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ABSTRACT

Studies on the Effective Properties of
Suspensions

by

Yongguang Wang

Advisor: Professor Andreas Acrivos

Co-Adyvisor: Professor Roberto Mauri

Four problems concerning the average properties of dilute suspensions
are studied under the conditions that all inertia, interparticle potential and
Brownian motion effects are negligible; thus only hydrodynamic interactions
are important, which are governed by the creeping flows equations. First, the
thermocapillary migration in a well-mixed bidisperse suspension of spherical
bubbles is studied and the expression for the migration velocity is given for
dilute systems. Second, for a monodisperse suspension of neutrally buoy-
ant rigid spheres undergoing simple shearing motion, the shear-induced self-

diffusion coefficients of both a liquid tracer and a tagged sphere in the di-
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rection perpendicular to the ambient flow are computed to leading order in
particle concentration c¢. Then, the volumetric flux of particles in such a
suspension in the direction of the ambient velocity due to a concentration
gradient in the direction of the velocity gradient of the bulk flow is calculated
again to leading order in c. Finally, the gradient diffusion coefficient of the
particles in such a suspension in the direction of the velocity gradient of the
bulk flow is computed for a monolayer of spherical particles to leading order

in the particle areal fraction.
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Chapter 1

Thermocapillary Migration of a

Bidisperse Suspension of
Bubbles

abstract

We consider the thermocapillary motion of a well-mixed suspension of non-
conducting spherical bubbles of negligible viscosity in a viscous conducting
liquid under conditions of vanishingly small Revnolds and Marangoni num-
bers. Recently, Acrivos, Jeffrey & Saville (1990) showed that when all the
bubbles are of identical size, the ensemble averaged migration velocity U, of
a test bubble of radius a, within the suspension equals U{”[1 — e, +0(3)).
where ¢, is the volume fractions of the bubbles and U(lo) is the thermocap-
illarv velocity of a single bubble given by Young. Goldstein & Block (1959).

Here we extend this result to a bi-disperse suspension containing bubbles of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



radii @) and az = Ag in which case U, = U1 — 3¢; — S(A)c, + ...], where
¢, and ¢, are the corresponding volume fraction of the two sets of bubbles.
Values for S(A) are presented for some typical size ratios A and asymptotic

expressions for S(\) are derived for A — 0 and for A — oo.
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1. Introduction

A cloud of bubbles suspended in a viscous liquid of non-uniform temperature
will move towards the hotter fluid, owing to the dependence of surface tension
on temperature. In addition to its importance from a fundamental point of
view, this effect has taken on a new practical significance in that, under
near-weightless conditions, it offers the only technique presently available for
removing unwanted gas bubbles from a liquid solution. This in turn is a
crucial step in the manufacturing process of ultra high purity materials in
outer space.

The thermocapillary motion of a single drop having arbitrary values of its
thermal conductivity and viscosity relative to those of the ambient liquid was
studied by Young, Goldstein & Block (1959) under conditions of vanishingly
small Reynolds and Marangoni numbers. More recently, that study was
extended to the case of two bubbles or drops by, among others, Meyyappan
& Subramanian (1984) and Anderson (1985) via the direct reflection method,
and by Satrape (1992) using the method of twin multipole expansions, all of
whom showed that, when the surface tension is high enough to keep them
spherical, two equi-sized bubbles move with the same velocity as one isolated
bubble. Acrivos, Jeffrey & Saville (1990) extended this result by proving that
it continues to hold for any number of equi-sized bubbles. Moreover, those
authors showed that the velocity field is irrotational and that its velocity

potential is uniquely related to the temperature, so that the hydrodynamic
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and thermal two-body interactions exactly cancel each other.

On the other hand, when the two bubbles have different radii, the hy-
drodynamic and thermal effects no longer cancel each other so that the par-
ticle velocities (now different from each other) will depend on the distance
between the two bubbles, their orientation relative to the direction of the
applied temperature gradient and on the ratio of their radii.

In this paper we wish to calculate the average velocity of a test bubble in
a dilute suspension of bubbles having a different size. The renormalization
technique developed by Jeffrey (1973) is applied to this problem, extending
the result of Acrivos et al. (1990), who considered monodisperse suspensions.
The paper is organized as follows. After formulating the problem in §2, the
mobility functions for two bubbles with arbitrary size ratio and arbitrary
orientation relative to the imposed temperature gradient are obtained in §3
using the twin multipole expansion method deveioped by Jeffrey & Onishi
(1984). These mobility functions, expanded in terms of the interparticle
distance and size ratio, are then employed in §4 to find the average bubble
velocity by making use of a renormalization technique described by Acrivos
et al. (1990). Finally in §5, asymptotic expressions for the average bubble
velocity are obtained in the limiting cases where the size ratio is either very

large or very small.
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2. The governing equations and a relation for
a special case

A cloud of NV bubbles suspended in an unbounded fluid of viscosity g,
density p and thermal diffusivity & will move under the influence of a non-
uniform ambient temperature field T,,, due to the temperature dependence
of the surface tension of the bubble-fluid interface. We assume that the
surface tension of any bubble 7, 1;(i = 1,2, ..., N), decreases linearly with the
temperature 7" and is large enough to keep each bubble spherical with radius
a;- We also suppose that both the Reynolds number Re and the Marangoni
number Ma are small, with Re = pa;U/p and Ma = q;U/&, where U
denotes a characteristic velocity.

For the quasi-steady state case being considered here, the governing equa-

tion and boundary conditions for the temperature field T are given by

V2T =0, (L1)
T—T, as p; — 0O, (1.2)
n;-VI =0 on p; =a; (1.3)

where p; = |p;|, with p; denoting the position vector referred to the center of
the i-th bubble, T, is the unperturbed temperature field which also satisfies
Laplace’s equation, while n; is a unit vector normal to the surface of the i-th

bubble.
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Similarly, the velocity field u and pressure field p satisfy

Viu = le, (1.4)
u
V-u=0, (1.5)
u—uy as p; — oo, (1.6)
n;u=n;-U; on p; =g, (1.7)
dv;
ni-o-(I-nn;) = (- d:})(l —-nn)-VT on p; = a;, (1.8)

where ois the stress tensor, u,, is the unperturbed velocity field which also
satisfies (1.4) and (1.5), while U; is the velocity of the i-th bubble. We further

require that the bubbles be force-free, i.e.
Fg =0.

Note that the corresponding torque-free condition is automatically satisfied
in view of the expression, given by (1.8), for the jump in shear stress along
the surface of each bubble.

From (1.1) — (1.8) it is evident that, in the absence of convection, the
transport of energy is independent of that of momentum. In fact, the tem-
perature distribution can first be determined through (1.1) — (1.3), and the
boundary value problem (1.4) - (1.8) can subsequently be solved to find the
flow field.

The case of a single bubble suspended in an unbounded fluid in the pres-

ence of a constant ambient temperature gradient, i.e. VT, = H, was first
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solved by Young et al. (1959), who found that the thermocapillary velocity

of an isolated bubble is given by

. dy
U = %(—%)H- (L9)

Moreover as shown by Subramanian (1985) this expression for the thermo-
capillary velocity of a single bubble also applies when T, is any harmonic
function having singularities outside the space occupied by the bubble, pro-
vided that H is replaced by (VT),, i.e. the ambient temperature gradient
evaluated at the center of the bubble.

Consider next N bubbles whose parameters a; and dv;/dT satisfy the

relations
dm dyo dyn
—_——) = —_— ) =..= —_—_— )= - R 1.10
ar( dT) as( T ay( IT 2pb, (1.10)
where b is a constant, so that
U =0 = =Uf.

Now, if the ambient temperature and velocity fields, T, and u,, respectively,

satisfy the relation

Uoo = bV T, (1.11)

then the flow field remains irrotational and is given by
u=>5bVT with p=0, (1.12)
and all the bubbles will be stationary, i.e.

U; =0. (1.13)
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The relations (1.12) and (1.13) can be easily verified by direct substitution
into (1.4) - (1.8) and using the conditions (1.3) and (1.10).

A physical interpretation of this result can be obtained by first considering
a single bubble immersed in the ambient fields T, U, Which satisfy (1.11).
It can easily be verified then that the resulting flow field u’ = VT’, where T"
is the new temperature profile, is that formed by a stationary bubble in an
irrotational inviscid flow which also satisfies the shear stress balance equation
(1.8) as well as the conditions of zero force and torque. Now another bubble
is placed in the fields 7" and u’, which in turn can be viewed as the ambient
fields. The same argument can be applied again except for the generations
of further reflections by the presence of the first bubble, which, once again,
satisfy (1.11). Finally, using the same argument repeatedly, we conclude that
if any number of bubbles are placed in the fields To,, ux the results (1.12)
and (1.13) are valid, showing that, as in the case of an isolated bubble, the
effects of the temperature and of the flow field on the velocity of the bubbles
exactly balance each other. Although equation (1.10) is of course totally
unphysical, the resulting analysis just described will prove useful later on in
constructing the solution to our mathematical problem.

The thermocapillary velocities of NV identical bubbles immersed in a qui-
escent ambient fluid with constant temperature gradient VT, = H can be
easily obtained using (1.11) and (1.13). In fact, by superimposing the uniform

flow fields u,, = bH and us, = —bH, we see that the former will *balance’ the
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effect of the temperature gradient [cf. (1.13)], while the latter will produce
a net uniform velocity. Finally, we may conclude that each bubble will move
with the same constant velocity U® = —pH as if it were alone, in agreement
with the result obtained by Acrivos et al. (1990).

Another interesting application of (1.12) and (1.13), which will be found
useful when performing the analysis of §5.1, pertains to the motion of a
bubble near a stress-free plane on which a fixed temperature gradient VT =
H is imposed perpendicular to the plane on the side facing the bubble. By
the method of images, the plane can then be replaced by an identical second
bubble placed at the position symmetric about the plane and with VT = —H
on the other side facing the second bubble, so that the stress-free condition
on the plane is satisfied identically. Now, repeating the same argument as
before. i.e. by superimposing the two flows u,, = £6VT,, and noting that the
flow uy, = VT, balances the effect of the temperature gradient according
to (1.11) - (1.13), we conclude that the original bubble will move with a

constant velocity —bH as if the plane were absent.

3. The solution of the two bubble problem

In this section we shall study the motion of two bubbles in an unbounded
fluid resulting from the presence of a constant ambient temperature gradient
H. The solution of this problem is required in §4 to determine the average

velocity of a bubble immersed in a suspension of bubbles of a different size.
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As noted earlier, the motion of two unequal-size bubbles can be deter-
mined by first solving the thermal problem to find the temperature distribu-
tion and the surface tension distribution on the surface of the bubbles, and
then solving the hydrodynamic problem to find the velocity of the bubbles.
This problem is greatly simplified when the two bubbles are aligned with the
temperature gradient (i.e. with axisymmetric geometry), so that spherical
bipolar coordinates can be used, as shown by Meyyappan et al. (1983) and
by Keh & Chen (1990). For the general case of two bubbles with radii a,
and a; = Aa; and arbitrary orientation, Anderson (1985) applied the direct
reflection method to determine the bubble velocities up to terms of order
O(R7%), with R = r/a,, where r denotes the center-to-center distance be-
tween the two bubbles, while Keh & Chen (1992, 1993) used a boundary
collocation technique to find the mobility functions of two drops and two
bubbles for A = 1,1 and 2.

In this section, we shall show that higher accuracy can be reached by
applying the method of twin multipole expansions, an approach that was
also followed in a recent work by Satrape (1992). In both cases the solu-
tion is expanded as an infinite series whose coefficients are to be determined
by satisfying the boundary conditions of the problem. But whereas in the
approach adopted by Satrape the series expansion was truncated and these
coefficients were determined to the desired accuracy for every value of R

and A, in what follows the coefficients of the multipole expansions will be
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expanded as power series in A/R and 1/R and therefore expansions will be
derived for the bubble velocities in a form where their dependence on R and
A is factored out. Consequently, although our results are equivalent to those
obtained by Satrape (1992), they are expressed in a more convenient form
for the purpose of obtaining the ensemble averaged velocity of a test bubble

in the suspension.
3.1. The general solution

Due to the linearity of the thermal and the hydrodynamic problems, the
general case of arbitrary orientation of the two bubbles with respect to the
ambient temperature gradient H is decomposed into two problems, in which
the centerline r is parallel and perpendicular to H, respectively; the former
case is obviously axisymmetric and the latter is not.

Following Jeffrey & Onishi (1984), two sets of spherical polar coordinates
(Pa:ba, @) are chosen (a = 1,2) to describe the two bubble geometry.

First consider the thermal problem, which is a special case of a more
general problem solved by Thovert & Acrivos (1989) involving two spheres
of different sizes and equal but arbitrary heat conductivities embedded in an
ambient temperature field of constant gradient.

The temperature distribution outside the bubbles is expanded, for the

parallel case (m = 0) and the perpendicular case (m = 1) respectively, as

x
T = (—1)™*V Hp Y1 (0 8) + HY [ 98 ( :— ) Y, (B, ©)
n=m (23
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+9879) ( -Z% ) Y (Bsay 8) | (L14)

~a
with H = [H|, where Yp.(fa,¢) are spherical surface harmonics, while the
coefficients g{) , which depend on A and R, are to be determined from the

mn ?

boundary conditions. Expanding g¢{2) as a double power series in terms of

te = ao/7T,

g8) = (—1)tmtleg ZZG;,';,th 2, (1.15)

p=0q=0
and substituting (1.14) and (1.15) into (1.3), yields the recurrence relation:

1 > n+s
Gm, = (—1)m+D (n . 1) ,Z,:n(n N [ Ar— (1.16)
with
1
Gag = 5(=1)t+D), (1.17)
Equations (1.16) and (1.17) completely determine the temperature field.
We next turn to the hydrodynamic problem. The pressure and flow fields
can be written as the sum of the contributions of singularities at the center

of the bubbles (Jeffrey & Onishi, 1984):

p=pl® +pP=),

and
u=u® 4 gl (1.18)
where
n+1l
P = uz Z —pfe) ( ) Youn(0a, 8), (1.19)
m=0n=m%a Pa

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

and

£ 5 () e

m=0n=m

.

+a.V | (—‘*) Yn(0ar 6)

n-—2 2 (Q) ]
277-(2'". _ l)aa pav ( ) mn(gcr ¢)

n+1 a)
+‘———n(2n — l)a'apap( (pa) Yinn(ba, @) } (1-20)

The coefficients p{2) , v{2) and ¢{2) are functions only of r and A, and are
to be determined from the boundary conditions.

To simplify the application of the boundary conditions, we follow Hap-
pel & Brenner (1991) and Jeffrey & Onishi (1984) in first constructing the

following three scalar equations

Po-u=p,- U, Z Zx‘“’Y n(6a, ), (1.21)

m=0n=m

1 2 - 0 aa2
- OV' ‘Pa) ™ 7 \FPa "YU Pqa = —V,f,
|09 052) = G pa o) = 2
= Z Z Ymn(oaa QS) (1-22)
m=0n=m

200 [V % (5 -P)| = 2P0 (V. X £) = 3 S e Vnn(6ad), (1.23)

I‘I' m=0n=m
where ﬁo = pa/ptn fs = (I_ﬁaﬁa) '(a'i’a) and V; = (I—pai)a) -V,

while the functions x{2) , %) and w!®) can be obtained from the boundary

conditions (1.7) and (1.8).
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Next, we use the scalar equations (1.21) — (1.23) just constructed to find
the relations for the coefficients p{2) , v{®) and ¢ in (1.19) and (1.20).

Substituting (1.18) into the boundary conditions (1.21) — (1.23), express-
ing all the functions of p3_,,03-, and ¢ in terms of r, p,,0, and ¢ by the
transformation rule [see equation (2.1) in Jeffrey & Onishi, 1984] and then
using the orthogonality relations of Y, (6., @) yield three relations for p(@)
v{e) and ¢(@) . For convenience in later computations, the first two relations

are reorganized. Finally, we obtain the following three general recurrence

relations for p() , v(@ and gf@) :

mn ?

9 (a) _ n+S, nl,s (3—-a)
2(2n + 1) {(n + 1)vie) 2(2n T3y 2 Z (n + m)t t3_oPins

=gl +2(n? —1)xie),  (1.24)
mn mn

20+ ) {50 p ¢ TSy 1)

(R’ -m)(sn—2s-2n+1) n(s=2)\ 5,
525 —1)(2n-Dn+s) 252 s—1))” ”
= 9l + 2n(n + 2)x9)(1.25)

+noE e+ (

n(n+1)(n +2)qg <a>+(n—1)z<"“>tzt;-a

s=m

l:nsq(:" Nt o+ (_1)3—0 zp(:s--az)J =Wr(.%2- (1.26)

The force-free condition on the bubbles yields

Y =l =0,
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which, together with (1.24) — (1.26) completely determine the coefficients
P2, v, ¢ and U,, once x{2) , %) and w(®) have been calculated
from (1.7), (1.8), (1.21) - (1.23).

Before applying these general results to the parallel and the perpendicular
cases separately, we define the mobility functions, which are the quantities
of most interest.

The mobility functions A,g (for the axisymmetric case) and B,g (for the

perpendicular case) (a, 8 = 1,2) are defined through the relations
0 )
U =Moo - UY + Myg-a) - UG, (1.27)

for the velocities of two bubbles arbitrarily oriented relative to H, where

rr

iy o
Mag = Aag(r, /\);3 + Bcﬁ(r, /\)(I - T—2 . (128)

In this definition, it is implicitly assumed that, in both the parallel and
perpendicular cases, the velocity of each bubble is parallel to H as it can be
easily inferred from the possible general form U, = [fi(A, 7)I+ fo(A, 7)rr|-H
and from the symmetry of the problem.

Finally, it is easy to see from the result of §2 that if U(lo) = U‘2°’ then

U, = U, = U = UYL, Therefore equations (1.27) and (1.28) give
Aga(r A) + AQ(S—Q) (r,A) =1, (1.29)

Boo (7‘, /\) + B°(3_Q) (T., A) = 1. (130)
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It is also easy to see by interchanging the labels 1 and 2, that
Aap(r, ) = A-a)3-p)(r; A7), (1.31)
Baﬂ (T, ’\) = B(3-a)(3—5) (T, ’\—l)’ (1'32)

So, our problem reduces to finding two independent scalar mobility functions,

say, .411 and Bu.

3.2. Determination of A,z (i.e. the parallel case)

Consider first the axisymmetric case where the ambient temperature gra-
dient H is parallel to the centerline r. Since U(Io) and U§°’ are also parallel

to H and therefore to r, equations (1.27) and (1.28) yield
Uy = AuU + AU, (1.33)

where 41, = 1 — Ay [cf. (1.29) |, Uy = |U,| and similarly for U® and US?.
In turn, A;; can be determined by considering two separate cases in which
the velocities of the two bubbles are either parallel or antiparallel to each
other, i.e. U(Io) = :i:Ug,_O) = Ujy. Denoting by U,(‘_I) and U the resulting
velocities of bubble 1, we find that A;; = (UM + UM)/2U, where U (the
+ subscript is hereby omitted for the sake of simplicity) can be determined
through equations (1.14) — (1.20), subject to the following boundary condi-

tions [cf. equation (1.21) — (1.23)]

oo oo o oo
w((}?l) = -—6(:{:1)0(7’1 + I)ZZG:,';,qtﬂtg_a, = UOZZBnpqtztg—ov (134)

p=0q=0 p=0g=0
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X = —(F1)*26,U, (1.35)
w® =0, (1.36)

where the + sign refers to the parallel and anti-parallel cases, respectively.

Now, we expand 72 , ¢{@ and v{® in (1.19) and (1.20),

B = FU T 33 Proethlha: (1.37)
p=0g=0
(a) = (:Fl)s—aUOZZanqt t3——an (1.38)
p-.Oq—O
a —Q 1
o) = (FUoYY s— Va2, (1.39)
p=0q=0

where, from the force-free condition on the bubbles,

Plpq =0. (1.40)

Note that in this (i.e. the axisymmetric) case, q(()::) , the coeflicients of the

azimuthal term in the velocity field (1.20), are identically zero on account of
the symmetry of the problem. Moreover the velocities of the bubbles, defined
following Jeffrey & Onishi (1984) as Uy = UYH/H and U, = +UPH/H

again can be expanded as

o0
U = (F1)* 20U Y. Y Uptitl_., (1.41)

p=0g=0
Substituting (1.37) - (1.41) into the general recurrence relations (1.24) -

(1.26) we obtain, for n > 2,

2(2"' — 1) npq n+ S [ n
npq = V; —s—2.p-n
P Pq n+ 1 { 2(277, + 1) _;1( n 23 +1 g 2,p—n+1

n2(sn —-25—-2n+1) n(s —2) ,
" (3(23 —1)2n—-1)(n+s) 2s(25— 1)) P”""'P‘"“] } » (1.42)
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_2n+1 Bhrpg n n+s
Vnm T n+1 { 2(211 +1) + 2(2n + 3)2( )P, $,q—s,p—n+1 (1.43)

and forn =1,

1 l1+s 1
Upg = gBlpq {P lpqg £ Z( [23 +1 V’v”""z"’

1-s
2G5 —1) g """"’] } ' (149

Finally, the values of U} ) and U™ can be evaluated through (1.41) - (1.44). In
agreement with the analysis preceding equation (1.13), we find that U. M = U,
and on substituting the value of U into 4, = (1+ UM /U,) /2 we find that

k—qap (k)(/\)
An=g3 + ZZU(k—q)q rk = /cgo Rk (1.45)
with R = r/a,, where
1 k
AP = —a,d + =3 Ug_ " (1.46)
25

Here U,, is given by equation (1.44) for the anti-parallel case. The first few
terms of (1.45) are

A3 A3 A3 6 £\
A.u(R,/\)::]_——RTs- R6_3ﬁ—4R_—4_R'E
ISR I I

R - RI2

=) (L47)

This extends Anderson’s (1985) result which consists of the first three terms
of (1.47).
Some typical numerical values of A4;;(R,\) obtained by summing the

series (1.45) up to terms of order O(1/R'??), are given in Table 1.1.
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RIAA=1/20]A=1/10] A=1/2] A=1 ] A=2 | A=10] A=20

0.00 0.99962 | 0.99734 | 0.89534 | 0.71979 | 0.49589 | 0.16307 | 0.09714

0.01 0.99967 | 0.99770 | 0.90606 | 0.74049 | 0.51759 | 0.16822 | 0.09930

0.05 0.99976 | 0.99834 | 0.92943 | 0.79161 | 0.57960 | 0.18719 | 0.10764

0.10 0.99981 | 0.99871 | 0.94385 | 0.82645 | 0.62842 | 0.20791 | 0.11744

0.50 0.99995 | 0.99964 | 0.97971 | 0.92262 | 0.78802 | 0.31893 | 0.18058

1.00 0.99998 | 0.99987 | 0.99088 | 0.95932 | 0.86696 | 0.41065 | 0.24150

2.00 1.00000 | 0.99996 | 0.99694 | 0.98382 | 0.93447 | 0.54142 | 0.33982

Table 1.1: The function 4,;(R, A) obtained by summing the series (1.45) to
terms O(1/R'®), R =r/a;,A = az/a;.

3.3. Determination of B,s (i.e. the perpendicular
case)

When H is perpendicular to the centerline r, equation (1.27) yields
le = BuUI(o) + B U(O), (1.48)

where B[g =1- Bn [Cf. (1.30) ].
Next we proceed as in the previous case, with m = 1 replacing m = 0
in equations (1.34) — (1.40). Substituting (1.37) - (1.41) into the general

recurrence relations (1.24) - (1.26) yields, for n > 2,

2(2n - 1) B, n+ s
Pnpq = ( { = Z(n +1 Qs,q-—s— 1,p—n+l

n+1 22n +1)
n (n2=1)(sn—2s —2n +1)
——I/s —s—2,p—n
Tl e +‘+( 52— D)2n—1)(n+3)

-2
—2_:((;71—)) Psg—sp-n+1]}, (1.49)
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2n+1 Bipg n+s i
n = - -~8 n 1.
Vape n+1 { 2(2n + 1) 2(2n + 3)§(n + 1) $,q—8,p— 11} ( 50)

n n+s

Qnpa = n(n+1)(n+9)(n+3)z(n+1

1 -
[ st.q——s—l,p—n + —s'Ps,q-s,p—n](l.a].)

and forn =1,

l1+s 1
2 ) [2$+ 1Vsq—s—2p—n+l

1
qu = gBlpq {Plpq + Z(

2—-s -
+§Z2s——-ﬁp_,,q_,,p] } . (1.52)

Finally, the bubble velocity U, is evaluated by substituting (1.52) into
(1.41). For the case U,? = U, we find U; = U, = Uj, in agreement with

(1.13), and combining the results of the two cases U;(® = +0,® we obtain

1,1 0 ' _ B -
Bu=g3+ ZZU(k-q)q e Z R* (1.33)
k=0
where
B () = —51:1 + Z ea\- (1.54)
The first few terms of (1.53) are
A3 A3 A3 A8 Y
Bu(R,\) =1+ sttt imE e T 1R
A6+ N8 X6 1429 1 .
spi TGRR +O(Ri3)' (1.55)

Again this generalizes Anderson’s (1985) result which consists of the first

three terms of (1.33) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

Some typical numerical values of By;(R,\) obtained by summing the
series (1.53) up to terms of order O(1/R'?®), are given in Table 1.2. Also
we note that our numerical values for the velocity of the bubbles and those

given by Satrape (1992) were found to agree to five significant figures.

RIN|A=1/20 | A=1/10 | A=1/2] A=1 ] A=2 | A=10] A=20

0.00 1.00008 | 1.00055 | 1.02281 | 1.07038 | 1.15643 | 1.37727 | 1.43240

0.01 1.00008 | 1.00052 | 1.02214 | 1.06900 | 1.15459 | 1.37620 | 1.43177

0.05 1.00007 | 1.00044 | 1.01989 | 1.06408 | 1.14768 | 1.37201 | 1.42929

0.10 1.00005 | 1.00038 | 1.01766 | 1.05884 | 1.13986 | 1.36688 | 1.42621

0.50 1.00002 | 1.00014 { 1.00835 | 1.03332 | 1.09521 | 1.32943 | 1.40272

1.00 1.00001 | 1.00006 | 1.00413 | 1.01892 | 1.06321 | 1.28973 | 1.37581

2.00 1.00000 | 1.00002 | 1.00148 | 1.00788 | 1.03216 | 1.22774 | 1.32883

Table 1.2: The function B;;(R, A) obtained by summing the series (1.53) to
terms O(1/R'*), R =r/a;, A = ay/a,.

4. The Average Velocity of a Bubble

Acrivos et al. (1990) calculated the ensemble averaged bubble velocity
in 2 monodispersed suspension of bubbles. In this section, we extend the
calculation to bi-dispersed dilute suspensions by determining the average
velocity of bubble 1 in a space-filling suspension of bubbles 2.

As was pointed out by Acrivos et al. (1990), such a calculation requires
the application of a renormalization procedure which takes into account the
following two constraints: (1) that the ensemble averaged velocity at any

point in the suspension is zero and (2) that the corresponding ensemble
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averaged temperature gradient equals the imposed temperature gradient H.
In terms of ensemble averages, these constraints for a dilute suspension of

bubbles 2 are
/ uP(r)dr =0 and / (VT — H)P(r)dr = 0, (1.56)

where P(r) is the unconditional probability that the center of a single bubble
2 is at r, while u = u(r) and VT = VT(r) are, respectively, the velocity and
the temperature gradient at the origin, when a single bubble 2 is present with
its center at r. Here, we have used the assumption that the suspension is so
dilute that the probability of two bubbles 2 being at distance r ~ O(a; +a3)
from the origin is of O(c2) and can therefore be neglected, where ¢, is the
volume fraction occupied by bubbles 2.

Next, consider the average velocity of a test bubble 1 with its center at
the origin,

U, =U9 4+ / (U, — U®)P(c]0)dr, (1.57)
where U; = U;(0|r) is the velocity of a bubble 1 at the origin in the pres-
ence of a single bubble 2 with its center at r and P(r|0) is the conditional
probability of having a single bubble 2 at r given that a bubble 1 is at the
origin.

All the integrals in (1.56) and (1.57) are non-convergent, with the di-
vergent terms representing the zeroth-order reflections of the velocity and
temperature fields, i.e. the velocity of bubble 1 at the origin induced by the

velocity and temperature disturbance of a single bubble 2 at r. Therefore,
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as shown by Acrivos et al. (1990), these identical divergent terms can be
subtracted from each other, and U, can be determined by evaluating the
remaining higher-order terms representing higher-order reflections.

Thus we arrive at:

T, =U® + / u(r)[P(x]0) — P(r)]dr
Ul

g

[ (VT — H)[P(r|0) — P(r)|dr + / W(r)P(c0)dr,  (1.38)

where W(r), defined by
0 U(o)
U =U+u+ —I,_II—(VT—-H) +W, (1.59)

is obtained from equation (1.27) by retaining only the terms of order higher
than O(1/R3) in (1.47) and (1.53).
For well-mixed suspensions of bubbles 2, the probability and conditional

probability functions are given by (Jeffrey. 1973)

C2
P (l’ =31 1.60
)= s (1.60)

and

P(r|0) =0 for r<a,+ay

C

P(I‘IO) = P(l‘) = ﬁ—s' for r > a + as, (1.61)
3

where we have assumed that, in the presence of the test bubble 1, the distri-

bution of bubbles 2 is still uniform outside the exclusion layer r = a, + a,.
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Substituting the probability distributions (1.60) and (1.61) into the first two
integrals in (1.38) yields

— 1 dr
T v@ U® — 2o, ul® | / W(r)——. 1.
1 1 €212 262 1Te r>a1+az (r) %mz% (1.62)

Now, since in any physically relevant situation the surface tensions of bubbles
1 and 2 have the same temperature dependence, i.e. dv,/dT = dv,/dT, so
that Ug)) = ,\U(lo), (1.62) reduces to

T, = U® {1 - -Zicl ~S(\es + } , (1.63)

where the dependence of U, on ¢; was already given by Acrivos et al.(1990).
In the above, terms of O(c?), O(c3), O(cic2) and higher have been neglected

since the analysis is restricted to dilute suspensions. Also

SO = (A +2) + (), (1.64)
with
I\ = A ; L /1 : (Ay, + 2By, — 3) R%dR. (1.65)

On substituting (1.45) and (1.53) into (1.64) and (1.65) we then obtain

(1+ )3 i AP + 2BV
A3 (n—3)(1+ )

n=6

SN =+ %) +(A=-1) (1.66)

where A} and B{® are given by (1.46) and
The function S(A) is tabulated in Table 1.3 and is plotted in Fig.1.1

together with its asymptotic expressions to be derived below for A — o
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(1.54).
A I(A) From (1.83) | From (1.75)
1/64 0.4766 0.4755
1/32 0.4545 0.4500
1/16 0.4119 0.4019
1/8 0.3413 0.3038
1/4 0.2365 0.1075
1/2 0.1112 —0.2850 —1.6800
1 0.0000 ~1.0700 —0.8400
2 —-0.0628 —~2.6400 —0.4200
4 —0.0743 -0.2100
8 ~0.0585 —0.1050
16 —0.0380 —0.0525
32 -0.0222 —-0.0263
64 -0.0130 —-0.0131

Table 1.3: Values of the function I(\), defined by (1.64), computed by sum-
ming the series in (1.66) to terms O(1/R!?) and then extrapolating the
result, as well as the corresponding asymptotic expressions for A << 1 and
A >> 1 as obtained from equations (1.83) and (1.75), respectively.

and A — 0, respectively. Also shown in Table 1.3 are tabulated values of the
function which is obtained from (1.66) by retaining only the first term of the
infinite series. Clearly, as pointed out by one of the referees, the expression
given above provides a very good approximation for S(A) over the whole
range of A. We note that the values given by Keh & Chen (1993) for S(3)
and S(3) are 1.013 and 2.438, respectively, of which the former appears to
be somewhat inaccurate.

It is worth remarking that the first two terms in (1.64) for S()\) merely

reflect the presence of the renormalization constraints. Specifically, since
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Figure 1.1: The function I(\), defined by (1.64), with the solid line represent-
ing the computed results by summing the series in (1.66), while the dashed
lines on the left and right sides are based on the asymptotic expressions
(1.83), for A — 0 and (1.75), for A — oo, respectively.

the motion of the bubbles in the suspension in the direction of H must be
accompanied by a corresponding mean back flux of fluid so that the constraint
of zero mean flux at each point in the suspension is satisfied. a single bubble 1
in the fluid is then carried by the back flow with velocity —(c[U(lo) + cgUgo) )-
This generates the leading term in (1.64). Similarly, the constraint on the

mean temperature gradient at each point in the suspension requires that

the average temperature gradient in the fluid be (1 — %c; — %cy)H since the
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temperature gradient inside an isolated bubble is 3H (Jeffrey, 1973). In turn,
this change in the average temperature gradient in the fluid is responsible
for the second term in S()A). Clearly, in view of the results in Table 1.3, the
sum of the two renormalization constraints provides an excellent estimate for

S()\) when A > 1/2.

5. Asymptotic expressions for S(A) for the cases
A>1land A K1

Although the series expression (1.66) can be used to evaluate S()\) for
all values of A, its usefulness is limited since it converges very slowly when
the two bubbles have drastically different sizes. In fact, when A — 0 or
A — oo the thermal and hydrodynamic interactions are confined to a small
region near the small bubble, and our method describing these interactions
in terms of singularities at the center of the large bubble is ineffective. So, it
is desirable to find asymptotic expressions for S(\) when A > 1 and A < 1.
A similar problem was studied by Chang & Acrivos (1986) for the case of
heat conduction from a heated sphere to a matrix containing passive spheres

of a different conductivity.

5.1. Asymptotic expression for S(\) when A > 1

When A > 1, the small test bubble 1 is immersed in a suspension of large
bubbles 2. To find the average velocity of the test bubble U, from (1.63)
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- (1.65), we need to find the pair of mobility functions 4;; and B;; which,
according to (1.33) and (1.48), are the velocities of bubble 1 when the center-
line is parallel and perpendicular to the temperature gradient, respectively,
divided by U;® and when, in addition, UY) =0, that is when bubble 2 is
passive. !

When the two bubbles are far from each other, i.e. when R > A, the

expressions (1.45) and (1.53) yield the outer expansions:

A3 A3 A5
Ay =1- ﬁ - 2—1—2‘7 +0(§§) [>0), A —oc, (1.67)
_ A3 A3 o A3 ]
By = 1+'273'+W+ (1—2;) >0(A), A — o, (1.68)

where [= R — A.

Next, let us consider the case where the small bubble 1 is close to the large
passive bubble 2, i.e. when [ ~ O(1). First, we estimate the order of mag-
nitude of the velocity of the large passive bubble. According to Faxen’s law
(Rallison 1978), it equals the velocity at its center induced by the singulari-
ties at the center of the small active bubble. Since the latter is force-free, the
induced velocity must decay at least as fast as O(a?/r2), which contributes
to Ay and By; an O(1/A2?) correction. But, since we wish to determine S(\)
only up to O(1/]A), equations (1.63) — (1.65) show that the motion of the
large bubble has only a smaller order effect on S(\) so that the large bubble

can be viewed as being stationary to this order of approximation.

'A passive bubble is here defined as having its surface tension independent of temper-
ature, i.e. dy/dT = 0.
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Next, let us determine the inner expansions for A;;, i.e. the velocity
of a small active bubble near a large passive one in the axisymmetric case,
where the centerline is parallel to the temperature gradient. The temperature
distribution in the absence of bubble 1 is (Acrivos et al., 1990):

_hogly.
T;,~[1+2p%:|H Po-

Now, the presence of the small bubble 1 induces a temperature disturbance
T’ such that (T’ + T.,)/9p = 0 is satisfied on the surface of the small
bubble. Expanding T, about the center of the small bubble, this boundary

condition becomes

1
3 ~I):pp; ‘*‘O(ﬁ) atpy = ay,

or __ 9 [3y , 3 Hr HH
A P 4(11/\ r H?
(1.69)

while the boundary condition on the surface of the large bubble is still
dT'/dp, = 0 at pp = a, since 9T, /9p, = 0.

Next we examine the effect of each term in the above expansion separately,
noting that, within the inner region 1 < [ < O()), the large bubble can be
replaced, as far as its first order effects on the small bubble are concerned,
with a non-conducting, stress-free planar wall.

The first term in the bracket of the right-hand-side of (1.69) corresponds
to the case when a non-conducting bubble has been placed near a plane on
which the temperature gradient perpendicular to it has been set equal to

3lH/A. But as shown in §2, the velocity of the bubble is then the same as
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that of an isolated bubble in a linearly varying ambient temperature field,
hence

U]_ = T\-Ug-O)'

On the other hand, the velocity corresponding to the second term on
the right-hand-side of (1.69) can be obtained using the procedure of §3.
Specifically, by the method of images, the plane can be replaced by an image
bubble so that both the temperature and the velocity fields are symmetric
about the plane thereby satisfying identically the non-conducting and stress-
free boundary conditions on the plane. The problem then becomes that
of determining the motion of two identical non-conducting bubbles in an

ambient temperature field T, which is

3 Hr, HH
Too—‘4a1/\ - (3H2 - :pp at pr=ay,

on the side of the original bubble and symmetrically on the side of the image
bubble. In turn, the velocities of the two bubbles are calculated by applying
the technique of §3 to the solution of the above problem, which gives for the

velocity of bubble 1
(0) 1 & Cn
U, = Uj {—Z-—}, (1.70)
Ao »

where the C,’s, with C, = —%,C:; =Cy=0,Cs = —%, Cs=0,Cr = —i, .-

are constants found by solving the two bubble problem.
Finally, combining the contributions from the two terms, we obtain:
3I 1 &G, 1
4,4 = -:\'+‘Xz-l;+0(x2')

n=2

1<I<O()), A —s oo (1.71)
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We next apply the same method to determine the inner expansion for
By, i.e. the velocity of a small active bubble near a large passive one when
H is perpendicular to the centerline of the two bubbles.

Expanding T, about the center of bubble 1, the boundary condition on
the small bubble can be written as:

ar’ [ 3 Hr+rH 1
9 ﬂ[(i_ﬁ)H'”IUal,\( ) Pt O() et =ar

(1.72)

The first term corresponds to the case where a bubble is placed near a non-
conducting, stress-free wall with a constant temperature gradient parallel to
the plane in the direction of H. Once again, in view of the result of §2, the

velocity of the bubble remains unchanged by the presence of the plane, i.e.

I3 3.0
U“[z 2,\}U"

The velocity corresponding to the second term can be found by a similar
method as that used in the axisymmetric case to find (1.70). The result is

U, =U§°’{ Z = } (1.73)

n=7

with Cf- =

1024 ”

Finally, we obtain

3 1 & 1
B, = (;)’ - = X Z - 1<l< O(/\), A — o0, (1.74)

%o
n A2

We now substitute the inner and outer asymptotic expansions for A;; and

By into (1.63) to determine the asymptotic expression for S(A). To this end,
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we divide the interval of integration into an inner region A+1 < R < A+0(X\)
and an outer region A + O(\) < R < oo, and note that within each domain
we have a locally valid asymptotic expression for A;; and B;;.

By substituting (1.67) and (1.68) into (1.65) we find that, in the outer
region, I, = O(1/)?%), i.e. the contribution of the outer region to S(}) is
negligible to this order of approximation.

On the other hand, in the inner region, substituting (1.71) and (1.74) into

(1.63), and noting that R is basically equal to A in this region, we obtain

1 & C+C, In ) 0.84 In A
fn =321 *OG) =X +Ox):

Here, since the sum containing the first £ terms was found to be essentially
linear in 1/k for £ > 20, the summation was determined by evaluating its
first 30 terms and extrapolating the result.

Finally, by combining the results for the two regions, we obtain the fol-

lowing asymptotic result:

1 084 In A -

Clearly, in view of (1.63), a bubble of type 1 could move against the

temperature gradient for sufficiently large values of A even if ¢, is small.
5.2. Asymptotic expression for S()\) when \ « 1

We finally consider the other limiting case, i.e. A = az/a; < 1, and

find the average velocity of a large test bubble 1 immersed in a suspension
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of small bubbles 2. It turns out however, that it is easier to determine the
velocity of a large passive bubble in the presence of a small active one, i.e.
Aj2 and By, for the parallel and perpendicular cases, respectively.

When the two bubbles are far from each other, i.e. when R > 1, the

expressions (1.45) and (1.53) yield the outer expansions:

A3 3 -
A12=§§+2Eg+0(/\6) R—-1>0(1), A —0, (1.76)
__ XX o0n R -
Blg——ﬁ—'zﬁ‘l- (A\®%) -1>20(1), A—0 (1.77)

Next we derive the inner expansions for A;» and B, when the small
bubble 2 is close to the large bubble 1, i.e. when I ~ O(1), where [ =
(R —1)/A. To begin with, we note that the velocity of a large passive bubble
immersed in the flow field generated by a small active one can be determined
using Faxen’s law, in terms of the strength of the singularities at the center
O, of the small bubble by evaluating the velocity they induce at the center
of the large bubble, po = a; R.

But, once again, since, up to leading order, the strengths of the singulari-
ties at O, are affected only if I ~ O(1), these can be determined by replacing
the passive bubble by a non-conducting, stress-free planar wall.

We start by considering the axisymmetric case. The strengths of the

singularities at O, can be evaluated by expanding the boundary conditions
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of the temperature field on the surface of the small bubble,

T’ o ..+ S\H-r HH _ 1 _
67’;——%2-[%1&;&—402 —Bgz7 ~D: PP +ON)| at p =0,

(1.78)

The first term in the expansion corresponds to the constant-gradient case.
Applying the method of images as in §5.1 we see that, in this case, the flow
field is irrotational and decays as O()\a3/p3) thereby contributing to the
velocity of bubble 1, or to 4;2 an O(A*)-term and to S(A) an O()\2)-term,
which is negligible to this order of approximation.

The second term in the temperature expansion is a quadratic distribu-
tion. The leading term of the flow field induced by bubble 2 is an O(\a3/p3)
stresslet term (Anderson, 1985), which contributes to to 4;» an O(\*)-term
and to S(A) an O(A)-term, while the contributions from higher order singu-
larities at the center of bubble 2 [cf. (1.20) | are of smaller order and thus
negligible. The strength of the stresslet at the center of the small bubble
or pf,zl) can be found as an intermediate result in deriving (1.70). Finally,
substitution of p2) into (1.20), yields U, and then A5,

=)

A =33+ %‘- +0(\Y) I~0(1), A—0, (1.79)

n=3
where D, are constants that can be found using the intermediate result in
§5.1 with the first few of them being D3 = 3,D; = D; =0,Ds = &, D; =

27
0, Dg = 2561 -
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Now let us turn to the perpendicular case, where the temperature expan-

sion is

=3 |G- e e o 00 (0)

Once again, the case corresponding to the constant gradient term can be
treated by the method of images and the flow field is found to be irrotational.
This decays as O(a3/p3) which corresponds to a force quadrupole term and
contributes to S(A) an O(A) term, while the contributions of the higher order
singularities are of smaller order and thus negligible. In turn, the strength
of this force quadrupole at the center of the small bubble can be found using
the intermediate results of §3.3 for identical bubbles. * Thus, on applying

Faxen’s law, the velocity of the large bubble is found to be

U, =Uu {—%,\3 + A3 Z,,% +O(X‘)} I~0(1), x—0, (1.81)

with By = —2 E, = E5=0,Es = -3, E;=0,Es=-3,...

The second term in the temperature expansion (1.80) corresponds to a
quadratic temperature distribution. The leading term of the velocity field
induced by this singularity at the center of the small bubble is an O(\a2/p2)
stresslet term, while all the other terms are of smaller order and can be
neglected. However, this term does not contribute to U, which here is per-

pendicular to r, since a stresslet only induces a velocity in the radial direction

*In this case, although from (1.13) the velocities of the bubbles are the same as if they
were isolated, the strength of the force quadrupole depends on the distance between the
two bubbles.
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from its position. Therefore, we conclude that the effect of the second term

on U, is smaller than O(\3), so that its contribution to S()) is negligible.

Therefore,
3.3 3v= En 4N T
n=3

Now, as in §5.1 we use the inner and outer expansions for A;2 and B,
(1.76), (1.77), (1.79) and (1.82) to evaluate the integral in (1.65) and obtain the
asymptotic expression for S(A). First, we divide the interval of integration
into an inner region 1+A < R < 1+ R, and an outer region 1+ R < R<
with R; ~ O(1), but note that the integral in each region will depend on the
value of R;. This difficulty can be circumvented by constructing a uniformly
valid expression for the integrand (Van Dyke, 1975) or equivalently rewriting
(1.63) as:

o0 R[
/1“ fmt(R)dR+£+A [fin(R) = foe(R)]dR, X —0,

and letting Ry — oc. where fi;(R) and f,,.(R) refer to the integrand in
(1.65) evaluated using, respectively, the inner and outer expansions for A,
and Bj,. Upon evaluating the sum by the same method as that used in

arriving at (1.75), we find that
S(A)=1-057TA+0()\%), X —0. (1.83)

This result for S(A) can be interpreted in terms of the effective continuum

approach (Acrivos & Chang, 1986) by noting that the suspension of small
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bubbles of vanishing size acts as an effective continuum with effective viscos-
ity u* = p(1 + c3) and effective conductivity k* = k(1 — 3c,), with k being
the conductivity of the pure fluid. But a large bubble immersed in such an
effective continuum will move, according to (1.9), with velocity (1 — cz)U(lo),
in agreement with the first term in (1.83), which therefore reflects the effect
of the increase in the viscosity of the surrounding fluid , due to the presence
of the small bubbles, on the velocity of the large bubble.

As noted earlier, the function S(\) is seen plotted in figure 1 together
with its two asymptotic expressions as obtained for (1.83) and (1.75) for,

respectively, A — 0 and A — oo.
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Chapter 2

The Transverse Shear-induced
Liquid and Particle Tracer
Diffusivities of a Dilute
Suspension of Spheres
Undergoing a Simple Shear
Flow

abstract

We study the shear-induced self-diffusion of both a liquid tracer and a tagged
spherical particle along the directions perpendicular to the ambient flow in a
dilute suspension of neutrally buoyant spheres undergoing a simple shearing
motion in the absence of inertia and Brownian motion effects. The calcula-

tion of the liquid diffusivity requires the velocity of a fluid point under the
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influence of two spheres, which was determined via Lamb’s series expansion;
conversely, the calculation of the particle diffusivity involves the trajectories
of three spheres, which were determined using far field and near field asymp-
totic expressions. The displacements of the liquid tracer and of the tagged
sphere were then computed analytically when the spheres and the tracer are
all far apart, and numerically for close encounters. After summing over all
possible encounters, the leading terms of the lateral liquid diffusion coeffi-
cients, both within and normal to the plane of shear, were thereby found
to be 0.12ya% and 0.004yac?, respectively, where v is the applied shear
rate, a the radius of the spheres and c their volume fraction. The analogous
coefficients of the lateral particle diffusivity were found to be 0.11va2c? and
0.005va?c?, respectively. Also, liquid and particle diffusivities in a monolayer,
with the liquid tracer and all the particle centers lying on the same plane
of shear, were found to be 0.067va%2® and 0.032va%22, respectively, with &

denoting the areal fraction occupied by the spheres on the plane.
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1. Introduction

The non-Brownian particle migration in suspensions involving only de-
terministic hydrodynamic interactions can often be represented in terms of
a self-diffusion process owing to the random nature of the collisions among
the suspended particles. Such a shear-induced particle diffusion has been
shown to play an important role in a variety of phenomena involving concen-
trated suspensions which affect certain of their properties in a profound way.
Shear-induced diffusion was first studied experimentally by Eckstein, Bailey
& Shapiro (1977), who monitored the motion of a tagged particle within a
suspension being sheared in a Couette device, and then was examined in
more detail by Leighton & Acrivos (1987a,b) who reported experimental val-
ues for the lateral diffusion coefficients both within and normal to the plane
of shear. Two dimensional numerical simulations by Bossis & Brady (1987)
and by Chang & Powell(1994) for the monolayer diffusivity were found to
agree qualitatively with these results. Recently, by considering only two par-
ticle interactions, Acrivos, Batchelor, Hinch, Koch & Mauri (1992) derived
an analytic expression for the coefficient of shear-induced self-diffusion in the
direction of the fluid motion for a dilute suspension of spheres undergoing a
simple shearing motion, while Da Cunha & Hinch (1996) studied the effect
of surface roughness on the interaction of two particles and calculated the

coefficients of the self- and gradient-diffusivity in the lateral directions. Here,
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we shall extend the analysis of Acrivos et al. (1992) and present expressions
for the self-diffusivity of both a tracer fluid particle and a test sphere in the
two directions perpendicular to the fluid velocity.

This chapter proceeds as follows. After formulating the problem in §2,
we derive in §3 and 4 the expressions for the velocities of the fluid tracer plus
those of the test sphere as well as the other two spheres in a simple shear
flow, which are then used in §5 to compute the displacement of a liquid tracer
and of a test sphere following their encounter with the other two particles.
Finally, in §6, we determine the coefficients of self-diffusion in the directions
perpendicular to the fluid velocity, both within and normal to the plane of

shear.

2. Statement of the problem

Consider a dilute monodisperse suspension of rigid spheres of radius a im-
mersed in a viscous liquid. The spheres are supposed to be neutrally buoyant
and torque-free, and their radius a is taken to be sufficiently large that the
effects of Brownian motion and interparticle potentials can be neglected. Fur-
thermore, the particle Reynolds number is assumed to be vanishingly small,
so that all inertia effects can be ignored. Now, let the suspension undergo a

simple shearing motion, the undisturbed velocity of which is given by

U= o€y, (21)
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where (z,,Z2,z3) is the position vector relative to a fixed triad of unit vec-
tors e;, e; and ez which forms a right-hand system. All lengths, time and
velocities are regarded as having been nondimensionalized with a, 1/v and
va respectively, where 7 is the shear rate.

First, consider a fluid point A* and let X denote its position, where X = 0
initially. In the absence of the suspended spheres, A* would simply remain
at the origin. However, when a sphere B, with its center located at Y, ap-
proaches from far away, A* will be displaced at first from the origin, but, will
return to its initial streamline at the end of the encounter, as a consequence
of the reversibility of the creeping flow equations and the symmetry of the
problem. Hence, the interaction of a fluid tracer with a single sphere will not
lead to its being permanently displaced in the lateral direction, and therefore,
to create such a displacement, it is necessary that A* and B interact with at
least another sphere C located at Z (see Fig.2.1).

Since the probability of finding two spheres within an O(1)-distance from
the tracer is O(c?), where c is the particle volume fraction, we expect the rate
of encounters of a fluid tracer with two spheres to be of O(c?). In addition, as
the rate of encounters involving more spheres is of o(c?), we need to consider
only the interactions of the tracer with two spheres in order to calculate the
leading-order term of the lateral diffusivities of the fluid tracer.

As a result of its encounters with the other two spheres, the fluid tracer

in a statistically homogeneous suspension suffers a series of random displace-
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Y

Figure 2.1: Coordinates used in chapter 2.

ment with zero mean. In a dilute suspension, these encounters can be re-
garded as statistically independent and thus the displacements of the Auid
tracer in the lateral direction can be treated as a self-diffusive process with
the diffusion coefficients D; and Dj being defined as
A (k)2

D] = 7-11[,? ﬁg (AX;™) (2.2)
where .l-\';k’ refers to the displacement of the fluid tracer in the j-direction
(J = 2.3) resulting from its kth encounter with two spheres and .V is the

total number of such encounters within the time interval T.
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Obviously, both the values of AXJ(-” and the rate of encounters are de-
termined by the initial positions of the two spheres, once the probability
distribution of the initial configurations is known. Thus, as shown below,
for statistically homogeneous suspensions at steady state, the expression for
D; given above can be reduced to an integral of the contributions over all
the possible initial positions of the two spheres, which is more convenient to
evaluate than the summation in (2.2).

Before analyzing the different types of possible initial configurations of
the spheres, we note that, in order for an encounter to create a significant
permanent lateral displacement /_\X](»k), the fluid tracer and the two spheres
must all be reasonably close to each other during a certain period of time.
Otherwise, the fluid tracer will interact separately with the two spheres and
therefore will not suffer a permanent lateral displacement. Thus, we consider
only those initial configurations where, at some time during their encounter,
the spheres and the fluid tracer happen to lie within a cubic ’collision box’
of dimensions (2[)3. Later on, we shall show that the contribution to D; in
Eq. (2.2) due to the encounters which take place outside of the collision box
(i.e. such that the fluid tracer and the two spheres are never present within
the collision box at the same time) tends to zero as [ — co. Therefore, the
integration over the initial configurations tends to a constant value that can
be determined numerically, without the need of introducing a renormalization

as often happens with other calculations involving the effective properties of
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suspensions.

Now, prior to the encounter, the initial positions of spheres B and C will
belong to one of the following three categories:

i) both spheres B and C are far away from the fluid tracer;

1) the fluid tracer A* orbits around one of the spheres as long as the
other sphere is far away;

ii1) the fluid tracer A* together with the spheres B and C form a perma-
nent triplet.

First, consider case i), where initially the fluid tracer A* is located at
the origin while spheres B and C can be either on the left or on the right
side of the collision box. But, by virtue of the symmetry of the particle
distribution about the origin, we only need to consider the case where the
sphere B, chosen as the sphere which first crosses the boundary of the box,
enters from the left side at ¢ = 0.

Now, when we calculate the contribution of this case to the diffusion
coefficient in (2.2), we consider all possible initial positions of spheres B and
C, such that A*, B and C find themselves inside the collision box at some
stage during the course of their encounter. The loci of these initial positions
of B and C form two domains W2 and W€, which can be determined by
first neglecting the interactions among the spheres, so that B and C can be
assumed to move with the velocity of the ambient flow. Then, obviously,

Y©, which refers to the initial position of B, can only lie on the upper
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half of the left surface of the box. We denote this domain by W F: {~l <
)},(0) <Il, 0< Yz(o) < [}. Accordingly. since B stays inside the box from
t =0tot=2/Y " the possible initial position of C. Z'*). must lie within
that part of the fluid which flows into the box during that period of time.
This domain WE has the shape of two wedges, one of which is given by
{(-1<Z0 <1, 0<Z0 <1 ~1-2Z0)7® < 29 < —1} while the
other is that generated by rotating the wedge depicted above about the axis

r3 by an angle = (see Fig.2.2).

Figure 2.2: The integration domains W and W§, within the plane z3 = 0.

In arriving at the above estimate, all hydrodynamic interactions among
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the spheres and the fluid tracer were neglected, but obviously these interac-
tions will alter the domains only slightly. First of all, the time needed for
sphere B to pass through the collision box will be slightly different from that
estimated above by an amount that can be evaluated exactly through a di-
rect numerical calculation of its trajectory. Secondly, when the interactions
between B and C are considered, one needs to take into account the possibil-
ity that, initially, B could be located on the lower half of the left surface of
the collision box, i.e., even when Y2(0) < 0, B could still end up moving from
left to right in certain cases. This happens for example, when B and C form
a permanent doublet when left alone in the ambient flow, provided that the
midpoint between B and C lies above the plane zo = 0. The real domain
W28 is therefore slightly larger than the estimate W and its exact shape
can be determined via the solution of the pair sphere trajectories (Batchelor
& Green, 1972a). These considerations can be extended to W¢.

Next, we consider the rate at which a pair of spheres B and C enters the
collision box, with B initially lying in the surface element de(o)dYE,(o) and C
within the volume element deo) dZéo)dZéo). Now, the rate at which B enters
the box is given by ande(o)dYg,(o)lyl(o)=_,, with n denoting the number of
spheres per unit volume and V{2 the velocity of B along the e;-direction,
while the probability of finding C within the volume element dZ{"dZ{"dZ{"
inside the domain W€ is np(rgc)dZ{O)dZS))dZ(o), where p(rpc) is the pair

distribution function. When only two-sphere interactions are considered, p(r)
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equals the function g(r) of Batchelor & Green (1972b) if r lies outside the
region of closed trajectories, and is indeterminate when it lies inside. In §6,
we shall show that our final results are very insensitive to the specific form
of p(r) which is assumed to apply in the region of closed trajectories.

Finally, the contribution of case %) to the sum in (2.2) is given by
D =n? [ [ plrsc)aX;)VPay ay¥dz"dz{azs.  (2.3)

where AX? is the net displacement of A* resulting from its encounter with
B and C initially lying within the elements de(o)dYg(o) and dZ{o) ng”dZéo) .
respectively.

For case iz), we label as C the sphere around which, A* would orbit
indefinitely in the absence of another particle. Now, in most cases C will
be close to A*, so that, for large enough [, we can take p(rgc) = 1. The

contribution of case 7z) to the sum (2.2) is then given by

J

DY = n? /WB / o, AGPUPAYavVaz0dzPdz".  (2.4)
f; ,C boun

Here though, before the encounter, X; changes periodically with time and its
average value equals that of the position of the center of C. Moreover, since
for dilute suspensions, B is located initially very far from the pair, the net
displacement of A* occurs on a time scale much larger than that required for
the pair to complete one revolution. In addition, we note that the periodic
motion of the tracer particle A* around C does not, by itself, contribute to

the diffusion process. Hence, to be consistent with (2.2), and given that
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the initial location of B is also random, we take this average value of A*
orbiting about C before the encounter as the initial position of A*. After the
encounter, the initially-bound A* can either continue orbiting around C or
be displaced out of the region of closed trajectories. In the former case, we
take the average value of X, which is the same as the position of the center
of the sphere around which it orbits, as the final position of A*. Now, as
any two-sphere interactions do not lead to a permanent lateral displacement
of the spheres, the net displacement of A* in this case will be zero. So, the
only possible contribution to D;" comes from those cases for which A* is
displaced out of the region of closed trajectories around C.

Finally, for case iii), where A*, B and C form a permanent triplet, the
net lateral displacement of A* is zero as a consequence of the reversibility of
the creeping flow equations and the symmetry of the ambient flow. Therefore

this case does not contribute to the sum (2.2), so that we obtain

’ + Dt."’

DX =D:3 ,

, . (2.3)

In the same way, we can also define a monolayer diffusivity by assuming
that the fluid tracer together with the centers of the other two spheres are
confined on the same plane of shear. Obviously, all the trajectories of the fluid
tracer and the particle centers will remain on that plane, due to symmetry.

In this case, the diffusivity of the tracer is given by

D3 = D5 + D3, (2.6)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with
by = [ [ #rec)aXe)VPazlaz{ay®  (21)
and
Dy =2 / / (AX,) 2V B dzOdzOay. (2.8)
2 WB JA*.C bound t t

Here 7i denotes the number of spheres per unit area on the plane, and

1 © 2(B — A)
-4 /r A=A

is the probability density for a monolayer of particles, as obtained by adopting

p(r) =

to the two-dimensional case Batchelor & Green’s (1972b) analysis for p(r),
with the functions A(r) and B(r) given by Batchelor & Green (1972a).
Similar expressions for the self-diffusivity D; and the monolayer self-
diffusivity D, of a test sphere A can be written, with the fluid tracer A*
replaced by the test sphere A. It should be noted though that, in computing
the contribution to D7 for bound pairs, c.f. (2.4), account should be taken of
the fact that, as a result of its interaction with particle B, the doublet A-C
will now suffer a net lateral displacement in contrast to the case when A is

replaced by the fluid point A*.

3. The velocity of a fluid tracer in the pres-
ence of two spheres

Since the liquid tracer diffusivity depends on the lateral displacement

of the fluid tracer for any given initial positions of the spheres B and C at
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time ¢ = 0 [see eq.(2.2)], we need to obtain the fluid velocity field in the
vicinity of two spheres undergoing a simple shear flow, together with the
velocities of the two spheres themselves. Now, while the latter are given in
Batchelor & Green (1972), the fluid velocity can be determined through a
far field expansion when the fluid point and the spheres are all far apart, and
by Lamb’s series expansion when they are close.

The far field expression of the fluid velocity was determined using the
method of reflections, which we carried out up to and including terms of
O(1/77), with 7 denoting the typical distance between the two spheres or
that between the liquid tracer and one of the spheres. Therefore, the velocity

of A* can be written as
NARRES U(X) + Vg4 +Veoa- + VB—)C—»A' + Vesposa- + O( ) () 9)

where the subscripts denote the sequences of reflections. A direct calculation

yields the following explicit expression:

Vi) =UX) +r-E- [A'('")ir: + B (r')(I - %)]

III =/ I rlllrlll =/ Illrlll
B (A" g + B (I~ —)]

+§F<r"') : {VF(r" ) :E+[VF(") : E|T}

+lF(r~' : VH{VF(r") : E + [VF(r") - E["}

(r”'VVV(ﬁ)) G( r') - —VV(

+r§G(r ) (V9(5)) - (VV( ,,,)> [I: G(")]

-): G

III

III

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



~SF() : {VE(") : E+ [VE() : B[}

‘516F(r') : VH{VF(r") : E + [VF(r") : E["}
7
= —EZI 1 1 1
s} m . . ”
~136E) : (VI()) + S(VV(5) - [L: GE")] +0(5),

(r'VVV(%))EG(r") + %VV(%) . G

(2.10)

where/ =Y -~ X, v =Z -7Y and ' = X — Z are the particle relative po-
sition vectors, E = (e;e, +e3€;)/2 is the rate-of-strain tensor of the ambient
flow, while A*(r) and B*(r) are the scalar functions:

3 3 1
A* = —— — > e 2,
‘4 (T) 21_3 27’5’ B (T) 7_51 ( 11)

and the functions F(r) and G(r) are the third order tensors:
d 1 1 1 1
F(r) = —rVV- - -VVV-, G(r) = -VVF(r):E. (2.12)
6 r 6 T 2

When A*, B and C are not all far apart, we used Lamb’s series expansion
to determine the velocity of the liquid tracer together with the results of
Yoon & Kim (1987), who determined the strengths of the singularities (i.e.
the coefficients in Lamb’s expression) at the center of two spheres moving in
pure straining fluid flows. From these coefficients we constructed a general
expression for the fluid velocity, noting that the motion of a fluid point near
two arbitrarily oriented spheres in a simple shear low can be decomposed
into a uniform translation, a rigid body rotation and a pure straining flow

with rate of strain tensor E = (e;e; + ese;)/2. Now, the contributions from
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the first two parts are obvious and that from the third part is determined by
transforming the old reference frame into a new one, say O’, in such a way
that the centers of B and C lie on the e}-axis and are symmetric with respect
to the new origin, with e, = e; x €}/|e; x €}|, and ] =€}, x €}.

But, as pointed out by Kim & Karrila (1991), the rate of strain tensor
E, in the new coordinate frame, can be expressed as a linear combination
of B = lele| + kefe, — ejes, B = eje + 4, BV = efe) + ejef,
EW = ele; + eje}, and E®) = ele| — e}, !. So, our problem reduces
to that of determining the fluid velocity v(*)' due to the presence of two
spheres in an unperturbed flow field having constant shear rates E*), with
k =1 to 5. Now, the cases k = 1, 2 and 3 are exactly the same as the
three subproblems solved by Yoon & Kim (1987), while the last two cases
can be easily reduced to the second and third, respectively, by appropriate
coordinate transformations, namely, v(¥' (), =}, =) = v®'(-z}, =, z5),
and v (24, 74, 74) = v (I5(a} - 4), L5(} + ), 25).

Thus, by combining all these contributions, we found a series expression
for the velocity of the liquid tracer for any given position of the fluid tracer
and of the spheres B and C. Unfortunately, this series expansion converges
very slowly when the spheres are close to each other (rgc—2 < 0.01) and the
fluid tracer is close to the surface of one of the spheres or to both of them.

Therefore, since during their motion the two spheres can get very close to

This decomposition is consistent with the fact that any traceless rate of strain tensor
has five independent components.
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each other, special care must be taken for these cases.

First, we noted that in order to keep the computation time within rea-
sonable limits, we had to truncate Lamb’s expansion after 100 terms. In this
case, the truncated series begins to lose its accuracy at distances smaller than
0.01 from the particle surface. Moreover, when the fluid point was placed
on the particle surface, its velocity relative to that of the surface, as com-
puted by the series solution, was found to be non-negligible, unless many
more terms in Lamb’s expansion were retained. This is an important point
not only because a small error in the determination of the fluid velocity field
could change significantly the final lateral position of the liquid tracer, but
also because it could cause the liquid tracer to penetrate the solid sphere,
thereby terminating the computation. But, when the liquid tracer is close
to only one of the spheres, the leading term of its tangential and normal ve-
locities relative to those of the surface of the sphere are obviously linear and
quadratic in the distance from the surface, respectively. We then determined
the corresponding local proportionality coefficients in the expressions for the
tangential and normal velocity components referred to above, from the accu-
rate velocity field at a distance 0.01 radii away from the surface, which was
calculated via the 100-term Lamb’s expansion and the known velocity of the
surface of the sphere (Yoon & Kim, 1987). Thus, the velocity of any fluid
point in this small region could be easily computed accurately to leading

order.
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Conversely, when the liquid tracer lies in the gap between two almost-
touching spheres, we used the lubrication approximation to determine its ve-
locity for the three subproblems corresponding to E(!), E® and E® defined
above. In the first subproblem the two spheres move along their centerline
with known opposite velocities and thus the velocity of the fluid point in the
gap is the same as that between two squeezing spheres in a fluid which is
at rest at infinity. In the second subproblem, the spheres move normal to
their centerline with known translational and angular velocities, which can
be treated separately. The velocity of the fluid point in the gap in these cases
can be determined using the velocity expressions in the lubrication approx-
imation. In the third subproblem, the spheres remain stationary and the
velocity of the fluid point is negligible, at least to the same order of approx-
imation as in the above two cases. Thus combining the results of the three
subproblems, we were able to determine accurately, to leading order in the
gap distance, the velocity of the fluid point within the gap separating the
two spheres.

In both cases, our approximate fluid velocities were found to differ by
less than 0.2% from the results that were obtained using the truncated series

expression with more terms retained.
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4. The interaction of three spheres

For any set of initial positions of spheres B and C, the lateral displacement
AXj of the test sphere A was determined by following the trajectories of A,
B and C. This required the evaluation of the velocities of the spheres at a
very large number of points, which forced us to use a method that is some-
what simpler than those employed by previous investigators (Van Saarloos
& Mazur, 1982, 1983, Kim, 1987, Hassonjee et al., 1991, and Cichocki et al.,
1994), specifically the method of reflections when all the spheres are far apart
from each other, and an asymptotic expression when two of the spheres are
close to each other.

In the first case, the reflections were carried out up to and including terms
of O(1/77), with 7 denoting the typical distance between any two spheres.

Therefore, the velocity of A can be written as

v = U(X) +Vpoa+Veoa+Vicna+Vaiipia

1
+Vaicaa+Veapaa+ O(F_S)' (2.13)

The velocities of B and C can be obtained from (2.13) by just shifting the

labels. A direct calculation yields the following explicit expression:

VD S U(X) + o - B (4G S+ BT - 2]
; "R . [4( m)rmrm +B( m)(I rl:”r;')]

+%[F(r’") + ész(r"')] . {VF(") : E + [VF(r") : E]T}
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9 . 1 1 1 ) " 1
— G 1 (VV(3) + 13(VV(=) - [L: G(")] + O(),

(2.14)
where the tensors F and G are given by (2.12) and
3 8 25 35 1 16 10 1 -

from Da Cunha & Hinch (1996).

By applying equations (2.14) and (2.15) to the case X = (0,0,0), Y =
(2v/3,0,2) and Z = (2v/3,2,0), we found that the sphere velocities thereby
obtained differed from those of the full numerical solution of Hassonjee et
al.(1991) by less than 0.4% relative to their respective speeds.

In the second case, when two of the spheres, say A and C, are close to
each other while the third one, say B, is far away, we first expressed the
disturbance of the fluid velocity field u at a point x due to the presence of
B as

u=F(r):E, (2.16)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

where r = x — Y. The above was then expanded about the midpoint of A

and C as
u(x) = u(xg) +E' - (x — x¢) + %ﬂ’ X (x —xg) + ..., (2.17)
where x¢ = (X + Z)/2, (see Fig.2.1), while
7 1 ’ 1 T
Q= §V X Uy, E' = §[Vu + (Vu) Jlxo- (2.18)

Accordingly, up to and including terms of O(1/r3), A and C can be viewed
as being immersed in a linear flow field with rate-of-strain tensor E +E’ and
angular velocity of solid-body rotation $2 + £2', so that the velocities of A
and C are given by

l'.III 1..lll rlll rlll

1
V) = U(xg) + u(xo — Y) - 5 - (BE+E) - [A(r")—5 + B(r") (1 - —5-)]

F2(Q+9) x P(2.19)

and

VO = U(xg) + u(xe — Y) + %r (E+E)-[Ar") S5 + B (I - ’%)I

rm‘z

-%(n +9) x r(2.20)

where the fuctions A(r) and B(r) are given by Batchelor and Green (1972a).

The accuracy of Egs.(2.19) and (2.20) is discussed in the next section.
Finally, the velocity of B can be evaluated by assuming pairwise addi-

tivity, i.e. by neglecting the effect on™B of the reflections between A and

C.
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An important property of equations (2.19) and (2.20) is that, by providing
the correct expression for the relative velocities of spheres A and C when they
are close to each other, we prevent these two particles from ever overlapping
during the course of the numerical calculation of their trajectories.

Finally, when all the three spheres are close together, pairwise additivity
was used to determine the velocities of the spheres. Despite of its being a
crude approximation, this assumption did not affect the final result of our

computation by more than 2%, as discussed in the next Section.

5. The lateral displacement resulting from an
encounter

The lateral displacement of a fluid point resulting from its encounter with
two incoming spheres can be obtained by integrating the equations for the

trajectories

dZ

ot ar _ (B
dt Todt v

together with the initial positions of the spheres at time £ = 0.
Let us start by considering the case when the three objects do not get
too close to one another during their encounter, so that the reflection result

(2.14) can be used to determine their trajectories. In this case, an asymptotic

expression for AXj is obtained by the method of successive approximations
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AX; = / VA (©)dt (2.22)

with £ = (X, Y, Z) given by
£= / Vit (2.23)

and V = (V@) V(B) V() where V and £ are expanded as V = V@
VB + VR + and £ = €@ + 60 4 £@ 4 with VO, V) etc. denoting
the successive terms of different order in 1/7 in (2.14). At zeroth order,
all interactions between the spheres and the fluid particle are neglected, i.e.
V@ = U, so that the trajectories are just the unperturbed streamlines,
with no lateral displacement. Next, considering that V(1) ~ O(1/7%) and
V@ ~ O(1/7%), where 7 is the typical distance between the spheres during
their encounter, we find that again AX; = 0 due to left-right symmetry of
V() and V@ (€@).

Therefore, the leading term in the lateral displacement AX; is O(1/7°)
and is due to both V(N(£® 4+ gy and VB (£,

Comparison of the O(1/7°) leading term of the lateral displacement AXj,
as obtained from this asymptotic analysis, with the results of direct numerical
integration showed excellent agreement for all initial configurations of the
spheres as long as the distances between any two spheres and those between
the fluid particle and the spheres were O(1) or larger.

For the case where the three objects are not always far apart from one

another, equations (2.21) were integrated numerically using a fourth-order
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Runge-Kutta scheme.

A similar approach was used to determine the lateral displacement of a
test sphere. In particular, the method of successive approximations can also
be used to determine the lateral displacement of the test sphere with the
result that the leading term in the far field asymptotic form is found to be
also of order O(1/7°). As an example, we plot, in Fig.2.3, the displacement of
A due to an encounter such that the trajectories of A, B and C pass through
the points (0,0,0), (0,3d,4d) and (2d, 2d, 2d) respectively, where d > 1. It
is seen that the agreement between the two sets of calculations is excellent
even when the distances between the three objects during their encounter
are of O(1).

The numerical results for the displacement AX; using the far field expan-
sion (2.13) for the velocity of the particles and those obtained by truncating
the expansion to order O(1/7°) were also compared and were found to differ
by less than 5%. The difference could be positive or negative depending on
the initial configurations. Specifically, for the trajectory passing through the
configuration A(0,0,0), B(-3,1.5,0) and C(-6,2,0), AX, was to increase by 4%
if the expansion (2.13) was truncated at O(1/7°).

At this point, a brief discussion is in order about the time step used to
determine the particle trajectories. First of all, in addition to using a base
time step, we also used a smaller one (i.e. one fifth of the base time step)

when the three objects were close (7 < 3) and a larger one (i.e. four times
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Figure 2.3: Displacement AX, of the test sphere due to encounters, when
spheres A, B and C pass through the points (0, 0, 0), (0, 3d, 4d) and (2d,
2d, 2d), respectively, as a function of d. o numerical results; — asymptotic
results using the far field expansion as described following Equation (2.15).
the base time step) when they were far apart (7 > 20). In addition. in order
to determine the value of the base time step, we studied the trajectories of a
closed pair of spheres and showed that when the base time step equaled 0.2,
the spheres returned to their initial positions to within a 10~2 approximation
after completing 10 revolutions. Therefore, as the times involved in our
collision were always shorter than that of this example, we concluded that
(0.2 is a safe choice for our base time step.

In the computation of the net transverse displacement, AX ,- of the tracer

particle for each given initial configuration of the spheres B and C. we must
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also calculate the forward and backward particle trajectories, from ¢ = 0 to
t = +oc and from ¢ = 0 to t = —o0, respectively. Therefore, in our numerical
integrations, we defined a cut-off distance L such that, whenever the distance
between the tracer and either B or C became larger than L, the effect of this
far away sphere could be neglected, while that of the other sphere could easily
be accounted for in terms of two-body interactions. But, since AXj is the
difference between the forward and backward displacements and is usually
much smaller in magnitude than either of them, L must be large enough, such
that the cutoff error is small not only compared to the forward and backward
displacements, but also compared to the net displacement AXj. In fact, L
can be estimated in terms of the error ¢, say, in the net displacement due to
interactions that take place outside the cutoff region. Thus, by considering
that the transverse velocity component of the test sphere is of O(1/r%) and
then integrating outside the cutoff region, we found that L ~ O(1/y/€). This
point will be discussed further in detail in §6.2.

A few typical trajectories are plotted in Fig.2.4, where the centers of all
the three spheres remain within the plane z3 = 0. In particular, we wish
to note that a bound pair of spheres was found to break up as a result of
its interaction with a third sphere only very rarely, which is consistent with
the fact that this can happen only when the relative positions of the spheres
comprising the doublet are displaced out of the region of closed trajectories.

Also, we observed that even in the most extreme cases, no particle overlap-
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ping occurred during the computation of the particle trajectories, thereby
confirming that Equations (2.19) and (2.20) indeed account for the correct
lubrication force among the spheres.

To better illustrate the salient features of these encounters, (AX5)? is
plotted as a function of Y5 in Fig.2.5 for the initial configuration X = (0,0, 0),
Y = (-3,Y2,0) and Z = (-6, 2,0). The existence of several peaks and zeroes
in this curve is a general feature of the integrand in the expressions for the
diffusion coefficients, which greatly increased the difficulty in obtaining accu-
rate numerical values for the corresponding integrals. The zeros correspond
to these initial configurations, for which the trajectories of A, B and C are
symmetric with respect to a plane perpendicular to the e;-axis. For example,
in the case where A, B and C happen to lie on the same plane perpendicular
to the e;-axis at a certain instant of time, the trajectories of A, B and C
are then symmetric with respect to that plane, due to the reversibility of
the Stokes equations, and hence such encounters do not lead to a net lateral
displacement of A. As another example, when B and C happen to lie on the
same line parallel to the e;-axis while A lies on the plane passing through the
midpoint of B and C and perpendicular to the e,-axis, then the trajectories

are again symmetric with a zero lateral net displacement for A.
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Figure 2.4: Typical trajectories of spheres A (— ), B(———)and C (--
- - --), when their centers remain along the plane z3 = 0. a) B and C come
from infinity on the same side and interact with A, when X© = (0,0,0),
YO = (-30,2,0) and Z® = (-20,1,0); b) B and C come from infinity
on the different sides and interact with A; when X = (0,0,0), Y =
(=30, —1.6,0) and Z® = (—20,1,0); c) A and C orbit around each other
initially and remain bound after interacting with B, when X(® = (0,0,0),
Y©® = (-28,0.5,0) and Z® = (4,0,0); d) A and C orbit around each
other initially and break up after interacting with B, when X©@ = (0,0,0),
Y© = (~33,0.5,0) and Z©® = (4,0,0).

6. The determination of the diffusion coeffi-

cients

Finally, we turn to the task of calculating the integrals (2.3), (2.4),
(2.7), (2.8) and their counterparts for the particle diffusivities, and thereby
determine all the diffusion coefficients defined in §2. Before doing this, we
wish to show, however, that the integrals converge as the size of the collision
box | — oo, so that they can be evaluated using a large but finite collision

box without having to resort to a renormalization.

6.1. The convergency of the integrals

First, let us consider the integral (2.3) when all the variables Y53, Y3, Z,, Z,
and Z; together with rgc are of O(F), where ¥ > 1. In this case, we have
seen (see §4) that AXj is of O(1/7°), so that the integral in (2.3) converges
as the size of the collision box [ — oo, and the error, i.e. the neglected

contribution from encounters that take place outside the collision box, is of
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Figure 2.5: An illustration of the dependence of (AX,)? on Y5, assuming that
the initial configuration of A*. B and C is X(® = (0,0.0), Y@ = (-3,Y5,0)
and Z©® = (-6, 2., 0). respectively.

O(1/!*). Another contribution to the integral in (2.3) comes from the case

where Y5 and Y3 are of O(1), while the variables Z;, Z, and Z; are of O(7),

with 7 3> 1. Here, since B is moving slowly near the r,-axis, the leading-order

effect of C on V') is the O(1/7*)-term disturbance in the far field expansion,

which. however, does not coutribute directly to the lateral displacement of

A*. due to its left-right symmetry. But. this disturbance is reflected by B

to A* and contributes an O(1//*)-term to A.\,. So. this contribution to the
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integrand of (2.3) is of O(1/7®) and its integral converges as the size of the
collision box | — oo, with the error vanishing as 1//3. A similar result is
obtained when Y, and Y; are of O(F), while rgc ~ O(1), that is when B and
C are close to each other and far from the e;-axis.

The integral (2.4) can be considered in the same way. Here, since Z;, Z
and Z3 are of O(1), while Y; and Y> are of O(7), the displacement AX; is of
O(1/7%), the integrand in (2.4) is of O(1/7°) and the integral converges as
[ — oo, with the error vanishing as 1/13.

Since, obviously, the integrals (2.7) and (2.8) converge even faster than
(2.3) and (2.4), respectively, we can safely conclude that the fluid transverse
diffusivities are determined via a series of integrals that converge as the
dimension of the collision box / —» co. The same arguments can be applied
to the corresponding expressions for the particle diffusivities.

Finally, as described below, all the integrals were evaluated numerically
over the domains discussed in §2 by applying a Gaussian-type scheme in

order to minimize the number of trajectories that had to be computed.

6.2. The monolayer fluid and particle diffusivities

We started by computing the integral (2.7) for the monolayer diffusivity of
the fluid tracer A*, which requires less computational time, so that we could
easily study the consequences of the various changes of the computational
parameters such as the number of mesh points needed in evaluating the

integrals, the time step for the trajectory integration, the size of the box [
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and the cut-off distance L.

As was described in §2, the integral (2.7) was evaluated fold by fold
with respect to, in sequence, Z;,Z> and Y,. The first fold integration, i.e.
that with respect to Z;, was performed for different fixed values of Z, at a
given Y2 and with different numbers of mesh points, using a 6-point Gaussian
quadrature and taking into account that the integrand has several peaks and
zeroes, as mentioned in the last Section (see fig.5). In order to quantify the
sensitivity of the integral to the number of mesh points, we compared the
values of the integral as obtained using 24 and 48 mesh points, and found
that the difference between the two sets was within 1% in this typical case.

As concerns the integration with respect to Zs, it turned out, again, that
the difference between using 24 mesh points and 48 mesh points was within
1%. In addition, it appeared that most of the contribution to the final fold of
integration, i.e. that with respect to Y5, comes from the interval 0 < Y, < 1.5
and that the integrand has only one peak with respect to Y3. Therefore, we
integrated with respect to Y2 by distributing 12 mesh points in the interval
0 <Y, < 1.5 and 6 in the interval 1.5 < Y5 < 4, and then verified that the
results of the integration were within 1% of those obtained using twice as
many mesh points.

Now, we turn to the values of [ and L. The size of the box [ was set
equal to 4; a decrease from 4 to 3.5 was found to alter the final result by

only 0.3%. As for the cut-off distance L, we used L = 2000, and verified
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that the results of the integration were within 1% of those obtained using
L = 1000. On the other hand, when L < 100, the results strongly depend
on L. A simple estimate can help explaining why L must be so large. Since
the error in the diffusion coefficient resulting from a small uncertainty e, say,
in the net lateral displacement of the tracer is O(el*), by requiring that this
error must be less than 1%, we find that e ~ O(107%). Therefore since L is
proportional to 1/\/€ (see §5), we find that L ~ O(103), in agreement with
our numerical estimate.

Similarly, we evaluated the integral (2.8) and obtained for the monolayer
diffusivity of a fluid tracer Dj = 0.0672.

As a further check of the above result, we doubled all the number of
mesh points used in the three folds of our integrations and found that the
first two significant digits in the coefficient of diffusivity remained unchanged.
In addition, an increase of the basic time step from 0.2 to 0.4 was found to
alter the final result by less than 0.1%.

In the computations referred above, we assumed that the expression for
p(r) is valid both outside and inside the region of closed trajectories, corre-
sponding to the case where a well mixed suspension is first sheared in a pure
straining flow and then is subjected to a simple shear flow. On comparing
this value of D3 with that obtained by letting #(r) = 1 (i.e. a well-mixed
suspension) within the region of closed streamlines, we found that the two

results were only 0.2% apart, thereby showing that the value of D; is Insensi-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



72

tive to the choice of the pair distribution function within the region of closed
trajectories.

We now turn to the monolayer diffusivity of a test sphere. As we discussed
in §4, this case is fundamentally different from that of the fluid diffusivity
since, unlike the fluid velocity, which is known exactly, the velocity of a test
sphere in the vicinity of two other spheres is known only approximately. First,
let us examine the case when either B or C are close to A, while the other
sphere is far. Here, the sphere velocity can be determined approximately
using Eq.(2.19) together with the conditions of pairwise additivity applied to
the far away particles. In order to test the accuracy of this approximation, we
derived similar equations for the velocity of a fluid particle in the vicinity of
two spheres and compared the values of the fluid diffusivity Dj, as obtained
using this approximate expression, with that using Lamb’s 100 term series
expansion, finding that the two results were within 1% from each other.
Hence, we concluded that Eq.(2.19) can be safely used to determine the
lateral displacement of the test particle in the vicinity of one of the other

spheres.

Next, let us consider the case where, at some time during their encounter,
the three spheres are in close proximity with each other. Here, a simple
estimate shows that the contribution to the particle diffusivity due to those
initial configurations which lead to such close encounters, is of O[e®6(A X;)?],

where ¢ is the gap between any two close particles while AXj is the typical net
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lateral displacement resulting from such close encounters 2. Therefore, since
both € and AX] are of O(10™!), we conclude that the error in the diffusion
coefficient is less than 1%, even when the tracer velocity is evaluated to an
accuracy of +20%, which grossly over-estimates the error introduced by using
Eq.(2.19) for such close encounters. As a double check, we also computed
numerically the contribution to the diffusivity of the close encounters, finding
that it is about 5%, thereby confirming the above estimate.

Finally, we computed the particle monolayer diffusivity for a test sphere
using the same number of mesh points, box length, cut-off distance and base
time step as for the computation of the liquid monolayer diffusivity and found
that D, = 0.03222.

Particle monolayer diffusivities, as obtained by direct numerical simula-
tions, have been reported by Bossis & Brady (1987) for ¢ = 0.453 and by
Chang & Powell(1994) for 0.12 < é < 0.60. Although these values of ¢ are
of course quite outside the range of our analysis, Chang & Powell (1994)
reported that, for ¢ < 0.25, D,, was found to scale as & with the constant
of proportionality being approximately 0.2, i.e. six times greater than the
value 0.032 that resulted from our analysis. One possible reason for this dis~
crepancy may be due the the fact that, in the direct simulations of Chang &
Powell (1994) using periodic boundary conditions, all interactions between

a particle located at the center of a unit cell and the particles outside the

>Here, we have assumed that the pair conditional probability diverges as e~%-# (Batch-
elor & Green, 1972b).
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periodic cell were neglected, with the distance between the center of the cell
and its outer edge being approximately 15. But, when we recomputed D,
using our analysis by deliberately neglecting all interactions between any two
particles whenever their separation exceeded 15, the coefficient was found to
increase by a factor of 4. Thus, it would appear that, at least for vey dilute
systems, the cutoff distance used for far field interactions, and therefore the
size of the periodic box in numerical simulations, must be quite large. This

point, though, deserves further study.

6.3. The fluid and particle diffusivities

The evaluation of (2.3) and (2.4) is almost the same as that of (2.7) and (2.8),
except that it is more computationally intensive because of the additional two
fold integrations which need to be performed. The plot of the integrand in
(2.3) for the last two folds integrations is shown in Fig.2.6 as a function of Y3
for fixed Z3 = 0. The curve appears to be smooth, decreasing monotonically
with respect to Y3 and the major contribution to the integral comes from the
region Y3 < 2. Using 12 mesh points for the last two fold of integrations, we
found for the liquid diffusivities D = 0.12¢ and D} = 0.004c? .

Finally, the diffusivity a test sphere was computed in the same way, find-
ing Dy = 0.11¢? and D3 = 0.005¢2 .

It is surprising that for both liquid and particle diffusivities, the diffusion
coefficient in the vorticity or ez-direction is smaller than that in the direc-

tion of the plane of shear, or e, direction, by a factor of about 20. This is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



75

L 20 S W o S SRR R S BNE NN

Figure 2.6: An illustration of the dependence of the integrand on Y3 after
the first three fold integrations with respect to Z;, Z, and Y> have been
performed and keeping Z; = 0.

consistent with the corresponding results of Da Cunha & Hinch (1996) for
the self-diffusivities due to particles roughness, who obtained a correspond-
ing ratio of about 10. Both these results, however, are limited to very dilute
suspensions. In contrast. when 0.30 < ¢ < 0.55, this ratio for the particle
diffusivities equals approximately 2/3, as found experimentally by Phan &
Leighton (1996).

Recently. Biemfohr. Looby. Biemfohr & Leighton (1995) measured exper-
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imentally the effective shear-induced coefficient of self-diffusion in a suspen-
sion of monodisperse spheres, finding that, in the dilute limit , the leading
order term is of O(c). Clearly, this result cannot apply to perfect spheres and
can only be attributed to the non-sphericity and/or roughness of the parti-
cles that were employed. As for the coefficient of the next, O(c?), term, their

measurements indicated that it is very small, consistent with our findings.
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Chapter 3

The Longitudinal
Shear-Induced Gradient
Diffusivity of a Monodisperse
Dilute Suspension of Spheres

abstract

We present the calculation of the particle volumetric flux of a dilute. neutrally
buoyant suspension of spheres in the longituddinal direction under the action
of shear when inertia and Brownian effects are negligible, resulting from
the effect of an imposed concentration gradient. Using a renormalization
technique first employed by Batchelor (1972), we found that the particle
volumetric flux is proportional to the concentration gradient through a shear-
induced gradient diffusivity, D2 = aca®~. where a is the radius of the spheres

and 7 is the bulk shear rate, while o = —1.20 for a simple shear flow.
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1. Introduction

The shear-induced diffusion of non-Brownian, neutrally buoyant particles has
received much attention in recent years, as it is responsible, among other phe-
nomena, for the viscous resuspension of heavy particles under the influence
of shear (Leighton & Acrivos, 1986, Acrivos, Mauri & Fan, 1993). The mech-
anism that is responsible for shear-induced diffusion is well known: particles
suspended in a viscous fluid under conditions in which the flow is laminar
and the particle Reynolds number is vanishingly small tend to move from
high collision rate regions to low. When the shear is constant, a test par-
ticle appears to undergo a random walk as it interacts with its neighboring
particles, so that the process can be described through a diffusivity propor-
tional to the shear rate v and the square of the particle radius a. Now, two
different diffusion coefficients can be defined, namely self-diffusivity and gra-
dient diffusivity. The former is defined as the temporal growth of the mean
square displacement of a randomly chosen tagged particle in a uniform con-
centration field, while the latter diffusivity is the ratio between mass flux and
concentration gradient. These two diffusivities are generally different from
each other whenever the suspended particles interact hydrodynamically. For
example, self- and gradient diffusivities of Brownian particles in a quiescent
dilute suspension are equal to D,(1 — 1.83¢) and D,(1 + 1.45c¢), respectively
(Batchelor, 1976), where D, is the particle molecular diffusivity and c is the

particle volume fraction.
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Shear-induced diffusion was first observed experimentally by Eckstein et
al. (1977). Later, quantitative measurements were performed by Leighton &
Acrivos (1987a,b), who obtained values for the shear-induced self-diffusivity
which are in qualitative agreement with the numerical results for mono-
layer suspensions obtained by Brady and Bossis (1988). Analytically, shear-
induced self-diffusion was studied in the dilute limit by Acrivos et al. (1992)
and by Wang et al. (1996), who determined the diffusion coefficient in the
direction of the fluid veiocity and in that perpendicular to it, respectively.

Despite its obvious importance in practical applications, the phenomenon
of shear-induced gradient diffusion appears to have been studied only exper-
imentally, cf. Leighton and Acrivos (1987) or Phillips et al. (1992), with the
result that no analytical expressions currently exist for the corresponding
gradient diffusivity, which have been determined either from fundamental
analysis or from ab initio computations.

In this chapter, we derived an expression for the shear-induced gradient
diffusivity n the direction of the fluid velocity in a simple shear flow and
for low values of the particle volume fraction c. We studied this, so called,
longitudinal diffusivity, because it is much more easily determinable than the
transverse diffusivity, which will be considered in chapter 4, as its calculation
involves only pairwise particle interactions. To be sure, this coefficient is not
very important from a practical standpoint, as any lateral diffusion would

lead to differential convection in the streamwise direction which seems likely
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to dominate longitudinal diffusion. Nevertheless, as we learned from the
case of the self-diffusivity which we considered earlier (Acrivos et al., 1992),
solving the longitudinal case can provide us with the theoretical framework
for allowing us to determine the subsequent more important coefficient of

transverse gradient diffusivity.

2. The basic approach

Consider a dilute, monodisperse suspension of force-free and couple-free spher-
ical particles immersed in a fluid with a concentration gradient along the é,-
direction. That means that the probability of finding a particle at location

r = (1, Z2,z3) is equal to n,P(r), with:

P(r)=1+ L <ac.,> Ia. (3.1)

CO azz

Here n is the number density, (9c/dz,) is the imposed mean gradient in the
éo-direction of the particle volume fraction ¢ = §7ra3n, and the subscript ”0”
refers to the value of n and c at the origin. In addition, we assume that the
spheres have a radius a small enough that inertia effects can be neglected,
while the fluid is incompressible, has viscosity y, and undergoes a uniform
shear flow with velocity v(r) = yz,€; along the é;-direction. Clearly, in
writing Eq. (3.1) we have supposed that the particle concentration varies
over distances which are large relative to a, or, conversely, that zo << [ =

¢o (9c/dzy) "
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The goal of this calculation is to find the mean volumetric flux J of the
suspended particles in terms of the concentration gradient. Now, since the
self-diffusion does not contribute to the flux, J at the origin is the product
of the local concentration ¢, times (U), the instantaneous mean velocity of

a test sphere at the origin. In turn, (U) is given by:
(U) =n, / U(0jr) P(r|0) &°c + O(n?), (3.2)

where U(0O|r) is the instantaneous velocity of the test sphere at the origin
in the presence of a second sphere at position r, and P(r|0) denotes the
normalized conditional probability density of finding the second sphere at r,
provided that the test sphere is located at the origin.

As shown by Batchelor and Green (1972a), the velocity U(O[r) may be

written as:

Gi0ls) = 3B [ EE + BO) (6, - Z2)]. 33)

where r = ||, Eje = 37(8j10k2 + 8;20k1) is the uniform rate of strain tensor,
while A(r) and B(r) are known scalar functions of r, decaying as r~3 and
r~3 as r — 00, respectively.

Now, the conditional probability P(r|0) is not known a priori, as it is
the solution of a two-particle convection problem, and can be determined
following the method of Batchelor and Green (1972b). However, we prefer
to defer this calculation to the next section, and here focus on describing the

general method to solve the integral in (3.2). Accordingly, we assume that
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P(r|0) is a known quantity, referred to as the "unperturbed” conditional

probability, P, (r|0), which is given by:

P, (r|0) = [1 + %<%> :1:2] H(r — 2a). (34)

Substituting Eqgs. (3.4) and (3.3) into (3.2) we obtain:

(U2) o = (Us)o, = O(n2), (3-5)

and
(U1)oo = ava? <Ea§;> , (3.6)

with

A A 2
®= 367 Jon {2 [A) = B()] (rfz) + B(7) xz} &5, (37)

where I = r/a, and we have applied the constraint that the average velocity

of the test sphere in a uniform suspension must be zero, which is obvious
from the macroscopic point of view. Thus, the constant term in P.(r|0)
does not contribute to (U;). The subscript "oo” in the expressions (3.5)
and (3.6) for the mean velocities refers to the fact that these are in terms of
the unperturbed, and not the "exact”, conditional probability distribution.
Equations (3.5) indicate that, as expected, the transverse volumetric flux is
an O(c3) quantity, and can be determined only if three-particle interactions
are taken into account. But since, at this stage, we are only interested in the
O(c2)-terms of the volumetric flux only, we shall postpone the calculation of

(Us) and (U3) to a future date, and concentrate instead in the determination
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of (U;). The main difficulty which must be overcome, however, is that the
integral in (3.7) diverges as [7df, hence we need to resolve the singularity

through renormalization.

3. The renormalization procedure

In this section we apply the renormalization procedure developed by Batch-
elor (1972) to determine < U, > in (3.2). First we follow Batchelor (1972)
and by applying Faxen’s law let

a2

U(0|r) = u(O|r) + (E-) V2u(0[r) + W(0ir), (3.8)

where u(Ofr) is the fluid velocity at the origin in the presence of a particle at
position r, and W(0|r) is a remainder. Then, considering that the constant
term, 1, can be subtracted out from P, (£|0) (recall that the mean velocity of
the test sphere in a uniform suspension is zero from the constraint mentioned
in the last section), we see on substituting (3.8) into (3.2) that (U;)  equals

the sum of three contributions, i.e. (U), = Iy + I(2) + I(3), with

Iy = nod /r _, Wi(0lf) [Pu(#10) — 1] &%, (3.9)
Iy = no® [ w(0lf) [Pu(El0) - 1] &', (3.10)
r>
_ L ® Op 210) — 11 43
Ioy = mog /M 5. (01F) [Po(#l0) — 1] &% (3.11)

where in (3.11) p is the fluid pressure, and use has been made of the Stokes

equation Vp = uV2u.
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The integral in (3.9) is converging, since W7(0|t) decays like 7% as r —
0. In fact,

i, 1 . .
= + Z'yaz:zB'(r), (3.12)

Wi(0l6) = 578 [4(7) — B(7)]

where the functions A’(7) and B’(7) include only those terms of A(7) and
B(F) which decay like 7~ or faster. Therefore, on substituting (3.12) and
(3.4) into (3.9) we obtain:

— 1 5,/ dc ’a rreny od g
Iy = 2070 <6a:2> /r.>2 [24'(7) + 3B'(7)] #* d7, (3.13)

which, after numerical integration gives:

Iy = 1.317ya? <a%> i (3.14)

The other integrals in (3.10) and (3.11) are non-absolutely convergent, and
can be renormalized, as was done by Batchelor (1972) for the sedimentation
problem, by imposing the constraints that the ensemble average velocity and
pressure gradient at the origin both be zero. For a dilute suspension these

conditions are equivalent to requiring that
/ u(0[£) [P(f) - 1] P*F =0 (3.15)

and

/ Vp(0lf) [P(#) - 1] d% = 0, (3.16)

where u(0|f) and p(O|f) are the velocity and pressure at the origin given

that a sphere is located at . Note that the integrals in (3.15) and (3.16)
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are evaluated over the whole space, including the region 0 < 7 < 2. Now,
subtracting (3.15) from (3.10) and (3.16) from (3.11), and noting that P(f) =
Py (t]|0) for 7 > 2, [cf. Eqgs. (3.1) and (3.4)], we obtain:

T2y = ~n0d® / _,w0lf) [P - 1] &%, (3.17)
and ]
loy = =g [, S(01) [P®) ~ 1] &% (3.18)

First, we calculate I by substituting the expression (3.1) for P(r) into

(3.17) and decomposing the resulting integral as the sum

R A < axz> ([, + [ )mOBnad: @19

Now, I {2) can be easily evaluated considering that, when 7 < 1, the origin lies
within the particle located at F, so that, as the particle rotates with angular

velocity = —17é;, we find: u(f) = ya[2,6, + 363 x E|. Therefore,

, 3 dc 243 1 dc
= — = — —_ 2
I —7a <81:2>/ 5d°r = T <6$2> . (3.20)

The integral Ij5) in (3.19) can also be evaluated easily, since the velocity field

at the origin due to the presence of an isolated sphere at f is
. 1 — a2~ [amF AT -
u () = 578 [D:L'%.’L‘g (r v ) + ZoF °] . (3.21)

Consequently, on performing the integration (3.19) we find 2 = 4'ya ( a;rz)

and summing [j,) and I3 we obtain:

17 dc
Iy = g1 (2o ) (322
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Finally, we turn to the evaluation of I(3). Substituting (3.1) into (3.18) and

applying the divergence theorem we obtain:

Iy = -2 (2 | #udotp(e) 8 (3.23)
®) = T8rp \Oza [ Jrm2 12 P ’ -
where p(£) = —5uyi;Z,7~° is the fluid pressure at the origin due to the

presence of an isolated sphere at location £. Performing the integration

(3.23) we find:
1 ,/ dc
= - —). 2
for = 519 () 324
Now, summing (3.14), (3.22) and (3.24), and using the definition of the

volumetric flux, we obtain:

dc
= = 2 .25
Jico = Co (UI>°° Gxx7a7Co <a$2> 1 (3.25)

with o = 0.634. In our calculation we have neglected the influence of the
hydrodynamic interactions among three or more particles, so that in Eq.
(3.25) all O (c2)-terms have been neglected. In addition, as the domain of

integration was such that z, << [ = ¢, (9c/dz,)”", we have also neglected

terms of O (a2 (6c/3:1:2)2).

The calculation for the ensemble average velocity of a test sphere can
be easily generalized to the case where the mean concentration gradient is
a vector (Vc¢) pointing at any direction, and the unperturbed fluid velocity
field is a general shear flow, v;(r) = [;;z;. In this case, the antisymmetric

part of the velocity gradient temsor, (I';; — I'j;)/2, corresponds to a rigid
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body rotation of the suspension and does not disturb the test particle at the
origin. Therefore, denoting by E;; = (I';; + [;;)/2 the rate of strain tensor,
on account of the fact that the test particle velocity is linear in E;;, we obtain

Uieo = 1.267aE;; <aﬁ:—> , (3.26)
J

where, as before, terms of O(c) and O(|aVc|?) have been neglected.

4. The "exact” calculation

In this section we apply the basic approach described in the previous sec-
tion to calculate "exactly” the longitudinal shear-induced diffusivity. To ac-
complish that, we need first to evaluate the conditional probability function
P(r|0), which in the previous section had been assumed known a priori and
equal to its unperturbed expression, Py (r|0). In fact, the presence of the
test sphere at the origin will alter the particle distribution in the vicinity of
the origin, and so our assumed unperturbed conditional probability cannot
be correct.
In fact, P(r|0) can be found by repeating the analysis of Batchelor and
Green (1972b),
P(r|0) = g(r) Ps(r|0), (3.27)

where P, (r|0) is defined by (3.4), while ¢(r), with g(oo) = 1, is given in Eq.
(3.9) of Batchelor & Green (1972b) as

g(r) = 1—:1—5 exp {/roo EzH dr}, (3.28)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

Consequently, ¢(r) can be calculated explicitly. One finds that ¢(r) — 1 =
276 for 7 > 3, q(r) ~ 0.234(F — 2) 0™ log™%% (7 — 2)~! for 7 < 2.0025,
while for intermediate values of 7, ¢(r) has been tabulated in Batchelor &
Green (1972b).

In deriving Egs. (3.27) and (3.28) we have assumed that all trajectories
originate from infinity. But in the case of simple shear flow some trajectories
are closed and occupy a region in space into which open trajectories cannot
penetrate. In this region, particle 2 keeps orbiting around the test sphere in-
definitely, following a trajectory that is symmetric with respect to the origin
(Batchelor & Green, 1972b). Therefore, the mean velocity of the test sphere
induced by such periodically orbiting particles is zero, which means that the
volume integral in the expression (3.2) for the mean velocity (U) must be
evaluated for values of r laying outside the region of closed trajectories. The
same conclusion can be reached by noting that the value of the conditional
probability P(r|0) inside the region of closed trajectories can be determined
only if the history of the suspension is known before the particles have begun
to move. Now, for any such initial particle distribution, after a long time,
as the particles keep orbiting the test sphere, the conditional probability will
become symmetric with respect to the (z,,z3)- and (z,z3)-planes. There-
fore, since the region of closed trajectories is also equally symmetric, the
contribution of these orbiting particles to Eq. (3.2) is identically zero.

Now, when the expression (3.27) is substituted into Eq. (3.2) and the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



89

renormalization procedure described in the previous section is applied, find-
ing again that, as expected, the transverse shear-induced velocities are O(n2)-
quantities,

(U2) = (Us) = O(n), (3.29)
while the longitudinal velocity is the sum of its "unperturbed” value (3.25)
plus two correction terms,
(U1) = (U)o + () = (h)", (3.30)
with
() = n, [ UL0[F) [Po(El0) — 1] [a(r) ~ 1], (3.31)

oy = n, /  Ui(0[E) [Pw(£]0) — 1] &%, (3.32)

where the integrations are over the volume exterior [Eq. (3.31)] and interior
[Eq. (3.32)] to the region of closed trajectories. This region is symmetric
with respect to the (z;, z3)-plane as well as with respect to the the z,-axis,

and is bounded by the surface (Batchelor & Green, 1972b):

= 10) = {775 | Ty FO 4} 3y
where
F(F) = exp{—?/fwA—(f—)__—A——égg—)g}. (3.34)

The projection of the surface (3.33) on the (z,, z,)-plane represents the tra-

jectory of a particle which, far downstream, lies on the z;-axis. In view of
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Eq. (3.33), such a trajectory has the asymptotic form £ = 2773 for 7 >> 1.
Finally, by taking advantage of the axial symmetry of the surface z, = f(7),

the expression (3.30) becomes, when the imposed flow is a simple shear,

(U1) = (o + 0" — ") 7a? (a%"‘} , (3.35)

where:

o = 3 [7 {ADCu (9() + B#)Gr (9()} lglF) - 1] 7 d#(3.36)

Tmin

o = 3 [T {AFIGn (9)) + BEIGz (9(7))} . (3.37)

where G (z) = } (1 ~2%) — 1 (1 — 2%), Grao(z) = £ (1 = 2°), Gau(z) = }2° —
:7° and Gx = Lz°. Here fmin = 2+4.155-107% is the minimum distance from
the origin of the surface (3.33), such that f(fmin) = Fmin, while g(7) = f(7)/7,
with f(7) given by (3.33). On computing the integral in (3.36) and (3.37)
we find o’ = 0.613 £ 0.005 and &” = 0.045 & 0.001, with the uncertainty
due to the 1% inaccuracy of the tabulated values of q(r) in Batchelor &
Green (1972b). Comparing this result with Eq. (3.25) we see that the use
of the exact probability distribution has changed the numerical value of the
coefficient « in a significant way. On the other hand, the qualitative feature of
our main result has not been altered in that the mean longitudinal velocity of
the test sphere has remained proportional to the mean concentration gradient
and independent of the local concentration. Finally, for the volumetric flux

at the origin J = ¢, (U), we obtain, up to terms of O(c?) and O(|aV¢|?) that,
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in the case of a simple shear flow v(r) = yz,€,,

dc
Ji = —Dq2 <$2‘> , (3.38)
where
D12 = avd®c,, (3-39)

with o = ~1.20 & 0.005.

The ensemble average velocity of a test sphere in a general shear flow
can be calculated following the procedure described in the previous section,
finding:

U = —Ba’c,E-Ve, (3.40)

with 8 = 2(aew + @ — a”). Now, unlike a, which is a constant, o’ and
o" depend on the particular shear flow considered, since this determines the
region of closed trajectories constituting the domain of integration in (3.36)
and (3.37). For example, as we saw, for simple shear flow, o’ = .613 £+ 0.005
and o = 0.045 £ 0.001, leading to 8 = 2.40 £ 0.01. Another example is
when the fluid undergoes pure rigid-body rotation, where all trajectories are
closed, so that o’ = @y, &/ =0 and § = 0, as expected. Another interesting
example is when the fluid undergoes pure straining flow. In this case, all the
trajectories of one sphere relative to another originate from infinity and are
open; hence a” = 0, while o’ in (3.36) is evaluated with g(7) = 0, with the

result that, now, o’ =0.924 and 8 = 3.12 £+ 0.01.
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Perhaps the most important characteristics of the expression (3.39) for
the longitudinal gradient diffusivity is that it depends linearly on the local
volume fraction, unlike the coefficient of self diffusivity calculated in Acrivos
et al. (1992) which is proportional to clogc. The reason of this difference
is that the coefficient of self-diffusion is proportional to the temporal growth
of the mean square displacement of the test sphere, due to its hydrodynamic
interactions with the other particles. Now, summing over the contributions
of all possible interactions, led to a logarithmically diverging integral. This
singularity was due to the very weak but long-lasting interactions between
the test sphere and a very slowly moving second sphere, when the latter is at
great distances from the origin and close to the (z;, z3)-plane. The diverging
integral was made finite by allowing for the cut-off due to the occasional
presence of another pair of particles.

On the other hand, the calculation of the gradient diffusivity consists in
evaluating the instantaneous mean velocity of the test sphere immersed in a
sheared suspension, due to the effect of an externally imposed particle con-
centration gradient. In this case, no singularity arises, so that the resulting

diffusivity in the direction of the flow is proportional to c.
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Chapter 4

Transverse Shear-Induced
Gradient Diffusion in a Dilute
Suspension of Spheres

abstract

We study the shear-induced gradient-diffusion of particles in an inhomoge-
neous dilute suspension of neutrally buoyant spherical particles undergoing
a simple shearing motion, with all inertia and Brownian motion effects as-
sumed negligible. The flux of particles due to a concentration gradient along
the direction of the gradient of the ambient flow is calculated. The expression
for the flux involves the average velocity of the particles, which in turn is ex-
pressed as an integral over contributions from all possible configurations. The
constraints of zero total macroscopic flux is applied to renormalize the non-

convergent integral. The renormalized integral for the case of a monolayer
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of particles is evaluated numerically following the scheme of Wang, Mauri &
Acrivos (1996), giving for the gradient diffusion coefficient 0.077ya2c?, where
v is the applied shear rate, a the radius of the spheres and c their aerial

fraction.
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1. Introduction

The shear-induced diffusion of non-Brownian particles has recently been
found to play an important role in many physical processes involving suspen-
sions of particles dispersed in a viscous fluid. In contrast to the Brownian
diffusion of particles in a colloidal suspension, which is due to the thermal
fluctuations of the interactions between the fluid and the particles, the shear-
induced diffusion is due solely to the hydrodynamic interactions among the
particles. Although, in principle, the process is deterministic, it can often be
described as a diffusion process because of the random nature of the compli-
cated hydrodynamic interactions. This shear induced diffusion leads to a net
migration of particles from region of high concentration to region of low and
from region of high shear rate to low. This has been shown to affect certain
macroscopic properties of suspensions in a major way.

Shear-induced diffusion was first studied experimentally by Eckstein, Bai-
ley & Shapiro (1977), who monitored the motion of a tagged particle within
a suspension being sheared in a Couette device. Their technique was refined
later by Leighton & Acrivos (1987a,b) who reported experimental values
for the lateral diffusion coefficients both within and normal to the plane of
shear. Two dimensional numerical simulations by Bossis & Brady (1987)

and by Chang & Powell (1994) for the monolayer diffusivity were found to
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agree qualitatively with these results. Recently, by considering only two par-
ticle interactions, expressions were derived for the coefficient of shear-induced
self-diffusion in the direction of the fluid motion (Acrivos, Batchelor, Hinch,
Koch & Mauri, 1992) by considering only two particle interactions, and in
the transverse directions (Wang, Mauri &Acrivos, 1996) by considering three
particle interactions, for a dilute suspension of spheres undergoing a simple
shearing motion, while Da Cunha & Hinch (1996) studied the effect of surface
roughness on the interaction of two spheres and calculated the coefficients of
the self- and gradient-diffusivity in the lateral directions.

Most of the theoretical studies referred to above dealt with the self-
diffusion of a test particle in an otherwise homogeneous suspension. Here, we
shall examine the gradient diffusion in a dilute suspension of smooth spheres
and determine the corresponding gradient diffusion coefficient, which is a
key parameter in any constitutive equation which relate the particle flux to
non-uniformities in the particle concentration profile.

In the next section, the problem is formulated from both the Eulerian
and the Lagrangian points of view. But, since integrals in the corresponding
expressions turn out to be divergent, they are renormalized for the monolayer
of spheres as shown in §3. The renormalized integrals are then evaluated nu-

merically based on the trajectory computation scheme in Wang et al. (1996).
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2. The statement of the problem

Consider a dilute suspension of rigid smooth spheres undergoing a simple
shear flow with negligible inertia and Brownian motion effects. If the sus-
pension is inhomogeneous, the average velocity of a test sphere relative to the
bulk flow is, in general, not zero. To determine this velocity to leading order
in the particle concentration of the particles, we only need to consider three
particle interactions. Recall that two particle interactions do not contribute
to the drift velocity in the transverse direction owing to the symmetry of the
geometry and the reversibility of the governing Stokes equations.

One way of defining the Eulerian average instantenuous velocity, Vf ,ofa
test sphere A is by taking the ensemble average of its velocity in the presence

of two other spheres B and C, at a certain instant of time t = ¢;,
N /V(Oly, z)P(y,z|0)d’yd’z, y=Y-X, z=2Z2-X, (4.1)

where X, Y and Z refer to the absolute positions of A, B and C, respectively.
Thus, y and z are the positions of sphere B and C relative to A, while
P(y,z|0) denotes the probability density of finding a second sphere B at y
and third sphere C at z under the condition that there exists a test sphere
at the origin.

It is obvious from conservation of probability that
P(y7 z|X)d3yd3z|tl = P(y7 z|X)d3yd3z|t2 (42)

along any given three-particle trajectory for any instant of time ¢, and ¢,.
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The probability P(y,2z}|X) can then be determined by tracing the volume
element d3yd®z along a trajectory back to ¢ = —o0o, where the probability
deusity function for finding any one of the spheres is assumed to be linear in

the direction of the gradient of the ambient velocity, iy, i.e.
P(x) =g+ oy + . (4.3)
dz, ’

where ny is the local average number density of particles. Thus, as the spheres

are far apart at far upstream, the probability of the configuration is given by

P~ (y™®,z7®|X™®) =nd[1 + dn (5 + 22 +2X;°) +..], (4.4)
Tlgd.’L‘g
with
-0
X7 = [ Va(Xly, z)dt (43)
[ 43

being the displacement of the test sphere when the element moves along a
trajectory from f = ¢; to its position at t = —oco.

The integral in (4.1) is taken over the whole six dimensional space. But,
first we consider the monolayer case where the motion of all the particles
is confined to a plane perpendicular to the direction of the vorticity of the
ambient flow, and compute the average velocity of A in the direction of the

ambient velocity gradient, i;. Therefore,
VE = / / V2 (0ly, 2) P(y, 2|0)dydypdz1dzs. (4.6)

For computational convenience, the above four fold integral is converted

to a three fold integral by integrating along the trajectories of the spheres.
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It is clear from (4.2) that although the element dy;dy.dz;d2; changes along
a trajectory, the quantity P(y,z|X)dy,dy,dz1dz,, or because dy, = v2dt;,
where v2 is the component of the velocity of particle B in the direction
of the ambient flow, the rate P(y,z|X)vPdy.dz;dz, remains the same and
changes only from one trajectory to another. Therefore, since P(y,z|X) is

known at ¢ = —oo, we can convert eq.(4.6) into
VE = / VB (—00)dy; ®dz; ®dzy™ [ VaP~(y~=, 2~®|X~)dt;

where the superscript —oo denotes the value of the corresponding quantity
at t = —oo. To avoid double counting the configurations, we denote as B
the sphere which first arrives at a reference plane z] =constant, and the
other as C. After substituting (4.4) into the above expression and noting
that the uniform distribution term drops out because it does not lead to any
net particle migration, (4.6) can be written as

. dn o0 g 00 g.—00 [T oo . - oot
va:noz—ag/le(—w)dy2 °°d21 mdzzoo‘/;w [(y2 +22°°)‘/E’_+2X2 OOVZ]dt-

Substituting Vo = —dX;*/dt; from eq.(4.5), the second term in the

square bracket becomes, on integration with respect to dt;,

+00 +00 X,
2 / 2X;Vadt; = —2 / ax ;92
—00 ) dt;

= —(AX,)?,

where AX,, the total displacement of the test sphere due to an encounter

with spheres B and C, is given by

-+0Q
AXy = X7=(t —r00) = [ Va(Xly.2)dt. (4.7)
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Thus, the contribution of the second term is related to the self-diffusion

coefficient D, and hence the average velocity can be expressed as

VE = __2_05@_

dn oo e _ e
P ng ! dz, +n°2_z_2/AX2(y2 + 2;%) v (—o00)dy; Pdz] ®dz; (4.8)

where the particle self-diffusivity D; is given by ( Wang et al. 1996),

1
D§ = 5n3 / (AX,)2vB (—o0)dy; ®dz; P dzy™, (4.9)

which is of order ¢?, with ¢ being the aeral fraction occupied by particle phase.
Using (4.8), we recover the expression given by Da Cunha & Hinch (1995)
for the flux of particles in a slightly non-uniform dilute suspension of rough

spheres which they obtained by considering only two particle interactions.

The integral in (4.7) is not absolutely convergent, as can be seen by noting
that AX, ~ O(1/7°) for large |y| and |z| with 7 being a typical distance
between any two of the spheres which participate in the encounter (Wang et
al, 1996). This integral can be renormalized by applying the constraint of

zero total areal flux in the i, direction for the suspension as a whole, i.e.
Jp +Jf =0, (4.10)

where .J, and Jy are the areal fluxes for the particle phase and the fluid phase,

respectively. They are given by

de
—- E S
Jp—-C‘/p —Dp;i-:;g-
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and

d(l —-c
Jf=(1—c)VfB—Df (d:z:z ).

where st and D}"' are, respectively, the average Eulerian liquid velocity and

the liquid self-diffusivity with D7 given by

Dj = —no /(AX2)2 2(—o0)dy; ®°dzy ®dz; ™, (4.11)

From this constraint, we find that VfE ~ O(?dc/dx,), which is of smaller
order than the velocity V;E given by (4.7). On the other hand, by means of
a procedure similar to that used in arriving at (4.8) for VPE, we can obtain

that

‘rE S d"’ dn / - —o0 oo oo
f = Df 2 —2 /AX2( + 29 )'Ul (—00)dy2 dzl de

(4.12)
which is of order cdc/dz,. In the above, AX; denotes the displacement of

a fluid point due to its encounter with two spheres B and C. But, since VfE

must vanish to O(cdc/dz,), we have that

2 dn
'E — _ % (pS _ pS\on
v, - (Dp Dy s

d;
+no [8Xs = AX5) (55 + 25 WP (~o0)dy; dz; ®dzy™

de
2
dzs -—)- (4.13)

Since it can be easily shown that the difference AX, — AX; is of order

+0(c

smaller than 1/73, the integral in the above expression is convergent and can
g

be evaluated numerically.
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The expression for VPE given by (4.13) can also be obtained more directly
starting from the particle flux expression as given by the Fokker-Planck equa-

tion

with all terms of order c?dc/dz, where V! is the Lagragian particle velocity

given by
L c dc / —00 ~00\,. B j <00 j_—00 J_ —00
= —Tr—z———dx / AXo(ys ™ + 25 %)y dy; Cdz *dz;

On the other hand, the Lagrangian expression for the fluid flux is

dD? dc psdd—-<)

Jp=(1=oVf - (1-c)— i

But since the second term is ~ cdc/dz,, the requirement that J, + J, =0

gives that, to order cdc/dz,,

— C dc oo s —00 st dc
Therefore,
dD3 de d dc
E = L___7"p 7~ _ —f— S _ pSy1.=2=
™ dz, (P> — Ds )]dl'z
+'£2‘i:2‘ /(AXz AXz)V (y2'°° + Z{m)dy{wdz;wdzgw

which is the same as (4.13) obtained by the Eulerian description.
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3. Numerical results for a monolayer

We can use the same numerical scheme as in chapter 4 to compute the aver-
age velocity of a sphere in a monolayer by evaluating the integral in (4.13).
However, in view of the fact that the term AX, — AX; in the integrand
is numerically much smaller than either AX, or AX, terms, special care
must be taken in evaluating the integral because even a small residue error
in either AX, or AX; will lead to a significant numerical uncertainty. After
evaluating the integral and using the expressions given by (4.9) and (4.11),

for D; and D;, respectively, we find

d
VE = —0.045va%c =S,

P dy

dD¢ dc de

V'L = -——L— = 0. 2.~

f; & dy 0.134~vec '

while

dD, dc de
v'[‘ = -E -_'p— = o 2 —
p =V + & +0.019va?c 77

The reason why V;,L, the Lagrangian average particle velocity is positive,
which is counter intuitive, is still not clear.
Finally, we obtain the particle gradient diffusion coefficient for a mono-
layer of particles
DS =0.077a’yc?,
which is defined by

sde _ _pode

— rE
Jp = Cvp - Dp d$2 P d—zz.

(4.14)
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Appendices
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Appendix A

Sedimentation in a dilute
suspension of spheres,
renormalization of divergent

integrals

In a dilute suspension of identical rigid spheres of radius a, without loss
of generality set equal to unity, the particles fall through the liquid due
to gravity. Under the assumption of negligible inertia and Brownian motion
effects, the average velocity of the particles in a well mixed suspension can be
expressed, to leading order in the particle number density ng, as (Batchelor,
1972),

U = U + 1o / _[Ulxolxo +1) ~ Uojd’r. (A1)

where Uy is the Stokes terminal velocity of an isolated sphere and U(xg|xp + r)

is the velocity of a test sphere A located at xg in an unbounded fluid when
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another sphere B is located at xq +r.

As is well known, the integral in the expression given above is divergent
since U — U, decays as 1/r as 7 —» oo. On the other hand, physically,
the average sedimentation velocity is obviously finite. Thus, a proper renor-
malization of the integral is required. Such a renormalization was given by
Batchelor (1972). Here a slightly different derivation is presented which,
perhaps, might be of interest in a wider context.

The velocity of sphere A in the presence of another sphere B can be

written, by Faxen’s law, as
1 .
U = Up + u(xp|xo + r) + gvzu(xolxo + 1) + wW(xo|Xo + 1), (A.2)

where u(xg|xg + r) is the velocity disturbance at xo due to the motion of a

single sphere at x¢ + r, given by

3 1 r-Up, 3 3
U(XOIXO‘{"I') =U0(4_r‘+ 4?) +r 2 0(4—7‘ - ZT—“‘?).

Substituting (A.2) into (A.1) yields

U= Ug+I,+1+1;, (.-\3)
where
Il =Ty /)2 ll(XolXo + l’)dsl', (.—\.4)
1, ; _
I, = ng /»2 EV u(xg|xe + r)d°r, (A.3)
and
o o
Is=ng /r = w(xo|xg + r)d°r. (A.6)
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Since u is of order 1/r and V?u is of order 1/r3, the integral I, and I, are
divergent, while I is convergent since w decays as 1/7%.

Clearly, in a dilute suspension, I, equals the average velocity of the fluid
point when the position of sphere B ranges over the infinite domain r > 2
outside the exclusion region. Hence, V r, the average fluid velocity within

the suspension, is given by

Vf =I,+ TZQ/ ) ll(XoIXo + I’)d3l' =1 + g—CUc, (A-?)

1<r<
with ¢ = “—‘}no being the volume fraction occupied by the spheres in the
suspension.

Thus, the divergent integral I, represents physically the average velocity
of the fluid outside the exclusion regions around the spheres in a very dilute
suspension and is related to the average fluid velocity within the suspension
by (A.7). Naturally, this leads to consideration on the volumetric flux bal-
ance of the suspension as a whole. On the other hand, we know that the
bulk velocity of the suspension on a macroscopic scale is zero relative to the

container,

(1-c)Vi+cV, =0, (A.8)

where V,, is the average velocity of the particles. To order c, (A.8) gives
Vi = —cUg + O(c?). (A.9)

Thus, the divergent integral I} must be renormalized such that the above
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constraint is satisfied. Therefore, by (A.7) and (A.9),

I = —%CUD. (A.10)

This is identical to Batchelor’s eq.(5.3) and in fact the whole derivation
parallels his.

The integral I, can be renormalized in a similar way by noting that, in
the fluid phase, this term is related to the dynamic pressure disturbance p
due to a single sphere by the Stokes equation V?u = }‘Vp (By definition,
the dynamic pressure is the difference between the total pressure and the
static pressure of the pure fluid). Therefore, aside from the factor 1/6u, I
equals the average pressure gradient of the fluid at the point Xg in the infinite
domain r > 2, outside the exclusion region. Consequently, Vp 1, the average
pressure gradient over the whole domain occupied by the fluid phase in the

dilute suspension, is given by

Vp; =6ul, + no/ - Vp(xo|xo + r)dr = 6uls, (A.11)

1<r
where the integral is evaluated using

I"Uo

— (A.12)

p(xo +r|xe) = 3

Thus, the integral I, is closely related to the average pressure gradient in
the fluid phase, which naturally leads to the examination of the bulk pressure
gradient in the suspension. On a macroscopic scale, however, the suspension

as a whole is akin to a static effective fluid with total pressure gradient
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(s + clpp — pr)lg, in addition to that of the stagnant pure fluid, where p,
and py are the mass densities of the particles and of the fluid, respectively,

and g is the gravitational acceleration. Thus, we have the constraint
- - 9
(1 ~¢)Vps+cVp, = c(p, — pf)g = 5c+Uo, (A.13)
where Vpp is the average pressure gradient inside the spheres,
= 1
Vp,= 1= [_ Valxolxo +r)dlr. (A14)
3T Jr<l

The above can be converted into an integral over the volume inside a
fixed sphere. Noting that Vp(xg|xo + r) depends only on the position of
the sphere relative to that of the sample point and is independent of their

absolute positions, we obtain

[, Iplxolxo + D) = [ Vp(xo - rixo)d’r, = [ Va(xo +rlxo)d’r,
r<l1 r<l r<1

where account has been taken of the symmetry of the domain of integration.

To evaluate the last integral, which refers to the integral over the position
of the sample point xg + r within the sphere located at xg, we make use of
the divergence theorem and the fact that, on the surface of an isolated sphere

translating with velocity Uy, the fluid pressure is given by (A.12). Hence,

/ < Vp(xo|xo + r)d’r = 27uUs, (A.15)
r<l
and therefore,

= 3

Vo, = 5uUo. (A.16)
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From (A.13) and (A.16), we obtain the constraint
Vp; = 3cuUg + O(c?), (A.17)
so that, on account of (A.11),
1
Ig = ;CUQ. (A.IS)

Although this is identical to Batchelor’s eq.(5.4), its derivation is some-
what different than his.

Finally, by substituting (A.6), (A.10) and (A.18) into (A.3), we obtain
the convergent expression for U,

oC

U =Up — 5¢Uq + 1y / w(xg|xo + r)d’r. (A.19)
2

r=

In conclusion, by means of the volumetric flux constraint and the pressure
gradient constraint given by (A.8) and (A.13), respectively, we were able to
renormalize the expression for the average velocity expression (A.1), which
vields exactly the same result as given by Batchelor (1972) in his expression
(3.14) together with (5.3) and (5.4). The approach, given here, however,
might be helpful in finding the relevant constraints for some other renormal-

ization problems.
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Appendix B

Renormalization of the
transverse gradient diffusivity
expression for the three
dimensional distribution of
spheres

In chapter 4, we were able to renormalize the expression for the average
velocity of a test sphere in a monolayer of spheres using the zero bulk flux
constraint. For the case of three dimensional distribution of spheres, however,
this constraint is not sufficient to yield a convergent expression for the average
velocity. Specifically. after applying this constraint to the three dimensional

case, the Euler average velocity becomes
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2 dn
VE = ~2(pS _ DS\
P no(Dp Df)dz2

d:
*""ﬁ; J (8% — AX5) (5™ + 27°)uP (~00)dys ®dys “dz; ®dz; Pdzg™

+0(@25). 8.1

But, since the difference AX, — AXj; is of order O(1/7") for large 7, the
above expression is still not convergent and an additional renormalization
is required. In this appendix, the integral is renormalized by applying the
constraint of zero bulk pressure gradient in the suspension.

The O(1/7") term in AX, — AX; for large 7 is due to the difference be-
tween the hydrodynamic interaction of a test sphere and that of a fluid tracer
with the other two spheres. Specifically, following the reflection method, the
velocity disturbance due to an isolated sphere, say B, will be reflected by
another sphere C, producing a velocity disturbance u’. This disturbance in-
fluences velocity of a test particles, which can be either a test sphere or a
fluid tracer. However, the response velocity of a test sphere differs from that
of a fluid tracer, according to Faxen’s law, by %V2u’. It is the summation of
this response velocity difference to the reflected disturbance arising from all
the sphere pairs in the suspension that renders the integral in (B.1) diver-
gent. However, this summation is related to the average pressure gradient in

the suspension in view of the fact that the difference $V?u’ in the response
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velocity is related to the corresponding pressure gradient disturbance by the
usual Stokes equation pV?u’ = Vp'. On the other hand, from a macroscopic
point of view, the bulk pressure gradient in the transverse direction must
be zero at steady state even with the presence of a concentration gradient
in this direction. Now, it is clear that the constraint of zero bulk pressure
gradient can be used to remove the non-convergence in the average velocity
expression by subtracting the corresponding divergent parts and evaluating
the remaining convergent parts (Batchelor, 1972).

The constraint of zero bulk pressure gradient in the velocity gradient

direction can be expressed as an ensemble average
< Vp >o=1s- / Vp(Y,Z)P(Y,Z)d*YdZ = 0, (B.2)

where Vp is the pressure gradient at a test point X*‘ located at the origin
for the configuration of two spheres B and C at Y and Z respectively, while
P(Y.Z) denotes the probability density of the configuration. Note that the
above integral is taken over all possible configurations as long as the spheres
B and C do not overlap, including the configuration where the sample point
lies in one of the spheres.

The probability density function P(Y,Z) is given by
P(Y,2) = P7(Y™",Z27)q(|Y - Z|) (B-3)

by noting that the midpoint of the centerline of B and C does not move in the

i, direction with ¢(|'Y — Z|) being the probability factor given by Batchelor
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& Green (1972).
Thus, the domain of the above integral can be divided into two parts:
one in which the sample point lies outside of the spheres and the other where

the sample point lies inside, i.e.

<Vp>a=iy-|  evide +2 [ ] (B.4)

nside one of the spheres

The first integral
I =i / Vo(Y,Z)P(Y,2)dPYLZ, (B.5)
outside

is related to the divergent part in the expression (B.1) as mentioned above.
It is convenient touse r = X!~ Y and z = Z — Y as variables in the second

integral, yielding

L=2,- / Vp(r,z) P(r, z)d*rdz (B.6)
1<r
and
P(r,z) = nd[l + —l-ﬂ(zz —2r;) + ...]Jg(2)- (B.7)
’ 0 2110 d.’L'g

The integral I, which is over the domain inside one of the spheres, say B,
can be determined by converting the volume integral into an surface integral
by Gauss’s theorem, as done for similar problems (Batchelor & Green, 1972).

Substituting (B.7) into the expression for I, vields

dn .

_ ., an. 3 _ 3
I, = nodm_2 iz /;>2 q(z)d z/rd(zz 2r5)Vpd°r. (B.8)
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Applying Gauss’s theorem to the integral with respect to d°r gives

__dn 3 e 3
I, =ng = /z - q(z)d*z(i, /r=l(22 2ry)pndS + 2 /I o pd°r]. (B.9)

Obviously, I, is independent of the nature of the material inside the sphere
B as long as its surface is rigid. So we can use any constitutive relation to
determine the volume integral inside B. One convenient choice is to assume
that the sphere is made of an infinitely viscous fluid with no surface tension
on the interface. For this choice, the pressure field p is a harmonic function
without any singularity inside the sphere. Therefore its average over the

volume inside the sphere equals the average on the surface of the sphere

1 ;1
— = — g 1
i rglpd T /,-_:1 pd3 (B.10)
Thus,
L= no—d—n—iz - / q(z)d3z/ (2 + 2o19 — 2r3)pdS (B.11)
d.’L‘Q z>2 r=1 3 2

For large z, the leading term for p is due to the reflection by C of the distur-
bance induced by the presence of B, which is of order 1/2%, the above integral
is absolutely convergent and can be evaluated numerically.
By the same procedure used to convert (4.6) to (4.8), we can convert
(B.3) into
dn

L= noEIm

d
+"0d—:2 / AXy(y5 > + z3 )P (—o0)dy; Cdy; Pdz; ®dz; ®dz; ™, (B.12)
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where
+oo |
AX = [ —V2V)(Xly, z)dt, (B.13)
- 6
and
Iy —/a(y2 + 2;°)vy (—o0)dyy ®dy; Pdz; Cdz; °dz; ™, (B.14)
with
too 1 —oox72y// =
a= /_ S XV (Xly, 2)dt. (B.15)

AXj and a can be computed just as AX, by integrating along the trajectory
for any given initial configurations. The integral in the expression for )4 is
obviously convergent in view of the fact that a ~ O(1/78).

The non-convergence of the integral in (B.12) has the same origin as that
of the integral in (B.1). Now, we can remove the non-convergent part in

(B.1) by the constraint (B.2) together with (B.12), yielding

2 dn
‘/pE = ——-(DS Ds)—— - no‘d——[m - If)/6

+n0 /(.\X2 AX'——AX;)( © 4 25%9)y8(—c0)

dy;Pdy;®dz;®dz;®dz;®  (B.16)

The term AX, — AX; — $AX} in the integrand decays faster than 1/7%, thus,
the integral is convergent now.

In conclusion, we can renormalize the average velocity expression by using
together the constraints of zero bulk flux and zero bulk pressure gradient and

obtain a convergent expression for the Eulerian average velocity which can
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be evaluated numerically. This in turn can be used to determine the gradient
diffusivity through (4.14). However, we shall leave the numerical evaluation
of this integral to future work partially because of the computational intensity

involved.
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Appendix C

Some further remarks on
renormalization of the
thermocapillary migration
problem

Consider. as in Chaper 1, a space filling bidisperse suspension of spheri-
cal bubbles undergoing thermocapillary migration and let u/, and VT, be,
respectively, the velocity and the temperature gradient at the origin for a
given configuration of bubbles. Let us further restrict ourselves to those
configurations in which the space enclosed by a sphere of radius a; with its
center at the origin contains only pure fluid, hence the superscript f. Next,
suppose that a bubble of type 1, the so called test bubble, is inserted into
the suspension with its center at the origin. In the absence of any thermal
or hydrodynamic interactions between the test bubble and all the other bub-

bles in the suspension, Uy, the velocity of this test bubble, averaged over all
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the configurations referred to above. will equal the sum of a thermocapillary
velocity

a; dvy f

Z(—E) < VTx >
(cf. the comment following equation (1.9) ) and < uf, >. where the brack-

ets denote the ensemble conditional average of the undisturbed temperature

gradient at the origin and the undisturbed fluid velocity at the origin. Hence.

T =% 9 f /

U1—2”( dT)<VT°°>+<u°°>' (C.1)
Similarly,

= _.a, dy f f )

U, = AQ#(-—JT) <VTL >+ <ul >. (C.2)

Now, one of the constraints in the space filling suspension is that
H= (1 -CL — C2) < VTI > -Cl§1 - Cz§2 (C.3)

where H is the applied temperature gradient and S, and S, are. respec-
tively, the average thermal dipole strengths of particles 1 and 2 (Jeffrev 1973;

Acrivos et al. 1990). In addition, as shown by Jeffrey (1973)
— — k*
1S + €S, = (—k— — I)H (C.4)

where, once again, £* is the effective thermal conductivity of the suspension
and k is the thermal conductivity of the fluid. Consequently,

k*Jk

I—Cl—Cz

< VT >= H (C.5)
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where the expression for &*/k to O(c?) was derived by Thovert and Acrivos
(1989). It should be noted that, although the term < VT > in equation
(C.3) refers to the unconditional ensemble average of the temperature gra-
dient at any point within the fluid, it also equals the conditional ensemble
average < VTgo > at the origin referred to above on account of the symmetry
of the problem.

Similarly, the constraint that the average velocity be zero gives
0= (1 —-C — Cz) < u/ > +Clﬁ1 + Czﬁg (CS)

hence, on combining equations (C.1) ~ (C.6), we arrive at

T __ K[k ) -

U= {l~a - e}l (C.7)
and

U2 = 1 - L —Ca {1 :\'Cl Cz}U2 (CS)

where U(lo) and U§°’ are the velocities of the corresponding single bubbles.
The expressions given above for U; and U, are, of course, incomplete
because they do not take into account the hydrodynamic and thermal inter-
actions between a given test bubble and the other bubbles in the suspension.
For monodisperse suspensions (A = 1), however, their interactions cancel
each other and hence equations (C.7) and (C.8) reduce to the exact result

given by Acrivos et al. (1990)

=

Eew

U@, (C.9)

|
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In addition, for dilute suspensions,

k* 3 3
?—1*561 —§CQ+O(C2),

in which case equation (C.7) becomes

— 3 1
U, = {1 — ECI -2+ 5)62 + ...}Ugo).

The above is identical to equations (1.63) and (1.64) with I(\) = 0. But
since, as shown earlier, I(\) is much smaller than (A + 1) for A > 1 it
seems reasonable to anticipate that the expressions (C.7) and (C.8), which
were derived using only the constraints of renormalization, should apply with

acceptable accuracy when A > % for the case of Uy, and when A < 2 for the

case of U,. This point requires, however, further study.
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Appendix D

A generalization and a simple
proof of the
Helmholtz-Smoluchowski
theory

In the electrophoresis problem, charged non-conducting particles move through
an electrolyte in a uniform electric field E at a velocity equal to that of an

isolated sphere as obtained from the Helmholtz-Smoluchowski theory,

U, = 5‘;‘:—413 (D.1)

as long as the double layer is thin compared with the radius of curvature of
the particle surface and all inertia effects are negligible. Here ¢ is the dielectric
constant of the suspending fluid, ¢ is the permittivity of free space, { is the
electrostatic potential at the surface, and u is the viscosity of the suspending

electrolyte.

The theoretical proof of the above result is available for two identical
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spheres in Reed & Morrison (1976), for n identical spheres in Zukoski (1984)
and Acrivos et al. (1990), and for a single particle of arbitrary shape in
Morrison (1970) and Teubner(1982).

In this appendix, a slight extension of this result is presented and proved
which contains the results referred to above as special cases. The extension
parallels the relations given by (1.10)-(1.13) in §1.2.

Consider the motion of a group of IV particles of arbitrary shapes through
an electrolyte in an ambient electric field with potential ¢, and an ambient
flow field u,. Assuming that the double layer is thin compared with the
radius of curvature of the particle surface and that all inertia effects are
negligible, the governing equation and boundary conditions for the electric

field potential ¢ are given by (Acrivos et al. 1990)

V¢ =0, (D.2)
¢—d as [x| — oc, (D.3)
n;-V¢ = 0 on the surface of particlez,i =1, NV (D.4)

where n; denotes the unit vector normal to the surface of particle ;. On

the other hand, the velocity field u and pressure field p around the particles

satisfy
Viu = —I-Vp, (D.3)
Vau=0, (D.6)
U—l, as |X| — oo, (D.7T)
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n;-u = n;-(U; + ©; X x;) on the surface of particlez,z =1, N, (D.8)

(I -nmn;)-u=o(I — n:n;)-Vo on the surface of particlez,z =1, N, (D.9)

where a = e(/p. Here U; and ; are, respectively, the translational and
angular velocity of particle i. We further require that the particles be force-

free and torque-free, i.e.
F;=0 and T;=0 fori=1,N.

Now, if the ambient electric potential and velocity fields, ¢ and u

respectively, satisfy the relation
U = @V, (D.10)
then it can be shown that the flow field remains irrotational and is given by
u=aV¢ with p=0, (D.11)
and all the particles will be stationary, i.e.
U;=0 and ;=0 for:=1,N. (D.12)

The relations (D.11) and (D.12) can be easily verified by a direct substitu-
tion into (D.3) - (D.9) and using (D.2) - (D.4), together with the uniqueness
theorem for the above governing equations and boundary conditions.

A physical interpretation of this result can be obtained by an argument

similar to that in the corresponding thermocapillary problem in §1.2.
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The electrophoretic velocities of NV arbitrarily shaped particles in a quies-
cent ambient electrolyte in a uniform electric field E can be easily obtained
using (D.10) - (D.12). If we take a new reference frame which moves rela-
tive to the original reference frame with a constant velocity aE, the ambient
flow in the new reference frame is then given by u,, = —aE, which satisfies
(D.10). Thus, according to (D.12), all particles remain stationary in the
new reference frame. However, if we observe the phenomenon in the original
reference frame, all the particles will move with the same constant velocity
aE, in agreement with the Helmholtz-Smoluchowski theory.

In conclusion, we were able to obtain a more general relation for the
electrophoretic motion of particles of arbitrary shapes, containing the earlier
available results for the motion in a uniform electric field as special cases.
The proof is very simple in contrast with the others. The slightly more
general relation for arbitrary irrotational ambient flow might be useful in

certain future studies.
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