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Abstract

SOME RESULTS IN 
ADDITIVE NUMBER THEORY

by

X in g -D e  J ia

Thesis Advisor: D r. M elvyn  B . N a th an so n

The thesis is devoted to the study of bases in additive number theory. 
It contains four chapters.

Chapter One investigates the order of subsets of asymptotic bases. Let 
g(A) denote the smallest integer h such th a t the set A is an asymptotic basis 
of order h. Some estimates are proved for the extremal function

GkW = ,!Sfo Ŝ F>'
g(A\F)«io

including

as h tends to infinity for any fixed k. It is also proved that Cit(h) has order 
of magnitude kh_1 as k  tends to infinity for any fixed A. An interesting 
connection between this problem and the theory of extrema] bases in the 
postage stamp problem is also proved in this chapter.

Chapter Two describes a simple and explicit construction of minimal 
asymptotic bases of order A for every A >  2 by using either powers of 2 
or y-adic representations of integers. It is also proved in this chapter tha t



there exist minimal bases for commutative monoids, which generalizes some 
results in additive number theory concerning minimal bases.

In Chapter Three, it is proved that if 4  ............ S#} and V =
{T \,T j  Tt) are two families of nonempty, pairwise disjoint sets such
that |5<| < h, |7)| <  k (h > 2 and k > 1) and Si % Tj for all i and j ,  then

where k =  q{h — 1) +  r  with 0 < r  < h — 2 , and Af ($, >P) is the number of 
sets X  such that X  is a minimal system of representatives for $  and X  is 
simultaneously a system of representatives for \P. This was a conjecture of 
NathanBon. A further result is also proved in this chapter. This study was 
motivated by a problem in additive number theory concerning the existence 
of minimal bases in given asymptotic bases.

Chapter Four considers the existence of thin bases for finite groups. Let 
h > 2 be any integer. It is proved that every finite abelian group G of order
n contains a subset A  such that hA — G and

where d  =  h ( l+  2" ^ * )fc" 1I

and that every finite nilpotent group G of order n contains a subset A  such 
that A h = G and

|A| < cjn1̂ ,  where cj =  2*- 1h,

which completely answers an old question by Rohrbach in the nilpotent case. 
Some applications of these results to Cayley graphs are also given. It is also 
proved in this chapter that bases with given number of representations exist 
for certain infinite abelian groups.
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1 ON SUBSETS OF ASYMPTOTIC BASES

1.1 Introduction

Let N  denote the set of all nonnegative integers. Let A  be a subset of N, 
and let A be a positive integer. Let hA  denote the set of all sums of A not 
necessarily distinct elements in A. If hA contains all nonnegative integers 
then A  is called a basis o f order A. If hA contains all sufficiently large 
integers then A  is called an asymptotic basis o f order A. The major problem 
in additive number theory is to describe the structure of various kinds of 
bases. Most famous examples are Goldbach's Conjecture which states that 
any large even integer is expressable as a sum of two prime numbers, and 
Waring’s Problem about the 1th powers of integers. More recent work in 
additive number theory is concerned with general bases.

The simplest example of a basis is the set of all odd integers and 0, which 
iB a basis of order two because any even integer is a sum of two odd integers 
and any odd integer is a sum of 0 and the odd integer itself. Lagrange’s 
Theorem asserts that each positive integer can be written as a sum of at 
most four squares of integers, thus the set of squares is a basis of order four.

Let A  be an asymptotic basis, and a € A. The -<4\{a} is not necessarily 
an asymptotic basis. For instance,

f f  =  { n € N | m  =  0 mod A} U {1} 

is a basis of order A, but f f \{ l)  is not an asymptotic basis of any order.

1



1 ON SUBSETS OF ASYM PTOTIC BASES 2

We denote by I  the set of elements a £ A  such that A\{a} is an asymptotic 
basis. Erdos and Graham [8] and Grekos [16] showed that a €  /  if and only 
if

gcd{* -  *' | *, * ' € A \{a}  } =  1.

Let g(A) denote the least integer h such that A is a basis of order h. For 
any a €  / ,  Erdos and Graham investigated how large fl(A\{a}) could be in 
terms of y(A). Define

G i(h)=  maxmaxfl(,4\{a}). 
g(A)<h a€l

Erdos and Graham [8] proved that

i ( l  +  o(l))fta < Gi(ft) < |(1  + o(l))*2.

In his doctoral thesis, Grekos [16] improved this estimate to 

^h 2 + 0 { h ) < G 1{h )< h 2 + h, 

and Nash [38] improved the upper bound even further:

Gi(A) < ^ > 3 +  h.

However, there is still a big gap between the upper and lower bounds. Some 
exact values of Gi(h) are known for small h. Erdos and Graham [8] showed 
that Gi(2) =  3, Nash [38] showed that Gi(3) =  7 and G2(3) =  13. Li [34] 
showed that Gi(4) =  10 and Gi(5) =  15. It would be interesting to calculate 
more values of Gi(A).

Nathanson [43] first considered the general form of this problem. Let 
k >  1 be an integer. If A is an asymptotic basis, let Ijt(A) denote the set of 
all subsets F  of A such that F  has cardinality k and the set A \E  is still an 
asymptotic basis. Define

Gfc(A) =  max max g(A \F). 
fl(A)<AFe/*(Arv '  *
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Nathanson proved that

where A > k, and [z] denotes the largest integer not exceeding z. In [24], I 
improved this result to

4 /  h \*+ i
Ct(l>) > 3 + 0 (*‘ ) («. A (1.1)

and recently I have proved that

<3»w > ( * + > )  ( r ? r ) i+ 1 + °<'*‘ > * -  °°>- <12>

It is clear that (1.2) iB sharper than (1.1) for all k > 1. But the proof of
(1.1) is much simpler. So in Section 1.2, I shall present the proofs of these 
two results. In Section 1.2, I shall also prove a connection between this 
problem and the theory of extremal bases in the postage stamp problem, 
which provides some lower bounds for Gfc(A) by using a result of Mrose [36] 
about finite A-bases for integers.

In Section 1.3, I shall prove the following estimate for C?*(A) as k tends
to infinity for any fixed integer A >  2:

Ck(h) +  1 > 2 ( y - r i ) * ’ 1 +  (4A -  5) +  0{kh-%

and

° * w + 1 5  ( d h ) ? 1' " 1 + (£ r5 )T * ‘ " J +

In particular, we have that G*(2) =  2fc +  2 for all k > 1, which is a result 
by Nash [38].
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1.2 Lower Bounds for G*(ft) for Fixed k

4

T heorem  1.1 Let k >  1. Then

as h tends to infinity.

In order to prove this theorem, we need the following lenunas.

L em m a 1.1 Let h >  k +  1 and k >  1. Define

l & l "
-  |& i l -

a — h ~  (k — l)u  — 2u',

- = b?d*
ti =  ut,_i +  tr for i =  2, 3 , . . . ,  i ,  

d =  u'bjg +  — h +  ( i  — l)u +  u*.

Then
k k k

md +  5Z xibi +  h -  $ 3  *• ^  (m ~ x*b* +  6i +  u>b* (1-3)
1=1 i=l .=1

and
k k k

( m -  l ) d + ^ X i 6i +  u'fcfc +  fc -  J^x*  -  u' > md +  J 2 xibi (1-4)
i=l i=l i=l

hold for any m  > 1, and 0 <* , ■<«  for i =  1, . . . ,  it — 1,0 <  x* <  u'.

Proof Prom the definition, we have

k k k k
md +  £  x;6; +  ft -  ] £  x* =  ( m -  l)d +  ^ x ,l> i +  f t - £ x <  + d

•=l i=i i=i »=i
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k It—1

=  (m -  l)d  +  J 2  x*bi + bi + u'bk +  5 3 (u “  *») +  (tt# “  **) 
1=1 1=1
k

> (m — l)d  +  ^ 3  +  fci +  u>bkt
i=l

which shows (1.3). It follows from the definition that
k k

(m  -  l)d  + 5 3  x,-6i +  u '6* +  ft -  5 3
i = l  1=1

k k
=  md — u '6* — fcj +  h — ( t  — l)ti — u' +  J 3 xib* +  +  h — 5 3  *i

1=1 i s  1
fc *

=  md +  ^  Xib{ +  2h — (A — l)u — 2 t/ — 5 3  *,• — 6i
i = i  i = i
k

> md +  ^  x,bi + 2  h — 2(A — l)u  — 3u; — 6i .
«=i

Noticing that

2(t - i )o +  3 « '+ », <  +

=  “ ( r f T  +  3 i T 3 + X T l )
=  2/i,

we have that
k k

(m  — l)d +  53  Xib*' +  2h -  2(fc -  l)u  — 3ti' -  &i > md +  5 3  x*bu
1=1 i s l

which implies (1.4). The proof of Lemma 1.1 is complete.

Lem m a 1.2 Let h, k,u, u',<r,6i , . . .  be as in Lemma 1.1. I f

0 < xi < u for  i = l , , . . , i - l ,  and 0 < x* <  2ti',

then
k k k

5 3  * i f c + u 6# + h  -  ^ 3  * » • - « >  5 3  + f r *+ i
» = * + !  i = » + l  i = # + l

holds for any 1 < s <  k — 1.
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Proof. Noticing that s >  1, we have 

k
h — ^  *,• — u >  h — (k ~  2)u — 2u' — u 

i=»+l

=  h — (k — l)u  — 2u'

=  <r.

Therefore,

k k
T f +  h  -  ^ 2  X i -  u >

•=*+1 «=J+1

which proves Lemma 1.2.

L em m a 1.3 Let d te as in Lemma 1.1. Then

D  =s {a | a =  0 or 1 mod d} 

is an asymptotic basis o f order

Proof. It is clear that h > 3lr +  3 implies d > 4. Let n be any positive 
integer with n =  qd + r, where 0 <  r  <  d — 1. I f r  =  0 then n =  qd €  D, 
hence n 6  (d — 1 )D. If r  > 0 then

n =  {qd +  1) +  (r -  1) € rD,

so n G (d — 1)£>, hence D  is an asymptotic basis of order g{D) < d — 1.

For any m, if
t

m d +  ( d -  1) =  £ a it «» € D, 
i=I

Xibi + uba + tr
i=j+I

k
y !  *ifci +  4»+l, 

<=•+1
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then it follows from the definition of D that there exist a t least d—1 elements 
a,- in {01, 03, . . .  , 0| )  such that a,* s  1 mod d, which implies that < >  d — 1. 
Therefore,

9(D) =  d - 1

=  u '6fc +  61 — A +  u' — 1 

= u'u6*_1 +  u V  +  — h +  ( i  — l)u +  u' — 1

=  +  u'(ufe-2 +  • ■ • +  u +  1) +  61 — ft +  (k — l)u +  u' — 1
2 h '  *•

-  3&+3

-  i ( 4 t r w > .
The proof is complete.

Proof o f Theorem 1.1. Let F  =  {61, 63, . . .  , 6*}, and let A — F  U D, 
where 61, 63,. . . , 6fc,d, and D are as in Lemmas 1.1 and 1.2, we obtain with 
Lemma 1.3 that A  is an asymptotic basis. We now assume that h >  3& +  3. 
Then

4 < 6i <  63 <  • • • <  b/t <  d,

which implies A \F  s= D. Therefore, F  €  h (A ). By Lemma 1.3, it is 
sufficient to prove g(j4) <  h.

Let to >  1 and

0 <  *» < u for » =  1, 2, . . . ,fc — 1, 0 < x * < u ' .

Since
k

2 +  £ > ,  +  u' <  2 +  ( * - l ) u  +  2u'
t s l
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\Z k  +  3 )
< K

we have that
k

md +  5 3  Xibi € hA,
1=1

and
k

(m -  l)d  +  5 3  **6« +  €  M .
• = i

Therefore, any integer x satisfying

* k k
md  +  5 3  ^  +  5Z ***’' +  ^ ~  5Z *»

1=1 i '= i  1=1

or
k

(m — l)d +  5 3  Tib, +  6i +  u '6* < x <
i=i

k k
< (m -  l)d  +  5 3  +  6i +  +  A -  5 ^ *i ~  1 -

i=i »'=i

is contained in hA. Let [a, 6] denote the set of integers n satisfying a < n < b. 
It therefore follows from Lemma 1.1 that

T * * 1
m d +  53  +  (xi +  0*1 +  53  ^  hA-

L •'=! i=a *

The arbitrariness of xj : 0 < xi < u — 1 implies that

f * * 1I md +  ^  ubi, md +  ufcj +  53  £  hA.
I i=2 i=2 J

Using Lemma 1.2, we have that

k k k
md +  5 3 x,A- +  ubi +  h -  5 3 *i -  « > md + (x2 +  l )6a +  5 3  

1=2 1=2 i=3
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hence,
r * * 1
md +  £ md  +  (z» +  *)*» +  ] C Z'M  ^  hA-

1 i=2 <=3 J

Again by the arbitrariness of : 0 < x% < u — 1, we have that

lmd +  ^ z ; 6,-, md +  uia +  ]^zjb,-1 C hA.
*■ i=3 i=3 ■*

Again using Lemma 1.2, we see

T * k 1md +  ^ 2  xibit md  +  (*3 +  1)63 +  £  z,-6, C hA.
*■ i=3 t=4 1

Continuing this procedure, we obtain that

[md, md +  u '6*] C hA.

Noticing that

6 l _ A +  ( * _  i )ti +  w' < _  A +  (Jb _  i)  . +  2h
4 + 1  4 +  1 34 +  3

. 2  h
£  3 t +  3 < * - “ - 1’ 

we finaly obtain that [md, (m +  l)d] C hA for any m >  1. This means that 
x  G hA for all x >  2d, i . e . , g(A) < h. This completes the proof of Theorem 
1.1.

T heorem  1.2 For any given positive integer k,

a  ( » + 1) ( { ± 5 )*  ( ^ t ) ‘+' + o (* ‘ ) (i.5)

as h tends to infinity.

In order to prove this theorem, we need the following two lemmas.
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Lem m a 1.4 Let 1 > 2 and 1 >  I be integers. Let

■ = t e d -  ’

6i -  ( I  +  1)1 — k(k +  2)ti +  24 +  1,

6;+i =  ubi +  *1 — *’(1 +  l)u +  2* for i =  1, 2, . . . ,  k — 1, 

d =  ub/t + kh — 1(1 +  l)u +  2 1 —1.

I f  I < *i < u for i =  1 ,2 , . . . , ! ,  then 

k
(i) ubk +  h -  5 ^ *i -  u >  4 +  ubk-\ -  bk -  1;

i=i
(ii) For any 1 < s < j  — 2,

k
«6#+i -  6#+a +  h -  J^x,- -  u +  1 > u i, -  6J+i -  1.

»'=i

Proof. It follows from the definition that 
k

ubk +  1 — — ubk +  h — ku — u
i=i

=  ufcjt-i - ! *  +  ( ! -  1)1 -  (1 -  l ) ( i  +  l)u 

+  2(1 — 1) +  ubk +  1 — (1 +  l)u  

=  ubk-i — fcjt +  +  11 — 1(1 +  l)u +  21 — 2

=  d +  ubk-i — 6* — 1,

which proves (i).

From the definition, we see that 
k

u6,+i —t , + j + i —y ^ g , —u + i  
1=1

> ubt+i — 6,+ j +  !  — (!  +  l)u +  1

=  - ( s  +  1)1 +  (s +  l ) ( t  +  l)u  -  2(s +  1) + 1  -  (1 +  l)u  +  1 

=  —s i  +  s ( t  +  l)u — 2s — 1 

=  ub, -  6J+1 -  1,
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and this shows (ii).

L em m a 1.5 Let h ,k ,b i ,. . . ,b ^  be aa in Lemma l . f .  I f h > ( k  + 2)3, then
k

ubi + h -  £  Xi -  u -  a +  1 > 6J+| 

holds for any 1 <* , ■<«  (i =  a +  1 k) and 1 < * < k — 1.

Proof Since h > (fc +  2)3, we have that 
k

ubt + h — '£2 xi — u — s +  1 > ubt +  h — ( i  — s)u — u — a •+■ 1
t=j+i

=  bt+i — (ah — s(k +  l)u  +  2s) +  h — (fc +  l)u  +  su — s +  1

=  &*+i +  (* — 1)((* +  2)ti — h) +  u — 3s +  1

>  6.+1 +  ( . - 1) ( ( t  +  2 ) ( I A _ - l ) - * ) + r ^ - 3 .

— fc»+i +  Y + 2  ~  +  ^  +  3fi)
h_ 

k + 2
> .

> + TTo ”  (fc +  2)3

which proves the lemma.

Proof o f Theorem 1.2. Let h >  (k + 4)3. Let u, b \,. . . , bk and d be as 
in Lemma 1.4. Then

1 < hi < i>2 < • * • <  h* < d. (1-6)

Let D  =  {md, md +  1 | m =  0,1, . . .  }. Then D is a basis of order d — 1. 
Since

bt =  (* +  l)h  -  k(k +  2)u +  2k +  1 =  h +  0 (1),

we see that

bt =  ufci +  h — (k +  l)u  +  2 =  +
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Similarly,

bk =  u6j f c - i + M » - ( * - l ) ( * + l ) u  +  2 ( 4 - 1 )  

Therefore, 

g(D ) =  d — 1 =  ub/f +  th  — k(k  +  l)u  +  It

-  ( F t I ^ +0(^

Let F  =  {6i , . . . ,  6*}, and define A = D U F . Then (1.6) implies that 
A \F  =  D. Therefore, it is sufficient to prove that A is an asymptotic basis 
of order h.

Let m be a positive integer. Let 1 < <  u for i =  1 ,2, . . . ,  Is. Since

k
U +  < (Jfe +  l)ti < h,

i=i
we see that

k k
md +  ^ 2  xfbi €  hA, md +  +  ubt € hA for any s. (1.7)

i=i «=i
Hence, we have that
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Since
k

d +  fc -  */ +  1 >  d +  h -  4u +  1
i=i

=  ubk +  4A — 4(4 +  I)u +  24— 1 +  A — Au + 1  

=  tit* +  (4 +  1)A — 4(4 +  2)u +  24 +  1 — 1

=  ti6* +  6i —1,

we see that
k k k

md +  5 3  **&«' -  4i +  A -  5 ^  *,• +  1 >  (m -  1)</ +  5^  *;t; +  ut* -  1. 
i = l  t = l  i = l

Noticing (1.7), we have
r fc k 1
md +  53  ar.t, -  t j , (m -  l)d  +  5 3  x,t, +  tit * C A A

L i=i i'=i J

It follows from the first inequality of Lemma 1.4 that 
k k k

(m -  l)d  +  *•'&»' +  ut* +  A -  53  ** “  u > +  $ 2  x>bi +  ubk-1 - 1* -  1,
i = l  1=1 i = i

which implies that

r * * i
(m -  l)d  +  5 2  xibi +  «** I md + 1 2  *•1bi +  Û -1  -  C hA.

L t = l  i = i  J

Therefore,

r * * 1
md +  5 2  *«&i “  ^l i md +  5 2  *A  +  ubk-1 -  bk C hA. (1.8)

1 i=i i=i J
Form (1.7) and the second inequality of Lemma 1.4, we see that 

k k k
m d+ 5 3 xibi +  « t#+i - t4+a +  A - 5 2 x , - U +  1 > md+ 5 2 +  t i t , - t , +1 - 1

i'=i i=i i=i

for s =  1 , . . . ,  4 — 2. This implies that
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for a =  1, . . . ,  it — 2. Therefore,

r * * i
Imd +  5 3 m<* +  X ) +  u&i “  M  Q ^ *  (1-9)
*■ i= i i=i ■*

Since
k

ubi — b a  +  h  — 5 3  *• +  1 — u >  ubi — &2 +  h  — ( t  +  l)u  +  2 — 1 >  —1,
i = l

we see that
k k k

md +  5 3  *i&« +  «fci -  hj +  h -  5 3  *i +  1 -  u >  md +  -  1»
»=1 i = l  1=1

which implies

^md +  ^  x,-6,- +  u6j — fcj, md +  ^ z , ^ |  C Ai4. (1*10)

Therefore, by (1.8), (1.9) and (1.10), we obtain that

f * * 1
I md +  ^  x ^ i  — 6j md +  5 3  x»'bi I ^  ■̂‘4*
1 i=i ;=i J

Thus the arbitrariness of x\ : 1 < xi < u implies that

r * 1
m d+ 5 3 *i^«i m &+ ° ^ i+53*»*• -  (!•!*)

1 i=2  i=2 1

It follows from Lemma 1.5 with s =  1 that

k k k
md +  utj +  5 3 +  ^ — — 1 > md +  (x? +  1)62 +  5 3 *«A',

»=2 t= 2  ,= 3

hence,
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It therefore follows from (1.11) that

r * * 1
md +  53 *<*•» md +  (*a +  *)&* +  53 x<ii| -

*■ i=2 i'=3 J
Again by the arbitrariness of *2 : 1 <  *2 <  u, we see that

r k * 1
md +  63 +  ^ 2  **&»» +  3̂ +  u â +  53 Xi '̂ —

*■ t=3 «=3 ■*
By Lemma 1.5 with s =  2, we have that

k k
md +  (u +  1)̂ 2 +  5 3 x»'̂ * +  — 1

i'=3 t=3
k

> md +  63 +  (*3 +  1 )i>3 +  53
1=4

Hence,

r * k 1
I m d  +  62  +  5 3 Xibi, m d  +  63  +  ( * 3  +  1)^3 "b ^ 3 X,'^M — ?*A. 
L «=3 i= 4  ■*

By a similar argument, we obtain that

r * * 1 
lm d  +  J 3 i ,* ,  m d  +  5 3 bj +  » M  C  hA.

i= 2  1=2  ■*

Observing that, for h > (k +  4)3,

ubk + h — u — k =  d — kh + k{k +  l)u  — (2t — 1) +  A — u — k

= d - ( f c - l ) h  +  (Jfca + * - l ) u - 3 *  + l

= < ' + J ^ j - ‘ (‘  +  4) +  2 

> d,

we finally obtain that
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k
for all m >  1. Therefore, hA contains all integers n >  d+^jT^ b,, i.e ., A  is an

i=l
asymptotic basis and g(A) <  A. This completes the proof of Theorem 1.2.

Let Ak = {0 <  oi =  1 <  as <  ■ • • <  a*} be a set of k +  1 integers. Ah is 
called an h-basis for n  if every nonnegative integer < n can be written as a
sum of A elements of Ak, i.e ., hAk 3  {0,1........ n}. Let n(A, Ak) denote the
largest n for which Ak is an A-basis for n. Define

n(A ,i) =  maxn(A,/4jt).

This is the famous postage stamp problem. Ak represents the set of stamp 
face values available, and the evelope has room for at most A stamps. 
»(A, Ak) +  1 is the smallest postage that cannot stamp. For more about 
this problem, see Hofmeister [21,22] and Selmer [57]. Now we prove the 
following connection between G*(A) and n(A,&).

T heorem  1.3 <?k(A) > n(A — 1, k +  1) for h > 3 and k > 1.

Proof. Let h > 3 and k > 1. Suppose that

Ak+i =  {0 <  ai =  1 < aj < • • ■ < a*+1}

is such that n(A — 1, Ak+t) = n(h -  1, k +  1). Let

d =  n(h — 1,4 +  1) +  1,

D  =  { m d , m d + 1 | m =  0,1, . . .  }.

Then D  is an asymptotic basis of order g(D) =  d — 1 =  n(h — 1, k +  1). 
Let F = {02, . . . ,  ajt+i}- Let A  =  D  U F. Then A \F  = D. We must show 
that A  is an asymptotic basis of order A. Let n be any nonnegative integer. 
Suppose n =  md +  n' with 0 <  n' <  d. Since n' 6  (A -  l)^4*+i, we have

n* — Qij +  Oi2 +  • • ■ +  a,-r + 1,
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where a^ € F  and r  + 1 < A — 1. Then

n =  md + 1 +  +  a;a +  • ■ • +  a<r €  hA,

which implies that A  is a basis of order A. This completes the proof of 
Theorem 1.3.

The best lower bound for n(A, A) as A tends to infinity is due to Mrose 
[37], who showed that, for k > 4,

« ( M )  >  7* • 2 ^  ( £ ) *  +  OCA*"1),

where 7* =  1,1.024,1.205 or 1.388 according to t  =  0,1, 2 or 3 mod 4. 
Therefore, we have the following corollary.

C orollary  1.3.1 For ang J fc  > 4, we have

G k ( h ) > n + i - d ^  ' ( j ^ y +1+ 0 (h k) as A- 00, 

where 7* is defined as above.

1.3 Estim ate of G t(h) for Given h

As in the prevoius section, [a, 6] denotes the set of all integers n such that
a <  n <  6.

Lem m a 1.6 Let A >  2, k > A — 1. Let t) — ^ ̂  j . Define 60 =  1 and

^*j+j =  +  J • (2  +  ^ >
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for i =  0,1 , . . . ,  A — 2 and j  =  1,2, . . . ,  tj. Let m > 2. Let

D — {0, l,m d, m d+  1}.

Then

[md + 2 +  £  Km  md +  1 +  ^  6 J C (i +  1)({6i , . . . ,  6,„} U D) (1.12)
L *i=i *1=1 J

/o r i =  1,2  ft — 1.

Proof. For any 1 <  * < ft — 1, let Aa =  { i j , . . .  U D. If n €  
[m d+2, m d + l  +  fti], then 2 < n —md  < fci +  1. I fn  — md is odd, then there 
exists a bj (1 <  j  <  rj) such that bj =  n —md, i.e ., a = m d+bj. If n — md is 
even then n =  (md + 1) +  1 or there exists a bj such that n =  (md +  1) +  bj. 
Hence n € 2>4i. Now assume that (1.12) holds for any * < s — 1. Then, for 
any i <  s — 1,

jmd, md +  1 +
*■ d=i •*

n g [md +  2 +  ^ 3  Km md + 1  +  5 3  •
L d=i d=i J

J — 1

md +  2 +  ] £  <  n <  md +  h(4_i )n+i -  1,

Let

If

then
n=i

•-2  *-i
md  +  2 +  £  Kn < » -  ^  md +  1 +  5 3  K n •

(i=i (i=i
It follows that n - fe ^ .i) , g which means n g (s+  1)j4,_ i C (s+1)>4,.
If there exists a j  : I < j  < tf — 1 such that

md +  &(,_!)„+,• < n < md +  d(j_ l}, +j+1 -  1,

then

md < n -  &(,_!),,+,• <  m d + 1 +  £  W
(i=i
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It follows that n £ (« +  1)4(. If

md +  b„, < n < md + 1 +  £
p=i

then n — 6  thus n €  (« +  1)^»* The proof is complete.

Let A i , . . . ,A r be sets of integers. Define
r

=  {t»i H K Op | a« €  Ai for i =  1, 2, . . . ,  r}.
»=l

Let B  be a set of integers and let g be a positive integer. denotes the 
set of nonnegative integers congrruent to some element of B. By A  «  B  we 
mean that

A  n  {n >  M  | n 6  N} =  I ? n { n > A / | n €  N}

for some M . A(m) is the size of the set {a € A  | 0 <  o < m}. The lower 
density of A  is defined by

tL4 =  l i m i n f ^ ^ .m-foo m
To give an upper bound for <?*(/»), we need the following Kneser’s Theorem. 

T heorem  1.4 (K neser’s T heorem ) Let C  =  A\ H h An. Then either
n

dC > ^ 2  dAi
•= l

o r C »  C<»> for some g.

The following is slight improvemnet of the upper bound for Gjt(h) by 
Nash [38].

Lem m a 1.7 Let h > 2. Then

G‘<*>+ 1 s  ( h h y tk~l + + <l l 3>
as k tends to infinity.
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Proof. Let A  be an asymptotic basis of order h. Let F  G Lt(-4). Let 
B  =  A \F . Then

hB  U (F  +  (A -  1)B) U • • • U ((A -  1)F +  B) U hF  »  N. (1.14)

Hence dhB  >  0 and

dhB  +  kd(h -  1 )B  +  ^  j  "  2)fl +  • • ■ +  ^  t - 1 2) dS  -  1 

Let k >  max{A — 1,2). Then we have that ^  ^  ^ j ^  — 1 ^  Therefore,

d ( ( *  +  k ”  ^  ~  l )  B + dHB +  td (h ~  l *B 

+  (*  + ‘) W - W  + • • • + ( *  +  * - 2)  d B >  1.

It follows from Kneser’s Theorem that we have a g such that

Take the smallest g for which this last relation holds. We show that g =  1. 

It follows from (1.14) that

W + t((A _ i)fl(.l(j)) + ... + A  + * -  !)

Using Kneser’s Theorem, we have that

( e  ( *+ -  o) >»- (A+  ̂ .

It is clear that if nB^B\g )  <  g, then

(n+l)B<»)(ff) > n B < B>(ff).
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Therefore,

This implies that g = 1. Therefore,

O i(h )  + 1 <  ( *  +  * - 1) - 1  +  S  +

2 **~1 + 7r +i\\kh~2 + o(kh~3)( f t - l ) !  ' ( f t - 2) !
as k tends to infinity. This completes the proof.

T heorem  1.5 Let h >  2. Then

G kW  + l >  2 ( x T t ) * " 1 +  -  5) ( * 4 r ) k l  +  0 ( i h- 3),

as k tends to infinity. In particular, G*(2) =  2k +  2 holds for any positive 
integer k.

Proof. The second inequality has already been established in Lemma 
1.7. We now prove the first one.

Suppose k > h — 1. Let q,to, • • • ■ be as in Lemma 1.6. Define

for j  = 1,2, . . . ,  k  — (h — !)»/, and define

Let

h-2
d =  bk +  2 +  ^ 2  ^ rr

jissl

F  =

A  =  F U { a g N | a s O o r l  mod d}.
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It is cleat that both A and A \F  are asymptotic bases.

We prove that A is of order h. Let m > 0 be any integer. It follows from 
Lemma 1.6 that

Imd +  2 +  ^  bm , m d + 1 + C ( s + 1)̂ 4 
L (1=1 (1=1 1

for 8 — 1 ,2 , . . . ,  h — 1, which implies that

fmd, md +  1 +  5 2  £  hA-
L n=i

n €  [md + 2 + 5 2 6»«ii m d + d —ll .
*■ j i = i  -*

/  \
m d +  b(h-i\„ +  M 2 +  5 2  &iin ) <  ”  <

'  ( i = l  '

/  i —? \
<  m d  +  +  (< +  I )  ^ 2  +  £  b ^ J

Let

Suppose

for some t. Then

r A-2
is contained in md, md +  1 +  5 2  » hence in (h -  1)A. Hence n 6  hA.

*■ (i=i ■*
Therefore, [md, (m -f l)d  -  1] C hA. This implies g(A) < h.

Since A \F  =  { a g N | a  =  0 o r l  mod d}, it follows that g(A \F ) =  d—1. 
Hence Gjt(h) +  1 > d. Prom the definition, a simple calculation shows that

b u n  — *7*<d—1)»| +  ( b ( / t - i ) r i  +  *76 ( (1 - 2 ) i j )  +  G ( r ^ - 2 )  

holds for fi =  2 ,3 , . . . ,  h — 1. This implies that

V -i)n  =  V " 1 +  (4* “  7)nh~2 + 0(Tih~3).
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Therefore,
K-2

Gk(h) +  1 >  d = b/c + 2 -f M̂*t
M=»

h- 2 v h -1

=  +  (* -  (A - 1)»?) (2  +  V > ) +  2 +  5 3 4
'  p = l  ' M=l

h-3
=  2tja_1 +  (4A — 7)i7*"a 4- >̂(A-3)f) +  2 +  5 3  ^

M=1
h - 3

, h - 3
+  ( * - ( A - l ) i | ) ( 2  +  £ > , . , ) + O W  

v 11=1 '
)

#»=
> 2t|A_1 +  (4A -  5)r>*-a +  2q*-a(* -  {h -  l)r}) +  0(ijfc~3)

*  ^ r + c ^ G - ^ r

+  2(1 -  (* -  1),) ( j ^ - ) 4’ ’ +  0 (k h~3)

ThiB proves the first inequality.

Prom Lemma 1.7 and the argument above, we see that the lower bound 
and the upper bound are polynomials of k with integral coefficients. Hence 
when h = 2, the remainders 0(Jb**~3) in the inequalities are zero. Therefore, 
Gk{2) =  2k +  2. It is readily seen that this holds for any k >  2, hence for 
any t  >  1 since Gi(2) =  4. The proof is complete.

T heorem  1.6 Grfc(A) >  2n(h — 1, k) +  h for h>  2 and fc > 1.

Proof. Let h > 2, k > 1. Suppose that

Ak =  {0 <  ai =  1 <  02 < • • • <  a*} 

is such that n(A — 1, Ak) = n(h — 1,1). Let 

d =  2n(A,£) +  A + l ,
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D  — {md,md +  1 | m  = 0 ,1 ,. . .  }.

Then D  is a basiB of order

g[D) = d - l  = 2n[h,k) + h.

Let

fco =  1,

6,- =  2a,- +  1 for i =  1 ,2 ,. . . ,  k,

F  =  {61, 63, . . .  , 6*}.

It is clear that F  n  D  =  0. Let A  =  D  U F. To prove the theorem, it is 
sufficient to prove that A  is an asymptotic basis of order h. Let n be a 
positive integer. I shall show that n G hA. Since md, md +  1 G hA, we may 
assume without loss of generality that n =  md +  n' where 1 <  n' <  d. We 
must consider the following two cases which may occur.

If n' — h +  I = 2s is even, then

0 <  * < [ - — 1 2 - * ~ ] =  "(** ~  M )-

Hence, s =  a,-, +  • • • +  aih_ ,, where a,v € Ak- Therefore,

n =  md -f- n = md + 2« +  h — 1

=  md +  (2a,-, +  1) + ---- 1- (2a,-*.., +  1)

=  md + 6«! +  * • • +  6,h_ ,,

which implies that n €  hA.

If n’ — h +  1 =  2s +  1 is odd, then

■ = n ( f t - l ,f c ) .

Hence s =  a,-, +  ■ • • +  aIJl_1, where aij G Ak- Therefore,

n =  md +  n ' =  md +  2 s + I - f h  — 1

=  [md +  1) +  (2a,j +  1) +  • • • +  ( 2a , - - f -  1)

=  [md +  1) +  6,-, +  • • • +  6,-Jl_ ,,
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which implies that n  €  hA.

Therefore A  is a basis of order h, which completes the proof of the 
theorem.

The best lower bound for n(2, k) was given by Mrose [37], who proved 
that

n(2 , * ) > | * 3 +  0 ( t) .

For h =  3, Windecker [59] has proved that

for all k. Therefore, we have the following corollaries.

C orollary  1.6.1 f?jt(3) > ~k2 +  O(fc).

C orollary  1.6.2 C?jt(4) >  ^ - t 3 +  4.
81



2 MINIMAL ASYMPTOTIC BASES

2.1 Introduction

A basis A  of order h is called minimal if no proper subset of A is a basis 
of order h. Similarly, an asymptotic basis A of order h is called minima/ if 
no proper subset of A  is an asymptotic basis of order h . This concept of 
minimality of bases was first introduced by Stohr [58]. Hiirtter [20] showed 
the existence of minimal asymptotic bases by a nonconstructive argument. 
Nathanson [40] constructed the first nontrivial example of minimal asymp­
totic bases of order h >  2. Nathanson and I [33] discovered a simple con­
struction of minimal asymptotic bases of any order h by using powers of 2. 
Furthermore, for any 1 jh  < o  <  1, we can construct a minimal asymptotic 
basis A  of order h such that

I shall present the proof of these results in Section 2.2, and generalize these 
results to y-adic representations of integers in Section 2.3.

There are generalizations of bases and asymptotic bases for integers. 
One interesting case is to replace the set of integers by the collection of all 
finite subsets of integers, and the operation of addition by the set-theoretic 
union of sets. Deza and Erdos [4] proved analogues of the Erdos-Landau 
Theorem and Schnirelmann’s Theorem. Nathanson [41] and Grekos [16,17] 
studied minimal union bases and maximal union nonbases. Nathanson [45]

26
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also studied multiplicative bases for integers. In Section 2.4, I shall de­
fine analogue concepts for commutative monoids, and prove some existence 
theorems for minimal bases for commutative monoids.

2.2 A Sim ple C onstruction o f M inimal A sym ptotic Bases

Let W  be a subset of N. Denote by F (W )  the set of all finite, nonempty 
subsets of W. Let

^(W0 =  { £ 2/l /€F i

Note that 0  £ ^ (W ) ,  hence 0 ^  A{W ). Let n be a partition of the set N 
of integers into h pairwise disjoint subsets Wo, . . . ,  W k-\- It iB clear that 
A(W o),A (W i) A(W k-i)  are disjoint. Define

A(*) =  A[Wo) U • • • U j4(Wa-i)-

For any real number x, let [x] denote the greatest integer n such that n < x, 
and fxl the least integer n such that n > x. Let A(x) denote the counting 
function of A.

T heorem  2.1 Let h >  2, and let

_  riog( /» + i) i

Let 1t be a partition of N into h pairwise disjoint subsets Wo, • ■., Wf,-1  such 
that each set Wr contains infinitely many intervals o ft consecutive integers. 
Then

A(*) = A ( Wo ) U- - UA ( Wh - i ) .

is a minima/ asymptotic basis of order h.
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The proof uses the following two lemmas of Nathanson [48].

Lem m a 2.1 (N athanson ) (i) I f  W  is a subset of N  such that W {x) =  
ax  4-0(1) for some a  E (0,1], then there exist two constants ci and c2 such 
that

ci*“ <  A(W )(x) <  c2x°

for alt x sufficiently large.

(ii) Let x  be a partition of N  into h pairwise disjoint nonempty subsets 
Wo,. . . ,  W h-1- Then A[x) is an asymptotic basis of order h. Indeed,

hA  =  {n 6  N  | n >  ft},

L em m a 2.2 (N athanson) Let w i , . .. ,wM be s distinct nonnegative inte­
gers. I f

i = i  i = l

where x i,...,x <  are nonnegative integers that are not necessarily distinct, 
then there is a partition of {1 ,2 ,... ,<} into s nonempty sets such
that

2W' =  ^  2r> 
ieJi

for i = 1 ,2 , . . . ,s.

Proof of Theorem 2.1. By Lemma 2.1, the set A is an asymptotic basis 
of order h. We must show that A  is minimal.

Let a E A. Then a E A(Wr) for some r. Without loss of generality, we 
may assume that a €  A(W q). Then there is a finite, nonempty subset F  of 
Wo such that

a =  5 3  2'.
i‘€F

Let M  denote the largest element of F.
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Let ao =  o. We shall construct positive integers ar for r  =  1,2........ A — 1.
Choose m, € Wr such that m,. >  M  and the t consecutive integers mf l mr +  
1 ,...  ,m r + t  —1 belong to WT. Let Fr be any subset of (M ,m r)nW r. Define 
ar by

* r =  £  2’ + £ 2 ’ +  £  2'. (2.1)
i<M i£Fr i=mr
t'eVVr

Then ar €  A(W r) and
2mr <  a r <  2 m r + t .

Let n =  ao +  ■ • * -f clh- i - We shall show that this is the unique represen­
tation of n as a sum of A elements of A.

Suppose n — 6o+• • -d-Afc-i, where 6r €  A  for r =  0 ,. . .  , A — 1. Then 6r € 
A(Wkr) for some kr € (0, A—1]. Suppose that there exists s €  { 1 ,2 ,... ,  A— 1) 
such that br $  A(Wt ) for r  =  0 ,1 , . . . ,  A—1. By Lemma 2.2 there are subsets 
Ur of Wkr such that

m ,+ t- l h—l

E  2’ =  E E » i -
ism , rsO iGUr

Clearly, each i in Ur is less than m(> It follows from the definition of t that

m .+ t- l 
2m,(2t — 1) =  £  2* 

t=mi
h-1

-  E E '
r=0 i<m,

i & r 
m i—1

< h '  £  2'
i=0

< A * 2m*

<  2m*(2‘ - l ) ,

which is impossible. Therefore, after suitable renumbering, 6r €  A(Wr) for 
r  =  1 ,2 ,. . . ,  A — 1.
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Next we show that 6q €  A(W q). Suppose 60 £ A(Wq). We may assume 
without loss of generality that ho € A(W i). Since hr €  A{Wr), it follows
from Lemma 2.2 that there exiBt subsets Vo of W\ and Vr of Wr for r  =
1,2 h — 1 such that

=  +  E  (2-2>r=0 i£Vr r=l i<M
i W

Since i < M  for all t € Ur=o Vr , it follows that 
h - i  h - i

E E y = E^+EE*
r=0t€Vr «‘€Ko r=lf€Vr

s  £ * + £  £  2<
ieVb r=l i c M  

ieWr

< ^  + 12 E 2*
r=l i<M 

•W r

^  O O + E  £  2’.
r—1 i< Miiw r

which contradicts (2.2). Hence, ho €  X(Wo). Since the representation of an 
integer as a sum of distinct powers of 2 is unique, it follows that ar =  hr for 
r  =  0 ,1 , . . . ,  h — 1. In particular, ho =  a. This completes the proof.

C orollary  2.1.1 Let it  be a partition of N into two disjoint subsets Wo and 
Wi such that each Wi contains infinitely many pairs o f consecutive integers. 
Then

A(n) = A{W o)VA(W i) 

is a minimal asymptotic basis o f order 2.

C orollary  2.1.2 Let it  be a partition of N  into three disjoint subsets 
Wo, W\, and W2 such that each Wi contains infinitely many pairs o f consec­
utive integers. Then

A(ir) = A(W0) U 4(W i) U 4(W a)
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is a minimal asymptotic basis o f order S.

These two corollaries sure immediate consequences of Theorem 2.1 with 
t  =  2.

Lem m a 2.3 Let t  >  2 and h > 2. Let a o ,. . . ,  aj,_i be positive real numbers 
sack that

oo +  • • • +  Oth-l — 1.

Then there exists a partition v  of N into h pairwise disjoint subsets Wo, 
W \, , Wh-i such that, for r =  0 , 1 , — 1,

(i) Wr(x) = arx + 0 (  1);

(ii) WT contains infinitely many intervals o ft  consecutive integers;

(iii) In Wr , the gaps between successive intervals of length t  are bounded.

Proof. For any integer n > 1, define ar(n) and Rn by 

a r ( « )  =  [n “ r ]  for r =  0 , 1 ,... ,h  — 1,

and

Rn =  Or(n).
r = 0

Let be the maximal strictly increasing subsequence of {fZnlJJLi-
h-i

It follows from ^  a r =  1, and the definition of Rn that 
r = 0

n (i)  <  n(4 + 1 ) < n (i)  -|- h, (2.3)

ftn(Jc) < Rn(k+1) < Rn(k) +  h, (2.4)

Rn{k) — n(^) ^  Rn(k) +  (2.5)

dp(t) =  ar(n(k + 1)) -  ar(n(fc)) =  0 or 1.
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Let — Bn(k) = u. Then there are u distinct integers r,- 6
{0,.. . ,  k — 1} such that

dri(*) =  . . .  =  dr. ( i )  =  l.

The remaining h — u integers r,- € { 0 ,1 ,..., A — 1} satisfy

<*r.+1( * )  =  * -  =  < M * )  =  0 .

Let t  > 2. Define

=  [(fln (k ) +  » -  !)*> (^ n (k ) +  0 1 -  *1

for t =  1 , . . . ,  u; and define

WriM = 0  for i =  u +  1 A.

For each r  =  0 ,1 , . . . ,  A — 1, we define

Wr = \ J  Wr<k. (2.6)
fc=l

It is clear that N =  Wo U ■ • • U Wk- U that W{ n  Wj =  0 for i ^  j ,  and 
that each WT contains infinitely many intervals of length t. It follows from 
atr >  0 that (iii) holds.

Let x >  1. Suppose that

Then, by (2.4) and (2.5), we have

|x — <n(i)| <  <A,

|« —tn(fc+1)| <  2 th.

Therefore, for each r =  0 ,1 , . . . ,  A — 1,

Wr(x) <  ar(n(Jb +  l))t
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=  [n(i +  l)a r]<

< <n(* +  l)a r

<  arz + 2thar,

W r{x) > ar(n(i))i 

=

>  tn(k)ar - 1

> arz  — thotr — t,

and so
W r ( z )  =  Or* +  0 ( 1 ) .

This completes the proof of Lemma 2.3.

T heorem  2.2 For every a such that ~  < a < 1, there is a minimal asymp-h
totic basis A o f order h such that

c\xa <  A(z) <  C2*“ (2.7)

for all sufficiently large z .

Proof. Let Oo =  o, and define or =  i ^  for r  =  1 ,2 ,. . . ,  h — 1. Thenh — 1
oo +  • • * +  « h -i =  1 and ao >  a r >  0 for r  =  1 ,2 ,. . . ,  h — 1. Let

riog(A + i)i
" I  log 2 |-

By Lemma 2.3, there is a partition * of N into h pairwise disjoint subsets 
W o,.. ., W h-\ such that each subset Wr contains infinitely many intervals 
of length t, and

Wr (*) =  or* +  O(l).

Theorem 2.1 implies that A{v) is a minimal asymptotic basis of order h , 
and Lemma 2.1 implies that (2.7) holds for all sufficiently large c. This 
completes the proof.
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T heorem  2.3 Lei h > 2 and lei i  =  F J S l l i l i l
I log 2

positive real numbers such ihat or© +  • • • +  Ofc-i =
Let a o ,. . . ,  <*a_i be 
Let it  be a partition

of N  into h pairwise disjoint subsets Wq, i satisfying conditions
(i), (ii), and (Hi) of Lemma 2.S. Let A  =  A(ir) and a g  A. Define Ea =  
/»j4\ft(j4\{a}). I f  a 6 A(W r) and a  = a T, then

Ea(x) >  *1-" .

Proof Condition (iii) implies that thece is an integer L such that in 
every interval (y — L, y — 1] there are t consecutive integers belonging to Wr 
for each r  =  0 ,1 , . . . ,  h — 1.

Let a € A. Without loss of generality we can assume that a 6 A(Wo). 
We must show that

£ „ ( * ) »

Let 2m  be the largest power of 2 that appears in the binary representation
lojr x

of a. Let z be a large positive number, and let y =  - —. Then the intervallog 2
(y — L, y — 1] contains integers m i, . . . ,  mji_i such that

+ j  e  (y -  L, y — 1] n  Wr

for r  =  1 ,2 ,... t A —1, and j  =  0 ,. . .  , t  — 1. Let Fr be a subset of (M ,y— L]fl 
Wr. Define ar by (2.1). Let n =  a + aj +  • • * + 0^ - 1. Then n <  2W =  z. The 
proof of Theorem 2.1 shows that n €  Aj4\A(j4\{a}) =  Ea% and that different 
choices of the h — 1 sets F i,. . . ,  lead to different numbers n. Since 
there are 2wr{v-L)-wr(M) choice* of the set Fr, it follows that the number 
of 11 determined by /X -i i®

h- 1
J J  2wr"(»-i )“ tvr(M)
r=l

Noticing that
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A—1

- M  +  £ ( a ty +  0 ( l) )

y(<*i +  • • +  Qffc-i) +  0 (1)

y ( l - a 0) +  O (l)

(1 — a0) log3 * +  0(1),

we see that
h-1
J J  2Wrlv-L)-Wr(M) >  xl-ao

r = l

Therefore, Ea(x) >■ ar1-0,°. This completes the proof.

An asymptotic basis A  of order h is called strongly minimal if Ea(x) >  
(A (x))a_1 for each a 6  A and for all x  sufficiently large.

C orollary  2.3.1 Let A satisfy the conditions of Theorem g.S. I f  a r =  ^ for 
r  =  0 ,1 , . . . ,  A — 1, then A is a strongly minimal asymptotic basis o f order

Proof. Since A(x) <  this follows immediately from Theorem 2.3.

2.3 M inimal Bases and y-adic Representations o f Integers

In this section, I shall use y-adic representations of integers to construct 
minimal asymptotic bases. This generalizes the method used in Section 2.2. 
As always, N denotes the set of all nonnegative integers, and Z denotes the 
set of integers. Let W  be a subset of N. In this section, denote by T (W )  
the set of all finite nonempty subsets of W. Let g >  2 be an integer. Let

h.

Aa(W ) =  cjgf cf  €  N, 1 < c , < y; F  € F (W )
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Let it be a partition of N into A pairwise disjoint subsets Wo, . . . ,  WV-i- 
Define

Aa(tt) =  A,{Wo) U Aa(W i) U •. • U Aa{WH-x).

Lem m a 2.4 Let n be any partition of N  into A pairwise disjoint subsets 
Wo, . . . ,  Wh~i such that each Wr /  0. 7%en ^ ( x )  is an asymptotic basis o f 
order A.

Proof. Let n be an integer > A. I am going to prove that n €  hAg(ir). 
Suppose

cf 9 f >
/€ F

where F  £ ^ (N ), and 1 < cj <  g — 1 for all f  €  F. If

j e F

then it is clear from the definition of Aa{it) that n may be written as a sum 
of A elements of Aa{rr), i.e., n €  A,4fl(jr). Now assume that

1 < £  cj <  A.
/C F

Without loss of generality, we may write

n = ± 9 f‘,
i=l

where fi  € F  and the /,- are not necessarily distinct. Since n >  A, there 
exists at least one fi> > I, thus

9 __
n -  =  5 3  9fi +  +  ■ • • +  dig**1' 1 € (s +  t) ^ ff(ir),

t=i «*•'

where 1 <  dj <  g and d* +  • • • +  dt =  g. Noticing n > A, we can continue 
in this way to divide powers of g until n is a sum of exactly A powers of g 
with positive integral coefficients <  g. This means that n €  A.4fl(jr), and 
the proof is complete.
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Lem m a 2.5 Suppose / i  <  /a < • • • <  /* are nonnegative integers. I f

Y^ci9u = J 2 djgh3' (2-8)
»=l }=i

when 1 <  c, <  g, 1 <  dj <  g and the hj ’« are nonnegative integers, then 
for any u : 1 <  u <  s,

j ;  (2.9)
»=1 hj<U

Proof. If (2.9) is not true, then, for some u <  *,

Y ^ ci9fi ~  1 2  djgh>> 0.
•=i Ai</.

By (2.8), we have

5D djgh> =  X ) c'5 ;‘ -  IT  d}9hl

Since g^u+1 divides the left hand side term and the first term on the right 
hand side, we see that g*u+l must divide the second term on the right hand 
side. On the other hand,

0 < Y 2 c^ h -  12  di9 hi
«=i /»,</„

1=1

k=0
< 9It,+\

which contradicts the divisibility by g^ + i. This completes the proof.
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L em m a 2.6 Let W  be a set of nonnegaiive integers. I f

W (x) =  ax  +  0(1 ) for some 0 < a  < 1, 

then there exist positive constants c and d  such that

cxa <  Ag{W){x) <  c'xa 

for all x sufficiently large.

Proof. Let x > 1. Choose k > 0 so that

gk < x < g k+l.

Let n € Ag{W) and n < x. Assume

n = J 2  cf9J , 1 < c j < 9 , F  €  ^ (W ), 
leF

Then g* <  n <  x for all /  € F, thus 0 <  /  < k. This means that F  is 
a subset of { 0 ,1 ,... ,  Jr} D W. Since the cardinality of { 0 ,1 ,..., fc} H W  is

W (i) 4-1, it follows that there are ^  different j-element subsets

of { 0 ,1 ,..., fc} n  W , which may produce at most

different numbers in Aa(W ). Therefore,

W(*)+i

= (i +  ( s - l ) )" '1‘,+ ,- l
<  ^W(logx/logtf)+l _  J  

_  g O l o g x /  \ o g g + 0 ( l )  _ _  J
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Let F b e a  nonempty subset of { 0 ,1 ,..., A — 1} fl W , and 1 <  cj < g for 
/  € F. Then

1C cjat < ~ W = ak - 1 < *•
/ e F  1=0

Since every nonnegative integer has a unique p-adic representation, we have 
that

-w n w  > T >(w(li- 1)) to- ,)'

_ pWlogx/logjj+Ofl) _  j

> c*“ .

The proof is complete.

T heorem  2.4 Let h >  2,g >  2, le tt  =  jt Ae a partition
o /N  info A pairwise disjoint subsets Wq, Wi , . . . ,  W/i-i smcA fAaf eacA set 
PVr contains infinitely many intervals o f t consecutive integers. Then

At {,r) =  Ag(W0) U • • • U A9{Wh- X)

is a minimal asymptotic basis o f order h.

Proof. Let a 6  Ag(ir). Suppose a € At (Wo) and

a =  £  e/ff7.
/ 6  F

where F  € Let M = nmx / .  Let ao =  a. I shall construct A — 1
positive integers ar € Choose mT € tVr such that mr > M and the
t consecutive integers mr , mP + 1  nv + 1 — 1 belong to WT. Let

Fr C {* 6 Wt  | M  < x  <  mr },
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“r = 2 (® ~ 1)»* + 12 c/ffy +  12 ( 9 -  1)9’. (2.10)

and 1 <  cj <  j  for all /  €  Fr . Define

m r+ t —1

_ E
W > ieH r  /6 F r i= m r

Then ar €  -4a(ŴP), and

(9 -  l)9mr <  ^  <  9mr+‘-

Let n =  ao d h a*-i. 1 shall show that this is the unique representation
of n as a sum of h elements of Ag( jr).

Suppose that n =  6o+• • .+f>fc_i, where br € Ag(ir) for r  =  0 ,1 , . . . ,  h — 1. 
Then 6r G Aa(W*(r)) for some 0 < t( r )  < h — 1. Assume

^  =  1 2  dri9 \ Gr € *W <r))
• €Gfr

for r  =  0 ,1 , . . . ,h — 1, Suppose there exists some s €  { 1 ,.. . ,  h — 1) such 
that br £ Ag(Wg) for all r  =  0 ,1 ,. . . ,  h — 1. Let Ur be the set of i in Gr so 
that i <  m , +  < — 1. Then by Lemma 2.5, we have

Wi t l - 1 h—1

E (s - i)s' < E E d'^  (2.ii)
t=m« r= 0  «'€t/r

Noticing that 6r £ (W,) for r =  0 ,1 , . . . ,  h — 1, we see that * <  m , for all
i €  Ur (r =  0 ,1 ,. . . ,  h — 1). It follows from the definition of t  that

9 m‘ (9‘ - l )  =  $2  ( S - W
i=m*

< 1 2 1 2 dri9*
r=Q i&Jr

< * • " £ ' ( 9 - 1 ) 9 ’
i=0

< hgm•

< 9m*(9‘ -  1),
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which is a contradiction. Therefore, we may assume that

bT €  Ag(Wr), i.e., Gr Q W r for r  =  1 ,2 ,. . . ,  ft — 1.

Now we show that bo 6 Ag{Wo). If not, we may assume, without loss of 
generality, that &o €  Ag(Wt). Then by Lemma 2.5, we have

°o + X  X  to ~  W   ̂ X  X
r= l i<M  r=0 i<M«Wr ,€Or

< X 9̂* + E E
i<A/ r= l i< M
t£Go t€WV

< » "  +  E  E  < W
rssl i<M  IW ,

fc-1
< «o + X  X  (»“ Off’’

r= l i< M
ievvP

which is again a contradiction. Thus (iq € Ag{Wo). Since the y-adic repre­
sentation of an integer is unique, it follows that or =  br for r  =  0 ,1 , . . . ,  h — 1. 
In particular, we have bo =  ao =  a. This means that Ag{it) is a minimal 
asymptotic basis of order h , and the proof is complete.

C orollary 2.4.1 Let n be a partition of nonnegative integers into two dis­
joint infinite subsets Wo and Wx. then, for any g > 3,

Ag(n) =  Ag(W0) U A g{Wi)

is a minima! asgmptotic basis o f order two.

C orollary  2.4.2 Let it be any partition of nonnegative integers into h pair­
wise disjoint infinite subsets Wo, Wx, . . . ,  Wk- i - Then, for any g > h  + 1,

Ag(w) =  Ag(W0) U Ag(W!) U • ■ • U Ag(Wh. x)

is a minimal asymptotic basis o f order h.
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T heorem  2.5 Lei g > 2 be any integer, and let a  be a real number sack
that — < a  <  1. Then there exists a partition rr of N  into h pairwise h
disjoint subsets such that

Ag(x) = Ag{W0) U At {Wx) U • • U Ag{Wh- i )

is a minima/ asymptotic basis o f order h satisfying that

cx“ <  v4,(ir)(x) < d x a (2.12)

for all x sufficiently large, where c and d  are constants.

1 -  aProof Let ao = a, and define ar = - — -  for r =  1 , 2 — 1.h — 1
Then ao + ---- 1- =  1 and a0 >  ar > 0 for r  =  1 ,2 ,. . . ,  h — 1. Let

t  — • ®y Lemma 2.3, there exists a partition it of N  into h
pairwise disjoint infinite subsets Wo,. . . ,  i such that each subset Wr 
contains infinitely many intervals of length t  and

Wr (») =  a rx +  0(1).

Theorem 2.4 implies that Ag{rt) is a minimal asymptotic basis of order A, 
and Lemma 2.6 implies (2.12) holds for all sufficiently large x. Hence the 
proof is complete.

T heorem  2.6 Let A > 2, y > 2, and let t  =  p°S(^ *)j  Let ao a*_i
be h positive real numbers such that aoH 1-07,-1 =  1- Let n be the partition
satisfying conditions (i), (ii), and (Hi) of Lemma 2.3. For any a e  Ag(w), 
define Ea =  Ai4\A(j4\{a}). I f  a 6 Ag(Wr), then

Ea(x) >  xx~°r.

Proof. Condition (iii) implies that there is an integer L such that in 
every interval (y — L, y — 1] there are t consecutive integers belonging to Wr 
for each r  =  0 ,1 , . . . ,  A — 1. Let a € A(ir), say, a € Ab(Wq). We show that 
E„(x) >  xl~a°.
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Suppose

c/9*, where I < cj < y, F  £ F(W q).
ISF

|o£ X
Define M  =  m ax /. Let x  be sufficiently large, and y =  , ■■■ . Then the f e F '  * '  logy
interval (y — L ,y — 1] contains m i,. . . , m ^-i such that

+  /  € (y -  L, y -  1] n  Wr

for /  =  0 ,1 ,...  ,f — 1, r  =  1 ,2 ,., , ,  A — 1. Let Fr C (M ,y — t ] n W r . Define 
Op by (2.10), and let n = ao +  • • • +  a(,_i. Then n <  yv =  *. The proof of 
Theorem 2.4 shows that n £ Ea, and that different choices of cy’s and the 
A — 1 sets F\ , . . . ,  Fh-i lead to different numbers n. For each /-element set 
Fr, there are (y — 1)J different choices of c/, /  £  Fr. Noticing that there are

^W r(y - L) ~  Wr (M)^

different /-element subsets of (Af, y — L] fl WT, we see the number of n 
determined by various F i, . . . ,  F \-i  is

A—1 ^ r (y - t ) - Wr(M) ( w  ft, T\ XAf f  A,f\\n e  { w’(y- L)- w^ M)\(9 - i Y
r = l  j= 0  V 3 )

Noticing that

■°s,{ n  (<*<» -  L>- ^ (M)) (9 -

= log/n
r = l

A-1

=  E ( ^ (  y - L ) - ^ ( M ) )
r = l

A-l
> - M  + 'E 'W r iy - L )

r = l
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K-\
=  - M  +  £ > r V  +  0 ( l) )

r s l

k -l
-  y 53 **■ + ° ( l )

r = l

=  (1 -a o )lo g ^ *  +  0 ( l) ,

we see that

n ^ T ' ' " 1 { W A y - L ) -  W r m y >  -  • *  >  * - “•

which means that Ea(z) >  *1-Q°. This completes the proof.

R em ark. If we take aT =  1/A for r  =  0 ,1 ,. . . ,  h — 1, then the minimal 
asymptotic basis A ^ir)  is strongly minimal. This follows immediately from 
Theorem 2.6.

2.4 M inim al Bases for C om m utative M onoids

Let M  be an infinite commutative monoid under addition. Let B be a 
subset of M, hB  the set of all sums in the form aj +  • • • +  a* with at- 6 B. 
A  subset B  is called a basis of order h for M  if hB — M . A subset B  is 
called an asymptotic basis of order h for M if hB  contains all but finitely 
many elements in M. A basis B  of order h is minimal if no proper subset 
of B  is a basis of order h. Similarly, an asymptotic basis B  of order h is 
minimal if no proper subset of B  is an asymptotic basis of order h. A subset 
is called a  nonbasis (resp. asymptotic nonbasis) of order h if it is not a basis 
(resp. asymptotic basis) of order h. Nathanson [40] introduced maximal 
nonbases, the dual concept of minimal bases. A nonbasis B  of order h is 
called a maximal nonbases of order h if B  U {a} is a basis of order h for any 
element a 0 B.
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Throughout this section, M denotes a countably infinite commutative 
monoid. Let B  be a subset of M. For any element u € M , S(B , A, u) denotes 
the collection of the subsets { a t,. . . ,  a*} of B  such that u =  01 +  • • ■ +  a^. 
Denote r(B , A, u) =  |5(B , A, u)|.

T heorem  2.7 Let B  be a basis of order A for M . I fr (B ,h ,u ) <  oo for any 
u € M , then B contains a minimal basis of order A.

Proof. Suppose that B =  {oi, a3, . . .} . If B  is a minimal basis of order 
A, then we have nothing to prove. Otherwise, B\{a,} is also a basis of order 
A for some a,- €  B. Let ij be the least integer such that B\ — B\{o,-,} is also 
a basis of order A. If B\ is minimal then it is done. Otherwise, let i3 be the 
least integer such that B3 =  Bi\{a,-,} is also a basis of order A. Continue 
this procedure inductively. If it stops in a finitely many steps, say, at B*0. 
then B*0 is a minimal basis of order A which is contained in B  and we are 
done. If it does not stop in a finitely many steps, we have the following 
infinite decreasing sequence of baseB of order A:

B  =  Bo D Bi D B2 D ■ • ,

where fl* =  for k = 1,2 ,. . . ,  and »'i < i% < • • •. Let

B = n B *  = B \ { a ,J *  =  l , 2 , . . . } .
Jt=i

I shall prove that B is a minimal basis of order A.

Let u € M . Since Bk is a basis of order A, we see that S(Bk, A, u) /  0. 
Hence we have the following decreasing sequence:

S (B ,h ,u )  =  S(Bo, A,u) D 5(B i, A,u) D ■ • •

Noticing that |B(B, A,u)| =  r(B ,A ,u) < oo, we see that there exists an 
integer to such that

5(B*o,A,u) = SfBjfeo+i.A.ti) = 5(B*0+3,A,u) =
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Therefore, S(S,A, u) = 5(11*0, A,u) # 0 , which means that u g 5 ,  Hence 
7  is a basis of order A.

is also a basis of order A for some a,- € ~B, then there exists an 
integer k such that i*_i <  i <  i* and aj € Bi*_,. Since Hj*., 3  7 ,  we see 
that \{a;} is also a basis of order A. This contradicts the minimality 
of »*. Therefore, ~B is a minimal basis of order A contained in B. The proof 
is complete.

C orollary  2.7.1 I f  r(M, A,«) < oo for any u E M , then every basis o f 
order A contains a minimal basis of order A.

Let $  =  {5; | i € /}  be a family of nonempty sets. A set AT is called a 
system o f representatives for $  if X  fl Si £  0  for all t E I. A system X  of 
representatives for $  is called to be minimal if no proper subset of X  is a 
system of representatives for $.

T heorem  2.8 Let B  be a nonbasis of order A. Then B is a maximal nonba­
sis of order A if  and only i fX  — M \B  is a minimal system of representatives 
for 5(M , A, u) for every u E M\(AB).

Proof. If B  is not a maximal nonbasis of order A, then B* =  B  U {a} 
is also a nonbasis of order A for some B. Hence, there exists ti E M \B * 
such that 5(u) % B' for every set 5(u) E 5(M , A, u). Therefore,

= U (SWW
S(u)€S(M,M

is a system of representatives for S(M , A, u). Noticing that a $ B , we have 
that X i  is a proper subset of X  = M \B , which contradicts the minimality 
of X . Therefore, B  is a maximal nonbasis of order A.

Conversely, let f l b e a  maximal nonbasis of order A. It is clear that X  =  
M \B  is a system of representatives for 5(M , A, u) for any u E M \h B . Now 
suppose that X  is not a minimal system of representatives for S(M , A, u)
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for some u € M \h B . Then there exists an a € X  such that X '  =  X \{a)
is also a system of representatives for S(M, A, u), hence X ' D S(v) 0  for
all S(u) € S(M,A,u), i.e., (M \B ’) n S(u) j6 0  for all S(u) 6 S (M ,h ,u), 
where B* = B  U {a}. Therefore, 5(ti) £  0  for all 5(u) €  S{M, ft, u), which 
means that u ^  hB '. Hence, B  is not a maximal nonbasis of order A. This 
contradiction proves the theorem.

T heorem  2.9 I f  r(M ,h ,u )  <  oo for all u € M , then every nonbasia of 
order h is contained in a maximal nonbasia of order h.

Proof. Let B  be a nonbasiB of order A. Then there exists u € Af
such that u ^  hB. Hence S(u) £  B  for any S(u) 6 S(M, A,u). Let X  be 
a minimal system of representatives for S(M , A, u) such that X  Pi 5(u) C 
S (v )\B  for any 5(u) € S{M ,h ,u). The set X  exists because S (M ,h,u) 
is finite. It iB clear that B\ =  M \X  is a nonbasis of order A. It follows 
from r(M , A, u) < oo that X  is a finite set with at most r(M , A, u) elements. 
Therefore, there exists a maximal nonbasis ~B of order A containing B\, 
hence, ~B D B. So the proof is complete.

CoroUary 2.9.1 Every basis o f order A for nonnegative integers contains a 
minimal 6asts of order A for nonnegaiive integers. Every nonbasia of order 
A for nonnegative integers is contained in a maximal nonbasis of order h for 
nonnegative integers.

Proof. This immediately follows from Theorem 2.7 and 2.9.

A set A  of positive integers is a LCM basis of order A if every positive 
integer is the least common multiple of A not necessarily distinct elements 
in A. This concept was introduced by Nathanson [42].

CoroUary 2.9.2 Every LCM basis of order A for positive integers contains 
a minimal LCM basis of order A for positive integers. Every LCM  nonfiasts
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of order h ia contained in a LCM maximal nonbasia of order h for positive 
integers.

Proof. Let N  be the set of all positive integers and let a • fr denote the 
least common multiple of positive integers a and fr. It is clear that (N, •) is 
a commutative monoid satisfying r(M, fr, u) <  oo for all u 6 N. Therefore, 
the corollary follows immediately from Theorems 2.7 and 2.9-

T heorem  2.10 Suppose S  ia a subset of M such that every element o f M  
has only one representation as a sum of a finitely many elements in S . Let
{S i  5a} be a partition of S . Let (Si) denote the submonoind generated
by Si. I f  there are at least two (Si) are infinite, then

is a minimal asymptotic basis o f order fr for M.

Proof. Let u € M . Then u =  a j+• • -+an for some a,- G 5  (i =  1 , . . . ,  n). 
Since { 5 i,. . . , 5a} is a partition of 5, we may assume that

0^ €  Si for /i =  1,.

This implies that u €  hB. Thus, B  is an asymptotic basis of order fr.

Let u =  ui €  B, say, ti €  (Si). Since every element in M  has a unique 
representation as a sum of elements in 5, it follows that

B =  {5 i >U{52>U---  U( 5 a)

a#i € 5a for n  =  i'a_i +  1 n.

Hence,
»l n

I > , . € ( 5 , ) ,  . . . .  £  o„ 6 ( 5 a).

;=i
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is infinite because at least one of (5,-) is infinite. Clearly B\ fl h(£\{ti}) =  
0 , hence £ \{ u )  is not an asymptotic nonbasis of order h. therefore, B  is 
minimal, and so the proof is complete.

T heorem  2.11 Let B be a maximal asymptotic nonbasis o f order h for M. 
I f  u £ B, then all but finitely many elements a G hB have the form a =  u+fc, 
where b G (h — 1)B.

Proof. Since £  is a maximal asymptotic nonbasis of order h and u ^  £ , 
then £ '  =  £U {u} is an asymptotic basis of order h. Hence hB' contains all 
but finitely many elements of M, Thus hB* contains all but finitely many 
elements not in hB. Therefore, the proof is complete.

This theorem generalizes a theorem by Grekos [16,17] on maximal asymp­
totic union nonbases.



3 REPRESENTATIVES FOR FINITE SETS

3.1 Introduction

It is important to notice that not every asymptotic basis of order h con­
tains a minimal asymptotic basis of order h. A trivial example is A =  
{1,&,2A,3A,...} , which is an asymptotic basis of order h containing no 
minimal asymptotic basis of order h. The set of all squares is a basis of 
order 4. It is not known if there exiBts a minimal basis of order 4 containing 
only squares. Nathanson [40] constructed the first nontrivial example of an 
asymptotic basis of order two, no subset of which is a minimal asymptotic 
basis of order two. Furthermore, Erdos and Nathanson [10] constructed a 
family of asymptotic bases A  of order two such that A \S  is an asymptotic 
basis of order two if and only if 5  is a finite subset of A. Therefore, A  does 
not contain any minimal asymptotic basis of order two. It is an unsolved 
and difficult problem to determine if an asymptotic basis of order h con­
tains a minimal asymptotic basis of order h. In the case h =  2, Erdos and 
Nathanson [11] proved the following remarkable theorem.

T heorem  3.1 (E rdos-N athanson) I f  c >  -— and if A is an asymp-
log4/3

totic basis o f order two such that rj(n) > clogn for all sufficiently large n, 
then A contains a minimal asymptotic basis of order two.

Surprisingly, the crucial part in their proof of this result is a special case 
of the following purely combinatorial result:

50
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T heorem  3.2 For h >  2 and k > 1, let

k — q[h — 1) +  r, where 0 < r  < h — 1.

Define
a = a(h, fc) =  1 -

Let a >  1 and t > 0. Let

*  =  { 5 * 1 1 = 1 ,2 , . , . , . }  and #  =  { T j | i = l , 2 ........ t }

be two families o f finite sets satisfying the following conditions:

(i) 1 <  |5,-| < h for i =  1 ,2 , . . . ,  s, and 

1 <  \T j\< k for j  =  1,2, . . .  ,i;

(ii) Si C\ Si> = Tj C[ Ty = 0  for all i ^  »' and j  ft j ';

(Hi) Si 2  Tj for all i and j .

Let AT($, 9 )  denote the number of sets X  such that

(iv) \X\ = s;

(v) \X  n Si I =  1 for i = 1,2 , . . . ,  s;

(vi) X C \T j±  0  for j  =  1,2, . . .  ,t.

Then
AT(*,«) < a ‘h \  

and this is the best possible result.

Nathanson [44] conjectured this result, and proved some special cases. 
I have recently proved the full theorem (see [25]). In Section 3.2, I shall 
present the proof of the theorem in the case h = k, and then in Section 3.3, 
I shall prove the general case. In Section 3.4,1 shall prove a better estimate 
in the case h =  Jfc =  3.
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Theorem 3.2 should be useful in the study of the existence of minimal 
asymptotic bases in asymptotic bases. As a matter of fact, using this result, 
Nathanson [46] has recently found sufficient conditions that an asymptotic 
basis of order h contains a minimal asymptotic basis of order h. This is an 
important approach to the problem in the general case, but it seems that 
the conditions are too restrictive because disjoint representations of integers 
as sums of distinct elements are involved in his conditions. So it would be 
very interesting to find a simple condition that an asymptotic basis of order 
h contains a minimal asymptotic basis of order A.

Let

¥  =  { S | i = l , 2  a) and ¥  =  { T j | j  =  1,2, . . .  ,t>

be two finite families of finte sets. The set X  is called a system of rep­
resentatives for ¥  is X  fl Si £  0  for » =  1 ,2 , . . . ,  t. If X  is a system of 
representatives for ¥  but no proper subset of A- is a system of representa­
tives for ¥ , then X  is called a minima/ system of representatives for ¥ . We 
denote by ./?(¥) the number of minimal systems of representatives for ¥ . A 
set X  is called simultaneous system of representatives for ¥  and ¥  if A  is 
a  minimal system of representatives for ¥  and X  is also a system of rep­
resentatives for ¥ . By /V(¥, ¥ )  we denote the number of the simultaneous 
systems of representatives for ¥  and ¥ .

In order to modify Erdos and Nathanson’s proof of Theorem 3.1 to ob­
tain a similar condition that an asymptotic basis of order h > 3 contains 
a minimal asymptotic basis of order h, we study the following problem, 
which was proposed by Nathanson. On the other hand, this is also a very 
interesting combinatorial problem.

P rob lem  3.1 (N athanson) Let h >  2 and k > 1. Does there exist a real 
number pi =  p(A, k) €  (0,1) such that

Af(¥, ¥ )< £> (¥ , ¥)/i‘
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holds for any families 4  and *  of finite sets satisfying the following proper­
ties9

(i) $  =  {5,- | » =  1,2 , , . . ,«}»« a family of s nonempty, distinct sets Si 
with |S’,-1 <  h for all i;

(«) V =  {Tj | j  =  1,2, m a family o f t  nonempty, distinct sets Tj
with |7j| < k for all j ;

(iii) Si 2  Tj for all i and j .

In Section 3-5,1 shall prove that the answer to thiB question is negative 
by giving a counterexample. However, after adding some further restriction 
on 9 ,  I shall prove that such fi exists in a special case. I hope thiB result 
would be useful in searching a simple condition that an asymptotic basis of 
order h > 3 contains a minimal asymptotic basis of order h.

3.2 A Special Case

In this section, I shall prove the following theorem, which is a special case 
of Theorem 3.2.

T heorem  3.3 Let h >  2. Let

4  =  {5, | » = l , 2 , . . . , s }  and = {Tj | j  =  1 ,2, . . .  ,*} 

be two families of finite sets satisfying the following conditions:

(i) 1 < |5i| <  h for  i =  1 ,2, . . .  ,s , and 

1 < |2)l <  h for j  -  1,2........<;

(ii) Si H Si> = Tj fl Tji = 0  for all i ^  ? and j  j 1;
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(in) Si % Tj for all i and j .

Then

and this ia the beat poaaible result.

In order to prove this theorem, we need the following lemma.

Lem m a 3.1 Let k > I, h > 2  be integers, then

for any real numbers xj : 1 < Xj < h — 1, j  =  1,2, . . .  ,k . Moreover, the 
egttafifjr holds if  and only if  k =  1 and xi = 1 or h — 1.

Proof. It is clear that the equality holds if k =  1 and xj =  1 or h — 1. 
Now we assume that k > 1.

Let yj =  h — xj tor j  =  1,2 , . . . ,  it. Then

Denote the term on the right hand side by / ( y t , . . . ,  y*). Suppose that 
1 < aj < h — 1, j  =  1 ,2 , . . . ,  k, are such that

k k
a . n c * n  (h ~ x))

/ ( m , . . . ,  ak) =  K max_i / ( y i , . . . ,  yk). (3.2)

It is sufficient to prove that
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First we claim that ai =  • • * =  a* =  h — 1. Otherwise, there is some u 
such that 1 <  a„ <  h — 1. Then

/( a  11 • • •, Ou-i, h — 1, att+ i , . . . , a*)

= f*-M* + T^7 + k- l+  E  + II «i
V l<»'<k \  * / /  X<»<Jt

7*u

= fft — 2kh + r —r  + /» — 1 — —- — a„
V ft — 1 a u

= /(«., . . . ,« * ) + ( ( * - » *  + £ ( £  + «.,)) - 1) 

h2 i A2 / » - i  A
( . f c ^ T  +  ^  “  “ v ' ~ H 7 ’  ■ n * * )

>  / ( O! « )  +  -  2 « >  +  2 ( i  -  X)h +  i -  +  a „ )  -  A

=  / ( a i l  • • • , “ * ) +  (ft -<*u -  - — - ) n ° j
V a u  J  j= 1

> f ( ° i t  • * • i a*)i

which contradicts (3.2). Therefore, at =  • • • =  a* =  ft — 1.

I now prove that

Noticing that

A  , 1 \ k~l , , * - i  , * - i+  > 1  +  ^ — r > l  +ft3 - f t  /,2 _  ft +  r
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we see that

/ ( * - ! ........* - 1 )  +  D > - 1 ) ‘

)*  -  ^ > ^ £ = > ± 1 ) -

h2 - h  + k f  h * - h  \ k~l 
~  v - h  + i  \ h 2 - h  +  i /

(1+ f ^ t t t )  '777 r  y -1
V +  A * - A /

<  i,

this proves (3.3). Hence (3.1) holds, and the proof is complete.

Proof o f Theorem S.S. For any * > 1, and 1 > 0, define

M(«,t) =  h ' ( ^ A ± ! )  ,

and denote by N (a ,i) the maximal value of AT($,¥) for all $  and 9  satis* 
fying (i), (ii) and (iii) in Theorem 3.3. I shall prove that N (s ,t)  < M (s,t)  
by induction on t. If t = 0, this is true because

N(s,Q) = h* = M (s,0).

Let t  > 1. Now we assume that N (a,t') < M (a,t/) for any a and any 
0 < T < t. I shall prove that N (s,t) < M (s,t).

Suppose that

{ S i  |  * =  1 , 2 ........... , }  ^  »  =  {Tj  \ j  =  1 , 2 , . . . , * }

be two families of finite sets satisfying (i), (ii) and (iii). Let

S = U & ,  T = \ j T i .'=i i=i
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We may assume without loss of generality that S O T .  Let 5,+i be a  finite 
set such that

|S«+i| =  h and S « + in S  =  0.

Let 4* =  $  U {S#+i}, then it is clear that N (& , 4) =  h • iV(4, ®), which 
implies that N (a+  l , f )  >  h • Therefore, it is sufficient to prove that
JV(«,*) <  M(s,f) for sufficiently large s.

Suppose that 4  and 9  are such that W(4, 4 )  =  N (s,i). Without loss of 
generality, we may assume that

l & l - P j |  =  * for »= 1,2, . . . , s ,  j =

Since T  is a proper subset of S,  there is some Si, say, St, such that SiHT /  0  
and T  2  5 i. It follows from the multiplicativity of that we may
assume that 7 i , . . . ,  7* are all of those Tj that intersects S i . Then k >  1. 
Denote

no =  \Si\T\,

and
n; =  |S in:T j| for j = l , 2, . . . , k .

k
Then 1 <  tij < h — I for j  =  0 , 1 , . . . , it, and ^ n ,*  =  h. Let

t=0

No =  no, Nj = N j - i  + tij for j  =  1 ,2 , . . . ,  k.

Suppose that

Si =  {ai,

S t\T  =  ,ajv0},

T\ =  {ajv0+i , . . . , a iy 1,a i li t . . . , a i lh-ni}i
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For any a  6  5 , 5[a] denotes the unique Si that contains o. We divide 
the family of simultaneous systems of representatives for 4  and 9  into the 
following k  +  1 classes:

Co = {*|A-n(SAT)#0},  
c ,  = {x | x n s i n r i9t0} for j = i,2,...,*.

It is clear that C, fl Cj =  0 for all i j .

Now suppose X  £  Co. Then X  fl (S \\T ) =  {a<} for a unique £: 1 < i <  
No. Therefore, aj ^  X  for j  ^  i and j  ~  1,2, . ..  , i ,  which implies that there 
exist ij : 1 <  *,• <  h — rtj for j  = 1 ,2 ,... ,k  such that X  contains for 
j  =  1,2, . . . , k .  (ii) implies that a/,,  ̂ 6  Tj and that aj,ii are distinct, hence 

are distinct. Let

=  * \{ S i,S [aMl] 5[a*,J},

« ' =  {Tk+i , . . . , T t},

X '  =  X \{ a Ul akik}.

It is easy to  verify that &  and 9* satisfy conditions (i), (ii) and (iii), and that 
X 1 is a simultaneous system of representatives for and 9 1. Conversely, if 
X* is a simultaneous system of representatives for 9 ' and 9 ’, then

X  — X  O (fl,', Oil, i ■ • -, Ofci* }

is a simultaneous system of representatives for $  and 9 . Hence the number 
of simultaneous systems of representatives for $  and 9  containing the set
{ a i> f l l i l , ■ • • ; akik }  »

N (? ', * ')  < N (s  -  k -  l , t  -  *).

Since there are
k

no n ( A -  ni)
3=1
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different ways to choose the set {a,-,at,,-,, . . . ,  a*u }, we see that

k
|Go| <  N(a -  k -  l , t  -  *)"o I I ( A “  ni )• (3 4>

i=l

Given any m : 1 < m < i .  Let X  € Cm, then X  H Si fl Tm =  {a,} for a 
unique i : iVm_i <  » < Nmt thus Oj ^  X  for any j  £  i  and j  =  1 , 2 , . . . , ft. 
Hence € X  for some ij : j  =  1,2, . . . j  ^  m. It is clear that 
are distinct. Let

* ' =  * \{ S u S [ ajii] \ j  = l ,2 .......*, > * m } ,

* ' =  {2 1 + 1 ,-.. r a ,

X1 =  X \{oi,aitv I j  =  1,2 k, j  ^  m}.

It is easy to verify that 4 ' and 9 ' satisfy the conditions in the theorem, and 
that X* is a simultaneous system of representatives for and ¥ ' if and only 
if A1 is a simultaneous system of representatives for $  and ¥ . Hence there 
are at most N (s  — k ,t  — k) sets X  € Cm containing

{a,iajij | j  =  1 ,2 , . . . ,* ,  j $  m ).

Since there are only

n"» ’ I I  ( A - ni)

1<J<*
different ways to choose the set { a ; , ^  | j  =  1,2 k, j  ^  m}, we see
that

|C m |<  N(a - k , t - k )  • nm ■ J J  ( h - r i j ) .  (3.5)

i<}<k
It therefore follows from (3.4) and (3.5) that 

N (s ,t)  =  AT(#,«)
k

< N (s — k — l , t  — *) • no • J J (h  -  rij)
j=i
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+ N(g-k,t-k) J2ni' II (ft“ ni)
*=1 fr i 

i<i£*

< — ^(nonCA-njJ + ^ I I ^  II  (A “ ni)V
\  iml 1=1 j V t  /jml i= l  j'/«i<i<* 

k
Noticing that ^  = A, we have thati=o

no'ii(,,-ni)+A,En'" n
J=1 i* l jV ii<i<fc

4 k k
=  ( f c - 2  n A  ! ! ( * - » , )  + A - 2  n  (fc“ ni)

V 1=1 7 j = 1 i= l  jjft
l<j<fc

=  h J l { h ~ n j )  + J 2 ( h n i - ( h ~ n i ) n i )  J J  (A -  nj)
J=1 «==1 jjti

1 <j<fc

= *»II(ft"ni) + £n.? II (A“ni)
J=1 >=1 jj£»

s  . ( £ ^ ± i ) ‘
= M(*+l, fc ) .

Therefore,

AT(s,t) < | aT(*-A,t-A)M (A + 1,A) 

< j-M (8 — k ,t  — k)M (k  +  1, k)

= M (a,t).

Now we prove that M (s,t) is the best possible when a > 2t. Let 

    ..
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be sh different positive integers. Let

Si =  {oil j * ■ * ia»/iJ for t =  1 ,2, . . .  ,s;

Tj =  {oji, • • •, a;,A_l, «»,+,>} for j  =  1,2, . . .  , t .

D efine

* = and * = {rltr2,...,rt}.
It is clear that ft and ft satisfy conditions (i), (ii) and (iii), and and

IV(ft,ft) =  *>'(*■■"  a ' - *)* =  M (s.t).

The proof is complete.

3.3 P roof o f Theorem  3.2

In this section, I shall prove Theorem 3.2. The following lemma will be used 
in the proof.

L em m a 3.2 Let h >  2 and m > 1 with m < L <  mh. I f

L — m — u{h — 1) — r, 

where u is on integer, and 0 < r <  h — 2, then
m
n * «  >  K - i { h - r )
i ' = i

m
lio/rfs /o r any integers 1 <  *j <  /» (i =  1 ,2 , . . . ,  ro) with x» =  L.

i = \

Proof. Let

/(* )  — f ( x i , . . . ,  *m) — I J  *{•
i = l
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It is well known that /  has no minimal point inside the inner D of the 
domain

D =  {x =  (* i , . . . ,*m) | 1 <  *j <  ft for i =  1, . . .  ,m}
m

with the restriction =  L. Hence, the minimal point of /  must be on
i=i

the boundary 9 0 .

Since L <  mh, it follows from the definition of u that u <  m. First we 
assume u =  m, then L =  mh — r. We prove

/(x )  > hm~ \h  -  r) (3.6)

by induction on m. It is clear that (3.6) is true if m =  1. Now assume that 
(3.6) holds for any m' < m. Let x  =  ( z i , . . .  , r m) be a minimal point of /  
on the boundary dD, where zt < z j < • ■ ■ <  *m- Since

m
»i =  L — *j > L — (m — l)h  =  h — r  > 2,

•=2

it follows from x  G 9D  that xm = h. Therefore,

m —I
*,• =  L -  r = (m -  l)h  -  r,

•=i

thus,

m m-1

/ ( x) =  n x i = h • n
i = l  i = l

> h • (Am~2(h -  r)) =  hm~l (h -  r),

which proves (3-6).

Now assume that u <  m. If x  €  0D is such that x\ < • • ■ < xm and
/(x )  is minimal, then x\ ~  1. Otherwise, we have that

2  <  z i  <  *• • <  xv <  xv+i =  • • •  =  xm =  h .
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Then
x '  =  ( * |  -  1 , * 3 , .  . +  1, * « + l , . . • ,  * m )  £  3 D ,

and

f(x !)  =  ( * i -  +  l)Am“v

=  * 1*2  ■ • • Xv hm ~ v — *2 • ■ ■ * u - l / l m —t,(* v  +  1 — * i )

< /(*)»

whixh contradicts the minimality of /(x ) . Therefore,

5 ^  * i  =  L  — 1 =  u (h  -  1) -  r  +  ( m  -  I ) ,  
i=2

thus,
m m

/ (* )  =  E  *i =  5 3  ^ -  r)-
1=1 i=2

This shows that we can assume u =  m. Hence the proof of the lemma is 
complete.

Proof of Theorem 3.2. Let

*  =  {51,5-2........ s , }  and ® =  { 7 i , r2 , . . . , r i }

be two finite families of finite sets that satisfy the conditions (i), (ii) and
(iii) of Theorem 3.2. Let S,+1 be a set of h elements such that S,+i does 
not intersect any Si in $ . Let $ ' =  $  U {S«+i}> we have

AT($', * )  > hN(&, *).

This allows us to assume that the integer s is sufficiently large. Therefore, 
we may assume without loss of generality that

|5,| =  h for * =  l , 2 , . . . , s ;  

\Tj\ =  k for j  s  1,2,. . . ,*;
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and * i
s = l M 2 T = U r ;-

is l j's l

I shall prove the theorem by induction on t for finxed s >  2if . If t s= 0 
then N ( 9 ,4 ) =  k*. Let t >  1 and assume that Theorem 3.2 holds for any 
0 < t l <  t  and any s.

We consider Tt. Let {Si, S i  Sm} be the set of those Si that intersects
Tt . Denote

Mi — |Si n  Tt | for i = l , 2 , . . . , m ,
m

then ^ n , -  =  k. It follows from Si £  Tt that 1 < n,- <  h — I for i =
»=l

1 ,2 , . . . ,  m. Suppose that

Si — {dill OH, . . . , Ort}t

where a,i € a,-ni 6 for » =  l , 2 , . . . ,m .  Since s > 2fct, there
exist m different Si in say, Sm+i, •.. ,Sam, such that Si H T  =  0 for 
* =  m +  1 , . , . ,  2m. Suppose that

Si — {an,ai2, . . . , a ih} for i =  m +  1........ 2m.

We construct

5! =  {°il t • • • i i am+i,ni+! t • 10m+i,k}]

— {am+i,t t • * • i am+i,n, i 0i,n;+l aifc}

for i =  1,2, . . .  ,m. Let

* ' =  (* \{ S i.......

Then and ’J  satisfy the conditions (i), (ii) and (iii) of Theorem 3.2 with 
same s and t.

Let X  be a simultaneous system of representatives counted in AT($,9). 
Denote

X n S , -  =  { * ,}  f o r  i  =  l , 2 ,  . . . , m ,
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and

\ 2m

u & *
1=1

Then it follows from S i fl T  =  0 for i — m  +  1,.. . ,2m that exactly hm 
simultaneous systems X  of representatives counted in N {9, 9 )  contain

{*li *Ji ■ ■ • i ®ra} U X \.

Suppose that xj G S .̂ for j  = 1 ,2 ,... ,m  where the subscripts of S{’s are 
regarded as elements of the group Z/(2m). Therefore, for any Xj+m € 
for j  =  1,2 , . . .  ,m, let

X  -  " i*m} U Jfl)

we see that X ' is a minimal system of representatives for $ ' that contains a 
system of representatives for 9 , and X 1 contains {xj, x ^ , . . . ,  xm}UAV Since 
there are hm different simultaneous systems X  of representatives counted in 
N (9 ', ’S). Therefore, N { 9 \9 )  <  N (9 ,9 ) .  Hence, we may assume that Tt 
is the only Tj that Si fl Tj £  0 for i =  1 ,2 , . . . ,  m.

Let

=  {S.- | i -  m +

*' = {Tji | i  = l , 2,

Clearly &  and 9* satisfy the conditions (i), (ii) and (iii) of Theorem 3.2 with 
s being replaced by s — m, and t by t  — 1. For any X \ counted in N(<F, 9 '), 
there are TO

-  I l f *  ~  "<)
1 = 1

different X  counted in N (9 , IP) containing X%. Since

m m
L — 53(A — n,) — mh — ^  n, =  mh — k,

i=l i=l
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then

L — m  =  m(h — 1) — k

— m(h — 1) — q(h — 1) — r 

=  ( m - « ) ( * - 1 )  -  r.

It follows from the lemma that

i- i

II(*  - m )  - r ) .
i = 1

Therefore,

N ( * ,9 )  <
'  i = l  '

< ( * » - * — « - ' ( k - r » .  ft—

=  -C fef)* -
This completes the proof of the theorem.

NathanBon [44] proved that the upper bound in the theorem is the best 
possible upper bound by giving the following example. Let efj, ef2* ■ ■ ,d* be 
positive integers such that d; < h — 1 for all i and

i=l

Let S i ,S3, . . . ,  St  be pairwise disjoint sets with |S<| =  A for all i. Let T  be 
a set such that |T | =  k and

|T n S i |  =  dj for *— 1 , 2 , . . . , s.

Let
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Then

w ( « , « ) = h- -  = v ( i - n ( i - x ) ) -

It is easy to see that 4  and V satisfy the conditions (i), (ii) and (iii) of
Theorem 3-2. Let k = q(h — 1) +  r, where 0 <  r  <  h — 2. Let s =  q +  1. Let

di = h — 1 for * =  1 , 2 , 1 ,  and d, =  r.

It is easy to see that the term on the right hand side is equal to the upper 
bound in Theorem 3.2.

3.4 A  Further R esu lt for Case h =  k  =  3

In this section, I shall prove the following theorem.

T heorem  3.4 Let r +  s >  1 and t > 0. Let

S,+r} and «  =  { r i , r 2). . . ,T i} 

be two families o f finite sets satisfying the following conditions;

(i) 1 <  |5,| < 2 for i =  1 ,2, . . .  ,r,

|5r+l| =  3 for i=  1 , 2 , . . . , s, 

l < l ? ) | < 3 / o r j = l , 2 , . . . , f ;

(ii) Si fl S f  =  T  D Ty =  0 for i i' and j  -f. j ' ;

(iii) Si % Tj for alt i and j .

Then
* ( * ,* )  <  2r 3 * ( i y .

This is the best possible result.
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Proof. Define

M (r,M ) =  2 ' 3 ' ( | ) \

and let N (r ,s ,i)  denote the largest JV(0,0) where 0  and 9  satisfy condi­
tions^), (ii) and (iii) in the theorem. I shall prove N (r,a ,t) < M (r, s ,t)  by 
induction on t.

If t  =  0, then
N (r,a ,t) =  2P3* =  3 /(r,s ,0 ).

Now assume that t > 1, and that

iV (r,s,t') < M (r,s ,t ')

holds for any r  +  a > 1 and 0 < t* < t. Let

*  =  { S i ,S i , . ■. ,5 r+.} and 0  =  {Ti,T2 T<}

be two families of finite sets satisfying (i), (ii) and (iii). Assume without 
loss of generality that

r+* t

s  =  U  St 2  T =  U  Ti-
<=1 3~1

Let So be a set of two elements such that So fl 5  =  0. Let O' =s O U {So}, 
it is clear that O' and O satisfy the condition (i), (ii) and (iii) with r  being 
replaced by r  + 1 , and that N {O', O) =  2 • JV(0,0). ThiB implies that

N (r+  l,s,<) > 2N(r, s,<).

Similarly, we also have

N (rfa + l , t )  >  3W (r,s,/).

It is sufficient to prove N (r,a ,t) < M (r,a ,t) for sufficiently large integers r 
and a.
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Now suppose that r  > fit and a >  3t. Suppose N{<t,9) =  AT(r,«,i). 
Without loss of generality, we may that

|S,| =  2 for t =  1 ,2 , . . . ,  r,

|Si| =  3 for t =  r + l , . . . , r  +  «,

|T,| =  3 for j  =  l , 2 , . . . , i .

There are four cases we must consider.

Case I  There exists some T„ =  -{01,03, 03} such that

|S[o*]| =  2 for k = 1,2,3.

Suppose
Sk =  5[afc] =  {afc, o'fc} for fc =  1 , . . . ,  fi.

Since r  >  fit we may assume that Sk n T  =  0 for k =  4 ,5 ,6. For convenience,
we write (a*); =  a'k and (a*)f =  aj£ =  a* for i  =  1 , . . . ,  6. We also regard
the subscripts of o’s as elements in Z /(6), i.e .,

Qk — Oj and a* =  a' if k =  j  mod fi.

Define

Sk = {ajfc,o*+3} for 4 =  1.......

Let
* ' =  (S \{ S i,...,S « } )U { S l,...,5 S } .

It is clear that $ ' and 9  satisfy condition (i), (ii) and (iii). Let X  be a 
simultaneous system of representatives for $  and ¥ . Suppose

X n 5 t  =  { n }  for fc =  1,2,3.

Define

U & -
k~l

x, = x \
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It is clear that exactly 8 simultaneous systems X  of representatives for 9  
and 9  contain {xi,X3,X3}UXi.

Suppose
*j 6 S*,. for j  =  1,2,3.

Then
G 5 |^ 3  for j  =  1,2,3.

Hence S[xj] =  5[xJ] implies Xj ^  X , and

f̂c>+3 H {*i, * i, *3} =  8 for j  =  1,2,3.

For any
»j €  Skj+3 for j  =  4,5,6,

X  =  {sti,. . .  ,xe}UXi is a simultaneous system of representatives for 9 ' and 
9  containing xi, xs,X3 and X \. Since there are 8 different ways to shoose 
X4,xs,X6, there are 8 different simultaneous systems X  of representatives 
for 9 ' and 9  containing X1.x 3.x3 and X i. Therefore, N(Q, 9 )  < N (& , 9 ). 
Hence we may assume that

l S K ] n r | = l  for * =  1,2,3.

Let X  be a simultaneous system of representatives for 9  and 9 . Assume

X  n  S[a*] =  {x*} for * =  1,2,3.

Define

9' = 9 \{S M ,S [a a],S[a3]},

X ' = X \{x1,x j,x 3}.

It is clear that 9 ' and 9 ' satisfy conditions (i), (ii) and (iii), and that X  
is a simultaneous system of representatives for 9 ' and 9 '. Conversely, if
X I is a simultaneous system of representatives for 9 ' and 9 ', then for any
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** €  5[afc] (* =  1,2,3), X  =  {*i,*2,* 3} L l X ' i s a  simultaneous system of 
representatives for $  and ®. Since there are only 7 different ways to choose 
*11*21*3) we see that

N (r,a ,t)  =  (« ',« ')

<  7N(r — 3,s,< — 1)

<  7 M (r— 3,*,f — 1)

=  M (r,a,i).

C ase I I  There exists some Tu = {01, 03, 03} such that

Sk =  {afcV*} for * =  1, 2,

S3 =  {03, 03, 03}.

Suppose S4 fl T  =  0 and S4 = {to,u}. Define

5 3  =  {to, 0 ^ ,0 ^'},

54 -  {a3, 0},

=  (* \{S 3lS4})U{S'3tS ,4}.

Then and 9  satisfy the conditions (i), (ii) and (iii), and the corresponding 
integers r  and a are not changed.

Suppose that X  is a simultaneous system of representatives for $  and 
9 . Let

ATI 5* =  {**} for * =  1,2,3,

X\ = X\({*1,*2,*3}U S4).

It form that £* n  T  =  0 that there are two simultaneous systems X  of 
representatives for &  and 9  containing *1, 13, *3 and X \.

If *3 =  o3, it is clear that there exist three simultaneous systems X  of 
representatives for and ® containing * i ,*2,X3 and Xi. If 13 =  a3 or
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<13, there exist two simultaneous systems X  of representatives for and If 
containing 2 i ,« 3,Z3 and X \. Therefore,

If a* £ T, then we divide the simultaneous systems X  of representatives 
for 4  and 9  into two classes: a € X  or a' €  X ,  If a 6  X , let

It is clear that $ ' and 9* satisfy condition 9i), (ii) and (iii). Let X ' = 
-Y\{a}. Then X ' is a simultaneous system of representatives for and 
Conversely, if X '  is a simultaneous system of representatives for $ ' and 9 \  
then X  =  X 'O  {a} is a simultaneous system of representatives for $  and 9 . 
Therefore,

that there are not more than 2N(r — l ,s  — 1,t  — 1) different X  in this class. 
Hence,

N (r ,s ti)  =  N (9 ,9 )  < N (Q ',9 )  <  M (r,s ,t) , 

by the argument in Case I.

C ase I I I  There exists some Tu =  {a, b, c) such that

St =  S[a] — {a,a'},

S3 =  5[6] =  {6,6' , 6W), 

S3 =  S[c] =  {c, c', c").

* ' = 9 \ { S ih  * ' = 9\{Tu}.

2V(*',« ')  < iV(r — — 1).

If a' €  X t then a g X .  Then b or c belongs to X .  A similar argument shows

N (9 ,9 )  < N (r  — l , s , f  — 1) +  21V(r — l , s  — l , i  — 1) 

<  M (r — l , s , t  — 1) +  2M (r — l , s  — l , f  — 1)

=  M (r,* ,i).
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If o' € T, let Yu> =  {o', We may assume that

|S[oJ]| =  M 4 I  =  3.

Let X  be a simultaneous system of representatives for $  and then a € X  
or o' € X .  If a €  X , then a' £ X ,  which implies that there is at least one 
of cij, aj contained in X . By a similar argument as above, we see that there 
are at most 2N{r — 1, s — 1,1 — 1) different X  containing o'. Therefore,

<  4iV(r — l ,s  — 1,1 — 1)

<  4ilf(r — 1, s — l , t  — 1)

<  M ( r , s , f ) .

Case IV  For any T j  =  {a, 6, c},

\S[a] | =  |5[»]| =  \S[c}\ = 3.

By Theorem 3.3, we have that

# ( * ,* )  <  2r3 ' ( | ) ‘

<  2r3* (78)* =  M (r,s ,t).

Now I prove that M(r, a,l) is the best possible upper bound for N(r, s,l). 
Let r  >  31. Let

a„bi, i — l , 2 , . . . , r .  

uj>vj i wj> J = 1 ,2 , . . . , s

be 2r  -f 3s different positive integers. Let

Si = {a,-, bi} for t =  l , . . . ,  r,

Sr+i =  {u;, v,', wj} for » =  1....... ..

Tj = {aj,at+j ,a at+j} for j  =
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It is clear that

$  — { S i , S 3 , .  - .  ,5 r + « }  a n d  *  =  { 7 i > 7 a  Tt)

satisfy conditions (i), (ii) and (iii), and that

* ( * ,* )  =  2 '3 ' ( I ) \

The proof is complete.

3.5 R epresentatives for F in ite Sets

In this section, I shall prove the following theorem, which answers a  ques­
tion of Nathanson. By £)($) we denote the number of minimal systems of
representatives for $ .

T heorem  3.5 Let h > 2  and k > 1. For any real number ft € (0,1), there 
exist two families of finite sets

$  =  {S i,52 Ss) and ■9 = {T1,T2, . . . , T t}

satisfying the following properties;

(i) 0 <  \Si\ < h fo r i  =  1 ,2 , . . . ,  s;

(ii) 0 <  |7}| <  k for j  = 1,2, . . .  ,t;

(iii) Tj fi Tji =  0 for all j  £  j ';

(iv) Si % Tj for all i and j ;

(v) N (* t 9 )  > D (*)/i‘.
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Proof. Since 0 < fi <  1, there exists an integer t  such that fi* <  l/h .  
Let s =  ik . Let

o i . o j , 61, 62, . . . . 6, 

be h — 1 +  s different elements. Define

Si =  { a i , . . . , a A_ i , 6i} hboxfor i = l , 2 , . . . , « ;

Fj =  {6y —i)*+i 1 • *• 16jfc} for j — 1,2  t.

Let
$  =  {Si,S2| . . . ,S«} and *  =  {7 i , 72, . . . ,7*}.

It is clear that 9  and 9  satisfy conditions (i)-(iv) and that

JV(*. * )  =  1 and £>(*) =  h -  1 +  1 =  h.

Therefore, we have

N[fS>, 9 ) = 1 > hfi* =  D(Q)fi*, 

which proves the theorem.

Theorem 3.5 means that the answer to the question is negative for any 
h >  2 and k >  1. However, we have the following theorem.

T heorem  3.6 Let h >  2. I f

(i) $  =  {S i , . . . ,  Si} is a family of nonempty, distinct sets Si with |Si| < h 
for all i;

(ii) Every S,- intersects at most one Sj in $  other than Si itself;

(iii) #  =  (T i , . . .  ,2 |} is a family o ft sets Tj with Tj =  {aj} for all j ,  where 
the a j ’s are distinct elements;

(iv) Si is not contained in Tj for any i and j .
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Then
N ( * , # ) < Z ) ( * ) ( ^ = i  y /3 . (3.7)

Proof. By induction on t for any fixed s. If t =  0, then

N (# , * )  =  £>(*),

hence (3.7) holds for t — 0 and any s. Let t > 1. Assume that (3.7) holds 
for any a and any t ' <  t.

Let
9  = {S i,S 2 S .}  and »  =  {T1,Ta Tt)

be two families of sets satisfying the conditions (i)-(iv). If there exists some 
Tj =  {oj} such that aj £ S$ for all i, then N(ft, 4 )  =  0, hence (3.7) holds 
for t  and any s. Now we assume that

9

i=I

We consider Tt = {a<}. Then the following three cases may occur.

C ase I  There exists an if such that a* € 5,», where Si* D Si =  0 for all 
i ^  i'. Si £  Tt implies that |Sj>| > 2. It is readily verified that

=  and * ' =  ¥ \{T t}

satisfy the conditions (i)-(iv), and

D ($) =  \Si>\■

If X  is a simultaneous system of representatives for 4  and V, then X ' =  
X \{ 0() is a simultaneous system of representatives for $ ' and ¥ '. Con­
versely, if X ' is a simultaneous system of representatives for &  and then 
X  =  X* U {fl|} is a simultaneous system of representatives for $  and 9 . 
Therefore,

N(<*,«) =  N (S ',* ')
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, t h -  iV * - * ) /2

-
1 f h -

n f ^ ( k -  i \* t2 
< ° m  ( — )  ■

C ase I I  there exists an i' such that at 6 Si> fl Si" for some t". It follows 
from (ii) that

(Si* fl S<«) PI Si = 0 

for any »:» /  i' and i ^  i". Let

|S i'nS i« | =  r, |Si«\S,»| =  u, |S,»\Sj'| =  v.

Since at G Si» nSj», it is clear that if X  is a simultaneous system of represen­
tatives for $  and ¥ , then JV\{a<) is a simultaneous system of representatives 
for

* , =  4 \{S ,',S ,.'}  and * ' =  {*, |y  =  1,2, . . .

Conversely, if X ' is a simultaneous system of representatives for $ ' and ¥ ', 
then X  — X ' U {at} is a simultaneous system of representatives for $  and 
f . Hence

AT(*, # ) =  N{& , *')•

It is clear that
D ( $ )  =  ( r  +  tiu jD fflp ') .

It follows from(iv) that r  +  u >  2 and r  +  v > 2. thus

1 < i - i .r  +  uv ~  h 

Therefore, 

AT(#,¥) =  N ($ ',9 ')



3 REPRESENTATIVES FOR FINITE SETS 78

< i

C ase I I I  There exists an i' such that

at € Si>\Si” and Si> fl Si" ^  0

for some i" £  V. Let

|Sj* fl S,« | =  r, |Sji\S;«| =  u, |Si»\Si*| =  u.

It is clear that if there are two sets Tj such that Tj C Si«\S,«, then N ( 4 , 9 )  = 
0, hence (3.7) holds. If there exists exactly one Tj =  {a,-} such that aj € 
Si"\S,-it then any simultaneous system X  of representatives for $  and 9  
contains o( and aj. Hence X  is a simultaneous system of representatives for 
9  and 9  if and only if X\{a*, a/} is a simultaneous system of representatives
for

<&' =  $\{Si»,Si"} and 9 ‘ = 9 \{T tlTj).

Therefore,
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If there does not exist Tj such that fl,- €  Si»\Sii, i.e., if

(Si"\Si>) n  Tj =  0 for all j ,

then any simultaneous system of representatives for 4  and f  contains at 
and an element x of hence X \{at,x} is a simultaneous system of
representatives for

and = tl>\{Tu Tj).

Conversely, If X* is a simultaneous system of representatives for &  and 
then X  =  X 1 U {at, x} is a simultaneous system of representatives for $  and 
® for any x €  . It follows from r  > 1,0 <  u <  h — 1 and u > 1 that

Therefore,

r  +  ut> h

The proof is complete.
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4.1 Introduction

Let G be a group. Let Ai, Aj, A* be subsets ofG, AjAj • • • A* denotes the 
product of these subsets in G. In particular, if A\ =  A t =  • • • =  Ah, we write 
A k for the product Ai Aj • • • A*. In the abelian case, we use Ai +Aj+* • •+A* 
and hA  instead. A subset A of G is called a basis o f order h for G if A* =  G. 
If A is a basis of order h for a finite group G with |G| =  n, then

" = | G |  =  |Ah| < | A | \

i.e ., |A| > nlth. It is natural to ask if there exists a constant c ~  c(h) >  0 
so that every finite group G contains a thin basis A of order h with |A| < 
c\G ^fh. In fact, Rohrbach [54,55] asked this question more then fifty years 
ago. Rohrbach observed that such thin bases exist for cyclic groups. Cherly 
[1] proved that every finite abelian group G of order n contains a basis A of 
order 2 for G such that

|AJ < 2\/n logn +  2.

Recently, I have proved the existence of thin bases of order h > 2 for finite 
abelian groups [30] and the existence of thin bases for finite nilpotent groups 
[31]. This answers Rohrbach’s question in the nilpotent case. In fact, I 
proved the following theorems:

80
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T heorem  4.1 Let A > 2 be any integer. Let c\ =  A( 1 +  TAen
every finite abelian group G contains a basis A  of order A such that

\A\ < cxIGI1'*.

In particular, every finite abelian group G of order n contains a iasis of 
order S such that

M |< ( 2  +  ^ )> /n .

This greatly improves Cherly’s result.

T heorem  4.2 Let h > 2 be any integer. Let c? = h ■ 2h~1. Then every 
finite nilpotent group G contains a basis A  of order h such that

)A \< c2\G\l/h .

For arbitrary finite groups, Nathanson [49] has proved that every finite 
group G of order n contains a basis A  of order 2 such that

|>4| <  2 \/n  log n +  2,

and that, for every A > 3 and 6 >  0, there exists an integer M  =  M (h ,6) 
such that every finite group G of order n > M  contains a basis A  of order 
A such that

|j4| <  (A +  A)(n ■ logn)1̂ .

It is stilt not known if thin bases of order A > 2 exist for the class of all 
finite groups.

I shall present the proofs of Theorem 4.1 and 4.2 in Sections 4.2 and 4.3 
respectively. I shall study the thin <r-bases for tr-finite groups in Section 4.4. 
In Section 4 .5 ,1 shall construct bases with given number of representations 
for certain infinite abelian groups. In Section 4.6, I shall discuss some ap­
plications of Theorems 4.1 and 4.2 to Cayley graphs.
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4.2 Thin Bases for F inite Abelian Groups

Lem m a 4.1 Let P  be a finite abelian group of order p‘ , where p ie a prime, 
and a is positive. Then P  =  H  © K , where \H\ =  puh, and K  is a direct 
sum of at moat h — I cgclic subgroups.

Proof. Suppose that

P =  Pi © Pj © • • • © Pr, where |Pj| =  p“' .

It is well known that there exists a subset S  of at most h — 1 positive integers 
so that

y ]  u, =  0 mod h. 
itS

Let K  be the sum of all P% with i €  S, and H  the sum of all other /y s . Then 
H  is of order puh and A  is a direct sum of at most h — 1 cyclic subgroups. 
The proof is complete.

Lem m a 4.2 I f  G is a finite cgclic group of order m, then there exist h 
subsets A i f . ^ A h  in G such that

h
^2 Ah = G and \A{| <  m1̂  +  1 for  * = 1 ,2 , . . . ,h. 
i=1

Proof. Let u =  fm1/* ], where fx| denotes the least integer > x. Let 

Ai =  {0, u,“ 1, . . . , ( u — for £ = 1 ,2  h.

Clearly,
|A | =  u <  ml/fc +  1 for * =  1,2,

9

Suppose that Ai D [0, u* — 1], where [o,6] denotes the set of integers
<sl

between a and b. Choose any n : u* < n <  u*+1. Suppose

n =  qu* +  r ,  where 1 < q <  u — 1 and 0 < r  <  u* — 1.
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Then r  € ^  Ai, hence
« '= i

«+i
n =  qu* +  r  € Ai.

i=l

Therefore,
h

5 > ; 2 [ 0 , u fc- l ] D [ 0 , m - l ] .
i=l

The proof of Lemma 4.3 is complete.

Proof o f Theorem 4-1- Suppose that

G = Gi $  ■ • ■ ® Gr,

where |£7,-| — p*', s,- > 0, and p i , . . . ,P r  are distinct prime numbers. It 
follows from Lemma 4.1 that G  — H  © K, where H  is of order m h and K  
is a direct sum of at most h — 1 cyclic subgroups. Suppose that H\ is a 
subgroup of H — Hq with |Hi | =  , and A\ is a set of representatives
of the cosets in Hof Hi. Let Ai be a set of representatives of the cosets in 
H i-i/H i, where H, is a subgroup of H i-i with |if,-| =  mh~'. It is clear that

h
H = ^ 2  Ai, and |j4,'| =  m.

i=l

Now suppose that
K  =  K \ © • ■ • © Kt, 

where t < h — 1 and each K j is cyclic. Lemma 4.2 implies that

K j = A j\ +  • • • +  Ajii,

for some Aji with

\Aji\ < \K j\^h +  1 for i =  1 ,2 ,... ,h.
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Let t
Bi =  Ai +  5 3  Aji for i =  1 ,2 ,. . .  ,h. 

i=l
h

Then ^  Bi =  G, and
« = l

|5 , | =  m- J !  ( l ^ l ,/A +  l)
!< ;< <

< (1 + 

< (l +  2"Ĵ ) fc“ , n 1̂ .

Define A  =  B\ U ■ • • U Bh, then A is a basis of order h for G, and
A

Ml < £  Iftl < A(1 + 2_l^)*”,n1̂ .
i=i

The proof of Theorem 4.1 is complete.

4.3 Thin Bases for F inite N ilpotent Groups

Let G be a finite group. For any subsets X  and V in G, the commutator sub­
group [X, Y] of X  and Y is the subgroup of G generated by xyx-1 y-1 , x G X  
and y € Y . The lower central aeries ofG'vs defined by

Li(G) =  G, Li(G) = [Li-t(G), G\ for i > 1.

A group G is called nilpotent if Lm(G) =  1 for some m.

In order to prove Theorem 4.2, we need the following lemma.

Lem m a 4.3 I f  P  is a p-group of order pul* where u is an integer, then there 
exist h subsets A \, A t, . . . , A h such that 

k
J J  Ai =  P and |A,| =  pu for i =  1 , 2 ,h.
i = l
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Proof. Noticing that P  is solvable with |P | =  pvh, we see that P  
possesses a normal series:

P -  Ho D Hi D H2 D • ■ O  Huh = 1

such that each H i-\/H i is a cyclic group of order p for * =  1 ,2 ,. . . ,  uh. 

Assume that, for any i : 1 <  t <  uh,

Hi—l /H i =  j l j l i  , . .

where denotes the congruence class in Hi-1 modulo Hi which contains 
t i j  G Hi-1 for j  =  1 ,2 , . . . ,p. Let

Si — , . . . , Zip}.

Define U
Aj =  J J  for j  =  1 ,2 ,. . . ,  h.

»=l
Noticing that each S; is the set of representatives of H i-i/H i, we see that

Mi I = II l̂i-iju+i I = Pu for J = 1,2,..., h.
1=1

h
I now prove that J J  A; =  P. Let x £  P  be any element. Since Tt G

i=i
Ho/H i, we see that x  =  zij, j/i for some ziy, G Si and some yi G H\. Since 
Vl €  H1/H 2, we see that y\ = Z 2̂ 1/2 for some x jj, G S3 and some y? G H3. 
Similarly, we have

V2 = *3jSy3i
y3 = x*u y*.

Huh—2 — I/wfc—11
Vuh—l — z u)iijuKyu)i ,
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where *jj. €  Si, ja 6  Hi for i  =  1 , 2 , ,  uh. In particular, y*K =  1- 
Therefore,

1 =  x ljl *3ja ' ’ ' *«A Jah *

Define *> — x(i-l)«+i *’‘ ®°r j - 1,2,....h.
Then *j € A j for j  = 1 ,2 ,. . . ,  A, and

A
*  =s * i  • • • xh G J J  >4,-.

t=i

The proof is complete.

Proof of Theorem Let G be a finite nilpotent group of order n,
where

" = n
j=i

and P i, • • ■, Pr are distinct primes, u i, . . . ,  ur are positive integers. Because 
G is nilpotent, G can be written as a direct product of its Sylow subgroups 
(see [15]):

G =  Pi ® Pj ® ■ • • ® Pr ,

where each Pj is the only Sylow pj-subgroup in G for j  =  1 ,2 ,. . . ,  r. Noticing 
that Pj is a pj-group, we see that the center Z{Pj) of Pj is not trivial, hence 
Pj possesses a normal subgroup K j of order pj in the center Z(Pj) of Pj. 
Define

Ci =  (g) K j .

tiĵ OmodA
Then Ci is a normal cyclic subgroup of order

m i  =  n  »iUĵ OmodA
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in the center Z(G) of G. Let Gi be the factor group G /C \ • Then G\ is also 
nilpotent, and

i c . i = n » r .
i=i

where
=  0 mod h 

otherwise
UI. - /  “i* ifu j =  C 

1 |  Uj — 1, otherwis

for j  =  l , 2 . . . , r .  Apply this procedure to Gi, we obtain a normal cyclic 
subgroup Ca of Gi contained in its center Z(G i) such that the factor group 
Ga =  Gi/Ca is of order

\Ga | =  H  P y « 
j=i

where
=  0 mod h 

otherwise
u /  “ii. if =  

3 1 uij — li otherwis
Continuing this procedure, we obtain two sequences of groups:

Go =  G ,G j , . . . ,  and C i,C a ,...

such that Ci is a normal cyclic subgroup of G,-_j contained in its center 
Z (G i-i), nnd that Gi — G,—i/C , is of order

i < * i = n Pr .
>=i

where
i—i j  =  0 mod h 

otherwise
u . . _ /  « i-U . u.-1j

'3 \  i j  — 1, otherwis

and tioj =  Uj for j  =  1 ,2 ,. . . ,  r.

It is clear from the construction that Ch = I- Hence

U k-\j =  0 mod h for j  — 1 ,2 , . . . ,  r.

Assume that
V h -ij - v j h  for j  =  1 ,2 , . . . , r.
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Therefore,
Gh-l = Qj ® ® • • • ® Qr,

where each Qj is a pj-group of order |(Jj| =  pjv*h for j  = 1 ,2 ,... ,r . It
follows from Lemma 4.3 that there exist subsets A \j  Ahj of Qj such
that

h
I I  A'i =  Qt and IA*»I =  P? for « =  1 ,2 , . . . ,/i.
i=i

Since Cj is a cyclic group, it then follows from Lemma 4.2 that there exist 
subsets S ij , . . . ,  Shj of Cj such that

A
I ] Sij = Cj and |5 i , |<  IC jI^  +  l for i = l , 2 , . . . , f t .  (4.1)
i'=i

Let g be any element in G. Let denote the element in G\ =
G jC \, which, as a congruence class in G modulo Ci, contains g. Sup­
pose jĝ 1) € G \ , * .., € Gj are defined. Define as the element in
Gj+i =  Gh i/C j+i which contains g(*). It follows from the construction of Gj 
that any element in Gj is of the form where j g G .  Therefore, we may 
assume that

Afj =  | * € By},

where By is a subset of G and |j4y| =  |By| for i =  1 ,2 , . . . , ft and j  =
1 ,2 ,. . . ,  r. Similarly we may assume that

Sij = {*«-*> I X <= 7y},

where 7y is a subset of G and |5y | =  |7y| for i =  1,2 ft and j  =
1,2 ft -  1, andZ<°> =  *.

For any *: 1 <  i < ft, define

A  =  f i B „ n n k - <
i=i j=i
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Then

1*1 = n ^ n V i
3=1 3=1

< n i * t f i - f f p u - i i
3=1 3=1

=  n i * i i - n i ^ i
>=1 3=1

=  n p 7 - n W /k +>)
3=1 3=1

We now prove that A\A^ • ■ • =  G. Let g be any element in G. We
are going to show that g € A iA j  • • • A/,. Since

we see that

Gh-i — Qi ® • ® Qr,

j=i

where 6 Qj for j  =  1 ,2 ,. . . ,  r. Therefore,

i=i
for some g  Bij for i =  1 ,2 , , . . ,A. Noticing that Gh-\ is a direct prod­
uct of Qj (j  =  1 ,2 ,. . . ,  r), we.see that elements from different Qj’s are 
commutative. Hence

^ ^ n r ^ n n t "
i= i ,=i j= i

Since Gh-1 =  G h-^/C h-i, there exists an € Ch-1  such that

»=i j=i
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It follws from (4.1) that

» = i

where ti,h-i € 7i7i-i f°r » =  1 ,2 ,. . . ,  A. Since Ch-1 is » subgroup of 
Gh- 2 contained in its center Z(Ga_j), all ’s commute with all a{*-1 ’̂s. 
Therefore,

=  n n ^ s r ' n ^ - V
i s ]  p i  i = l

h / r
= n ( n ^ ' J) -4X 5).

Noticing that G h-i — G h-z/C h-i, there exists some fh-2 €  Ch-2 such that

i = l  Vj = l  '

It follws from (4.1) that

«=i
where €  Ti^ -2  for i ~  1 ,2 ,. . . ,  A. Similarly, we see that

3) = n(n^r3’-*ŝ ?)-n*scs
i = l  \> = 1  '  1=1

=  n ( n ^ - 3) « - - 3,l^ - 4 )

Continuing this procedure, we have that ty  € ?ij for i =  1,2 A, j  =
1 ,2 ,.. . , A — 1 such that

for
i = l  J = 1  >=1 '

In particular, we have that
h s r h—i

»=3<o ,= n ( n « « n ^ - i ) .
i = l  j= l  j= l  '
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and this is contained in A\Aq. • ■ « A^. Let A  =  U ^ A ;. Then

A^ D ^ 1^3 • • • Ah — G.

The proof of Theorem 4.2 is complete.

4.4 Thin Bases for cr-finite Abelian Groups

Let G be an infinite abelian group. Use +  to denote the group operation. 
G is called a-finite if there exists an ascending chain of finite subgroups of
G:

0 = GoCGi C. . . CC7b C ..

such that

G = 0 G n =  l im G n.' r  fi-+oonsO

It is easy to see that any countable abelian group with no element of infinite 
order is cr-finite.

Let g =; p f, p a prime, F , the g-element field. It is clear that Fg[x] under 
addition is a cr-finite group by defining

Gn -  {ff(») € F,[ar] | dg < n or g(x) =  0}.

Let G be a cr-finite abelian gtoup with the following ascending chain of 
finite subgroups:

0 =  Go C G i C .. C G n C ■. (4.2)

such that

G =  U  G'
nsO

oo

A nonempty subset A of G is called a basis of order h for G (with respect to 
the chain (4.2) of finite subgroups) if for any g €  G there exist h elements
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Qj €  Gn(i =  1 )2 ,..., h) such th a t

g =  ai + ---- 1 ah

where n is the smallest integer n so that y G G„. Let A  be any subset of G. 
We denote by v4(n) the cardinality of A  H Gn • ^ (n ) depends on the chain 
of subgroups.

Suppose A  is a basis of order h for G. By the definition, we see that 
h(A  D Gn) = Gn, thus i4(n)h >  |Gn|, i.e ., A(n) > |Gn|*^- Therefore, we 
have the following definition.

D efinition 4.1 A basis A of order h fo rG  is thin if  there exists a constant 
c >  0 sttcA that

for all n >  0.

In this section, I shall prove the following theorem.

T heorem  4.3 Let G be a a-finite abelian group with the foltowing ascending 
chain of finite subgroups:

I f  {An} <s bounded, then there exists a thin basis A of order h for G,

To prove this theorem, we need the following lemma.

Lem m a 4.4 I f  {*n} is « fiosncferf sequence of positive numbers, then there 
exists a partition ir o /N  into h pairwise disjoint subsets I t , . . .  ,1/, such that, 
for each i, the sequence {yin} defined by

A(n) < c\Gn\lfh

0 =  Go C Gi C C Gn C
oo

when G — ( J  Gn. Let

*n+i =  [Gn+i : G„] for n =  0,1.......

91

n>vn€/a m=l

is bounded.
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Proof. Suppose *n < M  for all n. Let 7,'o = 0  for » =  1,2, 
Suppose / in , . . . ,  Ikn u e  defined and satisfy the following conditions:

0) {fin, •. • 17/in} »  « partition of { 1 , 2 , ,  n);

00 J 2  *"m€/i„
< M  for any i and i'.

Let r  be the smallest number such that

2  xm =  min 5 3  *«•
m€frn mG/in

(4.3)

Then define

Ti.n+l — fin if * ^  and fr,n+l — frn U {n  +  1} •

It is clear from (i) that {fi,«+i,. . . ,  Ih,n+i} is a partition of { 1 ,2 , . . . ,n + l} .  
We need to show that for any i ^  i1,

< Af.

It follows from (ii) that it is enough to show that

5 3  *m +  *n+l “  5 2  *m — ^  
n » € /rn  m 6 /in

for any i ^  r . Noticing (4.3), we see that

0 < 5 2  Xm ~  £  *•» < Af,
n€t,n »*€i™

and so

)  1 *m 5  " *m  * n + l
m€/in tn€/rn

< Af.
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Thus h,n+i i • ■ • i A,n+i satisfy conditions (i) and (ii) with n being replaced 
by n +  l- Therefore, for any positive integer n, the partition { /in, . . . , fftn} 
of N  satisfies properties (i) and (ii). For any 1 < i <  h, let

Ii =  U  7'»-
n=l

I shall show that I t  h  satisfy the condition of Lemma 4.4.

For any n, it follows from (i) and (ii) that

I y*n 1 — h • ^  *m “  5 ^  *tn
m€/»i m=l

2  xm - h -  £  *"» 
*=1 met, n mehn

l<M<h
-iff

5Z Xm ~ ]C
m€/jn

< (A -l)A f. 

i.e ., (y„) is bounded. This proves the lemma.

m€/,,

Proof o f Theorem 4-3 Assume without loss of generality that Gn is a 
proper subgroup of G„+j for all n. Let

xn =  logjfc„ for n =  l ,2 ........

Since {fc„} is bounded and kn >  2, we see that {x„} is a bounded sequence 
of positive real numbers. It follows from Lemma 4.4 that there exists a
partition it of N  into h pairwise disjoint subsets I t  Ih such that, for any
i, the sequence {yt'n} defined by

9»n — h • )  ] xm
m g / i
m<n

m=l
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is bounded. Suppose |y,n | < M  for all n. Then

n  * m < e M/fc.|G n|1/fc (4.4)
w€/j
m<n

for t =  1,2,

For any n >  1, assume

Gn/G n-l =  (y„i, • ■

where denotes the congruence class in Gn containing gnj  € Gn for j  =
1 ,2 , . . . ,  4W, and gni =  0. Let

Bn — {ffnl i • • • j 3nk„ } •

Define
Bin = ^ 2  Sm for * =  1 ,2 ,. . . ,  h.

Then

Hl6/| 
m<n

y !  Bin — 5 3  5 3  =  ^  Sm — Gnt (4-5)
«=1 i=l m€/| m=Jm<n

It follows from (4.4) that

lA-nl < n  1̂ 1 = II < eM!h . \Gn\Vh. (4.6)
m€ijm<n m<n

oo
Define =  (J £?,„ for any j >  1. Then |fl, D Gn| =  |fl,n |. Let A  =

n=l
h

5 3  ^  follows from (4.5) and (4.6) that A  is a basis of order h for G and
«=1

l^nG„| < 5 > nG"l = I> *> ‘l
1=1 lei

<  h ' eM' h\Gn\t/H = Ci\Gn\1/h.

Therefore, A  is a thin <r-basis of order h for G with respect to {Gn}. The 
proof is complete.



4 THIN BASES FOR GROUPS 96

C o r o l l a r y  4.3.1 Let F,[z] be the additive group of the polynomial ring over 
the finite field Fg of q elements, there exists a thin tr-hasis A  of order h >  2 
for  F,[z].

Proof. Let Gn =  { /  €  F ?[x] | d f  <  n ). Then Gn is finite and 
i n =  [Gn : Gn-i]  is bounded. By Theorem 4.3, there exists a thin c-basis 
of order h for F , [*]•

00

Let G — [ J  Gn be a <r-finite abelian group. If {Gn*} is a subsequence 
n=i

of {Gn}, then any thin (r-basis of order h with respect to {Gn} is a thin 
(r-basis of order h with respect to {Gn|k}. The following corollary follows 
from Theorem 4.3 and this simple fact.

C o r o l l a r y  4.3.2 Let P  be a finite set o f prime numbers. I f  G is a o-finite 
abelian group in which the order of any element is a product of primes in P  

with repetitions allowed, then there exists a thin o’-basis of order h > 2 for 
G with respect to any increasing sequence of finite subgroups of G.

OO

Proof. Let G =  [ J  Gn, where 0 =  Go C Gi C • • ■ is a sequence of finite 
n=l

subgroups of G. Since the order of any element in G is a product of primes in 
P ,  We see that there exists an increasing sequence {//„} of finite subgroups 
of G such that {Hn} contains {Gn} as a subsequence, and such that every
index hn — [Hn : /fn_i] is a prime in P  for n =s 1 ,2 , Therefore, {!:„} is
bounded, and it follows form Theorem 4.3 that there exists a thin cr-basis A 
of order h for G with respect to the sequence {//„}. Therefore, A  is a thin 
(r-basis of order h for G with respect to the sequence {Gn}- This proves the 
corollary.

OO

This suggests the following problem. Let G =  ( J  Gn be a <r-finite abelian
n s l

group. If there are infinitely many prime numbers appearing as factors of 
the indices kn =  [G„ : Gn-i] , then does there exist a thin (r-basis of order
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A for G with respect to {Cr«}? In particular, let G be the direct sum of all 
Zp, p  prime:

G — Zj 0  Z3 @ Z$ © • • •

Does G contain a thin (r-basis of order A? We can prove the existence of thin 
(r-bases of order k  for certain (r-finite abelian groups with infinitely many 
prime numbers appearing as factors of the indices kn.

4.5 Bases w ith Given N um ber o f R epresentations

Let A  be a basis of order A. Denote by f*h,x(n) the number of different 
representations of n as a sum of A not necessarily distinct elements in A. In 
1941, Erdos and Turin [14] conjectured that

l im s u p r /^ n )  =  +00  
n-̂ oo

for any basis A  of order A. This has not been proved or disproved even for 
the simplest case h — 2. Recently, Ruzsa [56] proved that there exists a 
basis A of order two Buch that

I > M ( n ) 2 =  0 ( iV ) .
n<f f

The problem still remains unsolved. However, the analogue of Erdoe-Turan 
Conjecture does hold for some semigroups. Erdos [5] proved the analogue 
conjecture for multiplicative semigroup (N+, •). Nesetfil and Rodl [50] used 
Ramesay’s Theorem to give a very simple proof of Erdos’s result. Nathanson
[42] had some generalizations of this result. Nathanson also proved the 
analogue conjecture holds for .the semigroup (N , LCM ), where LCM  is the 
least common multiple. A commutative semigroup iB said to be a prime 
semigroup if it contains an infinite prime set and it has only finitely many
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units. Pui [53] recently proved that the analogue of Erdos-turan conjecture 
does hold for every prime semigroup.

On the other hand, Pui [52] recently proved that the analogue conjecture 
is false for certain infinite groups.

T heorem  4.4  (P u i)  1 Let G be a countably infinite abelian group. Lei 
f  : G —* N be any /unction from G into positive integers. I f  for  any a €  G 
and any 2 <  r  <  4, the equation xr = a has on/y finitely many solutions in 
G, then there exists a basis A o f order 2 for G such that r jtl4(n) =  /(n ) .

In this section, I shall show that the analogue conjecture is not true for 
every infinite abelian group. The basic idea in this section is based on a 
discussion with Professors Erdos and Nathanson.

For convinience, we use /U(n) to denote r3(J*(n).

T heorem  4.5 Suppse that G =  F  © Z§°, where F  is a finite group. Let 
f  : G \F  —♦ N + be any function such that /(* )  >  2 for all x €  G \F . Then 
there exists a bsis A of order 2 for G such that Ja (*) — /(* )  for all x  €  G \F .

Proof. Order the elements in G \F , say G \F  =  {01, 03, . . .} . Any 
element in G can be regarded as an infinite dimensional vector. Let * € G. 
By v(x) we denote the largest number v such that the vth coordinate of x  is 
not zero. For n >  1, u„ denotes the nth unit vector, whose nth coordinate 
is 1 and all other coordinates are zero, i.e ., u„ =  (0 , . . . ,  0 ,1 ,0 ,...) .

Pick up an integer n such that n >  u(oi). Define

*i,i =  at +  «„+», and yi,,- =  un+i for i =  0 ,1 ,2 ,. . . ,  / ( a  1) -  1.

Then
*t,i =  m,i =  ai for * =  0 , l , . . . , / ( a 1) -  1.

1In fact, this is a special case of his theorem.
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Let
A\ =  F  U {*1,,, s u  | • =  0 ,1 , . . . ,  / ( a l )  -  1}.

Clearly / 4|( a i)  =  fiflx). Noticing that

{«\j} #  {* ',/}  implies J  +  * l j  *  W ,i'+  Wo', and
\  *1,, +  y ij  #  *i,,, +  y»y

we see that < 2 for every * € G\({oi} U F ).

Suppose that A t has been constructed so that

0) fAt (aj) =  /(u j)  for j  =  1 ,2 ,. . . ,  a, and

(ii) f A,(x )  <  2 for every * €  <3\({ai, . . . ,  a,} U F).

If /*,(<*,+1) =  /(a ,+ 1) =  2, then define i4,+i =  -A*. It is clear that A,+x 
also possesses properties (i) and (ii) above with s being replaced by s +  1. 
Now suppose that f At(a,+1) <  /(a ,+ i) . Let r  =  /(o ,+ i)  -  f A.(a,+1)- pick 
up an integer n such that n > v(a,+i) and n >  v(x) for all x € A ,. Define

*»+!,« ~  °i+i +  Utt+i and l,,* =  Un+* 

for t =  0 ,1 , . . . ,  r  — 1, and define

A»+x =  A , U {x*+i,i, y§+x,i I * =  0 ,1 , . . . ,  r  — 1}.

Let a , a', f},f? be four distinct elements in Aa+t such that a  £ At . It follows 
from the construction that, except at+x =  x^+i^'+Sk+i,.- for i =  0 ,1 , . . . ,  r —1, 
the only possible equalities in the form or +  a1 = p  + f t  are as follows:

**+i,i +  * =  Pj+i,« +  y, where x ,y  6  A t and 0 < 1 <  r  -  1;

*.+i,i +  **+iJ =  y»+l,i +  y*+io, where 0 < i , j  < r  -  1, i j\

*«+!,; +  y*+U -  x#+ij +  y . w h e r e  0 <  i , j  < r -  1, i  ^  j.

Thus / ^ +1(aJ+i) =  /(a ,+ i) , and f At+1(x) < 2 for all * € G \ ( F U ^ ) .  This 
means that At+x also satisfies (i) and (ii) with s being replaced by « +  1.
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OO
Define A  — ( J  A ,. For any a > 1, it is dear that /a ,(o ;) — /a(a*) for all

*=i
i < a. Therefore, /^ (a ,)  =  /(a ;)  for » =  1 ,2 , The proof is complete.

On the other hand, we can construct a basis A  for the group G =  F®  Z *  
with /a (* ) — 1 for all x  £  G \F .

T heorem  4.6 Suppose G =  F ® Zj°, wAere F  is a finite group. Then there 
etiata a basis A o f order S for G such that /a (* )  =  1 for ail x £ G \F .

Proof. As in the proof of the theorem above, v(x) denotes the largest 
number v such that the vth coordinate is not zero, and u„ denotes the nth 
unit vector. Suppose G \F  = {01, - 01, 02, - 02,...} .

Define Ai = F  U {*,y, — *}, where x  =  01 +  un, y =  un , and n > w(ai). 
It is clear that x + y  — 01, and — x + y =  —aj. (If 2ai =  0, then 2 r =  0). It is 
clear that /a ,  (a 1) =  /a i ( —01) =  1 and /a j(* )  < 1 for all * £ G \(F U {ai}). 
Suppose that A,  has been constructed so that

(i) / a # ( ± o ; )  =  1  for i =  1 , 2 , . . . ,  a ,  a n d

(») /* .(* ) <  1 for all * € G \(F U  { ± a i ±a,}),

(iii) At is symmetric, i.e ., u; € A t implies —w € A t -

It follows from (iii) that /a ,(o ,+ i) =  /a .( -o ,+ i) .  If /a .(±o«+ i) =  1 then 
define At+i — A 0. Otherwise, pick up an integer n such that n >  v(w) for 
every to €  A , U and define

A,+ 1 — A , U {*, p, -* } , where x -  a<+i +  u„, y = un.

Then ± * + y  =  ±o,+ i. If ±x+u> =  y+ tt/ for some iw, uf £ A,, then ± a,+ i +  
w =  wf, thus ± 0*4.1 =  —u; +  u/, which contradicts the fact / a , (± 0*4-1) =
0. Therefore, At+i also satisfies conditions (i), (ii) and (iii) with s being

OO
replaced by s + 1. Define A  =  [ J  At . Then /a(±o,-) =  1 for all i. It is clear

*=1
that 2A =  G. The proof is complete.



4 THIN BASES FOR GROUPS 101

T heorem  4.7 Suppose that G =  F  © Z|° or G = F  © ZJ0, tvAere F  is 
a J?nt<e group. I f  f  is a function from G  into positive integers suck that 
/ ( c )  >  2 for all x €  G. then there exists a frost* A of order 2 fo r  G such 
that /* (* ) — / (* )  for all x €  G.

Proof. First we consider G — F  © Z§°. Assume that G =  {01, 02, . .  

Pick up an integer n such that n >  v(ai). Let

M  ~  { * ! ,»  | i =  0 , l , . . . , / ( a 1) -  1},

where

*i =  ai +  u«+l-, 1H =  2un+,- for i =  0,1........./ ( 01) -  1.

Then +  y, =  a t for all i. It is clear that x, +  yj, 2cj, and 2y, are distinct
elements in G if i =j£ j ,  and none of these sums is equal to ai. Therefore, 
fA t(a i)  =  / ( a  1) and / 4,(c ) < 2 for all c 6  G \{oi). Assume that A , has 
been constructed with the following properties:

(») / a. ( o.) =  /(a .)  for t s  1 ,2 , . . . , s;

(ii) fA ,(ai) < 2 for » > s +  1.

If fjit {a*+1) =  / ( a«+i) =  li then define A,+i = A ,. Now suppose that
p =  / ( a«+i) “  fA t (o»+i) > 0- Let n > v(r) for all c € A t U{a,+i}. Let

*i =  o,+i +  un+j, y,- =  2un+I- for * =  0 ,1 , . . . ,  r  -  1.

Define
A,+\ = A , U {c,-, yi | i =  0 ,1 , . . . ,  r  -  1}.

It is easily verified that / m,+1(oj+i ) =  /(o ,+ l), and that / a,+1(o.+i ) =
/(o ,+ i) , and that /.4,+i(ai) <  2 for all i > s +  2. This means that A,+ 1

OO
also satifies (i) and (ii) with s being replaced by s +  1. Define A  =  

Therefore Sa {*h) =  /(of) for i =  1,2.......
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The case of G =  F  © Z40 can be proved in a similar way. The proof is 
complete.

If G contains an element of order infinity, it is easy to show that G 
contains a basis A  of order 2 so that f A(x) =  /(x )  for all x 6  G, where /  is 
any given function from G into positive integers. For torsion abelian groups, 
we have the following theorem.

T heorem  4.8 Suppose that G is an abelian group. I f  G can be written as 
a direct sum

G — Go © Gi © G7 © * * •

such that each Gi is a cyclic subgroup of order > 5, then, for  any function 
f  from G into positive integers, there exists a 6asis A of order 2 for G such 
that f A{x) =  /(* )  for all x 6  G.

Proof. Suppose G — {01,02, . . Let n >  u(ai). Let A i = {x,-,y; | * =
0,1....... / ( a j )  — 1}, where x; =  01 +  for i =  0.1----- , / ( a i) — 1. Then
x,- +  yi =  at for all t. Noticing that un+l- is of order >  5, we see that 
f Al(oi) — f ( a \ ) and f Ai(x ) < 1 for all x €  G \{ai}. Assume that A ,  has 
been constructed with the following properties:

(i) /j4#(o«) =  /(o .)  for * =  1, 2 , . . .  ,s;

(») /a ,  (a.) < 1 for i >  s +  1.

If /a,(o*+i) =  /(a»+i) =  1, then define A,+i =  At . Otherwise, define

^*+1 ~  U {®t, Vi | i — 0,1,. •. >f(o*+1) 1},

where

*• =  a«+i +  «n+.* and p,- =  - u n+; for i =  0 ,1 , . . . ,  /(a ,+ i)  -  1,
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and n >  v(w) for u; G U { a i,. . .  ,a ,} . Noticing that t*n+,- is of order >  5, 
we see that /*.+, (a»+l) =  /(« j+ i) and (a,) <  1 for i >  « +  1. Hence 
A,+i also satisfies (i) and (ii) with * being replaced by s +  1. Define

A = { j A . t
•si

then //»(*) =  /(* )  for all z  € G. The proof is complete.

The finite case is different. In fact, for any constant M,  there exists a 
finite abelian group G such that max fh,A > M  for any basis A, Let G — Z™, 
where Z/, is the group of Z modulo A. If A  is a basis of order A for G, then

fA(0) > \A\ > |G|1/fc,

which is not bounded by any absolute constant. Furthermore, we may find 
a nonzero element zq with / a (xo) large. In the case A >  3, we consider the 
group G =  Z^_j. Let A  be any basis of order A for G. It is clear that

/* (*) m  >  |G |1̂  for every z  €  A.

In the case A =  2, we have the following theorem.

T heorem  4.9 Let M  be any positive ntimber. There exists a finite group 
G  sacA that, for every basis A  of order i, there ezists a nonzero element xo 
sacA that /a(*o) >  h i.

Proof. Let M  >  0 be any number. Let m be an integer such that
nm
—  -  M 2 >  (3 • 2m)3/4 and y/$ • 2m/3 -  1 >  2M. (4.7)

Let G — Z3 © (ZJ*. Then |G| =  3 - 2m. Let A  be any basis of order 2 for G. 
Let

=  { (t,a i am) 6  G} and Ai =  I \  n  A
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for i =  0,1,2. Then Ml =  £  Mil- If \A\ >  |G|3' 4, then

£  M «>  =  ;  W  +  ?MI >  sflOl3' 1 + Ml)- (1-8)
x € 0  d  d d

Notice that, if 0 =  a 4- & with a, b G A, then either a, b 6 Ao or one of a and
b is in A\ and the other is in A], In the later case, if 0 =  a ■+■ b = a1 +  b‘ and
a ,a ' €  Ai,b ,b f g  A?, and if a ^  o', then b b'. Therefore,

fd (0 )  <  Mol +  m in{M i|, Mai) <  M i­

lt  follows from (4.8) that

£  M*) > i(|G|3/J -  Ml) > i(|G|3/1 -  I0|).
**0 £ *
r € 0

Noticing (4.7), we see that there exists at least one nonzero element *o 6 G 
such that

I a ( x  o )  >  i ( v / j c ? i  -  l )  =  1 ^ 3  • 2 m ' 3  - \ > M .

This shows the existence of *0 in the case Ml >  |(?|3̂ 4-

Now assume that Ml ^  |G|3̂ 4. It is clear that if either Mil >  M  or 
Mai >  M  then the proof is done. If \ A \ \ <  M  and Mai <  M , noticing (4.7) 
and

F j =  2 A j  U  (j4o +  ^4j),

we see that
0 m

Mo| > 4 t  -  M 2 > (3 • 2ro)3' 4 =  |G|3' 4.
i l l

The proof is complete.
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4.6 Applications to  Cayley Graphs

Let r  be a given nontrivial finite group with 5  a generating set for T. We 
associate a digraph with T and S  called the Cayley graph of F generated 
by S  and denote by G (r, 5). The vertex set of G(T, S ) is the set of group 
elements of T, and x  is adjacent to y if and only if yx~l € S.

Let G be a graph. The distance between two vertices x and y, denoted 
d(x, y) is the length of a shortest path from x to y. The diameter d(G) of 
the graph G is the maximum distance between two vertices of the graph.

We are interested in finding a smallest generating set S  of the Cayley 
graph G = G (r, S)  with given finite group T and the diameter d. In other 
wordB, for any finite group T, and an integer d >  2, we are interested in a 
smallest subset 5  such that the diameter d(G(I\ 5)) < d.

This problem arises quite naturally in the study of computer networks. 
Elements in the group represent the stations or processors, the generating 
set S  represents the links between stations or processors, and the diameter 
of the graph represents the maximum number of links to be used to transmit 
a message within the network. For more problems and results, see Bermond, 
Cornelias and Hsu [3] and Erdos and Hsu [91-

Let T be a finite group of order n. Let G =  G (I\S ) be the Cayley 
graph of T generated by S. If the diameter of the G is d, then n <  |S |rf,
i.e ., |5 | >  n1/1*. Naturally, we have the following question: For any d >  2, 
is there a constant c =  c(d) > 0 such that every finite group T contains a 
subset S  such that

d (G ( r ,5 ) )< d  and |S| <  e in 1̂ ?

It follows from Lemma 4.5 below that this is another version of Rohr bach’b 
question on the existence of thin bases for finite groups.

I shall prove that such constant exists for the class of finite abelian groups 
and the class of finite nilpotent groups.
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Lem m a 4.5 Let T be a finite group, S  a subset o f I \  Then S  is a ia iii of 
order d for  T i f  and only ifd (G (r, S)) < d.

Proof. Suppose that 5  is basis of oider d for I*. Let x ,y  € I \  Then 
there exist d elements dj, a j , . , .  in S  such that

y*“l = a iaa ' -a j .

Define

Xq — X,

Xi =  ad-,+i*,_i for i =

Then
Xd ~  aiXd-i =  aiaiXd- 2  = • • • =  a j a j  • • • a<j * x = y

and
*,•_i*,"1 =  oj-i+ i 6 5  for i =  1 ,2 , . . . ,d.

Therefore, d(x,y) < d, hence the diameter of the G(T,S)  is <  d.

Conversely, suppose that d(G (r, S)) =  d. we need to show that 5  is a 
basis of order d for T. Let x  6 T. Then there exists a path from the identity 
element 1 to x  with distance < d:

1 — X0, X i , . . . ,  Xd — X

in the graph, i.e .,

=  at 6  S for * =  1 ,2 , . . . ,  d.

Then
x  =  OdOd-i • • • a j a i  6  S rf.

Hence S  is a basis of order d for I \  The proof of the lemma is complete.

T heorem  4.10 Let d >  2. Let c\ =  d(l +  Then every finite
abelian group T contains a subset S  such that
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(i) the diameter o f the Cayley graph G(T, 5) is d;

(») |S | <  e ilr i '/J .

Proof. It follows immediately from Lemma 4.5 and Theorem 4.1.

T heorem  4.11 Let d > 2. Let cj =  d • 2^-1 . Then every finite nilpotent 
group T contains a subset S  such that

(i) the diameter o f the Cayley graph <?(r, S) is d;

(ii) |S| < cj|r|‘^ .

Proof. It follows immediately from Lemma 4.5 and Theorem 4.2.

Using Lemma 4.5 and the results by Nathanson [49] on thin bases for 
finite groups, which I mentioned in the Introduction of this chapter, we have 
the following theorems.

T heorem  4.12 Every finite group T of order n contains a subset S  such 
that

(i) the diameter of the Cayley graph C7(I\ S) is two;

(ii) |S | <  2y/n ■ log n +  2.

T heorem  4.13 Let d > 3, 6 >  0. Then there exists an integer M  = M(d,S) 
such that every finite group T of order n contains a subset S  such that

( i)  the diameter of the Cayley graph G (I\ S) is d;

(**) 1̂ 1 ^  +  ^)(n • n)W .
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