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ABSTRACT

FINITE DEFORMATIONS IN ELASTIC-PLASTIC MEDIA SUB.JCTID 
TO IMPULSIVE LOADINGS BY THE FINITE ELEMENT METHOD

by

JOSEPH HEIFETZ 

A d v i s o r : Professor C.J. Costantino

In this thesis the kinematics of large deformations 

are considered together with the effects of non-linear 

(or plastic)material behavior on the dynamic response o i 

structures. The elastic-plastic incremental stress-s1 1a .1 

law is written in terms of frame indifferent quantities ind 

applied to materials undergoing large deformations due t-> 

impulsive loadings.

The finite element method is developed by first 

writing expressions for the incremental strain, stres. 

and rotation o r an element and then applying these 

expressions to the equations of motion written in rncremen* . 

form. The resulting equations of motion are developed 1 >: 

triangular and quadrilateral elements for both planar and 

axi - symmet r i c  configurations. Expressions for the equi.iL: . i:n 

of each node in the system are then obtained as a set of 

second order differentia] equations. The numerical integr it 1 >r: 

procedure used for the solution of these equations is

vi



discussed in terms of relative error and stability*

Results obtained to verify the validity of tt* met od 

are shown for a cylindrical bar, a circular plate a s p h e r . c .

shell and a ring reinforced cylindircal tube. These resu t

are shown to compare favorably with known solutions and 

data. In addition, results are shown for a fiat, circular

plate impinging on a rigid, parabolic die and for an. oq 1 > ■.

nosed projectile impinging on a flat rigid surface.

v i i



CHAPTER I

Introduction

in recent years a broad interest in problems associated 

with the explosive forming of metals and the high impulse 

loading of plates and shells has appeared in the technical 

literature. In these problems, highly ductile metals are 

subjected to the impulsive pressure of explosives and 

deform permanently, either by free movement or by 

impinging upon dies. The resulting deformations are 

large and the dominant material properties during the 

finite phase of deformation are generally in the strain 

hardened, plastically yielded range. Because of the 

complexity of such problems, the analytic solutions 

available require the introduction of many simplications 

such as the use of total deformation laws to describe 

elastic-plastic behavior, symmetry to reduce the 

dimensionality of the problem and proportional loading 

with monotonically increasing stress states.

Any satisfactory treatment of a general two 

dimensional problem* in large deformations involving 

a general loading pattern, must consider the effects of 

unloading in various parts of the continuum due both to

*Note: Axially symmetric problems are herein considered
as two-dimensional.

1.



2 .

the finite duration of the applied loadings and to wave 

reflections at boundaries. Furthermore, the constitutive 

laws governing large deformations must agree with physical 

observation in both the finite and infinitesmal straining 

range and satisfy requirements of frame indifference.

In dealing with complex problems of this sort, 

great flexibility may be achieved by a numerical 

formulation, particularly if the method used is the 

finite element method. The method lends itself to a 

simplified formulation of boundary conditions, even 

for highly irregular boundaries, while element sizes 

may be readily changed to facilitate investigation of 

local regions within a continuum. As of now, there 

appears to be no published examples of finite element 

methods that can be used to solve problems in the 

finite deformation of dynamically loaded elastic- 

plastic media in axial symmetry, plane stress or plane 

s train.

The objective of this thesis has been to develop 

a finite element technique that may be used for the 

solution of two dimensional problems in which solid 

bodies having non-linear material properties are 

subjected to dynamic loadings and large deformations.



T h e  solution capability of the method developed herein 

will be demonstrated by comparing the numerical results 

o f  this method, for elastic-plastic materials, with 

several available analytic solutions and one experiment tl 

result. In addition to these, results will be presented 

for several other problems of interest in elasto- 

p l a  sticity, for which solutions have not as yet 

appeared in the literature. These problems consist 

o f  circular plates, shells and solids subjected to 

impulsive loads.



CHAPTER XI 

State of the Art

[ 32 ]Hudson made perhaps-one of the earliest analyses

of the permanent deformation of thin circular diaphragms 

subjected to impulsive loads uniformly distributed on the 

diaphragm surface. He assumed an annular plastic bending 

wave traveling radially inwards while the portion of the 

diaphragm inside the bending wave remained perfectly 

flat. The material was considered to be ideally rigid 

plastic and deformation theory of plasticity was assuned, 

Subsequent analyses of thin membranes subjected to
r 3 6 1impulsive loads were made by Munday and Newitt 1 and

[ 58 1Boyd , all assuming deformation theories and neglecting
[ 37 1elastic effects. Wang derived an expression lor the

permanent deflection of a simply supported circular 

plate subjected to a blast load by using plate bending 

analysis of a rigid plastic material and by ignoring the
r 26 ieffects of membrane stresses. Florence conducted

experiments on simply supported circular plates and 

concluded that the membrane strestees added considerably 

to the plate strength when deflections exceeded one 

fifth of the plate radius. Jones [3^ (55] used 

deformation theory to derive expressions for the



permanent deflection of rigid plastic plates subjected

to impulsive loads. His analysis included the effects
[ 25 ]of both membrane and bending stress. Baker derived

expressions for the motion of a linear strain hardening

elastic-plastic thin spherical shell subjected to a

uniformly distributed internal triangular pulse. He

based his analysis on deformation theory using the

Mises yield criterion and considered wall thinning
[ 33]effects. Masaki derived expressions for the

permanent deformation of a thin cylinder with ring 

reinforcements at two locations and a uniformly 

distributed outward radial impulse. He used incrementa 

theory for a rigid plastic Mises material and based 

his analysis on kinematic assumptions. He concluded 

that the final shape of the cylinder profile can be 

spherical, conical or trapezoidal, depending on the 

pa rticular values of geometric and loading parameter. 

Work on high velocity impact and projectile

penetration represents another area of interest in
[57]dynamic finite deformations. Zaid and Paul 

proposed a kinematic mechanism to model high speed 

projectile penetrations of thin flat plates. In 

this model, it is assumed that inertial effects



predominate over the material strength of the plate. 

Thus, during projectile penetration, the plate material

follows the contour of the projectile as if it were a
[591 . [601'limp rag'. The work of Taylor , Wiffen ",

T 441Raftopoulos and Davids and others were intended

to deduce the mechanical properties of materials at

high strain rates.

In addition to the above list of ana iy tic solution..

and experiments in dynamic large deformations, a number

of numerical codes have been developed over the past

ten years. The finite difference ’Tensor' code by
[ 34 ]Maenchen and Sachs solved two dimensional problems

in cylindical symmetry involving transient stresses in 

elastic-plastic media. The code was formulated in 

material (Lagrangian) coordinates using incremental 

elastic plastic stress-strain laws and a numerical 

integration scheme to solve the equations of motion.

An artificial viscosity term was added to the equations 

of motion to dampen spurious oscillations in stress 

occurring at shock fronts. The code was developed 

to investigate underground explosion phenomena, but 

published results were for elastic and plastic spheres 

subjected to internal radial impulse loads. Wilkins



'Hemp' c o d e ^ ^  has many features of the 'Tensor' code

above but differs in that it may deal with material

properties in the high kilobar range (such as may occur

with contact explosives). The code also provides for the

sliding Of different materials with respect to each
[ 38 ]other at boundaries. Leech et al. developed a

finite difference shell program, 'Petros I to find the

permanent deformation of thin elastic-plastic cylinder-

subjected to dynamic loading. In none of the above code-

was any consideration given to the frame inditferent

expression for stress rate, although all of the^e code-

used incremental plasticity theory.

Finite element approaches to large deformation;- in

non-linear media have been published for static problems
[411oden and Sato's development was for a non-linear

elastic (Mooney-Fivlin) membrane for which all strain.-,

etc. were referred to an initial coordinate system.
[ 43 ]Hibbitt et al. described a method of formulating

a finite element approach to problems in large 

deformations for elastic-plastic media. They stressed 

the necessity of using incremental methods in solving 

the equations of motion: i.e. by treating the equations 

as piece-wise linear over small intervals. They also



8.

noted the importance of using the frame indifferent 

Jaumann 'flux' in place of true stress increments in the

constitutive equations. In addition to the above, are
[421Becker's finite element solutions for rubber membr-ines

r 481 r 991and Turner's and Martin's developments for

problems in stability.

Finite element solutions to two dimensional wave

problems in small deformations have been obtained using
[46,47 1lumped nodal masses. Costantino's developments

used the Newmark method for elastic and plastic media.

Artificial 'correction' forces were introduced into the

equations of motion to account for the effects of the
[451non-linear components of strain. Fu's development

applied the de Vogelaere integration method to general 

linear rte^ia with damping.

There appears to be no published finite element 

development for transient stress problems in two 

dimensional elastic-plastic media including large 

deformations. In particular, there is no published 

analysis for the permanent deformation of plates 

impinging upon rigid dies after being subjected to 

uniform impulsive loads. This theais, therefore, is 

directed towards filling the aforementioned void in the 

technical literature.
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CHAPTER III 

K inematics

The kinematics of large deformations presented hcjiiri 

is considered in two parts; i.e. total and increment*1 

deformation. The terms of incremental deformation an- 

to be used in the constitutive equations, whereas the L o t ’:] 

deformation terms represent a state of current strain irl 

are found from purely kinematic considerations.

3.1 Notation

For this section the following notation will a]D.v 

Subscripts and Superscripts

Greek, lower case; position vectors and coordinate.;

in an initial or reference 

conf igur ation 

Roman, lower case; position vectors and c o o r d in Jtr s

in a current or spatial conf igu* .it ion 

The position vector will also be designated as-

X , X** if referred to an initial con f i gu - 5 f . ■ n 

X..X1 if referred to a current configuration



(I.

Whenever indicial notation is used, the convention of 

summation over repeated indices applies with the under t and i n

that ( ),j is the covariant derivative of the quant \ \

in parentheses with respect lo x"1 ;

3.2 Strain Displacement Relationships

The mapping of points from an initial to a current 

configuration may be expressed as;

(3. 1,

where u 1 is a displacement vector and g^ is the shifter 

that transforms the position vector from the initial to 

a current coordinate reference frame.

Since the mapping is one to one and invert i b e ,  the 

following functional relationships hold;

X*= X w(x‘)

dxl* x!. dx“

X?dx‘

(;.2c )

,L CJA (3 . 2d)

X / Y ;f .Ae)



11.

Fu rthermore;

dx‘ + U^dX* (J. v

Hence, from (3.2c) and (3-3);

( i - 41

which is called the 'deformation gradient

The lengths of differential line elements in a 

deformed and initial configuration are given by;

d s *  *  Q ; : d x ld Jg -  d x ' o x * ( i 1

* g ^ d x ^ d x *  o .s m

The difference of these quantities is therefore a measure 

of deformation and is given by;

ds2-d$*« C«3u -‘?«̂ r')dXadx,
where g. and g are the metric tensors of the current l ]

and initial coordinate systems respective1y. Thus, the 

Langrangian strain tensor may be defined as;

( 3 . 7 )



12.

Expanded expressions for x * ̂  ®nd the iacobian

of transformation J are shown in Appendix D for the plane 

strain, plane stress and axi-symmetric cases.
T 2According to Cauchy's polar decomposition theorem

transformations of the type given by (3.4) are made up of
ia pure rotation and a pure deformation. If F = x , , then;A— O*

1 . H )— „ a-
where R is an orthogonal matrix such that RR^ - RT R = r 

(the identity matr'v )

U is a symmetric matrix such that U T = U and

V = R U R t  is a symmetric matrix

Note, that if U is considered to be the pureV
deformation of a body referred to its initial, undeformed 

configuration, then V is the pure deformation referred to 

its deformed state. Then according to (3.H), the 

deformation gradient F is composed of a pure deformat ion 

followed by a rigid body rotation, if the deformation 

tensor U is used; or a rigid body rotation followedA/
by a pure deformation if the tensor V is used.A'

The material derivative of F(t) leads to the 

introduction of two more terms; i.e. the 'stretching' 

and the 'observer's spin' (or simply the 'spin'). For;



13.

- -§{ ( X ‘«) -  ( * £),* -  V / „  ( 3. 9a)

or

H * )  *  V >‘K *,** ( j. 9h)

Then define; G = g V , 1 - V f i. 10)Ks Ki s k i s
and note that every tensor can be decomposed into a 

symmetric and anti-symmetric tensor;

<S K i ' i r ( v,k , s  +  +  i C v k,s - ' ill'

Then we define the terms;

«> “ “2 C ,S +  V s ' * 0  (I- 1 :>a)

and

=  1  ( V K (5 " V s ,k ) M .  l<?b>
These terms are subject to physical interpretation;

i.e. the material derivative of the term (ds)2 leads to;

■ItC ds*)* & 0 3 u d x ' d x J)
j ( § t (K<i« d x “ ;d x J+ I j  ( * ,  d x ” )  dx‘)

= 9 ,jO ,‘ x,- d x “ d x v , ; x * „ d x W ;

-giiCv/^dx‘<'dxJ + v/K dxldxJ)
*  Vy, K dx  kd  x J + v,)Kd x ‘d x fc



14,

Since k is a dummy index, let k = i in the first 

term above and k = j in the second term above, then;

D t  ( d s  l )  =  ( y jtL ■‘- O d x '  d x J

* 2 Pj j dx* dx1*
c i-13:

Now (3 .13) may be written as;

- t  - ^ ( d s ) - D b  n (ds Dt rv

1 dx ] d x 3 _   ̂ , 1where n * - ; n * —r~ are unit vectors in the xds ds
and x directions,

( 1 )  f  1Now i f n = < 0
l o

then :

is a principal direction ot D

CO ds
and it is seen that stretching is an instantaneous rate

of change of stretch at a spatial point in a continuum.

The spin can now be shown to be the instantaneous

rate of angular change of the principal axes of the

stretching1  ̂\

Let D , . = the principal values of D .(n) i]
Then I k  r k

|D 1 °(n) &  1 = 0



Ih.

v _ k . k dxConsider the material derivatives of n = -r—ds
tangent to coordinate axes;

” “ 3s dxk-§r Cds)
D k k iNow (dx ) = V^dx and along a principal direction;

1 D .
D , . = —  ^ 7 < d s >(n) ds Dt 

Hence, for principal directions;

'  D < n ) i l d x l)

* (y,t - « W E ) ri1
» ( D *  +  W *  - (3. n.)

where n lies along a principal direction of D
i j*

But ( D k - D, . ) nL = 0. Therefore;k i (n) » i •

n  K = w L* n 1 (1.1 / )
and since C3.1?) is the time rate of change of a unit

vector referred to spatial coordinates, W. must he ai

rotational tensor; i.e. one that does not change the 

length of n 1 .
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CHAPTER IV

Frame Indifferent Quantities and Their Use in C o n s t i t u t e-e
Equations

4.1 Frame Indifferent Quantities

Let the rigid body motion of an observer's reference
, rframe be given by;

X* = C(t*) + Q(t*) (X-X ) -’4. :a'~  ^  ^  vO

t* = t - a (4. lbl

where Q(t) is a time dependent, orthogonal transformation
ny

Mmatrix, C(t) is a position vector locating a point in
*space at time t , and 'a' is some initial or reference 

time. Then if a quantity is frame indifferent, it w. I 1

transform in one of the following ways from the 'unst •irioi'

to the 'starred' system;

A* = A if A is a scalar (4, Z a ■

V*
r^'

= QV
r-W/v'

if V is a vector (4.2b'

s* T= QSQ if S is a second (4 , 2c )
A / rank tensor

Thus if V - X-Y is objective, then V* - X* - Y* (4, i)
A *  ^  * . * J A/



Upon inserting equation (4.1a) into (4.3) one obtains;

V* = Q(X-Y) = QV (4.4)
#*_/ v  A, A- A. A—

Tf V = SW (4-5)A,  ̂~

where S is an objective, second rank t e n s o r , and V
A/

and W are both objective vectors, then

ikV = QV
A' 'V

W* = QW

QV = S* (QW) = Q (SW)
y\ -"V ̂  A /  v  A/

S*Q= QS 
* TS = QSQ (4.(,)

Af Ar >V

Let F = xj~ be the deformation gradient (see
*-> a , ™

chapter III),then;

* 1 i * 3 x -*
3 x “ “ ° j (t) g 7 “ <J- /a)

F * = QF (4.71;)
As *\s aJ

Thus, F is not an objective tensor.Aj

The material derivative of F is given b y ;
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TSince F = Q F* one may write;

T * TG*F* = QGQ F* +QQ F* (4-101
" **/*■ ~" "

Then post-multiplying both sides of (4.10) by (F*) 1

results in;

G* = QGQT + Q0T (4 .11)A/ AS ̂  V A/

By lowering the upper index of the term V 1 It
* K

may be reduced to a sum of symmetric and anti-symmetric 

second rank tensors. Thus;

G = g., V K . =* 1/2 (V. ,+V. .)+l/2(V. .-V. .) (4.12)
i K  / 1 1 ,  J J , l  h ]  ] , i

Then recalling that

D. . = 1 / 2 (V. ,+V. •) is stretch in; i (4 1))i 3 h ]  J , 1

and

W.. = 1/2(V, -V. ,) is spin (4, 14)

we have; G = D + W

T - Tthen G* = D*+W* = Q (D+W)Q 4- QQ

* T T ■ T * TBut QQ is anti-symmetric since D/Dt(QQ ) - QQ -i QQ 0
T T * THence; G* ■=■ D*+W* = QDQ + (QWQ + QQ ) (4.IS)—  ~  -  - —  A-*,*,



I

4.2 Frame Indifference in Constitutive E quations

The requirement that constitutive laws be frame 

indifferent is equivalent to the following; let the 

stress-strain relationship for a simple* material b e  

represented by*-2 ;̂

T(t) = C| (F (t-s) ) f 1
S--o -

where T(t) is the stress tensor; F(t) is the <h format ; or. 

gradient (see Chapter III);C^ is a functional i 11 j s ;

T  to F; and ' t' and ‘s; are the current and pust t ■ i r ­

respectively; then the requirements of material f' arrit
■- -> i

indifference are that;'*-'
CO

T  * = C\ (F* (t-s)) 
f»o

or oO
Q ( t ) T ( t )  QT {t) = CjT(Q(t-s) f (t-s))

S-o
By letting

RT (t) - Q (L)

where R (t) is defined in (1.8), we may obtain-q>o
7 <  t) - R(t) [~ (- ^ _ ( U ( t - s ) ) l  H * ft) M . I h

~ L 5=0 v
i  ( U  (t-s)) ] l i 1
, o  V I ~

where U(t. is the symmetric, pure deformation t en.-oi ind 

is the functional relating rr  to U.

♦Simple materials are defined by Tru e s d e l 1 as those w h o a  
properties may be deduced by subjecting them to homogenrou: 
mot ions.



If the constitutive equations are ot th<
T ■  ̂p ■ (r ->, ,. . . D * T - ̂ ;--- T . ; £L l  J j J L I  .i i 1 1  j i

where the dot over a quantity indicates the mi

and T  , f ̂ . and D. are the stress, :-t. n i n  -m  
i  ] 1 J n

tensors respectively, tLien a difficulty a t i c , 

attempts to apply (4.19) to a body in riqiu o j

the terms on the right of (4.19) transtoiMi 

the point transformation given by (4. l-d '..in i- 

on the left do not. This latter point mi i ■

by not i nq that if T  . . is f r arne i n< i i t : ■ - rb •

T  * ■■ O T u 1
. m d

T T - T
'I * --- (J T(J f QT(J * OTT
^  * *• *- ^  » -w

“i

( U r t he l mot e , it v. i ■., ! . ! . t \ \ e, i : nat m  . ! '

ronst. i tut I'T equ.it ions f4. i ' 11 Item t m  ‘..edf:,.

."ihsf'rvrr mo’-in; : a t: u d  f ■ i ■. i . ■ m.it ion u*;. ■■ :

determine mt ■ i m  : m . u d i n ■ i t . > ;. ue h ;,;;

O f  t r u n s l a t  i . . ; -  n u  t o t  i t  i o n  hr  m i d  I c e - .  e > ■ ■
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consistent constitutive equations. One such defmitioi
r '>1the Jaumann stress rate and is obtained as follows " ' J

P C 3 ^

DC?)

DCO

Q ' C O

( t  + o l i )
DO )

Figure 4.1

Let P, ~ lO) in Figure 4.1 be a cartes. »r■
system of points in a continuum at a time t_ auch r ■: < r_

P Q . each lies along a principal direction of D , ^ [t e

stretching tensor). At time (t + dt) the system i

represented by P ’, and since shear deformat _ on . ;

vanish along principal directions of D . , the system '0i J
within a small neighborhood of P is also orthogonal an i 

consists of a system of principal directions of I)'
X

Then define stress rate such that it vanisf*'-s 

identically when the stress tensor at P 1 has the sum

stress components with reference to P 1Q ' as it. had « di

reference to P Q .. Thus;l

D/Dt (f. > A .) = 0l 1 l j f4 . JO)



where are unit vectors along the principal axes of

PQ^. Expanding equation (4.20), we have;

D/Dt (T. . \ . X , ) =f. , \ , \ , + T. ■ X . \ . + X , . X . X . ( 4 , 2 :*13 i ] ij i J ij i ] JO i l

But J . =l V, . - D. . i , . \ . {see equation {.1.10)1
. i-J (n ) ij) J

where D, . is a principal value of D, , and V, -- D . . + (n) e  r  a: i,j ij

Hence i . = w , . > . (4.2J- JO J

Then inserting (4.22) into {4.21} we obtain the f o l i o w m  

expression for stress rate or flux;

T , . - 7" - T VI - X W Mij ij K] lK i K )K

Equation (4.23) for stress rate is only one <u :n- = -. 

such possible expressions , each of wh ich s »t. i t y t. h< ■ 

criterion of frame indifference. For example, the ro:la 

expressions for stress rate are equally valid fiame 

indifferent quantities;

T (n) = (T+ TW - Wt) 1 Td * b T 4 I 1 4. 3 1

where a is a scalar. The singular property of tin

definition given by equation (4. 2 S' is that if L 1
vanishes, Lhe stress invariants m  the continuum b e c o m e

r 3 ‘stationary' . This is seen by the fact that stress 

rate is measured with respect to a set of orthogonal, 

principal axes that rotate with the material. It is 

this property that qualifies its applicability to the
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constitutive equations of elasto-plasticity, for if tie 

stress rate vanishes, the yield function is station iry f ^ 

an elastic perfectly plastic material. Similarly, f n 

work hardening material, a vanishing stress rate impl.r.- 

a stationary state of hardening.



CHAPTER V

Elastic-Plastic Materials

The formable, ductile materials available to

industries of today may be described, for the most

part as elastic-plastic and work hardening. rn 
most cases, the Von Mises yield criter i onL 3] ma y 1) e

used to predict the onset of plastic yielding. barge 

deformations, occurring well beyond the state of 

initial yielding may be predicted in accordance with 

various constitutive laws that are current l y avail "able 

Thus in considering representative problems in the 

large deformation of dynamically loaded metals (lor 

which analytic and experimental results exist), a 

Von Mises material with isotropic, linear strain 

hardening properties was elected.

In choosing a constitutive law to represent 

a strain hardening, elastic-plastic material, 

consideration was given to the fact that such a law 

must be generally applicable to all classes of 

dynamic loading for both the finite and i n f i n i t esrna 1 

straining. While one obvious requirement is that the 

constitutive law agrees with physical observations, 

it is also necessary that the following princ iples.



or axioms be adhered to; i.e., the principle of locai
f 2 iaction, determinism and frame indifference

In the principle of local action, the motion oi 

particles at some distance from the point x^ may be 

disregarded in calculating the stress at x . The 

principle of determinism states that the stress at 

a particle located at x^ in a body at a time 't is 

determined by the history of the motion of the body 

up to the time 1t '; while the principle of frame 

indifference requires that the material properties 

of the same material, as viewed by observers in 

different reference frames, be identical.

Constitutive theories for el as t i c - p 1 a s t i c , ; t r b n

hardening materials fall into two rnnin categoric: 

i.e. 'deformation' and 'incremental' theories. In the 

latter, incremental plastic strains are a function o f  

the current stress state, and current stress increment., 

while in the former, total plastic strains are a f u n d  i o n  

of the current stress state. Both theories have i een 

applied to metals during small straining.

5. 1 DEFORMATION THEORY

As an example of a total deformation theory,
r 3]llencky1s model is illustrated. In this theory,
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the total strain deviator e. . and the dilitational component

where 0  is a scalar such that

0 ) 0  during increasing loading after plastic yielding 
0 = 0  during unloading or in the elastic range

The scalars G,V, and E are the shear modulus, Poisaon's

ratio and Young's modulus of elasticity respectively,

and X ' ■ is the deviator of the total stress.

Thus components of total plastic strain are proportional 

to components of the current total stress deviator

that is based on the fact that discontinuous changes 

in permanent deformation are predicted during load 

cycling; a fact that clearly contradicts physical 

observation. Despite this, use has been made of 

total deformation theories, such as Hencky's in

*0
of the total strain €..» are given at any tijne by the

Jvfv

following relationships:

is,. i)

(5. 2)

The plastic components of strain are given by;

(5.4)

[3]Hill raised an objection to Hencky's theory
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simplifying analytic solutions to problems in plasticity.,
[3]It can be shown that for the special case of 

small deformations and proportional loading, (where 

stress components retain a constant ratio to each 

other while their magnitudes increase monotonica1ly) 

incremental and deformational theories produce 

coincident results. More recently, it has been shown 

that the Hencky theory may be made to produce equivalent

results to the incremental theories over certain loading
L ■ npaths other than those of proportional loading*'

In addition to Hencky's, other deformational theories
r 3 1 r -i"of interest include those of Swainger and Praqer" 

However, these theories fail to describe physical 

phenomena in sufficient generality for the purpose 

of this thesis.

5.2 INCREMENTAL THEORY; MISES MATERIAL

The material to be described below has the 

characteristics of being elastic-plastic, isotropic and 

linear strain hardening. It is assumed to strain 

harden isotropically and to yield in accordance with 

the Mises yield criterion.
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Let = 0 define a yield surface in stress space,

Then if a vector from the origin lies within the yield 

surface, the material behaves elastically. If the vector 

lies on the yield surface and the increment in stress state 

is such as to cause the vector to move inwardly from the 

yield surface, the material once again behaves elastically. 

On the other hand, if the vector lies on the yield surface 

and the change in stress state is such as to cause the 

vector to move along the yield surface (for the el a s t i c - 

perfectly plastic case) or outwardly from the current 

yield surface (for the strain hardening case), the material 

behaves plastically.

The flow law relating the increment in plastic 

deformation to the current stress state for this
r 3 8 1materials is given by

rlrP -I •'i
d e “  ’ *  ^  t "

where are the components of the deviators of

plastic deformation increments. Since yielding is 

assumed to occur without change in volume, the 

deviators of plastic deformation increments are the 

same as the plastic deformation increments themselves.
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The deviators of the total deformation increments may

be written as the sum of their elastic and plastic comp ..merit 
[3]as follows

de-— dltl + 
a s u  z <3 + 9  r.-j

where the deviators of incremental deformations and streset 

are written respectively as;

If the expression for the yield surface is writw-r,

where is tlie effective stress defined in Pi quit- f . 1, 

Appendix E, and

J* - ^ 2  Ty r,j
Then the expression for I may be shown to be;

^  m  ^  C / 6   . r u y
A  2  <re
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pwhere de is a scalar defined by

d e ^ - U  2/3 (de^.de^5.) ' ■;> :| 1J 1J
pand e is called the 'effective plastic strain'

By incorporating a rate theory of elasticity propo.-. cl 
[4lby Truesdell into the concepts of frame indifferent

constitutive laws discussed in Chapter IV we pripoht to

rewrite equations (5.6) in the following farm:
T | (JV

D ! . - +  A T  ' r> •ij 2G /'l 13
1 (J )where D' . , T. . and T.' ■ the dev i a t o m  of str-'tc* o ni J i J il

the Jaumann stress rate and stress respectively.

In the absence of rigid body rotations equations 

(5. 12) lead to results that are identical to thosi e 

(5.6). When rigid body rotations occur,the di [ :u i  n o  

results are due to the presence of additional te:ms .n 

consisting of the sums of products of s p .n and s t t  

components (see equation (4.2)}).

Equations (5.12) then represent the constitute ■ 

equations for an e 1 as t ic-p 1 as t ic , Von Mises m t ■_ r . j i 

undergoing large deformations. Since therm.il et'ect 

been neglected in these equations, care must bt taken t) 

apply them to cases in which material temperatures rem -



essentially constant. The work of Rice, Mcqueen, et a.' 

indicates that material temperatures vary during large 

elastic volume changes resulting from hydrostatic pri - u: 

in excess of 100 kilobars. Hence equations (5.12) appiv 

to cases involving large deformations with pressure^, .

below the 100 kilobar level. For pressures above tlus 

level, the reader is referred to the works ot r H. [ e*

Equations {5,12) now satisfy requirements of franv 

indifference. Satisfaction of local action is impl.-d 

by the fact that (5.12) represents events o c c u r - m i  o 

particle; while determinism is implied by the dependency 

of the plastic deformation increment on the previous 

stress path of a material particle. rinally, Hi \ i ' •-> 

objection to Henky'a deformation theory doesn't npyij t 

equations (5.12); i.e. for a material particle vdiose t;>. 

path starts on,the yield surface, unloads and then r<tj:r, 

to a different point on the same yield surface, c . m t n u i j  

changes occur in the plastic component of total d e f or m-it . 

Hence the constitutive equations, (5,12) satisfy tip

criteria initially set forth in this chapter.



CHAPTER VI 

The Equations of Motion

Before discussing the finite element method in 

the riejt chapter, an incremental form of the equations 

of motion will be developed herein. These equations 

are derived by considering the virtual work of surface 

tractions and body forces acting on a body already in 

a deformed state.

D e f i n e ;

3?. = the traction on a surface whose outer 
normal is v

F^ = body force per unit mass

S = that part of the boundary on which displacements 
are specified

Sa = that part of the boundary on which tractions 
are specified

S = S +S u a
V = the current volume of the body under 

consideration

The surface and volume of the body in Figure 6 .1 

are considered to be in a deformed state. Further it 

is assumed that there exists a class of admissible 

displacements, such that all boundary conditions and 

the equations of motion are satisfied. The field 

representing these displacements may be differentiated



often as may be required. Thus, if one considers the

admissible displacements (u^ + satisfying all boundar

conditions, /Ju, vanishes on S , and is arbitrary on h .1 u ^
Then the virtual work of the surface tractions and body 

forces is;

f w  f F j u d v  + f  T . i u . d ' S
Jy 1 ‘ JSutS<r

(6 . I )

cr

\

//,

-y
Ti

■ 1/

Figure 6.1

From the divergence theorem and the relationship;

~V
T- = T  V-'t lu  *j (b. 2)

one may write;

{ ( T i J u ^ d s  ’ [  [(T iu,) + (Tij i U j j l d v  .6 . 3 )
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From the known equilibrium relationship

Tu.j * f fj' = O <6-4>
it may be deduced that;

fa'fr dr fF{ (Ujdr ♦ Js Tt Su, ds1 (6.5)
where

Equation {6,5) may be written in term^ of res

increments occurring at a time t . Let •n

£ , { ) = ( ) - ( ) .  (■' 7 )n n n - 1

be the increment of a quantity during the time interval

(t -t Then equation (6.5) may be writtenn n - 1

l y \ l U(r)-f)
J ( 6, 8 )

Equation (6,8) is '>asic to the incremental form 

of the finite element method to be developed herein.
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CHAPTER VII

The Finite Element Method

Analytic solutions to dynamic problems m  solids 

involving both geometric and constitutive n o n - 1 m e a n t  i e.- 

are infrequent. Those that do exist depend heavily on 

simplifying assumptions regarding symmetry, m a t e i m  m  

havior, loading paths and boundary conditions. A1ter . i 1 

of these assumptions are introduced and the gove: p.i iri 

differential equations formulated, the solution p:-o ( = ■; 

often reduces to a numerical procedure to integrate tt .. s. 

equations. A more direct approach to such problems w -..Id 

be to discretize them to begin with, in anticipation * 

the numerical solutions that must follow. The finite e l e ­

ment method is one in which such an approach is made- 

possible .

The finite element method is an outgiowth of Pia:; : x 

displacement methods which have been used extensively * ' 

analyze structures whose parameters may be convenient ly 

lumped into discrete systems. The extension of t h e s e  

methods to the analysis of continuums was first, ir.t.reduced 

by Turner et a l . ^ 1̂
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In this method, the real continuum is subdivided into 

discrete substructures or 'elements' that are constrained 

to deform in such fashion that contiguous points on the 

boundaries of adjacent elements remain contiguous throughout 

their deformation history. Since stress discontinuities 

will occur from element to element across element 

boundaries, consideration of element equilibrium ;s 

aocounted for by the effect of discrete forces noting 

at the element nodes from both external and internal 

sources.

C o mpatabi1ity of displacments at element boundaries 

is accomplished by choosing one of a class of displacement 

functions satisfying constraints along boundaries of

each element. If may be shown that such a
r 2 7 ”choice, in fact, is the basis of a R itzL ' approach 

to formulating the equations of motion, in discrete 

form, for each finite element. The Ritz Method, and 

theorems associated with it, may be used to examine

convergence of the finite element methods towards
r 54 1Auact solutions.

Two basic types of elements are used in this 

thesis? i.e. the triangle and the quadrilateral 

The quadrilateral more accurately represents strains



since an extra degree of freedom has been introduced 

into its displacement function. Furthermore, the 

quadrilateral may be used to replace two triangles 

joining four nodes. However, both elements are 

required to assure adequate representation of lrregulai 

boundary conditions.

In the material that follows, a presentation ot 

the discretized equations of motion, will be made. 

Matrices and other details associated with implementation 

of the finite element method, are shown in the Appendices

7.1 Incremental Expressions for Displacement, Strain , 
Stress and Rotation.

The Triangular Element

R

Figure 7.1
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The conformable displacement function satisfying

constraints along the element boundary

is given as t
t

U 1 R z 0 0 o' J_
•

' * < 4

V 0 0 0 1 R Z *

. J ■ *

or
"L .

( ?. la)

( lb)

where U and V are the displacements in the R and Z

directions respectively and i , through ■ are1 6
arbitrary, time dependent coefficients corresponding 

to the degrees of freedom of each triangular element. 

Upon inserting values for the coordinates ot 

each of the nodes, I, J, K into equation (7.1a) and 

solving the resulting set of six simultaneous equations

for - , one obtainsL

1

’ 2

^3<
tt4

r =

" 5

J

a i
0 aj 0 a K 0 ( u 1I

b T 0 b j 0 b
K

0 V
I

C I 0 CJ 0 CK 0 uJ
0 a I 0 aJ 0 aK

t >vJ
0 b I 0 b J 0 b K UK
0 C I 0 c J 0 cK y— 

■ <

(7 . 2 a)
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or

H -  M M f 7 . 2b j

w h e r e ;

ai - iW (zk V zjV
b I = (>5A) (ZJ_ZK )
c = (HA) ( R „ - R t )X IV u

2A =
1 1 1
R i r j  r k

Z I 2J ZK

= twice the 
element area

are the R and Z coordinate of node ;t etc

and the remaining terms a , a , c , b , b may lieJ K K j k
obtained from (7.3), (7.4), and (7.5) by eye 1ica1 I /

permutating indices.

It is convenient to define the following vector 

t e r m s ;

bT . h 0 b J 0 b K 0

ST - l> b l 0 bJ 0 bK
Tc - t 0 CJ 0 CK 0

i. [° c I 0 c.J 0 CK
Ta [a i 0 aJ 0 aK 0

]
]

( 7 , 7b) 

< c 7c) 

1 7 , 7 d > 

( 7 . ' e .
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where the superscript 'T* denotes the matrix transpose 

and ( ) denotes a vector or a matrix.

Expressions (7.1) and (7.2) are equally valid for

velocities or displacement increments provided a , b ,1 I
and c of equations (7,3,4,5) are based on current 

noda 1 coordi nates.

Now the expressions for stretching and s p i n  

are respectively; (see equations (3 . 1 2a, b

D , . = 4 ( U .  . + U . .)i J i * J 3,1

W . . = H (U . . - U. . )13 3 * 1 1,3

1 / H -a ;

[ i  H b )

where ( ), is defined more generally as the covariant

derivative of the term in parenthesis. Hence, tnt

vector for stretching may be written;

D r r 
D eo

D

D r 1

b U
. I

, T Vk ^ 1A/ u
_T ( J
c V; J
, - T lb(c+b) . K

V I. K

( 7.9a)

or D = R £ 7. HI )
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w h e r e ;
TK = 0  for the plane strain non t i.■ s 11 ■.>f *.V

T T T Tand K = (a +Rb +Zc )/R for the axi-symmetric c o n M n . J

Note, that in the axi-symmetric case, the expres....m

in (7.9a) are the physical components of stretching.

Since the only non-zero spin term lies in the^h,

Z^)plane, its expression is given by:
*

r ( M U .i

The frame indifferent rate form of the sties:-- 

strain relationship for an elastic material i s  ; i v e n

by;

T = E D 1 1 '

w h e r e ;

(J)
(rc> |

r r
T (J)
T (J)

. rz

is the Jaumann stress 
rate defined in 
(4. 2 i) ('■.12)

E = l-v

1 0 V  0
0 0 0 0 
V o 1 0
0 0 0 ( 1 - Y )

i f plane stres: I i d  I



if plane strain , 
or Ax i - s ymrrte t r 1 e

(1 iJ«)

7.2 The Discretized form of the Equations of M o t ion

The total deformation rate at any time t isn
assumed to consist of an elastic and plastic 

component. Hence, (*7. 11) may be written as;

t ( j > = E ( d (t) - d (p >) s . M-V ^ ~  ■"
where the superscripts T and P, in parentheses denote

the total and plastic components of stretch in.?

respect i v e 1y .

The sujjstitutions of (7.2b) into (7. lb ! result. ; 

in the expression;

i d  = (f> A  i  i  ' ' ‘ ’''V J/V

and the expression for deformation perturbation may 

be written as;

X C  = B  X f  t ' . l n )
iv

r &CI-T)
£ CHVX1-2V)

I - V

O

v
\ - y

l-V \'V

o

-yi-y

o
o
o
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Incremental expressions for D and OJ are found by 

substituting displacement increments (occurrinj dur:r , 

a time interval 1h ’) for the velocities in equations 

(7.9) and (7.10) respectively. These displacement 

increments are obtained through the recursivi integral 

ion formulae (7.47) and (7.48). In order to a.aid 

introducing additional notation, D and CO vi 1 I 1 t nc ' • * 1

designate increments in deformation and rotat, >u t t
(J)than rates, while T will be used to designate a '.lunin. 

stress increment consistent with the above :nci<m- nt ,

expressions. With this in mind, the actual ^t m  -s - i rct■ m

ATn may be ob ta ined from (4 . 2 i ) , t'hap 11.1 v m d  wt 11 t < n
a )

A T „  »  T n + C O n Y  T

where

Y =
9 0 9 2
0 n 9 9
(.) 0 O - 2

- 1 11 1 9

H e n c e ;

AT* - E(b„ & L  - D„<p)) Y T n_,
A j  » V  A w  / v

Then in view of cquations (7 9 b ) , ' > la;, ' , . i 9, , tr < 1 

the above remarks on incremental notation, < q u t .  on ■ , H 

may be written as;

i l l  f y  & a  l [ ( I + C 0 „  Y )  T , ,  + E C b n  A  in - D ^ ) \ d  V ?

i  C  f ( C  A l  0 7 F h ) d r +  b „ T f (./)» $ J W d s
A, / V  A. A, A, A. a^ A.



where I is the identity matrix

F = n

T = n

L =

n

is a vector of body forces per
unit mass at a particle in an element

is the vector of specified traction.- 
on the external surface of an element

n

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 2

and the subscript n denotes values at a time t

The integral I A I dS in equa 1i on i  ̂, F n )

above is shown evaluated in Appendix b . The integr' i , 

zero except for those elements having specified sui 1 

tract ions.

The first integral on the right of (7.2d) may h<

altered somewhat by extending the definition of a body
• •force to include inertial forces. Then it F - V ,

t *

i i &  ■: /.

and ;



The term in brackets on the right oi 23) t--

referred to in the literature as a 'consistent' mas- 

matrix. This matrix is consistent with the i d m i , I; i" 

motion of an element when the element mass is regarded 

as distributed through the element volume rather tnar 

concentrated at the element nodes. Since it is nodal 

equilibrium that we are ultimately interested i n ,  

contributions to the equivalent mass ot each i. m e  

could be obtained from the distributed mass mu' rices 

of each element containing that node. Thesi 

contributions taken together for all the node- in 

continuum add up to the "assembled mas.-, m a t r i x 1'. 

Unfortunately, any solution of the equations, ol 

motion would require the inversion ot t hi:- mntii 

If we are to solve problems of any reasonable .nt, 

the computer Lime and core storage requirement.-; 

would be ot sufficient proportion as to render t n i. s 

procedure unsuitable. Hence, t fie bracketed term in 

(7.21) will be replaced by a less accurate, but 

operationally more suital le, diagonal ized ma,. 

matrix; i.e. one in which the element mass i? treated 

as if it were concentrated at the element nodes.
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The conditions imposed upon the relationship of concen - 
trated to distributed mass in each element are discussed 
in Appendix A. In view of the above discussion, the 
equations of motion (7.20) may be written;

f  B a l ( I  + C O n Y ) T v , + t C B n A ^ -  D ^ h l c J v -
• *

" M  KV 4 T
(7.24)

The integral on the left of (7.24) may be evaluated
in terms of the initial configuration of each element by
making the substitution; JdV = dV in the integrand ando
V in the limits of integration; where J is the Jacobi ano
of transformation (See Chapter III). The Jacobian is 
evaluated as;

J  = I + k  b+ c " ' J  ■+ <f^ (b C T - C To T )| An fv- 2 *')

for the plane stress and plane strain cases and as

j * * [ l + B ( a T* R b T » ZcT) i „ ] |  i + ( [  b + c ] T +
~ I  ~ t ~ {7. 2 < '
cfn [ b CT- c bT ])in}

for axial symmetry. Note, that b, c, b, and c are based 
on initial nodal coordinates.

Equation (7.24) may now be written in the shorter, 
and more useful form;
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I = m ~ 1 I t - k - p + h \°n I n  n n n]^ /w> /*✓ ** *

(<7. 27)

where: T = the specified surface traction at time t , 
J* n

K = ( f  BT L E B A £ ] J dV (<7 28a)n I \ n n n ' n oArf J V A# V  A-/ A/O

P == f f BT (I +COY) T dv (7.28b)
n K  ~ ~ ' n °

H = f (BT L En v V nJVo ~ ---
D  (P̂ V  dV (7.28c)n / n o

In the plane strain and plane stress cases the 

integrals in equations (7,28) are simply the bracketed 

terms in the integrands multiplied by the element areas, 

since the integrands are constant over the element 

volumes at any time t. In the axi-symmetric case, 

however, the integrals are evaluated at each time 

step by the application of Oaussian quadrature over 

the volume of each element. (Bee Appendix C).

7.3 The Quadrilateral Element ^22],

Except for certain details, the presentation 

of the quadrilateral element is identical to that 

of the triangular element. The advantages of using
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this element are improved accuracy achieved by including 

an extra degree of freedom in the displacement 

relationships and the smaller number of elements 

required to represent a given continuum. Computational 

advantages are further Achieved' in the numerical 

integration over the element volume (See Appendix c) 

and in storage of element properties.

r
i

Figure, <7. 2

(Quadrilateral Element Referred to a Spatial 
(current) Coordinate System)

The conforming displacement function for the element

of Figure 7.2, above is expressed in terms of the
[22](^,^) coordinate system as

1 9 f? 0 0 0 0
1 ?  1 ?  7

r -vu
►

V
J

0 0 0 0

°fl

— >

(7 . 29)

Of 8



49,

By substituting the values of ( ^  ^  ) into

equations (7. 29) one may arrive at ;
* \

« ! 1 0 1 0 1 0 1 0 uI

* 2 -1 0 1 0 1 0 -1 0 V I

* 3 1 0 -1 0 1 0 -1 0 UJ

* 4

* 5
> h

-1

0

0

1

-1

0

0

1

1

0

0

1

1

0

0

1
< Vj 

°K ’

* 6 0 -1 0 1 0 1 0 -1 VK

* 7 0 1 0 -1 0 1 0 -1 °L
OC8 0 -1 0 -1 0 1 0 1

_

(7. 30)

The values of c.̂ may be substituted into ( 7. 29) 

to obtain;
f \u N I 0 N J 0 n k 0 N L

10

.V 0 NI 0 NJ 0 n k 0 NL
i (7 . 3 1)

where;

and

Nj = *3 (1 - £ ) ( !  - p)

h (i + f ) (i - ̂ )

H (i + £ ) (i + ̂  >

*3 ( 1  “  ( 1  +  ^  )
K

N. =

(7.32)

J T - [UT V T Uj Vj 0K VK UL V L ] (7.33,
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Since a linear relationship of the form of (7.31) 

exists between the two coordinate system shown in 

Figure 7.2, one may also write;

X { 7 t *
R N I 0 NJ 0 n k 0 n l 0

ZV 1 0 0 n j 0 n k 0 N ,LJ

w h e r e :

£  - [RI Z I r j  z3 r k  z k  r l V (7. 3S)

Now, in order to write expressions for the 

components of the stretching tensor referred to the 

(R,Z) coordinate system, the following relationships 

are used;

f “ 1
' H A __

__
__

__
__

_
—
'

(7.3b)

1*1 .-a..
R , i lC ^

r r f  t

u'?
* A i -

j**
i A ( 7. 3 7a j

U J; li
M)l r & T ( 7. 37b)

v,.» * h i  -- T V^ |M

(7. 37c)

( 7. 37d)
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f t * 4

wh e r e :

o-?)1 J
j~ Determinant of ^

a -- ftiO-'?') o o-Y) o (n»j) 0-O+7) o]

<5* 1<[ 0 -0 -7 ) 0 ('■’tf 0 t1*?5

0  ('+?■) o  O f )  0  J 

|.j£[o -0-f) o -o*f) o o+?) o Cl-f) ]

r « i  2 i Ri z,
R «  Z»
ftt I,

(7. 38)

(7.39a) 

(7.39b) 

(7 . 39c) 

(7 . 39d)

and we further define:

N = [ N 0 N 0 N 0 N v I J K L| {7 , 3 9e)

Then the matrix expression for stretching becomes;
.T,.T -T

d rr

Do©
/ >
Dzz

d rZ

where:

(1/1 Q [) X ( B A  - A B)" V 1 ^  A> V V

K

(1/| &  I ) x T (^T B  - fiTA)1 V  1 A/ M  /w *

d / 2 | g e  |.) xT (BTA -  b T a
A/ /V rt/ /V (V

T A BV A*
- T-A B)

J

K = 0 if plane strain
N/R; (R = N X ) .v v v J if axi-symmetric

(7 . 40 J



Equations (7.40) may be written more conveniently

a s ;

D = B S (7.41)

and used directly in the equilibrium equations (7.27).

The integrals are evaluated numerically over the

current volume of each element, so that;

K = L  (b T L E B fi 1 ] dV (7* 4 2a)^n J r  \ n  ~ *.n ° n I
P = ( fBT L (I+GJY) %  dV (7* 42b)
J 1 Y  ~  ~ i> n - V

H = f (bT L E D ^ P)>) dv (7.42c)
£  Jy ” ^ ~  n

and X represents the vector of current coordinatesAS
of the element node.

7.4 Solution of the Equations of Motion

In equation (7.27), the equations of motion 

for a single finite element are written as;

r 1
^  ^  ’ -v" aJ

*9 _ ,

j = M [ T - K - P - H ]  (7. 27)*n n n n n

The terms in brackets on the right side of 

equation (7.27) above, may be considered to be a 

combination of externally applied and internal 

resisting forces of the element acting on the 

element nodes. Therefore, it is possible to 

deal with the sum total of such loadings acting
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on a node that is common to several elements. For 

example in Figure 7.3 below, node 6 is common to 

elements 1 through 5.

I

2
‘ R,

Figure J.3

The expanded form of equations (7.27) above may be written 

for element 3 as;

Tu( - K u ,  - Fu i  * H u|

' - K V| - Pv,

Twt - K t
I

Tv^- K v ^- + Hvt 

Tuj - K " P 

TVj - K Vj * Fvj + Hv|

c
__
__
__
_ 1/M1

/

vi 1/MX

°6 i/m6
I

V6 i/m6

U2 1/M2

V2
h. , 1/M2_

V.

(7.43)



54.

Then the combination of loadings from elements 1 through 

5 produce an acceleration in node 6 as follows;

1/M" -1 u6
S"V,^ 6 0

* 1
1/M,

|f|rTu ) fKu ) Pu' Hu 1
*

1 6 6 6 6
1i ( ” + <
Tv Kv Pv iHv '

1L 6 6/ 6 J I 6,
(7.44)

1+2* * +5

Hence, equations (?. 2(7) also represent the equations of 

motion for every node in the finite element system.

Solving the set of equations ((7.27) is equivalent 

to solving the set of ordinary differential equations;

X (X, t) = F (X, t)
f\j rJ

(7.45!

with initial conditions;

X<X,t ) = Xo  /V_'V O

X(X,t ) = X (7.46)/V O r O
7.5 Integration Schemes for Solution

In choosing an integration scheme to solve equations

(7.27), it was deemed desirable that this scheme have the

following properties;

(a) A 'reasonable' solution accuracy be attainable 
in the interval of integration.

(b) In any 'step-by-step' procedure the conditions
at a time t are entirely predicted using earlier 
conditions.

(c) Storage of data at each integration step be kept 
to a minimum.

fg) The method requires no major alteration of solution 
algorithm to be started.
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(e) The solutions obtained are stable throughout 
the integration interval.

(f ) The use of computer time is minimal in com­
pleting any integration step.

[2 31The Runge-Kutta methods1 J and the predictor- 

corrector methods of Milne^2*̂  and A d a m a ^ ^  each require 

the calculation of at least four values of the dependent 

variable and/or its first derivative for each integration 

step. Although applicable to systems of differential 

equations of all orders, systems must first be reduced 

to a system of first order equations.

A number of methods are available that are ditectlv

applicable to systems of second order equations without
[291reducing their order. The Stormer-Corwelr method,

for example requires the calculation of only two values 

of the dependent variable per integration step and is not 

self starting. The Newmark method with '=o is also

directly applicable to systems of second order equations.

It requires a calculation of the dependent variable and 

its first derivative for each integration step. The sim­

plicity of starting as well as the accuracy in results
. . . , , n ^ ^ [46,47, d 5,30 ]obtained by earlier investigators 1 1
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make it a particularly attractive method for application 

to the problems solved in this thesis.

The recursive equations a r e ;

where h * the increment in time, At.

The stability of this method may be examined by 

considering a simple mass, spring system with one degree 

of freedom and no external force acting unit. For a
t

given initial displacement and velocity the motion of 

the system is purely oscillatory with a circular frequency

where K is the spring constant and m is the mass.

If the system is linear, then the acceleration is given

and

Of;

(7-49)

• i

( 7. 50)

Then if we define the term;

(7. 51)
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we may derive the difference equation?

L > '  °  <7 - 5 2 »

which corresponds to the differential equation;

S +  ( J ^ )  £ * °  (7. 53)

The solution to the difference equation may be 

written;

4  = 4  cos(?rri/ĵ ) + sin(?TTt/V) (.7.54)

where £ is the initial mass displacement, B is a 

constant and, Ts is a pseudo period corresponding to 

the solution of the difference equation. The comparable

solution to the exact equation (7.53) is;

<S = So c o s ( e 7r t / r ^ ) +  —  sin(27f i / r ) (7.55)

where T is the exact system period and V is an initialo
velocity.

Using this approach, Newmark^ ̂ ^  developed the 

following approximate expressions for the ratios Ts/T 

and B/(Vq /co ) ;
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T y j  *  I - ©*/?4 - 1 7 0 ^ 5 7 6 0  - - * ' (7. 56)

& / Wo/cS)- I +  e * / s  + ' ' ' (7.57)

From these the following (partially reproduced* table

of relative errors in period and maximum response to
1  30]an initial velocity were obtained

Table J. 1

& = 0

Relative error Relative error
in Period in maximum

(?->) Response to an 
initial Velocity

Vo/fD J

0.05 -0.004 0.012

0. 10 -0.017 0. 052

0.20 -0.076 0.209

0.25 -0.130 0.614

0.318 -0.363 infinite

The stability limit of the system occurs when
2©  is greater than 4. At this value, the solution
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to equation (7.52) oscillates without bound. Henci
2 . . at @  =4, we have at the stability limit;

hs = — L  = 0.318 (7.58)Ts TT
It is seen in Table (7.1) that h/T must be considerably 

less than the value given by (7.58) if large errors are 

not to occur during each integration step.

The criterion used to determine 'h' is that 'h‘ be 

less than the minimum period of the discretized system.

An approximate means of estimating this period is demonstrated 

in. Appendix F.^he actual ratio h/T used, is governed by 

consideration of stability and the amount of error that 

may be tolerated in generating the solution to the initial 

value problem. Using Table 7.1 as a guide, the value of 

h/T chosen for the problems solved in this thesis was 0.05.

The algorithm used in solving the initial value problem may 

then be outlined as follows:

It is first assumed that the entire solution of 

the physical problem is known at some time t^. The 

known solution will include such terms as displacements, 

velocities stresses, etc. so that all terms appearing 

in brackets on the right side of
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equation (7.27), including any time dependent applied surface 

tractions, are known. T h e n ;

a) solve f o r /  in equation (7.27).n
b) solve for £ . in equation (7.48).° n+1

solve; X t . = / + 1/2 J hn+1 n nc)

d) find the current nodal coordinates and update 
the strain displacement matrix B .

e) find the Jacobian J ,; the stress incrementn + 1
^ T ; the plastic deformation increment n+1
f P 1D' the total deformation incrementn+1

d (T)^+ ^; the increment in effective plastic
strain ^ e^ ; and the increment in particle n + 1
rotation GJn + 1

f) add the (components of) stress increment to
*T Find the total effective plastic*- n+1

P P Pstrain; e n ■= e + e .n+1 n n+1

g) evaluate K ,, P ,, H , in equation (7.27).n+1 n+1 n+1
h) solve for £ in equation (7.27).

n+1 . '/
i) solve; £ - ( i ) ■ ♦ 1/2 i n+1h

n+1

Repeat steps b) through i) for each successive
cycle of integration.

Note that although X , is not used ̂ n+1
directly in (7.27), it must be evaluated at 
each time step in order to find /n+ L
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7 . Numerical Evaluation of the Plastic Deformation 

Increment

From equation (5.10) and 5.11), the plastic 

components of deformation increment are given in incremental 

from as;

p /3Aepc \ x‘ 
i Oect-0/ *■ (7.59)

where Jgj is understood to be the increment of deformation 

over a given time interval from t ,, to t . corresponding(i- 1) i
to the subscripts used in (7.59). In the numerical integration

Pscheme described above, the value of Ae. in (7.59) must 

be evaluated for each time interval based on information 

that is known in the preceding interval. These intervals 

must be sufficiently small so that one may be able to
pconsider ^  as effectively uniform over the entire

Pinterval. The values of ^ m u s t  then be positive, 

real values.

In general;

T i  = Ti 1 M r .  (7.60)

and , ,(J) PT = E (D.-D. ) (7.61)/vl 1 *sl
(J )

where, again, T  is understood to be a stress increment1.
over the time from t .. .. to t . .(i-l) i



62.

Then from (7.17), (7.61) and (7.59)

3 A  ePT  ■ “ (I + W Y) X  + E (D - ------- L_ T  . )
* , 1  a* i  ^  H  i  1 2 •

(7.62)

By defining

T ■ = (I + WY) X • ! + ED- ; i  ~ ~ z 1~ 1
(7.63)

we may write;

T, = T f  &  i t -
Z  <*ti- 0

The expression for the deviatoric stress is given by;

(7.64)

T' - C? T (7.65)

where
2 -1 -1 0

-1 ' 2 -1 0

-1 -1 2 0

0 0 0 3

(7. 66)

The expression for effective stress is given by;

’ t-3 J,
so that;

(7. 67)



where the superscript, T, designates the matrix transpose; 

and;

-1 -1 0

-1 -1 0 (7.68)

-1 0

0 0

Substituing (7.64) into (7.67) and expanding, results

in;

?  ° e a > - f  T <I f  Tl-i %'i- . (7. 69)

In addition to the above, we have the expression;

< * Z c n  =  < % « ■ . » +

from the effective stress-effective plastic strain curve 

(Appendix E, Figure E.1). This furnishes the additional 

equation;
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Equating the right hand sides of (7.71) and (7.6 9) 

results in the quadratic;

A (A  e^) 2 + b (£e^) + C = 0 (7.

where;

(7.

(7.

t T4  f  - t a g , : , ,  (7.V  -V N  '

Hence
/ - B  ; / ^ - 4 A C  ~W

2 A  7 11-S i  ■ ? < £ < •  - l '  * 7 ‘ ‘-I (7-

The choice of root in equation (7.74) may be discussed 

in terms of Figure 7.4 below. Point i' represents the 

"effective stress at time t- if the material behavior

were elastic during the time interval from t, , to t ..i- 1 i
This corresponds to the stress defined by ^  in (7.63).

PThe quadratic curve for A  e^ passes through i ' and 
intersects the line of effective stress versus

peffective plastic strain at two points. Since d e^ must 

be positive and real, the choice of root is simple when 

one root is positive and the other negative. When both 

roots are positive, consideration is given to the fact 

t h a t d e ^  is small for small intervals. Hence for this 

case the smaller of the two positive roots applies.

72)

73a)

7 3b) 

7 3c)

74)
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When both roots are negative or complex, the implication

Pis that the interval over which is expected to be

constant, is too long. Hence, at such times, the interval 

is further subdivided until positive real values of
p

A  e , are obtained.'t

Figure 7.4



CHAPTER VIII
Results of the Finite Element Code

8.1 Effects of Rigid Body Rotation on the Stress Field 
in an Element

It is recalled in an earlier discussion that consideration 

of frame indifference in constitutive equations resulted in 

•the definition of a stress rate in which an observer, moving 

in rigid motion with a particle, would see distortion of the 

local medium if he observed a change in stress referreed to 

his moving reference frame. Logically, if such an observer 

sees no change in stress, then a fixed observer would see 

only a rotation of a constant stress field when a particle 

undergoes rigid body rotation.

Since elements in the ensueing problelllfc undergo large 

rotations as well as deformations, it is of interest to 

check this point of logic and the accuracy of its confirmation. 

Hence, a single finite element, shown in Fig. 8.0 below 

was subjected to two cases of rigid body rotation; one in 

which a null stress acted, and one in which a constant, 

normal stress acted in the R direction.

FIGURE 8.0



The element underwent a total rotation of TT/6 in

increments of IT/6000. For the initially null stress field

acting on the element, the final stress field was also

null; thus indicating that no stresses or strains were

numerically induced by the finite element program during
rr Brigid body rotation.For the initial stress of T  = 10 P si

acting on the element, with all other stress components

zero, the following table was prepared;

Final Stress in Square Element Undergoing a Total 
Rigid Body Rotation of TT/6

Stress Component

TrrTee
X' zz Trz

Predicted Stress
(psi)

3/4 x 10
0

1/4 x 10 c 
YT/4 x 10

Computed Stress 
(psi)

74998. 40 
0

24983. 31 
43318.32

The node displacements for the above rotation are

given below;

Node

1
2
3
4

R-Displacement 
(inches)

0.6339426 
0.3660069 

-0.6339426 
-0.3660069

Z-Displacement 
(inches)

-0.3660069 
0.6339426 
0.3660069 

-0.6339426

The logic has thus been checked with acceptable

accuracy.
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8.2 Solid Cylindrical Bar

In order to test the validity of the finite element 

code for an elastic-plastic, linear strain hardening 

material, results were obtained for the cylindrical 

bar shown in Figure 8.4a. The bar is shown laterally 

restrained to assure one dimensional wave propagation 

along its axis.

Figure 8 . 4b is a plot of the distribution of 

longitudinal displacements, velocities and stresses 

along the axis of the bar at time t = 3.67 x 10  ̂

seconds after the application of the uniform stepped 

pressure pulse at the left end of the bar. The theoretical 

values for these distributions (as obtained in 

Appendix H) are shown for comparison. While the 

theoretical analysis reveals clear, sharp fronts for 

the elastic and plastic waves, the computer code 

indicates a 'smearing' or averaging effect at the 

theoretical wave fronts for both stress and velocity. 

Furthermore, stress and velocity as obtained by the 

computer code, oscillate about the true, theoretical



values of these quantities, with the amplitudes decreas 

as points fall further behind the wave front. (Shown 

moving towards the right in Figure 8.4b). Similar 

phenomena have been known to occur in finite difference 

methods.

8.3 Spherical Shell

As a further test of the finite element codes 

validity for large deformations, as well as for 

elastic-plastic material, numerical results were 

obtained for the spherical shell shown in Figure 8.5a, 

subjected to an internal triangular pressure pulse.
r 251This problem was first investigated by Baker 

using deformation theory on elastic-plastic materials 

with linear strain hardening. Baker also included 

the effects of shell thinning and the variation of 

shell radius by assuming material incompressibility.

Figure 8.5b shows the radial displacement of the 

shell as a function of time for materials with two 

different strain hardenings. These correspond to 

slopes of the uniaxial stress-strain curves of S = 0 

and S = 22.5 x 10^ psi, in the plastic yield region.

The super-position of Baker's results on the finite



element code results, indicate excellent agreement 

through the entire range of deformation histories 

considered.

Some idea regarding how large the resulting 

strains are is seen by comparing the second order 

terms in;

with the total resulting strain. At a maximum radial
-3displacement of 38,7 x 10 inches, the lagrangian 

circumferential strain is

Thus, comparison with Baker's solution, though 

excellent, falls somewhat short of validating the 

computer code for 'large* deformations.

3 . ^ Circular Plate with Simple Supports

The problem, as defined in Figure 8.6a, consists 

of a circular plate of 4" radius and 0.241" thickness 

subjected to a uniformly distributed impulse. The

Coo = 2583 x 10~6

and the second order term is;

0. 00128 £ & &
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material properties, etc., are as indicated and 

correspond to experimental results obtained earlier
f 261b y  Florence

[271Wang considered a circular plate consisting

of a rigid plastic material obeying the Tresca yield 

criterion and its associated flow laws. In this
L 7 1treatment, bpsed on the theories of Hopkins and Prager 

the plate is regarded as rigid if both the radial moment, 

M, and the circumferential moment, N, are be low the 

critical moment. Mo, w h e r e ;

Mo = (T0 2 h 2

0 1 is the yield stress in simple tension 

and h is twice the plate thickness.

Further, if M = N  = M o , then the rate of radia1 curvature

f c -  - 2 - i SQt 9 r

and the rate of circumferential curvature

x _ i ai.w
* ■ r 9 t 3 r

are non-negative. On the other hand, if N = Mo and

0<M<Mo. ^vanishes while X is non-negative.
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The presumed mechanism for deformation is then 

considered to be as follows:

Figure 8 .1

Immediately following the application of the impulse 

to the plate, a hinge circle forms at the supports and 

starts to move radially inward towards the plate center. 

At the hinge circle, shown in Figure 9.1 as located at 

^  (t), N = Mo and M = Mo. The region inside the hinge
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circle moves with constant velocity;

V  =  —  m
where 'I 1 and 'm' are the impulse and mass per unit of 

plate area respectively. Outside the hinge circle, the 

plate elements undergo rigid body rotations given by;

00 ‘ » U - f )
Furthermore, the circumferential moment N is equal to 

Mo at the simple support while the radial moment M 

increases from zero at the support to Mo at the hinge 

circle.

After the hinge circle reaches the center of the

plate, the entire elemental sector is assumed to

rotate about the support as a rigid body. The terminal

deflection is found by Wang to be;
2 2

W  " (1 - r/a) <3 + * */ •  + < r / »  )

and the central deflection is given by (at r - 0)
2 2 

i  =  — —« 8 m  M ,
[261Florence's experiments on aluminum and steel

plate subjected to blast loads indicated that Wang's- 

analysis predicted excessive permanent plate deflections 

when the ratios of central plate deflection to thickness
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were large. He reasoned that this was due to the effects 

of membrane stresses which were ignored in Wang's 

analysis.
r 5 5]Jones considered the same problem as Wang, but

used R e i s s n e r ' s ^ ^  equilibrium expressions for the finite 

deflection of a circular plate with membrane stresses.

The mechanism for deformation is assumed to consist of 

two stages; an initial stage identical to the mechanism 

described above, in which bending moments are dominant, 

and a second stage in which membrane stresses predominate.

The results of the computer code for data corresponding 

to Florence's experiment #7 for steel are shown in 

Figure 7.6b along with Florence's experimental and 

Wang's analytic results. Figure S.6c indicate 

displacement profiles for the plate at various stages 

of its deformation history.

The finite element grid, consisting of fourteen 

quadrilateral elements is relatively coarse for this 

problem in that it does not enable one to obtain a 

variation of stress and strain through the plate 

thickness. Nevertheless, it represents an initial 

attempt at finding solutions for this problem by the
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finite element code prior to undertaking the more 

detailed and longer solution on a faster and larger 

computer. The difference of approximately 19% based 

on experimental results indicated in Figure 8.6b, between 

the finite element and experimental results, may in large 

part be due to the difference between ideally assumed 

and actual experimental conditions. For the solutions 

obtained by the finite element code, an impulse was 

considered to be uniformly distributed over the plate 

area and was assumed to occur over a time span that 

approached zero.

8.4> The Impulsive Expansion of a Cylindrical Shell 
with Ring Reinforcements.

L
Figure 8. 2
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The problem illustrated in Figures 8.2 and 8.7a,
r 33iwas treated kinematically by Masaki . in this

analysis, a perfectly rigid plastic material, obeying

the Mises flow rule was considered.

The cylinder of initial radius R and initialo
thickness h is subjected to a uniform, radial o
impulse I, which results in the uniform, initial

velocity, V . The shell thickness, h , is taken as m o
constant throughout the deformation history and i s  

regarded as sufficiently thin to permit neglecting the 

effect of longitudinal bending on the final solution.

The deformation mechanism, as assumed by Masaki, 

may be described as follows: (See Figure 8.3 below).

U C f

Figure 6.3
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Two 'b e n d i n g ' w i v e s , starting at the ring

reinforcements, move axially towards the cylinder

center line at a velocity c^. As the wave advances

into the uhdisturbed central portion, (the region

marked 'UCP') an initially horizontal element, at

time 't ', tilts by the angle 'a ' into a conical

frustum, at time ’t + d t '. As this occurs, the

horizontal element in the undisturbed central portion

undergoes a uniform elongation. The axially rotated

portion of the shell already swept over by the 'bending'

wave (the region marked 'ARP') comes to rest while the

uniform central portion has a uniform radial velocity

V . r
The time * t e ' at which the s h e l 1 deformat ion 1s 

considered to end is then distinguished by two cases; 

i.e.,

Case 1: The 'bending' wave reaches the centerline

of the cylinder before the radial motion 

of the uniform central portion comes to rest. 

Case 2 : The uniform central portion comes to rest

before the 'bending' wave reaches the 

cylinder centerline.

*
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Then the terminal times of deformation are: 

c w  l! tei * ^

R o T (C 2+ \ \
c-*se 2: 2 = 157 Lnl 3 7 F2 \ 2 m /

W h e r e ;

'Pf-

The finite element results presented herein are

based on a copper cylinder of inside radius = 15 mm

and initial thickness h ■ 1 mm. The clear distanceo
between the rigid reinforcing rings is L = 40 mm and

the initial, uniformly distributed radial velocity

of the shell wall outwardly is V = 4,740 "/sec.
tn

The material properties of the copper material are 

given in Figure 8 . 7a.

Figure 8 , 7b shows the displacement history of the 

median surface of the cylinder at the plane of symmetry 

bisecting the clear distance between the two reinforcing 

rings. Close agreement is shown with Masaki*s results 

during the first half of the deformation history.

However, during the second half, the finite element code



predicts a more rapid rise in central deflection. The

maximum deflection of 0.2114" occurs 76 x 10 ^ seconds

after the application of the initial velocity. This
-6compares with a time of 90.5 x 10 sec and a radial 

displacement of 0. 201" as found by Masaki. The maximum 

circumferential strain recorded at the center of the 

cylinder is:

4 0 4 *980 * !0_6

for which the second order term may be calculated as:

The finite element results shown in Figure '8.7b 

indicate that the central deflection drops slightly 

after it reaches its peak value. This drop is accompanied 

by elastic unloading that occurs throughout the cylinder.

Figure 8.7c shows the radial displacement of the 

inner surface of the tube at various stages of its 

deformation history. During the early stages, the 

uniform central portion of the cylinder appears to be 

in a state of plane strain while the radial velocities 

along the cylinder axis are approximately uniform.

At later stages, an 'e n v e l o p e ' of permanent radial
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displacement develops and moves axially inward towards 

the cylinder center.

Figures 8.7d and 8. 7e show the progression of 

the transverse shear wave and the effective plastic 

strain with time. Effective plastic strains are 

averaged over the volume of each element and are 

plotted at points along the abscissa that correspond 

to elament centers. Shear stresses are plotted at 

node points and represent the average of the averaged 

stresses of elements having the node point in common.

Since effective plastic strain in an element increases 

with the plastic work done on the element, it may be 

seen that the permanent r a d i a 1 displacement of the 

cylinder occurs just after the plastic work increment 

is zero. The velocity of the discontinuity representing 

the null increment of plastic work may therefore be
' 33 1interpreted as the 'bending' velocity C , in reference

Values for 7* an(3 ^ 9 9  may be obtained approximately
r 33ifrom reference , equations (12), (43), (44) and (45).

The membrane stresses are presumed to occur in the 

undisturbed central portion of the tube during active 

deformation and are;
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T  '=s 16 » 000. p6i
r Z Z « 33*000 psi t e»

Typical values of these stresses> obtained through the 

finite element code, are sjiowp. plotted along the tube 

axis in Figures 7.7f,g for various times after the 

initial radial impulse.

8.6 Flat Circular Plate Impinging on a Rigid Parabolic Die

The motivation for this problem may be found in the field

of high energy rate forming. When a flat circular plate

recieves an impulsive load and impinges upon a curved die,

it is of interest to know the extent to which the die shape

will be followed. Further, if the plate acts as a component

of a larger piece of equipment, design considerations make it

of interest to know how much thinning and distortion occur

throughout the plate.

In the problem presented, a flat circular plate 1/4“

thick by 5" radius (Figure 8.8a) is given an initial vertical

velocity of 4000 “/sec. and allowed to impinge on a smooth
2circular, parabolic die whose contour is given by Z=0. 1R .

As mechanical means are frequently used to ’hold d o w n 1 a 

plate during forming, it will be assumed in this problem 

that the center point of the plate is constrained to be in 

contact with the die throughout its deformation history.



At the exact instant that a nodal mass of the finite

element grid contacts the die surface, the mass velocity

normal to the die surface becomes zero. At the same time,

a reactive force normal to the surface at this point causes

a change in the subsequent direction of motion to occur in

the mass. Solutions of the equations of motion may be

carried out without explicitly solving for these reactions.

However, displacement boundary conditions must be known at

these points of contact along the die. Since no other

constraint is imposed on the mass in contact with the die,

the mass may have velocity components tangential to and normal
outward from the die surface subsequent to its initial contact
with the die.

Figures 8.8b,c show the deformation of the bottom

surface of the plate in historical sequence. It is noted

that in the early stages of deformation, (prior to 209.862

/ X  sec. past the intial impulse) initial contact is

maintained. In an intermediate stage (in the interval

from 209.862 sec. to 507.537 yMsec.) the vertical motion

is upward in the central region of the plate and downward

in the outer region. Contact is maintained over a

relatively small region of the die during this time.

In the final stages of deformation, (from 5 0 7 . 5 3 7 ^  sec.

onward) all movement is in an upward direction until

the entire plate motion is reduced to purely elastic
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oscilations. The permanent plate shape at a time 85 7.598 

j(/, sec. from the initial impulse is then seen to be a dinpled 

bowl shaped plate whose contour differs from that of the 

die it impinged u p o n .

Figure 8.8d represents a plot of the grid distortion 

at the time of final plate deformation. Note that plate 

thinning occurs in elements 1 through 11, i.e. in those 

elements w h e r e  contact occurred between the plate and the 

d i e . M a x i m u m  thinning occurs in element 1 {as seen in Table 3.1 

The m a x i m u m  distortion of any element is also seen to occur 

in element 1 which has been transformed from a flat circular 

disk to a 4 5° +_ cone. The severity of this distortion is 

in part due to the rigidity of the quadrilateral element itself 

but is mainly due to the proximity of the local constraint 

on node 1.
Average Thinning of Elements in Figure 8.8c)

Element Number Plato Thinning {")
1 2 32.
2 [ N o t e ;  % t h i n n i n g - £ h / h  x lO , 8 .
3 w h e r e  h i s  t he i n i t i a l  p l a t e  1 2 .
4 thickness ] 8.
5 8.
6 12.
7 12 .
8 12.
9 12.

10 8.
11 4 .
12 0 .
13 0.
14 0.
15 0.
16 0.

Table P . 1
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8.7 Impact of an Ogive Nosed Projectile on a Smooth. Flat
Rigid Surface

Up to this point, the problems in large deformations 

under impulsive loadings have been solved for plates and 

shells with regular geometries. By solving this last problem 

it is demonstrated the the present finite element program has 

the capability for solutions in solids of revolution having 

irregular geometry.

The projectile shown in Figure 8.9a with the material 

properties of mild steel, is given an initial velocity of 

3000 inches/sec. in a direction parallel to its longitudinal 

axis. At this velocity, it impinges upon a flat, rigid surface 

normal to its direction of travel artd represented by the 

plane Z=0. The problem then consists of finding the maximum 

and permanent distortion of the missile after impact. The 

nose section approximates an ellipse having semi axes of 2" 

and 1" in the axial and radial directions respectively. Since 

solutions to ogive nosed impact problems have not appeared in 

the open literature,this represents the first solution of its 

kind. As in the earlier impact problem, provision has been 

made for possible 'bouncing' of nodal masses from the rigid 

surface.

Since maximum deformation may be expected in the nose 

section, the finite element mesh has been refined in this 

region.
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Results have been plotted for two conditions; i.e. 

maximum overall deformation and permanent deformation 

Maximum deformation occurs shortly after all points on 

the projectile have achieved an upward velocity. These 

results are shown in Figures 8.9b and 8.9c. In these 

and in subsequent figures, the dashed lines represent 

the initial, undistorted configurations, the solid lines 

represent the deformed configuration and the indicated 

time is measured from the instant of impact. At the time 

indicated, maximum strain occurs at mode 41 (tip) and n; 

given a s ;

axial strain £  = -24.0%zz
radial strain C  = 19.3%v-rr
circumferential strain £ = 21.0%w se

The slight inconsistency between radial and circumferential 

strains is due to the manner in which strain is averaged 

for each node; i.e. the nodal strain is the average of the 

strains in the elements having the node in common. This 

averaging procedure is only used for output purposes and 

has no effect on computations.

The distortions shown in Figure 8.9d and e indicate 

the deformation of the projectile shortly after rebound 

(velocity of node 41 becomes neg a t i v e ) . Since the elas:ic
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stresses are relatively small, this configuration represents 

the permanent distortion of the projectile.

Table 8.2 lists the effective plastic strain averaged 

over each element volume. This table indicates the extent 

to which yielding occurred throughout the projectile. As 

expected, maximum yielding occurs in element 26 (tip) while 

elements 1 and 2 display no yielding at all.

Figure 8.9f shows the variation of effective plastic 

strain along the projectile axis at various times during 

its deformation history. The times corresponding to m a x i ­

mum deformation and the condition shortly after rebound, ot 

the projectile are also included. It is seen that the 

plastic work increment is zero at the rear of the missil< 

long before' it is zero at the nose section.
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8.8 Cone j-us ions

In conclusion, the validity of the finite element 

code for impulsively loaded elastic-plastic media under­

going large deformation has been verified by comparisons 

with several known results of a diverse nature. These 

include the results for the solid cylindrical bar, the 

thin spherical shell, the simply supported flat circular 

plate and the ring reinforced cylindrical tube. The re­

sults shown for the flat circular plate and the ogive 

nosed projectile impinging on rigid surfaces were not 

based on any previously known work. Hence their validity 

must be inferred from those of the previous comparisons. 

However, their inclusion represents potential applications 

to impulsive die forming and missile deformation not p rev­

iously investigated.

One of the main advantages of using the finite element 

method is that bodies with odd surface geometries may be 

conveniently dealt with in any computational procedure. 

Bodies undergoing severe finite deformations will develop 

such odd geometries as the computation proceeds, even when 

the initial geometries are simple. Hence a development of 

a finite element method to deal with dynamic problems in 

large deformations is clearly necessary if solutions are
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required for general geometric configurations. Improvements 

may always be made in numerical procedures that will reduce 

core storage and increase computational speed. This is 

certainly true for the present case. As this work is c o m ­

plex in concept, programming requirements are equally c o m ­

plex and the time to run through each integration step is 

large. Hence future developments should be directed towards 

reducing the total number of integration steps required to 

bring a problem to a conclusion.
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Element No. %  Effective Plastic St j a m
1 0
2 0
3 0 2
4 0 1
5 1 .0
6 1 . 2
7 2 . S
8 1 . 1
9 4 fo
] 0 i 7
1 1 b . 9
1 2 8 2
1 3 9 4
1 4 11.0
1 S 1 2 1
1 n 1 3 9
I 7 ls.s
18 1 7 S
1 9 24 2
20 28 . 0
2 i 2 2 S
22 3 1.9
2 i 34 b
24 jH 3
2'3 39 . 2
2b 90 .4

TABLE 8.2
Ef fective Plastic Strain In Each E lenient Of The Ocjive 

Naso i Missile At Time t 302. 10SB sec.
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APPENDIX A

The Equivalent Nodal Mass

Criteria for establishing the equivalent nodal 

masses within an element should at least include the 

f o 1 lowing;

(1) The sum of the equivalent nodal masses 

must equal the total element mass.

(2) The centers of gravity of the 

equivalent nodal masses and the 

distributed element mass must coincide.

(3) If the element possesses any symmetry 

about a line within the element, the 

equ i va 1 en t. nod a 1 masses must have the 

s ame s vmme try.

The above criteria are aufiicient to uniquely 

define nodal masses for plane triangles and quadrilateral 

and for the axi-symmetric triangular element. However 

quadrilateral elements having no symmetry about a line 

through the element require yet another criterion.

This difficulty is circumvented by considering the 

quadrilateral element as being made up of two 

triangular elements.
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The necessary equations required to satisfy the above 

criteria are shown for the axi-symmetric, triangular element. 

For plane triangular and rectangular elements the application 

of these criteria leads to equivalent nodal masses that 

are the same at each of the element nodes.

A . 1 Equivalent Nodal Mass of the Axi-symmetric Triangular 
Element

Figure A .1

The nodal masses M , M , M are found by solvingI J K
the set of equations;

1
*

1 1 H I
I h

R 1
K

J
R

K >
M

J

II

X2 ■'

z
I

Z
J

Z
K .  Mx b (A. 1)
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where / * the mass density of the element material

J 1 6 < V RK)CV 2W  + V sV Rj n

t ( V ri)[zk(2V rj> + zj(2rj+V ]

k ( 2V r i ) 1 ]

I 1
12

+ (Rt- R J  [Z ( 2 R + R  ) + Z1 U 1 I K

3 3(R -R ) (3Z + Z ) + (R -R ) (37 +Z )J I v J I K J K J

t (Hl -R  ) O Z j  + V ' 2  (RI " V ' V  ' V V

+ RJ ' V V ' V V  * r k (V V ' V V j

+■ 2(H,r, +- [ < T I ,  +  r k i 1 ^ K ^ )I 1 J 1

r3 = i  | (V V "  + 2V  * 4Hl (V Rir (W ‘V j

2 2 2 f (R -R ) { (7, i 7. } 4-2Z " 4- 4R (R -R ) T (55 + Z ) - Z Z 'K J L K J K J K J K J J K

2 2 2 ) 
+ (R -H ) I'Z +Z ) r2Z | + 4R (R -R )[ (Z +Z )-Z Z n;I K I K I 1 K I K I K K I j

(A. 2)I1U) = 7T (H r Kv> <z t (2 R t+ R t> + z (2R_ + R_): etc. 1 6 J K J J I  I I J

The resulting solution of (A. 1) is;

/
M I

m j

li
v-f

c

M,K
*

h  b i c i

aj h j c j

aK b K K
where â ., b^, c are defined in Chapter Vlt.

(A.
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APPENDIX B

The Equivalent Nodal Forces for a Surface With Specified 
Tractions

In Chapter VII equation (7?0) , we encounterd the term;

J L T '
( A ' V  T )dS ■ n (e. l)

where integration is carried out along the loaded surface 

boundaries. A direct approach to evaluating this integral 

is as follows; We first rewrite the integral in its more 

general form as;

(U T )dS n nS '"v

where U = & A  i is the displacement alonq the loaded  ̂n i ~  ̂ c

surface (since the integral is zero, identically along 

all other surfaces).

------------ —  R

(B.  2)

U t

\

U,

Figure B.1
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In Figure B . 1, above, a surface traction in the 

positive R direction is assumed to vary linearly along 

the surface JK. Since displacement functions for both 

the triangular and the quadrilateral elements are chosen 

to permit only linear variations of displacement along the 

element boundaries, a linear variation of the U displacement 

is shown to exist in Figure B. 1. Then along the boundary

JK, we may write;

T =

U = U

/ T -T \ 

K J
J V M

J V 2 -Z /K J
(z- V

( lb 3a)

(B. 3b)

Coneidering the plane stress an d pi ane strain cases 

first, the virtual work performed by the surface tractions

is ;

iw = sin ©

ZK

Z ‘V  uk -t j \
- z  J ^K J '

’K  - K )  .
z - z  j  <Z- V ) dz

< K J /

or (2T +T ) d U + (2T +T ) ) UJ K J K J 9 K
(B. 4)
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It is then evident that the equivalent forces actinj 

on each of the surface nodes J and K, due to the surface

pressure are;

P = —  ( 2T 4-T ^J b K d K /

P = —  ( 2T +T )K 6 v K J J ( H . L.> }

For the axi-symmetric case, the virtual w .h k of m e  

surface traction will be found after M i s t  rewi i t itn] 

equat ions (B. 3} as;

T - T + J
T -T K -T \
br)

u - u *■

V b  

u!b':V
H - k K J

ft'

(n t, a I

( H .  n l  i

Then ; f'H

IW = 1
< :os Q

K

K
(T 4 J

/T T 
K  _  J

-  kv 1< j

( f a , - . K ) HdH

The expanded inteqrdi becomes;

t V V ^ V V V l i
R - RW - _K__i
1 2 cos

[1

♦ [ T t (Rk + R t) f T K (iRK tR1)] I U.K' ( u . a j



120

and since the length of the external boundary of the element

is ;
R - R t K J
cos Q (B. 9)

the equivalent forces acting on the surface nodes J and 

K per radian of arc are;

L
PJ “ 12 {R + 3R )T + (R +R )T K J J K J K

p = i (R +R )T +(3K 12 [ K J J V r j )t k

(13. 10a) 

(B.10b)



APPENDIX C

Gaussian Integration Formulae for Triangles and
Quadrilaterals [22,241

Formulae for the iterated integrals that occur 

over two dimensional regions are derived from the Gauss- 

Legendre quadrature formulae;
r n

f (x)dx ^  ) H .f (a.)
Z__ i 1 i

(c
-l i = 1

where a^ are the zeros of the Legendie polynominal of 

degree n , and H are the we iqht i ng functions.

C. 1 The Triangular Element

1- I

1 = 2

X L

Figure C. 1

For the triangular element, a one to one mapping

along the R and Z directions occurs as illustrated below
  _  £

YL/2 ~ J  _
It-

V  t ' -f /  

\  W Jz

N

Figure C.2

X L / ?

^ L ( Y L )
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Then the integrals along the R direction at each 2 

level are;

and the total, iterated integral is then;

IT = VL(Hl ♦ H2 I2)/2 (C. 3)

For the two point Gaussian integral used in this

thesis, H 1 = H 2 = 1. and = -.5773503; a 2 = .5773503,

while f is the function in the integrand on the left I J
side of equation (C.1) but evaluated at the Gaussian 

points (I,J), Since these formulae apply only when the 

base of the triangular element is parallel to the R 

axis, a rotation of local reference axes must be effected. 

C . 2 The Quadrilateral Element

K

i

Figure C.3



123

It is first noted that;

f (R ,Z)dRdZ =JJ f( > l£l d ?  d ? {C. 4)

where j is the jacobian of transformation from the

(R,Z) to the (^  ,^  ) system.

Then;
n n

f ( R , Z ) d R d Z ^ /  ) f (a , , b . ) H , H . I 4  (a.,b }
“ f=l i = l 1 J J- .1 1 u i

(C. h)

where and b are the zeros of the Legendre p o l y n o m i a l  

of second degree. Note that, since this integration occurs 

in the (^ ^  ) system, no preferential axis orientation 

exists.
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APPENDIX D

Expanded Kinematic Expressions

For the plane strain and plane stress cases, a 

cartesian system of coordinates is chosen, thus enabling 

us to lower all superscripts where indicial notation is

used.

The deformation gradient is then given by;

'(X

a  + u ) r,R u

uz, R

r, Z

(1 + U ) z , /
(D. 1 )

J -

The jacobian of transformation is given by;

X LI = (1 + I* D ) (1 f U ) - U U ,*1 r,R 2 ,/ r , Z z , I,

The components of bagrangian strain are;

HR

< £  > =ZZ

£ RZ

U + ; (U2 t U 2 )r , R 2 r , R z , R

< u _ + “  (u2 + u2 )Z , Z  2 z,Z (r,Z

(D. 2. )

^  (U + U ) + —  (U U +U U )2 r , Z z,R 2 r , Z r , R  z , R z , Z y
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D. 1 Cylindrical Coord i n a t e s ;

For cylindrical coordinates, the definition of the 

symbol ( ),  ̂ will be extended to mean the covariant

derivative as defined below;

y
3  x"

( ) a t  .)
j + j K ( )K (D.4)

( ) .i * 3

lAi-W

K

j i
( )

K
(D. 5)

where 1 are the christoffel symbols of the

second kind. The only none zero christoffel symbols 

a r e ;

r R 1
( ®  ] r 9  '

- R ; < = - ►
l e e ) l R  e ' ©  R

■w '
From equation (3.4) we have;

1 1x = g + uA ,Of

(D. b)

where g is the 'shifter' that transforms vectors from an 

initital to a current coordinate reference frame. When 

these reference frames coincide, g^ is simply the kronecker

delta, ( and we may write;

- 1 -  a  '
<x (D.7)

Then the axi-symmetric form of the deformation gradient

without torsion becomes;



The physical components of a tensor are defined as 

those components that are tangent to base unit vectors 

having the same physical dimensions for that tensor.

Then the physical components of x 1 in (D.8 ) are given by

x i.« y
ot

g il ( D . 9 )

whe re o/ot
V R 2

g ii = 1

while and R are radii respectively in a current and initial 

coordinate system that coincide. For the case given by (D.8 ), 

the physical components are identical to the tensor components

The jacofcian of transformation in axial symmetry is given

by r

J  = (1 + u / R )  i
r I

(D.10)
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The physical components of the Lagrangian strain are 

given by;
] 2 2u + “ (U + U ) r , R 2 r , R z , R

U /R + ^ (U / R ) 2r 2 r
1 2  2U + = (U „ + U „) z , Z 2 r , Z z,Z

1 ( u  + u  ) + -  ( u  u  + u  u  )2 r,Z z , R 2 r,R r,Z z,Z z,R

£̂  RR

* zz ► r 4

£ r z
' >

(I - 1 1 )
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APPENDIX E

Effective Stress versus Effective Plastic Stra 1 n

The results of a uniaxial tension or compression 

test may be presented as follows;

—

T
tfr

*r 1
jfP;p cr>

?f

Figure E.1

(Effective stress vs. effective plastic . t r a m )  

This diagram is obtained by subtract m g  tr.r elastic 

component of .-.train b o m  the total strain as '.own below 

for point p.

<r
k

U n l o a d i n g  Line

Elastic Strain

Figure E.2
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Since unloading is assumed to occur elastically, it 

is merely necessary to fit a parallel curve to OY from P 

to A.

The area under the curve of figure E . 1 is the

total plastic work done on the uniaxial specimen. Thus

two possible relationships for (j may be inferred;e
i. e.

<f = G ( W )  e P {E. 1)

where W p -

CT* - H (e(P))

—  . , (P)
. d t  L i i i ]

(P)
<r de (p)

o

( h .  I )  

(E. 3)

is the plastic work.

But . 4)

Then in order to relate the diagram of Figure E. 1 to
(P )a general three dimensional stress state, e mu-i te

defined as

(p)
r e (p> <P)

de

de (P)
=  j \  ( d e (p)_d  e < f ) )

j i i i 1 (E. 5)
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For the particular case of linear strain hardening in 

which the uniaxial stress strain law is expressed as;

t o' - cr ) = S (€ - <= ) (e. e)y y

the line equation of Figure E.l is?

OF' = H e (P) + O 'e = He + <T ( E . 7 )

whe re II - (ES) / (E-S)



APPENDIX F

Determination of the Integration Interval 'h'

The estimate of 'h ‘ will be governed, at least 

at the beginning of the integration procedure, by the 

linearly elastic case in which dilitational wave 

velocities are maximum. The equations of motion 

for this case are written as;

r m ]

The matrix fk] above is an 'assembled stiffness’ 

matrix obtained by summing up contributions of stiffness 

from elements to nodes having those elements in common, 

by referring to equation (6 . ), the element stiffness

matrix is defined as;

V,
T[ B L E B 1 J dV {F. 2)n n n o

O

The matrix has dimension 6 x b or B x H, depending 

on whether it represents a triangular or quadrilateral 

element. If it is triangular, then " k 11 may be written 

in the partitioned form;
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where

K. . K. ,r'll -1]

K , . K[K' ] = n ~  j l -OJ

K . K-Ki

r uu UVK. K. .13 1 }
K. . = vu- i .1 K. . K, .i 3 i J

the force at node i in the
displacement at node 3 in

K

K~KK
(F. 3)

k UUi 3

k UK/ = the force at node i in the U direction due to a unit i J
displacement at node j in the V direction

etc.

and U and v are the displacements in the K and /, 

directions respectively.

The method of obtaining the assembled stiffness 

matrix is illustrated below. Figure (F.1) represents 

a typical element cluster with node 5 common to elements 

1 through 4 inclusive.

Figure F._l
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Then the contributions of element stiffness to the 

stiffness of node 5 are;

^ 5 5  *-k 55^ (1+2+3+4)

[K151 = [k5 1 J (l+4)

^K l 52 "* ^k 5 2 J (1 + 2) 

etc.

For the linearly elastic case, the system of 

equations (F. 1) has a discrete number of modal 

frequencies; one for each degree of freedom of the 

finite element system. These frequencies may be 

found by solving for the eigenvalues of ;

f T 1 K - I ). = 0 (F . 4)

The maximum circular frequency CO is related^ max
to the maximum eigenvalue \ by;max

r , ) = >- (F • 5)max max

An approximate approach to finding CO follows 

from the observation that the diagonal terms of the 

diagonally banded stiffness matrix are generally much 

larger in magnitude than the off diagonal terms.
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Hence

and

i fair approximation to OJ is;max
2 KU >  cr. ( ii/M.)

Tm

max i max
2 TT

max
^min (P. 6)

h =
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APPENDIX G

CYLINDRICAL BAR ANALYSIS 
(Refer to Figures G 1,2, 3,4)

For the constrained bar, assumed to be long 

to its radius, only £  is considered non zero, 

in the elastic region

E (1-V)___
(1+-V) (1-2V)

T = T = * ̂  ~V  £L RR L z z  (1+-V)(1-2V)

r RR "  ^£><9 '  ( h - v )

then: J2 d A +TRR - <TrrTm + Trr

or = Li* /
3 I 1-V ,

Hence, at yielding, we have;

.2 2 2 
/ l-2v \  CT*v

3 (s?-)

or / 1 —V N

compared

H e n c e ,

ZZ

zz

G 1)
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At the instant of initial yielding, the following 

relationships hold.

'Z ' 1 /  1 - 2 V A 7- (G. 2 )
zz 3 V i-*v y zz

Tj*, =T' = - I T ' <G-3>S P  RR ZZ

< d T ff4> 1 “ ■ d 'rV.v. (G'4)RR

d ^  RR = d £ ®«S> = ^  RR “ ° <G-5)

3  < d r RR + & r 6 6 * d 7 Z Z ) 4 I7r:2V) d 6 /,R (G-6)

It is recalled that the expression for the 

increment in plastic strain is;

d e P . = ’ (G. 7)i j i ]

3 deP .where ' = (G-8 )
2 ^  p

But from Figure G.2;

P d  CXede - — ----  (g . 9)

3 T  1 d T  ’and d CT i i i 1e -7
2 &  e

(G.10)
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Hence , _ ̂  I i i d  T' j -j
4H C T  2 e

2Since C T  e = 3 we have from equation (G. 1

2 2 ( l z M \
°  e L zz ^1-V^

Then inserting expressions (G.2), (G.3) and (

into (9 . 1 1 ) we obtain

O i d T  ‘\ = ' 1 ZZ
4H £ ZZ (p?)

and from (G. 7 )

, P 3 dT77de = -------
^  2H

Then the total stain increment is;

d e r , i d e T = ('J- + b \  d T ,
ZZ 3 ZZ \ 2q- 2HJ t ZZ

(— — — ■ 211(ltV)V  d T  _ £----  d £
V  2EH / \  ZZ 3(1- 2 V ) ^

Upon rearranging (G. 15) we finally obtain 
,_!L—  + \  T

a t  /lil^2V1____ g - 2 y ) ____  ) a(r
1 1  + H (1+*V) )  xx

2 E

(G.11) 

)

(G. 12) 

0 - 12 )

(G.13) 

(a. 14)

zz J 

(G. 15)

(G. lfe)
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Hence the slope S ̂  in Figure G, 3 is given by

o = 2jl-2V)_________ L1-.2V)____ ,r
1 1  + H (1 +*V) (

2 E

The D'Alembert solution to the one dimensional

wave problem for a step pulse of P > (j is;o

<?ou ( Z , t ) =  ~  (C t - Z) (GE oo

for C t < Z < CQt

and
VC/, t) - — (G t - Z ) + t*Z) ;i E o , 1o ‘ 1

fOL 0 ^ 2 C t.

where

Co “  j l'°f

- F G
1- (1 ^?E " (1+V) (1-21/)o

is the mas.-; density 

< r  is the applied end stress

. 17)

18)

. 19)
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By differentiating equations (G.9a) and (G.9b) 

with respect to time, we obtain:

and

u <T
_o = for C t < Z < C q  t (G. 20)
o o

<To (f- (T0 r> , it \U * —  C +--— ---- 2_ C (G - 21)1 E O  e Lo o ̂

for

0 < Z < Cj^t

For the material properties shown in Figure 7,4a
-  5at a time equal to 3,67 x 10 sec, after time zero, 

the elastic wave has traveled 8,65 inches and the 

plastic wave has traveled 7.42 inches along the bar. 

The particle velocities for the elastic and plastic 

waves respectively are 305 in./sec. and 492 in./sec.

The maximum displacement of the end of the bar at
- 3Z - 0 is 18 x 10 in. The displacement occurring

- 3at Z = /.42 inches is 1. 58 x 10 in.
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CT"

° y

Figure G . 1 
Uniaxial
1-D Experimental Data

Figure G . 2

Effective - S t r e ss - Strain 
D iagr am

a _ j

o o

Fiquie G, j
Equivalent S t ress-Strain H e 1a t ionrihip
for Constrained C y li ndrical Bar

/ . /  /  /  /    _

“  y'/rr r / /m~7j

F igure G.4 
Constrained Cylindrical Bar
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