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A bstract

Path In teg ra l Form ulation of F ield  T heories w ith  S eco n d -C lass  C o n stra in ts

by

Pavao Senjanovic 

A dviser: P ro fesso r Bunji Sakita

F ad d eev 's  H am iltonian  p a th  in teg ra l m ethod for s in g u la r Lagran- 

g ian s  is  g en e ra lized  to  th e  c a s e  w hen s e c o n d -c la s s  c o n s tra in ts  a p ­

p ear in  the  th eo ry . The g en era l form alism  is  th en  ap p lied  to  a  v a ri­

e ty  of problem s: q u an tiza tio n  of f ir s t-o rd e r  fie ld  th e o r ie s , q u a n tiz a ­

tion  of the  m ass iv e  Y ang-M ills f ie ld  th eo ry , lig h t-c o n e  q u an tiza tio n  

of the  s e lf - in te ra c tin g  s c a la r  fie ld  theo ry  and q u an tiza tio n  of a  lo ca l 

fie ld  th eo ry  of m agnetic m onopoles.
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In troduction

The f ir s t  sy s tem a tic  s tudy  of fie ld  th eo rie s  w ith  c o n s tra in ts  w as done 
1 2  3by D irac ' ' . He show ed th a t th e  a lg eb ra  of Poisson b rack e ts  determ ines a 

d iv is io n  of c o n s tra in ts  in to  tw o c la s s e s :  th e  s o -c a lle d  f ir s t  c la s s  co n s tra in ts  

and  second  c la s s  o n e s . The f ir s t  c la s s  c o n s tra in ts  a re  th o se  th a t have zero  

P o isson  b rack e ts  w ith  a l l  o th e r c o n s tra in ts  in  the su b sp ace  of p hase  sp ace  in 

w hich  co n s tra in ts  hold; c o n s tra in ts  w hich are  no t f ir s t  c la s s  a re  by d e fin itio n  

second  c l a s s .  D irac a ls o  show ed how to  redefine  the  P o isson  b rack e ts  in  such  

a w ay th a t  a l l  new  redefined  b rack e ts  ( so -c a lle d  D irac b rack e ts) of second  c la s s  

c o n s tra in ts  a re  z e ro . As we s h a ll  s e e ,  th is  is  indeed  n e c e s sa ry  if  tra n s itio n  to  

quantum  theo ry  is  to  be m ad e .

The q u an tiza tio n  of fie ld  th e o rie s  w ith  c o n s tra in ts  b a se d  on D ira c 's  form -
4

a lism  and using  th e  method of fu n c tio n a l in teg ra tio n  w as perform ed by Faddeev . 

Faddeev re s tr ic te d  h is  d is c u s s io n  to  th e  c a s e  w hen only  f i r s t - c la s s  c o n s tra in ts  

a re  p re se n t. We s h a ll  see  th a t th e re  are  s e v e ra l in te re s tin g  exam ples of fie ld  

th e o r ie s  w hich co n ta in  s e c o n d -c la s s  c o n s tra in ts ,  so  th a t  a g e n e ra liza tio n  of 

F ad d eev 's  method to  th e se  c a s e s  is  w arran ted . The developm ent of th is  g en er­

a liz a tio n  and  i ts  a p p lic a tio n s  are  the  m ain concern  of th is  th e s i s .

The th e s is  w ill be o rgan ized  a s  fo llow s: In ch ap te r I, we sh a ll p resen t 

th e  g en era l th eo ry . This ch ap te r  w ill c o n s is t  of th ree  s e c t io n s .  In S ection  I ,  

we s h a ll  rev iew  D irac 's  m ethod. In S ection  II , we s h a ll  g iv e  a sho rt d e sc rip ­

tio n  of F ad d eev 's  m ethod. In Section  III , a g en e ra liza tio n  of F ad d eev 's  method 

to  th e  c a s e  w hen second  c la s s  c o n s tra in ts  a re  p re se n t w ill be fo rm ulated . C hap­

te r  II w ill co n ta in  v ario u s  ap p lic a tio n s  of th e  g en era l form alism  developed  in 

C hap ter I .

In S ection  I I - 1 , we sh a ll  undertake  the  q u an tiza tio n  of two f ie ld  th eo r­

ie s  in  the  f irs t  o rder form ulation: th e  s e lf - in te ra c tin g  s c a la r  theo ry  and  the
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free m a ss le s s  v ec to r  f ie ld  th eo ry . The nex t tw o se c tio n s  ( I I .2 and  II. 3) w ill 

be devo ted  to  th e  q u an tiza tio n  of th e  s e lf - in te ra c tin g  Y ang-M ills fie ld  theory  

in  the  f irs t-o rd e r  form ulation and  th e  q u an tiza tio n  of the  m assiv e  Y ang-M ills 

fie ld  theory  in  the s tan d ard  form ulation .

In Section  I I . 4 , the  lig h t-co n e  q u an tiza tio n  of the  se lf - in te ra c tin g  s c a la r  

fie ld  theo ry  w ill be perform ed u sin g  our m ethod. In Section  I I . 5, we sh a ll 

quan tize  a  lo ca l f ie ld  theo ry  of m agnetic  m onopo les. In bo th  Section  I I . 4 and 

S ection  II. 5, s e c o n d -c la s s  c o n s tra in ts  w ill ap p e a r  n a tu ra lly .

S ection  I I . 6 w ill be devo ted  to  a  co n c lu s io n .
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C hapter I . G eneral Theory

I . Dirac*s theory  of sy stem s w ith  co n s tra in ts

a .  S ingular Lagrangians

Given a m echan ica l system  ( of N d eg rees  of freedom  ) w ith  a Lagran-

g ian  L,

L = L (f, f ) (1.1)

one d e fin es  th e  con jugate  momenta by

7) I
P-n “ T ( ' « = ) ,    N)  (1.2)
r

W e s h a ll  dw ell on th e  c a s e  w hen th e  e x p re ss io n s  are  no t in d e -
npenden t functions of qn . E lim inating the q 's  one o b ta in s  a c e rta in  number 

of independen t c o n s tra in ts

<t>m ( t ) p )  =  0  . (1.3)

Thus, some of the  p*s are  not in d ep en d en t. Solving (1.3) one w rite s

P<£ =  ' h ( t ) p i )  ( *  =- I, 2 . . - .  A )  t (1.4)

w here th e  p / s  ( i = l ,  . . . r ,  r+k=N ) a re  in d ep en d en t.

B ecause we are  dea lin g  w ith  a s in g u la r L agrangian, i t  is  im possib le
•  •

to  so lve  (1.2) for a l l  th e  q*s . H ow ever, if  we tak e  some of the q 's  to  be

independen t ( and undeterm ined ) [w e  sh a ll tak e  th o se  to  be q ( a=  1, . .  . k ) l ,a
we can  u se  Eq. (1.2) to  so lve  fo r the  rem aining q 's :

f t  ~~ X .' (  £ ; } )  ( -t =  1^2,...'*' j Y  =. fZ-J. ) . (1.5)

E qs. (1.4) and  (1.5) to g e th e r have the  sam e co n ten t a s  Eq. (1 .2).

- 8 -



b . Equations of m otion

D efine th e  H am iltonian by

H =  =  W ( t , p i , U )  . (1.6)

In v iew  of E qs. (1.4) and  (1.5) the  H am iltonian defined  by (1.6) can  be co n -
*

s id e red  in  g en era l a s  a  function  of q , , qQ . H ow ever, b ecau se  of the

natu re  of the Legendre transfo rm ation  of (1.6) and  in  v iew  of (1 .2), i t  does

not depend on q , w hich  c an  be ch eck ed  d ire c tly  a

14" = t  fc&i _ 14 - 2A _ n
I t  r  d i  d t ~ °  •

H am ilto n 's  p rinc ip le

J~ f  L <At -  0  (1.7)

can  be w ritten  a s

S t i ( h W ) ** - 0 (I-8)
w ith  th e  c o n s tra in ts

■ (i.3 )

U sing th e  Lagrange m u ltip lie r m ethod, one is  led  to  the  eq u a tio n s  of motion

- —  +■

3A- ~ (1.9)

w here vm a re  the  m u ltip lie rs , w hich a re  a rb itra ry  a t  th is  s ta g e . These e q u a -

- 9 -



t io n s ,  to g e th e r w ith  the  co n s tra in ts  (1.3) form a com plete s e t  of eq u a tio n s  of 

m otion .

Before p roceed ing  w ith  the  developm ent of the  form alism , we sh a ll 

in troduce se v e ra l im portant d e f in itio n s . F irs t, le t  us  define  the  p hase  sp ace  

T a s  a  s e t  w hose e lem en ts  a re  ordered 2 N -tu p le s  ( q j , . . .  q ^ ,  p^ . . .  pN ) . 

Then, in troduce the  subm anifold M in r / w hich  by d e fin itio n  is  the su b se t- 

of r for w hich E qs. (1.3) h o ld . N ote th a t E qs. (1.9) hold on ly  in  M , w hich 

is  c le a r  from the  w ay th ey  w ere d eriv ed .

The P o isson  b rack e t of two functions f and  g of the  q 's  and p 's  

is  defined  by

It is  co n v en ien t to  in troduce th e  " to ta l"  H am iltonian  H in  the fo l­

low ing way:

H = w  + , a.io)
It is  th en  e a s y  to  se e  th a t E qs. (1.9) can  be tra n sc rib ed  in to  the  form

w here our no ta tio n  is  in tended  to  em phasize  th a t th o se  eq u a tio n s  hold in  "M . 

For a  function  g o f pn and qn we find the  eq u a tio n  of m otion

, d . i2 )
h h

H en ce , H a s  g iven  by (1 .10) i s  the  g en era to r of tim e tra n s la tio n .



c .  F ir s t-c la s s  and  s e c o n d -c la s s  co n s tra in ts

The c o n s tra in ts  f6 m ust rem ain zero  a t  a l l  tim e s , w hich im p lies:

• k l  =  + . « • » >n M h
Excluding th e  c a se  w hen th o se  eq u a tio n s  are  co n trad ic to ry  e ith e r  

among th em se lv es  or w ith  Eqn. (1.3) a s  u n in te re s tin g , th o se  eq u a tio n s  may 

be (a) a  tr iv ia l id e n tity , (b) independen t of the  v 's  , (c) may involve some 

of th e  v 's  .

In c a s e  th ey  are  of type (b), th ey  rep re sen t new c o n s tra in ts  (c a ll­

ed  seco n d ary  co n s tra in ts )  and may be w ritten  in  the  form

h ( t , t > )  =  0  . a .  i «

O bv iously , we can  con tinue th is  p ro cess  of g enera ting  seco n d ary  

c o n s tra in ts  u n til we arrive  a t  th e  po in t w hen no more independen t eq u a tio n s  of 

type (b) a re  p roduced . After e lim inating  a s  many v 's  a s  p o ss ib le  from (c) 

type e q u a tio n s , we can  u se  the  rem aining eq u a tio n s  to  so lve  for some (or a il) 

of the  v 's  .

Let u s  deno te  by M the su b sp ace  of p h ase  sp ace  in  w hich a l l  con ­

s tra in ts  hold ( i . e .  both prim ary and  seco n d ary  ones) . We sh a ll assu m e th e  

J rre d u c ib ility  of a l l  co n s tra in ts  w ith  re sp e c t to  M , i . e .  a function  of q 's  

and p 's  v an ish ing  in  M w ill be e x p re ss ib le  a s  a lin e a r  function  of the jz('s 

and  the  p 's  w ith  functions of q 's  and  p 's  a s  c o e f f ic ie n ts .  We th u s  have 

in  p a rtic u la r

H  =  H i  ( t , / * )  +- fjL % ( % ) j ° )  , (1.15)
M

w here we have deno ted  by a common sym bol (q ,p) a l l  the  c o n s tra in ts ,  i . e .
X/

( ^ J -  < ( * „ > .  ( P i ) ) •
-1 1 -



By d e fin itio n , a f i r s t - c la s s  c o n s tra in t p a  (secondary  or primary)

s a t is f ie s

{ r \
M

(1.16)

for a l l  i|r. , and th u s  in  view  of our irred u c ib ility  h y p o th esisXj

(1.17)

We c a ll  a  co n s tra in t Qa second  c la s s  if  i t  is  no t f i r s t - c l a s s .  Performing

su itab le  lin e a r  transfo rm ations on the  c o n s tra in ts ,  i . e .  choosing  new con­

s tra in ts  w hich  are  lin e a r  fun c tio n s  of the old  o n es  w ith  functions of q ’s and 

p 's  a s  c o e ff ic ie n ts , le t  us  bring a s  m any i)f's a s  p o ss ib le  in to  the  f i r s t - c l a s s .  

We then  cla im  th a t the follow ing theorem  ho lds:

Theorem

w here we have denoted  the  rem aining c o n s tra in ts  ( a l l  s e c o n d -c la s s  ) by 0 , .
a

To prove (1.18) assum e the  co n tra ry , i . e .

Then th e re  e x is ts  a  s e t  of fu n c tio n s  X _ , not a l l  eq u a l to  ze ro , su ch  th a t
a

so  \_0_  is f i r s t - c l a s s ,  con trary  to  the  assu m p tio n  th a t  we have put a s  many
cl a

c o n s tra in ts  a s  p o ss ib le  in to  th e  f ir s t  c l a s s .  This c o n s titu te s  th e  proof o f the

(1.18)

for a l l  b

and thus

>

th eo rem .
- 1 2 -



C orollary  1

Eq. (1.18) Im plies th a t the num ber o f s e c o n d -c la s s  c o n s tra in ts  for a m echan­

ic a l  sy stem  is  e v e n , s in ce  { 0a , 6^ } is  an  an tisym m etric  m atrix .

C oro llary  2 « -

All th o se  v 's  in  (1.15) w hich m ultip ly  s e c o n d -c la s s  co n s tra in ts  ( le t us  c a ll  
( A )them  v^ u ) a re  determ ined  in  M .

Ind eed , we have a  s e t  of c o n s is te n c y  co n d itio n s

and we can  so lve  for vj^ ®  ̂I in  v iew  of (1 .18).
°  M

d . D irac b rack e ts  and  q u an tiza tio n

A naive  tra n s itio n  to  quantum  theory  w ould c o n s is t  in  im posing the 

c o n s tra in ts  a s  co n d itio n s  on the  quantum s ta te  v ec to rs  and  rep lac in g  s tandard  

P o isson  b ra c k e ts  by " -  i " tim es com m utators. But th en  if

^ ! a >  =  0  =  0

we find

L ' t i / t ]  1 * 7  =  0

w hich co rresp o n d s to  a c la s s ic a l  eq uation

=  o

Thus, for the naive  p a s sa g e  to  quantum th eo ry  to  be p o s s ib le , a l l  

c o n s tra in ts  m ust be f i r s t - c l a s s .  In c a s e  a  m ech an ica l sy stem  h as  se co n d - 

c la s s  c o n s tra in ts ,  the rem edy c o n s is ts  in  redefin ing  the P o isson  b rack e ts  in 

a su ita b le  m anner:

0 , 7 ) * -  0 , 7 )  '  ( (I. 20)

-1 3 -



w here

Cai l@b, =  4 c (1. 21)

[§ , T) } is  the  new  b rac k e t, w hile the  b rack e ts  on the  rig h t-h an d  

s id e  a re  s tan d ard  P o isson  b ra c k e ts . It can  be show n th a t the  new b rack e ts  

have a l l  the  s tan d a rd  p ro p erties  of P o isson  b ra c k e ts .

As a co n seq u en ce  of the  d e fin itio n s  (1.20) and  (1.21), we find

I  f, 4  } *= 0 , j " {$1 Cic { 9‘> =

=  = o  .

(1. 22)

The p a ssa g e  to  quantum theo ry  can  now be made by rep lac in g  th e  new b rack e ts  

by i " tim es com m utators. Then, in  quantum th eo ry , we can  tak e  * 0
a

to  hold  a s  o pera to r eq u a tio n s  w ithout any  co n trad ic tio n , s in ce  in  view  of (1 .22), 

[ 8  ̂ > § ] = 0 for an y  opera to r § . The c o n s is te n c y  cond ition  (1.19) im plies
a

w hich  m eans th a t th e  new b rack e t may be u sed  to  g ive the  H am iltonian eq u a ­

tio n s  of m otion.

The g en e ra liz a tio n  of th is  form alism  to  fie ld  th eo ry , i . e .  a  m echan­

ic a l  system  w ith  a co n tin u o u sly  in fin ite  num ber of d eg rees  of freedom , p re­

s e n ts  no d iff ic u lty .
-1 4 -



II. The Feyman path  in teg ra l for s in g u la r  Lagrangians w ith  f i r s t - c la s s
4c o n s tra in ts  only  (Faddeev1 s method)

a .  In troduction

As d is c u s se d  in  S ec tio n  I , g iven  a  c e r ta in  Lagrangian, i t  can  h ap ­

pen th a t th e  eq u a tio n s

p = \L (t,11
' *  3  i

can n o t be so lved  for a l l  of the q 's  . As a  r e s u lt  ( d ire c t or in d irec t ) , the q 's  

and the  p 's  a re  co n s tra in ed :

( ! , ! > )  =  0  , ( i i .z )

The c o n s tra in ts  (II. 2) a re  e ith e r  prim ary or secondary ; in  th is  se c tio n  we sh a ll 

lim it o u rse lv e s  to  the  c a s e  w hen th ere  a re  no s e c o n d -c la s s  on es  among them . 

Thus,

ai>
(II. 3)

In v iew  of the  d is c u s s io n  in  S ection  I , we m ust have

{  r j  =  C \  V ’i  } (n .4 )

w here we have changed  th e  n o ta tio n  som ew hat: H now s tan d s  for H | . Note
M

th a t the  hypersu rface  M in  the phase  sp ace  r  is  of d im ension  2N -m .

b . O b serv ab les  and  gauge co nd itions

Only th o se  functions on M a re  o b serv ab le  q u an titie s  w hose eq u a ­

tio n s  of motion co n ta in  no a rb itra r in e s s . The eq u a tio n  of m otion of a  q u an tity  

f is
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1 M M M M (II. 5)

This w ill be unique in  M if

{ V’"}/ = o
h

(II. 6)

or eq u iv a len tly

I t , * * }  =  W * (II. 7)

The function  f occuring  in  (II. 5 ), ( I I .6) and  (II. 7) is  an  a rb itra ry

co n tin u a tio n  in  r  of a function  defined  on M . Since the  c o n s tra in ts  (II. 2) 

a re  irred u c ib le  by  assu m p tio n , an y  two su ch  co n tin u a tio n s  w ill d iffe r by a 

l in e a r  com bination  of the  c o n s tra in ts  and E qs. ( I I .6) and (II. 7) a re  in d ep en ­

d en t of th e  co n tin u a tio n . Equations ( I I .6) c an  be v iew ed a s  a  s e t  of m f i r s t -  

o rder d iffe re n tia l eq u a tio n s  on M , w ith  E q s. ( I I .3) serv ing  a s  in te g ra b ility  

c o n d itio n s . To se e  th a t ,  le t  u s  w rite  Eq. ( I I .6) in  term s of a  noncanon ica l 

system  of v a r ia b le s  ( <p , 7] , q^ , p^ ) . U sing (II. 3) we ob ta in

th is  s e n se  th a t (II. 3) serve  a s  in te g ra b ility  co n d itio n s  for ( I I .6); if  (II. 3) did 

no t h o ld , we w ould o b ta in  a s e t  of ra th e r  n o nstandard  d iffe re n tia l eq u a tio n s  

w ith  th e  nonm anageable f irs t  term :

(II. 8)

k k
w here X = ( 7), q , p ) and

(II. 9)

The term co n ta in in g  v a n ish e s  on acco u n t of (II. 3 ). It is  in
b<Pa
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Since f s a t is f ie s  a  s e t  of m f ir s t-o rd e r  lin ea r  d iffe re n tia l e q u a tio n s , i t  is  

com ple te ly  determ ined  by i ts  v a lu e s  in  th e  subm anifold of the in itia l  co n d i­

tio n s  for ( I I .6) (or ( I I .8) ) . This subm anifold is  of d im ension  (2N-m)-m = 

2(N -m ). We can  ch o o se  th is  subm anifold  to  be th e  su rface  r  ( r  C  M ), 

d efined  by th e  eq u a tio n s

X c ,  ( h f i  ~  # 7  , (11. 11)

It is  e s s e n t ia l  for la te r  developm ents to  assu m e th a t

=  0  . (H .12)

In order to  a ch iev e  a  can o n ic a l d e sc rip tio n  in r*, i t  is  n e c e s sa ry  to  req u ire , 

a s  w ill be se e n  below  (see  Eq. (11.14) )

\l { X A )^ k}U  ¥> o  , (n .1 3 )

c .  Independent ca n o n ica l v a r ia b le s

If (11.12) h o ld s , we can  perform a can o n ic a l transfo rm ation  in  r  

and  make a tra n s itio n  to  new v a r ia b le s  in  w hich

X * ( t ,  t>) =  A
In th e se  new  v a r ia b le s , (11.13) becom es

M H ^ j J = h °  ' c i .1 4 )

w here qa a re  the  co o rd in a tes  con ju g a te  to  p . Thus E qs. ( I I .2) can  be s o lv -
c l ^ed  for q . H en ce , r  is  defined  in  r  by



w here

' / V T ;  0 }  f  , [ > * )  =  0

and q and p a re  the  rem aining can o n ica l v a riab le s  w hich a c t  a s  in d ep en -
*

d en t v a r ia b le s  on r  .
4

One can  show th a t

, 1 , 1 1 .  U '  W - W  u
t  T i ? j  ' I b f

*

M

w here

W  3 'f * ? '  ( n - l s )

o , V > t > * )  ( n .1 6 ,

*  *  *
Thus q and  p a re  can o n ic a l v a r ia b le s  in r  .

d . P assag e  to  quantum  theory

We now prove th e  c e n tra l re su lt  of th is  sec tio n : For th e  m echan ical

system  d esc rib ed  h ith e rto , th e  ex p re ss io n  for the  m atrix elem en t of the  S -

m atrix  is

< o u t/s  /  ^ f e x <'_/ (fa i* - H)dt} ITJ/i(?(*),/>(t>) _ (II_, 7)

w here the  m easure of in teg ra tio n  is  g iven  by

, ( n . i 8 .

The tra je c to r ie s  q(t) co in c id e  a s  t  -» ± « w ith the  so lu tio n s  q^n (t) 

and  qQut(t) of the  eq u a tio n s  d esc rib in g  the  asy m p to tic  m otion.

The proof of the  theorem  goes a s  fo llow s: Let us perform a can o n ic ­

a l  transfo rm ation  to  a ch iev e  a  can o n ica l d esc rip tio n  w ith  the  co o rd in a tes  qa ,
cl “ft  ^

p , q , p a s  d is c u s s e d  a b o v e . The fac to r trdpj dq is  in v a rian t under a
- 18-



ca n o n ica l tran sfo rm atio n . In ad d itio n , we have , _
oO

f  ( p < v  f  (fic T - / V M  + (p .- I f . - # )  I  .
- ? e  ° -CO -<*>

§ is  th e  gen era tin g  function  for th e  can o n ica l tran sfo rm atio n , in th e  sen se  

th a t

/£« = Jib- = - ?-£
d  * 3 /SI- > ^

In fie ld  th eo ry  the  in te re s tin g  c an o n ic a l transfo rm ations are  lin e a r­

ized  asy m p to tica lly  a s  t  ■+ ± « , and  then  i t  can  be show n th a t the  change is  

eq u iv a len t to  a u n ita ry  transfo rm ation  in  the o p era to r form alism . Thus th is  

change produces no change in  the  m atrix e lem en t ( out | S | in ) .

In the new can o n ica l re p re se n ta tio n  the m easure becom es:

tt X p.) u r )  m u  //

=  F S ( w S ( t a-  ■
o.

(11.19)

After a tr iv ia l  in teg ra tio n  over pa and  qa the  in teg ra l ta k e s  the
a

form

Htx f  ( i  f  (  Z  f  *- H /7V/?Vf * ' (II>20)
^o O

and th is  is  indeed  th e  fu n c tio n a l in teg ra l re p re se n ta tio n  for ( out |S  | in  ) in
ic ★

term s of an  in teg ra tio n  over the  independen t v a r ia b le s  q and p . This co n ­

s ti tu te s  the probf o f our a s s e r t io n .

ei. Independence of the  ch o ice  of gauge co n d itio n s

The in teg ra l (II.I<7)is independen t of the ch o ice  of . In d eed , for

an  in fin ite s im a l change in  x a  • we e a s i ly  find

- 1 9 -



f t * -  l $ , x * s  +
(1 1 . 2 1 )

w here $ = h w and th e  h 's  a re  the  so lu tio n  of the  system  of eq u a tio n s
a a

w hich  by (11.13) h as  a unique so lu tio n .

The second  term is  of no re le v a n ce , b ecau se  of the f i r s t - c la s s  n a -
b 3tu re  of th e  <p 's  and  the  fac to rs  6 (<p ) in  the  in te g ra l, and the f irs t  term

re p re se n ts  a c a n o n ic a l tran sfo rm atio n . In th is  can o n ica l transform ation :

f V *  = { = l h h V’4,rj = A \  ' f h , (n.23)
SO

j r —» x  + i x , ^

Jf j ( V a) (/+ fy A)~' w  <f(vy
A-

djt i t  li { X ^  V * / /  (I-I- h A )  M I X ,  i - J X * ,  f 6} / /  _

(11.24)

We th u s  see  th a t  th e  in teg ra l (11.17) is  independen t of th e  ch o ice  of x a . 

f .  Exam ple: Q u an tiza tio n  of the  e lec tro m ag n e tic  fie ld

We s h a ll  i l lu s tra te  the g en era l form alism  developed  in  th is  sec tio n  

by app ly ing  i t  to  a p a rtic u la r  exam ple: the q u an tiza tio n  of the  free e le c tro ­

m agnetic  f ie ld . The in c lu s io n  of in te ra c tio n s  is  ra th e r tr iv ia l ,  so  we tak e  the  

free fie ld  in  o rder to  c e n te r  our a tte n tio n  on the  e s s e n t ia l s .  The Lagrangian 

d e n s itv  is  th u s:
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Therefore

? A „  « 1 . 26)

so  we have th e  f ir s t  c o n s tra in t

k f  _  (11.27)

Follow ing the  form alism  d is c u s s e d  in  Section I ,  we find the  Ham il­

ton ian  d e n s ity  "

f l 11 ft* + T  . (11.28)

In Eq. (11.28) ir1 is  the  momentum con jugate  to  A. , H. = CijJL > anci

u is  th e  m u ltip lie r for the  c o n s tra in t (11.2 7). Im posing the c o n s is te n c y  co n ­

d ition

V j i  ~  (  V! / / ] /  =■ 0  (11.29)
M FS

we find a seco n d ary  c o n s tra in t

*£ =  ^  r  (n .30)

No new c o n s tra in t can  be produced , s in ce  <p? | = 0 is  s a tis f ie d  tr iv ia lly  in
M

view  of

{ % (t)j — 0 , (11.31)

a s  c an  be ch eck ed  e a s i ly ,  Since

( t  ( ? ) ,  *  ( p )  =  o

{*,(*),*,(&} = o
I  % ( & ,  *1 ( f )  =  0  > <n- 32)
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our co n s tra in ts  are  f ir s t  c l a s s .  W ith th e se  c o n s tra in ts  we c an  a s s o c ia te  the 

gauge co n d itio n s

r, =  a0
*  =  ‘a , - 4  ■ ( n - 3 3 )

This ch o ice  fu llf i l ls  th e  co n d itio n s  (11.12) and  (11.13) and m oreover, in  our 

c a s e

M r  II — M r  V , (n-34)

The determ inan t in  (11.34) is  to  be understood  a s  a fu n ctio n a l de te rm in an t.

The S-m atrix  e lem en t (11.17), (adm itted ly  tr iv ia l  in  our c a s e ,  s in c e  we are  

d ea lin g  w ith  a free  f ie ld , but n e v e r th e le ss  in te re s tin g  in  v iew  of a n  e a s y  e x ­

te n s io n  to  the  in te ra c tin g  c a s e ) ,  therefo re  re a d s :

< M l s i u , >  =  f i x ?  /  <  /  -  # ) J ' x }  -

J l T  (A0) S ( \ A J  S O i T )  t W l  M T  
l t , t

» IT 3  A V'1 )'t

(11.35)

w here 7 (  is  g iven  by (11.28). One can  now f ir s t  in teg ra te  tr iv ia lly  over Aq 

and tr °  and  th en  w rite

]T f e A  £Xf> { i f y HX  . (11.36)



After a sim ple G au ssian  in teg ra tio n  over ir1 , one reco v ers  the e x p re ss io n

K f f w t  I f  I u / >  *  J I *  £  f 0 i A i ) J T 2 j p . d t f V  t (IL37)

w here £  is  g iven  by (11.25).

The g en e ra liz a tio n  of (11.37) to  th e  c a s e  o f quantum elec trodynam ics

read s

< < * * / *  u *  > = f a w p t  u  r j m )  ®-m>

w here *£ is  the s tandard  Lagrangian in  quantum  e lec tro d y n am ics . This is  the

w ell known e x p re ss io n  for the m atrix e lem en t in  quantum  e lec tro d y n am ics in

the  Coulomb gauge

The Coulomb gauge cond ition  appearing  in (11.38) v io la te s  m an ifest

Lorentz in v a ria n c e , so  i t  is  d e s ira b le  to  make a tra n s itio n  to  the co v arian t

gauge d e sc rib ed  by th e  6 -fu n c tio n  6 ( 5  A ) . This can  be ach iev ed  m ost
H |x

e a s i ly  in  the follow ing w ay: f ir s t ,  one n o tes  th a t

M  0  f a l l  Tl' OMJ = i , (11.39)
^ i *

w hich is  seen  by  perform ing a  change of v a r ia b le s

J 1 -» jo !  =  H  -  O '' ^  Am (11.40)

and perform ing the  in teg ra tio n . Thus one can  in se r t  th e  le f t hand s id e  of (11.39) 

a s  a fa c to r  in  the  in teg ra l (11.38). After th a t one can  change v a riab le s  a s  fo l­

low s:
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4*

Since th e  Lagrangian in  (11.38) is  in v a rian t under th is  change of 

v a r ia b le s , and s in ce  the  Jacobian  of the transform ation  is  1, one is  im m ediate­

ly  led  to  the  ex p ress io n

< M l f l U i >  =  ^ ? 2 f T 2 A/ t M n l T f Q u/ % ) -

* J 2 A  w n f - f -  r s i ) < k t r .

(11.42)

The in teg ra tio n  over O can  now be performed tr iv ia l ly , producing the  d es ired  

f in a l e x p ress io n :

< « d i s i i « >  - £ * ( * 4*) '

X tx p  I ' i  }  f (11.43)

w hich com pletes  the  tra n s itio n  to  the  co v arian t g au g e .
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III. The G en era liza tio n  of F ad d eev 's  M ethod to  the  C ase  W hen Second C la ss

C o n stra in ts  are  P resen t

In th is  se c tio n  we sh a ll  g e n e ra lize  F ad d eev 's  re su lts  d esc rib ed  in  Sec­

tio n  II to  the  c a s e  when second  c la s s  c o n s tra in ts  are  p r e s e n t . Thus , in our 

c a s e  the  can o n ic a l v a ria b le s  do not vary  throughout the  p hase  sp ace  r  , but 

s a tis fy  the  eq u a tio n s

V *  ( % , f )  =  o  *  =  ' , ...........
( i n . i )

9x (hr) = 0 * • ! , *>-■2/>1
We s h a ll  assum e th a t the  <p's and  the  0 's  are  independen t and a ls o  irreduc­

ib le  in  the se n se  th a t an  a rb itra ry  function  h in  r  w hich v a n ish e s  in  the  su b ­

sp ace  M in  w hich E qs. (III. 1) hold is  a lin e a r  com bination  of the  c o n s tra in ts :

Q  ($ , /> )  Y a ( t , p )  +  djt  ( ( , / > )  . <i n - 2>

The <pa 's  a re  f ir s t  c la s s  c o n s tra in ts ,  i . e . :

I  = o
} M

j  e^)i =. o
' M (III. 3)

a
w hile  the  0 's  are  second  c la s s :

f t  0 . ( i n . 4)
A n J L  

)
h

T hus, in  v iew  of the  irred u c ib ility  h y p o th esis  we have

I  Y*}  = C Y r + J a Q*

e*j  =  4 ai e l

-2 5 -
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S e lf-c o n s is te n c y  req u ires

d  j l  /  -  0  f (I IL 6 )
ft

a s  we s h a ll  now prove; in d ee d , from ( I I I .5) we find im m ediately

{ d ‘, i r x t } =  d i k { e 5) d i} +  c sac b r + d s2 k e *  

? hx  e A

(HI. 7)

so  th a t  Jaco b i's  id e n tity  im plies

d i  I id*, 6*}! =  o
f t J M

and th u s ,  in  view  of ( II I .4)

x  M

w hich  w as to  be p roved .

The eq uation  of m otion for an  a rb itra ry  quan tity  f  is  found to  b e ,  in  

a m anner s im ila r to  th a t of Section II;

/ /  “  (III. 8)
' f t  M >

w here

H  =  H i  f t +  1 L Q *AJ l V  . (H I.9)
n

S e lf-c o n s is te n c y  req u ires
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r  I = ( i f * H} I -  o
H M (III. 10)

and

im ply

0 ^ 1  =. {  6 ^  j H )  I -  0  ' ( I I I . l l )

One can  e a s i ly  see  th a t ( I I I .5), (III. 10) and th e  irred u c ib ility  h y p o th esis

(Hi r j  =  c \ v \  d\  e* . ( m . 12)
u  m )

Eq. ( I I I . l l ) ,  in  tu rn , sim ply determ ines 'tf | in  v iew  of ( III .4 ).
M

Not a l l  q u an titie s  a re  ob serv ab le  (p h y sica l) , bu t only  th o se  w hose v a r i­

a tio n  in  tim e is  not a ffec ted  by the  a rb itra r in e ss  in  th e  ch o ice  of the v  's  .a
Thus for p h y s ica l q u a n titie s  we m ust im pose th e  requ irem ent th a t

- 1 + v a j y ^ } i  + v , l i e ' l l  ( n i . i 3 )
w t* n  m m

i s  a  un iquely  determ ined q u an tity , w hich im plies

{  |  I  =  0  (III. 14)
] h

or

a  a t (III. 15)

0
w hile  th e re  is  no su ch  re s tr ic tio n  on [ f ,  0 }[ in  v iew  of th e  co ro lla ry  p re ce d -

M
ing Eq. (1 .19). (See a ls o  th e  com m ent follow ing (III. 1 2 )) . C ondition ( III .6) p lay s  

an  im portant ro le  in  the  s e lf -c o n s is te n c y  of th o se  req u irem en ts . Indeed , from
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(III. 15), (III. 5) and the  Jacobi id en tity  one can  deduce

{  =  0  - (HI-16)

w h ich , in  v iew  of (III. 5), re su lts  in

d  I I  Q*)  I  ~  0  * ( I I I .17)
M M

so  th a t ,  if ( III .6) did not ho ld , we w ould have to  im pose { 0 ^ , f }| = 0 ,
M

w hich  is  u n a c c e p ta b le , a s  we sh a ll se e  below .

Note th a t  cond ition  (III. 15) is  independen t of th e  ch o ice  of con tin u atio n

of a function  f defined  in  M, th a t is  f | , in to  th e  w hole p hase  sp ace  r. In-
M

d eed , any  tw o such  co n tin u a tio n s  m ay d iffer only  by a lin ea r  com bination of con ­

s tra in ts  and th en  (III. 5) im plies  th a t (III. 15) ho ld s  for any  su ch  co n tin u a tio n .

U nlike (III. 15), the  co nd ition  { 0 ^ , f }| * 0 does not p o s s e s s  th is  fea tu re
M

and th u s  is  u n a c c e p ta b le .

E q s. (III. 14) c an  be thought of a s  a  s e t  of m f ir s t-o rd e r  d iffe ren tia l 

eq u a tio n s  on M w ith ( I I I .5) serv ing  a s  in te g ra b ility  c o n d itio n s . The proof of 

this statem ent is a  stra igh tforw ard  e x ten s io n  of th e  correspond ing  proof in  Sec­

tion  II. H ence the function  f  is  defined  un iquely  by i ts  v a lu e s  in  th e  subm ani­

fold o f the in i t ia l  co n d itio n s  of the eq u a tio n s  w hich is  of d im ension  (2N -m -2n)

-m  = 2 (N -n -m ) (2N = num ber of can o n ica l co o rd in a tes  and  momenta in  r ) .
*

We can  tak e  th is  subm anifold to  be a  su rface  r  in  M defined  by

I j - - ' W  . (111.18)

We s h a ll  c a l l  E qs. (III. 18) gauge c o n d itio n s . We th u s  see  th a t  gauge cond itions 

a re  a s so c ia te d  w ith  f ir s t  c la s s  c o n s tra in ts  o n ly , it i s  e s s e n t ia l  for la te r  develop-
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m ents to  requ ire  ( s e e  Eq. (III. 20) ):

M  I/ { Xa, t } l  4  o .

We now prove the  follow ing theorem .

Theorem ;

Let th e re  be g iven  a  m echan ica l sy stem  w ith  m f i r s t - c la s s  co n s tra in ts  and

2n s e c o n d -c la s s  c o n s tra in ts .  Let th e  f i r s t - c la s s  c o n s tra in ts  be c a lle d  <pa ,

the s e c o n d -c la s s  0 , and  th e  gauge co n d itio n s  a s s o c ia te d  w ith  th e  f i r s t -a
k  1

c la s s  c o n s tra ir ts  ^  • I*6* th e  Xa ' s ° h o s e n in  such  a w ay th a t  (x  ,

Xb 3= °<
*2Then the  e x p re ss io n  for th e  S-m atrix  e lem en t is

u p U H f i i c  - " M }  t t y  ( t , { mA 9 )

w here H is  the  H am iltonian of the system  and th e  m easure of in teg ra tio n  is  

defined  by

■ 1 T S ( 9 c ) I I J k t M ,  ^ H t j *  T T d f i J b .
c

In order to  prove th is  theorem , we need th e  fo llow ing lemma;

Let M be th a t  reg ion  of p h ase  sp ace  in  w hich 0 (p ,q ) and  <p (p ,q ) a re  of

1 In w hat fo llo w s, we s h a ll  not d is tin g u ish  betw een  the  in d ic e s  a s s o c ia te d  
w ith  the  s e c o n d -c la s s  c o n s tra in ts  and  th o se  a s s o c ia te d  w ith  the  f i r s t -  
c la s s  c o n s tra in ts .  The range of th e  re sp e c tiv e  in d ice s  w ill be c le a r  in 
a l l  th e  e x p re ss io n s  we s h a ll  w rite .

■k
2 A gain, a s  in  S ection  II, th^, tra je c to r ie s  q(t) co in c id e  a s  t  -► ± » w ith  

th e  so lu tio n s  q^n (t) and  <3out (t) of the eq u a tio n s  d esc rib in g  th e  a -
sym pto tic  m otion .
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order e ( e is  an  in fin ite s im a l q u an tity  ) . Note th a t M ^ M ,  In th e  region  

M_ th ere  e x is ts  a s e t  of functions A ^ and p ^ such  th a t if we define

da.  =  \ b  >b >

then

^  (III. 21)

®  ( 9 %  + 0 ( e ‘)  **•

-  O C * ' )  M < ,

(III. 22)

w here

0  i
\ i l§  =

- i ,

0

(III. 22a)

The proof of the  lemma is  g iven  in  the  Appendix follow ing C hap ter I .

Now note th a t ,  due to  the  p resen ce  of the  6 -  functions 6(<p= ) and~ a
6 (0  ) , th e  in teg ra l in  (III. 19) ex ten d s  on ly  over the  reg ion  M . Secondly , c  e
no te  th a t  by  (A. 1-8) and  (A. 1-12)

I I  H t ) V S ( e ' c )  * i M U a b  + ^  &c + ̂
(X* ^

■ I M I l A a J l l ' '  i r i ( % ) l l  S ( V  =  l ^ l l C f ' T j m ) T S l < f a ) ,
A

I At H e , ,  eb >,11/ A If s($j) TTf( %} ,  (ni23)
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w here we have used  the  re la tio n

[jjUrljA0!!] = jdet <9 j = i ; (III. 24)

w hich  is  a  conseq u en ce  of (A .I-1) and  (A. 1-2).

In view  of Eq. (III. 22) we can  perform a  can o n ica l transfo rm ation  in

M su ch  th a t the  new v a r ia b le s  a re  P = v  1 <  a  <  m Q ,  = 0 1 , e a A a m+a a
P . -  &'■> - , . 1 / l ^ a < n  (The d isc u s s io n  of can o n ica l in v arian ce  fo llow -m+a ^ n -a + i
ing (11.18) a p p lie s  in  our c a s e  a s  w e ll .)  . We th u s  fin d , u sing  ( I I I .19), ( I I I .20)

and  ( II I .23), and in teg ra tin g  tr iv ia lly  over P„ , P . and  Qa m+a m+a

< » u t  I S I Lm > = ( t x \>  { * i ( K- Q  -  R) ott -

(III. 25)

w here

H -  H  (  Qc P a =  0 )  Q « ) Q iM + a -  ° )  5 + *  ”  ° )  ( I I I .26)

and  P j 's  and  Qj 's  are  th e  rem aining ca n o n ica l v a r ia b le s . F in a lly , noting 

th a t

T f  T $ j H  ' J t C Q -  (III.27)

w here Qa  ( P̂  , ) is  th e  so lu tio n  of the equation

^ o . ( / ?  ;  Qc } S a  0^ Q Uifet =  0 J f ^ t a T 0)  =  0  f (H I.28)

■31-



we can  w rite

(III. 29)

H = R  («,= < ¥  ( r<,  g J )  . (III. 30)

T hus, in  fu ll an a lo g y  w ith  th e  c a s e  d esc rib ed  in  Section  II, we have

o b ta in ed  an  e x p re ss io n  for th e  S -m atrix  e lem en ts  a s  a fu n c tio n a l in teg ra l over

th e  independen t can o n ic a l v a r ia b le s  o n ly . The w eigh t of th is  in teg ra l is  o n e ,

a s  i t  should  b e , and  therefo re  ( I I I .29) p rov ides a ju s tif ic a tio n  of Eq. (III. 19)
*

and  th u s  a proof of our theorem  . Note th e  c ru c ia l ro le  p layed  by the  d e te r -
i

minants | det | | { x a , <pb  } III and | det f | ( Qa , 0b }| | | .

It rem ains to  prove th a t  th e  m atrix  e lem en t in  (III. 19) w ith  the  m ea­

sure g iven  by (III. 20) is  independen t of the  ch o ice  of the  gauge co n d itio n s  v .^ a
A gain, a s  in  Section  II, we find

<f %a. ~  (m .3 1 )

w ith

^  — K Y a .  (III. 32)

From our proof i t  is  c le a r  th a t  (11.17) and (III. 19). s t i l l  hold if one re la x e s  
F ad d eev 's  requirem ent f Xa ' Xb } = ® to  re a d:

<■ * « ,  X ,  5r =  K c J a ( *  t  \  %  + V , \  \  %
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and  the  h 's  a re  the  so lu tio n  of the  system  of eq u a tio n s

=  - S X *  , ( n r - 33)

The f ir s t  term  in  ( I I I .31) re p re se n ts  a  can o n ica l transfo rm ation . Performing 

su ch  a  can o n ic a l transfo rm ation  re s u lts  in  changing  a  and  Q by
a a

H  =  I  $  A )  ~  >9 * )  = M .
(III. 35)

C allin g :

I  k  =  ( )  <m - 36)

we find:

{ * < , , % } I  ->  l * < +  M * , * *  =

w here we have used  th e  f i r s t - c la s s  nature of <p ^ . Thus:

7 T W - *  a + W  W J  , (III. 38)

p W - / /  ^ , % W l  ^  I I ( K ,  + 3 & ,  'f t l l l l , a n .
/7 M
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and

( M i l l &«, I 0 + +vD) / M  j { e t) e j f l l  ' ( h i . 4 1 )

We can  th u s  conclude th a t  the  in teg ra l (III. 19) is  independen t of v  , due to  c a n -
'' a

o n ica l in v arian ce  and  E qs. ( I I I .38) -  ( II I .41).

We w ish  to  a le r t  th e  re ad e r  to  th e  fa c t th a t  th e  ex ten s io n  of our re su lts  

to  fie ld  th eo ry , a s  in  S ections I and II, is  ra th e r  s tra ig h t forw ard.



Appendix I

In th is  Appendix we w ish  to  prove th e  lemma we needed  in  Section  III 

(See Eq. ( II I .22) ) .  We sh a ll f ir s t  prove th a t th e re  e x is ts  a m atrix A° such  

th a t

,o v r
/T  @(A°y = 9  ,

w here

(A. 1-2)

and Q*  is  g iven  by ( I I I .22 a ) .  The proof of (A .I- l)  p roceeds a s  fo llow s: 

F irs t, s in c e  Q  is  an  an tisym m etric  m atrix of ev en  order th en  by a  g en era l 

theorem  ^ th ere  e x is ts  an  orthogonal m atrix  R su ch  th a t

R  § R T  =  ©

and

4)

o  v ;

- A L 0  I 1

1 0  V  i

(A. 1-3)

N ote th a t in  our c a s e  a l l  th e  X ^s are  d iffe ren t from z e ro , s in c e  by (III.

c b d t  0  —  I T — c U t  0 ^ 0 .

Then define  th e  m atrix R£ :
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£

I o  o

0  O  1 0

o  o0  0

0

0

0

0

O  0  

0

0  0  

X 0

0

— - r_.  o
i

X
o

i

th a t  is

A

f-O -V

-fo-y

/

0  ^  A  ^  4 1 - 1
K-bl

m VMj  /Pi
=- 0

One can  th en  ch eck  th a t

R* @ R,r 9

This c o n s titu te s  th e  proof of (A .I - l) ,  s in ce  we c a n  take

A 0 =  R ,R

(A. 1-4)

o th e rw ise . 

(A. 1-5)

(A. 1-6)

(A. I - 7)

To prove our lemma g iven  by (III. 21), ( I I I .22) and (III.2 2 a ), le t  u s  look for so lu ­

tio n s  for / \  and  n ^ in  ^ e  form

^  <Kb =• t\°a)o + A ay

M-ay — °b +  / U'«b }
(A. 1-8)



w here / |°  is  th e  m atrix in troduced  in  (A .I-l)  w h ile  is  ch o sen  in  such  a

w ay th a t

)  A ab - h f l ° b ( y C ) % j  ~ 0 ,  (A. 1-9)

N ote th a t c an  be found by  so lv ing  (A. 1 -9 ), s in ce  our ch o ice  of xa s a t i s ­

f ie s  th e  cond ition

d d  II { X c  , % $ I  +  0  w  M t  .

If we denote by a  s e t  of ̂ functions w hich  s a tis fy

=  (a - 1- 10)

we find

/ ^ a c t  — ~  l X C ) Q  t (A .I-11)

We sh a ll look for so lu tio n s  of th e  form

^ a b  ~  ^  ab ^ a t  %  , (A.1-12)

M-ckb ~  ^~ab Q  ^ qt> ^  ♦ (A.1-13)

2
N eg lec ting  term s of the  o rder of e , com paring the  co e ffic ie n ts  of Q= and <n

a a

and using  ( I I I .5), ( II I .6), (A .I - l )  and (A.1-9), we se e  th a t  a  w ay of sa tis fy in g  

(III. 22) is  having

U , 9 e ]  « ' e  +  { J h ) e t } Z ^ c f  U b Ht \ V l c  +

(A. I - 14)
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{ 0e }  + ■  % ) K c  *

+ { X b ; f d }  Z aCe =■ -  l ^ b j K c }  > (A.I-15)

wLA°J l db,d*} + ĉd Kb l eh9d

+ < k i K e f j  w t {  f  ^  t v 1 1 e f i gd\ -  3 ^  j  (A.M 6)

and

u lb K »  ( ® 4  + u cd K h  i e h  +

+ 2  L  l Qi  M . A 0e j  - z f t  { f y A K t ,  =  f * c , e , (A-M 7 )

w here

-  A°ab ( y » ) Ace} ■*- A c *  {  Aie  i  "

- /< :  A°td tL +/*u a:d t ‘j }
(A.1-18)

and
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f a e ; e — C fc< ~  { / ^ M  c d  -

-  I ^ K S K  -  l K e , Q^ A °cd -

■ K > a ° cj  C  + / * * *  A l *  C  + { / * « ,  3 ,  J / C .  (A-I. 19)

In (A. 1-18) and  A. 1-19), c®d , e®d , f^d are  the fu n c tio n s  appearing  in  ( I I I .5); 

we have changed  th e  index n o ta tio n  som ew hat, e . g .

+ f i M 9 e . M

D efining now

C , 7  £

(A.1-21)

^  Ci, W  c b  ^  ^ C £  , (A .1-22)

(Note th a t  t®^ = t^ g .)  and

f e -  | / e  f  l / C (A. I - 2 3)
( T  f t c  v  c l c  ' a c  ;

w e se e  th a t (A. 1-14) m erely  p rov ides a so lu tio n  for q®c  once the  y^c 's  are

know n, w hile  th e  rem aining eq u a tio n s  c a n  be w ritten  a s

^  4b  ^ \ c  "  ^  c b  ^ba. ~  ^ - y a C) t  > ( a .1-24)

{ l b)9&} t ac + l Xh)fe } y ^ c = - { X t ^ a c } , (a.i-25)
f t  Xyc -  fey Xy* =  f*c,e , (A-I-26>
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+ e -  f  cL A C  ~  L a.e , (A.1-27)

w here

X u  =• • (h.i-K)

6 6 6From (A. 1-25) we can  find y . once t_„  is  know n. Solving for y=„ from (A .I-
aC aC aC

25) , and in se rtin g  in to  (A. 1-26), we ob ta in  (A. 1-24), to  the  lo w est order in  e . 

We om it the  leng thy  and  s tra ig h t forward proof of th is  s ta te m e n t. The b a s ic  p re­

re q u is ite  for th is  proof are  E qs. ( I I I .5) and  (A. 1-9), the d is tr ib u tiv e  law  for Poi- 

s so n  b ra c k e ts , i . e .

- [ A } 5 c }  ~  A ; 3 }  C  -h I  Aj  c }  B  } (A .1-29)

th e  Jacobi id e n tity  for P o isson  b ra c k e ts , i . e .

=  0 , (a .1- 30)

E qs. (A .1-18), (A .1-19) and (A .1-28), and  fin a lly  the  re la tio n

{ X f ,  (@ 'l J  -  ( A°ak A°cj  [ 9h  = O y (a .1- 31)

w hich fo llow s from (III .2 2 a ), (A .I-l)  and  (A. 1-2).

Thus it  rem ains to  show  th a t  th e re  e x is ts  a  s e t  o f fu n c tio n s  t e such
SC

th a t (A .I-24)and (A .1-27) h o ld . In tu rn , E qs. (A.1-24) and (A.1-27) a re  eq u iv a l­

e n t to

h f a t  -  h f c *  =  b f c a  (A-I. 32)

h u f c  — h e  f a .  , (a .i-33)

w here

b ^ C a .  X \ S a . c ) <Z. (A.1-34)
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and

h f i d C  ^  Qb ^ b e  • (A.1-35)

A so lu tio n  for th e  h 's  is  found by the  fo llow ing procedure:

a) fix  ha £c  for a <  f <  c  a rb itra r ily

b) u se  (A. 1-32) and (A. 1-33) to  so lve  for th e  rem aining h ^ ^  .
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C hap ter I I . A pplications 

II . 1 Q u an tiza tio n  of som e f irs t-o rd e r  fie ld  th e o rie s

In th is  s e c tio n  we s h a ll  quan tize  some f irs t-o rd e r  fie ld  th e o r ie s , a s

prom ised in  th e  in troduction  . In th e  f ir s t  su b se c tio n  we s h a ll  a n a ly ze  the 

q u an tiza tio n  of the  f ir s t-o rd e r  form ulation of the  s c a la r  fie ld  th eo ry  w ith  a 

q u artic  in te ra c tio n . B esides study ing  the  path  in teg ra l form ulation of the 

th eo ry  a s  an  ap p lica tio n  of th e  form alism  developed  in  Section  III, we sh a ll 

a ls o  c a lc u la te  th e  D irac b rac k e ts  of fundam ental v a ria b le s  to  have an  idea 

of how q u an tiza tio n  w ould p roceed  in  the opera to r form alism  (by D ira c 's  me­

thod) . In the  second  su b sec tio n  we sh a ll re p e a t th e  sam e a n a ly s is  fo r the 

c a s e  of th e  f ir s t-o rd e r  v e rs io n  of the  fie ld  th eo ry  of th e  free  e lec tro m ag n e tic  

f ie ld . The exam ple w hich w ill be co n sid e red  in  th e  f ir s t  su b se c tio n  w ill be 

found to  co n ta in  on ly  s e c o n d -c la s s  c o n s tra in ts ,  w h ile  the  seco n d  exam ple 

w ill co n ta in  both  f i r s t - c la s s  and  s e c o n d -c la s s  o n e s .
4

II. 1 .A Q u an tiza tio n  of th e  f irs t-o rd e r  v e rs io n  of the  tp s c a la r  

theo ry

Let u s  an a ly z e  f ir s t  the  f irs t-o rd e r  theo ry  d e sc rib e d  by the  

Lagrangian d e n s ity

*

(II. 1 .A . 1)

4This f ir s t-o rd e r  th eo ry  is  a n  eq u iv a len t form ulation of th e  <p s c a la r  th eo ry .

For the  momenta con jugate  to  A one finds im m ediately
M-

(II .1 .A .2 )

*
For a n  acco u n t of f ir s t-o rd e r  fie ld  th e o r ie s , the  read e r is  re ferred  to  D e se r 's  

lec tu re  n o te s  7 .
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w hile  the  momentum con jugate  to  <p is  found to  be

7C -  2 ^  =  f t 0 ( I I .1 .A .3 )
d V

Thus one e s ta b lis h e s  five prim ary c o n s tra in ts

eA =
q  =  n - A °  .

( II .1 .A .4 )

The H am iltonian d e n s ity  of the  system  c an  be ob ta ined  by the method in tro ­

duced  by D irac and  d esc rib ed  in  Section I . It h a s  th e  follow ing form :

As ex p la in ed  in  Section I , (see  Eq. (1.13) ) c o n s is te n c y  req u ires  th a t

<9 ^ /  =  = o  ( i i . i . a . 6 )
M H

and

O l  =  =  &  - ( II .1 .A .7 )
n ' M

Eq. (II .1 .A .7 )  le a d s  to

M ' i  -  J f  V 3 -  =  O  4 (II .1 .A .8 )

This sim ply  determ ines vq and  le a d s  to  no new c o n s tra in ts .

From 0 °  | = { 0 ° ,  H } f = 0 , one finds v  = 0 (no new
M W

c o n s tra in ts ) ,  w hile  th e  rem aining co n d itio n s  in  (II .1 .A .6 )  produce th e  fo llow ­

ing seco n d ary  c o n s tra in ts :

f a  -  +  A i  , ( I I .1 .A .9 )
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A gain, c o n s is te n c y  req u ires  th a t

&  =  

w hich  r e s u lts  in

(II. 1 .A. 10)

V j  =  3 -  K (II. 1 . A. 11)
«t ->c

and  th u s  le a d s  to  no a d d itio n a l seco n d ary  c o n s tra in ts .

One can  e a s i ly  e s ta b l is h  the  follow ing v a lu e s  of the  P o isson  

b rac k e ts  of c o n s tra in ts :

{  e *  ( f ) ,  e v  ( f ) }  =  o  ,

(II. 1. A. 12)

a l l  o th e r P o isso n  b rac k e ts  being  z e ro .

(II. 1 . A. 13)

(II. 1 . A. 14)

The m atrix  { ©a  ( x  ) , ( y ) } is  th u s  found to  be
f

£

-V

0 <r

s
- s 0 .

- I V
-i

I  - f

h i 0

y (II. 1 .A. 15)

- 4 4 -



•4 ^

w here 6 = 6 ( x  -  y ) ,  &i 6 = b i 6 ( x - y )  and  w e have ordered th e  con ­

s tra in ts  in  th e  follow ing w ay: dQ . . . .  , 0 ,  g j . . . .  g 3 .

The determ inan t of th is  m atrix  is  seen  to  be 1, i . e .  d iffer­

e n t from ze ro , and  th u s  a l l  c o n s tra in ts  a re  s e c o n d -c la s s .

Even though the  m ain ta s k  of th is  th e s is  is  to  quan tize  c e r­

ta in  fie ld  th e o r ie s  by m eans of p h ase  sp ace  path  in te g ra ls ,  we deem  i t  in ­

s tru c tiv e  n e v e r th e le ss  to  show  how q u an tiza tio n  w ould proceed  in  th e  oper­

a to r  fo rm alism . We a re  th u s  led  to  c o n s id e r  th e  D irac b rack e ts  of fundam ent­

a l  v a r ia b le s . U sing (1.20) and  (1.21) one finds for in s ta n c e , th a t

{ n  ( ? > , * ( ? ) } *  = , < * ) , * ( ? ) }  -

_ j J t J S l x w ,  Q  & , * ) & ( * ) ,  W f J j
(II. 1 .A. 16)

w here Cj ( z , u )  a re  th e  re le v a n t e lem en ts  of the  m atrix  in v e rse  to  (II. 1 .A. 15), 

w hich  a re  th e  co fac to rso f{  0 ( z ) ,  0 5 ( u ) } , a  = 6 ,7 ,8 .  By in sp e c tio n  of

(II. 1 .A. 15) th e s e  co fac to rs  a re  found to  be z e ro , s in c e  th ey  have one row 

c o n s is tin g  so le ly  of z e ro s . Thus

{ K ( x ) ) i >( f ) lJ  = . { K ( x ) } f ( p }  -  ~ £ ( x - f )  (II. 1 .A. 17)

*4 >4
To find th e  v a lu e  of { it ( x ) , A ( y ) } we c an  u se  th e  fa c t th a t  th e  D irac 

b rack e t of an y  s e c o n d -c la s s  c o n s tra in t w ith  any th ing  is  zero  ( s e e  Eq. (1 .2 2 )). 

Thus, u s in g  ( I I .1 .A .9 ) , we find

(II. 1 .A. 18)

Q uite  an a lo g o u s ly  to  (II. 1 .A . 17), one finds

{ T C G t ) ,  X  ( f ) } *  —  0
- 4 5 -
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[ K i t ) , A ° ( f ) )  ~  0  . (II. 1 .a . 20)

In a s im ila r  m anner one o b ta in s  the  rem aining D irac b rac k e ts :

Xy =  (a ll c an o n ic a l v a riab le s)

{ ( * ) ,  ( p i  * =  °

l Y f * )  , * ( $ } *  =  0

l A „ a ) ) i , ( p i * =  -  * ( ? - ? )

{ ? ( * ) , * ( ? ) } * =  o  

l W % ( p } ' =  V t S t f - D .

l A i l t ) ,  A j ( f l i *  =  0

( .  Ao ( Z ) j \ ( f ) i  — O  , (11,1.A .21)

The vacuum -vacuum  tra n s itio n  am plitude c a n , by u se  of the 

r e s u lts  of S ection  III, be e x p re ssed  a s  a fu n c tio n a l in teg ra l

< Oi s lo>  =  j j[((dA^dXA)2>KS) a  T f H i i - A ° ) j f  H(xA)  “

.  T f  S ( A i  -  \  t )  +

X ■ ? * ) ) ,

or

< 0 j S/„> = 2  YJT S (Ai-'ii V) *

„ e x *  f A ( A 0 Y - A f y - ± w Y - ± Y * ^ r - j - ( A - J ) ) .
(II. 1. A. 22)
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W riting

I  f(A<-W) = (U1A23)
XA

m aking a change of v a r ia b le s  A  ̂ -» A  ̂ -  X̂  , and in teg ra tin g  tr iv ia lly  over 

Xj , we find

C o l  s / o y  3  r  e x f ( t  YfJm ! . a .  24 ,

The a c tio n  appearing  in  (II. 1 .A. 24) is  p re c ise ly  the  one co r­

respond ing  to  th e  Lagrangian d e n s ity  ( n . l . A . l ) .  By in teg ra tin g  further over 

the  A^ 's  , one can  conv ince  o n e se lf  th a t the  th eo ry  co n sid e red  is  eq u iv a len t 

to  th e  s e lf - in te ra c tin g  s c a la r  th eo ry  w ith  a  q u artic  co u p lin g .

This com ple tes  our d is c u s s io n  of th e  q u an tiza tio n  of the 

f ir s t-o rd e r  v e rs io n  of th e  s e lf - in te ra c tin g  s c a la r  f ie ld  theo ry  w ith  a  quartic  

c o u p lin g .

I I . l .B .  Q u an tiza tio n  of the  f ir s t-o rd e r  v e rs io n  of the  fie ld  theory  of

th e  free  e lec tro m ag n e tic  fie ld

The second  exam ple of a  fie ld  theo ry  we s h a ll  s tu d y  is  the 

one d esc rib ed  by th e  Lagrangian d e n s ity

~  “  j ;  ~ \ ^ u )  -h y  F * *   ̂ ( I I . l . B . 1)

In ( I I . l .B . l )  th e  v a r ia b le s  F a re  ta k e n  to  be an tisy m m etric , i . e .  F =
M-V H V

-  F . In th is  c a s e  the  prim ary c o n s tra in ts  a re  se e n  to  be

=  K * v ,

O '  =  i j ■*' +  F o i
)

@ ~  IT0 . ( I I . l . B . 2)
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In Eq. ( I I . l . B . 2) th e  ir^v , s a re  an tisy m m etric . ir**v are the momenta, co n ­

ju g a te  to  F , ir1 a re  con jugate  to  A. , and  ir° is  co n ju g a te  to  A . Pro- V * o
ceed in g  in  th e  sam e fash io n  a s  in  th e  p rev ious exam ple , we find the  Ham il­

to n ian  d en s ity :

X  = + i  r t r  + { - f,3 ( \ A i Ai) -

-  Y  Fij Ft i  +■ i  -h Mon °  + (JT + F°<) _

( I I . l .B .  3)

We tak e  the  P o isson  b rac k e ts  of th e  ca n o n ica l v a r ia b le s  to  be:

t  '  ( S \  C  -  S \  S \ )  S ( X - f ) .  W.i.b.4)

Im posing the  co n d itio n s

=  o , ( e ° ) H }  =  o  , (n . i .B .5)

r e s u lts  in  new  c o n s tra in ts

^  p J L m _  y / \ M + 2™A *  =  0  , ( I I . l . B . 6)

f  *  \  F ° * ~ 0  .
( I I . l .B .  7)

Furtherm ore, the  follow ing co n d itio n s  m ust be fu llf illed :

{ e e*t H} = i n 0*, Hj = - u *  = o , (n.i.B.8)

i e \ H }  =  ( r  + f ° \  h }  =  3 ,  M ^ _

( I I . l . B . 9)

We m ust fu rth er requ ire

~  1 9 0 ; ^ }  ^ 0  f ( I I . l . B . 10)
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w hich  re su lts  in

0  =  ^ t 0'  =  -  W  F k \
ki

This is  tr iv ia lly  fu llf ille d  in  v iew  of the an tisym m etry  of F .

Equating the P o isson  b rack e t of g w ith  H w ith  zero , 

and  u sin g  ( II .1 .B .8 )  one finds u^m to  be:

<U =  -  3  K  +  3  A . (II. 1 .8 .1 1 )

Thus th e  com plete s e t  of co n s tra in ts  is

d * 4* =. } =  K 0'  ,  6 ° - T T °  )

Q +  =  ^  i - F ° \  f 0  =  3t . ^  ^

‘ (II. 1 . B. 12)

Out of th e se  fou rteen  c o n s tra in ts ,  tw o of them  (ac tu a lly  one is  a lin e a r  com ­

b in a tio n  of c o n s tra in ts )  a re  found to  be f i r s t - c la s s

e° =  k * ,

r =  ^ . w i
( n . i . B . i 3 )

The f i r s t - c la s s  nature of 0° is  tr iv ia lly  e s ta b lis h e d . As fo r f ° ,  one f in d s:

U \ t \  f m( p i  =  4  ( m  -  y ? A M( f )  * * 1  a *(f ) }  -

/  r , } ?  -  4 f / j  =

— I  ^ 7  4  ~  }  f ( * - f )  = .  o  .

(II .1 .B .1 4 )
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The P o isson  b rack e ts  of f°  w ith  o ther c o n s tra in ts  a re  a ls o  ze ro .

The s e c o n d -c la s s  co n s tra in ts  s a tis fy  the  follow ing P oisson

b rack e t a lg eb ra :

{ e J l w( x ) J d o i ( p }  =  0  >

{ d e* ( 7 ) j  n . i . e a s )

{  e * * ( * ) ,  M f ) }  = o  ,

{_ 0 o t  ( x ) j  O j ( y ) }  =  _  cTj / ( x ~ f )  , ( i i . i . b . 16)

{ e “ (r)j*m(f)} = o /

{  ^  ( P )  =  ~  { ~ ^ f  ^  t r  J i j f f l - f ) , ( II .1 .B .1 7 )

We s h a ll  a rrange the  s e c o n d -c la s s  c o n s tra in ts  in  the fo llow ­

ing w ay:

9, = rr'% 9Z = T7Z\  03 = 0H = tv 01. ... q = ir»3

9 7 = F ’2- y A z + r A ,  . . . .  Qt

9,B = t + F ° ‘ ________ en = n* -t F oi  J
(II. 1 . B. 18)

E qs. ( II .1 .B .1 5 )  to  ( II .1 .B .1 8 )  determ ine th e  m atrix  { 0g (x), © ^(y) } :
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5

0 -s
-< r

J ________
-  X

\ - W N o ~ '  

0 o -m w
0  -3 'S

;?S  O - t f *

;-V J  ^  0  j q  

S \ o - W r t \ (II. 1. B. 19)

The determ inant of th e  m atrix  is  im m ediately  found to  be 1.

The n ex t ta s k  c o n s is ts  in  finding the D irac b ra c k e ts  of the  

ca n o n ica l v a r ia b le s . F irs t, of c o u rse ,

{ n ^ ( o ,
w here X ^(y) a re  a l l  th e  can o n ic a l v a r ia b le s .

( II .1 .B .2 0 )

N ex t, s in c e  and  ir have zero  P o isson  b rac k e ts  w ith  a l l  o
s e c o n d -c la s s  c o n s tra in ts :

{ Tta(t\ Yt(f)}*=o  -

IA (*), K (p i  * =  i ( f - f ) , ( II .1 .B .2 1 )

w here ^ ( y )  a re  a l l  c an o n ic a l v a r ia b le s  ex cep t w °(y), and  Y ^(y) a re  a l l  

c an o n ic a l v a r ia b le s  ex cep t Aq ( y ) .

Proceeding a s  in  th e  f irs t  exam ple tre a ted  in  th is  s e c tio n ,
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we find the  r e s t  of the  D irac b ra ck e ts  to  be:

I Am a), n* (p)  * =  s j  s i t-  f ) ,

{ 4m (D, 4, ( f ) j  X = 0  ,
(II. 1 .B .  22)

{ 4 m (?)l F ° ' ( f i } * = - r „  S ( t - f ) ,  

l A m d ) ,  F * ( f ) ) ' ~  0 ,

{ Fon W , F„s ( p i  * = I % (?), ns (f)} = - ( Fow (fy Ks (?)}*= 0 , 

-  l F ” (1)J F „ ( p y =  { F ^ T T j f ) } ^

=  { a ; < r i  - % < n . } f ( i - f ) ,

{ F'rs( ^ ) ) F lm( f ) }*  =  o  . ( n . i .B .2 3 )

Standard q u an tiza tio n  is  th en  perform ed by rep lac in g  the 

D irac b rack e ts  by " -  i " tim es com m utators.

We a ls o  w ish  to  quan tize  th e  theo ry  u s in g  th e  g en e ra liza tio n  

of F ad d eev 's  m ethod d esc rib ed  in  S ection  1 -3 . We a s s o c ia te  th e  fo llow ing 

gauge co n d itio n s  w ith  th e  f i r s t - c la s s  c o n s tra in ts  ( I I .1 .B .1 3 ) :

X) ~  / ) °  , X z  -  / } #  , (II .1 .B .2 4 )

The Faddeev-P opov  determ inan t is  th u s  found to  be:

X&t  / /  — J j i .  V Z t (II .1 .B .2 5 )

T herefore , in  v iew  of (III. 19) and  ( I I I .20), the vacuum -vacuum  tra n s itio n  am ­

p litu d e  fo r th is  th eo ry  is  g iven  by  the  e x p re ss io n
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< o l s l o 7  =  f  M f ' T T W i r ’ T T Z n ' l f ' T T  S ( z * )  .
1 J  / u y v  A  *,/»>*

t it s(Kk+F°x)jinr) /T s (pe*- Yr+ r^ j  tt{h\ w)
Xt k  *

.  S ( A ' )  S ( 1j  11 U ' X  (  ^  ^  i -  * * * ,  / ■

+ -  X* \ \ - j  xlr  - i  - w  t  M n. Fiijy
( II .1 .B .2 6 )

After a  tr iv ia l  in teg ra tio n  over Aq , ir tJ'v and  ir^ , th e  follow ing ex p ress io n  

is  produced:

<oj r/o> = /  M f‘n2) f** IT2Ai IT SCf**-

- i 2mA*) T f S C \  Foi)  f(%A*J ■

- txf> { i  f r ' x  C-frF1!F<j + j ;F ° 'F oi -

- i F ‘i( ^ A . - - 2 i- A J - F t i ?c Ai)j[.
* d ^ ( I I .1 .B .2 7 )

W riting

J  F0<)  = jZAo {* FQ/l 3CA0) (II .1 .B .2 8 )

and  im ita ting  th e  d e riv a tio n  th a t  led  to  Eq. (II. 1 .A .24) we can  bring Eq. 

( II .1 .B .2 7 )  in to  th e  form
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■ < o l r l o >  =  $ T T 2 > F [ „ T T 2  a  / /  H f J )  M r  ,
J r  r -  '  x

* zxp  { i j f x C - i F ^ A - l A ^ )  t  i  F ^ j j  (II-1.B.29)

In tegrating  fu rth er over th e  F^v , s one e s ta b lis h e s  the  e x ­

p re ss io n  (11.37). Thus our f ir s t-o rd e r  th eo ry  is  se e n  to  be e q u iv a len t to  the  

fie ld  theo ry  of the  free e lec tro m ag n e tic  f ie ld . The in c lu s io n  of in te ra c tio n s  

i s  se e n  to  be ra th e r  s tra igh tfo rw ard .
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I I . 2 . Q uan tiza tion  of the f irs t-o rd e r  form ulation of the  Y ang-M ills fie ld

theo ry

In analogy  w ith  th e  c a s e  of the  free  v ec to r f ie ld , the  f ir s t-o rd e r  La- 

g rang ian  for a  Y ang-M ills fie ld  theory  is

~  |  F 7  -  ±  O X - r K  ■ ( n - 2 - 1)

The tra n s itio n  to  the H am iltonian form ulation  s ta r ts  w ith  finding  the 

con jugate  momenta:

K *  =■ H i, =  0  ,

K  = ^  = o
z a :

TT i  ^  _  cflt'
> <n -2 - 2>

w hich re su lts  in  the prim ary co n s tra in ts

K  S  =  *  ’ ( I I .2 .3 )

e i  =  ttz = o ,

e i  = jr; + F ?  = . (II-2-4)
The H am iltonian d e n s ity  is  determ ined by th e  s tan d ard  procedure d esc rib ed  

in  Section  I . I t is  g iven  by the follow ing e x p re ss io n :

#  = - i n  it; - i  f* f‘j + tT* rAi ti-F^.
- T A i )  ^  I  Ft. a ;  A f  - 3  n f U r W j -  

f t  C  f K  Trf v- <  (iri + f °2) ( at.2 .5>
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w here the  u 's  a re  the a rb itra ry  (at th is  s tage) m u ltip lie rs .

As b efo re , the nex t s te p  c o n s is ts  in  eq uating  to  zero  the  tim e d e riv a ­

tio n s  of the  h ith e rto  e s ta b lis h e d  c o n s tra in ts  in  order to  ob ta in  th e  secondary  

c o n s tra in ts :

h i  =  + j x  -  ( i i 2 6 )

K ° l  =  =  - w j  = 0  , (II.2.7)

" r  =  u 1: ,  H i  =  + y k z  - r n *  -

-  j A/*) K  = 0 .
( I I .2 .8 )

To prove ( I I .2 .8 ) ,  one u s e s  ( I I .2 . 7) and the  Jacobi id en tity  for the  s tru c tu re  

c o n s ta n ts  of th e  com pact sem isim ple lie  a lg eb ra  co rresponding  to  the  g lobal 

group of in v arian ce  of th e  Y ang-M ills fie ld  theory :

Z ^ / 3 +  =  ^  ' ( I I .2 .9 )

The ca lc u la tio n  lead ing  to  ( I I .2 . 8) is  leng thy  but s tra igh tfo rw ard , and  we 

ch oose  to  om it i t .  The sam e is  true  of the  c a lc u la tio n  lead ing  to :

ej  =  +

a ( I I .2 .10 )
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Equations ( I I .2 .7 ) ,  ( I I .2 .8 ) and  ( I I .2 .10 ) sim ply determ ine the  h ith e rto  un­

known m ultip lie rs  and produce no new c o n s tra in ts .  N ex t, we find

-  I K ,  A ;  =  § :  =  o—  M

It is  th en  a cum bersom e but stra igh tforw ard  ex e rc ise  to  p rove, u s in g  ( I I .2 .9 ) ,  

( I I .2 .10 ) and ( I I .2 .1 1 ) , th a t

=  ( l u Z A 2 )

is  s a tis f ie d  id e n tic a lly  in the su b sp ace  M in  w hich c o n s tra in ts  h o ld .

Our n ex t o b jec tiv e  is  to  determ ine the P o isson  b rack e t a lgeb ra  of a ll  

the c o n s tra in ts . We s ta r t  w ith

i  a w ,  - 1 e:  m  =  u r x t + f  P ?  >

( I I .2 .1 3 )

After some c a lc u la tio n , u s in g  ag a in  ( I I .2 .9 ) ,  one can  show th a t

This lead s  us to  co n s id e r  the  follow ing lin ea r com bination  of the  c o n s tra in ts :

h f i t  X p  F/ s  ( I I .2 .15 )

s in ce

1[ J i t  (% \ j  ( f i j l '  -  $  F * £  =  0  w . 2 . 1 6 )

and  we w ish  to  put a s  m any c o n s tra in ts  a s  p o ss ib le  in  th e  f i r s t - c la s s  in 

acco rd an ce  w ith  D ira c 's  p re sc rip tio n . If we define
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we o b ta in , in  view  of ( I I .2 .3 )

I e* (t),At(f)}l = (n.2 .18,
M M

One c a n  e a s i ly  ch eck  th a t th e  rem aining P o isson  b rack e ts  of k °  w ith  o ther

c o n s tra in ts  a re  ze ro , th e re fo re , k ° ( y )  a re  f i r s t - c la s s  c o n s tra in ts .  Thea
sam e is  true  of 0 0 = ir0 .a a

The follow ing c o n s tra in ts  a re  s e c o n d -c la s s :

O'l

ĴL yi /M n
/w 

/  )
( I I .2 .19)

in  fu ll an a lo g y  w ith  th e  c a s e  of th e  free  m a ss le s s  v ec to r f ie ld . We sh a ll  d is ­

p lay  th e  only  n o n triv ia l P o isson  b rack e t of c o n s tra in ts :

I  & } ( * > ,  f : m  =  V ) -

( I I .2 .2 0 )

In troducing th e  shorthand n o ta tio n



( f i r ) AS A p

yF - l V  + A*F f
we find for the m atrix { 0a (x  ) , ^  ( y ) }

k m f

0

i i

is

IS

( I I .2 .2 1 )

- I s
\s
-is

- If
- i s

IS

0

0

; o  - 3 3F s ? > s  

l^pj 0 -K'eS
i ’J p i  0  -  3 > r :

!-VpS %S o  1
j

i o -i}s V
0

(II. 2 .2 2 )

As in  the p rev ious s e c tio n , the  nonzero  D irac b rack e ts  of fundam ental 

v a r ia b le s  a re :

-5 9 -



l  A i  w ,  F f i ( f ) }  * =  - C  i %  i ( x - f )  ,

- 1  f * i  c v ,  ( v \ *  =  i F * j o f ) i f

Standard q u an tiza tio n  is  perform ed by rep lac in g  D irac b rack e ts  by " -  i " 

tim es the  co rrespond ing  com m utator.

To quan tize  th e  th eo ry  by  m eans of the  path  in teg ra l m ethod, we need 

to  sp ec ify  the  gauge co n d itio n s  co rresponding  to the  f i r s t - c la s s  k a  and 0 °  

( s e e  (11.23) and ( I I .2 .1 7 ) ) .  We choose  the  gauge cond itions

X

^  K  .

The F addeev-Popov determ inan t | d e t || { Xa ' <Pb } II is  therefo re :

II i X a ^ b i l / j  ~  I ^  ( v  i / 3  +■ § fol/df A \  I . ( I I .2 .25)

N oting th a t  the  de term inan t d e t { 0  ( x )  , 0, (y )  } is  eq u a l to  1 ina °
th is  c a s e ,  a s  fo llow s d ire c tly  from ( I I .2 .2 2 ) , we can  w rite for the v acu u m -  

vacuum  tra n s itio n  am plitude:

o ~ A,
(II. 2 .24 )



‘ i r z t i i x f  I I  s ( r : ) H  s d t y l ^ b r i + F ? )' i
d, ‘t x M . y y v  *i01 XjU^

II S ( F * m-  7eAZ + W i  ~ 1 Ur A£ A 7 )  II / « W
'o(

j — v / 1 a. ’ • <*. g i ''•/ u i - g /  l  » - -• /■ /"

+ f tut AP H - ) i  s%  +

i- 9  U r  A r  * y  ^  A S  i -

+  i  K  F t  -  J .  F / ~  (■ }, 4 -  _  I ,  a;  f  f U r ^ A j ) ,

i _L_ r oi. t:S.M 1 1
4 r * *  t  e i J j '

y  (II. 2 .26 )

Upon tr iv ia l in teg ra tio n  over some of the v a r ia b le s  we ob ta in :

< 01 shy  =  f i r  stFj*- + w i  -iu,/£/rt) ■
Xjot j iym

* I I  i  W f *  ^ F e l ^ r A ; ) t ( ^ 4 : ) l l ^ ( r ^  +

+  $  U r  a ;  D l j r j  F * :  1 3 >  F  >: 2  a ;  e x t  / ,  / / V  [ - f °J a ;

W riting

<T
J  w v +$ fu h , A;) = f p 4:txf{<f(Ft ty-jAxpAiyj„.2.28)
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and im itating  ag a in  the  deriv a tio n  th a t led  to  Eq. (II. 1 .A .24) we can  e a s i ly  

ob ta in

< a i si o> = fir 2% / w  / t  .s( * im f l  t
otjjuyv x-i0*-

+ •  A i - 1 ) I  i K f  I < ■  f [ - i r  F/„ ( Y A l  - r A ' - h

*• $ U t K K )  +  - k  Ft -  F ?  ] ' " * } ,  m .2 .2 9 )

w hich com p le tes  our path  in teg ra l q u an tiza tio n  schem e for the f ir s t-o rd e r  

form ulation of the  Y ang-M ills fie ld  th eo ry . A further in teg ra tio n  over 

e s ta b lis h e s  the  eq u iv a len ce  of th is  form ulation w ith  the  s tan d ard  one ^ .

We sh a ll c lo se  th is  se c tio n  w ith  the a n a ly s is  of th e  pertu rba tion  e x ­

pansion  fo r the  se lf - in te ra c tin g  Y ang-M ills fie ld  in  the f irs t-o rd e r  form ula­

tio n .

In view  of ( I I .2 .2 9 ) the  gen era tin g  fu n c tio n a l of G reen 's  fun c tio n s  is  

g iven  by

z  i  j ; ,  =  /  i t  2> f * m *  +
*V'

? U s  U  ‘ U  f  1 - t  U  ( r A : - Y A »  +

^  J *  J  }  ( I I .2 .30 )

w here we have made a  tra n s itio n  to  the  co v arian t gauge ^ h A^ = 0.
M> Y

We now note th a t

I d i t ( n  U l  ~

e x f U  j %  ( - a  - «  U t ^  ^ i  • ( n ' 2 ' 31’
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  Q
In ( I I .2 .3 1 ) * and  4 are  anticom m uting c-num ber s c a la r  f ie ld s  . They a Ta *
rep re sen t the  fam ous Faddeev-Popov gh o st

The term  -  i  g F a  f A ^ A v can  be tre a ted  p e rtu rb a tiv e ly  in theP V Q.p "Y P \
s tandard  fa sh io n . The sam e can  be sa id  of the  term -"4  g f 0 A ^ & 4.a 3 a(3y y T(3
if  we add  the  source  term s 4a and i(r pQ to  the  a c tio n  d isp lay ed  in

( I I .2 .3 1 ) . Once th e  in te ra c tio n  term s are  rep resen ted  in term s of appropria te

fu n c tio n a l d e r iv a tiv e s , we can  in teg ra te  over * 4 , 4  , F a  and  A 11 . F irs t,Ta fa nv  a
w e perform the  in teg ra tio n  over 4q and 4^ w ith  th e  re su lt

£ * / > { - * [ £ ( * )  r / ) > ( I I .2 .3 2 )

w here D p (x -y )  is  th e  m a ss le s s  s c a la r  propagator

D f  ( x - 1 )  =

In th e  second  s te p  we in teg ra te  over F tJ,v w ith  th e  re su lt:a

z ° ( j ; , i £ , z j <)  =  \ T f z A t W ( ^ K )  ■

t A ; j :
(II. 2 .34 )

At th is  poin t we are  ready  to  in teg ra te  over A^a . We find:

z 0 ( £ , r Z , I / < )  =  i x f  I - \ U ' *  *

* { - * ■  I  -  e x p l ^ j A ' x -

* A') ( n  - P pV 3) U t . - V i ; r \ ) t (n.z.35,
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w here

D Xp U  - 9) =  ( j A,r-  Dp (II.2.36)

One can  therefo re  e s ta b lis h  the follow ing Feynman ru le s  (we ignore the k in e ­

m atic  fa c to rs  in  ex te rn a l lin e s):

F -p ropagato r ______ _____

( 2  IT)

w here

A -propagator

i j ,

(II. 2 .3  7)

u t f l  ; ( n - 2 - 38’

m ixed A-F propagator *,<r

r  I q Xfr -  b A f  t ( I I .2 .39)
( 27r^  — t t ,  b r — b  -  •-4t +• <■ 6r ;

s c a la r  g h o s t propagator

1___  (II. 2 .40 )
u T/< *>* A.  ■

Ca >, * /5|U ^
m ixed A-F ex te rn a l lin e  -—^ —w — J >
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A -ex tem al line

) f ̂  P>) <r

F-A-A v ertex

)t}<rV

v

r  (*} r
t  cr ; ( I I .2 .42 )

(II. 2 .43 )

S-S-A  v ertex



I I .3 .  Q u an tiza tio n  of the  m ass iv e  Y ang-M ills fie ld

We sh a ll devo te  th is  s e c tio n  to  the  s tudy  of the q u an tiza tio n  of the

m assiv e  Y ang-M ills fie ld  a s  an o th e r exam ple of a fie ld  theory  con ta in ing

s e c o n d -c la s s  c o n s tra in ts .  For an  acco u n t of a  d ifferen t q u an tiza tio n  schem e

corresponding  to  the  sam e problem , the  read er is  referred  to  the  pap er of
9

F in k e ls te in , Kwitky and  M outon .

The form alism  is  b a se d  on the Lagrangian d e n s ity

^  ~  7f  ^  ^  +  27 ^  4 *  ' ( I I .3 .1 )

In ( I I .3 .1 ) F ^ v is  g iven  by th e  formula

F * '  =  Y X  -  Y A Z  +  t f v t  . <n-3 ' 2)

As u s u a l,  one beg ins by c a lc u la tin g  the  con jugate  momenta:

X  =  M  _ ( I I .3 .3 )
O sto

j r \  _ 3  ^  __ p O ' L

« ~  3 / i ?  ~  x  • (II-3 - 4)

By in sp ec tin g  ( I I .3 .2 ) ,  ( I I .3 .3 ) and  ( I I .3 .4 ) one co n c lu d es  th a t the on ly  prim­

ary  c o n s tra in t is  g iven  by ( I I .3 .3 ) . To ca lc u la te  the  secondary  c o n s tra in ts  

one needs the e x p re ss io n  for the  H am iltonian d e n s ity , w hich is  ob tained  in 

a straigh tforw ard  m anner.

X  =  TT? -  x t  \  a :  -  I  /  w  /TJ A f  A /  -

-  ±  a i  a :  *  ±  ^  ^  +  ,  r
“ *  * *  ( I I .3 .5 )

The seco n d ary  c o n s tra in ts  a re  th en
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= { ft ,  H] = a,,ir; A? + m*a : . (n.3.6)
Im posing the  c o n s is te n c y  cond ition  (pa = {<pa , H } = 0 lead s  to

j ' f - u ” h- = o  , (n -3 .7 )

w hich m erely determ ines u °  and  th u s  does not produce any  new c o n s tra in ts . 

The a lg eb ra  of P oisson b rack e ts  of a l l  the co n s tra in ts  is  found to  be:

=  0  , (II. 3 .8 )

I K° (a), ^ A(f)] =  -  f (T - f )  ,

(II. 3 .10)

The proof of ( I I .3 .8 ) and ( I I .3 .9 ) is  tr iv ia l .  To prove ( I I .3 .1 0 ) , one u s e s  

the Jacobi id en tity  and the an tisym m etry  of the  s tru c tu re  c o n s tra in ts  of the 

com pact sem isim ple l ie  a lgeb ra  corresponding  to  our Y ang-M ills fie ld  theo ry . 

One can  th u s  conv ince  o n ese lf  th a t a l l  the  c o n s tra in ts  a re  s e c o n d -c la s s .

The c h a ra c te r is tic  w eigh t in the phase  sp ace  fu n ctio n a l in teg ra l is

IM II {<3,, 9»}llft JJ(M2) = «UM! . (n.s.n)

The g en e ra l d isc u s s io n  of Section  III (E qs.(III. 19) and  ( I I I .20) in  particu lar) 

then  lead s  to  the  ex p ress io n  for the  vacuum -vacuum  S-m atrix  e lem en t:

< O\s10> = IIT3)A- 2xi JIza: M M *  ITU(K)
* X,oi

S ( \ K  e x j ,  U  j [  * } A t  +  M  -

-  i r i  - K  - J -  / £  F V ] A } . (n' 3,12>
-6 7 -



This can  obv iously  be w ritten  a s

< ^ j o >  =  j n 2 A - 3 J T -  I H 3 > 1 0 M M Z '
<V *

> e x p u s  [ i d  ( f : ,  - u .  m  r w )  *  m x  ^  -

- i r K i r j c  + t M X a Z H ' K A i - T f F Z ,  . ( n .3 .1 3 )

After a  change of v a riab le s

A u ~  ( I I .3 .14)

and a  G au ssian  in teg ra tio n  over X and tt1 , we can  e s ta b lis h  the  fo llow -a a

ing re su lt:

< o\ s / 0>  =  j  II 2 h \  olxtM zxf> [ a  j  [ j -  f F  F* -
*

- 1  F t*  Ff:  + ■  i  M X *  a ;  -  ±  M j  a  j

^ y  * ( I I .3 .15 )

The e x p re ss io n  in  the  ex p o n en tia l is  ju s t  the  Lagrangian ( I I .3 .1 ) .

The re su lt  ( I I .3 .1 5 ) is  the  b a s ic  re su lt  of th is  s e c tio n . It show s th a t 

S -m atrix  e lem en ts  (note th a t ( I I .3 .1 5 ) c a n  be g en e ra lized  to  a rb itra ry  m atrix 

e lem en ts  by in se rtin g  appropria te  w ave fu n c tio n a ls  correspond ing  to  the in itia l  

and f in a l s ta te  or e ls e  app ropria te  boundary co n d itio n s  in  the  fu n c tio n a l in te ­

gral) a re  ex p re ss ib le  a s  functiona l in te g ra ls  so le ly  over the b a s ic  f ie ld s  of the

th eo ry . The c h a ra c te r is tic  w eight of such  in teg ra ls  is  de t M = v  (M).
3? , t , a

A proper g en e ra liza tio n  of ( I I .3 .15 ) to  a rb itra ry  S -m atrix  e lem en ts  se rv e s  a s  

a b a s is  for developing  pertu rbation  th eo ry  in  the path  in teg ra l form alism  and 

finding  ou t th e  Feynman ru le s .  We sh a ll no t dw ell on th is ,  s in ce  th e  Feyn-
q

man ru le s  have a lread y  been found by F in k e ls te in , Kwitky and  M outon . We 

m erely  no te  th a t ,  s in ce  the fu n ctio n a l m easure in  ( I I .3 .15 ) is  independen t of
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the fie ld  v a r ia b le s , th ere  w ill be no m odification  of the sim ple Feynman ru les  

due to  a non triv ia l fu n c tio n a l m easu re . We have th u s  rederived  the  b a s ic  re ­

su lt of F in k e ls te in , Kwitky and M outon in  a more econom ic fa sh io n .

The reduction  to  independen t v a riab le s  is  p a rtic u la rly  sim ple in th is  

c a s e .  In teg rating  over A ° and  ir°  , one can  w rite  ( I I .3 .12 ) a s

<  o  | s' | o >  =  I T T ’

- j  f ir ;a;  K  ( W i

A V  -  -  r  F A  ( r i . 3 . 1 6 ,

The w eigh t of in teg ra tio n  is  o n e , a s  ex p ec ted  from our g en era l d isc u s s io n  in 

S ection  III .

It is  in te re s tin g  to  determ ine the  D irac b rack e ts  for our ca n o n ica l v a ri­

a b le s .  One finds f ir s t

Q  0?, f)ll  =  l i u o w ^ r  -

0 (11,3.17)

H ere,

(II. 3 .1 8 )

Let u s  in troduce th e  no ta tion  

a  =  ( f t } a )

so  th a t

( I I .3 .19 )
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U)  (fi)

& , ? ) =  H * - f )  ■
(II. 3 .20)

O bviously
o ^{ -tr , a l l  c a n o n ica l v a r ia b le s  } = 0 (1 1 .3 .2 1 )Q> )

s in ce  0 = ir0 are  s e c o n d -c la s s  c o n s tra in ts ,a  a.
N ex t, u sing  Eq. (II. 1 .2 0 ) , we ob ta in

{ K *  W j  K  ( p y  =  -  i  x L t f ) ,  0* ( z ) } C " , ( 2 ,  $)■

A ^ i p j  { K U d . i s d ) }  ( ? , # ) -
J  (S) (r)

. { n ° m , A ° i p }  =  _  / / u ‘ m  i ( p } .
(II. 3 .22).

U sing ( I I .3 .6 ) one finds

{ k ^ ( £ ) }  * =  -  - jL  I t lf  ( x ) S ( f - f )  ' (II. 3.23)

Since C _  ( x  , y ) = 0 , one has  
iTb

I k  lJ% A *  ( $ ) } * = -  f / *  f j *  i ( x - f ) ,  (II. 3 . 24)

-7 0 -



Q uite s im ila rly , we ob ta in

{_ A* ( t ) ,  Aj ( f ) }  — 0  ( n . 3 . 25)

N ext, tak ing  in to  acco u n t ( I I .3 .2 0 ) , one fin d s  th e  rem aining P oisson  b rack e ts

i  k  i*\ a* ( p y  = r  u)> A<(f)} =

-  j j :  3/  -  &  U t  A i ' f f l M - f )  ,  (1I 3 26 )

{ * 1  ( x ) j A p ( f ) } *  =  ± -  / W  %  a )  S  ( t - f )  . (II.3.27)

This com pletes  the q u an tiza tio n  of the  m assiv e  Y ang-M ills fie ld  th eo ry , 

s in c e  in  o perato r form alism  one can  ob ta in  the b a s ic  com m utators from the 

D irac b ra c k e ts , w hile in  path in teg ra l form alism  one u se s  ( I I .3 .15 ) (properly 

generalizecO to  ob ta in  S-m atrix  e lem en ts .



•k
I I . 4 . L igh t-cone q u an tiza tio n  of the s e lf - in te ra c tin g  s c a la r  theory

As we s h a ll  s e e  in  th is  s e c tio n , q u an tiza tio n  of fie ld  th eo rie s  on the 

null p lane lead s  n a tu ra lly  to  s e c o n d -c la s s  c o n s tra in ts .  Therefore , the me­

thod we developed  in  S ection  III is  ap p licab le  in  th is  c a s e .  For d ifferen t 

m ethods of q u an tiza tio n  on the  nu ll p la n e , the read er is  referred  to  the e x is t ­

ing lite ra tu re  # por co m p le ten ess  and  b ecau se  of the  fa c t th a t we

an a ly zed  i t  in d ep en d en tly  ( a lthough  much la te r  ) , we sh a ll a ls o  p resen t the
13 14method of Banyai and  M ezin cescu  ' . Both our m ethod and th e  method

of Banyai and  M ezin cescu  w ill be illu s tra te d  in the  exam ple of the  s e lf - in te r ­

a c tin g  s c a la r  th eo ry  w ith  a  q u artic  coup ling .

Let us beg in  by rem inding o u rse lv e s  of the  ex p re ss io n  for the vacuum 

fu n c tio n a l (generating  fu n c tio n a l of Green* s functions) in  th e  f ir s t-o rd e r  formu­

la tio n  of th is  theo ry  w hich  can  be ob ta ined  by a proper g en e ra liza tio n  of Eq.

(II. 1 .24)

Z ( J )  =  < o | 5 / o ^ = J p ^ r e ^ < J < ' ,W - f ^ %  -  ( i i . 4 . i)

In troducing the  nu ll p lane v a riab le s

=  Xo +J l  X  ^  Xp -  *3 ( X )  =  x , z
v r >  v j r  >

( I I .4 .2 )

we can  w rite  ( I I .4 .1 )  in  th e  follow ing form:

2  ( j )  =  J > | ,  3>A . 2  A  3 ) f  Z x p  {  i  j J x .  h ,

  : :   ____________
★

This se c tio n  is  a  product of re se a rc h  done in  co llab o ra tio n  w ith  Antal 
J ev ic k i.

-t

-7 2 -



In teg rating  over A and A , we find
<V*V T

Z  ( J ) -  j 2 / ) - 2 f j n ( A -  -  | £  )  e - x p i ' i f l x - d h J j L  •

w here

=  i -  ( H c T +  ± / m ' r +  '  ( n . 4 . 5 )
•■Vv-

This is  a phase sp ace  functiona l in teg ra l for a theo ry  w ith  the H am iltonian 

d e n s ity  ( I I .4 .5 ) .  The role of the  tim e v ariab le  is  p layed  by th e  v ariab le  x  ,T
and the con jugate  momentum is  se e n  to  be A . The c o n s tra in t

6 > =  / L  -  f £  = - 0  < n ' 4 ' 6 )
i s  properly  accoun ted  for by the  6 -  function  in ( I I .4 .4 ) .  H encefo rth , we sh a ll 

la b e l A sim ply by tt .

To be sy s te m a tic , le t  us rep ea t th e  a n a ly s is  we d e sc rib e d  in the  p re­

v io u s  se c tio n s  to  th is  c a s e .  T hus, one s ta r ts  w ith  Lagrangian

^  ? X j. dX-  Z \ d £ /  Z  ' 1)1 ‘ (11.4.7)

and  d ed u ces  the  con jugate  momentum

~  »  2 1  

'  ~  * f § £ )

Eq. ( I I .4 .8 )  obv iously  re p re se n ts  a c o n s tra in t.

The H am iltonian is  im m ediately  found to  be

H = [Mu.) + ( X -  fj j ]  , ( I I .4 .9 )

As u su a l we requ ire  th a t
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e =  i 9 , n }  =  o  ,
( I I .4 .10)

w here

ft -  x -  ^U  ~  n  ' ( I I .4 .11)

Eq. ( I I .4 .1 0 ) re su lts  in

-wfi  - A - v 3 -  2 =• o  , (II.4. 12)

s in c e

= 2?-. fo--% )S(Z 'Jt)'(n .4 '.13)

Eq. (n .4 .1 2 )  does not re p re se n t a  new c o n s tra in t but m erely  se rv es  to  d e te r­

m ine u . One p o ss ib le  de term ination  of u is :

U ( X) .  - L f  t ( X - - f ) [ 2 . ' ' f U , f , x t ) - * i ' i

3. '  ' (II. 4 .14)

Thus ( I I .4 .1 1 ) , tak en  a t  a l l  ( x _  , ) ,  re p re se n ts  a com plete s e t  of con­

s tr a in ts .  Due to  ( I I .4 .1 3 ) th e se  c o n s tra in ts  a re  s e c o n d -c la s s .

To quan tize  the  th eo ry  in  operato r form alism , we have to  find the 

D irac b rack e ts  (th is is  p re c ise ly  th e  method of Banyai and  M ezin cescu  *3 '* 4), 

By (1 .20)th e s e  are  g iven by

{  a C t f ) ,  b (P ) }  —  (  a (u ! ) l b ( f ) J  -  J  J j f J f  { a l ' $ ) J @(x')} - 

‘ c C ^ p l Q t p j ^ W ]  f
( I I .4 .15 )

w h e r e ,e . g .  j? = ( x  , x )  and
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( I I .4 .16)

(II. 4 .17)

( I I .4 .19)

/ c  ( t ,  i )  J ( t ,  = <T6r.-y.) S U  -JL)  ,

~  s ( * - - y - ) S ( t L - & )  ,

M*, V  = /  6(p}  = ^ 5 ' /  / f e  - y j  _

C onditions ( I I .4 .1 6 ) -  ( I I .4 .1 9 ) im ply a  sp e c ia l so lution*

C ( r,  f )  =  -  y  s  (*- - t )  J ( x . - £ )  , ( n . 4 . 2 0 )

w hich en a b le s  u s  to  find th e  b a s ic  D irac b ra ck e ts :

{  =  - j  ( - ( ic -y . )  £ (* . -% -)  , (h.4.21)

I VW, x( f )}*= ±  S(x--y-) SU-X-) ,
( I I .4 .22 )

{ K(t), X ( f ) i  * =  {- V  S(x_ -y-j  i ( £  - x ; . ( n . 4 . 23)

The tra n s itio n  to  quantum theory  is  then  effec ted  by rep lac ing  D irac b rack e ts  

by  " -  i " tim es the co rresponding  com m utators, so  one finds for the  commu­

ta to rs :

Jc
The g en era l so lu tio n  is

C ( x , y ) = - j e ( x  - y  ) 6 ( x  -  y ) + h (x  , y  )

w here h , y ) is  an  a rb itra ry  function  of th e  tra n sv e rse  com ponents a n ti­
sym m etric in ( x  y ) . We choose  to  d is c u s s  only  the  s im p les t so lu tion
ch a ra c te r iz e d  by* ‘ h f x  , y ) = 0.
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[ V ( x )  , * ( / ) ]  I =  -  * r ( r ( x . - f . )  f ( X - l )  ,

[ V ( x) , k (f i l l  =■ i r  * z(x--y-)  &(&-%) ,
*+ ~ y+

[ n ( x ) , K ( y ) ] l  =  J - - i  V S ( x . - l - )  S ( x - % . )  ,
Xt ^ „  (II. 4 .24 )

To quan tize  the  theo ry  by the method of Section  III of th is  th e s i s ,  we 

need  to  know the va lue  of the  determ inant | d e t { 0 ( x ) ,  0 ( y )  } [ . From

(I I .4 .1 3 ) i t  is  seen  to  be

l o L d  1 0 ( f ) ,  0  ( f ) i j  =  M ( Z X ) '  ( I I .4 .25 )

Thus we have a l l  the  in g red ien ts  n e c e s sa ry  to  w rite  the functiona l in teg ra l for 

the  gen era tin g  functiona l of G reen 's  fu n c tio n s:

Z  (J) = (n<4<26)

w here

^  =  ^  ^  * (11.4.27)
i

To w ith in  the ignorable  in fin ite  c o n s ta n t | d e t ( 2 5  ) | ^  th is  is  seen  to  ag ree  

w ith  (II.4 .4 )  . In tu rn , ( I I .4 .4 )  is  e q u iv a len t to  ( I I .4 .1 ) .  If we in teg ra te  

over Aj , A2 and A3 in  ( I I .4 .1 ) and  re lab e l A° -♦ v , we can  w rite  ( I I .4 .1 ) 

a s

f a x - y z + ' f j ) }  m . 4 . 28)

w here
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Hi  V  , ( I I .4 .2 9 )

* In th is  formal s e n s e ,  th e n , the  two q u an tiza tio n  sch em es, nam ely the 

eq u a l-tim e  q u an tiza tio n  corresponding  to  (II. 4 .2 8 ) and  the null p lane q u an ti­

za tio n  corresponding  to  ( I I .4 .2 6 ) a re  e q u iv a len t.



II . 5 . Local Lagrangian theo ry  of e le c tr ic  and  m agnetic ch arg es  and i ts  quanti- 
*

za tio n

W hile th e  theory  of th e  e lec tro m ag n etic  fie ld  in te ra c tin g  w ith  both
15 16e le c tr ic  and  m agnetic charg es  h as  a long h is to ry  ' , i t s  lo c a l Lagrangian

17form ulation is  co m paratively  new . It is  b ased  on the  in troduction  of two

p o te n tia ls  A anc* B . The e lec tro m ag n e tic  fie ld  te n so r  F is  su ita b ly
H M,V

e x p re ssed  in  term s of th e s e .  As we sh a ll s e e ,  th is  n e c e s s i ta te s  the  in tro ­

duction  of a  fixed  fo u r-v ec to r n in to  the  theory; th u s , e x p lic it  Lorentz in -
M*

v arian ce  is  lo s t  and i t  rem ains to  be proved th a t the theo ry  is  in fa c t n -  inde­

penden t.

In the  c a s e  w hen m agnetic  ch arg es are  p re se n t, M ax w ell's  eq u a tio n s

read

\  ^  y ( I I .5 .1 )

• f ,(II. 5 .2 )

In ( I I .5 .1 ) ,  F ^ v = 7  FM̂  and is  the com ple te ly  an tisym m etricc. KA
sym bol w ith  e° * 23 = 1 . jQv is  the e le c tr ic  cu rren t, w hile  j v is  the  m ag-e  g

n e tic  cu rren t. Both cu rren ts  a re  conserved :

\  he  =  \  $ $  =  0  . ( I I .5 .3 )

The g en era l so lu tio n  to  ( I I .5 .2 ) may be w ritten  a s

F ~ d/iA -  (W'hT1 , ( i i . 5.4)

n is  an  a rb itra ry  fixed fo u r-v ec to r and  ( n  • b)~* is  an  in teg ra l o perato r

w ith  th e  kerne l ( n  • b )~* ( x  -  y) s a tis fy in g  n • b ( n • b )~*(x) = df4^(x).

■k
This se c tio n  w as  done in co llab o ra tio n  w ith  Antal Jev ick i.
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For a rb itra ry  two v ec to rs  and  D V, ( C A D  )^ V = C ^'D V- C V D|J' .  is

a  fo u r-p o te n tia l w hich  dep en d s on the  ch o ice  of g au g e , th e  ch o ice  of n and 

th e  de term ination  of ( n* ft) * .

The g en era l so lu tio n  to  (Eq. I I . 5 .1 ) is

F =  -  ( d A B ) ‘<+ (rt lAje)  .  ( i i - s .5 )

Since any  an tisym m etric  te n so r  G s a t is f ie s  the  id en tity

&  ^  ^  ( t o'  G) ]  -  [ m A  (si\' ( I I .5 .6 )

we can  o b ta in  from ( I I .5 .4 ) and ( I I .5 .5 )

F -  ( {WA [m- (3/1 A)]} -  {/fl A [/to-(dAB)]j ) (ii.5.7)

d j ( r A T a. /*\ a a mH 
/n :

These e x p re s s io n s , w hen su b s titu te d  in to  ( I I .5 .1 ) and  ( I I .5 .2 ) ,  y ie ld

-A- (vn-'b w - d  A A -  w- 3 2M/v -A  -  mA /vi-b d-A f- /viz
+ A  -  /VI-1) A  ̂ ( I I .5 .9 )

(/vi- 2 /p]. 2 b A - m -  2 - n n A m- 2 2 - 8  +-

+■ w *  2 z/vi-3 +- /VI- 3 e^yxA M ' V A * )  -  . (II*5-10)

These eq u a tio n s  of motion follow  from th e  Lagrangian d en s ity :

^  ~  *  ^-T > (II. 5 .11)

w here

/ > • ( d / l A ) ] - + - L  [m . (dAB)]-

■ C » - ( m ( n . 5 . 1 2 )
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and

-  -  j c h  -  j$-E> ( I I .5 .13)

U sing the  id en tity

t y  (G• 6) — C [- (m- G) +  & ^ ) z]  (11. 5 . 14)

w hich follow s from ( I I .5 .6 ) ,we can  o b ta in  a d iffe ren t form for af.

^  =  j r  t y [ ( m )  OAA)] + j -  tAOAB)-(dAB)]

^ t { w - [ ( ? A A ) i - ( 2 A B ) r f - l̂ i l w . [ ( d A 8 ) - ( d A A ) <t] ij 2 ,

We have th u s  ob ta ined  a Lagrangian form ulation for th e  e lec tro m ag n e tic  fie ld  

in te rac tin g  w ith  both e le c tr ic  and  m agnetic  c h a rg e s .

We sh a ll now quan tize  th is  th eo ry  u sin g  the method of p h ase  sp ace  

fu n ctio n a l in teg ra tio n  developed  in  S ection  III of C hap ter I .

The q u an tiza tio n  procedure s ta r t s ,  a s  u s u a l,  from the L agrangian . One 

th en  goes on to  derive the  con jugate  m om enta, the H am iltonian and  the co n ­

s tr a in ts .  In our c a s e  the  photon Lagrangian is  g iven  by ( I I .5 .1 5 ) . After some 

a lg eb ra  the  to ta l  Lagrangian can  be re c a s t  in to  a  form more su ita b le  for t r a n s i­

tio n  in to  th e  H am iltonian form alism :

( I I .5 .16)



£  is  the  free  Lagrangian of the charged and m onopole fie ld s  (we assum e here 
♦ -

th ey  a re  sp in  jr f ie ld s ) .  The ex p lan a tio n  of the  no ta tion  is  a s  fo llow s:

^  =  ( W 0)  W )  ,

— Fo'i ~~ f 0-i

j  Ffa ) ^ X  i

( F 0 )<1 =  Fo'i =  ^ O ^ 'i -  »

(Go it- — G0{ — ~̂0 B0 ,

-  ?c ^  ^  *  ,

%  "  ■ (II*5 *18) 
E quivalently :

-  7 T  ^  ^  ^  ^  £ .■  -  f t  f « ;  *■

+ J f  ( 4 i  1- 4  4 i  J -  ^  ( f l i & j  + 4  ^

4  _ ^  /40 + ■'je'A - j $ B o + D r &  , ( I I .5 .19)

w here

^ , v  =  J ?

f i H .  ~  ^  ~  X  ^  ‘ ( I I .5 .20)

(Note th a t q -  p = 1)

The d e riv a tio n  of con jugate  momenta p roceeds now a s  u su a l
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n '  •  U  -  F-  r  d i ’ a > * P ‘i  h  +  F  ff, '

"  S T  "  ' V’ ^  - I 1'!  ° )  -  T  F» . ( I I .5 .21)

* • -  3 - ° -

r 0  =  =  o

D efining new q u a n titie s  u 1 and  a  1 by

(II. 5 .22)

7T4 -  7T  -  X- (xt- -  ^  fp  Fj ,

a " 1 =  cr'1 +  -L  f  F j + ( i ; j  G j , ( i i . 5 . 23)

we o b ta in , making u se  of ( I I .5 .1 8 ) , ( I I .5 .2 0 ) , ( I I .5.21) and ( I I .5 .2 3 ):

? -  t ( Z + * £ $ } - % !  r f . l - )  .

At th is  s tag e  we have to  d is tin g u ish  betw een  tw o c a s e s :  nQ = 0 and

nQ ^ 0 . As far a s  the q u an tiza tio n  procedure is  co n cern ed , th e  tw o c a s e s

are  fundam entally  d iffe ren t. For nQ = 0 we ob ta in  both f ir s t  and  s e c o n d -c la s s  

c o n s tra in ts ;  for nQ ^ 0 only  f i r s t - c la s s  co n s tra in ts  ap p ea r . For com ple te­

n e s s ,  we s h a ll  inc lude  the  second c a s e  in  our d is c u s s io n .

-&2-



The c a s e  n = 0 w as s tu d ied  by B alachandran , R upertsberger and 
18S checter . We w ish  to  em phasize  th a t ,  w hile tihose au thors q u an tize -th e  theory  

by D ira c 's  form alism , we perform a p hase  sp ace  path  in teg ra l q u an tiza tio n  a s  

a n  a p p lic a tio n  of Section  III of th is  th e s i s .

We ch o o se  to  d is c u s s  the  second  c a s e  f i r s t ,  s in ce  it  is  in  fa c t sim p­

le r  th an  the  f ir s t  c a s e .  In th e  c a s e  nQ ^ 0 E qs. ( I I .5 .2 4 ) can  be in v erted , 

w ith  the  re su lt

w o  ( I I .5 .25)

In v iew  of ( I I .5 .23 ) th is  can  be w ritten  a s :

/ f  =  f  _  I C +  S L x t f - L  f )  ,
Z /Mo z

I  =  <? + ± F -  ( n _5 _26)

-¥ -»Since by ( I I .5 .18 ) F = A -  v A and G = B -  v B , we have in  fa c t e x -o o o o
p re sse d  th e  tim e d e riv a tiv e s  of the s p a tia l  com ponents of p o ten tia ls  in  term s 

of the  con ju g a te  momenta ir and  a  . E qs. ( I I .5 .22 ) re su lt  in co n s tra in ts

o

y _ -  cr° ,
2 (II. 5 .27)

The nex t s te p  c o n s is ts  in finding the  H am iltonian d en s ity :

' ' f t I  =  TT * F ° +  O' - G° 4- )L • V A0 -h O- VBQ -f-H 7t°+ V O'0-  ^ i  f (II. 5 .28)
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A ra th e r  stra igh tfo rw ard , though ted io u s  d e riv a tio n  produces the fin a l e x p re s ­

sio n  for the  H am iltonian d en s ity :

=  'Hf j- } ( I I .5 .29)

%  =  ± ( r \  ??+ r )  -  r .  ?  + +

-f- J L  • [ m  x  c r ']  +- ^  ‘ M 0 -f- cr- V 3 0 + j i °  /  j-o

j l A o  -  f a ' X  +  Bo ;

(II. 5 .30)

w here

—4 / —̂ I
/r = k  -h G

-2  / i p?
“  ^  ~~ ( I I .5 .31)

and is  th e  free H am iltonian d e n s ity  for the  sp inor f ie ld s .  We are  now 

read y  to  find the secondary  c o n s tra in ts  by im posing c o n s is te n c y  co nd itions 

of the  fam ilia r ty p e :

%  =  ( K  v - 7 f - f e  =  0  ,

%  =  { * » ,  j 0 = o  _ (1I 5 32)

Before co n tin u in g , le t  us prove an  a u x ilia ry  re su lt

{  VT ' K  ( * )  j  F  ( f ) }  ~  O  , ( I I .5 .33 )
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Indeed , we have

{ % ■ $  0 0 , Fv ( p }  =  X  tr im *  * ?  I  \  C A  4 -  =

U sing ( I I .5 .3 3 ) we im m ediately  find

7 - f e  . (II. 5 .34)

On the  o ther h an d ,

I j e j f f l d x }  =  V ' j e  t ( i i . 5 .35)

Eq. ( I I .5 .35 ) fo llow s from the  eq u a tio n  of m otion

i t  =  ■ (II- 5' 36)

and from th e  fa c t  th a t  the  cu rren t is  c o n se rv e d , w hich  im plies the  eq u a tio n  of 

m otion for th e  cu rren t

j e  '  V ' f e  • ( i i . 5 .37)

Eq. ( I I .5 .35) c a n , of c o u rse , be ch eck ed  e x p lic i t ly . Thus, no fu rther co n ­

s tra in ts  a re  g e n e ra te d . We have

%  =  K °  . %  =  j 0e  ,

f 2 =  o - °  , %  =  f ' i r -  .
( I I .5 . 38)

Now

A n

=  s  %  n
° *  M " ( I I .5 .39 )
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and

{  j*> ( f ) }  ~  0  * ( I I .5 .40)

We have therefo re  e s ta b lis h e d  th a t a l l  c o n s tra in ts  ( I I .5 .39) a re  f i r s t - c la s s .

In view  of the  g en era l d isc u s s io n  in  Section III, th e re  m ust be four gauge con ­

d it io n s . There a re  four in te re s tin g  c h o ic e s :

A  =  V- A (I)

& II ■̂
L

/ ) °
^3 — M  • A

-  / $■ B
(II)

X , = d ° •̂ 3 — /V} • A
=  v  . £  i

* 3 -  F . / f

Xty =  /pf > B •

(HI)

(IV)

(II. 5 .40)

For d e f in ite n e ss  we s h a ll  co n s id e r th e  cho ice  corresponding  to  I . The Fad-
-»2 ^deev-P opov  determ inan t is  tr iv ia lly  found to  be ( d e t v ) = Aj .

The e x p re ss io n  for < 0 [ S | 0 ) in term s of a phase  sp ace  functiona l 

in teg ra l is  th en  ( for n o ta tio n a l s im p lic ity  we ignore the sp inor v a riab le s) :

< o i  s i o y  =  f  3 ) ^ a > A ° 2 ^ 3 > a - ° 3 ) t j d B 0 A t  •

« IT I  H A a )  &(&„) U k *) i ( f - f f - j Z ) '

(II. 5 .41 )

w ith  W g iven  by ( I I .5 .2 9 ) .

It is  the  e x p re ss io n  of the vacuum  fu n c tio n a l in  term s of a p h ase
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sp ace  fu n c tio n a l in teg ra l th a t is  furtdam ental and  co rresponds d ire c tly  to  the  

operato r fo rm alism . As a ru le , the Lagrangian fu n c tio n a l in teg ra l has  to  be 

recovered  from e x p re ss io n s  like ( I I .5 .41) by in teg ra tio n  over the con jugate  

m om enta. It is  to  th is  poin t th a t we now devote our a tte n tio n .

We f ir s t  in teg ra te  tr iv ia lly  over it0  , g °  , A° and B° to  obtain :

< o l  SI o'? =  f 2 > 7 r 2 f i  A f  TF (  S (?■$) <f(Cs) •

w here

.77 I /  —V 2- —»/2 2 1 ^
~  ~̂r~ ( K -¥■ (T +• F + G ) - K  • & -h (T ' F 7L 

f  t !  ' (II. 5 . 43)

After w riting

Tf S ( v - n - f e ) =  p A °  e 4 t t - K’vA° ~ A° F
X >

X  ’

(II. 5 .44)

we can  bring ( I I .5 .42) in to  the  form:

< o  I S I o ?  — f 2 ’ J?2A'3ia32>B 2A°S)B0 Af. 7T(f ( V ^ )  *
PC

« 5 ( V ' 8 ) } t x f > U  ! > [ K - ( 7 t - f A 0 ) + £ - ( i - f B , ) - j £ M
J  ? ( I I .5 .45 )
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w here

; o
* %  ^  I t  -h +  Bo , ( I I .5 .46)

We are  th u s  led  to  c a lc u la te  the  su b in teg ra l

i  = /a? 3  <? « q  I-I j [*■ p  + «? ■ P - 1  (t ‘V *•' V+■5f! ?  ■- 5“ '.p-t ■ t i x f ) ] } ,

Performing the change of v a r ia b le s :

—*> —> / I 7 s*
t f  =, K  -  j -  <? ,

J- F
2  ' (II. 5 .47)i r  =  "tf1 -t- S r  F

we find

< o l s l o >  =■ Ja/fasa/rapM,. W l S ( f J ) i (?■*)} <

* £ x |>  W * x [ -

* I K M * ,  ,
(II. 5 .48)

w here

J  =  p j y ' j t f ' & x f U ( [ ^ '  + 5* 1- ( c* - f )  -  j - 0 f ' + F “J -  ( n _5 .4 9)

-  $; ■ [ J x f J J f * ) .
A straigh tfo rw ard  G au ssian  in te g ra tio n , over ir1 g iv es

1 = /5>a*'ex/.-/J/> (* -  t ' - t - l c T j A }  =

= e x p { < $ T ^ ,,x } p > v e x f l < i j [ c ' c
0 (II. 5 . 50) '

-& 8-



w here

7?  _  T ?  -  a  X / r j
c  m 0 ( i i . 5 . s i )

■4
and a and  b a re  g iven by ( I I .5 .1 8 ) . Now

)  S) a11 f  [  ~ ~2 ~ ^ ^  cr‘ + <r‘ c ]  ^ x j  =.

'k=lJ((ddo v  7 ^ ^ 4  i ^ c T o - 1 c ) A j  >
(II. 5 . 52)

w here

and

C L  - -£•  [  ^
a </ £  J /vi2

(II. 5 . 53)

M.
(II. 5 . 54)

-1One c an  c a lc u la te  d e t O by noting  th a t i t  is  ro ta tio n a lly  in v arian t and 

eq u a l to

d d

/
/
/ -  A 2

in  the  re fe ren ce  frame in w hich  ( n )j = |n  | 6j 3 . Thus

( i x k  O ' )  % =
M,

(II. 5 . 55)
nr]2- I *

Com bining the  h ith e rto  derived  r e s u l ts ,  we ob ta in  for th e  vacuum -vacuum  S-
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m atrix e lem en t,

<ojSlo> = f2>/f2B3A°JiJ30A f T [$ (V -X ) i (?■$)} ■

It is  then  a m atte r of some straigh tfo rw ard  a lg eb ra  to  show  th a t  the  

Lagrangian d en s ity  appearing  in ( I I .5 .56 ) is  in  fa c t eq u a l to  the  Lagrangian 

d e n s ity  in ( I I .5 .1 7 ) .

If we change the  gauge co n d itio n s  to  co v a rian t ones ( by th e  s tandard  

Faddeev-Popov  ̂ procedure ) , say

y, = ^  ^
we find

A l  — [ c k t  d * J a , ( I I .5 .57)
r  2n

In ad d itio n , there  is  the  w eigh t — not  o rig ina ting  from the  gauge co n d i-
n

t io n s ,  so  th a t the e x p re ss io n  for the  vacuum -vacuum  S-m atrix  e lem en t read s

( ii . 5 .58)

There are  o ther p o s s ib i l i t ie s  for the  ch o ice  of gauge c o n d itio n s , e . g .

X j = b * A ,  X2  = ^ ' B / k u t we s h a ll  not dw ell on th e s e .

We now turn  to  th e  c a s e  n Q = 0 , w hich  is  more in te re s tin g  from our

poin t of v iew , s in ce  it  co n ta in s  s e c o n d -c la s s  c o n s tra in ts .  For n -» 0 weo
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n
have -3— = - 2 -  -► 0 and  a lso  q -* 0 , so  p = - 1 .  Eq. ( I I .5 .24 ) becom es 

o n 
in  th is  c a s e :

f  =  ^  ( # ■ % )  ,/V)

?  — ( M ‘ Go)  - ( I I .5 .59 )
sV}1

Therefore

. f o = f  = t f -  ( t  - T  ^  >

t f . t  =  / * ■ *  =  * ■ ( ? +  +  ? ) ,  ( n _ 5 _ 6 o )

and

7 f  — i r  =  0  , ( i i .5 .6 D

o r, in  o th er w ords

TT Tf  ̂ =   ̂ 0  (H» 5 • 62)

w here we have used  ( I I .5 .2 0 ) , ( I I .5 .23) and  ( I I .2 .3 1 ) .  In ( I I .5 .6 1 ) and

( I I .5 .6 2 ) , t ^   ̂ a re  two v ec to rs  ( jg= 1 ,2  ) orthogonal to  n , th a t is :

Pyj _  C  ( I I .5 .63 )

We choose  them in such  a w ay th a t

? « > .  V a >  =  Z j k  , <“ - 5 - 64>

As u s u a l, we have to  c a lc u la te  the  H am iltonian a t  th is  p o in t. Setting

n = 0 in  the Lagrangian y ie ld s : o

X j  -  -  F £ G v - d j + C w - t ) ] -  j t -A -  t y ' b .  ( i i . 5 .65 )
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T herefore , ca llin g  = i t ’ ,tt.} = a '  , one ob ta ins

% /  =  { - ( > % ■  K )  -  * , '■  2* +  £ '■  F  + J .  r \

H

+  i r  +  j e>A  - t - p ' B  - h K - y A 0 - b < r . l 7 £ 0

(II. 5 .66)

w here we have u sed  ( I I .5 .1 8 ) , ( I I .5 .60) and  ( I I .5 .6 2 ) . Therefore,

t  U K 0 + v r °  + ' u f t M x '  , (11.5.67)

0
w here u ,v  and  u^ a re , for th e  m om ent, a rb itra ry  m u ltip lie rs . As in  the

c a s e  n ^ 0 , tak ing  P oisson  b rack e ts  of prim ary c o n s tra in ts  w ith  the  H am il- 
o

to n ian  and se ttin g  th e se  eq u a l to  ze ro , one g en e ra te s  the  follow ing seco n d ­

a ry  f i r s t - c la s s  c o n s tra in ts :

%  ^  ,

% =  f-  k  -  y e = o  .

Im posing th e  c o n s is te n c y  cond itions

I  z (£). K b ) =  0

0
m erely  determ ines , s in ce

I M  IK  e i t e n m  *= . M  {  ^  o

a s  dem onstra ted  in Appendix II . In Eq. (II. 5. 70):

< 9 / = ? ® . ^ ;  , <n - 5 - 7»

(II. 5 .68)

(II. 5 .69)

(II. 5 . 70)



T herefore, c a llin g  -n-j = i t ' ,-n^ = o '  , one o b ta in s

M

+ ±  Z '  + f - A  i - f - B  - tX -P A 0 + p . f B c
(II. 5 .66)

w here we have used  ( I I .5 .1 8 ) , ( I I .5 .60) and  ( I I .5 .6 2 ) . T herefore,

t ,  =  ̂  /  +■ 1i K °  + ^  + i ( j  f a>. X '  , (II- 5 ' 67)

0
w here u ,v  and a re , for th e  m om ent, a rb itra ry  m u ltip lie rs . As in  the

c a s e  n ^ 0 , tak in g  P oisson  b rack e ts  of prim ary c o n s tra in ts  w ith  the  H am il- 
o

to n ian  and  se ttin g  th e se  eq u a l to  ze ro , one g en e ra te s  the  fo llow ing seco n d ­

ary  f i r s t - c la s s  c o n s tra in ts :

%  s  V - # - i ‘  =  o  ,

%  =  f -  K  -  j°e  - 0  ■ ( I I .S .68)

Im posing th e  c o n s is te n c y  co n d itio n s

I  V (£). K b j =  0  ( I I .5 .69)

0
m erely determ ines , s in ce

I J j d  H {  & i j & ? } / / /  —  ^ r J  =£ 0  ( i i . 5 . 70 )

a s  dem onstra ted  in  Appendix II . In Eq. (II. 5 . 70):
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0
In v iew  of ( I I .5 .7 0 ) , the  co n s tra in ts  0^ a re  s e c o n d -c la s s .

If we ch oose  th e  gauge co n d itio n s  to  be

= f - B  XH =  t -  / f  

=  Ao

~  &o , (II. 5 .72 )

th e  Faddeev-Popov determ inant is  found to  be

-  ( M  f L) Z , ( I I .5 .73)

On the  b a s is  of ( I I .5 .7 0 ) , ( I I .5 . 73) and  the  g en era l r e s u lts  of Section  III, we 

a re  led  to  the  follow ing e x p ress io n  for the  vacuum  to  vacuum  S-m atrix  e lem ent:

<o I S / o> = f2> t2>a a/fjdB’ 2 Xe0tr°<0A’2>S0 Af '

. {Ktt-tf)s(v-f -tf) i(?-A) -
• r j  X

' $ ( j [ ° )S (< r ° )S (A ° )J (g ° ) j  / /  H ^ (1>- x a)  e Xb  ( x

■h (T-B1 -  (K^-h  F -  4- F- Z -

( I I .5 . 74)

In o rder to  avo id  cum bersom e expression*, we have ignored the  sp in o r v a ria b le s  

ex c ep t in  the  coupling  term s -  j • A and -  j • B .

In teg rating  over ir° , <j° , A° , B° and  w ritin g , e . g .

TJ Uf-x-p) j 2 > A 0 e x f i ' i § ( - K ' V / l 0 ( i i . 5 . 75)



we obtain

< o ) s / o > =  $ 2 k  2>a A  p. -

« cAdt ffi'll- TTI &{t-A) &(v-b)} (-i S A \ ( r ! t f  +

w here s£j is  g iven by ( I I .5 .6 5 ) . E qs. ( I I .5 .58 ) and ( I I .5 . 78) rep re sen t the 

c e n tra l r e s u lt  of th is  s e c tio n . W hen properly g en e ra lized  to  the  c a s e  of 

( 0 [ S | 0  )J , i . e .  the  vacuum -to -vacuum  S-m atrix  e lem en t in the  p resen ce  of 

ex te rn a l s o u rc e s , th e y  y ie ld  the  g enera ting  fu n ctio n a l of G reen 's  functions of 

th e  theory :

( I I .5 . 76)

-► "fr clOne can  now in teg ra te  f irs t  over , tt* and a ’ and then  o v er X^ , and u se  the 

fa c t th a t

- L S ' + f f  - - L  ( r ff). #)  6 s® .1) -  L  (Xm- I )  =
2  2. Z

( I I .5 . 77)

The fin a l re su lt  of th e se  m anipu lations is

<o\sio> = jjra/pj), ( I I .5 . 78)

( I I .5 . 79)
<  o f  y j o y

-9 4 -



Since a l l  c o n s ta n t fac to rs  in  the  in teg ra tio n  m easure c an c e l in  ( I I .5 . 79), one

fin d s  for both n = 0  and n ^ 0 , a f te r  m aking a tra n s itio n  to  the  co v arian t o o
gauge  ̂ & * A * & • B * 0 in  (II. 5 . 78):

2  ( J)  F F ^ F ^ F  f t  &(d A )  $0 '%) f y p i ' -

SW 2Af,S>B/l F <n‘5’80>

w here J is  the  sum of a l l  ex te rn a l source  te rm s . The in teg ra tio n  over sp inor 

v a r ia b le s , a lthough  not deno ted  e x p lic itly , is  u n d ersto o d . £  is  the  Zw anziger 

Lagrangian d e n s ity . We have th u s  recovered  the  s tandard  path  in teg ra l formu­

la tio n  of the  theo ry  in  term s of a  fu n ctio n a l in teg ra l over the  fie ld  v a riab le s  

o n ly .

- 9 § -



II . 6 . C onclusion

The b a s ic  o rig in a l re su lt  of th is  th e s is  is  the g e n e ra liz a tio n  of F adde-
4

e v 's  p h ase  sp ace  ( o r H am iltonian ) path  in te g ra l method to  the c a se  when

s e c o n d -c la s s  c o n s tra in ts  are  p re sen t in the  th eo ry . This is  the re su lt  we

have ob ta ined  in  Section  III. It is  a g en era l r e s u l t ,  ap p lic a b le  not only  to

th e  exam ples w orked out in C hap ter I I , but any  fie ld  theo ry  con ta in ing  second- 
* 1c la s s  c o n s tra in ts  . Being a g en e ra liza tio n  of F ad d eev 's  p hase  sp ace  m ethod, 

i t  has  a l l  i ts  m e rits , in  p a rticu la r: a) i t  p rov ides a bridge betw een  the  op era­

to r form alism  and the  Lagrangian path  in teg ra l m ethod, b) it is  a  can o n ica l 

method in  the  se n se  th a t  S -m atrix  e lem en ts  are  e x p re ssed  in  term s of path  

in teg ra ls  over c a n o n ic a l co o rd in a tes  and momenta and th a t  su ch  p a th  in te g ra ls  

a re  in v arian t under ca n o n ica l transfo rm ations of th o se  co o rd in a tes  and m om enta,

c) i t  su p p lie s  the  fu n c tio n a l m easure for path  in te g ra ls  over the  co o rd in a tes  after
*2in teg ra tio n  over the  c a n o n ica l momenta is  perform ed . The m ost in te re s t­

ing a p p lic a tio n s  of th e  g en era l re su lt  ob ta ined  in  Section  III a re : a) a n  a l te r ­

n a tiv e  ( and  s im pler ) d e riv a tio n  of th e  b a s ic  r e s u lt  of F in k e ls te in , Kwitky and 
g

M outon concern ing  th e  q u an tiza tio n  of the  m ass iv e  Y ang-M ills fie ld  b) lig h t-
4

cone q u an tiza tio n  of th e  tp s c a la r  fie ld  theo ry  v ia  the p h ase  sp ac e  ( Ham il­

to n ian  ) p a th  in teg ra l m ethod c) q u an tiza tio n  of Z w anziger's  lo ca l Lagrangian 

form ulation of m agnetic  m onopole theo ry  by the sam e m ethod.

*1 C u rren tly , the  au th o r is  w orking w ith  M . Kaku on the  problem  of fu n c tio n a l 
m easure in  an o th e r su ch  theory : quantum  g rav ity , w hen q u an tized  in  the  lig h t-  
cone gauge and  reduced  to  independen t fie ld  v a r ia b le s  a th eo ry  w ith
s e c o n d -c la s s  c o n s tra in ts .  Part of th is  work w ill be an  a p p lic a tio n  of the  a u ­
th o r 's  th e s i s .
* 2. In the  a p p lic a tio n  d e sc rib e d  in  Footnote 1 , prelim inary  re s u l ts  in d ica te  th a t 
th is  fu n c tio n a l m easure is  a function  of th e  fie ld  v a r ia b le s .



Appendix II

Introducing a su ita b le  no ta tion

Vy  =  hy Vy =  %

6,l =  f a 2 = 0  € l* =  - ^ l  =  l , (A - I I -1 )

we can  w rite  a ch a in  of Id e n titie s :

r f  I n't *iip} =

=  T (f t cJl? I  K i l t )  + i  (ru  £ ‘sy^ V U x )j K l ( f )  +

+ j r  ^  e j u v ^ r / ( f ) }  =

= -  ^  r f  r f  et}S

=  -  £ * c  [ r a)x r (i)J  %  f ( x - f )
(A. I I . 2)

B ecause of our ch o ice  ( I I .5 .63 ) and ( I I .5 .64 ) for the  v ec to rs   ̂ , we can  

w rite

I  "  “  ^bc ^  S ( T - y )  (A .II.3)
[ r f l

w hereupon Eq. ( I I .5 .70 ) fo llow s d ire c tly .
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i l l
A b s t r a c t

S o l i d / L i q u i d  Phase  T r a n s f o r m a t i o n s

by

James H. Whittam

A d v i s e r :  P r o f e s s o r  H en r i  L .  Rosano

E v idence  o f  t h e  im p o r ta n c e  o f  phase  t r a n s f o r m a t i o n s  

and t h e  s o l i d / l i q u i d  i n t e r f a c e  i s  o b s e rv e d  from s t u d i e s  

on t h r e e  model sy s te m s :

A. Aqueous S o l u t i o n s

I n  d e p th  e x p e r i m e n t a t i o n  on t h e  d e n d r i t e  i n t e r f a c e  

s t r u c t u r e  o f  aqueo u s  s o l u t i o n s  h as  e s t a b l i s h e d  

t h a t  n o t  o n ly  a r e  d i f f u s i o n  and c o n c e n t r a t i o n  

f a c t o r s  i m p o r t a n t  t o  t h e  i n t e r f a c e  c o n f i g u r a t i o n  

b u t  t h e  r a t e  o f  h e a t  e x t r a c t i o n  from t h e  i n t e r f a c e  

( h e a t  t r a n s f e r )  and a s s o c i a t e d  w a t e r  p l a y  i m p o r t a n t  

r o l e s .

B, Enzyme Systems

The change i n  t h e  a c t i v i t y  o f  Ok amylase  i s  con­

t r o l l e d  by t h e  r a t e  o f  f r e e z i n g ,  r a t e  o f  th a w in g  

and t h e  c o n c e n t r a t i o n  o f  s o - c a l l e d  p r o t e c t i v e  

a g e n t s .  T h i s  a p p e a r s  t o  be due t o  t h e  s o l u t e  

b u i l d i n g  up a t  t h e  s o l i d / l i q u i d  i n t e r f a c e .  Very 

s m a l l  c o n c e n t r a t i o n s  o f  s m a l l  m o le c u l a r  w e igh t  

p r o t e c t i v e  a g e n t s  lo w e r  t h e  a c t i v i t y  o f  t h e  enzyme



a f t e r  a  g iv e n  f r e e z e  thaw c y c l e  more t h a n  th e  

u n p r o t e c t e d  enzyme sys tem  would do u n d e r  s i m i l a r  

c o n d i t i o n s .

S a t u r a t e d  Monoacid T r i g l y c e r i d e s

T r i g l y c e r i d e s  were chosen  a s  a  t h i r d  a r e a  o f  s t u d y  

s i n c e  t h e y  e x i s t  _n a lm o s t  a l l  f a t t y  m a t e r i a l s  and 

t h e i r  p o lym orph ic  s t a t e s  a r e  due t o  t h r e e  p r i n c i p l e  

c r o s s  s e c t i o n a l  a r r a n g e m e n ts  o f  l o n g  c h a i n s  ok} 73* 

and 73.  T h is  d i s s e r t a t i o n  p r e s e n t s  e v id e n c e  on th e  

p h y s i c a l  a g in g  o f  pu re  monoacid t r i g l y c e r i d e s .  A 

t e c h n i q u e  i s  a l s o  d e s c r i b e d  u s i n g  a  p o l a r i z i n g  

m ic ro scop e  and a  t e m p e r a t u r e  g r a d i e n t  m ic roscope  

s t a g e  which s u p p l i e s  s u p p le m e n ta r y  i n f o r m a t i o n  t o  

compliment  t h e r m a l ,  x - r a y  I . R .  and NMR m ethods .  T h is  

a p p a r a t u s  may a l s o  be u sed  a s  a  s im p le  d e v ic e  t o  

d e te r m in e  t h e  t e m p e r a t u r e  s t a b i l i t y  o f  v a r i o u s  f a t t y  

s y s te m s .  More i m p o r t a n t ,  i t  e l i m i n a t e s  many t h r e e  

d i m e n s i o n a l  h e a t  t r a n s f e r  p ro b lem s  and p r o v i d e s  a  

d i r e c t  method f o r  o b s e r v i n g  t h e  phenomena o f  p h y s i c a l  

a g i n g  o f  t r i g l y c e r i d e s .

P h y s i c a l  a g in g  o r  s o l i d / s o l i d  phase  t r a n s f o r m a t i o n s  

o c c u r s  a s  a  r e s u l t  o f  t h e  f o r m a t io n  o f  t h e  m eta ­

s t a b l e  o(  and 7 3 '  po lym orphs .  P r e v e n t i o n  o f  

p h y s i c a l  a g i n g  may be a c c o m p l i sh e d  by s o l i d i f y i n g  

t h e  t r i g l y c e r i d e  be low t h e  c r i t i c a l  r a t e  o f  f r e e z i n g  

f o r  f o r m a t io n  o r  by t h e  a d d i t i o n  o f  low m e l t i n g  

t r i g l y c e r i d e  i m p u r i t i e s  ( su c h  a s  t r i l a u r i n ) .



V

F i n a l l y ,  n u c l e a t i o n  d a t a  i s  p r e s e n t e d  f o r  t h e s e  

p u re  s a t u r a t e d  monoacid  t r i g l y c e r i d e s .  E s t i m a t e s  

o f  y* , t h e  s u r f a c e  f r e e  e n e r g y ,  f o r  t h e s e  t r i -
p

g l y c e r i d e s  i s  o f  t h e  o r d e r  o f  li+-17 e rg s /c m  .
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v i i

P r e f a c e

Many i n d i v i d u a l s ,  p u r s u i n g  a  p r o j e c t  o f  t h i s  m agn i tude  

a l o n e  and a c c o m p l i s h i n g  i t s  g o a l ,  f e e l  t h e y  a c h i e v e  u l t i m a t e  

s a t i s f a c t i o n .  To t h i s  a u t h o r  few i n d i v i d u a l s  r e a c h  t h i s  

p i n n a c l e  o f  s u c c e s s  and e n jo y  i t  w i t h o u t  t h e  h e l p  o f  soire 

e x c e l l e n t  s u p p o r t .

L ik e w i s e ,  t h i s  d i s s e r t a t i o n  a t  hand i s  t h e  p r o d u c t  o f  

one p e r s o n  s t r i v i n g  t o  a t t a i n  fo rm a l  acknowledgment i n  th e  

f i e l d  o f  C h e m is t ry ;  however ,  th e  s u p p o r t  which s e r v e d  a s  

t h e  f o u n d a t i o n  and g u id an c e  o f  t h i s  i n d i v i d u a l  e f f o r t  must 

n o t  go u n r e c o g n i z e d .  To a l l  t h o s e  i n d i v i d u a l s  i n v o l v e d ,  I 

e x p r e s s  my d e e p e s t  a p p r e c i a t i o n .

I  am e x t r e m e l y  g r a t e f u l  t o  my f a m i ly  who th r o u g h o u t  t h e  

y e a r s  h as  h e lp e d  g u i d e ,  a d v i s e ,  s u p p o r t ,  and " p u t  up" w i th  

my many a n t i c s  and a c t i v i t i e s  t h a t  have b ro u g h t  me t o  t h i s  

v e ry  p r o m is in g  f r o n t i e r  o f  my l i f e .  To them I  a lw ay s  w i l l  

be i n d e b t e d .

Beyond no r e a s o n a b l e  d o u b t ,  t h e  n e x t  most i n f l u e n t i a l  

p e r s o n  i n  my l i f e  h a s  been P r o f e s s o r  H en r i  L. Rosano.  S in c e  

my u n d e r g r a d u a t e  days  h i s  p e r s i s t a n c e  " t o  s o l v e  zee problum" 

combined w i th  h i s  o v e r a l l  dynamic p e r s o n a l i t y  h a s  l e f t  an 

i n d e l i b l e  mark i n  my mind. I  have l e a r n e d  much and b e n e f i t e d  

g r e a t l y  from h i s  b ro a d  knowledge and e x p e r i e n c e  n o t  o n ly  in  

c h e m is t r y  b u t  i n  a l l  a s p e c t s  o f  l i f e .  A c c o rd in g  t o  t h e  words 

o f  G ib r a n ,  "he who i s  w ise  does  n o t  b i d  you e n t e r  t h e  house 

o f  wisdom b u t  r a t h e r  l e a d s  you t o  t h e  t h r e s h o l d  o f  y o u r  own 

m in d ."  T h i s  sums up my e d u c a t i o n  w i t h  H e n r i  L. Rosano.



v l i i

To th a n k  in  one l i n e  a l l  t h e  o t h e r  p e o p le  whom I  have 

had t h e  f o r t u n e  t o  meet  d u r i n g  t h e  deve lopm ent  o f  t h i s  t h e s i s  

would be a  g r o s s  i n j u s t i c e  s i n c e  no one would r e a l i z e  th e  

r o l e  t h e y  p l a y e d .  The f o l l o w i n g  i s  a  b r i e f  a c c o u n t  o f  t h r e e  

y e a r s  a t  C i t y  C o l l e g e .

The g e n e s i s  o f  t h i s  t h e s i s  f i r s t  "saw l i g h t "  d u r i n g  t h e  

summer o f  1971 a t  C.C.N.Y. At t h i s  t im e  I  was d o in g  r e s e a r c h  

a s  an u n d e r g r a d u a t e  w i th  H.L.R.  i n  t h e  M a r l i e s  Lab o f  Old 

B a s k e r v i l l e  H a l l .  My summer p r o j e c t  was s u g g e s t e d  by Mr. R. 

P f l u g e r  o f  t h e  Maxwell D i v i s i o n ,  G e n e ra l  Foods C o r p o r a t i o n  

and i n v o l v e d  a  s t u d y  on t h e  f r e e z e  dr^daig o f  c o f f e e .  The 

f o l l o w i n g  academ ic  y e a r  I  a s s i s t e d  Mr. M. Freedman (who was 

w ork ing  on h i s  M a s t e r ' s  t h e s i s )  w i t h  r e s e a r c h  i n v o l v i n g  th e  

f r e e z i n g  o f  aqueou s  s o l u t i o n s .  Along w i t h  t h e  d e l i g e n t  h e l p  

o f  Dr. K.A. J a c k s o n  and Mr. W. M i l l e r  o f  t h e  B e l l  Te lephone  

L a b o r a t o r i e s ,  Murray H i l l ,  New J e r s e y  we d e s i g n e d  a  un ique  

m ic ro sc o p e  f r e e z e  d r y i n g  s t a g e .  Dr. J a c k s o n ' s  e x p e r t i s e  

i n  t h e  f i e l d  o f  s o l i d i f i c a t i o n  a l s o  s e r v e d  a s  a  bank o f  

knowledge where I  c o u ld  o f t e n  r e f e r  f o r  d i s c u s s i o n  in  my 

c u r r e n t  work.

In  Ju n e  1972 I  made an i m p o r t a n t  d e c i s i o n  i n  my e d u c a t i o n a l  

c a r e e r .  I  had j u s t  g r a d u a t e d  w i th  my b a c h e l o r ' s  d e g re e  in  

c h e m ic a l  e n g i n e e r i n g  when I  d e c id e d  ( w i t h  some c o n v in c in g  

from H .L .R . )  t o  a c c e p t  a  t e a c h i n g  f e l l o w s h i p  a t  t h e  C i ty  

U n i v e r s i t y  o f  New York and p r o g r e s s  on to w a rd s  a  Ph 'D in  

P h y s i c a l  C h e m is t r y .  At t h i s  t im e  i t  was a l s o  d e c i d e d  t h a t  I  

c o n t i n u e  my work on a q u eo u s  s o l u t i o n s .  In  a d d i t i o n ,  t h e  i n ­
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v e s t i g a t i o n  o f  aqueo us  enzyme s y s te m s  ( t h e  second  phase  o f  

t h i s  work) was p rovoked  i n  d i s c u s s i o n s  by Dr.  C. J .  Cante  

and Dr. R. G u a r d ia  o f  t h e  G e n e ra l  Foods C o r p o r a t i o n ,  T a r r y -  

town, New York and Dr, Rosano.  As a  r e s u l t ,  oi amylase  was 

chosen  a s  a  model sys tem  which c o u ld  be r e l a t e d  t o  a  p r a c t i c a l  

p rob lem  nam ely ,  f r e e z i n g  o f  fo o d s .

Dur ing  t h e  summer o f  ' 7 2 ,  I  was f o r t u n a t e  enough t o  be 

employed w i th  t h e  L e v e r  B ros  Co. i n  E dg ew a te r ,  New J e r s e y .  

Under t h e  d i r e c t i o n  o f  Dr. E, D. Goddard (now w i th  Union 

C a rb id e )  I  l e a r n e d  some o f  t h e  t e c h n i q u e s  t o  s t u d y  f a t s  and 

f a t  e m u ls io n  s y s te m s .  T h i s  e x p e r i e n c e  was i n v a l u a b l e  s i n c e  

I  c o u ld  r e l a t e  some o f  t h e  c o n c e p t s  I  l e a r n e d  i n  c o l l e g e  t o  

s o lv e  some p r a c t i c a l  p ro b le m s .

That  S ep tem b er ,  t h e  s t a r t  o f  t h e  new sc h o o l  y e a r  I  was 

a d m i t t e d  i n t o  t h e  PhD Program. I  began t o  e x te n d  my s tu d y  

on f r e e z i n g  and s o l i d i f i c a t i o n  p ro b lem s  in  s o l u t i o n s  and 

enzyme s y s te m s .  D ur ing  t h i s  y e a r ,  t h o u g h t s  on t h e  t h i r d  

sys tem  d i s c u s s e d  i n  t h i s  t h e s i s  were d e v e lo p ed  by my good 

f r i e n d  Dr. C a n te ,  Dr. Rosano and m y s e l f .  The c r y s t a l  b e ­

h a v i o r  o f  t r i g l y c e r i d e  sy s te m s  was chosen  beca u se  o f  th e  

im p o r ta n c e  o f  s o l i d i f i c a t i o n  p r o c e s s e s  on t h e i r  c r y s t a l  form 

and b e c a u se  o f  t h e  many i n h e r e n t  p rob lem s  a s s o c i a t e d  w i th

p r o d u c t s  c o n t a i n i n g  f a t s .  With t h e  h e l p  o f  my u n d e r g r a d u a t e  

f r i e n d s  H. R a g in ,  M. P e tk o  and A. Garuba a  g r e a t  d e a l  o f

i n f o r m a t i o n  was c o l l e c t e d  on t h e  k i n e t i c s  o f  ph ase  t r a n s ­

f o r m a t i o n s  a l s o  r e f e r r e d  a s  p h y s i c a l  a g in g .
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The f o l l o w in g  y e a r s  a t  C i t y ,  I  had t h e  r e a l  f o r t u n e  

o f  w ork ing  w i th  some f i n e  p e o p le .  Dr. W il l iam  G e r b a c ia  who 

r e c e i v e d  h i s  PhD i n  F e b r u a r y  197A> and i s  now w ork ing  f o r  

Chevron O i l  F i e l d  R e s e a r c h  Co. i n  La Habra  C a l i f o r n i a ,  en 

r i c h e d  my e d u c a t i o n a l  b ackground  in  t h i s  f i e l d  o f  m ic ro ­

e m u l s io n s .  Today he i s  u s i n g  t h e s e  sy s te m s  in  hope o f  d e ­

v e l o p i n g  an e c o n o m ic a l ly  f e a s i b l e  p r o c e s s  f o r  t e r t i a r y  o i l  

r e c o v e r y .  B i l l  and I  a l s o  p la y e d  a  f i n e  game o f  t e n n i s  t o ­

g e t h e r  e s p e c i a l l y  when o u r  o p p o n e n ts  d i d n ' t  show up.  When 

t h e  o t h e r  team d i d  manage t o  p l a y  us  o u r  u s u a l  e m u l s i f i e d  

c o n t i n u i t y  would r a p i d l y  b r e a k  down. Then t h e r e  was Shu 

Hsien  Chen (The O r i e n t a l  F lower)  who e n l i g h t e n e d  me in  t h e  

f i e l d  o f  m o n o la y e r s  t o  such  an e x t e n t  t h a t  we p u b l i s h e d  t h e  

" w o r ld  famous t h e o r y "  on S u r f a c e  Drag V i s c o s i t y .  The o r i g i n a l  

d u b io u s  t h e o r y  was d e v e lo p e d  by a  B u l g a r i a n  s c i e n t i s t  and 

smuggled ou t  o f  t h a t  c o u n t r y  by Dr. Rosano who was w ork ing  

f o r  t h e  F re n ch  government  which in  t u r n  was p a id  by t h e  C . I .A .

One o f t e n  h e a r s  t h a t  t h e  e n v iro n m en t  f o r  a  PhD must  have 

a  c e r t a i n  c r i t i c a l  mass.  In  R o s a n o ' s  l a b ,  I 'm  s u r e  we a lw ay s  

r a n  above t h i s  c r i t i c a l .  I  t h e r e f o r e  w ish  t o  e x te n d  t h a n k s  

t o  a l l  t h e  o t h e r  members o f  o u r  l a b ;  E. LaGamma, M. M u g h e l l i ,

S. S c h e c t e r ,  A. W eiss ,  T. Forman and L. Kennberg .  I f  t h e r e  

i s  a n y t h i n g  we w i l l  a l l  remember, i t  i s  t h a t  we had t h e  b e s t  

l u n c h  h o u r s  i n  t h e  e n t i r e  c o l l e g e .  T h is  g roup  a l s o  e x h i b i t e d  

t h e  g r e a t e s t  e n th u s ia s m  f o r  h a v in g  a  p a r t y .  No m a t t e r  what 

th e  s i t u a t i o n  was we c o u ld  a lw ay s  f i n d  an e x cu se  t o  c e l e b r a t e .

I  must a l s o  acknowledge Dr. J .  R e n n e r t  and Dr.  A. S a n to ro
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for their thoughts on this project especially in the final
stages of preparation and oh yes, the vocal renditions of 
Prof. H. Salzberg as he walked through the halls singing,
Figaro Figaro, the Russian National Anthem or Manon.

Finally, I wish to thank the "shop", especially J. Cannella 
and B. Cope for their help in designing some of the equipment 
used in this project and the tireless efforts of Mrs. C. Silver 
in the Chemistry office for translating "our scribbled thoughts.
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