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Abstract

FUNDAMENTAL SEARCH PROBLEMS IN GROUP THEORY

by
Alexander Ushakov

Advisor: Alexei Miasnikov

We consider search variations of the fundamental problems of the group theory:
the Word search problem and the Conjugacy search problem. For each of these prob-
lems we propose effective algorithms for solving the problem and prove the efficiency
of the algorithm. More precisely, we show that each algorithm has polynomial-time

generic-case complexity:.
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1 Preface

Any presentation (X; R) always determines a unique group G' (up to isomorphism)
(see [30]). But it might be very hard to get any specific information about G (e.g.,
is G trivial, finite, abelian, etc.) — global properties of G, or about elements of G
(e.g., is trivial, of finite order, etc.) —local properties of G. The problem of deciding
whether a word in GG defines the identity is the first of the fundamental decision

problems formulated by Max Dehn in 1911:

(WP) For an arbitrary word w in the generators of G' decide in a finite number of

steps whether w defines the identity element of GG, or not.

(CP) For two arbitrary words w; and w9 in generators of G decide in a finite number

of steps whether w; and wy define conjugate elements of GG, or not.

(IP) For two group presentations decide in a finite number of steps whether the

groups the represent are isomorphic, or not.

These problems are called the Word problem, the Conjugacy problem, and the
isomorphism problem.

The Word problem is, probably, the easiest problem from those listed above.
Nevertheless, in 1952 Novikov proved that it is unsolvable in general (later Boone
and others). More precisely, these authors presented the particular group presenta-
tions for which there is no general and effective procedure to determine whether a
word defines the trivial element of the group. Later, it was shown that almost all
natural local and global group-theoretic questions have no solutions. In particular,
all fundamental problems are undecidable in general. (See [3] for more information
on decidability /undecidability of the Word problem in groups and semigroups and
[28], [29] for more general results on undecidability of different problems in groups.)

Nevertheless, many algorithmic problems are considered as tractable (or tractable

almost everywhere) due to the observation called Gromov’s theorem (explicitly



proved by A. Olshanskii in [35]). Olshanskii proved that the asymptotic density of
presentations defining word-hyperbolic groups (even more, small cancellation C” (%))
in the class of all presentations is 1. Now, since the time-complexity of many prob-
lems (e.g., word and conjugacy, but not membership) for hyperbolic groups is small,
it follows that for almost all group presentations those problems are efficiently solv-
able. This approach has a small flaw though. Even if one has a hyperbolic group
presentation, to perform actual computations sometimes one has to precompute
certain values (e.g., the constant of hyperbolicity or the Dehn presentation) which
might be very hard. So, asymptotically the computations will be fast, but, perhaps,
with a huge constant.

Another very important for us result is due to Kapovich, Miasnikov, Schupp,
and Shpilrain (see [19]). It can be informally formulated as follows. There exists a
generic class of group presentations (does not coincide with the class of hyperbolic
groups) in which the word and the conjugacy problems have linear time generic-
case complexity. So, these problems might be very hard (even unsolvable) for a
presentation from that class but almost all pairs of words in generators are non-
conjugate and are easy to recognize as being non-conjugate. Moreover, it is very
easy to recognize whether a given presentation (X; R) belongs to the class under
consideration in contrast to hyperbolic groups.

The downside of the algorithms proposed in [19] is that they produce only the
negative answers, e.g., a word does not define the identity of a group, or a pair of
words does not define conjugate elements of a group, while in most of the applications
the situation is directly opposite. For example, the security of key-exchange scheme

proposed in [21] is based mostly on the hardness of the question:
Suppose that w; ~¢ wy. Find an element x such that w; = ™ wsz.

The quoted above problem is called the Conjugacy search problem. This is one of

the following fundamental search problems:



(WSP) For an arbitrary word w in the generators of G decide in a finite number of
steps whether w defines the identity element of G (and present a proof of this
fact). If w does not define the identity element of G then either never stop, or

output No or Dont Know.

(CSP) For two arbitrary words w; and wy in generators of G decide in a finite number
of steps whether w; and wy define conjugate elements of G (and present a
proof). If w; and wy does not define conjugate elements of G then either

never stop, or output No or Dont Know.

(ISP) For two group presentations decide in a finite number of steps whether the
groups the represent are isomorphic (and present a proof). If presentations

are not isomorphic then either never stop, or output No or Dont Know.

These problems are called the Word search problem, the Conjugacy search problem,
and the [somorphism search problem. The positive answer to each of these problems
implies that there exists an algorithm which recognizes the Y es-part of the problem
and ignores the No-part. A proof for the Yes-part can be any object using which it
is straightforward to check that the element(s) possesses the property. For example,
the conjugator for the Conjugacy search problem.

In this paper we consider the first two of these problems for finitely presented
groups. For each problem we propose the algorithm solving it and prove its generic
polynomial-time efficiency. There is the main obstacle on our way to show the
efficiency of the algorithms. It is the measure on the Yes-parts of the problems. We
cannot define the standard asymptotic density on, say trivial, words, since the non-
constructive definition of the trivial words is the source of insolvability of the Word
problem. We cannot capture algorithmically the set of all words defining identity
of a fixed length. So, first we will define probability measures on the diagrams

(van Kampen and annular) and then we will induce the probability measure from



diagrams onto the words (trivial words and pairs of conjugate words resp.).

1.1 Main results of the first part (Word search problem)

e Discrete probability measure P, on the set £ of all diagrams over a finite

symmetrized reduced presentation (X; R).

e New original parameter of a van Kampen diagram which we refer to as depth

(denoted by 0).

e Asymptotic density p, on the set of all van Kampen diagrams £ over a finite

symmetrized reduced presentation (X; R).

e The next corollary states that the set of van Kampen diagrams over (X; R) in
which the length of a perimeter is greater than the half of the size (total number of
cells and free edges) and the depth is less than double of a logarithm of the size has

asymptotic density 1 in the set of all van Kampen diagrams.

Corollary 8.11 Let (X; R) be a finite symmetrized R-reduced presentation. Let

L£"={DeL|§D)<2logx(D)&I(D)>Lix(D)}CL.

Then po(L") = 1.

This implies that the isoperimetric function for a finite symmetrized reduced pre-

sentation is generically linear.

e Algorithms A and B (Algorithms 5.1 and 5.8) for solving the Word search

problem.

e Asymptotic density pyp on the set W P(X; R) of all words defining the identity
of G = (X} R).



e The next theorem states that for words from the set CW(® C WP(X;R)

Algorithms A and B have polynomial time complexity.

Theorem 9.4 Let (X; R) be a finite symmetrized reduced presentation and G =
(X; R). Then the following holds.

1) The time complexity function for Algorithm A (the decision algorithm for the
word problem in G) on the set of inputs w € CW® is bounded from above
by the polynomial

O(|w|2+210gL(R)).

2) The time complexity function for Algorithm B (the algorithm for the Word
search problem in G) on the set of inputs w € CW@ is bounded by the

polynomial

O(|w|4+4lOgL(R)).

where CW ) is a subset of W P(X; R) of asymptotic density 1.

1.2 Main results of the second part (Conjugacy search prob-

lem)

e Discrete probability measure P, on the set £, of all annular diagrams (con-

taining a base loop labelled with w) over a finite symmetrized reduced presentation

(X;R).

e New original parameter of annular diagrams which we refer to as depth (denoted

by §).

e Asymptotic density p., on the set of all annular diagrams £,, (containing a base

loop labelled with w) over a finite symmetrized reduced presentation (X; R).



e The next corollary states that the set of diagrams over (X; R) in which the depth
is not greater than double of a logarithm of double of the length of the perimeter

has asymptotic density 1 in the set of annular diagrams L,,.

Corollary 19.5 Let (X; R) be a finite symmetrized R-reduced presentation, w =
w(X) such that w does not belong to the conjugacy class of a word of length less or
equal to 1. Let

Ll ={D e L, |d§D)<2log(2(D))}.

Then pg,, (L) = 1.
e Algorithm A¢s (Algorithm 17.11) for solving the Conjugacy search problem.

e Asymptotic density pop, on the set CP,(X; R) of all pairs (wy,ws) of cyclic

words such that w; ~g w ~g we, where G = (X; R).

e The next theorem states that for pairs of words from the generic set opiY C

CP,(X; R) the Algorithm A¢ has polynomial time complexity.

Theorem 20.4 Let (X; R) be a finite symmetrized R-reduced presentation, G =
(X;R), and w = w(X) be a word the conjugacy class of which does not contain
words of length less than 2. Then the the time complexity function for Algorithm
17.11 (the search algorithm for the conjugacy problem in G) on the set of inputs

(w1, ws) € CPY is bounded from above by the polynomial
O((Jwr] + fwp )41 D),

where CP{”) is a subset of CP,(X; R) of asymptotic density 1.



Part 1

Word Search Problem

2 Introduction

The history of the development of the Word problem in group theory dates back one
hundred years now and started, perhaps, from the formulation of the fundamental
problems in 1911 mentioned in the preface. (See [6] for more information on the
history of the combinatorial group theory.) We will mention here several positive
results about the Word problem in groups.

One of the first positive results about the solvability of this problem was obtained
by Max Dehn. In 1912 he proved [8] that the word problem for the fundamental
groups of closed, two-dimensional, orientable surfaces of a genus g > 2 can be solved
by a monotone reduction process, which is now referred to as Dehn’s algorithm. The
groups under consideration are one-relator groups.

In 1932 Magnus proved ([24] and [25]) that the Word problem for any one-
relator presentation is solvable. The method and the proof of its correctness are
rather complicated. The precise time-complexity of the method is still unknown. It
is unknown whether one can bound the complexity by any fixed tower of exponents.
Though for some special classes of one-relator presentations there exist very efficient
algorithms. For instance, for one-relator groups with torsion or for small cancellation
presentations the Dehn’s algorithm solves the Word problem.

In 1945 Markov [26] (and later Artin [4]) proved that the Word problem in braid
groups is solvable by finding normal forms for pure braids. The original algorithm
had exponential time-complexity and was later improved by Garside [10] and Birman

[5] to quadratic complexity.



In 1960 Greendlinger proved [11] that the Dehn algorithm works for any small
cancellation presentation from the class C(3).

A lot of results were generalized with the introduction of hyperbolic groups by
Gromov. Lysenok proved that the group has Dehn’s presentation (admitting Dehn’s
algorithm) if and only if it is hyperbolic and, so, the Word problem in hyperbolic
groups has linear-time complexity.

Later the class of hyperbolic groups was generalized by Cannon, Epstein, Gilman
to the class of automatic groups in which it was shown that the Word problem has
quadratic time-complexity. See [9] for more information on automatic groups.

In certain special classes of groups the solution to the Word problem is straight-
forward. For example, in linear (matrix) groups the word problem is solvable in
at most quadratic time. In the symmetric group S, the Word problem has linear
time complexity. In the group Aut(F,) of automorphisms of the free group of rank
n > 2 the straightforward solution is at most exponential. It is an open question
whether there exists a better upper bound for the worst case time-complexity of the
Word problem in Aut(F,). Also, it was known that abelian and nilpotent groups
and polycyclic groups have solvable Word problems.

Moreover, the number of presentations defining groups with undecidable word
problem is negligible relative to its complement. Consider the class of word-hyperbolic
groups. A. Olshanskii in [Olsh] showed that the asymptotic density of presentations
defining word-hyperbolic groups (in fact, small cancellation C’()\), torsion free) is
1. This means that if (aj,...,a,;7r1,...,7%) iS a group presentation with a fixed
numbers n and k of generators and relators then the chance that the correspond-
ing group is hyperbolic tends to 1 exponentially fast as the total length of relators
L(R) = 3¥  |ri] tends to oo. At the same time each word-hyperbolic group has a
Dehn presentation and, so, the complexity of the Word problem is linear. Algorith-

mically that means that almost every randomly generated group presentation we



can solve the word problem in linear time.

In this paper we move this idea further. We will show that there exists a larger
class of presentations (X; R) (which includes word-hyperbolic groups and all known
to us examples of group presentations with undecidable word problem) such that
the amount of words w = w(X) that cannot be recognized as non-trivial or trivial in
polynomial time in terms of |w| is negligible in the set of all words in the generators
of the given group. This is the class of R-reduced group presentations, defined and
studied in Section 3. The first part — recognition of the non trivial words — is already
accomplished in [19], were the authors use homomorphisms onto certain classes of
groups. So we are left with the trivial words only. This leads us to the Word search
problem.

The Word search problem is a variation of the Word problem and can be stated
as follows. For a group presentation (X; R) and a word w = w(X) such that w =¢ 1
give a proof that w, indeed, represents the trivial element in G. The proof can be any
object using which one can check in a straightforward way the triviality of w. We
propose two algorithms A and B for the Word search problem. The first algorithms
outputs a part of the Cayley graph (referred to as approximation) which contains a
loop labelled with w. The second algorithm outputs a rewriting system using which

one can represent w in a product of conjugates of elements of R.

3 Presentations of groups

Let X be a set. Denote by X! = {z7! | x € X} the set of formal inverses of
elements of X. The map x — 2 !'(z € X) naturally extends to an involution on
the set X*' = X U X!, where we define (z7!)™' = 2. Let M(X) be the free
monoid with basis X*! viewed as the set of all words in the alphabet X*! with

concatenation as the multiplication and F' = F(X) be a free group with basis X
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viewed as the set of all reduced words in X*! with concatenation and subsequent

reduction as the multiplication. For R C F(X) and a group G we write
G = (X;R) (1)

it G ~ F(X)/gpr(R), where gpp(R) is the normal closure of R in F. In this event
X is a set of generators of G, R is a set of relators of G, and P = (X;R) is a
presentation of G. For a presentation (X; R) we define the total length L(R) and

the maximal length M (R) of relators as

L(R) = 3" Irl, M(R) = max|rl}.

reR

A presentation P = (X; R) is finite if the sets X and R are finite. A group G is
called finitely presented it G = (X; R) for some finite presentation (X; R). In this
paper we concern only with finite presentations, though some results admit natural
generalization for infinite presentations. A finite presentation (X; R) has decidable
word problem if the set gpr(R) is recursive. It is not hard to see that if one finite
presentation of G has decidable word problem then any finite presentation of GG has
decidable word problem. Therefore, we often refer to GG as a group with decidable

word problem.

For a subset Y C F define Y ! = {y ! |y € Y}.
Definition 3.1. A set R C F is called symmetric if the following holds:

1) every r € R is cyclically reduced;
2) R°!'=R;
3) if r € R then R contains every cyclic permutation of 7.

For a given finite subset R C F one can effectively construct a finite symmetric

set Rsym such that gpp(R) = gpp(Rsym), so the groups defined by presentations
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(X; R) and (X; Rsy) are isomorphic. This allows one to consider only symmetrized
presentations, i.e., presentations (X; R) with R = Ryn,.

Given a group G = (X; R) we say that a set S’ is obtain from a set S C F by a
G-reduction (and write S —¢ S’) if there exists a word s € S such that some cyclic
permutation of s has the form s; o so, where s1,85 # ¢, s1 € gpr(R) (and hence
sy € gpr(R)), and

S"= (S —{s})U{s1, s2}.

Obviously, if S is finite then the rewriting process

S—>G S/ e (SI)/ —G .-

terminates in finitely many steps, resulting in a set S* for which — does not apply.
We call S* a G-reduced form of S. In general, it could be several reduction processes

for a given S resulting in different sets S*, but in each case

G=(X;R)=(X;R").

Moreover, if the word problem is decidable in GG then given a finite set S C F' one

can find effectively all G-reduced forms S* of S.

Definition 3.2. We say that a presentation G = (X; R) is G-reduced if R = R*

and x #¢ 1 for every z € X.

Proposition 3.3. If G = (X; R) is a finitely presented group with decidable word
problem then one can effectively find a finite symmetrized G-reduced presentation

of G.

Proof. 1t follows from decidability of the word problem that if a finite set R C F/(X)
is not G-reduced then one can effectively find a reduction S —g S’. Therefore,

starting with R in finitely many steps one can effectively find the reduced form
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R* of R. Now, it suffices to delete letters z € X*! from R* (if there are any) and
delete the same letters from X. The resulting presentation G = (Y;T) is G-reduced.

Hence the presentation G = (Y'; Tyy,) is G-reduced and symmetrized. O

There are many known finite reduced presentations. For example, if r € F'is a
cyclically reduced word then one relator presentation G = (X;r) is G-reduced (this
is due to Weinbaum [39], see also Theorem 5.29 in [23]); the standard presentation
of the braid group B, is B,-reduced, as well as the canonical finite presentation of

the Thompson group
F = (0,01, To, T3, T4 | 7, ' = Tpqr (k> 0, k < 4))

is F-reduced. In fact, most of the standard presentations of groups are reduced.

4 Approximating Cayley graphs of finitely pre-

sented groups

4.1 Cayley graph approximations and singular subcomplexes

Let
G =(X;R) (2)

be a symmetrized presentation of a group G. Recall that the Cayley graph I'(G, X)
of G with respect to a generating set X*! is a directed graph labelled by elements
from X*! (shortly X -digraph) such that elements of G form the vertex set of I'(G, X)
and two vertices u and v are connected by a directed edge (u,v) (from u to v) with
label z € X*! if and only if v = uz in G. The edge (ux,u) is the inverse of (u, uz),

1

it has a label x7'. Omne can turn I'(G, X) into a 2-dimensional Cayley complex

C(X, R) by adding a face for every loop in I'(G, X) with a label from R*! (see [23]).
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An X-digraph T is called an approzimation of the Cayley graph I'(G, X) of G if

it comes equipped with an X-digraph morphism

o: I -T(G,X).

Each approximation (I',¢) of I'(G, X) gives rise to a 2-dimensional complex Cr
over (X; R) (by adding cells for every closed path in I" with labels from R*!') and
a morphism of complexes (that preserves dimension, incidence, and labelling) ¢* :
Cr — C(X, R). Such a pair (Cr, ¢*) is called a singular subcomplez of C'(X, R) (see
[23]) or just an R-complex. We will freely switch from approximation graphs to the
induced singular subcomplexes and back. Observe, that if ' is connected then the
map ¢ is unique up to the choice of vertices v € I" and v/ € T'(G, X) such that
o(v) =

In general, there is no any algorithm to check whether a given finite X-digraph
[' is an approximation of I'(G, X) or not (this problem is decidable if and only
if the word problem in G is decidable). Below we describe a procedure to gener-
ate arbitrary large approximations of I'(G, X') with respect to a given presentation
(X; R). This construction makes use of the Stallings’ folding algorithm (see [37]).
For an X-digraph K by S(K) we denote a folded X-digraph obtained from K by
the Stalling’s folding procedure. The graph S(K) is uniquely determined by K and
there exists a canonical epimorphism ¢g : K — S(K) (see [37] and [18]). It is not
hard to see that ¢g is a functor from the category of X-digraphs into the category
of folded X-digraphs. For a graph I' by V(I") and E(I") we denote, correspondingly,
the sets of vertices and edges in I'. The worst-case complexity for computing S(K)
is bounded from above by O(|K|log(K)), where |K| = |V(K)|+ |E(K)|. Actually,
in all practical computations the time complexity function is bounded by O(|K]).

Recall, that the core of K is a subgraph Core(K) of K formed by all closed
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cyclically reduced paths in K. If K has a fixed base point v then the core Core,(K)
of K at v is formed by all closed reduced paths in K at the base point v. By
definition K is a core graph (core graph at v) it Core(K) = K (Core,(K) = K).

Given a finite symmetrized presentation (X; R) and an arbitrary X-digraph K as
an input, the procedure below outputs an X-digraph C(K) together with a morphism
¢c: K — C(K). We call C(K) the R-extension of K.

Algorithm 4.1. (R-extension of K).

InpuT: A directed X-digraph K.

OutpuT: A directed X-digraph C(K) together with a morphism of X-digraphs
¢c: K — C(K).

COMPUTATIONS:

C1) For each vertex v € K and each r € R add a cycle labelled by r to v. Denote

the resulting graph by C;(K) and the canonical embedding by ¢¢, : K —
Ci(K).

C2) Apply the Stalling’s procedure to fold the graph C;(K). Put C(K) = S(C1(K))
and ¢¢ = ¢g 0 ¢c, .
C3) Output C(K) together with the morphism ¢¢ : K — C(K).

Remark 4.2. If K has a distinguished based point v then we view C(K) as a graph

with the distinguished based point ¢¢(v).
Lemma 4.3. Let K be an X -digraph. Then the following holds:

1) C(K) and Ci(K) are well-defined, i.e., they do not depend on a sequence of

actual transformations in C1) and C2).
2) If L(R) > 0 then C,(K) and C(K) are core graphs.

3) K is an approxzimation of I'(G, X) if and only if C(K) is an approzimation of
(G, X).
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4) If L(R) > 0 then ¢¢ is a functor from the category of X-digraphs into the

category of folded core X -digraphs.

Proof. 1) A graph C(K) does not depend on the order in which new cells are
attached to K. Therefore, C;(K) is well-defined. Since C(K) is obtained from
C1(K) by Stalling’s folding procedure C(K) well-defined too.

2) Observe that after performing step C1) at every vertex v € C;(K) there is a
loop labelled with some r € Ry,,,. Hence C;(K) is a core graph. Since ¢g : Ci(K) —
C(K) is an epimorphism the same is true for any vertex of C(K).

3) First, we show that K is an approximation of I'(G, X) if and only if C;(K) is.
Since K is a proper subgraph of C;(K) the sufficiency is obvious. Assume that K
is an approximation of I'(G, X) and ¢ : K — I'(G, X) is an X-digraph morphism.
Since C;(K) is obtained from K by attaching a number of loops labelled by elements
of Ry the morphism ¢ can be extended to Cy (K).

Finally, since taking the Stalling’s folding of a graph is a functor and I'(G, X)
is a folded X-digraph it follows that C;(K) is an approximation of I'(G, X)) if and
only if C(K)) is.

4) Tt follows from the definition of C; that any morphism ¢ : K — L can

be extended to a morphism ¢ : C;(K) — Ci(L) such that the following diagram

commutes.
Lo 1

It is easy to see that C; is a functor from the category of X-digraphs into itself.
By definition ¢¢ = ¢g o ¢¢,. As we have mentioned above ¢g is a functor from the
category of X-digraphs to the category of folded X-digraphs and by 2) C(K) is a

core graph. Hence the result.
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Lemma 4.4. Let (X; R) be a symmetric finite presentation and K a finite X-
digraph. Then the following inequalities hold for the R-extension C(K) of K:

) V(C(K))| < (L(R) — |R[+ DIV(K)],

2) |E(C(K))| < 2|X] [V(C(K))I.

Moreover, the time complexity of Algorithm 4.1 is bounded from above by
O(L(R)|V(K)|log(L(R)|V(K)]))-

Proof. First, observe that since C(K) is folded and the degree of each vertex is at
most 2| X| the second inequality holds. The number of new vertices that are added

at each vertex in K is at most L(R) — |R|. Hence
VC(K))| < V(C(K))| < (L(R) = [R] + DV (K)].

The number of new edges that are added at each vertex in K is at most L(R) which
gives total of L(R)|V(K)| of new edges in C(K). Adding vertices and edges into
the graph requires time proportional to the number of new vertices and edges and,
as we already mentioned, the worst-case complexity of the computation of S(I") is
O(|T'|log |T'|). Therefore the time complexity of the Algorithm 4.1 is bounded by
O(|K|log |K]), as claimed. O

From now on we assume that every letter from X occurs in R. Starting with an

X-digraph K one can iterate the construction above. Put:
CY(K) =C(K), c"™I(K)=c(C™(K))

Similarly, one can define Cfm)(K ) as the result of m consecutive applications of the



17

unary operation C; starting at K. As a special case define
COK) = S(K), ¢"(K) =K.

Lemma 4.5. Let K be an X-digraph. Then the following holds for any non-negative

mtegers m,n:
1) () = S(C™ (K));
2) Cmin(K) = CM(C™(K);

8) any morphism of X-digraphs ¢ : L — CU™(K) gives rise to a morphism
CW(L) — Cm+m)(K).

4) Let Ky be a graph consisting of a single vertex (and no edges). Then

(G, X)~ lim C™(K,)

m—00

where T'(G, X) is the Cayley graph of the group G = (X; R).

Proof. We prove 1) by induction on m. If m = 1 then there is nothing to prove.
Suppose then that ™D (K) ~ S(C™V(K)). Observe that the diagram below

commutes for an arbitrary X-digraph I'.

r o, Cy(T)

19s 19s
¢c, ¢s
S(I) — G(S(I)) — C(I)
In particular, it commutes for I' = CY”_I)(K ), which implies 1).
2) is obvious. 3) follows from 2) and the fact that the map ¢¢ is a functor

(Lemma 4.3). To see 4) observe that the graphs I'(G, X) and lim,,_., C"™(Kj)

are both regular folded X-digraphs which both accept (as deterministic automata
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with the natural base points) the same language - the normal closure of R in F(X).

Hence they are isomorphic as X-digraphs. O

Remark 4.6. The construction above of the Cayley graph I'(G, X) as the direct
limit of the graphs C(™ (Kj) can be viewed as a variation of the coset enumeration

procedure as it is described in [23] (chapter II1.12).

4.2 van Kampen diagrams

Now we consider a special type of singular subcomplexes of C'(X, R), so called van
Kampen diagrams (or diagrams) over (X; R).

There are two slightly different types of diagrams: the ones that are not neces-
sary homeomorphic to a Euclidean disc (introduced by Lyndon, see [23]) and the
others which are always homeomorphic to a Euclidean disc (here, we refer to the
Olshanskii’s book [34]). In this paper we focus only on the diagrams of the first
type, but a similar technique works for diagrams of the second type.

Let R? be the Euclidean plane. For a subset S C R? denote by 0S the boundary
of S, and by S the closure of S in R2. Recall that a map M is a finite disjoint
union of vertices (points in R?), edges (bounded subsets of R? homeomorphic to the
open unit interval), and faces or cells (bounded sets homeomorphic to the open unit

disc) which satisfies the following conditions:

1) if e is an edge in M then there are two vertices a,b € M (not necessary

distinct) such that e = e U {a} U {b};

2) for each face II € M the boundary 0II is connected and OIl =&, U...Ug for

some edges eq, ..., e, € M.

An edge of a map M is called a free edge if it does not belong to the boundary
of any cell in M. By V(M), E(M), FE(M), and C(M) we denote the sets of

vertices, edges, free edges, and cells in M.
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Now a diagram, or a disc diagram over a symmetrized presentation (X; R) is a

connected and simply connected map M such that;

1) every edge is considered as a pair of oppositely oriented edges e and e™*;

2) every oriented edge e is assigned a letter y € X+, which is called the label
o(e) of e, and such that ¢(e™!) = ¢(e)~!. The function ¢ is called a labelling

function;

3) if p=ey...exis a boundary cycle or contour of a face II (i.e., a cycle of minimal
length containing all edges of OI1 ) then ¢(p) = ¢(e1)...¢(ex) € R. In this

case Il is called an R-face.

. b
@ b p
i Iy '
a p b 1 p b !
@b 5% % % bi%
a b \a b a b a b a
R S S
a: b ia

Figure 1: A diagram over a group G = {(a,b ; aba"'b7?).

Let v be a vertex of a map M. The neighborhood N (v) of v in M is defined
as the submap generated by all edges and faces in M which are incident to v.

Let M and N be diagrams over (X; R). We say that M and N are isomorphic if
there exists a homeomorphism of the Euclidean plane which induces an isomorphism
of corresponding 2-complexes. By Starp(v) we denote the subgraph generated by
all edges incident to v (including their endpoints). If presentation (X; R) is reduced
and an orientation of the plane is fixed (clockwise or counterclockwise) then for any
two edges e1,es € Starp(v) one can unambiguously define the set of all cells in

Np(v) and edges in Starp(v) between ey and es.



20

Diagrams over (X; R) satisfy the following important property.

Lemma 4.7. (van Kampen Lemma, [23]) Let (X; R) be a symmetrized presentation
and w a word in the alphabet X*'. Then w = 1 in G = (X; R) if and only if there

exists a diagram M over (X; R) with a boundary label w.

4.3 Depth of diagrams and the canonical embeddings

Definition 4.8. Let L be an R-complex. A sequence of vertices vy,...,v, in L is
called a vertexr chain if for any ¢ = 1,...,q¢ — 1 there is a cell or a free edge ¢ such

that v;,v;41 € Oc.
Also we will use the following version of chains.

Definition 4.9. Let L be an R-complex. A sequence cy, ..., ¢, in L, where ¢; (j =

1,...,q) is a cell or a free edge, is called an edge-cell chain if for any i =1,...,¢—1

801- N 8ci+1 7é @ .

Clearly a vertex chain vy,...,v, € L defines at least one chain of cells and free
edges c1,...,¢c4-1 € L such that v;,v;4q € Oc; fori=1,...,¢— 1.

Let K7 and K5 be two subcomplexes of L. We say that K; and K5 are connected
by a chain in L if there exists a vertex chain vq,...,v, € L such that v; € K; and
vy € Ks. The length of the shortest vertex chain connecting K; and K is called
the chain distance d(Ky, K3) between K; and K.

Definition 4.10. Let K be a subcomplex of an R-complex L. The number dx (L) =
max{d(K,¢) | c € (C(L)~ C(K))U (FE(L)~ FE(K))} is called the depth of L

with respect to K.

Definition 4.11. (Depth of a disc diagram.) Let M be a map. The depth §(M) =

donr (M) of M with respect to OM is called the depth of M.
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Let w = y1y2...yr (yi € X*1) be a reduced word from F(X). Define an X-
digraph I'(w) with the vertex set V' = {y;...v; | i = 0,...,k} and such that a
vertex y; ...y; is connected to the vertex v ...vy;y;,41 by a directed edge with label
Yip1 for each i = 0,...,k — 1. So ['(w) is a straight segment with label w. Clearly,

there is a graph morphism I'(w) — I'(G, X).

Proposition 4.12. Let D be a diagram with a boundary label w, m = §(D), and
¢ : T'(w) — 0D be a morphism. Then there exists a morphism of 2-complexes

Y : D — C(I(w)) such that the following diagram commutes.

T(w) % D
dc

N
Cm(I(w))

Proof. To prove the assertion of the proposition we first cut a diagram D into a
diagram T of a certain type. The diagram T is a forest of cells attached at a line
segment graph labelled with w (see Figure 2). The height of the forest (distance
from the line segment to cells) is at most m. We will denote the corresponding

sewing morphism by 0 : T'— D (read more about cuts and sewing morphisms in

Figure 2: A 7forest attached to a line segment” diagram.

Section 7.2).

We will construct the loop along which we cut D in a sequence of steps. Denote

by 7y the boundary loop 0D starting at the initial vertex of ¢(I'(w)) (from which
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w is read). The loop 7y cuts off a line segment labelled with w (see Figure 3.b).

a) b)

Figure 3: First steps of constructing 7.

Assume that m; is the last constructed loop and 7; is a diagram of a specified
type cut off D by m;. If T; includes all cells of D then T; is a required diagram
T. Otherwise choose a cell ¢ which does not belong to T; with the smallest value
d =d(0D,c). If d =1 then ¢ touches the boundary 0D at some vertex v in D. In
this case pull 7; over ¢ as shown in Figure 3. If d > 1 then ¢ touches at some vertex
v some cell ¢ such that d = d(0D,d) = d — 1. The cell ¢ already belongs to T;.
Pull 7; over ¢ at v. Clearly the obtained loop m;11 cuts off a diagram 7;,; which
includes one additional cell. We continue this process until we have no cells to add
to T;.

Since the result of Stalling’s procedure does not depend on the sequence of folds

it follows that the following diagram commutes

T % D

¢\S 19s (3)

S(T)

Now it follows from the definition of Cfm) and 7' that there exists a morphism
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0T — Cfm) such that the following diagram commutes

MNw) — T
bcy

N (4)
™ (T(m))

Using the diagrams (3) and (4) and the fact that operator S is a functor there exists

a morphism 7: S(T) — S (CY”)(F(w))) such that the following diagram commutes.

MNw) — T — D
$cy s
AN 1 195
™ (T(m)) S(T)
N I
S(C™ (D (w)))

By Lemma 4.5 S(C%m)(f‘(w))) = C™(T(w)) which finishes the proof.

5 New algorithms for the word search problem

in groups

5.1 Search problems in groups

The Word Problem, the Conjugacy Problem, and the Membership Problem are
classical algorithmic problems in groups. We refer to surveys [3], [28], and [29] on
algorithmic problems in groups.

Let G be a fixed group given by a symmetrized finite presentation G = (X; R),

and M(X) = (X*)* a free monoid over the alphabet X*!. Sometimes, slightly
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abusing notations, we identify words in M (X) with their canonical images in the
free group F(X).

An algorithmic problem P over G can be described as a subset D = Dp of a
Cartesian power M (X)* of M (X). The problem is decidable if there exists a decision
algorithm A = Ap which on a given input w € M (X)* halts and outputs ” Yes” if w €
Dp, otherwise it outputs "No”. It is convenient to view P as consisting of two parts:
the ”Yes” (or positive) part requires a partial algorithm Ay., which on an input
w € D halts and outputs "Yes”, and works forever on inputs from M (X)* — D; the
"No” (negative) part asks for a partial algorithm for the set M (X)* — D. Recently,
it has been shown that for a wide variety of finitely presented groups the "No” part
is very easy on average, as well as generically (see [19], [20]). On the other hand,
in many applications it is required to find a decision algorithms Ay, for the 7 Yes”
part of P. Furthermore, very often one has to find a decision algorithm Ay, which
on an input w € D provides a "reasonable proof” that w is, indeed, in D. This
leads to the so-called search (or witness) variations of the algorithmic problems (see

[19], [20], and [7]) for a more detailed discussion of the search problems in groups):

Word search problem (WSP) for G = (X; R): For a given w € M(X) verify if
w =1 1in G and in this event find a presentation of w as a product of conjugates of

relators from R.

Conjugacy search problem (CSP) for G: For a given pair (u,v) € M(X) X

M(X) verify if u and v are conjugate in G, and in this event find a conjugator.

Membership search problem (MSP) for G: For a given word w € M(X) and
a finitely generated subgroup H of G (given by a finite set of generators) verify if
w € H, and in this event find a presentation of w as a product of the generators of
H.

This new aspect of the search decision problems which requires to provide a

"proof”, or a "witness”, of the correct decision, needs a more detailed explanation.
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Let D C M(X)* be a search decision problem, A a decision algorithm for D, w € D
a particular instance of the ”Yes” part of the problem, and p,, a " proof” provided by
A that w, indeed, belongs to D. The time complexity function T 4(z) of A typically
takes into account the time required for A to check whether or not w € D, as well as
the time needed for A to produce p,, on the input w. Hence the time complexity of
A depends on the complexity of the routine to produce p,,, in particular, on the way
one represents these p, as objects (words, graphs, sequence of formal derivations,
programs, etc.). It is not clear what kind of representations are the most convenient
in computations, this, perhaps, depends on a particular problem and the decision
algorithm. But there is another important problem here. Namely, when given a
proof p,, it might take a considerable amount of time to confirm, using p,,, that w
belongs to D, so obtaining a proof and verification of the decision based on this
proof are different processes. Should one add this verification time to the time
complexity of the algorithm A or treat it as a separate issue - is not altogether
clear. It is surprising how little was done on this topic in computational algebra. It
may happen (see the Membership search problem for free groups below) that the
time function Ty (w, p,,) for verification process on the inputs w, p,, is exponentially
greater then the time function T4(w) of the process of constructing the proof p,.
In what follows we treat the time complexities of the decision algorithm .4 and that

of the verification process as different issues.

5.2 Word search problem in groups. Algorithm A.

In this section we introduce a new algorithm for the Word search problem (WSP)
in groups and study its worst-case time complexity. Given a finite symmetrized
presentation G = (X; R) and a word w € gpp(R) the algorithm A produces a proof
P Which is a finite folded X-digraph I' such that [ approximates the Cayley graph

I'(G, X) and which accepts w (there is a loop with label w at the base point in I).
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In the worst-case scenario the size of the graph p,, = I' is exponential in the length
of w, but given I' and w the verification procedure is linear in the length of w (one
needs only to read w in I' viewed as a deterministic finite automaton). In this case,
the verification time function Ty (w, p,,) is negligible compare to the time function
Ty.

We would like to emphasize that Algorithm A is the most efficient general tech-
nique for WSP so far. In fact, there are just a few techniques that work for any finite
presentation, e.g. Todd-Coxeter algorithm, total enumeration of gpr(R), Knuth-
Bendix procedure, and their numerous modifications. Algorithm A is itself a modi-
fication of a standard Todd-Coxeter procedure. At the end of the paper (in Section
10) we make short comparison of A with Todd-Coxeter and enumeration of gpp(R).
The good comparison deserves another paper.

We start with a brief description of the algorithm A. Suppose we are given a
word w € gpp(R). To provide a proof that w belongs to gpr(R) it suffices to find an
approximation I' of I'(G, X) in which there is a closed path with the label w. Indeed,
in this event there exists a closed path with the label w in I'(G, X) so w € gpr(R).
Now, given a word w € F(X) the algorithm A begins to construct some particular
approximations I' of I'(G, X); it stops in finitely many steps if w € gpr(R) and
works forever otherwise. If A stops on an input w then the output of A is an
approximation I' of I'(G, X) in which there exists a loop with label w at the base-
point of I'. The principle idea behind this algorithm is that we do not enumerate all
possible approximations I' of I'(G, X) (as happens in the Todd-Coxeter algorithms),
but rather we construct only those approximations which contain a path at the
based-point (perhaps, not closed) with the label w.

Recall that I'(w) is an X-digraph which is a line segment labelled with w (see
Section 4.3). The starting vertex 1 of the segment is called the base-point of the

graph I'(w). The canonical image of 1 in C™) (T'(w)) is the base-point of C™(I'(w)),
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which we denote again by 1.

We start with the following algorithm.

Algorithm 5.1. (Decision Algorithm A for WSP in groups.)

INPUT: A finite symmetrized presentation (X; R), a word w € F(X).

Output: YES if w € gpp(R) and a finite approximation I' of T'(G, X)) which
accepts w;

COMPUTATIONS:

e Consequently compute C(T'(w)) until the endpoints of the image of I'(w)

become equal in C(I'(w)).
e Return YES and CO(T(w)).

Definition 5.2. For a word w € gpp(R) define a number

d(w) = min{d(D) | D is a diagram over (X; R) with boundary label w}.

The number §(w) is called the depth of the word w in G.
Observe that by Lemma 4.7 §(w) is defined for any w € gpr(R).

Theorem 5.3. The Decision Algorithm A needs at most m = d(w) iterations to
stop on an input w € gpp(R). The total number of steps required by the algorithm to

stop on an input w € gpr(R) is bounded from above by O(m|w|-L(R)™ log(Jw|L(R)).

Proof. Let D(w) be a van Kampen diagram such that the label of the boundary 0D
(at some vertex v on dD) is w and §(w) = 6(D(w)). By Lemma 4.12 there exists an
embedding of D(w) into I' = C(™)(I'(w)), where m = 6(D(w)), such that the image
of the vertex v is the based-point of I". This proves the first part of the theorem.

The second part follows from Lemma 4.4. This completes the proof. O
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Notice, that it is not easy to extract D(w) from C™ (I'(w)) even when a mor-
phism D(w) — C™)(T'(w)) does exist. In the next section we describe an algorithm

to do just that.

5.3 Word search problem in groups. Algorithm B.

In this section we describe a new search decision algorithm B for WSP in groups
and study its worst-case time complexity. Given a finite symmetrized presentation
G = (X; R) and a word w € gpp(R) the algorithm B produces a proof ps(w) which
is a finite sequence of derivations of a certain type. The sequence pg(w) allows one
to rewrite w as a product of conjugates of relators from R - this is the verification
process for B on the inputs w, pg(w). Thus, the algorithm B together with the
verification procedure for a given w € gpp(R) output a decomposition of w as a
product of conjugates of relators from R. This is a much more stronger result than
the one provided by the algorithm A. Notice that, the size of the proof pg(w)
is comparable to the size of p4(w), but the verification process is much more time
consuming than in A. The worst-case time complexity of B is still exponential in the
length of w. To the best of our knowledge B is the first general algorithm for WSP
in groups with a single exponential upper bound on the worst-case complexity.

A brief description of the algorithm B is the following. Given (X;R) and
w € gpr(R) one starts the algorithm A on the input w. The algorithm A re-
turns a X-digraph I' which accepts w. The graph I' gives the Stalling’s folding
(with respect to X') of some finitely generated subgroup H of gpp(R) which con-
tains w. Afterward, one uses the standard algorithm for Membership search problem
for finitely generated subgroups of free groups to find a presentation of w as a prod-
uct of conjugates of relators from R. This solves WSP in G for w in the classical
formulation.

Now we give a formal description of the algorithm. For an X-digraph I' with the
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base point 1 define the radius 7(I") of I' to be the maximum of the distances d(1, u),

u € I', where d is the standard graph metric on I'.

Lemma 5.4. Let (X; R) be a finite symmetrized presentation, I' a finite X -digraph
with a base point 1, H the subgroup in F(X) accepted by Core(I'). Then the X-
digraph C(I') (with the base-point induced from I") accepts a subgroup of F(X) gen-
erated by HU A, where A is a finite set of conjugates of elements from R satisfying

the following conditions:
1) Al < V(D) - [R].
2) For any a € A |a| < 2r(I") + M(R).

3) One can find such a generating set A effectively in time

O([V(D)] - [R[ - (2r(I') + M(R)))-

Proof. The graph C(I") is obtained from I' by adding to each vertex v € I" a loop
with the label r for each r € R (since R is symmetrized), which follow by several
consecutive foldings. Let ¢ be a loop with the label » € R added to I' at a vertex
v € I'. Let p, be the label of a shortest path from the base point 1 to v in I'. Adding
¢ to T results in the same graph as if adding a loop labelled by p,rp,;! to the base
point of I and folding the path with the label p, into I'. Since the resulting graph
does not depend on a particular sequence of foldings (because Cy(I") is a core graph)
one can readily see that C(I") accepts a subgroup of F'(X) generated by H together
with a finite set A = {p,rp,! | v € V(T'),r € R}. Obviously, |A| < |[V(T)| - |R|
which proves 1).

Since |p,| < r(T) and |r| < M(R) then for a = p,rp, ! we have |a| < |p,| + |r| +
Ip,t| < 2r(T) + M(R). Hence 2) and 3) follow.
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Proposition 5.5. Let w € F(X). Then the graph C™(I'(w)) is the Stalling’s
folding of a subgroup of F(X) generated by a finite subset A of elements from R

and their conjugates. Moreover,
1) Al < (Jw| + 1)|R|™.
2) If a € A then |a| < 2|w| +mM(R).

3) One can find such a generating set A effectively in time

O(fwl - [B]™ - (2]w] + mM(R))).

Proof. 1) and 2) clearly follow from Lemma 5.4 and observation that |V (I'(w))| =
lw|+1 = O(|w]). To show 3) notice that adding a loop of length [ to an X-digraph
increases the radius of the graph at most by | M (R)/2]. Now the result follows from
this observation and the fact that the radius of the initial graph I'(w) is |w].

U

Let for some natural m the graph IV = C™)(I'(w)) accepts w. Let H be the
subgroup in F(X) accepted by I and A a set of conjugates of elements from R
from Proposition 5.5 that generates the subgroup H. Clearly, w € H and to present
w as a product of conjugates of relators from R it suffices to solve the Membership
search problem (MSP) for the subgroup H = (A) on the given input w. The
standard way of solving MSP in free groups involves Nielsen minimization method,
it gives exponential time estimates on the worst-case complexity. Let’s have a look
where the exponential time estimates come from in the Nielsen argument. It takes
quadratic time for a given tuple of generators h = (hy,..., hs) of a subgroup H to
find a sequence 7 of Nielsen moves 7y, ...,ns which reduces the set h to a Nielsen
basis f = (f1,..., fi) of H. It takes also at most quadratic time to express w as a

word in new generators f. Now, to express w in the old generators h’s one needs
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to rewrite the new generators f;’s as words in the old generators h, but the length
of the resulting words can grow exponentially in terms of |h|. Notice, however, that
the sequence of Nielsen moves 1 completely describes the formal expressions of f;’s
in terms of h, and the length of 7 is linear in |h|. This leads to the idea to use the
sequence 7 in producing the proof pg(w) rather then the whole expression of w as a
word in A.

To describe this alternative way of producing pg(w) we need to introduce systems
of derivation rules. Let H be a subgroup of F(X) generated by a finite set A =
{a1(X),...,an(X)} C F(X), A= {o1,...,a,} be a set of formal names for words
from A together with a homomorphism ¢, : F(A) — (A) defined by ¢a() = a;,
['(A) be an X-digraph which is the wedge of n loops labelled with words a;(X),
and S(I'(A)) be the Stalling’s folding of I'(A). Let Q¢ = {¢1,...,qs} and Q =
Qo U AU E(S(T(A))). A derivation rule is a pair (o, 8) € Q x Q* of one of the

following types:
1) (e, q;), where e € E(S(I'(A))) and ¢; € Q;
2) (i, qjqr), where g;, q;, qr € Qo and i > max{j, k};
3) (gi, ), where ¢; € Qo and « € A.
A derivation system W is a set of rules satisfying the following properties:
4) for each edge e € E(S(I'(A))) there exists one rule with the left side e;

5) if ¢; € Qo is involved in the right side of some rule in W then there exists one

rule with the left side g;.

As usual a derivation is a sequence of applications of the derivation rules to a
word from @Q*. Clearly any derivation sequence terminates on any word u from Q™.

The resulting word ©* does not depend on the derivation process. Given a derivation
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system W one can define a map « on the set of edges from S(I') by e — e*. The

map « naturally extends to the set of all paths in S(I")

61...ekr3>e>{...e,’g.
Now if @ € (A) then there exists a unique path p, in S(I') with the label a starting
at the base point 1 in S(I'). Define a : A — F(A) by a > p?.
A derivation system W is said to be compatible with (A) if for every w € (A)
a(w) € F(A) correctly represents w in F(X), i.e., ¢4(a(w)) = w. Clearly a folded
graph S(A) and a derivation system W compatible with (A) give a straightforward

solution to MSP for (A).

Proposition 5.6. ([31]) Let H be a subgroup of F(X) generated by a finite set
A={a1(X),...,a,(X)} C F(X). Then one can effectively find a finite derivation

system compatible with H in at most quadratic time O(L(A)?).
Corollary 5.5 and Proposition 5.6 give the following result.

Proposition 5.7. Let G = (X;R), w € F(X), and C™(I'(w)) a finite approx-
imation of I'(G, X) which accepts w. Then one can effectively find a set of free
generators A for C™(T'(w)) with a derivation system compatible with (A) in at
most O(|w|?|R[*™(2|w| + mM(R))?) steps.

Proof. Take a set A of generators as in proof of Lemma 5.4. Computation of such
a set takes at most O(M(R)(|w| + 1)|R|™) steps. Clearly L(A) < |A| max,ea{|al}
and hence, using estimates in Lemma 5.5, we get L(A) < (Jw| + 1)|R|™(2|w| +
mM). By Lemma 5.6 the complexity of computing a derivation system for A is

O(lw]?| RI*™ (2lw| + mM (R))?).
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Algorithm 5.8. (Decision Algorithm B for WSP in groups.)

INPUT. A finite symmetrized presentation (X; R) and a word w € gpr(R).
OuTPUT. A finite approximation I' of T'(G, X)) which accepts w, the set A of free
generators of the subgroup H and a derivation system W compatible with A (as
described in Proposition 5.5 .

COMPUTATIONS.

1) Compute the approximation I' = C™(T'(w)) which accepts w using the algo-
rithm A.

2) Compute a free set of generators A of the subgroup H accepted by I' as

described in Proposition 5.5.
3) Compute the system of derivations W compatible with A as in 5.6.
Combining Theorem 5.3 and Proposition 5.7 we obtain the following result.

Theorem 5.9. Given a finite symmetrized presentation (X;R) and an element
w € gpr(R) the algorithm B outputs a finite set A of conjugates of elements from
R, the Stollings’ folding of the subgroup generated by A in F(X) which accepts w,
and a finite derivation system W compatible with A. The worst-case complezity of

this algorithm is bounded from above by

O(Jw?| R (2jw| + 6(w) M (R))?).

6 Random van Kampen diagrams

In this section we describe a class of stochastic procedures, so called iterative ran-
dom generators which generate random van Kampen diagrams over a given finite
presentation (X; R). Roughly speaking, a random generator RG starts with a given

diagram Dgy and then randomly extends it according to some basic pattern (basic
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random extension). Usually a given random generator depends on a set of distribu-
tions that allows one to obtain random diagrams with various properties. One can
view such iterative random generators as random walks on transition graphs. This
allows one to introduce a measure on the set of the corresponding trajectories and

then induce this measure on the diagrams produced by the generators.

6.1 Basic random extensions and simple random walks

In this section we define random walks on diagrams and probability spaces on se-
quences of diagrams. Later it will be used to define asymptotic density on diagrams.

Let L = {D; | i € N} be a countable (enumerable) collection of diagrams. In
this paper we assume that diagrams from K are van Kampen diagrams over some
fixed presentation (X; R) equipped, perhaps, with some extra predicates. Denote by
B : K — K a stochastic map that with probability p; ; maps D; into D;. Sometimes
we write B(D;) = D, if p; ; > 0. The map B can be viewed as a random walk on
defined by the infinite stochastic matrix (p; ;). We say that B is a basic extension if
for every diagrams D;, D; such that B(D;) = D; there exists a diagram morphism
D; — D;. Given a basic extension B we define the transition graph T = (V, E) of

B which is a directed weighted graph defined as follows:

2) E=A{(Ds, D;) | pij > 0};
3) each edge e = (D;, D;) € E has an associated number p(e) = p;;.

For D € K we denote by ® = ®5(D) the set of all diagrams C' in K such that
there exists a path in Ty from D to C. A basic extension B is called K-complete
if there exists D € K such that ®5(D) = K. More generally, if ¢ : K — L is a
mapping from K onto a collection of diagrams £ then we say that B is L-complete

relative to ¢ if p(P) = L.
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Recall that the neighborhood Na(v) of a vertex v in a diagram M is defined
as the submap generated by all edges and faces in M which are incident to v. Let
D € K and v be a vertex in D. We say that B is locally stable at the vertex v if the

neighborhood of v eventually stabilizes, i.e., for any infinite path

chl—>02—>...

in the graph T there exists jo € N such that N¢,(v) = Ng, (v) for every j > jo. A
random generator B is called locally stable if it is stable at every vertex v of every
diagram D € K.

Given a basic extension B and a diagram Dy € K define a new transition graph

(which depends on B and Dy) 7 = (V(T), E(T)), where

V(T)={p| p is a finite path in T starting at Dy},

and

E(T) = {(6,6¢) | 6,0c € V(T),e € E(Tg)}.

Clearly, 7 is a tree. We will refer to 7 as the transition tree of B (with the empty
path ¢ in the root). For each edge d = (0,0e) € E(T) we assign probability
p'(d) = p(e).

By W = Wy we denote a random walk on the tree 7 defined by the transition
probabilities p’ (we assume here that VW starts with probability 1 at the root ).
As usual one can view the random walk W as a sequence of random variables Z,,,
n € N, on a suitable probability space (A, F, P). To explain this we need a few
definitions. An infinite path A in the directed graph 7 which starts at the root ¢ is
called a trajectory. For a trajectory A by \; we denote the vertex on A at distance ¢

from the root € (the i-th component of \). Now A is the set of all trajectories in 7°
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and Z,, : A — V(7) is a random variable such that for A € A one has Z;(\) = ;.

A cone of § € V(T) is the set of all trajectories passing through 6:
Cone(f) = {\ € A | A is passing through 6}.

The o-algebra F is generated by all cones Cone(f), where § € V(7). For each
0 =ey...ep € V(T) the real number P(Cone(f)) is defined as the probability to

hit the vertex # € 7 by the random walk W, i.e.,

P(Cone(9)) = [ ] pley).

By the Kolmogorov’s extension theorem the function P extends onto the o-algebra
F in such a way that (A, F, P) is a probability space, so P is a probability measure
on A.

6.2 Probability and asymptotic measure on diagrams

In this section we define discrete probability measures and asymptotic densities on
the sets V7, I, and L for a given map ¢ : K — L.

6.2.1 Probability on V(7)

Let (A, P) be the probability space defined in the previous section and @ : A7z — N
a random variable on A. We view the function ) as a termination condition for the
random walk YW which shows where the walk stops going along a path A. Define a
function T : A — V(T) by

To(A) = Ao
for A € A.

Lemma 6.1. For any A\ € A the set Tél()\Q(X)) is measurable in (A, P).
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Proof. Follows from the equality

Tél(AQ(X)) = Q7 QMN)N Cone(Agx))
and the assumption that () is a random variable.
O

Denote by Vg the set of all stop-vertices of W in 7 relative to the termination
condition @, so

Vo =To(A) C V(T),

and define a function Py : Vo — R by

for 0 € V.
Proposition 6.2. The function Py is a discrete probability measure on V.

Proof. By Lemma 6.1 Pg(6) is defined and non-negative for every 6 € Vj,. Clearly,
if 91 7é 92 then Tél(ﬁl) N Tél(ez) = (Z), SO

UeeVQTél(Q) =A
is a partition of A. Hence

Po(Vg) = Y Po() =1,

GGVQ

as required.
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Let @Q; : A — N, i € N, be a sequence of random variables (termination condi-

tions) on A such that

V(T)=JVa, VainVe, =0(i# ). (5)
i€N

In this event we say that the sequence Q = {Q; };en of termination conditions for W
is complete. The complete sequence of termination conditions Q allows one to define
an asymptotic density py(ry on V(T) with respect to Q. Namely, if S C V(7') then
the asymptotic density py(7)(S) of S in V(T) relative to B, Dy, and Q is equal to

the following limit (if it exists)

pV(T)(S) = Zli)rgo PQz(S N VQz)

Let 4 : N — R be a fixed probability distribution on N. Define a probability

measure

Pyiry:V(T)—R

which depends on Q and p as follows. For § € V(7) such that 6 € V), for some
1 € N put

Py (0) = pu(i) P, (0). (6)

Proposition 6.3. The function Py (7) is a discrete probability measure on the set

V(T).

Proof. Clearly, the value Py (1(0) is defined for every § € V(7) and is non-negative.
Therefore, it suffices to show that >y i1 Pv(7)(0) = 1. The latter comes from the

following equalities:

S P () =30 3 Ren(8) = X0 D wli)Pa,(6) = 3 uli) = 1

0V (T) ieN 0eVyg, ieN 0eVy, ieN
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6.2.2 Probability on K

Next we define a probability measure Pg on diagrams K. Let § € V(7). By
definition # = e; ...e; is a path in the transition graph T' = T’z with the origin D,

and the terminus D(#). For D € K we define a function

Pe(D) = > Py (0)
0eV(T), D(9)=D

(here we assume that Pc(D) = 0 if there is no 6 € V(7) such that D(0) = D).
Lemma 6.4. The function Py is a discrete probability measure on K.

Proof. Obvious.

Finally, define sets
Ki=D(Vg,) ={D(0) | 0 € Vg,}
with functions Py, : K; — R such for D € IC;:

9eVy, and D(8)=D
Proposition 6.5. The function Py, is a discrete probability measure on /C;.
Notice that if the sets IC; form a partition of K then one can define an asymptotic

density of diagrams from K as follows. If S C K then

pic(S) = Tim Py, (K; N )

1— 00
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(if it exists) is an asymptotic density of S in K.

6.2.3 Probability on £

Let ¢ : K — L be a mapping from K into a collection of diagrams £. We induce a

probability P, on L from I through ¢: for D € L

Pr(D) = > Pury(0)= > P(D).

0ev(T) and ¢(D(6))=D D'ek, ¢(D')=D
Proposition 6.6. The function P, is a discrete probability measure on L.
Proof. Obvious. O

Define sets

Li=p(K;) ={p(D(0)) | 0 € Vg,}

with functions P, : £; — R such for D € £,

P (D) = > Pyir)(0).

9evy, and o(D(8))=D
Proposition 6.7. The function P, is a discrete probability measure on L£;.
Notice that if the sets £; form a partition of £ then one can define an asymptotic

density of diagrams from L as follows. If S C £ then

1—00

(when exists) is an asymptotic density of S in L.
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Probability on: space | subspase | relative to

vertices (Vr, Pvy) | (V. Po,) | B, it, Do, {Q;}ien
diagrams (1st level) (K, Pc) | (Ki, Px,) | all above

diagrams (2nd level) || (£, Py) (L, Pz,) | all above and ¢ : K — L

Table 1: Probability models.

6.3 Iterative random generator RG,

In this section we give an example of a complete sequence of termination conditions
Q = {Qn}nen and show that the corresponding probabilities Py, are related to a
specific random diagram generator RG,,. We freely use notation from Section 6.2.

Let @, : A+ — N (n € N) be a sequence of constant functions:

Qn(x) =N, (7)

for every A € A. Clearly, @), is a random variable on A. So, one can view @), as a
termination condition from Section 6.2. It follows that @ = {Q, }nen is a complete
sequence of termination conditions for A. Let Py, be the probability measure on
Vo,, from Section 6.2. One can describe the probability measure Py, in terms of the

following random generator.

Algorithm 6.8. (Random Generator RG,, relative to the basic generator B)
INPUT: A presentation (X; R), a diagram Dy € K, and n € N.

OutpUT: A diagram from .

INITIALIZATION: Put D,,, = D.

COMPUTATIONS:

1) Consequently compute D = B(Dy,), fori=0,...,n— 1.

mi+1

2) Output D,,,.

It is easy to see that the following assertion is true.
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Proposition 6.9. Let D € K. Then

Pe, (D)= ) Pol(0)

eV, D(6)=D
is the probability of the event that D will be generated by RG,,.

Remark 6.10. In a similar way one can construct a random generator to pro-
duce diagrams from £,,. Indeed, apply RG,, to produce a diagram D from K and

take p(D). The corresponding probability to generate a diagram (D) equals to

Pr, (¢(D)).

6.4 Diagram complexity and random generator RG,

In this section we define a notion of a size of a diagram and describe a random
generator RG,, which terminates when the diagram reaches a particular size.

For a diagram D € IC denote by x.(D) and x.(D), correspondingly, the number
of free edges (i.e. edges which do not belong to the boundary of any cell in D) and
the number of cells in D. We refer to the sum x (D) = x.(D) + x.(D) as to the size
of D.

Now, suppose that the basic extension B satisfies the following conditions for

every D € K:
0 <x(B(D)) =x(D) < 1; (8)
limsup x(D(Ai)) = oo, for each A € A; 9)
X(Do) = 0. (10)

Under these assumptions on B we define the following random variables X,, and

~

Qn- Recall that each § € V(7) is a path e; ...e; in T with the origin at Dy and



43

the terminus at some diagram D(6). Define a function X,, : A — N by
X, (A) =min{i € N| x(D(\;)) =n}

and put

0u(N) = max{i € N | x(D(\)) = n} = Xoa(A) — L. (11)

Lemma 6.11. Let B be a basic extension satisfying conditions (8), (9) and (10).

Then X,, and @n are random variables.

Proof. 1t suffices to show that X, is a random variable for every n € N, since
Qn = Xp41 — 1. Fix arbitrary n, j € N. We claim that X ~!(j) is a union of at most
countable number of cones.

Observe first that if A € X, !(j) then Cone()\;) C X, *(j). This implies that
X 1) = U/\Exgl(j)C’one()\j).

It is easy to see that the set above is either countable or finite union of cones and,

hence, is measurable.

Corollary 6.12. {@i}neN are termination conditions on A.

Lemma 6.11 allows one to define probability spaces (V@w P@Z_) (described in Sec-
tion 6.2) for each n € N. We show in Proposition 6.14) below that the probability

function Py can be described in terms of the following random generator.

Algorithm 6.13. (Random Generator RG)

INPUT: A presentation (X; R), a diagram Dy, and n € N.
OutpuT: A diagram D such that x(D) = n.
INITIALIZATION: Put D,,, = Dy and ¢ = 1.

COMPUTATIONS:
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1) Construct D,,, = B(D,,_,).
2) If x(Dy,,;) = n+ 1 then return D,,, ,. Otherwise increment ¢ and goto 1).

The next proposition is analogous to Proposition 6.9.

Proposition 6.14. Let (), be defined as in (11) and D € K. Then

P, (D) = Z Pp,(0)

0V, , D(6)=D

is the probability of the event that D is generated by RG,.

Remark 6.15. In a similar way one can construct a random generator to pro-
duce diagrams from £,,. Indeed, apply RG, to produce a diagram D from K and

take (D). The corresponding probability to generate a diagram (D) equals to
Pr,(p(D)).

Next, we define probability function Py 7y on V(7) relative to the sequence of
random variables {Q;}icn (as in Section 6.2). To do this we need the following

lemma.

Lemma 6.16. Assume that the basic extension B satisfies (8), (9), (10) and also

satisfies an extra condition
for each Ds € KC there exists Dy = B(Ds) such that x(Dy) — x(Ds) =1.  (12)

Then V(T) = UienVp, is a partition of V(T).

Proof. By definition of Q; if & € Vj then x(D(0)) = i. Now, let # € V(T),
x(D(0)) =i, and Dy = D(0). By assumption of the lemma there exists D, = B(Dj)
such that x(D;) — x(Ds) = 1. Let (0,0") be the edge in 7, where D(0') = D;.
Then, by definition of Q;, T5,(Cone(0')) = {0} and 6 € V. Therefore V= {6 |

x(D(0)) =i} and V(T) = UjenVp, is a partition of V(T), as required.
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Corollary 6.17. {@i}neN is a complete system of termination conditions on A.

Corollary 6.18. Assume that the basic extension B satisfies all conditions (8)-(10)
and (12). Then the following holds:
1) If S CV(T) then
pV(T)(S) = lim P@Z(S N V@Z)

defines an asymptotic density of a set S in V(7)) with respect to {Cjz} We

refer to this py(7) as to the asymptotic density relative to the size of diagrams.

2) If p is a probability distribution on N then one can define the discrete proba-
bility Py 7y on V(7)) as in (6).

3) K = UK, is a partition of K and if X' C K then

pv(r)(K') = lim P, (K" N K;)

1—00

defines an asymptotic density of X' in K.

4) Furthermore, if £ = £; is a partition of £ (e.g. when ¢ preserves the size of

diagrams) then

p£(£/> = lim P£i<£/ N LZ)

1—00

defines an asymptotic density of £’ C L.

7 Basic extension algorithm Bg and relative prob-
ability measures

In this section we define a particular basic extension Bg, where S is a set of param-

eters. In the next section we use Bg to study asymptotic properties of diagrams.
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7.1 Basic extension Bg

Let (X; R) be a finite presentation. Denote by £ = L£(X, R) a set of representatives
(up to isomorphism) of all diagrams D over (X; R). In this section we construct a
particular basic extension Bg. Roughly speaking, Bg randomly adds cells and edges
to the given diagram, and performs random foldings. The extension Bg depends
on a set of parameters S (the probabilities with which it adds cells or edges to
a diagram and makes foldings) which allow one to obtain random diagrams with
different properties.

Let D be a diagram. Suppose a subset M (D) of the set V(D) of vertices of
D is chosen. The vertices from M (D) are called "marked vertices” (worked out
vertices). Suppose also that a subset A(D) C 0D — M (D) of non-marked vertices
from D is chosen such that |A(D)| < 1. We refer to vertices from A(D) as to
"active vertices” (vertices in the working). The triple (D, M (D), A(D)) is called
an extended diagram. Morphisms of extended diagrams are morphisms of diagrams
that preserve the marked and active vertices. Let K = KC(X, R) be the set of all
extended diagrams from L.

Let S = (s1, s2, $3, 54) be a sequence of reals such that s; € [0,1],s1+s2+s3 = 1.

The following procedure provides the basic extension Bg.

Algorithm 7.1. (Basic FEztension Bg)
INPUT: Let D be an extended van Kampen diagram over (X; R) such that either
A(D) # () or 0D — M(D) # 0.

OutpuT: Diagram Bg(D) = D.

1) If |JA(D)| = 1 then take the only vertex v € A(D). If |[A(D)| = 0 then,
choose randomly and uniformly an unmarked vertex v € 9D — M (D) and put

A(D) = {v}.
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2) If v is not the last unmarked vertex in 9D then with probability s; do a), with

probability s, do b), and with probability s3 =1 — s; — s3 do ¢) below:

a) Take randomly and uniformly a relator » € R. Make a face N with the
boundary label r at some vertex u € ON. Attach N to v by identifying

v with u. Go to b).

b) Generate randomly and uniformly a letter y € X*1. Make a free edge
e = (u1,uz) with the label y. Attach e to v by identifying v with u;. Go
to 5).

¢) Do not attach anything to v and go to 4).

3) If v is the last unmarked vertex in D and s; + s # 0 then with probability

525 do a) below, otherwise do b):
S1+5892

a) Take randomly and uniformly a relator r € R. Make a face N with the

boundary label r at some vertex v € ON. Attach N to v by identifying

v with u. Go to b).

b) Generate randomly and uniformly a letter y € X*'. Make a free edge
e = (uy,uz) with the label y. Attach e to v by identifying v with u;. Go
to 5).

4) a) Let (ey,hy),..., (ex, hx) be all pairs of edges incident to v and such that

for each ¢ the following conditions hold:

the path e;h; belongs to the boundary of the diagram (with respect

to a fixed orientation);
— all endpoints of e; and f; are unmarked;
— ¢; and h; ! have the same labels (potential fold);

— edges e; and h; are not free.

Then for each 7 = 1,..., k with a fixed probability s, fold e; and h; L



48
b) mark v, and add it to M (D),
c¢) remove v from A(D). Go to 5).
5) Denote the resulting diagram by Bg(D). Output Bs(D).

Below we list some properties of Bg. Recall that a vertex v is a cut vertex of a
map M if there exist two vertices vy, v9 € M such that any path connecting v, and

vy goes through v.
Lemma 7.2. (Properties of Bg) Let D* = Bg(D). Then:
1) if a vertez v in D is marked then Np(v) = Np«(v).

2) if every vertex v € D — 0D is marked then every vertex v € D* — OD* is

marked.

3) if every cut vertex in D is either marked or active then every cut vertex in D*

18 either marked or active;
4) Given a diagram D there are only finitely many possible outcomes for D*.
5) If 0D — M(D) # 0 then OD* — M (D*) # ()
Proof. Follows from the description of Bg. O

Let D be a diagram. The following notation
D" = BJ(D)

means that D* is a result of n applications of Bg to the diagram D.

Remark 7.3. Let D* = Bg”)(DO) where Dy is a diagram which consists of one

vertex.

1) if s =1 then D* is a tree;
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Figure 4: Diagram generation.

Random Generator RG),, starts from the diagram Dy and then randomly attaches
cells and free edges at fixed active vertices. This picture shows eight iterations of
RG,. On step 1) of the first iteration the algorithm chooses the active vertex which
must be the only vertex in Dy. Then on iterations 1-4 it randomly adds three cells
labelled with relators 71,79, r3 and a free edge (part b) of the picture). Then on the
fifth iteration it determines what pairs of edges in the neighborhood of the active
vertex are equally labelled and with probability s, folds them. On step 1) of the
sixth iteration it again randomly selects a new active vertex and attaches two cells.
Finally RG,, randomly folds edges in the neighborhood of the new vertex.

2) if sy = 1 then D* is a "tree of cells”, i.e., diagram without free edges and such

that the dual graph is a tree;
3) if s1 4+ so = 1 then D* is a "tree of cells and free edges”.

Let Wgs be the random walk corresponding to the random generator RGg. In
the following lemma we collect some basic properties of Wg. By D, we denote a

path (perhaps, infinite) in the graph 7"
Dy — Dy — ... D, — ...

Lemma 7.4. (Properties of T') If Do, is a path in T and D; € Dy, then the following
hold:

1) every vertexr v € D; — 0D; is marked;

2) for every marked vertex v € D; the neighborhood of v does not change in D;

fOT’j > l.; i.@., NDj(v) = NDz‘(U);

3) every unmarked vertex v € D; either stays unmarked in all D; for j > i or
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eventually it becomes active;

4) every active vertex v € D; either stays active in all D; for j > i (and in
this event the case /) in the description of Bg does not occur) or eventually it

becomes marked;

Corollary 7.5. The random basic extension Bg is locally stable at every marked

vertex v.

7.2 Completeness of the basic extension Bg

In this section we show that Bg is L-complete (provided none of the probabilities
in S are zero).

Below we use notation from the previous sections. Recall that £ = L(X, R) is a
set of representatives of all van Kampen diagrams over (X; R) up to isomorphisms
and ® = ®p (Dy) is the set of all extended diagrams over (X;R) that can be
produced by a sequence of applications of Bg starting from D.

For an extended diagram D denote by D the ordinary diagram that results from
D by erasing the sets M (D) and A(D). Slightly abusing notations we will identify
vertices, edges, and cells in D and D. This implies, in particular, that for a vertex
v € D one has Np(v) = Ny(v). In the situations when D is an extended diagram
and ¢ : D — C is a morphism of ordinary diagrams the agreement above will allow

us to consider unambiguously the image ¢(v) for a vertex v € D. Put

By, ={D|Decd).

According to the definition of completeness from Section 6.1 the basic extension Bg
is L-complete relative to the mapping  : ®p, — L if ®p, = L. For notational
convenience, further in this section we omit the index Bg in 635 and denote 535

simply by ®.
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In the prove of completeness we will use two auxiliary transformations of maps
termed edge cuts and vertexr cuts. Let M be an arbitrary map over (X; R) and
e = (v,u) be an edge from M —IM with v € OM. Let f; and f; be two edges from
OM incident to v such that there is no any cell from N(v) or any edge from Star(v)
in between f; and f; according to the fixed orientation (see Section 4.2). Then the

cut of the edge v between f; and f, is the following sequence of transformations:

e replace ("cut”) the vertex v and the edge e with their two copies vy, ve and

€1 = (U17u)7 €2 = (/027u);

e replace the vertex v in all edges and cells in M between e and f;, including

fl, with V1,

e replace the vertex v in all edges and cells in M between f; and e, including

fa, with vy.

Figure 5 illustrates this cut.

v, f]

Figure 5: Edge cut.

Now let v be a vertex on M and (f1, f2) and (g1, g2) be distinct pairs of edges
from OM incident to v such that there is no any cell from N(v) or any edge from
Star(v) in between f; and f, and, also, in between g; and g, (according to the fixed
orientation). Then the cut of v between (fi, f2) and (g1, go) is the following sequence

of transformations:
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e replace ("cut”) the vertex v with two copies vy, vs;

e replace the vertex v in all edges and cells in M between f> and ¢y, including

fo and g7, with vy;

e replace the vertex v in all edges and cells in M between gs and f;, including

go and f1, with v,.

Figure 6 illustrates vertex cut. We allow only those vertex cuts which result in a

connected map.

Figure 6: Vertex cut.

We refer to these vertex and edge cuts as simple cuts. If o is a simple cut of M
which results in a map M’ then we write M % M. There exists a natural sewing
morphism ¢ : M’ — M which sews up M’ back into M (¢ identifies v; with vy
and e; with ey from the definitions above). We say that a map M’ is a cut of M
if M’ can be obtained from M by a sequence of simple cuts o = (oq,...,0%). We
allow here the empty sequences too (i.e., M is a cut of itself). If M’ is a cut of M
then there exists a natural sewing morphism M’ — M which is a composition of

the sewing morphisms corresponding to the sequence of simple cuts from M’ to M.

Theorem 7.6. Let (X; R) be a symmetrized finite presentation and D be a van

Kampen diagram over (X; R) which
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1) does not contain loops of length 1 and

2) for each cell c the boundary Oc is vertex-simple (does not touch itself).

If none of the probabilities in S is zero then D = B%(Dy) for some n € N, i.e., the

diagram D can be generated by RG with non-trivial probability in n iterations.

Proof. Let D € L be avan Kampen diagram. We are going to construct by induction

a sequence of extended diagrams

and a sequence of morphisms

¢o:Dyg— D,...,¢: D, — D

such that ¢, : D,, — D is an isomorphism and such that the following conditions

hold:
P1) D; can be obtained from D;_; by a sequence of basic extensions of the following
type:
a) choose some unmarked vertex v in D;_; and make it active;
b) add finitely many (perhaps zero) cells and free edges to D; ;1 at v;
c) fold some edges incident to v;
d) make v marked and non-active.

P2) D; is a cut of the subcomplex ¢;(D;) of D and ¢; : D; — ¢;(D;) is the

corresponding sewing morphism.

P3) For every marked vertex v € D; ¢; maps the neighborhood Np,(v) of v bijec-
tively on the neighborhood Np(¢;(v)).
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Base of induction i = 0. Recall that Dy is an extended diagram consisting of a
single unmarked vertex v and such that M(Dy) = 0, A(Dy) = (). Take any vertex

vo in D and define ¢y(v) = vy. All properties P1-P3 clearly hold for Dy.

Induction step. Let D; and ¢; satisfying properties P1-P3 have been constructed.
In the following claims we study properties of D;, ¢;(D;), and ¢;. Recall that by
FE(D) and C(D) we denote sets of free edges and cells of D.

Claim 1. (Properties of D;.) The following holds.

1.1) Every two elements of FE(D;) U C(D;) are connected by a chain (see Section

4.8 for definitions) of marked vertices (marked chain).
1.2) Cut vertices of D; are marked.

1.3) Every element of FE(D;) U C(D;) has a marked vertez.

Proof of Claim 1. Obviously, 1.2) and 1.3) are corollaries of 1.1).

We prove 1.1) by induction on i. For ¢ = 0 there is nothing to prove. Assume
now that 1.1) holds for ¢ = [. By the property P1 D;;; can be obtained from D,
first by choosing an unmarked vertex v, adding free edges and cells to v, folding
some edges incident to v, and making v marked and non-active. Clearly, every new
cell or free edge in D,y — D; contains the marked vertex v which connects them to
the rest of the diagram.

O

#;(D;) is a map on a plane R%. Hence R? — ¢;(D;) is a disjoint union of open,
connected, simply connected components Cy, ..., C,,, where Cy is the unbounded
component, and all other components are bounded. By 0C; we denote the boundary

of Cs which is a connected component of 0¢; (EZ)

Claim 2. (Properties of ¢;(D;)). The following holds.
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2.1) If u is a vertex in D; and ¢;(u) € OCs for some finite component Cy (s > 0)

then u is unmarked in D;.

2.2) If e = (u,v) is an edge in OC (s > 0) then there exists a cell f € ¢;(D;) such
that e € Of.

Proof of Claim 2.

2.1) Let u € D; and ¢;(u) € 9Cs. Since ¢;(u) € OC; the morphism ¢; is not
bijective on Np,(u). Hence u is unmarked by the P3.

2.2) Assume that e = (v,u) € ICs (s > 0). Assume e does not belong to the
boundary of any cell of ¢;(D;). Let ¢ = (v',u’) € D; be such that ¢;(e’) = e. The
vertices v and u' are unmarked in D; by 2.1). Clearly, the edge ¢’ does not belong to
the boundary of any cell of D;, because D; is a cut of ¢;(D;). Hence €’ is a free edge
in D;. By the property 1.3 at least one of its endpoints is marked — contradiction.

]

By the property P2 D; is obtained from the subcomplex ¢;(D;) of D by a finite

sequence of simple cuts o = (01, ...,0%):

¢i(D;) =B, 2 B, B3 ... By = D, (13)

Notice that ¢;(0D;) = 0¢;(D;) UT, where T is the set of edges of ¢;(D;) that
were cut in (13). Edges from T' have exactly two preimages in dD; and edges from
d¢;(D;) have unique preimages. Since D; is a diagram it is connected, hence 9D;
is a closed path, as well as ¢;(0D;). Let eg = (vo,v') € OD; be an edge such that

¢i(eg) € OCy. Denote by P the closed path ¢;(0D;) starting with the edge ¢;(eo).

Claim 3. (Properties of P) Let Cs and Cy be two distinct components. Letey, ... e,
be edges of Cs, and dy, ..., d, be edges of OC; both given in the order they appear
in P. Then the following holds:
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1) The boundary 0Cs, as a path, is a cyclic permutation of ey, ..., e,.

2) The boundary paths 0C; and OC appear in P in one of the following orders:

€1, ..y i, .. dr ety ... €, (14)

or

dl,...,d,,/,el,...,ep,drurl,...,d,,, (15)

where 0 < p/ <pand 0 <71 <r.

Proof of Claim 3. Induction on the number of simple cuts in (13). Notice that path
P might be not simple, it can be a union of disjoint simple loops. If the number of
cuts is zero then ¢; is an isomorphism, so there is only one component, the infinite
component Cy, and the claim is obvious.

Assume the claim is true for £ — 1 simple cuts o4, ...,0,_1. Suppose now that
ok is a cut along some edge f = (v,u). Then v € C; for some 0 < j < ¢ and
f & 0C; for any component Cj. Recall that a cut along f replaces the edge e by
two new edges f; and f5 incident to u in such a way that the boundary 0By is
obtained from 9B, by inserting either a path f;'fs or a path f;'f, (depending on
the orientation). Assume for simplicity that the path f;'f, was inserted. If j # s
and j # t then the claim follows by induction. We may assume now that j = s.
The image of f;'f, in By, under the sewing morphism 6 : By, — By, is the path
f~1f. Observe that f does not belong to components of Bj,. Now the claim follows
by induction since ¢;(D;) is obtained from By, by a sequence of a sewing morphisms.
This case is illustrated on Figure 7.

Assume now that oy, is a vertex cut. This case is depicted on Figure 8. Here two
components of By are merged into one component in Bjy,i. The proof is obvious

from the picture and we omit it.
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Bk+1

Figure 7: Edge cut starting from the finite component Cj.

(5] ep

€p'il

Bk+1
Figure 8: Vertex cut starting from the finite component Cj.

O
It follows from Claim 3 that if P contains a subpath e; Pje, such that e, eo € 0C,

for some component C and a subpath P; does not contain edges from C; then:
e The terminus of e; is the origin of es.

e If P contains an edge ez € JC,; for another component C; then P; contains

all edges from 0C;.

A path @ in ¢;(D;) is called component-complete provided if @) contains an edge
from 0C} then @) contains all edges from 0C}.

Now we define a directed graph (actually, a forest) T = T(D;, ¢;) related to
the cut (13). The set of vertices of T" is the set of components Cy,...,C,. Two
components C and C}; are connected by an edge from C; to C; if and only if C # C}

and P contains a subpath ey P, f Pyes such that
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a) ey, es € 0CK;

b) Py is component-complete;

c) feaC,.

It follows from Claim 3 that T does not contain cycles, hence it is a forest. See

Figure 9 for an example of a graph 7.

a) b)

Figure 9: Tree corresponding to the components of R? — ¢;(D;).
Example for the Case 2.2. Figure a) illustrates ¢;(D;), b) illustrates D;, c) illustrates
complement set R? — ¢;(D;) with components marked by points, d) illustrates graph
T(D;, ¢;) shown on ¢;(D;).

Claim 4. (Ezistence of an unmarked vertex with a unique image.) If ¢; : Dy — D

is not an isomorphism then there exists an unmarked vertex v € D; such that

Pi(v) # ¢i(v')

for every v' € D; with v # v'.

Proof of Claim 4. Recall that k is the number of simple cuts in (13). We consider
two cases: k=0 and k£ > 0.
CASE 1. Let k& = 0. Then the sewing morphism ¢; : D; — ¢;(D;) is an

isomorphism. If ¢;(D;) = D then we have nothing to prove. If ¢;(D;) # D then
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there exists a vertex u € ¢;(D;) C D such that Np(u) # N, 6Py (w). Therefore, if
v = ¢;'(u) € D; then Np(¢;(v)) % Np,(v) (since the latter one is isomorphic to
Ny, @, (@i(v))). Now v is unmarked by the property P3. Clearly, ¢;(v') # ¢;(v) for
any v’ # v, since ¢; is an isomorphism.

CASE 2. Let k > 1. We say that an edge e € ¢;(D;) is cut by a terminal edge
cut if there exist two edges e; = (u1,v) and es = (ug,v) in D; mapped to e by ¢;. In
this event the vertex v is not cut by a simple cut between edges e; and e;. Observe
that if the sequence of cuts (13) does not contain a vertex cut then there exists a
terminal edge cut.

CASE 2.1. Let e = (u,0) € ¢;(D;) be an edge split by a terminal edge cut to
edges e; = (uy,v) and ey = (ug,v) in D;. We claim that v is a required vertex.
Observe first that the vertex v is unmarked. Indeed, e was cut by a simple cut o,
hence the sewing morphism ¢; is not bijective on N5 (v). Therefore v is unmarked
by the property P3.

Assume now that there exists a vertex v’ € D; such that v/ # v and ¢;(v') =
¢i(v). Then v is a cut vertex in D;. Indeed, in this event v is cut by a simple cut
from 13. As we have mentioned above this simple cut is not a cut between edges
e; and eq. It follows that there are two different pairs of edges in Starp,(v) which
do not have any cells or free edges in between (see Figure 10). Since D; is simply
connected v is a cut vertex. Then v is marked by 1.2 of Claim 1 — contradiction.

CASE 2.2. Assume that there is no edge in ¢;(D;) cut by a terminal edge cut.
Let T = T(D;, ¢;) be the graph related to the cut (13). We claim that there exists
at least one finite component in R? — ¢;(D;). Indeed, otherwise there is no a vertex
cut in (13) (vertex cuts require at least one finite component, since D; is connected).
Hence, as was mentioned above, there is a terminal edge cut in (13) which is not
the case.

Let Cs be a leave of T different from Cy (there are at least two leaves in T,
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a) b)
U- U
~\
7
U1 U

Figure 10: Illustration to the Case 2.1.

a) neighborhood of a rigid vertex of a split edge. b) neighborhood of a rigid vertex
of a split edge with one piece cut off.

so such a leave exists). The map ¢;(D;) is a submap of the van Kampen diagram
D. Hence 0Cj is a loop in D. Therefore, by assumption of the theorem on D, has
length at least 2. So there are at least two vertices on dCs. We claim that there is
a vertex on 0Cy that was not cut by (13). To show this consider the path P. Let
e1,...,e be edges of OC, in the order they appear in P. By Claim 3.1 e; and e
are consecutive edges of 0C;. Denote by u the terminus of e;. If u was not cut then
this is a vertex we are looking for. Assume now that u was cut. There are two cases
here: either e; and e, are consecutive edges of P or they are not.

In the former case u was not cut in between e; and e,, so it was cut in between
two other edges (see Figure 11). In this event there exists a preimage v’ of u which
is a cut vertex in D;. By Claim 1.2) «’ is marked, but it cannot be marked as a
preimage of a vertex from dC;. This contradiction shows that u is cut in between
e1 and e,.

Therefore, P contains a subpath e;Pes, where P, = f;... f; is a non-empty
loop. Since Cj is a leave P; does not contain edges from boundaries 0C;. Hence P,
consists only of edges from I". Observe that if P; does not contain a backtrack then
it bounds a cell inside. Indeed, by definition for each edge e from I' there are two
different cells whose boundaries contain e. If f; # f; ' then one of the cells which

contain fi on their boundaries is bounded by P;. If f; = f;' then the subpath
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fa,-.., fiz1is aloop in I and induction finishes the proof. Now if P; bounds a cell
inside then D; is not connected — contradiction. This contradiction shows that there
is a backtrack in P;. Hence there is a terminal edge cut in (13), which is impossible.
This shows that u was not cut and hence it has a unique preimage v with respect

to ¢;. v is unmarked by Claim 2.1). This proves Claim 4.

Figure 11: Non-cut vertex u on 0Cj.

O

At this point we have (D;, ¢;) satisfying properties P1-P3 and an unmarked
vertex v € D; with the unique image in D. We are going to construct a new diagram
D41 and a morphism ¢;41 : D;y1 — D satisfying properties P1-P3. Consider a
subcomplex E;,; of D generated by ¢;(D;) and Np(¢;(v)) (it is connected, but

might be not simply connected, so not a diagram). Let K;;; be the subcomplex

generated by elements from of Np(¢;(v)) that do not belong to ¢;(D;) (ie. Kipy =
Np(¢i(v)) — ¢:1(Dy)).
Claim 5. There exists an extended diagram Dy and a sewing morphism ¢;i1 :

Diy1 — E;qy such that (D;i1, ¢ir1) satisfies properties P1-P3.

Proof of Claim 5.

Choose v to be an active vertex and assign A(D;) = {v}. Consider cases from
the proof of Claim 4.

Case 1. Let k = 0. Then the sewing morphism ¢; : D; — ¢;(D;) is an

isomorphism. Since D; is a diagram, it is simply connected, so is ¢;(D;). This
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implies that there are no finite components in R? — ¢;(D;), only the infinite one C.
The submap Ky, is finite, so it cannot fill in the whole region Cy. Hence there

exists an edge e € OF; 11 N 0K, 11 (see Figure 12).

Ei.;

’

D;.;

Figure 12: Diagrams ¢;(D;), E;i1, and D .

Now we make a sequence of edge cuts to cut F;,, as follows. We cut all necessary
edges in K;;; (not cutting the vertex v) into a bouquet B of free edges and cells
attached to the rest of the diagram at the vertex v. Since there exists at least one
edge in K1 on the boundary 0F; 1 we can start the cutting process. Since D does
not contain loops of length 1 we can make it into a bouquet without cutting the
vertex v. We denote by D; ., the complex resulted from the cutting of F; ;. From
the construction D;_, is union of D, and the bouquet B, hence it is a diagram.

Now, we fold edges in D}, adjacent to v, if they are folded in F;;, and denote

the result by D;;;. Observe that the diagram D,;,; can be obtained from D, as

follows:
a) choose the vertex v (which is unmarked and non-active) and make it active;
b) attached finitely many cells and free edges to D; at v;

c) fold some edges incident to v;



63

d) make v unmarked and non-active.

We claim that all these steps can be performed by the random extension Bg. The
existence of the vertex v comes from Claim 4. Notice that in this case the vertex
v was chosen in the proof of Claim 4 in such a way that Ny, 5,(¢:(v)) is a proper
subcomplex of Np(¢;(v)). Addition new free edges and cells is allowed in Bg since
all the probabilities in S are non-zero. Therefore, even if v is the last unmarked
vertex in D; the extension By is allowed to add all required cells and free edges to
D; at v. Notice that any vertex 0K, N 0D; is unmarked. Hence folds of edges
between cells in K, and D; are allowed by Bg too. Therefore D;,; can be obtained
from D; by a finite number of application of Bg and the property P1 is satisfied.
D;. , as well as D;;q, is a cut of E;;; which is a subcomplex of D. Define
bis1 : Diz1 — D to be the corresponding sewing morphism. Hence we have the
property P2. Again it is clearly true (from the way we constructed D; ;) that ¢;
is an isomorphism of Np,,, (v) onto Np(¢;41(v)) which proves P3. This finishes the

proof in Case 1.

CASE 2.1. Let £ > 0 and the sequence (13) has a terminal edge cut, say o;.
In this case there exists an edge e = (4,0) € ¢;(D;) which is cut by o; into two
edges e; = (u1,v) and e; = (ug,v) in D;. By Claim 4 (see Case 2.1) the vertex v
is unmarked and ¢;(v) # ¢;(v') for any vertex v' € D, so it can be chosen as the
active vertex. It follows (see the proof of Claim 4, Case 2.1) that K;,; = () and the
equality ¢;(D;) = F;;; holds. In this case we construct the diagram D;,; from D;

as follows:
a) choose the vertex v and make it active;
b) fold edges e; and e in D; and make the vertex v marked and non-active.

Notice that the vertices u; and us are unmarked in D;. Since the probabilities from

S are non-zero and there are unmarked vertices in D;, besides v, it follows that Bg
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can add no cells and no free edges at v € D;. In this case Bg can fold edges e; and
es in D; since endpoints of e; and e; are unmarked. So D, satisfies the property
P1. It follows from the construction that D;,; is a cut of E;y; C D. Let ¢;41 be

the corresponding sewing morphism. Clearly the properties P2 and P3 holds.

CASE 2.2. Let k > 0 and there is no terminal edge cut in (13). Let Cs be a
leave in a forest T'(D;, ¢;) different from Cj. By Claim 4 there is an unmarked vertex
v € 0C that can be chosen as the active vertex. In this case K;,; is not trivial
(since Cj is a finite component). The vertex v is not the only unmarked vertex in
D; since all vertices on 0C, must be unmarked and the number of vertices on 0C,
is not less than 2.

In this case E;,; is obtained from ¢;(D;) by adding some number of cells and free
edges to the vertex v inside the component C. The sequence of cuts (13) cuts ¢;(D;)
into D; starting (by definition) at some vertex from d¢;(D;). The path P from Claim
3 starts at some edge ey € 0Cy. The path P naturally defines the sequence of cuts
of ¢;(D;) which results in D;. Since P starts on 0Cy there exists a sequence o’ of
simple cuts starting at the boundary of Cj and leading to the component Cy and
stopping at a vertex w on dC,. Moreover, we may assume that there are no simple
cuts in o’ starting at vertices of dC (¢’ corresponds to the initial path of P which
reaches OC; the first time). Then being on 0C; we can cut K;,; into a bouquet of
cells and free edges at the vertex v. After that we can make all cuts required to
produce D; from ¢;(D;) (it is possible because all the needed boundary vertices of
¢i(D;) are available to us now).

Denote the resulting diagram by D, ;. The diagram D;_ , consists of D, with the
bouquet of free edges and cells attached at v. Finally, we fold the edges incident to
v that are folded in F;,, then make v marked and non-active. Denote the resulting
diagram by D;,;. The argument similar to the one in Case 2.1 shows that D;

satisfies all of the properties P1-P3.
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O
By Claims 4 and 5 if ¢; : D; — D is not an isomorphism one can construct
Dit1 Ei—i—l — D such that D, has strictly more marked vertices than D; (we do
not fold marked vertices from D; when constructing D;. ;). By P2 D; is a cut of
¢;(D;) which is a submap of D. Since every edge can be cut only once one has the
following estimate on the number of edges |E(D;)| < 2|FE(D)|. Hence the number
of vertices |V (D;)| < 4|E(D)| has. Hence ¢; : D; — D is an isomorphism for some
i.

O

Theorem 7.7. (Completeness theorem) Let (X; R) be a reduced finite presentation.
If none of the probabilities in S is zero then Bg is L-complete relative to the mapping

D — D, i.e., EBS =L.

Proof. Let D be an arbitrary van Kampen diagram over (X; R). Since (X;R) is
reduced it follows that D does not contain loops of length 1 (otherwise some of the
generators in X would be trivial in G = (X; R)) and each cell in D has vertex-simple
boundary (otherwise a presentation (X; R) could be R-split). Hence, the the result

follows from Theorem 7.6.

7.3 Some properties of Bg

In this section we consider the random generator RG,, defined in Section 6.4 relative
to the basic extension B = By defined in Section 7.1 and show that Bg satisfies
properties (8), (9), and (10) from Section 6.4 and, therefore, functions X,, and K,
are random variables and the random generator RG, is correctly defined for Bg.
The starting diagram Dy which is used throughout Section 7 contains no free

edges or cells and, hence, equality (10) is satisfied.
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Recall that an extended diagram D is a triple (D, M (D), A(D)) where M (D)

and A(D) are sets of marked and active vertices of D respectively.

Lemma 7.8. If D; = Bg(D;) then

(X(D;) = x(D3)) + (IM(D;)] = [M(Dy)]) = 1. (16)

Therefore, 0 < x(D;) — x(D;) <1 and condition (8) holds for Bs.

Proof. The basic extension Bg performs exactly one of the following actions. It
either increases the geometric complexity x of the input by 1 (when adds a cell or

a free edge) or marks a vertex. Hence the result.

O

Proposition 7.9. Let L be the length of a longest relator in the given R-reduced

presentation (X; R) and Dy = Dy, Dy, s - - ., Di, be a sequence of marked diagrams
such that D,,,,, = Bg(Dy,). Then x(D, ) > LLH and the condition (9) holds for

Bg.

Proof. As proved in Lemma 7.8 (X (D, ,,)—=X(Dm,))+ (M (D, )| —|M(Dm,)

) =1.
Since x(Dy) + |M(Dy)| = 0 it follows that x (D, ) + |M (D, )| = k. Assume that

X(Dm,) < 7. Then the number of vertices in D, is not greater than L.

Therefore, the number of marked vertices |M(D,,, )| is not greater than LLHL and

- k n k
L+1 L+1

X(Drmy) + [M(Diy )|

Obtained contradiction finishes the proof.

0l

Lemma 7.10. If probabilities in S are non-zero then for each diagram D € IC there

exists D* = Bg(D) such that x(D*) — x(D) = 1, so the condition (12) holds for Bs.



67

Proof. A diagram D* is obtained from D by adding a cell or a free edge at the active
vertex of D.

Ul

Corollary 7.11. If probability in .S are non-zero then Bg satisfies all properties (8)-
(10) and (12). In particular, {Q, }nen and {Q, }ney are complete sets of termination

conditions.

Corollary 7.12. The sets IC; ={D € K| x(D) =i} and L; ={D € L | x(D) =i}
form partitions of IC and L respectively. Therefore, the asymptotic densities px and

pc on K and £ (with respect to Bg) are well-defined.

8 Asymptotic properties of diagrams

In this section we describe several asymptotic properties of diagrams relative to
the basic extension Bg and, the sequence of termination conditions {@}ZEN. In
particular, we discuss asymptotic behavior of the length of the perimeter and the

depth of diagrams relative to their size.

8.1 Properties related to RG,

Let (X; R) be a reduced finite presentation, K the set of all marked diagrams, £ the
set of all diagrams over (X; R), K, = {D € K | x(D) =n},and L, = {D | D € K,,}
In Section 7.3 we introduced a discrete probability P,  on the set £,,. The
probability P, depends on the basic extension operator Bg from Section 7.1. Below
we freely use notation from Section 6 and 7.
If D; = Bs(Dy) then D; can be obtained from Dy by either adding of a free
edge or cell, or making a few foldings. Thus going along a trajectory A the basic

extension Bg adds some cells and free edges (we refer to them as units). Denote by
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U; = U;(\) the ith unit that was added by Bg along A. Formally one can express
this as

U, = Z/{l-()\) = D<>\Xi()\)) — D()\Xi()\)—l)u

where X; = min{j | x(D()\;)) = i}.
Now we can introduce random variables & : A — {0,1}, i € N defined on A € A

as follows:

600 0, if U;(N) in D()) shares an edge with 0D(\g) for every k > X;());

1, otherwise.

Notice that if &(A) = 0 then U;(\) has depth one in D(\g) for every k > X;(\).
Similarly one can define & on V(7). For 0 € V(T) with x(D(#)) > i denote by

U;(0) the ith unit that Bg added to D(f) going along the path 6. Put

£.0) 0, x(D(0)) < i orU;(0) shares an edge with 0D(6);

1, otherwise.

Clearly, if A = (X, A1, A2...) than for any s <t the following inequality holds

&) < &M) < &), (17)

Moreover, &;(A.) = &(A) for some r. We denote the minimal such r by 7;(\).
Lemma 8.1. For any i € N the function &; is a random variable on A.

Proof. Since each function &; takes values from {0,1} it is enough to show that
&) = {\ | &()\) = 1} is measurable in A7. Let A € & '(1) and r = r;(A\). Then
&(A\) =1 and for any X' € Cone(\,) &(N) = 1. Thus,

§71(1) = UegrryCome(Arin)
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is a countable union of cones, hence it is measurable, as claimed.

]
Lemma 8.2. Let 0 € Vo, - Then fori<n
Py (&(0)=1) < . (18)
n 2
Moreover, for any sequence (by, ..., by,) such that by, ..., b, € {0,1},
Ps, (&i(0) =1[&(0) =bj where j=1,....i—1i+1,...,n) < % (19)

Proof. Let 6 = ejeq... €, € Vg, and A = (Ao, A1, A2, ...) € Cone(#). Notice that

Ni=er...e, fori=0,...,m. Fori=0,...,m define

X;(0) =min{j =1,...,m | x(D()\;)) =i}

Clearly, X;(#) is the step at which the ith unit #4; = U;(\) was added to the diagram.
Let D = D(\x,()) and v; the active vertex of D, so U; is attached to v;.

We define Y;(0) to be the least index k € {1,...,m} such that v; is marked in
D()\g) and undefined otherwise. At the step Y;() the basic extension Bg folds some
edges adjacent to v; in D(\y,(g)). Notice that if Y; is not defined on 6 then &;(#) = 0.

Now, using a total probability formula:

Py (&(0) = 1) = P (&(0) = 1] Y] is defined on 0) P (Y; is defined on )+

+P5, (&(0) = 1Y, is not defined on Q)P@n(Y; is not defined on ) =
= Py, (&(0) = 1| Yi is defined on ) Py (Y is defined on ) <

< P, (&i(0) = 1]Y; is defined on 6).
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Therefore, we may assume in the statement of the lemma that Y; is defined on 6.
Denote by E; the following event: one of the edges in U;(0) adjacent to v; belongs
to 0D (Ay,g)). Observe that E; implies &;(0) = 0. Clearly

Py (&(0) =1)=1-P5 (&G(0) =0) <1-Fy (E).

Now, by formula of total probability

= P@n(Ei | U; is a cell)P@n (U; is a cell)+
+P5, (B | U; is a free edge) Py (U is a free edge).

Observe that

P, (Ei | U is a free edge) = 1

and
Py, (U; is a free edge) + Py (U; is a cell) = 1.
Thus
Py (Ei) > Pg (Ei | U; is a cell)

unless Py (E; |U; is a cell) = Py (E;) = 1.
Recall that B, when attaching a new cell to the current diagram D, chooses
cells from Ry, uniformly and independently to the previous steps. We represent

Ry as a disjoint union of sets
Rsym = UxEXUXflR(z)y

where R(® consists of all relators starting with x. It is easy to see (since R, =
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Rgym) that for any presentation R and for any generator x € X U X !

(20)

Hence, for any fixed z € X*! and a uniformly chosen r € Ry, the probability that

27 1r is not freely reduced is at most % Thus

Py, (Ei | Ui is a cell) >

N —

Therefore, Py (& =1) <1— Py (Ei) < 3.

To see that (19) holds we observe that the argument above is valid for any choice
of {b;}ien. Indeed, the fold of the edges of U; adjacent to v; depends only on the
choice of a cell from Ry, which we attach to v; and the edges on the boundary
0D (My;) adjacent to v;. Since the cell U; is chosen uniformly and independently its
choice does not affect the inequality (18). Notice also that the inequality (20) holds

for any labels of the edges adjacent to v;.

Define S,,(0) = >, &(0), for 0 € V(T).

Lemma 8.3. Let 0 € Vg . Then the length [(D(0)) of the perimeter of D(0) satisfies
the following inequality
I(D(0)) >n—S,(0).

Proof. Observe that n is a total number of units in D(#) and S,, is a total number
of units that do not have edges on the boundary of D(#). So n — S, () is a number

of units that have at least one edge on the boundary, hence the result.
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Lemma 8.4. Let0 < o< 1. Then

Py <Sn > U J; a)n) < exp (—%n) (21)

Proof. Let Z, be a binomial random variable with parameters (n, % It follows from

Lemma 8.2 that
P@n(Sn > 1) < p(Z, >1).

By Chernoff inequality

t2
Z,>EZ, +1) < ).
P(Zn 2 BZn+1) eXp( Q(EZnth/B))

Ift=aEZ,, where 0 < a < 1, then

o2 (EZy)?
p(Zn > (1 + Oé)EZn) < exp <_2(Ezn(‘~‘aE%n/3)) =

_ 3a?
= exXp <_MEZTL) s

and, since EZ, = 7, we get

2 5) 5 2 50) s )

as required.

Theorem 8.5. Let 0 < a < 1. Then the following holds:

1) Let K, = {D € K, | (D) < (1;_a)n} C K. Then P, (K, ) — 0 exponen-

tially fast as n — oo.

2) Let L, ={D € L, | (D) < @n} C L,. Then P, (L, ,) — 0 exponen-

tially fast as n — oo.
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Proof. Recall that
P, (D) = Z Pp,(0).

0eV, |D=D(6)
Clearly, 0 € Vé if and only if D(#) € K, and, thus, P, (K}, ) = PQn(Vé ). So, it
suffices to show that P@L(Vé2 ) — 0 exponentially fast. By Lemma 8.3 [(D(6)) >

n — S,(0). Hence

2 2

0< Py <Z(D(9)) < <1*a)n) < Py (n—Sa(6) < 45%n) =
14

a)

= P, (Su(0) > L),

By (21) we have

Hence the result.
Similar argument proves 2).

0l

Corollary 8.6. Let (X; R) be an R-reduced presentation and £ be a set of repre-

sentatives of all van Kampen diagrams over (X; R) (up to isomorphism). Put

Then
p[:(ﬁ,) = lim PLZ(‘C’L N ﬁl) =1.

Moreover, Py, (L£; N L") — 1 exponentially fast. Thus the set of all diagrams over

(X; R) with linear isoperimetric function (with coefficient 1) is strongly generic with

respect to the asymptotic density.

Let D be a diagram and d be the chain-distance metric on the set of free edges
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and cells. We define a ball Bp(U;,r) in D with a center at the ith unit U; of radius

r to be a subcomplex of D generated by {U; | d(U;,U;) < r}.

Lemma 8.7. Let 0 € Vg (T). If &i(0) = 0 (where i < n) then U;() has depth one
in D(0). Moreover, if there exists an index j such that U;(0) € Bp)(Us,r — 1) and
£;(0) = 0 then the depth of U;(0) in D(0) is not greater than r.

Proof. Let D = D(6). By definition of &; if &(#) = 0 then U; shares an edge with
0D and, hence, it has depth one in D.

Similarly, if U#; € Bp(U;,r — 1) and & = 0 then U; has depth one in D and by
definition of Bp(U;,r — 1) the chain-distance between CU; and CU; is not greater
than » — 1. Hence the result.

0l

Proposition 8.8. Let § be the depth function on diagrams. Then the expectation
ES(D(0)) of the function 6(D(0)) on (Vg , P, ) is not greater than logn + 2.

Proof. Let 0 € Vg (T). Fori=1,...,n define
d;(0) = max{r | B(U;,r) does not contain U; such that &;(6) =0} + 1.
Notice that if r < n then |B(U;,r)| > r+ 1. Then from Lemma 8.2 it follows that
Po (di(®) > 1) < o
n or

Define a random variable d(0) = max{d;(¢) | i = 1,...,n}. From Lemma 8.7 and

the definition of d; it follows that

3(D(#)) < d(f)
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and hence

Ed < Ed.

On the other hand

Py (d0) =71 )="Pg ( Vioy a(di(0) 27) ) <
(22)
S Zz:1 ..... n P@n( dl(e) > ) S 2n_r
Hence,
n 1
Pp, (d(0) —logn > 1) = Py (d(0) > r +logn) < St = o7
SO
= r
E(d—1 < — =9,
@<
Thus, Ed < logn + 2, as claimed.
]

Theorem 8.9. The following holds:
1) Let K ={D € K,, | §(D) < 2logn} C K,,. Then P, (K!) — 1 as n — oo.
2) Let L' ={D e L, | §(D) < 2logn} C L,. Then P, (L)) — 1 as n — oo.

Proof. Let
Vé’n ={0 ¢ V. | 9(D(9)) < 2logn}.

In Proposition 8.8 we defined a random variable d(6) on Vg such that

d(8) = 6(D(8)) and P, (d(0) =7 ) < 23
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This implies that

1> Py (V4 ) > Py (d(D(6)) < 2logn) = 1 — Py (d(D(6)) > 2logn) > 1 — % 1

as n tends to co. Recall that

Pe, (D)= > Py (0).

bV, .D=D(6)
Clearly, 6 € Vé), if and only if D(6) € K!!. Thus,

P (KL) = P, (V2 ) — 1

as n tends to infinity.

A similar argument proves 2).

Theorem 8.10. Let (X; R) be an R-reduced presentation and 0 < o < 1. The

following holds:

1) Let K}, = {D € K, | 0(D) < 2logn & I(D) > L-2)p} C Kn. Then

P, (K;',) — 1 asn — oc.

2) Let £, = {D € L, | §(D) < 2logn & (D) > 2p} C £,. Then

n,x

P, (L)),) — 1 asn — oc.

Proof. Follows from equalities K}/, = K}, , N} and £, = £, ,N L] and Theorems

n,o

8.5 and 8.9.

Corollary 8.11. Let (X; R) be an R-reduced presentation. Let

K" ={D e K|4(D) < 2log x(D) & I(D) > 5x(D)} C K,

1
2
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L"={D e L]|§D)<2logx(D) & (D) > 3x(D)} C L.
Then pc(K”) =1 and pg(L") = 1.

Proof. Take o = % and apply Theorem 8.10.

9 Generic properties of trivial words

In this section we investigate properties of random trivial words over (X; R).

9.1 Random trivial words

Denote by WP(X; R) the set of all cyclic words representing the identity of the
group G = (X;R). In this section we define a discrete probability measure on
WP(X;R).

Recall that £, is a set of all van Kampen diagrams over (X; R) of a size n and
P, is a discrete probability measure on £,,. Denote by CW; (for i € N) the set of

boundary labels (as cyclic words) of diagrams from £; and by CW,, the union
CW, =UL,CW;.
It follows from van Kampen Lemma that
WP(X;R) = U2, CW; = U2, CW,.

Clearly,

CW,CCWyCCWsC....

One can induce probability measures from (£, P,,) onto the sets CW,, and
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CW,, as follows. For S C CW,, and S’ C C'W,, put

Pew, (S) = Pz, ({D € L, | the boundary label of D belongs to S}),

Payr (S') = Yoiq Pow, (S'N CWi).

n

It is easy to check that Pow, and Py, are discrete probability measures on C'W,,
and CW,,.

Using the probability on the sets CW,, one can define an asymptotic density of
the subsets of WP(X; R) as follows. For S C WP(X; R) put

pwp(S) = lim Pep (SNCW,).

One can describe the probability measure Py, in terms of the following random

generator.

Algorithm 9.1. (Random Generator I of trivial words)
INPUT. A number n € N.
OuTpPUT. A word w such that w =g 1.

COMPUTATIONS.
1) Run RG, to generate a random diagram D of size n.
2) Output the boundary label of D.

The probability measure Py, can be described in terms of the following random

generator.

Algorithm 9.2. (Random Generator II of trivial words)
INPUT. A number n € N.
OutpuT. A word w such that w =¢ 1.

COMPUTATIONS.
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1) Generate randomly and uniformly a number ¢ from the set {1,...,n}.
1) Run RG,, to generate a random diagram D of size 1.
2) Output the boundary label of D.

In view of the random generators above the probability measures Pcywy, and

Pz, are very natural.

9.2 Generic properties of trivial words

In this section we study generic properties of words representing the trivial element
of G = (X} R).

Fix a such that 0 < o < 1 and define
CWoo ={we CW, | w is a boundary label of some D € Uj_, L] }.
Theorem 9.3. Let G = (X; R). The following holds:
Peyr (CWho) — 1 asn — .
Proof. By definition of Py and CW,, , we have

1 « -
PW"(CWn,a) = E Z PCWi(CWn,a N CWZ) =
=1

(e

1 n
=— g Pew,({w € CW; | w is a boundary label of some D € L }) =
n
i=1

1 - n
= 2 Pl (23)

Now, if we denote )" | Pr,(L{",) by a, and put b, = n then (23) becomes equal to
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4n - Notice that

ﬁ.

Apt1 — Ap "

b b = Pﬁi ('Ci,oé)'
n+1 = Un

Since b, = n is strictly increasing with n and tending to infinity, and, as proved in

Theorem 8.10, lim;_., Pr,(L;",) = 1 we can apply Stolz-Cesaro theorem and obtain

and, hence,

Let
CW® = U2 CW, 4.

Hence, pyp(CW @) = 1.

Theorem 9.4. Let (X; R) be a finite symmetrized reduced presentation and G =
(X; R). Then the following holds.

1) The time complezity function for Algorithm A (the decision algorithm for the
word problem in G ) on the set of inputs w € CW ) is bounded from above by

the polynomaial

O(|w|2+2lOgL(R)).

2) The time complezity function for Algorithm B (the algorithm for the search
word problem in G) on the set of inputs w € CW '@ is bounded by the polyno-
maal

O(w|*+1os L),

Proof. Denote —2- by 3. Let w be an arbitrary word in CW(®). Then w is a

-«
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boundary label of some D € U2, L{,. Assume that D € L', for some n € N. It

follows from the definition of the sets £, that n < 2wl — Blw| and

-«

2
5(D)<210gn<210g1|—w|<210g5—|—210g]w[. (24)
—«

By Theorem 5.3 the number of steps required for Algorithm A to terminate on the

input w is bounded from above by
O(6(w)|w| - L(R)’™) log(|w| L(R)),

where 0(w) is a depth of w and L(R) is a total length of R. It follows that §(w) <

d(D) < 2log B + 2log |w|. Now the formula above becomes
O(2(log B + log [w|) Jw| - L(R)** =721 log(|w| L(R)) =

_ O(|w|2L<R)2log\w\) _ O(‘w‘2+2IOgL(R)).

This proves 1).
By Theorem 5.9 the number of steps required for Algorithm B to terminate on

the input w is bounded from above by
O(Jwl*L(R)*™ (2jw| + 8(w) M (R))?),
where M (R) = max{|r| | r € R}. From (24) we deduce that
O(Jw|*L(R)" s+ 1 el (2]w| + (21og 5 + 2log|w|) M (R))?) =

O(‘w‘4L<R)4log\w\) — O(|U)|4+4lOgL(R)).
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10 Comparison with standard techniques

In this section we shortly compare Algorithm A with the general techniques for the
Word search problem such as Todd-Coxeter procedure and the total enumeration
of gpr(R). The Knuth-Bendix-like procedures are harder to compare since they

dynamically change the presentation of a group, so we omit them.

10.1 Todd-Coxeter algorithm

Let (X; R) be a finite symmetrized presentation and G = (X; R). Let I'y = I'(¢)
be an X-digraph with one vertex (which is a base vertex) denoted by vy and no
edges. The Todd-Coxeter algorithm works the following way. It starts with I'y and
applies R-extensions until there is a loop starting at the base point vy labelled with
w. Below we are looking for an upperbound for the worst case time complexity for
Todd-Coxeter algorithm.

Let D be a van Kampen diagram, vy a vertex in 0D, and w a boundary label of
D which is read starting at vy in a counterclockwise direction. Denote by §(D) the
depth 8,,(D) of D with respect to the vertex vy and by 6(w) the minimum among
all such diagrams D.

The next proposition is analogous to Proposition 4.12.

Proposition 10.1. Let D be a diagram with a boundary label w, m = §(D), and
¢ : I'(w) — 0D be a morphism. Then there exists a morphism of 2-complexes

Y : D — C™)(Ty) such that the following diagram commutes.

r, % D

dc
N Y
C(m)(po)

Proof. One can prove the assertion of the proposition in a fashion similar to the
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proof of Proposition 4.12.
]

Corollary 10.2. Let (X; R) be a finite symmetrized presentation, G = (X; R), and
w be a word representing identity in G. The upper bound for the worst case time

complexity of Todd-Coxeter procedure is
O(L(R)®).

So, the fraction of uppebounds of time-complexities of Algorithm A and the

Todd-Coxeter procedure can be roughly estimated by
[w|L(R)".

Clearly, for each word w € gpr(R) we have 6(w) > &(w), but it is hard to say how
large (generically or on average) the difference 6(w) —&(w) is. Note that it is easy to
construct a series of words for which Todd-Coxeter has exponential time complexity
and Algorithm A is linear. For instance, this happens for G = (a,b;[a,b]) and
w; = (ab)’(a~v™1)". Since G is aspheric the reduced diagram for w; is unique and
it is easy to see that it consists of ¢ diagonal blocks in the first quarter of the grid.
Therefore, §(w;) =4 and §(w;) = 1.

We performed series of experiments for different classes of groups (mostly one-
relator groups) and the obtained the following results. For most of the randomly

generated words w € gpr(R) 0(w) =1 and §(w) = log |w].
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10.2 Total enumeration of gpp(R)

Let G = (X; R) and w = w(X). For k € N define

Cr = {H ¢ty e | m <k, |l <k}
i=1
Clearly, the sets C,. are finite and gpp(R) = UrenCp. Total enumeration of gpr(R)
enumerates words from Cy, C1 and so on, until it finds w. To enumerate C} one
has to enumerate up to k& conjugates of length up to k£, which has the total time
complexity O(3¥) (we do not consider a case of a cyclic group G). Therefore, the
complexity of the enumeration of gpr(R) is bounded from below by 0(332), where
5= g(w) is the least number k such that w € Cj. It is hard to estimate the value

g(w) in terms of |w|. Though the following proposition holds.

Proposition 10.3. Let (X; R) be a finite symmetrized presentation, G = (X; R),
and w € gpp(R). Then d(w) > 5(w).

Proof. Let k be the smallest number such that

m
_ -1
w = | |ci Tk, Ci
i=1

where m < k, |¢;| < k. Let D; be a diagram which is a bouquet of diagrams
corresponding to c; 'ry,c; and D, is a diagram obtained from D; by foldings of the
boundary dD; (so w is a boundary label of Dy). Since Stalling’s folds preserve the
incidence in X-digraph it follows that the chain distance from the initial vertex of
Dy to any cell is less or equal than k. This proves the proposition.

O

The obvious corollary of the proposition above is that the total enumeration has

much worse time complexity than that of the standard Todd-Coxeter procedure.
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11 Experimental results

We performed series of experiments to test the efficiency of the algorithm A. In
each series we fixed a finite symmetrized presentation (X; R), generated a sequence
of words defining trivial element of G = (X; R) using several known to us general
methods, and started the algorithm A on those words. We tested the following

presentations:

1) G = (a,b,c,d;[a,b][c,d]) which is a small cancellation C(3) group (and so is

hyperbolic).
2) G = (a,b,c;a®b?c") which is a hyperbolic, but not small cancellation group.

3) G = {(a,b;a"'bab?) which a non-hyperbolic group with exponential isoperi-

metric inequality.

4) G = (a,b;a"baba=*b"1ab=2) which a non-hyperbolic group with super expo-

nential isoperimetric inequality.

5) B, (for n = 3,4,5) a group of braids on n strands, which a non-hyperbolic,

automatic group.

For all listed above presentations we generated a series of 5000 words of length ap-
proximately 10000 representing the identity. For all generated words the algorithm
A determined the triviality in just one iteration. Therefore, the time complexity of
algorithm A was just O(|w|L(R)) - linear in terms of the input word, which is mush
better than our theoretical estimates.

These experiments show that it is very hard to generate a diagram of high depth
and that the isoperimetric inequality for a group presentation has a little to do with
the actual complexity of the Word problem (also see [32]). Indeed, the isoperimatric

inequality for a presentation might be low (say polynomial) which tells us that if the
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word w is trivial then the area of the minimal diagram for w is limited by a certain
not very large number. But this information does not give us any insight into the
structure of that minimal diagram. Clearly, there are exponentially many diagrams
of area A(n) over any non-trivial presentation (X; R). So, to check the triviality of
the given word one has to check if one of such diagrams has the boundary label w,
which makes the problem exponentially hard.

We claim that the proposed parameter of trivial words — depth — reflects the
complexity of the trivial words much better than the area of a minimal diagram
with fixed boundary label. Certainly we can say that the depth is not greater than
the area and, as shown in Theorem 5.3, the complexity of the Word problem is also
exponential in terms of depth. Therefore, the complexity of the Word problem in
terms of the depth is not worse than the complexity in terms of the area. And, in
fact, our experiments show that practically (for random words defining identities)
the value of depth is always much smaller than the value of area.

We would like to point out that we know a few series of inputs for which the
performance of the algorithm A is slow (exponential and superexponential in terms
of length of the input). But the amount of such inputs is negligible relative to all
possible inputs. In fact, if (X; R) is a presentation with unsolvable Wword problem
then for any computable function f(n) there is a sequence of words w,, defining
identity such that d(w,) grows faster than f(n). But to find such a sequence is
extremely hard. We have developed some methods for generation of diagrams of
high depth (limited by any fixed n € N) with high probability. Unfortunately, all of

them require exponential space in terms of n which limits their applications.
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Part 11

Conjugacy Search Problem

12 Introduction

The Conjugacy problem is the second problem in the list of the fundamental prob-
lems. As well as the Word problem, the Conjugacy problem is unsolvable in general
[33] (also see [28] and [29]). Clearly, if the Word problem is unsolvable then the
Conjugacy problem is unsolvable too. Moreover, for almost all classes with the solv-
able Conjugacy problem, its actual complexity is higher than the complexity of the
Word problem. So, we can say that the Conjugacy problem is harder than the Word
problem.

We shortly list some known positive results about the Conjugacy problem in
groups. In abelian groups the Conjugacy problem is equivalent to the Word prob-
lem and, hence, is solvable by Gauss elimination procedure. For small-cancellation
groups it was shown by Greendlinger in [12] that the variation of the Dehn’s al-
gorithm solves the Conjugacy problem. For word-hyperbolic it was shown by Holt
that the Conjugacy problem is solvable in quadratic time in terms of the lengths of
the given words. It is an open problem for automatic groups whether the conjugacy
problem is solvable or not, though all interesting automatic groups are known to
be biautomatic and, hence have the conjugacy problem solvable in quadratic time.
It is solvable for braid groups, though there is no good upperbound on the time-
complexity of the algorithm. It is also solvable for nilpotent and polycyclic groups.
It is an open question whether it is solvable for Aut(F,).

In this part of the paper we study the generic-case complexity of the Conju-

gacy search problem. We design an algorithm (Algorithm Aq, 17.11) for solving
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it and show that for almost all presentations (including all known to us examples
of groups with undecidable conjugacy problem) the conjugacy search problem is
generically polynomial in terms of the lengths of words, where the degree depends
on the presentation. Presentations non-covered by our proofs can be considered sim-
ilarly. Another good part of our algorithm is that it does not require any additional
information about a presentation or elements (like a constant of hyperbolicity for
hyperbolic groups or existence of a good epimorphism onto an infinite hyperbolic
group). One can start the algorithm on any presentation and a pair of words. No
precomputation required.

The idea of the proposed algorithm is (somewhat) similar to the well-known
Todd-Coxeter algorithm for the Word search problem. We show the existence of
some universal construction (we call it the conjugacy graph, compare to the Cayley
graph) which reflects the structure if the conjugacy class of the given word. So, the
algorithm constructs two conjugacy graphs and if at some step they contain certain
loops then algorithm stops with a positive answer. The algorithm does not have the
negative answer. If non-conjugate words are plugged in then it never stops.

The proposed algorithm, also, allows one to determine many other numerical
characteristics of elements of the given group. For example, if a word w is of finite
order then it will find it eventually. Of course, the same can be done by a coset
enumeration, but we claim that our algorithm is more efficient. If w; and w, are

two words in generators of G = (X; R) such that

w’fl ~C wgz
then the algorithm will eventually find (describe) the whole set of pairs with that

property.

Finally, we would like to point out that this algorithm is one of its kind. There
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are algorithms working for particular classes of groups, but none of them work in a

full generality.

13 Weighted graphs

In this section we define main objects of this paper, namely conjugacy graphs and
pseudo conjugacy graphs, that are analogous to Schreier graphs of a subgroups of a

finitely presented group.

13.1 Definition

We start from the definition of X-digraphs. Let X be a finite alphabet closed under
inversions (i.e., X = X ') and I = (V, F)) be a directed graph with an edge labelling
function p : E — X. For each edge e = u; — us € F we will assume the existence

! = uy — uy labelled with a symbol p(e™) = u(e)~! without

of the inverse edge e~
actually adding it into E. A pair (I, ) is called an X -digraph. Often we will refer
to (T', i) as to I without specifying . For more information on X-digraphs see [18].

It will be convenient to use the following notation for X-digraphs. Let I' be
an X-digraph. By V(I') and E(I') we denote the set of vertices and edges in T’
respectively. If e = u — v € E(I") then the origin u of e will be denoted by «a(e)
and the terminus v by ((e). A path p in I is a sequence of edges e; ... e, such that
B(e;) = aleyq) for each 1 < ¢ < k—1. An origin a(p) of a path p is an origin of its
first edge and the terminus ((p) of p is the terminus of its last edge. The origin and
the terminus of an empty path can be any vertex of I', and, hence, are not defined.

When we will talk about a concatenation of paths p; and ps, we will assume that

B(p1) = a(p2). One can extend function p from the edge set E to the set of paths
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in a natural way. If p =d; ...dy is a path in " then

pu(p) = p(dy) .. pu(dg).

Now, we can define a weighted X-digraph. Let I' be a connected X-digraph and

v a function v: F — Z. If

holds for any edge e € E(T") then 7 is called a weight function on I' and a pair (I, )
is called a weighted X -digraph. Usually we shorten the notation (I',7) omitting
v. In pictures we will depict each edge e of a weighted X-digraph I' with a pair
(u(e),v(e)) € X x Z — the label and weight of e.

We extend function v from the edge set E to the set of paths the following way.

If m=d;...d; is a path in I then

We say that a loop 7 in a weighted X-digraph (I',7) is a base loop if v(7) = 1.

A path m = ey...¢ in ' is non-reduced if e; 11 = 6;1 for some 1 <7 < k — 1.
Otherwise 7 is called reduced. To reduce a non-reduced path ¢ means to remove all
such pairs from 7. Since removing e;e; 1 from ¢ decreases the length of m by 2 in
a finite number of steps a reduced path will be obtained. One can show that the
final result of reductions does not depend on the sequence of reductions. Let 7’ be
a reduced path obtained from 7. Clearly v(7) = y(7') and pu(7) =px) p(7’).

Similarly, 7 is non cyclically reduced if it is not reduced or e; = e,;l. Otherwise it
is called cyclically reduced. From this definition follows that non cyclically reduced
¢ must be a loop. To cyclically reduce a non cyclically reduced path 7 we first freely

reduce 7 and then remove first and last edges of the result while they are opposite.
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The result of such operation is clearly cyclically reduced and is uniquely defined. By
induction on the number of single reductions it is easy to see that if 7’ is a cyclically

reduced path obtained from 7 by a procedure defined above then (7)) = v(7’) and

() ~rex) pl(m').

13.2 Conjugacy and pseudo conjugacy graphs

Let G be a group, X C G a generating set for G such that X ' = X and w = w(X).
In this section we define conjugacy and pseudo conjugacy graphs of w in G (relative
to X) and show that for any w in generators of G there exists at least one pseudo
conjugacy graph. The existence of conjugacy graphs will be shown in Section 15.
Let I" be a weighted X-digraph (not necessarily connected), w a word in gener-
ators X UX ™! and N € NU{oo} (here oo is a symbol denoting the element which

greater than any natural number).

Definition 13.1. We say that a pair (I', N) is a pseudo conjugacy graph of the word

w in G if the following conditions are satisfied:

(PCG1) For any loop 7 in I'

() ~e ™. (25)

(PCG2) Either N = 0o, or N < oo and w” =¢ 1.

Since cyclic reduction of a loop in a weighted X-digraph does not change its
weight and label (as a cyclic word) we can slightly modify the first requirement

(PCG1) in the definition of pseudo conjugacy graphs to the following one:
(PCG1)’ For any cyclically reduced loop 7 in T' pu(7) ~g w?™.

The obtained definition is equivalent to the previous. Also, notice that if N < oo

then for any loop 7 in I we have u(7)Y =4 1.
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Definition 13.2. A connected folded pseudo conjugacy graph (I', N) of w € G is
called a conjugacy graph of w in G (relative to the generating set X) if the following

conditions hold:

(CG1) For every v € F(X) and v € N word v and w” conjugate if and only if there

exists a loop 7 in I' such that u(7) = v and y(7) =+ mod N.

(CG2) N is an order of w in G.

Let w = w;...w; be a word in generators X U X! of the group G and I'
is the graph Loop,(w) depicted in Figure 13). Then the pair (I',00) is a pseudo

conjugacy graph of w in G. The graph T" consists of k vertices {1,...,k} and k

edges e; = i W) (1t = 1,...,k — 1) and an edge e, = k el g g g

straightforward to check that Loop;(w) is, indeed, a pseudo conjugacy graph of w.

Figure 13: Graph I'(w).

Lemma 13.3. (Conjugators in pseudo conjugacy graphs.) Let I' be a pseudo con-
Jugacy graph of w. Suppose that mo and m, are loops in I such that y(mp) = 1 and
p = di...dy be a path starting at the initial vertex of mo (hence a(p) = a(m))

and terminating at the initial vertex of m (hence B(p) = a(m)). Then p(m) =¢

1(p) ™ (o)™ pu(p).

_1i

by ™ is

Proof. From the assumption put on the path p the sequence of edges p~' =

aloop in I' (perhaps not cyclically reduced). From assumptions put on 7y and 7 we
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have v(p~tmg ™ prit) = —v(p) +7(m1)7(m0) +7(p) —7(m1) = 0. Since T'is a pseudo

conjugacy graph we have pu(p~'mg " prrt) = 1. Thus pu(p) = p(mo) "™ pu(p) u(my) ™ =c:

1.

The following assertion is a corollary of Lemma 13.3.

Proposition 13.4. Let GG be a group, X be the generating set for G closed under
inversions, (I, V) a pseudo conjugacy graph of w in G, and 7 a base loop in (I, N).

Then (I', N) is a pseudo conjugacy graph of u(7) in G.

The existence of a base loop in a pseudo conjugacy graph is important. Further
in the sequel when we say that I' is a pseudo conjugacy graph of w in G we assume
that, in addition to properties (PCG1) and (PCG2), there exists a base loop in T
labelled with w.

Let (T'y, N1) and (T's, N3) be pseudo conjugacy graphs of w in G, and ¢ : 'y — T’y
be an X-digraph morphism. We say that ¢ is a pseudo conjugacy graph morphism

or, to shorten, PCG-morphism if the following conditions hold:
(M1) there exists ¢ € NU {oo} such that Ny = c¢Ny;

(M2) for any loop [ in I'y v(I) = v(¢(l)) mod Ns.

14 Transformations of weighted X-digraphs

In this section we define several transformations of weighted X-digraphs. All to-
gether they will be used to construct conjugacy graphs and to solve the conjugacy
search problem for finitely presented groups. Let (X; R) be a finite group presenta-
tion, w = w(X), and I" a weighted X-digraph. Each of the transformations will be

shown to satisfy the following important property. The result of a transformation
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of I' is a pseudo conjugacy graph of w in G if and only if I' is a pseudo conjugacy

graph of w in G.

14.1 Shift operator

Shift operator is a transformation of a weighted X-digraph I' which preserves its

X-digraph structure and changes the weights of edges incident to some vertex in I'.

Definition 14.1. Let v be a vertex of a weighted X-digraph I" and € € Z . {0}. A

shift of the weight at the vertex v in I' by ¢ is the following transformation of I':

1) Each edge v @ (where v # w) is replaced with an edge v w79 .

2) Each edge u C2) (where v # u) is replaced with an edge u @) o,

(Observe, that we do not replace edges v (=) v.) The result of a shift operator is

denoted by Shift_(I',v). See Figure 14.

Since Shift. changes only a weight function v on an X-digraph I" there exists a

natural X-digraph isomorphism

oshife - I — Shift (I',v).

(ayy) (@)
°
(x,001) (s.81) LD
Lo T
°
() ®.72)

Figure 14: Shift operator.

Proposition 14.2. Let G be a group, X a generating set for G closed under inver-
sions, I' a weighted X-digraph, v € V(I'), ¢ € Z, and N € N. Then the following
holds
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(Sh1) A pair (I', N) is a pseudo conjugacy graph of w € G if and only if (Shift_(T',v), N)

1s.

(Sh2) If a pair (I', V) is a pseudo conjugacy graph of w € G then @gp;f is a PCG-

morphism.

Proof. Denote Shift (I',v) by I'". Let @gpise : I' — I be a corresponding X-digraph

isomorphism, ™ = e; ... ¢, an arbitrary loop in I' and

7 = ©snift(T) = Psnige(€1) - .. @snii(er)

an image of 7 in I''. Clearly p(m) = u(7'). To finish the proof of (Sh1l) and (Sh2) it
is enough to show that ~(7) = ~v(7').

Let vq,..., 0541 (U1 = vgy1) be a sequence of vertices which 7 passes through in
I'. If for each ¢ = 1,...,k v; # v then for each ¢ = 1,...,k v(e;) = V(©snifi(ei))
and hence y(m) = ~(n’) due to additivity of . If for each ¢ = 1,...,k v = v;
then each e; = (v,v) and, therefore, for each i = 1,...,k v(e;) = v(psnise(e;)) and
y(m) = ().

Now let v = v; for some ¢ = 1, ..., k but not for all of them. We may assume that
v # vy (take a cyclic permutation of 7 if required). Let 1 < s,t < k+1 be such that
v=uw;forall j=s,...,t and v # v,_; and v # vy41. Then e, = (u,v) (for some
u #v),e =) (j=s,...,t —1) and ¢, = (v,u’) (for some v’ # v). Using the
definition of Shift(, ., we get v(es—1...e) = V(Psnisi(es—1...€)). Finally notice
that different such subpaths do not overlap in 7 and weights of edges not belonging
to them do not change. Thus y(7) = (7).

]

Proposition 14.3. Let 7 : K; — K3 be a PCG-morphism, K| = Shift, (K, v1),

and Kj = Shift_,(Ks,v2). Then there exists a PCG-morphism 6 : K| — Kj such
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that the diagram commutes:

(K1, N1) = (Ka, Ny)
|$5hist | $Snire
(K. N 5 (Kb, No)
Proof. Since gzﬁfgl,zi i and ¢,(5‘2}2ift are X-digraph isomorphisms it is natural to define ¢
equal to 7 on the X-digraph level. To show that so defined X-digraph morphism 6
is a PCG-morphism it is enough to prove the property (M2) for 6.
Let 7} be an arbitrary loop in K}, m € K; its preimage, mo = 7(m), and
T = ¢g]zift(ﬂg). Then 0(7}) = w,. By Proposition 14.2 we have v(m) = (7))
and y(my) = ~y(m}). Since 7 is a PCG-morphism then y(m) = 7y(m) mod Na.

/

Therefore, y(7}) = v(m}) mod Ny and (M2) holds for 6.

14.2 Stalling’s fold

In this section we define Stalling’s folds for pseudo conjugacy graphs. Folding pro-
cedure of pseudo conjugacy graphs is an extension of Stalling’s folding procedure for
X-digraphs in the following sense, if IV is a result of a fold of a pseudo conjugacy
graph I' then I (as an X-digraph) is a result of a fold of a pseudo conjugacy graph
I' (as an X-digraph). See [18] for more information on Stalling’s folding procedure
for X-digraphs.

We say that a pseudo conjugacy graph I' is not reduced (not folded) if there exist
distinct edges e; = v (ﬂ) Uy, € = U (ﬂ) up in I' with the same origin v and

the same label z. Otherwise we say that I' is reduced (folded). The next algorithm

performs a Stalling’s fold of e; and ey in I,

Remark 14.4. We assume that oo is divisible by any positive number £ € N.
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Therefore, ged (oo, k) = k for any k € N.

Algorithm 14.5. (Stalling’s fold)

SIGNATURE: (IV, N',¢) = Fold(I', N, ey, e3).

INpPUT: A weighted X-digraph I', N € N U {oo}, and a pair of distinct edges
(=) (=72) .

€1 =0V — Uy, e =0V — Uy in I

OutpuT: A weighted X-digraph IV, N’ € NU {oco} and a canonical epimorphism

¢o:I' =T

COMPUTATIONS:
A) If uy # uy (Figure 15):

1) Put
Uy, U F# u;

U, otherwise;

and
Y(ez2) —(er), v # u;

v(er) —y(ez), otherwise.

2) Let I'g = Shift (', u) and ¢gpife a corresponding X-digraph isomorphism
I' — Fo.

3) Identify the vertices u; and ug in Iy and denote the result by I'. Let

¢1 : T'g — I be the corresponding epimorphism.

4) Return a triple (IV, N, ¢snist 0 ¢1).
B) If uy = uy:

1) If y(e1) # v(ez) then put N’ = ged(N, |y(e1) — v(ea)]). Otherwise put
N'" = N.

2) Identify the edges e; and ey in I' into an edge e = v zn) uq and denote

the result by I'". Let ¢ : I' — I be the corresponding epimorphism.
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3) Return a triple (I, N', ¢).

Figure 15: Fold (Case A).

Note that Case B (u; = uy) can be viewed as a removal of the edge es and so,

in that case, [V is a subgraph of T.

Proposition 14.6. Let (I, N',¢) = Fold(I', N, ey, e5). Then

(F1) (I', N) is a pseudo conjugacy graph of w in G if and only if (I, N') is.

(F2) If (I', N) is a pseudo conjugacy graph of w in G then ¢ is a PCG-morphism.

Proof. We first show (F1).

7<«<=" Clearly, (PCG2) holds for (I'; N). We will show that (PCG1’) holds for
(I', N) too. Let m be a loop in I' and 7’ = ¢(7). Consider two cases.

CASE (uy # ug). On steps A.1) and A.2) we perform a shift of u; or uy to make
v(e1) = v(e2) in T'g. By Proposition 14.2 (I'g, V) is a pseudo conjugacy graph of
w € G if and only if (I, N) is. Hence, we may assume that I' = T'g and y(e;) = 7(e2).
Clearly, pu(m) = u(n") and y(7) = y(n’) in T'y. Since (I, N’) is a pseudo conjugacy
graph of w in G

() = p(r') ~vg ™ = W™,

CASE (uy = ug). Clearly pu(m) = p(n’) and

Y(7) = (@) + klv(er) — v(e2)]

where k € Z (the last holds since the mapping ¢ sometimes switches y(es) to y(e1)

in I'V). Since N’ divides |y(e1) — y(e2)| and (I, N') is a pseudo conjugacy graph of
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w we have

() = M(W/) ~G w?™) =c W™ k(e —y(e2)l — 4 v(m)

"—=" Let 7’ = ¢},...,¢€, be aloop in I". To show that u(7') ~g w?'™) we will
find a path m € I" such that u(7) = p(7’) in F(X) and v(7) = y(7').

CASE (u1 # uy). Notice that ¢ is bijection of edges. So we can define a sequence
of edges mg = €y,...,€; € I' where ¢(é;) = €. Since ¢ is not bijective on the vertices
of ' (recall ¢(u1) = ¢(ug)) me might be not connected at u; and uy. To make m

'ey)*! depending on a direction of 7. Since

connected we fill the gaps in 7y with (e}
pler'er) =px) ples'er) =px) 1 and v(e7 'e2) = y(e; 'e1) = 0 the obtained path 7
is the required.

CASE (u; = ug). We first show that obtained N’ satisfies the property (PCG2).
Indeed, N’ changes to ged(N,|y(e1) — v(e2)|) only when ~v(e;) # v(e2). Consider a
loop I = eje; ' in I' and notice that v(I) = v(e1) — v(e2) and pu(l) =g 1. Finally,
since T is, by assumption, a pseudo conjugacy graph 1 ~¢g w?® = wr(e)=7(e2) gand
1 = w” which gives us

1 = &edlv(en)=(e2)l)

To finish the proof for this case it remains to show that there exists the claimed
above loop ¢. Since I is a subgraph of I' we can take 7w to be a preimage of 7’ in
I[V. Obviously, it possesses all the claimed properties.

Now we show (F2). Since N’, when changed, becomes ged(N, |y(e1) —v(e2)|) the
property (M1) holds. To prove (M2) consider a loop 7 € T'; and its image 7’ = ¢().
As proved above pu(m) = p(7’) and v(7) = vy(¢(7)) in the first case and v(7) = (')
mod N’ in the second case. Therefore, (M2) is proved and ¢ is a PCG-morphism.

]
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14.3 Stalling’s procedure

Now we are ready to present the algorithm which completely folds weighted X-

digraphs.

Algorithm 14.7. (Stalling’s procedure.)

SIGNATURE: (I, N',¢5) = S(I', N).

INPUT: A weighted X-digraph I', N € NU {oco}.

OuTtpuT: A weighted X-digraph IV, N’ € NU {co} and a canonical epimorphism
o: T —T1.

INITIALIZATION: Put IV =T, N' = N, and ¢g = id.

COMPUTATIONS:

A) While there is a pair of edges e; = v =) Uy, €3 = U =) uy in I':

1) Compute (I, N', ¢g) = Fold(I", N', ey, e3).
2) Put g5 = ¢s 0 ¢o.
B) Return a triple (I, N', ¢g).

Clearly the Staling’s procedure for finite weighted X-digraphs terminates in a
finitely many steps since each fold decreases |V (I)| + |E(I'Y)| by 1. In contrast
to X-digraphs the result of Stalling’s procedure applied to a weighted X-digraph
depends on a sequence of Stalling’s folds. One might obtain different values of a
weight function v using different sequences of folds; though the X-digraph structure

of a folded I does not depend on a particular sequence of folds.

Proposition 14.8. Let GG be a group, X a generating set for G, I' a weighted
X-digraph, N € NU {oo}, and w = w(X). If (I", N’, ¢5) = S(I', N) then

(S1) (T', N) is a pseudo conjugacy graph of w in G if and only if (T, N') is.

(S2) If (I', N) is a pseudo conjugacy graph of w in G then ¢g is a PCG-morphism.
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Proof. Follows from Proposition 14.6.
O

Our next goal is to show that the number N’ does not depend on a particular

sequence of folds in Algorithm 14.8. Define a set of trivial loops in I" by
TL(I') ={r | mis aloop in I' s.t. p(m) =px) 1}.

By a potential order of a pseudo conjugacy graph (I', N) of w in G we call the

following number:
PO, N) = ged ({|y(m)| | m e TLT), r(x) #0} U {N}). (26)

Lemma 14.9. Let (I, N) be a folded pseudo conjugacy graph of w in G. Then
N = PO(I',N).

Proof. Observe that {|y(c)| | ¢ € TL(T), v(c) # 0} = 0 for a folded T'.
]

Lemma 14.10. Let (I', N) be a non-folded pseudo conjugacy graph of w € G and
(I'",N',¢) = Fold(T', N,eq,e3). Then PO(T', N) = PO(I'", N").

Proof. Let e; = v (ﬂ) u; and e; = v (ﬂ) up. Consider two cases (u; # ug and
U = Ug).

If u; # us then N/ = N and I is obtained by identification of the vertices u;
and uy. For any loop m € T' (we refer to the proof of Proposition 14.6) we have
v(m) = y(o(m)) and p(w) = p(e(r)). On the other hand, for any loop ©" € I we
can choose (see the proof of Proposition 14.6) a loop 7 € T" such that (7) = y(n’)
and p(m) = p(n’) in F(X). Therefore, PO(I', N) = PO(I"", N’) holds.

If uy = uy then N' = ged(N, |v(e1) — v(e2)|) and I is obtained from I' by

removing e;. For m € T' we have (1) = v(¢(7m)) mod N' and p(r) = p(o(r)).
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Therefore PO(I, N') divides PO(I', N). On the other hand, for 7’ € I there exists
7 such that 7’ = ¢(7) such that y(7) = ~v(7') and p(7w) = (') (since I is a
proper subgraph of T'). Finally notice that PO(T', N) divides N’ since y(eje;’) =
v(e1) —y(er) and p(eres ') =p(x) 1. Therefore, the equality PO(I', N) = PO(I", N')
holds.

U

Corollary 14.11. Let (T, N) be a pseudo conjugacy graph of w in G and (I, N, ¢5) =
S(T',N). Then N’ = PO(T, N).

Corollary 14.12. Let (I, N) be a pseudo conjugacy graph of w € G and, (I'y, N1, ¢1) =
S(I', N) and (', N3, o) = S(I', N) be two results of Stalling’s procedure obtained

by different sequences of folds. Then N; = Ns.

In other words, the number N of a folded pseudo conjugacy graph does not
depend on a sequence of folds. Besides, we know that the X-digraph structure of "
does not depend on the sequence of folds. The only thing that changes is a weight

function ~.

Lemma 14.13. Let 7 : (K1, Ny) — (K2, Na) be a PCG-morphism. Then there
exists ¢ € N such that PO(Ky,N1) = ¢ - PO(Ky, N3) (i.e., PO(Ks, Ny) divides
PO(Ky, Ny)).

Proof. An immediate corollary of definitions of a PCG-morphism and a potential

order. O

Proposition 14.14. Stalling’s procedure is a functor from the category of pseudo

conjugacy graphs of w in G to the category of folded pseudo conjugacy graphs of w.

Proof. First, we show that if 7 : K1 — K3 is a PCG-morphism, (K7, N{,¢1) =
S(K1, Ny), and (K5, Nj, ¢9) = S(Kz, Ns) then there exists a PCG-morphism 0 :
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(K}, N) — (K}, Nj) such that the diagram below commutes.

(KlaNl) ; <K27N2>
Lo [ (27)

0

(K1, N7) (K3, N3)

We already noticed that the Stalling’s procedure acts in a usual way on the
X-digraph level. Therefore, if the diagram (27) is viewed as the diagram with the
corresponding X-digraphs, then it is known that 6 exists and unique. We claim that
0 is a required PC'G-morphism. For that it is sufficient to prove that properties (M1)
and (M2) hold.

Property (M1) of 6 holds by Lemma 14.13. To show (M2) consider a reduced
loop 7} in K{. The loop 7] can be lifted up to a loop m; € K such that ¢;(m;) is
71 with, perhaps, some backtracks (we refer to the proof of Proposition 14.6). Let
e = 7(m) and 7w = ¢o(m3). The loop 74 is O(w}) with backtracks. It remains to
show that v(c}) = ~v(75) mod N3,

Indeed, by Proposition 14.8 ¢; and ¢, are PCG-morphisms. Since 7 is also a

PCG-morphism we have

y(m) = ~(m) mod N,
v(m) = ~y(my) mod N,
v(m) = v(m) mod N
plm) =p p(m),
() =p p(my),
p(m) =p p(m)



104

and, hence, (27) commutes. The statement of the proposition easily follows from

this.

14.4 Basic extension

Definition 14.15. Let I' be a weighted X-digraph, v a vertex in I', and r = r(X).
Attach a loop of weight 0 labelled with r at the vertex v and denote the result by
E-(I',v). The graph &,.(I',v) is called a basic extension of I" with r at v. We denote

the corresponding canonical X-digraph embedding I' — &,.(T",v) by ¢s¢.

r,0)

Figure 16: Graph &.(I',v). Edges of a new loop are consequently labelled with
generators ;, (where r = x;, ... z;,) and have weight zero.

Proposition 14.16. Let G = (X; R) be a finite presentation, I' a weighted X-
digraph, v a vertex in I', N € NU {o0}, r € R, and w = w(X). If (I",N) =
(& (T',v), N) and ¢¢ : I' < I the canonical embedding then

(BE1) (I', N) is a pseudo conjugacy graph of w in G if and only if (I, N) is.
(BE2) If (I, N) is a pseudo conjugacy graph of w in G then ¢¢ is a PC'G-morphism.

Proof. Since N does not change, the property (PCG2) holds for (I', N) if and only
if it holds for (I, N).
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Since I' is a proper subgraph of I the sufficiency in (BE1) is obvious. Prove the
necessity. Denote the added loop in IV by . Let 7 be a cyclically reduced loop in I".
We may assume that 7 starts (and ends) at v. To show that (PCG1) holds for 7 we
consider two cases. If m does not pass through edges of [ then 7 belongs to I which
is a conjugacy graph and thus (PCG1) holds for 7. If 7 passes through the edges of
[ then, since 7 has no backtracks, 7 goes all the way along edges of [ which has label
r*! (depending on a direction) and a weight 0. Therefore, removing an occurrence
of [ inside of 7 does not change the weight and the label (as an element of G) of
7. The obtained loop is shorter than the initial. Hence, after a few removals of [*!
we get a loop from I' of the same weight and with a label equal to the label of the
initial loop (as an element of G). As proved above, (PCG1) holds for such a loop
and, hence (BE1) holds.

Finally, by (BE1), if (I', N) is a pseudo conjugacy graph of w € G then (I, N)
is. Therefore, ¢¢ is a PCG-morphism and (BE2) is done.

]

Proposition 14.17. Let G = (X; R) be a finite presentation, I'; and I'y be a pseudo
conjugacy graphs of w € G and 7 : I'y — I's be a PCG-morphism. Let v; be a
vertex in I'y and vy = 7(v) be its image in I's. Then there exists a PCG-morphism

f such that the following diagram commutes.

Fl — FQ
1% 1 %e

5r(F177J1) i 5T(F2,Uz)

Proof. The graph &,.(I'1,v;) is a wedge graph of I'y and a loop Iy labelled with r.
Similarly, the graph &,(I'y, v9) is a wedge graph of I'y and a loop I, labelled with 7.
Define 0 : £.(I'1,v1) — &.(I',v2) on a subgraph of &.(I'y,vy) corresponding to I'; to

be equal to 7 and on [; to be ly. It is straightforward to check that so defined 6 is
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a PCG-morphism. O

14.5 R-extension algorithm

In this section we present an R-extension algorithm.

Algorithm 14.18. (R-extension of weighted graphs.)

SIGNATURE. (I'*, N*,¢¢) = C(I', N).

INPUT. A finite symmetrized presentation (X; R), a weighted X-digraph I', and
N e NU {oo}.

OutpuT. A weighted X-digraph I'*, an X-digraph morphism ¢¢ : I' — I'*) and
N* e NU{oo}.

COMPUTATIONS.

C1) For each vertex v € I' and each r € R add a loop labelled by r of weight 0

at v. Denote the resulting graph by C;(I') and the canonical embedding by
gbcl ' — Cl(l“)

02) Let (F*7 N*7 ng) = S(CI(P>’ N)

C3) Output a triple (I'*, N*, ¢¢), where ¢¢ = ¢¢, © ¢s.

We will denote the graph T'* by C(I'). In Lemmas 14.19, 14.20, and 14.21 we
shortly list properties of the R-extension operator C and the auxiliary operator C;.

For proofs we refer the reader to part I of this paper (Lemmas 4.3, 4.4, and 4.5).

Lemma 14.19. Let T’ be a weighted X -digraph and N € N U {oo}. Then the

following holds:

1) C1(T) is well-defined, i.e., it does not depend on a sequence of actual transfor-

mations in C1).

2) C(T') (as an X-digraph) and N* are well-defined, i.e., do not depend on a

sequence of actual transformations in C1) and C2).
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3) If L(R) > 0 then C1(T") and C(T") are weighted core X -digraphs.
4) If L(R) > 0 then ¢¢ is a functor from the category of X-digraphs into the

category of folded weighted core X -digraphs.

Lemma 14.20. Let (X; R) be a symmetrized finite presentation and I' a finite X -
digraph. Then the following inequalities hold for the R-extension C(I') of I':

1) [V(CI))] < (L(R) — |R[ + DV(I)],

2) |E(CI)] < 2[X] [V(C(I))].

Moreover, the time complexity of Algorithm 14.18 is bounded from above by
O(L(R)|V(I')[log(L(R)[V(I')]))-

From now on we assume that every letter in X is non-trivially involved in R.

Starting with an X-digraph I one can iterate the construction above. Put:
c(r) =c(T), cr(r) =cec™ (1)

Similarly, one can define C§m) (I') as the result of m consecutive applications of the

unary operation C; starting at I'. As a special case define

Lemma 14.21. Let I' be an X-digraph. Then the following holds for any non-

negative integers m,n:
1) C(T) = S(C™(D)):
2) Cmt(T) ~ C™(C™(T));

3) any morphism of weighted X -digraphs ¢ : A — C"™(T) gives rise to a mor-
phism CM(A) — Cm+m)(T),
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Proposition 14.22. Let G = (X; R) be a finite symmetrized presentation, I' a
weighted X-digraph, N € NU {oo}, and w = w(X). If (I", N, ¢¢) = S(I', N) then

(C1) (I',N) is a pseudo conjugacy graph of w in G if and only if (I'", N') is.
(C2) If (T, N) is a pseudo conjugacy graph of w in G then ¢¢ is a PCG-morphism.

Proof. Since (I, N) is obtained by a sequence of basic extensions of (I', N) with
relators of G' and then by a Stalling’s procedure the statement of the proposition
follows from Propositions 14.16 and 14.6.

O

Notice that on the level of X-digraphs Algorithm 14.18 works exactly as its

counterpart for the Word problem (Algorithm 4.1).

Proposition 14.23. The R-extension operator is a functor from the category of

pseudo conjugacy graphs to a category of folded pseudo conjugacy graphs.

Proof. Since R-extension algorithm is a combination of basic extensions and stalling’s

fold, the assertion follows from Propositions 14.17 and 14.14. O

Let (X; R) be a finite presentation and D be a van Kampen diagram over (X; R).
The diagram D can be viewed as a weighted X-digraph by assigning weight zero
to each edge in D. It is straightforward to check that for any w = w(X) the pair
(D, 0) is a pseudo conjugacy graph of w € G.

Let Dy be a weighted X-digraph consisting of one vertex vy and no edges. Let
v be a vertex in 0D starting from which w is read on 9D. Let 7 : Dy — D be a

PCG-morphism such that 7(vy) = v. The following lemma holds.

Lemma 14.24. Let m = 6,(D) the depth of D with respect to the vertex v. There

exists a PCG-morphism 0 : Dy — C") (D) such that the following diagram com-
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mutes
(D0> OO) (l) (Da OO)
e 1o
C™((Do, 00))

Therefore, there exists a loop ¢ in (I", N') = C"™((Dy, 0)) such that p(c) = w and

v(c) =0 mod N'.

Proof. Similar to a proof of Proposition 4.12. O

15 Conjugacy graphs

Let G be a group, X C G its generating set closed under inversions, and w = w(X).
In Section 15.1 we show that there exists a conjugacy graph of w in G relative to
X and it is unique up to isomorphisms of pseudo conjugacy graphs. Further, in
Section 15.2, we show that if (X; R) is a finite presentation and G = (X; R) then
the conjugacy graph of w in G can be approximated as a limit of certain weighted

X-digraphs.

15.1 Existence

Let G be a group, X C G its generating set closed under inversions, and w = w(X).
We will construct a conjugacy graph of w in G directly. Denote by I'y(X) the

Schreier graph of a subgroup H in G relative to the generating set X.

Lemma 15.1. Let u = u(X). Then u ~q w” for some v € N if and only T,y (X)

contains a loop labelled with w.

Proof. Indeed, u ~g w? for some v € N if and only there exists s = s(X) such that

sus~! =g w?. Let v be the endpoint of a path in ") (X) starting at H and labelled

1:

with s. By equality sus™ =g w” there exists a loop at v labelled with w.
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Let I' = I'tyy(X) and T a spanning tree in I. For each vertex v € I' denote
by m, the path in T connecting the initial vertex (corresponding to (w)) and v.
Define a function v : E(I') — N as follows. Let e = v; - wvy. If e € T then put

v(e) = 0. If e ¢ T then put y(e) = v where v € N is the smallest number such that
1(posepy,) = w.
Theorem 15.2. Let G be a group, X C G its generating set closed under inversions,

and w = w(X). Let I' = Ty (X) and N € NU {oo} the order of w in G. Then

(T,7, N) is a conjugacy graph of w in G.

Proof. The property (CG2) is clearly satisfied by the choice of N. Suppose u ~ w?
for some u = u(X) and v € N. Then by Lemma 15.1 there exists a loop 7 at some

vertex v in ' labelled with u. Let
! —1
T =Py TP,

and e7' ... e a sequence of edges outside of T' 7’ passes (where ¢; = £1 and ¢; =

Vin RN v;2). Clearly,
u(') =pex) 1 ((pvl,lelp;f?)“ o (pvk,lekp;jg)g’“> =

= [1(Por 1Dy 5) 7 - (P, Ry ) T =
ev(er) || e —, vt (en)

:Gw

and

1) =7 (Boserpil ) o, e )™) =
=c1y(er) + ... +exy(er).

Thus, p(7') =¢ w?'™). Finally notice that u(m) = u(py)u(7)u(p,) ™" and (7)) =

y(7"). Thus, pu(r) ~q w?™.
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The argument above can be converted to show that if 7 is a loop in I' then
() ~g w'™. Thus, (CG1) holds for (', v, N).
O

We would like to finish this section with a remark that a conjugacy graph of
w € G is not unique as a weighted graph. For instance, if (I', N) is a conjugacy
graph and v is a vertex in I' then an application of a shift operator Shift,(T,v)
changes the weight function, while not affecting the property of (I', N) to be a
conjugacy graph. In the next section we show that I' is unique up to values of a

weight function .

15.2 Conjugacy graph approximation

In this section we show that one can construct the conjugacy graph of w € G as a
limit of a certain sequence of pseudo conjugacy graphs of w € G. The procedure
is analogous to Todd-Coxeter algorithm enumerating cosets of the Schreier’s graph
[y (X) of (w) relative to X.

Let G = (X; R) be a finite symmetrized presentation such that all generators
X are non-trivially involved in R and w = w(X). We define a sequence of pseudo

conjugacy graphs {(T';, N;) }ien as follows. Put

(T, No) = (Loop; (w), c0)

and, recursively, put

(Fi+1, Nita, 901') = C(Fia Ni)

where ¢; : I'; — I';1; is the corresponding canonical morphisms. With ¢; the

sequence (I';, V;) can be viewed as an ascending chain of pseudo conjugacy graphs.



112

Denote the corresponding limit by

1— 00

Theorem 15.3. (Approximation of conjugacy graphs) Let (X; R) be a finite sym-
metrized presentation such that all generators X are non-trivially involved in R,

G =(X;R), and w =w(X). Then (', Nw) is a conjugacy graph of w € G.

Proof. Let u = u(X) and v € N be such that u =¢ s 'w"s for some word s = s(X).

Then there exists a van Kampen diagram D over (X; R) with a boundary label

W =wsuts .

Let v be a vertex in 0D starting from which W is read along 0D and m = 0,(D) the
depth of D with respect to v. Let Dy be an X-digraph containing exactly one vertex
vo and no edges. Let 7 : Dy — D such that 7(vg) = v and 75 : Dy — Loop;(w)
where 7(vg) is the initial vertex of Loop;(w). By Proposition 14.24 there exists
a morphism 6 and by Proposition 14.23 there exists a morphism 6, such that the

following diagram commutes.

(Do, 00) = (D, o)
R \ e I
(Loopi (w), 00) €™ ((Do, 20))
N 102

Ct ((Loopi(w),00)) = (T, Nin)

Therefore, there is a loop 7 in I',, starting at the base vertex v, of I',, such that
p(r) = wsuts7t and y(7) =0 mod N,,. Since T',, is folded and contains a loop

7r,, at v, such that wu(7r, ) = w and y(7r, ) = 1 mod N,, the path 7 can be
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decomposed into ¢™p~ltp, where p is a path starting at v,, and is labelled with s

and t is a loop starting at (3(s) labelled with «~!. Hence,

v(m) = y(m) +9(s) + () —v(s) = my(7r,,) +7() =0 mod Ny,.

Thus, 7(t™') =m mod N,, and p(t~!) = u and the property (CG1) holds. Property
(CG2), which requires N to be the order of w, can be shown the same way by

considering a diagram with the boundary label w™.

0l

Observe, that the action of R-extension on pseudo conjugacy graphs coincides
with the action of R-extensions on X-digraphs. Therefore, I',, if considered as an
X-digraph, is the Schreier’s graph I';,y (X) of the cyclic subgroup (w) in G' which is

unique up to isomorphism. Moreover, the next proposition holds.

Proposition 15.4. Let (I', N) be a conjugacy graph of w € G. Then N = N, and

there exists a PC'G-morphism 7: ' — I'..

Proof. By the property (CG1) of conjugacy graphs N = N,. Now, we show that
the required morphism 7 : I' — I' exists. Let 7p be a loop in I" such that p(7r) = w
and y(rr) = 1 mod N, and vr the initial vertex of 7p. If 7w is a loop in I" at vp
then p(m) =g w'™,

Consider I'y,. Let 7 be the base loop in I'y, (the image of the initial graph
Loop;(w)) and vr_, be its initial vertex. It follows from the proof of Theorem 15.3
that there is a loop 7’ € ' such that p(n’) = u(m) and y(7') = y(w) mod N.
Therefore, since I' and ', are folded there exists the required PC'G-morphism.

]

Proposition 15.5. (On initial approximation) For any pseudo conjugacy graph
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(I', N) of w in G which contains a loop labelled with w

lim C(T, N) = (T, Noo)-

1— 00

Proof. By Proposition 14.23 the following diagram commutes:

(Loop: (w), 00) — (I',N)

! !
CO((Loops (w),50)) — CO((T, N))

Thus, the result.

O

This method can be used for computation of the order of a word w in G. If
for some m the number N,, is finite then w has a finite order in G which is a
divisor of N,,. Of course, the same result can be obtained by variations of coset
enumeration (Todd Coxeter algorithm), but our algorithm seems to be more natural
and efficient. Though there are no any experimental evidences of this statement.
The principal thing is that on each step we have all powers of w in pseudo conjugacy
graph. While using the Todd-Coxeter technique each time we have only a limited
number of powers of w. So, if w has a large order n, it will take a long time for the

Todd-Coxeter just to construct a path labelled with w™.

16 Annular (Schupp) diagrams

Let (X; R) be a finite presentation and G = (X; R). An annular diagram or singular
annulus over (X; R) is a pair (S, f), where S is a finite combinatorial annulus, and
f a dimension preserving map from S into the Cayley complex C' = C(X; R).

Any annular diagram D is bounded by two paths, one of which bounds D from
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IR N W

b a 4 a 4 b

Figure 17: Example of an annular diagrams over (a, b; a’® = a?) with boundary labels
(read in counterclockwise direction) b and b3a~'b~2a=2b%ab~%a. Missing labels of
horizontal edge are a’s and of vertical edges are b’s.
the inner hole and the other bounds D from the outer space. The inner boundary of
D will be denoted by 9;,D and the outer boundary of D will be denoted by 0,,:D.
Thus, 0D = 0;,D U 0, D.

Let Dy and D, be diagrams over (X; R). We say that Dy and Dy are isomorphic if
there exists a homeomorphism of the Euclidean plane which induces an isomorphism

of corresponding 2-complexes.

Proposition 16.1. (Ezistence of annular diagrams.) Let G = (X; R) be a finitely
presented group and w; = wy(X), we = wo(X). Words w; and wy are conjugate in G
if and only if there exists an annular diagram D over (X; R) such that p(9;,D) = w;
and p(0,u D) = ws.

Proof. If w; and we are conjugate in G then there exists v = v(X) such that
wy = v 'wyw holds in G. Therefore (by van Kampen Lemma) there exists a van
Kampen diagram D’ over (X; R) with the boundary label w; ‘v~ 'wyv. Sewing D’

I and v we obtain the required diagram D.

along v~
To show the converse we define p to be a shortest path in D from «(9;,D) and
@(0p D) and cut A along p. Denote the result by D’. Since p is a shortest path in

D the diagram D’ is connected and simply connected. Hence, D’ is a van Kampen

diagram labelled with w] v~ wyv and the statement is proved.
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Let D be an annular diagram over (X; R). We will say that |0;,D| + |Opu D] is

a perimeter of D and denote it by (D).

16.1 Depth of annular diagrams

Definition 16.2. (Vertex chain.) Let D be an annular diagram over (X;R). A
sequence of vertices vy,...,v; is called a vertex chain if each pair v;,v;1; (1 =

1,...,k—1) belongs to some cell or free edge ¢; in D. We say that a chain vq,. .., v

P

has length k.

Let K and K5 be two subcomplexes of D. We say that K; and K5 are connected
by a chain in D if there exists a vertex chain vy,...,v, € M such that v; € K; and
vy € Ky. The length of the shortest chain connecting K, and K is called the chain
distance d(K1, Ks) between K; and Kj.

Recall the definition of depth of 2-complexes. Let K be a subcomplex of a

2-complex L. The number
Ok (L) = max{d(K,¢) |ce€ (C(L)~C(K))U(FE(L)\ FE(K))}

is called the depth of L with respect to K.
Definition 16.3. (Depth of an annular diagram.) The depth of an annular diagram
D is the number

d(D) = dop(D) = maX){d(K,E) |ce E(0D)}.

KeC(D

Definition 16.4. (Depth of a pair of words.) Let (X; R) be a finite presentation,
wy; = wq(X), and wy = wy(X). Denote by D(wq,ws) the set of all annular diagrams

over (X; R) with boundary labels w; and ws. Define the depth §(wy,ws) of a pair
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(wy,wy) as follows:

min{d(D) | D € D(wy,ws)} if D(wy,wq) # 0
5(11)1,11)2) =
00 otherwise.

16.2 Annular diagrams as pseudo conjugacy graphs

Let (X; R) be a finite presentation and D be an annular diagram over (X; R) with
boundary labels w; and ws. In this section we show that D can be viewed as a
pseudo conjugacy graph of w; or ws in G.

Our goal is to construct a weight function for D. Denote by vy the initial vertex
of 0;,D (to be treated as the base vertex). Let T be a spanning tree for D. For
each vertex v € V(D) denote by p, a path from vy to v in 7. Define a function
yr : BE(D) — Z the following way. For e = v; - vy put y(e) = 0 if e € T and put
v(e) to be the number of times the loop pvlep;; goes around the inner hole (in a

counter clockwise direction) if e ¢ T'. Denote by Dy the pair (D, ~7).

Proposition 16.5. Let D be an annular diagram over (X; R) such that 1(0;,D) =
wy and p(0p D) = wy. The pair (Dr, 00) is a pseudo conjugacy graph of w; (and

wsy) in G.

Proof. Clearly, the property (PCG2) holds for (Dr,o0). To prove the property
(PCGY’) consider an arbitrary loop 7 in D. If m = p,, ep,.' for some e € E(D) \ T
then, by definition of vy, u(m) =¢ w'™™. If 7 is some other loop then arguing as

in the proof of Theorem 15.2 one can show that ju(m) ~g w? (™.
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17 Conjugacy search problem

Pseudo conjugacy graphs can be used to solve the Conjugacy search problem in a
similar way as approximations of Cayley graphs are used to solve the Word search
problem. In this section we use ideas of Sections 14, 15, and 16 to construct an

algorithm solving the Conjugacy search problem.

17.1 Annular diagram bisection

In this section we will prove the conjugacy criterion theorem. This theorem will
allow us later to express the complexity of the Conjugacy search problem in terms
of depth of annular diagrams.

First, we show that any annular diagram D can be cut into two annular diagrams
Dy, Dy in a certain way. Denote Oy D by 3 and 0;,D by ls. Suppose m = §(D).
Let m be an edge simple, without self-intersections loop in D which goes exactly
once around of the annular hole. The loop 7 cuts D into two annular diagrams D,
and Ds. Since 7 is edge simple 0D, = [y U7 and 0Dy = [y Un. We say that 7 cuts
D in the middle if §;,(Dy) < m and 6,(Ds) < m, i.e. cells in Dy and in Dy are at

distance at most m from the outer boundaries [; and [, resp.

Figure 18: Middle-cut.

Proposition 17.1. Any annular diagram D over (X; R) can be cut in the middle.

Proof. Let D be an annular diagram over (X; R) and m = 6(D). Define a function

a on the set of cells C(D) into the set {1,2} which will specify to which part (D,
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or Dy) cells will belong. If d(c,0D) = 1 then put a(c) = 1 if ¢ touches [; (i.e.
denly # 0) and a(c) = 2 otherwise. If d(c,0D) = 2 then put a(c) = 1 if d(c,l1) = 2
and «a(c) = 1 otherwise. Otherwise put a(c¢) = 2. And so on. The function « defines
a partition of C'(D) into cells with @ = 1 and a = 2. Observe that free edges in D
belong to dD. Therefore, using a we can define two submaps P; and P, of D. The
submaps P; and P, are connected, but, in general, not simply connected.

We say that a sequence of cells ¢ = ¢q,...,¢; in D is a cell-chain if for each

80]- N 8Cj+1 75 @

The number £k is called the length of ¢ and is denoted by |¢]. We say that a cell-chain
c1,...,c is geodesic if k is the smallest length of a cell-chain connecting ¢; and c¢y.
We will be interested in geodesic chains such that dc, N I; # ), i.e. geodesics that
connect some cell ¢; with the boundary. Note that any such chain entirely belongs
to P, or P.

Let € = ¢y,¢9,...,¢, € Py (1 = 1,2) be a geodesic cell-chain connecting ¢; with
0D. Tt follows from the definition of a that d(cy, ;) = k.

Let ¢ = ¢y, ¢o, ..., ¢, € P be a geodesic connecting ¢, with [y and d = dy, ds, ..., d,, €
P, be a geodesic connecting d,,, with l5. We claim that they do not intersect, i.e.,

the situation in Figure 19 is impossible.

Figure 19: Intersection of geodesic cell-chains in an annular diagram.

Assume to the contrary that two geodesic cell-chains @ and d intersect at a vertex
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v. Let ¢,, ¢oy1 and dy, diyq be cells in € and d respectively connected to v. Since a
part of a geodesic is a geodesic we have d(cs, D) = d(cs41,0D)+ 1 and d(dy, 0D) =
d(di+1,0D) + 1. Since all these cells share v we have d(cs,0D) = d(d;,0D) and,
hence, s = t. But then d;,; must belong to P, since it is attached to a cell c;.
Contradiction.

Now, we show that the required loop cutting D in the middle exists. For that we

will construct a sequence of loops 7, . . ., m,, which satisfies the following properties:

1) Each m; (¢ =0,...,m) is edge-simple and has no self intersections.

2) Each loop m; cuts D into two annular diagrams A; (outer) and B; (inner) such

that if ¢; is a projection of A; into D then ¢;(A4;) C P;.
3) Moreover, ¢;(A;) is a proper submap of ¢;1(A;11) in P;.
4) Any geodesic from any cell ¢ € p;(A;) is contained in ¢;(A;).
5) Any geodesic from any cell ¢ € ¢;(B;) N B; is contained in ¢;(B;).

Put my = 1. If @) = e1...ex is not vertex-simple then it contains a proper
subloop m = ¢;...e; which goes 0 times around the hole. Let ¢ be a cell bounded
by w. Clearly, d(c,l;) = d(c,0A) and, hence, a(c) = 1. Remove all such subloops

from 7{, and denote the result by 7y (see Figure 20).

Figure 20: The loop .

Assume that 7; is already constructed and let Pj a set of cells in P; that do not

belong to ¢;(A;). Let ¢ be a cell in P] with the smallest value d = d(c,0D). If d =1



121

then ¢ touches [; at some vertex v. Otherwise, it touches some cell ¢’ which belongs

to a;i(A;) at a vertex v. In both case we perform the following transformations of ;

(see Figure 22.b and 22.¢):
a) Let e;...e, be a boundary de starting from the vertex v.

b) Insert e ...e in 7;, into the position corresponding to v so that the obtained

loop does not intersect itself.
c¢) Remove backtracks from the obtained path. Denote the result by ;.

Let e;...e; be a segment of e;...e, and d; ...d,, a segment of m; remained after
removing backtracks. It is possible that a loop 7 ; is not edge-simple (and we
want ;11 to be edge simple). Consider two cases: OJc is not edge-simple or Oc is
edge-simple.
Suppose Oc is not edge-simple, i.e., touches itself (see Figure 21). Since we assume
—T~

L

)
)

c

Figure 21: Case when 7/, is not edge-simple.

that all relators are cyclically reduced, ¢ bounds a van Kampen diagram, denote it
by M. It easy to see that for each cell ¢ in M d(c/,0D) = d(c,1;) and, therefore,
a(c’) = 1. Let 7}, be a loop obtained from 7}, , by removing the boundary of M
and then removing backtracks. Clearly, 7}/, is edge-simple and the outer diagram
which it cuts has projection in P;. Denote 7} | by ;.

Suppose that Jc is edge-simple. Then, since 7}, is not edge-simple, there are

edges d, and e, (for some 1 < a <m and 1 < b < k) such that d, = eb_1 (see Figure

22).
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b)

Figure 22: Case when 7, is not edge-simple (figure a). Construction of ;1 (cuts
after steps b) and c) resp.). Figure d) shows the final result which is obtained by
the removal of the internal loop.

Let x be the obtained subloop in 7 ;, M a submap bounded by z, and f a cell
in M. Consider two cases. If e, belongs to I; then d(f,l;) = 1. It is easy to see
that o(f) = 1 in this event. We remove a subloop  from 7/, , and then remove
backtracks from the obtained loop.

Assume that e, does not belong to I; (Figure 22). Let ¢ be a cell such that ¢ # ¢
and e, € 9¢’. The cell ¢ belongs to ¢;(A;). Let @ be a geodesic cell-chain from ¢’ to
[y and ¢ be a geodesic cell-chain from ¢ to [;. Both geodesic chains belong to ¢;(A4;)
and bound M. Therefore, a(f) = 1 (otherwise there would be a geodesic from f to
l; which intersects some geodesic to l;). As before, remove a subloop z from 7/,
and then remove backtracks from the obtained loop.

Moreover, if adding ¢ to «;(A;) introduces a new “hole” and ¢ touches a cell ¢’
such that d(c,0D) = d(¢/,0D) + 1 at just a vertex then using the same argument
one can show that the hole can be added in a;(A;) together with c.

Denote the obtained loop by m;.1. The loop w41 cuts A into two parts: the
outer partA;;; and be the inner part B; ;. Let a;.1 be a sewing morphism from

Ay into A. Clearly, the obtained 7; ;1 has no self-intersections and is edge-simple
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as shown above. Moreover, any geodesic from each cell ¢ € p;,1(A;;1) is contained
in i1 (Aig).
O

Proposition 17.2. Let D be an annular diagram, ly = 0;,D, wy = pu(ls), and
m = 9;,(A). Then there exists a PCG-morphism 6 from the pseudo conjugacy
graph (D, c0) of wy € G into — C™)((Loop; (wy), 00)) such that the diagram below

commutes.

(Loop(ws),00) (D, 00)
NP 19
C™)((Loop: (w3), 00))

where T maps Loop; (ws) onto 0D.

Proof. The proof of this proposition is similar to the proof of Proposition 17.1. We

say that a diagram D is a "forest on a loop” (see Figure 23) if:

1) its inner boundary is a vertex-simple loop;

2) If ¢1,c0 € C(A) U FE(A) then |0c; N Oes| < 1.

Figure 23: Forest of cells and free edges on a loop.

First we cut D into an annular diagram which is a "forest on a loop ls”. The
loop along which we cut D is constructed in a sequence of steps m, . .., 7 satisfying

the following properties:

1) Each m; cuts D into two annular diagrams A; and B;.
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2) A, is a "forest on a loop ly” diagram.
3) If p; is a projection of A; into D then ¢;(A;) is a proper submap of ¢;41(A;11).

4) If ¢ € A; then the chain-distance from ¢ to Iy in A; is the same as d(p;(c),l2)
in D.

Let mg = [y — the inner loop of D. The loop 7y cuts D in two parts: Ay which is a
loop labelled with wy (Ag = Loop;(w2)) and By = D.

Assume that 7; is the last loop constructed in D. If A; contains all cells from
D then we stop. Otherwise take a cell ¢ which does not belong to A; with the least
value d = d;,(c). If d =1 then c touches Iy (i.e., dc Ny # () at some vertex v. Let
ey ...e, = Oc (starting from the vertex v). In this case (d = 1) we insert e;...e,
into the corresponding position of m; (see Figure 22.b). Denote the obtained loop
by 1.

If d > 1 then ¢ touches some cell ¢’ such that ¢ € A; and 0, (¢') = d,(¢) — 1 at
some vertex v. Again, let e; ...e, = Oc (starting from the vertex v). Insert e; ... e,
into the corresponding position of 7;. Denote the obtained loop by ;1.

Clearly, the obtained loop ;. satisfies all the stated above conditions 1)-4) and
the final diagram Ay, denote it by D', is the required annular diagram. Since D’ is
obtained by cutting D there exists an sewing morphism ¢, : D’ — D which maps
a boundary I, onto itself. Because of the type of D’ there exists a graph morphism

0" : D' — C™)(Loop,(ws)) such that the following diagram commutes:

Loop; (ws) 5 D’ % p
e It
C™)(Loop, (ws))

Since ¢; is a sewing morphism and C™)(Loop,(w,)) is folded we can continue 6’

through ¢,. The morphism # which does that is a required graph morphism.
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Theorem 17.3. (Conjugacy criterion) Let D be an annular diagram, wy = p(Opu D),
wy = p(0mD), and m = 0(D). Let I'y = Loopi(wy) and 'y = Loop,(ws). Then
there exist equally labelled paths py € C™ ((T'y,00)) and py € C™ ((T'y, o)) of weight
1 (e, p(p1) = p(p2) and y(p1) = 7(p2) = 1).

Conversely, if for wi,wy there exists a number m such that C™ ((I'y,00)) and

C(m)((Fl, o0)) contain paths p1 and ps as above then wy ~g ws.

Proof. Let D be an annular diagram of depth m. Let 7 cuts D in the middle into
annular diagrams D, D, such that d;,(D;) < m (i = 1,2). By Proposition 17.1
0D =1 Um and 0Dy = I, U . By Proposition 17.2 there exist graph morphisms
D; — C'™(Loop(w;)) (i = 1,2). Images of ¢ in C™(Loop,(w;)) are the required

paths p; and p».

17.2 Conjugacy search algorithm

In this section, using the ideas of the previous section, mostly Theorem 17.3, we
design an algorithm for solving the Conjugacy search problem. At the end of the
section we give estimates for time complexity of a proposed algorithm.

By Theorem 17.3 if pseudo conjugacy graphs I'; = C™ (Loop,(w;)) and T'y =
C™(Loop; (w,)) contain equally labelled loops p; and p, resp. of weight 1 then
wy ~g wy. The next lemma shows how to find a conjugator for w; and wsy in this
situation. Let 7p, (where i = 1,2) be a base loop in I'; such that u(7r,) = w; and

Ur, = Oé(ﬂ'pi).

Lemma 17.4. Let q; be a path from «(p;) to v and qo a path from a(ps) to ve and

v = p(q) tu(q). Then wy =¢ v wox.
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Proof. Since y(prq1my,qy ') = 0 and y(pagomy, g5 ) = 0 we have p(pr)p(gr)wi ' pu(g) ™' =¢

1 and pu(p2)p(g2)wy ' 11(g2) ™ =¢ 1. Finally, since pu(p1) = pu(p2) we have

(g wip(q) ™" =¢ plg2)wap(g2) ™"

and, hence,

wy =¢ p(qr) " plge)wapi(qe)  plqr).
O

Next, we show that there exists an effective algorithm for loops p; and p, (with
stated above properties) when they exist in I'; and T’y respectively. The next defi-

nition is a generalization of a product of X-digraphs.

Definition 17.5. (Product of weighted X -digraphs.) Let T'; and I'y be two weighted
X-digraphs. Let I' = I'y x I's be a product of I'y and I'y as X-digraphs (see [18])
and let m; : ' = I'y and my : ' — I'y be projection functions. A product graph of
['y and I'y is an X-digraph I' with a weight functions yr = (71, 72) defined on e € T

the following way:

r(e) = (yr: (m(e)), 1y (ma(e))).

Observe, that I'; x I'y is not a weighted X-digraph as it is defined in Section
13.1 (since the range of yr is N x N). Nevertheless, one can extend the function
yr on paths in I' as follows; for p = e;...e; (where ¢; = (e}, ¢e/)) put yr(p) =
(F A, (€), 28, (€l). So, we may think of T as of a weighted X-digraph.

Let ' =Ty x I'y, v = (v1,v9) be a vertex in I'. Denote the set of all loops in T’

starting at v by L,. Define the set of indices of L, by

Iy ={(m) | m € Ly},



127

Lemma 17.6. (Weights of loops in a product of weighted X-digraphs) The following
holds:

1) The set I, is an ideal in 7 X Z.
2) If vertices u and v are connected in I" then I, = I,,.
Proof. Immediately follows from the additivity of the weight function. O

Proposition 17.7. Weighted graphs I'; and I'; have equally labelled loops of weight

1 if and only if (1,1) € I, for some vertex v = (vy,vq) € 'y X I'y.

Proof. =" Let ¢; and ¢y be two cycles in I'y and I'y respectively such that v =
p(er) = p(ce) and yr,(c1) = ry(c2) = 1. Let v; = a(c1) and ve = a(cp). Clearly,
there exists a loop in I' = 'y x I'y starting (v, v2) labelled with u of weight (1,1).
Therefore (1,1) € I,.

7" Reverse the argument above.

O

Now, our goal is to define an effective algorithm to compute I,,. Let I' =Ty x I'y
and v = (vy,v9) a vertex in I'. Denote by I, a connected component of I" containing
v. Let T be a spanning tree in I',, E’ be a subset of edges of I', outside of T'. For
each v € I', denote by p,s the shortest path in 7" with the origin v and the terminus

v'. Define a set X, to be the set of cycles
Xv = {pa(e)epg(le) | ec El}
Lemma 17.8. (Generators of I,) The For anyv € I' =11 x I'y

I, = (yr(m) | m € X,).
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Proof. The set X, generates the fundamental group mo(I") of T (see [18]). Hence,
any cycle in I, is a product of loops from X, and their inverses. So, the result

follows from additivity of the weight function ~r. O

To determine whether a pair (1,1) belongs to I, (for some v = (vy,v9) € T'y X
['y) one can apply the Gauss elimination procedure to pairs X, to compute the
generating set for I,. It is hard to estimate the complexity of this procedure since
we do not know a priori the values ~p(m) generating [,. We will give the final
estimate up to the complexity of computation of the generating set for I,. We
would like to point out that any non-trivial value yr(7) is a valuable information
about w; and wy by itself.

The next algorithm checks whether two pseudo conjugacy graphs of w; and ws
contain equally labelled loops of weight 1 and if they do then finds a conjugator for

w; and ws.

Algorithm 17.9. (Common cycle of weight 1)

INPUT: Pseudo conjugacy graphs I'y and I'y of w; and wy correspondingly with fixed
base loops cr, and cr, labelled with w; and ws of weight 1.

OutruT: If equally labelled loops of weight 1 exists then output Yes with a con-
jugator z (where w; = 7 wyx). Otherwise output No.

COMPUTATIONS:
A) Compute I' =Ty x I's.
B) For each connected component T, (where v = (v, v7)):
1) Compute the generating set {yr(n) | 7 € X, } for I,.

2) Check if I, contains (1,1).

3) If it does then compute paths p; € I'y from a(cr,) to vy and py € T’y from

a(cr,) to vy. Output Yes and a word ju(ps)u(py) !
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C) Output No.

Proposition 17.10. Let I'y and I's; be pseudo conjugacy graphs of w; and ws
respectively and ny = |V(I'y)], ng = |V(I'y)|. Then Algorithm 17.9 terminates in at

most Cning steps (for some constant C') up to operation B.2).

Proof. Consider Algorithm 17.9 step by step. To construct I' = I'y x I's it is required
Cining steps. Now in each component T, it takes |T',| steps to construct a spanning
tree and compute a generating set X, for I,.

0l

Equipped with Algorithm 17.9 we can present an algorithm for the Conjugacy

search problem.

Algorithm 17.11. (Conjugacy search algorithm Ac)

INPUT: A finite symmetrized presentation G = (X; R), and words wy = w;(X) and
wy = wa(X).

OuTtpuT: If wy ~¢ ws then output Yes with a conjugator z (where w; = x_lwﬁ).
Otherwise do not stop.

COMPUTATIONS:
A) Put n =0, (T'o, No) = (Loop;(w1), 00), and (Ag, N}) = (Loopy (ws), 00).
B) Apply Algorithm 17.9 to graphs I',, and A,,.
C) If the answer is No then
1) Compute (i1, Npyr1) = C(Ty, Ny).
2) Compute (Anq1, N} 1) = C(A,, N),).

3) Increment n.

4) Goto B).
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D) If the answer is (Yes, ) then output (Yes, x).

Theorem 17.12. Let G = (X; R) be a finite presentation, wy and ws be words in
generators X+, Let m = §(wy,wy) then Algorithm 17.11 requires Clwy||ws| L(R)?™
(for some constant C') steps to recognize wy and wy as conjugated (in case m = oo

Algorithm 17.11 does not stop) and find a conjugator.

Proof. Follows from Lemma 14.20 and Proposition 17.10.

18 Random annular diagrams

In this section we define a notion of a random annular diagram using techniques
developed for random van Kampen diagrams in Part 1. Recall how we introduced
a discrete probability measure on diagrams using the random generators produc-
ing random diagrams, so the probability of a diagram was the probability of its
generation.

First, recall some definitions from above. Let I = {D; | i € N} be a countable
(enumerable) collection of diagrams. In here we assume that diagrams from K are
annular diagrams over some fixed presentation (X; R) equipped, perhaps, with some
extra predicates. Denote by B : K — K a stochastic map which with probability p; ;
maps D; into D;. Sometimes we write B(D;) = D, if p; ; > 0. The map B can be
viewed as a random walk on K defined by the infinite stochastic matrix (p; ;). We
say that B is a basic extension if for every diagrams D;, D; such that B(D;) = D;
there exists a diagram morphism D; — D);.

Given a basic extension B and a diagram, say Dy € K, one can define the

transition tree T = (V(T), E(T)) of B as follows.

1) V(T)=AD , Dy, | Di; = B(D;,_,) for each 1 < j <k and D;, = Dy}

igy - -
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2) E(T)={(Di,.... Di,. Dy, ... Dip )}

X

3) Bachedgee = (D;y,...,D;,, Dj,, ..., D;,,,) € E(T) has an associated number

Pip gy

The vertex £ (empty sequence of diagrams from K) in the tree 7 is called a root of
T. Denote by W the random walk on 7 which starts at ¢ with probability 1.

For D € K we denote by ® = ®5(D) the set of all diagrams C' in K such that
C = B™(D) for some n € N. A basic extension B is called IC-complete if there exists
D € K such that ®5(D) = K. More generally, if ¢ : K — L is a mapping from K
onto a collection of diagrams £ then we say that B is L-complete relative to ¢ if
o(P) = L.

Let D € K and v is a vertex in D. We say that B is locally stable v if the

neighborhood of v eventually stabilizes, i.e., for any infinite sequence of diagrams

such that D;. , = B(D;.), there exists k € N such that Np,, (v) = Np, (v) for every

i1 j
j > k. A random generator B is called locally stable if it is stable at every vertex v
of every diagram D € K.

An infinite directed path in 7 starting at e is called a trajectory. Let A is the
set of all trajectories in 7. A cone of § € V(7)) is the set of all trajectories passing
through 6:

Cone(f) = {\ € A | A is passing through 6}.

Let F be a o-algebra generated by all cones Cone(6), where § € V(7). For each
0 = D,,,...,D; € V(T) the real number P(Cone(f)) is defined as the probability
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to hit the vertex 6 € 7 by the random walk W i.e.,

k
P(Cone(6)) = [ [ pi,.,-
j=1

By the Kolmogorov’s extension theorem the function P extends onto the o-algebra
F in such a way that (A, F, P) is a probability space, so P is a probability measure
on A.

A random variable ) : A — N is called a termination condition. For a termi-
nation condition ) denote by Vg the set of all stop-vertices of W in 7 relative to
the termination condition () and Py the discrete probability measure on Vg induced
from (A, F,P). We say that a sequence of termination conditions @ = {Q; }ien is
complete for W if

V(T) =UVg,.

Let Q be a complete sequence of termination conditions for W. Define an asymp-
totic density of subsets of V(7). Namely, if S C V(7') then the asymptotic density
pv(r)(S) of S in V(T) relative to B, Dy, and Q is equal to the following limit (if it
exists)

PV(T)(S) = lim PQi(Sm VQz)

If w : N — R is a probability distribution on N then one can define a discrete

probability measure on V(7))
PV(T) . V(T) — R

(relative to B, Dy, Q and pu) as follows. For # € V(7T) such that 6 € Vy, for some
1 € N put

Pyqy(0) = p(i) P, (0)- (28)
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Using the discrete probability and asymptotic density defined on V(7)) one can
induce the discrete probability measure on K and asymptotic density on subsets of
K. For 0 = D,,,...,D;, €T denote by D(f) the diagram D;,. Now, for D € K we

define a function

Pe(D) = > Pyr)(6).
0cV(T), D(0)=D

It is easy to see that Py is a discrete probability measure on K. To define asymptotic

density on K, define auxiliary sets
Ki= D(VQz) = {D(Q) I NS VQI}
with functions Py, : K; — R such for D € K;:

P, (D) = Z PQ1(9>
0eVy, and D(8)=D
The function Py, is a discrete probability measure on K;. Moreover, if the sets KC;

form a partition of K then one can define an asymptotic density of diagrams from

IC as follows. If S C K then

p(5) = lim Py, (K; N.5)
(if it exists) is an asymptotic density of S in K.
In a similar way one can induce a discrete probability measure P, on L. Define
a partition of £ into the sets L£;, define a discrete probability measure on £;, and,
finally, if £; is a partition of £, introduce an asymptotic density p, on sets from L.
Finally, define two particular complete series of termination conditions. The

first function @),, simply counts the number of applications of a basic extension. For
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A€ Aand n €N put
Qu(A) =n. (29)

The termination conditions of the second type measure the size of a constructed
diagram. To introduce it we need the following auxiliary random variable. For

A€ Aand n € N put
X, (A) =min{i € N | x(D(\;)) = n}.
The second series of termination conditions is defined by
Qn(N) = max{i € N| x(D(\)) = n} = X,a(N) — L. (30)

The last series {@n} of termination conditions defines partitions of X and £. We

will analyze properties of random diagrams relative to {Q,,}.

18.1 Basic random extension of annular diagrams

Let (X;R) be a finite presentation, G = (X;R), and w = w(X). Denote by
L, = L,(X, R) a set of representatives (up to isomorphism) of all annular diagrams
D over (X; R) in which there exists a loop without self-intersections labelled with w.
Any loop 7 in D with defined above properties will be called a base loop in D. Since
(X; R) is finite £,, is a countable set. So, let £, = {Dy, D1, ...} be a numeration
of diagrams from £,,. We will always denote by Dy an annular diagram Loop(w),
which is a loop labelled with w. When the index of a diagram D; € L,, is irrelevant

it will be omitted, we will refer to D; simply as to D € L,,,.

Proposition 18.1. Let D € £, and w; = p(9;,D) and we = p(0p D). Then

WG W =g Wa.

Proof. Obvious. O
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Proposition 18.2. Let D; € £,,. There exist annular diagrams Dl(l) and DZ@) over

(X; R) such that ,u(ﬁngl)) = ,u(amDZ@)) = w and

p;=p" \/ DY (31)
Moreover, for any pair of diagrams Dgl) and DZ@) such that ,u(f)ngl)) = ,u(ame)) =

w (31) belongs to L.

Proof. Let mp, be a base loop in D;. Cut D; along 7p,. Let D;, and D, be two
obtained annular diagrams (inner and outer, respectively). By turning D, inside
out we can make ((0;, Din) = 14(OinDows) = w. Clearly, D, and D,,; are the required
diagrams.

The second part of the statement is obvious.

O

An extended diagram D over (X; R) is a quintuple (D", D@ M(DW), M(D®)), A)

where:
e Dy and D, are annular diagrams over (X; R) such that 1(0;,D1) = p(9;,D2);

o M(DW) C V(DW) (where i = 1,2) is called a set of marked vertices (worked

out vertices);

o A set

A Q (&mtDl U aouth) AN (M(Dl) U M(DQ))

is such that |A| < 1. We refer to vertices from A as to "active vertices”

(vertices in the working).

For an extended diagram D = (DM D@ M(DW) M(D®), A) over (X;R)
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denote by D the diagram
D =DW Va,, D) =a,, D@ D@,

Clearly, D is an annular diagram over (X; R). Denote by K,, = K,,(X; R) the set of
all extended annular diagrams D over (X; R) such that u(9;,D1) = (0 Da) = w.
Clearly, for any D € K, D € L,. Conversely, for any D’ € L, there exists
D € K, such that D' and D are isomorphic. Morphisms of extended diagrams D
are morphisms of annular diagrams D that preserve the marked vertices.

Let S = (s1, 89, 83, 54) be a sequence of reals such that s; € [0,1], 81 + 59 + 83 =
1. The following procedure provides the basic extension Bg of extended annular

diagrams.

Algorithm 18.3. (Basic Eztension By)
INPUT: Let D be an extended annular diagram over (X; R) such that either A(D) #
0 or (Opu DY . M(DW)) U (0pe DP . M(D®@)) £ ).
OutpuT: Diagram D’ = Bg(D).
COMPUTATIONS:
1) If |A(D)| = 1 then take the only vertex v € A(D). If |A(D)| = 0 then, choose

randomly and uniformly an unmarked vertex
0 € (Oput DY . M(DW)) U (0pue D . M(DW@)),

and put A(D) = {v}.

2) I [(Opue DYV~ M(DW)) U (0py D . M(D®))| > 1 then with probability s;
do a), with probability sy do b), and with probability s3 = 1 — 53 — s5 do ¢)

below:

a) Take randomly and uniformly a relator r € R. Make a cell N with the
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boundary label r starting at some vertex u € ON. Attach N at v from

the outer side by identifying the vertices u and v. Go to 5).

b) Take randomly and uniformly a letter y € X*!. Make a free edge e =
(u1,us) with the label . Attach e at v from the outer side by identifying

the vertices v and uy. Go to 5).

¢) Do not attach anything to v and go to 4).

3) If |(Ooue DM\ M(DW)) U (0pe D~ M(D®@))| = 1 and s + 55 # 0 then with

S1
S$1+S2

probability do a) below, otherwise do b):

a) Take randomly and uniformly a relator » € R. Make a cell N with the
boundary label r starting at some vertex u € ON. Attach N at v from

the outer side by identifying the vertices v and v. Go to 5).

b) Take randomly and uniformly a letter y € X*!. Make a free edge e =
(uy, us) with the label y. Attach e at v from the outer side by identifying

the vertices v and uy. Go to ).

4) a) Let (e1,hy),..., (e, hy) be all pairs of edges incident to v and such that

for each ¢ the following conditions hold:

the path e;h; belongs to the outer boundary of the diagram (with

respect to a fixed orientation);

all endpoints of e; and f; are unmarked;
— ¢; and h; ' have the same labels (potential fold);

— edges e; and h; are not free.
Then for each i = 1,...,k with a fixed probability s, fold e; and hi_l.
b) add v to M(DW),

c¢) remove v from A(D). Go to 5).
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5) Denote the resulting diagram by Bg(D). Output Bg(D).

The basic extension Bg presented here is similar to the basic extension Bg (Al-
gorithm 7.1) from the Part L. It is straightforward to check that Bg has the following

basic properties (they are all similar to the properties of Bg in Algorithm 7.1).
Lemma 18.4. (Properties of Bg) Let D* = Bg(D) and i = 1,2. Then:

1) if a verter v € DY is marked then Np (v) = Npae(v).

2) if every vertex v € D N 0, DY is marked then every vertex v € D®*

Ot DW* is marked.

3) if every cut vertex in DV \ 0, D% is either marked or active then every cut

vertex in DW* < 0, DD* is either marked or active;
4) Given a diagram D there are only finitely many possible outcomes for D*.

5) If (Opue DY\ M (D)) U(Opuy DD\ M (DP))) 2 () then (g DM* M (DWV*))U
(aoutD(z)* ~ M(D(Z)*)) # 0

Proof. Follows from the description of Bg. O

Let D be a diagram. The following notation

D* = Bg(D)

means that D* is a result of n applications of Bg to the diagram D.

Proposition 18.5. Let D = (DW D@ M(DW) M(D®),(), D' = BXD) =
(EW, E@ M(EM), M(E®), (). There exists n;, ny such that n; +ny = n and

D" = By(D) = (EW, D? M(EW), M(D®),0),

(DW, D@ M (DMWY, M(D®),0) = B2(D").
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Proof. The basic extension By treats parts D) and D® of D separately, i.e., chang-
ing the part D® (where i = 1,2) does not affect the part D=9 Therefore, process-

ing a vertex from D® and processing a vertex from D=9 are commuting operations.

O

Remark 18.6. Let D* = B%(Dy) where
Dy = (Loop(w), Loop(w), 0,0, 0).

The following holds:
1) if sy = 1 then D* is a "forest on a loop”;

2) if s; = 1 then D* is a "forest of cells on a loop”, i.e., diagram without free

edges and such that the dual graph is a tree with one cycle;
3) if s1 4+ so = 1 then D~ is a "forest of cells and free edges on a loop”.

Let Ws be the random walk on KC,, relative to Bg which starts with probability
1 at Dy = Loop(w) and T be the corresponding transition tree. In the following
lemma we collect some basic properties of Wg. By D, we denote an infinite path
in 7 which defines a sequence of extended annular diagrams from /C,:

Dy=D,y—D;y —...—D; —....

1k

Lemma 18.7. (Properties of ) Let D;, = (ngl), Dg), M(DS)), M(DZ(J_Q)), Ai;). The

following hold:

1) every vertex v € (D(k) - Gouth“)) (k =1,2) is marked, i.e.,

%y

DY — 8,,D < M(D®;
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2) for every marked verter v € Dgf) the neighborhood of v does not change in
Dgz) form > 7, 1e.,
Ny (v) = Ny (v);
Y4

D

m

(k

3) every unmarked vertez v € Di]) either stays unmarked in all Dgi) form > j

or eventually becomes active;

4) every active vertexr v € D cither stays active in all Dgi) form > j (and in

]

this event the case 4) in the description of Bs does not occur) or eventually it

becomes marked;

Corollary 18.8. The random basic extension By is locally stable at every marked

vertex v.

18.2 Completeness of Bg

Let (X; R) be a finite symmetrized presentation and w = w(X). In this section
we show that the basic extension By is L,-complete. More precisely, we show that
for any annular diagram D € £,, (satisfying certain simple properties) there exists

n € N such that D = B%(Dy), where
Dy = (Loop(w), Loop(w), 0,0, 0).

Let D € L, and mp be a base loop in D. Assume that D contains no loops of
length 1 and there is no cell ¢ such that dc is not vertex-simple. We cut D along
mp to obtain two annular diagrams D, and D,,;. As before, turn D;, inside out.

Clearly,
M(a'mD'm) = w, /fl(aoutDin) = /fl(alnD)7 and

,u(ainDout) = w, /L(aoutDout) = H'(aoutD)-
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Proposition 18.9. Let (X; R) be a finite symmetrized presentation, D an annular
diagram over (X; R) which does not contain cycles of length 1 and cells ¢ such that
Jc is not vertex-simple. Assume that none of the probabilities in S is trivial. Then

there exist n; and ny such that
(LOOp('lU), Dout7 ®7 M(Dout)7 (D) = Bgl (D(J)?

D' = (Dzn7 Doutu M(Dzn)u M(Dout)u (Z)) = Bg1+n2 (DO)

and D = D', for some M (Dy,) C V(Dyn) and M (Douy) € V(Douy).-

Proof. By Proposition 18.5 it is enough to show the existence of n; only. Let
OmDout = €1,...,¢ex, where ¢; = v; = vy (i = 1,...,k) and v; = vg41. Con-
struct a van Kampen diagram D’ over some presentation (X'; R') (it will be defined
later) as follows. First, add a vertex vg into the inner hole of D,,;. Then, for each v;
add an edge vy i v; in such a way to not spoil the planarity of the diagram and add
a triangular cell v, v;, v;41 labelled with z}z;a’; +11 (where each 7/ is a new symbol,
i.e., 2 & X). See Figure 24 for example. The presentation (X’; R') is obtained from
(X; R) by adding all new symbols  to the set X and all relators corresponding to

new cells in D’ to the set R’.

Figure 24: Annular hole triangulation.

By construction, the diagram D’ does not contain loops of length 1 and does
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not have cells ¢ such that Oc is non vertex-simple. Hence, D’ can be obtained in
a number of applications of Bg for van Kampen diagrams to the trivial diagram
D{, which consists of exactly one vertex. Moreover, from the proof of Completeness
Theorem for van Kampen diagrams (Theorem 7.6), it follows that we may assume

that the only vertex in D corresponds to the vertex vy € D'. Let
D% p Es.  Bp —p

be the corresponding sequence of extended van Kampen diagrams. Let D’ be the
first diagram in which the initial vertex vy is marked. Clearly, u(0D}) = w and
each vertex in 9D’ is unmarked. This is exactly the initial configuration we have
in Dy (except the internal cells, of course). Now, since the basic extension Bg
for annular diagrams can perform the same operations as its counterpart for van
Kampen diagrams, the proof is done.

0l

Theorem 18.10. (Completeness of Bg.) Let (X;R) be a finite symmetrized R-
reduced presentation and w = w(X) such that w does not belong to the conjugacy
class of a word of length less or equal to 1. Let D € L,,. Then there exists a number

n such that

D = Bg(Dy),
i.e., Bs is L,, complete.

Proof. Observe, that the assumptions on a presentation (X; R) and a word w imply
that D does not contain loops of length 1. Also, the assumption on (X; R) implies
that D contains no loops such that dc is not vertex-simple. Now, the theorem follows

from Proposition 18.9.
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19 Asymptotic properties of random annular di-
agrams

In this section we describe several asymptotic properties of diagrams relative to the
basic extension Bg and the complete series of termination conditions {@i}ieN. In
particular, we discuss asymptotic behavior of the length of the perimeter and the
depth of diagrams relative to their size.

All results in this section can be proved by arguments similar to those in Part
I (we leave them to the reader). Let (X;R) be a finite symmetrized R-reduced
presentation and w = w(X) such that w does not belong to the conjugacy class of
a word of length less or equal to 1. Let £,,,, be a set of all annular diagrams from
L, of size n, i.e.,

Lyn=A{D € Ly, | x(D)=n}.

Let Ky be a set of all extended annular diagrams from XC,, of size n, i.e.,
Kwn={D €Ky | x(D) =n}.

Clearly, the sets {L,,} is a partition of £,, and the sets {KC,,, } is a partition of /C,,.
Theorem 19.1. Let 0 < o < 1. Then the following holds:

1) LetKC,,, . ={D € Kyn | (D) < (1=a)n+|w|} C Ky Then P, (K, o) —

w,n,o w,n,o

0 exponentially fast as n — oo.

2) Let L, ,={D € Ly | (D) < (1—a)n+|w|} C Lyn. Then Pp, (L, ) —

w,n,o w,n,o

0 exponentially fast as n — oo.

Corollary 19.2. Let (X; R) be a finite symmetrized presentation and w = w(X)

such that w does not belong to the conjugacy class of a word of length less or equal
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to 1. Put

L, ={D]UD) > 3x(D)}.

Then
PLw (,C;}) = lim Pﬁw,i(ﬁw,i N ‘Ciu) =1.

Moreover, Pr, . (Ly; N L;,) — 1 exponentially fast. Thus the set of all diagrams

over (X; R) with linear isoperimetric function (with coefficient 1) is strongly generic

with respect to the asymptotic density.
Theorem 19.3. The following holds:

1) Let Ky, = {D € Kuyn | 6(D) < 2logn} C Ky, Then Py, ,(K;) — 1 as

n — oQ.

2) Let Ly, = {D € Lyn | 0(D) < 2logn} C Lyy. Then Pr,  (Ly,) — 1 as

n — Q.

Theorem 19.4. Let (X; R) be a symmetrized R-reduced presentation, w = w(X)
such that w does not belong to the conjugacy class of a word of length less or equal

to 1, and 0 < a < 1. The following holds:

1) Let K . ={D € Kyn | 0(D) <2logn & (D) > (1 —a)n} C Kyn. Then

w,n,a

Pe,..(Ky . 0) — 1 asn — oo.

w,n,o

2) Let L . =1{D € Ly, | 6(D) < 2logn & (D) > (1 —a)n} C Ly, Then

w,n,o

Pr, . (L, o) —1asn — oo.

w,n,o

Corollary 19.5. Let (X; R) be a symmetrized R-reduced presentation, w = w(X)
such that w does not belong to the conjugacy class of a word of length less or equal
to 1. Let

L ={D € L, |8(D) < 2log(2l(D))}.
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Then

pﬁw (,CZ}) = hm Pﬁw, (,Cwﬂ' N ,CZ)) =1.

Proof. Follows from Theorem 19.4 when o = %

20 Asymptotic properties of conjugated words

20.1 Random conjugated words

Let (X; R) be a finite symmetrized R-reduced presentation and w = w(X) be a word
such that the shortest element in its conjugacy class is of length at least 2. Denote
by C'P,(X; R) the set of all pairs of cyclic words (w1, wsy) such that wy ~g w ~g ws.
In this section we define a discrete probability measure on C'P,(X; R).

Recall that L, ; is a set of all annular diagrams from £, of size i and P, is a

discrete probability measure on L, ;. Denote by CW,,; (for each i € N) the set of

boundary labels (as cyclic words) of diagrams from £,,; and by CW,,,, the union
CW oy = UL, CW, 5.
It follows from Proposition 16.1 that
CP,(X;R) = U2, CW,; = U2, CW,,.

Clearly,
CWiyp1 CCWoyo CCWos C ...

One can induce probability measures from (L, Pr,, ,,) onto the sets CW,, , and

CW 4 as follows. For S C CW,,,, and S' C CW,,,, put

Pew, .(S) = Pr,..({D € Ly, | the boundary labels of D belong to S}),
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_ i Pow, (SN CWai)

Pey, (S) = . .

It is easy to check that Pew, , and Py~ are discrete probability measures on
CWy ., and me.

Using the probability on the sets CW,,,, one can define an asymptotic density
of the subsets of C'P,(X; R) as follows. For S C CP,(X; R) put

per,(S) = lim Py, (SNCW,,).

e}

One can describe the probability measure Pcyy,, ,, in terms of the following ran-

dom generator.

Algorithm 20.1. (Random Generator I of conjugate words)
INPUT. A word w = w(X) and a number n € N.

OuTPUT. A pair of words wi, wy such that w; ~g w ~g ws.
INITIALIZATION. Put Dy = (Loop(w), Loop(w), ®,(,d) and i = 0.

COMPUTATIONS.
1) Let Dy = Bs(D;).
2) If x(D;y1) < n then increment ¢ and goto 1).
3) Output labels of 8outD§1) and &mtDz@).

The probability measure P, can be described in terms of the following random

generator.

Algorithm 20.2. (Random Generator II of conjugate words)
INpUT. A word w = w(X) and a number n € N.
OuTPUT. A pair of words wy, wy such that w; ~g w ~g ws.

COMPUTATIONS.

1) Generate randomly and uniformly a number ¢ from the set {1,...,n}.
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2) Run the defined above generator to generate a random extended diagram D

of size i.
3) Output the boundary labels of D.

In view of the random generators above the probability measures Pow, , and

Peyy,, . are very natural.

20.2 Generic properties of random conjugated words

In this section we study generic properties of conjugated words in G = (X; R). Fix

a such that 0 < a < 1 and define
CWouna = {(w1,wz) € CWy, | wy and wy are boundary labels of some D € Ui L7, ,}.

Theorem 20.3. Let G = (X; R) be a finite symmetrized R-reduced presentation
and w = w(X) be a word the conjugacy class of which does not contain words of

length less than 2. The following holds:
Pew  (CWina) = 1 asn — oo.

Proof. Follows from the Theorem 19.4 and the definition of Pgyr .

For a fixed 0 < o < 1 define a set CP.Y to be
CPY = U . CWypa-

By Theorem 20.3 we have pcp, (CPSY) = 1.

Theorem 20.4. Let (X; R) be a finite symmetrized R-reduced presentation, G =

(X3 R), and w = w(X) be a word the conjugacy class of which does not contain
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words of length less than 2. Then the the time complexity function for Algorithm
17.11 (the search algorithm for the conjugacy problem in G) on the set of inputs

(wy,ws) € CP is bounded from above by the polynomial
O((wn] + |w)* 418 D),

Proof. Follows from Theorem 17.12 and the definition of the set opryY.
O

Thus, the Conjugacy search problem is polynomial on a generic subset cP of

instances of the problem CP,,.

21 Experimental results

We performed a series of experiments to test the efficiency of the algorithm Aq. For
each series we fixed a group presentation (X; R) and generated randomly 1000 pairs
of conjugate words of length about 1000 in G = (X; R). We tested all the group
presentations mentioned in Section 11 almost all of which are one-relator groups
and there is no known algorithm for solving the conjugacy problem in this class of
groups (though for each of those presentations there exists an algorithm solving the
problem under consideration).

By Theorem 20.3 the generic time complexity for pairs of conjugate words
(w1, wy) is bounded from above by the polynomial O((|w,| + |ws|)?+218 L) Our
experimental results are much better than that. As proved in Theorem 17.12 the
amount of time required to find a conjugator for each single pair (wy, ws) of conju-
gate words in (X; R) is O(|wy||we|L(R)*™) (where m = 6(w,ws)) and the number
of iterations the conjugacy search algorithm A performs is bounded from above by

m. And in all our experiments the algorithm Aq performed just one iteration. So,
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all randomly generated conjugate words had depth equal to one. And, therefore,
the actual time complexity was O(|wy||ws|L(R)?) which is quadratic in terms of the
lengths of words.

We would like to point out that we know a few series of inputs for which the
performance of the algorithm A¢ is slow (exponential and superexponential in terms
of length of the input). But the amount of such inputs is negligible relative to all
possible inputs. In fact, if (X; R) is a presentation with unsolvable Conjugacy
problem then for any computable function f(n) there is a sequence of pairs of
conjugate words (uy,v,) such that é(u,,v,) grows faster than f(n). But to find

such a sequence is extremely hard.
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