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Abstract

IA-automorphisms and localization of nilpotent groups

by

Marcos Zyman

Advisor: Professor Joseph Roitberg

A group is called p-local, where p is a prime number, if every element in

the group has a unique nth root for each n relatively prime to p. Given a

nilpotent group G and a prime p, there is a unique p-local group G(p) which

is, in some sense, the “best approximation” to G among all p-local nilpotent

groups. G(p) is called the p-localization of G.

Let G(p) be the p-localization of a nilpotent group G, and let IA(G) be the

subgroup of AutG consisting of those automorphisms of G that induce the

identity on G/G′, where G′ denotes the commutator subgroup of G. IA(G)

turns out to be nilpotent, so its p-localization exists. Two groups G and H

are said to be in the same localization genus if G(p) is isomorphic to H(p) for

all primes p. The main result of this thesis is that if two finitely generated,

torsion-free, nilpotent, and metabelian groups lie in the same localization

genus, their IA-groups also lie in the same localization genus. The method

of proof involves basic sequences and commutator calculus.
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Thanks to Adriana Pérez, my wife, who makes life so much better. This

thesis is dedicated to her.

M.Z.

June of 2007

New York, NY

v



Contents

1 Background 1

1.1 Nilpotent groups and basic sequences . . . . . . . . . . . . . . 1

1.2 IA groups of nilpotent groups . . . . . . . . . . . . . . . . . . 6

1.3 Localization and completion of nilpotent groups . . . . . . . . 18

2 Localization of the IA-group of finitely generated, torsion-

free, nilpotent, and metabelian groups 27

2.1 Powers of IA-automorphisms of torsion-free, metabelian, p-

local, and nilpotent groups of class c . . . . . . . . . . . . . . 27

2.2 Proof that IA(G) is p-local . . . . . . . . . . . . . . . . . . . . 33

2.3 IA(G)→ IA(G(p)) is a p-isomorphism . . . . . . . . . . . . . 43

2.4 Connections with homotopy theory . . . . . . . . . . . . . . . 53

3 Examples 55

3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2 Remeslennikov’s groups . . . . . . . . . . . . . . . . . . . . . . 64

3.3 IA-automorphisms of Remeslennikov’s groups . . . . . . . . . 69

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

vi



Chapter 1

Background

1.1 Nilpotent groups and basic sequences

We begin with a brief account on nilpotent groups and basic commutators.

For a detailed presentation of this material, refer to [2] and [16].

Let G be any group. The lower central series of G is defined as:

G = γ1G ≥ γ2G ≥ · · ·

where γiG is the normal subgroup of G generated by all elements of G of the

form [g1, . . . , gi]. Here,

[g1, . . . , gi] = [[g1, . . . , gi−1] , gi] , [g1, g2] = g−1
1 g−1

2 g1g2.

G is called nilpotent if γc+1G = 1 for some c. In case γcG 6= 1, we say that

G is nilpotent of class c.

Lemma 1.1.1. The following commutator identities hold in any group:

1. [x, yz] = [x, z] [x, y]z,
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2. [xy, z] = [x, z]y [y, z],

3. [x, y−1, z]
y

[y, z−1, x]
z

[z, x−1, y]
x

= 1,

where ab = b−1ab.

Proof. The first two identities are straightforward so we only verify the third.

Let

u = xzx−1yx, v = yxy−1zy, and w = zyz−1xz.

(v and w are obtained from u as cyclic permutations of x, y, and z). From

[
x, y−1, z

]
=
[
y−1, x

] [
x, y−1

] [
x, y−1, z

]
=
[
y−1, x

] [
x, y−1

]z
,

it is easy to check that [
x, y−1, z

]y
= u−1v.

Similarly, [
y, z−1, x

]z
= v−1w,

and [
z, x−1, y

]x
= w−1u.

The lemma now follows from this.

In order to construct a sequence of basic commutators in a nilpotent

group we consider a more general setup, an approach taken in [2]. Let

X = {x1, . . . , xq}

be a finite set. We define the free groupoid G, freely generated by X, as the

set of all “bracketed” finite words on X, under a binary operation called

2



bracket. Observe that if g and h lie in G, their bracket [g, h] also lies in G.

Observe further that G does not satisfy associativity, commutativity, or any

other group-theoretic law, except closure under the bracket.

For example, take q = 3. Then x1, x2 ∈ G, (x1x2)x1 ∈ G, ((x1x2)x1) (x2x3) ∈

G, and so on.

The length of g ∈ G, denoted |g|, is the number of letters appearing in g.

Definition 1.1.2. Let G be a free groupoid on X. Let b1, b2, . . . be an infinite

sequence of elements in G. This sequence is called basic if the following holds:

1. The elements of X appear in the sequence.

2. If |bi| < |bj| then i < j.

3. Let u = vw ∈ G be of length at least 2. Then u belongs to the basic

sequence if and only if

(a) v = bi, w = bj, and j < i; and

(b) either |v| = 1 (in which case |w| = 1 by the previous items) or

v = bkbl where l ≤ j.

To construct a basic sequence, we define the so-called “rep” operation.

Let A ⊂ G and a ∈ A. Define

A rep a := {(bia) : i = 0, 1, . . . ; b ∈ A− {a}} ⊂ G

where, by definition,

• b0a = b, and

• b (i+ 1) a = (bia) a for i ≥ 0.
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Consider the free groupoid G on X = {x1, . . . , xq}. We construct a

sequence of subsets of G as follows:

• Put X1 = X. Choose b1 ∈ X1.

• Put X2 = X1 rep b1.

Suppose we have constructed Xn. Choose bn ∈ Xn of minimal length and

put

Xn+1 = Xn rep bn.

Then

b1, b2, . . .

is a basic sequence on X.

In general, the first q terms of the sequence can be chosen to be x1, . . . , xq.

Let Γ be a finitely generated groupoid (not necessarily free) with gener-

ating set {µ1, . . . , µq}. We now explain what is meant by a basic sequence

on Γ.

Definition 1.1.3. A sequence β1, β2, . . . of elements of Γ is called a basic

sequence on {µ1, . . . , µq} if and only if there exists a basic sequence b1, b2, . . .

on X such that the groupoid homomorphism

G→ Γ

xi 7→ µi

sends bi to βi.

Let G be a group, generated by the finite set

Y = {y1, . . . , yq} .
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Ignoring the fact that G is a group, we can construct a groupoid relative to

the binary operation “commutation”:

[g, h] = g−1h−1gh.

Note that Y no longer generates G as a groupoid, but rather, it generates

(under commutation) a subgroupoid of G.

Use the “rep” operation (as before) to construct a basic sequence c1, c2, . . .

on Y . We call the terms of this sequence basic commutators on Y . We define

the weight of ci as |bi| where bi is the “canonical” pre-image of ci in the free

groupoid on X.

The first of the following results can be found in [7], and the other two

in [15]:

Theorem 1.1.4. Let G be a group generated by Y = {y1, . . . , yq} and let

c1, c2, . . .

be a basic sequence on Y .

Then γrG/γr+1G is generated by the basic commutators of weight r (r =

1, 2, . . .).

Corollary 1.1.5. Let G be a group generated by Y = {y1, . . . , yq}. G is

nilpotent if and only if all but finitely many terms on any basic sequence on

Y are equal to 1.

Theorem 1.1.6. Let F be a free nilpotent group, freely generated by X =

{x1, . . . , xq}. Let

b1, b2, . . .

5



be a basic sequence on X. Then γrF/γr+1F is free abelian on the basic

commutators of weight r.

1.2 IA groups of nilpotent groups

For any group G, define IA(G) to be the subgroup of AutG consisting of all

automorphisms of G inducing the identity on G/G′ where G′ = γ2G. We

now discuss a series of fundamental results from [7], leading to a major fact

about IA(G), when G is nilpotent.

Lemma 1.2.1. Let X, Y , and Z be subgroups of G. Let X∗ = [Y, Z,X],

Y ∗ = [Z,X, Y ], and Z∗ = [X, Y, Z]. If N is normal in G and both X∗ and

Y ∗ are subgroups of N , then Z∗ is a subgroup of N .

Proof. A typical generator of Z∗ can be written as [x, y−1, z]. From lemma

1.1.1, we have: [
x, y−1, z

]y [
y, z−1, x

]z [
z, x−1, y

]x
= 1.

Since N is normal in G, and both X∗ and Y ∗ are subgroups of N , this means

that [x, y−1, z] ∈ N , so that Z∗ is a subgroup of N .

Theorem 1.2.2. Let H and K be subgroups of a group G. Let

H = H0 ≥ H1 ≥ . . .

be a normal series for H such that

[Hi, K] ≤ Hi+1

for each i.
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Put K = K1. Define

Kj = {x ∈ K : [Hi, x] ≤ Hi+j}

for all i. Then

1. [Kj, Kl] ≤ Kj+l for all j, l;

2. [Hi, γjK] ≤ Hi+j for all i, j.

Proof. We show first that [Kj, Kl] ≤ Kj+l. The second part will follow from

this. By definition, [Hi, Kj] ≤ Hi+j and [Hi+j, Kl] ≤ Hi+j+l. Hence

[Hi, Kj, Kl] ≤ [Hi+j, Kl] ≤ Hi+j+l. (1.1)

Likewise,

[Kl, Hi, Kj] = [Hi, Kl, Kj] ≤ Hi+j+l. (1.2)

By hypothesis, Hi+j+l is normal in H. Moreover, for x ∈ K

x−1Hi+j+lx = Hi+j+l [Hi+j+l, x] .

Since [Hi+j+l, x] ⊂ Hi+j+l+1, we conclude that

x−1Hi+j+lx ≤ Hi+j+l.

This shows that Hi+j+l is normal in the subgroup of G generated by H and

K.

Applying lemma 1.2.1 to this situation we get:

[Kj, Kl, Hi] = [Hi, [Kj, Kl]] ≤ Hi+j+l. (1.3)
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Therefore, by definition,

[Kj, Kl] ≤ Kj+l. (1.4)

In particular, [Kj, K] ≤ Kj+1 so

K = K1 ≥ K2 ≥ · · ·

is a central series for K. This implies that γjK ≤ Kj and hence

[Hi, γjK] ≤ [Hi, Kj] ≤ Hi+j. (1.5)

This completes the proof.

Corollary 1.2.3. For any group G,

[γi, γj] ≤ γi+j.

Proof. This follows from theorem 1.2.2 by taking Hi = γi+1 and K = G.

In order to express what follows in the correct language we need to con-

struct the so-called “holomorph” of a group G (see [10]). Let

G∗ = {φg : φ ∈ AutG, g ∈ G} .

G∗ can be regarded as the cartesian product

AutG×G.

This set becomes a group under the operation

(φg) (φ′g′) = φφ′gφ
′
g′,
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where gφ
′

= φ′(g) ∈ G. (G∗ is in fact a semi-direct product of G by AutG).

The notation

G∗ = HolG

is customary, and we call HolG the holomorph of G.

Lemma 1.2.4. Let

G = G0 ≥ G1 . . . ≥ Gr = 1

be a series of normal subgroups in G.

Let A be the group of automorphisms of G leaving each Gi invariant and

transforming

Gi/Gi+1

identically. Then A and [G,A] are nilpotent of class less than r. Here,

[G,A] ≤ HolG.

Proof. Notice that [Gi, A] ≤ Gi+1 for each i: if x ∈ Gi and α ∈ A, we have

[x, α] = x−1α−1xα = x−1xα ∈ Gi+1

since α transforms Gi/Gi+1 identically. By theorem 1.2.2 with H = G and

A = K,

[G, γrA] = [G0, γrA] ≤ Gr = 1;

so that

[G, γrA] = 1.

Now let α ∈ γrA and x ∈ G. Then

[x, α] = x−1xα = 1,
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which shows that α = 1. As a consequence, γrA = 1 so A is nilpotent of

class less than r.

To show that [G,A] is nilpotent of class less that r we proceed as follows:

since Gi−1 is normal in G, then [Gi−1, G] ≤ Gi−1. Hence

[Gi−1, G,A] ≤ [Gi−1, A] ≤ Gi.

Also,

[A,Gi−1, G] ≤ [Gi, G] ≤ Gi.

By assumption, xα ∈ Gi for x ∈ Gi and α ∈ A, so that Gi is normal in the

subgroup of HolG generated by A and G. We can then apply lemma 1.2.1

to obtain

[G,A,Gi−1] = [Gi−1, [G,A]] ≤ Gi.

Thus, by theorem 1.2.2,

[G1, γr−1[G,A]] ≤ Gr = 1.

But

[G,A] = [G0, A] ≤ G1,

so that

[[G,A], γr−1[G,A]] = 1.

By definition of the lower central series, γr[G,A] = 1, as required.

Lemma 1.2.5. Let H and K be subgroups of a group G such that

[H,K] ≤ H ′.

Then

[γiH, γjK] ≤ γi+jH

10



for all i, j.

Proof. We do “double induction.” Assume j = 1. We prove that

[γiH,K] ≤ γi+1H

by induction on i. The case i = 1 follows from the hypothesis. Assume that

[γi−1H,K] ≤ γiH.

Notice that:

[γi−1H,K,H] ≤ [γiH,H] = γi+1H (by the induction hypothesis), and

[K,H, γi−1H] ≤ [γ2H, γi−1H] ≤ γi+1H (by hypothesis and corollary 1.2.3).

Using lemma 1.2.1 and the definition of γiH,

[γiH,K] = [H, γi−1H,K] ≤ γi+1H.

The basis of induction for j now follows.

The induction hypothesis for j is

[γiH, γj−1K] ≤ γi+j−1H

for all i. Note that

[γiH, γjK] = [γiH, [K, γj−1K]] = [K, γj−1K, γiH].

By the induction hypothesis on j:

[γiH,K, γj−1K] ≤ [γi+1H, γj−1K] ≤ γi+jH and

[γj−1K, γiH,K] ≤ [γi+j−1H,K] ≤ γi+jH.

11



Using lemma 1.2.1 once again, we conclude that

[γiH, γjK] ≤ γi+jH.

This completes the double induction.

Corollary 1.2.6. Let H be nilpotent of class c. Then

• γjIA(H) transforms each γiH/γi+jH identically, and

• IA(H) is nilpotent of class c− 1.

Proof. To prove the first assertion, notice that if we choose x ∈ H and

ψ ∈ IA(H), then

[x, ψ] = x−1xψ ∈ H ′,

in HolH. Hence

[H, IA(H)] ≤ H ′

and by lemma 1.2.5,

[γiH, γjIA(H)] ≤ γi+jH.

This means that γjIA(H) transforms each γiH/γi+jH identically.

To see that IA(H) is nilpotent of class less than c, let α ∈ γcIA(H)

and x ∈ H = γ1H. By the first assertion, α transforms γ1H/γc+1H ∼= H

identically. This proves that γcIA(H) = 1 so that IA(H) is nilpotent of class

less than c.

Finally recall that the inner automorphisms of H constitute a subgroup of

IA(H) which is isomorphic to H modulo its center. This shows that IA(H)

must have class exactly c− 1.
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We end this section with additional results about IA(G). We state and

prove some pertinent facts about nilpotent groups first.

Lemma 1.2.7. The upper central quotients of a torsion-free nilpotent group

are torsion-free.

Proof. Let

ζi = {g ∈ G : [g, x] ∈ ζi−1 for all x ∈ G}

be the i-th center of G; where ζ1 = ζ, the center of G. The proof is by

induction on i, the basis of induction being obvious since ζ is also torsion-

free. Assume ζi−1/ζi−2 is torsion-free. We will show that so is ζi/ζi−1. Let

g ∈ ζi and m > 0 such that gm ∈ ζi−1. We wish to show that g ∈ ζi−1. Let

x ∈ G. Then

1 = [gm, x] =
[
ggm−1, x

]
=

[g, x]
[
g, x, gm−1

] [
gm−1, x

]
= [g, x]

[
gm−1, x

]
(modulo ζi−2).

Continue reducing in this way to finally obtain

1 = [gm, x] = [g, x]m (modulo ζi−2).

By the induction hypothesis, [g, x] ∈ ζi−2 for every x, so that g ∈ ζi−1, as

required.

Corollary 1.2.8. G/ζ is torsion-free.

Proof. Let g ∈ G and gm ∈ ζ with m > 0. Since G is nilpotent there is an i

such that g ∈ ζi. The fact that ζ ≤ ζi−1 yields gm ∈ ζi−1. By lemma 1.2.7, g

itself belongs to ζi−1. Continue this argument down the upper central series

of G to finally conclude that g ∈ ζ. This gives that G/ζ is torsion-free.
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The fact that G/ζ is isomorphic to the group of inner automorphisms of

G, suggests that IA(G) may be torsion-free. This is in fact true. We have:

Lemma 1.2.9. If G is a torsion-free nilpotent group, IA(G) is torsion-free.

Proof. Define

γc = {g ∈ G : there exists n > 0 with gn ∈ γcG} ,

where G is a torsion-free nilpotent group of class c. It is immediate that γc is

a normal and central subgroup of G containing γc. G/γc is nilpotent of class

less than c since c-fold commutators are trivial in G/γc. Moreover, G/γc is

torsion-free, for if g ∈ G with gm ∈ γc, there is an n such that gnm ∈ γc;

hence g ∈ γc.

The proof that IA(G) is torsion-free is by induction on the class of G.

If G has class 2, IA(G) is abelian. Let ϕ ∈ IA(G) and x be an arbitrary

generator of G. Then

ϕ(x) = xd

where d ∈ G′. Suppose ϕm = 1 where m > 0. Then

ϕm(x) = xdm = x,

and by torsion-freeness of G′, d = 1. This completes the basis of induction.

Assume now that the IA-group of a torsion-free nilpotent group of class

less that c is always torsion-free. Let G be of class c. Since G/γc is nilpo-

tent, torsion-free, and of class less than c, the induction hypothesis gives that

IA (G/γc) is torsion-free. To prove that IA(G) is torsion-free, let ϕ ∈ IA(G)

14



and assume that ϕm = 1 where m > 0. Consider the canonical homomor-

phism

IA(G)→ IA (G/γc) ,

τ 7→ τ̂

where

τ̂(〈g〉) = 〈τ(g)〉 .

For x ∈ G, 〈x〉 denotes the equivalence class of x in G/γc. Since ϕm is the

identity and IA (G/γc) is torsion-free, ϕ̂ is the identity. Let x be an arbitrary

generator of G and write

ϕ(x) = xd

where d ∈ G′. Then

ϕ̂ (〈x〉) = 〈ϕ(x)〉 = 〈xd〉 = 〈x〉 .

Hence

d ∈ γc.

We claim that ϕ acts trivially on γc. Let y be any element in γc. There exists

y1 ∈ G′ such that

ϕ(y) = yy1.

Moreover, there is a positive integer m such that ym ∈ γc. Hence

ym = ϕ(ym) = ϕ(y)m = (yy1)
m = ymym1

(recall that γc is central). Since G is torsion-free, this means y1 = 1, so that

ϕ acts trivially on γc. This, together with ϕ(x) = xd and ϕm = 1 gives

ϕm(x) = xdm = x,

15



so that dm = 1, and since G is torsion-free, d = 1. This completes the

proof.

Lemma 1.2.10. If G is a finitely generated nilpotent group, IA(G) is finitely

generated.

Proof. The proof is by induction on the class of G. If G has class 2, each

element of IA(G) acts trivially on G′ and IA(G) is abelian. A typical member

of a generating set for IA(G) can be constructed as follows: for each generator

xi of G choose a generator yj of G′. Construct the IA-automorphism that

sends xi to xiyj and each remaining generator of G to itself. Since the

generating sets for G and G′ can be chosen to be finite, this generating set

for the abelian group IA(G) will also be finite.

Assume the induction hypothesis: the IA-group of finitely generated

nilpotent groups of class less than c is finitely generated.

Let G be of class c. Consider the following subgroup of IA(G):

Ic =
{
α ∈ IA(G) : g−1α(g) ∈ γc for all g ∈ G

}
.

If α ∈ Ic, then

α(xi) = xihi

where xi is a typical generator of G and hi ∈ γc. It follows from this that

the elements of Ic act trivially on G′ and Ic is in fact an abelian subgroup of

IA(G).

Consider the natural homomorphism

φ : IA(G)→ IA (G/γc)

ϕ 7→ ϕ̂
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where

ϕ̂(〈g〉) = 〈ϕ(g)〉 .

We prove that

1. Ic = kerφ, and

2. Ic is finitely generated.

The fact that Ic = kerφ follows from the definition of Ic. The fact that

Ic is finitely generated can be established by an analogous construction as in

the basis of induction: for each generator xi of G choose a generator yj of γc.

Construct the IA-automorphism that sends xi to xiyj and each remaining

generator of G to itself. Since these generating sets are finite, the generating

set for Ic so obtained is also finite.

By our induction hypothesis, IA (G/γc) is finitely generated so the image

of φ (being a subgroup of a finitely generated nilpotent group) is also finitely

generated. This image is isomorphic to IA(G)/Ic.

Finally, a set consisting of one representative for each equivalence class of

IA(G)/Ic, together with the generating set for Ic gives a generating set for

IA(G). This completes the proof.

Remark. Assuming nilpotency of G is essential here. For example, if G

is a two generator metabelian group, C.K. Gupta proved that IA(G) is still

metabelian (see reference [7] in [1]). However, IA(G) need not be finitely

generated (see theorem C in [1]).

Corollary 1.2.11. If G is finitely generated, torsion-free nilpotent of class

c, IA(G) is finitely generated, torsion-free nilpotent of class c− 1.
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Proof. This follows from lemmas 1.2.9 and 1.2.10 together with corollary

1.2.6.

It is well known that if G is finitely generated, torsion-free nilpotent,

then any Eilenberg-MacLane K(G, 1) space has the homotopy type of a finite

complex. Our results now imply:

Corollary 1.2.12. Let G be a finitely generated, torsion-free, nilpotent group,

then any K (IA(G), 1) space has the homotopy type of a finite complex.

1.3 Localization and completion of nilpotent

groups

Refer to [9] and [16] for fine accounts of the material on localization. We use

the following notation:

• P denotes a set of primes.

• P ′ denotes the set of primes not in P .

• n ∈ P ′ means that the natural number n only involves primes from P ′.

Definition 1.3.1. A group G is called P -local if and only if the map

G→ G

x 7→ xn

is a bijection for all n ∈ P ′.
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Definition 1.3.2. Let H be a subcategory of the category of groups. A mor-

phism

e : G→ GP

in H is said to be P -universal or a P -localizing map if

1. GP is P -local.

2. For any P -local group K ∈ H, the map:

e∗ : Hom (GP , K)→ Hom (G,K)

ϕ 7→ e∗(ϕ)

where

e∗(ϕ)(g) = ϕe(g).

is a bijection.

Assume next that each group in H admits a P -localizing map. Given a

morphism

ϕ : G→ K

in H, there exists a unique morphism

ϕP : GP → KP

making the diagram

G
ϕ−−−→ Kye ye

GP
ϕP−−−→ KP

commute. Here, e denotes the localization map.

The above diagram gives a functor L from H to itself. The pair (L, e) is

called a localization theory in H.

19



Definition 1.3.3. Let G be any group. An element x ∈ G is said to be

P ′-torsion if there is an n ∈ P ′ such that xn = 1.

Definition 1.3.4. A homomorphism

ϕ : G→ K

is called P -injective if

kerϕ = {x ∈ G : x is P ′-torsion} .

Definition 1.3.5. A homomorphism

ϕ : G→ K

is called P -surjective if for all y ∈ K there exists n ∈ P ′ such that yn lies in

the image of ϕ.

Definition 1.3.6. A P -isomorphism is a homomorphism which is P -injective

and P -surjective.

Refer to [9] for proofs of the following results.

Lemma 1.3.7. Let ϕ : G→ G′ be a homomorphism of P -local groups.

1. If ϕ is P -injective then ϕ is one-to-one.

2. If ϕ is P -surjective then ϕ is onto.

Fundamental theorem of P -localization of nilpotent groups

For a nilpotent group G, write nilG for its nilpotency class.
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1. There exists a localization theory (L, e) in the category of nilpotent

groups N .

2. If c ≥ 1, (L, e) restricts to a localization theory in Nc, the category of

nilpotent groups of class at most c.

3. From (2),

nilLG ≤ nilG

where G ∈ N .

4. Let ϕ : G → K be a morphism in N . ϕ is a P -localizing map if and

only if

(a) K is P -local, and

(b) ϕ is a P -isomorphism.

The last item is a very useful fact.

Theorem 1.3.8. Let

1→ G′ → G→ G′′ → 1

be a short exact sequence of nilpotent groups. If any two of these groups are

P -local, so is the third.

Theorem 1.3.9. Let

1 −−−→ G′ −−−→ G −−−→ G′′ −−−→ 1yϕ′ yϕ yϕ′′
1 −−−→ H ′ −−−→ H −−−→ H ′′ −−−→ 1

be a map of short exact sequences of nilpotent groups. If any two of ϕ′, ϕ,

ϕ′′ P -localizes, so does the third.
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Theorem 1.3.10. P -localization is an exact functor. That is, applying P -

localization to a short exact sequence of nilpotent groups

1→ G′ → G→ G′′ → 1

yields a short exact sequence of P -local nilpotent groups

1→ G′P → GP → G′′P → 1.

If P consists of a single prime p, we write G(p) for the P -localization of

G (soon we will discuss Gp, the “p-completion” of G). For a single prime p,

a homomorphism may be p-injective, p-surjective, or a p-isomorphism.

Definition 1.3.11. Two nilpotent groups G and H are said to be in the same

localization genus if they are p-isomorphic for every prime p.

A concept related to p-localization is that of p-completion. To define the

p-completion of a nilpotent group we recall the notion of inverse systems of

groups and their limits (see [6]). A quasi-order in a set M is a relation on

M which is reflexive and transitive. In general, the relation need not be

symmetric. A set M furnished with a quasi-order “<” is called directed if for

every α, β in M , there exists γ in M such that α < γ and β < γ.

Let M be a directed set. An inverse system of groups over M is an

assignment {G,Π} such that for each α ∈ M , Gα is a group and for each

α < β,

πβα : Gβ → Gα

is a group homomorphism satisfying:

1. παα is the identity for all α ∈M and
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2. πβαπ
γ
β = πγα for α < β < γ.

The homomorphisms πβα are called projections of the system.

The inverse limit of the system {G,Π}, denoted G∞, is the subgroup

of the product Πα∈MGα consisting of those functions g = {gα} satisfying

πβα (gβ) = gα for each α < β.

Let G be a nilpotent group, p a prime, and N the set of non-negative

integers. Then N is a directed set under the relation “≤.” For each α ∈ N ,

the subgroup

Gpα = gp
(
gp

α

: g ∈ G
)

is normal in G. Let

Gα = G/Gpα

and

πβα : Gβ → Gα,

for α < β be the obvious homomorphism. Each projection clearly satisfies

the above conditions, so {G,Π} is an inverse system of p-groups. We call the

nilpotent group G∞ the p-adic completion of G (or p-completion for short)

and use the notation G∞ = Gp.

Remark. If G is finitely generated, the Gα are torsion, finitely generated

nilpotent groups, so each Gα is a finite p-group.

For every nilpotent group G, there is a natural homomorphism G → Gp

with kernel

Gpω = ∩α∈NGpα .

If G is finitely generated and torsion-free, Gp is also torsion-free and the

natural homomorphism G→ Gp is injective [12].
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Definition 1.3.12. Two groups are in the same completion genus if their

p-completions are isomorphic for every p.

The following results will help us compare the localization genus with the

completion genus.

Lemma 1.3.13. Let G be a torsion nilpotent group. Then G is p-local if and

only if G has no n-torsion for n relatively prime to p.

Proof. Suppose first that G is p-local. For n relatively prime to p, x 7→ xn

is a bijection. Hence G has no n-torsion. Conversely, suppose G has no

n-torsion for all n relatively prime to p and consider the localization map

e : G→ G(p).

We show first that e is 1-1: since e is p-injective, if g ∈ ker e there exists n,

relatively prime to p, such that gn = 1. As G has no n-torsion it follows that

g = 1. Hence e is injective.

Next, we show that “G(p) is a torsion group.” Let g ∈ G(p). There exist

n relatively prime to p and x ∈ G such that

e(x) = gn.

Since G is a torsion group, but has no n-torsion for n relatively prime to p,

there are integers m and α such that xmp
α

= 1 with (m, p) = 1. Hence

1 = e
(
xmp

α)
= e(x)mp

α

= gmnp
α

in G(p). As G(p) is p-local, gp
α

= 1. This shows that G(p) is a torsion group.

Let t(H) be the torsion subgroup of a nilpotent group H. We thus have

t(G(p)) = G(p).
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Since all of the torsion elements of a localization come from the original group

(corollary 8.6 in [16]),

G(p) = t(G(p)) = e(t(G)) = e(G),

so that e is onto. This proves that e is an isomorphism and G is p-local.

Corollary 1.3.14. Every p-group is p-local.

Theorem 1.3.15. For any nilpotent group G

(G(p))p ∼= Gp.

Proof. Gp is the inverse limit of (the inverse system of) its p-group quotients

G/Gpα

for α ∈ N . Similarly, (G(p))p (the p-completion of the p-localization of G) is

the inverse limit of (the inverse system of) its p-group quotients

G(p)/G
pα

(p)

for α ∈ N . Since p-groups are p-local, we have that for each α,

G/Gpα ∼=
(
G/Gpα

)
(p)
.

To show that the inverse systems of G and G(p) agree, and their corresponding

limits are therefore isomorphic, it suffices to check that the p-localization of

G/Gpα is G(p)/G
pα

(p). But p-localization is an exact functor (see theorem

1.3.10), so the sequence

1→ Gpα

(p) → G(p) →
(
G/Gpα

)
(p)
→ 1

is exact, and the assertion follows.
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Remark. We have shown that in order to obtain (G(p))p it suffices to p-

localize the inverse system corresponding to G (groups and projections maps)

and then find its limit.

Corollary 1.3.16. The localization genus of any nilpotent group is contained

in its completion genus.

Pickel proved that the completion genus of a finitely generated nilpotent

group is finite ([14], [12]). Our corollary now yields a localization version of

Pickel’s result:

Theorem 1.3.17. The localization genus of any finitely generated nilpotent

group is finite.
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Chapter 2

Localization of the IA-group of

finitely generated, torsion-free,

nilpotent, and metabelian

groups

2.1 Powers of IA-automorphisms of torsion-

free, metabelian, p-local, and nilpotent

groups of class c

Let G be the p-localization of a finitely generated, torsion-free, metabelian,

and nilpotent group of class c.

Let X = {x1, . . . , xr} be a finite set that generates G as a p-local group.

Then G is also generated, as a p-local group, by the set of basic commutators
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B = {b1, . . . , bm} on X; where bi = xi for i = 1, . . . , r. Since G is metabelian,

any basic commutator on B is of the form

[. . . [[[xi1 , xi2 ], xi3 ], xi4 ], . . .], xit ].

Denote the weight of bi as wt(bi).

Let ϕ ∈ IA(G) and put

ϕ(bi) = biAi

where wt(bi) ≤ c − 1 and Ai ∈ G′. Ai can be expressed as a product of

rational powers of basic commutators of weight at least 2, and at most c. So

we can write

Ai =
∏
k>l

[bk, xl]
ikl
v(i)

where wt(bk) ≤ c− 1 for each k; and v(i) is relatively prime to p.

For each k > l, standard commutator calculus in this metabelian group

gives:

ϕ([bk, xl]) = [bk, xl][bk, Al][Ak, xl].

In order to find an expression for ϕm([bk, xl]), we do as follows:

ϕ2([bk, xl]) = ϕ([bk, xl])ϕ([bk, Al][Ak, xl])

= [bk, xl][bk, Al][Ak, xl][bkAk, ϕ(Al)][ϕ(Ak), xlAl]

= [bk, xl][bk, Al][Ak, xl][bk, ϕ(Al)][ϕ(Ak), xl].

Continuing in this way we obtain:

ϕm([bk, xl]) = [bk, xl]
m−1∏
i=0

[bk, ϕ
i(Al)][ϕ

i(Ak), xl]. (2.1)
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We now wish to obtain a closed formula for ϕm([bk, xl]), one that does not

depend on lower powers of ϕ. The following computation gives this:

ϕ(Ai) =
∏
k>l

ϕ ([bk, xl])
ikl
v(i)

=
∏
k>l

([bk, xl][bk, Al][Ak, xl])
ikl
v(i)

=
∏
k>l

[bk, xl]
ikl
v(i)

∏
k>l

([bk, Al][Ak, xl])
ikl
v(i)

= Ai
∏
k>l

([bk, Al][Ak, xl])
ikl
v(i) .

Let

δi1 =
∏
k>l

([bk, Al][Ak, xl])
ikl
v(i) .

Then

ϕ(Ai) = Aiδi1.

Next,

ϕ(δi1) =
∏
k>l

([ϕ(bk), ϕ(Al)][ϕ(Ak), ϕ(xl)])
ikl
v(i)

=
∏
k>l

([bkAk, Alδl1][Akδk1, xlAl])
ikl
v(i)

=
∏
k>l

([bk, Al][bk, δl1][Ak, xl][δk1, xl])
ikl
v(i)

=
∏
k>l

([bk, Al][Ak, xl])
ikl
v(i)

∏
k>l

([bk, δl1][δk1, xl])
ikl
v(i) ;

so that

ϕ(δi1) = δi1δi2

where

δi2 =
∏
k>l

([bk, δl1][δk1, xl])
ikl
v(i) .
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In general, for each i, we may construct a sequence of elements of G′:

Ai, δi1, δi2, . . . (2.2)

where

δi1 =
∏
k>l

([bk, Al][Ak, xl])
ikl
v(i) ,

δij =
∏
k>l

([bk, δl(j−1)][δk(j−1), xl])
ikl
v(i) for j > 1,

ϕ(Ai) = Aiδi1, and ϕ(δij) = δijδi(j+1).

Suppose that Ai ∈ γzG for some integer z. A typical basic commutator

[bk, xl] appearing as a factor in Ai has weight at least z, so that bk has

weight at least z − 1 and Ak ∈ γz. This means that [bk, Al][Ak, xl] ∈ γz+1, so

δi1 ∈ γz+1. By making similar observations about higher terms of sequence

2.2, we see that δij ∈ γz+j.

We henceforth refer to sequence 2.2 as the δ-sequence associated to Ai.

Consider the following computations:

• ϕ(Ai) = Aiδi1

• ϕ2(Ai) = ϕ(Ai)ϕ(δi1) = Aiδi1δi1δi2 = Aiδ
2
i1δi2

• ϕ3(Ai) = Aiδi1(δi1δi2)
2δi2δi3 = Aiδ

3
i1δ

3
i2δi3

• ϕ4(Ai) = Aiδi1(δi1δi2)
3(δi2δi3)

3δi3δi4 = Aiδ
4
i1δ

6
i2δ

4
i3δi4

• ϕ5(Ai) = Aiδi1(δi1δi2)
4(δi2δi3)

6(δi3δi4)
4δi4δi5 = Aiδ

5
i1δ

10
i2 δ

10
i3 δ

5
i4δi5.

In general, we have
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Lemma 2.1.1.

ϕm(Ai) = Aiδ
c1(m)
i1 δ

c2(m)
i2 · · · δcm(m)

im

where the numbers c1(m), . . . , cm(m) correspond to to the m-th row of Pas-

cal’s triangle (ignoring the left-most diagonal of 1’s):

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1
...

More precisely: cj(m) = cj−1(m−1) + cj(m−1) if j > 1 and c1(m) = m.

Thus, cj(m) is simply the binomial coefficient

cj(m) =

(
m

j

)
=

m!

n!(m− n)!
.

To find a formula for ϕm(bi) we proceed as follows:

Aiϕ(Ai)ϕ
2(Ai) · · ·ϕm−1(Ai) =

Ai

(
Aiδ

c1(1)
i1

)(
Aiδ

c1(2)
i1 δ

c2(2)
i2

)
· · ·
(
Aiδ

c1(m−1)
i1 δ

c2(m−1)
i2 · · · δcm−1(m−1)

i(m−1)

)
=

Ami δ
c1(1)+···+c1(m−1)
i1 δ

c2(2)+···+c2(m−1)
i2 · · · δcm−1(m−1)

i(m−1) . (2.3)

Now put

dj(m) = cj(j) + · · · cj(m− 1).

The following simple lemma will be extremely useful.
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Lemma 2.1.2.

dj(m) =

(
m

j + 1

)
. (2.4)

Proof. This follows from direct calculation:(
m

j + 1

)
=

(
m− 1

j

)
+

(
m− 1

j + 1

)
=(

m− 1

j

)
+

(
m− 2

j

)
+

(
m− 2

j + 1

)
=(

m− 1

j

)
+

(
m− 2

j

)
+

(
m− 3

j

)
+

(
m− 3

j + 1

)
=(

m− 1

j

)
+

(
m− 2

j

)
+

(
m− 3

j

)
+ · · ·+

(
j

j

)
= dj(m)

since
(
j
j+1

)
= 0.

In particular

d1(m) = c1(1) + · · ·+ c1(m− 1) = 1 + 2 + · · ·+m− 1 =
m(m− 1)

2
.

Rewriting equation 2.3 we obtain:

Aiϕ(Ai)ϕ
2(Ai) · · ·ϕm−1(Ai) = Aiδ

d1(m)
i1 δ

d2(m)
i2 · · · δdm−1(m)

i(m−1) .

Since the dj(m) depend only on m, and not on i, we have proved:

Theorem 2.1.3. If

ϕ(bi) = biAi,

then

ϕm(bi) = biA
m
i δ

d1(m)
i1 δ

d2(m)
i2 · · · δdm−1(m)

i(m−1) ,

where

dj(m) =

(
m

j + 1

)
.
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2.2 Proof that IA(G) is p-local

Consider the map

IA(G)→ IA(G)

ϕ 7→ ϕn

where (n, p) = 1, and G is as in section 2.1.

There are two results in this section. We begin with

Theorem 2.2.1.

IA(G)→ IA(G)

is one-to-one.

Proof. To see this, let

ϕn = ψn.

We wish to prove that ϕ = ψ. For this purpose put

ϕ(bi) = biAi,

ψ(bi) = biÂi

where 1 ≤ wt(bi) ≤ c− 1.

As usual we write

Ai =
∏
k>l

[bk, xl]
ikl
v (2.5)

and

Âi =
∏
k>l

[bk, xl]
îkl
w . (2.6)

In order to show that ϕ = ψ we proceed by reverse induction on wt(bi):
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Suppose wt(bi) = c−1. Then both Ai and Âi belong to γc. ϕ
n(bi) = ψn(bi)

implies that biA
n
i = biÂ

n
i , so that Ani = Âni . By p-locality this means that

Ai = Âi.

Now suppose that bi satisfies

1 ≤ j = wt(bi) ≤ c− 2.

Assume the induction hypothesis that ϕ = ψ on γj+1. Our goal is to show

that ϕ(bi) = ψ(bi). Since ϕn(bi) = ψn(bi) then

biA
n
i δ

d1(n)
i1 · · · δdn−1(n)

i(n−1) = biÂ
n
i δ̂

d1(n)
i1 · · · δ̂dn−1(n)

i(n−1) .

Using the fact that we are in a p-local group, we obtain:

AiÂ
−1
i = (δ−1

i1 δ̂i1)
d1(n)
n · · · (δ−1

i(n−1)δ̂i(n−1))
dn−1(n)

n . (2.7)

Since wt(bi) = j, Ai and Âi each belongs to γj+1. In fact, by equation 2.7,

the product AiÂ
−1
i actually lies in γj+2. By induction:

ϕ(Âi) = ψ(Âi) = Âiδ̂i1.

This means that

ϕ(AiÂ
−1
i ) = Aiδi1(Âiδ̂i1)

−1 = AiÂ
−1
i δi1δ̂

−1
i1 .

Simply because ϕ is and IA-automorphism, it follows that

δi1δ̂
−1
i1 ∈ γj+3.

Similarly, if we evaluate ϕ on any δimδ̂
−1
im in the right hand side of 2.7 we

have (again by induction on j) that

ϕ(δimδ̂
−1
im ) = δimδ̂

−1
imδi(m+1)δ̂

−1
i(m+1) (2.8)
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since

ϕ(δ̂im) = ψ(δ̂im).

Again, because ϕ is and IA-automorphism, equation 2.8 implies that δi(m+1)δ̂
−1
i(m+1)

lies in a higher commutator subgroup than the commutator subgroup to

which δimδ̂
−1
im belongs. Hence the entire right-hand side of equation 2.7 be-

longs to γj+3. We have established that

AiÂ
−1
i ∈ γj+3.

Apply the same argument repeatedly to finally conclude that

AiÂ
−1
i ∈ γc+1 = 1.

This completes the proof that IA(G)→ IA(G) is one-to-one.

The second result of this section is that IA(G)→ IA(G) is onto. To see

this we prove

Theorem 2.2.2. Let {b1, b2, . . .} be the basic commutators on X = {x1, . . . , xr}

of weight at most c − 1. Let ϕ(bi) = biAi ∈ IA(G). Then, there exists an

IA-automorphism ψ such that ψn = ϕ.

Proof. Part I. Let δi1, δi2, . . . , δi(c−2) be the δ-sequence associated to Ai.
1 We

claim that it is possible to find p-local integers ε1(n), . . . , εc−2(n) that depend

on n (and c), such that

• ψ(bi) = biA
1
n
i δ

ε1(n)
i1 · · · δεc−2(n)

i(c−2) ∈ IA(G), and

• ψn = ϕ.

1Since G has class c, we can henceforth assume that δil = 1 for l > c− 2.
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Construction of ψ:

Put

Ai =
∏
k>l

[bk, xl]
ikl ,

where the ikl are p-local integers.

We wish to find p-local integers ε1, . . . , εc−2, depending on n and c alone,

such that

ψ(bi) = biαi

gives an IA-automorphism where αi = A
1
n
i δ

ε1
i1 · · · δ

εc−2

i(c−2) and ψn = ϕ. We will

show that these ε’s can in fact be found by “solving” the equation ψn = ϕ.

Associated with αi we have the corresponding sequence of deltas: δ̂i1, · · · , δ̂i(c−2).

To relate the δ̂’s with the δ’s we do as follows:

ψ(Ai) =
∏
k>l

[ψ(bk), ψ(xl)]
ikl =

∏
k>l

[
bkA

1
n
k δ

ε1
k1 · · · δ

εc−2

k(c−2), xlA
1
n
l δ

ε1
l1 · · · δ

εc−2

l(c−2)

]ikl
.

Using commutator calculus in this metabelian group, and recalling the defi-

nitions of Ai, δi1, . . . , δi(c−2) we see that

ψ(Ai) = Aiδ
1
n
i1δ

ε1
i2 · · · δ

εc−3

i(c−2)δ
εc−2

i(c−1),

where δi(c−1) = 1.

Analogous calculations give:

ψ(bi) = biA
1
n
i δ

ε1
i1 · · · · · · · · · · · · δ

εc−2

i(c−2)

ψ(Ai) = Aiδ
1
n
i1δ

ε1
i2 · · · · · · · · · δ

εc−3

i(c−2)

ψ(δi1) = δi1δ
1
n
i2δ

ε1
i3 · · · · · · δ

εc−4

i(c−2)

ψ(δi2) = δi2δ
1
n
i3δ

ε1
i4 · · · δ

εc−5

i(c−2)

...

ψ(δi(c−2)) = δi(c−2).
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Next, we find the δ̂ij:

ψ(αi) = ψ
(
A

1
n
i δ

ε1
i1 · · · δ

εc−2

i(c−2)

)
=(

A
1
n
i δ

1
n

1
n

i1 δ
1
n
ε1

i2 δ
1
n
ε2

i3 · · · · · · · · · δ
1
n
εc−3

i(c−2)

)
(
δε1i1δ

ε1
1
n

i2 δε1ε1i3 · · · δ
ε1εc−5

i(c−3)δ
ε1εc−4

i(c−2)

)
(
δε2i2δ

ε2
1
n

i3 · · · δ
ε2εc−6

i(c−3)δ
ε2εc−5

i(c−2)

)
...

δ
εc−2

i(c−2).

By rearranging the above expression:

ψ(αi) =
(
A

1
n
i δ

ε1
i1δ

ε2
i2 · · · · · · · · · · · · δ

εc−2

i(c−2)

)
(
δ

1
n

1
n

i1 δ
ε1

1
n

i2 δ
ε2

1
n

i3 · · · · · · δ
εc−3

1
n

i(c−2)

)
(
δ

1
n
ε1

i2 δε1ε1i3 δε2ε1i4 · · · δ
εc−4ε1
i(c−2)

)
(
δ

1
n
ε2

i3 δε1ε2i4 · · · δ
εc−5ε2
i(c−2)

)
...(

δ
1
n
εc−4

i(c−3)δ
ε1εc−4

i(c−2)

)
δ

1
n
εc−3

i(c−2).

From this we see that:

δ̂i1 =
(
δ

1
n

1
n

i1

)(
δ
ε1

1
n

+ 1
n
ε1

i2

)(
δ
ε2

1
n

+ε1ε1+ 1
n
ε2

i3

)(
δ
ε3

1
n

+ε2ε1+ε1ε2+ 1
n
ε3

i4

)
· · ·
(
δ
εc−3

1
n

+εc−4ε1+···+ 1
n
εc−3

i(c−2)

)
.

(2.9)

This expresses δ̂i1 in terms of the δij’s.

Rewriting the exponents in equation 2.9 we get

δ̂i1 = δ
1
n2

i1 δ
α1
i2 δ

α2
i3 · · · δ

αc−3

i(c−2),
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where each αj depends on n, ε1, . . . , εj. Symbolically:

αj = αj(n, ε1, ε2, . . . , εj)

for j = 1, 2, . . . , c− 3.

In order to find an expression for δ̂i2, evaluate ψ on δ̂i1:

ψ
(
δ̂i1

)
= ψ

(
δ

1
n2

i1 δ
α1
i2 δ

α2
i3 · · · δ

αc−3

i(c−2)

)
=

(
δi1δ

1
n
i2δ

ε1
i3 · · · δ

εc−4

i(c−2)

) 1
n

1
n
(
δi2δ

1
n
i3 · · · δ

εc−5

i(c−2)

)α1

· · ·
(
δi(c−3)δ

1
n

i(c−2)

)αc−4 (
δi(c−2)

)αc−3 =(
δ

1
n

1
n

i1 δα1
i2 · · · δ

αc−3

i(c−2)

)(
δ

1
n3

i2 δ
1
n
α1

i3 · · · δ
1
n
αc−4

i(c−2)

)(
δ
ε1

1
n2

i3 δε1α1
i4 · · · δε1αc−5

i(c−2)

)
· · ·
(
δ
εc−4

1
n2

i(c−2)

)
.

Since the first term of the right-hand side is δ̂i1, we readily obtain

δ̂i2 = δ
1
n3

i2 δ
1
n
α1+ε1

1
n2

i3 δ
1
n
α2+ε1α1+ε2

1
n2

i4 · · · δ
1
n
αc−4+···+εc−4

1
n2

i(c−2) .

Again, we rewrite the exponents in this equation to obtain:

δ̂i2 = δ
1
n3

i2 δ
β1

i3 · · · δ
βc−4

i(c−2),

where

βj = βj(n, ε1, . . . , εj;α1, . . . , αj).

Since αj = αj(n, ε1, . . . , εj), we can in fact write:

βj = βj(n, ε1, . . . , εj)

where j = 1, . . . , c− 4.

Continue computing the δ̂ij’s in this way, to finally get

δ̂i(c−3) = δ
( 1
n)

c−2

i(c−3) δ
τ1
i(c−2),
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where τ1 = τ1(n, ε1), and

δ̂i(c−2) = δ
( 1
n)

c−1

i(c−2) .

We now show that the ε’s appearing in the equation

ψn(bi) = ϕ(bi) (2.10)

can be chosen so that they depend only on n. For this purpose we use

the formula that describes powers of IA-automorphisms (see theorem 2.1.3).

Equation 2.10 becomes:

Aiδ
nε1
i1 · · · δ

nεc−2

i(c−2)δ̂
d1
i1 · · · δ̂

d(c−2)

i(c−2) = Ai.

Canceling Ai and rewriting the δ̂’s in terms of the δ’s yields:

δnε1i1 · · · δ
nεc−2

i(c−2)

(
δ

1
n2

i1 δ
α1
i2 · · · δ

αc−3

i(c−2)

)d1(
δ

1
n3

i2 δ
β1

i3 · · · δ
βc−4

i(c−2)

)d2
· · ·
(
δ

1
nc−1

i(c−2)

)dc−2

= 1.

Now solve for each εi in the following way:

• nε1 + 1
n2d1 = 0 ⇒ ε1 = − 1

n3d1, which means that ε1 can be chosen so

that it depends on n only.

• nε2 + α1d1 + 1
n3d2 = 0 ⇒ ε2 = − 1

n
α1d1 − 1

n4d2. Since α1 depends on n

and ε1, we conclude that ε2 can be chosen so that it depends on n only.

• nε3 +α2d1 +β1d2 + 1
n4d3 = 0⇒ ε3 = − 1

n
α2d1− 1

n
β1d2− 1

n5d3. Again, α2

depends on n, ε1, and ε2; so ε3 can be chosen as to depend on n only.

Continue this process to choose ε1, . . . , εc−2 so that they depend on n alone.

Part II. Consider the following map, defined on the “original” p-generators

{x1, . . . , xr} of G:

ψ(xi) = xiA
1
n
i δ

ε1
i1 · · · δ

εc−2

i(c−2).
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Our first task is to show that ψ can be extended to a well defined homomor-

phism

gp(x1, . . . , xr)→ G

(and can therefore be “lifted” to a self-homomorphism of G).

For this purpose, suppose that r is a trivial word in the x’s:

r = xt1 · · ·xts = 1.

We need to show that

“ψ(xt1) · · ·ψ(xts) = 1.”

A straightforward computation yields:

ψ(xt1)ψ(xt2) · · ·ψ(xts) =(
xt1A

1
n
t1δ

ε1
t11 · · · δ

εc−2

t1(c−2)

)(
xt2A

1
n
t2δ

ε1
t21 · · · δ

εc−2

t2(c−2)

)
· · ·
(
xtsA

1
n
tsδ

ε1
ts1 · · · δ

εc−2

ts(c−2)

)
=

xt1 · · · xts(At1 · · ·Ats)
1
n (δt11 · · · δts1)

ε1 · · ·
(
δt1(c−2) · · · δts(c−2)

)εc−2
∏
k<l

[ωtk , xtl ] ,

where

ωtj = A
1
n
tjδ

ε1
tj1 · · · δ

εc−2

tj(c−2)
.

Remembering that r = 1, we have:

ψ(xt1) · · ·ψ(xts) = (At1 · · ·Ats)
1
n (δt11 · · · δts1)

ε1 · · ·
(
δt1(c−2) · · · δts(c−2)

)εc−2
∏
k<l

[ωtk , xtl ] .

(2.11)

On the other hand:

1 = ϕ(xt1 · · · xts) = xt1At1 · · ·xtsAts =

xt1 · · · xtsAt1 · · ·Ats
∏
k<l

[Atk , xtl ] .
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Again, since xt1 · · ·xts = 1 we find that

1 = At1 · · ·Ats
∏
k<l

[Atk , xtl ] . (2.12)

Taking the nth power on both sides of equation 2.11 yields

(ψ(xt1) · · ·ψ(xts))
n =

(At1 · · ·Ats) (δt11 · · · δts1)
nε1 · · ·

(
δt1(c−2) · · · δts(c−2)

)nεc−2
∏
k<l

[ωtk , xtl ]
n =

(At1 · · ·Ats) (δt11 · · · δts1)
nε1 · · ·

(
δt1(c−2) · · · δts(c−2)

)nεc−2
∏
k<l

[
ωntk , xtl

]
. (2.13)

Now, since

ωtk = A
1
n
tk
δε1tk1 · · · δ

εc−2

tk(c−2), then ωntk = Atkδ
nε1
tk1
· · · δnεc−2

tk(c−2);

so ∏
k<l

[
ωntk , xtl

]
=
∏
k<l

[Atk , xtl ]
[
δnε1tk1

, xtl
]
· · ·
[
δ
nεc−2

tk(c−2), xtl

]
. (2.14)

Substituting 2.14 in 2.13, together with equation 2.12 and commutator cal-

culus gives

(ψ(xt1) · · ·ψ(xts))
n =(

(δt11 · · · δts1)
ε1 · · ·

(
δt1(c−2) · · · δts(c−2)

)εc−2
∏
k<l

[δtk1, xtl ]
ε1 · · ·

[
δtk(c−2), xtl

]εc−2

)n

.

(2.15)

Since we are in a p-local group, we may take nth roots on both sides, so that

ψ(xt1) · · ·ψ(xts) =

(δt11 · · · δts1)
ε1 · · ·

(
δt1(c−2) · · · δts(c−2)

)εc−2
∏
k<l

[δtk1, xtl ]
ε1 · · ·

[
δtk(c−2), xtl

]εc−2 .

(2.16)
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Next, apply ϕ to equation 2.12 to obtain

1 = At1δt11 · · ·Atsδts1
∏
k<l

[Atkδtk1, xtlAtl ] =

At1 · · ·Ats
∏
k<l

[Atk , xtl ] δt11 · · · δts1
∏
k<l

[δtk1, xtl ] .

Using equation 2.12 itself we conclude that

δt11 · · · δts1
∏
k<l

[δtk1, xtl ] = 1. (2.17)

Apply ϕ to 2.17 to get

δt12 · · · δts2
∏
k<l

[δtk2, xtl ] = 1. (2.18)

We do this repeatedly to finally conclude (from equation 2.16) that

ψ(xt1) · · ·ψ(xts) = 1,

as promised.

We have proved the following two major facts:

1. The map ψ defined on the p-generators of G as

ψ(xi) = xiA
1
n
i δ

ε1
i1 · · · δ

εc−2

i(c−2)

extends to a well-defined homomorphism from gp(x1, . . . , xr) to G, and

can therefore be lifted to a self-homomorphism of G.

2. ψ satisfies

x−1
i ψ(xi) ∈ G′ = [G,G]

for all i, and

ψn = ϕ.

42



We now give a very simple argument to establish that ψ is in fact an

automorphism, and therefore an IA-automorphism. To show that ψ is one-

to-one, choose g ∈ kerψ. Then ψ(g) = 1, so that ψn(g) = 1. Since ψn = ϕ,

ϕ(g) = 1. We conclude that g ∈ kerϕ. Since ϕ is one-to-one, g = 1. Hence,

ψ is one-to-one.

Next choose g ∈ G. Since ϕ is onto, there exists a g′ ∈ G so that

ϕ(g′) = g. Thus, ψn(g′) = g, which implies that ψ (ψn−1(g′)) = g. This

means that ψ is onto.

Theorem 2.2.2 is now proved.

2.3 IA(G)→ IA(G(p)) is a p-isomorphism

Let G = gp(x1, . . . , xm) be a finitely generated, torsion-free, metabelian,

and nilpotent group of class c. Let G(p) be its localization at the prime p.

Consider the localization diagram

G
f−−−→ Gye ye

G(p)
fp−−−→ G(p)

and observe that if f ∈ IA(G), then fp ∈ IA(G(p)).

Lemma 2.3.1. The homomorphism

IA(G)→ IA(G(p))

f 7→ fp

is a monomorphism (and hence p-injective).
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Proof. Let f ∈ ker
(
IA(G)→ IA(G(p))

)
and put f(xi) = xiAi where Ai lies

in G′ = [G,G]. For g ∈ G, write e(g) = ḡ. If xi is a generator of G, x̄i

belongs to G(p) and

x̄i = fp(x̄i) = f(xi) = x̄iĀi.

Hence, Āi = 1̄ in G
′

(p), which means that Ai belongs to ker
(
e : G′ → G

′

(p)

)
.

Since G′ is torsion-free and e : G′ → G
′

(p) is a localization map, e is

one-to-one so that Ai = 1. Hence f(xi) = xi; and therefore

IA(G)→ IA(G(p))

f 7→ fp

is indeed a monomorphism.

Remark. The discussion that led to the δ-sequence (see 2.2) and theo-

rem 2.1.3 is also valid for IA(G), where G is finitely generated, torsion-free,

nilpotent, and metabelian (the condition of G being p-local is dropped). This

observation will be used in the sequel.

Lemma 2.3.2. IA(G)→ IA(G(p)) is p-surjective.

Proof. Let ϕ ∈ IA(G(p)). Consider the action of ϕ on the “p-generators” of

G(p): ϕ(x̄i) = x̄iAi, where Ai ∈ G
′

(p). Since e : G′ → G
′

(p) is p-surjective,

there exists and integer si, relatively prime to p, such that Asii belongs to the

image of e : G′ → G
′

(p) for each i = 1, 2, . . . ,m. Put

σ1 = s1s2 . . . sm.

Aσ1
i clearly lies in the image of e : G′ → G

′

(p) (for each i = 1, 2, . . . ,m) because

such image is a subgroup of G
′

(p). Similarly, choose σ2, . . . , σc−1 (independent
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if i) so that δ
σk+1

ik belongs to the image of e : γk+2(G) → γk+2(G(p)), for

k = 1, . . . , c− 2. Let

σ = σ1σ2 · · ·σc−1.

We have the following:

1. σ is relatively prime to p,

2. Aσi belongs to the image of e : G′ → G
′

(p), and

3. δσik belongs to the image of e : γk+2(G)→ γk+2(G(p)), (k = 1, . . . , c−2).

Using lemma 2.1.2, we see that

• d1(σ) =
(
σ
2

)
= σ(σ−1)

2

• d2(σ) =
(
σ
3

)
= σ(σ−1)(σ−2)

3!

• d3(σ) =
(
σ
4

)
= σ(σ−1)(σ−2)(σ−3)

4!

• ...

• dc−2(σ) =
(
σ
c−1

)
= σ(σ−1)(σ−2)···(σ−c+2)

(c−1)!
.

Fix 1 ≤ j ≤ c− 2 and consider the number

dj(σ) =

(
σ

j + 1

)
=
σ(σ − 1)(σ − 2) · · · (σ − j)

(j + 1)!
.

Write

(j + 1)! = pαjεj

where p and εj are relatively prime. (If p does not divide (j+1)! take αj = 0.)

Next, let

ε = ε1ε2 · · · εc−2.
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Notice that p and ε are relatively prime. Now put

s = εσ.

Again, p and s are relatively prime. Invoking lemma 2.1.2 once more, we see

that for each j:

dj(s) =
ε1ε2 · · · εc−2σ(s− 1)(s− 2) · · · (s− j)

pαjεj
=

ε1ε2 · · · εj−1εj+1 · · · εc−2σ(s− 1)(s− 2) · · · (s− j)
pαj

.

As dj(s) is an integer, and pαj does not divide ε1ε2 · · · εj−1εj+1 · · · εc−2σ, pαj

has to divide (s−1)(s−2) · · · (s−j). Hence, each integer s, d1(s), d2(s), . . . , dc−2(s)

is a multiple of σ. The crucial conclusion is that

1. s is relatively prime to p,

2. Asi belongs to the image of e : G′ → G
′

(p), and

3. δ
dj(s)
ij lies in the image of e : γj+2(G)→ γj+2(G(p)), for j = 1, 2, . . . , c−2.

We can therefore choose αi ∈ G′ such that αi = Asi , and Dij ∈ γj+2(G) such

that Dij = δ
dj(s)
ij for each j = 1, 2, . . . , c− 2; where g = e(g) for g ∈ G.

Using theorem 2.1.3 we see that

ϕs(x̄i) = x̄iA
s
iδ
d1(s)
i1 · · · δdc−2(s)

i(c−2) .

Let

βi = αiDi1 · · ·Di(c−2) ∈ G′.

Define the following map on the generators of G:

f(xi) = xiβi.
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If we can show that f can be extended to an element of IA(G), then fp and

ϕs will coincide on the p-generators of G(p) and will therefore be equal as

IA-automorphisms.

Using similar techniques as before, we prove first that f extends to a

self-homomorphism of G. For this purpose let r = xt1xt2 · · · xtv be a trivial

word in the generators of G. Then

f(xt1) · · · f(xtv) = (xt1βt1) · · · (xtvβtv) =

(xt1 · · ·xtv) (βt1 · · · βtv)
∏
l<m

[βtl , xtm ] =

(βt1 · · · βtv)
∏
l<m

[βtl , xtm ] .

We thus have:

f(xt1) · · · f(xtv) = (βt1 · · · βtv)
∏
l<m

[βtl , xtm ] . (2.19)

Next we work with ϕ. Since r = xt1 · · ·xtv = 1, then

r = xt1xt2 · · ·xtv = 1.

Thus

1 = ϕ(r) = (xt1At1) · · · (xtvAtv) =

xt1 · · ·xtvAt1 · · ·Atv
∏
l<m

[Atl , xtm ] =

At1 · · ·Atv
∏
l<m

[Atl , xtm ] .

Hence

1 = At1 · · ·Atv
∏
l<m

[Atl , xtm ] . (2.20)
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Apply ϕ to both sides of equation 2.20 to get

1 = (At1δt11) · · · (Atvδtv1)
∏
l<m

[Atlδtl1, xtmAtm ] =

At1 · · ·Atv
∏
l<m

[Atl , xtm ] δt11 · · · δtv1
∏
l<m

[δtl1, xtm ] = 1.

We conclude that

δt11 · · · δtv1
∏
l<m

[δtl1, xtm ] = 1.

Iterate this process to obtain

δt1j · · · δtvj
∏
l<m

[δtlj, xtm ] = 1 (2.21)

for all j = 1, 2, . . . , c− 2.

By equation 2.19 and the definition of βi:

f(xt1) · · · f(xtv) =

(At1 · · ·Atv)
s(δt11 · · · δtv1)

d1 · · ·
(
δt1(c−2) · · · δtv(c−2)

)dc−2
∏
l<m

[
Astlδ

d1
tl1
· · · δdc−2

tl(c−2), xtm

]
=

(At1 · · ·Atv)
s(δt11 · · · δtv1)

d1 · · ·
(
δt1(c−2) · · · δtv(c−2)

)dc−2∏
l<m

(
[Atl , xtm ]s[δtl1, xtm ]d1 · · ·

[
δtl(c−2), xtm

]dc−2
)

=

(
At1 · · ·Atv

∏
l<m

[Atl , xtm ]

)s(
δt11 · · · δtv1

∏
l<m

[δtl1, xtm ]

)d1

· · ·

(
δt1(c−2) · · · δtv(c−2)

∏
l<m

[
δl(c−2), xtm

])dc−2

= 1

(by equations 2.20 and 2.21). We have shown that

f(xt1) · · · f(xtv) = 1;
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in other words

f(xt1) · · · f(xtv) ∈ ker
(
e : G→ G(p)

)
.

As G is torsion-free, e is in fact one-to-one; so that

f(xt1) · · · f(xtv) = 1.

f thus extendes to a self-homomorphism of G.

Besides proving that f extends to a self-homomorphism of G, we have

seen (by construction) that

g−1f(g) ∈ G′

for all g ∈ G and

fp = ϕs

on the p-generators of G(p) (and hence on all of G(p)).

We now provide a very simple argument to show that f is an IA-automorphism.

Contemplate the localization diagram:

G
f−−−→ Gye ye

G(p)
fp−−−→ G(p).

Since fp is already an IA-automorphism and G is torsion-free, both e

and fp are one-to-one. Choose g ∈ ker(f). Then, by commutativity of the

diagram, fp (e(g)) = 1. It follows readily that g = 1 and f is one-to-one.

To prove that f is onto we argue as follows: using commutator calculus

one can prove that if gj ∈ γj then g−1
j f(gj) ∈ γj+1. In particular, f is the

identity on γc and hence (trivially) onto there. We now do reverse induction
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on j. Suppose f is onto on γj+1. We show that “f is onto on γj”: let gj ∈ γj,

then, by induction

f(gj) = gjgj+1 = gjf(hj+1)

for some gj+1, hj+1 ∈ γj+1. Hence

f
(
gjh
−1
j+1

)
= gj

where clearly gjh
−1
j+1 ∈ γj. Thus f is onto on γj. This completes the proof of

the lemma.

The main result of this thesis follows, which we state as

Theorem 2.3.3. Let G be finitely generated, metabelian, and nilpotent of

class c; and G(p) its localization at the prime p. Then, the natural map

IA(G)→ IA(G(p))

is a p-isomorphism.

If it were the case that InnG = IA(G) for all nilpotent groups G, theorem

2.3.3 would be trivial since we would have

IA(G)(p)
∼= (G/ζ)(p)

∼= G(p)/ζ(p) ∼= IA(G(p)).

To demonstrate that our theorem is nontrivial in general we compute

InnG and IA(G) where G is free nilpotent of class 2 and rank 3. It will then

be clear that InnG 6= IA(G).

Let

G = 〈x, y, z〉
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be free nilpotent of class 2 on the generators {x, y, z}. Put c12 = [x, y],

c13 = [x, z], and c23 = [y, z]. Then

{x, y, z, c12, c13, c23}

is a basic sequence of basic commutators on {x, y, z}. Since G is free nilpo-

tent, every g ∈ G can be uniquely written as

g = xe1ye2ze3ce1212 c
e13
13 c

e23
23 .

If g′ = xe
′
1ye

′
2ze
′
3c
e′12
12 c

e′13
13 c

e′23
23 is another element of G, standard commutator

calculus gives

gg′ = xe1+e′1ye2+e′2ze3+e′3c
e12+e′12−e′1e2
12 c

e13+e′13−e′1e3
13 c

e23+e′23−e′2e3
23 . (2.22)

Consider the following nine elements of IA(G):

ϕ1(x) = xc12, ϕ1(y) = y, ϕ1(z) = z; ϕ2(x) = x, ϕ2(y) = yc12, ϕ2(z) = z;

ϕ3(x) = x, ϕ3(y) = y, ϕ3(z) = zc12; ϕ4(x) = xc13, ϕ4(y) = y, ϕ4(z) = z;

ϕ5(x) = x, ϕ5(y) = yc13, ϕ5(z) = z; ϕ6(x) = x, ϕ6(y) = y, ϕ6(z) = zc13;

ϕ7(x) = xc23, ϕ7(y) = y, ϕ7(z) = z; ϕ8(x) = x, ϕ8(y) = yc23, ϕ8(z) = z;

ϕ9(x) = x, ϕ9(y) = y, ϕ9(z) = zc23.

For any ϕ ∈ IA(G) we can write

ϕ(x) = xcax12c
bx
13c

cx
23,

ϕ(y) = yc
ay
12c

by
13c

cy
23,

ϕ(z) = zcaz12c
bz
13c

cz
23.
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It is straightforward to show that ϕ is uniquely expressed as

ϕ = ϕax1 ϕ
ay
2 ϕ

az
3 ϕ

bx
4 ϕ

by
5 ϕ

bz
6 ϕ

cx
7 ϕ

cy
8 ϕ

cz
9 .

Since IA(G) is a torsion-free abelian group, this proves that

IA(G) is free abelian of rank 9. (2.23)

Now choose ϕ ∈ InnG. By definition of InnG, there exists g = xe1ye2ze3ce1212 c
e13
13 c

e23
23 ∈

G such that

ϕ(x) = g−1xg, ϕ(y) = g−1yg, ϕ(z) = g−1zg.

By the normal form 2.22 we readily find that

g−1 = x−e1y−e2z−e3c−e12−e1e212 c−e13−e1e313 c−e23−e2e323 , (2.24)

and further use of 2.22 ultimately gives

ϕ(x) = xce212c
e3
13, ϕ(y) = yc−e112 ce323, ϕ(z) = zc−e113 c−e223 .

We obtain three specific elements of InnG by setting, in turn, e1 = 1, e2 =

e3 = 0; e2 = 1, e1 = e3 = 0; and e3 = 1, e1 = e2 = 0. These are:

ϕ1(x) = x, ϕ1(y) = yc−1
12 , ϕ1(z) = zc−1

13 ;

ϕ2(x) = xc12, ϕ2(y) = y, ϕ2(z) = zc−1
23 ;

ϕ3(x) = xc13, ϕ3(y) = yc23, ϕ3(z) = z.

It is straightforward that

ϕ = ϕe11 ϕ
e2
2 ϕ

e3
3 ;
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and that this expression is unique. This proves that

InnG is free abelian of rank 3

and hence

InnG 6= IA(G)

for G free nilpotent of class 2 and rank 3.

2.4 Connections with homotopy theory

We may think of IA(G) as the group of automorphisms of G inducing the

identity on H1G, the first homology group of G. Denote by Aut∗G the group

of automorphisms of G that induce the identity on all homology groups. It is

not hard to show that InnG ≤ Aut∗G ≤ IA(G). It would be worthwhile to

attempt the proof that if G and H are suitable nilpotent groups in the same

localization genus, Aut∗G and Aut∗H also belong to the same localization

genus.

In fact, the main motivation for theorem 2.3.3 in group theory comes from

a related result by Maruyama [11] in homotopy theory involving some version

of Aut∗G: let X be a simply connected CW -complex and denote by ε0(X)

the group of homotopy classes of self-homotopy equivalences of X that induce

the identity on all homology groups. E. Dror and A. Zabrodsky proved that

ε0(X) is nilpotent [5], so its p-localization makes sense. Maruyama’s result

is that the homomorphism

ε0(X)→ ε0(X(p))
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obtained by localizing each homotopy class is in fact the localization homo-

morphism of nilpotent groups

ε0(X)→ ε0(X)(p).

It is important to observe that our result does not follow from Maruyama’s.

If we attempted to derive our theorem from his, we would have to consider a

CW -complex X whose homotopy type is that of a K(G, 1), with G finitely

generated, torsion-free, nilpotent, and metabelian. Already, X is not simply

connected so his result does not apply. In addition, his theorem is about

the group of homotopy classes of self-homotopy equivalences of X inducing

the identity on homology, a group that corresponds to Aut∗G, which may be

smaller than IA(G) in general.
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Chapter 3

Examples

3.1 Background

There is a very useful technique developed by Pickel [14] involving certain

multilinear forms to study the so-called “one-relator nilpotent groups.” These

are finitely generated nilpotent groups of class c, each arising as a quotient

of a free nilpotent group modulo an infinite cyclic group generated by an

element of γc which is not a proper power. He uses this technique to study

such groups, along with their p-completions. We will use it to discuss the

localization genus of two nilpotent groups of class 4. Pickel’s results in p-

completions carry over to p-localizations mainly because the p-localization

of a finitely generated, torsion-free nilpotent group G, generated by X, is

a Z(p)-group; meaning that G(p) is generated by X over the p-local integers

Z(p).

To explain the details, let F be a free nilpotent group of class c on n

generators. Let a be an element of γcF , where a is not a proper power.
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Choose a basis {ωα} for the free abelian group γcF (for example, the ωα can

be chosen to be the basic commutators of weight c), and write

a! =
∏
α

ωjαα , (jα ∈ Z).

Define a map ϕa : γcF → Z on the basis of γcF as

ϕa(ωα) = jα.

ϕa clearly extends to a homomorphism.

Now consider the function β from the cartesian product of abelian groups

F/F ′ × · · · × F/F ′ (c copies) to γcF given by

β
(
f1, . . . , fc

)
= [f1, . . . , fc] .

β is a well-defined, multilinear function (see lemma 7.3 in [14]). Associate to

a the multilinear function

fa = ϕa ◦ β : F/F ′ × · · · × F/F ′ (c times)→ Z. (3.1)

We show that the function fa corresponds to a unique a in γcF . To see this,

observe that the image of β : F/F ′×· · ·×F/F ′ → γcF generates γcF . Next,

assume that fa = fa′ where a and a′ lie in γcF . That is,

ϕa ◦ β = ϕa′ ◦ β.

We will show that ϕa and ϕa′ agree on the left-normed commutators of length

c (and therefore agree everywhere on γcF ). Indeed, let x = [x1, . . . , xc] be a

typical left-normed commutator of length c. Choose y ∈ F/F ′ × · · · × F/F ′

such that β(y) = x. Thus

ϕa(x) = ϕa ◦ β(y) = ϕa′ ◦ β(y) = ϕa′(x).
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This proves that ϕa = ϕa′ . By the definition of the ϕ’s, we conclude that

a = a′.

Following Pickel, we call fa the c-form associated with a ∈ γcF .

For elements a and b in γcF which are not proper powers, we say that the

associated c-forms fa and fb are equivalent if there exists and automorphism

ϕ of F/F ′ such that

fa = fb ◦ (ϕ× · · · × ϕ) . (3.2)

Similarly, each a ∈ γcF(p) gives rise to a c-form

fa : F(p)/F
′

(p) × · · · × F(p)/F
′

(p) (c times)→ Z(p) .

Given a and b in γcF(p) we say that fa is p-equivalent to fb if there is an

automorphism ϕ of F(p)/F
′

(p) such that

fa = fb ◦ (ϕ× · · · × ϕ) .

Now, any automorphism of F/F ′ can be represented by an invertible

matrix ϕij with integral coefficients, relative to the generating set x1, . . . , xn

of F . The map given by

xi 7→
∏
j

x
ϕij
j (3.3)

clearly extends to an endomorphism of F and induces the given automor-

phism of F/F ′. Lemma 7.2 in [14] gives that the map on the xi is in fact

an automorphism of F . The proof of lemma 7.2 depends on the fact that an

endomorphism is completely determined by its action on the generators of

the group. Since endomorphisms of F(p) and (F/F ′)(p) are also determined

by their actions on the p-generators, we have a similar statement for the

57



localized groups. In the localized case the invertible matrix ϕij has entries

in Z(p) and the map 3.3 is an automorphism of F(p).

Consider again a and b in γcF . Proposition 7.1 in [14], which is also

valid for localized groups, gives that F/gp(a) is isomorphic to F/gp(b) (resp.

(F/gp(a))(p) is isomorphic to (F/gp(b))(p)) if and only if there is automor-

phism of F (resp. an automorphism of F(p)) sending a to bµ where µ is 1 or

-1 (resp. µ is a p-local unit).

Suppose that fa is equivalent (resp. p-equivalent) to fb. By definition

there is an automorphism ϕ of F/F ′ (resp. (F/F ′)(p)) such that equation 3.2

holds. Let ϕ̂ be the “lift” of ϕ given by 3.3, which is an automorphism of

F . For each (g1, . . . , gc) in the c-fold cartesian product of copies of F/F ′, we

have

fa(g1, . . . , gc) = fb

(
ϕ̂(g1), . . . , ϕ̂(gc)

)
.

By definition (see 3.1) we conclude that

ϕa [g1, . . . , gc] = ϕbϕ̂ [g1, . . . , gc] .

This means that ϕ̂ must send a to b in γc. Notice that the converse is also

true: if ϕ is an automorphism of F (resp. F(p)) such that ϕ̂ sends a to b,

then fa and fb are equivalent (resp. p-equivalent). Finally, it is clear that

the form associated to the element aµ where µ = 1,−1 (resp. µ is a p-local

unit) is µfa. All this gives the following lemma (analogous to proposition 8.1

in [14]).

Lemma 3.1.1. F/gp(a) is isomorphic (resp. p-isomorphic) to F/gp(b) if

and only if fa is equivalent (resp. p-equivalent) to µfb where µ is 1 or -1

(resp. a p-local unit).
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We will be working with one-relator nilpotent groups of class 4 that are

also metabelian. The advantage of the 4-forms associated to these groups is

that they can be reduced to symmetric bilinear forms. The following result

(see lemma 9.1 in [14]) is very useful in this direction. We give a detailed

proof here.

Lemma 3.1.2. Let F be a free nilpotent group of class c, which is also

metabelian. Then any left-normed commutator of length c satisfies

[a1, a2, a3, . . . , ac] =
[
a1, a2, aσ(3), . . . , aσ(c)

]
where σ is a permutation of {3, 4, . . . , c}. Put another way, left-normed com-

mutators of length c are symmetric in the last c− 2 entries.

Proof. We begin by defining an action of the group ring Z (F/F ′) on F ′. For

g ∈ F/F ′ and x ∈ F ′ define

gx = xg ∈ F ′.

Similarly, integers act on F ′ by exponentiation. It suffices to check that this

alleged action restricted to the basis F/F ′ of the group ring is well defined.

To show that this definition does not depend on the chosen representative g

suppose that

g = g′

in F/F ′. Then

xg = xg
′ ⇔ g−1xg = g′

−1
xg′ ⇔ g′g−1xgg′

−1
= x⇔

(
gg′
−1
)−1

xgg′
−1

= x.

But this clearly holds since both gg′−1 and x lie in the abelian group F ′.

Notice that:
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• [a1, a2]
(−1+a3) = [a1, a2]

−1 [a1, a2]
a3 = [a1, a2]

−1 [a1, a2] [a1, a2, a3] = [a1, a2, a3] .

• [a1, a2, a3]
(−1+a4) = [a1, a2, a3, a4] .

• [a1, a2, a3, . . . , ak]
(−1+ak+1) = [a1, a2, a3, . . . , ak+1] .

Hence, the left-normed commutator

[a1, a2, . . . , ac] = [[. . . [a1, a2] , a3] , . . . , ac]

can be rewritten as(
. . .

((
[a1, a2]

(−1+a3)
)(−1+a4)

)(−1+a5)

. . .

)(−1+ac)

= [a1, a2]
(−1+a3)···(−1+ac) .

Finally, let σ be a permutation of {3, . . . , c} . Since the group ring Z (F/F ′)

is commutative we conclude that

(−1 + a3) · · · (−1 + ac) =
(
−1 + aσ(3)

)
· · ·
(
−1 + aσ(c)

)
,

so the lemma follows.

Let F = gp(x, y) be the two-generator free nilpotent group of class 4 and

consider the basic sequence of basic commutators on {x, y},

{x, y, c21, c212, c211, c2122, c2112, c2111}

where c21 = [y, x], c212 = [y, x, y], c211 = [y, x, x], c2122 = [y, x, y, y], c2112 =

[y, x, x, y], and c2111 = [y, x, x, x]. (We will use this notation repeatedly).

We now describe how to associate a symmetric bilinear form to a quotient

of F by a cyclic subgroup of γ4F .

The following is a simple (but crucial) observation:
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Lemma 3.1.3. F is metabelian.

Proof. This follows from the fact that F has a very low rank. Since c21

is the only basic commutator of weight 2, all basic commutators commute.

Therefore, F ′ is abelian and F is metabelian.

A basis for γ4F is given by

{c2122, c2112, c2111}.

Choose

a! = ca1
2122c

a2
2112c

a3
2111

in γ4F . Then the function

fa : F/F ′ × F/F ′ × F/F ′ × F/F ′ → Z

is a 4-form. By lemma 3.1.2, this 4-form induces the symmetric bilinear form

f̂a : F/F ′ × F/F ′ → Z

f̂a(g1, g2) = fa(y, x, g1, g2).

Let

Fa = F/gp(a).

f̂a is the symmetric bilinear form associated to Fa.

Consider two elements a and b of γ4F and their corresponding symmetric

bilinear forms f̂a and f̂b. Let Aa and Ab be the symmetric integral ma-

trices associated with f̂a and f̂b respectively, relative to the basis of F/F ′

induced by the generators of F . The notion of equivalence (p-equivalence)

of symmetric bilinear forms now translates into equivalence (p-equivalence)
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of their corresponding matrices. We may therefore say that f̂a is equivalent

(p-equivalent) to f̂b if there is a Z-invertible (Z(p)-invertible) matrix M such

that

Aa = MAbM
t.

The matricesAa andAb themselves may be regarded as equivalent (p-equivalent).

The following result is analogous to lemma 3.1.1, replacing forms with

matrices.

Lemma 3.1.4. Fa is isomorphic (p-isomorphic) to Fb if and only if µAa is

equivalent (p-equivalent) to Ab where µ is 1 or -1 (a unit in Z(p)).

According to the definition, to show that two integral symmetric matrices

are equivalent over Z(p) one needs to find an invertible matrix M with entries

in Z(p). However, the following result of Bokor reveals that our search can

be restricted to integral matrices. We include the proof given in [3].

Following Bokor, call two integral symmetric matrices weakly equivalent

(weakly p-equivalent) if they are equivalent up to a unit in Z (in Z(p)).

Lemma 3.1.5. (lemma 1 in [3]) Two integral symmetric matrices G and H

are weakly p-equivalent if and only if there exists an integral matrix A (not

necessarily invertible over Z but with non-zero determinant) and an integer

m such that

• m and p are relatively prime,

• detA and p are relatively prime,

• mG = AHAt.
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Proof. Assume that G and H are weakly p-equivalent. Then there exists a

Z(p)-invertible matrix A′ and a unit m′ of Z(p) such that

m′G = A′H (A′)
t
.

We now construct m and A with the desired properties.

Let k be the least common multiple of the denominators of the entries of

A′ and the denominator of m′. Observe that the prime decomposition of k

does not include p. Therefore, k and p are relatively prime and k is a unit

in Z(p). Also k2 and p are relatively prime. Let

m = k2m′

and

A = kA′.

m is an integer which is relatively prime to p. A is an integral matrix,

invertible over Z(p). Therefore the integer detA is a unit in Z(p), so that

detA is relatively prime to p. Finally,

mG = k2m′G = kA′Hk(A′)t = AHAt.

Conversely, assume now that

mG = AHAt

where detA and m are each relatively prime to p. These two integers are

units in Z(p) so that G and H are weakly p-equivalent.
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3.2 Remeslennikov’s groups

We now describe two non-isomorphic, class 4 nilpotent and metabelian groups

which lie in the same localization genus.

In the category of class 4 nilpotent groups let

F = 〈x, y〉 ,

FS =
〈
x, y; c32122c2112c

2
2111

〉
,

and

FT =
〈
x, y; c62122c2112c2111

〉
.

Remark. Neither FS nor FT is isomorphic to F . On the one hand, γ4F is

free abelian of rank 3, freely generated by {c2122, c2112, c2111}. On the other,

both γ4FS and γ4FT are free abelian of rank 2: it is easy to show that γ4FS

is freely generated by {c32122c2112c2111, c2122} and FT is freely generated by

{c−6
2122c2112, c2122}.

Consider the symmetric bilinear forms

f̂S, f̂T : F/F ′ × F/F ′ → Z

associated to FS and FT respectively.

Let MS = (mij) and MT = (m′ij) be the symmetric matrices of these

forms with respect to the ordered basis {x, y} of the Z-module F/F ′. MS is

found as follows:

• m11 = f̂S(x, x) = fS(y, x, x, x) = 2

• m12 = f̂S(x, y) = fS(y, x, x, y) = 1

64



• m21 = f̂S(y, x) = fS(y, x, y, x) = fS(y, x, x, y) = 1 (see lemma 3.1.2)

• m22 = f̂S(y, y) = fS(y, x, y, y) = 3.

Similarly, we find MT :

• m′11 = f̂T (x, x) = fT (y, x, x, x) = 1

• m′12 = f̂T (x, y) = fT (y, x, x, y) = 1

• m′21 = f̂T (y, x) = fT (y, x, y, x) = fT (y, x, x, y) = 1

• m′22 = f̂T (y, y) = fT (y, x, y, y) = 6.

In an attempt to diagonalize each matrix over the integers, we perform

row/column elementary operations:

1. MS|I =

 2 1

1 3

∣∣∣∣∣∣ 1 0

0 1

→
 2 −2

1 −6

∣∣∣∣∣∣ 1 0

0 1

→ 2 −2

−2 12

∣∣∣∣∣∣ 1 0

0 −2

→
 2 0

−2 10

∣∣∣∣∣∣ 1 0

0 −2

→ 2 0

0 10

∣∣∣∣∣∣ 1 0

1 −2

 = D|Qt where QtMSQ = D.

Since detQ = −2, a unit in Z(p) for p 6= 2, this diagonalization process

is valid for p 6= 2. It is not valid over Z(2) or over the integers.

2. MT |I =

 1 1

1 6

∣∣∣∣∣∣ 1 0

0 1

→
 1 0

1 5

∣∣∣∣∣∣ 1 0

0 1

→ 1 0

0 5

∣∣∣∣∣∣ 1 0

−1 1

 = D|Qt where QtMTQ = D. In this case detQ =

1, so this diagonalization process is valid over Z, as well as over Z(p)

for every p.
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Lemma 3.2.1. The matrices

 1 1

1 6

 and

 2 1

1 3

 are not weakly equiv-

alent over Z.

Proof. By the above diagonalization process it suffices to show that

 2 1

1 3


and

 1 0

0 5

 are not weakly equivalent over the integers. Suppose first that

there is a matrix M =

 a b

c d

 with detM = 1 and such that

 2 1

1 3

 = M t

 1 0

0 5

M.

This gives

a2 + 5b2 = 3,

an equation with no integer solutions.

To show that −

 1 1

1 6

 and

 2 1

1 3

 are not equivalent either, we

diagonalize the first matrix to get

 −1 0

0 −5

 and assume that

 2 1

1 3

 = M t

 −1 0

0 −5

M.

This yields

−b2 − 5d2 = 3.

Again, an impossible situation. This completes the proof.
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Lemma 3.2.2. The matrices

 1 1

1 6

 and

 2 1

1 3

 are weakly p-equivalent

for all p.

Proof. Assume first that p 6= 2. As we did in the computations above, we

find that

 2 1

1 3

 ∼
 2 0

0 10

 and

 1 1

1 6

 ∼
 1 0

0 5

 , and these

are valid (strong) p-equivalences for all p 6= 2. Since 2 0

0 10

 = 2

 1 0

0 5


and 2 is a unit in Z(p), the lemma follows in this case.

It suffices to prove now that

 2 1

1 3

 and

 1 0

0 5

 are weakly 2-

equivalent. By lemma 3.1.5 the search for an invertible “transition” matrix

Q and a unit µ of Z(2) can be restricted to the integers. Let Q =

 a b

c d


be an integral matrix with odd determinant and µ and odd integer. Consider

the integral matrix equation a c

b d

 1 0

0 5

 a b

c d

 = µ

 2 1

1 3

 .

This gives:

a2 + 5c2 = 2µ

ab+ 5cd = µ

b2 + 5d2 = 3µ.

The first of these equations has no solutions for µ = 1 so we try the next odd

number µ = 3 (notice that µ can never be negative). For this value of µ we
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get

a2 + 5c2 = 6

ab+ 5cd = 3

b2 + 5d2 = 9.

The first equation is satisfied by c = 1 = a and the third by d = 0, b = 3.

These values also satisfy the second equation. Put

M =

 1 3

1 0

 .

Since detM = −3, M is invertible over Z(2) and

M t

 1 0

0 5

M = 3

 2 1

1 3

 .

This completes the proof.

Corollary 3.2.3. Remeslennikov’s groups FS and FT are not isomorphic but

they lie in the same localization genus.

In fact, if two integral symmetric matrices are non-singular (by this we

mean that they have non-zero determinant, although they need not be in-

vertible over Z), they are equivalent over the p-local integers if and only if

they are equivalent over the p-adic integers (See [3] and reference [2] there).

Hence, we have also shown that the groups FS and FT lie in the same com-

pletion genus.
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3.3 IA-automorphisms of Remeslennikov’s groups

Consider again the class 4 nilpotent groups

F = 〈x, y〉 ,

FS =
〈
x, y; c32122c2112c

2
2111

〉
,

and

FT =
〈
x, y; c62122c2112c2111

〉
.

We record some facts about their groups of IA-automorphisms. We need the

following lemma:

Lemma 3.3.1. FS and FT are torsion-free.

Proof. We first show that that F
′
S and FS/F

′
S are torsion-free. Let

x = ca21c
b
212c

c
211c

d
2122c

e
2112c

f
2111 ∈ F

′

S

and suppose that there exists a positive integer n with

xn = cna21 c
nb
212c

nc
211c

nd
2122c

ne
2112c

nf
2111 = 1 ∈ F ′S.

Then there exists an integer ω such that

cna21 c
nb
212c

nc
211c

nd
2122c

ne
2112c

nf
2111 = c3ω2122c

ω
2112c

2ω
2111 ∈ F.

From this we see that a = b = c = 0, d = 3e, and f = 2e. Hence

x = c3e2122c
e
2112c

2e
2111 = 1 ∈ FS.

This proves that F
′
S is torsion-free.
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Next observe that FS/F
′
S is free abelian of rank 2, so it is torsion-free.

Finally let x ∈ FS such that xn = 1 ∈ FS for some positive n. Then

xn = 1 ∈ FS/F
′
S. As FS/F

′
S is torsion-free, x = 1 ∈ FS/F

′
S so that x ∈ F ′S.

Since F
′
S is torsion-free, this implies that x = 1, completing the argument

that FS is torsion-free.

For FT it suffices to show that F
′
T is torsion-free; the rest of the argument

is the same. To see this let

x = ca21c
b
212c

c
211c

d
2122c

e
2112c

f
2111 ∈ F

′

T ,

and assume that xn = 1 with n 6= 0. Then, there exists an integer ω such

that

ca21c
b
212c

c
211c

d
2122c

e
2112c

f
2111 = c6ω2122c

ω
2112c

ω
2111 ∈ F.

By equating exponents we get a = b = c = 0, d = 6e, and f = e. Hence

x = c6e2122c
e
2112c

e
2111 = 1 ∈ F ′T .

This completes the proof.

Let G denote FS or FT . By corollary 1.2.11, IA(G) is torsion-free and

nilpotent of class 3. Since nilpotent groups of class 3 are always metabelian,

so is IA(G). As a corollary of theorem 2.3.3 we have:

Lemma 3.3.2. IA(FS) and IA(FT ) are finitely generated, torsion-free, metabelian,

and nilpotent of class 3, which lie in the same localization genus.

Using computational techniques based on our δ-sequences from chapter

2, it is possible (but tedious) to find normal forms for IA(FS) and IA(FT )

involving, in each case, generators of the form

ϕi(x) = xci, ϕi(y) = y
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and

ϕj(x) = x, ϕj(y) = ycj;

where ci and cj range over the free generators of the free abelian groups F
′
S

and F
′
T , respectively. These normal forms lead to presentations for IA(FS)

and IA(FT ). Even though it is still unclear from this whether IA(FS) and

IA(FT ) are isomorphic or not, our results certainly imply that IA(FS) and

IA(FT ) lie in the same localization genus.
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