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Abstract

NONLINEAR SYSTEM IDENTIFICATION AND

PARAMETER ESTIMATION
By
Sheng Lu
Advisor: Professor Ki Chon

[. System Identification.
The ARMA (autoregressive moving average) model plays an important role in

system identification which is described as:

n) =3 a(i)y(n—i) + 3 b()x(n - j)+e(n)

il j=0
The ARMA model is broadly used in many diverse fields ranging from signal
processing, communications, biomedicine, to economics.

The true ARMA model order (p,q) is unknown; therefore, to circumvent this
inherent | imitation w ith the A RMA model predication, we have developed two

novel algorithms to obtain model order.

II. Parameter Estimation
Once we have obtained the accurate ARMA structure, the next step is to calculate
the parameters. The conventional method are generally biased. We have

developed a new algorithm to overcome this shortcoming.
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Chapter 1

Introduction

I. System [dentification.

The ARMA (autoregressive moving average) model plays an important role in
system identification, especially for input-output system. The basic idea of the ARMA
model is to predict next states based on previous output and input data. The ARMA

model is described as:

Yn)==3 aldyy(n i)+ 3 b(j)x(n - j) + e(n)

e =0
where p and q are autoregressive and moving average model orders, respectively. For
more complex systems, a nonlinear ARMA model can be utilized. The nonlinear
ARMA model may include quadratic, cubic and higher-order terms of the input and
output lag data values. The ARMA model is broadly used in many diverse fields
ranging from signal processing, communications [20], biomedicine [26], to economics
[24]. Specifically, in the area bioengineering, Abdel-Malek et al. studied differences in
parameters obtained by the ARMA model in a manual-tracking experiment between
patients with Parkinson’s disease and a normal control group [27]. Zigel, Y. Cohen,
A.et. al combine ARMA model and coding techniques to compress the ECG signal
and the performance is very competitive [35]. In the field of wireless communications,

Davis et al. used an ARMA model to predict fast-fading mobile channels [28]. In
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financial engineering, some of the stock market predictions are based on the ARMA
model process.

The ARMA model is not only useful for time-domain analysis, but it can also be
used to obtain the frequency content of the signal. For example, Chon has used FOS
(Fast Orthogonal Search) to distinguish between two frequency components that are
very close to each other, which was not possible even with some of the most
sophisticated approaches such as MUSIC (Multiple Signal Classification) and modified
covariance approaches. Furthermore, nonlinear autoregressive (NAR) model parameters
can be used to capture the inner dynamic features of chaotic signals. For example, a
NAR model based on the FOS approach has been used to model the dynamics of
different chaotic systems.

The true ARMA model order is unknown, therefore, the accuracy of the ARMA
model is predicated on selecting a correct model order a priori. To circumvent this
inherent limitation with the ARMA model prediction, many approaches have been
developed to obtain accurate model order determination. The following list includes
previous work on the attempt to obtain accurate model order determination:

e The Akaike Information Criterion,

. +
Lakaike(p; g) :=1n 0’:.‘? + szq s

o The Akaike’s Final Prediction Error Criterion,

-

» N+(p+q)+1
IrrPE (p,q) := G~).
@.9) P N-(p+q)+1

e The Bayesian Information Criterion,

(p+¢)la N

IBayesiaa(p, ¢) :=1In .:.q +2 N s
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e The Hannan-Quinn Criterion,

(p+g¢)-c-ln(ln N)
N ]

IHannan-Quinn(p; ¢) :=In &:.q +12

where N is the signal length in samples and &:.e denotes the variance of the residuals of

the ARMA[p,q] process.

Most of the above ARMA model order criteria, if not all, do not work well in practice,
however. Furthermore, these criteria cannot be applied to nonlinear ARMA models. The
shortcoming of these model order criteria is demonstrated via simulation examples in
the Results section.

To alleviate drawback inherent in many of the previously developed model order
criteria, many novel methods have been developed to obtain an accurate estimate of the
model order and consequently the parameters of the ARMA model. Some of the
approaches include neural network and the maximum likelihood method. For example,
Chon et al. [2] established a two step approach to estimate linear and nonlinear
stochastic ARMA model parameters using neural network, in which the parameters of
the d eterministic p art o f t he stochastic ARMA model are first estimated via a three-
layer artificial neural network and then reestimated using the prediction error as one of
the inputs to the artificial neural networks using an iterative scheme. In the late 1980’s,
Korenberg [9,10] developed a new algorithm based on an orthogonal vector search
called FOS (Fast Orthogonal Search). Details regarding the FOS algorithm will be
described in the following c hapter. A Ithough FOS is robust, itis suboptimal andin
certain cases, it fails to obtain correct parameters even if there is no noise present in the

system. In the following chapters, we will introduce two new algorithms that we have
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developed. Simulation results are performed and the new algorithms are compared to
the FOS to examine the efficacy of the newly-developed algorithms. The performance

of these two algorithms in most cases is better than the FOS algorithm.

I1. Parameter Estimation.
Once we obtain the accurate ARMA structure, the next step is to calculate the
parameters q, and b;, i=1...p, j=1...q. The conventional method is to use least squares

(LS). The method of least squares assumes that the best-fit curve is the curve that has the

minimal sum of the deviations squared (/east square error) from a given set of data.

* = min[(4Ax - b)*]

With LS, the result can be unbiased only if either the independent variable is noise
free or if there is no additive noise present in the system output. This is, however, an

unlikely scenario in practical situations.

A more sophisticated approach than the LS, known as the total least squares (TLS)
provides more robust parameter estimations than LS. With the TLS, both the matrix A

and the vector b are assumed to be corrupted by noise sources such that:

(A+r)x=b+e, where b+r € R(A+r)

The standard procedure to solve the TLS is to use the singular value decomposition (SVD)
of the matrix C=[(A b]. With the smallest singular values obtained from the SVD of the

matrix C, denoted as n, the solution of the TLS is estimated by performing the following:

x=(ATA-n’D)'ATb.
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By removing the error terms with SVD, it increases the accuracy compared to LS

especially in nonlinear case even with the independent variables noise contaminated.

To further improve the performance of the TLS, Yeredor introduced Extended
Least Squares (XLS) criterion to distinguish measurement errors from modeling errors by
properly weighting and balancing the two error sources [11]. While others have
suggested the use of different norm criteria instead of the typical norm-2 criterion [12].
While these latest approaches have further improved the accuracy of the TLS, it has

limitation when the signal is corrupted with significant amount of noise.

To drastically enhance the performance of parameter estimation even when the
signal is heavily corrupted with noise, we introduce a new method based on the principle
of minimizing hypersurface distance (MHD). Chapter 4 introduces MHD method and
then compares its performance to those of LS and TLS. One major drawback to the MHD
method is that it is far more computationally expansive than either LS and TLS. However,
the major advantage of the method is that it provides accurate results even when the
signal-to-noise ratio is as low as 0dB. Various Simulation results are provided in Chapter

4 to demonstrate the efficacy of the MHD method.
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Chapter 2

The GMDH Algorithm

2.1 Abstract:

A new algorithm for autoregressive moving average(ARMA) parameter estimation is
introduced. The algorithm is based on the Group Method of Data Handling (GMDH)
first introduced by the Russian cyberneticist, A.G. Ivakhnenko, for solving high-order
regression p olynomials. The GMDH is h euristic i n nature and self-organizes into a
model of optimal complexity without any a priori knowledge about the system’s inner
workings. We modified the GMDH algorithm to solve for ARMA model parameters.
Computer simulations have been performed to examine the efficacy of the GMDH and
comparison of the GMDH is made to one of the most accurate and one of the most
widely-used algorithms, the fast orthogonal search(FOS) and the least-squares
methods, respectively. T he results s how that in cases w ith noise ¢ ontamination and
incorrect model order assumptions, the GMDH performs better than either the FOS or
the least-squares methods in providing only the parameters that are associated with the

true model terms.

2.2 Introduction

The ubiquity of autoregressive moving average (ARMA) models in physiological

system identification is owed to their having been successfully demonstrated in recent
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years (2-4,9,10). Their use been greatly aided by advances in overcoming the holy-
grail problem of model order determination during ARMA model parameter
estimation (3,9,10). One of the most notable and accurate algorithms introduced to
determine m odel o rder se lection e fficiently i s the novel work by K orenberg (9,10).
Korenberg’s fast orthogonal search (FOS) algorithm has been shown to be robust in
most cases in obtaining correct ARMA model parameters despite incorrect model
order selection. This observation remains valid even with significant noise added to
the system response (3,9,10). The FOS algorithm which relies on the sequential search
procedure to extract only the significant ARMA model terms, however, is suboptimal.
It is suboptimal because the FOS does not test for the minimum error across all
possible subsets of ARMA model candidate functions within the candidate function
space. Thus, there are cases when the FOS is not able to identify correctly the true

ARMA model parameters even with no noise present.

To overcome the aforementioned shortcoming of the FOS, we introduce a new
algorithm which searches for all possible ARMA model candidate functions and, thus,
provides accurate estimation of the system parameters. The algorithm we present is a
modification of the algorithm introduced by the Russian mathematician and
cybemeticist, A.G. Ivakhnenko, in the mid’ 60s. The algorithm was use for estimating
higher-order regression polynomials and is denoted the Group Method of Data
Handling (GMDH). The GMDH was designed to construct successively higher-order
regression equations at each iteration from equations of the previous iteration while
retaining only those that best approximate the given data set. In this way a high-order

regression type model is evolved guided only by survival of the fittest. The main idea
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of the GMDH is to have the algorithm construct a model of optimal complexity based
only on data; a self-organizing model that can be used to solve prediction,

identification, control synthesis, and other system problems (5-8).

The aim of the present study is to show that the GMDH, originally designed for
estimating higher-order regression polynomials, can be modified to be one of the
better algorithms for ARMA model parameter estimation. To showcase the efficacy of
the GMDH, comparisons between the GMDH, the FOS and the least-squares methods
are made using simulation examples. The FOS is chosen since it is one of the most
accurate algorithms available for ARMA parameter estimation. Least-squares using
the Akaike Information C riteria for model order selection is chosen for comparison
since it is still one of the most widely utilized methods for ARMA model parameter

estimation, especially in the biomedical engineering community.

2.3 Methods

GMDH Algorithm

We describe a modification of the GMDH algorithm to estimate the parameters of the
ARMA model, in this section. The GMDH w as originally formulated to solve for
higher-order regression polynomials and not the difference equation upon which
ARMA models are based. Consider an autoregressive moving average process of the

form:
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Yy =3 a@y(n-i) + 3 b(j)x(n - j) +e(n)

=] Jj=0

1)

where P and Q represent the maximum autoregressive (AR) and moving average(MA)
model orders, respectively. The term e(n) in Eq. (1) is considered a noise source or
prediction error term. The parameters a(i) and b(j) represent to be-estimated
coefficients of the AR and MA terms, respectively. The basic steps of the newly

developed algorithm to calculate ARMA model parameters are as follows:

Step(1) Partition the data with the first n rows designated as the training set and the
remaining rows as the testing set. From the training set form a matrix of N
observations of ARMA model terms like the ones shown below and ignore the

prediction error terms, e(n), in Eq. (1).

y(1) y(0) y(-1) - y(1-~P) x(1) x(0) - x(1-9Q)
v(2) = v(l) v(0) e (2 -P) x(2) x(1) - x(2-0)

Y(N) y(N =-1) y(N =2)- (N =-P)x(N)x(N =-1)- x(N -Q)
Matrix R

Step (2) Take all the variables in the columns of the matrix R{y(n-1),..,y(n-P),
x(n),x(n-1),..,.x(n-Q)} two columns at a time and for each of these m(m-1)/2
combinations find the least squares regression that best fits the observation (vector)
y’s. For each of the combinations evaluate the least squares of the N data points. After
evaluating N values, store these N values in the first column of a new array Z. The

remaining [m(m-1)/2-1 columns are constructed in a similar manner. The array Z
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contains the new variables, which replace the original variables. The objective is to
retain those z’s that best estimate the output vector y and discard the insignificant

variables.

Step (3) To determine which columns of Z (new variables) replace the old variables in

the matrix R, compute the least squares error, d :

: I m
d; =Z(yi _zii)- /Zyi. j=192'"-’(2)

=] =l

(2)

and order the columns of Z according to increasing least square error. One can place a
restriction as to some prescribed number of new variables to replace the old variables

in the matrix R, i.e., d; <M, where M is some prescribed number.

Step (4) From Step(3) take the smallest of the d; . If the value of d; is smaller than
the previous d; (in the first iteration we assume this to be true) g0 back and repeat
steps (2) and (3). If the value of d is greater than the previous d; we stop the process.
It is our observation, however, that the value of d; becomes smaller than the previous
d; as the number of iterations is increased. It is our experience that performing more

iterations results in smaller mean-square error but at the expense of an increase in the
number of model terms. Based on our simulations, we have determined that three
iterations are sufficient to obtain accurate parameter estimates. Figure illustrates the
iterative process involved in the GMDH algorithm. The layers in Fig. 1 correspond to

the number of iterations; for three iterations, we have three layers. Note that the first
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y(n-1) y(n-2) y(n-3) y(n-4) y(n-5)

first node

first layer ) /
y(n-1).y(n-2) \ y{n-1),)(n-3) !/ y(n-3),y(n-5)

\ /
\

y(n-1),y(n-2).,y(n-3 y,,cf{-1).y(n-3).y(n-5)

N\

third layer first node
y(n-1),y(n-2),y(n-3),y(n-5)

second layer

Fig 1. Three layer iterative process of the GMDH algorithm, each layer corresponds to
the number of iterations.

11
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and second nodes in the first layer of Fig. 1 may represent terms {y(n-1) and y(n-2),
and {y(n-1) and y(n-3)}, respectively, if these terms meet the criteria described in Step
(3). With increasing iteration, the number of layers will increase and the number of
terms in the nodes at that layer may increase drastically, provided that terms pertaining
to those nodes meet the criteria in Step (3). Note that in the third layer, the nodes are
ordered according to increasing least square error, i.e., node one is more significant

than node two and so on.

Step (5) The GMDH algorithm calls for the use of the least squares to find the
coefficients of the retained variables. However, we have made a modification to the
original GMDH algorithm at this step. Instead of computing the least squares of all the
retained variables (or all of the nodes in layer three), we compute the contribution of
each of the nodes to reducing the mean-square error. If we observe either negligible
decrease or increase in the mean-square error by adding an additional node, then those
nodes are dropped from the model. Only those nodes that reduce the mean-square
error by adding an additional node, then those nodes are dropped from the modei.
Only those nodes that reduce the mean-square error are retained, and the coefficients
pertaining to the retained nodes are e stimated using the least-square algorithm. The

Simulation Results section discusses this step further (Fig.2).

The distinct advantage of the GMDH is more apparent when the number of variables
and the degree of the polynomials are large. For example, with least-squares, to find a
regression polynomial with 4 variables of degree 4, 70 linear equations with 70
unknowns must be solved. This is not a daunting task with the present computing

power, however, the equations are often ill-conditioned and consequently cannot be
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MEAN SQUARE ERROR

Fig 2. Bar graph of the difference between MSE values for adjacent nodes as a function
of the lower nodes numbers.
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solved. The GMDH polynomials, however, can be obtained by solving far fewer linear
systems of order six. The reason the GMDH requires fewer computations is that it
retains only the information that is highly correlated with the checking data set.
Consequently, this allows the computation to be more efficient and enables the system

of normal equations to be well-conditioned.

Note that the method outlined is also applicable to subclasses of linear and nonlinear

ARMA models such as autoregressive (AR) and moving average (MA) models.

2.4 Simulation Results

In this section we demonstrate the effectiveness of the developed algorithm for
estimating parameters of the ARMA model. We compare the GMDH resuits with
parameters obtained via the methods of FOS and the least-squares. We chose the FOS
since , as far as we are aware, it is one of the most accurate algorithms available. The
least-squares is chosen since it is still one of the most widely used methods in practice.
Note that the FOS employs its own robust automatic model order selection whereas
the least-squares method relies on the use of model order selection schemes such as
the Akaike information criteria (AIC) (1). For all simulation examples, we iterate the

GMDH algorithm 3 times as discussed in the methods section.

Effects of Incorrect Model Order Selection
For the first simulation e xample, the following linear A RMA model w as s imulated
with Gausian white noise (GWN) as the input, x(n), so that the output, y(n), contained

1000 data points:
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y(n)=-0.54y(n-1)+0.34y(n-2)+0.23y(n-3)-0.54x(n)+0.43x(n-1)+0.32x(n-2)+0.2 1x(n-3)
Q)

The objective is, based on only the measured input signal, x(n) and the output signal,
y(n), estimate the parameters of the above equation as accurately as possible.
Although the true ARMA model order for the above process is 3 output lags (y(n-
1)...y(n-3)) and 3 input lags (x(n),x(n-1),.. x(n-3)), we purposely selected an incorrect
model order of 10 output lags (y(n-1),...,y(n-10)) and 10 input lags (x(n),x(n-1),...x(n-
1)) for all three methods. In real life settings, a true model order is unknown a priori,
thus, the real test of an algorithm is to examine its efficacy with an incorrect model
order. The model orders for the least-square method were determined ;ccording to the
AIC and were correctly determined to be 3 output lags and 3 input lags. Figure 2
shows the plot of the difference between mean square error values for adjacent nodes
versus the lower node number as a venue for determining model order for the GMDH
algorithm. As shown in Fig. 2, we decided to terminate the computation of the GMDH
algorithm after six nodes since this corresponded to the minimum error value. It
should be pointed out that it is not crucial that we select the minimum error value as
the slightly higher values associated with four and five nodes all do result in the same
correct ARMA model parameters. The reason we obtain the same model coefficients
whether we choose four, five, or six nodes is that, for example, nodes five and six may
contain model terms that are already contained in node four. Thus, no new terms from
those of node four have been added in nodes five and six, resulting in the same
coefficients whether node four or node six is chosen.

Comparison of the results based on the three methods is shown in Table 1. Only the

new algorithm (GMDH) and the least-squares are able to identify correctly the true
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parameters in the system model without concomitant estimation of the incorrect model
terms. The least-squares and GMDH model correctly found coefficients of zero for all
the spurious model orders, so they are not shown in Table 1. The FOS, however,
performs the worst for this simulation as exemplified by the incorrect estimation of
parameters and spurious model terms. It should be pointed out that only in certain
cases, such as this e xample, d oes the F OS not c orrectly i dentify the p arameters. In
many instances, the FOS does provide accurate parameter estimates despite inaccurate
model order selections (3,9,10).

Table 1. Comparison of GMDH, FOS and the least-squares with an incorrect model
order selection.

ModelTerms y(n—1) y(n-2) y(N =3) y(n=5) x(n) x(n-1) x(n-2) x(n-3) x(n-5)
Truevalues -054 034 023 000 -0.54 043 032 021 0.00
GMDH -054 034 023 000 -0.54 043 032 021 000
FOS -021 -029 000 005 -0.54 061 006 020 005
Least—squares —0.54 034 023 000 -0.54 043 032 021 0.00

ARMA Model with Additive Noise and Incorrect Model Order Selection

To examine the effectiveness of the GMDH in the case of noise contamination, the
output signal of Eq. (4) was corrupted with two levels of additive GWN, resulting in
signal-to-noise-ratios (SNR) of 10dB and 0dB. The SNR was determined by the ratio
of the variance of the signal divided by the variance of the noise signal. The model
order was incorrectly selected to be 10 output and 10 input lags for all methods
compared. This is a challenging and realistic scenario; not only is the model order
purposely incorrectly chosen, but the output signal is heavily corrupted by noise. The
results of additive noise for the GMDH, FOS and the least-squares are shown in Table

2. With the SNR of 10dB, the GMDH correctly provides parameters that are
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associated with only the true model terms but this is not the case for the FOS; the FOS
missed a model term, y(n-3), and incorrectly picked an additional term, x(n-4). The
least-squares approach based on AIC resuited in a model order selection of AR=7 and
MA=7. Since the least-squares method does not have automatic model order selection,
it resulted in estimates of terms and coefficients not included in the actual system in
Eq. 4 (due to an overdetermined model order assumption). The normalized mean-
square errors(NMSE) for all methods are comparable, however, it should be noted that
for the least-squares, the comparable NMSE was obtained with 15 parameters whereas
for both the GMDH and FOS, the NMSE values were obtained with only 7 parameters.
More qualitative differences between the methods compared emerge when the SNR is
0dB. The GMDH again provided only the correct model terms as was the case when
the SNR was 10dB. The FOS missed three model terms, y(n-1), y(n-2) and y(N-3). In
addition, the FOS incorrectly picked three additional model terms, y(n-5), x(n-4) and
x(N-5). The AIC model order selection resulted in AR=0 and MA=7, and the resulting
coefficients via the least-squares are provided in Table 2. With significant noise added,
the least-squares based on AIC completely missed the AR terms and then
compensated by including more MA terms than necessary. Because the FOS was
designed to reduce the NMSE, despite incorrect model terms, the NMSE value

obtained for the FOS is comparable to the GMDH and the least-square.
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Table 2. Comparison of GMDH and FOS with additive noise and an incorrect model
order selection.

ModelTerms y(n—1) y(n—2) y(n—-3) (n—-5) x(n) x(n—1) x(n—2) x(n—3) x(n—4) x(n—3)
Truevalues -054 034 023 000 -054 043 032 021 000 000
GMDH1 dB) -0.13 024 -004 000 -054 066 -003 022 000 000
FOS1dB) -0.17 019 000 000 -055 064 000 027 -006 008
Least—squarefldB) 001 001 000 -006 -055 0.72 -027 047 -0.18 0.16
GMDHOdB) -006 006 -009 000 -056 065 -022 038 000 000
FOS0dB) 000 000 000 -009 -057 069 -030 049 -0.16 0.14
Least—square§0dB) 000 000 000 000 -056 071 -028 048 -0.19 0.19

ARMA Model with Missing Terms
The next example considers an ARMA process with missing terms and 1000 data

points generated for the output y(n):

y(n)=0.25y(n-1)+0.1y(n-2)-0.1y(n-6)+0.8x(n)-0.3x(n-1)+0.25x(n-6) &)

Although the true ARMA model order for the process of Eq. 5 is AR=6 and MA=6,
we have again purposely selected an incorrect model order of ARMA (10,10) for all
three methods. The Akaike Information criteria correctly identified model order of
ARMA (6,6). The FOS, due to its automatic model order search criterion, also
identified only the correct parameters. The GMDH method provided correct parameter
estimates for 4 to 9 nodes. Thus, similar to the previous example, it is not imperative
that the exact minimum error value is used as a criterion in deciding when to terminate
the GMDH algorithm. T hus, d espite an i ncorrect m odel o rder assumption, all three

methods provided only the correct parameters. This is clearly and impressive results
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by all o fthe m ethods c ompared c onsidering the fact that a grossly i ncorrect m odel

order was chosen a priori.

ARMA Model with Incorrect Model Order Selection

To further examine the efficacy of the GMDH, consider an ARMA process described
by the equation:
y(n)=-0.546y(n-1)+0.34y(n-2)+0.243y(n-3)+0.12y(n-4)-0.67x(n)+0.454x(n-

1)+0.342x(n-2)+0.123x(n-3)+0.32x(n-4) (6)

where the input x(n) is the same input as used in Eq. 4. For all three methods
compared, we chose an incorrect model order of AR=10 and MA=10. Table 3 shows
the results. We observe that only the least-squares based on AIC model order selection
was not able to identify the correct parameters since AIC resulted in model order of
AR=3 MA=7. The GMDH provided the correct model terms except for the term y(n-
4), which in turn resulted in incorrect parameter estimates. The FOS did not fare as
well as the GMDH method. It not only missed some of the model terms but it

incorrectly identified terms that are not in the true model. The NMSE values for the
GMDH and FOS are 1.21x10™"°and 4.80x107* respectively. As shown in Table 3,
the GMDH performed the best compared to the other two methods. This example is

provided to show that the GMDH does not always provide accurate parameters,

especially for a simple example such as this.
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Table 3. Comparison of GMDH, FOS and the least-squares with an incorrect model
order selection.

ModelTerms y(n—1) yn-2) y(n-3) y(n—4) )(n—6) 3(n=7) x(n) x(n—1) x(n~2) x(n—3) x(n—4) x(n—6) x(n—7)
TrueValues —0.546 0340 0243 0.120 0000 0000 -0.67 0454 0342 0.123 032 0.000 0.000
GMDH -0460 0491 0.141 0000 0.000 0000 -0.67 0511 0374 -0.04 034 0.000 0000

FoOS 0.000 0497 0.000 0000 0.017 -0012-0.67 0.819 0000 0013 026 0.000 0015
Least-squares-0432 0517 0200 0000 0.000 0000 -0.67 053 0367 -0.013 0286 -0.051 0.031

ARMA Model with Dynamic Noise and Incorrect Model Order Selection

The second simulation discussed included additive noise. The noise source was added
after the output sequence, y(n), had been generated. However, noise sources can also
be of a dynamic nature. Dynamic noise refers to a feedback process where the noise
source is recursively added to the output so that the current and future output values
are dependent on the past states of the input and noise signals. Thus, to examine the
effect of dynamic noise consider an ARMA process described by the difference
equation:
y(n)=-0.54y(n-1)+0.34y(n-2)+0.23y(n-3)-0.54x(n)+0.43x(n-1)+0.32x(n-2)+0.2 1 x(n-

3)+0.25¢(n)+0.3e(n-1) €

Both the input x(n) and the noise component terms [e(n)] were generated using 1000
Gaussian white noise data points that were independent from each other. The noise
component e(n) was selected to give a SNR of 10.4 dB. We chose an incorrect model
order of AR=10 and MA=I10 for all three methods compared. Table 4 shows the
results of the coefficients estimated via the three methods. It is clear that only the
GMDH provided all of the model terms correctly. The least-squares method
completely ignored the AR terms and included a few extra MA model terms that are

not in the true model, owing to the AIC model order selection of AR=0, MA=7. The
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FOS missed the y(n-3) term and provided two extra terms, x(n-4) and x(n-5). The
NMSE values are about 9% for all three methods.

Table 4. Comparison of GMDH and FOS with dynamic noise and an incorrect model
order selection.

ModelTerms y(n-1) y(n-2) y(n-3) x(n) x(n-1) x(n-2) x(n-3) x(n—4) x(n—S5) x(n-6) x(n-7)
TrueValues -0.54 034 023 -054 043 032 021 000 000 000 0.00
GMDH 004 036 -0.07 -0.54 077 -0.04 0.13 000 000 0.00 0.00
FOS 0.1t 033 000 -053 080 -0.15 026 -0.13 005 000 0.00
Least -squares 0.00 000 0.00 -0.55 071 -025 046 -0.16 020 -0.06 0.05

We have performed many other simulation examples with the outputs corrupted with
various types of noise and incorrect model order assumptions, and it was found that

the GMDH generally outperformed the other two methods.

2.4 Conclusions

We presented a new algorithm, the Group Method of Data Handling, for estimating
the parameters of ARMA models. The algorithm can be extended to estimate
subclasses of linear ARMA models such as autoregressive (AR) and moving average
(MA) models, as well as nonlinear ARMA (NARMA) models. In addition, the
algorithm can be extended to model the prediction error terms which will significantly
improve the model prediction. Various simulation examples have shown the efficacy
of the GMDH method. In certain cases of noiseless systems, the least-squares (based
on AIC model order selecﬁon ) is superior to FOS. However, when the system output

is confronted with noise (either additive or dynamic), the GMDH method performed
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best followed by the FOS and the least-squares in providing only the true model terms.
If one is interested in obtaining the smallest mean-square error with the fastest
computation time, then simulation examples suggest that the FOS would be the ideal
method to be use. However, if obtaining the most accurate representation of the true
model is the necessity, then the GMDH method should be the algorithm of choice. As
has been reported in the literature, the least-square method based on AIC model
selection can work well if the system is noise free. However, the accuracy of the least-
squares approach to ARMA model parameter estimation degrades considerably when
the system output is corrupted with any type of noise source. The GMDH, unlike the
other two methods compared, provides accurate model terms even in cases with

significant noise perturbation as well as incorrect model order selection.
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Chapter 3

The OPS Method

3.1 Abstract

A linear and nonlinear autoregressive moving average (ARMA) identification
algorithm is developed for modeling time series data. The new algorithm is based on
the concepts of affine geometry in which the salient feature of the algorithm is to
remove the linearly-dependent ARMA vectors from the pool of candidate ARMA
vectors. For noiseless time series data with a priori incorrect model order selection,
computer simulations show that accurate linear and nonlinear ARMA model
parameters can always be obtained with the new algorithm. Many algorithms,
including the fast orthogonal search (FOS) algorithm, are not able to obtain correct
parameter estimates in every case, even with noiseless time series data, because their
model order search criteria are suboptimal. For data contaminated with noise,
computer simulations show that the new algorithm performs better than the FOS
algorithm for moving average MA) processes, and similarly to the FOS algorithm for
ARMA processes. However, the computational time to obtain the parameter estimates
with the new algorithm is faster than with FOS. Application of the new algorithm to
experimentally-obtained renal blood flow and pressure data show that the new
algorithm is reliable in obtaining physiologically understandable transfer function

relations between blood pressure and flow signals.
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3.2 Method

The key difference between the OPS and the FOS algorithm is that, unlike the FOS,
the OPS is based on a non-orthogonal search for model candidate terms. One notable

disadvantage of FOS’s using an orthogonal search can be seen by the following simple

example. A vector P is in the space constructed by vectors X and Y as shown in Fig. 3.

If the angle formed by ZOP is smaller than angles YOP and XOP, then the vector Z
will be chosen even though the vector Z is not in the space constructed by the vector X
and Y. In other words, orthogonal projection finds the closest point to P in the span of
the basis vectors, regardless of whether or not the vector belongs to the constructed
space. Note that this scenario will produce an erroneous parameter estimate with the
FOS when an incorrect model order is chosen a priori. With the OPS, because it is
based on a non-orthogonal search, this type of scenario will not occur. Note that if the
base vectors are all perpendicular to each other , then there is no difference between
orthogonal and non-orthogonal search methods.

The first step in the OPS algorithm is to select only the linearly-independent vectors
from the pool of candidate vectors. To examine how linearly-independent vectors are

selected, consider an autoregressive moving average process of the form:

vny ==3 a@pn i)+ 3 b()x(n - j) +e(n)

=l j=0

(D
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Fig 3. Orthogonal projection finds the closest point to P in the span of the basis vectors.
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Where P and Q represent the maximum autoregressive(AR) and moving average(MA)
model orders, respectively. The term e(n) in Eq. (1) is considered a noise source or
prediction error term. The parameters a(i) and b(j) represent to-be-estimated
coefficients of the ARM and MA terms, respectively. The candidate vectors are the
following: y(n-1),...,y(n-P) and x(n),..., x(n-Q). These candidate vector can be

arranged as the following matrix:

y() y(0) y(=1) - y(1-"P) x(1) x(0) - x(1-0Q)
y(2) = y(1) y(O) - v(2-P) x(2) x(l) - x(2-Q)

,V('N) y(N‘- 1) y(N'- 2) - y(N.— P) .t(;V) x(N.- 1) - x(N - Q)
For a nonlinear ARMA model, the above matrix can be expanded to include products
between the input and output itself as well as cross products between the input and
output terms. The first step towards achieving linear independence among candidate
vectors is to select y(n-1) as the first candidate vector. The next candidate vector y(n-
2), and the first candidate vector y(n-1) are then used to determine linear independence
(e.g., use y(n-1) to fit y(n-2) using the least squares method and calculate the error
between y(n-2) and the estimated vector). With a perfectly clean signal, linear
independence will always be obtained. In the case of correlated noise contamination
(error value will not be zero), some preset threshold can be set so that if the error value
is smaller than the preset threshold, then the vector y(n-2), for example, can be
selected as an independent candidate vector. For simulation examples to be considered
in the Results section, we did not use the preset threshold value because it is often
difficult to determine a priori what that value should be to obtain correct results,

especially with experimental data. Once it has been determined that y(n-2) is a linear
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independent candidate vector, the vectors y(n-1)and y(n-2) are used to estimated the
candidacy of the linear independence of y(n-3) using the approach just outlined. This
procedure is continued until all the linearly-independent vectors are selected to form a

new candidate vector pool. Let ¢=[ w,,w,,w,,...,w, ] where R is the number of

selected linearly-independent vectors.

With the new candidate pool of linearly-independent vectors, least-squares analysis
is performed:

y(n)=6]¢+e(n) (3)

Where

og=[80v§1v"'ng]T 4)

The objective is to minimize the equation error, e(n), in the least-squares sense using

the criterion function defined as follows:

J4(8,)=|yim-67gf )
The criterion function in Eq. (5) is quadratic in 8_, and can be minimized analytically
with respect to 6, , yielding the following well-known equation:
With the o btained c oefficients, c alculate e very !g,f, w,f,| , and rearrange the w,_ in the

descending order.

6, =lps" | avimy (6)
Note that over bar represents the time average. At this step of the algorithm we need to

choose the number of candidate vectors, w,_, necessary for obtaining proper accuracy.
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The approach we have taken is to retain only those w,_ that reduce the error value

significantly. If we observe either negligible decrease or increase in the error value by

adding an additional w,, , then those w, are dropped from the model. Once only those
w,, that reduce the error value significantly are obtained, the linear and nonlinear

ARMA model terms are estimated using the least-squares method. The simulation

results section discusses this step further.

3.3 Simulation Results

In this section we demonstrate the effectiveness of the developed algorithm for
estimating parameters of linear and nonlinear MA and ARMA models. We compare
the performance of the OPS to that of the FOS method. For all simulations examples
involving linear processes (AR and MA) to follow, we have selected an incorrect
model order of 10 AR and 10 MA terms (ARMA (10,10)) for both the OPS and FOS.
For nonlinear models, 10 AR, 10 MA and 5 second order AR and MA as well as §
cross AR and MA model orders were chosen for both the OPS and FOS. The Achilles’
heel of ARMA models is to determine a priori accurate model orders without knowing
the true model order of the system. The model order search for the FOS was obtained
by using the automatic model order search criteria as described in [5,6]. Succinctly,
the automatic model order search criteria of the FOS retains only those candidate
terms that reduce the mean-square error values by a significant amount in conjunction
with a statistical 95% interval criterion. The FOS algorithm has been shown to be

accurate for various linear and nonlinear ARMA models[5,6,8], and often supenor to
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the least-squares approach with the Akaike Information criteria for the model order

selection process.

I. Moving Average (MA) model with Additive Noise and Incorrect Model Order
Selection.

For the first simulation example, consider the following linear moving average (MA)
model with Gaussian White noise (GWN) as the input, x (n), so that the output, y (n),
contains 1000 data points:
y(n)=0.34x(n)-0.23x(n-1)+0.5x(n-2)+0.75x(n-3)-0.15x(n-4)-0.4x(n-5)+0.35x(n-6)-
0.2x(n-7) @)

We have purposely selected an incorrect model order of ARMA (10,10) for both

methods despite the fact that the above equation does not contain any AR model terms.

To subject the algorithm to a more daunting task, we have used additive noise so that
signal-to-noise ratios (SNR) of 10 and 0dB were obtained for the above MA process.
Comparison of the results based on the two methods for the case of noiseless data with
an incorrect model order selection, and the cases with noise added (10 and 0dB) and
an incorrect model order selection, are shown in Table 5. With a clean signal, the OPS
obtained true model terms and coefficients d espite the e xaggerated i ncorrect m odel
order selection. The model order selection process for the OPS is shown in Fig. 4. The
ordinate value represents the projection distance of the candidate terms. Note that the
projection distance value is zero after the term x (n-4) has been determined. In
addition, the projection distance value is the greatest for the term x (n-3) and the
lowest for x (n-4) since they have the biggest and smallest coefficient values among
the model candidate terms. Thus, without any noise contamination, due to removal of

linearly dependent candidate terms, the OPS is able to obtain the correct coefficient
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Fig 4. Model-order determination via the projection distance of the candidate
terms (noiseless case)
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and model candidate terms. The model order search for the FOS was estimated using
the automatic model order search criteria as described above and in [5,6]. With this
search, however, the FOS completely missed two model terms: x (n-1) and x (n-7).
Concomitantly, the FOS incorrectly picked up two additional terms: x (n-8) and y (n-
1). With a clean signal, the m ean-square-errors (MSE) are 0.0069 for the FOS and

0.00 for the OPS.

When the signal was corrupted with 10dB noise, the OPS correctly identified only the
true model terms but with a small deviation of the coefficients from the true
coefficients, as expected. The MSE is found to be quite small (9.21e—004). The
model order was determined with the aid of Fig. 5. Due to additive noise, the terms y
(n-2) and y (n-6) erroneously have small projection distance values. In addition, the
projection distance is quite negligible compared to the rest of the candidate terms.
Thus, only the first 8 candidate terms were used to estimate the candidate coefficients.
The FOS fared poorly compared to the OPS, as it incorrectly identified additional
terms that are not part of the true model. In addition, the identified coefficients
deviated from the true coefficients, resulting in a slightly higher MSE (0.0060) value
than for the OPS. With increased noise level (SNR of 0dB), as expected, the
performance of both FOS and OPS deteriorated further. Both methods missed the x (n-
4) term. It is interesting to note that in many simulations, including the present
example, the FOS appears to be more robust with noise corrupted signals than with
clean signals. For example the MSE value is slightly lower with 10dB noise
(MSE=0.006) than with the clean signal (MSE=0.0069). In addition, with noise added,

the FOS obtained more correct model terms than without noise added.
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Table 5. Comparison of the OPS and FOS with additive noise and an incorrect model
order selection.

ModelTerms x(n) x(n - 1) x(n - 2) x(n - 3) x(n—4) x(n —5) x(n—6) x(n —7) x(n —-8) y(n—-1)
TrueValue 034 -0.23 0.5 0.75 -0.15 -04 035 -020 0.00 0.00
OPS(clean) 0.34 -0.23 0.5 075 -0.15 -04 035 -020 000 0.00
FOS(clean) 0.34 0.0 036 106 032 -049 0.10 0.00 -0.12 -0.62
OPS(10dB) 0.34 -0.22 051 076 -0.13 -042 035 -020 000 0.00
FOS(10dB) 0.34 -0.18 048 083 000 -044 030 -0.15 000 -0.13
OPS(0dB) 0.34 -0.21 054 077 000 -045 036 -024 000 0.00
FOS(0dB) 034 -021 054 0.77 000 -045 036 -024 000 0.00

I1. Nonlinear MA model with separate additive or dynamic noise and incorrect

model order selection

The next simulation example consists of an arbitrarily-chosen nonlinear MA

difference equation of the form:

y(n)=0.23x(n)+0.4x(n-1)+0.6x(n-2)+0.54x(n-3)+0.28x(n-4)+0.8x(n-5)-0.76x(n-

6)+0.35x(n-7)-0.23x(n-8)+0.22x(n-9)-0.65x(n-1)x(n-3) (8)

We consider two separate cases of noise corruption, in which the output of Eq.(8) is

contaminated by additive Gaussian White noise of the form:

z(n)=y(n)+e(n) 9
And the other in which the output of Eq. (8) is disturbed by dynamic noise, which

causes Eq. (8) to take the form:

y(n)=0.23x(n)+0.4x(n-1)+0.6x(n-2)+0.54x(n-3)+0.28x(n-4)+0.8x(n-5)-0.76x(n-

6)+0.35x(n-7)-0.23x(n-8)+0.22x(n-9)-0.65x(n-1)x(n-3)+e(n-1) (10)
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Note that additive noise is statically added after the clean output signal has been
generated. For dynamic noise, the GWN source, e(n), is fed back to the output so that
the current and future output values are dependent on the past states of the input and
noise signals. Therefore, the outputs described by Eq. (9) and (10) have different
values. The SNR for additive noise was obtained for two different levels, 10 and 0dB.
For the dynamic noise, the SNR was 3.5 dB. A model order of ARMA (10,10) and
nonlinear ARMA (5,5) was incorrectly selected to determine the effectiveness of both
approaches(the correct model is MA(10) and NMA(1,3). With incorrect selection of
linear and nonlinear ARMA model orders, the numbers of parameters to be
determined are 21 linear ARMA terms, and 57 nonlinear ARMA model terms, for a
total of 78 terms to be searched. This is a daunting task for any algorithms, as Eq.(8)
contained only 11 model terms, but we are subjecting the FOS and OPS to a
superfluous model order search concomitant with excessive noise corruption in the
data signal. The results of additive and dynamic noise for the OPS and FOS are shown
in Table 6. As in the previous examples, with a clean signal, the OPS is again able to
obtain accurate parameter estimates associated with only the true model terms. This
result is impressive in itself, since we are not aware of any other algorithm that is able
consistently to provide accurate parameter estimates despite incorrect model order
selection even in the case of a clean signal. The FOS, however, is not able to obtain
correct parameter estimates and has obtained incorrect model terms [y (n-1), y (n-2),
and y (n-5)] and missed some of the true model terms [x (n-7), x (n-8) and x (n-9)].
With additive noise, either SNR=10 or 0dB, the OPS is accurate in providing only the
true mode! terms but the FOS missed a model term [x(n-8), only for SNR=10dB] and

it inaccurately introduced an additional term(y(n-2)]. Moreover, the estimated
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coefficients with the OPS are closer to the true model coefficients than are those
obtained with the FOS. The MSE of the OPS are 0.0044 and 0.0442 for SNR=10 and
0dB, respectively. The MSE for the FOS are 0.035 and 0.1038 for SNR=10 and 0dB
respectively. IT is clear that despite significant noise in the data, and grossly incorrect
model order selection, both methods perform rather nicely. However, it is clear that
the OPS outperformed the FOS. The MSE values are approximately tree to ten fold
less than those obtained via the FOS.

With dynamic noise, the result is the same as with additive noise; the OPS is more
accurate than the FOS. The FOS is unable to identify the term x (n-9), and incorrectly
introduced a y (n-2) term. The OPS, although the coefficients associated with true
model coefficients deviate somewhat, is accurate in only producing coefficients
related to the true model terms. The MSE also favors the OPS; the MSE values are
0.013 for the OPS and 0.056 for the FOS.

Table 6:Comparison of the OPS and FOS with additive and dynamic noise with an
incorrect model order selection.

ModelTerms x(n) x(n—1) x(n —2) x(n—3) x(n —-4) x(n - 5) x(n-6) x(n - 7) x(n -8) x(n-9) x(n-x(n-3) (-1 (n-2) W(n-95)

TureValue 023 040 060 054 028 080 -0.76 035 -023 022 -0.65 0.0 0.0 0.0
CleanData
OPS 023 040 060 054 028 080 -076 035 -023 0.2 -0.65 0.0 0.0 0.0
FOS 022 042 061 054 022 072 -073 000 000 0.00 -0.64 -0.14 022 006
AdditiveNase:
OPX10dB) 023 041 062 0S5 030 078 -075 035 -027 025 -0.65 0.0 0.0 0.0
FOS1dB) 0.23 040 059 049 020 069 -080 022 000 0.19 -0.65 00 017 00
OPS0dB) 022 043 066 058 035 0.72 -074 035 -037 030 -0.65 0.0 0.0 00
FOSO0dBYy 0.0 043 065 057 032 070 -076 031 -034 028 -0.65 00 005 00
DynamicNase
OPS3.5dB) 0.18 045 066 054 029 079 -079 035 -026 0.17 -0.66 0.0 0.0 0.0
FOS35dB) 0.18 045 065 052 029 079 -08!I 031 -022 0.00 -0.66 00 004 00
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II1. The effect of incorrect model order selection and additive noise on a ARMA
model

The next simulation example considers the following linear ARMA model with

Gaussian White noise (GWN) as the input, x(n), so that the output, y(n), contains 1000
data points:

an y(n)=0.35y(n-1)+0.32y(n-2)+0.1y(n-3)-0.54x(n)+0.34x(n-1)+0.23x(n-2)+0.21x(n-3)
The objective is, based on only the measured input signal, x(n), and the output signal,
y(n), to estimate the parameters of the above equation as accurately as possible.
Although the true ARMA model order for the above process is 3 output lags and 3
input lags, we purposely selected an incorrect model order of 10 output lags (y(n-
1),...,y(n-10)) and 10 input lags (x(n),x(n-1),..., x(n-10)) for both methods. The
efficacy of the ARMA model relies on the algorithm’s ability to find the true model
order despite an incorrect a priori model order selection. Comparison of the results
based on the two methods is shown in Table 3. The OPS algorithm obtained the
correct model terms and coefficients but the FOS did not; not only did the FOS miss 3
true model terms [y(n-2),y(n-3) and x(n-2)], but the coefficients obtained for the true
model terms deviated from the exact coefficients of the model. In addition, the FOS
incorrectly provided three additional model terms, y(n-4),x(n-4) and x(n-5). The MSE
of the OPS and the FOS are 0.0 and 4.17e -0085, respectively. This is an example that
indicates that the goodness of fit according to the MSE value is not always a good
measure, since the MSE of 4.17e-005 obtained with the FOS is a very small error.
Note that for chaotic systems modeling, even small differences in the obtained

coefficients would result in an exponentially divergent change in the output value. As
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detailed in the Introduction section, the FOS, because it relies on a sub optimal model
order search, is not always able to obtain correct model terms and coefficients when it
is subjected to an i ncorrect model order selection e ven for a clean signal. This has

been demonstrated in this and the previous examples.

When Eq. (11) was corrupted with additive noise levels of 10 and 0dB, the OPS and
the FOS provided comparable results. The simulations with additive noise were made
further challenging with an a priori incorrect selection of 10 output and 10 input lags.
The advantage of the OPS observed with only the incorrect model order selection (no
noise added) disappeared with the introduction of additive noise as evidenced by
Table 7. However, in terms of MSE values, the OPS performed slightly better than did
the FOS. The MSE values for the OPS for 10 and 0dB were 0.08 and 0.74,
respectively; for the FOS, the corresponding values were 0.09 and 0.88 respectively.

Table 7. Comparison of the OPS and FOS with an incorrect model order selection and
two different levels of noise contamination for an ARMA model.

ModelTerms y(n -1) v(n-2) y(n-3) y(n-43) x(n) x(n-1)x(n-2) x(n-3)x(n-4) x(n-5)
TrueValue -035 032 010 000 -054 034 023 021 000 000
OPS(clean) -0.35 032 90.10 000 -054 034 023 021 000 000
FOS(clean) -0.24 000 000 O0.11 -0.54 040 000 034 0.03 005
OPS(10dB) 000 0.18 000 000 -054 054 -004 026 -0.10 0.08
FOS(10dB) -0.13 012 000 009 -055 047 000 028 000 004
OPS(0dB) 000 009 000 0.00 -055 056 -0.10 0.28 -0.14 0.12
FOS(0dB) 000 009 000 0.00 -055 056 -0.10 0.28 -0.14 0.12

IV. Nonlinear ARMA (NARMA) model with incorrect model order selection and
additive noise.
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As an arbitrary example of a NARMA model, the following 1000 data point difference

equation was generated:

y(n)=0.8x(n) 0.23x(re 1)+ 0.5x(n+ 3)+0.32y(n 1)+ 0.3y(n+ 2)-0.2x(n+ 1)? +0.120(n—-2)*> -0.18(n - Hy(n-1)
(12)

The input,x(n) terms, was generated using GWN. To completely test the features of
the general NARMA model, Eq. (12) included self-nonlinear input and output terms as
well as the cross-nonlinear term. The model order for the two methods compared was
selected to be AR=10, MA=10, quadratic MA=5, quadratic AR=5 and cross nonlinear
model order between the input and output=35 (total number of parameters searched was
78). Table 8 shows the results of the estimated coefficients obtained by the two
methods for clean data and with two levels of additive noise. For the clean signal, as
was the case with the three previous simulation examples, the OPS provided the
correct terms and coefficients despite cincorrect model order selection; the FOS,
however, shows the ill-effects of incorrect model order selection as evidenced by all of
the coefficients deviating from the true coefficients. When the output of Eq. (12) was
corrupted by either 10 or 0dB, the FOS provided more accurate coefficients than did
the OPS. However, in terms of MSE, both methods provided similar error values of

0.4% for 10dB and 2% for 0dB.
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V. Application of the OPS to experimental data

In this section we demonstrate the use of the OPS in analyzing experimentally-
obtained renal blood pressure and flow data. The aim is not be elucidate the
physiological mechanisms involved in renal autoregulatory processes, but to examine
if the OPS can provide similar impulse response functions(IRF) to those published and

if those IRFs are at all physiologically meaningful[11-12].

VL. Data Acquisition and Experimental Procedure

The data analyzed in this investigation were obtained from a previously-published
study(11]. E xperimental methods are described indetailin{11] and will be briefly
summarized. The experimental data were collected from normotensive Sprague-
Dawley rats using broadband perturbations of the arterial presure(input) and
measuring the resulting renal blood flow(output). Briefly, operating under halothane
anesthesia, the aorta inferior to the renal arteries was cannulated with blood-filled
tubing connected to a bellows pump which in tum was driven by a computer-
controlled motor. Blood pressure was measured in the superior mesenteric artery with
a standard pressure amplifier, and renal blood flow was mesured in the left renal artery
with an electromagnetic flow probe.The input signal was chosen to be a constant-
switching-pace sysmmetric random signal(CSRS) that exhibited the spectral properties
of bandlimited white noise [12]. A unique seed was used for the random number

generator in each experiment.

Each of the experimental data records used for analysis was 256 s long, with a
sampling rate of two samples per second (Nyquist frequency of 1 Hz), a fter digital

low-pass filtering to avoid aliasing. Each data record, containing 512 data points, was
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subjected to second-degree polynomial trend removal( which included demeaning)

and was normalized to unit variance.

Fig. 6 shows averaged impulse response functions (based on four recordings)
computed from the ARMA coefficients obtained from analysis of the OPS[Fig. 6(a)]
and from the FOS method[Fig. 6(b)]. For both the OPS and FOS, the model order of
ARMA (10,10) was used, which was selected based on our previous work[13]. The
dotted lines in the figure represent the standard deviation bounds of the sample mean.
We observe that the estimated impulse response wave forms are rather consistent for
both methods and are similar to those published[11,13]. However, the impulse
response function obtained via the OPS exhibits smoother waveforms and smaller
standard deviation bounds than does its counterpart obtained from the FOS. To
compare the performance of the two methods quantitatively, model predictions based
on the linear ARMA model were computed for both methods. The average MSE
obtained the 4 datasets for the OPS and the FOS are 8.04% and 7.89%, respectively.
As in the simulation examples presented in this paper, better model prediction is
obtained with the OPS than with the FOS method.

It should be pointed out that the computational time for both methods is quite fast. The
FOS uses a modified Cholesky decompositon to achieve orthogonality rather than
inverting the matrix to solve for the least-squares estimation, econsequently, the
computational speed is enhanced. However, the computational time is faster with the

OPS than with the FOS since the orthogonal procedure is not utilized with the OPS.
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Fig 6. Averaged impulse response functions of renal blood flow and pressure
data obtained via ARMA model for (a) the OPS and (b) the FOS.
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3.4 Conclusion

Here we introduced a new algorithm, named the OPS. Simulation examples have
shown the efficacy of the method and have shown that for clean signals, the OPS is
able to extract only the correct parameters despite overdetermined incorrect model
order selection. The FOS, one of the most accurate algorithms available, is also able to
extract correct parameters under similar circumstances but its ability to obtain correct
parameters for all noiseless data is not complete. The OPS, unlike the FOS, does not
orthogonalize model terms, resulting in faster computational time. Due to the fact that
the OPS achieves linear independence among candidate vectors, it is always able to
obtain correct parameters despite a priori incorrect model order selection for noiseless
signals. In other words, the OPS is an optimal search method, thus, it is able to obtain
correct model parameters for all noiseless signals. To date, we are not aware of any
other algorithm that is able to achieve this kind of remarkable results. For the case of
noise contaminated linear and nonlinear MA models, the OPS provides performance
superior to that of the FOS, as evidenced by the simulation examples considered in the
previous content. F or noise-contaminated linear and nonlinear ARMA models, both
the OPS and FOS provide similar excellent results. In addition, application of the OPS
to experimental data indicates the feasibility of the method in obtaining
physiologically meaningful transfer function relationships between renal pressure and

flow data.
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Chapter 4

The MHD Method

4.1 Abstract

The method of least squares (LS) assumes that the best-fit curve is the one that provides
the minimal sum of squared deviations from a given set of data. The LS coefficients of an
autoregressive (AR) model are generally biased. They are unbiased only if the
independent variable is noise free or only has driving noise in the linear system, which is
an unrealistic expectation in normal settings. The total least squares (TLS) can be used to
increase the accuracy of the LS because it specifically accounts for the fact that the
independent variables are noise corrupted. TLS provides better estimates of AR
coefficient estimates in the nonlinear models. However, it still cannot obtain the accurate
parameters. To overcome the inherent limitations of both LS and TLS methods, we
present a new method that is based on minimizing hypersurface distance. Computer
simulation exampies show that the new method proposed achieves more accurate
parameter estimates than either the LS and TLS for all noise levels considered, and

retains its accuracy even when the signal-to-noise ratio is as low as 0 dB.

4.2 Introduction

The least squares (LS) method and to a lesser extent, the total least square (TLS) method,
are the preferred data fitting techniques for solving an over determined system. The LS

estimation can be formulated to find a vector x such that:
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& =min[(Ax-5)2] (1)

the prediction error, e, is minimized. Eq. (1) can be rewritten: Ax=b+e. The solution of
LS is x=(ATA)"A™b. Thus, LS assumes that only the vector b and not the matrix A is

perturbed by the noise source, e. The LS solution is most closely satisfied when A, the
candidate matrix, is clean. If perturbations in A are allowed as well as those in b, then
the estimation results will deviate from the true value and will be biased. This is called
the error-in-variables problem [31]. The TLS partly solves this error-in-value problem
and one can obtain better results than with LS. With the TLS, both the matrix A and the
vector b are assumed to be corrupted by noise sources such that:

(A+r)x=b+e, where b+r € R(A+r) 2)

The standard procedure to solve the TLS is to use the singular value decomposition (SVD)
of the matrix C=[A b]. With the smallest singular values obtained from the SVD of the
matrix C, denoted as T, the solution of the TLS is estimated by performing the following:
x=(ATA-nD)'ATb.

There exists one major drawback of the TLS, especially for nonlinear models. Consider a
simple nonlinear a utoregressive model d escribed b y the following d ifference e quation:
y(n)=a+by(n-l)+cy(n-l)2. The candidate matrix A and the vector b, for this system, are
given by:

M o 0o 1 )
A=ll w(l) wW? | b=| v(2) 3)

!

‘L wn-1 wn- l)il l\_"('ﬂ

The output y is considered to be contaminated with noise. We assume that the signal-to-
noise ratio (SNR) is some value designated as S. Thus, for the candidate matrix A, the

first column is a constant value, the second column has SNR equal to S, and the third

45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



column has SNR approximately equal to two times S. Despite the fact that the candidate
matrix A has a different SNR for each column, TLS assumes that the SNR is the same for
all columns of the candidate matrix A. A detailed explanation of the TLS approach is
provided in Section II.

To improve the efficacy of the TLS, many approaches have been developed [27-
31]. In this paper, we present a new method based on minimization of hypersurface
distance (MHD) to overcome the limitations of both the LS and TLS methods. In section
II, we introduce a geometrical interpretation of the LS and TLS methods, and in section

[IT we provide several simulation examples demonstrating the efficacy of the proposed

MHD method.

4.3 Methodology

This section provides a geometrical interpretation of the LS and TLS methods. Without
loss of generality, we consider a 2-dimensional system. For a LS fit, a line is found that
minimizes the total vertical distance from the measured point to the line, as shown in Fig.
7. The independent variable is not considered in fitting to the line. Thus, the LS involves

minimizing the vertical distance to the line.

e

Fig. 7

For TLS, a line is found that minimizes the total distance from the points to the line, as
shown in Fig. 8. The TLS, thus, involves minimizing the distance with regard to both the

independent and dependent variables.
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v

Fig. 8
Eq. (2) can be re-formulated as follows:

_{‘}‘j‘,“‘lA Abj, such that b+ Ab € Range(A +AA) 4

where A4, Ab are perturbations of A and b respectively. To find a solution to the TLS,

Eq. (2) is expanded in the homogeneous form:

[A+AAJb+Ab] X]=O

(Alb]+ [aa]ab) -i] =0

(5)
For simplicity, we denote [A[b] as C and [AA[Ab] as A. The TLS solutions finds the

A with s mallest norm that m akes C + Arank d eficient. T he standard p rocedure to solve

this TLS problem is to use the singular value decomposition (SVD) of the extended data

matrix C such that:

n+l
C=udiag(c,,0,,....0,,)v" =D o u v (6)

k=1

Where U ={u,,u,,---,u,},and V =[v,,v,,---,v, ]

It is assumed thato,_, is the smallest singular value. From this smallest singular value,

o,..,the TLS amounts to finding a vector X such that:

Il (4] [fl] -

c

BT
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By squaring Eq. (7), we obtain the following:

X 2
[Alb] [_ l:l » Ia'.HI - b,lz (8)

min =min )

£ ‘ [X:' "Z e b oxfx+]
-1

The right-hand side is the square of the distance from the point [a;b;] to the nearest

point on the hyperplane. For further details refer to [32].

We consider a new cost function based on minimization of hypersurface distance (MHD).
For linear systems, the methods of TLS and MHD have the identical geometrical
interpretation. However, differences between the TLS and MHD methods occur in the
case of nonlinear systems. In general, the MHD method provides higher accuracy than
the TLS especially for nonlinear systems at the expense of higher computational
complexity. An example delineating differences between the TLS and MHD can be
examined using the following nonlinear difference equation:

y(n) = ay(n-1) + by(n -2)°

where y(n) is the output signal that is assumed to be corrupted with Gaussian white noise
(GWN). The TLS determines a plane Z=aX+bY (here Z, X and Y correspond to the y(n),
y(n-1), and y(n-1)*, respectively with n=1,2...,N) such that the summation of the distance
for N data points of those three coordinates to the plane will be minimized. Different
from the TLS method, M HD method’s criterion is to find a surface Z=aX + bY* such
that the summation of the distance for N data points of the three coordinates to the

surface is minimized. The geometrical interpretation of the cost function of the MHD

48
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Fig. 9

is provided in Fig. 9.

Similarity of the MHD to the TLS lies in determining the minimal total distance to the
surface rather than a plane, as is done with the TLS (Fig. 8). The structure of the surface
is case-dependent, and thus, there is no general solution to find the minimal surface.
Furthermore, for highly complex nonlinear structure, an analytical solution may not be
obtained.

We define details regarding the implementation of the MHD method. There are two
separate procedures that are performed prior to the MHD. These two procedures are
mainly used to minimize the computational time involved with the MHD. The first
involves utilizing our previously developed model order search algorithm so that the
number of difference model terms to be searched is minimized. This method is called the
optimal p arameter s earch (OPS) algorithm and has been shown to be one o f the most
accurate methods available to date [33]. The second involves using the TLS to estimate
parameter estimation of the model terms determined using the OPS algorithm. The
purpose of using the TLS is to obtain an initial better parameter estimate such that the
search space for the optimal parameter estimate can be minimized.
Once the significant model terms and their associated initial parameter estimates are
found, the MHD method is then applied. To provide an example of the MHD method,
consider the following nonlinear autoregressive difference equation:
v(n)=av(n—1)+by(n-2)*
With z=y(n), x=y(n-1), y=y(n-2), the above equation can be rewritten such that:
c=ax+by’ 9)
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For optimal values of @ and b, the minimum total distance to the surface can be found.

For simplicity, we use the norm 2 distance to minimize the following cost function:

min[(z-z,)* +(x-x,)’ +(y-y,)’] (10)
By substituting z with Eq. (9) to Eq. (10), we find the following:
f(x,y)=(ax+by’ —z,)* +(x-x,)’ +(y—y.)’—af%y—)= Y
(ax+by* -z)a+(x-x)=0 (1)
q.('t’y) =0
&
(ax+by* —z,)2by +(y-y,) =0 (12)

[nitially, we set a range of values for the parameters a and b such that Egs. (11-12) are
minimized. For every values of a and b Egs. (11-12) are evaluated, and the combination
of a and b that minimizes the total distance to the surface is determined.

If the dimension of the system is less than or equal to three, the analytical solution that
characterizes the minimum distance can be obtained. If the dimension of the system is
higher than three, an analytical solution of the minimum distance may not be obtainable.
The MHD method is case-dependent and a unique solution is difficult to obtain especially
for systems with dimension higher than three. However, it has been suggested that the
spherical polar coordinates method can be used to obtain an analytical solution for

systems with dimension higher than three [34].

4.4 Simulation Results

In this section we demonstrate the effectiveness of the MHD method for estimating the
parameters o f nonlinear AR models and compare its’ p erformance to those of LS and
TLS methods. For the first simulation example, we consider a well-known self-
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oscillating chaotic dynamic known as Henon map, and it is described by the following
nonlinear difference equation: y(n+1)=lol.4y(n)2+0.3y(n-1). For the next two simulation
examples to follow we assume that the structure of the model is known. The task is then
to estimate the coefficients of the known model when it is corrupted by 10 dB GWN.
The phase plot of the Henon map is shown in Fig. 10. Note that 10 dB of noise

completely obliterate the dynamics of the structure (not shown).

' ST
o : /."/' .:‘\\.

)

Fig. 10 True attractor
Table 9

parameter a parameter b

True Value -1.4 0.3
LS -1.1125 0.2404
TLS -1.2980 0.3465
MHD -1.42 0.30

Comparison of the coefficient estimates based on the three methods is shown in Table 9.
It is clearly evident that the MHD method provides the most accurate parameter estimates
of the three. Despite 10 dB noise, the MHD method is able to obtain the correct model
parameters. With the other two methods, the coefficient estimates deviated significantly
from the true model coefficients. The TLS provides better coefficient estimates than does

the LS, and the TLS results themselves are impressive considering
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(a). Fig. 11-1LS, (b). Fig. 11-2 TLS, (c). Fig. 11-3 MHD

the significant noise contamination. Figs. 5-1 to 5-3 show attractors reproduced from the
estimated coefficients obtained by the LS, TLS and MHD methods, respectively, as
provided in Table 1. We observe that the MHD is the only method that is able to
accurately reproduce the true phase dynamics of Henon map.

The s econd s imulation c onsiders another d eterministically c haotic attractor that

has the following nonlinear difference equation:

y(n)=0.7y(n-1)-0.2y(n-1)?-1.5y(n-2)+0.4y(n-2)" (10)

Fig. 12 shows the phase plot of the attractor described by Eq. (10).

Fig. 12 True attractor
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Table 10
y(n-1) y(n-1)° | y(n-2) | y(n-2)°
True Value 0.7 -0.2 -1.5 04
LS 0.403 -0.101 -1.054 | 0.245
TLS 0614 -0.157 -1.394 | 0.328
MHD 0.694 -0.196 -1.510 | 0.396

As in the first simulation example, 10 dB GWN was added to the data. Table 10 shows
the comparison of the parameters estimates of the LS, TLS and MHD methods. Figs. 13-
I, 13-2 and 13-3 show reconstructed attractors of the LS, TLS and MHD methods,
respectively. As shown in Table 2 and the reproduced attractors, unequivocally the MHD
method produced the best result. Furthermore, the result obtained by the MHD method is
impressive in that it is able to reproduce the attractor despite the fact that significant noise

was added to the system. The attractor obtained from the LS is completely different from
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the true attractor shown in Fig. 11. The TLS estimated attractor shows overall
characteristics of the true attractor but several folding patterns that are not representative

in the true attractor are revealed.

Besides white noise, we also consider the 10dB color noise.

y(n)=0.7y(n-1)-0.2y(n-1)*-1.5y(n-2)+0.4y(n-2)* +e(n)-0.2le(n-1) (1)

Table 11.
y(n-1) y(n-1)° | y(n-2) |y(n-2)°
True Value 0.7 -0.2 -1.5 0.4
LS 0.344 -0.089 | -1.030 | 0.239
TLS 0.557 -0.147 | -1.406 | 0.331
MHD 0.702 -0.206 | -1.524 | 0.398

From the table 11, again we can prove the robustness of our cost function.

The third simulation considers another chaotic attractor generated by the following
difference equation:

y(n)=-0.5y(n-1)-y(n-1)*y(n-1)-0.65y(n-2)+0.5y(n-3) (12)

Contrary to the two previous examples, in this example, we assume that the model
structure is not known a priori. As detailed in the Methods section, to determine the
correct model structure, we use the method of OPS. Once the model structure is
determined, TLS is then used to estimate an initial estimate of the parameters that are
associated with the model terms. To reiterate, we use the TLS method since it provides
more accurate estimate of the parameters than the LS approach, as detailed in the
Methods section. Note that if we used some of the conventional model order criteria (e.g.,

Akaike Information criteria (AIC) or minimum description length (MDL)), the accuracy
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and computational efficiency is significantly compromised. This is because many of the

model order criteria do not work well in practice.

Table 12

10dB A:(-0.5) B: (-1) C: (-0.65) D: (0.5)
LS -0.2702+0.0155 | -0.6365+0.0125 | -0.5245+0.0034 | 0.5558+0.0076
TLS -0.6438+0.0523 | -1.0529+0.0403 | -0.7020+0.0144 | 0.4173+0.0218
MHD -0.5628+0.0134 | -1.0400+0.0200 | -0.6750+0.0071 | 0.4650+0.0112

ax

ace

Fig. 14

To challenge the robustness of the algorithm, we add 10 independent GWN to the system
output. Table 12 shows the mean and the standard deviation values for LS, TLS and
MHD methods. As was the case with the previous two examples, the M HD method
provides more accurate parameter estimates than either the LS and TLS methods. Figs.
15-1 to 15-3 show reproduced attractor based on the parameter estimates obtained by the
LS, TLS and the MHD methods. Only the MHD method is able to provide attractor that

closely resembles the true attractor as shown in Fig. 14. Note that the LS method’s

attractor significantly deviates from the true attractor.
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4.5. Conclusion

We presented a new cost function based on minimization of hypersurface distance for
accurate nonlinear AR parameter estimation. The technique developed is more
computationally intensive than either the LS or TLS, but provided that the correct
structure of the model is available, the MHD method can provide accurate nonlinear AR
parameter estimates even in the case of significant noise contamination. The efficacy of
the method has been shown in nonlinear AR models but the method can be extended to
any subclasses of linear and nonlinear autoregressive moving average models. It should
be noted that accurate parameter estimates could be obtained by the MHD method
because it combines both robust model order search criterion as well as accurate initial
estimate of the parameter estimates using the TLS. Combination of these two procedures
subsequently leads to an accurate determination of the parameter estimates concomitant

with significant reduction in the computational time.
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Chapter 5

Proposed Work

We propose to investigate the following problems in the next phase of our work.

L Chaotic analysis has been shown to be a powerful tool in understanding and
characterizing the dynamics of nonlinear systems. We will apply newly- developed
NAR model algorithm(OPS) and parameter estimation algorithm(MHD) to some of the
well known chaotic models such as Henon, logistic, Rossler and Lorenz attractors. The
Lyapunov exponent is a very useful indicator that determines the system’s sensitivity
dependence on the initial conditions. Estimation of the Lyapunov exponent requires a
large amount of data. However, this can be avoided if a nonlinear ARMA model is used
( Lyapunov exponent can be directly estimated based on the Jacobian matrix). In
addition, since the NAR model also depicts the internel features of the chaotic system,
and if the fact that our newly developed NAR algoirthm is accurate, we may be able to
pinpoint a few parameters that maybe responsible for a system to undergo a bifurcation

to chaos.

I Data compression scheme is a very critical component in data storage and
transmission. An ARMA model can be used as an effective tool to compress significant

amount of data. We will examine if combination of our newly developed ARMA model
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and other efficient algorithms such as wavelet transform can be used to further enhance

the compressibility of the data.

aI. It has been noted that growth hormone (GH) secretion is different between sexes.
For example, GH secretion in the conscious adult made rat is highly organized into a
series of episodic bursts whereas female rats secrete GH continuously. We will
examine using our newly developed methods to differentiate underlying dynamics that

may be responsible for differences in GH secretion process between the tow sexes.
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