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Abstract
PROOF OF UNIVERSALITY FOR CRITICAL CIRCLE MAPPINGS
by

Edson de Faria

Adviser: Professor Dennis P. Sullivan

In this thesis we employ techniques from quasiconformal mappings and Teichmiiller
theory to establish a contraction property for the renormalization operator acting
on critical circle mappings with a cubic-exponent singularity and rotation number of
bounded combinatorial type. As a consequence, we derive the so-called golden mean
universality conjecture: the successive scaling ratios of a critical circle mapping as
above with rotation number equal to the golden number converge to a universal

constant.
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INTRODUCTION

In this thesis our purpose is to verify certain renormalization conjectures in the
context of critical circle mappings.

By critical circle mapping we understand a smooth, orientation-preserving self-
homeomorphism f : T! « having a unique critical point ¢ € T! of cubic type. The
italicized terms are taken to mean that we can write f = ho Q where h is a C'**-.
diffeomorphism (Sullivan [S1]) and Q is some standard real analytic model with a
unique cubic singularity at c in the usual sense: Q'(¢c) = Q"(c) = 0, Q" (c) # 0 (for
example, @ could be an element in the Arnold-Herman family r — z+46— 5‘; sin(2rz)
mod. 1).

One conjecture concerns the asymptotic geometric rigidity of the forward crit-
ical orbit of an f as such. More precisely, for each n > 0 consider the "scal-
ing” ratio sr,(f) := dist (f7+'(c).c)/dist (f7(c).c). Here the rotation number is
p(f) = [ros71,. .. 1n,...] and 5:‘ = [ro,r1s...,ra) in its irreducible form. We shall

prove the following theorem:

Main Theorem: Let f,g : T' « be critical circle mappings as above with the
same rotation number p = [ro,71,...,7n,...] of bounded combinatorial type i.e. max

rn < 0o. Then "li_rrolo[sr,.(f) —sr,(g)] = 0.

This theorem will be a corollary to the renormalization convergence and contrac-
tion results that we proceed to explain. (Theorems A and B.)
Given f as above, it will be more convenient to deal with its (weakly) commuting

pair representation (; = (§;,ny) (see Lanford [L1] or Rand [Ral]) as explained in



~

Chapter I. Renormalization is well-defined in the class of all commuting pairs by
R(&,n) = (7,7 o &) whenever p(€,n) = [r.ry....,Tn,...], where 7 and £ are just 7
and £ linearly rescaled by the factor A = £(0)/7(0) < 0.

A (strictly) commuting pair (§,7) is said to be in the Epstein-Lanford class ££
if and only if ¢ = k¢ 0 Q and n = h, 0 Q where Q is the cubic polynomial z +— 23

and h7! is schlicht in the whole upper half-plane, for vy = £, 5.

We have then:

Theorem A: Given any critical circle mapping f as above, the sequence {R(s}.>0
of successive renormalizations of its associated weakly commuting pair {; converges

exponentially to the class £C in the C'*? metric topology, for any 0 < 3 < 1.
This theorem will be proved in Chapter I.

Theorem B: Given (., € £L corresponding to critical circle mappings f,g with
the same rotation number p of bounded combinatorial type, there exists a C'**

conjugacy ¢y ~ ¢, for some 0 < a < 1 depending only on p.

These two theorems combined vield easily the main theorem. In order to prove
Theorem B, however, we have to break it into two further statements.

It is at this point that we come in fact to the cornerstone of this work: the notion
of a holomorphic commuting pair, a complex analytic dynamical system that plays
the same role here as do quadratic-like mappings in [S1]. Holomorphic commuting
pairs are introduced, and their relevant properties established, in Chapter II. Among
then is a pull-back theorem that allows us to transfer the real bounds of Chapter I

to the complex domain.



Using Sullivan's powerful sector theorem (Sullivan [S1]) we prove in Chapter
IIT that the class of all holomorphic commuting pairs “contains™ the attractor of

renormalization, 1.e.:

Theorem B,: Given ¢; € £C such that p(f) is of bounded combinatorial type,
there exists NV = .V((y) such that, for all n > N,R"(; extends to a holomorphic

commuting pair (with bounds).

In Chapter IV, on the other hand, by building a compact Riemann surface lam:-
nation from a given holomorphic commuting pair, considering its Teichmiiller space
and the natural interplay between the corresponding Teichmiiller metric and the
quasi-conformal conjugacy metric (on holomorphic commuting pairs), we obtain
through the bounds of Chapter Il and Sullivan's almost geodesic lemma (Sullivan

[S1)):

Theorem B,: The quasi-conformal conjugacy metric on holomorphic commuting

pairs is exponentially contracted by renormalization.

Given that the quasi-conformal conjugacy metric in question dominates the
quasi-simmetric conjugacy metric between underlying real commuting pairs, and
given that the conjugacies between R"(; and R"(, (n 2> 0) are obtained from the
conjugacy h between (; and (, merely by restriction and affine rescaling, we deduce,
combining theorems B, and B, with a classical theorem of Carleson [Crl], that h is
indeed C''*° for some a = a(p) < 1. whence Theorem B.

As a corollary to the main theorem. we obtain the golden mean universality con-

jecture (Mestel [Mes], Lanford [L1], [L2], Rand [Ral)], [Ra2], Feigenbaum, Kadanoff




& Shenker [FKS], McKay [McK]):

Corollary: If f is a critical circle mapping as above with p(f) = [1.1,...,1,...] =
’@2;1 (the golden mean) then its scaling ratios sr,( f) converge to a universal constant

A =0.7760513.. ..

In fact, we obtain more generally the universality of such scaling ratios whenever
the rotation number is a quadratic algebraic number, i.e., has an eventually periodic

continued-fraction development.



CHAPTER 1
The A-priori Real Renormalization Bounds

In this chapter we prove, for C'** smoothness, certain compactness results due
originally for C? critical circle mappings to Swiatek [Swl], [Sw2], Yoccoz [Y] and
Lanford {L2]. The results as presented are straight-forward adaptations of certain
ideas of Sullivan [S1].

We work in the realm of generalized circle mappings or weakly commuting pairs
in the sense of Lanford [L1]. After certain preliminaries, which include the relevant
definition of renormalization operator, we introduce the Epstein-Lanford class ££
and then prove the crucial Theorem A of the introduction, according to which ££
contains all limits of renormalization. In particular, we derive beau bounds (in the
sense of Sullivan [S1]) on the scaling ratios of a smooth critical circle mapping, which

are fundamental to the complex bounds of Chapter III (cf. axioms 1 and 2 in III

§2).



I.1 Commuting Pairs and Renormalization

Consider f : T! — T?! a critical circle homeomorphism as defined at the introduc-
tion, let ¢ € T! be its critical point and p(f) = [ro,r,...,rn,...] be its (irrational)
rotation number. Write, as usual, (gn)no0 for the successive closest return times
given recursively by gn41 = rngn + guoy (With go = 1, g1 = 1).

Denote by I,(c) the closed interval in T' with endpoints ¢ and f?"(c) containing
fin+3(c). The dynamical first return map to the interval I,(c) U I,4,(c) is given by
fi+1 on I,(c) and by f7 on I,41(c). The pair (fo, f?"+') is an example of what
one calls a commuting pair, after Lanford [L,), [L2] or Rand [Ral], [Ra2). Here is a

formal definition.

Definition 1.1: A weakly commuting pair ( = (§,7) consists of two orientation
preserving differentiable homeomorphisms & : I — £(I¢),n : I, — n(l,) where:
(a) I¢ = [n(0),0] € R. I, = [0,£(0)] € R; (b) both £ and n have homeomorphic
extensions to interval neighborhoods of their corresponding domains with the same
smoothness properties. and such extensions commute, i.e., £ o5 = no £, wherever
both sides are defined; (c) £on(0) € I,: (d) £'(0) =0 = 7'(0). but £'(x) #0 # 7'(y),

Vr € I — {0}, Vy € I, — {0}.

In Lanford’s terminology, if £ and 5 are hoth real analytic then ¢ is a strictly

commuting pair.

If fis as above then C}") = (f(!"),r](!")) = (f9, fi"+1) is a weakly commuting

pair up to orientation, for all n > 0. Notice that, since f has an hQ decomposition

(Introduction), the same is true of E}") for all n > 0, i.e., {}") = hé") ) Qé") with




hé") € C'** and Qé”' a cubic polynomial and similarly for r]}"). for all n > 0.
Conversely, given ¢ = (&,n) we define a critical circle homeomorphism by re-
garding I, as our circle (identifying 0 and £(0)) and letting f¢ : I, — be given

by:

_J€on(z), ifze€[0,n"1(0))
Jela) = {n(-ﬂ» if x € [27(0), (0]

This map becomes a critical circle homeomorphism provided a suitable smooth
structure for I, is chosen and the glueing of 0 to £(0) is performed accordingly, and
provided £ and n have h@Q decompositions as explained above.

We let p(¢) := p(f¢) be the rotation number of (.

We are ready to define the renormalization operator.

Definition 1.2: If p(¢) = [r.r|,72,...,Tn,...], the weakly commuting pair R( :=
(7, 7 of), where £ and 7 are just £ and 7, respectively, rescaled linearly by the factor

A = £(0)/n(0) < 0, is called the (first) renormalization of (.

It is easy to see that p(R() = [ry,r2,...,7n,...], i.e., renormalization acts as the
Gauss map on rotation numbers.
Thus, in the notation introduced above, we have C}") = RC}"_” for all n > 1.

These are therefore the successive renormalizations of f.



1.2 The Epstein-Lanford Class

We define a class of commuting pairs containing the “attractor” of renormaliza-

tion.

Definition 2.1: A strictly commuting paiv ¢ = (£,7) is said to be in the Epstein-
Lanford class £C if, for 4 = &, 1, we can write v = h,0Q,, where: (a) k., : y(I,) — is
an orientation preserving diffeomorphism; (b) @, : I, — v(1,) is the restriction of a
cubic polynomial in C (with real coeficients); (c) hZ! extends to a schlicht mapping

C(I,) = C, where I, O I, is some open interval.

The class £L is easily seen to be invariant under the renormalization operator
R introduced in §1. This class is akin to the Epstein class in [S1]. Qur main goal in
this chapter is to imitate Sullivan in showing that (a) limits of renormalization (in
C' for all 0 < a < 1) always exist and have good bounds and (b} such limits are
in the Epstein-Lanford class.

More precisely, let ¢ = (£,7) be a weakly commuting pair with p({) = [ro, 7,
...,Ty] irrational and consider analogous decompositions { = h¢ 0 Q¢, n = h, 0 Q,
to the ones considered above, except that now we assume instead that A, : y(/,) «

is such that o, := log |h!| satisfies the little Zygmund condition:

1297‘7(1') —pa(r +t) —pa(z— t)l =o(t) .

Write, as before, (£,,7,) = R"¢ = (,. and consider similar decompositions

fn = hén) o Q({n)» M = hi,n) o QS;H)-

Theorem 2.2: The families {§, = h(E"’ ) Qz"’},,zo, {nn = A" 0 Q{M}ax0 are pre-



compact in the sense that the critical values of Q! are bounded away from zero
and {h{M},>0 is precompact in the C''** topology on diffeomorphisms for v = &, 1,
for any 0 < a < 1. Any C° limit of ¢, = (£,.7,) is a strictly commuting pair in the

Epstein-Lanford class. 0
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CHAPTER 11
Holomorphic Commuting Pairs and
Renormalization

In this chapter we introduce a class of holomorphic dynamical systems together
with a suitably defined renormalization operator acting on it. Such dynamical sys-
tems - which we baptize holomorphic commuting pairs - arise as natural extensions
to the complex plane of certain real analytic commuting pairs (in the sense of Lan-
ford), which in turn correspond to critical circle homeomorphisms with a singularity
of cubic exponent-type. The operator acting on them restricts to the usual real
renormalization operator of chapter I, as one might expect.

After presenting a few basic properties of holomorphic commuting pairs, as well
as some quasiconformal pre-requisites, we state and prove (§3) a pull-back type
theorem that allows us. among other things, to transfer the real renormalization
bounds developed in chapter I to this complex analytic context.

Subsequently (§1), we define the Teichmiiller space of a holomorphic commuting
pair. Its elements correspond to quasiconformal deformations of the given object
which are later shown (§5) to be entirely supported in the non-recurrent part of the
associated dynamical system. This is accon;plished by: first, showing that in some
sense all renormalizations coming from mappings in the classical Arnold-Herman
family (see M. Herman [H]) are holomorphic commuting pairs; second, proving the
desired rigidity properties for that family: and third. using the results of §3 to spread
this information over to all holomorphic commuting pairs. Notice that the question

of existence of such objects is settled en passant.
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We close these remarks with a few words on notation that pervades this chapter.
If I C R is an interval, we write C(/) to denote C—(IR—int(/)). An expression such
as f : A — B means that f is onto B. and is used whenever we want to emphasize
surjectivity somehow. All covering mappings appearing in the text, branched or
unbranched, will be regular coverings. Finally, if A C C then A* denotes the set of

all z € A such that Imz > 0, and A~ is similarly defined.



I1.1 Holomorphic Commuting Pairs

In order to better isolate the defining properties of holomorphic commuting pairs
(below) as well as save some space in their statement, we start with an auxiliary
definition.

We shall say that a 4-tuple (A, Ue,U,,U,) of simply connected domains in the
plane is special if the following conditions are satisfied: (a) all four domains are
symmetric about the real axis; (b) each (", (¢ = £,9,v) is a Jordan domain whose
closure is contained in \; (c) U¢ N, = {0} C U',; (d) the differences U, — U, and
U, — U, are non-empty connected sets for i = £.1; (e) the interval Us N R lies to the
left of zero.

It is clear from these conditions that the intervals J, := U, N R (¢ = &, n,v) are
such that: (a)J¢NT, = {0} C J,; (3) if + € Jg then £ < 0 while if z € J, then
r>0; (y)J, C 75 U J,. Moreover, due to condition (d) we know that U UU, U U,
is a Jordan domain, the same being true of U;N U, (i = &,7n).

In the sequel we adopt the following convention: we reserve the symbols A, U, J;
(i = &,7m,v) for denoting what they do in the above definition whenever the latter
is invoked.

We are now ready to introduce our main object of discussion.

Definition 1.1: A holomorphic commuting pair consists of a special 4-tuple (A, Uy,
U,, U,) together with complex analytic mappings £, n,v having Ug, U,,U, respec-

tively as their domains and a positive integer m satisfying the following conditions:

(Cy) All three mappings commute with complex conjugation.
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(Ca) €:Ug = ANC(E(J¢)) and n: Uy, — AN C(n(J,)) are schlicht.

(C3) v:U, = ANC(v(J,)) is a 3-fold branched covering with a unique critical
g

point at zero.

(C4) Both £ and n have analytic extensions to a certain neighborhood of zero where
in fact £ o n and 5 o € are well-defined and we have £ o5(z) = no é(z) = v(z)

for every : in that neighborhood.

(Cs) If x € J¢ then &(r) > x, while if z € J, then n{zr) < z; moreover, £(0),»(0) €

J, whereas n(0) € J;.

(Ce) If a is the left endpoint of J¢ then £™(a) is well-defined and £™(a) = n(0),

while if b is the right endpoint of J, then n(b) = £(0).
A réugh sketch of the situation we have in mind is shown in Figure 1.

Remarks:

(1) By condition (C;). the restrictions i|.J; (i = €.7,v) are real-valued. Using
conditions (C;), (Cs) and (Cs) we easily deduce that £|J; and 7n|J, are both
strictly increasing. This fact yields (when combined with (C;) and (C,)) that

v|J, is strictly increasing also.

(2) Due particularly to conditions (Cy) and (Cs), as well as remark (1), it is clear
that the restrictions £|[n(0), 0] and 7|[0,£(0)] determine a real analytic strictly
commuting pair in the sense of Lanford, corresponding by condition (C3) to a

critical circle homcomorphism with a cubic singularity.
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(3) Accordingly, and quite naturally, we define the rotation number of a holomor-
phic commuting pair as the rotation number of its underlying real commuting

pair.

Figure 1

(4) The following comment on condition (Cg) is in order. Since strictu sensu
é(a) (and consequently €™(a)) and 7(b) are not defined (as «,b fall outside
the domains of £, 7 respectively), they must be interpreted as limits. In this
regard we simply observe that £,7, v all extend continuously to the closures of

their original domains by a well-known theorem of C. Carathéodory [C].

(5) The interval J := J¢ U J, is clearly forward invariant under the dynamical
system generated by € and 5 (after proposition 1.2 it will be clear that J is

forward invariant under the action of £, and v). It will be referred to as
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the large dynamical interval. whereas [ := [(0),£(0)] will be called the small

dynamical interval.

(6) The natural, self-posing question of eristence of an object satisfying the above-

stated conditions will be answered by explicit construction in §5.

The following proposition is fundamental.

Proposition 1.2: In any holomorphic commuting pair, the mappings £ and n have
analytic extensions to (¢ U U/, and [, U U, respectively. Moreover, the restrictions
£ = €U, and 5. := y|U, are 3-fold branched covering maps onto U, and U¢ N

C([€7" 0 n(0).0]) respectively, and we have noé. =€on. =v.

Proof: Obviously the idea is to use the 3-fold symmetry of U, coming from v in
order to extend £ and 5, by some kind of Schwarz reflection. At the risk of being

pedantic, however, we present a detailed argument.

(i) Over V := £-1(U,) the composition 5 o £ is a well-defined schlicht mapping

onto A N C([n(0), n€(0)]), by condition (C3).

(ii) Let Y := v~!([v(0), +20)). Then by condition (('3) Y consists of three (ana-
lytic) Jordan arcs 9, 71.92 such that .‘,, N4, = {0}. each v, joining 0 to the
boundary of [',; by condition (('|). one of them, say 7o, is a segment in the
real axis, while the other two are mirror images of each other. Accordingly,
U, - Y has exactly 3 connected components (Jordan domains), one of which
is symmetric about the real axis. Let WV be this component: it should be clear

that 9W N U, = 4, U v, (Figure 2).
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(iii) Notice also that 1'N W # @. We claim that in fact V' = V. It is enough to
show that V+ = II'*_ for both V' and 1} are symmetric about the real axis.
But v maps W'+ injectively onto A* (condition (C;) and remark (1)); likewise,
no§ maps V* onto A* injectively. Hence the composition ¢ := v=! o (g0 §)
is well-defined in V'* and maps it onto W*. Since by condition (C,) we have
no & = v on some neighborhood O of zero, we must have ¢(z) = = for all
: € ONV* and so ¢ must be the identity map, whence V'+ = W+, Thus,

V = W as claimed.

Figure 2

(iv) In particular, WNR = VNIR = (£-'(0),0); in other words, £~1(0) is the
left endpoint of J,. and since v agrees with 5o £ over all of W, we see that

v(€71(0)) = n(0).

(v) Switching the roles of £ and 5 throughout the discussion up to this point,
we deduce that 5='(0) is the right endpoint of J, and that v(7~(0)) = £(0).
Therefore by condition (C3) the image of U, under v is A N C({n(0),£(0)))

which by condition (C3) and the last equality of condition (Cs) is precisely the
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image of U, under 1.

(vi) Thisin turn implies that £, := p~'ov : U, — U, is a well-defined (holomorphic)
mapping. It is clearly a 3-fold branched covering onto U/,. Since v agrees with
no& over W, we have £, = £ there. This takes care of the proposition for §;

the proof for 5 is analogous. 0

Our first theorem introduces a renormalization operator for holomorphic com-
muting pairs which exhibits the expected compatibility with the real renormalization
operator of chapter I. In the proof we shall use the following elementary set-theoretic

remark.

Lemma 1.3: Let o : A — B be a bijection and let (B,).>0 be the sequence of
subsets of B defined as follows: By = B and for n > 0, Bn4; := ¢(AN B,). Then
the n-th iterate o is well-defined over A,,_; := A -} ¢~'(B - A) and maps A,_,

onto B, _, bijectively for each n > 1. ]

Suppose that [ is a holomorphic commuting pair with rotation number p(I') =

[ryriray .o iray. . ]. We have:

Theorem 1.4: There exists a holomorphic commuting pair R(I') whose underlying

real commuting pair is the first renormalization of the real commuting pair of I'.

Proof: Recall from chapter I that the first renormalization of (£,n) is the pair
(7,n" 0 &) up to the linear rescaling given by + — Ar, where A = £(0)/7(0) < 0. The
key combinatorial fact to be employed here is the double inequality n"€(0) > 0 >

7" t1€(0) coming from p(I') = [r.ry,.... [ B



We start by constructing domains I'E.l',;.l'; and corresponding maps £.7,5.

which will determine the desired R(I') up to the above-mentioned linear rescaling.

Figure 3

(1) Firstly, take {;:= U, and set E:: 1.

(ii) Let A := A U C([(0),£(0)}) be the image of U, =: B under n and set ¢ :=
n”' : A — B; notice that B — A = [£(0),b) C R. For each k > 1 we know
by lemma 1.3 that ¢* is well-defined over Ay_; = A - U5l o~ (B — A) =
AN C([n(0),n*~'&(0)] and maps it bijectively onto its image Bi_, C U,. By
the key combinatorial fact at the start of this proof we have n(0) < n*~'£(0)
provided 1 < k < r + 1. Therefore. for such values of k, Ay is a simply-
connected domain (symmetric about the real axis) and since o* is schlicht we

see that the same is true of By._,.

(iii) But more is true: By_, is a Jordan domain for each k¥ < r +1. Indeed, Bi_, —
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A C B—A = [£(0).b): on the other hand 5*([£(0).)) = [n*(£(0)).»*~}(£(0))) C
Ak-1, and so [£(0).6) C Bi-i. Thus Bi_y — A = [£(0),5). In other words
AN Bi_, is just Bi_, minus the slit [£(0),b), which is “opened-up” when
¢ = n~! is applied. Since By = ¢(AN By_,) and By = U, is a Jordan do-
main, an easy inductive argument shows that Bi_; is a Jordan domain for

1 <k <r+1. as claimed (Figure 3).

Figure 4
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(iv) In particular. B,_, C ', is a Jordan domain. Let &, : U, — U, be the 3-fold
branched covering given by proposition 1.2, put U := §7'(B,_,) and define
e : U — A;Zy by . = 5" 0 &.. Since £(0) (the critical value of £.) belongs
to B,_,. we see that U is a Jordan domain and that 7, is a 3-fold branched
covering onto its image. We then simply take U; := UNUg and set 7 := .|Uj.
[Obs.: UNU¢ = £7Y(B,-1)NU¢ is mapped bijectively by i, onto B,_, —[£(0), b);

thus, U; is a Jordan domain and ij is schlicht over U;;]. See Figure 4.

(v) Finally we define U’z and v as follows. As we saw in (iii), B, C U, is also
a Jordan domain containing £(0), the critical value of £.. Hence, if we let
~:=€7Y(B,) C U, and put 7 :=n"*' o £, : Us; — A,, we see at once that U;

is a Jordan domain and that 7 is a 3-fold branched covering onto its image.

Moreover: 7 = yo(y" 0f.) = Eoij..

At last, if we linearly rescale ..\,lf'z,(f;,l_";.f, 7,0 by the map = — Az (A =
£(0)/n(0) < 0) we get the desired holomorphic commuting pair R(T'). Indeed, it
is first of all quite obvious that (A Uz U5, U;) constitutes a special 4-tuple up to
linear rescaling. Moreover, conditions (Cy) - (C3) have all been indirectly checked in
the very construction above. Condition (C,) follows from the last assertion in (v).
Condition (Cs) is not satisfied until we do the rescaling (which reverses orientation
on the line), when it becomes obvious. As for condition {Cg), we claim it is satisfied
if we choose m = r + 1. for since b is the right endpoint of U; = U,, we have
E+1(b) = p"*1(b) = y"€(0) = ij(0). whereas if we denote the left endpoint of Us; by c
then we know that ¢ is mapped by £ to the left endpoint of B,_, which is easily seen
to be ="+!(0) (see Figure 3 once again) and so ij(c) = 5" 0 é(c) = " (y~"**(0)) =

7(0) = E(O); therefore both equalities in condition (Cg) are taken care of as claimed.



This finishes the proof of the theorem. o

Associated to a given holomorphic commuting pair I', the dynamical system
which is of interest to us is the one generated by the mappings &|Us,n|U,, v|U, (A
“pseudo-semigroup”, for lack of a better term). Through an understandable abuse
of language we shall identify T itself with this dynamical system.

It will be very convenient (§3) to know that the I'-orbits can be encoded by a
single (discontinuous, piecewise holomorphic) transformation. Let F : (U U U, U
U,) = A be given by

&=) ifzely
F(z)={n(z) ifzel,
v(z) ifzel, - (UsLU,)
We call F the auriliary transformation to the holomorphic commuting pair T.

Its essential features are summarized in the following:

Proposition 1.5: Given a holomorphic commuting pair I, consider its auxiliary
transformation F and write D := U, U U, U U, and X := JU F~'(J), where J is
the large dynamical interval of I'. Then: (a) F[(D - X): (D - X) =+ A*UA" is

a regular 3-fold covering mapping; (b) F and I' share the same orbits as sets.

Proof: Part (a) is very easy (D—.X consists of six connected components - “patches”
- each of which is mapped bijectively onto either A* or A~; still, one needs propo-
sition 1.2 here).

As for part (b), notice first of all that the F-orbit of any point of D is trivially
contained in the corresponding I-orbit. For the reverse inclusion, let z € D and let
w be any finite admissible word in the alphabet {£,7n,v}. If the letter v does not

occur in w then simply w(z) = FII(z) where |w| = length of w. Otherwise we write
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w = wrvwpr for some other words «r,wg in the same alphabet (possibly empty);

setting r := wg(z). we have three possibilities:

(i) r e U, = (Ug U l',): in this case v(xr) = F(x) by definition so we may replace

vby Finw.

(ii)) r € U¢NU,: here we may write, using proposition 1.2, v(z) = né(x) = nF(z);
since by that same proposition the inclusion {(Us N U,) C U, holds, we have
F(z) € U, whence §F(z) = Fo F(r) = F*(z). Hence in this case we may

replace v by F? in w.
(m) r e U,NU,: same as (ii).

This substitution process applied to all occurences of v in w clearly shows that

w(z) = F*(z) for some n > |w|, and so part (b) is proved too. o



I1.2 Some Quasiconformal Tools

In addition to some of the basic building blocks of quasiconformal theory such
as the measurable Riemann mapping theorem, the notion of conformal modulus
of an annulus and the compactness principle for quasiconformal mappings (coming
from Grotzsch’s argument), for which Ahlfors [Al] and Lehto-Virtannen [LV] are
standard references, a few auxiliary, more specific results will be needed in §3.

The first of these is a lemuna due to L. Bers; we shall refer to it as the gc-sewing

lemma. For a proof. see Bers [B] or Rickmann [Ric].

Lemma 2.1: Let 0 : O — ¢(0) C € be a homeomorphism of an open set @ C C
onto its image, let A\ C O be closed in C and assume that: (a) o|A agrees with
the restriction to A of a 'j-quasiconformal homeo defined on some neighborhood
of A; (b) ¢|/(O — A) is K;-quasiconformal. Then ¢ is I\-quasiconformal with &' <

max{ K, K, }. 0

Recall that a A -quasidisk is the image of a round disk in the extended complex
plane under a global A quasiconformal mapping. A K-quasicircle is simply the
boundary of a A-quasidisk. It is well-known that a Jordan curve v C Cisa
K-quasicircle iff it admits a K’'-quasiconformal reflection (a sense-reversing A'-qc
involution C — C fixing 4 pointwise) where K and KA’ are bounded in terms of
universal functions of each other. Another extremely important characterization in

terms of quasisymmetric mappings is provided by the Bers embedding idea. See the

above-mentioned references.
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Proposition 2.2: Let (.C; be disjoint N-quasicircles in the Riemann sphere
and let ) be the doubly connected region they determine. Then there exists a
quasiconformal homeo ¢ : C — C which is conformal on 0. maps Co, C, onto

round circles and whose maximal dilatation depends only on ' and mod Q.

Proof: Let A, := {z:r < |z| < 1} where log(r~!) = 2rmod 2. Then mod A, =
mod ? and so we know that there exists a conformal equivalence p : A, — 1; we
may assume that p maps JID onto Cy (where ID = {z : |z| < 1}).

Call @ the (simply-connected) component of C - containing C,, and let
z0 € Q — N be fixed. Let ¢,, : D — @ be a Riemann mapping partially normalized
so that ¢,,(0) = 2o, and let @,,, : C-D-C- @ be a Riemann mapping between

the respective complements.

Claim: h := (47! 0 p)|JDD : 9D — ID is quasisymmetric and its quasisymmetric

distortion depends only on mod €.

Assuming this claim for a moment, we finish up the proposition’s proof as fol-
lows. Since (' is a N'-quasicircle, the boundary composition #5) 0 ¢in : OD — 0D
is quasisymmetric, with gs-distortion depending only on K’; this is contained in
the above-mentioned Bers embedding idea. Thus. (¢} 0 ¢;n) 0 h : D — 9D is
quasisymmetric as well, with gs-distortion depending only on A" and mod Q.

Consider the Ahlfors-Beurling extension H : C - D — C - I of this last map
to the outside of the unit disk; its maximal dilatation is still bounded in terms of K
and mod Q only. Let v map € — Q onto C — ID by setting it equal to (@oy 0 H)™Y;
then ¥|0Q = p~'|dQ and so v fits with the conformal equivalence p~' : @ — A,.

Defining ¢ over Q — Q is completely analogous.
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We now prove the claim. The composition ¢! o p is well-defined over A4, and

maps it conformally onto another ring domain A C D having dID as its outer
boundary (its inner boundary being some quasicircle inside D). Therefore ¢! o p
can be extended by Schwarz reflection to a conformal mapping between two annular
regions symmetric about dID; let o denote such extension.

Set 6 := inf{d(:,0ID) : : € ID — A} > 0. Notice that since ¢,,(0) = z €
Q — N, we have 0 ¢ A. Thus, by a classical result due to O. Teichmiiller, we know
that mod ? = mod A < 2 log W(;%;) where ¥ is a universal monotone increasing
function (that may be explicity computed by means of elliptic functions); once
again, see Ahlfors [Al]. Accordingly we deduce that é is bounded from below by
some universal function of mod Q. This says that both domain and range of o are
definitely “thick™ annuli. Applying Koebe's distortion lemma to disks of a definite
size around = € JID and its image o(z) = h(z) € JID we get easily that |h'(z)] is
bounded above and below by some universal function of mod  for every z € dD,

whence the claim. (m]
As an easy conscquence, we have:

Corollary 2.3: Let Qo,@Q: C C be K-quasidisks, symmetric with respect to the
real axis and satisfying Q, C Q,. Then the Jordan regions (Q, — Qo)*, QoU QF are

all K’'-quasidisks with A’ depending only on A" and mod (@, — Qo). o

It is only to the extent of the above corollary that we shall use proposition 2.2 in
83, so in this regard it may be viewed as a luxury. We have included a proof mainly

because it is not totally trivial. The situation is quite different regarding our final



two lemmas, which we state without proof.

Lemma 2.4: Let /,./; C ID N IR be closed intervals and let © : Iy — I, be a
K-quasisymmetric homeomorphism. Then ¢ has a K'-quasiconformal extension to
a self-mapping of ID which is symmetric about the real axis and whose maximal

dilatation /X' depends only on k, mod (D — Ip), mod (ID — ;). ]

Lemma 2.5: Let /Ay, A, be disjoint closed arcs in JID and let Q be the oriented
conformal quadrilateral determined by ID. Ag and A;. If A : D — 9D is a home-
omorphism such that h|(JID — A,) is k-quasisymmetric (i = 0,1) then h is k-

quasisymmetric with &’ depending only on & and mod Q. =]
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I1.3 The Pull-Back Theorem

In this section and throughout the remainder of this chapter the following termi-
nology will be employed. Given a domain O C C symmetric about the real axis, we
say that a homeomorphism v : QO — ¢(O) C C is symmetric if it commutes with
complex conjugation and satisfies y(O*) = [Y(O)]*. A given holomorphic com-
muting pair [ is said to have geometric boundaries if its associated special 4-tuple
(AU U,,U,) is such that 9A and dD are K-quasicircles for some K > 1, where
D :=UsulU,uU,. The smallest such I\’ together with the number mod (A — D)
are referred to as the geometric parameters of T'.

Let Iy and Ty be holomorphic commuting pairs and Fy, F} be their corresponding
auxiliary transformations (§1). Assume that h : Jo — J is a conjugacy between the
restrictions F;|J; (i = 0.1): notice that in view of condition (Cg) of definition 1.1,

h(0) = 0 necessarily (as well as mg = m,). Then we have the following lemma:

Lemma 3.1: Let ¢ : Ng — A, be any svmmetric homeomorphic extension of h.
Then there exists a symmetric homeomorphism ¢ : Dy — D, such that Fioy =

¥ o Fy which is still an extension of A.

Proof: Writing, as in §1. X, := J, U F"'(J,) we know by proposition 1.5 that
F|(D; = X;) : D; = X, = A} U A[ is a regular 3-fold covering map for i = 0, 1.
Thus we can lift the restriction v|A3 UAg through the F’s to get a homeomorphism
¥ : Do — Xo =+ Dy — Xy; such lift is uniquely determined if we require in addition
that it be symmetric. Since Fi(X;) C J;, and using the fact that F; is schlicht when

restricted to each of the six components of D, — X; (i =0, 1), we deduce easily that
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¢ extends to a symmetric homeomorphism ¢ : Dy — D satisfying (by continuity)
Fyoy = oo Fy evervwhere. As v'|.Jy = h and given that J, is F,-forward invariant

(: = 0,1), we conclude that 1:'|J0 = h also. ]
We are now ready to state and prove the main theorem in this chapter.

Theorem 3.2: Let ', I', be holomorphic commuting pairs having geometric bound-
aries and same irrational rotation number and let & : Jo — J, be a k-quasisymmetric
conjugacy between the restrictions of I'g, I’y to their respective large dynamical in-
tervals. Then there exists a quasiconformal conjugacy H : Ay — A, between [y
and T, which extends & and whose maximal dilatation depends only on k and on

the geometric parameters of both pairs.

Proof: We divide it into several steps.

(1) Firstly observe that if ¥ : Ag — A, satisfving the hypothesis of lemma 3.1 is
quasiconformal then so is the corresponding lift v and the maximal dilatations
are equal: K'(v) = K (v). This happens because the F,'s are holomorphic over
D, — X, while the X,’s are negligible (have two-dimensional Lebesgue measure

zero).

(ii) Lemma 2.4 provides us with a symmetric quasiconformal homeomorphism G :
Ao — A, extending h and whose maximal dilatation depends only on & and
the 'geometric parameters. Applying lemma 3.1 to ¢ = G yields, in face of
(i), a symmetric quasiconformal lift G : Dy — D, with 1\'(6’) = K (G), still
satisfying GlJo = h. By corollary 2.3. the Jordan domains (A, — D;)* and D;U

A7 are K’-quasidisks with A" depending only on the geometric parameters;
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combining this fact with lemma 2.5, the Riemann mapping theorem and the
Ahlfors-Beurling extension theorem we get a quasiconformal homeo G : (g —
Do)t — (A — D;)* such that G = G over (0Dp)* and G = G over the
remaining part of the boundary of (Mg — Dg)*. Then, let H,; : Ay — A, be
given by:

Q(Z) if - € Do

Hy(r) = § G(z) if z € (Ao — Do)*

a(G(ez)) ifz € (Ao — Do)~
(where ¢ : C — C is complex conjugation). This map is a quasiconfor-
mal homeomorphism (once again the boundaries involved are negligible) with
K(H,) = max{lx’((?'), I\'((:')}, a constant still depending only on the geometric

parameters and on k = k(h). Moreover, H,|Jo = h.

Now we may start the pull-back construction as such. Define inductively a
sequence {H,} of symmetric quasiconformal homeomorphisms as follows: for
n = 1 use the same H, constructed in (i1) while for n > 1 let H, : Ap = A,

be given by
o [Hi(z)  ifz € (A = Do)
H"(~)—{H,._,(:) if : € Dy

where H,_, : Dy — D, is the lift that we obtain applying lemma 3.1 to
v = H,_, (it should be clear that ﬁ,(:) = H,(z) for each = € 9Dy, it follows
inductively that each H, is indeed well-defined and a homeomorphism). From
(1) we deduce that H, is a symmetric quasiconformal homeo with KN(H,) =

K(H,) for every n. Also, H,|Jo = h for every n.

Therefore {H,} is a normalized sequence of uniformly (< K(H,)) quasicon-
formal mappings and so (by the compactness principle) {H,} is relatively

compact in the quasiconformal topology. Accordingly, let Hy, : Mg — A, be
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a limit of {H,}. Observe that N(H,.) < N(H,). and H |Jo = h as well.

Notice that {H,} has the following stabilization property: if - € Dy then
H, o Fo(z) = Fio Ha(z) if and only if Hayy(2) = H,(z) (use the fact that F,
is injective (schlicht) on each of the six connected components of D, — X,, t =
0,1). Let £ be the set of all = € Dy which iterated finitely many times by Fj
either land outside Dy, where H, = H, for all n, or land on Jy, which is forward
invariant and where H,, = h for all n. Then for every : € E the sequence
{H.(z)} is eventually constant (whence eventually equal to H.(z)). By the
above-mentioned stabilization property it follows that H o Fy(z) = FioH (z)
for all = € E. Since Xy C E, we have (DN E) — E C Dy — Xo., where Fy is
continuous, and so for all = € DyN'E we must have H,, o Fo(z) = Fy 0 Hy(2)

also.

IfQ C Dy—E C Dy— Xy is a connected component then the restriction Fo|f is
schlicht. From this and the fact that E is backward invariant it follows easily
that Fo(Q) C Do — E is a connected component as well. By induction, the
same is true of F3'(2) for all n > 0. Notice also that for any such Q, NN X
consists of at most one point. For if «,b € JQ N X, are two distinct points
then by mapping Q forward if necessary” we may assume that a,b € Jy. Choose
n > 0 so that the points F(a), Fy'(b) € Jy lie in opposite sides of zero: this is
possible by the combinatorics (of rotations). Then Fj () is a connected open
set with one boundary point on each side of zero. whence F} Q)N Xo # 0. a

contradiction.

Next, suppose there existed an n > 0 such that Fg(f2) = €, for some 2 as
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in (v); there i~ no loss of generality in assuming that @ C A}. Then there
would be a (necessarily schlicht) inverse branch ® : Ay — A to FJ for which
®(N) = N. Since A is a Jordan domain, we known by the Denjoy-Wolff
theorem (see for instance Sullivan [S3] or Milnor [Mil]) that either there exists
a z € AJ such that ®(z) = . necessarily attracting because ®(A}) C DI #
A, or there exists a = € dAF such that &(z) = z (® extends continously
to A¢). The first possibility is incompatible with () = Q, for then the
points in 90 N A¢ cannot converge to z under iteration by ®, whereas the
second implies in fact that = € Jy (the large dynamical interval of I'g), which
is impossible hecause the Fy-dynamics there is without periodic points (the

rotation number of ['g is irrational).

From (v) and (vi) we deduce that each connected component of Dy — E is
a wandering domain, i.e. its forward images under Fy are pairwise disjoint.
Thus we may rephrase the conclusion of (iv) as follows: H,, conjugates F and

F) everywhere except along the grand-orbits of wandering domains.

Accordingly, we perform a sequence of quasiconformal sewings in order to
finally change H, into a global conjugacy between both pairs. Partition-
ing the connected components of Dy — E into grand-orbit equivalence classes
and selecting one representative from each class yields countably many do-
mains {,}n>. We change H, along the forward Fy-orbit of , first. As
already remarked in (v). Fy|Q, is schlicht and extends homeomorphically to
the closure Q;: let oy : Q; — m denote this extension: we know by (v)

that po(z) = Fu(z) for all = € Q, with at most one exception zy € 99,.
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Similarly, define -y : Hy () — FiH..(9)) as the homeomorphic extension
of Fy to the closure of H..(;), which is obviously a wandering domain for

Fy. Once again ¢, = F, with at most one exception z; € dH,(0,). Let

¢ : Fo(Qy) — FiH () be given by ¢ := 0 H, 095", then ¢ is a K(H.,)-
quasiconformal homeomorphism and a priori agrees with H., over 9Fo(,) ex-
cept possibly at one point, so by continuity of both maps ¢ = H., everywhere
along dF5(€;). Hence, if we set V) = H_ over Ag— Fy(§2;) and ¢! = ¢ over
Fo(9;) we get by the gc-sewing lemma 2.1 a K'(H,, )-quasiconformal homeo
¢ N — A which satisfies the conjugacy equation Vo Fo(z) = Fyoytt)(z)
for all z € (DyNE)UR,. Repeating this argument with ¢! replacing H,, and
Fo(9) replacing Q, we get v'? : Ay — ), and so on: we obtain inductively a
sequence y{™ : Ny — A} of uniformly (< A (Hy)) quasiconformal mappings.
Again by the compactness principle we extract a limit ¥, of {¢™}; feeding
this ¥ into step (iii) in place of H, and once again going to a limit yields a
quasiconformal homeo H, », : Ao — A with N(H, ) < K(H) which is now
(in view of the stabilization property in (iv)) a conjugacy between Fy and F,

not only on Dy N E but also along the full grand-orbit of ;.

Proceeding as in the above paragraph inductively we take care of the full grand-
orbits of ,,9,,... through partial quasiconformal conjugacies H; o, H3 ., ... sat-
isfying K(H,) < K(Hy) as well as H, |Jo = h for every n. Going to a
limit one final time yields H : Ag — A, a global quasiconformal conjugacy with

K(H) € K(H) which is still an extension of h. The theorem is proved. ]
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I1.4 Deformation Spaces

In this section, we merely mimic, for holomorphic commuting pairs, the stan-
dard development of basic Teichmiiller theory of Fuchsian groups (see for instance
the book by F. Gardiner [G]). We do it in order to establish an important comple-
ment to the pull-back théorem of §3, a property which is best explained through an
equivalence between two definitions (theorem 4.2 below).

Let T be a fixed holomorphic commuting pair and let A be its associated outer
disk. Let us denote by Def(I') the class of all holomorphic commuting pairs which
are conjugate to I' via a svmumetric ¢c-homeomorphism. In Def(I'), declare Iy
to be equivalent to I'; iff there exists a symmetric conformal mapping &y — A,

conjugating [y to I';.

Definition 4.1: The Teichmiiller space of I', henceforth denoted Teich(TI'), is the
quotient of Def(I') by the above equivalence relation.

If [To),[T1] € Teich(I'), set dr([To], (1)) := infy log K(H) where H ranges over
all possible symmetric qc-conjugacies between any two representatives fo€ [T], e
[[1], and where as before K(H) denotes the maximal dilatation of H. This defines
the so-called Teichmiiller metric on Teich(I').

As is always the case in this framework, an alternative description of Teich(I')
as an orbit space is available. We start by observing that if G is a group of qc-
selfhomeomorphisms of A and B> is the unit ball of LE(A) then there is a natural
action G x B* — B™ given by:

fn+ (peo h)%‘
1 +7,.(pno h).%f '

(h.op)— hp:=
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which consists of taking the pull-back under h of p € B> viewed as a Beltrami
differential (or measurable conformal structure) on A. Each h* : B® « is a home-
omorphism (in fact a biholomorphism) with (A*)~! = (h~!)".

Let us agree to call a given u € B*: (a) symmetric, if 4 commutes with complex
conjugation, and (b) -invariant if ;1(7:).% = p(z) for all z € y71(A) [i.e., v =
p) for vy = €., 0.

If we take G to be the group of all symmetric qc-selfhomeos of A which commute
with T and let M(I') := {§ € B*® : u is symmetric and [-invariant } then the above
G-action on B™ restricts to an action G x M(I') = M(T'), as is easily checked. Let
us denote by O¢(I') the corresponding orbit space.

Such space can be given by the following metric: put d([so], [111]) := inf log K (h*
) (hz')“). where the infimum is taken over all fig, jt; € M(T) in the G-orbits of
po and pu,, respectively. Here h* denotes the unique symmetric qc-homeo A — A
with £#(0) = 0 and such that g := (h*)*(0) = u: existence and uniqueness are

guaranteed by the Measurable Riemann Mapping Theorem (MRMT).

Theorem 4.2: The orbit space Og(I') with the metric d is naturally isomorphic to

Teich(T") with its Teichmiiller metric d7.

Proof:

(i) Given u € M(I') and the corresponding h* : A —, let us consider the following
objects: (a) the Jordan domains A and (.. := h*(U,), for ¥ = &, 9, v: (b) the
maps v# := h*oyo(h*)! : U u — (U,u) for 4 = £, 1, v, which are holomorphic

because g is I'-invariant.




(i)

(iii)

Claim: These objects determine a holomorphic commuting pair.
Indeed, all couditions of definition 1.1 are trivially satisfied. except (C,):
we must. check that both £* and »* extend holomorphically across some
neighborhood of zero, where they ought to commute. The point is that,

"o v is well-defined over U/, and agrees

by proposition 1.2, the map 5~
with £ over U NU,; therefore (n#)~'ov* = h*o(n ' ov)o (h*)~! is well-
defined over [/, (which is a neighborhood of zero) and agrees with £ over
UewNU,.. One shows in similar fashion that (£#)~!ov is well-defined over

U,. and extends p*, and it follows at once that both extensions commute
n

on that common part of their domains. This proves the claim.

If we denote by I'* the resulting holomorphic commuting pair then we have

just given ourselves the right to write [ = h* o T o (h*)~!.

Observe that if ji € [u] then there exists h € G such that i = h*u, whence
f = h*(h*)*(0) = (h* o h)*(0). Since i = (hr‘)'(O) by definition, we must have
h# = h* o h, for botih members are normalized and the uniqueness part of the

MRMT applies.

Now we simply let ® : Og(I') — Teich(I') be given by ®([p]) = [[®]. This
map is well-defined, for if ji € [y] tl\e;l, by (ii), [* = (h* o h) o' o (h* o h)~?
for some h € G, and since hoT' o h™! = I, we have ['“ = [, It should be
clear that ® is onto. Moreover, (ii) also allows us to re-define the d-metric as
follows: d([po]-[111]) = infrec; log K(h*® o h o (h*)~1).

But for each k € G, the map h*°oho(h*')~! conjugates ['*! to ['*°. Conversely,

if H: A « is a symmetric, normalized ¢c-homeo such that ['*' = H-'o[*0 o
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H then we have: (h*°)"* o Hoh** ol o (h*')"' o H ' o h* =T, whence
(h*)-'oHoh* € G andso H = h*° oho(h**)™! for some h € G. We deduce
that d([uo}, [111]) = dr(®([s0]), ®([#1])). which shows that & is an isometry and

proves the theorem. 0
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I1.5 Existence and Non-Existence through
Examples

For each 6 € [0.1) we let £y : C — C be the entire mapping given by Ey(z) =
40— zl" sin(27z). Since E4oT = To Ey, where T is the translation z — z 41, Ej is
seen to be the lift to the coinplex plane of a holomorphic self-mapping of the cylinder,
fo: C/ZL = C* ~. Moreover, the restriction E4|IR maps the real axis onto itself and
satisfies Eg(x) > 0 for all + € R, with equality holding iff * € Z (these constitute
all the critical points of Eg). Therefore the restriction f3|T'(= D) : T' — is
a critical circle homeomorphism with rotation number, say, p(8). It is well-known
that 8 — p(8) is continuous, non-decreasing, maps [0, 1) onto itself and is such that
the interval p~'(t) C [0.1) degenerates to a point whenever t € [0,1) — Q (see M.
Herman [H}).

With the family {£s} at hand we shall construct in this section examples of
holomorphic commuting pairs exhibiting any prescribed set of combinatorial data,
i.e., any given rotation number and any given value of the parameter m appearing
in condition (Cg) of definition 1.1 (henceforth referred to as the height of the cor-
responding holomorphic commuting pair). When combined with the results of §3,
this construction yields two crucial properties of our complex dynamical systems in
the cases of interest to us: (a) they have no wandering domains; (b) they carry no
invariant Beltrami differentials supported on a positive measure subset of their limit
sets.

We divide the required work into several steps. Let us fix 0 for the time being

and write p(8) = [rg.r.... 7 n,...]. We conform with the notation established in
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chapter I: thus, in its irreducible form, s-'l = [ro.rie.. .. ra—1) satisfies py = 0, o = 1
pr=1.q =roand for n 2 1. pas1 = rupu + Pa-re Gnet = Tagn + gn-y: moreover,
for all n > 0 we have 28 < () < ff‘l'-:f and equality holds at some point iff p(0)

is rational (only the irrational cases will be of any interest to us, however).

1) The pre-image of the real axis under Ej consists of IR itself together with

the family of analytic curves ‘73,“,7(_") (k € Z) given by the solutions : = r + 1y to

Im E4(z + ty) = 0 or, more explicitly:

=2yl | .

[.(k)
sinh(27y)|

4 |t =kx ;l—arccos[

for each k € Z, ‘yf,,k) and 7(_“ meet at the critical point ¢x = k, and are both
asymptotic to the vertical lines r = k £ 1 (see Figure 5). Notice that each ¢ is a

critical point of cubic type.

”
/

kel

PN

Figure 5
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2) In the upper half-plane C*. let Vi be the simply connected region hounded
by the arcs 747 N C* and 1% N C* plus the interval [k = 1.4] C R. Then Ey|Vi
is schlicht and maps Vi onto C*; we let ¢, : C* — V; denote the corresponding
inverse mapping, for each & € Z. Similarly, let W, C C* be the simply-connected
region bounded by ')(_k) NC?' and 7,(:) NC*, observe that Ey|WV, is schlicht and onto

C- and let v : C~ — % be the corresponding inverse mapping, for each k € Z.

3) Let A, C C* be the unique connected component of (EJ")~'(C*) whose
closure contains the point T-7+ o Eg"*'(0) € R. Similarly, let B, C C* be the
unique connected component of (E§"*')~!'(C*) such that T-?" o E{"(0) € B,. We
have either A, C V5 and B, C V} or 4, C V] and B, C Vg, depending on whether

n is even or odd. respectively (figure 7 illustrates the former case).

Claim # 1: For each n > 0 there exists a unique ¢,-tuple (A, k..., k,.) with
=k <k <o <k, S pu+1such that A, = 0, 004, 0209, (C*). A

similar statement holds for B,,.

Claim # 2: For each n > 1 we have A, "R =< a,,0 > and B,NR =
< 0,3, > where the points a,,3, € R are uniquely determined by the re-
quirements: TP o Ej"(a,) = T~"-' o EJ"~'(0) and T-7+' o E"*'(3,) =
T-?» o EI"(0). On the other hand. for n = 0 we have 4, N R =< ao,0 >,
BoNR =< 0, Jy > where ag = —1 and 3y = a; [Obs.: The symbols < a, 3 >

represent a closed interval on the line with endpoints @ and 4, irrespective of

order].

The first claim is an easy consequence of the fact that 0 < E3(0) < p, + 1 for

j = 0.1.....¢n. for all n > 0. which in turn follows from the very definitions of
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Pn-qn. As for the second claim. we have:

Lemma 5.1: Let f: T' — be a circle homeomorphism with p(f) = [ro, r1, ..., s,
...J and for n > 1 let J, C T! be the closed interval of endpoints ¢ and f¥-'~%(c)
containing f9-1(c), where ¢ € T' is given. If j < ¢, is such that f~7(c) belongs to

Jn, then in fact j <0.

Proof: The closed interval f7"(J,) contains c (as an interior point) and has f9-1(c)
and f%(c) as its endpoints; since these are successive dynamical closest returns to c,
there can be no k with both 0 < k& < ¢, and f*(c) € f'"(J,). But the assumptions

entail f9"~/(c) € fi(J,) with ¢, —j > 0. whence ¢, — ) > ¢, and so j < 0 as

asserted. ®]
(~ n
f( I +1)4 ; foos
4/—\‘7 ¢ 4;,‘\
“nw f’n-l_’nc {103! f’nc f’n-qﬂlc Wp"
Figure 6

In particular, if f = f; and ¢ happens to be the critical point of f;. the lemma
says there can be uo critical points for fj" in the interior of J,, for by the chain
rule these are precisely the pre-images f;’(c) with 0 < j < ¢,. This is the only

non-trivial point behind claim # 2.

4) Given R > 0, let Ag = {z: |z| < R} and let A, r be the unique connected
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component of (T~ o E}")~'(A}) contained in A, (for each n > 0). Let B, g be
similarly defined (for each n > 0). If R is sufficiently large (R > p, + 1 is good
enough) we see that 4, s NR = A, NR and B,gNR = B, N R for n >0 It
should be clear that both A, g and B, g are Jordan domains in fact quasidisks. and
that they are mapped respectively by T=?" 0 E}" and T+ 0 E}"*' bijectively onto

AR, for all n > 0 and all R > 0.

Claim # 3: For every sufficiently large R we have A, g € AgNC* and B,z C

Anﬂé_*’.

y= J(l),2R)

Figure 7

In order to prove this claim we need the following calculus estimate:

Lemma 5.2: There exist a constant Cp > 0 and a positive monotone non-decreasing

function @(s) defined for s > 0 such that if |y] > p(|r]) then |Ey(x + iy)| >
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Coexp(r|y|).
Proof: When 8 = 0, a straightforward computation yields:

) 1
|Eo(z + iy))? = [e*+y* - ﬁcosz(‘h'r)] - ;lr-[:c sin(2xz) cosh(27y) +

y cos(2rx)sinh(27y)] + 4%cosh"’(‘h’g,/) .

The first expression between brackets is positive as soon as, say, |y} > 1. while

the second is dominated by (|r| + |y|) cosh(27y). Thus, if |y| > | we have:
‘ 1
|Eolx + iy)|? > m[cosh('lny) —dx(lr] + |y|)) cosh(2ry) (*)

Now, set ¢(t) := L cosh(2rt) — ¢t — I; this is a strictly convex function having a

minimum at ty = ;—"arcsinh('l) > 0, with ¢(¢g) < 0. Hence for each s > 0 there exists
a unique P(s) > ty such that €(3(s)) = s: given that €(t) is strictly increasing for
t > to, sois P(s) for s >0, and t > F(s) = €(t) > s. Since the expression between
brackets in (*) is equal to 47[e(|y|)+1 —]z|]. we deduce. setting »(s) := max{1,3(s)},

that if |y| > p(|x]) then:
3 a2l 1 1 .
|Eofx +iy)|* 2 — cosh(2r|y]) 2 5 exp(2r]y|)

or vet:

|Eo(x +iy)| 2

\/,lz—ﬂexp(ﬂlyl). (=)

On the other hand, when 0 < § < 1 we have simply Ey(z) = Eo(z) + 0, whence
|Eg(2)] > |1 = |Ea(2)|"Y-|Eo(2)|. Therefore, if |y} > »(|x|) (which is > 1) then
|Eg(x +1y)| > 7'2-;[1 — e~ "2x]exp(nly|) by (+*) above, and so the lemma is proved

in all cases if we take (|, = 7',;[1 - e"’\/'..)_ﬂ. 0
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The proof of claim # 3 now runs as follows. For s, R positive numbers, let
6(s,R) = p(s)+ 1 log*(C5' R) where » and (' are given by lemma 5.2: then |y| >
8(|z|, R) implies |Es(x + ty)| > R. which in turn means that Es(x + iy) € C — Ag.

Therefore, for each k € 7Z we have
(AR CTVin{e+iy:y < é(|e|.R)} = Vig.

Because é(s, R) has logarithmic growth in K. every sufficiently large R satisfies the
inequality R > p, + 1 + &(pa + 1.2R); for a given R as such, if 0 < k < p, + 1
and z is any point in Vi ;5 with = = & + 1y, then |z| < |z} + 6(|2].2R) < p. + | +
8(pn + 1,2R) < R. whence = € AgN C+*. In other words, if 0 < & < Pa + 1 then
6c(Afq) € ARNC*F C Al Since TP (A%) C A}y (because R > p,), if we take
(kyyka2y. .. kg,) as in claim # 1 we deduce that A, p= @i, 0Pk, 0" - -o¢k“(T”"A_,";) -
Ok, Oy, 00 ¢km(-_\—;"R) C Ar N C#, and this proves the first stated inclusion in
claim # 3; the second is completely analogous [see figure 7.

Observe that if we define O, g := 01,004,0- - 004, (A}) and set A, g := 0,(On.g)
and A} g := ¢00(O,.r). where 0 : C — C is complex conjugation, then the above
argument applies mutatis mutandis to yield ._‘lﬁ,—ﬁ C AgNCH, m C ApNC* as

well, for every sufficiently large R and all n > 0. This remark will be used shortly.

5) Given n > 0, let R, > 0 be chosen so that claim # 3 is satisfied. If we
set £, := T7Pr o EJ* and g, := T~Pr+' o EJ"*' and define Ug,, U, C C to be the
symmetri;: Jordan domains (quasidisks) such that U} = A, g,,U} = B g, then
we have: (a) £, and 7, commute (obvious); (b) Ucann,. C Ang,, by claim # 3; (c)

the restrictions &,|(¢, and 7,|U,, are schlicht and onto their images, respectively
En ’ Nn g

Ap, NC(< &n(an), €(0) >) and Ag, N C(< 1.(0), 7:(34) >) by claim # 2 and the
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work in step 4 ahove,

Also, let U, C C be the connected component of £7!(U,, ) containing the origin
and let v, := £, on,,. Then the restriction v,|l’, is a holomorphic 3-fold branched
covering map onto its image, v, (U, ) = g, NC(< 1,(0).€,(0) >). Moreover, by the
observation made in the last paragraph of 4), we have U_j’" C Z,,,R U T_Ru XZ.—R Cc
Agr, N C*, whence [",, C Ap,. It follows at once that (Ag,,U,.U,. U, ) is a

special 4-tuple in the sense of §1. At last, we have:

Claim # 4: For each n > 0 the elements Ag, U, , U, ., U.. € 0, v determine
(up to conjugation by : — —z whenever n is odd) a holomorphic commuting
pair [, 4 with geometric boundaries, whose rotation number is just p(T,4) =
[Fns1Tusaz.. -] and whose height is given by m(I'g4) = ro, when n = 0, and

by m(I.6) = r. + 1. when n > 0.

With the work done so far, we have indirectly verified all items of definition 1.1,
except perhaps condition (Cg). We check it for n > 0, referring to figure 6, and leave
the equally straightforward case n = 0 to the reader. Using the commutativity of T

and Ey, claim # 2 and the recurrence relations defining p,4+; and ¢n4+;, we get:

€t (an) = (T 0 EPY™ (T 0 Ef(an)) = T™Umonten=t) o gromtensi(q)

= TP 0 E7(0) = 1n(0)

We deduce in similar fashion that n,(3,) = £,(0). Thus condition (Cg) is satisfied
too, with m = r, + 1. which is therefore the height of ', 4. Finally, the statement

on rotation numbers follows immediately from the definition. This establishes claim

# 4
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Remark: Because of theorem 1.4. once Ry is chosen so that the above construction
works for n = 0, we may in fact take R, = Hp thereafter. If this is done then. for
each n > 0, I'n416 becomes the first renormalization of Iy g up to linear rescaling,

in the sense of that same theorem.
Summarizing, we have proved the following result.

Theorem 5.3: For each n > 0 and each 6 € [0,1) whose corresponding p(8) has a
continued fraction expansion of length at least n + 1, the real commuting pair deter-
mined by (f§". f¢"*') extends to a holomorphic commuting pair I, 4 (with geometric
boundaries). The tamily {I',,4} runs through all possible pairs of combinatorial in-
variants at least once, and in fact for each (m,p) € IN x [0,1) with m > 2 there

exist countably many (n.0) € IN x [0, 1) such that m(I',4) = m and p([ny) = p. O

The construction we've come to perform has much more relevant consequences
for our purposes, however, in the form of two rigidity-type properties enjoyed by
holomorphic commuting pairs. We shall extract such properties from corresponding
ones found naturally in the family {fs} introduced above.

Given a holomorphic self-map f : C* «— we shall denote by SV(f) the set of
singular values of f, i.e., points in C* all nrighborhoods U of which are such that
1) L, U fails to be a covering map. We shall write also X, := C* - SV'(f):
evidently, f~'(Xy) 4, Xy is always a covering map. For example, since 1 € 9D is
the unique critical point of fy, it is easy to see that SV(fy) = {fs(1)}; in this case
f7'(Xy,) has an (infinite) discrete complement in C*.

On the other hand, recall that the Julia set of f, denoted by Jy, is the complement
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in C* of the so-called domain of normality of f. which in turn is the set of all points
of C* for which there exists a neighborhood {” where the restrictions f*|U,n > 0,
constitute a normal family. Thus, J; is totally invariant and closed as a subset
of C*. Notice also that if V. C C* is any neighborhood of a point in J; then by
Montel’s theorem we have C* = U,5o f"(V): in particular, if @ # A\ C C* then
Jt C Unzo F(A).

We are ready to state and prove:

Theorem 5.4: For each 6 € [0.1) the corresponding map f, has no wandering
domains. Moreover, whenever p(8) is irrational, fs admits no non-trivial, symmetric,

invariant Beltrami differentials entirely supported in its Julia set J,.

Proof: Since SV(f;) is a finite set. the first assertion follows from a theorem due

to L. Keen [K]. As for the second, we have:

(i) Let f : C* « be holomorphic and suppose h : C «~ is an orientation pre-
serving homeo fixing {0.0c} pointwise and satisfving ho fs = fo h. Let
A € Aut(C) be given by A(z) = Az, where A := ho fy(1)/fs(1). We have
A~ h (rel. SV(fs) U {0.2}), so the covering homotopy theorem yields
A: f7N(Xy,) = [7UX)) with A > h (rel. f;7'(SV(fs)) U {0,00}) such that

the diagram:
XL S 1NXy)

fo 1 L f

Xy 4 Xy
commutes. This 1 is clearly holomorphic. and some easy topological consid-

erations combined with Riemann’s removable singularity theorem show it to
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be the restriction of some element in Aut (C) fixing {0,oc} pointwise. In par-
ticular, if f is symmetric, i.e. commutes with geometric reflection about 9D,
and is normalized so that its critical point lies at 1 € @D (i.e., h(1) = 1) then
we have: (a) A now fixes {0,1,00} pointwise and so it must be the identity;
(b) |A] = 1, say A = e?"®. Therefore f = Ao fs0 A~! = fp with @ =0 + a
(mod. 1); in other words, every symmetric, normalized, holomorphic self-map

of C* which is topologically conjugate to a member of {fs} is itself a member.

(ii) Now suppose st is an fo-invariant Beltrami differential in C with || # lleo< 1 and
supp(p) C Jy,: assume also that g is symmetric about 9ID (meaning u(z™') =
u(2)). Foreach t € (= || p |2V ] pe I1ZY) let Ay : C «— be the unique solution
to Oh, = (tu).0h, normalized so that it fixes {0.1,00} pointwise. Set f, :=
hiofaoh; ' since ty is symmetric and fp-invariant. each f, : C* « is symmetric
and holomorphic. with its unique critical point at 1 € dID. Therefore by (i)
we must have f, = fp, for some 8, € [0, 1): but then p(6;) = p(8) & Q, whence
0, = ¢ for all t. by the last remark in the very first paragraph of this section.
Thus, fs = hy 0 fy o h; ! for all t; in particular h, must permute the elements
in Y, := fy"(1). which is discrete in C°, for each n > 0. Since hy = idg
and for each = € C the path t — h,(z) is continuous by Ahlfors-Bers, we
deduce that h, fixes Y, pointwise for each n > 0, for all t. But m D Jy,
by the observation just preceding the statement of this theorem, whence h,
agrees with the identity over Jy, for all t. As h, is conformal off J;, (because
pt vanishes identically there, by assumption), it follows that h, = idg for all ¢.

and so. ¢ = 0 a.e. as was to be proved. a

Remark: This theorem owes its inspiration to a beautiful related argument by D.
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Sullivan in [S1].

Finally, combining this result with theorem 5.3. theorem 3.2 and the real bounds

of chapter I. we derive:

Corollary 5.5: Let " he a holomorphic commuting pair with geometric boundaries
and irrational rotation number. Then I' has no wandering domains and admits no

non-trivial, symmetric. invariant line fields entirely supported in its limit set. 0.



CHAPTER III
The Complex Bounds

As we have seen in chapter I, in their commuting pair representations, the suc-
cessive renormalizations of a sufficiently smooth critical circle homeo (with a cu-
bic singularity) converge asymptotically to the Epstein-Lanford class. Restricting
ourselves to the bounded combinatorics case, we shall prove in this chapter that,
after finitely many renormalizations, every element in the Epstein-Lanford class ex-
tends to a holomorphic commuting pair with geometric boundaries and universally
bounded geometric parameters (Il §3).

The proof of this fundamental compactness result relies heavily on Sullivan’s sec-
tor theorem (Sullivan [S1]), a slightly extended version of which is proved in §1. For
its use in §3, it is required that we break the relevant renormalization compositions
up into certain factors having “nice™ geometric properties; such properties should in
addition depend only on the combinatorics and the a-priori real bounds of chapter
I. All this is accomplished in §2.

Needless to say, the notion of holomorphic commuting pair would have no real

substance of its own if not for the results in this chapter.



II1.1 On Sullivan’s Sector Theorem

Given a,b € R with a < b, let S(a,b) be the class of all schlicht mappings ¢
defined on C(/y) := C - (IR — I,), where Iy D (a,b) is some open interval, which
preserve both half-planes C*,C~ and are such that ¢((a,b)) = (a.b). We refer to
Iy as the base of ¢ € S(a,b): it is the largest interval containing (a,b) restricted to
which ¢ is a homeomorphism into the reals.

An element A € S(a,b) is called a left a-root (where 0 < a < 1) if there exists
a9 < a such that 4(:) = u.(s = a9)* + v, where u,v € R and the branch of
z +— (2 = ag)® are uniquely determined by the requirements A(a) = a, A(b) = b.
The point ag € R is called the pole of A. Right roots are defined similarly.

Given a bounded interval J C R and some A > 0, we shall denote by J* the
(closed) interval centered at the midpoint of J whose length is (1 + A)-times the
length of J.

We are ready to state our version of Sullivan’s sector theorem (compare Sullivan

(S)):

Theorem 1.1: Let there be given A;, B; € S(a,b),for:1 =1,2,...,m, and constants
A K.s>0and 0 < a <1 satisfying: (a) each A, is a left a,-root with a; < a and
pole at a,, where ¢; = « and @, < « for all ¢ > 2; (b) there exists a finite sequence
of stopping times | = g < i) < -+ < 1y = m with i,4; — 1, < s such that, setting
d, := min{|e; — a| : i, < i < iy41}, the inequality T on dj" < Kd;! holds for all
n; (c) the following holds for all i > 2: if I; is the base of B; then B;(I;) 2 [a;, b]

and setting J; := B '([«,, b]) then J} C I;. Under these assumptions, there exists a
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positive angle § = 0(a.s. K. \) such that the image of the upper half-plane by the
composition Ay By, -+ A, B, - -- A, B) is contained in the sector 0 < arg(:—a) < 7-86.
Before proving this theorem, we recall some classical geometric properties of
conformal mappings. If ¢ : 2 — C is a schlicht mapping and D C Q is either
a disk or a square, then the distortion of ¢ over D is defined to be Ly(D) :=
inf{€2/¢, : 0 < €|z — y| < |@(r) — o(y)| < &|x - y|, for all z,y € D}. If we write
Ng(D) := (sup,ep Ine(=z)]).diam(D), where no := ¢"/4' is the non-linearity of ¢,
then a well-known fact is: Ly(D) < exp{O(Ny(D))}. In bounding the non-linearity,
the main tool at hand is Nobe's distortion lemma: |n¢(z)| < 4/dist(z,dN). We shall
need also Nobe's one-quarter theorem: if D C Q is a disk with center z then ¢(D)
contains a disk about ¢(z) of diameter 1|¢'(z)|.diam(D). Both are corollaries to a
stronger statement known as Kobe's distortion theorem (see Ahlfors [A2]).

Here and throughout we shall write #(3) := r — arg(s — a).

Lemma 1.2: If ¢ € S(«,b) and if D is either a disk or a square with [a,b] C D C

C(1,) then for all = € D we have |sin 6(¢(:))| 2 exp{—O(N4(D))}|sin0(z)].

Proof: As ¢ maps C* intoitself, the Schwarz-Pick lemma yields Im ¢(z) > |¢'(z)|Im 2,
for all z € C* (consider the upper half-plane with its Poincaré metric). Therefore,

forallze DNC*:

Im¢(z) > [0'(z)].]= — a|

in8((z - > .sind(z
OO = e =l 2 ez —a o)
> [Ls(D)]™ . sinb(z) ,
and the proof is obviously the same for : € DN C-. 0

Another well-known fact to be used here concerns invariant Poincaré neighbor-



hoods in the doubly-slit plane. Counsider C((«. b)) with its Poincaré metric p, and let
v denote the segment («.b) (a geodesic in this metric). By the Schwarz-Pick lemma,
each element in S(a,b) maps the Poincaré neighborhood N (r) := {: € C((a.b)) :
p(z,9) < r} into itself, for all r > 0. One verifies easily that 9.V (r) consists of a
circular arc with endpoints a, b sitting in the upper half-plane union its mirror image
in the lower half-plane; in particular, each : € dN(r) “views” 4 under the same

angle w = w(r), see Figure 1.

=X

Figure 1

Lemma 1.3: Let .V, be the smallest of the Poincaré neighborhoods N (r) containing

a given point z in the upper half-plane. Then diam N} = |z — b|/sin 6(z).

Proof: Apply the law-of-sines to the triangle azb (Fig. 1). 0
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Proof of Theorem 1.1: First, let us agree in this proof to reserve the symbols
Co, C1, ... to denote positive constants depending only on the parameters a, s, i, A

of the statement. Regaiding assumption (b), on the other hand. let us write j, to

denote the smallest / in the interval i, < i < i,4, such that |a, — a| = d,,.
1) Start with any point z; € C* and set z;,; = A;Bi(z,) fori =1,2,...,m. Our
goal is to show that 0(:,4,) > 60, with 0 as stated. Observe that we always have

0(z2) 2 (1 — a)m; thus we may assume m > 1, otherwise there is nothing to prove.

-~
fo

e e ccrcmrccre e -
’
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pot el

e o’

. .
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Figure 2

2) Let U;, i 2 2, be a square sitting in the upper half-plane, one of its sides being

the interval J,TV2 C J;'. Then U; is a Kdbe region for B;, meaning Np,(U;) < Co;



here C, is in fact a constant depending only on A. Let V, denote the rectangle

U, - {z:Rez>b}.

Claim #1: There exists 8, > 0 depending only on a and X such that A;B;(V))
contains the triangle T; in the upper half-plane with base [A;a,,a] C R and

angles ra, and 6, respectively at A;a; and a (Figure 2).

Here is a sketch of the proof. Since there is a § € (a,b) such that Bl(§) = 1
and the distortion of B; over V; (or U;) is uniformly bounded as we've seen, we have
Ci' < |B!(x)| < (', for some C'y > 1, for all + € J;. Hence, letting R, denote the
radius of the largest semi-disk centered at B '«, and contained in V;, and observing
that R, = O(|a, ~ a|). we deduce from Kobe's }-theorem that B;(V,) contains the
convex-hull Q; of {«} N D,. where D; C C* is a semi-disk centered at a; of radius
LC Ry > Cylai = a]. see Figure 2. It already follows that the region ; exhibits a
definite angle at a; taking its image by the (very explicit) left a,-root A; and using
some elementary geometry yields the claim.

3) From this claim and the fact that the mappings involved are one-to-one, if
:€C* -V, then 8(A,B,(z)) 2 6,. for all : > 2.

4) For the sake of what follows we assume, as we may, that 6, < min{%,(1-a)r}.
Let j be the smallest index > 2 such that =; € V; for all ¢ > j (if no such ; exists
then, by 3), 0(zm41) > 0, and we are done). Take the smallest j, > j and notice
that ¢t := j, —j < 2s, from assumption (b). Our aim is to control the “loss of angle”
when we apply to =, the next t factors A,B,. A, 4 B,41. ... A, 1B, 1.

As we know thus far. z; belongs to V)" = 1; — {:: 0 < 8(z) < 6,}. Let Q, be

the square of Figure 3 containing V. We have diam@; < v2diam V: < Csla, = qf;
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(1]

moreover, the base of o, := A, B, contains an interval of length O(|a, — a}) by

assumption (c), whence .V, (Q,) < Cy(sin 0,)"'. Therefore, by lemma 1.2:

sind(z,4,) = exp{—Cs(sin,)~"}sinf(z,) . (*)

5) Defining 0 < 0, < 6, recursively by sinfiy1 = exp{—Cs(sin8;)~'}sin by,
k =2,...,t, and repeating the argument leading to (*), mutatis mutandis, another
t — 1 times yields 6(z,,) > 8,, a constant still depending only on the parameters in
the statement.

6) At this point we appeal to Sullivan’s neat Poincaré-neighborhood trapping

idea, in order to coutrol the loss of angle due to the remaining factors. Let AV be
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the smallest of the Poincaré neighborhoods .V'(r) of (a.b) in C((a.b)) containing

V,, —{2:0<6(z) < 6,}. From lemma 1.3 we know that 2R := diam.V* = O(d,).

(We have incorporated the factor (sin8,)~!

0, < % entails R2> |a — b/ /2, which is used below).

Figure 4

Claim # 2: For each i > j,, dist (a;,N'*) > Cla; — .

Indeed, from Figure 4 we have:

into the constants here, yet notice that

(=)

By assumption (b) we have |a¢; — a|] > K~'d, > C:R for all i > j,. Therefore

AL' < £ < C7!', and this bounds the denominator of (**) from above. At the same

time, A; = |a,—a|+ %la -b>(1 +C7\/§)E;—bl. which in turn bounds the numerator

of (**) from below. The claim follows.
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Clearly, claim #2 still holds true if dist (a;,.\"*) is replaced by dist (r, N'*) where
r is any point on the line at distance at least O(]a, — a|) from [a, b]. Since the base of
@i := A,B; contains intervals of length O(|a, — «a|) on either side of [a, b], we deduce
from this claim and Kébe's distortion lemma that: N, (V1) < Ced, /|a; — a|, for all

i > jn. As each ¢; leaves V't invariant, iterated application of lemma 1.2 yields:
sin (2, 41) 2 exp{—Cod, Z la; —a|™'}sinb(z,,) . (% % %)

=Jn

But now, using the full strength of assumption (b) we have: L |a; —a]™! <

8- Lk>n d;' < Ksd,. Taking this back to (*+*) shows us, at last, that sin @(zmn4;) 2

(W]

exp{—C9l's}sin8, =: ('},. as was to be proved.
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II1.2 The Factoring of Renormalization
Compositions

We want the powerful tool of §1 to be brought into our dynamics problem. To
be more specific, considering the long renormalization compositions of a strictly
commuting pair in the Epstein-Lanford class of chapter I, we would like to break
them up into factors that will satisfy the hypotheses of Sullivan’s sector theorem
after affine rescaling. This is accomplished at the end of this section.

Let f : T! « be an orientation preserving homeo with irrational rotation number
p(f) = [ro,riy.. - rnv...]. Given * € T, set Io(xr) := T! and, for &k > 1, let
Ii(z) € T! be the unique closed interval with endpoints x and f%(x) containing
f+2(x). For a distinguished point ¢ € T'. we shall write I, instead of I,(c).

Fix some (large) positive integer n, and consider the ordered collection of in-
tervals B := {f'(],.) : 1 £i < qn41 — 1}. Recall that these intervals have pairwise
disjoint interiors. For k = 0,1,...,n+1, let j; be the largest j > 1 with the property

that f*(1,)N I.k =@ for | <7< j. Observe that j, = 1.

Lemma 2.1: For | < k < n 41, we have j, = g if & # n (mod. 2), while

Jk = Gk + Gisr if K = n (mod.2).

Proof: For all k in the given range, either I, C I, or I, is adjacent to I, depending
on whether |n — k| is even or odd, respectively. The lemma follows, then, from the

dynamical interpretation of {q,}.>0 as a sequence of return times (see Figure 5). O

Let us consider the “blocks™ By := {['(I,) € B : jioy < ¢ < jiy1}, for k =
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1,2,....,n. Notice that B = ;- By and that B, N By, =@ for 1 <k < n-2.

These blocks correspond roughly to what Sullivan calls epochs in [S1].

Definition 2.2: Let the scale of f'(I,) € B be the largest k > 1. if any, such that

(1) C Iy - ik“. and let it be equal to zero otherwise.

Definition 2.3: An element of By is called a k-marked interval if its scale is equal
to k. We also call an element of B, a 0-marked interval if its scale is zero and it
precedes all 1-marked intervals in the forward dynamical order of B.

We denote by M, the collection of all A-marked intervals, for k =0,1,... . n. It
is not difficult to see that .My has either 0 or ry — 1 elements, depending on whether

n is odd or even, respectively. On the other hand:

Proposition 2.4: If | < &k < n, then r; < card(.My) < ri(rise1 + 1), and in fact

card(My) = ri whenever & = n (mod. 2).

Proof: (a) Observe that the intervals Jo := f*=1(1,), J, := f*9%(Jp), s =1,2,...,rx—
1, constitute a partition of /y_; — I;4, modulo endpoints; see Figure 5.

(b) Suppose ¢ < j are such that the intervals f'(I,). f/(I,) belong to B, and are
both in the same J,. Then they are A-marked by definition, and by lemma 2.1 either:
(1) =1 < qkgy — qi—r ot (2) j — i < v4p1qesr + 'eqi. depending on whether n — k is
even or odd, respectivelv. On the other hand. f/=*(J,) N j, # 0, and since fox-1+ou
is a homeo, we have f/~/(I;) N ik # 0 as well. which implies j — ¢ 2 qi4y. Against
case (1) this yields a contradiction, and so each J, contains at most one element of
My, ie, card(My) < ri. Against case (2) it shows that the number of elements of

M, in each J; is at most the smallest integer greater than (resy1qis1 + 7eqi)/qr+1-



which is ri.y + 1. whence card(My) < re(rigr + 1).
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(c) Finally, in either case we have .J, D fre-1+ls+awdn([ ) for s =0,1,...

Tk — 1,

where ¢, is the remainder of n — & modulo 2. Since such images of I, are in By

by lemma 2.1, they are in M, too. and so the lower bound card(.M;)

established.

Zi‘k iS

O

Let us assume from this point on that f is a critical circle homeo (with ¢ € T!
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a critical point of cubic type). smooth enough for the bounded geometry results of

chapter I to be valid for f. More precisely, let us assume the following “axioms™:

Axiom 1: There exists Ay > | such that the inequality |I,_,(f'c)| > K,.[1.(f'c)]

holds for all n > 1 and all : € Z.

Axiom 2: There exists A > 0 such that the following holds for all n > 1: if
0<i<i+j < ¢ue1—1and J 2 fi(1,) is the largest interval restricted to which f’

is a diffeo onto its iinage then [f*(1,)]* C J.

In the bounded combinatorial type case (F = maxr, < oo) inequalities and

inclusions in the opposite direction are valid also, with suitable constants.

Definition 2.5: Let the polar-ratio of a non-degenerate interval J with respect to
a point r be the number P(xr.J) := dist(x.J)/|J|.

Observe that. under a map with bounded cross-ratio distortion, polar-ratios do
not decrease by more than a multiplicative factor depending only on the cross-ratio

distortion of the map.

For 1 <i < gn41 — 1. let us write P, := P(c, f(I,)).

Proposition 2.6: There exist constants (' > 0 and ¢ > 1, depending only on
constant K, of axiom 1. such that P,,, > Cu™~* for each interval f'(I,) whose scale

is equal to k.

Proof: Set x = f'c; all intervals written [a,b] in this proof will be contained in
T! - {z}.

Since f is topologically conjugate to the corresponding rotation, we have: (a)
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fu(z) € [fo-1(z). frori(x)] for all j > 1: (b) if f'(x) € [f%*-1(x), f*+(z)] then
[~ (z) € [f~%= (), fro e ()]

Putting these two facts together yields ¢ = f~'(r) € I4_3(x) — [i42(z). Applying
axiom 1 for + = f'c and using an obvious “telescoping™ trick we deduce that P, , >

K77%=2 which proves the proposition if we take C = k7% and u = K. D

With these two propositions at hand, we proceed to exhibit the promised factor-
ing of the n-th renormalization of a strictly commuting pair (§,7) in the Epstein-
Lanford class.

So we know there exist open intervals iE 2 &(I¢) and in 2 n(l,), as well as
(symmetric) schlicht mappings h7' : C(l;) — C. hit C(I,) — C such that
£ =heoQ and n = h, 0 Q. where Q denotes the cubic polynomial z — 23. If we
think of (£, 7) already renormalized enough times, we may assume also that y(1,)
sits inside I, with universal space around it, ¥ = £, ; in particular, each restriction
h-'1y(1,) has universally bounded cross-ratio distortion (cf. observation preceding
proposition 2.6).

Consider the successive renormalizations of (£.7n) without rescaling: (£o,70) :=
(&,n) and (€ns1s0ns1) = R(énonn) = (aonir 0 &) for all n > 0. We have seen in

chapter I that the following “hybrid” representation of (§,,7.) is available for n > 1:
£ = fi"-10€ over £7Y(1,)

m=no ft"! over I,

£n 1o j‘q,,-. -1 over I,
n odd = {,]" =gofin~tof over £V (1.-1)

n even = {

where f : I, « is the circle mapping associated to (£,7), while. as before, the

intervals I; are just /,(c) for ¢ = 0 (= £(0)). the critical point.

Remark: Strictu sensu. f is not a critical circle mapping: it is necessary to consider
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instead f := >"'o fo,> where > : [, = I, is a smooth change of coordinates with a
cubic singularity at £(0). Nevertheless, the geometric properties expressed through
axioms 1 and 2 above do remain valid for f, as already remarked in chapter I, and

all bounds involved are beau in the sense of Sullivan [S1].

We henceforth restrict our attention to the case n even (and large), and within it
we show how to achieve the desired factoring only for £,; the other cases are handled
in similar fashion.

For the time being. only the diffeomorphic part of 7! concerns us, namely the
composition:

gn = (fq"-')-l :fq'.-|(ln)_’ln ’ ("‘)

the remaining “root factor” £~! will come into play only in §3. We work through

steps:

! in this composition

1) Consider (*) written as a word in £~!, ™. A factor 4~
is called a left or a right factor, according to whether ¥ = 7 or v = £, respectively.
Each such factor, remember, has a further decomposition y=! = Q="' o h'. A left

root is the part of a left factor corresponding to Q~!; right roots are similarly defined.

The factors h! are called simply h-factors.

Definition 2.7: (a) A left root is said to be A-marked (A necessarily even) if the
interval domain of its associated left factor is 3(.J) for some J € My (b) A right root
is said to be k-marked (4 necessarily odd) if the interval domain of its associated

right factor is some J € Mj.

Here k ranges from 0 up to n — 1. Proposition 2.4 bounds the number of k-
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marked roots for any such & in terms of the combinatorics of the rotation number

p(f) = p(&n).

2) Organize all marked left roots in the composition giving £, by their order
of appearance (from right to left) in that composition, and call them successively

-~

AA,, fig, ...y Ap. In this order, first come the (n—2)-marked roots, then come the (n—
4)-marked roots, and so on. Moreover, A,, is the very last factor in the composition
in question, as is easily checked. We have also m = (ro — 1) 4 r; + -+ 4+ r,_,, after

proposition 2.4,

3) In (*). let B; be the sub-compostion going from the first factor on the right
up to and including the left-most factor before A,, which is precisely the h-factor
associated to the left-root ,:l,. On the other hand, for j =2,3....,m, let é,- be the
sub-composition running strictly between fi,_l and fi,. With this new notation, (*)

now reads:

-~

£, = Ano ,,,o---oAA,-o 004, 0B . (**)

4) Let Ty C I, be the largest interval containing f(/,) restricted to which f-1-!
is a diffeo onto its immage. Set (a,b) := Ty := 5~ (7)) (we are now remembering that
n is defined well to right of £(0)) and put also T; := f*"YTy) for i = 2,...,¢n-1-
Then each T; contains the corresponding f'(/,) plus definite. beau space on both

sides, after axiom 2.

5) Accordingly, let all factors A,, B, be rescaled via the affine, orientation pre-
serving maps taking the relevant T;'s back onto (a,b). Call the rescaled mappings

Aj, B;, respectively: these are now elements in the class S(a,b) of §1.



We are ready to state and prove:

Theorem 2.8: If p(£. 1) is a rotation number of bounded combinatorial type then
the rescaled composition A, 0 B, 0:--0A,0 B, 0---0 A, o B, satisfies all the

hypotheses of Sullivan’s sector theorem with beau constants.

Proof: (a) Assumption (a) of theorem 1.1 is satisfied, for each A, is certainly a
left a,-root with a, = % (i.e., a cubic root), and the pole of A, is in dynamical
correspondance with «. as is easily checked.

(b) The number of marked left-roots at each scale being uniformly bounded
(by the hypothesis on p(£, 1) and proposition 2.1), the “bounded gap™ condition of
assumption (b) is fulfilled if we group the roots together by scales.

Now, let a, be the pole of A, as in §1, and i be such that f‘(/,) is the marked
left interval corresponding to 4,. Combining the observation following axiom 2
with steps 4) and 5) above and the definition of polar ratio, we obtain: |a, — a| 2
Cola — b P, ,.. for a certain beau constant Cy. Therefore, by proposition 2.6, |a, — «|
grows exponentially with n — &, where k is the scale of A,, and this takes care of
the series condition of assumption (b).

(c) It remains to check whether assumption (c) holds true here.

But for all j > 2 we may write l§, = h,0€ o (f™*)"!, provided k is the scale of
Aj, where h, is the h-factor associated to A,. Thus, we have the situation depicted
in Figure 6 [in fact. there are two cases, depending on whether the scale of .:i,_,, the
preceding marked left-root, is equal to k or k + 2; Figure 6 illustrates the former }.

By axiom 2, f%~! is defined on an interval J 2 [f(/k-1)]" as a diffeo onto its

image. Hence assumption (c) is indeed verified if we take into account that: (i)
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J is in dynamical correspondence with the base (§1) of B, (ii) f(£(0)), the left
endpoint of f(Ix_;). is in dynamical correspondance with the pole of A,, (iii) £~' is
defined well to the left of f(£(0)); and (iv) A, is a map of beau hounded cross-ratio
distortion. The case j = 1 is similarly proved.

Since all bounds involved are beau, the theorem is proved too. ]

Figure 6
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CHAPTER IV
The Teichmiiller Contraction Property of
Renormalization

Following Sullivan’s strategy in [S1]. we shall prove renormalization contraction
at the level of the Teichmiiller space of a compact Riemann surface lamination (§2),
suitably constructed fromn the orbit structure of the relevant holomorphic commuting
pair.

The key to contraction at that level is Sullivan’s almost geodesic lemma (§3).
Contraction at the level of commuting pairs follows from this sort of Teichmiller
contraction because, at small scales at least, Teichmiiller's metric dominates the
quasiconformal conjugacy metric (on holomorphic commuting pairs). All the neces-
sary bounds for this argument are already in place since chapter III, given that the

opposite inequality on inetrics is (almost) a tautology.
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IV.1 Holomorphic Repellers and their Riemann
Surface Laminations

By holomorphic repeller we mean a triple (U, V, f) where U,V C C are bounded
open sets with U C V and f: U —» V is a proper holomorphic branched covering
map. Examples include polynomial-like mappings in the sense of Douady-Hubbard
[DH], as well as the so-called Cantor repellers discussed below.

The filled-in limit set of a holomorphic repeller is, by definition, Ay := N30 f~"(V).
Since f is proper, we have f~"(V) C f~"-Y(V) for all n > 1, and so A; is com-
pact; it is in fact the largest totally f-invariant compact subset of the domain of
f. Throughout this section we make the convenient assumption that the critical
points of f (if any) belong to Ay; in this way, U/ — Ay — V — A becomes a proper,
unbranched covering map.

We shall need the following very simple yet extremely important:

Proposition 1.1: Given a holomorphic repeller (U,V, f), we have: (a) if U,V are
any two neighborhoods of Ay, there exists m > 0 such that f~™(V) C U; (b)
the multivalued map f~! acts discontinuously on V — Ay, i.e.. for each compact

KCV-=A; KN f~(K) =0 for all but finitely many values of n.

Proof: In (a), it is enough to consider the case V = V; the sequence (f™"V),50,
being properly nested, shrinks down to A, as claimed. As for (b), choose some

neighborhood U 2 Ay such that Y N K = @ and apply (a). o

Our goal here is to associate to the germ of a given holomorphic repeller around
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its limit set A; a compact Riemann surface lamination in the sense of Sullivan [S1],
up to the appropriate notion of isomorphism. Roughly speaking, this will be the
space of backward branch orbits (or “threads™) of points in any deleted neighborhood
of Ay factored by the equivalence relation determined by the dynamics of f itself.

First we recall Sullivan’s definition.

Definition 1.2: A Riemann surface lamination (or RSL -) structure on a Hausdorff
topological space X consists of an atlas {(U,, )} covering X such that: (a) each ¢,
maps the corresponding U, homeomorphically onto D, x T,, where D, C C is a disk
and T, is a Hausdorff space; (b) each ovelapping homeo ¢z 0 ;! : o(Us N Us) —
¢a(Us N Up) is of the form (z2,t) — (¥(2), ¢(t)) with ¢, holomorphic for each ¢;
(c) the atlas is maximal with respect to these two properties. Provided with such a

structure, the space X is called a Riemann surface lamination.

As trivial examples, we have the products S x T where S is a free union of
Riemann surfaces and T is some Hausdorff transverse space.

The concept of leaf of a Riemann surface lamination is completely analogous
to the corresponding one for foliations; leaves come with obvious intrinsic struc-
tures making them into Riemann surfaces in a natural way. Accordingly, an RSL
(resp. QCL) - morphism X — Y between two Riemann surface laminations is a
continuous map which sends leaves of X into leaves of Y and is holomorphic (resp.
quasiconformal) on leaves.

Next we offer some fairly general tools by means of which several non-trivial

examples of Riemann surface laminations may be constructed.
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Proposition 1.3: Let (E.p. B) be a locally trivial bundle over a Riemann surface
B, with totally disconnected fiber above each element of the base. Then there
exists a unique RSL-structure on the total space E making the projection p into an

RSL-morphism.

Proof: For : = 1.2, let p~!(U,) 2, U, x F, be a local trivialization of the given
bundle, where U; C Bis open and F, = p~!(b;) with b; € U;, and suppose U,NU; # 0.
If x, : U; x F; = U; denotes the canonical projection (i = 1,2) then we have 0, =
p = mpop; over p~ (U, NU7;). Thus, for all (2.t) € o1 (p~ (U1N1,)) = (UhNU,) x Fy
we may write ;007 (. 1) = (2, 9(z. 1)), where @ : (U;NU;)x Fy — F3 is continuous.
Since F; is totally disconnected. for each connected component O C U, N U, the
restriction ®|O x F| must be independent of the first variable, compare condition (b)
of definition 1.2. It follows that the local trivializations determine an RSL-structure

on E. Uniqueness of such structure is proved in similar fashion. o

[This remains unchanged, of course, if more generally B is taken to be a free

union of Riemann surfaces].

. . ) o tn o o1 o
Proposition 1.4: Given an inverse system ... = S, — S,_; — ... = Sy, where

each S, is a free union of Riemann surfaces and each o, is a proper holomorphic
covering map, let 8, be its topological inverse limit and consider the canonical
2nd

projections 7, : S — Sy, n 2 0. Then S is a locally compact, -countable

space and has a unique RSL-structure making each r, into an RSL-morphism.

Proof: We write 5,. 1= 0,00,0---00, foreachn > 1.

Let xy € Sy, set Fy:= {xo} and F, := 5,‘,'(170) for each n > |, and consider the
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inverse system ... — F, — F,_, — ... — F;. Since each ¢, is a proper convering

map, we have:

1) Each F;, is discrete and compact, whence finite, and so F, := lim F,, is a com-
pact, non-empty (see Eilenberg-St'eem‘od [ES] or Dugundji [D]) totally disconnected
space having a countable basis.

2) If D C S is a conipact, simply-connected neighborhood of z¢ then any con-
nected component C of ¢7!(D) C S, must be compact and simply-connected as well
(use induction!) and Q;,, must map it homeomorphically onto D. In particular, there
exists a unique r € F, N (intC), and so we write D, :=C.

Hence, let v : D x F,, = [122, S. (both spaces with the product topology) be
defined as follows: ¢'(z,(rn)n30) = (2n)n30, Where {z,} := D,"ﬂ&;'(z) foralln 2 0.
This map is well-defined and injective by 2), and it is clearly continuous. Since its
domain is compact and its range Hausdorff, ¢' is a homeo onto ¢(D x F,) = n5'(D).
Setting ¢ := v~' : =y '(int D) — (int D) x F,, we have mp o ¢ = =g, where 7p :
(int D) x F,, — int D is the canonical projection, whence ¢ is a local trivialization
of (S, 7o, So) around ry; this already shows us that S, is locally compact with a
countable basis. Invoking proposition 1.3, there exists a unique RSL-structure on
S, which is compatible with mp; but since 7o = é;,. o7, and each 3,, is holomorphic,

such structure is in fact compatible with =, for all n > 0, and we are done. a

An “analogous” situation in the context of direct limits is provided by the much

simpler result that follows.

Proposition 1.5: Let X, 20X 2 o5 X, 25 ... be a direct system where

each X, is a Riemann surface lamination and each ¢, is an open, injective RSL-
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morphism. Then the direct limit space X' has a unique RSL-structure making the
canonical maps p, : X, = X*.n 2 0. as well as the direct limit map 0> : X™ —

X', into open, injective RSL-morphisins. o

Proposition 1.8: Set X, = X and ¢, = o for each n > 0 in proposition 1.5,
where X is assumed locally compact and first countable and ¢ is taken to act
discontinuously on .X (cf. proposition 1.1(b)). Then the orbit space X>*/ < o™ >
has a unique RSL-structure for which the canonical projection X™* — X/ < ¢>* >
is an RSL-morphism. Moreover, if ¢ has a relatively compact fundamental domain

in X then X*/ < 0™ > is a compact space.

Proof: In proving the first assertion, the only non-trivial point is to show that the
orbit space in question is Hausdorff. Any group of homeomorphisms of a locally
compact, first countable Hausdorfl space Y} that acts discontinuously on Y has a
HausdorfT orbit space Y/ (see Beardon [Be] for a proof in the context of “Kleinian”
groups). Therefore it suffices to show that o™ acts discontinously on X>. Let
K C X* be compact and consider the canonical maps p, : X — X, n > 0. Since
{pn(X)}n>0 is an increasing sequence of open subsets of X whose union is X,
there must be a k£ > 0 such that A C p(X). and because p; is a homeo onto its
image we have that K = pi'(K) C X is compact, whence ¢"(R:) NK = 0 for all
but finitely many values of n. But then (¢™)"(A)N K = @ for those same values,
and so ¢™ acts discontinuously on X' * as claimed.

As for the second assertion. if @ C X is a fundamental domain for ¢ with
compact then, since each p, is open, p,(f) is a relatively compact fundamental

domain for ¢ (for each n > 0) and so X~/ < o™ > p,()/0™ must be compact.



Remark: One may not replace “discontinuously™ by “properly discontinuously”
(meaning: each r € X has a neighborhood whose translates by the semi-group
generated by ¢ are pairwise disjoint) in the above statement. For example, take
X =(CxR)- {(0.0)} and let ¢ : X — X be the map (z,t) — (Az,A~'t) where
A > 1; then ¢ is a properly discontinuous RSL-isomorphism, but X/ < ¢ > is not

even Hausdorff.

After such preliminaries. we are ready to state and prove the main result of this

section.

Theorem 1.7: Every holomorphic repeller (I, V. f) has a compact Riemann surface
lamination L(U, V) f) associated to it in such a way that: (a)if ({/, V. f) and (o.v, f)
represent the same germ (i.e., Ay = 1\7 and f = [ over U N ) then we have
an RSL-isomorphism L(U, V. f) = L(U, V. f):; (b) every quasiconformal conjugacy

(h W1, [i) ~ (U, V), f2) induces a QCL-isomorphism L(U,, Vi, fi) = L(U,, V3, £).
Proof: 1) Construction of L(I/, V. f). Consider the inverse system:
L [TV e [T e G e (+)
together with its sub-system:
R At TR PR ol T A (x¢)

where 15 := V — A, and let V..V be their respective inverse limit spaces. Both
are Riemann surface laminations by proposition 1.4, and since (**) is cofinal in (*),

we have an RSL-isomorphism ¢ : Vo — V... On the other hand. the inclusions
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S0, € "V, vield an open, injective RSL-morphism v : V. « V. : therefore
we have an open, injective RSL-morphism ¢ := yo 2 : V, — V. We get easily
from proposition 1.1(b) that ¢ acts discontinuously on V.. Since V., is locally
compact and second-countable, proposition 1.5 tells us that the direct limit space of
Vo 2, Ve 2o Ve 2. -, call it V2, is a Riemann surface lamination with
those properties too. If 0™ : V° « denotes the corresponding direct limit map (an
RSL-isomorphism), we deduce from proposition 1.6 that L(U, V. f) := V] < ¢ >
is a compact Riemann surface lamination.

2) Property (b) is clear.

Proof of (a): by proposition 1.1(a). there exists m > 0 such that f~™(V) C
UNU C V. and so we have f""‘"’"’(f") = f"‘(i‘"‘V) C f~5V) for all &k > 0.
Passing to the inverse limit and then to the direct limit just like in the above
construction yields an open, injective RSL-morphism 3 : V;“ — V2 (conforming

with the notation in 1)) such that the diagram:

Yoo T
o™ | l o™
- = .
vy VX

commutes; since once again by proposition l.1(a) we have f~"(V) C V for some
¢ > 0, 3 must be onto, i.e., an RSL-isomorphism. Therefore V:’/ < ™ > Ve[l <

¢ >, as stated. m]

The specific holomorphic repellers to which this theorem will be applied belong
in the following group of examples.

A Cantor repeller consists of two collections. say { Do, Dy,...,D,-1} and {A,,
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Ay, ... Amor ), of topological disks in the plane together with a surjective mapping
[ UiS Di = Ul' A, satisfying the following conditions: (a) in each collection,
any two distinct elements have disjoint closures; (b) for each i there exists j(i) such
that D; C A,y (c) each restriction f|D, is a schlicht mapping onto Ay, for some
k(i). [Observe that we do not require that j(i) = k(#)]. It is implicit in this definition
that f is a proper covering, so every Cantor repeller is indeed a holomorphic repeller.

We make a few remarks on Cantor repellers, preparing ground for the next
sections:

1) If we consider in the union U;";O' A, the infinitesimal conformal metric that

agrees in each disk with the corresponding hyperbolic metric and apply the Schwarz-
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Pick lemma to the inverse mappings Ay, L, Aj(;)» we obtain the following result:

Proposition 1.8: The mapping f expands this infinitesimal conformal metric by
a definite factor. In particular, for some N > 1 fV expands the euclidian metric on

some neighborhood of \; by a definite factor also. o

For this last statement. simply observe that the conformal metric in question
and the euclidian metric are quasi-isometric in any neighborhood of Ay which is
compactly contained in the range of f.

2) The dynamics of f|\ is topologically the same as that of a certain subshift of
finite type. This is seen in the usual way (Bowen [Bo]): let G be the oriented graph
(in fact a 2-graph) whose vertices are 0,1...., n — 1 and whose directed edges are
the ordered pairs (i.:’) for which f(D;) 2 D/, and let ¢ C {0.1,...,n—1}N =: Q,
(with the product topology) consist of those sequences (ix)i>0 such that (ix,ixs1)

is an edge of G for all £ > 0. Then X is a compact o-invariant sub-space, where
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o : Q, « is the one-sided shift (/)0 o Tkt )i>0. and because of the expanding
property stated in propousition 1.8, the dynamical system (A, f|.\;) is topologically
conjugate to (Y¢.0|q;).

3) It should be pointed out that not every finite oriented 2-graph G is the graph
of a Cantor repeller! The so-called Fibonacci graph, whose transition matrix is
(} (l)), yields the simplest example. However, by suitably increasing the number
of vertices (re-coding), one can always obtain a realizable G’ such that (£¢/,0|Xc/)
is topologically conjugate to (£g,0|Zg).

4) A Cantor repeller only deserves its name when Ay, or equivalently s, is a
Cantor set. This is always the case if the corresponding transition matrix Ag is
aperiodic, i.e., some power of A consists of strictly positive entries. When this
happens, the associated compact lamination whose existence is asserted by theorem
1.7 exhibits uncountably many dense leaves.

5) Let us agree to call a Cantor repeller geometric if the boundaries 9D;, 04\,
are quasicircles for all /.j. Then a fairly simple pull-back argument in the spirit of

theorem 11.3.2 shows that if two geometric Cantor repellers have isomorphic graphs,

they are quasiconformally conjugate.



IV.2 Constructing the appropriate Cantor
Repeller

In this section we conform with the notation established in Chapter I1.

Let I’ be a holomorphic commuting pair having a connected limit set Ar {which,
as we know after II §3, is the closure of the set of points that never leave the
domain of I' under iteration]. We want to show how to extract from “within” I a
certain Cantor repeller of fixed combinatorial type that turns out to be conformally
conjugate to [' in some deleted neighborhood of (part of) Ar.

The construction is easy, but its description is somewhat painful. Some ele-
mentary facts about the boundary behavior of conformal mappings (such as Cara-
théodory’s extension theorem) will be implicitly used; we refer the reader to Figure
1.

Here we go:

1) Consider the {simply-connected) regions: V; := U: -Ap; Vi =U) = (Ug U
UpUAp); Vo i= U = At Vo= Ug = A V= U7 —(Ug QU UAR); Vs i= Uy — A,
as well as: Wy := A* — \r; W) := A~ — Ar. [One should look back at Figure IL1].

2) Notice that C-Ar is simply-connected; accordingly, let @ : C-D — C—-Ar be
the Riemann-mapping, normalized to be symmetric about the real axis (keeping its
orientation) and fixing oc. Set O, := &~'(1}) for i = 0.1.....5 and Q, := &~1(W))
for j =0,1.

3) Let f : Ul O, — QU be the mapping ®~! o Fo® where F is the auxiliary
transformation associated to [ (see Il §1). Then each restriction f|O; is schlicht and

maps O; onto either )y or Q;, depending on whether ¢ is even or odd, respectively.




-1
v 9]

4) If we write I, := 9O, N oD, ¢ = 0.1,....5, then each [; is a closed interval,
and these intervals are pairwise disjoint. It is easy to see that each schlicht mapping
f|Oi; carries the corresponding I; onto (JID)* when i is even, and onto (dID)~ when

t is odd.

Figure 1

5) Next, let Ay € C* be a Jordan domain such that: (a) Ao is symmetric
about dID (with respect to geometric inversion); (b) Ag N (C = D) C N; (o)

O, U0, U, C Ag. Let A} C C be similarly defined (or equivalently, take it to



79

be the mirror image of \j across the real axis).

6) Finally, consider the inverse mappings f, := f~! : Qo — O, for i even. Restrict
each f, to Ao N (é — D) and then extend the corresponding restriction to Ao by
Schwarz's reflection: this is made possible by 1) above. We continue to denote these
extensions by the same names, so now set D; := fi(Qq), t even. Define D, for i
odd in similar fashion. using A, (see Figure 1). We have (at last!) constructed
f:(DoU---UDs)— NoU )y, a Cantor repeller as defined in §1.

7) It should be clear that a further conjugation of f by a suitable Mobius trans-
formation puts our (‘antor repeller in the linear form examined in §3.

8) Since the small dynamical interval of I' (cf. II §1) lies in the interior of the
domain of I and is forward invariant under F, the following key property holds true:
for each n > 0, the image of [f (U’ D:)] N (C — D) under the Riemann map & is
of the form O — Ar. where O is some neighborhood of the small dynamical interval
of I'. This will be nsed in full in §4.

9) We remark, merely for the sake of completeness, that the subshift of finite

type associated to [ has the following transition matrix:

I 11000
000111
gt r 1000
TTloo o0 111
1 11000
0001 11

(whose characteristc polynomial is p4(A) = M(A = 1)(A = 3)).



IV.3 Around Sullivan’s Almost Geodesic Lemma

In [S1], Sullivan defined Beltrami differentials (Beltrami vectors) and quadratic
differentials on a compact Riemann surface lamination X as cross-sections of suitable
tensor bundles over X. Thus, he defined a Beltrami differential yu locally on each
flow-box chart (D, x T,, ¥, ) (see §1) as a Borel measurable function u, : D, x T, —
C satisfying: (a) pu,(-,t) € £L*(D,) for each t € T,, and the map t — u,(-,t) is
continuous if we provide £L*(D,) with the weak topology; (b) if ¥,3 denotes the
chart transition 5 o ¢';! and we write y,5 = (¥:,053) then, over the domain of

Yo, We have:

* lh = T— M350, .
(*) / ()w:h’lj Yaid

Sullivan defined also quadratic differentials on X essentially as the corresponding
“dual” objects. More precisely, a quadratic differential » on X is an assignment of
a o-finite measure class [m,] to the transversal T, of each flow-box chart satisfying:
(a) the transversal components ¢?, 5 of chart transitions are absolutely continuous as
maps (Ty, [ma)) = (T3.[mg]); (b) for each choice of representative m, € [m,] there

exists a measurable function ¢, : D, x T, — C such that, on overlappings:

s’
(**) Pa = P30 Yas. [ a:’i] -wa”, '

where J‘,,:” is the Jacobian of 7} with respect to the measures m, and mgs; (c)
each ¢, is integrable with respect to the product measure dz d=dm, on D, x T,. It
follows from this definition that there exists a well-defined measure d|p| associated
to a quadratic differential on X its expression on a given chart is |, | dz dZ dm,, for

each choice of measure m,, and any two such choices, by (**), differ by the Jacobian
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of the identity with respect to both transversal measures, which is nothing but their
Radon-Nikodym derivative. If the total mass || := A d|y| is finite, we say that »
is an integrable quadratic differential; we call || the norm of .

A quadratic differential is said to be holomorphic if it is holomorphic on almost
all leaves with respect to the transversal measure class that it defines.

Sullivan’s definitions are set-up so that the natural pairing < v, > := /\ vy
is well-defined. whenever v is an (essentially bounded) Beltrami vector and p is an
integrable quadratic differential on X. In terms of such pairing, one can formulate

the following;:

Definition 3.1: The Teichmiiller norm of a Beltrami vector v is |v|r := sup | / vol,
X
where the supremum is taken over all holomorphic. integrable quadratic differentials

on X of norm |p| = 1.

Definition 3.2: Given ¢ > 0, a Beltrami vector v on X is called ¢-extremal if

vl < (1 +€)lvir.

Unlike the case of ordinary quadratic differentials on Riemann surfaces, a holo-
morphic quadratic differential on X does not give rise to a metric on the leaves of
X, but yields instead, in very rough terms. a “metric up to a multiple” along each
leaf. Rather than trying to make sense out of this in general, we explain briefly
what we mean in the particular case of interest to us.

Let {w, : X — X} be a leafwise isotopy between yo = id, and a QCL-
isomorphism (§1) v; = «. Let p € X be a point of differentiability for the horizontal

component °, and let « be a tangent vector at p to the leaf through p. Then the
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ratio of lenghts between Du*(p).u and u. denoted Dy(p. u), can be defined as fol-
lows: given a flow-box chart at p, a choice of measure m, on the corresponding
transversal T, yields locally a holomorphic quadratic differential ¢,, and therefore
a conformal metric \/3, |dz|, on the leaf through p. Let v, (and hence the metric)
be analytically continued along the path yy(p); define Dy(p, u) as the ordinary ratio
of lengths of the above vectors with respect to this continued metric. Since any
two choices for m, yield o,’s that differ by a positive multiple along the leaf in
question, Dy(p, u) is well-defined. Now define a (measurable) function Dy : X — C
by Dy(p) = Dy(p, u) where u is any vector tangent at p to the leaf through p which
is also tangent to the corresponding trajectory through p on that leaf.

We are ready, thus. to state Sullivan’s gene ralized Grotszch inequality:

Theorem 3.3: If » is a holomorphic. integrable quadratic differential of norm
one on X and if {¢} is a leafwise isotopy to the identity whose time-one map

v =¥ : X — X is a QCL-isomorphism, then we have [\ D, d|p| > 1. 0

As a corollary to this theorem, Sullivan obtains his almost geodesic lemma, or
non-cotling principle, which we state below.

Just as in the case of ordinary Teichmiiller theory, a Beltrami vector » on X
always gives rise to a path of Beltrami differentials g, with yo = 0 and %;ql,:o = v,
obtained by “stretching the original RSL-structure on X in the direction of v". We
have in fact a map tv — p,. akin to the exponential map in Riemannian geometry.
In general, after integration via the MRMT along the leaves of X, {u.} does not
yield a path of RSL-structures on X (the integrated maps obtained in this fashion

may fail to be transversally continuous). If it does, however, we call v a special
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Beltrami vector. and denote the RSL-structure given by yu, by ¢,(v): we also write

co = co(v) for the standard RSL-structure on X.

Example: If (U, V| f) is some holomorphic repeller as in §1 and X := L(U.V, f)
(Theorem 1.7) then, given any f-invariant Beltrami vector on the Riemann surface
Vo = V — Ay, we can pull it back via the natural projection to the inverse limit space
Vs, in the notation of that theorem, and then project it down to the direct limit
space V> to get a o™-invariant Beltrami vector, and therefore a special Beltrami

vectoron X = VX/ <™ >.
The almost geodesic lemma can therefore be stated as follows:

Theorem 3.4: Let v be an :-extremal special Beltrami vector on .X for some ¢ > 0,
and let {'l'r}ossn be a leafwise QC-isotopy between (X, co) and (X, ¢(v)) for some
{ > 0. Then, if I denotes the maximal dilatation of ¥, there exists a universal

positive function é = 8(:,!) with é(¢,l) - 0 as ¢ — 0,such that IS K(1+46). O

For detailed proofs of Theorems 3.3 and 3.4, the reader is referred to the forth-
coming book by de Melo-van Strien [MS].

The form of Theorem 3.4 which seems most appropriate for renormalization
contraction (§4) is the following. Given « -pecial Beltrami vector on X, let the
QC-distance between ¢y and c¢,(r) be measured by inf log N(¢*) where ' ranges over
all possible QCL-isomorphisms leafwise isotopic to the identity between (X, ¢o) and

(X, e(v)). Then we have:

Corollary 3.5: Let { > !’ be given. Then there exists a constant 0 < AM({,!') < 1
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such that, for every special Beltrami vector v on X for which ¢4 and ¢;(v) are within

a QC-distance log!', we have: |v|r < A1, U)|v|«.

Proof: Suppose that for each ¢ > 0 we can find a special Beltrami vector v, such
that ¢ and c;(v,) are within a QC-distance log!'. and yet |v,| > (1 — ¢)|ve|». This
last inequality tells us that v, is Z-extremal, where ¥ = O(¢). By Theorem 3.4, we
must have | < I'(1 + 6({.7)). Choosing ¢ small enough so that §(/.%) < ,—', -1, we

get a contradiction. m]




IV.4 Renormalization Contraction

Let I' be a holomotphic commuting pair with irrational rotation number p(I') =
[ro.r1s. .. 7a....] of bounded combinatorial type: ¥ = maxr, < oo. Consider the
compact Riemann surface lamination Lr (up to RSL-isomorphism) constructed in
81, theorem 1.7, for the Cantor repeller of §2 associated to I'.

A Beltrami differential 4 on the annulus Qr := Ar — Dr represents an element
[[*] € Teich (') (see II §4), for after corollary I11.5.5 we know that Qr is a funda-
mental domain for I'. Here u is of course assumed to be symmetric about the real

axis.

Definition 4.1: The geometric parameter é(x) = mod (s ), where Qru := Apu —

Dr., is called the conformal type of p.

Next, let v be a Beltrami vector on Qf tangent to Teich(I') at [[*] = [4].
Recall that the Teichmiiller norm of v is by definition |v|7 = supl/nr“ vy|, the
supremum being taken over all holomorphic quadratic differentials in L'(Qrs) of
norm 1, symmetric about the real axis.

Beltrami differentials or vectors on () obviously give rise to [-invariant
(I'*-invariant) Beltrami differentials or (vectors) on Ar(Ar«). These in turn can be
lifted to Er(Zr“) and then projected down to Lr. Here ZF(ZN) denotes the non-
compact Riemann surface lamination obtained by the inverse limit construction of
Theorem 1.7 just before the direct limit is taken to produce Lp(Lrs).

We are ready to state the renormalization contraction theorem.

Theorem 4.2: If ;¢ has conformal type 8, there exist constants C' = C'(6,7) > 0,
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A = Mé6,7) with 0 < A < | and a positive integer ng = ng(6.7) such that. for all

n > ng, |R"v|r < CA|v|r for every Beltrami vector v at [u].

Proof: 1) By the Hahn-Banach theorem and the Riesz representation theorem,
there exists a Beltrami vector # on Qr. such that |§|, = |F|r and having the same
holomorphic periods as v, i.e., such that /ﬂr» vy = /nr“ vy for each L'-integrable.
holomorphic quadratic differential o in Q..

2) Observe that /n (R'p)p = /n (R"v)p. where N, := Qgnr«, for each holo-
morphic quadratic differential » in L'(Q,). Indeed, the difference v — & being
infinitesimally trivial. we can write it as @V for some hlog h~'-continuous vector
field V on Qpu. Its n-th renormalization V, can be extended to all of ,, by setting
it equal to zero at the intersection of {2, with the limit set of I'*, and such extension
still has that same modulus of continuity (this is the infinitesimal version of Bers’
quasiconformal sewing lemma I1.2.1). In this fashion we have R"v — R"’ = dV,,,
whence R"v and R"7 have the same holomorphic periods as claimed; in particular,
their Teichmiiller norms are equal, Vn > 0.

3) Deforming I'* along ¥ a distance [ to be chosen below, we get that under any
number of renormalizations larger than some n, depending on [ and on the complex
bounds of Chapter IlI, the endpoints of such deformation path are brought to within
a quasiconformal distance I' = I'(F). Thus, choose { = 2/', say.

4) For each n > 0, lift the above n-th renormalized path of conformal structures
to a corrésponding path on the lamination Lgar.. Lift also R™7, obtaining the

special Beltrami vector R"7, on Lgaru. Applying the almost ;eodesic lemma in the



form given by Corollary 3.3. we have:
IR™ 317 < MLA)IR Bl € MLL)I5]x = AL ). |57

for all n > n,. where 0 < \(I.l') < I.

5) By Theorem 3.6 we have |R"5|r < C|R"7|r for some constant C > 0, for all
n > ny, where C and n;, depend only on the conformal type of ;. At the same time,
|7l € |P|T, because every holomorphic quadratic differential on L. projects down
to a '“-invariant quadratic differential system on Ars.

Therefore, setting 119 = max{n;,n;}. we have |R"0|r < C.A"|¢|r for some C =

C(6,7) > 0 and some A = A(6.F) € (0.1). for all n > ny. ]
Integrating the inequalities in this theorem yields:

Corollary 4.3: The quasiconformal conjugacy distance between holomorphic com-
muting pairs with same rotation number of bounded combinatorial type is con-
tracted exponentially under normalization. In other words, if p([')) = p(I'2) =
[ros T4y .o vy Tae...] with T = maxr, < 20 then dr([R"['], [R"T;]) < CoAgdr([Ty],

[[3]) for all n > 0 for certain constants (o > 0 and 0 < Ag < 1. o
This is nothing but Theorem B; of the introduction.

Observing that, due to the complex bounds of Chapter IIlI, R*I'; and R"T'; are
eventually defined on definite neighborhoods of their respective dynamical intervals,

we get:

Corollary 4.4: Renormalization also contracts the quasi-symmetric conjugacy dis-

tance between real commuting pairs in the Epstein-Lanford class. In other words,
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if (s,(;, € EL and p(f) = p(g) is of bounded combinatorial type as above then for
all n > 0 we have dgs(R"(;.R"(y) < C1ATdgs((s. ;) for certain constants C; > 0

and 0 < ) < 1.

As already observed in Chapter I, this last corollary combined with Carleson’s
theorem in [Crl] yields Theorem B of the Introduction (C'** conjugacy), and with

it, the Main Theorem.
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