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ABSTRACT
FINITE DEFORMATIONS IN ELASTIC-PLASTIC MEDIA SUB.:CT!D
TO IMPULSIVE LOADINGS BY THE FINITE ELEMENT METHOD
by

JOSEPH HEIFET?Z
Advisor: Professor C.J. Costantino

In this thesis the kinematics of large deformations
are considered together with the effects of non-1inear
(or plastic)material behavior on the dynamic response Of
structures. The elastic~plastic incremental stress-str.a.r
law 1s written in terms of frame indifferent gquantit:ies ind
aprlied to materials undergoing large deformations due t-
impulsive loadings,

The finite element method 1s developed by first
~riting exprassions for the incremental strain, stres.
and rotation nf an element and then applying these
expressions to the equations of motion written in increment .
form. The resulting equations of motion are developed
triangular and quadrilateral elements for both plana: and
axi-symmetric configurations, Expressions for thoe equr.ib: . im
of each node in the system are then cobtained as a set of
second order differential equations., The numerical integr staon

procedure used for the solution of these equations is

Vi



discussed in terms of re¢lative error and stabi.iity,
Results obtained to verify the validity of the met  nd
are shown for a cylindrical bar, a circular plate a spher.c-.
shell and a ring reinforced cylindircal tube. These resu *
are shown to compare favorably with known solutions and
data. In addition, results are shown for a fiat, circulur
plate impinging on a rigid, parabolic die and for an og.o .

nosed projectile impinging on a flat rigid surface,

vii



CHAPTER T

Introduction

In recent years a broad interest in problems associated
with the explosive forming of metals and the high impulse
loading of plates and shells has appeared in the technical
literature, In these problems, highly ductile metals are
subjected to the impulsive pressure of explosives and
deform permanently, either by free movement or by
impinging upon dies. The resulting deformations are
large and the dominant material properties during the
finite phase of deformation are generally in the strain
hardened, plastically yielded range. Because of the
complexity of such problems, the analytic solutions
available require the introduction of many simplications
such as the use of total deformation laws to describe
elastic-plastic behavior, symmetry to reduce the
dimensionality of the problem and proportional loading
with monotonically increasing stress states.

Any satisfactory treatment of a general two
dimensional problem* in large deformations invelving
a general loading pattern, must consider the effects of

unloading in various parts of the continuum due both to

*Note: Axially symmetric problems are herein considered
as two-dimensional,.

lo



the finite duration of the applied loadings and to wave
reflections at boundaries. Furthermore, the constitutive
laws governing large deformations must agree with physical
observation in both the finite and infinitesmal streining
range and satisfy requirements of frame indifference.

In dealing with complex problems of this sort,
great flexibility may be achieved by a numerical
formulation, particularly if the method used is the
finite element method. The method lends itself to a
simplified formulation of boundary conditions, even
for highly irregular boundaries, while element sizes
may be readily changed to facilitate investigation of
local regions within a continuum, As of now, there
appears to be no published examples of finite element
methods that can be used to solve problems in the
finite deformation of dynamically loaded elastic-
plastic media in axial symmetry, plane stress or plane
strain.

The objective of this thesis has been to develop
a finite element technique that may be used for the
solution of two dimensional problems in which solid
bodies having non-linear material properties are

subjected to dynamic loadings and large deformations,



3

The solution capability of the method developed herein
will be demonstrated by comparing the aumerical results
of this method, for elastic-plastic materials, with
several availasle analytic solutions and one experiment i
result, 1In addition to these, results will be presented
for several other problems of interest in elasto-
plasticity, for which solutions have not as vyet

appeared in the literature, These problems consist

of circular plates, shells and solids subjected to

impulsive loads.



CHAPTER 11

State of the Art

Hudsontaz] made perhaps-one of the earliest analyses
of the permanent deformation of thin circular diaphragms
subjected to impulsive loads uniformly distributed on the
diaphragm surface, He assumed an annular plastic bending
wave traveling radially inwards while the portion of the
diaphragm inside the bending wave remained perfectly
flat., Theé material was considered to be ideally rigid
plastic and deformation theory of plasticity was assumed.
Subsequent analyses of thin membranes subjected to

[ 36 ]

impulsive loads were made by Munday and Newitt

[58]

Boyd , all assuming deformation theories and neylecti.ng

[37)

elastic effects., Wang derived an expression tor the

and

permanent deflection of a simply supported circular
plate subjected to a blast load by using plate bending
analysis of a rigid plastic material and by ignoring the
[26]
effects of membrane stresses, Florence conducted
experiments on simply supported circular plates and
concluded that the membrane stresses added considerably
to the plate strength when deflections exceeded one

[34,55]

fifth of the plate radius. Jones ed

deformation theory to derive expressions for the



permanent deflection of rigid plastic plates subjected
to impulsive loads., His analysis included the effect-

[25]

of both membrane and bending stress. Baker derived
expressions for the motion of a linear strain hardening
elastic-plastic thin spherical shell subjected to a
uniformly distributed internal triangular pulse, He
based his analysis on deformation theory using the
Mises yield criterion and considered wall thinning
effects, Masaki[33] derived expressions for the
permanent deformation of a thin cylinder with ring
reinforcements at two locations and a uniformly
distributed outward radial impulse. He used incrementai
theory for a rigid plastic Mises material and based
his analysis on kinematic assumptions. He concluded
that the final shape of the cylinder profile can be
spherical, conical or trapezoidal, depending on the
particular values of geometric and loading paramcter:
Work on high velocity impact and projectile
penetration represents another area of interest in
dynamic finite deformations. Zaid and Paul[S?j
proposed a kinematic mechanism to model high speed

projectile penetrations of thin flat plates. 1In

this model, it is assumed that inertial effects



predominate over the material strength of the plate,
Thus, during projectile penetration, the plate materaial

follows the contour of the projectile as if it were a

59 . 60
'limp rag'. The work of Taylor[ 1, wlffen[ -

(447

Raftopoulos and Davids and others were intended
to deduce the mechanical properties of materials at
high strain rates.

In addition to the above list of analytic solution.
and experiments in dynamic large deformations, a number
of numerical codes have been developed over the pa:t
ten years. The finite difference 'Tensor' code by

[34]

Maenchen and Sachs solved two dimensional problems
in cylindical symmetry invelving transient stresse:. in
elastic-plastic media. The code was formulated in
material {Lagrangian) coordinates using incremental
elastic plastic stress-strain iaws and a numerical
integration scheme to solve the equations of motion,

An artificial viscosity term was added to the equatinns
of motion to dampen spurious oscillations in strecss
occurring at shock fronts. The code was developed

to investigate underground explosion phenomena, but

published results were for elastic and plastic spheres

subjected to internal radial .mpulse loads. Wilkins



[40]

'Hemp' code has many features of the 'Tensor' c»ode
above but differs in that it may deal with material
properties in the high kilobar range (such as may occur
with contact explosives). The code also provides for Lhe
sliding of different materials with respect to each

3
other at boundaries. Leech et al.[ 8]

developed a

finite difference shell program, 'Petros 1 to find the
permanent deformation of thin elastic-plastic cylinder-
subjected to dynamic loading. In none of the above code:
was any consideration given to the frame inditferent
expression for stress rate, although all of the-e code-
used incremental plasticity theory.

Finite element approaches to large deformations in
non-linear media have been published for static probiems
)den and Sato'squl development was for 2 non-linear
elastic (Mooney-Rivlin) membrane for which all strain=z,
etc., were referred to an initial coordinate system.
Hibbitt et al.[43] described a method of formulating
a finite element approach to problems in large
deformations for elastic-plastic media, They stre-ced
the necessity of using incremental methods in solving

the equations of motion; i.e. by treating the equation-

as piece-wise linear over small intervals, They also



noted the importance of using the frame indifferent
Jaumann ‘flux' in place of true stress increments in the

constitutive egquations. 1In additicn to the above, are

421

finite element solutions for rubber membranes

L48] and Martin’s[ggj developments for

Becker's
and Turner's
problems in stability.

Finite element solutions to two dimensional wave
problems in small deformations have been obtained using
lumped nodal masses. Costantino's developments[46'471
used the Newmark method for elastic and plastic media.
Artificial 'correction' forces were introduced into the
equations of motion to account for the effects of the

45
s[ ] development

non-linear components of strain, Fu'
applied the de Vogelaere integration method to general
linear media with damping.

There appears to be no published finite element
development for transient stress problems in two
dimensional elastic-plastic media including large
deformations. In particular, there is no published
analysis for the permanent deformation of plates
impinging upon rigid dies after being subjected to
uniform impulsive loads. This thesis, therefore, 1is

directed towards filling the aforementioned void in the

technical literature,



CHAPTER III

Kinematics

The kinematics of large deformations presented he: :n
is considered in two parts; i.e. total and incremental
deformation, The terms of incremental deformatisn 2are
to be used in the constitutive equations, whereas the tou-]
deformation terms represent a state of current strain .ur-i

are found from purely kinematic considerations,

'i;l Notation

For this section the following notation wili! app.v

Subscripts and Superscripts

Greek, lower case; position vectors and coord:inate
in An initial or reference
configuration
Roman, lower case: position vectors and coordin-t- s
in a current or spatial conf.igu: it1o0on
The position vector will also be designated as-
%“,X“ if referred to an initial configu- 2t.,.

1. _
X. o X if referred to a current contiguration



Whenever indicial notation is used, the convent.on of
summation over repeated indices applies with the under-tandin,
that ( ),j is the covariant derivative of the quant.ty
1n parentheses with respect Lo xj:

3.2 Strain Displacement Relationships

The mapping of points from an initial to a current

configuration may be expressed as;
S RN S
b
= + (3.1,
x'=g X +UW
1, . i,
where u 18 a displacement vector and Jo 1S the =hitter
that transforms the position vector from the initial to
a current coordinate reference frame.

Since the mapping is one to one and invertib e, the

following functional relationships hold;

xt= wI(X™) (4. 0
x«=xu(xi) (3, 2iy

dxt

xfﬂd}(“ (. 20
C{Xru' ){T‘C}xf {(3.2d)

{ of ]
xlﬂ IJ = JJ LY -
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Furthermore:
; ) .
dx =(q! + u,;)d)(" (2, 1)
Hence, from (3. 2c) and (3.3):
( _ ot L
xaﬂ- qa + UJ" (.4

which is called the 'deformation gradient'.
The lengths of differential line elements in a

deformed and initial configuration are given bL;

ds? « g, dxidx’ R
d52 = gwdx“dx" (3. 5h)

The difference of these quantities is therefore a measure

of deformation and is given by:
2 . .
ds®dS = (gi; xL X}y - Goy) dXdX* (1o

where gij and gu' are the metric tensors of the current
and initial coordinate systems respectively, Thus, the

Langrangian strain tensor may be defined as;

[ ]
€0¢a"/2(9ii X, M"J«u) (3.7
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. t
Expanded expressions for x

and the ‘acobi
e f 60“_ acobi1an

of transformation J are shown in Appendix D for the plane
strain, plane stress and axi-symmetric cases.
R

According to Cauchy's polar decomposition theorem

transformations of the type given by (3.4) are made up of

a pure rotation and a pure deformation, It F = x P ! ther;
o
— - *
F = RU=VYR (1.8)
where R is an orthogonal matrix such that RRY = rTrR = |
Por YT ¥ P o
(the identity matrs v)

U is a symmetric matrix such that U' = U and

~ - ~

V = RUR' is a symmetric matrix

o Ak 2%

Note, that if H is considered to he the pure
deformation of a body referred to its initial, unde!ormed
configuration, then V isthe pure deformation referrecd to

S

its deformed state, Then according to (3.8), the
deformation gradient E is composed of a pure deformat ion
followed by a rigid body rotation, if the deformation
tensor E is used; or a rigid body rotation followed
by a pure deformation if the tensor V is used.

The material derivative of E(t) leads to the

introduction of two more terms; i.e. the 'stretching'

and the 'obbserver's spin' (or simply the 'spin'). l}or;
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- _ D l 'l" l: ,
Ectr = Bixd) = (51,0 = Wi
or
ECt) = v xX (3. 90)
~ sk e A
1 — i ==
Then define; Gks gkiv's Vk's {5.10)
and note that every tensor can be decomposed into a
symmetric and anti-symmetric tensor;
qksglé'cvk:s*'-VS)K)*-JZ'(VR:S-VS.K) (s 10
Then we define the terms:
P | 0,
DK5 = 7 (VK:S + Vs, ) ¢ 3. 12a)
and
= _ :
Wsk = = (Vx,s Vs,k ) (3. 1200

These terms are subject to physical interpretation :
i.e. the material derivative of the term (ds)’ leads to:
B (dsh)= & (gigex'dx)) | |
=i (B (4 dx *)dxd+ £ (¢} dxTydx')
= gis (Ve %% dx%dx "+ v Xy dxPdx )
=g (vidx®dx? + v} dxtdx?)
=V, dx¥dx? + vy dx'dx®
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Since k is a dummy index, let k = i in the first

term above and k = j in the second term above, then:

B, s )= (v oy i’
- Z D” dX' dx’

Now (3.13) may be written as:

1 D d o
—(@s)=0D,;: "' N (s.14)
ds Dt @s) 13
) i . 3 .
where nl = ax : nj = Qﬁ are unit vectors in the xl
ds ds
and x] directions,

1
Now if n(l) = {0} 1s a principal direction ot D

0 t)

then;

ds i w
Dny* Son¢n

and it is seen that stretching is an instantaneous rate

of change of stretch at a spatial point in a continuum,

The spin can now be shown to be the instantaneous

rate of anqular change of the principal axes of the

-

stretchingL

Let D(n) = the principal values of D,

i)
Then k kK
\Dl Piny §)

|
o




L5,

. . k
Consider the material derivatives of n = —

tangent to coordinate axes;

A’ a'—s- —g—,f-(dx")- &‘? dx* —%—(ds)

k k. i
Now %E (dx ) = Vidx1 and along a principal direction;
-1 D
Diny ~ as ptlds)

Hence, for principal directions;

cK_ | K L K1t
n -J§<V,del D(n)fgtdx)
K KN\ b
'(Vai - D(m'gi.)n '
’(Df + Wk - D(n)Sf)n' (3.10)

N L. . .
where n lies along a principal direction of D. ..
1]

k k L
But (D. - D J'.) n = 0, Therefore:
i (n) i

- k Y
n"-.-wl-n‘ (3.17)

and since {3.17) is the time rate of change of a unit
. . k

vector referred to spatial coordinates, W, must bLe a
i

rotational tensor; i,e. one that does not change the

length of n
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CHAPTER IV

Frame Indifferent Quantities and Their Use in Constitut:ve
Eguations

4,1 Frame Indifferent Quantities

Let the rigid body motion of an observer's referencs

frame be given by:rz]
X* = c(f) + o(t) (X=X ) (g, e
~ ~ ~ " 0O
t* = t - a ‘1. 1)

»
where Q(t) is a time dependent, orthogonal transformation
Fa ¥4

. ¥ — . .
matrix, C(t) is a position vector locating a point n
v
. * b s L
space at time t , and 'a' 1is some 1initial or referencr
time. Then if a guantity is frame indifferent, it w.l1

transform in one of the following ways from the ‘unstaryed’

to the 'starred' system;

A* = A if A is a scalar (4, 2a.
Ve = QV if V is a vector (4, 2b°
~ laadad ~
T . ‘
S* = QSQ if $ 1s a second {4, 2¢)
~t A AS
rank tensor

Thus if V = X-Y is objective, then V* = X* - Y* {4, 3,
L9 ~o~ A s fad



Upon inserting equation {(4.1la}) into (4.3) one obtains;

&

t <
il

Q(X-Y) = Qv (4.4)

1f v §E {(4.5)

where S is an objective, second rank tensor, and V

P

and W are both objective vectors, then

v = QX
™
W = QW
»*
QV = S (QW) = Q(Sw)
A Ay A At Ay A A
*
S Q= Q5
*" TI'
S = Q5Q (4.6)
" ~ Yy A
i
Let F = X g be the deformation gradient ({see

chapter III), then;

* ax i L] )(]
Foo= « = 0. (t) a—j; (4, /a)
~ ox J o X
F* = QF (4. 7h)
A Ar At
Thus, F is not an objective tensor.
~t
The material derivatdive of F is given by;
i
F = = V = GF -4
- 9x” kX TRL (4.8
F* = QF + QGF {4.9)
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Since F = BTF* one may write;
g*F* = QGQ?E* +é9Tf* @4 .10
Then post-multiplying both sides of (4.10) by (F’")‘l
results in;
g* = 999'1’ 4 E:?QT @.11)

: . i
By lowering the upper index of the term V K it

may be reduced to a sum of symmetric and anti-symmetric

second rank tensors. Thus ;

= . v o= 1/2{(v., +V. Y+ .= v,
E g.'I.K .3 / ( 1,]+ J,l) 1/2(\71‘] ],l} 1.1

Then recalling that

Dij = 1/2(Vi'_+V.'i) 1s stretchinag (4.13)
and
Ww.. =1 vV, =V, . i 5P 4. 14)
ji /2 i3 j,l) is spin (4 )
we have; G =D + W
T - T
then G* = D*+W* = Q(D+W)}Q + QQ
= T . . ; ; T =T - T
But QQ 1is anti-symmetric since D/DL{QQ ) = 0Q + QO 4
T T » T
Hence; G* = D*4W* - QDO + (QWQ + Q0 } (4.1%)
Ay Fard ~ R P pr a~d Ay



4,2 PFrame Indifference in Constitutive Eguations

The requirement that constitutive laws be frame
indifferent is equivalent to the following: let the
stress-strain relationship for a simple* material be

r2]-

represented byL

o
Z:(t) = (:?J(F(t-s)) (4. L+,
sS=0 ~

where T(t) 1s the stress tensor; F(t) is the de¢ftormat o
gradient (see Chapter III}:q§ is a functional e it

T to F; and 't' and 's; are the current and past t . owo

A

respectively; then the requirements of matorial f»ame
e
indifference are that; “-

o
T *» = { (F*(t-s))

~—

§=0
or
T o0
Q(t)T(t) 9 {(t) = q(Q(t—S) 13 (t—g:,)) fL
By letting
T
R (t) = Q (u)
where R {t} 1s defined in (3.8), we may obtain:
~ o0
£ T
Tty - R{t) e | Lj(t_g]) ] Rt R
~ ~ ST O “r ~
wherelJ(tJ is the symmetric, pure deformation ten-or and A

18 the functicnal relating 7 to U,

*Simple materials are defined by Truesdell as those who:s
properties may be deduced by subjecting them to homogencou:;
motions.



If the constitutive ecquations are ot tihe t-nm

.= F._ (D ...D, ; ST
r[l] 1) 11 33 Tll Tj% éil

where the dot over a quantity indicates the miatos gl
and T . ,€. and D, are the stress, stroailn cned ot 1y

1] 1) 1]

tensors regpectively, then a difticulty ari o whero g,
attempts to apply (4.19) to a body in rigta oo jor L.
the terms on the right of (4,19} transtoom . toor g
the point transformation given by (4, Tl wnnte o o0

on the left do nct., This latter point m:. 1. ten-

by noting that if T—ij is frame indit:. .ot ot

] JII
T* 0TV
cireed
. _' I'I' . rm ) "[I
T* = QTQ QT O
pu e PR L
y il
turthermore, 1t v gy oo patuar o8 :
constatut tve eouat cons (G, T 1 om ot Eondpo ot
Abgerver motir s s v b oot pear b o0 o0
et Oormilnieg me g R N N T N T S VR TR Y S RS S S v
of translat o s pint 3t 1o byovie Lol hBirgere o s L
distort rear 0 by pedruam Toaca bl gy e oo b t
With the b o oy poder b voyy I TR :

tor abbtalu o Jirnltion o a Poreesss rertee s Moo
trame 1hdiftorence, that tran:s form: o ot ot Urgod

pornt trancstormetion (4, 1a) and that oot b



2L

consistent constitutive eguations, Cne such definition, :a

o7
[JJ

the Jaumann stress rate and is obtained as follaws

D(32 D'(3 g

Y

D(2)

() (t+di)
DA

Figure 4.1

Let P, Qi(i = 1,3) in Figure 4.1 be a cartes. 1
system of points in a continuum at a time t such rot

Eai each lies along a principal direction of D4J:trc

stretching tensor). At time (t + dt) the system |-
represented by P', Q'i, and since shear deformat.on e

vanish along principal directions of D,jﬁ the system  'QO7
1

within a small neighborhood of P is also ortho3onai i

consists of a system of principal directions ot D'
i

Then define stress rate such that it vanistey

identically when the stress tensor at F' has th.e sam-

stress components with reference to P'Q'. as 1t bad «~.t
1

reference to PQi' Thus:

D/Dt (Ti]likj) = (4, 20)
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where li'Xj are unit vectors along the principal axes of

PQi' Expanding eguation {4,20), we have;

=‘.. Lo+ ;\ + }\ 4, 7.,
D/Dt (Tijxixj) lexl ; 'Z'lj e '(lj i Y,
But y . = {V. . - D S..} Y, {see equation (3, 16))
i i,] (n) "1ij ]
where D is a principal value of D, and V. = D. .  + A
(n} 17 i, i] i
Hence Vo= W, ) (4. 22
1 13 7

Then inserting {4.22) into (4,21} we obtain the toliowing

expression for stress rate or flux;

v (9T T w T w x

i3 iy "Kj 1K iKUK
Equation (4.23) for stress rate is only one op mer
such possible expressions, each of which sit1aty the
criterion of frame indifference, For example, the toidloa,
expressions for stress rate are eqgually valid {rame
indifferent gquantities;

0 FaogwowT) T bt T o

where a 1s a scalar. The singular property ot th

{.1)

definition given by equation (4,23' is that 1f T L

vanishes, the stress Invariants i1n the continuum become
r f :

stationary~ . This 1is seen by the fact that stress

rate is measured with respect to a set of orthogonat,

principal axes that rotate with the material, It 13

this property that qualifies its applicability toe the



constitutive equations of elasto-plasticity, For if tte

stress rate vanishes,

the yield function is stationary ¢

an elastic perfectly plastic material. Similarly. for .

work hardening material, a vanishing stress rate 1mpl.e-

a stationary state of hardening.

iR 2
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CHAPTER V

Elastic-Plastic Materials

The formable, ductile materials available to
industries of today may be described, for the most

part as elastic-plastic and work hardening. In
most cases, the Von Mises yield criteriont 3] ma, he

used to predict the onset of plastic yielding, Large
deformations, occurring well beyond the state of
initial yielding may be predicted in accordance with
various constitutive laws that are currentl, availal le,
Thus in considering representative prot-lems in the
large deformation of dynamically loaded metals (for
which analytic and experimental results exist), a
Von Mises material with isotropic, linear «<train
hardening properties was elected.

In choosing a constitutive law to represent
a strain bhardening, elastic-plastic materaial,
consideration was given to the fact that such a law
must be generally applicable to all classes of
dynamic loading for both the finite and infinitesmal
straining, While one obvious requirement is that the
constitutive law agrees with physical oliservations,

it is also necessary that the fqllowing principles,



or axioms be adhered to: i.e., the principle of locai
action, determinism andframeindifference{zh

In the principle of local action, the motion ot
particles at some distance from the point X, may he
disregarded in calculating the stress at X The
principle of determinism states that the stress at
a particle located at X, in a body at a time 't', i
determined by the history of the motion of the body
up to the time 't'; while the principle of frame
indifference requires that the material properties
of the same material, as viewed by oObservers in
different reference frames, be identical,

Constitutive theories for elastic-plastic, :t'rain
hardening materials fall 1nto two main categorie: .
i,e. 'deformation’' and 'incremental' theorie:, [n the
latter, incremental plastic strains are a function of
the current stress state, and current stress increment.,
while in the former, total plastic strains are a function
of the current stress state. Both theories have | een
applied to metals during small straining,

5.1 DEFORMATION THEORY

As an example of a total deformation theory,

ra’
Hencky's ] model is illustrated. In this theor,



o]
o

the total strain deviator eij and the dilitational comporent
of the total strain ekk' are given at any time by the

following relationships:

e;=(P+Y26) 7T, (5. 1)
€y = _CL%‘L) T (5.2)

where @4 is a scalar such that

¢)0 during increasing loading after plastic yielding

¢==O during unloading or in the elastic range
The scalars G,¥, and E are the shear modulus, Poisson's
ratio and Young's modulus of elasticity respectively,
and‘Z"ij is the deviator of the total stress.

The plastic components of strain are given by;

4 ;
elJ =¢T"J (5.4)

Thus components of total plastic strain are proportional
to components of the current total stress deviator:.

Hillta]

raised an objection to Hencky's theory
that is based on the fact that discontinuous changes
in permanent deformation are predicted during load
cycling; a fact that clearly contradicts physical

observation., Despite this, use has been made ot

total deformation theories, such as Hencky's in



simplifying analytic solutions to problems in plasticity,
(3] .

It can be shown that for the special case of
small deformations and proportional loading, (where
stress components retain a constant ratio to each
other while their magnitudes increase monotonically)
incremental and deformational theories produce
coincident results. More recently, it has been shoiwn
that the Hencky theory may be made to produce equivialernt
results to the incremental theories over certain loadiig

- ) LL_‘
paths other than those of proportional leoading .
In addition to Hencky's, other deformational theories
. . . 3" r3°
of interest include those of Swainger  and Prager”™ -
However, these theories fail to describe physical

phenomena in sufficient generality for the purposze

of this thesis,

5.2 INCREMENTAL THEQRY; MISES MATERIAL

The material to be described below has the
characteristics of being elastic-plastic, isotropic and
linear strain hardening. It is assumed to strain
harden isotropically and to yield in accordance with

the Mises vyield criterion,



Let f(fij) = 0 define a yield surface in stress space,
Then if a vector from the origin lies within the yield
surface, the material behaves elastically. If the vector
lies on the yield surface and the increment in stresg state
is such as to cause the vector to move inwardly from the
yield surface, the material once again behaves elastically,
On the other hand, if the vector lies on the yield surface
and the change in stress state is such as to cause the
vector to move along the yield surface (for the elastic-
perfectly plastic case) or ocutwardly from the current
yield surface (for the strain hardening case), the material
behaves plastically.

The flow law relating the increment in plastic
deformation to the current stress state for this

materials is given by[3'8]

P 2f(T)) e
defj = x S5

where de%j are the components of the deviators of
plastic deformation increments, Since yielding is
assumed to occur without change in volume, the
deviators of plastic deformation increments are the

same as the plastic deformation increments themselves,
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The deviators of the total deformation increments mav
be written as the sum of their elastic and plastic component:

131

as follows

de“ 7 G *A'a’l'u' SR

where the deviators of incremental deformations snd stresice

are written respectively as:

de,;

del’l i ,/3 ‘(:'J' dEKk T

(ﬁ'r;j CiT}J- 93‘%1 CﬁTFK 3.0t

If the expression for the vield surface is writtern o

(1) =dg -(Fef3) = © o

where g, is the effective stress defined 1n Figuie b1,

Appendix E, and

- ’ / .’. - r L
JZ" /2 Ti, TJJ '
Then the expression for * may be shown to be;

P
5= 3de
Z Te



i)

P

where de” 1is a scalar defined by

et

depzv 2/3 (aeP defj)

1]
and eP is called the ‘'effective plastic strain’,
By incorporating a rate theory of elasticity propo-. d
(a] | .
by Truesdell into the concepts of frame nd:ifferent

constitutive laws discussed in Chapter IV we [ropose to

rewrite equations (5.6) 1n the following form:

Tij
17 2G ATl] !
"J) )
where L' , T and T! . are the deviators »f strete? 10
1] 1] 17

the Jaumann stress rate and stress respectivelw

In the absence of rigid body rotations eguatione
(5.12) lead to results that are i1dentical t» thoc.
(5.6). When rigid kody rotations occur, the dif:crenc:

results are due to the presence of addit:ona! te:ms o
]

(J)

Tij consisting of the sums of products of sp.n and ot e
components (see equation (4,23})).

Equations (5.12}) then represent the constituti -
equations for an elastic-plastic,Von Mises m.tor.al
undergoing large deformations, 3ince thermil efrect -
been neglected in these equations, care must be taken to

apply them to cases i1n which materi1al temperatures rem:-.n
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essentially constant. The work of Rice, Mcquee¢n, et a.L!“j
indicates that material temperatures vary during iarje
elastic volume changes resulting from hydrostatic proes-u:. s
in excess of 100 kilobars. Hence eqguations {5.12} appi
to cases involving large deformations with pressures »~ ..
below the 100 kilobar level. For pressures above thus
level, the reader is referred to the works ot ' 1. [

Equations (5.12) now satisfy requircments of fram-
indifference, Satisfaction of local action 1s jmpl.'d
by the fact that (5.12) represents events occur:injy :!
particle; while determinism is implied by the dependency
of the plastic deformation increment on the previous

stress path of a material particle. Tinally, Hi:l's

objection to Henky's deformation theory doesn't ap.-i;, t.

equations (5.12); 1i,e. for a material particle wha=e t:
path starts on the yield surface, unloads and then r«tu:r. .
to a different point on the same yield surface. coHntinuori-
changes occur 1in the plastic component of totar deformat . o,
Hence the constitutive equations, (5.12) satisfy tre

criteria initially set forth in this chapter,
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CHAPTER VI

The Equations of Motion

Before discussing the finite element method in
the nex chapter, an incremental form of the equations
of motion will be developed herein. These equations
are derived by considering the virtual work of surface
tractions and body forces acting on a body already in

a deformed state,

Define;

¥i = the traction on a surface whose oyter
normal is »

Fi = body force per unit mass

Su = that part of the boundary on which displacements
are specified

Sy = that part of the boundary on which tractions
are specified

S =5 45
u g

V = the current volume of the body under

consideration
The surface and volume of the body in Figure 6.1
are considered to be in a deformed state. Further it
is assumed that there exists a class of admissible
displacements, such that all boundary conditions and
the equations of motion are satisfied. The field

representing these displacements may be differentiated
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as often as may be required. Thus, if one considers the
admissiblelﬂisplacements(Ui + Sui) satisfying all lLoundar,
conditions, éui vanishes on Su' and is arbitrary on S
Then the virtual work of the surface tractions and body
forces is;

,
cfw%fﬁful.dv 4 Lufs;f; fu, ds 6. 1)

- T Vv
5. T -
F -

/72 - 55

——

o

Figure 6.1

From the divergyence theorem and the relationship;

Yy
Tt' = ’rl V. (&, 2)

J

one may write;

LUTI {U')VJ' ds 'j [(Tu,.u §UN+ (T JU.',J')]dV' (6. 3)
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From the known equilibrium relationship

1ZJ_J + f Fi =0 (6.4)

it may be deduced that;

dwe Tile, dv = [ grdudy + [T s ds e

where
Je|5 = ’/2<IU,’J+ JUJ}[) {6, 0)

Equation (56,5) may be written in terms of -trecs

increments occurring at a time tn. Let ;

A (Y =) - () {(~ 7)

be the increment of a quantity during the time 1nterval

(tn—t l)' Then equation (6.5) may be written
n-

/-V(?;'J'(n—;) +4 7:'.}'(*1)) Jé’u’c n)dv:ﬁr fF;'(n) JU"(”)AV
>
+[s‘ 7:'(,,) { Uicny O/S

(o, 8)

Equation (6,8) 1s hasic to the incremental form

of the finite element method to be developed herein.
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CHAPTER VII

The Finite Element Method

Analytic solutions to dynamic problems 1i. s:llids
involving both geometric and constitutive norn-lincaritio.-
are infrequent. Those that do exist depend hecavily or
simplifying assumptions regarding symmetry, mate: @at in
havior, loading paths and boundary ceonditions. After il
of these assumptions are introduced and the gove:ninma
differential equations formulated, the solut:cn proce
often reduces to a numerical procedure to intearate H!leoose
equations. A more direct approach to such prcblems w .. 1d
be to discretize them to begin with, In articipat:on
the numerical solutions that must follow. The fintte ol
ment method is one 1n which such an approach is made
possible.

The finite element method is an ocutgrowth of mar: x
displacement methods which have been used extensively *«
analyze structures whose parameters may be conven.ontly
lumped into discrete systems. The extension of these
methods to the analysis of continuums was filrst introducod

by Turner et al.[311
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In this method, the real continuum is subdivided into
discrete swbstructures or 'elements' that are constrained
to deform in such fashion that contiguous points on the
boundaries of adjacent elements remain contiguous throughout
their deformation history. Since stress discontinuit:es
wiall occur from element to element across element
boundaries, consideration of element equilibrium :s
agacounted for by the effect of discrete forces acting

at the element nodes from both external and internal
sources,

Compatability of displacments at element bourdaries
is accomplished by choosing one of a class of dispiracement
functions satisfying constraints along boundarie- of
each element., It may be shown that such a

choice, in fact, is the basis of a Ritz" appro=ch
to formulating the equations of motion, in discrete
farm, for each finite element. The Ritz Metnod, and
theorems associated with it, may bhe used to exam.ne
convergence of the finite element methods towards
| 547

esact solutions,

Two basic types of elements are used in this

thesis; i.e. the triangle and the quadrilateral.

The quadrilateral more accurately represents strains



7

since an extra degree of freedom has been introduced
into its displacement function, Furthermore, the
gquadrilateral may be used to replace two triangles
joining four nodes. However, both elements are
required to assure adequate representation of 1rregula:
boundary conditions.

In the material that follows, a presentation of
the discretized equations of motion, will be made.
Matrices and other details associated with implementation

of the finite element method, are shown in the Appendice:-

7.1 Incremental Expressions for Displacement, Strain,

Stress and Rotation,

The Triangular Element

Figure 7.1
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The conformable displacement function satisfying
constraints along the element boundary in Figure 7.1

is given as;

(] ]
U 1 R Z 0 0 0 .
= P L (7.1a)
v 0 0 0 1 R Z *
[}
%

{p} = &b]ﬂgl (7. 1b)

where U and V are the displacements in the R and 72

directions respectively and » through ", are

1
arbitrary, time dependent coefficients corresponding
to the degrees of freedom of each triangular element,
Upon inserting values for the coordinates of
each of the nodes, I, J, K into equation (7.1a) and

solving the resulting set of six simultaneous eguation:

for tL' one obtains

., N I~ 4
) a, 0 a 0 a, 0 j UI
b 0 b 0 b 0 v
2 .
T J K I
n3 CI 0 cJ 0 cK 0 UJ (7. 23)
ﬁ a = 0 a 0 a 0 4 v /
4 I J %
“5 (8] bI 0O bJ 0 b UK
v O
L 5 | i CI 0 CJ 0 CK_ k VK.




or
ic;(}:: [A]{” (7. 2b,
where:
= A -7 R }
a, (% )(ZKRJ Z R (7.3
L. = A) (2 -7 7.4,
L= 9A) (2 -2 (
= R_-R .
CI (LQA)( K J) {; >
1 1 3
2A = |R_ R_ R = twice t
I J K L he L
2 7 g element area L
I J K
RI'ZI' are the R and 2 coordinate of node [, et«
and the remaining terms aJ, ak' Ck' b]' hk may bhe
obtained from (7.3}, (7.4), and (7.5) by cyclical!ly
permutating indices,
It is convenient to define the following vector
terms;
bY = b 0 b 0 i o | (oAl
~ ljl J ’K i ‘ !
5l = [0 b, o b 0 b. | (7.7
o~ R 1 J K '
cT = c 0 c 0 0 1 {(7.7¢c)
~ L J ‘K i - /€
T _
c, - —0 CI 0 C.] O CK] ¢ 7dy
aT = -; O a 0 a O ] (7,
N N J K Ve
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where the superscript 'T' denotes the matrix transpose

and { ) denotes a vector or a matrix.
[

Expressions (7.1) and (7.2) are equally valid for

velocities or displacement increments provided 3. b,
i

and CI of equations (7,3,4,5) are based on current

nodal coordinates,
Now the expressions for stretching and spin

are respectively; (see equations (3.12a, b’

D,. =% (U. .+ U. .3  Ba.
l_] 1l,] j,l

v ‘ IS I
W, . = L} (U . — U, ) ' o
1] T2 1,]

where ( ),i 15 defined more generally as the covar.ant
derivative of the term in parenthesis,. Hence, tne

vector for stretching may be written;

- T P
(D ) b 1 [
rr ~ I
T \¥)
Daa 5 !
— U {7.9a)
4 ;) — T ‘ .J}
DH S VJ
- T U.
D L{c+b) K
L re - v - AV
L K

or D =B § L 7O



where;
T . .
K = 0 for the plane strain cont i tirar oo
~ A
T T T T . \
and K = (a +Rb +7c ) /R for the axi-symmetric contig..
Iy ~ ~ ~

Note, that in the axi-symmetric case, the expres..
in {(7.9a) are the physical components of stretching.
Since the only non-zero spin term lies 1in tho(k,

Z)plane, its expression is given bLy;

o

_~

W =% (A;-%) =% (g

The frame indifferent rate form of the tre-.. -

strain relationship for an elastic material i1+ jivern
by
T(J) = FE D oo
where; . "
Tre
T(J) = T(J} L 15 the .Jaumannh tress
r~ < Tg) rate defined 1n (1)
T2 (4.23) '
,-P(J)
~ IZ L
1 0 v o |
Q 0 O .
E = E 0 if plane -tres: O Y
~ 1-Yy O 1 0O
|0 0 O {(1-y)

)T g (7. 10,

31,
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F_ L4
_EQ-T) | Y
UG, -

S N R 4 !

if plane strain
or Axi-symmetric

irT

o
®
O
O o 0O Y4

7.2 The Discretized form of the Equations of Motion

The total deformation rate at any time 1t

it

assumed to consist of an elastic and plastic

component., Hence, (77.11} may be written as;

G B (Em ) R(p)) 7 i

!
A

where the superscripts T and P, in parentheses denote

the total and plastic components of stretching

respectively.

The substitutions of {(7.2L) into (7. 11

result
in the expression:
U = @ g T A
b= friy
and the expression for deformation perturbation may

be written as:

fe -8

{4,160



Incremental expressions for R and W are found by
substituting displacement increments (occurrinjy dur o,
a time interval 'h’') for the velocities 1n ecguations
(7.9) and (7.10) respectively. These displacement
increments are obtained through the recursive 1ntegrat
ion formulae (7.47) and (7.48). 1n eorder t.o 1.01d
introducing additional notation, R‘andtd W1l bernos o
designate increments 1in deformation and rotat;on o ot
than rates, while I}J)will be used to desiygnate 4 Lumir
gstress 1ncrement consistent with the above Increme it
expressions. With this 1n mind, the actual -tress irorem

AT, may be obtained from (4.23), Chaptor Voand ower ptte oo
n Y F

ATn'Tn(J)+(-*-)nY,\,Tn-n ’

where
i) '} ) <Z
, () 0 i) )
Y = _ )
() () {J -2
N .
-1 i 1 ) L0 T
Hence:

ATH’E(%mAin-%(P)) +Wn Y Ty o

L4
Then 1n view of equaticns (7 9b)., 7 b6y, 109, ard
the above remarks on 1ncremental notation, eguitoon ¥

may be written as;

(0], B @) T < e ase - D)V
Sip| (AR @R AV (4] (4 PTTds



where I is the identity matrix

Fu is a vector of body forces per
F = unit mass at a particle in an e¢lemernd
O F

v in

’I‘u is the vector of specified traction-

T = on the external surface of an element
n T

r~ v n

1 o 0 0]

0 1 0 0
L =
P

0 0 1 0

O G 0 2_]

and the subscript n denotes values at a time t
1

, T . .
The integral f A ¢ T d5 1n equation (7, /)
n n n
S

above 1is shown evaluated in Appendix B. The integr 1 -
zero except for those elements having specified -urt .-
tractions,

The first 1ntegral on the right of (/.20 ma, t.-
altered somewhat by extending the definit:ion ot a body

force to ilnclude inertial forces, Then 1t I -U.'m

R 43 .

and:

Lt AL @B Af, £al 076 adv]d,



The term in brackets on the right of :7.2%: 1.
referred to in the literature as a 'consistent' mas.
matrix, This matrix 1is consistent with the =admigs.iiis
motion of an element when the element mass i< regatded

as distributed through the element volume rather tnar

concentrated at the element nodes. Since 1t 1+ nodal
eguilibrium that we are ultimately interested 11,
contributions to the equivalent mass ot each 1. ae

could be obtained from the distrinuted mass ma’rice:
of each element containing that node, Thene
contributions taken together for all tihe node- 11

continuum add up to the "assembled mac. matrix"

Unfortunately, any solution of the equation:. of
motion would require the inversion ot thi: mutr
If we are to solve probilems of any reasonalb:le o ze,

the computer time and core storage requirement

would be ot sufficient proportion a- ta render ttooe
procedure unsuitahble, Hence, t he bracketed tocrm 10
(7.23) will he replaced by a less accurate, .t

operationally more suital le, diagonalized ma-
matrix; i.e., one in which the element mass 17 {reated

as 1f it were concentrated at the element nodes,

)

da
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The conditions imposed upon the relationship of concen -
trated to distributed mass in each element are discuss<d
in Appendix A. 1In view of the above discussion, the

equations of motion (7.20) may be written;

/BnL{(pwnY)m +€(BnAdn- O dV

'Nqérx + T4
o ~ {7.24)
The integral on the left of (7.24) may be evaluated
in terms of the initial configuration of each element bv
making the substitution; JdvO = dV in the 1ntegrand and
VO in the limits of integration; where J 1s the Jacobian
of transformation (See Chapter III), The Jacobilan 1is

evaluated as;

Jo=1+jibe T dS (BT <B4, (.20

~ —— ~ A

for the plane stress and plane strain cases and as

o= [1+ gla’+RbT+ 2N 4, ]{f* (Ib+&1'+

{7.2¢7

for axial symmetry. Note, that b, c, b, and ¢ are based

A ~ ~

on initial nodal coordinates.

Equation (7.24) may now be written in the shorter,

and more useful form;
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5 =Mt {T - K_ - P +Hk (17.27)
on o Re n n n

where: Erz the specified surface traction at time tn'

K =S (BTLEB aS)J dv (7. 28a)
n n n n n o
LY V A Ao A oA e
O
P = S (BT (1 +WY) T J av {%7. 28b)
n n ~ 1 o
Vo ~ ~ ~
g = j (B'r L E D.(P))] av (7. 28¢)
n n n O
~ Vo ~ A "~

In the plane strain and plane stress cases the
integrals in equations (7, 28) are simply the braclketed
terms in the integrands multiplied by the element areas,
since the integrands are constant over the element
volumes at any time t, In the axi-symmetric case,
however, the integrals are svaluated at each time
gtep by the application of Gaussian Quadrature over

the volume of sach element. (Hee Appendix C).

7.3  The Quadrilateral Element [22].

e

Except for certain details, the presentation
of the quadrilateral eleament is identical to that

of the trianqular element, The advantages of using
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this element are improved accuracy achieved by including
an extra degree of freedom in the displacement
relationships and the smaller number of elements
required to represent a given continuum, Computational
advantages are further achieved® in the numerical
integration over the element volume (See Appendix C)

and in storjpge of element properties,

Figure 7 2

(Quadrilateral Element Referred to a Spatial

(current) Coordinate System)
The conforming displacement function for the element

of Figure 7.2, above is expressed in terms of the

. (227
(;,7) coordinate system as ; o
" 1
u 1 0o O 0 0
\Y Q 0 0 Q 1 el
F 57 730z}
q?
g




By substituting

equations (7.29) one
( —
o ) 1 0o 1 o
1
sz -1 0 1 0
Q¥3 1 o -1 0
C¥4 -1 o -1 0
£ > = %
™ 0 1 0 1
5
(¥6 0 -1 0 1
CX7 0 1 o -1
x 0 -1 o -1
8
\ J |

The values of g

to obtain;:

P

=z
li

2z
il

A
il

%

Z
Il

and

may be substituted into

(l-g)(l -?’)
(1*-5)(1 -?W

% (1 +%)(1 +-?)

(1 -:;)(1 +—?)

U V_ u_ Vv
=1 I J J UK VK UL V

may arrive at

1

1

the values of | 51, ?J )
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into

vV, [{7.30)

(7.29)

(7.31)

(7.32)

(7.33)
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Since a linear relationship of the form of (7. 31)
exists between the two coordinate system shown in

Figure 7.2, one may also write:

0 N
R i N 0 N, x O N0
N_ O N_. O N 0 X7
Z 0 I J K Ly
where:
xT [R, Z_ R_Z:R_Z_R_R_] (7.35)
~ 1 %1 T %k kT o ‘ -

Now, in order to write expressions for the
components of the stretching tensor referred to the
(R,2) coordinate system, the following relationships

are used:

C g _ g ( 3*; (7.36)
C )y l9| -R,z R,7 ( ),2

U,ral=§"a (7. 372)
; Ea ] -

u,2=%£= :(:97 (7.370)
Gy 8L LT

v;; * /30 é': STA T (7. 374)



where:
, _ i i Ry 2,
9 -_—[R*§ g’? ::;-rl-?)ﬂ 7)(”42) (H’D] g: £, (7
. R,,z Z,, 0-9-+4)14$) (-¢) R: %:
|9 |= Determinant of &
A= YlG-D © G-7) © (4m) 0 -(1+7 O] (.
A4l o-G- 0 (- O (¥ 0-(+7] (7.
B=Y4[(-8) © -(+§) O (1+€) O (-§) O ] (7.
B-)[O -(1-8) 0 -(1+g) 0 (14§D 0 (+-§) ] (7.
and we further define:
N=([§ O N O N O N 7

. 38)

39a)

39b)

39c¢)

39d)

3ge)

Then the matrix expression for stretching becomes;

. 5 T -T ~T ]
Pk /b X @&a - R
Dee | _ K
10 ’ (1/ ) XT(ATB - BTA)
T =T= T T =T=
D X - -
Pra | |[MRED XET-E 2o bE
where:
K = { 0 1 if plane strain
~ N/R: (R = ) .
~/R ¢ E ﬁ) if axi-symmetric

§

~
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(7.40)
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Equations (7.40) may be written more conveniently
as;
D=8/ (7.41)
and used directly in the equilibrium equations (7.27}.
The integrals are evaluated numerically over the

current volume of each elemant, so that:

_ T )

lf,n = jT (}in LEB & én av (7,42a)
P = J (BT L (I+wY) T de (7442b)
H = ‘y (BT L E [)(P)) av (7.42¢)
n n n

Ea’d v rr P P Lt

and X represents the vector of current coordinates
A

of the element node.

7.4 Solution of the Equations of Motion

In equation (7.27), the equationé of motion
for a single finite element are written as;

5 =MY[T -K -P -H] (7.27)
n Y n n In n
~ At a ¥ As ~s

The terms in brackets on the right side of
equation (7.27) above, may be considered to Le a
combination of externally applied and internal
resisting forces of the element acting on the
element nodes, Therefore, it is possible to

deal with the sum total of such loadings acting
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on a node that is common to several elements. For

example in Figure 7.3 below, node 6 is common to

elements 1 through 5.

Figure J. 3

The expanded form of equations (7.27) above may be written

for element 3 as:

{ - 1 "
Ulw 1/M1 fTu‘-Kul*f’U‘*' MU,
Vl l/Ml TV| - Ky, - Pv, + Hy,

4 & , ,
v6 l/M6 TV('— ch - EV" + HVG
U2 ]/Mz TU:‘ KUz‘?U'.* Huz

LVZ J | l/M2- LTVZ - K Yy " PVZ + Hsz

(7.43)



54.

Then the combination of loadings from elements 1 through
5 produce an accelerbtion in node 6 as follows;

. . u
UG 1/M6 0 TE6 Ku6 Pu6 u
.. = - - + {7.44)
v 0 1/M Tv6 Kv6 Pv Hv

6 6 6} 1+2+-+5

Hence, equations (7.2))) also represent the equations of
motion for every node in the finite element system,
Solving the set of equations (7,27) is eguivalent

to solving the set of ordinary differential equations;

X(X,t) = F (X,t) (7.45)
Ny PV Y

with initial conditions:

X(X,t_) = X

A N o]
XXt ) = X (7.46)
~ A @ O

7.5 Integration Schemes for Solution

In choosing an integration scheme to solve equations
(7.27), it was deemed desirable that this scheme have the

following properties;

(a) A 'reasonable' solution accuracy be attainable
in the interval of integration.

(b) In any 'step-by-step' procedure the conditions
at a time t_ are entirely predicted using earlier
conditions,

(c) Storage of data at each integration step be kept
to a minimum,

fgd) The method requires no major alteration of solution
algorithm to be started,
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(e} The solutions obtained are stable throughout
the integration interval.

({f) The use of computer time is minimal in com-
pleting any integration step.

The Runge-~Kutta methods[ZS] and the predictor-
corrector methods of Milneps] and Adams[zjl each require
the calculation of at least four values of the dependent
variable and/or its first derivative for each integration
step. Although applicable to systems of differential
equations of all orders, systems must first be reduced
to a system of first order equations.

A number of methods are available that are directly
applicable to systems of second order equations without
reducing their order. The Stormer-Corwelﬂ?gi method,
for example requires the calculation of only two values
of the dependent variable per integration step and 1s not
self starting. The Newmark '&f method with '§ =0 is also
directly applicable to systems of second order equations.
It requires a calculation of the dependent variable and
its first derivative for each integration step. The sim-
plicity of starting as well as the accuracy in results

[ 2
obtained by earlier investigators[46'47'J&”0]



make it a particularly attractive method for application
to the problems solved in this thesis.

The recursive egquatiocns are;

Sas1 = C(n + Jn+_l + Jn)h (7.47)
and
Sn+1=<§n+sgnh+"i gnhz v .48)

where h = the increment in time, At.

The stability of this method may be examined by
considering a simple mass, spring system with one degree
of freedom and no external force acting unit, For a

given initial displacement and velocity the motion of

56.

the system is purely oscillatory with a circular frequency

of;

o.):)/K/m (7.49)

where K is the spring constant and m is the mass,
If the system is linear, then the acceleration is given

by:

§,=_QJZJ- ( 7.50)

Then if we define the term:

21h

7.51
T ( )

© =wh =
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we may derive the difference equation;

§,, -(2-0°)§, +§ =0 (7.52)

which corresponds to the differential equation;
1 2
J+<—%) §=o0 (7.53)

The solution to the difference equation may be

written;

§n= 8, COS(eT/T) + B Sin(art/n) (7. 54)

where go is the initial mass displacement, B is a
constant and, Ts is a pseudo period corresponding to
the solution of the difference equation. The comparable

solution to the exact equation (7.53} is;
§ = So cOSCemY/T+ 2 sinemt/T)  (7.55)

where T is the exact system period and Vo is an initial
velocity.
(30]

Using this approach, Newmark developed the

following approximate expressions for the ratios Ts/T

and B/ (Vo/w ) ;
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T/r = |-0%a4 -170Y5760~ - - - (7.56)

BAVo)= |+ O /g + - - (7.57)

From these the following (partially reproducea) table

of relative errors in period and maximum response to

. 30
an initial velocity were obtalned[ ].

Table J.1
ad=29
Relative error Relative error
in Period ‘ in maximum
Ts Response to an
(Er" 1 initial Velocity
(Ve 1)
0.05 -0, 004 0.012
0,10 -0,017 0,052
0. 20 -0.076 0. 209
0.25 -0.130 0.614
0.318 -0. 363 infinite

The stability limit of the system occurs when

2 . .
6 is greater than 4, At this value, the solution
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to equation (7.%52) scillates without bound. Hence

at 632=4, we have at the stability limit;

hs _ 1
Ts ™w
It is seen in Table (7.1) that h/T must be considerably

= 0,318 (7.58)

less than the value given by (7.58) if large errors are
not to occur during each integration step.

The criterion used to determine 'h' is that 'h' be
less than the minimum period of the discretized system.
An approximate means of estimating this period is demonstrated
in. pppendix F.The actual ratio h/T used, is governed by
consideration of stability and the amount of error that
may be tolerated in generating the solution to the initial
value problem., Using Table 7.1 as a guide, the value of
h/T chosen for the problems solved in this thesis was 0.05,
The algorithm used in solving the 1initial value problem may
then be outlined as follows:

It is first assgsumed that the entire solution of
the physical problem is known at some time tn' The
known solution will include such terms as displacements,
velocities stresses, etc. so that all terms appearing

in brackets on the right side of



equation (7.27), including any time dependent applled surface

tractions, are known, Then;
a) solve for Jn in equation (7.27).
b) solve for S nel in equation (7.48}.
o’ . r
- == + h

c) solve: £n+l J; 1/2 J n

d) find the current nodal coordinates and update
the strain displacement matrix Bn+l'

e) find the Jacobian Jn+l: the stress increment
A'rn+l: the plastic deformation increment
D(P)n+1’ the total deformation increment
D(T)m_l: the increment in effective plastic
strain Aepr'-fl: and the increment in particle
rotatloncun+l

f) add the (components of) stress increment to
T nel’ Find the total effective plastic

. P P P
strain; e = e + e
n+1l n n+1l

’ i ti . .
g) evaluate Kn+l Pn+1' Hn+l in equation (7.27)
h) soclve for g in equation (7.27),

* n+l » S.

i} solve; Srﬁq_= { Sn+l) + 1/2 n+lh

Repeat steps b) through 1) for each successive
cycle of integration. )

Note that although Sn+l is not used
directly in (7.27), it must be evaluated at

each time step in order to find Sn+1'

60
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7.% Numerical Evaluation of the Plastic Deformation
Increment

From equation (5,10) and 5.11), the plastic
components of deformation increment are given in incremental

from as;

P _ 3A€"-) '
Di = (20___”_8_(:-_;) TI.-I (7.59)

where D; is understood to be the increment of deformation

over a given time interval from t(i-l) to ti corresponding

to the subscripts used in (7.59). 1In the numerical integration
schema described above, the value of Z&ef in (7.59) must

be evaluated for each time interval based on information

that is known in the preceding interval. These intervals

mugt be sufficiently small so that one may be able to

consider A ef as effectively uniform over the entire
interval, The values of zsei must then be positive,

real values.

In general;

'Ei =T +AT, (7.60)
and (J) p

T. = E (D,-D, ) (7.61)

P ~ sl aml

(J)
where, again, T ; is understood to be a stress increment
o

over the time from t . to t..,
(i-1) i
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Then from (7.17), (7.61) and (7.59)

P
T. = (I +WY)T +EMD -28°¢; 7
Mi A iM . 1_1 A~ ~i 2 O-l Il")
e(i-1)
(7.62)
By defining
’:[:i = (L + wY) T, ,+ ED; (7.63)
we may write;
P
- P (24Cc ‘
T = T (acrm_,)) E T (7.64)

The expression for the deviatoric stress is given by:

,Z-! - G T (?.(35)
where
T2 -1 -1 0
1 -1 2 -1 0
G = 3 (7.66)
™~ -1 -1 2 0
0 0 0 3

The expression for effective stress is given by;

o’e = }/3 J,

so that;

2 T =
? 0= TG T -7
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where the superscript, T, designates the matrix transpose;

and;
2 -1 -1 o |
S = -t 2 -t 0 (7.68)
-1 -1 2 0
| 0 0 0 6
Substituing (7.64) into (7.67) and expanding, results
in;
zoeln=T'a T *(%.%_23) 'El‘:éé‘if{-. (7.69)
= /
- ?(2030 ) ,..TG' € T__ L=

In addition to the above, we have the expression;

= 4 .70)
O'ecf) O:.’Ct‘-l)*' Hdet' (7.70

from the effective stress-effective plastic strain curve
(Appendix E, Figure E.l). This furnishes the additional

equation;

2 P 7.71
20‘:(1’)5 2 Op¢r-N TR ADE; Teci-») ( )

+2(naef)?
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Equating the right hand sides of (7.71) and (7.69)

results in the quadratic;

P
A mei)2+a (be}) +c =0 (7.72)
where;
3 2 ' T 3 _ 2
A = (—'37——2 “.._'D (',C_'.;..Cag ET,) 2H (7. 73a)
3 T t
B = -[?(20“—30_,)) bl q E,_ Zl"l + 4-H0"¢(|'..‘)-] (7.73b)
c= T'GT-20eki-1y (7.73c)
Hence

(7.74)

The choice of root in equation (7.74) may be discussed
in terms of Figqure 7.4 below. Point i' represents the
effective stress at time ti if the material behavior

were elastic during the time interval from ti 1 to t .,
- i

This corresponds to the stress defined by T in (7.63).
P . .
The quadratic curve for A.ei passes through i‘ and

intersects the line of effective stress versus

effective plastic strain at two points, Sincejdef must
be positive and real, the choice of root is simple when
one root is positive and the other negative. When both
roots are positive, consideration is given to the fact
thatwdef is small for small intervals. Hence for this

cagse the smaller of the two positive roots applies.
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When both roots are negative or complex, the implication

is that the interval over which Aief is expected to be

constant, is too long. Hence, at such times, the interval

is further subdivided until positive real values of

A ei are obtained!

Je
4

Fiqure 7.4
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CHAPTER VIII

Results of the Finite Element Code

8.1 Effects of Rigid Body Rotation on the Stress Field
in an Element

It is recalled in an earlier discussion that consideration
of frame indifference in constitutive equations resulted in
.the definition of a stress rate in which an observer, moving
in rigid motion with a particle, would see distortion of the
local medium if he observed a change in stress referreed to
his moving reference frame. Logically, if such an observer
sees no change in stress, then a fixed observer would see
only a rotation of a condtant stress field when a particle
undergoes rigid body rotation.

Since elements in the ensueing probleMs undergo large
rotations as well as deformaticns, it is of interest to
check this point of logic and the accuracy of its confirmation,
Hence, a single finite element, shown in Fig. 8.0 below
was subjected to two cases of rigid body rotation; one in
which a null stress acted, and one in which a constant,

normal stress acted in the R direction.

L #
LN
-
/""l | 2
ir-gilj
,#
{14 5
17,V

FIGURE 8.0
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The element underwent a total rotation of /6 in
increments of NM/6000. For the initially null stress field
acting on the element, the final stress field was also
null; thus indicating that no stresses or strains were
numerically induced by the finite element program during
rigid body rotation,For the initial stress of T}r=105psi
acting on the element, with all other stress components
zero, the following table was prepared:

Final Stress in Sguare Element Undergoing a Total
Rigid Body Rotation of TI/é

Stress Component Predicted Stress Computed Stress
(psi) (psi)
Frrr 3/4 x 105 74998, 40
O 0
:E-:: 1/4 x 102 24983, 31
Ter Y3/4 x 10 43318, 32

The node displacements for the above rotation are

given below;

Node R-Displacement Z-Displacement
(inches) (inches)
1 0.6339426 -0, 3660069
2 0. 3660069 0.6339426
3 -0.6339426 0. 3660069
4q =-0. 3660069 -0.6339426

The logic has thus been checked with acceptable

accuracy.
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8.2 Solid Cylindxical Bar

In order to test the validity of the finite element
code for an elastic-plastic, linear strain hardening
material, results were obtained for the cylindgical
bar shown in Figure B.4a. The bar is shown laterally
restrained to assure one dimensional wave propagation
along its axis,

Figure 8.4b is a plot of the distribution of
longitudinal displacements, velocities and stresses
along the axis of the bar at time t = 3,67 x 10_5
seconds after the application of the uniform stepped
pressure pulse at the left end of the bar. The theoretical
values for these distributions (as cobtained in
Appendix H) are shown for comparison. While the
theoretical analysis reveals clear, sharp fronts for
the elastic and plastic waves, the computer code
indicates a 'smearing' or averaging effect at the
theoretical wave fronts for both stress and velocity.

Furthermore, stress and velocity as obtained by the

computer code, oscillate about the true, theoretical
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values of these quantities, with the amplitudes decreasing
as points fall further behind the wave front. (Shown
moving towards the right in Figure 8.4b). Similar
phenomena have been known to occur in finite difference

methods,

8,3 Spherical Shell

As a further test of the finite element codes
validity for large deformations, as well as for
elastic-plastic material, numerical results were
obtained for the spherical shell shown in Figure 8. 5a,
subjected to an internal triangular pressure pulse.
This problem was first investigated by Baker[25]
using deformation theory on elastic-plastic materials
with linear strain hardening. Baker also included
the effects of shell thinning and the variation of
shell radius by assuming material incompressibility.

Figure B8.5b shows the radial displacement of the
shell as a function of time for materials with two
different strain hardenings. These correspond to
slopes of the uniaxial stress-strain curves of S = 0
and 5§ = 22,5 x 106 psi, in the plastic yield region,

The super-position of Baker's results on the finite



element code results, indicate excellent agreement
through the entire range of deformation histories
consaidered.

Some idea regarding how large the resulting
strains are is seen by comparing the second order

terms in:
2

U U
€ = R + % R
8¢ R R
o o
with the total resulting strain, At a maximum radial
. -3, .
displacement of 38,7 x 10 inches, the lagrangian

circumferential strain is
€oo = 2583 x 107 °
e
and the second order term is:

U 2
R/
) ( R0> = 0.00128 €g@

Thus, comparison with Baker's solution, though
- excellent, falls somewhat short of validating the

computer code for 'large' deformations.

3.4 Circular Plate with Simple Supports

The problem, as defined in Figure 8.6a, consists
of a circular plate of 4" radius and 0. 241" thickness

subjected to a uniformly distributed impulse., The

70
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material properties, etc., are as indicated and
correspond to experimental results obtained earlier

{26]

by Florence .
(271 . . L
Wang considered a circular plate consisting
of a rigid plastic material obeying the Tresca yield
criterion and its associated flow laws., In this
treatment, based on the theories of Hopkins and PragerL7 ],
the plate is regarded as rigid if both the radial moment,

M, and the circumferential moment, N, are below the

critical moment, Mo, where:

Cro is the yield stress in simple tension
and h 1is twice the plate thickness,

Further, if M = N = Mo, then the rate of radial curvature

3

K=_9__W_
It Dr?
and the rate of circumferential curvature
2z
, oL 9w
r Ptar

are non-negative. On the other hand, if N = Mo and

0<M<Mo, vaanishes while A is non-negative.

]
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The presumed mechanism for deformation is then

considered to be as follows:

£

Figure 8.1

Immediately following the application of the impulse
to the plate, a hinge circle forms at the supports and
starts to move radially inward towards the plate center,
At the hinge circle, shown in Figure 8,1 as located at

‘f (t), N = Mo and M = Mo. The region inside the hinge
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circle moves with conastant velocity:

3 |+

VvV =

where 'I' and 'm' are the impulse and mass per unit of
plate area respectively. Outside the hinge circle, the
plate elements undergo rigid body rotations given by;

_ VY
a(l-f)

Furthermore, the circumferential moment N is equal to
Mo at the simple support while the radial moment M
increases from zero at the support to Mo at the hinge
circle,

After the hinge circle reaches the center of the
plate, the entire elemental sector is assumed to
rotate about the support as a rigid body. The terminal
deflection is found by Wang to be;

12 2

W = Ezjﬁﬁﬁo (1 - r/a) (3 + 2 r/a + (r/a)z)

and the central deflection is given by (at r « 0)
2

I a
S=8MM0
[26]

Florence's experiments on aluminum and steel
plate subjected to blast loads indicated that Wang's

analysis predicted excessive permanent plate deflections

when the ratios of central plate deflection to thickness
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were large. He reasoned that this was due to the effects
of membrane stresses which were ignored in Wang's

analysis.

[55]

considered the same problem as Wang, but

(61]

Jones
used Reissner's equilibrium expressions for the finite
deflection of a circular plate with membrane stresses,

The mechanism for deformation is assumed to consist of
two stages; an initial stage identical to the mechanism
described above, in which bending moments are dominant,
and a second stage in which membrane stresses predominate,

The results of the computer code for data corresponding
to Florence's experiment #7 for steel are shown in
Figure 7.6b along with Florence's experimental and
Wang's analytic results, Figure 8,.6c indicate
displacement profiles for the plate at various stages
of its deformation history.

The finite element grid, consisting of fourteen
quadrilateral elements is relatively coarse for this
problem in that it does not enable one to oktain a
variation of stress and strain through the plate
thickness. Nevertheless, it represents an initial

attempt at finding solutions for this problem by the



75

finite element code prior to undertaking the more
detailed and longer solution on a faster and larger
computer, The difference of approximately 19% based

on experimental results indicated in Figure 8.6b, between
the finite element and experimental results, may in large
part be due to the difference between ideally assumed

and actual experimental conditions. For the solutions
obtained by the finite element code, an impulse was
considered to be uniformly distributed over the plate
area and was assumed to occur over a time span that

approached zero.

8.5 The Impulsive Expansion of a Cylindrical Shell
with Ring Reinforcements.
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The problem illustrated in Figures 8.2 and 8. 7a,
was treated kinematically by Maaaki[33]. In this
analysis, a perfectly rigid plastic material, obeying
the Mises flow rule was considered.

The cylinder of initial radius Ro and initial
thickness ho is subjected to a uniform, radial
impulse I, which results in the uniform, initial
velocity, Vm. The shell thickness, ho, is taken as
constant throughout the deformation history and is
regarded as sufficiently thin to permit neglecting the
effect of longitudinal bending on the final solution.

The deformation mechanism, as assumed by Masaki,

may be described as follows: (See Figure 8.3 helow).

VR
CI
tidt &
f/ B
t Lv X |
| —
uce ,.ll_.iﬁ_li_,

Figure 8.3




77,

Two 'bending' wmves, starting at the ring
reinforcements, move axixlly towards the cylinder
center line at a velocity Cl' As the wave advances
into the undisturbed central portion, {(the region
marked 'UCP') an initjally horizontal element, at
time 't', tilts by the angle 'q' into a conical
frustum, at time 't + d4dt’. As this occurs, the
horizontal element in the undisturhed central portion
undergoes a uniform elongation. The axially rotated
portion of the shell already swept over by the 'bending’
wave {(the region marked 'ARP') comes to rest while the
uniform central portion has a uniform radial velocity
Vr.

The time'te' at which the shell deformation 1is

considered to end is then distinguished by two cases;

i.e.,
Case 1: The 'bending' wave reaches the centerline

of the cylinder before the radial motion

of the uniform central portion comes to rest.
Case 2: The uniform central portion comes toc rest

before the 'bending' wave reaches the

cylinder centerline,



78 -

Then the terminal times of deformation are:

L
Casea l: te1 = 2C
1
Ro C 2+Vm
cCase 2: te2 = EE; Ln T

The finite element results presented herein are
based on a copper cylinder of inside radius Ro = 15 mm
and initial thickness ho = ] mm, The clear distance
between the rigid reinforcing rings is L = 40 mm and
the initial, uniformly distributed radial velocity
of the shell wall outwardly is %ﬂ = 4,740 "/sec.
The material properties of the copper material are
given in Figure 8. 7a.

Figure 8, 7b shows the displacement history of the
median surface of the cylinder at the plane of symmetry
bisecting the clear distance between the two reinforcing
rings, Close agreement is shown with Masaki's results
during the first half of the deformation history,

However, during the second half, the finite element code
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predicts a more rapid rise in central deflection., The
maximum deflection of 0.2114" occurs 76 x 10—6 seconds
after the application of the initial velocity, This
compares with a time of 90.5 x 10-6 sec and a radial
displacement of 0. 201" as found by Masaki. The maximum
circumferential strain recorded at the center of the

cylinder is:

-6
Egg= 404,980 % 10

for which the second order term may be calculated as:

U 2
L[ R
/e Ro = 0,16 696

The finite element results shown in Figure 8.7b
indicate that the central deflection drops slightly
after it reaches its peak value, This drop is accompanied
by elastic unloading that occurs throughout the cylinder.
Figure 8. 7c shows the radial displacement of the
inner surface of the tube at various stages of its
deformation history. During the early stages, the
uniform central portion of the cylinder appears to be
in a state of plane strain while the radial velocities
along the cylinder axis are approximately uniform.

At later stages, an ‘envelope' of permanent radial
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displacement develops and moves axially inward towards
the cylinder center.

Figures 8.7d and 8. 7e show the progression of
the transverse shear wave and the effective plastic
strain with time. Effective plastic strains are
averaged over the volume of each element and are
plotted at points along the abscissa that correspond
to element centers, Shear stresses are plotted at
node points and represent the average of the averaged
stresses of elements having the node point in common.
Since effective plastic strain in an element increases
with the plastic work done on the element, it may be
seen that the permanent radial displacement of the
cylinder occurs just after the plastic work increment
is zero. The velocity of the discontinuity representing
the null increment of plastic work may therefore be

P 33]

interpreted as the 'bending' velocity Cl' in reference' .

Values for‘Z'zz and 7ge may be obtained approximately
[33] .
from reference . equations (12}, (43), (44) and (45}).
The membrane stresses are presumed to occur in the

undisturbed central portion of the tubLe during active

deformation and are:
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Tzz'.:: 16,000, psi
Teo 233,000 psi

Typical values of these stresses, obtained through the
finite element code, are shown. plotted along the tube
axis in Figures 7.7f,g for various times after the

initial radial impulse,

8.6 Flat Circular Plate Impinging on a Rigid Parabclic Die

The motivation for this problem may be found in the field
of high energy rate forming. When a flat circular plate
recieves an impulsive load and impinges upon a curved die,
it is of interest to know the extent to which the die shape
will be followed. Further, if the plate acts as a component
of a larger piece of equipment, design considerations make it
of interest to know how much thinning and distortion occur
throughout the plate,

In the problem presented, a flat circular plate 1/4"
thick by 5" radius (Figure 8.8a) is given an initial vertical
velocity of 4000 "/sec. and allcwed to impinge on a smooth
circular, parabolic die whose contour is given by Z=O.1R2.

As mechanical means are frequently used to 'hold down' a
plate during forming, it will be assumed in this problem

that the center point of the plate is constrained to be 1in

contact with the die throughout its deformation history.
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At the exact instant that a nodal mass of the finite
element grid contacts the die surface, the mass velocity
normal to the die surface becomes zero. At the same time,
a reactive force normal to the surface at this point causes
a change in the subsequent direction of motion to occur in
the mass. Solutions of the eguations of motion may be
carried out without explicitly sclving for these reactions.
However, displacement boundary conditions must be known at
these points of contact along the die. Since no other
constraint is imposed on the mass in contact with the die,

the mass may have velocity components tangential to and normal.y
outward from the die surface subsequent to its initial contact

with the die.
Figures 8.8b,c show the deformation of the bottom

surface of the plate in historical sequence. It 1s noted
that in the early stages of deformation, (prior to 209.862
AL sec. past the intial impulse) initial contact is
maintained. In an intermediate stage {(in the interval
from 209.862/pfsec. to 507.537 M sec.} the vertical motion
is upward in the central region of the plate and downward
in the outer region. Contact is maintained over a
relatively small region of the die during this time.

In the final stages of deformation, (from 507.537 44 sec.
onward) all movement is in an upward direction until

the entire plate motion is reduced to purely elastic
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oécilations. The permanent plate shape at a time 857.598
A sec. from the initial impulse is then seen to be a dimpled
bowl shaped plate whose contour differs from that of the
die it impinged upon.

Figure 8.8d represents a plot of the grid distortion
at the time of final plate deformation. Note that plate
thinning occurs in elements 1 through 11, i.e. in those

elements wherse contact occurred between the plate and the

J
58

die. Maximum thinning occurs in element 1 {(as seen in Table 1),

*

The maximum distortion of any element is also seen to occur

in element 1 which has been treonsformed from a flat circulor
disk to a 45° + cone. The severity of this distortion _«

in part due to the rigiditv of the quadrilateral clement itscl?
but is mainly due to the proximity of the local constraint

on node 1.
Average Thinning of Elements in Figure 8.8d

Element Number Plate Thinnina 7).
1 2 32.
2 [Note: % thinning-gh/h x10 , g.
3 whore hois the initial plate 12.
4 thickness ) 8.
5 8.
6 12.
7 12.
8 12.
9 12.

10 8.
11 4,
12 0.
13 0.
14 0.
15 0.
16 0.

Table 2.1
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8.7 Impact of an Ogive Nosed Projectile on a Smooth, Flat
Rigid Surface

Up to this point, the problems in large deformations
under impulsive loadings have been solved for plates and
shells with regular geometries. By solving this last problem
it is demonstrated the the present finite element program has
the capability for solutions in solids of revolution having
irregular geometry.

The projectile shown in Figure B8, 9a with the material
properties of mild steel, is given an initial velocity of
3000 inches/sec. in a direction parallel to its longitudinal
axis. At this velocity, it impinges upon a flat, rigid surface
normal to its direction of travel and represented by the
plane Z=0. The problem then consists of finding the maximum
and permanent distortion of the missile after impact. The
nose section approximates an ellipse having semi axes of 2"
and 1" in the axial and radial directions respectively. Since
solutions to ogive nosed impact problems have not appeared in
the open literature,this represents the first solution of its
kind. As in the earlier impact problem, provision has been
made tor possible 'bouncing' of nodal masses from the rigid
surface,

Since maximum deformation may be expected in the nose
section, the finite element mesh has been refined in this

region,



Results have been plotted for two conditions; i.e.
maximum overall deformation and permanent deformation
Maximum deformation occurs shortly after all points on
the projectile have achieved an upward velocity. These
results are shown in Figures 8.9b and 8.9c. In these
and in subsequent figures, the dashed lines represent
the initial, undistorted configqurations, the solid lines
represent the deformed configuration and the indicated
time is measured from the instant of impact. At the time
indicated, maximum strain occurs at mode 41 (tip) and 1=

given as;

axial strain 622 = -24.0%

radial strain € = 19,3%
rr

circumferential strain 699 = 21.0%

The slight 1nconsistency between radial and clrcumferential
strains is due to the manner in which strain 1s averaged
for each node; i.e. the nodal strain 1s the average of the
strains in the elements having the node in common. This
averaging procedure is only used for output vurposes and
has no effect on computations.

The distortions shown in Figure 8.9d and e indicate
the deformation of the projectile shortly after rebound

(velocity of node 41 becomes negative). Since the elacs:.ic
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stresses are relatively small, this configuration represents
the permanent distortion of the projectile.

Table 8.2 lists the effective plastic strain averaged
over each element volume. This tabkle indicates the extent
to which yielding occurred throughout the projectile. As
expected, maximum yielding occurs in element 26 (tip) while
elements 1 and 2 display no yielding at all.

Figure 8.9f shows the variation of effective plastic
strain along the projectile axis at various times during
its deformation history. The times corresponding to maxi-
mum de formation and the condition shortly after rebound ot
the projectile are also included. 11t 1s seen that the
plastic work increment is zero at the rear of the misai |

lony before it i1s zero at the nose section.
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8.8 Conclusions

In conclusion, the validity of the finite element
code for impulsively loaded elastic-plastic media under-
going large deformation has been verified by comparisons
with several known results of a diverse nature. These
include the results for the solid cylindrical bar, the
thin spherical shell, the simply supported flat circular
plate and the ring reinforced cylindrical tube. The re-
sults shown for the flat circular plate and the ogive
nosed projectile impinging on rigid surfaces were not
based on any previously known work. Hence their validity
must be inferred from those of the previous comparisons.
However, their inclusion represents potential applications
to impulsive die forming and missile deformation ot prev-
iously investigated.

One of the main advantages of using the finite element
method is that bodies with odd surface geometries may be
conveniently dealt with in any computational procedure.
Bodies undergoing severe finite deformations will develop
such odd geometries as the computation proceeds, even when
the initial geometries are simple. Hence a development of
a finite element method to deal with dynamic problems in

large deformations is clearly necessary if solutions are
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required for general geometric configurations. Improvements
may always be made in numerical procedures that will reduce
core storage and increase computational speed. This is
certainly true for the present case. As this work is com-
plex in concept, programming requirements are equally com-
plex and the time to run through each integration step 1s
large, Hence future developments should be directed towards
reducing the total number of integration steps regquired to

bring a problem to a conclusion.
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Element No. % Effective Plastic Strauin

1 0

2 0

3 0.2
4 01
5 1.0
6 1.2
7 2.5
8 1.1
9 4 o
10 T
11 (SIS
12 82
13 3 4
11 11.0
15 T2
It 13 9
|7 15.5
18 17 5
19 24 2
20 28 .0
2] 22 5
22 311.9
23 4 6
24 s 3
25 9. 2
26 50,4

TABLE 8.2

Effective Plastic Strain in Each Element Of The Oglve
Nuse I Missile At Time t - H02.3058 M sac.
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APPENDIX A

The Eguivalent Nodal Mass

Criteria for establishing the equivalent nodal
masses within an element should at least 1nclude the
following:

(1) The sum of the equivalent nodal masses
must equal the total element mass,

(2) The centers of gravity of the
equivalent nodal masses and the
distributed element mass must coincide,

(3) 1f the element possesses any symmetry
about a line within the element, the
equivalent nodal masses must have the
same symmetry,

The above criteria are sufticient to uniquely
define nodal masses for plane triangles and quadrilaterals
and for the axi-symmetric triangular element, However
quadrilateral elements having no symmetry about a line
through the element require yet another criterion.
This difficulty is circumvented by considering the
quadrilateral element as being made up of two

triangular elements,
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The necessary equations required to satisfy the above
criteria are shown for the axi-symmetric, triangular element,
For plane triangular and rectangular elements the application
of these criteria leads to equivalent nodal masses that

are the same at each of the element nodes.

A.1l Eguivalent Nodal Mass of the Axi-symmetric Triangular

Element

2

Figure A, 1

The nodal masses MI' MJ, MK are found by solving

the set of equations;

B T ( m ) T 1)
.1 1 1 I 1
= >
R, R, R } oMo f) 1,
Z z z M I
| 1 J K| | K, 3 ) (A1)
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where fp= the mass density of the element material

1
= — - [ + + R_+
Il 6 {(RJ RK)“ZszRJ RI) 21(2 I RJH
+ (RK-RI)[ZK(2RK+RJ) + ZJ(2RJ+RK)]
— h
+ (RI RJ)[ZI(2RI+RK) + ZK(2RK+RI) }
I = 1 (R_-R )3(32 +2_ )1 + (R_-R )3 (37._+7 )
2 12 J I J T K J ‘K g
3 1 2

- 2+ - = -k Z o+

v (RpmR) (32 Kﬁ 2 {(RI (Ry-R ) (2 +2 )

+ R2 (R -R Y (7 +7 ) «+ R2 (R -R_ Y (7 +v ﬂ

J K J ‘KT K 1 K i K
(1) (J) (K)

2

to2(R T t ORI * R T )

_ 1 2., , 2 2. . . o
I3 = Sa (RJ HI) -(AJ+AI) + ZAJ. + 4R1(RJ-RI) (zJ+/I)~AIAJ;
+ (R -R )ZI(V 7 )2+°72“ + 4R _(R.-R )M (Z +7 Y-2 v
K J" TR T UK JUK g7 YTk Yy "TUK -

2. 2 2
+ (R -R ) (7 42 z°1 + 4R _(R_-R_)[ (2 _+2 )-2 2 "
(Rp-R) T2y mv2z, | k Ry R L (232 0-2,2, }

(1) 1
I ==~ (R _-R z + + 7 .
1 6 (Ry7R)I (2, (2R +R ) p (2Ry*R;) 7 ete.
(A. 2)
The resuiting solution of (A.1l) is:
/M - — 1, — - ~
I a1 1 “1 I
M = l
AT f’ 27 7. “3 j I %
My % by “k I,
K, b - \ (A. 3)

c, are defined in Chapter VIS,
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APPENDIX B

The Equivalent Nodal Forces for a Surface With Specified
Tractions

In Chapter VIl equation (720), we encounterd the term;
T T T
I j(n o7 T )as (8.1)
n Fad oy Nn
r~ S
where integration is carried out along the loaded surface
boundaries, A direct approach to evaluating this integral

is as follows; We first rewrite the integral in its more

general form as;

f w' T )ds (B. 2)
n n
s AN

where Un =¢I\ gn is the displacement along the loaded

surface (since the i1ntegral 1s zero, identically along

all other surfaces),

- R

Figure B, 1
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In Figure B,1, above, a surface traction in the
positive R direction is assumed to vary linearly along
the surface JK,. Since displacement functions for both
the triangular and the quadrilateral elements are chosen
to permit only linear variations of displacement along the
element boundaries, a linear variation of the U displacement
is shown to exist in Figure B.,1., Then along the boundary

JK, we may write:

_ _ (%K-%J)

T = TJ + Z -7 (z-zJ) (B. 3a)
K

y -u

K J

U = —_ = e . _

u, o+ ( - —5 ) (2-2) (B3. 3b)

K J

Considering the plane stress and plane strain cases

first, the virtual work performed by the surface tractions

is;
i
K T -T
gw — ...-_..]'_ (T + ‘_.......l-_(._J R . g
sin © . J z -~z (4720 Uyt
Z K J '
J
fu, - Ju
K L]
—_—— 7z 7
( - { LJ)) dz
K J
or éw .1 (2T +T ) SU + (2T_+T.) S u (B, 4)
2] J K J K J K ’




It is then evident that the equivalent forces actiny

on each of the surface nodes J and K, due to the surface

pressure are:
lJ - -
= — 2T +T
P 3] ( o K)
l_l - -
p = = (2T +T ) .
6 K J (B

waol k 0t the

For the axi-symmetric case, the virtuali

surface traction will hbe found after tirst rewriting

equations (B, 3) as;
T -T
- - K [% .
T - TI + (“‘—‘"R "I;* (k-k ) (13 Al
) K J
U,-u .
1 (_ﬁ.nﬂ) (1 3. (L5, ol o
N R -k ’
K N
Then;
2
K
T -T
} - K \J
5 [ (T 4| ———=" .
cos 9 J -R (k-K l})( ‘SU} +
l\ k IJ

U, - . ‘
()

The expanded inteqgral becomes:
R_-R -

w=_K I __J[T (R +3R_)+T (R_+R ) 5[1

(B.8)

EIT (R 4R ) TK(jRK+RJﬂ 5 UKK



and since the length of the external boundary of the element

is;
R_-R
~ cos © T

the equivalent forces acting on the surface nodes J and
K per radian of arc are;

P == | (R +3R )T +(R _+R )T

J 12 K g3 VK J K (B. 10a)

(B. 10b)

L - _
= = R +
pK 1 {( K RJ)TJ+(3RK+RJ)TK
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APPENDIX C

Gaussian Integration Formulae for Triangles and
Quadrilaterals [22,24]

Formulae for the iterated integrals that occur

over two dimensional regions are derived from the Gauss-

Legendre quadrature formulae;

1 n

o . (C.1)
11 1
-1 i=1
where a.
i

are the zeros of the lL.egendre polynominal of

degree n, and Hi are theweighting functions.

C.l The Triangular Element

1 Figure C,1

For the triangular element, a one to one mapping

along the R and Z directions occurs as illustrated below

——(\+a,3 XL/
WQ/% “ r _:ﬂ- //

_____ _ 4/ -d

M— _?- (Yy)
z XL('I‘a?)

Figure C. 2

- R




Then the integrals along the R direction at each Z

level are;

1I = {1—aI)XL(Hl fn+H2 fI2)/4

and the total, iterated integral is then:

IT = YL(Hl I1 + H2 12)/2

For the two point Gaussian integral used in this

thesis, H. = H_ =1, and a, = —-,5773503: a_ = .5773503,

1 2 1 2

while fIJ is the function in the i1ntegrand on the left

side of equation (C.1l) but evaluated at the Gaussian

points (I,J}). Since these formulae apply only when the

base of the triangular element is parallel to the R

(c.2)

{C.3)

axis, a rotation of local reference axes must be effected,

C.2 The Quadrilateral Element

Figure C.3
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It 1s first noted that:
f(R,Z)deZ=Jj f( ,?) d d (C.4)
. | f5.70 131 a5 ay

where ‘é} l is the jacobian c¢f transformation from the
(R,Z2) to the (; ,? ) system,

Then;:

n I

\
£(r,7)draze) ) £(a b )H H. lg (2, }l
A =1 i=1 ! ) '

oY)

where ai and b] are the zeros of the Legendre polynominal
of second degree, Note that, since this integration occurs

in the (15,2?) system, no preferential axis orientation

exi1sts.



APPENDIX D

Expanded Kinematic Expressions

For the plane strain and plane stress cases, a
cartesian system of coordinates is chosen, thus enabling
us to lower all superscripts where indicial notation 1is
used.

The deformation gradient 1s then given by;

{1 + U U
1 I,R) r,74

L - (D. 1)

The jacobian of transformation is given by;:

i
J = X' = 1 + 101 + u - u " .
l “\ ( r,R)(l' z,z) r, {Jz,h (. 2.)

The components of l.agrangian strain are;

( ~ r I . ™
U + = L
Eiﬂi r,R 2 ( r,R i Uz,R)
2 2 }
< € ;= u ¢+
27 ) z,72 2 (UZ,Z ¥ UF,Z)
1 1
€ = (U v U y = (U U
\  RZ ) 2 ( r,?7 z,R) 2 ( r,2 r,R+ z,R 2,4
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D.1 Cylindrical Coordinates;

For cylindrical coordinates, the definition of the

symbol ( ), will be extended to mean the covariant

derivative as defined below:

*5 o xJ (D. 4)
( ) . K
(), .= 2 i () (p.5)
v} : . . "
SXJ i i K
1 K
where ISR are the christoffel symbols of the
second kind. The only none zero christoffel symbols
are;
R S e
= - R ; = = % (D.6)
e 6 R © S R
From equation (3.4) we have:
i i i
x'w =g, t U,

L

i, .
where gq 15 the 'shifter' that transforms vectors from an

initital to a cwrent coordinate reference frame. When

i .
these reterence frames coincide, g, 1is simply the kronecker
delt c(i a te:
elta, o ¢ and we may write;
1 i o &
X = J { J + U )
o ™ & R

Then the axi-symmetric form of the deformation gradient

(D.7)

without torsion becomes:
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r Z
(l + U,R) 0 U)R
r
Xt = 0 (1 + 22— 0 (D.8)
.a R
UZ
e Z 0 (1 + U,Z)

The physical components of a tensor are defined as
those components that are tangent to base unit vectors

having the same physical dimensions for that tensor.

Then the phys&ical components of x* in (D.8) are given bhy:
X, = haley . D.9
i x‘u y g 954 ( )
(v Lo 1
where g = l/R2
~ 1
g _ 1 r2
ii i 1

while p and R are radii respectively in a current and initial

coordinate system that colincide. For the case given by (D.8),

the physical components are i1dentical to the tensor components.
The jaccobian of transformation in axial symmetry 1s given

J = (1 + U /R) (1 +U ) (1 + U ) - U
r r,R z

U
+ & z,R r,2

]

{D.10Q)



The physical components of the Lagrangian strain are

given by;

4
€RR

€o0

| €

2z

S

RZ

-

/

"

N

M= NI

—
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APPENDIX E

Lffective Stress versus Effective Plastic Strain

The results of a uniaxial tension or compression

test may be presented as follows;

Tte)

Ty
_L_. . ] R Lo - Py (P,i
e -
QP,
Figqure k.1

(Effective stress vs. effective plastic ..train)
This diagram is oltained by subtractirn.g t:e elastic
component of strain from tlie total strain as town below

for point P,

o)

~Unloading Line

- i

Flastic Strain

Figure E, 2
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Since unloading is assumed to occur elastically, 1t
is merely necessary to fit a parallel curve to OY from P
to A,
The area under the curve of Figure E.l 1s the
total plastic work done on the uniaxial specimen. Thus

two possible relationships for G“e may be i1nferred;

i.e,
I, =6 (W) (E. 1)
Ge - H et (F.2)
o (P)
— (P) (P)
where W, = Lj_fié i; O‘ede (1. 3)
&)

1s the plastic work,

But = J = y T T e )
u a, - [, )/3/2(“](1}1 .4}

Then in order to relate the diagram of Figure E, | to

(P)

a general three dimensional stress state, e mu-t | e
r3]
defined as -7 ': (P)
e
(P) {P)
e = de
‘o)

de (P) 2 (de® g

3
1] 1]

il

{E.5)



For the particular case of linear strain hardening in

which the uniaxial stress strain law is expressed as;
(0" -0 - S (€ - €, (E.6)
the line equation of Figure E.1l 1s;
CE; - we'P a (E.7)

Y

where I = (ES)/{(E-S) (E.8)
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APPENDIX F

Determination of the Integration Interval 'h’'

The estimate of 'h' will be governed, at least
at the beginning of the integration procedure, by the
linearly elastic case in which dilitational wave
velocities are maximum, The equations of motion

for this case are written as;

rm'J{S\ + [x‘J&S\ - %L (. 1)

The matrix ' K] above is an 'assembled stiffness'
matrix obtained by summing up contributions of stiffness
from elements to nodes having those elements in common,
By referring to equation (6. ), the element stiffness

matrix 1s defined as:

T

[K'T = [B° LLEB 1 g dv (F. 2)

n v n _ _.n n o

o M
The matrix has dimension 6 x b or 8 x 8, depending

on whether it represents a triangular or quadrilateral

element. If it is triangular, then TK'' may be written

in the partitioned form:
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K.. K, . K, W
~11 ~17] ~1K
K . K. . K.
[K']n= ~Ji ~ 1) ~JjK
K. . K . K
LﬂKl r\—KJ ~ KK
= (F.3)
where
uu uv
K. . K, .
1) 1}
K. B = vu \TAY)
~l] K. . K. .
1) 1] |
uu . ) .
kij = the force at node 1 1n the U direction due to a unit
| displacement at node ] in the U direction
u
k‘y = the force at node i in the U direction due to a unit
1]
displacement at node ] 1n the V direction
etc,

and U and V are Lhe displacements in the R and 2
directions respectively.

The method of obtaining the assembled stiffness
matrix is 1llustrated below, Figure (F.l} represents
a typical element cluster with node 5 common to elements

1 through 4 i1nclusive.




Then the contributions of element stiffness to the

stiffness of node 5 are;

[Klgg = [k55](1+2+3+4)
= fx

(K1, “k51J(1+4)

(K, = [k521(1+2)

etce.

For the linearly elastic case, the system of
equations (F.l) has a discrete number of modal
frequencies; one for each degree of freedom of the
finite element system, These frequencies may be

found by solving for the eigenvalues of :

-1
M K~-1I213X =20 (F.4)
s s v
The maximum circular frequency Q)max is related
to the maximum eigenvalue by:
ma X
2
W max lmax F.5)

An approximate approach to finding(bkax follows
from the observation that the diagonal terms of the
diagonally banded stiffness matrix are generally much

larger in magnitude than the off diagonal terms.
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Hence a fair approximation to J max is;
2 K
w o~ ..
max 7 ( 11/Mi)max
v o~ 2 It
min K. .
y Com)
T .
and p . min (F.6)

20
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APPENDIX G

CYLINDRICAL BAR ANALYSIS
(Refer to Figures G 1,2,3,4)

For the constrained bar, assumed to be long compared

to its radius, only € 2z is considered non zero. Hence,

in the elastic region

B E {1-V)
77 ()‘+2/J)€7,z T (1¥Y) (1-2V) 27

T

EV c
(1+V) (1-2VY) Z7

T};e = ZTRR = lcizz

Ter = 79:9 - (%) T/z

1
then:  J, = 5 (T, +Tip *Tee =~ (Trrloe* Trr L2e
+ ’Eég 7}7})
2 2
or J. = (2% ﬂ)
5 : = {G 1)

Hence, at vielding, we have;

03 1- 2]/) Ty

O

or
o = 2v) O" {G. la)
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At the instant of initial yielding, the following

relationships hold.

T - 2 1-2%\ 7 (G. 2)
zZ 3 1=V 22
fz'l _Tn — _L ’Z’l (G 3)
= = RR 2 22
(d’Zép +d‘2‘l'm) = —d'('m (G. 4)
d€ g = d€gg = € [, = €= O (G. 5)
L @7, +aT,,+al, )+ S ac (G. 6)
RR €86 Y 3(1-2V) VY :

It 1s recalled that the expression for the
inerement 1in plastic strain is;

p

= 3} *
deiJ \’fi] {(G. 7)
3 de
wher Vo= e .8
e 2oy {G.8)

But from bFigure G. 2;

1 Oe
deP = Elﬁgg“ {G. 9)
a7y, a7
and 40, - ¢ 1] CiJ, {G. 10)
2



Hence 3, IES d Ty (G.11)
aH 0 _“
e
Since ¢j”§ = 3 J2, we have from equation (G.1)
2
2 2 1-2¥
O =0,y (1_1/ (G.12)

Then inserting expressions (G.2), (G.3) and (G.12}

into {G.11) we obtain

22 (G. 13)

and from (G, 7}

gel = 3 dT 4y (a. 14)

Then the total stain increment 1is:

drll +£ d'—"
“zz T 3 ( 2H Lz
1n — " T\
) 3E 4 211(1+V)> 4T . d€
2EH 27 3(1-2V) 27

(G.15)
Upon rearranging (G.1l5) we finally obtain
‘B, b))
al,, - (2(-2v) (A-2%7) (G. 16)
o 3 , H 1+'v

2
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Hence the slope Sl in Figure G 3 is given by

—E__ ., H(1-V)
¢ - 2(1-2) (1-2v) 6. 17)
1 3 N H(1+V) "
2 E

The D'Alembert solution to the one dimensional

wave problem for a step pulse of P> g 1is;
o

To _
U (Z,t)= — ({C t - 2} (G 18)
E O
o
for c, t <zt
and
O-/ o
Urz t) = =2 (et v T2y vy 4 1o
E O 1 '
o -1
for o - 2 = Cl t
where
o= e
LO y oép
. _ S
< —y 1/f9
E 1=v)
b T {1¥V) (1-2V)

JDiS the ma:s density

g is the applied end stress



By differentiating equations (G.9%a) and (G.9b)

with respect to time, we obtain:

u a.
o . _-9° for C.t < 2 < C t (G. 20)
C E 1 - - o :
O O
and
’ O-/ _
b =% o, -0, ¢ (G- 21)
1 E o G 1
© 1
for
< Z < t
0 < < Cl
For the material properties shown in Figure 7,4a
at a time equal to 3.67 x 10_I5 sec, after time zero,

the elastic wave has traveled 83.65 inche= and the
plastic wave has traveled 7,42 1nches alonqg the bar,
The particle velocities for the elastic and plastic
waves respectively are 305 1in./sec, and 492 1n, /sec,
The maximum displacement of the end of the bhar at

- - 3 0 . .
Z =0 is 18 x 10 1n. The displacement occurring

at Z2 = 7.42 inches i1s 1,58 x 10_3 in.
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ﬂdﬂf;:”I- H
Fiqure G, 1 Figure G, 2
Uniaxial Effective - Stress - Strain
1-D Experimental Data Diagram

Figure G, !

kguivalent Stress-Strain Relationship
for Constrained Cylindrical Bar

= __ e 07

_"T/'"/ 77 7777

I'igure G.4

Constrained Cylindrical Bar
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