) is the number of
sets X such that X is a minimal system of representatives for ® and X is
simultaneously a system of representatives for ¥. This was a conjecture of
Nathanson. A further result is also proved in this chapter. This study was
motivated by a problem in additive number theory concerning the existence

of minimal bases in given asymptotic bases.

Chapter Four considers the existence of thin bases for finite groups. Let
h > 2 be any integer. It is proved that every finite abelian group G of order
n contains a subset A such that hA = G and

lAI < 61n1/h, where ¢; = h(l +2-lﬂ|)h-1'

and that every finite nilpotent group G of order n contains a subset A such
that A* = G and

|A] < ean'®, where c; = 2%1h,

which completely answers an old question by Rohrbach in the nilpotent case.
Some applications of these results to Cayley graphs are also given. It is also
proved in this chapter that bases with given number of representations exist

for certain infinite abelian groups.
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1 ON SUBSETS OF ASYMPTOTIC BASES

1.1 Introduction

Let N denote the set of all nonnegative integers. Let A be a subset of N,
and let h be a positive integer. Let hA denote the set of all sums of A not
necessarily distinct elements in A. If AA contains all nonnegative integers
then A is called a basis of order h. If hA contains all sufficiently large
integers then A is called an asymptotic basis of order h. The major problem
in additive number theory is to describe the structure of various kinds of
bases. Most famous examples are Goldbach’s Conjecture which states that
any large even integer is expressable as a sum of two prime numbers, and
Waring’s Problem about the kth powers of integers. More recent work in
additive number theory is concerned with general bases.

The simplest example of a basis is the set of all odd integers and 0, which
is a basis of order two because any even integer is a sum of two odd integers
and any odd integer is a sum of 0 and the odd integer itself. Lagrange’s
Theorem asserts that each positive integer can be written as a sum of at

most four squares of integers, thus the set of squares is a basis of order four.

Let A be an asymptotic basis, and a € A. The A\{a} is not necessarily
an asymptotic basis. For instance,

H={n€N|m=0mod h}uU {1}
is a basis of order A, but H\{1} is not an asymptotic basis of any order.

1



1 ON SUBSETS OF ASYMPTOTIC BASES 2

We denote by I the set of elements a € A such that A\{a} is an asymptotic
basis. Erdés and Graham [8] and Grekos [16] showed that a € I if and only
if

ged{z ~2' | z,z' € A\{a}} = 1.
Let g(A) denote the least integer A such that A is a basis of order h. For
any a € I, Erdos and Graham investigated how large g(A\{a}) could be in
terms of g(A). Define

Gi(h) = max, maxg(4\(a})

Erdds and Graham [8] proved that
1 2 S 2
Z(l +o(I)h" < Gi(h) < 3(1 + o(1))h.

In his doctoral thesis, Grekos [16] improved this estimate to
1
3
and Nash [38] improved the upper bound even further:

h? + O(h) < Gy(h) € K? + h,

Gi(h) € %h’ + h.

However, there is still a big gap between the upper and lower bounds. Some
exact values of G1(h) are known for small . Erd6s and Graham [8] showed
that G1(2) = 3, Nash [38] showed that G1(3) = 7 and G2(3) = 13. Li [34]
showed that G1(4) = 10 and G;(5) = 15. It would be interesting to calculate
more values of G1(h).

Nathanson [43] first considered the general form of this problem. Let
k > 1 be an integer. If A is an asymptotic basis, let I;(A) denote the set of
all subsets F of A such that F has cardinality k and the set A\F is still an
asymptotic basis. Define

Gi(h) = Jax, max 9(A\F).
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Nathanson proved that

k+1
o ([eha] 1) -

where h > k, and [z] denotes the largest integer not exceeding z. In [24], I
improved this result to

k+l
Gi(h) > % (F-%T) + O(h*) (as h — ), (1.1)

and recently I have proved that

k k+1
G;,(h)z(k+l)(:I;) (k:l) +0(h) (a8 h—=oo). (12)

It is clear that (1.2) is sharper than (1.1) for all £ > 1. But the proof of
(1.1) is much simpler. So in Section 1.2, I shall present the proofs of these
two results. In Section 1.2, I shall also prove a connection between this
problem and the theory of extremal bases in the postage stamp problem,
which provides some lower bounds for Gi(h) by using a result of Mrose [36]
about finite A-bases for integers.

In Section 1.3, I shall prove the following estimate for Gi(h) as k tends
to infinity for any fixed integer h > 2:

Ge(h)+12>2 (h—f—l) . + (4h = 5) (F’E“I) " + O(k*-3),

and

2 2 1y h-
(h 1) (h 2)!
In particular, we have that Gx(2) = 2k 4 2 for all k£ > 1, which is a result
by Nash [38].

Gi(h)+1< Al pheay O(k*-3).
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1.2 Lower Bounds for G,(h) for Fixed k&

Theorem 1.1 Let k > 1. Then
4 k41 .
e 2g () +om
as h tends to infinity.

In order to prove this theorem, we need the following lemmas.

Lemma 1.1 Leth> k+1 and k > 1. Define

u = [_"_]
k+1)°

2h
[543
h~(k—-1u-2d,

2h

il
ubic1 40 for i=2,3,...,k,

Whi+ by — h+ (k—1)u+ o,

=§
!

a & & 9
| Y | O | I [

Then

k k k
md+Y zbi+h—-Y 2> (m—-1)d+ Y z:b + by + u'by (1.3)
i=1 i=1 =1
and
k k k
(m—1)d+zx;b;+u'bk+h—zz.-—u'2md+Za:,-b; (1.4)
i=1 i=1 i=1

hold foranym > 1, and 0 < z; <u fori=1,...,k—-1,0< 2, < v'.

Proof. From the definition, we have

k k k k
md+ Y zibi+h—3 sr=(m-1)d+> zbi+h=3 z;+d

i=1 i=1 =1 i=1
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k k-1
= (m-1)d+ Ez;b; +b +u'by + E(u - z;) 4 (v — zi)
i=1 i=1

k
> (m=1)d+ Y zibi+b + u'by,

=1

which shows (1.3). It follows from the definition that

k k
(m—l)d+Zz.-b.-+u'bk+h-Zz.'-u'

=1 =1

k k
= md—u‘bk—b1+h-(k—1)u—u'+z:z.-b.-+u'bk+h—Zz.--u'

=1 i=1
k k
= md+) zibi+2h—(k—1u-2u'=) "z, -4
i=1 i=1

k
> md+ ) zib+2h—2(k—u—3u - b.
i=1
Noticing that

h 2h 2h

1]
2(k-1u+3u +b < 2(k l)-k+1+3 3b+3+k+l

k-1 3 1
= 2"(fc+1+:>'k+3+k+1)
= 2h, :

we have that

k k
(m—1)d+) " zib; +2h - 2(k - Du—3u' = by > md+ ) _ z:b;,

i=1 i=1

which implies (1.4). The proof of Lemma 1.1 is complete.

Lemma 1.2 Let h k,u,u’,0,by,...,b; be as in Lemma 1.1. If

0<z;<u for i=1,... k-1, and 0<z <2,

then
k k k
z z;bi + ub, + h — Z z—u> Z zib; + by
=1 =l i=s+l

holds for any 1 < s < k- 1.
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Proof. Noticing that s > 1, we have

k
h= Y zi-u > h—(k-2u-2u"-u
i=a+1
= h—(k=1)u-2v
= o
Therefore,
k k k
E zib; + ub, + h — Z ri—-u 2> Z zibi+ub, + o
s=a41 i=s+l i=a+1
k
= E zibi + by,
i=a41

which proves Lemma 1.2.

Lemma 1.3 Let d be as in Lemma 1.1. Then
D={a|a=0 or1lmodd}

18 an asymplotic basis of order

k41
i0)=3(r5)  +owh.

Proof. 1t is clear that h > 3k 4+ 3 implies d > 4. Let n be any positive
integer with n = gd+r, where 0 < r < d-1. If r = 0 then n = ¢gd € D,
hence n € (d — 1)D. If r > 0 then

n=(gd+1)+(r-1)€rD,

so n € (d = 1)D, hence D is an asymptotic basis of order g(D) < d —1.

For any m, if

4
md -+ (d - l):Ea;, a; € D,

=1
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then it follows from the definition of D that there exist at least d—1 elements
a; in {ay,a3,...,a:} such that a; = 1 mod d, which implies that ¢t > d — 1.
Therefore,

g(D) = d-1
whe+b —h4+u -1
wubpa+u'oc+b—h4(k=-Dutu' ~1

= v+ (WP bud D) b+ (k- Dutu’ —1
2h B \*1? *
3k+3'(k+1) +O(h")

4 h k41
= 3 (lc+ 1) +O0(RY).

The proof is complete.

Proof of Theorem 1.1. Let F = {by,bs,...,b;}, and let A = FU D,
where by,b2,...,b0,d, and D are as in Lemmas 1.1 and 1.2, we obtain with
Lemma 1.3 that A is an asymptotic basis. We now assume that h > 3k + 3.
Then

4<h<h<---<bh<d,
which implies A\F = D. Therefore, F € It(A). By Lemma 1.3, it is
sufficient to prove g(A) < A,
Let m > 1 and

0<z<u for i=1,2,...,k—-1, 0<z <.

Since

k
243 xi+v < 24 (k-1u+2d
=1
h 2h

24k g2 g
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2h
h'(3k+3'2)
< &,

we have that .
md+ Y zib; € hA,
i=1
and R
(m—1)d+ Y zib; + by + u'be € hA.
i=1

Therefore, any integer z satisfying

k k k
md+zz.'b.'sz_<_md+2x,~b.-+h-z::;

i=1 i=1 i=1
or

k
(m-l)d+zzib;+bl +ubp <<

=1
k k
Sm-1)d+) zbi+b +ubp +h=Y zi—1—
i=1 i=1

is contained in AA. Let [a,b] denote the set of integers n satisfyinga < n < b.
It therefore follows from Lemma 1.1 that

k k
[md+ E zibi, md+ (z1 +1)b; + Z x.-b.-] C hA.
i=1 i=2
The arbitrariness of z; : 0 < x; < u — 1 implies that
k k
[md+2z;b.—, md + uby + Ez.-b.-] C hA.
=2 =2
Using Lemma 1.2, we have that

k k k
md+ Y zibi+ubi+h =Y xi—u>md+ (22 4+ Db+ Y zibi,

=2 =2 =3
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hence,
k k
[ma + i, md+(za+ Doa+ 3 =
=2 =3
Again by the arbitrariness of z3 : 0 < z3 < u—~ 1, we have that

b.-] C hA.

k k
[md + E z;:b;, md 4+ uby + 2 z;b.-] C hA.

=2 =3

Again using Lemma 1.2, we see

k k
[md + Zz;b.', md + (3 + 1)b3 + z z.'b.'] C hA.

=3 =4

Continuing this procedure, we obtain that
[md, md 4+ u'b;] C hA.

Noticing that

_ , % Ko 2
-htE-Duid’ < R -h+E-D it
2h
< 20 —u -
S gyg<hov-b

we finaly obtain that [md, (m+ 1)d] C hA for any m > 1. This means that
z€hAforallz > 2d,i.e., g(A) < h. This completes the proof of Theorem
1.1.

Theorem 1.2 For any given posilive integer k,

Ci(h) > (k+1) (::;)k (kil)m+0(h*) (15)

as h tends lo infinily.

In order to prove this theorem, we need the following two lemmas.
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Lemma 1.4 Leth > 2 and k > 1 be integers. Let
+ = [l
T lE+2)’
by = (k+Vh—k(k+2Du+2k+1,
biyn = ubj+ih—i(k+1)u+2i for i=12,...,k-1,
d = ubg+kh—k(k+1)u+42k-1.

Ifl<z;<ufori=12,...,k then

k
(i) ubk+h—2zg—u2d+ubk_1-—bk—1;

i=1

(ii)) Forany1 <8< j—-2,

k
ub,yy — ,+2+’l--22,'—u+12ub,—b,+1--l.

1=1
Proof. It follows from the definition that

k
ub;,+h—2.t;-u2ubk+h—ku—u
=1

= ubp_g —be+(k=1)h—-(k-1)(k+1u

+ 2(k—1)+ubg+h—(k+1)u
= ubg_y — by -+ ubg + kh — k(k + 1)u + 2k — 2
= d4ubgey = b ~1,

which proves (i).
From the definition, we see that
k
ub, 41 ""‘ba+2+h"23i—“+l

=1

tbyyy —bepa+h—(k+1)u+1

= —(s+1Dh+(a+1)k+Du—-2(c+1)+h-(k+1u+1
= —sh+s(k+1)u~2s-1

= ub, —by41~1,

10
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and this shows (ii).

Lemma 1.5 Let h k,by,..., b be as in Lemma 1.4. Ifh > (k +2)3, then

k
ub, + h - Z zi—u=—s8+12>byy
=1

holds for any 1 < z; <u(i=s+1,...,k)andl1 <s<k -1

Proof  Since h > (k + 2)3, we have that

k
ub, + h — E Zi—u—s+12ub+h=(k—s)u~u—s+1
f=a41
begr1 —(sh—s(k+u+2s)+h—(k+1Nu+su~s+1

bopr1 +(8=1)(k+2u~h)+u—-3s+1
b.+1+(s-1)((k+2)(r_':_—§—l) -h)+k"ﬁ-—3s

bas1 + L. ((k+2)(s—1)+ 3s)

v

k42
h
> f'.-§-1+7:—_'_—2“(“‘*‘2)2
2 bl+lr

which proves the lemma.

Proof of Theorem 1.2. Let h > (k +4)3. Let u,b;,...,b; and d be as
in Lemma 1.4. Then

1<h << <l <d. (1.6)

Let D= {md, md+1|m=20,1,... }. Then D is a basis of order d — 1.
Since
hh=(k+1Dh-kk+2u+2k+1=h+0(1),

we gee that

he
by=uby +h—(k+1u+2= =+ O(h).
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Similarly,
b = ubpy+kh—(k=1)k+Du+2(k-1)
(—k-_%;_—f + O(h"‘l).
Therefore,

g(D)=d—1 = ub+kh—k(k+1)u+k

—_ uhk +O hk)
= Grg T

flag! Bk
Evay o)

(k+1) (:I;)k (k_':_ l)m +O(h").

Let F = {b1,...,b}, and define A = DU F. Then (1.6) implies that
A\F = D. Therefore, it is sufficient to prove that A is an asymptotic basis
of order A.

Let m be a positive integer. Let 1 € z; < ufori=1,2,...,k. Since

k
v+ 7 S (k+1)u<h,

i=1

we see that

k k
md + Z z;b; € hA, md + Zz.-b.- +ub, € hA for any s. (1.7)

i=1 i=1

Hence, we have that

k k k
[md-{-z:z,-b.-, md + Ez.'b.'-}-h—z:z;] C hA
i=1

i=1 i=1

and

k k k
[md+2:.—b,-+ub,, md+Ez,~b,~+ub.+h-Zz,-—u] C hA.

=1 =1 i=1
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Since
k .
d+h-)Y zi+1>d+h—-ku+1
=1
= ubp+kh-k(k+1)ut+2k-14+h~ku+1
= ubp+(k+1Dh-k{k+2Qu+2k+1-1
= ubpy+b ~1,
we see that

k k k
md+z:z;b;—bl+h—z:z.-+12(m—l)d+23;b;+ubk-l.

i=1 i=1 =1

Noticing (1.7), we have

k k
[md + 2 zibi = by, (m—-1)d+ z zibi + ubk] C hA.

i=1 =1

It follows from the first inequality of Lemma 1.4 that

k k k
(m—l)d+2=;b.-+ub;,+h—zz.--u2md+2:,~b.~+ubk_1—-bk—l,

i=1 i=1 i=1

which implies that

k k
[(m -1)d+ Ez;b; + uby, md+ Z b + ubp_y — bk] C hA.

i=1 =1

Therefore,

k k
[md+ S zibi—by, md+ zib; + ubk_y - b;‘] ChA.  (18)

i=1 =1

Form (1.7) and the second inequality of Lemma 1.4, we see that

k k k
md+) " zibi+ubsyr—~bpyath =Y zi~u+1> md+ Y zibi+ub, —byyy —1

i=1 i=1 i=1

for s =1,...,k —2. This implies that

k k
[md+ Ezibi + '-‘bo+l = 042, md + Z z;b; + ub, — ba+l] ChA

=1 i=1
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fors=1,...,k —2. Therefore,
k k
[md + Y xibi + ubjey — by, md+ Y zibi + uby — b,] ChA.  (L9)
i=1 i=1
Since
k
uby —bz+h—22-‘+l—uz uby—ba+h—-(k+u+2-12> -1,
i=1
we see that
k k k
md+z:n.-b.- + uby ~ by +h-z:z.-+l— u> md+2z.-b.~ -1,
=1 i=1 i=1
which implies
k k
[md + Z xzibi + uby = b3, md+ E .’l:.'b,'] C hA. (1.10)
i=1 =1

Therefore, by (1.8), (1.9) and (1.10), we obtain that

k k
[md+ Y zibi—by md+ Zz;b.-] C hA.

i=1 i=1
Thus the arbitrariness of z; : 1 < z; < u implies that
k k
[md+ D xibi, md+ ub; + ):z.-b.-] C hA. (L11)
=2 =2
It follows from Lemma 1.5 with s = 1 that
k k k
md + uby +Zz.'b.'+h—2:z.'-u— 1> md+(zz+l)bz+zz.'b.',
=2 i=2 =3
hence,

k k
[md+ uby+ ) wibs, md+(za+1)b2+ ). z.-b.-] C hA,
=2 i=3



1 ON SUBSETS OF ASYMPTOTIC BASES

It therefore follows from (1.11) that

k k
[md +Y zibi, md+ (za+ )b+ z.-b.-] C hA.

=2 §=3

Again by the arbitrariness of 23 : 1 < 23 < u, we see that
k k
[md+ bt Yo, md+ b+ uba+ 3 zibi| C A
=3 =3
By Lemma 1.5 with s = 2, we have that

k k
md+ (ut+ Db+ Y zibi+h= zi—u—1

i=3 =3

k
> md+ b + (za+ )b + ) zib;.
=4
Hence,
k k
[md + b2 + Z zibi, md+by+ (za+ 1)b3+ Z zibi] C hA.
=3 i=4
By a similar argument, we obtain that
k k
[md +) b, md+) b+ ub,,] C hA.
=2 =2

Observing that, for A > (k + 4)3,

uby+h—u—k = d-kh+k(k+1D)u~(2k-1)+h—-u-t£k
d=(k—1)h+(*k +k—1)u~3k+1

h
> - (k ~ 2 - —— -
2 d—(k=1h+(k'+k 1)(’:+2 1) 3k+1
h
= drppg 42
> d,

we finally obtain that

[md+ ib.-, (m+ 1)d+zk:b.-] C hA

§=2 =2

15
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k
for all m > 1. Therefore, hA contains all integers n > d +Z b;,ie., Aisan

i=1
asymptotic basis and g(A) < h. This completes the proof of Theorem 1.2.

Let Ay = {0<a1=1<a3 <-+<ay} be aset of k + 1 integers. Ay is
called an h-basis for n if every nonnegative integer < n can be written as a
sum of h elements of Ay, i.e., hAx D {0,1,...,n}. Let n(h, A;) denote the
largest n for which Ay is an h-basis for n. Define

n(h, k) = maxn(h, Az).
Ax

This is the famous postage stamp problem. Aj represents the set of stamp
face values available, and the evelope has room for at most A stamps.
n(h, Ax) + 1 is the smallest postage that cannot stamp. For more about
this problem, see Hofmeister [21,22] and Selmer [57). Now we prove the
following connection between Gi(h) and n(h, k).

Theorem 1.3 Gi(h) 2 n(h=1,k+1) forh>3 and k> 1.

Proof. Let h> 3 and k > 1. Suppose that
Avpi={0<ar=1<a3< - < ag41}
is such that n(h ~ 1, Ag41) = n(h - 1,k + 1). Let

d = n(h=1,kE+1)+1,

D = {mdmd+1|m=0,1,... }.
Then D is an asymptotic basis of order g(D) = d—1 = n(h -1,k + 1).
Let F = {a3,...,0441}. Let A= DUF. Then A\F = D. We must show

that A is an asymptotic basis of order h. Let n be any nonnegative integer.
Suppose n = md + n’ with 0 < n’ < d. Since n’ € (h ~ 1)A441, we have

n = ai 40, + - +aj, +1,
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where a;; € F and r+¢ < h— 1. Then
n=md+t+a; +a,+ - +a; €hA,

which implies that A is a basis of order A. This completes the proof of
Theorem 1.3.

The best lower bound for n(h, k) as h tends to infinity is due to Mrose
[37], who showed that, for k > 4,

n(h. k) > Y 2[*] . (%)k + O(’lk—l),

where 7+ = 1,1.024,1.205 or 1.388 according to £ = 0,1, 2 or 3 mod 4.
Therefore, we have the following corollary.

Corollary 1.3.1 For any k > 4, we have

Gi(h) 2 Yk41+ ol*H]. (k_:-—l) “ + O(h") as h — oo,

where v is defined as above,

1.3 Estimate of Gi(h) for Given A

As in the prevoius section, [a, )] denotes the set of all integers n such that
a<n<b.

Lemma 1.6 Leth> 2,k > h—-1. Lein= [h—-f—l] Define bg = 1 and

i
binyj = bin+3 - (2 + 2 bun):
p=1
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Jori=0,1,....h=2and j=1,2,...,n. Let m> 2. Let

D= {0,1,md, md + 1}.

Then
i-1 )
[md +2+4 D by, md+14Y b,..,] C (i + )({b1,.. ., bin} UD) (1.12)
u=1 u=1

fori=12,... A-1.

Proof Foranyl<s<h-—1let A, = {b,...,.0p}uD. Ifne€
[md+2, md+145;], then 2 < n—md < by +1. If n—md is odd, then there
exists a b; (1 < j < n) such that b; = n—md, ie.,a = md+b;. fn—mdis
even then n = (md + 1) + 1 or there exists a b; such that n = (md+ 1)+ b;.
Hence n € 2A;. Now assume that (1.12) holds for any ¢ < s ~ 1. Then, for
anyi<s-—1,

[md, md+ 1+ i b,,,,] C (i+ 1)A;.

u=l
Let
a=~1 [
ne [md+2+ Y buy, md+1+ Zb,,,,].
p=1 u=1
If
-1
md+24+ 3 by <n < md+b_gyp4 — 1,
u=1
then
-2 a=1
md+2+ Y by <n—by_yyy <md+1+) by,
p=1 w=1

It follows that n—b(,_y), € sA,-1, which means n € (s+1)A,—; € (s+1)4,.
If there exists a j : 1 < j < 7~ 1 such that

md + by_1)y+j S8 S md+d1ygpi41 — 1,

then

=1

md <n- b('—l)n-.-j S md+ 1+ 2 bi‘ﬂ'
=1
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It follows that n € (s + 1)A,. If

[ ]
md+by <n<md+1+Y by,

p=1

then n — b,, € 84,1, thus n € (8 + 1)A,. The proof is complete.

Let A;,..., A, be sets of integers. Define

r
SAi={o1+-+a |ai€Aifori=12,...,r}
i=1
Let B be a set of integers and let g be a positive integer. B®) denotes the
set of nonnegative integers congrruent to some element of B. By A~ B we
mean that

AN{n>M|neN}=Bn{n>M|neN}
for some M. A(m) is the size of the set {a € A | 0 < a < m}. The lower
densily of A is defined by
A(m)

dA = liminf .
m—oo  m

To give an upper bound for Gi(h), we need the following Kneser’s Theorem.
Theorem 1.4 (Kneser’s Theorem) Let C = Ay + .-+ A,. Then either
n
dC > Y dA;
i=1

or C & C'9) for some g.

The following is slight improvemnet of the upper bound for Gx(h) by
Nash [38).

Lemma 1.7 Let h > 2. Then

2 a1, b+l o, -
Gi(h)+1< mk" 1+-(-h—-_-2—)!k" 1+ 03h-3) (1.13)

as k tends o infinitly,
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Proof. Let A be an asymptotic basis of order h. Let F' € I;(A). Let
- B = A\F. Then

hBU(F + (h—1)B)U---U((h=1)F + BUhF = N. (1.14)

Hence dhB > 0 and

k+h

-2
s

th+kd(h-1)B+("“)d(h 2)B + .- +(

k I h -1- 1) —1 2> h. Therefore,

d((""':"l)-1)B+dha+kd(h-1)3

+("+l)d(h-1)3+---+("+f‘_ 2)dB>l

Let £ > max{h—1,2}. Then we have that (

2 h

It follows from Kneser’s Theorem that we have a g such that
k+h—1 At kti- .
(( L )-1+g( -i))B
i=0
[ (E+h-1 —~ (k+i~-1 . (9)
..(( ' )—1+i=20( ; )(h--:))B.

Take the smallest g for which this last relation holds. We show that g = 1.
It follows from (1.14) that

hB)(g) + k((h— BD(g) + - + (" the "’) (B9(g) 2 5.

Using Kneser’s Theorem, we have that
h-1 .
(Z ("*; ‘)(h—i))a‘ﬂ(g) >g- ("*f ‘) 1.
=0

It is clear that if nB(9)(g) < g, then

(n+ l)B(’)(g) > nB(")(g).
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Therefore,
h=1
(("*,’:“) S ("*' )(h—i))B‘”(g)=g.
1=0

This implies that g = 1. Therefore,

Gr(R)+1 < ("*" )-1+§:("+‘f ‘)(r;_,-)

=0
2 g k1
monif tThoo

as k tends to infinity. This completes the proof.

kh—z + O( kh-a )

Theorem 1.5 Let h > 2. Then
k h-1 E h-2
am+1 2 2(50) +@-9 () +0,
h-1

2 -
T MR T

as k tends to infinity. In particular, Gi(2) = 2k + 2 holds for any positive
tnteger k.

Ge(h)+1 < ———kh2 L O(kh3)

Proof. The second inequality has already been established in Lemma
1.7. We now prove the first one,

Suppose k > h—1. Let n,by,..., b(a—1), be as in Lemma 1.6. Define

A~
bh—-1)n4; = bin-t)q +J (2 +3 lhm)

p=1
forj=1,2,...,k — (h— 1), and define

A-2
d=bk+‘2+§:b,m.
w1

Let

F = {bi,..., b0},
A = FU{a€N |a=0or1lmodd}.
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It is clear that both A and A\F are asymptotic bases.

We prove that A is of order h. Let m > 0 be any integer. It follows from
Lemma 1.6 that

=1 [

[md+2+zb,m, md+1+£b,.,,] C(s+1)A

u=1 p=1
fors=1,2,...,h =1, which implies that

h=1

[md, md+1+). bun] C hA.
u=1

Let
A-1
ne [md+2+ 3 b, md+d—l].

u=1
Suppose

h-2
md + b(h—l)n <+ t(2 + E b“") _<_ n<

=1

h-2
< md+ bp_y), + (t + 1)(2 +Y b,,,,)
p=1
for some t. Then
h-2
n— b(h—l)fH-l =n- b(h_])" + t(2 + E bl"!)
u=1

h=2
is contained in [md, md+1+ Z bun|, hence in (h — 1)A. Hence n € hA.
p=1

Therefore, [md, (m + 1)d — 1] C hA. This implies g(A) < A.
Since A\F = {a € N | a =0 or 1 mod d}, it follows that g(A\F) = d—1.
Hence Gi(h) + 1 > d. From the definition, a simple calculation shows that

bun = 'Tb(n—l)n + (b(»-l)n + '7"(#-2)11) + O(’i”—n)
holds for u = 2,3,...,h — 1. This implies that

br-tyn = 20" + (4h = )P~ + O(n*?).
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Therefore,
h-3
Ge(h)+1 > d=bk+2+zbnn
p=1

h-2 h=-2
= ot (k= (b= (24 L) +24 3 b
u=1 p=1
A-3
= WP+ (@b =TI P bgy +2+ Y buy
u=1
h=2

+ k= (=) (2+ X bun) + 00

=1
W=+ (4h = Byt + 2Pk — (B - 1)n) + O(" %)

2 (F-'-‘_—l)h—1 + (4h = 5) (h—f‘_-—l)h_2

-2h-1) (525 -1) (hq’_jl)m

h-2
+ak= (-0 (Gog)  +0G*Y)

= 2 (h—f-_—l) "+ (h-5) (h—f—l) o),

v

v

This proves the first inequality.

From Lemma 1.7 and the argument above, we see that the lower bound
and the upper bound are polynomials of k with integral coefficients. Hence
when h = 2, the remainders O(k*~2) in the inequalities are zero. Therefore,
Gr(2) = 2k + 2. It is readily seen that this holds for any k > 2, hence for
any k > 1 since G1(2) = 4. The proof is complete.

Theorem 1.6 Gi(h) 2 In(h—-1L,k)+ h forh>2 and k> 1.
Proof. Let h > 2,k > 1. Suppose that
Ar={0<a1=1<a3< - <a;}
is such that n(h — 1, A;) = n(h — 1,k). Let
d = 2n(hk)+h+1,
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D = {mdmd+1|m=0,1,... }.

Then D is a basis of order
g(D)=d-=1=2n(h,k)+ h.

Let

b = 1,

b = 2a;4+1 for i=1,2,...,k,

F = {blxbﬂl"')bk}'
It is clear that FN D =@. Let A = DUF. To prove the theorem, it is
sufficient to prove that A is an asymptotic basis of order h. Let n be a
positive integer. I shall show that n € hA. Since md,md + 1 € hA, we may

assume without loss of generality that n = md + n’ where 1 < n’ < d. We
must consider the following two cases which may occur.

If n' — h+1 = 28 is even, then
0<s< ["_‘.1_;_"_"‘_1.] = n(h = 1,k).
Hence, s = a;;, + -- - + a;,_,, where a;; € A;. Therefore,

n=md+n = md+2s+h-1
= md+(2a;, + 1)+ -+ (2a;,_, +1)
= md+bl'1 + “'+bl'p._||
which implies that n € hA.
Ifn’—h+1=2s8+1is odd, then
d=—h-~-1
2
Hence s = a;; + - + a;,_,, where a;; € A;. Therefore,

1<s< = n(h - 1,k).

n=md+n = md+2s+1+h-1
= (md+1)+(2a; + 1)+ -+ (2a;,_, +1)
= (md+1)+ b+ - +bi,_,,
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which implies that n € hA.

Therefore A is a basis of order h, which completes the proof of the
theorem.

The best lower bound for n(2, k) was given by Mrose [37], who proved
that ' 9
n(2, k) > ;,-k’ + O(k).

For h = 3, Windecker [59] has proved that
4 (k\3
> 3(8)
for all k. Therefore, we have the following corollaries.
Corollary 1.6.1 Gi(3) > -‘;-k’ + O(k).

Corollary 1.6.2 Gi(4) > %ks +4.



2 MINIMAL ASYMPTOTIC BASES

2.1 Introduction

A basis A of order h is called minima! if no proper subset of A is a basis
of order h. Similarly, an asymptotic basis A of order h is called minimal if
no proper subset of A is an asymptotic basis of order A. This concept of
minimality of bases was first introduced by Stohr [58). Hartter [20] showed
the existence of minimal asymptotic bases by a nonconstructive argument.
Nathanson [40] constructed the first nontrivial example of minimal asymp-
totic bases of order & > 2. Nathanson and I [33] discovered a simple con-
struction of minimal asymptotic bases of any order A by using powers of 2.
Furthermore, for any 1/h < & < 1, we ¢an construct a minimal asymptotic
basis A of order h such that

z* € A(x) € =%,

I shall present the proof of these results in Section 2.2, and generalize these

results to g-adic representations of integers in Section 2.3.

There are generalizations of bases and asymptotic bases for integers.
One interesting case is to replace the set of integers by the collection of all
finite subsets of integers, and the operation of addition by the set-theoretic
union of sets. Deza and Erdos [4] proved analogues of the Erdds-Landau
Theorem and Schnirelmann’s Theorem. Nathanson [41] and Grekos [16,17]
studied minimal union bases and maximal union nonbases. Nathanson [45]

26
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also studied multiplicative bases for integers. In Section 2.4, I shall de-
fine analogue concepts for commutative monoids, and prove some existence
theorems for minimal bases for commutative monoids.

2.2 A Simple Construction of Minimal Asymptotic Bases

Let W be a subset of N. Denote by F(W) the set of all finite, nonempty
subsets of W. Let

AW) = {Z 2/ | Fe .F(W)}.
1eF
Note that @ ¢ F(W), hence 0 ¢ A(W). Let 7 be a partition of the set N
of integers into h pairwise disjoint subsets Wy,..., Wj-1. It is clear that
A(Wo), A(Wy), ..., A(Wh~1) are disjoint. Define

A(r) = A(Wo) U -+ U A(Wh_y).

For any real number z, let [z] denote the greatest integer n such that n < z,
and [z] the least integer n such that n > r. Let A(z) denote the counting
function of A.

Theorem 2.1 Let h > 2, and let

o< [lo(h+ 1)]

log 2
Let w be a partition of N into h pairwise disjoint subsets Wy, ..., Wy, such
that each set W, contains infinitely many intervals of ¢ consecutive integers.
Then
A(r) = A(Wo) U+ - U A(Wh_y).

s a minimal asymplotic basis of order h.
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The proof uses the following two lemmas of Nathanson [48].

Lemma 2.1 (Nathanson) (i) If W is a subset of N such that W(z) =
az + 0(1) for some o € (0,1], then there exist two constants ¢y and c3 such
that

az” < A(W)(z) < ez
Jor all x sufficiently large.

(it) Let x be a partition of N into h pairwise disjoint nonempty subsels
Wo,...,Wh—1. Then A(x) is an asymplolic basis of order h. Indeed,

hA={neN|n>h}.

Lemma 2.2 (Nathanson) Let w;,...,w, be s distinct nonnegative inte-
gers, If

s t

2 QWi — Z 231'.

i=1 =1
where z1,...,2¢ are nonnegative integers that are not necessarily distinct,

then there is a partition of {1,2,...,t} inlo s nonemply sets Jy,...,J, such

that
Wi = Z 255
Je€ki
Jori=1,2,...,s.

Proof of Theorem 2.1. By Lemma 2.1, the set A is an asymptotic basis
of order h. We must show that A is minimal.

Let a € A. Then a € A(W;) for some r. Without loss of generality, we
may assume that a € A(Wp). Then there is a finite, nonempty subset F of
Wo such that

a= 2 2,

icF
Let M denote the largest element of F.
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Let ap = a. We shall construct positive integers a, forr = 1,2,...,h—~1.
Choose m, € W, such that m, > M and the ¢ consecutive integers m,, m, +
1,...,my+t-1belong to W,. Let F, be any subset of (M, m,)N"NW,. Define
a, by

. - mr+t-1 3
ar= Yy T+ 2+ Y 2 (21)
l%‘ s€Fy i=m,
tEW,

Then a, € A(W;) and
M < a, < 27

Let n = ag + - - - + ap—1. We shall show that this is the unique represen-
tation of n as a sum of h elements of A.

Suppose n = bg+---+by_1, where b, € Aforr =0,...,A=1. Then b, €
A(W;, ) for some k, € [0, h—1]. Suppose that there exists s € {1,2,...,h=1}
such that b, ¢ A(W,)forr=0,1,...,h—1. By Lemma 2.2 there are subsets
U, of Wy, such that

me+i-1  A-1 .
S =Yy
{=m, r=0 iU,

Clearly, each # in U/, is less than m,. It follows from the definition of ¢ that

my+4t—-1

(2t -1) = > 2

A
T
™
02,

A
>
82

H

< 2Me(2t - 1),

which is impossible. Therefore, after suitable renumbering, b, € A(W;) for
r=12...,h-1
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Next we show that by € A(Wp). Suppose bp ¢ A(Wo). We may assume
without loss of generality that 8y € A(W;). Since b, € A(W,;), it follows
from Lemma 2.2 that there exist subsets Vg of W; and V, of W, for r =
1,2,...,h =1 such that

h—1 h-1 .
Y ¥ d=a+d Y2 (22)
r=0{ieV; r=1 i<M

€W,
Since § < M for all i € UPZ3V,, it follows that

)2 ILI 3T 320

r=0¢eV,. i€V r=1 i€V,
h-1
< Yr+y Y 7
i€Vo r=1 i<M
W,
h-1 .
<MY T
r=1 '..EM
1 r

h~1
< a+) Y 2,
which contradicts (2.2). Hence, b € A(W;). Since the representation of an
integer as a sum of distinct powers of 2 is unique, it follows that a, = b, for
r=20,1,...,h— 1. In particular, by = a. This completes the proof.

Corollary 2.1.1 Lel 7 be a partition of N into two disjoint subsels W, and
W1 such that each W; contains infinitely many pairs of consecutive integers.
Then

A(r) = A(Wo) U A(WL)

is a minimal asymplotic basis of order 2.
Corollary 2.1.2 Let 7 be a partition of N into three disjoint subsets

Wo, W1, and W3 such that each W; contains infinitely many pairs of consec-
ulive integers. Then

A(r) = A(Wo) U A(W1) U A(Wh)
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is a minimal asymptotic basis of order 3.

These two corollaries are immediate consequences of Theorem 2.1 with
t=2

Lemma 2.3 Lett > 2 and h > 2. Let 0p,...,xx— be positive real numbers
such that

ag+c+ap =1

Then there ezists a partition » of N into h pairwise disjoint subsets W,
Wi, -+, Wa_y1 such that, forr=0,1,... ,h~ 1,

(i) We(z) = arz +0(1);
(ii) W, contains infinitely many intervals of t consecutive integers;

(i) In W;, the gaps between successive intervals of length t are bounded.

Proof. For any integer n > 1, define a,(n) and R,, by
ar(n) = [na,] for r=0,1,...,h—1,

and et
R, = z ar(n).
r=0

Let {Rn()}f2, be the maximal strictly increasing subsequence of {R,}>2,.
h-1

It follows from z o, = 1, and the definition of R, that
’ r=0
n(k) < n(k+1) < n(k) +h, (2.3)
Ruky < Ru(iy1) € Rur) + b, (24)
Ruky S n(k) < Raey + b, (2.5)

dr(k) = a.(n{k + 1)) = a,(n(k)) =0 or 1.
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Let Rp(k41) — Rnx) = u. Then there are u distinct integers r; €
{0,...,h — 1} such that

dy (k)= =d, (k)= 1.
The remaining h — u integers r; € {0,1,...,h — 1} satisfy
drypi(k)=-:-=dy, (k) = 0.
Let t > 2. Define
Wik = [(Rugiy +3— 1)t, (R + )t — 1)
for i =1,...,u; and define
Wee= @ fori=u+1l,...,h

For each r=0,1,...,h — 1, we define

o
W, = | Wes. (26)
k=1

It is clear that N = WoU - U Wj_y, that W;NW; = @ for i # j, and
that each W, contains infinitely many intervals of length t. It follows from
ay > 0 that (iii) holds.

Let z > 1. Suppose that
tRyk) < 2 < tRy(iq1)-
Then, by (2.4) and (2.5), we have

|z ~tn(k)] < th,
e —tn(k+1)] < 2th,

Therefore, fér each r=20,1,...,h—-1,

We(z) < ar(n(k+1))
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[n(k + Do}t
tn(k + 1)a,
arz + 2tha,,
a.(n(k))t
[n(k)a, ]t
tn(k)a, — t

vV A A

We(z)

vV Vv

t!,-z - thar - t,

and so
We(z) = arz + O(1).

This completes the proof of Lemma 2.3.

Theorem 2.2 For every a such that -'1;- < a < 1, there is a minimal asymp-
totic basis A of order h such that

127 < A(z) < cz® (2.7)

for all sufficiently large z.

Proof. Let g = o, and define o = ;’_‘: forr=1,2,...,h—=1. Then
ag+-+a1=1landey>a,>0forr=1,2,...,h~1, Let

.o l’log(h +1)
- log2 |

By Lemma 2.3, there is a partition # of N into h pairwise disjoint subsets
Wo, ..., Wr—; such that each subset W, contains infinitely many intervals
of length ¢, and

We(z) = arz + O(1).

Theorem 2.1 implies that A(7) is a minimal asymptotic basis of order h,
and Lemma 2.1 implies that (2.7) holds for all sufficiently large x. This
completes the proof.



2 MINIMAL ASYMPTOTIC BASES 34

Theorem 2.3 Let h > 2 and leli t = [l—os—l(ﬁ%l—).l Let ap,...,0cp—y be
positive real numbers such that ag + .- + ap?fl = 1. Let x be a partition
of N into h pasrwise disjoint subsets Wy,..., Wi_; salisfying condilions
(i), (i), and (iii} of Lemma 2.9. Let A = A(7) and a € A. Define E, =
hA\h(A\{a}). If a € A(W;) and @ = a, then

E,(z) » z'™,

Proof. Condition (iii) implies that there is an integer L such that in
every interval (y — L,y — 1] there are ¢ consecutive integers belonging to W,
for each r=0,1,...,A-1.

Let a € A. Without loss of generality we can assume that a € A(Wp).
We must show that
Eq(z) 3 2!~
Let 2M be the largest power of 2 that appears in tlie binary representation
ogz

; log 2
(v — L,y — 1] contains integers my,...,my_; such that

of a. Let z be a large positive number, and let y = . Then the interval

m,.+je(y-L,y-l]nW,-

forr=1,2,...,h—1,and j = 0,...,t—1. Let F, be a subset of (M,y— L]N
W,. Define a, by (2.1). Let n =a+a; +-:-+as-1. Then n < 2V = z. The
proof of Theorem 2.1 shows that n € hA\h(A\{a}) = E,, and that different
choices of the h — 1 sets F,..., Fi—; lead to different numbers n. Since
there are 2Wr(v=L)~Wr(M) choices of the set F,, it follows that the number
of n determined by Fy,..., Fj_; is

-1
TJ 2%-t-D)-wria),

r=1
Noticing that

h—-1

105,(1'[ 2"’4"-”-""(")) > M+ Wi(y~L)+---+Wia(y - L)

r=1
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A
= =M+ Zl(“iy + 0(1))

=1

= yloa+-+ap-1) + 0(1)
= y(1—a0)+0O(1)

= (1-ao)logyz+0(1),
we see that et
H 9gWr(y=L)~-W: (M) 9 gl
r=1

Therefore, E,(z) 3% 21720, This completes the proof.

An asymptotic basis A of order h is called strongly minimal if E,(z) >
(A(2))*! for each a € A and for all z sufficiently large.

Corollary 2.3.1 Let A satisfy the conditions of Theorem 2.3. If a, = } for
r=01,...,h—1, then A is a strongly minimal asymptotic basis of order

h.

Proof. Since A(z) € =%/}, this follows immediately from Theorem 2.3.

2.3 Minimal Bases and g-adic Representations of Integers

In this section, I shall use g-adic representations of integers to construct
minimal asymptotic bases. This generalizes the method used in Section 2.2.
As always, N denotes the set of all nonnegative integers, and Z denotes the
set of integers. Let W be a subset of N. In this section, denote by F(W)
the set of all finite nonempty subsets of W. Let g > 2 be an integer. Let

Ag(W) = {Z 019!

cEN 1S es< g F € J'-‘(W)}.
IeF
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Let » be a partition of N into h pairwise disjoint subsets Wp,..., W;_;.
Define
Ay(m) = Ay(Wo) U Ay (W)U -+ U Ag(Wha).

Lemma 2.4 Let m be any partition of N into h pairwise disjoint subsets
Wo,...,Wh—y such that each W, # 8. Then A,(x) is an asymptolic basis of
order h.

Proof. Let n be an integer > h. [ am going to prove that n € hA ().

n= Zc,g’,

JeF
where F € F(N),and 1 <cy <g—1forall fe F. If

ZCJE"-

JeF

Suppose

then it is clear from the definition of A,(x) that n may be written as a sum
of h elements of Ay(7), i.e., n € hAy(x). Now assume that

1€ ) ¢ <h,
JeF
Without loss of generality, we may write
! ]
n=3_gf,

i=1
where f; € F and the f; are not necessarily distinct. Since n > A, there
exists at least one fy > 1, thus

2
n=Y gf =3 gfi +dig/" 4. 4 digh""! € (s + ) Ay(7),
i=1 i
where 1 < dj < g and dy +:-- 4 d; = g. Noticing n > h, we can continue
in this way to divide powers of g until n is a sum of exactly h powers of g
with positive integral coefficients < g. This means that n € hA4,(x), and
the proof is complete,
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Lemma 2.5 Suppose fi < fa < .- < f, are nonnegative integers, If
a t
Yo cghi =3 digh, (2.8)
i=1 =1

where 1 < ¢; < g, 1 £d; < g and the h;’s are nonnegative inlegers, then
Jorangu:1<u<s,

Segfi< Y digh (2.9)

=1 hi<fe

Proof. If (2.9) is not true, then, for some u < s,

zu:c.-g" - z djghs > 0.

i=1 h,sf.

By (2.8), we have

4
Y digh = Yagh- Y digh

» u A
= 3 c.-y"+(2c-y"'- > dig ’)-
i=usl =1 hi</e

Since g/u*! divides the left hand side term and the first term on the right
hand side, we see that gfe*! must divide the second term on the right hand
side. On the other hand,

u
0 < chg!‘— Z djghf

4
< Y cgh

=1

fu
< Y (g-1)
k=0

< gfu'l'l‘

which contradicts the divisibility by g/**!. This completes the proof.
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Lemma 2.6 Let W be a sel of nonnegative infegers. If
W(z) =azx+0O(1) forsome 0<ax]l,
then there exist posilive constants ¢ and ¢’ such that
cz® < A, (W)(z) < '=*
Jor all z sufficiently large.

Proof. Let z > 1. Choose k > 0 so that
Let n € Ay(W) and n < z. Assume

n=3 cig/, 1<cs<yg, FeFW).
JEF
Then ¢f < n < zforall f€F, thus 0 < f < k. This means that F is
a subset of {0,1,...,k} N W. Since the cardinality of {0,1,...,k} N W is

W(k) + 1

W(k) + 1, it follows that there are different j-element subsets

of {0,1,...,k} N W, which may produce at most

(W(Ic? + 1) (0 =1y

¥
different numbers in A;(W). Therefore,

Wikl (W(k) +1

4@ < 3 (7] )(g-l)f

< gWlosz/logg)+1 _

q° logz/ logg+0(1) __ 1

< Jdz°.
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Let F be a nonempty subset of {0,1,...,k—=1}NW,and 1 < ¢y < g for

f € F. Then
k-1

Y <Y (9-f=g"-1<z
JEF =0

Since every nonnegative integer has a unique g-adic representation, we have
that

W{k—1) _ .
L) > 3 (W(". ")(g—w

i=1 J
= gW(k—l) -1
galoszllou-o-o(i) -1

> ex”.

The proof is complete. B
Theorem 2.4 Leth > 2,g> 2, lett = [12%—-?]. Let x be a parlition

of N into h pairwise disjoint subsets Wo, Wh,..., Wa_1 such that each set
W; contains infinitely many intervals of t consecutive integers. Then

Ag(m) = Ag(Wo) U -+ - U Ag(Wh1)

s a minimal asymptotic basis of order h.

Proof. Let a € Ay(x). Suppose a € Ay(Wp) and
a= z c;g!,
JEF

where F € F(Wp). Let M = I}Ieai"‘ f. Let ap = a. I shall construct h —1

positive integers a, € Ag(W;). Choose m; € W, such that m, > M and the
t consecutive integers m,,m, + 1,...,m, +t — 1 belong to W,. Let

Frg{zeWr'M<t<mr}:
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and 1 < ¢y < g for all f € F;. Define

. Mf+‘-l .
o= Y (@-Di+ X g/ + ) (9-1" (2.10)
M>ieW, 1€F; i=m,

Then a, € Aj(W;), and
(9—1)g™ < ar < g™t

Let n = ag + :- - 4+ a)_y. I shall show that this is the unique representation
of n as a sum of h elements of A (x).

Suppose that n = bp+ - -+by~1, where b, € Ay(x) forr=10,1,...,h-1.
Then b, € Ag(Wy(,)) for some 0 < k(r) < h — 1. Assume

b = E dﬂ'yiq Gr € f(Wk(,-))
l'EGp

for r = 0,1,...,h — 1. Suppose there exists some s € {1,...,h — 1} such
that b, ¢ A,(W,) for all r = 0,1,...,h — 1. Let U, be the set of i in G, s0
that { < m, 4+t — 1. Then by Lemma 2.5, we have

Meti=1 A=l _
Yo (e-1Df <Y Y dug'. (2.11)
i=m, r=0 t€l,

Noticing that b, ¢ A,(W,) for r = 0,1,...,h = 1, we see that i < m, for all
i€l (r=0,1,...,h = 1). It follows from the definition of ¢ that

ma(gt _1) = my+i=-1 ;
g™@-1) = ) (9-1)g
i=m,
h—1 )
2 2 drig'
r=0|'EU.-
m,—1 .
h- Y (g-1)gf
=0

hg™*

gm.(gl - 1)3

IA

IA

In A
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which is a contradiction. Therefore, we may assume that
bf e Ag(Wr), i-e-, Gr g Wf fOl‘ r= 1,2, e ,h et l.

Now we show that bg € Ay(Wp). If not, we may assume, without loss of
generality, that g € A;(W1). Then by Lemma 2.5, we have

h=1 . A-1 .
o+, Y (@-1¢ < XY did
=1 i r=0 &t

h-1
Y dud' + ) Y duigf
i<M r=1 i<M
1€Go €W,

h-1
< M+ T dugf
r=1 I'EM:-

h-1
< s+ Y (s~

r=1 i<M
W,

IA

which is again a contradiction. Thus by € A,(Wp). Since the g-adic repre-
sentation of an integer is unique, it follows that ¢, = b, forr = 0,1,...,A-1.
In particular, we have 8y = ag = a. This means that A,(r) is 2 minimal
asymptotic basis of order h, and the proof is complete.

Corollary 2.4.1 Let x be a partition of nonnegative integers into two dis-
joint infinite subsets Wy and W,. then, for any g > 3,

Ay(m) = Ag(Wo) U Ag(W1h)
is a minimal asymptotic basis of order two.

Corollary 2.4.2 Let x be any partition of nonnegative integers inio h pair.
wise disjoint infinite subsefs Wy, W),...,Wy_1. Then, for any g > h + 1,

Ag(m) = Ag(Wo) U Ag(W1) U -+ - U Ag(Wiy)

is a minimal asymptotic basis of order h.
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Theolrem 2.5 Let g > 2 be any integer, and let o« be a real number such
that i € a < 1. Then there ezisis a partition x of N into h pairwise
disjoint subsels such that

Ag(m) = Af(Wo) U A,(W2) U - -U Ay (Wh-1)
is a minimal asymptolic basis of order h satisfying thal
ex® < Ag(w)(z) < =* (2.12)
for all x sufficiently large, where c and ¢/ are constants.
Proof. Let ag = a, and define a, = :.:(: forr=1,2,...,h-1.

Then ag+ -+ apy =landag > op >0forr=1,2,...,h - 1. Let

t= lo_gl(oi_ﬂ.l' By Lemma 2.3, there exists a partition » of N into A

pairwise disjoint infinite subsets Wy,..., Wj-; such that each subset W,

contains infinitely many intervals of length t and
We(z) = arz 4+ 0(1).

Theorem 2.4 implies that A,(7) is a minimal asymptotic basis of order h,
and Lemma 2.6 implies (2.12) holds for all sufficiently large z. Hence the
proof is complete.

Theorem 2.8 Leth> 2,g> 2, andlel t = [lo—gl(iﬂ-)-.l Letay,...,ap_1
be h positive real numbers such that oo+ - +ap.g ;glg. Let m be the partition
satisfying conditions (i), (i), and (iii) of Lemma 2.3. For any a € Ay(x),
define E, = hA\h(A\{a}). If a € Ay (W,), then

E,(z) » z'7°r,

Proof. Condition (iii) implies that there is an integer L such that in
every interval (y — L, y — 1] there are t consecutive integers belonging to W,
for each r = 0,1,...,h = 1. Let a € A(7), say, a € Ay(Wp). We show that
Eq(z) 3 z!~%,
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Suppose
a= Z crg!, where 1< ¢y <g, F € F(Wo).
feF
. log z
Define M = max f. Let z be sufficiently large, and y = ——. Then the
J€F log g
interval (y — L,y — 1] contains my,...,m,_, such that

me+j€(y~Ly—1nW;

forj=0,1,...,t=1,r=12,...,A-1. Let i, C (M,y— L]NW,. Define
ar by (2.10), and let n = ag + :-+ + ay—1. Then n < g¥ = z. The proof of
Theorem 2.4 shows that n € E,, and that different choices of ¢;’s and the
h -1 sets F,...,Fy_; lead to different numbers n. For each j-element set
F,, there are (g — 1) different choices of ¢;, f € F,. Noticing that there are

(W,-(y -~ W,.(M))

3

different j-element subsets of (M,y — L) N W;, we see the number of n
determined by various Fy,..., Fy_; is

h=1Wo(y-L)=We(M) -L)— :
Vi 5 (W.-(y L)j W,(M))(g__l),_

r=1 i=0

Noticing that

h—1 Wr(y—L)~Wr{M) T )
I%{H > (w,(y L) w,(M))(g_l,,}

r=1 §=0 J

h~1
= log, [] gWr-L)-We(M)
r=1
A-=1
= Y (Wi(y— L) = W,(M))
r=1
A=1
-M+) W (y~L)

r=1

v



2 MINIMAL ASYMPTOTIC BASES 44

= -M+ hf::(aru +0(1))
= e +o0)
= (1= ag)log, =+ O(1),
we see that
hf[: W'(v-g)i"’"" ) (W,(v - Li.— We(M )) (-1 >zl
r= =0

which means that E,(z) 3 z!~20. This completes the proof.

Remark. If we take o = 1/hfor r =0,1,...,hA =1, then the minimal
asymptotic basis A,(r) is strongly minimal. This follows immediately from
Theorem 2.6.

2.4 Minimal Bases for Commutative Monoids

Let M be an infinite commutative monoid under addition. Let B be a
subset of M, hB the set of all sums in the form a; + -+ 4 a) with a; € B.
A subset B ig called a basis of order h for M if hB = M. A subset B is
called an asymplotic basis of order h for M if hB contains all but finitely
many elements in M. A basis B of order h is minimal if no proper subset
of B is a basis of order h. Similarly, an asymptotic basis B of order A is
minimal if no proper subset of B is an asymptotic basis of order h. A subset
is called a nonbasis (xresp. asymptotic nonbasis) of order h if it is not a basis
(resp. asymptotic basis) of order h. Nathanson [40] introduced maximal
nonbases, the dual concept of minimal bases. A nonbasis B of order h is
called a mazimal nonbases of order h if BU {a} is a basis of order A for any
element a ¢ B.
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Throughout this section, M denotes a countably infinite commutative
monoid. Let B be a subset of M. For any element u € M, S(B, h, u) denotes
the collection of the subsets {a;,...,ax} of B such that u = ay + :+- 4+ a.
Denote r(B, h,u) = |S(B, h, u)|.

Theorem 2.7 Let B be a basis of order h for M. If r(B,h,u) < oo for any
u € M, then B contains a minimal basis of order h.

Proof. Suppose that B = {a1,a3,...}. If B is a minimal basis of order
h, then we have nothing to prove. Otherwise, B\{a;} is also a basis of order
h for some a; € B. Let 1, be the least integer such that B; = B\{a;, } is also
a basis of order h. If B; is minimal then it is done. QOtherwise, let iz be the
least integer such that B; = By\{a;,} is also a basis of order . Continue
this procedure inductively. If it stops in a finitely many steps, say, at By,.
then By, is a minimal basis of order h which is contained in B and we are
done. If it does not stop in a finitely many steps, we have the following
infinite decreasing sequence of bases of order h:

B=By>B,>B3D::-,

where By = Br_1\{a; } for k=1,2,...,and i} <ip < ..., Let
- o0
B={)Br=B\{a; | k=12...}.
k=1

I shall prove that B is a minimal basis of order A.

Let u € M. Since B, is a basis of order h, we see that S(By, h,u) # 8.
Hence we have the following decreasing sequence:

S(B,h,u) = S(Bﬂlh$“) 2 S(Blshau) 2 .

Noticing that |S(B, h,u)] = r(B,h,u) < oo, we see that there exists an
integer kp such that

S(Bk“'h’u) = S(BkO'H'h:u) = S(Bko-i-?nhx “) =ese,
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Therefore, S(B, h,u) = S(Bjy, h,u) # @, which means that u € B. Hence
B is a basis of order A.

If B\{a;} is also a basis of order h for some a; € B, then there exists an
integer k such that #;_; < i < i; and a; € B;,_,. Since B;,_, D B, we see
that B;,_,\{a;} is also a basis of order A. This contradicts the minimality
of i;. Therefore, B is a minimal basis of order A contained in B. The proof
is complete.

Corollary 2.7.1 If r(M,h,u) < oo for any u € M, then every basis of
order h contains a minimal basis of order h.

Let & = {S; | i € I} be a family of nonempty sets. A set X is called a
system of representatives for ® if X N S; #@ for all i € I. A system X of
representatives for ® is called to be minimal if no proper subset of X is a
system of representatives for ®.

Theorem 2.8 Let B be a nonbasis of order h. Then B is a mazimal nonba-
sis of order h if and only if X = M\ B is a minimal sysiem of representatives
Jor S(M, h,u) for every u € M\(hB).

Proof. If B is not a maximal nonbasis of order &, then B’ = B U {a}
is also a nonbasis of order A for some a ¢ B. Hence, there exists u € M\ B’
such that S(u) & B’ for every set S(u) € S(M, h, u). Therefore,

Xi= U (Se)\B)
S(u)ES(M h,u)
is a system of representatives for S(M, h, u). Noticing that a ¢ B, we have
that X is a proper subset of X = M\ B, which contradicts the minimality
of X. Therefore, B is a maximal nonbasis of order h.

Conversely, let B be a maximal nonbasis of order h. It is clear that X =
M\B is a system of representatives for S(M, h, u) for any u € M\hB. Now
suppose that X is not a minimal system of representatives for S(M, h,u)
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for some u € M\hB. Then there exists an a € X such that X' = X\{a}
is also a system of representatives for S(M, h,u), hence X’ N S(u) # @ for
all S(u) € S(M, h,u), ie., (M\B') N S(u) #0O for all S(u) € S(M,h,u),
where B’ = B U {a}. Therefore, S(u) € B’ for all S(u) € S(M, h,u), which
means that u ¢ hB’. Hence, B is not a maximal nonbasis of order h. This
contradiction proves the theorem.

Theorem 2.9 If r(M,h,u) < oo for all u € M, then every nonbasis of
order h is contained in a mazimal nonbasis of order h,

Proof  Let B be a nonbasis of order h. Then there exists u € M
such that u ¢ hB. Hence S(u) € B for any S(u) € S(M,h,u). Let X be
a minimal system of representatives for S(M, h, u) such that X N S(u) C
S(u)\B for any S(u) € S(M,h,u). The set X exists because S(M,h,u)
is finite. It is clear that By = M\X is a nonbasis of order h. It follows
from r(M, h,u) < co that X is a finite set with at most r(M, h, u) elements.
Therefore, there exists a maximal nonbasis B of order h containing B,
hence, B D B. So the proof is complete.

Corollary 2.9.1 Every basis of order h for nonnegative inlegers contains a
minimal basis of order h for nonnegatlive inlegers. Every nonbasis of order
h for nonnegative integers is contained in a mazimal nonbasis of order h for

nonnegalive inlegers.

Proof. 'This immediately follows from Theorem 2.7 and 2.9.

A set A of positive integers is a LCM basis of order h if every positive
integer is the least common multiple of h not necessarily distinct elements
in A. This concept was introduced by Nathanson [42].

Corollary 2.9.2 Every LCM basis of order h for positive integers contains
a minimal LCM basis of order h for positive integers. Every LCM nonbasis
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of order h is contained in @ LCM mazimal nonbasis of order h for positive

integers,

Proof. Let N be the set of all positive integers and let a - b denote the
least common multiple of positive integers a and b. It is clear that (N, ) is
a commutative monoid satisfying r(M, b, u) < oo for all u € N. Therefore,
the corollary follows immediately from Theorems 2.7 and 2.9.

Theorem 2.10 Suppose S is a subset of M such thot every element of M
has only one representation as a sum of a finitely many elements in S. Let
{51,...,51} be a partition of S. Let {S;) denote the submonoind generated
by S;i. If there are at least two (S;) are infinite, then

B=(S1)U{S2)U--- U(Sh)

is a minimal asymptotic basis of order h for M.

Proof. Letu€ M. Thenu = ay+:--+a, forsomea; € S(i=1,...,n).
Since {S1,...,5,} is a partition of S, we may assume that

a, €5 for u=1,...,14,

8, €S8, for p=ip_1+1,...,n.

Hence,
n

'Elal‘e(sl)v veny 2 a, € (Sh).

=1 p=igag+1
This implies that u € AB. Thus, B is an asymptotic basis of order h.

Let u = uy € B, say, u € (S;). Since every element in M has a unique
representation as a sum of elements in S, it follows that

B = {i“‘

i=1

u; € (Si) for :’:2,...,!:}
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is infinite because at least one of (S;} is infinite. Clearly By N h(B\{u}) =
@, hence B\{u} is not an asymptotic nonbasis of order h. therefore, B is
minimal, and so the proof is complete.

Theorem 2.11 Let B be a mazimal asymplotic nonbasis of order h for M.
Ifu ¢ B, then all but finitely many elements a € hB have the form a = u+b,
where b € (h - 1)B.

Proof. Since B is a maximal asymptotic nonbasis of order h and u ¢ B,
then B’ = BU{u} is an asymptotic basis of order h. Hence hB' contains all
but finitely many elements of M. Thus AB’ contains all but finitely many
elements not in hB. Therefore, the proof is complete.

This theorem generalizes a theorem by Grekos [16,17] on maximal asymp-
totic union nonbases.



3 REPRESENTATIVES FOR FINITE SETS

3.1 Introduction

It is important to notice that not every asymptotic basis of order h con-
tains a minimal asymptotic basis of order A. A trivial example is A =
{1,h,2h,3h,...}, which is an asymptotic basis of order h containing no
minimal asymptotic basis of order h. The set of all squares is a basis of
order 4. It is not known if there exists a minimal basis of order 4 containing
only squares. Nathanson [40] constructed the first nontrivial example of an
asymptotic basis of order two, no subset of which is a minimal asymptotic
basis of order two. Furthermore, Erdos and Nathanson [10] constructed a
family of asymptotic bases A of order two such that A\S is an asymptotic
basis of order two if and only if S is a finite subset of A. Therefore, A does
not contain any minimal asymptotic basis of order two. It is an unsolved
and difficult problem to determine if an asymptotic basis of order A con-
tains a minimal asymptotic basis of order A. In the case h = 2, Erdos and
Nathanson [11] proved the following remarkable theorem.

Theorem 3.1 (Erdds-Nathanson) Ifc > and if A is an asymp-

1
log4/3
totic basis of order two such that ry(n) > clogn for all sufficiently large n,

then A contains a minimal asymptotic basis of order two.

Surprisingly, the crucial part in their proof of this result is a special case
of the following purely combinatorial result:

50
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Theorem 3.2 Forh>2and k> 1, let
k=gh=1)+r, where 0<r<h-1.

Define N
-r
a=a(h,k)= 1~ -].;QTI—'

Lets>1andt> 0. Let
®={S:;|i=12,...,8} and ¥ ={T; |j=1,2,...,t}

be two families of finile sets satisfying the following conditions:

(i) 1<)Sil<hfori=1,2,...,8 and

1< |Tj| €k forj=1,2,...,4;

(i) SintSy =T;N\Tjr= @ for all i £ and j # §';

(iii) S; € T; for alli and j.
Let N(®, %) denote the number of sets X such that

(iv) |X|=s;

(v) 1IXNSi|=1fori=1,2,...,8;

(vi) XNT; # @ forj=12,...,t

Then
N(®,¥) < o'h?,

and this is the best possible result.

Nathanson [44] conjectured this result, and proved some special cases.
I have recently proved the full theorem (see [25]). In Section 3.2, I shall
present the proof of the theorem in the case h = k, and then in Section 3.3,
I shall prove the general case. In Section 3.4, I shall prove a better estimate
inthe case h=k = 3.



3 REPRESENTATIVES FOR FINITE SETS 52

Theorem 3.2 should be useful in the study of the existence of minimal
asymptotic bases in asymptotic bases. As a matter of fact, using this result,
Nathanson [46] has recently found sufficient conditions that an asymptotic
basis of order A contains a minimal asymptotic basis of order h. This is an
important approach to the problem in the general case, but it seems that
the conditions are too restrictive because disjoint representations of integers
as sums of distinct elements are involved in his conditions. So it would be
very interesting to find a simple condition that an asymptotic basis of order

h contains a minimal asymptotic basis of order h.

Let
¢={Sili=12,...,8} and ¥ ={T;|j=1,2,...,t}

be two finite families of finte sets. The set X is called a system of rep-
resentatives for $is X NS; # O fori =1,2,...,t. If X is a system of
representatives for ® but no proper subset of X is a system of representa-
tives for @, then X is called a minimal system of representatives for . We
denote by D(®) the number of minimal systems of representatives for ¢. A
set X is called simulianeous system of representatives for ® and ¥ if X is
a minimal system of representatives for ® and X is also a system of rep-
resentatives for ¥. By N(®, ¥) we denote the number of the simultaneous
systems of representatives for @ and W.

In order to modify Erdés and Nathanson’s proof of Theorem 3.1 to ob-
tain a similar condition that an asymptotic basis of order A > 3 contains
a minimal asymptotic basis of order h, we study the following problem,
which was proposed by Nathanson. On the other hand, this is also a very
interesting combinatorial problem.

Problem 3.1 (Nathanson) Let h > 2 and k > 1. Does there ezist a real
number u = u(h, k) € (0,1) such that

N(®,%) < D(®, ¥)p!
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holds for any families ® and W of finile sels satisfying the following proper-
ties?

(1) ®={S;|i=12,...,8} is a family of s nonempty, distinct sets S;
with |S;| < h for all i;

(i) W={T;|j=1,2,...,t} is a family of t nonempty, distinct sets T;
with |T;| < k for all j;

(iit) S; ¢ T; for all i and j.

In Section 3.5, I shall prove that the answer to this question is negative
by giving a counterexample. However, after adding some further restriction
on @, I shall prove that such u exists in a special case. I hope this result

would be useful in searching a simple condition that an asymptotic basis of
order A > 3 contains a minimal asymptotic basis of order h.

3.2 A Special Case

In this section, I shall prove the following theorem, which is a special case
of Theorem 3.2.

Theorem 3.3 Let h > 2. Let
®={S5:|i=12,...,8} and ¥ ={T;|5=1,2,...,i}
be two families of finile sets satisfying the following conditions:

() 1<ISil<h fori=1,2,...,5 and
LSITI<h forj=1,2,...,t;

(#) SinSy =T;NTy = @ for alli £ 4" and j # §';
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(iii) S; € T; for all i and j.
Then

B-h+1)

o m < (£
and this is the best possible result.

In order to prove this theorem, we need the following lemma.

Lemma 3.1 Letk > 1, h > 2 be inlegers, then

k k k
R-TI(a-z)+ > = ]I (h—z,-)sh-(ﬁz———hh—i-l) (3.1)

J=1 i=1 J#s
155<k
for any real nambers z; : 1 < z; < h-1, 7 =1,2,...,k. Moreover, the

equality holds if and only if k=1 and z1 =1 or h = 1.

Proof. It is clear that the equality holds if ¥k =1 and zy = 1or A - 1.
Now we assume that k& > 1.

Let yj =h—z;for j=1,2,...,k. Then

k k
h-TIth—z)+Y 2} ] (h~2))

=t =1 FFi
1555k

= (» -2kh+i(y.-+z—:)) Il

i=1 j=1
Denote the term on the right hand side by f(y1,...,u). Suppose that
1<a;<h-1, j=1,2,...,k, are such that
f(an..--,ak)=lswg§_l fly, oo ) (3.2)
1=12,...,k

It is sufficient to prove that

k
h’-—h+1) _ 3.9)

flar,...,a¢) < h(—__h-_



3 REPRESENTATIVES FOR FINITE SETS 85

First we claim that a; = :+- = ax = h — 1. Otherwise, there is some u
such that 1 < a, < h—1. Then

f(al,.. .,au—l,h-‘ l,anq'.l,.-.,ak)

h? h?
= (h—?kh'i"m-l-h—l'l' E (a—‘_+ai))(fl—l) H a;

1<i<k 1gi<k
T#u J#u
h?
- : -] z -dy
h-1 £
l—l i=1

= f(ar,...,ak) + ((h-2kh+i(?+a.)) ("a—1 - 1)

=1 4 u
M2 h? h=1 %
A2 h—
> fay,...,ox) + (h—Qkh+2(k-l)h+—+au ( :

+(2h+—-—-—-a..) “}]‘[a,

i=1

e

i=1

1_1)

= fla,.. ak)+( —a"-
2> f(alo“-:ak):

which contradicts (3.2). Therefore, ay = ---=ay=h - 1.

I now prove that

2 _ k
f(h-l,...,h-1)<h(i-—:"'—l) .

Noticing that

1 \*! k-1 k-1
(”_"'m—h) >1+—h,_h>1+—-—h,_h+l,
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we see that
fth=1,...,h=1) _ (" 2“‘*}. +k(h 1))(h_1)k
h.(l"_:th}_)" e h+l)( 1)"‘

MW-htk ( B -h -
R—h+tl \RP—h+1
k-1 1
- (l+h’—h+1)' 1 \F1
("" h)

h% -

< 1,

this proves (3.3). Hence (3.1) holds, and the proof is complete.

Proof of Theorem 3.3. For any s > 1, and t > 0, define

t
M(s,t) = b* (h—’:r?ﬂ) :

and denote by N(s,t) the maximal value of N(®,¥) for all  and ¥ satis-
fying (i), (ii) and (iii) in Theorem 3.3. I shall prove that N(s,t) < M(s,t)
by induction on t. If ¢t = 0, this is true because

N(s,0) = h* = M(s,0).

Let t > 1. Now we assume that N(s,t) < M(s,t') for any s and any
0 <’ < t. I shall prove that N(s,t) < M(s,t).

Suppose that
®={51i=12,...,8} and ¥ ={T; | j=1,2,...,t}

be two families of finite sets satisfying (i), (ii) and (jii). Let

’ $
s=Us, =T

i=1 i=1
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We may assume without loss of generality that S D T'. Let S,41 be a finite
set such that
|Se+1l=h and S, uNS=48.

Let & = ® U {S,41}, then it is clear that N(¥,¥) = h . N(®, ¥), which
implies that N(s+1,t) > h. M(s,t). Therefore, it is sufficient to prove that
N(s,t) < M(s,t) for sufficiently large s.

Suppose that ® and ¥ are such that N(®, ¥) = N(s,1). Without loss of
generality, we may assume that

[Sil = |T;l=h for i=1,2,...,8, j=1,2,...,¢L

Since T is a proper subset of S, there is some §;, say, Sy, such that $1NT £ @
and T 2 S5;. It follows from the multiplicativity of N(s,t) that we may
assume that T1,...,T} are all of those T; that intersects S;. Then k > 1.
Denote

ng = ISl \TI’

and
ni=|S1NT; for j=1,2,... k.

k
Then 1<n; <h—1for j=0,1,...,k and 3_n; = h. Let
1=0

No=mng, Nj=Nj.1+n; for j=12,...,k
Suppose that

S = {al,...,a,t.},
SI\T = {a1,...,an},

T'l {aNo-I—ly"-saleal.ls"'lal,h-!n}!

------

T},

{aN;_rl-l yrer 1 OGNy Bkl oo s sak.h—ﬂg}-
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For any a € S, S[a] denotes the unique S; that contains a. We divide
the family of simultaneous systems of representatives for & and ¥ into the
following & + 1 classes:

Co = {X|Xn(5\T)#48},
C; = {X|XNSiNT;#£8} for j=1,2,...,k.

It is clear that C; N C; = @ for all i # j.

Now suppose X € Co. Then X N(S;\T) = {a;} for aunique i : 1 < i <
Ng. Therefore, a; ¢ X for j # iand j = 1,2,...,k, which implies that there
exist i; : 1 < i < h—n; for j = 1,2,...,k such that X contains a;;; for
J=12,...,k. (ii) implies that a;;; € T; and that a;,; are distinct, hence
Slajs;] are distinct. Let

o = ®\{S,S[a,),...,Slaxi,]}
v o= {Tk-l-ly“'yn})
X' = X\{o1i,,--. 0k, }-
It is easy to verify that & and ¥’ satisfy conditions (i), (i) and (iii), and that

X' is a simultaneous system of representatives for & and ¥'. Conversely, if
X! is a simultaneous system of representatives for 3 and ¥', then

X:X'n{ﬂi;ﬂli“---yakik}

is a simultaneous system of representatives for & and ¥. Hence the number
of simultaneous systems of representatives for ® and W containing the set

{ai,a24y,...,0%i, } is
N@ V)< N(@E~k-1,t—Fk).

Since there are

k
no [T (h —n;))

i=1
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different ways to choose the set {a;,a,,,.. -s‘,’kia}» we see that

k
|Col € N(s =k —1,t = k)no [ (h — n;). (3.4)
=1
Given any m:1<m < k. Let X € Cp,,, then X NS NT,, = {a;} for a
unique § : Njpy < § € N, thusa; ¢ X forany j#£4and j=1,2,...,k
Hence aj;; € X for some ¢; : j = 1,2,...,k, j # m. It is clear that S[a;;;]
are distinct. Let

® = &\{S1,S[ei;]|i=12,...,k j#m}
v o= {Tk“‘ll“'lﬂ}l
x’ = X\{G;‘,ﬂj"’. |j=1,2,...,k, j#m}

It is easy to verify that ®' and W’ satisfy the conditions in the theorem, and
that X’ is a simultaneous system of representatives for ® and ¥’ if and only
if X is a simultaneous system of representatives for ® and ¥. Hence there
are at most N(s — k,t — k) sets X € C,,, containing

{ai,ai; [ 7=1,2,...,k, j# m}.

Since there are only
i#m
1<j<k
different ways to choose the set {a;,a;i; | j = 1,2,...,k, j # m}, we see
that }
|ICm| < N(s =k,t —k) np, - H (h = n;). (3.5)
i#m
1<igk
It therefore follows from (3.4) and (3.5) that

N(s,t) = N(®,%)

< N(a—k—l,t-k)-no~f1(h-“i)
Jj=1
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k
+N(@E~kt=k)-d 0 J[ (h—ny)
=1 J#t
1552k

k k
< -’I:N(s—k,t—k)(non(h—n,-)+h2m H (h—n,-)).

ju=i =1 g
1$5<k

k
Noticing that 2 n; = h, we have that

=0
k k
no - [I(h=nj)+h -3 ni I (h-n))
j=1 i=1 J#1
155k
k k k
= (h—Zn.-) [Ih=ni}+h-3 0o TI (h=n;)
=1 =1 i=1 i#
1552k
k k
= h[Jth—n)+ X (hni=(h=n)ni) J] (h—n))
j=1 i=1 J#t
1858k
k k
= h[J(h-n)+3n? TI (h=ny)
i=1 i=t J#i
185k
h? — h+1\*
< o(—=%)
= M(k+1,k).
Therefore,
N(st) < N(s=kt=E)M(E+1,k)
< ZM(s—kt=-E)M(k+1E)

M(s,t).
Now we prove that M(s,t) is the best possible when s > 2t. Let

O EREREE S T TRRRIL 7} FRREEY Y }
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be sh different positive integers. Let

S;

T; = {aj1,...,8jn-1,81454) for j=1,2,...,¢

{ai1,...,ain} for i=1,2,...,8;

Define
® = {51,52,...,5)} and ¥ ={1),3,...,T}}.

It is clear that ® and W satisfy conditions (i), (ii) and (iii), and and

2 _ t
N(®,¥) = 4 (3__51;_4-_1) = M(a,1).

The proof is complete.

3.3 Proof of Theorem 3.2

In this section, I shall prove Theorem 3.2. The following lemma will be used
in the proof.

Lemma 3.2 Leth>2andm> 1 withm < L < mh. If
L-m=uh-1)~r,

where u is an integer, and 0 <r < h =2, then

m
Iz 2 buca(h~r)

i=1
m
holds for any integers 1 < x; < h (i=1,2,...,m) with Zz.- =L.
=1
Proof. Let
m
F(x) = f(z1,...,2m) = Hz.-.

i=1
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It is well known that f has no minimal point inside the inner D of the
domain

D={x=(21,...,zm)|1<z;<hfori=1,...,m}

m
with the restriction 2:.- = L. Hence, the minimal point of f must be on

i=1
the boundary éD. '

Since L < mh, it follows from the definition of u that u < m. First we
assume u = m, then L = mh — r. We prove

f(x) 2 A=) (38)

by induction on m. It is clear that (3.6) is true if m = 1. Now assume that
(3.6) holds for any m’ < m. Let x = (z,,...,2z,;) be a minimal point of f
on the boundary 8D, where z; € 23 < -+ € 21u. Since

m
31=L—-Z:52L—(m—l)h=h-—r22,

=2
it follows from x € 8D that z,, = h. Therefore,

m-—1
Ez;:L-—-r:(m—l)hur,

i=1
thus,

m-1

flx) = f[ln=h- II =

=1

> h. (hm—2(h - r)) = hm"l(h - r),

which proves (3.6).

Now assume that u < m. If x € D is such that r; < --- < z,, and
f(x) is minimal, then z4 = 1. Otherwise, we have that

2€z1 £ L2 <Byp1=-=2m=h.
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Then
x’ =(2] -1,33:---nzv—l)zu"'l:zu-l-l" "lzm) € aD:

and

f() = (z1-1)z3 - 2or(zu + 1I™

= z21Zg ™V — 23 -z,,-;h’"'”(t., +1- zl)

< f(x),

whixh contradicts the minimality of f(x). Therefore,

iz;:L—l:u(h-l)—r+(m—l),

i=2
thus,

f(x) = iz; = iz; 2 B=(h —v).

i=1 i=2
This shows that we can assume u = m. Hence the proof of the lemma is

complete.

Proof of Theorem 3.2. Let
®={5,5%,...,5} and ¥={T},T3,...,T:}

be two finite families of finite sets that satisfy the conditions (i), (ii) and
(iii) of Theorem 3.2. Let S,4; be a set of h elements such that 5,41 does
not intersect any S; in @. Let & = ® U{S,41}, we have

N(®,%) > hN(®, ¥).

This allows us to assume that the integer s is sufficiently large. Therefore,
we may assume without loss of generality that

ISsi=h for i=1,2,...,3;
ITil=k for j=1,2,...,¢
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and . .
S = U.S'.’QT:UZ}-.

i=1 J=1

I shall prove the theorem by induction on t for finxed 8 > 2kt. Ift = 0
then N(®,¥) = Ah*. Let t > 1 and assume that Theorem 3.2 holds for any
0 <# <tand any s.

We consider T;. Let {S3,53,...,S5n} be the set of those S; that intersects
T. Denote

= [SiNT for i=1,2,...,m,

then in; = k. It follows from S; € T; that 1 < n; < h—1for i =

=1

1,2,...,m. Suppose that
'Si = {air,ai3,...,ain},

where aj) € Ty, ...,ain; € Tt for i = 1,2,...,m. Since s > 2kt, there
exist m different S; in ®, say, Sm+41,...,5m, such that $;NT = @ for
i=m+1,...,2m. Suppose that

Si = {ai1,aiz,...,a;} for i=m+1,...,2m.
We construct
5.! = {ail: ce1 Bings Bmpin; 41y <y ﬂm+i,h},
mbi = {Gmaits o Ombing Ginit - - Gin)
fori=12,...,m. Let
& = (O\{S1,--., SamHU{S!, ..., Som}-

Then &' and ¥ satisfy the conditions (i), (ii) and (iii) of Theorem 3.2 with
same s and ¢.
Let X be a simultaneous system of representatives counted in N(®, ¥).

Denote
XNS;={x} for i=1,2,...,m,
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and

X, = X\U&

=1

Then it follows from S;NT = @ for i = m + 1,...,2m that exactly A™
simultaneous systems X of representatives counted in N(®, ¥) contain

{zllzﬂl-'-'zm]’UXI'

Suppose that z; € 5], for j = 1,2,...,m where the subscripts of S{’s are
regarded as elements of the group Z/(2m). Therefore, for any z;j1m € S .4m
forj=12,...,m, let

X' = {311320-- ﬂtm}uxls

we see that X’ is a minimal system of representatives for ® that contains a
system of representatives for ¥, and X’ contains {z,,23,...,Zm}UXy. Since
there are A™ different simultaneous systems X of representatives counted in
N(®',W). Therefore, N(®',¥) < N(®,¥). Hence, we may assume that T}
is the only Tj that S;NT; #8fori=1,2,...,m

Let

¢ = {Sili=m+1,...,8},
¥V = {T;]j=12,...,t=1}.

Clearly @' and ¥’ satisfy the conditions (i), (ii) and (iii) of Theorem 3.2 with
s being replaced by s —m, and ¢ by t — 1. For any X, counted in N(®',¥’),
there are "
™ =TI(h-n)
i=1

different X counted in N(®, ¥) containing X;. Since

m ‘m
L=) (h=m)=mh—3 ni=mh-k,

i=1 =1
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then
L-m = mh-1)-k

mh—-1)—-gh-1)-r
(m=g)(h-1)-r.

Il

It follows from the lermma that

ﬁ(h -ni) > h""“"’l(h -r).

i=1

Therefore,

N(®,¥) < (h"‘ - ﬁ(h - n.-)) N(®',\¥)

i=1
o — h=r\*1
S (’Im—hm e l(h—r))-h m(l—ﬁ-f-_l_)
h—r\t
m(_._m“).

This completes the proof of the theorem.

Nathanson [44] proved that the upper bound in the theorem is the best
possible upper bound by giving the following example. Let dy,ds, ...,d, be
positive integers such that d; < h — 1 for all i and

z‘:d.'Sk. ‘

i=1

Let 51,53,...,5, be pairwise disjoint sets with |S;| = A for all i. Let T be
a set such that |{T| = k and

ITNSi|=d; for i=1,2,...,s.

Let
®={%,5,...,5}, and ¥={T}.
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‘Then

N(@,@):n'-f[(h—d.-)=h'(1-f[(1-i:i)).

i=1 i=1
It is easy to see that & and W satisfy the conditions (i), (ii) and (iii) of
Theorem 3.2. Let k = g(h—1)+r, where 0 < r < h-—2. Let s=¢+ 1. Let

d=h-1 for i=12,...,8—-1, and d,=r.

It is easy to see that the term on the right hand side is equal to the upper
bound in Theorem 3.2.

3.4 A Further Result for Case h=k=3

In this section, I shall prove the following theorem.

Theorem 3.4 Letr+382>1andt>0. Let
Q‘—_{S],S?,..-,S.-'.r} dnd W={T1,n,...,ﬂ}
be two families of finite seis satisfying the following conditions:

(i)1<|S:|<2fori=12,...,r

|Seil =3 fori=1,2,...,s,

1€ |T;| €3 forj=1,2,...,¢;
(i) SiNSpy =TNT; =@ fori# i and j £ j';
(sis) S; € T; for all i and j.

Then

N(,¥) < 23 (%)‘ .

This is the best possible result.



3 REPRESENTATIVES FOR FINITE SETS 68

Proof. Define .
M(r,a,t) =2'8" G) '

and let N(r,s,t) denote the largest N(®, ¥) where ® and ¥ satisfy condi-
tions(i), (ii) and (iii) in the theorem. I shall prove N(r,s,t) < M(r,s,) by
induction on &.

Ift =20, then
N(r,s,t) = 273" = M(r,s,0).

Now assume that ¢ > 1, and that
N(r,5,1t) < M(r,s,1)
holds for any r+ 8> 12and 0 < ¢ < t. Let
®={51,52,..-,5:4s} and ¥ ={T},T;,..., T}

be two families of finite sets satisfying (i), (ii) and (iii). Assume without
loss of generality that

r4s t
s=Jsi2r=7.
i=1 Jj=1

Let So be a set of two elements such that SoNS = 0. Let & = & U {So},
it is clear that ¢’ and ¥ satisfy the condition (i), (ii) and (iii) with r being
replaced by r + 1, and that N(®,¥) = 2. N(®, ¥). This implies that

N(r+1,s8,t) > 2N(r,s,1).
Similarly, we also have
N(r,s+1,t) > 3N(r,s,t).

It is sufficient to prove N(r,s,t) < M(r,s,t) for sufficiently large integers r

and s.
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Now suppose that r > 6¢ and s > 3t. Suppose N(®,¥) = N(r,s,t).
Without loss of generality, we may that

ISi|=2 for i=1,2,...,r,

[Si|=3 for i=r41,...,r+3s,
iT;l=3 for j=12,...,t

There are four cases we must consider.

Case I There exists some Ty, = {a;,a3,a3} such that
|S[ax)l =2 for £=1,2,3.
Suppose
Sk = S[ak] = {ak,ai.} for k= 1,.. ' ,6.

Since r > 6t we may assume that SyNT = @ for k£ = 4,5, 6. For convenience,

we write (ax)' = a}, and (a})’ = af = a; for k = 1,...,6. We also regard

the subscripts of a’s as elements in Z/(6), i.e.,
ar =a; and a, =a; if k=jmod.
Define
St = {ax,ah,3)} for k=1,....

Let
&' = (®\{S1,..., 56} U{S],-.., Sg}.

It is clear that &' and ¥ satisfy condition (i), (ii) and (iii). Let X be a

simultaneous system of representatives for ® and ¥. Suppose
X NSy ={xx} for £=1,2,3.

Define

6
xl.—.x\Us,,.

k=1



3 REPRESENTATIVES FOR FINITE SETS 70

It is clear that exactly 8 simultaneous systems X of representatives for &
and ¥ contain {z;, 3,23} U X;.

Suppose
z; E,S’f,j for j=1,2,8.

Then
z;' (S Sij,',a fOl' j = 1,2,3.

Hence S[z;] = S[z}] implies z; ¢ X, and
Sf,_'.+3 N{zy,z2,23} =8 for j=1,2,3.

For any

z; € Sk;43 for j=4,5,6,

X = {z1,...,26}UX] is a simultaneous system of representatives for ' and
¥ containing z,,z3,z3 and X;. Since there are 8 different ways to shoose
z4,%5,%¢, there are 8 different simultaneous systems X of representatives
for @ and ¥ containing z1,z3,z3 and X;. Therefore, N(®,¥) < N(&', ¥).
Hence we may assume that

[Slax)NT|=1 for k=1,2,3.
Let X be a simultaneous system of representatives for ® and ¥. Assume
X nSlay] = {zx} for k=1,2,8.

Define

o
f

‘I‘\{S[al],S[ag],S[d:;]},
¥ = W\{(T.},
X' = X\{zl,tz,za}.
It is clear that @' and ¥’ satisfy conditions (i), (ii) and (iii), and that X

is a simultaneous system of representatives for ® and ¥’'. Conversely, if
X' is a simultaneous system of representatives for ' and ¥’, then for any
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z € Slax] (k = 1,2,3), X = {21,232,23} U X’ is a simultaneous system of
representatives for @ and ¥, Since there are only 7 different ways to choose
xp, 23, 23, we see that

N(r,s,t) = N(&,¥) < IN(¥,¥)
TIN(r-3,8,t~1)
T™™(r-3,st-1)

M(r,s,t).

IA A

Case II There exists some T, = {a1, a3, a3} such that

Sr = {ax,a}} for k=1,2,

Sz = {a3ra,3’°g}'
Suppose S¢NT = @ and Sy = {w,v}. Define

5'5 = {w, G?saﬂg 1

St = {a3,v},

¥ = (®\{Ss,S)U {53 54}
Then &' and ¥ satisfy the conditions (i), (ii) and (iii), and the corresponding
integers r and s are not changed.

Suppose that X is a simultaneous system of representatives for ® and
V. Let

XNSp = {zx} for £=1,2,3,
Xi = X\({z1,z2,23} U Sy).

It form that S NT = @ that there are two simultaneous systems X of
representatives for ' and ¥ containing z,,z3,z3 and X;.

If z3 = ag, it is clear that there exist three simultaneous systems X of
representatives for ' and ¥ containing z;,29,z3 and X;. If z3 = a} or
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aff, there exist two simultaneous systems X of representatives for ® and ¥
containing z;,z3,z3 and X;. Therefore,

N(r,s,t)= N(®,¥) < N(®', W) < M(r,s,t),
by the argument in Case 1.
Case III There exists some T, = {a, b, c} such that
51 = Sld]={a,d’},
S2 = S[b)={b¥,8"},
Ss = S[d={ed, "}

If o' ¢ T, then we divide the simultaneous systems X of representatives
for ® and ¥ into two classes: a€ X ora’ € X. Ifa € X, let

3 = 3\{S1}, ¥ = W\{T.}.

It is clear that @' and ¥’ satisfy condition 9i), (ii) and (iii). Let X’ =
X\{a}. Then X’ is a simultaneous system of representatives for ¢’ and ¥'.
Conversely, if X’ is a simultaneous system of representatives for ¢’ and ¥,
then X = X'U{a} is a simultaneous system of representatives for ® and ¥.
Therefore,
N(®' ¥')< N(r-1,8t-1).

If a’ € X, then a € X. Then b or c belongs to X. A similar argument shows
that there are not more than 2N (r — 1,5 —1,¢ — 1) different X in this class.
Hence,

N(®,¥) N({r-1,5t-1)4+2N(r~1,8—-1,1-1)

M(r—1,8t-1)+2M(r—1,5-1,t-1)
r—1qs 7 -1 r—1qs—-1 7 -1
A (-8-) +2.-277°3 (5)

7

2r-1g3e-1 (E)H (3+2)

r-1gs-1 Z)H. 3.7
< ript (D)7 287

M(r,s,t).

N IA
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Ifa’ €T, let Y,y = {d’,a},a}}. We may assume that
|S{ai]l = IS{a3)) = 3.

Let X be a simultaneous system of representatives for $ and ¥, thena € X
ora’ € X. f a € X, then a’ ¢ X, which implies that there is at least one
of aj, a3 contained in X. By a similar argument as above, we see that there
are at most 2N(r — 1,58 — 1,¢ — 1) different X containing a’. Therefore,

N(®¥) < AN(r—1,5~1,t—1)
AM(r—1,8—1,t~1)

M(r, s,t).

A A A

Case IV For any T; = {a,b,¢c},
[S(a]l = IS[6]| = |S{e]| = 3.

By Theorem 3.3, we have that

N{@®¥) < 23 (g)t

< 273°(78)' = M(r,s,t).

Now I prove that M(r, s,1) is the best possible upper bound for N(r, s,¢).
Let r > 3f. Let

ai, b;, i=12,...,r

u;, v, wi, J=12,...,8
be 2r + 3s different positive integers. Let

Si = {a;,b;} for i=1,...,r
Seti = {ui,vi,wg} for i=1,...,s;

T; = {aj,a14;,034} for j=1,...,¢L
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It is clear that
®= {Sllsﬁv-' )Sr+l} and ¥ = {Tl,Tm-n.Tt}

satisfy conditions (i), (ii) and (iii), and that

N(®,%) =2'3" (%)‘ :

The proof is complete.

3.5 Representatives for Finite Sets

In this section, I shall prove the following theorem, which answers a ques-
tion of Nathanson. By D(®) we denote the number of minimal systems of
representatives for &.

Theorem 3.5 Let h > 2 and k > 1. For any real number u € (0,1), there
ezist two families of finile sels

®={51,52,...,5:} and ¥ ={T\,Th,..., T}
satisfying the following properties:
(i) 0<|Si|<hfori=1,2,...,8;
(i) 0< |T;| <k forj=1,2,....¢;
(i) T; NTj =@ for all j # j';
(iv) S; € T; for all i and j;
(v) N(®,%) > D(®)u'.
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Proof. Since 0 < p < 1, there exists an integer ¢ such that u* < 1/h.
Let s = tk. Let
81,02, ..., k-1, bhb?)"'ibl

be h — 1 4 s different elements. Define
Si = {a1,...,a5-1,b} hbozfor i=1,2,...,s;
T; = {by-1)ks1,---,0ia} for j=1,2,... L

Let
o= {S],Sg,...,s.} and ¥ = {Tth,...,ﬂ}.

It is clear that ® and W satisfy conditions (i)-(iv) and that
N(®,¥)=1 and D(®)=h-1+1=h.
Therefore, we have
N(®,%) = 1> hy' = D(®)4',

which proves the theorem.

Theorem 3.5 means that the answer to the question is negative for any
h > 2 and k > 1. However, we have the following theorem.

Theorem 3.6 Leth > 2. If

(i) ®={S1,...,5,} i3 a family of nonempty, distinct sets S; with |S;| < h
for alli;

(i} Every S; intersecis at most one S; in & other than S; ilself;

(i) W = {T,...,Ti} is a family of t sets T; with T; = {a;} for all j, where
the a;’s are distinct elements;

(iv) S; is not contained in T; for any i and j.
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Then N
N(®,¥) < D(®) (—;—-) . 3.7)

Proof. By induction on t for any fixed s. If ¢ = 0, then
N(&®,¥) = D(®),

hence (3.7) holds for ¢t = 0 and any s. Let ¢ > 1. Assume that (3.7) holds
for any s and any t' < t.

Let
®={5,95,...,5)} and ¥ ={T1,T},..., T3}
be two families of sets satisfying the conditions (i)-(iv). If there exists some
T; = {a;} such that a; ¢ S; for all i, then N(®, ¥) = 0, hence (3.7) holds
for £ and any s. Now we assume that
)
S=|JSi2{m,a,...,a}.
i=1 )
We consider T; = {a;}. Then the following three cases may occur.

Case 1 There exists an i’ such that a; € Sir, where Sy N S; = @ for all
i# 4. S; ¢ T: implies that |S;| > 2. It is readily verified that

@' = ®\{Sv} and ¥ = W\{T}}
satisfy the conditions (i)-(iv), and
D(®) = |S»| - D(®').

If X is a simultaneous system of representatives for ® and ¥, then X' =
X\{a;} is a simultaneous system of representatives for ® and ¥’. Con-
versely, if X' is a simultaneous system of representatives for & and ¥, then
X = X'U {a(} is a simultaneous system of representatives for & and W¥.
Therefore,

N(@®,¥) = N@,¥)
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< D(@')( S M
= E7P® (- )(Hm
< I.Jm(" Ly

< D(m( ‘)m.

Case II there exists an i’ such that a; € Sy N S;» for some i”. It follows
from (ii) that
SenNS;p)NS; =9

for any i:i# i’ and i #i". Let
IS“J N S.-nl =r, IS.':\S.-uI = u, 'S.'"\S.'fl = .

Since a; € Sy NS, it is clear that if X is a simultanecus system of represen-
tatives for @ and ¥, then X'\{a;} is a simultaneous system of representatives
for

' = \{Sy,Si} and ¥ ={t; |j=12,...,t=1}.

Conversely, if X’ is a simultaneous system of representatives for & and ¥/,
then X = X’ U {a;} is a simultaneous system of representatives for & and
¥. Hence

N(®,¥) = N(@, ¥').
It is clear that
D(®) = (r + uv)D(®').
It follows from(iv) that r+ > 2 and r+ v > 2. thus

1 -1
r+uv =

5
Therefore,

N(@®,¥) = N(@,W¥)
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D(®) (1 - %) #
r + uv ( ) (l “h )
(1-Dow (1-57
< D(®) (1 - 711-)*

Case III There exists an i’ such that

IA

)'-il

IA

a; € Sy\Si» and SpyNSw#0
for some i # . Let
lS." n S.'"| =r |S|"\Si“| =u, |S.’ll\S"lI =v.

It is clear that if there are two sets T such that T; C Siv\Sy/, then N(®, ¥) =
0, hence (3.7) holds. If there exists exactly one T; = {a;} such that a; €
Siu\Si», then any simultaneous system X of representatives for ® and ¥
contains a; and a;. Hence X is a simultaneous system of representatives for
© and ¥ if and only if X\{a;, a;} is a simultaneous system of representatives
for

' = &\{Si,Siv} and ¥ = W\{T:, T;}.

Therefore,

N(®,¥) = N, V)

o(@) (1- -)
= r+uvD( )( )Li—
5D(®) (1 ;)

< D(®) (1 - -)

A

1A
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If there does not exist T; such that a; € Siv\Sy, i.e., if
(Sir\Se)NT; =@ for all j,

then any simultaneous system of representatives for ® and W contains a;
and an element z of S5;+\Sy, hence X\{as, 2z} is a simultaneous system of
representatives for

¢ = @\{St": SI'"} and ¥ = \b\{TLTB}

Conversely, If X' is a simultaneous system of representatives for &' and ¥',
then X = X'U {a;, z} is a simultaneous system of representatives for & and
¥ for any z € S;#\Sy. It follows from r > 1,0 <v < h—1and u > 1 that

v 1
<]~ =,
r+tm_l h

Therefore,

N(®,%) = |Sp\Sy|N(®,¥')
1) s

< vD(@')(l—K
= CICHN

IA

oy
< D(®) (1 - %)’

The proof is complete.



4 THIN BASES FOR GROUPS

| 4.1 Introduction

Let G be a group. Let Ay, A3,..., Aj be subsets of G, A; A3 - - - A}, denotes the
product of these subsets in G. In particular, if Ay = A = -.- = Aj, we write
A" for the product A; Az - - Ay. In the abelian case, we use Ay +Ag+- -+ Ay
and hA instead. A subset A of G is called a basis of order h for G if A* = G.
If A is a basis of order A for a finite group G with |G| = n, then

n = |G| = |4% < |4,

ie., |JA| > n'/*. It is natural to ask if there exists a constant ¢ = c(h) >0
so that every finite group G contains a thin basis A of order h with |A| <
¢|G|'/A. In fact, Rohrbach [54,55] asked this question more then fifty years
ago. Rohrbach observed that such thin bases exist for cyclic groups. Cherly
[1) proved that every finite abelian group G of order n contains a basis A of
order 2 for G such that

|4} € 2v/nlogn + 2.

Recently, I have proved the existence of thin bases of order h > 2 for finite
abelian groups [30] and the existence of thin bases for finite nilpotent groups
[31]. This answers Rohrbach’s question in the nilpotent case. In fact, I
proved the following theorems:

80
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Theorem 4.1 Let h > 2 be any integer. Let oy = h(1 4 2-VM)h=1_ Then
every finile abelian group G conlains o basis A of order h such that

|A| € a1|GMA.

In particular, every finite abelian groxp G of order n contains a basis of
order £ such that

|4] £ 2+ V2)Vm.

This greatly improves Cherly’s result.

Theorem 4.2 Let h > 2 be any integer. Let c; = h - 28=1. Then every
finite nilpotent group G coniains a basis A of order h such that

|A| € e2lGIM*.

For arbitrary finite groups, Nathanson [49) has proved that every finite
group G of order n contains a basis A of order 2 such that

|A] € 24/n -logn+2,

and that, for every h > 3 and § > 0, there exists an integer M = M(h,6)
such that every finite group G of order n > M contains a basis A of order
h such that

|4l < (h + 8)(n - logn)'/%,

It is still not known if thin bases of order h > 2 exist for the class of all
finite groups.

I shall present the proofs of Theorem 4.1 and 4.2 in Sections 4.2 and 4.3
respectively. I shall study the thin o-bases for o-finite groups in Section 4.4.
In Section 4.5, I shall construct bases with given number of representations
for certain infinite abelian groups. In Section 4.6, I shall discuss some ap-
plications of Theorems 4.1 and 4.2 to Cayley graphs.
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4.2 Thin Bases for Finite Abelian Groups

Lemma 4.1 Let P be a finite abelian group of (;rderp‘, where p is a prime,
and s is positive. Then P = H @ K, where |H| = p*», and K is a direct
sxm of at most h — 1 cyclic subgroups.

Proof. Suppose that
P=PoP;d--®P, where |P|=p".

It is well known that there exists a subset S of at most h— 1 positive integers
8o that

Z u; = 0 mod h.

igs
Let K be the sum of ail P; with ¢ € S, and H the sum of all other P;'s. Then
H is of order p*» and K is a direct sum of at most h — 1 cyclic subgroups.

The proof is complete.

Lemma 4.2 If G is a finite cyclic group of order m, then there exist h
subsets A),..., As in G such that

h
Y A =G and |Ai|<mP 41 for i=1,2,...,h

i=1
Proof. Let u = [m!/}], where [z] denotes the least integer > z. Let
Ai={0,u" Y, (u=1Du"1} for i=1,2,...,h

Clearly,
[Ail=u<m™ 41 for i=1,2,...,h.
4
Suppose that ZA.- D [0,u* — 1], where [a,b] denotes the set of integers
i=1

between a and b. Choose any n : u* < n < u*t!, Suppose

n=qu*+r, where 1<¢g<u-=1and 0<r<u -1,
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[
Then r € E A;, hence

i=1

a+l
n=qu'+r€EA.'.

i=1
Therefore,
h
Y 4i20,4* - 1]20,m~ 1]

i=1

The proof of Lemma 4.3 is complete.

Proof of Theorem {.1. Suppose that
G=G19:- &Gy,

where |G;| = p{*, & > 0, and py,...,p, are distinct prime numbers. It
follows from Lemma 4.1 that G = H @ K, where H is of order m? and K
is a direct sum of at most A — 1 cyclic subgroups. Suppose that H; is a
subgroup of H = Hy with |[Hy| = m*1, and A; is a set of representatives
of the cosets in Ho/H;. Let A; be a set of representatives of the cosets in
H;i_1/H;, where H; is a subgroup of H;_; with |H;| = m*~*. It is clear that
h
H=Y A, and |4]=m.

i=1
Now suppose that
K=Kle“'$Kb

where ¢ < h — 1 and each Kj is cyclic. Lemma 4.2 implies that
K;j=Aji+ -+ Ajn,
for some Aj; with

|4: < IK,'P”' +1 for i=12,...,h
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Let .
Bi=Ai+ Y Aj for i=12,...,h
=1 '

h
Then ZB.' =@, and

=1

|1Bi m- I (K17 +1)

1<i<t
< (14 27Vh)ia1/h
< (l+2~llh)h-lnl/h.

Define A = By U- ..U By, then A is a basis of order A for G, and

A
|A] < 3 1Bi] € h(1 + 27 Vhyh=1p1/h,

1=1

The proof of Theorem 4.1 is complete.

4.3 Thin Bases for Finite Nilpotent Groups

Let G be a finite group. For any subsets X and Y in G, the commutator sub-
group [X,Y] of X and Y is the subgroup of G generated by zyz~'y~!, z € X
and y €Y. The lower central series of G is defined by

| Li(G) =G, Li(G)={[Li-1(G), G] for i>1.
A group G is called nilpotent if L,,(G) = 1 for some m.

In order to prove Theorem 4.2, we need the following lemma.

Lemma 4.3 If P is a p-group of order p"® where u is an integer, then there
exist h subsets Ay, Az,..., Ay such that

A
HA.':P and |Ail=p" for i=1,2,...,h.

1=1
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Proof.  Noticing that P is solvable with |[P| = p*} we see that P
possesses a normal series:

P=HoeDHIDH1D: - :DHyu=1

such that each H;_1/H; is a cyclic group of order p for i = 1,2,...,uh.
Assume that, for any i: 1 < { < uh,

Hl'—l/Hl' = {!‘ll Ve :rl'p}’

where T;; denotes the congruence class in H;_; modulo H; which contains
zi; EHi-1for j=1,2,...,p. Let

Si = {®i1,...,zip}-

Define _ .
Aj =[] Sii-ryuss for i=1,2,...,h.

=1

Noticing that each S; is the set of representatives of H;_,/H;, we see that

u
|Aj| = [T ISg-1yusil = p* for j=1,2,...,h.

i=1

A
I now prove that H A; = P. Let z € P be any element. Since ¥ €
=1
Ho/H), we see that z = xyj,y for some £, € $1 and some y € H). Since

Ty € H1/Ha, we see that yy = 235,12 for some z3;, € S; and some y; € Hy.
Similarly, we have

w2

Va = X0,

35343,

Yuh=2 = 2Zuh-1jupaYub-1,

Yuh-1 Tyh,iunYuh,
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where 2z;;; € S;, yi € H; for i = 1,2,...,uh. In particular, y,p = 1.
Therefore,

r= zljxx‘ljz . "Cnh.j.p.-
Define

Zj = T(j-1jus1 - Zju for j=1,2,... h.

Then z; € Aj for j =1,2,...,h, and

A
zzzl---zhEHA.-.

f=1

The proof is complete.
' Proof of Theorem 4.2. Let G be a finite nilpotent group of order n,

where .
n=[]»’
J=1
and py,...,pr are distinct primes, u;,...,u, are positive integers. Because
G is nilpotent, G can be written as a direct product of its Sylow subgroups
(see [15]):
G=PO@R® --@P,

where each P; is the only Sylow p;-subgroupin Gfor j = 1,2,...,r. Noticing
that P; is a p;-group, we see that the center Z(P;) of P; is not trivial, hence
P; possesses a normal subgroup Kj; of order p; in the center Z(P;) of P;.

Define
C= ® K;.
usOmodh
Then C) is a normal cyclic subgroup of order

iGi= JI »i

3§
u;#0modh
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in the center Z(G) of G. Let G, be the factor group G/Cy. Then G, is also
nilpotent, and
IGII = H p;ul
i=1

where
u;, fuy=0mod h
U5 = .
u; — 1, otherwise

for j = 1,2...,r. Apply this procedure to G;, we obtain a normal cyclic
subgroup C3 of Gy contained in its center Z(G1) such that the factor group
G3 = G1/C3 is of order

r
|02| = H P;"” '
=1

where

ua; = uyj, ifuy;=0modh .
J uy; — 1, otherwise

Continuing this procedure, we obtain two sequences of groups:
Go=G,Gy,..., and C1,0C3,...

such that C; is a normal cyclic subgroup of G;_; contained in its center
Z(G;-1), and that G; = G;—,/C; is of order

r
IGil = [T p}*,

i=1
where
wis = 4 W=l if u;—1; =0mod h
v u;.1,; — 1, otherwise

and ug; = uj for j = 1,2,...,r.

It is clear from the construction that C, = 1. Hence
Up—1;=0modh for j=1,2,...,r

Assume that

Uporj=v;h for j=1,2,...,r
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Therefore,
Crh-1=Q19Q2®--®@ 4,

where each Q; is a pj-group of order |Q;| = p;*i* for j = 1,2,...,r. It
follows from Lemma 4.3 that there exist subsets A,j,..., As; of Q; such
that

h .

[TAi=Q; and |Ai;|=p] for i=1,2,...,h.

i=1 ’
Since Cj is a cyclic group, it then follows from Lemma 4.2 that there exist
subsets 5y,...,S5y; of Cj such that

h
[ISii=C; and |S;i< |G +1 for i=1,2,...,h. (4.1)

=1
Let g be any element in G. Let 3(‘) denote the element in G; =
G/Cy, which, as a congruence class in G modulo C;, contains g. Sup-
pose 3V € Gy,..., 7 € G; are defined. Define gii+!) as the element in
Gj+1 = G;/Cj41 which contains g¥). It follows from the construction of Gj
that any element in G; is of the form 7Y), where g € G. Therefore, we may

assume that
Ai; = (%Y | z € By},

where Bj; is a subset of G and |A;;| = |By;| for i = 1,2,...,h and j =
1,2,...,r. Similarly we may assume that
Sij = {0V | z e Ty},
where T;; is a subset of G and |S;;] = |Ti;] for i = 1,2,...,h and j =
1,2,...,h=1,and 7 = 2.
For any i : 1 < i < h, define
,

4 h-1
Ai =] B; T[] Tin-;-

i=1 =1



4 THIN BASES FOR GROUPS 89

Then
r h-1
Al = HB-':'I'ITe.h—:'|

j=1 i=1
r h=1

< I11Biil - I I1Tin-sl
=1 =1
¥ h=1

= JT14;1- IT 1S
J=1 J=1
r o h-1

= I1#7-TT0GIM™ +1)
j=1 =1

< IGIA

We now prove that A; A;:-- Ay, = G. Let g be any element in G. We
are going to show that g € A; Az .- A;. Since

Gh—l =QI®"'®Q1'1

we see that .
gV = H?".S'h_l)'

- =1

where yﬁ-"“) €Q;for j=1,2,...,r. Therefore,

h
h-1 h-1
#070 — Jae-
=1
for some a;; € B;; for i = 1,2,...,h. Noticing that G-, is a direct prod-
uct of Q; (j = 1,2,...,r), we see that elements from different Q;’s are

commutative. Hence

r h r
- h— A-1
J=1 i=1 j=1

Since Gp_; = Gh_3/Ch-1, there exists an fi_; € Cj_; such that

h r
29 = [T [ s

=1 j=1
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It follws from (4.1) that
h—2
fi1= H I h-l)l

i=1
where t;5_1 € Tip-y for § = 1,2,...,h. Since Cj-1 is a subgroup of
G2 contained in its center Z(Gj—3), all il ,._21) ’s commute with all Zlg' Uy,

Therefore,

o = T 12

( ﬁ au.-n) ‘1;‘-;2))

Noticing that Gy_3 = Gp—3/Cx~3, there exists some f_3 € Ch—3 such that

7+ = f.[ (H ag IS’;.-:-S)) * fa-3.

=1 3y=1

It follws from (4.1) that
h .
Jh-2= Hzf.';.-_:;),

i=1
where ¢; 53 € Tip_a for i = 1,2,..., h. Similarly, we see that

749 = fI(H-(h-a) 7). T2

i=1 Yj=1 i=1
h

= (I 423).
=1 ‘=1

Continuing this procedure, we have that t;; € T;; for i = 1,2,...,h, j =
1,2,...,h — 1 such that

gl = 11(1'[ a9 H 1), for =1,
j=1 j=1
In particular, we have that

g=9%= ﬁ (ﬁ ai; - ﬁti.h—j)-

i=1 V=1 j=1
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and this is contained in Ay Az --- Aj. Let A = UL, A;. Then

Ah_:_)A1A2---Ah=G.

The proof of Theorem 4.2 is complete.

4.4 Thin Bases for o-finite Abelian Groups

Let G be an infinite abelian group. Use + to denote the group operation.
G is called o-finite if there exists an ascending chain of finite subgroups of
G:

0=GoCG1C--CGnC

such that

w B

G=|J Gn = lim Gn.

n=0
It is easy to see that any countable abelian group with no element of infinite
order is o-finite.

Let ¢ = p/, p a prime, F, the g-element field. It is clear that F,[z] under

addition is a o-finite group by defining

Ga = {9(x) € Fylz} | 89 < n or g(z) = 0}.

Let G be a o-finite abelian group with the following ascending chain of

finite subgroups:
0=GoCGIC CCnC - (42)
such that -
G=|]J G
n=0

A nonempty subset A of G is called a basis of order h for G (with respect to
the chain (4.2) of finite subgroups) if for any g € G there exist h elements
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a; € Gu(i=1,2,...,h) such that
g=a1+--4 ap,

where n is the smallest integer n so that ¢ € G,,. Let A be any subset of G.
We denote by A(n) the cardinality of ANG,. A(n) depends on the chain
of subgroups. -

Suppose A is a basis of order A for G. By the definition, we see that
h(A N Gn) = Gy, thus A(n)* > |Gy, ie., A(n) > |Ga|*’*. Therefore, we
have the following definition.

Definition 4.1 A basis A of order h for G is thin if there ezists a constant
¢ > 0 such that

A(n) < clGaf'/*
foralln> 0.

In this section, I shall prove the following theorem.

Theorem 4.3 Let G be a o-finite abelian group with the following ascending
chain of finite subgroups:

0=GoCGiC - CGnC-r,

oD
where G = U Gn. Let

n=0

kn+1 = [Gﬂ+l :Gn] for n= 0,1,. e
If {ks} is bounded, then there ezists a thin basis A of order h for G.

To prove this theorem, we need the following lemma.

Lemma 4.4 If {zn} is a bounded sequence of positive numbers, then there
ezxists a partition x of N into h pairwise disjoint subsets I, ..., I) such that,
for each i, the sequence {y;,} defined by
n
Yin = h * Z L E T
n2mel; m=1

15 bounded.
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Proof.  Suppose Zn < Mforalln Let lp=0fori=12,...
Suppose Iy, ..., Ixn are defined and satisfy the following conditions:

() {Iin,..., Inn} is & partition of {1,2,...,n);

Y tn= 3 2m

me’in mEf,-vn

< M for any i and ¢'.

(i)

Let 7 be the smallest number such that

2 zm:qglijgh E Em-

meElrn = =" melin

Then define

I."«n+l = Iin if i # 1', and If'n+] = I-rn U {n + 1}-

93

s

(4.3)

It is clear from (i) that {f1,a41,..., Inn41} is a partition of {1,2,...,n+1}.

We need to show that for any i # i/,

2 Tm- Y *m

me&li a4 mElis 41

< M.

It follows from (ii) that it is enough to show that

z Zm + Tny1 — Z: Tm

mElrn meElin

<M

for any i # r. Noticing (4.3), we see that
0 Y Zm— Y zm <M,
n€lhin m€lrn
and so

<M.

z Tm — z Zm = Tn+l

me€lin mé€lrn
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Thus Iy n41,. .. Iz ner satisfy conditions (i) and (ii) with n being replaced
by n 4+ 1. Therefore, for any positive integer n, the partition {I1,...,Irn}
of N satisfies properties (i) and (ii). For any 1 <i < A, let

0o
I = U Iin.
n=1

I shall show that I,..., I, satisfy the condition of Lemma 4.4.
For any n, it follows from (i) and (ii) that

n
lginl = [A- Y Zm =) zm
melin m=1

A

- BT b T e
s=1me€l,, m€Elin

< XX m- X m
1€2<h |mehn m€lin
#

< (h-1)M.

i.e., {yn} is bounded. This proves the lemma.

Proof of Theorem {.3 Assume without loss of generality that G, is a
proper subgroup of Gn41 for all n. Let

Zy =logky, for n=1,2,....

Since {ky} is bounded and k, > 2, we see that {z,} is a bounded sequence
of positive real numbers. It follows from Lemma 4.4 that there exists a
partition 7 of N into h pairwise disjoint subsets I, ..., I, such that, for any
i, the sequence {yin} defined by

Yn=h" E xm—izm

mel; m=1
m<n
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is bounded. Suppose Jyin| < M for all n. Then

H km <Mt G A (4.9)

mel;
m<n

fori=1,2,...,h.
For any n > 1, assume
Gn/Gn-l = {gnll “ee :ynk..}’
where §,,; denotes the congruence class in G, containing g,; € G, for j =

1,2,...,ky, and gny = 0. Let

Sn = {gnh---:gnkn}'

Define
Bin= Y Sm for i=12,...,h
mel;
msn
Then .
A h n
EB."‘ = Z Z Sm = 2 Sm - Gn, (4.5)
=1 i=1 mel; m=1
m<n
It follows from (4.4) that
1Binl € T 1Sml= IT km < eM™.|Ga M0 (4.8)
mel; mel; ' .
m<n m<n

(=]
Define B; = U Bin for any § > 1. Then |B; NGy| = |Bin|. Let A =

n=1

h
E B;. It follows from (4.5) and (4.6) that A is a basis of order h for G and

i=1

h h
IANGal € Y 1ANGal =Y JAil
=1 §=1

< k. EM/hIGnlllh =¢ |Gn|1”'.

Therefore, A is a thin o-basis of order h for G with respect to {Gn}. The
proof is complete.
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Corollary 4.3.1 Let F,[z] be the additive group of the polynomial ring over
the finite field ¥, of g elements. there exisis a thin o-basis A of order h > 2

Jor Ffz).

Proof. Let G, = {f € Fy[z] | 8f < n). Then G, is finite and
ky = [Gn : Gn-1] is bounded. By Theorem 4.3, there exists a thin o-basis
of order h for F,[z].

o0
Let G = U Gp be a o-finite abelian group. If {G,,} is a subsequence

=1 .
of {G.}, the; any thin o-basis of order h with respect to {G,} is a thin
o-basis of order h with respect to {Gn,}. The following corollary follows
from Theorem 4.3 and this simple fact.

Corollary 4.3.2 Let P be a finite set of prime nambers. If G is a o-finite
abelian group in which the order of any element is a product of primes in P
with repetitions allowed, then there exisis a thin o-basis of order h > 2 for
G with respect to any increasing sequence of finile subgroups of G.

Proof. Let G = U Gy, where 0 = Gy C G; C - - is a sequence of finite

subgroups of G. Sincgfllle order of any element in G is a product of primes in
P, We see that there exists an increasing sequence { H,} of finite subgroups
of G such that {H,} contains {Gnp} as a subsequence, and such that every
index k, = [Hy, : Hp-1] is a prime in P for n = 1,2,.... Therefore, {k,} is
bounded, and it follows form Theorem 4.3 that there exists a thin o-basis A
of order h for G with respect to the sequence {H,}. Therefore, A is a thin
o-basis of order h for G with respect to the sequence {Gn}. This proves the
corollary.

o0
This suggests the following problem. Let G = U Gn be a o-finite abelian
=1
group. If there are infinitely many prime numb:rs appearing as factors of

the indices k, = [Gyn : Gn-1], then does there exist a thin o-basis of order
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h for G with respect to {G,}? In particular, let G be the direct sum of all
Z,, p prime:
C=%0230Zs® .

Does G contain a thin o-basis of order A7 We can prove the existence of thin
o-bases of order h for certain o-finite abelian groups with infinitely many
prime numbers appearing as factors of the indices k,.

4.5 Bases with Given Number of Representations

Let A be a basis of order A. Denote by rj a(n) the number of different
representations of n as a sum of A not necessarily distinct elements in A. In
1941, Erdoe and Turan {14] conjectured that

limsup ry 4(n) = 400
=00

for any basis A of order h. This has not been proved or disproved even for
the simplest case h = 2. Recently, Ruzsa [56] proved that there exists a
basis A of order two such that

Y rha(n) = O(N).

n<N
The problem still remains unsolved. However, the analogue of Erdcs-Turin
Conjecture does hold for some semigroups. Erdés [5] proved the analogue
conjecture for multiplicative semigroup (N+,.). Nesetfil and Rod] [50] used
Ramesay's Theorem to give a very simple proof of Erdds's result. Nathanson
[42] had some generalizations of this result. Nathanson also proved the
analogue conjecture holds for.the semigroup (N, LCM), where LCM is the
least common multiple. A commutative semigroup is said to be a prime
semigroup if it contains an infinite prime set and it has only finitely many
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units. Pui [53] recently proved that the analogue of Erdds-turdn conjecture
does hold for every prime semigroup.

On the other hand, Pus [52) recently proved that the analogue conjecture
is false for certain infinite groups.

Theorem 4.4 (Puid) ! Let G be a countably infinite abelian group. Let
f : G — N be any function from G into positive integers. If for anya € G
and any 2 < r < 4, the equation z¥ = a has only finitely many solstions in
G, then there ezists a basis A of order 2 for G such that ry o(n) = f(n).

In this section, I shall show that the analogue conjecture is not true for
every infinite abelian group. The basic idea in this section is based on a
discussion with Professors Erdoe and Nathanson.

For convinience, we use f4(n) to denote rp 4(n).

Theorem 4.5 Suppse that G = F & Z3°, where F is a finile group. Let
f : G\F — N* be any function such that f(z) > 2 for all z € G\F. Then
there exisis a bsis A of order 2 for G such that f4(z) = f(z) forallz € G\F.

Proof.  Order the elements in G\F, say G\F = {a1,a3,...}. Any
element in G can be regarded as an infinite dimensional vector. Let x € G.
By v(z) we denote the largest number v such that the vth coordinate of z is
not zero. For n > 1, u, denotes the nth unit vector, whose nth coordinate
is 1 and all other coordinates are zero, i.e., u, = (0,...,0,1,0,...).

Pick up an integer n such that n > v(ay). Define
Z1i = a1+ tngi, and Y =unyi for i=0,1,2,..., f(a;) - L.

Then
fi=ni=a for i=0,1,...,f(a)-1.

In fact, this is a special case of his theorem.
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Let
A= FU{z1i,mi|i=0,1,...,f(a1) - 1}.

Clearly fa,(a1) = f(a1). Noticing that

. . FE T - Z1i + %15 # W ir + . and
{’:J} # {' vJ } lmphe' { Ty + Wi.; # zy i + 0, !

we see that fu,(z) < 2 for every z € G\({a1} U F).
Suppose that A, has been constructed so that
() fala) = flaj) for j=1,2,...,5, and
(ii) fa,(z) € 2 for every z € G\({a1,...,8,} UF).

If fa,(Gs41) = f(8s41) = 2, then define A,4y = A,. It is clear that A,y
also possesses properties (i) and (ii) above with s being replaced by s + 1.

Now suppose that f4,(as41) < f(as41). Let r = f(a,41) = fa,(a,41). Pick
up an integer n such that n > v(a,4+1) and n > v(z) for all x € A,. Define

Lyl = Oppt + Ungi aNd Ypp1i = Upgi

fori=0,1,...,r~1, and define
AJ-H = Acu{3:+l.i,ya+l.i I ';= 0,1...,r- l}-

Let a, @/, B, #' be four distinct elements in A,y such that a ¢ A,. It follows
from the construction that, except a,41 = z,41,i+¥s41ifori =0,1,...,r-1,
the only possible equalities in the form o + o' = 8 + 3’ are as follows:

Zop1i+ 2T = Yag1i+Yy, where z,y€ A, and 0<1<r-1;
Zatli F Tatty = Yedri Vst Where 0<ij<r—1, i#j;

Tatti + Vo4l = Zap15 + Yat1,i, Where 0<s,i<r—-1,i#].

Thus f4,,,(3s41) = f(8s41), and f4,,,(z) < 2 for all z € G\(FUA,). This
means that A,;; also satisfies (i) and (ii) with s being replaced by # + 1.
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o0
Define A = U A,. For any s > 1, it is clear that f4,(a;) = fa(a;) for all

=1
i<s. There;'ore, fa(ai) = f(ai) for i = 1,2,.... The proof is complete.

On the other hand, we can construct a basis A for the group G = FOZP
with fa(z) =1 for all x € G\F.

Theorem 4.8 Suppose G = F@ LY, where F is a finite group. Then there
ezisis a basis A of order 2 for G such that f4(z) =1 for allz € G\F.

Proof. As in the proof of the theorem above, v(z) denotes the largest
number v such that the vth coordinate is not zero, and u, denotes the nth
unit vector. Suppose G\F = {a;,~a1,a2,—az,...}.

Define Ay = FU{z,y,—z}, where z = a; + uy,, y = tu,, and n > v(ay).
It is clear that z+y = a1, and —z+y = —a;. (If 2a; = 0, then 2z = 0). It is
clear that fa,(a1) = fa,(—01) = 1 and fa,(2) < 1 for all 2 € G\(F U {a1}).
Suppose that A, has been constructed so that

(i) fa,(xa;)=1fori=1,2,...,s, and
(ii) fa,(z) <1 for all z € G\(F U {£a,...,%a,}),
(iii) A, is symmetric, i.e., w € A, implies —w € A,.

It follows from (iii) that fa,(as41) = fa.(—8s41). If fa,(£as41) = 1 then
define A,41 = A,. Otherwise, pick up an integer n such that n > v(w) for
every w € A, U {a,41}, and define

As1 = A,U{z,y,—z}, where z =a,41 +tn, ¥y = un.

Then £z +y = ta,41. f 24w = y+ ' for some w, v’ € A,, then La,41+

w = w', thus +a,41 = ~w + ', which contradicts the fact f4,(Xas41) =

0. Therefore, A,41 also satisfies conditions (i), (ii) and (iii} with s being
o

replaced by 84 1. Define A = U A,. Then fi(+a;) =1 for all i. It is clear

=1

that 24 = G. The proof is complete.
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Theorem 4.7 Suppose that G = FA ZP or G = FO LY, where F s
a finite group. If f is a function from G inio positive infegers such that
F(z) > 2 for allz € G. then there exists a basis A of order 2 for G such
that fo(z) = f(z) forallz € G.

Proof. First we consider G = F @ Z$°. Assume that G = {a,4a3,...}.
Pick up an integer n such that n > v(a;). Let

A1 = {z.-,y; | i =0,1,...,f(u1)- l},
where
Zi =01 + Ui, Ui =2uny; for i=0,1,...,f(a1) -1

Then z; 4+ ;i = a3 for all i. It is clear that z; + y;, 2=z;, and 2y; are distinct
elements in G if i =# j, and none of these sums is equal to a;. Therefore,
Fa,(a1) = fa1) and f4,(z) € 2 for all z € G\{a1}. Assume that A, has
been constructed with the following properties:

(i) fa(a)=f(a) fori=1,2,...,s;
(ii) fa,(ai)<2fori>s+1.

If fa,(as+1) = f(a,41) = 1, then define A,y = A,. Now suppose that
r= f(as41) — fa,(@s41) > 0. Let n > v(.t) for all z € A, U {a,+1}. Let

Zi = Og41 F Ungi, Yi = 2Uupyi for i=0,1,...,r=1.
Define
Avp1 = A, V{zi, 4 |i=0,1,...,r=1}.

It is easily verified that f4,,,(a,41) = f(a,41), and that fa,,,(a,41) =

f(as41), and that fu, ., (a;) < 2 for all i > s+ 2. This means that A,y
o0

also satifies (i) and (ii) with s being replaced by s + 1. Define A = UA..

=1

Therefore j4(a;) = f(a;) fori=1,2,...,.
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The case of G = F & Z3° can be proved in a similar way. The proof is
complete.

If G contains an element of order infinity, it is easy to show that G
contains a basis A of order 2 so that f4(z) = f(z) for all z € G, where f is
any given function from G into positive integers. For torsion abelian groups,
we have the following theorem.

Theorem 4.8 Suppose that G is an abelian group. If G can be writlen as
a direct sum

G=God L1 ®Ga2® -+~

stuch that each G; is a cyclic subgroup of order > 5, then, for any function
J Jrom G into positive integers, there exisis a basis A of order & for G such
that fa(z) = f(z) forallz € G.

Proof. Suppose G = {ay,a3,...}. Let n > v(a1). Let Ay = {z;, 5 |i=
0,1,...,f(a1) = 1}, where z; = a1 + uyqi for i = 0.1...., f(a1) — 1. Then
z; + ¥ = oy for all i. Noticing that u,,; is of order > 5, we see that
Ja,(a1) = f(a1) and fa,(z) < 1 for all z € G\{a1}. Assume that A, has
been constructed with the following properties:

() fa(a) = fla) fori=1,2,...,8
(ii) fa,(a) Slfori>a+1.
If fa,(8:41) = f(8,41) = 1, then define A,;; = A,. Otherwise, define
A=A, U e,y [i=0,1,...,f(8s1) - 1},
where

Ti = Gy41 + Unyi and Y = =upy; for i=0,1,... yf(asg1) — 1,
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and n > v(w) for w € A,U {a;,...,a,}. Noticing that u,4; is of order > 5,
we see that fa,.,(8,41) = f(as41) and f4,,,(a;) < 1for i > s+ 1. Hence
A,41 also satisfies (i) and (ii) with s being replaced by s + 1. Define

00
A=UA.,

then fa(z) = f(z) for all z € G. The proof is complete.

The finite case is different. In fact, for any constant M, there exists a
finite abelian group G such that max fy 4 > M for any basis A. Let G = Z7,
where Z), is the group of Z modulo h. If A is a basis of order h for G, then

740y > 14] > |GI*/*,

which is not bounded by any absolute constant. Furthermore, we may find
a nonzero element zq with f4(zg) large. In the case h > 3, we consider the
group G = Z} ;. Let A be any basis of order & for G. It is clear that

Fa(2) 2 |A] > |GV for every z € A.

In the case A = 2, we have the following theorem.

Theorem 4.9 Let M be any posilive number. There ezists a finite group
G such that, for every basis A of order 2, there exists a nonzero element zg
such that fa(zo) > M.

Proof. Let M > 0 be any number. Let m be an integer such that

m
274- -M?>(3.2m)4 and V3.2"% 1> 2M. (4.7)

Let G = Z3 © (ZF. Then [G] =3.2™. Let A be any basis of order 2 for G.
Let
Li = {(i,a,.. H8m) EG} and A;=TNA
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for i = 0,1,2. Then |A] = T |Ai|. If |A| > |G]P/4, then

1 1 1
> faz) = Al + 5141 > (G + )A)). (48)
€@

Notice that, if 0 = a + b with a,b € A, then either a,b € Ap or one of a and
bis in A; and the other is in A;. In the later case, if 0 = a+b =o' + ) and
a,a’ € Ay, b, ¥ € Ay, and if a # o/, then b # b’. Therefore,

Ja(0) < |4o| + min{|A,|, |42[} < |A].

It follows from (4.8) that

32 1ate) > 5GP/ = 1A 2 36" - (G
z#0
z€CG

Noticing (4.7), we see that there exists at least one nonzero element xo € G
such that

Ja(zo) > 5 (161 - 1) = 5vB. 272 2 > u.

This shows the existence of 2o in the case |A] > |G[3/4.

Now assume that |A| < |G[P/4. It is clear that if either |A;| > M or
[Az] > M then the proof is done. If |A;| < M and |A;| < M, noticing (4.7)

and
rl = 2A2U(AO+A1):

we see that
2" 2 m\3/4 3/4
|Ao|?_-—M—M > (3-2m)%* = |G-,

The proof is complete.
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4.6 Applications to Cayley Graphs

Let I’ be a given nontrivial finite group with S a generating set for I'. We
associate a digraph with I" and S called the Cayley graph of I' generated
by S and denote by G(T', ). The vertex set of G(I', S) is the set of group
elements of T, and = is adjacent to y if and only if yz~! € S.

Let G be a graph. The distance between two vertices z and y, denoted
d(z,y) is the length of a shortest path from z to y. The diameter d(G) of
the graph G is the maximum distance between two vertices of the graph.

We are interested in finding a smallest generating set S of the Cayley
graph G = G(T', S) with given finite group T and the diameter d. In other
words, for any finite group I', and an integer d > 2, we are interested in a
smallest subset S such that the diameter d(G(T', S)) < d.

This problem arises quite naturally in the study of computer networks.
Elements in the group represent the stations or processors, the generating
set S represents the links between stations or processors, and the diameter
of the graph represents the maximum number of links to be used to transmit
a message within the network. For more problems and results, see Bermond,
Comellas and Hsu [3] and Erdds and Hsu [9].

Let T be a finite group of order n. Let G = G(T',S) be the Cayley
graph of T' generated by S. If the diameter of the G is d, then n < |S|¢,
i.e., |S| > n1/%. Naturally, we have the following question: For any d > 2,
is there a constant ¢ = c¢(d) > 0 such that every finite group I contains a
subset S such that

d(G(T,$)) <d and |S|<clTV/4?

It follows from Lemma 4.5 below that this is another version of Rohrbach’s
question on the existence of thin bases for finite groups.

I shall prove that such constant exists for the class of finite abelian groups
and the class of finite nilpotent groups.
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Lemma 4.5 Let T’ be a finite group, S a subsel of I'. Then S is a basis of
order d for T if and only if d(G(T', S)) < d.

Proof. Suppose that S is basis of order d for I'. Let z,y € I'. Then
there exist d elements ay,a3,...,a4 in S such that

y:"l = ai1az-:--a4.
Define
o = X,
2, = G4-ip1zi— for i=1,2,...,d.
Then
T4 = G12d-] = Q1033 = =102 -: G4 T =Yy
and

z;_lzi‘l =a4—i+1 €95 for i=1,2,...,d.

Therefore, d(z,y) < d, hence the diameter of the G(T, S) is < d.

Conversely, suppose that d(G(I', S)) = d. we need to show that S is a
basis of order d for I'. Let z € I'. Then there exists a path from the identity
element 1 to z with distance < d:

l1=2p,z1,...,24=2
in the graph, i.e.,
z,-z.-_ll =a;€8 for i=1,2,...,d.

Then
z =aqa4_; - aza; € 5°.

Hence S is a basis of order d for I'. The proof of the lemma is complete.

Theorem 4.10 Let d > 2. Letc; = d(1 + 2"")"". Then every finile
abelian group T' contains a subset S such that
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(i) the diameter of the Cayley graph G(T', S) is d;
(i) 151 € e,

Proof. It follows immediately from Lemma 4.5 and Theorem 4.1.

Theorem 4.11 Let d > 2. Let 3 = d-2%"1, Then every finite nilpolent
group ' contains a subset S such that

(i) the diameter of the Cayley graph G(I', S) is d;
(ii) |S] £ ealT |2,

Proof. It follows immediately from Lemma 4.5 and Theorem 4.2.

Using Lemma 4.5 and the results by Nathanson [49] on thin bases for
finite groups, which I mentioned in the Introduction of this chapter, we have
the following theorems.

Theorem 4.12 Every finite group I' of order n contains a subset S such
that

(i} the diameter of the Cayley graph G(T', S) is two;

(i) |S] < 2¢/n"Togn + 2.

Theorem 4.13 Letd > 3, 6§ > 0. Then there ezists an integer M = M(d, §)
such that every finite group I' of order n contains a subset S auch that

(i) the diameter of the Cayley graph G(T,S) is d;
(i) 1S] < (d + 6)(n - log n)*/4.



References

{1} J. Cherly, On complementary sets of group elements, Arch. Math.,
35(1980), 313-318.

[2) J. Cherly and J.-M. Deshouillers, Un théoréme d’addition dans F[z],
preprint.

[3] J.-C. Bermond, F. Comellas and D. F. Hsu, Distributed loop computer
networks: a survey, fo appear.

[4] M. Deza and P. Erdés, Extension de quelques theoremes sur les densities
de series d’elements de N a des series de sousensembles finis de N,
Discrete Math., 12(1975), 295-308.

[5] P. Erdés, On the multiplicative representation of integers, Israel J.
Math. 2(1964), 251-261.

[6] P. Erdés, Personal communication, 1989.

(7] P. Erdis and R. L. Graham, Old and New Problems and Results in
Combinatorial Number theorey, L'enseignement Matheématique, Uni-
versité de Genéve, 1980.

(8] P. Erdée and R. L. Graham, On bases with an exact order, Acta Arith.,
37(1980), 201-207.

[9) P. Erdos and F. Hsu, Distributed loop network with minimum trans-
mission delay, to appear.

[10] P. Erdés and M. B. Nathanson, Oscillations of bases for the natural
numbers, Proc. Amer. Math. Soc., 35(1975), 253-258.

[11] P. Erdés and M. B. Nathanson, Systems of distinct representatives and
minimal bases in additive number theory, in: Proceedings, Number the-
cry, Carbondale 1979 (M. B. Nathanson ed.), Lecture Notes in Mathe-
matics, 751, Springer-Verlag, Berlin and New York, 1979, 89-107.

{12] P. Erdés and M. B. Nathanson, Problems and results on minimal
bases in additive number theory, Lecture Notes in Mathematics, 1240,
Springer-Verlag, Berlin 1987, 87-96.

108



REFERENCES 109

[13] P. Erdés and M. B. Nathanson, Additive bases with many representa-
tions, preprint.

[14] P. Exdds and P. Turin, On a problem of Sidon in additive number
theory and some related questions, J. London Math. Soc., 16(1941),
212-215.

[15] D. Gorenstein, Finite Groups, Harper & Row, Publishers, New York,
1968.

[16) G. Grekos, Quelques Aspects de Ia Théorie Additive des Nombres, The-
sis, Université de Bordeaux I, 1982.

{17) G. Grekos, Nonexistence of maximal asymptotic union nonbases, Dis-
crete Math., 33(1981), 267-270.

[18] H. Halberstam and K. F. Roth, Sequences, Oxford university Press,
Oxford, 1966.

[18] N. Hammerer and G. Hofmerster, Zu einer Vermutung von Rohrbach,
J. reine angew. Math., 286 /287(1976), 239-247.

[20] E. Hartter, Ein Beitrag zur Theorie der Minimalbasen, J. reine angew.
Math., 196(1956), 170-204.

[21] G. Hofmeister, Asymptotische Abschatzungen fiir dreielementige Ex-
tremalbasen in natrurlichen Zahlen, J. reine angew. Math., 232(1968),
77-101.

[22] G. Hofmeister, Die dreielementigen Extremalbasen, J. reine angew.
Math., 339(1983), 239-247.

[23] N. Jacobson, Basic Algebra LII, W. H. Freeman Co., 1974.

[24] X.-D. Jia, Exact order of subsets of asymptotic bases in additive number
theory, J. Number theory, 28(1988), 207-214.

[25) X.-D. Jia, Simultaneous systems of representatives for finite families of
finite sets, Proc. Amer. Math. Soc., 104(1988), 33~36.

[26] X.-D. Jia, On a combinatorial problem of Erdés and Nathanson, Chi-
nese Ann. Math. (Ser A), 9(1988), 555~-560.



REFERENCES ' 110

[27] X.-D. Jia, Representatives for finite sets, Proc. Amer. Math. Soc.,
107(1989), 347-351.

(28] X.-D. Jia, Minimal spanning vertex systems for graphs, preprint.

[29] X.-D. Jia, On the order of subsets of asymptotic bases, J. Number
Theory, to appear.

[30] X-D. Jia, Thin bases for finite abelian groups, J. Number Theory, to
appear.

f31] X.-D. Jia, Thin bases for finite nilpotent groups, preprint.

[32] X.-D. Jia and M. B. Nathanson, Addition theorems for o-finite abelian
groups, preprint.

[33] X.-D. Jia and M. B. Nathanson, A simple construction of minimal
asymptotic bases, Acta Arith., 52(1989), 95-101.

[34] Y-F. Li, On the Exact order of asymptotic bases, preprint.

[35] H. B. Mann, Addition Theorems, Interscience Publishers., New York,
1965.

[36] A. Mrose, Ein rekursives Konstruktionsverfahren fur Abschnittsbasen,
J. reine angew. Math., 271(1974), 214-217.

[37) A. Mrose, Untere Schranken fur die reichweiten von Extremalbasen
fester ordung, Abh. Math. Sem. Univ. Hamburg, 48(1979), 118-124.

[38] J. C. M. Nash, Results in Bases in Additive Number Theory, Thesis,
Rutgers University, New Jersey, 1985.

[39] 3. C. M. Nash and M. B. Nathanson, Cofinite subsets of asymptotic
bases for positive integers, J. Number Theory, 20(1985), 363-372.

[40] M. B. 'Nat.hanson, Minimal bases and maximal nonbases in additive
number theory, J. Numbe Theory, 6(1974), 324-333.

(41] M. B. Nathanson, Oscillations of bases in number theory and com-
binatorics, Number Theory Day, Lecture Notes in Mathematics, 626
Springer-Verlag, 1977, 217-231.



REFERENCES 111

[42] M. B. Nathanson, Multiplicative representation of integers, Israel J.
Math. 57(1987), 120-136.

[43] M. B. Nathanson, The exact order of subsets of additive bases, in:
Proceedings, Number Theory Seminar, 1982, Lecture Notes in Mathe-
matics, 1052, Springer-Verlag, 1984, 273-277.

[44] M. B. Nathanson, Simultaneous systems of representatives for families
of finite sets, Proc. Amer. Math. Soc., 103(1988), 1322-1326.

[45] M. B. Nathanson, An extremal problem for least common multiples,
Distcrete Math., 64(1987), 221-228.

[46] M. B. Nathanson, Simultaneous systems of representatives and combi-
natorial number theory, Discrete Math., 79(1989/90), 197-205.

{47] M. B. Nathanson, Combinatorial pairs, and sumsets contained in se-
quences, in: Combinatorial Mathematics, Proceedings of the Third In-
ternational Conference, Volume 555 of the Annals of the New York
Academy of Sciences, 1989, 316-319.

{48] M. B. Nathanson, Minimal bases and powers of 2, Acta Arith.,
49(1988), 525-532.

[49] M. B. Nathanson, On a problem of Rohrbach for finite groups, preprint.

[50] J. Negetiil and V. Radl, Two proofs in combinatorial rumber theory,
Proc. Amer. Math. Soc., 93(1985), 185-188.

[51] V. Pus, Combinatorial properties of products of graphs, preprint.
[52] V. Pus, On multiplicative bases in Abelian groups, preprint.
[53] V. Pus, On multiplicative bases in commutative semigroups, preprint.

(54] H. Rohrbach, Ein Beitrag zur additiven Zahlentheorie, Math. Zeit.,
42(1937), 1-30.

[65] H. Rohrbach, Anwendung eines Satzes der additiven Zahlentheorie auf
eine grupentheoretische Grage,, Math. Zeit., 42(1937), 538-542.

[66] L Z. Ruzsa, A just basis, preprint.



REFERENCES 112

- [67] E.S. Selmer, The Local Postage Stamp Problem, Department of Math-
ematics, University of Bergen.

[58] S. A. Stéhr, Geléste und ungeloste Fragen iiber Basen der natiirlichen
Zahlenreihe, II, J. reine angew. Math., 194(1955), 111-140.

[59] R. Winderecher, Eine Abschnittsbasis dritter Ordung, Det Kongelige
Norske Videnskabers Selskab, 9(1976), 1-3.

[60] C. K. Wong and D. Coppersmith, A combinatorial problem related to
multimodule menory organizations, J. Assoc. Computing Machinery,
21(1974), 392-402.




