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Abstract
SIMULATING STRESS DRIVEN STRUCTURAL EVOLUTION IN SOLID

by

Zhen Liu

Adpviser: Professor Honghui Yu

In this dissertation, a variational approach, which can incorporate a wide range of
thermodynamic forces and mass transport mechanisms, has been applied to study stress induced
structural evolution. The approach combines driving forces, kinetic laws and the free energy
variations associated with virtual structural change. A program with an embedded stress field
solver, using Boundary Element Method (BEM), is developed. By using the program developed,
thin film morphology evolution in elastically stressed solid due to surface diffusion and/or
evaporation/condensation is simulated first. The similarity and difference between surface
diffusion and evaporation-condensation induced surface grooving and the effect of the mobility
ratio of two processes are explored. Special attention is paid on the effect of the initial profile of
the surface. Simulations show that if the initial surface contains many sharp cracks or notches,
the surface may take longer time to develop deep cusps and break into islands than the relatively
flatter initial surfaces. In the second part of this work, stress relaxation due to grain boundary
diffusion is considered. A set of stress relaxation processes are simulated under different surface
and grain boundary energy ratio to explore the effect of surface profile on stress relaxation. It is

found that when the stress relaxation is limited by the rate of surface diffusion, the dihedral angle



at the surface-grain boundary junction plays a significant role. In addition, the simulation result
on stress relaxation process that is limited by grain boundary diffusion is used to determine the
grain boundary diffusivity by being compared with the experimental results. Finally, the
numerical scheme is extended to 3D axi-symmetric model to study the evolution of a cylinder
under stress by surface diffusion. Under a periodic perturbation, it is found that the stressed fiber
is not always stable even its perturbation wavelength is smaller than its circumference. It can
still stay stable, or develop grooves first then approach to a steady state shape, or develop cusps
and break into particles. These two critical stresses that are corresponding to initial stability and

the transition from steady state to unstable state are estimated by using numerical simulation.
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Chapter 1

1 Introduction

1.1 Background and Previous works

1.1.1 Structural Evolution in Solid

In recently years, there is a growing interest in micro-structural evolution of solid caused by
mass transport mechanisms, mainly driven by the development in micro- and nano-technologies.
Since in a small device, a little change of structure can greatly influence its mechanical and/or
electrical performance and reliability, it is therefore necessary to understand, and be able to
model, these processes at an appropriate level of sophistication. For a bulk material, an overall
knowledge of the structure, such as the grain size distribution and pore volume fraction, is often
adequate. For a film or a line, where the grain size is comparable to the film thickness and line
width, an overall knowledge of structure is inadequate; for example, in sub-micro aluminum
interconnects, the electro-migration damage relates to structural detail [1].

Why does the structure evolve? In non-equilibrium structure, the solid evolves to reduce the
total free energy of the system, which may include surface tension, grain boundary tension,
chemical energy, elastic energy and electrostatic energy etc. How does the structure evolve? In
solid, there are many different kinetic processes to reduce the total free energy in the system,
including diffusion, creep, dislocation and reaction etc. Thus, it is the combination of

thermodynamics and kinetics that determines the path and the final state in solid. For example,



as shown in Figure 1-1 [11], when a polycrystalline fiber is heated for some time, grains change
shape and may evolve to one of two equilibrium configurations: isolated spheres or truncated
spheres that remain connected. Figure 1-2 illustrates the morphological change of a zirconia
fiber made by Miller and Lange [2].

To which configuration do the grains evolve? How long does this evolution take? It will be
determined by both thermodynamic and kinetics. Among all the methodologies to model these
processes, including, molecular dynamics [3-5], phase field method [6-9], and continuum based
model [10-12], the last one has the advantage of reaching practical engineering size a relatively

small computational cost.

a) D,

b)DI

/ \%
000 U]

c) Isolated Spheres d) Truncated Spheres

Figure 1-1: (a) The initial array of cylinder-shaped grains. (b) An array of barrel-shaped grains
approximates an intermediate, nonequilibrium state. (¢) Grains pinch off and spheroidize, approaching an
equilibrium state, a row of isolated spheres. (d) The array shrinks as atoms diffuse out from the grain
boundaries and plate onto the free surfaces, approaching another equilibrium state, a touching array of
truncated spheres. Suo [11].



Figure 1-2: A fiber, drawn from a solution, was placed on a sapphire plate and heated for some time. (A)
The fiber diameter is large at one end and small at the other. (B, C) Grains with large diameters remain
connected. (D, E, F) Grains with small diameters break into particles. Miller and Lange [2]



Most models of capillarity-driven solid-state processes originate from the work of Herring
[13]. For a wide range of applications, a macroscopically non-equilibrium structure may be
divided into elements, each being in an equilibrium state. The free energy of an element is a
function of the local state variables such as composition, temperature and stress. The total free
energy of the structure is summed over all the elements. Herring defined the chemical potential
of an element as the increase of the total free energy associated with the addition of one atom to
the element. For the non-equilibrium structure, the chemical potential differs from one element
to another. Herring assumed that the chemical potential gradient drives mass flux according to
an empirical kinetic law. Together with mass conservation, such ideas lead to partial differential
equations, quite analogous to the heat transfer problem.

An alternative, global view regards evolution as a means to release the total free energy. The
global analysis of this kind of problem has been described by Sun et al. [14]. A non-equilibrium
structure is described, often approximately, with a set of generalized coordinates. For a structure
described with one degree of freedom, the free energy is a function of the generalized coordinate,
represented by a curve in a plane spanned by the free energy and the coordinate. A minimum
free energy point on the curve represents an equilibrium state. Thermodynamics requires that the
state of the non-equilibrium structure descends on the curve toward equilibrium. Consequently,
thermodynamics alone determines both the evolution path and the final state. Kinetics is
restricted to the role of determining the rate of travel along the path toward the equilibrium state.

The variational principle is a global version of Herring’s non-equilibrium thermodynamics.
Such variational principles have been used in modeling diverse non-equilibrium phenomena in
materials. Again, the free energy may include interfacial, elastic, electrostatic, and chemical

energy. The rate processes may include diffusion, creep, grain-boundary motion, and surface or



interface reactions. Material phenomena include creep void growth [15-17], creep crack growth
[18, 19], super-plasticity [20], interface diffusion in composites [21] and solid-state sintering [22,
23]. These authors formulated the variational principles by assembling local quantities such as
chemical potentials and relating these to the boundary conditions through the principle of virtual
power. Alternatively, one may formulate the variational principles from a global definition of
the driving forces [24, 25]. This latter approach has been used to model phenomena including
void shape instability [26], dislocation climb [27], wrinkling of oxide scales on high temperature
alloys [28], ferroelectric domain evolution [29], grain growth [30, 31], and solid-state sintering
[32]. Bower and Freund [33] have formulated a general class of variational principles for
analyzing electro-migration in deformable solids.

A finite element method (FEM), based on this variational approach, for motions of
microscopic surfaces of thin film, driven by multiple energetic forces, via concomitant rate
processes, has been developed [34]. In the work, such a method for interface migration driven
by interface tension and chemical energy difference between phases has been presented. A
widely used kinetic law: the velocity of the interface is proportional to the driving pressure (i.e.
the free energy reduction associated with the interface moving per unit distance) has been
adopted. The method has been extended by including mass diffusion [35]. The computer
program can simulate grain boundary migration, solid surface motion via evaporation-
condensation surface diffusion, and their combination. The method can be viewed as a
numerical implementation of a classical theory discussed by Herring [13]. The theory assumes
that the free energy of the system is the surface energy summed over all surface and grain
boundary areas. To reduce this free energy, the solid changes shape by mass diffusion on the

interface. This global energetic statement, however, is insufficient to determine the shape history,



because infinitely many shape histories would each reduce the free energy. To complete the
theory, Herring defined a driving force by the amount of free energy decrease associated with per
unit volume of matter moving per unit distance on the interface. This definition prescribes a
local quantity, the driving force, at every point on the solid surface. He then assumed a kinetic
law that, at every point on the surface, the mass flux is proportional to the driving force. The
formal procedure, incidentally, follows that of irreversible thermodynamics [36]. Other forms of
energy (e.g. elastic energy, work done by an external force) can be readily added to the free

energy.

1.1.2 Stressed Thin Solid Film

One of the most common cracks in thin film is due to the residual stress. Figure 1-3 [37]

e e

CDS

Silicon

Figure 1-3: The typical scanning cross-section electron micrograph of a carbon-doped-silicate (CDS)
channel crack due to the tensile residual stress. Tsui [37]



show the typical scanning electron micrograph of a channel crack due to the tensile residual
stress in carbon-doped-silicate (CDS). Thin film is usually under large residual stress. The stress
is mainly generated by its growth process or lattice mismatch between thin film and its substrate
and has a key effect on the properties, morphology and behavior of the thin film. A surface
under stress is unstable if mass can be exchanged and transported along the surface. Asaro and
Tiller [38] and others [39-44] showed theoretically that a flat surface under a stress can evolve to
a wavy shape by surface diffusion. The phenomenon of surface roughening has been observed in
a growing number of experiments [45-47]. Some other experiments involving controlled
annealing have been used to test the characteristic length and time scales, as well as other
features predicted in the theoretical models [48-51] further showed that the wavy surface can
evolve to form a sharp crack front. The process was observed by Jesson et al. on a surface of a
strained epitaxial film [52].

A surface can also change its morphology by surface reaction, either by deposition or erosion.
Srolovitz [40] showed that a stressed surface is unstable due to evaporation-condensation. Hillig
and Charles [53] studied the crack nucleation from an elliptical notch due to stress-dependant
surface reaction. By using a linear kinetic law, the crack nucleation process for polycrystalline
materials, in which grain boundaries cause surfaces to form grooves and further nucleate crack
has been simulated [54]. The stability of a solid surface under small and/or large perturbations
has been studied by adopting a nonlinear kinetic law in which the mobility depends on the
applied stress [55, 56]. The evolution and crack nucleation from a smooth notch on a stressed
solid surface has been studied also [57]. Kukta and Kouris [58] modeled and studied strained
epitaxial deposits (islands) grown on a substrate and found that the resulting morphology

depends largely on the rate of deposition relative to surface mobility. Besides surface diffusion



and reaction, many other mechanisms such as cracking and/or delamination [59-62], dislocation
[63, 64] and diffusional creeps [65-68] can be involved in structural evolution and stress
relaxation process of thin film.

Since stress can significantly affect surface evolution, studying and then trying to control the
stress become a more important technology challenge recently. In this dissertation, a numerical
approach based on the variational principle mentioned above has been developed to study the
effects of mobilities and initial profile on stressed thin film morphology evolution due to surface
diffusion and evaporation/condensation [69]. For problems with evolving boundary, one big
challenge in solving stress field by using FEM is mesh regeneration and refinement, especially in
problems involving singular point such as crack tip [70]. Since computational time is always an
issue in the simulation of micro-structure evolution, in this work, Boundary Element Method
(BEM) is used to solve stress field. BEM only requires discretization of surface instead of
volume, thus it has fewer degrees of freedom at the same degrees of accuracy. Elements in BEM
can be easily generated and adjusted when surface profile changes, costing much less
computation time for re-meshing than in FEM. Another advantage of BEM over FEM is when
analyzing problems with stress concentrations. BEM can easily and accurately deal with the
problems involving formation of crack or cusp at much less computational cost than FEM.

Another issue in thin solid film is stress relaxation. Many studies have been done on the
stress relaxation of the thin film with free surface. A model coupling surface diffusion and
steady-state grain boundary diffusion had been developed by Thouless [68,70,71] for
polycrystalline thin film. He made an assumption that thin film can slide freely on its substrate.
This assumption induces that the diffusion flux is taken as a linear function of position along

grain boundary. Genin et al. [72-74] studied the effect of grain boundary grooving and surface



evolution under the same assumption. Gao and his collaborators [75] developed a crack-like
grain boundary diffusion wedges model in which no sliding and diffusion are allowed at the
film/substrate interface and surface diffusion and grain-boundary grooving are neglected (Figure
1-4). Zhang and Gao [76] then relaxed some restrictions in [75] to study coupled grain-boundary
and surface diffusion but still neglected the effect of surface slope on the normal stress and
chemical potential along the grain boundary. Huang et al. [77] developed a kinetic model for
stress relaxation in unpassivated and passivated thin films based on coupling of grain-boundary
diffusion with surface and interface diffusion, respectively. For unpassivated thin films, the
model differs from Thouless’s model [71] in that the transient behavior of grain-boundary
diffusion is explicitly considered, and differs from Gao et al. [75, 76] in that an approximation
was made in calculating the normal stress at the grain boundary. And they compared the model
with their experimental results [78]. Several other experiments [79, 80] observed the coupling of

interface diffusion and grain boundary diffusion as a stress relaxation mechanism in passivated

Cu film.
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Figure 1-4: The geometry of a crack-like grain-boundary wedge of a thin film.
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Although some of these works have grain boundary groove, all of them did not consider the
effect of surface profile on the normal stress along grain boundary. This point is taken account
in this dissertation [81]. The schematics is the similar as [69], another mass transport mechanism,

grain boundary diffusion, is included in the morphology evolution and stress relaxation processes.

1.1.3 Surface Evolution of Fiber

A fiber can change its shape by surface diffusion. Under external perturbation, it may
become unstable and break into particles fiber. Figure 1-5 [124] illustrates a fiber
reinforcements with a wire-like morphology features becomes unstable with respect to surface
energy. The reason is same as the Rayleigh Instability for fluid—to minimize the total surface
energy. Mullins and Nichols [82, 83] obtained same threshold condition for solid cylinder rods
under annealing: to minimize the surface energy, a small perturbation may grow and break the

cylinder when the perturbation wavelength A is greater than the cylinder circumference 27R,

’__,.'\2R0

Figure 1-5: A fiber reinforcements with a wire-like morphology features
becomes unstable with respect to surface energy [124]
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where R is the radius of the unperturbed. They also got the similar result for cylinder voids in
solids [84]. The spheroidization by surface diffusion of a solid rod or pore channel of circular
cross-section is of particular interest because of the relationship between high temperature
stability and reinforcing phases of cylindrical shape, and it has been studied extensively [85-87

and more]. Most of these linear theoretical analyses of surface evolution with small
perturbations obtained that the critical perturbation wavelength A4, = 24/27R which gives the

maximum groove growth rate when the dominant mechanism is surface diffusion. However,
some experimental observations [87-89] showed that the observed average wavelength at which

spheroidization occurs doesn’t correspond to A, when the perturbation had large amplitude.

These observations indicated that it is difficult to predict instability in the nonlinear regime from
the linear analyses. Choy et al [90] performed a non-linear analysis by using finite difference
method to investigate the role of initial conditions where the wavelength and amplitude vary with
position. Yu and Suo [91] set up an axi-symmetric model to study the transient separation
process of pore-grain boundary by using finite element method based on a weak statement.

When a fiber is stressed, it becomes more unstable. Instabilities exist even the wavelength of
the fiber is smaller than the circumference to relax the elastic energy. Colin et al [92, 93]
introduced a linear analysis of the morphology instabilities of stressed pore channel. Their
calculations showed that the critical wavelength of stressed cylinder is shifted toward shorter
values as the stress increases. Similar study had been performed on stressed, solid cylinder
whisker by Kirill et al [94]. They found that the presence of elastic strains can excite non-
axisymmetric modes, which, under certain conditions, are preferred and can give rise to helical

surfaces. In these works, the dominant mechanism of morphological evolution is focused on
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surface diffusion. Besides, Colin [95] introduced another linear instability analysis, volume
diffusion approach, on stressed solid cylinder in a matrix.

To study the non-linear evolution process of cylinder solid with large amplitude perturbation
under stress, a numerical scheme is set up to simulate the morphology evolution of stressed fiber

and focus on mass transport process on axi-symmetric surface.

1.2 Summary of Dissertation Research

In this dissertation, a variational approach, which incorporates a wide range of
thermodynamic forces and mass transport mechanisms, has been applied to study stress induced
structural evolution. The heart of the approach is a variational principle that defines various
thermodynamic driving forces using an integral form. On one hand, it can reproduce the
differential equations of Herring [13] and Mullin [82]; and on the other hand, it forms the basis
for Finite Element Method (FEM), which does not require the calculation of surface curvature
and chemical potential. The method has much weaker requirement on the smoothness of surface
and thus it is applicable to surfaces with any shape and/or surface energy anisotropy. The elastic
stress field is solved by using Boundary Element Method (BEM) which only requires
discretization of surface instead of volume, thus it has fewer degrees of freedom at the same
degrees of accuracy. And it makes refine and re-mesh processes much easier when the surface
profile changes by mass transportation. These advantages can save much computation times
comparing to using FEM to solve the stress field.

On the basis of the numerical scheme, a computer program has been created to study the
effects of mobilities and initial profile on stressed thin film morphology evolution due to surface

diffusion and evaporation/condensation [69]. A well-known problem, the surface instability and
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morphology evolution of a residually stressed thin film is simulated to verify the program code
firstly. The similarity and difference between the surface grooves induced by surface diffusion
and evaporation/condensation, the effect of the mobility ratio of two processes when they are
concurrent, and the dependence of surface kinetic pathway on its initial profile then are
studied. .It is found that the grooves induced by surface diffusion and evaporation/condensation
have different surface features: when two processes are concurrent but surface diffusion process
is dominant, increasing the mobility of evaporation/condensation increases the time and groove
depth needed to form surface cusps; an initially cracked surface could approach a flat surface
first, then after a long slowly evolving period, it gradually develops sharp tips on the surface
again. Simulations show that excessive surface area, due to small cracks, notches or other surface
defects, could significantly delay the development of surface instability. By simply adding a
term, grain-boundary diffusion into the previous scheme, another two dimensional case, stress
relaxation of thin film due to coupled surface and grain-boundary diffusion, has been studied
[81]. Different from the previously published works, this study also explores the effects of
mobility ratio of the two processes and the dihedral angle at the surface-grain boundary triple
junction. The ranges of mobility ratio, in which the stress relaxation process is limited by either
surface diffusion or grain boundary diffusion, are determined. It is found that, when the stress
relaxation is limited by the rate of surface diffusion, the dihedral angle at the surface-grain
boundary junction plays a significant role. A scheme of applying the simulation results to
determine material constants is also presented. As an example, the activation energy and
diffusivity of grain boundary diffusion in Cu are obtained by comparing the numerical
simulation with a set of published experimental data. The third part of our work is to extend the

numerical scheme further more to an axisymmetric three dimensional case to study the
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microstructure evolution of stressed fiber due to surface diffusion [96]. The corresponding BEM
which is used to solve the stress field is also adopted the axisymmetric model. From the
simulating results, it is found that, under a periodic perturbation, the stressed fiber is not always
stable even its perturbation wavelength is smaller than its circumference (Rayleigh instability).
It can still stay stable, or develop grooves then approach to a steady state shape, or develop cusps
and break into particles. Our simulation will roughly obtain these two stress threshold conditions

corresponding to different fiber wavelengths.

1.3 Thesis Outline

In the next chapter the global view of structural evolution in solid, the weak statement, will
be reviewed and formulated. Then the numerical scheme including FEM, based on the
variational principle, and some details of BEM, used to calculate stress field, will be introduced.
In Chapter 3, the morphology evolution of a residually stressed thin film is simulated. In this
simulation, two mass transportation mechanisms, surface diffusion and evaporation-condensation,
are considered and the dependence of surface kinetic pathway on its initial profile is discussed.
Afterwards, the stress relaxation of thin film due to coupled surface and grain-boundary diffusion
is studied and simulated. This study focus on the effects of surface profile on stress relaxation by
comparing the results of simulations under different surface-grain-boundary energy ratio and fit
the experimental results by the simulation results and determine the surface and grain boundary
diffusivities. Finally, simulation of microstructure evolution of stressed fiber due to surface
diffusion is presented in Chapter 5. Two stress thresholds corresponding to different fiber

wavelengths.of surface evolution are roughly obtained.
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Chapter 2

2 Formulation of Weak Statement

Imagine two concomitant processes on a solid surface: the solid matter can relocate on the
surface by diffusion, and exchange with the surrounding vapor by evaporation-condensation.
This chapter summarizes Suo’s work [11] to formulate weak statement of these two processes,

respectively, and then combine them together.

2.1 Formulation of Evaporation-Condensation

Considere a solid particle in contact with its vapor, atoms either condense from the vapor, or
evaporate from the solid, both causing the interface (the surface of the solid) to move. Imagine a
situation in which atoms diffuse rapidly in the vapor, but react slowly on the interface, so that the
vapor maintains a uniform chemical potential (composition and pressure, etc.). Assume the
amount of vapor is very large compared to the mass exchange due to evaporation and

condensation so that the vapor keeps its chemical potential constant at all times.

2.1.1 Free Energy, Virtual Motion and Kinetic Law

Assume total free energy of the solid is G. In different cases, free energy can include
different terms, such as surface energy, grain boundary energy, strain energy, chemical potential

difference between atoms in solid and in vapor, electric energy etc.. First, let’s only include
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surface tension (i.e. the free energy per area of the interface), which may depend on crystalline
orientation, and the difference in the free energy density of two phase (i.e. the free energy
increase associated with the condensation of unit volume of the solid). More terms of free

energy will be specified when certain cases are discussed later. Let ¥ be the surface tension and
g the fee energy density difference. The introduction of the solid particle into the vapor changes
the free energy of the entire system by

G= j ydA+ gV 2.1)
where A is the interface area, V the volume of the solid particle. Since the assumption that the
particle is immersed in a large mass of the vapor is adopted, g keeps constant as the reaction

proceeds.
Thermodynamics requires that the surface evolve to decrease the free energy. The surface
tension is positive and therefore strives to decrease the surface area. When the solid surface is

concave, such as a dent on a flat surface, y tends to condensation. When the solid surface is
convex, such as a hillock on the surface, y favors vaporization. The free energy density
difference between two phases, g, can be either positive or negative. When g > 0, it favors
vaporization and reduces the particle volume. When g < 0, it favors condensation and increases
the particle volume. Generally, both » and g affect surface motion. However, infinitely many

ways of surface motion can decrease the free energy. To determine the actual surface motion,
kinetic processes must be specified.

Figure 2-1 illustrates a single crystal particle immersed in a large mass of vapor phase and
the motion of the interface by mass exchange between the solid and vapor. The solid-vapor
interface is the closed surface in three-dimensions. Imagine that the interface undergoes a virtual

motion: interface moves in its normal direction as atoms are added to, or removed from, the solid;
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particle

Figure 2-1: A single particle is immersed in a large mass of a vapor. The interface undergoes a
distribution of virtual motion. The magnitude of the motion, Or, , should be infinitesimal and may vary
over the interface. Suo [11]

this small movement doesn’t need to obey any kinetic law; and the amount of the motion, which

is represented by the magnitude of the interface displacement, or,, is infinitesimal and varies

arbitrarily on the interface. Associated with the virtual motion, the total free energy of the

system varies by 0G. Define a thermodynamic force, p, as the free energy reduction associated

with a unit volume of matter deposited to the solid surface from the vapor, namely,
J' pordA=-5G 2.2)
The integral extends over the interface area. The thermodynamic force, p, has a unit of pressure

(force/area or energy/volume), and has been called driving pressure and/or driving stress.

Although the explicit expressions for p are unnecessary in this approach, it will be simply listed

for completeness and comparison.
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A linear kinetic law will be adopted. Let v, be the actual velocity of the interface in the
direction normal to the interface (i.e., the volume of atoms added to the particle per area per
time). When a structure is not far from equilibrium, namely, when the free energy reduction per
atom crossing an interface is small compared with the average thermal energy per atom, the
actual velocity, v, , is proportional to the driving pressure, p [82,97,98]. Namely,

v, =mp 2.3)
where m is the mobility of the interface. In this case, atoms in the two phases exchange at the
interface by  evaporation and  condensation, @ Mullins [14] showed  that
m= p,Q°(272M)"*(KT)™"?, where p, is the vapor pressure in equilibrium with the flat solid
surface, QQ the atomic volume, M the mass per atom, kK Boltzmann’s constant and T the

absolute temperature. Nonlinear kinetic relation has been presented by Loge and Suo [31].

2.1.2 Differential Equations

The differential equations of the surface motion listed here are followed by Ref. [11]. The
following assumptions need to be adopted in this approach: the surface tension is isotropic and
consequently the solid-vapor interface is smooth in three dimensions at a given time. In three
dimensions, a surface has two principal curvatures, which are taken to be positive for a convex

surface and negative for a concave surface. Denote the radii of these two curvatures R, and R,.

Namely, the sum of the principal curvatures is
K=—+— (2.4)

Associated with the virtual motion, or, , the interface area varies by

SA= J' Kor, dA @.5)
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And the particle volume varies by
oV = j5rn dA .6)
The integrals extend over the interface area.
When the surface tension is isotropic, the free energy in equation (2.1) becomes G = yA+ gV .
Associated with the virtual motion of the surface, the free energy varies by
OG = ySA+goV Q2.7
Replace p and p by using equations (2.5) and (2.6), giving
8G = [ (yK +g)sr,dA @.8)
Now, compare two equations (2.2) and (2.8), giving
p=-rK-g 2.9
This equation expresses the driving pressure in terms of the geometric parameter, K, and the
energetic quantities, y and g. Combine the equations (2.3) and (2.9) together, leading
vV, =—-m(yK+09) (2.10)
This partial differential equation governs the interface motion.
Herring [13] derived expressions of p when the surface tension is anisotropic and the

interface forms facets.

2.1.3 Weak Statement for Evaporation-Condensation

Energetics and kinetic law together define the dynamics of surface motion. At a given time,
the change of free energy determines the driving pressure, and the kinetic law updates the shape
for every small time step. Repeats of these steps will then evolve the surface. Now replace the

driving pressure P in equation (2.2) with the interface velocity Vv, by using the linear kinetic law

(2.3), giving
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J'V—“5rndA= -5G @.11)
m

It describes that the actual velocity of the motion of the interface, Vv, , satisfies equation (2.11) for
arbitrary distribution of virtual motion, Jr, , on the interface. This statement is referred as weak

statement of the problem.

The weak statement provides a global view regarding interface motion as a mean to release
the total free energy. Comparing to the partial differential equation (2.10), the weak statement at
least has the following advantages. First, equation (2.10) is incorrect when surface tension is
anisotropic, whereas the weak statement (2.11) can easily circumvent the difficulties of
anisotropy (even though the cases will be discussed in this thesis will focus on isotropic surface
tension). Second, weak statement doesn’t require the smoothness of surface. This merit is very
useful to deal with the problems with complicate surface shape. Another very important
advantage is that, because the problem has to be analyzed approximately in general, a partial
differential equation may not be a good starting point. The integral form of weak statement is
much easier for numerical analysis. One may find an approximate interface velocity that
satisfies equation (2.11) for a family of virtual motions (instead of arbitrary virtual motions).
Definitely, the larger the family, the more accurate the approximation. This consideration leads

to Galerkin method, which will be roughly presented in next subsection.

2.1.4 Galerkin Method
The formal Galerkin method is listed here [11] and the detail finite element procedure will be

specified for each certain case respectively.

Model the surface with n degrees of freedom, writing q,,0,,---,_,,d, for the generalized

coordinates, and ¢,,d,,---q,,.q, for the generalized velocities. For example, a sphere has one
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degree of freedom, its radius; a rod has two degrees of freedom, its radius and height; a general
surface may be modeled by an assembly of triangles, with the positions of the vertexes being the
generalized coordinates. The real coordinates of a point x on surface can also be expressed the
generalized coordinates.The free energy is a function of the generalized coordinates,
G(9,,9,:-9,,,9,), The generalized forces, f,f,,---f ,, f,, are the differential coefficients of

the free energy, namely

6G =-f,6q, - f,00, —--—f,,60,, - f,00, = _Z fioa; (2.12)

Once the free energy function is known, the generalized forces are calculated from
f, =-0G/oq; (2.13)

The virtual motion of the surface, or

n >’

is linear in the variations of the generalized

coordinates:

or = Z(n Ej&" D N,5q, (2.14)

The shape functions N, depend on the generalized coordinates. The interface velocity is linear
in the generalized velocities:
v, = NG, 2.15)
Now, substitute the above equations (2.12), (2.14) and (2.15) into the weak statement, (2.11),
giving
;Hijqjé‘qi:izfié‘qi (2.16)

where

NN
= j —iga @.17)
m
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Since equation (2.16) holds for arbitrary virtual generalized coordinates changes, oq; , the

coefficient for each q;, must be equal. Thus
ZHijq,: fi (2.18)
J

Equation (2.18) is a set of linear algebraic equations for the generalized velocities. By solving
these equations, the generalized coordinates will be updated for a small time step. The process is
repeated for many time steps to evolve into the surface. Because the matrix H and the force

column f depend on the generalized coordinate column ¢, equation (2.18) is a nonlinear
dynamical system.
The matrix H is called the viscosity matrix, its physical interpretation is evident from

equation (2.18): the element of the matrix, H, , is the resistant force in the g; — direction when

ij?
the state moves at unit velocity in q; — direction. From equation (2.17), H is depends on the

generalized coordinates but is independent on the generalized velocities or positions on the

interface. The viscosity matrix is symmetric and positive-define.

2.2 Formulation of Diffusion on Interface

This section, another mechanism of mass transportation, mass diffusion on an interface, will
be formulated. The interface may be either a free surface or a grain boundary. The diffusion
species are taken to be electrically neutral, so that only mass conservation need be enforced.
Same as evaporation-condensation, the free energy in this system may include surface energy,

elastic energy, and external work etc. The terms will be determined for each case later.



23

2.2.1 Virtual Motion, Mass Conservation and Kinetic Law

Figure 2-2 illustrates a solid surface that represents either a free surface or a grain boundary
in three dimensions. Denote the unit vector normal to the surface element by n. An arbitrary
contour lies on the surface, with the curve element dl, and the unit vector in the surface and
normal to the curve element m. At a point on the contour, m and n are perpendicular to each
other and both are perpendicular to the tangent vector of the curve at the point.

Let’s first consider two virtual motions. One of them is virtual mass displacement, denoted
as ol [99] to distinguish it from the mass flux used below. It is a vector field tangent to the
interface, such that 6I-m is the volume of matter crossing per unit length of the curve. As
before, o1 indicates a virtual motion which means the amount of mass is infinitesimal and do
not need to obey any kinetic law. Now, denote another virtual motion which is not shown in the

Figure 2-2, 6. Let o6& be the volume of matter added to the interface per unit area. These two

Figure 2-2: A solid interface in three dimensions. An arbitrary contour lying on the
surface is shown. Suo [11]
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virtual motion processes are not independent to each other. Because only diffusion involves into
the mass transportation on the interface, they must satisfy the mass conservation law.

Consider the interface area enclosed by the contour in Figure 2-2. The mass conservation
requires that the amount of mass added to the area equal to the amount of mass flowing in across

the contour. Thus,
j&gdA+§§I~mdl =0 @.19)
The first integral extends over the area of the interface enclosed by the contour, and the second

one over the contour itself. The equation (2.19) must be satisfied by any contour and the

enclosed area on the interface. Let two dimensional divergence theorem (surface divergence
theorem), §5I-md| = IV-(éI)d A, applied. Substituting it into the equation (2.19), the mass
conservation requirements then can be expressed in terms of surface divergence as the following,
05+V-(0)=0 (2.20)

Define the time derivatives of these two kind of virtual motions. The mass flux, J, is a

vector field tangent to the surface, defined such that J-m is the volume of matter crossing per
unit length of the curve per unit time. Let & be the volume of matter added to the interface per

unit area per unit time. Similar to equations (2.19) and (2.20), the mass conservation

requirements equations per unit time can be obtained
[édA+§3-mdl =0 @.21)
and

E+V-J=0 2.22)
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Let’s see what the & is. On the free surface, matter of the solid diffuses from one part of the
surface to another. Mass added to a surface element cause the element to move in the direction

toward the vacuum at the velocity v, = &. Thus, on the free surface

v,=-V-J (2.23)
Now consider a grain boundary which is in local equilibrium. The mass inserted to the grain
boundary immediately adds to either one of the two adjacent grains. Evidently, & determines
the relative motion of one grain with respect to the other. But, the grain boundary itself does not
migrate by this way. Denote the relative velocity as Av,, being positive when the two grains
recede from each other. The mass added to a grain boundary element cause the two grains to
drift apart at velocity Av, = & . Thus, on the gain boundary
L ==V.J (2.24)
Associated with the virtual motion, o1 (from discussion above, another virtual motion, & § ,
is not independent of oI), the free energy of the system varies by 6G. Let F be the free
energy reduction associated with a unit volume of matter relocating on the surface by diffusion

per unit distance, which is the driving force for diffusion. That is,

J' F-SIdA=-5G (2.25)

The integral extends over the interface. The force vector, F, is on the surface and equation (2.25)
holds for arbitrary virtual motion.
Similar to previous section, free energy change only cannot determine the mass diffusion

path. Following Herring [13], a linear kinetic law for interface diffusion is adopted,

J=MF (2.26)
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where M is the atomic mobility of diffusion on the interface. Although the mobility of
diffusion, M , may depend on the crystalline direction and vary from point to point, an isotropic
assumption is adopted in this thesis, giving,

M =QD6 /KT 2.27)

where Q is the volume per atom, D the self-diffusivity on the surface, o the effective thickness

of atoms participating in diffusion, k Boltzmann’s constant, and T the absolute temperature.

2.2.2 Weak Statement and Galerkin Procedure
Simply replace the force in equation (2.25) with the mass flux by using the linear kinetic law
(2.26), giving

_[J—éldA = 2.28)

The integral extends over all the interfaces in the system. The isotropic diffusion mobility is
adopted though; different type of interfaces (i.e. free surface and grain boundary) may have
different mobilities. The actual mass flux, J, satisfies for all virtual motions 61. Equation
(2.28) is the weak statement of diffusion on the interface. The significant difference between
interface diffusion and evaporation-condensation is that, for interface diffusion, mass
conservation they must satisfy the mass conservation requirements equations (2.19) — (2.22).

The Galerkin procedure is similar to that in Section 2.1.4. Model the surface with n degrees

of freedom, writing q,,0,, :-,d,_,,0, for the generalized coordinates, and (,,q,,---,q,_,,q, for

the generalized velocities. Following the dame procedure as in Section 2.1.4 to compute the

generalized forces f;, the virtual displacement or,, and the velocity of the interfaces v,. Now,

integral the differential equations of mass conservation requirements (2.20) and (2.22), giving
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sl =)Qdq 229)

and
J=> Q¢ (2.30)
where Q, plays the similar role as the shape functions. The detail of these functions will be

specified in later discusses. The weak statement (2.28) then can be leaded to the following

equation with viscosity matrix,
QiQ;
H, = jTJdA (2.31)

As before, by solving these equations, the generalized coordinates will be updated to evolve into
the surface. At a given time, the free energy variation determines the driving force, the kinetic
law relates the driving force to the flux, and the flux then updates the surface shape according to

mass conservation. The procedure repeats for the next time increment.

2.2.3 Differential Equations

Same as Section 2.1.2, the equivalent differential equations are presented here for
completeness.

Consider an interface which is a closed surface in three dimensions. Herring [13] defined the
chemical potential of an interface element, 4, as the increase of the free energy associated with
the addition of one atom to the element. Here, a little bit change is made, consider x as the
increase of the free energy associated with the addition of a unit volume of mass to the element

(i.e. volume of one atom, Q.). Then it gives
5G = I uSidA .32)

The integral extends over the surface.
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Apply the mass conservation law, equation (2.20), obtaining

5G =— j 1V (ST)dA

= [V (usD) = (Vi) - 5T]dA 39
Recall the surface divergence theorem, giving
5G = —jS uST-mdl + j (Vi) - STdA @.34)
Since it is a close surface, the integral on the boundary vanishes. Finally, one obtains
5G = j (Vu)-STdA @.35)

Comparing these two equations, (2.25) and (2.35), the two integrals for arbitrary distribution

of mass displacement, o1, are equal, so that the two integrands must be identical, that is
F=-Vu (2.36)

The driving force is the negative gradient of the chemical potential. As expected, mass diffuse
from an interfacial element with high chemical potential to an interfacial element with low
chemical potential.

Let’s now see what the velocity of the motion is when the mass diffusion occurs on the free
surface and grain boundary respectively.

Recall equation (2.8), it defines the free energy variation associated with adding mass on the
interface. For mass diffusion on the interface, the term of the difference in the free energy
density vanishes because all matter is in the same phase. The equation can be reformed as the

following
5G=_[(;/K +W)Sid A @.37)
where W is the energy density which may include strain energy density and electric energy

density etc. As before, the surface tension, y, is assumed to be isotropic, the sum of the two
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principle curvature, K, is positive when the surface is convex. By comparing equation (2.37)
with equation (2.32), one can obtain the chemical potential on the surface,
u=yK+W (2.38)
Substitute it into equation (2.36), giving the driving force
F=-V(K+W) (2.39)
Combine the equation (2.39) with kinetic law (2.26) and mass conservation law (2.23), finally
giving the velocity of the mass motion,
vV, = MV (yK +W) (2.40)
This partial differential equation governs the motion of a free surface when the surface tension is
isotropic.
Let o, be the normal stress on the grain boundary. To insert one unit amount of atom into
the grain boundary, the normal stress does work, varying the free energy by
5G =—j o, 0id A @.41)
Repeat the same steps as that of free surface. Consequently, the chemical potential is
U=-c, (2.42)
The driving force for diffusion on the grain boundary is
F=Vo, (2.43)
Mass diffuse on the grain boundary from an element of low normal stress to an element of high
normal stress.
Apply kinetic law (2.26) and mass conservation law on the grain boundary (2.24), giving
Av, =-MV’c, (2.44)

This partial differential equation governs the normal stress distribution on the grain boundary.
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2.3 Multiple Kinetic Processes

This section, the weak statement for multiple kinetic processes is formulated. The

formulations on the free surface and grain boundary are presented respectively.

2.3.1 On Free Surface

Consider two independent mass transportation mechanisms, mass diffusion and evaporation-
condensation between solid and its vapor, occur the same time on the surface. Same symbols as
that in Section 2.2 are used to denote the motion of diffusion on surface, such as mass

displacement o1, the mass flux J and the volume of matter added to the interface per unit area
o0&, etc. For evaporation-condensation process, denote i as the volume of matter added to the

surface per unit area by condensation. The mass exchange rate between the solid and the vapor
is represented by flux j, which is the volume of matter added to a unit area of the solid surface
per unit time due to evaporation-condensation.

Combining these two mass transportation mechanisms together, associated with the virtual

motions, the total free energy reduces by

[(F-51+p-si)dA=-5G (2.45)
The integral extends over the entire surface area participating in mass transfer. Because o1 and
oi are independent and arbitrary, the weak statement defines the quantities F and p at every

point on the surface.
Recall the kinetic laws for evaporation-condensation, equation (2.3) , and for mass diffusion,
equation (2.26), respectively, consequently, the weak statement combining of mass diffusion and

evaporation-condensation together is
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SO0 dA + J'J—(S' dA =-6G (2.46)
M m

Physically, 6§ and Ji represent independent ways to change solid shape. The shape change Jr,
relates to the two ways by
or, =0i+0o¢ 2.47)
Recall the mass conservation law, equation (2.20), giving
or, =0i—V-(3]) (2.48)
In numerical simulation, as will be clear later, it is more convenient to treat or, and JI as
independent quantities and subject i to the constraint equation (2.48). Thus,
ol =0r, +V-(3l) (2.49)
Same treatment is made for the two fluxes. Both fluxes J and j change the geometry of the
solid. Mass conservation relates the normal velocity of the surface, v, to the fluxes of the two
matter transport processes:
V. =j-V-J (2.50)
Now, treat v, and J as independent quantities and subject j to the constraint equation (2.50),
giving,

j=v,+V-J (2.51)

Substitute these two constraint relations (2.49) and (2.51), into the weak statement (2.46),

giving us the reformed weak statement,

IJ.gldA N J(vn+v-J)-[5rn+v-(51)]O|A G 2.52)
M m
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In this form, the weak statement only involves two virtual fields, or, and 61. They vary

independently, subject to no constraint.

2.3.2 On the grain boundary

Consider a grain boundary which both migrates and acts as a diffusion path. Mass can
migrates from one grain to another one, or, diffuses from surface into grain boundary and then

distributes to the adjacent grains. Let Jr, be the virtual migration of the grain boundary, o1 be
the mass displacement on the grain boundary, and G be the free energy variation associated

with the combined virtual motion. Similar to evaporation-condensation, migration exchanges
mass between solid and solid (two grains). Consequently, define the migration driving pressure

p and the diffusion driving force F simultaneously by
j(F~5I+ p-6r)dA=-5G 2.53)

The integrals extend over the grain boundary area. As discussion in Section 2.1.1, the diffusion
on the grain boundary only recedes the two grains from each other buy not change the grain

boundary itself. Thus, the mass displacement &1 and the virtual migration Jr, are independent
of each other, and the o, is associated with the actual velocity of the motion.

Replace the driving forces by the kinetic laws of the two processes, (2.3) and (2.26), giving

J-ol v,-or,
J N

dA =-6G (2.54)

where m is the mobility of migration of grain boundary and the actual migration velocity v, and

flux J satisfy this weak statement for arbitrary mass conserving virtual motion. Turnbull [97]

showed that the interface velocity is linear in the driving pressure if Qp << kT . The interface
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motion involves the same atomic process as self-diffusion on the interface. The interface

mobility m relates to the self-diffusion on the interface D by m = Q*°D /KT .

2.3.3 Mass Transportation on Multiple Interfaces

Consider an interface combining of both free surface and grain boundary. On one hand,
mass diffusion on the free surface and flow along grain boundary then distribute into two grains;
on the other hand, mass exchange between solid and its vapor on the free surface and between
two grains which causes grain boundary migration.

Simply combine the weak statement on the free surface for two processes, diffusion and
evaporation-condensation, the equation (2.52), and the weak statement on the grain boundary for

diffusion and migration of grain boundary, equation (2.54), giving

J‘ J51+(Vn+VJ)[5rn+v(5I)] dA+J J_&I_{_ﬁ dA=-6G (2.55)
M m Mg Mg

S S
The first term of integrals on the left hand side extends over the free surface area; the second

term of integrals extends over the grain boundary area. M and M, represent the mobilities of
surface diffusion and grain boundary diffusion, respectively; and m; and mg, represent the

mobilities of mass exchange on free surface and grain boundary diffusion, respectively. The free
energy on the right hand side includes any free energy of the full system, both on free surface
and grain boundary, such as free surface tension and grain boundary tension.

Equation (2.55) is the general form of weak statement which includes multiple kinetic
processes (i.e. diffusion and migration of interface) and multiple types of interface (i.e. free
surface and grain boundary) in three dimensions. Other kinetic processes can be similarly added

to the weak statement. An example is given in Appendix A.
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Chapter 3

3 Surface Evolution of Stressed Thin
Film

In the following, the well known problem, the morphology evolution of a residually stressed
thin film, is simulated. Consider a thin film attached to a substrate (Figure 3-1). Assume the

elastic strain mismatch between the substrate and film is &, such that the corresponding in-plane

biaxial stress is o, = E¢,/(1-0v), where E and v are Young’s modulus and Poisson ratio of the

Thin Film @ =F&[(1-0)

&0

Figure 3-1: A thin film on a substrate with elastic strain mismatch g,.
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thin film. Assume that the substrate is much thicker than the thin film (i.e. the thickness of
substrate is ten times more than that of thin film), thus, the stress in substrate can be ignored. For
simplicity of discussion, the assumption that the substrate has the same elastic constants as the
thin film is adopted. The instability appears then furthermore forms groove when the mass
transportations occur on the surface of the stressed thin film. Two mass transportation
mechanisms, surface diffusion and evaporation-condensation, will be considered being involved
into this case.

This chapter is arranged as following. Loading conditions will be discussed in the next
section. Then the weak statement presented in chapter 2 will be reviewed and specified.
Afterward, the surface grooves induced by surface diffusion and evaporation-condensation will
be simulated and compared with each other. The similarity and difference between them will be
discussed. The effect of the mobility ratio of two processes when they are concurrent is studied
also. Finally, the dependence of surface kinetic pathway on its initial profile is focused and

discussed. Surfaces with initial sharp cracks, sharp and semicircle notches are simulated.

3.1 Loading Condition

Figure 3-1 already shows the loading condition of this case. Since boundary element method
is used to solve the stress field, the solution of half-plane problem, e.g. combining the thin film
and substrate together, is much more accurate than that of thin film. But the discontinuous
boundary condition (i.e. the jump of strain between thin film and substrate) occurs for the half-
plane problem, which is not that good for BEM numerical implementation. To get rid of this
trouble, one can assume the substrate has the same strain as thin film, which is shown in Figure

3-2.
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Thin,Film

o,=Eg,[(1-v)

Figure 3-2: Loading condition for half-plane problem. Elastic strain mismatch g, apply to both
thin film and its substrate.

The above assumption simplifies the numerical process and makes it more accurate. But the
changes of the loading condition make the problem no longer same as the original case. The
stress fields of the whole body (thin film and substrate together) under these two loading
conditions are different from each other obviously. It is needed to be evaluated that how this
change of loading condition affects the case which is being discussed.

As shown in Figure 3-3, separate both original and replacing problems into two parts. One
part of the original problem is that a uniform stress filed applied on the thin film body and the
other part is a stress field applied on the surface of thin film. Similarly, the replacing problem
has one part of uniform stress field applied on the whole body and one part of stress field applied
on the surface of thin film. One can see that although the parts with uniform stress filed applied
of these two problems are different from each other, the parts with stress field applied on the free

surface are exactly the same. Considering our current case, surface profile evolves by surface
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o, =Egf(1-0) uniform oy

|

G=Esf1-0) uniform og

o

Criginal problem

£0

£

_|_

0 ——

ﬁ
i
Replacing problem

Figure 3-3: Both original problem and replacing problem are separated into two parts, a uniform stress
filed part and a surface stress field part. The surface stress field parts of these two problems are exactly
same as each other.

diffusion and/or evaporation-condensation. Because both mass transportation mechanisms occur
on the free surface, only the strain energy on the free surface, which is counted into free energy
of the system, is sensitive to this problem. This condition approves that the solution of the
replacing problem is reliable for the original case.

Figure 3-4 shows the loading condition used to solve the replacing problem on half of the
simulating cell. One side is fixed in horizontal direction, and the other side is prescribed a

horizontal displacement lg,, where | is the simulating cell width (i.e. the wavelength of the

sinusoidal perturbation on the flat surface), &, the initial uniform strain of the thin film and the
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Figure 3-4: The loading condition of half simulatine cell

substrate. The top surface is traction free. As mentioned above, the thin film and the substrate

have the same Young’s Modulus E and Poisson ratio v .

3.2 Formulations and Numerical Implementation

This section, the numerical scheme is described. First, the weak statement will be reviewed
and specified into two-dimensional case. The detail finite element following Galerkin procedure
then is presented. Also the calculation of strain energy density on the surface based on the

solution of the stress field solved by boundary element method will be discussed.

3.2.1 Weak Statement in Two Dimensions
Recall the general weak statement in three dimensions, equation (2.55). Since the current
case being studied only occurs on the free surface and involves two mass transportation methods,

surface diffusion and evaporation-condensation. The weak statement then becomes
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J-51 (v, +V-J)or, +V-(51)]
-[{ M " m

}dA =-0G @3.1)
The integral extends over the surface area.

Consider the half plane problem. The solid is invariant in one direction, and its shape change
can be studied in a cross-section perpendicular to that direction. In the cross-section, the solid is

represented by an area and the surface by a curve. The weak statement for this two-dimensional

problem without grain-boundary diffusion involved becomes

I { 31, (v, +33 /as)sr, +6(5T)/ 5]
M m

}ds =-6G 3.2)

The integral extends over the curve which represents the surface. The virtual mass displacement
associated with surface diffusion, 61, is the volume of atoms crossing a unit length curve
segment in the thickness direction.

Consider the residually stressed thin film in this case. Since the residual stress is caused by
the mismatch strain between thin film and substrate, there is no work done by the external load.
The total free energy of the solid body includes surface tension y and strain energy. Assume
there is no chemical energy difference associated with depositing unit volume of mass on solid

phase from vapor, when the solid is flat and stress free (i.e. g =0). The total free energy of the
system is

G= _[;fdA+ dev

surface solid body

(3.3)

where W is the strain energy density. The first term of the integral extends over the surface area
and the second term of the integral extends over the solid body. Consequently, in two-

dimensional case, the free energy change due to the virtual motions is
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5G :jyé(ds)+jwﬁrnds 3.4)

3.2.2 Finite Element

As stated above, the weak statement demands that the actual fields J and v, , satisfy

no»
equation (3.2) for all virtual motions. To obtain an approximate solution of J and v,, one

relaxes this demand. Instead of requiring that equation (3.2) be satisfied for all virtual motions,
one requires that equation (3.2) be satisfied for a family of virtual motions. A finite element
method is one way to implement this idea. Let’s recall and detail the Galerkin procedure in the
following. Because the weak statement requires low order differentials only and does not have
the requirement of smoothness of the surface, the curve is modeled by an assembly of straight
segments. For example, a particle is modeled by a polygon of many sides. Each segment is an
element, and two neighboring elements meet at a node. The motions of the nodes constitute the
family of virtual motions. In principle, the length of each element is arbitrary, and different
elements can have different lengths. In practice, short elements are placed where a curved object
is of interest and long elements are placed elsewhere to reduce computation time.

Figure 3-5 shows one element, with two nodes at the positions (x,,y,) and (x,,y,). The
element has length | and slope & ; the local coordinate, S, is measured from the middle point of

the element. When the two nodes change positions by (5x,,3Y,) and (5x,,5Y, ), the element

remains to be straight, elongating, translating, and rotating, according to the nodal position
changes. Consequently, at points the element moves in the normal direction by distance
or, =N,0x, + N,oy, + N;ox, + N,0Y, (3.5)

with the interpolation coefficients being
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Ay

Figure 3-5 : A straight line element.

(3.6)
N, = l+E sin @ N4:—l+E cos@
2 | 2 |
And the element length changes by
ol =—cosbox, —sin@oy, + cosoX, +sinboy, 3.7

Similarly, when the nodes move at velocities (X, ,) and (X,,,), at points the element
moves in the normal direction at velocity

v, =N X, + N,y, + N;X, + Ny, (3.8

For the other independent virtual motion, mass displacement o1, let 61,, 61, and o1, be

the virtual mass displacements at the two end nodes and the mid-point of the element.

Interpolate the mass displacement at point S on the element by
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o1=Q,0l, +Q, o1, +Q,o1, (3.9

with the interpolation coefficients being

Q =|§($—1j, Q =|3($+1} Q. =1—[$j 6.10)

The same interpolation is used for the flux J. Let J,, J, and J, are the fluxes at the two end

nodes and the mid-point of the element, the flux at point S on the element is given by

J=QJ,+Q,J, +Q,J, (3.11)
In summary, each element has seven degrees of freedom, includes four degrees of freedom

(6%,,8Y,,5%,,0Y,), to describe the motion of the element and three degrees of freedom
(511,612,5Im) to describe the mass diffusion on the element. For each surface element, the
generalized coordinates q° is, namely
=k v L x, v L LJ @3.12)
Consequently, virtual changes in the generalized coordinates 5q° is
5q° =[6x, 8y, &1, 8x, Sy, oL, SI.[ (3.13)
and the generalized velocities ¢° is
=k v L x ¥ L L] (3.14)
For each element, the integral over the surface in the weak statement (3.2) gives a bilinear form
e \7 e~€
(69°) Beq® = -5G (3.15)

where H° is a 7 x 7 matrix, the components of which are given in the Appendix B.

The right-hand side of the weak statement (3.2), G, is a sum over all the elements. Assume

f© is the column of driving forces associated with the generalized coordinates of one element.

Because free energy varies as the shape varies, only the driving forces associated with the virtual
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motions of the coordinates, (5X,,5Y,,5X,,5Y, ), are used. No driving forces are associated with
(5 I,,01,,01, ) Thus, for one element, the free energy reduction of the element with the virtual
motion is
-0G = fox, + f,0y, + f,0x, + f,0Y, (3.16)
The corresponding generalized driving forces for one element is
fe=[f, f, o f, f, 0 Of @3.17)
The detail factors of the driving force column are presented in Appendix C.
Assemble all the nodal velocities and fluxes into a column ¢, and the corresponding virtual

movements and mass displacements into a column 6q. Assemble all the nodal driving forces

into the column f and arrange their sequence such that —8G =6q' f . Sum over all the
elements, equation (3.2) becomes
(69)"Hg = (5q)" f (3.18)
The matrix H is assembled from the contributions of all the elements. Equation (3.18) holds for
any virtual motion 6q, so that
Hg=f (3.19)
H is called the viscosity matrix. The components of the viscosity matrix H and force vector f
depend on generalized coordinates (.
Consequently, equation (3.19) is a set of nonlinear ordinary differential equations that govern
the generalized coordinates as a function of time. The equation (3.19) shows that the velocity
direction usually differs from the direction of the generalized force, i.e., gradient of free energy.

Equation (3.19) is integrated numerically to evolve the surfaces.
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3.2.3 Calculation of Strain Energy Density and Numerical Algorism

Strain energy density at solid surface is needed to be calculated the force vector in equation
(3.19). Due to the advantage of Boundary Element Method (BEM) discussed earlier in Chapter
1, BEM (e.g. [100, 101]) is used for obtaining the strain energy density on and/or near to the free
surface. In Appendix D, the brief description of BEM is presented for completeness of this
thesis. Another advantage of BEM is that both BEM and the equation for surface evolution,
equation (3.19), are formulated on solid surface. No calculation of internal stresses or
displacements is needed. Since mechanical equilibrium can be established instantaneously
compared to the rate of surface evolution, an assumption that thin film solid is always in
mechanical equilibrium when its surface evolves is adopted. Thus, stress field can be solved
independently by using elasostatics for any given surface configuration at any given moment.

After solving equations in BEM, the displacements and tractions along the solid boundary
have been obtained immediately. In order to calculate the strain energy density along evolving
surface, other stress components are also needed. Theoretically, these stress components can be
obtained by integrating displacements or tractions with corresponding kernel functions along the
boundary. However, due to the singularities of the integration kernels, such approach would
generate large numerical error near surface [100]. Follow [100], in this work, all unknown stress
components are calculated by using local displacements at the surface. The idea is as follows.

Consider a local coordinate at a point on the solid surface, with X, — axis in the normal direction,
and X, — and X, — axes in two tangential directions. The traction components are o, o,, and
0, , which are known either from boundary condition or the solutions from BEM. By using the
displacements at neighboring points, one can calculate their derivatives with respect to X, — and

X, — axes, to obtain the in-plane strains, ¢, €,, and &,,. Thus, the corresponding in-plane
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stresses, o,,, 0,, and o,,, can be calculated from generalized Hook's law. Knowing all the
stress components, the local strain energy density along surface then can be calculated. In the
simulation, quadratic elements in BEM are used for stress and strain energy density calculation.
Let’s simply describe the numerical algorism here Figure 3-6 shows the flow chart of the
algorism. Imagine at the time t in a simulation. The current surface configuration was solved
from last time step and one want to know the configuration after a time increment At. First,
solve the stress field under given boundary conditions and current geometry by using BEM.
Then by using the current generalized coordinates, calculate viscosity matrix H and force vector
f in equation (3.19). By solving equation (3.19), get nodal velocities, which are integrated
over a small time step using Runge—Kuta method to get surface configuration and/or new

boundary conditions after one time step. Repeat the procedure to evolve the surface.

3.3 Morphology Evolution with Small Perturbation on Surface

3.3.1 Surface Grooving due to Surface Diffusion

Assume surface diffusion is the only mass transport mechanism to induce surface

morphology change. For a small sinusoidal perturbation of wavelength |, the perturbation

[+At
t {

Solve Stress field Solve Get surface
with given B.C.s generalized At configuration and
and current e 110l —p- new boundary

g Runge-Kuta i =
geometry by velocities method condition for the
using BEM by FEM integration next time step

|

Figure 3-6: Flow chart of the numerical algorism.
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waviness will either grow or decay. Denote A as a dimensionless loading parameter,

_(1=v)ogl
Ey

A (3.20)

to represent the competition between strain energy reduction and surface energy increase
associated with surface roughening. From linear stability analysis [38], for an initial small
sinusoidal perturbation, when the groove depth d, which is the height difference between the

peak and valley of the waviness, is much smaller than the wavelength, i.e. d/I << 1, one have

d=d, exp(A - ljtﬁ, (3.21)
T

where d, is the initial groove depth and tf is the normalized time for diffusion process,

d 27 !
tN = M]/ |_ t 3.22)

From equation (3.21), the perturbation will grow when A is large than 7.
The above analytical result is used to check our numerical code. Comparing the unit of the
two integral terms in the weak statement (3.2), one can observe that the unit of mobility of

surface diffusion M is the same as the mobility of evaporation-condensation multiplies second

order of length, i.e. ml7. | here is a representative length in a problem. The dimensionless
ratio ml7/M measures the relative rate of surface diffusion and evaporation-condensation.
When ml / M << 1, the effect of evaporation-condensation is negligible on processes occurring
on the length scale |, and any length scales smaller than |,. In our numerical simulation, the
cell length | is chosen as the representative length and a very small number (1 0_6) is assigned to

ml? / M to ensure mass conservation in the surface diffusion process and ignore the evaporation-

condensation process.
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In Figure 3-7, groove depth as a function of normalized time, t{, for five different values of

loading parameter A is plotted. The dots are from our numerical simulation and the solid lines
are from the analytical solution, equation (3.21).

In the two cases of groove depth decaying, A =1 and A =3, d/I is always very small, so

the numerical results perfectly match the theoretical prediction by equation (3.21). The
numerical results for other three unstable cases, A=4, A=5, and A =9, agree well with the
theoretical results at small groove depth, but diverge quickly when grooves are close to cusp-
shape. The cusps can further deepen, until local stress is large enough to cause de-cohesion
cracking [54]. The results show that from initial small perturbation to forming cusps, most of

evolution time is spent on the stage of small groove depth. When the load increases, the surface

0.25

0.2

0.15

0.1

0.05

Normalized Groove Depth 4/1

0 2 4 4] 8
Normalized Time t,9=(2x/*Myt

Figure 3-7: Groove depth vs. normalized time for surface diffusion induced grooving. The dots are from
numerical simulations and solid lines from linear stability analysis.
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forms cusps in shorter time, and the cusps are more localized, with major shape change near the
grooves. All the above simulations start from the same initial small sinusoidal perturbation,

withd,/l =0.02. The time sequences of surface profile of morphology evolution for two

unstable cases, A =5 and A =9, are shown in Figure 3-8 and Figure 3-9, respectively. The

surface forms localized cusp in very short time for A =9 and a relative longer time for A =5.

3.3.2 Surface Grooving due to Evaporation-Condensation

If surface evolution is only governed by the process of evaporation-condensation, from linear

perturbation analysis, when groove depth is very small (d/l <<1), it also follows equation

0.25
0.2 4 Normalized Time td=(2n/)* Myt A=S
0.15 +
0.1 ¢ t,9=0, 1.1978, 2.1761, 2.4196, 2.5434
0.05 ¢

<
= 0
-0.05
-0.1
-0.15
0.2 +
-0.25 : : : -
05 03 0.1 0.1 0.3 0.5

XA

Figure 3-8: Surface profiles of morphology evolution caused by surface diffusion (A= 5).
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Figure 3-10: Groove depth vs. normalized time for evaporation-condensation induced grooving.
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(3.21), but with the different normalized time,

. 27\’
t& =my T t (3.23)

As a comparison to Figure 3-7, Figure 3-10 plots the groove depth versus normalized time ty,

from our simulation results. It has the same general trend as in Figure 3-7. However, under
same load level, the depth of groove at the time when sharp-tipped cusp forms is larger than that
in surface diffusion controlled surface grooving, shown in Figure 3-7.

The time sequences for surface morphology evolution profiles are given in Figure 3-11 and
Figure 3-12 for the cases of A =5 and A =9, respectively. Though there is no chemical energy
difference, ¢, between the solid and its vapor, they still exchange mass from each other due to

the effects of stress and curvature. The surface not only changes shape but also the overall
position because mass is not conserved in the solid. The surface profiles first approaches to a
nearly steady shape at which the solid body loses mass evenly over the entire surface. Later, the
solid loses mass preferentially at the groove root and a cusp finally forms. Compare with the
surface evolution shown in Figure 3-8 and Figure 3-12 under the same load, surface profile
change due to evaporation-condensation is more global than that controlled by surface diffusion,
which generates a localized groove. When cusp forms, the groove depths in the evaporation-
condensation controlled cases are 0.27] and 0.191 for load A =5 and A =9, comparing to
0.17l and 0.13l in surface diffusion cases. Of course, the above two numbers depend on the
stop criterion used in simulation, but the general conclusion is that surface cusp generated by

evaporation/condensation is wider and deeper than that by surface diffusion.
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Figure 3-11: Surface profiles of morphology evolution caused by evaporation-condensation (A= 5).
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Figure 3-12: Surface profiles of morphology evolution caused by evaporation-condensation (A= 9).
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3.3.3 Concurrent Surface Diffusion and Evaporation-Condensation

In the above two cases, surface evolution is governed by either surface diffusion or
evaporation-condensation. The program, based on the weak statement, equation (3.2), can

naturally deal with concurrent surface diffusion and evaporation-condensation or deposition. In
this section, several cases with different mobility ratios ml? / M , but same load, A =5 have been
simulated. From equations (3.22) and (3.23), there are two characteristic times,
r,=1"/2n)*My (3.24)
for surface diffusion and
r, =1?/2x)*my (3.25)
for evaporation-condensation. Two characteristic times are same whenml® /M =39.5.

For comparison, Table 3-I shows the dependence of cusp forming time, normalized by 7,

and 7, respectively, on the mobility ratioml? / M . Although in theory, it does not matter how

the time is normalized, but numerically, when two characteristic times are much different, as in

Table 3-I: The dependence of cusp forming time on the mobility ratio of evaporation
and surface diffusion.

Normalized Cusp Forming Time

ml? /M

ty =t/ tt=t/r,
10°° 2.543 6.4x107°
0.1 4.374 0.011
10 5.151 1.305
100 0.807 2.043
10* 0.014 3.463

10° 1.4x10™ 3.513
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the cases in Figure 3-7 and Figure 3-10, the smaller characteristic time has to be used to

normalize time, to ensure enough resolution in time. Table 3-1 shows that the cusp forming time
is about several r, when ml>/M <100, and about several 7, when mI>/M >10. To avoid

numerical errors, in the simulations, the time in the first three cases in Table 3-1 are normalized

by surface diffusion characteristic time 7, and the time in the last three cases are normalized by

evaporation-condensation characteristic time 7, .
Figure 3-13 plots the groove depth as a function of normalized timet{, which is normalized

by characteristic time 7, , for the cases which are dominated by surface diffusion. The mobilities

ratio range is m1> /M, <10. From Figure 3-13, when surface diffusion mobility is fixed, but

0.45
04
0.35
03
0.25
02
0.15
0.1
0.05

0 - . . ' .
0 1 2 3 4 ) 6

Normalized Groove Depth &4

Nomalized Time &?=(2r/1)*Myt

Figure 3-13: Groove depth vs. normalized time for grooving due to concurrent surface diffusion and
evaporation-condensation. Surface diffusion dominant, m|* / M =10"°,0.1,10.
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evaporation-condensation mobility increases, surface forms cusp slower and the groove depth
when cusp forms is deeper. The results can be explained by the surface profiles in Figure 3-8
and Figure 3-11. When surface diffusion is the only mass transport process, because the gradient
of chemical potential at the surface is greater near to groove than at peak, the mass removed from
the bottom of groove tends to build up near to the opening of the groove, making the groove
more localized. When evaporation-condensation is in effect, it smoothes the mass build-up at the
groove opening, reduce the stress concentration at the bottom of the groove and the driving force
for groove deepening. The shape change of the surface becomes more global. To have the same
stress concentration at the bottom, the groove needs to be deeper than that generated by surface
diffusion alone. Thus, when the mobility of evaporation-condensation increases, the time to
form cusp becomes longer and the corresponding groove depth increases. But, according to the
time normalization and the normalized cusp forming time shown in Table 3-1, when evaporation-

condensation is in dominance, the time to form cusp decreases when the mobility of evaporation-

condensation increases. Figure 3-14 shows the groove depth versus normalized time ty, which
is normalized by characteristic time 7, , for evaporation-condensation dominant cases. The
mobilities ratio range is ml? / M >100 . Again, larger evaporation-condensation mobility

corresponds to larger groove depth when cusp forms. The differences between the cases of

ml? /M =10* and mI*>/M =10° are negligible, indicating surface diffusion can be ignored when

ml?/M >10*.
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Figure 3-14: Groove depth vs. normalized time for grooving due to concurrent surface diffusion and
evaporation/condensation. Evaporation/condensation dominant, M|’ / M =100, 10*,10°.

3.4 Dependence of Surface Evolution on Initial Profile

In this section, only consider surface evolution caused by surface diffusion has been
considered. The qualitative results presented in this section also hold for evaporation-

condensation cases.

3.4.1 Saddle Point
As shown in equation (3.19), after discretization, surface evolution is governed by a set of

non-linear ordinary differential equations. As a dynamical system, its phase space is formed by
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all its generalized coordinates. As pointed out by Yu [57], the state of a stressed flat surface is a
saddle point in the phase space formed by all the surface configurations.

A residually stressed flat surface is a steady state since it remains flat if there is no
fluctuation or external perturbation. However, from linear instability analysis, one knows that it
is not a stable energy minimum state since the surface may groove with very small perturbation.
Of course, it is not an energy maximum state, either. Imagine there is a small crack on the
surface. Compare with flat surface under same remote stress, the extra surface energy in the
cracked surface is proportional to the crack length, a, while the strain energy difference is
proportional to the square of the crack length, a>. Obviously, there is competition between the
surface energy and strain energy. Thus, if the crack is small enough, the free energy of the
surface with crack is larger than that of a flat surface; whereas, the free energy of the surface
with crack is less than that of a flat surface.

Figure 3-15 [57] shows a two dimensional phase diagram, used to illustrate some general

features of a system evolving around a saddle point. In the figure, X, = 4,X,, X, = 4,X, with

X7
A

»)
wi{

//’

Figure 3-15: A saddle point in a 2D dynamical system. Yu [57]
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A, >0 and 4, <0. O is the saddle point. If starting from the initial point A, the system first

approaches the saddle point, and the distance to the point O decreases; but, when it passes
certain point, the distance to the saddle point increases again, and the system is turned away from
the point O . If the system starts from point B, it is turned away from O immediately, and the
distance to the point O increases monotonically. Let r be the distance to the point O, giving
dr?/dt = 2(4, %} + 4,%3) (3.26)
The system evolves very slowly when its trajectory in phase space is close to the saddle point,
thus the evolution path could spend very long time in the neighborhood of the saddle point O.
This section shows that the morphology evolution of a stressed surface due to surface
diffusion has the above general feature of a saddle point, explore the dependence of morphology
evolution on the initial state of surface and discuss the implications in morphology control.
Similar study has been done for crack nucleation from a single notch due to stress dependent
reaction [57]. In that study, solid surface was represented by a family of curves using a complex
conformal mapping. The kinetic pathway was thus limited to some specific group of curves. In
this study, only surface diffusion is considered, a more general method, finite element method,
which can describe any surface shape, is used, and thus the general conclusion derived from
lower dimensional models for surface reaction [57] is proved that it still holds for surface

diffusion case.

3.4.2 Evolution Possibilities with Initial Crack on Surface

Figure 3-7 shows that for a given stress level, when wavelength is large enough, making the
loading parameter A > 7, a sinusoidal perturbation grows and finally surface forms cusps. For a
period infinity surface, one can always find a wave length | make loading level, A , greater than

the critical value 7. What will happen if there are sharp cracks on the surface in the beginning
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and the surface is subsequently annealed? Will the stress concentration near crack facilitate
surface diffusion and further deepen the cracks or the cracks be healed due to annealing?

From elastic fracture mechanics, when energy release rate of a crack is larger than fracture
toughness, the crack will propagate. Under annealing, a crack with energy release rate smaller
than fracture toughness can be partially healed, driven by the reduction of surface energy.

Consider a surface with periodically aligned surface cracks of same size a (See Figure 3-16).

The distance between two neighboring cracks is | . If a > 31/14, the energy release rate is about
o’1/E [102]. The fracture toughness for brittle material is 2 . When the crack sizea > 31/14,
the critical normalized load for crack propagation is A, = (ol / E;/)C =2, lower than 7, which

is the critical normalized load for inducing surface instability from a flat surface. Hence, for

a > 3l/14, any load that can induce surface instability can drive the cracks propagating. Even
A < 7, since the critical normalized load is A, =2, the crack still will propagate till fracture if

A>A,=2. If A<A_, for this periodically aligned infinity surface, the crack will heal at the

I-:I--
-I-!I--

Figure 3-16: a surface with periodically aligned surface cracks of same size a
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beginning, then grow with larger period length which makes the adjusted normalized load

A >A,. When a<3l/14, the energy release rate at crack tip is about 3 ~ 402a/E [102],

c

which is independent of the period length | . Let’s adopt the lower end of the energy release rate

range as the critical value and note A* =c’a/Ey . Thus, the critical load is A% =2/3.
Obviously, the crack will propagate till fracture when A* > A% =2/3. When A® < A% and

A > 7, the cracks will heal at the beginning, then grow with same period length. When A* < A%

and A <z, the cracks will heal at the beginning, then grow with larger period length. Generally,
the cracks will always grow either with the same period length when the load is big enough or
with a larger period length when the load is relative small; either grow immediately or heal
firstly and then grow. In the following, the case in which the cracks heal first and then grow

with same period length is focused on.

3.4.3 Surface Profile Evolution with Initial Crack

Always, one could find a load that satisfies, A* <2/3 and A > 7, so that the cracks could be
healed at the beginning under surface diffusion, according to Griffith fracture theory, but it will
not evolve back into perfectly flat surface, according to linear stability analysis. How will the
surface evolve?

Figure 3-17 shows surface profile evolution with initial crack size, a/l =0.1 and A =5.

Thus, A* =0.5. Since the initial energy release rate is smaller than the fracture toughness 2y ,

the crack tip recedes and the crack is healed in the beginning due to annealing induced surface
diffusion. The groove depth drastically decreases, the surface becomes smoother and slightly
curved, and however, it does not return to and keep at a flat surface since it is unstable when

A > 7. The surface stays near flat for quite a long time, due to small driving force close to the
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Figure 3-17: Surface profiles of morphology evolution from initially cracked surface (A= 5, a/I=0.1 under
surface diffusion).

so called saddle point. Then a new type of surface groove, with smooth varying surface profile,
slowly develops. The groove depth gradually increases then. The bottom of the groove
gradually re-sharpens, and eventually cusp with sharp tip forms. The overall surface profile,
when cusp forms, looks much different from the beginning, though both having sharp tip at the
root of groove or crack. The evolution of the surface is analogy to the initial point A in the
dynamical system in Figure 3-16. It first approaches steady state saddle point, the flat surface

state, evolves slowly near it, and eventually is driven away. Comparing two surface profiles at

tg =0.096 and tg =0.47, the latter one, almost flat, is smoother than the first one, however, it

takes shorter time to form surface cusp.
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Figure 3-18 shows groove depth versus normalized time for surfaces evolution starting from
four different initial surface configurations, all under the same normalized load, A =5. The
dashed line corresponds to surface starting from a small initial sinusoidal

perturbation, d, /l =0.02, copied from Figure 3-7. The other three cases, in solid lines, start
from surfaces with either notch or crack, having initial groove depth d,/l =0.04. Though the

surface with small sinusoidal perturbation looks much smoother than the other three cases, and
has smallest initial groove depth, it takes shortest time for the film to form cusps. The groove
depth increases monotonically, similar to the dynamical system in Figure 3-16 starting from

initial point B. The surface is immediately driven away from flat surface state.

0.35
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0.25 1
—

0.15 1

=
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-
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0 2 4 B 8
Normalized Time t,9=(2x/)*Myt

Figure 3-18: Groove depth vs. normalized time for surfaces evolving from different initial configurations
(A= 5, under surface diffusion)
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The evolution of surface starting from initial sharp or semicircle notch is similar to the one
with initial surface crack. Groove depth decreases drastically in the beginning, stays near
constant for some time, then gradually increases, until finally diverges in short time. Among
four curves in Figure 3-18, the surface with initial surface crack takes longest time to form cusp,
with initial sharp notch the next, followed by semicircle notch case, and the one which is very
close to a perfectly flat surface takes the shortest time to form cusp. The results show that
surface with localized surface defects or excessive surface area could delay the development of
surface instability. All the three cases are analogy to the dynamical system in Figure 3-16 which

starts from point A.
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Chapter 4

4 Stress Relaxation of Thin Film due to
Mass Diffusion

Still consider a two dimensional system, a residually stressed thin film with traction free
surface on its substrate. Additionally, in this case, assume the thin film is combined of multi
grains with uniform grain size and thickness. Figure 4-1 shows the schematics of stressed multi-
grain thin film with free surface. The thin film is under remote stress o which is generated by

the mismatch strain between the thin film and its substrate. | is the grain size and h is the grain

Surface Diffusion

Go =Eed(1-V) L =
- [T e ge=Eed(1-9)
— ﬂ{‘ ‘ ———
1 ! !
EO ——— !\\ /li i ! ‘_i = 80
LN HE
= | Grain Boundary | i ——
Diffusion
Subsfrte 2

Figure 4-1: Schematic geometry of stressed thin film under surface and grain boundary diffusion.
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thickness. 7, and y,, are the surface energy and grain boundary energy, respectively. As

mentioned in Chapter 1, the residual stress can be partially relaxed by several mechanisms such
as cracking and/or delamination [59 - 62], dislocation [63, 64] and diffusional creeps [65 - 68].
Assume that, the mass transport along the free surface and grain boundary by diffusional
progresses only, thus, there are two ways to relax stress in thin film. One is by the change of
surface profile due to surface diffusion or reaction, as demonstrated in our previous simulation
[Chapter 3 and Ref. 69]. The other is by diffusion of mass into grain boundary from the free
surface when the film is under tensile stress or out of grain boundary to free surface when the
stress is compressive. The assumptions that there is no migration or sliding of grain boundary
and the inserted mass at one grain boundary join the two neighboring grains evenly are adopted.
This chapter is arranged as following.  Review the formulations and numerical
implementation in the next section. Then, simulate the model problem, a strained thin film with
initially flat free surface, to show surface morphology evolution and normal traction relaxation
along the grain boundary. Focus on the effects of surface profile on stress relaxation by
comparing the results of simulations under different surface-grain-boundary energy ratio.
Finally, fit the experimental results by the simulation results and determine the surface and grain

boundary diffusivities.

4.1 Formulations and Numerical Implementation

4.1.1 Weak Statement and Free Energy

Recall the general weak statement in three dimensions, equation (2.55). Consider only two
mass transportation methods, surface diffusion and grain boundary diffusion involved in, and

there’s no migration of grain boundary, giving the weak statement,
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I{JMM L, +V.J)[rirn + v-(51)]}dA+I{JMZI}dA: 56 @

S S
The integral of the first term extends over the free surface area and the integral of the second
term extends over the grain boundary area. Using the same loading condition as that in Chapter

3, thus, in this half plane thin film problem, the two-dimensional version of weak statement

becomes

i {\]Mél L (v, +al /as)[irn + 6(51)/63]} s+ | WL, <o 42

S S

gb
The first term of the left side is combined of surface diffusion and evaporation-condensation, and

the second term is for the grain boundary diffusion. Same as before, let the dimensionless group

m,l, /M be a very small number to make the evaporation-condensation process on the surface
negligible. Also, choose the grain size | as the representative length |, .

Consider this two dimensional system, a residually stressed thin film with traction free
surface (see Figure 4-1), the total virtual free energy changes due to virtual motion caused by

surface and grain boundary diffusion is

5 = 5{ jysds} + [words+ 5{ jygbdyJ + [wolug1dy - [y, 5lug,1dy @.3)
g.b. g.b. g.b.

Surface surface

where y, and y, are surface tension and grain boundary tension, W the strain energy density,
or, the virtual normal displacement of free surface, o, the normal stress on grain boundary.

When mass flows into grain boundary, the atoms at the original grain boundary are pushed to the

two sides. Assume [Ug] the separation of the original grain boundary caused by the mass

insertion and o[Uy] is the virtual separation due to the virtual mass insertion. From mass
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conservation law, equation (2.20), one has o[u,]=-V -5l , thus, equation (4.3) can be revised

gb >

as

&G = 5( IySdSJ+ jwérnds + 5[ I79bdyJ_ J'wV-(cSlgb)dy + J'agb V~(§Igb)dy 4.4)
Surface surface g.b. g.b. g.b.

The first four terms at the right hand of equation (4.4) are all due to free surface configuration
and grain boundary change. Although there is no external work done by the load, there is still
the fifth term which is the strain energy reduction due to the negative work done to the original

grain configuration by mass insertion. Usually, W << o, at the grain boundary and the fourth

term can be ignored.

The stress field associated with strain energy density w and the normal stress o, on the

grain boundary in equation (4.4) is still generated by pre-descript displacement on the grain
boundary and solved by BEM [100, 101]. Use the same line element and finite element
procedure as that in Chapter 3. But the viscosity matrix for grain boundary diffusion is not 7 x 7
but 3 x 3 matrix. The components of the element viscosity matrix for grain boundary is listed in
Appendix E.

The algorithm is similar to our previous work [69] and last chapter (see Figure 3-6). The
difference is that there is not only the surface configuration but also the boundary condition
changes after each small time step. See Figure 4-2 and imagine at the beginning of a new time
step in a simulation. The current surface configuration was solved from last time step. Solve the
stress field under given boundary conditions and current geometry firstly. Using the current
generalized coordinates, viscosity matrix H and force vector f in equation (3.19) are calculated.
By solving equation (3.19), nodal velocities, which are integrated over a small time step using

Runge-Kuta method to get surface configuration after one time step are obtained. Besides, a new
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Figure 4-2: a) Original boundary conditions b) Mass insertion along grain boundary c) New Grain
boundary for next time step

boundary condition for the next time step is obtained. Since the mass inserting into the grain
boundary, there is an inelastic deformation along the grain boundary which has contribution to
the pre-described displacement on grain boundary. Repeat the procedure to evolve the surface

and stress relaxation.

4.1.2 Natural boundary conditions and controlling parameters

In Ref. [76, 77], the continuity equations at the junction of grain boundary and surface are
needed to solve the differential equations. In the current integral formulation, such conditions

are automatically satisfied. Using mass conservation law, du, = -V -J1, and geometric relation,
0(dA) = xkdu,dA, in which « is surface curvature, then integrating by part, equation (4.4) can be

rewritten as

&G = [V-(W+y,x)d dA- [V 0,004, dA+ (27, cosg—yb)é'uit +(y K +o)A g 45
aQ g.b.

in which &u; is the virtual displacement at the triple junction and é];b is the virtual mass

displacement in or out of the triple junction. Combine the above equation with the weak
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statement, equation (4.2), and use the fact that all the virtual variables in the above equations are
arbitrary and independent, the differential equations used in Ref. [76, 77] and the boundary

conditions at the triple junction can be derived,
0
2y, COSE ~ V=0 (4.6)

}/SKt + O'rt] =0 .7

These two equations show that in our integral formulation, local equilibrium condition, equation

(4.6), and the continuity condition of chemical potential, equation (4.7), are natural boundary
conditions and do not need be manually prescribed in our integral formulation.

Combining weak statement, equation (4.2), and free energy variation, equation (4.4), and

normalizing everything by the grain size |, grain boundary energy y,, and the plane modulus

E , one can get the following dimensionless controlling parameters: surface/grain-boundary

energy ratio y =y, /7, initial grain thickness/size ratio h, = h, /1, initial normalied stress level
G, =0, /7, and initial normalized strain energy W, = o,1/Ey,. Wherey,, h, and o, are

surface energy, initial grain boundary height (grain thickness) and initial normal stress along

grain boundary, respectively. Also, another parameter of mobility ratio A=M /M, is used to

determine the time scale.

Finding the characteristic time is very important in time normalization and determining the
size of each time step in numerical simulation. Let’s first consider two limiting cases: case one,
surface diffusion is very fast, so that stress relaxation is limited by the rate of grain boundary
diffusion; and case two, grain boundary diffusion is very fast, so that stress relaxation is limited
by the transport of mass along the surface. From simple analysis, it can be shown that the

characteristic time for the first case is
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4h02L
T — 5. . = 4.
P 2’ME “-8)
and that of the second case is
. h, L2 @9)
* ’MGE .

Each characteristic time is directly related to the mobility of the rate limiting process. For the
convenience of comparing with the previously published results by others [77], numerical pre-

factors are included.

4.2 Stress Relaxation and Surface Morphology Evolution

4.2.1 Free Surface Cases
In the following, the results from the simulation of stress relaxation and surface evolution on
a residually stressed thin film are presented. The boundary conditions used to solve the surface

evolution are given in Figure 4-3; mainly, the horizontal displacement along the grain boundary

(LI LLEERTTTLTIT 3

>

Figure 4-3: Boundary Conditions used to solve the surface evolution.
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is prescribed. Assume the initial in-plain strain mismatch between the substrate and film is ¢,.
It corresponds to an in-plane biaxial stress o, = E¢,/(1—v). For simplicity of discussion,
assume the substrate has the same elastic constants as the thin film. In the simulation, quadratic
elements in BEM for stress calculation and linear element in FEM for calculation of surface
morphology evolution and grain boundary diffusion are used.

In Figure 4-4, the normalized average normal stresses &, /o, along the grain boundary are
plotted as a function of normalized time t, =t/7, at several different values of mobility ratio A.

o is calculated by the following equation,

_ 1 ¢h
Gy = F-[O oy dy (4.10)

where h is the current height of the grain boundary. Figure 4-4 shows that, all the curves for
mobility ratio A>0.5 are almost the same. Since large A means relatively fast surface
diffusion, the results indicates that the stress relaxation is limited by grain boundary diffusion
when mobility ratio A>0.5. These can be called as grain boundary diffusion controlled

processes. In Figure 4-5, time is normalized by another time scale 7, defined in equation (4.9).

The dash line is from Zhang and Gao [76] for the second limiting case in which the grain
boundary diffusion is so fast that once mass is inserted into grain boundary it will be
immediately redistributed to reach minimum potential energy. Figure 4-5 shows that for
A <0.01, the stress relaxation is limited by surface diffusion. Obviously, surface diffusion
controlled process occurs whenA <0.01. Combine Figure 4-4 and Figure 4-5, concluding that

surface diffusion and grain boundary diffusion are fully coupled for 0.01<A <0.5. Other

parameters in these casesarey =1, h =1, g, =100 and W, = 0.01.
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Figure 4-5: Stress relaxation of thin film with free surface under several different mobility ratios. Time
normalized by Tgp which defined in Equ. (4.8).
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Figure 4-5: Stress relaxation of thin film with free surface under several different mobility ratios. Time
normalized by Tgo which defined in Equ. (4.9).
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Figure 4-6, Figure 4-7 and Figure 4-8 show us the evolution of surface profiles for three
different mobility ratios. When stress relaxation is limited by grain boundary diffusion, surface
changes shape much faster than stress relaxation, as shown in Figure 4-6 and Figure 4-4; and
when stress relaxation is limited by surface diffusion, relaxation and surface grooving occur at
about the same speed, as shown in Figure 4-8 and Figure 4-5. Although cusps form at the triple
point, there’s no stress singularity since the self-satisfied chemical potential continuity relation at

the triple point.

0.05 A=1000000 t,=tiry,

015 } t,=0,0.01,0.1,0.5, 1, 2

-0.2 ' . ; :
-05 -0.3 -0.1 0.1 0.3 0.5
XIL

Figure 4-6: Surface profile of morphology evolution of the thin film with free surface. Surface diffusion

limited process (A = 1000000 )
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Figure 4-8: Surface Profile of morphology evolution of the thin film with free surface. Comparable surface
diffusion and grain boundary diffusion. (A = 1).
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Figure 4-8: Surface profile of morphology evolution of the thin film with free surface. Grain boundary
diffusion limited process (A = 0.01).
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4.2.2 Capped Surface Cases

When a metal thin film is covered by a brittle film such as an oxidation layer, the film/film
interface may keep relatively flat. The residual stress in metal could still be reduced by mass
diffusion along the film/film interface. Huang et al. [77] studied the stress relaxation of capped
Cu thin film by assuming that the film-cap interface remains flat all the time and the mass
transport induces a locally nonzero normal stress at the interface. Gao et al. [75] studied the
constrained grain boundary diffusion by assuming surface tension is very large so that the
surface of the film remains perfectly flat during the diffusion process. Assume that the top layer
is much thinner than that of the thin film. The stress field is solved the same way as before.
Similar to Gao et al. [75], the thin top layer is modeled as a membrane with large surface tension

(7 =1000) to simplify the problem (see Figure 4-9). The difference is that surface diffusion is

Capped surface thin film

Cap B S B L e L B L p Interface

Thin film

Substrate

Thin film with large surface

tension
-— —b > Surface keeps flat
7 =1000 Vs ¥s
Thin film
Substrate

Figure 4-9: Equivalent capped surface of the thin film
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ignored in Gao’s work but surface and grain boundary diffusion are coupled together in this
work. M is still used to denote the equivalent interface diffusion mobility and split these cases
into two parts by the separating point A =1 so that the results can be simply compare with the
results in free surface cases. Of course, other effect parameters are the same as those in the free
surface cases, h =1, &, =100 andW, = 0.01.

In Figure 4-10 and Figure 4-11, the stress relaxation as a function of normalized time for the
cases with capped surface but different mobility ratio are plotted. In Figure 4-10, stress
relaxation process is mainly limited by grain boundary diffusion, and time is normalized by 7, ;
similarly, in Figure 4-11, the whole process is mainly limited by interface diffusion, and time is
normalized by 7. Compared with the results in free surface cases (Figure 4-4 and Figure 4-5),

the stress relaxation is much more sensitive to the interface mobility for capped thin films than it
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Figure 4-10: Stress relaxation of thin film with capped surface under several different mobility ratios.
Time normalized by Tgp which defined in equation (4.8).
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Figure 4-11: Stress relaxation of thin film with capped surface under several different mobility ratios.
Time normalized by 7, which defined in equation (4.9)

is to the surface mobility for the thin films with free surface. On the other hand, the stress
relaxation is less sensitive to the grain boundary mobility for capped thin films than the thin
films with free surface. Simulation results also show that when mobility ration0.1<A <10,
interface diffusion and grain boundary diffusion are fully coupled and outside that range, stress
relaxation is almost independent of the mobility ratio. In these processes, the surface keeps flat
and its position goes down evenly because of the initial tensile stress in the thin film and the

relocating of mass from surface to grain boundary.



77

4.3 Effect of controlling parameters

4.3.1 Effect of surface energy/grain boundary energy ratio (77 )

Stress field depends on loading level and surface profile. The latter is affected by the
dihedral angle at the triple junction, junction of grain boundary and free surface. According to

equation (4.6), the dihedral angle is determined by j , the ratio of surface energy and grain
boundary energy. In this section, the effect of 7 is studied. In the previous study on stress

relaxation with capped surface case, surface with very large surface tension is used to model the

capped layer. This section checks beyond which point of 7 the results are insensitive to 7 .
Under different values of y, Figure 4-12, Figure 4-13 and Figure 4-14 show the normal

stress relaxation along grain boundary for cases with very large surface diffusion mobility,

comparable surface and grain boundary diffusion mobilities and very large grain boundary
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Figure 4-12: Stress relaxation of thin film when surface diffusion is infinity (A = 1000000 )
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Figure 4-14: Stress relaxation of thin film when surface and grain boundary diffusion are comparable
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Figure 4-14: Stress relaxation of thin film when grain boundary diffusion is infinity (A = 0.01)



79

diffusion mobility, respectively. When the stress relaxation process is limited by the rate of

grain boundary diffusion, the stress relaxation curves for different values of y are very close
(Figure 4-12); when surface diffusion and grain boundary diffusion become comparable (Figure
4-13), stress relaxation is slightly delayed when y increases; and when stress relaxation is
limited by the rate of surface diffusion, stress relaxation is significantly slowed down by the

increase of 7, i.e. the increase of dihedral angle (Figure 4-14). The results can be understood as

following. Large y corresponds to larger dihedral angle, relatively smaller stress concentration,

and smaller surface curvature x' at the triple point according to equation (4.7), so the driving
force for surface diffusion becomes smaller and slows down the stress relaxation if it is limited
by surface diffusion.

In Figure 4-15, Figure 4-16 and Figure 4-17, the equilibrium surface profile state under

different surface/grain boundary mobility ratio are plotted. Though the dihedral angle is not

A=1000000

100, 1000

-0.5 03 -0.1 0.1 0.3 05
x/L

Figure 4-15 : Surface profiles at equilibrium state when surface diffusion is infinity
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Figure 4-17: Surface profiles at equilibrium state when surface and grain boundary diffusion are
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prescribed, it can be verified that the dihedral angle in our simulation satisfies equation (4.6).

Other parameters in these cases are h =1, &, =100 andW, = 0.01.

4.3.2 Effects of initial normal stress o,

There are two dimensionless parameters involving initial stress, &, =ol/y, and
W, =o,l/ Eygb. In grain boundary diffusion, flux is proportional to the normal stress and the

effect of W, can be ignored. So if normalize stress by the initial stress o,, when surface

diffusion is relatively fast and the stress relaxation is limited by grain boundary diffusion, stress
relaxation curve should be independent of initial stress. On the other hand, surface diffusion is

greatly affected by the gradient of strain energy density along the surface, so when surface

diffusion is limiting the stress relaxation, the parameter W, = o1/ E}/gb is expected to show

some noticeable effect. These predictions are verified in Figure 4-18, 4-19 and 4-20 which show
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Figure 4-18: Stress relaxation of thin film with free surface under several different initial
normal stresses along grain boundary. (A = 1000000 )
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Figure 4-20: Stress relaxation of thin film with free surface under several different initial normal stresses
along grain boundary. Surface and grain boundary diffusion are comparable (A =1).
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Figure 4-20: Stress relaxation of thin film with free surface under several different initial normal stresses
along grain boundary. Grain boundary diffusion is in dominant (A = 0.01).

82



83

the stress relaxation curves of thin film (7 =1) under several different initial normal stresses
(ay)

For capped surface( 7 =1000), since the interface almost remains flat, the gradient of strain
energy density is negligible and W, is expected not to have effect on stress relaxation. This is

also verified by numerical simulations. Figure 4-21 shows the result when surface diffusion and
grain boundary diffusion rates are comparable. The results of another two limiting cases are

similar (Figures are not shown here).
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Figure 4-21: Stress relaxation of thin film with caped surface under several different initial normal
stresses along grain boundary. (A =1).
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4.4 Fitting Experimental Results to Obtain Diffusivity

Grain boundary and surface diffusivities can be deduced by fitting experimental results using
numerical simulation. Figure 4-22 shows the stress relaxation data of unpassivated Cu films
annealed at different temperatures. The curves were generated from the data in Gan et al.[78].
In the temperature range of these experiments, surface diffusion is believed to be much faster
than grain boundary diffusion and the stress relaxation process can be approximated as grain
boundary diffusion limited. According to our model, as well as Huang’s [77], after
normalization, as done in Figure 4-4, all these curves ideally should be very close, as the curves
for A > 0.5 in Figure 4-4. However, in reality, stress evolution in thin film may involve other

mechanisms, for example, dislocation generation [75]. In the above experiments, diffusion

120
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Figure 4-22: Experimental data of stress relaxation of unpassivated Cu film at different temperatures and
the fitting curves
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processes can relieve majority of the stress in the time period, but not all. In the data processing,

the stress o, = (0 -0, )/(o, — 0, ), where o, is the stress cannot relieved by surface and grain

boundary diffusion (see Figure 4-23), is normalized.
First, let’s derive the characteristic time in the three stress relaxation curves. According to the
dimensional analysis, if stress relaxation process is limited by grain boundary diffusion, the

normalized stress o, is a function of the normalized time t/zy, and the effect of temperature is
fully accounted in the characteristic time, 7. For a given normalized stress o, , the ratio of the

corresponding relaxation time t, and t, at temperature T, and T, is thus the inverse ratio of the

two characteristic time
2 1
t/t, =78 [zl @.11)

For the experimental data in Figure 4-22, first choose a set of normalized stress from 0.2 to 1
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Figure 4-23: Normalized stress relaxation curves of Cu thin film with free surface.
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(shorten the second vertical bar) (Figure 4-24). For each normalized stress chosen, find the
corresponding relaxation time at three different temperatures. Choosing the set of relaxation
time at 215°C as the reference, compare the other two sets with it. In Figure 4-24a, each point
corresponds to one specific normalized stress level. Its horizontal coordinate is the
corresponding relaxation time at 215°C, and the vertical coordinate is the relaxation time at
176°C for the top curve or 200°C for the lower. The data can be fitted by straight lines passing
through the origin; the slope of each curve is the ratio of characteristic time at two different
temperatures. In constructing Figure 4-24a, no normal stress below 0.2 is selected, because at
the tail of the relaxation curves, a slight reduction of stress takes long time and relaxation time is
highly sensitive to the variation of stress. In Figure 4-24b, the relaxation time at 176°C and
200°C are normalized by that of 215°C using the time ratios obtained in Figure 4-24a and plot
the stress relaxation curves for three different temperatures. The three curves in Figure 4-24b
overlap each other, especially the two curves of 200°C and 215°C.

From Figure 4-24a, the ratio of characteristic time at two different temperatures is
determined. Then, compare the normalized time in Figure 4-4 with the relaxation time at 215°C

for several normalized stresses from 0.2 to 1. By linearly fitting the two sets of data, the

characteristic time, 7, =15.2 x 10°s at 215°C is obtained. Thus the characteristic time at 176°C

and 200°C can be subsequently obtained, 7,4, =21.6x10°s at 200°C and 7z, =257x10’s at

176°C.
Next, the activation energy and diffusivity of grain boundary diffusion need to be determined.

The grain boundary diffusivity D ,J, depends on temperature,

Q
OgrDgp =045 Dygho exp(— k—.gl.b 4.12)
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Figure 4-24: Normalized stress relaxation curves. a) Relaxation time ratio between different temperatures.

Choose the curve at 215°C as the reference line. b) Normalized all stress relaxation times to the one at
215°C.

87



88

where D, is the pre-exponential factor for grain boundary diffusivity, and Q,, the activation

energy for grain boundary diffusion. The diffusivity is related to the mobility,

My, = Dy,0,,Q2/KT , which determines the characteristic time through equation (4.8). Combine

these relations, giving

Oy 4.13)

Using the data obtained above, one can plot In( Ergb /T) v.s. 1/T , which should follow a linear
relation according to equations (4.12) and (4.13). By linearly fitting the data, the slope, Q, / k,
and the activation energy, Q, =1.47ev can be obtained. The associated constant coefficient in
fitting is used to determine the pre-exponential factor &,,D g, =3.2% 10°m’/s. In the

calculation, the modulus E for Cu is a function of temperature,
E =166.3-0.094T +7.59x10°T* (4.14)
where E isin GPaand T isin °C [78].

Wide ranges of activation energy Qg and the pre-exponential factor &,,D,, have been

g
reported previously [103-115] for the grain boundary diffusivity of Cu. In Table 4-1 data from
different other sources are listed. The historical data reveals the high sensitivity of the results on
the methods. From the data in the table, it shows that the activation energy is much larger than
the scaling energy KT . According to equation (4.12), even from the same set of data, a slight

variation in activation energy can results in huge difference in 6,D . It indicates that the

diffusivity obtained in experiments may not be used to predict diffusivity at a temperature that is

far away from the range from which the activation energy and &5, D, were obtained. Though

04 Dyyo differs significantly, not the estimated diffusivity. For example, at 200°C, the

gb
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Table 4-1: Historical data of activation energy Quw and the pre-exponential factor O Do

Temperature | Jg, Dy (M’ /)
eV) | 6,D,,(m’/s b~ ab

Qun (&Y | 9Dy (M°/5) Range (°C) | 41200°C
Horvath et —al. |, ¢, 1.5%x107" 80 - 120 227x107%
[103]

Cai et al. [114] 0.72 52x107" 20 - 50 1.11x107%
Surholtetal. [111] | 0.74 3.89x107'¢ 511 -700 3.97x107*
Guptaetal. [110] ] 0.95 29%x107" 250 - 450 2.19x107
Gan et al [78] 1.07 1.1x107" 176,200, 225 | 4.37x107

diffusivity 64, D, calculated from equation (4.12) is also listed in Table 4-I and the numbers are
not as diverse as &y, D,,. The numbers obtained, by using the experimental data in Gan et al
[78] and our numerical results, are Qg =1.47ev and 5Dy, =3.2x107°m’/s. These lead to
the estimation of diffusivity, 5,D,, =6.5x107°m*/s at 200°C, which is of same order of

magnitude as that from Gan et al [78]. The numbers are from the best fit of experimental data at

three different temperatures. Only use the data for 200°C and 215° C, obtaining Q,, =0.48ev,

8o Dygpo =1.34x107 m?®/s, and the estimation of 845Dy, =9.5x107°m* /s. Apparently, more

data at different temperatures are needed to have more accurate estimation.
Combining the grain boundary diffusivity obtained above and adjusting the ratio between
interface diffusivity and grain-boundary diffusivity, interface diffusivities of the passivated Cu

film at different temperatures can be deduced by doing least-square fitting then. Figure 4-25
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Figure 4-25: Stress relaxation curves at different temperatures of the capped Cu film. The dotted lines are
from simulation fitting curves.

shows the stress relaxation data of passivated Cu films annealed at different temperatures, 176,
200 and 215°C. The curves were generated from the data in Gan et al.[78] also. The dot curves
are the fitting results from our numerical model.

Putting the interface diffusivities into an Arrhenius plot, as shown in Figure 4-26, the

activation energy and pre-exponential factor for the interface diffusion: Qg =0.51eV and
5,D,, =4.3x1072m’ /s are obtained. These results are similar as those in [78], Q,, = 0.54 eV
and 6,D,, =6.4x107°m’/s.

Interface diffusion activation energies of Cu film with different caps were reported by Hu et
al [116 - 118]. The activation energy obtained from electromigration (EM) lifetime process was

found to be between 0.75 and 1.25 eV. Also, the activation energy determined from EM lifetime
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Figure 4-26: Deduced interface diffusivity as a function of temperature of the capped Cu film.

in the Cu lines of 0.75-0.84 [119] and 0.7-0.98 [120] was reported. Obviously, different Cu/cap
interface relates activation energy and generally the activation energy of grain boundary
diffusion is approximately 0.2 eV higher than that of interface diffusion [116]. From these
results, the activation energy and pre-exponential factor of interface diffusion of Cu film deduced

from our present study can be considered reasonable.
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Chapter 5

5 Evolution of Stressed Fiber due to
Surface Diffusion

Water jet is unstable. It can break into droplets when the wavelength of a sinusoidal
perturbation A is greater than the cylinder circumference 27R, where R is the radius of the
unperturbed cylinder. The driving force is the reduction of surface energy. The phenomenon is
called Rayleigh instability [121]. Mullins and Nichols [14, 83] obtained same threshold
condition for solid cylinder rods under annealing: to minimize the surface energy, a small
perturbation may grow and break the cylinder. They also got the similar result for cylinder voids
in solids [84]. Similar to stressed thin film, when a fiber is under stress, it becomes more
unstable. Linear stability analyses [92 -95] have showed that Instabilities exist even the
wavelength of the fiber is smaller than the circumference to relax the elastic energy.

To study the non-linear evolution process of cylinder solid with large amplitude perturbation
under stress, the weak statement is applied to the stressed fiber to simulate its morphology
evolution. In the next section, the weak statement is first reviewed and is then used to formulate
a finite element method for axi-symmetric surface motion. The numerical result on the
morphology evolution of a stressed fiber is reported. It shows that, under a periodic perturbation,

the stressed fiber may evolve back to initial shape, or develop grooves first then approach to a
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steady state shape, or develop cusps and break into particles. The simulation results will roughly

obtain these two stress threshold conditions corresponding to different wavelengths.

5.1 Numerical Methods

The numerical procedure is similar to the two cases in the last two chapters. The difference

is that this case studies axi-symmetric surface.

5.1.1 Weak Statement and Axisymmetric Finite Element

Recall the general weak statement in three dimensions, equation (2.55). Only surface
diffusion is considered as the mass transportation method in stressed fiber, such that the weak

statement becomes,

J-61 (v, +V-J)or, +V-(51)]
-[{ M " m

}dA =-5G. (5.1)

The integral extends over the surface area. Similarly, mA/M =107 is adopted to suppress
the evaporation-condensation process.

Following Yu and Suo [54], the axisymmetric finite element is formulated. An axisymmetric
surface is generated by rotating a plane curve around an axis lying on the same plane. The
generating curve is divided into many small straight elements. The surface is then represented
by the coordinates of all the nodal points and the motions of the nodes describe the motion of the
surface. Each node on the plane curve represents a circle on the surface in three dimensions.

Figure 5-1 shows one element with nodes (Xl, yl) and (Xz, yz). The element has length |, slope

0 ; again, the local coordinate, S, is measured from the middle point of the element.
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(a)

. (xg:Y2)

(x1,¥1)

(b)

Figure 5-1: An axisymmetric element in three dimensions (a) and in a plane (b). Yu and Suo [54]

Adopt the same treatment as that in two dimensions cases. Let I ,1,,1, be the mass
displacements at the two nodes and the middle point of the element, and J,,J,,J,, the fluxes at

the two nodes and the middle point of the element. On one element, interpolate the virtual
displacement and actual velocity linearly by using shape functions (3.6)

or, =N,0x, + N,oy, + N;6x, + N0y, (5.2)
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v, =N X +N,y, + N;x, + N,y,
and interpolate the virtual mass displacement and actual mass flux quadratically by using
shape function (3.10)
o1=Q,01, +Q,,01, +Q,01,
(5.3)
J=QJ,+Q,J, +Q,J,

For each element, the integral over the surface in the weak statement (5.1) gives the bilinear

form (5qe)T H®q®, where H® is a 7 x 7 matrix, the components of which are given in the
Appendix F.
Assuming the mechanical load is given as displacement controlled, there is no work done by

the external load in the surface evolution process. The total free energy of this system is

G= ij+ jmw

surface solid body

(5.4)

where y is the surface tension and w is the strain energy density of the element. The free
energy reduction associated with the virtual motions, 6G, is a sum over all elements. Assume
the surface energy, y, is isotropic and the strain energy, W, is uniform in one element. The free

energy variation in one element then is

0G = yoA+wov (5.5
For one element, as shown in Figure 5-1, the surface area is

A=z(x, +x,)l (5.6)
where X, and X, are the radii at the two nodes of the element. The virtual surface area

variation is

SA=7(x, +X,)51 +7(5X, +5x,) .7)
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ol can be represented by the interpolation of two nodes as equation (3.7). Thus, one can
obtain the virtual surface area variation as a function of virtual motions of two nodes of the
element, giving

SA=z[l - (x, + X, )cos 8], — z[(x, + X, )sin8]5y,

+ 7l + (x, + X, )cos O]k, + z[(x + X, )sin O]5 y, )

Since the mass exchange occurs on the surface by the surface diffusion, only the virtual

volume change near surface is of interest, which is
N = 'Ifzzzrérnds (5.9)

where r is the radius at arbitrary point of the element which can be represented by the

1 s 1 s
= 577 X + E+T X, (5.10)

Place (5.10) into the virtual volume change, equation (5.9), and integrate over one element,

interpolation of two nodes

giving
I I
SV = %[(le +X, )sin O]k, — %[(le +X, )cos 05y,

7l 7l 11
+ ?[(x1 +2X, )sin O], — ?[(xX +2Xx, )cos 05y,
Because free energy G defined by equation (5.4) varies as the shape varies, only driving
forces associated with the motion of the coordinates are used. No driving forces are associated
with the virtual mass displacements at two nodes and the mid-point of the element.

Consequently, the free energy reduction of the element is

—yoA—-wov = fox, + f,0y, + f,0%, + f,9Y, (5.12)
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where X;, oY1, o and dy, are virtual motions of the two nodes of the element. Substitute
virtual surface area variation equation (5.8) and virtual body variation near to the surface
equation (5.11) into the left hand side of equation (5.12) and compare the factors for each
arbitrary virtual motion of two end nodes of the element, giving the force components acting on

the two nodes due to element surface tension and elastic energy

f, — I+ (X, +X,)cos8 —(2X, +X,)sin @
f, (X, +X,)sin@ zlw| (2X, +X,)cos &
=y +— . (5.13)
f, —I = (X, +X,)cosé 3 | =(X, +2X,)sin@
f, — (X, +X,)siné (X, +2X,)cos@

5.1.2 Mass Conservation in Three Dimensions

Mass conservation law, equation (2.48), is applied to the second term of integral in the weak
statement (5.1). In the definition of the weak statement (5.1), the virtual motions are in three
dimension, i.e. o1 is the volume of matter crossing per unit length of the curve, Ji the volume
of matter added to the surface per unit area.

In this model, straight line elements are used to generate the axisymmetric surface. Each
node on the plane element represents a circle on the surface in three dimensions. Thus, the mass
conservation law becomes,

ror, =rsi—-ve(rol) (5.14)
From equation (5.10), r is a function of the local coordinate, S, also. The mass conservation

law then finally be modified as

roi :r5rn+r%+5lcos0 (5.15)

Similarly, the relation between actual velocity and fluxes gives
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rj=rVn+l’Z—J+JCOS(9 (5.16)
S

Then the revised weak statement in which the conservation laws (5.15) and (5.16) are included

becomes

rvn+rQ+Jcose ror, +ra(5|)+5lcos0
J' J-5I+ 0s 0s

M mr?

A=-0G (5.17)

The integral can be calculated element by element. In each element, using the shape functions to
interpolate all the virtual motions and actual velocity and fluxes, and applying dA =27 rds to the
equation (5.17), one can get the element viscosity matrix H®.

The numerical integration of the second term may diverge because of the factor r. Since
the evaporation-condensation process in this case is neglected, which means m is a very small
number comparing to M , the radius of the middle point of the element, (X, + X,)/2, is used to

replace the radius r in the denominator of the second term in equation (5.17). Denote

, (xl +X, )2
m=m —2 (5.18)

and substitute it into equation (5.17), giving

rv, +ra—J+J cos@ || ror, +rM+§I cos@
J' J-5I+ 0s oS

M m'

A=-6G (5.19)

The element viscosity matrix H® obtained from equation (5.19) is list at Appendix F.
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5.2 Evolution of Stressed Fiber

5.2.1 Linear Perturbation Analysis

Figure 5-2 illustrates a long cylinder of initial radius R, with isotropic surface tension y .

Perturb the cylinder to a wavy surface of revolution
27wz
rz,H=R, {P(t) +&(t)cos 7} (5.20)

where r is the radius of the perturbed surface, z the axis of revolution, t the time, pR, the

average radius, ¢R, the amplitude, and A the wavelength.

Mass conservation requires that the volume of the cylinder keeps constant. Thus,

A 2 2
L xridz=xR,’A (.21)

T
' |

Figure 5-2: Perturb a cylindrical surface to a surface of revolution with undulation along the axial
direction
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The left hand side is the volume of one wave period of cylinder after perturbation and the
right hand side is that before perturbation. Solve this equation by substituting r in equation

(5.20) into equation (5.21), to the leading term in ¢, giving

=1-— 5.22
P 4 (5.22)

Putting p above back into equation (5.22), one has the surface profile as

2
r=Ry[1- % + gcos(kz)] (5.23)

where k =27/ is the wave vector, introduced into the lateral surface of the fiber.
Derive the linear perturbation growth rate by solving the weak statement (5.1). Since in this
case only surface diffusion has been considered, equation (5.1) is simplified by getting rid of the

term of evaporation-condensation process. Thus, the modified weak statement becomes
I—dA =-6G (5.24)

Because it is axi-symmetric, the boundary condition at z =0 is J = 0. Thus, for the part

(z=0)
between any cross section and the polar point, the mass conservation requires that the volume
reduction per unit time should equal to the mass flow across the cross section per unit time,

which gives
2zrd) = —EJ.Z zr’dz (5.25)
ot '

Radius r is expressed in equation (5.23). In the linear perturbation analysis, ¢ is very small in

the evolution progress. Neglecting second and higher order of &, obtain

J=—

(5.26)

where ¢ is the time derivative of &. Consequently, the virtual mass displacement is
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ol =- R sin(kz)de (5.27)
2

where O¢ is the virtual change of &. Substitute flux J in equation (5.26), and virtual mass
displacement &1 in equation (5.27), into weak statement (5.24) and integrate over one

wavelength period, giving

(5.28)

2

(F\;"/l] sin®(kz)&de

j il dA=—-6G
M

Colin [92] et al. derived the free energy density variation, AU, for a stressed pore channel.

By conforming it to a stressed fiber, one can obtain

2
yer| (1+v)o (27[)
AU ="— -1+ Af|—

4 {a) 2 @ (5-29)

where @ =27R, /A, and the dimensionless variable, A , is the loading level

o’

A= 5.30
Ey (5.30)

in which E is the elastic modules. The function f(z—ﬂ) is defined by

@

41-v)l (o)l (@

pe G- 13- 0RO
f(;) = (5.31)

@)1 () - 27N

where v is Poisson ratio, |,(w) and 1, (@) are modified Bessel functions of the first kind of
zero and first order, respectively. The free energy density variation, AU, includes strain energy
density, w, and surface energy, y, which are mentioned in equation (5.5). Denote the total free

energy variation of a volume of one wavelength period AW ,
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AW =27RAU (5.32)

Then the total free energy variation associated with virtual motion for one wavelength period,

oG, is

oe (5.33)

By combining equations (5.29) and (5.32), finally, 6G can be represent as

oG = nRO/lg{wz —1+ a ;;)d)Af( - ﬂ o€ (5.34)

Finally an ODE, to the leading term of &, can be obtained by substituting equation (5.34)

into the equation (5.28), integrating it and neglecting the high order of ¢,

é:M_fwz[l_w +(1+U)a)Af( ﬂ 39
R 0]

0 2r

By solving this ODE, one can obtain the amplitude of linear perturbation as a function of

time
£ = £(0)e" (5.36)
where 7 1is the characteristic time
1 My , , (+v)w (m}
—=——ow|l-w° +——Af| — 5.37
r R [ 2z w 37

Equation (5.36) shows that the characteristic time, 7, determines the perturbation growth
rate 1/7. The bigger 1/7 represents the faster perturbation growth, and vice versa.

The limiting case, unstressed fiber, reduces to Rayleigh’s result, which is that a cylinder is

unstable under sinusoidal perturbation whose wavelength A is greater than the cylinder
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circumference 2zR. By simply setting the loading level A =0 in equation (5.37), one can

obtain the characteristic time, 7, of perturbation growth for unstressed cylinder,

1 M_M (1-o?) (5.38)

o 0

According to equation (5.38), w =1 is the critical value for perturbation growth. When
®>1,1/7, <0, perturbation amplitude decreases along time per equation (5.36); whereas @ <1,
1/7, >0, perturbation amplitude grows along time. w=1=27R;/A, gives the critical

wavelength of unstressed fiber,
Ao =27R, (5.39)
Also, setting d(l/r)/ dw = 0gives the fastest growth rate for the unstressed cylinder can be

obtained,

Ano =2327R, (5.40)
For the stressed fiber, the critical perturbation wavelength of fastest growth rate still can be

obtained by letting d(1/7)/dew = 0, where 1/7 is defined by equation (5.37),

2_4602+3(1+U)a)Af(2_”)_(1+U)Af'(2_”j:0 (5.41)

2r w 0]

This equation gives the relationship between the wavelength A, and loading level A .
Figure 5-3 plots the perturbation growth rate under different uniaxial stresses (1/7 vs. @). The
solid lines are the linear analysis results of fiber instability which are predicted by equation
(5.37), with different loading level, 6°R,/Ey =1,0.5,0.1, 0, respectively. These curves indicate

that the maximum groove growth rate increases and shifts to smaller perturbation wavelength as
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Growth Rate 1/t

0=21tR /A

Figure 5-3: Perturbation growth rate of fiber under several different loading levels.

stress increases. In the mean time, the dot lines are the simulation results of linear instability of

fiber with corresponding loading level.

5.2.2 Simulation Results

It is known that, from Equation (5.36), the amplitude of perturbation will grow when the
growth rate 1/7 >0 and it will reduce when 1/7 <0. Figure 5-3 illustrates the tendency that the
stress shifts the critical instability wavelength of stressed cylinder toward shorter values. On the
other word, the critical condition for unstressed fiber does not hold for stressed fiber, which may

be unstable even the wavelength of a sinusoidal perturbation A is smaller than the cylinder



105

15

t,=0, 0.032, 0.084, 0.158, 0.524

0.5

-1.5

Z/IR,

Figure 5-4: Surface Profile of Stressed Fiber. ®=0.4, A=15

circumference 27R,. Figure 5-4 illustrates the surface profiles of stressed fiber at different times.
It is shown that, the perturbation grows to groove and the fiber then breaks even when the
wavelength 4 =0.87R, .

By setting growth rate 1/z =0 in equation (5.16), the critical normalized stress level A, can
be obtained as a function of the perturbation wavelength,

2
A -t
f(zﬂj (1+v)w (5.42)

w 27
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Figure 5-5: Stress criteria of Linear Instability at different perturbation wavelength

The results from Equation (5.42) are shown in Figure 5-5. The numerical result matches the
theoretical value perfectly which approves the reliability of our numerical program.
The solid line in Figure 5-5 is from equation (5.42) and the data marks are from our

simulation. The straight dash line is the critical value of two-dimensional case, which is A, =7

for any perturbation wavelength. As Figure 5-5 indicates, when the wavelength of perturbation
decreases, the critical loading level of cylinder approaches to the critical loading level of a plane.

The morphology evolution of the stressed fiber is simulated even after the instability occurs
and found that the fiber would not always break when the loaded stress level is greater than the
criteria value. Sometimes, the surface evolution forms a groove and then reaches to a steady
state. Our numerical simulation obtains the second critical stress value from steady state to final

state of breaking. Shown in Figure 5-6, when A/27R is larger than 0.5, if the loading level is

greater than the critical load level from linear instability analysis, the fiber will always break.
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Figure 5-6: Stress criteria at different perturbation wavelength

When A/27R, is less than 0.5, if the loading level is under the first linear critical line, A <A,

the stressed fiber will keep stable; but when the stress level is greater than the second critical line,
A>A_,, the stressed fiber will keep evolving by surface diffusion and eventually break into
the initial

particles; and when the stress level is between these two critical lines, A, <A <A,

instability will occur, surface becomes wavy, but the stressed fiber will reach a steady profile
finally.

Simulation curves in Figure 5-7 show the example of the surface profile evolution of stressed
fiber which finally reaches its steady state. The stressed fiber has the same wavelength as what

shown in Figure 5-4, but different stress level.
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Figure 5-7: Surface Profile of Stressed Fiber. ®=0.4, A=5

In Figure 5-8, The normalized groove depth, R, /R, as a function of normalized time, t/z,
for four different values of loading parameter, A , is plotted. @ The wavelength is
A= O.3><(27rRo) and the critical stress level from linear instability analysis is A, =3.1. Our

simulation results apparently show that the fiber may keep stable (Figure 5-8, A =2.8); or

develop grooves then approach to a steady state shape (Figure 5-8 A =9.4,47), or develop cusps

and break into particles (Figure 5-8 A =53).



Groove Depth R/Rg;

A=2.8
A=9.4 N
A=47 A=53
~ [

0.5 1 1.5

Normalized Time t,=t/t

Figure 5-8: Groove depth grows at different stress level
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Chapter 6

6 Conclusion

Residual stress in solid can significantly affect the way of mass transportation and then its
properties. Thus, studying and then trying to control the stress is very important. A numerical
approach based on the weak statement, a global view that regards interface motion as a mean to
release the total free energy, has been developed to study morphology evolution of stressed solid
due to interface motions. Boundary Element Method (BEM), which only requires discretization
of surface instead of volume, is applied to solve the stress field with evolving boundary. On the
basis of the numerical approach, a computer program is developed as a tool box to study the
morphology evolution of stressed solid.

The problem of morphology instability and formation of surface cusp of stressed thin film is
simulated. The program can reproduce the analytical results for surface under small sinusoidal
perturbation, and can simulate surface morphology evolution under concurrent surface diffusion
and evaporation-condensation processes. More interesting results are the dependence of surface
morphology evolution path on the initial surface configuration. It is found that surfaces with
initial surface cracks and notches can take much longer time to form sharp cusps. Localized
surface defects or surface roughness, with local radius of curvature much smaller than the critical
wavelength, could stabilize the surface and greatly delay the emergence of surface instability,

due to the excessive surface area and longer diffusion path. The property might be used in some
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specific practical applications. To make a thin film more stable, one may introduce some scratch
or period notches on the nearly perfect surface. The results are based on the assumption that the
remote stress doesn’t do any work, for example, in the residually stressed surface.

Stress relaxation in thin film due to annealing is simulated. Surface diffusion and grain
boundary diffusion are taken account into the mass transportation methods. The effect of surface
profile has been studied. It is found that when the stress relaxation process is limited by surface

diffusion, the ratio of surface energy over grain boundary, y =y, /y,, plays a significant role in

stress relaxation. Larger 7 can slow down the stress relaxation process. The simulation results

can be used to determine the diffusivity by being compared to experimental data. In the
experiments by Gan et al [78], the stress relaxation process in thin film is limited by grain
boundary diffusion. Using the experimental data and our simulation results, the activation
energy and the pre-exponential factor of diffusivity of grain boundary diffusion in Cu and can be
obtained. These two parameters are very sensitive to the slight change of experimental data

while the final diffusivity 6,D, at certain temperature is relatively steady.

In the last section of our work, an axisymmetric version of the numerical approach has been
developed, based on the three dimensional weak statement, to simulate the surface morphology
evolution of a stressed fiber. Our simulation reproduces the Rayleigh instability and the critical

wavelength A at which the perturbation has maximum growth rate when the fiber is stress free.

Consequently, for stressed fiber, the growth rate vs. wavelength under different stress levels is
simulated. It is found that the stressed fiber may keep stable, develop grooves then approach to a
steady state shape, or develop cusps and break into particles by surface diffusion. The two
thresholds are roughly obtained (shown in Figure 5-6). The results might be used to make fibers

with stable wavy surface.
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Appendix

A. Weak Statement with Creep in the grains

For example, take a system of interfaces that move by diffusion on the interfaces and creep in
the grains. The free energy consists of the external work and various interface tensions. The
problem was first treated by Needleman and Rice [15]. Denote the virtual displacement field in
the grains by Ju;, and the actual velocity field in the grains by v,. Assume that the solid is
incompressible, i.e.,

Vi; =0 (A-1)
Define the stress tensor, o;;, and the diffusion driving force F; on the same basis, namely, as the
energy-conjugates of their respective kinematics quantities. Thus,
[oi,6u,;dA+ [FoldA=-5G (A-2)
Interface diffusion obeys the kinetic law (2.26). For this demonstration, the grains deform
according to a linear creep law:
Oi; =0n0;; +1(V;; +V;;) (A-3)
Here, o, is the mean stress; 7 is the viscosity of the material; and ;; =1 when i = j, ;; =0
when i # j.
Replacing the diffusion driving force with the flux by equation (2.26) and the stress with the

velocity gradient by equation (A-3), one can obtain
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3,51,

dA=-0G (A-4)
M

J'277vi,j§ui,j dA+I

The actual velocity and flux satisfy this weak statement for arbitrary virtual motion.
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B. Viscosity Matrix of Surface Element for 2-D Weak
Statement

Recall the weak statement, equation (3.2). For one element (see Figure 3-5), the integral

extends over one element, which becomes

I”Z {J5I s (v, +23 /as)sr, +0(5T)/ 6s]

}ds =-0G (B-1)
M m

-1/2
Substitute the virtual motion, Jr,, the actual velocity, v, , the virtual mass displacement, 1,

and the mass flux, J, with the interpolation coefficients, equation (3.5), (3.8), (3.9) and (3.11),
respectively. Each term in (B-1) then can be represented by the shape function and generalized

coordinates. For the derivative of J with respective to s, since the shape function Q; depends

on the local coordinate, one can obtain

03/0s=23 + 0%y Cn ;.

os 0s os (B-2)
Substitute shape function (3.10) into (B-2), giving
0J 4s 1 4s 1 8s
g=(|—2—T)31+(|—2+T)Jz—I—ZJm (B-3)
Similarly, the derivative of 01 with respective to S is
o(ol 4s 1 4s 1 8s
_(85 ) _ (2= POl + (2 + oL, — 5 dl, (B-4)

Integrate s over the element (—1/2 ~1/2) for each term, giving the 7 x 7 symmetric matrix.

Let C =cosf, S=sinf. The components of the surface element viscosity matrix for 2-D

elements, H®, is



where W =£.
5M

28 -28C  -55/1 s
-25C ¢ /1 -CS
~55/1 ¢/l 14/P+av -5/

x § -CS =S/ 28
-sc C C/l -28C
s/l -Cc/n 2/P-W S/l
4  —4C -161P+2W —4S

-SC
C2
C/l
-2S5C
2c2
-5C/1
4C

S/I 45
-C/1 —4C
2/P-W  —161P+2W
55/1 —4S
-5C/I 4C
141 +4V 1617 +2W

—161P+2W 321 +16V
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(B-5)
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C. The Driving Force Components of Surface Element for 2-D
Weak Statement

Recall the equation (3.4) and let the local coordinate S integrate over one element
(=1/2~1/2), giving, The force components acting on the two nodes due to the element surface

tension and strain energy are

1/2 1/2
oG ={  yolds)+[, words (C-1)

-1/2

Assuming the strain energy density, W, is uniform in each element and taking the assumption of

the isotropic of surface tension, y, the free energy reduction associated with the virtual motion is
1/2
5G =ysl+w[ ~ or.ds (C-2)

Replace o1 and o1, by equation (3.5) and (3.7), substitute shape function (3.6) into the

equation and then integrate S over the element, giving the components of the driving force

column
f, cosd —sin @
f, sin @ cosd c
= + -3
f, 75| Zcoso —sin@ )
f —siné cosé

o~
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D. Boundary Element Method (BEM) for 2-D Case

BEM is now well known for peoples, and there are many works to introduce and explain it
[e.g. 100, 101]. Here it is outlined briefly.
Now start from the boundary integral formulation, and assume there is no initial stress (i.e.

the stress caused by thermo-elastic) and body force,
uj =IU.’1 pkdr_J. P dl (D-1)
r r
where T is the boundary of the domain, u, the displacements on the boundary, p, the tractions
on the boundary, u;, and p,, the weight functions, which are the fundamental solutions of

Navier’s equations; and U, are the displacements at any internal points and any particular point

'i'' where the tractions or displacements are applied on the boundary. When 'i' is taken to the
boundary, generally, the integrals have a singularity.
If the boundary is smooth at point 'i', it is easy to solve this problem and yields the

following result
ciul = [uf pdT = [ prudr (D-2)
r r

where ¢;, =(1/2)5,,. When the point 'i' locates at the boundary which is not smooth, the

results are different and difficult to obtain the general expression. Brebbia and Dominguez [100]
gave the solution for elastostatic problem by using rigid body motions.
In order to solve the integral equation numerically, the boundary will be discretized into a

series of elements over which displacements and tractions are written in terms of their values at a
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series of nodal points. By using interpolation function @, the displacements and tractions can be
express in terms of their each element’s value as following

p=0p’ (D-3)
where u’ and p’ are the element nodal displacements and tractions. Substituting this equation

into equation (D-2), one can obtain

1= =T

. NE X NE X )
c'u' =Z{[u QdF}pJ—Z{J‘p d)dF}u’ (D-4)
NE here means number of elements, and['; is the surface of a ' j' element. Now, adopting two

matrixes

HI =% [p'® dr+c's,
tr

(D-5)
Gl = Zju*Qq dr
t

into equation (D-4), and then assembling all 'i' nodes into the global matrixes H and G, then

one can obtain the global system equations, i.e.
HU=GP (D-6)
The vector U and P represent all the values of displacements and tractions before applying
boundary conditions. By rearranging the two matrixes H and G, passing all unknowns to a

vector on the left hand side, and solving the equations, all the boundary values can be obtained.
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E. Viscosity Matrix of Grain Boundary Element for 2-D Weak
Statement

Recall the weak statement, equation (4.1). Consider only the grain boundary, for one

element (see Figure 3-5), integral extends over one element, which becomes

I”z { Jol }ds =-5G (E-1)
12| My,

Substitute the virtual mass displacement, 61, and the mass flux, J, with the interpolation

coefficients, equation (3.9) and (3.11), respectively. Equation (E-1) becomes

(E-2)

I_'I/;{(QIJI +Qu,, +Q2J2)I(\;21511 +Qn 1y, +Q25|2)}ds =-6G

gb

Replace Q,, Q, and Q,, by equation (3.10) and integrate the left hand side of equation (E-2),

giving the components of the element viscosity matrix for grain boundary

HeE = x|-1 4 2 E-3
gb 30M X ( )
¢ 2 2 16
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F. The components of Viscosity Matrix for axisymmetric
elements

2
. X, +X ..
Denote C =cos@, S =sin@ and m'=m (#j , giving the components of the element

viscosity matrix

2 3 2 2 3
zIST(A0X; + 6X; X, +3X,X; +X5)

M= 30m'
H = 7ICS10X, +6X X, +3X,X; +X;)
= 30m'
S(4X, + X, )2CIX, + TX] +3X,X, + X))
iy == 30m'
mIS?(2X; + 3% X, +3X,X3 +2X%;)
M= 30m'
H - mICS(2X; +3X7X, +3X, X5 +2X3)
P 30m'
xS(=CIX] +4x’ —=3x}X, +CIx; —6X,X; —5X3)
i =~ 30m'
27S(2CIx} —8x; +2CIX, X, —3X X, + CIX] +X;)
iy =~ 15m'
zIC*(10X] +6X]X, +3X,X3 +X3)
H = 30m'
xC(4%, + X, )(=2CIX, = 7%} —2X,X, —X3)
Mo == 30m'
3 2 2 3
b mICS(2X] +3X; X, +3%X,X; +2X;)
24 T 7

30m'
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_ mIC? (2% + 3% X, +3%,X; +2X,)

H,. =
= 3om'
Ho— aC(=CIX; +4x’ =3x7x, +CIx; —6X,X; —5X3)
8 30m'
H_ - 272C(2CIx} —8x; +2CIx, X, —3%x’X, +CIX; +X3)
7 15m'
7l (Tx, +X,)
Hy =
30M
. x(7C%17x, +46CIx} +79%; +C*I?X, +12CIx,X, +39%’X, + 2CIX; + 15X, X; +7X;)
30m'l
Ho— #S(CIX] +5% +6%°%, —CIx; +3%,X; —4X])
* 30m'
H. - aC(CIX] +5% +6xx, —=CIX; +3%,X; —4X])
» 30m'
_owl(x 4 X%y) L+ X, )(=C?1? + 2CIx, +13x; —2CIx, —16x,X, +13x3)
* 30M 30m'l
H - 271X, . 27(C?1%x, —2CIx} —23%; +2CIX, X, —9x} X, —3X,X; —5X})
T15M 15m'l
H 7S + 3% X, +6X,X; +10X,)
" 30m'
o - 7ICS(X] +3X]X, +6X,X3 +10X;)
® 30m'
oo SOy A, )X = 2CIX, +2X,X, +7X3)
* 30m'
H _2xS(ClIx{ =X +2Clx,x, +3xX, +2CIx; +8x;)
N 15m'
0 - 7IC? (X, +3X7 X, +6X,X; +10x3)
55

30m'
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 wC(X, +4%,) (%] =2CIx, +2x%,X, +7X3)

H. =

* 30m'
Ho— 2xC(CIx} =%, +2CIx, X, +3%X,X; +2CIX2 +8x3)

¥ 15m'

7l (X, +7X,)
H =
30M
. m(C?17x, = 2CIX} +7%; +7C°1°x, —12CIxX, X, +15%}x, —46CIx; +39X,X; +79x])
30m'l

ool 2l 27(=5x% +C?1?x, = 2CIxX, X, = 3%/ X, +2CIx; —9x X3 —23X;)

7 15M 15m'l

_ 8al(x, +x%,) L 8r(x + X, )(C?17 =2CIx, + 7% +2CIx, —4X,X, + 7X])
K 15M 15m'l
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