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Abstract

Hybrid quadrupole excitons and polaritons in cuprous oxide

by

Oleksiy Roslyak

Advisor: Prof. Joseph L. Birman

In this thesis I consider novel type of materials such as hybrid organic/inorganic

heteoro-structures and polystyrene micro-spheres/inorganic composites. The

organic/inorganic compound is presented by DCM2:CA:PS / cuprous ox-

ide material. Using ”solid state solvent” mechanism I propose to bring

the Frenkel exciton (FE) of the DCM2 into resonance with 1S quadrupole

Wanier-Mott exciton (WE) in cuprous oxide. This two types of the ex-

citons form new type of quadrupole-dipole hybrid exciton. This hybrid is

characterized by long lifetime and big oscillator strength inherited from the

organic FE. In the part I of the thesis I investigate the enhancement of

the quadrupole properties generic to cuprous oxide exciton by means of such

resonant hybridization. I consider enhancement of photo-thermal bi-stability

and second harmonic generation. The second part is devoted to the problems
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of light-matter interaction in cuprous oxide crystals such as weak interaction

with LA phonons and whispering gallery modes (WGM) in adjacent layer of

polystyrene micro-spheres. While the first effect is likely to impeded BEC

of the polaritons, the second mechanism provides necessary temporal coher-

ence. It is possible by trapping the light part of the polariton into resonant

WGM through big gradient of the evanescent tail which provides big lifetime

of such evanescent polariton. Due to big gradient of the evanescent field it

couples ”naturally” to the quadrupole WE in cuprous oxide.
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Preface

Nanometer-sized organic and inorganic semiconductor structures have re-

cently been attracting much attention. In these low-dimensional systems,

there are pronounced quantum confinement effects on the electronic and op-

tical properties. Synthesizing composite organic/inorganic semiconductors

is of major importance not only in the development of novel nano-structure

materials for electronics, optics and transport applications, as well as biomed-

ical; but also for basic understanding of their size-dependent physical prop-

erties. Recently, a new type of elementary state which can be generated by

optical excitation was introduced by Agranovich [1]. This is a hybrid ex-

citon which can be obtained from the resonant mixing of Frenkel(FE) and

Wannier-Mott(WE) excitons in organic-inorganic quantum wells by means

of dipole-dipole interaction across the interface. Many properties of this hy-

brid were predicted. Other realizations for the hybrid have been proposed.

Examples are hybrid excitons in an inorganic semi-conducting quantum dot

vi



PREFACE vii

covered by an organic layer[2] and the quantum dot-dendrimer system [3].

The energy of the hybrid exciton as well as the Green’s function matrix

elements for different quantum dot-dendrimer systems has been calculated.

In the model of Agranovich et. al. the decisive role in implementing

the formation of the hybrid state is played by the dipole-dipole coupling

between the semiconductor WE and organic FE. It is assumed that there

is no direct wave function overlap between the excitons on each side of the

well. The interaction energy takes the form of P (r) ·E (r) where P (r) is the

polarization field due to the organic dipoles of the FE interacting with the

electric field E (r) in the semiconductor from WE. In the work reported here

I modified this model to consider the quadrupole exciton ”yellow” 1S level in

cuprous oxide. This immediately puts my attention on a different interaction

term, which is now
~~Q · ~∇E = Qi,j

∂
∂xi

Ej,k. Here the quadrupole field couples

to a spatially varying (or k dependent) electric field. This coupling is the

basis of the present work.

In Chapter 1 of this thesis I discuss resonant hybridization of the 1S

quadrupole WE in a Cu2O quantum well with the dipole FE in an adja-

cent layer of organic DCM2:CA:PA. The coupling between excitons is due

to interaction between the gradient of the electric field induced by DCM2

FE and the quadrupole moment of the 1S transition in the cuprous oxide.
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The specific choice of the organic allows use of the mechanism of ”solid state

solvation” (See work of Bulovic [4] for more details) to dynamically tune the

WE and FE into resonance during a time ≈ 3.3 ns (comparable with the big

life time of the WE) of the ”slow” phase of the solvation. The quadrupole-

dipole hybrid utilizes the big oscillator strength of the FE along with the

big lifetime of the dipole forbidden quadrupole exciton, unlike dipole-dipole

hybrid exciton which utilizes the big oscillator strength of the FE and big

radius of the dipole allowed WE. Due to strong spatial dispersion and big

mass of the quadrupole WE the hybridization is not masked by the kinetic

energy or the radiative broadening of the exciton. The lower branch of the

hybrid dispersion exhibits a pronounced minimum and may be used in appli-

cations. Also I investigate and report noticeable change in the coupling due

to a induced ”Stark effect” from the strong local electric field of the FE. I

investigate the quadrupole exciton energy fine structure of the quantum well

confined ortho and para-excitons in cuprous oxide.

In Chapter 2 I demonstrated formation of multiple bi-stability regions

in the temperature pattern on the interface between cuprous oxide quan-

tum well and DCM2:CA:PS organic compound. The quadrupole-dipole hy-

brid excitons are thermalized with the surrounding helium. This leads to

higher non-linear temperature dependence on the laser field detuning from



PREFACE ix

the quadrupole exciton energy band which is associated with the temper-

ature induced red shift of the WE energy. Numerical up and down laser

frequency scan around 1S quadrupole resonance reveals hysteresis-like tem-

perature distribution. The multiple bi-stability regions are at least three

orders of magnitude bigger (meV ) then experimentally observed bi-stability

in the bulk cuprous oxide (µeV ) without the hybridization. The effective

absorption shape exhibits high asymmetrical behavior for the Frenkel-like 1

and Wannier-like 2 branches of the hybrid.

In Chapter 3 I report substantial enhancement of the optical second har-

monic generation (SHG) generic to the cuprous oxide crystals by resonant

hybridization with appropriate organic material (DCM2:CA:PS ”solid-state

solvent”). The quadrupole origin of the inorganic part of the quadrupole-

dipole hybrid provides inversion symmetry breaking and the organic part

contributes to the oscillator strength of the hybrid. I show that the enhance-

ment of the SHG, compared to the bulk cuprous oxide crystal, is proportional

to the ratio of the DCM2 dipole moment and the effective dipole moment of

the quadrupole transitions in the cuprous oxide. It is also inversely propor-

tional to the line-width of the hybrid and bulk excitons. The enhancement

1for the frequencies below the resonance
2for the frequencies above the resonance
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may be regulated by ”concentration tuning” of the organic blend (mutual

concentration of the DCM2 and CA part of the solvent) and choosing appro-

priate pumping conditions 3.

In Chapter 4 I present a comparative analysis of a ”conventional” phonori-

ton 4 and a polariton 5 ”weakly” coupled to the LA-phonons bath. Depending

on the duration of the pumping laser field, the phonon-induced decoherence

results in two distinct types of excitation. Long (ms) laser pumping pulses

form an ”equilibrium” polariton. The generic feature here is a pronounced

photo-thermal bi-stability. i.e. formation of four distinct branches. Transi-

tions between branches can be achieved by excitation energy fluctuations as

small as 200 neV . It is suggested that this may impede BEC of the para-

excitons. Short (µs) laser pulses create a ”quasi-equilibrium” polariton. In

the latter case, for some critical intensity of the laser field I demonstrate

possibility of strong luminicence from a highly unstable localized state on

the lower polariton branch.

In Chapter 5 I demonstrate formation of a new type of polariton on the

interface between a cuprous oxide slab and a polystyrene micro-sphere placed

on the slab. The evanescent field of the resonant whispering gallery mode

3varying the angle of incidence in case of optical pumping or populating the minimum
of the lower branch of the hybrid in case of electrical pumping

4coherent superposition of exciton-photon-phonon
5coherent exciton-photon superposition
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(WGM) has a substantial spacial gradient, and therefore effectively couples

with the quadrupole 1S excitons in cuprous oxide. This ”evanescent” polari-

ton has long life-time (1.7ns), which is determined only by its excitonic com-

ponent. The polariton lower branch has well pronounced minimum. Hence

it is suggested here that this can be readily utilized for BEC. The spatial

coherence of the polariton can be improved by assembling the micro-spheres

into a linear chain.

Therefore in Chapter 7 I consider the one-dimensional chain of identi-

cal spheres optically coupled by means of their WGM overlap. The band

structure of these new excitations depends significantly on the type of modes

involved in the inter-mixing between nearby spheres. I develop a general

theory of the photonic band structure of these excitations taking these ef-

fects into account. This is applied to several cases of recent experimental

interest. In the case of bands originating from WQMs with angular quan-

tum number of the same parity, the calculated dispersion laws are in good

qualitative agreement with recent experiment results. Bands resulting from

hybridization of excitations resulting from whispering gallery modes with

different parity of their angular momentum exhibits anomalous dispersion

properties characterized by a gap in the allowed values of the size parameter

and divergence of the group velocity.
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In the last Chapter 6 some unsolved problems are presented. These can

be directions for the future work on the QDH and ”evanescent” polariton.
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Chapter 1

Hybrid quadrupole-dipole

exciton

In the following section 1.1 I will generalize the Agranovich-Bassani work

[6] on dipole-dipole hybrid excitons, formed in adjacent layers of organic-

inorganic hetero-structures. The system I will analyze in this paper makes

use of the dipole forbidden, quadrupole allowed 1S exciton in Cu2O (WE)

coupled to a suitable organic Frenkel exciton (FE). Due to the strong spatial

dispersion of the quadrupole transitions I anticipate strong wave vector and

polarization dependence of the dispersion for the hybrid. Concrete results

will be given below for realistic configuration and values of parameters for

particular organic materials.

Note that while there has been experimental work on bulk cuprous oxide ,

very little experimental and theoretical work (or none) has been reported on

films or heterojunctions. In the remainder of this thesis experimental values

2
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of the parameters will be taken from established results on bulk systems.

In a few cases it is modified for lower dimensions as noted. Therefore in

section 1.2 I present theoretical examination of confinement effects which are

essential due to the rather small Bohr radius of 1S exciton; especially the

”central cell” and local field effects on the exciton dispersion.

In section 1.3 I discuss the problem of the choice of some proper organic

materials to assure resonance between FE and WE in the quantum wells. We

are going to show that layers of PS:CA:DCM2 [4] give an excellent match

to the quadrupole ”yellow” 1S exciton of cuprous oxide. I have chosen this

organic compound due to three main factors:

1. the extremely big oscillator strength of the organic FE formed on DCM2

molecules;

2. unlike the conventional organic materials 1 with short emission lifetime,

the dynamic ”solid state solvation” mechanism discovered in such a

compound by Bulovici et. al. [7]. It would allow the hybrid to live

through the phase of ”slow” solvation (≈ 3 ns). This is comparable to

the lifetime of the quadrupole exciton;

3. the ability to tune into resonance the energy of the singlet FE simply

1such as tetracene, antracene and some other
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by means of changing concentration of the CA.

The strong local electric field induced by the organic FE penetrates into

the cuprous oxide layer and results in an induced ”confined Stark effect”.

The relative shift of the electron and hole gives rise to induced polarization

and thus reduces the hybridization effect. This will be discussed in detail in

section 1.4 of this chapter.

Hybridization requires coupling between the two excitons, and I will es-

timate the coupling coefficient in section 1.5. The coupling between FE and

WE in the case of quadrupole active 1S WE is due to gradient of the field

induced by the FE in the DCM2 organic. In the dipole-dipole hybrid exci-

ton previously analysed one utilizes big oscillator strength of the FE and big

Bohr radius of the WE. In contrast, in case of quadrupole-dipole exciton one

utilizes the big oscillator strength of the FE and long life time of the WE

along with enhanced spatial dispersion of the coupling parameter.

In the final section 1.6 I will discuss the specifics of the quadrupole-dipole

hybridization dispersion and briefly propose possible experimental evidences

of such a hybridization. I look forward to experimental tests of our results,

by means of new types of high precision spectroscopy which were invented

recently [8].
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1.1 The QDH exciton configuration

A proposed configuration of an experiment for obtaining the hybrid exciton

is shown in the following diagram (see Fig. 1.1). In this simplified model a

mono-layer of width Lw ≈ size of a unit cell 4.6 Å quantum well of Cu2O

(gap energy Eg = 2.17 eV [8]) is placed upon a thin film of the PS:CA:DCM2

organic (with the gap energy much bigger than that of the cuprous oxide).

Obliquely incident 2 photons excite WE in the cuprous oxide and the FE in

DCM2. I consider DCM2 exciton as a 2D lattice of dipoles µx = 20 D 3 at

discrete sites n, placed at z′ ≈ Lw/2.

I treat the interaction of cuprous oxide quadrupole excitations only with

DCM2 organic molecules in the quadrupole approximation, since at the

pumping laser frequency only dipole forbidden transitions are allowed. Due

to the small concentration of the DCM2 molecules there is a ”buffer” of PS

between Cu2O and DCM2 so that one may neglect the exciton-exciton wave

function overlap and assume perfect 2D invariance of the system in direction

transverse to growth. Further on I neglect the kinetic energy of the WE. In-

deed, as will be shown in detail in the next paragraph, due to fluctuations of

the inorganic quantum well (IQW) width, strong confinement of the exciton

2to assure x component of the exciton wave vector
3D stands for Debye
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z

x, kx, Eg

z′

143 meV

2.17 eV

≫ 2.17 eV

EW
1S EF

Cu2O PS :DCM2: CA

Lw ≈ 4.6 Å
h̄ω ≈ EDCM2; E1S

h̄ω = Eu; El

Figure 1.1: Schematic representation of a possible experimental set-up to
produce quadrupole-dipole excitons. Here the inorganic Cu2O quantum well
provides the 1S quadrupole WE with the binding energy 143 meV (for de-
tails see section 1.2). Two pumping photons ~ω ≈ EDCM2, E1S generate the
hybrid signal from the upper Eu and lower El branches. The DCM2 part
of the organic ”solid state solute” provides dipole allowed FE; the PS host
prevents wave function overlapping between organic and inorganic excitons;
CA under proper concentration allows tuning of the excitons into the res-
onance. Due to comparable lifetimes of both types of exciton the system
utilizes strong spacial dispersion of the quadrupole exciton and big oscillator
strength of the organic.
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occurs 4 compared to the kinetic energy for small wave vectors. This results

in hopping motion of the exciton between sites of localization.

I seek new quadrupole-dipole hybrid (QDH) eigenstates for the upper (u)

and lower (l) branches in the usual linear combination form:

|u,k〉 = Au |F,k〉 + Bu |W,k〉 , |l,k〉 = Al |F,k〉 + Bl |W,k〉

Here the weighting coefficients for small k are given by [1]: A2
u,l = B2

u,l = 1/2.

After the usual diagonalization of the coupled WE/FE Hamiltonian, H =

HWE + HFE + Hint, the energies of the resulting upper and lower branches

are given by:

Eu,l = EW (F ) ± Γk

Here I have introduced the quadrupole-dipole interaction Hamiltonian and

corresponding off-diagonal hybridization coupling parameter:

Γ (k) ≡
∣

∣

∣
〈W,k| Ĥint |F,k〉

∣

∣

∣

In the subsequent sections I will derive expressions for the energies of the

exciton and the necessary conditions for the resonance hybridization. Also

as a main result of the chapter I will derive an analytical expression for the

4Let us consider smallest possible fluctuation of the IQW width, i.e. it changes from
Lw to 2Lw and decrease of the exciton energy is approximately 20 meV which is big
comparing to the rather small kinetic energy of the exciton for it has rather big mass of
free exciton
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hybridization parameter and dispersion. This will be followed by quantita-

tive and qualitative comparison of systems with conventional dipole-dipole

hybridization [1].

1.2 Quasi 2-D exciton in cuprous oxide

As far as I am aware there is no experimental data or theoretical description

for cuprous oxide film systems; contrary to the extensive literature for the

bulk case. Because of the small size Cu2O quadrupole exciton one can not

consider a strong confinement effect, which requires the width of the IQW

much less than the Bohr radius of the exciton ab. Even if modern epitaxy

methods allows one to manufacture a molecular mono-layer for the quantum

well thickness, one would have Lw/ab ≈ 1/2 which is not enough for con-

sideration of pure 2D WE. Two and more mono layers in one quantum well

will give the case of weak confinement and result in much weaker coupling

(see below). Thus I start from the well described case of bulk ”yellow” ex-

citon and then theoretically estimate the main properties in case of strong

confinement.

Cuprous oxide condenses in a cubic structure, where the copper ions form

a face-centered sub lattice, while the oxygen ions form a body-centered sub

lattice. The arrangement of both sub lattices is such that a copper ion is
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found centered between two neighboring oxygen ions (Oh symmetry) with

the lattice constant a ≈ 4.26 Å. From the lattice structure I now turn to

the band structure of this crystal [9]. There is a direct band gap, where

the valence band is formed by the Cu 3d orbitals and the conduction band

arises from Cu 4s and (possible) oxygen orbitals. In the presence of the cubic

crystal field, the five 3d states of the valence band split further into three

states of type 3Γ+
5 and a twofold 2Γ+

3 level. Taking also spin-orbit interaction

into account, the state splits further into a twofold level 2Γ+
7 and a fourfold

degenerate 4Γ+
8 level. The exciton representation is obtained from the direct

product of electron and hole Γex = Γenvelop ⊗ Γe ⊗ Γh.

For S-excitons : 1Γ+
1 ⊗2 Γ+

7 ⊗ Γ+
6 =3 Γ+

5 +1 Γ+
2 . The threefold degenerate

3Γ+
5 state and single 1Γ+

2 state are termed ortho-exciton and para-exciton

respectively. The para-exciton is optically forbidden in bulk. The ortho-

exciton is dipole
(

3Γ−
4

)

forbidden from the ground state of symmetry
(

1Γ+
1

)

,

because
〈

1Γ+
1

∣

∣
3Γ−

4

∣

∣
3Γ+

5

〉

= 0 and couples to the light in lowest order via

quadruple interaction of symmetry
(

3Γ+
5

)

,
〈

1Γ+
1

∣

∣
3Γ+

5

∣

∣
3Γ+

5

〉

6= 0.

Unlike the dipole operator, the quadrupole operator depends on the di-

rection of the light wave vector k relative to the lattice and the radia-

tion polarization vector e. Because of the k dependence the transition is

anisotropic even in a cubic crystal. The amplitudes of the ortho-exciton
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quadruple transitions are given by the symmetric vector product of k and e :

∼ eikj + ejki, i 6= j, see for example [9]. The three components correspond

to the Cartesian representations: 3Γ+
5xz,

3 Γ+
5yz,

3 Γ+
5xy.

The measured [10] oscillator strength of the quadrupole transition in bulk

Cu2O is low f[110] ≃ 3.9·10−9, which is about four orders of magnitude smaller

than the value found for the dipole alowed transitions of the P-excitons of

the same ”yellow” series. Even though the coupling to the light is extremely

weak, it can not be disregarded. The binding energy is about 153 meV and

Bohr radius of the exciton is given by ab = 2πε0/Eb ≈ 7 Å.

Because of the unidirectional confinement in the IQW, the exciton is

discretized in this direction (z-direction). And so the symmetry group Oh

is reduced to D4h. As a result the three fold degenerate ortho-exciton 3Γ+
5

is split into two fold degenerate 2Γ+
5 and non degenerate 1Γ+

4 ortho-exciton

levels, which I am going to refer to as ”heavy” and ”light hole exciton”

in analogy with the well known case of dipole allowed exciton. Another

remarkable result of the confinement is that the para-exciton 1Γ+
2 changes its

symmetry to 1Γ+
3 . And due to the fact that the quadrupole operator 3Γ+

5 also

reduces its symmetry to 2Γ+
5 and 1Γ+

3 the para-exciton is no longer forbidden

in the IQW. Note that roughness of the interface due to the small width of

the IQW leads to further reduction of the symmetry to D2h. The details of
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the selection rules and dependence upon polarization can be found in the

Table 1.1, 1.2 (See Appendix).

Now let us consider the effect of confinement on the energy spectrum of

the quadrupole active exciton. I study only the ortho-exciton (the gener-

alization to the case of para-exciton is trivial) and neglect spin-dependent

exchange interaction and related spin-orbit effects. The energy of the 1S

quadrupole exciton confined in a IQW can be written as:

HWE = He (ze) + Hh (zh) +
p2

2µ̃
+

P 2

2M
− e2

ε
√

ρ2 + (ze − zh)
2

Here ρ is the relative electron e - hole h position, p is the relative momentum,

P is center of mass quasi momentum which is to be considered in x, y− plane.

µ̃ and M are reduced mass and total mass of the exciton respectively.

The quadrupole exciton confined in the infinite IQW has a smaller Bohr

radius than in case of bulk and as a result one must take into account so

called ”central cell” corrections (CCC) [11] in determining the dispersion 5

(See Fig.1.2).

Aside from the non-parabolicity of the bands [12], the electron-hole in-

teraction in this case is the bare Coulomb interaction modified by the k

dependent dielectric function. This is mainly due to virtual LO-phonon as-

5wave vector dependence of the hybrid exciton energy



CHAPTER 1. HYBRID QUADRUPOLE-DIPOLE EXCITON 12

3 4 5 6 7 8 9 10
aB
��������
2 Λ

-150

-100

-50

0

50

100

B
i
n
d
i
n
g
E
n
e
r
g
y
m
e
V

Figure 1.2: The solid line shows the modified energy of the 1S exciton as
a function of the Bohr radius (Å) and variational parameter λ due to the
confinement effect; the dotted line shows the same function with the central
cell correction not taken into account.

sisted valence electron transition into the highest conduction bands ( 4Γ−
8

split by the confinement). Here I have to assume that the energy of the

LO-phonon modes exceeds 87 meV [13], when the dielectric constant drops

from ε0 = 7.5 ∓ 0.2 to ε∞ = 6.46. In this case it can be shown [11] that for

small values of the exciton wave number k, ε(k) ≈ ε∞ − 0.18 (ka)2.

In my model due to the comparable sizes of the exciton radius and IQW

width, one can consider the confinement as a small perturbation upon the

pure 2D exciton energy. To explicitly show the perturbation part it is con-

venient to introduce a small variational parameter λ ranging from 1 for pure

2D to 1/2 for pure bulk cases, so that the confined exciton energy can be
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re-written as:

HWE = H0
WE + H1

WE + H2
WE (1.1)

Here I separated the analytically solvable part:

H0
WE = He (ze) + Hh (zh) +

p2

2µ̃
+

P 2

2M
− λe2

ερ
(1.2)

and small perturbation parts which are due to the weak confinement:

H1
WE =

λe2

ερ
− e2

ε
√

ρ2 + (ze − zh)
2

(1.3)

H2
WE =

p4a2

24~2µ′ −
p2P 2a2

4~2M ′ (1.4)

These terms (1.3, 1.4) come from second order corrections in the tight-binding

model and are due to non-parabolicity of the bands with 1/µ′ = Ce/me +

Ch/mh and M ′ = me/Ce + mh/Ch. The second term in (1.4) couples the

relative motion of the electron and hole with the motion of their center of

mass and modifies the total exciton mass. The fourth term in (1.2) and

second term in (1.2) yields the free exciton dispersion relation for the center

of mass motion [11]:

Ek =
~

2k2

2M

(

1 − 2λ2Ma2

M ′a2
b

I4

(

kDab

2λ

)

I2

(

kDab

2λ

)

)

(1.5)

Here kD is the Debye wave vector, i.e. the radius of a sphere with volume

equal to that of the first Brillouin zone and In (x) =
x
∫

0

yndy

(1+y2)4
. Kouvalkis
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et. al.[11] estimated the order of magnitude of the constants Ce, Ch using

k · p perturbation theory. Mixing of bands with different parities modifies

the bare electron and hole masses. In addition including the coupling to LO

modes gives Ce ≈ Ch ≈ 1.

In my work I am going to use a simplified approach instead of the k ·

p perturbation theory and estimate this correction from the fact that the

exciton becomes localized as the Bohr radius approaches the lattice constant:

lim
ab→a

Ek = 0. This yields the following expression C = 2I2 (π) /I4 (π). The

correction to the potential energy due to the first term in (1.4) is given by

its expectation value in momentum space.

−~
2a2

24µ′

(

∑

q<kD

|Ψq|2 q4

)(

∑

q<kD

|Ψq|2
)−1

= −~
2a2C

24µ

I6

(

kDab

2λ

)

I2

(

kDab

2λ

)

Here the relative electron e - hole h motion wave function Ψq =
8
√

πa2
b�

1+(qab)
2
�2

is strongly peaked in momentum space. The last term in H0
WE describes

the effective interaction between an electron and hole at momentum transfer

q with the same approximation for the k dependent dielectric function as

above:

V (q) =
4πe2

q2ε (q)
≈ 4πe2

q2ε∞
+

4πe2

ε∞
a2 · 0.18.

If one truncates the 1S trial wave function outside the first Brillouin zone I
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find the correction due to the small Bohr radius of the exciton in the form:

−0.36λ3e2a2

πε2
∞a3

b

[

I ′
2

(

kDab

2λ

)]2

I2

(

kDab

2λ

)

In the above expression the contribution of LO phonons to the dielectric

function has been employed, where the main contribution comes from vir-

tual transitions between the higher Γ−
8 conduction band and the highest

Γ+
7 valence band. Now treating H1

WE as perturbation in the lowest order

and neglecting momentum dependence of the screening and approximating

He (ze)+Hh (zh)+ P 2

2M
by ~

2λ2

µ̃a2
b

one can find the total WE energy in the IQW

as the minimum of the total exciton energy with respect to the Bohr radius:

Etotal
WE (λ, ab) =

~
2λ2

µ̃a2
b

− 2λe2

ε∞ab
−

−~
2a2C

24µ

I6

(

kDab

2λ

)

I2

(

kDab

2λ

) − 0.36λ3e2a2

πε2
∞a3

b

[

I ′
2

(

kDab

2λ

)]2

I2

(

kDab

2λ

)

(1.6)

To find the variational parameter λ we use an additional restriction deter-

mined by requiring that the first order energy shift vanishes [14]:

〈Ψλ|H1
WE |Ψλ〉 = 0 (1.7)

Ψλ = χe (z) χh (z)
(2λ)3/2 exp(−2λρ

ab
)

√

πa3
b

e−ikr‖ (1.8)

Here Ψλ is the unperturbed eigenfunction of H0
WE. The envelope functions

for the confined electron and hole are denoted as χe and χh correspond-

ingly and for k = 0 given by equation (ISE:9). The numerical calculations
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(See Fig.1.2 and Fig.1.3) show that for a mono-layer of the cuprous oxide

λ ≈ 0.881, ab ≈ a = 4.6 Å, i.e. in this case one can consider the 1S

quadrupole exciton to be ”Frenkel-like” localized exciton with k dependent

oscillator strength. Without central cell corrections the value of the binding
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Figure 1.3: (Color online) For numerical estimation of the confined
quadrupole Bohr radius as an approximation I took ab to be the bulk Bohr
radius 5.1 Å. So the ”correction” equation (1.7) becomes function of only
one parameter λ and so does the binding energy (1.6).

energy is 124 meV (minimum of the dashed curve on Fig.1.2). With CCC it

is lowered to 154 meV and corresponds to the minimum on the lower solid

curve of Fig.1.2. Now in the weak confinement of the IQW there is a restric-

tion on the value of the parameter λ given by equation (1.7). So the standard

binding energy (second term in the total energy (1.6)) slightly grows with

the increasing parameter λ 6. But the CCC decreases with increasing con-

6λ = 1/2 for the bulk, and λ = 1 for the maximum of the confinement (strong confine-
ment regime)
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finement λ. This results in binding energy for weak confinement bigger than

bulk case without CCC but slightly smaller than for the bulk case with CCC.

This unusual behavior is entirely attributed to the confinement dependent

CCC.

The confinement in the IQW increases the overlap of the electron and hole

wave functions, which in turn increases the oscillator strength of the ”yellow”

transition. I am only able to estimate the oscillator strength in case of quan-

tum confinement. I consider a non radiative interface exciton, which refers to

the states outside the photon cone, k ≥ ω
√

ε
~c

. WE propagating in the plane

are trapped and accompanied by the light field which is evanescent in the di-

rection perpendicular to the interface. In the strictly two-dimensional limit,

the oscillator strength of the lowest state scales as f 2D/Sab ∼ (λk)
−3 /a3

b .

The oscillator strength per unit volume scales as f 3D/V ∼ 1/a3
b . The max-

imum enhancement of the oscillator strength in IQW with respect to the

bulk case is eight times and results in giving f 2D ≈ 8 · 3.7×10−9. In general,

due to the interaction with the FE f 2D will have a weak dependence on the

wave vector. Also the exciton resonance broadens due to imperfections of

the IQW. In my case, the IQW is rather thin, which gives rise to interface

roughness and thickness fluctuations. Therefore the exciton mode should

show a line width of about 1 µeV (the lifetime ≈ 1.7 ns).
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The results for the confined quadrupole excitons in cuprous oxide obtained

in this section are going to be used in the rest of the chapter. Note that the

main reason to have the WE energy shift due to the confinement is that it

is of the same order of magnitude as the coupling parameter itself.

1.3 PS:CA:DCM2 as an organic part of the

hybrid

As it was already discussed, for the best manifestation of the hybridization

effect one has to be able to tune the energy of the Frenkel and Wannier-

Mott excitons into resonance. Also the Frenkel exciton lifetime should be

comparable to the lifetime of the 1S quadrupole exciton, otherwise the hybrid

would not live long enough to utilize properties of the quadrupole part. So I

decided to use in our model the Frenkel exciton formed in a recently reported

amorphous organic thin film doped with the red laser dye: [2-methyl-6-2-

(2,3,6,7-tetrahydro-1H, 5H - benzo[i,j] - quinolizin - 9 - yl) - ethenyl] - 4H

- pyran - 4 - ylidene] propane dinitritle (DCM2) [7], which has an electric

dipole moment of 11 D in the ground state. To achieve a red spectral shift

of DCM2 into the resonance with the 1S quadrupole exciton I propose to

use a low DCM2 dopant concentration in a two component host consisting of

polystyerine (PS) and the polar small molecule camorphic anhydride (CA).



CHAPTER 1. HYBRID QUADRUPOLE-DIPOLE EXCITON 19

Because DCM2 and CA (dipole moment ≈ 6 D) are highly polar molecules,

and PS is a nearly non-polar (less than 1 D), one can ”tune” the spectral

shift by means of adjusting the relative concentration of the DCM2 and CA

molecules. Increasing the DCM2 concentration one increases the strength of

the local electric fields present in the film. In my case I will keep the DCM2

concentration constant and low (0.05%), to avoid possible overlapp of the

organic and inorganic excitons, and limiting DCM2 aggregation effects. At

the same time, the dielectric properties of the film are modified by changing

the concentraton of CA, which has a large ground state dipole moment rel-

ative to its molecular weight and is opticaly inactive in the relevant region

of the DCM2 photoluminiscence. According to the work of Bulovic [7], the

dielectric permitivity increases with increasing CA concentration linearly:

ǫ̃ = 2.44 + 0.13 (CA%) (1.9)

In contrast, the index of refraction of the film at yellow light frequency is

nearly constant n ≈ 1.55. The PS provides a transparent, non polar host

matrix. Such a mechanism for the spectral shift was termed ”solid state sol-

vation”, as the solvation mechanism underlying ”solvatochromism” of organic

molecules in liquids [15].

The theory of ”solvatochromism” relates the experimentally observed
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changes in emission and absorption spectra of a solute (DCM2) to the dielec-

tric permitivity of a solvent (PS:CA). An electronic transition in the solute

(due to photon absorption) produces a corresponding change in the solute

charge distribution, which causes the surrounding solvent molecules to re-

spond to this new field in two ways:

1. through electronic cloud reorganization (polarizability) which is re-

ferred to as ’fast’ solvation which occurs during 0.16 fs judging from

the relaxation spectrum of the DCM2 (line width ≈ 0.25 eV );

2. through gross spatial movement due to physical translation and rota-

tion (”slow” solvation). During this phase the radiative recombination

from the FE is prohibited and allows the FE exciton to live 3.3 ns.

In my proposed scheme, the actual hybridization with 1S quadrupole

exciton occurs during this time interval as it is comparable to the life

time of the quantum confined quadrupole exciton, while the lifetime of

the DCM2 in vacuum is determined by FC effect which is much faster;

This is apart from the Frank-Condon (FC) shift due to solute nuclear reor-

ganization. A schematic of the dynamical tuning of the FE and WE energy

levels is presented on Fig.1.4. See the caption for more detailed explanation.

Once the FE energy falls into the vicinity of the coupling parameter with
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Figure 1.4: Schematic of dynamic tuning of FE and 1S quadrupole WE by
means of ”solid state solvation” (SSS) red shift effect. Following photon ab-
sorption (1) in DCM2 there are distinct dynamic phases: (2) fast adjustment
of the electronic configuration in DCM2 due to interaction with polar CA
molecules within the time frame of pico seconds τf ; (3) slow self-adjustment
of DCM2 and CA molecules τs ≈ 3.3 ns; (4) second ”yellow” photon delayed
by δτ ≈ τs − τ1S is absorbed by Cu2O confined 1S quadrupole exciton with
lifetime τ1S ≈ 1.7 ns; hybridization occurs when detuning between this two
types of exciton becomes smaller than the k dependent coupling parame-
ter, lifetime of the hybrid is defined by τs and τ1S; (5) phosphorescence due
to the hybrid exciton recombination. (6) shows possible recombination of
non-interacting excitons.
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the quadrupole exciton (resonance condition) the hybridization occurs. The

detailed dynamics of the hybrid is the subject of our future work. Presently

I assume that the effective lifetime of the hybrid is τsτ1S

τs+τ1S
and requires two

photons to populate both branches of the hybrid exciton. I performed cal-

culations for the energy of the FE under the ”continuum” approximation, in

which the surrounding molecules of the solvent are replaced by a continues

dielectric. The molecules of the solute are described by a spherical cavity of

radius aF of the DCM2 molecules and the corresponding charge distribution

is reduced to the dominant dipole moment [16]. Then the total emission

energy including the solvation effect can be written as:

E = E0 + ∆Esolv (1.10)

Here E0 is the emission energy in vacuum including the FC shift; and Esolv =

− 1
a3

F

(µg −µe)(Λµe +Λopµg), here I introduced µe and µg to be solute excited

and ground states dipoles, respectively; and

Λ =
2(ǫ̃ − 1)

2ǫ̃ + 1
, Λop =

2(n2 − 1)

2n2 + 1

associated with ”slow” and ”fast” relaxation processes described above, re-

spectively.

The equations (1.9, 1.10) along with experimental fitting for − 1
a3

F

(µg −

µe)µe = 0.57 yields the concentration of the CA ≈ 22% corresponding to the
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resonance with the confined 1S quadrupole energy 2.05 eV .

There is one sensitive point I make in my work, namely the necessity of the

second delayed photon. One photon does allow hybridization once the energy

of the FE exciton is close enough. However only one branch of the hybrid

is going to be populated. Because one approaches the resonant energy from

above, the upper branch is the one to be populated. The lower branch may be

populated by multi acoustical phonon process. But I do not know how long

it takes to populate from the maximum of the upper branch to the minimum

of the lower branch. For the temperature of 1.7 K it takes approximately

26 of such phonon processes without the Stark effect (See section 1.4) or 7

of them with the Stark effect. Even though such transitions are allowed,

it may take more time than the life time of the hybrid. For example the

lifetime of the 1S ortho-exciton itself is determined by the acoustical phonon

assisted transformation to the para-exciton which involves change in energy

of 12 meV . This is comparable to the doubled coupling parameter: 2Γk.

Hence, I assume that the second photon is absorbed in order to assure

both branches are populated regardless of the initial conditions. When both

photons are in resonance with the WE exciton ~ω ≈ E1S, the second photon
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provides conservation of energy:

~ω + ~ω = (E1S + Γk) + (E1S − Γk)

Conclusively, it this section I derived necessary concentration of the solvent

(CA) to provide resonance between WE and FE. Also I estimated the life

time of the formed hybrid.

1.4 Induced Stark effect

In this section I investigate a new effect which plays a rather significant role

in forming any hybrid exciton. Let us refer to it as an induced quantum

confined Stark effect. The main idea is the following. There is an evanescent

potential in the z - direction and corresponding k - dependent electric field

due to the FE, penetrating into the inorganic quantum well (see Fig.1.1).

This field induces some polarization of the bound electron-hole pairs of the

WE. This polarization leads to an effective screening of the electric field and

results in reducing the coupling.

I consider the FE as a polarization wave [1] P (r) confined to a perfectly

2D organic quantum well (OQW) placed at position z′ ≈ Lw

2
(See Fig.1.1).

Neglecting the constant phase of the wave e−ikLw
2 the polarization per unit
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area S is given as:

Pi (r) = aF µFei
e−ikn‖

√
S

δ

(

z − Lw

2

)

Here µF is the dipole moment associated with the FE. Now one can move

from discrete set of FE to a continuous distribution and take into account

that

∑

n

e−ikn‖ =
1

a2
F

∫

e−ikr‖dr‖

In this continuous approximation one gets the final result for the polarization

created by the FE exciton propagation along the interface:

Pi (r) = µFei
e−ikr‖

aF

√
S

δ

(

z − Lw

2

)

+ c.c

The potential due to this polarization wave is given by [1]:

ϕk (r) = G
(

r,n‖,k
)

∇P = −∇iG
(

r,n‖,k
)

Pi

The standard Green’s function for z < z′ is given by:

G (z, z′,k) =
4π

ε (k) + ε̃

ek(z−z′)

k

It gives rise to the potential of the form:

ϕk (r) =
∑

i

[kδi,z + ik] G (k, z′, z)Pi (r) = µF e−ikr‖

aF

√
S

4π

ε + ε̃
ek(z−z′) (1.11)

Here I utilized the fact that the complex conjugate part cancels out the imag-

inary part of the above expression. The electric field creates an additional



CHAPTER 1. HYBRID QUADRUPOLE-DIPOLE EXCITON 26

polarization in the IQW, which I am going to estimate by its effect upon the

coupling parameter. Effectively this polarization manifests itself by giving an

envelope function equation in the IQW for the electron and hole. Following

a standard procedure ( Bastard [17]), the equations governing the electron

(hole) envelope function in the IQW:

(

− ~
2

2me

d2

dz2
− eFkz

)

χe
k (z) = (E − Ec) χe

k (z)

(

− ~
2

2mh

d2

dz2
+ eFkz

)

χh
k (z) = (Ev − E)χh

k (z)

Here I used the long wave approximation for the potential namely taking the

effective electric field in the form: Fk ≃ kϕk (z = z′). The total energy shift

due to the induced field is negligible for small difference in the electron and

hole masses and small width of the IQW. The envelope functions are subject

to zero boundary conditions at both sides of the IQW. Here one comes across

some difficulties. Although this system has an exact solution the standard

approach with Airy functions Ai and Bi will lead us to a rather complicated

but exact result:

χn
k (z) = C1,n,kAi

(

eFkz − ζn,k

ζ0,k

)

+ C2,n,kBi

(

eFkz − ζn,k

ζ0,k

)

(1.12)

In the last expression I introduced the following notation for the electron
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(hole) energy change due to the confinement and FE induced polarization:

ζ0,k =

(

(eFk~)2

2m

)1/3

ζn,k = En − E0 − eϕk (0)

With E0 = 0 for the electron and E0 = −Eg for the hole (I also omitted

indexes e, h for simplicity). The normalization constants are connected as:

C1,n,k = Ai

(

eFk
Lw

2
− ζn,k

ζ0,k

)

/Bi

(

eFk
Lw

2
− ζn,k

ζ0,k

)

Therefore, the energy levels can be found by taking boundary conditions as

discrete solutions for the following nonlinear equation:

Ai

(

eFk
Lw

2
− ζn,k

ζ0,k

)

Bi

(

−ζn,k − eFk
Lw

2

ζ0,k

)

−

−Bi

(

eFk
Lw

2
− ζn,k

ζ0,k

)

Ai

(

−ζn,k − eFk
Lw

2

ζ0,k

)

= 0

(1.13)

For the hole one has to change e → −e. Although equations (1.12) and (1.13)

exhibit the exact solution, they are rather complicated for further analytical

description of the hybrid exciton states.

There are some approximate ways to treat the problem of the electron

and hole wave functions relative shift in the induced field. First, let me

treat the electric field Fk using a perturbation theory. In this approach I

can explicitly see the term due to induced polarization. This perturbation
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approach is applicable if the energy difference between unperturbed ground

and first exited state is much bigger than the perturbing potential at the

average position of the particle z = 0. For the case of a mono-layer of

cuprous oxide it is applicable only for the very small wave vector region. But

it may be used as a correction in the dipole-dipole hybridization. In the first

order there will be no change in total energy proportional to the square of

the FE induced electric field. But the wave functions will be changed to the

following expression:

χe
k (z) =

√

2

Lw
cos

(

πz

Lw

)

− 32FkL
3
wem

27π2~2

√

1

Lw
sin

(

2πz

Lw

)

(1.14)

Because the above expression (1.14) is still rather complicated, I consider

only the lowest energy levels transitions so it is possible to consider instead

of infinite IQW, an ”equivalent” parabolic profile defined through its lowest

energy level as

1

2
~ω2

0 =
(π~)2

2mLw

Hence, I am able to consider k, Lw values in the region where perturbation

theory is not applicable. The reduced parabolic problem has an exact solution

with the same energy as was given by perturbation theory for the lowest

transition. The envelope function normalized inside the given IQW has a
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Gaussian form 7:

χe,h
k (z) =

(2π)1/4

√

erf
(

π
/√

2
)

Lw

exp

(

−(z − ze,h)
2

R2
0

)

(1.15)

In the above equation (1.15) the dimension R0 of the parabolic IQW is taken

to be the same for the electrons and holes:

R0 =

√

~

meω0
=

Lw

π

The shifted average electron and hole positions are given by:

ze,h = ± eF 2
k

2mω2
0

= ±eF 2
k mL4

w

2π4~2

In the next section I am going to use these envelope functions to calculate

the coupling parameter.

1.5 The coupling parameter and dispersion

The energy of interaction between the organic dipole and inorganic 1S quadrupo-

lar excitons can be written as [18]:

Ĥint = −1

6

∑

α

∑

β

Q̂αβ
∂

∂xα
F̂β = −1

6
Q̂α,β |0〉Di,α,β

(

n − r‖, z
′, z
)

〈0| d̂F
i

Here Q̂αβ is the quadrupole transition operator; the electric field operator

F̂β is due to the FE as given by the equation (1.11); Di,α,β is the Green’s

7I assume me = mh
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function in momentum space. The interaction parameter is given by the

following transition matrix element:

Γk = 〈W,k|Hint |F,k〉 =
∑

α,β,i

∑

n

∫

dzdr‖ 〈W,k| Ĥint |F,k〉

The quadrupole transition matrix element may be obtained by using the

relation 1
S

∑

q

ϕ1S (q) = ϕ1S (re − rh = 0) between the wave function of the

relative electron-hole motion of the 1S exciton ϕ1S (normalized to the unit

area S) and its momentum representation ϕ1S,q. Hence, the Fourier compo-

nent of the quadrupole exciton transition from the ground state of the crystal

[19] is given as:

〈W,k| Q̂α,β |0〉 =
eikr‖

√
S

∑

q

ϕ1S (q)Qα,β (q) =

√

2

π

λQα,β

ab

eikr‖

√
S

χe
k (z) χh

k (z)

Considering the weak dependence of the conduction uc,q and valence uυ,q

Bloch functions on the wave vector q, the quadrupole moment of the inter-

band transition may be written as:

Qα,β ≈ Qα,β (q = 0) =
1

υ0

∫

υ0

dsu∗
cq (s) xαxβuυq (s)

with the integration taken over the unit cell of the cuprous oxide υ0. The

expectation value of the FE exciton dipole transition operator is given as:

〈0| µ̂F
i (n) |F,k〉 =

√

π

S
aF µF

i e−ikn
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The Green’s function in momentum space for the given geometry is given by

Di,α,β (k, z′, z) =
4π

ε + ε̃
k2ek(z−z′)

(

iki

k
+ δi,z

)(

ikβ

k
+ δβ,z

)(

ikα

k
+ δα,z

)

(1.16)

For the selection rules based upon the specific geometry of the problem and

the corresponding Green’s function see Table 1.7 of the Appendix. Without

loss of generality one may take the wave vector along the x - axis. From

the Green’s function (1.16), polarization selection rules [20], my specific type

of interaction energy and the requirement of having real eigenvalues one

can conclude that the only possible direction of the wave vector and dipole

orientation is given by nonzero components µF
x and Qx,z respectively.

I would like to note here that there is another possible approach to the

problem of resonant interaction between these two types of exciton. If one

modifies the results of Moskalenko [19] for my case and introduces an effec-

tive polarization due to quadrupole transitions via a k dependent inter-band

dipole element

µW
ij,k ∼ |Qij | (eikj + ejki) (1.17)

Then one uses the corresponding interband polarization, this would coincide

with a case of ’dipole-dipole’ transitions, when the electric field created by

the set of WE dipoles will interact with the dipoles in the organic. In this
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way one could directly use the results of Agranovich [1]. Due to an addi-

tional requirement for the Hamiltonian to be hermitian, it would give us the

following result for the coupling constant:

Γi6=j (k) ∼ Re
(

µW
ij,kDjαµF

α

)

∼ |Qx,j|µF
x kxejex

Here I used the fact that the wave vector has only an x component. And

so this coupling parameter vanishes in this approximation as j 6= x. For

that reason in this thesis I study interaction of the cuprous oxide quadrupole

with the gradient of the electric field created by organic FE placed near the

interface between the organic PS : CA and inorganic Cu2O.

Calculating the integral of the coupling parameter and summing over the

dipoles for the case when a perturbation approach is applicable yields:

Γ (k) = Γ1 (k) + Γ2 (k)

Here Γ1 (k)- corresponds to the unperturbed coupling parameter, and the

last term is due to the perturbation.

Γ1 (k) =
8
√

2π

6 (ε (k) + ε̃)Lw

ke−kz′sinh
(

Lwk
2

)

(

1 +
(

kLw

2π

)2
)

Qxzµ
F
z

aF abLw
(1.18)

To increase this coupling term one may consider the organic host PS:CA with

DCM2 organized in a multi-layered structure 8. The same approach can be

8not shown on Fig.1.1
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generalized for the case of multi-layered organic with distance between the

layers to be equal to twice the radius of the FE (compact composition). It can

be shown that one has to multiply (1.18) by 2e2kaF /
(

e2kaF − 1
)

. The factor

of two in the last expression indicates that the organic is placed on both sides

of my IQW and one must consider the symmetrical Green’s function in the

interaction.

Another term in the total coupling parameter is due to the induced Stark

effect 9 and has the form:

Γ2 (k) ∼ −512

27

L4
wkFk · C · M

π2~2

e · cosh
(

kLw

2

)

k4L4
w + 10π2k2L2

w + 9π4

Here Fk is the electric field induced by the organic layer of dipoles. The

terms proportional to L6
w have been omitted.

For the region of wave vector and width of the IQW where one can not

use perturbation theory another form of the coupling parameter must be

developed. In this case it is convenient to use the effective parabolic poten-

tial and the envelope functions in the form (1.15). Therefore, the coupling

parameter acquires the form:

Γ (k) ∼ k2e−kz′

√
2

4
exp

(

−16z2
e − R4

0k
2

8R2
0

)

×

×
(

erf

(√
2

4
(2π + kR0)

)

+ erf

(√
2

4
(2π − kR0)

)) (1.19)

9There is no induced Stark effect in multi-layered case due to the corresponding sym-
metry of the organic
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Here for simplicity I put ze ≈ −zh, or in another words me ≈ mh. For nu-

merical estimation of the quadrupole matrix elements I used the well known

[19] result for corresponding oscillator strength:

fxz,k0
=

4πm0Eg

3e2~2

( ab

2λa

)3

ez · k0,x · Qx,z

Where λ represents affect of quantum confinement, and |k0| = 2.62·105cm−1.

The dispersion of the hybrid state in case of negligibly small detuning of

1S exciton with the DCM2 transitions (resonance) is presented on Fig.1.5.

The first (1) dashed lines correspond to the coupling parameter when the

Stark effect is neglected. So it corresponds to to the upper part of the

dispersion in this approximation. To show the effect of the ’parabolic’ ap-

proximation on the coupling I drew the second dashed line (2). And the

third dashed line (3) is when the Stark effect is small enough to be taken as

a perturbation without applying the ’parabolic’ approximation.

Note that I consider the quadrupole-dipole interaction only between cuprous

oxide and DCM2 excitons and neglect the coupling with PS:CA host tran-

sitions. This is because it has the much smaller oscillator strength of the

corresponding inter-band dipole moments for the transitions which are off

resonance with the inorganic. Neglecting the Stark effect, from this numeri-

cal estimation it is easy to see that for the values of kR0 ≪ 1 the expressions
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Figure 1.5: The solid lines represent upper and lower branches of the
quadrupole-dipole hybrid dispersion when the coupling is calculated in the
parabolic approximation and the induced Stark effect is taken into account;
the dashed lines correspond to the coupling parameter for different approx-
imations: (1) - infinite IQW and the induced Stark effect is neglected, (2)
- parabolic approximation, (3) - infinite IQW with the induced Stark effect
treated as a perturbation



CHAPTER 1. HYBRID QUADRUPOLE-DIPOLE EXCITON 36

(1.18) and (1.19) are equivalent.

1.6 Numerical results and discussion

Although the oscillator strength of the 1S quadrupole exciton is three orders

of magnitude smaller than for the nearest dipole allowed exciton, strong spa-

tial dispersion 10 makes the maximum of the coupling parameter comparable

with those for the dipole-dipole case.

The 1S quadrupole exciton has a rather big mass of the (≈ 3m0) and

so is comparable to the mass of the FE (≥ 5m0). Also one has to take

into account a significant effect of the IQW width fluctuation. Indeed,

the effect of the width fluctuation is energy change between confined and

the bulk cases, which corresponds to energy drop of E1S,binding (λ = 1) −

E1S,binding (λ = 0.881) = 17 meV (See Fig.1.3). Hence, due to both of this

effects I neglected the kinetic energy of the confined quadrupole 1S exci-

ton. The motion occurs via site to site hopping in a FE-like way. Thus the

quadrupole-dipole hybridization effect is more pronounced than the dipole-

dipole hybridization because it is not masked by the kinetic energy of the

exciton [1].

Also the hybridization effect is not masked by the large radiative decay

10factor of k in equation (1.18) resulted from the quadrupole nature of the 1S transition
in the cuprous oxide
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rate of the FE. Instead of the classical spontaneous radiative rate of the or-

ganic I use the ”solid state solvation” process to obtain a different relaxation

mechanism. Namely, one has the dynamical red shift of the DCM2 FE dur-

ing the ”slow” phase of the solvation process, when the energy of the photon

excited DCM2 molecules is partially transfered to the polar CA molecules

by non-radiative dipole-dipole electro magnetic interaction followed by im-

mediate fast 11 radiative decay. To compare the radiative decay rate (life

time) with the hybridization parameter I simplify the dynamics to the fol-

lowing statement. The FE has fixed resonant energy with the 1S quadrupole

WE but has an ”effective” lifetime equal to τs. So if one omits all the pos-

sible non-radiative channels of decoherence except the radiative decay, the

radiative decay rate from the hybrid to the ground state is calculated using

Fermi’s golden rule:

~γhybrid (u, l; k) = 2π |〈g|Hint |u, l; k〉|2 δ (~ωk − Eu,l) =
A2

l,u~

τs
+

B2
l,u~

τ1S
=

=
~

2

τs + τ1S

τsτ1S

≈ 0.29 µeV

The above line-width of the QDH corresponds to 1.1 ns of the hybrid lifetime.

Note that much better results for the decay rate of the hybrid may be

obtained from a solution of the kinetic equations governing the dynamics of

solvation and hybridization. This is a subject for my future work and will

11compared to the τs
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be reported elsewhere

From this estimation the ratio of the hybrid radiative rate to the maxi-

mum of the coupling parameter is 0.0006 which is two orders of magnitude

smaller than predicted [2] value 0.09 for the dipole-dipole hybrid in a quan-

tum dot. We have not derived the dependence of the damping on the con-

finement and Bohr radius of the quadrupole-dipole hybrid. So I used the

work of Engelman [2] on the fully confined quantum dot hybrid. And also

work of V. Agranovich [1] on the less confined quantum wire dipole-dipole

confinement. This complies with my strategy of making comparative analy-

sis between quadrupole-dipole and dipole-dipole hybrid cases. Indeed it was

shown in case of fully localized quantum dot dipole-dipole hybridization that

the ratio of the hybrid exciton damping parameter to the coupling is propor-

tional to i~γhybrid/Γk ∝
√

a3
b (

√
ab - in case of quantum wires [1]). Thus, the

quadrupole-dipole hybridization takes advantage of the small radius of the

1S quadrupole. Also the fact of comparable life time of the organic and 1S

quadrupole exciton significantly influences this ratio.

A noteworthy feature of the resulting upper (u) and lower (l) branch

dispersion in Fig.1.5 is the well pronounced minimum on the lower branch.

This minimum of the hybrid dispersion can be populated by pump-probe

experiment. Consequently, it may be possible to have finite BEC critical
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temperature in case of quasi 2D excitons, due to the fact of non parabolic

dispersion of the lower branch of the hybrid. This can provide a good basis

for searching for BEC in such a hybrid. A new type of an interface polariton

is also expected. It is a subject of my current research.

Note that I mentioned the possible BEC as a possibility only. Judging

from the fact of the big saturation density of the hybrid and minimum of the

energy on the lower branch. this minimum would make the hybrid exciton

strongly localized and many dissipative processes (such as Auger heating [21])

are expected to be suppressed. Also the non-parabolic dispersion allows the

system to have a finite condensation temperature contrary to the case of

2D excitons with parabolic dispersion. But the main question about the

life time of the hybrid is still a subject of my current research. So I do not

make a concrete statement about the BEC of the hybrid but rather make an

educated guess on that.

In Part II of this thesis I propose rather different and at the same time

similar approach for BEC search in cuprous oxide. The evanescent polariton

described there is also characterized by the small radius and long life time.

But instead of the hybridization with highly localized FE I propose to use Mie

resonances of a sphere in contact with cuprous oxide film. Due to controllable

parameters of such a sphere it can be designed to have a whispering gallery
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mode (WGM) in resonance with the WE. The main advantage of such a

hybrid over the organic-inorganic scheme is that the life time of the WGM is

dominating over the lifetime of the WE. But it also has it’s drawback. The

evanescent polariton is formed only in close vicinity near the sphere and so

the spacial coherence of possible BEC is small. Using linear chain of spheres

improves the spacial coherence, but at the same time reduces the life-time

of the polariton. Therefore, only an experiment can show which scheme

provides better conditions for BEC of the hybrid.

1.7 Appendix I

Oh

Symmetry
Electric dipole

operator
Electric quadrupole

operator
Basis

3Γ−
4

3Γ+
5

2Γ+
3

Paraexciton 1Γ+
2 F F F

x2 − y2

y2 − z2

z2 − x2

Orthoexciton 3Γ+
5 F A F xy; yz; zx

Basis x; y; z xy; yz; zx
2z2 − x2 − y2;√

3(x2 − y2)

Table 1.1: Selection rules for the excitons in bulk Cu2O. F-forbidden; A-
allowed transition
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D4h

Symmetry
Electric dipole

operator
Electric quadrupole

operator
Basis

1Γ−
2

2Γ−
5

2Γ+
5

1Γ+
3

1Γ+
4

1Γ+
1

Paraexciton 1Γ+
3 F F F F F A (x2 − y2)

Orthoexciton 1Γ+
4 F F F F A F xy

2Γ+
5 F F A F F F yz; zx

Basis z; x z yz; zx x2 − y2 xy R

Table 1.2: Selection rules for the exciton in a Cu2O quantum well. F-
forbidden; A-allowed transition

Qxy Qxz Qyz

k[1,0,0]

Dxxy = 0
Dyxy = 0
Dzxy = 0

Dxxz = − 4π
ε+ε̃

k2ek(z−z′), dx

Dyxz = 0
Dzxz = i 4π

ε+ε̃
k2ek(z−z′), dz

Dxyz = 0
Dyyz = 0
Dzyz = 0

k[0,1,0]

Dxxy = 0
Dyxy = 0
Dzxy = 0

Dxxz = 0
Dyxz = 0
Dzxz = 0

Dxyz = 0
Dyyz = − 4π

ε+ε̃
k2ek(z−z′), dy

Dzyz = i 4π
ε+ε̃

k2ek(z−z′), dz

k[0,0,1]

Dxxy = 0
Dyxy = 0
Dzxy = 0

Dxxz = 0
Dyxz = 0
Dzxz = 0

Dxyz = 0
Dyyz = 0
Dzyz = 0

Table 1.3: Green’s function selection rules



Chapter 2

Enhanced photo-thermal

bi-stability

The proposed enhancement of nonlinear optical response from the quantum

confined WE by means of resonant hybridization with organic FE was first

stated in the works of Agranovich [1, 22, 23]. The dipole-dipole hybrid (DDH)

is an appropriate coherent linear combination of large radius aB
1 dipole

allowed WE and small radius but big oscillator strength dipole allowed fF

FE. The new hybrid is characterized by big oscillator strength and small

saturation density (strong coupling regime). The expected hybrid optical

nonlinearities are large because the ideal bosonic approximation starts to

break down at the density of the hybrid close to the saturation density. Close

to the saturation, due to overlapping between exciton wave functions, they

exhibit rather strong exchange interaction and space filling factor. Compared

1small saturation density ∝ 1/a2
B of the order of 1012 cm−2

42
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to the bare WE nonlinear response, the hybrid response is enhanced roughly

by the factor of the ratio of the FE and WE oscillator strength fF/fWE.

In Chapter 1 I demonstrated formation of a new type of the hybrid [24].

It occurs between dipole forbidden but quadrupole allowed 1S exciton in

cuprous oxide quantum well and FE in DCM2:CA:PS [4, 7]. The latter is

brought dynamically into the resonance with the exciton in the quantum well

by means of ”solid state solvation” [15] mechanism. The quadrupole-dipole

hybridization (QDH) is of the same order of magnitude (meV ) as that of the

DDH. Because of the small oscillator strength of the 1S quadrupole exciton

[10] is compensated by its strong spacial dispersion. This QDH exhibits the

key features of big oscillator strength and narrow line width.

In the present work I utilize the properties of the hybrid to enhance and

modify nonlinear effects associated with the WE part of the hybrid. Due

to the small radius of the 1S quadrupole ≈ 7Å the hybrid may achieve

Bose condensation before it reaches the critical bulk density 2. Therefore,

density dependent optical non-linearities which were important in the DDH

case are negligibly small for the QDH. Hence, I focus my attention on another

nonlinear optical phenomena generic to the cuprous oxide, namely, the photo-

2I leave aside many questions about the ability for actual condensation of the hybrid
for my future work



CHAPTER 2. ENHANCED PHOTO-THERMAL BI-STABILITY 44

thermal bi-stability effect.

The photo-thermal bi-stability effect [25, 26] manifest itself for the density

of the pumping laser as small as Pex = 1 mWt. Due to ”weak” interaction

with acoustic phonons the energy of the WE will experience a red shift lin-

ear with the temperature [27, 28, 29]. Also see Chapter 4 for more details.

The laser heating is balanced by the surrounding helium cooling. Hence,

the resulting temperature on the interface is described by a nonlinear equa-

tion with more than one solution for some values of the laser detuning from

the resonant energy level. This results in a hysteresis-like pattern for the

temperature and absorption.

I am going to show that the fact of hybridization with the organic en-

larges the bi-stability region from 200 neV for the bulk cuprous oxide to the

order of meV for the hybrid due due to its large oscillator strength. Another

remarkable effect of the hybridization is that the QDH exciton induces mul-

tiple highly asymmetrical photo-thermal bi-stability effects associated with

two dispersion branches of the hybrid. The effective absorption maximum

for the lower branch of the QDH exciton experiences a red shift of the order

of meV and strongly depends on the pumping intensity.

In the next sections I propose a nonlinear absorption experiment and give

an appropriate mathematical model to observe the hybrid bi-stabilty. The
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last section of this chapter is devoted to discussion of the numerical results

following from my model, and comparison with reported results for the bulk

cuprous oxide.

2.1 Nonlinear absorption by the hybrid

The proposed configuration is shown in the following diagram (see Fig.1.1).

For the nonlinear absorption experiment let us consider a mono-layer of

cuprous oxide placed upon a thin film of an organic compound. The organic I

propose is an ”solid state solvation” of the red laser dye DCM2 embedded in

a transparent host of polystyrene (PS) doped with the polar small molecule

camorphic anhydride (CA) (See Chapter 1 for details). One stationary laser

(probe) is tuned around the 1S quadrupole transitions in the cuprous oxide

~ω ≈ E1S = 2.05 eV (WE). The pumping laser pulses of intensity Pex and

energy ~ω = EDCM2 allow DCM2 molecular excitations. As it was done in

the Chapter 1 I consider the this molecular excitations as the FE. Therefore

it can be viewed as a 2D lattice of dipoles placed at z′ ≈ Lw/2. After the

pumping pulse the FE experience a red shift linear with the CA concentra-

tion due to non-resonant Förster energy transitions to the CA molecules (see

Fig.1.3).

As it was shown in the previous chapter, to achieve the red spectral shift
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of the FE into the resonance with the quantum confined WE, one has to

adjust the CA concentration to ≈ 22% [24]. To avoid complicated problems

of the dynamics of the hybridizaton I assume that the FE and WE are in

exact resonance once the DCM2 energy is in close proximity to the WE

energy EDCM2 − E1S ≤ Γk. The maximum value of the coupling parameter

is about 2 meV (See Fig. 1.5) and is of the same order of magnitude as

the dissipative width of the hybrid γ~. Therefore, the hybridization is well

pronounced.

In this Chapter I assume that the cuprous oxide has purity of 99.99%

with the reported line-width of ~γ1S = 0.1 meV i.e. pico-second lifetime [30]

while the FE life-time is of the order of ns. In this case the hybrid life-time

is dominated by its inorganic part ~γ ≈ ~γ1S.

The hybridization will strongly affect the absorption of the probe laser and

consequently, it will also modify the photo-thermal bi-stability characteristics

of the cuprous oxide. To study this effect, let me place the whole system

into helium bath with the temperature Tbath = 1.7 K. The temperature

of the exciton gas T at the interface between the organic and inorganic is

determined by the balance between the photo-thermal heating due to the

exciton absorption and the cooling by the helium bath.

I also assume that the exciton gas is in equilibrium with the helium bath
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(thermalization) 3. For thermalized excitons one can treat the temperature

T as just another parameter of the system.

The rate of helium cooling is given by the following linear term:

−C (T − Tbath)

The helium thermo-conductivity is denoted as: C = 2.8 × 103 s−1 [26]. To

find the heating term I derive below a semi-classical expression for the photo-

thermal absorption of the hybrid.

The Hamiltonian of the system can be written in the rotating wave ap-

proximation 4 as following:

H̃ = δb†kbk+∆b†1S,kb1S,k+Γk

(

b†1S,kbk + b1S,kb
†
k

)

+
√

NµF
(

Eb†k + Ebk

)

(2.1)

Here δ = EDCM2 − ~ω and ∆ = E1S − ~ω are the detunings of the laser

frequency from the FE and WE respectively; N is the number of unit cells

in the organic; E is the electric field of the incoming light; b1S,k and bk

are annihilation operators for WE and FE respectively. The commutative

algebra for this operators is listed in the Appendix.

Because the frequency of the laser pulses is much smaller than ω, one

3To assure thermalization of the hybrid excitons I propose to pump the sample with
successive laser pulses coming one after another withing the hybrid life-time.

4The rotating-wave approximation has been invoked by eliminating the anti resonant
terms of the interaction with light; this approximation limits the calculation only to the
resonant features of the response.
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can consider the laser field turned on adiabatically. Then, the equations of

motion for any operator can be solved in a very straightforward manner.

Apply to that operator the unitary transformation that diagonalizes (2.1)

and then introduce an imaginary part to all detunings, positive for creation

operators and negative for annihilation operators. Since the Hamiltonian

involves only Bose operators and is quadratic, the unitary transformations

that diagonalizes it can be obtained in analytic form. The diagonalization

procedure can be written as:

U−1H̃U = e−S2

(

e−S1H̃eS1

)

eS2

where S1 =
(

xkb
†
k − x∗

kbk

)

+
(

ykb
†
1S,k − y∗

kb1S,k

)

eliminates the linear terms

in
(

b†k + bk

)

. The transformation coefficients age given by

xk =
√

N

(

µF E
)

∆

∆δ − Γ2
k

, yk =
√

N

(

µF E
)

Γk

∆δ − Γ2
k

The bilinear cross term b†1S,kbk + b1S,kb
†
k can be diagonalized away through a

rotation by φk in Frenkel-Wannier-Mott exciton coordinate space [31] of the

form:

S2 = φkb1S,kb
†
k − φkb

†
1S,kbk

tan (2φk) =
2Γk

δ − ∆
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The overall diagonalized Hamiltonian has the form:






δ + ∆

2
+

√

(

δ − ∆

2

)2

+ 4Γ2
k







b†1S,kb1S,k+

+







δ + ∆

2
−

√

(

δ − ∆

2

)2

+ 4Γ2
k







b†kbk

(2.2)

The factors in front of number operators b†1S,kbk (b†kbk) represent the upper

branch and lower branch of the hybrid at exact resonance between FE, WE

and the photon E1S = EF = ~ω. The resulting dispersion is illustrated on

Fig.1.5 of the previous chapter [24].

Using this unitary transformation, the direct contribution of the exciton

transition to the induced polarization per unit area of the interface is

P = 〈i|U−1

(√
N

S
µF
(

bk + b†k

)

)

U |i〉 =
N

S

(

µF
)2

∆

∆δ − Γ2
k

E (2.3)

Here the initial state |i〉 corresponds to the FE exciton, as I neglected the

quadrupole-light interaction. The hybrid life-time is introduced into the ex-

pression above through the complex part of the detunings δ → δ − i~γ, ∆ →

∆ − i~γ as discussed above.

Also, due to the localization of the Frenkel non-resonant excitation, I take

the FE into account as corrections to the local field. Assuming the organic

to be an isotropic medium, one can write total electric field to be

E = Elaser +
4π

3
(αres + αnon−res) Elaser
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The second term represent the local field contribution, where αnon−res is

the background polarizability (defined by non-resonant excitations in the

organic) , while αres is the direct exciton contribution to the polarizability

corresponding to ( 2.3 ). The last equation can be rewritten as:

E =
(ε̃ + 2) /3

1 − (4παres/3) (ε̃ + 2) /3
Elaser

where the Lorentz-Lorenz relationship

4π

3
αnon−res =

ε̃ − 1

ε̃ + 2

has been used. Thus, the local field corrections results in the exciton fre-

quency shift δ → δ − 4π
3

N
S

(

µF
)2 [ ε̃+2

3

]

. The susceptibility is given by:

χ =
N

S

(

µF
)2

∆

∆δ − Γ2
k

Taking into account that N/S ≈ 1/a2
F , the absorption coefficient is given by:

ℑχ =
fFe2γ∆2

~

2ca2
F

(

(δ∆ − Γ2
k)

2
+ γ2∆2~2

)√
ε̃m0

(2.4)

Let me now make an important observation, that this absorption coefficient is

fundamentally different from that for the case of the DDH [1]. In case of the

QDH, one has ~γF ≫ ~γhyb ≫ ~γ1S while for a dipole-dipole hybridization

they are of the same order of magnitude. So, when ∆ → 0 the absorption

for the QDH is zero even for a smallest coupling.
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For the QDH using the given absorption coefficient (2.4), the transmission

through the sample of an arbitrary thickness (See Fig.1.1) can be written as:

Tr = 1 − exp

(

− (γ~∆)2

(δ∆ − Γ2
k)

2
+ (γ~∆)2

z′

l

)

(2.5)

Here z′ can be viewed as the width of the narrow strip around the interface

where the hybridization occurs and l =
γ~c

√
ǫ∞

fF E2
F

is the hybrid absorption

length.

Due to the big oscillator strength and narrow line width of the hybrid

the absorption length l is extremely small. This is balanced out by the fact

that the hybridization occurs only in a narrow strip around the interface

between the organic and inorganic. The rest of the crystal is approximately

transparent. So one can assume that the absorbing region is equal to the

Bohr radius of the hybrid, i.e. z′ = aB = 7 Å, therefore z′/l ≈ 1. The value

of the wave vector k is controlled by the oblique angle of incidence for the

probe laser.

The ”weak” interaction of the WE in the quantum well with the LA

phonons leads to a red shift of the semiconductor energy gap and therefore

to the red shift of the WE exciton band gap [27, 28, 29] and does not affect

the binding energy of the 1S exciton [32] (See chapter 4 for more details).

Hence, for small deviation of the exciton gas temperature from the helium
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bath temperature one can consider the energy shift to be linear [25, 26]:

EW (T ) = E1S (0) − κ (T − Tbath) (2.6)

where κ = 0.3 µeV
K

.

The final temperature change given by the laser heating and helium cool-

ing can be written as:

dT

dτ
= HPex [1 − Tr (τ, T )] − C [T − Tbath] (2.7)

Here the phenomenologically introduced constants H = 5.0× 106 Ks−1W−1

and C = 2.8 × 103 s−1 giving the heating and cooling rate, respectively

[26]. The transmission (2.5) depends on the temperature through the detun-

ing ∆ (T ) according to the equation (2.6). The equilibrium temperature is

given by the stationary solutions of the equation (2.7). This will govern the

temperature and absorption bi-stability.

2.2 Numerical results and discussion

The QDH structure offers a more complicated picture of the nonlinear photo-

thermal effect then just a slab of cuprous oxide itself. As it will be shown it is

not a mere enhancement of the bi-stability effect but the appearance of two or

more well pronounced bi-stability regions in temperature and transmission

(absorption) spectra. In case of the QDH the photo-thermal rise of the
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temperature leads not only to the red shift of the 1S exciton energy band

but to an effective breaking of the resonance with the FE and reduction of

the hybridization effect.

Many properties of the temperature, absorption and effective dispersion

of the hybrid system can be obtained even before a numerical solution for

the system of equations (2.6, 2.7). The right hand side of the equation (2.7)

can be visualized as an implicit function of the temperature and detuning

(See Fig.2.1). The actual temperature of the system depends on the way

∆/γh̄

T
 K

−4 −3 −2 −1 0 1 2 3 4

2

2.5

3

3.5

4

4.5
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L
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3

2

1 R

(b)

4

Figure 2.1: The temperature of the sample in K, versus the detuning in units
of the hybrid exciton line- width γ~. The coupling parameter is taken to be
equal to the line width of the hybrid and the subplot (b) corresponds to
the Stark reduced coupling. The thick solid curve corresponds to the laser
intensity Pex = 3 mWt and maximum temperature 5 K, and another thin
curve stands for the intensity Pex = 1 mWt and maximum temperature
2.5 K
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one changes the frequency of the probe laser. If one lowers the frequency

starting from the detuning 2 meV (point L on Fig.2.1) off resonance, then

the system follows the path R → 1 → 3 → 4 → 5 → 0 → 7 → L to assure

minimum temperature change with the changing detuning. If one increases

the frequency starting from the detuning −2 meV (point R on the Fig.2.1),

then the system follows the path L → 7 → 6 → 5 → 4 → 2 → 1 → R.

On the other hand one can consider bi-stability as a possibility for the

the system (2.6,2.7) to have more then one stationary solution. This non-

linearity grows with Pex. To illustrate the concept it is convenient to plot

the heating and cooling rate as a function of the temperature. Then the

stationary temperature is given as the intercept points (See Fig.2.2).

Now let me focus on the different branches of the hybrid. It is clear from

the Fig.2.1 and Fig.2.3 that the response from two branches is asymmetrical.

Further on I am going to refer to the lower branch as Wannier-like and to an-

other as Frenkel-like. Both of them are defined by the interplay between the

thermo-induced red shift of the WE exciton κ (T − Tbath) and the excitation

detuning ∆.

Indeed, the maximum of the absorption given by the poles of the expres-

sion (2.4):

2δ± = κ (T − Tbath) ±
√

κ2 (T − Tbath)2 + 4Γ2
k (2.8)
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Figure 2.2: The numerical solution of the nonlinear equation (2.7) is given
crossing of the cooling (straight line starting from the origin) and the detun-
ing dependent photo-heating. The figure a)-k) correspond to the different
laser detuning from the low temperature limit of the 1S quadrupole exciton
as ∆

~γ
= 5; 3.7; ...;−0.8 in units of the damping parameter.
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Figure 2.3: The numerical results for the temperature of the sample in K,
versus the detuning in meV, Pex = 3 mWt. The coupling parameter is
taken to be equal to the line width of the hybrid. The bi-stability is a
result of multiple solutions and reveal itself as a sudden drop or raise in the
temperature depending on the direction of the scan.
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If the coupling between WE and FE is dominant: κ2 (T − Tbath)
2 ≪ 4Γ2

k

then both branches are symmetrical and the maximum of absorption corre-

sponds to the usual hybrid dispersion δ± = ±Γk. Otherwise, strong asym-

metry reveals itself. The case δ+ → κ (T − Tbath) defines the maximum of

Wannier-like bi-stability, dominated by the temperature induced red shift.

The Frenkel-like bi-stability corresponds to δ− → 0 and is dominated by the

hybridization effect.

For the up-scanned Wannier-like branch when the excitation energy δ

catches up with the escaping exciton resonance δ+ the actual temperature

cut-off (Path 2 → 1 on the Fig.2.1 and Fig.2.2,(l)) occurs when the laser

heating reaches its maximum δ+ = ∆. When the excitation energy increases

further the absorption reduces and the sample cools rapidly. On the down-

scan the sample is cold even beyond the cut-off energy (the temperature is

close to the lower cross-point on Fig.2.2,(l)).

In the same fashion the temperature rises rapidly on the Frenkel-like

branch (Path 0 → 7 on the Fig.2.1 and Fig.2.2,(b))with a down-scan. The

temperature goes down and the detuning between FE and WE reaches its

minimum and an abrupt heating occurs. For the up-scan the sample is

heated enough (close to the upper cross-point on Fig.2.2,(b)) to maintain

large detuning between the FE and WE but drops down rapidly when the



CHAPTER 2. ENHANCED PHOTO-THERMAL BI-STABILITY 58

FE and WE detuning reaches its maximum δ− = ∆ (See Fig.2.2,(d)).

The bi-stability effect and the temperature rise of the hybrid is greatly

enhanced (meV ) compared to bulk cuprous oxide itself (µeV ) mainly due to

the fact of gaining oscillator strength from the organic part of the hybrid.

Numerical search for a stationary solution of equation (2.7) reveals a fine

structure of the multiple bi-stability (See Fig.2.3, Fig.2.4). For the up-scan

regime the distance between the solution branches 4 → 2 and 3 → 2 on the

Fig. 2.1 can become smaller then κ (T − Tbath) and the temperature drops

down on the branch 3 → 2. For the same reason when the intensity is big

enough and the coupling between the FE and WE is reduced by the Stark

effect fine structure can appear on the branches 5 → 0 and 6 → 0 on the

down-scan. The model described above is valid for small temperature raise

from the Tbath only. But it can be generalized for bigger temperature change

by using a more elaborated non-linear temperature dependence of the WE

exciton [29] and possible effect of the optical phonons [27]. Although, when

one increases Pex to the point when the density of the hybrid is close to

the saturation density then other nonlinear effects due to exciton-exciton

scattering and possible condensation start to play a considerable role. Such

non-linear effects are presently under investigation.
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Figure 2.4: The temperature of the interface between organic DCM2:CA:PS
and inorganic cuprous oxide QW for different detuning of the laser field from
the energy of the 1S quadrupole exciton take at T = Tb and different wave
vectors k of the hybrid. The blue color corresponds to the temperature of
the surrounding helium 1.7K. The graphs represents the up (A) and down
(B) laser scanning. The stark effect is taken into account on the up-scan (C)
and down-scan (D) graphs.



Chapter 3

Enhanced second-harmonic

generation

Considerable attention has been paid to the relatively strong optical second-

harmonic generation (SHG) in thin films (D4h symmetry) and bulk (Oh sym-

metry) of cuprous oxide crystals [30]. This effect is attributed to the electric-

quadrupole ~ω1S = 2.05 eV exciton effect. The quadrupole exciton has very

small oscillator strength but it possess rather narrow line-width ~γ1S. So

the effect is well pronounced when the exciting laser energy is close to one

~ω1S − ~ω ≪ ~γ1S or two photon resonance ~ω1S − 2~ω ≪ ~γ1S. In the

dipole approximation this effect disappears [33].

In this chaper I propose to amplify the SHG characteristic of the 1S

quadrupole exciton in cuprous oxide by making a hybrid with an organic

FE. The idea of resonant enhancement of some non-linear properties generic

to semiconductor dipole-allowed WE was presented in pioneering work of

60
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Agranovich et. al. [1] for the layered organic-inorganic hetrostructures. It

was also developed for quantum wires and dots embedded into organics [2,

34, 3, 35].

In previous chapter I demonstrated considerable enhancement of an-

other non-linear effect in cuprous oxide, photo-thermal bi-stability [26, 25].

The calculated enhancement in the hysteresis-like region from µeV for bulk

cuprous oxide to meV for the hybrid is due to the large oscillator strength

of the hybrid exciton inherited from the organic part and still rather narrow

line-width of the same order as the coupling. Analogous enhancement can

be expected for the SHG.

3.1 Proposed SHG experimental set-up

The experiment I propose to reveal the enhancement of the SHG is closely

related to the non linear absorption experiment described in the previous

chapter. But it has a crucial difference in using of the probe signal. To study

the bi-stability I made up and down-scan of the probe signal around the 1S

quadrupole resonance in the cuprous oxide. To study the SHG one has to

administer the probe signal to utilize multiple levels of the excitonic band in

the cuprous oxide. The direction, polarization and number of required laser

pulses is depended on the geometry of the proposed setup. In this chapter
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I also adopt the concept of a layered organic-inorganic heterostructure but

with some important changes suitable for the SHG. The inorganic compo-

nent of the hybrid is a mono-layer of Cu2O placed upon a thin film of the

organic composite (See Fig.3.1). I take the width of this inorganic quantum

well (Lw) is of the size of the cuprous oxide unit cell a = 4.6 Å. To provide

z

x, kx, Eg

z′

143 meV

2.17 eV

≫ 2.17 eV

EW
1S EF

Cu2O PS :DCM2: CA

Lw ≈ 4.6 Å
probe

pump

Figure 3.1: Schematic representation and the energy offset of a possible ex-
perimental set-up to observe the enhanced SHG by the quadrupole-dipole
exciton. Here the inorganic Cu2O quantum well provides the 1S quadrupole
WE. The DCM2 part of the organic ”solid state solute” provides dipole al-
lowed FE (set of small arrows); the PS host prevents wave function overlap-
ping between organic and inorganic excitons; CA under proper concentration
allows tuning of the excitons into the resonance.

resonance between WE in cuprous oxide and FE in the organic, I proposed
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utilization of ’solid state solvation’ (SSS) of the DCM2 1 molecules in trans-

parent polystyerine (PS) host doped with camorphic anhydride (CA) as it

was described in previous chapters.

The SSS is a type of solvatochromism manifesting itself as some change

in the spectral position of the absorption/luminescence band due to change

in the polarity of the medium. The Förster dipole-dipole non-resonant inter-

action between DCM2 and CA modifies the energy structure of the involved

molecules.

During the ”slow” phase (τs ≈ 3.3ns) the energy of the FE 2 experiences

a red shift linear with the CA concentration due to non-resonant dipole-

dipole interaction with the CA molecules. The red spectral shift of the FE

energy in resonance with the quantum confined 1S quadrupole exciton can

be accomplished with corresponding CA concentration.

This resonant coupling gives rise to the upper and lower branches of

the quadrupole-dipole hybrid (QDH) dispersion: ~ωu,l = ~ω1S ± Γk. To

populate both of the branches one needs a second pumping photon tuned

into resonance with the 1S transition.

The radiation field interacts through both dipole and quadrupole part of

1[2-methyl-6-2-(2,3,6,7-tetrahydro-1H, 5H - benzo[i,j] - quinolizin - 9 - yl) - ethenyl] -
4H - pyran - 4 - ylidene] propane dinitritle.

2in my case I define the FE as DCM2 excitation
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the hybrid. The dipole interaction can be utilized to produce linear response

signal due to the pumping [25]. By using the non-linear response to the probe

signal, the second harmonic can be generated through the quadrupole part of

the hybrid. Different SHG regimes can be achieved by changing the timing

between pumping and probe signals (See section 3.3 for more details).

According to the selection rules for the quadrupole-dipole hybrid the

pumping signals have to run along the organic-inorganic interface of the

heterostructure and have linear polarization in the z direction [24]. To max-

imize second order non-linear response in the cuprous oxide the probe signal

has to be perpendicular to the interface with the polarization ei along the x

direction (See Fig.3.1).

The net polarization is given by a second rank tensor through the follow-

ing expression:

P (1)
z + P (2)

x = χ
(1)
i,z Ei + iχ

(2)
i,j,xkxEiEj (3.1)

Here Ei, Ej are the electric field of the pumping and prob lasers correspond-

ingly. The x component of the probe signal wave vector is taken to be close

to zero to avoid possible interference in momentum conservation.

In this chapter I develop both classical and quantum mechanical models,

which can be used to find a specific form of the hybrid second order nonlinear

susceptibility. In the next section 3.2 I demonstrate that the second order
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non linearity generic to the cuprous oxide and introduced through a small

parameter λ̃ is enhanced due to the QDH with the organic (See (3.4)). In

section 3.3 I develop quantum theory of the enhanced SHG. It allows inves-

tigation of different regimes of the process. I generalize the concept of the

double-sided Feynman diagrams [31] to include non radiative processes of the

energy exchange between DCM2 and CA as well as resonant QDH between

DCM2 and cuprous oxide.

3.2 Anharmonic coupled oscillators model

Due to the small radius of both the WE and FE exciton part of the hybrid

one can neglect the effect of confinement. Likewise, in this classical model

I neglect the non-local effects of the linear χ
(1)
i,z and non-linear susceptibility

χ
(2)
i,j,x.

Therefore, as a first step, I will use the simplest model to describe the

hybrid SHG. Namely, I adopt an extension of the anharmonic oscillator model

[36, 31] generalized for the case of resonant coupling between two distinct sets

of oscillators. This simplified picture only covers the case when the pumping

field excites the FE and WE is probed.

I consider the WE in cuprous oxide as an assembly of the oscillators

with the oscillator strength per unit cell given by fxz,k ∝ k (See for example
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reference [19]). The second set of the oscillators with the oscillator strength

given by fF corresponds to the FE in the organic.

Treating the wave vector k as just another parameter 3, the polarization

P W , P F due to WE and FE can be written in terms of the effective electron-

hole displacements X, Y as:

P W =
N

aBS
fxz,keX , P F =

ρDCM2N

aBS
fFeY (3.2)

Here S is the area of the interface. The surface density of the WM and FE

excitons are Nfxz,k/ (aBS) and ρDCM2NfF / (aBS) correspondingly and N is

the total number of the oscillators. Here I also took into account the low

density (ρDCM2 = 0.05%) of the DCM2 molecules in the organic to avoid the

agregation effect [4].

The terms proportional to γ describe the QDH damping. The terms

proportional to 2ω1SΓk/~ describe the quadrupole-dipole coupling. Hence,

the eigenvalues of the linearized system of equations (3.3) give both branches

of the QDH.

The system is driven dominantly by the light-dipole interaction in the

organic and the quadrupole-light interaction is neglected (m is the electron

mass).

3In the text I am going to omit index k unless I put an emphasis on it
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In the timeframe of the hybridization τs − τh < t < τs, the system of

equations governing the oscillators dynamics can be written in the form:

Ẍ + ω2
1SX + γẊ − 2ω1SΓk

~
Y − ω2

1Sλ̃X2 = 0

Ÿ + ω2
1SY + γẎ − 2ω1SΓk

~
X =

e

m
Eie

iωt

(3.3)

The nonlinear factor ω2
1Sλ̃ appears due to the probe signal. It is defined such

that λ̃ has dimensions of reciprocal length and is considered to be small in a

sense that it is much less than the reciprocal of the maximum displacement

of FE (Y ) and WE (X) oscillator. The exact value of λ can be obtained

either from an experiment or from the microscopic quantum theory (See

next section for more details).

Using standard perturbation theory with respect to the small parameter

λ̃ in zero order (neglecting the quadratic term) and combining equations

(3.1,3.2,3.3) one has the linear response of the hybrid and bulk cuprous oxide

given by the following expressions:

χ(1) (ω) =
ρDCM2N

aBS

fFe2/m (ω2
1S − ω2 + iωγ)

(ω2
1S − ω2 + iωγ)

2 − (2ω1SΓk/~)2

χ(1) (ω) =
N

aBS

fxz,ke
2/m

ω2
1S − ω2 + iγ

Including the nonlinear term as a source for the SHG to first order in the
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perturbation parameter, there is a displacement at 2ω. The SHG response

is given by a solution of the following system:

Ẍ + ω2
1SX + γẊ − 2ω1SΓk

~
Y − ω2

1Sλ̃X2
λ̃=0

= 0

Ÿ + ω2
1SY + γẎ − 2ω1SΓk

~
X = 0

Using the definitions (3.1) and (3.2) one gets the following non-linear second

order response function for the hybrid and bulk cuprous oxide correspond-

ingly:

χ(2) (2ω; ω, ω) =
ρDCM2N

aBS
×

fFe3/m2ω2
1Sλ̃ (2ω1SΓk/~) (ω2

1S − ω2 + iωγ)
2

(

(

ω2
1S − (2ω)2 + i2ωγ

)2 − (2ω1SΓk/~)2
)2 (

(ω2
1S − ω2 + iωγ)

2 − (2ω1SΓk/~)2
)

χ(2) (2ω; ω, ω) =

=
N

aBS

fxz,ke
3/m2ω2

1Sλ̃
(

ω2
1S − (2ω)2 + i2γ

)

(ω2
1S − ω2 + iγ)

2

3.3 Quantum theory of the quadrupole-dipole

hybrid SHG

Although the system of non-linear susceptibilities above, in principle solves

the problem of SHG due to the hybrid it does not clarify the origin of the

nonlinearity λ̃. Hence, in this section I propose a unified quantum theory of

the hybrid SHG.
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The linear response of the hybrid is due to dipole transitions from the

ground |g〉 state 4 to the FE |F 〉 in the organic and due to quadrupole transi-

tions to the WE |1S〉 in the cuprous oxide. The non-linearities are the result

of some intermediate inter-band transitions in the cuprous oxide [31].

In cuprous oxide the nearest state in energy to ~ω1S is the ~ω2P dipole

allowed excitonic band |2P 〉, Eg > ~ω2P > ~ω1S. Hence it plays the main role

in formation of the non-linear response and can be excited by the properly

tuned probe signal. I neglect all the rest of inter-band and intra-band 5

transitions. Therefore, the states above form a complete basis for the SHG

problem:

|g〉 , |1S〉 , |F 〉 , |2P 〉 (3.4)

Inversion symmetry of the DCM2 is also broken by the CA induced local field

and the interface effect. Therefore, unlike in classical model, the contribution

from the organic to the SHG has to be consider as well. But due to the

smallness of the symmetry breaking local field it contributes a little to the

SHG enhancement.

Using the basis above let me introduce creation operators for the FE and

the 1S and the 2P WE exciton b† = |F 〉 〈g|, B†
1S = |1S〉 〈g|, B†

2P = |2P 〉 〈g|
4when no excitations are present in the system
5due to small radius of the quadrupole WE
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respectively. The commutation algebra of the operators is presented below:

[

B†
1S, B1S

]

= −1 + B†
2P B2P + b†b

[

B†
1S , B2P

]

= B†
1SB2P

[

B†
2P , B1S

]

= B†
2P B1S

[

B†
2P , B2P

]

= −1 + B†
1SB1S + b†b

[

b†, B1S

]

= b†B1S

[

b†, B2P

]

= b†B2P

[

b†, b
]

= −1 + B†
2P B2P + B†

1SB1S

[

B†
1S, b

]

= B†
1Sb

[

B†
2P , b

]

= B†
2P b

The net polarization of the sample is defined as [31]:

P = µ1S,k

(

B†
1S + B1S

)

+ µ2P

(

B†
2P + B2P

)

+µF

(

b† + b
)

+ µ1S,2P

(

B†
1SB2P + B1SB†

2P

)

(3.5)

Here µ1S,k = ei · kx · Qx,z = 3 · 10−5(kx/k0,x) D 6 is an effective dipole mo-

ment [19, 24] due to the quadrupole transitions associated with the oscillator

strength; k0 = 2.62 × 105 cm−1 is the resonant wave vector for bulk cuprous

oxide; the unit vector of the pumping field polarization is ei. The dipole

moment of the transitions from |1S〉 to 〈2P | is defined by [37, 9]:

µ2
1S,2P =

Ne2
~

2f2P

SaB2mE2P

(ej × k0,x/k0,x)
2 = 6 · 10−3 D2

Here ei is the unit vector of the probe field polarization Finally, the DCM2

dipole moment of the transition from |g〉 to 〈F | per unit area of the interface

is given by [38]:

µ2
F =

ρDCM2Ne2
~

2fF

SaB2m~ω1S

= 0.2 D2

6D stands for Debye
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Using equation (3.5) the total Hamiltonian can be written as:

H = EF b†b + ~ω1SB†
1SB1S + E2P B†

2P B2P + Γk

(

B†
1Sb + B1Sb†

)

+

+µF
(

b†E†
i + bEi

)

+ µ1S,k

(

B†
1SE†

i + B1SEi

)

+ µ2P

(

B†
2P E†

i + B2P Ei

)

+

+µ1S,2P

(

B†
1SB2P E†

j + B1SB†
2P Ej

)

(3.6)

The corresponding Hysenberg equations up to the second order in the cre-

ation and annihilation operators are:

i~
dB†

1S

dt
= ~ω1SB†

1S + Γkb
† − µFEiB

†
1Sb + µ1S,kEi

(

1 − B†
2P B2P − b†b

)

−µ2P EiB
†
1SB2P + µ1S,2PEjB

†
2P

i~
dB1S

dt
= −~ω1SB1S − Γkb + µFE⋆

i b
†B1S − µ1S,kE

⋆
i

(

1 − B†
2P B2P − b†b

)

+µ2P E⋆
i B

†
2P B1S − µ1S,2P E⋆

j B2P

i~
dB†

2P

dt
= ~ω2P B†

2P − µFEiB
†
2P b − µ1S,kEiB

†
2P B1S +

µ2P Ei

(

1 − B†
1SB1S − b†b

)

+ µ1S,2PEjB
†
1S

i~
dB2P

dt
= −~ω2P B2P + µFE⋆

i b
†B2P + µ1S,kE

⋆
i B

†
1SB2P −

µ2P E⋆
i

(

1 − B†
1SB1S − b†b

)

− µ1S,2PE⋆
j B1S

i~
db†

dt
= EF b† + ΓkB

†
1S + µFEi

(

1 − B†
1SB1S − B†

2P B2P

)

−µ1S,kEib
†B1S − µ2P Eib

†B2P

i~
db

dt
= −EF b − ΓkB1S − µF E⋆

i

(

1 − B†
1SB1S − B†

2P B2P

)

+

µ1S,kE
⋆
i B

†
1Sb + µ2PE⋆

i B
†
2P b
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In the exact resonance between FE and WE excitons ~ω1S = EF the linear

approximation is straightforward. The creation operators are proportional

to ∝ eiωt and the system above is reduced to:

~ωB†
1S,0 = (~ω1S − i~γ)B†

1S,0 + Γkb
†
0 + µ1S,kEi

−~ωB1S,0 = − (~ω1S + i~γ)B1S,0 − Γkb0 − µ1S,kE
⋆
i

~ωB†
2P,0 = ~ω2PB†

2P,0 + µ2PEi

−~ωB2P,0 = −~ω2P B2P,0 − µ2PE⋆
i

~ωb†0 = (~ω1S − i~γ) b†0 + ΓkB
†
1S,0 + µFEi

−~ωb0 = − (~ω1S + i~γ) b0 − ΓkB1S,0 − µFE⋆
i

The system above has a solution:

B†
2P,0 =

µ2PEi

~ω − ~ω2P
(3.7)

B†
1S,0 =

µ1SEi (~ω − ~ω1S + i~γ) + µFΓkEi

(~ω − ~ω1S + i~γ)2 − Γ2
k

b†0 =
µF Ei (~ω − ~ω1S + i~γ) + µ1SΓkEi

(~ω − ~ω1S + i~γ)2 − Γ2
k

The linear response from two branches may be observed by pumping the hy-

brid with two signals Ej||Ei||z ∝ eiωt. The first photon ~ω = EDCM2 excites

DCM2 molecules. During the time period τs−τh the system relaxes to the FE

exciton energy close to ~ω1S thus providing resonance between WE and FE.

Then the second pumping photon ~ω = ~ω1S enters and excites quadrupole
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WE so that both QDH branches are populated. The QDH exciton lives for

τh nano-seconds and then both branches of the hybrid relaxes to the ground

state emitting photons of the energy ~ω1S ± Γk.

Generalizing conventional double-sided Feynman diagrams [31] to include

the non-radiative processes, the linear response from the QDH can be repre-

sented by the following diagram:

|g〉 〈g|

〈1S ⊕ F 〉
~ω1S−Γk

dd d$
d$

d$
d$

d$
d$ ~ω1S+Γk

888x8x8x8x8x8x8x

|g〉
~ω1S

:::z
:z

:z
:z

:z
:z

〈DCM2| //
~ω1S

ffM
M

M

M

M

M

M

M

M

M

M

|CA〉
��

τh

OO

〈g|
EDCM2

OO
O�
O�
O�

��

τs−τh

OO

(3.8)

χ
(1)
i (ω) =

µ2
F (~ω − ~ω1S + i~γ) + µFµ1SΓk

(~ω − ~ω1S + i~γ)2 − Γ2
k

On the diagram the wavy lines represent the incoming and outgoing photons;

the straight lines stand for the non-radiative transitions. The diagram shows

energy exchange between photon-exciton and exciton-exciton as well as the

time separation between two pumping signals. Time increases from bottom

to the top of the diagram as for the conventional Feynman diagram. The

hybrid life time is denoted as τh = 1/γ and the hybridization between FE

and WE is denoted as ⊕.



CHAPTER 3. ENHANCED SECOND-HARMONIC GENERATION 74

In the derivation of the linear response χ
(1)
i (ω) I used equation (3.5) along

with linear solutions of the Heisenberg equations of motion (3.7). Formally

the linear response can be written in terms of the hybrid Green’s functions

as:

χ
(1)
i (ω) =

∑

a,b={g,1S,F}
µabµbaIab (ω)

I1S,g = IF,g =
~ω − ~ω1S + i~γ

(~ω − ~ω1S + i~γ)2 − Γ2
k

I1S,F =
Γk

(~ω − ~ω1S + i~γ)2 − Γ2
k

Here the dipole matrix elements in the corresponding basis (3.4) are given

by 7:








0 µ1S µF 0
µ1S 0

√
µ1SµF 0

µF
√

µFµ1S 0 0
0 0 0 0









7I neglected the non-resonant term associated with the ground state dipole moment of
the organic µg
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The SHG is due to second order response Ej⊥Ei||z is proportional to ∝ ei2ωt:

2~ωB†
1S,1 = (~ω1S − i~γ) B†

1S,1 + Γkb
†
1 + µ1S,2PEjB

†
2P,0

2~ωB1S,1 = (~ω1S + i~γ)B1S,1 + Γkb1 + µ1S,2PE⋆
j B

†
2P,0

2~ωB†
2P,1 = ~ω2P B†

2P,1 + µ1S,2PEjB
†
1S,0

2~ωB2P,1 = ~ω2P B2P,1 + µ1S,2PE⋆
j B

†
1S,0

2~ωb†1 = (~ω1S − i~γ) b†1 + ΓkB
†
1S,1

−2~ωb1 = − (~ω1S + i~γ) b1 − ΓkB1S,1

The system has a solution:

B†
2P,1 =

µ1S,2PEjB
†
1S,0

2~ω − ~ω2P

(3.9)

B†
1S,1 =

µ1S,2PEj (2~ω − ~ω1S + i~γ) B†
2P,0

(2~ω − ~ω1S + i~γ)2 − Γ2
k

b†1 =
µ1S,2P EjΓkB

†
2P,0

(2~ω − ~ω1S + i~γ)2 − Γ2
k

The first type of the SHG is formed when the branches of the hybrid inter-

acts with the |2P 〉 level excited by the probe signal. Using all the diagram

conventions I adopted above, the diagram for this non linear process is given
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below:

|g〉

|g〉 〈g|

|2P 〉 oo
µ1S,2P

// 〈1S ⊕ F 〉
~ω1S−Γkd$ d$

dd d$ d$
~ω1S+Γk8x8x

888x8x8x

~ω2P
2

O�
O�
O�

OO
O�
O�
O�

~ω2P
2

�O
�O
�O

��
�O
�O
�O

|g〉
~ω2P

OO
O�
O�
O�

|g〉
~ω1S

:::z
:z

:z
:z

:z
:z

〈DCM2| //
~ω1S

ffM
M

M

M

M

M

M

M

M

M

M

|CA〉
��

τh

OO

��

τ2P >τs−τh

OO

〈g| 〈g|
EDCM2

OO
O�
O�
O�

��

τs−τh

OO

χ
(2)
ij (2ω; ω, ω) =

µ2P µ1S,2P (µ1S (~ω − ~ω1S + i~γ) + µFΓk)

(2~ω − ~ω2P )
(

(~ω − ~ω1S + i~γ)2 − Γ2
k

) (3.10)

Here the probe signal comes after the hybrid is formed: τ2P > τs − τh.

Another second order non linear response can be formed if the probe

signal is coming before the hybridization τ2P < τs − τh. It can be represented
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by the following diagram:

|g〉 |g〉 〈g|

|g〉 ~ω1S///o/o/o 〈1S ⊕ F 〉

~ω1S±Γk
2

\�
\�
\�

\\
\�
\�
\�

~ω1S∓Γk
2>~

>~
>~

>~

>>>~
>~

>~
>~

~ω2P
O�
O�
O�

OO
O�
O�
O�

OO
µ1S,2P

��
|2P 〉 〈DCM2|

ffM
M

M

M

M

M

M

M

M

M

M

// |CA〉
��

τh

OO

OO

τs−τh

����

τ2P <τs−τh

OO

〈g|
~ω2P

OO
O�
O�
O�

|g〉
EDCM2

OO
O�
O�
O�

χ
(2)
ij (2ω; ω, ω) =

µ2Pµ1S,2P (µ1S (2~ω − ~ω1S + i~γ) + µFΓk)

(~ω − ~ω2P )
(

(2~ω − ~ω1S + i~γ)2 − Γ2
k

) (3.11)

The Green’s function representation of the SHG due to the second order

response is given by the following expression:

χ
(2)
ij (2ω; ω, ω) =

µ1S,2P

∑

a={g,1S,F,2P}
µa,1Sµ2P,a [Ia,1S (ω) Ia,2P (2ω) + I1S,a (2ω) I2P,a (ω)]

I2P,g =
1

~ω − ~ω2P

The dipole matrix elements on the basis (3.4) are given by:









0 µ1S µF µ2P

µ1S 0
√

µ1SµF µ1S,2P

µF
√

µF µ1S 0 0
µ2P µ1S,2P 0 0









According to the last term in the equation (3.5), the signal at 2~ω = ~ω1S±Γk
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may generate the signal at ~ω = ~ω1S ± Γk:

χ
(3)
ij (ω; 2ω,−ω) =

µ2Pµ2
1S,2P (2~ω − ~ω1S + i~γ)

(~ω − ~ω2P )2 ((2~ω − ~ω1S + i~γ)2 − Γ2
k

)

This type of signal has been experimentally detected [30] in bulk cuprous ox-

ide (Γk = 0) when the pumping signal was tuned to the wave length between

12285 Å and 12195Å. A strong SH signal was detected at 6096 Å which has

to be attributed not only to the narrow line-width of the quadrupole exciton

but to the fact that µ1S,2P ≫ µ1S as well. From the last expression it follows

that in this case no increment in the outgoing signal can be expected due to

the hybridization effect.

The third order nonlinearity is responsible as well for some small con-

tribution to the SHG due to the non-zero ground state dipole moment of

the DCM2 molecules [39]. In the local electric field created by the polar

CA molecules on the interface Eloc (0) ,the SH signal is due to the third

order susceptibility χ
(3)
ij (2ω; ω, ω, 0). The exact expression in terms of the

corresponding Green’s functions is too lengthy to be listed here [31], there-

fore I provide numerical calculations of the total SHG including the above

correction in the next section.
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3.4 Numerical results and discussion

In order to make a numerical comparison of the hybrid and bulk SHG the

life-time of the hybrid plays a major role. Considering the bi-stability effect

in the hybrid [25] I assumed that the cuprous oxide has purity of 99.99%

with the reported line-width of ~γ1S = 0.1 meV (pico-second lifetime) [30].

Therefore the hybrid life-time is dominated by its inorganic part ~γ ≈ ~γ1S.

To compensate for such big line-width I also assumed that the DCM2 is

presented as a thin film embeded into PS host close to the interface with

the cuprous oxide. For the non-linear absorption experiment described in

previous chapter this assumption is justified as it makes the absorption length

of the hybrid equal to the narrow region around the interface, of the size of

the hybrid itself. But there is a drawback in that model due to possible

agregation of the DCM2.

Hence in this chapter I adopted the picture of disordered organic and

higher purity of the inorganic crystal. This will bring the line-width and the

coupling parameter to the same order. For pure cuprous oxide crystal the

life-time of the quadrupole 1S exciton is reported to be τ1S = 1.7 . . . 3.0 ns

(~γ = 1 . . . 0.5 µeV ) [26, 8, 9]. Such crystals and thin films are widely used

in searching for BEC of excitons.
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In this case the life-time of the 1S quadrupole exciton is mainly deter-

mined by the ortho-para exciton conversion. The life-time of the organic

part of the hybrid is determined by the time the excited DCM2 molecule

reaches an equilibrium with the bath of polar CA molecules. The life-time

for the given concentration of the CA is reported to be 3.3 ns [4, 38]. Because

these processes are of the same order, the effective life-time of the hybrid is

a non-trivial combination of the effects described above and will be reported

elsewhere. Here I assume the simplest case of non-coherent life-time of the

hybrid ~γ = 0.29 µeV [24].

The intensity of the second-harmonic is proportional to
∣

∣χ(2)kx

∣

∣

2
[40].

Therefore an important measurable quantity is a relative value of nonlinear

susceptibility
∣

∣χ(2)kx

∣

∣ presented in Fig.3.2.

The SHG signal is split according to the response from the lower and

upper branch of the hybrid. Asymmetry between this two branches is a result

of quantum effects and not present in the classical anharmonic oscillator

picture. I also included the corrections due to interface effect in the organic

in my numerical simulation.

For the sake of simplicity let me consider two distinct cases. First, the

pump laser is perpendicular to the interface. The states up to ka = k0a are

populated thermally. No hybridization occurs and it is equivalent to the bulk
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Figure 3.2: (Color on-line) Relative value of the nonlinear susceptibility in
case of bulk cuprous oxide (dotted curves) and the quadrupole-dipole hybrid
(solid curves). The Fig.3.2a represents moderate coupling Γk = ~γ1S =
0.29 µeV and Fig.3.2b corresponds to strong coupling regime Γk = 3.5 µeV .
The density of the disordered DCM2 is taken ρDCM2 = 0.005% while the CA
density is ρCA = 22%.
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case SHG (See Fig.3.2 dotted curve). The maximum power generated by the

second-harmonic is proportional to the square of the following expression:

∣

∣

∣
χ

(2)
ij,max (2~ω = ~ω1S) kx

∣

∣

∣
=

µ2P µ1S,2P

~ω − ~ω2P

µ1S,kkx

~γ1S
(3.12)

The small relative value of the SHG is due to the narrow QW of the cuprous

oxide.

Second, the pump laser incidence angle is reduced to acquire the wave

vector k0a ≪ ka. The maximum power generated by the second-harmonic is

proportional to the square of the following expression:

∣

∣

∣
χ

(2)
ij,max (2~ω = ~ω1S ± Γk) kx

∣

∣

∣
=

µ2P µ1S,2P

~ω − ~ω2P

µFkx

αk~γ
(3.13)

Here the incidence angle dependent coefficient αk =
√

5 (See Fig.1.2a) for

ka = 0.13 (Γk = ~γ = 0.29 µeV ) and αk = 2 for maximum value of the

coupling Γk = 3.5 µeV at ka = 1.57 (See Fig.1.2b). Finally, comparing

the last expression (3.13) to the bulk cuprous oxide (3.12) the second order

response of the hybrid is amplified by the factor:

(

µF

µ1S

~γ1S

α~γ

)2

Therefore the amplification can be adjusted by manipulating the organic

composition (DCM2 and CA densities) or changing the pump laser incidence

angle.
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In conclusion for this chapter I would like to note that there is another

merit in using the hybrid structure for the SHG. Namely the fact that the

optical pumping can be replaced by an electrical pumping. For this the

hybrid sample has to be placed between Alq3 and a-NPD [38] semiconductor

plates. The bond structure and offset of these materials provide electrons

and holes to form the hybrid exciton on the interface. Although, in this case

one can expect the SHG only from the lower branch of the hybrid as the

excions are accumulated in the minimum of the hybrid dispersion [24].
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Chapter 4

Polaritons perturbed by

LA-phonons

Cuprous oxide is considered as a probable candidate for BEC of excitons

[41, 8, 42, 43]. The extremely small mass of the excitons allows them to

condense at temperatures much higher than those of such atomic systems as

helium or alkali metals [44]. The lowest excited states of cuprous oxide are

classified following the cubic symmetry of the lattice (Oh). This gives the

non degenerate ortho-exciton (Γ+
5 ,[OE] , binding energy Eb = 150 meV ) and

triple degenerate para-exciton (Γ+
2 ,[PE] , binding energy Eb = 162 meV ).

Due to even parity OE are quadrupole active, and PE remain optically inac-

tive in one photon absorption experiments. However the PE can be effectively

populated from the OE by emitting optical phonons or in two photon exper-

iments. For the samples of high purity (more then 99.99 %) the line-width of

OE is very narrow (~γ1S ≈ 0.8 µeV for T = 2K) and detrmined mostly by

85
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OE to PE conversion rate. This narrowness is responsible for the extremely

long lifetime and profound (ns) BEC time coherence for the PE [32].

There are two main mechanisms impeding expected BEC in bulk cuprous

oxide samples and both have non-statistical origin. First is Auger heating

[45]. It was demonstrated that although OE run along an adiabat slightly

above the condensation curve the PE get condensed. Second impeding mech-

anism is the relatively strong coupling to photons, so that such polaritons

tend to escape the crystal before condensation occurs [42]. For such polari-

tons to experience BEC, there is a criterion of smallness imposed on the

exciton-photon coupling. Only PE meet the criteria [8], but as far as I know

there is still no conclusive evidence of BEC in the bulk cuprous oxide.

In this chapter I examine another possible mechanism obstructing BEC.

Namely, a weak coupling of the polariton branches with long wavelength

acoustical phonons and the effective formation of a new type of polariton. For

low pumping intensity and in close proximity to the exciton-photon resonance

one can consider the ”weak” coupling to the LA-phonons 1 and treat the

phonons semi-classically by means of some effective temperature dependence

of the exciton energy. Namely, in the case of weak (but not negligible)

electron-phonon coupling the semiconductor gap energy (and thus the energy

1The temperature is low enough to neglect contributions from the optical phonons
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of the exciton) decreases. There is experimental evidence of the exciton

energy red-shift for various semiconductors [46] as well as for cuprous oxide

at helium temperatures [26].

In section 4.1 I compare this weakly perturbed polariton versus the con-

cept of conventional phonoriton as an excitation formed by resonance inter-

action between the exciton, photon and phonon [47]. The resulting polariton

branches strongly depend upon what kind of heating and cooling mechanism

dominates.

In section 4.2 I investigate the pumping of a cuprous oxide thin film

by short and ultrashort laser pulses (µs). In this regime the heating is a

result of ”phonon assisted” Auger process [45] and the cooling is provided

by LA-phonons. The polaritons come to quasi-equilibrium and due to the

temperature dependence of the exciton energy the dispersion is modified.

Consequently I show localized states on the lower branch of this new polari-

ton.

In section 4.3 I regard long laser pulses (ms). As a consequence, the

temperature is defined by the laser heating and temperature exchange with

the surrounding helium. I demonstrate that this results in temperature bi-

stability and splitting of the dispersion curves into four distinct branches.

Numerical estimates of the decoherence effects are performed in the con-
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cluding section 4.4 using realistic material parameters. According to my

calculations this splitting and phonon induced decoherence may effectively

obstruct BEC of the PE in cuprous oxide.

4.1 Perturbed polariton vs. conventional

phonoriton

Let me consider a thin film of cuprous oxide (ds = 30 µm) placed in a helium

bath at temperature Tbath = 1.7 K and pumped by laser pulses of varying

power Pex. The pumping laser field is polarized along (11̄0) and has the wave

vector k parallel to the (111) direction. The laser is tuned into resonance

with dipole forbidden, quadrupole allowed 1S exciton (~ω1S,0 = 2.05 eV for

OE and ~ω1S,0 = 2.05 − 0.097 eV for PE). The exciton mass and radius are

M = 3m0, aB ≈ 5.1 Å. From the selection rules it follows that only the

OE (1/
√

2)
(

Γ+
5x − Γ+

5y

)

are optically allowed with the oscillator strength of

the transition f[111] = 3.7 × 10−9. The PE acquire some oscillator strength

fp = 4fo10−3 in a magnetic field or under an external stress through spin-

orbit interaction.

The conventional phonoriton [48, 49, 47, 50] is a quasilinear mode depend-

ing parametrically on the intensity of the pump light (Pex) and characterizes

a coherent superposition of exciton, photon and phonon when up-conversion
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2 process is allowed. The laser pulse induces a pump polariton with the exci-

ton wave vector p and energy ~ωp. The excitonic component of the polariton

couples with other excitonic modes k, due to the exciton-LA-phonon inter-

action. To form the standard phonoriton, the laser intensity should be big

enough to have the exciton-LA-phonon coupling:

Qk−p = Dex

√

no |p − k|
2~ρυph

∼
√

Pex

υg

(4.1)

comparable with the exciton-photon interaction Ωrabi =
√

foE1S ≈ 124 µeV .

Here I introduced Dex as the exciton deformation potential; ρ is the mass

density; υg , n0 are the group velocity and density respectively of the polari-

ton.

In terms of creation (annihilation) operators, the exciton (b†k) - photon

(c†k−p) - phonon (α†
k) Hamiltonian of the cuprous oxide crystal has form:

H/~ = (ω1S,k − ωp) b†kbk +
(

ωphoton
k − ωp

)

α†
kαk + Ωphonon

p−k c†k−pck−p+

+
i

2
Ωrabi,k

(

α†
kbk − b†kαk

)

+ Qk−p

(

b†kck−p − c†k−pbk

)

Here ωphoton
k = ck/

√
ǫ∞ and Ωphonon

p−k = vs |k − p| ≈ 155 µeV are the photon

and phonon dispersion at the exciton-photon resonance k0 = 2.62×105 cm−1;

ǫ∞ = 6.5 is the background dielectric constant; vs is the LA-sound velocity.

The eigenvalues of the Hamiltonian above are given by an implicit phonoriton

2the phonon bath can serve as a source, not only as a drain for energy exchange
processes
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dispersion:

(ω1S,k − ω)
(

ωphoton
k − ω

)(

ωp + Ωphonon
k−p − ω

)

−

Q2
k−p

(

ωphoton
k − ω

)

−
Ω2

rabi,k

4

(

ωp + Ωphonon
k−p − ω

)

= 0

(4.2)

In contrast to the standard picture of phonon-mediated polariton scattering,

the dispersion is strongly modified from the polariton dispersion and consists

of three dispersion branches. Around the exciton-photon resonance, such

coherent polariton-phonon interaction results in an effective ”blue” shift of

the ”polariton-like” branch of the phonoriton.

The key point in the phonoriton picture is the coherence between all the

particle involved. However for small density of the polaritons the polariton-

phonon interaction (4.1) is weak. Therefore, I define the ”weak” polariton

-phonon coupling as a limiting case of conventional phonoriton when the

down-conversion 3 processes are dominant and up-conversion 4 processes are

negligible. Therefore, in close proximity to exciton-photon resonance this

”weak” interaction with the LA-phonons bath manifests itself by small de-

coherence between exciton and photon in the polariton.

I propose to treat the LA-phonons semi-classically and use deviation of

the polariton gas temperature from the temperature of the helium bath T −

Tbath as that small decoherence parameter. To estimate the influence of

3Polariton → phonon bath
4Phonon bath → polariton
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the temperature deviation on the polariton dispersion, I adopt the following

picture of the exciton-phonon interaction.

The electron and hole of the exciton part of the polariton move in the

cloud of LA-phonons 5. The result is a bigger mass of the exciton and red

shift of the energy gap between the conduction and valence bands without

noticeable effect on the binding energy of the 1S exciton [32]. There is

experimental evidences for such exciton-phonon interaction. The exciton

energy ”red” shift has been observed for several types of semiconductor [46]

as well as specifically for cuprous oxide at helium temperatures [26].

According to general formulation of the theory [27] this temperature de-

pendence is accurately given by integrals of the form:

ω1S,0 (T ) − ω1S,0 (Tbath) = −1

2

∫

dωf (ω)

(

coth

(

~ω

2kB (T − Tbath)

)

− 1

)

(4.3)

Here coth
(

~ω
2kB(T−Tbath)

)

− 1 represents the average phonon occupancy num-

ber and f(ω) is the relevant electron-phonon spectral function.

Expanding the above equation (4.3) into series around the bath temper-

ature, in linear approximation the dispersion of this perturbed polariton is

5I neglect TA phonons, as their contribution to the interaction is much weaker at the
given temperature range [45]
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given by the following system of equations:

(ω1S,k (T ) − ω)
(

ωphoton
k − ω

)

−
Ω2

rabi,k

4
= 0 (4.4)

~ω1S,k (T ) = ~ω1S,0 (Tbath) +
ε∞~

2k2

2M
+ κ (T − Tbath)

In the last expression the parameter κ = 0.30 µeV K−1 is experimentally

determined [26]. The resulting polariton branches are given by the equations

above along with a temperature equation which is strongly dependent upon

what kind of heating and cooling mechanism prevails (See Fig.4.1). Therefore

Pex

t
phonons cooling helium cooling

Auger heating laser heating

(B) ms

(A) µs

Figure 4.1: (Color on-line) Schematic of different heating (cooling) mecha-
nism in the thin film of cuprous oxide. Different mechanisms create different
thermal regime of the sample and result in different polariton dispersions.
The case (A) corresponds to short excitation pulses, T is the temperature of
the exciton gas, Tbath is the temperature of the LA phonons; and the case (B)
corresponds to long pulses, T is the temperature of the LA phonons, Tbath is
the temperature of the surrounding helium.

in the next sections I am going to consider two distinct cases:

(A) Short (µs) laser pulses, where heating is a result of ”phonon-assisted”
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Auger process [45] and the cooling is caused by LA-phonons. In pico-

second dynamics the system comes to quasi-equilibrium, and due to the

temperature dependence of the excitonic part of the polariton there is

a distinct change in the dispersion.

(B) Long (ms) laser pulses are applied, which leads to the temperature

being defined by photo-thermal laser heating and temperature exchange

with the surrounding helium. This will result in a photo-thermal bi-

stability effect.

Note that the ”polariton-like” branches of the phonoriton given by equa-

tion (4.2) can be formally obtained from the system (4.4) by modeling the

up-conversion processes with the additional condition Tbath > T . But the

physical meaning of the system (4.4) is rather different. In my treatment the

phonons are not mediators for the exciton-exciton interaction but the source

of decoherence for the pump polariton.

4.2 Short laser pulses

First I consider short laser excitations (See Fig.4.1A). Therefore the system

of interacting 1S quadrupole excitons, photons and low energy LA phonons

can be treated adiabatically.
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In the equation governing the dynamics of the temperature I neglect all

ultra-fast processes 6, such as optical phonon cooling ( characteristic time

τ = 0.2 × T−1/2 ns ); radiative decay ( ≈ 300 ns); ortho-to-para down

conversion ( ≈ 0.014 × T 3/2 ns−1 )[45].

The main sources of heating in this adiabatic system are the non radiative

direct process and phonon assisted Auger process with the characteristic

Auger decay time ≈ 0.1×T−3/2 µs. Because the conduction and valence band

share the same parity, the rate of direct Auger process is negligibly small.

Hence, one has to consider ”phonon-assisted” Auger process which is defined

as exciton-exciton recombination into hot electron hole carriers accompanied

by emission of a cascade of phonons (See [45] for more complete discussion).

The rate of change of the entropy of the excitons is a balance between

the entropy loss due to phonon cooling and heating following Auger annihi-

lation of the excitons. The rate of phonon cooling, which is dominated by

emission of acoustic phonons, varies as −a1T
3/2 (T − Tbath). On the other

hand, heating of the excitons from the Auger process is proportional to the

density of the polaritons a2n0
7. The ratio of the coefficients a1/a2 varies

from 4.75 × 1022 to 5.71 × 1022 and rapidly grows with increase in duration

6pico and nano second dynamical processes
7For the OE it comes close to the condensation line n0 ∝ T 3/2 at high density of the

exciton gas but never crosses. For the PE there is BEC critical temperature given by the
cross point.



CHAPTER 4. POLARITONS PERTURBED BY LA-PHONONS 95

of the pulses. This emphasizes the fact that for long pulses one can neglect

the effect of the Auger heating comparing to the phonon cooling and has

to consider direct heating by the laser field. Quantative comparison of the

thermal red shift to other high density effects reported so far for the cuprous

oxide crystals can be found in the Appendix II.

Consequently, with increasing temperature, the exciton density grows

along the ”quasi-equilibrium” adiabat:

−a1T
3/2 (T − Tbath) + a2n = 0 (4.5)

n (ω, T ) =
4Pext

πd2~ω1Svg

v−1
g =

√
ε∞
c

∂x

∂~ω
≈

√
ε∞
c

x − ~ω

~ω1S,x (T ) − ~ω

Here x = ~ck/
√

ǫ∞ is the energy of the pumping laser field.

The system of equations (4.5, 4.4) has only one solution for the tempera-

ture (no bi-stability). Therefore, it can be numerically resolved into the upper

and lower branches of the perturbed polariton. To specify the branches for

the phonoriton let me put the following conditions for the upper and lower

branch correspondingly:

lim
x→x+

0
,x→x−

0

~

x

∂ω

∂x
= 1 (4.6)

In close proximity to the exciton-photon resonance (x0 = ~ω1S) and for small

light intensities, the solution of the nonlinear system (4.5,4.4) can be obtained
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by perturbation theory. Therefore, in first order, I set an appropriate (4.6)

unperturbed group velocity into the second equation of the system (4.5) and

solve the corresponding algebraic system of equations (4.4) for new upper and

lower branches of the polariton. The resulting polariton dispersion (E = ~ω)

as a deviation from the exciton energy (E1S,x = ~ω1S,k) is presented in Fig.4.2.
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Figure 4.2: Polariton dispersion for short pump laser pulse and quasi-
equilibrium of the exciton gas with the phonon bath. The ”phonon-assisted”
Auger process heats the exciton gas and weak interaction with LA-phonons
cools it down. Solid lines represent two polariton branches for varying laser
intensity: (1) Pex = 5 mW ; (2) Pex = 10 mW ; (3) Pex = 25 mW . The dash
line corresponds to the unperturbed polariton: Pex < 5 mW .

For high laser intensities (Pex > 25 mW ) the first approximation is not

enough, and one must carry on with more iterations 8 which reduces the

8As an alternative to iterations one can approach the desirable intensity by changing
it gradually.
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”red” shift effect, as the group velocity grows.

The physics behind different levels of the perturbations can be described

as the following. In zero approximation, a short laser pulse of energy close

to the resonance x0 enters the system and creates a polariton wave. The

temperature of the system is equal to the Tbath = 1.7 K of the surrounding.

In first approximation, the polariton is relaxed due to polariton-exciton

interaction. On the exciton-like part of the polariton (away from x0) this

leads to heating due to Auger process and as a consequence the ”red” shift

of the exciton energy. The perturbed polaritons accumulate on the lower

branch according to the new group velocity. The polariton density build-up

(Pex = 5 mW ) is illustrated in Fig.4.3.

In the second approximation, this energy change increases the group ve-

locity of the polariton waves and the exciton density is reduced and so is the

temperature of the polariton gas. Therefore the polariton branches swing

slightly back to the unperturbed polariton dispersion. Presumably, the quasi

equilibrium between the Auger heating and LA-phonon cooling is established

after some more steps.
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Figure 4.3: Density of polariton upper (nu) and lower (nl) branches in first
approximation which must be used for the second approximation in the per-
turbation. The density peak represents the polaritonic build up on the lower
branch as the result of high localization (vg → 0).

4.3 Long laser pulses

Now let us consider the case of long (ms) pumping signals. Contrary to the

adiabatic case of short pulses, the heating is due to the laser radiation and

cooling is due to surrounding helium (See Fig.4.1B) for the open system. As

we are about to demonstrate, it results in bi-stability of the temperature and

splitting of the dispersion curves into four different branches.

The bi-stability effect is due to the nonlinear origin of the temperature

equation [26]. The heating process is proportional to the absorption inside

the semiconductor film and therefore strongly dependent on the polariton
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dispersion and proximity to the exciton-photon resonance. Neglecting the

reflection, one can define the absorption through the temperature depen-

dent transmission as: 1 − Tr (T). Therefore, the equilibrium temperature is

given by the stationary solution of the following time τ dependent system of

equations:

dT

dτ
= HPex [1 − Tr (~ω, T )] − C [T − Tbath] (4.7)

Tr (~ω, T ) = exp

[

− Γ2
1S

4 (~ω1S (x, T ) − ~ω)2 + Γ2
1S

ds

la

]

Here the phenomenologically introduced constants H = 5.0× 106 Ks−1W−1

and C = 2.8 × 103 s−1 giving the heating and cooling rate, respectively;

Γ1S = 0.8 µeV is the phenomenological line-width; the absorption length is

given by:

la =
Γ1S~c

√
ε∞

fo~ω2
1S,x0

The factor 1/4 counts single-degenerate OE and triple-degenerate PE.

For a qualitative description of the bi-stability I fix the wave vector

at energy x = ~ω = 2.01 eV slightly off the resonant value x0 and con-

sider only the upper branch of the perturbed polariton. Then the heating

part HPex [1 − Tr (~ω, T )] of the temperature equation (4.7) has a Gaus-

sian shape, with the maximum dependent on detuning from the polariton

energy. Depending on the value of the detuning it can cross the cooling
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line C [T − Tbath] on the phase diagram (∂T/∂τ vs. T ) in one, two or three

points on the the temperature scale. The last case corresponds to a strong

nonlinearity and a hysteresis loop for the temperature in momentum-energy

space.

If one moves from higher to lower energy (detuning ~ω(x) − Eup > 0),

temperature increases as the transmission decreases (See Fig.4.4). The shift

of the excitonic part of the polariton and low transmission extend to large

negative detuning and allows efficient heating. If one starts from negative

values for the detuning, the sample is cold even beyond the ”cut-off” (ζ)

energy. Transmission remains close to unity and photo-thermal heating is

inefficient. This means that the equilibrium state for the cold (up-going)

scan and already heated (down-going) scan are different. Let us consider the

down-going scan. When one closes up to the polariton upper branch energy

the transmission decreases, which increases the sample temperature. At some

point (”cut-off” energy) the heating becomes dominant over the cooling and

we face a rapid temperature drop. The range of bi-stability mainly depends

on laser pulses intensity Pex.

For a quantative numerical calculation of the resulting dispersion curves,

one has to resolve the nonlinear system of equations (4.4, 4.7) at equilib-

rium using standard perturbation theory. As a result of nonlinear origin of
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Figure 4.4: The first equation of the system (4.7) is visualized as an inex-
plicit function of the local sample temperature T and detuning δE from the
resonance energy for different excitation intensities Pex. The red shift of the
maximum is accompanied by the bi-stability effect.
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the temperature equation, there are four different polariton branches corre-

sponding to the up- and down-scan (See Fig.4.5). The ”bi-stability” effect

manifests itself as abrupt drop in the temperature from red color for a large

temperature to blue color for the cold helium.

4.4 Numerical results and discussion

The most important result which emerges from the dispersion curves in case

of pumping by short pulses is the existence of a localized state on the lower

branch of the polariton (Fig.4.4). So on a µs time interval one can observe

replicas of these states in the luminescence spectra due to intense polariton

build up in this state.

The evidence of such polariton density build-up modes can be demon-

strated in the collapse and revival of the quantum beats of the scattered

probe signal [?]. The luminescence from this highly unstable state can be

considered as a signature of the polariton perturbation by the LA-phonons

and can be utilized to produce delayed laser pulses. The states on the upper

branch have bigger group velocity compared to standard polariton modes,

and this can effectively prevent BEC as the polaritons escape the crystal

more effectively.

In the case of long pump pulses an even more effective mechanism which
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Figure 4.5: (Color on-line) The resulting branches (solid) of the quadrupole-
LA phonoriton dispersion and corresponding temperature profile (upper
branch only). The dashed lines correspond to noninteracting photon (ver-
tical) and 1S quadrupole exciton (horizontal). The laser intensity is taken
to be Pex = 5mW . The bi-stability range for the exciton-like part of the
phonoriton is approximately 2µeV . Actual population of the branches de-
pends on the initial condition and up or down-going scan. Also in case of
big light intensity Pex > 57mW interconversion processes can occur due to
optical Γ−

12 phonons
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prevents BEC is provided by the bi-stability effect. Indeed it was demon-

strated by Ell [42] that the BEC for excitation of states with sufficiently

low oscillator strength is possible only when the kinetic energy of the ex-

citonic part of the pump polariton is bigger than the splitting between the

polariton branches at resonance. The latter prevents the polariton from

”condensing” outside of the crystal. This condition certainly fails for the OE

polaritons, since the kinetic energy is about 9 µeV and the Rabi splitting

is 127 µeV . Moreover, the adiabat (4.4) never crosses the condensation line

Tc = n
2/3
0 × 10−11.

However, PE are good candidate for possible BEC and live long enough

(> 10 ms) to reach the equilibrium because the Rabi splitting is ~Ωp =

~Ωo

√

fp/fo = 1.1 µeV for 1 T magnetic field, which is eight times less then

the kinetic energy. For rather large intensity of the pumping laser, according

to the results of this paper, the polaritons are perturbed by the ”weak”

interaction with LA-phonons. Hence, due to the big life time of the para-

exciton one has splitting of the upper and lower polariton branches into four

new ones due to bi-stability effect. The extremely small oscillator strength

for this para-exciton transition fp = 4fo × 10−3 supports the condensation

condition stated above for the films starting from ds > 0.7 mm thickness

[51].
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The upper and lower PE polariton branches are split into four new ones

due to bi-stability effect in close analogy to the OE polariton. Let us estimate

the effective splitting between all pairs of the polariton branches. According

to the second equation of the system (4.4), to reach the critical condensation

density of nc ≈ (9Tbath × 1011)
3/2

= 1.89×1018 cm−3 at the point of resonance

with light, one needs intensity of the laser field Pex = 185 mW . In this

case the calculated region of bi-stability is about ζ1 − ζ2 = 25 µeV which is

approximately two times bigger than the kinetic energy of the PE. As a result

BEC of the PE polaritons may be effectively suppressed by the bi-stability

effect.

In conclusion for this chapter I would like to briefly outline possible de-

viations from the linear model of the temperature dependent exciton energy

in cuprous oxide crystals which we used. If one has to consider the influence

of the bi-stability effect on the possible BEC of the polariton or for high

intensity of the pumping laser Pex > 35mW when the temperature growth is

bigger than 87 K then the linear approximation for the temperature depen-

dence of the gap energy given by (4.4) is may be not applicable.

Therefore, one has to apply more elaborate expression for the exciton

energy E1S (T, x) → E1S (T, x, ρ) including a contribution from the optical

phonons [27, 46]. The parameter ρ controls the relative contribution of the
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long-wavelength acoustic phonons ρ → 1 , on one hand, and those of optical

and short-wavelength acoustical phonons, on the other hand ρ → 0. The

dielectric background constant ǫ∞ becomes a linear function of the wave

vector.

Due to the complexity of the full expression it is useful to consider some

approximations. When the acoustic phonons dominate, this expression trans-

forms into the familiar Bose-Einstein model proposed by Vina [28]:

~ω1S (T ) = ~ω1s (0) − a

[

1 +
2

exp (Θ/T ) − 1

]

Here there are two fitting parameters a and Θ. Both emission and absorption

of phonons are now considered. For the LA phonons the main contribution

to the exciton energy can be fitted with the empirical relation proposed by

Varshi [29]:

~ω1S (T ) = ~ω1s (0) − αT 2

T + Θ

Experiment [26] shows that for the bulk cuprous oxide α = 4.8×10−7 eV/K.

4.5 Appendix II

The comprehensive review article of Fernandez-Rossier [52] deals with exciton

high density effects as the density approaches saturation. Here I apply their
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theory to bulk cuprous oxide. The 1S exciton energy experiences ”blue” shift

due to exchange interaction between electrons and holes and red shift due to

increased screening:

∆Eblue =
13π

3
~ω1S,0na3

B

∆Ered = fo (ω) ~ω1S,0πna3
B

The screening spectral function is given by the following expression:

f (̟) =
̟ (32 + 63̟ + 44̟2 + 11̟3)

(1 + ̟)4 − 8̟ (4 + 3̟)

(1 + ̟)2

and ̟2 = (1 + mh/me)
2 / (4mh/me). These effects partially compensate

each other.

To estimate the net shift let us take for example the following numerical

vales: Pext = 5 mW is the laser field intensity; d = 1×10−6 m is the diameter

of the focused laser beam; υg = 4 × 104 m/s represents the group velocity

of the pump polariton, and the factor 4 indicates the fact that we excite

both OE and PE; me = 0.69m0 and mh = 0.99m0 are the effective mass for

electron and hole.

Due to small quadrupole exciton radius the net shift: ∆Ered − ∆Eblue =

−0.226 µeV . Hence, it is much less compared to the red shift due to the

heating: −2.1 µeV . But the situation will change drastically for a 2D quan-

tum well, as in this case the blue shift is dominated due to exchange energy.
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Note that these estimations are valid for any duration of the pulses required

to build up the necessary polariton density.

The oscillator strength is proportional to the gap energy of cuprous oxide

[19] and so depends on the temperature also . It gets smaller with increase

of the pumping power. The relative change of the oscillator strength is ≈

1.4 × 10−3 for T − Tbath = 20K, but because it is not a resonant term we

neglect this effect later on. For the same reason I neglect the temperature

dependence of the line-width [26].



Chapter 5

Evanescent quadrupole

polariton

Although quadrupole excitons in cuprous oxide crystals are good candidates

for BEC due to their narrow line-width and long life-time there are some

factors impeding BEC [45, 25]. One of these factors is that due to small but

non negligible coupling to the photon bath, one must consider BEC of the

corresponding mixed light-matter states called polaritons [8]. The photon-

like part of the polariton has a large group velocity and tends to escape from

the crystal. Thus, the temporal coherence of the condensate is effectively

broken [53]. One proposed solution to this issue is to place the crystal into a

planar micro-cavity [54]. But even state-of-the-art planar micro-cavities can

hold the light no longer than 10 µs.

Therefore in this chapter we propose to impede the polariton escaping by

trapping it into a whispering gallery mode (WGM) of a polystyrene micro-
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sphere (PMS). In the next chapter I discuss hybridization between different

WGM in a linear chain of dielectric spheres. Therefore, for more details on

WGM see next chapter. Here I focus my attention on the WGM - quadrupole

WE resonant coupling and following consequences of the proposed light-

matter interaction.

5.1 Quadrupole-WGM coupling

I assume that the PMS of radius r0 µm is placed at a small 1 distance δr0 ≪ r0

from the cuprous oxide crystal (ǫCu2O = 6.5). Some density of quadrupole 1S

excitons ([QE], ~ω1S = 2.05 eV , λ1S = 2π/ω1S = 6096 Å) has been created

by an external laser pulse. The corresponding polaritons move in the crystal

by diffusion and can be trapped at the surface by the micro-sphere.

Because the evanescent field penetration depth (λ1S/2π (ǫCu2O − 1)1/2 =

414 Å) is much bigger than the QE radius (aB = 4.6 Å) the light-matter

interaction can be considered semi-classically. For resonance coupling with a

WGM its size parameter should be determined by the resonant wave vector

in the cuprous oxide k0 = 2.62 × 107 m−1. For example, if one takes a

polystyrene (ǫ2 = 1.59) sphere of radius r0 = 10.7 µm then k0r0 = 28.78350

and this corresponds to the 39TE1 resonance [55].

1comparing to the evanescent field penetration depth
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The light part of the polariton trapped inside the PMS moves as it would

move in a micro-cavity of the effective modal volume V ≪ 4πr3
0/3. Con-

sequently, it can escape through the evanescent field. This evanescent field

essentially has a quantum origin and is due to tunneling through the poten-

tial caused by dielectric mismatch on the PMS surface. Therefore, I define

the evanescent polariton (EP) as an evanescent light-matter coherent super-

position.

The evanescent light has small intensity. Therefore it is not effective for

the dipole allowed coupling. But it has a large gradient, so it can effectively

couple through its quadrupole part.

Let us assume that the incident polariton wave vector is along the inter-

face and runs in the z direction, the polarization of the polariton is along the

x direction. Therefore, in the system of coordinates centered at the sphere,

the incident polariton light part can be written as [56]:

Ei = E0i
l 2l + 1

l (l + 1)
(M1l − iN1l) , (5.1)

where M1l and N1l are vector spherical harmonics corresponding to TE- and

TM-polarized modes of angular momentum l and z component of the angular

momentum is |m| = 1; E0 is the amplitude of the electric field. The scattered
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field is given as:

Es = E0i
l 2l + 1

l (l + 1)
(ia1lN1l − b1lM1l) , (5.2)

where a1l and b1l are scattering Mie coefficients (See the Appendix III). Keep-

ing only the resonant term the last expression yields:

Es = −E0i
l0.05b1,39M1,39, (5.3)

While in the system of the coordinate, centered at the cuprous oxide, the

plane wave is still given by the expression (5.1), the scattered field has to be

changed according to the vector spherical harmonic addition theorem [57]:

M1,39 = Aml
1,39 (r0 + δr)Mml + Bml

1,39 (r0 + δr)Nml (5.4)

Here Aml
1,39 and Bml

1,39 are the translational coefficients. Their explicit expres-

sion can be found, for instance, in [58, 55] and are explicitly listed in the

Appendix III.

The bulk (incident) and evanescent polaritons in cuprous oxide are formed

through the quadrupole part of the light-matter interaction:

Hint =
ie

mω1S
Ei,s · p

Here e, m are the electron mass and charge, and p is the electron momen-

tum. For the quadrupole 1S transition in cuprous oxide the energy of the
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interaction can be written as:

g =
〈

3Γ+
5,xz |Hint| 1Γ+

1

〉

=
〈

3Γ+
5;1,2 |Hint| 1Γ+

1;0,0

〉

(5.5)

Here I introduced the initial state of the system, which transforms as irre-

ducible representation 1Γ+
1 of the cubic centered group Oh. The final state

is the ortho-exciton state which transforms as 3Γ+
5,xz in Cartesian system or

as 3Γ+
5;1,2 in the corresponding spherical basis.

Hence, using (5.1, 5.3, 5.4, 5.5), one can deduce that the the coupling

of the spherical harmonic compared to the plane wave (g1,2 = 124 µeV ) is

resonantly enhanced:

g1,39

g1,2
= −i0.06b1,39 (kr0)A1,2

1,39 (r0 + δr) (5.6)

Here I utilized the fact that B1,2
1,39 ≪ A1,2

1,39. While the resonant enhancement is

provided by the b1,39 Mie coefficient here, the translational coefficient reduces

the effect. That is why if one tries to couple the evanescent light to the dipole

transition the effect is much weaker as A0,1
1,39 ≪ A1,2

1,39. The resulting exciton

- evanescent light coupling is shown in the Fig.5.1

The coupling grows with mode number l, because the gradient of the

evanescent field increases. At l = 89 the coupling becomes of the order of

meV . The property of the scalable coupling factor can be utilized in practical

applications such as non-linear optics and is the subject of my future work.
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Figure 5.1: The evanescent light - 1S quadrupole coupling (g1,l) scaled to
the bulk exciton-photon coupling (g1,2). The size parameter kr0 is denoted
as x and the PMS is placed directly on the cuprous oxide sample (δr = 0,
See also Fig.5.2).
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5.2 Numerical results and discussion

Around the resonance between WGM and the quadrupole exciton ω1l ≈ ω1S

the EP branches are given by the eigenvalues of the following Hamiltonian:

H/~ = ω1lc
†
kak + ω1Sb†kbk + g1l

(

c†kbk + ckb
†
k

)

(5.7)

where ck, bk are annihilation operators for light and the exciton, respectively.

Therefore, considering that both the exciton and WGM of a single sphere

are localized, the dispersion is reduced to:

ω = ω1S ± g1l/~ (5.8)

The excitons are trapped in the minimum of the lower branch. Hence the cor-

responding WGM pattern can be observed. The dispersion above is similar

to the quadrupole-dipole hybrid in the organic-inorganic hetero-structures

[25]. In the later case, the excited organic molecules create an evanescent

field penetrating in the cuprous oxide.

The evanescent polariton provided by a single sphere gives the time co-

herence necessary for the observable BEC of the quadrupole exciton. But

the spatial coherence is limited to a small region nearby to the sphere. To

improve the spatial coherence one has to sacrifice the temporal coherence

slightly by delocalizing the corresponding WGM. It can be done by using an



CHAPTER 5. EVANESCENT QUADRUPOLE POLARITON 116

array of spheres aligned along the z direction and separated by the distance

δr0 (See Fig.5.2).

z′

z

g1,39 = exciton+39TE1

Cu2O

g1,39
1,39 = 39TE1+39TE1

r0 δr0

δr

Figure 5.2: Schematic of formation of the evanescent polariton on linear chain
of PMS. Actual dispersion is determined by the ratio of two coupling param-
eters such as exciton-WGM coupling and WGM-WGM coupling between the
microspheres.

Recent experimental [5] and theoretical [59] studies have shown that the

WGM can travel along the chain as ”heavy photons”. Therefore the WGM

acquires the spatial dispersion, and the evanescent polariton has the form

(See Fig.5.3):

2ω = ω1l,k + ω1S ±
√

(ω1l,k − ω1S)2 + 4|g1l/~|2 (5.9)

ω1l,k = ω1S + 2
(

g1l
1l/~

)

cos(x − x1l + π/2) (5.10)

Here g1l
1l = ω1Sb1lA

1l
1l (δr1) is the nearest-neighbor inter-sphere coupling pa-

rameter.
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Figure 5.3: Dispersion of the evanescent polariton 39TE1. The dashed line
(1) corresponds to the dispersion of the chain of spheres touching each other
(δr0 = 0). The thin solid line (3) stands for upper and lower branches of
a single sphere dispersion (δr0 ≫ δr = 0). The thick solid curve (2) is
the case of linear chain of the spheres in contact with the cuprous oxide
(δr0 = δr = 0).
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When the coupling between spheres dominates (δr ≫ δr0) the minimum

of the lower polariton branch disappears. Consequently, for BEC of the

evanescent polariton one has to keep the desired balance between spatial and

temporal coherence by adjusting experimental parameters δr and δr0.

Both, the energy of the 1S quadrupole exciton and the WGM depend

on the temperature. Therefore one can use a standard temperature scan to

reveal the evanescent polariton dispersion [60].

In summary, I emphasize that because of high localization of the quadrupole

exciton they couple ”naturally” to the WGM. Although the coupling of the

evanescent field to the dipole allowed excitation are less pronounced then

quadrupole (d ·Ei ≪ Qij∇iEs,j) it can be greatly improved by trapping the

excitons in low dimensional structures such as quantum wells or quantum

dots [61].

The theory developed above is applicable also for void cavities, spherical

impurities and metallic droplets in bulk cuprous oxide crystal.
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5.3 Appendix III

In the appendix I list explicit expression for the Mie scattering coefficient:

aml =
n2jml (nx) [xjml (x)]′ − jml (x) [nxjml (nx)]′

n2jml (nx)
[

xh
(1)
ml (x)

]′
− h

(1)
ml (x) [nxjml (nx)]′

bml =
jml (nx) [xjml (x)]′ − n2jml (x) [nxjml (nx)]′

jml (nx)
[

xh
(1)
ml (x)

]′
− n2h

(1)
ml (x) [nxjml (nx)]′

Here n = ǫ2 is the refractive index of the spheres; x = kr0 is the size param-

eter; jml, hml are the spherical Bessel and Hankel of the first kind functions

respectively.

In the case of l ≫ 1 the calculation of the translational coefficients

can be significantly simplified with the help of the so-called maximum term

approximation[55].

Al′

l
∼= −2l (−1)l+1

√

l + l′

π (l′ + 1) (l − 1)
×

ll(l′)l′

(l′ + 1)l′+1 (l − 1)l−1
h

(1)
l+l′ (ηx)

Bl′

l
∼= i

x |i − j|
ll′

Al′

l

Here η defined as η = |r0 + δr|/r0 ≥ 1 is a dimensionless distance between

the centers of the spheres.



Chapter 6

Future work

In the future course of work I am going to proceed with investigating prop-

erties of the quadrupole hybrid excitons in cuprous oxide. Both types of

the hybridization organic/inorganic and WGM/inorganic offer a great deal

of space for further development. Below I just briefly highlight possible ways

to go.

6.1 BEC of the QDH

The well pronounced minimum on the lower branch of the QDH suggest that

search for BEC in this system may be fruitful. Therefore rigorous calculation

of the life-time is necessary. The life-time of the QDH might be reduced due

to increased diffusion rate in the organic [38]. Also I will have to calculate

thermodynamical properties of the hybrid exciton, the critical temperature

and density.
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6.2 BEC of the evanescent polaritons

The WGM/inorganic hybrid is even more promising candidate for BEC

search. It offers more flexible and controllable parameters of the system

and at the same time also exhibits the key properties for BEC. It has long

life-time and minimum on the lower dispersion branch. However in the linear

chain of the PMS are not highly localized as it is the case of a single PMS.

It makes possible to have large spacial coherence but may substantially de-

crease the life-time of the evanescent polariton. Therefore, as a next step I

will try to form an evanescent polariton by coupling the quadrupole to the

WGM bands of the anomalous dispersion described in the chapter 7. Such

WGM bands have well pronounced minimum itself, therefore provide basis

not only for substantial spacial coherence but for high localization and big

lifetime of the polariton.

6.3 Collective effect of hybridization in multi-

layered structure of perovskite-organic com-

posite

Perovskite-organic composites are subject of great interest lately due to their

applications as promising Optical Light Emitting Devices (OLED). There’s

an experimental evidence of hybrid exciton formation in this system [62]. I



CHAPTER 6. FUTURE WORK 122

propose to investigate collective properties of the hybrid excitons created in

different layers. In simplest model, our estimation shows that the degeneracy

of the two hybrid branches is lifted. A new hybrid band is formed. I propose

to develop a complete quantum mechanical theory of the phenomena and

propose concrete experiment.

6.4 Enhance light dragging effect

Following the concept of enhancing properties generic to the quadrupole WE

in cuprous oxide by resonant hybridization with a suitable organic I antic-

ipate noticeable enhancement in a singular light dragging effect [37]. This

phenomena regards to ”upsteram” bending of a light ray.

In conclusion I would like to notice that the resonant hybridization phe-

nomena is applicable to many materials aside from cuprous oxide. It is new

and exciting field to which I made a small contribution with my work.



Part III

Additional work
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Chapter 7

WGM band mixing in PMS

linear chains

Recent proposal of coupled resonator optical waveguides and optical filters

[63, 64] stimulated interest in systems of optically coupled micro-spheres. It

has been known for a long time that electromagnetic modes of an individual

sphere (Mie resonances) with large enough values of their angular momentum

can have very long radiative life-times [65].

The WHM are characterized by the concentration of the electromagnetic

field along the surface of a sphere with an evanescent tail escaping outside.

Such field configuration makes it possible to optically couple two spheres

positioned in the proximity of one another. The same evanescent tail makes

possible the WGM/exciton coupling also, as it was discussed in previous

chapter. In this chapter I focus on WGM/WGM coupling and WG band /
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band hybridization in a linear chain of mutually overlapping WGM 1. Initial

work on the optical coupling of the micro-spheres was concentrated on the

case of just two spheres 2, where the splitting of the modes and the formation

of the coupled states was observed [66, 67, 68]. Recently, however, an interest

has shifted toward linear chain of many spheres, which are envisioned as

building blocks of various photonic devices, such as waveguides [69] or delay

lines [5].

The obvious result of optical coupling in this system is formation of col-

lective optical excitations propagating along the chain, which I will call su-

permodes in order to distinguish them from the modes of individual spheres.

The supermodes form photonic bands, which were observed by several re-

search groups almost at the same time [70].

One of the popular tools used to analyze experimental results [5] is a

simple phenomenological dispersion law of a tight-binding type (5.9). This

approach, which was originally suggested in Ref. [63] to describe modes of

coupled cavities, derive every photonic band from a respective single sphere

WGM resonance, characterized by its angular momentum, l. Its applicability

is based on the assumption that the modes of coupled spheres with different

1The work has been done in association with Prof. Lev Deych
2the arrangement is known as photonic atoms or molecules
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l do not mix, which is certainly not true in the exact sense, but can be

approximately valid or not valid at all depending upon the type of modes

under consideration.

The admixture of WGM with different angular momentums arises already

for two interacting spheres, and results from the violation of spherical sym-

metry in such systems. It has been realized early on that the inter-mode

coupling is primary responsible for radiative decay of the coupled modes[58],

and may also affect positions of the resonances in a bi-spherical structure. I

will show in this paper that these effects are even more important, and in

certain situations, crucial, for the supermodes of the multi-spherical chains.

In these systems, instead of individual resonances, one has to consider mix-

ing between bands of collective propagating excitations. Using analogy with

solid state physics one can call this phenomenon band-mixing or band hy-

bridization. In this chapter, I present a theory of the inter-band coupling

in linear chain of spheres based on the tight-binding approach to the optical

coupling. This approach was originally formulated in Ref.[71], and carefully

analyzed for the case of bi-spheres in Ref.[55].

My main goal in this chapter is to extend the analysis of Ref.[55] to a lin-

ear chain of spheres, and apply it to the problem of photonic band structure
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and dispersion laws of the quasi-stationary 3 collective optical excitations of

the chain. Using a perturbative approach, I derive analytically dispersion

equations characterizing these excitations and analyze them in several par-

ticular cases of recent experimental interest. I show, in particular, that in

spite of a formal analogy between optical and electronic tight-binding mod-

els, the photonic band mixing may lead to very unusual effects, which do not

have counterparts in solid state systems.

7.1 Tight-binding model

The system, which will be considered in the paper consists of a number of

identical spheres with radius r0 and refractive index n, whose centers are all

aligned along the same line (see Fig.5.2) at a distance δr0 = 0 from each

other. In this chapter I assume that the coupling to the WE is negligible

δr ≫ δr0. I will be interested in collective excitations of this chain, which in

the spirit of tight-binding approach is described as a combination of WGM

of individual spheres.

The collectivization of the WGM in a chain of spheres is the main focus

of this chapter. As it was already was pointed out, the electric field of

these modes has an evanescent character in the vicinity of the surface of

3long-living
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their respective spheres making the tight-binding description of the optical

coupling between adjacent spheres rather accurate. This description is based

on generalizing the expansions for scattered wave given by Eq. (5.1) to the

case of multiple spheres:

Es =
∑

i,l,m

[

ãi
l,mNm,l(r− ri) + b̃i

l,mMm,l(r − ri)
]

. (7.1)

Here ri is the position vector of the center of i-th sphere. The problem is,

however, that vector spherical harmonics (VSH) in this expansion are defined

in different coordinate systems associated with the center of each sphere. In

order to apply boundary conditions one need to rewrite them in a common

coordinate system. This is achieved with the help of addition theorem 4,

which presents VSH centered at point rj in terms of VSH centered at a point

ri:

Nl,m(r − rj) =

=
∞
∑

l′=1

l′
∑

m′=−l′

[

Al′,m′

l,m (rj − ri)Nl′,m′(r− ri) + Bl′,m′

l,m (rj − ri)Ml′,m′(r − ri)
]

Ml,m(r − rj) =

=

∞
∑

l′=1

l′
∑

m′=−l′

[

Al′,m′

l,m (rj − ri)Ml′,m′(r − ri) + Bl′,m′

l,m (rj − ri)Nl′,m′(r − ri)
]

,

(7.2)

Using the addition theorem one can derive a system of equations for the

4See previous chapter for details



CHAPTER 7. WGM BAND MIXING IN PMS LINEAR CHAINS 129

expansion coefficients ai
l,m and bi

l,m [58]:

ãi
l,m

al,m
= ζl,m +

∑

j 6=i

∑

l′,m′

[

ãj
l′,m′A

l′,m′

l,m (rj − ri) + b̃j
l′,m′B

l′,m′

l,m (rj − ri)
]

(7.3)

b̃i
l,m

bl,m
= ζl,m +

∑

j 6=i

∑

l′,m′

[

b̃j
l′,m′A

l′,m′

l,m (rj − ri) + ãl
l′,m′B

l′,m′

l,m (rj − ri)
]

(7.4)

Indexes i and j in these equations enumerate spheres, while l, l′, m, m′

correspond to different resonances of the individual spheres. The structure of

these equations can be understood by noting that it is equivalent to Eq. (5.2),

in which the incident field, characterized by coefficients ζl,m=1 = 2l+1
l(l+1)

is

replaced by its sum with the field scattered by all other spheres.

For a linear chain, in which all position vectors ri can be chosen parallel

to each other and to the z direction, these equations can be simplified. The

translation coefficients can be shown to become Al′,m′

l,m = Al′

l δm,m′ and Bl′,m′

l,m =

Bl′

l δm,m′ . Thus, the sum over m′ in Eq. (7.3) and (7.4) disappears, making the

component of the angular momentum along the axis of the chain a conserving

quantity.

This fact obviously reflects the axial symmetry of this system. In what

follows, I shall assume that m = 1; results for other values of m can be ob-

tained from my general formulas by recalculating parameters a and b as well

as the translational coefficients. Thus, I can abridge my notations by drop-

ping index m all together. At this point I also omit the term ζl,m=1 describing



CHAPTER 7. WGM BAND MIXING IN PMS LINEAR CHAINS 130

the external incident wave, which leaves us with a system of homogeneous

linear equations and the problem of finding their normal modes instead of

the problem of scattering of an external wave.

Thus, I present the equations for the scattering coefficients in the following

form:

ãi
l

al
=
∑

j 6=i

∑

l′

[

ãj
l′A

l′

l (i, j) + b̃l
l′B

l′

l (i, j)
]

(7.5)

b̃i
l

bl

=
∑

j 6=i

∑

l′

[

b̃j
l′A

l′

l (i, j) + ãj
l′B

l′

l (i, j)
]

, (7.6)

Here the position vectors, ri, of the spheres in the arguments of the transla-

tion coefficients are for shortness replaced with sphere’s numbers, i.

Eq.(7.5) and (7.6) have been used by Miyazaki and Jimba in Ref.[55] for

exact numerical analysis of a bi-sphere. They also developed for this system

an approximate method of solution of these equations that reproduced results

of the exact calculations with a good accuracy. Here I generalize this method

for a system with an arbitrary, including infinite, number of spheres, where

its use becomes crucial since exact numerical calculations grow increasingly

more involved and expensive with the increase in the number of spheres in

the chain. I will show here that using the expanded version of the tight-

binding approximation I am able to derive analytically dispersion equations

describing collective excitations of the chain, which can be solved numerically
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with minimal computational efforts.

The reduction of Eq.(7.5) and Eq.(7.6) to an analytically tractable form is

based on several important properties of the translation coefficients, Al′

l , and

Bl′

l . First of all, in the case of l ≫ 1 the calculation of these coefficients can

be significantly simplified with the help of the maximum term approximation

5. This approximation is based upon the fact that the translation coefficients

quickly decrease with the distance between the spheres. This property, which

is a manifestation of the evanescent nature of the optical coupling between

the spheres, allows one to keep in the sum over the spheres in Eq.(7.5) and

(7.6) only terms with j = i ± 1.

The resulting equations constitute the nearest neighbors approximation

for the chain of the spheres. The sum over l′ describes coupling between

supermodes with different angular modes, which is the main subject of the

present chapter. These equations also contain terms proportional to transla-

tion coefficients Bl′

l , which are responsible for coupling between supermodes

with different polarizations. However, for the nearest neighbors Bl′

l ≪ Al′

l

for l, l′ ≫ 1.

We will see later that the main contribution to the sum over l′ comes

mostly from l′ . l, and the cross-polarization coupling can, therefore, be ne-

5See Appendix III of the previous chapter
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glected in most cases. In what follows I will also discard terms ζl responsible

for external excitation. This leaves us with a system of homogeneous linear

equations and the problem of finding their normal modes instead of the prob-

lem of scattering of an external wave. Thus, I present the final tight-binding

equations describing TE and TM supermodes as:

ãi
l

al

=
∑

l′

Al′

l

(

ãi−1
l′ + ãi+1

l′

)

(7.7)

b̃i
l

bl

=
∑

l′

Al′

l

(

b̃i−1
l′ + b̃i+1

l′

)

, (7.8)

Here the translation coefficients Al′

l = Al′

l (i, i + 1) play the role of the inter-

site coupling parameters of the tight-binding approximation. They also play

an important additional role of being coupling coefficients for supermodes

with different l. These equations are very similar to electronic tight binding

equations describing, for instance, s-p hybridization [72].

There is, however, a significant difference between optical and electronic

problems caused by the non-Hermitian nature of matrix Al′

l describing the

coupling in the optical case. We will see below that this peculiarity of optical

tight-binding equations is responsible for the anomalous dispersion properties

of the system under consideration. The non-Hermitian nature of the optical

band coupling appears also in a multiple scattering (optical Korringa-Kohn-

Rostocker) approach to this problem developed in Ref.[73].
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7.2 Collective excitations of a single mode

7.2.1 Single band approximation

Neglecting terms with l′ 6= l in equations (7.7) and (7.8) one obtains a simple

single-band nearest-neighbor interaction model describing bands of the col-

lective supermodes originating from lTEs or lTMs WGM’s of an individual

sphere with the size parameter xls. For a TE band, for instance, one has:

ãi
l

al
= Al

l

(

ãi−1
l + ãi+1

l

)

(7.9)

and the equation for TM bands has the same form with an obvious sub-

stitution of bl instead of al. In order to isolate a single band, and convert

this equation into a standard tight-binding form, I can take advantage of

the fact that the expected width of the band of the l, s supermode, δxls,

is rather small, δxls ≪ xls. In this case one can expand the single sphere

scattering parameters al or bl around their respective resonance frequencies

xls,TE or xls,TM . Taking into account the resonant nature of the scattering

parameters, one can write down:

1

al
≈ (x − xls + iγls)

i∆ls
, (7.10)

and the similar equation for the TM polarization. Parameters ∆ls in Eq.(7.10)

are real valued positive quantities for all l and s[55], and γls represents the
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rate of the radiative decay of the respective WGM. Taking into account that

translation parameters Al′

l in the maximum term approximation are almost

purely imaginary quantities:

Al′

l
∼= i (−1)l+1

∣

∣

∣
Al′

l

∣

∣

∣
(7.11)

Calculating them at the resonance size parameter (frequency) xls, one can

re-write Eq.(7.9) or similar equation for the TM polarization in the standard

for the tight-binding approximation form:

(x − xls + iγls) ãi
l = (−1)l ∆lsÃls

(

ãi−1
l + ãi+1

l

)

, (7.12)

where Ãls =
∣

∣Al
l (xls)

∣

∣. Normal modes of this system of equations are har-

monic waves:

ãi
l ∝ exp(iqlszi) (7.13)

Here zi is the z coordinate of the i-th sphere, and qls(x) is a Bloch wave

number. It satisfies the dispersion equation of the same type as Eq.(5.9),

where I can now give a microscopic expression for the phenomenological

coupling parameter κ:

κls = (−1)l2∆lsÃls (7.14)

Dispersion equation (Eq.(5.9)) describes a band of excitations, which is

symmetric with respect to the WPG frequency xls, and whose boundaries
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Figure 7.1: Positions and widths of several TE and TM supermodes obtained
in a single band approximation.

x±
b are given by expression:

x±
b = xls ± κls (7.15)

In the case of a chain consisting of a finite number of spheres, N , the dis-

persion equation (5.9) can be used to find the spectrum of the respective

frequencies. To this end, one has to impose obvious boundary conditions for

the coefficients ãi
l, which read as ã0

l = ãN+1
l = 0, where I assume that first

sphere in the chain is assigned number i = 1. These boundary conditions de-

termine the allowed values of the Bloch wave number qls: qlsη = πn/(N +1),

where n changes from 1 to N . Applying this result to the case of only two

spheres I find that there are two possible values of qls, namely qlsη = π/3 and

qlsη = 2π/3. The respective values of frequencies x1,2
ls = xls ± κls/2, repro-
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duce the results of Ref.[55] obtained for the case of a bi-sphere in the single

mode approximation. The radiative decay characterized by γls makes the

supermodes quasi-stationary; obviously the whole concept of the collective

excitations with different q can only make sense if γls ≪ κls. Calculations as

well as experiments [69, 5] show that for modes with large l this inequality

is well satisfied.

This simple picture could describe supermodes that do not overlap spec-

trally since only in this case omitting terms with l′ 6= l in Eq.(7.7) can be

justified. The bands of collective excitations in the chain of microspheres,

however, almost certainly overlap with at least one or more other bands. In

Fig.7.1 I presented positions and widths of a number of supermode bands

calculated in the single band approximation. It should be understood, how-

ever, that because of the inherently present radiative decay, the concept of

allowed and forbidden bands is not very well defined even for modes with

relatively large Q-factors. Nevertheless, I will use these terms to describe

spectral regions, where the wave number q would have been purely real or

purely imaginary in the absence of the decay, respectively. In reality, the

wave number is a complex valued quantity at all real frequencies, and a dif-

ference between allowed and forbidden bands manifests itself only in relative

magnitudes of real and imaginary parts of q: Im q ≪ Re q within the allowed
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band, and Im q ≫ Re q within the forbidden bands. In the vicinity of the

band boundaries, x±
b , the real and imaginary parts are of the same order:

Im q ≃ Re q.

7.3 Inter-band coupling

In this subsection I will take into account non-diagonal terms in Eq.(7.7)

and (7.8), which are responsible for coupling between bands with different

angular momentum described in the previous subsection. Since calculations

for TE and TM modes are almost identical, I shall consider explicitly only

TE polarization; results for TM polarization, which I will use for numerical

examples, can be easily obtained with the help of obvious substitution of the

parameters. A particular solution to the system of equations (7.7) can be

easily found in the form of a harmonic wave: a
(i)
l = ale

iqzi , where al satisfy

the following algebraic equations:

1

al
ãl + 2 cos (qη)

∑

l′

Al′

l ãl′ = 0 (7.16)

Let us consider this equation in a frequency region occupied by a single-band

supermode l0TEs0 characterized by quantum numbers l = l0 and s = s0. I

am interested in finding corrections to the single band dispersion law for this

supermode caused by its interaction with other bands. In order to develop an
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approximate analytical solution for this problem one has to take into account

several circumstances. First, main corrections to the diagonal approximation

come from those l, which correspond to bands spectrally overlapping with

l0TEs0.

It should be remembered, however, that the bands discussed in the pre-

vious subsection are broadened because of the radiative decay, and the term

overlap should be understood with this fact in mind. One can see from Fig.7.1

that all supermodes with l > l0 are spectrally well separated from l0TEs0,

thus the respective terms in Eq.(7.7) can be considered a small perturbation

despite the fact that Al
l0

> Al
l for l > l0.

Terms with l < l0 are more important since according to Fig.7.1 respective

bands can be spectrally in close proximity to l0TEs0, or even overlap with it.

On the other hand coupling coefficients Al
l0

quickly decrease when l becomes

smaller than l0. Thus, the effect of coupling to these supermodes depends on

an interplay between resonant enhancement due to spectral proximity, and

decrease in the coupling parameter Al
l0
.

In most practical situation, among all the bands contributing to the sum

over l′ there is just one, which I will label as l1TEs1, effecting the supermode

under consideration in a most significant way. Usually the interaction with

such a band is too strong to allow for a perturbative treatment. Following
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the terminology of Ref.[55] I will call l0TEs0 and l1TEs1 significant super-

modes, while the remaining ones are called bath or reservoir bands and can

be treated perturbationally. I will show here that in the system under con-

sideration the inter-band coupling can result in three qualitatively different

types of the modifications of the dispersion laws. One, which is character-

istic for weaker interaction can be called band renormalization, while the

others, requiring a stronger coupling, are more appropriately called band

hybridization. There might be two types of the hybridization, one arising,

when the interacting bands are characterized by angular momentum indexes

of the same parity, and the other one corresponding to the situation, when

they have angular momentum indexes of different parities. I will show that

the hybrid band arising in each of these cases exhibit qualitatively different

dispersion properties.

I will begin by developing a general theory capable of describing all pos-

sible situations, and then consider conditions controlling a transition from

one regime to the other. As it was mentioned before, the interaction be-

tween l0TEs0 and l1TEs1 should be taken into account exactly, while the

contribution from all other supermodes can be treated perturbatively.

Accordingly, I present the system of Eq.(7.16) for the amplitudes of the
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supermodes in the following form:
[

1

al0

+ 2Al0
l0

cos (qη)

]

ãl0 + 2 cos (qη)Al1
l0
ãl1 + 2 cos (qη)

∑

l 6=l0,l1

Al
l0 ãl = 0

[

1

al1

+ 2Al1
l1

cos (qη)

]

ãl1 + 2 cos (qη)Al0

l1 ãl0 + 2 cos (qη)
∑

l 6=l0,l1

Al
l1 ãl = 0

[

1

al
+ 2Al

l cos (qη)

]

ãl + 2 cos (qη)
∑

l′ 6=l

Al′

l ãl′ = 0.

(7.17)

Here in the first two lines I extracted from the sum over l the terms with

l = l0 and l = l1, and wrote down the separate equations for the respec-

tive amplitudes. The last line in Eq. (7.17) represents the equation for the

reservoir modes, which I solve for al and substitute the solution to the first

two lines of this equation. In the resulting double sum over l and l′, I keep

only terms with l′ = l0 and l′ = l1. This procedure, which constitutes the

second order perturbation theory for the reservoir bands, results in a system

of equations for the amplitudes of the significant supermodes, which can be

presented in the following form:
[

1

al0

+ 2Ãl0
l0

cos (qη)

]

ãl0 + 2 cos (qη) Ãl1
l0
ãl1 = 0

[

1

al1

+ 2Ãl1
l1

cos (qη)

]

ãl1 + 2 cos (qη) Ãl0

l1 ãl0 = 0

(7.18)

The weak interaction with the reservoir results here in the renormalization

of the coupling coefficients according to the rule:

Al′

l → Ãl′

l = Al′

l

[

1 + cos (qη)
∑

ν 6=l,l′

Ωl′

lν

cos (qη) − cos (qνη)

]

, (7.19)
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where

Ωl′

lν =
Aν

l A
l′

ν

Al′
l A

ν
ν

(7.20)

is the inter-band interaction constant, and cos (qνη) corresponds to the single

band approximation for the reservoir modes defined as

cos (qνη) = − 1

2ανAν
ν

. (7.21)

In contrast to Sec.7.2.1 I have omitted here subindex s in my notations

for wave numbers qν . The reason for this is that there is no summation

over s in any of the equations describing the inter-supermode coupling, such

as Eq. (7.16) or (7.17), and the dependence on this index appears in an

explicit form only if one expands scattering coefficients αl around a respective

WGM. Unlike in Sec.7.2.1 I cannot do this here, because I take into account

contributions from bands in the frequency region, which can be relatively far

away from their respective parent WGMs. Thus, the sum over ν in Eq. (7.19)

contains contributions from terms for which the vicinities of xl0s0
and xl1s1

belong to the forbidden bands of respective supermodes, so that their (mostly

imaginary) parameters qν , defined by Eq. (7.21), can no longer be associated

with a particular WGM.

Eq.(7.18) describes new bands formed from the initial l0TEs0 and l1TEs1

bands. In order to simplify notations I will omit for now the angular mo-
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mentum indices, and will label these new bands simply as q+ and q−. I can

present dispersion equations for each of q± in the form:

cos(q±η) =
1

2

(

1

1 − Ω̃l0l1

)

×
[

cos(q̃l0η) + cos(q̃l1η) ±
√

[cos(q̃l0η) − cos(q̃l1η)]2 + 4Ω̃l0l1 cos(q̃l0η) cos(q̃l1η)

]

,

(7.22)

Here Ω̃l0l1 is defined by Eq.(7.20), in which I set l′ = l = l0, ν = l1, drop

the upper index as duplicate, and replace the coupling coefficients with their

renormalized according to Eq.(7.19) values. Similarly, q̃l are defined as in

Eq.(7.21), but also with renormalized coupling coefficients.

Eq.(7.22) can be considered either as equations for wave numbers q± as

functions of frequency x, or as equations for two frequencies x± as functions

of wave number q. The choice depends on an experimental situation un-

der consideration. In the transport experiments of the type carried out in

Ref. [69] the frequency is fixed by an external excitation, and q is determined

from the experiment. In this case I have to solve this equation for q± treating

x as an independent real valued variable. The resulting wave numbers are

complex, and their imaginary parts characterize the spatial decay of the wave

along the chain. On the other hand, in the resonance experiments of Ref. [5]

the wave number is fixed, and frequency is measured. In this case, I have

to solve my dispersion equation for x considering q as a real quantity. The
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frequencies obtained as a result contain imaginary parts, which describe the

spectral width of the respective resonances. It is important to understand

that because the dispersion equation is complex, the functions Re(q±(x)) and

Re(x±(q)) obtained in these two approaches are not inverse of each other.

In this chapter I will focus on finding q±(x) because it presents greater

interest from the stand point of experiment as well as applications. For two

special values of frequency, Eq.(7.22) can be solved exactly. Indeed, consider

x = xl0s0
, where cos(q̃l0) is exactly equal to zero regardless of the renormal-

ization of the coupling coefficients. In this case the term responsible for the

inter-band coupling vanishes, and I obtain that one of the cos q± is also equal

to zero. The same is obviously valid for x = xl1s1
. I can conclude, thus that

the centers of all bands, where q±η = π/2, correspond to frequencies of the

respective parent WGM resonances regardless of the presence of the inter-

band coupling. In resonant experiments with finite chains [5] the admissible

values of q are determined by the boundary conditions at the ends of the

chain. In this situation, the center of the band is accessible only in systems

with odd number of spheres. Therefore, spectra of chains with odd and even

number of spheres can be distinguished from each other by, respectively, pres-

ence or absence of excitations at frequencies corresponding to single sphere

whispering gallery modes. This conclusion is in complete agreement with
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observations of Ref.[5].

In general case I can solve Eq.(7.22) numerically by consecutive itera-

tions. The zero iteration corresponds to neglecting the bath-induced renor-

malization of the coupling coefficients, and produces two zero-order disper-

sion curves q
(0)
± . At the next step, q

(0)
± are substituted to Eq. (7.19) and

Eq. (7.21) producing a pair (one for q
(0)
+ and one for q

(0)
− ) of new values

of the coupling coefficients and ”single-band” wave numbers q̃l. These new

values go back to Eq.(7.22), one to the ”+” version of it, and the other to

the ”−” version. The procedure can be repeated as many times as neces-

sary to achieve its convergence. The experience shows, however, that a good

approximation for q± can already be obtained after only the first iteration.

While the contributions from the reservoir bands can be important, the

main qualitative characteristics of the dispersion laws of the significant su-

permodes can be understood from the zero order approximation, which is

presented by Eq.(7.22) without the renormalization of the coupling coeffi-

cients. Let us focus on the frequency region, where expression cos ql0 −cos ql1

is small because this is where the main effects of the inter-band interaction are

expected. The strongest effects occur in the vicinity of a resonance between
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supermodes l0 and l1, when:

Re [cos (ql0η)] = Re [cos (ql1η)] , (7.23)

if it takes place in the frequency range covering initial l0TEs0 and l1TEs1

bands. It should be noted, however, that because of the radiative decay the

band boundaries particularly for the band with larger s are not that very well

defined, and the strong effects can take place even if the resonance condition

is fulfilled in the forbidden band of one or even both of the modes, if the

resonance point lies in proximity of a band boundary. It is important to

remember also that Eq.(7.23) is not equivalent to Re(ql0) = Re(ql1), which is

often accepted as a resonance condition.

The properties of the dispersion curves in the vicinity of the resonance

point are determined by two circumstances: (i) the parity of single band

dispersion laws, and (ii) the relation between [Im [cos (ql1η)]−Im [cos (ql0η)]]2

and Ωl0l1 cos(ql0η) cos(ql1η), which determines if the band interaction is weak

or strong. In most cases the overlapping supermodes originate from WGM

with different s, and, therefore, usually, one of the imaginary parts in the

expression above is significantly (orders of magnitude) larger than the other

one. In this case the stronger decaying supermode determines the nature of

the modification of the dispersion laws. It is quite obvious that the strong
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coupling case (band hybridization) would correspond to the interaction terms

prevailing over the dissipative terms, and the weak coupling regime (band

modification) would take place in the opposite situation. If the resonance

condition is not fulfilled in the spectral region of interest the modification

of the dispersion law always belongs to the weak coupling case. What is

surprising, however, is that even in this case the modification can be so

strong as to render the perturbative treatment of interaction between the

significant modes not very accurate.

An important peculiarity of the dispersion curves described by Eq.(7.22)

distinguishing it from other cases of mode coupling 6 is the sign of the inter-

band interaction parameter, Ωl0l1 . Using properties of the coupling coeffi-

cients Al′

l it can be shown that this parameter is always positive regardless of

the parities of the angular momentum indexes l and l′. The parity of l accord-

ing to Eq.(7.12) determines the sign of the slope of the respective dispersion

laws in the vicinity of band boundaries. Taking into account that in the

frequency region of interest cos(ql0η) and cos(ql1η) are, at least, of the same

sign, I conclude that the entire interaction term Ωl0l1 cos(ql0η) cos(ql1η) is al-

ways positive regardless of the interacting bands having slopes of the same

or different signs. We will see in the subsequent sections that this feature of

6polaritons, for instance
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the inter-band interaction, which results from the non-Hermitian nature of

the matrix Al′

l , is responsible for a rather unusual form of the dispersion laws

describing hybridized bands.

7.4 Weak inter-band coupling

As an example of the band modification I consider dispersion curves emerging

as a result of interaction between 29TM1 and 25TM2 supermodes. This

choice is motivated by experiments of Ref.[5], where these dispersion curves

have been measured. One can see from Fig.7.1 that the bands of these two

supermodes slightly overlap.

However, considering Re [cos (q29η)] and Re [cos (q25η)] I find that the res-

onance between these two bands does not occur, thus, one should expect

in this case just a modification of the dispersion laws without a significant

reconstruction of the band structure.

Fig.7.2 presents the results obtained after first two iterations of numerical

solutions of Eq.(7.22) for these two modes along with the respective initial

bands. The second iteration takes into account all reservoir modes from

l = 1 to l = 40. One can see that the effect of the reservoir modes is almost

zero in the vicinity of the center of the band, but slightly increases toward

the edges of the initial bands, which confirms my choice of significant and
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Figure 7.2: (Color on-line) Dispersion curves of 29TM1 and 24TM2 bands.
Dash lines labeled 1 and 4 presents single-band dispersion curves, thin lines
labeled 2 and 5 demonstrates dispersion curves found without reservoir modes
taken into account, and finally thick lines labelled 3 and 6 show dispersion
curves with reservoir modes included.
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reservoir modes. However, outside of the allowed bands of the 29TM1 and

TM24, 2 modes designation of these modes as significant ones may no longer

be valid because one can trespass to the allowed band of one or several of

other modes, which I treated here as the bath. It is obvious that in those

frequency regions the approximation used to obtain Fig.7.2 is no longer valid.

The shape of the modified curves can be easily understood on the basis of

my general analysis of Eq.(7.22). As I explained above at q̃lη = π/2 modified

and initial dispersion laws coincide, but farther away from the center of the

respective bands the modified dispersion laws are pushed away from the

initial curves. The characteristic shape of the dispersion curves results from

the fact that the corrections to the initial dispersion laws due to the inter-

band coupling have different signs for 29TM1 and 25TM2 bands: its negative

for the former and positive for the latter. The most strong modifications

of both curves occur at the lower frequency boundaries of their respective

bands. This modification can be described as a shift of the boundaries of the

respective bands, which is more prominent for 29TM1, whose initial band

has much better defined boundaries because of the smaller decay. These

boundaries are not very well defined for modified 29TM1 band, however,

which tells us about an increase in the radiative decay of this supermode

caused by the admixture of 25TM2 band. This increase, however, is not very
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Figure 7.3: (Color on-line) Decay rates of 29TM1 (1, 2 and 3) and 24TM2
(4, 5, and 6) bands. The labelling of the curves is the same as in Fig.7.2.
The insert shows, in a magnified form, the spectral region corresponding to
29TM1 mode. One can see a significant increase in the radiative decay rate
of this mode in the vicinity of the new band boundaries, which, however,
decreases to the initial WGM value at x = x29,1

dramatic, and allows keeping the concept of allowed and forbidden bands as

a convenient tool to characterize different spectral regions. The frequency

dependence of the decay rates, characterized by Im q̃l are shown in Fig.7.3,

where the positions of the band boundaries characterized by an abrupt change

in the decay rate are seen much clearer. Another interesting effect seen in

this figure is that the frequency x29TM1 of the respective WGM is no longer

at the center of the modified band. This is, obviously, caused by the shift of
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the band boundaries, which for both low- and high-frequency edges occurs

toward lower frequencies. This shift is also responsible for an asymmetry of

the band, which manifests itself in the different growth of the decay rates

toward left and right boundaries.

I estimate the shifts of the band boundaries for 29TM1 and 25TM2 su-

permodes if I neglect the renormalization of the coefficients Al1
l , and treat

the inter-band interaction parameter Ωl1l0 as a small perturbation. Then,

employing the approximation for coefficients αl given by Eq.(7.10), and ne-

glecting the frequency dependence of the coupling coefficients one can find for

new band boundaries, x̃±
b , defined as frequencies at which Re[cos(q±η)] = 1

the following expressions

x̃±
bl

= x±
bl
∓ Ωlνκls

1 ∓ cos
[

qν

(

x±
bl

)

η
] (7.24)

Index l in this equation refers to the band whose boundaries I am calculating,

while the index ν signifies its interacting counterpart. Since Ωlν is always

positive, and κls is negative for both participating modes, the sign of the

correction is determined by the values of cos q of the ν-th band at the initial

boundaries of the l-th band. Since its quite likely that these boundaries lie

in the forbidden band of the ν-th band, the values of these cosines are not

limited by unity. In the case of 29TM1 supermode interacting with 25TM2
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I find that:

cos
[

q25(x
+
29,1)η

]

≈ 0.18 cos
[

q25(x
−
29,1)η

]

≈ −1.46

cos
[

q29(x
+
25,2)η

]

≈ 2.53 cos
[

q29(x
−
25,2)η

]

≈ −0.5174

These calculations show that the corrections to the upper and lower bound-

aries are both negative for 29TM1 band, and both positive for 25TM2 band

in complete agreement with numerical calculations.

As it was mentioned I choose the supermodes 29TM1 and 25TM2 for

illustration of my general results mostly because their dispersion curves were

observed experimentally in Ref.[5]. However, before comparing the experi-

mental results with my theory one should recall that the experiment in Ref.[5]

was conducted in a resonance configuration, when ql was fixed by the con-

ditions of the experiment, and real and imaginary parts of frequency were

measured via positions and widths of the respective resonances. This exper-

imental setup is different from what was assumed in my theoretical analysis.

Therefore, the comparison makes sense only away from the band boundaries,

where decay rates are relatively small and the inverse of the experimentally

observed quantity xl(q) is close to ql(x) studied here. Fig.7.4 demonstrates

the curves q29,1(x) and q25,2(x) produced by digitizing Fig.2b from Ref.[5].

Comparing this figure with results of my calculations, Fig.7.2 one can see an
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Figure 7.4: Experimental dispersion curves of 29TM1 and TM24, 2 bands
obtained by digitizing one of the figures in Ref.[5].

excellent qualitative agreement between the theory and the experiment.

7.5 Strong inter-band coupling

In order to illustrate the effects of the strong inter-band coupling I consider

the interaction between modes 39TE1 and 34TE2. The resonance condition

(7.23) for these modes is fulfilled at frequency xr, which is within allowed

spectral region for both bands, albeit rather close to their respective band

boundaries. Therefore, one should expect the manifestation of the strong

coupling effects in this case. Another important feature distinguishing this

pair of modes is the different parity of their angular momentum indexes.
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As a result, the initial (single-band) dispersion curves of these supermodes

are characterized in the vicinity of the resonance point by slopes of opposite

signs. In the case of regular interacting modes such as phonon- or exciton-

polaritons, one would expect in a situation like this a normal anti-crossing

behavior resulting in the opening of the polariton band-gap in the spectrum

of the system. This would have happened in the case considered here as well,

if the interaction term in Eq.(7.22) were negative. It, however, is always

positive as it was explained above and, therefore, no spectral gap arises. The

shape of the dispersion curves emerging in this situation and shown in Fig.7.5

is rather unusual.

The parts of the initial dispersion curves located below the crossing point

are pushed downward from it and connect in a continuous manner to form

a new hybrid band. The remaining parts of the initial dispersion laws are

pushed upward such that the wave numbers corresponding to the resultant

second dispersion curve become complex valued in the entire spectral region

under consideration, with its real part remaining equal to π for all considered

frequencies. In other words, the spectral region covering initial 39TE1 and

34TE2 bands is a forbidden band for the second dispersion curve. Thus, the

inter-band coupling turns two co-existing initial bands into a single hybrid

band with rather unusual dispersion properties.
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Figure 7.5: Dispersion laws describing hybridized bands arising as a result of
interaction between 39TE1 and 34TE2 supermodes. Curves 1 and 2 repre-
sents initial unperturbed dispersion laws, 3 and 5 are dispersion curves ob-
tained without accounting for interaction with reservoir modes, and curves 4
and 6 depict dispersion laws of two branches with reservoir modes taken into
account. The upper branch is almost completely pushed to the forbidden
region.

Instead of a spectral gap one has here a region of forbidden values of

wave numbers, which extends from the maximum value of the wave num-

ber on the lower dispersion curve, qmax, all the way to the boundary of the

Brillouin zone. This means that the states characterized by the wave num-

bers from the forbidden region cannot have a real valued frequency, i.e. do

not correspond to stationary solutions of the respective dynamic equations.

The new allowed hybrid band is a combination of the initial bands for the
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two interacting supermodes and covers a spectral region previously occupied

by 39TE1 and 34TE2. The shifts of the initial band boundaries (the low

frequency boundary for 34TE2 and higher frequency boundary for 39TE1)

can be estimated with the help of the same expression (7.24) that I obtained

for the weak coupling case. This is possible because these band boundaries

lie far away from the resonance point and I can use perturbation theory.

Taking into account that the sign of parameters κ is now different for the

two supermodes one finds that the the low frequency boundary of 34TE2

shifts toward higher frequencies by approximately 0.025, while the higher

frequency boundary of 39TE1 supermode shifts toward lower frequencies by

approximately 0.01. These numbers are in good agreement with numerical

calculations shown in Fig.7.5. This figure also shows that taking into ac-

count the reservoir modes 7 does not change properties of the hybrid mode

too much.

While the existence of the wave number gap is the general property of

the dispersion equation (7.22) for the significant supermodes characterized

by angular momentum index of different parity, the complete vanishing of the

upper hybrid band is specific for the pairs of modes under consideration here.

In order to understand the properties of these bands better one can estimate

7second iteration of my procedure
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the distance between the lower and upper branches exactly at the resonance

point neglecting the effects due to the reservoir modes. This distance, Σ,

determines the position of the maximum qmax for the lower branch, and the

minimum qmin for the upper branch. It is more convenient to work with cos q±

than with the wave numbers themselves, so I will define Σ via equation:

cos (qmaxη) = cos (qrη) + Σ

cos (qminη) = cos (qrη) − Σ

(7.25)

The magnitude of Σ can be estimated from Eq.(7.22), which gives

Σ =
Re
[

√

4Ωl1l0 − Γ2 − 4iΩl1l0Γ
]

1 − Ωl1l0

(7.26)

Here I took into account that the resonance occurs close to the band bound-

aries, so that Re[cos ql0 ] ≈ Re[cos ql1 ] ≈ −1, and introduced Γ = Im[cos ql1 ],

which represents the supermode with the largest radiative decay 8. However,

the radiative decay of the 34TE2 supermode is still so small that Γ2 ≪ Ωl0l1

in this case, and Σ can be approximated as

Σ =
2
√

Ωl1l0

1 − Ωl1l0

(7.27)

In the particular example of 39TE1 and 34TE2 bands the resonance occurs at

a point, where cos qr is so close to the boundary value of −1, that cos (qminη)

becomes less than −1 making the respective wave numbers for the entire

834TE2 in the case under consideration
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frequency region imaginary. Should the crossing point of the two interacting

supermodes lie farther away from the band boundaries, the part of the upper

hybrid band could also survive, but it would be restricted by the frequency

region in the vicinity of the resonance frequency. The cos (qmaxη) on the

other hand is pushed farther away from the boundary, so that the entire

lower band remains allowed, and the respective maximum allowed value of

q can be estimated as qmaxη ≈ qrη −
√

2Σ. Comparison of these estimates

with numerical results shows that they give a relatively good approximation

for the respective quantities in the case under consideration.

One of the consequences of having a gap for wave numbers, is that for-

mally speaking, the group velocity of the excitation described by the hybrid

dispersion law diverges at q = qmax. This form of a dispersion curve, there-

fore, raises a question if it is consistent with causality. This question was

discussed in Ref.[74], where a similar form of the dispersion curve was found

in an one-dimensional resonant photonic crystal. It was shown in that work

that the wave-number gap and accompanying it infinite group velocity do

not contradict causality, if attenuation of the respective excitation is prop-

erly accounted for. Similar anomalous behavior of the group velocity 9 has

been known for a long time, for instance, in the case of exciton-polaritons

9without the wave number gap, of course
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[75]. A more general statement that abnormal behavior of group velocity

should be expected in the regions of resonant absorption in all dispersive

dielectrics was proven in Ref.[76].

In spite of formal analogy between the anomalous dispersion law and the

results of Ref.[74] these two situations significantly differ from each other.

The wave number gap found in Ref.[74] is caused by the frequency dispersion

of the respective dielectric medium, and coincides with regions of anomalous

dispersion and resonant absorption. The origin of the gap in my case is

completely different and can be traced to the combination of two factors:

different signs of the slopes of the initial dispersion curves and positive value

of the respective coupling constant. The latter is caused, as I already dis-

cussed, by a non-Hermitian nature of the matrix describing the inter-band

coupling in the case under consideration. Accordingly, the decay rate of

the photonic supermodes considered here does not show any resonant en-

hancement in the vicinity of the wave-number gap. I present the frequency

dependence of this quantity, which remains surprisingly small in all frequency

range corresponding to the allowed hybrid band, and demonstrates a weak

non-monotonic dependence on frequency with a flat minimum (Fig.7.6).

I can explain this behavior qualitatively by reminding that at the centers

of both initial bands the interaction between them vanishes, so the decay
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rate at these two points coincides with the decay rates of the original WGM

resonances. The crossing of the curves 2,3 and 4 in the insert in Fig.7.6

corresponds to the initial 34TE2 WGM, and the second 10 minimum on

curve 4 corresponds to x39TE1. The first minimum on this curve appears only

after the interaction with reservoir modes is taken into account and presents

another peculiarity of the system under consideration. Normally, one would

expect that the reservoir bands can only increase the radiative rate, while

here we observe an opposite behavior. A possible qualitative explanation of

this effect can be offered on the basis of the following arguments.

Let us assume, for an instance, that instead of considering the experi-

mental situation, in which frequency is considered real and the wave number

complex, I deal with the resonance type of experiment with real q and com-

plex x. In this case it is reasonable to assume, and the results of Ref.[55]

support this assumption, that the the reservoir modes would play its regular

role and increase the width of the respective resonances, ∆x. The transition

from this description to the one used in this chapter, with complex valued q

can then be approximately carried out with the help of the following expres-

sion: Im q ≃ (d Re q/dx)∆x. Thus, the frequency regions with flat dispersion

curve should be characterized by decreasing imaginary part of the wave num-

10counting from the left
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ber. In order to understand why this minimum appears only after reservoir

bands are taken into account, one needs to compare respective dispersion

curves.

From Fig.7.5 one can see that without the reservoir modes the maximum

of the dispersion curve is relatively narrow. The reservoir modes make the

maximum wider, which means that a broader frequency interval is character-

ized by small values of d Re q/dx. This causes a faster decrease of the spatial

decay rate when frequency shifts toward the allowed region for former 39TE1

band, which can be seen in Fig.7.6. This tendency reverses for frequencies

greater than xr, when the group velocity starts decreasing. When, however,

the frequency approaches x39TE1, the decay rate decreases again resulting in

a curve with two minima, one at xr, and the other one at x39TE1.

7.6 Conclusion

In this chapter I have developed a theory of the inter-band coupling in the

system of dielectric spheres forming a one-dimensional chain. My objective

was to obtain analytical expressions allowing one to study band structure and

dispersion properties of the collective excitations of this system with inter-

band mixing effects taken into account. I developed an approximation scheme

generalizing an approach of Ref.[55], which was originally applied to the case
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Figure 7.6: Radiative decay rates for the allowed hybridized band. The
labeling of the lines is the same as in Fig.7.5. The insert magnifies the region
around the center of 39TE1 band.
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of two coupled spheres and derived a general dispersion equation describing

the band structure emerging as a result of the inter-band interaction. I

showed that there might exist three qualitatively distinct regimes of such

coupling depending upon the properties of the initial single-band dispersion

curves of the interacting supermodes, and the strength of the interaction. My

general results were applied to two particular examples illustrating two of the

possible manifestations of the inter-mode coupling.

As an illustration of the regime of weak band modification I considered

frequency region corresponding to initial supermodes TE29, 1 and 25TM2,

whose initial dispersion curves do not cross each other. Nevertheless, I

showed that the inter-band coupling significantly modifies the dispersion

curves of these supermodes and is responsible for their characteristic shape

observed in experiments of Ref.[5]. What is interesting in this example is

that the modification of the dispersion laws mimics the anti-crossing behav-

ior typical for resonantly interacting excitations. At the same time, as it

was mentioned above no crossing resonance takes place in this case. I ex-

plained the shape of these curves as a result of two effects. First, I showed

that the position of frequency corresponding to the center of the band, where

wave number q = π/(2η), where η is dimensionless period of the structure,

is pinned to the frequency of the parent WGM mode corresponding to a
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given band. Second, I demonstrated that the inter-band coupling shifts the

boundary of the respective bands in the opposite directions. As a result, one

of the dispersion curves bends upward, while the other one bends downward

imitating the anti-crossing behavior. The results of the numerical calcula-

tions of these dispersion curves show very good qualitative agreement with

experimental results of Ref.[5].

More interesting situation was found, however, in the spectral region cor-

responding to supermodes 39TE1 and 34TE2. These modes exhibit true

crossing resonance very close to the boundaries of the both bands. It is also

important that in the vicinity of the crossing point their initial dispersion

curves have slopes of opposite signs. The interaction between these super-

modes gives rise to a new hybrid band with a highly unusual dispersion

characteristics. Instead of a standard avoiding crossing kind of behavior ac-

companied by opening of a gap in the frequency spectrum of the system, I

found a gap in the allowed values of the wave numbers. More specifically,

instead of two initial crossing dispersion curves, there emerges one curve

characterized by a non-monotonic dependence of the wave number of fre-

quency. The maximum value of the wave number is significantly lower than

π/η, which determines traditional band boundaries. Thus, there is a range

of wave numbers that do not correspond to excitations with any real val-
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ued frequency. Such a band structure is not related to the presence of the

radiative decay, which remains very small throughout the entire band of fre-

quencies corresponding to this hybrid band. I traced the origin of this effect

to the non-Hermitian nature of the inter-band coupling typical for electro-

magnetic problems. The phenomenon of the wave number band-gap could

be observed experimentally in an experiment similar to one carried out in

Ref.[5]. In that experiment the fluorescent spectra were observed for chains

with varying number of spheres. In normal situation, adding a sphere results

in appearance of an additional peak on the spectrum so that each peak can

be identified with a respective wave number. The wave number gap would

manifest itself in this experiment as a failure of a new peak to appear after

addition of a sphere to the chain. The dependence of the fluorescence spec-

trum upon the number of spheres in this situation is a non-trivial problem

requiring a separate consideration. Other possible experimental manifesta-

tions of the predicted band structure may include unusual behavior of a pulse

propagating along the chain, and angular dependence of the radiation emit-

ted by the chain. More detailed analysis of these effects is also outside of the

scope of this paper and will be carried out in the future.
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