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CHAPTER 1: DEFINING THE PROBLEM

1.1 Historical Background: Density Wave Theory of Spiral Galaxies

The basic problem encountered by any theory describing 

spiral galaxies is the so-called "winding dilemma.” If the spiral 

arms are always composed of the same material, the differential ro­

tation of the galaxy would soon change their shape, winding them 

up (or unwinding them) within only a few galactic rotation periods. 

Since the type of spiral structure (i.e., openness or tightness of 

the arms) is strongly correlated with other physical properties of 

the galaxy which cannot change rapidly in time, such as relative 

gas content or frequency of young objects (Roberts, Roberts and 

Shu 1975), the spiral pattern must be at least quasi-permanent.

The density wave theory, first proposed by Lin and Shu 

(1964), resolves the "winding dilemma" by postulating that the spi­

ral aims are a density wave pattern. This density wave is assumed 

neutral (not growing or decaying in time), is shaped like an in­

armed spiral, and rotates about the center of the galaxy with a 

constant angular velocity or pattern speed /I .

The stars and interstellar gas move according to the ga­

lactic rotation curve, at velocities varying with distance from
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the galactic center, and pass through the density wave. Thus the 

spiral arms do not continually consist of the same material; at 

different times, different gas and stars represent the local maxi­

ma of the density wave. The constancy of the geometrical shape of 

the arms is assured since the wave rotates as a rigid body.

Since the density wave is created and maintained by pure­

ly gravitational forces, a completely self-consistent treatment 

would include the self-gravity of both the gas and the stars in 

producing the spiral perturbation potential. However, since the 

stars contribute most of the mass of the galaxy, the small changes 

in the gravitational potential due to the resultant redistribution 

of the gas are usually ignored, and the spiral field is assumed to 

be produced solely by the stars. In this thesis, we are concerned 

with the gaseous response to an imposed background spiral gravita­

tional field supplied by the stars.

The stellar distribution is basically rotationally sym­

metric except for the small non-axisymmetric component in the spi­

ral arms. (There j,s oniy about 51 more mass in the arms than be­

tween them.) The total gravitational potential is therefore the 

axisymmetric potential plus a non-axisymmetric perturbation. Be­

cause of the small velocity dispersion of the gas compared to the 

stellar dispersion velocities, the gaseous response to this weak 

non-axisymmetric stellar potential is highly nonlinear, resulting 

in large-scale "galactic shock waves."

A good deal of work has been done in calculating these



- 3 -

galactic shocks in the gas flow in a two-dimensional (flat) galaxy. 

This two-dimensional approximation is justified as a starting 

point by the observation that the radius of our Galaxy is about 50 

times its thickness, and other galaxies appear to be at least as 

flattened as ours. Both Shu (1968) and Vandervoort (1970a, 1970b,

1971) have considered the effects of the finite thickness of the 

Galaxy, but they assumed that the gas behaves as a uniform slab, 

with no vertical motions.

With these approximations, plus the assumption of a 

tightly wound spiral pattern, a steady-state, two-armed spiral 

shock solution to the gas flow in the plane was demonstrated by 

Roberts (1969, 1972) and Shu, Milione and Roberts (1973) for the 

case of an isothermal gas, and extended to the two-phase model of 

the gas by Shu, et al. (1972). Woodward (1973, 1975) calculated 

the time-dependent shock solution.

The resulting gas flow in the plane of the galaxy is pe­

riodic, along narrow, nearly concentric streamlines, passing 

through large-scale standing shock waves foimed near the potential 

minima of the spiral pattern (see figures 1 and 2).

With the existence of the shock waves in the gas, the 

density wave theory is able to explain many observed phenomena and 

even predict others. The galactic shock as a triggering mechanism 

for star formation can explain why the minor mass perturbations of 

the arms should be so optically prominent, traced out by young, 

bright stars, HII regions and narrow dust lanes. The relative lo-



- 4 -

FIGURE 1: Spiral potential minima (dashed lines), stream­
lines (solid lines), and shock locations (o). 
From Roberts’ (1969) calculations for a tightly 
wound spiral galaxy.
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cations of these tracers, as well as the enhanced synchrotron ra­

diation along the spiral arms (Matthewson, et al. 1972), can also 

be explained. An excellent review of the density wave theory can 

be found in Wielen (1974).

While the density wave theory for a flat, two-dimensional 

galaxy explains many important observed features, more knowledge is 

needed of the structure of the galaxy in the z-dimension. Some 

work has already been done on the vertical component of the gas. 

Tosa (1973) studied three-dimensional steady-state galactic shock 

waves, taking into account the finite vertical thickness of the 

gas layer. However, he assumed local hydrostatic equilibrium in 

the z-dimension, and complete independence of all variables of z. 

Thus his calculation tells us little about the vertical gas 

structure.

A linear analysis of the three-dimensional steady-state 

gaseous flow was carried out by Yuan and Wallace (1973); the re­

sulting vertical flow of the gas is small (less than 2 km/sec), 

and the streamlines of the gas are virtually parallel to the plane 

of the Galaxy.

1.2 The Theoretical Problem

This thesis has extended the above work to the nonlinear 

regime, combining shock formation in time and two space dimensions 

(along the streamline in the plane, and the vertical [z] direction). 

Although the stellar dynamics can be calculated quite accurately
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with a linear model (Lin, Yuan and Shu 1969), the gas response to

even a weak perturbation is expected to be nonlinear: the response
_2is roughly proportional to c , where c is the velocity dispersion 

in the case of the stars or the sonic velocity in the case of the 

gas. Since c ̂  AO km/sec for the stars, but for the gas 

c ̂ 10 km/sec, we expect a highly nonlinear response in the gas 

that may be quite different from the linear motions.

There are a number of general questions about the verti­

cal motion and distribution of the gas, such as:

(1) What are the streamlines of the gas? What are the magni­

tudes of its vertical motion? This information is needed in three- 

dimensional models of the Galaxy used in constructing theoretical 

profiles and contour maps. Also, the answer to this question 

might throw some light on the problem of the high velocity clouds.

(2) How does the density of the gas vary with distance from 

the plane?

(3) How does the theoretical thickness of the gas layer 

change along the streamline?

This thesis is interested specifically in the vertical 

extent of the galactic shock associated with the spiral arms and 

in any shock-induced vertical motions of the gas, in order to see 

the effect of the shock on the vertical thickness of the gas 

layer -- i.e., the height of the spiral arm including the high la­

titude ("high-z") extensions.
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1.3 The Observational Problem

The "high-z" extensions are large-scale concentrations 

of neutral hydrogen gas extending perpendicular to the galactic 

plane (z-direction), with velocities corresponding to those of the 

gas in the spiral arms in the galactic plane. They were first ob­

served by Kepner (1970) in the Perseus and the Outer arm. Her da­

ta seemed to indicate that these concentrations are relatively 

smooth continuations of the spiral arms into intermediate latitudes 

(corresponding to heights of up to 2 kpc above the plane).

Such high latitude extensions of the gas also seem to 

exist in the Sagittarius arm and the Scutum arm, as the observa­

tions of Henderson (1972) have suggested. Some optical observa­

tions (Kilkenny 1973) also indicate that the spiral arms may ex­

tend to 2 kpc from the plane.

Since the acceptance of this phenomenon has been based 

primarily on Kepner's observations, independent confirmation of 

their existence and properties by more sensitive and more extensive 

observations was needed.

Such observations, made by W. B. Burton and myself with 

the NRAO 140-ft. and 300-ft. radio telescopes, confirmed their ex­

istence, and investigated their extent and continuity in space and 

their velocity range.
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1.4 Structure of the Thesis

Chapter 2 describes the telescope procedures and pre­

sents the observations of the hydrogen gas in our Galaxy.

Chapter 3 develops the theoretical model used to calcu­

late the motions and spatial distribution of the gas in response 

to a given spiral gravitational potential. It discusses how the 

gas is modeled, and the simplifications that reduce the problem to 

two spatial dimensions.

Chapter 4 is a relatively technical description of the 

numerical method used to solve the mathematical problem. It also 

discusses many of the subtle details involved in using the calcu­

lation scheme.

Chapters 5 and 6 break up the full two-dimensional prob­

lem into two separate one-dimensional problems, in order to get a 

better understanding of the numerical method and its numerous pit­

falls .

Chapter 5 treats the problem with the x-dimension sup­

pressed: essentially a static atmosphere. Section 5.4 discusses

a technical stability problem related to the numerical method.

Chapter 6 suppresses the z-dimension and looks at one­

dimensional flow into a spiral potential. This is analogous to 

the flow through a converging-diverging nozzle, and yields an ex­

cellent understanding of the entire problem -- both for details of 

the numerical scheme and for a physical and intuitive understand­

ing of transonic flow and the formation of a shock.
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Chapter 7 treats the full two-dimensional problem. It 

presents the results obtained using the two basic models of the 

gas (Model A for an isothermal gas, and Model B for a gas whose 

temperature varies with |z[), and interprets them with regard to 

the observations.



CHAPTER 2: OBSERVATIONS OF THE HIGH-Z EXTENSIONS

2.1 Introduction

The only observations specifically investigating the 

high-z extensions were made by Kepner (1970); the extensions can 

also be seen in the galactic survey by Weaver and Williams (1974) 

and in Henderson (1972). A new, more extensive investigation of 

the phenomenon was needed.

Observations of the 21-cm (1420 MHz) emission from the 

spin-flip transition of neutral hydrogen in our Galaxy were taken 

by W. B. Burton and myself during July - November, 1975 on the 

140-ft. and 300-ft. radio telescopes at the National Radio Astrono­

my Observatory in Green Bank, West Virginia.

The data obtained is substantially better in angular re­

solution and velocity resolution. It also includes observations 

below the galactic plane. In addition, it has a much higher sig­

nal -to-nois- ratio than that of most galactic structure surveys.

2.2 Apparatus

The 140-ft. telescope is a completely steerable dish with 

an angular resolution at 21-cm, measured at the half-power level

- 11 -
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(i.e., half-power beam width, HPBW), of 20' of arc. The 300-ft. 

telescope is a meridian transit antenna with a HPBW at 21-cm of 

10' of arc. Since its steerability is restricted to the declina­

tion coordinate, it cannot track a specific sky position for very 

long, but it can track galactic longitude or latitude as the sky 

drifts through the beam, by changing the declination.

The system receiving the incoming signal, the autocorre­

lator, is the equivalent of a multi-channel spectrum analyzer which 

measures the power spectrum over a selected bandwidth (frequency 

coverage) and center frequency (Shalloway, Mauzy and Greenhalgh

1972). It produces a one bit time correlation function of the sig­

nal, and then performs an inverse Fourier transform to produce the 

power spectrum. The autocorrelator has a total of 384 channels 

which can be divided up into as many as four separate sections, 

called receivers. The receivers can be operated either in series, 

as one 384-channel receiver, or in parallel, as four independent 

96-channel receivers whose signals can then be combined, or in some 

other combination. Each receiver can have any bandwidth, independ­

ent of the other three receivers.

For accurate spectral measurements, a source spectrum is 

compared to a reference spectrum, which removes or minimizes instru­

mental effects. The observed signal is collected for a time T) 

called the integration time; the proportion of signal to reference 

time is specified by the observer. The reference spectrum can be 

obtained by position switching or frequency switching. In position
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switching the reference spectrum is obtained by periodically moving 

the telescope off the source position. Frequency switching gene­

rates a comparison spectrum by shifting the frequency of the re­

ceivers to an adjacent bandwidth while the telescope remains 

stationary.

Position switching usually produces a more stable signal 

across the filterbank. However, frequency switching must be em­

ployed when observing neutral hydrogen in the Galaxy, since the 

21-cm emission is so ubiquitous that finding emission-free compari­

son regions is impossible. In either switching mode, the reference 

signal is subtracted from the source signal, and then divided by 

the reference to correct for gain variation across the bandwidth. 

This output of the autocorrelator is proportional to the intensity 

of the source.

Radio astronomers normally use units of temperature to 

measure intensity of radiation. In the range of radio wavelengths, 

where h 1) «  kT, the Rayleigh - Jeans radiation law holds:

2KTb£>2
I f- , (2.1)

C

where is the brightness temperature corresponding to the inten­

sity measured. However, since the telescope is never free of los­

ses, the actual antenna temperature is less than Tg by some ef­

ficiency factor C . (It is this factor £• that makes it difficult to 

compare data from different telescopes.)

In addition, radio astronomers convert frequencies to ve­
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locities with respect to the local standard of rest (using the non- 

relativistic Doppler formula). The velocity resolution correspond­

ing to 1420 MHz is given by the relation

1 km/sec =4.74 kHz . (2.2)

This is a much more physically meaningful way to look at the data, 

since it tells us how accurately we can resolve components of gas 

with different velocities.

A typical example of the autocorrelator output is shown 

in figure 3a. This is called a line profile: antenna temperature

T^ as a function of velocity, for a position given by galactic lon­

gitude 1 and latitude b. The regions on the sides of the signal 

show the receiver fluctuations due to receiver noise, scattered 

radiation, and the nonlinear response of the "filters" to input.

To eliminate them, a baseline (shown in figure 3a as the dotted 

line) is fitted to the side regions of the profile and subtracted 

from the spectrum. Figure 3b shows the reduced line profile.

An estimate of the fraction of the observed signal that 

could be due to sidelobe radiation was obtained by doing moon oc- 

cultations with the 300-ft. telescope, thus blocking the 10' of 

arc subtended by the main beam with the 30' of arc subtended by 

the moon. The moon occultations were done on five successive days. 

The sky position of each occultation, or "on" scan, was observed on 

another day as an "off" scan, to see what the total signal from 

that position is.
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FIGURE 3a: Unreduced spectrum or line profile.
line is the baseline to be removed.

The dotted

FIGURE 3b: Reduced line profile.
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The profiles from one pair of ”on” and "off" scans are 

shown in figures 4a and 4b. The "off" scan has a maximum antenna 

temperature of 14.0°K, and the "on" scan has a maximum of 4.2°K. 

Thus, 30% of the signal was received from the far sidelobes. The 

data for the five occultations is listed in table 1.

As table 1 shows, the radiation in the sidelobes varied 

from 18% to 37%, depending on the sky position observed. There­

fore, only antenna temperatures of 0.6°K and larger were used in 

describing the features, regardless of the high sensitivity of 

the observations in terms of receiver fluctuation (average ims 

noise of 0.09°K for the 140-ft. telescope and from 0.10°K to 0.25°K 

for the 300-ft. telescope).

2.3 Telescope Procedures

For most observations presented here, the autocorrelator 

was used in the mode of one receiver of 384 channels with a total 

frequency bandwidth of 2.5 MHz; the corresponding total velocity 

coverage at 21-cm is 527 km/sec. The velocity and frequency reso­

lution per channel was 1.37 km/sec and 6.49 kHz.

Four galactic longitudes, 30°, 60°, 80°, and 100°, were 

scanned in the mode of two independent receivers of 192 channels 

each, covering the same frequency range; the spectra were aver­

aged for better signal-to-noise ratio. The velocity and frequency 

resolution per channel was 2.74 km/sec and 12.98 kHz.

All spectra were frequency switched by 2.5 MHz; as a
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TABLE 1

RESULTS OF FIVE OCCULTATIONS OF 
THE 300-FT. TELESCOPE BY THE MOON

Position

ta (°k)
% Dif­
ference"On" "Off”

1 4.2 14.0 30

?
4-

o  n
L. • L. 5.9 37

3 3.3 10.3 32

4 2.5 13.2 19

S 1.9 10.5 18
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check against possible receiver bias or emission in the switched 

signal, the middle tuning frequency was switched above and below 

the signal's center frequency on alternate days. No significant 

differences were seen in the profiles.

The bandwidth was chosen by inspecting galactic survey 

maps of the regions to be observed, and choosing a velocity cover­

age large enough to include adequate regions on both sides of the 

emission for fitting baselines. Since the center of the velocity 

range of the emission varies with position, the center velocity of 

the receiver was changed correspondingly.

For the longitudes observed with the 140-ft. telescope, 

each sky position was tracked for a time V, usually 10 minutes.

In tracking longitude and latitude with the 300-ft. tele­

scope, the integration time was 10 seconds. Subsequently, differ­

ent numbers of these 10-second scans (depending on the specific sky 

position) were averaged to get a profile of an angular size of 10' 

or 20' of arc. For some positions that drift through the beam very 

rapidly, observations were taken on more than one day and the spec­

tra were averaged to get a better signal-to-noise ratio.

All profiles were reduced individually, without reference 

to profiles of neighboring points. If some sudden irregularity on 

the scale of 1 - 2 profiles showed up in the preliminary contour 

maps, the reduction of those profiles was re-checked using the 

neighboring profiles as a guide. This procedure assumed that the 

large-scale galactic structure is continuous and smooth on the
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scale of 10' to 30' of arc. Only about 3% of the profiles were 

reduced a second time.

2.4 Observations

Two longitudes, 140° and 240°, were observed on the 140- 

ft. telescope. The observations at 1 = 140° are spaced 40' of arc 

apart, and those at 1 = 240° are spaced 20' of arc apart. The la­

titude ranges covered are:

1 = 140° -17.3° ̂  b < 27.3°

1 = 240° -13.0° ̂  b ^24.0°

On the 300-ft. telescope, observations were made at four 

longitudes, 30°, 60°, 80° and 100°. Furthermore, four regions were 

observed at 1° intervals of longitude: 1 = 118° - 120°;

1 = 147° - 149°; 1 = 152° - 157°; and 1 = 225° - 231°. The lati­

tude ranges for each longitude were approximately -20° to +20°, the 

specific values depending on the longitude.

In addition, constant latitude observations were taken on 

the 300-ft. telescope at 8°, 10°, 15°, 16° and -7°, covering most 

of the longitudes observed.

Sample profiles for several sky positions are shown in 

figure 5. The ordinate is the antenna temperature in °K; the 

abscissa is the line-of-sight velocity with respect to the local 

standard of rest, in km/sec.
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All observations are summarized in contour maps prepared 

from the profiles, figures 6-34. The maps in figures 6 - 3 0  pre­

sent contours of equal antenna temperature in velocity-latitude co­

ordinates. Figures 31 - 34 are at constant latitude and show an­

tenna temperature contours in velocity-longitude coordinates.

The profiles used to produce the contour maps were 

smoothed; i.e., the signal in each frequency channel was averaged 

with the adjacent channels with a 1:2:1 weighting. This produced 

maps in which large-scale galactic structures are easier to recog­

nize. However, some information is lost by this smoothing, as 

well as by the finite intervals between contour levels. There­

fore, all quantitative information was obtained from the profiles 

themselves.

The contour maps of spectra from the 300-ft. telescope 

have an angular resolution of 20' of arc, to make them comparable 

with other investigations as well as to smooth out the irregulari­

ties and lower the rms noise. But all quantitative information 

based on the 20' of arc profiles was checked by randomly remeasur­

ing some results from the 10' of arc spectra. No significant dif­

ferences were found.

2.5 Discussion

(a) Hie existence of the high-z extensions

Identifying spiral structure from 21-cm observations 

(which contain no direct distance information) is largely a matter
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FIGURES 6 -

FIGURES 31 -

30: Contour maps showing antenna temperature as a
function of velocity and latitude at fixed 
longitudes. The lowest level contours (<1°TJ 
vary from map to map, but all have contour 
drawn at antenna temperatures of 1, 2, 4, 7, 12,
20, 30, 40, .... °K. Hatched contours enclose
regions of relatively low antenna temperature.

34: Contour maps showing antenna temperature as a 
function of velocity and latitude at fixed lati­
tudes. All details are the same as in figures 
6 - 30.
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of recognizing coherent features that are distributed continuously 

over some range in latitude, longitude and velocity. If concentra­

tions of gas seen at high latitudes are related to the spiral fea­

tures in the plane, they should be traceable in both velocity and 

latitude, and form a smooth distribution in longitude as well.

Although a contour map may be deceiving because of the 

smoothing and interpolation between observed positions and because 

information is lost between the drawn contour levels, the continu­

ous nature of the extensions seen in the maps is confirmed by the 

emission profiles themselves (i.e., antenna temperature versus 

frequency or velocity at fixed longitude and latitude).

The contour maps at constant longitude show an unambigu­

ous connection between the features in the plane and away from it; 

the emission varies smoothly over a large latitude range. In addi­

tion, the concentrations at intermediate latitudes do not appear 

isolated in velocity space; their radial velocities can be traced 

smoothly down to those of the features in the plane.

There is some very weak emission, seen at all latitudes 

with large (negative) velocities. At many longitudes it extends 

vertically in b like an envelope of gas. The main features show 

no real tendency to merge with this weak, ubiquitous emission, 

which is possibly radiation detected in the sidelobes (see sec­

tion 2.2).

Figures 31 - 34 show the continuity of these extensions 

in longitude; a comparison with longitude-velocity maps at b = 0°
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(Burton 1970; Westerhout 1973) shows that the features away from 

the plane have similar velocities and similar longitude ranges as 

the features in the plane.

All high-z extensions show certain characteristics:

(i) The "wings" of the features extend normally to latitudes 

of 15°. In those cases where they reach as high as 20° 

or 21°, the emission there is very weak; very little gas 

is up there. Whether there is more gas there than would 

be normally expected from the increased density in the 

plane, will be discussed in section 2.5(d).

(ii) The apparent "rolling motions" of the spiral arms (i.e., 

the velocity gradient with respect to b across the arm 

[see Yuan and Wallace 1973]) can be seen near the plane, 

but in the intermediate positive latitude gas the veloci­

ty gradient is greatly reduced. This is difficult to in­

terpret: there is no way to distinguish an increase in

the velocity parallel to the plane with jz[ from that of 

the velocity normal to the plane with |zj ; both would re­

sult in the same observed line-of-sight velocity. More­

over, the bending of the plane at large R complicates the 

velocity field. (This nonlinear effect is not studied in 

this thesis; we are really interested in [i], why the 

high-z gas is seen there at all.)

(iii) There is a basic asymmetry with respect to the galactic

plane. In the first and second quadrants, the spiral arm
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wings extend to much larger positive than negative lati­

tudes. This asymmetry persists even when the galactic 

warp is taken into account; the gas extends further above 

the latitude of maximum emission than below.

Our observations in the third quadrant do not cover suf­

ficient latitude range to see if the opposite is true, 

but observations by others (e.g., Weaver and Williams 

1974) show that it is not. There is still more emission 

above the maximum, even when that maximum is below 

b = 0°. The asymmetry is not as strong as in the first 

and second quadrants, but the explanation cannot be mere­

ly the existence of the galactic warp.

(b) The heights of the extensions

To transform galactic latitude, b, into distance from 

the plane, z, the distance from the observer to the emitting region 

must be known. Unfortunately, there is no general agreement on a 

spiral pattern for the Galaxy. The present calculations adopted 

the spiral pattern shown in figure 35 (Yuan and Wallace 1973).

Using this pattern we can derive the maximum distances 

from the plane, i  z , to which we can trace each aim. These quanti­

ties are summarized in tables 2 and 3, which also contain, for each 

longitude, the velocity and latitude of the maximum emission. In 

addition, for each of the regions observed with close spacing in 

longitude, an average height <zm> has been calculated.
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FIGURE 35: Spiral arm pattern adopted for the study of the
high-z extensions (from Yuan and Wallace 1973)
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TABLE 2a

OBSERVED HIGH-Z EXTENSIONS IN THE PERSEUS ARM

JL V0 R r bo zm ' zo
(km/ sec) (kpc) (kpc) (kpc)

140° -40 11.9 2.4 0.9° 0.5
-0.3

147 -33 11.9 2.2 -0.5 0.6
-0.2

148 -31 11.9 2.2 1.0 0.6
-0.3

149 -31 11.9 2.2 0.5 0.7
-0.5

152 -29 11.9 2.1 0.2 o 
o 1

153 -30 11.9 2.1 0.2 o 
o 1

154 -33 11.9 2.1 1.1 o 
o 1

155 -31 11.9 2.1 1.0 0.7
-0.4

156 -31 11.9 2.1 0.5 0.7
-0.5

157 -29 11.9 2.0 0.0 0.7

225 67 12.3 3.0 -2.7 0.7
226 64 12.3 3.0 -1.3 0.4
229 72 12.3 3.2 -2.7 0.4
231 68 12.3 3.2 0 . 0 0.3
240 68 12.1 3.5 -1.1

I o 
o

<3
\ C

O

JLis galactic longitude; R is galactocentric radius; r is distance
to the Sun; is velocity of the maximum emission; b is latitude o o
of the maximum emission; z - z is maximum height to which them o  °
arms can be traced (taking bQ into account).



TABLE 2b

OBSERVED HIGH-Z EXTENSIONS IN THE OUTER AND FAR OUTER ARMS

X Vo R r bo
(km/sec) (kpc) (kpc) (kpc)

cr\ o o -59 12.0 13.3 0.7° 3.5
-2.3

80 -65 13.5 11.0 0.7 1.5
-1.6

100 -90 14.0 8.2 2.3 2.9
-1.3

118 -93 14.2 6.4 1.3 1.8
-0.9

119 -96 14.2 6.3 1.7 1.9
-0.7

120 -98 14.2 6.3 2.1 2.1
-0.8

140 -77 14.2 5.0 0.8 1.7
-0.8

147 -56 14.2 4.7 2.0 -0.6
148 -55 14.2 4.7 0.4 -0.4
149 -53 14.2 4.7 1.0 -0.7

30 -35 13.0 20.7 1.0 2.5
-1.2

80 -113 14.1 16.3 3.8 2.7

Jl: galactic longitude 
R: galactocentric radius
r: distance to the Sun
VQ: velocity of the maximum emission 
bQ: latitude of the maximum emission

-  z q : maximum height to which the arms can be traced (taking
bQ into account)
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TABLE 3

AVERAGE HEIGHTS OF 
OBSERVED HIGH-Z EXTENSIONS

Longitude

Average
R

(kpc)

Average
Height
(kpc)

118° - 120° 14.2 1.9
-0.8

147° - 149° 11.9 0.6
-0.3

147° - 149° 14.2 -0.5

152° - 157° 11.9 0.7
-0.4

225° - 231° 12.3 0.5

Source: Tables 2a, 2b.
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Calculation of the heights of the arms ignored those fea­

tures that (a) cannot be related unambiguously to an arm in the 

spiral pattern of figure 35, or (b) cannot be traced from the plane 

to intermediate latitudes. For example, at 1 = 100°, where the 

Perseus arm has two branches with uncertain distances and a great 

deal of blending of components, only the Outer arm feature was con­

sidered. At some longitudes, notably 1 = 227°, 228° and 230°, the 

arms extended below the latitudes observed. At others, such as 

1 = 60°, it was not possible to follow the feature more than two 

degrees below the plane.

The heights of the arms at different positions in the Ga­

laxy vary widely, from 0.6 kpc at 1 = 148° to 3.5 kpc at 1 = 60°. 

There is a pattern (with a great deal of scatter) of height in­

creasing with galactic radius, as the plot of zm - zq versus R in 

figure 36 shows clearly for positive latitude extensions (notwith­

standing the apparent anomaly at R = 12.0). There is no similar 

trend for extensions below the plane, but we do not expect it be­

cause of the marked asymmetry.

(c) Comparison with Kepner's results

A comparison of our results with the observations by Kep- 

ner (1970) is shown in table 4. For the sake of the comparison, 

the latitudes were reconverted into heights using her (different) 

spiral pattern.

Many components that Kepner's wide grid spacing in lati­

tude showed as related, our finer latitude spacing revealed as se-
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FIGURE 36: Heights of spiral arms above the maximum
emission versus galactocentric radius R. 
Circled points are the average heights 
of the three closely sampled regions.
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TABLE 4

COMPARISON OF OBSERVED HEIGHTS OF HIGH-Z EXTENSIONS

Observer Longitude
bo

(kpc)
zm ' zo 
(kpc)

Kepner 60° 2.0° 0.5 3.2
Burton-Soukup 0.7 0.2 4.0

Kepner 80. 2.0 0.4 3.4
Burton-Soukup 0.7 0.1 1.5

Kepner 80 0.5 1.2 3.4
Burton-Soukup 3.8 0.9 2.2

Kepner 140 0 0 1.0
Burton-Soukup 0.9 0.04 0.7

Kepner 140 2.0 0.2 1.4
Burton-Soukup 0.8 0.1 2.2

Kepner 152 0 0 1.5
Burton-Soukup 0.5 0.04 1.3

bQ is the latitude of the arm emission maximum.

zQ is the height above the galactic plane of bQ.

z - z is the maximum distance to which the arm can 
m 0 be traced.
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parate. For example: at 1 = 152° Kepner sees a wing at an average

velocity of -42 Km/sec, and associates it with a distance of

4.4 kpc from the Sun. Our observations make it clear, however, 

that this wing is associated with the near feature in the plane at 

V = -30 km/sec, r = 2.1 kpc.

Our higher velocity and spatial resolution did not pro­

duce profiles drastically different from Kepner's; thus the number 

of components identified by her Gaussian analysis was essentially

correct. However, we could not trace the spiral arms to the low

levels of emission that Kepner did, before they blended ;vith other 

emission. Therefore, table 4 compares the maximum heights of the 

features without any reference to intensity. The comparison can be 

only qualitative, since Kepner's latitude resolution was only 2° 

and her velocity resolution only 10.55 km/sec. But it does show a 

basic agreement on the existence of the same features at about the 

same velocities.

(d) The z-distribution of the emission

The typical trend of the gas distribution with respect to 

height above the galactic plane is shown for three longitudes in 

figures 37, 38 and 39. The antenna temperature (as a fraction of 

the maximum emission) is plotted versus z - z q ,  where z q  is the 

height of the maximum temperature. Only the distributions for po­

sitive z are analyzed.

Two theoretical curves as well as the observational data 

are drawn in each figure on the same set of axes. One is the Gaus-
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2 2 £ sian distribution, exp(-z /2 A  ), and the other is sech °(z/A)-
2The value of A  is 400 pc for both, and the value of depends on 

R and on the sonic speed a chosen, namely,

2 C2-rrG<Ŝ.)

P o =  a2

where is the stellar surface density. The values of are

taken from Vandervoort (1970a).

The hydrostatic solution for the density distribution,

Posech z/a  > is discussed in Chapter 5. The Gaussian curve is often 

used as a rough approximation to the density drop-off. The figures
j3*2

show that the sech °z/& is a much better fit to the observational 

data than the Gaussian, although there seems to be more gas at high 

z than either curve predicts. Chapter 7 will compare the hydrosta­

tic and dynamic predictions for the density distributions using 

two thermodynamic models of the gas.



CHAPTER 3: THE MODEL OF THE GAS FLOW

3.1 Introduction

The problem under consideration is the nonlinear three- 

dimensional flow of neutral hydrogen gas in the Galaxy, with empha­

sis on the vertical structure of that flow.

We neglect the self-gravity of the gas and assume that 

the gravitational potential seen by the gas is produced solely by 

the stars, and that it is not significantly changed by the result­

ant redistribution of the gas. Our problem is to calculate the 

gaseous response to a given stellar gravitational potential.

The fundamental equations of motion for the gas flow written 

in cylindrical coordinates (r, S ' ,  z) are: 

the equation of continuity (conservation of mass)

the three equations of motion (conservation of momentum)



the energy equation (conservation of entropy)

2 L  4. + Vs IS v
jt r iv r

—  <Mn«l tooling ‘Vs.trns’ (3. le)

and the equation of state

P = P(?,S) (3.If)

where t denotes the time, y(r,5-,z,t) is the gas density, (vr,v&,vz) 

are the velocities, z,t) is the total stellar gravitational

potential, P(r,5,,z,t) is the pressure, and S is the entropy per 

unit mass. These equations are derived in any fluid dynamics text­

book (e.g., Landau and Lifshitz 1959).

To simulate the physical flow with these equations accu­

rately, assumptions made about each quantity must be clearly un­

derstood.
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Assuming that the gas is inviscid, we can omit the vis­

cous forces in the momentum equations and go on to consider the 

gravitational forces on the system.

5.2 The Gravitational Potential

The gas flow in the Galaxy is governed primarily by the 

smoothed axisymmetric gravitational forces of the stars. The bas­

ic equilibrium state of the gas is one of pure circular rotation 

in which the centrifugal forces are exactly balanced by this axi­

symmetric gravitational force field. The gas density of this base 

state is fo(r,z) and the gravitational potential is (r,z). For 

circular flow, the velocities are (v ,Vj.,v ) = (0,vd [r,z],0), and

The non-axisymmetric portion of the gravitational field 

is a two-aimed spiral perturbation 1/p superimposed on the axisym­

metric potential so we may write

The forms for both portions of J  are taken from Vander- 
voort (1970b), where they are given in a particularly convenient 

mathematical form. For the axisymmetric part we have

o
the balance of forces may be written as

r (3.2)

'I/(r,*,z,t) = 7/^(r,z) + X£(r,fr,z,t) . (3.3)

V' (r,z) = t/(r,o) + (2»G^) Aln(cosh[z/A]) (3.4)u 00
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where USx ,o) is the potential due to an infinitesimally thin 
6©

stellar disk of surface density <5"AJ and the second term is due to 

a finite disk of scale height A .

term that specifies the shape of the spiral pattern. The wave num-

neighboring spiral arms. We see that the spiral pattern rotates 

around the galactic center with a constant angular velocity ^/2.

In the plane of the Galaxy, 2 = 0 ,  this potential reduces

to the tightly wound two-armed spiral potential used in the shock 

calculations of Roberts (1969). Section 3.4 shows that we do not

3.5 Reduction of the Spatial Dimensions

The gas dynamical equations (3.1) are time-dependent, 

three-dimensional equations, and very complicated to solve. To 

simplify them, we follow Roberts (1969) for the two-dimensional 

flow in the plane of the galaxy. We assume v = 0 and z = 0 in'Z*

equations (3.1), and consider J to be a surface density d'*.

(a) Flow in the galactic plane

Since the spiral pattern rotates as a rigid body with

The spiral portion is

where A(r) is the slowly varying amplitude

determines the local radial spacing between

need to know the form of
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angular velocity cJ/2, we transform into a rotating coordinate 

system (r,Y = &- [&J/2]t). In this frame, the potential is now 

stationary and all velocities are relative to the spiral pattern.

In addition, we change from (r,Y) to an orthogonal, cur­
vilinear set of coordinates (£,tj) , fixed in the rotating frame, 

that are parallel and perpendicular to the spiral equipotential 

curves defined by 2^+ £(r) = constant. The coordinate jj is along 

the spiral arm and is perpendicular to it (see figure 40).

In the specific case of a two-armed logarithmic spiral 

pattern with a constant inclination angle i, we have

(3-6’

where r is a constant, o
Since

and

~ -ln|^sin i + - _Q.pt)cos i (3.7a)

'V'l = Inf— j cos i + ( Q- /L^t)sin i , (3.7b)I  (r n) ~~V'

the expression for the spiral gravitational potential becomes

1!x = Aa,^)cos(ig - r ^ + /5) . (3.8)

The gravitational potential is thus seen to be oscillatory in .

All variables are now written as sums of an axisymmetric 

contribution and a spiral perturbation, denoted by subscripts o 

and 1:
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FIGURE 40: The (r,f) and (f,V) coordinate systems
for the galactic aisk. \ and1! run 
parallel and perpendicular to the spiral 
equipotential curves.
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<r = ̂  ^

V s = V v  + \ / y
o ?1 (3.9)

V  \  * \
In the asymptotic approximation of a tightly wound spi­

ral, A(|,|) is a slowly varying function, and therefore we expect 

the perturbation quantities to vary slowly with respect to |, but 

rapidly with respect to In other words, for tightly wound spi­

rals the gradients in the £ direction can be neglected compared to 

the gradients in the ^  direction.

Thus the steady-state equations for the perturbation 

quantities (neglecting terms of 2nd order or higher) are:

S V , ,

T f  '  V - ( V  V  f3-10a5

Vv V ,*1. 1.

C 3 * 1 0 c : )

vVwhere -ya and XI are functions of r that depend on the rotation 

curve, and f is the perturbation force in the direction, defined 

as
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f  = I =  2A *. sm (3.11)r sin i

(Some extra terms of secondary importance were retained in the cal­

culation, but are left out of these expressions.)

along only one spatial coordinate,^. The well-known solutions to 

these equations are narrow, nearly concentric streamlines, contain­

ing two periodically located shock xvaves which lie just before the 

minima of the spiral gravitational potential (figures 1 and 2).

The gas leaving an arm is subsonic, speeds up through the sonic 

point to become supersonic, and returns to subsonic speeds via a 

shock in the next spiral arm.

mine the surface density <5̂  by solving (3.10c). However, (3.10a)

and (3.10b) are coupled only through the Coriolis force 2-ft-v* in
1

the numerator.

where f’ = (2-TLv, + f) is the effective force seen by the gas,
ll

which includes the Coriolis force. This effective force is still 

periodic but no longer sinusoidal.

Now the coupling between equations (3.10a) and (3.10b) 

is hidden in f', but it is easier to see what role f1 plays in de-

To solve these equations, we must integrate numerically

Equations (3.10a) and (3.10b) are coupled equations for

v- and Vj, . Once we solve them for the velocities, we can deter- 
n  n1 ll

It is instructive to write equation (3.10a) as

(3.12)
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termining the position of the sonic point on the streamline. When

Yy. + Vyj =ia, the denominator of equation (3.12) vanishes; so 
I o (1

that r-rp would be finite there, the numerator must also vanish.

Thus, the gas can pass continuously through a sonic point only

where f’ = 2&V l + f = 0. (The role of f  in equation (3.12) is 
*1

explored more thoroughly in Chapter 6, which shows how this prob­

lem corresponds to the flow in a nozzle.)

(b) Adding the z-dimension

Being able to treat the flow in the plane of the Galaxy 

as a me-dimensional flow greatly simplifies our problem. We now 

add the z-dimension to this flow to get a set of two-dimensional 

time-dependent equations inland z.

The main effect of the Coriolis force is to determine 

the exact position of the sonic point, and therefore the position 

of the shock along the streamline in the plane. Since we are inte­

rested primarily in the vertical extent and structure of the shock, 

which occupies a relatively narrow region of about 50 pc along that 

streamline (Shu et al. 1972), we can omit the Coriolis force and 

formulate the problem in rectangular Cartesian coordinates. This 

will reproduce all the important physics of the problem, as shown 

below.

We take as our gravitational potential the original ex­

pression described in section 3.2, equations (3.4) and (3.5), but 

now we omit t/^(r ,o), since we have eliminated the base state of 

circular rotation. The streamline 0?) direction will now be
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called x, and the vertical direction z. The spiral gravitational

perturbation is now written with a phase that depends on x rather

than>^, and a coefficient, now a constant, called Nq :
\ l$A

J/ X̂ ) =. (2TT G <£) A  1 a (cosin (*/*)) + N0seck (3.13)

The spiral portion of this potential, N (1 - cos<*Lx), is drawn in 

figure 41a.

The true potential seen by the gas in one-dimensional 

spiral flow (i.e., with the Coriolis force included) is shown in 

figure 41b. This potential, *\fe££> was calculated from the effec­

tive force P  in equation (3.12); knowing the streamlines and the 

values of the variables along them, P  was integrated numerically 

to get the effective potential -- the solid line in figure 41b.

It is not periodic even though the shape is repeated (i.e., the 

curve from A to B is the same as from C to D). We can make it pe­

riodic by changing t/*e££ by a constant at the shock location, as 

shown by the dashed line in the figure. This may be done because 

the potential is one term in the Bernoulli quantity, which is con­

stant along a streamline, for continuous flow:

1/eff + 2y2 + = constant , (3.14)

where v is the velocity. This constant changes across a shock be­

cause of the discontinuity in velocity.

Figure 41 shows that omitting the Coriolis force changes 

some details of the potential, but not its general shape, and
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FIGURE 41a

FIGURE 41b

I
I ii

FIGURE 41a: The spiral portion of the gravitational potential,
N (1 - coscoc), as a function of the phase <K.x.

FIGURE 41b: The effective potential (solid line) seen by the gas
moving along a streamline, as a function of the phase. 
The curve from A to B is the same as from C to D.
The dashed line at the shock position B shows how the 
potential is made periodic by the change in the Ber­
noulli constant.
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therefore not the vertical structure of the shock.

Although the problem is usually treated as one of the 

gas flowing into a potential well (the spiral arm), viewing it as 

flowing into a potential bump (i.e., out of the spiral arm into 

the interarm region) makes the problem analogous to the physical 

nozzle flow, discussed in Chapter 6, which elucidates the problem 

of shock formation in supersonic flow.

For this simplified model, the governing equations for 

the time-dependent flow are:

where J(x,z,t) is the density, u(x,z,t) is the velocity in the x 

direction, w(x,z,t) is the vertical velocity, S is the entropy 

per unit mass, P is the pressure and \f is the gravitational poten­
tial of equation (3.13).

Since we are no longer treating a spiral-type problem, 

the meaning of c< in the expression foriV  changes. To simulate 

the coordinate along a streamline, o{ was chosen to be 21T/20, so 

that the distance covered by one cycle of the potential would be 

20 kpc. The values of and A  are taken from Vandervoort (1970a,

(3.15d)

(3.15a)

(3.15c)

(3.15b)

P = P(f,S) (3.15e)
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1970b); A  is a constant, 400 pc, and <T$. varies from 110 to 

35 M^/pc , corresponding to values of R from 10 to 14 kpc.

The values of ]$|a used vary from 0.5 to 2.0, corre­

sponding to radial distances between arms of 1.2 to 4.8 kpc for

A = 400 pc. Since the preliminary calculations show that the 

steady-state flows were not sensitive to the exact value within 

this range, the results presented in Chapter 7 used |^|a = 1.0

(spacing of 2.4 kpc).

The magnitude of the spiral potential is chosen so that 

the spiral force corresponds to a fixed fraction F of the mean axi­

symmetric gravitational force in the galactic plane, which is the
2centrifugal force v^/r. The radial spiral force, from equation 

(3.5), is |&|A(r) (for slowly varying A(r)). Writing

l^A(r) = F -yp- (3.16)

for values of and r at R = 12 kpc and (ĵj A  = 1.0, we have 
o

A(r) = 1880 F . (3.17)

This is the value used for the constant Nq in the spiral potential

for the rectangular problem. The fraction F varies from 2% to 7%,

but we can expect it to be about 5% (Yuan 1969).

5.4 Physical Properties of the Gas

In order to solve the set of equations (3,15), we must assume 

physical properties for the neutral hydrogen gas we are modeling.
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We have already assumed that the gas is not self-gravitating. We 

now assume it is compressible. In addition, we may consider tur­

bulence, magnetic fields and cosmic ray particles.

Roberts and Yuan (1-970) showed that the magnetic field 

influences the gas dynamics through the Maxwell stresses, largely 

in the form of a pressure. The resulting solutions for density 

and velocity are very similar; in general, the inclusion of magne­

tic effects makes the gas compression a little smaller, the shocks 

weaker, and the systematic motions not as large.

Since turbulence and cosmic ray particles also act as a 

"pressure," we will assume the gas to have a "mean equivalent" so­

nic speed. This speed represents the combination of turbulence, 

kinetic velocity, and contributions due to cosmic rays and magne­

tic fields. Since all these factors increase the overall disper­

sion speed of the gas, this effective sound speed is larger than 

the thermal sound speed, thus decreasing the response of the gas 

to the given potential field. The value of this effective sound 

speed is taken as 10 km/sec in the galactic plane.

The interstellar medium is often considered to be a "two- 

phase” medium, consisting of cold, dense gas clouds in rough pres­

sure equilibrium with a hot, rarefied intercloud medium (Field, 

Goldsmith, Habing 1969; Habing and Goldsmith 1971; Schwarz et al.

1972). The clouds vary in size and temperature, but an average
3cloud has a density of about 10 H atoms/cm and a temperature of 

about 70°K. The intercloud medium has a density of about
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3 4o0.1 H atoms/cm and a temperature of about 10 K.

These phases can be identified with the observed cold

dense clouds at temperatures 20°K - 1S0°K and with an unobserved
4 ahot, rarefied medium at temperatures of perhaps 10 K. The two 

phases interact by phase transitions (i.e., condensation and eva­

poration) in order to maintain the pressure equilibrium as the 

temperature of either phase changes.

Shu et_ al. (1972) studied the gas flow in the density 

wave theory based on this two-phase concept, and found that galac­

tic shocks are initiated by the intercloud medium. There are 

phase transitions between the two phases along the streamlines. 

However, the dynamical solution for the intercloud flow is very 

similar to the results of Roberts (1969), discussed above in sec­

tion 3.3(a), who used a one-component model of the interstellar 

medium. Roberts' interstellar gas consisted of clouds with velo­

city dispersion of 10 km/sec, which act as molecules of a "gas" 

when viewed on a scale much greater than the cloud diameter. The 

"gas" density was the smeared-out density of the clouds. The re­

sults of Shu et al. (1972) refer to the intercloud medium rather 

than the clouds, and his sonic speed is associated with the gas 

kinetic temperature rather than with the velocity of random cloud 

motions. Since the two sonic velocities are numerically very 

close and the two phases are in pressure equilibrium, the large- 

scale dynamics for the two models are similar in many respects, 

especially where no phase transitions occur.
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Thus, as long as we limit ourselves to discussion of 

large-scale phenomena (length scales ̂ .100 pc) (Shu et al. 1973), 

we can model the two-phase interstellar medium adequately with a 

one-phase equation of state P = P(£,S) and an "effective sound 

speed" a, where

* p HCL =  ( jjrj ' (3.IS)

In this model the pressure and sonic speed have their usual mean­

ings for the intercloud medium.

Last, the choice for the equation of state of the gas 

must be examined. We have already assumed that the gas has no ex­

plicit viscosity, although Chapter 4 shows that the numerical 

scheme adds an "artificial viscosity" to the equations in order to 

stabilize them. We will treat the interstellar medium as an ideal 

gas (sometimes called a perfect gas); that means its equation of 

state can be written as

P = JRT (3.19)

and its internal energy is a function of temperature alone. If we
£e
£

assume, in addition, that the ratio of specific heats Y = - A  is a
-v

constant, it can be shown (Shapiro 1953, p. 43) that the equation 

of state can be written as

v &V Cp
P = constant - £ e, (3.20)

where S is the entropy of a fluid particle. From this, the sonic
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speed a is given by

2 CPa = constant j* e. (3.21a)

or

a2 =VRT . (3.21b)

Comparing equations (3.19) and (3.20) we see that, for an ideal 

gas with a constant ratio of specific heats, the entropy can be 

written as

* - 1 (?
or

S = constant + lnj-^ (3.22a)

S = S + C In o v F0)(j°) '  ( 3 ' 2 2 b )

The choice of the equation of state of the gas now de­

pends on which properties we consider constant or definite. The 

"variables" in the equations of state (3.19) and (3.20) are y, S 

and T. Some typical assumptions are:

(i) Isothermal flow: the temperature is a constant every­

where .

P = constant •j' (3.23a)

a2 = yRT = constant. (3.23b)

If 1, S is a constant everywhere.

(ii) Isentropic flow: there is no heat conduction or viscosi­

ty, so the entropy of each fluid particle remains con­

stant as it moves about. In this case, we have
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Y
P = C(S)-j> (3.24a)

where C(S) is a constant of proportionality that depends 

on S and differs for each particle. If Y = 1, T is a 

constant for each fluid particle. Again, we have

a2 =YRT , (3.24b)

but now T may differ from particle to particle. The 

most important isentropic flow is steady-state flow, in 

which the entropy is constant along the streamlines,

(iii) Homoentropic flow: isentropic flow where the entropy

everywhere in the fluid has the same value.

P = constant- J . (3.25a)

If 1, T = constant everywhere. Once more, we have

a2 =*RT . (3.25b)

Isentropic or, more often, homoentropic flow can often 

be an accurate approximation to adiabatic flow, since for the lat­

ter A S  ^  0, where the upper sign corresponds to an irreversible 

process and the lower sign to a reversible one (i.e., an adiabatic 

reversible process is an isentropic one). This approximation is 

especially valid for the flow we are interested in, since we have 

assumed an inviscid gas (and therefore reversible processes).

Thus, if the gas is modeled as adiabatic, it can be considered 

isentropic.

Unfortunately, there is no unequivocal answer to the
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question, what will most accurately describe the gas? Physical 

arguments based on dynamical and thermal time scales suggest that, 

for constant heating and cooling rates, the intercloud medium is 

nearly isothermal in the plane of the Galaxy. The gas is heated 

and partially ionized by soft x-rays, low energy cosmic rays, etc. 

(Silk 1973), and is cooled radiatively from inelastic collisions 

(Field, Goldsmith and Habing 1969; Spitzer and Scott 1969; Dalgamo 

and McCray 1972). The thermal time scale is usually less than 10^ 

years (Shu et al. 1972; Field 1974b), the dynamical time scale in
O

the galactic plane is about 10 years, and the time scale for atom-
2 3

i c  collisions is 10 - 10 years (Shu et al. 1972). Thus, the gas

has adequate time to adjust its local temperature. If the gas

cools below-its equilibrium temperature, the ambient heating

sources soon w'arm it up again, and if it gets heated up too much,

it can rapidly radiate the extra energy away.

Therefore, virtually all one-phase descriptions of the

interstellar medium in the galactic plane consider it an isothermal

gas. This is the simplest description as well, since then we have 
2P = a with a = constant, and we do not need to consider the 

energy equation (for S) in our calculations. Assuming that the 

flux of the heating sources falls off with z at the same rate that 

the density does, the temperature of the gas is independent of z 

as well (Shu et al. 1972). Our Model A uses this description of 

the gas to calculate the flow.

However, another reasonable model for the gas is neither
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isothermal nor isentropic, but one in which the temperature of the 

gas rises as )2J increases. This is not inconsistent with the ar­

guments for an isothermal gas, since the conclusion that the tem­

perature T is independent of z depends critically on how fast the 

heating sources drop off with distance from the plane.

To look at the heating and cooling of the gas in more de­

tail: The radiative loss rate /\ is due to inelastic binary colli-

sions, and therefore is proportional to n4' (where n is the number 

density). The heating rate P is proportional to n. If we write

r  = Gn (3.26a)

y/\ = L(T)n2 (3.26b)

where L is a function of temperature, the equilibrium temperature 

(away from boundary layers and shock waves) is given by

or

G = nL(T) . (3.27)

The function L(T) can be calculated (Dalgamo and McCray 

1972) as a function of ionization. The final equilibrium tempera­

ture of the gas depends on G/n: on how rapidly the heat sources

change with height compared to the decrease in n.

Assuming that the primary sources of ionization are pro­

duced mainly within the galactic plane, and letting G scale with 

the density n, we get an isothemal gas -- Model A. Unfortunately, 

the distribution of these sources in the Galaxy is very poorly
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known. The assumption that their flux falls off with increasing 

jzj would be incorrect even qualitatively if the sources are extra- 
galactic.

The assumption that G is independent of Jz| is consistent 

with observations, although obviously not unique, and has been used 

before (Falgarone and Lequeux 1973; Field 1974b). If G is constant 

as n falls, L(T), and with it T, increase. Actually, for T to in­

crease with J z|, we only need G to decrease less rapidly with |z| 

than the density does. Electron dispersion measures imply that the 

scale height of the thermal electron disk is larger than that of 

the neutral gas. If the thermal electrons are produced by ioniza­

tion due to low-energy radiation, this implies that the scale 

height of G is larger than that of the HI gas.

Other arguments suggested for the plausibility of a tem­

perature gradient in the gas include.

(i) the stellar scale height is larger than the gaseous scale

height, so hot stars at high z will help heat up the gas.

(ii) The buoyancy of the gas will push the hotter gas to

higher z. Gas heated in the plane (perhaps by supemo- 

vae) will rise.
2(iii) The cooling rate (ocn ) of the very tenuous gas at high

z will be low compared to its heating rate («c n), and 

thus the gas will be hotter (Field 1974a).

(iv) Observations of OVI absorption lines (York 1974; Jenkins

and Meloy 1974; Gorenstein and Tucker 1972) suggest that
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a hot coronal-type gas (T^3 x 10̂ °K) must occupy some 

fraction of the space between clouds. Any one-phase mo­

del should take into account that this fraction, and 

therefore the mean temperature in any volume of space, 

increases with increasing j z f (i.e., the filling factor 

of the colder gas decreases with height).

The gas has time to adjust its temperature as it moves 

away from the plane. The dynamical time scale for vertical motion
Q

is 10 /v years, so for velocities of the order of 10 km/sec,

‘dynamical^ ‘thermal- 3ni there is n0 P™blem.
It is reasonable, therefore, to consider a second model

for the gas, in which the temperature is an increasing function of 

z. Flows calculated for this varying temperature model, called 

Model B, will be compared to those of Model A.

The temperature gradient is unknown, and the observation­

al evidence is inconclusive. We therefore choose a form for T(z) 

that is physically reasonable, and analytically convenient.

Since the sonic speed squared is proportional to tempera-
?ture (see equation 3.21b), both a and T have the same distribution 

(see figure 42):

T(z) = TH -  (Th -  To)sech(z/zO (3.28a)

a2(z) = a^ - (â  —  a^)sech(zM) (3.28b)

where the subscripts o and H denote the values at z = 0 and z -eo, 

respectively. (We can unphysically specify the distribution out
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FIGURE 42: Sonic velocity squared as a function of z/A.
a = 10 km/sec, a^ = 25 km/sec, A  = 0.4 kpc.
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to z = °°, since all calculations stop at z = 1.5 kpc.

5.5 The Equations for the Two Models

For both models, the equation of state is

P = a2 f (3.29a)
2where a is the sonic speed squared, given by

a2 = KT . (3.29b)

The governing equations for the flow are 
3? Vpii\

- O (3.30a)3"t A ax

hi: 4 ax

4

y
4 V / ^  + i  b(£f)____-{{f

f sx

where

and
f' 7 for Model A

ajjj —  (a^_  a2)sech(z/A) for Model B .

(3.30b)

J. w  ^  + -L. l(P 2  I -  —  (3 30c)
t iy ^  t3'30c)

/ \ / v i
y -  (itG-£)A l n ( c o s k 4- |\|0(\-cos°ix)s<icM (J/a) (3.30d)

(3.30e)

We no longer need the energy equation since we put in the tempera­

ture distribution rather than calculate it from the poorly known 

heating and cooling functions. Instead of specifying T, we specify 

the sonic speed. For both models, we chose V* 1 for simplicity.
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Model A (Isothermal)

The sonic speed is a constant, aQ, and we take it to be

10 km/sec, following Roberts (1969), Shu et al. (1972), and others.

The temperature Tq corresponding to this speed is 1.2 x 10̂ °K.
2This is an equivalent temperature since a includes contributions 

from turbulence, cosmic rays and magnetic fields, and is therefore 

larger than the purely thermal sound speed.

Model B (Varying Temperature)

The sonic speed varies with jz] and we take the value in 

the plane (aQ) to be 10 km/sec, corresponding to that of Model A. 

The value for a^ varies in different calculations from 15 km/sec 

(corresponding to T^ = 2.7 x 10^°K) up to 40 km/sec (corresponding 

to Th = 19.4 x 10^°K). Again, these are effective, not purely 

thermal temperatures.



CHAPTER 4: THE NUMERICAL METHOD

4.1 Introduction
The equations to be solved are coupled, nonlinear time- 

dependent equations in two space dimensions, for an inviscid, com­

pressible ideal gas, given by equations (3.30). We are interested 

in the flow in a finite region, 20 kpc along the gas streamline in 

the galactic plane, and extending about 1.0 kpc above and below 

the plane. We have to formulate an initial state for the gas in 

this region at time t = 0, upstream and downstream boundary condi­

tions, boundary conditions at large jzj, and then use the equations 

to advance the fluid variables in time by an amount A t for each 

iteration.

Multidimensional, time-dependent flows "provide a formi­

dable task for computation" (Burstein 1964); that task is made even 

more difficult because the nonlinearity of the equations often re­

sults, for supersonic flow, in the appearance of discontinuities 

(i.e., shock waves) in the fluid, which cannot be integrated over.

It might be thought that, since we are looking for a 

steady-state solution, the calculations would be simpler if we 

dropped the time dependence and treated a pure boundary value prob-

- 93 -
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lem. However, from the solutions to the flow in the galactic plane 

(Roberts 1969), we expect shocks, which means the gas will be su­

personic before the shock and subsonic afterward. The equations 

for subsonic and supersonic flow are very different, both mathema­

tically and physically.

Mathematically, the equations for supersonic flow are 

classified as hyperbolic, while those for subsonic flow are ellip­

tic; they require very different boundary conditions in order to 

have a unique solution (or a solution at all!) (Courant and Hilbert 

1953; Von Mises 1958). Thus, different mathematical models usually 

have to be developed for solving the flow problems in the two regi­

mes.

It is easy to see the difference in the physical nature 

of the flow. Subsonic flow can be thought of in two ways -- either 

it is flow at any speed in an incompressible fluid (in which the 

sonic speed is infinite), or it is flow at less than the speed of 

sound in a compressible fluid. In either case, signals from one 

region, traveling at the sound speed, can reach and affect every 

other region of the gas: no region is independent of what happens

in any other region.

Supersonic flow, on the other hand, is moving faster than 

signals can propagate in the fluid, and thus cannot be affected by 

regions of gas "behind" it. The flow in a region is determined by 

the flow in only part of the rest of the gas.

Thus, if we assume that the differential equations of the
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flow in a region R, together with a knowledge of conditions along 

the boundaries, are sufficient to determine the flow inside R, we 

see that subsonic flow is affected by all the boundaries, while 

supersonic flow is only affected by parts of the boundaries.

Solving a time-dependent initial-value problem rather 

than a steady-state boundary value problem eliminates the need for 

treating the flow regimes independently, since the time-dependent 

equations remain hyperbolic even when the flow is of a mixed type 

containing subsonic as well as supersonic regions. The steady- 

state solution is obtained asymptotically as t~>°° . The type and 

number of boundary conditions to be imposed do not change as the 

flow changes from, subsonic to supersonic, or vice versa. This sim­

plifies the handling of the boundaries considerably.

4.2 The Numerical Difference Scheme

There is a great variety of numerical schemes in computa­

tional physics, no one of which is appropriate to all problems in 

compressible fluid dynamics. The present numerical procedure is a 

two-step finite-difference method originally formulated by Lax and 

Wendroff (1960, 1964), and later extended to more complicated 

equations (with source terms) by Burstein (1967). It is just one 

of a general class of finite-difference schemes that allow one to 

treat a shock discontinuity without knowing its position a priori, 

as in shock fitting methods. (Good general discussions of these 

methods are found in Richtmyer and Morton 1967, and Potter 1973.)
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The method handles the shock by introducing an explicit "artificial 

viscosity" term into the equations which broadens the shocks so 

that any shock is at least one mesh step thick. The shock then ap­

pears not as a discontinuity, but as a rapid change in density and 

velocity.

be written in a variety of ways and, while these differential forms 

are exactly equivalent, their analogous finite-difference forms are 

not. Because the rapid changes in the variables (j7, u, w) across 

a shock front are likely to lead to numerical errors, the original 

differential equations are usually rewritten in terms of the vari­

ables (j>, j’u, j’w). Two of this new set, the mass fluxes j’u and Jw, 

are conserved across a shock front, even though u and w are no con­

tinuous (see appendix A). In this conservation form, the governing 

equations (3.30) become:

Because it identically satisfies the conservation of mass and mo­

mentum, this conservative formulation helps minimize nonlinear nu­

merical effects.

The differential equations for a compressible fluid may

(4.1a)

, X/tL + „ a U
9-fc ^  J 5* (4.1b)

'bb'+h X.?utvO X f w *  f) __ -£/ 
a-b (4.1c)
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We can write equations (4.1) as a vector equation:

(4.2)

where F and G are the fluxes. The right-hand side of the equation, 
■— )S, is called the source term, since it is the source of mass and 

-—> —±
momentum. V, F, G, and S are three-component vectors. If we call 

our dependent variables J, M (= ? u), and N (= fw), and write out 

the source term if explicitly, we have

(We will omit all vector signs on V, F, G and S from now on.)

To write this equation in finite-difference form, we sub­

divide the flow region with a rectangular grid, with spacings A x  

and Az. The grid points are given by x = i Ax and z = j az, where 
i and j are integers. We also quantize time by dividing it into 

steps of At; thus t = nAt, where n is an integer. A function 

f(x,z,t) defined on the (spatial and temporal) grid is then 

f(i A.x,j Az,n At) and is written as f^..

Since this is an explicit (rather than implicit) finite- 

difference method, we assume that the variables V?. are known at 

time t for all i and j, and therefore we know F11 = F(Vn),
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= GCV11) and Sn = SfV1) for all points on the grid. In practice, 

we start at time t = 0 with reasonable initial values for all vari­

ables. (The initial conditions used are discussed in Chapters 5,

6 and 7.)

The straightforward way to get a difference equation is 

to convert all derivatives in the original equation (4.2) directly 

into finite differences to get

A.Y-+ AIL+ AS. = s (4 4)
A t  A *  A Z  b

and therefore

+ 1 = Vn - ^ A F  - *G + Sn At . (4.5)A X  A Z   ̂ '

In essence, this is what all finite-difference schemes do, but 

there are numerous ways to calculate A F, A G, etc., in order to 

get the most stability and accuracy. The method used here advances 

the dependent variables from time t to t + A t  in two steps rather 

than one, and uses quite complicated expressions for AF, AG, Sn 

and Vn.

For any quantity defined on the grid, f (x,z), we can de­

fine a

forward spatial difference in each direction,

A*f(x,z) = f(x + Ax,z) - f(x,z) (4.6a)A

A*f(x,z) = f(x,z + A  z) - f(x,z) ; (4.6b)id
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backward spatial differences,

A^f(x,z) = f(x,z) - f (x - A  x,z) (4.7a)

A zf(x,z) = f(x,z) - f(x,z - A  z) ; (4.7b)

a centered spatial difference in each direction,

A=f(x,z) » f(* * AX,Z)- f(x~AX,z) C4 8a)
x 2

A=£(x,z) = ffx-z * ~ Hx.z-m) . C4-8b)
Z 2

and an "off-center" average over four points ([x,z] being one of 

the comer points, not the center of the average),

£av(x>z) = 4{£(x>2) + £(x + Ax,z)

+ f(x,z + A  z) + f(x + Ax,z + A  z)} . (4.9)

For every mesh point, Step 1 generates temporary vari-
* Aables V defined at an intermediate time t <  t + At, and at in­

termediate space points "between" the defined mesh points. Follow­

ing the form of equation (4.5), they are given by

V * -  V " -

- + „  C4.10)
A

Next, the variables V are used to update F, G and S:
A AF = F(V )
A A
G = G(V )

A As = srv )
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XStep 2 evaluates v by again using equation (4.5),

but with a complex combination of the quantities at t and t . 

The final value at t + At is given by

Thus in V the second step goes directly from t to t + At, but for

the fluxes (F, G) and source term (S) it uses a combination of the
*grid points at t with the intermediate points at t . After each 

complete cycle of two steps, the intermediate values of the vari­

ables are discarded.

rate than some others is beyond the scope of this thesis (see Bur- 

stein 1964, 1967; Roache 1972). It will suffice to say that the 

accuracy of a difference scheme is the number of correctly evalu­

ated time derivatives it includes. The intermediate values V have

sity" term that is added to stabilize the numerical method. Actu­

ally, the finite-difference equations contain an implicit viscosity 

-- the truncation error made in approximating the partial deriva­

tives by finite differences. This is the numerical smoothing intrin­

(4.11)

Proving why this complex difference scheme is more accu-

n + 1only 1st order accuracy, but the second step gives V accurate 

to 2nd order in At.

The Q11 term in equation (4.11) is the "artificial visco-
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sic to any computer simulation of a physical problem. The trunca­

tion error is present in every equation and smooths out small oscil­

lations in the dependent variables. However, its magnitude is very 

small and in the case of the present method, is not large enough to 

stabilize the system. That is why the explicit artificial viscosi­

ty term On is added. While some numerical schemes contain this ex­

tra artificial viscosity implicitly in the equations (e.g., the 

"beam scheme"), the advantage of an explicit term Qn is that its 

strength can be controlled directly.

An artificial viscosity term is needed for flows that 

contain shocks because of the nature of a shock. In a gas without 

viscosity or heat conduction the shock would be a discontinuous 

change in the fluid's state (although in reality viscous effects 

always become large within the shock, causing the changes to take 

place over some small but finite distance). In a finite-difference 

scheme, no distance smaller than the mesh step length (&x or a z  

here) can be described. Whereas in a real shock, viscosity and 

heat conduction in the narrow shock region transfer energy of 

short wavelength disturbances into thermal energy, in a difference 

solution to the equations, the energy will collect in the shortest 

wavelength of the mesh -- that of the mesh spacing itself. This 

can result in very large oscillations between the variables at ad­

jacent mesh points.

The Q11 term must therefore damp these short wavelength 

oscillations without greatly affecting the solution at large wave­
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lengths. A term that is quadratic in the difference between neigh­

boring variables will ensure that the viscosity will influence the 

solution only at points where rapid variations occur. The practi­

cal result of the Q11 term is to broaden the shock on the mesh so 

that it is spread over several mesh steps.

Many forms for Qn have been used by various people; for­

tunately, the results are not very sensitive to the exact form cho­

sen, so that it is necessary only to choose a form appropriate to 

the particular difference scheme being used. The form used here 

(Liebovitch 1978) is

where u, w are the x and z velocities, respectively, and B is an 

adjustable dimensionless constant of order unity.

The value of B was determined essentially by trial and 

error, and ranges from 0 to 8 for various problems. (It is inter­

esting that occasionally a one-dimensional solution converges to a 

steady state very rapidly with B = 0, even with a strong shock.)

The value of B must be chosen as a compromise between good stabili­

ty but reduced spatial resolution of the shock (high B) and poor 

stability but high spatial resolution (low B).
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4.3 Stability of the Numerical Method

The addition of an artificial viscosity damps out small- 

wavelength oscillations. But other kinds of instability can occur; 

the most fundamental is related to the size of iteration time step, 

At.

For linear one-dimensional finite-difference equations 

with no artificial viscosity term, it is relatively easy to look 

at the system's stability by Fourier analysis and demand that the 

amplitude of each wavelength component be bounded (Richtmyer and 

Morton 1967). The result is very simple: for stability we must

have

(4.13)
V

where V is the velocity of propagation of a signal. For most situ­

ations

V = |vi + a (4.14)

where Ivl is the velocity of the fluid and a is the sonic velocity. 

This condition is the famous Courant-Friedrichs-Lewy (CFL) condi­

tion, first derived by Courant et al. (1928).

The physical meaning of this limit on the time step is 

clear: computational infoimation flows in a mesh with spacing A*
AXand time step At at a velocity This velocity must be larger

than the velocity of propagation of a signal, so that the numerical 

calculation can update the state of the fluid at each mesh point 

at least as fast as the state can change (i.e., no signal may be
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allowed to cross a cell A x  in a time less than the calculation 

time step A t ).

Nonlinear multidimensional finite-difference equations 

cannot be analyzed rigorously for a stability criterion. The maxi­

mum allowed time step must be determined from an approximate anal­
ysis and a good deal of experience. Since the time step condition 

depends on the resulting flow velocity, it is necessary to have 

some idea of the velocities expected before the calculation is 

done (if At is not to be reestimated at each iteration). In addi­

tion, since nonlinear flows often develop shocks and thus require 

an artificial viscosity, a strengthening of the CFL condition is 

required for stability.

Without an artificial viscosity, Burstein (1964) found 

analytically that a sufficient stability condition in two- 

dimensional flow with equal mesh spacings Ax = a z  = A is

A* - — T 71--- \ ' (4.15)a’(v + a-)
The artificial viscosity adds a factor d to the above equation, 

where d 1. Its exact value depends on the strength of the arti­

ficial viscosity term.

Since the mesh sizes Ax and a z  used in this calculation 

are unequal, the time steps were estimated separately for the flow 

in the x and z directions, namely,
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(4.16b)

(4.16a)

and the smaller value was used for At. The value d = 1/3 was sa­

tisfactory for most of the calculations. It was very easy to tell 

when At was too large: negative densities developed within fewer

than 100 iterations.

mesh restriction that depends on the size of the source term S in 

equation (4.2), is discussed in Chapter 5.

4.4 Initial Conditions

The numerical calculation starts at time t = 0 with given 

initial values of all dependent parameters, and advances them 

through a time interval At for every iteration or complete cycle 

of two steps. Although the choice of the initial conditions is 

said to be more critical in supersonic flow than in subsonic or in­

compressible flow (Roache 1972, p. 284), for this numerical scheme 

the steady-state solutions are remarkably independent of the ini­

tial state. Tests run with different initial conditions show iden­

tical steady-state results.

state (i.e., with no source term present); the source term was then 

"turned on" impulsively at the first time step. Experiments were 

made, as in Sanders and Huntley (1976), with letting the source

An additional condition in the computation, a spatial

The initial values were chosen to be the free-stream
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teim increase slowly to its maximum value over a range of 10 to 

500 time steps. The gradual introduction of the source term had 

no effect on the initial oscillations of the system nor did it 

speed up the convergence to a steady state.

4.5 Boundary Conditions

While the numerical method described so far may seem 

complex, it is relatively straightforward compared to the problem 

of finding appropriate boundary conditions for a stable, unique 

solution. Although the boundary conditions for the differential 

equations are usually known, and can often be used as a guide in 

the numerical problem, they cannot be simply transferred whole to 

the finite-difference equations.

Sometimes the problem is obvious; e.g., the mesh covers 

only part of the flow. But many boundary problems are more subtle, 

e.g., reflections off the edge of the mesh, or numerical instabili­

ties of the difference method.

Before the computational problem could be attacked, it 

was necessary to determine the correct number of parameters or de­

pendent variables to be specified on each boundary, and the sensi­

tivity of the solution to the boundary values specified. The solu­

tions to the boundary problems were developed from various sources 

and in various ways, including:

(i) Using the differential equations as a guide. As an ex­

ample, if the differential equations show that a certain
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derivative of the velocity is identically zero at a 

boundary, the difference scheme should specify the velo­

city on that boundary in such a way that the derivative 

will automatically vanish.

(ii) Papers on the theoretically appropriate boundary condi­

tions for a specific numerical problem and scheme (Ganz 

and Serra 1974; Serra 1972). However, occasionally I 

found that for stability I had to use different boundary 

conditions than these.

(iii) Extensive reading of the literature to see how similar 

problems were handled was of limited usefulness because, 

with the exception of Roache (1972) and Moretti (1969), 

most published literature describes the method used in 

detail but omits any discussion of the boundary 

conditions.

(iv) Breaking up the two-dimensional problem into separate 

one-dimensional flows having known solutions, and in 

which the numerical boundary conditions are easier to 

formulate. This was an enormously useful procedure, 

helping not only in handling the boundaries but in gain­

ing insight into many aspects of the scheme.

(v) Testing different boundary conditions in actual numerical 

calculations, while inefficient, was occasionally the 

only way to decide between two possible boundary condi­

tions, both reasonable.
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T h i s  d i s c u s s i o n  o f  b o u n d a r y  c o n d i t i o n s  h a s  b e e n  v e r y  g e ­
n e r a l ;  t h e  d e t a i l s  a n d  a c t u a l  c h o i c e s  f o r  t h e  b o u n d a r i e s  a r e  d i s ­
c u s s e d  i n  t h e  n e x t  t h r e e  c h a p t e r s ,  w h i c h  d e s c r i b e  t h e  o n e ­
d i m e n s i o n a l  f l o w s  s t u d i e d ,  a n d  t h e  f u l l  t w o - d i m e n s i o n a l  p r o b l e m .

T h e  m e t h o d  u s e d  r e q u i r e s  t h a t  t h e  v a l u e s  at p o i n t s  
x  + A  x  a n d  x  —  A  x  b e  k n o w n  i n  o r d e r  t o  u p d a t e  t h e  v a l u e s  o f  t h e  
v a r i a b l e s  a t  p o i n t  x  (and t h e  s a m e  h o l d  f o r  p o i n t s  z ) . W h e n  t h e  
a r e a  o f  t h e  f l o w  is c o v e r e d  w i t h  a  m e s h  t h a t  g o e s  f r o m  x ^  t o  x^, 
a n d  z^ to z^, w e  m u s t  t h e r e f o r e  h a v e  a  m e t h o d  f o r  d e t e r m i n i n g  t h e  
v a r i a b l e s  o n e  m e s h  l e n g t h  o u t s i d e  t h e  r e g ion.

T h e  f l o w  r e g i o n  i n  t h e s e  c o m p u t a t i o n s  is r e c t a n g u l a r ,  
w i t h  b o u n d a r i e s  g i v e n  b y

x  = 0
x  = x m a x
z = 0

z = 2max • C4-17)

A  r o w  o f  f i c t i t i o u s  m e s h  p o i n t s  is a d d e d  o u t s i d e  e a c h  o f  t h e s e  
b o u n d a r i e s .

S i n c e  w e  h a v e  a s s u m e d  s y m m e t r y  a b o u t  t h e  p l a n e  o f  t h e  
G a l a x y ,  w e  c a n  g e t  t h e  v a r i a b l e s  a t  z = — A z  b y  r e f l e c t i n g  t h e  f l o w  
a c r o s s  t h e  p l a n e :

; ( x , - a z )  = f(x,Az)
u ( x , - A z )  = u (x , a z ) (4.18)

w ( x , -  a z ) = - w ( x ,  a  z)
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Hie equation for yw implies that the z velocity w must equal zero

at z = 0, so we get one of the conditions at z = 0 for free, namely

f w(z = 0) = 0 . (4.19)

The values o f  P. ?u a n d  f w  at x  = - a x , x  = x  + A x ,  j ’ j > ’ max ’
and z = zmax + Az are given by repeating the values on the bounda­

ries, i.e., for any quantity V(x,z),

V(- A x , z )  = V(0,z)

VCxmax + * x -2) * V|\ a x - z:) t4 '20)

V(x-Zmax * = V' W

Henceforth, all references to boundaries of the mesh 

will refer to those defined in equations (4.17), and ignore the 

extra mesh points outside the boundaries.



CHAPTER 5: ONE-DIMENSIONAL ATMOSPHERE

5.1 Introduction

A seemingly simple problem was chosen as the first test 

of the numerical method: galactic gas with no horizontal motion in

a vertical axisymmetric gravitational potential (i.e., no spiral 

field) -- the hydrostatic atmosphere of the Galaxy.

The gravitational potential is due to a disk of finite 

thickness A  (see equation [3.4]):

y  - (llG-%) A \y\(cos]n(yĵ  ' (5.1)

The time-dependent governing equations in one dimension (z) for 

this potential are obtained from the full equations in conservation 

form (4.1) by setting u = 0 and \f = *1/(z). This gives

, A(jW)

= o (5.2b)

+ Ms*x+£?) _ iV

Equation (5.2b) says that [ is a function of z alone, for Model A

- 1 1 0  -
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(a = constant) and Model B (a = a[z]), so all x dependence can be 

ignored.

The equations in the general matrix formulation are:

!£-= S , (5.3)
"3 t 2 z

where

V = ( / w ) (5.4a)

G  =■ ( '’"I . \  (s-4b’

S  " (%/*)) ' (5.4c)

5.2 The Analytic Solution

The steady-state solution to these equations can easily 

be found analytically. A solution with w = 0 and f = <j (z) 

satisfies

i d d l  =  _  ftzTrGfj) + o » W j £ )  • (5.5)

For Model A, since a = aQ, the solution is

2
j7 = ?0sech?0(z/4) (5.6)

where

h 2  — £ ? —  (5*7)
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and f is the value of j5 at z = 0.
2 2 2 2 For Model B, a (z) = a^ - (â  - aQ)sech(z/A), and the solution is

/ ay ' S
/ =  & 5ec^ W  C5-8)

where

f -b = i-r- (5.9)
H

and again J is the value of y at z = 0.

These solutions show that the hydrostatic density is

highly stratified. For values of ranging from 35 to 110 M©/pc 

(see section 3.3), we get

3.8 — /̂ q ~ 11.9 . (5.10)
9For 15 £  — 40 km/sec, we have for the corresponding above,

1.7 ^ S £ 0.75 . (5.11)

5.3 The Numerical Solution

The time-dependent equations can now be solved numerical­

ly and compared to the exact solutions, to see how accurate the

numerical scheme is, as well as to learn something about the intri­

cacies of its operation. (Although this chapter discusses only Mo­

del A (constant a), the results obtained for Model B are exactly 

the same.)

The equations are rewritten in terms of a new density va­

riable -- the constant coefficient f in the exact steady-state so-
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lutions. This procedure makes it easier to compare the numerical 

results with the exact solutions; it also insures that the values 

of the density do not get too small and cause computational 

difficulties.
A

We define the new variable j7 such that (see equation

[5.6])
X

s - ? ^  - (5.i2)

Rewriting the governing equations (5.3) in terms o± f , we get

l| + __ \ (5.13a)
^  (a J

4 ^  ^  . (5<13b)
b~t

These equations differ from equations (5.3) only by the source 

term S, which is now

^  ■=. / Jjl\ (YM)
A
$ w

A ; ■ 'I f V i  ' (5.14)

Since equation (5.13a) is the equation describing conservation of 

mass, we now have a mass "source" or "sink."

The finite-difference equations corresponding to equa­

tions (5.13) are derived in a straightforward manner in appendix B. 

The one-dimensional mesh stretches from z = 0 to
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z = 1.0 kpc, with a z  = 0.08 kpc for most calculations.

Although other people doing numerical calculations often 

find they get better stability (Liebovitch 1978) or faster conver­

gence to a steady state by overdetermining the problem, i.e., spe­

cifying more variables on the boundary than are necessary, trial 

calculations showed that the best way of handling the boundaries 

in this problem is to specify as little as possible. Thus, w = 0 

for z = 0 is required by the symmetry of the problem, and nothing 

is specified at the top boundary.

The initial conditions were chosen by keeping in mind
A

the expected steady-state solution, j7 = constant. The initial den-
A

sity distribution of y was a linear decrease with height of about

20%. The initial velocity w was usually taken to be zero, but the

method was tested by letting f 0; no difference in the
steady-state results was seen.

The Courant condition on the time step At for linear
£

equations without artificial viscosity is (in units of 10 years)

At £  ---sr7 .

This was an excellent estimate -- At = 6.5 could be used even with 

a moderately strong (B = 4) artificial viscosity. The value of B 

was usually not critical; in fact, in many runs the artificial vis­

cosity term could be omitted.

The above results are all expected; the source S pre­

sented an unexpected stability problem.
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5.4 Source Term Stability

Analysis of the nonlinear finite-difference equations 

for stability with respect to the source term is exceedingly diffi­

cult, and the results are not very revealing. But a simple physi­

cal argument gives the limits on source strength for a given mesh.

The equation of continuity is the simplest to look at:

1L Jr
3ri- <5̂.

2where g = (/Sq/a  ) tanh(z/A ). Approximating all derivatives by 

simple differences and rearranging a little gives

A  + i l l  + =  . (5 16)
f£c\ { A 'AtJ (a F)

The dimensions of each term tell us that (g At)  ̂is the "velocity" 

of the source term.

The CFL condition on At says that the computer velocity 

across a cell, A z/ At, must be larger than the velocity of a sig­

nal, |wi + a. For the source term, however, we must demand the op­

posite; the source velocity must be larger than the computational 

velocity. The source term, evaluated essentially at positions be­

tween the mesh points, travels from cell to cell at the source ve­

locity, (g At) \  creating (or destroying) mass as it moves. If 

the computer velocity is larger than the source velocity, the cal­

culation travels across a cell faster than the mass inside can be
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created, as if the source term did not exist for that step. Thus, 

the source term velocity must be larger than the computer velocity. 

This requirement means that

1 > £Z_
g a t  ‘" . A t

or

g A z ^ l  . (5.17)

This estimate of the source stability condition is fairly accurate.
7The source term strength depends on both p /a  cc 2tG<^ and the po­

sition z. On the plane, g = 0 and the source velocity is infinite,

causing no problems. At larger z, since ^  varies with position 

in the Galaxy, g varies from 9.5 to 30.0 at z = =o .

The mesh size a z  was originally set at 0.08 kpc for the

weakest source term. As the value of g was increased, a maximum 

field strength gma _̂ was reached above which the numerical calcula­

tion was unstable for that value of At. This occurred when 

gAZ ̂ 12, closely corresponding to the theoretical prediction.

To increase the field strength further it was necessary to decrease 

the mesh size, A z, but much more rapidly than the simple linear 

analysis above suggests.

The instability shows up as a loss of mass throughout the 

grid, as if the mass were disappearing between the mesh points.
A

(Since the dependent variable here is the coefficient ^ , it is this 

"mass" that is lost.) The mass loss, first appearing at z = zmax> 

as we expect since the source term is largest there, rapidly
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affects the rest of the gas and the calculation breaks down.

5.5 Results

The resulting steady-state solution, for all values of 

field strength, is described by
A
/ = constant

w = 0 , (5.18)

precisely the same as the exact solution (equation [5.6]). For 

field strengths much smaller than the maximum allowed for a given 

Az, (gm „„), the time-dependent solution converged very rapidly toIIlcLX
steady state (less than 400 iterations for g = 0.5 gjj^)» but in­

creased to a few thousand iterations for g = 0.9 gjĵ - Tbe steady- 

state solution was constant density to 5 decimal places and 

velocitiesjwj 10  ̂km/sec. The same kind of accuracies were 

obtained for larger strengths when a z  was decreased. Figure 43 

shows how the density and the velocity at one grid point approach 

steady-state values. This oscillatory approach to a steady state 

is typical of all solutions calculated using this numerical scheme.
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FIGURE 43: Relaxation of density and velocity in time
(at z = 0.5 kpc) to steady-state values 
for a typical calculation of an isothermal 
atmosphere.



CHAPTER 6: ONE-DIMENSIONAL FLOW INTO A SPIRAL ARM

6.1 Introduction

A nonstatic test of the numerical method was performed 

by suppressing the z-dimension and calculating one-dimensional flow 

into a spiral gravitational potential; this turns out to be extre­

mely rewarding in terms of understanding why a shock forms in the 

gas, as well as what boundary conditions should be imposed in the 

full two-dimensional calculation.

The value of N is 1880 F, where F is the ratio of the spiral to 

the axisymmetric field, usually taken as 5% (see section 3.3). 

The values of x go from 0 to 20 kpc, so oi is T/10.

The spiral gravitational potential (see figure 41a) is

\f = Nq (1 — cos <*x) , o x 2 TT . (6.1)

The time-dependent equations are obtained from equations

(3.30) by setting w = 0 and If- /̂"(x):

a-t  ̂X (6.2a)

dX (6.2b)

- 119 -
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In matrix form, these equations become

a V L ̂  F
a t + S t = S  » (6>3)

where

V =  f/u) C6.4a)

F = (6-4b)
•S = N0 5.>wx ̂  * (6.4c)

The finite-difference equations corresponding to equation (6.3) can

be found in appendix B.

The entire analysis in the chapter is fully applicable to

both Model A and Model B, since it concerns only the x-variation of

the variables. We therefore consider a = a = constant for thiso
one-dimensional flow, and the gaseous equation of state as 

P - ao?-

6.2 The Analytic Solution (I)

The analytic solution for the steady-state flow satisfies

= 0 (6.5a)
4 x

d(^u2 + a2?)
-----------  = -?°<N sino(x . (6.5b)

dx 0

Equation (6.5a) says that the mass flux J is constant:
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J = j>u = constant , (6.6)

We can use this to eliminate J in equation (6.5b) to get, after a 

little manipulation,

This can be immediately solved for u(x), since the variables are 

separable. The formal solution is

where K is a constant of integration. The steady-state flow is 

thus determined by equations (6.6) and (6.8); J and K are to be 

determined by the boundary conditions at x = 0 and 20.

solution are not obvious because, as discussed in section 4.1, the 

number of parameters to be specified on each boundary depends on 

whether the flow solution is subsonic or supersonic. A study of 

one-dimensional nozzle flow, which is the exact analogy to this 

flow into a potential hill, will make it clear exactly what bound­

ary conditions should be prescribed, as well as when and where the 

solution will contain a shock.

_ dir
du u dx_-T— -- = o . (6.7)

(6.8)

The proper boundary conditions to be imposed for a unique

6.5 The Nozzle Analogy

A de Laval nozzle is a converging-diverging nozzle, shown 

in figure 44a. It has an entry section 1, a throat (where the
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FIGURE 44a: de Laval nozzle.

FIGURE 44b: The spiral gravitational potential,
N (1—  coso<x),
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cross-sectional area A is a minimum), and an exhaust section 2. A

one-dimensional approximation to the real flow in a nozzle can be

used under the following conditions:

(i) that the fractional rate of change of area with respect 

to the distance x along the axis is small, i.e.,

JLdA<<! .
A dx 1 ’

(ii) that the radius of curvature of the axis (if any) is much 

larger than the nozzle diameter.

Under this approximation, the steady-state equation for 

conservation of mass in the nozzle is

^■uA = constant , (6.9)

and the steady-state equation for conservation of momentum is

du _ l_dP_ 1fn
u t e ~ - j d r  • (6-10)

2Using the equation of state P = aQ|>, equations (6.9) and (6.10) 

are combined to get

2 u. dA 
du _ o A dx
dx 2 2 (6.11)

This equation is exactly the same as equation (6.7), if 
a 2

we consider ^  to be the analogue of— This is the reason 

that Xf was chosen as Nq(1 - cos=<x); the signs of -g—- and— ^"are 

the same for a converging-diverging nozzle and a potential "hill"
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(rather than, a "well"). The behavior of the solution is the same 

for both, but it is easier to work with the physical nozzle flow, 

while remenbering that the shape of the nozzle is the direct analo­

gy of the shape of the gravitational potential (see figure 44).

Certain features of the flow can be seen directly from 

equation (6.11):

(i) For to be finite when u =±aQ (sonic point), must 

be zero.

(ii) Using L'Hopital's rule we find that, for to be real

when u = i a , A must have a relative minimum at the sonic o’
point.

Therefore, from (i) and (ii), if there is to be a sonic point at 

all, it can occur only at a relative minimum of A, i.e., at the 

throat of the nozzle.

(iii) If the sonic point is not reached, the maximum or minimum

value of the velocity occurs at the throat of the nozzle,

(iv) Subsonic and supersonic flows behave very differently --

in fact, in opposite manner. The sign of ̂  at any posi-
2 2tion in the nozzle depends on the sign of (u — aQ), 

i.e., whether it is subsonic or supersonic. For example, 

subsonic gas entering the converging part of the nozzle, 

where < 0, speeds up, while the supersonic gas slows 

down. This behavior is shown in figure 45.

The behavior described in (iv) is often felt as being
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FIGURE 45: Effects of area change on velocity
in subsonic and supersonic flows.



"strange." In terms of a gravitational potential, the force on
d"lfany specific fluid particle due to the potential is given by—

d VIf -ĵr > 0, the force is negative, thus acting to slow the fluid 

particle down. In a nozzle, the converging walls are often 

thought of as exerting a physical force on the gas to slow it 

down. Why, then, does supersonic gas slow down as expected but 

subsonic gas do the opposite??

The apparent paradox is resolved when two things are 

emphasized: (a) the flow described above has already adjusted it­

self to a steady-state flow, and (b) a fluid particle is not a pro­

jectile. A macroscopic projectile is not affected by the pressure 

of surrounding particles, so its velocity is affected only by the 

external forces it feels (e.g., walls of a container, collisions,

gravitational potential). A fluid, on the other hand, feels a
2 P

force due to the pressure gradient, that can be neglected
2 2only when u >> aQ (see equation [6.2b]). In other words, only 

highly supersonic flow acts as a collection of projectiles. The 

pressure force propagates at the speed of sound. Subsonic flow 

feels this force from all directions; highly supersonic flow is not 

affected by it at all.

Consider gas flow in a potential as a function of time. 

Using equation (6.5a), we can write equation (6.5b) as
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where f is the force.

If the gas starts off with a small but constant velocity and con­

stant density when a negative (to the left) force is turned on, 

both derivatives are initially zero. If the inertial force is 

neglected, the pressure gradient becomes negative due to f, and 

pushes a fluid particle to the right -- speeding it up. If, on 

the other hand, the pressure gradient is neglected, the resultant 

negative inertial force will move the fluid particle to the left

-- slowing it down. Which tendency wins depends on the relative 
2 2values of u and aQ, as can be seen from dimensional analysis.

If the flow is followed in time, one should be able to 

see the density gradients build up to result in this seemingly un­

physical behavior. In fact, the calculations show that the subso­

nic gas entering the nozzle slows down and actually moves bach to­

ward the entrance for a time, before the density gradients build 

up enough to move it forward again and accelerate it.

The different types of steady-state nozzle flow occurring 

under various conditions are well known (Shapiro 1954; Courant and 

Friedrichs 1948); they are described in appendix C.

6.4 The Analytic Solution (II)

To return to the original problem of one-dimensional gas 

flow into a spiral gravitational potential: The discussion of

steady-state nozzle flow (see appendix C) shows the types of flow 

to expect. It also tells us which of the possible parameters (up-



- 128 -

stream and downstream density and velocity) should be specified on 

the flow boundaries for a unique solution to exist.

For wholly subsonic flow, the upstream velocity and the 

downstream density (or vice versa) should be specified; the flow 

itself will deteimine the other two parameters by the requirement 

that the floxv be symmetric.

For transonic flow without a shock, the density is set on 

the upstream boundary to determine the subsonic flow and nothing is 

set at the exit, since the supersonic flow cannot feel it. It ap­

pears that we have lost one boundary condition for continuous 

transonic flow, but there is an implicit condition on the velocity 

-- the sonic point must occur at the "throat'' or the potential ma­

ximum. This determines the mass flux at the potential maximum and 

the upstream velocity develops to a steady-state value that is com­

patible with this mass flux. The supersonic portion is determined 

solely from the shape of the potential.

If the transonic flow contains a shock at position xs, 

an additional boundary condition, setting the downstream density, 

is added to those of continuous transonic flow. The value, if 

chosen correctly, will force the flow to be subsonic at the exit, 

thus forcing a shock to form. The position of xg and strength of 

the shock are determined by its exact value. It now seems that 

there are too many (implicit and explicit) specified parameters for 

the problem. But the appearance of a shock adds another variable 

to the equations -- the shock position.
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The number of parameters to be specified on the bound­

aries is the same for wholly subsonic flow and for transonic flow 

containing a shock; the exact values of these parameters determine 

whether or not a shock is formed.

tion (6.8); the constant of integration is found from the condition 

that the sonic velocity be reached at oix - TT. Thus the flow up to 

the shock is governed by

where xg is the position of the shock. At x = xg, the velocity, 

Up  is given by

The density and mass flux J are determined by specifying the up­

stream density ^  (subscript L denotes the upstream boundary; sub­

script R denotes the downstream boundary).

This solution cannot be continued across the discontinui­

ty; the flow downstream of the shock is governed also by equation 

(6.8), but with a different value of the integration constant. We 

know from the Rankine jump conditions (see appendix A) that the ve- 

locity jumps from u^ to ^  = a /u^ at x = xg; this value of de­

termines the integration constant, giving for the flow past the 
shock

The analytic solution for the velocity is given by equa-

x ̂  xs (6.13)

(6.14)
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*(u2 - U 2) - a2ln( ^  = -V(x) + 1/(x s) £or x -  xs (6.15)

The shock location, x . is determined from the downstream 

velocity û , obtained from the value of (since J =j3u is contin­

uous across the shock). Equation (6.15), evaluated at =<x = 27T, 

gives

* ( u | -  u p  -  =  - y p ' j  ♦  | / ( x s )  . ( 6 . 16)

This equation has a solution for xg between 10 and 20 kpc for only 

a certain range of u^ (and therefore f^).

6.5 The Numerical Solution

The numerical scheme solves the time-dependent problem 

rather than the steady-state flow discussed above. But it has been 

shown (Serra 1972) that the time-like boundary conditions are the 

same as those for steady-state flow, so the analysis can be used to 

suggest the boundary conditions for the numerical method.

The nozzle flow analysis says that a different number of 

boundary parameters should be specified for various types of flow. 

However, we are primarily interested in wholly subsonic flow or 

discontinuous transonic flow, and for these the boundary conditions 

are the same: one parameter each on the upstream and downstream

boundaries.

The value of the mass flux was set on the upstream 

boundary and ^  was set on the downstream boundary. The upstream
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density was computed from a parabolic extrapolation of the interior 

flow. For wholly subsonic flow, these conditions alone determine 

the flow. For transonic flow containing a shock, these, plus the 

implicit condition on the position of the sonic point, determine 

the flow.

The same boundary conditions were specified for transonic 

flow without a shock although it overspecifies the downstream 

boundary. In real nozzle flow, (the outside atmospheric densi­

ty) is always given; the flow stays supersonic when the value of 

^  is too low for the flow to adjust to it (via a shock) inside 

the nozzle. The gas then adjusts to by shocking outside the 

nozzle, in the atmosphere; since the mesh stops at the end of the 

"nozzle," we do not see the external shock.

Overspecifying the boundary did not affect the solution 

a great deal. The finite-difference equations do not model the 

differential equations exactly (Richtmyer and Morton 1967), and 

tests here showed that the numerical scheme is, in some ways, much 

more forgiving than the set of differential equations. When a pa­

rameter specified on a boundary does not have the correct value, a 

sharp transition between the boundary values and the interior va­

lues of the flow occurs over a few grid points adjacent to the 

boundary. In this way, the exact values fixed on the boundaries 

have little effect on the interior flow.

The knowledge that the numerical scheme is stable with 

overspecified boundaries is very Important for two-dimensional
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flows, in which the "correct" boundary conditions are not clear 

and it is occasionally necessaiy for stability to overspecify a 

boundary.

The initial state of the gas at time t = 0 is uniform 

flow u^ with constant density Again, as in the one-dimensional 

atmosphere described in Chapter 5, the solution was independent of 

the mode of introduction of the source term.

The time step was chosen using the CFL condition, equa­

tion (4.13). The value of the artificial viscosity was taken to 

be B = 1.0, a low value that gave excellent spatial resolution 

across the shock front. Any lower value of B gave oscillations 

near the shock front. The grid spacing was chosen to be 

Ax = 0.5 kpc.

6.6 Results

The computations were very stable and the results were 

not very sensitive to how the boundaries were handled. Different 

types of flows were calculated: subsonic, continuous transonic and

transonic with a shock. The parameters that were varied are: .

- the incoming mass flux

- the outgoing density

F - the strength of the gravitational spiral field as a

fraction of the galactic axisymmetric field.

The sonic velocity was kept fixed at 10 km/sec.
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A typical solution relaxed to a steady-state flow fairly 

rapidly, although the wholly subsonic flows took longer to relax 

than the transonic solutions. The density in all calculations re­

laxes even faster than the velocity.

Plots of velocity u versus distance x are shown for six 

calculations in figures 46 - 51. The first two figures show wholly 

subsonic flow; the others show transonic flow, both with and without 

a shock. Figure 52 is for the same calculations as figure 49, but 

shows the density instead of velocity. Table 5 shows variable 

values for figures 49 and 52.

Figures 46 and 47 show the smooth, subsonic type of flow. 

The downstream density is set at 1.0; the entering mass flux 

has a value of 1.0 in figure 46 and 1.28 in figure 47. Both flows 

show that the maximum velocity is reached at x = 10 kpc, as pre­

dicted. The flow is fairly symmetric, but the exact symmetry is 

broken by the artificial viscosity; as this viscosity is increased, 

the symmetry of the flow decreases.

The flow shown in figure 47 has almost reached the sonic 

speed at x = 10; if the incoming mass flux is increased slightly, 

it will be the maximum that can pass through the "throat" of the 

potential. Any attempt to increase the mass flux past this criti­

cal value results in a readjustment of the flow until the incoming 

flux is again smaller. To reach supersonic speeds it is necessary 

to lower the downstream density and thus remove the symmetry 

of the flow.
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TABLE 5- VALUES OF VARIABLES FOR THE FLOW OF FIGURE 49
X DENSITY MOMENTUM VELOCITY
0.0 1 .021 1 .3 00 1.273
0.5 1 .008 1 .332 1 .322
I .0 0.981 1 .310 1 .335
1.5 0. 934 1 .325 1.418
2.0 0.376 1.314 1.500
2.5 0. 8.77 1 .320 1 .535
3.0 0. 734 1 .315 1 .792
3.5 0.659 1.316 1 .999
4.0 0.586 1.314 Z.245
4.5 0.516 1.315 2.546
5 ..0 7.453 1.314 2. 900
5.5 0.396 1.314 3.317
6.0 0.346 1.314 3.798
6.5 0. 303 1.315 4 .346
7.0 0.265 1.315 4.963
7.5 0.233 1.317 5.648
3.0 0.205 1.313 G.338
8.5 0. 183 1.319 7.210
9.0 0. 163 1 . 320 0.077
9. G 0. 147 1 .321 8.993

10.0 0. 133 1 .322 9 . 950
10.5 0. 121 1 .323 10.938
11 .0 0.111 1 .324 11.950
11.5 0. 102 1 .324 12.974
12.0 0.095 1 .325 14.001
12.5 0.008 1 .326 15.021
13.0 0.083 1 .325 16.030
13.5 0.078 1 .328 16.998
14.0 0.074 t .325 17.972
14.5 0.071 1 .334 18.810
15.0 0.066 1.311 19.802
15.5 0.068 1.377 20.367
16.0 0.131 1.733 13.234
16.5 0.250 1 .659 6.649
17.0 0.353 1.317 3.736
17.5 0.389 1 .344 3.459
18.0 0. 427 1 .324 3.105
18.5 0.457 1 .336 2.922
19.0 0.431 1 .320 2.745
19.5 0. 4 97 1 .339 2.694
20.0 0.500 1 . 307 2.614



The transonic flows in figures 48 - 50 show the systemat­

ic change in the solution as ^  is lowered. In all of them, the 

sonic velocity is reached at x = 10 kpc, and the subsonic flow be­

fore this point is independent of The flows have progressively 

smaller values of of 0.7, 0.5, and 0.1. As ^decreases the 

shock location moves downstream, because the velocity needed at the 

exit to conserve the mass flux J increases. Since the subsonic 

flow after the shock slows down, the shock position must move to 

the right to end up with the correct density at the exit.

In figure 50, the value of is too low to allow the gas 

to adjust to it via a shock. This is the analogy to nozzle flow 

which exits into an extremely rarefied atmosphere. The flow starts 

to slow down as it leaves the potential, unable to adjust to the 

very low density on the boundary.

The shock strength (S) can be defined as the density 

contrast across the shock, ^ ^ Y  theoretically equivalent

to the velocity contrast, since mass is conserved across the shock, 

but the two ratios do not always agree in the numerical solution.

The density is smoothed out across the shock slightly more than the 

velocity since density, as one of the three dependent variables, is 

affected directly by the artificial viscosity. This makes it more 

difficult to derive the density contrast than the velocity contrast. 

The shock strength S is therefore measured by
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where and are the velocities immediately upstream and down­

stream, respectively, of the shock. We expect from the Rankine
7jump conditions (see appendix A) that the product u ^  equals aQ.

2In all cases, we find that u ^  is less than aQ by 10-15%, due 

primarily to numerical errors.

Figures 48 and 49 show the shock strength increasing 

from 3.5 to 5.3 as is lowered. This is directly related to the 

location of the shock, since the flow is faster when the shock is 

further downstream.

Since F, the spiral field strength, affects the critical 

mass flux needed for a transonic solution as well as the shock lo­

cation and strength, changes in the value of F have to be accompa­

nied by adjustments in the upstream mass flux. The flow in figure 

51 has the same downstream density as in figure 48, but F was 

decreased from 5% to 3% and the incoming mass flux was increased 

just enough to support a transonic solution. The shock location 

is further upstream than in figure 48, and the shock strength is 

smaller due partly to the new shock position and partly to the more 

gently sloping potential. The shock location is now the same as in 

figure 49, but the maximum velocity is smaller.

Finally, figure 52 shows the same solution as figure 49, 

but the density is plotted rather than velocity, showing the more 

rapid change across the shock in velocity.

These flow solutions show that the numerical method is 

qualitatively dependable; in addition, its accuracy was checked by
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comparing numerically computed values with the analytic values. 

Calculation of the shock position xg, the maximum velocity u^, and 

the boundary velocities u^ and uR for transonic flow is easy:

Step 1: Evaluate equation (6.13) at x = 0 to get the upstream

velocity uT, using \ f  = N (1 —  cos«<x):Li O

W l -  $  - = 2No ■ f6-18’

Step 2: The mass flux J = = fRu^ is known, so we solve

for the downstream velocity:

uR = f -  • (6.19)
K JR

Step 3: Eliminate V(x ) between equations (6.14) and (6.16),

and use the jump condition across the shock,
2

U1U2 = ao’ t0 311 ecluatlon f°r uq:

ofu? - ah  - a“ln|~\ - 2N 1 o' o la I c V ot

_ 2 ao w  2, lURUl\
2 ̂ R ~ u2 ̂ a° ’ ( )

Step 4: Put u^ back into equation (6.14) to solve for xs:

2No ' 2tul - $  + aoln (if! = Nof! - cos-x ) (6.21)
OJ

Table 6 shows the comparison of computed and analytic
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TABLE 6

COMPARISON OF ANALYTIC AND NUMERICAL VALUES 
AS A CHECK OF SCHEME ACCURACY

Analytic Numerical

From Figure 49: 

Upstream velocity UL (km/s) 1.3 1.25

Downstream velocity UR (km/s) 2.6 2.66

Velocity before shock U1 (km/s) 21.5 21.2

Shock location xs (kpc) 16.1 15.5 -0.5*

From Figure 51: 

Upstream velocity UL (km/s) 2.5 2.46

Downstream velocity UR (km/s) 3.5 3.51

Velocity before shock U1 (km/s) 18.3 18.0

Shock location Xs (kpc) 15.7 15.0 ±0.5*

Source: Figures 49 and 51.

The error due to the finite mesh size is 0.5 kpc.
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values for the flows in figures 49 and 51. The agreement, even 

with the errors due to the finite mesh size, boundary effects, and 

the smearing due to the artificial viscosity, is excellent.



CHAPTER 7: THE FULL TWO-DIMENSIONAL CALCULATION

7.1 Introduction

The results of the one-dimensional problems discussed in 

Chapters 5 and 6 show excellent agreement with the known solutions. 

The numerical scheme has proved so far to be both accurate and 

stable, and the spatial resolution of the shock is good. In addi­

tion, a great deal of knowledge has been gained about how to han­

dle the initial conditions and the boundary' conditions, about the 

effects of the artificial viscosity term, and some of the difficul­

ties that may arise from having a strong source term in the equa­

tions. This experience is indispensable in handling the two- 

dimensional flow.

Let us review the problem to be investigated. The gas 

enters a region in which the gravitational potential is given by 

an axisymmetric portion and a spiral portion, namely,

\ f  = ( i l r G y  A L  (c o sV (y //$ ) +■ |\lo0 -co^x) Jeck ( # / * )  . (7.1)

This is a rectangular region, bounded by x = 0, x = 20 kpc, z = 0 

and z = 1.0 kpc, and covered with a computational mesh whose grid 

points are a distance a x  or a z  apart. In most of the calcula-
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tions, 4,x = 1.0 kpc and z\z = 0.1 kpc. The gas enters at x = 0 

(the left-hand boundary, L) from a region in which the.spiral poten­

tial is zero, and leaves at x = 20 kpc (the right-hand boundary,

R) into a similar region. The flow is assumed symmetric with re­

spect to z = 0, so we do not need to extend the mesh below the 

plane.

7.2 The Two Models

Two different thermodynamic models for the gas are con­

sidered, as described in section 3.4. Model A is isothermal, with

a constant sonic velocity aQ = 10 km/sec; Model B has a tempera­

ture, and therefore sonic velocity, distribution that depends on z. 

This distribution is chosen to be

a2 = a^ - (â  - a2)sech(z/A ) . (7.2)

The equations governing the flow for both models are

i l  - P =. o  ( 7 . 3 a )at ax a y

+ ^ afi’uW) ^ (7.3b)
at a*

j&w) i(ruvi) &
T F  " + — 5j—  = - f  ^

The gas entering the spiral potential field at x = 0 is 

assumed to be the steady-state flow in the axisymmetric gravita­

tional potential. If we also assume that the incoming flow is par-
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allel to the plane (i.e., w = 0) and independent of x, we can 
solve equations (7.3) for the hydrostatic solution. The solution 

for the velocity, for both models, is

u = f(x) (7.4)

where f(x) is an arbitrary function of x.

The solution for the density was already obtained in 

section 5.2; the results are:

/ =  &  sec: for Model A (7.5a)

L
Sec

where *jo is a constant,

ft

for Model B (7.5b)

(7.6a)

and

£ =
„x

—  ftO. (7.6b)

Because the hydrostatic density is stratified, it is
Amore convenient to change the density variable from f to f (just as 

in section 5.3), where



- 150 -

j> = j _s€ci-i6(yJb) for Model A (7.7a)

« A*'1 r
for Model B. (7.7b)

Equations (7.3) can now be rewritten in terms of the new
A A Avariables y, yu, and yw. These new equations have the same form as 

the originals, except that the right-hand side (the source term) is 

now different:

11 + ^
V t  2>X b y  '  1

2(faui) c
T T  + - 1 7 —  + I f  ~ ^  

ffiw) + a(fuw) + atfwVqf) = r
b~b b X 3

The new source term is given, in vector form, by

(7.8a)

(7.8b)

(7.8c)

/V f W 4a*li &/&) [”

l-i

M  Ne6-c^x)Sec^/

(7.9)

where



For Model A, since a(z) = aQ = â , we have P(z) HI.

The values of P(Z) for Model B depend on both and z; e.g., for 

a^ = 30, P(Z) ranges from 2.2 at z = 0 to 0.16 at z = 1.0 kpc.

Since tanh(z//i) is zero on the plane, the source terms are identi­

cal at z = 0, and differ more and more as z increases. The first 

two components, S-̂ and S2, are smaller in Model B than in Model A; 

the third component, S,, is much larger at large z in Model B.

This gives a hint of future problems, since, as we saw

in Chapter 5, the Lax-Wendroff Two-Step method (like most finite- 

difference methods) is not able to handle large source terms very 

well. If a problem arises, this analysis tells us it is more like­

ly to occur in Model B than in Model A, and at large z. The com­

ponent Ŝ  in Model B is largest at large z for x = 0 or 20. In 

fact, a problem does arise, in the predicted area, for large values 

of the source term. It is solved in the same manner as for the 

hydrostatic atmosphere --by decreasing the mesh size A z.

7.5 The Numerical Method

We have removed the hydrostatic non-spiral portion of 

the density solution, and are now concerned only with the coeffi-
A

cient f. All further references to density in this chapter will
Atherefore refer to the coefficient y unless it is explicitly sta­

ted that the values refer to the "real densities."
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A
The finite-difference equations for the new variables J ,

A Aand are obtained from equations (7-8) and (7.9) in the manner

described in section 4.2, and will not be repeated here.

As in most numerical calculations of transonic flow, the 

boundary conditions pose the most difficult problems. The boundary 

conditions to be imposed on two sides of the flow region (see [i],

[iii] below) are fairly straightforward; they follow directly from 

the knowledge of the one-dimensional flows discussed in Chapter 5 

and 6. The other two boundaries (see [ii], [iv]) are more 

difficult.

(i) On the galactic plane (z = 0 ), since we assumed a symmet­

ric flow, as in the one-dimensional atmosphere, we speci­

fy w = 0.

(ii) On the upstream boundary, the one-dimensional nozzle flow 

suggests that we should not specify all variables for in­

coming subsonic flow. Ganz and Serra (1974) showed that 

for subsonic flow entering an axisymmetric nozzle, the 

density and only a linear combination of the velocity 

components should be specified.

However, for the sake of stability it was necessary to 

use different boundary conditions. For Model A, we spe­

cified w = 0 and the incoming mass flux = ^ ul = con­

stant (as in the one-dimensional flow into a spiral
A

potential). The density ^  was. calculated by extra-
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polation from the interior flow; it turned out to be 

almost independent of z.

For Model B, which is more prone to instabilities because 

of the varying sound speed over the mesh, the boundary
A

was overspecified by setting ^  = 1.0, u^ = constant and 

w = 0. If u^ was set at too different a value from the 

interior solution, the flow adjusted itself within one or 

two mesh points to the interior solution. This kind of 

behavior gives confidence that the overspecification on 

the boundary does not critically alter the interior flow 

solution.

(iii) On the downstream boundary, we again follow the nozzle

flow conditions and specify only the density
A

= constant. This is, of course, the solution for 

two-dimensional flow parallel to the plane in an axisym- 

metric gravitational field, and it is not specified here 

that the gas leaving the spiral potential must be hori­

zontal. However, the numerical results confirm that the 

magnitudes of the exit z-velocities are small.

(iv) The "top" boundary at z = zmax cannot be handled by re­

ferring to the one-dimensional problems. There are many

possible ways to handle it, but the best way found (i.e., 

most stable and accurate) for Model A was not to specify 

anything at all, but let the interior flow determine the
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values of the variables at z = z . This approach wasmax cr

confirmed by tests in which one or both of the velocities 

u and w were specified on the top boundary. It was found 

that either the calculation blew up immediately (i.e., 

velocities became exceedingly large), or the interior so­

lution ignored the specified values, changing very ab­

ruptly (within 1 mesh length A.z) from the interior to 

the boundary values. This sharp transition was very 

striking; often the interior flow was highly supersonic 

and the imposed boundary values were subsonic. This 

shows the stability and flexibility of the numerical 

scheme with respect to the imposed boundary conditions.

Again, Model B is less stable than Model A, and we need 

to overspecify the top boundary by setting the values of 

u there to be subsonic (the z-velocity w was kept free). 

This kept the problem at the boundary under control long 

enough for the interior flow to reach steady state, al­

though the calculation was never stable enough to run 

several thousand iterations.

The initial values of the variables were chosen with the 

one-dimensional solutions in mind; i.e., that J = ̂ u = constant.

As in the other problems, increasing the spiral force gradually 

offered no advantage.

The time step <at was chosen as described in section 4.3; 

separate linear time conditions were estimated for the x and z di-
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rections, and the smaller of the two was chosen as At. The value 

used was 3 < 10^ years.

The strength of the artificial viscosity, measured by B, 

was chosen to be B = 4 as a compromise between stability and poor 

spatial resolution (high B) and instability with high spatial reso­

lution (low B). The instability at low B values showed up as oscil­

lations in w, with a wavelength of one mesh spacing.

7.4 Results

A typical solution for both Model A and Model B conver­

ged to a steady state within 800 to 1000 time steps. Model A was 

exceptionally stable, even at large values of z, and remained at 

the steady-state values (with oscillations of less than 2%) for as 

long as the calculation was allowed to ran. The calculation for 

Model B, on the other hand, was much more unstable and would not 

remain at the steady-state values for more than about 300 time ite­

rations; at this point an instability at the top boundary would 

invariably develop and spread downward until it destroyed the 

steady-state flow.

The flow depends on a number of parameters, whose effects 

on the flow vary considerably. The value of |$| A  , as mentioned in 

section 3.3, can vary from 0.5 to 2.0. However, since the final 

steady flow is only changed quantitatively by about 2% for a 50% 

change in |Ma , and not changed qualitatively at all, the results 

shown were all computed with I'M A  =1.0.
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The value specified at the left-hand boundary for the
A

incoming mass flux (for Model A) or incoming density and ve­

locity u^ (for Model B) did not affect the interior solution very 

much. As long as the values chosen were not so large as to 

"choke” the flow (see section 6.6), the flow adjusted itself within 

2 mesh points to the interior steady-state solution. For all the 

solutions shown below, the values were kept constant at the minimum 

needed to produce a shock solution.

The value of the axisymmetrical gravitational force de­

pends on 6~.k, which varies throughout the Galaxy. Some computations 

were made with large values of <5̂, and they showed, surprisingly, 

that its effect is small. The steady-state flow changes by only 

10% when changes by 50%. We have already discussed (sections

5.4 and 7.2) the numerical problems associated with a large value 

of <5̂, which are solved by decreasing the mesh size Az. This de­

mands several compensations: (a) to cover the same region, the

number of mesh points must increase; (b) the allowed time step 

At decreases as Az decreases (from the Courant condition, equa­

tion [4.13]); and (c) usually, the artificial viscosity must be 

made larger to prevent oscillations of the system, which further 

decreases the allowed time step. Thus, the computer time needed 

for the computation rapidly becomes prohibitive. Therefore, all 

results shown are for a constant, relatively small value:
7

<5̂ = 50 M q / p c " ,  corresponding to R = 13 kpc.

The parameters that do affect the flow substantially are
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A
the specified outgoing density the strength of the spiral field 

as measured by F, and for Model B, the temperature distribution 

with z as measured by the sonic velocity at z = , â . Flows were

calculated with different values of these parameters; representa­

tive results of the computations are presented in figures 53 - 55 

for Model A and in figures 56 - 60 for Model B.

(a) Model A (Isothermal)

Figure 53 shows a typical solution for an isothermal gas: 

figure 53a is a plot of the Mach number at every mesh point, and 

figure 53b shows the (real) density as a function of x for selected

z values; figure 53c is a sketch of the streamlines in which the z-

velocities were exaggerated (their maximum values are less than 

2 km/sec).

Figures 54 and 55 are Mach number plots for flows in 

which the outgoing density is lower, and the spiral field strength 

is increased, respectively.

(b) Model B (Varying Temperature)

Figure 56 shows a typical solution for a gas whose tempe­

rature increases with z. Again, the z-velocities were exaggerated

in the streamlines in figure 56c, since the maximum value is again 

less than 2 km/sec. The flows shown in figures 57 and 58 have low-
A

er outgoing density and stronger spiral field F, respectively. 

Figures 59 and 60 show the results of raising or lowering the value 

of â .
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FIGURE 53 b: Real densities as a function of x and z, for flow
shown in figure 53a.
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FIGURE 53c: Streamlines for the flow in figure 53a.
The z-motions have been exaggerated.
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FIGURE 56b: Real densities as a function of x and z, for the flow
shown in figure 56a.
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FIGURE 56c: Streamlines for the flow in figure 56a.
The z-motions have been exaggerated.
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7.5 Discussion
(a) Model A (Isothermal)

The outstanding feature in the steady-state flow shown in 

figure 53. is the speed-up of the gas through a sonic point and the 

formation of a stationary shock. The sonic line in figure 53a is 

the line connecting all mesh points with Mach number M = 1.0 (it 

happens to fall between the grid points), and the shock front is 

the line connecting the maximum values of M. In figure 53b the 

shock occurs where the density is a minimum, which is at the same 

x value as the maximum velocity.

Both the sonic line and the shock front are vertical and 

extend all the way up to the end of the mesh at z = 1.0 kpc, i.e., 

the gas at large z forms a shock at the same position as the gas 

in the plane. (If the mesh is extended to larger z’s, the vertical 

shock continues to exist at z values up to 1.8 kpc --as high as 

the expression for potential is valid for.)

The one-dimensional shock strength S was defined in Chap­

ter 6 as S = u^/^, where u^ and ^  are the velocities before and 

after the shock. We can define shock strength in two-dimensional 

flow in terms of velocities along the streamline, but it is much 

more useful to define it as

A  A
where ?]_ are densities after and before the shock, re­

spectively. Using this definition, we see from figure 53b that
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the shock strength decreases from 2.99 at z = 0 to 2.06 at 

z = 1.0 kpc. This behavior is typical of all the isothermal calcu­

lations -- S decreases by about 25% over the first 600 to 800 pc.

The thickness of the shock is constant with z; this is 

expected since the width is proportional to the viscosity and in­

versely proportional to the sonic speed, both of which are constant 

here.

Although this is a fully nonlinear two-dimensional calcu­

lation, the resulting flow is surprisingly like the one-dimensional 

flow. The absolute value of the vertical velocities never gets 

larger than 2 km/sec, and therefore the streamlines are very nearly 

parallel to the plane. The gas, entering the calculation region 

parallel to the plane, rises away from the plane in the interarm 

region. As it passes x = 10 kpc it dips toward the plane a little 

but it moves away again after the shock.

The gas is constrained to flow parallel to the plane at

z = 0, so very near the plane the streamlines are straight. The 

gas further away can move in the z-direction, but there is a height 

for maximum deviation from parallel flow, as seen in figure 53c.

The horizontal region over which the gas dips toward the plane be­

comes smaller as z increases.
A

Figures 54 and 55 show the effect of the values of
A

and F on the flow. As is lowered from 0.5 to 0.4, the sonic 

line remains in the same position near x = 10 kpc, but the location 

of the shock is moved downstream, and its strength increased cor-



- 172 -

respondingly. Otherwise, the general appearance of the flow is

very much like that in figure S3.

If we increase the strength of the spiral potential F to
A

0.07 (figure 55), for the original value in figure 53, the sonic

line and the shock are at the same locations (within the mesh limi­

tations) but its strength increases.
A

Changing fR and F affects the flow solutions in the same

way as in the one-dimensional flow into a spiral arm. In this, and

in the surprisingly small z-velocities, the flow is very much like

one-dimensional flow. This seems to justify previous treatments of

the z-dimension, in which the gas distribution was considered as a

series of thin layers and each layer was analyzed independently

(Tosa 1973). That the shock location is independent of z can also

be understood from one-dimensional flow, in which the shock posi-
£

tion is fixed by the downstream density (see section 6.5).

But it is important to note that the flow solution cannot 

be completely explained as a set of one-dimensional solutions lay­

ered upon each other. The spiral potential field varies as 
lilA

sech (z/A ) (see equation [7.1]), so the effective amplitude, 
l i i A

Fq££ = F sech (z/zi) decreases rapidly with z. For 

M  A  =1.0, Fq££ = F/10 at z = 900 pc. For a spiral potential 

strength of 0.005 and the parameters of figure 53, the one­

dimensional flows have no shock; in fact, the velocities are sub­

sonic for F ̂  0.025, which corresponds to z = 500 pc in the two- 

dimensional flow.
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The existence of the shock at such large values of z is 

not likely to be an effect of the numerical scheme. The shock 

exists independently of any boundary conditions imposed on the top, 

refusing to become subsonic for even one row of mesh points. An 

additional reason for confidence in the solution is found in Tubbs 

(1979) who calculated the z-motions for an isothermal gas using a 

radically different numerical method and obtained essentially the 

same results --a vertical shock extending to z = 500 pc (the maxi­

mum height of his calculation).

The crossing time for the gas to move through the spiral 

potential is on the order of 1 kpc/km/sec. The time for a signal 

to travel from the plane to z = 1.0 kpc is only about 

0.1 kpc/km/sec. Therefore, the gas near the galactic plane has 

plenty of time to affect the flow of the gas high above it, pulling 

it along to supersonic velocities, and forcing it to form a shock 

even where the spiral field is too low by itself to force it into a 

shock. This kind of interaction was not predicted by any treatment 

of the gas as independent layers.

(b) Model B (Varying Temperature)

Since, for this model, the sonic velocity increases with 

z, we expect it to be more difficult for the gas to reach superso­

nic speeds and to form a shock far away from the plane. This is 

verified by the solution shown in figure 56, in which aQ = 10 

km/sec and a^ = 25 km/sec: the stationary shock that forms now ex­

tends only up to 600 pc.
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This solution differs also in other ways from isothermal 

(Model A) solutions. The sonic line (see figure 56a) is no longer 

vertical; the gas at higher z must travel a longer x distance in 

order to reach its larger sonic velocity. It appears, in addition, 

that the shock front is not quite vertical, but test runs with 

greater spatial resolution confirm that: this is a result of the re­

latively coarse me:h; when a finer mesh is used the shock front is 

vertical.

Figure 56b shows that the density is no longer correla­

ted perfectly with the velocity; i.e., the minimum density is some­

times one mesh point away from the location of the maximum veloci­

ty. This effect persists in computations with better spatial reso­

lutions; this appears to be caused by small-amplitude oscillations 

in the density.

As in the isothermal case, the shock strength decreases 

with increasing z, but more gradually. In figure 56b, S decreases 

from 1.82 at z = 0 to 1.56 at z = 600 pc. This is a decrease of 

only 14%, compared to a typical decrease of 25% for Model A.

The shocks are somewhat weaker than for the isothermal 

model, partly because the width of the shock is very large at 

z = 0; using a smaller artificial viscosity helps, but leads to 

oscillations that make it difficult to see the flow. The shock 

width decreases with height, as expected, since it is inversely 

proportional to the sonic velocity, which increases with z.

The z-velocities are very small in these flows, just as
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for the isothermal gas -- less than 2 km/sec. The streamlines in 

figure 56c are slightly different than for isothermal flow; the 

region over which the gas moves toward the plane increases for 

larger z.
A

Figure 57 shows the effect of changing the value of fR.
A

As is lowered from 0.8 to 0.7, the shock location moves further 

downstream and its strength increases. In addition, the shock now 

extends up to 700 pc.

If the spiral strength F is increased to 0.07, with
A

the original value of ?R as in figure 56, we get the flow shown 

in figure 58. The shock is now in the same position as in figure 

56, but it is stronger and extends up to 700 pc, instead of 

600 pc.

For Model B we have an additional parameter to be varied: 

â , the sonic velocity at z = «  . The value of a^ was 25 km/sec 

for the flow in figure 56; figures 59 and 60 show the effects of 

raising it to 30 km/sec and lowering it to 15 km/sec, respectively. 

When a^ = 30 km/sec, the shock extends only to 400 pc. When 

a^ = 15 km/sec, the shock reaches up to 1.0 kpc, very much like a 

totally isothermal gas. Thus there seems to be a relatively small 

range of values of a^ that result in a shock that extends to at 

least 400 pc but does not reach beyond 1.0 kpc.

The flows of Model B have the same kind of paradoxical 

behavior as those of Model A: in terms of their response to
A

changes in and F and their small z-velocities, they can be con-
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sidered as layered one-dimensional solutions. This explains why 

the shock front here is also vertical: for each layer of gas, the
A

shock position is fixed by the value of the downstream density ĵ .

But the decrease in the effective strength of the spiral 

field Fg££ with z, and the increase of sonic velocity with z, are 

expected to prevent the formation of a shock at high z. One­

dimensional flows with sonic velocities and effective spiral field 

strengths corresponding to different heights were calculated: the

results imply that if the gas were a set of independent layers, the 

shock would not extend past 400 pc for a^ = 25 km/sec. That it 

does is due to interactions of the gas at different heights, as in 

the isothermal case.

7.6 Conclusions

We have seen in section 2.5(d) (figures 37 - 39) that 

the observed density distribution in z could be approximately fit­

ted by the Model A hydrostatic solution, but that there is more gas 

at large z than the hydrostatic solution predicts. The Model B hy­

drostatic solution has a larger density at large z, but still not 

enough to fit the observed distribution.

Figures 61 and 62 show the density distributions pre­

dicted by Models A and B, respectively, comparing the hydrostatic 

and the dynamic solutions. The latter are the densities just past 

the shock position. For both models, the scale height of the dyna­

mic distribution is only about 5% larger than that of the hydrosta-
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FIGURE 61: Hydrostatic and dynamic solutions for Model A.
The dynamic distribution is for the flow shown 
in figure 53, just after the shock.
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FIGURE 62: Hydrostatic and dynamic solutions for Model B.
The dynamic distribution is for the flow shown 
in figure 56, just after the shock.
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tic model. Therefore, neither has pushed up much extra gas to 

large z distances from the plane (the z-velocities of less than 

2 km/sec are too small).

But, although the gas is not pushed up to higher lati­

tudes by a shock wave near the galactic plane, the shock itself ex­

tends to large distances from the plane, compressing the gas alrea­

dy there to observable densities. The density contrast across the 

shock decreases only by about 25% for Model A and 15% for Model B 

over the first 600 pc away from the plane. Thus, although there 

is not much extra gas at high z, the gas compression due to the

shock there will make it observable.

The shocks in these calculations produce density con­

trasts in the plane that are relatively weak (3.3:1) compared to 

the ratios of at least 5:1 found by Roberts (1969). Since we are 

interested only in the z structure of the flow and have omitted 

the Coriolis force, the effective force felt by the gas in our 

treatment is weakened (see section 3.3[b]), and thus the shock in 

the plane is weakened. However, this should not affect the frac­

tional decrease in shock strength with z.

At the position of the shock in Roberts (1969) calcula­

tions, both the Coriolis force and the spiral force are negative, 

thus reinforcing each other, and increasing the effective force 

felt by the gas. Since an increase in the spiral field strength F 

extends the shock front to larger z in Model B (see figures 56a 

and 58), the solution to the equations including the Coriolis
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force should make it even easier to compress the gas at high 

latitudes.
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APPENDIX A

RANKINE-HUGONIOT RELATIONS ACROSS A SHOCK

Assuming conservation of mass and momentum, we derive two 

conditions that must be satisfied across a discontinuity (shock) in 

the density, velocity and pressure of a one-dimensional gas flow.

We apply the general conservation principles to a column 

of gas. The column covers, at time t, an interval a-̂ (t) £■ x ̂  a2(t), 

where a (̂t) and are positions of the particles that form

the ends of the column. For this column we have

conservation of mass

CA.D
af t)l

and conservation of momentum
aj-t) 
r

L.
d-t \ 

cl ID

juJx = (A. 2)

If we assume that j> and u are continuous and differentia­

ble in the entire column, we can integrate to get the usual equa­

tions of motion of a gas. But if, instead, we assume a point of

discontinuity within the column at x = | (t), moving with velocity 
#

£(t) = U(t), we can derive the jump conditions. We assume that the
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time derivatives of the density and velocity remain bounded.

Both equations (A.l) and (A. 2) have the same form for 

the integral:

I  = \ (A. 3)

where the integrand K is discontinuous at x = f . In order to dif­

ferentiate, we break the integral into two parts:
y^ ^

i t  =
ap

^ t]ix H-Kjft'I -Kfr.-tVM
1 1

t

4> (A. 4)

The quantities and K2 are the limits of K(x,t) as x approaches £ 

from the sides x < | and x> | , respectively.

Now we perform a limiting process, letting the length of 

the column of gas approach zero. Since we had assumed the time de­

rivatives of the variables to be finite, the integral in equation 

(A.4) approaches zero. Since K(a.pt) — and K(a2,t) — *K2, we get

twn TT = - K (^-U)
Ai— * 0
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If we define

Vf = Ilf - U (A. 6a)

v2 = U2 " U (A. 6b)

to be the flow velocities relative to the shock velocity, we can 

immediately write down the jump conditions:

?2V2 = ?1V1 = J (A. 7 a)

= P1 - P7 . (A. 7b)

Thus the mass flux J is conserved across the shock, even though 

neither density nor velocity is conserved.

We can rewrite equation (A. 7b) in a form that only in­

volves the relative velocities v^ and v̂ :

pi * h vi ’ p2 + h A  ■ <A-8>

All calculations done in this thesis are in a frame in

which the shock is stationary, so v^ = u^ and v? = addition,
2for the equation of state used in this thesis, P = a we combine 

equations (A. 7a) and (A. 8) to get
2

U1U 2 = vlv2 = (̂ .9)

Thus a supersonic flow changes to subsonic after the discontinuity.

The jump conditions across two-dimensional shock fronts 

could be derived in the same manner. However, observed from a suit­

able moving coordinate system, a two-dimensional shock front is

(-?2U2')v2 ' (?lu l)vl
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always equivalent to a stationary one-dimensional shock front 

(Courant and Friedrichs 1948): the velocity component parallel to

the shock front is continuous and the one-dimensional jump condi­

tions hold for the velocity component normal to the discontinuity 

line.
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.APPENDIX B

ONE-DIMENSIONAL FINITE-DIFFERENCE EQUATIONS

(a) The Atmosphere Problem (Chapter 5)

The differential equations can be written in matrix form

as

^  =  $  (B.l)

where there is no x-dependence in any of the two-dimensional vec­

tors V, G and S. We derive the finite-difference equations from 

the full equations (4.10), (4.11) and (4.12) by letting F = 0 and 

dropping all x-dependence in the other vectors.

We define forward, backward and centered spatial differ­

ences analogous to equations (4.6), (4.7) and (4.8) as

A  + f(z) = f(z + A  z) - f(z) (B.2a)

A" f(z ) = f(z) - f(z - A z) (B.2b)

/\c f(z) = \[£{z + Az) - f(z - A z)] . (B.2c)

We also define an average quatity

£av(z) = 2[£(z) + f(z + Az)] ’ (B-3)

The first step calculates the intermediate values V from

V‘ = C  - I f  A V  + Sav ' tB'4)

These values are used to update G and S to G and S .
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The second step calculates Vn +  ̂using 

V* + 1 = V11 - £CGn + A _G*)

+ ^ ( S n + S*y) + <f CB.5)

The artificial viscosity Qn is given by the one-dimensional analogy 

to equation (4.12):

Qn = 7  ( |^+w| A+Vn - |A-w| A‘Vn) (B.6)

where w is the velocity.

(b) The Spiral Potential Problem (Chapter 6)

There is no z-dependence, and the differential equations 

can be written as

+  —  =  S . (B.7) 
n  *x

We go again to equations (4.10), (4.11) and (4.12) and set G = 0 

and ignore all z dependence in V, F and S. The forward, backward 

and centered differences are

A +f(x) = f(x + Ax) - f(x) (B.8a)

A f(x) = f(x) - f(x - Ax) (B.8b)

A cf(x) = j[f(x + Ax) - f(x - Ax)] , (B.8c)
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and the average is

fav(X> = 2 tf(X) + f(x + Ax)]

The first step calculates V ,

V* = V*1 - —  A +Fn + At Sn ,av a x  av ’

and then uses V to update F and S to F and S .

The second step calculates V11 + 1:

^ C S n + S*v) + Qn

The artificial viscosity is given by

q" =-f |a +u | i V  - |a -u ! a -v")

where u is the velocity.

(B.9)

(B.10)

(B.ll)

(B.12)
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APPENDIX C

FLOWS IN A ONE-DIMENSIONAL CONVERGING-DIVERGING NOZZLE

We consider only flows that are subsonic at the entry 

section (the upstream boundary) and exit into a receiver in which
7we can fix the pressure. Since P = aQ ,̂ we freely replace pressure 

with density or vice versa, for better physical understanding.

Case 1: Subsonic Throughout

The flow, entering the nozzle at a pressure P-̂ and a sub­

sonic velocity Up  speeds up in the converging section (figure 45). 

It reaches a maximum velocity, still subsonic, at the throat, and 

slows down until it exhausts at pressure P2. Since the nozzle is 

symmetric about the throat, the subsonic flow must also be symmet-

P p  there is a tran­

sient period of readjustment, and the new steady flow has = P2’ 

and therefore u^ = u^ (since J = j^u^ = constant). The downstream 

conditions, therefore, determine some of the upstream conditions.

Case 2: Transonic Flow Without a Shock

The gas speeds up in the entry section and reaches the 

sonic velocity at the throat. The flow may now pass continuously 

into the supersonic range, or pass back into the subsonic range. 

Which of the two situations prevails depends on the pressures spe­

cified at the upstream and downstream boundaries. If the subsonic 

solution prevails, we again get a symmetric flow, characterized by

ric. That means P-̂ = P-. If we specify P2 j*
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an exit pressure P. If, however, the gas becomes supersonic past 

the throat, it continues to speed up.

There are now two flow regimes. The subsonic flow can 

no longer receive any information from the downstream boundary, 

because no signals can travel upstream through the supersonic gas. 

Thus, no matter what happens to the supersonic gas past the throat, 

the flow up to the throat remains the same for a given upstream 

pressure.

The supersonic flow continues to speed up at a rate de­

pendent only on the geometry of the nozzle; the exit velocity and
A

the exit pressure P are thus determined by the shape of the noz-
a

zle. If the real exit pressure P2 happens to equal P we have 

what is called ideal flow in the nozzle: subsonic flow in the con­

verging part, a smooth transition to supersonic flow at the throat, 

and a smooth exit flow.

Case 3: Transonic Flow With a Shock
AIf the downstream pressure P^ is not equal to P , the ex­

panding supersonic flow must adjust to this exit pressure. If the 

exit pressure P£ is a little lower than P described above (the 

pressure for a subsonic flow that just reaches the sonic point), 

then the flow must exit subsonically and the gas forms a shock soon 

after it becomes supersonic. The gas is compressed and slowed down 

by the irreversible processes within the shock to subsonic speed 

with increased pressure. The new velocity obtained from the jump 

conditions across the shock (see appendix B) continues to decrease;
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the pressure continues to rise. The position and strength of the 

shock are automatically adjusted so that the pressure at the down­

stream exit is ?2‘

If the specified exit pressure is lowered even more, the 

location of the shock moves downstream toward the exit. When the 

shock reaches the exit, the flow can no longer adjust inside the 

nozzle, and must adjust outside, via oblique discontinuities that 

cannot be treated with a one-dimensional analysis.
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