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Abstract
Path Integral Formulation of Field Theories with Second-Class Constraints
by

Pavao Senjanovic

Adviser: Professor Bunji Sakita

Faddeev's Hamiltonian path integral method for singular Lagran-
gians is generalized to the case when second-class constraints ap~-
pear in the theory. The general formalism is then applied to a vari-
ety of problems: quantization of first-order field theories, quantiza-
tion of the massive Yang-Mills field theory, light-cone quantization
of the self-interacting scalar field theory and quantization of a local

field theory of magnetic monopoles.
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Introduction

The first systematic study of field theories witr; constraints was done
by Dirac 1 '2’3. He showed that the algebra of Poisson brackets determines a
division of constraints into two classes: the so-called first class constraints
and second class ones. The first class constraints are those that have zero
Poisson brackets with all other constraints in the subspace of phase space in
which constraints hold; constraints which are not first class are by definition
second class. Dirac also showed how to redefine the Poisson brackets in such
a way that all new redefined brackets (so-called Dirac brackets) of second class
constraints are zero. As we shall see, this is indeed necessary if transition to
quantum theory is to be made.

The quantization of field theories with constraints based on Dirac's form-
alism and using the method of functional integration was performed by Faddeev4.
Faddeev restricted his discussion to the case when only first-class constraints
are present. We shall see that there are several interesting examples of field
theories which contain second-class constraints, so that a generalization of
Faddeev's method to these cases is warranted. The development of this gener-
alization and its applications are the main concern of this thesis.

The thesis will be organized as follows:‘ In chapter I, we shall present
the general theory. This chapter will consist of three sections. In Sectionl,
we shall review Dirac's method. In Section II , we shall give a short descrip~
tion of Faddeev's method. In Section III , a generalization of Faddeev's method
to the case when second class constraints are present will be formulated., Chap-
ter II will contain various applications of the general formalism developed in
Chepter 1.

In Section II-1, we shall undertake the quantization of two field theor-

ies in the first order formulation:” the self-interacting scalar theory and the
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free massless vector field theory. The next two sections (II.2 and II, 3) will
be devoted to the quantization of the self-interacting Yang-Mills field theory
in the first-ordér formulation and the quantization of the massive Yang-Mills
field theory in the standard formulation.

In Section II.4, the light—cone quantization of the self-interacting scalar
field theory will be performed using our method. In Section II.5, we shall
quantize a local field theory of magnetic monopoles. In both Section II.4 and
Section II.5, second-class constraints will appear naturally.

Section II.6 will be devoted to a conclusion,

-7-



Chapter I. General Theory

I. Dirac's theory of systems with constraints

a. Singular Iagrangians
Given a mechanical system ( of N degrees of freedom ) with a Lagran-

gian L,
L =1L(¢g¢) (1.1)

one defines the conjugate momenta by

Pm = —D—L (m=), ... N) (1.2)
2 %
We shall dwell on the case when the expressions -e%— are not inde-
n

pendent functions of é[n . Eliminating the §'s one obtains a certain number

of independent constraints

éb,m (g,/a) =0 (m=12, .. L) . (1.3)

Thus, some of the p's are not independent. Solving (I.3) one writes
Po<= %(?)/94') (& =1,2_... /é) , (1.4)

where the p, ‘s (i=1, ... r , r+k=N) are independent.

Because we are dealing with a singular ILagrangian, it is impossible
to solve (I.2) forall the c}'s . However, if we take some of the ci's to be
independent ( and undetermined ) [ we shall take those to be c.za( a=1, ...k)],

we can use Eq. (I.2) to solve for the remaining q's:

? = J. (¢ pi, 2.) (<= 2,7 o=N-A). (L5

Egs. (I.4) and (I.5) together have the same content as Eq. (I.2).



b. Equations of motion

Define the Hamiltonian by

H—: P/ng,‘"“'L = W(gjlbi;gd) . (1.6)

In view of Egs. (I.4) and (I.5) the Hamiltonian defined by (I.6) can be con-
sidered in general as a function of q, p; s &a . However, because of the
nature of the Legendre transformation of (I.6) and in view of (I.2), it does

not depend on E;a , which can be checked directly

W _ W ol 2l 3%
. [ 3 T 1 1 - £ - — 1 -
24 fut P ¢, I °f 2¢, 0

Hamilton's principle

J—f[,oll‘ = 0 (1. 7)

can be written as

Jf(ﬁ’n ?w - W(g)/bi))‘a— =0 (1.8)

with the constraints

¢'m (@, /b} =0 ' (I.3)

Using the ILagrange multiplier method, one is led to the equations of motion

pr §n ’ (1.9)

where Vi are the multipliers, which are arbitrary at this stage. These equa-~
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tions, together with the constraints (I.3) form a complete set of equations of
motion. |

Before proceeding with the development of the formalism, we shall
introduce several important definitions. First, let us define the phase space
I as a set whose elements are ordered 2N-tuples ( Ay + ++-Gyr Py +0e Py ).
Then, introduce the submanifold M in 1, which by definition is the subget:
of r for which Egs. (I.3) hold. Note that Egs. (I.9) hold only in M , which
is clear from the way they were derived.

The Poisson bracket of two functions f and g of the g's and p's
is defined by

| N3 D VAR,
(f9)=2 (38 3 -5 5% )

It is convenient to introduce the "total” Hamiltonian H in the fol-

lowing way:

H=W + U, ¢, a (1.10)

gl = {ta, )]

where our notation is intended to emphasize that those equations hold in ™M ,

(I.11)

For a function g of P, and q, we find the equation of motion

.
5l {9)”,7/ | (1.12)

Hence, H as given by (I.10) is the generator of time translation.

-10-



c. First-class and second-class constraints

The constraints ;zfm must remain zero at all times, which implies:

bl = [{dn, A} + v Ad 4 3] 0w
M M i
Excluding the case when those equations are contradictory either
among themselves or with Eqn. (I.3) as uninteresting, those equations may
be (a) a trivial identity, (b) independent of the v's , (c¢) may involve some
of the v's .

In case they are of type (b), they represent new constraints (call-

ed secondary constraints) and may be written in the form

o (g,p) =0 , (I.14)

Obviously, we can continue this process of generating secondary
constraints until we arrive at the point when no more independent equations of
type (b) are produced. After eliminating as many v's as possible from (c)
type equations, we can use the remaining equations to solve for some (or all)
of the v's .

Let us denote by M the subspace of phase space in which all con-
straints hold ( i.e. both primary and secondary ones) . We shall assume the

\.\iq}aducibﬂity of all constraints with respect to M , i.e., a function of qg's

and p's vanishing in M will be expressible as a linear function of the #&'s
and the p's with functions of q's and p's as coefficients. We thus have

in particular

H=HGP + =gp)h(tp) €19

where we have denoted by a common symbol (a,p) all the constraints, i.e.
¢£

(4,)= ((B_), (p;)) .
-11-



By definition, a first-class constraint (pa (secondary or primary)

satisfies
a' ——
{&f ) k/,/ﬂj/ "'_0 (I.16)
M
for all ¢ 4" and thus in view of our irreducibility hypothesis
ak
a —
{tp)‘/jz}_Aj_ﬂ, , (1.17)

We call a constraint ea second class if it is not first-class. Performing

suitable linear transformations on the constraints, i.e. choosing new con~
straints which are linear functions of the old ones with functions of q's and
p's as coefficients, let us bring as many {'s as possible into the first-class.
We then claim that the following theorem holds:

- [a&t //{90.) ‘95}//]”/ # 0 , (1.18)

where we have denoted the remaining constraints ( all second-class ) by ea .

To prove (I.18) assume the contrary, i.e.

[M//wa,@f//jm/:o |

Then there exists a set of functions \ a’ not all equal to zero, such that

~/\a[{9a )Qb}]/v{ = 0 for all b ,

and thus

{2, 6 6 =0
| a ) M )

SO Xa eajs first-class, contrary to the assumption that we have put as many
constraints as possible into the first class. This constitutes the proof of the

theorem.
-12-



Corollary 1

Eq. (I.18) implies that the number of second-class constraints for a mechan~
ical system is even, since { 6,/ 6 } is an antisymmetric matrix.
Corollary 2 an

All those v's in (I.15) which multiply second~class constraints ( let us call
them Vb( 6) ) are determined in M .

Indeed, we have a set of consistency conditions

94,,’4 = {@a) /-/}M/ = {94) /‘/M//;/ + U;(e;/ {@)@}/;0(1.19)

(9)

and we can solve for vy in view of (I.18).

M
d. Dirac brackets and quantization

A naive transition to quantum theory would consist in imposing the
constraints as conditions on the quantum state vectors and replacing standard

Poisson brackets by "- i " times commutators. But then if

blay=0 ¥lay=0

we find
[V, 4]lar =0

which corresponds to a classical equation

{4 %3/ =0
M

Thus, for the naive passage to quantum theory to be possible, all
constraints must be first-class. In case a mechanical system has second-
class constraints, the remedy consists in redefining the Poisson brackets in

a suitable manner:

{ﬁ)’)/}*; {§)7}’{§)é}1}(46{96;7} , (1.20)

-13-



where

Cab {91,) Qc} = J-ac

(1.21)

*
{e, n} is the new bracket, while the brackets on the right-hand
side are standard Poisson brackets. It can be shown that the new brackets
have all the standard properties of Poisson brackets,

As a consequence of the definitions (I.20) and (I.21), we find

{§ @a}*___ {56} -—{§)ij(5({9¢)94};

:{.?)94}’{*%)96}&4:0 )
(1.22)

The passage to quantum theory can now be made by replacing the new brackets
by "-i" times commutators. Then, in quantum theory, we can take ea =0
to hold as operator equations without any contradiction, since in view of (I.22),

[ea , € 1=0 forany operator £. The consistency condition (I.19) implies
| = {8u = )
{ &) H } =14 H}M J M

M

which means that the new bracket may be used to give the Hamiltonian equa-
tions of motion,

The generalization of this formalism to field theory, i.e. a mechan-
ical system with a continuously infinite number of degrees of freedom, pre-

sents no difficulty.
-14-



II. The Feyman path integral for singular Lagrangians with first-class

constraints only 4 (Faddeev's method)

a. Introduction

As discussed in Section I, given a certain lagrangian, it can hap-
pen that the equations

2l (g¢)
LIy

(I1,1)

cannot be solved for all of the c.l's . As a result ( direct or indirect ), the q's

and the p's are constrained:

(g, p)=0 a=lz,.-m (.2)

The constraints (II.2) are either primary or secondary; in this section we shall
limit ourselves to the case when there are no second-class ones among them,

Thus,
{YQ) W} = Cacb Y : (II. 3)
In view of the discussion in Section I, we must have
{H, Y4 = ¢ 4P ) (1. 4)

where we have changed the notation somewhat: H now stands for H| . Note
M

that the hypersurface M in the phase space r is of dimension 2N-m,

b. Observables and gauge conditions

Only those functions on M are cbservable quantities whose equa-
tions of motion contain no arbitrariness. The equation of motion of a quantity

f is

-~]15-



gl = AL v Lps]

This will be unique in M if

(11, 5)

{2 L(m}n/ =0 (IL. 6)

or equivalently
b

{1’2, $2p = 4% (11, 7)
The function f occuring in (II.5), (II.6) and (II. 7) is an arbitrary
continuation in I of a function defined on M . Since the constraints (II.2)
are irreducible by assumption, any two such continuations will differ by a
linear combination of the constraints and Eqs., (II.6) and (II.7) are indepen-
dent of the continuation. Equations (II.6) can be viewed as a set of m first-
order differential equations on M , with Eqs. (II.3) serving as integrability
conditions., To see that, let us write Eq. (II.6) in terms of a noncanonical
system of variables ((pa, T]b, q: , p: ). Using (II.3) we obtain
VLK) 44,y _
UD gt =0

* *
where X=(7N,q , p ) and

jf (¥ = {/"j) L‘M}M/ . (11.9)

(I1.8)

The term containing —bb(% vanishes on account of (II.3). It is in
a

this sense that (II.3) serve as integrability conditions for (II.6); if (II.3) did

not hold, we would obtain a set of rather nonstandard differential equations

with the nonmanageable first term:

-16-



20 | {4 cf«}/+_fgam 0

3%, 94

Since f satisfies a set of m first-order linear differential equations, it is

(I1,10)

completély determined by its values in the submanifold of the initial condi-~
tions for (1I.6) (or (1I.8) ). This submanifold is of dimension (2N-m)-m =
2(N-m). We can choose this submanifold to be the surface I *( r'*C M),

defined by the equations
X ((p)=0 a=1 .- m.o . (I1.11)

It is essential for later developments to assume that

{)/4))6} = 0 , (11.12)

In order to achieve a canonical description in r*, it is necessary to require,

as will be seen below (see Eq. (1I.14) )
At | { X, P + O , (11.13)

c. Independent canonical variables

If (I1.12) holds, we can perform a canonical transformation in I

and make a transition to new variables in which

Yo (L 0) = P ,

In these new variables, (II.13) becomes
Aet // // #+ O (I1.14)

where qa are the coordinates conjugate to pa . Thus Egs. (II.2) can be solv-

ed for qél . Hence, r* is defined in 1T by

-17-



fe=0, ?a: ?—a(g*)pk) ; » )
$e(ge, 0, ¢,p)=0

* *
and g and p are the remaining canonical variables which act as indepen-

where

*
dent variables on I .

One can show that 4

i~

_ 24" _ 4" ¢
{ﬁ)g}l 9@* 9/@? ﬁé* 9‘?1’.‘ ) (11.15)

1 1

=405, 08, P) (1.16)

* * *
Thus g and p are canonical variablesin I .

d. Passage to quantum theory

‘We now prove the central result of this section: For the mechanical
system described hitherto, the expression for the matrix element of the S -

matrix is

Cout]simy=Jenli L 8- N TR G010 o,

where the measure of integration is given by

dulep) = [T600) F(9] det ] {20, ) Tp g™ wno

The trajectories q(t) coincide as t -+ £ with the solutions q, (t)
in

and q__ . (t) of the equations describing the asymptotic motion.

out
The proof of the theorem goes as follows: Let us perform a canonic~

al transformation to achieve a canonical description with the coordinates qa,

* *
pa , 4 ,p asdiscussed above, The factor 1rdpi dqi is invariant under a
-18-



canonical transformation, In addition, we have

Slwdiomat= [ ik o9

% is the generating function for the canonical transformation, in the sense

that

7= 32 Ip--32 .

In field theory the interesting canonical transformations are linear-
ized asymptotically as t + + «, and then it can be shown that the change is
equivalent to a unitary transformation in the operator formalism. Thus this
change produces no change in the matrix element (out|S|in ).

In the new canonical representation the measure becomes:

[T §(p) £(1%) a(d//??a// Tdp-dg =
C/L/-J/Pa) S(e- g (g5 p)dpde [Tdpd

(I1.19)

After a trivial integration over p a and qa the integral takes the

[éX/ ‘{1'\[?2/9*?»— H*)”éf} ]fﬁ{/b*/g* , (11. 20)

and this is indeed the functional integral representation for { out [S [ in ) in
* *

terms of an integration over the independent variables ¢ and p . This con-

stitutes the proof of our assertion,

ei. Independence of the choice of gauge conditions

The integral (II.¥7)is independent of the_choice of x a° Indeed, for

an infinitesimal change in Xq + We easily find
-19-



SX, = L& X ] + '’ ,

(11.21)

where ¢ = ha (pa and the ha's are the solution of the system of equations

{Xa) ¥°} /)b =_JX (11. 22)

which by (II.13) has a unique solution,
The second term is of no relevance, because of the first-class na-
ture of the (pb'S and the factors 6 ((pa) in the integral, and the first term

represents a canonical transformation. In this canonical transformation:

Jya - {g‘ﬁ)gpa}z {hby‘;ya}: /]qbﬁﬂé ) (II. 23)

SO

X = X+dX, $— U+ AL, H—H
M5(¥d) — (I+ frA)" Z/—J'(‘F“)
det | {Xo P — (1+ P A) BE] L +x,

(11.24)

We thus see that the integral (II.17) is independent of the choice of Xg *

f. Example: Quantization of the electromagnetic field

We shall illustrate the general formalism developed in this section
by applying it to a particular example:. the quantization of the free electro-
magnetic field., The inclusion of interactions is rather trivial, so we take the
free field in order to center our attention on the essentials. The lLagrangian
density is thus:

L= (A=) %A - h)

-20-
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Therefore

T’ = 2L 0
: - )
2 A, (11, 26)
so we have the first constraint
_ 0 (11.27)
f, = .

Following the formalism discussed in Section I, we find the Hamil~

tonian density
| 4 e N KT}
7(,.2_77177'_,/}09‘77 +7_-|‘7/,1H1 + U (11.28)

i

In Eq. (II.28) w is the momentum conjugate to Ai , Hi = 6‘-?-4‘ 33- A}z , and

u is the multiplier for the constraint (II.27), Imposing the consistency con-

dition
‘70,_/ = {%,H}/ZO (11. 29)
M "
we find a secondary constraint

o= T (II. 30)
No new constraint can be produced, since (p 2] = 0 is satisfied trivially in
M
view of
{9y, (¥) H (7))} = 0 , (1. 31)
as can be checked easily, Since
- —
{4, (@), (g} = O
{4x),5 @5 =0
{4 (R),%(5) =0 ) (11.32)
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our constraints are first class. With these constraints we can associate the

gauge conditions

I

X, = A°
Y, = 91, /41, . (I1.33)

This choice fullfills the conditions (II.12) and (II.13) and moreover, in our

case

_)Z

Act || { Xa ) k’ob}// = Ak V . (I1. 34)

The determinant in (II.34) is to be understood as a functional determinant.
The S-matrix element (II.17), (admittedly trivial in our case, since we are
dealing with a free field, but nevertheless interesting in view of an easy ex-

<out | S|y = fex,b {«'f(/‘f"/}; +7r*’4;.-7()0/‘/1} x
[T & () 50 A) SOUT) S]] dot 7« DA DT
. p‘@ A DT

(I1.35)

where 7{ is given by (II.28). One can now first integrate trivially over Ao

o

and # and then write

77_ CY( 9" ﬂt) = j’D /40 éX/b {1'fd‘/x /40 9(. ]71f . (11.36)
%t

—2 2‘,’_-



After a simple Gaussian integration over wi , one recovers the expression
=22
. : y A
out | §]in> —=fé)(p {1ffd*}£{ J(%ﬂ«)ﬂ—ﬂ//fa AtV (.37

where £ is given by (II.25).

The generalization of (II.37) to the case of quantum electrodynamics

reads

<out]Slin>= /,2%2)%/177@40 MV;{/—J(?})ZX/bﬁ/Xd&j (II. 38)

where ¢ is the standard Lagrangian in quantum electrodynamics. This is the
well known expression for the matrix element in quantum electrodynamics in
the Coulomb gauge 5.

The Coulomb gauge condition appearing in (II.38) violates manifest
Lorentz invariance, so it is desirable to make a transition to the covariant
gauge described by the 6§ -function 6( buAu ) . This can be achieved most

easily in the following way: first, one notes that
At 0 J202 T (uA +00) = 1 , (1.39)
?lt .
which is seen by performing a change of variables

() — _Q/ = (] — 0 Qa/ﬂu (I1. 40)

and performing the integration. Thus one can insert the left hand side of (II. 39)
as a factor in the integral (II.38). After that one can change variables as fol-

lows:

-23-



b = A= L2
Y - é”eﬂ%

TF——? e(efz‘_?:

(11.41)

Since the lagrangian in (II.38) is invariant under this change of
variables, and since the Jacobian of the transformation is 1, one is immediate-

ly led to the expression

lout [ £ ]in> = fﬁ%%[ﬂ/}u MUF{Z I (Qhs) »

p f&)_{l_\l}—J([‘?‘-F— ﬁm)o@fﬁze,(f{/t'ff&/qxj ‘

ol (I1.42)

The integration over §) can now be performed trivially, producing the desired

final expression:

<out |$]iny = J2TY T DA MU?{ZJ@,/;L) .
< exp {iJ&d } (11,43

which completes the transition to the covariant gauge.

-24-



III. The Generalization of Faddeev's Method to the Case When Second Class

Constraints are Present

In this section we shall generalize Faddeev's results described in Sec-
tion II to the case when second class constraints are present, Thus, in our
case the canonical variables do not vary throughout the phase space 1 , but

satisfy the equations

¥4 (4,p)
6% (¢,p) =0 L=1,2,....2m .

We shall assume that the ¢'s and the 8's are independent and also irreduc-

I

0 61:./).--"077
(I11.1)

ible in the sense that an arbitrary function h in I which vanishes in the sub-

space M in which Eqgs. (III.1) hold is a linear combination of the constraints:

A= Gapt ey + d(e,p 6%y . @

The ¢a 's are first class constraints, i.e.:
b —
{ Lfa) LF }M/ - 0
a £ —
{ ? ) o }M/ =0 )

(117.3)

while the OI’ 's are second class:

[dct//{ei)eﬁf//]/ £0 . _

Thus, in view of the irreducibility hypothesis we have
Q bl _ ab pc ab A4
{(f p; Y _} = C c Y + 22 9
2 al al 4
{‘Y“)9}=€C‘FC+7£44_5’ ,
(111. 5)
=25=-



Self-consistency requires

ab
d 2 / =0 ) (I11.6)
M
as we shall now prove; indeed, from (III.5) we find immediately

{Gs) “oa) ‘f”}} — d;b {95) 91}+ Z—:caé e, diabé,z

{(_Fb)_{g(a r}} bdfkf N #b‘” 91&
(I11. 7)

so that Jacobi's identity implies
ab | S pnA
A% | {6 6 }M/
ﬂ
and thus, in view of (III,4)

0(45/‘_

which was to be proved.

The equation of motion for an arbitrary quantity f is found to be, in

a manner similar to that of Section II:.
f/ = {f) Hi/ | (111 8)
M M
where

H”'HI +U;Ya+1fe@ . (111.9)

Self-consistency requires



LF.aI = .{_(-()a) HS’/ = 0

" M (II1. 10)
and

GL} = {911 H}/ =0 (II1.11)

) M .
M
One can easily see that (III.5), (III.10) and the irreducibility hypothesis
imply
a qa b a n4
{HIV}ZC;,LF+0U9 : (111.12)
n) ‘
Eq. (III.11), in turn, simply determines u z[ in view of (III.4).
M

Not all quantities are observable (physical), but only those whose vari-
ation in time is not affected by the arbitrariness in the choice of the va 's .

Thus for physical quantities we must impose the requirement that
| = + U [ {4 e £ ,
{ZH/ ? HH/ }M/ aM/ { }n/ +Uﬂ'£ U-))@}M/ (I11.13)
is a uniquely determined quantity, which implies

{]ﬁ’ @i/ = 0 (111.14)
M

{ #, L(Q} = (% o d 5 6* (111, 15)

Y

while there is no such restriction on {f, o* }| in view of the corollary preced-

M
ing Eq. (I.19). (See also the comment following (III.12)), Condition (III.6) plays

an important role in the self-consistency of those requirements. Indeed, from



(111,15), (III.5) and the Jacobi identity one can deduce

{ {k‘oa)%)b}) ‘ﬁ}J =0, (I11.16)

which, in view of (III.5), results in
b 2 / _
d?ﬁl {G;Q}M =0 . (I11.17)

so that, if (III.6) did not hold, we would have to impose {8%, £3}| = 0,
M

which is unacceptable, as we shall see below,

Note that condition (III.15) is independent of the choice of continuation

of a function f defined in M, thatis f| , into the whole phase space TI. In-

M
deed, any two such continuations may differ only by a linear combination of con-

straints and then (III,5) implies that (III.15) holds for any such continuation.

Unlike (III.15), the condition { o* , £3}] = 0 does not possess this feature
M

and thus is unacceptable.

Egs. (III.14) can be thought of as a set of m first-order differential
equations on M with (III.5) serving as integrability conditions. The proof of
this: statement is a straightforward extension of the corresponding proof in Sec-
tion II. Hence the function f is defined uniquely by its values in the submani-
fold of the initial conditions of the equations which is of dimension (2N-m-2n)
-m = 2(N-n-m) (2N = number of canonical coordinates and momenta in TI).

We can take this submanifold to be a surface r‘* in' M defined by

X, (g) lb): O a=1, m (II1.18)

We shall call Eqgs. (III.18) gauge conditions. We thus see that gauge conditions

are associated with first class constraints only. It is éssential for later develop-
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ments to require ( see Eq. (III.20) ):
det | {x,, 0} #0 .

We now prove the following theorem.
Theorem:
Let there be given a mechanical system with m first-class constraints and
2n second-class constraints. Let the first-class constraints be called ¢, .
the second-class Ga . and the gauge conditions associated with the first-

*
class constraints x_ 1 . letthe x_'s be chosen in such a way that {xa ,

Xb }=0.
*
Then the expression for the S-matrix element is

lout || i) :JUF{{_{,(/{ 2 ‘Hﬂf} E— 0{/“ (gm’/ﬂ(ﬂ) »  (II1.19)

where H is the Hamiltonian of the system and the measure of integration is

defined by

0{/“ (g'/p) = EI_S(Xa)S(‘Pa) ‘M/H){a,%ﬁ”/
T 56 | 14t 116, 631[" T dp de:.

In order to prove this theorem, we need the following lemma:

(I11,20)

Let Me be that region of phase space in which ea (p,q) and ©5 (p,q) are of

1 In what follows, we shall not distinguish between the indices associated
with the second-class constraints and those associated with the first-
class constraints. The range of the respective indices will be clear in
all the expressions we shall write,

2 Again, as in Section II, the trajectories q(t) coincide as t + + o with
the solutions 9, (t) and Aot (t) of the equations describing the a-

symptotic motion.
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order ¢ ( e is an infinitesimal quantity ). Note that MeD M. In the region

M there exists a set of functions /\ ab and M ab such that if we define

9: _ Aab 95 +/“ab% ) (111,21)
then , -
{ea/) b/} = (@/ab t O(Gz) M M‘-‘ ’
. M (111.22)
{Qal}lb} = Q) m e,
where
o
/ voA4
©= | . i
-4,
y 0
-1 ‘
(111, 22a)

The proof of the lemma is given in the Appendix following Chapter I.

Now note that, due to the presence of the §- functions § (<pa) and

6( 6. }, the integral in (III,19) extends only over the region Me . Secondly,

note that by (A.I-8) and (A.I-12)

-1
T (0 a6l = [t A + s 6 + % | TeCe] oty

= |l A )] Zn(@)w(%) = /a(?f///lf,,///"j/—é'(é’/) T4(%)-

A
= [t {6, 03" Te@) T4, .25

=30~



where we have used the relation
[M”/\ /0(?“ {ea,eb}”/ = ’M @/} = i, (1I1. 24)

which is a consequence of (A.I-1) and (A,I-2).

In view of Eq. (III.22) we can perform a canonical transformation in

Me such that the new variables are P = y  l1<a=sm Qm+a = 6,5
Poia= O2naqr’ 1S@a<n (The discussion of canonical invariance follow-

ing (I1.18) applies in our case as well.) . We thus find, using (III.19), (III.20)

and (III.23), and integrating trivially over Pa . Pm 1 and Qm 1a

Cout| S|y = §exp i f(BQ -t -

xﬂ(gma>}x¢t//9"’b[/{):f AP2G. TG,

t

(111, 25)

where

= H (P Q =0, QQ)Q,M“: O Fre =0) (II1. 26)

and '131 's and 51 's are the remaining canonical variables. Finally, noting

that
TJ(“/)/M//Q% ///:FJ(Qa~Qa*(E)Q))) (111.27)
where Qa (P, , Qi‘) is the solution of the equation

ﬁ (E,Q @a yla=0, 8lura =0, 4«m“0) O (111. 28)
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we can write

Cout|slinp = fep 41 JB G - M)A} TAR2Q

2 (1I1.29)

:’ = f (Qa =& ( E) Qc')) ‘ (111, 30)

Thus, in full analogy with the case described in Section II, we have
obtained an expression for the S-matrix elements as a functional integral over
the independent canonical variables only, The weight of this integral is one,
as it should be, and therefore (III.29) provides a justification of Eq, (III.19)
and thus a proof of ohr theorem *. Note the crucial role played by the deter-
minants |det|] {x_ . o} }|ll and | det]] {6, 6 }[H%.

It remains to prove that the matrix element in (III.19) with the mea-
sure given by (III.20) is independent of the choice of the gauge conditions y a

Again, as in Section II, we find
§ X, = 1,0% + Wy (111, 31)

with

From our proof it is clear that (II.17) and (III.19) still hold if one relaxes
Faddeev's requirement { y_ , x,, } =0 to read:

(¥, X, = S8 XXy + B0 Nty + Y94

=32~



and the h's are the solution of the system of equations

{Xa,gfb} l"b = -4 Xa , (I11.33)

The first term in (III.31) represents a canonical transformation, Performing

such a canonical transformation results in changing ®q and ea by

§9, = {9, )= Auty | (111 34)

JGQ = {@)@a} = {thb,ea}z Babe+Dab6b .

(111, 35)
Calling:

fo Y, =1 @) Xq} (111. 36)

we find:

(0, %3 = {Xar SH b +A] =
H M

= {Xa ‘f'é—);)tfb‘/‘/}bc kFc}/
M’

(II1.37)

where we have used the first-class nature of ¢ a® Thus:

Z]‘J(Y;z)_? (1+ 7_5//4)—[ ZTJ(%,) ) (II1. 38)

[ﬂ(a‘// {);,‘TZ}//]/ — (/4 fr/?}[p(u‘//(); +ou£) %//A]/, (I11. 39)
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Mag) — (1+#D)" T i(E)

(111, 40)

and

e, 3l (e w0) bt o 0fl)] e

We can thus conclude that the integral (III.19) is independent of Xa due to can-
onical invariance and Eqgs. (III.38) - (III.41).
We wish to alert the reader to the fact that the extension of our results

to field theory, as in Sections I and II, is rather straight forward.
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Appendix I

In this Appendix we wish to prove the lemma we needed in Section III
(See Eq. (III.22) ). We shall first prove that there exists a matrix /\0 such

that

NON) = @/, (A.1-1)
where

@ab = {@a) Qb} (A.1-2)

)
and @ is given by (III.22 a). The proof of (A,I-1) proceeds as follows:
First, since @ is an antisymmetric matrix of even order then by a general

theorem 6 there exists an orthogonal matrix R such that

RORT = ©

and
~ i
O /\) ' T
-A O
~ mm bt e s ey
6 = O A2
L 0
N e
}" O Am
L =M 0 (A.1-3)
Note that in our case all the hi's are different from zero, since by (III.
4)

it @ = TN = dt © # 0.

Then define the matrix R2 :
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I 0 O -
o o ' O .--
o o 0 O
R,.= |0 0 0 0 5
0 0 —mmmi
O 0 0 7%
0 + O0__._.
that is
('QZ)k,zt-/ =4 fov
(RZ)ZM—,é,Z,é-l'Z = ;\—l— 7307’
K+1

One can then check that

R, @RZT:‘ @/

A

.—-—-/; ’
/< b <
O0< b < m-1
Ry = O

This constitutes the proof of (A.I-1), since we can take

N =Rk R .

(A.I-4)

otherwise,

(A.I-5)

(A.1-6)

A.1-7)

To prove our lemma given by (III,21), (III.22) and (III.22a), let us look for solu-

tions for A ab and Mol in the form
0 —

Aﬂb = Aab + Aab

Map

)

/“Zb “‘/‘Tab )

I

-38
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where /]o is the matrix introduced in (A.I-1) while p.gb is chosen in such a

way that
{_Xc) 6, /]:b +/A:b {)(c)‘f’b} =0, (A.1-9)

Note that a?b can be found by solving (A.I-9), since our choice of X3 satis-

fies the condition
MII{XC)%H/%O in M, .

If we denote by ch a set of functions which satisfy

@bc {fc)%} = 8, , (A.1-10)
we find

/"(Zd = - {Xc)ij/I:b @dc . (A.1-11)
We shall look for solutions of the form

A—ab = Waeb € + /l'(aeb Lfae ) (A.1-12)

Moy = Zfb g, + qub Y (A.1-13)

Neglecting terms of the order of ez , comparing the coefficients of 8, and ¢_
and using (III.5), (III;6), (A.I-1) and (A.I-9), we see that a way of satisfying

(I11, 22) is having

{Ib) O } ’L(fe + {xb, Qe}Zf r {Xb)‘feﬁ Vaec *

C

+ {Xb)k&_} Vace = - {Xb,/u':c} ,

(A.I-14)
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{Xb,Qe}ch +{Xb)g"-}wace * {Xb;%—}ufa #

i {Xb,“(e}zacp_ = - {Xb) /\ZC}, (A.1-15)

0 10,0 ¢ Wy AL 18, 0

“b{eb)ele} e. +/lcol W‘e{gﬂ @[} \__/

ace (A.1-16)

and

be A‘f&f {Qb) 9&’} + uced Agb {eb) Qd} +

t Zfe {972) Qd}/}cod "Zf; {Qﬁ)gbj/lqob = Fac,é (.1-17)

where
r _ 0 0
"‘/acle - Aab {91,) /)Cé} Acd {/]ae) ‘{} _
0 0 0 0
'/aab{(ﬂ’)/]w} +/a65{(ﬁ’)/la,e}'
0 0 e 0 9 é
’/aal, /)cd bd +/“Cb Aad Zbd )
(A.1-18)
and
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Fac,e = —Map ey ©
{Lpb)/ucoe j,/“e?b

My /) od ¢ +/“cb Nes e;,a/ +{/“ce,9f/’aa/

e
bd * Sbd’

In (A.I-18) and A.I-19), c®

- {/"‘ae,k’ﬂd}/a’c({ -
{/«Ze)de/]fd -

f

we have changed the index notation somewhat, e.qg.

{4, 6} =

Defining now
aqy,C e
U ac + Z ac

e e
{’_Cb W ch
e _.b
(Note that t; = tce') and
e . e 1d
ae =V + Ve

we see that (A,I-14) merely provides a solution for q: c

2 4
eba/ﬂ + fb,{ Qe-

yace ’
b
+ We,

known, while the remaining equations can be written as

ab b¢

{x, 0.3 ts
yaeb /ch

76cb*ézz = \:./

ac,e )

= )Oac)e )

-39~
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(A.1-19)

; q are the functions appearing in (III,5);

(A.1-20)

(A.1-21)

(A.1-22)

(A.1-23)

's are

(A.I-24)

* {Xbﬁpe}}’fc = —{};)/];Cj) (A.I-25)
- %ceb /‘/ba

(A.1-26)



te e
ac ~ ae ) (A.1-27)

where
0
Npe = {9;,} Oty . (A.1-28)

e e . e
From (A.I-25) we can find Yoo OnCe t . is known. Solving for Yac from (A,I-
25) , and inserting into (A,I-26), we obtain (A,I-24), to the lowest order in ¢.
We omit the lengthy and straight forward proof of this statement. The basic pre-
requisite for this proof are Egs. (III.5) and (A.I-9), the distributive law for Poi-

sson brackets, i.e.
{A)BC}—:{/})B}C+{/‘})C}5 ) (@.1-29)
the Jacobi identity for Poisson brackets, i.e.

{{/}}B}) Cy+ {{C}/‘U’)B} + {{B,C},/}j =0 | (a.1-30)

Egs. (A.I-18), (A.I-19) and (A.I-28), and finally the relation

{XF/ (@//ac} = {Xﬁ, /):b /)co,;/ [9;,) 94}} =0 , (A.1-31)

which follows from (III.22a), (A.I-1) and (A,I-2).
Thus it remains to show that there exists a set of functions taec such

that (A,I-249and (A.I-27) hold. In turn, Egqs. (A,I-24) and (A,I-27) are equival~-

ent to
h#ac B /77““ = bﬁ‘-’“ (A.1-32)
6“#C = éc7£0~ , (A.1-33)
where
— |
5{) Ca = XeTg \-:{ac,e (A.1-34)
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and
_ ¢ |
/l,éac - Xe# —é ab A/bc . (A.1-35)

A solution for the h's is found by the following procedure:

a) fix ha for a < f < c¢ arbitrarily

fc
b) use (A.I-32) and (A.I-33) to solve for the remaining ha

.

fc
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Chapter 11, Applications

11.1 Quantization of some first-order field theories

In this section we shall quantize some first-order field theories, as
promised in the introduction*. In the first subsection we shall analyze the
quantization of the first-order formulation of the scalar field theory with a
quartic interaction. Besides studying the path integral formulation of the
theory as an application of the formalism developed in Section III, we shall
also calculate the Dirac brackets of fundamental variables to have an idea
of how quantization would proceed in the operator formalism (by Dirac's me-
thod) . In the second subsection we shall repeat the same analysis for the
case of the first~order version of the field theory of the free electromagnetic
field. The example which will be considered in the first subsection will be
found to contain only second-class constraints, while the second example
will contain both first-class and second-class ones.

II.1.A Quantization of the first-order version of the (p4 scalar

theory
Let us analyze first the first-order theory described by the

Lagrangian density
A | g / 4
L= A /Qagﬂ_ > A -3 m* - z;’?/—s” . (IL1.A.1)

This first-order theory is an equivalent formulation of the ¢4 scalar theory.

For the momenta conjugate to A one finds immediately
"

= 2% = 0 (II.1.A.2)

*
For an account of first-order field theories, the reader is referred to Deser's
lecture notes 7,
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while the momentum conjugate to ¢ is found to be
n = 242_7 = A° . (I1.1.A.3)
aY¥
Thus one establishes five primary constraints

eﬂ-: 72‘/“

@ = ]T"Ao

(I1.1.A.4)

The Hamiltonian density of the system can be obtained by the method intro-

duced by Dirac and described in Section I. It has the following form :
: | P [ 202, A W', T 7 g7
W =L -L A+ 3% P+ AT+ G y(r-AY)m.1.4.5)
As explained in Section I, (see Eq. (I.13) ) consistency requires that

6"/ = T H}/ =0 (I1.1.A.6)
i e
and
6l = {6, Hil =0, (11.1.3.7)
A M
Eq. (II.1.A.7) leads to

7-A - - 5/|75”3'~ Y =0 (II.1.A.8)

This simply determines vy and leads to no new constraints.,

From éol = {g°, H H 0 , one finds v =0 (no new

M M
constraints), while the remaining conditions in (II.1.A.6) produce the follow-

ing secondary constraints:

2 =- %+ A (I1.1.A.9)
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Again, consistency requires that

o = {3'4')H} =0, (I1.1.A.10)
which results in
Ve = o (I1.1.A.11)

and thus leads to no additional secondary constraints.
One can easily establish the following values of the Poisson

brackets of constraints:

{6.(%),0,(3}=0,
[ 6. (%), 0(3)} = deo d(7-F),

(I1.1.,A.12)

{0() & /i)} = - I(r-7), (I1.1.A.13)

-

(6. B), §: (D} = ui §(F-7),

(I1.1.A.14)

all other Poisson brackets being zero.

-5 -»
The matrix {9 (x), 6y, (y) } is thus found to be

4 |
o . ¢
, ] .
8.6 B = | o &
{ X),Gb(g» -3 ]; 0 _f)’g_}zs Y
Y 19,4
-4 laz(S O
L w8 !gag p (I1.1.A.15)



where 6= 6 (}?— }'), bid = b}i? 6(R- ;r’) and we have ordered the con-
straints in the following way: By ¢¢°-03+8,9y:-0.95.

The determinant of this matrix is seen to be 1, i.e, differ-
ent from zero, and thus all constraints are second-class,

Even though the main task of this thesis is to quantize cer-
tain field theories by means of phase space path integrals, we deem it in-
structive nevertheless to show how quantization would proceed in the oper-

ator formalism. We are thus led to consider the Dirac brackets of fundament-

al variables. Using (I.20) and (I.21) one finds for instance, that
{ 7@, Y@ = {x®), D}
[dZdTATE), §:E)) C @) {6(R) 4(3))
(IT.1.A.16)

where c; ( 4 , o ) are the relevant elements of the matrix inverse to (II.1.A.15),
which are the cofactors off 04 ( 2), 95( 3) } , a=6,7,8. By inspection of
(I1.1.A.15) these cofactors are found to be zero, since they have one row

consisting solely of zeros, Thus
{70, 2(7)) = (X&), (@)} = - I(X-F) .1.0.17)

-
To find the value of { & (:?), A (5'7’) } we can use the fact that the Dirac
bracket of any second-class constraint with anything is zero ( see Eq. (I.22)).

Thus, using (II.1.A.9), we find
{ﬂ(x) /‘}(})} ¥), Vg Y3 = 1_7; f(?_?’) (II.1.A.18)

Quite analogously to (II.1.A.17), one finds

{rR), 7?(7)}*_—_0 (I1.1.A.19)
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*
— s o/
{7, A ()} =0 (I1.1.A.20)
In a similar manner one obtains the remaining Dirac brackets:

X, = (all canonical variables)

{7+ (%), X (7)) =0
(e LR} =0
{4, R), LB = - SR-F)
(R, D) =
(4 (7)) A} = Ve d(R-7)
{A:(R), A ()" = 0
LA, (R), A3 =0, (II.1.A.21)

The vacuum-vacuum transition amplitude can, by use of the

results of Section III, be expressed as a functional integral

<ol S|oy = fﬂ—(ﬂ/} D75.) D2 ¢ [ H(T-49) T (%) «
5

X/TJ(/} 9‘/’)@;(/0{ [ (77”‘/} T S
- Lmr* - Z!_kf" FVY)},

or

<olSfo> = T4 BY T SlA:=2:¥) »

o oxp {a S5 (K F AT~ L= h e 1AL U)))

(I1.1.A.22)
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Writing

]Z- d-(/}'t - 91‘70) = /Z/‘J@AZD/G e/\(lb{/l"f/’i (/41—91 %)aﬂ*}) (II.I.A.23)

making a change of variables Ai - Ai - >‘i , and integrating trivially over

A, , we find

i

<O/ S/ 0> :I/ZTOD/?&LZ}&QXf{’l/d‘/X(AﬂQAY“ZL/}Mi ._.2’_”72(/2_?!_ ‘f%IIll.A.ZAL)

The action appearing in (II.1.A,24) is precisely the one cor-
responding to the Lagrangian density (II.1.A.1). By integrating further over
the Au 's , one can convince oneself that the theory considered is equivalent
to the seli-interacting scalar theory with a quartic coupling.

This completes our discussion of the quantization of the
first-order version of the self-interacting scalar field theory with a quartic
coupling.

II.1.B. Quantization of the first—-order version of the field theory of

the free electromagnetic field

The second example of a field theory we shall study is the

one described by the Lagrangian density

j.—_—l’_F”"@uAy—%,/ju) + -L’/—F’“"//:W (I1.1.B.1)

In (II.1.B.1) the variables le are taken to be antisymmetric, i.e. Fu«\)

- F . In this case the primary constraints are seen to be

Vi
9/‘“’= }Z—/AV
B = 7 + Fo°
1]
G’ = e : (I1.1.B.2)
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In Eq. (II.1.B.2) the Vs are antisymmetric, ke are the momenta. con-

jugate to Fuv ’ 1ri are conjugate to Ai’ and ©° is conjugate to Ao . Pro-

ceeding in the same fashion as in the previous example, we find the Hamil-

tonian density:
= TEUM + ETT 4By (3 A0)

= T;—F‘('/F‘-J' + & Uay T+ U, T 4+ U, (/T"v‘-/"”’/.

We take the Poisson brackets of the canonical variables to be:

[T(R), Bip (B = - (54 8% — 74 £5) §(7-7).

Imposing the conditions
Lm’ - o —
{6* H}=0 {6°Hi=0,
results in new constraints

?lfm = Fﬂrm__ 22/4’”’+ a’”’/}j =0 '

L]

go = ’a/': FO’L' — 0

(I1.1.B.3)

(I1.1.B.4)

(I1.1.B.5)

(II.1.B.6)

(I1.1.B.7)

Furthermore, the following conditions must be fullfilled:

{(902‘}_ Hi= {7(02'} H} = —u? = o

)

(0% HY = AT wF 1Y = 9 FR Ly,

We must further require

fa = {ga)H} =0 ,

—48-
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" (I.1.B.9)

(II.1.B.10)



which results in

¢ ki
0= U = -l

This is trivially fullfilled in view of the antisymmetry of FXL,

Equating the Poisson bracket of g’(”m with H with zero,
and using (II.1.B.8) one finds u“"lrn to be:
Am L m A
U = =" LTI, (I1.1.B.11)

Thus the complete set of constraints is

i = A B = v, 6°=T°

G = T+ FO g, = 4 FOL gl Y oyl
‘ (11.1.B.12)

Out of these fourteen constraints, two of them (actually one is a linear com-~

bination of constraints) are found to be first-class
J
6" =1’

£= 9,0~ g°= 7"

(I1.1.B,13)

The first-class nature of g° is trivially established. As for £ , one finds:

{20, 3" (0} = 25 { I ®),- 33 A7(F) + 07 A* (7)) =
= {235 & - 05 07 £} I(R-7) =
= {00 % %% IF-F)=p

(I1.1.B.14)
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The Poisson brackets of £© with other constraints are also zero.
The second-class constraints satisfy the following Poisson

bracket algebra:

{6 (%), 6 (F)) =0,
{@M’(’?)) Frs (7)} - (drﬁ J?—Jf J:’”)J(?‘?), (I1.1.B.15)

1

{6* (%) 647} =0
{(901'(/?)) 93(?}} = - J; d(x-7) | (11.1.B.16)

{6 (R),8""(3); =0

£ ) - L rm m A N
{9*7(®), O: (D)=~ {-3:87 + 37 SJ87-7) w181
We shall arrange the second-class constraints in the follow-

ing way:

9, - ]7’/2) 6; — 77'23} 93 = /"‘(’3/) 9‘/ — 71-—0/- . Qg - ,/7,03

Oy = FA-JA+ A - G =F DA L33

i

Glo

1)
§\
+
\“

e

9/ :77'37‘_/:03

2 ’

(II.1.B.18)

Eqs. (IL.1.B.15) to (II.1.B.18) determine the matrix { 6, &), 6, () } :
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| "-S 1

B}
Y

O : -3
| -§

§ | -3 80
{@;(7) ) 8}, (g)}: 5 ’ O 1 O B 33 g Bz 5
i L 78 0295
§ 780 ~’A’*S'i
§ i—’a‘é 250 | O
| § 10 -5 | (L1.B.19)

The determinant of the matrix is immediately found to be 1.
The next task consists in finding the Dirac brackets of the

canonical variables., First, of course,
N .
v 7 _
{m (%), X, /})} =0, (II.1.B.20)
where Xb(ir’) are all the canonical variables,

Next, since Ao and 1r0 have zero Poisson brackets with all

second-class constraints:

{4,(2), 2,1 =0

I

{1, ) (7 =0,

{AG), M@} = d(7-7)

(1I1.1.B.21)

where Zb(i'r’) are all canonical variables except 1r°(§r'), and Yb(ir’) are all
canonical variables except A o ({r’ ).
Proceeding as in the first example treated in this section,
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we find the rest of the Dirac brackets to be:

{An @), TG = & §G7-3)

{An @) AT} = 0

(I1.1.B.22)
(A, @) FF = - 4%, i3,
(Ao (%), FF) 1" = 0
{ Fom 00, £ (D)} = AT, ), (D)= (B ) T =0,
~ {F7(R) En(@ = {F7(R) T (9)5* =
{3585 -5 a5, 34 (x-
{F7@®) F" @} =0 | (I1.1.B.23)

Standard quantization is then performed by replacing the
Dirac brackets by " -1 " times commutators.

We also wish to quantize the theory using the generalization
of Faddeev's method described in Section I-3, We associate the following

gauge conditions with the first-class constraints (II.1.B. 13):-

X, = A° , Xy = 23'/77 : (I1.1.B.24)

The Faddeev-Popov determinant is thus found to be:
-_)
At { X, 53] = : (II.1.B.25)

Therefore, in view of (III,19) and (III.20), the vacuum-vacuum transition am-

plitude for this theory is given by the expression
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olsloy = [det 72T 27727 [ 21244 TT J(7) -
M

>v /‘/OV

FJ(;thM)/mfo)// SR 247 3" 4%) T

X, Lrm

« §(A°) J(ag'/)ﬂ')jexp {4 [d'x (W‘“//—iv + T4+

g 1 L oréqre ~ L Yy
* 7[/}4' - X 91' Ao - Z T Fij() 99'/)1) +L/LEJ FW}.
(I1.1.B.26)

TRV

After a trivial integration over Ac> , T and =V , the following expression

is produced:

o] §/0> = jm"”/”;a/:/‘"/?o@/l T4 (F™ _

A7y Xf?/)n
_ A 4 3" AR) 77"5(91- F*) d(%5A7) -
’e/\//b‘(’lf&//\’(q/c;/c‘ + L FrE —

— ;_v}* F"(%‘ /}7' ‘92'/91') - Fo 90 /44') }

(11.1.B.27)

Writing
ZTJ(Q /Co f@/}o exp {4]0/‘/4’/:019/4 j (II.1.B. 28)

and imitating the derivation that led to Eq. (II.1.A.24) we can bring Eq.

(I1.1.B.27) into the form
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<o|S[o> = f/a/z:ﬁ/‘/;‘,jﬁ//}a Z/—o((ﬁ/T) A7 .

* QXp {’if”/qx (“%‘FW@AV o) o ’Cﬂy’/iv]j (I1.1.B.29)

Integrating further over the F*V's one establishes the ex-
pression (II.37). Thus our first-order theory is seen to be equivalent to the
field theory of the free electromagnetic field, The inclusion of interactions

is seen to be rather straightforward.
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II.2. Quantization of the first-order formulation of the Yang-Mills field

theory
In analogy with the case of the free vector field, the first-order La-

grangian for a Yang-Mills field theory is
2 _ | od MV ) & MoAv VoM HoAv
[ " e Ir FZ“V Ffd - E{ ﬁuv (2)'Ad "DJA‘i + glgng\ﬁb‘Aaﬁ)‘ (H.Z.l)

The transition to the Hamiltonian formulation starts with finding the

conjugate momenta:

R—’u‘: = ———%‘ = 0 ,
It
e = 2L _
) A ‘
77': _ 2 Z’ — _ Fot
> 4o F oo, (II.2.2)

which results in the primary constraints

" o (I1.2.3)
o __

x == 7(3 - 0)
Y= Tt o4 FO =
« =N+, =0, (11.2.4)

The Hamiltonian density is determined by the standard procedure described

in Section I. It is given by the following expression:

_ | ¢ 7 | =4 £ 40
A = '7_—7&/7-1' ’"TFQjFo/’L?Tﬁ 3(/4“ "%EM‘:‘
. & g _ w4 @ s o 49 0 4¢
[ 2 /}o( 2 Aoc) a Z 5 Fcﬂ 720‘/:1{ A/‘; /’; —; ”’? 720(/3)' Aﬂ /4;‘
I . .
Fx WA T W TS s R (T FY) (.23
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where the u's are the arbitrary (at this stage) multipliers.

As before, the next step consists in equating to zero the time deriva=-
tions of the hitherto established constraints in order to obtain the secondary
constraints:

gl = {0 Hf = FA A% 074 -

A (II.2.6)

— 4
~ ?#o%y/}/f/}/}” = 9 =0

ﬂ‘_o«; _ {ﬁf‘{}Hﬁ — _u;' = 0 (I1.2.7)

X ’

—m A M 0 —Im
= 9 bapr (Aa Ty =Ty AY) = g buop A3 FAY = 0

(11.2.8)

To prove (II.2.8), one uses (II.2.7) and the Jacobi identity for the structure
constants of the compact semisimple lie algebra corresponding to the global

group of invariance of the Yang-Mills field theory:

Z"W zl‘f"z * #dm #N/ﬂ Tt f/aw ;é,ru =0, (I1.2.9)
The calculation leading to (II.2 . 8) is lengthy but straightforward, and we

choose to omit it., The same is true of the calculation leading to:'
< — g 04 ft 0
{OF Hi=uF + f'é’” /dﬁJ/‘}
4'7' Y
g Fllasy Al =0
(11.2.10)
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Equations (1I.2.,7), (II.2.8) and (I1.2.10) simply determine the hitherto un-
known multipliers and produce no new constraints, Next, we find

§ 1.2.11)
~ AT MY = VT g T g i = gf=0 T2

It is then a cumbersome but straightforward exercise to prove, using (1I.2.9),

(I1.2.10) and (11.2.11), that

{%‘) Hi=0 (I.2.12)

is satisfied identically in the subspace M in which constraints hold.
Our next objective is to determine the Poisson bracket algebra of all

the constraints., We start with
L9200 -3 @)= L (3T +§ T biy A7)

(2 A%-"A5 + 3 taqr /‘}4’;/‘}?}?}

(I1.2.13)

After some calculation, using again (II.2.9), one can show that

{ ﬁf(?)} ’?%(}7")}”/ = - jfﬂd/ f‘;’i’”/,?) J(}*-y"’) (II.2.14)

This leads us to consider the following linear combination of the constraints:-
& A vrs
Ao =4, — gﬁaw 7 (I1.2.15)

since

{4s x) j%”/f)}/! = y/,(/affj,’m* f’é""&” FJ;;’” — () (mz.16)

and we wish to put as many constraints as possible in the first-class in

accordance with Dirac's prescription, If we define
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"éod = A, + 7 120(/5} T(;af Fo (I1.2.17)

we obtain, in view of (II.2.3)

{ 672 [,'Y“)),,é;( (7)}M/ - ?724/53” { /TZr (%) + Fjﬂ //?)24/%?—}‘):0. (II.2.18)
One can easily check that the remaining Poisson brackets of k: with other

constraints are zero, therefore, ks(ir') are first-class constraints. The

o

o
same istrueof 9 = 7~ .
a Qa

The following constraints are second-class:

MV v
o’ =

)

) _ " 01
50(—-/70(1—}:0( )

A —Am  ~L ,m . "
o(—‘Fo( "9/)0<+2 /40( ‘?/o(/f’]‘/)/f ’

(1I1.2.19)

in full analogy with the case of the free massless vector field., We shall dis-

play the only nontrivial Poisson bracket of constraints:
{6;(),3%(39)) = [ G0 (2547-0% &%) -
— g busy (&2 AT ) =0T AL )] [(7-7),
(11.2.20)

Iﬁtroducing the shorthand notation
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@ﬁ)d‘; :#MX A;
(1)

T

¢
L= 40+ A,

) (I1.2.21)

we find for the matrix { 6, (%), 6y, () 3

r \

.8} §

J. (I1.2.22)

As in the previous section, the nonzero Dirac brackets of fundamental

variables are:

{ A2, TR = [% S(F-7)
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(AL TS = 14 4, 7 (R-F),

(AL, FS @)} = —dids §(x-F)
~ AF RO, (57 = {F7 ) T2 (7} =

= [01)], ¢5-05)) 5,1 77-3) .

(I1.2,23)

Standard quantization is performed by replacing Dirac brackets by " - i "
times the corresponding commutator.

To quantize the theory by means of the path integral method, we need
to specify the gauge conditions corresponding to the first-class kou' and 9;)

( see (I1.23) and (1I.2.17) ). We choose the gauge conditions
o _ 40
XO‘ - AOQ )
1
)Cx = 'DJ/AO( .

The Faddeev-Popov determinant | det || {y q ' ©p ) || is therefore:

(11.2.24)

[A,d// {)(a)kf;}/// = | dut (V"zd;p *31€d/of /‘}} 94)! (I1.2.25)

Noting that the determinant det { ea ( 5:') . 6 (37’) } is equal to 1 in
this case, as follows directly from (II.2.22), we can write for the vacuum -

vacuum transition amplitude:

<olstoy = | T AT aFs [TAAL0T: -

d0A7V
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T AT ] S(e) [T 8(rme) T d(mivFo)

' X
o1 X)o()/M?V e

T (2 0" AS _77!dﬁ/4/f/};’f’) /T{JQ"/Z"(+
A X, o

.

F 3T g ) E(A2) ECO R oAt (7', +
F g bapy AL %)) exp {4 fd [T A5 -

P TR — R (A -0 A gl APAD)
"yl Fal)

Upon trivial integration over some of the variables we obtain:

(11.2.26)

<o lsloy = [T SORM 0042 +2"hE g fp AEAT) -

X0, A>m
o T a A J ¢ “ 7?2
Y{Z( { 5(9 Fdf{ 7‘—; /:;_)'l' KJAJ‘AJ') J( 91/40()}/&6[/.(,7 C{;{/)+
F 9 Ly A 9;)/01@);7) F‘Z"ﬁ/f@ FOAAS expd Jd'x [-FI 4
| =01 w A “
Tz /'Z Fon 'zi Ff @/}/m “?4"/,);4'97?"5’5%7?@6/%/*7/@2Fﬁj/,(ﬂ.z.zn
Writing

(o J . . 0 " Ny
x]].: J(a 5’-1‘ +j 61‘ #J"‘J AJ) ::JZ]@/}:@X/? {t](F”:( 9%& "j’%) 7%{[%«5/)45‘)4%11.2.28)
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and imitating again the derivation that led to Eq. (II.1.A.24) we can easily

obtain
109 = [T D65 T AT Sk (7,
//“7" ;/M )(/
WMMMWWM%WWMM+
#j ﬂdpl A;‘A;) * _Z’/— F/"O(" FﬁU]%qX} ’ (I1.2.29)

which completes our path integral quantization scheme for the first-order
formulation of the Yang-Mills field theory. A further integration over F:v
establishes the equivalence of this formulation with the standard one S

We shall close this section with the analysis of the perturbation ex~-

pansion for the self-interacting Yang-Mills field in the first-order formula-

tion.
In view of (II.2.29) the generating functional of Green's functions is
given by
ZLy,1e] = [T 28 TR /m WAR) [ det [0 L,

% M7 A
F 9y AE Q] < xp {1 S [FEEL (P22 AL
Al MR EESFT o £ AT
/@:( Jf] OIL/X} ) (11.2.30)

where we have made a transition to the covariant gauge 5 bMA‘\"{ = 0.

‘We now note that

[M(DX _’_3_20‘/”‘/}#9)/:
= JT2%2¥, exp{d J(0d- g fung A5 0% 4% 3.

(11.2.31)



In (I1,2,31) ¥, and \)Ta are anticommuting c~number scalar fields 8 . They

represent the famous Faddeev-Popov ghost S
1 BoaV . .
The term - F® ¢ A" A can be treated perturbatively in the
29 "uv tapy O Oy P Y
standard fashion. The same can be said of the term - §_ g f ¥
a aﬁv Y oL B
if we add the source tems p_ {, and Ea p, to the action displayed in
(II.2.31). Once the interaction terms are represented in terms of appropriate
functional derivatives, we can integrate over 'qTQ v Yy P:\) and A : . First,
we perform the integration over _q;'a and 'q;a with the result

Z'(?a) f)oc): QX}O{—’i fﬁ:(x) DF (x—(y)ﬁ((g)d"x d”’/v}, (I1.2.32)

where DP( Xx-y) is the massless scalar propagator

(k- Gc-y)
De (x-y) = (qu Se Zd‘f/é (I1.2.33)

k* e .

In the second step we integrate over F c‘:‘ V with the result:

z°(J/Z‘,I)€,P;)&) = YT am TO.A7)

cexp i |5 MR A - T (AS - AT ¢
, —
t /L‘f Jf]dq)(} L (loo()fo(),
(I1.2.34)
At this point we are ready to integrate over Axa . We find:'

Z° (U0, 00 B k) = exp{ =& §dx TG T () -
oxp {4 § B0 D eppy)dixdly | exp { L d%-
) dqy <‘)f\ - DVIVi)x Dfi(r(x‘ 4) (J:-“}f—[;r)yj) (11.2.35)
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where

DY (x—y) = (97~ %53 De (x-y)

(11.2.36)

One can therefore establish the following Feynman rules (we ignore the kine-

matic factors in external lines):

F-propagator

é_—v)q Sap (GVf Grr = bvs G"I’) ,

where
Gy = Yup — ky by
'f Vf Erie )
A-propagator

v B, =l s
NN T NN T
(27)"

mixed A-F propagator : d..’\,\,w _____ —-
rde
Sog A=, Ao T
4 : — (Ve A
7o (zm) Air e /£v ( ) ’

scalar ghost propagator

- —e ‘ (r

(21,-)‘1 a‘ﬂ

(), & /A
mixed A-F external line . v,

[’L é_('/t;) ’&v _ /L e(;ﬁ)/}é/\] C(o(/b
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(11.2.38)

(11.2.39)

(11.2.40)

(I1.2.41)



A-external line

F-A-A vertex
“)f o
\)

\ Py
\z/ *,2_ ; LIM %yv g‘?‘*’ (II.2.43)

T

S~S-A vertex
B p
k.
14 ﬁw '&,u ’ (I1.2.44)
1,0
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II.3. Quantization of the massive Yang-Mills field

We shall devote this section to the study of the quantization of the
massive Yang-Mills field as another example of a field theory containing
second-class constraints. For an account of a different quantization scheme
corresponding to the same problem, the reader is referred to the paper of
Finkelstein, Kwitky and Mouton 9.

The formalism is based on the lagrangian density

Y = -

o« v 2 A M &
7:"50/ F/:Lc +’ZITM A A/u, v (I1.3.1)

In (I1.3.1) F:V is given by the formula
v MopV VA M M oqV -
Fr= 30A, - 0 A +Z'7€o</bg‘/}/s/}f . (11.3.2)

As usual, one begins by calculating the conjugate momenta:

71”2 = 9‘{ , | (11.3.3)
24
A M _ 01
]Z'o( T 4% T T Fo: ‘ (I1.3.4)

1

By inspecting (II.3.2), (II.3.3) and (II.3.4) one concludes that the only prim-
ary constraint is given by (II.3.3) . To calculate the secondary constraints
one needs the expression for the Hamiltonian density, which is obtained in

a straightforward manner.

Ho= 5 TETE T XA = g T AS AT

/ 240 0 J 2 44 41
— T MAL A S MEALAL LR g 0
Z « > « M+ 7 Fop F,x N (iL.3.5)
The secondary constraints are then
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YO(—‘-{W:,H}: 94772. —jﬂ“ﬂdﬁ/j /L-f + MZ/}of . (II.3.6)

Imposing the consistency condition ég“ = {¢,°‘, HJ} = 0 leads to
MUy + {2, T, “312“/35‘ T, /L. )H} =0, (11.3.7)

which merely determines u; and thus does not produce any new constraints.

The algebra of Poisson brackets of all the constraints is found to be:

{8 () =0 (I1.3.8)

(T2, @) = =M, (-7,

(11.3.9)

{40, P = 947 ¥ (x) I (7- 2. s

The proof of (II.3.8) and (II.3.9) is trivial, To prove (II.3.10), one uses
the Jacobi identity and the antisymmetry of the structure constraints of the
compact semisimple Lie algebra corresponding to our Yang-Mills field theory.
One can thus convince oneself that all the constraints are second-class.

The characteristic weight in the phase space functional integral is

IM ”{9“)91»}”/\/2: W(Mz) = det M* . (I1.3.11)

Xt a
The general discussion of Section IIT (Egs. (III.19) and (III.20) in particular)
then leads to the expression for the vacuum-vacuum S-matrix element:

<olS|oy = fﬁ@/};‘m; Tan2an? dut w1 {82

X, o
EONTE — g PV T AT + M°AL))Y exp {a [ [ T As + TS AT -

ey i . 11.3.12
ST TG =T (3 A0~ § PP APAT) ++ ALAS L 2, Pl g ¢ )
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This can obviously be written as
<olsloy = ST AA DT T 2AA] detM” -
exp {0 ST (FE -%he +9 £77N2AT) + MAALAS -

et ¢ A | mT y
— LTI A S WAL~ M ALAL - Fo Fa ] x§ . sz
After a change of variables
0
Ai - A’o( - /\d (I1.3.14)

and a Gaussian integration over Aa and n; , we can establish the follow-

ing result:

<olsjoy = STT2AZTT2AY det M exp fi [ [LFYFY-

—

bR LAY S LA AT

L
" (I1.3.15)
The expression in the exponential is just the Lagrangian (II.3.1).

The result (II.3.15) is the basic result of this section. It shows that
S-matrix elements (note that (II.3.15) can be generalized to arbitrary matrix
elements by inserting appropriate wave functionals corresponding to the initial
and final state or else appropriate boundary conditions in the functional inte-
gral) are expressible as functional integrals solely over the basic fields of the
theory. The characteristic weight of such integrals is det M = T (M),

A proper generalization of (II.3.15) to arbitrary S-matrix elements},? slc;cz"ges as
a basis for developing perturbation theory in the path integral formalism and
finding out the Feynman rules, We shall not dwell on this, since the Feyn-

man rules have already been found by Finkelstein, Kwitky and Mouton 9. We

merely note that, since the functional measure in (II.3.15) is independent of
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the field variables, there will be no modification of the simple Feynman rules
due to a nontrivial functional measure, We have thus rederived the basic re-
sult of Finkelstein, Kwitky and Mouton in a more economic fashion,

The reduction to independent variables is particularly simple in this

case. Integrating over A: and n: , one can write (IT,3,12) as
<ol sloy= {TTaA 2T -
« A
. . A ) ‘ | . ¢ _ "V’b‘ ¢ J‘ .
axp {4 S ITEAS - LT IG - S5 QT - 44T AY)

' «§ € 2 g1 pd -
p (’33. }(3 - %Z ](J} A;)—A—M /’m/),,( - q“f’;fm F"J"]d‘kj, (I1.3.16)

The weight of integration is one, as expected from our general discussion in

Section III-,
It is interesting to determine the Dirac brackets for our canonical vari-

ables. One finds first

1€ P

i
=
s}.CD
~
T
D
—~~
Q)
S——
=

I

L dWIRY) | IR-P)
“TIvT* J(R-7) O | (11,3.17)

Here,

@o(/b (%) = gﬁdﬁ)« kT/)[). (xX) . (I1.3.18)
Let us introduce the notation
a= ( ‘?) a) (I1.3.19)

so that

-69-



0 >

m
o)
o=\
~~~
>l
N
N—
I

C/?;;f; (%, %) = 7% Laoy T (X)) §(R-F)

Car (RP) = o 1G7-7)

) ()
- - | . "-’_ v d
Cap (R F) = =3 dp 1 (7-F)
(<) () (I1.3.20)
Obviously
{ =.° . all canonical variables }= 0 (11.3.21)
since ea = 'IT: are second-class constraints,

Next, using Eq,. (II.1.20), we obtain
{TEF) AF) = = JAZAdT{TiR), 6, (D} D).
A6,(7), A5 (P} = - [d74 7 AT R), ¥ @) Cop (2,7) -

&) ()

ATL@MDY = -k (T, fap)p

(I1.3.22)-

Using (II,3.6) one finds
! —» -3 * (' — el )
{}T; [X)//q/io(y)} = - ‘ﬁ%{fdﬁf ]rf (/I’)[[X—})' (11.3.23)
Since C-»___(:'c', ¥) = 0, one has
ab
{/T‘,f(i,’{/‘}f;('37)}*:——af.‘,fb()'?-1 J(?-f). (11.3.24)
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Quite similarly, we obtain
), TR} = 0
(i), g =0 ,

{ AL ARG =0 -

Next, taking into account (II.3.20), one finds the remaining Poisson brackets

(11.3.25)

(A AR = L L), A )} -

= L N i) - E Ay AT SG-3)

(I1.3.26)

{/42 ()7\)//4/?(?\)}.%: ;%— #o(ﬂ,b‘ Y}' (7) J(?—-?) , (I1.3.27)

This completes the quantization of the massive Yang-Mills field theory,
since in operator formalism one can obtain the basic commutators from the
Dirac brackets, while in path integral formalism one uses (II.3.15) (properly

generalized) to obtain S-matrix elements.
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II.4., Light-cone quantization of the self-interacting scalar theory

As we shall see in this section, quantization of field theories on the
null plane leads naturally to second-class constraints, Therefore, the me-
thod we developed in Section III is applicable in this case. For different
methods of quantization on the null plane, the reader is referred to the exist-
ing literature 10,11,12 . For completeness and because of the fact that we
analyzed it independently ( although much later ), we shall also present the
method of Banyai and Mezincescu 13,14 . Both our method and the method
of Banyai and Mezincescu will be illustrated in the example of the self-inter-
acting scalar theory with a quartic coupling.

Let us begin by reminding ourselves of the expression for the vacuum
functional (generating functional of Green's functions) in the first-order formu-

lation of this theory which can be obtained by a proper generalization of Eq.

(I1.1.24)

Z(J))=<ols|oy :L[M/Lb“f’exf{dd“x A= Mh - (I1.4.1)
— L %“P” ‘NJ}.

Introducing the null plane variables

X, = __._._-X + X3 = Xo— /s =
+ OV-Z , X —Q—V—z.——— ) (A),Iz Xl,z

/4+ = 49__;_2__43 ) /4_ = /40‘;-2_/43 (ﬁ)l,z = /4/2
(11.4.2)

we can write (II.4.1) in the following form:

Z()=JDA, 2A- 24 DY exp {i [dr dx, dx [/h% 4 ‘%’01‘
b AL LA A AT - Fmr - A LIS

2X4

*
This section is a product of research done in collaboration with Antal
Jevicki,
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Integrating over & and A 4 we find
Z ()= JaAAFTi(h - 2L ) eapdifdr du, dy -
X .
. 27 _
[’4— §7+ % + (fj-] ) (I1.4.4)
where
% 2002, A 4
——(gz) +_Z/_/,¢450+2/_!_L( . (11.4.5)
This is a phase space functional integral for a theory with the Hamiltonian

density (II.4.5). The role of the time variable is played by the variable x b

and the conjugate momentum is seen to be A_ . The constraint
? (70 (II. 4, 6)

6= A_- ox. =0
is properly accounted for by the §- function in (II.4.4). Henceforth, we shall
label A_ simply by = .
To be systematic, let us repeat the analysis we described in the pre-

vious sections to this case. Thus, one starts with Lagrangian

_ Y DY 2f 202 Ay
;‘ﬂ_ -92*9—,\;_ Z (9,() m= - q!kf (11.4.7)
and deduces the conjugate momentum
_ oL _ ¥
0 = 9( ? ) 9’)‘7__ ) (I1.4,8)
2 X+

Eq. (II.4.8) obviously represents a constraint,

The Hamiltonian is immediately found to be

H= jol)( JX[ ( )+ /mY’+A—“F"+/b((T 9?)] (1. 4.9)

As usual we require that
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(1. 4.10)
where
0 =T~ 2—)(%_ y (I1.4.11)
Eq. (I1.4.10) results in
V- - —3’\—,“P3— yA 2%_ =0 | (I1.4.12)
since

[0, =YL, T, 0- 3 00 )} = 20 8600-1) 80X Y. 4.1

Eq. (II.4.12) does not represent a new constraint but merely serves to deter-

mine u ., One possible determination of u is:

w(n) = L [ §)[ L (x,5x)-m 00, 5%) -
- %%3(5_),{,)@)]0/5 .

(I1.4.14)

Thus (II.4.11), taken atall (x_, X ), represents a complete set of con-
straints. Due to (II.4.13) these constraints are second-class.
To quantize the theory in operator formalism, we have to find the

13,14

Dirac brackets (this is precisely the method of Banyai and Mezincescu ).

By (I.20)these are given by

{a(®), b(v‘)}*: [a(m) b@)} - j/?/j{a@/ )} -

* C(E?){@/y)/”W},

(11.4.15)

where, e.g. ® = (x_ ,3c~) and
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[c@2dz,9)dZ = §0-y)s(x-3)

(11.4.16)
[d(z2)c(2§)dZ = i -Y)d(x-}¥)
(11.4.17)
> N o)) Y
ﬂ/(zly) = {9(2),9/}’)} =20 sz_-;/_) Iz _1)- (I1.4.19)
Conditions (I1.4.16) - (11.4.19) imply a special solution*
C(,\‘/‘I?")—_- —--zl,—é(/\’_-Y.)J(:L-g)’ (11.4.20)
which enables us to find the basic Dirac brackets:
{ ‘r”(?), Y(?)}*—: —L/L €l -y) d(x-4) (I1.4.21)
v) T7)§ = L dl-y)d(a-4%
{r), 7)== £ dl-p) ) .

{7?()?‘), /7(?)} = ZL 2% Ik -)-) I (x -%). (II.4.23)

The transition to quantum theory is then effected by replacing Dirac brackets

by " -1i" times the corresponding commutators, so one finds for the commu-

tators:

*
The general solution is
1
C(X,¥)=-gelx_-vy_)8(x-y)+h(x.,y)

where h (x , y) is an arbitrary function of the transverse components anti-
symmetric in é{__@ ). We choose to discuss only the simplest solution
characterized by h (xg'i ,y)=0,
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[L/(X))aﬁ(y)j/ l/ = - —Z;l(—(/r,—}/.) Jtx-Y) |
Xe =174

+ T d+

[%(X)/K/X)Z/ = —Z_L/i J—[/\’_‘}/—) O((A’\:,';Z) )

[r60,Tlg)]] = 4 Ldle-1) Ic-3),

)(+ -'% (II.4.24)

To quantize the theory by the method of Section III of this thesis, we
need to know the value of the determinant | det { §( :?), 8(7) }| . From

(11.4.13) it is seen to be

| det {@(7\”))6’(7)}/ = det (29.) (11.4.25)

Thus we have all the ingredients necessary to write the functional integral for

the generating functional of Green's functions:

7 (J)=j@ﬁp@}”/a(d/za)/%x/ﬂ(ﬁ-%”)erf{4/(%‘9,« P-H+DA5f o1 4. 26)

where
_ 1 /2% ? / 2(p? ) 4
%—2‘(97) +2—4”(f+‘f,750 . (11.4.27)
1l
To within the ignorable infinite constant |det (2 3_) ]§ this is seen to agree
with (1I.4.4). In turn,(II.4.4) is equivalent to (II.4.1). If we integrate

over A1 , A2 and A, in (II.4.1) and relabel A° 4 7 , we can write (II.4.1)

3
as

Z ()= JAT Y expliJd%(R2L ~F,r97)}  @azm

where
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——

l =2 | - 2
W= 5 T+ & (V) +Lm s 7//\7.‘;”1’. (I1.4.29)

L4

In this formal sense, then, the two quantization schemes, namely the
equal-time quantization corresponding to (II.4.28) and the null plane quanti-

zation corresponding to (II.4.26) are equivalent.



II.5. Local lagrangian theory of electric and magnetic charges and its quanti-

*
zation

While the theory of the electromagnetic field interacting with both

15, 16, its local lagrangian

electric and magnetic charges has a long history
formulation is comparatively new 17. It is based on the introduction of two
potentials A“ and Bu . The electromagnetic field tensor Fu\) is suitably
expressed in terms of these. As we shall see, this necessitates the intro-
duction of a fixed four-vector nu "into the theory; thus, explicit Lorentz in-
variance is lost and it remains to be proved that the theory is in fact n - indew

pendent.

In the case when magnetic charges are present, Maxwell's equations

read
W = ¢
M = e ; (11.5.1)
9 dﬂu C
j (I1.5.2)
In (II.5.1), Fd“’v= % e:\i Fm” and e”‘\)’a is the completely antisymmetric
symbol with 30123 = 1, jev is the electric current, while jg\) is the mag-

netic current. Both currents are conserved:
A ‘A
Wie = Wgs =0 . (I1.5.3)
The general solution to (II.5.2) may be written as
- 4
F = AR - (m23)" (mayg)” . (11.5.4)

nu is an arbitrary fixed four-vector and (n - b)"l is an integral operator

with the kernel (n - » )"1 (x -y) satisfying n. 3(n - b)_l(x) = 6(4)(x).

This section was done in collaboration with Antal Jevicki.
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For arbitrary two vectors c” and DY , (CAD )uv = c*DvY-cVD* . A* is
a four-potential which depénds-on the choice of gauge, the choice of n and
the determination of (n- o)_l .

The general solution to (Eq. II.5,1) is

F=-(o8)%+ (0:2)" (MmN ]e) . (1r.5..5)

Since any antisymmetric tensor G satisfies the identity

G = {[ma(m 61~ [ma(n 697} ws.e

we can obtain from (II.5.4) and (II.5.5)

F = 7)’)—‘—2 ({/n/\[/n-(’a/) A)]} — {/ﬂ/\[/lfl-(a/\ﬁ)]}d> (I1.5.7)

4
Fd_ /—HL ({malm- AR + {ma[m 18)]}), w.s.0
These expressions, when substituted into (II.5.1) and (II.5.2), yield
27[_2 (NINIA =M Ym A~ m#md A +

FNA D MA - md €5, M BY) = 7?‘ (11.5.9)

77 (mdm 3B —m. 3 Y'mB —m*m-2 2B 4
F DB D Py MY YA = Ji . (I.5.10)

These equations of motion follow from the lLagrangian density:

X=X, + ¥ (I1.5.11)

where

%f = #5,—/142 [m-(aNA)] [m-(31B)7] +Z_'_/A—/)~2 [m. (3/B)]-

L (Y] = g Lo GOAL =5 [ (248"
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and
L1 = - ?6‘/} - 7\3 B (I1.5.13)
Using the identity
fV(G‘G): G,w 67 = ;72—2-[“ (/”"G)z+(m-@‘{)2_] (I1.5.14)

which follows from (II.5.6),we .can obtain a different form for £Y

Ly = L tr[(0AA) (AR + 2!— tr [ (0/1B)-(2/B)] -

1

i Am [pan) +(9AB>4J} {wma (20415

(I1.5.15)

We have thus obtained a Lagrangian formulation for the electromagnetic field
interacting with both electric and magnetic charges.

We shall now quantize this theory using the method of phase space
functional integration developed in Section III of Chapter I.

The quantization procedure starts, as usual, from the lagrangian. One
then goes on to derive the conjuéate momenta, the Hamiltonian and the con-
straints. In our case the photon Lagrangian is given by (II.5.15). After some
algebra the total Lagrangian can be recast into a form more suitable for transi-

tion into the Hamiltonian formalism:

z - %/ + :(,ﬂ‘,l/
= Ly + Lz (I1.5.16)

4 = L(ELPY) . -'—(@:*— ) 4 L@

- o G2 L LAR AT« Yo oy abm
"?3 Ao + ?‘; g? 5 + ﬁg B (11.5.17)
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# 1is the free lagrangian of the charged and monopole fields (we assume here

they are spin -21- fields)., The explanation of the notation is as follows:

W= (m,, 7).

q/t = ——01' + G ) b,L = G’;{ 1

T 47£ Ek ) th = ty»é GA
(R) = = A -2 Ay
(-:)1 - @— = 90 B 9 BO )

F, = 2 A A

G{(y' — 9(. 57. _ 97 31- ‘ (I1.5.18)

Equivalently:
%lqu(,&;— fif) + L ( —GG)+

(CZC? +bibi) + L o(tq,,(cza +boby) +

o . - P .0 i
./_ﬂ(‘j a 57) ~ ey + JerA - 796 +J5° B (I.5.19)
where

Ay = 75 (LG - M) = p (4 -

)

By = %,,/)70 Eigh Mk = 7,4%- Eip My - (11. 5. 20)
(Note that q - p = 1)

The derivation of conjugate momenta proceeds now as usual



7 (11.5.21)

.2;%:

70 = o ,
/ 24,
O = 29; =0 . (I1.5.22)

Defining new quantities 7' and o' by

Jit = 1 - LG —o/(j @' +/5’(7‘ /J‘; ,

2

. a | . s ' P '
g = o ./_?7[; + 0(13 6 ‘/‘ﬂ'lj 63 ! (11.5.23)

we obtain, making use of (I1.5.18), (II.5.20), (II.5.21) and (II.5.23):

~ P _ #x6) par i P

T o= gl - X2 TG (A

3: a ”—7‘\/\/’25—-— ”7)‘ ‘-—"*‘

o §(40+ mo'/ éﬁ—z//” 60) ' (11.5.24)

At this stage we have to distinguish between two cases: n o~ 0 and
n, # 0 . As far as the quantization procedure is concerned, the two cases
are fundamentally different., For n, = 0 we obtain both first and second-class
constraints; for n o # 0 only first-class constraints appear. For complete~

ness, we shall include the second case in our discussion,
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The case n = 0 was studied by Balachandran, Rupertsberger and

Schecterlg. We wish to emphasize that, while those authors quantize the theory

by Dirac's formalism, we perform a phase space path integral quantization as

an application of Section III of this thesis.
We choose to discuss the second case first, since it is in fact simp-

ler than the first case. In the case ng # 0 Eqgs. (II.5.24) can be inverted,

with the result

5:‘

_A sl
F =T+ 74X
M, !
Z’.__ = _ XTI
0 ]
<« (II.5.25)
In view of (II,5.23) thi}s can be written as:
— e -
S / V7l = | 7
_ A (T+L G
x( z ) (II.5.26)

- - 2 35
Since by (11.5.18) F = A - VA and G_= B- 'v’Bo , we have in fact ex-
pressed the time derivatives of the spatial components of potentials in terms

of the conjugate momenta 7 and 3 . Egs. (I1.5.22) result in constraints

LFZ = 0—0 ]
(II L] 5 * 2 7)
The next step consists in finding the Hamiltonian density:

%/ = 7. Fo + o @a"+7~5-7/}o+?¢*-7€, +UTC+voo- Z”, . (I1.5.28)
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A rather straightforward, though tedious derivation produces the final expres-

sion for the Hamiltonian density:

K = %,'/-%%

) (I1.5.29)
/ =/ "if = 72 2/ A
W= LT +7 +F+6)-T"C 3 F .
T [#x '] + T TVA + & VB 0
+ . [mx T 0 o T UN° +go
°
0 - 0 - o
(11.5.30)
where
/ - =
T =T+ +6
-h/__ - l_ =
o= = F (I1.5.31)
and N\J: is the free Hamiltonian density for the spinor fields. We are now

ready to find the secondary constraints by imposing consistency conditions

of the familiar type:

Y, = {R") ﬁ’@o/?}=7-7f—jg =0 |

Yo = {o° SHdx}= 7?—25 =0

' (I1.5.32)
Before continuing, let us prove an auxiliary result
- - =
{ V.. X, F(F)y=0 . (I1.5,33)
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Indeed, we have

(70 R, F( = 3 €comm O AT, O Anl3)) =

)

= UV bomy L(R-7) .
Using (II.5.33) we immediately find
[V, [Hdzy =TV To .
On the other hand,
{40, X4z} =T 7 .
Eq. (II.5,35) follows from the equation of motion

?’g - {jg)fyd’?} )

(I1,5.34)

(11.5.35)

(I1.5.36)

and from the fact that the current is conserved, which implies the equation of

motion for the current

jZ = ﬁ'fe -

(11.5.37)

Eq. (II.5,35) can, of course, be checked explicitly., Thus, no further con-

straints are generated. We have

$=x° , L =VT-9%
fo=00 o =V7T-47.
Now
Fo = z e, 7 ,
j3 = Z 9n ju

w@iGie

(1I1.5.38)

(11.5.39)



and

Q Y 0 - _
‘{/M (X))M(y)} =0 . (II. 5. 40)
We have therefore established that all constraints (II.5.39) are first-class.

In view of the general discussion in Section III, there must be four gauge con-

ditions. There are four interesting choices:

- =
s =VA ®
Xy=T7.B ,
Y -
x _ /}0 3 = /M ‘A‘, (II)
b XL/ = 47' B )
RN -~
Xq = V ' B )
Yoz V.7
N (1v)
XL{ =m B .
(I1.5.40)
For definiteness we shall consider the choice corresponding to I. The Fad-

2
deev-Popov determinant is trivially found to be ( det 32 ) = A £ e
The expression for ( 0| S| 0 ) in terms of a phase space functional

integral is then ( for notational simplicity we ignore the spinor variables):

<olSloy = [DTIT°DADAIZ D°2B.08° Ly -
A xm §(A) 6(8) 3(T0,) 4(a5)8(7-A)(T-B)8(7.7-52)-

ST g exp i [(TF 1040 w38 1008, -0 ) % 4

(11,5.41)
with % given by (II.5.29).

It is the expreséion of the vacuum functional in terms of a phase
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space functional integral that is furndamental and corresponds directly to the
operator formalism. As a rule, the Lagrangian functional integral has to be
recovered from expressions like (II.5.41) by integration over the conjugate
momenta, It is to this point that we now devote our attention.

We first integrate trivially over ° ' Oo ' A° and B° to obtain:

o Sloy = JATAARAT2E £, {7 7)s78).

AP T=§0)IT 7 -l enpla f(T A + 7. B- s

(11,5, 42)

where

o= (RPN RE P
- —

=} - -
[ Xa ﬁe‘/} - 5‘5 . (I1.5.43)

After writing

2 A YTV A=Ay geld
7—/—4(07'”_23):[‘2/405 f[/TV 2] X

TH( T-43)= (2B°p S[-7.78,~B; §31d%
d )

(I1.5.44)

we can bring (II.5.42) into the form:

ol sjoy = [DFDTTRE 24°25° 2y TH(7.3)

X 5({7 E) eXf J-[T( (;4—‘ VAO (B"'_-V‘BO)*VC:?J«‘%)

(I1.5.45)
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where

—

?22 =% #-/40'?é) + o 75? .

(II: 5 o 46)
We are thus led to calculate the subintegral

% 2P a2 =/ _
1= 0727 exp liJ[F-F o380 L2 e 7!0 2 P E ol
Performing the change of variables:

—> -/ ==
N o= 7T G,

N|~

! T
= —Z_F:'

U
+

(I1.5.47)

we find

<olsfoy = JaA2B24°28°4, TS(FAITE) -

(II. 5 . 48)

where

ﬁbﬂ QJexﬂ f[’( (F4+2) +& (¢ -F) - L&"%47")- (11.5.49)

- X [axa]]d'x ),

A straightforward Gaussian integration, over = gives

J = f@a’”exf{dj[% (7 - @ﬁfl)i 5{F—l3'2]o/")r}=

:QXH,(JZL a”d"x}ﬁ&"e)(f {4’}[&“{5’”—5[/-%2] (/ﬁ 7)1 X,

(11,5.50)
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where N

T _ a xm
“p (11.5.51)

c =

-5 -»
and a and b are given by (II.5.18). Now
(28" exp {4 [[7'8 - L(1-2)7™ L, .57 ]d%} -

= Jag e/r//b f[-——(TOO' +a'C]d" X

Tt 0°) " exp {4 S 7 07 )

O

(I1.5.52)

[8(3 + ——/Ez—ﬂ (I1.5.53)

9 %

and

(0 ) %[Stg - /142] , (I1.5.54)

One can calculate det O_1 by noting that it is rotationally invariant and

equal to

¢* et |

in the reference frame in which (& ) = Iﬁ'[ 6;5 - Thus

(M 0” )/2~ //”z/ , (II.5.55)

mZ.

Combining the hitherto derived results, we obtain for the vacuum-vacuum S-
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matrix element,

<o|sloy = JaA2B s 4, THGAIPE).

A
- (—61730—/-“)]2” 2%—02 (7 —E)Z_U ‘ (I1.5.56)
It is then a matter of some straightforward algebra to show that the
Lagrangian density appearing in (II.5.56) is in fact equal to the Lagrangian
density in (II.5.17).
If we change the gauge conditions to covariant ones ( by the standard
Faddeev-Popov 5 procedure ), say
J/I = ’%bt AM 7(2 = ’%u BM ,
we find

23_4 = Jdut *]° | (I1.5.57)

2
n

In addition, there is the weight cz> not originating from the gauge condi-
n

tions, so that the expression for the vacuum-vacuum S-matrix element reads

<o/§/o7:f/z/—@/ﬁ D5, WMQVBOJO"AV)}MJ()%(IJ/Z_ZI} ec'ﬂfd"i( (IL.5. 58)

There are other possibilities for the choice of gauge conditions, e.g.
Xy = 0" A, x,= A - B, but we shall not dwell on these.
We now turn to the case ng = 0 , which is more interesting from our

point of view, since it contains second-class constraints. For n, - 0 we
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n

have —g— = -—g—— +0 andalso g=+0, so p=-1., Eq. (II.5.24) becomes
o n

in this case:

~ _— S
= Z 7-R)
~ —_ —
T = 2 (7 G) . (I1.5.59)
7
Therefore

FE=aT=m(T-+6),

(11.5.60)
and
TO F = 2l 2 _ g 7 (I1.5.61)
or, in other words
=) 7l - 2@, 32 = (I1.5.62)

’

where we have used (II.5.20), (II.5.23) and (II.2,31). In (II.5.61) and

(11.5.62), T (2) are two vectors ( £= 1,2 ) orthogonal to i , that is:

—_

T® 5 -0 (I1.5.63)

We choose them in such a way that

— =04
z 7 _ Sk (I1.5.64)

As usual, we have to calculate the Hamiltonian at this point. Setting

no = (0 in the lagrangian vields:

£ =-13.C 4T F + ;=@ @Y joh - jy8. qus.en
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_ / -/ =/ _ =/ - -/ = [ 2
7, :E_(ﬁa ) -6+ F 4+ LF,

M

/ 2 @ . = = —_ =
t3 G v AL JIB + T TA +7 7B, )

(I1.5.66)

where we have used (II.5.18), (II.5.60) and (II,5.62), Therefore,
Y, = / =20) =/ (I1.5.67)
4 X Lorur’+veculTOR

where u,v and u]f are, for the moment, arbitrary multipliers, As in the
case nO # 0 , taking Poisson brackets of primary constraints with the Hamil-
tonian and setting these equal to zero, one generates the following second-

ary first-class constraints:
“Fa = V. T ~ 34 =

Imposing the consistency conditions

{T2R,, fHdr) =0 (I1.5.69)

merely determines ulf’ , Since
5 c‘ ‘/z—*— et { @f # O (II. 5. 70)
|t 146,024 ;

as demonstrated in Appendix II. In Eq. (II.5.70):

Z -—» —/
65 = F@, 7, (I1.5.71)
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(I1.5.66)

where we have used (I1,5.18), (I1.5.60) and (II.5.62). Therefore,
= / 0 0 ? =@ =/ I1.5.67
b4 %ﬁ_f‘ﬂﬂ— rvelru, TO ) ( )

where u,v and ulf‘ are, for the moment, arbitrary multipliers. As in the
case no # 0 , taking Poisson brackets of primary constraints with the Hamil-
tonian and setting these equal to zero, one generates the following second-

ary first-class constraints:

Y, = 7-?-3’5‘):0 )

- .
$Y4= V. %-45=0 . (I1.5.68)
Imposing the consistency conditions

{ZOR,, [Hdr) =0 (11.5.69)

merely determines ukf , Since

/M//{Qf) 53}/// ot { (4—;7)} # O (I1.5. 70)

4—7'\2.

as demonstrated in Appendix II. In Eq. (II.5.70):

2 _ = =
6, =7c?x, (I1.5. 71)
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In view of (II.5,70), the constraints eb!’ are second-~-class,

If we choose the gauge conditions to be
—) - _—)
)(3 V.8 It/ = V ! A—?
X = A,
A.

= B, , (I1.5.72)

i\

the Faddeev-Popov determinant is found to be

(At T%)* (11.5. 73)

[

On the basis of (II.5.70), (II.5.73) and the general results of Section III, we

are led to the following expression for the vacuum to vacuum S-matrix element:

<olsloy = (DT ADE AN°25°24°08° Ay *
M_@‘%_W T80 %-4)8(7-3 -39 d(P-7) £(7-B) -
L5 (0)ieE (42 8(8)) T S(BCT) exp {4 J[R 7,

- — 2

. A N =/ —/ =
FTB -+ (2ret) + XT6 -TF - L F*-

- L G- Je A - 73-5]/’)(}

(I1,5. 74)
In order to avoid cumbersome expressions we have ignored the spinor variables

except in the coupling terms - je- A and - jm « B.

Integrating over ° ' o_o ' a° , B

U 5(7-7?-23) = [2A, exp {4’}(—?()‘?/?0 - A .jg)aquj) (I1.5. 75)

o and writing, e.g.
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we obtain

o) Sjoy = JAR 37 TRA28, T2AL Ly -

et L TSR @8 exp { i Jd'x(Ta

+FE - L CR AT FG g B -5 S F -
— ¢ ; ’Q—‘ /
Lt ge A4+ A, ro.e) s . (I1.5.76)

- -
One can now integrate first over: ' and ¢' and then over 7&2 , and use the
fact that

o +_?,-_7;;_ B ,? (?([)- 6—?) (zs(e)' 7;) —2L (?/13 Z)(f(d;‘):

4
2

|

[ (7-2)+ (7. A)J

2 2 (11.5.77)

The final result of these manipulations is:

lolS|oy = JE@&@@“ Ay oot (’” V) /J(Vﬁ )47 13)6( fajx(n.s.*zs)

where £ is given by (II.5.65). Egs. (II.5.58) and (II.5.78) represent the
central result of this section, When properly generalized to the case of
(0]8]0 )], i.e. the vacuum-to-vacuum S-matrix element in the presence of
external sources, they vield the generating functional of Green's functions of

the theory:

f(J) _ <olS|oy,
o|Sloy

(I1.5.79)
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Since all constant factors in the integration measure cancel in (II.5.79), one

finds for both n, = 0 and n ;é 0 , after making a transition to the covariant

gauge5 d. A= p. B=0 in (II.5.78):

Z(J) = fT‘@A 2 B, ZTJ(Q/}) J(JB} éxp{Lf(oZ’+J)a/ e f
fﬂﬁfi{@@t T 5(54) 8(o8) exp {a L d% (11.5.80)

where J is the sum of all external source terms. The integration over spinor
variables, although not denoted explicitly, is understeod. :£ is the Zwanziger
Ilagrangian density. We have thus recovered the standard path integral formu-
lation of the theory in terms of a functional integral over the field variables

only,

..9:5'_



I1,6. Conclusion

The basic original result of this thesis is the generalization of Fadde-
ev's phase space ( or Hamiltonian ) path integral method 4 to the case when
second-class constraints are present in the theory., This is the result we
have obtained in Section III, It is a general result, applicable not only to
the examples worked out in Chapter 1II, but any field theory containing second-
class constraints *1. Being a generalization of Faddeev's phase space method,
it has all its merits, in particular: a) it provides a bridge between the opera-
tor formalism and the lLagrangian path integral method, b) it is a canonical
method in the sense that S-matrix elements are expressed in terms of path

integrals over canonical coordinates and momenta and that such path integrals

are invariant under canonical transformations of those coordinates and momenta,
c) it supplies the functional measure for path integrals over the coordinates after
integration over the canonical momenta is performed *2 . The most interest-

ing applications of the general result obtained in Section III are: a) an alter-
native ( and simpler ) derivation of the basic result of Finkelstein, Kwitky and
Mouton 3 concerning the quantization of the massive Yang-Mills field b) light-
cone quantization of the ¢4 scalar field theory via the phase space ( Hamil-
tonian ) path integral method c¢) quantization of Zwanziger's local Lagrangian

formulation of magnetic monopole theory by the same method,

—— - S — g o e s W P S M s A e S g WS Y S W S — S G fp PV ) et T W S A ot ) B S A S e er® S A L S s Tovd S S By v S

*1 Currently, the author is working with M, Kaku on the problem of functional
measure in another such theory: quantum gravity, when quantized in the light-
cone gauge and reduced to independent field variables 19 js a theory with
second-class constraints, Part of this work will be an application of the au-
thor's thesis,

2 In the application described in Footnote 1, preliminary results indicate that
this functional measure is a function of the field variables.
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Appendix II

Introducing a suitable notation

<<
< -
1}
I
Y
<
RN p
|
~{UZ)

€, = 6,=0 €p=-6) = ) ) (A.11.1)

we can write a chain of identities:
[ofx), 0kms= P, @)=
= TOT@ ) ¢ 6 €TV, T (G) +
A Al
= — &4, z*i{) ((;é) a

gs QJ’P ‘{(’F\"?) =

= = G [TNTR] T §(P-7)
(a.11.2)

Because of our choice (II.5.63) and (II.5.64) for the vectors :u’ ) , we can

write
{0LR) 62 = - ¢, ¢tk ﬂ% $(-7) @.11.3)

whereupon Eq. (II.5.70) follows directly.
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Abstract

Solid/Liquid Phase Transformations
by
James H. Whittam

Professor Henri L. Rosano

Evidence of the importance of phase transformations

and the solid/liquid interface is observed from studies

on three model systems:

A,

B.

Agueous Solutions

In depth experimentation on the dendrite interface
structure of aqueous solutions has established

that not only are diffusion and concentration
factors important to the interface configuration
but the rate of heat extraction from the interface
(heat transfer) and associated water play important

roles.

Enzyme Systems

The change in the activity of & amylase is con-
trolled by the rate of freezing, rate of thawing
and the concentration of so-called protective
agents., This appears to be due to the solute
building up at the solid/liquid interface. Very
small concentrations of small molecular weight

protective agents lower the activity of the enzyme



iv
after a given freeze thaw cycle more than the
unprotected enzyme system would do under similar

conditions.

Saturated Monoacid Triglycerides

Triglycerides were chosen as & third area of study
since they exist .n almost all fatty materials and
their polymorphic states are due to three principle
cross sectional arrangements of long chains C*, 73'
and @ . This dissertation preseﬁts evidence on the
physical aging of pure monoacid triglycerides. A
technique is also described using a polarizing
microscope and a temperature gradient microscope
stage which supplies supplementary information to
compliment thermal, x-ray I.R. and NMR methods. This
apparatus may also be used as a simple device to
determine the temperature stability of various fatty
systems., More important, it eliminates many three
dimensional heat transfer problems and provides a
direct method for observing the phenomena of physical
aging of triglycerides,

Physical aging or solid/solid phase transformations
occurs as a result of the formation of the meta-
stable & and 73(jpolymorphs. Prevention of
physical aging may be accomplished by solidifying
the triglyceride below the critical rate of freezing
for 0‘ formation or by the addition of low melting

triglyceride impurities (such as trilaurin).



Finally, nucleation data is presented for these
pure saturated monoacid triglycerides. Estimates
of ¥ , the surface free energy, for these tri-

glycerides is of the order of 14-17 ergs/cmz.
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Preface

Many individuals, pursuing a project of this magnitude
alone and accomplishing its goal, feel they achieve ultimate
satisfaction. To this author few individuals reach this
pinnacle of success and enjoy it without the help of some
excellent support.

Likewise, this dissertation at hand is the product of
one person striving to attain formal acknowledgment in the
field of Chemistry; however, the support which served as
the foundation and guidance of this individual effort must
not go unrecognized. To all those individuals involved, I
express my deepest appreciation.

I am extremely grateful to my family who throughout the
years has helped guide, advise, support, and '"put up'" with
my many antics and activities that have brought me to this
very promising frontier of my life. To them I always will
be indebted.

Beyond no reasonable doubt, the next most influential
person in my life has been Professor Henri L. Rosano. Since
my undergraduate days his persistance '"to solve zee problum'
combined with his overall dynamic personality has left an
indelible mark in my mind. I have learned much and benefit€d
greatly from his broad knowledge and experience not only in
chemistry but in all aspects of life. According to the words
of Gibran, ''he who is wise does not bid you enter the house
of wisdom but rather leads you to the threshold of your own

mind.!" This sums up my education with Henri L. Rosano.
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To thank in one line all the other people whom I have
had the fortune to meet during the development of this thesis
would be a gross injustice since no one would realize the
role they played. The following is a brief account of three
years at City College.

The genesis of this thesis first '"saw light" during the
summer of 1971 at C.C.N.Y. At this time I was doing research
as an undergraduate with H.L.R. in the Marlies Lab of 01ld
Baskerville Hall. My summer project was suggested by Mr. R.
Pfluger of the Maxwell Division, General Foods Corporation
and involved a study on the freeze drying of coffee. The
following academic year 1 assisted Mr. M. Freedman (who was
working on his Master's thesis) with research involving the
freezing of aqueous solutions. Along with the deligent help
of Dr. K.A. Jackson and Mr. W. Miller of the Bell Telephone
Laboratories, Murray Hill, New Jersey we designed a unique
microscope freeze drying stage. Dr. Jackson's expertise
in the field of solidification also served as a bank of
knowledge where I could often refer for discussion in my
current work.

In June 1972 I made an important decision in my educational
career., I had just graduated with my bachelor's degree in
chemical engineering when I decided (with some convincing
from H.L.R.) to accept a teaching fellowship at the City
University of New York and progress on towards a Ph'D in
Physical Chemistry. At this time it was also decided that I

continue my work on aqueous solutions. In addition, the in-
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vestigation of agqueous enzyme systems (the second phase of
this work) was provoked in discussions by Dr. C. J. Cante
and Dr, R. Guardia of the General Foods Corporation, Tarry-
town, New York and Dr., Rosano., As a result, ok amylase was
chosen as a model system which could be related to a practical
problem namely, freezing of foods,

During the summer of '72, I was fortunate enough to be
employed with the Lever Bros Co. in Edgewater, New Jersey.

Under the direction of Dr. E. D. Goddard (now with Union

Carbide) I learned some of the techniques to study fats and

fat emulsion systems. This experience was invaluable since

I could relate some of the concepts I learned in college to
solve some practical problems.

That September, the start of the new school year I was
admitted into the PhD Program. I began to extend my study
on freezing and solidification problems in solutions and
enzyme systems. During this year, thoughts on the third
system discussed in this thesis were developed by my good
friend Dr. Cante, Dr. Rosano and myself. The crystal be-
havior of triglyceride systems was chosen because of the
importance of solidification processes on their crystal form
and because of the many inherent problems associated with

products containing fats. With the help of my undergraduate

friends H. Ragin, M. Petko and A. Garuba a great deal of
information was collected on the kinetics of phase trans-

formations also referred as physical aging.



The following years at City, I had the real fortune
of working with some fine people. Dr. William Gerbacia who
received his PhD in February 1974, and is now working for
Chevron 0Oil Field Research Co, in La Habra California, en
riched my educational background in this field of micro-
emulsions. Today he is using these systems in hope of de-
veloping an economically feasible process for tertiary oil
recovery. Bill and I also played a fine game of tennis to-
gether especially when our opponents didn't show up. When
the other team did manage to play us our usual emulsified
continuity would rapidly break down. Then there was Shu
Hsien Chen (The Oriental Flower) who enlightened me in the
field of monolayers to such an extent that we published the
"'world famous theory'" on Surface Drag Viscosity. The original
dubious theory was developed by a Bulgarian scientist and
smuggled out of that country by Dr. Rosano who was working
for the French government which in turn was paid by the C.I.A.

One often hears that the environment for a PhD must have
a certain critical mass. In Rosano's lab, I'm sure we always
ran above this critical. I therefore wish to extend thanks
to all the other members of our labj; L. LaGamma, M. Mughelli,
S. Schecter, A, Weiss, T. Forman and L. Kennberg. 1If there
is anything we will all remember, it is that we had the best
lunch hours in the entire college. This group also exhibited
the greatest enthusiasm for having a party. No matter what
the situation was we could always find an excuse to celebrate.

I must also acknowledge Dr. J. Rennert and Dr. A, Santoro
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for their thoughts on this project especially in the final
stages of preparation and oh yes, the vocal renditions of
Prof. H. Salzberg as he walked through the halls singing,
Figaro Figaro, the Russian National Anthem or Manon.

Finally, I wish to thank the "shop', especially J. Cannella
and B, Cope for their help in designing some of the equipment
used in this project and the tireless efforts of Mrs. C. Silver

in the Chemistry office for translating "our scribbled thoughts.

Respectfully,
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